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Abstract

We study classical regularity and attainment in terminal-utility portfolio choice with
unspanned factors, nonnegative wealth, and exposures that are square-integrable in expec-
tation. A joint estimate for logarithmic marginal utility controls relative risk aversion and
factor sensitivity. In several dimensions, a risk-price component uniformly separated from
the factor-hedging span gives classical solvability and a unique strong optimal portfolio on
every finite horizon. A scalar comparison equation treats correlated single-factor markets.
For state-independent C4 utility, the preference assumptions reduce to positive lower and
upper bounds on relative risk aversion. In an orthogonal single-factor market, a uniform
finite-order condition allows the risk price to vanish and change sign. Subelliptic gradient
estimates and a parabolic equation in the factor variable yield a classical value; verification
and strict concavity give strong existence for its continuous feedback. In both settings, the
optimal dual coefficient has a deterministic bound uniform over initial states and multipliers.
Attainment has a separate integrability boundary. For deterministic opportunities with a
finite static optimum, the prescribed strategy class attains the value exactly when the optimal
payoff lies in L2 under the physical probability. An explicit nonhomothetic utility gives
a horizon and wealth classification with smooth finite values and nonattainment. Further
results identify wealth-dependent purchasing-power hedges and a strict increase in the dual
value under factor-information restrictions.

Keywords. Nonhomothetic utility; stochastic factors; classical regularity; degenerate Hamilton–
Jacobi–Bellman equations; convex duality; square-integrable strategies.

1 Introduction
A changing investment opportunity set affects risky-asset demand through both current com-
pensation for risk and future changes in investment opportunities. Merton’s continuous-time
portfolio theory distinguishes myopic demand from intertemporal hedging demand [1, 2]. When
relative risk aversion is constant, homogeneity often eliminates the wealth variable. Under general
preferences, risk aversion varies with wealth, marginal wealth value interacts with factor states,
and classical feedback requires joint wealth and factor derivatives. Terminal utility may also
depend on the economic state. For example,

U(x, y) = U0(xe−g(y))

values terminal purchasing power against a factor-dependent price index. The role of this risk
in dynamic asset allocation is studied by Brennan and Xia [3]; a martingale formulation of
state-dependent preferences is given by Londoño [4]. Our factor is observable and exogenous,
and the objective is ordinary expected terminal utility.

The regularity and verification question for stochastic-factor investment is formulated explicitly
by Zariphopoulou [5, Problem 3]. We study classical solvability and attainment under the
nonnegative-wealth constraint and square integrability in expectation of traded exposure. Two
effects distinguish these questions. Factor noise can preserve classical regularity when the market
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Classical regularity and attainment in portfolio choice

price of risk vanishes. Conversely, the inverse marginal utility may produce a payoff outside
L2(P) even when the value is smooth and the dual density has bounded coefficients. Our results
give sufficient conditions for joint regularity and attainment, together with exact attainment and
regularity criteria in specified submodels.

Let AV = −xVxx/Vx denote indirect relative risk aversion, and let s = ∇y log Vx denote the
factor sensitivity of marginal wealth value. In exposure coordinates, the optimal proportional
position decomposes as

ϑ∗

x
= λ

AV
+ C⊤s

AV
. (1.1)

The matrix C records instantaneous covariances between factor innovations and traded risks.
The second term lies in RanC⊤. If the component of the market price of risk λ in the orthogonal
complement of this space is uniformly separated from zero, hedging demand cannot offset the
entire risky exposure. We prove that this primitive condition preserves parabolicity of the
marginal equation and gives a classical solution on every finite horizon for several assets, several
factors, and state-dependent utility. Correlated single-asset markets are treated by a separate
scalar coefficient condition.

In an orthogonal single-factor market, we also consider smooth risk prices satisfying

inf
y

m∑
j=0

|λ(j)(y)|2 > 0.

This condition permits λ to change sign and have zeros of any prescribed finite order. Starting
from nondegenerate auxiliary markets, uniform Harnack estimates under commutator rescaling
give compactness of the marginal gradients. An ordinary parabolic equation in the factor variable
then recovers the classical derivatives of the value function. For the resulting continuous feedback,
verification and strict concavity imply pathwise uniqueness, followed by strong existence on the
original Brownian probability space.

All solvability theorems retain the original admissible class. Optimal wealth is strictly positive,
proportional exposure is bounded, and the dual density generated by marginal utility has a
bounded orthogonal Brownian coefficient. A bound determined by the data and horizon applies
simultaneously to all initial wealth levels, factor states, and dual multipliers. In contrast, an exact
criterion for deterministic opportunities shows that attainment in the original square-integrable
control class is equivalent to the static optimal payoff belonging to L2(P). We construct a
nonhomothetic utility family for which attainment depends on the horizon and wealth within a
region of finite smooth values.

The financial implications concern two wealth effects. Purchasing-power preferences give the
short-horizon hedging component (

1 −A−1
U0

)
C⊤∇g.

A utility mixture whose relative risk aversion crosses one can give this component opposite
directions at low and high wealth. A second effect concerns the information used by the optimal
dual control. Even with orthogonal factor and traded innovations, factor information alone cannot
generate the optimal dual control for a finite mixture of distinct powers. The corresponding
restricted dual value is strictly larger.

1.1 Relation to existing research

Utility maximization and convex duality in general semimartingale markets were developed by
Kramkov and Schachermayer [6, 7]. Under their assumptions, including bounded relative risk
aversion and σ-boundedness under the optimal numéraire, Kramkov and Sîrbu [8, Theorem 1]
prove twice differentiability of primal and dual value functions with respect to initial values,
inheritance of risk-aversion bounds, and initial-value derivatives of the optimizers. Building on
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this wealth-regularity background, we study joint classical derivatives in the additional factor
directions and derive a deterministic bound on the orthogonal coefficient of the optimal density
from Markov coefficients.

Nadtochiy and Zariphopoulou [9] use a closely related marginal-HJB approach. In their
complete author version, Assumptions 1–2 and Theorem 6.1 give convergence of a splitting
approximation to the viscosity solution of the marginal equation. Theorems 6.2–6.3 treat classical
solutions with positive regularization, and Theorem 6.6 gives performance estimates for the
corresponding approximate portfolios. Their utility assumptions include comparison of marginal
utility with a single power on the whole positive wealth axis. Our power mixtures may have
different limiting power exponents, whereas our market assumptions impose stronger coefficient
smoothness and additional risk-price geometry. Neither set of data conditions simply contains
the other.

Bian, Miao, and Zheng [10, Theorems 3.8, 4.1, and 5.5] construct classical values for nons-
mooth utility with deterministic time-dependent coefficients and cone constraints, and establish
verification under their moment and continuity conditions. In the positive-wealth setting, Horst et
al. [11, Theorems 4.1–4.2] respectively characterize an existing optimum by a forward–backward
system and verify an adapted solution under integrability conditions. Mania and Tevzadze [12,
Theorems 3.1–3.2] establish a backward stochastic partial differential equation and verification
under semimartingale regularity assumptions on the value field. We construct a joint classical
value directly for specified stochastic-factor markets, retaining square integrability in expectation
of traded noise exposure as the admissibility requirement throughout.

The analytic tools are Lunardi’s local theorem for fully nonlinear evolution equations and
Schauder estimates [13], together with the scalar divergence-form interior regularity of Aronson
and Serrin [14, 15]. The finite-order degenerate case uses the parameter-uniform metric-measure
estimates and Harnack inequality of Capogna, Citti, and Rea [16]. Intrinsic Schauder theory for
nondivergence operators of Hörmander type is developed by Bramanti and Brandolini [17]. At
the degenerate set, we obtain ordinary classical derivatives from first derivatives of the marginal
function and the factor equation for the value. The passage from weak to strong existence
uses the Yamada–Watanabe theorem [18]. The hypotheses of these results are verified in the
corresponding proofs.

Section 2 states the model and main theorems. Sections 3–4 establish the uniform esti-
mates and nondegenerate classical construction. Section 5 proves verification, convex duality,
and approximation of utility, and Section 6 treats finite-order degeneracy. Section 7 studies
dual information and purchasing-power hedges. Section 8 gives the classification of square-
integrable attainment. The appendices contain preference examples, relative-curvature estimates,
deterministic-factor regularity, and extensions in time and factor coordinates.

2 The market, preferences, and main results

2.1 Securities and the admissible class

Let W and B be independent standard Brownian motions of dimensions n and d, respectively,
on their augmented natural filtration. Fix a constant matrix

C ∈ Rd×n, c = ∥C∥op < 1, R = Id − CC⊤, D = R1/2. (2.1)

The factor and discounted wealth satisfy

dYt = β(Yt) dt+ C dWt +D dBt, Y0 = y,

dXt = ϑ⊤
t {λ(Yt) dt+ dWt}, X0 = x > 0. (2.2)
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The total instantaneous factor covariance is Id, and R is the factor covariance left unspanned by
traded risks. If securities have excess drift µ− r1 and nonsingular volatility matrix Σ, then

λ = Σ−1(µ− r1), ϑ = Σ⊤π,

where π is the vector of discounted amounts held in risky assets. The integrability condition is
therefore imposed on Σ⊤π.

Definition 2.1. For given (x, y, T ), let AT (x, y) consist of all Rn-valued processes ϑ that are
predictable on the full filtration and satisfy

E
∫ T

0
|ϑt|2 dt < ∞, Xt ≥ 0 (0 ≤ t ≤ T ) P-a.s. (2.3)

For terminal preferences U(x, y) and remaining horizon τ , define

V (x, y, τ) = sup
ϑ∈Aτ (x,y)

Ex,yU(Xτ , Yτ ). (2.4)

Utility at x = 0 is defined by its right limit, which may equal −∞.

For the preference classes below, utility has an integrable positive part under every admissible
strategy; its negative part may have infinite expectation. In this paper, nonhomothetic utility
means that relative risk aversion depends on wealth. State dependence of utility is an additional,
separate feature. In calendar time, V (x, y, t;T ) = V (x, y, T − t). Utility is applied to discounted
wealth; at a fixed horizon, a nominal-wealth objective is obtained by replacing U(x, y) with
U(erTx, y).

2.2 Two classes of preferences

For noninteger j + α, the space Cj+αb consists of functions with bounded derivatives through
order j and uniformly α-Hölder derivatives of order j.

Assumption 2.2 (Smooth state-dependent preferences). Fix 0 < α < 1. The market coefficients
β, λ belong to the appropriate vector-valued spaces C4+α

b . Utility satisfies U ∈ C6((0,∞) × Rd),
Ux > 0, and Uxx < 0. Set

h0(ℓ, y) = logUx(eℓ, y).

Assume ∇ℓ,yh0 ∈ C4+α
b , h0(0, ·) is bounded, and U(1, ·) ∈ C4+α

b . There are constants 0 < a− ≤
a+ < ∞ such that

−a+ ≤ ∂ℓh0 ≤ −a− < 0. (2.5)

The function h0 itself may grow linearly in ℓ. Terminal relative risk aversion is

AU (x, y) = −xUxx(x, y)
Ux(x, y) ,

and condition (2.5) gives it positive lower and upper bounds uniformly over wealth and the factor
state.

Assumption 2.3 (State-independent C4 preferences). Utility depends only on wealth and
satisfies U ∈ C4(0,∞), U ′ > 0, U ′′ < 0, and

0 < a− ≤ −xU ′′(x)
U ′(x) ≤ a+ < ∞. (2.6)
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Both preference classes satisfy the Inada limits. Assumption 2.3 imposes local smoothness on
higher derivatives. Market coefficient conditions are stated separately when that assumption is
used. We write C∞

b for smooth functions whose derivatives of every order, including order zero,
are bounded.

Let Π be the orthogonal projection onto kerC. The principal market separation condition is

δ = inf
y∈Rd

|Πλ(y)| > 0. (2.7)

Since RanC⊤ is the orthogonal complement of kerC, this condition requires a uniformly positive
distance between λ and the factor-hedging span.

The following quantities depend only on primitive data. Denote spatial Jacobians by Jλ and
Jβ, and set

M = ∥λ∥∞ , L = ∥Jλ∥∞,op , B1 = ∥Jβ∥∞,op , S0 = ∥∇yh0∥∞ ,

ma = max
a∈[a−,a+]

|1 − a−1|, Γ = 1 + 2L2/a2
− + 2B1 + 2cLma, E0 = (MLma)2, (2.8)

K(T )2 = (a2
+ + S2

0)eΓT + E0
Γ (eΓT − 1). (2.9)

For state-independent preferences, S0 = 0.

2.3 Two classical solvability theorems

Write Ũ(z, y) = supx>0{U(x, y) − zx}. For a bounded predictable Rd-valued process ν, define

Lνt = E
(

−
∫ t

0
λ(Yu)⊤ dWu −

∫ t

0
ν⊤
u dBu

)
. (2.10)

Here E denotes the stochastic exponential. For a deterministic N < ∞, set

vN (z, y, T ) = inf
|ν|≤N

EyŨ(zLνT , YT ), v = inf
N<∞

vN ,

DN (x, y, T ) = inf
z>0

{vN (z, y, T ) + zx}, D = inf
N<∞

DN . (2.11)

The bound on the coefficient is an essential bound with respect to dt⊗ dP.

Theorem 2.4 (Nondegenerate markets). Under Assumption 2.2 and condition (2.7), the value
function is, on every finite horizon, a classical solution of

Vτ = 1
2∆yV + β · ∇yV − |λVx + C⊤∇yVx|2

2Vxx
, V (x, y, 0) = U(x, y), (2.12)

with Vx > 0 and Vxx < 0. Define

h(ℓ, y, τ) = log Vx(eℓ, y, τ), p = hℓ, s = ∇yh, k = λ+ C⊤s. (2.13)

Then −a+ ≤ p ≤ −a−, p2 + |s|2 ≤ K(T )2, and |k| ≥ δ. For some η > 0,

h− h0 ∈ C([0, T ]; bc4+η), hτ ∈ C([0, T ]; bc2+η). (2.14)

The feedback
ϑ∗(x, y, τ) = −x k(log x, y, τ)

p(log x, y, τ)
generates the unique optimal wealth process on the given Brownian probability space. This process
is strictly positive, and its exposure satisfies (2.3). The fixed-multiplier and outer dual problems
are uniquely attained, with optimal coefficient

ν∗
t = −D⊤s(logX∗

t , Yt, T − t), |ν∗
t | ≤ ∥D∥opK(T ). (2.15)
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If N ≥ ∥D∥opK(T ), then vN = v for all multipliers and initial factor states, and DN = D = V .
If preferences instead satisfy Assumption 2.3, while β, λ ∈ C4+α

b and (2.7) are retained,
classical regularity holds at positive remaining times and the terminal condition is attained locally
uniformly. The gradient bounds, strong optimal portfolio, and dual conclusions continue to hold.

