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ON THE IRRATIONALITY OF THE 3-ADIC ZETA VALUE (3(5)

ANTTI HIPPELAINEN

ABSTRACT. We give a proof that the 3-adic zeta value (3(5) is irrational. The proof adapts to
p = 3 a Hankel-determinant method that a recent preprint applies to (2(7). A Volkenborn integral
of an explicit rational function defines a linear functional with values in Q + Q (3(5), and its Hankel
determinants are the values at (3(5) of polynomials with rational coefficients. We bound the 3-adic
valuation of these values and the size and the denominators of the coefficients. The new ingredients
at p = 3 are a triangular basis of the polynomials that are integer valued on 3712:?, a local estimate
at primes of the order of n in which a pole of order 3 coming from harmonic sums cancels exactly
against a zero of order 3 of the rational function, and a non-vanishing theorem at an auxiliary
prime, in which Wilson’s theorem makes one block of a reduced Gram matrix invertible. Here n
is the parameter of the rational function. Two constants of the estimates are bounded by finite
computations, and with these bounds the 3-adic valuation exceeds the size and the denominators
together by more than 4.5 bits per n?. An appendix gives a second proof, independent of the first,
which adapts to (3(5) and the modular curve Xo(3) a determinant argument that a preprint of Yi
gives for ¢7(3), and which rests on published theorems on overconvergent modular forms.

1. INTRODUCTION

Apéry proved that ((3) is irrational [1], and Ball and Rivoal proved that infinitely many of
the numbers ((3),((5),¢(7),... are irrational [2]. Both results have p-adic counterparts. For a
prime p and an odd integer s > 3, the p-adic zeta value is (,(s) = Ly(s,w'™®), the value at s of a
Kubota—Leopoldt p-adic L-function, where w is the Teichmiiller character: for odd p the character
of Z with w(a)?~* =1 and w(a) = a (mod p), and for p = 2 the character with w(a) =+l =a
(mod 4) (Section 2.1 recalls the definitions). Calegari proved that (2(3) and (3(3) are irrational,
using overconvergent p-adic modular forms [3], and Beukers gave another proof [4]. The irrationality
of (2(5) was proved by Calegari, Dimitrov and Tang [5, Theorem 5.2], with the arithmetic holonomy
bounds of [6], and Lai, Sprang and Zudilin gave a second proof [7].

Other results concern several values at once. Lai proved that at least one of (2(7), (2(9), ¢2(11),
(2(13) is irrational [8]. Lai and Sprang proved that, for every prime p and every e > 0, at least
(cp — €)4/s/log s of the values (,(3),(p(5),...,(y(s) are irrational once the odd integer s is large
enough, with an explicit constant ¢, > 0 [9, Theorem 1.1]. Lai, Lupu and Sprang proved that for
every prime p > 5 some (p(i) with odd i € [3, p+ p/logp + 5] is irrational [10]. At p = 3 these
results give the irrationality of (3(3), and of unspecified values among (3(3),(3(5),...,(3(s) for
large s; as far as we know, no refereed result singles out (3(5). In this note we give a proof of the
following statement.

Theorem 1.1. The number (3(5) is irrational.

Theorem 1.1 has been claimed before. Two manuscripts of Long, posted on GitHub in August
2026, state the irrationality of twenty-two p-adic zeta values, among them (3(s) for s = 3,5,7,9,11
[11, 12]. An issue opened in the repository of [11] on 27 September 2026 reports a possible gap
in its Proposition 5.10, and as of 19 October 2026 the issue has no reply. Our argument uses a
different method and nothing from [11, 12]. Several other preprints claiming the irrationality of
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individual p-adic zeta values appeared in August and September 2026, among them [13] for (2(7),
[14] for (5(3) and [15] for (7(3).

After the first version of this note was made public on 4 October 2026, Kilani, the author of [13],
posted a proof of Theorem 1.1 on 7 October 2026 [16]. It applies the Hankel-determinant method
of [13] to a rational function that has poles of order 4 at the integers of an interval symmetric about
0 and no zeros, and it proves non-vanishing at an auxiliary prime just above the right end of that
interval. The preprint states that its proof is formalized in Lean 4, apart from the identification
of the Volkenborn integral with the Kubota—Leopoldt value. Our proofs do not use [16], and the
second proof (Appendix F) uses a different method.

Use of large language models and status of the proofs. This note was produced by large
language models, instances of the Claude models of Anthropic running as autonomous agents, in
September and October 2026. They adapted the method of the preprint [13] to p = 3 and, for the
second proof (Appendix F), the method that the preprint [15] applies to (7(3), found and wrote the
new steps, wrote and ran the programs of Appendices E and F, and wrote the text. The arguments
were checked only by other instances of the same models, acting as referees and recomputing the
numbers with programs of their own; such checks may share the blind spots of the models that
wrote the proof. No human expert has checked either proof.

The note has not been refereed. It is made public together with this account of how it was
produced and checked.

Code availability. The programs for the computations of Appendices E and F, and for
the exact computations of Section 6, are available at https://github.com/ahippelainen/
zeta-3-5-irrational-public under the MIT licence.

Conventions. In Sections 1-6 and Appendices A—E the letter n always denotes an odd positive
integer; Appendix F has its own notation. We write log for the natural logarithm; log, and logs count
bits and trits, a trit being a factor 3, that is, log, 3 bits. For a prime p, v, is the p-adic valuation,
extended to polynomials F' =3, f; X J € Qp[X] as the Gauss valuation v,(F) = min; v,(f;), which
satisfies vy (F + G) > min(vy(F), vp(G)) and vp(FG) > vp(F) + vp(G). We put [|[Fll1 = >, |f;l,
which satisfies [|[FG||1 < ||[F||1||G|l1. We write [2%]F for the coefficient of 2% in F, 27 = max(z,0),
and [ -] for the indicator of a condition. Implied constants in O(-) and o(-) are absolute unless
a dependence is indicated, and all asymptotic statements refer to n — oo (in Appendix F, to
d — o0). Limits of 3-adic quantities are taken in the 3-adic absolute value |z|3 = 37%3(*); for
instance 3V — 0 in Zs as N — 0o, because ]3N]3 = 3N, For a set E, 1p is its indicator function;
without a subscript, 1 is the trivial Dirichlet character.

The method. Our proof adapts to p = 3 a method that the preprint [13] applies to (2(7), and
which in turn transfers to Q2 the Hankel-determinant approach of Fauzan’s preprint on ¢(5) [17].
For an odd integer n let

W+ w+i+ 5 w+i+2)’

. = (b

The numerator is a polynomial of degree 6n + 1 and the denominator one of degree 4(3n 4 1). With
the Pochhammer symbol (z),, = z(z + 1) -+ (z +n — 1) the numerator is (y + 2)(y + 3)3(y + 3)3,
and we use this shorter form below. For polynomials P € Q[y] put

(1.3) Lp) =Y /Z (PW)'(t—ir%)dt,

r=1,2
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where the integral is the Volkenborn integral (Section 2.1). The values of L lie in Q + Q(3(5)
(Lemma 2.19). Hence, for K < 3n + 1, the Hankel determinant det [L(y”j)]i’KK is the value at
X = (3(5) of a polynomial Ag(X) € Q[X] of degree at most K (Definition 2.23).

Suppose that (3(5) = a/b and that Ax(a/b) # 0. Clearing the denominators of Ag(a/b) gives a

nonzero integer, and comparing its 3-adic valuation with its absolute value gives (Lemma 3.1)

(1.4) v3(Ak(G3(5))) logy 3 < log, [[Axc |l + Y _ (—vp(Ak))F logy p + K logy max(fal, b) .
p#3

We call the left side the gain; the first two terms on the right are the size and the denominators
of Ag. With K = kn, and up to terms of lower order, the gain is at least G(x)n? (Theorem 3.5),
the size is at most (k2 — 6x)n®logyn + Fin? (Theorem 3.8), and the denominators are at most
(6 — k)n%logy n + cn? (Theorem 3.10). The terms of order n? logn cancel, and the last term of
(1.4) is O(n). The constants FT and ¢ depend on «, and on the range x € [2.8,3] that we need,
G — FT — ¢ is at least 4.58 bits (Table 1). For n large this contradicts (1.4).

The inequality (1.4) needs Ax(a/b) # 0. For the Hankel determinants of a positive measure on
R this would follow from positivity, but L is a 3-adic functional, and no such argument is available.
Following [13], we choose an auxiliary prime p { b with 2.1n + 2 < p < 2.159n, and we show that
the constant coefficient of Ag has strictly smaller p-adic valuation than all its other coefficients
(Theorem 3.13). The choice of p fixes K, and the range of p confines x to [2.8, 3].

What is new. The overall structure and several of the estimates are those of [13]. We give our
own proofs of the statements that we take from there (Appendices A—C), so that the argument
should not depend on the correctness of [13]. Three steps do not carry over from p = 2. The first
is the change of basis in the 3-adic estimate: at p = 2 it contributes a positive term of order K?2,
while at p = 3 the natural basis of the polynomials that are integer valued on the set 3_IZ§ of
integration points (Lemma 4.1) costs about K?2/4 trits. The second is a local estimate at the primes
of the order of n (Lemma 5.24), which determine the constant c. At such a prime, the harmonic
sums that the Volkenborn integral produces behave like poles of order 3 at points of %Z, and when
such a point is a zero of W, which has order 3 as well, the two cancel exactly. In a numerical
evaluation at k = 3 with the cruder local bound of [13] in its place, the comparison no longer leads
to a contradiction (Remark 5.27). The third is the non-vanishing theorem (Section 6). There,
after a change of basis and a rescaling by powers of ,/p, the constant coefficient of Ax becomes,
modulo /p in the ring Z,[,/p], a product of explicit block determinants. The block that belongs to
a pair of nodes (the poles y = —k, —n < k < 2n, of W) congruent modulo p is invertible because
the leading coefficients of W at the two nodes have the ratio —8 modulo p, by Wilson’s theorem
(Lemma 6.10); the ratio 1 would make it singular (Remark 6.22).

The constants FT and ¢ are upper bounds obtained by finite computations: FT in ball arithmetic,
in which every real number is enclosed in an interval given by a midpoint and a radius and every
operation returns an interval that contains the exact result [18], and ¢ in exact rational arithmetic,
up to a final evaluation of Euler’s constant and of three logarithms in ball arithmetic (Appendix E).
The computations evaluate expressions that the lemmas of Section 5 show to be upper bounds. All
other steps are proved in the text, and the coefficients and determinants needed in Section 6 are
small exact computations that can be checked by hand.

Section 2 writes (3(5) as a Volkenborn integral and defines the functional and the Hankel
polynomial. Section 3 states the criterion and the four estimates and deduces Theorem 1.1 from
them, and Sections 4, 5 and 6 prove the estimates. The longer proofs are in the appendices:
Appendix A treats the analytic step of the 3-adic estimate, Appendix B the Heine expansion, the
tree bound and the size, Appendix C the local bounds and the prime sum, Appendix D the case
analysis of the non-vanishing theorem, and Appendix E the computations. Appendix F gives a
second proof of Theorem 1.1 by a different method, the determinant argument that [15] uses for
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(7(3) on Xo(7), carried over to the modular curve X(3). It uses from the rest of the note only the
statement of the theorem, the normalization (2.4) and some notation, so that a reader can check
the theorem along two independent routes, but it depends on published theorems on overconvergent
modular forms that the main proof does not need.

2. THE FUNCTIONAL AND ITS HANKEL POLYNOMIAL

This section fixes the normalization of (3(5), writes it as a Volkenborn integral, and shows
that the functional (1.3) takes values in Q + Q(3(5). The Volkenborn integral is not translation
invariant, and the defect of a translation by an integer is a harmonic sum (Lemma 2.15). These
harmonic sums are harmless at the prime 3, but at the other primes they produce the virtual poles
of Section 5.3.

2.1. The Volkenborn integral and (3(5). We use the following standard result, for which we
recall the notation. C, is the completion of an algebraic closure of Q,, and we fix embeddings of
the algebraic numbers into C and into C,. A Dirichlet character x modulo N is a homomorphism
(Z/NZ)* — C*, extended to Z by x(a) = 0 for ged(a, N) > 1. Its conductor is the smallest
divisor f of N such that x factors through (Z/fZ)*, and we always use the primitive character
modulo f that induces x; the trivial character 1 has conductor 1. The Bernoulli numbers B;
are defined by t/(e! — 1) = > B;t7 /5!, and the generalized Bernoulli numbers of a character x
of conductor f, by Zfi’;l x(a) te®/(elxt — 1) = Dk B/.@th/k! [19, Section 4.1]. The Teichmdller
character w : Z; — 7, sends a to the unique (p — 1)-st root of unity congruent to a modulo p;
it depends only on a modulo p, so it is a Dirichlet character of conductor p, and at p = 3 it is
the nontrivial character modulo 3, w(a) = £1 = a (mod 3). Finally (a) = a/w(a) € 1 + pZ, for
a€Zy.

Theorem 2.1 ([19, Section 5.2]). Let p be an odd prime, x a Dirichlet character of conductor
fx, and F' a common multiple of p and fy. There is a p-adic meromorphic function Ly(s,x) on
{s €Cp: |s], < p®P=2/®=DY " analytic if x # 1 and with only a simple pole at s =1 if x = 1, such
that

(2.2 L1~ k) = — (1 -y @) et ),
and

oo L1 =S (15 (FY 5,
(2.3 LisY =ty 3 e ZO( (5B

pta

In (2.2), xw™* denotes the character of smallest conductor attached to the product, so that
xw *(p) = 0 if p divides its conductor. The interpolation property (2.2) determines Ly(s, ) and is
the reason why L, is called the p-adic L-function of x; in the proof we use only the formula (2.3).
The p-adic zeta values are (,(s) = Ly(s,w! ™). At p =3 the Teichmiiller character has order 2, so
w =1 and

(2.4) 3(5) = L3(5,1) .

A function f : Zs — Qs is strictly differentiable if the difference quotients (f(x) — f(y))/(x — y),
x # y, converge as (x,y) — (a,a), for every a € Zs; the limit is f'(a). Polynomials are strictly
differentiable, and so is every power series ) e,,t™ that converges on a disc of radius larger than

1, because its difference quotient > en > ., xty™ 177 converges uniformly on Z%. For such f
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the Volkenborn integral

3N-1
2.5 t)ydt = lim 37V t
(2.5) | J(0)di = lim ;ﬂ)

exists [20], [21, Ch. 5]. We need three of its properties.
Lemma 2.6. Let f: Z3s — Qg be strictly differentiable.

(V1) [z, f( t+1 dt = [, f(t)dt+ f(0). Hence, for N > 1, [, f(t+N)dt= [, F+N G
and [ f(t = N)dt = [, f =L (=)
2) Ja, () dt = )C/(c+ 1) for ¢ >0, and [, t°dt = B

( 3) If |f(0)|s < A and | f(z) — f(y)|s < Alz —y|3 for all z,y € Zs, then |fZS fls < 3A.

Proof. (V1) The N-th Riemann sum of f(t+1) — f(t) telescopes to 3=V (f(3") — f(0)) = w.

This is a difference quotient of f at the two points 3" and 0, and 3V — 0 in Zs, since [3V|3 = 37V,
So it tends to f/(0) by strict differentiability. Apply this to f(t +14),7=0,...,N — 1, and add.
For the second formula apply the first to g(t) = f(t — 1), which gives st f= st gt +1)dt =
fZ 1)dt + f/(—1), and iterate.

(V2) By > icr (C) = (C+1) the N-th Riemann sum is 3~ N(ffl) = L(3N_1). As N — oo,
(=1°

3V -1 — —1in Zs, and z — ( ) is continuous, so the limit is C+—1( -1 - For the monomials,

_1)
Faulhaber’s formula gives 37V >, v t¢ =37 | (Ctl)Bi 3N(e=9) /(¢ 4+ 1), and only the term i = ¢
survives the limit.
(V3) Let ¥y be the N-th Riemann sum. Then

(2.7) Sni - Sy =31 Z (t+a3™) = f(1))

t<3N a=0
and every bracket has absolute value at most A3~"V. By the ultrametric inequality |Sx 1 — X3 <
3N+ A3~N =34, and |So|3 = | f(0)|3 < A. So |En]|3 < 34 for all N, and also in the limit. O

Property (V3) is the form in which we use the integral 3-adically: a function whose values and
Lipschitz constant are 3-adically small has a small integral, with the loss of one factor 3. We shall
apply it to power series ) ent™ whose coefficients tend to 0 fast enough for convergence on a
disc of radius larger than 1. For such a series, [f(0)[3 and the Lipschitz constant on Zg are at most
maxy, |em,|3, since [ —y™|3 < |z — y|3 for x,y € Zs.

The integration points of our functional are ¢ + & with ¢ € Zz and r € {1, 2}, that is, the points
of

(2.8) S=3""7Z5 ={y € Qs: v3(y) =—1} .

The substitution ¢ — —1 —¢ maps ¢ + § to —(t + 3—3’"), so it acts on S as y — —y and exchanges
the two classes % + Z3 and % + Zs; this removes the even zeta values.

Lemma 2.9 (reﬂection) Let f(t) = > i>o ettt with v3(e;) > i+ ¢y for a constant cg. Then
fZ3 —1-t)dt = fZ t)dt. Consequently, for every odd M > 1,

N —M
(2.10) 21;2/23 (t+ g) dt=0.

Proof. For f = tF, (V2) gives st t+a)kdt=3, (’;)xk_iBi = Bj(z), the Bernoulli polynomial, so
fZ —1—t)*dt = (=1)*By(1) = B(0) = fZg tkdt by B(1 —2) = (=1)*By(x). By linearity the
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identity holds for polynomials. For the series, split f = f<; + f>; at a degree J. The tail f>;(t)
and f>j(—1—t) are power series with coefficients of valuation at least J + co (the coefficients of
(=1 —t)% are integers), so by (V3) both have integrals of absolute value at most 3'=/=%. Letting
J — oo proves the first claim. For the second, g,(t) = (t+ 5)™™ = (2)M(1 4 3)=M js a series of
this type, and g,(—1 —t) = (—=1)Mg3_,.(t). So the sum Jpy = . fZ3 gr satisfies Ty = (—1)M Ty,
and Jy = 0 for odd M. O

Lemma 2.11 (the value). For even m > 2,

(2.12) > /Z =m3™ 1 Ly(m41,1) .

r=1,2
In particular (3(5) = ﬁ 27:1,2 fZ3 (t+ %)*4 dt.

Proof. Take p=F =3, x =1 and s =m+ 1 in (2.3). For a € {1,2} we have w(a) = £1, and m is
even, so (a)”™ = a~™ and

(2.13) 3mLz(m+1,1)= Y a mz< )( > .

a=1,2 >0
On the other side, (£ + %)™ = (2)™(1 + &)= = (3)m >0 (TI")(2)et°. We integrate term by

a Cc
term with st t°dt = B.. This is legitimate: the tail ) . ; of the series has coefficients of valuation
at least m + J, so by (V3) its integral has absolute value at most 3'~™~7  which tends to 0. Hence
Yo st(t + %)™ dt = 3™ - 3m Lg(m + 1,1). Finally, 4-3% =972 and L3(5,1) = (3(5) by (2.4). O

For k € Z and M > 2 put

3\ " 3\
(2.14)  HS3(k,M)= ) _ <u> (k>0),  HSg(k,M)=- > (u) (k<0),
0<u<3k 3k<u<0
3tu 3tu
and HS3(0, M) = 0. Every term has 3-adic valuation M, but at a prime p # 3 the terms with p | u
have p-adic valuation —M.

Lemma 2.15 (translation). For every k € Z and m > 1,

m3™ 1 Ls(m+1,1) —mHS3(k,m+1), m even ,
(216) Y / t+ +k "t = 3( ) 3( )
=127 2s —mHS3(k,m+1) , m odd .

Proof. Apply (V1) to fr(t) = (t+%)~™, whose derivative is f}(i) = —m(i+%5)™™" " = —m 3™ (3i+
r)~™=1 For k >0, (V1) adds >, f1(i), and as r € {1,2} and 0 < i < k vary, u = 3i + r runs
exactly once over the integers 0 < u < 3k prime to 3; this gives —mHS3(k, m + 1). For k < 0, (V1)
subtracts lelil fl(—1), and w = —3i + r runs over 3k < u < 0, 31 u, which explains the sign in
(2.14). The value at k = 0 is Lemma 2.11 for even m and Lemma 2.9 for odd m. O

2.2. The functional and the Hankel polynomial. Lemma 2.15 shows why the functional (1.3)
takes values in Q + Q(3(5). Let W be a rational function whose poles are integers, all of order at
most 4. If PW decays fast enough at infinity, it is the sum of its principal parts, and after the
derivative in (1.3) a pole of order i of PW becomes a pole of order i + 1. By Lemma 2.15 with
m =i+ 1, such a term contributes a harmonic sum and, for odd 7, a multiple of L3(i + 2,1). So
only (3(3) = L3(3,1), from the simple poles, and (3(5), from the poles of order 3, can occur. The
coefficient of (3(3) is a multiple of the sum of the residues of PW, which vanishes when PW decays
fast enough at infinity; this is the reason for the derivative. So only (3(5) survives (Lemma 2.19).
The zeros of W do not affect this, and we choose them for the estimates of Sections 4 and 5.
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The nodes are the integers k € N := {—n,—n + 1,...,2n}, and the weight is the rational
function W of (1.2). The node k sits at y = —k and is a pole of order exactly 4; since n is odd, the
zero y = —4 is not a node. The other zeros are the points y = —(j + 5), 0 < j < n, r € {1,2},
each of order 3. The degree of W, the degree of its numerator minus that of its denominator, is
1+6n—4(3n+1) = —6n 3. The functional L of (1.3) is well defined: the poles of ¢ — (PW)(t+ %)
are the points t = —k — g, all of absolute value 3, so its Taylor series at ¢ = 0 converges on [t[3 < 3
and the same holds for its derivative.

The weight is that of [13] with the prime 2 replaced by 3: there the poles have order 4 at the
same nodes, and the zeros lie on the class %+Z. Here the zeros, of order 3, lie on both classes % +7Z
and % + Z. Then on S one of the two Pochhammer symbols becomes an integer-valued polynomial
times n!, which produces the factor (n!)® in the 3-adic gain (Section 4), and at the primes p # 3
the zeros cancel the virtual poles produced by the harmonic sums (Section 5.3). We keep the factor
y + % of [13], which makes W antisymmetric about the centre of the nodes, W(—n —y) = =W (y).
Our argument does not use this symmetry, and the factor affects the estimates only through terms
of lower order and through the two nodes ”Tip of Section 6, where p is the auxiliary prime of
Theorem 3.13.

