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Testing the non-vanishing of the Ceresa cycle of X(N)

Leonardo Finzi

Abstract

For a curve C' and a fixed degree-one divisor e of C', we can embed C into its Jacobian.
This embedding induces an algebraic 1-cycle on the Jacobian called the Ceresa cycle, which we
denote by Cer(C,e). Although homologically trivial, Ceresa cycles of very general curves with
genus > 3 are non-trivial under algebraic equivalence. It is generally unknown whether a very
general curve admits a non-trivial Ceresa cycle modulo rational equivalence. In this paper, we
explore the non-triviality under rational equivalence of the Ceresa cycle corresponding to the
modular curve Xo(N). By extending a method of Lupoian-Rawson involving computing the
order of the shadow of the Atkin-Lehner involution wy, we show Cer(Xo(kN), e) is non-trivial
when N = 57,58,77,82,85,88,91,93,111,112,115,123,133, 135, 141, 143, 145,147,155, 161 for
k > 1. Moreover, we detail an algorithm for computing the shadow of the Hecke operator T} for
odd primes ¢ not dividing N, which can be used to determine the non-triviality of the Ceresa
cycle of Xo(N).

1. Introduction

Let C be a connected smooth projective curve defined over an algebraically closed field K. For
a fixed degree-one divisor e we get an Abel-Jacobi map AJ. : C — Jac(C). We define the Ceresa
cycle of C' to be
Cer(C,e) := [AJ.(C)] — [-1]"[AJ(C)] € CH;(Jac(C))q.

The Ceresa cycle is always homologically trivial. Moreover, if C' is hyperelliptic and e is a Weierstrass
point, Cer(C,e) is trivial as [—1] restricts to the hyperelliptic involution on C, and so [AJ.(C)] =
[—1]*[AJ(C)] as divisors [GS95, Corollary 4.9]. In particular, the Ceresa cycle is always trivial for
genus < 2. On the other hand, by a well-known result of Ceresa [Cer83], for a very general curve
C of genus > 3, Cer(C,e) is non-trivial under algebraic equivalence. Yet, Cer(C, e) does happen to
vanish in the Chow group for certain non-hyperelliptic curves, such as the Fricke-Macbeathe curve
of genus 7 [QZ24] (see also [LS25] for more examples). It is generally difficult to show that a certain
Ceresa cycle is trivial or not in the Chow group.

In this paper, we focus on Ceresa cycles of modular curves, that is, curves whose non-cuspidal
points parametrize equivalence classes of elliptic curves with level structure, which are important
objects in number theory. In particular, we will examine the Ceresa cycle Cer(N) of Xy(N), which
lives in CH;(Jo(IN))g. Although the question for determining the (non-)triviality of Ceresa cycles
is very difficult in general, one can exploit the various symmetries of the modular curves to address
this question. In fact, Lupoian and Rawson [LR25] recently proved that for p a prime where the
genus of Xo(p) is at least 3, Cer(p) is non-trivial if and only if Xy(p) is not hyperelliptic. Less
has been known for composite levels, with the non-triviality of Cer(34) [LR25], Cer(64) [ELS24],
and Cer(74) [LR25] having been explicitly verified (see also [KLQY25] for similar results for other
modular curves).

One way to access the composite levels is to use the following observation: if N | M with Cer(N)
non-trivial, then Cer(M) is non-trivial as well. Thus, the results for prime levels can be extended to
more composite levels. Additionally, for primes p such that Xo(p) is hyperelliptic or has genus < 2,
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Lupoian and Rawson computed the p-powers for which Cer(p™) is non-trivial, i.e., N = 26,3 53 73
and N = p? for

p € {11,13,17,19,23,29,31,37,41,47,59, 71}

Extending this result to composite cases gives that at most finitely many integers N give a trivial
Cer(N). As of [LR25], counting all multiples of known prime and composite cases, their work leaves
414701 cases unchecked.

In proving the result above, Lupoian and Rawson describe three methods to verify the non-
triviality of specific composite levels [LR25, Section 6]. In this paper, we extend one of their methods
to new cases and discuss a new method that could be implemented in the future. We also provide an
algorithm for computing shadows of certain endomorphisms of Jy(NV), which are cycles that witness
the non-triviality of Cer(IV).

Our results can be summarized in the following theorem, which states the newly determined
cases for which Cer(N) is non-trivial.