Classical regularity means continuity of Vτ , the first state derivatives, and the full state Hessian
on the positive-wealth, positive-remaining-time domain. The equation holds there pointwise.
The spaces bcr are defined in Section 4. Uniqueness of controls means equality dt⊗ dP-almost
everywhere, and uniqueness of wealth means indistinguishability. The high-order trace (2.14)
applies to smooth preferences; the state-independent C4 case has positive-time regularity and
the original terminal trace. Section 4.4 gives alternative conditions for correlated single-factor
markets.

Theorem 2.5 (Finite-order risk-price degeneracy). Suppose n = d = 1, C = 0, and β, λ ∈ C∞
b (R).

For some integer m ≥ 1, assume

inf
y

m∑
j=0

|λ(j)(y)|2 > 0. (2.16)

For every utility satisfying Assumption 2.3, the value function has continuous derivatives

Vx, Vxx, Vy, Vxy, Vyy, Vτ ,

on (0,∞) × R × (0,∞), satisfies (2.12) classically, and converges locally uniformly to U at the
terminal time. Its marginal quantities h, p, s are continuous, with p = hℓ and s = hy, and
satisfy the same gradient bounds. The closed-loop system with feedback ϑ∗ = −X∗λ(Y )/p has a
unique strong solution on the given probability space. Wealth is strictly positive and the strategy
belongs to (2.3). The optimal dual coefficient is ν∗ = −s, with |ν∗| ≤ K(T ). Consequently,
every N ≥ K(T ) gives equality of truncated and untruncated dual values and uniqueness of the
optimizers.

Condition (2.16) allows the risk price to change sign. Its zeros concern the risk price; factor
volatility remains equal to one. The estimates common to the two main theorems are established
in Section 3. Theorem 2.4 is proved in Sections 4–5, and Theorem 2.5 in Section 6.

2.4 Attainment under the exposure integrability constraint

The next result concerns deterministic investment opportunities. It uses a utility class without a
positive lower bound on relative risk aversion.

Theorem 2.6 (Attainment for deterministic opportunities). Consider one traded Brownian risk
with a bounded deterministic market price of risk ct on [0, T ]. The filtration may also contain
an independent factor Brownian motion. Let U be a smooth, strictly increasing, strictly concave
utility on (0,∞) with the Inada limits, and put

Zt = E
(

−
∫ t

0
cu dWu

)
, I = (U ′)−1.

For the prescribed x > 0, suppose a multiplier z > 0 satisfies

H = I(zZT ), E[ZTH] = x, E|U(H)| + E|Ũ(zZT )| < ∞. (2.17)

The value in the admissible class (2.3) equals EU(H) and is attained if and only if

H ∈ L2(P). (2.18)

When attained, the optimal terminal wealth, wealth process, and exposure are unique. Otherwise,
admissible portfolios replicating bounded strictly positive terminal payoffs approach the value.
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Theorem 2.6 is proved in Section 8. Theorem 8.2 gives an explicit utility for which this
criterion separates attainment from nonattainment within a region where the value is finite
and smooth. Thus the exposure integrability condition remains relevant after the classical HJB
equation has been solved.

2.5 Scope and portfolio implications

Condition (2.7) requires rankC < n. If C has full column rank, then kerC = {0} and the
condition cannot hold. A concrete example has n = d+ 1 and

C =
(
diag(ρ1, . . . , ρd) 0

)
, λ(y) = (λ1(y), . . . , λd(y), ϵ)⊤, ϵ > 0.

If maxi |ρi| < 1, then |Πλ| ≥ ϵ. The first d risk prices may change sign, and the drift may be
chosen as βi = −bi tanh yi. The final traded direction is risky and earns a risk premium, while
its instantaneous covariance with factor innovations is zero. The unspanned factor covariance
remains positive definite.

Projecting (1.1) gives∣∣∣∣Πϑ∗

x

∣∣∣∣ ≥ δ

a+
,

ϑ∗

x
∈ span

(
{λ(y)} ∪ RanC⊤).

Thus at most 1 + rankC risky funds span the optimal position state by state. The funds
themselves may depend on the factor state; their holdings also depend on preferences and wealth.
The optimal ν∗ specifies a supporting martingale measure for a particular investor and initial
state.

The nondegeneracy assumptions are sufficient conditions. For example, if C = 0, λ = 0, and
utility is state-independent, square-integrable wealth is a martingale. Jensen’s inequality gives
V = U , attained by zero exposure. The bounded smooth drift assumptions exclude unbounded
Ornstein–Uhlenbeck drifts such as β(y) = −by. Multidimensional factor covariance is constant
in the basic model; the coordinate extension in the appendix treats suitable one-dimensional
nonconstant diffusions.

State-dependent preferences also have a specified range. If Ux(x, y) = x−γ(y) with nonconstant
γ, then ∇yh0 = −ℓ∇γ(y) is generally unbounded, so Assumption 2.2 fails. The purchasing-power
transformation with bounded smooth g satisfies a different set of verifiable conditions, given in
Section 7.3. The power mixtures allow risk aversion to remain above one, remain below one, or
cross one. Horizons may be arbitrarily large and finite, although constants generally depend on
the horizon. Horizon-independent bounds are stated separately for scalar markets.

3 The marginal equation and uniform a priori estimates

3.1 The logarithmic marginal transformation and principal matrix

We first derive the equation formally in the classical setting, then solve it as an independent
Cauchy problem. Put u = Vx. Then

ux = u

x
p, uxx = u

x2 (pℓ + p2 − p), ∇yu = us,
|λu+ C⊤∇yu|2

2ux
= xu|k|2

2p .

Differentiating (2.12) in x and dividing by u yields

hτ = |k|2

2p2 hℓℓ − (Ck) · ∇yhℓ
p

+ 1
2∆yh+ F (y, p, s), h(0) = h0, (3.1)

where
A = 1

2

(
|k|2/p2 −(Ck)⊤/p
−Ck/p Id

)
, F = β · s+ 1

2 |s|2 − 1
2 |k|2(1 + p−1). (3.2)
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Thus hτ = A : D2h+ F . In the smooth-data construction, a classical branch is understood to
have bounded h− h0 and bounded spatial derivatives through the orders used below on each
compact time interval of existence. The function h itself may grow linearly in ℓ. For ξ = (ξ0, ξy),

2ξ⊤Aξ =
∣∣∣∣kpξ0 − C⊤ξy

∣∣∣∣2 + |D⊤ξy|2, det A = k⊤(In − C⊤C)k
2d+1p2 . (3.3)

The determinant follows from the Schur complement of the lower-right block. Since ∥C∥op < 1,
for p ̸= 0 the principal matrix is positive definite exactly when k ̸= 0.

3.2 Exact equations for the gradients

Regard A, F as functions of (y, p, s) and define

Lh = A : D2 + b0∂ℓ + by · ∇y, b0 = Ap : D2h+ Fp, (by)i = Asi : D2h+ Fsi .

The drifts are explicitly

b0 = −|k|2

p3 pℓ + (Ck) · ∇yp

p2 + |k|2

2p2 ,

by = Ck

p2 pℓ − CC⊤

p
∇yp+ β + s− (1 + p−1)Ck. (3.4)

Set λi = ∂yiλ and βi = ∂yiβ. For a scalar function w, write

Qw = k

p
wℓ − C⊤∇yw.

Lemma 3.1. Every classical solution with p < 0 satisfies

(∂τ − Lh)p = 0,

(∂τ − Lh)si = λi · Qp

p
+ βi · s− (1 + p−1)k · λi. (3.5)

Proof. The coefficients have no explicit dependence on ℓ, so all chain-rule terms from differentia-
tion in ℓ enter the linearized drift. Differentiation in yi also produces the explicit derivatives at
fixed p, s,

Ayi : D2h = k · λi
p2 pℓ − (Cλi) · ∇yp

p
, Fyi = βi · s− (1 + p−1)k · λi.

Combining these expressions with ∂yip = ∂ℓsi proves both equations.

Proposition 3.2 (Risk-aversion interval and joint gradient bound). On each compact time
interval of a smooth-data classical branch,

−a+ ≤ p ≤ −a−, p2 + |s|2 ≤ K(τ)2. (3.6)

The constant in the second estimate uses neither a positive lower bound on |k| nor higher-order
derivative bounds for utility.

Proof. The first equation in (3.5) has no zeroth-order term, and the constants −a+ and −a−
are solutions. On an existing compact time strip the linearized coefficients are bounded. Add
εeAτ (1 + ℓ2 + |y|2), apply the maximum principle on expanding spatial balls, and let ε ↓ 0. This
preserves the interval. The barrier exponent A may depend on the drift bounds of that strip; the
resulting interval bounds do not depend on A.
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Set R = p2 + |s|2. The product rule for the second-order operator and (3.3) give

(∂τ − Lh)R = − |Qp|2 − |D⊤∇yp|2 −
d∑
i=1

(
|Qsi |2 + |D⊤∇ysi|2

)
+ 2
p

(Jλs) · Qp + 2s⊤J⊤
β s− 2(1 + p−1)k · (Jλs). (3.7)

The Hessian term outside the negative squares satisfies

2
|p|

|Jλs| |Qp| ≤ 1
2 |Qp|2 + 2L2

a2
−

|s|2.

Since |k| ≤ M + c|s|, we also have

2|1 + p−1| |k| |Jλs| ≤ 2MLma|s| + 2cLma|s|2 ≤ E0 + (1 + 2cLma)|s|2.

Discarding the remaining nonpositive terms gives

(∂τ − Lh)R ≤ ΓR + E0.

Initially R ≤ a2
+ + S2

0 . Comparison with r′ = Γr +E0 gives (2.9). Whole-space comparison uses
the same localization as the interval argument.

3.3 Divergence form, function bounds, and a time modulus

Equation (3.1) has the exact divergence form

hτ = div J + F, J =
(

−|k|2/(2p)
s/2

)
, B = D(p,s)J =

(
|k|2/(2p2) −(Ck)⊤/p

0 Id/2

)
. (3.8)

The divergence acts on all (ℓ, y) coordinates. The matrix B is generally nonsymmetric; its
symmetric part is A.

Lemma 3.3. The gradient components of the solution satisfy

pτ − div(B∇p) = div
(
F
0

)
,

(si)τ − div(B∇si) = div
(

−k · λi/p
Fei

)
. (3.9)

Here ei is the ith coordinate vector in Rd.

Proof. Differentiate (3.8) in ℓ and yi. Differentiation of the flux through its gradient variables
gives B∇p or B∇si. Its explicit yi derivative at fixed gradient is (−k · λi/p, 0)⊤. The remaining
source terms are the displayed divergences. The calculation retains the full nonsymmetric flux
Jacobian.

For smooth initial data, let

C0 =
∥∥∥A(y,∇h0) : D2h0 + F (y,∇h0)

∥∥∥
∞
.

Since the equation does not contain h itself, h0 + C0τ and h0 − C0τ are a supersolution and a
subsolution, respectively. Hence

|h− h0| ≤ C0τ. (3.10)

9



Classical regularity and attainment in portfolio choice

If two initial functions have a bounded difference, the same comparison gives

sup
0≤τ≤T

∥h1(τ) − h2(τ)∥∞ ≤ ∥h1
0 − h2

0∥∞. (3.11)

Comparison is applied to bounded differences. Along the segment between two gradients, p
remains negative and the principal matrix remains nonnegative by (3.3). The localized maximum
principle therefore applies.

Lemma 3.4 (A time modulus independent of higher initial derivatives). Suppose a family of
smooth solutions on [0, T ] has common gradient and coefficient bounds. There is a common
constant AT such that

sup
z

|h(z, t) − h(z, s)| ≤ AT
(√

|t− s| + |t− s|
)
, z = (ℓ, y). (3.12)

Proof. By (3.8), the flux J and source F are uniformly bounded. Convolve in space with a
compactly supported mollifier of radius r. The average changes between s and t by at most
A|t− s|(r−1 + 1). The gradient bound makes each difference between an average and its point
value at most Kr. For |t− s| ≤ 1, choose r =

√
|t− s|. Partitioning longer time intervals into

pieces of length at most one proves the estimate after increasing the constant.

4 Classical construction in nondegenerate markets

4.1 Function spaces for the local Cauchy problem

For noninteger r > 0, let bcr(R1+d) be the closure of C∞
b in the norm of Crb . Higher bounded

Hölder regularity implies membership in every strictly lower-exponent little-Hölder space. We
use the dense Banach pair

Eη0 = bc2+η(R1+d), Eη1 = bc4+η(R1+d), 0 < η < α. (4.1)

A strict solution is a function in C([0, t0];Eη1 ) ∩ C1([0, t0];Eη0 ) that satisfies its equation in Eη0 .
We use the local existence theorem of Lunardi [13, Theorem 8.1.1, p. 290] in the following

form. Let E1 be densely and continuously embedded in E0, let O ⊂ E1 be open, and let
F : [0, T ] × O → E0 be continuously Fréchet differentiable in f . Suppose DfF(t, f) is sectorial
on E0 with domain E1 and graph norm equivalent to the E1 norm. Assume also that F , DfF
are locally Lipschitz in f and locally Hölder continuous in t in their respective Banach norms.
Every compatible initial value then gives a local strict solution. Density makes the compatibility
condition F(0, f0) ∈ E1

E0 automatic. The theorem also gives uniqueness in a weighted positive-
time Hölder class; we additionally use the maximum principle for uniqueness in the classical class
with bounded differences considered here.

Put f = h− h0 and define

F(f) = A(y,∇h0 + ∇f) : D2(h0 + f) + F (y,∇h0 + ∇f). (4.2)

Consider the open subset of Eη1 specified by

sup
ℓ,y

(h0 + f)ℓ < 0, inf
ℓ,y

|λ+ C⊤∇y(h0 + f)| > 0. (4.3)

In a small neighborhood of each point, the gradients have a common upper bound and both
separation conditions have a common positive margin. The principal matrix is therefore uniformly
positive definite.

10
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Lemma 4.1 (Local strict solution). Under Assumption 2.2, suppose

inf
ℓ,y

|λ(y) + C⊤∇yh0(ℓ, y)| > 0.

For sufficiently small η > 0, equation (3.1) then has a local strict solution f = h − h0. Every
strong Eη1 endpoint trace satisfying (4.3) can be used to restart the equation.

Proof. The Hölder product estimate and Taylor’s formula for smooth compositions show that (4.2)
maps Eη1 into Eη0 , is continuously Fréchet differentiable, and has a locally Lipschitz derivative on
small bounded neighborhoods in the open set. Its derivative is

DF(f)v = A : D2v + b0vℓ + by · ∇yv,

with coefficients in bc2+η. Although h0 itself may be unbounded, the map uses only its bounded
derivatives.

We verify the operator domain. The realization of the preceding elliptic operator P on bcη is
sectorial with domain bc2+η and equivalent graph norm; see Lunardi [13, Theorems 3.1.14–3.1.15
and Corollary 3.1.16, pp. 87–90]. The part of P on its domain, endowed with the graph norm,
has the restricted resolvent. The identity P (z − P )−1 = (z − P )−1P preserves the sectorial
bounds in that norm.