For a node £ put
(2.17) Wi(z) =2 W(=k+2),  Hglb=["]Wi(z),  hp= Hg[0] = W(0) #0 ,

so that Wk is holomorphic at z = 0 and its Taylor coefficients give the principal part of W at the
node. Explicitly,

(5 — k) [o<jcn, r=12 (G+5—Fk) . .
NG ’ m—= +n)! (2n—k
[Lnean ey (m = k) me/\l;[\{k}( ) = (=1 (k+n)!( )"

3

(2.18) hy, =

For a polynomial P let P, (k) = [2%]P(—k + z) be its Taylor coefficients at the node k.
Lemma 2.19 (purity). If deg(PW) < —2, then

3
(2:20) L(P) = Z ch,a Py(k) , ka = Bra +(3(5) Aha

keN a=0

with the rational local constants

4—a
(221) Bra Ziz;i(i+1)H83(k,i+2) Hid—i—a] . ape— {(;2916Hk[1—a} Eaii 7

In particular, L(y™) € Q + Q(3(5) for every m < 6n + 1.

Proof. Since deg(PW) < 0, the rational function PW is the sum of its principal parts at the nodes:

(2.22) =y Z ;ej’“k resp; = > Py(k) Hyld —i—b] |

keN i=1 b<4—1

the formula for resy,; being the coefficient of 2=* in P(—k + 2)W(=k + 2) = z74P(—k + Z)Wk(z)
Differentiate once, put y = t + 7, integrate, sum over r and apply Lemma 2.15 with m =i+ 1. The
term (k,4) contributes i(i + 1) HS3(k, i + 2) resy; and, for odd 4, also —i(i + 1) 3772 L3(i + 2, 1) resy ;.
For i = 1 the latter is —54 (3(3) resy 1, and ), resy; is the sum of all residues of PW, which is
zero because PW (y) = O(y2) as y — oo. For i = 3 it is =3 -4 - 35(3(5) resy 3 = —2916 (3(5) resy 3,
and resy 3 = Py(k)Hy[1] + Pi(k)Hg[0]. Collecting the coefficient of each P,(k) gives (2.21). Finally,
deg(y™W) = m — 6n — 3, which is at most —2 when m < 6n + 1. O
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Lemma 2.19 writes L(P) = 8(P) + (3(5) a(P) with rational 3(P) = 3_, , Bk.aPa(k) and a(P) =
Y ka OkaPa(k). If (3(5) were rational, the value L(P) alone would not determine o(P) and §(P),
and the polynomial we work with must not depend on such a choice. We therefore define it by the
local constants, with an indeterminate X in place of (3(5).

Definition 2.23 (the Hankel polynomial). For k € N put ¢4 (X) = Bia + Xage € Q[X] for
0 <a<3,and ¢, =0 for a > 4. Define Q[X]-linear maps on Q[X|[y] by

3
221)  M(P) =Y X BK) . A= Ac.  AP)=A(P)+ Xa(P).
a=0 keN

For K > 1 the Hankel polynomial is
(2.25) Ag(X) =det [A(y™)] o, i = det [By™) + X aly™)] ;. € QUXT

Every entry of the matrix in (2.25) is affine in X, so degAx < K. If K < 3n + 1, then
2K — 2 < 6n, so by Lemma 2.19 the entries at X = (3(5) are the moments L(y**7), and

(2.26) Ar(G(5)) =det [L(y™)] ;e (K <3n+1).

The 3-adic estimate concerns the right side, a determinant of 3-adic numbers; the other estimates
concern the coefficients of Ag (X). o ' .
By the Leibniz rule for Taylor coefficients, (3'47), (k) = 3 o1 pm (")a (k) (7 )s(k), s0

227)  AG) =30 S hars Galt) GE) ,  ()alk) = (i)<—k>”.

keN a+b<3

The Hankel matrix is therefore a sum of 3n 4+ 1 matrices of rank at most 4, one for each node,
and the node k enters only through its 4 x 4 matrix of local constants Cy, = [¢k,q+b|0<a,b<3, Which
vanishes below the anti-diagonal. The Heine expansion of Section 5.1 expands A over the ways of
distributing its K rows among the nodes, the denominator estimates bound each node separately,
and the non-vanishing theorem chooses a basis of polynomials in which the nodes decouple modulo
the auxiliary prime.

3. THE CRITERION AND THE PROOF OF THEOREM 1.1

In this section we state the criterion, state the four estimates that the rest of the note proves,
and deduce Theorem 1.1 from them. The criterion is the product formula for the integer obtained
by clearing the denominators of Ag(a/b).

Lemma 3.1 (criterion). Let F' € Q[X] be nonzero with deg F < K, and let a,b € Z be coprime
with b > 0 and F(a/b) # 0. Then

(3-2) v3(F(a/b)) logy 3 < logy [|Fll1 + Y (—vp(F)) " logy p + K logy max(|al,b) ,

p#3
where the sum runs over all primes p # 3, including p = 2.
Proof. Only finitely many v,(F') are nonzero. Let cp =[], p”P(F)A and Q = F/cp. Then v,(Q) =0
for every p, so Q € Z[X], and N = b*Q(a/b) = 2 qja’b¥ =7 is an integer, nonzero because
F(a/b) # 0. Since v3(b) > 0,
(3.3)  ws(F(a/b)) —v3(F) = v3(Q(a/b)) < v3(N) < logg [N| <logs [|Ql1 + K logz max(|al, b) ,

and logs [|Q|1 = logs [|F'[|1 — v3(F) = >_, 23 vp(F) logs p. The terms —v3(F) on the two sides cancel.
Multiply by logy 3 and use —v,(F) < (—v,(F))*. O
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We apply the lemma with F' = A, under the assumption (3(5) = a/b. Then F(a/b) = Ak ((3(5)),
and the left side of (3.2) is the 3-adic valuation of the determinant (2.26). The lemma needs
Ak (a/b) # 0, and we obtain it from the following observation at an auxiliary prime.

Lemma 3.4 (dominance). Let I' =73, f;X7 € Q[X], and let p be a prime with vy(fo) < vp(f;)
for every j > 1. Then F(a/b) # 0 for every a/b € Q with p1b.

Proof. If pt b, then v, (f;(a/b)?) > v,(f;) > vp(fo) for j > 1, so v,(F(a/b)) = v,(fo) < oc. O

The same idea, a coefficient that is strictly dominant at auxiliary primes, replaces the non-
vanishing hypothesis in the irrationality criterion of Lai and Sprang [9, Lemma 2.2], and [13] uses
it in the form of Lemma 3.4. The prime p can be chosen after b: if dominance holds at every prime
of a window whose number of primes grows with n, then for n large one of these primes does not
divide b.

We now state the four estimates, writing x = K/n. The first estimate is proved in Section 4.

Theorem 3.5 (3-adic gain). For K <3n+1,
2
(3.6) v3(Ag (G3(5)))logy 3 > G(k)n? — O(nlogn) , G(k) = <10.5/<c — Z) log, 3 .

The second and the third estimate bound the size and the denominators of Ag. Their main terms
are of order n?logn, and they cancel: (k? — 6r) + x(6 — ) = 0. Roughly, both estimates measure
the same products [ [, hp* [ 1.4, (K —m)®*™ coming from the Heine expansion of Section 5.1, where
Sk < 4 is the number of variables of that expansion placed at the node k, once with the absolute
value and once with the p-adic valuations for p # 3, and by the product formula the two agree up
to the 3-adic part and up to terms of order n?. What remains are two terms of order n?, whose
constants F' and ¢ depend on k. We bound them separately on the five intervals
(3.7) I = [K14, k2,i] = [2.80 +0.04(: — 1), 2.84 4 0.04(i — 1)] (i=1,...,5),
which cover [2.8, 3], and on each interval the bounds hold uniformly in .

Theorem 3.8 (size). There are constants F;, defined in (5.10) and bounded in Table 1, such that
for K/n € I;

(3.9) log, | Ak |1 < (k% — 6k) n?logy n + FZ-T n? + O(nlogn) ,

uniformly for K/n € I;, and with an implied constant that does not depend on i.

Theorem 3.10 (denominators). There are constants c;, defined in (5.39) and bounded in Table 1,
such that
(3.11) > (—vp(Ak)) T logyp < k(6 — k) n*logyn + c;n® + o(n?)
p#3
uniformly for K/n € I;.

Theorems 3.8 and 3.10 are proved in Section 5. The fourth estimate supplies the non-vanishing
and fixes K. For a prime p with 2.1n 4+ 2 < p < 3n let

1 -1
IOn—O(IDB)7 p=1 (mod3),
(3.12) K(n,p) =
10p — 14
1On—0pT, p=2 (mod 3).

It is the number of Taylor conditions that the non-vanishing argument imposes (Section 6.2).

Theorem 3.13 (non-vanishing). Let p be a prime with 2.1n+ 2 < p < 3n, and let K = K(n,p).
Then K < 3n —2, and Ak (a/b) # 0 for every a/b € Q with ptb. If moreover p < 2.159n, then
K > 2.8n.
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The lower limit 2.1n 4 2 for p is what gives K < 3n — 2, so that (2.26) applies, and the upper
limit 2.159n gives K > 2.8n, the left end of the range covered by the intervals (3.7). The theorem
is proved in Section 6, where we show that the constant coefficient of A is strictly p-adically
dominant and apply Lemma 3.4.

Ii G(/ﬁ,i) F;[ C; G(/ﬁil’i) — F;[ — G
[2.80,2.84] | 43.49 |8.43|30.48 4.58
[2.84,2.88] | 44.06 | 8.46 | 30.79 4.81
[2.88,2.92] | 44.64 |8.52 | 31.10 5.02
[2.92,2.96] | 45.21 |8.58 | 31.41 5.22
[2.96,3.00] | 45.78 | 8.65 | 31.72 5.41

TABLE 1. The constants of Theorems 3.5-3.10, in bits per n2. The values of G are
rounded down, the bounds for F;r and ¢; of Propositions 5.11 and 5.40 are rounded
up, and the last column is computed from the printed values. The function G is
increasing on [2.8, 3], so G(k) > G(k1,;) on I;. The proof of Theorem 1.1 needs only
that the last column is positive.

Proof of Theorem 1.1. Suppose, for a contradiction, that (3(5) = a/b with coprime integers a and
b > 0. From now on a and b are fixed, and only the odd integer n varies.

Step 1: the auziliary prime. Let Ny be the number of distinct prime factors of b. By the prime
number theorem, the interval [2.1n + 2, 2.159n] contains (0.059 + o(1)) n/log n primes, a number
that tends to infinity with n. So there is Ny such that for every n > N; the interval contains more
than N primes, and hence a prime p t b. This is the only use of the prime number theorem in this
proof, and it concerns large n only: for small n the interval may contain no prime at all, but small
n are never used.

Step 2: one exact inequality. Fix an odd n > Nj, a prime p{ b in the interval, and K = K(n,p).
By Theorem 3.13, 2.8n < K < 3n — 2 and Ak (a/b) # 0, so kK = K/n lies in one of the intervals I;,
and Lemma 3.1 applies with F' = Ag. It gives the inequality (3.2) for this n, without any error
term.

Step 3: the three estimates. Theorems 3.5, 3.8 and 3.10 bound the three quantities in (3.2). Each
bound consists of a main term and an error term, and what these theorems assert about the error
terms is the following: there are functions Fj(n), E2(n) and E3(n), which depend neither on a,
b and p nor on K in the range K/n € I;, such that E;(n)/n? — 0 as n — oo, and the gain is at
least G(x)n? — E1(n), the size is at most (k% — 6x)n?logyn + FiTn2 + F3(n), and the denominators
are at most k(6 — k)n?logy n + ¢;n? + E3(n). (There are five intervals, so we may take the same
functions for all i.) Inserting these bounds into (3.2), the terms of order n?logn cancel, because
(k? — 6K) + K(6 — k) = 0 for every k. Using G(k) > G(k1,;) and K < 3n, we obtain

(3.14) (G(lﬁllﬂ') - FiT - cz-) n? < Fy(n) + Ea(n) + E3(n) + 3nlog, max(|al,b) .

Step 4: the contradiction. By Table 1, the bracket on the left is at least 4.58 for every ¢. Dividing
(3.14) by n? gives

Eq1(n) + Eo(n) + E3(n) N 3logy max(|al, b)
n? n

The right side tends to 0 as n — 0o, because a and b are fixed, so there is Ny such that it is smaller

than 4.58 for all n > Nj. For an odd n > max(Ny, Na), Steps 24 give a contradiction. Hence (3(5)

is irrational. ]

4.58 <
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The argument needs a single, sufficiently large n. Nothing is claimed about the inequalities for
small n, where the error terms can be larger than the main terms. In particular, the prime number
theorem, which also enters the proof of Theorem 3.10, is used there only in asymptotic form: it
replaces sums over primes by their main terms with an error that, divided by n?, tends to 0, and
no statement is made for small n.

Remark 3.15 (the numerical constants). The decimal numbers that enter the proof are not approxi-
mations whose validity depends on n. (The numbers introduced by “about” in Remark 5.27 and
Appendix E are quoted for orientation only and are not used.) They are of two kinds. Some are
choices: the window 2.1n 4+ 2 < p < 2.159n for the auxiliary prime, the five intervals I;, the trial
density og of (5.9), the number e = 2—10 of Section 5.2, the partition and the rationals £, and the
discretization parameters of Appendix E, and the circles of Table 3. Every statement in which they
enter remains true for every admissible choice; another choice changes the numerical margin, and
the argument closes only if the margin stays positive. The others are bounds for constants that are
defined exactly. The coefficient 10.5 in G(k) is exact, being 9 + 2 from the 9n + 3 trits of (4.5)

and from 3vs(n!) = 3n + O(logn). The constants FiT and ¢; are defined by (5.10) and (5.39), and
Propositions 5.11 and 5.40 bound them from above by rigorous computations, in exact rational
arithmetic and in ball arithmetic of which only the upper ends are used, with the discretization
error bounded by Lemma B.14; the printed values are rounded up once more. So the last column

of Table 1 is a lower bound for the true margin, and the proof needs only that it is positive.

4. THE 3-ADIC GAIN

In this section we prove Theorem 3.5. Following [13], we proceed in two steps. First we write
the determinant (2.26) in a basis of polynomials that are integer valued on the set S of integration
points; this changes its valuation by an amount that depends only on S and K. Then we show
that L maps every polynomial that is integer valued on S to a number divisible by about 31957,
The second step rests on a feature of the 3-adic place that has no archimedean counterpart: by
the ultrametric inequality, every node —k is at distance exactly 3 from every point of S, since
|t + % + k|3 = |5|s = 3. So each pole of order 4 multiplies the weight by 3% uniformly on S.

Let Int(S) = {B € Qs[y] : B(S) C Zs}. For the general theory of integer-valued polynomials on
subsets we refer to Bhargava [22]; we need only the explicit polynomials of the following lemma.

Lemma 4.1. For m > 0 put

_1 _2
(1.2 Fan() =3 () (T 5) L Faal) = 30 Fan)

m m
Then F; € Int(S), deg F; = i, and the leading coefficient of F; has 3-adic valuation —v;, where
vi=v3(m!) —m—e fori=2m+e, e € {0,1}. Consequently, for every Qs-linear functional A" on

Qslyl,

" _
(4.3) vydet [N'(y)], . =2 vt K min vy N(F;F) .
<K

Proof. Lety = L+t witht € Zs. Then (V71/%) = (!) € Z3, and 3™m!(V2/*) = [1,-,,(3y—2—3i) =
[1;<n(3t — 1 — 3i) is a product of 3-adic units. So Fyy(y) € Zs. On % + Zs the two binomial
coefficients exchange their roles, and on S the factor 3y is a unit, so also Fb,+1(S) C Zs. The
leading coefficient of Fy,y, is 3™m!/(m!)? = 3™ /m!, of valuation m — vz(m!), and that of Fyy41 is
3m+l /ml. For (4.3), write F; = ng? f?jyj. The matrix T' = [fzj] is lower triangular with diagonal
entries fi;, and [A/(FiF;)] = T [A'(y*9)] TT. Hence det[A'(y"*7)] = [[,- i fi; > det[A/(F;F})], and

every term of the Leibniz expansion of the last determinant is a product of K entries. O
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The first term of (4.3) is negative at p = 3. By Legendre’s formula vz(m!) = (m — s3(m))/2,
where s3(m) < 2logs(3m) is the sum of the ternary digits of m, so
K2
(4.4) 22%-:—2 > m+O(Klog K) = ==~ + O(Klog K) .
i<K m<K/2
At p = 2, where the integration set of [13] is a translate of Zy and the binomial basis has leading
coefficients 1/i!, the corresponding term is positive and of size about K2 bits. At p = 3 the change
of basis costs rather than gains, and the whole gain has to come from the weight.
We now turn to the weight on S. Fix r € {1,2} and put y = ¢ + § with ¢ € Z3. The factors of
W behave as follows.
e Of the two Pochhammer symbols, the one with shift 23 becomes (t + 1), = n!(*t"), an
integer-valued polynomial times n!.
e The other becomes [[;_,,(t + % +i) = 37" [[,,,(3t + 2r + 3i), and every factor 3¢+ 2r + 3i
is a unit.
o y+ % = £(6t+ 2r + 3n), where 6¢ + 2r + 3n is a unit, so this factor has valuation —1.
e Every node contributes (y + k)~* = 3*(3t +r + 3k)™*, where 3t 4 r + 3k is a unit.
The powers of 3 add up to —3n — 1+ 4(3n + 1) = 9n + 3, and therefore

(4.5) (i) =8 >(“”) Q1)

where @, is a unit constant times a product of factors (a + 3t)*! and a + 6t with integers a prime
to 3. Each such factor is a®' (1 + 3t/a)*! or a(1 + 6t/a), a power series whose coefficient of ¢ has
valuation at least i. Hence Q. (t) = Y, ¢;t" with v3(q;) > i.

Thus the poles contribute 4(3n + 1) trits, the non-integral Pochhammer symbol and the linear
factor cost 3n + 1 trits, and the integral Pochhammer symbol adds 3vz(n!), about 1.5n trits. It
remains to see how much is lost when the derivative and the integral are taken.

The following lemma is proved in Appendix A.

Lemma 4.6 (after [13, Lemmas 4.2 and 4.3]). Let d > 1, let P be a polynomial of degree at most d
with P(Z3) C Z3, and let Q(t) =Y, qit" with v3(q;) > i. Then PQ is strictly differentiable on Zs,
and

(4.7) Ug/Z (PQ) (t)dt > —logg d — logs(d + 1) .

The two losses come from the binomial basis. Writing PQ in the basis (Z), the derivative of (Z)

is >0, %(Ciz), which costs at most logs d, and the integral of (é) is (=1)¢/(c+1) by (V2),
which costs at most logs(d + 1). The factor @ costs nothing, because its coefficients in the binomial
basis decay fast enough to compensate for the shift of degrees.

Proof of Theorem 3.5. Let Az = 9n+ 3+ 3vs(n!) and dx = 2K — 2+ 3n. By (2.26) and Lemma 4.1
with A’ = L, it suffices to show that

(4.8) vsL(B) > A3 —logs dx — logs(dx + 1)

for every B € Int(S) of degree at most 2K — 2, since each product F;F; with ¢,j < K is such a B.
Fix r € {1,2}. By (4.5), (BW)(t + %) = 3"3(n!)3P(t)Q,(t) with P(t) = B(t + g)(tjﬁ)?’. Both
factors of P map Zg into Zs, and deg P < dg. Since (BW)'(t + %) = L(BW)(t + %), Lemma 4.6
gives (4.8) for the r-th term of L(B), and the sum over r follows from the ultrametric inequality.
Hence

(4.9) v3 Ak (C3(5)) > 2 v+ K (A3 —loggdi — logz(d +1)) .
<K
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By Legendre’s formula 3vz(n!) = 1.5n — O(logn), so K A3 = 10.5kn? — O(nlogn); by (4.4) the
first term is —x?n2/4 + O(nlogn); and K logs(dk (dkx + 1)) = O(nlogn). Multiplying by log, 3
gives (3.6). O

5. THE SIZE AND THE DENOMINATORS

In this section we prove Theorems 3.8 and 3.10. Both concern the coefficients of Ax(X), and
both start from an expansion of the determinant over the nodes, which we state first.

5.1. The Heine expansion and the size. Heine’s formula writes the Hankel determinant of
the moments of a positive measure on R as % times the integral of the squared Vandermonde
[Ti<s(y# — vi)* against the K-fold product of the measure [23, Ch. II]. The identity is algebraic and
holds for every linear functional (Lemma B.1). Our functional A is a sum of the local functionals
Ay, and Ay, sees only the Taylor coefficients of order at most 3 at the node k. So the K variables
Y1, -..,Yyx are distributed among the nodes, and a node that receives five or more variables
contributes nothing (Step 6 of the proof in Appendix B); the determinant becomes a finite sum over
these distributions. For a node k and a subset R C {0, 1,2,3} with elements Ry < -+ < Rip|-1,
write Ck[R] = [ck,r,+t']o<bpr<|r| for the square submatrix of Cj with row set R and the first |R|
columns.

Proposition 5.1 (Heine expansion; after [13, Proposition 5.1]). Let K > 1. Then

(5.2) Ag(X) =) coefr(s) [] M (X) ,
s A

keN
where:

(a) s = (sk)ken Tuns over the profiles, the integer vectors with 0 < s, < 4 and ), s = K,
and A = (Ag)ken over the tuples of partitions with at most s parts and |Ag| < sp(4 — sg);
(b) for each profile fix a map v: {1,..., K} — N with |+=1(k)| = sy, and put

. . 2
(5.3) Qsw)= [ ()= eli) +wi —wy)” € Z[wy,..., wi] ;
i<

L(i)#(i")

then coef\(s) € Z is the coefficient in Qs of any monomial whose exponents at the variables

w; with (1) =k are, for every k, a rearrangement of the parts of A\, padded with zeros;
(c) Myg =1, and for s;, > 1, My, is an integer combination of the minors det Cy[R] with

|R| = s and Y R — (82’“) = |A\k|, whose coefficients depend only on si, A\, and R.