Theorem 1.1. Let M be a positive integer. If M is divisible by N for

c 57,58,77,82,85,88,91,93,111,112,
115,123,133, 135, 141, 143, 145, 147, 155, 161
then Cer(M) is non-zero in CHy(Jo(M)).

Adding Theorem 1.1 to the known cases, we get the following statement describing all levels for
which Cer(N) is non-trivial.

Corollary 1.2. If M is divisible by N for
(i) N prime for N > 71 or N € {43,53,61,67};
(i) N =26,3%5% 7% or N = p? for

p e {11,13,17,19,23,29,31,37,41,47,59,71}; or

(iii) N € {34,74} or is as in (1),
then Cer(M) is non-trivial in CHy(Jo(M)).

This result implies that there are only 6578 levels of Cer(N) for which non-triviality (or triviality)
is unknown (see Figure 1). All Magma source code can be accessed at

https://github.com/leonardo-finzi/X0-N-Ceresa-Cycle-Computations.

Notation. In this paper, we mostly work with Chow groups with rational coefficients. So for a
smooth projective variety X over a field K, we will simply write CH(X) for CH(X)g, and use the
notation CH(X)z for the Chow group with Z-coefficients in case we need it. Additionally, we define
pr;; : X" — X2 to be the projection onto the i-th and j-th factor of X" and pr, : X™ — X to be
the projection onto the i-th factor.

AT Statement

AT was used to create Figure 1 and format Table 1. There was no other use of Al.
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previously known primes above 71, four smaller primes, 16 prime powers, and all their multiples 1055
. new 20 cases and their multiples, where nothing above covers them already 548
. false the listed values, none above 71; not inherited by multiples 42

inconclusive cases the method leaves open, all below 176 43

not known everything else 412

Figure 1: Some N for which Cer(N) is known, organized by Q-many prime factors. Each panel
holds the 300 smallest N with that many prime factors.
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2. Background

The Ceresa cycle of a connected smooth projective curve C' is closely related to a different cycle
on C3, which is called the Gross-Kudla-Shoen modified diagonal cycle. This cycle also appears in
number theory, arising in special-value formulae for the derivatives of triple-product L-functions of
Shimura curves [YZZ23]. It turns out that instead of working directly with Ceresa cycles, it is more
convenient to work with this cycle.

Definition 2.1. The Gross—Kudla—Schoen modified diagonal cycle is the cycle I'*(C,e) € CH;(C?)
defined as

AR (A xe) — (e x AZ) — (pr}5(AD) - prie) + (e x e x C) + (e x C x €) + (C x e x e),

where A(Cm) denotes the small diagonal in C™.



As alluded to above, the reason we may work with I'*(C, e) is because its vanishing is directly
related to the vanishing of Cer(C,e), as stated in the following important theorem.

Theorem 2.2 ([Zhal0O, Theorem 1.5.5]). Let e be any degree-1 divisor on C. Then Cer(C,e) = 0
if and only if T3(C,e) = 0. Additionally, this vanishing only occurs if e = zfg{fz, where K¢ is the
canonical divisor on C.

This result justifies the following notation.

Kc

593 and

Notation. From now on, we will fix our chosen degree-1 divisor on any curve C as e =
will write Cer(C') for Cer(C,e).

2.1. Vanishing of Prime Levels

We turn our attention to Ceresa cycles corresponding to the modular curve Xo(N), and begin by
filtering out the low-genus and hyperelliptic cases. By the explicit formula for the genus, we know
that Xo(N) has genus < 1 when N < 21 or N € {24,25,27,32,36,49}. Moreover, due to Ogg, it is
well-known for which levels N that Xy(NV) is hyperelliptic.

Proposition 2.3 ([Ogg74, Theorem 2]). The curve Xo(N) is hyperelliptic with genus > 2 if and
only if
N € {22,23,26,28,29,30,31,33, 35,37, 39,40, 41, 46, 47, 48, 50, 59, 71}.

To address the non-trivial cases, it is natural to first consider the prime levels of Xo(N). As
it turns out, the prime levels are completely known: hyperellipticity is the only obstruction to
non-vanishing.

Theorem 2.4 ([LR25, Theorem 1]). For a prime p, Cer(p) is non-zero if and only if Xo(p) is of
genus at least 3 and not hyperelliptic, i.e., p > 71 or p € {43,53,61,67}.

