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IMPROVED BOUNDS ON H,, FOR 2<m <5

ABSTRACT. Let H,, = liminf,,— o0 (Pntm — Pn), where p,, denotes the nth prime. We prove
H> < 20,370, Hs < 1,380,156, H, < 82,959,170, Hs < 5,040,082,836,

improving the bounds 33,118, 2,718,108, 214,099,720 and 14,541,349,288 of Roeling (2026).
We use the multidimensional Selberg sieve of Maynard and Tao in the form developed by
Polymath. The arithmetic input is Stadlmann’s equidistribution estimate for primes in arith-
metic progressions, in the extension to triply densely divisible moduli given in OpenATI’s 2026
preprint proving H; < 186. Together with a criterion from the same preprint for the triple
dense divisibility of least common multiples, it allows the sieve weights to be supported, in-
stead of on Polymath’s truncated simplex, on a region in which single coordinates may be as
large as about 0.38. On this region we use product trial functions multiplied by an optimised
function of the sum of the coordinates, and we certify the resulting variational quotients in
ball arithmetic, computing the relevant distribution functions by Fourier inversion.

1. INTRODUCTION

For m > 1 put
H,, = liminf (pptrm — Pn)s
n—00

where p,, is the nth prime; thus H,, is the smallest H such that infinitely many intervals of
length H contain m+ 1 primes. Zhang [19] proved that H; < 7-107. Maynard [9] (with related
work obtained independently, but not published, by Tao; see [12, §1]) introduced a multidimen-
sional form of the Selberg sieve, with which he proved, using only the Bombieri—Vinogradov
theorem, that every H,, is finite, with H,, < m3e*™. The Polymath project [12] refined the
method; using the equidistribution estimates of Zhang type from [11], it obtained the bounds
for Hs, ..., Hs in the first column of Table 1 and H,, < mexp(( — %)m) Baker and Irving
[1] brought Harman’s sieve into the problem and obtained H,, < exp(3.815m). Stadlmann
[15] proved that the primes have level of distribution % + % — g, for every € > 0, to smooth
moduli (in the sense of §1.1); with the method of [12] this gave the second column of Table 1
and H,, < exp(3.81m), and combined with Harman’s sieve it gave H,, < exp(3.8075m) [15,
Thm. 2].

1.1. Background. We recall the framework of [9, 12], which is used throughout.! A tuple
H = (hy < --- < hg) of integers is admissible if for every prime p some residue class modulo
p contains none of the h;. (If every class were hit, then for every n one of n+ hy,...,n+ hy
would be divisible by p.) Following [12, Claim 3.1], we write DHL[E, j] (for “Dickson-Hardy—
Littlewood”: it is a weak form of their prime tuples conjecture) for the assertion that every
admissible k-tuple has infinitely many translates n+hq,...,n+ hj containing at least j primes.
If DHL[k, m + 1] holds, then H,, < hy — h; for every admissible k-tuple. Bounds for H,,
therefore come in two steps: prove DHL[k, m + 1] for some k, as small as possible, and find an
admissible k-tuple of small diameter hy — hq.
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The first step needs information about primes in arithmetic progressions. The primes have
level of distribution ¥ if the errors in the prime number theorem for arithmetic progressions,
taken for the worst residue class modulo ¢ and summed over all ¢ < 27, are O(x(logx)~1) for
every fixed L [12, Claim 2.2]. The Bombieri-Vinogradov theorem gives every level 9 < % The
sieve weights of Maynard and Tao are built from a function F on [0, 00)*, and their quality is
measured by the variational quotient

J(F) -+ Ju(F)

QUP) =

a ratio of two quadratic functionals of F' defined in §2.5. If the primes have level ¥ and
Q(F) > 2m/9 for some F supported in the simplex {t; + --- + ¢ < 1}, then DHL[k, m + 1]
holds [12, Thm. 3.8]. The supremum M}, of these quotients satisfies My = logk + O(1) [12,
Thm. 3.9(xi) and Cor. 6.4], so lowering the threshold 2m/9 by 1 lowers the required k by a
factor of about e.

Levels above % are known only in restricted forms. Zhang [19] obtained one for smooth
moduli, whose prime factors are all at most 0 for a small fixed § > 0, and for residue classes
fixed in advance rather than the worst class for each modulus. Polymath proved such estimates,
denoted MPZ[w, 6] (for Motohashi-Pintz-Zhang [12, Claim 2.4]), at level 1 + 2w for suitable
w,d > 0 [11], and also versions for the larger class of densely divisible moduli, which have
divisors in every range of relative width % (Definition 2.1). To keep the moduli in the sieve

smooth, Polymath restricted the support of F' to the truncated simplex
1)
tel0,alf: ¢t a4t <1 =

{t €0,q] L+t < 1Y, o itw
and showed that DHL[k,m + 1] follows from MPZ[w, ] if Q(F) > m/(} +w) = 2m/(3 + 2w)
for some F supported there [12, Thm. 3.10]. (A coordinate ¢; corresponds to a divisor of size
z(I/4HW)ti of 4+ hy; in the sieve weights, so the cap t; < a keeps all prime factors of the moduli
below x‘s.) This forces a trade-off between the level and the truncation. For example, for Hy

Stadlmann used w = 0.0056 and 6 ~ 0.021 [15, §2.1.4], so that a ~ 0.08 and the threshold is
2/ (% +w) ~ 7.83, against 8 from the Bombieri—Vinogradov theorem alone.

1.2. Results. Roeling [13] took the profile g(t) = 1/(c + (k — 1)t) that Polymath used in [12,
Thm. 6.7] and, in place of the lower bound of that theorem, certified lower bounds for the
variational quotient of the product trial function

10,7(2)

Y (¢, T > 0),

k
(11)  Flty,... ) =1{tr+-+t <1} [[ot:), gt)=
i=1
with 7' = 1, by a Fourier-domain computation in ball arithmetic (cf. [12, §9, item 4]). Using
only the Bombieri—Vinogradov theorem, this gave the third column of Table 1; for instance,
[13] certifies M3gs5 > 8, where [12, Thm. 3.9] needed k = 41,588. For H; the current record is
H, < 186, due to OpenAlI [10]; Stadlmann independently proved H; < 240 [16], and Charton
et al. [3] obtained H; < 212 building on [16].

Our main result is the following.
Theorem 1.1. The assertions
DHL[2 355, 3], DHL[111 300, 4], DHL[5 129 500, 5], DHL[234 360 000, 6]
hold. Consequently
H, < 20,370, Hj < 1,380,156, Hy <82,959,170, Hj; < 5,040,082,836.
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TABLE 1. Upper bounds for H,,.