The proof is in Appendix B. In a term of (5.2), the local factors M}, 5, carry the local constants,
hence the numbers hj*, and the cross factor coefy(s) carries the node differences (k — m)**+*m up
to the corrections that come from the variables w. The size estimate applies the triangle inequality
to (5.2), and the denominator estimate applies the ultrametric inequality.

For the size, in the rescaled variable = = k/n, in which the node k, sitting at y = —k, has the
position z € [—1,2], a profile s becomes in the limit a density o on [—1,2] with 0 < o < 4 and total
mass k. For integrable f on [—1,2] let

2 2
(5.4) £f(a) = / dogle gl flu)dy . (f) = / fa)gla)do

In the same variable, the zeros y = —(j + §) of W sit at x = (j + §)/n € (0,1), with density
34+3=6on [;;, = (0,1), and its poles have density 4 on [—1,2]. Accordingly, the external field is
the potential of the zeros minus that of the poles,

(5.5) V= 6£1]in — 4£1[_1’2} = 2£1]in — 4‘leout , Iouwt = [—1,0] @] [1,2] .
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A measurable function o on [—1,2] is feasible for x if 0 <o <4 and [ o = k. Put

(5.6)  Elo] = (o, V) + (o,Lo) , P, =V+2Lo, gap(o) = sup (P,,0' —0o)>0.
o’ feasible

The functional £ is the energy of the density in the field V plus its logarithmic self-energy,
and P, is its first variation. The kernel log |z — y| is conditionally negative definite, that is,
[[log |z — y|dv(z) dr(y) < 0 for every signed measure v of total mass 0 for which the integral
exists (Lemma B.10 proves the discrete form that we need), so £ is concave on the feasible densities,
and E[o] 4 gap(o) is an upper bound for sup £ obtained from a single trial density o. The following
theorem is the discrete form of this statement.

Theorem 5.7 (after [13, Theorem 6.1]). Let J > 1. Forn < K < 3n+ 1 and every feasible o that
is piecewise constant with at most J pieces,

(5.8) log [ A1y < (52 — 65) n?logn + n2(E[o] + gap(@)) + O, (nlogn) ,
where the implied constant depends only on J.

The proof is in Appendix B. The term —6xn?logn comes from Y, s log |hg|, as |hg| is about
n~6" by (2.18), and the term x?n?logn comes from the cross factors |k — m|?***m. The details of
the weight that are not visible in the densities, namely the zero y = —%, the distance % of the
closest zeros to a node, the harmonic sums and the weights i(i + 1) and 2916 in (2.21), affect only
the error term. Since the zeros and the poles of W have the same densities as in [13], £ is the
functional of [13].

To prove Theorem 3.8 we use the trial density of [13, Table 2]. Let o¢ be the step function on
the intervals [, L) —10 < j < 19, with

07 10
(5.9) 640 =95, 112, 113, 113, 112, 109, 104, 95, 70, 3 on [-1,-0.9), ..., [-0.1,0) ,
oo =0on [0,1), and og(z) = oo(1 — z) on [1,2]. Its mass is my = [ ¢ = %. For k € [2.8,3] put

o = (k/mg) 0g. Since max o, < 1.84, 0, is feasible for x, and it has 30 pieces. The density vanishes
on the interval Ii,, where the zeros of W repel the variables, and puts its mass on [—1,0] U [1, 2].
Define
1
(5.10) F!

7

= & i =1,...,5).
Tog 2 222( [ox] +gap(ox))  (i=1,...,5)
Proposition 5.11. The constants FlT7 e ,Fg are at most 8.425174, 8.458313, 8.510836, 8.576728
and 8.647895, respectively.

The proof is a finite computation in ball arithmetic, described in Appendix E. It uses that E[o]
is a quadratic polynomial in k with explicit coefficients, and that gap(oy) is bounded by the value
of a linear optimization problem whose data are values of the explicit function P, .

Proof of Theorem 3.8. For K/n = k € I; apply Theorem 5.7 with ¢ = o, and J = 30, divide by

log 2, and use &[0, + gap(ox) < FiT log 2. The implied constant depends only on J = 30, hence not
on i or K. U

5.2. The tree bound and the small primes. We now turn to the denominators. We bound
—vp(Ag) for each prime p # 3 separately and then sum over p. The bound for a single prime
is a combinatorial maximum over the profiles of Proposition 5.1. Fix € = %. At the primes
p < en a crude evaluation of this maximum suffices, and its sum over p produces the main term
#(6— x)n?log n through Mertens’ theorem. The primes p > en give the positive part of the constant
¢;, and there we need the refined local lemma of Section 5.3 and the circle model of Section 5.4.

Until the end of this section p # 3 is a prime, p = 2 included, and v = v,, is the Gauss valuation on

Qp[XT].
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For a node k put 7, (k) = max,,can k) Vp(k —m). For 0 < s <4 and £ > 0 put
(5.12) ep(k, s,0) = max {—v(det Cx[R]) : RC{0,1,2,3}, |[R|=s, Y R—(5) =(},
with e, = —oo if there is no such R. Let f,(k,0) =0, and for s > 1 let f,(k,s) be the maximum of
ep(k,s,0) + Lny(k) over 0 < £ < s(4—5).

Theorem 5.13 (tree bound; after [13, Theorem 7.1]). For every prime p,

(5.14) —vp(Ag) <T)p = max Z Ip(k, sk) — Z Z <Sc2 - Zs%) ,

keN Jj21 ¢ mod pJ kec
where s runs over the profiles, ¢ over the residue classes of the nodes modulo p’, and S, = > hee Sk-

The proof is in Appendix B. The first sum in (5.14) is the loss from the local factors of (5.2).
The second is what the cross factors save: variables placed at two nodes that are congruent modulo
p? produce node differences divisible by p’. The residue classes modulo p, p?,p?,... form a tree,
whose leaves are the single nodes, and the maximum is an optimization over this tree.

The nonzero roots and poles of Wy are d =k —j — 5 = %_% for 0 <j <n, re{l,2} (zeros
of order 3), d = k — § (a zero of order 1), and d = k —m for m € N\ {k} (poles of order 4). Write

eq for the order, positive for zeros and negative for poles, so that Wk(z) = h [[4(1 — 2/d)%. Let

(5.15) Dy = —vp(hy) =4va(k—m)—3 Z Up(3k—3j—r)—vp<2k_n> ’

2
m#k 0<j<n,r=1,2

where the last term equals +1 for p = 2, since 2k — n is odd, and —v,(2k — n) for odd p. Since the
coefficient of 2% in (1 — z/d)® is an integer times d—°, we have the following.

Lemma 5.16. Let pj, = maxgv,(d) over the nonzero roots and poles d of Wy.. Then vp(Hg[b]) >
—Dy, — buy, for b >0, and v,(HS3(k, M)) > —M max, vy(u), the mazimum over the u in (2.14).

Let [, = [log,(6n)]. All integers whose valuations enter the local constants have absolute value
less than 6n, so these valuations are at most [,. The following three lemmas are the analogues in
our setting of [13, Lemmas 8.2, 8.3 and Proposition 8.5], and their proofs are in Appendix C. The
first bounds the local loss at a single node, a leaf of the tree.

Lemma 5.17 (leaf lemma). For every node k and 1 < s <4, f,(k,s) < sDy + 9sl,.
Lemma 5.18 (small primes). For every primep # 3, T, < K(bn+4—K)/(p—1)+9K1,+150n+ K.

Lemma 5.19 (middle primes). If p > 5, p*> > 6n and p < 0.4n, then T, < K(6n +4 — K)/p +
3K + 25p.

The leading terms K(6n+4 — K)/(p — 1) and K(6n + 4 — K)/p, summed with weight logp
over p < en, give k(6 — k)n?logn plus a term of order n?, by Mertens’ theorem. For p > en these
bounds are too weak, and we treat these primes more precisely.

5.3. Single-level primes. A prime p > 5 with p? > 6n is called single-level. Every integer that
occurs in the local constants, namely k — m, 3k — 3j — r, the u of (2.14) and 2k — n, has absolute
value less than 6n < p?, so its p-adic valuation is 0 or 1. In particular the classes modulo p/ with
j > 2 are singletons, and the tree (5.14) has only one level.

At such a prime, a nonzero root or pole d of Wk is p-special if p | d. There are three kinds of
p-special points. The poles d = k —m with m = k (mod p) come from the partners m of k, the
other nodes congruent to k. The zero d = k — % is p-special if p | 2k —n. And the zero d = %
is p-special exactly when 3k — 35 — r = pt for an integer ¢, necessarily prime to 3; as 35 + r runs
over the integers in [1,3n — 1] prime to 3, pt runs over the interval (3k — 3n, 3k). Besides, the terms
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of HS3(k, M) with p | u are, writing u = pt, the numbers (3/(pt))™ = p; M with p; = pt/3. The
following definition records these data.

Definition 5.20 (node data). Let p be single-level and k a node. Let oj be the number of partners
of k, let g = 1if p | 2k — n and g = 0 otherwise, and let

(5.21)
VP, ={teZ\3Z: 0<pt <3k} (k>0), VP, ={teZ\3Z: 3k <pt<0} (k<O0),
VPy =0, Zy={te€Z\3%Z: 3k—3n<pt<3k}.

For t € VPy the point p; = pt/3 is a virtual pole of the node, and it is covered if t € Z;. Put
2, = 3| Zy|. For t € VP, let g = 0 if ¢ is covered and oy, + 21, + g, = 3, and p,; = 1 otherwise.

Counted with multiplicity, the p-special points of Wk are 4op poles and zp + gi zeros, so
Dy, = 4oy, — z, — g, by (5.15), and the py, of Lemma 5.16 equals 1 if o + 2z + g > 0 and 0 otherwise.
The condition ¢ = 0 means that ¢ is covered and that the covering zero is the only p-special
point of the node: oy =0, gr = 0 and Z; = {t}.

Split Biq = ,EI(SI + B,fzt, where BEE collects the terms of the harmonic sums with p | u. The next
lemma says that these terms act like additional poles of order 3 at the points z = p;, which are not
poles of W at all.

Lemma 5.22 (virtual poles). For every node k,

(5.23) G5 = 25gn(k) 3 [55) We) (i — 2) .

tEVPy,
Proof. For k > 0 the part of HS3(k, M) with p | wis 3 ,cyp, pr ™M, and for k < 0t is — D teVP, oM.
From Y7, i(i+1)a' ! =2(1—2)7° we get 2(p—2) % = 3,5 i(i+ 1)p~(+2) 211 S0 the coefficient
of 237% in W(2) - 2(p — 2) ™% is D> i+ l)p;(HQ)Hk [4 — a — ], which is the contribution of p;
to Bk,q in (2.21); the sum stops at i = 4 — a because Hy[b] = 0 for b < 0. O

A virtual pole costs p-adic valuation: p; has v,(p;) = 1, so the factor (p; — 2)~ contributes

p~37¢ to the coefficient of 2¢. The bound of [13, Section 8.3] charges every virtual pole in this way.
The next lemma shows that a covered virtual pole costs less, because the zero of W that covers it
has the same order 3 as the virtual pole.

Lemma 5.24 (refined local lemma). Let p be single-level. For every node k and 0 < m < 3,

(5.25) Up(ck,m) > By (k) == min <_Dk — (3 =m)uy , tgl\/llgk [~Dr—3—- (3~ m):uk,t] ) dm(k)) )

where am (k) = =D — (1 — m)pg for m < 1, ap(k) = 400 for m > 2, and the minimum over t is
+oo if VP, = (. The three terms bound 5;2678,27 B,Ijgl and o, respectively.

Proof. Since all valuations are 0 or 1, v,(hy) = —Dy, and every d has v,(d) < pg, so v(Hg[b]) >
—Dy, — buy, by Lemma, 5.16.

The part 3. The weights i(i + 1) are integers and the terms of the harmonic sums with p { u
are p-integral, so v(8}%y) > ming>1 v(Hg[4 — i —m]) > =Dy, — (3 — m) .

The part . Here o, = —2916 H[1 — m], and 2916 = 22 - 3% is prime to p, which gives the
third term.

The part 1S, We use (5.23), one virtual pole at a time. If ¢ is not covered, then (p; —

2)73 = p;3 >0 (6‘52)(,2/pt)c, so the coefficient of z3~™ in Wj,(2)(p; — 2) ™ has valuation at least

—Dj,—3—(3—m), and this is —Dj, —3 — (3 —m) ¢ because py; = 1. If t is covered, Wk contains

the factor (1 — z/p;)? with exponent exactly 3. Indeed, the zeros k — j — 3 are pairwise distinct,
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pt is not a pole because the poles are integers, and p; is not the zero k — %, because v3(p;) = —1
while v3(k — 5) > 0. Since 1 — 2z/p; = (ps — 2)/px,

(5.26) <1 - ;)3(/% —2) =%,

and therefore Wk(z)(pt —2)7% = hyp;® [T4z,, (1 — z/d)%. The virtual pole has disappeared, and
only the constant p; 3 remains. If pie = 0, every remaining d is a p-adic unit, and if pp, = 1,
every remaining d has valuation at most 1. So the coefficient of 2 of the remaining product has

valuation at least —bpuy, and the coefficient of 23~ of Wk(z)(/)t — 2)73 has valuation at least
—Dk -3 - (S—m),uk,t. O

Stated otherwise, a covered virtual pole that is the only p-special point of its node contributes
vp > —Dj, —3 in every Taylor order m, whereas the bound of [13, Section 8.3] charges it —Dj —6+m,
with Dy, already lowered by the covering zero. The cancellation (5.26) rests on the coincidence of
the order 3 of the zeros of W with the order 3 of the virtual poles, which comes from the single
derivative in (1.3). At p =2 in [13] the zeros have order 6 and the virtual poles order 5.

Remark 5.27. Without the refined lemma our argument does not close, at least at x = 3. For
primes p > 3n no node has a partner, and every virtual pole is covered and alone at its node, so the
lemma gives ¥ > 0 and these primes cost nothing (Lemma 5.31). The cruder bound, by contrast,
gives a positive value of the relaxed tree bound 7T, ; of Lemma 5.28 at every single-level prime up
to 6n. Evaluating the model of Section 5.4 numerically at x = 3, with the cruder bound in place
of 9, gives a denominator constant of about 44 bits per n?, against about 31.5 with ¥ (the bound
¢5 < 31.72 of Table 1 is larger because it holds on all of I5). Since G(3) — Fg is about 37.7, the
comparison would then give no contradiction. This evaluation is not part of the proof; we quote it
only to show that the cancellation (5.26) is needed in our argument.

5.4. The circle model and the prime sum. For the single-level primes we now evaluate
the maximum 7}, asymptotically. The plan is the following. First, T}, is bounded by a sum of
independent maxima, one for each residue class modulo p (Lemma 5.28). For p = gn with p fixed, a
residue class modulo p corresponds to a point of the circle R/pZ, and the data of its nodes depend
only on that point (Lemma 5.31). So T}, is about n times an integral over the circle, which is
piecewise affine in ¢ (Lemma 5.34). Summing over p with the prime number theorem turns it into
an integral over o (Proposition 5.36).

Lemma 5.28 (relaxation). Let p be single-level and let Uy, (k),
V(Ckm) > Um(k) for all k and m, for instance (k). Put f*(k,0)

> e ® + (L0 (3) Jon > O]]) ,

b<s

0 < m < 3, be integers with
=0 and, for 1 <s <4,

)

(5.29) fT(k,s) = max (O, max

the mazimum over R = {Ry < --- < Rs_1} C€{0,1,2,3} and permutations = of {0,...,s — 1} with
Ry + 7m(b) < 3 for all b. For a residue class ¢ modulo p let

Ve(S) :max{Z(f+(k,sk)+si) 20 < s <4, Zsk :S} - 5%,

kec kec

Pe(§) = max (Vi(S)—&S9) .

0<5<4|c|
Then T, < T, = max{}  Vi(S:) : .. Sc = K}, and T,) <EK 437 4c(§) for every real €.

(5.30)

The multiplier £ prices the constraint ) S. = K, so that each class is optimized separately.
With ¢ = p/n and = = k/n, a class modulo p consists of the nodes k = ky (mod p), and it
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corresponds to the point xg = ko/n of the circle R/pZ. All node data of Definition 5.20, except
gk, are functions of the positions (x, 0): pt < 3k if and only if to < 3z, 3k — 3n < pt if and only if
3x — 3 < tp, and the node range is z € [-1,2]. For p > 0 and = € R/pZ the nodes of x are the
points y € (x + 0Z) N [—1,2], and the type of x is the multiset of the pairs (0(y), [0 > 0]) over these
nodes. Here 9(y) = (0o, ...,03) is given by (5.25), with the data computed from (y, ¢) and with
g =0, and o+ 1 is the number of nodes of . For a type 7 let ¢, be the function 1, of (5.30) for a
class with these data.

Lemma 5.31 (cells). Let B={3j/N: je€{1,2,3}, N >1}. On each open interval of (0,00) \ B,
which we call a cell, the cyclic order of the seven points

o 2 0 20
5.32 -1, 2, 0, =, —, 1+= 14—
( ) ? Y Y 37 3 ) + 3) + 3
of R/oZ and the type of each open arc between consecutive points are constant. If each of the seven
points is represented by a real number o + Bo + wo, with an integer w that is kept fixed on the
whole cell, the lengths of the arcs are differences of such numbers, hence affine in o. Hence the
measure meas; (o) of the set of points of type T is affine in o on each cell; for a cell (a,b) we write
meas-[,-a’b] for its affine extension to the closed cell [a,b]. Moreover, for o > 3 every node has v > 0,
and T;‘ = 0 for every single-level prime p > 3n.

The seven points are where a node enters or leaves the node range (the points —1 and 2), where
the range of the virtual poles changes sign (0), and where a virtual pole or an end of the zero range
appears (3y € oZ or 3y — 3 € pZ, with the quotient prime to 3). The proof is in Appendix C. With
these measures put

(5.33) Glap)(6 0,5) = En+ Y meast(0) ¢r(€) (0 € [a,b]) .

For fixed € it is affine in ¢ and in k.

Lemma 5.34 (counting; after [13, Lemma 8.7]). Fiz a finite set A C R. There are C' and ng such
that for all n > ng, all primes p € [en, 3n], every closed cell [a,b] > p/n and every £ € A,

(5.35) Tp <nGa (& p/n. K/n)+C .

The proof is in Appendix C. It rests on the fact that a residue class modulo p is a point of the
grid %Z on the circle R/pZ, so that, up to O(1) exceptional classes, the number of classes of type T
is nmeas; (o) + O(1). Summing (5.35) over the primes in (en, 3n] with the prime number theorem,
and the bounds of Lemmas 5.18 and 5.19 over the smaller primes with Mertens’ theorem, gives the
following.

Proposition 5.36 (the prime sum). Let e = ap < a1 < --- < ay = 3 be a partition of [e, 3] that
refines BN [e, 3], let &1,...,& be rational numbers, and let [k1, ko] C [2.8,3]. For 1 <v < M put

(537) gll = maX{g[a,b} (flla 0, K‘) SIS {allflaall}a K € {517/{2}} )
where [a,b] is the closed cell that contains [ay,—1,a,]. Then, uniformly for K/n € [k1, ke,

log 3 1

E max (7}, 0)logp < k(6 — x) n?logn — k1(6 — k1) <’y + % + log >n2
€

£3

(5.38)

M
+ (Z max(G,,0)(ay — a,—1) + 3ke + 12.5 62> n? + o(n?) ,
v=1

where v is Fuler’s constant.
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The proof is in Appendix C. The first two terms come from the primes p < en, the sum over
v from the primes in (en, 3n], and the primes p > 3n contribute nothing by Lemma 5.31. For
i=1,...,5 let ¢; be the value of

3&272' 12.5
20 400

M
1 log 3 -
(539) @ [—1‘1171(6 — /4317@) <’)/ + T + log 20> + ,;:1 max(gy, 0)<aV - au—l) +

with [k1, k2] = I; in (5.37), for the partition and the rationals &, described in Appendix E. By
Proposition 5.36, any other admissible choice would also give a valid bound.

Proposition 5.40. The constants cy, ..., c5 are at most 30.471829, 30.783002, 31.093465, 31.403655
and 31.713600, respectively.

The sum over v in (5.39) is an exact rational number; its computation and the evaluation of the
remaining terms are described in Appendix E.

Proof of Theorem 3.10. By Theorem 5.13, (—v,(Ag))T < max(T),0) for every p # 3. Apply
Proposition 5.36 with [k1, k2] = I; and with the partition and the £, that define ¢;, and divide by
log 2. O

6. NON-VANISHING AT AN AUXILIARY PRIME

In this section we prove Theorem 3.13. Throughout, n is odd and p is a prime with 2.1n 4+ 2 <
p < 3n. This forces n > 5 and p > 13 (for n = 3 the interval [8.3,9) contains no prime), and p
is single-level. By Lemma 3.4 it suffices to show that the constant coefficient of Ay is strictly
p-adically dominant, and we shall compute its p-adic valuation exactly. The structure of the
argument is that of [13, Theorem 9.1]: we choose a basis of polynomials adapted to the nodes that
are p-adically special, scale its elements by suitable powers of p, and reduce the Gram matrix of
the functional modulo /p (Section 6.2), where it becomes block diagonal with explicit blocks.

6.1. The nodes and their local constants. Two distinct nodes are congruent modulo p exactly
when they differ by p, because |k — m| < 3n < 2p. So the nodes k € [p — n,2n|, which we call R
nodes, have the partner k — p; the nodes k € [—n,2n — p|, the L nodes, are these partners; and
the nodes in (2n — p,p — n), the U nodes, have no partner. The last interval is nonempty because
2p > 3n. In Definition 5.20 only ¢ € {41, £2} occur, since |pt| < 6n < 3p.

Lemma 6.1. The nodes fall into the types of Table 2. The partner of an Ra (Rb, Rby, Rc) node is

an La (Lb, Lby, Lc) node, and the two nodes nTip are partners.

