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OPTIMAL BOUNDS FOR THE LENGTH AND NUMBER OF
UNIT FRACTION REPRESENTATIONS

THOMAS F. BLOOM AND WOUTER VAN DOORN

ABSTRACT. This paper gives a human-written exposition and simplification
of proofs that were recently posted by OpenAl [I7]. We prove that every
a/b € (0,1) can be written as the sum of O(loglogb) many distinct unit
fractions. We also prove that the number of representations of 1 as the sum
of k distinct unit fractions grows doubly exponentially in k.

1. INTRODUCTION

The study of unit fractiond]]is one of the oldest areas in number theory. It was,
in particular, a favourite topic of Erdés and Graham, who asked many fascinating
questions concerning unit fractions. There has been great progress made on under-
standing many of these questions; see, for example, [4] for a recent survey covering
aspects of this progress that we do not address here.

In October 2026 OpenAl released hundreds of Al-generated proofs, addressing
problems from across pure mathematics. One of these papers [I7] concerned unit
fractions, and resolved three questions which were asked by Erdés and Graham (in
[13], among other places). The proofs were formalised in Lean, and hence one can
verify their correctness mechanically; yet the Al-generated accompanying paper is
difficult to read, contains a lot of unnecessary material, and makes it difficult to
see what the new ideas are. We therefore thought it would be useful to present
our own exposition of these proofs, incorporating some simplifications. For more
discussion on how the proofs in this paper differ from the Al-generated proofs, see
Section [6l

In the remainder of this introduction we will briefly state the three main results;
further historical details are given in the relevant sections. These results address
problems #304, #148, and #293 respectively in the online collection of Erdos
problems [3].

The first (and, in our view, most interesting) result concerns how efficiently a
given rational number can be represented as the sum of distinct unit fractions.

Theorem 1. Any rational a/b € (0,1) can be written as the sum of O(loglogd)
distinct unit fractions.

The second result concerns how many ways there are to write 1 as the sum of k
distinct unit fractions.

1Often called Egyptian fractions, after the ancient Egyptian practice of writing all rational
numbers as the sum of unit fractions.
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Theorem 2. If F(k) counts how many ways 1 can be written as the sum of k
distinct unit fractions therﬁ
loglog F(k) > k.

A similar bound holds for the number of ways of writing any fixed a/b € (0, 1]
as a sum of k£ distinct unit fractions. The third result concerns which denominators
can appear in a unit fraction representation of 1.

Theorem 3. If v(k) is the least integer n = 2 which does not appear as a denom-
inator in any representation of 1 as the sum of k distinct unit fractions then

loglogv(k) > k.

All three bounds are, up to the implicit constants, the best possible. The com-
plementary bounds which show this are classical and have been known at least since
[12] if not before; we reproduce the elementary proofs in Appendix

We also note that an easy argument shows that v(k) < kF (k) + 2, and so The-
orem [2]is an immediate consequence of Theorem |3 We also include an alternative
direct proof of Theorem

In the following sections we will give proofs of these three theorems, together
with further historical remarks and context. We conclude with a brief discussion of
the implicit constants; we have chosen to present the proofs of the main results in
a mostly constant-free fashion, to better highlight the main ideas. In Section [6] we
give a brief commentary on the Al-generated paper [I7], and compare the proofs
as presented here with the AI version. To keep this paper self-contained we have
also reproduced some existing arguments from the literature in Appendix [A]

Acknowledgements. TB is a Royal Society University Research Fellow. Chat-
GPT Astra was used in the early stages to help explain the proofs in [I7]. This
paper was entirely written by the authors.

2. EFFICIENT UNIT FRACTION REPRESENTATIONS

It has long been known that every positive rational number can be written as the
sum of distinct unit fractions; this can be proved with a simple greedy algorithm,
as noted by Fibonacci in the 13th century. Although this provides a finite number
of summands, it is often far from the most efficient representation. For example,
the greedy algorithm applied to 641/796 writes it as the sum of 13 distinct unit
fractions, of which the largest denominator has 1348 digits, when in fact there is a
much more efficient representation in

641 1 1 1 1 1
796_2+4+20+199+3980
which uses only 5 unit fractions.
For a/b € (0,1) the greedy algorithm terminates in at most a steps, although
it is conjectured (first by Schinzel in [I9]) that 3 unit fractions already suffice as
long as b is sufficiently large in terms of a. The most notable special case of this is

the Erdds-Straus conjecture that 4/b can be written as the sum of 3 distinct unit

2In this paper we make frequent use of Vinogradov notation >, which means the inequality
holds up to an absolute multiplicative constant. In other words, f < g is equivalent to f = O(g).
We also use the convention that we interpret log x = 1 whenever x < e, to ensure that e.g. loglogb
remains strictly positive for all integers b > 1.
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fractions for all b > 3. Here we are instead concerned with the dependence on the
denominator b.