In order to propagate this result to more integers, we would like for the non-vanishing of prime
levels to inform the non-vanishing of composite levels. Our first step in being able to do this is by
understanding the relationship between a Ceresa cycle and the Ceresa cycles they cover. This is the
subject of the following proposition.

Proposition 2.5 ([LR25, Proposition 25]). Suppose C — D is a cover. If Cer(D,d) # 0 in
CH; (Jac(D)) for any choice of basepoint divisor d of D, then Cer(C,c) # 0 in CH;(Jac(C)) for any

choice of basepoint divisor ¢ of C.

Proof. Let w: C'— D be a cover. For any degree-1 basepoint divisor ¢ € C', we have that

AJe(O)] = [1]"[AJ(O)])

mCer(C,e) = m.([AJ
AJe(O)]) = m([-1]7[AJ(O)])

(
= .
= deg(m)[AJr(e)(D)] — deg(m)[=1]"[Adr(e) (D)]
= deg(m) - ([AJr(e)(D)] = [-1]"[Ad () (D)])
= deg(m) - Cer(D, 7 (e)).

[AJ.(C
AJ.(C

Thus, if Cer(D, d) # 0 for any basepoint divisor d of D, we have Cer(C,e) # 0. O

If £ > 0, then the inclusion T'g(kN) — T'o(N) induces a cover Xo(kN) — Xo(NN). Hence by
Theorem 2.5, if Cer(NN) is non-trivial, then Cer(kN) is non-trivial. Specifically, if N is divisible
by a prime p such that X,(p) is not hyperelliptic, then Cer(N) is non-trivial. Moreover, Lupoian
and Rawson [LR25] show that Cer(N) is non-trivial for N = 26 3% 53 73 and N = p? for primes
p € {11,13,17,19,23,29,31,37,41,47,59, 71}. Taking into account the above observations gives the
following theorem.



Theorem 2.6 ([LR25, Theorem 2]). There are finitely-many N such that Cer(N) is trivial. In
particular, if
N> 25 x3*x5%2x 7% x H D,
11<p<T71
pE{43,53,61,67}

then Cer(N) is non-trivial.

2.2. Shadows of Hecke Operators

In order to prove Theorem 2.4, Lupoian and Rawson use an idea of [ELS24], which consists of
constructing new cycles, called shadows, out of I'}(C, e) and certain endomorphisms of Jac(C). We
note that to an endomorphism ¢ of Jac(C') we can associate a correspondence G4 on C (see [Sch94,
Theorem 3.9]).

Definition 2.7. Let ¢ be a non-trivial endomorphism of Jac(C), and let G, € CH;(C?) be the
associated correspondence. We define the shadow of ¢ to be

Sh(¢) = pry . (I*(C, ) - priyGy) € CHo(C)z = Jac(C)(K).

In the above, we view I'*(C, e) as a correspondence C? --» C. The main point of this construction
is that if we can show that the shadow has infinite order, this directly implies that I'3(C,e) has
infinite order, implying that Cer(C,e) is non-trivial by Theorem 2.2. Luckily, Jo(/N) has many
endomorphisms we can exploit, including the Atkin-Lehner involution wq for d | N coprime to N/d
and the Hecke operator Ty for £ N. The shadows of these endomorphisms can be explicitly written,
making the check for the non-torsionality of Sh(wg) and Sh(T}) explicit as well.

The following lemmas provide a more concrete description of the shadows of the Hecke operators
mentioned above. We recall that K x () is a representative of the canonical divisor class of Xo(N).

Lemma 2.8 ([LR25, p. 7]). For d| N such that d is coprime to N/d,
Sh(wa) = (29 — 2)Fu, — deg(Fu, ) Kx, (),

where g is the genus of Xo(N) and F,,, denotes the fized point divisor of wq.

Lemma 2.9 ([LR25, p. 8]). For a prime £{ N,

Sh(Tg) = (2g — 2)FT£ — deg(FTz)KXg(N) — QTZ(KXO(N)) + 2(6 + 1)KX0(N)7
for g the genus of Xo(N) and Fr, denoting the fized point divisor of Ty.

Lemma 2.10 ([LR25, Proposition 16]). The points in the support of the fixed point divisor Fr, of
Ty are precisely

o cusps, which have multiplicity 2; or

o CM elliptic curves with endomorphism ring O containing an element of norm £ and an ideal
I such that O/I is cyclic of order N, whose multiplicity are the number of prime ideals above
{in O.

