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abstract

We study the heat-bath (Glauber) dynamics of the Sherrington–Kirkpatrick model
at zero external field and fixed inverse temperature β > 1. We sample the disorder
J and then a configuration X0 from the Gibbs measure, and run the continuous-
time dynamics with rate one per site from X0. Let T J(X0) be the first time at
which the law of the configuration, conditional on J and the realized X0, is within
total-variation distance 1/4 of the Gibbs measure. We prove lower and upper
bounds: for every fixed ω ∈ (0, 1/4), with probability tending to one,

Aβn7/30 < log T J(X0) ≤ n1−ω,

where Aβ > 0 depends only on β. Hence, if log T J(X0) = nζ+o(1), then 7/30 ≤
ζ ≤ 3/4; the physics literature suggests ζ = 1/3. Both bounds also hold for the
discrete-time chain.

These results improve on OpenAI’s work in the same setting in two ways.
First, OpenAI proved a lower bound with exponent 1/10000 [77, Theorem 1.1]
and an upper bound with exponent 1 − 1/40000000 [85, Theorem 1]. We follow
the architecture of both proofs. The lower bound adds a three-replica comparison
whose pressure deficit is cubic in the width of the overlap window, together with
the n−7/10 upper bound of Aronow and Lopatto [6, Theorem 1.1] on the mean
bias. The upper bound adds a pathwise cancellation between information and
energy, concentration estimates on a growing mesh, and a choice of exponents
that reaches every saving below 1/4. Second, OpenAI formalized its lower bound
in the Lean 4 proof assistant but not its upper bound; we have formalized both of
our bounds in Lean.

We also formalize two known results that we present. The first is OpenAI’s
theorem that the variance of the logarithm of the partition function is n1/3+o(1).
OpenAI’s own formalization of this theorem assumes a bound on positive log-
arithmic moments that is proved in their paper but not formalized; our formal
proof establishes this bound. The second is the consequence, recorded by Aronow
and Lopatto [6, Section 1.6], that the mean bias of the pressure is at least of order
n−5/6−ε for every fixed ε > 0.
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section 1

Introduction

The Sherrington–Kirkpatrick (SK) model is the mean-field Ising spin glass, in which every
pair of spins interacts through an independent Gaussian coupling [100]. Its equilibrium
theory is well developed. Parisi’s hierarchical ansatz [91] predicted the limiting free
energy, and this prediction was proved through Guerra’s interpolation bound [59] and
Talagrand’s matching lower bound [103]. At every fixed inverse temperature β > 1 and
zero external field, the minimizing Parisi measure is supported on an interval [0, qβ]; this
was proved by Zhou for β close to one [116, Theorem 1] and in [69, Theorem 1.1] for
every β > 1. Much less is known about the dynamics of the model at low temperature,
and about the finite-size corrections to its equilibrium quantities. This paper addresses
both.

Our main results concern the heat-bath dynamics, also called Glauber dynamics [58],
in which one spin at a time is resampled from its conditional law. For fixed β > 1, we
sample the couplings and then one configuration from the Gibbs measure, and run the
dynamics from this configuration. We prove that, with probability tending to one, the
law of the configuration at time exp(Aβn7/30) is still at total-variation distance greater
than τ from the Gibbs measure, for every fixed τ < 1/2 and a coefficient Aβ > 0 that
does not depend on τ (Theorem 1.1). In the other direction, for every fixed ω ∈ (0, 1/4),
the distance is at most 1/4 at time exp(n1−ω), again with probability tending to one
(Theorem 1.3). OpenAI proved bounds of both kinds in the same setting, with the same
joint law of the couplings and the initial configuration, the same clocks of rate one per
site, and the threshold 1/4: a lower bound at time exp(n1/10000) [77, Theorem 1.1] and an
upper bound at time exp(n1−1/40000000) [85, Theorem 1]. We follow the overall strategy
of both proofs. Let T J(X0) be the first time at which the distance from the Gibbs measure
is at most 1/4. Combining our two bounds, we find that if log T J(X0) = nζ+o(1), then
7/30 ≤ ζ ≤ 3/4 (Corollary 1.5). The proof of the lower bound uses the upper bound
n−7/10 of Aronow and Lopatto on the mean bias of the pressure [6, Theorem 1.1].

Our second contribution is a complete formal proof of Theorem 1.1 in the Lean 4
proof assistant [48, 108], together with formal proofs of two results that are not new. The
first is the fluctuation theorem Var(Fn) = n1/3+o(1) for the logarithm Fn of the partition
function (Theorem 1.6), which was stated and proved by OpenAI in [81, Theorem 1.1].
OpenAI’s public formalization of this theorem assumes a two-sided bound on positive
logarithmic moments of the centered completed log partition function, which is proved

1



1 Introduction 1.1 Main results 2

on paper in [81, Proposition 7.5]; our formal proof establishes this bound. We restate
the theorem with attribution, describe the structure of its proof, and reproduce the short
final step of that proof; we do not claim a new mathematical proof of Theorem 1.6. We
have formalized Theorem 1.3; see Section 22.5.

The second known result is a lower bound with exponent 5/6 on the mean bias
Pβ − n−1EFn, where Pβ = limn→∞ n−1EFn is the limiting pressure. It follows from
Theorem 1.6 and a variance–bias inequality of Aronow and Lopatto [8, Lemma 7.4
and Remark 7.14] that the mean bias is at least of order n−5/6−ε for every fixed ε > 0
(Corollary 1.7). This deduction was already recorded in [6, Section 1.6]; what is new here
is its formal proof. Together with the upper bound of [6], it shows that if the mean bias
is n−a+o(1), then 7/10 ≤ a ≤ 5/6.

1.1 Main results

For an integer n ≥ 2, let Σn = {−1, 1}n, and let J = (Jij)1≤i<j≤n be independent standard
Gaussian variables. We set Jji = Jij and Jii = 0. The Hamiltonian, the partition function,
and the Gibbs measure at inverse temperature β are

Hn(x) =
1√
n ∑

1≤i<j≤n
Jijxixj, Zn = ∑

x∈Σn

eβHn(x), π J(x) =
eβHn(x)

Zn
. (1.1)

We write R(x, y) = n−1 ∑n
i=1 xiyi for the overlap of x, y ∈ Σn, and Fn = log Zn.

In the heat-bath dynamics, each site carries an independent exponential clock of
rate one. When the clock of site i rings at a configuration x, the spin xi is replaced by
σ ∈ {−1, 1} with probability

pJ
i (σ | x) =

eβσhi(x)

2 cosh(βhi(x))
, hi(x) =

1√
n ∑

j ̸=i
Jijxj,

which is the conditional law of the ith spin under π J given the other spins. An update
may leave the configuration unchanged. We write PJ

t (x, ·) for the law at time t of this
process started at x, and K J for the transition matrix of the discrete chain that chooses a
site uniformly at random and performs one such update. One unit of continuous time
contains n update attempts on average. Both chains are reversible with respect to π J . For
x ∈ Σn, t ≥ 0, and integers k ≥ 0, we set

dJ(x, t) = ∥PJ
t (x, ·)− π J∥TV, dJ

disc(x, k) = ∥(K J)k(x, ·)− π J∥TV,

where ∥ν − ζ∥TV = 1
2 ∑x|ν(x)− ζ(x)|. We also write

T J(x) = inf{t ≥ 0 : dJ(x, t) ≤ 1/4}, T J
disc(x) = min{k ≥ 0 : dJ

disc(x, k) ≤ 1/4}
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for the mixing times of the two chains started at x. Since t 7→ dJ(x, t) is continuous
and nonincreasing (Lemma 3.2), we have T J(x) ≤ t if and only if dJ(x, t) ≤ 1/4, and
similarly in discrete time. Finally, PJ, X0∼π J denotes the joint law of the couplings J and
of a configuration X0 whose conditional law given J is π J ; see (3.16). These definitions
are given in detail in Section 3.

Theorem 1.1 (Barrier from typical equilibrium states). For every fixed β > 1 there exists
Aβ > 0 such that, for every fixed τ ∈ (0, 1/2),

PJ, X0∼π J
{

dJ(X0, eAβn7/30)
> τ

}
−→ 1, (1.2)

PJ, X0∼π J
{

dJ
disc

(
X0, ⌊eAβn7/30⌋

)
> τ

}
−→ 1. (1.3)

The configuration X0 is sampled once and then held fixed, so that dJ(X0, t) measures
the distance from equilibrium of the chain started at this particular configuration. If the
initial configuration were instead averaged over π J before the distance is taken, the law
at time t would be π J by stationarity, and the distance would vanish. Since the Gibbs
mass of the set of initial configurations in the event of (1.2) takes values in [0, 1] and has
expectation equal to the displayed probability, (1.2) is equivalent to the convergence of
this Gibbs mass to one in probability over the disorder; this observation is made after [77,
Theorem 1.1] and is recalled in Section 3. The coefficient Aβ depends only on β: the same
coefficient serves for every fixed threshold τ < 1/2 and for both clocks, while the rate
of convergence in (1.2) and (1.3) may depend on τ. The restriction τ < 1/2 comes from
spin-flip symmetry: for every configuration v, the half-space {y : R(v, y) ≤ 0} has Gibbs
mass at least 1/2, and the proof shows that, for a suitable configuration v with R(v, X0)

bounded away from zero, the chain started at X0 is unlikely to enter this half-space before
the stated time.

The exponent 7/30 is one third of the exponent 7/10 in the bound 0 ≤ Pβ − n−1EFn ≤
Cbn−7/10 on the mean bias proved in [6, Theorem 1.1], where we recall that Pβ is the
limiting pressure. The proof needs overlap constraints on a scale ρ whose pressure
deficit, of order ρ3 per spin, dominates the mean bias, and our counting argument
allows a time t with log t of order 1/ρ. With the bound n−7/10, we can take ρ ≍ n−7/30.
Section 1.6 explains this balance in more detail. A union bound over polynomially many
constraints in the argument requires nρ4 to be large compared with log n, so the present
argument gives no exponent of 1/4 or more, whatever the upper bound on the mean
bias. Theorem 1.1 is proved in Section 12.

Since total variation contracts under a Markov kernel that preserves π J , the distances
dJ(x, t) and dJ

disc(x, k) are nonincreasing in t and k. For every fixed A > 0 and κ < 7/30,
we have nκ < An7/30 for all sufficiently large n. Theorem 1.1 implies the following
statement with coefficient one, which is also proved in Section 12.



1 Introduction 1.1 Main results 4

Corollary 1.2 (Unit coefficient below the exponent 7/30). For every fixed β > 1, every fixed
κ ∈ (0, 7/30), and every fixed τ ∈ (0, 1/2),

PJ, X0∼π J
{

dJ(X0, enκ)
> τ

}
−→ 1, PJ, X0∼π J

{
dJ

disc

(
X0, ⌊enκ⌋

)
> τ

}
−→ 1.

The corollary does not assert coefficient one at the exponent 7/30 itself.
The proof gives more than the convergence of the probabilities in Theorem 1.1; we

record the stronger forms in Theorem 12.6. There exist A > 0 and, for each n, a disorder
event of probability at least 1 − Ce−cn1/15

on which the following holds for all sufficiently
large n. The set of initial configurations x with dJ(x, t) ≥ 1/2 − Ce−cn7/30

for every
t ≤ eAn7/30

, and with the analogous bound for the discrete chain, has Gibbs mass at
least 1 − Ce−cn7/30

. The same holds for the Metropolis dynamics and, more generally, for
every single-site dynamics with uniformly bounded rates that leaves π J stationary. For
every reversible such dynamics, the relaxation time is at least eAn7/30

/(Cn7/30). Finally,
the Gibbs mass of the slow initial configurations tends to one almost surely along the
full sequence of system sizes, however the disorders of different sizes are coupled. The
main change in the proof is a lower bound on Fn from the small-deviation inequality
of Paouris and Valettas for convex functions of Gaussian vectors [90, Theorem 2.1 and
Remark 2.4(3)], in place of Chebyshev’s inequality. We have formalized Theorem 1.1 and
Corollary 1.2 in Lean, but not Theorem 12.6; see Section 1.5.

Theorem 1.3 (Mixing from typical equilibrium states). For every fixed β > 1 and every fixed
ω ∈ (0, 1/4),

PJ, X0∼π J
{

dJ(X0, en1−ω) ≤ 1/4
}
−→ 1; equivalently PJ, X0∼π J

{
T J(X0) ≤ en1−ω} −→ 1.

As in Theorem 1.1, the configuration X0 is sampled once and then held fixed when
the distance dJ(X0, t) is formed, and the clocks have rate one per site, as in Section 3.3.
By the argument of Lemma 3.4, applied to the complementary events {dJ(X0, t) > 1/4},
Theorem 1.3 is equivalent to the convergence to zero, in probability over the disorder,
of the Gibbs mass of the initial configurations x with dJ(x, en1−ω

) > 1/4. The theorem
asserts nothing at ω = 1/4. It improves the exponent 1 − 1/40000000 of [85, Theorem 1],
and it is proved in Part IV. We have formalized Theorem 1.3; see Section 22.5.

For the discrete chain, we prove the same bound after ⌊en1−ω⌋ update attempts. Since
one unit of continuous time contains n update attempts on average, this number of
attempts corresponds to the time en1−ω

/n. Together with Theorem 1.1, we obtain two-
sided bounds in both time conventions.

Corollary 1.4 (Discrete time). For every fixed β > 1 and ω ∈ (0, 1/4),

PJ,X0∼π J{dJ
disc(X0, ⌊en1−ω⌋) ≤ 1/4} → 1.
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Corollary 1.5 (Two-sided typical-start bounds). For every fixed β > 1 and ω ∈ (0, 1/4),
with Aβ from Theorem 1.1,

PJ,X0∼π J
{

eAβn7/30
< T J(X0) ≤ en1−ω}→ 1,

PJ,X0∼π J
{
⌊eAβn7/30⌋ < T J

disc(X0) ≤ ⌊en1−ω⌋
}
→ 1.

In the notation of Section 3.5, Corollary 1.5 implies that if log T J(X0) = nζ+oP(1)

under PJ, X0∼π J for some ζ, then 7/30 ≤ ζ ≤ 3/4, and the same holds for T J
disc(X0).

The value ζ = 1/3 suggested by the physics literature (Section 1.3) lies in this interval.
Corollaries 1.4 and 1.5 are proved in Section 19.

Both arguments stop at the exponent 1/4. The proof of Theorem 1.1 needs
nρ4/ log n → ∞ for the overlap scale ρ, and the proof of Theorem 1.3 needs the chain of
inequalities ω < q < sb < sseq < e < uE < kf/2 ≤ 1/4 of Section 19.5. We do not know
whether this coincidence has a common explanation.

1.2 Two known results: fluctuations and the mean bias

The other two results that we present concern the fluctuations of Fn and the mean bias.
The first was proved by OpenAI. The paper [81] uses the uniform probability measure
on Σn instead of the counting measure in (1.1). This changes Fn by the constant n log 2
and leaves the following statement unchanged (see Section 3.6).

Theorem 1.6 ([81, Theorem 1.1]). For every fixed β > 1 and every η > 0, there exists n0(β, η)

such that, for all n ≥ n0,

n1/6−η ≤
√

Var(Fn) ≤ n1/6+η, (1.4)

n1/3−η ≤ Var(Fn) ≤ n1/3+η. (1.5)

Moreover, for every η > 0,

P
{

n1/6−η ≤ |Fn − EFn| ≤ n1/6+η
}
−→ 1. (1.6)

The proof of Theorem 1.6 in [81] reduces it to a two-sided bound on positive loga-
rithmic moments of the centered completed log partition function, which we state as
Proposition 20.1 and discuss in Section 1.4. Our formal proof of Theorem 1.6 includes a
formal proof of this bound (Section 1.5).

Let pn(β) = n−1EFn, so that the mean bias is ∆n,β = Pβ − pn(β). By Guerra’s
bound [59, Theorem 3] and the Parisi formula [103, Theorem 1.1], we have ∆n,β ≥ 0 for
every n. A lower bound on the variance implies a lower bound on the mean bias. Aronow
and Lopatto proved that for every fixed β > 1 there exists cβ > 0 such that

∆n,β ≥ cβ

(
Var(Fn) + β2/2

n

)5/4

(1.7)
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for every n ≥ 2 [8, Lemma 7.4 and Remark 7.14, equation (7.68)]; we state it as Propo-
sition 21.1. The term β2/2 is the variance of the Gaussian variable that completes the
covariance of βHn (Section 3.2). Inserting (1.5) into (1.7), we obtain the following corollary,
which is already recorded in [6, Section 1.6, p. 11].

Corollary 1.7 (Mean bias). For every fixed β > 1 and every ε > 0, there exist cβ,ε > 0 and
n0(β, ε) such that

∆n,β ≥ cβ,εn−5/6−ε (n ≥ n0(β, ε)). (1.8)

Equivalently, nPβ − EFn ≥ cβ,εn1/6−ε for n ≥ n0(β, ε).

Together with the upper bound of [6], Corollary 1.7 implies that if ∆n,β = n−a+o(1)

for some a, then 7/10 ≤ a ≤ 5/6. Section 21 proves Corollary 1.7, which does not use
Theorem 1.1, and discusses what it leaves open. If lim infn→∞ n−1/3 Var(Fn) > 0, the same
inequality implies that ∆n,β ≥ cβn−5/6 for all sufficiently large n, as observed in [6, Sec-
tion 1.6, equation (1.4)]; this hypothesis follows from the convergence of n−1/3 Var(Fn) to
a positive constant, which is stated in [82, Theorem 1.2]. Our formal proof of Corollary 1.7
combines the formal proof of Theorem 1.6 with a formal proof of (1.7).

1.3 Related results on the dynamics

Physics. The slow relaxation of finite SK systems has been studied in physics since the
early 1980s. Sompolinsky and Zippelius developed the dynamical mean-field theory of
the spin-glass phase [101, 102], in which the relaxation times of a finite system diverge
with its size n. In simulations of the Ising SK model, Mackenzie and Young reported
two families of time scales τn. For observables invariant under global spin reversal, the
behavior of log τn was consistent with n1/4; for the reversal itself, the disorder average
of log τn was consistent with n1/2 [71, 72]. Later work revised this picture. Vertechi and
Virasoro computed energy barriers between metastable states numerically and found
growth like nα with α = 0.34 ± 0.08 [114]. Colborne’s Monte Carlo study gave the expo-
nent 0.25 ± 0.05 for the barrier that governs the ergodic time [40]. Kinzelbach and Horner
predicted free-energy barriers of order n1/3 from a resummed perturbative analysis of
the dynamics of finite systems [65]. The simulations of Billoire and Marinari [19], of
Bittner and Janke [20], and of Billoire [18] are consistent with log τn ∝ n1/3, and so is the
computation of spectral gaps of small systems by Monthus and Garel [76]. Aspelmeier
and Moore studied barriers between solutions of the Thouless–Anderson–Palmer equa-
tions [31, 109]. They found that barriers of order n1/3 are one of several possibilities
below a threshold for the free-energy density [9].

These works concern different quantities: energy barriers, free-energy barriers along
an overlap coordinate, autocorrelation times, and spectral gaps. They use binary as well
as Gaussian couplings, Metropolis as well as heat-bath updates, and moderate system
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sizes. They suggest that the logarithm of the relaxation time from a typical configuration
grows like n1/3, but they do not determine a mixing exponent. A different question
concerns times that stay bounded as n grows. When n → ∞ is taken first, the dynamics
from a random configuration ages and does not reach equilibrium [46]; we refer to [26,
Section 3.7] for a discussion of the two orders of limits.

High and critical temperature. Rigorous results on the dynamics depend strongly on
the temperature. At high temperature, functional inequalities imply fast mixing from
every initial configuration. Bauerschmidt and Bodineau proved a logarithmic Sobolev
inequality, uniform in n, for a Dirichlet form of gradient type under a condition on
the spectral width of the interaction matrix, which applies to SK when β < 1/4 [15,
Theorem 1 and Corollary 2]. Eldan, Koehler, and Zeitouni proved a Poincaré inequality
for the heat-bath Dirichlet form itself under a spectral condition of the same kind, and
deduced a polynomial bound on the mixing time from every initial configuration [54,
Theorems 1 and 11]. Anari, Jain, Koehler, Pham, and Vuong obtained mixing in O(n log n)
updates in the same range through entropic independence [3, Theorem 12]. Anari,
Koehler, and Vuong extended this range to a threshold of approximately 0.295 using
localization schemes [4, Theorem 1 and Section 1.3]. Wang extended mixing in O(n log n)
updates to every β < 1/2 [115, Theorem 1.1], and Boban, Li, and Oveis Gharan proved
polynomial mixing for β < 1/2 + ε0, for an absolute constant ε0 > 0 [21, Theorem 1.5
and Corollary 1.6]. With external fields sufficiently large at every site and their average
bounded by a fixed constant H, Paliy and Sohn proved a modified logarithmic Sobolev
inequality and mixing in Oβ,H(n log n) update attempts at every fixed β, with probability
tending to one [87, Corollary 1.5]. For every fixed β < 1, OpenAI proved that the
spectral gap of the continuous-time chain is bounded below by a positive constant
with probability tending to one [84, Theorem 1.1], and that the chain started from the
worst initial configuration exhibits cutoff at time (log n)/(2λ(β)), for a deterministic
λ(β) > 0 [80, Theorem 1.1]. At the critical temperature β = 1, OpenAI proved that, for
every deterministic tn with tn = o(n2/3), the Gibbs mass of initial configurations x with
dJ(x, tn) > 1/4 tends to one in probability [79, Theorem 1.1], and that the mixing time is
n2/3+o(1) [78, Theorem 1.1].

Low temperature. At low temperature, Ben Arous and Jagannath showed that a free-
energy barrier in the overlap of two replicas forces an exponentially small spectral gap in
mean-field spin glasses [16, Theorem 1.3]. Their sufficient conditions for such a barrier
include the vanishing of the second derivative at zero of the covariance function [16,
Theorem 1.9], so they do not apply to the quadratic covariance of SK. For the pure
spherical p-spin models with p ≥ 3, Gheissari and Jagannath proved that the spectral
gap of the Langevin dynamics is exponentially small at sufficiently low temperature [57,
Theorem 1]. For SK, Sellke proved that there exist absolute constants β∗, c > 0 such that,
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for every β > β∗, the mixing time from the worst initial configuration is at least ecβn

with probability tending to one [99, Theorem 1.1]. The slow initial configurations in his
proof are configurations at which almost every spin is aligned with its local field by a
uniform margin. He notes after his theorem that the chain may mix much faster from a
random initial configuration. El Alaoui, Montanari, and Sellke proved that for β > 1 no
family of sampling algorithms that is stable under small perturbations of the disorder
approximates the Gibbs measure in normalized Wasserstein distance [53, Theorem 2.6].
Neither result determines the Gibbs mass of the initial configurations from which the
heat-bath chain mixes slowly.

OpenAI proved a lower bound and an upper bound for initial configurations sampled
from the Gibbs measure that hold throughout β > 1. By [77, Theorem 1.1], the conclusions
of Theorem 1.1 hold with the time exp(n1/10000) and the threshold τ = 1/4. In a
companion preprint, OpenAI proved that PJ, X0∼π J{T J(X0) ≤ exp(n1−cβ)} → 1 for some
cβ ∈ (0, 1), and the proof permits cβ = 1/40000000 [85, Theorem 1]. Combining the two
bounds, and using that t 7→ dJ(x, t) is continuous and nonincreasing, they obtained a
two-sided bound on T J(X0) with these exponents [85, Corollary 2]. The upper bound
of [85] is stated only in continuous time.

Theorem 1.1 improves the exponent 1/10000 of [77] to 7/30, and it holds for every
fixed threshold below 1/2 with a coefficient that does not depend on the threshold.
Theorem 1.3 improves the exponent 1 − 1/40000000 of [85] to 1 − ω for every fixed
ω < 1/4, and Corollary 1.4 gives the same bound for the discrete chain. For β > β∗,
we find from Theorem 1.3 that the mixing time from a typical initial configuration is
much smaller than the lower bound ecβn of [99] on the mixing time from the worst initial
configuration. Our results do not determine the exponent of the typical mixing time,
which by Corollary 1.5 lies in [7/30, 3/4] if it exists. They are compatible with the value
1/3 suggested by the physics literature, but they do not decide whether this value is
correct. The value 1/3 also appears as the exponent of Var(Fn) in Theorem 1.6; we
know of no argument relating the two exponents. The coefficient Aβ depends on β, and
our proof does not control it as β ↓ 1 or β → ∞. Similarly, the rate of convergence in
Theorem 1.3 depends on β and ω, and we assert no uniformity in either parameter.

1.4 The fluctuation scale and the mean bias

For a survey of free-energy fluctuations in the SK and spherical SK models, including
their multi-species variants and the effects of an external field, see Collins-Woodfin and
Le [41].

Physics. The prediction of the fluctuation scale of Fn has a separate history in physics.
In a truncated replica theory near the critical temperature, Kondor found that the replica-
normalized free energy depends on a small positive replica number s first at order s5 [66].
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Crisanti, Paladin, Sommers, and Vulpiani interpreted the replica number as a tilt of the
disorder distribution, and predicted that the free energy per spin fluctuates on the scale
n−5/6 in the low-temperature phase at zero field [45]. At fixed β, this is the scale n1/6 for
Fn. Parisi and Rizzo extended the fifth-order calculation throughout the low-temperature
phase and computed the resulting large deviations of the free energy [92, 93]. Passing
from these large deviations to the width of typical fluctuations requires matching the
tail of the distribution to its center. This is an additional assumption, which they discuss
in [93, Section VI]; the limits n → ∞ and s ↓ 0 cannot simply be interchanged. Aspelmeier,
Billoire, Marinari, and Moore argued that a system of n spins resolves about n1/6 levels
of replica symmetry breaking. From this they derived both a variance of order n1/3 for
the total free energy and a correction of order n−2/3 to its mean per spin [11, Section 2].
Aspelmeier derived exact identities relating the variance of the free energy to overlaps
between systems with correlated disorder [10]. At zero temperature, numerical studies
of the width of the distribution of the ground-state energy have produced exponents
between 3/4 and 5/6 for the standard deviation per spin, and the fits are sensitive to
corrections to scaling [22, 23, 27, 86].

Rigorous results. Rigorous results on the fluctuations of Fn depend on the temperature
and the field. For 0 < β < 1 at zero field, Fn has Gaussian fluctuations of order
one, as shown by Aizenman, Lebowitz, and Ruelle [1]. Comets and Neveu studied these
fluctuations by stochastic calculus [42]. At β = 1 the variance grows logarithmically. Chen
and Lam proved an upper bound of order (log n)2 [38, Theorem 1.1], Schertzer proved
the upper bound (log n)/4 + C and a lower bound of order log log log n [98, Theorems 1
and 2], Tierz bounded the variance for every n in terms of the spin-glass susceptibility [110,
Theorem 1.2], and Du and Huang proved that Var(Fn) = (log n)/6 + O(1) and that the
fluctuations have a Gaussian limit [52, Theorem 1.3]. Dey and Kang obtained the variance
asymptotics and a Gaussian limit along sequences βn ↑ 1 for which n1/3(1− β2

n) converges
to a limit in (0, ∞] [49, Theorem 1.1]. With a fixed nonzero external field, Chen, Dey,
and Panchenko proved that the variance is of order n and that a central limit theorem
holds [39, Theorems 1 and 2]. Dey and Wu identify a crossover at field strength n−1/4

in the high-temperature regime [50, Theorem 1.3]. The spin space also matters: for the
spherical SK model at low temperature, Baik and Lee proved that the free energy per
spin has Tracy–Widom fluctuations of order n−2/3 [14, Theorems 2.10 and 2.11], so that
the total free energy fluctuates on the scale n1/3 rather than n1/6.

For fixed β > 1 at zero field, the Gaussian Poincaré inequality implies that
Var(Fn) ≤ Cβn. Chatterjee improved this to Oβ(n/ log n) and related this supercon-
centration to disorder chaos [33, Theorem 1.5]. He also proved that the fluctuations of
Fn are at least of constant order at every fixed β > 0 and zero field, in the sense of
nonconcentration on sufficiently short intervals [34, Theorem 2.4]. Aronow and Lopatto
proved cβn4/15 ≤ Var(Fn) ≤ Cvn7/15 for all sufficiently large n [8, Theorem 1.4], using
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quantitative comparisons between positive fractional moments of Zn and constrained
Parisi functionals [8, Theorem 1.1]. The sharp exponent was then obtained by OpenAI [81,
Theorem 1.1], as stated in Theorem 1.6.

Theorem 1.6 is a statement about exponents. It identifies neither a limiting law
nor a positive limit of n−1/3 Var(Fn). Both are stated in the companion preprint [82,
Theorems 1.1 and 1.2]: there, n−1/3 Var(Fn) converges to a constant a2(β) ∈ (0, ∞), and
(Fn − EFn)/

√
Var(Fn) converges in law to a nondegenerate probability measure with

mean zero and variance one. The proofs in [82] use the exponent of Theorem 1.6 and the
comparison estimates of [81]; see [82, Appendix A]. We do not use [82] in this paper. On
the side of large deviations, Pei identified the coefficient of the fifth-order term in the
constrained Parisi functional and the resulting rate for upward deviations of Fn/n, with
n → ∞ taken before the deviation tends to zero [95, Theorem 1].

The proof of Theorem 1.6 in [81] reduces it to a two-sided bound on a positive
logarithmic moment. Let Fc

n = Fn + βG, where G is a centered Gaussian variable of
variance 1/2, independent of the disorder. The variable βG completes the covariance of
βHn to nβ2R(x, y)2/2, and we call Fc

n the completed log partition function (Section 3.2).
For every fixed m ∈ (0, 1/300) and sn = n−1/6+5m, it is shown in [81, Proposition 7.5]
that log E exp{sn(Fc

n − EFc
n)} lies between constant multiples of n20m and n100m for all

sufficiently large n. We state this bound precisely as Proposition 20.1. The deduction
of Theorem 1.6 from this bound in [81, Lemmas 7.6 and 7.7] uses an argument of
Aronow and Lopatto [8, Proposition 5.1], based on the log-concavity of an exponential
augmentation of Fc

n. We reproduce it in Section 20.

The mean bias. For fixed β > 1, Aronow and Lopatto proved that cβn−11/12 ≤ ∆n,β ≤
Cβn−2/3 for all sufficiently large n [8, Theorem 1.4], and later that ∆n,β ≤ Cbn−7/10 for
every n ≥ 2 [6, Theorem 1.1]. Their lower bound n−11/12 follows from (1.7) and the lower
bound cβn4/15 on the variance; with (1.5) in place of this bound, the exponent becomes
5/6, as in Corollary 1.7. The proof of (1.7) balances a gain that is linear in a small positive
tilt and proportional to the variance against the fifth-order cost of constraining the Parisi
measure to have mass at least s at zero [8, Lemma 7.2]. In physics, the correction
is expected to be of order n−a with a < 1 at low temperature, and two values have
been proposed. The value a = 2/3 was supported by the zero-temperature numerics
of Bouchaud, Krzakala, and Martin [27] and of Boettcher [22], by Billoire’s numerical
integration along the interpolation of Guerra and Toninelli [60] in [17], and by the
argument of Aspelmeier, Billoire, Marinari, and Moore mentioned above. Franz, Parisi,
and Ricci-Tersenghi argued that the correct value is a = 3/4, possibly up to logarithmic
factors [56, equations (13)–(17)]. The bound of [6] excludes a nonzero correction of order
n−2/3 at every fixed β > 1 and is consistent with the value 3/4. A fuller account of these
predictions is given in [6, Section 1.4].
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Normalizations. We have converted the results quoted in this section and the previous
one to the normalization (1.1). Some of the cited works sum over ordered pairs of sites,
which changes the inverse temperature by a constant factor; for instance, the critical
inverse temperature of [38] is 1/

√
2 in its own normalization. Section 3.6 compares our

normalization with those of the works on which our proofs rely.

1.5 Formal verification

OpenAI has published formalizations of [77] and [81] in the Lean 4 proof assistant [48, 83,
108]. The main formal theorem on the fluctuation exponents takes the two-sided bound
of Proposition 20.1 as an explicit hypothesis. In [81], that bound is the conclusion of
Proposition 7.5, which is proved there on paper. We have completed this formal proof:
our Lean development proves the three conclusions of Theorem 1.6 with no hypothesis
beyond the definition of the model and β > 1. It follows the mathematical route of [81];
the work consisted in carrying out that route in full detail for the comparison problems
of [81, Section 3] whose minimizers have a positive lower radius, and for the successive
comparisons built from them.

We have also formalized Theorem 1.1, Corollary 1.2, and Corollary 1.7. In these
formal proofs, the upper bound on the mean bias of [6, Theorem 1.1] and the variance–
bias inequality (1.7) are proved, not assumed; their formal proofs come from our Lean
development [7] for [6]. The formal proof of Corollary 1.7 also proves the identities that
relate the normalizations of Theorem 1.6 and (1.7). The formal proof of Theorem 1.1 has
the structure of the written proof, but it uses a weaker form of the local expansion of
Proposition 7.13, which suffices for the same exponent. Theorem 12.6 is not formalized.

In their source packages, each of these four formal theorems was compared with
a separately written statement of the same result that depends only on Mathlib, and
its proof was checked to use only the standard axioms propext, Classical.choice,
and Quot.sound. The declarations on which its statement and proof depend were then
checked again by three kernels: the kernel of Lean and the independent kernels nanoda
and con-ron. Section 22 states the formal theorems, explains how they correspond to the
statements of this paper, describes what the completion of the proof of Theorem 1.6 had
to establish, and describes these checks.

Theorem 1.3 is also formalized, as the statement described in Section 22.5, and is
included in the combined five-claim verification described in Section 22. Corollaries 1.4
and 1.5 are not separately formalized. The proofs in this paper are complete without
reference to the formalization.
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1.6 Methods and their sources

We describe the proofs of Theorems 1.1 and 1.3 and the sources of their ideas. A more
detailed overview is given in Section 2.

The lower bound

From overlap constraints to slow mixing. We follow the strategy of [77]. Its first step
reduces the problem to a statement about the stationary chain [77, Section 8.1]. Let v be
a reference configuration with R(v, X0) bounded away from zero. By spin-flip symmetry,
the half-space {y : R(v, y) ≤ 0} has Gibbs mass at least 1/2. If dJ(X0, t) ≤ τ < 1/2, the
chain started at X0 is in this half-space at time t with probability at least 1/2 − τ. A
single update changes R(v, ·) by at most 2/n, so the chain must cross every intermediate
overlap level. It suffices to show that the chain started from X0 ∼ π J crosses these levels
before time t only with small probability. At each deterministic time the stationary chain
has law π J , and a union bound over times controls the discrete chain; an independent
Poisson clock of rate n then gives the continuous-time chain. This argument is related
to bottleneck estimates for Markov chains (see [68, Theorem 7.4]). Here, however, the
bottleneck depends on the initial configuration, and it must separate almost every initial
configuration in Gibbs measure from equilibrium.

To show that crossings are rare, we build, as in [77], a growing family of reference con-
figurations along the path. The references are chosen from independent Gibbs samples,
and their overlaps with the current configuration are constrained simultaneously. At each
crossing level, we find a new reference with large overlap with the current configuration
using a bound on the Gibbs mass of overlap neighborhoods [77, Proposition 6.1]. This
bound is derived from an upper tail bound for the energy and an estimate for small
Gaussian rotations of the disorder [77, Lemmas 5.1 and 5.2]. We then search backward for
the crossing of the overlap level of the new reference, while overlap constraints keep the
overlaps with the earlier references almost unchanged. Iterating this step creates many
simultaneous constraints at a single time. We arrange the references in blocks of fixed
length, so that a conflict deletes only a short final segment of a block, and we draw the
overlap thresholds at random, one level at a time; these features allow us to obtain the
final probability estimate [77, Sections 8.3–8.5].

The overlap constraints have the following form. Let ε be a tolerance. If the mean
r of the overlaps R(v, x) and R(v, w) lies in a fixed compact subinterval of (0, qβ) and
R(w, x) ≥ r + ρ, then |R(v, x)− R(v, w)| does not lie in [2ε, 4ε]. In words, a large overlap
between w and x forces their overlaps with v to agree. Since overlaps change by at most
2/n in one update, excluding this band keeps the two overlaps close along a path. To
show that such a constraint fails with small Gibbs probability, we show that the partition
function restricted to the triples (v, x, w) with violating overlaps is small compared with
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Z3
n. In physics, free energies constrained by the overlap with an equilibrium reference

configuration go back to Franz and Parisi [55]. The work of Ben Arous and Jagannath [16]
is an earlier rigorous argument that passes from such constrained free energies to the
dynamics, there for the spectral gap.

Constrained comparisons and the scalar problem. We bound constrained partition
functions by Gaussian interpolation. Guerra’s hierarchical interpolation [59] gives the
upper bound in the Parisi formula. Talagrand extended it to systems of replicas with
prescribed overlaps, in the proof of the matching lower bound [103, Section 3] and in
the two- and three-replica bounds of [105, Propositions 3.4 and 4.4]. These bounds
already retain a cost when the prescribed overlaps differ from the endpoint of the
interpolation. Bovier and Klimovsky developed the interpolation for multidimensional
spins [29]. Chen studied the two-dimensional Guerra–Talagrand bound and its variational
representation [36], and Panchenko proved the vector-spin variational formula and the
asymptotic sharpness of the constrained bounds [89]. We use the matrix comparison
for finite hierarchies of [77, Proposition 2.3] for the quadratic covariance of SK, which
allows any finite number of replicas and endpoint matrices whose diagonal entries need
not equal one. The hierarchies themselves descend from Parisi’s recursion [91] and from
Ruelle’s probability cascades [97]; see [88]. For the mixed even p-spin models with
exponentially summable coefficients, including SK, Aronow and Lopatto identified the
limiting overlap array averaged over the disorder [5, Theorems 1.1 and 1.2]. At zero field,
the absolute overlaps have the law of the overlap array (Uab)a<b of the corresponding
Ruelle probability cascade, and the signed array has the law of (ϵaϵbUab)a<b, where the
replica signs ϵa are independent symmetric signs, independent of the cascade. These are
limiting statements, while the proof below needs estimates at finite n on shrinking scales.

We obtain the pressure deficits from the scalar Parisi problem. Auffinger and Chen
proved that the Parisi functional has a unique minimizer, and they expressed it through
a stochastic control problem [13, Theorems 2 and 3 and Corollary 1]. They also proved
regularity properties of the Parisi equation and of its minimizers [12, Propositions 1 and 2
and Theorems 1 and 2]. Jagannath and Tobasco gave a dynamic-programming treatment
of the functional [62, Lemma 18] and characterized its minimizers through their first varia-
tion [63, Proposition 1.1 and Corollary 3.10]; Chen obtained the same characterization [36,
Theorem 2 and Proposition 1]. Toninelli proved that replica symmetry is broken at zero
field for β > 1 [111]. Let u be the spatial derivative of the solution of the Parisi equation
at the minimizer, and let Y be the associated diffusion. The identity Eu(t, Yt)2 = t at
every point t of the support is due to Talagrand [104]; see also [12, Theorem 5], [36,
Proposition 1], and [69, Lemma 2.2]. OpenAI proved it in the normalization used here,
together with the regularity of the scalar evolution that it requires [77, Lemma 3.1 and
Proposition 3.2]; the argument of [77] does not assume a description of the support,
and it treats separately the case of a forbidden overlap interval [77, Section 8.2]. By [69,
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Theorem 1.1], the identity holds on the whole interval (0, qβ), and this case does not arise.
Differentiating the identity once and twice along this interval, we obtain two stationarity
identities,

β2Eχ(t, Yt)
2 = 1, Ew(t, Yt)

2 = 2α(t)Eχ(t, Yt)
3 (0 < t < qβ),

where χ and w are the second and third spatial derivatives and α is the distribution
function of the Parisi measure (Section 5). Both identities appear, in the normalization
of energy units, in the proof of [8, Lemma 7.2] (see [8, equation (7.12)] and the identity
preceding it), and the differentiated moment identity is also in [69, Lemma 2.5]. The first
identity expresses, in scalar form, the marginal stability of the Parisi solution, which De
Dominicis and Kondor found in a truncated replica model [47]; Crisanti and Rizzo wrote
it in physical variables [44, equations (22) and (23)].

Positive fractional moments EZs
n have their own genealogy. Talagrand computed the

limits of their normalized logarithms [106]. For SK at zero field and fixed s ∈ (0, 1),
the limit of (ns)−1 log EZs

n is the minimum of the Parisi functional over measures with
mass at least s at zero. This formula is contained in the multiscale formula of Contucci
and Mingione [43, Theorem 2.1], and it was stated in this form by Chen, Guionnet,
Ko, Lacroix-A-Chez-Toine, and Mourrat [35, Theorem 2.1]. Aronow and Lopatto made
the comparison quantitative when s depends on n [8, Theorem 1.1], and they proved
that the constraint raises the Parisi value by an amount of order s5 [8, Lemma 7.2 and
Proposition 7.3]. This is a rigorous counterpart of the replica calculations of Kondor and
of Parisi and Rizzo, and Pei identified its leading coefficient [95, Theorem 1(a)].

What is new. Four parts of the proof are new. Together they allow overlap constraints at
the scale ρ ≍ n−7/30, with tolerance comparable to ρ.

1. A three-replica covariance perturbation with a cubic deficit (Section 7). In [77, Section 7],
the overlap constraints near a level r come from a local perturbation of the covariance
path of width ρ8 with tolerance ρ20, and the resulting pressure deficit is of order
ρ43. We keep the block hierarchy and the antisymmetric Gaussian contrast of [77,
Section 7, Steps 1 and 2], but we perturb the covariance path differently. It is positive
semidefinite at every stage, ends exactly at the prescribed overlap matrix after a
terminal correction, and its expansion uses both stationarity identities to cancel
the lower-order terms. The resulting deficit is of order ρ3 per spin, with tolerance
comparable to ρ, uniformly for r in a compact subinterval of (0, qβ). Its coefficient
involves Eχ(r, Yr)3, which is positive (Section 5).

2. A positive fractional-moment comparison (Section 8). For constraints near the level
r, the deficit nρ3 in the logarithm of a constrained partition function is smaller
than the scale Oβ(

√
n) supplied by the standard Gaussian concentration bound for

Lipschitz functions, so that bound is too coarse here. Instead, we bound the moment
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EZs of a constrained partition function Z, with s comparable to ρ, by a fractional-
moment version of the matrix comparison of [77, Proposition 2.3], in which the
outer level of the hierarchy has mass s, as in the positive-moment interpolation of [8,
Section 2]. The comparison uses the profile max{α, 3s}, whose cost is of order s5 by
the trial bound of [8, Lemma 7.2], together with a bound on the response of the local
perturbation to this change of profile. Markov’s inequality then bounds the disorder
probability of failure of each of these bounds on constrained partition functions by
e−cnρ4

.
3. One disorder event for all constraints (Section 9). The denominator Z3

n is bounded below
on the event Fn/n ≥ Pβ − c0ρ3, for a fixed c0 > 0. Let δ ∈ (0, c0) be fixed such that
∆n,β ≤ (c0 − δ)ρ3 for all sufficiently large n; this margin is obtained by choosing the
constant R in ρ = Rn−7/30 large. Chebyshev’s inequality and the variance bound
of [8, Theorem 1.4] give

P
{

Fn/n < Pβ − c0ρ3} ≤ Var(Fn)

δ2n2ρ6 ≤ Cβ,δ n−23/15ρ−6,

which is O(n−2/15) for ρ = Rn−7/30. We intersect this event with the bounds
on polynomially many constrained partition functions, and the complement of the
resulting event, whose probability tends to zero, is discarded once and for all. On this
event, the number of reference configurations and path steps, which is exponential
in 1/ρ, multiplies only the conditional Gibbs probability of a violation, which is at
most e−cnρ3

. This replaces the probability estimate of [77, Lemma 4.2].
4. Control of crossing errors through the next retained reference (Sections 11 and 12). In [77,

Section 8.4], the overlap of an earlier reference with the current configuration may
drift by up to 6jε after j levels, and the final count requires pε/ρ to be small for p
levels. Since p is of order 1/ρ, this forces ε to be much smaller than ρ2. Instead,
we control the overlap of each retained reference with the next retained reference.
This overlap changes only when a deletion occurs, and the error stays of order ε at
every level, rather than accumulating. The first reference of each block keeps its next
retained reference, and at one common time the overlap of the path with the first
reference of each of the M blocks lies within a fixed multiple of ε of its threshold.
A count over the m + 1 path steps of these M windows of predictable center gives
the bound (m + 1)γM

n , where γn is the ratio of the window length to the length of
a threshold interval, and γn stays below one when ε is a small fixed multiple of ρ.
This allows ε comparable to ρ.

The other overlap constraints use the inherited pressure bounds: the pair bound of [77,
Lemma 4.3], the three-replica bound at fixed scales of [77, equation (4.20)], and, for large
overlaps R(w, x), the comparison of [77, Section 7, Steps 5–8]. We also extend the bound
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on the Gibbs mass of overlap neighborhoods of [77, Proposition 6.1] to every scale L → ∞
with L = o(n); its proof is that of [77] (Section 10).

The exponent. We determine the exponent by balancing these estimates. The lower
bound on Z3

n in item 3 requires the mean bias ∆n,β to be smaller than a small multiple
of the deficit ρ3. The comparison proved in [77, Theorem 2.4] has error O(n−1/24). This
is much smaller than the deficit ρ43 at the scale ρ = n−1/10000 used there, but not than
ρ3 at the scale used here. For this reason we use the upper bound ∆n,β ≤ Cbn−7/10

of Aronow and Lopatto [6], and we take ρ = Rn−7/30 for a large constant R. A fixed
overlap interval inside (0, qβ) then contains of order 1/ρ ≍ n7/30 crossing levels. By
counting, we find that the probability of crossing all of them before time t is small when
log t is a small multiple of the number of levels. This leads to the time exp(Aβn7/30).
Two further conditions concern the two kinds of union bound in the proof. For the
union over reference configurations and path steps, the conditional Gibbs error is at most
exp(C/ρ− cnρ3), which tends to zero if cnρ3 −C/ρ → ∞. For the disorder event, a union
over at most Cnd constrained partition functions has failure probability at most Cnde−c′nρ4

,
which tends to zero if c′nρ4 − d log n → ∞. The condition nρ4/ log n → ∞ implies both.
For ρ = Rn−λ with fixed R, it holds when λ < 1/4, in particular at λ = 7/30; at λ = 1/4,
the second union bound fails. This is the restriction to exponents below 1/4 mentioned
in Section 1.1.

Inputs for the lower bound. Besides standard tools, the proof of Theorem 1.1 uses the
following public results, which are stated in Section 4 with their hypotheses: the Parisi
formula and Guerra’s bound [59, 103], the uniqueness of the Parisi minimizer [13], the
interval support of the Parisi measure [69], the upper bound on the mean bias of [6,
Theorem 1.1], the upper bound on the variance and the trial bound of [8], and results
of [77, Sections 2–8]. The proof of Theorem 12.6 uses in addition the small-deviation
inequality of [90]. All other steps are proved in this paper.

The upper bound

From flows to mixing. We follow the strategy of [85]. Its last step reduces the problem
to a lower bound on stationary flows across cuts [85, Section 7, Lemma 8]. For S ⊆ Σn,
the flow ∑x∈S, y/∈S π J(x)LJ(x, y) is the stationary rate at which the continuous heat-bath
process jumps from S to its complement. Let 0 < ϵ < 1/3 and ϕ > 0, and suppose that
the flow across S is greater than ϕ for every S with ϵ ≤ π J(S) ≤ 1 − ϵ. Then for every
t > 0,

∑
x∈Σn

π J(x) dJ(x, t) ≤
n
√

2 log 2

ϕ
√

t
+ 2ϵ.

The proof removes a set of small Gibbs mass, proves a Poincaré inequality on the re-
mainder by the coarea argument for the reversible Cheeger bound [67, Theorem 3.5], and
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then bounds the Gibbs average of the distances through the entropy dissipation of the
whole chain [51, Lemmas 2.5 and 2.7]. It uses only cuts that separate appreciable Gibbs
masses, and it does not require the trajectory to stay in the retained set. We reproduce
it in Lemma 19.1. With ϵ = n−d, ϕ = e−n1−q

, and t = en1−ω
, where d and q are positive

exponents of the proof (Section 13.3), the right side tends to zero when ω < q, and using
Markov’s inequality for the Gibbs average, we obtain Theorem 1.3. It therefore suffices
to show that, with probability tending to one over the disorder, the flow across every S
with min{π J(S), π J(Sc)} ≥ n−d is greater than e−n1−q

.

The proposal. To bound these flows, OpenAI constructs a random configuration corre-
lated with the disorder, called a proposal [85, Section 4]. Each coordinate of the proposal
follows the magnetization martingale of the scalar Parisi diffusion. The martingale is
driven by successive queries of the interaction matrix: over each cell of a time mesh,
the increment of the magnetizations, orthogonalized against the earlier query directions,
is multiplied by the matrix. By orthogonal invariance, the part of the matrix that has
not been revealed is a compressed block of the Gaussian orthogonal ensemble (GOE)
at each step. Beyond the top qβ of the support of the Parisi measure, the martingale is
continued until the average uncertainty of the coordinates is small, and the query noise
is mixed with an independent Brownian noise. At the final time, the spins are drawn
independently with the magnetizations as means. Successive Gaussian conditioning
along orthogonalized directions is used in Bolthausen’s iterative construction of solu-
tions of the TAP equations [25, Sections 2–3], and Montanari’s incremental approximate
message passing algorithm uses a Parisi diffusion and normalized increments of the
magnetizations [75, Sections 2–3].

The equilibrium input is the stationarity of the Parisi measure along the whole interval
[0, qβ]. The stationarity conditions on the support were obtained by Chen [36, Theorem 2
and Proposition 1] and by Jagannath and Tobasco [63, Proposition 1.1 and Corollary 3.10],
and the support is the whole interval by [116, Theorem 1] for β close to one and by [69,
Theorem 1.1] for every β > 1. Along the scalar diffusion, an exact identity balances the
information about the matrix that the queries reveal against the energy gained by the
proposal [85, Section 3, Lemma 4]. It yields the two estimates of [85, Proposition 5]. The
relative entropy of the joint law of the matrix and the proposal with respect to the joint
law of the disorder and a Gibbs sample is sublinear in n, and outside an event of small
probability, the law of the pair is dominated by eo(n) times this joint law.

Coverage and the connecting sequence. The information inequalities used in these
comparisons—the chain rule, data processing, and the variational formula for relative
entropy—are recalled in [28, Chapter 4]. Forward relative entropy alone does not show
that the proposal reaches a prescribed set of positive Gibbs mass. Under the joint law of
the disorder and a Gibbs sample, the conditional law of the disorder given the spin is
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strongly log-concave. A transport bound for such laws [24, Corollary 3.10] and Gaussian
smoothing of the disorder [70, Lemma 11] reverse the entropy comparison. They give a
lower bound on the probability that the proposal lands in any set of appreciable Gibbs
mass [85, Section 5, Proposition 6]. Two proposals generated from a common smoothed
disorder then land on the two sides of a balanced cut with a probability that is not
too small. Following [85], these two proposals are run to a longer, fine horizon, and
they are joined by a sequence of proposals run to a shorter, coarse horizon, obtained by
rotating the Gaussian inputs, with small consecutive Hamming distances. Near-pinning
of the magnetizations joins the two horizons. If the cut had small flow, its enlarged
vertex boundary would have tiny Gibbs mass, and the likelihood bound keeps the coarse
proposals away from this boundary. But a sequence with short steps that crosses the cut
must come close to its boundary. This contradiction bounds the flows from below [85,
Section 6, Proposition 7].

What is new. In [85], the parameters of the proof are fixed numbers, and the saving
1/40000000 is not optimized [85, Section 1, after Theorem 1]. To reach every saving
below 1/4, the estimates for the coarse proposal must hold outside events of probability
close to e−n3/4

, with a likelihood bound close to en3/4
times the joint law. The following

refinements yield every fixed saving below 1/4.

1. Sharp estimates for the coarse proposal (Sections 16 and 17). We strengthen the scalar
entropy–energy identity of [85, Section 3, Lemma 4] to a pathwise terminal identity.
Along the scalar diffusion beyond the support, the information revealed by the
queries and β times the linearized energy of the proposal cancel up to a terminal
term. The centered fluctuation of this term has variance at most β4p(V)3, where p(V)

is the mean conditional variance of a spin given its magnetization at the final time V
(Lemma 17.5). The coarse likelihood estimate absorbs the deterministic amplitude of
this term. The centered difference between this cancellation and its version on the
mesh has a moment generating function bounded by eCβθ2h for |θ| ≤ cβ/h, where h
is the mesh parameter (Lemma 17.6). We combine these bounds with concentration
of weighted dyadic sums over cells of unequal length, normalized by the durations
of the cells (Lemma 16.6), with a bound on the deviation of the Gram matrix of
the queries from the identity that uses the variance of the squared projections and
not only their tails (Lemma 16.1), and with sharper bounds on the variances of the
Gaussian terms that the proposal does not use (Lemma 17.2). The dyadic triangular
and Cholesky arguments build on [85, Section 4, proof of Proposition 5].

2. The growing mesh (Section 14). The cells of the mesh in [85] have a common length.
Ours have length het/4 at time t, with h = n−a, so that the horizon L log n is reached
after at most 8na cells when a > L/4 (Lemma 14.3). The quadrature error is Oβ(h),
uniformly in the horizon. On this mesh, adjacent cells have different lengths, and the
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estimates distinguish the duration of the previous cell, which governs the conditional
law of the spins, from that of the next cell, which normalizes the query. For instance,
the bound on the conditional correlations of the query entries with the spins in
Section 15.2 loses a factor two compared with equal cells.

3. Direct expected energy at the fine horizon (Section 15.2). We compute the expected
queried energy through the exact one-query conditional identity of Lemma 15.3,
including fallback outcomes. This avoids the Gram-event restriction in the energy
calculation of [85, Section 4, Proposition 5] and gives the fine relative-entropy bound
of Proposition 15.5, with saving kf < min(a, f, 1 − a).

4. The parameter system (Section 19.5). The exponents of the proof are affine functions of
εω = (1/4 − ω)/20, and this single family satisfies every condition of the proof for
every ω ∈ (0, 1/4) (Proposition 19.2).

The connecting sequence, including fine proposals only at the two endpoints, stability
from coarse Gram events, and pinning without a fine Gram exception, follows [85,
Section 6, proof of Proposition 7].

The exponent. The proof of Proposition 19.2 shows that, for every choice of the expo-
nents, the estimates of Part IV require

ω < q < sb < sseq < e < uE < kf/2 ≤ 1/4.

The mixing step needs ω < q, since the flow threshold is e−n1−q
. In the connecting

sequence, e−n1−sb bounds the failure probability of one coarse proposal, e−n1−sseq that
of the whole sequence, and e−2n1−e

bounds from below the probability that the two
fine endpoints lie on opposite sides of the cut, and the proof needs q < sb < sseq < e.
Smoothing and coverage need e + d < uE < min{D, kf − D}, where n−D is the smoothing
parameter and n1−kf bounds the forward relative entropy at the fine horizon. Finally, this
relative entropy contains terms of order nh = n1−a and na, the second from the number
of queries, so that kf < min{a, 1 − a} ≤ 1/2.

Inputs for the upper bound. Besides standard tools of Gaussian analysis and stochastic
calculus [28, 64, 112], the proof of Theorem 1.3 uses the following results, which are
stated in Section 4 and Section 13.4 with their hypotheses: the Parisi formula and
Guerra’s bound (Theorem 4.4), the uniqueness of the Parisi minimizer (Theorem 4.5), the
interval support of the Parisi measure (Theorem 4.7) and the identity Γ(t) = t on (0, qβ)

(Corollary 4.8), the regularity and scalar evolution of Proposition 4.3, the scalar estimates
of [85, Section 3, Lemmas 3 and 4], and the transport, smoothing, and finite-chain results
cited above. All other steps are proved in this paper.
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The fluctuation theorem

The proof of Proposition 20.1 in [81] combines finite replica trees and covariance differen-
tiation for Gaussian hierarchies [81, Section 2], optimized short comparisons over overlap
quantiles [81, Section 3], a one-site cavity estimate, which compares an overlap moment of
a comparison with the corresponding moment of a scalar recursion [81, Proposition 4.1],
a rigidity theorem, by which rescaled overlap quantiles of minimizing comparisons have
linear limits at small masses [81, Theorem 5.1], finite propagation of regularity through
successive comparisons [81, Proposition 6.6], and a low-field perturbation that yields the
upper bound [81, Section 7]. As explained in [81, Section 1], its closest analytic predeces-
sor is the combination in [8] of a pinned Brascamp–Lieb estimate for the variance [30],
optimized covariance interpolation, and positive moments [8, Propositions 2.2 and 2.3
and Section 3]. The single-site analysis of Thouless, Anderson, and Palmer [109] is an
early antecedent of the cavity method in spin glasses, and Mézard, Parisi, and Virasoro
developed the cavity construction of the solution with broken replica symmetry [74]. The
cavity variational principle of Aizenman, Sims, and Starr [2] is a rigorous antecedent of
comparisons that add or remove sites. Section 20 summarizes this route, with references
to the corresponding statements.

1.7 Organization of the paper

Section 2 gives an overview of the proofs of both bounds. Part I contains preliminaries:
Section 3 defines the model, the dynamics, and the joint law of the disorder and the
initial configuration, and Section 4 defines Gaussian hierarchies and the Parisi functional
and states the imported results. Part II contains the static estimates for the proof of
Theorem 1.1. Section 5 treats the scalar problem near a point of the support of the
Parisi measure, Section 6 proves short-time estimates for Gaussian hierarchies, Section 7
constructs the three-replica covariance perturbation and proves the cubic deficit, Section 8
proves the fractional-moment comparison, and Section 9 combines these into a single
estimate for all overlap constraints. Part III contains the dynamical part of the proof of
the lower bound. Section 10 treats the Gibbs mass of overlap neighborhoods and the
families of reference configurations, Section 11 proves that the overlap constraints persist
along a trajectory, and Section 12 completes the proof of Theorem 1.1 and Corollary 1.2
and proves Theorem 12.6.

Part IV proves the upper bound. Section 13 introduces the Gaussian matrix from
which the disorder is built, the scalar Parisi process and its continuation beyond the
support, and the exponents of the proof. Section 14 constructs the Gaussian-query
proposal on a growing mesh, and Section 15 bounds its forward relative entropy at the
fine horizon. Section 16 proves the concentration estimates on the growing mesh, and
Section 17 proves the joint cancellation and the likelihood bound for the coarse proposal.
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Section 18 proves the coverage estimate and constructs the connecting sequence, and
Section 19 proves Theorem 1.3 and Corollaries 1.4 and 1.5 and verifies the conditions on
the exponents.

Part V concerns the fluctuations and the mean bias: Section 20 states the bound of
Proposition 20.1 and deduces Theorem 1.6 from it, and Section 21 proves Corollary 1.7.
Part VI contains Section 22, which describes the formal proofs, and Section 23, which
lists open problems.



section 2

Overview of the proofs

This section gives an overview of the proofs of Theorem 1.1 and Theorem 1.3, and a
shorter account of the parts of the paper that concern Theorem 1.6 and Corollary 1.7.
Every claim made here is proved later in the paper, or quoted there with its source.
Sections 2.1 to 2.3 explain the reduction to paths, the architecture of the proof in [77],
which we follow, and the balance of scales that gives the exponent 7/30. Sections 2.4 to 2.6
describe the cubic pressure deficit (Sections 5 to 7), the passage to Gibbs probabilities
(Sections 8 and 9), and the dynamical argument (Sections 10 to 12). Section 2.7 concerns
Part IV, and Section 2.8 concerns Part V. Table 2.1 shows how the sections depend on
each other.

Throughout this section, β > 1 is fixed. In Sections 2.1 to 2.6, π = π J is the Gibbs
measure at a fixed disorder. We write λ for the exponent of the barrier, and we use an
upper bound ∆n,β ≤ Cbn−3λ on the mean bias ∆n,β = Pβ − n−1EFn. For Theorem 1.1,
we take λ = 7/30 and the bound ∆n,β ≤ Cbn−7/10 of Theorem 4.11. The exponent of
the upper bound is 1 − ω, for a fixed ω ∈ (0, 1/4), and Section 2.7 uses the notation of
Part IV.

2.1 The sign test

Recall from Lemma 3.4 that Theorem 1.1 states that the Gibbs mass of the initial con-
figurations from which the chain is at total variation distance greater than τ from π at
time eAβn7/30

tends to one in probability over the disorder. Since π is stationary, the chain
started from a Gibbs sample has law π at every deterministic time (Lemma 3.2), and the
law averaged over the initial configuration carries no information. A lower bound on the
distance must come from a property of almost every individual initial configuration that
the dynamics forgets slowly.

The property we use is the sign of an overlap. As in [77, Section 8], we choose for each
x ∈ Σn a reference configuration v(x), with R(v(x), x) ≥ q∗ for all x outside a set of small
Gibbs mass, where q∗ ∈ (0, 1) is a fixed overlap (Definition 11.2). Since Hn(−y) = Hn(y),
the half-space {y : R(v(x), y) ≤ 0} has Gibbs mass at least 1/2. If the law νx of the
chain started at x is within τ of π in total variation, then the half-space has mass at least

22
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Table 2.1. The main results of Sections 3 to 21, the sections whose results they use, and the sections
in which they are used.

Section Main results Uses Used in

3 Model realized-start probability, Lemma 3.4; heat-bath dynamics,
Lemma 3.2; completed Hamiltonian, Lemma 3.1

— 4, 8, 10, 12, 13,
18, 19, 20, 21

4 Inputs matrix comparison, Proposition 4.19; upper bound on the mean
bias, Theorem 4.11; variance and profile bounds, Theorem 4.10
and Proposition 4.12; pair, fixed-scale, and separated-overlap
bounds, Propositions 4.23 to 4.25; overlap-neighborhood masses,
Proposition 4.29

3, literature 5–10, 12, 13, 17,
18

5 Scalar problem stationarity identities, Lemma 5.3; the constant mβ, Corollary 5.5 4 7, 8, 10, 13, 17
6 Flows uniform short-time bounds, Proposition 6.3; response to the

terminal function, Lemma 6.13 and Corollary 6.14
4 7

7 Cubic deficit local expansion, Proposition 7.13; deficit on a band,
Proposition 7.15

4–6 8, 10

8 Fractional moments fractional comparison, Proposition 8.3; local fractional bound,
Lemma 8.7

3–5, 7 9

9 Static event simultaneous disorder event, Lemma 9.7 4, 8 10, 12
10 References overlap-neighborhood masses, Lemma 10.1; fixed families of

references, Lemma 10.4
3–5, 7–9 11, 12

11 Induction constraints along a path, Proposition 11.10; a common time,
Corollary 11.11

10 12

12 Barrier proof sign obstruction, Proposition 12.2; Theorems 1.1 and 12.6
and Corollary 1.2

3, 4, 9–11 19

13 Upper-bound setup primitive disorder and Gaussian bounds, Lemmas 13.2 and 13.3;
the scalar process beyond the support, Proposition 13.4
and Lemmas 13.5 and 13.6

3, 4, 5 14–19

14 Proposal Gaussian assembly, Lemma 14.1; spin laws, Definition 14.2;
growing mesh, Lemma 14.3

13 15–18

15 Fine entropy reference law, Lemma 15.1; forward entropy, Lemma 15.2
and Proposition 15.5

13, 14 17, 18

16 Concentration fixed Gram stability, Lemma 16.1; weighted concentration,
Lemma 16.6

13, 14 17

17 Coarse domination weighted energy, Lemma 17.2; joint cancellation, Lemmas 17.5
and 17.6; likelihood bound, Proposition 17.8

4, 5, 13–16 18

18 Connections smoothing and coverage, Lemmas 18.2 and 18.3; boundary mass,
Lemma 18.4; connecting sequence, Proposition 18.8; witness decay,
Proposition 18.9

3, 4, 13–15,
17

19

19 Upper-bound proof pruning, Lemma 19.1; Theorem 1.3 and Corollaries 1.4 and 1.5;
parameters, Proposition 19.2

3, 12, 13, 18 —

20 Fluctuations the bound of [81], Proposition 20.1; log-concave augmentation,
Lemma 20.2; Theorem 1.6

3 21

21 Mean bias variance–bias inequality, Proposition 21.1; Corollary 1.7 3, 20 —

1/2 − τ under νx. Multiplying by π(x) and summing over x, we find that(1
2
− τ

)
π
{

x : dJ
disc(x, k) ≤ τ

}
≤ P

{
R(v(X0), Xk) ≤ 0

}
, (2.1)

where (Xk)k≥0 is the discrete chain with X0 ∼ π (see (12.8)). This is the reduction of [77,
(8.1)–(8.3)]. The half-space depends on the initial configuration, so that the distance on
the left side is evaluated before the average over X0, while the right side is a probability
for the stationary chain. Since one update changes every overlap by at most 2/n, a chain
that enters the half-space must cross every overlap level between q∗ and 0.
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We show that these crossings cannot occur along paths that avoid a fixed set of small
Gibbs mass. We call a sequence x0, . . . , xm a path if all overlaps change by at most 2/n
from one element to the next (11.2), so that every trajectory of the discrete chain is a
path. Let L = Anλ be the logarithmic time scale, for a coefficient A > 0 fixed below, so
that eL is the time horizon, and let Tn = ⌈n2eL⌉ be the budget of update attempts. For
every disorder in an event Gn with P(Gn) → 1, we construct the map x 7→ v(x) and a set
V ⊆ Σn with π(V) ≤ 3e−4L such that

R
(
v(x0), xm

)
> 0 for every path x0, . . . , xm with m ≤ Tn that avoids V (2.2)

(Lemmas 10.4 and 12.3 and Proposition 12.2). Given (2.2), a chain with R(v(X0), Xk) ≤ 0
for some k ≤ Tn visits V at one of the times 0, . . . , k. Since Xa has law π for every
deterministic a, a union bound implies that

P
{

R(v(X0), Xk) ≤ 0
}
≤ (k + 1)π(V) ≤ 3(k + 1)e−4L

(see (12.9)). This is the only place where we use stationarity, and we use it only at
deterministic times. For this reason the map v and the set V must be fixed before the
chain is run, and they may not depend on its trajectory. In continuous time, the number
of updates up to time eL is a Poisson variable with mean neL, and by Markov’s inequality
it exceeds Tn with probability at most 1/n. We conclude that

π
{

x : dJ(x, eL) ≤ τ
}
≤ 3(Tn + 1)e−4L + 1/n

1/2 − τ

for every disorder in Gn (Proposition 12.5), and the right side tends to zero. When we
integrate over the disorder, P(Gc

n) is added once. The threshold τ enters only through
the factor 1/(1/2 − τ), which is why one coefficient serves every fixed τ < 1/2 and both
clocks.

2.2 Overlap constraints and reference configurations

We follow the architecture of the proof of [77, Theorem 1.1], which proves a barrier at the
time exp(n1/10000) and the threshold τ = 1/4.

Overlap constraints. For (v, x, ṽ) ∈ Σ3
n, we write

r =
R(v, x) + R(v, ṽ)

2
, δ =

R(v, x)− R(v, ṽ)
2

, q = R(x, ṽ),

so that the overlap matrix of (v, x, ṽ) is the matrix D(r, q, δ) of (4.16). We use two kinds
of constraints. The constraints of the first kind act at fixed scales. For fixed cutoffs
0 < b2 < b1 < 1 (Table 10.1), they state that if R(x, ṽ) ≥ q∗ and |R(v, x)|, |R(v, ṽ)| ≤ b1,
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then |R(v, x)− R(v, ṽ)| ≤ 2ηn, and similarly with the cutoffs (b1, b2) in place of (q∗, b1).
The triples that violate them form the sets Bn(q∗, b1) and Bn(b1, b2) of (10.18). In words, a
large overlap between x and ṽ forces their small overlaps with v to agree. The constraints
of the second kind act at the scale ρ, near a level r in a compact interval Jβ ⊂ (0, qβ). With
ε = Eρ and E = 1/100, they state that no triple satisfies

r ∈ Jβ, ε ≤ |δ| ≤ 2ε, q ≥ r + ρ.

Such triples are called narrow, and they form the set Nn (Section 10.2). Equivalently,
if R(x, ṽ) ≥ r + ρ, then |R(v, x) − R(v, ṽ)| does not lie in [2ε, 4ε]. We exclude a band,
rather than a half-line, for the following reason. Along a path, every overlap changes
by at most 2/n < 2ε in one step, and the difference |R(v, xk)− R(v, ṽ)| cannot pass from
below 2ε to above 4ε without lying in the band at some time. As long as the path keeps
a large overlap with ṽ, a narrow constraint keeps its overlap with v within 2ε of R(v, ṽ)
(Lemma 11.8).

Constrained pressures. In Sections 4 to 9, we write the three configurations as (v, x, y).
For a feasible overlap matrix D, the probability that three independent samples from π

have overlap matrix D is Z3,n(D)/Z3
n, where Z3,n(D) is the partition function restricted

to the triples with overlap matrix D (Definition 4.16). There are at most (n + 1)3 feasible
matrices, and it suffices to bound each numerator from above and the denominator
from below. Upper bounds for the numerators come from Guerra’s hierarchical inter-
polation [59] and its extension by Talagrand to replicas with prescribed overlaps [103,
Section 3], [105, Propositions 3.4 and 4.4]. We use it in the form of [77, Proposition 2.3],
stated as Proposition 4.19. For every admissible path (Q, m) of 3 × 3 covariance matrices,
with positive semidefinite increments and nondecreasing masses, the comparison with
zero terminal multiplier bounds the constrained pressure p3,n(D) = n−1E log Z3,n(D) by
the trial value

p3,n(D) ≤ TD(Q, m, 0) = Ψ(Q, m, 0)− β2

4

∫
m d∥Q∥2

F +
β2

4
∥D − QN∥2

F

(Definition 4.15 and Proposition 4.19). The last term is the cost of an endpoint QN that
differs from D.

The baseline is the block hierarchy of [77, Section 4.2 and Section 7, Step 1], described
in Lemma 4.20 and built from the Parisi distribution function α = αβ. Below the level
r, the three fields share their increments, at mass α/3. Between r and q, the fields of x
and y share their increments, at mass α/2, while the field of v evolves alone, and above q
the three fields evolve independently. The endpoint of this path is D(r, q, 0), and its trial
value is exactly 3Pβ. A perturbation of the baseline with endpoint D(r, q, δ) and a smaller
trial value proves a pressure deficit. Whether such a perturbation exists is decided by
the scalar Parisi problem. Let u be the spatial derivative of the solution of the Parisi
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equation, let Y be the associated diffusion, and let Γ(t) = Eu(t, Yt)2. It was proved in [77,
Proposition 3.2] that Γ(q) = q at every point q of the support of the Parisi measure, and by
[69, Theorem 1.1], the support is [0, qβ]. We conclude that Γ(t) = t on [0, qβ] (Corollary 4.8).
For two configurations, we have the pair bound p2,n(D2(q)) ≤ 2Pβ − (Γ(q)− q)2/2 of [77,
Lemma 4.3] (Proposition 4.23). This deficit vanishes on the support, and constraints at
overlaps inside (0, qβ) require the three-replica perturbations of [77, Sections 4 and 7] and
of Section 7.

Reference configurations and crossings. In the dynamical argument, v and ṽ are ref-
erence configurations and x is a configuration of the path. We take the references from
lists of independent Gibbs samples, which are fixed before any path is considered (Sec-
tion 10.3). Suppose that a path x0, . . . , xm that avoids V satisfies R(v(x0), xm) ≤ 0. We
proceed through levels i = 0, 1, . . . , Nlev − 1, with thresholds r0 < r1 < · · · in an interval
[t0, 2t0] ⊂ Jβ (Definition 11.2). At level 0, the reference is v0 = v(x0), and k0 is the first
time with R(v0, xk) ≤ r0. At level j ≥ 1, a bound on the Gibbs mass of overlap neigh-
borhoods supplies a new reference vj with R(vj, xkj−1

) ≥ q∗ (Lemma 10.1, which extends
[77, Proposition 6.1]). We then search backward in time from k j−1 for the last time k j
with R(vj, xk) ≤ rj. During the search, the constraints keep the overlaps of the path with
the earlier references close to their values at k j−1. The overlap with v0 stays close to
r0 < q∗, while R(v0, x0) ≥ q∗, so that the search finds the crossing before it reaches time
0 (Lemma 11.9). After the last level, at the single time kNlev−1, the overlaps of the path
with many references lie close to their thresholds. The thresholds are drawn at random,
and a count over the time index shows that this is impossible when m ≤ Tn.

As in [77, Sections 8.3 and 8.4], the references are arranged in blocks of B levels.
Within a block, a new reference has small overlaps with the earlier references of the block,
and it deletes every retained reference with which its overlap exceeds b1 in absolute
value. Such conflicts occur only at the first level of a block, and they never reach the first
B − H ≥ 2 levels of the preceding block (Lemma 11.6).

2.3 The exponent

Three requirements fix the scales, which are listed in Table 2.2. The order in which the
parameters are chosen is recorded in Tables 10.1 and 12.1.

The denominator. On the disorder event of Section 9, we have Fn ≥ n(Pβ − c0ρ3),

so that Z3
n ≥ e3n(Pβ−c0ρ3). To obtain this bound from Chebyshev’s inequality with a

fixed margin, we choose constants a0 < c0 such that ∆n,β ≤ a0ρ3 for all large n. Since
EFn = n(Pβ − ∆n,β), the distance from the mean of Fn to the threshold is then at least
n(c0 − a0)ρ

3. The bounds on the numerators keep a deficit κgρ3, where gρ3 is a lower
bound, uniform over the band, for the deficit per spin of the three-replica pressure near
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Table 2.2. The scales of the proof of Theorem 1.1 and their roles. Here R, E = 1/100, S, and Aβ

are constants fixed before n → ∞. The last five rows are the rates of decay of the error terms of
Lemma 9.7, without constants and polynomial factors; see Tables 9.1 and 10.2.

Quantity λ = 7/30 Role

ρn Rn−7/30 gap q − r of the narrow constraints; length of a
threshold interval

εn = Eρn ERn−7/30 overlap imbalance εn ≤ |δ| ≤ 2εn; radius of the
windows

ηn n−5/21 tolerance of the fixed-scale constraints
sn = Sρn SRn−7/30 order of the fractional moment
Ln Aβn7/30 logarithmic time scale; logarithm of the list sizes

nρ3
n R3n3/10 Gibbs probability of narrow triples

nη2
n n11/21 Gibbs probability of fixed-scale triples

nρ4
n R4n1/15 disorder failure of a local or separated-overlap

bound
nη4

n n1/21 disorder failure of a fixed-scale bound
n2ρ6

n/n7/15 R6n2/15 disorder failure of the denominator (polynomial)

a level r (Sections 2.4 and 2.5) and κ ∈ (0, 1) is fixed. The ratio Z3,n(D)/Z3
n is then at

most e−n(κg−3c0)ρ
3
, which is small when 3c0 < κg. Constants a0 < c0 < κg/3 with these

properties exist if and only if

lim sup
n→∞

∆n,β

ρ3 <
κg
3

(see (S1)). With ∆n,β ≤ Cbn−7/10, this holds for ρ = Rn−7/30 if R3 > 3Cb/(κg) (see
(10.15)). By Chebyshev’s inequality and the bound Var Fn ≤ Cvn7/15 of Theorem 4.10, the
lower bound on Fn fails with probability at most a constant times n7/15/(n2ρ6), which is
O(n−2/15). We note that Theorem 1.6 is not used in the proofs of Theorems 1.1 and 12.6.

The count. The thresholds lie in the intervals Ii = [t0 + 3iρ, t0 + (3i + 1)ρ], of length ρ

and spacing 3ρ. There are Nlev = MB levels, arranged in M = ⌊t0/(3Bρ)⌋ blocks (see
(11.3)). In Section 2.6, we explain why a path of length m that avoids V and violates
(2.2) produces, for every array of thresholds, a time k ≤ m at which M overlaps lie in
windows of radius Ψ0 = 2ε + 2ηn + 2/n around their thresholds (Corollary 11.11). For
independent thresholds, uniform on their intervals, this event has probability at most

(m + 1)γM
n , γn =

2Ψ0

ρ
−→ 4E =

1
25

(2.3)

(see (12.1) and (12.2)). If this quantity is less than one, such a path cannot exist. Note that
M is of order 1/ρ, so that we may take log m of order nλ. This leads to the time horizon
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eL with the logarithmic time scale L = Anλ, for every A < t0 log 25/(3BR) (see (12.4)).
The count requires the ratio γn of the length of a window to the length ρ of a threshold
interval to stay below one. With ε = Eρ, the overlap imbalance is of the largest permitted
order, and this ratio stays below a fixed bound. The gap satisfies q − r ≥ ρ, and the
weakest local deficit occurs at the corner q − r = ρ, |δ| = Eρ of the band of Section 2.4.

In summary, the upper bound n−3λ on the mean bias allows ρ ≍ n−λ, there are then
of order nλ levels, and the count allows log t of order nλ: the exponent of the barrier is
one third of the exponent of the upper bound on the mean bias. For the upper bound
n−7/10 of Theorem 4.11, this gives the exponent 7/30 of Theorem 1.1.

The union bounds and the exponent 1/4. The proof uses two kinds of union bound. In
the disorder event, each of at most (n + 1)3 bounds on constrained partition functions
near a level r fails with probability at most e−cnρ4

(Section 2.5). The sufficient condition
nρ4/ log n → ∞ makes this polynomial union bound vanish (see (S3)). At a fixed
disorder, we multiply a count eCL of reference configurations and path positions by Gibbs
probabilities bounded by C′(n + 1)3e−cnρ3

, and it suffices that cnρ3 −CL − 3 log(n + 1) →
∞. Under the stronger condition nρ3/L → ∞, we have this for every fixed C. For
ρ = Rn−λ and L = Anλ, both sufficient conditions hold when λ < 1/4. At λ = 1/4, the
quantity nρ4 = R4 is bounded, and the polynomial union bound in the disorder event is
ineffective, whether or not the conditional union bound can be absorbed by a choice of
constants. The argument gives no exponent of 1/4 or more, whatever the upper bound
on the mean bias (Table 12.2). We note that a mean bias of order n−3/4, as predicted
by Franz, Parisi, and Ricci-Tersenghi [56], would correspond exactly to this threshold
(Section 23).

2.4 The cubic deficit

We now describe the pressure deficit for the narrow constraints. We fix the compact
intervals Jβ ⊂ int Iβ with Iβ ⊂ (0, qβ) of Section 10.2; the general statements of Sections 8
and 9 write them as J ⊂ int I. For a center r ∈ Jβ, the gap d = q − r, and the overlap
imbalance δ, we need a trial value for D(r, q, δ) below 3Pβ by a fixed multiple of ρ3,
uniformly over r ∈ Jβ and over the band {ρ ≤ d ≤ d0, Eρ ≤ |δ| ≤ 2Eρ}. The local cutoff
d0 is chosen so small that every local window lies in Iβ.

The obstacle. In [77, Section 7], the field of x receives δ times a Gaussian combination of
the field increments in a window [r − h, r + h], and the field of y receives −δ times the
same combination. The resulting excess covariance in the antisymmetric direction ex − ey

contributes to the endpoint cost (β2/4)∥D − QN∥2
F, and the expansion of the trial value

has the remainder C(|δ|3h−3/2 + δ4h−2) (see (4.20)), which is small compared with the
gain only if |δ| is much smaller than h3/2, while h is smaller than q − r. In [77], h = ρ8
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and |δ| is of order ρ20, and the resulting deficit is of order ρ43 [77, (7.32)]. When |δ| and
q − r are both of order ρ, however, the mismatch and the remainder are as large as the
gain.

The observation. For the perturbation constructed below, at centers in the interior of
the support, the terms of order at most two in the width parameter h of the window
cancel exactly. The reason is the first stationarity identity β2Eχ(t, Yt)2 = 1, where χ is the
second spatial derivative of the Parisi solution. This identity is the derivative of Γ(t) = t,
and it expresses the marginal stability of the Parisi solution [44, (22)–(23)]; its stochastic
form is recorded in [69, Lemma 2.5]. The deficit is then of third order in h. To find it, we
need a perturbed path whose endpoint is exactly D(r, q, δ), so that we incur no mismatch
cost, and an expansion of its trial value to third order with a remainder of fourth order.

The perturbed path. We fix a ratio ϑ ∈ (0, 1/2]; the dynamical argument uses ϑ = 1/2.
Given (r, d, δ), let h = d/ϑ be the width parameter of the window, q0 = r − h its left
endpoint, and k = δ/h the relative imbalance (see (7.1)). The perturbed path has the five
stages of Table 7.2. In the baseline, the first four stages are the following: the three fields
share their increments on [q0, r], the fields of x and y share theirs on [r, q] while v evolves
alone, and all three are independent on [q, q0 + 2h]. To perturb them, we add δ Ξ to the
field of x and subtract it from the field of y, where

Ξ =
1
h
{

ω0(g1 − g2 − gx − gy) + ω1gv
}

, ω0 =
1

2 − ϑ
, ω1 =

1 − ϑ

2 − ϑ
,

and g1, g2, gv, gx, gy are the field increments of the window (see (7.4)). The weights
are fixed, and the contrast extends past the time q at which x and y separate. By
(7.5), the perturbation changes the covariance of the window in two ways: it shifts the
overlaps of v with x and with y by +δ and −δ, and it adds an excess covariance of
order δ2/h in the antisymmetric direction ex − ey. A fifth stage, the terminal correction,
removes this excess exactly. It lasts a time proportional to hk2, and it uses the positive
semidefinite rate Id − (ex − ey)(ex − ey)T/4 in place of Id. Every increment of the path is
positive semidefinite, the masses are nondecreasing, and the endpoint is exactly D(r, q, δ)

(Lemmas 7.1 and 7.2). From [77, Section 7] we keep the hierarchy in which the masses
are divided by the sizes of the common blocks, the antisymmetric Gaussian contrast, and
the source of the deficit in the identity β2Eχ(r, Yr)2 = 1.

The reduction. We split the trial value T (q0, h, k) into the initial segment [0, q0], on which
the three fields share every increment, and the local window. Let V(q0, h, k, z) be the
difference between the value of the local window on the diagonal {zv = zx = zy = z}
and its unperturbed value 3Φ(q0, z) (see (7.11)), and let ∆Π be the change of the penalty∫

m d∥Q∥2
F. The initial segment responds to the change V of its terminal function linearly,
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up to an error ∥V∥2
∞/2 that does not depend on the number of levels (Lemma 6.13

and Corollary 6.14). Since ∥V∥∞ ≤ Ch2k2, we have

T (q0, h, k)− 3Pβ = EV(q0, h, k, Yq0)−
β2

4
∆Π + O(h4k4)

(Corollary 7.5). The expectation is taken under the law of the scalar diffusion at the fixed
time q0, which does not depend on (h, k); this is why we expand at a fixed left endpoint.
The local window is a composition of five short semilinear parabolic flows on R3, some
with singular diffusion matrices. In Section 6 we bound their mixed derivatives in (h, k),
uniformly in the field and including h = 0 (Proposition 6.3). Using these bounds, we find
that

V(q0, h, k, z) =
β4χ2

0
4

∆Π + β6h3{α(q0)
2χ3

0 Cχ(k) + α(q0)w2
0 Cw(k)

}
+ O(h4k2) (2.4)

(Lemma 7.4 and Proposition 7.12). Here χ0 = χ(q0, z) and w0 = w(q0, z) are the second
and third spatial derivatives of the Parisi solution, and Cχ and Cw are the trace polynomial
and the Wick polynomial of (7.26) and (7.27). When the mass is frozen at α(q0) on the
window, the stages are Gaussian integration steps, and three formal steps with explicit
coefficient matrices give the coefficients of order two and three (Lemmas 7.7 and 7.8
and Proposition 7.9). The variation of α on the window contributes, at order three, exactly
the corresponding part of β4χ2

0∆Π/4 (Lemma 7.11).

The cancellations. The penalty enters the trial value twice: directly, with the factor
−β2/4, and through V, with the factor β4χ(q0, Yq0)

2/4. After the expectation, the sum
is (β2/4)(β2Eχ(q0, Yq0)

2 − 1)∆Π, which vanishes by the first stationarity identity. Since
∆Π is of order h2, this removes every term of order h2, as well as the terms of order h3

that involve α′(q0). The second stationarity identity Ew(t, Yt)2 = 2α(t)Eχ(t, Yt)3 implies
that the expectation of the braces in (2.4) equals α(q0)

2Eχ(q0, Yq0)
3{Cχ(k) + 2Cw(k)}. We

conclude that∣∣∣T (q0, h, k)− 3Pβ − α(r)2β6Eχ(r, Yr)
3 h3Pϑ(k)

∣∣∣ ≤ Ch4k2, Pϑ = Cχ + 2Cw (2.5)

(Proposition 7.13, with q0 + h = r). Both identities hold on (0, qβ) (Lemma 5.3), and both
were known; see [8, proof of Lemma 7.2] and [69, Lemma 2.5]. The use of the second
identity in a covariance expansion is new. The polynomial Pϑ is even, with coefficients
c2(ϑ) = 2ϑ(ϑ − 1)/(ϑ − 2)2 < 0, c4(ϑ) < 0, and c6(ϑ) > 0 (see (7.33)). For ϑ = 1/2,

P1/2(k) = −2
9

k2 − 62
243

k4 +
6952

19683
k6

(see (7.34)), and Section 7.3 lists the traces from which this polynomial can be recomputed
by hand.
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The deficit on the band. In the variables d and δ, we have −h3Pϑ(k) = Gϑ(d, |δ|), where

Gϑ(d, x) = − c2

ϑ
x2d − ϑc4

x4

d
− ϑ3c6

x6

d3

(see (7.36)). The leading term is 2(1 − ϑ)(2 − ϑ)−2δ2d, which is 4δ2d/9 for ϑ = 1/2. The
deficit is quadratic in the overlap imbalance and linear in the gap q − r; its minimum on
the band is a positive multiple of ρ3, and it can be larger away from the corner. The scalar
factor α(r)2β6Eχ(r, Yr)3 is bounded below on Iβ by a constant mβ > 0, since α > 0 on
(0, qβ] and Eχ(r, Yr)3 ≥ β−3 (Corollary 5.5). For E = 1/100, the function Gϑ is increasing
in d and in |δ| on the band, and it attains its minimum at the corner (ρ, Eρ) (Lemma 7.14).
Choosing d0 so small that the remainder in (2.5) is absorbed, we obtain, for every fixed
g′ < mβE2G(ϑ, E),

p3,n
(

D(r, q, δ)
)
≤ T (q0, h, k) ≤ 3Pβ − g′ρ3 (2.6)

for every feasible matrix in the band, all n, and all 0 < ρ ≤ d0, uniformly over
r ∈ Jβ (Proposition 7.15). Here G(ϑ, E) is the value of E−2ρ−3Gϑ at the corner, and
G(1/2, 1/100) > 1/3. Since the second stationarity identity fails at t = qβ, where the
Parisi measure has an atom (Remark 5.4), the centers lie in compact subintervals of
(0, qβ); no other condition on the Parisi measure near r is needed, in contrast with [77,
Lemma 7.1].

2.5 From pressures to Gibbs probabilities

The obstacle. The bound (2.6) concerns the quenched pressure n−1E log Z3,n(D). How-
ever, Gaussian concentration of this Lipschitz function of the disorder (Remark 4.22) turns
a mean deficit of order ρ3 only into the probability bound e−cnρ6

, and nρ6 tends to zero;
for ρ = Rn−7/30, it is R6n−2/5.

Fractional moments. To overcome this obstacle, we bound positive fractional moments
of order s = Sρ, for a small constant S > 0. Suppose that

1
ns

log EZ3,n(D)s ≤ 3Pβ − gρ3. (2.7)

Applying Markov’s inequality to Z3,n(D)s, we find that

P
{

n−1 log Z3,n(D) > 3Pβ −κgρ3} ≤ e−(1−κ)gS nρ4
,

and nρ4 grows like a power of n (Step 2 of the proof of Lemma 9.7). To prove (2.7),
we adapt the matrix comparison of [77, Proposition 2.3] to moments of order s, as in
the positive-moment interpolation of Aronow and Lopatto [8, Section 2.3]: the disorder
is integrated at the outer mass s, instead of by an expectation. In this way we find
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that the trial value of every admissible path whose masses are all at least s bounds
(ns)−1 log EZℓ,n(D)s + β2ℓ2s/(4n) (Proposition 8.3). The interpolation is carried out for
the completed Hamiltonian Hn + G of Section 3, whose covariance is exactly nR(x, y)2/2.
The correction β2ℓ2s/(4n) is quadratic in the number ℓ of configurations, because the
same variable G enters every configuration (Lemma 3.1). Since this correction is nonneg-
ative, it can be discarded.

The profile max{α, 3s}. The masses of the perturbed path on its initial segment are
α(t)/3, and α(t) → 0 as t → 0, so that the requirement that all masses are at least s fails
near the origin. To overcome this, we replace α by max{α, 3s} on the initial segment. By
the trial bound of Aronow and Lopatto [8, Lemma 7.2], the Parisi functional of this profile
exceeds Pβ by at most Cs5 (Proposition 4.12 and Lemma 8.5), which is much smaller than
ρ3. The profile differs from α only on an interval [0, Cs], far from the window, which
starts at q0 ≥ min Iβ > 0. We show that its effect on the response of the initial segment to
V is at most C∥V′∥∞∥max{α, 3s} − α∥L1 ≤ Cδ2s2/h (Lemma 8.6). On the band this is at
most a constant times S2ρ3, and we make it small by the choice of S (see (8.24)). Together
with (2.6), this proves (2.7) for every fixed g < mβE2G(ϑ, E), for all n and all small ρ,
uniformly over the band (Lemma 8.7).

The other regimes. Every narrow triple falls into one of three regimes (Lemma 9.6).
In the local regime q − r ≤ d0, we use (2.7). In the regime q − r > d0 of separated
overlaps, with |q − Γ(q)| small, we use the quadratic deficit csepδ2 of Lemma 9.5, which
we derive from [77, Section 7, Steps 1–7] with fixed parameters; its source is the decay
β2E[χ(q, Yq)χ(r, Yr)] ≤ 1 − c(q − r) of the mixed susceptibility [77, (7.31)]. Since δ2 is
of order ρ2, Gaussian concentration suffices there. In the remaining pair regime, the
two configurations with the larger overlap q have |q − Γ(q)| > ν for a fixed ν > 0, so
that the pair deficit (Γ(q) − q)2/2 of [77, Lemma 4.3] (Lemma 9.1) applies. For the
fixed-scale constraints, we use the three-replica deficit cfixδ2 of [77, (4.20)] (Lemma 9.2)
at the tolerance |δ| ≥ ηn. In the separated-overlap, pair, and fixed-scale regimes, the
mechanisms are those of [77]; what changes are the scales at which the pressure deficits
are converted into probability bounds.

One disorder event. The disorder event An of Lemma 9.7 requires the lower bound on
Fn of Section 2.3 and upper bounds on all constrained partition functions of the local,
separated-overlap, fixed-scale, and pair families; these are deterministic families of at
most C(n + 1)3 matrices. The event An fails with probability at most

C
n7/15

n2ρ6 + C(n + 1)3(e−cnρ4
+ e−cnη4

n
)
+ C(n + 1)e−cn
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(see (9.20)), which is O(n−2/15) for λ = 7/30. For every disorder in An, dividing the
numerators by the denominator, we find that

π⊗3(Nn) ≤ C(n + 1)3e−cnρ3
, π⊗3(Wn) ≤ C(n + 1)3e−cnη2

n ,

where Wn is the set of fixed-scale triples (see (9.21)). We keep two kinds of error
apart (Remark 9.9). Our estimate for the disorder failure probability P(Ac

n) contains
a polynomial term, and we use this estimate once, additively, at the end of the proof.
The Gibbs probabilities at a fixed disorder in An decay at least as fast as e−cn1−3λ

, and
only these are multiplied by the numbers eO(L) of reference configurations and path
positions. This separation replaces the conversion [77, Lemma 4.2] of pressure bounds
into probability bounds, whose finite-size error n−1/24 is far too large at the scale ρ3.

2.6 The dynamical argument

Fixed families of references. The dynamical argument starts from two inputs at a fixed
disorder. The first is the bound on the Gibbs mass of overlap neighborhoods: for every
S ⊆ Σn, all x ∈ S outside a set of Gibbs mass less than e−D1L have Gibbs mass at least
e−D3L of configurations z ∈ S with |R(x, z)| ≥ q∗. We prove it by the argument of [77,
Proposition 6.1], at every scale L → ∞ with L = o(n) (Lemma 10.1). The second input is
the bound π⊗3(Bn) ≤ qn for the exceptional triples Bn = Nn ∪ Bn(q∗, b1) ∪ Bn(b1, b2) on
the event An, where qn = C(n + 1)3(e−cnρ3

+ e−cnη2
n + e−cn) satisfies eCLqn → 0 for every

fixed C (Lemma 10.2).
In [77, Section 8.3], the properties of the lists of references are proved with probability

tending to one jointly over the disorder, the lists, and the path, with bounds averaged
over the disorder. At our scales, such an averaged bound contains the disorder failure
probability, which does not remain small after multiplication by eO(L). For this reason,
we fix the disorder first. At each disorder in Gn, we sample the lists, with ⌈e(cs+1)L⌉
independent Gibbs samples at the levels of position s in a block. The expected Gibbs
mass of the configurations at which some cell contains no suitable entry is at most 2e−4L.
The expected number of exceptional triples of list entries, and the expected Gibbs mass of
the configurations that form one with two entries, are at most eO(L)qn. We fix a realization
at which the sum of such quantities is at most its mean (Lemma 10.4). Outside a set V
with π(V) ≤ 3e−4L, it has properties (P1)–(P4) of Section 11.1: every cell supplies a new
reference for each configuration in it, the fixed-scale constraints hold across q∗ and across
b1, and no configuration outside V forms a narrow triple with two signed entries. The
family and V depend only on J (Remark 10.5).

The accumulation of errors. In [77, (8.19)–(8.20)], the overlaps of every retained reference
with the current configuration and with the later references are controlled within 6jε after
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j levels. These errors accumulate, and the final count of [77, (8.29)] requires Nlevε to be
much smaller than ρ. Since Nlev is of order 1/ρ, this forces ε to be much smaller than
ρ2. Our choice ε = Eρ, at which the narrow constraints have a deficit of order ρ3, is far
outside this range.