This question first appeared in the literature in a paper of Erdés [12], and it
was later popularised further by Erdds and Graham [I3]. For any 1 < a < b define
N(a,b) to be the smallest k such that a/b can be written as the sum of k distinct
unit fractions, and let N(b) be the maximum of N(a,b) over all 1 < a < b.

The first non-trivial bound of N(b) <« % was proved by de Bruijn (as
reported in [12], although this was never published). Erdés [12] provided both a
lower bound as well as an improved upper bound, and showed

logb

loglogb <« N (b .
081080 < ()<<10g10gb

The lower bound is attained by b*Tl, which we will prove in Appendix The upper
bound was later refined by Vose [24] to N (b) < +/logb, and Al-generated proofs [8]
recently improved this to N(b) < (loglogb)?. Before turning to the proof of the
optimal N (b) < loglog b, we will describe the existing strategy for obtaining upper
bounds, as pioneered by Erdés [12] and used in all other works on the topic since.

To begin, we note that thanks to a theorem of Takenouchi [22] (proved in Ap-
pendix , any representation as a sum of k£ unit fractions can be converted into a
sum of k distinct unit fractions. This elementary fact, often overlooked in papers
on this topic, is simple to prove, but makes investigating N (b) significantly simpler,
as we can ignore the distinct denominators requirement.

2.1. Practical numbers. A positive integer n is k-practical if every positive in-
teger smaller than n can be written as the sum of at most k divisors of n. This
definition is due to Srinivasan [21], although Fibonacci used them in his study of
unit fractions in the 13th century.

To see why these are useful in the context of unit fractions, let ¢ € (0, 1) be given.
We then choose a practical number n > b and let m be such that = < ¢ < mT'H
As n is assumed to be k-practical, we can write both m < n and an —bm <b<n
as sums of divisors of n, say m = u; + -+ -+ u, and an —bm = vy + - - - + v5, where
r,s < k. With this, we write

a_m an — bm
b n bn
u1+...+ur v1+...+vs
= +
n bn
S 4+ 1 + L 4+ L
njug n/u.  bn/v bn /v

as a sum of at most 2k unit fractions. (Note the u; and v; being divisors of n is
essential to ensure that all denominators are integers.)

This means that one strategy for obtaining good upper bounds for N(b) is to
identify an infinite sequence of practical numbers, in which & is small as a function
of n. For example, Erdés [12] used that n! is n-practical. The improved upper
bounds of Vose [24] and the recent Al-generated proofs [§] follow this strategy,
constructing ad hoc practical sequences which require fewer summands.

The key observation to improve on this strategy is the simple one that we did
not need to write m, say, as the sum m = uy + - - - + u,» where the wu; are divisors of
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n; it would suffice to write

m:&+---+&7 (1)

wq Wy
where the wu; are still divisors of n, but the denominators w; can be arbitrary.
In other words, it suffices to write every m < n as the sum of a small number of
fractions whose numerators are divisors of n. (One could call such n semipractical.)

Perhaps surprisingly, with this relaxed notion of semipracticality, the number of
summands required for sufficiently small m < n can be bounded by an absolute
constant, even for simple sequences such as the factorials or the sequence of lowest
common multiples. The proof writes m as a sum of primes p using Vinogradov’s
theorem, and then uses ideas from sum-product theory to find smooth integers that
add up to a multiple of p. Taken together, they lead to an expression in the form
of . (Although this constitutes a fairly simple combination of known results,
this idea of using finite field sum-product results to elevate additive representations
using primes to additive representations using fractions with a particular structure
is, we believe, both new and delightful.)

There is one slight wrinkle, which is that the number of summands required to
write m is only O(1) if the integer m is small; this means that this strategy only
produces an efficient representation for a/b if a < v/b, say. For general a < b we
begin by subtracting unit fractions following a greedy algorithm to reduce to this
case.

2.2. Proof of Theorem We start by reminding the reader of some classical
concepts from analytic number theory. We write P(y) = Hpgy p for the product
of all primes at most y. An application of Mertens’ first theorem then implies
P(y) < e®W) which is sufficient for our purposes. An integer n is y-smooth if every
prime dividing n is < y, and it is squarefree if it is not divisible by any square > 1.