The final note is that Kx, () can also be explicitly computed. In order to do this, we introduce
some notation as in [LR25].

Notation. Let d > 1 be an integer. We write Dy for the effective divisor on Xo(N) supported on
CM points corresponding to an order with discriminant —d and multiplicity 1. If no such points
exists, then we take Dy = 0.



Proposition 2.11 ([LR25, Proposition 12]). For any integer N, the canonical divisor of Xo(N)
satisfies
6K x,(n) = (P —6D) —4D3 — 3Dy,

where P and D are divisors supported on cusps, with components of the support of P having multi-
plicity equal to the cusp weight of the corresponding cusp and components of the support of D having
multiplicity 1.

3. The Explicit Model Method

In order to prove Theorem 1.1, we will use the method outlined in [LR25, Section 6.2]. We shall
refer to this method as the Explicit Model Method. In particular, as in [LR25], we exploit and extend
the work of [Gal96] to compute an explicit model of Xo(N) inside ]P’f;l, where g is the genus of
Xo(N). From there, the idea is to reduce the model modulo certain primes p; and use the following
theorem, the argument adapted from [LR25, Section 6.2].

Theorem 3.1. Let ¢ be a non-trivial automorphism of Jo(N). Let p1,pa be distinct odd primes
coprime to N. If

ord(Sh(¢)g,, ) # ord(Sh(¢)g,, ),
then Sh(¢) is of infinite order in Jo(N)(Q).

Proof. Suppose for the sake of contradiction that Sh(¢) is torsion in Jo(N)(Q). By [Kat81, Ap-
pendix], if ¢ is a prime of good reduction, then the reduction map

‘I)q : JO(N)(@)tors — j(]Fq)’

where J denotes the special fiber of the Néron model of Jy(N), is injective on prime-to-¢g points.
Since p1,p2 are coprime to N, they are of good reduction, and so ®,, and ®,, are injective. But
then the order of Sh(¢) is invariant under these maps, giving ord(Sh(¢)r, ) = ord(Sh(¢)r,, ), which
is a contradiction. O

Method Overview

We now explain how the Explicit Model Method works, whose Magma implementation is explained
as pseudo-code in Algorithm 1 and Algorithm 2. The general theory and code behind this method
is from [LR25], with the core update being our generalization of the theory and code to test more
cases.

We implement this method into Magma as the function EMM(), which can be understood as having
two goals: computing the shadow of wy and finding its order after base-changing over F, for odd
prime p { N. The latter goal can be completed quickly in Magma. For the former, recall that the
shadow of wy can be written as

Sh(wN) = (29 — Q)FwN — deg(FwN)KXO(N)-

Although Magma already has built-in functions to compute the canonical divisor K x,(n), it cannot
automatically compute the fixed point divisor F,,. To do this, we construct the canonical curve
of Xo(N) in P4 from a wy-invariant and anti-invariant basis of the space Sa(N) of weight-2
holomorphic modular forms. Then we can easily determine which points on the canonical curve are
fixed by wn.

We shall briefly discuss the construction and structure of the canonical curve of Xo(N). We can
identify S2(NN) with the C-vector space Qf ;(Xo(N)) of holomorphic 1-forms on X (N) via the map



f— fdz. Given a basis (f1,..., fy) for So(NN), the canonical map is then defined as
T: Xo(N) — P&
T [fi(T) -1 fo(T)].

We record the following lemma which ensures ¥ is an embedding. Note that this is not specific to
modular curves, and is a general result.

Lemma 3.2. [Gal96, Lemma 8] If X((N) is of genus > 3 and is not hyperelliptic, then V is injective.

As all levels of Xo(N) we consider are not hyperelliptic nor have genus less than 3, ¥ will be an
embedding. We also note that (X, (V)) will generally have a nice structure as illustrated by the
following theorem, which is also not specific to modular curves (see [AALG23, Theorem 3.1]).

Theorem 3.3 (Noether—Enriques—Petri Theorem). For a non-hypellptic Xo(N), the homogenous
ideal defining ¥(Xo(N)) in IP’(gfl is generated by quadrics unless

e g =3, in which case V(Xo(N)) is a smooth plane quartic;
e g >4 and Xo(N) is a trigonal curve; or
e g =06 and Xo(N) is a smooth plane quintic.
In particular, the ideal of ¥(Xo(N)) is generated by monomials of degree 4 at most.