Polymath [12] (2014) Stadlmann [15] (2025) Roeling [13] (2026) Theorem 1.1

H, 398,130 396,504 33,118 20,370
H 24,797,814 24,407,016 2,718,108 1,380,156
H, 1,431,556,072 1,391,051,532 214,099,720 82,959,170
H; 80,550,202,480 77,510,685,234 14,541,349,288  5,040,082,836

1.3. Method. The improvement has three ingredients.

(1) A new support region. Polymath suggested using its estimates for densely divisible
moduli to replace the truncated simplex by a more complicated region [12, §9, item 2]. We do
this with two inputs from OpenAT’s proof of H; < 186 [10]: Stadlmann’s estimate extended to
triply densely divisible moduli [10, Prop. 2.18 and Cor. 2.19] (Stadlmann had indicated that
such an extension is possible [15, §2.1.1]), and a criterion [10, Prop. 2.3], a special case of which
is reproduced as Proposition 2.3, for the least common multiple of two divisor products to be
triply densely divisible.

The result, Theorem 3.4, is a criterion for DHL[k, m + 1] in which F' may be supported on
a region Ry (ug, k) (Definition 3.1): for every v with up < v < max;t;, the coordinates of size
at least v must have total at most x — %v. Our parameters are ug ~ 1.9 -10* and & ~ 0.953,
so single coordinates up to %H ~ 0.381 are allowed. The level is % + 2w for any w,d > 0 with
240w + 800 < 3. This is the same condition as in Stadlmann’s work on smooth moduli [15,
Cor. 2], but § no longer limits the support, so we can take § = 10~* and w = 0.012466, close
to &. The threshold for DHL[k, m + 1] becomes m/(3 + 0.012466) ~ 3.810m, against 4m
from the Bombieri—Vinogradov theorem alone. For the trial functions relevant to Ha, ..., Hs
the restriction to Ry, (uo, ) removes almost no mass (Table 2), although for m = 2 the cap 2x
constrains the choice of trial function (§8).

(2) A sum profile. We use trial functions of the form

k
(1.2) Fy(tr, - te) =t + -+ tx) [ [ ot),

i=1
with ¢g as in (1.1) and ¥ : [0,00) — [0,1] a step function vanishing on (1,00), chosen by
optimisation (Figure 1). Compared with (1.1), which is the case ) = 1y j), this increases the
quotient by about 0.05 and reduces the required k by about 5%.

(3) Certification. As in [13], the variational quotient of (1.2) is a ratio of two expectations
involving sums of independent random variables (Lemma 4.1). We bound the distribution
functions of these sums rigorously by Fourier inversion in ball arithmetic (§5). Our implemen-
tation is independent of that of [13]: we use Gauss—Legendre quadrature with an analytic error
bound, where [13] uses trapezoidal sums with bounds for the aliasing error.

1.4. Inputs. Besides the framework of [12] and the Bombieri-Vinogradov theorem [2, 18], the
proof uses the equidistribution estimate [10, Cor. 2.19] for r = 3, which combines Stadlmann’s
bilinear estimate [15, Prop. 1], extended from smooth to triply densely divisible moduli in
[10, Prop. 2.18 and §A.4], with the Type III estimate [11, Thm. 2.8(v)] and the Heath-Brown
identity [6]; and a theorem of Sarajian and Weingartner on dense divisibility [14, Thm. 2]. We
reprove the case of [10, Prop. 2.3] that we need. Everything else is proved here: the sieve
criterion in §3, the analysis of the trial functions in §4, and the computations in §§5-6, whose
programs and data are described at the end of the paper.
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1.5. Organisation. Section 2 collects notation and the inputs from the literature. Section 3
proves the sieve criterion with the new support region. Section 4 treats the trial functions (1.2)
and the cost of restricting them to the region. Section 5 describes the certified computation and
Section 6 the admissible tuples. Section 7 completes the proof of Theorem 1.1, and Section 8
contains remarks.

2. PRELIMINARIES

2.1. Notation. The letters p and ¢ denote primes when used as summation or product vari-
ables over prime factors; otherwise ¢ denotes a modulus. An integer is Y -smooth if all its
prime factors are at most Y. For a squarefree positive integer n and a prime p we write
Nep = qum g<pd and n>p = n/n<p. For positive integers a,b we write [a, b] for their least
common multiple; all other square brackets with real endpoints denote intervals. We write
O(n) = logn if n is prime and A(n) = 0 otherwise, A for the von Mangoldt function, and
Ay := Al; for an interval J. For a finitely supported f: N — C and (a,q) = 1 put

1
A(fiamodq):= > f(n)———= Y f(n).
n=a (q) #(0) oty

Throughout, = is a large parameter; a quantity is fized if it does not depend on x, and o(1)
denotes a quantity tending to 0 as x — oo with all fixed quantities held fixed. We write
log, y :=logy/ log x.

2.2. Admissible tuples. Asin §1.1, DHL[k, j] denotes the assertion that for every admissible
k-tuple H = (hy < - -+ < hg) there are infinitely many n such that at least j of n+hq, ..., n+hg
are prime. Admissibility only needs to be checked at primes p < k, since k integers cannot
meet all p classes modulo a prime p > k.

2.3. Dense divisibility.

Definition 2.1 ([11, Def. 2.1], [10, Def. 2.1]). Let Y > 1. Put D (Y)) := N. For an integer
r > 1, a positive integer n belongs to D) (Y), and is called r-tuply Y -densely divisible, if for
all integers 7,1 > 0 with j +1 =7 —1 and every 1 < U < Yn there is a factorisation n = uv
with U/Y <v < U, u € DY (Y) and v € DO(Y).

For example, every Y-smooth integer lies in D) (Y) for every r [11, Lemma 2.10(iii)].

Lemma 2.2 ([10, Lemma 2.2]). Letr > 1 andY > 2, and let Q be a squarefree positive integer
such that p" <Y Q< for every prime p | Q withp >Y. Then Q € D(T)(Y).

This is a case of [14, Thm. 2], as noted in [10].

Proposition 2.3 ([10, Prop. 2.3], special case). Let Y > 2 and X, A > 0 with A2 < XY. Let
D, E be squarefree positive integers such that

p3/2D2p <A for every prime p | D with p >Y,

p3/2E2p <A for every prime p | E with p >Y.
If Q@ == [D,E] > X, then p*> < Y Q< for every prime p | Q with p > Y in particular
Q € DO(Y).