We require the following sum-product result, which was proved by Hart and
Tosevich [15].

Lemma 4. If A C F, satisfies |A| > p3/* then F, € AA + AA. In particular
—1e€ AA+ AA.

For our purposes weaker results would also suffice: for example, that there exists
some ¢ > 0 such that if |A| > p'~¢ then —1 can be written as the sum and product
of O(1) many elements from A. There are a number of results of this type; perhaps
the first appeared in a paper of Glibichuk [I4]. (Such results can also be quickly
deduced from earlier work, such as the sum-product result of Bourgain, Katz, and
Tao [5], or from exponential sum estimates of Vinogradov [23].)

We wish to apply Lemma[d] with A being the set of squarefree y-smooth numbers
(so that every element of A divides P(y)), but it is hard to prove |A (mod p)| > p3/*
for all primes p in the range we are considering. Fortunately, it suffices to show
that this inequality holds for almost all primes, which can be established via a short

elementary argument.
Lemma 5. For all except x3/*7°) many primes p < = there exist squarefree
O(log x loglog x)-smooth integers uq,v1, ug, va with

uvy + ugve = —1  (mod p).
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Proof. Let x be given and define y = C'log x log log z for a sufficiently large constant
C. With A the set of squarefree y-smooth integers, we then find

4] = 270 > 253/4,

where the final inequality holds if C' is sufficiently large. By Lemma [] it suffices to
bound the number of primes p < z such that |A (mod p)| < p>/4.

Let @ be the set of such primes and consider the number of triples (a, b, p) where
a#be A peQand a=b (mod p). On one hand, since 0 < |a — b| < P(y), the
integer |a — b| has at most y distinct prime factors, so the number of such triples is
trivially < |A[* .

On the other hand, if p € Q then A occupies < p*/* < 23/ residue classes so
there are at least

LA L 4 o

23/4
distinct a,b € A whose difference is divisible by p. Hence, the number of such
triples is > |Q)| |A|2 /x3/*. Comparing the upper and lower bounds implies

|Q| < 1'3/42,/ _ 1’3/4+0(1)
as claimed. O

We can now prove the main lemma establishing the kind of semipracticality
condition mentioned above: all small integers can be written as the sum of O(1)
many fractions with smooth numerators.

This problem does not appear to have been considered before; it should be
compared to the problem of writing integers as the sum of few smooth numbers
(in other words, insisting the denominators be 1). For example, Balog and Sarkozy
[1] proved that all m can be written as the sum of 3 integers, each of which is
exp(O(v/logmloglogm))-smooth. At the much stronger level of smoothness we
require, namely O(logmloglogm), no O(1) bound on the number of summands
is possible, since there are only m°™") integers < m which are this smooth. The
flexibility of allowing arbitrary denominators is therefore essential.

Lemma 6. FEvery integer m > 1 can be written as the sum of at most 10 fractions
of the shape uv/w where u,v,w > 1 are positive integers, and v and v are squarefree
and O(logmloglogm)-smooth.

Proof. By increasing the constants in the O(-) notation as necessary, and using an
extra summand of +1 for even integers, it suffices to prove that every sufficiently
large odd integer m can be written as the sum of 9 such fractions.

Call a prime p < m good if it satisfies the conclusion of Lemma [5] and bad
otherwise. By Vinogradov’s theorem [23] every large odd integer m can be written
as the sum of three primes in at least > (logbim)g many ways. Since there are at most

m3/4+°() many bad primes, the number of such representations of m involving a
bad prime is < m7/4t°() Hence, provided m is large enough, there exists a
representation m = p; + ps + p3 where all p; are good.

By the definition of a good prime there exists, for 1 < ¢ < 3, squarefree
O(log mloglog m)-smooth integers uy), vy) such that

u(li)vgi) + ugi)véi) + 1 = p;w;
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for some w; > 1. We then finish the proof by writing

3 (3),,(%) (1),,(3)
uy v UV 1
m=p1+p2 +p3z< 1w<1 + 2w»2 +w»> . 0
i=1 K2 (2 K2

Note that, at the cost of replacing the constant 10 by some larger unspecified
O(1), the full strength of Vinogradov’s theorem is not needed; it would suffice to
know that, given any fixed set of primes with positive relative density, every large
integer is the sum of O(1) many primes from this set. This in turn can be established
using elementary methods, such as Schnirelmann’s elementary argument coupled
with Brun’s sieve [I§].