In the case of X((IV), no level with genus 6 admits a canonical model that is a smooth plane quin-
tic (see [AALG23, Section 5.3]), so we only need to consider the first two bullet points. Additionally,
by [HS99, Theorem 3.3], trigonal Xo(N) only appear when g = 3,4. We use the Noether—Enriques—
Petri Theorem to expand the Explicit Model Method to test more cases that Lupoian—Rawson did
not, like N = 45,54, 81, all of which are trigonal.

Defining the Canonical Model of Xo(N)r, in Pﬁp_l

We first explain how to compute ¥(Xo(N)) in ]P’f;l. We use the method described by [Gal96,
Section 3.1-3.2] and implemented in [LR25, Section 6.2].

As we want to do computations with modular forms, we make use of the following theorem,
which states that it suffices to take the g-expansion of forms of weight k to length m, the Sturm
bound of Sk(N) (in practice, we take m slightly bigger for extra computational flexibility).

Theorem 3.4 (Sturm’s Theorem [Ste07, Corollary 9.19]). Let f and g be modular forms in S (N),
and define the Sturm bound to be the integer

Vz-ind ind—lJ
m = - ,

12 N

where ind = [SLy(Z) : To(N)]. Writing f = >, <1 anq"” and g = >, <, bnq™, if ap = b, for all
n <m, then f =g. a a

Take a basis B = (fi,..., fy) of the C-vector space S2(NN) consisting of modular forms with
integral g-expansions and that are wy-eigenforms. By computing all monomials ffl -+ fg® of degree
d for some d € Z, we form a set {g1,...,gnm,} of cusp forms in Saq(N). We then construct a
(m x Mg)-matrix K4 whose (i, j)-entry is the ith coefficient of the g-expansion of g;, and compute
a basis for ker K;. We interpret this basis of ker K; as coeflicients on the degree-d monomials in
the basis B, producing a set of homogeneous degree-d polynomials Qq C Q[x1,. .., x| that generate
the ideal defining ¥(Xo(N)) in IP’gqc_l. We view Qq C Z[x1,...,z,4] by clearing denominators. Note



that in light of the Noether—-Enrique—Petri Theorem, we only need to find at most Qs and Q3, as
quadrics are generated by degree-2 monomials and cubics by degree-3 monomials. For this reason,
we take the Sturm bound for weight 6.

To find the curve ¥(Xo(N))r, in P%;l, we first compute @2 and @3 as above and reduce modulo
p to obtain Q2,Q3 C Fplz1,...,z,4). Applying the Scheme() function to @2, if the dimension of
Scheme (Q2,P) is 1, then W(Xo(N))r, = Scheme(Q2,P). If the dimension is more than 1, then
Xo(N) is trigonal or isomorphic to a plane quintic, and so we take

U(Xo(N))r, = Scheme(Q2,P) N Scheme (Q3,P).

This computation is reflected in Algorithm 1. This part of the EMM() function differs from [LR25]
in that we calculate @2, Q3 rather than just ()2, which worked for the cases they considered.

Algorithm 1 EMM()
Require: Level N, prime p{ N
1: g « genus of XO(N)
2: m < Sturm bound on weight-6 cusp forms at level N (plus 10)

3: B=DB;y1UB_1 + g-expanded to precision-m basis for So(N), invariant or anti-invariant under
wN > We compute By, B_1 using ALBasis()

4:

5: for d € {2,3,4} do

6: M, < number of monomials of degree-d in Q[z1, ..., z]

7: Va <+ QM with basis as monomials of degree-d in Q[x1, ..., z,]

8: Wq Qm

9: hg < Q-linear map V; — W, taking a form to its g-expansion vector

10: K + basis for ker(h)

11: Qa4 C Z[zy,...,x4] < view elements of K4 in the monomial basis

12: Q) CFplzy,...,z4) < reduce elements in Q4 modulo p

13: Cq = Scheme (Q/},P)

14: end for

15:

16: if Dimension(Cs) = 1 then

17: return ¥(Xo(N))g, = Co

18: else

19: Intersect Cy with Cs (and Cjy if Dimension(Cy N C3) > 1).