The domain of this part is

{v ∈ bc2+η : Pv ∈ bc2+η} = bc4+η.

To prove the equality, take difference quotients twice in the elliptic equation and apply the
same Schauder estimate successively. The commutators contain bounded coefficient derivatives
through order two and lower-order derivatives of v. Interpolation absorbs the latter and yields

∥v∥
C4+η

b
≤ A

(
∥Pv∥

C2+η
b

+ ∥v∥∞
)
. (4.4)

Smooth approximation and resolvent difference estimates give the corresponding little-Hölder
conclusion. The reverse inclusion follows from the product rule. Thus the domain of DF(f)
on Eη0 is exactly Eη1 . The ellipticity constants and coefficient norms are locally uniform, so the
resolvent and graph-norm constants can be chosen locally uniformly as well.

The time conditions are automatic for the autonomous equation, and the initial value f0 = 0
lies in (4.3). The local theorem gives a strict solution. The same mapping and sectoriality
arguments apply at every stated strong endpoint. Linearizing the difference of two solutions
along the gradient and Hessian segments gives bounded coefficients and a nonnegative principal
matrix. The maximum principle makes a bounded difference with zero initial value identically
zero.

4.2 Scalar interior estimates and whole-space regularity

Write Qr(z0, t0) = Br(z0) × (t0 − r2, t0) and use the parabolic distance |z − z′| + |t − t′|1/2 in
Hölder seminorms.

Lemma 4.2 (Scalar estimate with a bounded divergence source). Let w ∈ L∞(Q2r) ∩L2
tH

1
z (Q2r)

be a weak solution of

wt − div(B∇w) = div J, |B| ≤ Λ, ξ⊤Bξ ≥ κ|ξ|2, J ∈ L∞.

The matrix B need only be measurable. There are γ ∈ (0, 1) and A < ∞, depending only on
dimension, κ, and Λ, such that

rγ [w]Cγ,γ/2(Qr) ≤ A
(
∥w∥L∞(Q2r) + r∥J∥L∞(Q2r)

)
. (4.5)

11
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Proof. This is the bounded-source case of the scalar local Hölder theorem of Aronson and Serrin
[14]; an explicit statement under the original structural assumptions is also given by Aronson
[15, p. 7]. Choose divergence flux A(z, t, u, q) = Bq + J and zero nondiffergence source. Then

q · A ≥ κ
2 |q|2 − |J |2

2κ , |A| ≤ Λ|q| + |J |.

The lower-order structural coefficients multiplying u can all be set to zero. The two inhomogeneous
structural functions can be taken as |J |/

√
2κ and |J |. They are bounded and satisfy the local

mixed-integrability requirements of the original theorem. These inequalities use no symmetry of
B. With truncation test function (w − a)+ζ

2, the source term is controlled by

|J · ∇(w − a)+|ζ2 ≤ κ
2 |∇(w − a)+|2ζ2 + Cκ|J |21{w>a}ζ

2.

Scalar iteration gives the estimate on a unit cylinder. Under z = z0 + rẑ and t = t0 + r2t̂, the
vector source becomes rJ , giving (4.5).

Suppose the maximal classical branch has endpoint T∗ < ∞ and |k| ≥ δ∗ > 0 on [0, T∗).
By (3.3) and the gradient bound,

det A ≥ (1 − c2)δ2
∗

2d+1a2
+

, tr A ≤ 1
2

(
d+ (M + cK(T∗))2

a2
−

)
.

Dividing the determinant lower bound by the dth power of the trace upper bound gives a positive
lower bound on the least eigenvalue. Hence B is bounded and uniformly coercive. The vector
sources in (3.9) are uniformly bounded; their pointwise divergences need not be controlled.
Applying Lemma 4.2 separately to p, s1, . . . , sd yields uniform whole-space parabolic Hölder
bounds on every [ε, T∗). Each application is scalar, with the coefficients of the actual solution.

We next use the localized Schauder estimate of Lunardi [13, Theorem 5.1.10, p. 192]. If

wt − aijwij − biwi = f

is uniformly parabolic on Q2r and its coefficients and f belong to Cθ,θ/2, then

∥w∥C2+θ,1+θ/2(Qr) ≤ Ar
(
∥w∥L∞(Q2r) + ∥f∥Cθ,θ/2(Q2r)

)
. (4.6)

This local form follows by nested space-time cutoffs, extension of the coefficients preserving
ellipticity, and Hölder interpolation to absorb the first-order cutoff terms. The constant depends
on the ellipticity bounds, coefficient Hölder norms, dimension, and r. It requires no data beyond
the upper endpoint of the cylinder.

Choose 0 < θ < min{α, γ}. The gradient estimates give uniform parabolic Hölder norms for
A, F . On a cylinder centered at (ℓ0, y0), subtract the constant h0(ℓ0, y0) from h. The height
bound (3.10) and the global Lipschitz property of h0 give a uniform local function bound.
Applying (4.6) to (3.1) yields second spatial derivatives and the time derivative. The drifts
in (3.4) and the gradient-equation sources are now Hölder continuous with uniform bounds. A
further application gives third spatial derivatives of h. Differentiating the gradient equations
once more produces commutators containing only controlled derivatives of order at most three,
and a final application gives fourth spatial derivatives. The equation then controls two spatial
derivatives of hτ .

On nested positive-time strips, for some θ > 0,

sup
ε≤τ<T∗

(
∥f(τ)∥C4+θ

b
+ ∥fτ (τ)∥C2+θ

b

)
< ∞, f = h− h0. (4.7)

The whole-space norms follow by taking the supremum of fixed-radius local estimates, with
distant point pairs controlled by derivative suprema. Constants may depend on higher-order
primitive derivative bounds, but remain bounded as τ ↑ T∗.

12
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4.3 Strong endpoint traces and continuation

Lemma 4.3. If (4.7) holds, then for every 0 < η < θ there is f∗ ∈ bc4+η such that

f(τ) → f∗ in bc4+η, fτ (τ) → F(f∗) in bc2+η. (4.8)

If p ≤ −a− and |k| ≥ δ∗ hold before the endpoint, then the trace satisfies (4.3).

Proof. For ε ≤ s < t < T∗, the time-derivative bound gives ∥f(t) − f(s)∥C2+θ
b

≤ A|t − s|. The
difference also has a uniform C4+θ

b bound. Hölder interpolation [13, Proposition 1.1.3 and
Section 1.2] yields

∥f(t) − f(s)∥
C4+η

b
≤ Aη|t− s|(θ−η)/2. (4.9)

The interpolation weight is determined by 4+η = a(2+θ)+(1−a)(4+θ), so a = (θ−η)/2. Each
f(t) has higher Hölder regularity and therefore belongs to bc4+η. Completeness gives the strong
limit. The map (4.2) is continuous from this space to bc2+η, proving the second convergence.
Uniform gradient convergence preserves the margins in the open-set conditions.

Proposition 4.4 (Continuation of the uniformly parabolic branch). Under Assumption 2.2 and
inf |k0| > 0, a finite maximal uniformly parabolic existence time T∗ < ∞ implies

lim inf
τ↑T∗

inf
ℓ,y

|k(ℓ, y, τ)| = 0. (4.10)

Under (2.7), the classical branch exists on every finite horizon and satisfies (2.14).

Proof. If (4.10) fails, the earlier compact time strips and the positive lower bound near the
endpoint give a positive margin throughout [0, T∗). The preceding two subsections provide a
strong trace, and Lemma 4.1 restarts the solution, a contradiction. The separation condition
gives

Πk = Πλ, |k| ≥ |Πλ| ≥ δ,

which excludes a finite maximal time. The initial strict solution, positive-time estimates, and (4.9)
give high-order strong continuity. The maximum principle makes constructions on different
horizons agree on their common intervals.

The criterion allows the infimum to approach zero along states escaping to infinity. It concerns
continuation of the uniformly parabolic branch. Finite-order degeneracy is treated separately in
Section 6.

4.4 Coefficient comparison and uniform intervals for one correlated factor

Let n = d = 1, 0 < |ρ| < 1, and C = ρ. Define

cρ = β′ − λ′/ρ, gρ = λλ′/ρ− (βλ)′ − λ′′/2, k0 = λ+ ρh0y. (4.11)

Lemma 4.5. Every classical branch satisfies

(∂τ − Lh)k = cρk + gρ. (4.12)

Proof. Since k = λ+ ρs, the gradient equation gives

(∂τ − Lh)k = ρλ′

p

(
k

p
pℓ − ρpy

)
+ ρβ′s− ρkλ′(1 + p−1) − 1

2λ
′′ − byλ

′.

Substituting by = ρkpℓ/p
2 − ρ2py/p + β + s − ρk(1 + p−1) cancels the Hessian terms and the

terms involving ρk(1 + p−1), leaving ρβ′s− (β + s)λ′ − λ′′/2. Substituting ρs = k− λ proves the
claim.
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Theorem 4.6 (Scalar nondegeneracy conditions). Under Assumption 2.2, suppose there are
e ∈ {−1, 1} and δ0 > 0 such that

ek0 ≥ δ0, egρ ≥ 0.

The smooth-preference conclusions of Theorem 2.4 hold, with its lower bound on |k| replaced by

ek ≥ δ0e
−∥c−

ρ ∥∞τ . (4.13)

Alternatively, if constants 0 < k ≤ k satisfy

k ≤ k0 ≤ k, cρk + gρ ≥ 0, cρk + gρ ≤ 0, (4.14)

then k ≤ k ≤ k on every horizon, and the optimal dual coefficient has the uniform bound

|ν∗| ≤
√

1 − ρ2

|ρ|
sup

y, a∈[k,k]
|a− λ(y)|. (4.15)

Proof. After an exponential time change in (4.12), compare ek with the deterministic subsolution
on the right of (4.13). The reaction coefficient is globally bounded and the drift is bounded
on each existing compact strip, so whole-space comparison applies. Constant subsolutions and
supersolutions prove the case (4.14). The positive margin and Proposition 4.4 give every finite
horizon. The financial conclusions follow from the common verification in Section 5. Finally,
s = (k − λ)/ρ and (2.15) give (4.15).

The constant conditions also admit an exact necessity statement. In the following result,
assume further that β, λ ∈ C∞

b . Fix 0 < k < k and suppose λ(y) ∈ [k, k]. Let Uk,k consist of all
state-dependent utilities satisfying the smooth-preference conditions and having initial k0 in this
interval. Individual utilities may have different finite derivative bounds and risk-aversion bounds.

Theorem 4.7 (A necessary and sufficient uniform interval condition). The interval [k, k] is
preserved by the classical branch for every U ∈ Uk,k if and only if

cρ(y)k + gρ(y) ≥ 0, cρ(y)k + gρ(y) ≤ 0 (y ∈ R). (4.16)

When these conditions hold, the classical value and optimal portfolio exist on every finite horizon
for each utility in the class, and (4.15) holds uniformly over horizons and the preference class.

Proof. Sufficiency follows from Theorem 4.6. Suppose cρ(y0)k+ gρ(y0) < 0 at some y0. Choose a
smooth compactly supported cutoff χ, equal to one near y0, with 0 ≤ χ ≤ 1. Set

k0(y) = χ(y)k + (1 − χ(y))λ(y), ψ′(y) = k0(y) − λ(y)
ρ

.

Since ψ′ has compact support, it has a bounded smooth antiderivative. Choose a smooth
nonhomothetic utility U0 satisfying the required conditions, such as the two-power utility in
Appendix A, and put U(x, y) = eψ(y)U0(x). This utility belongs to the specified class and realizes
the chosen k0. Near y0, k0 equals k and all its spatial derivatives vanish. The initial strict
solution is differentiable in time, so

kτ (ℓ, y0, 0) = cρ(y0)k + gρ(y0) < 0.

The solution immediately crosses the lower endpoint, a contradiction. If the upper inequality
fails, replace k by k in the construction to obtain the same contradiction.
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The necessity statement quantifies over state-dependent preferences. For a fixed state-
independent utility, the initial quantity k0 = λ is prescribed, and (4.16) remains a sufficient
condition.

An explicit market family is

β = 0, λ(y) = a+ b tanh(ωy), ω > 0, ρb > 0, a > |b| + |ρ|ω. (4.17)

Writing ty = tanh(ωy) gives

cρ = −λ′/ρ, gρ = λ′

ρ
{a+ (b+ ρω)ty}, λ′/ρ > 0.

Since |b+ ρω| = |b| + |ρ|ω, we can choose

k = a− |b| − |ρ|ω, k = a+ |b| + |ρ|ω.

For state-independent utility, k0 = λ lies in this interval. Hence
a− |b| − |ρ|ω

a+
≤ ϑ∗

x
≤ a+ |b| + |ρ|ω

a−
, |ν∗| ≤

√
1 − ρ2

(2|b|
|ρ|

+ ω

)
. (4.18)

The same conclusion holds for state-dependent utility whose initial k0 lies in the displayed
interval. For state-independent preferences satisfying Assumption 2.3, Theorem 5.4 gives these
conclusions under the same market conditions.

In arbitrary dimensions, on a given horizon T , suppose

λ0 = inf
y

|λ(y)| > 0, cK(T ) < λ0, (4.19)

which gives |k| ≥ λ0 − cK(T ) > 0. Proposition 4.4 and the subsequent verification yield all
conclusions on that horizon. This condition provides a finite-horizon neighborhood of zero
covariance.

5 Optimal wealth, convex duality, and utility approximation

5.1 Recovering the value from its marginal function

First impose Assumption 2.2 and let h be the solution constructed in the preceding section. Set

u(x, y, τ) = eh(log x,y,τ), p̂(x, y, τ) = p(log x, y, τ), k̂(x, y, τ) = k(log x, y, τ).

Let a(y, τ) solve the linear Cauchy problem

aτ = 1
2∆ya+ β · ∇ya− eh(0,y,τ)|k(0, y, τ)|2

2p(0, y, τ) , a(y, 0) = U(1, y) (5.1)

and define
V̂ (x, y, τ) = a(y, τ) +

∫ x

1
u(r, y, τ) dr. (5.2)

The source is bounded on every finite horizon and has the required Hölder regularity. Thus a is
supplied by linear parabolic theory or the Feynman–Kac formula.

Lemma 5.1. The function (5.2) satisfies (2.12) with initial value U , and

V̂x = u > 0, V̂xx = up̂/x < 0, ∇yV̂x = u s(log x, y, τ).

For every finite T , there are A,N0 < ∞ such that

|V̂ (x, y, τ)| + u(x, y, τ) ≤ A(1 + xN0 + x−N0),
|Ũ(z, y)| ≤ A(1 + zN0 + z−N0), U+(x, y) ≤ A(1 + x), (5.3)

uniformly over the factor state and 0 ≤ τ ≤ T .
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Proof. Reversing the marginal transformation yields

uτ = 1
2∆yu+ β · ∇yu− ∂x

(
|λu+ C⊤∇yu|2

2ux

)
.