We may now prove Theorem [I] We first prove this in the special case when the
numerator is small, in which case the proof follows along similar lines to the earlier
strategy with practical numbers. After this we use a simple greedy algorithm to
reduce to the case of small numerator, completing the proof of Theorem

Lemma 7. If 1 < a < Vb then a/b can be written as the sum of O(loglogb) many
unit fractions.

The bound a < Vb is not particularly special here; the same argument would
work for a < b'~¢ for any ¢ > 0, with the implicit constants depending on c.

Proof. Let a/b with 1 < a < Vb and b sufficiently large be given and write y =
clogh. Here, ¢ > 0 is a sufficiently small constant so that, by defining N = P(y)?,
we have N < v/b. We also let B be the largest integer m for which the smoothness
parameter O(logmloglogm) from Lemma |§| is at most y. With these definitions,
Lemma [6] then implies that every m < B can be written as the sum of at most 10
fractions, each of whose numerator divides N.

By definition of B we get log B > —28_ That is, there exists a k = O(log log b)

loglogb*
such that b < B*. We now write

aNB* =bd + e

where 0 < e < b < B*. Since aN < b we also have 0 < d < BF. Writing d and e in
base B we therefore have, for some d;,e; € [0, B),

d=> diB' ande=> ¢B',
i<k i<k
whence

a d e d; €;
b NBE T uNBE ; NBE—i ; bN Bk—i"

Since d; < B, it follows from Lemma@that d; can be written as the sum of at most
10 fractions ujv;/w; with ujv; dividing N, so that

d; . UiV _ 1
NBkii Z ’lUjNkai Z ’ijkai/(Uj’Uj)’

where the w;NB*~%/(u;v;) are all positive integers. As this holds for all 0 < i < k,
as well as for all the e;, we conclude that a/b is the sum of at most 20k < loglogb
many unit fractions. O



OPTIMAL BOUNDS FOR THE LENGTH AND NUMBER OF UNIT FRACTION REPRESENTATIONS

Proof of Theorem[]l By Takenouchi’s theorem (Theorem [8)) it suffices to write a/b
as the sum of O(loglogb) many unit fractions that are not necessarily distinct.
Lemma does the job if @ < v/b. To reduce to this case, we subtract unit fractions
greedily: let a/b = ap/by and, for i > 1, choose x; > 2 such that

1 < A;—1 1

JE— <7
ﬂii\bz’_l CCZ‘—I’

and let
a; = a;—17; —bj—1 and b; = b7y,
so that ai/bi = ai_l/bi_l — 1/33,‘.

Note that the choice of z; ensures that a; < a;—; (so this process terminates in
at most a steps). We continue until either a, /b, = 0, or b, > b?. At this point we
have a, < a < b < /b, and hence Lemma [7| represents a,./b, with O(loglogb,.)
many unit fractions.

The total number of unit fractions required for a/b is

< 1+ loglogb,.

To bound b, note that x; = [b;_1/a;—1] < b;—1, and so b; < b2_
since r is minimal such that b, > b%, we have b, < b2_; < b*.
To bound r, note that if y; = a;/b; then

1- In particular,

1 Yi—1
Yi =Yi-1— —— <Yi-1— - <y,

T Yim1+1
and hence by induction y; < 272 for all i > 1. (For i = 1 note that a; /by < 1/2
since either a/b < 1/2 or if a/b > 1/2 then 1 = 2 and a1/b; = a/b—1/2 < 1/2.)
If we have not halted with y; = 0 then y; > 1/b;, and hence

227 Ly (2)
for all i > 0. Recalling the bound b, < b* we deduce that r < loglog b, < loglog b,
and the proof is complete. (Il

3. COUNTING UNIT FRACTION REPRESENTATIONS OF UNITY

Let F(k) be the number of solutions to

1 1

1= — + 4 —

I T
where 1 < 21 < -+ <z, are distinct integers. It is a folklore observation (recorded
in the introduction to [16], for example) that F (k) satisfies F'(k) < F(k+1) for all

k > 3; this can be seen by noting that the map on ordered tuples
(xl < <ap) (g < < T <xk—|—1<xk(ﬂck+1))

is injective and preserves the property of reciprocals summing to 1, since
1 1 1

Eix—i—ler(x—l—l)'

It is a classical fact that F'(k) is finite, and in fact grows at most doubly expo-
nentially in &, i.e.
loglog F'(k) < k. (3)
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(We prove this in Appendix[A]) There has been some work on improving the implicit
constants in this upper bound; the best current bounds are proved by Elsholtz and
Planitzer [1I]. Until recently the best lower bound available was

loglog F'(k —
oglog F'(k) > Tog k'
proved by Konyagin [I6]. A comparable lower bound for the counting problem in
which we restrict to only odd denominators was proved by Elsholtz [10].