Next retained references. To overcome this, we compare each retained reference vi with
the next retained reference vaj(i), where aj(i) is the smallest retained level larger than i
after level j (Section 11.2). We call the overlap cj(i) = R(vi, vaj(i)) the center of vi. When
vi+1 is selected at the time ki, we have R(vi+1, xki) ≥ q∗ and R(vi, xki) ∈ [ri − 2/n, ri],
and the fixed-scale constraint across q∗ implies that |cj(i)− ri| ≤ 2ηn + 2/n. The center
changes only when a deletion removes the next retained reference of i. The next retained
reference is then the first reference of the following block, which is never deleted, and the
center moves by at most 2ε + 2ηn. We show by induction that, for every retained i < j,

|cj(i)− ri| ≤ 2ε + 4ηn +
2
n

, |R(vi, xkj)− cj(i)| < 2ε

(Definition 11.4 and Proposition 11.10). The errors are of order ε at every level, and they
do not grow with the number of levels.

The narrow constraints preserve these windows during the backward search
(Lemma 11.8). Suppose that some window fails at a time between k j and k j−1, and
let k be the largest such time and vi a reference whose window fails at k. All windows
hold at time k + 1, and since one step changes overlaps by at most 2/n, the overlap
R(vi, xk) differs from cj(i) by an amount in [2ε, 2ε + 2/n). Let a = aj(i). Then R(va, xk) is
close to ra or larger: if a = j, because the backward search has not yet reached the crossing
of rj, and otherwise because the window of va holds at time k + 1. Since ra − ri ≥ 2ρ and
all errors are of order ε, we find that R(va, xk) ≥ r + ρ, where r is the mean of R(vi, xk)

and R(vi, va) = cj(i). The triple (vi, xk, va) is then narrow, which (P4) excludes because
xk /∈ V. In other words, the next retained reference supplies the large overlap that the
narrow constraint needs, and the spacing 3ρ of the threshold intervals makes this overlap
large enough.

The count. At the time k∗ = kNlev−1, the first reference vℓB of each block ℓ still has
its original next retained reference vℓB+1, because the first two levels of a block are
never deleted. By its window, we have |R(vℓB, xk∗) − rℓB| < Ψ0 for ℓ = 0, . . . , M − 1
(Corollary 11.11). The reference of each level depends only on the thresholds of the
earlier levels (Lemma 11.3); this is why a selected reference whose crossing fails is kept.
Removing the windows one at a time, from the largest level down, we find that for
each fixed time k the M windows hold with probability at most γM

n over independent
uniform thresholds (Lemma 12.1). Summing over k ≤ m, we have the bound (2.3).
If (m + 1)γM

n < 1, some threshold array admits no such time, which contradicts the
existence of a path that violates (2.2) (Proposition 12.2). In [77, (8.29)], the count is a
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union over subsets of retained levels; here the windows sit at the deterministic first
levels of the blocks, and we count only M of them. Further, since the static estimates are
uniform over the interval Jβ, we need no random event that restricts the thresholds, such
as [77, (8.12)].

Quantitative and almost-sure forms. With the lower bound on Fn from the small-
deviation inequality of Paouris and Valettas [90, Theorem 2.1 and Remark 2.4(3)] instead
of Chebyshev’s inequality, with ηn = ρn/1000, and with A < t0 log(250/11)/(3BR), the
disorder event fails with probability at most Ce−cn1/15

, and on it the initial configurations
from which the distance stays at least 1/2 − Ce−cn7/30

up to the time horizon eAn7/30
have

Gibbs mass at least 1 − Ce−cn7/30
, for all n ≥ n1(Crate) and every single-site generator

with rates at most a fixed Crate that leaves π stationary (Theorem 12.6). By the same
theorem, we have the relaxation time bound eAn7/30

/(Cn7/30) for the reversible ones and,
by the Borel–Cantelli lemma, the almost sure form for every coupling of the disorders of
different sizes.

2.7 The upper bound

We follow the architecture of the proof of [85, Theorem 1], which proves Theorem 1.3 for
the saving ω = 1/40000000. The proof has four steps. A finite-chain argument reduces a
bound for typical initial configurations to a lower bound on the stationary flow across
every cut whose two sides both have appreciable Gibbs mass. A random disorder and a
random configuration are then constructed jointly, by Gaussian queries of the disorder
matrix that follow the scalar Parisi diffusion. The law of this pair is compared with
the Gibbs joint law in two ways: through its relative entropy, and through an upper
bound on its likelihood ratio outside a rare event. A Gaussian smoothing of the disorder
reverses the entropy comparison, so that the constructed configuration reaches every
set of appreciable Gibbs mass. Finally, a sequence of such configurations, built from
rotated Gaussian inputs, connects the two sides of a cut of small flow while avoiding
its boundary, which is impossible. In [85], the parameters are fixed numbers, and the
exponent is not optimized.

To reach every ω < 1/4, two estimates must be close to sharp: the relative entropy
of the proposal at the longer horizon, and the likelihood bound at the shorter horizon,
together with the probability of its exceptional event. The first is described in the
paragraph on the forward entropy below, and the second in the paragraph on coarse
domination. The other steps follow [85], with the changes of parameters that these two
estimates allow.

Notation. Let g ∈ Rn×n have independent standard Gaussian entries, with law γn, and
let W(g) = (g + gT)/

√
2n. With Jij = (gij + gji)/

√
2 and J′ii = gii, the matrix W(g) is
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Table 2.3. The exponents of the proof of Theorem 1.3, as functions of ε = εω = (1/4 − ω)/20,
their values for ω = 1/5, and their roles. They are fixed after β and ω, and before n → ∞; see
Sections 13.3 and 19.5.

Exponent Value ω = 1/5 Role

a 1/2 1/2 mesh h = n−a

f 1/2 1/2 fine horizon Vf ≈ f log n
b 1/2 − 14ε 93/200 coarse horizon Vb ≈ b log n
kf 1/2 − 2ε 99/200 forward entropy n1−kf

D 1/4 − ε 99/400 smoothing δ = n−D

uE 1/4 − 2ε 49/200 reverse entropy n1−uE

d ε/2 1/800 masses n−d of the cuts
e 1/4 − 3ε 97/400 crossing probability e−2n1−e

w 1/8 − 3ε 47/400 weighted errors n−w

z 1/4 − 8ε 23/100 accuracy n−z of the row averages
kb 1/4 − 9ε 91/400 likelihood bound en1−kb

sb 1/4 − 5ε 19/80 failure e−n1−sb of the coarse proposal
sseq 1/4 − 4ε 6/25 failure e−n1−sseq of the sequence
r 1/4 − 15ε/2 37/160 Hamming radius Rn = ⌈n1−r⌉
uF 1/4 − 39ε/4 361/1600 threshold n1−uF for sums of local fields
q 1/4 − 10ε 9/40 flow threshold ϕn = e−n1−q

zP 3/10 3/10 pressure event Fc ≤ nPβ + n1−zP

grot 3/5 3/5 grid of ℓn + 1 ≈ engrot angles

the matrix W of Section 3.2, and Hc
g(x) = xTW(g)x/2 is the completed Hamiltonian of

the disorder J(g). We write Fc(g) for the completed log partition function, πg = π J(g),

Pg
t = PJ(g)

t , and
Πn(dg, x) = γn(dg)πg(x)

for the Gibbs joint law. Its (J(g), x) marginal is the realized-start law PJ,X0∼π J of Defini-
tion 3.3. For S ⊆ Σn, the stationary flow across S is

Qg(S, Sc) = ∑
x∈S, y/∈S

πg(x)LJ(g)(x, y),

where LJ(g)(x, xi,−xi) = pJ(g)
i (−xi | x) is the rate of a flip at site i (Section 3.3). The

exponents of the proof are fixed numbers, written in sans-serif (a, q, kf, . . . ); they are
chosen after β and ω, and they are listed in Table 2.3. Constants Cβ, cβ > 0 depend only
on β and on the exponents.

From balanced-cut flow to mixing. By Lemma 3.4, Theorem 1.3 states that the Gibbs
mass of the configurations x with dJ(g)(x, en1−ω

) > 1/4 tends to zero in probability over
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g. The reduction to flows is the finite-chain lemma [85, Lemma 8], which we prove as
Lemma 19.1. Let 0 < ϵ < 1/3 and ϕ > 0, and suppose that Qg(S, Sc) > ϕ for every set S
with ϵ ≤ πg(S) ≤ 1 − ϵ. Then, for every t > 0,

∑
x∈Σn

πg(x) dJ(g)(x, t) ≤
n
√

2 log 2

ϕ
√

t
+ 2ϵ. (2.8)

Here n bounds the total jump rate out of a configuration, and n log 2 bounds the entropy
of πg. The proof removes, one at a time, sets of at most half of the remaining mass whose
flow to the rest is less than ϕ times their mass. The hypothesis prevents the removed mass
from reaching ϵ. On the remaining set, the flow bound gives a Poincaré inequality, by
the argument of Lawler and Sokal [67, Theorem 3.5], and the entropy dissipation of the
full chain [51, Lemmas 2.5 and 2.7] bounds the average of the distances from fixed initial
configurations. The trajectory need not stay in the remaining set. Initial configurations
from which the chain is slow are allowed, and a set of them costs at most its Gibbs
mass. For this reason only cuts of mass at least ϵ enter, and the conclusion concerns
typical initial configurations; at large β, the worst-case mixing time is exponential [99,
Theorem 1.1].

We apply (2.8) with ϵ = n−d, ϕ = ϕn = e−n1−q
, and t = en1−ω

. By Markov’s inequality
in the Gibbs draw, we find that the joint probability that dJ(g)(x, t) > 1/4 is at most

γn(Wn) + 2e−n + 4n
√

2 log 2 en1−q−n1−ω/2 + 8n−d

(Section 19). Since ω < q, the third term tends to zero. The term 2e−n bounds the
probability that ∥W(g)∥op > 12 (Lemma 13.2), and

Wn =
{

g : ∥W(g)∥op ≤ 12, and there exists S ⊆ Σn

with n−d ≤ πg(S) ≤ 1 − n−d and Qg(S, Sc) ≤ ϕn
}

is the event that a cut of small flow exists. The rest of the proof shows that γn(Wn) → 0
(Proposition 18.9).

The proposal. The flow bound is proved with a random pair (g, x) whose law is close to
Πn. Its construction is that of [85, Section 4], which is related to the iterative construction
of solutions of the TAP equations by Bolthausen [25] and to the incremental approximate
message passing algorithm of Montanari [75]. Let αβ be the Parisi distribution function;
the Parisi measure has support [0, qβ] (Theorem 4.7). In the variance time v = β2t, the
scalar diffusion of Section 4 solves

dYv = dMv + ᾱ(v)m(v, Yv)dv, Y0 = 0,

where M is a standard Brownian motion, ᾱ(v) = αβ(v/β2), and m(v, y) = uαβ
(v/β2, y)

is the spatial derivative of the Parisi solution. The magnetization mv = m(v, Yv) is a
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martingale, with dmv = χv dMv, where χv = χ(v, Yv) is the second spatial derivative.
Beyond v∗ = β2qβ, we continue the process with ᾱ = 1, m(v, y) = tanh y, and χ(v, y) =
sech2y; the continued potential solves the same equation (Section 13.4). We define

p(v) = Eχv, r(v) = Eχ2
v, ρ(v) = β

√
r(v), σ(v) =

√
1 − ρ(v)2.

By Corollary 4.8, we have r = β−2 on [0, v∗], so that ρ = 1 and σ = 0 there. After v∗,
the functions p and r decay at the rate e−v/2 up to a factor

√
1 + v (Proposition 13.4

and Lemma 13.6), and at a horizon V of order log n the magnetization is close to ±1.
In the proposal, we run one copy of the continued scalar process for each coordinate,

driven by noise extracted from the matrix W = W(g). We cut the time axis into cells
[tj, tj+1] with

t0 = 0, hj = hetj/4, tj+1 = tj + hj, h = n−a.

At the query j ≥ 1, we take the increment of the vector of magnetizations over the previ-
ous cell, normalized as Tj = (m(tj)− m(tj−1))/sj with s2

j =
∫ tj

tj−1
r, and we orthogonalize

it against the earlier query directions in the inner product n−1⟨u, v⟩. This gives a direction
uj, and we read the column Wuj. Its component orthogonal to u1, . . . , uj, together with an
independent Gaussian completion inside their span, is a vector ej that is standard Gaus-
sian given the past. The vector ej becomes the standardized increment of the query paths
Bi over the next cell [tj, tj+1], which is filled with independent Brownian bridges. Each
coordinate is driven by Mi =

∫
ρ dBi +

∫
σ dDi, where the Di are independent Brownian

motions. Up to v∗, the matrix drives the process alone; after v∗, the query noise is mixed
with independent noise. By Gaussian orthogonal invariance, the unread part of W is a
compressed Gaussian orthogonal ensemble, independent of the past. Then the matrix
assembled from the answers and the remaining Gaussian variables has the law of W(g)
under γn, independently of the initial data, and the pairs (Bi, Di) are independent pairs
of Brownian motions (Lemma 14.1). At the horizon V, the spin is linked to the terminal
magnetizations by the density ∏i(1 + ximi(V)) relative to an independent uniform spin
(Definition 14.2). The output QV is the law of (g, x), where g is obtained from W by
adding an independent antisymmetric Gaussian matrix, so that W(g) = W. Its marginals
are γn and the uniform law, but x is correlated with g.

The construction has two equivalent forms: in one, the matrix is assembled from
the answers to the queries, and in the other, the same recursion reads a given matrix
and given completions (Definition 14.2 and Lemma 14.1). The main structural fact is
that, under the linked law, the rows (xi, Yi, Bi, Di), i = 1, . . . , n, are independent, with
an explicit one-row law νV . Apart from the Gaussian variables that the recursion never
reads, the statistics of the proposal used below are averages of n independent rows, or
explicit functions of such averages.
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We use two horizons on the same mesh: the fine horizon Vf and the coarse horizon Vb,
the first times tj beyond f log n and b log n, with b < f (Lemma 14.3). The two runs read
the same inputs, so that the coarse run is an initial segment of the fine run. The growing
cells are new compared with [85], where the cells have equal length n−1/16. Since r(tj)

decays like e−tj/2, the lengths hj grow as the profile decays, and h2
j r(tj) stays of order h2

at most. The number of queries is at most 8na for every horizon (Lemma 14.3), and the
errors of the mesh add up to O(h), uniformly in the horizon. Unequal cells require some
care in the estimates: Tj is an increment over the previous cell, ej belongs to the next cell,
and the ratio hj/hj−1 = ehj−1/4 enters the bounds.

The forward entropy. The first comparison is

KL(QV∥Πn) ≤ nj(V)− n log 2 + EFc(g)− β EHc
g(x), j(V) =

1
2

∫ V

0
ρ(v)2κ(v)dv,

(2.9)
where κ(v) = E[χ2

v/(1 − m2
v)] and the last expectation is under the proposal

(Lemma 15.2). The quantity j(V) is the information per spin that the proposal acquires
through the matrix. To see this, we move the part of the linking density that comes from
the independent noise D into a reference law, as in [85, Section 4], whose (g, x) marginal
is γn times the uniform law. The logarithm of the remaining density is a sum of n inde-
pendent rows, each with mean j(V) (Lemma 15.1). The factor ρ2 is the share of the matrix
in the driving noise. Changing the reference to Πn, whose density is 2neβHc

g(x)−Fc(g), gives
(2.9).

The terms of (2.9) are related by the scalar identity [85, Lemma 4]: for every V ≥ v∗,

j(V)− log 2 + Pβ − βe(V) =
β2

4
p(V)2, e(V) = β

∫ V

0
r(v)p(v)dv (2.10)

(Proposition 13.4). Here e(V) is the scalar reference for the energy per spin of the proposal,
and the identity balances the information paid through the matrix against the energy
gained. By Guerra’s bound and Lemma 3.1, we have EFc(g) ≤ nPβ (Theorem 4.4). The
expected energy satisfies

1
n

EHc
g(x) ≥ e(V)− Cβ

[
h +

(N + 1)(1 + V) +
√

N
n

+
(N + 1)2VRV

n2

]
,

where N is the number of queries and RV = (min[0,V] r)−1 (Lemma 15.4). Inserting these
bounds into (2.9), and using p(V)2 ≤ Cβe−V , we find that

KL(QV∥Πn) ≤ Cβ

[
nh + ne−V + (N + 1)(1 + V) +

√
N +

(N + 1)2VRV

n

]
.

At the fine horizon, the five terms have the powers 1 − a, 1 − f, a, a/2, and 2a + f/2 − 1
of n, up to logarithms, and we obtain KL(QF∥Πn) ≤ Cβn1−kf for the fine output QF
whenever a > f/4, a + f/2 < 1, and kf < min(a, f, 1 − a) (Proposition 15.5).



2 Overview of the proofs 2.7 The upper bound 40

This is the first place where a sharp estimate is needed. In [85, Proposition 5],
the relative entropy is at most 2n1−l/2 for 0 < l ≤ 1/100; the energy is computed
on the event where the empirical Gram matrix of the queries is close to the identity,
and the information is concentrated separately. Here the expected energy is computed
directly, through an exact conditional identity for the third moments of a single query
(Lemma 15.3), and no Gram event enters. The saving kf can then be taken arbitrarily close
to 1/2, and 1/2 is the limit of the estimate: the error nh of the mesh and the number
na of queries balance at a = 1/2. For a = f = 1/2, we have KL(QF∥Πn) ≤ Cβn1/2+2εω ,
where εω = (1/4 − ω)/20.

Coarse domination. The second comparison is a bound on the likelihood of the coarse
proposal. There exists an event EB of the coarse proposal, with P(Ec

B) ≤ e−n1−sb , such
that the output restricted to EB has a kernel qgood

B (g, x) with respect to γn that satisfies

qgood
B (g, x) ≤ e−nPβ+n1−kb eβHc

g(x) = en1−kb+Fc(g)−nPβ πg(x) (2.11)

for all x and almost every g (Proposition 17.8). When Fc(g) ≤ nPβ + n1−zP , this is a bound
by eo(n1−q) times the Gibbs measure once q < kb and q < zP. Since the log density of Πn

relative to γn times the uniform law is n log 2 + βHc
g(x)− Fc(g), it suffices to show that,

on EB,
1
n

I(n) − log 2 − β

n
Hc

g(x) ≤ −Pβ + n−kb , (2.12)

where I(n) = ∑i IV,i is the logarithm of the density of the proposal relative to the reference
law of the paragraph on the forward entropy, at V = Vb. Integrating (2.12) against the
reference law, we obtain (2.11); the factor 2n cancels the uniform spin weight 2−n.

The obstacle is the accuracy. By (2.10), the left side of (2.12) has mean close to −Pβ,
and we must show that it deviates by at most n−z, for an exponent z > kb > q > ω,
outside an event of probability e−n1−sb , with sb < 1/4. If the information and the energy
are concentrated separately, as in [85, Proposition 5], each row has variance of order one,
and a deviation n−z has probability of order e−n1−2z

. In the parameter system below, the
resulting requirement 2z < sb, together with ω < q < kb < z and sb < 1/4 would confine
ω below 1/8. We avoid this loss with three observations.

The first is algebraic. We write Hc
g(x)/n = Eqry + Z, where Eqry is the energy carried

by the queried columns and Z collects the diagonal entries ⟨uj, Wuj⟩/n and the unread
block. The queried energy is an explicit function of the empirical Gram and cross matrices
of the vectors Tj, ej, and x, whose population values are known. Its linearization in the
errors of these matrices is itself an average of independent rows: it equals n−1 ∑i ζh,i,
where

ζh = ∑
j

wj(Atj − Atj−1) + ∑
j

sj(x − mtj)ej −
eh
2

, Av = xmv −
m2

v
2

,
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for a row with spin x, magnetization m, and query endpoints ej. The deterministic

weights are bj = h−1/2
j

∫ tj+1
tj

ρ(v)p(v)dv and wj = bj/sj, and eh = ∑j sjbj is the discrete
scalar energy. With these normalizations, Eζh = eh (Lemma 17.3). The remainder of the
linearization is quadratic in a weighted measure Wwt of the errors (Lemma 17.2). This
gives

1
n

I(n) − β

n
Hc

g(x) =
1
n

n

∑
i=1

(
IV,i − βζh,i

)
+ O

(
D∗W2

wt
)
− βZ,

where D∗ = 1 + ⌈log2 N⌉.
The second observation is a pathwise cancellation between information and energy

(Lemma 17.5). On a mesh of vanishing size, ζh becomes ζ∞ = ZV − e(V)/2, where
ZV = β

∫ V
0 p dA +

∫ V
0
√

r (x − m)dB. For every V ≥ v∗, we have exactly

IV − βζ∞ = log 2 − Pβ −
β2

4
p(V)2 +

β2p(V)

2
(x − mV)

2. (2.13)

In other words, the stochastic integrals of the information and of the energy cancel along
every path. Note that the expectation of (2.13) is (2.10). To prove (2.13), we use Itô’s
formula for the Parisi solution along the scalar process (Lemma 17.4). Before v∗, it shows
that β2pA + xY − U(v, Y) has differential β dZv, where U is the potential, and that the
driver B equals M; at v∗, the identity log(1 + x tanh y) = xy − log cosh y matches the two
sides; after v∗, the difference Iv − βZv moves only through β2p(v)(x − mv)2/2. The last
term of (2.13) does not have variance of order h: its centered version TV has variance
β4p(V)2{4p(V)− 3r(V)− p(V)2}/4 ≤ β4p(V)3, which is positive at every fixed V. Its
amplitude is at most 2β2p(V) = Oβ(n−b/2), however, and it is absorbed deterministically
when z < b/2.

The third observation concerns the difference between the mesh and its limit. The
residual Rh = ZV − ζh − eh/2 has mean 3(e(V)− eh)/2 = Oβ(h), and its centered moment

generating function is at most eCβθ2h for |θ| ≤ cβ/h, uniformly in the horizon and in the
number of cells (Lemma 17.6). On the growing mesh, the lag of the magnetization inside
a cell of length hj contributes h2

j r(tj), which is at most of order h2, and there are at most
8/h cells. Since the rows are independent, we conclude that the average of IV,i − βζh,i

exceeds log 2 − Pβ + Cβn−z with probability at most 2e−cβn1+a−2z
(Lemma 17.7). The loss

is 2z − a < 0, in place of 2z.
It remains to make W2

wt smaller than n−z and to control Z. We have Wwt ≤
Cβn−w logC n except with probability

2 exp
{

Cβna − cβn1−max{2w,w+b/4}/ logC n
}

(Lemma 16.6). The Gram–Schmidt step is a Cholesky factorization, and its errors involve
the triangular truncation Up1/2, which keeps the strict upper triangle and half of the
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diagonal. As in [85, Section 4], a dyadic decomposition of the triangle costs only powers
of D∗. The quantity Wwt measures the errors through their projections onto dyadic
intervals I of query indices, weighted by the population vectors. These projections are
built from martingale increments over the previous cells, and their variances are bounded
by a polylogarithmic multiple of the total length dI = ∑j∈I hj−1 of these cells. We divide
each projection by

√
dI before applying a variance-sensitive Bernstein inequality. Then

the variance parameter is polylogarithmic, and the inverse profile RV ≤ Cβnb/2
√

log n
enters only the scale of the exponential tail; this gives the loss w + b/4 beside 2w. The
half of the diagonal is a martingale plus a centered random drift, and both have variance
O(dI), with no power of RV . At each dyadic depth, the lengths dI add up to tN, so that
the squared errors, before the normalization, add up without a loss in the number of
queries. The fixed Gram event ∥T TT /n − I∥ ≤ (16D2

∗)
−1, together with its cross block,

fails with probability whose exponent loses b/2 (Lemma 16.1). Given the scalar paths
and the spins, Z is a centered Gaussian variable, since the scalar recursion and the link
never read the diagonal entries or the unread block. Its conditional variance is at most
Cβn−1{h + τ2 + p(tN)

2} when ∥c − s∥ ≤ τ, where cj = n−1⟨uj, x⟩ and sj is the population
value of n−1⟨Tj, x⟩ (Lemma 17.2). The cruder bound 1/(2n) would again lose 2z.

Collecting these estimates, we obtain (2.12) with P(Ec
B) ≤ e−n1−sb whenever

max{2w, w + b/4, b/2, 2z − a, 2z − 2w, 2z − b} < sb,

b/4 < a < 1 − sb, kb < z < min(a, b/2, 2w).

This is the second place where a sharp estimate is needed. The failure bound holds for
the proposal law averaged over the disorder; no bound is asserted for each fixed disorder.

Smoothing, coverage, and the connecting sequence. A bound on KL(QF∥Πn) does
not imply that the proposal reaches a given set of appreciable Gibbs mass. To reverse
the comparison, we follow [85, Section 5]. Conditionally on the spin x, the disorder
under Πn has density proportional to e−∥g∥2

F/2+βHc
g(x)−Fc(g), and since Fc is convex and

Hc
g(x) is linear in g, this law is 1-strongly log-concave. The transport inequality of

Bogachev, Kolesnikov, and Medvedev [24, Corollary 3.10] bounds the squared Wasserstein
distance from it by twice the relative entropy (Lemma 18.1). We smooth the disorder by
g 7→

√
1 − δ g +

√
δ z, with δ = n−D and an independent standard Gaussian matrix z. As

in [70, Lemma 11], the transport bound turns the forward entropy into a reverse entropy
for the smoothed laws, at the cost of a factor δ−1. Let g⋆, g◦ be independent with law γn,
let gbase =

√
1 − δ g⋆ +

√
δ g◦, and let νsm

gbase
be the law of the spin of the fine proposal run

on the matrix
√

1 − δ gbase +
√

δ z, with fresh auxiliary inputs. Then

E KL
(
πg⋆∥νsm

gbase

)
≤ β2(n − 1)

2
δ + δ−1 KL(QF∥Πn)
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(Lemma 18.2). Both terms are of order n1−D and n1−kf+D, and the relative entropy is at
most n1−uE with probability tending to one when uE < min(D, kf − D). On this event,
using the inequality for the binary relative entropy, we find that, simultaneously for all
S ⊆ Σn,

πg⋆(S) ≥ n−d =⇒ νsm
gbase

(S) ≥ exp
{
−nd(n1−uE + log 2

)}
(Lemma 18.3). The set S may depend on g⋆. Two independent fine spins with law
νsm

gbase
fall on opposite sides of every cut with both masses at least n−d with probability

ϖn ≥ e−2n1−e
when e + d < uE.

Suppose now that g⋆ ∈ Wn, and let Sg⋆ be the first cut of small flow in a fixed order.
The following argument is that of [85, Section 6]. If the two fine spins lie on opposite
sides of Sg⋆ , we join them by a sequence of configurations with short steps. Every such
sequence comes close to the boundary of the cut. An enlargement of the boundary has
small Gibbs mass, and the likelihood bound keeps the intermediate configurations out of
it. We now describe the three ingredients.

The excluded set. Since ∥W(g⋆)∥op ≤ 12, every one-spin energy change is at most 24
√

n,
and every flip rate is at least e−24β

√
n/2. Then the vertex boundary of Sg⋆ has Gibbs mass

at most 4ϕne24β
√

n. We enlarge it by the Hamming radius Rn = ⌈n1−r⌉, and to compare
Gibbs weights on the enlargement, we also exclude configurations x for which

∑
i

(
1A(i)− 1B(i)

)
(W(g⋆)x)i ≥ n1−uF

for some A, B ⊆ [n] with |A|, |B| ≤ Rn. The expected Gibbs mass of the resulting
set En(g⋆) is at most e−n1−q/2 when 0 < q < uF < r < 1, 2uF − r < q, and q < 1/2
(Lemma 18.4). The bound on the local fields uses the transport inequality for the con-
ditional disorder law given the spin. The cut is selected from g⋆ alone, and we also
restrict to the event Fc(g⋆) ≤ nPβ + n1−zP , which fails with probability at most e−cβn1−2zP

(Lemma 13.3).
The sequence. With independent standard Gaussian matrices g1, g2, we set

gθ =
√

1 − δ gbase +
√

δ (cos θ g1 + sin θ g2), 0 ≤ θ ≤ π/2,

and we rotate two independent copies of the other Gaussian inputs of the proposal in
the same way. For each fixed θ, the matrix gθ has law γn, and the rotated inputs have
their original law. We run the coarse proposal at the ℓn + 1 points of a grid of spacing
of order e−ngrot , and the fine proposal only at the two endpoints θ = 0 and θ = π/2.
Given (g⋆, g◦), the two fine spins are independent with law νsm

gbase
. The sequence consists

of the first fine spin, the coarse spins in the order of the grid, and the second fine spin.
On an event whose complement has probability at most e−n1−sseq , the following holds
(Proposition 18.8):
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• every coarse spin avoids En(g⋆): by the regression gθ = (1 − δ)g⋆ +
√

δ(2 − δ) Zθ,
with Zθ independent of g⋆, the conditional expectation of eβHc

gθ
(x) given g⋆ is at most

eOβ(nδ)eβHc
g⋆ (x) when ∥W(g⋆)∥op ≤ 12, and (2.11) bounds the probability of hitting the

excluded set by e−n1−q/4 when q < min(kb, zP, D) (Lemma 18.5);
• consecutive coarse magnetizations differ by at most e−ngrot /2 when a < grot, because

the recursion amplifies differences of its inputs by at most eCβna log n on the Gram
events at both ends of a grid step (Lemma 18.6);

• every spin, coarse or fine, is within squared Euclidean distance Rn/4 of its coarse
magnetization when r < b/2. The fine and coarse runs share their paths up to Vb; the
expected squared discrepancy per coordinate is p(Vb) ≤ Cβn−b/2. The expected total
squared Euclidean distance is np(Vb) = o(Rn); independence across rows gives the
tail in Lemma 18.7.

On this event, we have that every step of the sequence has Hamming length at most Rn,
and every step contains a coarse spin. The union over the grid costs a factor eO(ngrot ),
which is absorbed when grot < 1 − sb, and the comparison of the failures requires r < sb,
q < sb, and sb < sseq.

The fine proposal enters only through its relative entropy, which has no exceptional
event, and through the two endpoint spins, which are joined to the grid by pinning.
Every event in the union over the grid concerns the coarse proposal, so that the sequence
needs no Gram event of the fine proposal and only the failure bound e−n1−sb of the coarse
one.

The contradiction. If the fine spins lie on opposite sides of Sg⋆ , some step of the
sequence crosses the cut. A shortest path across this step meets the boundary, so that the
coarse endpoint of the step lies within distance Rn of the boundary, in En(g⋆). On the
event of the sequence, this is impossible. Given an outer pair (g⋆, g◦) in the event of the
coverage bound, with g⋆ in Wn and in the pressure event, we conclude that ϖn is at most
the conditional probability that the sequence fails. Integrating over the outer pair, and
paying the coverage and pressure exceptions once, we find that

γn(Wn) ≤ Cβ

(
nuE−D + nuE−kf+D)+ e−cβn1−2zP + e2n1−e−n1−sseq

(2.14)

(Proposition 18.9), which tends to zero when sseq < e.

The parameters. The exponents of Table 2.3 are affine functions of εω = (1/4 − ω)/20 ∈
(0, 1/80), and they satisfy every condition stated above, with strict inequalities, for every
ω ∈ (0, 1/4) (Proposition 19.2). The complete list of conditions is given in Section 19.5.
Four chains among them limit the saving:

kf < min(a, f, 1 − a) ≤ 1
2

, e + d < uE < min(D, kf − D) ≤ kf

2
,

q < sb < sseq < e, ω < q.
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They come from the forward entropy, from smoothing and coverage, from the connecting
sequence, and from (2.8). Together they give

ω < q < sb < sseq < e < uE <
kf

2
≤ 1

4
.

The conditions of coarse domination fit inside the third chain: the family has q < kb <

z < b/2 < sb, with consecutive gaps εω, εω, εω, and 2εω, and a loss 2z in place of 2z − a
would not fit. For ω = 1/5, we have εω = 1/400, the chain reads

1
5
<

9
40

<
19
80

<
6

25
<

97
400

<
49

200
<

99
400

,

and (2.14) becomes Cβn−1/400 + e−cβn2/5
+ exp{2n303/400 − n19/25}.

Both arguments stop at the exponent 1/4. The proof of Theorem 1.1 needs
nρ4/ log n → ∞ for the overlap scale ρ, and the proof of Theorem 1.3 needs the chain of
inequalities ω < q < sb < sseq < e < uE < kf/2 ≤ 1/4 of Section 19.5. We do not know
whether this coincidence has a common explanation.

2.8 Fluctuations and the mean bias

Theorem 1.6 is OpenAI’s theorem [81, Theorem 1.1]. We give no new proof of it; our
contribution concerning it and Corollary 1.7 is described in Section 22. In [81], the
theorem is reduced to a two-sided bound on a positive logarithmic moment. Let Fc

n =

Fn + βG be the completed log partition function, and let Kn(t) = log E exp{t(Fc
n − EFc

n)}.
For fixed m ∈ (0, 1/300) and sn = n−1/6+5m, it is proved in [81, Proposition 7.5] that
cn20m ≤ Kn(sn) ≤ Cn100m for all sufficiently large n (Proposition 20.1); Section 20.2
summarizes this proof with locators. OpenAI bounds Kn(sn) by comparison with finite
Gaussian hierarchies along overlap quantiles. The error of such a comparison is small
when its minimizers satisfy a two-sided linear bound. This bound follows from a one-site
cavity estimate [81, Proposition 4.1], from the asymptotic linearity of the rescaled overlap
quantiles of the minimizers [81, Theorem 5.1], and from finite propagation through a
bounded number of successive comparisons [81, Proposition 6.6]. The lower bound uses
a chord inequality at ε = n−1/3, and the upper bound an iteration in ε with a low-field
perturbation [81, Sections 7.1–7.4].

A bound on Kn at one tilt does not control Var(Fn) by itself, since a rare deviation can
dominate an exponential moment or a variance. The additional input is that the sum of
Fc

n and a random variable with the exponential law of rate one, independent of (J, G),
has a log-concave density (Lemma 20.2). This observation is due to Aronow and Lopatto
[8, Proposition 5.1], and [81, Lemma 7.6] states it in the present setting. For a log-concave
law with standard deviation σ, the centered logarithmic moment is bounded at tilts below
c/σ and grows at least linearly in tσ at larger tilts t, and every interval of length 2r has
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probability at most Cr/σ (Lemma 20.3). We deduce that Var(Fn) = n1/3+o(1) and, using
the bound on intervals, the lower bound on |Fn − EFn| in (1.6) (Sections 20.3 and 20.4,
following [81, Sections 7.5 and 7.6]).

Corollary 1.7 is the lower bound n−5/6−ε on the mean bias. It follows from the
variance–bias inequality ∆n,β ≥ cβ((Var(Fn) + β2/2)/n)5/4 of Aronow and Lopatto [8,
Lemma 7.4 and Remark 7.14] (Proposition 21.1). Inserting Var(Fn) ≥ n1/3−4ε/5 from
Theorem 1.6, we find that ∆n,β ≥ cβn−5/6−ε for all sufficiently large n. Together with
the upper bound ∆n,β ≤ Cbn−7/10 of Theorem 4.11, which determines the exponent of
Theorem 1.1, this shows that if ∆n,β = n−a+o(1) for some a, then 7/10 ≤ a ≤ 5/6. Both
deductions are already recorded in [6, Section 1.6].
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section 3

The model and the dynamics

This section fixes the model, the dynamics, and the conventions used in the rest of the
paper. Section 3.1 defines the Sherrington–Kirkpatrick model, its Gibbs measure, the
overlap, the log partition function Fn, the limiting pressure Pβ, and the mean bias ∆n,β.
Section 3.2 records exact identities for the Hamiltonian completed by an independent
Gaussian variable (Lemma 3.1). They are used in Section 4 to translate imported results
into our normalization, in Section 8 for fractional moments of constrained partition func-
tions, in Part IV for the Gaussian-query proposal, and in Sections 20 and 21. Section 3.3
defines heat-bath dynamics in discrete and continuous time and proves the elementary
facts collected in Lemma 3.2: reversibility, Poissonization, and the contraction of total
variation. These facts are used in Section 12 to prove Theorem 1.1 and Corollary 1.2 and
in Part IV to prove Theorem 1.3 and Corollary 1.4. Section 3.4 defines the realized-start
probability in which Theorems 1.1 and 1.3 are formulated, and Lemma 3.4 relates state-
ments about this probability to statements about the Gibbs mass of the corresponding
initial states. Section 3.5 fixes the asymptotic conventions, and Section 3.6 compares our
normalization with those of the works from which we import results.

The model, the heat-bath dynamics, and the realized-start formulation are those of
[77, Section 1]. The facts proved in this section are standard. We include short proofs so
that the conventions can be checked directly, including the clock and the order in which
the disorder and the initial state are sampled.

3.1 The Sherrington–Kirkpatrick model

We consider the zero-field Gaussian Sherrington–Kirkpatrick model, introduced in [100].
For an integer n ≥ 2, let Σn = {−1, 1}n. Its elements, usually denoted x, y, z, or v, are
called configurations. The disorder is a family J = (Jij)1≤i<j≤n of independent standard
Gaussian random variables, and we set Jji = Jij and Jii = 0. We write PJ and EJ for
probability and expectation over J. Unsubscripted P, E, and Var refer to all random
variables under consideration, except those declared fixed. In Section 3.2 they average
over (J, G), whereas in Lemma 3.2 the disorder is held fixed and probabilities average over
the chain and the independent clock. For β > 0 and x ∈ Σn, we define the Hamiltonian,

48
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the partition function, and the log partition function by

Hn(x) =
1√
n ∑

1≤i<j≤n
Jijxixj, Zn = ∑

x∈Σn

eβHn(x), Fn = log Zn. (3.1)

When the dependence on the disorder or on β matters, we write H J
n and Zn = Z J

n,β. The
Gibbs measure is the probability measure on Σn given by

π(x) = π J(x) = π J
n,β(x) =

eβH J
n(x)

Z J
n,β

, x ∈ Σn. (3.2)

For a function f on Σn and a set A ⊆ Σn, we write ⟨ f ⟩ = π( f ) = ∑x f (x)π(x) and
π(A) = ∑x∈A π(x).

Three features of (3.1) are used throughout. First, the inverse temperature multiplies
Hn and is not part of it. Second, Zn is a sum with respect to counting measure on Σn,
with no factor 2−n. Third, Fn is the logarithm of the partition function, not a free energy
per spin. In physical terms, the energy is −Hn and the free energy is −Fn/β; since β is
fixed, the factor −1/β does not affect any exponent in this paper.

The overlap of two configurations x, y ∈ Σn is

R(x, y) =
1
n

n

∑
i=1

xiyi ∈ [−1, 1].

We have R(x, x) = 1, R(−x, y) = −R(x, y), and Hn(−x) = Hn(x), the last because Hn is
quadratic in the spins. It follows that the Gibbs measure is invariant under the global
spin reversal x 7→ −x. The Hamiltonian is a centered Gaussian process indexed by Σn,
with covariance

EHn(x)Hn(y) =
nR(x, y)2 − 1

2
, x, y ∈ Σn. (3.3)

To see this, set ai = xiyi. Using that EJij Jkl = 1{(i, j) = (k, l)} for i < j and k < l, and
that a2

i = 1, we find

EHn(x)Hn(y) =
1
n ∑

i<j
aiaj =

1
2n

(( n

∑
i=1

ai

)2
−

n

∑
i=1

a2
i

)
=

n2R(x, y)2 − n
2n

.

We have Var Hn(x) = (n − 1)/2 for all x. The constant −1/2 in (3.3) reflects the absence
of diagonal terms in Hn; it is removed in Section 3.2.

We write
pn(β) =

1
n

EFn

for the expected pressure. It is finite, since βHn(x0) ≤ Fn ≤ n log 2 + β maxx Hn(x) for
any fixed x0 ∈ Σn and each Hn(x) is Gaussian. In [60, Theorems 1–2, (17)–(18)], Guerra
and Toninelli proved that the sequence n pn(β) is superadditive in n and that the limit

Pβ = lim
n→∞

pn(β)
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exists for every β > 0 and equals the supremum of the sequence. We call

∆n,β = Pβ − pn(β) (3.4)

the mean bias. We have ∆n,β ≥ 0 for all n ≥ 2, because Pβ is the supremum of the
sequence pn(β); this is also a consequence of Guerra’s bound [59, Theorem 3]. The
identification of Pβ with the minimum of the Parisi functional, due to Guerra [59] and
Talagrand [103], is stated in Section 4 as Theorem 4.4, where the Parisi functional is also
defined.

3.2 The completed Hamiltonian

By (3.3), the covariance of Hn differs from nR(x, y)2/2 by a constant. Several of the results
we import, and the Gaussian interpolation of Section 8, are formulated for a Hamiltonian
whose covariance is exactly nR(x, y)2/2. Such a Hamiltonian is obtained by adding a
single Gaussian variable, the same for every configuration. Let G be a centered Gaussian
random variable with variance 1/2, independent of J, and set

Hc
n(x) = Hn(x) + G, Zc

n = ∑
x∈Σn

eβHc
n(x) = eβGZn, Fc

n = log Zc
n = Fn + βG. (3.5)

We call Hc
n the completed Hamiltonian and Fc

n the completed log partition function. In
[6, 8, 77], the variable G arises from the diagonal of a symmetric Gaussian matrix. Let
J′11, . . . , J′nn be independent standard Gaussian variables, independent of J, and let W be
the symmetric n × n matrix with Wij = Jij/

√
n for i ̸= j and Wii =

√
2/n J′ii. Then

1
2

n

∑
i,j=1

Wijxixj = Hn(x) +
1√
2n

n

∑
i=1

J′ii,

and the last term has the law of G.

Lemma 3.1 (Exact identities for the completed Hamiltonian). Fix n ≥ 2 and β > 0. Then
the following statements hold.

(a) For all x, y ∈ Σn, we have EHc
n(x)Hc

n(y) = nR(x, y)2/2.
(b) For every realization of (J, G) and every x ∈ Σn, we have eβHc

n(x)/Zc
n = π J(x).

(c) We have EFc
n = EFn and Var Fc

n = Var Fn + β2/2. Further, for every t ∈ R, both sides of
the following identity are finite, and

log E exp{t(Fc
n − EFc

n)} = log E exp{t(Fn − EFn)}+
β2t2

4
. (3.6)
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(d) Let ℓ ≥ 1 be an integer, and let A ⊆ Σℓ
n be a nonempty set of ℓ-tuples of configurations.

Define

Zℓ,n(A) = ∑
(x1,...,xℓ)∈A

exp
(

β
ℓ

∑
a=1

Hn(xa)

)
,

and define Zc
ℓ,n(A) in the same way, with Hc

n in place of Hn. Then Zc
ℓ,n(A) = eβℓGZℓ,n(A)

and E log Zc
ℓ,n(A) = E log Zℓ,n(A). For every s ∈ R, both sides of the following identity

are finite, and

EZc
ℓ,n(A)s = exp

(β2ℓ2s2

4

)
EZℓ,n(A)s. (3.7)

Equivalently, for every s ̸= 0,

1
ns

log EZc
ℓ,n(A)s =

1
ns

log EZℓ,n(A)s +
β2ℓ2s

4n
.

Proof. Part (a) follows from (3.3), since G is independent of J and EG2 = 1/2. For part
(b), the factor eβG appears in both eβHc

n(x) and Zc
n.

For part (c), recall that Fn is a function of J and that G is independent of J. Using
EG = 0 and Var(βG) = β2/2, we have EFc

n = EFn and Var Fc
n = Var Fn + β2/2. Next, we

check that all exponential moments of Fn are finite. Fix x0 ∈ Σn. Since eβHn(x0) ≤ Zn ≤
2n maxx eβHn(x), we have

etFn ≤ 2nt ∑
x∈Σn

etβHn(x) (t ≥ 0), etFn ≤ etβHn(x0) (t < 0).

As each Hn(x) is Gaussian, this implies that EetFn < ∞ for all t ∈ R. By the independence
of Fn and G and the identity EetβG = eβ2t2/4, we have

E exp{t(Fc
n − EFc

n)} = E exp{t(Fn − EFn)}EetβG = E exp{t(Fn − EFn)} eβ2t2/4.

Taking logarithms gives (3.6).
For part (d), note that every term in the sum defining Zc

ℓ,n(A) contains the factor
exp(β ∑ℓ

a=1 G) = eβℓG, which proves Zc
ℓ,n(A) = eβℓGZℓ,n(A). Fix a tuple (x1

0, . . . , xℓ0) ∈ A.
The bounds of part (c), with ∑a Hn(xa

0) in place of Hn(x0) and |A| in place of 2n, show
that log Zℓ,n(A) is integrable and that EZℓ,n(A)s < ∞ for every s ∈ R, since ∑a Hn(xa)

is Gaussian for each tuple (x1, . . . , xℓ). Taking logarithms and expectations in Zc
ℓ,n(A) =

eβℓGZℓ,n(A) and using EG = 0, we find E log Zc
ℓ,n(A) = E log Zℓ,n(A). The variable

βℓsG is centered Gaussian with variance β2ℓ2s2/2, and it is independent of Zℓ,n(A). We
conclude that

EZc
ℓ,n(A)s = EeβℓsG EZℓ,n(A)s = eβ2ℓ2s2/4 EZℓ,n(A)s,

which is (3.7). Dividing its logarithm by ns gives the last display of the lemma.
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The constrained partition functions of Sections 4, 8, and 9, in which the overlaps
R(xa, xb) of the ℓ-tuple are prescribed, are of the form Zℓ,n(A). By part (b) of Lemma 3.1
and the identity Zc

ℓ,n(A) = eβℓGZℓ,n(A), Gibbs measures, constrained Gibbs probabilities
Zℓ,n(A)/Zℓ

n, and expected logarithms are the same for the two Hamiltonians. Fractional
moments are not: the correction β2ℓ2s/(4n) in the last display of the lemma is quadratic
in ℓ, because the same variable G enters every replica, and it is kept explicitly in Section 8.
The identity (3.6) is the form in which the completion enters Section 20, where the
logarithmic-moment bounds of [81] are stated for Fc

n.

3.3 Heat-bath dynamics

We use single-spin heat-bath dynamics, in the tradition of the stochastic Ising dynamics
introduced by Glauber [58]. The clock and resampling conventions below are those of
[77, Section 1, pp. 2–3]. For x ∈ Σn, i ∈ {1, . . . , n}, and σ ∈ {−1, 1}, let xi,σ be the
configuration obtained from x by setting its ith spin equal to σ. The local field at site i
and the heat-bath probabilities are

hi(x) = hJ
i (x) =

1√
n ∑

j ̸=i
Jijxj, pi(σ | x) = pJ

i (σ | x) =
eβσhi(x)

2 cosh(βhi(x))
. (3.8)

The field hi(x) does not depend on xi. Since Jji = Jij, the terms of Hn that contain xi add
up to xihi(x), and we have

Hn(x) = xihi(x) + H(i)
n (x), H(i)

n (x) =
1√
n ∑

j<k
j,k ̸=i

Jjkxjxk, (3.9)

where H(i)
n (x) does not depend on xi. It follows that pi(σ | x) = π(xi,σ)/(π(xi,1) +

π(xi,−1)); that is, pi(· | x) is the conditional law of the ith spin under π, given the other
spins.

The discrete heat-bath kernel is

K(x, y) = K J(x, y) =
1
n

n

∑
i=1

∑
σ∈{−1,1}

pi(σ | x) 1{y = xi,σ}, x, y ∈ Σn. (3.10)

In one step, a site i is chosen uniformly at random and the ith spin is resampled from
pi(· | x). The new value may equal the old one, and in this case the update attempt leaves
the configuration unchanged. Explicitly, for all x ∈ Σn and all sites i,

K(x, xi,−xi) =
1
n

pi(−xi | x), K(x, x) =
1
n

n

∑
i=1

pi(xi | x), (3.11)
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and K(x, y) = 0 if x and y differ in more than one coordinate. The discrete heat-bath
chain (Xk)k≥0 is the Markov chain on Σn with transition matrix K.

In continuous time, we define the generator and the transition probabilities by

L = LJ = n(K − I), Pt = PJ
t = etL, t ≥ 0, (3.12)

and we call the Markov process (Xt)t≥0 with transition probabilities Pt the continuous
heat-bath process. In this process, each site carries an independent Poisson clock of
rate one, and when the clock at site i rings, the ith spin of the current configuration x
is resampled from pi(· | x). Indeed, the generator of this description acts on functions
f : Σn → R by

L f (x) =
n

∑
i=1

∑
σ∈{−1,1}

pi(σ | x)
(

f (xi,σ)− f (x)
)
= n

(
K f (x)− f (x)

)
,

where the second equality follows from (3.10) and ∑σ pi(σ | x) = 1. The total rate
of update attempts is n, so that one unit of continuous time corresponds to n update
attempts on average. In both time conventions, an attempt that leaves the configuration
unchanged is counted. We use the letter t for continuous time and k for the number of
discrete steps, so that the notation (Xt) or (Xk) indicates which process is meant.

For probability measures ν, ζ on Σn, the total variation distance is

∥ν − ζ∥TV =
1
2 ∑

x∈Σn

|ν(x)− ζ(x)| = max
A⊆Σn

|ν(A)− ζ(A)|,

where the second equality is [68, Proposition 4.2]. For x ∈ Σn, t ≥ 0, and integers k ≥ 0,
we define

dJ(x, t) = ∥PJ
t (x, ·)− π J∥TV, dJ

disc(x, k) = ∥(K J)k(x, ·)− π J∥TV. (3.13)

These are the distances from equilibrium of the laws of the dynamics started at the fixed
configuration x. No supremum over x is taken. For the threshold 1/4, we define the
mixing times from x by

T J(x) = inf{t ≥ 0 : dJ(x, t) ≤ 1/4},

T J
disc(x) = min{k ≥ 0 : dJ

disc(x, k) ≤ 1/4}.
(3.14)

Both times are finite. Indeed, every single-site resampling probability is positive, so
Kn(x, y) > 0 for all x, y ∈ Σn: one may update each site once to its value in y. The
minimum of these finitely many entries is positive. Writing Kn as a mixture with a
positive uniform component and using contraction shows that dJ

disc(x, k) → 0; (3.15) then
gives dJ(x, t) → 0. By Lemma 3.2(d), the continuous sublevel set in (3.14) is closed and
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upward closed. For every t ≥ 0, we have T J(x) ≤ t if and only if dJ(x, t) ≤ 1/4, and
T J(x) > t if and only if dJ(x, t) > 1/4. The corresponding equivalences hold in discrete
time.

In the next lemma, we record classical facts about finite Markov chains for the kernels
K and Pt; see [68, Proposition 1.20, Exercise 4.2, and Section 20.1].

Lemma 3.2 (Elementary properties of heat-bath dynamics). Fix n ≥ 2, β > 0, and a
realization of J. Then the following statements hold.

(a) The kernel K is reversible with respect to π, that is, π(x)K(x, y) = π(y)K(y, x) for all
x, y ∈ Σn. In particular, πK = π.

(b) For every t ≥ 0,

Pt =
∞

∑
k=0

e−nt (nt)k

k!
Kk. (3.15)

If (Xk)k≥0 is the discrete heat-bath chain started at x and (Nt)t≥0 is a Poisson process of
rate n, independent of (Xk)k≥0, then P(XNt = y) = Pt(x, y) for all y ∈ Σn and t ≥ 0.

(c) For every t ≥ 0, the kernel Pt is reversible with respect to π, and πPt = π. In particular,
∑x π(x)Pt(x, ·) = π and ∑x π(x)Kk(x, ·) = π for all t ≥ 0 and k ≥ 0.

(d) For every transition matrix Q on Σn and all probability measures ν, ζ on Σn, we have
∥νQ − ζQ∥TV ≤ ∥ν − ζ∥TV. For every x ∈ Σn, the functions k 7→ dJ

disc(x, k) and
t 7→ dJ(x, t) are nonincreasing, and t 7→ dJ(x, t) is continuous.

Proof. For part (a), the identity is trivial if x = y, and both sides vanish by (3.11) if x and y
differ in more than one coordinate. Suppose that y = xi,−xi for some i. Then hi(y) = hi(x)
and H(i)

n (y) = H(i)
n (x). Using (3.8), (3.9), and (3.11), we find

π(x)K(x, y) =
eβH(i)

n (x)

nZn
· eβxihi(x)eβyihi(x)

2 cosh(βhi(x))
.

The right side is symmetric in x and y, which proves the identity. Summing the identity
π(x)K(x, y) = π(y)K(y, x) over x and using ∑x K(y, x) = 1, we obtain πK = π.

For part (b), since the matrices ntK and ntI commute, we have etn(K−I) = e−ntentK,
and expanding entK in its power series gives (3.15). For the second statement, recall that
Nt has the Poisson law with mean nt and is independent of (Xk)k≥0. Conditioning on Nt,
we find

P(XNt = y) =
∞

∑
k=0

P(Nt = k)Kk(x, y) =
∞

∑
k=0

e−nt (nt)k

k!
Kk(x, y) = Pt(x, y).

For part (c), we first show by induction on k that π(x)Kk(x, y) = π(y)Kk(y, x) for all
k ≥ 0. The case k = 0 is trivial. If the identity holds for k, then by part (a) we have

π(x)Kk+1(x, y) = ∑
z

π(z)K(z, x)Kk(z, y) = ∑
z

K(z, x)π(y)Kk(y, z) = π(y)Kk+1(y, x).
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By (3.15), Pt is a convex combination of the matrices Kk, with weights that do not depend
on x or y. This implies that π(x)Pt(x, y) = π(y)Pt(y, x), and summing over x gives
πPt = π. Summing the identity for Kk over x in the same way, we find πKk = π.

For part (d), for each y we have |νQ(y)− ζQ(y)| ≤ ∑x |ν(x)− ζ(x)|Q(x, y). Summing
over y and using ∑y Q(x, y) = 1 gives the first claim. Applying it with Q = K, ν = Kk(x, ·),
and ζ = π, and recalling that πK = π, we find

dJ
disc(x, k + 1) = ∥Kk(x, ·)K − πK∥TV ≤ dJ

disc(x, k).

Similarly, for u ≥ 0 we have Pt+u = PtPu and πPu = π, and the first claim with Q = Pu

implies that dJ(x, t + u) ≤ dJ(x, t). Finally, by (3.15), every entry of Pt is a continuous
function of t. As a finite sum of absolute values of such functions, dJ(x, t) is continuous
in t.

We can realize the continuous heat-bath process started at x as (XNt)t≥0, with (Xk)k≥0
and (Nt)t≥0 as in part (b) of Lemma 3.2. Indeed, the superposition of the n independent
rate-one clocks is a Poisson process of rate n. At each of its points, the site that rings is
uniform on {1, . . . , n} and independent of the past; see [68, Section 20.1, (20.1)–(20.6)].

We use part (d) of Lemma 3.2 to turn a lower bound on the distance at one time into
lower bounds at all earlier times. If t ≤ t′ and dJ(x, t′) > a, then dJ(x, t) > a, and likewise
in discrete time. This is the property used in the proof of Corollary 1.2, and parts (b) and
(c) are used in the proof of Theorem 1.1. We note that part (c) concerns deterministic
times. It says that a chain started from π has law π at every fixed time. It says nothing
about the law of the chain at a random time that depends on the trajectory.

3.4 The realized-start experiment

In Theorems 1.1 and 1.3, the initial state of the dynamics is a Gibbs sample for the realized
disorder, and it is held fixed when the distance from equilibrium is evaluated. We make
this precise in the following definition.

Definition 3.3 (Realized-start probability). Fix n ≥ 2 and β > 0. Let PJ,X0∼π J be the joint
law of a pair (J, X0) obtained by first sampling the disorder J and then sampling X0 from
π J . That is, for every Borel set B ⊆ Rn(n−1)/2 and every x ∈ Σn,

PJ,X0∼π J{J ∈ B, X0 = x} = EJ
[
π J(x) 1{J ∈ B}

]
.

For a deterministic time t ≥ 0 and a threshold a ∈ R, the realized-start probability is

PJ,X0∼π J{dJ(X0, t) > a} = EJ ∑
x∈Σn

π J(x) 1{dJ(x, t) > a} = EJ π J{x ∈ Σn : dJ(x, t) > a},

(3.16)
and the discrete realized-start probability is defined in the same way, with dJ

disc(X0, k) for
a deterministic integer k ≥ 0 in place of dJ(X0, t).
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The first equality in (3.16) is the definition of the joint law, and the second is the
definition of π J(·) for sets. The quantity dJ(X0, t) is the distance from π J of the law at
time t of the dynamics started at X0. Its randomness comes only from J and X0, since the
randomness of the dynamics is integrated in PJ

t (X0, ·).
We evaluate the distance before averaging over the initial state. If we averaged over

the initial state first, the law at time t would be ∑x π J(x)PJ
t (x, ·) = π J by part (c) of

Lemma 3.2, and its distance from π J would be zero at every time. The realized-start
probability measures instead how much Gibbs mass lies on initial states from which
the dynamics is still far from equilibrium at time t. This is the formulation of [77,
Section 1, following Theorem 1.1, p. 3]. It is not a worst-case statement: a lower bound on
maxx dJ(x, t) gives no information about the Gibbs mass of the initial states from which
the dynamics mixes slowly.

We note that all quantities in (3.16) are measurable. Since Σn is finite, the Gibbs
weights π J(x) and the entries of K J are continuous functions of J, and so are the entries
of (K J)k and of PJ

t = etn(K J−I). It follows that for all x, t, and k, the maps J 7→ dJ(x, t)
and J 7→ dJ

disc(x, k) are continuous, the sets {J : dJ(x, t) > a} are open, and J 7→ π J{x :
dJ(x, t) > a} is Borel measurable. No measurable selection of initial states or of auxiliary
objects is needed to define these probabilities.

Lemma 3.4 (Equivalent forms of a realized-start statement). Fix β > 0 and a ∈ R, and let
(tn)n≥2 be deterministic times. Set

Mn(J) = π J{x ∈ Σn : dJ(x, tn) > a}.

Then the following three statements are equivalent.

(a) PJ,X0∼π J{dJ(X0, tn) > a} → 1 as n → ∞.
(b) EJ Mn → 1 as n → ∞.
(c) Mn → 1 in probability over the disorder; that is, PJ{Mn > 1 − ε} → 1 for every ε > 0.

The same holds with dJ
disc(x, kn), for deterministic integers kn ≥ 0, in place of dJ(x, tn). If

these statements hold both in continuous and in discrete time, then PJ,X0∼π J{dJ(X0, tn) >

a, dJ
disc(X0, kn) > a} → 1, and the Gibbs mass of the set of x that satisfy both inequalities tends

to one in probability over the disorder.

Proof. By (3.16), statements (a) and (b) are the same. Fix ε ∈ (0, 1). Since 0 ≤ 1 − Mn ≤ 1,
by Markov’s inequality we have

PJ{1 − Mn ≥ ε} ≤
EJ(1 − Mn)

ε
,

and splitting the expectation according to whether 1 − Mn < ε, we also find

EJ(1 − Mn) ≤ ε + PJ{1 − Mn ≥ ε}.
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By the first inequality, (b) implies (c). By the second inequality, (c) implies lim supn EJ(1−
Mn) ≤ ε for every ε ∈ (0, 1), and hence (b) holds. The argument in discrete time is
identical.

For the last statement, let M′
n be the Gibbs mass of {x : dJ

disc(x, kn) > a}, and let M′′
n

be the Gibbs mass of the set of x satisfying both inequalities. By a union bound for π J ,
we have 1 − M′′

n ≤ (1 − Mn) + (1 − M′
n). Statement (b) holds for Mn and for M′

n, and
this implies that EJ(1 − M′′

n) → 0. By the definition of the joint law, EJ M′′
n is the joint

probability that X0 satisfies both inequalities, and the equivalence of (b) and (c) for M′′
n

yields the second assertion.

The complementary events satisfy the same equivalences. For deterministic tn

and a fixed a, the probability PJ,X0∼π J{dJ(X0, tn) ≤ a} tends to one if and only if
PJ,X0∼π J{dJ(X0, tn) > a} tends to zero. By (3.16), this is equivalent to EJ Mn → 0,
and hence to Mn → 0 in probability, since 0 ≤ Mn ≤ 1. Equivalently, the Gibbs mass of
{x : dJ(x, tn) ≤ a} tends to one in probability over the disorder. This is the form used in
Theorem 1.3. The same statements hold in discrete time.

By Lemma 3.4, each of the two conclusions of Theorem 1.1 is equivalent to the
convergence to one, in probability over the disorder, of the Gibbs mass of the initial states
that satisfy it, and the two conclusions also hold simultaneously. We use the lemma for
each fixed threshold; it gives no uniformity in the threshold and no almost sure statement
in the disorder.

3.5 Asymptotic conventions

The definitions above hold for every β > 0. From now on, unless stated otherwise,
β > 1 is fixed before n → ∞, and all limits are taken as n → ∞. We use the following
conventions.

Eventual statements. A statement holds for all sufficiently large n, or eventually, if there
exists n0 such that it holds for all n ≥ n0. The threshold n0 may depend on β and on
the fixed parameters named in the statement, such as an accuracy parameter η or ε or a
threshold τ. It never depends on the disorder, on a configuration, or on a time.

Constants. We write c, C, cβ, Cβ, . . . for positive finite constants. They depend only on β

and on fixed parameters that are listed explicitly, and never on n, on the disorder, or on
configurations. Within a proof, the value of an unnamed constant may change from line
to line. Named constants, such as the coefficient Aβ of Theorem 1.1, keep their meaning
throughout. When several parameters are chosen, we say in which order they are fixed.
A statement made “for every fixed τ” asserts nothing uniform in τ.
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Power exponents. For a positive sequence (an) and r ∈ R, we write an = nr+o(1) if, for
every fixed η > 0, we have nr−η ≤ an ≤ nr+η for all sufficiently large n, with a threshold
that may depend on η. For example, Var(Fn) = n1/3+o(1) means that for every fixed
η > 0, eventually n1/3−η ≤ Var(Fn) ≤ n1/3+η. For nonnegative random variables Un, we
write Un = nr+oP(1) if P{nr−η ≤ Un ≤ nr+η} → 1 for every fixed η > 0. The notation
|Fn − EFn| = n1/6+oP(1) means

P
{

n1/6−η ≤ |Fn − EFn| ≤ n1/6+η
}
−→ 1 for every fixed η > 0. (3.17)

This is a statement about the typical size of Fn − EFn. It does not follow from Var(Fn) =

n1/3+o(1), since a variance estimate does not exclude that |Fn − EFn| is much smaller than
n1/6 with probability bounded away from zero.

3.6 Normalizations in the cited works

The works from which we import results use several normalizations. Three operations
relate them to ours, and they act differently.

(i) Replacing the counting measure on Σn by the uniform probability measure replaces
Zn by 2−nZn, Fn by Fn − n log 2, and pn(β) and Pβ by pn(β)− log 2 and Pβ − log 2.
This is a deterministic shift. It changes neither Gibbs measures, nor variances, nor
the centered variable Fn − EFn, nor the mean bias ∆n,β.

(ii) Completing the Hamiltonian as in Section 3.2 adds the random variable βG to Fn. By
Lemma 3.1, it changes neither Gibbs measures nor expected logarithms, but it adds
β2/2 to the variance, adds β2t2/4 to the logarithm of the Laplace transform of the
centered variable, and multiplies the sth moment of an ℓ-replica partition function
by eβ2ℓ2s2/4.

(iii) The energy normalization of [8, Section 7.1] divides log partition functions and the
Parisi functional by β and multiplies the cumulative profile by β. It also rescales the
spatial variable of the Parisi equation, which changes spatial derivatives of the Parisi
solution by powers of β.

Table 3.1 lists the conventions of the works cited most often. In it, Φα and Pβ are the
solution of the Parisi equation and the Parisi functional of Section 4, with terminal value
Φα(1, z) = log(2 cosh z).

OpenAI’s upper-bound paper uses the same normalization [85, Section 2]. Its com-
pletion matrix W(G) is the matrix W of Section 3.2; its ĤG, F(G), and πG are our Hc

n, Fc
n,

and π J , respectively. The diagonal contributes only the common Gaussian variable G of
(3.5), so the heat-bath kernels also agree by (3.8). The primitive matrix representation
used in Part IV is given in Section 13.1.

We record the consequences for the results of this paper. The barrier preprint [77] uses
our normalization, and its results apply without translation. The fluctuation preprint
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[81] places β inside the Hamiltonian and uses the uniform prior. Since F̃n − EF̃n =

Fn − EFn in the notation of Table 3.1, its fluctuation theorem has the same meaning in
our normalization, and its logarithmic-moment bounds concern the variable Fc

n − EFc
n,

whose Laplace transform is related to that of Fn − EFn by (3.6). The works [6, 8] use our
normalization of the model. The variance–bias inequality of [8, Remark 7.14, (7.68)] and
the deduction in [6, Section 1.6] are stated directly for Var Fn and ∆n,β. The additive term
β2/2 that appears there is the variance of βG from part (c) of Lemma 3.1, not the effect of
a change of prior. Neither the completion nor the choice of prior changes any exponent
in Theorem 1.6 or Corollary 1.7.
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Work Model and pressure Completion and other conventions

OpenAI,
barriers [77,
Section 1, (1.1),
pp. 2–3;
Section 2, (2.1),
(2.12)–(2.14)]

As here: H J
n, Z J

n,β = ∑x eβH J
n(x), π J ,

R, pn(β); the same Φα and Pβ.
Adds (2n)−1/2 ∑i Jii, with new
independent Jii, in free-energy
calculations only; this variable has
the law of G. The kernels K J and PJ

t
and the distances dJ , dJ

disc are as
here.

OpenAI,
fluctuations [81,
Section 1, p. 1;
Section 5.2,
p. 48; Section 7,
p. 66]

Writing H̃n, Z̃n, F̃n for the Hn, Zn,
Fn of that work: gij = Jij, σ = x,
H̃n = βHn,
Z̃n = 2−n ∑σ eH̃n(σ) = 2−nZn,
F̃n = Fn − n log 2.

F̃c
n = F̃n + D with D ∼ N(0, β2/2),

which has the law of βG; hence
F̃c

n − EF̃c
n has the law of Fc

n − EFc
n.

T = β2; the terminal value is
log cosh z.

Aronow and
Lopatto [8,
(1.1)–(1.3), p. 4;
Section 7.1,
pp. 53–54; (7.64),
p. 93]

N = n, gij = Jij, σ = x; FN,β = Fn

and pN,β = pn(β); a = α and
ua = Φα, with the same functional
Pβ.

DN = Tr W/2 has the law of G, and
Fc

N,β = Fn + βDN . In Section 7:
γ = βα, uen

γ (q, x) = β−1Φα(q, βx),
the functional of γ is β−1Pβ(α), and
XN,β = Fn/β. The lower bound
γ ≥ λ on the cumulative profile is
α ≥ λ/β; the profile max{α, 3s}
corresponds to λ = 3βs.

Aronow and
Lopatto [6,
Section 1.1, p. 1;
Section 3.1,
p. 33]

As in [8]: FN,β = Fn, pN,β = pn(β),
and uα = Φα; αβ is the distribution
function of the Parisi measure.

DN and Fc
N,β = Fn + βDN as in [8].

The mean bias Pβ − pN,β is ∆n,β.

Table 3.1. Normalizations of the works cited most often, compared with (3.1) and (3.5). In the
second and third columns, the symbol of the cited work appears on the left of each identity. In
[6, 8, 77], Pβ is defined as the infimum of Pβ; it equals our Pβ by Theorem 4.4.



section 4

Gaussian hierarchies and imported results

This section fixes the scalar and matrix objects used in Parts II and III, and it states, once,
the results from the literature on which the proof of Theorem 1.1 relies. In Section 4.1 we
define the Gaussian integration step and record its elementary properties. In Section 4.2
we define the Parisi functional, the scalar diffusion and the response Γ, and we state
the Parisi formula, the uniqueness of its minimizer, the scalar estimates and stationarity
identities of OpenAI’s barrier preprint [77], and the fact that the support of the Parisi
measure is an interval. Together these imply that Γ(t) = t on [0, qβ] (Corollary 4.8).
Section 4.3 states the finite-size estimates of [6, 8]. In Section 4.4 we define Gaussian
hierarchies, their trial values and the constrained partition functions, we prove the block
factorization of the unperturbed three-replica path (Lemma 4.20), and we state the matrix
comparison and two Gaussian tools of [77]. Section 4.5 states the two- and three-replica
pressure bounds of [77], and Section 4.6 its energy and rotation estimates and its bound
on the masses of overlap neighborhoods.

We use the scalar objects from Section 5 on. The hierarchies and the matrix comparison
enter Sections 6 to 9, the finite-size estimates enter Sections 8 to 10 and 12, and the bounds
on the masses of overlap neighborhoods enter Section 10. We prove Lemmas 4.2 and 4.20
and Corollary 4.8 and the elementary facts recorded in the remarks. Every theorem and
proposition of this section is quoted, without proof, from the source named in its heading,
or is a consequence of a proof given there; in the latter case we say so and explain how
it is obtained (Proposition 4.25). A note after each result lists the sections in which it is
used.

Imported results and their normalization. Apart from standard tools of probability,
such as Gaussian integration by parts [107, Section A.4, (A.17)], Itô’s formula [64, The-
orem 3.3.6], Gronwall’s inequality [107, Section A.13], and the inequalities of Markov
and Chebyshev (apply [107, (A.7)] to a nonnegative variable and to a squared centered
variable, respectively), the results stated in this section with a citation are the only mathe-
matical inputs from the literature in the proof of Theorem 1.1. The inputs used only in
Part V are stated in Sections 20 and 21. The inputs to Part IV are listed in Section 13.4.
The barrier preprint [77] uses our normalization (Table 3.1), and it defines constrained
pressures as n−1E log of unnormalized constrained sums. Every statement of [77] quoted
below holds after the changes of letters listed in Table 4.1, apart from the explicitly

61



4 Gaussian hierarchies and imported results 4.1 Gaussian integration steps 62

described consequences of proofs in Proposition 4.25. For each of the other sources, we
state, where it is quoted, only the change of normalization that the quoted result needs;
Section 3.6 compares all of them with ours.

Table 4.1. Notation of [77] and of this paper.

Object In [77] Here

number of replicas d ℓ

constrained pressure Fd,n(D) pℓ,n(D) (Definition 4.16)
hierarchy masses x−1 = 0, xk = 1, and xj−1 ≤ xj;

the jth field is integrated at
mass xj−1

0 ≤ m1 ≤ · · · ≤ mN ≤ 1; the jth
increment is integrated at mass
mj (Definition 4.14)

squared norm, penalty |U|2,
∫

x d|Q|2 ∥U∥2
F,
∫

m d∥Q∥2
F (4.14)

minimizer a minimizer µ µβ, unique by Theorem 4.5
scalar diffusion Xs Yt

scalar quantities A(s), d∗(s)
∫ 1

s α(t)dt, sα(s) +
∫ 1

s α(t)dt
large-overlap cutoff in
[77, Lemma 4.1 and
(4.20)]

h b∗

scales in [77,
Sections 6–7]

L = n1/10000, ρ = L−1 LOB, ρOB

Conventions. Throughout, we fix β > 0. Every statement that involves the Parisi measure
µβ, its support [0, qβ], or the response Γ of the minimizer assumes β > 1. Constants C, c
and thresholds n0 depend only on β and on the parameters named in the statement
where they appear.

4.1 Gaussian integration steps

In this section, ℓ ≥ 1 is an integer. We write vectors of Rℓ in bold, z · y and |z| for the
Euclidean inner product and norm, and g for a standard Gaussian vector in Rℓ. The
notation Σ ⪰ 0 means that the symmetric ℓ× ℓ matrix Σ is positive semidefinite, and Σ1/2

denotes its positive semidefinite square root. A function f : Rℓ → R has linear growth if it
is measurable and there exists C < ∞ such that | f (z)| ≤ C(1 + |z|) for all z.

Definition 4.1 (Gaussian integration step). Let m ∈ [0, 1], let Σ ⪰ 0 be an ℓ× ℓ matrix,
and let f have linear growth. The Gaussian integration step at mass m with covariance Σ is

Tm,Σ f (z) =

{
m−1 log E exp

(
m f (z + Σ1/2g)

)
, m > 0,

E f (z + Σ1/2g), m = 0.
(4.1)
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The tilted Gaussian kernel is the probability kernel

Km,Σ, f (z, dy) = exp
{

m
[

f (y)− Tm,Σ f (z)
]}

N(z, Σ)(dy), (4.2)

where N(z, Σ) is the law of z + Σ1/2g. For m = 0 the exponential factor equals one.

Note that Tm,Σ f is the normalization that makes Km,Σ, f (z, ·) a probability measure. A
singular Σ is allowed. In that case, N(z, Σ) is carried by z + range Σ, and no inverse of
Σ is used. A rank-one covariance Σ = vvT integrates a single Gaussian variable in the
direction v, and Tm,0 f = f .

Lemma 4.2 (Elementary properties of the integration step). Let m ∈ [0, 1], let Σ, Σ′ ⪰ 0 be
ℓ× ℓ matrices, and let f , f ′ have linear growth.

(a) The function Tm,Σ f has linear growth. If f ≤ f ′, then Tm,Σ f ≤ Tm,Σ f ′, and Tm,Σ( f + c) =
Tm,Σ f + c for every c ∈ R.

(b) Tm,ΣTm,Σ′ f = Tm,Σ+Σ′ f .
(c) Let ℓ = ℓ1 + ℓ2, write z = (z1, z2) accordingly, and suppose that f (z) = f1(z1) +

f2(z2), with f1, f2 of linear growth, and that Σ is block diagonal with blocks Σ1, Σ2. Then
Tm,Σ f (z) = Tm,Σ1 f1(z1) + Tm,Σ2 f2(z2).

(d) For every integer k ≥ 1, we have Tm/k,Σ(k f ) = k Tm,Σ f .
(e) The value Tm,Σ f (z) depends only on the restriction of f to z + range Σ.

Proof. For (a), suppose that | f (z)| ≤ C(1+ |z|), and set M = C∥Σ1/2∥|g|, where ∥·∥ is the
operator norm. Then | f (z + Σ1/2g)| ≤ C(1 + |z|) + M. For m > 0, by Jensen’s inequality
we have Tm,Σ f (z) ≥ E f (z + Σ1/2g) ≥ −C(1 + |z|)− EM. By Hölder’s inequality, the
map m 7→ m−1 log EemM is nondecreasing on (0, 1], which implies that Tm,Σ f (z) ≤
C(1+ |z|) + log EeM. The case m = 0 is the same with expectations, and the monotonicity
and the translation identity are immediate from (4.1).

For (b) with m > 0, we have exp(mTm,Σ′ f (y)) = E exp(m f (y + Σ′1/2g′)) for an
independent standard Gaussian vector g′. Applying Tm,Σ, we find

exp
(
mTm,ΣTm,Σ′ f (z)

)
= E exp

(
m f (z + Σ1/2g + Σ′1/2g′)

)
,

and Σ1/2g + Σ′1/2g′ is centered Gaussian with covariance Σ + Σ′. The case m = 0 is the
same computation without exponentials. For (c), if Σ is block diagonal, then the two
blocks of Σ1/2g are independent, and the expectation of em f1em f2 factorizes (for m = 0,
the expectation of f1 + f2 splits). Part (d) follows from (4.1), since (k/m) log Ee(m/k)k f =

k m−1 log Eem f for m > 0. Part (e) holds because z + Σ1/2g ∈ z + range Σ almost surely.

Used in: Lemma 4.20 below, and Sections 6 to 8, in the computations with Gaussian
hierarchies.



4 Gaussian hierarchies and imported results § 4.2 64

4.2 The Parisi functional and the scalar diffusion

A distribution function is a right-continuous nondecreasing function α : [0, 1] → [0, 1] such
that α(1) = 1. Equivalently, α(t) = µ([0, t]) for a probability measure µ on [0, 1]. We
pass freely between α and µ. We say that α is a step distribution function if there exist
0 = t0 < t1 < · · · < tp = 1 such that α is constant on each interval [ti−1, ti). We call such
points breakpoints of α, and mi = α(ti−1) denotes the value of α on [ti−1, ti).

For a step distribution function α, we define Φα : [0, 1] × R → R by Φα(1, z) =

log(2 cosh z) and, for i = p, p − 1, . . . , 1 and ti−1 ≤ t < ti,

Φα(t, ·) = Tmi,β2(ti−t)Φα(ti, ·), (4.3)

with the scalar integration step of Definition 4.1 (ℓ = 1). On each interval (ti−1, ti),
the function emiΦα (or Φα itself, if mi = 0) solves the backward heat equation −∂tψ =

(β2/2)∂zzψ. It follows that Φα is smooth there and solves the Parisi equation

−∂tΦα(t, z) =
β2

2

(
∂zzΦα(t, z) + α(t)

(
∂zΦα(t, z)

)2
)

, Φα(1, z) = log(2 cosh z). (4.4)

For a general distribution function α, we define Φα as the uniform limit of Φαk along any
sequence of step distribution functions αk such that

∫ 1
0 |αk − α|dt → 0. By Proposition 4.3

below, the limit exists and does not depend on the sequence, and (4.4) holds in time-
integrated form, with the time derivative existing for almost every t. The Parisi functional
is

Pβ(α) = Φα(0, 0)− β2

2

∫ 1

0
tα(t)dt. (4.5)

We write uα = ∂zΦα and χα = ∂zzΦα, and we define the scalar diffusion and the response
by

dYt = β dBt + β2α(t)uα(t, Yt)dt, Y0 = 0, Γα(t) = Euα(t, Yt)
2, (4.6)

where B is a standard Brownian motion. These are the scalar conventions of [77, Section 3],
where the diffusion is denoted X.

Proposition 4.3 (Regularity, stability, and scalar evolution [77, Lemma 3.1]). Let β > 0.
There exists Cβ < ∞ such that the following holds for all distribution functions α and α̃.

(i) The limit defining Φα exists and does not depend on the approximating sequence. The
functions Φα, uα and χα are continuous on [0, 1]× R, Φα(t, ·) is even, and

|uα| ≤ 1, 0 < χα ≤ 1, |χα(t, z)− χα(t, z′)| ≤ Cβ|z − z′|.

(ii) We have

sup
t,z

(
|Φα − Φα̃|+ |uα − uα̃|+ |χα − χα̃|

)
≤ Cβ

∫ 1

0
|α(t)− α̃(t)|dt.
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(iii) The equation (4.6) has a unique strong solution. If α is a step distribution function with
breakpoints t0 < · · · < tp, then (Yti)0≤i≤p is a Markov chain whose transition from ti−1 to
ti is the tilted Gaussian kernel Kmi,β2(ti−ti−1),Φα(ti,·).

(iv) For 0 ≤ s ≤ t ≤ 1,

uα(t, Yt)− uα(s, Ys) = β
∫ t

s
χα(r, Yr)dBr,

E
[
χα(t, Yt)

∣∣ Ys
]
= χα(s, Ys)− β2

∫ t

s
α(r)E

[
χα(r, Yr)

2 ∣∣ Ys
]

dr.

Moreover, Γα is continuously differentiable on [0, 1], with one-sided derivatives at the end-
points, and Γα(0) = 0, Γ′

α(t) = β2Eχα(t, Yt)2.
(v) Let 0 ≤ a ≤ 1 and z ∈ R, and let Ya,z solve dYa,z

t = β dBt + β2α(t)uα(t, Ya,z
t )dt

for a ≤ t ≤ 1, with Ya,z
a = z. This equation has a unique strong solution, and the two

identities in (iv) hold for Ya,z and a ≤ s ≤ t ≤ 1. If α is a step distribution function, then the
transition of Ya,z across each interval of constancy of α after a, with a added to the breakpoints,
is the tilted Gaussian kernel of (iii). The function Γa,z

α (t) = Euα(t, Ya,z
t )2 is continuously

differentiable on [a, 1], with Γa,z
α (a) = uα(a, z)2 and (Γa,z

α )′(t) = β2Eχα(t, Ya,z
t )2.

We note that, in [77], part (i) collects (3.2) and the evenness of Φα (so uα(t, 0) = 0),
part (ii) is (3.3), part (iii) is the statement about (3.4), and part (iv) contains (3.5), (3.7),
and (3.8). Taking expectations in the second identity of (iv), we obtain the unconditional
form [77, (3.6)]. The last sentence of [77, Lemma 3.1] extends the well-posedness and the
identities (3.5)–(3.6) to a diffusion started at any deterministic time and position. In part
(v), the conditional identity then follows from the Markov property. The statement about
the transition kernels follows from the identification of the kernels on each interval of
constant mass in the proof of [77, Lemma 3.1], which starts from an arbitrary position.
The statement about Γa,z

α follows from the martingale identity, Itô’s isometry, and the
continuity of χα and Ya,z. The initial value Γα(0) = 0 in (iv) uses the start Y0 = 0.
The constant Cβ does not depend on α. The proof in [77] also bounds |∂3

zΦα| by 2e3β2

for step distribution functions, and it proves continuity in β. We prove bounds on all
positive spatial derivatives, for every distribution function, in Section 5. For the step
approximation and the spatial regularity of the Parisi evolution, [77] credits Auffinger
and Chen [12, Propositions 1–2].

Used in: Section 5, for all scalar estimates, and Sections 6 to 9, for the stability under a
change of the distribution function and for the passage from step approximations to the
minimizer, and Part IV, for the scalar process and its stochastic identities.

Theorem 4.4 (Guerra’s bound and the Parisi formula [59, Theorem 3], [60, Theorems 1–2],
[103, Theorem 1.1]). Let β > 0. For every n ≥ 2 and every distribution function α, we have
pn(β) ≤ Pβ(α). The limit Pβ = limn→∞ pn(β) exists, and Pβ = infα Pβ(α), where the infimum
is over all distribution functions. In particular, ∆n,β = Pβ − pn(β) ≥ 0 for every n ≥ 2.
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The bound pn(β) ≤ Pβ(α) is Guerra’s replica-symmetry-breaking bound [59, Theo-
rem 3], whose proof first treats step distribution functions and extends to the full class by
[59, Theorem 1]. In our normalization it is [77, (2.14)], where it is deduced from Proposi-
tion 4.19 below with ℓ = 1 (see Lemma 4.20(a)) and extended to all α by Proposition 4.3(ii).
The existence of the limit was proved by Guerra and Toninelli [60, Theorems 1–2] by an
interpolation that shows superadditivity. The identification of the limit is Talagrand’s
Parisi formula [103, Theorem 1.1, (1.14)], applied at zero external field with counting
measure and covariance function ξ(q) = β2q2/2.

Used in: Section 3, for the identification of Pβ with the infimum of Pβ, and Sections 7 to 9,
where Pβ is the baseline of every pressure comparison, and Part IV, for the finite-volume
pressure bound.

Theorem 4.5 (Uniqueness of the Parisi measure [13, Theorem 2 and Corollary 1]). Let
β > 0. The functional Pβ has exactly one minimizer among distribution functions.

A minimizer exists by an elementary compactness argument. The probability mea-
sures on [0, 1] form a weakly compact set, weak convergence implies L1 convergence of the
distribution functions, and Pβ is continuous in L1 by Proposition 4.3(ii), as in [77, proof
of Proposition 3.2]. The functional of Auffinger and Chen [13, (7)] is PAC

ξ,h (µ) = ΦAC
µ (0, h),

where ΦAC
µ solves the Parisi equation with coefficient ξ ′′ and terminal value log cosh. For

ξ(q) = β2q2/2 and h = 0, we have ξ ′′ = β2, and Remark 4.9 gives

Pβ(α) = log 2 + PAC
ξ,0 (µ)−

β2

2

∫ 1

0
tα(t)dt,

which is their full variational objective [13, (8)]. They prove that PAC
ξ,0 is strictly convex [13,

Theorem 2]. Subtracting the linear functional displayed above preserves strict convexity,
and [13, Corollary 1] gives uniqueness of the minimizer. We denote the minimizer by αβ

and the corresponding probability measure, the Parisi measure, by µβ. By uniqueness, we
may speak of the scalar data of the minimizer; the results of [77] quoted below are stated
there for an arbitrary minimizer.

Used in: every section of Parts II to IV.

Standing notation. Let β > 1. From now on we write α = αβ and µ = µβ when no
confusion can arise, and Φ, u, χ, Y, and Γ denote Φα, uα, χα, the diffusion (4.6) of α, and
Γα. We also write w = ∂3

zΦ; this derivative exists and is bounded by the estimates of
Section 5. Some sections of Part II abbreviate b = β2. In this notation, (4.4) and (4.6) read

∂tΦ = −b
2
(
∂zzΦ + α(∂zΦ)2), Φ(1, z) = log(2 cosh z),

dYt = bα(t)u(t, Yt)dt +
√

b dBt, Y0 = 0.
(4.7)
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Proposition 4.6 (Support conditions and the mean of χ [77, Proposition 3.2]). Let β > 0,
and let α be a minimizer of Pβ, with probability measure µ, diffusion Y and response Γ.

(i) We have 0 ∈ supp µ, and supp µ ⊂ [0, 1 − ε0] for some ε0 > 0.
(ii) At every q ∈ supp µ ∩ (0, 1), we have Γ(q) = q and Γ′(q) ≤ 1. Also Γ(0) = 0 and

Γ′(0) ≤ 1.
(iii) For every s ∈ [0, 1],

E
[
χ(s, Ys) + α(s)u(s, Ys)

2] = sα(s) +
∫ 1

s
α(t)dt, (4.8)

or equivalently

Eχ(s, Ys) =
∫ 1

s
α(t)dt + α(s)

(
s − Γ(s)

)
. (4.9)

In particular, χ(0, 0) =
∫ 1

0 α(t)dt and β
∫ 1

0 α(t)dt ≤ 1. Moreover, α(s) > 0 for every
s ∈ (0, 1].

In [77], the right side of (4.8) is written d∗(s) = 1 −
∫
(s,1] t µ(dt), which equals sα(s) +∫ 1

s α(t)dt by Fubini’s theorem, and
∫ 1

s α(t)dt is written A(s). The identities (4.8) and (4.9)
are [77, (3.14)–(3.15)], where they are called stationarity identities. They hold at every s,
including atoms of µ. In this paper, the name stationarity identities refers instead to the
two identities (5.15) on (0, qβ) described after Corollary 4.8. The support conditions in (ii)
come from the first variation [77, (3.9)]. As credited in [77, Section 3], the first-variation
characterization appears in Chen [36, Theorem 2 and Proposition 1] and in Jagannath and
Tobasco [63, Proposition 1.1 and Corollary 3.10]. Part (ii) does not describe the support
of µ; for β > 1, Theorem 4.7 describes it.

Used in: Corollary 4.8, Section 5, and Section 9, where (4.9) bounds Eχ(q, Yq)−
∫ 1

q α(t)dt
at overlaps q with |q − Γ(q)| small.

Theorem 4.7 (Full replica symmetry breaking [69, Theorem 1.1]). For every β > 1, there
exists qβ ∈ (0, 1) with the following properties. We have supp µβ = [0, qβ]. The restriction
of µβ to [0, qβ) has a nonnegative density with respect to Lebesgue measure that is infinitely
differentiable on (0, qβ) and whose derivatives of every order extend continuously to 0. Finally,
µβ({qβ}) ∈ (0, 1).

[69] works with the Hamiltonian β(2n)−1/2 ∑n
i,j=1 gijxixj, with (gij) independent stan-

dard Gaussians, which equals βHn plus an independent centered Gaussian of variance
β2/2 common to all configurations, that is, βHc

n with Hc
n the completed Hamiltonian of

Section 3.2. The Parisi functional there is log 2 + uµ(0, 0)− (β2/2)
∫ 1

0 sµ([0, s])ds, where
uµ solves the Parisi equation with terminal value log cosh x. By Remark 4.9, this func-
tional equals Pβ, and µβ is the same measure in both papers. We cite version 3 of [69].
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Its version 4 (October 2026) states the same support conclusion, with a density that is
smooth up to qβ, and adds a quantitative bound on the atom. We use only the statement
above.

Used in: Corollary 4.8, and through it the stationarity identities of Section 5 and the choice
of the intervals of overlaps in Sections 7, 9, and 10, and Part IV, for the continuation of
the scalar process beyond the support.

Corollary 4.8 (The interval on which Γ(t) = t). Let β > 1. Then

Γ(t) = t (0 ≤ t ≤ qβ), (4.10)

and β2Eχ(t, Yt)2 = 1 for 0 < t < qβ. Moreover, αβ(0) = 0, αβ(t) > 0 for 0 < t ≤ 1, αβ(t) = 1
for t ≥ qβ, and αβ is infinitely differentiable on [0, qβ), with one-sided derivatives at 0.

Proof. By Theorem 4.7, we have supp µβ = [0, qβ] with qβ < 1. Then supp µβ ∩ (0, 1) =
(0, qβ], and Proposition 4.6(ii) implies that Γ(q) = q for 0 < q ≤ qβ. Also Γ(0) = 0 by
Proposition 4.3(iv), which proves (4.10). Recall that Γ is continuously differentiable with
Γ′(t) = β2Eχ(t, Yt)2. Differentiating (4.10) on (0, qβ), we obtain the second claim. For
t < qβ, Theorem 4.7 implies that αβ(t) = µβ([0, t]) is the integral from 0 to t of a density
that is smooth on [0, qβ); in particular αβ(0) = 0. For t ≥ qβ we have αβ(t) = 1. Finally,
αβ(t) > 0 for t > 0 because 0 ∈ supp µβ.

In Section 5, we prove that the identity β2Eχ(t, Yt)2 = 1 and its companion
Ew(t, Yt)2 = 2α(t)Eχ(t, Yt)3 hold on (0, qβ) with the regularity needed later. These
are the stationarity identities (5.15).

Used in: Section 5, for the stationarity identities, and Sections 7 and 9, for the local
comparisons, which take place in (0, qβ), and Part IV, for the pre-support scalar identities.

Remark 4.9 (Terminal value log cosh). Some of the sources quoted here and in Part V,
among them OpenAI’s fluctuation preprint [81] and [69], use the terminal value log cosh z
in (4.4). Since log(2 cosh z) = log 2 + log cosh z, the two solutions differ by the constant
log 2 (by Lemma 4.2(a) for step distribution functions, and by approximation in general).
They have the same spatial derivatives, the same diffusion (4.6) and the same response
Γ. Adding log 2 to the functional with terminal value log cosh recovers (4.5), and the
minimizer does not change. The papers [6, 8] use exactly (4.4) and (4.5).

4.3 Finite-size estimates

We use three estimates of Aronow and Lopatto on the convergence in the Parisi formula
at a fixed temperature β > 1: an upper bound on the variance of Fn, an upper bound on
the mean bias ∆n,β = Pβ − pn(β), and a bound on the increase of the Parisi functional
when a lower bound is imposed on the distribution function.
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Theorem 4.10 (Upper bound on the variance [8, Theorem 1.4, (1.11)]). For every fixed
β > 1, there exist Cv < ∞ and n0(β) such that, for every n ≥ n0(β),

Var(Fn) ≤ Cvn7/15. (4.11)

The normalization of [8, (1.1)–(1.2)] is ours (Table 3.1). The theorem in [8] also contains
the lower bound Var(Fn) ≥ cβn4/15 and the bounds cβn−11/12 ≤ Pβ − pn(β) ≤ Cβn−2/3

on the mean bias, which we do not use. The upper bound on the mean bias that we use
is Theorem 4.11.

Used in: Section 9, for the lower bound on Zn in the disorder event of Lemma 9.7; and
Section 12.7, for the same lower bound in Lemma 12.7.

Theorem 4.11 (Upper bound on the mean bias with exponent 7/10 [6, Theorem 1.1]). For
every fixed β > 1, there exists Cb < ∞ such that

0 ≤ Pβ − pn(β) ≤ Cbn−7/10 (n ≥ 2).

The normalization of [6, Section 1.1] is ours, and the lower bound 0 ≤ Pβ − pn(β) is
Theorem 4.4.

Used in: Section 9, for the lower bound on Zn in the disorder event of Lemma 9.7,
together with Theorem 4.10; Section 10, where it is the input (10.11) for Theorem 1.1, and
its constant enters the choice of the scale coefficient in (10.15); and Section 12, through
these choices.

Proposition 4.12 (The profile max{α, 3s} [8, Lemma 7.2, (7.3), and Proposition 7.12]). Fix
β > 1 and let α = αβ. There exist constants T∗ > 0, 0 < c1 ≤ c2 < ∞, s0 ∈ (0, 1/3], and
C < ∞, depending only on β, such that the following holds.

(i) For 0 ≤ t ≤ T∗, we have c1t ≤ α(t) ≤ c2t.
(ii) For 0 < s ≤ s0, the function max{α, 3s} is a distribution function, and

0 ≤ Pβ(max{α, 3s})− Pβ ≤ Cs5. (4.12)

Remark 4.13 (Translation and consequences of Proposition 4.12). In [8, Section 7.1], the
scalar problem is rescaled by γ = βα and xold = βx, with rescaled functional Pen

β (γ) =

β−1Pβ(γ/β). By Lemma 7.2 there, applied with temperature threshold β0 = β to the
rescaled minimizer γβ = βαβ, we have kq ≤ γβ(q) ≤ C0q on [0, T∗], which is (i) with
c1 = k/β and c2 = C0/β. For a lower bound a > 0 on the rescaled profile (denoted λ

there), its estimate (7.3) bounds the value of the particular trial profile max{a, γβ} by
Pen

β (γβ) + C1a5 for 0 < a ≤ a∗, where a∗ > 0 depends only on β (denoted λ∗ there). With
a = 3βs, we have max{a, γβ} = β max{3s, α}, and we find that

Pβ(max{α, 3s}) = βPen
β (max{3βs, γβ}) ≤ Pβ + 35C1β6s5 (3βs ≤ a∗),
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which is (ii). The same estimate, in the original variables, is [8, (7.65)–(7.66)] with imposed
lower bound 3s. The bound (4.12) concerns this particular profile, not only the minimum
over profiles with an atom at zero. For the minimizer of that constrained problem, Pei
[95, Theorem 1(a) and Proposition 2.3(c)] obtains sharp fifth-order asymptotics, which we
do not use.

Part (i) localizes the modification. If in addition 3s ≤ c1T∗, then max{α, 3s} = α

on [3s/c1, 1], since α(t) ≥ c1t ≥ 3s for 3s/c1 ≤ t ≤ T∗ and α(t) ≥ α(T∗) ≥ c1T∗ ≥
3s for t > T∗. On [0, 3s/c1) we have 0 ≤ max{α, 3s} − α ≤ 3s. We conclude that∫ 1

0 |max{α, 3s} − α|dt ≤ 9s2/c1. The lower bound 3s ensures that the mass max{α, 3s}/3
of a common block of three coordinates is at least s (Lemma 4.20(b)), as required in
Section 8.

Used in: Section 8, for the profile used in the positive fractional comparison.

4.4 Gaussian hierarchies and constrained pressures

We now define the finite Gaussian hierarchies that serve as trials in the pressure compar-
isons of Part II. Their scalar case is the recursion (4.3). For ℓ× ℓ matrices U, V we write
U : V = ∑a,b UabVab and ∥U∥2

F = U : U.