Thus the HJB residual of V̂ is independent of x. At x = 1, equation (5.1) makes it zero. The
fundamental theorem of calculus gives the initial value and the stated derivatives.

Boundedness of h0(0, y) gives positive uniform lower and upper bounds on Ux(1, y). Integrating
the risk-aversion interval gives, for x ≥ 1,

Ux(1, y)x−a+ ≤ Ux(x, y) ≤ Ux(1, y)x−a− .

For 0 < x ≤ 1, the endpoint exponents are exchanged. The height estimate (3.10) then bounds
u, and integration in (5.2) gives two-sided polynomial growth bounds for V̂ . Logarithmic terms
are dominated by a slightly larger power. The inverse marginal I(z, y) = (Ux(·, y))−1(z) also
has finite power bounds at both endpoints. The identity Ũ(z, y) = U(I(z, y), y) − zI(z, y) gives
the conjugate bound. Finally, for x ≥ 1, concavity gives U(x, y) ≤ U(1, y) + Ux(1, y)(x − 1).
Monotonicity treats x ≤ 1, proving the uniform linear bound on the positive part.

5.2 Optimal wealth and marginal density on the given probability space

Define the proportional exposure

κ(ℓ, y, τ) = −k(ℓ, y, τ)
p(ℓ, y, τ) . (5.4)

It is bounded on every finite strip and, for smooth data, has the required local Lipschitz regularity.
Couple the factor equation with

dℓ∗t =
(
κ(ℓ∗t , Yt, T − t) · λ(Yt) − 1

2 |κ(ℓ∗t , Yt, T − t)|2
)

dt+ κ(ℓ∗t , Yt, T − t)⊤ dWt (5.5)

and take ℓ∗0 = log x. Local Lipschitz regularity gives a pathwise unique local strong solution, and
bounded drift and diffusion exclude finite-time explosion. Put X∗

t = eℓ
∗
t . Then X∗

t > 0, and
ϑ∗
t = X∗

t κt satisfies the original wealth equation.
For every q > 0, the bounded logarithmic drift and martingale quadratic variation imply

E sup
0≤t≤T

(
(X∗

t )q + (X∗
t )−q) < ∞. (5.6)

To obtain this bound, apply the exponential martingale and Doob inequalities to positive and
negative multiples of the martingale part. Taking q = 2 yields E

∫
|ϑ∗|2 < ∞.

Apply the localized Itô formula to V̂ (X∗
t , Yt, T − t) along the optimal feedback. Completing

the square in the Hamiltonian makes the drift zero. The bounds (5.3) and (5.6) dominate its
running absolute value by an integrable random variable. Hence

V̂ (x, y, T ) = EU(X∗
T , YT ). (5.7)

Let Mt = u(X∗
t , Yt, T − t) and st = s(ℓ∗t , Yt, T − t). Equation (3.1) and Itô’s formula give

dMt

Mt
= −λ(Yt)⊤ dWt + (D⊤st)⊤ dBt. (5.8)

Indeed, the traded coefficient of d logM is

pκ+ C⊤s = −k + C⊤s = −λ,
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the orthogonal coefficient is D⊤s, and the drift is −(|λ|2 + |D⊤s|2)/2. Applying Itô’s formula to
the exponential gives (5.8).

Set z = M0 and L∗ = M/z. Then L∗ has the form (2.10), with ν∗ = −D⊤s. Bounded
coefficients make L∗ a strictly positive true martingale with all finite positive and negative
moments and the required running maximum moments. The product L∗X∗ has zero drift and
bounded proportional diffusion coefficients (κ− λ,D⊤s). Consequently,

E[L∗
TX

∗
T ] = x, Ux(X∗

T , YT ) = zL∗
T . (5.9)

Proposition 5.2 (Verification and uniqueness in the admissible class). The function V̂ equals
the value function (2.4). In the original admissible class, optimal terminal wealth is unique almost
surely, the optimal wealth process is unique up to indistinguishability, and the traded exposure is
unique with respect to dt⊗ dP.

Proof. For any admissible wealth Xϑ, the product L∗Xϑ is a nonnegative local martingale. Hence

E[L∗
TX

ϑ
T ] ≤ x.

The local calculation is first stopped where the density, wealth, and integrated squared exposure
are bounded, and the stopping times are then removed. Bounded λ and the square-integrability
condition make Xϑ

T integrable, so the positive part of utility is integrable. The statewise Fenchel
inequality gives

EU(Xϑ
T , YT ) ≤ EŨ(zL∗

T , YT ) + zx

= EU(X∗
T , YT ) = V̂ (x, y, T ).

The conjugate term is integrable by (5.3) and the density moment bounds; equality uses (5.9).
The argument also covers competitors whose utility has infinite negative-part expectation.

Admissible wealth and exposure pairs form a convex set. If two optimal terminal wealths
differ with positive probability, strict concavity makes their average yield strictly larger expected
utility, a contradiction. For any optimal wealth X, its terminal value equals X∗

T . Thus the
nonnegative supermartingale L∗X has initial and terminal expectations both equal to x. It is a
true martingale closed by its terminal value, and

L∗
tXt = E[L∗

TX
∗
T | Ft] = L∗

tX
∗
t .

Positivity of L∗ gives equality of the wealth paths. Uniqueness of continuous semimartingale
decomposition then gives

∫ T
0 |ϑt − ϑ∗

t |2 dt = 0 almost surely.

5.3 Dual attainment and uniform control bounds

The following proposition isolates the duality argument used below.

Proposition 5.3. Suppose U(1, ·) is bounded, utility and its conjugate satisfy (5.3), the finite
value function satisfies Vx > 0 and Vxx < 0, and, for every fixed (y, T ), its marginal maps (0,∞)
onto (0,∞). For each initial wealth, assume an admissible optimal wealth with finite expected
utility and a density with bounded coefficients satisfy (5.9). Assume the coefficient bound is
independent of initial wealth and the factor state. Then

v(z, y, T ) = sup
x>0

{V (x, y, T ) − zx}, V (x, y, T ) = inf
z>0

{v(z, y, T ) + zx}. (5.10)

The fixed-multiplier and outer dual problems are uniquely attained. Whenever a deterministic
control bound contains all the constructed optimal coefficients, the truncated and untruncated
values agree for every initial state and multiplier.
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Proof. For z > 0, surjectivity and strict monotonicity of the marginal select the unique x with
Vx(x, y, T ) = z. Take the corresponding X∗, L∗. For every other density Lν with bounded
coefficients, LνX∗ is a nonnegative local martingale, and therefore

EŨ(zLνT , YT ) ≥ EU(X∗
T , YT ) − zE[LνTX∗

T ]
≥ V (x, y, T ) − zx.

The density L∗ gives equality in both steps. Strict concavity makes the same x the unique
maximizer in the Legendre transform; the outer multiplier z = Vx(x, y, T ) also gives equality.
This proves conjugacy and attainment.

If another density L attains the same fixed-multiplier value, let its terminal Fenchel gap
against X∗

T be
∆ = Ũ(zLT , YT ) + zLTX

∗
T − U(X∗

T , YT ) ≥ 0.

The budget inequality gives 0 ≤ E∆ ≤ 0. Thus zLT = Ux(X∗
T , YT ) = zL∗

T . The two true
martingales have the same terminal value, so their entire paths and Brownian coefficients agree.
If (z, L) is another optimal outer pair, set z∗ = Vx(x, y, T ). Then

0 = E∆ + z{x− E[LTX∗
T ]}.

Both terms are nonnegative, giving zLT = z∗L∗
T and the budget equality. Substitution yields

(z∗/z)x = x, so z = z∗. Finally, a truncation containing the actual optimal coefficient leaves each
minimum unchanged.

The proposition also applies to the enlarged density class LT . This class consists of (2.10)
generated by predictable coefficients satisfying

∫ T
0 |νt|2 dt < ∞ almost surely. The densities

are strictly positive on the entire interval, including the terminal time, and may be strict local
martingales. Since

Ũ(zLT , YT ) ≥ U(1, YT ) − zLT , ELT ≤ 1,

the negative part of the conjugate is integrable, and the preceding lower bound remains valid
in the extended expectation sense. If such a density attains the value, Fenchel equality forces
LT = L∗

T . Its terminal expectation is one, so it is itself a closed true martingale and the same
uniqueness proof applies.

The risk-aversion interval makes ℓ 7→ h(ℓ, y, T ) strictly decreasing and onto R. The smooth
construction therefore satisfies the proposition’s marginal-surjectivity condition. Formula (2.15)
completes the portfolio and duality conclusions of Theorems 2.4 and 4.6.

A deterministic coefficient bound also implies that
∫
ν∗ dB is BMO, namely

sup
σ≤T

∥∥∥∥∥E
[∫ T

σ
|ν∗
t |2 dt

∣∣∣∣∣Fσ

]∥∥∥∥∥
∞
< ∞,

where the supremum is over stopping times. The converse fails. The deterministic function
νt = (T − t)−1/4 is unbounded for t < T , while every remaining conditional energy is at most
2
√
T . Exact deterministic truncation uses the essential bound on the coefficient itself.

5.4 Approximation of state-independent C4 utility

Theorem 5.4. Let β, λ ∈ C4+α
b . Suppose the market satisfies (2.7), or a condition of Theorem 4.6

applicable to k0 = λ. For every utility satisfying Assumption 2.3, the C4-utility conclusions of
Theorem 2.4 hold. The fixed-horizon condition (4.19) is also sufficient on the corresponding
horizon.
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Proof. Let ηε be a nonnegative compactly supported mollifier on R, and set hε0 = h0 ∗ ηε. Global
Lipschitz continuity gives

−a+ ≤ (hε0)′ ≤ −a−, ∥hε0 − h0∥∞ ≤ a+ε

∫
|r|η(r) dr. (5.11)

Define (U ε)′(x) = exphε0(log x) and U ε(1) = U(1). Each mollified utility satisfies the smooth
assumptions. The preceding classical construction and verification give its actual solutions hε, V ε.

By (3.11),
sup

0≤τ≤T
∥hε(τ) − hδ(τ)∥∞ ≤ ∥hε0 − hδ0∥∞.

After subtracting any fixed member, the family is therefore uniformly Cauchy on the whole
space-time strip. The gradient estimate is uniform in the mollification parameter, and the initial
factor gradient is zero. Lemma 3.4 gives a uniform time modulus. The limit has the original
initial trace and satisfies

sup
ℓ,y

|h(ℓ, y, τ) − h0(ℓ)| ≤ AT (
√
τ + τ). (5.12)

The market conditions give a positive lower bound on |kε| uniform in ε. On any positive
remaining-time strip, apply Lemma 4.2 and the subsequent Schauder estimates to the divergence
equations for the gradients. The local estimates are applied to hε after subtracting its center
constant. The function bound follows from the uniform gradient bound, time modulus, and (5.11).
Thus the required higher derivatives are uniformly controlled on positive-time compact sets,
without using higher derivatives of hε0. Extract a subsequence and identify its derivative limits
through the uniform function limit. This gives a classical marginal solution at positive times.

The source in the recovery equation (5.1) is bounded on every finite horizon and has local
parabolic regularity at positive times. Its semigroup integral defines a, with a → U(1) at time
zero. Formula (5.2) gives a classical candidate value and the HJB equation, with locally uniform
terminal trace U . Estimate (5.12) and the risk-aversion bounds give the uniform wealth-growth
bounds needed for verification.

The feedback coefficients are locally Lipschitz on every [0, T − δ] and bounded on [0, T ).
The local strong solutions agree on overlaps. Bounded drift and quadratic variation give a
finite continuous terminal limit for log-wealth, with all the moments in (5.6). Perform classical
verification and the marginal-density Itô calculation up to T − δ, then let δ ↓ 0. Estimate (5.12)
and the wealth moments identify the terminal marginal U ′(X∗

T ), while bounded density coefficients
give true martingales. The arguments of Propositions 5.2 and 5.3 apply, yielding admissibility,
optimality, uniqueness, and all dual conclusions.

5.5 Legendre geometry

Let x = x(q, y, τ) be the unique solution of Vx = eq, and define

W(q, y, τ) = V (x(q, y, τ), y, τ) − eqx(q, y, τ).

Envelope and implicit differentiation give

P = −Wq = eqx, Q = Wqq − Wq = − e2q

Vxx
> 0,

H = Q/P = −1/p, G = ∇yWq/Q = −s, k = λ− C⊤G. (5.13)

All primal and dual quantities are evaluated at corresponding states. If P0 = eqI(eq, y) and
Q0 = H0P0 are the terminal quantities, and ∥h− h0∥∞ ≤ AT , then

e−AT /a− ≤ P

P0
≤ eAT /a− ,

a−
a+
e−AT /a− ≤ Q

Q0
≤ a+
a−
eAT /a− . (5.14)
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Indeed, the marginal equations h(ℓ, y, τ) = q and h0(ℓ0, y) = q, together with |h0ℓ| ≥ a−, imply
|ℓ− ℓ0| ≤ AT /a−. Combine this with P = eqeℓ and H ∈ [1/a+, 1/a−].

The dual equation is

Wτ = 1
2∆yW + β · ∇yW + 1

2 |λ|2Q− (Cλ) · ∇yWq − (∇yWq)⊤R∇yWq

2Q . (5.15)

Its second-order linearization has matrix

Ad = 1
2

(
|λ|2 +G⊤RG −(Cλ+RG)⊤

−(Cλ+RG) Id

)
, det Ad = k⊤(In − C⊤C)k

2d+1 .

At a state with the required classical derivatives, degeneracy of this principal matrix is therefore
equivalent to vanishing of the entire optimal traded exposure. The uniform lower bound in (5.14)
concerns normalized curvature; unnormalized Q is strictly positive pointwise.

6 Finite-order degeneracy and strong optimal portfolios

6.1 Commutator rescaling and uniform local estimates

This section proves Theorem 2.5. In coordinates (ℓ, y) ∈ R2, define

X0 = λ(y)∂ℓ, Y = ∂y.

The nonzero iterated commutators are, up to sign,

adjY X0 = λ(j)(y)∂ℓ. (6.1)

Condition (2.16) therefore gives Hörmander’s spanning condition of step at most m + 1. For
0 < ε ≤ 1, set

vεj (y) = εjλ(j)(y), Xε
j = vεj∂ℓ (0 ≤ j ≤ m), Y = ∂y. (6.2)

All these vector fields have zero Euclidean divergence. Write Zε = (Xε
0 , . . . , X

ε
m, Y ) and let dε be

their control distance. An absolutely continuous curve with controls ai has velocity and length

γ̇ =
∑
i

aiZ
ε
i (γ),

∫ (∑
i

|ai|2
)1/2

dt,

respectively. The distance is the infimum of these lengths over curves joining the two prescribed
points. The distance d0 is generated by X0, Y .