In this section we prove Theorem [2] which gives the improved lower bound

loglog F'(k) > k.

By this is optimal up to the implicit constants. One way to prove this lower
bound is as an immediate consequence of the bound in Theorem [3| thanks to the
simple observation that
v(k) — 2

T
Indeed, this inequality holds since, by definition of v(k), all integers in [2,v(k))
occur in at least one of the k-tuples counted by F'(k). In the rest of this section
we will give an alternative proof which couples Theorem [I| with the strategy of
Konyagin.

Fk) >

3.1. Konyagin’s strategy. The idea of Konyagin’s proof is as follows. Using
elementary identities he writes 1 as the sum of k£ — 1 distinct unit fractions, where
one denominator n has many divisors. This is useful since, if d | n with d < n, then

1 1 1
- - 4
n n+d+n+%2 (4)

where the denominators on the right-hand side are distinct. Inserting this repre-
sentation yields a representation of 1 as the sum of k£ unit fractions; there may
be duplication of one of the new denominators with one of the unchanged k& — 2
denominators, but this can only happen for at most 2(k — 2) many d. This implies

F(k) > 7(n) —1—2(k —2).

To give a good lower bound for F(k) it therefore suffices to find a single represen-
tation of 1 as a sum of k — 1 distinct unit fractions, in which one denominator has
many divisors.

Konyagin used a series of elementary identities to find, for many k& and any
m < 3, a representation of 1 as the sum of k — 1 unit fractions, where one
denominator is divisible by 2™ +1. He then used the elementary inequality (for odd
m) 7(2™ 4+ 1) > 27(™ =1 The proof concludes by choosing m as the product of the
first O(k/log k) odd primes, so that m < 3F as required, and log 7(m) > k/log k.
Combining these facts yields

loglog F'(k) > loglog 7(2™ + 1) > log 7(m) >

logk’

A variant of this strategy (with 2™ +1 replaced by 2™ —1, and a different set of el-
ementary identities) was used by Elsholtz [10] to prove a lower bound of comparable
strength even if we restrict to odd denominators.
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3.2. The new bound. To obtain the new bound we use exactly the strategy
above, except that the initial unit fraction decomposition is obtained by applying
Theoremto %, where @ is a primorial (and hence has many divisors) — adding
1/@Q to this representation yields a representation of 1 as the sum of O(loglog Q)

unit fractions where one denominator has many divisors.

log . By Theorem (1| we can write % as the sum of O(logr) many unit fractions.

Proof of Theorem 2. Let @ be the product of the first  odd primes, so that loglog Q <«
By adding 1/Q we obtain a representation of 1 as the sum of & = O(logr) unit
fractions, in which one denominator is Q.

These denominators may not be distinct (as @ could appear twice) but applying
Theorem [8| produces a representation of 1 as the sum of k distinct unit fractions
in which one denominator is divisible by (). By the argument surrounding we

deduce that
Fk+1)>27(Q)—1-2(k—1)>2",
since @ has 2" divisors. It follows that
loglog F(k+1) > logr — O(1) > k.

This bound does not apply for all k, but it does provide, for any r > 1, some
k = O(logr) for which it holds. The monotonicity property F(k) < F(k + 1)
completes the proof for all k. O

4. THE SMALLEST MISSING DENOMINATOR

In this section we discuss Theorem [3} this states that, if v(k) is the smallest
integer > 2 which does not appear in any representation of 1 as the sum of k
distinct unit fractions, then

loglogv(k) > k. (5)

The study of v(k) was initiated by Erd6s and Graham [13], who noted that the
bound v(k) > k! should follow from the work of Bleicher and Erdés [2], but spec-
ulated that the stronger lower bound of may hold.

The upper bounds loglog F(k) <« k and v(k) < kF(k) + 2, as noted in the
previous section, imply that loglogv(k) < k, so is, up to constants, the best
possible bound. The first serious investigation of v(k) after [I3] was undertaken by
van Doorn and Tang [9], who proved logv(k) > k2.

Proof of Theorem[3 By [9, Lemma 2.1] it suffices to prove that for any b, there is
a representation of 1 with O(loglogb) many distinct unit fractions, including b as
a denominator.