Proof. By (5.21), t = 1lies in VP if and only if k > £, ¢ = 2 if and only if k > %p, t = —1 if and only
if k < —£, and t = —2 never, since k > —n > —%p. Similarly ¢ € Zj, if and only if %t <k<n+ %t.
Finally gr = 1 if and only if 2k — n = £p, because 2k — n is odd and |2k — n| < 3n < 2p. Since
2.1n < p < 3n, the relevant thresholds are ordered as

2 2
(6.2) —n<—‘§<n—§p<2n—p<p—n<§p<n+§<2n,

and moreover n — £ < p —mn and 2n — p < £. Each of these inequalities is equivalent to p < 3n
or to 2p > 3n. Reading off the conditions in each interval of (6.2) gives the R and L rows of the
table. For instance, an Ra node has k > p—n > %, so 1l € VP, and k < %p, so 2 ¢ VPy; it has
E<k<n+% s0l¢€ 2, while2 ¢ 2 because k < %p, and —1, -2 ¢ 2 because k > n — £. Then
Dy =40, — 2z, — gr =4 —3 —0=1. The other R and L rows are obtained in the same way. At a
U node, o}, = 0, and there are three cases: if £ <k < p —n, then VP, = 2} = {1} and D}, = —3;
if 2n —p <k <n — £, then VP, = 0, 2, = {—1} and Dy = —3; otherwise VP, = Z;, = () and
Dy, = 0. The first two ranges are disjoint, as n — § < £. Finally, nTﬂ) lies in the Rb range and *5
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type | nodes k data Dy,
Ra |p—-n<k< %p VP = {1}, covered; Z; = {1} 1

Rb |2 <k<n+2 k#"2 |VP,= 2, ={1,2}, both covered -2
Rb, | k= "32 as Rb, and g5 = 1 -3
Re |n+E5<k<2n VP, = {1,2}, Z, = {2} 1

La | -n<k<-% VP = {—1}, not covered; Z, = {—2} 1

b | -2<k<n—2 k#"2|VPy=0, 2 ={-1,-2} —2
Lb, | k="32 as Lb, and g = 1 -3

Le |[n—2<k<2n-p VP, =0, 2, = {1} 1

U 2n—p<k<p-—n no partner; three cases, see the proof | —3, —3, 0

TABLE 2. The nodes at a prime p with 2.1n + 2 < p < 3n, in the notation of
Definition 5.20. All R and L nodes have exactly one partner, and g = 0 except at
nt

the two nodes -

in the Lb range, both being integers since n and p are odd, and the map k — k — p sends each R
range onto the L range of the same letter. O

Let Nra and Ngc be the numbers of Ra and Rc nodes, and Ngp, the number of Rb and Rb,
nodes together. Counting the integers in the ranges of Table 2,

1
NRa:NRb:NRC:n—L (p=1mod3),

©3) P b
NRa:NRC:n—pT, NRb:n—pT (p=2mod 3) ,

and in both cases the number K(n,p) of (3.12) is
(6.4) K(n,p) = 4(NRra + Nre) + 2Ngp -

From (3.12) and 2.1n + 2 < p we get K < 10n — 1“21"7;2)_14 =3n — 2, and if p < 2.159n, then

K >10n — % > 2.8n. This proves the first and the last statement of Theorem 3.13.
At the R nodes and at the La nodes, the leading term of B,ijn can be computed exactly. For
such a node let ®(w) =sgn(k) [[(1 —w/0)¢ Ztevpk(% — w) ™3, where the product runs over the

p-special points d = pd of Wk, with their orders e. From Table 2,

BRa(w) = (1 —w) 41— 3w)? (3 —w) > =271 —w) ™,
(6.5  @pp(w) = (1—w)™ (1= 3w)*(1 - Jw)’S(w) ,  Bpy,(w) = (1 — 2w) Prp(w) ,
Bre(w) = (1—w) ™ (1= 3w)’S(w) ,  Bra(w) = (1+w) (1 +3w)’ (L +w) ",

with X (w) = (% —w) 73+ (% —w) 3. For example, at an Ra node the p-special points of W), are
the partner pole d = k — (k — p) = p, of order —4, and the covering zero d = £, of order 3, and
VP, = {1}. At an La node they are the partner pole d = —p and the zero d = —%p, the virtual
pole is t = —1, and sgn(k) = —1. Let ¢y = [w’]Px(w). These coefficients depend only on the type.

Expanding (6.5), the ones that we need are

Ra: 27, 108, 270, 540 , La: 27, —459 5211 _ 49761 (b=0,1,2,3),
(6 6) 2 4 8
Rb: — 28, —28,0, Rb, — 19, 28 28 (b=1,2,3), R ¢reo = 5.

All coefficients of the ®;, are p-integral, their denominators being powers of 2.
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Lemma 6.7. Let ¢, = 2h,pP*, a p-adic unit. For the nodes of types Ra, Rb, Rby, Rc and La,
(6.8) Bl = ek O (Gpsm +O)  (0Sm<3),

where O(p) denotes an element of pZ,. The other local constants satisfy the following bounds, which
are those of Lemma 5.24 with the data of Table 2: vy(B;8) > —4 + m and vy(aym) > —2 +m at
the nodes of types Ra, Re, La and Le; vp( ,rffrs) > —1+m and vp(om) > 1 +m at Rb and Lb; and
vp(B5Y) > m and vy(agm) > 2+m at Rby and Lb,. At the U nodes, all local constants LS | grest
and oy, have v, > 0.

Proof. Substitute z = pw in (5.23). Then [23~"]f(z) = p~ C=™[w? ™| f(pw) for any power series
f, and

Witw) = e JT (1= 5) " Tetow) s a2 =TI (1-3)"
pld pid

(pe = pw) > =p~° (; - w) -

(6.9)

The coefficient of z° in Y1 (z) is p-integral, so the coefficient of w® in Yy (pw) — 1 lies in pZy, for
every b. Hence BEEL = 2hyp~ B33 (By (w) Ti(pw)) = exp™ P¥™ 0 (g 3 + O(p)), using
that @, has p-integral coefficients. The bounds for ' and « are the first and the third term of
(5.25) with g = 1 and the Dy, of the table. At a U node with VP, = Z = {1} we have Dy = —3,
pr =1 and py1 = 0, so the three terms of (5.25) are m, 0 and 2+ m; at a U node with Zj, = {—1}
and no virtual pole they are m and 2 4+ m; and at the remaining U nodes Dy =0 and px =0. O

The next lemma relates the units e; at the two members of an Ra/La pair; this is where Wilson’s
theorem enters.

Lemma 6.10 (partner congruence). If k is an Ra node, then e, = —8¢j, (mod p).

Proof. Both nodes have D = 1, so ex_p/ex = hp—p/hr. Write W = Ny /T, (y + m)* with
Nw(y) =+ 2)(y+3)3(y+32)3, and I(k) = [l (m — k) = (=) (k +n)! (2n — k)! as in
(2.18). Then hy = Ny (—k)/TI(k)?*, and

UGN = (~1)P [T (n+k—p+i)
1k = p) P (2n—Ek+19)

Both products run over p consecutive integers in [1, 3n]. Since 2p > 3n, the only multiple of p among
them is p itself, and by Wilson’s theorem the product of the other p — 1 factorsis = (p — 1)! = —1
(mod p) in each. Hence I1(k)/II(k — p) = —1, and its fourth power is = 1. For each linear factor

y + ¢ of Ny, the ratio of its values at y = —k +pand y = —k is (c — k+ p)/(c — k), whichis =1

(mod p) unless p | ¢ — k. At an Ra node the only such factor is the covering zero, with ¢ — k = —&

and multiplicity 3, which contributes ((—% + 1)/(—%))3 = (—-2)%3 = -8. O

(6.11)

6.2. An adapted basis and the reduction. The choice of the basis comes from the tree bound of
Section 5.2 at the prime p. Lemma 5.28 bounds —v,(Ag) by a sum over the residue classes modulo
p, and here a class is either a single U node or a pair consisting of an R node and its partner. If a
node with a partner has ,, = m— D* for m < 3, then (5.29) gives fT(k, s) = max(0, D*s—s(s—1)),
because Y, (Ry + (b)) = Y. R+ (3) for every row set R in (5.29). By Lemma 6.7, the bound (5.25)
is —7 4+ m at the Ra, Rc and La nodes, —4 +m at Rb and Lc¢, —3 +m at Rby, —1 +m at Lb, and
m at Lby. A short computation with (5.30) then gives the class values. For a pair of type a or c,
Vi(S) =88 — 8?2 for S < 4, so the first four rows placed in the class have the marginal values 7, 5,
3, 1, and further rows have negative marginal values. For a pair of type b the first two rows have
the marginal values 4, 2, and for the pair of type b, the values 3, 1; further rows have marginal
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values at most 0. A U node accepts no row at a positive marginal value, since © > 0 there. So the
relaxed tree bound attains its largest value, 16(Nga + Ngre) + 6/ Ngp — 2, when K is the number
(6.4). We shall show that the constant coefficient of Ak attains this value exactly.

Accordingly, on polynomials of degree less than K = K (n,p) we prescribe the Taylor coefficients
of orders 0, 1,2,3 at the Ra and Rc nodes, and those of orders 0,1 at the Rb and Rby nodes. We
call these nodes the condition nodes; there are K conditions by (6.4). The conditions sit at the R
nodes and not at their partners, because two partners are congruent modulo p, and the next lemma
needs condition nodes that are pairwise incongruent. We index the conditions by = = (Ry, jz),
where R, is a condition node and j, the order.

Lemma 6.12. There are polynomials E, € Zyly] of degree less than K with (E.); ,(Ry) = 6500
for all conditions x and ', and the transition matriz from the monomials y*, i < K, to the E, has
determinant in Z, .

Proof. Let = be the K x K matrix of the conditions P — P;(R) on the monomials y¢, i < K. Its
entries (;) (—R)"7 are integers. We claim that = is invertible modulo p. The condition nodes lie
in [p — n,2n], an interval of length 3n — p < p, so they are pairwise incongruent modulo p. Over
the field IF,,, a polynomial of degree less than K is determined by its residues modulo the coprime
polynomials (y + R)?%, where dr € {2,4} is the number of conditions at R and Y pdr = K
(Chinese remainder theorem), and the residue modulo (y + R)%% is determined by the Taylor
coefficients of orders less than dr at —R. So the reduction of = is injective, hence invertible, and
det = € Z; . The polynomials E, are the dual basis, whose coefficients are the entries of =1 0O

Let T be the matrix of coefficients of the E,, so that [A(EyEy)|z . = T [A(y™)); jex TT and
det T € Z). Hence det[A(E,E, )] = (det T)*Ag(X), and the coefficients of det[A(E,E,/)] and of
Ak (X) have the same p-adic valuations. Write

ME Ey) =17 4+ x12,, TP =rHS fprest
.1 [ ] (]
(6.13) To =5 S s (Bo)a(k) (Eu)o() |
keN a+b<3

where 15 = gHS | crest — grest and ¢® = o, by (2.27). Then [X°] det[A(E,E,/)] = det ',

To evaluate the terms of (6.13) we need the Taylor coefficients of E, at every node. Since
E, € Zply], all of them lie in Z,. At a condition node R the prescribed ones are given by
Lemma 6.12. At the partner R = R — p of a condition node R, which sits at y = —R + p, Taylor’s
formula gives

(6.14) ) =% (}) E

Jj=b
So if R = R, and b < j,, the term j = j,. gives (jg)pjfb, and (E,)p(R) has valuation at least j, — b.
In all other cases only orders j that are not prescribed contribute, and (E,),(R) has valuation at
least 4 — b if R is of type Ra or Rc, and at least max(0,2 —b) if R is of type Rb or Rb,. Accordingly,
at the partner R of an Ra or Rc node R we write
Jz

(6.15) (Eu)o(R) = &apt&op,  &ap = (b

)pjzb (Ry =R, b<j.), &xp =0 otherwise,
so that vp(§}, ;) > 4 — b in all cases. At such a partner we split each term of (6.13) into the four
products of these parts, and we count them as separate contributions.

To each condition x we attach the weight 6., half of the marginal value of its row in the tree
bound above: 6, = % — jp if Ry is of type Ra or Re, 6, = 2 — j, if it is of type Rb, and 6, = % — Jz
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if it is of type Rby. A contribution to I'; , is one term ¢}, , ,(Ez)a(k)(Ex)s(k) of (6.13), and its
weighted valuation is

(6.16) w = Up(cz,a—i-b) + Up((Em)a(k)) + Up((Ex/)b(k)) + 0 + 0 € %Z .

With these weights the leading contributions at a condition node have w = 0. For instance, at an
Ra or Rc node R, by (6.8) with Dg = 1, the contribution of 6%3.1“:6/ to FI;xS, with R, = R,y = R
has valuation j,. + j,» — 7, and 0, + 0, =7 — ju — jur.

Lemma 6.17 (weighted valuations). Every contribution to IT'® has @ > 0, and every contribution
to 'Y has w > 1. If Ry, # R,, every contribution to ngj, has w > % If R, = Ry = R, the
contributions to fo/ with @ = 0 are the terms of 5 at R with (a,b) = (ju, jur) and, if R is of

type Ra, the products ﬁgsmrb §z,a b at its partner R.

The proof is a case analysis over the types of nodes, given in Appendix D. Since the lemma
allows contributions with w = %, at the Rb nodes, the reduction below is made modulo ,/p and
not modulo p.

Let © be the diagonal matrix with entries p?», viewed in the field Qp(y/pP)- The polynomial Y2 —p
is an Eisenstein polynomial, so this is a totally ramified quadratic extension of @, with valuation

ring Z,[,/p] and residue field Z,[,/p]/(y/p) = Fp, and the valuation v, extends with v,(\/p) = 3.
By Lemma 6.17, the scaled matrix I'¥ = © 'Y © has entries in Z,[\/p], its entries with R, # R,

vanish modulo ,/p, and I'™ = OO has entries in PZp[y/p]. So modulo /p the matrix ¥ is block
diagonal, with one block for each condition node, and Lemma 6.17, (6.8) and (6.14) give the blocks.

Lemma 6.18. Modulo \/p, the block of I'? at a condition node R is

R [PRe,3—a—blo<ab<3 (R of type Rc) ,
(6.19) ER <¢Rb’3 ¢Rb’2> (R of type RbD) , ER <¢Rb9’3 ¢Rb9’2> (R of type Rb,) ,

®Rb2  PRb1 ®Rby,2  PRby,1
ER (ARa -8 BinTALaBin) (R of type Ra) ,

where ¢b =0 fOT’ b < 0, Ae = [¢o,37afb]0§a,b§37 and Bin = [(i)]OSa,jS&

Proof. At an Rc, Rb or Rb, node R the only contributions with @ = 0 are those of Bgsjz ey
with (E,);, (R) = (Ey);,, (R) = 1. By (6.8), multiplied by p’»t0a' = pPrt6=i==Ja' ' each becomes
erR(®R3—j,—j,, + O(p)). For Rb and Rby, ji,j.» € {0,1}, which gives the 2 x 2 blocks. At an
Ra node R there is, in addition, the partner R, of type La. By (6.15) and Lemma 6.17, the
contributions of R with @ = 0 are the products with &, &, 1, and they sum, after scaling, to

(6.20) €R Z ({f) (jzl> PLas—a—b =ER (BinTALaBin>

< s <]y Jolal

modulo p, and e = —8eg by Lemma 6.10. O

The determinants of the blocks are explicit. The Re block vanishes below its anti-diagonal and has
the anti-diagonal entries erpreo = €r - g’—z, so its determinant is 5‘}% 320/212 By (6.6) the Rb block

isep- %3 ( _01 j), of determinant —5%% 310/26 and the Rby block is eg - 2;1—3(% _13), of determinant

—5% 7-310/26, For the Ra block, the matrix Bin' Ar,Bin has the entries Yom (a+b) ®La,3—m, Which

m
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depend only on a + b, and a direct computation from (6.6) gives

207 163 127 98
163 127 98 75
127 98 75 577
98 75 57 43

(6.21) AR, — 8Bin' A;,Bin = 3°

which is 3° times an integer matrix of determinant 1, so its determinant is 320. All four determinants
are products of units with powers of 2, 3 and 7, so they are p-adic units, as p > 13.

Remark 6.22. For a general value ¢ in place of —8 one finds det (ARa + 9 BinTALaBin) =329 -1)4
So the Ra block is a unit precisely when ¥ # 1 (mod p), and for 9 = —8 this holds since p t 9. The
number —8 = (—2)3 comes from the covering zero of the Ra node: its linear factor takes the values

—£ and %p at the two members of the pair.

Proof of Theorem 3.13. The bounds on K were proved after (6.4). By Lemma 6.18 and the
computation of the four block determinants, det ' is a unit of Zyp|+/P). Since det I = p2ale det TP,
we get vp(det T¥) = =23 6,. The sum of the weights is % + g + % + % = 8 at each Ra and Rc
node, 2+ 1 = 3 at each Rb node and % + % = 2 at the single Rby node, so

(6.23) v (X AK) = v, (det rﬁ) — —(16(Nga + Nre) + 6Ngp — 2) -

The coefficient of X7 in det (fﬁ + X fa> is a sum of determinants of matrices with j columns taken

from I'® and the others from I'?, so it lies in P Zy[\/p]. Hence v,([XI]AKk) > vp([X")Ak) +j
for every 7 > 1, and the constant coefficient of Ay is strictly dominant at p. By Lemma 3.4,
Ak (a/b) # 0 for every a/b € Q with p1b. O

APPENDIX A. PROOF OF LEMMA 4.6

We expand only the polynomial part of PQ in the binomial basis and estimate the remainder
directly, so that no infinite series is differentiated term by term.
A polynomial P of degree at most d with P(Z3) C Zs can be written as P = >_._, P.(!) with

C
Al P.=S (-1 H‘(?)Pz‘ €Zs .
(A1) > u () Po
because the (f:), ¢ < d, are a basis, and applying c times the difference operator f +— f(t+1)— f(¢),
which maps (Z) to (Cfl
expansion [21, Ch. 4]. The monomial coefficients of (i) are integers divided by ¢!, so the monomial
coefficients of P have valuation at least —wvs(d!).

Let ¢(m) = m + v3(m!). It is increasing and superadditive, s(a + b) > ¢(a) + <(b), since
(a+0b)!/(ald!) is an integer. The series () converges on |t|3 < 3, so PQ is strictly differentiable. Fix
M > d and split Q = Q<ps + Ry with Ryr = Y0, @it

The polynomial part. Using t' = Y om<i {TZ} m!(;@), with the Stirling numbers {7;} of the
second kind, which are integers, we get Q<pr =, 4m (fn) with ¢m =m!Y i {;L}qi, and so
v3(Gm) > v3(m!) +m = ¢(m), uniformly in M. The identity

o O0- < OO0

c=max(a,b)

), and evaluating at 0 gives P,. This is the polynomial case of Mahler’s
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which follows by counting pairs of subsets of a t-element set of sizes a and b according to their
union, has integer coefficients. So f = PQ<y = Y. fc(f:), where only terms with a < d and
b > c—a > c— d contribute to f., and hence v3(f.) > ¢((c — d)*), ¢ being increasing.

One derivative. Differentiating (Hx) = (f)( ¢ ) with respect to x at x = 0, and using

c—1

—1)¢! .
%(f)\x:() = (— )1’ L/i for i > 1, we get %(Z) =3, ( 2 (c;) Hence f' =", fl (5,) with
fo=201 (71 fervi- We claim that

(A.3) vs(fo) = <((¢ = d)") —loggd .

The term i of f/, has valuation at least ¢((¢’ + ¢ — d)*) — v3(i), and there are three cases. If
d > d, then (¢ —d+1i) —v3(i) > s(¢ —d) + (i) —v3(i) > ¢(c’ — d), because (i) > i > v3(4).
If ¢ +1i < d, then v3(i) < loggi < loggd. If ¢ < d < +i, put e = +i—d > 1; then
v3(i) <logs(d + €) <logsd+logs(1+e) <logsd+ ¢(e). In all three cases the term is bounded as
claimed.

The integral. By (V2), fZ3 =, fL(=1)¢/(¢ + 1), a finite sum. In the same way as
above, v3(d + 1) < logs(d + 1) +s((¢/ — d)*): for ¢ < d this is clear, and for ¢ = d + e we
have logs(d + 1+ e) < logs(d + 1) + logs(1 + €). With (A.3), every term has valuation at least
—logs d — logg(d + 1), and so has st f'.

The remainder. The monomial coefficients of P and P’ have valuation at least —v3(d!), and
those of Ry and R, at least max(M,m) at t™. So (PRy) = P'Ry + PRy, = ), emt™
with vs(en,) > M — v3(d!) and vs(e,,) > m — d — v3(d!) for all m. This series converges on
[t|]s < 3, its value at 0 and its Lipschitz constant on Zgs are at most max,, |e,,|3, and (V3) gives
(O fZ PRM)/ > M — Ug(d') — 1.

By linearity, fZ (PQ) st '+ fZ (PRys)'. The left side does not depend on M, and letting
M — oo proves (4 7). O

APPENDIX B. THE HEINE EXPANSION, THE TREE BOUND AND THE SIZE

This appendix proves Proposition 5.1, Theorem 5.13 and Theorem 5.7. For a Q[X]-linear map
A Q[X][w] — Q[X] and s > 1 let A'®* : Q[X][wy,...,ws] = Q[X] be the Q[X]-linear map with
Wit wge o T, A w),

Lemma B.1 (Andréief). For polynomials fo,..., fs—1,90,---,9s—1 € Q[X][w],

(B.2) N®s (det[fb(wi)]ivb det[gb/(wi)]iyb) = s! det [A’(fbgb/)]b’b,@ .
In particular det [A/(U}Hb,)}bb = TN®(V(w)?) with V(w) = [T;p (wy — w;).
Wb <s

Proof. The product of the two determinants is >, sgn(m) sgn(n’) [; fr() (wi)gar(iy(wi), the sum

over bijections 7,7 from {1,...,s} to {0,...,s — 1}. The map A’®® sends the product over i to
[L A (Fr9r () = Ty N (fsgmin—1())- For fixed m, the sum over 7’ gives sgn(m)? det[A’(fogy )], and
the s! ch01ces of 7 contribute equally. O

Proof of Proposition 5.1. Step 1. By Lemma B.1, Ag = 5A®K(V(y1,...,yK)?), where y1,...,yx
are independent variables.

Step 2. Since A = >, Ay, we have A®K =3 &, A, (), the sum over all maps ¢ : {1,..., K} = N.
The polynomial V? is symmetric, so &), Ab(i)(VQ) depends only on the occupancy s = (sg),
sk = |t71(k)|, an integer vector with s, > 0 and Y, s, = K, and there are K!/[], sx! maps
with a given occupancy. Hence Ax = > (1, sx!) ' @, Ab(i)(VQ), the sum over all occupancies,
with ¢ fixed for each occupancy s as in the proposition. Since Ax(F) depends only on the Taylor
coefficients of F' of order at most 3 at —k, only occupancies with s; < 4, that is, the profiles, will
contribute (Step 6).
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Step 3. Let AC : Q[X][w] — Q[X] be the map w’ s ¢y j, so that Ag(F) = AR(F(—k + w)).
Substituting y; = —L(i) + w;, the squared Vandermonde factors into the pairs inside one node,
which give (w; — wz) and the cross pairs, which give the factors (¢(i") — ¢() + w; — wyr)? of (5.3).
So V2 =[], V(w™®)? . Qs(w), where w*) is the set of variables w; with ¢(i) = k.