Definition 4.14 (Gaussian hierarchies). Fix ℓ ≥ 1.

(a) An admissible path of length N ≥ 1 is a pair (Q, m), where Q = (Q0, . . . , QN) are
symmetric ℓ× ℓ matrices with Q0 = 0 and ∆Qj = Qj − Qj−1 ⪰ 0 for 1 ≤ j ≤ N, and
m = (m1, . . . , mN) satisfies 0 ≤ m1 ≤ m2 ≤ · · · ≤ mN ≤ 1. We call QN the endpoint
of the path and mj the mass of the jth increment.

(b) For a terminal function f of linear growth, the partial values are ΨN = f and

Ψj−1 = Tmj,β2∆Qj
Ψj (j = N, N − 1, . . . , 1), (4.13)

and we set Ψ(Q, m; f ) = Ψ0. For a symmetric ℓ× ℓ matrix λ, we define

fλ(z) = log ∑
ϵ∈{−1,1}ℓ

exp
(
z · ϵ + ϵTλϵ

)
, Ψ(Q, m, λ) = Ψ(Q, m; fλ)(0).

In particular, f0(z) = ∑ℓ
a=1 log(2 cosh za).

(c) The path law of (Q, m, λ) is the law of (z1, . . . , zN, ϵ) defined as follows. Let z0 = 0.
Given z0, . . . , zj−1, the vector zj has law Kmj,β2∆Qj,Ψj

(zj−1, ·), with the partial values of

f = fλ. Given z1, . . . , zN, the vector ϵ ∈ {−1, 1}ℓ equals ϵ′ with probability exp(zN ·
ϵ′ + ϵ′Tλϵ′ − fλ(zN)). For 0 ≤ l ≤ N, the pair law sharing the initial segment through
level l is the law of two such sequences that coincide in (z1, . . . , zl) and whose
continuations, including the terminal draws, are conditionally independent given
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(z1, . . . , zl), each with the transitions above. We write E
(2)
l for the corresponding

expectation.

Note that the jth increment is integrated at mass mj, that mass zero means an ordi-
nary Gaussian expectation, and that the terminal Gibbs draw of ϵ plays the role of a
level of mass one. Equivalently, one draws independent increments zj − zj−1 with law
N(0, β2∆Qj) and tilts the jth by the density exp{mj[Ψj(zj)− Ψj−1(zj−1)]} given the past.
This is the law of [77, (2.5)–(2.6)], in which the continuations of a common initial segment
are conditionally independent. By Lemma 4.2(a), every partial value has linear growth,
and all quantities above are finite. The penalty of an admissible path is

∫
m d∥Q∥2

F =
N

∑
j=1

mj
(
∥Qj∥2

F − ∥Qj−1∥2
F
)
. (4.14)

By Lemma 4.2(b), merging two consecutive increments with the same mass, or inserting
a zero increment whose mass keeps the masses ordered, changes neither Ψ(Q, m, λ) nor
the penalty. Section 8 uses a variant of Definition 4.14 in which all masses are at least a
positive number and the disorder is also integrated at positive mass.

Definition 4.15 (Trial values). Let D and λ be symmetric ℓ× ℓ matrices, and let (Q, m)

be an admissible path. The trial value of (Q, m, λ) for D is

TD(Q, m, λ) = Ψ(Q, m, λ)− λ : D +
β2

4

(
∥D − QN∥2

F −
∫

m d∥Q∥2
F

)
. (4.15)

If (Q(k), m(k)) is a sequence of admissible paths along which the endpoints, the values
Ψ(Q(k), m(k), λ), and the penalties converge, we also call the limit of TD(Q(k), m(k), λ) a
trial value for D.

When the endpoint equals D and λ = 0, the trial value is Ψ(Q, m, 0) −
(β2/4)

∫
m d∥Q∥2

F. This is the form of the trial values in Section 7. The term
(β2/4)∥D − QN∥2

F is the cost of an endpoint that differs from the prescribed overlap
matrix, and it is used in Section 9.

Definition 4.16 (Constrained partition functions). Let ℓ ≥ 1 and n ≥ 2. The overlap matrix
of x1, . . . , xℓ ∈ Σn is (R(xa, xb))ℓa,b=1. A symmetric ℓ× ℓ matrix D is feasible if it is the
overlap matrix of at least one ℓ-tuple. For feasible D, we define

Zℓ,n(D) = ∑
x1,...,xℓ∈Σn

R(xa,xb)=Dab ∀a,b

exp
(

β
ℓ

∑
a=1

Hn(xa)
)

, pℓ,n(D) =
1
n

E log Zℓ,n(D).
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Note that Zℓ,n(D)/Zℓ
n is the probability that ℓ independent samples from π J have

overlap matrix D. Since this probability is at most one, we have pℓ,n(D) ≤ ℓpn(β).
Also p1,n(1) = pn(β). A feasible matrix has unit diagonal and off-diagonal entries in
{−1,−1 + 2/n, . . . , 1}, and there are at most (n + 1)ℓ(ℓ−1)/2 feasible ℓ× ℓ matrices. For
two and three replicas we use the matrices

D2(q) =
(

1 q
q 1

)
, D(r, q, δ) =

 1 r + δ r − δ

r + δ 1 q
r − δ q 1

 , (4.16)

the latter in the coordinate order (v, x, y). If v, x, y ∈ Σn have overlap matrix D(r, q, δ),
then q = R(x, y), r = (R(v, x) + R(v, y))/2 and δ = (R(v, x)− R(v, y))/2.

Remark 4.17 (Spin flips and permutations). Let ϖ be a permutation of {1, . . . , ℓ} and
let ϵ ∈ {−1, 1}ℓ. For a symmetric D, set (OD)ab = ϵaϵbDϖ(a)ϖ(b). If (xb)b≤ℓ has
overlap matrix D, then (ϵaxϖ(a))a≤ℓ has overlap matrix OD, and this map is a bijec-
tion between the two sets of tuples. Since Hn(−x) = Hn(x), it preserves ∑a Hn(xa).
We conclude that OD is feasible if and only if D is, and that Zℓ,n(OD) = Zℓ,n(D)

for every realization of the disorder. In particular, Z2,n(D2(−q)) = Z2,n(D2(q)), re-
versing v gives Z3,n(D(−r, q,−δ)) = Z3,n(D(r, q, δ)), and exchanging x and y gives
Z3,n(D(r, q,−δ)) = Z3,n(D(r, q, δ)).

The next two results, from [77, Section 2], are the tools used to compare constrained
pressures with trial values. The first is stated for a hierarchy with a general terminal
function, which is the form used in the interpolation proofs.

Proposition 4.18 (Differentiation of a hierarchy [77, Lemma 2.2]). Let S be a nonempty
finite set, let ω be a random element (the quenched randomness), let g1, . . . , gN be standard
Gaussian vectors, independent of each other and of ω, and let 0 ≤ m1 ≤ · · · ≤ mN ≤ 1. For
s ∈ S , let

U(s) = a(s, ω) +
N

∑
i=1

ai(s) · gi, E max
s∈S

|a(s, ω)| < ∞,

with deterministic vectors ai(s). Set ΨN = log ∑s∈S eU(s), and for j = N, . . . , 1 set Ψj−1 =

m−1
j log EjemjΨj , or Ψj−1 = EjΨj if mj = 0, where Ej integrates gj. Under the path law, given

(ω, g1, . . . , gj−1) the law of gj has density exp{mj(Ψj − Ψj−1)} with respect to its Gaussian
law, and the terminal configuration S has the Gibbs law proportional to eU(S). For 0 ≤ l ≤ N,
let E

(2)
l be the expectation under the pair law of (S1, S2) sharing (ω, g1, . . . , gl). Let m0 = 0,

mN+1 = 1, and ∆ml = ml+1 − ml for 0 ≤ l ≤ N. Let e be a fixed vector-valued function on
S , and suppose that U depends on a parameter v > 0 in one of the following two ways: either
aj(s) =

√
v e(s) for some 1 ≤ j ≤ N, or j = 0, ω = (ω′, g) with independent components, g a
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standard Gaussian vector, and a(s, ω) = a∗(s, ω′) +
√

v g · e(s) with E maxs|a∗(s, ω′)| < ∞.
In both cases v occurs only in the displayed coefficient. Then, with all other parameters fixed, for
v > 0,

∂

∂v
EΨ0 =

1
2

(
E∥e(S)∥2 −

N

∑
l=j

∆ml E
(2)
l e(S1) · e(S2)

)
.

The identity extends to v = 0 by integration and continuity.

In [77], the quenched root is level 0 and the jth field is integrated at mass xj−1; with

xj−1 = mj, the weights xl − xl−1 of [77] are our ∆ml. Under E
(2)
N the two copies share all

fields and only the terminal draws are independent. The hypotheses on U are those of
the applications in [77]: the terminal exponent is affine in the Gaussian variables, and S
is finite, so all coefficients are bounded. Gaussian exponential integrability and the inte-
grability of the root term then make every recursion finite and justify the differentiation,
as in [77, proof of Lemma 2.2].

Used in: Section 8, in the proof of the positive fractional matrix comparison Proposi-
tion 8.3, where the first level has positive mass.

Proposition 4.19 (Matrix interpolation bound [77, Proposition 2.3]). Let n ≥ 2 and ℓ ≥ 1,
let D be a feasible ℓ× ℓ matrix, let (Q, m) be an admissible path of ℓ× ℓ matrices, and let λ be a
symmetric ℓ× ℓ matrix. Then

pℓ,n(D) ≤ TD(Q, m, λ) = Ψ(Q, m, λ)− λ : D +
β2

4

(
∥D − QN∥2

F −
∫

m d∥Q∥2
F

)
. (4.17)

For fixed D and λ, the bound passes to every trial value for D in the sense of Definition 4.15.

This is [77, (2.11)], with the constrained pressure [77, (2.9)] and the path integral
[77, (2.10)]. In [77] the path is indexed from Q−1 = 0; inserting the quenched level
Q0 = 0 allowed there and setting xj−1 = mj identifies the two conventions, including the
penalty. The endpoint QN is arbitrary, subject only to positive semidefinite increments.
Its diagonal need not equal one, and the cost of a mismatch with D is (β2/4)∥D − QN∥2

F.
The proposition belongs to Guerra’s interpolation framework [59]. As [77, Section 2]
explains, Talagrand’s bounds for coupled replicas [105, Propositions 3.4 and 4.4] already
retain a cost for an endpoint that differs from the prescribed overlaps, and Panchenko’s
vector-spin formulation [89] proves the asymptotic sharpness of such bounds. The bound
is quenched, and the positive fractional version needed in Section 8 is proved there.

Used in: Section 7, for the trial values of the perturbed three-replica path, with zero
mismatch; Section 9, for the comparison at separated overlaps, with mismatch cost; and
Section 8, which adapts it to positive fractional moments.

Lemma 4.20 (Block factorization). Let α be a step distribution function, and let 0 = t0 < t1 <

· · · < tp = 1 contain the points where α jumps. Write mi = α(ti−1) and δi = ti − ti−1.
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(a) (One coordinate.) The path with ℓ = 1, Qi = ti and masses mi (1 ≤ i ≤ p) is admissible.
Its partial values for f0 are Ψi = Φα(ti, ·), its trial value for D = 1 and λ = 0 is Pβ(α),
and under its path law (z1, . . . , zp) has the law of (Yt1 , . . . , Ytp), where Y is the diffusion
(4.6) of α.

(b) (Three coordinates.) Let 0 ≤ r ≤ q ≤ 1 belong to {t0, . . . , tp}. In the coordinate
order (v, x, y), let e = (1, 1, 1) and let ev, ex, ey be the unit vectors. We use the following
increments of Q, with their masses:

• common increments δieeT at mass mi/3, for ti ≤ r;
• v-increments δieveT

v at mass mi, and xy-increments δi(ex + ey)(ex + ey)T at mass mi/2,
for r < ti ≤ q;

• independent increments δiId at mass mi, for ti > q.

Let (Q, m) take the common increments in increasing order of i, then the v- and xy-
increments in any order that keeps each of these two lists in increasing order of i and
has nondecreasing masses, and then the independent increments in increasing order of i.
Then (Q, m) is admissible, QN = D(r, q, 0),

Ψ(Q, m, 0) = 3Φα(0, 0),
∫

m d∥Q∥2
F = 6

∫ 1

0
tα(t)dt,

and TD(r,q,0)(Q, m, 0) = 3Pβ(α).

(c) (Two coordinates.) Let q ∈ {t0, . . . , tp}. The path with increments δi(e1 + e2)(e1 + e2)
T

at mass mi/2 for ti ≤ q, followed by δi I at mass mi for ti > q, is admissible, its endpoint is
D2(q), and its trial value for D2(q) and λ = 0 is 2Pβ(α).

(d) (Path law in (b).) For ti ≤ q, let Yv
ti

be the v-coordinate of the cumulative field z after the
common increments and the v-increments with index at most i, and let Yx

ti
be its x-coordinate

after the common increments and the xy-increments with index at most i. Under the path
law of (Q, m, 0), each of (Yv

ti
)ti≤q and (Yx

ti
)ti≤q has the law of (Yti)ti≤q, the two coincide for

ti ≤ r, and conditionally on (Yv
ti
)ti≤r the families (Yv

ti
)r<ti≤q and (Yx

ti
)r<ti≤q are independent,

each with the conditional law of (Yti)r<ti≤q given Yr = Yv
r .

Part (b) with step approximations of αβ is the base path of [77, Section 4.2] and [77,
Section 7, Step 1], and its value is [77, (7.7)]. Part (d) is [77, (4.6)]. The comparisons of
Part II perturb this path near r (Sections 7 and 9) or replace α by max{α, 3s} (Section 8).

Proof. We prove (a) first and use it for the other parts. In (b), we call the common
increments, the v- and xy-increments, and the independent increments the first, the
middle and the last stage. The proof of (b) has three steps: admissibility and the
endpoint, the value, and the penalty.
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Part (a). Since α is nondecreasing and mp ≤ 1, the path is admissible. By (4.3) at
t = ti−1, we have Φα(ti−1, ·) = Tmi,β2δi

Φα(ti, ·), and backward induction from Ψp =

log(2 cosh ·) = Φα(1, ·) shows that Ψi = Φα(ti, ·) for every i. Note that the penalty is
∑i mi(t2

i − t2
i−1) = 2

∫ 1
0 tα(t)dt and that the endpoint is 1 = D. Then the trial value is

Φα(0, 0)− (β2/2)
∫ 1

0 tα(t)dt = Pβ(α). Finally, the transition of zi is Kmi,β2δi,Φα(ti,·), and
Proposition 4.3(iii) states that this is the transition of Y from ti−1 to ti.

Admissibility and the endpoint in part (b). Every increment is positive semidefinite.
We check that the masses are nondecreasing. For ti ≤ r we have ti−1 < r, so that the
common masses satisfy mi/3 ≤ α(r)/3. Since r and q are breakpoints, we see that the
first v- and xy-masses are α(r) and α(r)/2, that the first independent mass is α(q), and
that every v- and xy-mass is at most α(q). Two nondecreasing lists can always be merged
into one nondecreasing list that keeps the order of each, and this shows that an order as
in (b) exists. The masses of (Q, m) are then nondecreasing and at most mp ≤ 1. Summing
the increments, we obtain

QN = r eeT + (q − r)
(
eveT

v + (ex + ey)(ex + ey)
T)+ (1 − q)Id,

which has diagonal entries 1, entries r in the positions (v, x) and (v, y), and entry q in the
position (x, y). This is the matrix D(r, q, 0).

The value in part (b). We integrate backward. The independent increments are block
diagonal with three one-dimensional blocks, and f0 is a sum of functions of single
coordinates. By Lemma 4.2(c) and part (a), after the independent increments the partial
value is ∑a∈{v,x,y} Φα(q, za). Let V = {z ∈ R3 : zx = zy}. Note that the common, v-, and
xy-increments have ranges in V and that the path starts at 0 ∈ V. By Lemma 4.2(e), at
points of V these steps depend only on restrictions to V, which we write as functions of
(zv, z), where z = zx = zy. On V, a v-increment adds a scalar Gaussian of variance β2δi
to zv and leaves z fixed, and an xy-increment adds a scalar Gaussian of variance β2δi to z
and leaves zv fixed. We claim that, during the middle stage, the restriction to V of the
partial value has the form

Φα(tv, zv) + 2Φα(txy, z), (4.18)

where tv (respectively txy) is the largest ti ≤ q whose v-increment (respectively xy-
increment) has not yet been integrated, and tv = r (respectively txy = r) if there is
none. At the end of the middle stage this is the restriction of ∑a∈{v,x,y} Φα(q, za), with
tv = txy = q. If the next step backward is the v-increment with ti = tv, then Lemma 4.2(c)
and (4.3) turn (4.18) into Φα(ti−1, zv) + 2Φα(txy, z). If it is the xy-increment with ti = txy,
then Lemma 4.2(c) and (d), with k = 2, give Tmi/2,β2δi

(
2Φα(txy, ·)

)
= 2Tmi,β2δi

Φα(txy, ·) =
2Φα(ti−1, ·). This proves the claim. We conclude that, at the start of the middle stage, the
restriction to V is Φα(r, zv) + 2Φα(r, z). The common increments have range spanned by
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e. On this line, where zv = zx = zy = z, the function equals 3Φα(r, z), and Lemma 4.2(d),
with k = 3, gives Tmi/3,β2δi

(
3Φα(ti, ·)

)
= 3Φα(ti−1, ·) at each common increment. After all

common increments, the value at 0 is 3Φα(0, 0).

The penalty in part (b). During the first stage we have Q = t eeT and ∥Q∥2
F = 9t2,

so that this stage contributes ∑ti≤r(mi/3) · 9(t2
i − t2

i−1). During the middle stage, if
the v-clock is tv and the xy-clock is txy, then ∥Q∥2

F = t2
v + 4t2

xy + 4r2. A v-increment
at mass mi contributes mi(t2

i − t2
i−1), and an xy-increment at mass mi/2 contributes

(mi/2) · 4(t2
i − t2

i−1). During the last stage only the diagonal changes, and each increment
contributes 3mi(t2

i − t2
i−1). Every index i contributes 3mi(t2

i − t2
i−1) in total, through one

increment in the first and last stages and through two increments in the middle stage.
The penalty is 3 ∑

p
i=1 mi(t2

i − t2
i−1) = 6

∫ 1
0 tα(t)dt. Since the endpoint is D(r, q, 0), the

trial value is 3Φα(0, 0)− (3β2/2)
∫ 1

0 tα(t)dt = 3Pβ(α).

Part (c). The proof is the same, with the v-coordinate removed and the common stage
replaced by the xy-increments on [0, q].

Part (d). Under the path law, the jth increment has density exp{mj[Ψj(zj)− Ψj−1(zj−1)]}
with respect to its Gaussian law. By the computation of the value, we see that for a v-
increment with index i the exponent is mi[Φα(ti, Yv

ti
)−Φα(ti−1, Yv

ti−1
)]: the term 2Φα(txy, z)

of (4.18) is the same before and after the step and cancels. For an xy-increment at mass
mi/2 the exponent is (mi/2) · 2[Φα(ti, Yx

ti
)− Φα(ti−1, Yx

ti−1
)], and for a common increment

at mass mi/3 it is (mi/3) · 3[Φα(ti, z)− Φα(ti−1, z′)] along the diagonal. In each case the
moving coordinate makes the scalar transition Kmi,β2δi,Φα(ti,·), which depends only on its
own current value, and the increments of different branches are driven by independent
Gaussian variables. This proves (d), in view of part (a).

When α is not a step function, for instance α = αβ, we use Lemma 4.20 with step distri-
bution functions αk → α in L1 whose breakpoints contain r and q. By Proposition 4.3(ii),
Pβ(αk) → Pβ(α), and the last sentence of Proposition 4.19 applies to the limit. The
path-law statement (d) also passes to the limit, in the following sense. Let Y(k) and Y be
the scalar diffusions of αk and α, driven by the same Brownian motion, and let uk = uαk .
Since |uk| ≤ 1 and u is 1-Lipschitz in space (0 < χ ≤ 1), by Gronwall’s inequality we have

sup
t≤1

|Y(k)
t − Yt| ≤ β2eβ2(∥αk − α∥L1 + ∥uk − u∥∞

)
,

which tends to zero by Proposition 4.3(ii). For the two branches, we use the same
Brownian path up to r and independent Brownian continuations after r. The branch
laws of (d) for αk, evaluated at any fixed finite set of common breakpoints, therefore
converge to the corresponding laws of two diffusions of α that coincide up to r and are
conditionally independent after r given their common value at r.
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Used in: Sections 7 to 9, for the value and the law of the unperturbed path.

Proposition 4.21 (Gaussian tools [77, Lemma 2.1]). Let g be a standard Gaussian vector in
RM, and let f : RM → R be L-Lipschitz. Then, for a > 0 and θ ∈ R,

P
(
| f (g)− E f (g)| ≥ a

)
≤ 2 exp

(
− a2

2L2

)
, log E exp

{
θ
(

f (g)− E f (g)
)}

≤ θ2L2

2
.

(4.19)
If a probability density on RM is proportional to e−V , where V is twice differentiable and ∇2V ⪰ I,
then Var( f ) ≤ E∥∇ f ∥2 under this density for every continuously differentiable f with finite
right side. In particular, the variance of a linear functional a · X of a random vector X with this
density is at most |a|2.

The bounds (4.19) are the Gaussian concentration inequality of Tsirelson, Ibragimov,
and Sudakov [112], in the logarithmic-moment and tail forms of [28, Section 5.4, The-
orems 5.5–5.6], and the variance bound is the case ∇2V ⪰ I of the Brascamp–Lieb
inequality [30, Theorem 4.1]. The proof in [77] covers (4.19) and the case of linear f ,
under an upper bound on ∇2V that holds in its applications. The linear case enters this
paper only through Proposition 4.27.

Used in: Section 9, for the concentration of logarithms of constrained partition functions,
and Section 10, in the proof of Lemma 10.1.

Remark 4.22 (Lipschitz constants of logarithms of constrained partition functions).
The Gaussian vector in applications of (4.19) is J = (Jij)i<j ∈ Rn(n−1)/2. Let
S ⊂ Σℓ

n be nonempty and FS(J) = log ∑(xa)∈S exp(β ∑ℓ
a=1 H J

n(xa)). Then ∂FS/∂Jij =

βn−1/2⟨∑a xa
i xa

j ⟩S , where ⟨·⟩S is the Gibbs average on S . Each derivative has absolute

value at most βℓ/
√

n. This implies that FS is Lipschitz with constant βℓ
√
(n − 1)/2; this

is the bound used in [77, proof of Lemma 4.2]. It applies to log Zℓ,n(D) and, with ℓ = 1
and S = Σn, to Fn.

4.5 Two- and three-replica pressure bounds

In this section, we assume that β > 1, we write α = αβ, and we let Y and Γ be the
diffusion and response of αβ. The three results below are proved in [77, Sections 4 and 7]
from Proposition 4.19, applied to perturbations of the paths of Lemma 4.20, and from the
scalar identities of Propositions 4.3 and 4.6. We import their pressure bounds, not the
probability bounds that [77] derives from them at its own scales. We convert them into
probability bounds at our scales in Section 9.
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Proposition 4.23 (Pair pressure bound [77, Lemma 4.3, (4.4)]). For every n ≥ 2 and every
q ∈ [0, 1] such that D2(q) is feasible,

p2,n(D2(q)) ≤ 2Pβ −
1
2
(
Γ(q)− q

)2.

By Remark 4.17, the same bound holds for q ∈ [−1, 0] with Γ(|q|)− |q| in place of
Γ(q)− q. The proof in [77] uses the path of Lemma 4.20(c) and the terminal multiplier
λ12 = λ21 = L/2 with L = q − Γ(q). The lemma in [77] also contains a probability bound,
which we do not use, for the overlaps R at which |Γ(|R|)− |R|| exceeds a fixed positive
tolerance.

Used in: Section 9, for the pair overlaps at which |q − Γ(q)| is not small and for the
overlaps near one.

Proposition 4.24 (Signed fixed-scale pressure bound [77, (4.20)]). For every b∗ ∈ (0, 1),
there exist r0, δ0, ν, c0 > 0, depending only on β and b∗, with the following property. For every
n ≥ 2 and every feasible D(r, q, δ) with

0 ≤ r ≤ r0, |δ| ≤ δ0, b∗ ≤ q ≤ 1, |q − Γ(q)| ≤ ν,

we have
p3,n(D(r, q, δ)) ≤ 3Pβ − c0δ2.

In [77] the cutoff b∗ is called h and the tolerance ν is called τ, and (4.20) is proved
in [77, Sections 4.2–4.4] for nonempty constraints. No condition r ≥ |δ| is imposed,
and the two small overlaps r ± δ may have opposite signs. Reversing v (Remark 4.17),
we obtain the same bound for −r0 ≤ r ≤ 0. With the conditions on q, the bound
holds whenever |r + δ|, |r − δ| ≤ min{r0, δ0}, since then |r| and |δ| are at most this
minimum. The perturbation in the proof acts on a fixed interval [s1, s2] ⊂ (0, b∗), and
the gain comes from the strict inequality β2(

∫ 1
b∗

α(t)dt)(
∫ 1

0 α(t)dt) < 1, which follows
from Proposition 4.6(iii). The paper [77] converts (4.20) into the probability bound of its
Lemma 4.1, with tolerance 2n−1/100, using its Lemma 4.2 and its upper bound Cn−1/24

on the mean bias. We use neither of these lemmas.

Used in: Section 9, for the fixed-scale bound (9.3), and through it for the signed overlap
constraints of Sections 10 and 11.

Proposition 4.25 (Narrow-annulus comparison [77, Section 7, Steps 1–8, (7.30)–(7.31)]).
Let t0 > 0 satisfy 3t0 ≤ 1 and Γ(t) = t for t0/2 < t < 3t0. Let ρOB = n−1/10000, h = ρ8

OB,
ε = ρ20

OB, θ = ρ2
OB, and W = (2(1 − θ)2 + θ2)/h. There exist C, c > 0 and n0, depending only

on β and t0, with the following properties.
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(i) For n ≥ n0 and every feasible D(r, q, δ) with t0/2 < r < 3t0, µβ([r − h, r + h]) ≤ ρ4
OB,

q ≥ r + ρOB and ε ≤ |δ| ≤ 2ε,

p3,n(D(r, q, δ)) ≤ 3Pβ + δ2
{

β2W
(

Eχ(q, Yq)−
∫ 1

q
α(t)dt

)
+ 2(1 − θ)θβ2α(r)

(
β2E[χ(q, Yq)χ(r, Yr)]− 1

)
+ C(ρ4

OB + θ2)
}
+ C

(
|δ|3h−3/2 + δ4h−2).

(4.20)

(ii) For every t0/2 < r < 3t0 and r ≤ q ≤ 1,

β2E[χ(q, Yq)χ(r, Yr)] = 1 − β4
∫ q

r
α(t)E[χ(t, Yt)

2χ(r, Yr)]dt ≤ 1 − c(q − r). (4.21)

By Corollary 4.8, the hypothesis on t0 holds for every t0 ∈ (0, qβ/3], and finitely
many intervals (t0/2, 3t0) with such t0 cover any compact subset of (0, qβ). The estimate
(4.20) is [77, (7.30)], obtained there from the step version [77, (7.29)] by passing to αβ

at fixed n, r, q, δ. It is proved by applying Proposition 4.19 with λ = 0 to the path of
Lemma 4.20(b), perturbed as follows. With the notation of Lemma 4.20(d), for step
approximations whose breakpoints contain r − h, r, r + h, and q, let

Y0 =
(Yx

r − Yx
r−h)− (Yx

r+h − Yx
r )

h
, Y1 =

Yv
r+h − Yv

r

h
, Y = (1 − θ)Y0 + θY1,

as linear combinations of the Gaussian increments [77, (7.8)]. The x field receives +δ

times, and the y field −δ times, the contribution of each increment to Y. The endpoint
becomes D(r, q, δ) + δ2W(ex − ey)(ex − ey)T, and the mismatch cost β2δ4W2 [77, (7.13)]
is part of the last error term. The coefficient W is denoted K in [77]. The identity in (4.21)
follows from Proposition 4.3(iv) and Γ′(r) = 1, and the inequality is [77, (7.31)].

Proposition 4.25 is a consequence of the proof in [77, Section 7] rather than a ver-
batim statement there, and we record how it is obtained. The setup of [77, Section 7]
also imposes 3t0 < q∗, with q∗ the constant of Proposition 4.29, and, before Step 1,
the restriction |q − Γ(q)| ≤ ρ13

OB. The Gaussian calculations through (7.30) use neither
restriction. Their geometric requirements are 0 < r − h and r + h < q ≤ 1, which
hold under the hypotheses of (i) for all sufficiently large n, and the pair restriction is
needed only to obtain (7.32). In [77, Section 7], (7.31) is stated for the pairs (r, q) of
Lemma 7.1, but its proof uses only t0/2 < r < 3t0 and r ≤ q ≤ 1. Indeed, let M be
such that the event {β supt≤1|Bt|+ β2 ≤ M} has probability pM > 0; on it |Yt| ≤ M for
all t ≤ 1. With cM = min0≤t≤1, |z|≤M χ(t, z) > 0, we have E[χ(t, Yt)2χ(r, Yr)] ≥ pMc3

M,
and α(t) ≥ α(t0/2) > 0 for t ≥ r. We may take c = β4α(t0/2)pMc3

M. After imposing
the additional restriction |q − Γ(q)| ≤ ρ13

OB, [77] deduces from (4.20) and (4.21) the deficit
cδ2ρ3

OB [77, (7.32)] and the probability bound of its Lemma 7.1. We use neither.

Used in: Section 9, for the comparison at separated overlaps in (9.17) and (9.18).
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Remark 4.26 (Where the scales enter the proof of (4.20)). Section 9 needs a version of
(4.20) with h and θ fixed, and with the oscillation α(r + h)− α(r − h) in place of ρ4

OB. This
version is not stated in [77], and we derive it in Section 9 by following Steps 1–7 of [77,
Section 7]. In those steps, the specific scales enter only at the following places.

(a) Step 1 uses 0 < r − h and r + h < q, so that the triangular function on [r − h, r + h]
that defines the triangular covariance perturbation vanishes at 0 and at q.

(b) The errors O(ρ4
OB) in [77, (7.14), (7.15), (7.20), (7.23)–(7.28)] come from the oscillation

bound α(r + h)− α(r − h) ≤ ρ4
OB [77, (7.6)], which follows from the hypothesis on

µβ([r − h, r + h]). Each of them is at most a constant times α(r + h)− α(r − h). The
ramp error is O(1) and is multiplied by θ2.

(c) Step 4 uses δ2/h → 0 only to bound E[Y4eδ2Y2
] through Gaussian exponential

moments, since Y is a centered Gaussian of variance β2W plus a term bounded by a
constant depending on β; a bound δ2/h ≤ cβ with cβ > 0 small, together with h ≤ 1,
suffices.

(d) Once the geometric requirements in (a) and the moment restriction in (c) are satisfied,
the quantitative lower bound q − r ≥ ρOB, the restriction |q − Γ(q)| ≤ ρ13

OB, and the
relations between the powers of ρOB that define h, ε and θ are used only in Steps 8
and 9.

At fixed h and θ, the last error term of (4.20) is absorbed only for small amplitudes, so the
fixed-parameter version in Section 9 holds under a condition |δ| ≤ δ0. It must be derived
from Steps 1–7 with the oscillation of α kept explicit; it does not follow by applying
Proposition 4.25(i) at fixed h and θ.

4.6 Energy, disorder rotation, and overlap-neighborhood masses

In this section, we assume that β > 1 and that J, J̃ are independent standard Gaussian
vectors in Rn(n−1)/2, indexed by pairs i < j. We write Z J

n, π J , and H J
n to indicate

the disorder. The three results below, from [77, Sections 5–6], use the off-diagonal
Hamiltonian without the auxiliary diagonal variables.

Proposition 4.27 (Upper energy tail [77, Lemma 5.1]). There exist constants e1 ∈ (0, β/2)
and cE > 0 such that, for all sufficiently large n,

PJ

(
π J{x ∈ Σn : H J

n(x) > ne1} > e−cEn
)
≤ e−cEn.

The proof in [77] combines the strict bound n−1Eπ J(H J
n) ≤ e0 < β/2 for all sufficiently

large n of [77, Lemma 3.3], which uses β > 1, with the linear case of the variance bound
in Proposition 4.21 for the law of J given a Gibbs sample.

Used in: Section 10, in the proof of Lemma 10.1.
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Proposition 4.28 (Disorder rotation [77, Lemma 5.2 and (5.5)]). For θ ∈ (0, π/2), let
Jθ = cos θ J + sin θ J̃. For every n ≥ 2, every s ∈ R and every u > 0,

E exp
{

s
(
log Z Jθ

n − log Z J
n
)}

≤ exp
{ s2θ2β2(n − 1)

4

}
and

P
(
log Z Jθ

n − log Z J
n ≥ u

)
≤ exp

{
− u2

θ2β2(n − 1)

}
.

If 0 < t < 1/2 and J′ =
√

1 − t J +
√

t J̃, then for every u > 0,

P
(
log Z J′

n − log Z J
n ≥ u

)
≤ exp

(
− u2

2β2nt

)
.

The first two bounds are [77, (5.3)–(5.4)]. The last is [77, (5.5)], which follows from the
second with θ = arcsin

√
t, since θ2 ≤ 2t for 0 < t < 1/2. All three bounds are uniform

in θ and t. They also apply to rotations whose size depends on n, and they concern the
joint law of (J, J̃).

Used in: Section 10, in the proof of Lemma 10.1.

Proposition 4.29 (Overlap-neighborhood mass bound [77, Proposition 6.1]). Let LOB =

n1/10000. There exists q∗ ∈ (0, 1), depending only on β, with the following property. For every
fixed D1 > 0 there exist D3 = D3(β, D1) > 0 and events Cn(D1), measurable with respect to J,
such that PJ(Cn(D1)) → 1 and, on Cn(D1), for every S ⊂ Σn,

π J
({

x ∈ S : π J{z ∈ S : |R(x, z)| ≥ q∗} < e−D3LOB
})

< e−D1LOB .

Note that both masses in the display are masses under π J itself, not under π J con-
ditioned on S. The proposition, titled “Stretched-exponential coverage” in [77], is
stated there at the scale LOB only. Its proof uses this scale only through LOB → ∞
and LOB/n → 0, and q∗ is chosen before D1 from the constant e1 of Proposition 4.27.
Lemma 10.1 in Section 10 states and proves the corresponding bound for every deter-
ministic sequence Ln → ∞ with Ln = o(n), by the argument of [77, Section 6], using
Propositions 4.21, 4.27, and 4.28.

Used in: Section 10, as the statement extended in Lemma 10.1.



part ii

Static estimates for the lower bound



section 5

The scalar Parisi problem on the support

In this section, we collect the properties of the scalar Parisi equation used in the barrier
argument. Recall from Section 4 the solution Φα of the Parisi equation for a distribution
function α, its spatial derivatives u, χ, and w, the scalar diffusion Yt, and the function
Γ(t) = Eu(t, Yt)2. We first prove two statements that hold for every distribution function.
In Lemma 5.1, we bound each positive spatial derivative of Φα by a constant that depends
only on β and on the order of the derivative. In Lemma 5.2, we record the stochastic
differential equations that these derivatives satisfy along Y. We then specialize to the
Parisi distribution function αβ on the interval (0, qβ), where Γ(t) = t. In Lemma 5.3, we
prove the two stationarity identities β2Eχ(t, Yt)2 = 1 and Ew(t, Yt)2 = 2α(t)Eχ(t, Yt)3,
the formula α = Ew2/(2Eχ3), smoothness and a Lipschitz bound for α, and bounds on
mixed derivatives of Φ on compact subintervals. The positive constant mβ of (5.20) is
defined in Corollary 5.5.

We use three external inputs: Proposition 4.3, on the regularity and stability of the
scalar equation; Theorem 4.7, which states that the support of µβ is [0, qβ]; and the
identity (4.10), which states that Γ(t) = t for 0 < t < qβ. The derivative bounds are used
in Sections 6 to 8. The stationarity identities enter the coefficient computation of Section 7,
and the constant mβ enters the cubic pressure deficit there and, through it, the choice of
parameters in Sections 8, 10, and 12.

The statements of this section are known, some of them in a slightly different form.
We include proofs because the later sections need them with explicit uniformity. For
each fixed distribution function, bounds on all positive spatial derivatives, and their
convergence when the profile is approximated, were proved by Auffinger and Chen
[12, Propositions 1–2] (see also [69, Proposition 2.4]). The bounds of order at most
three, the martingale identity (5.9), and the expectation of (5.10) are proved in [77,
Lemma 3.1]. Our proof of Lemma 5.1 extends the Feynman–Kac argument given there
to every order. The identities (5.8) with j ≤ 3 and the first two identities of (5.12) appear
in [69, Lemma 2.5, (2.12)–(2.16)]; the formulas for Γ′ given there are stochastic versions
of the differentiation formulas of [12, Proposition 3]. The identity Γ(q) = q at points of
the support goes back to Talagrand [104] (see [12, Theorem 5 and its proof]); it is part of
the characterization of Parisi measures by Chen [36, Proposition 1] and by Jagannath and
Tobasco [63, Proposition 1.1], and we use it in the form proved in [77, Proposition 3.2].
Since supp µβ = [0, qβ] [69, Theorem 1.1], the identity holds on all of (0, qβ). In the

83
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proof of [12, Theorem 2(ii)], Auffinger and Chen derive the quotient formula for α and
use an induction to prove its smoothness. The same quotient argument, including the
passage from almost every point to every point, was carried out near t = 0 in [8, proof of
Lemma 7.2, Step 3, (7.8)–(7.12)], in a rescaled normalization. The smoothness of αβ on
(0, qβ) is also part of Theorem 4.7 (see Corollary 4.8). The use of the second stationarity
identity in the covariance expansion of Section 7 is new.

Notation. Throughout this section, β > 1 is fixed and b = β2. We use the conventions
of Section 4.2. A distribution function is a nondecreasing, right-continuous function
α : [0, 1] → [0, 1] with α(1) = 1; equivalently, α(t) = µ([0, t]) for a probability measure µ

on [0, 1]. Let α be a step distribution function, with breakpoints 0 = t0 < t1 < · · · < tp = 1
and α = mi on [ti−1, ti). Then Φα(1, z) = log(2 cosh z), and the Gaussian recursion (4.3)
reads

Φα(t, z) =
1

mi
log E exp

(
mi Φα

(
ti, z + β

√
ti − t Z

))
, ti−1 ≤ t < ti, (5.1)

where Z is a standard Gaussian variable, and where the right side is read as EΦα(ti, z +
β
√

ti − t Z) when mi = 0. For a general distribution function α, the function Φα is the
uniform limit of ΦαN along any sequence of step distribution functions with ∥αN − α∥L1 →
0 (Proposition 4.3 (i)). We write

f0 = Φα, f j = f α
j = ∂

j
zΦα (j ≥ 1),

so that f1 = u, f2 = χ, and f3 = w. For (t, z) ∈ [0, 1]× R, let (Yt,z
r )t≤r≤1 be the solution of

dYt,z
r = β dBr + b α(r) u(r, Yt,z

r )dr, Yt,z
t = z,

where B is a standard Brownian motion. This equation has a unique strong solution
(Proposition 4.3 (iii) and (v)), and the scalar diffusion of Section 4 is Y = Y0,0. We
write ∥·∥∞ for the supremum over [0, 1]× R, or over R for a function of z alone. From
Proposition 4.3, we use the bounds |u| ≤ 1 and 0 < χ ≤ 1 (the proof of [77, Lemma 3.1]
gives the sharper bound χ ≤ 1 − u2, which we do not need), the joint continuity of Φα,
u, and χ, the well-posedness of the scalar diffusion, and the stability estimate in part (ii)
there,

sup
t,z

(
|Φα − Φα̃|+ |uα − uα̃|+ |χα − χα̃|

)
≤ Cβ∥α − α̃∥L1 ,

which holds for all distribution functions α and α̃.

5.1 Bounds on spatial derivatives

The derivative bounds below are uniform over all distribution functions. We need this
uniformity because the later sections apply the bounds to step approximations and to
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profiles other than αβ, such as max{αβ, 3s} with 0 ≤ s ≤ 1/3. The constants are defined
by C1 = C2 = 1 and, for j ≥ 3,

Cj = ejb
(
∥∂

j
z log(2 cosh z)∥∞ +

b
2

j−2

∑
a=2

(
j
a

)
Ca+1Cj+1−a

)
. (5.2)

The sum is empty for j = 3, and it involves only C3, . . . , Cj−1. Every derivative of positive
order of log(2 cosh z) is a polynomial in tanh z and is bounded.

Lemma 5.1 (Bounds on spatial derivatives). Let α be a distribution function. For all j ≥ 1,
the derivative f j = ∂

j
zΦα exists and is continuous on [0, 1]× R, and

sup
(t,z)∈[0,1]×R

|∂j
zΦα(t, z)| ≤ Cj. (5.3)

Moreover, the following hold.

(i) If αN are distribution functions such that ∥αN − α∥L1 → 0, then ∥∂
j
zΦαN − ∂

j
zΦα∥∞ → 0

for all j ≥ 1.
(ii) For all j ≥ 0, t ∈ [0, 1], and z ∈ R,

f j(t, z) = ∂
j
z log(2 cosh z) +

b
2

∫ 1

t

(
f j+2 + α ∂

j
z(u2)

)
(r, z)dr, (5.4)

where ∂
j
z(u2) = ∑

j
a=0 (

j
a) fa+1 f j+1−a.

The bounds concern derivatives of positive order only; the function Φα itself grows
linearly in z. By (5.4), the Parisi equation and its spatial derivatives hold for almost every
t, and at every t at which α is continuous.

Proof. We first recall why, for a fixed step distribution function, all spatial derivatives exist
and are bounded, with bounds that may depend on the steps. We then write the equation
for f j as a linear equation and use its Feynman–Kac representation ([64, Theorem 5.7.6],
after an exponential rescaling for a bounded potential) to obtain bounds independent of
the steps, extending the third-derivative argument in [77, proof of Lemma 3.1]. Finally,
we pass to general distribution functions by a forward difference argument and prove
(5.4).

Step 1: a fixed step distribution function. Let α be a step distribution function as in
(5.1), fix i, and let ϕ = Φα(ti, ·). Suppose that ϕ is smooth, that all its derivatives of
positive order are bounded, and that |ϕ(z)| ≤ c(1 + |z|) for some c. These properties
hold for ϕ(z) = log(2 cosh z), which is the case i = p. For ti−1 ≤ t ≤ ti, the function
Φα(t, ·) is 1/mi times the logarithm of the convolution of emiϕ with the centered Gaussian
density of variance b(ti − t), or the convolution of ϕ itself when mi = 0. The linear
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growth of ϕ justifies differentiation under the integral. We find that, for j ≥ 1, f j(t, z) is
a polynomial, with coefficients depending only on j and mi, in expectations of products
of ϕ′(z + σZ), . . . , ϕ(j)(z + σZ) under the probability measure with density proportional
to emiϕ(z+σZ), where σ = β

√
ti − t. In particular, f j is bounded and continuous on

[ti−1, ti]× R. For t < ti, the Gaussian convolution is smooth in (t, z), and emiΦα (or Φα

itself, when mi = 0) solves the backward heat equation −∂tv = (b/2)∂zzv. It follows that
Φα is smooth on [ti−1, ti)× R, where it satisfies

−∂tΦα =
b
2
(
∂zzΦα + mi(∂zΦα)

2).
The function Φα(ti−1, ·) has the three properties assumed for ϕ (it grows at most linearly
because |u| ≤ 1). Proceeding backward through the steps, we obtain these properties on
every strip; this argument is recorded in the proof of [77, Lemma 3.1]. The bounds it
gives depend on the number and the location of the steps, and the next two steps remove
this dependence.

Step 2: the differentiated equation. Differentiating the equation j times in z on each
strip [ti−1, ti)× R, we find that

−∂t f j =
b
2
(

f j+2 + α ∂
j
z(u2)

)
(j ≥ 0), (5.5)

with ∂
j
z(u2) as in (5.4). Let j ≥ 3. In the sum defining ∂

j
z(u2), the terms with a ∈ {0, j}

add up to 2u f j+1, and the terms with a ∈ {1, j − 1} add up to 2jχ f j. Then (5.5) becomes

−∂t f j =
b
2

∂zz f j + bαu ∂z f j + jbαχ f j +Qj, Qj =
bα

2

j−2

∑
a=2

(
j
a

)
fa+1 f j+1−a. (5.6)

The sum defining Qj is empty for j = 3, and its factors are derivatives of orders between
3 and j − 1. We regard (5.6) as a linear equation for f j, with coefficients u and χ and
source term Qj.

Step 3: bounds independent of the steps. We prove (5.3) for step distribution functions
by induction on j. For j ∈ {1, 2}, it is the bound |u| ≤ 1, 0 < χ ≤ 1 of Proposition 4.3. Let
j ≥ 3, and suppose that ∥ fl∥∞ ≤ Cl for 1 ≤ l ≤ j − 1. Since 0 ≤ α ≤ 1, we have

∥Qj∥∞ ≤ b
2

j−2

∑
a=2

(
j
a

)
Ca+1Cj+1−a.

Fix (t, z) ∈ [0, 1)× R and let Yr = Yt,z
r . We abbreviate

Ξr = jb
∫ r

t
α(r′)χ(r′, Yr′)dr′, t ≤ r ≤ 1,
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so that 0 ≤ Ξr ≤ jb. By (5.6), the drift of f j(r, Yr) in Itô’s formula is

∂r f j + bαu ∂z f j +
b
2

∂zz f j = −jbαχ f j −Qj,

evaluated at (r, Yr). On each interval [ti−1, ti) ∩ [t, 1], we then have

d
(
eΞr f j(r, Yr)

)
= −eΞrQj(r, Yr)dr + βeΞr f j+1(r, Yr)dBr.

Recall from Step 1 that the functions f j and f j+1 are bounded and continuous on [0, 1]×R.
The process

eΞr f j(r, Yr) +
∫ r

t
eΞr′Qj(r′, Yr′)dr′, t ≤ r ≤ 1,

is therefore continuous, and it is a martingale. Comparing its expectations at r = t and
r = 1, we obtain

f j(t, z) = E
[
eΞ1 ∂

j
z log(2 cosh z)

∣∣
z=Y1

+
∫ 1

t
eΞrQj(r, Yr)dr

]
.

Since 0 ≤ Ξr ≤ jb for t ≤ r ≤ 1, we have

| f j(t, z)| ≤ ejb(∥∂
j
z log(2 cosh z)∥∞ + ∥Qj∥∞

)
≤ Cj.

The same bound holds at t = 1, which completes the induction. The elapsed time is at
most one, and the only property of α we used is 0 ≤ α ≤ 1, so the constants depend
neither on the number nor on the location of the steps.

Step 4: general distribution functions. Let α be a distribution function, and let αN be
step distribution functions such that ∥αN − α∥L1 → 0; for instance, αN(t) = α((k + 1)/N)

for k/N ≤ t < (k + 1)/N and αN(1) = 1, which converges to α pointwise by right
continuity. We write f N

j = f αN
j . The stability estimate of Proposition 4.3 implies that

ΦαN , f N
1 , and f N

2 converge uniformly to Φα, u, and χ. Let j ≥ 3, and suppose that f N
j−1

converges uniformly to f j−1 = ∂
j−1
z Φα, which is continuous. For ζ > 0, Taylor’s theorem

and Step 3 imply that

∣∣∣ f N
j (t, z)−

f N
j−1(t, z + ζ)− f N

j−1(t, z)

ζ

∣∣∣ ≤ Cj+1ζ

2
,

and that
∥ f N

j − f M
j ∥∞ ≤ 2

ζ
∥ f N

j−1 − f M
j−1∥∞ + Cj+1ζ.

Given ε > 0, we first choose ζ with Cj+1ζ < ε/2, and then N0 such that the first term is
less than ε/2 for N, M ≥ N0. Then f N

j converges uniformly to a continuous function f̂ j
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with ∥ f̂ j∥∞ ≤ Cj. Letting N → ∞ in f N
j−1(t, z) = f N

j−1(t, 0) +
∫ z

0 f N
j (t, y)dy, we find that

∂z f j−1 exists and equals f̂ j. By induction on j, this proves the existence and continuity
of f j, the bound (5.3), and the uniform convergence f N

j → f j for all j ≥ 1. Now that
(5.3) holds for all distribution functions, the same argument applies to any sequence of
distribution functions αN with ∥αN − α∥L1 → 0, step functions or not. This proves (i).

Step 5: the integrated equation. Let α be a step distribution function and j ≥ 0. For
fixed z, the function t 7→ f j(t, z) is continuous on [0, 1] by Step 1, and continuously
differentiable on each interval [ti−1, ti), with derivative given by (5.5). Integrating over
the steps, we obtain (5.4). For a general α, we choose αN as in Step 4 and write uN = f N

1 .
Then ΦαN → Φα and f N

l → fl uniformly for all l ≥ 1, and∣∣∣∫ 1

t

(
αN∂

j
z(u2

N)− α ∂
j
z(u2)

)
(r, z)dr

∣∣∣ ≤ ∥αN − α∥L1∥∂
j
z(u2

N)∥∞ + ∥∂
j
z(u2

N)− ∂
j
z(u2)∥∞.

The right side tends to zero by (5.3) and the uniform convergence. Letting N → ∞ in
(5.4) for αN yields (5.4) for α, which completes the proof.

5.2 Stochastic identities along the scalar diffusion

We now record the equations satisfied by the spatial derivatives of Φα along the scalar
diffusion. As usual, a differential identity such as (5.8) below means that the correspond-
ing integrated identity holds almost surely, simultaneously for all 0 ≤ s ≤ t ≤ 1. For a
polynomial Θ in the variables x1, . . . , xk, we define the polynomials in x1, . . . , xk+1

Θ0 =
b
2

k

∑
i,l=1

xi+1xl+1 ∂i∂lΘ, Θ1 = −b
k

∑
i=1

∂iΘ
i−1

∑
a=1

(
i − 1

a

)
xa+1xi+1−a, (5.7)

where ∂i is the derivative in xi. We write Θt = Θ( f1(t, Yt), . . . , fk(t, Yt)), and Θ0
t and Θ1

t
for the analogous expressions with k + 1 arguments.

Lemma 5.2 (Stochastic identities along the scalar diffusion). Let α be a distribution function,
and let Y = Y0,0. Write ut = u(t, Yt), χt = χ(t, Yt), and wt = w(t, Yt).

(i) For all j ≥ 1,

d f j(t, Yt) = β f j+1(t, Yt)dBt − b α(t)
j−1

∑
a=1

(
j − 1

a

)
fa+1(t, Yt) f j+1−a(t, Yt)dt. (5.8)

In particular,

dut = βχt dBt, (5.9)

dχt = βwt dBt − b α(t)χ2
t dt. (5.10)
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(ii) Let Θ be a polynomial in x1, . . . , xk. Then t 7→ EΘt is Lipschitz on [0, 1], and for 0 ≤ s ≤
t ≤ 1,

EΘt − EΘs =
∫ t

s

(
EΘ0

r + α(r)EΘ1
r
)

dr. (5.11)

(iii) For 0 ≤ s ≤ t ≤ 1,

Γ(t)− Γ(s) = b
∫ t

s
Eχ2

r dr,

Eχ2
t − Eχ2

s = b
∫ t

s

(
Ew2

r − 2α(r)Eχ3
r
)

dr,

Ew2
t − Ew2

s = b
∫ t

s
E
(

f4(r, Yr)
2 − 6α(r)χrw2

r
)

dr,

Eχ3
t − Eχ3

s = 3b
∫ t

s
E
(
χrw2

r − α(r)χ4
r
)

dr.

(5.12)

In particular, Γ is continuously differentiable with Γ′(t) = bEχ2
t . The function t 7→ Eχ2

t
has a right derivative at every t ∈ [0, 1), and a derivative at every point of continuity of α,
given by

d
dt

Eχ2
t = b

(
Ew2

t − 2α(t)Eχ3
t
)
. (5.13)

Parts (i) and (ii) hold, with the same proof, for the diffusion Yt,z started from any
(t, z) ∈ [0, 1]× R, on the time interval [t, 1].

Proof. We prove (i) first for step distribution functions, for which the equation holds
classically between the breakpoints, and then pass to the limit along a coupling of the
diffusions. Parts (ii) and (iii) then follow from Itô’s formula [64, Theorem 3.3.6].

Step 1: step distribution functions. Let α be a step distribution function. By Step 1
of the proof of Lemma 5.1, each f j is smooth on the strips [ti−1, ti)× R, bounded, and
continuous on [0, 1]× R. On each strip, Itô’s formula shows that the martingale part of
f j(t, Yt) is β f j+1(t, Yt)dBt. Using (5.5), we find that its drift is

∂t f j + bαu f j+1 +
b
2

f j+2 = −bα

2

j

∑
a=0

(
j
a

)
fa+1 f j+1−a + bαu f j+1 = −bα

2

j−1

∑
a=1

(
j
a

)
fa+1 f j+1−a,

evaluated at (t, Yt). In the second equality, we used that the terms with a ∈ {0, j} equal
2u f j+1. By Pascal’s rule ( j

a) = (j−1
a ) + ( j−1

a−1) and the substitution a 7→ j − a in the sum
containing ( j−1

a−1), we have

j−1

∑
a=1

(
j
a

)
fa+1 f j+1−a = 2

j−1

∑
a=1

(
j − 1

a

)
fa+1 f j+1−a.

This proves (5.8) on each interval [ti−1, ti). The process f j(t, Yt) is continuous in t, and
the integrated identities on the successive intervals add up to (5.8) on [0, 1].
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Step 2: general distribution functions. Let α be a distribution function, let αN be step
distribution functions such that ∥αN − α∥L1 → 0, and let YN be the scalar diffusion of αN ,
driven by the same Brownian motion B as Y. Let uN = f αN

1 . Recall that |uN| ≤ 1, and
that u is 1-Lipschitz in z because |χ| ≤ 1. Then

|YN
t − Yt| ≤ b

∫ t

0
|αN(r)− α(r)|dr + b∥uN − u∥∞ + b

∫ t

0
|YN

r − Yr|dr,

and Gronwall’s inequality yields

sup
0≤t≤1

|YN
t − Yt| ≤ beb(∥αN − α∥L1 + ∥uN − u∥∞

)
for every realization of B. The right side tends to zero by the stability estimate of
Proposition 4.3. Using Lemma 5.1, we find that, for each l ≥ 1,

| f αN
l (t, YN

t )− fl(t, Yt)| ≤ ∥ f αN
l − fl∥∞ + Cl+1|YN

t − Yt|,

which tends to zero uniformly in t and in the realization. We now let N → ∞ in (5.8)
for αN, in its integrated form between fixed times s ≤ t. The terms f j(t, Yt) and f j(s, Ys)

converge uniformly. The drift integrals also converge uniformly, because their integrands
are bounded by Lemma 5.1 and converge uniformly, and ∥αN − α∥L1 → 0. By Itô’s
isometry, the stochastic integrals converge in L2. We conclude that (5.8) holds almost
surely for each fixed s ≤ t. Since both sides are continuous in (s, t), it holds almost surely
for all s ≤ t simultaneously. The cases j = 1 and j = 2 are (5.9) and (5.10).

Step 3: polynomial moments. It follows from (i) that the processes
f1(t, Yt), . . . , fk+1(t, Yt) are continuous semimartingales with d⟨ fi(·, Y), fl(·, Y)⟩t =

b fi+1(t, Yt) fl+1(t, Yt)dt. By Itô’s formula, we have

dΘt =
(
Θ0

t + α(t)Θ1
t
)

dt + β
k

∑
i=1

∂iΘ
(

f1(t, Yt), . . . , fk(t, Yt)
)

fi+1(t, Yt)dBt.

Here the second-order term of Itô’s formula produces Θ0
t , and the drifts in (5.8) produce

α(t)Θ1
t . By Lemma 5.1, the integrand of the stochastic integral is bounded. Taking

expectations, we obtain (5.11). The integrand in (5.11) is bounded by the supremum of
|Θ0|+ |Θ1| over the box ∏i≤k+1[−Ci, Ci], which proves the Lipschitz bound.

Step 4: four moments. For Θ = x2
1, x2

2, x2
3, and x3

2, the definition (5.7) gives

(x2
1)

0 = bx2
2, (x2

1)
1 = 0,

(x2
2)

0 = bx2
3, (x2

2)
1 = −2bx3

2,

(x2
3)

0 = bx2
4, (x2

3)
1 = −6bx2x2

3,

(x3
2)

0 = 3bx2x2
3, (x3

2)
1 = −3bx4

2.
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For example, for Θ = x2
3 we have Θ0 = (b/2) · 2x2

4 and Θ1 = −b · 2x3
(
(2

1)x2x3 + (2
2)x3x2

)
.

Inserting these into (5.11), we obtain (5.12). The integrand Eχ2
r in the first identity is

continuous in r by (ii), and the first identity implies that Γ is continuously differentiable
with Γ′ = bEχ2. In the second identity, the functions r 7→ Ew2

r and r 7→ Eχ3
r are

continuous by (ii), and α is right-continuous. The integrand is therefore right-continuous,
and it is continuous at every point of continuity of α. The fundamental theorem of
calculus now gives (5.13).

5.3 The Parisi distribution function on (0, qβ)

From now on, α = αβ is the Parisi distribution function, which is unique by Theorem 4.5,
µβ is the Parisi measure, Y is the associated scalar diffusion, and ut, χt, wt are as in
Lemma 5.2. By Theorem 4.7, supp µβ = [0, qβ] with 0 < qβ < 1, and µβ has an atom at qβ.
We set

Kβ =
β5

2
(
C2

4 + 12C2
3 + 6

)
, (5.14)

with C3 and C4 as in (5.2).

Lemma 5.3 (The Parisi distribution function on the support). The following hold.

(i) For all t ∈ (0, qβ),

β2Eχ(t, Yt)
2 = 1, Ew(t, Yt)

2 = 2α(t)Eχ(t, Yt)
3. (5.15)

(ii) For all t ∈ (0, qβ), we have Eχ3
t ≥ β−3 and

α(t) =
Ew2

t
2Eχ3

t
. (5.16)

(iii) We have α(t) > 0 for all t ∈ (0, 1]. For 0 < s ≤ t < qβ,

0 ≤ α(t)− α(s) = µβ((s, t]) ≤ Kβ(t − s).

In particular, µβ has no atoms in (0, qβ).
(iv) The function α is infinitely differentiable on (0, qβ). For every polynomial Θ, the function

t 7→ EΘt of Lemma 5.2 is infinitely differentiable on (0, qβ). In particular, t 7→ Eχ3
t and

t 7→ α(t)2β6Eχ3
t are infinitely differentiable on (0, qβ).

(v) The function Φα is infinitely differentiable on (0, qβ) × R. For every compact interval
I ⊂ (0, qβ) and all integers i, j ≥ 0 with i + j ≥ 1, there exists C(β, I, i, j) < ∞ such that

sup
t∈I

|α(i)(t)|+ sup
(t,z)∈I×R

|∂i
t∂

j
zΦα(t, z)| ≤ C(β, I, i, j).
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The proof of (i) uses the identity Γ(t) = t, which is a property of αβ itself. The step
distribution functions used in the proof of Lemma 5.2 do not satisfy it, and this is why
we established the identities of Lemma 5.2 for every distribution function first.

Proof. We first obtain the two identities in (i): the first at every point, from Γ(t) = t, and
the second at almost every point, from the constancy of Eχ2

t . Since α is right-continuous,
the second identity then holds at every point, which gives the quotient formula (5.16).
Using the quotient formula and the Lipschitz bounds of Lemma 5.2, we show that α is
Lipschitz, and an induction on the order of differentiability gives its smoothness. The
bounds on mixed derivatives then follow from the differentiated Parisi equation.

Step 1: the first identity. The first identity is also stated in Corollary 4.8; we recall the
argument. By (4.10), Γ(t) = t for 0 < t < qβ. By Lemma 5.2 (iii), Γ is continuously
differentiable with Γ′(t) = bEχ2

t . Differentiating, we find that bEχ2
t = Γ′(t) = 1 for all

t ∈ (0, qβ), which is the first identity in (5.15).

Step 2: the second identity almost everywhere. By Step 1, Eχ2
t = β−2 is constant on

(0, qβ). The second identity in (5.12) implies that, for 0 < s < t < qβ,

0 = Eχ2
t − Eχ2

s = b
∫ t

s

(
Ew2

r − 2α(r)Eχ3
r
)

dr.

The integral of the bounded function r 7→ Ew2
r − 2α(r)Eχ3

r vanishes over every subinter-
val of (0, qβ). Lebesgue’s differentiation theorem then implies that Ew2

r = 2α(r)Eχ3
r for

almost every r ∈ (0, qβ).

Step 3: the second identity at every point, and the quotient. Let t ∈ (0, qβ). By Step 2,
there exist rn ↓ t such that Ew2

rn = 2α(rn)Eχ3
rn for all n. Recall from Lemma 5.2 (ii) that

the functions r 7→ Ew2
r and r 7→ Eχ3

r are continuous, and that α is right-continuous.
Letting n → ∞, we find that Ew2

t = 2α(t)Eχ3
t . This proves (i). Since χt > 0 and x 7→ x3/2

is convex on [0, ∞), Jensen’s inequality and Step 1 imply that

Eχ3
t = E

[
(χ2

t )
3/2] ≥ (Eχ2

t
)3/2

= β−3.

Dividing the second identity in (5.15) by 2Eχ3
t , we obtain (5.16), which proves (ii).

Step 4: positivity and the Lipschitz bound. Since 0 ∈ supp µβ, every interval [0, t] with
t > 0 has positive µβ-mass, so α(t) > 0 for t ∈ (0, 1]. By Lemma 5.1, we have 0 < χ ≤ 1,
|w| ≤ C3, and | f4| ≤ C4. Inserting these bounds into the last two identities in (5.12), we
find that, for all s, t ∈ [0, 1],

|Ew2
t − Ew2

s | ≤ b
(
C2

4 + 6C2
3
)
|t − s|, |Eχ3

t − Eχ3
s | ≤ 3b

(
C2

3 + 1
)
|t − s|. (5.17)



5 The scalar Parisi problem on the support § 5.3 93

Let 0 < s ≤ t < qβ. By (5.16) at t and the identity Ew2
s = 2α(s)Eχ3

s at s, we have

α(t)− α(s) =
Ew2

t − Ew2
s

2Eχ3
t

− α(s)
Eχ3

t − Eχ3
s

Eχ3
t

.

Using (5.17), Eχ3
t ≥ β−3, and 0 ≤ α(s) ≤ 1, we conclude that

|α(t)− α(s)| ≤ β3
(b

2
(
C2

4 + 6C2
3
)
+ 3b

(
C2

3 + 1
))

(t − s) = Kβ(t − s).

Since α is nondecreasing and α(t)− α(s) = µβ((s, t]), this proves (iii); the continuity of α

on (0, qβ) excludes atoms there.

Step 5: smoothness of α and of the moments. Let I0 = (0, qβ). We prove by induction
on i ≥ 0 that α ∈ Ci(I0) and that t 7→ EΘt belongs to Ci+1(I0) for every polynomial
Θ. By Step 4, α is continuous on I0. Then the integrand r 7→ EΘ0

r + α(r)EΘ1
r in (5.11)

is continuous on I0, and EΘt is continuously differentiable on I0 by the fundamental
theorem of calculus, with

d
dt

EΘt = EΘ0
t + α(t)EΘ1

t (t ∈ I0). (5.18)

This proves the claim for i = 0. Suppose that it holds for some i ≥ 0. Since the
moments Ew2

t and Eχ3
t belong to Ci+1(I0) and Eχ3

t ≥ β−3, the formula (5.16) implies
that α ∈ Ci+1(I0). By the induction hypothesis, the moments EΘ0

t and EΘ1
t belong to

Ci+1(I0). Then the right side of (5.18) belongs to Ci+1(I0), and we obtain EΘt ∈ Ci+2(I0).
This completes the induction and proves (iv).

Step 6: mixed derivatives. Let j ≥ 0. By (5.4) and the continuity of α on I0, the function
t 7→ f j(t, z) is continuously differentiable on I0 for every z, and

∂t f j = −b
2
(

f j+2 + α ∂
j
z(u2)

)
on I0 × R. (5.19)

The right side is a polynomial in α and f1, . . . , f j+2, and it is continuous on I0 × R. We
claim that, for every i ≥ 1, the derivative ∂i

t f j exists on I0 × R and is a polynomial,
with coefficients depending only on b, i, and j, in α, α′, . . . , α(i−1) (evaluated at t) and
f1, . . . , f j+2i (evaluated at (t, z)). For i = 1, this is (5.19). If it holds for i, we differentiate
the polynomial in t, using (iv) for the derivatives of α and (5.19) for the derivatives
of f1, . . . , f j+2i, which gives the claim for i + 1. Let I ⊂ I0 be compact. On I × R, the
functions α, α′, . . . , α(i) are bounded because they are continuous on I, and we have
| fl| ≤ Cl by Lemma 5.1. We obtain the bound in (v), with a constant depending on β,
I, i, and j. Finally, the right side of (5.19) for j + 1 is the z-derivative of the right side
for j, because ∂z∂

j
z(u2) = ∂

j+1
z (u2). This shows that ∂z∂t f j = ∂t f j+1, and by Schwarz’s
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theorem and induction on i, we have ∂z∂i
t f j = ∂i

t f j+1. Every partial derivative of Φα, taken

in any order, is therefore one of the continuous functions ∂i
t∂

j
zΦα, and Φα is infinitely

differentiable on I0 × R. This completes the proof.

Remark 5.4. The second identity in (5.15) does not extend to t = qβ. Indeed, t 7→ Ew2
t

and t 7→ Eχ3
t are continuous on [0, 1], and letting t ↑ qβ in (5.15), we find that Ew2

qβ
=

2α(qβ−)Eχ3
qβ

. However, Eχ3
qβ

> 0, and α(qβ−) = 1 − µβ({qβ}) < 1 = α(qβ) because µβ

has an atom at qβ. The barrier argument uses (5.15) and Lemma 5.3 only on compact
subintervals of (0, qβ).

We conclude with the positive constant that enters the cubic pressure deficit. The
quantity bounded below in (5.20) is the scalar factor of the cubic term in the expansion
of Proposition 7.13.

Corollary 5.5 (The constant mβ). Let Iβ ⊂ (0, qβ) be a nonempty compact interval, and set
mβ = β3α(min Iβ)

2. Then mβ > 0, and

mβ ≤ inf
r∈Iβ

α(r)2β6Eχ(r, Yr)
3. (5.20)

Proof. By Lemma 5.3 (iii), we have α(min Iβ) > 0, so mβ > 0. Let r ∈ Iβ. Since α is
nondecreasing, we have α(r) ≥ α(min Iβ), and Lemma 5.3 (ii) gives Eχ(r, Yr)3 ≥ β−3.
Multiplying these bounds, we find that α(r)2β6Eχ(r, Yr)3 ≥ β3α(min Iβ)

2 = mβ.

The constant mβ depends only on β and Iβ. In the proof of Theorem 1.1, the interval
Iβ is fixed in Section 10, before any of the small parameters of the local comparison is
chosen.



section 6

Short-time estimates for Gaussian hierarchies

In this section, we prove the analytic estimates on Gaussian hierarchies that the three-
replica covariance perturbation of Section 7 requires. Near the window where the
covariance path is perturbed, the one-site recursion of that comparison is a composition
of short semilinear parabolic flows on R3, one for each of the fixed number of stages of
the perturbed path. We must differentiate its value four times in the width parameter h of
the window and twice in the parameter k = δ/h, uniformly in the starting field. Several
covariance matrices of the path are singular, and the stage of the terminal correction has
a duration proportional to hk2, which vanishes at k = 0. We state and prove the estimates
for a general finite composition of such flows on Rℓ.

The section has four main results. Lemma 6.2 identifies the limit of finite Gaussian
hierarchies (Definition 4.14) along refinements with the solution of a flow equation, with
an error controlled by the L1 distance between the masses. Proposition 6.3 bounds all
mixed derivatives of the flow in the parameters (h, k) and in the field, uniformly in
the field, including the endpoint h = 0 and stages of zero duration, and Lemma 6.7
gives the corresponding bounds for the penalty obtained by weighting the squared
covariance by the mass. Lemma 6.13 and Corollary 6.14 control the response of a
Gaussian hierarchy to a small bounded change of its terminal function, with an error
that does not depend on the number of levels. In Section 7, we use the first three results
to obtain Lemma 7.4, and Corollary 6.14 is applied to the part of the hierarchy that
precedes the window, in the proof of Proposition 7.13. From earlier sections, we use the
integration step and the hierarchies of Section 4 (Definitions 4.1 and 4.14 and Lemma 4.2).
The regularity and stability of the scalar Parisi equation (Proposition 4.3) enter only the
proof of Corollary 6.14. The remaining tools are the Gaussian interpolation formula, Itô’s
formula, and Gronwall’s inequality [107, Section A.13].

For the scalar Parisi equation, the approximation by step profiles and the bounds on
spatial derivatives that are uniform in the profile are due to Auffinger and Chen [12,
Propositions 1–2]. The existence, uniqueness, and spatial smoothness of weak solutions
were proved by Jagannath and Tobasco [62, Theorem 1]. In our normalization, these
facts and the Lipschitz dependence on the profile are stated in Proposition 4.3, which is
[77, Lemma 3.1]. Bovier and Klimovsky derived the matrix form of the Parisi equation
for vector spins [29, Section 6, Proposition 6.1 and (6.5)]. The arguments below use the
Feynman–Kac representation for the linear equations obtained by differentiating the flow.

95
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We give the estimates for a vector equation whose diffusion matrices may be singular
and whose coefficients depend on parameters, and we give in detail the bookkeeping of
mixed derivatives in the parameters, which the later sections need.

Notation. Throughout this section, ℓ ≥ 1 is an integer (ℓ = 3 in Section 7, one coordinate
for each replica), b > 0 (b = β2 in all applications), and x ∈ Rℓ denotes the field variable,
with coordinates indexed by i, i′ ∈ {1, . . . , ℓ}. We write ⟨·, ·⟩ and |·| for the Euclidean
inner product and norm, |Σ| for the operator norm of a matrix, U : V = ∑i,i′ Uii′Vii′

and ∥U∥2
F = U : U, and Σ ⪰ 0 when Σ is symmetric and positive semidefinite; Σ1/2 is

its positive semidefinite square root, and g is a standard Gaussian vector in Rℓ. For a
multi-index ι ∈ Nℓ, Dι is the corresponding derivative in x and |ι| its order; ∇ and D2

are the gradient and the Hessian in x. For φ : Rℓ → R and an integer r ≥ 1, we set
∥Dr φ∥∞ = max|ι|=r supx|Dι φ(x)|, and for 2 ≤ r ≤ ∞ we let Cr be the set of φ ∈ Cr(Rℓ)

with ∥Dr′ φ∥∞ < ∞ for all finite 1 ≤ r′ ≤ r. A function in Cr grows at most linearly
and need not itself be bounded. Parameter derivatives are taken in two real variables
(h, k): for γ = (γh, γk) ∈ N2, we write ∂γ = ∂

γh
h ∂

γk
k , |γ| = γh + γk, γ′ ≤ γ for the

componentwise order, (γ
γ′) = (γh

γ′
h
)(γk

γ′
k
), and γ! = γh!γk!. We say that the mixed derivative

∂γDι has weight |ι|+ 2|γ|. One parameter derivative counts as two spatial derivatives,
because a parameter derivative of a covariance coefficient multiplies a second derivative
in x.

6.1 Flows and the main estimates

Definition 6.1 (Stage data and flows). Let N ≥ 1. A stage datum consists of, for each
j ∈ {1, . . . , N}, a matrix Bj ⪰ 0, a duration λj ≥ 0, and a measurable mass function
mj : [0, 1] → [0, 1]. Stage j occupies the interval [j − 1, j] of the variable τ ∈ [0, N]. For a
terminal function f ∈ C2, the flow equation is

−∂τF =
bλj

2

{
Bj : D2F + mj(τ − j + 1)

〈
∇F, Bj∇F

〉}
on (j − 1, j)× Rℓ, (6.1)

for j = 1, . . . , N, with F(N, ·) = f and F continuous on [0, N]× Rℓ. We call F(0, ·) the
output of the flow.

We solve the equation backward, from τ = N to τ = 0, as the Parisi equation
(4.4) is solved backward from time one. Stage 1 is the outermost stage, nearest to the
root of the hierarchy, and stage N is the innermost. On stage j the Gaussian field has
covariance bλjBj per unit of τ; in the notation of Definition 4.14, the overlap covariance
path increases by λjBj over stage j. For example, the Parisi equation for a distribution
function α on an interval [t1, t2] is the case ℓ = 1, N = 1, B1 = 1, λ1 = t2 − t1, and
m1(τ) = α(t1 + τ(t2 − t1)), with b = β2.
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Step flows. We first define solutions for masses that are step functions. A step flow is the
flow of a stage datum in which, for each j, there exists a partition 0 = τj,0 < τj,1 < · · · <
τj,Mj = 1 such that mj = µj,i on [τj,i−1, τj,i). With the integration step of Definition 4.1, we
set F(N, ·) = f and

F(τ, ·) = Tµj,i, (j−1+τj,i−τ)bλjBj
F(j − 1 + τj,i, ·) for j − 1 + τj,i−1 ≤ τ ≤ j − 1 + τj,i, (6.2)

proceeding from the piece (N, MN) to the piece (1, 1). The formulas for two consecutive
pieces agree at their common endpoint, because Tm,0φ = φ. The output F(0, x) is the
value at x of a finite Gaussian hierarchy: its levels, listed from the root, are the pieces
(j, i) in lexicographic order, and the level (j, i) has covariance bλjBj(τj,i − τj,i−1) and is
integrated at mass µj,i. By Lemma 6.9 below, F is continuous and solves (6.1) on each
piece, where the mass is constant.

If the masses mj are continuous and p = (τj,i) is a family of partitions, the sampled
masses are mp

j = mj(τj,i−1) on [τj,i−1, τj,i), and the mesh |p| is the largest length τj,i − τj,i−1.
If each mj is nondecreasing and mj(1) ≤ mj+1(0) for j < N, then the sampled masses are
nondecreasing from the root, as in an admissible path of Definition 4.14.

Lemma 6.2 (Step approximation). Fix a stage datum with matrices Bj and durations λj, and a
terminal function f ∈ C2. Let L f = supx|∇ f (x)|.
(a) Let F and F̃ be the step flows with step masses mj and m̃j. Then supτ,x|∇F(τ, x)| ≤ L f and

sup
τ,x

|F(τ, x)− F̃(τ, x)| ≤
bL2

f

2

N

∑
j=1

λj|Bj|
∫ 1

0
|mj(τ)− m̃j(τ)|dτ. (6.3)

If F′ is the step flow with the masses mj and a terminal function f ′ ∈ C2 such that f − f ′ is
bounded, then supτ,x|F − F′| ≤ supx| f − f ′|.

(b) Let mj be measurable. For every sequence of step masses m(l)
j with

∫ 1
0 |m

(l)
j − mj|dτ → 0

for each j, the step flows converge uniformly on [0, N]× Rℓ to a limit F that does not depend
on the sequence. We call F the flow of the stage datum with terminal function f . The three
estimates of (a) hold for these flows.

(c) Let 1 ≤ N′ < N. Let Fin be the flow of stages N′ + 1, . . . , N with terminal function f , and
suppose that fin = Fin(N′, ·) belongs to C2. Then F coincides on [0, N′]× Rℓ with the flow
of stages 1, . . . , N′ with terminal function fin.

(d) Suppose that f ∈ C∞ and 2ℓb∥D2 f ∥∞ ∑j λj|Bj| ≤ 1. Then the flow F of (b) has continuous
and bounded spatial derivatives of every order r ≥ 1, with ∥D2F(τ, ·)∥∞ ≤ 2∥D2 f ∥∞, and,
for the step flows F(l) of (b) and every ι ̸= 0,

sup
τ,x

|DιF(l)(τ, x)− DιF(τ, x)| ≤ C
N

∑
j=1

λj

∫ 1

0
|m(l)

j − mj|dτ, (6.4)
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where C depends only on ℓ, b, |ι|, maxj|Bj|, ∑j λj|Bj|, and ∥Dr f ∥∞ for 1 ≤ r ≤ |ι|+ 1. If
moreover each mj is continuous on [0, 1], then F is continuously differentiable in τ on each
closed stage [j − 1, j], with one-sided derivatives at its endpoints, and solves (6.1). It is the
unique such solution with bounded first and second spatial derivatives that is of class C1,2

on each closed stage.

In words, the hierarchy values converge along refinements of the masses, at a rate
given by the L1 distance between the masses, and the limit is the solution of the flow
equation; for short flows the same holds for every spatial derivative. Part (c) says that
the limiting flows compose stage by stage. Parts (a)–(c) hold for stages of any duration.
The constant in (6.3) involves only the gradient of f . To identify the gradient of the limit
in (b), we also use the bound K f + L2

f of Lemma 6.11(a) on the Hessians of the step flows,
where K f = supx|D2 f (x)|. This bound does not require short stages either. Part (d) is
stated only for short flows, which are the only ones we need.

Parameter-dependent data. We now let the data depend on two parameters. Fix N ≥ 1,
h1 > 0, and k0 > 0, and let U = [0, h1]× [−k0, k0]. A function on U is called smooth if all
its partial derivatives exist and are continuous on U ; at boundary points, the derivatives
are one-sided. In particular, derivatives in h at h = 0 are right derivatives. We assume
the following.

(H1) For each j, the map (h, k) 7→ Bj(h, k) is smooth on U , with values in the positive
semidefinite matrices.

(H2) For each j, λj(h, k) = hκj(h, k), where κj : U → [0, ∞) is smooth. The function κj may
vanish.

(H3) For each j, mj : [0, 1]×U → [0, 1] is continuous, and all its derivatives in (h, k) exist
and are continuous on [0, 1]×U .

(H4) The terminal function f : U × Rℓ → R is smooth in the same sense, and ∂γDι f is
bounded on U × Rℓ for every (γ, ι) ̸= (0, 0).

(H5) The number h0 ∈ (0, h1] satisfies 2ℓb h0Λ∗∥D2 f ∥∞ ≤ 1, where Λ∗ = maxU ∑j κj|Bj|
and ∥D2 f ∥∞ = supU×Rℓ maxi,i′ |∂ii′ f |.

Let U0 = [0, h0]× [−k0, k0]. For (h, k) ∈ U0, let F(τ, h, k, x) be the flow, in the sense of
Lemma 6.2, of the stage datum (Bj(h, k), λj(h, k), mj(·, h, k))j≤N with terminal function
f (h, k, ·), and let B(h, k, x) = F(0, h, k, x) be its output.

Proposition 6.3 (Uniform bounds for short flows). Assume (H1)–(H5).

(i) For each (h, k) ∈ U0, the function F(·, h, k, ·) is continuously differentiable in τ on each
closed stage, infinitely differentiable in x, and it is the unique solution of (6.1) with bounded
first and second spatial derivatives that is of class C1,2 on each closed stage.
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(ii) All partial derivatives ∂γDιF exist and are continuous on [0, N] × U0 × Rℓ. For every
(γ, ι) ̸= (0, 0), there exists C such that

sup
[0,N]×U0×Rℓ

|∂γDιF| ≤ C,

where C depends only on ℓ, N, b, h1, γ, and |ι|, on the suprema over U of |∂γ′
(κjBj)| and

over [0, 1]× U of |∂γ′
(κjmjBj)|, for γ′ ≤ γ, and on the suprema over U × Rℓ of |∂γ′

Dι′ f |
for γ′ ≤ γ and 0 < |ι′|+ 2|γ′| ≤ |ι|+ 2|γ|. Moreover, |F(τ, h, k, x)| ≤ Cgrow(1 + |x|),
where Cgrow depends only on ℓ, N, b, h1, the supremum over U of |κjBj|, the suprema over
U × Rℓ of |∇ f | and |D2 f |, and supU | f (h, k, 0)|.

(iii) For γ ̸= 0, the derivative ∂γF is continuously differentiable in τ on each closed stage, and it
solves the equation obtained by applying ∂γ to (6.1), with terminal value ∂γ f .

(iv) Let pl be partitions with |pl| → 0, and let Fpl be the step flows with the sampled masses
mpl

j (·, h, k). Then Fpl → F uniformly on [0, N]× U0 × Rℓ, and ∂γDιFpl → ∂γDιF uni-
formly on compact subsets of [0, N]×U0 × Rℓ, for every (γ, ι).

To bound a derivative ∂γDιB, we use only derivatives of the terminal function of
weight at most |ι| + 2|γ| and (h, k)-derivatives of order at most γ of the coefficients.
In Section 7, we need the derivatives ∂

γh
h ∂

γk
k B with γh ≤ 4 and γk ≤ 2 together with

a few spatial derivatives; with at most eight spatial derivatives they have weight at
most 20, and their bounds use (h, k)-derivatives of the masses and of the terminal
function of order at most six. The value F itself grows at most linearly in x and is
not estimated, except through its derivatives and through bounded differences such as
F(τ, h, k, x)− F(τ, h′, k′, x).

Remark 6.4 (The coefficients at h = 0). Since λj(0, k) = 0, we have F(τ, 0, k, ·) = f (0, k, ·)
for all τ, and hence ∂

γk
k B(0, k, ·) = ∂

γk
k f (0, k, ·) for every γk ≥ 0. Writing m̄j(k) =∫ 1

0 mj(τ, 0, k)dτ and evaluating f , Bj and κj at (0, k), we have

∂hB(0, k, x) = ∂h f (0, k, x) +
b
2

N

∑
j=1

κj

{
Bj : D2 f (0, k, x) + m̄j

〈
∇ f (0, k, x), Bj∇ f (0, k, x)

〉}
.

(6.5)
Indeed, at h = 0 the equation of Proposition 6.3(iii) for γ = (1, 0) has no terms involving
∂hF, since the coefficients of (6.1) vanish, and its source is the derivative in h of the right
side of (6.1) at F = f (0, k, ·). Integrating it over τ ∈ [0, N], we obtain (6.5).

Remark 6.5 (Singular matrices, zero durations, and regularization). The hypotheses (H1)–
(H5) and the constants in Proposition 6.3 involve no lower bound on Bj or on κj. In the
proof, every Gaussian integral is parametrized by its covariance matrix t bhκj(h, k)Bj(h, k),
which is a smooth function of (h, k) with values in the positive semidefinite matrices,
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including where it vanishes, and Lemma 6.8 differentiates Gaussian integrals as functions
of the covariance. No square root of a covariance or of a duration is differentiated. For
instance, a stage with κj(h, k) = ck2 has zero duration at k = 0, and its contribution is
differentiable in k there through the polynomial hk2. One may also replace each Bj by
Bj + εId with 0 < ε ≤ 1. Let K∗ = maxU ∑j κj, and decrease h0, if necessary, so that
2ℓb h0(Λ∗ + K∗)∥D2 f ∥∞ ≤ 1. The regularized data then satisfy (H1)–(H5), with upper
bounds uniform in ε. For parameters with hκj(h, k) > 0, the diffusion matrix of stage j
is positive definite. Stages with hκj(h, k) = 0, in particular all stages at h = 0, still have
zero diffusion, and the regularized equations are not uniformly parabolic on U0. The
regularized flows satisfy the bounds of Proposition 6.3 uniformly in ε, and they converge
to F as ε → 0, together with all derivatives ∂γDι, uniformly on compact sets. Indeed,
the difference between the regularized flow and F satisfies the linear equation in the
proof of Lemma 6.2(a), with Bj + εId in place of Bj and with equal masses. Its source is
(bλjε/2){Id : D2F + mj|∇F|2}, which is bounded by Cε. Then Lemma 6.10 shows that
the values converge, and the compactness argument in the proof of Proposition 6.3(iv)
identifies the limits of all derivatives. We do not use the regularization.

Remark 6.6 (Further parameters and restriction to a line). If the data depend on a further
parameter in which no derivatives are needed (in Section 7, the left endpoint of the
window), and the suprema listed in Proposition 6.3(ii) and the number Λ∗∥D2 f ∥∞ are
bounded uniformly in it, then the conclusions hold uniformly in that parameter; for the
linear growth bound, supU | f (h, k, 0)| must also be bounded uniformly in that parameter.
The statements and the proofs of this section hold without change if k is a vector of
parameters ranging over a product of compact intervals, with multi-indices in place of
γk; a further parameter in which derivatives are needed can be included in this way. For
a vector e ∈ Rℓ and z ∈ R, the restriction z 7→ B(h, k, ze) satisfies

∂γ∂r
z
[
B(h, k, ze)

]
= ∑

|ι|=r

r!
ι!

eι ∂γDιB(h, k, ze),

where ι! = ∏i ιi! and eι = ∏i eιi
i . Its derivatives obey the bounds of Proposition 6.3(ii),

multiplied by (∑i|ei|)r.

The last estimate of this section concerns the penalty. For a smooth function Q⋆ : U →
Rℓ×ℓ with symmetric values, let

Q(τ) = Q⋆ + ∑
j′<j

λj′Bj′ + (τ − j + 1)λjBj (j − 1 ≤ τ ≤ j),
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where all functions are evaluated at (h, k). This is the overlap covariance path through
the stages, started at Q⋆. We set

Π(h, k) =
N

∑
j=1

∫ j

j−1
mj(τ − j + 1) ∂τ∥Q(τ)∥2

F dτ = 2
N

∑
j=1

λj

∫ 1

0
mj(τ) Q(j − 1 + τ) : Bj dτ.

(6.6)
This is the contribution of the stages to the penalty

∫
m d∥Q∥2

F of (4.14). For partitions p,
the corresponding contribution of the step hierarchy with the sampled masses is

Πp(h, k) =
N

∑
j=1

Mj

∑
i=1

mj(τj,i−1)
(
∥Q(j − 1 + τj,i)∥2

F − ∥Q(j − 1 + τj,i−1)∥2
F

)
.

Lemma 6.7 (The penalty). Assume (H1)–(H3). Then Π is smooth on U , and for every γ we
have supU |∂γΠ| ≤ C, where C depends only on ℓ, N, h1, γ, and the suprema over γ′ ≤ γ of
|∂γ′

Q⋆|, |∂γ′
(κjBj)| and |∂γ′

(κjmjBj)|. Moreover supU |∂γ(Πp − Π)| → 0 as |p| → 0, for every
γ.

Proof. Since mp
j is constant on each piece, we have Πp = 2 ∑j λj

∫ 1
0 mp

j (τ) Q(j − 1 + τ) :
Bj dτ, which is (6.6) with mj replaced by mp

j . The integrand on stage j is Q(j − 1 + τ) :
(hκjmjBj), where Q(j − 1 + τ) is a polynomial in τ, Q⋆, and the matrices hκj′Bj′ , and
the (h, k)-derivatives of mp

j are those of mj evaluated at the left endpoints of the pieces.
Differentiating under the integral sign, we find that Π and Πp are smooth with the stated
bounds. By (H3), every (h, k)-derivative of mj is uniformly continuous on the compact
set [0, 1]× U , and we have ∂γ′

mp
j → ∂γ′

mj uniformly as |p| → 0. This implies the last
statement.

6.2 Three tools

With the first tool, we differentiate a Gaussian integral with respect to its covariance,
including at singular covariances.

Lemma 6.8 (Gaussian integrals as functions of the covariance). Let Ω be a convex subset
of a Euclidean space. Let F : Ω × Rℓ → R be continuous and twice continuously differentiable
in its second variable y, with D2

yF continuous on Ω × Rℓ, and suppose that there exists c < ∞
such that

|F (ω, y)|+ |∇yF (ω, y)|+ |D2
yF (ω, y)| ≤ c ec|y| (ω ∈ Ω, y ∈ Rℓ). (6.7)

(a) The map (ω, Σ) 7→ EF (ω, Σ1/2g) is continuous on Ω × {Σ ⪰ 0}. This holds for every
continuous F with |F | ≤ cec|y|.
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(b) For ω ∈ Ω and Σ, Σ′ ⪰ 0, with Σt = Σ + t(Σ′ − Σ),

EF (ω, Σ′1/2g)− EF (ω, Σ1/2g) =
1
2

∫ 1

0
(Σ′ − Σ) : ED2

yF (ω, Σ1/2
t g)dt.

(c) Let ω 7→ Σ(ω) ⪰ 0 be continuously differentiable on Ω, and suppose that ∂ωaF exists, is
continuous, and satisfies |∂ωaF| ≤ cec|y|. Then the function ω 7→ EF (ω, Σ(ω)1/2g) has a
continuous partial derivative in ωa, one-sided at boundary points of Ω, and

∂ωaEF (ω, Σ(ω)1/2g) = E∂ωaF (ω, Σ(ω)1/2g) +
1
2

∂ωa Σ(ω) : ED2
yF (ω, Σ(ω)1/2g).

(6.8)

Proof. For (a), recall that the positive square root is continuous on the positive semidef-
inite matrices. Indeed, if the spectra of Σ and Σ′ lie in [0, c′], then |Σ1/2 − Σ′1/2| ≤
2 sup[0,c′]|

√
s − P(s)|+ |P(Σ)− P(Σ′)| for every polynomial P, and

√
s is a uniform limit

of polynomials on [0, c′]. If (ωn, Σn) → (ω, Σ), then F (ωn, Σ1/2
n g) → F (ω, Σ1/2g) almost

surely, and these random variables are dominated by c exp(cc′1/2|g|), where c′ bounds
the spectra of all Σn. By dominated convergence, the expectations converge, which proves
(a).

For (b), let g′ be a standard Gaussian vector independent of g, and let ζ(t) =√
t Σ′1/2g′ +

√
1 − t Σ1/2g. The vector ζ(t) is centered Gaussian with covariance Σt, so

it has the law of Σ1/2
t g. By the Gaussian interpolation formula [107, Lemma 1.3.1], for

0 < t < 1,
d
dt

EF (ω, ζ(t)) =
1
2
(Σ′ − Σ) : ED2

yF (ω, ζ(t)).

That lemma is stated for infinitely differentiable functions whose derivatives grow more
slowly than ea|y|2 for every a > 0. For F (ω, ·) as in (6.7), we apply it to the convolution of
F (ω, ·) with a smooth compactly supported mollifier, integrate the identity between two
times in (0, 1), and let the mollifier shrink; both sides converge by dominated convergence.
The right side of the displayed identity is continuous on [0, 1] by (a), applied to D2

yF .
Integrating over t ∈ [0, 1], we obtain (b).

For (c), fix ω and write Σ = Σ(ω) and Ση = Σ(ω + ηea) for ω + ηea ∈ Ω, where ea is
the ath coordinate vector. Then

EF (ω + ηea, Σ1/2
η g)− EF (ω, Σ1/2g) =

∫ η

0
E∂ωaF (ω + η′ea, Σ1/2

η g)dη′

+
1
2

∫ 1

0
(Ση − Σ) : ED2

yF
(
ω, (Σ + t(Ση − Σ))1/2g

)
dt,

where we used the fundamental theorem of calculus and Fubini’s theorem for the first
term and (b) for the second; the segment from Σ to Ση consists of positive semidefinite
matrices. We divide by η and let η → 0. By (a), applied to ∂ωaF and to the entries of
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D2
yF , the two integrands converge uniformly to their values at η = 0, and we obtain (6.8).

The right side of (6.8) is continuous by (a).

The second tool collects the properties of one integration step Tm,Σ of Definition 4.1
that we need. Recall that monotonicity, the translation identity, and the semigroup
property are Lemma 4.2(a) and (b). For constant mass, the exponential change of variables
that turns the flow into the heat equation is the Cole–Hopf transformation; its scalar Parisi
form is recorded in [12, Section 2, (10)–(12)]. The next lemma gives the corresponding
finite-dimensional Gaussian step.

Lemma 6.9 (One integration step). Let Σ ⪰ 0, let m ∈ [0, 1], and let φ ∈ C2.

(a) We have Tm,Σ φ ∈ C2 and supx|∇Tm,Σ φ(x)| ≤ supx|∇φ(x)|. If φ ∈ Cr, then Tm,Σ φ ∈ Cr.
(b) The function ψ(t, x) = Tm,tΣ φ(x), t ≥ 0, is continuous and continuously differentiable in t,

with a right derivative at t = 0; its first and second derivatives in x are continuous in (t, x);
and

∂tψ =
1
2

{
Σ : D2ψ + m

〈
∇ψ, Σ∇ψ

〉}
. (6.9)

(c) Let Ω be a compact convex subset of a Euclidean space, and let Σ(ω) ⪰ 0, m(ω) ∈ [0, 1],
and φ(ω, x) be smooth functions of ω ∈ Ω and of (ω, x) ∈ Ω × Rℓ, such that ∂

γ
ωDι φ is

bounded for every (γ, ι) ̸= (0, 0). Then ψ(t, ω, x) = Tm(ω),tΣ(ω)φ(ω, ·)(x) is infinitely
differentiable in (t, ω, x) ∈ [0, 1]× Ω × Rℓ (one-sided at the boundary), the function ψ − φ

is bounded, and every derivative ∂
γ
ωDιψ with (γ, ι) ̸= (0, 0) is bounded on [0, 1]× Ω × Rℓ.

Proof. Let Lφ = supx|∇φ(x)|, and, for fixed x, let Yx = φ(x + Σ1/2g) − φ(x), so that
|Yx| ≤ Lφ|Σ1/2g|. For m > 0, we have Tm,Σ φ(x) = φ(x) + m−1 log EemYx .

For (a), since the derivatives of x 7→ emφ(x+y)−mφ(x) of order at most two are bounded
by C(1 + |y|)2eLφ|y|, we may differentiate under the expectation. We obtain

∇Tm,Σ φ(x) =
E
[
∇φ(x + Σ1/2g) emYx

]
EemYx

. (6.10)

The right side is an average of values of ∇φ with respect to a probability measure,
so its norm is at most Lφ. Differentiating further, we find that DιTm,Σ φ(x), for 1 ≤
|ι| ≤ r, is a polynomial, with coefficients depending only on ι and m, in the averages
E[P(x + Σ1/2g)emYx ]/EemYx of products P of the derivatives Dι′ φ with 1 ≤ |ι′| ≤ |ι|.
These derivatives are bounded, and so are the averages. The case m = 0 is the same
without the exponential weights.

For (b) and m > 0, let U(t, x) = E exp{mφ(x + (tΣ)1/2g)}. The function y 7→ emφ(x+y)

and its first two derivatives are bounded by Cem|φ(x)|+Lφ|y|, locally uniformly in x. By
Lemma 6.8(a) and (b), with the covariances tΣ and t′Σ, the function U is continuous,
continuously differentiable in t, and ∂tU = (1/2)Σ : D2U. By Lemma 6.8(a), ∇U and
D2U are continuous in (t, x). Writing ψ = m−1 log U, we have ∇U = mU∇ψ and
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D2U = mU{D2ψ + m∇ψ∇ψT}, and (6.9) follows. For m = 0, we apply Lemma 6.8(b) to
φ directly.