Proof (from [10]). Let p | Q with p > Y’; by symmetry we may assume p | D, so that p3/2D2p <
A. If F has a prime factor > p, let ¢ be the least one; then ¢ > Y, E>, = E>, and
p3/2E2p < q3/2E2q < A. Otherwise F>, = 1 and p3/2EZp =p32 < p3/2D2p < A. In both
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cases p3D2pE2p < A? < XY. Since Q>p divides D>, E>, and Q<,Q>p = Q > X, we get
pd < XY/ Q>p <Y Q<p. The last assertion follows from Lemma 2.2. O

2.4. Equidistribution. For a finite set I of primes put P; := []
primitive residue class ¢ mod Pr and a finitely supported f, put

Es(f;a;w,0,¢) := Z ’A(f;amod Q).

q<$1/2+2w—6
q|Pr, g€D® (2)

pe1 D For w,0,e > 0, a

where a mod ¢ denotes the reduction of a.

Theorem 2.4 ([10, Cor. 2.19], case r = 3). Let w,d > 0 be fized with 240w + 806 < 3. Then

for all fixed L,e > 0,

FEs(Aj;a;w,d,¢) < x(logz)~F
uniformly for all finite sets I of primes, all primitive classes a mod Pr and all intervals J C
[x,2x).

The underlying bilinear estimate is [15, Prop. 1], which Stadlmann proved for 2%-smooth
moduli under the conditions

T2w+246 <1, 48w+ 166 +40 <1, 64w+ 205+ 20 < 1,

remarking that the proof can be adapted to triply densely divisible moduli [15, §2.1.1]. The
adaptation is carried out in [10, Prop. 2.18 and §A.4], and [10, Cor. 2.19] combines it with the
Type III estimate [11, Thm. 2.8(v)] and the Heath-Brown identity, taking o slightly larger than
L (explicitly, o = &+ (3 —240w —806) /40). At o* = - the second condition is 240w—|—805 <3,
and it implies the other two, since 72w+ 240 = (240w +806) and 64w+ 208 < -t (240w +806).
The same condition, written 80w+ %(5 <1, appears in Stadlmann’s estimate for Smooth moduli
[15, Cor. 2].

Theorem 2.5 (Bombieri-Vinogradov [2, 18]; see [12, Thm. 2.3]). For all fized L,e > 0,

Z (max |A(Ay;a mod q)| < z(logz) L,

oy ,q)

uniformly for all intervals J C [z, 2x).

2.5. The sieve framework. Let £ > 2 and m > 1 be fixed, and let (hy,...,hx) be a fixed
admissible tuple; after translation we may assume h; > 0. Put w :=logloglogz, W := Hp<w P

and B := “0( ) logz, and let b mod W be a class with (b + h;, W) = 1 for all i (it exists by
adm1581b111ty) For a smooth compactly supported f : [0,00) — R put

Zu fog,d),  S(f):=sup({0yu{t=>0:f(t)#0}).

For a square—mtegrable F :[0,00)* = R with bounded support put
o0 2
I(F) = / F2, Ji(F) = / (/ thi) [Ta, «<i<k),
[0,00)k [0,00)k—1 Mo i
and, if ' # 0, Q(F) = Zle Ji(F)/I(F). Let Mj be the supremum of Q(F') over all such
F # 0 supported in the simplex {t; +--- 4+t < 1}.
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Lemma 2.6 ([12, Lemma 3.4]). Suppose that for every admissible k-tuple and every b as above

there are a function v : N — [0,00) and fized ag > 0 and a,...,ar > 0 such that
> vin) < (ag+o0(1) BT
w
r<n<2zc
n=b (W)
S vm) 0+ hi) > (a; — o1)) BF—2 (1<i<k),
r<n<2z SO(W)
n=b (W)

and (o1 + -+ - + ag)/ag > m. Then DHL[k, m + 1] holds.

Lemma 2.7 ([12, Thm. 3.6(i)]). Let F;,G; (1 < i < k) be fized smooth compactly supported
functions on [0, 00) with Zle (S(F;) + S(Gy)) < 1. Then

k ko oo
S J[rrn+hda(n+hi) = (co+o(1) B, ¢i= H/ FlG..
| W L1/
r<n<2z i=1 i=1

n=b (W)

3. A SIEVE CRITERION ON A NEW REGION
3.1. The regions.

Definition 3.1. For k > 1 and o, ug, s > 0 let Ri(0;ug, &) be the set of t € [0,00)* such that
ti+---+tp <o and

(3.1) %v + Z ti <k for every v with up < v < m?Xti-

i t; >v
Put Ry (ug, ) := Ri(1;up, k). For a measurable R C [0,00)* let M} be the supremum of
Q(F) over all square-integrable F' # 0 with bounded support contained in R.

Write £(1) > t() > -+ > {() for the coordinates of ¢ in decreasing order and put £(;4.1) := 0.
If £(j41) < v <), the indices ¢ with ¢; > v are exactly those of ¢(y),..., %, so the left side of
(3.1) is at most %t(j) +tay + -+ t(); and at v = t(;) it is at least this quantity. Hence (3.1)
holds if and only if

(3.2) %t(j) + t(l) + -+ t(j) <K for every j with t(j) > ug.

Since the maps ¢t — l(;) are continuous, each set {¢ : () < ug or %t(j) +ia)y + iy <k}
is closed, and hence so is R (0; ug, k). Condition (3.2) with 7 = 1 caps every coordinate larger
than ug at %m. In general, (3.1) says that for every v with uy < v < max;t; the coordinates
of size at least v have total at most k — %v; this restricts both the number and the sizes of
the coordinates above ug. In the normalisation of Theorem 3.4 below, v is the size of a prime
factor p > z° of a sieve modulus, measured in units of (1 +w)logz, and (3.1) is what is needed
to apply Proposition 2.3.

Lemma 3.2. Let k > 1, o,ug,k >0 and t € Ri(o;ug, k).
(i) Ift' € [0,00)% and t; < t; for all i, then t' € Ry.(o;uo, k).
(ii) If A > 0, then At € Ri(Ao; Aug, Ak).
(ili) Ife >0, ¢ € [0,00)% and |t,—t;| < e for alli, thent' € Ry (o +ke; ug+e, i+ (k+3)e).