Step 4. Write Qs = ), gaw® with ¢, € Z. Permuting the variables inside one node permutes
the cross pairs, and each factor of (5.3) is a square, so ¢, is constant on the orbits of [ ], Sym(w(k)).
These orbits are labeled by the tuples A = (\y) of partitions, Ay being the multiset of the exponents
at w®). So Qs = 37, coefy(s) [T, ma, (w™)), where m,, is the monomial symmetric polynomial and
my = 1.

Step 5. The map ), Al‘zl‘?) is multiplicative on products of polynomials in disjoint groups of
variables. Hence each A contributes coef ) (s) [, (A¢)®s (V(w(k))2m>\k (w(k))).

Step 6. For s > 1 and a partition y with at most s parts, V(w)m,(w) is an antisymmetric
polynomial in wq,...,ws with integer coefficients, homogeneous of degree (;) + |p|. Tt is therefore
an integer comblnatlon >, iy det[w?] of alternants with vy > vy > -+ > v >0 and >, v =
( ) + |p|, because an antisymmetric polynomial is determined by its coefficients at the monomials
with strictly decreasing exponents. By Lemma B.1 with f, = w® and gy = w™’

(B.3) (A= (VPmy) = 81 mypdet [y ]y, -

v

If some vy > 4, the corresponding column vanishes, as ¢, = 0 for m > 4. So only v C {0,1,2,3}
contribute, and these are the row sets R of the minors det Cy[R], up to transposition and sign. For

s > 5 there is no such v, and in general |u| =Y v — (S) < (3s—(3)) — (5) = s(4 — s). The factors

si! cancel those of Step 2, and the signs are absorbed in the integers n,, , . O

Proof of Theorem 5.13. By Proposition 5.1 and the ultrametric inequality,
(B.4) v(Ag) > ml/\n v(coefr(s)) + Z (M. z,)

Local factors. Each My, is an integer combination of minors det Cy[R] with > R — (%) = ||,
50 U(Mk)\) > 7ep(k’ Sk> |>‘|)

Cross factors. Expand each factor of (5.3) as Zzzo (i) d?>=¢(w; — wy)® with d = 1(i") — (i) # 0,
and (w; —wy)® =<, (&) (1) *wfwi™*. A monomial of Qy arises from a choice of (e, a) for
every cross pair, with a coefficient that is an integer times [] d>~¢, whose valuation is 2 Zpairs vp(d)—
Zpairs evp(d). Of the e units of degree at a pair, o go to w; and e — o to wyr, and a unit that goes
to a variable of the node k costs v,(d) < n,(k). The node k receives || units in all, so

(B.5) v(coefy(s)) > 2 Z SkSmUp(k —m) Z | Ak | mp (K
k<m
Combination. With £ = |A\g| < sgp(4 — sg), every term of (5.2) has valuation at least

- Zk (ep(k7 sk, ) + Eknp(k))"F 2 Z}Km Sksmvp(k —m) > — Zk fp(k, 5k) +2 Zk<m Sksmvp(k —m).
Finally, vp(z) = #{j > 1: p’ | =} gives

(B.6) 23 sesmup(k—m) = 3 N ss=> (53—232>,

k<m j>1 cmodpﬂ kmEt j>1 cmodp] kece
k#m

a finite sum. Nothing in the argument uses that p is odd. O
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For Theorem 5.7 We need four lemmas. Put B(d) = 3log(1+ d?), so that B(0) = 0 and

0 < B(d) —log|d| < for d # 0, and for a real vector s = (Sk)k@\/ let

2d2
(B.7) Ep(s) =Y sgplog|hpl + Y spsmB(k —m) .
k k,m

The function B replaces log |k — m| because it is defined at k = m and is conditionally negative
definite (Lemma B.10).

Lemma B.8 (discrete energy). log||Ax|1 < maxs Eg(s) + O(nlogn), the mazimum over the
profiles s of Proposition 5.1, uniformly in K < 3n + 1.

Proof. We apply ||f +gllx < [|f[lx + llgllx and || fgllx < [If[l1]lgllx to (5.2).
(1) There are at most 53" *1 profiles, and for each node at most 12 partitions Az, since |\| < 4.

So there are 2 pairs (s, \).
(2) The cross factor coef)\(s) is a coefficient of )5 at a monomial of total degree >, [Ax| < 4(3n+1).

By Cauchy’s estimate on the polydisc |w;| = Tlov and since |d + w; — wy| < |d| + % there,
(B.9) [coef(s)] < 10" TT (|l —m+3)™"" .
k#m

(3) Write Wp(z)/hy = exp(— > > 5jzj/j> with the power sums s; = >, eqd ™7 over the nonzero

roots and poles d of Wj. All of them have |d| > i the zeros k— j — 5 liein 1Z\Z, |k — 2| > &
and [k —m| > 1. Moreover, the 3d are distinct integers for the zeros of order 3, and the d are
distinct integers for the poles. Summing |e4|/|d| gives |s1] = O(logn), and |s;| < C37 for j > 2
with an absolute constant C. The coefficients of exp (Z y ajzj ) are polynomials in the a; with

nonnegative coefficients, so |Hy[b]| < |hx| - O(logn)® for b < 3.

(4) [HS3(k, M)| < 3M3 i u™™ <2.3M for M > 2, s0 by (2.21) ||ckqll1 < C1 maxp<s |Hy[b]]
with an absolute constant C;. The local factor Mj, », is a combination of at most 6 minors with
integer coefficients bounded by an absolute constant, since s < 4 and |A;| < 4, and each minor is a
sum of at most 24 products of sy local constants. Hence log || My, z, |1 < s log |hg|+O(sk loglogn)+
O(1).

(5) For integers |d| > 1 we have log(|d| + £) = B(d) + err(d) with |err(d)| < ﬁ + 5 < ﬁ, S0

Dk SkSmert(k —m) <37 dsp >, ﬁ = O(Klogn).
Collecting (1)—(5), every term of (5.2) has log| - |1 < Eg(s) + O(nlogn), and there are (")

terms. n
Lemma B.10 (conditional negative definiteness). For real z; and real 7; with ), 7 = 0,
i TiTiB(w; — x;) < 0. Consequently, for real vectors s and 5 with 3 si, = >y 8k,
(B.11) Ep(s) < Ep(3)+(V,s—3),  Vi=loglhg| +2) 5mB(k—m) .
m

Proof. Put & = (3 —iz)/(3 +iz), so that || < 1. A direct comg)utation.gives (%—i— ir)(3 —iy) —
(3 —iz)(3 +iy) = 2(1 +i(z — y)), hence 1 + (z — y)* = 4|1 — &&/[*|3 + ix*[5 + iy|* and

(B.12) Bz —y) =log|l — &&,| + a(x) + a(y) —log2,  a(z) =log|3 +ix] .

The terms a(z;) +a(z;) —log 2 drop out against » _; 7; = 0, and with log[1 —(| = —Re_ ~,("/m
for |¢] < 1,

<0.

(B.13) > mimilog|l = &abayl == )

i m>1

1 2
1




28 ON THE IRRATIONALITY OF (3(5)

For the consequence, expand the quadratic form Ep around § with 7 = s — §: the linear term is
(V, 1), and the quadratic term is ka TTmB(k —m) < 0. O

Lemma B.14 (modulus of continuity). For < 2’ in [-1,2] and § = 2’ — z,
2 6+6
(B.15) / |log |z — y| — log |2’ — y||dy < w(d) := 2(5(1 + log 5 ) .
-1

Hence [Lf(x) = Lf(2")] < [[flloo w(|z = 2)-

Proof. Let = xg“"/, so that [—1,2] C [z — 3,z + 3]. The integrand has a constant sign on each
side of Z, and the reflection y — 2 — y exchanges z and 7. So the integral is at most 2G, with

G = [%(logly — 3| logly+2|)dy—*291()+91(3+) Q1(3—9) and Q1(y) = ylogly| —
Here —2Q1(3) = 0(1+log3), and Q1(3+ §) — Qi3 3) = [}/ logydy < dlog(3+3). O

Lemma B.16 (continuum limit). Let 1 < k < 3 + ﬁ, let o be feasible for k and piecewise
constant with at most J pieces, and let 5, = cpo(k/n) with ¢, chosen so that ), 5, = K; then
¢n =1+ 0;(1/n). Uniformly in k € N:

(a) log|hg| = —6nlogn +nV(k/n) + O(logn);

(b) 23", 8mB(k —m) = 2knlogn + 2n Lo(k/n) + O (logn);

(c) Ep(3) = (k? — 6r)n%logn + n?E[o] + O (nlogn).

Proof. We use one elementary estimate. For 0 € [%, 1] and integers 0 < M; < Mo,

Mo
(B.17) Z log(i + 6) = / logydy + O(log(M2 +2)) ,
My <i<M> My

because f;jlew log < log(i +0) < iir91+0 log for i > 1, the term i = 0 is O(1), and shifting the
limits of integration by at most 2 costs O(log(Mz + 2)), log being integrable at 0. Consequently, for
real a with |a| < 3n at distance at least % from Z, or for a € Z with the term j = a omitted, and
integers Ay < Ap with [A1], [As| < 3n, we have 4 4, logla—j| = fff log |a —y| dy + O(log n);
split the sum at a.

(a) By (2.18), log |hy| =log |5 —k|+3>2,_1 9> ;o loglk—5—j| =43, ) log|m —k|. The first
term is O(logn). By the elementary estimate, Zj<n log |k—% —j[ Jo log |k — % —y| dy+O(log n),
and by Lemma B.14, after the substitution y = ny’, the shlft 5 changes the integral by O(logn).
Rescaling, [;'log|k — y|dy = nlogn + n L1y, (x) with 2 = k:/n Likewise >, ., log|m — k| =
3nlogn +n L1y 5(z) + O(logn). The coefficients of nlogn add up to 3-2 —4-3 = —6, and the
rest is n(6L1y, —4L1_; 9)(7) = nV(x).

(b) We have >, . |B(k —m) — log |k —m]|| < %f. On each piece [a, 8) of o, the elementary

estimate gives Zme[an,ﬁn),m;ék log|k—m|=n(f—a)logn+n ff log |x —y| dy + O(logn). Multiply
by the value of & on the piece, which is at most 4, sum over the J pieces, and use ¢, = 1+ O(1/n)
and [0 = k.

(¢) By Lemma B.14, V and Lo have modulus of continuity O(w(d)), and w() = O(loi") Hence
Ypo(k/n)p(k/n) =n(o, ¢> + Oj(logn) for ¢ € {V,Lo}: the O(n) intervals [ﬁ, EEly on which o is
constant contribute O(w(2)) each, and the at most J others O(1) each. Sum (a) and (b) against
5k, and use ), 8 = Kn. O

Proof of Theorem 5.7. By Lemmas B.8 and B.10, log || Ak |1 < Fp(3)+maxs(V,s—35)+O0(nlogn).
By Lemma B.16(a),(b), Vi = const,, +n P,(k/n) + §; with maxy, |0x] = Os(logn). The constant
drops out because ), (si — 5;) = 0, and |(d, s — 5)| < 2K maxy, |6;| = O (nlogn). For a profile
s let 5(x) = s on [E,EEL) for —n < k < 2n, and o/ = 5+ *221p with E = {5 < 3}. Since

n’ n n|E|
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{5 > 3}| < k/4 < 1, we have |E| > 2, and ¢’ is feasible for n > 3. By Lemma B.14, Y, s;P,(k/n)
n(Py,0’) + O(logn), and by the Riemann-sum estimate of Lemma B.16(c), Y, §xFPy(k/n)
n(P,,0) + O (logn). Hence

(B.18) nZPa(k/n)(sk — &) <n*(P,,0' — o)+ O0s(nlogn) <n?®gap(c) + Os(nlogn) .
k

Now insert Lemma B.16(c). All constants depend only on ||o|/s < 4 and on J. O

APPENDIX C. LOCAL BOUNDS, THE CIRCLE MODEL AND THE PRIME SUM

This appendix proves Lemmas 5.17, 5.18, 5.19, 5.28, 5.31 and 5.34 and Proposition 5.36.

Proof of Lemma 5.17. All integers whose valuations enter are nonzero and of absolute value less
than 6n < p'%: |k —m| < 3n; 3k —3j —r € [~6n + 1,6n — 1], as 3j + r € [1,3n — 1]; the u of
(2.14) satisfy |u| < 3|k| < 6n; and |n — 2k| < 3n. Hence pui < [, (at p = 2 the root %T_” has
vy = —1), np(k) < I,, and v(HS3(k,M)) > —MI,. By Lemma 5.16 and (2.21), whose weights
i(i + 1) and 2916 are integers, v(ck,q) > —Di — (6 — a)l, for a < 3. A minor det Ci[R] is a signed
sum of products [ [, ¢k m, of s local constants with >, (6 —m;) < 6s, so e,(k,s,£) < sDy + 65,
and /n,(k) < s(4 — s)l, < 3sl,. O

Proof of Lemma 5.18. For j > 1 put Ok =#{m#k: m=k (p))}, z,(cj) =3#{(i,r): 0<i<
n, r € {1,2}, 3i+r =3k (p’)}, and g(]) = 1if p/ | n—2k and 0 otherwise, for odd p, and g(]) =0 for
p=2. By (5.15) and vp(x) = #{j > 1: p/ | a}, Dy = 3 ;o1 (40y) — 2/ — gi7)) + [p = 2]. The first
two quantities depend only on the class ¢ of k modulo g = p?, as 3 is 1nvert1ble modulo g; write N, for

the number of nodes in ¢ and z, for z,gj). By Lemma 5.17, T), < 9K, + [p = 2] K + max; ) ;-1 Z;5(s)
with -

(C.1) Zi(s) = Y | Seld(Ne—1) —z) =Y spgt!) — 52+ 52

¢ mod ¢ kéec kec
If ¢ > 3n, every class has N. < 1, and Z;(s) < 0. If ¢ < 3n, we use >, . s% <4S.and g > 0 to
get Z;(s) < Y. (ScAc — S2) with Ac = AN — 2. The 3n + 1 nodes are consecutive integers, so
N, € {Lgnq—ﬂj, (3”—;1]}, and since i — 3i + r is a bijection of Z/q, each of the two counts in z./3 is
the number of 7 € [0,n) in one residue class, hence lies in {[ 7], [¢]}. So all A lie in an interval of
length 4 + 6 = 10, which contains their mean A = (4 (3n + ) —6n)/q = (6n+4)/q. For real £ and

S we have ScAc — S? < €S + (A — €)% with § = A — 2K/g and Y (4. — 4) =0,
K? 1 - K 4-K
(C.2) Z(S A= SH<KA—-—4-) (A - A)? < (6n + ) + 25¢
¥ q 4 C
Summing over j with p/ < 3n, Z p~J <571 7 and Zp]<3n 25p7 < 25 - 3n 7 < 150n. O

Proof of Lemma 5.19. Here p is single—level, so all valuations are 0 or 1 and only the classes
modulo p matter. By Lemma 5.16 with p < 1 and v(HS3(k, M)) > —M, we have v(SBim) >
minlgig4_m( Dy — (4 — 17— m) (’L + 2)) = —Dp — 6+ m and ’U(Ozk m) > —Dp — 1+ m. Take
(k) = —Djp—6-+m in Lemma 5.28. For admissible (R, ), >, (Dy+6—Ry—m(b))+(> R—(5))[or >
0] < sDj+6s5—2(3), because >, w(b) = (5) and > R > (3). Every class has N > L%j > 7 nodes,
and with zc < 6[%] and gy <1 we get Dy, = 4(Ne—1)—z—gx > 4(3' —2)—6(2+1)—1 = %2 ~15 > 0.
Hence sDj + 6s — s(s — 1) > 0, the clipping in (5.29) is inactive, and f*(k,s) + s < s(D. +7)
with D! = 4(N, — 1) — z.. So V(S) < S(D.+ 7) — S?. The mean of D. + 7 over the p classes is
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G”erﬂ + 7, and the values lie in an interval of length 10, as in the proof of Lemma 5.18. The
same weak-duality step gives T}, < T; < K(w +7)— K?Q +25p = K(G%AFK) +3K +25p. O

Proof of Lemma 5.28. A minor is det Cx[R] = >+ T[], ¢k, r,4+r), and the terms with some R}, +
m(b) > 4 vanish. So —v(det C[R]) < max, ), —Ug, 1x(p)(k). At a single-level prime 7,(k) = [0y >
0], so fp(k,s) < fT(k,s); the clipping at 0 only increases the right side. The tree (5.14) has one
level, and grouping its maximum by classes gives

(C.3) T, < max > Z(f+(k,sk)+si)—53] §max{ZVc(Sc): ZSc:K} =T .

cmod p LkEc
Finally > Ve(Se) = €30, Sc 4+ 2o (Ve(Se) — €5:) < EK + X ve(€). .

Proof of Lemma 5.31. The data of a node y of the class of & change only when y crosses —1 or 2,
where a node enters or leaves the node range and the number of partners changes; 0, where the range
of the virtual poles changes sign; a point of %(Z \ 3Z), where a virtual pole or the upper end of the
zero range appears (to = 3y); or a point of 1+ £(Z\3Z), the lower end of the zero range (to = 3y —3).
Modulo g these are the seven points (5.32), each of the form a + B¢ with a € {—1,0,1,2} and
B € {0,%,2}. Two of them coincide modulo g if and only if oy — ag = (N’ — B + B2)p for an
integer N'. If a1 = ag, this is impossible for distinct points, since 51 — 2 ¢ Z. Otherwise o = 35 /N
with j = |ag — ap| € {1,2,3} and N = |3N’ — 351 + 3/32|, a positive integer. So on a cell the seven
points are distinct, and their cyclic order is constant. If x is not one of the seven points modulo p,
no node of z is at a critical point, and so the type of (z, p) is locally constant on the set of such
pairs. For each arc, the set of pairs (z, ¢) with p in the cell and x in the arc is connected, so the
type is constant on it. The arc lengths are differences of consecutive points, each represented with
an integer w that is fixed on the cell, hence affine in p.

Now let o > 3. A class contains at most one node, since [—1, 2] has length 3 < p, so 0o = 0. For
y>0,t€ VP means 0 < tp < 3y < 6, sotzlandy>§>1; then 3y — 3 < 3 < p, so the virtual
pole is covered, and it is the only special point of the node, because 2p > 6 > 3y excludes t = 2
from Zandy >1>1-— % excludes t = —1. For y < 0 there is no virtual pole, since —p < —3 < 3y.
So at every node either VP = Z = {1} with D = —3 and py; =0, or VP = and Z C {—1}, and
in all cases the three terms of (5.25) are nonnegative. Then f* =0 at every node, V;(S) = 0 for
every class, and T; = 0. For a prime p > 3n the discrete data agree with these continuum data,
because |2k — n| < 3n < p gives g = 0. O

Proof of Lemma 5.34. For n > ng, p > en implies p > 5 and p?> > 6n, so Lemma 5.28 applies
with © = 0. The map ko — ko/n identifies Z/p with the grid %Z/ o7 of spacing % on the circle
R/0Z, 0 = p/n, and the node data of Definition 5.20 at k = ko + mp are the continuum data at
y = o + mp, except for gi: the conditions pt < 3k, 3k —3n < pt, —n < k < 2n and k 2 0 are the
continuum conditions multiplied by n. Call a class exceptional if it contains a node with g = 1
or one of the nodes —n, 0, 2n; there are at most four exceptional classes, because the nodes with
gr = 1, those with 2k = n (mod p), form a single class. A node k of a non-exceptional class is not
at a critical point, because 3k = pt and 3k — 3n = pt with 3 { ¢t are impossible, as 3 { p. So the
type of the class is the type of the arc that contains its point, which is constant on the cell; at an
endpoint g € {a,b} the arcs of positive length carry the types of the cell, by the local constancy of
the type. An open arc of length ¢ contains between nf — 1 and nf + 1 points of the grid, and there
are at most seven arcs. So the number of non-exceptional classes of type 7 is nmeas[f’b](g) + O(1).
Finally V;(0) =0, so 1. > 0, and a class has at most 3/e + 2 nodes, so 0 < 9(&§) < C¢(1 + [¢|) for
all classes, exceptional or not. Insert all this into Lemma 5.28 with K = xn. U
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Proof of Proposition 5.36. We use three standard facts about primes. The first is the prime number
theorem [24, 25] in the form ¥(z) = > _ logp = x + o(x), and its consequence } . plogp =

% + o(x?), by partial summation. The second is Mertens’ theorem with the value of its constant,
1 . 1 . _i
> op<e 2l =loga+E+to(l) with E = —y=37 37~ » 5P 26, (2.5), (2.8)]. Since 3,5, p™7 = p(pl_l)

p<w

1 1 1 . .
and ;’fg*’f = % + pi(‘;g_ﬁ), it gives
lo
(C.4) Z %Zi =logz —y+o(1) .
p<z b
The third is the consequence »3 ., 3 ?ﬁf =logx — v — 1053 + o(1). We split the primes p # 3

into four ranges, with Y = n%?; any exponent in (%, 1) would do.

(i) p < Y. By Lemma 5.18 and (C.4), the leading terms give K (6n+4—K)(logY —vy— 1053)+0(n2),
and the other terms contribute at most (9K Iy + 154n)9(Y) = O(n'? logn).
(ii) Y < p < en. For n large these primes satisfy p? > 6n and p < 0.4n, so Lemma 5.19 applies.

Since qu)gm loﬁp = log § + o(1) by Mertens’ theorem, and by the prime number theorem, the

sum over these primes is at most K (6n +4 — K)log § + 3Kd(en) +25%_ ., plogp + o(n?) =
K(6n+4— K)log & + (3ke + 12.5¢2)n? + o(n?).

(iii) en < p < 3n. By Lemma 5.34, T, < nGjq (&, p/n, K/n) + C for p/n € [ay-1,a,]. For
fixed £, the function G,y is affine in ¢ and in &, so its maximum over [a,—1,a,] X [k1, k2] is
attained at a corner, and 7, < ngG, + C. By the prime number theorem, ) max(7},,0)logp <
>, (nmax(G,,0) + C)(I(ayn) — I(ay—1n)) = n? >, max(G,,0)(ay, — ay_1) + o(n?).