For (c), we write m = m(ω), Σ = Σ(ω), and Y = φ(ω, x + (tΣ)1/2g)− φ(ω, x). For
every m ≥ 0,

ψ(t, ω, x)− φ(ω, x) =
∫ 1

0

E
[
Y eρmY ]

EeρmY dρ. (6.11)

Indeed, for m > 0 the integrand is the derivative of ρ 7→ m−1 log EeρmY , and for m = 0
both sides equal EY . We write φ̂(ω, x, y) = φ(ω, x + y)− φ(ω, x). The denominator is
the Gaussian integral EF (ω, x, ρ; (tΣ)1/2g) of the function

F (ω, x, ρ; y) = exp
{

ρ m(ω) φ̂(ω, x, y)
}

,

and the numerator is the Gaussian integral of φ̂F . Every derivative of F and of φ̂F
in (ω, x, ρ, y) is a polynomial in φ(ω, x + y)− φ(ω, x), in the derivatives of m, and in
the derivatives ∂

γ′
ω Dι′ φ with (γ′, ι′) ̸= (0, 0) evaluated at (ω, x + y) and (ω, x), times the

exponential factor. Since |φ(ω, x + y)− φ(ω, x)| ≤ Lφ|y| with Lφ = sup|∇x φ|, all these
derivatives are bounded by C(1 + |y|)CeLφ|y|, uniformly in (t, ω, x, ρ). The covariance
(t, ω) 7→ tΣ(ω) is smooth with positive semidefinite values. Applying Lemma 6.8(c)
repeatedly, with the parameter (t, ω, x, ρ) in the convex set [0, 1]× Ω × Rℓ × [0, 1], we
find that the numerator and the denominator are infinitely differentiable, and that each
of their derivatives is a Gaussian integral of a function with the same bound; all these
derivatives are bounded. The denominator is at least Ee−Lφ|(tΣ)1/2g|, which is bounded
below by a positive constant uniformly in t ≤ 1 and ω ∈ Ω, since Ω is compact. Then
the right side of (6.11) is infinitely differentiable, with all its derivatives and the function
itself bounded. The derivatives of φ of order at least one are bounded by hypothesis, and
this proves (c).

The third tool is a bound for linear equations of the type (6.1). Its proof uses the
stochastic representation of the solution and needs no lower bound on the diffusion
matrix. If the diffusion matrix is degenerate, the representing diffusion moves in fewer
directions.

Lemma 6.10 (A linear estimate). Let T∗ > 0 and suppose that [0, T∗] is the union of finitely
many closed intervals with disjoint interiors. Let A(t) ⪰ 0 be constant on each of them. Let
ϕ : [0, T∗]× Rℓ → Rℓ and Υ : [0, T∗]× Rℓ → R be bounded and measurable, with ϕ Lipschitz
in x uniformly in t, and with t 7→ supx|Υ(t, x)| measurable. Let ψ : [0, T∗] × Rℓ → R be
continuous, with |ψ(t, x)|+ |∇ψ(t, x)| ≤ c(1 + |x|), and suppose that on each of the intervals
ψ coincides with a function of class C1,2 and satisfies

−∂tψ = A(t) : D2ψ + ⟨ϕ,∇ψ⟩+ Υ
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in its interior. Then, for every t ∈ [0, T∗],

sup
x
|ψ(t, x)| ≤ sup

x
|ψ(T∗, x)|+

∫ T∗

t
sup

x
|Υ(t′, x)|dt′. (6.12)

Proof. Fix t and x, let W be a standard Brownian motion in Rℓ, and let X solve

Xt′ = x +
∫ t′

t
ϕ(t′′,Xt′′)dt′′ +

∫ t′

t

(
2A(t′′)

)1/2 dWt′′ , t ≤ t′ ≤ T∗.

Since the noise term does not depend on X and ϕ is bounded and Lipschitz in space,
this equation has a unique continuous adapted solution, obtained pathwise by Picard
iteration and Gronwall’s inequality. On each of the finitely many intervals, Itô’s formula
[64, Theorem 3.3.6] applies to the C1,2 function that coincides with ψ there. Adding the
results and using the equation for ψ, we obtain

ψ(T∗,XT∗)− ψ(t, x) = −
∫ T∗

t
Υ(t′,Xt′)dt′ +

∫ T∗

t

〈
∇ψ(t′,Xt′),

(
2A(t′)

)1/2 dWt′
〉
.

We have E supt′ |Xt′ |2 < ∞ because ϕ is bounded, and the stochastic integral has mean
zero because ∇ψ has linear growth. Taking expectations, we find

ψ(t, x) = Eψ(T∗,XT∗) + E

∫ T∗

t
Υ(t′,Xt′)dt′,

and (6.12) follows. This is the Feynman–Kac representation [64, Theorem 5.7.6], which
we derived directly because ψ is of class C1,2 only on each of the intervals.

6.3 Spatial derivatives and the step limit

We first bound the spatial derivatives of step flows. The constants depend only on the
durations and the matrices, not on the masses or the partitions.

Lemma 6.11 (Spatial bounds for step flows). Let F be a step flow with terminal function f .

(a) If f ∈ C2, then, for every τ,

sup
x
|∇F(τ, x)| ≤ L f , sup

x
|D2F(τ, x)| ≤ K f + L2

f ,

where L f = supx|∇ f (x)|, K f = supx|D2 f (x)|, and |·| is the operator norm. This holds
for stages of any duration and any masses in [0, 1].

(b) If f ∈ C∞ and 2ℓb∥D2 f ∥∞ ∑j λj|Bj| ≤ 1, then ∥D2F(τ, ·)∥∞ ≤ 2∥D2 f ∥∞ for every τ.
(c) Under the hypotheses of (b), for every r ≥ 3 there exists C, depending only on ℓ, b, r,

∑j λj|Bj|, and ∥Dr′ f ∥∞ for 2 ≤ r′ ≤ r, such that ∥DrF(τ, ·)∥∞ ≤ C for every τ.
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Proof. For (a), we use the weighted martingale-variance decomposition in the proof of
[77, Lemma 3.1], with a general vector terminal function in place of the scalar terminal
function log(2 cosh z). The gradient bound in (a) follows from Lemma 6.9(a), applied
to each step of (6.2). For the Hessian, fix (τ, x) and a unit vector v. By (6.2), F(τ, x) is
the root value of a finite hierarchy, whose levels are the pieces after τ; if τ lies inside a
piece, the first level is the remaining part of that piece. We list the levels from the root as
1, . . . , M, with covariances Σj and masses µj ∈ [0, 1], and let ΨM = f and Ψj−1 = Tµj,Σj Ψj,
so that Ψ0 = F(τ, ·). Each Ψj belongs to C2 by Lemma 6.9(a). Let z0 = x, and given
z0, . . . , zj−1, let zj have the law Kµj,Σj,Ψj(zj−1, ·) of (4.2). The weights in (6.10) are the
densities of this kernel, and therefore ∂vΨj−1(z) = E[∂vΨj(zj) | zj−1 = z]. Differentiating
(6.10) once more in the direction v, under the expectation as in the proof of Lemma 6.9(a),
we find that

∂2
vΨj−1(z) = E

[
∂2

vΨj(zj)
∣∣ zj−1 = z

]
+ µj Var

(
∂vΨj(zj)

∣∣ zj−1 = z
)
.

The process Mj = ∂vΨj(zj) is a bounded martingale, by the Markov property, and
the conditional variance in the display, evaluated at z = zj−1, has expectation E(Mj −
Mj−1)

2. Iterating the display from j = 1 to j = M, we obtain

∂2
vF(τ, x) = E ∂2

v f (zM) +
M

∑
j=1

µjE
(
Mj −Mj−1

)2.

Since 0 ≤ µj ≤ 1 and the increments of a martingale are orthogonal, the sum lies between
0 and ∑j E(Mj −Mj−1)

2 = Var(MM) ≤ L2
f . We obtain −K f ≤ ∂2

vF(τ, x) ≤ K f + L2
f for

every unit vector v, and since D2F(τ, x) is symmetric, this is the Hessian bound. The
bound does not depend on M, on the covariances, or on the order of the masses. This is
the argument of the proof of Lemma 6.13 below, with a derivative in the field in place of
a derivative in the terminal perturbation.

For (b) and (c), we note that, by Lemma 6.9(c) with a one-point parameter set, F(τ, ·) ∈
C∞ for every τ, all spatial derivatives of F are continuous, and on each closed piece they
are continuously differentiable in τ and satisfy the equations obtained by differentiating
(6.1) in x. On each piece, each spatial derivative of F is bounded. For r ≥ 1, let
Θr(τ) = max|ι|=r supx|DιF(τ, x)|. It is bounded on [0, N] and lower semicontinuous,
hence measurable. On stage j we write λ(τ)|B(τ)| = λj|Bj|.

Differentiating (6.1) in xi and xi′ , we find that ψ = ∂ii′F satisfies, on stage j,

−∂τψ =
bλj

2
Bj : D2ψ + bλjmj

〈
Bj∇F,∇ψ

〉
+ bλjmj

〈
∇∂iF, Bj∇∂i′F

〉
.

We apply Lemma 6.10 with A = (bλj/2)Bj, with the drift ϕ = bλjmjBj∇F, which is
bounded by (a) and Lipschitz in x since D2F is bounded on each piece, and with the last
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term as Υ. Using 0 ≤ mj ≤ 1 and |∇∂iF| ≤
√
ℓΘ2, we find that |Υ| ≤ ℓbλj|Bj|Θ2

2, and
Lemma 6.10 yields

Θ2(τ) ≤ Ξ(τ), Ξ(τ) = ∥D2 f ∥∞ + ℓb
∫ N

τ
λ(τ′)|B(τ′)|Θ2(τ

′)2 dτ′.

If ∥D2 f ∥∞ = 0, then Ξ(τ) ≤ C
∫ N

τ Ξ(τ′)dτ′, and Gronwall’s inequality implies that Ξ = 0.
Otherwise Ξ is positive and absolutely continuous, and −Ξ′ = ℓbλ|B|Θ2

2 ≤ ℓbλ|B|Ξ2

almost everywhere. Then (1/Ξ)′ ≤ ℓbλ|B|, and integrating from τ to N, we obtain

1
Ξ(τ)

≥ 1
∥D2 f ∥∞

− ℓb ∑
j

λj|Bj| ≥
1

2∥D2 f ∥∞
,

where we used the hypothesis of (b) in the last step. This proves (b).
For (c), let |ι| = r ≥ 3. By the Leibniz rule,

− ∂τDιF =
bλj

2
Bj : D2DιF + bλjmj

〈
Bj∇F,∇DιF

〉
+

bλjmj

2 ∑
0<ι′<ι

(
ι

ι′

)〈
∇Dι′F, Bj∇Dι−ι′F

〉
,

where 0 < ι′ < ι means ι′ ≤ ι componentwise with ι′ /∈ {0, ι}. The two factors in the
last sum have orders |ι′|+ 1 and r − |ι′|+ 1, both between 2 and r. In the terms with
|ι′| ∈ {1, r − 1}, one factor has order r and the other order 2; the remaining terms involve
only orders between 3 and r − 1. By Lemma 6.10, applied as before with the last sum as
the source, we have

Θr(τ) ≤ ∥Dr f ∥∞ + Cℓ,rb
∫ N

τ
λ(τ′)|B(τ′)|

{
Θ2Θr +

r−1

∑
q=3

ΘqΘr+2−q

}
(τ′)dτ′.

By (b) and induction on r, the sum over q is bounded. Gronwall’s inequality then bounds
Θr, with a constant of the stated type. This proves (c).

Proof of Lemma 6.2. We begin with (a). The gradient bound is Lemma 6.11(a). By
Lemma 4.2(a), each integration step is monotone and commutes with the addition of
constants, which implies that it does not increase the supremum of the difference of two
functions. Composing the steps, we find that sup|F − F′| ≤ sup| f − f ′|. For (6.3), we
refine the partitions so that both mj and m̃j are constant on each piece; by Lemma 4.2(b)
this does not change F or F̃. Because Bj is symmetric, we have

mj⟨∇F, Bj∇F⟩ − m̃j⟨∇F̃, Bj∇F̃⟩ = mj
〈

Bj(∇F +∇F̃),∇(F − F̃)
〉
+ (mj − m̃j)⟨∇F̃, Bj∇F̃⟩.
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Then D = F − F̃ satisfies, on stage j,

−∂τD =
bλj

2
Bj : D2D +

bλjmj

2
〈

Bj(∇F +∇F̃),∇D
〉
+

bλj

2
(mj − m̃j)⟨∇F̃, Bj∇F̃⟩,

with D(N, ·) = 0. By Lemma 6.9(a) and (b), D is of class C1,2 on each piece, ∇D is
bounded, and the drift is bounded and Lipschitz in x, since the Hessians of F and F̃
are bounded on each piece. The source is bounded by (b/2)λj|Bj||mj − m̃j|L2

f , by the
gradient bound. Then Lemma 6.10 implies (6.3).

For (b), by (6.3), we see that the step flows F(l) of any sequence with
∫ 1

0 |m
(l)
j −mj| → 0

form a Cauchy sequence for uniform convergence. Interlacing two such sequences gives
another one, and we conclude that the limit does not depend on the sequence. The
estimate (6.3) and the bound on sup|F − F′| pass to uniform limits. For the gradient,
let el,l′ = supτ,x|F(l) − F(l′)|, let v be a unit vector, and let a > 0. By Taylor’s formula
and the Hessian bound of Lemma 6.11(a), which holds for every l, the difference quo-
tient (F(l)(τ, x + av) − F(l)(τ, x))/a differs from ∂vF(l)(τ, x) by at most (K f + L2

f )a/2.

Comparing the difference quotients of F(l) and F(l′), we find that

sup
τ,x

|∂vF(l)(τ, x)− ∂vF(l′)(τ, x)| ≤
2el,l′

a
+ (K f + L2

f )a.

Choosing a = e1/2
l,l′ , we see that the gradients of the step flows are uniformly Cauchy.

Their uniform limit is continuous, and by the fundamental theorem of calculus it is the
gradient of F, which therefore satisfies |∇F| ≤ L f .

For (c), let F(l) be step flows of stages 1, . . . , N with masses m(l)
j as in (b), and let

f (l)in = F(l)(N′, ·), which is the output of the step flow of stages N′ + 1, . . . , N. Let F̄(l)

and F̄ be the step flow of stages 1, . . . , N′ with masses m(l)
j and terminal function fin, and

its limit. On [0, N′], the function F(l) is the step flow of stages 1, . . . , N′ with terminal
function f (l)in . By part (a), we have

sup|F(l) − F̄| ≤ sup| f (l)in − fin|+ sup|F̄(l) − F̄|.

Both terms tend to zero, by (b) for the stages N′ + 1, . . . , N and for the stages 1, . . . , N′.
This proves (c).

For (d), we first note that the hypothesis of Lemma 6.11(b) does not involve the masses
and holds for every step flow. Using Lemma 6.11, we see that all spatial derivatives of the
step flows are bounded by constants of the type stated there, uniformly in l. Let l, l′ be
two indices, refine the partitions so that m(l)

j and m(l′)
j are constant on each piece, and let

D = F(l) − F(l′). Then D satisfies the equation in the proof of (a), with F = F(l), F̃ = F(l′),
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and the masses m(l)
j , m(l′)

j in place of mj, m̃j. For ι ̸= 0, we apply Dι to that equation and
use the Leibniz rule. We find that

−∂τDιD =
bλj

2
Bj : D2DιD +

bλjm
(l)
j

2
〈

Bj(∇F(l) +∇F(l′)),∇DιD
〉
+ Υι,

where Υι is the sum of the terms (bλjm
(l)
j /2)( ι

ι′)⟨BjDι′∇(F(l) + F(l′)),∇Dι−ι′D⟩ with

0 ̸= ι′ ≤ ι and of (bλj/2)(m(l)
j − m(l′)

j )Dι⟨∇F(l′), Bj∇F(l′)⟩. The terms with |ι′| = 1 are
linear in the derivatives of D of order |ι|, with coefficients bounded by Cλj|Bj|; the terms
with |ι′| ≥ 2 involve derivatives of D of order less than |ι|; and the last term is bounded
by Cλj|Bj||m

(l)
j − m(l′)

j |, with C depending on the derivatives of F(l′) of order at most
|ι|+ 1. By Lemma 6.10, induction on |ι|, and Gronwall’s inequality, we have

sup
τ,x

|DιD(τ, x)| ≤ C ∑
j

λj

∫ 1

0
|m(l)

j − m(l′)
j |dτ.

It follows that every spatial derivative of the step flows converges uniformly, and the
limit F has continuous spatial derivatives of all orders, which are the limits of those of the
step flows. Letting l′ → ∞ in the last display gives (6.4), and the Hessian bound follows
from Lemma 6.11(b).

Now let each mj be continuous, and choose the step flows with the sampled masses
mpl

j for partitions with |pl| → 0; then mpl
j → mj pointwise and in L1. The step flows are

continuous in τ and continuously differentiable on each piece, and, for j− 1 ≤ τ ≤ τ1 ≤ j,
they satisfy

F(l)(τ, x) = F(l)(τ1, x)

+
∫ τ1

τ

bλj

2

{
Bj : D2F(l) + mpl

j (τ
′ − j + 1)

〈
∇F(l), Bj∇F(l)〉}(τ′, x)dτ′.

By bounded convergence, the same identity holds for F and mj. Its integrand is con-
tinuous in τ′, since ∇F and D2F are uniform limits of continuous functions and mj is
continuous. This shows that F is continuously differentiable in τ on [j − 1, j] and solves
(6.1). For uniqueness, let F′ be another solution with the stated properties. The differ-
ence D = F − F′ satisfies the equation in the proof of (a), with F̃ = F′, m̃j = mj, and
D(N, ·) = 0. Its drift is bounded and Lipschitz in x, since the first and second derivatives
of F and F′ are bounded, and D and ∇D have linear growth. Then Lemma 6.10, with
Υ = 0, implies that D = 0.
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6.4 Parameter derivatives

We now prove Proposition 6.3. Throughout this section we assume (H1)–(H5), and on
stage j we abbreviate

Aj =
bh
2

κjBj, Vj =
bh
2

κjmjBj,

so that (6.1) reads −∂τF = Aj : D2F + ⟨∇F,Vj∇F⟩. Both matrices are symmetric and
depend on (h, k), and Vj also depends on τ through the mass. Their derivatives ∂γ′Aj =

(b/2)∂γ′
(hκjBj) and ∂γ′Vj are bounded by the suprema listed in Proposition 6.3(ii). Note

that ∂hAj does not vanish at h = 0; these derivatives are bounded but not small. The
proof has two parts. In Lemma 6.12, we prove the bounds for the step flows with sampled
masses, with constants that do not depend on the partitions. We then pass to the limit.

Lemma 6.12 (Uniform bounds for step flows). Let p be partitions, and let Fp(τ, h, k, x) be
the step flow with the sampled masses mp

j (·, h, k) and terminal function f (h, k, ·), for (h, k) ∈ U0.
Then Fp is infinitely differentiable in (h, k, x), its derivatives ∂γDιFp are continuous in (τ, h, k, x)
and, on each closed piece, continuously differentiable in τ, with ∂τ commuting with ∂γDι. For
every (γ, ι) ̸= (0, 0), the function ∂γDιFp is bounded on [0, N]×U0 × Rℓ by a constant C of the
type stated in Proposition 6.3(ii), which does not depend on p.

Proof. On the piece (j, i), the step (6.2) has mass mj(τj,i−1, h, k) and covariance
t bhκj(h, k)Bj(h, k), with t = j − 1 + τj,i − τ ∈ [0, 1]. Both are smooth functions of (h, k)
on the compact convex set U0, and the covariance is positive semidefinite for h ≥ 0.
Applying Lemma 6.9(c) to the pieces one after another, from the innermost, we obtain the
regularity statements. The commutation of ∂τ with ∂γDι holds because Fp is infinitely
differentiable in (τ, h, k, x) on each closed piece. It remains to prove the bounds, which
we do by induction. We drop the superscript p and write Fγ = ∂γF and

Θγ,r(τ) = max
|ι|=r

sup
x
|DιFγ(τ, h, k, x)|,

for fixed (h, k) ∈ U0; all bounds below are uniform in (h, k).

Step 1: spatial derivatives. For γ = 0 and r ≥ 1, the bound on Θ0,r is Lemma 6.11,
which applies since 2ℓb∥D2 f ∥∞ ∑j λj|Bj| ≤ 2ℓb h0Λ∗∥D2 f ∥∞ ≤ 1 by (H5). We have
Θ0,2 ≤ 2∥D2 f ∥∞.

Step 2: the differentiated equations. Let γ ̸= 0. Applying ∂γ to (6.1) and separating the
terms that contain Fγ, we find that, on each piece of stage j,

−∂τFγ = Aj : D2Fγ + 2⟨Vj∇F,∇Fγ⟩+ Υγ, (6.13)
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with

Υγ = ∑
0 ̸=γ′≤γ

(
γ

γ′

)
∂γ′Aj : D2Fγ−γ′ + ∑

γ′+γ′′+γ′′′=γ
γ′′ ̸=γ, γ′′′ ̸=γ

γ!
γ′! γ′′! γ′′′!

〈
∇Fγ′′ , ∂γ′Vj∇Fγ′′′

〉
, (6.14)

where the second sum runs over the triples of multi-indices with γ′ + γ′′ + γ′′′ = γ other
than (0, γ, 0) and (0, 0, γ); since γ ̸= 0, these are the triples with γ′′ ̸= γ and γ′′′ ̸= γ.
Every Fγ′′ , Fγ′′′ , and Fγ−γ′ appearing in Υγ has parameter order strictly less than |γ|, and
F0 = F enters only through ∇F and D2F. Applying Dι with |ι| = r to (6.13), we obtain

− ∂τDιFγ = Aj : D2DιFγ + 2⟨Vj∇F,∇DιFγ⟩

+ 2 ∑
0 ̸=ι′≤ι

(
ι

ι′

)〈
Vj∇Dι′F,∇Dι−ι′Fγ

〉
+ DιΥγ, (6.15)

with terminal value DιFγ(N, ·) = ∂γDι f .

Step 3: derivative bounds by weight. We prove the bound on Θγ,r by induction on
|γ|, and, for fixed γ, by induction on r = 0, 1, 2, . . . . Table 6.1 lists the terms of (6.15)
and the derivatives of F that they contain. Let ϖ = r + 2|γ| be the weight of DιFγ. We
read off from the table that every derivative ∂γ◦

Dι◦F other than the unknown DιFγ has
γ◦ ≤ γ and weight |ι◦|+ 2|γ◦| ≤ ϖ. Moreover, either |γ◦| < |γ|, or γ◦ = γ and |ι◦| ≤ r.
The terms with γ◦ = γ and |ι◦| = r are those in the second row. They are linear in the
derivatives of order r of Fγ, with coefficients bounded by 2ℓr|Vj|Θ0,2. In the fourth row, a
parameter derivative is paid for by two spatial derivatives. Indeed, when ∂γ′

falls on the
coefficient Aj of D2, the derivative Fγ−γ′ appears with r + 2 spatial derivatives, and its
weight r + 2 + 2(|γ| − |γ′|) is at most ϖ because |γ′| ≥ 1.

In the last row, γ′′ = 0 or γ′′′ = 0 is allowed; the corresponding factor is a spatial
derivative of F of order at most r + 1 ≤ ϖ − 1, bounded in Step 1. By the induction
hypothesis and Step 1, we conclude that all terms of (6.15) other than those in the first
two rows are bounded by a constant c0. The coefficients in the second row are bounded
by c1 = 2ℓr maxj sup|Vj| · 2∥D2 f ∥∞.

Step 4: the estimate. We apply Lemma 6.10 to each ψ = DιFγ with |ι| = r, with A = Aj
on stage j, the drift ϕ = 2Vj∇F, and the source formed by all other terms of (6.15). The
drift is bounded by Step 1, and it is Lipschitz in x since D2F is bounded. By the regularity
statement, ψ, ∇ψ, and the source are bounded and continuous on each piece. Taking the
maximum over |ι| = r, we find

Θγ,r(τ) ≤ max
|ι|=r

sup
x
|∂γDι f |+

∫ N

τ

{
c1Θγ,r(τ

′) + c0
}

dτ′,

and by Gronwall’s inequality we have Θγ,r ≤ (max|ι|=r sup|∂γDι f |+ Nc0)eNc1 . For r = 0
the second row is absent and c1 = 0. This completes the induction.
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Table 6.1. The terms of (6.15), for |ι| = r and ϖ = r + 2|γ|. The second column lists the derivatives
of F that each term contains, and the third says how they are controlled.

Term Derivatives of F Control

Aj : D2DιFγ, 2⟨Vj∇F,∇DιFγ⟩ the unknown DιFγ operator of
Lemma 6.10

⟨Vj∇Dι′ F,∇Dι−ι′ Fγ⟩, |ι′| = 1 D2F; derivatives of order r of Fγ

(weight ϖ)
Gronwall’s inequality

the same, |ι′| ≥ 2 D|ι′|+1F (weight ≤ r + 1);
derivatives of order r − |ι′|+ 1 < r
of Fγ

induction on r

∂γ′Aj : D2DιFγ−γ′ , γ′ ̸= 0 order r + 2 of Fγ−γ′ , weight ≤ ϖ induction on |γ|
⟨Dι1∇Fγ′′ , ∂γ′VjDι2∇Fγ′′′⟩,
ι1 + ι2 = ι

orders |ι1|+ 1, |ι2|+ 1 ≤ r + 1 of
Fγ′′ , Fγ′′′ with |γ′′|, |γ′′′| < |γ|;
weights < ϖ

induction on |γ|

The constant obtained for (γ, r) involves the bounds for the pairs (γ◦, r◦) listed in
Table 6.1, the bounds on ∂γ′Aj and ∂γ′Vj for γ′ ≤ γ, and the terminal values. Following
the induction back, it depends only on ℓ, N, b, h1, γ, r, and the suprema of |∂γ′

(κjBj)|,
|∂γ′

(κjmjBj)|, and |∂γ′
Dι′ f | over γ′ ≤ γ and 0 < |ι′|+ 2|γ′| ≤ ϖ, as claimed. None of

them depends on p, since the sampled masses have the same values and (h, k)-derivatives
as mj at the sampling points.

Proof of Proposition 6.3. Let pl be partitions with |pl| → 0, and let Fpl be the step flows with
the sampled masses. The proof has three steps: convergence of the values, convergence
of the derivatives, and the equations.

Step 1: values. By (H3), mj is uniformly continuous on [0, 1] × U , and we have ε l =

supU ∑j
∫ 1

0 |m
pl
j − mj|dτ → 0. Then Lemma 6.2(a) and (b), applied at each (h, k) with

∑j λj|Bj| ≤ h0Λ∗, give

sup
[0,N]×U0×Rℓ

|Fpl − F| ≤ b
2

sup|∇x f |2 h0Λ∗ ε l −→ 0.

Step 2: derivatives. Fix (γ, ι) ̸= (0, 0). By Lemma 6.12, the functions ∂γDιFpl are
bounded uniformly in l, and so are their first derivatives in x and in (h, k), whose weights
are larger by one and by two, respectively. Their derivative in τ is given on each piece by
(6.15), and it is also bounded uniformly in l, since it involves derivatives of weight at most
|ι|+ 2|γ|+ 2. Since ∂γDιFpl is also continuous in τ, the family {∂γDιFpl}l is uniformly
bounded and uniformly Lipschitz on [0, N]×U0 ×Rℓ. By the Arzelà–Ascoli theorem and
a diagonal argument over the compact sets [0, N]×U0 ×{|x| ≤ R}, every subsequence has
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a further subsequence along which, for all (γ, ι) at once, ∂γDιFpl converges uniformly on
compact sets to a continuous limit Lγ,ι. We claim that Lγ,ι = ∂γDιF, so that the limits do
not depend on the subsequence and the whole sequence converges. Indeed, L0,0 = F by
Step 1. If φl → φ and ∂a φl → ψ uniformly on compact sets, where ∂a is a derivative in h, in
k, or in a coordinate of x, then letting l → ∞ in φl(y+ ηea)− φl(y) =

∫ η
0 ∂a φl(y+ η′ea)dη′

shows that ∂a φ = ψ; at boundary points of U0, such as h = 0, we take η of the sign that
keeps y + ηea in the domain. Induction on |γ|+ |ι| proves the claim. This proves (iv), the
existence and continuity of all derivatives in (ii), and the bounds in (ii), which pass to
the limit. For the linear growth, note that |F(τ, h, k, x)− F(τ, h, k, 0)| ≤ sup|∇x f ||x|, that
|F(τ, h, k, 0)− f (h, k, 0)| ≤ N sup|∂τF| is bounded by (6.1) and the bounds on ∇F and
D2F, and that supU | f (h, k, 0)| is finite, since f (·, ·, 0) is continuous on the compact set U .
The constant obtained depends on this supremum in addition to the derivative bounds.

Step 3: the equations. Part (i) is Lemma 6.2(d), whose hypothesis holds at each (h, k) ∈
U0 by (H5). For (iii), on stage j and for j − 1 ≤ τ ≤ τ1 ≤ j, the step flows satisfy

Fpl
γ (τ) = Fpl

γ (τ1) +
∫ τ1

τ

{
Aj : D2Fpl

γ + 2⟨Vpl
j ∇Fpl ,∇Fpl

γ ⟩+ Υpl
γ

}
(τ′)dτ′,

where Fpl
γ = ∂γFpl and where Vpl

j and Υpl
γ are formed with the sampled masses. By (H3),

the (h, k)-derivatives of mpl
j converge pointwise to those of mj, and by (iv) the derivatives

of Fpl converge pointwise. All terms are bounded, and by bounded convergence the same
identity holds for Fγ = ∂γF, with the masses mj. Since its integrand is continuous in τ′,
the function Fγ is continuously differentiable in τ on [j − 1, j] and satisfies (6.13), which
is the equation obtained by applying ∂γ to (6.1). This proves (iii).

6.5 Response to a change of the terminal function

We now compare a hierarchy with terminal function f and the same hierarchy with
terminal function f + V, for a bounded function V. The first-order change is the expec-
tation of V under the path law of the unperturbed hierarchy, and the error is quadratic
in ∥V∥∞, with a constant that does not depend on the number of levels. For a hierarchy
with M levels, let Σ1, . . . , ΣM ⪰ 0 be the covariances and m1, . . . , mM ∈ [0, 1] the masses,
listed from the root; the masses need not be ordered. For a function f of linear growth,
the partial values are Ψ f

M = f and Ψ f
j−1 = Tmj,Σj Ψ

f
j for j = M, . . . , 1, as in (4.13), and

we write H f = Ψ f
0 . For z0 ∈ Rℓ, we let E f denote expectation for the Markov chain

z0, z1, . . . , zM in which zj has law K
mj,Σj,Ψ

f
j
(zj−1, ·) given z0, . . . , zj−1. This is the path law

of Definition 4.14(c), started at z0 and without the terminal draw of spins.
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Lemma 6.13 (Response of a hierarchy to its terminal function). Let f have linear growth,
and let V : Rℓ → R be bounded and measurable. Then, for every z0 ∈ Rℓ,∣∣H( f + V)(z0)−H f (z0)− E f V(zM)

∣∣ ≤ 1
2
∥V∥2

∞.

The bound does not depend on the number M of levels or on the covariances.

The argument is the martingale argument that the proof of [77, Lemma 3.1] uses to
show that χ ≤ 1 − u2, and the differentiation of a hierarchy behind Proposition 4.18,
namely [77, Lemma 2.2]; we apply them to the terminal function instead of the field.

Proof. For 0 ≤ t ≤ 1, let Ψt
j = Ψ f+tV

j be the partial values with terminal function
f + tV. Using the monotonicity and the translation identity of Lemma 4.2(a), we have
|Ψt

j − Ψ0
j | ≤ t∥V∥∞, and all integrals below are finite. Let Et

j and Vart
j denote the

expectation and the variance under the kernel Kmj,Σj,Ψt
j
(z, ·) for a fixed starting point z.

We claim that t 7→ Ψt
j−1(z) is twice continuously differentiable, with

∂tΨt
j−1(z) = Et

j
[
∂tΨt

j
]
, ∂2

t Ψt
j−1(z) = Et

j
[
∂2

t Ψt
j
]
+ mj Vart

j
(
∂tΨt

j
)
, (6.16)

where the expectation and the variance act on the function y 7→ ∂tΨt
j(y) or ∂2

t Ψt
j(y).

Indeed, let Zt be random variables, twice differentiable in t with |∂tZt|+ |∂2
tZt| bounded

and Ee|Z0| < ∞, and let a(t) = m−1 log EemZt for some m ∈ (0, 1]. Differentiation under
the expectation gives a′ = E[∂tZt emZt ]/EemZt and

a′′ =
E[∂2

tZt emZt ]

EemZt
+ m

(E[(∂tZt)2 emZt ]

EemZt
−
(E[∂tZt emZt ]

EemZt

)2)
.

For m = 0 and a(t) = EZt, the same formulas hold without the variance term. We apply
this with Zt = Ψt

j(z + Σ1/2
j g) and m = mj; the weights emjZt /EemjZt are the densities of

the kernel Kmj,Σj,Ψt
j
(z, ·). Starting from ∂tΨt

M = V and ∂2
t Ψt

M = 0, induction on M − j
shows that the derivatives are bounded and proves (6.16).

Now let z0, . . . , zM be the chain of the lemma for the terminal function f + tV, and
let Mj = ∂tΨt

j(zj). By the first identity in (6.16) and the Markov property, we have
Et[Mj | z0, . . . , zj−1] = Mj−1. This implies that (Mj) is a martingale, with MM = V(zM)

and M0 = ∂tH( f + tV)(z0). Iterating the second identity in (6.16) from ∂2
t Ψt

M = 0, we
obtain

∂2
tH( f + tV)(z0) =

M

∑
j=1

mj Et(Mj −Mj−1
)2.

Since 0 ≤ mj ≤ 1 and the increments of a martingale are orthogonal,

0 ≤ ∂2
tH( f + tV)(z0) ≤

M

∑
j=1

Et(Mj −Mj−1
)2

= EtV(zM)2 −
(
EtV(zM)

)2 ≤ ∥V∥2
∞.
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At t = 0, we have ∂tH( f + tV)(z0) = M0 = E f V(zM). By Taylor’s formula with integral
remainder,

H( f + V)(z0)−H f (z0)− E f V(zM) =
∫ 1

0
(1 − t) ∂2

tH( f + tV)(z0)dt,

which lies in [0, ∥V∥2
∞/2]. This completes the proof.

We next apply Lemma 6.13 to the scalar hierarchy that integrates a block of n identical
coordinates over a time interval [0, t⋆], and pass to a general distribution function. For
a distribution function α, an integer n ≥ 1, a time t⋆ ∈ (0, 1], and f ∈ C2(R), let Hα

t⋆,n f
denote the value at z = 0 of the flow of Lemma 6.2(b) with ℓ = 1, N = 1, B1 = 1,
λ1 = t⋆, mass m1(τ) = α(t⋆τ)/n, and terminal function f . If αn are step distribution
functions with

∫ 1
0 |αn − α|dt → 0, then Hα

t⋆,n f is the limit of the values at z = 0 of
the step flows with masses αn(t⋆τ)/n. In the scalar time t = t⋆τ, these step flows
solve −∂tF = (b/2){∂zzF + (αn(t)/n)(∂zF)2} on each interval where αn is constant, with
F(t⋆, ·) = f . For a general α, we do not assert that the limiting flow is differentiable in
time at the jumps of α. Recall the function Φ = Φα and the diffusion Y of (4.6).

Corollary 6.14 (Response of the common part of a hierarchy). Let α be a distribution
function, let n ≥ 1 be an integer, and let t⋆ ∈ (0, 1]. Then Hα

t⋆,n(nΦα(t⋆, ·)) = nΦα(0, 0).
Moreover, let V ∈ C2(R) with V, V′, and V′′ bounded, and suppose that ∥V∥∞ ≤ ε. Then

∣∣Hα
t⋆,n
(
nΦα(t⋆, ·) + V

)
− nΦα(0, 0)− EV(Yt⋆)

∣∣ ≤ ε2

2
.

In Section 7, we apply the corollary with n = 3, with t⋆ the left endpoint of the window,
and with V the difference between the restriction of the local value to the diagonal and
3Φα(t⋆, ·), for which ε = Ch2k2. The initial segment of the hierarchy then contributes
EV(Yt⋆) + O(h4k4). Note that the law of Yt⋆ does not depend on the perturbation.

Proof. Let αn be step distribution functions with t⋆ among their breakpoints and
∫ 1

0 |αn −
α|dt → 0; for instance, let αn be equal to α(tn,i−1) on [tn,i−1, tn,i), where the tn,i are the
points i2−n together with t⋆. Let Φn = Φαn , let Yn be the diffusion of αn, driven by the
same Brownian motion as Y, and let Hn denote the step flow with masses αn(t⋆τ)/n, that
is, the finite hierarchy whose levels are the intervals between consecutive breakpoints of
αn in [0, t⋆].

Step 1: the step hierarchies. By (4.3) and Lemma 4.2(d), the partial values of Hn

with terminal function nΦn(t⋆, ·) are nΦn(tn,i, ·), and in particular Hn(nΦn(t⋆, ·))(0) =
nΦn(0, 0). The level from tn,i−1 to tn,i has mass αn(tn,i−1)/n and partial value nΦn(tn,i, ·).
Its kernel has the density exp{αn(tn,i−1)(Φn(tn,i, y) − Φn(tn,i−1, z))} with respect to
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N(z, b(tn,i − tn,i−1)). This is the kernel of the scalar recursion of αn on the same in-
terval. By Proposition 4.3(iii), the path law of this hierarchy, started at 0, is the law of
(Yn

tn,i
)tn,i≤t⋆ . Then Lemma 6.13, with f = nΦn(t⋆, ·) and z0 = 0, gives

∣∣Hn
(
nΦn(t⋆, ·) + V

)
(0)− nΦn(0, 0)− EV(Yn

t⋆)
∣∣ ≤ ε2

2
. (6.17)

Step 2: the limit. By Proposition 4.3(i), |∂zΦn| ≤ 1 and 0 < ∂zzΦn ≤ 1, and the
same holds for Φα; hence the terminal functions below belong to C2(R), with gradients
bounded by n+ ∥V′∥∞. Using Lemma 6.2(a), we find that

|Hn(nΦn(t⋆, ·) + V)−Hn(nΦα(t⋆, ·) + V)| ≤ n sup
z
|Φn(t⋆, z)− Φα(t⋆, z)|,

which tends to zero by Proposition 4.3(ii). By Lemma 6.2(b), Hn(nΦα(t⋆, ·) + V)(0) →
Hα

t⋆,n(nΦα(t⋆, ·) + V), since
∫ 1

0 |αn(t⋆τ)− α(t⋆τ)|dτ → 0. Also, Proposition 4.3(ii) implies
that Φn(0, 0) → Φα(0, 0). Finally, we write un = ∂zΦn and u = ∂zΦα. Since |un| ≤ 1,
α ≤ 1, and |∂zu| ≤ 1, we have

|αn(t)un(t, y′)− α(t)u(t, y)| ≤ |αn(t)− α(t)|+ sup
t,z

|un − u|+ |y′ − y|,

and the equations for Yn and Y give, for t ≤ t⋆,

|Yn
t − Yt| ≤ b

∫ 1

0
|αn − α|dt′ + b sup|un − u|+ b

∫ t

0
|Yn

t′ − Yt′ |dt′.

By Gronwall’s inequality and Proposition 4.3(ii), Yn
t⋆ → Yt⋆ almost surely, and EV(Yn

t⋆) →
EV(Yt⋆) by bounded convergence. Taking n → ∞ in (6.17) proves the second claim. The
first claim follows in the same way from the identity Hn(nΦn(t⋆, ·))(0) = nΦn(0, 0).

Remark 6.15 (A common block acts on the diagonal). Let e ∈ Rℓ, and suppose that stage
j of a stage datum has Bj = eeT. Then the Gaussian increments of that stage are of the
form ζe with a centered Gaussian variable ζ, and a point of the line {ze : z ∈ R} stays
on it. It follows that, for F ∈ C2(Rℓ), the flow of this stage with terminal function F,
evaluated at ze, is the scalar flow with Bj = 1, the same λj and mj, and terminal function
z 7→ F(ze), evaluated at z. This holds for step flows by Lemma 4.2(e) and passes to the
limit by Lemma 6.2(b). In Section 7, the part of the hierarchy before the window has
B = eeT with e = (1, 1, 1) and masses α/3, and its value is Hα

t⋆,3 applied to the restriction
of the local value to the diagonal.



section 7

A three-replica covariance perturbation

In this section, we construct a trial path for the pressure of three configurations whose
overlaps are prescribed near a level r ∈ (0, qβ), and we show that its trial value lies
below 3Pβ by an amount of third order in the width parameter of the perturbation. The
prescribed overlap matrix is D(r, q, δ) of (4.16), with q − r and δ small. There are two
main results. Proposition 7.13 expands the trial value to third order with an explicit
polynomial coefficient. Proposition 7.15 turns this expansion into a deficit of order ρ3,
uniformly over the matrices with ρ ≤ q − r ≤ d0 and Eρ ≤ |δ| ≤ 2Eρ. The deficit is used
in Section 8, in the proof of Lemma 8.7, and through it in the static estimate of Section 9.

We use the following earlier results. From Section 4, we use the integration steps
of Definition 4.1 and their properties (Lemma 4.2), the hierarchies, penalties and trial
values of Definitions 4.14 and 4.15 and (4.14), block factorization (Lemma 4.20), and the
matrix interpolation bound Proposition 4.19. From Section 5, we use the bounds on
spatial derivatives of Lemma 5.1 and the constant mβ of Corollary 5.5. We also use the
regularity of α and Φ on (0, qβ) and the stationarity identities (5.15), both from Lemma 5.3.
From Section 6, we use the uniform estimates for short compositions of Gaussian flows
(Proposition 6.3), the identification of these flows with limits of hierarchies (Lemma 6.2),
and the response of a hierarchy to a small change of its terminal function (Lemma 6.13
and Corollary 6.14).

Relation to [77, Section 7]. The construction refines the narrow-annulus comparison
of OpenAI’s barrier paper [77, Section 7, Steps 1–8]. We keep three of its ingredients.
The first is the three-coordinate hierarchy in which the masses are divided by the sizes
of the common blocks [77, Section 4.2 and Section 7, Step 1, (7.7)]; OpenAI attributes
it to Talagrand’s three-replica construction [105, discussion after Proposition 4.4]. The
second is the perturbation that adds a Gaussian linear combination of field increments
to the field of x, subtracts it from the field of y, and leaves v unchanged [77, Section 7,
Step 2, (7.8)–(7.12)]. The third is the source of the loss: the identity β2Eχ(r, Yr)2 = 1,
which follows from stationarity, together with the evolution of the susceptibility χ along
the scalar diffusion [77, Section 7, Step 8, (7.31)]. In [77], the window has width ρ8

and the imbalance δ is of order ρ20. The endpoint of the perturbed path differs from
the prescribed matrix, and the mismatch is paid through the term (β2/4)∥D − QN∥2

F of
Proposition 4.19 [77, (7.12)–(7.13)]. The resulting deficit is of order ρ43 [77, (7.32)].

117
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Three parts of the present construction are new. First, the window has width parame-
ter h = (q − r)/ϑ for a fixed ratio ϑ. The Gaussian contrast has fixed weights and extends
past the time at which x and y separate, and a terminal correction of the covariance
removes the excess covariance in the antisymmetric direction ex − ey exactly. The path is
positive semidefinite at every stage, its endpoint is D(r, q, δ), and no mismatch is paid
(Section 7.1). Second, we expand the trial value to third order in h. At second order
the first stationarity identity cancels the penalty, and at third order we use the second
stationarity identity to combine two coefficient polynomials into one (Sections 7.3 to 7.5).
The identities themselves are known; their sources are recalled in Section 5. Third, the
resulting polynomial gives a deficit of order ρ3 on a band where q − r and |δ| are both
comparable to ρ (Section 7.6).

Organization. Section 7.1 defines the perturbed path and its trial value and reduces
the trial value to a boundary perturbation V on the diagonal. Section 7.2 records the
derivative bounds for the local part of the path. In Section 7.3 we compute the Taylor coef-
ficients of V in the width parameter h when the Parisi distribution function is replaced by
a constant on the window, using covariance matrices that are not positive semidefinite as
formal bookkeeping devices. In Section 7.4 we compute the contribution of the variation
of α on the window and prove the pointwise expansion Proposition 7.12. Section 7.5
proves Proposition 7.13, and Section 7.6 proves the uniform deficit Proposition 7.15.

Standing notation. Throughout this section, β > 1 is fixed and b = β2. We write α = αβ,
Φ = Φα, u = ∂zΦ, χ = ∂2

zΦ and w = ∂3
zΦ, and Y is the scalar diffusion of (4.7). Vectors of

R3 are written in bold, in the coordinate order (v, x, y). We write e = (1, 1, 1)T, ev, ex, ey

for the unit vectors,
L2 = (ex − ey)(ex − ey)

T,

and z = (zv, zx, zy) for a point of R3. A real number z denotes the point ze of the diagonal.
As in Section 4.4, U : U′ = ∑i,l UilU′

il and ∥U∥2
F = U : U. For a symmetric 3 × 3 matrix

B and a function F on R3, we write B : D2F = ∑i,l Bil∂i∂l F and ∇F · B∇F. We also set
cub(U) = ∑i,l U3

il.
We fix a ratio ϑ ∈ (0, 1/2], a bound k0 > 0 for the relative imbalance k below, and

a compact interval K ⊂ (0, qβ) of left endpoints. With Lϑ as in (7.1) below, we set
τmax = 2 + 4k2

0Lϑ, and we fix h1 ∈ (0, 1] such that

K′ =
[
min K, max K + τmaxh1

]
⊂ (0, qβ).

By Lemma 5.3, α is infinitely differentiable on K′, the number α∗ = minK′ α is positive, α

is Lipschitz on K′ with constant Kβ, and every derivative ∂i
t∂

j
zΦ with i + j ≥ 1 is bounded

on K′ × R. In this section, C denotes a constant that depends only on β, ϑ, k0 and K (and
therefore on h1 and K′); its value may change from line to line. We make no claim of
uniformity as ϑ ↓ 0. The symbols of the construction are collected in Table 7.1.
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Symbol Meaning Defined in

ϑ ratio (q − r)/h, fixed in (0, 1/2] (7.1)
q0, h, k left endpoint, width parameter, relative im-

balance
(7.1)

r, q, d, δ q0 + h, q0 + (1 + ϑ)h, ϑh, hk (7.1)
ω0, ω1, Lϑ weights of the contrast and its variance (7.1)
κj, nj, Bj, B◦

j lengths, block sizes and rates of the stages Table 7.2
τT, T 2 + 4k2Lϑ and q0 + hτT (7.3)
T , B, V, ∆Π trial value, local block, boundary perturba-

tion, change of the penalty
Section 7.1

Λ0, Λ1, Λ2 coefficient matrices at constant mass (7.20)
Cχ, Cw, Nϑ coefficient polynomials (7.26), (7.27), (7.15)
Pϑ, cj, M cubic polynomial, its coefficients, scalar fac-

tor
Section 7.5

Table 7.1. Notation of Section 7.

7.1 The perturbed covariance path

Parameters and stages

For q0 ∈ (0, 1), h ≥ 0 and k ∈ R, we set

r = q0 + h, q = q0 + (1 + ϑ)h, d = q − r = ϑh, δ = hk,

ω0 =
1

2 − ϑ
, ω1 =

1 − ϑ

2 − ϑ
, Lϑ = ω2

0(3 − ϑ) + ω2
1 =

ϑ2 − 3ϑ + 4
(2 − ϑ)2 .

(7.1)

Note that ω0 + ω1 = 1 and ω1 = (1 − ϑ)ω0. The number k is the imbalance relative to
the width. We define the vectors

c0 =

 1
1 + ω0k
1 − ω0k

 , c1 =

 0
1 − ω0k
1 + ω0k

 , cv =

 1
ω1k
−ω1k

 ,

cx =

 0
1 − ω0k

ω0k

 , cy =

 0
−ω0k

1 + ω0k

 ,

the rates

B1 = c0cT
0 , B2 = c1cT

1 , B3 = cvcT
v , B4 = cvcT

v + cxcT
x + cycT

y , B5 = Id − 1
4 L2,

B◦
1 = eeT, B◦

2 = (ex + ey)(ex + ey)
T, B◦

3 = eveT
v , B◦

4 = B◦
5 = Id,

(7.2)
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and the lengths κ1 = 1, κ2 = κ3 = ϑ, κ4 = 1 − ϑ and κ5 = 4k2Lϑ. Note that Bj = B◦
j for

j ≤ 4 when k = 0, and that κ5 = 0 when k = 0. We also set

τT = κ1 + κ2 + κ4 + κ5 = 2 + 4k2Lϑ, T = q0 + hτT. (7.3)

The length κ3 does not enter τT, because stages 2 and 3 below have the same scalar
interval; hτT is the length of the window [q0, T].

The local window consists of the five stages of Table 7.2, listed from the root to the
terminal time; their Gaussian integrations are applied in the reverse order, from stage 5
to stage 1. Stage j has scalar interval Ij = [q0 + hoj, q0 + h(oj + κj)], with offsets o1 = 0,
o2 = o3 = 1, o4 = 1 + ϑ and o5 = 2, and its covariance increment over a scalar time dt in
Ij is Bj dt (before multiplication by b), integrated at mass α(t)/nj. Stages 2 and 3 have the
same scalar interval [r, q]; they are different blocks of the hierarchy, and stage 2 precedes
stage 3 along the path, so that the integration of stage 3 is applied first. In the baseline
window, the rates Bj are replaced by B◦

j and everything else is unchanged; in particular,
the baseline has the same stage 5, of length κ5, with the rate Id.

j stage scalar interval Ij length κj mass rate

1 common [q0, r] 1 α(t)/3 B1

2 shared [r, q] ϑ α(t)/2 B2

3 singleton, first part [r, q] ϑ α(t) B3

4 singleton, second part [q, q0 + 2h] 1 − ϑ α(t) B4

5 terminal correction [q0 + 2h, T] 4k2Lϑ α(t) B5

Table 7.2. The five stages of the local window. The length is the length of Ij divided by h, and the
mass of stage j is α(t)/nj with block sizes n1 = 3, n2 = 2, n3 = n4 = n5 = 1.

The perturbed path consists of an initial segment on [0, q0], on which the three coor-
dinates share every increment, with rate eeT and mass α(t)/3; the local window; and a
final segment on [T, 1] with rate Id and mass α(t). The baseline path is the same with the
baseline window. It is the path of Lemma 4.20(b), with the stages split at the scalar times
q0, q0 + 2h and T.

The contrast. The rates have the following meaning. In this description we assume h > 0;
at h = 0 the window has length zero, and all its covariance increments vanish. Let g1,
g2, gv, gx and gy be independent centered Gaussian variables with variances bh, bϑh, bh,
b(1 − ϑ)h and b(1 − ϑ)h. In the baseline window, these are the field increments: the three
coordinates share g1 on [q0, r], the coordinates x and y share g2 on [r, q], the coordinate v
receives gv on [r, q0 + 2h] (split between stages 3 and 4), and x and y receive gx and gy on
[q, q0 + 2h]. We define the contrast

Ξ =
1
h
{

ω0(g1 − g2 − gx − gy) + ω1gv
}

. (7.4)
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The perturbation adds δ Ξ to the field of x, subtracts it from the field of y, and leaves the
field of v unchanged. Collecting the coefficients of the five Gaussian variables, we find
that the perturbed field vector of the window is

c0g1 + c1g2 + cvgv + cxgx + cygy.

This explains the rates B1, . . . , B4. By independence,

Var Ξ =
b
h
{

ω2
0
(
1 + ϑ + 2(1 − ϑ)

)
+ ω2

1
}
=

bLϑ

h
,

Cov(Ξ, g1 + g2 + gx) = b ω0
(
1 − ϑ − (1 − ϑ)

)
= 0,

Cov(Ξ, g1 + gv) = b(ω0 + ω1) = b,

(7.5)

and the same holds with gy in place of gx. These identities imply that the perturbation
changes the covariance of the window fields, divided by b, by

δ
(
ev(ex − ey)

T + (ex − ey)eT
v
)
+

δ2Lϑ

h
L2.

The first term changes the overlaps of v with x and with y by +δ and −δ, respectively.
The second term is an excess covariance in the antisymmetric direction ex − ey. We have
δ2Lϑ/h = hk2Lϑ = hκ5/4. Stage 5 uses the rate Id − L2/4 instead of Id during a time hκ5,
and it removes this excess exactly. We call stage 5 the terminal correction.

Lemma 7.1 (Identities of the window). For every k ∈ R, the following hold.

(a) e · Bje = e · B◦
j e for 1 ≤ j ≤ 5; these numbers are 9, 4, 1, 3 and 3.

(b) ∑j κjBj = ∑j κjB◦
j + k

(
ev(ex − ey)T + (ex − ey)eT

v
)
. In particular, both sums have all

diagonal entries equal to τT.
(c) ∑j n

−1
j κjBje = ∑j n

−1
j κjB◦

j e = τTe.

(d) Let S be the permutation matrix that exchanges the coordinates x and y, and write Bj(k) for
the dependence on k. Then SBj(k)S = Bj(−k) and SB◦

j S = B◦
j for every j.

Proof. For (a), we have e · c0 = 3, e · c1 = 2, e · cv = e · cx = e · cy = 1 and L2e = 0, and
the same numbers for the baseline vectors e, ex + ey and ev. For (b), note that h ∑j≤4 κjBj
is the covariance of the perturbed window fields divided by b. The computation above
gives

h ∑
j≤4

κjBj = h ∑
j≤4

κjB◦
j + δ

(
ev(ex − ey)

T + (ex − ey)eT
v
)
+ hk2LϑL2,

while hκ5B5 = hκ5B◦
5 − hk2LϑL2. Adding and dividing by h gives (b). The diagonal of the

baseline sum is κ1 + κ2 + κ4 + κ5 = τT in the coordinates x, y and κ1 + κ3 + κ4 + κ5 = τT
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in the coordinate v. For (c), we have B1e = 3c0, B2e = 2c1, B3e = cv, B4e = cv + cx + cy

and B5e = e, so that

∑
j
n−1

j κjBje = c0 + ϑc1 + cv + (1 − ϑ)(cx + cy) + κ5e.

Its v entry is 2 + κ5. Its x entry is

(1 + ω0k) + ϑ(1 − ω0k) + ω1k + (1 − ϑ)(1 − 2ω0k) + κ5

= 2 + κ5 + k
(
ω1 − (1 − ϑ)ω0

)
= τT,

and the y entry is the same with k replaced by −k. For the baseline we find e+ ϑ(ex + ey)+

ϑev + (1 − ϑ)e + κ5e = τTe. Finally, (d) holds because Sc0(k) = c0(−k), Sc1(k) = c1(−k),
Scv(k) = cv(−k), Scx(k) = cy(−k), Scy(k) = cx(−k) and SL2S = L2.

Part (b) says that the window shifts the overlaps of v with x and y by ±δ and changes
nothing else in the total covariance. Part (c) is the identity behind the cancellation of the
linear part of the terminal function in Sections 7.3 and 7.4.

Lemma 7.2 (Admissibility and endpoint). Let q0 ∈ K, 0 ≤ h ≤ h1 and |k| ≤ k0, and suppose
that ϑKβh ≤ α∗. Then every increment of the perturbed path is positive semidefinite, and its
masses are nondecreasing along the path. Its endpoint is

Dδ = D(r, q, δ) =

 1 r + δ r − δ

r + δ 1 q
r − δ q 1

 . (7.6)

The same holds for the baseline path, whose endpoint is D(r, q, 0).

Proof. The rates B1, . . . , B4 and the baseline rates are sums of matrices of the form ccT.
The matrix L2 has the eigenvalue |ex − ey|2 = 2 on ex − ey and the eigenvalue 0 on the
orthogonal complement, and Id − L2/4 has eigenvalues 1, 1, 1/2. This proves that the
increments are positive semidefinite.

The masses are nondecreasing within each stage because α is nondecreasing. At the
junctions, they are α(q0)/3 on both sides of q0, then α(r)/3 ≤ α(r)/2, then α(q)/2 ≤ α(r),
and they are continuous at the remaining junctions. The inequality α(q) ≤ 2α(r) holds
because [q0, T] ⊂ K′, so that

α(q)− α(r) ≤ Kβ(q − r) = ϑKβh ≤ α∗ ≤ α(r).

All masses are at most 1.
For the endpoint, the baseline path ends at q0eeT + h ∑j κjB◦

j + (1 − T)Id. We have
hκ1 = h, hκ2 = hκ3 = ϑh and h(κ4 + κ5) + 1 − T = 1 − q, and this endpoint equals

r eeT + ϑh
(
(ex + ey)(ex + ey)

T + eveT
v
)
+ (1 − q)Id = D(r, q, 0).

By Lemma 7.1(b), the endpoint of the perturbed path is D(r, q, 0) + hk
(
ev(ex − ey)T +

(ex − ey)eT
v
)
= Dδ.
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The trial value

Let Λ∗ = max|k|≤k0 ∑j κj|Bj|, where |Bj| is the operator norm, and fix h0 ∈ (0, h1] such
that

ϑKβh0 ≤ α∗, 6bh0Λ∗ ≤ 1. (7.7)

In the rest of this section we assume that q0 ∈ K, 0 ≤ h ≤ h0 and |k| ≤ k0, so that
Lemma 7.2 applies. We now define the trial value and express it through the local
window.

For N ≥ 1, let (Q(N), m(N)) be the admissible path obtained from the perturbed path
by dividing [0, q0], each scalar interval Ij and [T, 1] into N intervals of equal length,
keeping the covariance increments, and giving each increment the mass of the path at
the left endpoint of its scalar interval. The proof of Lemma 7.2 shows that these masses
are nondecreasing, and the endpoint is Dδ. We define

T (q0, h, k) = lim
N→∞

(
Ψ
(
Q(N), m(N), 0

)
− b

4

∫
m(N) d∥Q(N)∥2

F

)
. (7.8)

The expression in parentheses is the trial value TDδ
(Q(N), m(N), 0) of Definition 4.15,

whose mismatch term ∥Dδ − QN∥2
F vanishes because the endpoint is Dδ; by Lemma 7.3

below, T (q0, h, k) is a trial value for Dδ in the sense of that definition. We write T ◦(q0, h, k)
for the same limit for the baseline path.

To describe the limit, we use the flows of Section 6. The local block is the flow, in
the sense of Definition 6.1 and Lemma 6.2, of the stage datum with ℓ = 3, N = 5,
matrices B1, . . . , B5, durations hκ1, . . . , hκ5, and masses mj(τ) = n−1

j α
(
q0 + h(oj + κjτ)

)
for τ ∈ [0, 1]. Here τ = 0 is the end of Ij closest to the root of the hierarchy, and τ = 1
the end closest to the terminal time. The flow F solves

−∂τF =
bhκj

2

{
Bj : D2F + mj(τ − j + 1)∇F · Bj∇F

}
on (j − 1, j)× R3, j = 1, . . . , 5,

(7.9)
with F(5, z) = ∑i∈{v,x,y} Φ(T, zi), and we set

B(q0, h, k, z) = F(0, z).

We define B◦ in the same way with the rates B◦
j . For masses that are constant on the

pieces of a partition, the flow is the composition of the integration steps of Definition 4.1
(see (6.2)), that is, the value of a finite hierarchy; for the masses above it is the limit of
these values (Lemma 6.2(b)).

For the initial segment, let f : R → R have bounded derivatives of orders one and
two. We write H( f ) = Hα

q0,3 f , in the notation of Corollary 6.14: this is the value at (0, 0)
of the solution Φα

f of

−∂tΦα
f =

b
2

(
∂zzΦα

f +
α(t)

3
(∂zΦα

f )
2
)

on [0, q0]× R, Φα
f (q0, ·) = f ,
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in the sense of Lemma 6.2. It is the one-site recursion of three coordinates that share every
field increment on [0, q0], acting on a function of their common value (Remark 6.15), and it
is the operator Hα of Section 8.4 on the interval [0, q0]. By the first claim of Corollary 6.14,

H
(
3Φ(q0, ·)

)
= 3Φ(0, 0). (7.10)

Finally, the penalties of the two paths are the limits Π(q0, h, k) and Π◦ of∫
m(N) d∥Q(N)∥2

F, and we write ∆Π = Π − Π◦ and

V(q0, h, k, z) = B(q0, h, k, ze)− 3Φ(q0, z) (z ∈ R). (7.11)

Lemma 7.3 (The trial value). The limit (7.8) exists, and the following hold.

(a) For every n ≥ 2 such that Dδ is feasible, we have p3,n(Dδ) ≤ T (q0, h, k).
(b) T (q0, h, k) = H

(
B(q0, h, k, · e)

)
− b

4 Π(q0, h, k), and the same holds for the baseline path
with B◦ and Π◦.

(c) B◦(q0, h, k, ze) = 3Φ(q0, z) for all z ∈ R, Π◦ = 6
∫ 1

0 tα(t)dt, and T ◦(q0, h, k) = 3Pβ.
(d) We have

T (q0, h, k)− 3Pβ = H
(
3Φ(q0, ·) + V

)
−H

(
3Φ(q0, ·)

)
− b

4
∆Π. (7.12)

(e) Let Q̃0 = 0 and Q̃j = ∑i≤j κiBi, and define Q̃◦
j in the same way with the rates B◦

i . Then

∆Π =
5

∑
j=1

2h2κj

nj

∫ 1

0
α
(
q0 + h(oj + κjτ)

)[
(Q̃j−1 + κjτBj) : Bj − (Q̃◦

j−1 + κjτB◦
j ) : B◦

j

]
dτ.

(7.13)

Proof. We first identify the values of the finite paths with step flows, then pass to the
limit, and then treat the baseline and the penalties.

Step 1: the finite paths as step flows. We consider the stage datum with seven stages:
the initial segment, with matrix eeT, duration q0 and mass α(q0τ)/3; the five stages of the
window; and the final segment, with matrix Id, duration 1− T and mass α(T + (1− T)τ).
Its terminal function is z 7→ ∑i log(2 cosh zi). The masses of (Q(N), m(N)) are the sampled
masses of this datum for the partition of each stage into N pieces of equal length. By the
remark after (6.2), Ψ(Q(N), m(N), 0) is the output at z = 0 of the corresponding step flow.

Step 2: the limit. The sampled masses converge in L1 to the masses of the datum,
because these are nondecreasing functions. By Lemma 6.2(b), the step flows converge
uniformly to the flow of the seven-stage datum, and in particular the values converge. By
Lemma 6.2(c), applied twice, this flow is obtained by composing the flows of the three
parts. The final segment, with this terminal function, gives ∑i Φ(T, zi): its matrix is Id
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and the terminal function is a sum of functions of single coordinates; by Lemma 4.2(c),
its step flows are sums of scalar recursions (4.3), which converge to Φ by the definition of
Φα (Proposition 4.3(i)). This function belongs to C2, since |u| ≤ 1 and 0 < χ ≤ 1, and to
C∞ by Lemma 5.1. The window then gives B, which belongs to C2 by Lemma 6.2(d): its
terminal function has ∥D2 f ∥∞ ≤ 1, and 2 · 3 b ∥D2 f ∥∞ ∑j hκj|Bj| ≤ 6bh0Λ∗ ≤ 1 by (7.7).
By Remark 6.15 the initial segment acts on z 7→ B(ze) as H. We conclude that the values
converge to H(B(· e)). The penalties converge as well. On the window, this is Lemma 6.7,
with Q⋆ = q0eeT. On the initial and final segments, the penalties are Riemann–Stieltjes
sums ∑i mi(∥Qi∥2

F − ∥Qi−1∥2
F), in which mi is the value of a nondecreasing function at

the left endpoint of a piece and ∥Q∥2
F is a continuous, piecewise quadratic function of the

scalar time; they converge to the corresponding integrals. This shows that the limit (7.8)
exists, and it proves (b). The endpoints, values and penalties converge, and (a) follows
from the last sentence of Proposition 4.19.

Step 3: the baseline. Let αN be the step distribution function equal to α at the left
endpoints of the scalar partition. The baseline finite path is the path of Lemma 4.20(b) for
αN, whose breakpoints contain r and q: the common increments are those on [0, r], the
xy-increments of stage 2 precede the v-increments of stage 3 (their masses are ordered by
Lemma 7.2), and the independent increments are those on [q, 1]. Lemma 4.20(b) implies
that its trial value is 3Pβ(αN) and that its penalty is 6

∫ 1
0 tαN(t)dt. By Proposition 4.3(ii),

these converge to 3Pβ(α) and 6
∫ 1

0 tα(t)dt, and Pβ(α) = Pβ by Theorems 4.4 and 4.5. The
proof of Lemma 4.20(b) also shows that the step flow of the baseline window, applied
to ∑i ΦαN(T, zi), equals 3ΦαN(q0, z) at ze. By the last estimate of Lemma 6.2(a), by
Lemma 6.2(b), and by Proposition 4.3(ii), the left side converges to B◦(q0, h, k, ze) and the
right side to 3Φ(q0, z). This proves (c), and (d) follows from (b), (c) and (7.10).

Step 4: the penalty. During stage j, at the fraction τ ∈ [0, 1] of its scalar interval, the
perturbed path is Q = q0eeT + h(Q̃j−1 + κjτBj). Then d∥Q∥2

F = 2Q : dQ = 2hκjQ : Bj dτ,
and the mass is α(q0 + h(oj + κjτ))/nj. The term 2hκjq0eeT : Bj = 2hκjq0 e · Bje is the same
for the baseline path, by Lemma 7.1(a). The initial segments of the two paths coincide.
On [T, 1], both paths have d∥Q∥2

F = 2 tr Q dt, and tr Q(T) is the same for both paths,
because ∑j κjBj and ∑j κjB◦

j have the same diagonal (Lemma 7.1(b)). Subtracting the two
penalties, we obtain (7.13).

By Lemma 7.3(a), every upper bound for T (q0, h, k) is an upper bound for the con-
strained pressure p3,n(Dδ). The rest of the section bounds T (q0, h, k)− 3Pβ through (7.12).
In (7.12), the function V, the number ∆Π, and the part of Π accumulated on [q0, 1] depend
on α only through its restriction to [q0, 1]. Changing α on [0, q0) leaves them unchanged;
we use this in Section 8.



7 A three-replica covariance perturbation 7.2 Derivatives of the local block 126

7.2 Derivatives of the local block

We now apply the estimates of Section 6 to the local block. Let U = [0, h1]× [−k0, k0].
The stage datum of (7.9) satisfies the hypotheses (H1)–(H5) of Section 6, with ℓ = 3 and
N = 5, for the following reasons.

• (H1): the matrices Bj and B◦
j do not depend on h, are polynomial in k, and are positive

semidefinite (Lemma 7.2). Some of them are singular.
• (H2): the durations are hκj(k), where κj ≥ 0 is a polynomial in k. The coefficient

κ5 = 4k2Lϑ of the terminal correction vanishes at k = 0.
• (H3): the masses mj(τ, h, k) = n−1

j α(q0 + h(oj + κj(k)τ)) take values in [0, 1]. For
(h, k) ∈ U , the argument of α lies in K′, on which α is infinitely differentiable, and all
derivatives of mj in (h, k) exist and are continuous.

• (H4): the terminal function is f (h, k, z) = ∑i Φ(q0 + hτT(k), zi). By Lemma 5.1 and
Lemma 5.3(v), every derivative ∂

γh
h ∂

γk
k Dι

z f with (γh, γk, ι) ̸= (0, 0, 0) exists, is continu-
ous, and is bounded on U × R3.

• (H5): since 0 < χ ≤ 1 and f is a sum of functions of single coordinates, we have
∥D2 f ∥∞ ≤ 1, and 2ℓbh0Λ∗∥D2 f ∥∞ ≤ 6bh0Λ∗ ≤ 1 by (7.7).

The suprema that enter the constants of Proposition 6.3(ii) and Lemma 6.7 are bounded
uniformly in q0 ∈ K, because they involve only the derivatives of α and Φ on K′. By
Remark 6.6, the conclusions are uniform in q0 ∈ K.

Lemma 7.4 (Derivatives of the local block). Let h0 be as in (7.7). The following hold for
q0 ∈ K, 0 ≤ h ≤ h0 and |k| ≤ k0, where derivatives in h at h = 0 are right derivatives. All
constants depend only on β, ϑ, k0, K and the orders of the derivatives.

(i) For all integers γh, γk, j ≥ 0 with γh + γk + j ≥ 1, the derivatives ∂
γh
h ∂

γk
k Dj

zB and
∂

γh
h ∂

γk
k Dj

zB◦ exist, are continuous, and are bounded uniformly in z ∈ R3.

(ii) For all integers γh, γk, j ≥ 0, the derivative ∂
γh
h ∂

γk
k ∂

j
zV(q0, h, k, z) is bounded uniformly in

z. Moreover,
V(q0, h, 0, ·) = 0, V(q0, h,−k, ·) = V(q0, h, k, ·),

and V(q0, 0, k, ·) = ∂hV(q0, 0, k, ·) = 0.
(iii) There exists C such that, for 0 ≤ j ≤ 3 and all z,

|∂j
zV(q0, h, k, z)| ≤ Ch2k2. (7.14)

(iv) The function ∆Π is smooth in (h, k), with bounded derivatives of every order, it is even in k,
it vanishes at k = 0, and |∆Π| ≤ Ch2k2.

We have ∥V∥C3
b
≤ Ch2k2 = Cδ2, which is at most Cδ2/h for h ≤ 1. Of the derivatives in

(i) and (ii), we use those with γh ≤ 4, γk ≤ 2, and j ≤ 3; they have weight j+ 2(γh +γk) ≤
15 in the sense of Section 6.
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Proof. Part (i) is Proposition 6.3(ii), with constants uniform in q0 ∈ K by Remark 6.6. The
bounds include the right derivatives at h = 0 and the derivatives at k = 0, where the
terminal correction has zero duration (Remark 6.5). The value B itself has linear growth,
and (i) does not bound it.

For (ii), we first prove the identities. If k = 0, then Bj = B◦
j for j ≤ 4 and κ5 = 0.

The perturbed and baseline windows coincide, and V = B◦(· e) − 3Φ(q0, ·) = 0 by
Lemma 7.3(c). For the evenness, let S be as in Lemma 7.1(d). The durations and masses
are even in k, and the terminal function is invariant under S. If F solves (7.9) at k, then
(τ, z) 7→ F(τ, Sz) solves it at −k, by Lemma 7.1(d), and it has bounded first and second
spatial derivatives. By the uniqueness in Proposition 6.3(i), B(q0, h,−k, z) = B(q0, h, k, Sz),
and S(ze) = ze.

At h = 0 all durations vanish. Let φ(z) = ∑i Φ(q0, zi). Then B(q0, 0, k, z) = φ(z) by
Remark 6.4, which implies that V(q0, 0, k, ·) = 0. By (6.5), in which the average mass of
stage j at h = 0 is a/nj with a = α(q0),

∂hB(q0, 0, k, z) = τT ∑
i

∂tΦ(q0, zi) +
b
2

5

∑
j=1

κj

{
Bj : D2φ(z) +

a
nj
∇φ(z) · Bj∇φ(z)

}
.

The first term comes from the dependence of T on h. At z = ze, we have D2φ = χ(q0, z)Id
and ∇φ = u(q0, z)e, and the sum equals χ(q0, z)∑j κj tr Bj + u(q0, z)2a ∑j n

−1
j κj e · Bje.

By Lemma 7.1(a) and (b), it does not change when Bj is replaced by B◦
j . Since

B◦(q0, h, k, ze) = 3Φ(q0, z) does not depend on h, we conclude that ∂hV(q0, 0, k, ·) = 0.
The bounds in (ii) with γh + γk + j ≥ 1 follow from (i), the formula for derivatives along
the diagonal in Remark 6.6, and Lemma 5.1, since V is the difference of B(· e) and the
function 3Φ(q0, ·), which does not depend on (h, k). Finally, V itself is bounded, since
V(q0, 0, k, ·) = 0 and ∂hV is bounded.

For (iii), let 0 ≤ j ≤ 3. Taylor’s formula and the identities V(q0, 0, k, ·) =

∂hV(q0, 0, k, ·) = 0 yield ∂
j
zV(h) =

∫ h
0 (h − h′) ∂2

h∂
j
zV(h′)dh′. The function ∂2

h∂
j
zV(h′, k)

vanishes at k = 0 and is even in k, which implies that |∂2
h∂

j
zV(h′, k)| ≤ k2

2 sup|∂2
k∂2

h∂
j
zV|.

Combining these bounds with (ii), we obtain (7.14).
For (iv), Lemma 6.7 with Q⋆ = q0eeT shows that the penalties of the two windows

are smooth with bounded derivatives of every order, and their contributions on [0, q0]

and [T, 1] cancel in ∆Π (Step 4 of the proof of Lemma 7.3). The penalty of each path is
invariant under Q 7→ SQS, since ∥SQS∥F = ∥Q∥F; by Lemma 7.1(d), this proves that ∆Π
is even in k. At k = 0 the two windows coincide, and ∆Π = 0. Finally, ∆Π = h2Θ(h, k),
where Θ is the sum in (7.13) without the factor h2; since Θ is smooth, even in k and zero
at k = 0, we have |Θ| ≤ Ck2.
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Corollary 7.5 (Reduction to the boundary perturbation). For q0 ∈ K, 0 ≤ h ≤ h0, and
|k| ≤ k0,

T (q0, h, k)− 3Pβ = EV(q0, h, k, Yq0)−
b
4

∆Π(q0, h, k) + Ein, |Ein| ≤ Ch4k4.

Proof. By Lemma 7.4(ii), V, V′, and V′′ are bounded, and ∥V∥∞ ≤ Ch2k2 by (7.14). Using
Corollary 6.14 with n = 3, t⋆ = q0, and ε = Ch2k2, we find that∣∣∣H(3Φ(q0, ·) + V

)
− 3Φ(0, 0)− EV(q0, h, k, Yq0)

∣∣∣ ≤ C2h4k4

2
.

We have 3Φ(0, 0) = H(3Φ(q0, ·)) by (7.10), and inserting this bound into (7.12) completes
the proof.

The expectation EV(q0, h, k, Yq0) is taken under the law of the scalar diffusion at the
fixed time q0, which does not depend on h or k. This is why we expand at a fixed left
endpoint q0 rather than at a fixed center r.

We expand ∆Π explicitly. We write a = α(q0) and insert α(q0 + h(oj + κjτ)) =

a + α′(q0)h(oj + κjτ) +O(h2) in (7.13). Then the Taylor polynomial of degree three of ∆Π

in h is ah2Nϑ(k) + α′(q0)h3N(1)
ϑ (k), where

N(i)
ϑ (k) =

5

∑
j=1

2κj

nj

∫ 1

0
(oj + κjτ)

i
[
(Q̃j−1 + κjτBj) : Bj − (Q̃◦

j−1 + κjτB◦
j ) : B◦

j

]
dτ (7.15)

for i ∈ {0, 1}, and Nϑ = N(0)
ϑ . The integrands are polynomials in τ, and we find

Nϑ(k) =
8(1 − ϑ)

(2 − ϑ)2 k2 − 2(3ϑ2 + 6ϑ + 4)
3(2 − ϑ)4 k4, N1/2(k) =

16
9

k2 − 248
243

k4, (7.16)

and N(1)
1/2(k) = 103

108 k2 − 7180
729 k4 − 21296

729 k6. The polynomial N(1)
ϑ enters only through the

cancellation in Proposition 7.13, and we do not use its value.

7.3 Taylor coefficients at constant mass

By Lemma 7.4, the function h 7→ V(q0, h, k, z) has four bounded derivatives, and it is
determined up to an error O(h4) by its Taylor polynomial of degree three. In this section
and the next we compute this polynomial. We write [X]n = ∂n

h X|h=0/n! for the Taylor
coefficients of a function X of h at h = 0.
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The recursion for the coefficients

By Proposition 6.3(iii), the derivatives ∂n
h F solve the equations obtained by differentiating

(7.9) in h. Evaluating them at h = 0, we obtain a recursion for the Taylor coefficients
[F]n(τ, z) of the flow. We write [mj]l(τ) = α(l)(q0) (oj + κjτ)

l/(l! nj) for the Taylor coeffi-
cients of the masses. The right side of (7.9) contains the factor h, and taking the coefficient
of hn we find, for n ≥ 1 and τ ∈ [j − 1, j],

[F]n(τ) = [F]n(j) +
bκj

2

∫ j

τ

{
Bj : D2[F]n−1(τ

′)

+ ∑
l+p+p′=n−1

[mj]l(τ
′ − j + 1)∇[F]p(τ′) · Bj∇[F]p′(τ′)

}
dτ′,

(7.17)
with [F]0 = f (0, k, ·) and [F]n(5, z) =

τn
T

n! ∑i ∂n
t Φ(q0, zi). We call each use of the right

side of (7.9) in this recursion an insertion. By (5.19) and its consequences in the proof of
Lemma 5.3, ∂n

t Φ(q0, ·) is a polynomial in α(q0), . . . , α(n−1)(q0) and in the spatial deriva-
tives of Φ(q0, ·) of orders one to 2n. By induction on n, for every n ≥ 1 the coefficient
[B]n(z) is a sum of products of spatial derivatives of positive order of Φ(q0, ·) at zv, zx, zy,
of total spatial order at most 2n, with coefficients that are polynomials in k and in
α(q0), . . . , α(n−1)(q0). Each power hl of the expansion of a mass carries a factor α(l)(q0),
and each insertion of the right side of (7.9) carries a factor h; in particular, α′′′(q0) does
not occur for n ≤ 3. The same holds for B◦ and for V.

We call the constant-mass part of [V]n the value of this polynomial at α′(q0) = α′′(q0) =

0, with the other variables unchanged. It is the value of the recursion when every mass
mj is replaced by the constant a/nj, with a = α(q0), and when the time derivatives of Φ
at q0 are computed from the Parisi equation with the constant profile a. In this section
we compute the constant-mass part. The remaining part is computed in Section 7.4.

Formal Gaussian steps

With constant masses, each stage is a Gaussian integration step, and the three stages of
mass a combine into one step by Lemma 4.2(b). It is convenient to subtract the scalar
evolution of the terminal function from this step. The result is a step whose covariance is
not positive semidefinite, and we treat it as a formal object.

Let ℓ ≥ 1, let Σ be a symmetric ℓ× ℓ matrix, let m ∈ [0, 1], and let f be a smooth
function on Rℓ. We define f [0] = f and, for n ≥ 1,

f [n] =
1

2n

(
Σ : D2 f [n−1] + m ∑

p+p′=n−1
∇ f [p] · Σ∇ f [p

′]
)

, (7.18)

and we write T̂m,εΣ f = ∑n≥0 εn f [n] for the resulting formal power series in ε. It is the
unique formal solution of ∂εF = 1

2

(
Σ : D2F + m∇F · Σ∇F

)
with F = f at ε = 0. By
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induction, f [n] is a sum of products of derivatives of f of positive order, of total order
2n, and it is a homogeneous polynomial of degree n in the entries of Σ. Formal series of
functions are composed by substitution: if the function in (7.18) is itself a formal power
series in ε, we insert this series and collect the powers of ε. The coefficient of each power
involves finitely many terms. The relation with the integration steps of Definition 4.1 is
the following.

Lemma 7.6 (Formal steps). Let m ∈ [0, 1], let Σ, Σ′ be symmetric ℓ× ℓ matrices, and let f be
smooth with bounded derivatives of positive order.

(a) If Σ ⪰ 0, then ε 7→ Tm,εΣ f (z) is infinitely differentiable on [0, 1], and T̂m,εΣ f (z) is its Taylor
series at ε = 0.

(b) T̂m,εΣT̂m,εΣ′ f = T̂m,ε(Σ+Σ′) f .

(c) For c > 0 such that m/c ∈ [0, 1], we have T̂m/c,εΣ(c f ) = c T̂m,εΣ f .
(d) If Σ is diagonal with entries σ1, . . . , σℓ and f (z) = ∑i ψi(zi), then T̂m,εΣ f (z) =

∑i T̂m,εσi ψi(zi).
(e) For c, u ∈ R and e′ ∈ Rℓ,

T̂m,εΣ
(
c + u e′ · z + f

)
(z) = c + u e′ · z +

εmu2

2
e′ · Σe′ +

(
T̂m,εΣ f

)(
z + εmuΣe′

)
,

where the last term is expanded in powers of ε by Taylor’s formula in the shift.

Proof. For (a), let Σ ⪰ 0. By Lemma 6.9(b) and (c), the function F(ε, z) = Tm,εΣ f (z)
is infinitely differentiable on [0, 1] × Rℓ and solves ∂εF = 1

2(Σ : D2F + m∇F · Σ∇F).
Differentiating this equation n − 1 times in ε and setting ε = 0, we find by induction that
∂n

ε F(0, ·) = n! f [n].
For (b), both sides are formal series whose coefficients are polynomials in the entries

of Σ and Σ′ and in the derivatives of f . If Σ, Σ′ ⪰ 0, then Lemma 4.2(b), part (a), and
the chain rule show that the two sides have the same coefficients. The set of pairs of
positive semidefinite matrices contains a nonempty open subset of the space of pairs of
symmetric matrices, and a polynomial that vanishes on a nonempty open set vanishes
identically. This proves (b). Parts (c) and (d) follow from (7.18) by induction on n: for
(c), the function (c f )[n] computed with mass m/c equals c f [n] computed with mass m,
since the quadratic term acquires the factor (m/c)c2 = mc; for (d), mixed derivatives of f
vanish and the recursion splits into one recursion for each coordinate. For (e), let Σ ⪰ 0
and m > 0, and let X be a centered Gaussian vector with covariance εΣ. Multiplying the
law of X by emue′·X/Eemue′·X shifts its mean to εmuΣe′, and Eemue′·X = eεm2u2e′·Σe′/2. We
obtain

Tm,εΣ
(
c + u e′ · z + f

)
(z) = c + u e′ · z +

εmu2

2
e′ · Σe′ +

(
Tm,εΣ f

)(
z + εmuΣe′

)
. (7.19)
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For m = 0 this is immediate. Taking Taylor series in ε and arguing as in (b), we obtain (e)
for every symmetric Σ.

The identity (7.19) is the Cameron–Martin formula for a finite-dimensional Gaussian
shift, obtained by completing the square as in [107, Section A.3, (A.6)].

The coefficient matrices

We define

Λ0 = c0cT
0 , Λ1 = ϑ c1cT

1 , Λ2 = cvcT
v + (1 − ϑ)

(
cxcT

x + cycT
y
)
− 2Id − k2LϑL2.

(7.20)
We have Λ0 = κ1B1, Λ1 = κ2B2, and Λ2 = κ3B3 + κ4B4 + κ5B5 − τTId. The matrices Λ0

and Λ1 are positive semidefinite, and Λ2 is not: its (v, v) entry is −1. At k = 0 we have
Λ0 = eeT, Λ1 = ϑ(ex + ey)(ex + ey)T and Λ2 = ϑeveT

v − (1 + ϑ)Id, which are the same
expressions for the baseline rates. By Lemma 7.1(b) and (c),

diag(Λ0 + Λ1 + Λ2) = 0,
(1

3 Λ0 +
1
2 Λ1 + Λ2

)
e = 0. (7.21)

Moreover, e · Λ0e = 9, e · Λ1e = 4ϑ, e · Λ2e = −3 − 2ϑ, and

Λ0 + Λ1 + Λ2 =

 0 1 + k 1 − k
1 + k 0 1 + ϑ

1 − k 1 + ϑ 0

 .

For ϑ = 1/2 we have ω0 = 2/3, ω1 = 1/3, L1/2 = 11/9, Λ0 = c0cT
0 with c0 = (1, 1 +

2k
3 , 1 − 2k

3 )
T, and

Λ2 =

−1 k
3 − k

3
k
3 −2k2

3 − 2k
3 − 3

2
2k2

3

− k
3

2k2

3 −2k2

3 + 2k
3 − 3

2

 ,

Λ0 + Λ1 =

 1 1 + 2k
3 1 − 2k

3

1 + 2k
3

2k2

3 + 2k
3 + 3

2
3
2 −

2k2

3

1 − 2k
3

3
2 −

2k2

3
2k2

3 − 2k
3 + 3

2

 .

Lemma 7.7 (Reduction to three formal steps). Let a = α(q0) and φ(z) = ∑i Φ(q0, zi). For
n ≤ 3, the constant-mass part of [B]n is the coefficient of hn in

T̂a/3, bhΛ0 T̂a/2, bhΛ1 T̂a, bhΛ2 φ, (7.22)

and the constant-mass part of [B◦]n is the coefficient of hn in the same expression at k = 0.
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Proof. With the constant mass a/nj, stage j maps F(j, ·) to F(j − 1, ·) = Ta/nj, bhκjBj F(j, ·),
by (6.2). By Lemma 7.6(a) and the chain rule, the recursion (7.17) for this stage is
therefore the recursion of the formal step T̂a/nj, bhκjBj , with ε = h. By Lemma 7.6(b),

the stages 3, 4, and 5, all of mass a, combine into T̂a, bh(Λ2+τTId). With the constant
profile a, the Parisi equation reads ∂tΦ = − b

2(∂zzΦ + a(∂zΦ)2), and the Taylor series
∑n(hτT)

n∂n
t Φ(q0, ·)/n! is the formal solution of this equation in the time hτT, that is,

T̂a,−bhτT Φ(q0, ·). By Lemma 7.6(d), the terminal function is therefore T̂a,−bhτTIdφ. By
Lemma 7.6(b) again, T̂a,bh(Λ2+τTId)T̂a,−bhτTId = T̂a,bhΛ2 , which proves the first claim. The
second is the same computation with the baseline rates, whose coefficient matrices are
the values of Λ0, Λ1, Λ2 at k = 0.

The scalar evolution of the terminal function between q0 and T appears in (7.22)
through the term −τTId in Λ2. It accounts for the change of the curvature of the terminal
function between the times T and q0. This change is of order h, and it enters at order h3

through the quadratic part of the terminal function; the term −τTId in Λ2 retains this
contribution in the coefficients computed below.

Expansion at a centered point

We now expand compositions of three formal steps applied to a separable function whose
linear part vanishes. For symmetric matrices Σ0, Σ1, Σ2 we write Σ≤j = Σ0 + · · ·+ Σj and
Σ≤−1 = 0.

Lemma 7.8 (Expansion at a centered point). Let Σ0, Σ1, Σ2 be symmetric 3 × 3 matrices with
diag(Σ≤2) = 0, and let m0, m1, m2 ∈ (0, 1]. Let ψ : R → R be smooth with ψ(0) = ψ′(0) = 0,
write χ = ψ′′(0) and w = ψ′′′(0), and set ψ̄(y) = ∑i ψ(yi). Let E(ε) be the value at y = 0 of
T̂m0,εΣ0 T̂m1,εΣ1 T̂m2,εΣ2ψ̄. Then [E]0 = [E]1 = 0,

[E]2 =
χ2

4

2

∑
j=0

mj
(
∥Σ≤j∥2

F − ∥Σ≤j−1∥2
F
)
, (7.23)

and

[E]3 = χ3Q+
w2

12

2

∑
j=0

mj
(
cub(Σ≤j)− cub(Σ≤j−1)

)
, (7.24)

where, with Υ1 = m2Σ2 + m1Σ1 and Υ2 = m2
2Σ2

2 + m1m2(Σ1Σ2 + Σ2Σ1) + m2
1Σ2

1,

Q =
m2

2
6

tr Σ3
2 +

m2
2

2
tr(Σ1Σ2

2) +
m1m2

2
tr(Σ2

1Σ2) +
m2

1
6

tr Σ3
1

+
1
2

tr(Σ0Υ2) +
m0

2
tr(Σ2

0Υ1) +
m2

0
6

tr Σ3
0.
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The sum in (7.23) is the squared-norm integral (4.14) of the path with increments
Σ0, Σ1, Σ2 and masses m0, m1, m2. In its cross terms 2mj Σ≤j−1 : Σj, the mass is that of the
later increment.

Proof. We first determine which products of derivatives of ψ can occur. We then compute
the coefficients of the terms that are linear and quadratic in ψ, and finally the term that is
cubic in ψ. The computations in Steps 2 and 3 do not use the condition on the diagonal
of Σ≤2, which enters only at the end of each step.

Step 1: the possible terms. By the remark after (7.18), applied to each of the three steps,
[E]n is a sum of products of derivatives of positive order of ψ̄ at 0, of total order 2n, with
coefficients that are polynomials in the entries of the Σj and in the mj. At y = 0, the
derivatives of order one vanish, because ψ′(0) = 0, the mixed derivatives vanish, because
ψ̄ is separable, and ∂

p
i ψ̄(0) = ψ(p)(0). We conclude that [E]0 = ψ̄(0) = 0 and

[E]1 = c1χ, [E]2 = c2ψ(4)(0) + c3χ2, [E]3 = c4ψ(6)(0) + c5χψ(4)(0) + c6w2 + c7χ3,

where the coefficients ci are polynomials in the entries of Σ0, Σ1, Σ2 (with the masses
fixed). These coefficients depend on ψ only through ψ(p)(0) for 2 ≤ p ≤ 6, and we may
compute each of them with a convenient choice of ψ.

In Step 2 we take ψ smooth with compact support, for instance the Taylor polynomial
of degree six of the given ψ multiplied by a smooth function with compact support
that equals one near the origin. We also assume in Step 2 that Σ0, Σ1, Σ2 are positive
semidefinite. This is no loss of generality: the triples of positive semidefinite matrices
contain a nonempty open subset of the triples of symmetric matrices, and an identity
between polynomials in the entries that holds on this subset holds for all symmetric
triples. For a parameter θ ∈ [−1, 1], Lemma 6.9(c), applied to the three steps in turn,
shows that the composition of the steps Tmj,εΣj applied to θψ̄ is infinitely differentiable
in (ε, θ) ∈ [0, 1] × [−1, 1]. By Lemma 7.6(a) and the chain rule, as in the proof of
Lemma 7.6(b), its Taylor coefficients in ε are those of the formal composition. We use
independent centered Gaussian vectors X0, X1, X2 with covariances εΣ0, εΣ1, εΣ2, and we
set Sj = X0 + · · ·+ Xj, which has covariance εΣ≤j.

Step 2: the terms linear and quadratic in ψ. We replace ψ by θψ, so that c1, c2, c4 are
coefficients of θ and c3, c5, c6 are coefficients of θ2. Let U3 = θψ̄ and Uj = Tmj,εΣjUj+1
for j = 2, 1, 0, so that U0(0) is the value of the composition. At θ = 0 all Uj vanish.
Differentiating Uj = m−1

j log EjemjUj+1 in θ at θ = 0, where Ej is the expectation over Xj,
we obtain ∂θUj = Ej∂θUj+1 and ∂2

θUj = Ej∂
2
θUj+1 + mj Varj(∂θUj+1). Let Mj = E[ψ̄(S2) |

X0, . . . , Xj−1], so that M0 = Eψ̄(S2) and M3 = ψ̄(S2). These recursions imply that

∂θU0(0)
∣∣
θ=0 = Eψ̄(S2),

1
2

∂2
θU0(0)

∣∣
θ=0 =

2

∑
j=0

mj

2
(
EM2

j+1 − EM2
j
)
.
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The first expression is ∑i Eψ(S2,i). Its Taylor coefficients in ε are polynomials in the
diagonal entries (Σ≤2)ii without constant term. These polynomial identities hold for
all symmetric triples, and the coefficients vanish under the diagonal condition, which
proves that c1 = c2 = c4 = 0. For the second, we have Mj+1 = (Hψ̄)(Sj), where H is
the heat average over the Gaussian vector Xj+1 + · · ·+ X2, with covariance ε(Σ≤2 − Σ≤j).
We write ψ = ψ2 + · · ·+ ψ6 + ψ>6, with ψp(y) = ψ(p)(0)yp/p! and |ψ>6(y)| ≤ C|y|7. All
the Gaussian vectors involved have covariances of order ε. The part of Mj+1 coming
from ψp with p ≤ 6 is a polynomial in Sj of the parity of p, and it is O(εp/2) in every
Lq; the part coming from ψ>6 is O(ε7/2). A product of the parts coming from ψp and
ψp′ has expectation O(ε(p+p′)/2), with p = 7 for ψ>6, and this expectation vanishes if
p, p′ ≤ 6 and p + p′ is odd. The terms of order ε2 and ε3 of EM2

j+1 come from the
three products that we now compute. Let Ω = εΣ≤j, and let Ω′ = ε(Σ≤2 − Σ≤j), so that
Ωii + Ω′

ii = ε(Σ≤2)ii. The Gaussian moments in the following three computations are
evaluated by the Wick–Isserlis pairing formula [61].

• For ψ2, we have Mj+1 = χ
2 |Sj|2 + const and Var|Sj|2 = 2∥Ω∥2

F. The means EMj do

not depend on j, and EM2
j+1 − EM2

j = χ2ε2

2

(
∥Σ≤j∥2

F − ∥Σ≤j−1∥2
F
)
. This gives c3 and

proves (7.23).
• For ψ3, we have Hψ3(yi) =

w
6 (y

3
i + 3Ω′

iiyi). Using ESiSl = Ωil, ES3
i Sl = 3ΩiiΩil and

ES3
i S3

l = 6Ω3
il + 9ΩiiΩllΩil for S = Sj, we find

EM2
j+1 = w2 ∑

i,l

{Ω3
il

6
+

Ωil(Ωii + Ω′
ii)(Ωll + Ω′

ll)

4

}
. (7.25)

Under the diagonal condition the second term vanishes, and EM2
j+1 = w2ε3

6 cub(Σ≤j).
Also M0 = 0, because ψ3 is odd. This gives c6.

• For the product of ψ2 and ψ4, the means of the two parts of Mj do not depend on j,
and by the Wick formula,

Cov
(

M(2)
j+1, M(4)

j+1

)
=

χψ(4)(0)
4 ∑

i,l
Ω2

il(Ωll + Ω′
ll),

where M(p)
j+1 is the part of Mj+1 coming from ψp. Under the diagonal condition this

vanishes, and c5 = 0.