This is equivalent to representing b;bl as the sum of O(loglogb) many distinct
unit fractions, none of which are 1/b. We therefore run a similar greedy procedure
as in the proof of Theorem [I] where we assume b > 7 without loss of generality.
Let yo = (b—1)/b—1/2—1/3, so that yo < 1/6, and while y;_1 > 0 choose z; > 7
minimal such that z; # b and 1/x; < y;—1, and let y; = y;—1 — 1/z;.

Note that, by minimality,

1
— <Y1 <
ZT; .’131‘—2
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(the —2 instead of —1 is because we may have to skip the denominator b). Therefore

1 Yi—1 2
=Y — — < Y — —— < 2y .
Yi Yi—1 T Yi—1 2%_1 +1 Yi—1

By induction it follows that loglog(1/y;) > i for all ¢ > 1. Similarly, since
1 1 2 1

LYy =Y%-1—— < —F— < —
Tit1 xZ; {EZ(.’EZ — 2) ZT;

we also have z; < x;41, so the denominators x; are all distinct.

We continue this procedure for r steps until either y; = 0 for some ¢ < 7 or
yr < 1/b. Since loglog(1/y;) > i the latter occurs for some r = O(loglogbd). If
some y; = 0 for ¢ < r then we are done, having represented b_Tl as the sum of

O(loglogb) distinct unit fractions, none of which are 1/b.

Otherwise
b—1_1+1+1+ +1+
b 2 3 9z T, Yr
where 2 < 3 < 1 < --- < x, are distinct denominators, none of which are b. If

b; = b;_1x; then y; is a fraction with denominator b;, and
T —2 <y <bi
and hence (assuming b > 2) we have x; < 2b;_1, whence b; < 2b1271. It follows that
b < O(b)*,
and hence by Theorem [I] the remainder y, can be written as the sum of
< loglogb, < r+loglogb < loglogb

distinct unit fractions. Since y, < 1/b and y, < 1/, < 1/z; for all i < r none of
the denominators in this representation of y, can be b or any x;, and hence we have
written b;bl as the sum of O(loglogb) distinct unit fractions, none of which are 1/b
as required. O

5. ON EXPLICIT CONSTANTS

Even though Theorem and [3] are all optimal up to the implied constants,
that still leaves room to determine what the correct constants should be ]

To this end, recall that we defined C' in the proof of Lemma [5| such that, with
y = Clogzloglogx, we have 27() > 223/ By the prime number theorem it
follows that one can take C' = 3/(4log2) + o(1). That is, the implicit constant in
the smoothness parameter in Lemma [5 and []is 3/(41og 2) + o(1).

As for Lemma [7] one can apply the prime number theorem once again to take
the constant ¢ in the definition of y = clogb to be i + o(1). This ensures that we

still have N = P(y)? < v/b. Combining these constants we find

(log2 +o(1))logd

log B =
8 3loglogb

implying
3
k=|— 1) | loglogb.
(foag + o)) g log

3There is disagreement among the authors to what extent this question is interesting.
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Since the proof of Lemma [7] uses at most 20k unit fractions, whereas the initial
greedy reduction uses another r unit fractions (where r < 181922 4 (1) by @),

log 2
the total number of required fractions is at most
20k +7 = (25 4 o(1) ) loglogh
= Tog2 ) oglogb.

The number of fractions needed for the greedy reduction cannot, in general, be

improved beyond 1°1g0 1g°§b + O(1) (see Appendix [A| for more context), but there are

various ways to reduce the remaining at most (loﬁgo2 + 0(1)) log log b fractions that
we use, so let us very briefly comment on two of these ideas.

The first thing to note is that we only have to consider those a in Lemma [7] with
a = b°M). One can check that this does not significantly increase the number of
fractions needed in the greedy reduction, but it does allow us to increase ¢ from
14 0(1) to 3 + o(1) for a factor of two improvement.

For another factor of two improvement, recall that we wrote alNB* as bd + e in
the proof of Lemma [7] after which d and e were written in their base B expansion
with at most k& terms each. A different strategy, with analogous definitions of B,
N and k, starts with the greedy reduction to obtain a fraction a,./b,, after which
a,N is written as the sum of at most k terms de with d | b, and e < B. Such an
expansion is possible thanks to the fact that, by construction, b, contains a divisor
in every interval [z,bx] with z < b,. Combining both of these ideas gives a final

result that (% + 0(1)) log log b unit fractions suffices.