Moreover Ry(o;ug, k) € Ri(o’;ug, k') whenever o < o', ug < uj and k < K.
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Proof. (i) Clearly Y t. < o. If up < v < maxt’, then v < maxt, and t;, > v implies t; > t, > v,
so 3v+ Dot < 0+ st <k

(i) If dup < v < max ¢, then v/ := v/A € (ug,maxt] and 3v + Dot At = B+
D oisw i) < AR

(iii) Clearly > t: < o + ke. Let ug + e < v < maxt and put v’ := v — e, so that ug < v’ <
maxt' —e < maxt. If t{ > v then t; > v'; as all t; > 0,

DY (tite) < D tit ke

ti>v ti>v t;i>v’
Hence §v+ 3y, 1 < 50/ + Tyoy ti+ (b + 3)e <+ (h+ 3)e.
The last assertion is clear from the definition. O

3.2. Prime sums on densely divisible moduli. The following proposition replaces [12,
Thm. 3.5(ii)]. There the hypothesis S(F}), S(G;) < ¢ makes all moduli x%-smooth; here it is
replaced by (3.4).

Proposition 3.3. Let w,6 > 0 be fired with 240w + 806 < 3, and let € > 0 be fixed. Let
1 <y <k, and for i # iy let F;,G; be fized smooth compactly supported functions on [0,00).
Put s; := S(F;) and s, := S(G;), and assume that

(3.3) Z(sZ +s)) <3 +2w—c¢,
iio
(3.4) Su+ Z si< T+ g —€ for every u with 6 < v < maxs;,
1101 S >U i#io

and that (3.4) also holds with s' in place of s. Then

> On+hig) [T An(n+h)Ac,(nhe) = (co+o(1) B F—es o =[] / F/G;.
r<n<2z iig (W) it 0
n=b (W)

Proof. We follow [12, §§4.2-4.3]. Expanding the divisor sums, the left side equals
> (TT sldi)n(di) Fi1og, di)Gi1og, 7)) > fmthy),

d,d’ i#ig z<n<2z, n=b (W)

where d = (d; )i, and d’ = (d});,- The inner sum vanishes unless ¢ = qa,ar := W [[, 4, [di, &}]
is squarefree, in which case the congruence conditions combine into n + h;, = aq.a’ (mod q)
for a primitive class aq a/, with aga = b+ hi, (mod W) and aqar = hi, — h; (mod [d;, d}]).
Exactly as in [12, (43)—(46)], the main terms give (co + o(1)) B~z /(W) by [12, Lemma 4.1],

and, writing g := 91[1'+hi0,2$+hi0]’ it remains to show that for every fixed L > 0

(3.5) > 1] IF(log, di)Gi(log, d})| | A(6o; ag,ar mod gq.a)
d,d’ iig

< z(logz)~L,

the sum running over d, d’ with gq 4/ squarefree. For such d,d’ the numbers [d;, d;] are pairwise
coprime and coprime to W, so with D := H#io d; and FE := H#io ' we have gq. a0 = WD, E].
Only d,d’ with log, d; < s; and log, d; < s, contribute. Put X := #'/27¢ and Y := 2%, and
split (3.5) according to whether [D, E] < X or [D, E] > X.

Terms with [D,E] < X. Here ¢ < WX < z'/27%/2 and each q¢ arises from < 7(q)°)
pairs (d,d’), where 7 is the divisor function. As in [12, §4.2] (Cauchy—Schwarz against the
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trivial bound to remove 7(g)?M, replacement of § by A, and removal of the O(1) integers of
[z 4 hiy, 22 + hi,] beyond 2z), the contribution of these terms is < z(log z) =% by Theorem 2.5.

Terms with [D, E] > X. We claim that then ¢ = W[D,E] € D®)(Y). Let p | D with
p > Y and put u := log, p, so u > J. Since the d; are pairwise coprime, p divides exactly
one d;, and then u < log,d; < s;; in particular u < max;4;, s;. Every prime factor of
D that is > p divides some d; with d; > p, and such d; satisfy s; > log,d; > u. Hence
Dsp < [lisigssu di < @=#0520% and by (3.4), with A = (XY)"2,

logm(p3/2D2p) < %u+ Z 5; < i +g—8 < %4—%— 5 =log, A.
1#£50: S >U

The same holds for E. By Proposition 2.3, every prime p | [D, E] with p > Y satisfies
PP <Y[D,Elcp. fp|gandp > Y, then pt W (as w < Y), so p | [D,E] and g<pp >
[D, E]<p; hence p? < Y qp. As ¢ is squarefree, Lemma 2.2 gives ¢ € DB)(Y). Moreover
g < W$1/2+2w7€ < x1/2+2w75/2 by (33)

Let I be the set of primes up to 2z. Let A be the set of primitive classes a mod P; with
a = b+ h;, (mod W) and, for each p € I with p > w, a = h;, — h; (mod p) for some i # io;
these classes are primitive because |h; —h;| < w for large . Every aq g is the reduction modulo
qd,a’ of an element of A, and A is a product of local sets with at most k — 1 elements each. By
the averaging argument of [12, §4.3] (see also [10, Props. 2.11 and 2.14]), the contribution of

these terms is )

<> > 7(@°P]A(6; a mod g),
|A’ acA 1/242w—e/2
q<z
q|Pr, g€D®) (%)
and it suffices to bound the inner sum by z(logx)~% uniformly in a € A. After removing
7(¢)°M by Cauchy-Schwarz, replacing 6 by A and discarding the O(1) integers beyond 2z, as

before, this follows from Theorem 2.4 with /2 in place of e. (|
3.3. The criterion.

Theorem 3.4. Let k> 2 and m > 1. Let w,§ > 0 with 240w + 806 < 3, and put ¢ := % + w.

Let ug, k > 0 satisfy

1/4 2
U0<§ and /{<ﬂ’
% 0

and put R := Ry (uo, k). If M¥ > m/o, then DHL[k, m + 1] holds.

Proof. Let F' be square-integrable with bounded support contained in R, with Q(F) > m/p.
We follow [12, §§5.1-5.2] and indicate the changes. Below, supp denotes the closed (essential)
support; all regions Ry(+; -, ) are closed, so they contain the supports of the functions vanishing
outside them. Let §; > 0 be small and fixed, and let J; € (0,0;1) be fixed and small in terms
of d1; the precise requirements are collected in Step 5.

Step 1 (rescaling). Let X\ := o — 61 and Fy(t) := F(t/\). Since I(Fy) = MI(F) and
Ji(Fy) = XNFLI(F), we have Q(F}) > m if 41 is small, and supp Fi C Ry(A; Aug, Ax) by
Lemma 3.2(ii). In these coordinates t; will be log, d;.