Step 3: the term cubic in ψ. It remains to compute c7, and we may take ψ(y) = χy2/2.
For positive semidefinite covariances and sufficiently small positive ε, the logarithmic
determinant below is the Gaussian quadratic-exponential integral, obtained by diagonal-
izing and applying [107, (A.11)] in each coordinate. We derive its formal extension by
computing with the steps directly, for symmetric Σ0, Σ1, Σ2. Let Σ and H be symmetric,
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c ∈ R, and m ∈ (0, 1]. For a quadratic function F = c(ε) + 1
2y · H(ε)y, we have Σ : D2F =

tr(ΣH(ε)) and ∇F ·Σ∇F = y · H(ε)ΣH(ε)y. The equation ∂εF = 1
2(Σ : D2F+m∇F ·Σ∇F)

with F = c + 1
2y · Hy at ε = 0 reduces to c′ = 1

2 tr(ΣH(ε)) and H′ = mH(ε)ΣH(ε).
Differentiating, we find that the power series H(ε) = H(Id − εmΣH)−1 and c(ε) =

c − (2m)−1 log det(Id − εmΣH) solve these equations. By the uniqueness of the formal
solution,

T̂m,εΣ

(
c + 1

2y · Hy
)
= c − 1

2m
log det

(
Id − εmΣH

)
+ 1

2y · H(Id − εmΣH)−1y,

where the right side is expanded in powers of ε. By the substitution rule for formal
series, the same holds when c and H are themselves formal power series in ε. Starting
from H3 = χId, the three steps produce the matrices H2 = χ(Id − εm2χΣ2)

−1 and
H1 = H2(Id − εm1Σ1H2)

−1 = χId + εχ2Υ1 + ε2χ3Υ2 + O(ε3), and the value at y = 0 is

−
2

∑
j=0

1
2mj

log det
(
Id − εmjΣjHj+1

)
=

2

∑
j=0

∑
p≥1

εpmp−1
j

2p
tr
(
(ΣjHj+1)

p).
Collecting the terms of order ε3, we obtain χ3Q. For example, for j = 1 the terms with

p = 1, 2, and 3 contribute m2
2

2 tr(Σ1Σ2
2),

m1m2
2 tr(Σ2

1Σ2) and m2
1

6 tr Σ3
1, respectively. The terms

of order ε and ε2 are χ
2 tr Σ≤2, which vanishes under the diagonal condition, and (7.23).

This completes the proof.

In Lemma 7.8 we take ε = h, Σj = bΛj and (m0, m1, m2) = (a/3, a/2, a). With these
masses Υ1 = a(Σ2 + Σ1/2) and Υ2 = a2(Σ2 + Σ1/2)2. We define the trace polynomial

Cχ(k) =
tr Λ3

2
6

+
tr(Λ1Λ2

2)

2
+

tr(Λ2
1Λ2)

4
+

tr Λ3
1

24

+
tr
(
Λ0(Λ2 +

1
2 Λ1)

2)
2

+
tr
(
Λ2

0(Λ2 +
1
2 Λ1)

)
6

+
tr Λ3

0
54

,

(7.26)

the Wick polynomial

Cw(k) =
1

12

{cub(Λ0)

3
+

cub(Λ0 + Λ1)− cub(Λ0)

2

+ cub(Λ0 + Λ1 + Λ2)− cub(Λ0 + Λ1)
}

,
(7.27)

and

Nf
ϑ(k) =

1
3
∥Λ0∥2

F +
1
2
(
∥Λ0 + Λ1∥2

F − ∥Λ0∥2
F
)
+ ∥Λ0 + Λ1 + Λ2∥2

F − ∥Λ0 + Λ1∥2
F.

These are polynomials in k whose coefficients are rational functions of ϑ, and they are
even in k by Lemma 7.1(d).
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Proposition 7.9 (The constant-mass part). Let a = α(q0), χ0 = χ(q0, z), and w0 = w(q0, z).
The constant-mass parts of [V]0, . . . , [V]3 are

0, 0,
b2χ2

0
4

a Nϑ(k), a2b3χ3
0 Cχ(k) + ab3w2

0 Cw(k),

respectively. Moreover, Cχ(0) = Cw(0) = 0, and Nf
ϑ = Nϑ.

Proof. Let u0 = u(q0, z) and, for y ∈ R3, write φ(ze + y) = 3Φ(q0, z) + u0 e · y + ψ̄(y),
where ψ̄(y) = ∑i ψ(yi) with ψ(y) = Φ(q0, z+ y)−Φ(q0, z)− u0y. Then ψ(0) = ψ′(0) = 0,
ψ′′(0) = χ0 and ψ′′′(0) = w0. We use Lemma 7.6(e) for each of the three formal steps
in (7.22), from the inside out. Formal steps commute with translations, because their
coefficients do not depend on z, and the translations produced by the inner steps pass
through the outer ones. The total translation is hbau0(

1
3 Λ0 +

1
2 Λ1 + Λ2)e, and the total

added constant is 1
2 hbau2

0 e · (1
3 Λ0 +

1
2 Λ1 + Λ2)e. Both vanish by (7.21), which implies

that the value of (7.22) at ze is 3Φ(q0, z) plus the value E(h) at y = 0 of the three formal
steps applied to ψ̄. By (7.21), Lemma 7.8 applies to Σj = bΛj, and it gives [E]0 = [E]1 = 0,

[E]2 =
b2χ2

0
4 aNf

ϑ(k) and [E]3 = a2b3χ3
0Cχ(k)+ ab3w2

0Cw(k). The same holds for the baseline,
with the values at k = 0. By Lemma 7.7, the constant-mass part of [V]n is the difference
between these expressions and their values at k = 0.

At k = 0 these values vanish. Indeed, at k = 0 the composition (7.22) equals φ on the
diagonal, for every smooth function Φ0 in place of Φ(q0, ·) in the definition of φ. To see
this, note that Λ2 = diag(−1,−1 − ϑ,−1 − ϑ) at k = 0, and by Lemma 7.6(d) the inner
step maps φ to ψv(zv) + ψx(zx) + ψx(zy), with ψv = T̂a,−bhΦ0 and ψx = T̂a,−bh(1+ϑ)Φ0.
The covariance of the shared step is a multiple of (ex + ey)(ex + ey)T, and its recursion
(7.18) involves only derivatives in the direction ex + ey; on the set {zx = zy}, it is the
one-dimensional recursion with variance bhϑ and mass a/2 applied to 2ψx, which gives
2T̂a,bhϑψx = 2T̂a,−bhΦ0 by Lemma 7.6(b) and (c). Similarly, the common step acts on
the diagonal as the one-dimensional step with variance bh and mass a/3 applied to
ψv + 2T̂a,−bhΦ0 = 3T̂a,−bhΦ0, which gives 3Φ0. The identity holds for every smooth
Φ0 with bounded derivatives of positive order, so that the coefficients χ0 and w0 in
the expansion above can be prescribed arbitrarily. We conclude that Nf

ϑ(0) = Cχ(0) =
Cw(0) = 0. These values can also be checked directly from the matrices at k = 0. For
instance, ∥Λ0∥2

F = 9, ∥Λ0 + Λ1∥2
F = 5 + 4(1 + ϑ)2 and ∥Λ0 + Λ1 + Λ2∥2

F = 4 + 2(1 + ϑ)2

at k = 0, which give Nf
ϑ(0) = 3 + 2(1 + ϑ)2 − 2 − 1 − 2(1 + ϑ)2 = 0, and the same

computation with cubes in place of squares gives Cw(0) = 0. This proves the first claim.
It remains to show that Nf

ϑ = Nϑ. Integrating in τ in (7.15) with i = 0, we have

5

∑
j=1

2κj

nj

∫ 1

0
(Q̃j−1 + κjτBj) : Bj dτ =

5

∑
j=1

1
nj

(
∥Q̃j∥2

F − ∥Q̃j−1∥2
F
)
.
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Here n3 = n4 = n5 = 1, Q̃1 = Λ0, Q̃2 = Λ0 + Λ1 and Q̃5 = Λ0 + Λ1 + Λ2 + τTId. The
right side is Nf

ϑ(k) with Λ2 replaced by Λ2 + τTId, and the same holds for the baseline
rates. We have ∥U + τTId∥2

F − ∥U∥2
F = 2τT tr U + 3τ2

T and tr(Λ0 + Λ1 + Λ2) = 0 for both
paths. The replacement adds 3τ2

T to both expressions and does not change their difference.
We conclude that Nϑ(k) = Nf

ϑ(k)− Nf
ϑ(0) = Nf

ϑ(k).

The coefficient table

Substituting the matrices (7.20) into (7.26) and (7.27) gives

k2 k4 k6

Cχ(k)
2(ϑ − 1)(ϑ2 + 2)

(ϑ − 2)2
12ϑ3 + 6ϑ2 + ϑ + 8

3(ϑ − 2)4
(3ϑ + 4)(9ϑ2 + 15ϑ + 10)

27(ϑ − 2)6

Cw(k) − (ϑ − 1)(ϑ2 − ϑ + 2)
(ϑ − 2)2 −3ϑ3 + ϑ2 + ϑ + 4

2(ϑ − 2)4 0

(7.28)

These are the coefficients of k2, k4 and k6; the constant terms vanish by Proposition 7.9,
and the odd terms vanish because the polynomials are even. The identities can be
checked by hand from the explicit matrices, for instance by multiplying by (ϑ − 2)6 and
comparing the coefficients of ϑikj. For ϑ = 1/2, the individual traces and cubic sums are

tr Λ3
2 = −64

27 k6 − 32
3 k4 − 44

3 k2 − 31
4 ,

tr(Λ1Λ2
2) =

64
81 k6 + 8

9 k4 − 11
9 k2 + 9

4 ,

tr(Λ2
1Λ2) = − 64

243 k6 − 40
81 k4 − 4

9 k2 − 3
2 ,

tr Λ3
1 = 64

729 k6 + 16
27 k4 + 4

3 k2 + 1,

tr
(
Λ0(Λ2 +

1
2 Λ1)

2) = 800
729 k6 + 488

81 k4 + 22
3 k2 + 3,

tr
(
Λ2

0(Λ2 +
1
2 Λ1)

)
= −640

729 k6 − 464
81 k4 − 12k2 − 9,

tr Λ3
0 = 512

729 k6 + 64
9 k4 + 24k2 + 27,

and
cub(Λ0) =

64
9 k4 + 16k2 + 9, cub(Λ0 + Λ1) =

88
9 k4 + 28

3 k2 + 37
2 ,

cub(Λ0 + Λ1 + Λ2) = 12k2 + 43
4 .

Inserting these values into (7.26) and (7.27), we obtain

Cχ(k) = −k2 +
184
243

k4 +
6952

19683
k6, Cw(k) =

7
18

k2 − 41
81

k4 (ϑ = 1/2). (7.29)

We also checked (7.28), (7.29) and the values of Nϑ in (7.16) with computer algebra.
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7.4 The varying profile

We now compute the part of the Taylor coefficients of V that involves α′(q0) and α′′(q0).

We show that it is exactly the corresponding part of b2χ(q0,z)2

4 ∆Π. Together with Proposi-
tion 7.9, this gives the pointwise expansion of Proposition 7.12.

The linear part of the terminal function now has a coefficient that changes along the
window. We remove it with the following form of (7.19).

Lemma 7.10 (Affine shift along a flow). Let (Bj, λj, mj)j≤N be a stage datum as in Def-
inition 6.1, with continuous masses, let u ∈ R and e′ ∈ Rℓ, and let f ∈ C∞ satisfy
2ℓb∥D2 f ∥∞ ∑j λj|Bj| ≤ 1. Let Ff and F be the flows with terminal functions f and u e′ · z + f .
For τ′ ∈ (j − 1, j), write λ(τ′) = λj, B(τ′) = Bj and m(τ′) = mj(τ

′ − j + 1), and set

s(τ) = ub
∫ N

τ
λmB e′ dτ′, c̄(τ) =

u2b
2

∫ N

τ
λm e′ · Be′ dτ′.

Then F(τ, z) = u e′ · z + c̄(τ) + Ff
(
τ, z + s(τ)

)
for 0 ≤ τ ≤ N.

Proof. Let F̃ be the right side. By Lemma 6.2(d), Ff is of class C1,2 on each closed stage,
with bounded first and second spatial derivatives, and solves (6.1); the same properties
hold for F̃, since s and c̄ are continuous and continuously differentiable on each closed
stage. On a stage, with Ff and its derivatives evaluated at (τ, z + s(τ)),

−∂τ F̃ =
u2bλm

2
e′ · Be′ − ∂τFf + ubλm Be′ · ∇Ff .

Since ∇F̃ = ue′ +∇Ff and D2F̃ = D2Ff , we have

bλ

2
{

B : D2F̃ + m∇F̃ · B∇F̃
}
=

bλ

2
{

B : D2Ff + m∇Ff · B∇Ff
}

+
bλm

2
(
u2 e′ · Be′ + 2u e′ · B∇Ff

)
,

which equals −∂τ F̃. We have F̃(N) = F(N), and the terminal function u e′ · z + f has the
same Hessian as f . The uniqueness statement of Lemma 6.2(d) implies that F̃ = F.

At τ = 0 and for constant masses, this is (7.19), applied to each step.

Lemma 7.11 (Contribution of the variation of α). Fix q0 ∈ K, k with |k| ≤ k0, and z ∈ R,
and write χ0 = χ(q0, z). For n ≤ 3, the difference between [V]n and its constant-mass part

equals the difference between b2χ2
0

4 [∆Π]n and its constant-mass part. In other words, it vanishes

for n ≤ 2, and for n = 3 it equals b2χ2
0

4 α′(q0)N(1)
ϑ (k).
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Proof. The proof has four steps. We remove the linear part of the terminal function by
Lemma 7.10, we show that the resulting translations can be replaced by a common one,
we list the places where α′(q0) and α′′(q0) enter, and we compute the only term that
survives. Throughout, statements such as “X = O(hp)” mean that [X]n = 0 for n < p,
and α is regarded as a smooth function on K′ whose derivatives at q0 are free variables,
as in the recursion (7.17).

Step 1: removal of the linear part. Let u0 = u(q0, z), and write the terminal function as
∑i Φ(T, zi) = u0 e · z + ψ̄h(z). The function ψ̄h has bounded derivatives of every positive
order and ∥D2ψ̄h∥∞ ≤ 1. By (7.7), Lemma 7.10 applies to the stage datum of (7.9), with
e′ = e. At τ = 0, it gives

B(q0, h, k, z) = u0 e · z + c̄ + B̃(z + s),

s = bu0

5

∑
j=1

1
nj

(∫
Ij

α
)

Bje, c̄ =
bu2

0
2

5

∑
j=1

1
nj

(∫
Ij

α
)

e · Bje,

where B̃ = Fψ̄h
(0, ·) is the output of the flow with terminal function ψ̄h, and where we

used that hκj
∫ 1

0 mj = n−1
j

∫
Ij

α. The same holds for the baseline with B̃◦, s◦ and c̄◦. By
Lemma 7.1(a), c̄ = c̄◦. Computing the vectors Bje and B◦

j e as in the proof of Lemma 7.1(c),
we find

s◦ = se, s = bu0

∫ T

q0

α, s − s◦ = bu0kζ (ex − ey),

ζ = ω0 J0 + (ω1 − ω0)J1 + (ω1 − 2ω0)J2,

where J0 =
∫ r

q0
α, J1 =

∫ q
r α and J2 =

∫ q0+2h
q α. Subtracting the two representations at ze

and using B◦(ze) = 3Φ(q0, z), we obtain

V(q0, h, k, z) = B̃
(
(z + s)e + bu0kζ(ex − ey)

)
− B̃◦((z + s)e

)
. (7.30)

Step 2: a common translation. If α were constant on the window, then ζ would
vanish, since ω0 + ϑ(ω1 − ω0) + (1 − ϑ)(ω1 − 2ω0) = ω1 − (1 − ϑ)ω0 = 0. Since
α is Lipschitz on K′, we have |ζ| ≤ Ch2, so that ζ = O(h2). Next, the function
∆xy(h, z′) = (ex − ey) · ∇B̃(z′e) satisfies ∆xy = O(h2) for every z′ ∈ R. Indeed, at
h = 0 it equals ∂zΦ(q0, z′)− ∂zΦ(q0, z′) = 0. Its coefficient of order one is the difference
between the x and y components of the gradient of

[
ψ̄h
]

1 +
b
2 ∑

j
κj

{
Bj : D2ψ̄0 +

a
nj
∇ψ̄0 · Bj∇ψ̄0

}
at z′e, where ψ̄0 = ψ̄h|h=0 = φ − u0 e · z and [ψ̄h]1 is separable and symmetric in the
coordinates. At z′e, the gradient of Bj : D2ψ̄0 has entries (Bj)iiw(q0, z′), and the gradient
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of ∇ψ̄0 · Bj∇ψ̄0 is 2χ(q0, z′)γ Bje with γ = u(q0, z′)− u0. These differences vanish after
summation, by Lemma 7.1(b) and (c). This proves that ∆xy = O(h2). Expanding B̃ in
the shift bu0kζ(ex − ey) = O(h2), we find that the first-order and second-order terms are
O(h4), so that

[V]n =
[
∆B̃(z + s)

]
n (n ≤ 3), ∆B̃(z′) = B̃(z′e)− B̃◦(z′e).

For every z′, the function ∆B̃(z′) is O(h2), with all its derivatives in z′: its coefficients
of order zero and one vanish by the computation in the proof of Lemma 7.4(ii), with φ

replaced by ψ̄0. Since s = O(h), we obtain [V]n = [∆B̃(z) + s (∆B̃)′(z)]n for n ≤ 3.

Step 3: where α′(q0) and α′′(q0) enter. In [∆B̃(z) + s (∆B̃)′(z)]n, n ≤ 3, these quantities
enter through s, through the terminal function ψ̄h, and through the masses.

• The part of s that involves them is bu0
∫ T

q0
(α(t) − a)dt = O(h2), and the part of

(∆B̃)′(z) that involves them is O(h3) by the two items below. Since (∆B̃)′(z) = O(h2)

and s = O(h), neither part contributes to [s (∆B̃)′(z)]n for n ≤ 3.
• In ψ̄h, the time derivatives of Φ at q0 involve α′(q0) only from the second derivative

on, and the part of ψ̄h that involves α′(q0) or α′′(q0) is O(h2). It is separable and
symmetric in the coordinates. The first-order change of ∆B̃ under a change δψ̄ of the
terminal function of this kind is O(h2)δψ̄: its coefficients of order zero and one vanish
by the computation of Step 2, because D2δψ̄ is a multiple of Id and ∇δψ̄ is a multiple
of e on the diagonal. This part contributes O(h4).

• A mass enters (7.17) only through the gradient term. Each insertion carries a factor h,
and the coefficient [mj]l of the mass carries the factor hl and the factor α(l)(q0). A term
that contains [mj]l with l ≥ 1 and only one insertion contains the factor ∇ψ̄h · Bj∇ψ̄h
at ze, because the stages without insertion act as the identity. Since ∇ψ̄0(ze) = 0, we
have ∇ψ̄h(ze) = O(h), so such a term is O(h3+l) and does not contribute for n ≤ 3. A
term with [mj]2 and two insertions is O(h4). The only remaining terms that involve
α′(q0) contain [mj]1 and exactly two insertions, and they are of order h3; in them,
everything else is evaluated at h = 0: the terminal function is ψ̄0, the point is ze, and
the other insertion has the mass a/ni.

We note that α′′(q0) does not enter [V]n for n ≤ 3.

Step 4: the two-insertion term. We use the variable τ ∈ [0, 5] of (7.9), and we write
Σ′(τ) = bhκjBj and m(τ) = mj(τ − j + 1) for τ ∈ (j − 1, j). Two insertions at τ2 < τ1

correspond to an outer insertion at τ2 and an inner insertion at τ1. Since ∇ψ̄0(ze) = 0
and D2ψ̄0(ze) = χ0Id, the only term of (7.17) with two insertions that depends on the
masses is the heat term of the outer insertion acting on the gradient term of the inner
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one:
1
2

∫ 5

0

∫ 5

τ2

Σ′(τ2) : D2
(m(τ1)

2
∇ψ̄0 · Σ′(τ1)∇ψ̄0

)
(ze)dτ1 dτ2

=
χ2

0
2

∫ 5

0

∫ 5

τ2

m(τ1)Σ′(τ1) : Σ′(τ2)dτ1 dτ2.

Here we used that D2(∇ψ̄0 · Σ′∇ψ̄0) = 2D2ψ̄0Σ′D2ψ̄0 at ze. The terms in which the outer
insertion is a gradient term contain the factor ∇ψ̄0(ze) = 0, and the terms in which
both insertions are heat terms do not depend on the masses. Let Σacc(τ) =

∫ τ
0 Σ′ be

the covariance accumulated from the outer end of the window. Then the right side

equals χ2
0

2

∫ 5
0 m(τ)Σ′(τ) : Σacc(τ)dτ =

χ2
0

4

∫ 5
0 m(τ) ∂τ∥Σacc(τ)∥2

F dτ, which is χ2
0

4 times the
squared-norm integral of the window path ((6.6) with Q⋆ = 0); this is (7.23) for a
continuous profile. By (7.13), its part linear in the coefficients [mj]1, for the perturbed

window minus the baseline window, is b2χ2
0

4 times the part of [∆Π]3 that involves α′(q0).

By (7.15), this part is α′(q0)N(1)
ϑ (k). Finally, the part of [∆Π]n that involves α′(q0) or

α′′(q0) vanishes for n ≤ 2, which completes the proof.

Proposition 7.12 (Pointwise expansion of the boundary perturbation). For q0 ∈ K, 0 ≤
h ≤ h0 and |k| ≤ k0, write a = α(q0), χ0(z) = χ(q0, z) and w0(z) = w(q0, z). Then

V(q0, h, k, z) =
b2χ0(z)2

4
∆Π(q0, h, k)

+ h3
{

a2b3χ0(z)3Cχ(k) + ab3w0(z)2Cw(k)
}
+R(q0, h, k, z),

(7.31)

where |∂j
zR(q0, h, k, z)| ≤ Ch4k2 for j ≤ 2 and all z.

The penalty ∆Π in (7.31) is the exact change of the mass-weighted squared-norm
integral of the path, with the Parisi distribution function α; it is not replaced by its Taylor
polynomial. By the expansion of ∆Π in Section 7.2, it contains the term α′(q0)h3N(1)

ϑ (k).
The function V itself depends on α′(q0) at order h3. This dependence disappears only
after the expectation is taken in Proposition 7.13.

Proof. Let R be defined by (7.31). Using Proposition 7.9 and Lemma 7.11, together
with the expansion [∆Π]2 = aNϑ(k), [∆Π]3 = α′(q0)N(1)

ϑ (k) of Section 7.2, we find that
[R]n = 0 for n ≤ 3, for every k and z. By Lemma 7.4(ii) and (iv), the functions ∂

γh
h ∂

γk
k ∂

j
zR

are bounded for γh ≤ 4, γk ≤ 2 and j ≤ 2; for the second and third terms of (7.31) this
follows from the bounds on χ and w in Lemma 5.1. Moreover, R vanishes at k = 0 and
is even in k, because V, ∆Π, Cχ and Cw have these properties. Fix j ≤ 2 and z. The
Taylor coefficients of ∂

γk
k ∂

j
zR of order at most three in h vanish, and Taylor’s formula

implies that |∂γk
k ∂

j
zR| ≤ Ch4 for γk ≤ 2. Since ∂

j
zR and ∂k∂

j
zR vanish at k = 0, we have

∂
j
zR(k) =

∫ k
0 (k − k′) ∂2

k∂
j
zR(k′)dk′, which implies that |∂j

zR| ≤ Ch4k2.
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The identity [R]n = 0 for n ≤ 3 can also be checked by expanding the five stages of
the perturbed path directly, with the derivatives of Φ at (q0, z), the values α(q0), α′(q0),
α′′(q0), and k as variables; we did so with computer algebra for several rational values of
ϑ.

7.5 The expansion of the trial value

We now take the expectation of (7.31) along the scalar diffusion. Here we use the two
stationarity identities. Let

M(t) = α(t)2β6Eχ(t, Yt)
3, (7.32)

which is positive on (0, qβ) and infinitely differentiable there by Lemma 5.3. We define
the even polynomial

Pϑ(k) = Cχ(k) + 2Cw(k) = c2(ϑ)k2 + c4(ϑ)k4 + c6(ϑ)k6.

By (7.28), its coefficients are

c2(ϑ) =
2ϑ(ϑ − 1)
(ϑ − 2)2 , c4(ϑ) =

(ϑ − 1)(3ϑ2 + 6ϑ + 4)
3(ϑ − 2)4 ,

c6(ϑ) =
(3ϑ + 4)(9ϑ2 + 15ϑ + 10)

27(ϑ − 2)6 .
(7.33)

For ϑ ∈ (0, 1) we have c2 < 0, c4 < 0 and c6 > 0. For ϑ = 1/2, by (7.29),

P1/2(k) = −2
9

k2 − 62
243

k4 +
6952
19683

k6. (7.34)

The polynomial −2
9 k2 − 62

243 k4 + 6952
19683 k6 is the sum of the trace polynomial (7.26) and twice

the Wick polynomial (7.27) at ϑ = 1/2; by Proposition 7.13, it is the coefficient of M(q0)h3

in the expansion of T (q0, h, k)− 3Pβ.

Proposition 7.13 (Local three-replica expansion). Let ϑ ∈ (0, 1/2], k0 > 0, and let K ⊂
(0, qβ) be a compact interval. There exist h0 > 0 and C < ∞, depending only on β, ϑ, k0 and K,
such that for all q0 ∈ K, 0 ≤ h ≤ h0 and |k| ≤ k0, the trial value T (q0, h, k) of (7.8) is an upper
bound for p3,n(D(r, q, δ)) whenever this matrix is feasible, and∣∣∣T (q0, h, k)− 3Pβ − M(q0)h3Pϑ(k)

∣∣∣ ≤ Ch4k2, (7.35)

with r, q, δ as in (7.1). The same bound holds with M(q0) replaced by M(q0 + h) = M(r).

The constants are uniform in the left endpoint q0 ∈ K, in h ≤ h0 and in |k| ≤ k0;
they are not uniform as ϑ ↓ 0. In terms of d = ϑh and δ = hk, the remainder is
Ch4k2 = Cδ2d2/ϑ2.
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Proof. Let h0 be as in Lemma 7.4. The first claim is Lemma 7.3(a). Using Corollary 7.5
and Proposition 7.12, we obtain

T (q0, h, k)− 3Pβ =
b
4
(
b Eχ(q0, Yq0)

2 − 1
)
∆Π

+ h3
{

a2b3 Eχ(q0, Yq0)
3Cχ(k) + ab3 Ew(q0, Yq0)

2Cw(k)
}

+ ER+ Ein,

with a = α(q0). Since q0 ∈ (0, qβ), the stationarity identities (5.15) hold at t = q0: we
have b Eχ(q0, Yq0)

2 = 1 and Ew(q0, Yq0)
2 = 2a Eχ(q0, Yq0)

3. The first identity cancels
the penalty term exactly, and the second turns the braces into a2b3Eχ(q0, Yq0)

3(Cχ(k) +
2Cw(k)

)
, so that the second term is M(q0)h3Pϑ(k). Finally, |ER| ≤ Ch4k2 by Proposi-

tion 7.12, and |Ein| ≤ Ch4k4 ≤ Ck2
0h4k2 by Corollary 7.5. This proves (7.35).

For the last claim, recall that M is continuously differentiable on K′. We have |M(q0 +

h) − M(q0)| ≤ Ch and |Pϑ(k)| ≤ Ck2 for |k| ≤ k0, and replacing M(q0) by M(q0 + h)
changes the left side of (7.35) by at most Ch4k2.

7.6 A uniform cubic deficit on a band

We now express the expansion in the variables d = q − r and δ, and we bound the
trial value on a band where both are comparable to a small scale ρ. With h = d/ϑ and
k = ϑδ/d, we have −h3Pϑ(k) = Gϑ(d, |δ|), where

Gϑ(d, x) = − c2

ϑ
x2d − ϑc4

x4

d
− ϑ3c6

x6

d3 (d, x > 0), (7.36)

and cj = cj(ϑ). Note that −c2/ϑ = 2(1 − ϑ)/(2 − ϑ)2 > 0. For E > 0 we set

G(ϑ, E) = − c2

ϑ
− ϑc4E2 − ϑ3c6E4, µ1 = − c2

ϑ
+ ϑc4(2E)2, µ2 = − c2

ϑ
− 3ϑ3c6(2E)4,

so that Gϑ(ρ, Eρ) = E2G(ϑ, E)ρ3. Since c4 < 0 < c6, we have G(ϑ, E) ≥ µ2.

Lemma 7.14 (Monotonicity on the band). Let ϑ ∈ (0, 1/2] and E > 0 satisfy

− c2(ϑ)

ϑ
+ ϑc4(ϑ)(2E)2 > 0, − c2(ϑ)

ϑ
− 3ϑ3c6(ϑ)(2E)4 > 0, (7.37)

that is, µ1 > 0 and µ2 > 0. Let 0 ≤ σ < min{µ1, µ2} and ρ > 0. Then the function
(d, x) 7→ Gϑ(d, x)− σx2d is increasing in each variable on the band {d ≥ ρ, Eρ ≤ x ≤ 2Eρ},
and its minimum over the band is E2(G(ϑ, E)− σ)ρ3, attained at (ρ, Eρ).

Proof. Differentiating (7.36), we obtain

∂dGϑ

x2 = − c2

ϑ
+ ϑc4

(x
d

)2
+ 3ϑ3c6

(x
d

)4
,

∂xGϑ

2xd
= − c2

ϑ
− 2ϑc4

(x
d

)2
− 3ϑ3c6

(x
d

)4
.



7 A three-replica covariance perturbation 7.6 A uniform cubic deficit on a band 144

On the band, 0 < x/d ≤ 2Eρ/ρ = 2E. Since c4 < 0 < c6, the first expression is at least
µ1 and the second is at least µ2. Subtracting σx2d subtracts σ from both normalized
derivatives, and the partial derivatives of Gϑ − σx2d in d and x are at least (µ1 − σ)x2 > 0
and 2(µ2 − σ)xd > 0. The band is the product [ρ, ∞)× [Eρ, 2Eρ], and so the minimum
is attained at the corner (ρ, Eρ), where the value is Gϑ(ρ, Eρ)− σE2ρ3 = E2(G(ϑ, E)−
σ)ρ3.

The lemma bounds Gϑ − σx2d below by its value at one corner of the band. It does
not say that G(ϑ, E) multiplies x2d throughout the band.

Proposition 7.15 (A uniform cubic deficit). Let I ⊂ (0, qβ) be a nonempty compact interval,
and let mβ > 0 satisfy mβ ≤ infr∈I M(r), for instance the constant of Corollary 5.5 for an
interval Iβ ⊃ I. Let ϑ ∈ (0, 1/2] and E > 0 satisfy (7.37), and let 0 < σ < min{µ1, µ2}. There
exists d0 > 0, depending only on β, I, ϑ, E and σ, such that the following holds. Let 0 < ρ ≤ d0,
and let r ∈ I, d and δ satisfy

ρ ≤ d ≤ d0, Eρ ≤ |δ| ≤ 2Eρ.

Set h = d/ϑ, q0 = r − h and k = ϑδ/d. Then T = T (q0, h, k) is an upper bound for
p3,n(D(r, r + d, δ)) whenever this matrix is feasible, and

T ≤ 3Pβ − mβ

{
Gϑ(d, |δ|)− σδ2d

}
≤ 3Pβ − mβE2(G(ϑ, E)− σ

)
ρ3.

In particular, if 0 < σ̄ < G(ϑ, E) and σ = min{σ̄, µ1, µ2}/2, then

T ≤ 3Pβ − mβE2{G(ϑ, E)− σ̄
}

ρ3. (7.38)

The parameters are chosen in the order of Table 7.3, all before ρ, and before n in the
later sections. The deficit (7.38) is uniform over the band, but it is a bound by the value at
the corner of the band; at other points of the band the deficit mβ{Gϑ(d, |δ|)− σδ2d} may
be much larger. A fixed d = d0 does not make the remainder of (7.35) small compared
with δ2d; it is the choice of d0 in the proof that makes it so.

Proof. We first fix the constants, and then combine Proposition 7.13 with Lemma 7.14.

Step 1: constants. Let k0 = 2ϑE and K = [1
2 min I, max I], a compact subinterval of

(0, qβ). Let h0 and C be the constants of Proposition 7.13 for ϑ, k0 and K. By Lemma 5.3,
the function M is continuous and positive on the compact interval I, and we set

MI = min
r∈I

M(r) > 0, d0 = min
{

ϑh0,
ϑ

2
min I,

MIσϑ2

C

}
.

These constants depend only on β, I, ϑ, E and σ.
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Parameter Chosen in terms of Purpose

I, mβ fixed first centers; scalar factor M ≥ mβ on I
ϑ, E (7.37) geometry of the band
k0 = 2ϑE, K ϑ, E, I range of k and of q0

h0, C β, ϑ, k0, K Proposition 7.13
σ (or σ̄) µ1, µ2 (and G(ϑ, E)) slack in Lemma 7.14
d0 h0, C, MI , σ, I h ≤ h0, q0 ∈ K, absorption of the remainder
ρ 0 < ρ ≤ d0 scale of the band

Table 7.3. Order of the choices in Proposition 7.15.

Step 2: the expansion. Let ρ, r, d, δ be as in the statement. Then h = d/ϑ ≤ h0, q0 =

r − h ≥ min I − 1
2 min I, so that q0 ∈ K, and |k| = ϑ|δ|/d ≤ 2ϑEρ/ρ = k0. With these

parameters, q0 + h = r, q0 + (1 + ϑ)h = r + d and hk = δ. The endpoint of the path is
D(r, r + d, δ), and the first claim is Proposition 7.13. By (7.35) with M(r),

T ≤ 3Pβ − M(r) Gϑ(d, |δ|) + C
ϑ2 δ2d2.

Since d ≤ d0 and r ∈ I, we have
C
ϑ2 δ2d2 ≤ MIσδ2d ≤ M(r)σδ2d.

By Lemma 7.14, the braces in the next display are at least E2(G(ϑ, E)− σ)ρ3, which is
positive because G(ϑ, E) ≥ µ2 > σ. Since M(r) ≥ mβ, we obtain

T ≤ 3Pβ − M(r)
{
Gϑ(d, |δ|)− σδ2d

}
≤ 3Pβ − mβ

{
Gϑ(d, |δ|)− σδ2d

}
,

and the lower bound on the braces gives the second inequality of the proposition. For
the last claim, σ ≤ σ̄/2 < σ̄.

An explicit admissible choice. Let ϑ = 1/2 and E = 1/100. By (7.34), −c2/ϑ = 4/9,
c4 = −62/243 and c6 = 6952/19683. These values satisfy −1 < c4 < 0 < c6 < 1, which
implies that

µ1 =
4
9
+ 2c4E2 >

4
9
− 2E2 > 0, µ2 =

4
9
− 6c6E4 >

4
9
− 6E4 > 0,

so (7.37) holds, and

G
(1

2
, E
)
=

4
9
+

31
243

E2 − 869
19683

E4 >
4
9
− E4

8
>

1
3

.

The exact values are µ1 = 269969/607500, µ2 = 18224999131/41006250000 and
G(1/2, 1/100) = 874825109131/1968300000000. This choice is used in Section 10. It
is compatible with every fixed β > 1: the constants of Proposition 7.13 depend on β, but
(7.37) does not.
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Scope of the local construction. Proposition 7.15 concerns only matrices with q − r ≤ d0.
For q − r > d0, Section 9 uses the quenched comparison with a fixed width of Lemma 9.5,
which does not require the regularity of α near q. The bound of Proposition 7.15 is a
bound on the quenched pressure. To bound the positive fractional moments for the
probability estimates, we use the separate interpolation of Section 8, which uses the trial
path of this section with the profile changed on [0, q0); by the remark after Lemma 7.3,
this change does not affect V or ∆Π.



section 8

Fractional moments of constrained partition functions

In this section we bound positive fractional moments of the partition function of three
configurations with prescribed overlaps. The main result is Lemma 8.7. It states that, for
every overlap matrix D in the local band of Section 7, the normalized fractional moment
(ns)−1 log EZ3,n(D)s of order s = Sρ is at most 3Pβ − gρ3, uniformly in n. In Section 9
we use this bound and Markov’s inequality to obtain a single disorder event on which
all these constrained partition functions are small. That event is the static input of the
dynamical argument in Sections 10 to 12.

We first explain why a fractional moment is needed. The cubic deficit of Section 7
bounds the quenched constrained pressure p3,n(D) = n−1E log Z3,n(D) by 3Pβ minus a
multiple of ρ3. Gaussian concentration turns a mean deficit of order ρ3 into a probability
bound exp(−cnρ6), and for ρ ≍ n−7/30 the exponent nρ6 ≍ n−2/5 tends to zero. With a
bound of the same order on the moment of order s ≍ ρ, we obtain instead the probability
bound exp(−cnsρ3) = exp(−cnρ4), and nρ4 ≍ n1/15. The proof has three ingredients.

1. Proposition 8.3 is a matrix interpolation bound for the moment of order s of a
constrained partition function. Its right side is the trial value of the quenched
comparison Proposition 4.19, which is [77, Proposition 2.3]. However, the comparison
path must have all its masses at least s, and the left side carries the correction
β2ℓ2s/(4n) produced by the Gaussian completion of Lemma 3.1.

2. The three-replica path of Section 7 has masses α/3 near the origin, and α(t) → 0 as
t → 0. We replace α by the profile max{α, 3s}. Its cost is O(s5) by the estimate of
Aronow and Lopatto recalled in Proposition 4.12, and Lemma 8.6 controls the effect
of this change on the local covariance perturbation, which starts at a time bounded
away from zero.

3. Lemma 8.7 combines these estimates with the uniform cubic deficit (7.38).

The fractional comparison and the local fractional bound are new relative to [77]. The
comparison adapts the quenched bound [77, Proposition 2.3], and the positive-moment
mechanism and the profile max{α, 3s} come from [8]; see Remark 8.4.

Section 8.1 defines Gaussian hierarchies whose outermost integration has positive
mass and computes their variance derivatives. Section 8.2 proves Proposition 8.3. Sec-
tions 8.3 and 8.4 treat the profile max{α, 3s}, and Section 8.5 proves Lemma 8.7.

147
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Standing notation. Throughout this section and the next, β > 1 is fixed, and α = αβ, µβ,
qβ, Φ, u, χ, Y and Γ are as in Section 4. Recall that Γ(t) = t for 0 ≤ t ≤ qβ and that α is
smooth on [0, qβ), by Corollary 4.8. We use the constrained partition functions Zℓ,n(D)

and pressures pℓ,n(D) of Definition 4.16, the matrices D2(q) and D(r, q, δ) of (4.16),
the integration steps Tm,Σ of Definition 4.1, and the admissible paths and trial values
TD(Q, m, λ) of Definitions 4.14 and 4.15. For real ℓ× ℓ matrices U, U′, not necessarily
symmetric, U : U′ = ∑a,a′ Uaa′U′

aa′ and ∥U∥2
F = U : U. For a feasible ℓ× ℓ matrix D and

0 < s ≤ 1, we define the normalized fractional moment

p(s)ℓ,n(D) =
1
ns

log EZℓ,n(D)s. (8.1)

By Jensen’s inequality, we have pℓ,n(D) ≤ p(s)ℓ,n(D), so an upper bound on p(s)ℓ,n(D) is
stronger than the same upper bound on pℓ,n(D). Throughout, s ∈ (0, 1] denotes the order
of a fractional moment; in Section 8.3 it is also the parameter of the profile max{α, 3s} of
Proposition 4.12.

8.1 Hierarchies with a positive outer mass

In the hierarchies of Proposition 4.18, the quenched randomness is integrated by an
ordinary expectation, which corresponds to mass zero. To control a fractional moment of
order s, we instead integrate it at mass s.

Definition 8.1 (Hierarchy with positive outer mass). Let S be a nonempty finite set, let
N ≥ 1, let s ∈ (0, 1], and let s ≤ m1 ≤ · · · ≤ mN ≤ 1. Let ω, g1, . . . , gN be independent
standard Gaussian vectors in finite-dimensional spaces, and for x ∈ S let U(x) =

U(x; ω, g1, . . . , gN) be affine in (ω, g1, . . . , gN). We set

ΨN = log ∑
x∈S

eU(x), Ψj−1 =
1

mj
log EjemjΨj (j = N, . . . , 1), Ψ−1 =

1
s

log EωesΨ0 ,

where Ej integrates gj and Eω integrates ω. Then Ψj is a function of (ω, g1, . . . , gj),
and the number Ψ−1 is the value of the hierarchy. The path law is the law of
(ω, g1, . . . , gN, x) under which ω has density es(Ψ0−Ψ−1) with respect to its Gaussian
law, given (ω, g1, . . . , gj−1) the vector gj has density emj(Ψj−Ψj−1), and given all Gaussian
variables the configuration x ∈ S has the Gibbs law proportional to eU(x). For 0 ≤ l ≤ N,
E
(2)
l is the expectation under the pair law of (x1, x2) sharing (ω, g1, . . . , gl), with condi-

tionally independent continuations. We set m0 = s, mN+1 = 1 and ∆ml = ml+1 − ml for
0 ≤ l ≤ N.

Note that the recursion normalizes the densities, and that all integrals are finite
since ΨN is Lipschitz in the Gaussian variables. As s → 0, the outermost step becomes
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Ψ−1 = EωΨ0, the quenched root of Proposition 4.18, where m0 = 0. The next lemma is
the analogue of Proposition 4.18, which is [77, Lemma 2.2]; the only change is that the
weights now sum to 1 − s.

Lemma 8.2 (Variance derivative). In the setting of Definition 8.1, suppose that a standard
Gaussian vector g, which is either gj for some 1 ≤ j ≤ N or a component of ω (in which case
j = 0), enters U only through an additive term

√
v g · e(x), where e is a fixed vector-valued

function on S . Then, with all other parameters fixed, for v > 0,

∂Ψ−1

∂v
=

1
2

(
E∥e(x)∥2 −

N

∑
l=j

∆ml E
(2)
l e(x1) · e(x2)

)
, (8.2)

where E is the expectation under the path law. The weights ∆m0, . . . , ∆mN are nonnegative and
sum to 1 − s.

Proof. We follow the proof of [77, Lemma 2.2] and write it out, because the outermost level
is now integrated at positive mass. The proof has three steps: a recursion for Hessians in
an auxiliary deterministic field, the variance derivative at level j, and a telescoping sum.

Step 1: the Hessian recursion. For a deterministic vector y, let Ψl(y) be the values of
the hierarchy when y · e(x) is added to U(x). For 0 ≤ l ≤ N, we write ēl = E[e(x) |
ω, g1, . . . , gl] under the path law, and let Hl be the Hessian of Ψl in y at y = 0. Note that
∇yΨN = ēN and that HN = Cov(e(x) | ω, g1, . . . , gN), the covariance under the Gibbs law.
For 1 ≤ l ≤ N, differentiating Ψl−1 = m−1

l log ElemlΨl once and twice, we obtain

∇yΨl−1 = ēl−1, Hl−1 = E[Hl | ω, g1, . . . , gl−1] + ml Cov(ēl | ω, g1, . . . , gl−1),

where for the first identity we used the tower property of conditional expectation. Taking
traces and expectations, we find

E tr HN = E∥e(x)∥2 − E∥ēN∥2, E tr Hl−1 = E tr Hl + ml
(
E∥ēl∥2 − E∥ēl−1∥2). (8.3)

Step 2: the derivative at level j. The vector g enters Ψj only through the shift y =
√

v g.
We use the heat equation ∂vE f (

√
v g) = 1

2E∆ f (
√

v g), valid for smooth f of moderate
growth. Applying it to f = emjΨj in the step that integrates level j, at mass mj (with
m0 = s for ω), we obtain

∂vΨj−1 =
1
2

E
[
tr Hj + mj∥ēj∥2 ∣∣ ω, g1, . . . , gj−1

]
,

which for j = 0 is to be read without conditioning. At the earlier levels, differentiating
m−1 log EemΨ in v gives the tilted expectation of ∂vΨ; this holds at every level, including
the outermost one at mass s. Iterating, we conclude that

2 ∂vΨ−1 = E tr Hj + mjE∥ēj∥2. (8.4)
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Step 3: telescoping. Inserting (8.3) for l = N, . . . , j + 1 into (8.4), we have

2 ∂vΨ−1 = E∥e(x)∥2 − E∥ēN∥2 +
N

∑
l=j+1

ml
(
E∥ēl∥2 − E∥ēl−1∥2)+ mjE∥ēj∥2.

For j ≤ l ≤ N, the coefficient of E∥ēl∥2 is ml − ml+1 = −∆ml, where we used mN+1 = 1.
Two paths that share (ω, g1, . . . , gl) are conditionally independent, which implies that
E∥ēl∥2 = E

(2)
l e(x1) · e(x2). This proves (8.2). The weights are nonnegative because the

masses are ordered, and they sum to mN+1 − m0 = 1 − s.
All differentiations under the integral sign are justified by dominated convergence.

Indeed, S and the number of levels are finite, the gradients of U in the Gaussian variables
are bounded, and the values grow at most linearly in these variables.

In the quenched case m0 = 0, the term m0E∥ē0∥2 is absent and the weights sum to
one; this is the only difference from [77, Lemma 2.2]. The same term appears in the
differentiation of a positive fractional moment of the one-replica partition function by
Aronow and Lopatto [8, Section 2.3, (2.10)–(2.11)], where it removes the prescribed mass
at zero from the integral against the variational measure.

8.2 The fractional matrix comparison

Proposition 8.3 (Fractional matrix comparison). Let n ≥ 2, ℓ ∈ {2, 3} and s ∈ (0, 1], let D
be a feasible ℓ× ℓ matrix, let (Q, m) be an admissible path of ℓ× ℓ matrices whose masses satisfy
m1 ≥ s, and let λ be a symmetric ℓ× ℓ matrix. Then

p(s)ℓ,n(D) +
β2ℓ2s

4n
≤ TD(Q, m, λ) = Ψ(Q, m, λ)− λ : D +

β2

4

(
∥D − QN∥2

F −
∫

m d∥Q∥2
F

)
.

(8.5)
The same inequality holds for every trial value for D, in the sense of Definition 4.15, that is a limit
along admissible paths whose masses are all at least s.

The right side of (8.5) is exactly the right side of the quenched comparison Proposi-
tion 4.19. Every trial bound for pℓ,n(D) obtained from a path whose masses are all at
least s also bounds p(s)ℓ,n(D) + β2ℓ2s/(4n).

Proof. We interpolate between the completed Hamiltonian and independent fields at the
n sites, as in the proof of [77, Proposition 2.3]. The difference is that the Hamiltonian
disorder is integrated at the outer mass s instead of by an ordinary expectation. The
proof has four steps: the covariances, the derivative of the interpolation, its endpoints,
and the effect of the completion.
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Step 1: covariances. Let J0 be a standard Gaussian variable independent of J, set G =

J0/
√

2, and let Hc
n = Hn + G be the completed Hamiltonian of Lemma 3.1, so that

EHc
n(x)Hc

n(y) = nR(x, y)2/2. For two tuples x = (x1, . . . , xℓ) and y in Σℓ
n, let R(x, y) be

the cross-overlap matrix with entries R(xa, ya′); it need not be symmetric. Then

E
[

β
ℓ

∑
a=1

Hc
n(xa) · β

ℓ

∑
a′=1

Hc
n(y

a′)
]
=

nβ2

2

ℓ

∑
a,a′=1

R(xa, ya′)2 =
nβ2

2
∥R(x, y)∥2

F. (8.6)

The process β ∑a Hc
n(xa) is a linear form in the standard Gaussian vector ω = ((Jij)i<j, J0),

as required in Lemma 8.2. For the site fields, let gj,i, 1 ≤ j ≤ N, 1 ≤ i ≤ n, be independent
standard Gaussian vectors in Rℓ, let gj = (gj,i)i≤n, and write xi = (x1

i , . . . , xℓi ) ∈ {−1, 1}ℓ
for the spins of x at site i. With ∆Qj = Qj − Qj−1, we have

E
[ n

∑
i=1

β∆Q1/2
j gj,i · xi

n

∑
i=1

β∆Q1/2
j gj,i · yi

]
= β2

n

∑
i=1

xT
i ∆Qjyi = nβ2 ∆Qj : R(x, y). (8.7)

Step 2: the interpolation. For 0 ≤ t ≤ 1, consider the hierarchy of Definition 8.1 with
S = ΣD = {x ∈ Σℓ

n : R(x, x) = D}, the masses s ≤ m1 ≤ · · · ≤ mN, the Gaussian vectors
ω, g1, . . . , gN, and

Ut(x) =
√

t β
ℓ

∑
a=1

Hc
n(xa) +

√
1 − t

n

∑
i=1

N

∑
j=1

β∆Q1/2
j gj,i · xi +

n

∑
i=1

xT
i λxi.

Let Θ(t) be its value divided by n. The Hamiltonian enters at level 0 with variance
parameter t, and the site fields of level j enter with variance parameter 1 − t. For x ∈ ΣD
we have R(x, x) = D. Applying Lemma 8.2 to each of these Gaussian vectors and using
(8.6) and (8.7), we obtain, for 0 < t < 1,

Θ′(t) =
1

2n

[nβ2

2

(
∥D∥2

F −
N

∑
l=0

∆mlE
(2)
l ∥R∥2

F

)
−

N

∑
j=1

nβ2
(

∆Qj : D −
N

∑
l=j

∆mlE
(2)
l ∆Qj : R

)]
=

β2

4

[
∥D∥2

F − 2QN : D −
N

∑
l=0

∆mlE
(2)
l

(
∥R∥2

F − 2Ql : R
)]

,

where R = R(x1, x2) is the cross-overlap matrix of the terminal tuples of the two paths,
and in the last line we summed ∆Qj over j ≤ l, using Q0 = 0. For every matrix R we
have ∥R∥2

F − 2Ql : R = ∥R − Ql∥2
F − ∥Ql∥2

F. Since ∆ml ≥ 0, this implies that

Θ′(t) ≤ β2

4

(
∥D∥2

F − 2QN : D +
N

∑
l=0

∆ml∥Ql∥2
F

)
=

β2

4

(
∥D − QN∥2

F −
∫

m d∥Q∥2
F

)
. (8.8)
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Here we used that ∆m0 = m1 − s ≥ 0; this is where the condition m1 ≥ s enters. The
equality in (8.8) is the summation by parts

∥QN∥2
F −

N

∑
l=0

∆ml∥Ql∥2
F =

N

∑
l=1

ml∥Ql∥2
F −

N

∑
l=1

ml∥Ql−1∥2
F =

N

∑
j=1

mj
(
∥Qj∥2

F − ∥Qj−1∥2
F
)
,

where we used mN+1 = 1 and Q0 = 0; the right side is the penalty (4.14). The symmetry
of R was not used.

Step 3: the endpoints. At t = 1 the site fields do not appear, and ∑i xT
i λxi = nλ : D on

ΣD. The integrations of gN, . . . , g1 act on a function of ω only and leave it unchanged,
and the outermost integration gives

Θ(1) =
1
ns

log E
(
Zc
ℓ,n(D)

)s
+ λ : D, Zc

ℓ,n(D) = ∑
x∈ΣD

exp
(

β
ℓ

∑
a=1

Hc
n(xa)

)
.

At t = 0 the Hamiltonian does not appear. Replacing ΣD by Σℓ
n increases ΨN, and

the value increases with it, because every step of the recursion is monotone. For the
unconstrained sum, ΨN is a sum over i ≤ n of functions of the independent families
(gj,i)j≤N, and each step m−1 log Eem(·) factorizes over such sums. The contribution of
each site is the one-site value Ψ(Q, m, λ) of Definition 4.14, and the outermost integration
at mass s acts on a constant. This shows that Θ(0) ≤ Ψ(Q, m, λ).

Step 4: the completion. By Lemma 3.1, part (d), Zc
ℓ,n(D) = eβℓGZℓ,n(D) and

1
ns

log E
(
Zc
ℓ,n(D)

)s
= p(s)ℓ,n(D) +

β2ℓ2s
4n

;

indeed G ∼ N(0, 1/2) is independent of J, and EesβℓG = es2β2ℓ2/4. Combining Steps 2–4
with Θ(1) ≤ Θ(0) +

∫ 1
0 Θ′(t)dt, we obtain (8.5). The function Θ is continuous on [0, 1]

and differentiable on (0, 1), since all Gaussian integrals are finite-dimensional and Ut is
Lipschitz in the Gaussian variables. Singular increments ∆Qj cause no difficulty, since
only ∆Q1/2

j is used. Finally, the left side of (8.5) does not depend on the path, and the
inequality passes to limits along which the right side converges.

Remark 8.4. Gaussian interpolation for the free energy is due to Guerra [59]. Constrained
comparisons for several coupled replicas go back to Talagrand [105], and the vector-spin
formulation is due to Panchenko [89]; see the discussion at the start of [77, Section 2].
The quenched arbitrary-endpoint bound used in this paper is Proposition 4.19. Positive
fractional moments of the SK partition function were studied by Talagrand [106]. For
fixed 0 < s < 1, the limiting normalized fractional moment is given by the one-level
case of the multiscale formula of Contucci and Mingione [43, Theorem 2.1], and by the
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constrained Parisi formula of Chen, Guionnet, Ko, Lacroix-A-Chez-Toine and Mourrat
[35, Theorem 2.1], in which the order of the moment is a lower bound on the mass at
zero. The condition m1 ≥ s in Proposition 8.3 is the finite-volume form of this constraint.
Quantitative finite-size versions for the one-replica partition function, with s depending
on n, are due to Aronow and Lopatto [8, Section 2.3]. The replica-matrix version with a
free endpoint in Proposition 8.3 is a direct adaptation of these arguments and is not stated
in [77]. The completion correction β2ℓ2s/(4n) is nonnegative, and below we discard it.

8.3 The profile max{α, 3s}

For s > 0 we define αs(t) = max{α(t), 3s} for 0 ≤ t ≤ 1. The factor three ensures
that a block of three coordinates sharing a field, which is integrated at mass αs/3
(Lemma 4.20(b)), has mass at least s.

Lemma 8.5 (Cost of the profile). There exist s0 ∈ (0, 1/3] and Cfl < ∞, depending only on β,
such that for every 0 < s ≤ s0 the function αs is a distribution function and

0 ≤ Pβ(αs)− Pβ ≤ Cfls5, αs = α on [Cfls, 1],
∫ 1

0
|αs(t)− α(t)|dt ≤ Cfls2. (8.9)

Proof. Let T∗, c1, s′0, C be the constants of Proposition 4.12, and let s0 = min{s′0, c1T∗/3}.
For 0 < s ≤ s0, part (ii) of Proposition 4.12 states that αs is a distribution function
whose cost is at most Cs5; this is [8, Lemma 7.2, (7.3)] for this particular profile, in the
fixed-temperature normalization of [8, Proposition 7.12]. Since 3s ≤ c1T∗, Remark 4.13
implies that αs = α on [3s/c1, 1] and that the L1 distance is at most 9s2/c1. The lemma
holds with Cfl = max{C, 3/c1, 9/c1}.

The cost bound concerns the explicit profile αs, and not only the infimum of Pβ over
profiles with mass at least 3s at the origin. We need this distinction below, because we
use the same profile in the comparison path for three replicas.

8.4 A change of profile before the local window

The local covariance perturbation of Section 7 starts at a time q0 > 0, and on [0, q0] the
three coordinates share their field, integrated at mass α/3. For s sufficiently small that
Cfls < q0, replacing α by αs changes only this initial segment, by Lemma 8.5. We now
control the effect of that change on the perturbation.

Fix q0 ∈ (0, 1]. For a nondecreasing γ : [0, q0] → [0, 1] and a function F : R → R

with bounded continuous derivatives of orders one to three, let Φγ
F be the solution on

[0, q0]× R of

−∂tΦ
γ
F =

β2

2

(
∂zzΦγ

F +
γ(t)

3
(∂zΦγ

F)
2
)

, Φγ
F(q0, ·) = F, (8.10)
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and write Hγ(F) = Φγ
F(0, 0). For a step function γ, we interpret the equation as the

recursion Φγ
F(t, ·) = Tm,β2(t2−t)Φ

γ
F(t2, ·) for t1 ≤ t ≤ t2, on every interval [t1, t2) where

γ = 3m. This is the recursion of three coordinates that share every field increment
on [0, q0]: on the line spanned by (1, 1, 1), such an increment acts on a function of the
common value of the three fields (Lemma 4.2(e)). For general γ, Φγ

F is the limit along step
functions converging to γ in L1([0, q0]); the opening paragraph of the proof of Lemma 8.6,
using the bound of Step 2 there, shows that this limit exists and does not depend on the
approximating sequence. If γ is the restriction to [0, q0] of a distribution function, also
denoted γ, then

Hγ

(
3Φγ(q0, ·)

)
= 3Φγ(0, 0). (8.11)

For step functions this is Lemma 4.2(d) with k = 3, applied at each step as in the
proof of Lemma 4.20(b). The general case follows by approximation. Here we use
Proposition 4.3(ii) for Φγ, part (a) of the next lemma, and the bound |Hγ(F1)−Hγ(F2)| ≤
∥F1 − F2∥∞, which holds by Lemma 4.2(a).

Lemma 8.6 (Response to a change of the initial profile). There exists Cr < ∞, depending
only on β, with the following property. Let γ, γ̃ : [0, q0] → [0, 1] be nondecreasing, and let
φ, V : R → R have bounded continuous derivatives of orders one to three, with

∥φ′∥∞ ≤ 3, ∥φ′′∥∞ ≤ 3, ∥V′∥∞ + ∥V′′∥∞ ≤ 1.

Then:

(a) for F ∈ {φ, φ + V}, |Hγ(F)−Hγ̃(F)| ≤ Cr∥γ − γ̃∥L1([0,q0])
;

(b) the response of H to the terminal perturbation V changes by at most∣∣∣[Hγ̃(φ+V)−Hγ̃(φ)
]
−
[
Hγ(φ+V)−Hγ(φ)

]∣∣∣ ≤ Cr∥V′∥∞∥γ− γ̃∥L1([0,q0])
. (8.12)

The quantity bounded in (8.12) is a mixed difference: it vanishes when V = 0 and
when γ = γ̃. A bound on the full difference Hγ̃(φ + V)−Hγ(φ + V) would be of order
∥γ − γ̃∥L1 without the factor ∥V′∥∞. In the application, that full difference is accounted
for by the scalar cost (8.9). The proof adapts the scalar profile-stability argument of [62,
Section 2.4, Lemma 14]: subtract the two Parisi equations and represent the resulting
linear equation by a diffusion. Here we also compare terminal functions, retaining the
factor ∥V′∥∞ in the mixed difference; this refinement is proved below.

Proof. It suffices to prove (a) and (b) for step functions γ, γ̃, with constants independent
of the number of steps. Indeed, let γ be general and let γk → γ in L1 be step functions.
The bound of Step 2 below, applied to the whole functions, shows that Φγk

F (t, ·) is a
Cauchy sequence in the supremum norm for each t. The limit exists, it does not depend
on the sequence, and the bounds pass to it. We take a common refinement, so that γ

and γ̃ are constant on the same intervals. On each such interval the solutions are smooth
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in z, with bounded derivatives of orders one to three, and solve (8.10) classically; at the
finitely many endpoints they are continuous in t.

We use the following maximum principle, which follows from the Feynman–Kac

representation [64, Theorem 5.7.6] for a diffusion with generator β2

2 ∂zz + a ∂z, after an
exponential rescaling to make the killing rate nonnegative. Let a, c, s be bounded con-
tinuous functions on [t1, t2]× R, with a Lipschitz in z, and let f be bounded and solve

−∂t f = β2

2 fzz + a fz + c f + s. Then

∥ f (t, ·)∥∞ ≤ e∥c∥∞(t2−t)
(
∥ f (t2, ·)∥∞ +

∫ t2

t
∥s(t′, ·)∥∞ dt′

)
(t1 ≤ t ≤ t2). (8.13)

Applying (8.13) on consecutive intervals, we see that it holds on [0, q0] for coefficients
that are continuous on each interval where γ and γ̃ are constant.

The functions to which we apply (8.13) are bounded. Indeed, fix a step profile, and
let F be L-Lipschitz. Each integration step Tm,v maps L-Lipschitz functions to L-Lipschitz
functions, by Lemma 4.2(a), and for 0 ≤ m ≤ 1 it satisfies ∥Tm,v f − f ∥∞ ≤ log EeL

√
v|ζ|

for L-Lipschitz f , where ζ is a standard Gaussian variable; the upper bound follows
from f (z +

√
v ζ)− f (z) ≤ L

√
v|ζ| and the monotonicity of m 7→ m−1 log EemX, and the

lower bound from Jensen’s inequality. Summing over the finitely many steps, we find
that Φγ

F(t, ·)− F is bounded. The differences ∆ and D̃ − D of Steps 2 and 3 below are
bounded, and so are the derivatives to which we apply (8.13), by Step 1. The resulting
estimates do not depend on the number of steps.

Step 1: derivative bounds. We use the tilted-chain martingale argument of [77, proof
of Lemma 3.1], with terminal function F in place of log(2 cosh z). Let F ∈ {φ, φ + V}, so
that ∥F′∥∞ ≤ 4 and ∥F′′∥∞ ≤ 4. We claim that

|∂zΦγ
F| ≤ 4, |∂zzΦγ

F| ≤ 20 on [0, q0]× R. (8.14)

For one step ψ = Tm,v f with m ∈ [0, 1], we have ψ′(z) = EW f ′(z +
√

v ζ) and ψ′′(z) =
EW f ′′(z +

√
v ζ) + m VarW( f ′(z +

√
v ζ)), where EW and VarW refer to the law of the

standard Gaussian ζ tilted by em f (z+
√

v ζ); this follows by differentiating under the integral.
Iterating over the steps, as in Step 1 of the proof of Lemma 8.2, we find that ∂zΦγ

F(t, z)
is the expectation of F′ at the final time under the tilted chain started from z at time
t, and that ∂zzΦγ

F(t, z) is the expectation of F′′ at the final time plus ∑i miE Var(Mi+1 |
steps 1, . . . , i), where Mi is the conditional expectation of the final value of F′ given the
first i steps. The masses mi = γ/3 lie in [0, 1], and the sum of the expected conditional
variances is at most the variance of the final value of F′, by orthogonality of martingale
increments. We conclude that −∥F′′∥∞ ≤ ∂zzΦγ

F ≤ ∥F′′∥∞ + ∥F′∥2
∞, which implies (8.14).

These bounds do not depend on the number of steps.
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Step 2: part (a). Let ∆ = Φγ
F − Φγ̃

F. Subtracting the two equations (8.10), we have
∆(q0, ·) = 0 and

−∂t∆ =
β2

2
∆zz +

β2γ

6
(
∂zΦγ

F + ∂zΦγ̃
F
)
∆z +

β2

6
(γ − γ̃)

(
∂zΦγ̃

F
)2.

Then (8.13) with c = 0 and (8.14) imply that ∥∆(t, ·)∥∞ ≤ 8β2

3

∫ q0
t |γ − γ̃|, which proves

(a).
We also need the analogous bound for the first derivatives. Let ∆z = ∂z∆ = ∂zΦγ

F −
∂zΦγ̃

F. Differentiating (8.10) in z and subtracting, we find ∆z(q0, ·) = 0 and

−∂t∆z =
β2

2
(∆z)zz +

β2γ

3
∂zΦγ

F (∆z)z +
β2γ

3
∂zzΦγ̃

F ∆z +
β2

3
(γ − γ̃) ∂zΦγ̃

F ∂zzΦγ̃
F.

By (8.14), the coefficient of ∆z is bounded by 20β2/3 and the last term by 80β2

3 |γ − γ̃|. By
(8.13) and q0 ≤ 1, we have

∥∆z(t, ·)∥∞ ≤ 80β2

3
e7β2∥γ − γ̃∥L1([0,q0])

(0 ≤ t ≤ q0). (8.15)

Step 3: part (b). We write Φ0 = Φγ
φ, Φ1 = Φγ

φ+V , Φ̃0 = Φγ̃
φ and Φ̃1 = Φγ̃

φ+V , and let

D = Φ1 − Φ0 and D̃ = Φ̃1 − Φ̃0. The left side of (8.12) is |D̃(0, 0) − D(0, 0)|. Using
(Φ1

z)
2 − (Φ0

z)
2 = (Φ1

z + Φ0
z)Dz, we find that D solves the linear equation

−∂tD =
β2

2
Dzz + aDz, a =

β2γ

6
(
Φ1

z + Φ0
z
)
, D(q0, ·) = V,

and D̃ solves the same equation with ã = β2γ̃
6 (Φ̃1

z + Φ̃0
z). Differentiating in z, the function

Dz solves −∂tDz = β2

2 (Dz)zz + a(Dz)z + azDz with Dz(q0, ·) = V′. By (8.14), we have

|az| ≤ β2

6 · 40 ≤ 7β2, and (8.13) implies that ∥Dz(t, ·)∥∞ ≤ e7β2∥V′∥∞. Next, the difference
D̃ − D vanishes at q0 and solves

−∂t(D̃ − D) =
β2

2
(D̃ − D)zz + ã (D̃ − D)z + (ã − a)Dz.

By (8.13) with c = 0, we have

|D̃(0, 0)−D(0, 0)| ≤ e7β2∥V′∥∞

∫ q0

0
∥ã(t, ·)− a(t, ·)∥∞ dt.

Finally, ã − a = β2

6 (γ̃ − γ)(Φ̃1
z + Φ̃0

z) +
β2γ

6

(
(Φ̃1

z − Φ1
z) + (Φ̃0

z − Φ0
z)
)
. Using (8.14) for the

first term and (8.15) for the second, we find
∫ q0

0 ∥ã − a∥∞ dt ≤ C∥γ − γ̃∥L1([0,q0])
with C

depending only on β. This proves (8.12).
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8.5 The local fractional bound

We now combine Proposition 8.3, Lemma 8.5 and Lemma 8.6 with the cubic deficit of
Section 7. We first recall what we use from that section. Fix the ratio ϑ ∈ (0, 1/2] and
the amplitude E > 0 of Section 7.6, satisfying the two strict inequalities (7.37); in the
dynamical argument, ϑ = 1/2 and E = 1/100. Let G(ϑ, E) > 0 be the corner coefficient
of Section 7.6. Fix compact intervals J ⊂ int I with I ⊂ (0, qβ), and let mβ > 0 be a lower
bound on I for the scalar factor M(r) = α(r)2β6Eχ(r, Yr)3 of Proposition 7.13, as in (5.20).
For D = D(r, q, δ) with d = q − r > 0, we use the parameters of (7.1), namely h = d/ϑ,
q0 = r − h and k = δ/h. Let T (q0, h, k) be the trial value (7.8), let V = V(q0, h, k, ·) be the
boundary perturbation (7.11), and let Π = Π(q0, h, k) be the penalty of Lemma 7.3. We
use the following three facts.

(T1) By (7.8) and Lemma 7.3, T (q0, h, k) is the limit of the trial values of admissible paths
(Q(N), m(N)) with endpoint D and multiplier zero. On [0, q0] these paths have the
increments eeT dt at the masses α/3, evaluated at the left endpoints of a partition; on
[q0, 1] their masses are at least α(q0)/3; and all masses are nondecreasing. Moreover

T (q0, h, k) = Hα

(
3Φ(q0, ·) + V

)
− β2

4
Π,

where Hα is the operator of Section 8.4 on [0, q0] with γ = α. The function V and the
penalty Π+ = Π − 6

∫ q0
0 tα(t)dt of the path on [q0, 1] depend on α only through its

restriction to [q0, 1].
(T2) By the spatial regularity in Lemma 7.4, V has bounded continuous derivatives of

orders one to three. By (7.14), ∥V∥C2
b
≤ CVh2k2 = CVδ2 for h ≤ h0. We use only

the consequence ∥V∥C2
b
≤ CVδ2/h for h ≤ min{h0, 1}; no smallness of the third

derivative is needed.
(T3) By Proposition 7.15, applied to the interval J of centers (note that mβ ≤ infJ M),

for every σ̄ ∈ (0, G(ϑ, E)) there exists d0 > 0 such that T (q0, h, k) ≤ 3Pβ −
mβE2{G(ϑ, E) − σ̄}ρ3, which is (7.38), for every 0 < ρ ≤ d0 and every feasible
D(r, q, δ) with r ∈ J , ρ ≤ q − r ≤ d0 and Eρ ≤ |δ| ≤ 2Eρ; for these matrices also
h ≤ h0. The window is [q0, T] with T = q0 + hτT and τT = 2 + 4k2Lϑ, by (7.3).
If |δ| ≤ 2Ed, then |k| ≤ 2ϑE, and the window has length T − q0 ≤ Cwind with
Cwin = (2 + 16ϑ2E2Lϑ)/ϑ.

By (8.11), Hα(3Φ(q0, ·)) = 3Φ(0, 0).
Now let γ : [0, 1] → [0, 1] be nondecreasing, with γ = α on [q0, 1] and γ ≤ α(q0) on

[0, q0]. We write Tγ(q0, h, k) for the limit of the trial values of the paths of (T1) with
the masses α/3 on [0, q0] replaced by the left-endpoint values of γ/3. These paths are
admissible, with the same endpoint, and on [q0, 1] nothing changes. The penalty of the
segment [0, q0] converges to

∫ q0
0

γ
3 d(9t2) = 6

∫ q0
0 tγ(t)dt. By Lemma 8.6(a) and the bound



8 Fractional moments of constrained partition functions § 8.5 158

|Hγ(F1)−Hγ(F2)| ≤ ∥F1 − F2∥∞, the values converge as well, and with φ = 3Φ(q0, ·) we
find

Tγ(q0, h, k) = Hγ(φ + V)− 3β2

2

∫ q0

0
tγ(t)dt − β2

4
Π+. (8.16)

For γ = α, this is the identity of (T1). If γ is a distribution function, then by (8.11) we
have

3Pβ(γ) = Hγ(φ)− 3β2

2

∫ q0

0
tγ(t)dt − 3β2

2

∫ 1

q0

tα(t)dt. (8.17)

Subtracting (8.16) and (8.17) for α from the same identities for γ, and using Pβ(α) = Pβ,
we obtain

Tγ(q0, h, k)− T (q0, h, k) = 3
(
Pβ(γ)− Pβ

)
+
[
Hγ(φ + V)−Hγ(φ)

]
−
[
Hα(φ + V)−Hα(φ)

]
. (8.18)

Lemma 8.7 (Local fractional bound). Let J ⊂ int I and I ⊂ (0, qβ) be compact intervals, let
ϑ, E, mβ be as above, and let 0 < g < mβE2G(ϑ, E). There exist d0, S, ρ0 > 0, depending only
on β, J , I, ϑ, E and g, such that the following holds. For every 0 < ρ ≤ ρ0, every n ≥ 2 and
every feasible D = D(r, q, δ) with

r ∈ J , ρ ≤ q − r ≤ d0, Eρ ≤ |δ| ≤ 2Eρ,

the window [q0, T] of the local perturbation lies in I, and with s = Sρ we have

1
ns

log EZ3,n(D)s ≤ 3Pβ − gρ3. (8.19)

The constants d0, S and ρ0 do not depend on n, on ρ, or on (r, q, δ) in the stated
domain. The order in which they are chosen is recorded in Table 8.1.

Parameter Chosen in terms of Purpose

J , I, ϑ, E, mβ fixed first centers; geometry of Section 7
g < g′ mβE2G(ϑ, E) two strict margins (8.20)
d0 g′, J , I, ϑ, E cubic deficit (T3); window in I; h ≤ 1
S g, g′, ϑ, E profile response at most 1

2(g′ − g)ρ3

ρ0 all of the above αs admissible; V small; cost s5

n ≥ 2 arbitrary the bound is uniform in n

Table 8.1. Order of the choices in the proof of Lemma 8.7.

Proof. The proof has three steps. We first fix the constants. We then apply Proposition 8.3
to the comparison path with the profile αs on the common segment, and finally we
compare its trial value with T (q0, h, k) by (8.18).
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Step 1: choice of constants. Fix g′ with

0 < g < g′ < mβE2G(ϑ, E). (8.20)

Let d0 be the constant of (T3) for σ̄ = G(ϑ, E)− g′/(mβE2), decreased so that also d0 ≤ ϑ

and (1/ϑ + Cwin)d0 ≤ dist(J , R \ I). Then, for every 0 < ρ ≤ d0 and every D in the
domain of the lemma,

T (q0, h, k) ≤ 3Pβ − g′ρ3, (8.21)

moreover h = d/ϑ ≤ 1, and the window [q0, T] ⊂ [r − d/ϑ, r − d/ϑ + Cwind] lies in I,
so that q0 ≥ a∗ with a∗ = min I > 0. Let Cfl, s0 and Cr be the constants of Lemmas 8.5
and 8.6, let C′ = 3Cfl and C′′ = CrCVCfl, and choose S ∈ (0, 1/3] so small that

4ϑE2C′′S2 ≤ 1
2(g′ − g). (8.22)

Finally choose ρ0 ∈ (0, d0] so small that

Sρ0 ≤ s0, CflSρ0 < a∗, 8ϑE2CVρ0 ≤ 1, C′S5ρ2
0 ≤ 1

2(g′ − g).

Now fix 0 < ρ ≤ ρ0, n ≥ 2 and D in the domain of the lemma, and set s = Sρ.

Step 2: the fractional comparison. Since s ≤ s0 and Cfls < a∗ ≤ q0, Lemma 8.5 shows
that αs is a distribution function with αs = α on [q0, 1]. Moreover αs ≤ αs(q0) = α(q0) on
[0, q0], and Tαs(q0, h, k) is defined. By its definition, it is the limit of the trial values of
admissible paths with endpoint D and multiplier zero, whose masses are left-endpoint
values of αs/3 on [0, q0] and are at least α(q0)/3 on [q0, 1]. All these masses are at least s,
because αs ≥ 3s and α(q0) = αs(q0) ≥ 3s. By Proposition 8.3 with ℓ = 3 for these paths,
we obtain

p(s)3,n(D) +
9β2s
4n

≤ Tαs(q0, h, k). (8.23)

Step 3: comparison with T (q0, h, k). We apply (8.18) with γ = αs. The first term on
its right side is at most 3Cfls5 = C′s5 by (8.9). For the second, note that φ = 3Φ(q0, ·)
satisfies ∥φ′∥∞ ≤ 3 and ∥φ′′∥∞ ≤ 3, since |u| ≤ 1 and 0 < χ ≤ 1 by Proposition 4.3(i),
and that ∥V′∥∞ + ∥V′′∥∞ ≤ 2CVδ2/h ≤ 8ϑE2CVρ ≤ 1 by (T2), since |δ| ≤ 2Eρ and
h = d/ϑ ≥ ρ/ϑ. Lemma 8.6(b) on [0, q0], with γ̃ = αs and γ = α, and (8.9) then bound
the mixed difference by Cr∥V′∥∞∥αs − α∥L1 ≤ CrCV(δ

2/h)Cfls2. We have shown that the
change of profile costs at most

Tαs(q0, h, k)− T (q0, h, k) ≤ C′s5 + C′′ δ
2s2

h
. (8.24)

Since |δ| ≤ 2Eρ, h = d/ϑ and d ≥ ρ, we have

δ2s2

h
=

ϑ δ2S2ρ2

d
≤ 4ϑE2S2ρ3.
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Inserting (8.21) and (8.24) into (8.23), and discarding the nonnegative term 9β2s/(4n), we
obtain

p(s)3,n(D) ≤ 3Pβ − g′ρ3 + C′S5ρ5 + 4ϑE2C′′S2ρ3 ≤ 3Pβ − gρ3,

where in the last step we used (8.22) and C′S5ρ2 ≤ 1
2(g′ − g). This is (8.19).

Remark 8.8. The bound (8.19) is a deterministic statement about the Gaussian moments
EZ3,n(D)s. It holds for every n ≥ 2 once ρ ≤ ρ0, and it requires no relation between ρ and
n. The separation q0 ≥ a∗ > 0 between the local window and the origin is what makes
the change of profile harmless: since αs = α on [q0, 1], the local window, its terminal
correction and its penalty are identical for the two profiles. The scalar cost of order s5

is much smaller than needed; a cost of order s3 would also suffice, after decreasing S.
Since ∥V∥C2

b
≤ CVδ2 by (7.14), the response term is in fact of order δ2s2 ≤ 4E2S2ρ4; we

used only the weaker bound CVδ2/h, for which the small choice of S is needed. The local
bound concerns only q − r ≤ d0. For q − r > d0 the construction of Section 7 is not used,
and Section 9 uses instead the quenched comparison of Lemma 9.5, whose deficit is a
multiple of δ2, much larger than ρ3.



section 9

A simultaneous estimate for overlap constraints

In this section we prove Lemma 9.7. For deterministic scales ρn → 0 and ηn satisfying
the conditions (S1)–(S5) below, it provides a disorder event An of probability tending
to one on which three families of overlap configurations have small Gibbs probability
simultaneously: triples whose overlaps lie in a narrow band around a center r, triples
violating a small-overlap constraint across a large overlap, and pairs whose absolute
overlap q = |R(x, y)| has |q − Γ(q)| bounded away from zero. These estimates are the
static input of the dynamical argument: Section 10 uses them to choose families of
reference configurations (Lemma 10.2), and Sections 11 and 12 use them along trajectories
of the heat-bath dynamics. The conditions (S1)–(S5) hold at the scales of Theorem 1.1,
and more generally under (10.10) and (10.11); see Remark 9.8.

The narrow triples split into two regimes. When the larger overlap q is close to the
center r, we use the local fractional bound Lemma 8.7, which rests on the cubic deficit
of Section 7. When q − r is bounded below, we use a quadratic pressure deficit, which
we derive in Lemma 9.5 from the three-replica comparison of [77, Section 7], with a fixed
width and a fixed tolerance. The pair bound and the fixed-scale bound are the pressure
estimates Propositions 4.23 and 4.24, which are [77, Lemma 4.3] and [77, (4.20)]. In all
these regimes the mechanisms are those of [77]; what changes are the scales at which the
pressure deficits are converted into probability bounds. The simultaneous event and its
probability estimate are new relative to [77]: they replace the conversion [77, Lemma 4.2],
whose finite-size error n−1/24 is far too large at the scale ρ3

n.

Two levels of probability. We keep two kinds of error separate, and the later sections
depend on this distinction. The first is the disorder probability P(Ac

n), for which we
obtain the upper bound O(n−2/15) at the scales of Theorem 1.1; it is paid once. The
second is the Gibbs probability of the forbidden configurations at a fixed disorder in An,
which for narrow triples is bounded above by C(n + 1)3e−cn3/10

at the same scales. Only
errors of the second kind are multiplied by the number of reference configurations and
paths in Sections 10 to 12; see Table 9.1 and Remark 9.9.

Upper bound on the mean bias. The proof of Lemma 9.7 uses the mean bias ∆n,β =

Pβ − pn(β) only through the hypothesis (S1). The bound ∆n,β ≤ Cbn−7/10 of Theorem 4.11
gives the scale ρn ≍ n−7/30 of Theorem 1.1. The variance bound of Theorem 4.10 is used
only for the lower bound (A1) on Fn below, through Chebyshev’s inequality and the

161
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hypothesis (S2).

Standing notation. We keep the notation of Section 8; in particular we do not abbreviate
β2. Triples are taken in the order (v, x, y), and for a triple we write

r =
R(v, x) + R(v, y)

2
, δ =

R(v, x)− R(v, y)
2

, q = R(x, y),

so that its overlap matrix is the matrix D(r, q, δ) of (4.16). We also write χt = χ(t, Yt).
Constants C, c depend only on β and on the fixed parameters named in each statement;
they never depend on n, on the overlap parameters (r, q, δ), or on the scales ρn, ηn.

9.1 Orientations, pairs and the fixed scale

Every overlap takes one of the n + 1 values −1,−1+ 2/n, . . . , 1, so there are at most n + 1
feasible matrices D2(q̄) and at most (n + 1)3 feasible matrices D(r, q, δ). Let Oℓ be the
group of maps O : (xa)a≤ℓ 7→ (ϵaxϖ(a))a≤ℓ of Remark 4.17, where ϖ is a permutation of
{1, . . . , ℓ} and ϵ ∈ {−1, 1}ℓ; the group O3 has 48 elements. By Remark 4.17, Zℓ,n(OD) =

Zℓ,n(D) for every disorder and every orientation O. In addition, every O ∈ Oℓ is a
bijection of Σℓ

n that preserves the product measure (π J)⊗ℓ, because π J(−x) = π J(x). We
have

(π J)⊗ℓ(OB) = (π J)⊗ℓ(B) (B ⊂ Σℓ
n, O ∈ Oℓ). (9.1)

All statements below are proved for canonical orientations. A disorder bound for Zℓ,n(D)

holds verbatim for Zℓ,n(OD), a Gibbs bound for a set B holds for OB, and a union over
all orientations of a triple costs at most a factor 48.

Lemma 9.1 (Pair constraints). For every n ≥ 2 and every feasible D2(q̄),

p2,n
(

D2(q̄)
)
≤ 2Pβ −

1
2
(
|q̄| − Γ(|q̄|)

)2. (9.2)

Moreover, there exist qtail < 1 and ctail > 0, depending only on β, such that q − Γ(q) ≥ ctail for
qtail ≤ q ≤ 1.

Proof. For q̄ ≥ 0, (9.2) is Proposition 4.23, valid for every n and every feasible pair
constraint; for q̄ < 0 it follows from Z2,n(D2(q̄)) = Z2,n(D2(|q̄|)). By Proposition 4.3(iv),
Γ is continuous, and Γ(1) = E tanh2(Y1) < 1 because u(1, z) = tanh z. Since q − Γ(q) is
continuous and positive at q = 1, there exist qtail and ctail as claimed.

Lemma 9.2 (The fixed scale). For every b∗ ∈ (0, 1) there exist b(b∗), νfix(b∗), cfix(b∗) > 0,
depending only on β and b∗, such that

p3,n
(

D(r, q, δ)
)
≤ 3Pβ − cfix(b∗) δ2 (9.3)
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for every n ≥ 2 and every feasible D(r, q, δ) with b∗ ≤ q ≤ 1, |r + δ| ≤ b(b∗), |r − δ| ≤ b(b∗)
and |q − Γ(q)| ≤ νfix(b∗). The same holds after decreasing b(b∗) or νfix(b∗).

Proof. Let r0, δ0, ν, c0 be the constants of Proposition 4.24 for the cutoff b∗, and set b(b∗) =
min{r0, δ0}, νfix(b∗) = ν and cfix(b∗) = c0. If |r ± δ| ≤ b(b∗), then |r| ≤ b(b∗) and
|δ| ≤ b(b∗). For r ≥ 0 the bound is Proposition 4.24. For r < 0, reversing v maps D(r, q, δ)

to D(−r, q,−δ), and the two constrained partition functions are equal by Remark 4.17.
Decreasing b(b∗) or νfix(b∗) shrinks the set of matrices to which the bound is applied.

Here we use only the pressure bound [77, (4.20)]. The fixed-scale probability estimate
[77, Lemma 4.1], obtained using the conversion of [77, Lemma 4.2], concerns overlap
imbalances of size n−1/100; below we derive the probability bound at overlap imbalances
of size ηn. No restriction r ≥ |δ| is needed, so the two small overlaps r ± δ may have
opposite signs.

9.2 Separated overlaps

We now treat triples D(r, q, δ) with r in a compact subinterval of (0, qβ) and q− r bounded
below. The argument is that of [77, Section 7, Steps 1–8], recalled in Proposition 4.25.
There it is carried out with the shrinking parameters h = ρ8

OB and θ = ρ2
OB and a

restriction on the Parisi mass of [r − h, r + h]. We need it with fixed parameters, so we
write the argument out in this form; Remark 4.26 lists the places where the scales enter.
The only change in the computation is that the oscillation of α near r is kept as an explicit
term instead of being bounded by ρ4

OB. We begin with the scalar estimate that produces
the deficit.

Lemma 9.3 (Decay of the mixed susceptibility). Let J ⊂ (0, qβ) be a compact interval. There
exists cχ > 0, depending only on β and J , such that for every r ∈ J and r ≤ q ≤ 1,

β2E[χqχr] = 1 − β4
∫ q

r
α(t)E[χ2

t χr] dt ≤ 1 − cχ(q − r). (9.4)

Proof. By Corollary 4.8, the hypotheses of Proposition 4.25 hold for every t0 ∈ (0, qβ/3];
note that then 3t0 ≤ qβ < 1. The intervals (t0/2, 3t0) with t0 ∈ (0, qβ/3] cover (0, qβ),
and finitely many of them cover the compact set J . By part (ii) of Proposition 4.25,
which is [77, (7.31)], the bound (9.4) holds for r in each of these intervals, with a constant
depending on t0, and we take cχ to be the smallest of these constants.

The identity in (9.4) follows from the conditional evolution of χ in Proposition 4.3(iv),
multiplied by χr, and from β2Eχ2

r = Γ′(r) = 1. The inequality comes from restricting the
scalar diffusion to an event of positive probability on which |Yt| stays bounded, where χ

has a positive minimum; no lower bound on χ on the whole real line is used. The next
lemma is the fixed-parameter form of [77, (7.29)–(7.30)].
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Lemma 9.4 (Comparison with a triangular covariance perturbation of fixed width). Let
r, q ∈ (0, 1], h̄ ∈ (0, 1] and θ̄ ∈ (0, 1/2] satisfy h̄ < r and r + h̄ < q, and set

W̄ =
2(1 − θ̄)2 + θ̄2

h̄
, oscr = α(r + h̄)− α(r − h̄).

There exist C̃, Ĉ < ∞, depending only on β, such that for every n ≥ 2 and every feasible D(r, q, δ)

with 8β2W̄δ2 ≤ 1,

p3,n
(

D(r, q, δ)
)
≤ 3Pβ + δ2

{
β2W̄α(q)

(
q − Γ(q)

)
+ 2(1 − θ̄)θ̄β2α(r)

(
β2E[χqχr]− 1

)
+ C̃(oscr +θ̄2)

}
+ Ĉ

(
|δ|3h̄−3/2 + δ4h̄−2). (9.5)

Proof. We perturb the base path of Lemma 4.20(b) for three replicas by a contrast of
fixed width h̄ around r, keep the resulting endpoint mismatch of order δ2, and eval-
uate the change of the one-site value with Gaussian integration by parts. The proof
follows [77, Section 7, Steps 1–7] and has seven steps. Steps 1–6 are carried out for step
approximations of α, and Step 7 passes to the limit and applies (4.9).

Step 1: step data and the base path. Fix partitions of [0, 1] whose mesh tends to zero
and which contain r − h̄, r, r + h̄ and q. On each interval [ti−1, ti) of such a partition
let the step function take the value α(ti−1), and let it equal 1 at t = 1. These step
functions are distribution functions, they converge to α in L1([0, 1]), they agree with
α at r and q, and on [r − h̄, r + h̄] they take values in [α(r − h̄), α(r + h̄)]. In Steps 1–6
we fix one of them and denote it, and the scalar objects built from it, again by α, Φ,
u, χ; its oscillation on [r − h̄, r + h̄] is at most oscr. The bounds |u| ≤ 1, 0 < χ ≤ 1
and |χ(t, z)− χ(t, z′)| ≤ C|z − z′| of Proposition 4.3(i) hold uniformly over distribution
functions, and all constants below are independent of the partition.

Let (Q, m) be the base path of Lemma 4.20(b) for this step function. On [0, r] the
three coordinates share every increment, at mass α/3. On [r, q] the coordinate v has its
own increments at mass α, and the coordinates x, y share increments at mass α/2. On
[q, 1] the three coordinates have independent increments at mass α. By Lemma 4.20(b),
its endpoint is D(r, q, 0) and its trial value for D(r, q, 0) is 3Pβ(α) [77, (7.7)]. Let zx and
zv be the raw coordinates of the cumulative fields of x and of v, sums of the Gaussian
increments, which agree on [0, r]. We write E0 for the path law of the base path. Under
the Gaussian law of the increments, zx and zv are Brownian motions with variance β2

per unit time, observed at the partition points; under E0, they are the paths Yx and Yv

of Lemma 4.20(d). Under E0, each is a scalar diffusion for α, they coincide on [0, r], and
conditionally on the common path through r their continuations are independent [77,
(4.6)].
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Step 2: the perturbation and its endpoint. We define the Gaussian linear combinations

Y0 =
(zx

r − zx
r−h̄)− (zx

r+h̄ − zx
r )

h̄
, Y1 =

zv
r+h̄ − zv

r

h̄
, Y = (1 − θ̄)Y0 + θ̄Y1,

which are [77, (7.8)] with h = h̄ and θ = θ̄. At every increment of the first two stages, we
add δ times its contribution to Y to the field of x and subtract it from the field of y; the field
of v is unchanged. Every modified increment is a linear image of the original Gaussian
increment, so it is positive semidefinite, increments remain independent, and the masses
are unchanged. At the end of the second stage the added fields are (0, δY,−δY). In units
of β2, the variance of Y is W̄, its covariance with the final field of v is (1 − θ̄) + θ̄ = 1, and
its covariance with the final fields of x and of y is (1 − θ̄)− (1 − θ̄) = 0. Let Wc, Wv and
Wx be the corresponding accumulated quantities along the path, and let

L1 =

 0 Wv −Wv

Wv 2Wx 0
−Wv 0 −2Wx

 , L2 = (ex − ey)(ex − ey)
T.

Then the perturbed covariance is Q̃ = Q + δL1 + δ2WcL2 along the path, and its endpoint
is Q̃N = D(r, q, δ) + δ2W̄L2 [77, (7.10), (7.12)]. Its diagonal is not equal to one, which the
arbitrary-endpoint comparison Proposition 4.19 allows; the mismatch cost is

β2

4
∥D(r, q, δ)− Q̃N∥2

F = β2δ4W̄2. (9.6)

Step 3: the penalty. Note that Qvx = Qvy and Qxx = Qyy along the base path, which
implies that Q : L1 = 0; also L1 : L2 = 0, ∥L1∥2

F = 4W2
v + 8W2

x and ∥L2∥2
F = 4. Expanding,

we have
∥Q̃∥2

F − ∥Q∥2
F = δ2(4W2

v + 8W2
x + 2Wc Q : L2

)
+ 4δ4W2

c .

In the first two stages the base fields of x and y coincide and Q : L2 = 0; in the last stage,
Wc = W̄ and Q : L2 = 2(t − q). The last term has nonnegative increments, because Wc is
nondecreasing. We conclude that the increase of the penalty is at least

β2

4

(∫
m d∥Q̃∥2

F −
∫

m d∥Q∥2
F

)
≥ β2δ2

(
W̄
∫ 1

q
α(t)dt + I

)
, I =

∫
m d

(
W2

v + 2W2
x
)
.

(9.7)
The integral I has three pieces. On [r − h̄, r], the common increments carry mass α/3 and
Wv = Wx grows from 0 to 1 − θ̄; this piece is

∫
α
3 d(3W2

v ). On the v-branch over [r, r + h̄],
the mass is α and Wv grows from 1 − θ̄ to 1. On the shared branch of x, y over [r, r + h̄],
the mass is α/2 and Wx decreases from 1 − θ̄ to 0, and this piece is

∫
α
2 d(2W2

x ). After
cancelling the block-size factors, the three pieces are integrals of α against d(W2

v ), d(W2
v )

and d(W2
x ), respectively. Their integrators are monotone, with total variations (1 − θ̄)2,
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2θ̄ − θ̄2 and (1 − θ̄)2, each at most one, and on these pieces α differs from α(r) by at most
oscr. Replacing α by α(r) therefore changes their sum by at most 3 oscr:∣∣∣I − α(r)

{
(1 − θ̄)2 + (2θ̄ − θ̄2)− (1 − θ̄)2}∣∣∣ ≤ 3 oscr,

so that I ≥ α(r)(2θ̄ − θ̄2)− 3 oscr. This is [77, (7.14)–(7.15)], with 3 oscr in place of the
error O(ρ4

OB).

Step 4: the one-site value. Let Ψ0 and Ψ̃ be the one-site values of the base and perturbed
paths. The last stage is the same for both, and integrating it leaves the sum of Φ(q, ·) over
the three fields. With z = zx

q the common field of x, y at the end of the second stage, the
two boundary functions differ by

Υ = Φ(q, z + δY) + Φ(q, z − δY)− 2Φ(q, z),

a function of the Gaussian increments of the first two stages. We claim that

Ψ̃ − Ψ0 ≤ log E0eΥ. (9.8)

Indeed, both hierarchies integrate the same Gaussian increments at the same masses.
Let ∆i be the difference of their partial values after the increments beyond i have been
integrated, as a function of the increments through i, and let Ki be the tilted kernel
of the base path at increment i. Taking the ratio of the two defining integrals, we
find ∆i−1 = m−1 logKiem∆i if increment i has mass m > 0, and ∆i−1 = Ki∆i if m = 0.
Jensen’s inequality, together with the concavity of x 7→ xm for 0 < m ≤ 1, implies that
∆i−1 ≤ logKie∆i in both cases. If ∆i ≤ log E0[eΥ | increments through i], then the tower
property gives the same inequality at i − 1. At the end of the second stage we have ∆ = Υ,
and induction proves (9.8). This is the kernel comparison [77, (4.11), (7.17)]; it uses no
inverse of the field transformation, and singular increments cause no difficulty.

Using convexity of Φ(q, ·), the bound χ ≤ 1 and the Lipschitz bound on χ, we find by
the second-order Taylor formula with integral remainder that

0 ≤ Υ ≤ δ2Y2,
∣∣Υ − δ2χqY2∣∣ ≤ C|δY|3, χq = χ(q, zx

q). (9.9)

Under E0, the diffusion representation gives Y = YG + YB, where YG is a centered
Gaussian variable of variance ς2 = β2W̄ and |YB| ≤ 2β2, since every drift is bounded
by β2, is integrated over an interval of length h̄, and is then divided by h̄. Since θ̄ ≤
1/2, we have ς2 ≤ 2β2/h̄, and the hypothesis 8β2W̄δ2 ≤ 1 means 4δ2ς2 ≤ 1

2 . Using
Y2 ≤ 2(YG)2 + 8β4, |δ| ≤ 1 and the Gaussian identities Eea(YG)2

= (1 − 2aς2)−1/2 and
E(YG)4ea(YG)2

= 3ς4(1 − 2aς2)−5/2 with a = 2δ2, we find

E0||Y3 ≤ Ch̄−3/2, E0
[
Y4eδ2Y2] ≤ Ch̄−2.
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Using eΥ ≤ 1 + Υ + 1
2 Υ2eΥ for Υ ≥ 0, log(1 + z) ≤ z, (9.8) and (9.9), we obtain

Ψ̃ − Ψ0 ≤ δ2E0
[
χqY2]+ C

(
|δ|3h̄−3/2 + δ4h̄−2), (9.10)

which is [77, (7.19)].