(iv) p > 3n. Then T,, < T,/ = 0 by Lemma 5.31.

Adding (1)—(iv), logY +log & = logn —log 2, and K (6n +4 — K) = (6 — k)n® + O(n). The
2

function (6 — k) is increasing on [2.8, 3], so the negative term —x(6 — x)(y + 10%3 + log 1)n? is
largest at k = k1, and 3ke is largest at k = ka.

The prime number theorem and Mertens’ theorem enter only in the passage from sums over
primes to their main terms, and the error of this passage is contained in the term o(n?). For a
fixed small n the individual primes matter and this term may be large; the proposition makes no

statement about such n, and the proof of Theorem 1.1 uses it only for n large. O

APPENDIX D. PROOF OF LEMMA 6.17

We go through the nodes k by type and bound the weighted valuation (6.16) of every contribution,
using the bounds of Lemma 6.7 for the local constants and the bounds for the Taylor coefficients of
the E, given after (6.14). We write m = a + b < 3. Note that 0, > 4 for every condition z.

(1) U nodes. All three parts of the local constants have v, > 0, and the Taylor coeflicients of E,
and E,/ are integral, so @ > 6, + 0, > 1.

(2) A node R of type Ra or Re. If Ry # R, all the Taylor coefficients (Ey)q(R), a < 3, vanish,
and there is no contribution. So let R, = R,» = R. Then only a = j, and b = j,» contribute. The
part 85 has v, > m — 7 by (6.8), s0 @ > (jo + jor — 7) + (% — jz) + (& — jur) = 0. The part grest
has v, > m — 4, so w > 3, and « has v, > m — 2, so @w > 5.

(3) A node R of type Rb. Here 0, = 2 — j, for the conditions at R, and 55 has v, > m — 4.
The orders 0,1 are prescribed at R and the orders 2,3 are not, and since m < 3, at most one of a,b
is at least 2.

(31)) Ry=Ry=R,a=jp, b=Ju: w>(a+b—4)+(2—3j,)+ (2—jr) =0.
(3il)) Ry =Ry =R,a€{2,3},b=jy: w>(a+b—4)+(2—jz)+(2—b) = a— jy > 1; likewise
with the roles of ¢ and b exchanged.
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(3iii) Ry = R # R, then (Ey)p(R) =0 for b <1, s0 b € {2,3}, hence a < 1 and a = j;. So
@ > (jo+b—4)+ (2—js) + 0 =b—2+0, > 3; likewise with z and 2’ exchanged.

(3iv) R, # R and R, # R: then a,b > 2, so m > 4, and there is no contribution.

The parts 3" and « have v, > m — 1 and v, > m + 1, which exceed the bound m — 4 for BHS by
3 and 5, so their contributions have w > 3 and w > 5.

(3") A node R of type Rbgy. The same computation with the bound m — 3 for S and 6, = % —
gives @ > 01in (3i), @ > a—j, > 1in (3ii), and @ > (jp +b—3)+ (3 —jo) + 0 =b— 3 + 0, > 1
in (3iii). The parts 8" (v, > m) and « (v, > m + 2) are again better by 3 and 5.

(4) A node R of type La, the partner of a node R of type Ra. Here 15 has v, > m — 7. We
use the decomposition (6.15). If R, = R,y = R, the product with & ,§, p, which is nonzero
only for a < j, and b < jp, hasw > (m —=7)+ (Jo —a) + (Jor —b) + (T — jo — jwr) = 0. A
product that contains ¢, , instead has a factor of valuation at least 4 — a instead of j, — a, which
raises @ by at least 1, and likewise for &, ;. If Ry = R # Ry, then vp((Ew)o(R)) > 4 — b and
w>(a+b—T7)+Go—a)+ @4 —b)+ (5 —jo) + 0y =3 +0, > 1. If R, # R and Ry # R, then
w>(m—T7)+(4—a)+ (4—0>b)+ 0, + 0, > 2. The parts " (v, > m —4) and o (v, > m — 2)
are better by 3 and 5 in every case.

(4') A node R of type Lc, the partner of a node R of type Rc. There is no virtual pole, so only
B (v, > m —4) and « (v, > m — 2) occur. These are the bounds of (4) improved by 3 and 5,
and the Taylor coefficients satisfy the same bounds as in (4), so w > 3 and w > 5.

(5) A node R of type Lb or Lby, the partner of a node R of type Rb or Rb,. There is no virtual
pole. At Lb, 8*** has v, > m — 1 and « has v, > m + 1; at Lb, the bounds are m and m + 2.
Put wy(a) =a+ vp((Ez)a(R)). By the bounds after (6.14), if R, = R, then wy(a) > j, for a < j,
and wg(a) > max(a,2) > 2 for a > j,, so wy(a) + 0, > 2 if R is of type Rb (6, = 2 — j,) and
wg(a) + 0y > % if R is of type Rby (6, = % — jz)- If Ry # R, then w;(a) > max(a,2) > 2 and
wy(a) + 6, > 5. Hence the part 7 has @ > —1 + (wy(a) +0,) + (W (b) +0,) > —1+2+2=3
at Lb and @w > % + % = 3 at Lby, and the part a has @ > 5 at both.

At a condition node R’ different from R, and R, there is no contribution, by (2), (3iv) and (3');
the partners of such nodes are covered by (4), (4') and (5). Collecting the cases, every contribution
to I'® has @w > 0 and every contribution to I'® has w > 1. The contributions to ng, with R, # Ry
are those of (1), (3iii), (4) with R, = R # R, or with neither condition at R, (4') and (5), all with
w > 1. The contributions with @ = 0 are those of (2), (3i) and (3') for 815, and the products

ﬁ%i+b£w,a§w’,b of (4) O

APPENDIX E. THE COMPUTATIONS

This appendix describes how the upper bounds of Propositions 5.11 and 5.40 are obtained. In
both cases a computer evaluates a finite expression that the lemmas of the main text show to be an
upper bound for the constant in question. Real numbers are handled either as exact rationals or in
ball arithmetic, in which every number is represented by a ball that contains it and every operation
returns a ball that contains the exact result [18]. Only the upper ends of the final balls are used.

The bound for F;r. Put t = k/mg, Ay = (00,V) and By = (0¢, Log). Since £ is quadratic,
Elox] = tAg + 2By, P, =V + 2tLog =: P; and (P;,0,) = tAg + 2t? By, so that

(E.1) Elow] + gap(ox) = M.(P) — t*By , M, (P) = sup{(P,0’) : o feasible for x} .

With Q1 (w) = wlog |w| —w and Qs(w) = “’72 log |w| — 2w?, which satisfy Q) = Qy and Q) = log|-|,
we have ff log|z —y|dy = Q1(8 — x) — Q1(a — ) and

b1 b2
(E.Q) / / log ‘I — y\ dydz = QQ(bQ — al) — Qz(bg — bl) — QQ((ZQ — al) + QQ(CLQ — bl) .
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So Ap, By and the values of P, are finite sums of values of Q; and Q. One finds By < 0 (about
—3.78), so —t?By is increasing in ¢.

To bound My, split [—1,2] into N intervals @y, of length § = 3/Ney, and let 7, > sup{P;(x) :
T € Qm, t € [ta,ts]}, where tap = Kap/mo for a subinterval [kq, kp] of I;. For feasible o’ put
Om = me o' € ]0,46]. For every real c,,

(E.3) (Py,0') < Zwmam = sk + Z < )Om < ik + 452 —c)t .

If ¢, > miny, mpy, it follows that M, (P;) < M := cokp+ (Kp— ka) max(0, — ming, m,)+40 >, (7
ci)T for all Kk € [Kkq, kp]. We take for ¢, the threshold of the filling with density 4 at sy, that is, the
value 7, such that the intervals @Q),, with larger values have total length about r;/4; any other
¢ > miny, m, would also give a valid bound. The function P;(z) is affine in ¢, so it suffices to bound
it at t € {ta,tp}, and by Lemma B.14, supg, =P < Py(zm) + boo w(0/2), where x,, is the midpoint
of Qm, and bs = 4+ 2ty max oy bounds ||2- 17, —4- 17, , + 2t0o||ec, the density whose potential is
P;. This is the procedure of [13]. We use N¢ey = 36000 and cut each I; into 20 subintervals [k, Kp)].
All values of Q1 and Qs are computed as balls at a precision of 96 bits, m,, is the upper end of the
enclosure, and the bound for szr is the largest, over the 20 subintervals, of the upper ends of the
balls for (M — t2By)/ log 2.

The bound for ¢;. The bound is obtained by evaluating (5.39) for one explicit partition and
explicit rationals &,, and all steps up to the last one are done in exact rational arithmetic. The
points of B in (207 3), together with - 50 and 3, divide [210, 3] into cells. For each cell we fix an interior
point g,, order the seven points (5.32) on R/p,Z, and record for each arc its length, as an affine
function of p, and its type, computed at the midpoint of the arc; by Lemma 5.31 the type does not
depend on these choices. The type determines ¢ at each node by (5.25), then f* by (5.29), the
function V; by a dynamic program over the nodes of the class, and ¥, (£) = maxg(V,(S) —£S) as the
maximum over the vertices of the upper concave hull of V;. Each cell is cut into 32 subcells of equal
length; these form the partition ag < --- < aps. On each subcell, for each interval I;, a rational
€, of denominator at most 10° is chosen by a numerical minimization of the corner maximum
(5.37); the choice affects only the quality of the bound, not its validity. Then G, is computed
exactly, and the sum ), max(G,,0)(a, — a,_1) is an exact rational number. For the five intervals
I, ..., I5 these sums are 57.5996087, 57.8686577, 58.1240232, 58.3660091 and 58.5946334, rounded
to seven decimals; we quote them so that the reader can evaluate (5.39) from them. Finally, (5.39)
is evaluated in ball arithmetic with Euler’s constant and the logarithms log 3, log 20 and log 2, and
the upper ends of the balls give the bounds of Proposition 5.40.

Table 1. The values G(k1;) = (10.5k1,; — /@ii/él) log, 3 are computed in ball arithmetic and
rounded down to two decimals, the bounds of Propositions 5.11 and 5.40 are rounded up to two
decimals, and the last column is computed from these printed values. The coefficients (6.6) and
the determinants of the blocks in Section 6, including (6.21), are exact rational computations that
are small enough to be checked by hand.

APPENDIX F. A SECOND PROOF, ON THE MODULAR CURVE X((3)

This appendix gives a second proof of Theorem 1.1, by a different method. It shares with the
main proof only the statement, the normalization (2.4) of (3(5) and standard facts; it uses neither
the Volkenborn functional nor any estimate of Sections 3-6 and Appendices A-E. Instead, it rests on
published theorems of Coleman, of Coleman and Mazur, and of Buzzard on overconvergent modular
forms (Theorems F.20 and F.23), whose statements and hypotheses we quote but whose proofs we
have not checked, and on four standard facts used in the proof of Proposition F.24 and listed after
it. The method is the determinant argument of Yi for (7(3) on Xo(7) [15]: a determinant of Taylor
coefficients of power series built from modular forms, a bound for its denominators at the primes
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¢ # 3 through the Eisenstein series of weight £ — 1, and an energy bound at the real place. We write
out for level 3 every step that we take from [15], so that this proof, too, should not depend on the
correctness of [15]. New relative to [15] are the Sym* form of his congruence (Proposition F.31) and
the layer theorem (Theorem F.40). The notation of this appendix is independent of the main text,
except for (3(5), Ls, the trivial character 1, the Teichmiiller character w and (a) of Section 2.1, Q,
Z, vp, the coefficient notation [z%]F and t* = max(¢,0). In O(-) and o(-), d — oo while 75, € and
the measure p of Section F.5 stay fixed; no other parameter depends on d.

Notation. Let T lie in the upper half plane H, ¢ = ¢*™7 and 0 = qd/dq = (27i)~'d/dr, and for

k € Z put o(n) =3, a®, with o1,(n/3) = 0 if 31 n, and 0,23)(71) =D ain, 3fa a. Let

3r 12 1 — g3n)12
(F.1) w0 = (957 ) = L1 =g < o+ o2l

where 7 is Dedekind’s function, let q(z) € x + 2?Z[[z]] be the compositional inverse of z(q), let
D = zd/dz, and

_ _ 3) ()" _ U o P C) PR
(F.2) B—Hlogx—1+12201 (n)q"™ G5(q)—zm—20_5(n)q .
n>1 3ta n>1
We write B also for B(q(x)) € 1+ xZ[[z]], so that § = BD on series in z, and put w = DB/B €
x2Z[[z]], P = 14 27z and x, = —1/27, the value of z at the elliptic point (Lemma F.5). For a
constant c let

(F.3) H,. = B*(G5(q(x)) +¢) , go=1, g=D"'H, (1<i<5).

We call go, ..., g5 the germs. Finally put 75 = (3(5)/2 € Q3. The series G5 is an Eichler integral:
93G5 is a modular form of weight 6 (proof of Lemma F.7). Moreover G5 + 75 is the g-expansion
of an overconvergent 3-adic modular form of weight —4 (F.21), which the factor B2, of weight 4,
turns into a function of z. Informally, an overconvergent p-adic modular form of weight & is a
rigid analytic section of the k-th power of the sheaf of invariant differentials over a region of the
p-adic modular curve that contains the ordinary component of the cusp oo and a neighbourhood
of it reaching into the supersingular locus [27, 28, 29]; the precise statements that we use are
Theorems F.20 and F.23. This is why, for ¢ = 15, the germs converge on the 3-adic disc |z|3 < 3°
(Proposition F.24).

The plan. Suppose that (3(5), and hence 75, is rational. For every d > 1 we construct a
nonzero rational number Dy = Dy(ns), the determinant of a 5d x 5d matrix of Taylor coefficients
of the germs z¥g; with 1 < i < 5and 0 < k < d (Section F.2). By the product formula,
log |Dy| = v3(Dyg) log 3 + ZE;&:} ve(Dy) log £. We shall prove three estimates.

(i) For every 0 < € < 6, v3(Dy) > 15(6 — €)d? — O(d) (Proposition F.26). It holds because the
germs converge on the 3-adic disc |z|3 < 3°.
(ii) > 23 ve(Da)logl > — 1328942 — (d?) (Proposition F.42). It comes from Proposition F.31,
which writes the germs modulo powers of ¢ through rational functions with few poles.
(iii) log|Dy| < U d? + o(d?) with an explicit constant U < 16.6040183 (Proposition F.52 and
(F.58)). It comes from Jensen’s formula on circles in the complex g-disc and an energy
bound for Gram determinants.

Second proof of Theorem 1.1. Suppose that 175 € Q. By the product formula and (i)—(iii), with

€ = 1, so that 15(6 — ¢) = 1777,

177 13289
(FA)(2bg3——_MB>d2—ouf)g1@@%)bg3%—§2uﬂf@)bg€:lqﬂIM|gl]d2+oﬁﬂ).
043
177

Since 5" log 3 — % — U > 1.52, this is impossible for large d. O



ON THE IRRATIONALITY OF (3(5) 35

The rest of this appendix proves (i)—(iii). Section F.1 collects the modular identities, Section F.2
constructs Dy, and Sections F.3, F.4 and F.5 prove (i), (ii) and (iii).

F.1. Modular identities on X(3). This section shows that H, satisfies the inhomogeneous linear
differential equation LsH. = Rs (Lemma F.10). Here L5 is an explicit operator of order 5 whose
solutions are the functions B%7¢, 0 < a < 4, and Rj is an explicit rational function. Sections F.2
and F.4 rest on this equation.

Lemma F.5. (a) The group I'o(3) has genus 0, two cusps oo and 0, and one elliptic point, of order
3, the orbit of T = 1 + 2\’/§ [30]. The function x is T'o(3)-invariant, holomorphic and nonvanishing

on H, has a simple zero at the cusp oo and a simple pole at the cusp 0, and identifies Xo(3) with
P! [3, Section 3]. (b) 2(—1/(37)) =37%/2(7). (c) j = (1 +27x)(1 + 243x)3 )z, and x(7.) = =..

Proof. (a) The function z is the Hauptmodul (1(37)%*/n(7)?*)Y/2 of T'y(3) used in [3, Section 3]. It
is holomorphic and nonvanishing on H because 7 is, its simple zero at the cusp oo can be read off
from (F.1), and its simple pole at the cusp 0 follows from (b). (b) From n(—1/7) = (1/i)"/?n(r)
[31, Theorem 3.1] we get

12
#(~1/(37)) = ( n(=1/7) ) (@) NS
n(=1/(37)) (37/i)!/2n(37) (7)
(c) The function j is I'g(3)-invariant and holomorphic on H, hence rational in x with poles only
at the cusps. At oo, j = ¢~ '+ O(1) and = = ¢ + O(¢?), a simple pole in z. At the cusp 0,
j(=1/(37)) = j(37) = ¢ 3 + O(1), while z(—1/(37)) = 37%¢=! + O(1), a pole of order 3 in .
So xj is a polynomial in x of degree at most 4, determined by its first five Taylor coefficients at
x = 0, which one computes from the g-expansions. The fiber of x +— j over j = 0 consists of
x = —1/243, with ramification index 3, and x = —1/27, with index 1. Every point of H over j = 0 is
SLo(Z)-elliptic of order 3, so the unramified one is the I'g(3)-elliptic point, and z(7.) = —1/27. O

Lemma F.6. The series B is a holomorphic modular form of weight 2 on I'o(3) with B(—1/(37)) =
—372B(7). It does not vanish at the two cusps, and its zeros in H are exactly the orbit of 7., each
of order 2 in T — 7.

Proof. Since B = (2mi)~1a/(7)/x(7) is the logarithmic derivative of an invariant function, it has
weight 2, and differentiating logz(—1/(37)) = —logx(7) — 6log 3 gives B(—1/(37)) - (372)7! =
—B(71). We have B =1+ O(q) at oo, and B(—1/(37))/(=372) = B(7) — 1 at the cusp 0. On H,
x is a local coordinate except at the elliptic points, where x — x, vanishes to order 3 in 7 — 7,; so
x’ vanishes exactly on the orbit of 7., to order 2, and x # 0 on H. O

24 1439
Lemma F.7. V :=2Du + U2 = Pfo and R5 = B_395G5 — W

Proof. V is invariant. For v = (Z Z:) € I'o(3) we have B(y7) = (¢y7 + dy)?B(7), the operator D

commutes with 7 — 7, and D7 = (27iB)~!. Hence u(y7) = u+ 4 with 6 = 2¢,/(27iB(cy7 +d5)),
and D§ = —ud — 62/2. So V(y7) = 2Du + 2D6 + u? + 2ud + 6% = V(7). For the Fricke involution
7+ —1/(37), the relation z(—1/(37)) = 37%/z(7) turns D into —D, and Lemma F.6 gives
w(—1/(37)) = —u — & with &' = 2/(2riTB) and D' = —ud’ — §'?/2; the same computation shows
that V is invariant under it.

The poles of V. So V is a rational function of x, holomorphic wherever B # (0. Near 7,
u = (2mi)~'B’/B? has a pole of order 3 in 7 and Du one of order 6, so V has order at least
—6 in 7 — 7, that is, at least —2 in x — z.. At x = 0 we have V € Z[[z]] and V(0) = 0, since
u = 122 + O(2?), and by the Fricke symmetry also V(co) = 0. Hence P2V is a polynomial of
degree at most 2 vanishing at 0, its x?-coefficient is 729V (c0) = 0, and P2V = 24z because
V = 24z + O(x?).
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Rs. Grouping the divisors, 0°G5 = Y, (05(n) — 05(n/3))¢" = (E¢(37) — Eg(7))/504 with the
Eisenstein series Eg = 1 — 504> o05(n)q", a holomorphic form of weight 6 on I'¢(3). So Rs
is invariant and rational in z, with a pole of order at most 2 at z., since B® vanishes to order
6in 7 — 7., and Rs = = + O(2?). By Eg(—1/7) = 79E¢(7) and Lemma F.6, R5(—1/(37)) =
(729F4(37) — Eg(7)) /(13608 B(7)?), which tends to 728/13608 = 13/243 at oo; so Rs = 13/243 at
x = oo. Hence P?Rs = x + 3922, as 729 - 13/243 = 39. O

Since @ acts simply on g-series, we express D'(B2?Y’), for a holomorphic function Y of 7 and with
D = B4, through the functions B?>~™0™Y, 0 < m < i. The coefficients are polynomials in an
indeterminate u, to be evaluated at u = DB/B. Let R = Q(x)[u], with « an indeterminate, and
with the derivation D that extends D by Du = (V — u?)/2, the Riccati form of Lemma F.7, and
let 0 = 0/0u. Define N;,, € R by Nyo =1 and

(F.8) Nivim = 2 —m)uN;m+ [?Ni,m + Nim—1 » Nigm =0 unless 0 <m <.

Lemma F.9. (a) For every holomorphic functionY of 7, D'(B?Y) = B? Zjn:[) Nim(u) BT"™Y .
(b) If V is kept as a symbol on which D acts as D, then Nim € Z[%Hu, V,DV,D?V,...] is isobaric
of weight i —m, where u has weight 1 and D’V weight 2+ j, and N;; =1. (¢) ONjm = ¢ Nim+1
with ¢y = (m+1)(4 —m)/2, that is, (co,...,ca) =(2,3,3,2,0).

Proof. (a) By induction on i, using D(B?>~™#™Y N) = B2 ™0"Y ((2 — m)uN + DN) +
Bl=mgm+ly N which follows from D = B~'6 and DB = uB; evaluation at v = DB/B
is a homomorphism of differential rings by the Riccati equation. (b) Each step of (F.8)
raises the weight by one, since Du has weight 2. (¢) On 9%t we have D = D — ud. If (c)
holds at level i, then ON;1,m = (2 — m)Nim + ¢ ((1 — M)uN;mi1 + DN my1) + 61Ny and
CmnNit1,m+1 = e (1 —m)uN; i1 +ﬁNi7m+1 + Nim), and the two agree because ¢, = ¢pp—1+2—m
and ¢_; = 0. The case ¢ = 0 is trivial. O

For example, N1 = 2u, Najg = 3u>+V, Noy = 3u, N3 = 3u®+5Vu+DV, N33 = 1(9u?+5V),
N3o = 3u, Nap = 3(3u* + 24Vu? + 14DV u + 5V2 + 2D?V), Nyg = 3(6u’ + 24Vu + 7DV),
Nyo = 3u® 44V and N3 = 2u.