Lemma 6.1 (A parameter-uniform local modulus). On a fixed compact spatial neighborhood, let
wε be bounded local-energy weak solutions of

∂tw
ε −

∑
i,j

Zεi (aεijZεjwε) =
∑
i

bεiZ
ε
iw

ε +
∑
i

Zεi J
ε
i + f ε. (6.3)

The local energy condition requires wε and its indicated horizontal derivatives to be square-
integrable on compact cylinders. Suppose aε is uniformly bounded and uniformly positive definite
in the vector-field index space, and bε, Jε, fε, wε have bounds independent of ε. On smaller
compact cylinders separated from the initial time, there are A < ∞ and γ ∈ (0, 1), independent
of ε, such that

|wε(z, t) − wε(z′, t′)| ≤ A
(
dε(z, z′) + |t− t′|1/2)γ . (6.4)

The family is locally equicontinuous in the ordinary topology. At fixed ℓ, the distance on the right
can be replaced by |y − y′| + |t− t′|1/2.
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Proof. Fix compact sets K0 ⋐ K1 and a positive distance from the initial time. Write

δ2
m = inf

y

m∑
j=0

|λ(j)(y)|2 > 0.

At every point of K1, one of the determinants formed by Y and adjY X0 has magnitude at least
δm/

√
m+ 1. The required finite-order coefficient norms are bounded on a neighborhood of

K1. The scaling in (6.2) is the commutator scaling of Capogna et al. [16, Section 4]. Their
Propositions 4.4 and 4.6 supply constants CD, CP and a radius r0 > 0, independent of ε, such
that

|Bε(z, 2r)| ≤ CD|Bε(z, r)|,∫
Bε(z,r)

|f − fBε(z,r)|2 ≤ CP r
2
∫
Bε(z,2r)

|Zεf |2, (6.5)

for z ∈ K0 and 0 < r < r0. Here balls and averages use dε and Lebesgue measure. Redundant
signed copies in the commutator list change the control norm by a factor bounded in terms of
m. These estimates therefore hold for the displayed fields. Since their Euclidean speeds are
uniformly bounded, r0 can also be chosen so that all these balls lie in K1. A common doubling
dimension larger than two can be used throughout.

For ε > 0, the control distance satisfies |Zεdε(·, z0)| ≤ 1 almost everywhere in the horizontal
dual norm. Metric cutoffs therefore have uniform horizontal derivative bounds. The divergence
flux aεξ + Jε in the weak equation satisfies

ξ · (aεξ + Jε) ≥ κ
2 |ξ|2 − |Jε|2

2κ , |aεξ + Jε| ≤ Λ|ξ| + |Jε|.

The nondiffergence term is bounded by |bε||ξ| + |f ε|. All structural functions in Capogna et
al. [16, (3.2)] can therefore be chosen bounded. Fixed mixed-integrability exponents satisfying
their strict inequalities can be selected for the common doubling dimension. These choices are
independent of ε.

There is also a uniform local energy bound. Let η be a space-time cutoff, compactly supported
in space and vanishing at the lower time boundary. Testing (6.3) with wεη2 and using Young’s
inequality gives

sup
t

∫
|wε|2η2 +

∫∫
η2|Zεwε|2

≤ C

∫∫
|wε|2(|ηηt| + |Zεη|2 + |bε|2η2) + C

∫∫
(|Jε|2 + |f ε| |wε|)η2. (6.6)

The integrals are over the cutoff cylinder, and the supremum is over its time interval. The
constant depends on the lower and upper ellipticity bounds in the field indices. Steklov averages
justify this test for local-energy weak solutions.

For Qεr(z, t) = Bε(z, r)×(t−r2, t) contained in the given cylinder, the inhomogeneous Harnack
inequality in Capogna et al. [16, Theorem 1.2], applied to positive oscillations, gives constants
0 < ϑ < 1 and σ > 0 for which

oscQε
r/8
wε ≤ ϑ oscQε

r
wε + Crσ.

All constants are uniform for 0 < r < r0. The bounded source norms enter the last constant; the
drift has a uniformly bounded rescaled norm. Iterating on nested backward cylinders gives (6.4).

Adding the rescaled fields can only shorten distance, so dε ≤ d0. The local ball-box estimate
for the fixed-step system gives

d0(z, z′) ≤ A|z − z′|1/(m+1),

for nearby points, with constants determined by finite-order coefficient bounds and the spanning
margin on the compact neighborhood. At fixed ℓ, direct motion along Y gives d0((ℓ, y), (ℓ, y′)) ≤
|y − y′|. These inequalities prove both continuity conclusions.
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6.2 Auxiliary markets and their gradient equations

Take m+ 1 traded Brownian motions W 0, . . . ,Wm, independent of the factor Brownian motion
B, with risk-price vector

vε = (λ, ελ′, . . . , εmλ(m)), Λ2
ε =

m∑
j=0

(vεj )2. (6.7)

For every ε > 0, inf Λε > 0. Theorem 5.4 therefore gives the value function and strong optimal
portfolio for this orthogonal auxiliary market. Denote its marginal quantities by hε, pε, sε. Since

sup
ε≤1

∥vε∥∞ < ∞, sup
ε≤1

∥(vε)′∥∞ < ∞,

the gradient bounds are uniform in ε. These two norms converge to ∥λ∥∞ and ∥λ′∥∞, respectively.
Put a(p) = 1/(2p2) and define

Pεw = wτ −
m∑
j=0

Xε
j (a(pε)Xε

jw) − 1
2Y

2w

−
m∑
j=0

vεj
2(pε)2X

ε
jw − (β + sε)Y w. (6.8)

The gradients satisfy

Pεp
ε = 0,

Pεs
ε =

m∑
j=0

Xε
j

(
−

(vεj )′

pε

)
+ β′sε −

m∑
j=0

vεj (vεj )′
(

1 + 1
pε

)
.

(6.9)

To verify these identities, write the auxiliary marginal equation as

hετ = ∂ℓ

(
− Λ2

ε

2pε

)
+ 1

2h
ε
yy + βsε + 1

2(sε)2 − 1
2Λ2

ε(1 + (pε)−1).

Differentiate in ℓ and y, using pεy = sεℓ and ∂yΛ2
ε = 2

∑
j v

ε
j (vεj )′. Differentiation of the source

through the gradients gives the horizontal drifts in (6.8). Explicit differentiation of the flux
gives the horizontal divergence in (6.9). The calculation divides only by pε, never by a risk-price
component.

The principal matrix in the vector-field indices is diagonal, with its first m+ 1 entries equal to
a(pε) and its last entry equal to 1/2. The risk-aversion interval makes it uniformly positive definite.
The drifts, vector sources, and scalar sources have bounds independent of ε. Each approximation
is classical at positive times and satisfies the local energy requirement; estimate (6.6) bounds
that energy uniformly on smaller cylinders. Lemma 6.1 gives a uniform Hölder modulus for pε, sε
on positive-time compact sets. Lemma 3.4 also applies to hε. A diagonal subsequence therefore
satisfies

hε → h, pε → p, sε → s, (6.10)

locally uniformly on positive-time compact sets. Integration along spatial line segments gives
p = hℓ and s = hy. Local uniform convergence of the bounded fluxes and sources passes the
marginal equation to the limit in distributional form and gives

sup
ℓ,y

|h(ℓ, y, τ) − h0(ℓ)| ≤ AT (
√
τ + τ). (6.11)

Passing to the limit in the auxiliary gradient bounds, and using convergence of the coefficient
norms, yields the precise bound K(T ) for the original risk price.
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6.3 Recovery of ordinary classical derivatives from the factor equation

The preceding compactness gives ordinary first derivatives of h. Second factor derivatives of the
value are obtained from a separate equation. For fixed x > 0, the auxiliary value satisfies

V ε
τ − 1

2V
ε
yy − βV ε

y = qε(x, y, τ), V ε(x, y, 0) = U(x), (6.12)

where
qε(x, y, τ) = −Λε(y)2xeh

ε(log x,y,τ)

2pε(log x, y, τ) . (6.13)

On every compact wealth interval, the source is uniformly bounded over all factor states and finite
horizons. This follows from the risk-aversion interval, uniform time modulus, and boundedness
of h0 on that wealth interval.

Let Pt be the factor semigroup. The Feynman–Kac formula gives

V ε(x, y, τ) = U(x) +
∫ τ

0
Pτ−rq

ε(x, ·, r)(y) dr. (6.14)

The sources converge locally uniformly to

q(x, y, τ) = −λ(y)2xeh(log x,y,τ)/(2p(log x, y, τ)).

For initial wealth and factor states in compact sets, the contribution of r ∈ [0, δ] is at most CT δ.
On [δ, T ], first restrict the factor path to a large compact set and use local uniform convergence
of the source there. The complementary contribution is bounded by a constant times the exit
probability of the factor, which tends to zero uniformly over the compact set of initial states.
Indeed, Yt = y +Bt +

∫ t
0 β(Yu) du and β is bounded. Letting ε ↓ 0, then enlarging the compact

set and taking δ ↓ 0, proves local uniform convergence of (6.14). Its limit defines V .
Fix a compact wealth interval I ⋐ (0,∞) and nested factor cylinders Qr ⋐ Q2r at positive

remaining times. At each fixed ℓ, the direct Y path in Lemma 6.1 gives

sup
0<ε≤1, x∈I

∥qε(x, ·, ·)∥Cγ,γ/2(Q2r) < ∞.

Local uniform convergence, combined with Hölder interpolation, gives convergence of the sources
in every smaller exponent η ∈ (0, γ). For example,

∥qε − qε
′∥Cη,η/2 ≤ C∥qε − qε

′∥1−η/γ
∞ ,

on the fixed cylinder, uniformly in x ∈ I. The factor Schauder estimate applied to the difference
of (6.12) then gives

∥V ε(x) − V ε′(x)∥C2+η,1+η/2(Qr)

≤ C
(
∥V ε(x) − V ε′(x)∥L∞(Q2r) + ∥qε(x) − qε

′(x)∥Cη,η/2(Q2r)
)
. (6.15)

Both terms tend to zero uniformly on I. To check the wealth parameter, apply the same estimate
to V ε(xj , ·, ·) − V ε(x, ·, ·) for xj → x. Joint local equicontinuity of the sources gives uniform
convergence of their differences, and interpolation gives convergence in each smaller Hölder
exponent. The value differences are uniformly small because V ε

x = eh
ε is uniformly bounded on

compact wealth intervals. Passing to the limit proves joint continuity of Vy, Vyy, Vτ .
Wealth derivatives follow from the marginal integral identity. For example, pass to the limit

in
V ε(x2, y, τ) − V ε(x1, y, τ) =

∫ x2

x1
eh

ε(log r,y,τ) dr

and then differentiate to obtain

Vx = eh, Vxx = ehp/x < 0, Vxy = ehs. (6.16)
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Together with the factor equation, this proves the classical HJB equation

Vτ = 1
2Vyy + βVy − λ2V 2

x

2Vxx
. (6.17)

All marginal quantities here are evaluated at ℓ = log x.
Zero exposure in each auxiliary market gives V ε ≥ U(x), hence V ≥ U(x). The uniform

marginal bounds and the representation at x = 1 give, for all y and τ ≤ T ,

|V (x, y, τ)| ≤ AT (1 + xN + x−N ), V +(x, y, τ) ≤ AT (1 + x). (6.18)

The second bound also follows from concavity and the uniform bounds on V (1, y, τ) and Vx(1, y, τ).
Formula (6.14) gives the locally uniform terminal trace U .

6.4 Pathwise uniqueness from optimality

Lemma 6.2. In the orthogonal market with bounded λ and bounded globally Lipschitz β, let v
solve (6.17) classically at positive remaining times, have locally uniform terminal trace U , and
satisfy vx > 0, vxx < 0, v ≥ U(x), and (6.18). Suppose its maximizing proportional exposure

κ = −λvx/(xvxx)

is bounded on each finite horizon and continuous at positive remaining times, and the feedback
system has a weak solution. Assign any bounded value to the feedback at calendar time T ; this
leaves its stochastic integrals unchanged. Every weak feedback solution then attains v in the
original admissible class on its Brownian filtration. The feedback system is pathwise unique and
has a strong solution on the original Brownian probability space.

Proof. Every weak feedback solution has bounded logarithmic drift and diffusion, hence all finite
positive and negative running wealth moments. Apply Itô’s formula to v(Xt, Yt, T − t) before
the terminal time. The maximizing feedback gives zero drift. The growth bound dominates its
running absolute value by an integrable function of the positive and negative running wealth
powers. It is a uniformly integrable martingale. Continuity of the state path and the local
uniform terminal trace identify its terminal value as U(XT ), so its expectation is v(x, y, T ).

For an arbitrary admissible competitor, fix a cash shift a > 0. The wealth X + a starts from
x+a and is self-financing under the same exposure. The HJB inequality makes v(Xt+a, Yt, T − t)
a local supermartingale bounded below by U(a). Localization and Fatou’s lemma at the terminal
time give

EU(XT + a) ≤ v(x+ a, y, T ).

Since U(XT ) ≤ U(XT + a) and the positive part is integrable, letting a ↓ 0 gives EU(XT ) ≤
v(x, y, T ). This argument applies to any filtration in which the driving coordinates remain
Brownian motions.

Now place two weak feedback solutions with the same initial state on one Brownian space.
The factor equation is Lipschitz, so the factor paths agree. Both wealth processes are admissible
and optimal, and their average is admissible. Strict concavity forces equality of their terminal
wealths. Let the minimal martingale density be

Z = E
(

−
∫
λ(Yt) dWt

)
.

For either feedback wealth, ZX has bounded proportional diffusion coefficient κ − λ and is a
true martingale. Hence

ZtX
1
t = E[ZTX1

T | Ft] = E[ZTX2
T | Ft] = ZtX

2
t .
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Positivity of Z gives equality of the wealth paths, proving pathwise uniqueness. Weak existence
and pathwise uniqueness yield strong existence on the given probability space by the Yamada–
Watanabe theorem [18]. Any other optimal strategy has the same terminal wealth. Its nonnegative
supermartingale ZX has equal initial and terminal expectations, so the terminal value likewise
determines its entire wealth path and exposure.

6.5 Weak limits of auxiliary controls and dual densities

For the strong auxiliary-market optimizers, the proportional exposures and orthogonal density
coefficients are

κεj = −vεj/pε, νε = −sε.

They are uniformly bounded in ε and the initial state. Consider jointly optimal log-wealth, the
factor, the logarithm of the normalized marginal density, and all driving Brownian coordinates.
This joint process has bounded drift and diffusion. The Burkholder–Davis–Gundy inequality
gives fourth-moment increment bounds of order |t− s|2, hence tightness of the continuous-path
laws.