Step 5: the triangular function on the first branch. It remains to estimate E0[χqY2]. Let
0 = s0 < s1 < · · · < sM = q be the partition points in [0, q]. Under the Gaussian law of
the increments, zx is a Brownian motion of variance β2 per unit time at these points, and
under E0 its law through q has density edx with respect to it, where

dx =
M−1

∑
j=0

α(sj)
(
Φ(sj+1, zx

sj+1
)− Φ(sj, zx

sj
)
)

[77, (7.21)]; the masses here are the scalar masses α(sj), because the block factorization
of Lemma 4.20 cancels the division of the masses by the block sizes. Let ψ0(t) =

(1 − |t − r|/h̄)+ be the triangular function supported on [r − h̄, r + h̄], and let ∂0 denote
the derivative in the direction that shifts every coordinate zx

t by ψ0(t). Under the Gaussian
law, Cov(Y0, zx

t ) = β2ψ0(t), Var(Y0) = 2β2/h̄ and ∂0Y0 = 2/h̄. Writing EG for the
Gaussian expectation, finite-dimensional Gaussian integration by parts gives

EG[Y0 f ] = β2EG[∂0 f ], EG[Y2
0 f ] =

2β2

h̄
EG f + β4EG[∂

2
0 f ] (9.11)

for every smooth function f of the coordinates with moderate growth. Summing by parts
in dx and using ψ0(0) = ψ0(q) = 0, we have

∂0dx =
M−1

∑
j=1

(
α(sj−1)− α(sj)

)
ψ0(sj) u(sj, zx

sj
),

∂2
0dx =

M−1

∑
j=1

(
α(sj−1)− α(sj)

)
ψ0(sj)

2 χ(sj, zx
sj
).

Only the points sj ∈ (r − h̄, r + h̄) contribute. As the partition contains r − h̄ and the step
function is nondecreasing, the sum of |α(sj−1)− α(sj)| over these points is at most oscr.
Together with |u| ≤ 1 and 0 < χ ≤ 1, this implies that |∂0dx| ≤ oscr and |∂2

0dx| ≤ oscr

[77, (7.23)].
Since ψ0(q) = 0, we have ∂0χq = 0. Applying (9.11) to f = edx χq, we obtain

E0[χqY2
0] =

2β2

h̄
E0χq + β4E0

[
χq
(
(∂0dx)

2 + ∂2
0dx
)]

=
2β2

h̄
E0χq + E1, |E1| ≤ 2β4 oscr .

(9.12)
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With ur = u(r, zx
r ) and χr = χ(r, zx

r ), we have ∂0ur = ψ0(r)χr = χr. Applying the first
identity in (9.11) to f = edx χqur, we find

E0[χqY0ur] = β2E0[χqχr] + β2E0[χqur ∂0dx] = β2E0[χqχr] + E2, |E2| ≤ β2 oscr .
(9.13)

These are [77, (7.24)–(7.25)]. The integrations by parts are legitimate for every fixed
partition, since the scalar values grow at most linearly, their derivatives are bounded, and
the density grows at most exponentially in the Gaussian variables.

Step 6: the ramp on the second branch. We condition on the whole path zx through
q. By the conditional independence in Step 1, the continuation of v after r is the scalar
diffusion started from zx

r at time r, as in Proposition 4.3(v). Its law on [r, r + h̄] has a
density edv of the same form as dx, over the partition points of [r, r + h̄]. Let ψ1(t) =

min{(t− r)+/h̄, 1} be the ramp, and ∂1 the corresponding derivative in the coordinates zv
t ,

t ≥ r. Under the conditional Gaussian law, Cov(Y1, zv
t ) = β2ψ1(t), Var(Y1) = β2/h̄ and

∂1Y1 = 1/h̄. Summing by parts, ∂1dv consists of the terminal term α(slast)u(r + h̄, zv
r+h̄)

and internal terms whose coefficients have total absolute value at most one, so |∂1dv| ≤ 2
and |∂2

1dv| ≤ 2. By the second identity of (9.11), in conditional form, we have E0[Y2
1 |

zx] = β2/h̄ + β4E0[(∂1dv)2 + ∂2
1dv | zx], and since χq is a function of zx with 0 < χq ≤ 1,

E0[χqY2
1] =

β2

h̄
E0χq + E3, |E3| ≤ 6β4. (9.14)

For the mixed moment we need the conditional mean of Y1. The Brownian part of
zv

r+h̄ − zv
r has conditional mean zero, and u(t, Yv

t ) is a martingale for the diffusion started

at time r, by Proposition 4.3(iv)–(v). With ᾱ = h̄−1
∫ r+h̄

r α(t)dt,

E0[Y1 | zx] =
β2

h̄

∫ r+h̄

r
α(t)E0

[
u(t, Yv

t ) | zx]dt = β2ᾱ ur

[77, (7.27)]. The variables Y0, χq and ur are functions of zx. Combining the last display
with (9.13) and |ᾱ − α(r)| ≤ oscr, we find

E0[χqY0Y1] = β2ᾱ E0[χqY0ur] = β4α(r)E0[χqχr] + E4, |E4| ≤ 2β4 oscr . (9.15)

Expanding Y2 = (1− θ̄)2Y2
0 + 2(1− θ̄)θ̄Y0Y1 + θ̄2Y2

1 and using (9.12), (9.14) and (9.15), we
have

E0[χqY2] ≤ β2W̄E0χq + 2(1 − θ̄)θ̄β4α(r)E0[χqχr] + 6β4(oscr +θ̄2), (9.16)

where we used (1 − θ̄)2 · 2β2/h̄ + θ̄2β2/h̄ = β2W̄. This is [77, (7.20)]. The triangular
function contributes errors of order oscr, while the error of order one from the ramp is
multiplied by θ̄2.
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Step 7: assembly and the limit. By Proposition 4.19, applied to the perturbed path
with zero multiplier and endpoint Q̃N, the constrained pressure p3,n(D) is at most the
trial value of the perturbed path. The base path has trial value 3Pβ(α) for D(r, q, 0).
Combining this with (9.6), (9.7), (9.10) and the lower bound on I , we obtain

p3,n(D) ≤ 3Pβ(α) + δ2E0[χqY2] + C
(
|δ|3h̄−3/2 + δ4h̄−2)

− β2δ2
(

W̄
∫ 1

q
α(t)dt + α(r)(2θ̄ − θ̄2)− 3 oscr

)
+ β2δ4W̄2.

We insert (9.16) and note that

2(1 − θ̄)θ̄β4α(r)E0[χqχr]− β2α(r)(2θ̄ − θ̄2)

= 2(1 − θ̄)θ̄β2α(r)
(

β2E0[χqχr]− 1
)
− β2α(r)θ̄2.

We discard the last term, which is nonpositive, and use β2δ4W̄2 ≤ 4β2δ4h̄−2. With
C̃ = 6β4 + 3β2, this proves (9.5) for the step approximation, with 3Pβ(α) in place of 3Pβ

and with E0χq −
∫ 1

q α(t)dt in place of α(q)(q − Γ(q)); this is [77, (7.29)]. The constants
do not depend on the partition.

We now keep n, r, q, δ, h̄, θ̄ fixed and let the mesh tend to zero. The left side does not
depend on the approximation. By the stability estimate Proposition 4.3(ii), the scalar
values and their first two spatial derivatives converge uniformly. Driving the diffusions
by the same Brownian motion, Gronwall’s inequality and the uniform Lipschitz bound on
the drifts show that the paths converge. The expectations E0χq and E0[χqχr] converge to
Eχq and E[χqχr] for the scalar diffusion Y of the minimizer,

∫ 1
q α and Pβ(α) converge to

their values for the minimizer, the latter being Pβ, and the values at r and q are unchanged.

Finally, by (4.9), we have Eχq −
∫ 1

q α(t)dt = α(q)(q − Γ(q)). This proves (9.5).

We take the limit in Step 7 at fixed h̄ and θ̄; no approximation rate uniform in these
parameters is needed. Only the values of α at r ± h̄ enter; no regularity of α at the distant
overlap q is used, and q may be close to one. We now choose the parameters.

Lemma 9.5 (Separated overlaps). Let J ⊂ (0, qβ) be a compact interval and d0 > 0. There
exist νsep, δsep, csep > 0, depending only on β, J and d0, such that

p3,n
(

D(r, q, δ)
)
≤ 3Pβ − csepδ2 (9.17)

for every n ≥ 2 and every feasible D(r, q, δ) with r ∈ J , r + d0 ≤ q ≤ 1, |q − Γ(q)| ≤ νsep and
|δ| ≤ δsep.

Proof. We may assume d0 ≤ 1. Let r− = minJ and r+ = maxJ . By Corollary 4.8, α

is smooth on [0, qβ) and in particular Lipschitz, with some constant Lα, on the compact
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interval J ′ = [r−/2, (r+ + qβ)/2] ⊂ (0, qβ). Let cχ be the constant of Lemma 9.3, set
cmix = β2α(r−)cχ, which is positive by Corollary 4.8, and let C̃, Ĉ be the constants of
Lemma 9.4. We choose, in this order,

θ̄ ∈ (0, 1/2] with C̃θ̄ ≤ 1
8 cmixd0;

h̄ ∈ (0, 1] with h̄ ≤ min{ 1
2r−, 1

2(qβ − r+), 1
2 d0} and 2C̃Lαh̄ ≤ 1

8 cmixθ̄d0;

νsep > 0 with 2β2νsep ≤ 1
8 cmixθ̄d0h̄;

δsep ∈ (0, 1] with 16β2δ2
sep ≤ h̄ and Ĉ

(
δseph̄−3/2 + δ2

seph̄−2) ≤ 1
8 cmixθ̄d0.

Let D = D(r, q, δ) be as in the lemma. Then h̄ < r and q − r ≥ d0 > h̄, and W̄ ≤ 2/h̄
because θ̄ ≤ 1/2. We have 8β2W̄δ2 ≤ 16β2δ2/h̄ ≤ 1, and Lemma 9.4 applies. We bound
the terms in the braces of (9.5). Since α(q) ≤ 1 and |q − Γ(q)| ≤ νsep, the first term
is at most 2β2νsep/h̄. By Lemma 9.3, 2(1 − θ̄) ≥ 1, α(r) ≥ α(r−) and q − r ≥ d0, the
second term is at most −θ̄β2α(r−)cχd0 = −cmixθ̄d0. Moreover oscr ≤ 2Lαh̄, because
[r − h̄, r + h̄] ⊂ J ′. Altogether,

p3,n(D) ≤ 3Pβ + δ2
{2β2νsep

h̄
− cmixθ̄d0 + C̃

[
α(r + h̄)− α(r − h̄) + θ̄2]}

+ Ĉ
(
|δ|3h̄−3/2 + δ4h̄−2). (9.18)

By the choices above, the first term in the braces, the terms 2C̃Lαh̄ and C̃θ̄2, and the last
term divided by δ2 are each at most 1

8 cmixθ̄d0. This proves (9.17) with csep = 1
2 cmixθ̄d0.

We chose the constants in the order d0, then θ̄, then h̄, then νsep, then δsep. The condi-
tion |δ| ≤ δsep cannot be dropped: (9.17) is a statement about small overlap imbalances.
Decreasing νsep later only shrinks the domain of (9.17).

9.3 Families of constraints

We now fix the data of the simultaneous estimate. All of the following are chosen before
n → ∞, in the order listed.

(F1) Compact intervals J ⊂ int I with I ⊂ (0, qβ), and a nonempty finite set B ⊂ (0, 1)
of large-overlap cutoffs. In the dynamical argument, J = Jβ and I = Iβ are the
intervals of (10.13), and B = {q∗, b1}; the fixed-scale exceptional sets of Section 10
are then subsets of the set Wn defined below.

(F2) The band ratio ϑ and amplitude E of Section 8.5, the constant mβ for I, a coefficient
0 < g < mβE2G(ϑ, E), and the constants d0, S, ρ0 of Lemma 8.7 for J , I, ϑ, E and g.

(F3) The constants νsep, δsep, csep of Lemma 9.5 for J and d0, and, for each b∗ ∈ B, the
constants b(b∗), νfix(b∗), cfix(b∗) of Lemma 9.2.
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(F4) The tolerance and the two deficits

ν = min
{

νsep, 1
2 ctail, min

b∗∈B
νfix(b∗)

}
, cfix = min

b∗∈B
cfix(b∗), cpair =

1
2 ν2,

with ctail from Lemma 9.1.
(F5) The fraction κ ∈ (0, 1) of the local deficit that is retained in the disorder event.

Let (ρn) and (ηn) be deterministic positive sequences with ρn → 0, and write εn = Eρn.
We define four deterministic families of feasible overlap matrices, the local family, the
separated-overlap family, the fixed-scale family, and the excluded pairs:

Dloc
n =

{
D(r, q, δ) : r ∈ J , ρn ≤ q − r ≤ d0, εn ≤ |δ| ≤ 2εn

}
,

Dsep
n =

{
D(r, q, δ) : r ∈ J , q − r > d0, |q − Γ(q)| ≤ ν, εn ≤ |δ| ≤ 2εn

}
,

Dfix
n =

⋃
b∗∈B

{
D(r, q, δ) : q ≥ b∗, |r ± δ| ≤ b(b∗), |q − Γ(q)| ≤ ν, |δ| ≥ ηn

}
,

Dpair
n =

{
D2(q̄) :

∣∣|q̄| − Γ(|q̄|)
∣∣ > ν

}
,

where only feasible matrices are included. There are at most (n + 1)3 matrices in Dloc
n ∪

Dsep
n , at most |B|(n + 1)3 in Dfix

n , and at most n + 1 in Dpair
n . Since ν < ctail, the family

Dpair
n contains every feasible D2(q̄) with |q̄| ≥ qtail. For a family D of ℓ× ℓ matrices, we

write {R ∈ D} for the set of ℓ-tuples whose overlap matrix lies in D. The corresponding
sets of configurations are the narrow triples, the fixed-scale triples and the excluded pairs,

Nn =
{
(v, x, y) ∈ Σ3

n : r ∈ J , q − r ≥ ρn, εn ≤ |δ| ≤ 2εn
}

,

Wn =
⋃

b∗∈B

{
(v, x, y) ∈ Σ3

n : R(x, y) ≥ b∗, |R(v, x)|, |R(v, y)| ≤ b(b∗),

|R(v, x)− R(v, y)| ≥ 2ηn
}

,

Pn = {R ∈ Dpair
n } =

{
(x, y) ∈ Σ2

n :
∣∣|R(x, y)| − Γ(|R(x, y)|)

∣∣ > ν
}

,

with r, δ, q the coordinates of the triple.

Lemma 9.6 (Covering). If (v, x, y) ∈ Nn, then (x, y) ∈ Pn or the overlap matrix of (v, x, y)
lies in Dloc

n ∪Dsep
n . If (v, x, y) ∈ Wn, then (x, y) ∈ Pn or the overlap matrix of (v, x, y) lies in

Dfix
n .

Proof. Let (v, x, y) ∈ Nn. Then q = R(x, y) ≥ r + ρn > 0, since r ∈ J ⊂ (0, 1). If
|q − Γ(q)| > ν, then (x, y) ∈ Pn. Otherwise D(r, q, δ) lies in Dloc

n if q − r ≤ d0 and in Dsep
n

if q − r > d0. Next let (v, x, y) ∈ Wn, for the cutoff b∗ ∈ B. Then q = R(x, y) ≥ b∗ > 0,
|r ± δ| ≤ b(b∗) and |δ| ≥ ηn, so either (x, y) ∈ Pn or D(r, q, δ) ∈ Dfix

n .

By Lemma 9.6, every narrow triple is covered by the local regime, the regime of
separated overlaps, or the pair regime. The local regime uses the cubic deficit of Section 7
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through Lemma 8.7; the other two use the quadratic deficits of Lemmas 9.1 and 9.5.
No fractional moment bound at a distant overlap q is needed, and the construction of
Section 7 is used only for q − r ≤ d0.

9.4 The simultaneous event

The conversion of constrained-pressure bounds to Gibbs probabilities is treated in [77,
Lemma 4.2], where the logarithm of the Gibbs probability is concentrated about its mean.
Here we bound the constrained numerators and the full partition-function denominator
separately. For the local numerators we use the positive fractional-moment mechanism
of [8, Section 2.3], through Lemma 8.7. This controls their deviations at the required
shrinking scale. The simultaneous event below combines this with a variance bound
for the denominator and retains separate disorder and conditional Gibbs errors at the
shrinking scales.

We impose the following conditions on the scales. Recall that ∆n,β = Pβ − pn(β).

lim sup
n→∞

∆n,β

ρ3
n

<
κg
3

, (S1)

lim
n→∞

n7/15

n2ρ6
n
= 0, (S2)

lim
n→∞

nρ4
n

log n
= ∞, (S3)

lim
n→∞

nη4
n

log n
= ∞, (S4)

lim
n→∞

ρ3
n

η2
n
= 0. (S5)

Condition (S1) says that the mean bias is absorbed by the retained part of the cubic deficit,
with a strict constant margin. Given the variance bound Var Fn ≤ Cvn7/15 of Theorem 4.10,
(S2) makes the Chebyshev bound for the denominator tend to zero. Conditions (S3) and
(S4) make the numerator bounds summable over polynomially many constraints, and
(S5) makes the loss in the denominator negligible against the fixed-scale deficit. By (S1),
we may fix a0 and c0 with

lim sup
n→∞

∆n,β

ρ3
n

< a0 < c0 <
κg
3

, (9.19)

for instance c0 = 1
2(a0 +κg/3).

We define An as the set of disorders J for which all of the following hold:

(A1) Fn ≥ n(Pβ − c0ρ3
n);
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(A2) n−1 log Z3,n(D) ≤ 3Pβ −κgρ3
n for every D ∈ Dloc

n ∪Dsep
n ;

(A3) n−1 log Z3,n(D) ≤ 3Pβ − 1
2 cfixη2

n for every D ∈ Dfix
n ;

(A4) n−1 log Z2,n(D) ≤ 2Pβ − 1
2 cpair for every D ∈ Dpair

n .

The event An is measurable, since all constrained partition functions are finite sums of
continuous functions of the disorder.

Lemma 9.7 (Simultaneous static event). Fix the data (F1)–(F5), and let (ρn), (ηn) satisfy
(S1)–(S5). There exist C, c > 0 and n0, depending only on β, on the data (F1)–(F5) and on the
sequences, such that for all n ≥ n0,

P(Ac
n) ≤ C

n7/15

n2ρ6
n
+ C(n + 1)3(e−cnρ4

n + e−cnη4
n
)
+ C(n + 1)e−cn, (9.20)

and the right side tends to zero. Moreover, for all n ≥ n0 and every disorder J ∈ An,

(π J)⊗3({R ∈ Dloc
n ∪Dsep

n }
)
≤ C(n + 1)3e−cnρ3

n , (π J)⊗3(Nn) ≤ C(n + 1)3e−cnρ3
n ,

(π J)⊗3({R ∈ Dfix
n }
)
≤ C(n + 1)3e−cnη2

n , (π J)⊗3(Wn) ≤ C(n + 1)3e−cnη2
n ,

(π J)⊗2(Pn) ≤ C(n + 1)e−cn.
(9.21)

The same bounds hold for the images of these sets under every element of O3, respectively O2, and
the set of triples (v, x, y) with (x, y) ∈ Pn has (π J)⊗3-probability (π J)⊗2(Pn).

Proof. We bound the probability that each of (A1)–(A4) fails, take a union bound over
the deterministic families, and then divide the bounds on the numerators by the bound
on the denominator, on An. Let n0 be so large that, for n ≥ n0, we have ∆n,β ≤ a0ρ3

n,
Var Fn ≤ Cvn7/15, ρn ≤ min{ρ0, 1}, 2εn ≤ δsep, κgρn ≤ 1

2 csepE2, 12c0ρ3
n ≤ cfixη2

n and
8c0ρ3

n ≤ cpair. This is possible by (9.19), Theorem 4.10, ρn → 0 and (S5).

Step 1: the denominator. Since EFn = n(Pβ − ∆n,β) ≥ n(Pβ − a0ρ3
n), the failure of (A1)

implies Fn − EFn < −n(c0 − a0)ρ
3
n. By Chebyshev’s inequality,

P
(

Fn < n(Pβ − c0ρ3
n)
)
≤ Cvn7/15

(c0 − a0)2n2ρ6
n

.

Step 2: local numerators. Let D ∈ Dloc
n and s = Sρn. By Markov’s inequality applied to

Z3,n(D)s and by (8.19),

P
(
n−1 log Z3,n(D) > 3Pβ −κgρ3

n
)
≤ EZ3,n(D)s e−ns(3Pβ−κgρ3

n) ≤ e−(1−κ)gS nρ4
n .

This is the only place where a fractional moment enters. A Gaussian concentration bound
at a mean deficit of order ρ3

n would give the exponent nρ6
n, which is R6n−2/5 at the scale

ρn = Rn−7/30 and tends to zero.
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Step 3: the other numerators. By Remark 4.22, log Zℓ,n(D) is Lipschitz in (Jij)i<j with
constant βℓ

√
(n − 1)/2. By the Gaussian concentration inequality (4.19) of Proposi-

tion 4.21, for every t > 0,

P
(
log Zℓ,n(D)− E log Zℓ,n(D) ≥ nt

)
≤ 2 exp

(
− n2t2

β2ℓ2(n − 1)

)
≤ 2 exp

(
− nt2

β2ℓ2

)
. (9.22)

For D ∈ Dsep
n , we have εn ≤ |δ| ≤ 2εn ≤ δsep, and Lemma 9.5 implies that p3,n(D) ≤

3Pβ − csepE2ρ2
n. Since κgρ3

n ≤ 1
2 csepE2ρ2

n, the threshold in (A2) exceeds the mean p3,n(D)

by at least 1
2 csepE2ρ2

n. For D ∈ Dfix
n , we see from Lemma 9.2 and |δ| ≥ ηn that p3,n(D) ≤

3Pβ − cfixη2
n, and the threshold in (A3) exceeds the mean by at least 1

2 cfixη2
n. For D ∈ Dpair

n ,
we have p2,n(D) < 2Pβ − 1

2 ν2 = 2Pβ − cpair by Lemma 9.1, and the threshold in (A4)
exceeds the mean by at least 1

2 cpair. Applying (9.22) with ℓ = 3, 3, 2 and these values of t,
we obtain, for a single matrix of the respective family, the failure probabilities

2e−c2
sepE4nρ4

n/(36β2), 2e−c2
fixnη4

n/(36β2), 2e−c2
pairn/(16β2).

Step 4: the union bound. Recall that the families are deterministic and that their sizes
were bounded in Section 9.3. Summing the bounds of Steps 1–3 over them, we have

P(Ac
n) ≤

Cv

(c0 − a0)2
n7/15

n2ρ6
n
+ (n + 1)3

(
e−(1−κ)gSnρ4

n + 2e−c2
sepE4nρ4

n/(36β2)
)

+ 2|B|(n + 1)3e−c2
fixnη4

n/(36β2) + 2(n + 1)e−c2
pairn/(16β2),

which is (9.20). The first term tends to zero by (S2), and the others by (S3) and (S4), since
(n + 1)3e−cnρ4

n = exp{3 log(n + 1)− cnρ4
n}, and similarly for ηn.

Step 5: Gibbs probabilities on An. Fix J ∈ An. By (A1), Zℓ
n ≥ exp{ℓn(Pβ − c0ρ3

n)}. The
ratio Zℓ,n(D)/Zℓ

n is the Gibbs probability of {R = D}. For D ∈ Dloc
n ∪Dsep

n , (A2) gives

Z3,n(D)

Z3
n

≤ e−n(κg−3c0)ρ
3
n ,

and the coefficient κg − 3c0 is positive by (9.19). For D ∈ Dfix
n and D ∈ Dpair

n , (A3), (A4)
and the choice of n0 give, respectively,

Z3,n(D)

Z3
n

≤ e−n(cfixη2
n/2−3c0ρ3

n) ≤ e−cfixnη2
n/4,

Z2,n(D)

Z2
n

≤ e−n(cpair/2−2c0ρ3
n) ≤ e−cpairn/4.

Summing over the families gives the first three bounds of (9.21), with c = min{κg −
3c0, 1

4 cfix, 1
4 cpair} and C = |B|. An event that depends only on (x, y) has the same

probability under (π J)⊗3 as under (π J)⊗2, which is the last assertion of the lemma. By



9 A simultaneous estimate for overlap constraints 9.4 The simultaneous event 175

Lemma 9.6, Nn is contained in the union of {R ∈ Dloc
n ∪Dsep

n } and the set of triples with
(x, y) ∈ Pn, so

(π J)⊗3(Nn) ≤ (n + 1)3e−n(κg−3c0)ρ
3
n + (n + 1)e−cpairn/4,

and similarly (π J)⊗3(Wn) ≤ |B|(n + 1)3e−cfixnη2
n/4 + (n + 1)e−cpairn/4. We may assume

ηn ≤ 1, since otherwise Dfix
n and Wn are empty. As also ρn ≤ 1, the term e−cpairn/4 is at

most e−cpairnρ3
n/4 and at most e−cpairnη2

n/4. We obtain the last two bounds of (9.21) with
C = |B|+ 1. The statements for the images under O3 and O2 follow from (9.1).

Estimate Bound Kind Theorem 1.1

(A1), denominator n7/15/(n2ρ6
n) disorder n−2/15

(A2), local numerators (n + 1)3e−cnρ4
n disorder e−cn1/15

(A2), separated overlaps (n + 1)3e−cnρ4
n disorder e−cn1/15

(A3), fixed-scale numerators (n + 1)3e−cnη4
n disorder e−cn1/21

(A4), pair numerators (n + 1)e−cn disorder e−cn

narrow triples (n + 1)3e−cnρ3
n Gibbs, on An e−cn3/10

fixed-scale triples (n + 1)3e−cnη2
n Gibbs, on An e−cn11/21

excluded pairs (n + 1)e−cn Gibbs, on An e−cn

Table 9.1. The error terms of Lemma 9.7, up to constant factors, at the scales ρn = Rn−7/30 and
ηn = n−5/21 of Theorem 1.1. The first five rows bound the disorder probability P(Ac

n); they are
paid once. The last three rows are Gibbs probabilities at a fixed disorder in An; only these are
multiplied by counts in Sections 10 to 12. The last column omits polynomial factors.

Remark 9.8 (The scales of the barrier theorem). Fix the data (F1)–(F5), and write Cb for
the constant of the upper bound on the mean bias that is used.

(a) By Theorem 4.11, 0 ≤ ∆n,β ≤ Cbn−7/10 for n ≥ 2. We choose

ρn = Rn−7/30, εn = Eρn, ηn = n−5/21, sn = Sρn, R3 >
3Cb
κg

. (9.23)

Then ∆n,β/ρ3
n ≤ Cb/R3 < κg/3, which is (S1). Moreover n7/15/(n2ρ6

n) = R−6n−2/15,
nρ4

n = R4n1/15, nη4
n = n1/21 and ρ3

n/η2
n = R3n−47/210, which proves (S2)–(S5). The

Gibbs probabilities decay on the scales nρ3
n = R3n3/10 and nη2

n = n11/21.
(b) More generally, let ρn = Rn−λ and ηn = n−ξ , where the scale exponents λ and ξ

satisfy (10.10). Suppose the mean-bias bound (10.11) and R3 > 3Cb/(κg). Then
∆n,β/ρ3

n ≤ Cb/R3 < κg/3 for large n, which is (S1). We have (S2) because
n7/15/(n2ρ6

n) = R−6n7/15−2+6λ and 6λ < 3/2 < 23/15. We have (S3) and (S4)
because 1 − 4λ > 0 and 1 − 4ξ > 0, and (S5) holds because ρ3

n/η2
n = R3n2ξ−3λ. Part

(a) is the case (λ, ξ) = (7/30, 5/21), with Theorem 4.11 as the bound (10.11).
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The dynamical argument needs in addition the conditions (11.1): ηn/ρn → E′ for a fixed
E′ ∈ [0, E/10], and n−1 = o(εn). In part (b) we have E′ = 0, since ηn/εn = (ER)−1nλ−ξ

and λ < ξ; in part (a), this ratio is (ER)−1n−1/210. Also 1/(nεn) = (ER)−1nλ−1 → 0.
The conditions (S1)–(S3) do not involve ηn. For ηn = ρn/1000, as in Section 12.7, where
E′ = 1/1000 = E/10 because E = 1/100, conditions (S4) and (S5) follow from (S3)
and ρn → 0, since nη4

n = 10−12nρ4
n and ρ3

n/η2
n = 106ρn. The variance input n7/15 of

Theorem 4.10 and the profile cost s5 of Lemma 8.5 do not depend on the choice of the
scales, and s5

n/ρ3
n = S5R2n−2λ. Within this argument the exponent λ is limited both by

one third of the exponent in the upper bound on the mean bias and by 1/4, the latter
through (S3).

Remark 9.9 (How the estimate is used). The later sections use Lemma 9.7 in the following
form. If a bad event at a fixed disorder is a union of at most Kn events, each contained in
one of the sets of (9.21), in one of their images under O3, or in a lift of Pn or of one of its
images to more configurations, then its probability under the joint law of the disorder
and the Gibbs samples is at most

P(Ac
n) + Kn sup

J∈An

{
(π J)⊗3(Nn) + (π J)⊗3(Wn) + (π J)⊗2(Pn)

}
up to a fixed factor for the orientations. The count Kn multiplies only the Gibbs probabili-
ties. For example, with Kn = eCLn and Ln = An7/30, we have Kn(n + 1)3e−cR3n3/10 → 0 for
every fixed A and C. No such count may be applied to the disorder probability P(Ac

n),
for which this section gives only the bound O(n−2/15) at the scales of Remark 9.8(a). In
Section 10, An is intersected with the disorder event of Lemma 10.1; the intersection has
probability tending to one by a union bound, and no independence between the two
events is needed.



part iii

Dynamics: proof of the lower bound



section 10

Overlap neighborhoods and reference configurations

This section collects the probabilistic input of the dynamical argument in Sections 11
and 12. It has three parts. In Section 10.1, we prove Lemma 10.1, the overlap-
neighborhood mass bound. It states that outside an event of vanishing disorder proba-
bility, for every set S ⊆ Σn, every x ∈ S outside a set of Gibbs mass less than e−D1Ln has
the property that the configurations z ∈ S with |R(x, z)| ≥ q∗ carry Gibbs mass at least
e−D3Ln ; here D1 > 0 is arbitrary, and D3 depends only on β and D1. This is the argument
of [77, Proposition 6.1], carried out at every diverging sublinear scale Ln. In Section 10.2,
we fix the parameters of the dynamical argument and the order in which they are chosen
(Table 10.1). We then define the set Bn of exceptional triples as an explicit union and
deduce from Lemma 9.7 that π⊗3(Bn) is small on one disorder event (Lemma 10.2). In
Section 10.3, we combine these two inputs. At each disorder in an event of probability
tending to one, we fix one family of Gibbs reference configurations and one set V of small
Gibbs mass such that the four properties used in Section 11 hold along every path that
avoids V (Lemma 10.4).

The section uses Lemma 9.7 and the pressure estimate (9.3) from Section 9, the
scalar constant of (5.20) from Section 5, the band of (7.37) from Section 7, and the
imported results Propositions 4.21, 4.27, and 4.28. Lemma 10.4 is the only point at
which the static estimates of Part II enter the induction of Section 11; its bound on π(V)

enters the stationary sign test of Section 12. Although Theorem 1.1 uses only the scale
exponent 7/30, we state the construction for general exponents, because this shows which
conditions on the scales each step uses (see Table 12.2).

Throughout this section, β > 1 is fixed, and we write π = π J . For a vector J̄ =

( J̄ij)1≤i<j≤n of real numbers, we write H J̄
n and Z J̄

n for the Hamiltonian and the partition
function in which J is replaced by J̄. For k ≥ 1 and a set U ⊆ Σk

n, π⊗k(U ) is the probability,
at fixed disorder, that k independent samples from π form a k-tuple in U ; we also write
π⊗2(|R| ≥ q) for π⊗2({(x, y) : |R(x, y)| ≥ q}). The Gibbs measure is invariant under the
spin flip x 7→ −x, because H J

n(−x) = H J
n(x), and π⊗k is invariant under independently

reversing whole replicas and under permutations of the replicas. All constants depend
on β and on the fixed parameters listed in Table 10.1, and never on n or on the disorder.

178
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10.1 Overlap neighborhoods at sublinear scales

The bound below was proved in [77, Proposition 6.1] at the scale Ln = n1/10000 used there;
this is Proposition 4.29. Its proof uses the scale only through the conditions Ln → ∞
and Ln = o(n). Our time scale is different, and the constants of the bound enter the
construction of Section 10.3. For these reasons we state the extension and write out the
proof. The ingredients are those of [77]: the upper tail of the energy of a Gibbs sample
(Proposition 4.27, whose proof in [77, Lemma 5.1] uses the Brascamp–Lieb inequality
[30] in the form of [77, Lemma 2.1]), the disorder rotation estimate (Proposition 4.28;
[77, Lemma 5.2]), Gaussian concentration for Lipschitz functions (Proposition 4.21; [77,
Lemma 2.1]), and the Paley–Zygmund inequality.

Lemma 10.1 (Overlap-neighborhood mass bound at sublinear scales). There exists q∗ =

q∗(β) ∈ (0, 1) with the following property. Let (Ln) be a deterministic sequence of positive
numbers with Ln → ∞ and Ln/n → 0, and let D1 > 0. Then there exist D3 > 0 and D4 > 0,
depending only on β and D1, and disorder events Cn(D1) such that P(Cn(D1)

c) ≤ 3e−D4Ln for
all sufficiently large n, and such that on Cn(D1),

π
({

x ∈ S : π({z ∈ S : |R(x, z)| ≥ q∗}) < e−D3Ln
})

< e−D1Ln for every S ⊆ Σn. (10.1)

Both masses in (10.1) are masses under π itself, not under π conditioned on S. The
inner mass is the probability that a single Gibbs sample lands in the overlap neighborhood
{z ∈ S : |R(x, z)| ≥ q∗} of x in S; in Section 10.3 it is the success probability of one
reference sample. The overlap q∗ is chosen before D1 and before the sequence (Ln), and
D3 and D4 do not depend on the sequence either. Since Ln → ∞, the lemma implies that
P(Cn(D1)) → 1. The event Cn(D1) and the threshold beyond which the estimates below
hold depend on (Ln); the lemma does not provide one event valid for all sequences at
once. For Ln = n1/10000, Lemma 10.1 contains Proposition 4.29.

Proof. The proof has three steps. In the first, we show that outside an event of vanishing
probability, every set of Gibbs mass at least e−D1Ln contains a fraction at least e−D2Ln of
pairs with overlap at least q∗ in absolute value. The idea, from [77, Section 6], is that if a
set has few such pairs, then a second moment computation shows that a small rotation
of the disorder increases the partition function restricted to this set by nearly its full
Gaussian factor. In the second step, we show that this gain outweighs the loss caused
by shrinking the original disorder, which the upper energy tail controls, and that the
rotation estimate makes the resulting increase of log Z J

n unlikely. In the third step, we
apply the pair bound to the set of exceptional targets itself.

Constants. By Proposition 4.27, there exist e1 ∈ (0, β/2) and cE > 0 such that the event

En =
{

π({x : H J
n(x) > ne1}) ≤ e−cEn}
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satisfies P(E c
n) ≤ e−cEn for all sufficiently large n. We define

g0 =
β2

4
− βe1

2
,

which is positive because e1 < β/2. We fix q∗ ∈ (0, 1) with β2q∗ < g0/8. These choices
depend only on β. Given D1 > 0, we fix constants Λ, D2, and D3 such that

Λ >
8(D1 + 1)

g0
, D2 >

β2Λ
2

+ 1, D3 > D1 + D2. (10.2)

They depend only on β and D1. Now let (Ln) be as in the statement, write L = Ln, and
let

ω = ωn =
ΛLn

n
.

Then ωn → 0 and nωn = ΛLn → ∞. We have 0 < ω < 1/2 for all sufficiently large n; we
assume this from now on.

Step 1: pairs with large overlap in every large set. Let Vn be the event that some S ⊆ Σn

satisfies
π(S) ≥ e−D1L and π(· | S)⊗2(|R| ≥ q∗) < e−D2L. (10.3)

This event is measurable, since it is a finite union of events, each defined by finitely many
continuous functions of the disorder. Off Vn, we have

π(· | S)⊗2(|R| ≥ q∗) ≥ e−D2L for every S ⊆ Σn with π(S) ≥ e−D1L. (10.4)

We will show that P(Vn) → 0.
Fix J ∈ En ∩ Vn and a set S satisfying (10.3). We first remove the configurations of

high energy from S. Let
S′ = S ∩ {x : H J

n(x) ≤ ne1}.

For large n, we have e−cEn ≤ e−D1L/2 ≤ π(S)/2, because D1L = o(n). This implies that

π(S′) ≥ π(S)− π({x : H J
n(x) > ne1}) ≥ π(S)/2.

Restricting the pairs to S′ × S′ and dividing by π(S′)2 instead of π(S)2, we find

π(· | S′)⊗2(|R| ≥ q∗) ≤
( π(S)

π(S′)

)2
π(· | S)⊗2(|R| ≥ q∗) < 4e−D2L. (10.5)

Let J̃ = ( J̃ij)1≤i<j≤n be a standard Gaussian vector independent of J, and define

W = ∑
x∈S′

π(x | S′) eβ
√

ωH J̃
n(x), J′ =

√
1 − ω J +

√
ω J̃.
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We write P J̃ and E J̃ for probability and expectation over J̃ with J fixed. Recall from (3.3)

that EH J̃
n(x)H J̃

n(y) = (nR(x, y)2 − 1)/2. Using EeX = eEX2/2 for a centered Gaussian
variable X, we find

E J̃W = eβ2ω(n−1)/4,
E J̃W

2

(E J̃W)2 = ∑
x,y∈S′

π(x | S′)π(y | S′) exp
{β2ω

2
(
nR(x, y)2 − 1

)}
.

We split the last sum according to whether |R(x, y)| < q∗. On the first part, the exponent
is at most

Θ =
β2nωq2

∗
2

.

On the second part, the exponent is at most β2nω/2 = β2ΛL/2, and we use (10.5). Since
D2 > β2Λ/2 + 1, this gives

E J̃W
2

(E J̃W)2 ≤ eΘ + 4e(β2Λ/2−D2)L ≤ eΘ + 4e−L ≤ 2eΘ

once L ≥ log 4. The Paley–Zygmund inequality P(W ≥ EW/2) ≥ (EW)2/(4EW2), valid
for every nonnegative random variable W with finite second moment, then implies that

P J̃

(
W ≥ E J̃W/2

)
≥ e−Θ

8
. (10.6)

Next, we raise this probability to 1/2 at the cost of a lower threshold. Let f ( J̃) = log W.
Differentiating the finite sum defining W, we have

∂ f
∂ J̃ij

=
β

W

√
ω

n ∑
x∈S′

π(x | S′) eβ
√

ωH J̃
n(x)xixj.

The right side is β
√

ω/n times an average of the numbers xixj ∈ {−1, 1}, so each
coordinate of ∇ f is at most β

√
ω/n in absolute value. Summing over the n(n − 1)/2

coordinates, we find |∇ f |2 ≤ β2ω(n − 1)/2 = σ2
W ; in particular, f is σW-Lipschitz. Let

f̄ = E J̃ f . By the second bound in (4.19) (Proposition 4.21), we have E J̃ exp{θ( f − f̄ )} ≤
eθ2σ2

W /2 for every θ ∈ R. The exponential Markov inequality then implies the two one-
sided bounds

P J̃( f − f̄ ≥ a) ≤ e−a2/(2σ2
W), P J̃( f − f̄ ≤ −a) ≤ e−a2/(2σ2

W) (a ≥ 0). (10.7)

Note that W ≥ E J̃W/2 if and only if f ≥ log(E J̃W/2). If log(E J̃W/2) > f̄ , then (10.6)
and the first bound in (10.7) with a = log(E J̃W/2)− f̄ give

e−Θ

8
≤ P J̃

(
f ≥ log(E J̃W/2)

)
≤ exp

{
−
(log(E J̃W/2)− f̄ )2

2σ2
W

}
,



10 Overlap neighborhoods and reference configurations § 10.1 182

so that f̄ ≥ log(E J̃W/2) − σW
√

2(Θ + log 8). This lower bound for f̄ also holds if
log(E J̃W/2) ≤ f̄ . The second bound in (10.7) with a = σW

√
2 log 2 then implies that

P J̃

(
f > log(E J̃W/2)− σW

√
2(Θ + log 8)− σW

√
2 log 2

)
≥ 1

2
.

We estimate the loss in the threshold using σ2
W ≤ β2nω/2,

√
u + v ≤

√
u +

√
v, and√

log 8 +
√

log 2 = (1 +
√

3)
√

log 2 < 3:

σW
√

2Θ + σW
(√

2 log 8 +
√

2 log 2
)
≤ β2nωq∗√

2
+ 3β

√
nω.

Recalling that log(E J̃W/2) = β2ω(n − 1)/4 − log 2, we conclude that, with conditional
probability at least 1/2,

log W ≥ β2ω(n − 1)
4

− β2nωq∗ − 3β
√

nω − log 2. (10.8)

The constants in (10.8), and the threshold for n beyond which it holds, do not depend on
J or S.

Step 2: comparison with the rotation estimate. By the linearity of H J
n in J, we have

H J′
n =

√
1 − ω H J

n +
√

ω H J̃
n. Because 1 −

√
1 − ω > 0 and H J

n ≤ ne1 on S′, we have

Z J′
n

Z J
n
= π

(
exp

{
−β
(
1 −

√
1 − ω

)
H J

n + β
√

ωH J̃
n
})

≥ π(S′) e−β(1−
√

1−ω)ne1 W.

For 0 ≤ ω ≤ 1, we have 1 −
√

1 − ω = ω/(1 +
√

1 − ω) ≤ ω/(2 − ω) ≤ ω/2 + ω2/2;
the last inequality is equivalent to ω(1 − ω) ≥ 0. We take logarithms and insert π(S′) ≥
e−D1L/2, (10.8), and β2ω(n − 1)/4 ≥ β2nω/4− β2/8. Recalling that nω = ΛL, we obtain,
with conditional probability at least 1/2,

log Z J′
n − log Z J

n ≥ nω
(β2

4
− βe1

2
− β2q∗

)
− D1L − Errn =

[
(g0 − β2q∗)Λ − D1

]
L − Errn,

where

Errn =
βe1Λ2L2

2n
+ 3β

√
ΛL +

β2

8
+ 2 log 2.

By the choices of q∗ and Λ, we have β2q∗ < g0/8 and D1 < g0Λ/8 − 1, so that

(g0 − β2q∗)Λ − D1 >
7
8

g0Λ − 1
8

g0Λ =
3
4

g0Λ.

Since L → ∞ and L/n → 0, we have Errn = o(L); this is where the two conditions on the
scale are used together. We have Errn ≤ g0ΛL/4 for large n, and then

P J̃

(
log Z J′

n − log Z J
n ≥ g0ΛL

2

)
≥ 1

2
for every J ∈ En ∩ Vn. (10.9)
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The threshold for n depends only on β, D1, and the sequence (Ln).
Since the event in (10.9) does not involve S, we need no measurable choice of S as a

function of J (in [77, Section 6], the first violating set in a fixed order of the subsets is
chosen; either way works). By Fubini’s theorem, the left side of (10.9) is a measurable
function of J. Integrating it over J, we obtain

1
2

P(En ∩ Vn) ≤ PJ, J̃

(
log Z J′

n − log Z J
n ≥ g0ΛL

2

)
.

The right side is a probability under the joint law of (J, J̃), which is the setting of
Proposition 4.28. Since 0 < ω < 1/2, the last bound of Proposition 4.28, with t = ω and
u = g0ΛL/2 = g0nω/2, bounds it by exp{−u2/(2β2nω)} = exp{−g2

0ΛL/(8β2)}. We
conclude that

P(Vn) ≤ P(E c
n) + P(En ∩ Vn) ≤ e−cEn + 2 exp

{
−

g2
0ΛL
8β2

}
−→ 0.

This bound holds simultaneously for all subsets, without a union bound over them.

Step 3: from pairs to targets. Let Cn(D1) = V c
n, fix J ∈ Cn(D1) and S ⊆ Σn, and let US be

the set of x ∈ S with π({z ∈ S : |R(x, z)| ≥ q∗}) < e−D3L. Suppose that π(US) ≥ e−D1L.
Since US ⊆ S, every x ∈ US satisfies π({y ∈ US : |R(x, y)| ≥ q∗}) < e−D3L. This implies
that

π(· | US)
⊗2(|R| ≥ q∗) =

1
π(US)2 ∑

x∈US

π(x)π({y ∈ US : |R(x, y)| ≥ q∗})

<
e−D3L

π(US)
≤ e−(D3−D1)L < e−D2L,

where in the last step we used D3 > D1 + D2. Then US satisfies (10.3), which contradicts
J /∈ Vn. We conclude that π(US) < e−D1L for every S, which is (10.1). Finally, for all
sufficiently large n, the last display of Step 2 and L ≤ n give

P
(
Cn(D1)

c) = P(Vn) ≤ e−cEn + 2 exp
{
−

g2
0ΛL
8β2

}
≤ 3e−D4L, D4 = min

{
cE,

g2
0Λ

8β2

}
.

The constant D4 depends only on β and D1. This completes the proof.

For D > 0, we write c(D) for the constant D3 given by Lemma 10.1 with D1 = D. It
depends only on β and D.

10.2 Parameters and exceptional triples

Exponents

We fix exponents λ and ξ of the scales such that

0 < λ < ξ <
1
4

, 2ξ < 3λ, (10.10)
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and we assume the following upper bound on the mean bias ∆n,β = Pβ − pn(β): there
exists Cb < ∞ such that

0 ≤ Pβ − pn(β) ≤ Cbn−3λ for all sufficiently large n. (10.11)

For Theorem 1.1, we take λ = 7/30 and ξ = 5/21, and (10.11) is Theorem 4.11, with
exponent 7/10 = 3λ. Then (10.10) holds because 7/30 < 5/21 < 1/4 and 2ξ = 10/21 <

7/10 = 3λ. The barrier exponent is one third of the exponent of the mean-bias input.
Table 10.2 lists the powers of n that appear in this section and in Sections 11 and 12; the
error terms of the static estimates are tabulated in Section 9.

The fixed parameters

Let q∗ = q∗(β) be the overlap of Lemma 10.1. Recall from Lemma 9.2 that for each
fixed large-overlap cutoff b∗ ∈ (0, 1), there exists a small-overlap cutoff b(b∗) > 0,
depending only on β and b∗, such that the three-replica pressure deficit (9.3) holds for
all feasible overlap matrices D(r, q, δ) with q ≥ b∗, |r + δ| ≤ b(b∗), |r − δ| ≤ b(b∗), and
|q − Γ(q)| ≤ νfix(b∗). We fix signed-overlap cutoffs b1 and b2 with

0 < b1 < 1, b1 ≤ b(q∗), 0 < b2 < b1, b2 ≤ b(b1),

and then t0 > 0 with
4t0 < min{q∗, b2, b2

1/2}, 3t0 < qβ. (10.12)

In Section 11, the thresholds lie in [t0, 2t0], and the cells that we define below use the
cutoff 3t0. We use the first condition in (10.12) to keep these values below q∗ and b2, with
room for the error terms of Section 11. It also gives 3t0 < b2

1/2, which we use there to
bound the number of deleted references. The second condition ensures that the intervals
Jβ and Iβ chosen next lie inside (0, qβ), where Γ(t) = t by (4.10). We fix compact intervals
Jβ and Iβ such that

[t0, 2t0] ⊆ int Jβ, Jβ ⊆ int Iβ, Iβ ⊆ (t0/2, 3t0). (10.13)

The centers of all three-replica constraints met in Section 11 lie in Jβ. The local comparison
of Sections 8 and 9 is applied only at centers in Jβ, with its local cutoff chosen so small that
all its windows lie in Iβ. Let mβ > 0 be the lower bound of (5.20) for α(r)2β6Eχ(r, Yr)3

on Iβ; it is positive because Iβ is a compact subset of (0, qβ).
We fix the band of the local comparison of Section 7 at ϑ = 1/2 and E = 1/100. Here ϑ

is the ratio (q − r)/h of that comparison and Eρn ≤ |δ| ≤ 2Eρn is its range of imbalances.
At these values (7.37) holds and G(ϑ, E) > 1/3. We fix the pressure coefficient g, a
fraction κ ∈ (0, 1), and the scale constant R > 0 with

0 < g < mβE2G(ϑ, E), (10.14)

R3 >
3Cb
κg

, (10.15)
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where Cb is the constant of (10.11). Here g is the coefficient of ρ3
n in the local fractional

gap (8.19), and κ is the fraction of this gap that is kept in the probability bounds of
Section 9. The scales are

ρn = Rn−λ, εn = Eρn, ηn = n−ξ , (10.16)

which are the scales of Remark 9.8. With these choices, the data of the simultaneous
estimate in Section 9.3 are the intervals Jβ ⊆ int Iβ, the large-overlap cutoffs q∗ and b1, the
band (ϑ, E), the coefficient g, and the fraction κ. The remaining constants of the static
estimates (the local cutoff, the tolerance ν of the pair exclusions, the pressure deficits
of the separated-overlap, fixed-scale, and pair regimes, the coefficient of the fractional
tilt, and the denominator margin (9.19)) are fixed in Sections 8 and 9 with positive slack.
They depend only on β and on the parameters above, and not on n.

Finally, we fix integers

H = ⌈2/b2
1⌉, B ≥ H + 2. (10.17)

Here H bounds the number of references deleted at the start of a block in Section 11, and
B is the number of levels in a block; B is chosen in Section 12. After B, the constants cs, Cs

of the schedule (10.24) below are fixed, and then the coefficient A > 0 of the logarithmic
time scale

Ln = Anλ

is chosen in Section 12, with A = Aβ for Theorem 1.1; the time horizon is eLn . The
sequence Ln tends to infinity and is o(n), because 0 < λ < 1; in particular, Lemma 10.1
applies to it.

We note that the quantities that depend on n are the scales ρn, εn, and ηn of (10.16),
the logarithmic time scale Ln, the number Nlev of levels (fixed in Section 11), the list sizes
Ks of (10.24), and the total number N of list entries. We never let a fixed parameter vary
with n, and the threshold τ for the total variation distance does not enter until the last
step of Section 12.

Exceptional triples

The overlap constraints that we use in Section 11 are of two kinds. The first kind states
that when x and ṽ have a large overlap, their small overlaps with a third configuration
v are nearly equal. For a large-overlap cutoff b∗ ∈ (0, 1) and a small-overlap cutoff
b′ ∈ (0, 1), we define

Bn(b∗, b′) =
{
(v, x, ṽ) ∈ Σ3

n : R(x, ṽ) ≥ b∗, |R(v, x)| ≤ b′, |R(v, ṽ)| ≤ b′,

|R(v, x)− R(v, ṽ)| > 2ηn
}

.
(10.18)

This is the set excluded in [77, Lemma 4.1], with the tolerance 2n−1/100 there replaced by
2ηn. We bound its Gibbs probability at this tolerance in Section 9 through the pressure
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Table 10.1. The fixed parameters of the dynamical argument, in the order in which they are
chosen. Every entry is fixed before n → ∞; each depends only on β and on the entries above it.

Parameter Choice Reference

qβ right end of supp µβ = [0, qβ] Theorem 4.7
q∗ overlap of the overlap-neighborhood mass

bound
Lemma 10.1

b1, b2 b1 ≤ b(q∗), b2 ≤ b(b1), 0 < b2 < b1 < 1 (9.3)
t0 4t0 < min{q∗, b2, b2

1/2}, 3t0 < qβ (10.12)
Jβ, Iβ compact intervals around [t0, 2t0] (10.13)
mβ lower bound for the scalar coefficient on Iβ (5.20)
ϑ, E ϑ = 1/2, E = 1/100 (7.37)
g 0 < g < mβE2G(ϑ, E) (10.14)
κ 0 < κ < 1 Section 9
Cb constant of the mean-bias input; for Theo-

rem 1.1, that of Theorem 4.11
(10.11)

R R3 > 3Cb/(κg) (10.15)
static constants local cutoff, ν, deficits, fractional tilt, denom-

inator margin
Sections 8 and 9

H H = ⌈2/b2
1⌉ (10.17)

threshold constants widths and spacing of the threshold inter-
vals

Section 11

B integer, B ≥ H + 2, block length Section 12
cs, Cs schedule of list sizes, 0 ≤ s < B (10.24)
A coefficient of Ln = Anλ Section 12

estimate (9.3), and not through [77, Lemma 4.1]. A triple (v, x, ṽ) /∈ Bn(b∗, b′) such that
R(x, ṽ) ≥ b∗, |R(v, x)| ≤ b′, and |R(v, ṽ)| ≤ b′ satisfies |R(v, x)− R(v, ṽ)| ≤ 2ηn.

The second kind concerns overlaps near a level r in the compact interval Jβ. For
(v, x, ṽ) ∈ Σ3

n, we write

r =
R(v, x) + R(v, ṽ)

2
, δ =

R(v, x)− R(v, ṽ)
2

, q = R(x, ṽ), (10.19)

so that the Gram matrix of (v, x, ṽ) is the matrix D(r, q, δ) of Section 9, with off-diagonal
entries r + δ, r − δ, and q. Let Nn be the set of triples with

r ∈ Jβ, εn ≤ |δ| ≤ 2εn, q ≥ r + ρn.

A triple outside Nn with r ∈ Jβ and εn ≤ |δ| ≤ 2εn satisfies R(x, ṽ) < r + ρn: if the
overlaps of v with x and with ṽ lie near a common level r and differ by an amount of
order εn, then the overlap of x and ṽ cannot exceed r by ρn. The set Nn corresponds to
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Table 10.2. Powers of n at the scales (10.16) and the logarithmic time scale Ln = Anλ, for general
exponents and for Theorem 1.1.

Quantity General Theorem 1.1 Role

Pβ − pn(β) O(n−3λ) O(n−7/10) mean-bias input
ρn Rn−λ Rn−7/30 overlap gap
ηn n−ξ n−5/21 fixed-scale tolerance
Ln Anλ Aβn7/30 logarithmic time scale
nρ3

n R3n1−3λ R3n3/10 narrow triples
nη2

n n1−2ξ n11/21 fixed-scale triples
nρ3

n/Ln (R3/A)n1−4λ (R3/Aβ)n1/15 (10.22)
nη2

n/Ln n1−2ξ−λ/A n61/210/Aβ (10.22)
ηn/ρn nλ−ξ/R n−1/210/R Section 11

the set excluded in [77, Lemma 7.1]. There, the gap is ρ = n−1/10000, the imbalance is of
order ρ20, and the centers are restricted by the condition µβ([r − ρ8, r + ρ8]) ≤ ρ4 on the
Parisi measure. Here the gap ρn and the imbalance εn = Eρn are of the same order, and
there is no condition on the Parisi measure, because the local comparison of Section 8 is
uniform over centers in Jβ. The exceptional set is

Bn = Nn ∪ Bn(q∗, b1) ∪ Bn(b1, b2). (10.20)

It is a deterministic subset of Σ3
n, and it is not closed under permutations or spin flips of

the coordinates. In the dynamical argument, we evaluate Bn on triples in several orders
and orientations; since π⊗3 is invariant under these operations, each of them costs only a
fixed factor in Lemma 10.4.

The Gibbs probability of Bn is controlled in Section 9, where different parts of it are
handled by different estimates. The set Nn is the set of narrow triples of Section 9.3 for
the interval of centers Jβ. By Lemma 9.6, a narrow triple either has its pair (x, ṽ) excluded
by the pair deficit (9.2), or its Gram matrix lies in the local family, for which we use
the positive fractional moment (8.19), or in the separated-overlap family, for which we
use the stronger pressure deficit (9.17) and ordinary Gaussian concentration. The sets
Bn(q∗, b1) and Bn(b1, b2) are contained in the set Wn of fixed-scale triples of Section 9.3,
which is controlled by (9.3) and the pair deficit. We need no fractional moment bound at
a distant overlap q.

Lemma 10.2 (One disorder event for the exceptional triples). Let (ρn) and (ηn) be deter-
ministic positive sequences with ρn → 0 that satisfy (S1)–(S5), and let εn = Eρn. Let Bn be the
set (10.20) defined with these sequences, and let An be the disorder event of Lemma 9.7 for these
sequences and for the data of Section 9.3 fixed in Table 10.1 (in particular the intervals Jβ and Iβ
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and the large-overlap cutoffs q∗ and b1). Then P(An) → 1, and there exist constants C, c > 0
such that, for all sufficiently large n and every J ∈ An,

π⊗3(Bn) ≤ qn, qn = C(n + 1)3(e−cnρ3
n + e−cnη2

n + e−cn). (10.21)

Proof. By Lemma 9.7, we have P(Ac
n) → 0. Moreover, for large n and every J ∈ An,

(9.21) bounds the Gibbs probability of the set Nn of narrow triples of Section 9.3 by C(n +

1)3e−cnρ3
n , and that of the set Wn of fixed-scale triples of Section 9.3 by C(n + 1)3e−cnη2

n .
It remains to compare Bn with these two sets, where our triples (v, x, ṽ) are the triples

(v, x, y) of Section 9. The set Nn in (10.20) is the set of narrow triples for the interval
of centers Jβ. Let (v, x, ṽ) ∈ Bn(b∗, b′) with (b∗, b′) = (q∗, b1) or (b∗, b′) = (b1, b2). Then
R(x, ṽ) ≥ b∗, |R(v, x)| ≤ b′ ≤ b(b∗), |R(v, ṽ)| ≤ b′ ≤ b(b∗), and |R(v, x)− R(v, ṽ)| > 2ηn.
Since b∗ is one of the cutoffs q∗ and b1, the triple satisfies the conditions that define Wn.
This shows that Bn(q∗, b1) ∪ Bn(b1, b2) ⊆ Wn. Summing the two bounds of the previous
paragraph, we obtain π⊗3(Bn) ≤ C(n + 1)3(e−cnρ3

n + e−cnη2
n), which implies (10.21).

We apply Lemma 10.2 with the scales (10.16). Since λ > 0, we have ρn = Rn−λ → 0.
These scales also satisfy (S1)–(S5), as in Remark 9.8(b). Indeed, by (10.11) and (10.15),
we have ∆n,β/ρ3

n ≤ Cb/R3 < κg/3 for large n, which is (S1). Further, n7/15/(n2ρ6
n) =

R−6n6λ−23/15 tends to zero because 6λ < 3/2 < 23/15; the quantities nρ4
n = R4n1−4λ and

nη4
n = n1−4ξ grow faster than log n because λ, ξ < 1/4; and ρ3

n/η2
n = R3n2ξ−3λ tends to

zero because 2ξ < 3λ. From now on, Bn, An, and qn denote the objects of Lemma 10.2 at
the scales (10.16). In Section 12.7, the lemma is applied with ηn = ρn/1000 instead.

Remark 10.3 (Two kinds of error). In the proof of Theorem 1.1, we use two kinds of
small quantities, and we never mix them. The bound (9.20) on the disorder probability
P(Ac

n) includes a polynomial term from Chebyshev’s inequality, and therefore it does not
remain small after multiplication by a factor eCLn . For λ = 7/30 and ξ = 5/21, the terms
e−cnρ4

n and e−cnη4
n in it, which are e−cR4n1/15

and e−cn1/21
, also decay more slowly than

e−CLn = e−CAn7/30
for every fixed C > 0. We remove this disorder probability, together

with the probabilities of the complements of the events of Lemma 10.1, once, before
counting reference configurations or path positions. The conditional Gibbs bound qn in
(10.21), in contrast, holds for every J ∈ An, and it absorbs every factor eCLn . Table 10.2
shows that the exponents nρ3

n, nη2
n, and n exceed Ln by a power of n. We verify in the

proof of Lemma 10.4 that

lim
n→∞

eCLn qn = 0 for every fixed C > 0. (10.22)

In Lemma 10.4, only qn is multiplied by the number of reference configurations. The
deterministic set Bn contains every exceptional triple that can arise for the allowed
thresholds and paths, and (10.21) bounds its mass under π⊗3 by qn. We impose no
condition on the disorder that depends on the thresholds of Section 11.
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10.3 Fixed families of reference configurations

The induction of Section 11 selects references from lists of independent Gibbs samples,
organized in blocks of B consecutive levels. This is the construction of [77, Section 8.3].
The selection cell at a level is determined by the references chosen at the preceding levels
of the same block. The list sizes are chosen recursively over the B positions of a block, so
that the depth of the recursion is the fixed number B even though the number of levels
tends to infinity. In [77, Section 8.3], the required properties of the lists are proved with
probability tending to one jointly over the disorder, the lists, and the path. The proof there
uses union bounds over path positions and over triples, and the bounds for the triples are
averaged over the disorder. At our scales, the averaged bound available from Lemma 9.7
contains the disorder failure probability of Remark 10.3, and this term does not remain
small after multiplication by the number eO(Ln) of reference configurations. We therefore
fix the disorder first, in the event of Lemma 10.2, and use only the conditional bound
(10.21). At such a disorder, we fix one realization of the lists, together with a set V of
exceptional targets, before any path is considered.

Lists, cells, and list sizes

Let Nlev = Nlev(n) ≥ 1 be the number of levels; it is fixed in Section 11. Level j ∈
{0, . . . , Nlev − 1} belongs to block ⌊j/B⌋ and has position s(j) = j − B⌊j/B⌋ in its block.
The list at level j is an ordered tuple

Fj = (yj,1, . . . , yj,Ks(j)
) ∈ Σ

Ks(j)
n ,

whose coordinates we call the entries of Fj; the sizes Ks are defined in (10.24) below. We
write

F±
j =

{
σy : σ ∈ {−1, 1}, y an entry of Fj

}
for the signed list. The family of reference configurations is F = (F0, . . . ,FNlev−1), and
N = ∑j<Nlev

Ks(j) is its total number of entries.
For a level j, let Tj be the set of tuples T = (ui)i∈I , where I is a set of levels of the

block of j that precede j, and ui is an entry of Fi for each i ∈ I . The cell of T is

ST =
{

x ∈ Σn : |R(u, x)| ≤ 3t0 for every entry u of T
}

. (10.23)

The empty tuple has cell S∅ = Σn, and it is the only element of Tj when s(j) = 0. Spin
flips of the entries do not change the cells. The references selected in Section 11 at the
levels of a block that precede j, after removing their signs, form a tuple in Tj, and the
cells used there are among the cells ST.
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The list sizes are chosen by the following schedule over positions s = 0, . . . , B − 1.
Recall that c(D) denotes the constant D3 of Lemma 10.1 for D1 = D. We set C0 = 0 and,
recursively,

cs = c(Cs + 5), Cs+1 = Cs + cs + 2, Ks =
⌈
e(cs+1)Ln

⌉
. (10.24)

We have Cs = ∑s′<s(cs′ + 2). The constants cs and Cs depend only on β and s, and only Ks

depends on n and A. For D > 0, let Cn(D) be the event of Lemma 10.1 for the sequence
(Ln). On Cn(D), (10.1) reads

π
({

x ∈ S : π({y ∈ S : |R(x, y)| ≥ q∗}) < e−c(D)Ln
})

< e−DLn for every S ⊆ Σn.
(10.25)

Only B of these events are needed. We define the disorder event

Gn = An ∩
B−1⋂
s=0

Cn(Cs + 5). (10.26)

It is measurable, and P(Gn) → 1 by Lemmas 10.1 and 10.2, since it is the intersection of a
fixed number of events whose probabilities tend to one.

The family

Lemma 10.4 (Fixed families of reference configurations). Let B ≥ 1 be a fixed integer, let
(Ln) be a deterministic sequence with Ln → ∞ and Ln/n → 0, and let Ks and Gn be given by
(10.24) and (10.26). Let Nlev = Nlev(n) ≥ 1 be integers with Nlev ≤ eLn , and assume that qn

satisfies (10.22). Then, for all sufficiently large n and every J ∈ Gn, there exist lists Fj ∈ Σ
Ks(j)
n ,

0 ≤ j < Nlev, and a set V ⊆ Σn with

π(V) ≤ 3e−4Ln , (10.27)

such that the following four properties hold.

(i) Overlap neighborhoods in every cell of the current block. For every level j, every
T ∈ Tj, and every x ∈ ST \ V, there exists an entry y of Fj with y ∈ ST and |R(x, y)| ≥ q∗.

(ii) Comparison across the overlap q∗. For every x ∈ Σn \ V, all levels i ̸= j, and all v ∈ F±
i

and ṽ ∈ F±
j with

R(x, ṽ) ≥ q∗, |R(v, x)| ≤ b1, |R(v, ṽ)| ≤ b1,

we have |R(v, x)− R(v, ṽ)| ≤ 2ηn.
(iii) Comparison across the overlap b1 for triples of entries. For all pairwise distinct levels i,

a, and j, and all v ∈ F±
a , y ∈ F±

i , and ṽ ∈ F±
j with

|R(y, ṽ)| ≥ b1, |R(v, y)| ≤ b2, |R(v, ṽ)| ≤ b2,

we have |R(v, y)− σR(v, ṽ)| ≤ 2ηn, where σ ∈ {−1, 1} is the sign of R(y, ṽ). In particular,∣∣|R(v, y)| − |R(v, ṽ)|
∣∣ ≤ 2ηn.
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(iv) No exceptional narrow triple. For every x ∈ Σn \ V, all levels i ̸= j, and all v ∈ F±
i

and ṽ ∈ F±
j , we have (v, x, ṽ) /∈ Nn. That is, if the coordinates (10.19) of (v, x, ṽ) satisfy

r ∈ Jβ and εn ≤ |δ| ≤ 2εn, then R(x, ṽ) < r + ρn.

If Ln = Anλ for a fixed A > 0, with λ and ξ as in (10.10), then Ln → ∞, Ln/n → 0, and
(10.22) holds.

The threshold for n depends on β, on the parameters of Table 10.1, and on the
sequences (Ln) and (Nlev), but not on J. In Sections 11 and 12, the lemma is applied with
Ln = Anλ and the number of levels fixed there, which is at most a constant times nλ.

Proof. We adapt the independent-list construction of [77, Section 8.3] by estimating excep-
tional Gibbs mass at each fixed disorder in Gn, before considering any path. The proof is
an expectation argument over independent samples of the lists. We bound the expected
Gibbs mass of the targets missed by the lists, that is, of the configurations x such that,
at some level j, some cell ST containing x contains no entry y of Fj with |R(x, y)| ≥ q∗.
We also bound the probability that three list entries form an exceptional triple, and the
expected Gibbs mass of the configurations that form an exceptional triple with two list
entries. We then choose a realization at which the sum of the Gibbs mass of the union of
these two sets and the indicator of that event is at most its mean.

Step 1: random lists. Fix n and J ∈ Gn, and write L = Ln. We let the entries yj,k,
0 ≤ j < Nlev, 1 ≤ k ≤ Ks(j), be independent random configurations with law π, defined
on an auxiliary probability space with probability PF and expectation EF . The disorder
is fixed throughout, and the space ΣN

n of realizations is finite.

Step 2: targets missed by the lists. For a level j and T ∈ Tj, let Uj,T be the set of x ∈ ST
such that no entry y of Fj satisfies y ∈ ST and |R(x, y)| ≥ q∗, and let V1 =

⋃
j
⋃

T∈Tj
Uj,T.

Fix j, let s = s(j), and condition on the lists at the levels of the block of j that precede j.
This fixes Tj and the cells ST, and leaves the Ks entries of Fj independent with law π. For
T ∈ Tj and x ∈ ST, let aT(x) = π({y ∈ ST : |R(x, y)| ≥ q∗}). Then

EF
[
π(Uj,T)

∣∣ earlier lists
]
= ∑

x∈ST

π(x)
(
1 − aT(x)

)Ks .

We split the sum according to whether aT(x) < e−csL. Recall that J ∈ Cn(Cs + 5) and
cs = c(Cs + 5). By (10.25) with S = ST, the first group has Gibbs mass less than e−(Cs+5)L.
For the second group, (1 − aT(x))Ks ≤ exp{−aT(x)Ks} ≤ exp{−e−csLe(cs+1)L} = e−eL

.
The number of tuples is

|Tj| ≤ ∏
s′<s

(
Ks′ + 1

)
≤ ∏

s′<s
e(cs′+2)L = eCsL,
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where we used Ks′ + 1 ≤ e(cs′+1)L + 2 ≤ e(cs′+2)L, valid once eL ≥ 3. Summing over T ∈ Tj
and taking expectations, we obtain

EF π
( ⋃

T∈Tj

Uj,T

)
≤ eCsL(e−(Cs+5)L + e−eL) ≤ 2e−5L,

where the last inequality holds once eL ≥ (Cs + 5)L for every s < B. Summing over the
Nlev ≤ eL levels, we find

EF π(V1) ≤ 2e−4L. (10.28)

Step 3: exceptional triples. Let cmax = maxs<B cs. Using Nlev ≤ eL and Ks ≤ e(cs+2)L, we
find N ≤ eCN L with CN = cmax + 3.

Let O be the event that there exist entries y1, y2, and y3 of lists at three distinct
levels, and signs σ1, σ2, σ3 ∈ {−1, 1}, such that (σ1y1, σ2y2, σ3y3) ∈ Bn. Fix a choice of
three entries, specified by their levels and indices, and of signs. The three entries are
independent with law π, because they belong to distinct levels, and π is invariant under
spin flips. The triple therefore has law π⊗3, and it lies in Bn with probability at most qn

by (10.21). There are at most N3 ordered choices of three entries and 8 choices of signs,
which gives

PF (O) ≤ 8N3qn.

The configurations themselves need not be distinct; only their sampling indices are.
Let V2 be the set of x ∈ Σn for which there exist entries y and y′ of lists at two distinct

levels, signs σ, σ′, σ′′ ∈ {−1, 1}, and an ordering of σy, σ′y′, and σ′′x as a triple, such that
this triple lies in Bn. Let x be a configuration with law π, independent of the lists. For
a fixed ordered pair of entries at distinct levels, fixed signs, and a fixed ordering, the
resulting triple has law π⊗3, and it lies in Bn with probability at most qn. There are at
most N2 ordered pairs of entries, 8 choices of signs, and 6 orderings, and a union bound
yields

EF π(V2) = PF⊗π(x ∈ V2) ≤ 48N2qn.

Step 4: choice of one realization. Let V = V1 ∪ V2. Combining (10.28) with the two
bounds of Step 3, we conclude that

EF
[
1O + π(V)

]
≤ 2e−4L +

(
8N3 + 48N2)qn ≤ 2e−4L + 56e3CN Lqn ≤ 3e−4L,

where the last inequality holds for all sufficiently large n by (10.22) with C = 3CN + 4. On
the finite probability space of Step 1, some realization of the lists satisfies 1O + π(V) ≤
EF [1O + π(V)] ≤ 3e−4L. We fix it. Then π(V) ≤ 3e−4L, which is (10.27), and the
realization does not belong to O, since 1O ∈ {0, 1} and 3e−4L < 1.
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Step 5: the four properties. Property (i) holds because V ⊇ V1. For (ii), let x, v, and
ṽ be as there. The triple (v, x, ṽ) is one of the orderings in the definition of V2, with
σ′′ = 1. Since x /∈ V2, it does not lie in Bn ⊇ Bn(q∗, b1). By the definition (10.18) and the
hypotheses of (ii), this means that |R(v, x)− R(v, ṽ)| ≤ 2ηn. The same argument with
Nn ⊆ Bn proves (iv). For (iii), let v, y, ṽ, and σ be as there. Then R(y, σṽ) = |R(y, ṽ)| ≥ b1,
|R(v, y)| ≤ b2, and |R(v, σṽ)| ≤ b2. Since the realization does not belong to O, the
triple (v, y, σṽ) of signed entries from three distinct levels does not lie in Bn(b1, b2).
This implies that |R(v, y) − σR(v, ṽ)| ≤ 2ηn, and the last claim of (iii) follows from∣∣|R(v, y)| − |R(v, ṽ)|

∣∣ ≤ |R(v, y)− σR(v, ṽ)|.

Step 6: the time scale Ln = Anλ. If Ln = Anλ with 0 < λ < 1, then Ln → ∞ and
Ln/n → 0. For a fixed C > 0, we have

eCLn qn = C′(n + 1)3
(

eCAnλ−cR3n1−3λ
+ eCAnλ−cn1−2ξ

+ eCAnλ−cn
)

,

with C′ the constant of (10.21). By (10.10), we have 1 − 3λ > λ and 1 − 2ξ > 1/2 > λ.
Hence there exists λ′ > 0 such that each of the three exponents is at most −nλ′

for all

large n, and (n + 1)3e−nλ′ → 0. This proves (10.22) and completes the proof.

The proof gives slightly more than (ii)–(iv). For every x /∈ V, no ordering of x or
−x with two signed entries from distinct levels lies in Bn, and no ordering of three
signed entries from distinct levels lies in Bn. Properties (ii)–(iv) are the instances of these
statements used in Section 11.

Remark 10.5 (The same family for every path avoiding V). The family F and the set V
of Lemma 10.4 depend only on J, and properties (i)–(iv) are deterministic statements
about F , V, and configurations outside V. No path enters their construction. We may
therefore apply them along any finite sequence x0, . . . , xm in Σn \ V and for any choice of
the thresholds of Section 11: properties (i), (ii), and (iv) hold at every xk, simultaneously
for all k, all levels, and all entries, and (iii) holds for all entries. This is the form in which
we use the lemma in the induction of Section 11.

The order of choices matters for the stationary sign test of Section 12. There, we bound
the probability that the stationary discrete heat-bath chain visits V at one of the indices
0, . . . , m by (m + 1)π(V), using only that its law is π at each fixed integer index. This
union bound requires that V is fixed before the chain is run. Note also that a reference
selected along a path depends on the path and need not have law π; for this reason we
state (ii)–(iv) for all entries of all lists, and not only for selected references. Finally, we
choose the family separately at each J ∈ Gn and assert no measurable dependence on J.
None is needed, because the quantities that we integrate over the disorder in Section 12
do not depend on the family: they are the Gibbs masses of initial states whose transition
law is close to π in total variation.



section 11

Stable overlap constraints along a trajectory

This section contains the deterministic part of the dynamical argument. We fix the
disorder, the families of reference configurations constructed in Section 10, an array of
thresholds, and a sequence of configurations with small overlap increments that avoids
the exceptional set V of Section 10. From these data, an explicit algorithm (Definition 11.2)
selects one reference at each level and finds one crossing time at each level, searching
backward from the previous crossing. The main result is Proposition 11.10: if the overlap
of the sequence with its first reference becomes nonpositive, then every crossing exists,
and the errors in all overlap constraints stay of order εn. Corollary 11.11 extracts the
consequence used in Section 12: at one common time, the overlap of the sequence with
the first reference of every block lies within a fixed multiple of εn of the corresponding
threshold. In Section 12, the thresholds are made random, and we show by a counting
bound that this cannot happen before the time in Theorem 1.1.

We use the four properties of the families of reference configurations proved in
Lemma 10.4, which we recall as (P1)–(P4) in Section 11.1, and elementary geometry of
overlaps. No probability is used in this section.

The construction is that of [77, Sections 8.3 and 8.4]. There, references are selected
from fixed lists of Gibbs samples inside cells determined by the earlier references of the
current block. The cells are reset to the whole space at the start of each block, references
with a large overlap with the new reference are deleted, and each crossing time is found
by a backward search from the previous one. It is also proved in [77, Section 8.4] that
the deleted references form a final segment, with at most H elements, of the retained
references ordered by level, and that older blocks are protected by the complete block
that precedes each reset; we give these arguments in Lemma 11.6. What is new is the
form of the induction hypothesis. In [77, (8.19)–(8.20)], after j levels, the overlaps of every
retained reference with the current target and with the later references are controlled
within 6jε, where ε = ρ20 is the scale of the narrow overlap constraints there. These
errors accumulate over the levels, and the final count of [77, (8.29)] requires Nlevε to be
much smaller than ρ for Nlev levels. Here we compare each retained reference with the
next retained reference. This comparison changes only when a deletion removes the next
retained reference, which happens at most once for each reference. The error of every
constraint stays bounded by a fixed multiple of ε at every level (Definition 11.4). The
argument uses that the first two levels of every block are never deleted, which follows

194
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from the same protection argument. As a result, εn = Eρn with a fixed E > 0 is allowed.

11.1 Standing assumptions and the threshold geometry

Throughout this section and Section 12, β > 1 is fixed, n is large, and the disorder J
is fixed; we write π = π J . We use the parameters of Section 10, which are listed in
Table 10.1. The overlap q∗ ∈ (0, 1) is that of the overlap-neighborhood mass bound,
Lemma 10.1. The signed-overlap cutoffs 0 < b2 < b1 < 1 and the level t0 > 0 satisfy
(10.12), and in particular

4t0 < min{q∗, b2, b2
1/2}.

This implies that 3t0 < b2
1/2 < b1, since b1 < 1. The compact interval Jβ of (10.13)

contains [t0, 2t0] in its interior. The integer H = ⌈2/b2
1⌉ is that of (10.17), and B ≥ H + 2

is a fixed integer, the number of levels in a block; it is chosen in Section 12. The scales of
(10.16) are

ρ = ρn = Rn−λ, ε = εn = Eρn, ηn = n−ξ ,

where R > 0 and E = 1/100 are fixed, and the exponents satisfy 0 < λ < ξ < 1/4 by
(10.10). Theorem 1.1 uses λ = 7/30 and ξ = 5/21. In Section 12.7 we use ηn = ρn/1000
in place of ηn = n−ξ with ξ > λ; this is why the hypotheses below allow a positive limit
of ηn/ρn. We suppress n from ρn and εn, and we abbreviate

ζ = 2ηn,

which is the tolerance of the overlap comparisons in Lemma 10.4. For the deterministic
induction in this section, the asymptotic scale assumptions needed are ε = Eρ and

ρ → 0,
ηn

ρ
→ E′,

1
nρ

→ 0, (11.1)

where E′ ∈ [0, E/10] is fixed. For Theorem 1.1, these hold with E′ = 0 because 0 < λ < ξ

and λ < 1; at λ = 7/30 and ξ = 5/21, we have ηn/ρn = n−1/210/R. In Section 12.7,
they hold with E′ = E/10 = 1/1000. The counting estimate in Section 12 also retains
ρn = Rn−λ; the additional static scale conditions for Section 12.7 are checked there.

Reference families. The levels are the integers 0 ≤ i < Nlev, where Nlev = MB and M is
defined in (11.3) below. As in Section 10.3, level i belongs to the block ℓ(i) = ⌊i/B⌋; we
say that it is the first level of its block if i = Bℓ(i). A family of reference configurations
consists of an ordered list Fi of configurations for each level i, whose coordinates are
called the entries of Fi, together with a set V ⊆ Σn. We call a configuration σy, where
y is an entry of Fi and σ ∈ {−1, 1}, a signed entry of level i; the set of signed entries of
level i is F±

i . For a finite tuple T of configurations, the cell ST is the set of x ∈ Σn with
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|R(y, x)| ≤ 3t0 for every y in T, as in (10.23), and ST = Σn for the empty tuple. Reversing
the sign of an element of T does not change ST.

By Lemma 10.4, applied with the logarithmic time scale Ln = Anλ of Section 12 and
with Nlev ≤ eLn , for all sufficiently large n and every disorder in the event Gn of (10.26),
there exists a family with π(V) ≤ 3e−4Ln and with the following four properties. They
are consequences of properties (i)–(iv) of Lemma 10.4, as we explain after the list.

(P1) Overlap neighborhoods in every cell. Let j be a level, let T be a tuple consisting of one
signed entry of each earlier level of the block of j, and let x ∈ ST \ V. Then there
exists an entry y of Fj with y ∈ ST and |R(x, y)| ≥ q∗.

(P2) Comparison across the overlap q∗. Let x /∈ V, and let v and ṽ be signed entries
of two distinct levels. If R(x, ṽ) ≥ q∗, |R(v, x)| ≤ b1, and |R(v, ṽ)| ≤ b1, then
|R(v, x)− R(v, ṽ)| ≤ ζ.

(P3) Comparison across the overlap b1. Let v, y, and ṽ be signed entries of three distinct levels.
If |R(y, ṽ)| ≥ b1, |R(v, y)| ≤ b2, and |R(v, ṽ)| ≤ b2, then

∣∣|R(v, y)| − |R(v, ṽ)|
∣∣ ≤ ζ.

(P4) No narrow triples. Let x /∈ V, and let v and ṽ be signed entries of two distinct levels.
Let r = (R(v, x) + R(v, ṽ))/2 and δ = (R(v, x)− R(v, ṽ))/2. Then it is not the case
that

r ∈ Jβ, ε ≤ |δ| ≤ 2ε, R(ṽ, x) ≥ r + ρ;

that is, the triple (v, x, ṽ) does not belong to the set Nn of narrow triples defined
after (10.19).

Property (P1) is the case of property (i) in which the tuple has one entry at each earlier
level of the block of j; here we used that the cell of a tuple of signed entries equals the
cell of the corresponding tuple of entries. Properties (P2) and (P4) are properties (ii)
and (iv), and (P3) is the last assertion of property (iii). Properties (P2) and (P3) say that,
across a large overlap between x and ṽ (or between y and ṽ), a small overlap with v is
transferred from one configuration to the other with error at most ζ. The family and
V do not depend on any path or threshold, and the four properties are deterministic
statements about them (see Remark 10.5).

Paths. We call a finite sequence x0, . . . , xm in Σn a path if

|R(y, xk+1)− R(y, xk)| ≤ 2/n for all y ∈ Σn and 0 ≤ k < m. (11.2)

We say that a path avoids V if xk /∈ V for 0 ≤ k ≤ m. If xk+1 and xk differ in at most one
coordinate, then (11.2) holds; in particular, every trajectory of the discrete heat-bath chain
is a path.

Thresholds. We set

M =
⌊ t0

3Bρ

⌋
, Nlev = MB, Ii =

[
t0 + 3iρ, t0 + (3i + 1)ρ

]
(0 ≤ i < Nlev). (11.3)



11 Stable overlap constraints along a trajectory § 11.1 197

For all sufficiently large n, we have M ≥ 1. Each interval Ii has length ρ and lies in [t0, 2t0],
since t0 + (3(Nlev − 1) + 1)ρ ≤ t0 + 3MBρ ≤ 2t0. We call a vector r = (r0, . . . , rNlev−1)

such that ri ∈ Ii for every i a threshold array. For every threshold array and all levels
i < a, we have

ra − ri ≥
(
3(a − i)− 1

)
ρ ≥ 2ρ. (11.4)

Radii and margins. We define

ψ0 = ζ +
2
n

, ψ1 = 2ε + 2ζ +
2
n

,

Ψ0 = ψ0 + 2ε = 2ε + ζ +
2
n

, Ψ1 = ψ1 + 2ε = 4ε + 2ζ +
2
n

, Ψ2 = Ψ1 + ζ.
(11.5)

In the induction, ψ0 and ψ1 bound the error, relative to the threshold, of the overlap of a
retained reference with its next retained reference; Ψ0 and Ψ1 bound the corresponding
error for the overlap with the current target; and Ψ2 bounds it for the overlaps between
retained references. We use the following inequalities:

ζ < 2ε,
1
n
≤ ε, 2t0 + Ψ2 < min{3t0, b2}, 2t0 + Ψ1 < q∗,

2Ψ2 + ζ < 2ρ, 5ε + 3ζ +
7
n
≤ ρ,

(11.6)

and the closed neighborhood of [t0, 2t0] of radius 3ε + 2ζ + 3/n is contained in Jβ.

Lemma 11.1 (The margins hold for large n). Assume (11.1). There exists n0, depending only
on the fixed parameters q∗, b2, t0, Jβ, R, E, E′, and the sequences (ρn) and (ηn), such that (11.6)
and the inclusion of the neighborhood in Jβ hold for all n ≥ n0.

Proof. By (11.5), we have

ζ

ρ
→ 2E′,

2Ψ2 + ζ

ρ
= 8E +

7ζ

ρ
+

4
nρ

→ 8E + 14E′,
5ε + 3ζ + 7/n

ρ
→ 5E + 6E′,

where we used (11.1) and ε = Eρ. Since E′ ≤ E/10 and E = 1/100, the three limits are
at most E/5 < 2E, 9.4E < 2, and 5.6E < 1, respectively. The inequalities in the second
line of (11.6) hold for large n, and so do ζ < 2ε and 1/n ≤ ε. The radii Ψ2 and Ψ1 tend
to zero, while 2t0 < 3t0, 2t0 < b2, and 2t0 < q∗ by (10.12). This gives the remaining two
inequalities. Finally, the compact set [t0, 2t0] lies in the interior of Jβ and has positive
distance from its complement, while the radius 3ε + 2ζ + 3/n tends to zero.

We record three consequences of (11.6) that are used repeatedly. First, we have
Ψ1 < Ψ2 < t0, and every overlap within Ψ2 of a threshold ri ∈ [t0, 2t0] is positive and has
absolute value less than 2t0 + Ψ2 < 3t0. Second, such an overlap has absolute value less
than b2 < b1, because 2t0 + Ψ2 < b2. Third, every threshold is smaller than q∗, because
ri ≤ 2t0 < q∗.
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11.2 The selection and crossing algorithm

We now define the references and the crossing times. The algorithm is that of [77,
Section 8.4], including its conventions on failure, with zero-based levels.

Definition 11.2 (Selection and crossing algorithm). Fix a family of reference configura-
tions, a path x0, . . . , xm, and a threshold array r.

(i) Level 0. If some entry y of F0 satisfies |R(y, x0)| ≥ q∗, let y be the first such entry
and set v0 = σy, where σ is the sign of R(y, x0), so that R(v0, x0) ≥ q∗. If the set
{0 ≤ k ≤ m : R(v0, xk) ≤ r0} is also nonempty, let k0 be its smallest element and set
R0 = {0}; level 0 then succeeds. If no entry qualifies, let v0 be the first entry of F0;
level 0 then fails, as it does when v0 is selected but the set defining k0 is empty.

(ii) Level j ≥ 1, when levels 0, . . . , j − 1 have succeeded. Write k̄ = k j−1, let Tj be the tuple
(vl) over the levels l < j of the block of j (empty if j is the first level of its block), and
write Sj = STj .

(a) Selection. If some entry y of Fj satisfies y ∈ Sj and |R(y, xk̄)| ≥ q∗, let y be
the first such entry and set vj = σy, where σ is the sign of R(y, xk̄), so that
R(vj, xk̄) ≥ q∗. Otherwise let vj be the first entry of Fj; level j then fails.

(b) Deletion. The conflicts at level j are the elements of Dj = {i ∈ Rj−1 : |R(vi, vj)| >
b1}, and we set Rj = (Rj−1 \ Dj) ∪ {j}. The elements of Rj−1 \ Dj are called
compatible.

(c) Crossing. If the set {0 ≤ k ≤ k̄ : R(vj, xk) ≤ rj} is nonempty, let k j be its largest
element; level j then succeeds. Otherwise level j fails, and vj is kept as the
reference of level j.

(iii) After a failure. If some level fails, the algorithm stops, and for every later level i we
let vi be the first entry of Fi, without a change of sign.

We say that the algorithm succeeds through level j if levels 0, . . . , j all succeed. We write
v(x0) for the reference v0 of level 0.

The reference v(x0) depends only on x0 and F0. The set Rj is the set of retained levels
after level j, and the references vi with i ∈ Rj are the retained references. We order Rj
increasingly; its largest element is j, the level of the newest reference. The crossing time
at level 0 is the first time k with R(v0, xk) ≤ r0, and the crossing time at level j ≥ 1 is the
last time k ≤ k j−1 with R(vj, xk) ≤ rj; in particular k0 ≥ k1 ≥ · · · . These crossing times
are not stopping times of the path, and nothing below requires them to be.

The convention in (ii)(c), that a selected reference whose crossing fails is kept, matters
for the following lemma. If vj were replaced by a default after its crossing failed, it would
depend on its own threshold rj.
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Lemma 11.3 (References depend only on earlier thresholds). Fix the family and the path.
For every level i, the reference vi is a function of (r0, . . . , ri−1) alone, with finitely many values,
each taken on a Borel set; the reference v0 = v(x0) does not depend on r.

Proof. Let okj be the indicator that the algorithm succeeds through level j. We show
by induction on j that vj is a finite-valued Borel function of (r0, . . . , rj−1), that okj is a
Borel function of (r0, . . . , rj), and that k j and Rj, restricted to {okj = 1}, are finite-valued
Borel functions of (r0, . . . , rj). For j = 0, the selection uses only x0 and F0, and v0 is
constant. If no entry qualifies, then ok0 = 0 identically. Otherwise v0 is fixed, and the
event {ok0 = 1, k0 = k} is described by the finitely many inequalities R(v0, xl) > r0 for
l < k and R(v0, xk) ≤ r0; on it, R0 = {0}. For j ≥ 1, on {okj−1 = 0} the reference
vj is the fixed default and okj = 0. On {okj−1 = 1}, the cell Sj, the target xkj−1

, and
therefore the selection, depend only on v0, . . . , vj−1 and k j−1, which are Borel functions of
(r0, . . . , rj−1) there by the induction hypothesis. The threshold rj enters only through the
crossing, which does not change vj, and for fixed earlier data the event {okj = 1, k j = k}
is described by finitely many inequalities between rj and the overlaps R(vj, xl). On
{okj = 1}, the set Rj is determined by Rj−1 and v0, . . . , vj.

Next retained references. Suppose that the algorithm succeeds through level j − 1 and
that the selection at level j succeeds, so that Rj is defined (for j = 0, suppose that level 0
succeeds). For i ∈ Rj \ {j}, the index of the next retained reference of i after level j is

aj(i) = min{a ∈ Rj : a > i},

the next retained reference of i is vaj(i), and we write cj(i) = R(vi, vaj(i)). We say that
the next retained reference of i is unchanged if aj(i) = i + 1, and replaced otherwise. In
Definition 11.4 below, the overlap cj(i) is the center around which the overlaps of vi with
the configurations of the path are controlled.

Definition 11.4 (The invariant after level j). Suppose that the algorithm succeeds through
level j. The invariant I(j) consists of the following five statements.

(a) Blocks. Every level of the block of j that is at most j belongs to Rj. For every block ℓ <

ℓ(j), the set of levels of block ℓ that belong to Rj is {ℓB, ℓB + 1, . . . , ℓB + B − d − 1}
for some 0 ≤ d ≤ H.

(b) The newest reference. We have

R(vj, xkj) ∈ [rj − 2/n, rj]. (11.7)

(c) Centers. For every i ∈ Rj \ {j}, we have |cj(i)− ri| ≤ ψ0 if the next retained reference
of i is unchanged. Otherwise |cj(i)− ri| ≤ ψ1, and aj(i) = B(ℓ(i) + 1) is the first
level of the block that follows the block of i.
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(d) Windows. For every i ∈ Rj \ {j}, we have

|R(vi, xkj)− cj(i)| < 2ε. (11.8)

(e) Pairs. For all i < a in Rj, we have

|R(vi, va)− ri| ≤ Ψ2. (11.9)

Statement (a) implies that 0 ∈ Rj: level 0 is the first level of block 0, and since
B − H ≥ 2, the first two levels of every earlier block ℓ < ℓ(j) are retained. Combining (c)
and (d), we find that every i ∈ Rj \ {j} satisfies

|R(vi, xkj)− ri| <
{

Ψ0 if the next retained reference of i is unchanged,

Ψ1 if it is replaced.
(11.10)

11.3 One level of the algorithm

The following five lemmas carry out one step of the induction. They share these hypothe-
ses, which we call (Hj): the inequalities (11.6) and the inclusion of the neighborhood in
Jβ hold; the family satisfies (P1)–(P4); the path x0, . . . , xm avoids V; r is a threshold array;
1 ≤ j < Nlev; the algorithm succeeds through level j − 1; and I(j − 1) holds. We write
k̄ = k j−1 for the previous crossing time and call xk̄ the target of level j. Statements (a), (c),
and (e) of I(j) concern only the set Rj and the references; in the lemmas below we use
them as soon as Rj is defined, before the crossing at level j is known to exist.

Lemma 11.5 (Selection and transfer). Assume (Hj).

(a) For every i ∈ Rj−1, we have |R(vi, xk̄)− ri| ≤ Ψ1. More precisely, the error is at most 2/n
if i = j − 1, and less than Ψ0 if i < j − 1 and the next retained reference of i after level j − 1
is unchanged.

(b) The selection at level j succeeds, and R(vj, xk̄) ≥ q∗.
(c) For every compatible i ∈ Rj−1, we have

|R(vi, vj)− R(vi, xk̄)| ≤ ζ, |R(vi, vj)− ri| ≤ Ψ2. (11.11)

Proof. Part (a) is (11.7) at level j − 1 for i = j − 1, and (11.10) at level j − 1 otherwise; note
that 2/n ≤ Ψ0 < Ψ1.

For part (b), if the tuple Tj is nonempty, then j is not the first level of its block, the
block of j is the block of j − 1, and every level l in Tj belongs to Rj−1 by I(j − 1)(a).
Using part (a) and (11.6), we find |R(vl, xk̄)| ≤ rl + Ψ1 ≤ 2t0 + Ψ1 < 3t0 for every such l.
Therefore xk̄ ∈ Sj. Since also xk̄ /∈ V, property (P1), applied with the tuple Tj, gives an
entry y of Fj with y ∈ Sj and |R(y, xk̄)| ≥ q∗, and the selection succeeds.
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For part (c), let i ∈ Rj−1 be compatible, which means that |R(vi, vj)| ≤ b1. By part (a)
and (11.6), we have |R(vi, xk̄)| ≤ 2t0 + Ψ1 < b1. Further, R(xk̄, vj) ≥ q∗ by part (b), and vi
and vj are signed entries of the distinct levels i < j. Property (P2), applied with x = xk̄,
v = vi, and ṽ = vj, implies the first inequality in (11.11). The second follows from the
first and part (a), since ζ + Ψ1 = Ψ2.

Lemma 11.6 (Deletion and protection of initial segments). Assume (Hj).

(a) The set Dj of conflicts is a final segment of Rj−1: if i < a belong to Rj−1 and i ∈ Dj, then
a ∈ Dj.

(b) We have |Dj| < 2/b2
1 ≤ H.

(c) If j is not the first level of its block, then Dj = ∅.
(d) If j is the first level of its block, then Dj consists of the last d levels of the block ℓ(j)− 1, for

some 0 ≤ d ≤ H. In particular, the first B − H ≥ 2 levels of the block ℓ(j)− 1 belong to
Rj, and no level of a block ℓ < ℓ(j)− 1 is deleted.

As a consequence, I(j)(a) holds.