Lemma F.10. Let Ly = D° + a3 D3 + a3 D? + a1 D + ag with

120z 180x(27x — 1) 36x(21872% — 388z + 3)
B3 =""p3 > 2="p 4= 1 ,
(F.11) P P i
242(27x — 1)(72922 — 366z + 1)
ap = P5 .

Then Ls(B%Y) = B=30%Y for every holomorphic function' Y of T, in particular for every q-series.
Consequently LsH. = Rs for every c, and Ls(B%7®) =0 for 0 < a < 4.

Proof. By Lemma F.9(a), Ls(B?Y) = B*3, (3, ajNjm(u))B~™0™Y with a5 = 1 and a4 = 0.
With V = 242/P?, a direct computation of the inner sums, which are polynomials in u over Q(z),
gives 0 for m < 4 and 1 for m = 5. Then LsH, = B7305(G5+c¢) = R5, and 8°7% =0 fora < 4. O

F.2. The determinant. We show that the six germs are independent over C(z) for every ¢, that
a nonzero combination of them with polynomial coefficients of degree less than d vanishes at x = 0
to order at most 6d + 69, and we construct Dy. This is Yi’s argument, written for level 3 and Sym®.

Lemma F.12. There is no v € C(x) with Lsv = Rs.

Proof. At a point xo ¢ {0, x., 0}, a pole of v of order kg gives a pole of Lsv of order kg + 5, while
Rj is regular there. At 0 the indicial polynomial of Ls is p°, and at . its roots are %, g, 2, %, %,
the exponents of the local solutions B?7%. So a pole of order kg > 1 at 0 or at z. gives a pole
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of Lsv of order kg, respectively kg + 5 > 6, while R5 is regular at 0 and has a pole of order
at most 2 at x.. Hence v is a polynomial. All a; are O(1/x) at oo and D’z™ = m°z™, so if
degv = m > 0, the leading term of Lsv is m® times that of v, while Rj5 is bounded at co; so v is
constant. Then Lsv = agv, which is impossible, because P%aq is a polynomial of degree 4 while
P°Rs = z(1 + 392) P? has degree 5. O

A differential module over (C(z), D) is a finite-dimensional C(x)-vector space M with an additive
map D : M — M such that D(fm) = (Df)m+ f Dm for f € C(x) and m € M; a submodule is a
D-stable subspace, and M is irreducible if 0 and M are its only submodules.

Lemma F.13. The differential module M5 = C(x)[D]/C(z)[D]Ls is irreducible.

Proof. Near a point z¢ ¢ {0, x.,00} with a preimage 79, the solutions of Lsf = 0 are the span of
B27% 0 < a < 4, by Lemma F.10. A loop in P!\ {0, z,, 0o} lifts to a path from 79 to y79, and every
v € To(3) arises, since  makes H minus the elliptic orbit a covering of P!\ {0, z, 00} with deck
group I'g(3)/{£1}. Continuation sends B?7% to B?(y7)(y7)* = B*(7)(a,T + by)%(cyT + dy)*72, so
the monodromy contains Sym? of T'g(3) acting on binary quartics in (X,Y) = (7,1). The elements
(31) and (}9) are unipotent, with logarithms Ydx and 3Xdy. A subspace invariant under a
unipotent element is invariant under its logarithm, a polynomial in the element minus the identity,
hence under the commutator 3(Y dy — XJx), whose eigenvalues 12, 6,0, —6, —12 on the monomials
XY4=@ are distinct. So a nonzero invariant subspace contains some X*Y4~% and then, by the
two logarithms, all of them. If M5 had a proper nonzero submodule, the quotient would be cyclic,
generated by the image of 1, with annihilator a monic operator of order between 1 and 4 dividing Ly
on the right, and its local solutions would form a monodromy-invariant subspace of that dimension,
a contradiction. g

Proposition F.14. Let W be the differential module with basis eq, . ..,es, Deg =0, De; = €41
for 1 <i <4, and Des = Rseg — agey — ajes — agses — asey. Its only proper nonzero differential
submodule is C(x)eqg. For every c € C, the map eq + 1, e; — D" H.. is an injective morphism of
differential modules into C((x)); in particular 1, He, ..., D*H. are linearly independent over C(x).

Proof. We have W/C(x)eyg = M5 via €1 — 1, since Lse; = 0. Let S be a proper nonzero submodule.
If its image in M3 is zero, then S = C(z)ep. Otherwise the image is M5 by Lemma F.13. Since
ep € S would give S = W, we have e¢g ¢ S5, so SN C(z)eg = 0, and S is a complement of
C(x)eg containing s1 = e; — veg for some v € C(x). Then D¥s; = ey, 1 — (D*v)eg for k < 4, and
Dbsq + Zj aijsl = (Rs — Lsv)eg € SNC(x)ey =0, so Lsv = Rs, which Lemma F.12 excludes.
The map is a morphism because D(D*H,) = Rs — >_ j a;DVH,. by Lemma F.10, and its kernel is a
submodule not containing eg, hence zero. O

Proposition F.15 (zero estimate). Let F = Z?:O a;g; # 0 with polynomials a; of degree less than
d, and c € C. Then ordg F < 6d + 69.

Proof. If ay = .-+ = a5 = 0, then ordg F < d — 1. Otherwise, identifying W with its image
(Proposition F.14), the C(z)-span of F, DF, D?F,... is a differential submodule not contained
in C(z)ep, hence equal to W. So F,DF,...,D°F are linearly independent over C(z), since a
dependence at step k < 6 would make the span D-stable of dimension k. Write De = eC for the

frame e = (eg,...,es5); the entries of P°C are 0, P°, P°R5 and —P5aj, polynomials of degree at
most 5. Put P** DFF = ea® with a(® = (ag,...,a5)T. Then

(F.16) att+th) = pSpa® — 5k PY(DP)a® + (P°C)al® |

so deg a®) < d—1+ 5k, and Wr = det (a(o), ... ,a(5)) is a nonzero polynomial of degree at most

Zzzo(d — 1+ 5k) = 6d + 69. Adding to the row of ey the other rows multiplied by the germs g;
does not change Wr, and it turns that row into (P5ka.7: )Jo<k<s, whose entries have order at least



38 ON THE IRRATIONALITY OF (3(5)

ordg F at 0, as D does not lower the order; the other rows are polynomials. Expanding along that
row, ordg F < ordg Wr < 6d + 69. O

The determinant. For d > 1 the map ®4 : C[z]¢, — C[[z]], a — >_j@;gj, is injective by
Proposition F.14. The orders ordy ®4(a) take exactly 6d distinct values \g < -+ < Agg—1, the
Jumps, since each quotient {ordg ®4 > n}/{ordy @4 > n + 1} has dimension at most 1; all jumps
are at most 6d + 69 by Proposition F.15. The block of ag, the coefficient of gy = 1, realizes the

orders 0,...,d — 1, s0 \; = j for j < d, and since the jumps are distinct,

(F.17) J<A<(6d4+69)—(6d—1—34)=3+70.

Put Iy ={Ag,..., A¢a—1} C [d, Ng) with Ny = 6d + 70, and let M be the 5d x 5d matrix
(F.18) Myp =" g (A€l 1<i<5,0<k<d), Dglc)=detM .

The sign of Dy(c) depends on the order of rows and columns and plays no role. Let M be the
6d x 6d matrix with entries [z](z¥g;), rows A € {No, ..., N\ea_1} and columns (i,k), 0 < i < 5,
0 < k < d. It is nonsingular, because in a basis of the source adapted to the order filtration it
becomes triangular with nonzero diagonal. Its columns with ¢ = 0 are the unit vectors of the rows
Aj=j<d,so det M = 4+ det M and Dy(c) # 0. For ¢ € Q the jumps are defined over Q and do
not change under Q C C or Q C Qs, so Dy(c) is one nonzero rational number, which we estimate
at every place.

F.3. The 3-adic estimate. The 3-adic estimate rests on Proposition F.24: for ¢ = 75 the germs
converge on the open disc |z|3 < 35. Our rigid analytic spaces are defined over a finite extension of
the completion of Q4", as in [29, Section 3|; since H,, € Qs[[z]], its radius of convergence does not
depend on this choice.

We write X((3)?" for the rigid analytic space attached to Xo(3) [32]; through z, its points over
Cj are the points of P1(C3). A point is supersingular if the elliptic curve that it parametrizes has
potentially good supersingular reduction, which here means |j|3 < 1, and ordinary otherwise; this
depends only on its j-invariant.

Lemma F.19. In the coordinate x, the ordinary locus of Xo(3)™ is {|z|3 < 1} U {|z|3 > 3%}, the
two components containing the cusps oo (x =0) and 0 (x = 00), and the supersingular locus is the
annulus 1 < |z|3 < 35. Hence Wy(3), the complement of the ordinary component containing the
cusp 0, is the open disc {|z|3 < 3°}. The elliptic point x., with |x.|3 = 27, lies in the supersingular
annulus.

Proof. In characteristic 3 the only supersingular j-invariant is 0 [33, Theorem V.4.1(c) and its
proof], so a point is supersingular if and only if |j|3 < 1, and whether it is ordinary depends only
on j. Put v = v3(z) € R. By Lemma F.5(c) and the Newton polygons of 1+ 27z and 1 + 243z,
v3(j) = —v for v > =3, v3(j) = 3 for =5 < v < =3, v3(j) = 18 4+ 3v for v < —5, and wv3(j) > 3 for
v=—3,-5. Sov3(j) <0 exactly for v > 0 or v < —6. The two ordinary pieces are closed discs, one
around x = 0 and one around x = 0o, so they are connected, and they contain the two cusps. U

We now quote the two published inputs, in our notation. For p > 2 let w be the Teichmiiller

character, (a) = a/w(a) for a € Z,; as in Section 2.1. For a continuous character x # 1 of Z) put
ox(n) =2 apn, pla k(a)a~! and Gi(q) = ¢*(K)/2+ X,51 05 (n)q", where ¢*(k) is Coleman’s p-adic
zeta function of ; if k(a) = (a)*x(a) with s € Cp, |s| < p®=2/?P=1) "and y of finite order, then
(*(k) = Lp(1 — s, x) [28, Section B1].
Theorem F.20 (Coleman [28, Section B1]; Coleman and Mazur [34, Corollary 2.2.6]). Let p > 2.
If k(a) = (a)*x(a), where k is an integer and x is a character of finite order on Ly with x(—=1) =1,
then G3.(q) is the g-expansion of an overconvergent modular form of weight k on I'y(lem(p, fy))
with character xw™", where fx is the conductor of x.
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Coleman states this with a sketch of proof, and Coleman and Mazur give a complete proof
for the characters in the connected component B of the identity of weight space [34, Section 1.4
and Corollary 2.2.6]. Weight space is the rigid analytic space whose C,-points are the continuous
characters Z; — C;, and the characters in B are, by restriction, identified with the continuous
characters of 14-pZ,; these are the characters trivial on p(Z,). In their normalization, the Eisenstein
series F,; has constant term 1, so that (*(k)E, = 2G%; the passage to G}, uses (*(k) # 0, which
holds for these characters by [28, Section B1]. At p = 3 the Teichmiiller character has order 2, so
for k(a) = a=* = (a)~* we have k = s = —4 and x = 1, with |s|3 = 1 < 3!/2; the level is I';(3) with
character w* = 1, that is, T'g(3). Then o = a(f'g and (*(k) = L3(5,1) = (3(5), so
(F.21) G, =G, _s=n5+ Z Uf’g(n)q” =5 + G5(q)

n>1

is an overconvergent form of weight —4 and tame level 1 (the tame level is the part of the level
prime to p). The character a + a~* is trivial on pu(Z3) = {£1}, so it lies in B and the complete
proof of [34] applies.

Lemma F.22. Atkin’s operator Us, which acts on g-expansions by > ang" — >, as3,q", fizes

*
—4-

Proof. We have agz (3n) = 095) (n) because 3n and n have the same divisors prime to 3; the constant

term is unchanged. O

Theorem F.23 (Buzzard [29, Theorem 5.2(2)]). Let p be a prime, N > 5 an integer prime to p, and
k an integer. Let X1(N;p) be the modular curve of level T'1(N)NTy(p), and let Wy(p) C X1(N;p)2"
be the set of points whose reduction lies in the component of the special fiber that contains the
reduction of the cusp oo, that is, the complement of the component of the ordinary locus which
contains the cusp 0. If f is an overconvergent modular form of level N and weight k which is an
eigenvector of U, with nonzero eigenvalue, then f extends to a section of (w*)®* on Wy (p).

Here w is the sheaf of invariant differentials of the universal elliptic curve, the superscript an
denotes the associated rigid analytic space, and U, acts on g-expansions by > ang" — >, apng".
Buzzard’s setting includes p = 3 [29, Section 3], and for small tame level he suggests adding an
auxiliary level structure, working at higher level and then taking invariants [29, Section 3]. We
carry out this reduction for p = 3 with the tame level N =5 and a trace, and we turn the resulting
section of w®~* into a function by multiplying it with the form B? of weight 4.

Proposition F.24. The series H,, = B*(Gs(q(z)) + n5) € Qs[[z]] and all D'H,, converge on
|z|3 < 3%. Hence for every e > 0 there is O, with

(F.25) v3([z"] gi) > (6 — €)n — O, (n>0,1<i<5 c=mns).

Proof. Away from the cusps, the points of X;(5;3) correspond to triples (E, ¢, C') of an elliptic curve
E, a point ¢ of exact order 5 on F and a subgroup C' C E[3] of order 3, and those of X((3) to pairs
(E,C). Let w5 : X1(5;3) — X0(3) be the morphism (E,:,C) — (E,C) that forgets ¢, a finite flat
morphism of smooth projective curves of some degree § > 1. Whether a point lies in Wy (3) depends
only on (F,C), namely on whether E has supersingular reduction or ordinary reduction with C
the canonical subgroup [27, Ch. 3], [29, Sections 3-4]; if E has ordinary reduction, its canonical
subgroup is the subgroup of E[3] of order 3 whose points reduce to the origin, the 3-torsion of the
formal group of E. On the ordinary locus of Xy(3) the condition that C' is the canonical subgroup
is open and closed; it holds at the cusp oo, where C' = p3 on the Tate curve G,,/q%, the elliptic
curve over Z((q)) that describes a neighbourhood of the cusp oo, and fails at the cusp 0. Since the
two ordinary components of Lemma F.19 are connected, the disc Wy(3) = {|z|3 < 3%} is exactly
the set of points (F,C) with E supersingular or C' canonical. So W := 75 '(Wp(3)) is Buzzard’s



40 ON THE IRRATIONALITY OF (3(5)

Wo(3) C X1(5;3)*", and 75 : W5 — W(3) is finite flat of degree 9, with a trace Tr such that Tron
is multiplication by 4. By Theorem F.20, G* , is overconvergent of weight —4 and tame level 1.
Its pullback 7fG* ; is an overconvergent form of weight —4 and level 5 in the sense of [29], with
g-expansion G* ,(q), hence, by Lemma F.22 and the g-expansion principle (a form on a connected
region containing the cusp oo is determined by its g-expansion), a Us-eigenvector with eigenvalue
1. Theorem F.23, with p =3, N = 5 and k = —4, extends it to a section ¢ of w®™* on W5. The
form B? is a classical form of weight 4 on I'g(3) with integral g-expansion (F.2) (Lemma F.6),
so m#(B?) is a global section of w®, and H := 7%(B?) ¢ is a rigid analytic function on Ws. Put
H = 6~ 'Tr(H), a rigid analytic function on the open disc Wy(3) = {|z|3 < 3%} (Lemma F.19),
hence a power series in x converging on that disc. On a neighbourhood of the cusp co on which
G* , is defined, ¢ = TG*,, so there H = 7i(B?G*,) and H = B2G*,. Near the cusp oo, by
the compatibility of the algebraic and rigid Tate curves [32, Section 3.1], the function B2G* , is
B%(q)(G5(q) +n5) in the Tate parameter ¢, with @ = x(q), that is, H,,(z). Hence H = H,, near
x = 0, and by the uniqueness of Taylor expansions H,, is the expansion of H on the whole disc.
The elliptic point . inside the disc causes no difficulty, since H is a function on the coarse curve.
Finally D preserves convergence on an open disc, and (F.25) follows from convergence on the closed
disc of radius 367, U

Besides Theorems F.20 and F.23, this proof uses four standard facts that we have not checked:
that membership in Wy(3) depends only on (E, C) [27, Ch. 3], [29, Sections 3—4]; that the algebraic
and the rigid Tate curves agree [32, Section 3.1]; that Coleman’s overconvergence at tame level 1
pulls back to Buzzard’s notion at level 5; and the g-expansion principle on the ordinary component
of the cusp oo. Calegari uses the same description of the ordinary locus of X((3) in his proof that
(3(3) is irrational [3, Section 3].

Proposition F.26. Suppose that n5 € Q. For every 0 < € < 6, v3(Dy(ns)) > 15(6 — €)d* — 50.d,
with O, from (F.25).

Proof. The entries of M are Taylor coefficients of the 3-adic series of Proposition F.24, of index
A—k >1for A € I; and k < d. By (F.25), every term of the Leibniz expansion of det M has
valuation at least (6 — €)(3_5er, A — D (;4) k) — 5dOe. Since Iy consists of 5d distinct integers > d,

done A= Z?;d:dl n = (35d% — 5d)/2, and > (ik) k= 5d(d —1)/2; the difference is at least 15d%. O

F.4. The primes ¢ # 3. We now prove »_, ;v logl < BIG2 + o(d?) with v, = —ve(Da).
The denominators of the germs at ¢ come only from the terms of G5 with ¢ | a. Modulo ¢,
the series u = DB/B agrees with the logarithmic derivative r of a rational function of degree
about £/3, built from the Eisenstein series of weight ¢ — 1 (Lemma F.27). Hence, modulo #, the
combinations £° ", a; D" ' H, are governed by rational functions Fy(a), ..., Fj_1(a) with few poles
(Proposition F.31 and (F.35)), and counting their dimensions bounds the number h; of elementary
divisors of £5M of valuation below j (Proposition F.36 and Theorem F.40). For the remaining
primes a crude common denominator suffices. Fix a prime £ > 5, put s = [ (¢ — 1)/3], and let

Eyq1=1—- Qg}j) >, 0e—2(n)q"™ be the Eisenstein series of weight £ — 1, where §y_; is the Bernoulli

number.

Lemma F.27. One has Ey_1(q(z))/BY1/2 = Q,(x)/P* with Q, € Zlx], Qu(0) =1, deg Q = s,
and leading coefficient 27%(— 3)E=1/2 an ¢-adic unit. The rational functwn

2
has only simple poles, at the roots of Qq and at x., is bounded at oo, and lies in Zy)[[r]], and

§:=(u—r)/t €Lyl
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Proof. By the von Staudt-Clausen theorem vy(8y—1) = —1, 50 Ey_1 € 14+€qZy)[[q]] and Ep_1(q(7)) €
1+ £xZy[[7]]. The quotient Ey_1/B“1/2 is Ty(3)-invariant of weight 0, with poles only at the
zeros of B, of order at most £ — 1 in 7 — 7. (Lemma F.6), that is, at most s in  — z.. It equals
latz =0, and at * = oo, by Ep_1(~1/(37)) = (37)*"1E;_1(37) and Lemma F.6, it tends
to 30-1(—=3)~-1/2 = (=3)(=D/2, S0 Q, = P*F,_,/B“ /2 is a polynomial of degree s with
leading coefficient 27%(—3)“~1/2 and its Taylor series lies in Z|[]]. Finally Dlog(Q¢/P®) =
Dlog Ey_1(q(x)) — Lu gives u —r = ;2 Dlog Ey_1(q(z)) € (Zy[[z]]; the statements about the
poles hold for the logarlthmlc derivative of any rational function. O

Lemma F.29. The reduction Q¢ € Fy[x] has degree s, is squarefree, and is prime to P. Hence Qy
has s distinct roots in Qp, all £-integral and different from 0 and x..

Proof. Reducing E;_; = BY1/2Q,/P* modulo ¢ gives B¢~1/2 = P3/Q,, hence, as L = -2,

l—
2 ps Q2 24z

(F.30) u= leog O = Dlog P; , B
Let a be a root of Q, of multiplicity p, 1 < u<s< /¢ and t =2 — a; a # 0 since Q,(0) = 1. If
P(a) # 0, then @ = 2ua/t + O(1), and the coefficient of =2 in 2Du + @2 is 4pu(p — 1)a?, which
vanishes because V is regular at ; so u = 1. If a = @, then 4 = pz./t + O(1) with p = 2u — 2s,
and comparison with V = —822t72 4+ O(t™!) gives p> —2p = —%, that is, (3p —2)(3p—4) =0 in
Fy. Since p= s+ p/2, and 3s = —1 or 3s = —2 (mod ¥¢) according as £ = 3s+ 1 or £ = 3s + 2, this
gives u =0 or u =2s+ 1 (mod ¢) in both cases, and neither lies in [1,s]. The degree is that of
Lemma F.27, the leading coefficient being a unit, and the roots of )y are integral and reduce to
the distinct roots of Q, none equal to Z. O

2D+ u> =V =

Now fix £ > 5 and ¢ € Z. Write G5 = Gg] + £7°G5(q"), where G[;] omits the terms with
¢ | a and is (-integral, and put T, = (™G5)(q(2)") € Q[[z]]. The coefficient of Y™ in §™G5(Y)
is Mol 5)( ), which is -integral for n < ¢, and q(z)! € 2'Z[[z]], so T}, is (-integral below z°.

Moreover DT, = {B~'T,,,1, since Dlogq(z) = B~L.