20: return \I/(Xo(N))ﬂrp =CyNCh (Ol“ \I/(Xo( )) =CynNC3N 04)
21: end if

Action of wy on the Canonical Model of X(N)

We now describe the fixed points on W(Xo(N))r, under the action of wy. Since we defined the
canonical curve using coordinates from the basis B of So(IV), the action of wy on W(Xo(N))r, is

R P REI VO B E S R S VIR O B

for ny,n_ asin Algorithm 2. Thus, a point on W(Xo(N))r, is fixed by wy if and only if all z; = 0
orall y; =0.

To implement this into our code, we find the ideals where the first ni-coordinates and last
n_-coordinates vanish. This is reflected in Algorithm 2. By computing the corresponding effective
divisors and taking the sum of the divisors, we get Fi,, .



Algorithm 2 EMM() (continued)

1: ng <« size of B4y

2: n_ <+ size of B_;

3: I < ideal generated by first n, coordinates

4: Dy < integral, effective divisor of I; in Div(C)
5: Iy < ideal generated by last n_ coordinates

6: Dy < integral, effective divisor of I5 in Div(C)
7. D=Di+ Dy

The code for this section differs from [LR25] in that we automate the construction of each ideal.
In [LR25], ny and n_ were computed elsewhere and inputted by hand, which meant that each
integer tested against had its own code block. Our code uses the computation of B to automatically
define each ideal. Note that for each ideal to be defined, we need the additional condition that there
are +1 and —1-eigenvectors of wy.

Computing the Order of Sh(wy)

As Magma has the capability to compute a canonical divisor Kx,ny of ®(Xo(N))r, and the
group homomorphism v : Div(®(Xo(N)r,) — Pic(®(Xo(N)r, ), we can now implement the Order ()
function to find the order of Sh(wxy)r,. For computational ease, we find the order of (1/2)Sh(wy ),

The successful levels are listed in Table 1, with the corresponding witness primes p; used and
orders of Sh(wn)p

pi’

l N =]Ipi ‘ g(Xo(N)) ‘ witness p;’s & orders o; ‘ l N =1]]pi ‘ 9(Xo(N)) ‘ witness p;’s & orders o; ‘
57 =3x 19 5 ﬁ;z‘;’ 0021:193 115=5x23 | 11 ;21:171 Z;ifﬁ
58 = 2 x 29 6 g;z‘;’ 0"21::190 123 = 3 x 41 13 z;zi Z;z?
T7T=7x11 7 p’;l::g Z;zg 133 =7 x 19 11 piljﬁ 021::23711
82 = 2 x 41 9 ﬁ;i? 0‘;;{‘; 135=3"x5 | 13 pp;::fl 0012::171
85 =5 x 17 7 pp;:fl 0"21::14297 141=3x47 | 15 o ; 0021::111
88=2x11| 9 z;z? Z;zg 43=11x13| 13 z;z? Z;zg
91=7x13 7 ;21::151 Z;zg 145=5x29 | 13 ;)21::171 Z;zg
93 = 3 x 31 9 Z;z? Z;i?g 147 = 3 x 72 11 pp21::151 0012::371
11=3x37| 11 i;zi Z;zg 155=5x31 | 15 ;21::171 Z;zg
n2=2'x7 11 ;21::151 Z;zé 161=7x23 | 15 ;21::151 Z;zzﬁ

Table 1: Results of the Explicit Model Method




3.1. An Example

To illustrate of this method, we will discuss an explicit example of what the output of EMM(58,5)
looks like. As the Sturm bound of X (58) for weight 6 is 45, we first compute a basis for S3(V) of
g-expansions with length 45+ 10 = 55, which has 6 elements. Following the algorithm, we have that
Q2 C Z[xy,...,x¢] is defined by the polynomials

x? + 3xox3 + 33:% + 43:?1 + 3z4z6 + 23:% + 2x526
T1To + 4xox3 + 2w§ + 4z + 3r476 + 23:% + x%
xr123 + 2x913 + :r§ + 4z a6 + 3:5%

T1T5 + 4Tox4 + Toxs + Tokg + 4T324 + 3T32T6
T1Tg + 4roxe + 4x3T4 + 4T375 + 3376

x% + 33::25 + 22416 + 2:5% + 22516 + 43:%.

We find that the order of the shadow of ®(X((58))r, is 9.