Proof. The final-segment, conflict-count, and block-protection arguments are those of
[77, Section 8.4, “Conflicts occupy a bounded final segment”], applied here with the
bounds of I(j − 1). For part (a), suppose to the contrary that i < a belong to Rj−1, that
i ∈ Dj (that is, |R(vi, vj)| > b1), and that a is compatible. By (11.9) at level j − 1, we have
|R(vi, va)− ri| ≤ Ψ2, and by (11.11), we have |R(va, vj)− ra| ≤ Ψ2. By the consequences
of (11.6) recorded after Lemma 11.1, both overlaps are positive and have absolute value
less than b2. Since va, vi, and vj are signed entries of the three distinct levels a, i, and j,
property (P3), applied with v = va, y = vi, and ṽ = vj, gives |R(va, vj)| − |R(va, vi)| ≤ ζ.
On the other hand, using (11.4) and (11.6), we have

|R(va, vj)| − |R(va, vi)| = R(va, vj)− R(vi, va) ≥ (ra − Ψ2)− (ri + Ψ2) ≥ 2ρ − 2Ψ2 > ζ,

which is a contradiction.
For part (b), we may assume that d = |Dj| ≥ 1. For i ∈ Dj, let σi be the sign of

R(vi, vj), and consider the unit vectors e = vj/
√

n and ei = σivi/
√

n in Rn. Then ⟨ei, e⟩ =
|R(vi, vj)| > b1, and for distinct i, i′ ∈ Dj, (11.9) at level j − 1 and the consequences of
(11.6) recorded after Lemma 11.1 give |⟨ei, ei′⟩| = |R(vi, vi′)| < 3t0. By the Cauchy–
Schwarz inequality,

d2b2
1 <

〈
∑

i∈Dj

ei, e
〉2

≤
∥∥∥ ∑

i∈Dj

ei

∥∥∥2
= d + ∑

i ̸=i′
⟨ei, ei′⟩ ≤ d + 3t0d(d − 1).

Dividing by d, we obtain d(b2
1 − 3t0) < 1 − 3t0. Since 3t0 < b2

1/2, this implies

d <
1 − 3t0

b2
1 − 3t0

<
2
b2

1
≤ H,
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where the middle inequality is equivalent to 3t0(2 − b2
1) < b2

1.
For part (c), the level j − 1 belongs to the block of j. Then vj−1 is an element of Tj, and

since vj ∈ Sj, we have |R(vj−1, vj)| ≤ 3t0 < b1. In other words, the largest element j − 1
of Rj−1 is compatible, and the final segment Dj is empty by part (a).

For part (d), let j = ℓB with ℓ ≥ 1. The level j − 1 is the last level of block ℓ− 1, which
is the block of j − 1. By I(j − 1)(a), all B levels of block ℓ− 1 belong to Rj−1, and they
are its B largest elements. By parts (a) and (b), Dj is a final segment of Rj−1 with fewer
than H < B elements. It therefore consists of the last d = |Dj| ≤ H levels of block ℓ− 1.

Finally, we verify I(j)(a). If j is not the first level of its block, nothing is deleted by
part (c), and Rj = Rj−1 ∪ {j}; statement (a) at level j − 1 gives statement (a) at level j. If
j is the first level of its block, the block of j meets Rj in {j}, the retained levels of block
ℓ(j)− 1 form an initial segment of length B − d with d ≤ H by part (d), and the earlier
blocks are unchanged.

Part (d) is the protection of initial segments: once the reset at the first level of block
ℓ+ 1 has occurred, the retained levels of block ℓ form an initial segment of length at least
B − H ≥ 2 that is never changed afterward. Indeed, a later deletion removes only levels
of the block immediately preceding the current reset, and that block is complete when
the reset occurs. This is proved by induction along the run of the algorithm, using only
I(j − 1).

Lemma 11.7 (Next retained references after a deletion). Assume (Hj), so that Rj is defined
by Lemma 11.5(b).

(a) Let i ∈ Rj \ {j} with i ̸= j − 1. If aj(i) ̸= aj−1(i), then j is the first level of its block,
Dj ̸= ∅, i is the largest element of Rj−1 \ Dj and lies in block ℓ(j)− 1, aj−1(i) = i + 1,
and aj(i) = j.

(b) For every i ∈ Rj \ {j}, the bounds of I(j)(c) hold, and |R(vi, xk̄)− cj(i)| < 2ε.
(c) The statement I(j)(e) holds.

Proof. For part (a), note that i is not the largest element j − 1 of Rj−1, and that aj−1(i) is
defined. Since Rj is obtained from Rj−1 by removing Dj and adding j, which exceeds
every element of Rj−1, the next retained reference of i changes only if aj−1(i) ∈ Dj. Then
Dj ̸= ∅, and by Lemma 11.6(c), j is the first level of its block. Since Dj is a final segment
of Rj−1 by Lemma 11.6(a), every element of Rj−1 larger than i lies in Dj. This means that
i is the largest element of Rj−1 \ Dj and that aj(i) = j. By Lemma 11.6(d), the first B − H
levels of block ℓ(j)− 1 survive, and i lies in this block. Since this block was complete in
Rj−1, we have aj−1(i) = i + 1.

For part (b), there are three cases. Case 1: i ̸= j − 1 and aj(i) = aj−1(i). Then
cj(i) = cj−1(i), the next retained reference of i is unchanged after level j if and only if
it is unchanged after level j − 1, and the claims are I(j − 1)(c) and (d). Case 2: i = j − 1.
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Then aj(i) = j = i + 1, and the next retained reference of i is unchanged. Using (11.11)
and (11.7) at level j − 1, we find

|cj(i)− R(vi, xk̄)| ≤ ζ, |cj(i)− ri| ≤ ζ +
2
n
= ψ0,

and |R(vi, xk̄)− cj(i)| ≤ ζ < 2ε by (11.6). Case 3: i ̸= j − 1 and aj(i) ̸= aj−1(i). By part (a),
aj−1(i) = i + 1 and aj(i) = j = B(ℓ(i) + 1), which is the first level of the block that follows
the block of i. Since i + 1 ∈ Dj, we have j ̸= i + 1, and the next retained reference of i is
replaced. Before the deletion, we have |cj−1(i)− ri| ≤ ψ0 and |R(vi, xk̄)− cj−1(i)| < 2ε by
I(j − 1)(c) and (d). By (11.11), |cj(i)− R(vi, xk̄)| ≤ ζ. Combining these three bounds, we
obtain

|cj(i)− ri| < ζ + 2ε + ψ0 = ψ1,

and |R(vi, xk̄)− cj(i)| ≤ ζ < 2ε.
For part (c), a pair i < a of elements of Rj with a < j is a pair of elements of

Rj−1, and (11.9) at level j − 1 applies. If a = j, then i is compatible, and (11.11) gives
|R(vi, vj)− ri| ≤ Ψ2.

The next lemma treats the backward search for the crossing at level j. Its main point
is that the windows of all old references are preserved simultaneously. To show this, we
take the largest index at which some window fails, for all references together. At that
index every window is still almost preserved, and in particular so is the window of the
next retained reference of the failing reference. This gives the lower bound on the overlap
q in part (b) of the lemma.

Lemma 11.8 (The backward search). Assume (Hj). Let k = k j if the set defining k j in
Definition 11.2(ii)(c) is nonempty, and k = 0 otherwise.

(a) For every k with k ≤ k ≤ k̄, we have R(vj, xk) ≥ rj − 2/n. If the crossing exists, then
k j < k̄.

(b) Suppose that |R(vi, xk)− cj(i)| ≥ 2ε for some k ∈ [k, k̄] and some i ∈ Rj \ {j}. Let k be
the largest such index, let i be such that the inequality holds at k, write a = aj(i), and set

r =
R(vi, xk) + cj(i)

2
, δ =

R(vi, xk)− cj(i)
2

, q = R(va, xk).

Then

ε ≤ |δ| ≤ 2ε, |r − ri| ≤ 3ε + 2ζ +
3
n

, q − r ≥ 2ρ − 5ε − 3ζ − 7
n
≥ ρ, (11.12)

so that (vi, xk, va) is a narrow triple in the sense of (P4).
(c) For every k with k ≤ k ≤ k̄ and every i ∈ Rj \ {j}, we have |R(vi, xk)− cj(i)| < 2ε.
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Proof. For part (a), suppose first that the crossing exists. By the definition of k j as a largest
element, we have R(vj, xk) > rj for k j < k ≤ k̄. By Lemma 11.5(b), we have R(vj, xk̄) ≥
q∗ > rj, which implies that k j < k̄. Then (11.2) gives R(vj, xkj) ≥ R(vj, xkj+1)− 2/n >

rj − 2/n. If the crossing does not exist, then R(vj, xk) > rj for every 0 ≤ k ≤ k̄.
For part (b), the windows hold at k = k̄ by Lemma 11.7(b). This implies that k < k̄

and k + 1 ∈ [k, k̄]. By the maximality of k, every window holds strictly at k + 1, and (11.2)
gives

|R(vi′ , xk)− cj(i′)| < 2ε +
2
n

for every i′ ∈ Rj \ {j}. (11.13)

For the chosen i, this means that 2ε ≤ 2|δ| < 2ε + 2/n, and (11.6) implies that ε ≤ |δ| <
ε + 1/n ≤ 2ε. We have |r − ri| ≤ |cj(i)− ri|+ |δ|, and the bounds on the centers in I(j)(c),
which hold by Lemma 11.7(b), give

|r − ri| <
{

ψ0 + ε + 1/n = ε + ζ + 3/n if a = i + 1,

ψ1 + ε + 1/n = 3ε + 2ζ + 3/n otherwise.

We now bound q from below, distinguishing three cases. Case 1: a = j. By part (a),
q = R(vj, xk) ≥ rj − 2/n. Case 2: a < j and a = i + 1. Then a ∈ Rj \ {j}. Using (11.13) for
i′ = a and |cj(a)− ra| ≤ ψ1, we find

q > cj(a)− 2ε − 2
n
≥ ra − ψ1 − 2ε − 2

n
= ra − 4ε − 2ζ − 4

n
.

Case 3: a < j and a ̸= i + 1. By I(j)(c), a is the first level of a block. The level a + 1
belongs to the same block and satisfies a + 1 ≤ j. If this block is the block of j, then
a + 1 ∈ Rj by I(j)(a); otherwise a + 1 ∈ Rj because the retained initial segment of the
block has length at least B − H ≥ 2. The next retained reference of a is then unchanged,
and |cj(a)− ra| ≤ ψ0. By (11.13) for i′ = a, we have

q > ra − ψ0 − 2ε − 2
n
= ra − 2ε − ζ − 4

n
.

In Case 2 we use the first bound on |r − ri|, and in Cases 1 and 3 the second. In all three
cases, we obtain

q − r ≥ ra − ri − 5ε − 3ζ − 7
n
≥ 2ρ − 5ε − 3ζ − 7

n
≥ ρ,

where we used (11.4) and the last inequality in (11.6). This proves (11.12). Further,
ri ∈ [t0, 2t0], and the bound on |r − ri| together with the inclusion of the neighborhood of
[t0, 2t0] in Jβ implies that r ∈ Jβ. Finally, R(vi, xk) = r + δ, R(vi, va) = cj(i) = r − δ, and
R(va, xk) = q ≥ r + ρ, which are the conditions in (P4) for the triple (vi, xk, va).

For part (c), suppose that the conclusion fails. Then part (b) produces a narrow triple
(vi, xk, va) in which xk /∈ V, because the path avoids V, and vi and va are signed entries
of the distinct levels i < a. This contradicts (P4).
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Lemma 11.9 (The crossing exists). Assume (Hj). Then the crossing at level j exists, the
algorithm succeeds through level j, and (11.7) holds at level j.

Proof. Suppose that the set defining k j is empty, so that k = 0 in Lemma 11.8. The level 0
belongs to Rj by Lemma 11.6, and 0 ̸= j. By Lemma 11.8(c) at k = 0 and by I(j)(c),

R(v0, x0) < cj(0) + 2ε ≤ r0 + ψ1 + 2ε = r0 + Ψ1 ≤ 2t0 + Ψ1 < q∗,

where the last inequality is (11.6). Recall that the selection of v0 at level 0 gives R(v0, x0) ≥
q∗. This contradiction shows that the crossing exists. By Lemma 11.8(a), R(vj, xkj) ≥
rj − 2/n, and R(vj, xkj) ≤ rj by the definition of k j.

11.4 The induction

Proposition 11.10 (Overlap constraints along a path). Assume that (11.6) and the inclusion
of the neighborhood in Jβ hold, and that the family of reference configurations satisfies (P1)–(P4).
Let x0, . . . , xm be a path that avoids V, let r be a threshold array, and run the algorithm of
Definition 11.2. If

R
(
v(x0), xm

)
≤ 0,

then the algorithm succeeds through level Nlev − 1, and I(j) holds for every 0 ≤ j < Nlev.
Moreover, the next retained reference of every reference is replaced at most once: if i ∈ Rj \ {j}
and aj(i) ̸= i + 1, then i ∈ Rj′ and aj′(i) = aj(i) for every j′ with j ≤ j′ < Nlev.

Proof. We first treat level 0. Since x0 /∈ V, property (P1), applied with j = 0 and the
empty tuple, gives an entry y of F0 with |R(y, x0)| ≥ q∗. Then v0 = v(x0) is selected,
and R(v0, x0) ≥ q∗ > r0. Since R(v0, xm) ≤ 0 < r0, the set defining k0 is nonempty,
and k0 ≥ 1. The minimality of k0 gives R(v0, xk0−1) > r0, and (11.2) then implies that
R(v0, xk0) ∈ [r0 − 2/n, r0]. Level 0 succeeds, and I(0) holds: R0 = {0}, statement (b) was
just shown, and statements (c)–(e) are empty.

Suppose that 1 ≤ j < Nlev, that the algorithm succeeds through level j − 1, and that
I(j − 1) holds; these are the hypotheses (Hj). By Lemma 11.5(b), the selection at level j
succeeds, and by Lemma 11.9, so does the crossing, with (11.7) at level j. Statement I(j)(a)
holds by Lemma 11.6, statements (c) and (e) hold by Lemma 11.7, and statement (d) is
Lemma 11.8(c) at k = k j, which lies in [k, k̄] with k = k j. This completes the induction.

For the last assertion, let a = aj(i) ̸= i + 1. By I(j)(c), a = B(ℓ(i) + 1) is the first level
of the block that follows the block of i, and a ≤ j since a ∈ Rj. Let j′ > j. If j′ is not
the first level of its block, no deletion occurs at level j′ by Lemma 11.6(c). Otherwise j′

and a are distinct first levels of blocks with j′ > a, so that ℓ(j′)− 1 ≥ ℓ(a) > ℓ(i). By
Lemma 11.6(d), a deletion at level j′ can remove only levels of the block ℓ(j′)− 1 other
than its first B − H levels. It follows that i is never deleted, and a, which is the first level
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of its block, is never deleted either. The levels strictly between i and a do not belong to
Rj, and they never belong to a later set Rj′ , since the levels added after level j are larger
than j. We conclude that aj′(i) = a for every j′ ≥ j.

The windows of the replaced references are needed inside the induction, because the
corresponding references carry constraints through later backward searches; for the count
in Section 12, only the first level of each block is used.

Corollary 11.11 (A common time with M narrow windows). Under the hypotheses of
Proposition 11.10, let k∗ = kNlev−1. Then 0 ≤ k∗ ≤ m and

|R(vℓB, xk∗)− rℓB| < Ψ0 for every ℓ ∈ {0, 1, . . . , M − 1}.

Proof. Let j = Nlev − 1 = MB − 1, the last level of block M − 1. Let ℓ ≤ M − 1. If
ℓ < M − 1, then by I(j)(a) the retained levels of block ℓ form an initial segment of length
at least B − H ≥ 2, so that ℓB and ℓB + 1 belong to Rj. If ℓ = M − 1, then all levels of
block M − 1 belong to Rj, and ℓB + 1 ≤ j since B ≥ 2. In both cases ℓB ∈ Rj \ {j} and
aj(ℓB) = ℓB + 1; that is, the next retained reference of ℓB is unchanged. By statements (c)
and (d) of I(j), we conclude that |R(vℓB, xk∗)− rℓB| < ψ0 + 2ε = Ψ0.



section 12

Proof of the barrier theorem

In this section, we prove Theorem 1.1 and Corollary 1.2, and, in Section 12.7, the quanti-
tative and almost-sure forms of Theorem 12.6. We first make the thresholds of Section 11
random and show, using Corollary 11.11, that a path avoiding V keeps a positive overlap
with its first reference during the first Tn = ⌈n2eL⌉ update attempts (Proposition 12.2
and Lemma 12.3). This conclusion is deterministic: it holds for every path that avoids V,
and the thresholds are only a device in its proof. Combining it with stationarity, spin-flip
symmetry, and a Poisson clock, we obtain bounds on the Gibbs mass of the initial states
from which the dynamics is close to equilibrium (Proposition 12.5). Integration over the
disorder event of Section 10 then proves Theorem 1.1.

The main inputs are Lemma 11.3, Corollary 11.11, the families of reference configura-
tions of Section 10 with the bound π(V) ≤ 3e−4L (see (10.27)), and the properties of the
heat-bath dynamics in Lemma 3.2. The probability of the disorder event of Section 10
enters only once, in the last step of the proof of Theorem 1.1. The quantities that are
multiplied by the number of time indices are the Gibbs mass π(V) and probabilities in
an auxiliary space of thresholds, both at a fixed disorder.

The argument follows [77, Sections 8.1 and 8.5]. The product bound for predictable
thresholds is the elimination argument following [77, (8.28)]. The reduction of total
variation to a sign passage, with the half-space {y : R(v, y) ≤ 0} of Gibbs mass at least
1/2 and a Poisson clock, is [77, (8.1)–(8.3)], together with the remark on discrete time at
the end of [77, Section 8.5]. There are three changes. First, the windows of Corollary 11.11
have radius of order ε and sit at deterministic positions. We therefore count only the M
windows at the first levels of the blocks, in place of the union over subsets of size Nlev/B
in [77, (8.29)]. Second, the static estimates of Section 9 are uniform over the compact
interval Jβ, and we need no random event restricting the thresholds, such as [77, (8.12)].
As a result, the sign obstruction holds for every path avoiding V, and not only with high
probability. Third, the budget Tn of update attempts has logarithm L +O(log n), in place
of 2L, and every fixed τ < 1/2 is allowed, in place of τ = 1/4.

We keep the notation and the standing assumptions of Section 11.1. Recall that
ρ = Rn−λ, ε = Eρ with E = 1/100, ζ = 2ηn, the integers M and Nlev = MB and the
intervals Ii are given by (11.3), and the radius Ψ0 = 2ε + ζ + 2/n is given by (11.5).

207
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12.1 Predictable thresholds

Fix the disorder, a family of reference configurations, and a path x0, . . . , xm. On the
product I0 × · · · × INlev−1, let Pthr be the product of the uniform probability measures
on the intervals. Under Pthr, the coordinates r0, . . . , rNlev−1 of a threshold array are
independent and ri is uniform on Ii. This is an auxiliary probability space; it is not
related to the randomness of the dynamics. By Lemma 11.3, for every fixed time k ≤ m
the overlap

zi(k) = R
(
vi, xk

)
of the reference of level i with xk is a Borel function of (r0, . . . , ri−1). The next lemma is
the elimination argument of [77, Section 8.5].

Lemma 12.1 (Windows with predictable centers). Let I0, . . . , IN̄−1 be intervals of length
h > 0, and let r0, . . . , rN̄−1 be independent random variables with ri uniform on Ii. Let D ⊆
{0, . . . , N̄ − 1}, and for i ∈ D let ai ≥ 0 and let zi be a Borel function of (r0, . . . , ri−1) (a
constant if i = 0). Then

P
{
|zi − ri| ≤ ai for every i ∈ D

}
≤ ∏

i∈D

2ai

h
.

Proof. We argue by induction on the number of elements of D; the case D = ∅ is trivial.
Let i∗ be the largest element of D, let W be the event {|zi − ri| ≤ ai for every i ∈ D \ {i∗}},
and let H be the σ-algebra generated by r0, . . . , ri∗−1. Then W and zi∗ are H -measurable,
and ri∗ is independent of H . It follows that

P
{
|zi∗ − ri∗ | ≤ ai∗

∣∣ H
}
=

∣∣[zi∗ − ai∗ , zi∗ + ai∗ ] ∩ Ii∗
∣∣

h
≤ 2ai∗

h
,

where | · | denotes length. Multiplying by 1W and taking expectations, we obtain

P
(
W ∩ {|zi∗ − ri∗ | ≤ ai∗}

)
≤ 2ai∗

h
P(W),

and the induction hypothesis applied to D \ {i∗} completes the proof.

The order of integration matters: the largest index is removed first, because the later
centers may depend on the earlier thresholds. In the lemma, we condition only on earlier
thresholds. We do not condition on the event that the algorithm succeeds, nor on the sets
Rj of retained levels, which depend on all thresholds. A bound 2ai/h larger than one is
allowed.
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12.2 A deterministic sign obstruction

We define
γn =

2Ψ0

ρ
= 4E +

2ζ

ρ
+

4
nρ

, (12.1)

which is the ratio of the length of a window of radius Ψ0 to the length ρ of a threshold
interval. By (11.1), we have γn → 4(E + E′) ≤ 11/250, and γn → 4E = 1/25 when E′ = 0.
For integers m ≥ 0 we set

Cn(m) = (m + 1)γM
n . (12.2)

Proposition 12.2 (Sign obstruction for paths avoiding V). Assume that (11.6) and the
inclusion of the neighborhood in Jβ hold, and that the family of reference configurations satisfies
(P1)–(P4). Let m ≥ 0 be an integer with Cn(m) < 1. Then

R
(
v(x0), xm

)
> 0 for every path x0, . . . , xm that avoids V. (12.3)

Proof. Fix a path x0, . . . , xm that avoids V, and suppose that R(v(x0), xm) ≤ 0. Run the
algorithm of Definition 11.2 with an arbitrary threshold array r. Recall that the reference
v(x0) of level 0 does not depend on r. The hypothesis of Proposition 11.10 therefore holds
for every threshold array. By Corollary 11.11, every threshold array belongs to the union
over 0 ≤ k ≤ m of the events

Wk =
{

r : |zℓB(k)− rℓB| ≤ Ψ0 for every ℓ ∈ {0, . . . , M − 1}
}

,

where zi(k) = R(vi, xk) and vi = vi(r0, . . . , ri−1) is the reference of level i produced by the
algorithm. By Lemma 11.3, each zℓB(k) is a Borel function of (r0, . . . , rℓB−1). Applying
Lemma 12.1 under Pthr, with h = ρ, D = {0, B, . . . , (M − 1)B}, and ai = Ψ0, we obtain
Pthr(Wk) ≤ γM

n . Summing over k, we find

1 = Pthr
( m⋃

k=0

Wk

)
≤ (m + 1)γM

n = Cn(m) < 1,

which is a contradiction.

The events Wk use deterministic positions and deterministic radii. Their union con-
tains the event produced by the algorithm, but we do not assert that the algorithm
produces any particular configuration of retained references, and we do not condition
on such an assertion. The proof also uses no property of the crossing times other than
those established in Section 11; in particular, no distributional statement about the path
at a crossing time is involved.
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12.3 The choice of the coefficient

The count Cn(m) is small when log(m + 1) is smaller than M log(1/γn). Since γn →
4(E + E′) < 1 and M is of order nλ, this allows log m of order nλ. Fix a coefficient A with

0 < A <
t0 log

(
1/(4E + 4E′)

)
3BR

; (12.4)

when E′ = 0, as in the proof of Theorem 1.1, the right side is t0 log 25/(3BR). We set

L = Ln = Anλ, Tn =
⌈
n2eL⌉. (12.5)

Here Ln is the logarithmic time scale and eLn is the time horizon. The integer Tn is
a budget of update attempts: the continuous-time dynamics makes on average neLn

attempts up to time eLn , and Tn exceeds this number by a factor n.

Lemma 12.3 (The count for paths of exponential length). Assume (11.1), and let A satisfy
(12.4). There exists n0, depending only on A, t0, B, R, E, E′, and the sequences (ρn) and (ηn),
such that Cn(m) < 1 for every n ≥ n0 and every integer 0 ≤ m ≤ n3eL. In particular, this holds
for every 0 ≤ m ≤ Tn.

Proof. By (12.4), there exists γ′ ∈ (4E + 4E′, 1) with A < t0 log(1/γ′)/(3BR); we fix such
a γ′. Since γn → 4E + 4E′, we have γn ≤ γ′ for all sufficiently large n. By (11.3), we
have M ≥ t0/(3Bρ)− 1 = t0nλ/(3BR)− 1. Since Cn(m) is increasing in m, it suffices to
consider the largest integer m with m ≤ n3eL, for which m + 1 ≤ 2n3eL. We find

log Cn(m) ≤ log 2 + 3 log n + Anλ −
( t0nλ

3BR
− 1
)

log
1
γ′

= −
( t0 log(1/γ′)

3BR
− A

)
nλ + 3 log n + log 2 + log

1
γ′ .

The coefficient of nλ is negative and λ > 0, so the right side tends to −∞. Finally,
Tn ≤ n2eL + 1 ≤ n3eL because n ≥ 2.

We make no attempt to optimize the admissible coefficient in (12.4); only its positivity
matters for Theorem 1.1.

12.4 Stationarity, the clocks, and total variation

The following lemma turns a sign obstruction for paths into a bound on the Gibbs mass
of the initial states from which the dynamics is close to equilibrium. It abstracts the
sign-passage reduction of [77, Section 8.1, (8.1)–(8.3)]. It is stated for a general kernel
and uses only stationarity at deterministic times, spin-flip symmetry, and the Poisson
representation of the continuous-time semigroup; for the latter representation, see [68,
Section 20.1, (20.5)–(20.6)].
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Lemma 12.4 (From a sign obstruction to total variation). Let Q be a Markov kernel on Σn

with stationary law π, and assume that π(−x) = π(x) for every x ∈ Σn. Let v : Σn → Σn

be a map, let V ⊆ Σn, and let m ≥ 0 be an integer. Assume that every sequence x0, . . . , xk
with k ≤ m, with Q(xa−1, xa) > 0 for 1 ≤ a ≤ k, and with xa /∈ V for 0 ≤ a ≤ k, satisfies
R(v(x0), xk) > 0. Then for every τ ∈ [0, 1/2) and every integer 0 ≤ k ≤ m,

π
{

x : ∥Qk(x, ·)− π∥TV ≤ τ
}
≤ (k + 1)π(V)

1/2 − τ
. (12.6)

Moreover, for every t ≥ 0, the kernel Pt = ent(Q−I) satisfies

π
{

x : ∥Pt(x, ·)− π∥TV ≤ τ
}
≤ (m + 1)π(V) + P{N > m}

1/2 − τ
, (12.7)

where N has the Poisson law with mean nt.

Proof. For x ∈ Σn, let Gx = {y ∈ Σn : R(v(x), y) ≤ 0}. The map y 7→ −y preserves π

and exchanges the sets {y : R(v(x), y) < 0} and {y : R(v(x), y) > 0}. These two sets
therefore have the same Gibbs mass, and

π(Gx) =
1 + π{y : R(v(x), y) = 0}

2
≥ 1

2
.

Let νx be a probability measure on Σn for each x. If ∥νx − π∥TV ≤ τ, then νx(Gx) ≥
π(Gx)− τ ≥ 1/2 − τ. Multiplying by π(x) and summing over x, we obtain(1

2
− τ

)
π
{

x : ∥νx − π∥TV ≤ τ
}
≤ ∑

x
π(x) νx(Gx). (12.8)

The half-space Gx is determined by the initial state x alone. The bound (12.8) is a
statement about the law of the dynamics started at a fixed state, averaged over that state
afterward.

Let (Xa)a≥0 be the Markov chain with kernel Q and X0 ∼ π, and set gk =

∑x π(x)Qk(x, Gx) = P{R(v(X0), Xk) ≤ 0}. Almost surely, Q(Xa−1, Xa) > 0 for every
a ≥ 1. For k ≤ m, the hypothesis then implies that {R(v(X0), Xk) ≤ 0} ⊆ {Xa ∈
V for some 0 ≤ a ≤ k}, up to a null set. Since πQ = π, the law of Xa is π for every
deterministic a, and by a union bound we have

gk ≤
k

∑
a=0

P{Xa ∈ V} = (k + 1)π(V) (0 ≤ k ≤ m). (12.9)

Together with (12.8) for νx = Qk(x, ·), this proves (12.6). The matrices ntQ and ntI
commute, which gives Pt = ∑k≥0 P{N = k}Qk and

∑
x

π(x)Pt(x, Gx) = ∑
k≥0

P{N = k} gk ≤ (m + 1)π(V) + P{N > m},

where we used (12.9) for k ≤ m and gk ≤ 1 for k > m. With (12.8) for νx = Pt(x, ·), this
proves (12.7).
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The union bound (12.9) uses stationarity only at the deterministic times 0, . . . , k, and
it does not use independence along the chain. The set V and the map v are fixed before
the chain is run.

We now apply Lemma 12.4 to the heat-bath kernel at a fixed disorder. Recall the time
scale L and the budget Tn of (12.5).

Proposition 12.5 (Gibbs mass of initial states close to equilibrium). Assume (11.1), let A
satisfy (12.4), and let L = Anλ and Tn = ⌈n2eL⌉. There exists n0, depending only on the fixed
parameters, such that the following holds for every n ≥ n0. Let J be a disorder for which there
exists a family of reference configurations with properties (P1)–(P4) and with π J(V) ≤ 3e−4L.
Then for every τ ∈ [0, 1/2),

π J{x : dJ(x, eL) ≤ τ
}
≤ 3(Tn + 1)e−4L + 1/n

1/2 − τ
, (12.10)

π J{x : dJ
disc(x, ⌊eL⌋) ≤ τ

}
≤ 3(Tn + 1)e−4L

1/2 − τ
. (12.11)

Proof. Let n0 be so large that the conclusions of Lemma 11.1 and Lemma 12.3 hold for
n ≥ n0, and fix a family as in the statement. We apply Lemma 12.4 with Q = K J , the
Gibbs measure π = π J , the map v(x) of Definition 11.2, the set V of the family, and
m = Tn. The kernel K J preserves π J by Lemma 3.2(a), and π J(−x) = π J(x) because
Hn(−x) = Hn(x). If K J(xa−1, xa) > 0, then xa and xa−1 differ in at most one coordinate
by (3.11). Every sequence in the hypothesis of Lemma 12.4 is a path in the sense of (11.2).
For k ≤ Tn, we have Cn(k) < 1 by Lemma 12.3, and Proposition 12.2, applied to the path
x0, . . . , xk, implies that R(v(x0), xk) > 0 when the path avoids V. We have verified the
hypothesis of Lemma 12.4.

In continuous time, we have PJ
t = ent(K J−I) by (3.12), and we take t = eL. Then N has

mean neL, and Markov’s inequality gives

P{N > Tn} ≤ neL

Tn
≤ neL

n2eL =
1
n

. (12.12)

Inserting (12.12) and π J(V) ≤ 3e−4L into (12.7), we obtain (12.10). In discrete time,
k = ⌊eL⌋ ≤ Tn, and by (12.6) we have

π J{x : dJ
disc(x, ⌊eL⌋) ≤ τ

}
≤ (⌊eL⌋+ 1) 3e−4L

1/2 − τ
,

which implies (12.11).

For every fixed A > 0, the right sides of (12.10) and (12.11) tend to zero. Indeed,
Tn + 1 ≤ n2eL + 2, and we have

3(Tn + 1)e−4L ≤ 3n2e−3Anλ
+ 6e−4Anλ −→ 0. (12.13)
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12.5 The parameters and the exponents

We first list the parameters of the proof of Theorem 1.1 in the order in which they are
chosen. All of them are fixed before n → ∞ and before the threshold τ.

Step Parameter Condition and reference

1 the parameters of Table 10.1 up to H: qβ, q∗,
b1, b2, t0, Jβ, Iβ, mβ, ϑ, E, g, κ, Cb, R, the
constants of the static estimates, and H

Section 10.2; Cb from
Theorem 4.11

2 the threshold geometry: intervals of length ρn

and spacing 3ρn

(11.3)

3 the block length B any integer B ≥ H + 2, (10.17)
4 the constants cs, Cs of the list sizes (10.24)
5 the coefficient Aβ 0 < Aβ < t0 log 25/(3BR),

(12.4)
6 for each n: ρn, εn, ηn, Ln = Aβn7/30, M, Nlev,

the list sizes Ks, and Tn

(10.16), (11.3), (10.24), (12.5)

7 the threshold τ ∈ (0, 1/2) enters only through
1/(1/2 − τ)

Table 12.1. The parameters in the proof of Theorem 1.1, in the order in which they are chosen.
Each parameter of Steps 1–5 depends only on β and on the parameters chosen before it.

We use the exponents λ = 7/30 and ξ = 5/21. Table 12.2 lists every condition on the
exponents used in the proof, with its value at these exponents; the corresponding powers
of n are listed in Table 10.2.

The conditions of Table 12.2 also explain why the argument gives no exponent of
1/4 or more. For an exponent a of the mean-bias bound and an exponent λ ≤ a/3 with
λ < 1/4, all rows hold if ξ is chosen strictly between λ and min{1/4, 3λ/2}, which is
the condition (10.10); the choice ξ = 5/21 works for λ = 7/30. At λ = 1/4, the third row
fails, since then nρ4

n = R4 does not tend to infinity.

12.6 Proof of Theorem 1.1

Section 11 and Sections 12.2 to 12.4 were written for a general exponent λ. They use the
deterministic assumptions stated there and the scale conditions (11.1), with ρn = Rn−λ.
Section 10 is written for exponents satisfying (10.10) and an upper bound (10.11) on
the mean bias, and the static estimate Lemma 9.7 is stated for all scales satisfying
the conditions (S1)–(S5). In the proof below, the mean-bias input is the bound 0 ≤
Pβ − n−1EFn ≤ Cbn−7/10 of Theorem 4.11; the variance bound of Theorem 4.10 enters
through Section 9, and the trial bound of Proposition 4.12 through Section 8.
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Condition (where it is used) Value at λ = 7/30

3λ ≤ a, where Cn−a bounds the mean bias (denominator
margin, Section 9)

a = 7/10 = 3λ

7/15 − 2 + 6λ < 0 (Chebyshev bound for the denominator) −2/15
1 − 4λ > 0 (local and separated-overlap numerators, e−cnρ4

n ) 1/15
1 − 4ξ > 0 (fixed-cutoff numerators, e−cnη4

n ) 1/21
3λ − 2ξ > 0 (so that ρ3

n = o(η2
n)) 47/210

1 − 3λ > λ (conditional narrow mass e−cnρ3
n against eCLn ) 3/10 > 7/30

1 − 2ξ > λ (conditional fixed-cutoff mass against eCLn ) 11/21 > 7/30
λ < 1 (overlap-neighborhood bound needs Ln = o(n);
1/(nρn) → 0)

yes

ξ − λ > 0 (so that ηn = o(ρn), Section 11) 1/210

Table 12.2. The conditions on the exponents, with ξ = 5/21. The entries in the last column are the
values of the left sides at λ = 7/30; for instance, the probability that the denominator bound fails
is O(n7/15−2+6λ) = O(n−2/15), and the probability that the bound for a single local numerator
fails is at most e−cn1−4λ

= e−cn1/15
. In the first row, the mean-bias bound of Theorem 4.11 has

a = 3λ, and the strict margin in (S1) comes from the choice of R in (10.15).

Proof of Theorem 1.1. Fix β > 1. We take the exponents λ = 7/30 and ξ = 5/21 in (10.10),
and the mean-bias input (10.11) is the bound of Theorem 4.11, with constant Cb. We fix
the parameters of Steps 1–4 of Table 12.1 as in Sections 10.2 and 10.3, with R3 > 3Cb/(κg)
as in (10.15) and with an integer B ≥ H + 2 (for instance B = H + 2). Then we fix Aβ as
in Step 5, which is (12.4) with A = Aβ and E′ = 0, and we set Ln = Aβn7/30. The scales
are ρn = Rn−7/30, εn = Eρn, and ηn = n−5/21. They satisfy (11.1) with E′ = 0, since ρn,
ηn/ρn = n−1/210/R, and 1/(nρn) = n−23/30/R tend to zero.

We have Nlev ≤ t0/(3ρn) = t0n7/30/(3R) ≤ eLn for all sufficiently large n. By Re-
mark 9.8(a), the scales satisfy (S1)–(S5), so that Lemma 9.7 and therefore Lemma 10.2
apply at these scales. Since Ln = Aβnλ, the last assertion of Lemma 10.4 shows that
Ln → ∞, Ln/n → 0, and (10.22) holds. By Lemma 10.4, applied with the time scale Ln,
there exist measurable disorder events Gn with PJ(Gn) → 1 such that, for all sufficiently
large n and every J ∈ Gn, there exists a family of reference configurations with Nlev
levels, with properties (i)–(iv) of that lemma, and with π J(V) ≤ 3e−4Ln ; as explained in
Section 11.1, it has properties (P1)–(P4). The family may depend on J in an arbitrary way;
it is not required to be a measurable function of J. Fix τ ∈ (0, 1/2). By Proposition 12.5,
for all sufficiently large n and every J ∈ Gn,

fn(J) = π J{x : dJ(x, eLn) ≤ τ
}
≤ 3(Tn + 1)e−4Ln + 1/n

1/2 − τ
.
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We write en for the right side. The left side does not involve the family. By Section 3.4, fn

is a Borel function of J, and 0 ≤ fn ≤ 1. By (3.16),

PJ,X0∼π J
{

dJ(X0, eAβn7/30
) ≤ τ

}
= EJ fn(J) ≤ en + PJ(Gc

n).

Here en → 0 by (12.13), and PJ(Gc
n) → 0. This proves (1.2). The same argument with

(12.11) in place of (12.10) proves (1.3).
The coefficient Aβ was chosen in Step 5, before τ, and the same coefficient serves both

clocks. The threshold τ enters only through the factor 1/(1/2 − τ), which affects the rate
of convergence and not the coefficient.

The proof uses the two kinds of exceptional events of Sections 9 and 10 differently,
as in Remark 10.3. The disorder probability PJ(Gc

n) is used once, additively, in the last
display. It includes terms that decay only polynomially or as e−cnη4

n , and it is never
multiplied by a number of references, levels, or time indices. At a fixed disorder in Gn,
the Gibbs mass π J(V) is multiplied by the Tn + 1 time indices in (12.9), and the threshold
probabilities are multiplied by the Tn + 1 indices in the proof of Proposition 12.2; both
products are small.

Proof of Corollary 1.2. Fix β > 1, κ ∈ (0, 7/30), and τ ∈ (0, 1/2), and let Aβ be the
coefficient of Theorem 1.1. Since κ < 7/30, we have nκ ≤ Aβn7/30 for all sufficiently large
n. By Lemma 3.2(d), the functions t 7→ dJ(x, t) and k 7→ dJ

disc(x, k) are nonincreasing, and
therefore, for all such n,{

x : dJ(x, eAβn7/30
) > τ

}
⊆
{

x : dJ(x, enκ
) > τ

}
,

and likewise in discrete time, with ⌊enκ⌋ ≤ ⌊eAβn7/30⌋. By (3.16), the realized-start proba-
bilities are monotone in the same way, and Theorem 1.1 proves the corollary.

12.7 Quantitative and almost-sure forms

The proof of Theorem 1.1 gives more than the convergence of the realized-start proba-
bilities. In this section, we record four strengthenings. First, the disorder event can be
chosen with a complement of stretched-exponentially small probability. Second, on this
event there exists a set of initial states of Gibbs mass exponentially close to one from
which the distance from equilibrium has a lower bound tending to 1/2 up to the time
horizon eLn . Third, the same holds for the Metropolis dynamics and for other single-site
dynamics with bounded rates. Fourth, the relaxation time is at least of the order of the
time horizon, up to a factor n7/30. A consequence is the almost-sure form of the barrier
along the full sequence of system sizes.
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Three changes in the argument are needed. First, the lower bound on Fn in the
event of Lemma 9.7 is obtained from the small-deviation inequality of Paouris and
Valettas for convex functions of Gaussian vectors [90, Theorem 2.1 and Remark 2.4(3)],
in place of Chebyshev’s inequality. Second, the tolerance ηn is a fixed small multiple
of ρn, so that the probability bounds for the fixed-scale constraints decay on the same
scale nρ4

n as the others. Third, the sign test of Lemma 12.4 is applied to each initial
state separately, and the clock tail is bounded by a Chernoff bound instead of Markov’s
inequality. The relaxation-time bound uses in addition that the first reference takes few
values. Theorem 1.1 remains the main result; the coefficient in Theorem 12.6 below is
subject to a slightly smaller bound than in (12.4) with E′ = 0, because of the second
change.

Single-site dynamics. Fix the disorder. For x ∈ Σn and 1 ≤ i ≤ n, we write x(i) = xi,−xi

for the configuration obtained by reversing the ith spin. For Crate ≥ 1, we let LJ(Crate) be
the set of generators of the form

L f (x) =
n

∑
i=1

ci(x)
(

f (x(i))− f (x)
)
, f : Σn → R, (12.14)

with rates ci(x) ∈ [0, Crate], for which π J is stationary, that is, ∑x π J(x)L f (x) = 0 for
every f . We call L reversible if π J(x)ci(x) = π J(x(i))ci(x(i)) for all x and i. By (3.10), the
heat-bath generator n(K J − I) has the form (12.14) with ci(x) = pi(−xi | x) ≤ 1, and it is
reversible by Lemma 3.2(a). The Metropolis kernel is

K J
M(x, x(i)) =

1
n

min
{

1, eβ(Hn(x(i))−Hn(x))}, K J
M(x, x) = 1 −

n

∑
i=1

K J
M(x, x(i)),

and K J
M(x, y) = 0 otherwise. In one step, a uniformly chosen spin is reversed

with the displayed acceptance probability. The identity π J(x)K J
M(x, x(i)) =

(nZn)−1 min{eβHn(x), eβHn(x(i))}, whose right side is symmetric in x and x(i), shows
that K J

M is reversible with respect to π J . Its continuous-time generator n(K J
M − I) has

the form (12.14) with ci(x) ≤ 1. Heat-bath and Metropolis dynamics belong to LJ(1).
For a reversible L, the spectral gap gap(L) is the infimum of −⟨ f ,L f ⟩π J over f with
π J( f ) = 0 and π J( f 2) = 1, where ⟨ f , g⟩π J = ∑x π J(x) f (x)g(x), and the relaxation time
is 1/ gap(L), with the convention 1/0 = +∞.

Theorem 12.6 (Quantitative and almost-sure forms). Fix β > 1. There exist A > 0, c > 0,
C < ∞, and Borel sets G∗

n of disorders, such that the following statements hold with Ln = An7/30.

(a) For every n ≥ 2, we have PJ
(
(G∗

n)
c) ≤ Ce−cn1/15

.



12 Proof of the barrier theorem 12.7 Quantitative and almost-sure forms 217

(b) There exists n0 such that, for every n ≥ n0 and every J ∈ G∗
n , there exists a set S ⊆ Σn with

π J(S) ≥ 1 − Ce−cn7/30
such that every x ∈ S satisfies

inf
0≤t≤eLn

dJ(x, t) ≥ 1
2
− Ce−cn7/30

, min
0≤k≤eLn

dJ
disc(x, k) ≥ 1

2
− Ce−cn7/30

,

and the same two inequalities hold for the Metropolis dynamics, that is, with (K J
M)k in place

of (K J)k and ent(K J
M−I) in place of PJ

t .
(c) For every Crate ≥ 1 there exists n1 such that, for every n ≥ n1, every J ∈ G∗

n , and every
L ∈ LJ(Crate), there exists a set SL ⊆ Σn with π J(SL) ≥ 1 − Ce−cn7/30

such that

∥etL(x, ·)− π J∥TV ≥ 1
2
− Ce−cn7/30

for every x ∈ SL and 0 ≤ t ≤ eLn .

(d) For every Crate ≥ 1, the threshold n1 = n1(β, Crate) in part (c) can be chosen so that, for
every n ≥ n1, every J ∈ G∗

n , and every reversible L ∈ LJ(Crate), the relaxation time satisfies

1
gap(L) ≥ eAn7/30

Cn7/30 .

In particular, this holds for the heat-bath and Metropolis generators n(K J − I) and n(K J
M −

I).
(e) Let (J(n))n≥2 be random disorders defined on one probability space, where J(n) has the law of

the disorder of size n and the dependence between different sizes is arbitrary. Then, almost
surely, J(n) ∈ G∗

n for all sufficiently large n. In particular, for every fixed τ ∈ (0, 1/2),
almost surely,

π J(n){x : dJ(n)(x, eAn7/30
) > τ

}
−→ 1, π J(n){x : dJ(n)

disc(x, ⌊eAn7/30⌋) > τ
}
−→ 1,

and the same holds for the Metropolis dynamics.

The constants A, c, C, and n0 depend only on β; the threshold n1 depends in addition on Crate.

Part (b) contains the conclusions of Theorem 1.1, with the coefficient A of Theorem 12.6
in place of Aβ. It gives in addition the size of the exceptional sets, the uniformity over all
earlier times, and a lower bound tending to 1/2 on the distance. The threshold 1/2 itself
is not reached: the argument uses only that the half-space {y : R(v, y) ≤ 0} has Gibbs
mass at least 1/2. In part (e), no independence between different system sizes is needed,
because the first Borel–Cantelli lemma uses only the marginal laws.

The following table lists how the earlier statements enter the proof.

Lemma 12.7 (A disorder event with stretched-exponential failure). Fix β > 1 and let
λ = 7/30. Fix the parameters of Steps 1–4 of Table 12.1, with Cb the constant of Theorem 4.11,
and set

ρn = Rn−λ, εn = Eρn, ηn =
ρn

1000
, Ln = Anλ
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Statement Use in the proof of Theorem 12.6

Section 11; Lemma 12.1;
Proposition 12.2

used as stated; they assume (11.1), which holds with
E′ = 1/1000

Lemma 12.3 used as stated, with E′ = 1/1000, so that (12.4) reads
A < t0 log(250/11)/(3BR); it covers every m ≤ n3eLn

Lemma 9.7 statement used as stated, at ηn = ρn/1000; its
hypotheses are verified in Lemma 12.7

Step 1 of the proof of Lemma 9.7
(Chebyshev)

replaced by the Paouris–Valettas inequality in
Lemma 12.7

Lemma 10.1 used as stated, including its bound on P(Cn(D1)
c)

Lemma 10.2 used as stated, at ηn = ρn/1000, in Step 4 of the proof
of Lemma 12.7

Lemma 10.4 used as stated, with qn supplied by that Step 4; (10.22)
is verified there

Lemma 12.4, Proposition 12.5,
(12.12)

replaced by Lemma 12.8 and the Chernoff bound
(12.17)

new Lemma 12.9 (relaxation time)

Table 12.3. The earlier statements in the proof of Theorem 12.6.

for a fixed A > 0. Let An be the event of Lemma 9.7 at these scales, with the data of Section 10,
and let G∗

n = An ∩
⋂

s<B Cn(Cs + 5) be the event (10.26) at these scales. Then the following hold.

(i) There exist C, c > 0 such that PJ((G∗
n)

c) ≤ Ce−cn1−4λ
for all sufficiently large n.

(ii) For all sufficiently large n and every J ∈ G∗
n , there exists a family of reference configurations

with Nlev levels, with properties (P1)–(P4), and with π J(V) ≤ 3e−4Ln .

Proof. Since λ > 0, we have ρn = Rn−λ → 0. We also verify the conditions (S1)–(S5)
of Lemma 9.7. For (S1), we have ∆n,β/ρ3

n ≤ Cb/R3 < κg/3, by Theorem 4.11 and
(10.15). Next, n7/15/(n2ρ6

n) = R−6n7/15−2+6λ = R−6n−2/15, which is (S2). We have
nρ4

n = R4n1−4λ = R4n1/15 and nη4
n = 10−12R4n1/15, which gives (S3) and (S4). Finally,

ρ3
n/η2

n = 106ρn → 0, which is (S5). Therefore Lemma 9.7 applies at these scales.

Step 1: the numerators. Steps 2–4 of the proof of Lemma 9.7 bound the probability that
one of the events (A2)–(A4) fails by

C(n + 1)3(e−cnρ4
n + e−cnη4

n
)
+ C(n + 1)e−cn ≤ C′e−c′n1−4λ

,

for all large n, where we used nη4
n = 10−12nρ4

n and nρ4
n = R4n1−4λ, and absorbed the

polynomial factors by decreasing the constant in the exponent.

Step 2: the denominator. The function Fn = log Zn of the standard Gaussian vector
J = (Jij)i<j is convex. Indeed, its Hessian is β2n−1 times the covariance matrix of the
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vector (xixj)i<j under π J , which is positive semidefinite. It is Lipschitz by Remark 4.22,
so it is square integrable. By Theorem 4.10, σ2

n = Var Fn ≤ Cvn7/15 for large n, with Cv

the variance constant there. We write a0 < c0 for the static denominator margins in (9.19).
For all sufficiently large n, ∆n,β ≤ a0ρ3

n, so failure of (A1) implies Fn − EFn < −un, where
un = (c0 − a0)nρ3

n. If σn = 0, this event is empty. Otherwise, let tn = un/σn. Then

tn ≥ (c0 − a0)R3

C1/2
v

n23/30−3λ,

and the exponent 23/30 − 3λ = 1/15 is positive, so that tn ≥ 2 for large n. By [90,
Theorem 2.1 and Remark 2.4(3), (2.4)], a convex square-integrable function f of a standard
Gaussian vector Z satisfies

P
(

f (Z)− E f (Z) < −t
√

Var f (Z)
)
≤ 1

2
exp

(
− π

1024
(t − 1)2

)
(t > 1). (12.15)

Applying (12.15) with t = tn and using (tn − 1)2 ≥ t2
n/4, we obtain

P
(

Fn < n(Pβ − c0ρ3
n)
)
≤ 1

2
exp

(
− πt2

n
4096

)
≤ 1

2
exp

(
−π(c0 − a0)

2R6

4096 Cv
n23/15−6λ

)
.

Since 23/15 − 6λ = 2/15 is larger than 1 − 4λ = 1/15, this is at most e−cn1−4λ
for large n.

Only the full partition function enters here. For the constrained numerators, the upper
tail is needed, and the bounds of Step 1 remain those of Lemma 9.7.

Step 3: the overlap-neighborhood events. Fix D1 > 0. By Lemma 10.1, there exists
D4 > 0, depending only on β and D1, such that, for all sufficiently large n,

P
(
Cn(D1)

c) ≤ 3e−D4Ln = 3e−D4 Anλ
.

Since λ = 7/30 is larger than 1 − 4λ = 1/15, this is at most e−cn1−4λ
for large n. There

are B such events in the definition of G∗
n , with D1 = Cs + 5 for 0 ≤ s < B. Combining

Steps 1–3, we obtain part (i).

Step 4: the families. The present sequences satisfy ρn → 0 and (S1)–(S5), as we checked
at the start of the proof. By Lemma 10.2, for all large n and every J ∈ An, we have
(π J)⊗3(Bn) ≤ qn with qn = C(n + 1)3(e−cnρ3

n + e−cnη2
n + e−cn), where Bn is defined by

(10.20) with the present ηn. Since nρ3
n = R3n1−3λ and nη2

n = 10−6R2n1−2λ, and 1 − 3λ =

3/10 and 1 − 2λ = 8/15 are larger than λ = 7/30, we have eCLn qn → 0 for every fixed C,
which is (10.22). Moreover Ln → ∞, Ln/n → 0, and Nlev ≤ t0nλ/(3R) ≤ eLn for large n.
Lemma 10.4 therefore provides, for all large n and every J ∈ G∗

n , a family with properties
(i)–(iv) of that lemma and π J(V) ≤ 3e−4Ln . As in Section 11.1, these imply (P1)–(P4), with
ζ = 2ηn. This proves part (ii).
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The next lemma refines Lemma 12.4: it bounds the distance from equilibrium for each
initial state separately, in terms of the probability that the chain started there visits V.

Lemma 12.8 (The sign test for each initial state). Let Q, π, v, V, and m satisfy the hypotheses
of Lemma 12.4. Let (Xa)a≥0 be the Markov chain with kernel Q, write Px for its law when
X0 = x, and set

ϕ(x) = Px{Xa ∈ V for some 0 ≤ a ≤ m}, Gx = {y : R(v(x), y) ≤ 0}.

Then the following hold.

(a) ∑x π(x)ϕ(x) ≤ (m + 1)π(V), and hence π{x : ϕ(x) > u} ≤ (m + 1)π(V)/u for every
u > 0.

(b) For every x and every 0 ≤ k ≤ m, we have Qk(x, Gx) ≤ ϕ(x) and ∥Qk(x, ·)− π∥TV ≥
1/2 − ϕ(x).

(c) For every x, every qu > 0, and every t ≥ 0, let N have the Poisson law with mean qut. Then

∥equt(Q−I)(x, ·)− π∥TV ≥ 1
2
− ϕ(x)− P{N > m},

∑
x

π(x)equt(Q−I)(x, Gx) ≤ (m + 1)π(V) + P{N > m}.

Proof. For part (a), we have ∑x π(x)ϕ(x) = Pπ{Xa ∈ V for some a ≤ m}, where Pπ is
the law of the chain with X0 ∼ π. Since πQ = π, the law of Xa under Pπ is π for every
deterministic a, and a union bound over 0 ≤ a ≤ m gives the first assertion, as in (12.9).
The second assertion is Markov’s inequality. For part (b), almost surely under Px we have
Q(Xa−1, Xa) > 0 for every a ≥ 1. By the hypothesis of Lemma 12.4, on the event that
X0, . . . , Xk avoid V we have R(v(x), Xk) > 0, that is, Xk /∈ Gx. It follows that Qk(x, Gx) ≤
Px{Xa ∈ V for some a ≤ k} ≤ ϕ(x). As in the proof of Lemma 12.4, spin-flip symmetry
gives π(Gx) ≥ 1/2, and therefore ∥Qk(x, ·)− π∥TV ≥ π(Gx)− Qk(x, Gx) ≥ 1/2 − ϕ(x).
For part (c), the matrices qutQ and qutI commute, so equt(Q−I) = ∑k≥0 P{N = k}Qk. By
part (b),

equt(Q−I)(x, Gx) ≤ ∑
k≤m

P{N = k}ϕ(x) + P{N > m} ≤ ϕ(x) + P{N > m},

which gives the first inequality as in part (b). Multiplying by π(x), summing over x, and
using part (a), we obtain the second.

The next lemma combines the standard continuous-time L2 spectral-gap contraction
[68, Lemma 20.5] with a partition of the initial states according to their chosen reference.
This grouping gives a bound in terms of the number of references.
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Lemma 12.9 (Relaxation time and a sign test with few references). Let L be a generator on
Σn that is reversible with respect to a probability measure π with π(−x) = π(x), and let gap(L)
be its spectral gap. Let v : Σn → Σn take at most Nv values, and let Gx = {y : R(v(x), y) ≤ 0}.
If t > 0 and

ω = ∑
x

π(x)etL(x, Gx) <
1
2

,

then gap(L) t ≤ (log Nv)/2 − log(1 − 2ω).

Proof. For f with π( f ) = 0, the function ft = etL f also has mean zero, since π is stationary,
and the derivative of ⟨ ft, ft⟩π in t is 2⟨ ft,L ft⟩π ≤ −2 gap(L)⟨ ft, ft⟩π, by the definition of
the spectral gap. Gronwall’s inequality gives ∥etL f ∥L2(π) ≤ e− gap(L)t∥ f ∥L2(π).

For each value ṽ of v, let Uṽ = {x : v(x) = ṽ} and Hṽ = {y : R(ṽ, y) ≤ 0}. The sets Uṽ
partition Σn, and Gx = Hṽ for x ∈ Uṽ. As in the proof of Lemma 12.4, spin-flip symmetry
gives π(Hṽ) ≥ 1/2, and therefore

∑
ṽ

π(Uṽ)π(Hṽ) ≥
1
2

, ∑
ṽ
⟨1Uṽ , etL1Hṽ⟩π = ∑

x
π(x)etL(x, Gx) = ω.

Since etL1 = 1 and π is stationary, ⟨1U, etL1U′⟩π − π(U)π(U′) = ⟨1U − π(U), etL(1U′ −
π(U′))⟩π for all sets U, U′ ⊆ Σn. Using the Cauchy–Schwarz inequality, the contraction
just proved, ∥1U − π(U)∥2

L2(π)
= π(U)(1 − π(U)) ≤ π(U), and ∥1U′ − π(U′)∥L2(π) ≤

1/2 for U = Uṽ and U′ = Hṽ, we find

1
2
− ω ≤ ∑

ṽ

(
π(Uṽ)π(Hṽ)− ⟨1Uṽ , etL1Hṽ⟩π

)
≤ e− gap(L)t

2 ∑
ṽ

√
π(Uṽ) ≤

e− gap(L)t

2
√

Nv.

In the last step, we used the Cauchy–Schwarz inequality and ∑ṽ π(Uṽ) = 1. Rearranging
gives the claim.

The bound depends on the number Nv of values of v, not on the size of Σn. If v took
all 2n values, the lemma would only give gap(L) t ≤ Cn. The first reference takes at most
eCLn values, and this gives the factor n7/30, rather than n, in Theorem 12.6(d).

Proof of Theorem 12.6. Fix β > 1 and let λ = 7/30. We fix the parameters of Steps
1–4 of Table 12.1 as in Sections 10.2 and 10.3, with Cb the constant of Theorem 4.11,
with R3 > 3Cb/(κg), and with an integer B ≥ H + 2. We set E′ = 1/1000 = E/10,
ηn = ρn/1000, and fix A with

0 < A <
t0 log(250/11)

3BR
,

which is (12.4) with E′ = 1/1000, since 4(E + E′) = 11/250. Let Ln = Anλ, let G∗
n be the

event of Lemma 12.7, and let m∗ = ⌊n3eLn⌋, a budget of update attempts. Throughout, n
is large enough that the conclusions of Lemmas 11.1, 12.3, and 12.7 hold; this fixes n0.
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Part (a). By Lemma 12.7(i) and 1 − 4λ = 1/15, the bound holds for n ≥ n0, and we
enlarge C so that Ce−cn1/15 ≥ 1 for 2 ≤ n < n0.

The obstruction. Fix n ≥ n0 and J ∈ G∗
n , and fix a family as in Lemma 12.7(ii). The

scales satisfy (11.1) with E′ = 1/1000. By Lemma 11.1, the margins (11.6) hold, and by
Lemma 12.3, Cn(m) < 1 for every m ≤ m∗. By Proposition 12.2, every path x0, . . . , xm

with m ≤ m∗ that avoids V satisfies R(v(x0), xm) > 0.

Parts (b) and (c). We use the uniformization of a bounded-rate generator into a discrete
kernel and a Poisson clock [68, Section 20.1]. Let L ∈ LJ(Crate) and set QL = I +
L/(Craten). Its off-diagonal entries are QL(x, x(i)) = ci(x)/(Craten) ≥ 0, its diagonal
entries are 1 − ∑i ci(x)/(Craten) ≥ 0, and QL(x, y) = 0 unless y = x or y = x(i) for
some i. We see that QL is a Markov kernel, π J is stationary for it, every sequence with
QL(xa−1, xa) > 0 is a path in the sense of (11.2), and etL = eCratent(QL−I). For the heat-bath
and Metropolis generators with Crate = 1, we have QL = K J and QL = K J

M, respectively.
Since π J(−x) = π J(x), the obstruction shows that the hypotheses of Lemma 12.4 hold
for Q = QL, π = π J , the map v, the set V of the family, and m = m∗. Let ϕL be the
function ϕ of Lemma 12.8 for this kernel, and let

SL = {x : ϕL(x) ≤ e−Ln}.

Since m∗ + 1 ≤ 2n3eLn and π J(V) ≤ 3e−4Ln , by Lemma 12.8(a), we have

π J(Sc
L) ≤ eLn(m∗ + 1)π J(V) ≤ 6n3e−2Ln . (12.16)

For x ∈ SL and 0 ≤ k ≤ eLn ≤ m∗, by Lemma 12.8(b), we have ∥Qk
L(x, ·) − π J∥TV ≥

1/2 − e−Ln . For continuous time, the bound at t = 0 is immediate. Let 0 < t ≤ eLn and
let N have the Poisson law with mean µP = Cratent ≤ CrateneLn . For every integer j ≥ µP,
Markov’s inequality applied to zN with z = j/µP ≥ 1, together with EzN = eµP(z−1), gives
P{N ≥ j} ≤ z−jeµP(z−1) = e−µP(eµP/j)j. With j = m∗ + 1 ≥ n3eLn , this implies

P{N > m∗} ≤
( e CrateneLn

n3eLn

)m∗+1
=
( eCrate

n2

)m∗+1
≤ e−(m∗+1) ≤ e−Ln (12.17)

once n2 ≥ e2Crate. By Lemma 12.8(c) with qu = Craten, every x ∈ SL satisfies ∥etL(x, ·)−
π J∥TV ≥ 1/2 − 2e−Ln for 0 ≤ t ≤ eLn . Taking n1 ≥ n0 so large that also n2

1 ≥ e2Crate and
12n3e−2Ln ≤ e−Ln for n ≥ n1, we obtain part (c) with c = A and C = 2. For part (b),
we apply this with Crate = 1 to the heat-bath and Metropolis generators, for which QL
is K J and K J

M, and take S = Sn(K J−I) ∩ Sn(K J
M−I). By (12.16), π J(Sc) ≤ 12n3e−2Ln ≤ e−Ln ,

and the four distance bounds hold on S, with ⌊eLn⌋ discrete steps and 1/2 − 2e−Ln as the
lower bound. Enlarging n0 to the value of n1 for Crate = 1 completes part (b).
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Part (d). Let L ∈ LJ(Crate) be reversible, and let t = eLn . By Lemma 12.8(c) with
qu = Craten, by (12.17), and by π J(V) ≤ 3e−4Ln ,

ω = ∑
x

π J(x)etL(x, Gx) ≤ 6n3e−3Ln + e−Ln ≤ 1
4

for n ≥ n1, after enlarging the threshold n1 of part (c) by an amount depending only
on β and Crate. Write ĉ = c(5) > 0 for the first list-size constant in (10.24). The map v
takes values among the signed entries of the list F0, which has K0 = ⌈e(ĉ+1)Ln⌉ entries by
(10.24); hence it takes at most Nv = 2K0 ≤ 4e(ĉ+1)Ln values, where ĉ depends only on β.
By Lemma 12.9,

gap(L)eLn ≤ 1
2

log
(
4e(ĉ+1)Ln

)
+ log 2 ≤ (ĉ + 2)Ln

for n ≥ n1, after enlarging n1 once more by an amount depending only on β. If gap(L) =
0, the conclusion of part (d) is immediate by the convention 1/0 = +∞. Otherwise
we may divide by the positive gap, and we obtain 1/ gap(L) ≥ eLn /((ĉ + 2)Ln) =

eAnλ
/((ĉ + 2)Anλ), which is part (d) after enlarging C. The enlarged n1 also serves in

part (c).

Part (e). By part (a), ∑n P(J(n) /∈ G∗
n) ≤ ∑n Ce−cn1/15

< ∞. By the first Borel–Cantelli
lemma, which uses only the marginal laws of the J(n), almost surely J(n) ∈ G∗

n for all large
n. On this event, part (b) gives, for all large n, a set of Gibbs mass at least 1 − Ce−cnλ

on which dJ(n)(x, eAnλ
) and dJ(n)

disc(x, ⌊eAnλ⌋) are at least 1/2 − Ce−cnλ
, which exceeds τ for

large n, and likewise for the Metropolis dynamics. This completes the proof.



part iv

The upper bound



section 13

Primitive disorder, the scalar process beyond
the support, and the parameters

Throughout Part IV, we fix β > 1. This section sets the notation for that Part. We
identify the primitive Gaussian disorder with the completed model of Section 3, record
the Gaussian matrix estimates used in Sections 14, 18, and 19, and give the exponent
parameters. We then continue the scalar diffusion of Section 4 beyond the support of
the Parisi measure. The scalar profiles and the one-row law defined below are used
throughout the construction of the proposal and its analysis. We follow the scalar
construction of [85, Sections 2–3].

The notation in Table 13.1 is local to this Part. All other notation retains the meaning
fixed in Sections 3 and 4. In particular, P denotes probability, Pβ is the limiting pressure,
and all exponents are written in sans serif.

13.1 Primitive disorder and the completed Hamiltonian

Let γn be standard Gaussian measure on Rn×n. For g ∈ Rn×n and x ∈ Σn, define

W(g) =
g + gT
√

2n
, Hc

g(x) =
1
2

xTW(g)x,

Fc(g) = log ∑
x∈Σn

eβHc
g(x), πg(x) = eβHc

g(x)−Fc(g).
(13.1)

The dictionary to Section 3.2 is

Jij(g) =
gij + gji√

2
(i < j), J′ii(g) = gii, Aij(g) =

gij − gji

2
(i < j).

We note that the variables Jij and J′ii are independent standard Gaussians. The anti-
symmetric coordinates Aij are independent N(0, 1/2) variables, independent of W(g).
Expanding the quadratic form, we find

Hc
g(x) = H J(g)

n (x) + G(g), G(g) =
1
2

tr W(g) =
1√
2n

∑
i

gii ∼ N(0, 1/2).

Thus Fc(g) = Fc
n, and Lemma 3.1(b) implies that πg = π J(g). We write Gn = W∗γn for the

GOE law with off-diagonal variance 1/n and diagonal variance 2/n, and Unifn(x) = 2−n

for the uniform law on Σn.

225
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Table 13.1. Notation local to Part IV. The right column records the meanings used here and any
earlier meanings that they replace.

Symbols Meaning in this Part

U, m Scalar potential and its first derivative in variance time; these
replace Φαβ

, uαβ
after the time change.

Y, M Scalar diffusion and its Wiener driver in variance time; Y
replaces the overlap-time diffusion of Section 4.

B, D Reflected Wiener pair; B replaces the driver denoted B in
overlap time.

δ, ϵn Smoothing variance n−D and cut-balance threshold n−d.
h, hj Mesh lengths; fields involving the completed matrix are written

(W(g)x)i.
ρ, σ Deterministic reflection coefficients, replacing the overlap scale

ρ and the resampled spin symbol σ.
θ Rotation angle, or an exponential-moment parameter in the

separate concentration arguments.
p, r, e, j Scalar profiles, with eh, bj, sj, wj their mesh quantities; the

subscripted probabilities pJ
i keep their meaning.

RV , Rh, Rn, RD Inverse-profile bound, mesh residual, enlargement radius, and
reference law, respectively; R(x, y) remains the overlap.

H, H0, EH Query cross-moment matrix, its population value, and its error;
Hamiltonians carry their superscripts or subscripts.

H∗ Maximum absolute spin energy in Section 15, and a Bernstein
scale in Section 16.

µsrc
0 , µ

rep
0 Unlinked source and replay laws.

Λsrc, Λrep Linked source and replay laws.
QV , QF, νV Output law, fine output law, and one-row law.
L Spin likelihood in Sections 14 and 15; L = Up1/2(EA) in

Sections 16 and 17.
Wwt, W0, W2 Weighted error size, ambient GOE matrix, and 2-Wasserstein

distance; W(g) is the completed matrix.
Cn,Hn,Wn, Bad Events and spin sets defined where they are used; Hn denotes

the pressure event.
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For the dynamics, let Pg
t = PJ(g)

t . The rate of a spin flip is

pJ(g)
i (−xi | x) =

πg(xi,−xi)

πg(x) + πg(xi,−xi)
. (13.2)

The generator is LJ(g), with rate one per site as in (3.12). For a cut S ⊆ Σn, its Dirichlet
flow is

Qg(S, Sc) = ∑
x∈S

n

∑
i=1

πg(x)pJ(g)
i (−xi | x)1{xi,−xi /∈ S}. (13.3)

The diagonal of W(g) adds the same constant to all spin energies, so it cancels from the
Gibbs measure and the dynamics. We compare proposals with the joint law

Πn(dg, x) = γn(dg)πg(x). (13.4)

Its (J(g), x)-marginal is PJ,X0∼π J from Definition 3.3. In the transition law, the spin
sampled from πg is held fixed.

The relative entropy is KL(µ∥ν) =
∫

log(dµ/ dν)dµ when µ ≪ ν, where the integral
takes values in the extended nonnegative reals, and +∞ otherwise. In finite sums,
0 log 0 = 0, and a positive numerator over zero contributes +∞. We use the asymptotic
conventions of Section 3.5. In every eventual bound, we first fix β > 1 and all exponents,
then choose finite constants and n0, and then assert the bound for every integer n ≥ n0.
Constants Cβ, cβ > 0 may change between inequalities. They depend only on β and,
when an exponent is absorbed, on the displayed fixed exponents; they are independent
of n, the selected cut, and the rotation angle. The bounds are for each fixed temperature
and saving ω < 1/4.

Conventions. Spaces of continuous paths carry the Borel sigma algebra of the uniform
topology, products carry the product sigma algebras, and Wiener measures are supported
on paths starting at zero. A bridge of duration h > 0 has the law Brh obtained from Wiener
measure by b(t) 7→ b(t) − (t/h)b(h). These spaces are standard Borel. We complete
filtrations when constructing stochastic integrals and then choose Borel versions on the
original spaces. All refinements defining integrals are taken at fixed n, fixed horizon, and
fixed query mesh, before n → ∞. Versions are identified outside fixed-n null sets. For
the terminal spin likelihood L defined in (14.6), the bound L ≤ 2n is used only to transfer
fixed-n null sets and integral versions. All probability estimates are proved under the
law to which they apply.

13.2 Gaussian orthogonal ensemble facts

We record the Gaussian facts needed for the adaptive construction of the matrix in
Lemma 14.1 and for the exceptional events of the disorder in Sections 18 and 19. The
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successive conditioning on orthogonal queries is the Gaussian-revelation method used in
[25, Sections 2–3] and in the proposal of [85, Section 4.1].

Lemma 13.1 (Gaussian conditioning). Let W ∼ Gn. Its law is invariant under orthogonal
conjugation. In an orthonormal basis, the entries on and above the diagonal are independent,
with variances 2/n on the diagonal and 1/n off the diagonal. After revealing its columns in
a fixed subspace, the compression to the orthogonal complement is an independent GOE block
with the original variance normalization 1/n. The same conditional assertion holds for successive
orthogonal unit query directions chosen measurably from the previously revealed columns and
independent initial data.

Proof. For deterministic vectors u, v, u′, v′, the covariance is

E[(uTWv)(u′TWv′)] =
1
n
[
(u · u′)(v · v′) + (u · v′)(v · u′)

]
.

This follows by expanding (13.1). Since W is Gaussian, this covariance implies that its law
is invariant under orthogonal conjugation and that its entries on and above the diagonal
are independent in any fixed orthonormal basis. In particular, the unrevealed block
is independent of the columns already read. Conditional on the past, the next query
direction is fixed in the remaining subspace. In a basis starting with this direction, its
diagonal entry is N(0, 2/n), its remaining column entries are independent N(0, 1/n), and
the smaller block is independent of both. By induction, the assertion holds for adaptive
queries, including conditioning on independent initial data.

Lemma 13.2 (Operator norm). For every n ≥ 2,

γn{g : ∥W(g)∥op > 12} ≤ 2e−n. (13.5)

Proof. We use the sphere-net argument of [113, Corollary 4.2.13 and Exercise 4.4.3(b)].
Let N be a 1/4 net of the Euclidean unit sphere with |N | ≤ 9n, obtained by comparing
the volumes of disjoint balls. For a symmetric matrix, approximating a unit vector at
which the absolute value of the quadratic form is maximal by a point of the net, we have
∥W∥op ≤ 2 maxu∈N |uTWu|. For every fixed unit u, the quadratic form uTWu is centered
Gaussian with variance 2/n. Using the Gaussian tail and a union bound, we find that

γn{∥W∥op > 12} ≤ 2 9ne−9n = 2e(log 9−9)n ≤ 2e−n.

Lemma 13.3 (Pressure tail). Fix β > 1 and 0 < zP < 1/2. There exists cβ > 0 such that

γn{Fc(g) > nPβ + n1−zP} ≤ e−cβn1−2zP = o(1). (13.6)
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Proof. Differentiating with respect to the primitive entries, we have

∂gij F
c(g) =

β√
2n

∑
x

πg(x)xixj, ∥∇Fc(g)∥2 ≤ β2n
2

.

By Theorem 4.4 and Lemma 3.1(c), Eγn Fc = EFn ≤ nPβ. Then (13.6) follows from
Gaussian concentration [112], with the Lipschitz constant given by the gradient bound.

13.3 The exponent parameters

Fix ω ∈ (0, 1/4) and define

εω =
1/4 − ω

20
∈ (0, 1/80). (13.7)

We use the exponents in (13.8) throughout this Part. The strict inequalities between them
are verified in Section 19.5, where we also give the instance ω = 1/5. The letters r and w
denote exponents, whereas r(t) is a scalar profile and γn is Gaussian measure.

Exponent Value Exponent Value

a 1/2 b 1/2 − 14εω

f 1/2 z 1/4 − 8εω

kf 1/2 − 2εω w 1/8 − 3εω

D 1/4 − εω kb 1/4 − 9εω

uE 1/4 − 2εω sb 1/4 − 5εω

d εω/2 sseq 1/4 − 4εω

e 1/4 − 3εω r 1/4 − 15εω/2
uF 1/4 − 39εω/4 q 1/4 − 10εω

zP 3/10 grot 3/5

(13.8)

13.4 The scalar Parisi process and its continuation

We use Theorems 4.4, 4.5, and 4.7, Proposition 4.3, and Corollary 4.8 and the scalar
evolution identities of Section 5. Let µβ be the unique minimizing Parisi measure and let
qβ ∈ (0, 1) be its maximal support point. In variance time v = β2t, define

v∗ = β2qβ, ᾱ(v) = αβ(v/β2), U(v, y) = Φαβ
(v/β2, y) (0 ≤ v ≤ β2).

Then ∂vU +Uyy/2+ ᾱU2
y/2 = 0, with terminal value log(2 cosh y) at β2. We continue the

potential and the distribution function by

U(v, y) = log(2 cosh y) + (β2 − v)/2, ᾱ(v) = 1 (v ≥ v∗). (13.9)
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This agrees with the original solution on [v∗, β2] and satisfies the same equation for all
later times. Let m = Uy and χ = Uyy. Up to β2, these are uαβ

(v/β2, y) and χαβ
(v/β2, y),

and for v ≥ v∗ they are tanh y and sech2 y. We write b(v, y) = ᾱ(v)m(v, y) before v∗ and
b = m afterward. The value of the distribution function at a time atom does not affect its
time integrals.

On canonical Wiener space with driver M, let

Yt = Mt +
∫ t

0
b(v, Yv)dv, mt = m(t, Yt), χt = χ(t, Yt). (13.10)

Here and below, the time argument of Y is variance time. Up to β2, the dictionary to (4.6)
is YIV

v = Yv/β2 and Mv = βBv/β2 . Since the drift is bounded and spatially 1-Lipschitz,
there exists a unique continuous, measurable, causal Picard solution. We have

m0 = 0, |m(t, y)| < 1, 0 ≤ χ(t, y) ≤ 1 − m(t, y)2 ≤ 1. (13.11)

The potential and χ are even in y, and m and b are odd. These bounds follow from
Proposition 4.3 and the step-recursion bound in [85, Section 3]. For the latter bound,
we note that one Gaussian step at mass λ ∈ [0, 1] satisfies (T f )′ = Eλ f ′ and (T f )′′ =
Eλ f ′′ + λ Varλ( f ′), where Eλ is the normalized tilted expectation. If 0 < f ′′ ≤ 1 − ( f ′)2,
then (T f )′′ ≤ 1− ((T f )′)2. By induction from log(2 cosh y) and scalar stability, we obtain
the inequality for χ. Since χ > 0 by Proposition 4.3(i), this implies that |m| < 1. On the
continuation, the formulas are explicit.

Proposition 13.4 (Scalar foundation). Under the Wiener law in (13.10), mt is a bounded
martingale in the whole Y-past. Define

p(t) = Eχt, r(t) = Eχ2
t , κ(t) = E

χ2
t

1 − m2
t

,

ρ(t) = β
√

r(t), σ(t) =
√

1 − ρ(t)2.

(13.12)

All expectations are under the unlinked, zero-seed scalar Wiener law. For 0 ≤ s ≤ t, we have

E(mt − ms)
2 =

∫ t

s
r(v)dv,

∫ t

0
r(v)dv = Em2

t ≤ 1, (13.13)

r = β−2, ρ = 1, σ = 0 (t ≤ v∗), 0 < r(t) ≤ β−2, p(t)2 ≤ r(t), (13.14)

r is nonincreasing, |r′| ≤ 2r, p is nonincreasing, |p′| ≤ p almost everywhere.
(13.15)

After v∗, we have p = 1 − Em2
t , κ = p, and p′ = −r. The functions ρ and σ are continuous

and of bounded variation on every compact interval. Define

e(V) = β
∫ V

0
r(t)p(t)dt, j(V) =

1
2

∫ V

0
ρ(t)2κ(t)dt. (13.16)
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For V ≥ v∗,

j(V)− log 2 + Pβ − βe(V) =
β2

4
p(V)2, Eγn Fc ≤ nPβ. (13.17)

For a fresh solution started at Ys = y, we also have

E[Ytm(t, Yt)]− ym(s, y) =
∫ t

s
E[χ(v, Yv) + m(v, Yv)b(v, Yv)]dv. (13.18)

This holds separately before and after v∗, and its integrand is identically one after v∗.

Proof. We begin with the martingale and profile identities, which follow from the scalar
inputs. Then we identify the pressure normalization in the entropy–energy identity and
prove the restart formula.

By Proposition 4.3(iv), with v = β2t, the process m is a bounded martingale before v∗.
The explicit continuation has the same property by Itô’s formula. The variance identity
(13.13) follows from the scalar evolution in Proposition 4.3(iv) and the continuation. By
Corollary 4.8, Em2

v = v/β2 on [0, v∗]. Continuity implies that r(v) = β−2 on that closed
interval. Using Jensen’s inequality and (13.11), we find that p2 ≤ r ≤ p.

For 0 ≤ v ≤ v∗, the identity (4.9) and Γ(v/β2) = v/β2 imply

p(v) = 1 −
∫

max(q, v/β2) µβ(dq). (13.19)

Differentiating this Lipschitz integral almost everywhere, we obtain p′ = −ᾱ/β2 = −ᾱr.
This also follows directly from Proposition 4.3(iv). After v∗, we have χt = 1 − m2

t , so that
p = 1 − Em2

t , κ = p, and p′ = −r. In both intervals, |p′| ≤ p because r ≤ p. By the
post-support estimate in [85, Lemma 3], r is nonincreasing and −2r ≤ r′ ≤ 0; before v∗
it is constant. This proves (13.14) and (13.15). Since r is continuous and monotone, the
functions ρ and σ are continuous and have bounded variation.

In variance time, Theorems 4.4 and 4.5 identify

Pβ = U(0, 0)− 1
2β2

∫ β2

0
vᾱ(v)dv.

This is the counting-measure normalization used in [85, Lemma 4]. The identity there
reads log 2 − j(V) + βe(V) = Pβ − β2p(V)2/4, which is (13.17); the endpoint V = v∗ fol-
lows by continuity. The pressure inequality follows from Theorem 4.4 and Lemma 3.1(c).

For the restart identity, the scalar evolution of Proposition 4.3(v), after the time change,
gives zero drift for m(v, Yv). By the product rule [64, Theorem 3.3.6], the drift of Yvm(v, Yv)

is χ(v, Yv) + m(v, Yv)b(v, Yv). We use localization and the bounded spatial derivatives of
Section 5 to justify the product rule under step approximation. The stochastic integrand
is Yvχ(v, Yv) + m(v, Yv), which is square integrable on every finite interval because b is
bounded. The drift is bounded by two, so we may take expectations and pass to the limit.
This proves (13.18). On the continuation, its integrand is sech2 Yv + tanh2 Yv = 1.
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Lemma 13.5 (Cross moments and an integral representation). For 0 ≤ s ≤ t ≤ H, a
bounded measurable test A of the Brownian past through s, and deterministic f ∈ L2([s, t]),

E

[
AmH

∫ t

s
f (v)dMv

]
=
∫ t

s
f (v)E[Aχv]dv. (13.20)

Moreover, mt − ms =
∫ t

s χv dMv, with the integral constructed by predictable left sums in L2

under the original Wiener law. These assertions hold across v∗.

Proof. We begin with the tested identity for Brownian increments, which we prove using
the restart formula. We then pass to deterministic L2 weights and identify the integral by
its second moment.

First let A be a bounded Borel test of Y[0,s]. The restart law is the product of its Y-past
law with a fresh Wiener driver, followed by Picard restart. Multiplying (13.18) by A and
integrating against this product law, we have

E[A(Ytmt − Ysms)] =
∫ t

s
E[A(χv + mvbv)]dv, bv = b(v, Yv).

For unbounded endpoint observables, we clip the y factor of ym(t, y) at [−L, L] and take
L → ∞. The conditional first moments are dominated by |Ys|+

√
t − s + t − s, which is

integrable since E|Ys| ≤
√

s + s. The drift χ + mb is bounded by two, so Fubini’s theorem
applies to the signed time integral. If the interval crosses v∗, we split there and retain the
original past test on the second interval. By continuity, the split produces no endpoint
term.

The martingale identity extends to integrable past tests by clipping, with domination
by twice their absolute value. In particular, E[AYs(mt − ms)] = 0, and for each v ∈ [s, t],
E[Abvmt] = E[Abvmv]. Substituting Mt − Ms = Yt − Ys −

∫ t
s bv dv, we obtain

E[Amt(Mt − Ms)] =
∫ t

s
E[Aχv]dv. (13.21)

After completion, the sigma algebras of the Brownian past and of the field past agree:
the Picard solution is causal, and Mu = Yu −

∫ u
0 b(v, Yv)dv recovers the driver causally.

The recovery map into continuous paths is Borel by bounded joint measurability and
rational evaluations. Thus (13.21) holds for Brownian-past tests. Projecting mH to an
intermediate time and using linearity, we obtain (13.20) for step functions f . By Brownian
isometry and Cauchy–Schwarz, we may pass to L2 weights: the two errors are at most
∥A∥∞∥ f − fℓ∥2 and ∥A∥∞

√
t − s∥ f − fℓ∥2.

For a refining deterministic partition s = v0 < · · · < vℓ = t, let Zℓ = ∑i χvi(Mvi+1 −
Mvi). Predictable Gaussian isometry yields EZ2

ℓ →
∫ t

s r(v)dv. Using (13.21) on each cell
with past test χvi , and projecting mt to that cell’s endpoint, we also have E[(mt −ms)Zℓ] →∫ t

s r(v)dv. In these limits, we used that χ is continuous along the paths and χ ≤ 1. By
(13.13), E|Zℓ − (mt − ms)|2 → 0, which proves the representation.
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On a pair (M, M̃) of independent Wiener processes, we define

B =
∫

ρ dM +
∫

σ dM̃, D =
∫

σ dM −
∫

ρ dM̃. (13.22)

For a deterministic continuous function f of bounded variation, the integral is the
path function I f (b)(t) = f (t)b(t) −

∫
(0,t] b(v)d f (v) on paths starting at zero. By step

approximation and Gaussian isometry, it agrees with the L2 integral. The reflection
matrix

(
ρ σ
σ −ρ

)
is symmetric and orthogonal at each time. It follows that (B, D) has the

product Wiener law and has the causal inverse

M =
∫

ρ dB +
∫

σ dD, M̃ =
∫

σ dB −
∫

ρ dD.

These identities hold for the laws of the full pairs of paths and for the inverse maps.
For step weights, the reflection squares to the identity on every independent Gaussian
increment. Passing to uniform limits of paths, with integration by parts for functions of
bounded variation, we find that the identities hold for ρ and σ. Taking a countable inter-
section over rational times, we identify the continuous versions. The future increments
of (B, D) are independent of the pasts of both original drivers, since the approximating
deterministic integrals use only fresh increments of (M, M̃).

Let W denote Wiener measure. For a terminal sign x, we define the one-row law by

νV(dx, dM, dM̃) = (1 + xmV)(Unif1 ⊗W ⊗W)(dx, dM, dM̃). (13.23)

Averaging over the spin for each pair of paths, we see that this law is normalized and
that the law of the entire pair of paths is unchanged. By martingale projection, we
conclude that EνV [x | M[0,t], M̃[0,t]] = mt for t ≤ V. We also use νV for its image on the
history (x, Y, B, D) under the Picard solution map and (13.22). For 0 ≤ s ≤ t ≤ V and
deterministic f ∈ L2([s, t]), by Lemma 13.5 and the independence of the second original
driver, we have

EνV

[
x
∫ t

s
f (v)dBv

]
=
∫ t

s
f (v)ρ(v)p(v)dv,

EνV

[
x
∫ t

s
f (v)dDv

]
=
∫ t

s
f (v)σ(v)p(v)dv.

(13.24)

The tested conditional form of the first identity holds with any bounded test A of both
pasts at s, with right side

∫ t
s f (v)ρ(v)E[Aχv]dv. For the M term, we first integrate

the independent M̃ past; for the M̃ term, we first integrate its centered fresh future.
Unbounded Brownian tests are handled by clipping in L2. Under νV , the path marginal
remains Wiener, but adjoining the terminal sign to the filtration need not preserve the
Brownian property. The filtrations used later are recorded in Section 14.2.
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Lemma 13.6 (Terminal and inverse-profile bounds). There exist constants depending only on
β such that, for all t ≥ 0,

p(t) ≤ Cβ
e−t/2
√

1 + t
, r(t) ≥ cβ

e−t/2
√

1 + t
,

RV =

(
min

0≤t≤V
r(t)

)−1

≤ CβeV/2
√

1 + V.

(13.25)

In particular, p(V)2 ≤ Cβe−V .

Proof. By [85, Lemma 3, proof], the post-support transition kernel is

Kt(y, z) = e−t/2φt(z − y)
cosh z
cosh y

,

where φt is the centered Gaussian density of variance t. It integrates to one, and direct
differentiation gives the generator ∂zz/2 + tanh(z)∂z. Since the drift is bounded and
Lipschitz, uniqueness of the solution of the Picard equation identifies its law. Let λ∗ be
the endpoint law at v∗. For k > 1/2, we have

Eχk
v∗+t = e−t/2

∫
λ∗(dy) sech y

∫
φt(z − y) sech2k−1 z dz.

For k = 1 and t ≥ 1, the bounds φt ≤ (2πt)−1/2 and
∫

sech z dz = π imply the upper
bound. For k = 2, let C′

β < ∞ be such that λ∗([−C′
β, C′

β]) > 0, and restrict the inner
integral to |z| ≤ 1. For t ≥ 1 and |y| ≤ C′

β, we have

φt(z − y) ≥ e−(C′
β+1)2/2

√
2πt

,

which implies the lower bound. On 0 ≤ t ≤ 1, (13.15) implies that r(v∗ + t) ≥ β−2e−2t.
The finite initial interval is absorbed into the constants, which depend only on the fixed
temperature. The inverse bound follows from the monotonicity of r.



section 14

The Gaussian-query proposal on a growing mesh

In this section, we construct the proposal used in Sections 15, 17, and 18. We first prove
the Gaussian assembly and reconstruction identities in Lemma 14.1. We then identify
the law of the complete histories of the rows and prove the quadrature estimate in
Lemma 14.3. Throughout, we use the scalar inputs of Section 13.4.

We follow the Gaussian-conditioning construction of [85, Section 4]. Successive
Gaussian revelations along orthogonalized directions occur in the iterative construction
of Bolthausen [25, Sections 2–3]. Montanari used related increments guided by the Parisi
process in an incremental algorithm for approximate message passing [75, Sections 2
and 3.1]. Here the durations of the cells grow with time, and the source and replay
constructions retain all the auxiliary coordinates needed for the row identities.

14.1 Growing schedule and source law

For T > 0, let CT = C([0, T], R). We use the path-space conventions of Section 13. We
write Brh for the law of a Brownian bridge of duration h > 0, which is the image of
Wiener measure under b(u) 7→ b(u)− (u/h)b(h). Fix n, h > 0, and an integer N < n. We
define

t0 = 0, hj = hetj/4, tj+1 = tj + hj, V = tN+1. (14.1)

Cell zero is auxiliary. Query j ∈ {1, . . . , N} uses

s2
j =

∫ tj

tj−1

r(v)dv, Tj,i =
mi(tj)− mi(tj−1)

sj
,

bj =
1√
hj

∫ tj+1

tj

ρ(v)p(v)dv.
(14.2)

Here mi(t) = m(t, Yi(t)). The scalar reference bj should not be confused with the drift
b(v, y) of the scalar equation. We use the normalized inner product and norm

⟨u, v⟩ = n−1uTv, ∥u∥2 = ⟨u, u⟩.

We define the unlinked source law µsrc
0 as the independent product of the laws of the

following coordinates:

235
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• n Wiener paths Di through V and auxiliary Wiener paths B0
i of duration h0;

• bridges brj,i ∼ Brhj for 1 ≤ j ≤ N and 1 ≤ i ≤ n;
• independent ej, vj ∼ N(0, In) and dj ∼ N(0, 2/n) for 1 ≤ j ≤ N;
• a full primitive g0 ∼ γn, with ambient matrix W0 = W(g0), and a spin x ∼ Unifn.

Unused bridges may be retained as independent ancillary coordinates; the estimates
below do not depend on them. We write Ωsrc for this product space. When we use
primitive disorder, we adjoin the antisymmetric variable specified below, independently
of the other inputs.

On the auxiliary cell, Bi = B0
i . For j ≥ 1, we append cell j by

Bi(tj + u) = Bi(tj) +
u√
hj

ej,i + brj,i(u), 0 ≤ u ≤ hj. (14.3)

Almost surely, and simultaneously for all the cells and rows used here, a bridge is
unchanged when we subtract the line through its two endpoints. We define Mi =∫

ρ dBi +
∫

σ dDi and solve the scalar equation of Section 13.4 in each coordinate. Since
the weights in these integrals are deterministic and of bounded variation, the integrals
have the causal path interpretation given there. In particular, we can evaluate the targets
in (14.2) before we append (14.3).

Applying the Gram–Schmidt procedure to the Tj in chronological order, we obtain
directions uj such that ∥uj∥ = 1; when a residual vanishes, the choice of direction
is deterministic and measurable. More precisely, let E have rows that are Euclidean
orthonormal and span the remaining subspace. If ETj ̸= 0, we normalize ETj; otherwise,
we normalize the first nonzero column of E in the fixed coordinate order. Let q be the
resulting vector, which has Euclidean norm one; the query direction is then uj =

√
nETq.

We complete q to an orthonormal basis by a fixed measurable rule, rotate E by this basis,
and retain all but its first row as the next remaining frame. We do this also when a
residual vanishes. We define

Uj =
1
n ∑

l≤j
uluT

l , Pj = I − Uj, f j = Pjej.

The assembled matrix and the completion vectors are defined by

W =
1
n

N

∑
j=1

(uj f T
j + f juT

j ) +
1
n

N

∑
j=1

djujuT
j + PNW0PN,

Cj = Ujej + Pjvj.

(14.4)

Note that the scalar recursion uses none of dj, vj, W0, or x.
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Lemma 14.1 (Gaussian assembly, completion, and path reconstruction). Under µsrc
0 , con-

ditional on all initial data (D, B0, br), the joint law of (W, (Cj)j) is Gn ⊗ N(0, In)⊗N. This law
does not depend on the initial data. The fixed-matrix replay endpoint

erep
j = PjWuj + UjCj (14.5)

equals ej on the source realization. The reconstructed (Bi, Di) have the product of n independent
Wiener-pair laws through V.

Proof. We first prove the conditional Gaussian law by induction on the remaining queries.
We then expand the assembled matrix to identify the replay endpoints. Finally, we
compute the covariance of each appended path to show that the reconstructed pairs have
the Wiener law.

Conditional Gaussian law. For a fixed remaining frame, the column has Gaussian
coordinates, consisting of a diagonal N(0, 2/n) entry and independent off-diagonal
N(0, 1/n) entries. The projection Pjej gives the off-diagonal column: when we multiply a
Euclidean unit direction by

√
n to obtain uj, this cancels the 1/

√
n scale of the column.

Conditional on the previously read e’s and the initial data, the next frame is fixed.
We decompose the fresh ej, vj along Uj, Pj. Since the projections are orthogonal,

the four Gaussian components are independent. It follows that Ujej + Pjvj is standard
Gaussian and independent of Pjej and dj. By backward induction over the remaining
queries, we find that the unrevealed block is a GOE compression on the remaining
subspace, with the same 1/n normalization of the variance. It is independent of the
part already read and of the later completion outputs. The base case is given by the
independent ambient matrix W0. Using orthogonal invariance as in Section 13.2, we
assemble each column with this block. This proves the assertion on the joint law, including
all later Cj, and that this law does not depend on the initial data.

Replay endpoints. Expanding (14.4), we find PjWuj = Pjej. Indeed, the earlier terms lie
in the range of Uj, and the later terms and the final compression annihilate uj. We also
have UjCj = Ujej, so (14.5) equals ej. By induction, we conclude that every replay target
and frame agrees pointwise with the source, as does every initial segment of the scalar
paths.

Pair paths. On one cell, (u/
√

h)e + br(u) is a centered continuous Gaussian path, and
its covariance at u, v is

uv
h

+ min(u, v)− uv
h

= min(u, v).

So the path has the Wiener law on this cell. Concatenating independently over the
deterministic cells, we obtain jointly Gaussian evaluations at any finite set of times, with
covariance min(s, t), including across cells. Since evaluations at rational times determine



14 The Gaussian-query proposal on a growing mesh § 14.2 238

a Borel law on continuous paths, this identifies the law of the concatenation. The resulting
pairs are independent across rows, and the B paths are independent of the D paths. Since
(14.3) preserves every earlier initial segment, we find by induction that the concatenation
is the reconstructed terminal state. The assertions also hold when unused bridges are
retained.

14.2 Spin laws, histories, and filtrations

Definition 14.2 (The two spin laws and the replay space). On the source, we define

L =
n

∏
i=1

(1 + ximi(V)), Λsrc = Lµsrc
0 . (14.6)

The unlinked replay law µ
rep
0 is the product of Gn, independent Cj ∼ N(0, In), all initial

B0 paths and bridges, the n independent D paths, and Unifn. Its paths are calculated
by (14.5) and (14.3). We define Λrep = Lrepµ

rep
0 using the terminal fields in replay. We

write Ωrep for this product space, with the independent antisymmetric variable adjoined
when using primitive disorder. The output law QV is the (g, x) marginal of Λrep on this
primitive lift.

For each fixed choice of all inputs except the spin, we have 2−n ∑x L = 1. This
implies that both linked laws are probability measures, and that linking does not change
the marginals obtained by forgetting the spin, including the marginal of the Gaussian
matrix. Conditional on the paths, the terminal spins are independent with masses
(1 + ximi(V))/2. Equivalently, we may draw the spins using independent uniform [0, 1]
thresholds, with the same integrals in either realization.