Step 2 (shift and mollification). As in [12, §5.1], translating F} by d2 in every coordinate
and convolving with a smooth approximation to the identity supported in [—d2/2, d2/2]* gives
a smooth compactly supported F3 with Q(F3) > m (if 2 is small), supported in [§2/2,00)¥,
every point of whose support lies within sup-distance %62 of supp F;. By Lemma 3.2(iii),
supp F3 C R (A + %kég; Aug + %52, A& + %(k + %)52).
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Step 3 (primitive). Put f3(t) := [, F3(s)ds, the integral over s € R¥ with s; > t; for
all i. Then f3 is smooth. Let 3 be the closure of {t € [0,00)¥ : f3(t) # 0}. Every point
of Y3 lies coordinatewise below a point of the compact set supp F3 (the set of such points
of [0,00)* is closed), so by Lemma 3.2(i) X3 lies in the same region as supp F3. As in [12,
§51], I(Fg) = I(f3) and JZ(Fg) = Jz(fg), where I(f) = f[O,oo)k \alﬁka and Jl(f) =
f[(),oo)kfl |(Hj7éi 8j)f’t,-:0‘2 Hj;éi dt;.

Step 4 (tensor products). As in [12, §5.1], f3 is the limit on [0,00)¥, in the topology of
uniform convergence of all derivatives, of finite sums | ;€ Hle fi,j(t;) of tensor products of
smooth compactly supported functions. Moreover each component [[, f; j(t;) may be taken to
be supported in a box contained in the d3-neighbourhood of X3 in the sup-norm. (Use a smooth
partition of unity of tensor-product form subordinate to a grid of cubes of side d2/2; approxi-
mate each localised piece by tensor products via the Stone—Weierstrass theorem on a slightly
larger cube; multiply by a tensor-product cutoff; and mollify with a tensor-product approxi-
mate identity, as in [12].) Fix such a sum f4 = ijl ¢ L fij(ts) with >, Ji(fa)/I(fa) > m,
discarding components that vanish identically on [0, 00)*. The box supporting the jth compo-
nent then meets [0,00)", so its upper corner lies in [0, 00)*, within sup-distance dy of ¥3; and
(S(fij),---,5(fr,)) lies coordinatewise below that corner. Put

09 := A+ 3kdo, ug 1= Aug + 302, kg == Ak + 3(k + %)52'
By Lemma 3.2, for every j,

(3.6) (S(fig)s---+S(fry)) € Ri(o2;uz, k2).
Step 5 (the sieve weights). Put

J k
2
vin) = (3 & [ A, (0 + 1)) =0,
j=1 =1
Let € := min{d;, %(i + g — oK)} > 0, and choose dy so small that 6kds < 81, pug + 362 < 0
and 3(k + 3)0a < e. Since Y,(S(fij) + S(fi;1)) < 209 < 1, Lemma 2.7 applied to each pair
(7,7") gives, as in [12, §5.1],

> vln) = (I(f2) +o(1) BT

r<n<2z

n=b (W)
Fix io. If n+ hj, is prime, then log, (n+hiy) > 1> S(fiy;). s0 Ag, (n+hig) = fie,;(0); hence
the sum of v(n)6(n + h;,) expands into sums as in Proposition 3.3 with F; = f; ; and G; = f;
(i # io). We check its hypotheses. By (3.6), >, 4, (si+5}) < 202 = 20—201+6kd> < 3+2w—¢,
which is (3.3). Let 6 < v < max;;, s;. Since up < pup+302 < § < wand u < max; s;, condition
(3.1) for the point (3.6) applies at v = u and gives

Sut+ ) si<lu+ > si<m<oite<i+i-e
11508 S >U 118, >U
which is (3.4); the same holds for s’. Proposition 3.3 therefore applies, and as in [12, §5.1] it

gives
x

o vlmn+hiy) = (Ju(fi) +o(1) B F s,

z<n<2z '
n=b (W)

Lemma 2.6 with ag = I(f4) and a; = J;(f1) now gives DHL[k, m + 1]. O
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Remark 3.5. Theorem 3.4 is the analogue of [12, Thm. 3.10], in which the region is the truncated
simplex {t; 4+ -+t < 1, max; t; < d/p} and the input is MPZ|w, §] for smooth moduli. There,
coordinates above ¢/p are forbidden. Here every coordinate up to %KZ ~ 0.381 is allowed, and
(3.1) constrains, for each v with uy < v < max;t;, the total of the coordinates of size at least
v. Supports defined through [10, Prop. 2.3], of a more elaborate shape, are also used in [10]

for H;.

4. THE TRIAL FUNCTIONS

Fix k > 2 and real parameters v, 5 > 0, and put

c:= i , T := b ,
log k log k

(In [12, §6] and in our programs, 7 is called 6.) Let

10,7 (t)
c+ (=1t

g(t) ==

my = / g T
2= Y T e+ k=D)T)
and let G(y) := Omin(y’T)g = log(l + (k — 1)min(y,T)/c)/(k —1) for y > 0 and G(y) := 0
for y < 0. Let X1, Xo,... be independent random variables with density g2/ms on [0, T], and
Sp = X1+ -+ X,. For a measurable v : [0,00) — [0, 1] vanishing on (1,00) let Fy, be as in
(1.2) and

T
W(s) :—/0 Ws+ gt dt (s> 0).

Lemma 4.1. We have I(Fy) = m5E[(Sy)?] and J;(Fy) = ms P E[W(Sy_1)?] for 1 <i < k.
Hence, if Fy, # 0,

ko E[¥(Sk_1)?]
) = 4 2kl
O = (S
Proof. The first identity is the definition of I. For the second, [} Fydty = [,.p, g(t:) - ¥ (t1 +
1), 50 Jp(Fy) = mE T E[W(S)_1)?]; the other J; agree by symmetry. O

For ¢ = 1p9 1) one has ¥(s) = G(1 — s); for T = 1, Lemma 4.1 is then equivalent to [13,
(24)].
4.1. Restriction to a region. Let R C [0, 00)* be measurable, invariant under permutations
of the coordinates, and a down-set: ¢ € R and 0 < ¢/ < t coordinatewise imply ¢’ € R. For
t' € [0, T]*=1 the fibre {t € [0,T] : (#',t) € R} is then an interval with left end 0, or empty; let
t*(t') be its right end (t*(¢') := 0 if it is empty). Put

U (t) = Yt + -+t +t)g(t)dt.