Although the canonical curve of X(58) is generated by quadrics, there are some trigonal cases we
tested as well. For example, ®(X(44)) in P2 has genus 4, is trigonal, and is generated by quadrics
and cubics. In particular, ®(X((44)) is generated by the polynomials

:r? + 4x1m§ +4dx12073 + T1X224 + 2x1x§ + 12374 + 4x1xi
x%xg + 496% + 4;10%903 + 31‘25(}% + dxox3Ty + m§ + 433%904

x%xg + 436%353 + 43:23:% + xox3T4 + 230% + x%m + 41‘333421
3Ty + 40073 + Towszy + 43 + 32374 + w327 + 40}

x§x4 + 4x2x§ + 2xox374 + 4316253?1 + 4x§ + x§x4

x% + 4x§ + dxoxs + Toxg + 2x§ + x3T4 + 4xi.

We note that [Gal96] also writes the polynomials defining (X (58)) and ¥(X((44)). The above
equations define curves isomorphic to the ones [Gal96] defines.

3.2. Limitations of the Explicit Model Method

We now briefly discuss some considerations for the computational efficiency of the Explicit Model
Method. First, the efficiency of this method depends on the genus of Xo(N) chosen. Because we are
working with bases of S3(IV), whose size is equal to the genus of Xo(NV), higher genera cases take
longer to compute. Low-genus cases can take a few seconds to compute, while some higher-genus
cases took more than 12 hours.! Due to this, we found that a genus of at most 16 was a reasonable
genus limit to test this method on. On the other hand, lower genera cases were also problematic,
as the Explicit Model Method was not decisive on those cases. The lowest genus of a new case we
found was 5.

Additionally, the efficiency also depends on the primes we test against. We reduce modulo odd
primes coprime to the level, and for larger primes, like 11 and 13, this can make computations take
much longer. For N = 105, just EMM(105,11) took well over 120 minutes to compute. Running
N = 105 against 11 and 13 did make a difference: for N = 123,143,144, Xy(N) is genus 13, and
when run against 5 and 7, took a combined total of 21 minutes. For higher genera cases, it may still
be efficient to use this method, granted that the case’s level is coprime to 5 and 7.

As a final note, although X((N) has good reduction outside primes dividing N, its explicit canon-
ical model ¥(X((N)) might have bad reduction at some additional primes. We refer to [AKMJ 124,

1We ran this on a single node with an AMD EPYC 9755 processor containing 256 cores and 1.5 TB of RAM. We
only used one core and allocated 6 GB.
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Section 2.4] for an algorithm that tests whether ¥(Xy(N)) has good reduction at a fixed prime p not
dividing N. In particular, we did not test against p = 3 when possible. As in [Gal96], we found that
in some cases, base-changing the canonical model over F3 often created singular points. Filtering
p = 3 out of the check resolved this issue; in fact X((112) had singularities after base-changing over
F3, but gave a non-trivial Ceresa cycle.

4. Computing the shadow of T}

As seen in Section 3, [LR25], [ELS24], and [Gru26], computing shadows of endomorphisms of
Jo(N) can be very useful in understanding the non-triviality of Cer(NN). We will briefly discuss an
algorithm for computing the shadow of the Hecke operator T for odd primes ¢t N, given some mild
conditions on Ty. We also briefly describe a potential strategy for using Sh(7Ty) to show Cer(N) is
non-trivial.

Recall from Theorem 2.9, for prime £{ N,

Sh(Tg) = (2g — 2)FTL7 — deg(FTz)KXO(N) — 2T€(KX0(N)) + 2(£ + I)KXO(N)-

Generally, it is difficult to compute Ty (Kx,(n)) as it is necessary to determine the action of Ty on
CM curves of a fixed discriminant. We avoid this difficulty by instead ensuring that we select a
representative Ky () of the canonical class of Xo(N) that is only supported on cusps. For this
to hold, we need that D3 = Dy = 0, i.e., there are no CM points with discriminants —3 or —4
on Xo(N). Fortunately, this is a common-enough property, as for 701 integers less than 1000 this
property holds. Since Ty is linear and takes cusps to cusps and non-cusps to non-cusps, we can be
sure that if K x, () is only supported on cusps, then Ty(K x,(xn)) is only supported on cusps as well.
Hence, we will assume that K x, () is only supported on cusps.

Notation. In the algorithms in this section, we express divisors associated to a point @ on Xy (V)
as (@, m) where m is the multiplicity.