Stronger versions of Lemma [4] or stronger results on prime numbers from multi-
plicative or additive number theory can bring the constant down further still, but
this would significantly lessen the elementary nature of the arguments, and it is un-
clear if the optimal @ is even achievable this way. One way to, in principle, reach
this would be to lower the smoothness parameter from Lemmato o(log x log log ).
However, the lemma would then no longer be true as the number of such smooth
integers u;, v; is simply insufficient to cover almost all primes. Hence, different ideas
might be necessary in order to obtain the optimal constant.

Finally, we note that every proof of Theorem [1| along similar lines that gives, up
to o(1) terms, an implied constant of ¢, then implies a corresponding constant of

for Theorem [ and Bl

6. COMPARISON TO THE AI-GENERATED PAPER

The Al-generated paper [I7] proves Theorem [l|in a different, much more elab-
orate way; this proof occupies Sections 2-5 of that paper. After this, in Section
6 it proves Theorem [2| using the divisor based argument we present in Section
Finally, in Sections 7 and 8 it proves Theorem [3] As we have done here, this is done
by proving a slightly stronger form of Theorem [I]in which we find a representation
of b’Tl as a sum of O(loglogb) unit fractions omitting 1/b.

This latter proof is done by a completely different, much more elementary,
method than it used to prove Theorem This offers an alternative, and much
simpler, route to proving Theorem [l Some elementary preparations, in particular
Takenouchi’s theorem and the greedy reduction process, appear in Section 2, and
are still used; however the technical arguments of Sections 3-5 (occupying 15 pages,
out of 33 total) are entirely redundant.
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Strangely, nowhere in the paper is this oddity mentioned: the AI appears to
have found the complicated proof of Theorem [1|first, then moved on later to prove
Theorem [3| with a different method, and not noticed that this actually provides a
simpler proof for Theorem [I| The paper also does not make the observation that,
since v(k) < kF(k) + 2, the lower bound for F(k) immediately follows from the
lower bound for v(k).

Our proof of Theorem [I] is extracted from the simpler proof of Theorem [3] in
[17], with some further simplifications made. (Most notably [I7] employs an extra
iterative procedure which we avoid by passing to the base-B representations in
Lemmal7])

The original complicated proof of Theorem [I|in [I7] proceeds via a similar strat-
egy: after some initial reductions with a greedy algorithm, it finds an eflicient
representation of a wide range of rationals as a sum of unit fractions. Instead of
using the sum-product/sum of primes trick employed in the simpler proof (and in
this paper), however, it finds such a representation using Fourier methods (closely
related to work of Croot (see, for example, [6]) on other questions concerning unit
fractions). This requires difficult estimates on the moments of restricted divisor
functions and a delicate probabilistic argument. The authors of this paper have
not yet read those sections in detail, as they seemed unnecessary for the results dis-
cussed here (although they may well contain ideas useful for deeper investigation
into unit fractions).

Reassuringly, most of the important references to earlier work do appear in [17],
although it is often unclear which parts of its lengthy arguments appear in these
earlier references, and which are novel. This seems to be a common flaw in the
current generation of Al-generated papers — after listing some key references they
launch into a lengthy proof, with no attempt made to explain which parts of the
proof come from the cited references, and which parts are new. To be fair, the same
criticism can be applied to many human-written papers, but it makes reading these
Al-generated papers difficult, when the main question an expert has is ‘what are
the new ideas’?

The main flaw of [I7] (aside from the fact that almost half of its length is taken
up with a redundant alternative proof) is its verbosity. As frequent readers of Al-
generated mathematics are accustomed to by now, almost every proof is written in
more detail than is required, often introducing unnecessary notation and variables.
Easy parts of the arguments, which are standard and usually omitted in research
papers, are gone over in unnecessary levels of detail, and paid the same attention
as the new steps of the proof on which the entire argument rests.

This makes it difficult to extract what the important ideas of the proof are, and
can be a frustrating experience for an expert. It also does not help a newcomer
to the area, who would be better served by first encountering these ‘standard’
arguments in another setting before seeing how they are applied here.

This is not meant to be a wider criticism of Al-generated proofs or expositions,
but rather an observation of the shortcomings of [I7]. The quality of AI writing
can improve significantly after several iterative rounds of passing the Al-generated
paper back to an Al, especially when given the specific criticisms mentioned above.
Doubtless many or all of the simplifications and observations made in this paper
could also be made by an AI when fed the paper [17].
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Nonetheless, we found the process of writing this paper and thinking how to
simplify the proofs to help in our own understanding. While AI may be able to
produce some exposition of these ideas, it could not have produced our exposition
of them, which contains many personal choices: which context is relevant, which
steps are important and novel and should be expanded, and which steps are routine
and should be condensed.