Proposition F.31 (the Sym* form of Yi’s congruence). Put

m+j—1 . —m)!
(F.32) Ci== ] ct=< JJ)MGZBL

t=m

and by, = Zm—i—j:n Cm,j & B> T, for 0 <n < 4. Then, for 0 < i <4, one has the exact identity
of formal series

(F.33)  ODH Zen (1) by + °8; | 5i:Di(B2(G[§]+c))ez@[m],

and every by, is £-integral below P

Proof. We have (5H, = BTy +° B*(G) + ¢). Lemma F.9(a) with ™T}) = (™T,, gives D*(B>Tp) =
S A B2 Ny (u). Insert u = 7 + £€ and expand the polynomial N;,, in u by Taylor’s
formula; by Lemma F.9(c), &/ N; /5! = Cy i Ni.m+j, and collecting the powers £™*7 gives (F.33).
The closed form of Cy, j is a rearrangement of the product. The integrality follows from & € Z ) [[z]]
(Lemma F.27), B! € Z[[z]], C; € Z[3], and the integrality of T}, below . O

At level 7, Yi proves the analogous congruence modulo 3 for H = B(G + ¢), with a form G of
weight —2, and the three germs H, DH, D>H [15, (27)]; Proposition F.31 is an exact identity of
the same kind for weight —4 and five germs. From now on let £ > 5 with £2 > Ny, and ¢ € Ligy; we
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call these primes the large primes. Let A = ¢° M, which acts on a = (ay, ..., as5) € L) [a:]5<d = Z?g)

by sending a to the coefficients of ° ", a; D" "' H, at the rows I ; A is (-integral by (F.33), since
I; C [d,Ng) and Ng < 02, Let eq,...,e5q be the f-adic valuations of its elementary divisors over
Zyy, and hj = ##{i : ¢; < j}. Since det A = (%4p,,

(F.34) v =—0p(Dg) =25d — > & <Y max(0,5—¢;) =Y hj.
i i j=1
For a € Q[z]2, put Fj,(a) = Z?Zl a; Ni—1n(r), 0 <n < 4. By (F.33),
5 ' 4 5
(F.35) > aiDT He =Y "0, F(a) + 0 ai€iy
=1 n=0 =1

so modulo ¢/ only Fy(a), ..., Fj_1(a) matter. Since Nj; = 1, Fp(a) = ant1+ D0 piq @ilNim1n(r).
Proposition F.36. For1 <j <5,

(F.37) hj <min [ 5d, #{A € I;: A >}, Y dim F(Ky) |
n<j
where K, ={a € Qz]2,: Fy(a)=--- = Fy_1(a) = 0}.
Proof. Let S; = {a € 724 . Aa = 0mod #} and S; its image in Fg’d. In a Smith basis, a € Sj if and

)
only if its i-th coordinate lies in ém“(ovj_“i)Z(g), so dim S; = #{i : ¢; > j} and h; = 5d — dim S;.
The kernel bound. Kj is a Q-subspace of dimension 5d — rankg(Fp, ..., Fj_1), and K; N Z?g) is
saturated, so it reduces injectively to a subspace of F?d of that dimension. For a in it, (F.35) reduces
to £° ¥ ;D" H, =" o "b,F,(a) + £ > ai€i—1, and Fy(a) € Z(g)[[l‘]] because r, V and the
derivatives of V' are (-integral series and the IV; ,, have coefficients in Z[%] With b,, integral below ¥
this gives a € S;. So h; < rankg(Fo,...,Fj—1) = Zn<j(dimKn —dim Kpq1) = >, dim Fy, (Ky,).

J
The row bound. For A\ < ¢ the coefficients [x"|H,., n < A, are {-integral, since they involve J(_35) (m)

only for m < ¢; so the rows A < £ of A vanish modulo #°>. Modulo # (j < 5), A therefore has
at most #{\ € Iy : A > £} nonzero rows, hence at most that many elementary divisors that are
nonzero modulo ¢/, and h; is the number of these. O

n>j

Lemma F.38 (weight count). F,(Q[z]2,) C (PQg)*(‘l*")Q[x]Sd,1+(4,n)(3+1), a space of dimension
d+(4—n)(s+1).

Proof. By Lemma F.9(b), N;_1,(r) is a sum of monomials in r and the DIV of weight i — 1 — n.
The function r has simple poles at the roots of PQ, (Lemma F.27), D’V has a pole of order 2 + j
at z. only, and all are bounded at co. So Ni_lm(r)(PQg)i*k” is a polynomial of degree at most
(i—1—=mn)(s+ 1), and a;N;—1,(r)(PQy)* ™ has degree at most d — 1 + (4 —n)(s + 1). O

With Proposition F.36, Lemma F.38 already gives a bound for the denominators with which the
argument closes (Remark F.46). The following local lemma improves the bounds for n > 1; it more
than doubles the final margin.

Lemma F.39 (local lemma). Let a be a root of Qp, t =2 — «, and a € Kj with 0 < j < 4. Then
ordy Fj(a) > 25 — 4.

Proof. By Lemma F.29, o # 0, x¢, so near « the function V and its derivatives are regular, and,
o being a simple root, r = w + 7 with w = pa/t, pa = —2a//({ — 1) # 0, and 7 regular. Taylor’s
formula and Lemma F.9(c) give F),(a) = > Crp—mw" ™ ™F, with Fy, =Y. a;N;j_1 ,(7) regular

n>m



ON THE IRRATIONALITY OF (3(5) 43

at . With f,, = F,/((4 —m)!2™) and f, = F,/((4 —n)!2"), the closed form of C,,; turns
this into fr, =), (Z)w”*mfn, that is, f(Z) = f(Z 4+ w) for the quartics f(Z) =Y., fmZ™ and
FY) = S0 Y™ Let fy) = £ f(y/t) = Xy Fut™"y" € CIHI[]; then fon = 7 O f(po) .
The hypothesis fo = --- = f;_1 = 0 says that (y — p,)? divides f in C((t))[y], hence in C[[t]][y/], by
division by a monic polynomial with constant coefficients. Write f => >0 t*py(y). The coefficient
of thy™ is the coefficient of t*=4t" in f,, so y*~? divides p, for b <4, and (y — pa )’ divides every py.

A~

For b < j, degp, <4 < (4 —b) + j forces p, = 0. Hence & f(pa) = O(t?), and f; = O(t*~*). O
Theorem F.40 (layer theorem). For the large primes,

d+(4—-n)+4—-2n)s, n=0,1,2,
(F.41) dim F, (K,,) < Ly, := ¢ max(0, d + 1 — 2s) , n=3,
max(0, d —4s) , n=4,

and therefore hj < min(5d, #{ € Iz A > ¥}, Lo+ -+ Lj—1).

Proof. For a € K, the function F,,(a) has at z. a pole of order at most 4 — n (Lemma F.38), at
each of the s distinct roots of ¢ (Lemma F.29) a pole of order at most max(0,4 — 2n) and, for
n > 3, a zero of order at least 2n — 4 (Lemma F.39), no other finite pole, and it is O(z?~1) at
oco. For n < 2, P4™"Q} ?"F,(a) is a polynomial of degree at most d — 1 + (4 — n) + (4 — 2n)s.
For n = 3, PF3(a) is a polynomial of degree at most d divisible by Q2. For n = 4, Fy(a) = a5 has
degree less than d and is divisible by Qz}. Counting dimensions and applying Proposition F.36
proves the claim. ]

Proposition F.42. Suppose that ns € Q. Then 3, ,3v4logl < (fOG U(z) dz) d? + o(d?), where

(F.43) U(z) = Zmin re(z), ZAn(z) : rc(z) = min (5, (6 — 2)™) ,

n<j
with the normalized row count rc and (Ao,...,As) = (1+ 32, 14+ 22, 1, (1-22)%, (1—22)7),
the normalized Ly, /d of (F.41) with z = {/d. Explicitly,
15+22, 0<z<3,
16+%,, 3<z<1
TaEe asEs L 6 13289
25 — 8 l<,< 1 0 168
3%, 33%F>7
(3052, £<2<6,

Proof. Let b, > 1 be the denominator of 7.
A common denominator. The coefficient [x"|G5(q(x)) involves 0'(_35) (m) only for m < n, and ¢q(x)

and B have integral coefficients, so b.lem(1, ..., n)5[x”]Hn5 € Z; and D multiplies coeflicients by
integers. Hence every entry of M has a denominator dividing b.lem(1, ..., Ng)®, and for every
prime /¢

(F.45) v < 5d(vg(be) + 5|log Ng/logt]) .

In particular v, < 0 for £ > Ny with 1 b..

The small primes. The primes ¢ # 3 with £ =2, £ | b., or 5 < £ < /N4 contribute by (F.45) at
most 5d(log be + 5log Ng (2 + logy be + v/ Ng)) = O(d®?logd), since b. has at most logy b. prime
factors.
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The large primes. For the others, (F.34) and Theorem F.40 give

5
ve <Y min(5d, #{AETg: A= 0}, Lo+ -+ L5 1) .
j=1

We have #{\ € I;: A\ > (} < (6d —£)" 4+ 70 by (F.17); and |s — ¢/3| < 1 gives £, < dA,(¢/d) + 4
for each n. So in each of the five minima the second argument exceeds d(6 — ¢/d)* by at most 70
and the third exceeds d}_, _; An(¢/d) by at most 20, and vy < d ¥(¢/d) + 350.

The summation. With 9(X) =3,y logf = X 4 o(X) by the prime number theorem, and since
U is continuous, piecewise linear and zero on [6, 00), partial summation gives >, d ¥(¢/d)logt =
d? f06 VU +0(d?) and > t<n, 3501log £ = O(d). The formula (F.44) and the integral follow from (F.43)
by exact piecewise linear arithmetic. O

Remark F.46. The local lemma and the layer theorem are not needed for the conclusion. If
Theorem F.40 is replaced by the elementary bound dim F),(K,,) < d+ (4 —n)(s+1) of Lemma F.38,
the same computation applies with A, = 1+ 4_T”z, the integral becomes 32389, and 1777 log3 —
% — U is still positive, about 0.70.

F.5. The archimedean estimate. We prove limsup, d~2log |Dy| < U(u) for every finite convex
combination p of circle measures, and we bound U () for one such p. The leading Taylor coefficients
of combinations of the germs are bounded by Jensen’s formula on circles |¢| = r; in the complex
g-disc (Lemma F.48). The polynomial coefficients are measured in a weighted L? norm, whose
Gram determinant is controlled by the logarithmic energy of the image measure (Lemma F.51).
Throughout, ¢ € Q is fixed and embedded in C.

Pullbacks and the potential. The product (F.1) and the series (F.2) converge locally uniformly
on |g| < 1, and z(q)/q is holomorphic and nonvanishing there with value 1 at 0. So H.(z(q)) =
B(q)?(G5(q) +c) is holomorphic on |g| < 1, and since D = B~10, each g;(x(q)) is meromorphic with
poles only at the zeros of B(q). Here and below, g;(x(q)) denotes the function (B=10)~!(B%(G5+c))
of ¢, and similarly for combinations of the germs. Near ¢ = 0 it is the composition of the series
g; with z(q), but the series g; in x need not converge on the image curves used below. Choose
radii r; = e 2™ < 1 and weights w; > 0 with Zl w; = 1, and fix pg with max; r; < pg < 1. The
functions g;(z(g)) have finitely many poles in |g| < po, and a polynomial II(g) with II(0) = 1,
independent of d, clears them for all six germs. Let p; be the pushforward under z(q) of the
normalized arc length on |g| = r;, let p =Y, @wiu;, and let Py(z) = [log|z — w|dp(w).

Lemma F.47. P, is continuous on C, and p has finite logarithmic energy I = [[log|z —
w|dp(z) du(w) (we use this sign convention, the opposite of that of [35]).

Proof. Near a point gy of one of the circles, x(q) = z(qo) + u(q)™° with a local biholomorphic
coordinate u and mo > 1. For z € C put 2’ = z —xz(qp). If [u™° — 2’| < p, then one of the my factors
u —ug, u"® = 2/, has modulus at most 0'/™0: on a short arc the inverse coordinate is Lipschitz, so
the arc length of the preimage of the disc ID(z, g) is at most C'o'/™, uniformly in z. A finite cover
of the circles gives pu(ID(z, g)) < CoY/™ for 0 < p < 1, with a fixed C' and m; the largest of the my.
Integrating in g, the contribution of |z — w| < e~T to P,(z) tends to 0 uniformly in z as T — oo,
so the continuous truncated potentials converge uniformly to P,. In particular P, is bounded on
the support of p, and I = [P, dp is finite. O

Put W; = [P, d;. Fix a closed disc 2 containing the image curves in its interior, and h > 0
such that the discs of radius h around all points of these curves lie in 2. Give the polynomials of
degree less than d the norm |jal|? = [, [a[?¢72?P#d A, and the source C[z]%, of ®4 the orthogonal
sum norm. Let m,(h) be a modulus of continuity of P, on .
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Lemma F.48. If a source vector of norm one has the image F = Zj ajgj = cpx™ + O(z" L), then
log |¢,| < dW; + 2mny; + dmy(h) 4+ Cy for every i, with Cy, independent of d, n and the vector.

Proof. Let z be a point of the image curves. For | — z| < h we have e 2dPu(C) > = 2d(Pu(2)+mu(h))
so the submean inequality for |a;|? on the disc D(z, h) C Q gives

jaj(2)] < (wh?)~12eAPeEHmalD a)g

On || = ri, [I(q)F(z(q))] < 32, la;j(z(q))| [Hg;j(z(g))], and the Cauchy-Schwarz inequality over
the six blocks, with fixed bounds for the IIg; on |q| < max;r;, gives log [IIF (z(q))| < dP.(z(q)) +
dmy(h)+ Cp. The function ¢ = II(q)F(x(q))/q" is holomorphic on |g| < 74, and (0) = ¢,, because
near ¢ = 0 the function F(x(q)) is the composition of series and z(q) = ¢ + O(¢?). Jensen’s
inequality log [¢(0)| < [log|y|dd/2m on |¢| = r; gives the claim, since [ P,(z(g))dd/2m = W; and

logr; = —27y;. O

Let G4 be the Gram matrix of 1,z,...,297! for || - ||4. Expanding the Vandermonde determinant
det [z,i’] ,p and its complex conjugate and integrating term by term, which is Andréief’s identity,
gives
(F.49) det Gg = a / H |z — 2; |2 —2d 37, Pu(z:) HdA )

1<J

Lemma F.50 (energy inequality). For every Borel probability measure v on Q, I(v) —2 [ P, dv <
—1I, where I(v) = [[log|z — w|dvdv € [—o0, 0).
Proof. This is [35, Lemma I1.1.8], in our sign convention; we include a proof. If I(v) = —oc0

there is nothing to prove, P, being bounded on 2. Otherwise v has no atoms, and log|z — w|
is absolutely integrable against v, v uand 4 ® u, because it is bounded above on Q —
and the three integrals are I(v fP dv and I. Put ¢ = v — pu, of total mass 0; the claim is
I(0) <0. Let 0. = 0 * xc Wlth a Smooth radial probability den31ty Xe supported in |z| < e, and let
P,. =log| - | * 0. be its potential. By the zero total mass, PUE = O(]z|71) and VP,, = O(]z|7?) at
1nﬁn1ty, and AP,, = 27oe, so integration by parts gives I(o.) = [ Py, doe = —5= Je VP, [2dA <.
Now I(0.) = [[ke(z — w)dodo with k. = log| - | * xc * xe. By the submean property of the
subharmonic function log| - | and the radiality of x., log|-| < k.; moreover k. is bounded above on
compact sets, and k. — log| - | off 0. Dominated convergence in the three pairings separately gives
I(0) =lim. 0 I(0:) <0. O

Lemma F.51. limsup,_, d—2 logdet Gg < —1.

Proof. Let kp = max(log |z — w|, —=T'), continuous and bounded on  x Q. For z1,..., 24 € Q with
empirical measure vg = d~' Y7, 0, we have 237, i log |z — zj| < d* [[ kr dvgdyy + dT, since the
diagonal contributes —dT'. Choose configurations z(? at which the integrand in (F.49) is within a
factor 2 of its supremum. Then logdet Gq < d?( [ krdvadvg — 2 [ Pudvg) + dT + O(d) for every
T, with vy independent of T'. Along a subsequence realizing the lim sup, vy — v weakly, and for
fixed T the bracket converges to [[ kpdvdy —2 [P, dv. Letting T' — oo, by monotone convergence,

gives at most I(v) — 2 [ P,dv, which is at most —I by Lemma F.50. O
Proposition F.52. limsup,_, . d~2log|Dy(c)| < U(u fo min; (W; + 2my;k) dk — 31.
Proof. Choose an orthonormal basis vy, ..., vgq_1 of the source adapted to the order filtration

of Section F.2: v; is a unit vector in {ordy Py > A; } orthogonal to {ordg®q > A;}, so that
®4(v;) = cjad 4+ O(z% 1) with ¢; # 0. The matrix ([z']®4(v;));; is triangular with diagonal
(¢;), and by Lemma F.48, log|c;| < min;(dW; + 27y; ;) + dmy(h) + C,. The matrix of the
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monomials on the same rows has determinant £Dy4(c), and the change of basis from the monomials
to (v;) has absolute determinant (det G;) ™3, there being six orthogonal blocks. Hence

6d—1
(F.53) log |Dy(c)| < 3logdet Gy + » min (dW; + 2my;;) + 6d>m,.(h) + Op(d) .

7=0

Replacing \; by j costs O(d) by (F.17), and the sum is then a Riemann sum equal to d? fOG min; (W; +
2my;k) dk + O(d). Take limsup,; with Lemma F.51, and then let h — 0. O

To evaluate U(u) we need the mutual energies Z(y,y') = [[log|z — w|dp,(z) dpy (w) of the
circle measures with radii e 2™ and e~27Y .

Lemma F.54. With Fuler’s function o,

(F.55) Z(y,y') = —27min(y,y’) + Z 47“0 (arccos (3]@) —3j \/@\/ 1—-9j yy)

=
952yy’ <1

Proof. Fix T = ug + iy outside the elliptic orbit and w = z(e*™"). Since x identifies X(3) with P!,
the zeros of 2(q) —w in |¢| < 1 are the points e*™7 with v € I'so\I'o(3), where I's, is the stabilizer
of oo in I'y(3); they are all simple. The cosets are the identity and the cosets with a primitive
bottom row (37, m), j > 1, and Imv7 = y/((3jug + m)? + 952y?). Jensen’s formula on |g| = e =27
gives [log|z(g) —w[dd/2m =log|w|+>_ 2m(Im~y7 —y')*. We average over ug € [0,1). The mean
of log |w| is —27y, because log |z(q)/q| is harmonic with value 0 at ¢ = 0, and together with the
identity coset this gives —27 min(y,y’). For fixed j, the substitution v = 3jug + m, and the fact
that almost every v € R lies in exactly ¢(37) of the intervals [m, m + 3j] with ged(3j,m) = 1, give
the contribution

3j 2 *
(F.56) al ‘7)/ < 5 Wya 5 —27ry’> dv .

37 Jr \v*+ 9%y
The integrand is supported on |v| < v, = \/y/y — 95242, which is empty unless 95%yy’ < 1. With
a=3ivyy, | . mydv %’r arctan ¥ 1;“ = %’r arccos a and 47y'v, = ’;ax/l — a?. Only finitely

v24952y?
many j contribute, and the elhptlc orbit has measure zero. O

The bound for U. We take the 34 circles and weights of Table 3, with rational y; > 0 and
>iwi =1 Then W; =3 @;Z(y;,y;) and I = 3, @w;W;. Assign to the circle i the segment [, 3]
of Table 3. These segments tile [0, 6], and on each of them min; (W; + 2wy k) < W; 4 2my;k, so

(F.57) U(p) <J—3I, J= Z ((Bi — ) Wi + myi (B2 — o)) .

We evaluate I and J from (F.55) in ball arithmetic at a precision of 400 bits [18], deciding
every condition 9j2yl-yj < 1 in exact rational arithmetic. This gives I = 2.3300529587..., J =
23.5941770943 .. ., and

(F.58) U :=J — 3 < 16.6040183 ;
we quote I and J so that a reader who evaluates (F.55) on Table 3 can compare. With (F.58),

177 log 3 — 1‘;’(2329 U > 1.52, as used in the proof at the beginning of this appendix.
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iy w; segment [as, Bi]

1 | 4811/100000 15863/166667 [1357267/250000, 6]

2 | 2707/50000 34665/333334 [4804939/1000000, 1357267,/250000
3 | 6093/100000 46900/500001 [2121097/500000, 4804939,/1000000
4 | 857/12500 82975/1000002 | [468043/125000, 2121097/500000
5 | 1929/25000 12424/166667 [824241/250000, 468043 /125000]
6 | 8683/100000 66269/1000002 | [2899411/1000000, 824241/250000
7 | 9771/100000 28582/500001 [127821/50000, 2899411/1000000
8 | 2749/25000 51181/1000002 | [2249323/1000000, 127821/50000
9 | 6187/50000 46379/1000002 | [1971069/1000000, 2249323 /1000000]
10 | 557,/4000 20644,/500001 [215419/125000, 1971069/1000000
11 | 1567/10000 17935/500001 [301631/200000, 215419/125000]
12 | 8817/50000 10775/333334 [657103/500000, 301631 ,/200000]
13 | 4961/25000 4847/166667 [1139719/1000000,657103/500000
14 | 22331,/100000 4253/166667 [197323/20000071139719/1000000
15 | 2513/10000 21353/1000002 [85849/100000,197323/QOOOOQ
16 | 707/2500 8519/500001 | [756249/1000000, 85849,/100000]
17 | 1273/4000 15553,/1000002 | [26517,/40000, 756249,/1000000]
18 | 35813/100000 2381/166667 [577227/1000000, 26517,/40000]
19 | 20151/50000 13103,/1000002 | [498597,/1000000, 577227/1000000
20 | 45353/100000 1989/166667 [427003/1000000, 498597,/1000000
21 | 25519/50000 3529/333334 [14539/40000, 427003,/1000000]
22 | 28717/50000 4502/500001 [154727/500000, 14539 /40000
23 | 64633/100000 1247/166667 [3307/12500, 154727/500000
24 | 36367/50000 6887,/1000002 [111617/500000, 3307/12500
25 | 1637/2000 6319,/1000002 [185321/1000000, 111617/500000
26 | 92109/100000 2872/500001 [75431/500000, 185321 /1000000]
27 | 103653/100000 | 1729/333334 [59869/500000, 75431 /500000
28 | 23329/20000 4669/1000002 [91727/1000000, 59869 /500000]
29 | 4102/3125 4141/1000002 [66877/1000000, 91727/1000000]
30 | 36929/25000 3583,/1000002 [9077 /200000, 66877/1000000
31 | 166231/100000 | 501/166667 [13673/500000,9077/200000
32 | 37413/20000 1189/500001 [13079/1000000713673/5OOOOQ
33 210511/100000 267/166667 [3471/1000000,13079/IOOOOOQ
34 | 7403/3125 289/500001 [0, 3471/1000000]

47

TABLE 3. The 34-circle measure of (F.58). Circle i has radius r; = e~ 2™i in the
g-disc, weight w;, and the assigned segment [a;, 3;] C [0, 6] in (F.57); the segments
tile [0,6], and ), w; = 1.
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