Let Ξε collect these coordinates, and write Gεt for their joint generator. For each ϕ ∈ C∞
c ,

the process
ϕ(Ξεt ) − ϕ(Ξε0) −

∫ t

0
Gεuϕ(Ξεu) du

is a martingale. On [0, T −δ], the generators converge locally uniformly by (6.10). Their bounded
coefficients and tightness control excursions outside compact sets; the integral over the last interval
of length δ is bounded by Cϕδ. Testing against bounded continuous functions of finitely many
earlier coordinates and passing to the limit preserves the martingale identities. Localized linear
and quadratic tests preserve all cross-variations. In particular, the retained driving coordinates
are continuous martingales with covariance matrix tI. Lévy’s characterization makes them a
vector Brownian motion in the joint limiting filtration. Its coordinates are independent. The
limit satisfies

dℓt = (κλ− κ2/2) dt+ κ dW 0
t , κ = −λ/p,

dYt = β(Yt) dt+ dBt,
dLt
Lt

= −λ(Yt) dW 0
t + s(ℓt, Yt, T − t) dBt. (6.19)

For j ≥ 1, the auxiliary traded coefficients vanish in the limit. More precisely, the uniform second
wealth moment gives

E
∫ T

0
|ϑεj |2 dt ≤ CT ε

2j .

This constructs the weak feedback solution required by Lemma 6.2. That lemma identifies V as
the value of the original market and gives pathwise uniqueness and strong existence on the given
probability space. All possible subsequential value limits consequently agree, and the marginal
derivatives in (6.16) are uniquely determined.

The auxiliary normalized marginal identity is

Lεt = exphε(ℓεt , Yt, T − t)
exphε(log x, y, T ) .

On [0, T − δ], local uniform convergence of hε and weak convergence of the joint continuous
paths pass this identity to the limit, first at rational times and then by continuity. As t ↑ T , the
deterministic estimate (6.11) gives

|h(ℓt, Yt, T − t) − h0(ℓt)| ≤ AT
(√
T − t+ T − t

)
.
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The right-hand side tends to zero. The bounded coefficients of log-wealth give a finite continuous
terminal limit. Since h0(ℓ) = logU ′(eℓ), the terminal identity is

Lt = exph(ℓt, Yt, T − t)
z

, U ′(XT ) = zLT , z = exph(log x, y, T ). (6.20)

This identity is obtained through the joint martingale-law limit. Classical Itô verification is
applied to the constructed V . Given the strong feedback state and Brownian coordinates, the
linear density equation has a unique solution, so the identity transfers to the given probability
space.

The proportional diffusion coefficients of L and LX are bounded. Both are therefore true
martingales, and E[LTXT ] = x. Proposition 5.3 now gives unique attainment in the fixed-
multiplier and outer dual problems. Since −a+ ≤ hℓ ≤ −a−, each multiplier selects a unique
initial wealth. The bound |ν∗| ≤ K(T ) is uniform over this choice and gives exact deterministic
truncation. This completes the proof of Theorem 2.5.

6.6 Examples and the scope of degeneracy

For example, λ(y) = tanh y satisfies

λ2 + (λ′)2 = tanh2 y + sech4 y ≥ 3
4 ,

whereas λ(y) = sin y makes the same sum identically one. For any fixed positive integer r, the
first nonzero derivative of (tanh y)r and (sin y)r at a zero has order r. Their behavior at infinity
or periodicity then verifies (2.16).

For an orthogonal factor satisfying dY = b(Y ) dt+ aF (Y ) dB with 0 < a0 ≤ aF ≤ a1, set

Φ(y) =
∫ y

0
aF (v)−1 dv, β̄ = (b/aF − a′

F /2) ◦ Φ−1, λ̄ = λ ◦ Φ−1.

If the normalized coefficients belong to C∞
b and

inf
y

m∑
j=0

|(aF∂y)jλ(y)|2 > 0, (6.21)

then Theorem 2.5 transfers to the original factor coordinate through the Lamperti transformation.
The optimal coefficient in that coordinate is ν∗ = −aF∂y log Vx. Admissibility under this
transformation is checked in Appendix C.

The finite-order condition is uniform. Infinitely flat zeros, an open interval on which the risk
price vanishes, simultaneous decay at infinity of all the indicated derivatives, and endogenous
zero-participation sets in general correlated markets lie outside its hypotheses. Appendix B gives
another class of factor degeneracies with an exact regularity classification.

7 Wealth-dependent hedging and dual information

7.1 The exact dual value under factor information

Consider one traded risk and one orthogonal factor, dY = β(Y ) dt+ dB. Assume β, λ ∈ C4+α
b ,

0 < λ0 ≤ λ ≤ M , and λ is nonconstant. Terminal utility is state-independent, with conjugate

Ũ(z) =
J∑
j=1

cjz
−rj , cj > 0, rj > 0, (7.1)

where at least two exponents are distinct and repeated exponents have been combined. This
utility satisfies the smooth-preference assumptions; see Appendix A.
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Set

Zt = E
(

−
∫ t

0
λ(Yu) dWu

)
, Nν

t = E
(

−
∫ t

0
νu dBu

)
, At =

∫ t

0
λ(Yu)2 du.

The factorization Lν = ZNν holds even when ν uses the full filtration. Let FB
t denote the factor

Brownian filtration and define

DB(x, y, T ) = inf
z>0, ν bounded and FB-predictable

{EŨ(zZTNν
T ) + zx}. (7.2)

This quantity restricts the information available to the dual coefficient.
Set κr = r(r + 1)/2. For A ≥ 0, define

F(x,A) = min
z>0

∑
j

cje
κrjAz−rj + xz

 . (7.3)

The objective is strictly convex and tends to infinity at both endpoints. Its unique minimizer
ζx(A) satisfies

x =
∑
j

rjcje
κrjAζx(A)−rj−1. (7.4)

The implicit function theorem gives smoothness, positive lower and upper bounds, and bounded
derivatives on compact A intervals.

Proposition 7.1. The restricted dual problem is attained by a bounded factor-predictable coeffi-
cient, and

DB(x, y, T ) = EyF(x,AT ).

Proof. For a factor-predictable coefficient, condition on the entire B path. The terminal factor
density Nν

T is then known and the traded integral is Gaussian, so

E[Z−r
T | FB

T ] = eκrAT .

Using ENν
T = 1, the restricted objective equals

E

∑
j

cje
κrjAT (zNν

T )−rj + xzNν
T

 ≥ EF(x,AT ).

Set zB = Eζx(AT ) and prescribe terminal factor density NT = ζx(AT )/zB. It has deterministic
positive lower and upper bounds and expectation one.

Let Y v be the factor started at v and define

H(t, a, v) = 1
zB

Eζx

(
a+

∫ T−t

0
λ(Y v

u )2 du
)
.

For 0 ≤ a ≤ M2t, the argument of ζx lies in [0,M2T ], so H has a uniform positive lower bound.
The initial-state derivative of the factor is Ju = exp(

∫ u
0 β

′(Y v
r ) dr). Hence

|Hv| ≤ Te∥β′∥∞T ∥(λ2)′∥∞
zB

sup
0≤a≤M2T

|ζ ′
x(a)|.

Differentiating under the expectation and using the backward equation justify Itô’s formula
for Nt = H(t, At, Yt), giving dNt = Hv(t, At, Yt) dBt. Thus νt = −Hv/H is bounded and
factor-predictable, realizes the prescribed terminal density, and attains the pointwise minimum
in (7.3).
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7.2 Strict improvement with the full filtration

Theorem 7.2. For every x > 0, y ∈ R, and T > 0,

V (x, y, T ) = D(x, y, T ) < DB(x, y, T ) = EyF(x,AT ). (7.5)

The unique bounded optimal dual coefficient is not factor-predictable. In particular, it cannot be
a deterministic function of time and the current factor alone.

Proof. Suppose a bounded factor-predictable coefficient ν is locally optimal, at a fixed multiplier
z > 0, against every bounded predictable perturbation on the full filtration. For such a
perturbation a, put

Ja =
∫ T

0
at dBt +

∫ T

0
atνt dt.

The exact density ratio is

log N
ν+εa
T

Nν
T

= −εJa − 1
2ε

2
∫ T

0
a2
t dt.

Exponential moments of stochastic integrals with bounded integrands justify differentiating the
objective under expectation. Define

RT =
∑
j

rjcjz
−rjL

−rj

T , Rt = E[RT | Ft], dRt = HB
t dBt +HW

t dWt.

The first variation is E[RTJa]. Martingale representation, Itô isometry, and conditional expecta-
tion yield

0 = E
∫ T

0
at(HB

t + νtRt) dt, HB + νR = 0 dt⊗ dP-a.e. (7.6)

For each exponent r, let

Srt = E[eκrATN−r
T | FB

t ], dSrt = hrt dBt.

Conditional Gaussian integration over future traded noise gives

E[L−r
T | Ft] = Z−r

t e−κrAtSrt .

Substituting into (7.6) yields∑
j

rjcjz
−rjZ

−rj

t e−κrjAt(hrj

t + νtS
rj

t ) = 0. (7.7)

For almost every t > 0, condition on FB
t . The parenthesized coefficients are known, while Z−1

t is
a nondegenerate lognormal random variable with support (0,∞), since At ≥ λ2

0t. Distinct real
powers are linearly independent on this interval. Indeed, divide a vanishing finite sum by its
largest power and let the argument tend to infinity, then proceed by induction. Thus hrt = −νtSrt
for every exponent.

Uniqueness of the linear stochastic equation gives Srt = Sr0Nt. At the terminal time,

NT = (Sr0)−1/(r+1)erAT /2. (7.8)

Two distinct exponents force AT to be deterministic.
The function λ2 is nonconstant. Choose two small neighborhoods on which its ranges are

separated. Construct two continuous factor paths from the same initial state y, each reaching one
of these neighborhoods in an arbitrarily short initial period and remaining there until the terminal
time. Their opportunity clocks differ when the initial period is sufficiently short. Gronwall’s
inequality makes the solution map of the additive-noise factor equation continuous with respect
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to the driving path. Each factor path γ corresponds to the driving path γt − y −
∫ t

0 β(γu) du.
Brownian full support and continuity of the opportunity-clock functional give two disjoint clock
intervals with positive probability, contradicting (7.8).

Proposition 7.1 supplies a bounded optimizing pair for the restricted problem. If its value
equaled the full-information value, its coefficient would also be locally optimal against all full-
filtration perturbations at the same multiplier, giving the preceding contradiction. The inequality
is therefore strict. Theorem 2.4 supplies attainment of the full dual problem, and the same
argument excludes factor predictability of its optimizer.

The optimal coefficient has the wealth–factor Markov representation (2.15). The theorem
shows that the wealth coordinate generally cannot be removed. Inequality (7.5) concerns a
restriction on dual information. It does not define or compare the investor’s welfare under a
different information constraint on the primal portfolio.

7.3 Purchasing-power preferences and short-horizon hedging demand

Let U0 be a state-independent utility satisfying Assumption 2.2, and let g ∈ C6+α
b (Rd). Define

U(x, y) = U0(xe−g(y)). (7.9)

Here eg(YT ) is the terminal price index relative to the unit in which wealth is measured, with
deterministic positive lower and upper bounds. If h00(ℓ) = logU ′

0(eℓ), then

h0(ℓ, y) = h00(ℓ− g(y)) − g(y),
p0 = h′

00(ℓ− g(y)), s0 = (AU0(eℓ−g(y)) − 1)∇g(y),
Ũ(z, y) = Ũ0(zeg(y)). (7.10)

These identities follow from the chain rule and a change of variables in the definition of the
conjugate. Boundedness of g places e−g(y) in a compact subset of the positive axis, and all the
required preference conditions follow.

Write

A0(ℓ, y) = AU0(eℓ−g(y)), vg(y) = C⊤∇g(y), H(ℓ, y, τ) = C⊤s(ℓ, y, τ)
−p(ℓ, y, τ) .

The vector H is the factor-hedging component of proportional exposure.

Proposition 7.3 (Short-horizon purchasing-power demand). In a market covered by the smooth
nondegenerate results, for every fixed finite T there is AT < ∞ such that∣∣∣∣H(ℓ, y, τ) −

(
1 − 1

A0(ℓ, y)

)
vg(y)

∣∣∣∣ ≤ AT τ,∣∣∣∣∣ϑ∗(eℓ, y, τ)
eℓ

− λ(y)
A0(ℓ, y) −

(
1 − 1

A0(ℓ, y)

)
vg(y)

∣∣∣∣∣ ≤ AT τ, (7.11)

for all states and 0 ≤ τ ≤ T .

Proof. By (2.14), ∥hτ∥C1
b

is bounded on [0, T ]. Hence ∥p(τ) − p0∥∞ + ∥s(τ) − s0∥∞ ≤ AT τ . Both
denominators −p and −p0 are at least a−. Substitute (7.10) into the feedback (5.4) and estimate
the differences of the quotients to obtain both inequalities.

Consider the normalized power utilities

uγ(x) =
{

(x1−γ − 1)/(1 − γ), γ ̸= 1,
log x, γ = 1

,
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and set U0 = c1uγ1 + c2uγ2 , where ci > 0 and 0 < γ1 < 1 < γ2. Its relative risk aversion

AU0(x) = c1γ1x
−γ1 + c2γ2x

−γ2

c1x−γ1 + c2x−γ2

tends to γ2 > 1 at low wealth and to γ1 < 1 at high wealth.

Corollary 7.4. Under these purchasing-power preferences and the smooth nondegenerate market
assumptions, fix y0 with vg(y0) ̸= 0. There exist a low-wealth compact interval, a high-wealth
compact interval, a neighborhood of y0, and τ0 > 0 such that, for 0 ≤ τ ≤ τ0,

H(log x, y, τ) · vg(y) > 0 on the low-wealth interval,

H(log x, y, τ) · vg(y) < 0 on the high-wealth interval.

Proof. The two endpoint limits of risk aversion and boundedness of g allow us to choose compact
wealth intervals on which A0 −1 has respectively a strictly positive and a strictly negative margin.
Shrink the factor neighborhood so that |vg| has a positive lower bound. The terminal inner
product is (1 −A−1

0 )|vg|2, with opposite signs and uniform margins on the two compact state
sets. Estimate (7.11) preserves these signs for sufficiently short horizons.

This corollary describes a change in the direction of the factor-hedging component. For
U0(x) = log x, one has s0 = 0 and the price index contributes only an additive utility term.
Direct calculation gives

V (x, y, τ) = log x+ Ey
[

1
2

∫ τ

0
|λ(Yt)|2 dt− g(Yτ )

]
, ϑ∗/x = λ, ν∗ = 0.

General power mixtures and bounded logarithmic modulations are developed in Appendix A.

8 Attainment under square-integrable strategies

8.1 Proof of the terminal-payoff criterion

Throughout this subsection, c, U , Z, z, and H satisfy the hypotheses of Theorem 2.6. In
particular, c is deterministic and bounded, and the budget and integrability conditions are (2.17).
Write

A =
∫ T

0
c2
t dt

for the accumulated squared market price of risk.