/{te[o,T]: (t't)eR}
Lemma 4.2. With X' :=(X1,...,X;_1) and 8" := X1+ -+ X1,

ko E[U(9)? — Ur(X')?]
Cmy E[v(S:)4

provided the right side is positive. Moreover 0 < WU(s') — Up(t') < G(T) — G(t*(t')) and
‘I/(S’) < G(T), where s' = tll 4+t t?vfl'
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Proof. Since 0 < ¢ < 1, the difference W(s') — U (¢') is an integral of 1)g < g over a subset of
[t*('), T], which gives the pointwise bounds. As in Lemma 4.1, Ji(Fy1z) = mi'E[Ur(X')?],
and by symmetry of Fy, and R every J; decreases by my 'E[W(S)? — Ur(X')?]. Since
I(Fylg) < I(Fy), the claim follows. O

4.2. The cost of restriction. We now bound the expectation in Lemma 4.2 for R = Ry (uo, ).
Fix finitely many points ugp = vg < v1 < ..., the last of which is 7', and put V; := [v, vi41),
except that the last cell is taken closed; these cells partition [ug, T]. For each cell V; put
Al =K — %’Ul+1, TL? = LA[/TJ, nf’ = L(Al — T)/TJ,
¢ r=min{l — A;, 1 — (n] + 1)v}, b :=min{l — 4;, 1 — (n} +2)u;},
Ny =#{i<k—-1:X;>uv}, Ry := Z X;.
i<k—1: X; <y

Lemma 4.3. For R = R (ug, k),
E[T(S)” - Ur(X)?] < Y GT)’P(N; = nf +1, R <1})

l
+) 2G(T)(G(T) = G(w)) P(Ny = nf + 1, Ry < b}).
l

Moreover E[¥(S')? — Ur(X')?] < G(T)?* Y, P(Ni > nf +1, R <1-—4).

Proof. Fix ¢ € [0,T)*"! with Up(t') # ¥(s'), and write t; := t; for i < k. Then s’ < 1
(otherwise 9 (s' +t) = 0 for all t > 0), and some ¢ € [0, min(7,1 — s')] has (¢, t) ¢ R. For such
t the condition Y t; < 1 holds, so with ¢ := t there is v € (ug, max(t',t)] with
(4.1) ot Y ti> okl
i<k:t;>v

Case (a): (4.1) holds for some v € (ug,maxt’] with the sum restricted to i < k. Then
(t',0) ¢ R, the fibre is empty, U (¥) = 0, and ¥(s')? — Ui (¥')? < G(T)2. Let V; be the cell
containing v. Then Zi<k,t¢2v ti >k — %v > Aj; since each t; < T, more than A;/T of the t;
with i < k are > v > vy, so Ni(t') > nf + 1. Moreover

R(t') =5§— Z t; < s — Z ti<1-A; and R(t)<s—(nf+1)v <1—(nf+1)y.
i<k,t¢Zvl 7:<k, tiZ’U

Case (b): otherwise. Let (t,v) satisfy (4.1) with ¢ < min(7,1 — §'). If v > ¢, then ¢ does
not contribute to the sum in (4.1), and v < max(t',t) forces v < maxt’, which is excluded in
case (b). Hence v < t. Every ¢ in the interval (¢*(¢'), min(7,1 — s')] is the first member of
such a pair, and this interval is nonempty because ¥ (t') # ¥(s'). Taking such pairs (¢,v)
with ¢ tending to ¢*(¢') and passing to a subsequence with v in a fixed cell Vj, we obtain I
with t*(¢') > v and a pair (t,v) with vy < v < t. Then ¥(s') — Ux(t') < G(T) — G(vy), so
U(s')? — Ur(t')? <2G(T)(G(T) — G(uy)). From (4.1) and ¢t <T, Y, 4 sy ti >k —30—T >
Ay — T, s0 Nj(t') > nb + 1. Moreover, using s’ <1—t and ¢ + ZKk’tin ti >k — %v,
R(t)<(1-t)— Y  ti<l-rt+3v<1-4;,  R(t) < (1—t)=(nj+1)v < 1—(nf+2)u;.

i<k,t;>v

Bounding the pointwise loss by the sum over [ of the indicated terms and taking expectations

gives the first inequality. For the second, note that n{ > n%’ and that in both cases Rj(t') <
1 — A; and the loss is at most G(T')2. O
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The probabilities in Lemma 4.3 are bounded as follows. Put p; := P(X; > v;), so that IV,
is binomial with parameters (k — 1,p;). Given the set of indices i with X; > v, the remaining
X, are independent with the law of X; conditioned on X; < v;. Hence for all integers n and
0 < Nax < k — 1 and every real b/,

(4.2) P(IN;>n+1, Ry <V)<P(N;>n+1)P(Z1+ 4 Zio1—npay <) + PN > Nimax),
where the Z; are independent with the law of X7 given X; < wv;; indeed if N} = j < npax
then Ry is a sum of Kk — 1 — j > k — 1 — nyax such variables, all nonnegative. We use
P(N; > n) < exp(—(k—1) D(321 || pr)) for pr < 72 < 1, where D(y|[p) = ylog £+(1—y) log 1=
(with 0log 0 := 0) [7, Thm. 1], and P(3_; .5, Z; < V') < eV (Ee=21)M for every ¢ > 0, with

Y 1 v e ¢t
Ee 7t = dt,
mo P(Xl < vl) 0 (C + (k — 1)t)2

an integral expressible in closed form through the exponential integral Ej.

5. CERTIFIED EVALUATION

All quantities below are computed in midpoint-radius (ball) interval arithmetic using Arb [8],
now part of FLINT [5], through python-flint, except for a few sums of floating-point numbers,
which carry explicit rounding-error bounds. We used python-flint 0.9.0 with FLINT 3.6.0. This
version of FLINT computes some products of integer polynomials with coefficients of mixed
signs incorrectly in its FF'T code (for example the product of the polynomials } <16(2°% =1)a7
and — Zj <16(2510 — 1)z7). Our computations do not multiply polynomials: we intercepted
FLINT’s polynomial multiplication routines during complete runs of the four certificates, and
none of them was called. The function ¢ is a step function with N = 201 cells on a lattice nZ,
vvhe1ren::2*18 for m =2 and 7 := 2719 for m > 3: thereare 0 =59 < 57 < --- < sy = 1 in
nZ with

N-1
¥ = Z Vil(ss, 5500 Yo =0, ¥ €[0,11N27Z.
j=0

The point s; lies at the left edge of the bulk of the distribution of Sy (we took P(Sy, < s1) ~ 107
for m < 4 and ~ 107% for m = 5), the other 200 cells have equal lengths up to rounding to nZ,
and (v;) was taken to be the top generalised eigenvector of the discretised pair of quadratic
forms in Lemma 4.1, computed in floating point. Any choice of ¢ yields a valid bound, so this
optimisation needs no certification. Figure 1 shows the four profiles.