To compute the canonical divisor K x,(n), we use Theorem 2.11. We describe the algorithm for
computing this in Algorithm 3.

Algorithm 3 ShadowTn() (Kx,(n) part)

Require: N integer, £{ N prime
: C < list of cusp forms of Xo(IV) > Computable by Cusps() function.
E « list of elliptic points of Xo(NV) > Computable by E1lipticPoints() function.

Initialize Kcysps to the empty list [].
for ¢ in C do

(a) Compute the weight w of the cusp form c.
(b) Append (¢, w — 6) to Kcuysps-

6: Initialize D3 and Dy to the empty list [].
7. for e in E do

(a) Let € be the exact value e takes in its quadratic imaginary field K.
(b) Let A =disc(f) for f € Z[z] the minimal polynomial of the field extension K/Q.
(c) If A = —3 then append (e, —4) to Ds. If A = —4 then append (e, —3) to Dy.

9: return Kx,n) = Kcusps + D3 + Dy

11



Next, we compute Fr,. By Theorem 2.10, this requires computing the cusps of X (V) and certain
CM points on Xo(N). Thankfully, finding such CM points boils down to finding discriminants of
orders.

Proposition 4.1. Let O be an order of an imaginary quadratic field with discriminant d and let
¢ td be an odd prime. Then { is the norm of a principal O-ideal if and only if 4¢ = t*> — v%d for
some t,v € Z such that t 0 mod /.

Proof. See [Sut22, Theorem 21.5] for a nice proof of this result. O

Hence, an odd prime ¢ is the norm of a principal O-ideal if and only if d is an integral solution
to the norm equation and can be a discriminant of a quadratic imaginary field, i.e., d = 0,1 mod 4.
Unfortunately, not every discriminant we find will correspond to an order with a corresponding ideal.
However, this condition is equivalent to a computable condition.

Proposition 4.2. The set of Heegner points is non-empty if and only if there exists an order O of
an imaginary quadratic field and an ideal I C O such that O/I = Z/NZ.

Proof. See [She21] for a nice proof of this result. O

As Heegner points on Xo(IN) are CM points corresponding to an order with discriminant d
satisfying d = 2 mod 4N, we must test this condition on the discriminants we found. We describe
the algorithm for computing Fr, in Algorithm 4.

Algorithm 4 ShadowTn() (Fr, part)
Require: N integer, £{ N odd prime
1: candidates = {—d € [-4(,—1]NZ : 4 = t*> + v®’d Iv,t € Z witht #0 mod £ and —d = 0,1
mod 4}
2:
3: Initialize Do, to the empty list [].
4: for ¢ in C' as in Algorithm 3 do

(a) Append (c,2) to Do

6: Initialize D to the empty list [].
7: for —d in candidates do

(a) If —d = 22 mod 4/ and there exist Heegner points of Xo(N) with discriminant —d, then

append Fr, with (—d, m), where m =1+ (}d>

8 return Fr, = Do + D

To find the full shadow Sh(7}), we scale and add K x,(n) and Fr, as in Theorem 2.9.

We now briefly describe a potential method for determining the non-triviality of Cer(N) using
this algorithm for Sh(7}), suggested by Mohamed Moakher. The idea is to explicitly write the
coordinates of the image of CM points in the support of Sh(7y) under ¥, defining the canonical
curve of X((N) and allowing us to reuse parts of the Explicit Model Method.

For Dy in the support of Fr,, let 7y € Dy be a CM point of discriminant —d. Generally, we will
have for some basis (f1dz, ..., fydz) of QL (Xo(N)) with f,(74) # 0, ¥ will send

ﬁ fg—l

U(ra) = [fi(1a) s -t fylma)] = 7, i,

(Td):-~-:

(Td> 01
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In particular, each (f;/fy)(7a) is a weight-0 modular form of level I'o(N) and a rational function
in j(z) and j(Nz), for local coordinate z. Such functions can be computed, as in [AKMJ*24,
Section 2.3] and [OS19, Section 3]. For the elliptic curve E; corresponding to 74, we can compute its
Weierstrass equation, which allows us to compute j(E;) in Magma. So, we can explicitly determine
U(14). Since each 74 is in the support of Fr,, finding the image of each 74 will give us the points on
U(Xo(N)) that are fixed by Ty, and as in the Explicit Model Method, we can find Sh(7})g, .
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