Proof of Theorem 2.6. For any competing wealth process, ZX is a nonnegative local martingale.
The budget inequality and Fenchel’s inequality therefore give

EU(XT ) ≤ EŨ(zZT ) + zx = EU(H). (8.1)

Concavity bounds the positive part of utility by a linear function, while the square-integrability
condition makes XT integrable. The expectation is consequently well defined in the extended
sense.

Let
Hn = x

E[ZT (H ∧ n)] (H ∧ n).

The payoff is bounded, strictly positive, and measurable with respect to the traded Brownian
motion, because c is deterministic. Under dQ = ZT dP, the process WQ

t = Wt +
∫ t

0 cu du is
Brownian and remains independent of the additional factor Brownian motion. Hence conditioning
Hn on the full filtration is the same as conditioning it on the traded filtration. Martingale
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representation in that filtration gives a replication with initial wealth x and bounded nonnegative
wealth.

We verify square-integrable admissibility under P. With M = ∥c∥∞,

|ϑ|2 + 2cXϑ ≥ 1
2 |ϑ|2 − 2M2X2.

For a localizing sequence τj ↑ T and κ > 2M2, the stopped Itô identity gives

1
2E
∫ τj

0
eκt|ϑt|2 dt ≤ E[eκτjX2

τj
] −X2

0 .

The bounded replication wealth is continuous through T . Dominated convergence on the right
and monotone convergence on the left prove E

∫ T
0 |ϑt|2 dt < ∞.

The normalization constants decrease to one and are at least one, so U(Hn) ≥ U(H ∧ n).
The negative part of U(H ∧ 1) is integrable by (2.17). Subtracting that variable and applying
monotone convergence yields EU(H ∧ n) → EU(H). Together with (8.1), this proves the value
assertion and the existence of the approximating sequence.

If an admissible portfolio attains the value, its terminal Fenchel gap and budget slack are
nonnegative and have zero expected sum. Strict concavity forces XT = H. Every admissible
portfolio, however, satisfies

E|XT |2 ≤ 3x2 + 3(1 + TM2)E
∫ T

0
|ϑt|2 dt < ∞. (8.2)

This proves necessity.
Conversely, suppose H ∈ L2(P). Replicate the unnormalized payoffs H ∧ n, each at its own

initial price. For differences of two such replications, the exponential-square Itô estimate gives

E
∫ T

0
|∆ϑt|2 dt ≤ 2eκTE|∆H|2.

The initial-price difference satisfies |∆x|2 ≤ EZ2
T E|∆H|2. The wealth equation, Cauchy–Schwarz,

and the Burkholder–Davis–Gundy inequality then imply

E sup
t≤T

|∆Xt|2 + E
∫ T

0
|∆ϑt|2 dt ≤ CTE|∆H|2. (8.3)

The terminal truncations are Cauchy in L2(P), so the wealth processes and exposures converge
in the displayed spaces. Their initial prices converge to x. The limiting wealth is nonnegative,
has terminal value H, and satisfies the original wealth equation and admissibility conditions.
This is also a particular instance of a linear L2 backward stochastic equation [19].

Strict concavity determines the terminal wealth of every optimizer. For any optimal wealth,
the nonnegative supermartingale ZX has initial and terminal expectation x, and is therefore a
martingale closed by ZTH. This determines its wealth path. Uniqueness of the semimartingale
decomposition then determines the exposure.

8.2 A smooth utility with vanishing relative risk aversion

Fix ζ > 0 and b∗ > 1, and prescribe the inverse marginal utility

Iζ(z) = z−b∗ exp
{
ζ[log(1 + z−1)]2

}
. (8.4)

Define
Ũζ(z) =

∫ ∞

z
Iζ(r) dr, Uζ(x) = inf

z>0
{Ũζ(z) + xz}. (8.5)
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The condition b∗ > 1 makes this integral finite at every z > 0. The function Iζ is smooth, strictly
decreasing, and onto (0,∞). Consequently Uζ is a C∞, strictly increasing, strictly concave utility
with the Inada limits and Uζ(0) = 0. Its relative risk aversion is

AUζ
(Iζ(z)) =

[
b∗ + 2ζ log(1 + z−1)

1 + z

]−1

. (8.6)

It varies with wealth and tends to zero as wealth tends to infinity.
For A > 0, let N ∼ N(0, 1) and set

ZA = e−
√
AN−A/2, Hz,A = Iζ(zZA).

Lemma 8.1 (Exact moment boundary). For every q > 0 and z > 0,

EHq
z,A < ∞ ⇐⇒

{
qζA < 1/2, or
qζA = 1/2 and log z > A/2 + b∗/(2ζ)

. (8.7)

Proof. Set u =
√
AN + c0, where c0 = A/2 − log z. As N → +∞,

log(1 + eu) = u+O(e−u), log Iζ(e−u) = b∗u+ ζu2 + o(1).

After multiplication by the standard normal density, the logarithm of the integrand is

(qζA− 1/2)N2 + q
√
A{b∗ + 2ζ(A/2 − log z)}N +O(1). (8.8)

The O(1) remainder has a finite limit. A negative quadratic coefficient gives integrability, and a
positive one gives divergence. When the quadratic coefficient is zero, integrability on the positive
half-line holds exactly when the linear coefficient is strictly negative. If that coefficient also
vanishes, the integrand tends to a positive constant and its integral diverges. On the negative
half-line, Iζ(e−u) = eb∗u(1+o(1)), whose every positive power is integrable. This proves (8.7).

8.3 The horizon and wealth boundary for attainment

Theorem 8.2. For utility (8.5) and deterministic investment opportunities, suppose

0 < A <
1
2ζ . (8.9)

For every x > 0, the value in the original admissible class is finite, equals the static conjugate
value, and is smooth as a function of (x,A) on this open region. Attainment in (2.3) is classified
as follows.

1. If 0 < A < 1/(4ζ), the optimum is attained at every positive initial wealth.

2. If A = 1/(4ζ), define

zc = exp{A/2 + b∗/(2ζ)}, xc = E[ZAIζ(zcZA)].

The optimum is attained exactly when 0 < x < xc. It is not attained at x = xc or at any
larger wealth.

3. If 1/(4ζ) < A < 1/(2ζ), the supremum is not attained at any positive initial wealth.
In all three cases, the orthogonal dual coefficient ν = 0 attains the dual value.
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Proof. On every compact subset of (8.9), the budget integrand ZAIζ(zZA) and its parameter
derivatives admit Gaussian integrable bounds with a strict margin in the quadratic exponent.
The conjugate term has the same type of bound. Specifically, for large positive u, the substitution
r = e−v yields

Ũζ(e−u) = Ũζ(1) +
∫ u

0
e(b∗−1)v+ζ[log(1+ev)]2 dv.

This is bounded by a polynomial in 1 + u times eζu2+(b∗−1)u+O(1); for negative u it has order
e(b∗−1)u. Parameter differentiation of any fixed order introduces only polynomial factors. All
required expectations are therefore finite and smooth.

The budget map
x(z,A) = E[ZAIζ(zZA)]

is strictly decreasing, with strictly negative z-derivative E[Z2
AI

′
ζ(zZA)]. Monotone convergence

gives the limit infinity as z ↓ 0, while dominated convergence gives zero as z ↑ ∞. Every x > 0
consequently selects a unique smooth multiplier z(x,A). The terminal Fenchel equality makes
Uζ(H) = Ũζ(zZA) + zZAH nonnegative and integrable. Theorem 2.6 applies, and (8.7) with
q = 2 gives the attainment classification. At the critical point, strict decrease of the budget map
makes z > zc equivalent to x < xc.

Put
v(z,A) = EŨζ(zZA), Fζ(x,A) = inf

z>0
{v(z,A) + zx}.

Differentiating these integrable Gaussian expressions gives

vA = 1
2z

2vzz, vzz > 0, (Fζ)x = z, (Fζ)xx = −1/vzz < 0.

The implicit function theorem therefore gives smoothness of Fζ and

(Fζ)A = − (Fζ)2
x

2(Fζ)xx
. (8.10)

For a constant risk price c, the function V (x, τ) = Fζ(x, c2τ) solves the portfolio HJB equation
classically and has terminal trace equal to the original utility.

For each fixed z, choose x = x(z,A). The density ZA has zero orthogonal coefficient and
realizes the finite static conjugate value. Every other dual density with bounded coefficients gives
a Fenchel upper bound for the bounded replicating approximations in the proof of Theorem 2.6.
Letting their expected utilities converge to Fζ(x,A) shows that every competing fixed-multiplier
objective is at least v(z,A). Hence the zero orthogonal coefficient attains both the fixed-multiplier
and outer dual values.

For example, if b∗ = 2, ζ = 3/8, and the constant risk price is one, the critical horizon for
square-integrable attainment is T = 2/3, and the value is finite and smooth for 0 < T < 4/3.
The critical multiplier is zc = e3. In particular, at T = 1 every positive initial wealth has a finite
classical value, while the supremum is unattained in the original square-integrable strategy class.
A nondegenerate Brownian factor with any fixed correlation may be added, with coefficients
independent of it. The original asset and factor coefficients can all be smooth and bounded,
and both volatilities can be bounded away from zero. This example separates the moment
requirement on the optimal payoff from classical regularity of the value.

9 Conclusion
The risk-aversion interval and joint gradient estimate for logarithmic marginal utility provide
common a priori bounds for nonhomothetic portfolio choice. With several assets and state-
dependent preferences, a risk-price component outside the factor-hedging span ensures uniform
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parabolicity. A scalar reaction equation supplies another class of primitive conditions in correlated
single-factor markets. For state-independent utility, mollification reduces the assumptions to
C4 regularity and positive lower and upper bounds on relative risk aversion. In an orthogonal
single-factor market, finite-order zeros of the risk price remain compatible with a classical value
and a strong optimal portfolio on the given probability space. Bounded orthogonal coefficients of
the optimal density yield exact deterministic dual truncation, uniformly over initial states and
multipliers.

The moment condition for attainment plays a separate role. With deterministic opportunities
and an integrable static problem, attainment in the original class of exposures square-integrable
in expectation is equivalent to membership of the static optimal payoff in L2(P). The utility
family studied above gives a strict horizon and wealth boundary within a region of finite smooth
values. Short-horizon purchasing-power demand and the strict dual information result show how
nonhomothetic preferences make risk demand and the supporting measure depend on wealth.
The deterministic-factor classification in the appendix reduces value regularity to regularity of the
actual opportunity clock and realizes every finite order of derivative loss. These results concern
risk-price geometry, factor dynamics, and terminal-payoff integrability, under the assumptions
stated in the respective theorems.

A Power mixtures and relative curvature

A.1 Two classes of nonhomothetic utility mixtures

Let µ be a finite nonzero positive measure supported on [r−, r+] ⊂ (0,∞). Define

Ũ(z) =
∫
z−rµ( dr), U(x) = inf

z>0
{Ũ(z) + xz}, I(z) =

∫
rz−r−1µ( dr). (A.1)

Compact support permits differentiation under the integral to every order. The inverse marginal
I is strictly decreasing and maps (0,∞) onto itself. The unique minimizer is therefore smooth,
with U ′ = z and U ′′ = 1/I ′(z) < 0, and the Inada limits hold. As z ↑ ∞, both Ũ(z) and zI(z)
tend to zero, so U(0) = 0.

Terminal relative risk tolerance is

H0(q) =
∫
r(r + 1)e−rqµ( dr)∫

re−rqµ( dr) ∈ [1 + r−, 1 + r+]. (A.2)

This is the mean of r+1 under the probability measure re−rqµ( dr)/
∫
re−rqµ( dr). Its normalized

moments satisfy m′
j = −mj+1 +mjm1. All their derivatives are therefore polynomials in moments

of a random variable in a fixed compact interval, and are uniformly bounded. Since ∂ℓ = −H−1
0 ∂q,

all required logarithmic wealth derivatives of relative risk aversion are bounded. A bound on the
next derivative supplies the corresponding Hölder regularity, proving Assumption 2.2. If µ is not
concentrated at one point, H ′

0 is minus the variance of r under the tilted measure and is strictly
negative, so relative risk aversion is nonconstant. In every market covered by the paper,

1 + r− ≤ H ≤ 1 + r+.

A second class is defined directly through primal utility. Let χ be a finite nonzero positive
measure supported on [γ−, γ+] ⊂ (0,∞), and set

U(x) =
∫
uγ(x)χ( dγ), uγ(x) =

{
(x1−γ − 1)/(1 − γ), γ ̸= 1,
log x, γ = 1

. (A.3)

The integral representation uγ(x) =
∫ x

1 r
−γ dr removes the apparent singularity at γ = 1.

Consequently,

U ′(x) =
∫
x−γχ( dγ), AU (x) =

∫
γx−γχ( dγ)∫
x−γχ( dγ) ∈ [γ−, γ+].
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The same normalized-moment argument applies directly in logarithmic wealth coordinates.
Moreover, U(1) = 0 and h0(0) = logχ([γ−, γ+]). All smooth preference conditions hold, and the
exponent interval may lie on either side of one or cross one. If the measure is not concentrated
at a single point, ∂ℓAU is a strictly negative tilted variance, making the utility nonhomothetic.
Both constructions describe a single investor’s utility and a single common portfolio choice.

A useful two-power conjugate is

Ũ(z) = z−1 + 1
2z

−2, I(z) = z−2 + z−3, AU (I(z)) = z + 1
2z + 3 . (A.4)

Its true indirect relative risk tolerance remains in the interval 2 ≤ H ≤ 3 in every applicable
market.

A.2 Bounded logarithmic modulation and horizon-uniform curvature

Take a, r > 0 and f ∈ C6+α
b (R). Suppose that, for some 0 < e < 1,

1 − e ≤ f ≤ 1 + e, g = rf − f ′, inf g > 0, δf = ∥g′/g∥∞ < r. (A.5)

Define Ũf (z) = az−rf(log z) and let Uf be the associated utility obtained by the concave Fenchel
transform. Its inverse marginal is

I(z) = az−r−1g(log z), d log I(eq)
dq = −(r + 1) + g′(q)

g(q) .

Thus I ′ < 0, the range of I is the positive axis, and H0 = r+1−g′/g belongs to [r+1−δf , r+1+δf ].
The positive lower and upper bounds, composition estimates, and inverse-coordinate formula
show that Uf satisfies the smooth preference assumptions, with Uf (0) = 0. The function f need
not be periodic.

Proposition A.1. Suppose Uf and the reference conjugate Ũ0(z) = az−r are covered by the
same market theorem in this paper, and denote their true logarithmic dual values by Wf ,W0.
Then

(1 − e)W0 ≤ Wf ≤ (1 + e)W0, r + 1 − δf ≤ Hf ≤ r + 1 + δf ,

(1 − e)
(

1 − δf
r

)(
1 − δf

r + 1

)
≤ Qf
Q0

≤ (1 + e)
(

1 + δf
r

)(
1 + δf

r + 1

)
. (A.6)

The comparison constants are independent of the investment horizon.