5.1. Distribution functions. Let ®(¢) := Ee®*t and C,(y) = P(S, < y). With a :=
&/(k—1)and u=c+ (k- 1)t,

o(¢) =

u2

e—tac c+(k—1)T elau
_c ¢ du,
(k) — l)mQ /c
where, for 0 < u1 < uo,

uz lau eiau us
/ 5 du = [— ] + ia(E1(—iaw) — Ei(—iaug)),
u U U Juy

1

which we evaluate in ball arithmetic, raising the working precision when F; is ill-conditioned.
We use the following facts, in which fy = g?/ms and Fyx are the density and distribution
function of Xj.

(a) |®'(&)| < EX; for real €.
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FIGURE 1. The profiles ¢ used in Table 2, plotted from the left edge s; of the
bulk of the distribution of Sk (§5); ¥» = 0 on [0, s1). Each profile rises to 1 near
5~ 0.88-0.94 and falls to about 0.45-0.53 on the last cell, just below s = 1.

(b) For real € > 0 and 0 < o/ < T: |®(&)| < Fx(a') +2v2fx(a’)/€. (Split the integral
at @’ and apply the second mean value theorem to the real and imaginary parts on
[a/,T], using that fy is decreasing.) In particular |®(£)| < 6v/2fx(0)/¢ for all £ > 0:
if 44/2/¢ < T, take o' = 4v/2/¢ and use Fx(a') < fx(0)a’; otherwise the right side
exceeds 3 fx (0)T > 3.

(c) For complex ¢ with [Im¢| < 1: |®(¢)] < EeX1/2 < 1+ EX; - (¢/2 - 1)/T by convexity,
and K, (&) == (1 — e %) /(i€) = [ e ds satisfies |K,(¢)] < ye¥/?; for real € > 0,
[ Ky (&) < min(y,2/€).

1 o0

Lemma 5.1. Forn>2 andy >0, C,(y) = — Re/ Q" Ky (&) d, the integral converging
n 0

absolutely.

Proof. By (b), ®" is integrable for n > 2, so S,, has the continuous density

fuls) = = /R B(€)"e 0 de,

T o

which vanishes for s < 0. Integrating over s € [0,y| and using Fubini’s theorem gives C,(y) =
% fR ®"K,, and the integrand at —¢ is the complex conjugate of the integrand at §. O

We evaluate the integral in Lemma 5.1 for n € {k — 1,k} and all y needed simultaneously,
as follows.

e On [0,Z], where Z; is an integer with |®(Z1)|" < e 139 (Z; = 817,981, 1414, 1697 for
m = 2,3,4,5), we use the 40-point Gauss—Legendre rule on each interval [j,j + 1]. The
integrand is entire. The Bernstein ellipse for [j, j + 1] with parameter 1 4 /2 (the ellipse
with foci j and j 4+ 1 whose semi-axes sum to (1 + v/2)/2) has semi-minor axis 3, so by
(¢) the integrand is bounded on it by M := (1 + EX;(e”/2 — 1)/T)" y e¥/2, where y is the
largest point used. By [17, Thm. 4.5, (4.14)], applied after the affine map of [j, j + 1] onto
[—1,1], the error on each interval is at most 3 - M (1 4+ v2)78/(1 — (1 +v/2)72). (The
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proof expands the integrand in Chebyshev polynomials 77, whose coefficients are at most
2M (1++/2)~" in absolute value; the 40-point rule integrates polynomials of degree < 80 and

odd T; exactly, and |f_11Tl| + >, wT(x)] < ?g for even [ > 80 [17, (5.6)].) The nodes

are rounded to binary64; the resulting error is bounded using |<T§((I)nKy)| <nEX;y+y?/2
for real €.

e On =1, 00) we bound the integral of |®|"|K,| < 2|®|"/{. First, on consecutive cells [&., & 41]
with exactly representable endpoints and lengths about max{1, (1 — |®(&,)|)/(4EX})}, by
2log(&41/&) (12(6) |+ EXq - (41— &))", using (a). Once the bound (b) with o’ = 4v/2/¢
has nth power below e 1°°, we use (b) on cells of ratio about 1.01, bounding Fx(a’) at
the left end of each cell and fx(a’) at the right end. Finally, from the first point &, with
6\/§fX(0)/§* < %, we use fgo(6\/§fx(0)/§)”2d§/§ = %(Gﬁfx(O)/f*)”, from the last
assertion of (b).

e The values ®(£)"™ at the nodes are computed in ball arithmetic at 256 bits or more. The
sums over the nodes, for many values of y at once, are formed in binary64 with a rigorous
bound for the accumulated rounding error. This bound assumes that the binary64 sine
and cosine functions used are accurate to within four units in the last place; on 10° test
arguments in the relevant range, those we used were accurate to within 0.52 units.

This yields numbers C,, (y) < Cy(y) < C;F (y), with C;F (y) — C;, (y) at most 2.2, 3.0, 5.7 and
7.5-107" for m = 2,3,4,5 at every y used. These widths come almost entirely from the
rounding of the nodes and the floating-point summation; the quadrature and tail terms are

below 1026,

5.2. The lower bound for Q(Fy). Since 1)y = 0 and sy = 1, summation by parts gives

N-1

U(s) = NGl —s)+ Y (51— ;) Gs; — s).

j=1
Each G(sj — s) is nonincreasing in s, as G is nondecreasing on R. Hence on each lattice cell
[rn, (r + 1)n] with s1/n <r < 1/n we have ¥(s) > ¢,, where ¢, is obtained by evaluating each
term with a positive coefficient at s = (r + 1)n and each term with a negative coefficient at
s = rn, using a table of rigorous enclosures of G on nZ (and ¢, is replaced by max(¢,,0)).
Therefore

1/n—1
E[¥(Sk-1)"] > Z 6 (Cea((r + 1)) = Cra(rn)),

r=s1/n
N—
E[y(Sk)?] = ¥i_1C(1 Z (W2, — ) Ci(sy).

Both sums are evaluated by summation by parts in ball arithmetic, using C~ or CT according
to the sign of each coefficient. This gives a rigorous lower bound Q1o for Q(Fy) and a rigorous
lower bound for E[)(Sk)?].