The relative quality of expositions is up to the reader to decide. We hope that
the choices we have made, and this exposition we have prepared, are helpful to
some readers who would like to explore the fascinating world of unit fractions.

APPENDIX A. OTHER RESULTS

In this appendix we gather a couple of elementary arguments that are already
well-known in the area.

A.1. Takenouchi’s theorem. The following was proved by Takenouchi [22] Sec-
tions IT-111].

Theorem 8. Ifa/b € (0,1] is the sum of k > 3 unit fractions then it is the sum of
k distinct unit fractions.

Furthermore, if it is the sum of k unit fractions, one of whose denominators is
divisible by an odd number n, then it is the sum of k distinct unit fractions, one of
whose denominators is divisible by n.

Proof. Suppose
a 1 1
= 44—
b a1 Ty
Note that, since k¥ > 3 and a/b < 1, any repeated denominator must be > 3. If
x; = x5 = 2y for some y > 2 then we produce a new representation using the
identity
1 n 1 . 1
2y 2y y+1 yly+1)
If x; = x; = 2y + 1 for some y > 1 then we produce a new representation using the
identity

1 1 1 1
2y—|—1+2y—|—1 y+1+(y+1)(2y—|—1)'

These substitutions preserve the total number of summands; they also preserve the
property of at least one denominator being divisible by any fixed odd number n.

It remains to check that this procedure must terminate eventually; this follows
from noting that the sum of the denominators strictly increases after each substi-
tution. The sum of denominators is bounded simply because there are only finitely
many ways of writing a/b as the sum of k unit fractions, which itself can be seen by
induction on k, and noting that there must exist a denominator which is < kb/a. O

A.2. Optimality. In this section we give short elementary proofs that provide
complementary bounds for the quantities considered in this paper. The proofs here
are probably best attributed to ‘folklore’; certainly similar arguments appear in
both [12] and [22]. The main observation behind the bounds is the following.

Lemma 9. If
1 1
l1=—+ .-+ —
Tq Tk
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with1 < xp < --- < ), then o < k2 .

Proof. Note that for 0 < ¢ < k the quantity 1 — > i<i wi is strictly positive and
XU TG
can be written as a rational number with denominator x - - - x;, where we take the

empty product to be equal to 1. Hence,
1 k

1 1
a-ylioz i
! ‘ j<i i<k Y

$i+1.
It follows that, for all 0 < 7 < k,
Tit1 < k1@
By induction we then deduce that
z <K
for all ¢ with 1 <7 < k. Taking ¢ = k completes the proof. O

A variant of this argument, which we leave as an illuminating exercise to the
readerﬁ proves the stronger bound that

2k:
T < C

where ¢ = 1.26408 is the Vardi constant, defined as

c=limu? "
where u; = 1 and w41 = u;(u; + 1).
We will now discuss a couple of applications of Lemma[0} The first argument is
from [12]: recall N(a,b) as defined in Section [2| and consider two representations

a 1 1 b—1—-a 1 1
- = — 4+ 4+ — and 7:74_..._’_*7
b T Tk b Y1 Y
with &k = N(a,b) and | = N(b — a — 1,b). By combining these and adding % we

obtain
1 1 1 1 1
l=—+--+—+—4+-+—+-.
z1 Tk N1 y b

By applying Lemma@we deduce b < (k+1+1)2"" and so
k+1= N(a,b)+ N(b—1-a,b) > loglogb.

In particular, for half of all 1 < a < b we have N(a,b) > loglogb, and so certainly
we must have N(b) > loglogb. One can be a little more explicit about for which a
this lower bound is attained: since N(a,b) < a by the greedy algorithm, it follows
that N(a,b) > loglogb for all a with b—a = o(loglog b) (in particular for a = b—1,
say).

Secondly, Lemma |§| immediately implies upper bounds for F'(k), which counts
the number of 1 < 21 < --- < x} such that 1 = i 4+ + i, since Lemma@yields

< (,),

loglog F(k) < k.

whence

45ee [4] for a simple proof of a slightly weaker bound. This stronger bound perhaps first ap-
peared in the literature in a paper of Curtiss [7]. A more recent proof was given by Soundararajan
[20].
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The bound v(k) < kF(k) + 2 yields loglogv(k) < k also.
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