Proof. For the same fixed multiplier and each admissible density, the terminal conjugates satisfy
(1 − e)Ũ0 ≤ Ũf ≤ (1 + e)Ũ0. Taking expectations and then infima gives the value comparison
by the proved dual representation. Preservation of the risk-aversion interval gives the bounds
on Hf . Homogeneity of the reference problem gives W0(q, y, τ) = e−rqA(y, τ), so P0 = rW0 and
Q0 = r(r + 1)W0.

For the modulated value, Pq = (1 −Hf )P , and hence for every u ≥ 0,

P (q)e−(r+δf )u ≤ P (q + u) ≤ P (q)e−(r−δf )u.

The value comparison implies Wf (q) → 0 as q → ∞. Therefore Wf (q) =
∫∞

0 P (q + u) du.
Integration yields (r − δf )Wf ≤ P ≤ (r + δf )Wf . Using Q = HfP and dividing by the reference
curvature proves the claim.

For example, if r = 1, f(q) = 1 + ε sin q, and 0 < |ε| ≤ 1/10, then

g(q) = 1 + ε(sin q − cos q), δf ≤
√

2|ε|
1 −

√
2|ε|

< 1.

Each such fixed nonzero amplitude is admissible on every finite horizon in the corresponding
global market classes.
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A.3 The power-utility representation for one correlated factor

If Ũ0(z) = az−r, then

U0(x) = (r + 1)a
(
x

ar

)r/(r+1)
.

In the one-asset, one-factor model, let

ϕτ = 1
2ϕyy + (β + rρλ)ϕy + r(1 + rρ2)

2 λ2ϕ, ϕ(y, 0) = 1. (A.7)

The Feynman–Kac representation makes ϕ strictly positive and smooth on each finite horizon.
The corresponding candidates are

V0(x, y, τ) = U0(x)ϕ1/(1+rρ2), W0(q, y, τ) = ae−rqϕ(r+1)/(1+rρ2). (A.8)

Writing V0 = U0F reduces the HJB equation to

Fτ = 1
2Fyy + (β + rρλ)Fy + r

2λ
2F + rρ2

2
F 2
y

F
.

For F = ϕγ , the coefficient of the quadratic gradient term is proportional to γ((1 + rρ2)γ − 1).
Thus γ = 1/(1 + rρ2) gives (A.7). This is the power transformation of Zariphopoulou [20] in the
present parameters. In the market classes covered here, the verification in Section 5 identifies it
with the true value.

B Exact regularity in deterministic factor regions

B.1 The opportunity clock for a compact mixture of powers

Take the conjugate mixture (A.1) from Appendix A, and set κr = r(r + 1)/2. For A ∈ R, define

Fµ(x,A) = min
z>0

{∫
eκrAz−rµ( dr) + xz

}
. (B.1)

The unique minimizer z = z(x,A) satisfies

x =
∫
reκrAz−r−1µ( dr).

Strict convexity, coercivity at both endpoints, and the implicit function theorem show that Fµ is
smooth on (0,∞) × R, with

(Fµ)A(x,A) =
∫
κre

κrAz(x,A)−rµ( dr) > 0. (B.2)

Negative values of A are used only to extend this deterministic function smoothly. Actual
opportunity clocks remain nonnegative.

Proposition B.1. In a market with bounded deterministic risk price ct, put A =
∫ T

0 c2
t dt. The

true value for the conjugate mixture (A.1) in the original class (2.3) is Fµ(x,A), and is attained
by a strictly positive wealth process. The filtration may contain additional independent Brownian
information.

Proof. Set Zt = E(−
∫ t

0 cu dWu) and z = z(x,A). Every admissible portfolio satisfies E[ZTXT ] ≤
x. The identity EZ−r

T = eκrA and Fenchel’s inequality make (B.1) a common upper bound.
Let At =

∫ T
t c2

u du, and define

Jr(t) = rz−r−1eκrAtZ−r−1
t , X∗

t =
∫
Jr(t)µ( dr), ϑ∗

t = ct

∫
(r + 1)Jr(t)µ( dr).
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Itô’s formula gives
dJr = (r + 1)ctJr dWt + (r + 1)c2

tJr dt.

The exponent set is compact and c is bounded, so all required moments are uniform in r,
permitting interchange of the parameter integral and stochastic integrals. Thus X∗ starts from
x, is strictly positive, and satisfies the wealth equation. It has running moments of every positive
order and square-integrable exposure. At the terminal time, X∗

T = I(zZT ) and E[ZTX∗
T ] = x.

The budget and Fenchel equalities prove optimality.

B.2 Local equivalence of regularity

Suppose the factor diffusion vanishes on a neighborhood of the reachable paths under consideration.
Its deterministic flow satisfies

φ̇u(y) = b(φu(y)), φ0(y) = y.

Define
A(y, τ) =

∫ τ

0
λ(φu(y))2 du. (B.3)

For each initial state the opportunity set is deterministic. Proposition B.1 gives V (x, y, τ) =
Fµ(x,A(y, τ)).

Theorem B.2. Fix x0 > 0. On an open set of factor and positive remaining-time states where
the preceding representation holds,

V (x0, ·, ·) ∈ C2,1
loc ⇐⇒ A ∈ C2,1

loc . (B.4)

At fixed horizon, the same equivalence holds for Cjloc and Cj,γloc , for every integer j ≥ 0 and
0 < γ ≤ 1. If the stated regularity holds at one positive wealth level, it holds at all positive wealth
levels.

Proof. Composition with the smooth function Fµ proves sufficiency. By (B.2), for fixed x0 the
map A 7→ Fµ(x0, A) has a smooth inverse near every actual clock value, including A = 0. Hence

A(y, τ) = Fµ(x0, ·)−1(V (x0, y, τ)),

locally. Smooth composition preserves the stated regularity classes on compact subsets, proving
necessity. Wealth derivatives and the required mixed derivatives follow from the chain rule for
the smooth outer function.

B.3 Every finite order of derivative loss

Proposition B.3. For every integer j ≥ 1, there exist globally Lipschitz market and factor
coefficients of at most linear growth, a constant strictly positive asset volatility, a smooth bounded
strictly positive risk price, and a nonhomothetic C∞ utility such that the true value is locally
Cj−1,1 but not Cj in the factor at zero. The optimizing portfolios for initial states in this
neighborhood satisfy (2.3). The construction applies to every fixed ρ ∈ (−1, 1).

Proof. Take the two-power utility (A.4), and set

b(y) = |y|, aF (y) =
{

0, |y| ≤ 1,
exp[−(y2 − 1)−2], |y| > 1

.

At ±1 all derivatives from outside the interval tend to zero, so the flat extension is smooth; its first
derivative is globally bounded. Choose χ ∈ C∞

c equal to one near zero, and put λ(y) = 1+εχ(y)yj ,
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where ε > 0 is small enough that λ ≥ 1/2. Take the asset volatility to be a constant σ0 > 0 and
the excess drift to be σ0λ. All coefficients satisfy the stated conditions.

For every fixed finite horizon, a sufficiently small initial y makes the entire factor path remain
where aF = 0 and χ = 1. The unique path is yeu for y ≥ 0 and ye−u for y < 0. Both Brownian
terms vanish, independently of ρ. The two opportunity clocks are exactly

A±(y, τ) = τ + 2εyj
∫ τ

0
e±ju du+ ε2y2j

∫ τ

0
e±2ju du. (B.5)

The derivatives of orders below j agree at zero, while

∂jyA+(0, τ) − ∂jyA−(0, τ) = 2ε(j − 1)!{ejτ + e−jτ − 2} > 0.

The true-value representation and (B.2) give

∂jyV+(x, 0, τ) − ∂jyV−(x, 0, τ) = 2ε(j − 1)!{ejτ + e−jτ − 2}(Fµ)A(x, τ) > 0. (B.6)

Piecewise smoothness and matching lower-order derivatives give Cj−1,1 regularity. Proposition B.1
supplies a strictly positive admissible optimizer for initial states in the neighborhood. Inverse
density moments under a bounded risk price also give a finite dual upper bound at every initial
factor state. The optimization problem is therefore finite globally.

In contrast, if b = aF = 0 and λ(y) = tanh y, then A(y, τ) = τ tanh2 y is smooth. The true
value for the same nonhomothetic utility remains smooth at y = 0, where the entire optimal
risky exposure vanishes. In the deterministic-factor class, equivalence (B.4) identifies regularity
of the actual opportunity clock.

C Time dependence, factor coordinates, and sensitivity

C.1 A Banach time topology for nonautonomous coefficients

For every finite calendar interval [0, T ], assume

β ∈ C1([0, T ];C4+α
b (Rd;Rd)), λ ∈ C1([0, T ];C4+α

b (Rd;Rn)). (C.1)

Time differentiation is taken in the displayed Banach norms. Thus, for a = β, λ,

sup
t≤T

(∥a(t)∥C4+α
b

+ ∥∂ta(t)∥C4+α
b

) < ∞, ∥a(t) − a(s)∥C4+α
b

≤ MT |t− s|.

Keep C constant and require
inf

0≤t≤T, y
|Πλ(t, y)| > 0. (C.2)

The terminal preference satisfies Assumption 2.2. Write the value as V (x, y, t;T ) and set
h(ℓ, y, τ) = log Vx(eℓ, y, T − τ ;T ).

Proposition C.1. Under (C.1)–(C.2), the smooth-preference conclusions of Theorem 2.4 hold
on every fixed interval [0, T ]. A single deterministic bound on the dual coefficient applies to all
initial calendar times, initial states, and multipliers within that interval.

Proof. Replace the autonomous coefficients in (4.2) by β(T − τ, y), λ(T − τ, y), and denote the
resulting map by FT (τ, f). On every bounded parabolic neighborhood, the Hölder product and
composition estimates give

∥FT (τ, f) − FT (σ, f)∥Eη
0

+ ∥DfFT (τ, f) −DfFT (σ, f)∥L(Eη
1 ,E

η
0 ) ≤ A|τ − σ|.
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The sectorial-domain verification in Lemma 4.1 is uniform on this neighborhood. Lunardi’s
nonautonomous local theorem [13, Theorem 8.1.1] therefore applies in the actual Banach norms.

The gradient estimate uses only spatial differentiation, so K(T ) is formed from the supremum
of the coefficient norms over [0, T ]. The height barriers hold with C0 = supτ≤T ∥FT (τ, 0)∥∞.
Time-Lipschitz coefficients and the established gradient bounds provide the parabolic Hölder
conditions in (4.6). The same spatial differentiation gives (4.7). Endpoint interpolation produces
a strong trace in bc4+η, and joint continuity of FT gives convergence of the time derivative in
bc2+η. The nonautonomous local theorem restarts the solution at this trace. The reconstruction
equation and Itô verification use coefficients at the current calendar time, and the budget and
duality arguments remain valid. Norms over the full interval also control every shorter remaining
horizon.

For the scalar comparison equation, calendar-time dependence contributes the source term
−λt. All coefficients below are evaluated at (T − τ, y):

(∂τ − Lh)k =
(
βy − λy

ρ

)
k + λλy

ρ
− (βλ)y − 1

2λyy − λt.

When the corresponding conditions on signed sources or deterministic subsolutions and superso-
lutions hold, the comparison argument of Theorem 4.6 continues to apply.

C.2 Nonconstant one-dimensional factor diffusion

Suppose the physical factor satisfies

dY = b(Y ) dt+ aF (Y )
(
ρ dW +

√
1 − ρ2 dB

)
, 0 < a0 ≤ aF ≤ a1 < ∞.

Assume the coefficients have the smoothness required for the transformations below; in particular,
take aF ∈ C6. The Lamperti transformation

z = Φ(y) =
∫ y

0
aF (v)−1 dv

is a global smooth increasing diffeomorphism. The normalized data are

β̄ = (b/aF − a′
F /2) ◦ Φ−1, λ̄ = λ ◦ Φ−1, Ū(x, z) = U(x,Φ−1(z)). (C.3)

Itô’s formula gives unit factor volatility in the normalized coordinate. Whenever (C.3) satisfies
the hypotheses of the applicable theorem, its conclusions transfer to the original coordinate. A
deterministic invertible change of factor coordinates preserves the filtration, the wealth equation,
and the expected integral of squared traded exposure. The original-coordinate feedback formulas
are

k = λ+ ρaF∂y log Vx, ϑ∗ = −xk/p, ν∗ = −
√

1 − ρ2 aF∂y log Vx.

The scalar source conditions are differentiated in the normalized coordinate. In the orthogonal
finite-order theorem, ∂z = aF∂y, so (6.21) becomes exactly (2.16). The corresponding normalized
coefficients must satisfy the C∞

b assumptions.

C.3 Initial-state sensitivity in smooth nondegenerate models

Proposition C.2. Fix a finite horizon covered by the smooth nondegenerate results. The optimal
orthogonal dual coefficient is continuously differentiable as a function of initial logarithmic
wealth and factors, with values in L2(Ω × [0, T ];Rd). The same conclusion holds with the initial
logarithmic multiplier in place of initial logarithmic wealth.
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Proof. Write Zt = (ℓ∗t , Yt). Its drift and diffusion columns from (2.2) and (5.5) are denoted
by b∗ and σ∗

j . The smooth nondegenerate estimates give uniform bounds on their first two
state derivatives over the fixed horizon. The variational matrix with respect to the initial state
a = (ℓ, y) satisfies

dJt = Db∗(Zt, t)Jt dt+
n+d∑
j=1

Dσ∗
j (Zt, t)Jt dBjt , J0 = I1+d, B = (W,B).

The Burkholder–Davis–Gundy and Gronwall inequalities give all required running moments of
finite order of J . Subtracting the equations for neighboring initial states yields E supt |Za+v

t −
Zat |r ≤ Ar|v|r. Expand the coefficients to first order. Their bounded second derivatives bound
the remainders by the squared state difference. Substitution into the integral equations shows
that the difference quotients converge in L2(Ω;C[0, T ]) to the displayed variational equation.
The same estimate for neighboring variational equations gives continuity of the derivative.

Since ν∗
t = −D⊤s(Zt, T − t),

Daν
∗
t = −D⊤∇ℓ,ys(Zt, T − t)Jt

holds in the stated L2 space. For an initial multiplier eq, the initial wealth is determined by
h(ℓ, y, T ) = q, with ℓq = 1/p and ∇yℓ = −s/p. The chain rule proves the second assertion.

Supplementary material and data availability
The supplementary file anc/identities.py contains exact symbolic calculations for the marginal
and gradient equations, principal matrices, density identities, utility transformations, and moment
boundaries. The calculations require no empirical dataset. The dependency specification and
execution instructions are included with the supplementary files.
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ChatGPT was used for proofreading and language editing. The authors retain responsibility for
the content of the manuscript.
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