5.3. The restriction loss. We take
w = 0.012466, §=1071%, 0=1+w=0.262466,

o1 0 1/4+5/2
oY up = ~— = 1.905...-107%, _1/4+9/2

K= —107*=0.95259. . .,
20 0
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so that 240w + 805 = 2.99984 < 3 and the hypotheses of Theorem 3.4 hold. We bound the
loss in Lemma 4.2 for R = Ry (up, k) by Lemma 4.3, with v;;1 = 1.02v; (the last point being
T), Nmax = min{k — 2, [(k — 1)p; + 14/(k — 1)p(1 — p;) + 20|} in (4.2), and ¢ chosen by a
floating-point search; each term is then evaluated in ball arithmetic, with the floors rounded
down and an additional slack 10~* added to b?, bf’ and 1 — A;. For m = 2 we use the first
inequality of Lemma 4.3, for m > 3 the second. In all four cases T' < %FL, so that 4; — T > 0.

5.4. Results. Table 2 lists the certified values. The exact binary64 values of v and /3, and the
cells and values of v, are included in the ancillary files.

TaBLE 2. Certified lower bounds for MX, R = Ry(ug,s) with (5.1). Here
Qow < Q(Fy), “loss” bounds the term subtracted in Lemma 4.2, and the
margin is Qo — loss — m/o. The lattice spacing is n = 2718 for m = 2 and
n = 2719 for m > 3. All bounds are rounded in the safe direction.

m kv B Qlow loss m/o margin

2 2,355 1.028016828 2.8 7.6201538  3.3-1077  7.6200346 1.18-10"*
3 111,300 1.021466024 3.929974771 11.4301517 2.9-10"% 11.4300519 9.98.107°
4 5,129,500 1.017798184 3.310796618 15.2401167 3.6-1073* 15.2400692 4.75-107°
5 234,360,000 1.014304631 3.373928705 19.0501196 3.9-1073* 19.0500865 3.31-107°

The certified lower bounds lie 1-4 - 107 below floating-point evaluations of Q(Fy). The
difference comes almost entirely from replacing ¥ by its lower bound ¢, on lattice cells, and a
finer lattice would allow slightly smaller k.

6. ADMISSIBLE TUPLES

Table 3 lists the admissible tuples used.

TABLE 3. Admissible k-tuples.

m k  construction diameter
2 2,355 database [4] 20,370
3 111,300 greedy sieve on [—558 707, 838061], z = 300 1,380,156
4 5,129,500 greedy sieve on [—38025 000, 46475000], z = 10* 82,959,170
5 234,360,000 the first k primes greater than k 5,040,082,836

For m = 2 we used the admissible 2355-tuple of diameter 20,370 from the database of
narrow admissible tuples [4]. For m = 3,4 we used a variant of the shifted greedy sieve of
[12, §10.2.2]: starting from the even integers in the interval of Table 3, remove those divisible
by an odd prime p < z; then, for each prime z < p < k in increasing order, if every residue
class modulo p meets the survivors, remove the survivors lying in a least populated class;
finally take k£ consecutive survivors of smallest diameter. The output is determined by k, the
interval and z (with ties broken as in our program). For m =5 we used Zhang’s construction:
the first k£ primes greater than k form an admissible k-tuple, since no prime p < k divides
any of them and k£ numbers cannot meet all p classes when p > k. For k = 234,360,000
these primes run from 234,360,017 to 5,274,442,853, since m(234,360,000) = 12,868,673 and
m(5,274,442,853) = 247,228,673. We computed them with a segmented sieve and confirmed
these values with an independent prime-counting computation.
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Admissibility of the tuples for m = 2, 3,4 was checked at every prime p < k by two indepen-
dently written programs. One counts residues for small p and probes for an empty class for
large p. The other finds, for every p < k, a residue class modulo p and verifies directly that it
contains no element of the tuple.

7. PROOF OF THEOREM 1.1

Let w,d, 0,up,k be as in (5.1); then 240w + 805 < 3, up < §/p and kK < (% + g)/g. Let
(m, k) be one of the rows of Table 2, with the corresponding ~, 8,%, and let R := Ry (ug, k), a
closed, permutation-invariant down-set by §3 and Lemma 3.2(i). The function Fiy1x is square-
integrable, has bounded support contained in R, and by Lemma 4.2 and Table 2 satisfies

JM'IZz > Q(FllllR) > Qlow — loss > %

(In particular Fyy1z # 0.) By Theorem 3.4, DHL[k, m+1] holds. Combined with the admissible
k-tuples of Table 3, this gives the bounds for H,, stated in Theorem 1.1. O

8. REMARKS

(1) The cost of the region Ry(uo, k) is negligible for these trial functions: the restriction loss
is at most 3.3-1077 for m = 2 and below 3 - 107! for m > 3. For m = 2 the relevant
constraint is rather the cap max;t; < %/—; ~ (0.381: coordinates above it are excluded from
the support, and we kept 1" below it, using g = 2.8, i.e. T' &~ 0.361, whereas without the
cap the optimal g for this family would be about 3.8, i.e. T" &~ (0.49.

(2) The threshold m/p is limited by the condition 240w+80 < 3 of Theorem 2.4. The quotients
of our trial functions are log k + O(1): they are at most M, < % logk [12, Cor. 6.4], and
in our range they exceed by about 0.05 the quotients of the product trial function (1.1),
which are logk — O(1) [12, §6], [13]. Hence an equidistribution estimate for triply densely
divisible moduli at a level § + 2w’ with ¢’ =  +w’ > ¢ would reduce the required k by a
factor of roughly exp(m/o —m/¢').

(3) Since 240w + 805 < 3 forces ¢ < + + g5 = &, the threshold m/p in Theorem 3.4 exceeds
g—?m ~ 3.8095m, while M]Z2 < M, < ﬁ log k. So for large m the method needs logk >
(8% +0(1))m and cannot improve Stadlmann’s asymptotic bound H,, < exp(3.8075m) [15,
Thm. 2]; its gain is for small m.

(4) The margins in Table 2 are small but rigorous. The values of k were found by a coarse
search, and slightly smaller values may be attainable with the same method.
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DATA AND CODE

The ancillary files contain: the programs used for the certificates (§5) and their exact inputs
(v, B, the cells and the values of ¢ for each m); the output of a complete re-run of the
four certificates with these programs; the admissible tuples for m = 2,3; the program that
constructs the tuple for m = 4, with the SHA-256 checksum of its output; the program that
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computes the tuple for m = 5 and an independent check of it; the two admissibility checkers; a
test of the floating-point sine and cosine and the program used to intercept FLINT’s polynomial
multiplication (§5); and logs of all these computations. The certificates were run with python-
flint 0.9.0 (FLINT 3.6.0), NumPy 2.5.3 and SciPy 1.18.1 under Python 3.13.
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