Let Ωrow
V = {−1, 1} × C3

V be the canonical Borel space of histories of (x, Y, B, D)

for one row through V. We continue to write νV for the one-row law of Section 13.4
mapped into this space by the reflected pair and the Picard solution. From (Ωrow

V )n and
independent ancillary coordinates, we reconstruct the source as follows. We restrict B to
cell zero and recover, for j ≥ 1,

ej,i =
Bi(tj+1)− Bi(tj)√

hj

,

brj,i(u) = Bi(tj + u)− Bi(tj)−
u
hj

(
Bi(tj+1)− Bi(tj)

)
.

(14.7)

The ancillary coordinates are dj, vj, g0, the antisymmetric variable A used in the final lift,
and the unused bridges; they are independent, with law

µanc = N(0, 2/n)⊗N ⊗ N(0, In)
⊗N ⊗ γn ⊗ γanti

n

⊗
⊗

j/∈{1,...,N}
Br⊗n

hj
. (14.8)
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The last factor is omitted if unused bridges are not retained, and γanti
n is specified below.

We write A for the ancillary product space. Since W0 = W(g0), we retain the whole
primitive matrix g0, including its unused antisymmetric coordinates.

The endpoints and bridges in (14.7) are independent, since their evaluations at any
finite set of times are jointly Gaussian with zero cross covariance. We have therefore
identified the product law on the source space. Using the causal inverse of the reflected
pair in Section 13.4, we identify the innovation and the scalar field in this reconstruction.
All these maps are Borel under the conventions of Section 13. Indeed, evaluations
at finitely many times, restrictions of paths, integration against weights of bounded
variation, and the Picard solution map are Borel, and the frame rule uses finitely many
measurable zero tests and normalizations.

The fixed-matrix experiment and its independent coordinate-path law are those of [85,
Section 4.1]. The source and replay maps below retain the full histories and completion
variables on the growing mesh, making their equality of laws explicit. We record the
laws in the following diagram, in which every arrow except the density arrow denotes an
equality of laws under a measurable pushforward. The same top arrows, applied before
linking, identify the unlinked laws. The map F retains the initial data and D and replaces
the source noises by (W, C) from (14.4).(

(Ωrow
V )n ×A, ν⊗n

V ⊗ µanc) Rec−−−→ (Ωsrc, Λsrc)
F−→ (Ωrep, Λrep)

(Ωrep, RD = EDµ
rep
0 )

dΛrep/dRD=Lrep/ED−−−−−−−−−−−−→ (Ωrep, Λrep)

↓(g,x) ↓(g,x)

(Rn×n × Σn, γn ⊗ Unifn) QV .

(14.9)

Here Rec is the reconstruction just described, using (14.7) and the reflected pair. Along the
density arrow, we change measure on the same replay space; ED and RD are constructed
in Section 15.1. In particular, the top row implies the identity for the complete histories(

(xi, Yi, Bi, Di)
n
i=1
)
∗Λrep = ν⊗n

V . (14.10)

To check the linked identities, let ν0
V be the canonical history law before the one-row

link. By the factorization into endpoints and bridges and the inverse of the reflection, we
have

Rec∗
(
(ν0

V)
⊗n ⊗ µanc) = µsrc

0 .

On a supporting set of full measure, the recomputed field agrees with the given Y. For
every bounded Borel test function f on the source space, we have∫

f
(
Rec(w, a)

) n

∏
i=1

(
1 + xim(V, Yi(V))

)
d
(
(ν0

V)
⊗n ⊗ µanc)(w, a)

=
∫

f L dµsrc
0 .
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This gives the law on the source space in the top row, with every ancillary coordinate
retained. Repeating this calculation of densities and maps for F, and using the pointwise
replay identity in Lemma 14.1, we obtain the pushforward identity for the linked replay
law. The matrix and completion vectors are computed from these rows and ancillary
variables; they need not be independent of the rows.

For the primitive g in (14.9), we retain the antisymmetric Gaussian variable A, inde-
pendently of all the other inputs. Its entries Aij, i < j, are independent N(0, 1/2), with
Aji = −Aij and Aii = 0. We define

g =
√

n/2 W + A.

Then g ∼ γn and W(g) = W, as in Section 13.1. Since replay reads only W, this gives the
proposal with primitive input. The proposal and the target have the same conditional law
of A given (W, x). Their joint relative entropy on primitive matrices equals their relative
entropy on physical matrices. We use this lift whenever we condition on g.

Filtrations. Whether a Brownian assertion may be used depends on the law and on
the information revealed at time zero. The following table records the distinctions
needed in the later proofs. In the last row, ξi(v) = xiχ(v, Yi(v))/(1 + xim(v, Yi(v))), as in
Section 15.1.
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Law and filtration Brownian or independence assertion Use

Scalar Wiener pair, with the
spin-free pair past

(M, M̃) and its deterministic
orthogonal transform (B, D) are
Wiener pairs.

Scalar martingales,
brackets, and path
estimates.

Unlinked row, with an
independent uniform sign
revealed initially

(B, D) remains a Wiener pair in the
filtration including this sign.

Signed integrals and
fixed-sign Itô identities.

Linked row νV , with the
sign revealed initially

The entire path marginal is
unchanged; B, D need not be
Brownian in the filtration including
the sign.

Posterior moments,
path-only estimates,
and the previously
defined signed
integrals.

Product of complete linked
rows and independent
ancillary variables

The complete rows are independent
before conditioning on W.

Independent-row
concentration estimates.

Unlinked replay, with
(W, C, B0, br, x) revealed
initially

D is Brownian and independent of
the static inputs. No Brownian
property for B is asserted in this
filtration.

Construction and
normalization of RD.

Linked source natural
filtration, including x,
excluding the final matrix
and unused matrix noises

The compensated vectors B −
∫

ρξ dv
and D −

∫
σξ dv are Brownian.

The mean information
identity by
bounded-integrand
Girsanov.

Once the terminal sign or the assembled matrix is revealed, a Brownian assertion must
be verified separately in the resulting filtration. We transport all scalar expectations at
fixed V and all Gram tails below by (14.10). We use the bound L ≤ 2n only for null sets
at fixed n or for integral versions, as in Section 13.

14.3 Population entries

These are the martingale and posterior-projection identities used in [85, Section 4, proof
of Proposition 5]; we record their form for the unequal neighboring cell durations. For
a single linked row, let ej = (B(tj+1) − B(tj))/

√
hj and T = (Tj)

N
j=1, e = (ej)

N
j=1. By

Lemma 13.5, the identities for the reflected pair in Section 13.4, and posterior projection,
we have

ET T T = IN, EeeT = IN, ET x = s, Eex = b,

H0 = ET eT, (H0)ij = 0 (i ≤ j).
(14.11)
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Indeed, disjoint martingale increments are orthogonal. The identity ETjx = sj follows
from the variance identity in Proposition 13.4, and the reflected cross moment gives
Eejx = bj. For i ≤ j, Ti is measurable before the fresh B cell defining ej, so the path-only
moment is zero. We retain the entire lower block H0. By Bessel’s inequality in the L2

space for one row, we have

∥s∥, ∥b∥, ∥H0∥ ≤ 1, 0 ≤ eh = sTb ≤ 1. (14.12)

The row means vanish by zero-field symmetry. Note that these calculations do not use
independence of the entries within a row.

Lemma 14.3 (Adjacent-cell quadrature and stopping). If maxj≤N hj ≤ 1/8, then

|eh − e(V)| ≤ Cβh. (14.13)

For h = n−a and L > 0, define

NL + 1 = min{j : tj ≥ L log n}, VL = tNL+1.

If a > L/4, then eventually

NL + 1 ≤ 8na, L log n ≤ VL ≤ L log n + n−a+L/4,

max
j<NL+1

hj ≤ n−a+L/4. (14.14)

There are NL + 1 cells and exactly NL matrix queries. If additionally a < 1, then eventually
NL + 1 ≥ 2 and NL < n.

Proof. We compare the normalization from the preceding cell with r on the next cell. Using
the relative variation bounds of Proposition 13.4, we obtain an integrable quadrature
error. For the stopping estimate, we sum the decrements of e−tj/4.

For v ∈ [tj, tj+1] and u ∈ [tj−1, tj], the relative variation bounds, monotonicity, and
hj/hj−1 = ehj−1/4 imply that

1 − hj/8 ≤
sj√

hjr(v)
≤ 1 + 4hj. (14.15)

For the upper bound, we have r(v) ≥ (1 − 4hj)r(u) and (1 − 4hj)
−1/2 ≤ 1 + 4hj for

hj ≤ 1/8. For the lower bound, we use r(u) ≥ r(v) and e−hj−1/8 ≥ 1 − hj/8. It follows
that ∣∣∣∣∣∣ sj√

hj

−
√

r(v)

∣∣∣∣∣∣ ≤ 4hj

√
r(v).



14 The Gaussian-query proposal on a growing mesh 14.3 Population entries 243

With qe(v) = βr(v)p(v), we obtain

|eh − e(V)| ≤ h + 4h
∫ V

0
ev/4qe(v)dv. (14.16)

The first term h bounds the contribution of the omitted auxiliary cell. The integral is
bounded uniformly in V. Indeed, on the finite interval before the endpoint of the support,
we have qe ≤ β, and after it, using r ≤ p and Lemma 13.6, we find that the integrand
decays exponentially. This proves (14.13), with, for example,

Cβ = 1 + 4β
∫ ∞

0
ev/4 p(v)r(v)dv < ∞.

For hj ≤ 1, we have 1 − e−hj/4 ≥ hj/8, and hence

e−tj/4 − e−tj+1/4 ≥ h/8.

Summing up to the first reaching time gives (NL + 1)h ≤ 8. Every left endpoint that
is used lies below L log n, which proves the bounds on the number of cells and on the
overshoot in (14.14). The reaching index exists because tj ≥ jh. Since L log n > 0, it is
at least one. If additionally a < 1, it is eventually at least two, because t1 = n−a → 0 <

L log n and a > L/4 > 0. Further, (14.14) implies that

NL < NL + 1 ≤ 8na < n once n1−a > 8.

In every fine or coarse use, the fine-energy conditions in Proposition 15.5 supply 0 <

kf < 1 − a, so a < 1; in particular, a = 1/2 in the exponent table and the range family
of Sections 13.3 and 19.5. We never use L = 0. All scalar references are evaluated at VL,
including its overshoot. The estimate needs neither an extra cell nor a quadrature error
bounded by the maximal duration of a cell.

We use the same sequence (14.1) for both L = b and L = f, where 0 < b < f, and the
two replays use identical chronological inputs through Vb. By induction on the queries,
every scalar initial segment through Vb is the same in the two replays. The auxiliary cells
agree. If the scalar paths agree through the preceding cell, then the targets agree, the
same remaining frame and matrix give the same (14.5), and the same bridge appends the
same next cell. This argument covers the deterministic fallback as well. At query j, the
number of remaining queries is NL − j; this does not change the chronological schedule.
The terminal spins drawn at the fine horizon are never fed back into the continuation.



section 15

Forward entropy at the fine horizon

The goal of this section is to prove Proposition 15.5, which bounds the relative entropy of
the fine proposal with respect to Πn. We use the source and replay laws of Definition 14.2,
the scalar identities of Proposition 13.4 and Lemma 13.5, and the quadrature estimate of
Lemma 14.3. We use this bound at the two ends of the connecting sequence in Section 18.
For the reference measure and the comparison of likelihoods, we follow [85, Section 4,
Proposition 5]. We then estimate the expected energy directly, including the outcomes on
which the query uses the deterministic fallback.

Throughout this section, V = tN+1 is the terminal time of a proposal with N < n
queries. We write mi(t) = m(t, Yi(t)) and χi(t) = χ(t, Yi(t)). Expectations with subscript
Λ refer to the linked source or replay law, according to the space of the integrand; these
laws agree on the complete row histories and on the output by Section 14.2.

15.1 The reference measure

On the unlinked replay space, we regard (W, C, B0, br, x) as static. The Di are independent
Brownian motions, independent of these static data. The replay field at time t is a Borel
function of these static data and D[0,t]: each next query reads the field only at the left
endpoint of its new cell. We define

ξi(t) =
xiχ(t, Yi(t))

1 + xim(t, Yi(t))
, |ξi(t)| ≤ 2. (15.1)

The coefficient σ(t)ξi(t) is continuous and predictable in this replay filtration. It vanishes
before v∗; afterward it is σ(t)(xi − mi(t)). Under µ

rep
0 , let

MD = ∑
i

∫ V

0
σ(t)ξi(t)dDi(t),

⟨MD⟩ = ∑
i

∫ V

0
σ(t)2ξi(t)2 dt ≤ 4nV,

ED = eMD−⟨MD⟩/2, RD = EDµ
rep
0 .

(15.2)

We define MD as the L2 limit of the vector of predictable sums at the left endpoints of
dyadic partitions. This definition, and not the normalization alone, is what identifies it

244



15 Forward entropy at the fine horizon 15.1 The reference measure 245

with the sum of the row integrals below. We choose versions according to the conventions
of Section 13.

Lemma 15.1 (The reference measure and the row integrals). The measure RD is a probability
measure, preserves the complete static marginal, and has output marginal γn ⊗ Unifn on (g, x).
For one unlinked row, let ξ(t) = xχt/(1 + xmt) and

M row
D =

∫ V

0
σ(t)ξ(t)dD(t),

⟨M row
D ⟩ =

∫ V

0
σ(t)2ξ(t)2 dt.

The integral denotes its unlinked L2 left-sum version; we use the same Borel version under the
equivalent linked row law. Moreover,

dΛrep

dRD
= L/ED, I(n) = log(L/ED) =

n

∑
i=1

IV,i,

IV = log(1 + xmV)−M row
D + 1

2⟨M
row
D ⟩,

(15.3)

Here IV,i is IV evaluated on row i. The row histories are independent with law νV of Section 13.4,
so the summands are independent with common law (IV)∗νV . Finally,

EΛrep I(n) = nj(V). (15.4)

Proof. We first normalize the exponential conditional on the static data. We then transport
its defining left sums to the source row space and compute the mean in the source natural
filtration.

Normalization. This is the conditional stochastic-exponential normalization used in
[85, Section 4, proof of Proposition 5]; the bounded-integrand change of measure is
Girsanov’s theorem [64, Theorem 3.5.1]. Fix the static data and a deterministic grid
for the left sums. The last increment of D is Gaussian and independent of the earlier
ones, and integrating it out shows that its factor in the exponential, together with the
compensator, has conditional mean one. Iterating over the increments, we find that the
exponential of the left sums has mean one. Since the predictable coefficients are bounded
and continuous, their left approximants converge in L2(dt dµ

rep
0 ). By isometry, the sums

then converge to the integral defining MD. The exponentials are uniformly integrable,
because the same Gaussian identity at twice the coefficient bounds their second moments
by e4nV . Testing against a bounded function of the complete static data before taking the
limit, we conclude that the limiting exponential has conditional mean one given these
data. This proves that RD is normalized and that it preserves the complete static marginal,
including the output marginal.
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With the Borel versions fixed above, and after a modification on a null set, ED
is positive and finite everywhere. Since L > 0, multiplying the densities gives
RD · (L/ED) = µ

rep
0 · L = Λrep.

Identification of the row integrals. To identify the integral, we use the diagram of laws
and the history identity in Section 14.2 for the unlinked laws. At every finite dyadic level,
the pullback of the vector sum on the replay space equals the sum of the corresponding
functions of the row histories (x, Y, B, D). On the unlinked row space, D is a Brownian
motion in the filtration generated by the two original drivers and by the independent
uniform sign, which is revealed at time zero. The coefficient σξi from (15.1) is bounded
and predictable, so the same sums converge in L2 to its integral. The law identity and
the Cauchy–Schwarz inequality for finite sums imply that the sum of the row limits
converges in L2 on the replay space. By uniqueness of the limit, MD is the sum of the
row integrals. By Fubini’s theorem in the time variable, the brackets split in the same way.
This proves (15.3) almost everywhere under the unlinked law. The linked and unlinked
laws are equivalent, which implies that the identity also holds almost everywhere under
the linked law. Here the transported variables are the complete histories, and the versions
are fixed at the given n, V.

The mean. To compute the mean, we work in the natural filtration of the unlinked source,
Ft = σ(x, (Bi, Di)[0,t] : i ≤ n), which does not contain W, dj, and W0. By Lemma 13.5, we
have dmi = χi(ρ dBi + σ dDi). Using Itô’s formula, localized where 1 + ximi ≥ 1/l and
then letting l → ∞, we find

log L = ∑
i

∫ V

0
ξi(ρ dBi + σ dDi)− 1

2 ∑
i

∫ V

0
ξ2

i dt.

The localization can be removed because |ξi| ≤ 2 and the denominator is strictly positive
on every finite continuous sample path. The integral against D is the pullback identified
above, so

I(n) = ∑
i

∫ V

0
ρξi dBi − 1

2 ∑
i

∫ V

0
ρ2ξ2

i dt. (15.5)

The process Lt = ∏i(1 + ximi(t)) is the positive bounded martingale that defines the
terminal link, with L0 = 1. The expectation in Novikov’s condition is at most e2nV . By
Girsanov’s theorem for bounded integrands [64, Theorem 3.5.1], under Λsrc the processes

BΛ
i = Bi −

∫ ·

0
ρξi dt, DΛ

i = Di −
∫ ·

0
σξi dt

form a Brownian vector in this natural filtration. It follows from (15.5) that

EΛ I(n) =
1
2 ∑

i
EΛ

∫ V

0
ρ2ξ2

i dt.



15 Forward entropy at the fine horizon 15.2 Fine energy 247

Given the past of the spin-free pair at time t, the linked spin probabilities are (1+ xmt)/2,
and therefore

∑
x=±1

1 + xmt

2
χ2

t
(1 + xmt)2 =

χ2
t

1 − m2
t

.

The spin-free paths keep their original law. Since the integrands are bounded, we may ex-
change the expectation and the time integral. Using the definition of j in Proposition 13.4,
we obtain (15.4).

Integrability. All signed quantities used here are integrable under the indicated laws.
By isometry, we have MD ∈ L2(µ

rep
0 ); also ⟨MD⟩ ≤ 4nV. For fixed n, the bound L ≤ 2n

transfers this L2 integrability to Λ. Also, log L ∈ L2(Λ), since t(log t)2 is bounded on
0 < t ≤ 2 and all other spin factors average to one. After compensation in (15.5), we obtain
the bound EΛ(I(n))2 ≤ 8nV + 8n2V2. The calculation with conditional exponentials above
also proves the case of Girsanov’s theorem with bounded integrands, by exponential
tilting of finitely many Gaussian steps and passage to the limit in L2. Throughout, the
filtration does not contain the final matrix.

Lemma 15.2 (Forward relative entropy). For the output QV of Definition 14.2,

KL(QV∥Πn) ≤ nj(V)− n log 2 + Eγn Fc − βEΛHc
g(x). (15.6)

Proof. We use the lifted-reference and entropy-contraction argument of [85, Section 4,
proof of Proposition 5]. On the replay space, we define dP̂ = 2neβHc

g(x)−Fc(g) dRD. Its
total mass is one, since RD projects to γn ⊗ Unifn; its output law is Πn. Further,

log
dΛ
dP̂

= I(n) − n log 2 + Fc(g)− βHc
g(x).

Averaging pointwise over the spins, we see that the matrix marginal of the linked law is
the GOE law. In particular, with H∗(W) = maxx |xTWx/2|,

EΛH2
∗ ≤ n2

4
EGn∥W∥2

F =
n2(n + 1)

4
. (15.7)

Also |Fc| ≤ n log 2+ |β|H∗. These bounds and Lemma 15.1 justify the finite KL calculation.
The data processing inequality for the output map [28, Chapter 4, Exercise 4.10] and
(15.4) imply (15.6).

15.2 Fine energy

We now estimate the expected energy, one query at a time. The decomposition into
queried columns, diagonal innovations and an unrevealed GOE block is the energy
decomposition in [85, Section 4, proof of Proposition 5]. The conditional expectation
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calculation below also controls the fallback outcomes and the unequal cell durations. Let
Fpaths

tj
be the natural filtration of the spin-free pair of drivers in the source, through time

tj. Under the linked law, the marginal law of these paths is unchanged. The conditional
laws of the future rows and of the signs factor across coordinates, because the unlinked
rows factor, their pasts factor, and the link is a product. We obtain their conditional
densities by integrating the terminal link of each row over its independent future. In
particular, the pairs (ej,i, xi) are conditionally independent across i and satisfy

E[ej,i | F
paths
tj

] = 0, E[xi | F
paths
tj

] = mi(tj),

ψi = E[ej,ixi | F
paths
tj

] =
1√
hj

∫ tj+1

tj

ρ(v)E[χi(v) | F
paths
tj

]dv.
(15.8)

The last identity is the cross-moment identity of Section 13.4 tested against functions of
the past. Here we condition on the past of the original drivers, not on W. The Picard map
with fresh future drivers gives a Borel version of ψi that depends only on the past of its
own row, in accordance with the conventions on versions in Section 13. If hj−1, hj ≤ 1/8,
then the relative variation estimates of Proposition 13.4 and the growth of the schedule
imply that

0 ≤ ψi ≤ β
√

hjr(tj) ≤ 2βsj, Eψ = bj, ψ = n−1 ∑
i

ψi. (15.9)

The factor two accounts for the different durations of the previous and current cells.
In this section, we write ϱj = ∥Pj−1Tj∥ for the residual norm. Whether the query is

normalized or uses the fallback, we have ⟨uj, m(tj)⟩ = sjϱj, because m(tj) = ∑l≤j slTl and
each Tl belongs to the span of the first l queries. Also Pjm(tj) = 0.

Lemma 15.3 (Exact one-query conditional identity). With cj = ⟨uj, x⟩,

E[cj⟨x, Pjej⟩ | F
paths
tj

]

= sjϱj
1
n ∑

i
(Pj)iiψi −

2
n2 ∑

i
uj,i(Pj)iiψimi(tj).

(15.10)

Proof. We expand (n−1 ∑i uixi)(n−1 ∑k,l xkPklel). Since the row pairs are conditionally
independent and x2

i = 1, the mixed third moment is

E[xixkel | past] = 1l=iψimk + 1l=kmiψk − 21i=k=lmiψi.

For i = k it is zero by Gaussian centering. For i ̸= k, it follows from independence,
also when l differs from both indices. The first contraction contains Pjm(tj) = 0, and
the second contains ⟨uj, m(tj)⟩ = sjϱj. In more detail, given the past of a row, a fresh
seed for the row consists of the current B bridge, the future B path after that cell, the
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future D increments, and a terminal uniform threshold. It is independent of the standard
Gaussian endpoint ej,i; these seeds and endpoints are independent across coordinates.
Since the Picard solution is causal, the terminal sign is a Borel function of its own
endpoint and seed. These conditional product laws justify the third-moment calculation
above. All terms are integrable, since the signs are bounded and Gaussian first moments
are finite.

Lemma 15.4 (Expected energy at the fine horizon). For V = tN+1, max hj ≤ 1/8,

EΛ
Hc

g(x)
n

≥ e(V)− Cβ

[
h +

(N + 1)(1 + V) +
√

N
n

+
(N + 1)2VRV

n2

]
. (15.11)

Proof. We first estimate the expectation in Lemma 15.3, including the residual norm and
the projection diagonals. We then sum over the queries and use the quadrature estimate
of Lemma 14.3.

The residual norm. Since ∑i |uj,i| ≤ n, the correction in (15.10) is at most 4βsj/n in
absolute value. Removing the projection diagonals from its first term costs at most

2βs2
j jϱj/n, and Eϱj ≤

√
E∥Tj∥2 = 1. For this calculation, we write Q = ∥Tj∥2, Y =

∥Uj−1Tj∥2, X = ϱ2
j = Q − Y. For X ≥ 0,

√
X ≥ 1 + (X − 1)/2 − (X − 1)2/2. (15.12)

Indeed, the remainder in the tangent-line identity for the square root is (
√

X − 1)2/2 ≤
(X − 1)2/2. Since the row pairs (ψi, Tj,i) are independent and identically distributed, we
have

E[ψ(Q − 1)] = n−1 Cov(ψi, T 2
j,i) ≥ −2βsj/n. (15.13)

Here we used that ET 2
j,i = 1 and ψi ≥ 0.

Let h− = hj−1. Conditional on the past of the original pair up to time tj−1, the
coordinates of the new vector Tj are independent, centered martingale increments, with
conditional second moment at most h−/s2

j and fourth moment at most 3h2
−/s4

j . The
bound on the fourth moment follows from Itô’s formula, applied to the fourth power
of an increment with coefficient χ ≤ 1, and the bound on the second moment. The
rank-(j − 1) projection Uj−1 is measurable at this time. Expanding its quadratic form
using conditional centering and independence, we obtain

EY ≤ jh−
ns2

j
, EY2 ≤ 3(j2 + j)h2

−
n2s4

j
. (15.14)

For the unconditional fourth moment, we use the elementary bound EZ4
T ≤ 144E⟨Z⟩2

T
for a martingale starting at zero. Indeed, by Itô’s formula, we have

EZ4
T ≤ 6(E sup |Z|4)1/2(E⟨Z⟩2

T)
1/2.
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Doob’s fourth-moment inequality then implies the stated bound with constant 144. Since
⟨∆m⟩ ≤ h− and its expectation is s2

j , we have

ET 4
j,i ≤ 144h−/s2

j , E(Q − 1)2 ≤ 144h−/(ns2
j ). (15.15)

All conditional statements here refer only to the pasts of the original drivers.

Summation of the query energies. We multiply (15.12) by sjψ ≥ 0 and use (15.9),
(15.13)–(15.15), and (X − 1)2 ≤ 2(Q − 1)2 + 2Y2. Inserting the result into (15.10), we
obtain

E[cj⟨x, Pjej⟩] ≥ sjbj − Cβ

[ (j + 1)s2
j + sj + (j + 1)h−

n

+
(j2 + j)h2

−
n2s2

j

]
.

(15.16)

This derivation also covers a vanishing residual, ϱj = 0. When summing over the queries,
we use ∑ s2

j ≤ 1, ∑ sj ≤
√

N, s2
j ≥ h−/RV , and ∑ h− ≤ V.

Expanding the assembled matrix of Section 14.1, we have, on every outcome of the
source,

Hc
g(x)
n

= Eqry + Z, Eqry = ∑
j

cj⟨x, Pjej⟩,

Z =
1
2 ∑

j
c2

j dj +
1

2n
(PNx)TW0(PNx).

(15.17)

Under the linked law, the unused variables dj, W0 are independent of the complete
scalar paths and the spins, because the link does not depend on them. Thus E[Z |
complete scalar paths and spins] = 0. The required integrability follows from the Gaus-
sian moments of these variables and (15.7). Summing (15.16) and using Lemma 14.3
proves (15.11).
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Proposition 15.5 (Forward entropy at the fine horizon). Let h = n−a, V = Vf as in
Lemma 14.3, with

a > f/4, a + f/2 < 1, 0 < kf < min(a, f, 1 − a). (15.18)

For the primitive fine output QF,

KL(QF∥Πn) ≤ Cβn1−kf . (15.19)

The disorder and spin marginals of QF are γn and Unifn, respectively.

Proof. Combining the entropy–energy identity of Proposition 13.4, proved in [85,
Lemma 4], with (15.6) and (15.11), we find

KL(QF∥Πn) ≤ Cβ

[
nh + ne−V + (N + 1)(1 + V) +

√
N

+
(N + 1)2VRV

n

]
.

(15.20)

Here we also used Eγn Fc ≤ nPβ and p(V)2 ≤ Cβe−V . By Lemmas 13.6 and 14.3, the
powers of the five terms, up to fixed logarithmic factors, are 1 − a, 1 − f, a, a/2, and
2a + f/2 − 1. The inequality a + f/2 < 1 implies that the last power is smaller than
a. Since the inequalities in (15.18) are strict, they absorb the constants and logarithmic
factors. For the affine family of Section 19.5, these powers are 1/2, 1/2, 1/2, 1/4, 1/4,
and the claimed bound is Cβn1/2+2εω . The energy estimate holds without restriction to a
Gram event, including every outcome on which a query uses the fallback. The disorder
marginal follows from averaging over the spins. The spin marginal is Unifn because the
linked scalar rows are independent and, by symmetry, EmV = 0 in each row.



section 16

Concentration on the growing mesh

In this section, we prove the concentration estimates used in Section 17. We use the
population identities of Section 14.3 and the product law of the linked rows from Def-
inition 14.2. Lemma 16.1 controls the two blocks of the empirical matrix. Lemma 16.6
controls the weighted errors that enter the energy expansion in Lemma 17.2.

Throughout, V = Vb and N = Nb. All probability bounds are under the linked row
law, averaged over the disorder. The equality of laws in Section 14.2 transports them to
the source and replay experiments. Estimates involving only the paths are proved under
the original law of the Brownian paths, which is also their linked marginal. Stochastic
integrals use the spin-free filtration described there.

16.1 Errors and dyadic depth

We first define the errors used in both concentration estimates. For vectors in Rn, we
write ⟨u, v⟩n = n−1 ∑n

i=1 uivi. Let Tj and ej be the query vectors of Section 14, and define

AT = (⟨Ti, Tj⟩n), q = (⟨Tj, x⟩n), v = (⟨ej, x⟩n), H = (⟨Ti, ej⟩n),

EA = AT − I, Eq = q − s, Ev = v − b, EH = H − H0.
(16.1)

Here v is an empirical vector. We use ∥ · ∥ for the Euclidean norm of a vector and the
operator norm of a matrix. Let D∗ = 1 + ⌈log2 N⌉ be the dyadic depth. We work in
the case N ≥ 1, which holds eventually; when there are no queries, the empty matrix
formulas are interpreted accordingly.

Lemma 16.1 (Fixed Gram stability). For n ≥ 1 and 1 ≤ N < n, let R = RV ≥ 1 and
D∗ = 1 + ⌈log2 N⌉. For a linked row Z = (T , e, x), define Σ̂n = n−1 ∑i ZiZT

i and Σ = EZZT.
Then

P
{
∥EA∥ ∨ ∥EH∥ > (16D2

∗)
−1
}
≤ 2 92N+1 exp

{
− n

224RD4
∗ log(2 + R)

}
. (16.2)

The blocks EA and EH are coordinate compressions of Σ̂n − Σ.

Proof. We bound the fourth moment of a row projection using its second moment and
its sub-Gaussian tail. We then use a net to control the empirical covariance matrix,

252
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following the empirical-Gram argument of [85, Section 4, proof of Proposition 5]. The
variance-sensitive estimates below keep the dependence on R needed on the growing
mesh.

Let a = (aT , ae, ax) be a deterministic unit vector, and write F = aTZ. By the mar-
tingale representation, the normalized T projections have sub-Gaussian proxy R times
the squared coefficient norm. The e projections are Gaussian, and x is a centered sign.
By Hölder’s inequality with exponents three, which allows dependence within a row,
we have that F has proxy at most 3R. By the population identities in Section 14.3 and
(u + v + w)2 ≤ 3(u2 + v2 + w2), we also have that EF2 ≤ 3.

Let Y = F/
√

3 and Z′ = F/
√

3R. These have proxies R and 1, respectively, and
EY2 ≤ 1. We split E(YZ′)2 at (Z′)2 = Q = 16 log(2 + R). The lower part is at most Q.
For the upper part, we have

EY4 ≤ 16R2, E
[
(Z′)41{(Z′)2>Q}

]
≤ 2e−Q/2(Q2 + 4Q + 8).

By Cauchy–Schwarz, the upper part is at most 4
√

2R(Q + 3)/(R + 2)4 < 2. Hence
E(YZ′)2 ≤ 20 log(2 + R) and EF4 ≤ 180R log(2 + R). Integrating the Gaussian tail, we
also have ∥F2∥ψ1 ≤ 18R, where the Orlicz norm is defined below. This implies that
X = F2 − EF2 has variance at most M2 = 180R log(2 + R) and Orlicz norm at most
S = 36R.

Let H = 4S log(2 + S). We split the lth moment at H. The lower part is at most
M2Hl−2, and the upper part is at most

2Hl(2 + S)−4 + 2l!(2S)l(2 + S)−2.

For M, S ≥ 1, the two upper terms are bounded by 8Hl−2 and 8l!Hl−2, respectively. Their
sum with the lower part is at most 13l!M2Hl−2. Expanding the centered exponential
series, we find

log EeθX ≤ 26M2θ2

2(1 − H|θ|) .

Multiplying the moment generating functions of the rows, with θ = t/(26M2 + Ht) and
both signs, we obtain the two-sided tail 2e−nt2/[2(26M2+Ht)] for the empirical mean. The
variance parameter is 4680R log(2 + R), and the scale is

144R log(2 + 36R) ≤ 720R log(2 + R).

At tolerance ε0/2, where ε0 = (16D2
∗)

−1 ≤ 1, the rate is at least nε2
0/[40320R log(2 + R)].

A deterministic 1/4 net of the unit sphere in dimension 2N + 1 has size at most
92N+1. The operator norm of a symmetric matrix is at most twice the largest absolute
value of its quadratic form on this net [113, Corollary 4.2.13 and Exercise 4.4.3(b)]. Since
40320 · 256 < 224, we obtain (16.2) from the union bound over the net. Here we used
that the rows have the product law of Definition 14.2, and that coordinate inclusions and
projections have norm one.
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16.2 Weighted dyadic concentration

We next prove the weighted estimate. Four elementary estimates will control products,
stochastic integrals with random brackets, weighted squares, and empirical means. We
use them in Lemma 16.6, first for each dyadic node and then for the sum over the tree.
The dyadic triangular decomposition is used in [85, Section 4, proof of Proposition 5].
Here the node estimates retain their durations before they are summed.

We write SG(s2) for the centered bound EeθX ≤ es2θ2/2 for every real θ, and let

∥X∥ψ1 = inf{s > 0 : Ee|X|/s ≤ 2}.

The latter is a norm, so its triangle inequality holds also for dependent random variables;
see [113, Section 2.7.1].

Lemma 16.2 (Products of sub-Gaussian variables). Let R ≥ 1 and u, s ≥ 0. If EY2 ≤ u2, Y
is SG(Ru2), and Z is SG(s2), then

E(YZ)2 ≤ 20u2s2 log(2 + R),

∥YZ∥ψ1 ≤ 10us
√

R, ∥YZ − EYZ∥ψ1 ≤ 20us
√

R.
(16.3)

The variables Y and Z may be dependent.

Proof. The sub-exponential product estimate is standard [113, Lemma 2.7.7]. We addi-
tionally retain the second moment of Y in the variance estimate. If us = 0, the assertions
are immediate. Otherwise, we normalize to u = s = 1. By a union bound, we have that
P(|YZ| > t) ≤ 4e−t/(2

√
R). Integrating this tail yields the two Orlicz bounds. To bound

the second moment, we split at Z2 = Q = 16 log(2 + R). The lower part is at most QEY2.
For the upper part, we use Cauchy–Schwarz, and the Gaussian tails give

EY4 ≤ 16R2, E[Z41{Z2>Q}] ≤ 2e−Q/2(Q2 + 4Q + 8).

The upper part is at most 4
√

2R(Q + 3)/(R + 2)4 < 2 for R ≥ 1. In the last inequality, we
used Q + 3 ≤ 9(R + 2) and R/(R + 2)3 ≤ 1/27. We note that the bound on the second
moment uses both the second moment of Y and the two tails. This proves (16.3).

Lemma 16.3 (A tail bound from the bracket). Let M̃ be a continuous local martingale starting
at zero, and suppose that ∥⟨M̃⟩V∥ψ1 ≤ A. Then, for t, u > 0,

P(|M̃V | > t) ≤ P(⟨M̃⟩V > u) + 2e−t2/(2u),

∥M̃V∥ψ1 ≤ 5
√

2A.
(16.4)

Proof. We stop at bracket level u and use the exponential supermartingale with parameters
t/u and −t/u, the stopped stochastic-exponential argument of [64, Section 3.5]. On
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{⟨M̃⟩V ≤ u}, we have the first inequality. For the second, we take u = t
√

A/2 so that the
resulting tail is bounded by 4e−t/

√
2A. Integrating it, we find that ∥M̃V∥ψ1 ≤ 5

√
2A. If

A = 0, the martingale is zero and the claim is immediate.

Lemma 16.4 (Weighted squares). Suppose that each Yj is SG(s2), where s > 0, and that pj ≥ 0
and ∑j pj ≤ 1. Then

E exp

{
∑j pjY2

j

6s2

}
≤ 2. (16.5)

The variables Yj may be dependent.

Proof. We use the sub-Gaussian-square estimate [113, Lemma 2.7.6] and Jensen’s inequal-
ity, keeping the constants explicit. For a single Yj, we integrate its Gaussian tail and
bound the expectation by 1 + 2

∫ ∞
1 t−3 dt = 2. By Jensen’s inequality, with the unused

weight assigned to zero, we obtain (16.5).

Lemma 16.5 (Variance-sensitive Bernstein bound). Suppose that EX = 0, EX2 ≤ M2,
P(|X| > t) ≤ 2e−t/S, and M, S ≥ 1. Let H = 4S log(2 + S). Then, for integers l ≥ 2,

E|X|l ≤ 13l!M2Hl−2. (16.6)

If X1, . . . , Xn are independent copies of X, then

log EeθX ≤ 26M2θ2

2(1 − H|θ|) , |θ| < H−1,

P

(∣∣∣∣∣ 1n ∑
i

Xi

∣∣∣∣∣ > η

)
≤ 2 exp

{
− nη2

2(26M2 + Hη)

}
, η > 0.

(16.7)

Proof. This is the Bernstein inequality in the form of [28, Theorem 2.10 and Corollary 2.11];
we include the calculation to record the constants needed here. In passing from the tail
to the factorial moments, we keep the variance.

Splitting the lth moment at H and integrating the upper tail, we have

E|X|l ≤ M2Hl−2 + 2Hl(2 + S)−4 + 2l!(2S)l(2 + S)−2 ≤ 13l!M2Hl−2.

The boundary term is at most 8Hl−2, and the last term is at most 8l!Hl−2; here we
used H ≥ 2S and log(2 + S) ≤ (2 + S)/2. Expanding the exponential series, which is
absolutely convergent, and using centering, we conclude that the first inequality in (16.7)
holds. For the empirical mean, we use independence to multiply the moment generating
functions. Taking θ = η/(26M2 + Hη), with both signs, gives the second inequality.

Lemma 16.6 (Duration-normalized weighted concentration). Let m0 = 2⌈log2 N⌉ and D∗ =
1 + log2 m0. Pad the errors and s, b by zeros, and AT by an identity, to dimension m0. Dummy
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coordinates have duration zero. Let D be the complete dyadic tree on {1, . . . , m0}, and let PI
denote coordinate projection onto I. Define

dI = ∑
j∈I∩[1,N]

hj−1, Udur = tN,

Nw(X)2 = ∑
I∈D

∥XPIw∥2, L = Up1/2(EA),
(16.8)

where Up1/2 keeps the strict upper triangle and half its diagonal, and let

W2
wt = ∥Eq∥2 + ∥Ev∥2 +Ns(L)2 +Ns(LT)2

+Nb(L)2 +Ns(EH)
2 +Ns(ET

H)
2.

The duration dI is that of the previous posterior cells; the query endpoint ej has denominator
√

hj

from the next cell. Let R = RV ≥ 1, B∗ = max(1, βe1/8), and

ℓR = log(2 + R), M2
∗ = 25B2

∗D2
∗ℓR,

S∗ = 20B∗D∗
√

R, v = 26M2
∗, H∗ = 4S∗ log(2 + S∗).

(16.9)

For every n, N ≥ 1, every deterministic grid with used cells at most one and hj/hj−1 ≤ e1/4, and
every η > 0, under the linked row product law,

P
{

Wwt > 2η
√

2 + 5D∗Udur

}
≤ 2(10m0 − 3)5m0 exp

{
− nη2

2(v + H∗η)

}
. (16.10)

With this failure bound, the following estimates hold simultaneously:

∥Eq∥, ∥Ev∥ ≤ 2η,

∥LPIs∥, ∥LTPIs∥, ∥LPIb∥, ∥EHPIs∥, ∥ET
HPIs∥ ≤ 2η

√
dI (I ∈ D).

(16.11)

Zero-duration nodes have zero error and are omitted when dividing by
√

dI . On the growing grid
with h = n−a, V = Vb, and a > b/4, there exists a fixed finite C such that

P{Wwt > Cβn−w logC n} ≤ 2 exp

{
Cβna −

cβn1−max{2w,w+b/4}

logC n

}
, (16.12)

P{∥EA∥ ∨ ∥EH∥ > (16D2
∗)

−1} ≤ 2 exp

{
Cβna −

cβn1−b/2

logC n

}
. (16.13)

Constants are independent of deterministic row directions, tree nodes, the selected cut, and the
rotation angle. The finite row estimate allows all N; its transport to the n-spin proposal uses
N < n, which holds eventually on the parameter family since a < 1.

Proof. We first estimate projections of a single row. We decompose each triangular
projection by dyadic depth and separate its half diagonal. After dividing each interval
projection by

√
dI , we use Lemma 16.5 and a sphere net. Summing the resulting squared

bounds over the tree gives (16.10).
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Row projections and the durations. For a deterministic α, the population identities and
martingale representation in Section 14.3 imply that

E(αTT )2 = ∥α∥2,

αTT is SG(R∥α∥2), αTe is SG(∥α∥2).
(16.14)

Indeed, αTT is the integral with integrand αjχt/sj on previous cell j; its bracket is
bounded by R∥α∥2. For uj = wjsj with |wj| ≤ B∗, we have

ZJ = ∑
j∈J

ujTj = ∑
j∈J

wj

∫ tj

tj−1

χt dMt is SG(B2
∗dI), J ⊂ I. (16.15)

The bracket bound is deterministic. This implies that the same estimate holds condi-
tionally before its supporting future cells. Further, ∥PIs∥2 ≤ dI , so sTPIe is SG(dI). The
weights bj satisfy

bj ≤ β
√

hjr(tj), sj ≥
√

hj−1r(tj),
bj

sj
≤ β

√
hj

hj−1
≤ βe1/8. (16.16)

Here we used the monotonicity of r and p ≤ 1. Note that the previous and next durations
enter this calculation separately.

The strict triangular part. Fix a deterministic unit direction α in the padded dimension
and one node I. At a dyadic depth, let (A, B) range over the pairs of disjoint left and
right children of its parents. The projections of the strict upper triangle at this level and
of its transpose are, respectively,

N+ = ∑
(A,B)

YAZB∩I , YA = ∑
j∈A

αjTj,

N− = ∑
(A,B)

ZA∩IYB, YB = ∑
j∈B

αjTj.

The first is the predictable integral with multiplier YAwjχt on future cells j ∈ B ∩ I. The
second has multiplier ZA∩Iαjχt/sj on future cells j ∈ B. The future supports at one depth
are disjoint. By conditional centering before each future support, the block products are
orthogonal, although their past and future factors need not be independent. The isometry
for N+ and Lemma 16.2 for each product in N− give

EN2
+ ≤ B2

∗dI ∑
A
∥PAα∥2 ≤ B2

∗dI , EN2
− ≤ 20B2

∗dIℓR. (16.17)

Their brackets satisfy

⟨N+⟩ ≤ B2
∗dI ∑

A
Y2

A, ⟨N−⟩ ≤ R ∑
B
∥PBα∥2Z2

A∩I . (16.18)
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Using Lemma 16.4 with weights ∥PAα∥2 and ∥PBα∥2, respectively, we bound the Orlicz
norms of both brackets by 6B2

∗RdI . Lemma 16.3 then implies that the Orlicz norms of
both projections are at most 18B∗

√
RdI . There are D∗ − 1 depths, and we sum the bounds

over them. By the triangle inequalities in L2 and in the Orlicz norm, this costs at most a
factor equal to the number of depths.

The half diagonal. In either orientation, the half diagonal is

QI =
1
2 ∑

j∈I

αjwj

sj
((∆mj)

2 − s2
j ) = NI + DI , (16.19)

where

NI = ∑
j∈I

αjwj

sj

∫ tj

tj−1

(mt − mtj−1)χt dMt,

DI =
1
2 ∑

j∈I

αjwj

sj

(∫ tj

tj−1

χ2
t dt − s2

j

)
, ∆mj = mtj − mtj−1 .

Both terms have mean zero, and DI is a centered random drift. By isometry,

EN2
I ≤ B2

∗ ∑
j∈I

α2
j hj−1 ≤ B2

∗dI .

Let Sj = sup[tj−1,tj]
|mt − mtj−1 |. By the maximal inequality for the exponential martingale,

we have P(Sj > u) ≤ 2e−u2/(2hj−1), so ∥S2
j ∥ψ1 ≤ 6hj−1. The bracket of NI is bounded by

B2
∗R ∑ α2

j S2
j , whose Orlicz norm is at most 6B2

∗RdI . By Lemma 16.3, we have ∥NI∥ψ1 ≤
18B∗

√
RdI . For qj =

∫ tj
tj−1

χ2
t dt, we have

∥qj − s2
j ∥2 ≤ ∥qj∥2 ≤

∫ tj

tj−1

√
r(t)dt ≤

√
hj−1sj,

where we used χ4 ≤ χ2. It follows that

∥DI∥2 ≤ 1
2 B∗
√

dI , |DI | ≤ 1
2 B∗
√

RdI ,

EQ2
I ≤ 9

4 B2
∗dI , ∥QI∥ψ1 ≤ 20B∗

√
RdI .

(16.20)

These estimates keep track of the unequal durations of the cells. In particular, the
variance bound involves dI without a power of R, which would be lost if each duration
were replaced by the maximal one.

The remaining projections and normalization. The two projections of the full cross
blocks are the centered products (αTT )(sTPIe) and (αTe)(sTPIT ). By (16.14)–(16.16)
and Lemma 16.2, their variances are at most 20dIℓR, and their Orlicz norms are at most
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20
√

RdI . Here the centering subtracts the block H0. The two projections without intervals,
αT(T x − s) and αT(ex − b), have variance at most one and Orlicz norm at most 10

√
R,

since multiplication by the terminal sign preserves squares and absolute values.
Combining (16.17)–(16.20), we find that each of the five interval projections, after

division by
√

dI , and each of the two projections without intervals is centered and
satisfies

EX2 ≤ M2
∗, ∥X∥ψ1 ≤ S∗. (16.21)

For a single row, the five vectors indexed by an interval are

Up1/2(T T T − I)PIs, Up1/2(T T T − I)TPIs, Up1/2(T T T − I)PIb,

(T eT − H0)PIs, (eT T − HT
0 )PIs.

To pad these vectors, we extend their errors by zero on the dummy coordinates. The
identity matrix in their row formulas acts on the first N coordinates.

We have M∗, S∗ ≥ 1 in (16.21), even for arbitrarily small dI . Lemma 16.5 therefore
applies after the division by

√
dI , although its hypotheses need not hold before this

normalization.

Nets and the growing grid. Fix a deterministic 1/2 net of the unit sphere of size at most
5m0 . For every vector z, we have ∥z∥ ≤ 2 max |αTz|, where the maximum is over this net
[113, Corollary 4.2.13 and Exercise 4.4.2]. There are 2 + 5(2m0 − 1) = 10m0 − 3 vectors
to control. Using (16.7) and the union bound, we conclude that (16.11) holds. At every
depth, the durations partition tN , so ∑I dI = D∗Udur. Summing the squared errors before
normalization, we obtain

W2
wt ≤ 4η2(2 + 5D∗Udur),

which proves (16.10). The union bound is over (10m0 − 3)5m0 events, and the nets are in
dimension m0.

For the stopped growing grid, Lemma 14.3 implies that N ≤ 8na, D∗ = O(log n),
and Udur ≤ V = O(log n). By Lemma 13.6, we have R ≤ Cβnb/2(log n)1/2. Then M2

∗ is
bounded by a fixed power of log n, and H∗ ≤ Cβnb/4 logC n. Taking η = n−w in (16.10)
and using x/(u + v) ≥ (1/2)min(x/u, x/v) yields (16.12). To prove (16.13), we use
Lemma 16.1 for the compressions EA, EH. Its rate is n/R divided by a fixed power of
log n, which gives the separate loss b/2. By the equality of row laws in Section 14.2, all
these bounds also hold under the linked source and replay laws.



section 17

The joint cancellation and coarse domination

The goal of this section is to prove Proposition 17.8, which bounds the restricted coarse
output kernel by an unnormalized Gibbs weight. We use the Gram and weighted
concentration estimates of Lemmas 16.1 and 16.6. The deterministic energy expansion
and the joint information–energy identity proved below give the accuracy needed for
this bound. The resulting kernel estimate is used in Section 18 to control the connecting
sequence. This sharpens the likelihood comparison of [85, Section 4, Proposition 5,
equation (6)], used for the coarse proposals in [85, Section 6, proof of Proposition 7].

Unless stated otherwise, V = Vb and N = Nb ≥ 1. Throughout, we use the source and
replay laws of Definition 14.2, and the empirical Gram quantities AT , q, v, H, EA, Eq, Ev, EH
of Section 16. Here v is an empirical vector, distinct from the scalar time. We recall that H0

is strictly lower triangular, ∥s∥, ∥b∥, ∥H0∥ ≤ 1, and eh = sTb. Matrix norms are operator
norms, and norms of coefficient vectors in RN are Euclidean. For the query vectors in
Rn, we write ⟨u, v⟩n = n−1uTv.

17.1 Dyadic algebra and the row telescope

We first record the deterministic estimates used in the energy expansion. Let m0 =

2⌈log2 N⌉ and D∗ = 1 + log2 m0. As in Lemma 16.6, errors and coefficient vectors are
padded by zeros to dimension m0, and the Gram matrix is padded by an identity block.
For the complete dyadic tree D and its coordinate projections PI , we use

Nw(X)2 = ∑
I∈D

∥XPIw∥2, L = Up1/2(EA),

where Up1/2 keeps the strict upper triangle and half of the diagonal, and Up keeps the
full upper triangle. The weighted error Wwt is defined in Lemma 16.6. In this section
L denotes this triangular matrix. The dyadic decomposition of triangular truncations
and the analysis of the Cholesky factor by half-diagonal truncation already appear in the
proof of [85, Section 4, Proposition 5]. Here we retain the weighted projections to obtain
a quadratic remainder.

260
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Lemma 17.1 (Deterministic dyadic estimates). For matrices X, Y and vectors a, b, w of the
appropriate dimensions,

|aT Up1/2(XTY)b|, |aT Up(XTY)b| ≤ 2Na(X)Nb(Y),

Nw(Up1/2(XTY)) ≤ 2D∗∥X∥Nw(Y),

Nw(Up1/2(XTY)T) ≤ 2D∗∥Y∥Nw(X),

Nw(X) ≤
√

D∗∥X∥∥w∥,

∥Up1/2(X)∥, ∥Up(X)∥ ≤ D∗∥X∥.

(17.1)

Suppose ∥EA∥ ∨ ∥EH∥ ≤ ε0 = (16D2
∗)

−1. Let C be the upper triangular positive-diagonal
Cholesky factor of I + EA, and define U = C − I, B = C−T, and c = B(s + Eq). Then

U = L − Up1/2(U
TU), (17.2)

∥U∥ ≤ 2D∗ε0, ∥B∥ ≤ 2, 2D∗∥U∥ ≤ 1/2, D∗∥EH∥ ≤ 1. (17.3)

Further, Nw(U) ≤ 2Nw(L) for w = s, b, ∥UTs∥ ≤ 2Wwt, and, with u = c − s,

u = B(Eq − UTs), ∥u∥ ≤ 6Wwt,

u − Eq + LTs = Up1/2(U
TU)Ts − UTu.

(17.4)

Proof. We decompose the strict upper triangle into dyadic rectangles, and then use the
Cholesky equation to control the nonlinear term of the Cholesky factor. Each rectangle in
the scalar estimates contributes ⟨XPIleft a, YPIrightb⟩. Cauchy–Schwarz over rectangles and
then over singletons gives the factor two in (17.1).

For the vector estimate, fix an input interval I. The external output P<IXTYPIw is
orthogonal to the internal output and has squared norm at most ∥X∥2∥YPIw∥2. At each
internal depth, the outputs of the left children have disjoint supports. Cauchy–Schwarz
over depths implies that the squared norm of the internal output is at most D∗∥X∥2 times
the sum of the squared norms of the right descendants and the singletons. When we
sum over I, each descendant is counted at most D∗ times. The resulting factor 1 + 2D2

∗ in
squared norm is at most (2D∗)2. Reversing left and right proves the transpose estimate.
Partitioning at each depth gives the generic bound for Nw(X). Since the rectangle
supports at one depth are disjoint, we also have the truncation bound.

The Cholesky equation EA = U + UT + UTU implies (17.2). Along I + tEA, 0 ≤ t ≤ 1,
the Cholesky factor is continuous, as follows from the finite recursion that defines it by
positive square roots. Writing x(t) for the norm of this factor minus I, we have

x(t) ≤ D∗ε0 + D∗x(t)2, x(0) = 0.

At x = 2D∗ε0, the right side is strictly smaller than x, since 4D2
∗ε0 = 1/4. By continuity,

we have (17.3). Applying the first vector estimate in (17.1) to (17.2) and absorbing the
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nonlinear term, we obtain Nw(U) ≤ 2Nw(L) for w = s, b. The transpose estimate at the
root implies that ∥UTs∥ ≤ 2Wwt. Since CTc = s + Eq, we obtain both identities in (17.4),
and ∥u∥ ≤ 2(Wwt + 2Wwt) = 6Wwt.

Lemma 17.2 (Weighted energy and discarded Gaussian variances). If ∥EA∥ ∨ ∥EH∥ ≤
(16D2

∗)
−1, the queried energy is

Eqry = cT(b + Ev)− cT Up
(

B(H0 + EH)
)
c,

CTC = I + EA, B = C−T, c = B(s + Eq),
(17.5)

where C is upper triangular with positive diagonal. Define

ℓ(E) = ET
q b − sT Up1/2(EA)b + sTEv − sT Up(EH)s. (17.6)

Then
∥c − s∥ ≤ 6Wwt, |Eqry − eh − ℓ(E)| ≤ 200D∗W2

wt. (17.7)

Conditionally on the complete scalar paths and signs, the two unused energy terms in the source
reconstruction are independent centered Gaussians with variances

1
2n ∑

j
c4

j ,
(1 − ∥c∥2)2

2n
. (17.8)

If ∥c − s∥ ≤ τ and tN ≥ v∗, their sum Z satisfies

Var(Z | paths, signs) ≤
Cβ

n
{h + τ2 + p(tN)

2}. (17.9)

These conditional assertions are taken before imposing any event that inspects the unused Gaussian
variables.

Proof. We first expand the queried energy using Lemma 17.1, and then compute the two
conditional Gaussian variances. Since the target Gram matrix is positive definite, no
query uses the deterministic fallback. We write T col = (T1, . . . , TN) and U = (u1, . . . , uN)

for the n × N matrices with these columns, so that n−1UTU = IN. The Gram–Schmidt
factorization is T col = UC, with CTC = AT . Then U = T colC−1 and c = Bq. The (i, j)
entry of BH is ⟨ui, ej⟩n. Subtracting the first j query projections of ej in the energy gives
(17.5), with truncation after multiplication. Since B is lower triangular and H0 is strictly
lower triangular,

Up(BH0) = 0. (17.10)

Indeed, a nonzero summand in an entry of the upper triangle would require k ≤ i ≤ j < k.
Thus the population block cancels. If we pad the errors, H0, and all vectors by zeros, and
the Gram matrix by an identity block, then by uniqueness the Cholesky factor becomes
C ⊕ I. The padding preserves the norms, products, truncations, and energy.
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Let u = c − s as in Lemma 17.1. The remainder of cT(b + Ev) after its linear terms is

sT Up1/2(U
TU)b − (Ub)Tu + uTEv.

By (17.1), its absolute value is at most 26W2
wt. For the EH term, we first replace c by s on

both sides. The three resulting errors are bounded by

2
√

D∗∥u∥Ns(EH), 2
√

D∗∥u∥Ns(ET
H), D∗∥EH∥∥u∥2.

Their sum is at most (24
√

D∗ + 36)W2
wt. Finally, let F0 = B − I. Since FT

0 = −BTU and
∥F0∥ ≤ 2∥U∥, Lemma 17.1 implies that

Nc(FT
0 ) ≤ 7Wwt, Nc(EH) ≤ 7Wwt.

By the scalar estimate, we have |cT Up(F0EH)c| ≤ 98W2
wt. Adding the bounds, we find

that the total is
(160 + 24

√
D∗)W2

wt ≤ 200D∗W2
wt,

which proves (17.7).
In the source reconstruction of Section 14.1, the variables dj ∼ N(0, 2/n) and W0 are

independent of all complete scalar paths and terminal signs. Neither the scalar update
nor the terminal link reads them. The two terms of Z in the energy decomposition of
Lemma 15.4 have the conditional variances in (17.8). On the scalar event in the statement,
we have ∥c∥ ≤ 1 by orthonormality, and

∑
j

c4
j ≤ max

j
c2

j ≤ 2 max
j

s2
j + 2τ2 ≤ Cβh + 2τ2.

Here we used that s2
j ≤ hj−1r(tj−1) ≤ Cβh, which follows from the exponential tail

envelope and the growing durations. Also, ∥s∥2 =
∫ tN

0 r = 1 − p(tN) for tN ≥ v∗, so

1 − ∥c∥2 ≤ p(tN) + 2τ.

Adding (17.8) proves (17.9). Since the unused primitives are independent of the complete
scalar paths, these laws hold conditionally on the paths and terminal signs.

The linear statistic (17.6) can be written as an average over the scalar rows.

Lemma 17.3 (Row telescope). Let At = xmt − m2
t /2 and wj = bj/sj, and define

ζh =
N

∑
j=1

wj(Atj − Atj−1) +
N

∑
j=1

sj(x − mtj)ej −
1
2

eh. (17.11)

Then

eh + ℓ(E) =
1
n

n

∑
i=1

ζh,i, EνV ζh = eh. (17.12)
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Proof. Expanding the triangles and using ∑l≤j slTl = mtj gives the first identity. To check
the constant, we note that the empirical expression is the row average of

xbTT + xsTe − sT Up1/2(T T T)b

− sT Up(T eT)s − eh/2.

The first and third terms combine into ∑j wj∆Aj, and the other pair gives the second sum
in (17.11). The population expectation of Up1/2(T T T) is I/2, while that of Up(T eT) is
zero. Since ExT = s and Exe = b, the expectation is eh + eh − eh/2 − eh/2 = eh. This
verifies (17.12), including the term −eh/2.

17.2 The joint information–energy cancellation

We next compare the row telescope with the continuous scalar energy. The Itô identities
below and the information integral of Lemma 15.1 imply an identity at the terminal
time. We estimate its terminal fluctuation and its mesh residual separately. The scalar
entropy–energy balance is [85, Lemma 4], and the auxiliary-reference likelihood is from
[85, Section 4, proof of Proposition 5]. The joint terminal identity below compares the
fluctuations of these quantities on the same row history. Its terminal correction and the
growing-mesh residual are derived here.

Lemma 17.4 (Itô formula for the time-dependent field). On every finite horizon, under the
original scalar Wiener law,

dU(t, Yt) = mt dMt +
1
2

ᾱ(t)m2
t dt, dmt = χt dMt. (17.13)

The identities hold across CDF atoms and the support endpoint. They continue to hold after
adjoining an independent initial sign, and their fixed-horizon almost-sure identities transfer to the
linked row law.

Proof. By Proposition 4.3 and the scalar estimates of Section 5, the Parisi solution used
in Proposition 13.4 is continuous in time with its spatial derivatives, smooth in space
on compact rectangles, and absolutely continuous in time there. Its time derivative is
−(Uyy + ᾱU2

y)/2 almost everywhere, and its spatial derivative satisfies the differentiated
equation.

To justify Itô’s formula directly, we stop Y on leaving [−A, A], extend the time fields
slightly at the endpoints, and mollify in time. The fields and spatial derivatives converge
uniformly on compact subrectangles. The time derivatives converge at Lebesgue-almost-
every time, uniformly on compact spatial sets: the CDF has only countably many dis-
continuities, and the other factors are continuous. The derivatives are bounded on the
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stopped rectangle. The classical Itô formula [64, Theorem 3.3.6] holds for the mollifica-
tions, and we pass to the limit using dominated convergence for the drift integrals and
the isometry for the stochastic integrals. The drift for U is ᾱm2/2, and the drift for m is
−(myy + 2ᾱmχ)/2 + ᾱmχ + myy/2 = 0. Passing to an almost-sure subsequence and then
using rational times and continuous versions, we obtain the identities at all times. As
A → ∞, every continuous path on a finite horizon is eventually unstopped. Since m, χ, ᾱ

are bounded, the integrands displayed above satisfy the required integrability conditions.
There is no integral against dᾱ, so the atoms produce no jump term. By uniqueness, the
second identity agrees with Lemma 13.5. Since the terminal link is positive and bounded,
these identities hold under the linked law, with the integrals still defined in the original
Brownian filtration.

Lemma 17.5 (Joint information–energy terminal cancellation). For a deterministic finite
V ≥ v∗, define

At = xmt − m2
t /2,

ZV = β
∫ V

0
p(t)dAt +

∫ V

0

√
r(t)(x − mt)dBt,

ζ∞ = ZV − e(V)/2.

(17.14)

All stochastic integrals here and in the following lemma are first defined under the unlinked
Brownian pair law with an independent initial uniform sign, using the measurable left-sum
versions of Section 15.1. Then, under νV ,

IV − βζ∞ = log 2 − Pβ −
β2p(V)2

4
+

β2p(V)

2
(x − mV)

2. (17.15)

The centered terminal fluctuation

TV =
β2p(V)

2
{(x − mV)

2 − p(V)}

satisfies |TV | ≤ 2β2p(V) and

VarνV (TV) =
β4p(V)2

4
{4p(V)− 3r(V)− p(V)2}

≤ β4p(V)3.
(17.16)

The identity (17.15) holds at the endpoint V ≥ v∗.

Proof. We first match the information and energy at the support endpoint, and then
extend the identity beyond support and compute the terminal variance. Before support,
we have ρ = 1 and σ = 0, so the query driver B equals M. By (17.13), β2p′ = −ᾱ, and
A0 = Y0 = 0, we have

d{β2pA + xY − U(t, Y)} = β2p dA + (x − m)dB = β dZ.
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Indeed, the extra drift is ᾱ(−A + xm − m2/2) = 0. Integrating up to v∗ yields

βZv∗ = β2p∗A∗ + xY∗ − U(v∗, Y∗) + U(0, 0).

At the support endpoint,

m∗ = tanh Y∗, β2p∗ = β2 − v∗, U(v∗, y) = log(2 cosh y) + (β2 − v∗)/2.

Since Iv∗ = log(1+ xm∗), log(1+ x tanh y) = xy − log cosh y, and A + (x − m)2/2 = 1/2,
we obtain

Iv∗ − βZv∗ = log 2 − U(0, 0) +
1
2

β2p∗(x − m∗)
2. (17.17)

After support, χ = 1 − m2 and ξ = x − m. By the information integral of Lemma 15.1, we
have

d(I − βZ) = −β2p dA − 1
2

β2r(x − m)2 dt

= d
{1

2 β2p(x − m)2},

where we used p′ = −r. This extends (17.17) to every V ≥ v∗.
With the time change of Proposition 13.4, the normalization of the pressure in (4.5)

reads

Pβ = U(0, 0)− 1
2β2

∫ β2

0
tᾱ(t)dt.

This implies the identity

βe(V) +
1
2

β2p(V)2 = 2{U(0, 0)− Pβ}, V ≥ v∗. (17.18)

To check it, note that the left side is constant after support. At support it equals
∫ v∗

0 p +

β2p2
∗/2. Using integration by parts and p′ = −ᾱ/β2, we find that∫ v∗

0
p = v∗p∗ + β−2

∫ v∗

0
tᾱ(t)dt.

The remaining expression is

v∗p∗ + β2p2
∗/2 =

β4 − v2
∗

2β2 = β−2
∫ β2

v∗
t dt,

which proves (17.18). Substituting ζ∞ = ZV − e(V)/2 proves (17.15).
Given the terminal path, the sign has mean mV . Averaging over this sign, we find that

E[(x − mV)
2 | path] = 1 − m2

V ,

E[(x − mV)
4 | path] = (1 − m2

V)(1 + 3m2
V).
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For V ≥ v∗, their expectations are p(V) and 4p(V)− 3r(V). This proves (17.16), including
the centering. At a fixed finite such V, the variance is positive: the conditional sign
variance of (x − mV)

2 is 4m2
V(1 − m2

V), which is positive with positive probability since
the scalar diffusion is nondegenerate. Thus the centered row as a whole cannot have
variance O(h) uniformly at fixed V as h → 0.

The restriction to the terminal endpoint is necessary. If the identity extended to times
before support, then It − βZt − β2p(t)(x − mt)2/2 would be constant. The coefficient of
dB in its differential is ξt − (x − mt). At time zero, χ0 = p(0) = 1/β, which implies that
this coefficient is x(1/β − 1) ̸= 0 and has positive bracket on a short interval. It is the
matching at v∗ in (17.17) that makes the terminal identity possible.

Lemma 17.6 (Growing-mesh residual MGF). On the growing mesh of Section 14.1, suppose
0 < h ≤ 1, all used cells are at most one, and V = tN+1 ≥ v∗. Define

Rh = ZV − (ζh + eh/2).

There exist Cβ, cβ > 0, independent of h, N, V, such that

log EνV eθ(Rh−ERh) ≤ Cβθ2h, |θ| ≤ cβ/h,

ERh =
3
2
(e(V)− eh).

(17.19)

For every n ≥ 1 and 0 < η ≤ 1, independent identically distributed linked rows obey

P

{∣∣∣∣∣ 1n ∑
i
(Rh,i − ERh)

∣∣∣∣∣ > η

}
≤ 2e−cβnη2/h. (17.20)

Proof. We decompose the residual into four terms, estimate their centered MGFs, and
then compute the mean of the residual. Both omitted endpoint cells are retained in the
decomposition.

The residual decomposition. On previous cells [tj−1, tj), 1 ≤ j ≤ N, let C(t) = βp(t)−
wj; on the final cell let C(t) = βp(t). On current cells [tj, tj+1), j ≥ 1, let G(t) =√

r(t)− sj/
√

hj; on the auxiliary cell zero, let G(t) =
√

r(t). We write m⌊t⌋ = mtj on cell
j, including m0 = 0, and define

M =
∫ V

0
Cχ dM +

∫ V

0
G dB,

N = −
∫ V

0
Cmχ dM −

∫ V

0
Gm⌊t⌋ dB,

Q = −1
2

∫ V

0
Cχ2 dt, Lj =

∫ tj+1

tj

√
r(t)(mt − mtj)dBt.
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Then

Rh = xM+N +Q−
N

∑
j=0

Lj. (17.21)

This follows from dA = (x − m)χ dM − χ2 dt/2 and

√
r(x − mt)−

sj√
hj

(x − mtj)

= G(t)(x − mtj)−
√

r(mt − mtj).

The initial Brownian cell and the final posterior increment, which is not queried, are two
distinct omissions, and both occur in (17.21). The current cell of the last query remains
included in eh.

Uniform bounds on the growing mesh. By the continuation kernel of Lemma 13.6, we
have the envelope p(t), r(t) ≤ Cβe−t/2 for all t ≥ 0, after increasing Cβ. In particular,∫ ∞

0 et/4(p + r)dt < ∞. For this mesh, we have

(N + 1)h ≤ 8, max
j

hj

√
r(tj) ≤

√
Cβh,

∑
j

h2
j r(tj) ≤ 8Cβh.

(17.22)

Indeed, e−tj/4 − e−tj+1/4 ≥ h/8 for hj ≤ 1, and h2
j e−tj/2 = h2. These two facts also bound

the number of queries.
The logarithmic profile bounds of Proposition 13.4, with hj/hj−1 = ehj−1/4, imply, for

t in previous cell j and u in current cell j, respectively,∣∣∣∣log
wj

βp(t)

∣∣∣∣ ≤ (33/8)hj,

−hj−1/8 ≤ log
sj√

hjr(u)
≤ (15/8)hj.

(17.23)

For the first bound, we compare the integrand p
√

r throughout the current cell to its
value on the previous cell and use

√
hj/hj−1 = ehj−1/8. Each logarithm varies by at most

the elapsed time. For the second, we compare the average of r on the previous cell to
r(u) and use the same duration ratio. These comparisons imply that

|C(t)| ≤ Cβhj p(t), t ∈ [tj−1, tj),

|G(t)| ≤ Cβhj

√
r(t), t ∈ [tj, tj+1), j ≥ 1.

(17.24)
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Indeed, the inequality |ex − 1| ≤ eL|x| for |x| ≤ L proves this with L = 33/8 and 15/8.
On a previous cell, hj ≤ e1/4het/4, and on a current cell, hj ≤ het/4. These bounds imply∫

C2 dt ≤ Cβh,
∫

G2 dt ≤ Cβh, |Q| ≤ Cβh. (17.25)

In detail, the integral of C2 over the interior cells is bounded by Cβh2
∫

et/2 p(t)2 dt =

Oβ(h2), and the final cell contributes at most CβhNe−tN ≤ Cβh. For G2, the auxiliary cell
zero contributes Oβ(h); elsewhere we use h2

j ≤ hj ≤ het/4 and integrate et/4r. To bound

Q, we integrate |C|, using h
∫

et/4 p and the bound hN p(tN) ≤ Cβh on the final cell. All
constants are uniform in the horizon. Since |χ|, |m|, |m⌊t⌋| ≤ 1 and |ρ| ≤ 1, both path
martingales M,N have deterministic bracket at most Cβh.

The lag integrals. For cell j of length hj, we condition only on the past Fpath
tj

of the
original spin-free Brownian pair. The increment mt − mtj has bracket at most hj. We stop

it at its first crossing of
√

uhj. The outer lag integral, stopped at this time, has bracket at

most uh2
j r(tj), since r is nonincreasing. By the stopped exponential-martingale argument

[64, Section 3.5] and a union bound, we have, for u > 0,

P
{
|Lj| > uhj

√
r(tj) | F

path
tj

}
≤ 4e−u/2,

E[Lj | F
path
tj

] = 0.
(17.26)

Integrating this tail and expanding the centered series, we obtain

E[eθLj | Fpath
tj

] ≤ e32θ2h2
j r(tj), |θ| ≤ [4hj

√
r(tj)]

−1. (17.27)

Indeed, for every integer l ≥ 2, the conditional lth absolute moment is at most

4l![2hj

√
r(tj)]

l. Beyond the linear term, which vanishes, the series of the conditional

MGF is at most 16θ2h2
j r(tj)/(1 − 2|θ|hj

√
r(tj)). Iterating over cells and using (17.22),

we find that the centered log MGF is bounded by Cβθ2h on |θ| ≤ cβ/h for ∑j Lj. The
iteration uses only the conditional bounds and needs no independence between cells.
The isometry also gives the variance identity EL 2

j = (1/2)(
∫ tj+1

tj
r)2. The tail and MGF

estimates above are conditional on the past of the original pair; this variance identity is
unconditional.

The centered MGF and the mean. Linking does not change the law of the paths. In
particular, N has its usual sub-Gaussian bound under νV . Multiplying M by x preserves
its absolute tail, but the product need not be a martingale. We use the standard centering
principle for sub-Gaussian variables [113, Lemma 2.6.8], verifying an MGF constant by
symmetrization. To obtain a centered MGF without a prefactor, let X′ be an independent
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copy of X = xM. By Jensen’s inequality, Eeθ(X−EX) ≤ Eeθ(X−X′). If X has tail 2e−u2/(2v),
the symmetric difference has tail 4e−u2/(8v) and even moments at most 4(8v)l l!. Since
(2l)! ≥ (l!)2, its series is at most 4e8vθ2 − 3 ≤ e32vθ2

. This applies with v = Cβh. By
Hoeffding’s lemma [28, Lemma 2.2], we have a centered log MGF bounded by Cβθ2h2 for
Q, using (17.25). We combine these bounds and (17.27) in (17.21) by Hölder’s inequality
with four factors. Since the number of factors is fixed, this proves the MGF bound in
(17.19).

For the mean, we have, on every deterministic grid, the identities∫ V

0
Cr = e(V)− eh,

∫ V

0
Gρp = e(V)− eh. (17.28)

The first uses the previous-cell value s2
j , and the second the current-cell value

√
hjbj.

By Lemma 13.5 and posterior averaging, E[xM] =
∫

Cr +
∫

Gρp, EN = ELj = 0,
and EQ = −(1/2)

∫
Cr. We conclude that ERh = 3(e(V)− eh)/2. The same integrals

of the coefficients show that |e(V) − eh| ≤ Cβh, in agreement with Lemma 14.3. For
independent identically distributed rows, the centered MGFs multiply. The exponential
Markov inequality with θ = cη/h, for a sufficiently small fixed c > 0, proves (17.20) for
all 0 < η ≤ 1.

Integral versions and replay. At fixed finite V and fixed query cells, we refine within
each cell by dyadic left sums, retaining its endpoints. For the lag sums, the isometry and
E(mt − mu)2 ≤ t − u bound the squared error by 8Vω√

r(ε
′)2 + Vε′ → 0, where ω√

r is
the modulus of continuity of

√
r on this fixed horizon. The integrals with deterministic

weights and the likelihood integral against D are identified with limits of left sums in the
same way. Passing to an almost-sure subsequence and using Fatou’s lemma, we obtain
the same MGF bound for the limit as for the finite sums. With bounded test functions of
the past, we obtain the conditional version of Fatou’s lemma in the same way.

The query driver is B =
∫

ρ dM +
∫

σ dM̃, with the independent orthogonal driver
of Section 13.4. We retain both terms. Freezing ρ, σ at the endpoints of the refinement
produces a squared error at most 4

∫
[(ρε′ − ρ)2 + (σε′ − σ)2]dt → 0. Before support, we

use dm = χ dM. We do not split a cell that crosses the support endpoint, since splitting
it and restarting its lag baseline would omit a term. The identity of the full histories in
Definition 14.2 and the uniqueness of these sums identify the replay versions, including
the reference of Lemma 15.1. For fixed n, the linking transfers null sets. The MGF and
tail estimates follow from the unchanged path law and sign symmetrization, without a
factor 2n. The conditioning in (17.26) and (17.27) never involves the terminal sign, the
final matrix, the futures of the other rows, or any crossing event.
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17.3 Coarse domination

We combine the terminal cancellation and the residual estimate to bound the information
minus the queried energy. The weighted remainder and the unused Gaussian energy
then give the bound on the restricted kernel in Proposition 17.8.

Lemma 17.7 (Concentration of the row I − βζh). For V ≥ v∗, we have the exact identity

IV − βζh = log 2 − Pβ −
β2p(V)2

4
+

β2p(V)

2
(x − mV)

2

+ βRh +
β

2
(eh − e(V)).

(17.29)

Its mean is

j(V)− βeh = log 2 − Pβ +
β2p(V)2

4
+ β(e(V)− eh), (17.30)

and its centered random part is TV + β(Rh − ERh), with variance at most Cβ{p(V)3 + h}. In
particular, for V = Vb, h = n−a, z < min(a, b/2), and all sufficiently large n,

P

{
1
n ∑

i
(IV,i − βζh,i) > log 2 − Pβ + Cβn−z

}
≤ 2e−cβn1+a−2z

. (17.31)

Proof. By (17.14) and the definition of Rh, we have ζh = ζ∞ − Rh + (e(V) − eh)/2. In-
serting this into (17.15) yields (17.29). Using (17.19) and E(x − mV)

2 = p(V), we obtain
(17.30). This also agrees with the information mean of Lemma 15.1 and with (17.12).
Combining the centered decomposition with (17.16) and (17.19), we conclude that the
variance has the stated bound; this does not require the two terms to be independent.

The terminal correction is deterministically at most 2β2p(V) = Oβ(n−b/2) = o(n−z).
Its mean and the deterministic mesh error Oβ(h) fit within the same accuracy. By (17.20)
with η = n−z, absorbing the fixed coefficient β into its constants, we obtain (17.31). The
terminal variance remains O(p(V)3). Bernstein’s inequality for bounded variables [28,
Theorem 2.10 and Corollary 2.11] would give it the rate n min(η2/p(V)3, η/p(V)); here
we use only its deterministic amplitude.

Proposition 17.8 (Intrinsic coarse domination). Suppose the fine conditions of Proposition 15.5
hold and, in addition,

a > b/4, 0 < kb < z < min(a, b/2, 2w),
max{2w, w + b/4, b/2, 2z − a, 2z − 2w, 2z − b} < sb,

a < 1 − sb.

(17.32)

Let µaux
n be the independent product law of the spin-free replay inputs (D, B0, br, (Cj)j) from

Definition 14.2, and let U be independent and uniform on [0, 1]n. Only the inputs through Vb are
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read here; unused coordinates extending the experiment to the fine horizon may be retained. We
write mg,a

i (Vb) for the resulting replay terminal magnetizations and define

XB(g, a, U)i = 21

{
Ui ≤

1 + mg,a
i (Vb)

2

}
− 1.

There exists a Borel replay event EB such that, eventually,

Pγn⊗µaux
n ⊗dU(Ec

B) ≤ e−n1−sb . (17.33)

The event includes ∥AT − I∥ ≤ 3/4. Its restricted output kernel satisfies, for γn-almost every g,
simultaneously for all x ∈ Σn,

qgood
B (g, x) =

∫
1EB1{XB(g,a,U)=x} dµaux

n (a)dU

≤ e−nPβ+n1−kb eβHc
g(x).

(17.34)

The event EB contains no pressure event, and (17.33) is an annealed failure bound.

Proof. We intersect the weighted and Gram events with bounds on the unused Gaussian
energy and the row residual. The row identity gives a likelihood bound on this event,
which we then disintegrate over the disorder.

The energy errors. At V = Vb, we take the simultaneous weighted event of Lemma 16.6
at η = n−w and the fixed Gram event ∥EA∥ ∨ ∥EH∥ ≤ (16D2

∗)
−1. On their intersection, by

Lemmas 16.6 and 17.2, we have

∥c − s∥ ≤ τn = Cβn−w logC n,

|Eqry − eh − ℓ(E)| ≤ Cβn−2w logC n.
(17.35)

The failure probabilities of the two events have the respective raw rates
n1−max{2w,w+b/4}/ polylog n and n1−b/2/ polylog n, less the cost Cβna of the net.
By the strict inequalities in (17.32), these rates eventually dominate both the cost of the
net and any fixed multiple of n1−sb .

For the discarded energy, we use its conditional law before restricting it by its own
tail. The endpoint of the last previous cell satisfies tN = b log n + o(1), since Vb − tN =

hN = o(1). Thus p(tN)
2 ≤ Cβn−b. On the event in (17.35), we see from (17.9) that its

conditional variance is at most

Cβn−1{n−a + n−2w logC n + n−b}.

The conditional probability that |Z| > n−z is at most

2 exp

{
−

cβn1−max{2z−a, 2z−2w, 2z−b}

logC n

}
. (17.36)
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If the conditional variance is zero, this probability is zero. Integrating over the event on
paths and signs in (17.35) gives the same bound for the probability of its intersection
with this failure. Here we used the sum of the two unused Gaussian terms, with the
conditional variance computed above. The coarser bound 1/(2n) would not give the
required rate at these exponents.

The replay event. We intersect the preceding events with |Z| ≤ n−z and∣∣∣∣∣ 1n ∑
i
(Rh,i − ERh)

∣∣∣∣∣ ≤ n−z.

The latter fails with probability at most 2e−cβn1+a−2z
by (17.20), with loss 2z − a. All these

events are replay events: the Gram blocks and scalar histories are replay functions, the
residual uses the integral versions of Lemma 15.1, and Z = Hc

g(x)/n − Eqry. We use the
Borel versions fixed by the conventions of Section 13. The identity between the source and
replay laws in Definition 14.2 transports their probabilities. The sum of the finitely many
failure probabilities is eventually at most e−n1−sb , because each raw exponent exceeds
1 − sb and the exponent of the net by a strict margin. We denote the resulting event by
EB.

On EB, (17.12), (17.29), and the mean in (17.19) imply that

1
n

I(n) − log 2 − β

n
Hc

g(x) ≤ −Pβ + Cβ

{
p(Vb) + p(Vb)

2 + h

+ n−z + n−2w logC n
}

≤ −Pβ + n−kb

eventually. Here the terminal correction has amplitude Oβ(p(Vb)) = Oβ(n−b/2), the
deterministic mean of Rh is Oβ(h), and the weighted remainder is controlled by (17.35).
Since kb < z < min(a, b/2, 2w), all constants and logarithms are absorbed. The terminal
variance (17.16) is controlled here by its deterministic amplitude.

Disintegration. On this replay space, Λ = eI(n)RD and (g, x)∗RD = γn ⊗Unifn. For every
Borel set A of primitive matrices and each spin,

Λ(EB, g ∈ A, x) ≤
∫

A
e−nPβ+n1−kb+βHc

g(x) γn(dg).

The factor 2n from the logarithmic inequality cancels the factor 2−n of the reference
law of the spin. Realizing the linked spin by terminal thresholds does not change the
restricted law. Disintegration over the disorder, whose marginal is unchanged, gives
(17.34). Since the spin space is finite, there exists one common measurable null set for all
spins. We redefine the restricted kernel to be zero there. This does not affect its later use,
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since the nondegenerate Gaussian regressions used later are absolutely continuous with
respect to γn. This proves the bound on the subprobability kernel and, separately, the
annealed failure estimate. In the coupled experiment of Section 18.3, the auxiliary inputs
are independent, and this will justify applying the proposition after the outer target is
adjoined.



section 18

Smoothing, coverage, and the connecting sequence

The goal of this section is to prove Proposition 18.9, which excludes balanced cuts with
small stationary flow on the event ∥W(g)∥op ≤ 12. We use the fine entropy estimate of
Proposition 15.5 to obtain coverage of both sides of a cut, and the coarse domination
estimate of Proposition 17.8 to construct a sequence that avoids its enlarged boundary.
These are the smoothing and connecting sequence arguments of [85, Sections 5–6, Propo-
sitions 6–7], with the estimates at the fine and coarse horizons established in Sections 15
and 17. In Section 19, the witness estimate and Lemma 13.2 will imply Theorem 1.3.

Throughout, we fix β > 1 and the exponent parameters before taking n → ∞, as in
Section 13.3. We retain the primitive disorder, completed Hamiltonian, and joint law Πn

of Section 13.1, and the source and replay constructions of Section 14.

18.1 Smoothing and coverage

We first record the transport inequality for disorder conditioned on a spin. Under Πn,
the spin marginal is Unifn: this follows from the gauge transformation gij 7→ xixjgij and
summation over spins. Conditional on x, primitive disorder has density

px(g) = 2n(2π)−n2/2 exp{−∥g∥2
F/2 + βHc

g(x)− Fc(g)}. (18.1)

Since Fc is a log-sum-exp of linear functions and Hc
g(x) is linear in g, we have that the

negative logarithm of px is 1-strongly convex. We write W2 for the quadratic Wasserstein
distance for the Euclidean norm on the primitive matrix space, that is, the Frobenius
norm.

Lemma 18.1. For every x ∈ Σn and every probability measure η on the primitive matrix space,

W2(η, px)
2 ≤ 2 KL(η∥px). (18.2)

Proof. This is the transport inequality for measures with a strongly convex potential;
see [24, Corollary 3.10] and its use in [85, Section 5]. We recall the finite-dimensional
argument. For a smooth positive density η, let T be the optimal transport map from px to
η, which is the gradient of a convex function by the convex-gradient transport theorem

275
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of Brenier [32] in the full Euclidean generality of [73, Main Theorem], and let Vx be the
negative logarithm of px. By the change-of-variables formula, we have

KL(η∥px) =
∫ (

Vx(T(g))− Vx(g)− log det DT(g)
)

px(g)dg.

By strong convexity and − log det DT ≥ tr(I − DT), we have

KL(η∥px) ≥
1
2

∫
∥T(g)− g∥2

F px(g)dg.

In the last step, we used integration by parts to cancel the linear terms. For a general
measure with finite entropy, we obtain the inequality by smooth truncation and regular-
ization, followed by lower semicontinuity. If the entropy is infinite, there is nothing to
prove.

For every L-Lipschitz linear function f and every t ∈ R, the variational formula for
relative entropy [28, Corollary 4.14] and Lemma 18.1 imply that

Epx exp{t( f − Epx f )} ≤ et2L2/2. (18.3)

Indeed, Eη f − Epx f ≤ LW2(η, px), and maximizing |t|L
√

2K − K over K ≥ 0 proves
(18.3).

Let δ = n−D, and write the fine output as QF(dg, x) = γn(dg)qF(g, x). We take the
version of qF given by the replay integral, with the conventions of Section 13.1, and define

νsm
g (x) =

∫
qF(

√
1 − δ g +

√
δ z, x) γn(dz). (18.4)

For every g, we have that νsm
g is a probability measure on the spins.

Lemma 18.2. Let g⋆, g◦ be independent with law γn, and set gbase =
√

1 − δ g⋆ +
√

δ g◦. Then

Eg⋆,g◦ KL(πg⋆∥νsm
gbase

) ≤ β2(n − 1)
2

δ + δ−1 KL(QF∥Πn). (18.5)

In particular, if uE < min(D, kf − D), the outer event

Cn =
{
(g⋆, g◦) : KL(πg⋆∥νsm

gbase
) ≤ n1−uE

}
(18.6)

has complementary probability at most Cβ(nuE−D + nuE−kf+D) = o(1).

Proof. We first compare the joint laws after smoothing, conditioning on the spin. We
then compare the Gibbs laws at the target and its smoothing base. This is the reverse
comparison of [85, Section 5, Proposition 6]; we use Gaussian integration by parts for the
second comparison.
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We disintegrate Πn and QF over the spin, whose marginal is uniform under both
laws. For each spin, by (18.2), we can couple the conditional laws of the disorder
with squared cost at most twice their forward relative entropy. Under the channel
g 7→

√
1 − δ g +

√
δ Z, the relative entropy between the Gaussian output laws at two

inputs is (1 − δ)∥g − g′∥2
F/(2δ) in either direction. By convexity of relative entropy,

applied to the coupled mixture and averaged over the common spin, we have

KL(Πsm
n ∥Qsm

F ) ≤ δ−1 KL(QF∥Πn). (18.7)

This comparison for Gaussian convolutions also appears in [70, Lemma 11]. Both
smoothed measures have disorder marginal γn. By Gaussian reversibility, we iden-
tify the conditional spin law of Qsm

F with (18.4), and we denote that of Πsm
n by π̄g. Under

the joint law of (g⋆, gbase), expanding the logarithms of the probabilities on the finite spin
space gives the entropy chain rule [28, Chapter 4], in the form used in [85, Section 5,
proof of Proposition 6]:

E KL(πg⋆∥νsm
gbase

) = E KL(πg⋆∥π̄gbase)

+ E KL(π̄gbase∥νsm
gbase

).
(18.8)

Using the same decomposition with any alternative kernel at gbase, we find that the first
term is at most E KL(πg⋆∥πgbase). When intermediate expressions may be infinite, we
justify these identities by finite approximations, or by the variational formula for relative
entropy and monotone approximation. By Proposition 15.5 and the following calculation,
the upper bounds are finite.

Since g⋆ and gbase have the same marginal law, the expected difference of log partition
functions vanishes. Using the independence of g◦, we obtain

E KL(πg⋆∥πgbase) = β(1 −
√

1 − δ)Eg⋆ ∑
x

πg⋆(x)Hc
g⋆(x)

≤ 1
2 β2(n − 1)(1 −

√
1 − δ) ≤ 1

2 β2(n − 1)δ.
(18.9)

For the middle inequality, Gaussian integration by parts gives the off-diagonal contri-
bution (β/n)∑i<j(1 − ⟨xixj⟩2

g⋆); the spin-independent diagonal has mean zero. Since
the derivatives that occur here are bounded spin moments and Gaussian first moments
are finite, the integrations are justified. Combining (18.7)–(18.9) proves (18.5). The final
assertion follows from Proposition 15.5 and Markov’s inequality.

Lemma 18.3. On Cn, every spin has positive νsm
gbase

probability, and, simultaneously for every
S ⊆ Σn,

πg⋆(S) ≥ ϵn = n−d =⇒ νsm
gbase

(S) ≥ exp{−nd(n1−uE + log 2)}. (18.10)
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If e + d < uE, two independent draws from νsm
gbase

cross every ϵn-balanced cut with probability at
least

ϖn = exp{−2nd(n1−uE + log 2)} ≥ e−2n1−e
(18.11)

eventually.

Proof. This is the two-point entropy-contraction argument of [85, Section 5, Proposition 6];
the partition bound is [28, Theorem 4.20]. Finite relative entropy and the strict positivity
of πg⋆(x) imply that νsm

gbase
(x) > 0 for every spin. We pass to the partition {S, Sc},

which does not increase relative entropy. If a = πg⋆(S) and b = νsm
gbase

(S), the binary
relative entropy is at least a log(1/b)− log 2, since binary entropy is at most log 2. We
have proved (18.10). Applying it to both sides of a balanced cut and multiplying the
independent probabilities gives (18.11); the strict power gap also absorbs the log 2 term.
The implication holds for every set once the outer pair is fixed, including a cut selected
from this pair.

18.2 The witness event and the enlarged boundary

We now select a balanced cut with small flow, whenever one exists, and bound the
Gibbs mass of its enlarged boundary. The selection and the comparison of boundary
weights follow [85, Section 6, Proposition 7]. Here the enlargement cost is controlled by
concentration of sums of local fields over small sets of sites under the conditional disorder
law. We derive this sparse-field estimate below from Lemma 18.1 and its linear-function
MGF consequence; the transport input is [24, Corollary 3.10].

For ϵ > 0 and ϕ > 0, we define the witness event

Wn(ϵ, ϕ) = {g : ∥W(g)∥op ≤ 12,

∃S ⊆ Σn : ϵ ≤ πg(S) ≤ 1 − ϵ, Qg(S, Sc) ≤ ϕ}.
(18.12)

Fix an ordering of the subsets of Σn, and let Sg be the first cut satisfying these conditions.
The cut Sg depends only on g, and any fixed order works for the argument. The mass
and flow of each cut are continuous finite sums in g, so this selection is measurable, as in
the conventions of Section 13.1. The selected sets defined below are empty off the witness
event.

Let
ϵn = n−d, ϕn = e−n1−q

, Rn = ⌈n1−r⌉, Afld
n = n1−uF .

We write dH(x, y) = #{i ∈ [n] : xi ̸= yi} = ∥x − y∥2
2/4 for the Hamming distance

between x, y ∈ Σn, and dH(x, A) = miny∈A dH(x, y), with dH(x,∅) = +∞. We write ∂S
for the vertex boundary that contains both endpoints of every edge across the cut, and
define ∂RS = {x : dH(x, ∂S) ≤ R}. Let VR be the family of differences of the indicator
vectors of two subsets of [n] with at most R elements each. Then vi ∈ {−1, 0, 1} and
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∥v∥1 = ∥v∥2
2 ≤ 2R. The family contains both signs of every indicator of at most R sites,

and
|VR| ≤ [(R + 1)(n + 1)R]2. (18.13)

Define
BadR,A(g) =

{
x : ∃v ∈ VR, ∑

i
vi(W(g)x)i ≥ A

}
.

The excluded set is

En(g) = ∂Rn Sg ∪ BadRn,Afld
n
(g) on Wn(ϵn, ϕn), (18.14)

and is empty off that event. It contains the enlarged boundary of the selected cut and the
spins with large sums of local fields.

Lemma 18.4. Suppose that

0 < q < uF < r < 1, 2uF − r < q, q < 1/2. (18.15)

Then, eventually,
Eγn πg(En(g)) ≤ e−

1
2 n1−q

. (18.16)

Proof. We first bound the annealed mass of BadR,A by conditioning on the spin. We then
compare Gibbs weights along a short path from an enlarged boundary vertex to the
boundary.

Fix a spin x. Recall that, under the joint law Πn, the conditional density of the
disorder given this spin is (18.1). For fixed v, the linear functional fv(g) = ∑i vi(W(g)x)i
has coefficients aij = (vixj + vjxi)/

√
2n, so

∥a∥2
2 = ∥v∥2

2 + (∑i vixi)
2/n ≤ 2∥v∥2

2 ≤ 4R.

By integration by parts under (18.1), we have |Epx fv| ≤ 2β∥v∥1 ≤ 4βR. Indeed, the
derivative of βHc

g(x)− Fc(g) in the (i, j) entry is β(xixj − ⟨yiyj⟩g)/
√

2n, whose absolute
value is at most 2β/

√
2n. The density has Gaussian tails up to a linear exponential factor;

by truncation, this justifies the integration by parts, including its boundary terms. Using
(18.3) and a union bound over VR, we find that, for A ≥ 4βR,

Eγn πg(BadR,A(g)) ≤ [(R + 1)(n + 1)R]2 exp{−(A − 4βR)2/(8R)}. (18.17)

When R = Rn and A = Afld
n , the inequality uF < r implies that A ≥ 8βR eventually. We

also have that the logarithm of (18.13) is o(A2/R). Then (18.17) implies the upper bound
exp(−cβn1+r−2uF) eventually. By (18.15), the power of n in this exponent is strictly larger
than 1 − q.

Next, fix a witness matrix and its selected cut. On ∥W(g)∥op ≤ 12, we find by
polarization that the change in energy when one spin is flipped is at most 24

√
n. Then
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every flip rate is at least (1/2)e−24β
√

n. By reversibility, the flow in each direction across
the selected cut is at most ϕn. We conclude that its two-sided boundary has Gibbs mass
at most 4ϕne24β

√
n. If x /∈ BadR,A(g) and dH(x, y) ≤ R, expansion about x gives

|Hc
g(y)− Hc

g(x)| ≤ 2A + 24R. (18.18)

To see this, let I be the set of flipped sites. Both −x1I and its negative belong to VR,
since |I| ≤ R. Their linear fields are bounded by A in both signs, and the quadratic
correction is at most 2∥W(g)∥opR. For each vertex of the enlarged boundary, we select
a nearest boundary vertex, using a fixed order to break ties. By the bound on the size
of a Hamming ball, each boundary vertex is selected at most (R + 1)(n + 1)R times.
Comparing Gibbs weights by (18.18), we obtain

πg(En(g)) ≤ 4(Rn + 1)(n + 1)Rn ϕneβ(2Afld
n +24Rn+24

√
n)

+ πg(BadRn,Afld
n
(g)).

(18.19)

The inequality also holds off the witness event, since its left side vanishes there. In the
first term, the logarithms of the positive factors other than ϕn have powers 1 − r (with a
factor log n), 1 − uF, and 1/2, all smaller than 1 − q. Averaging (18.19) and using (18.17),
we obtain (18.16) after absorbing the sum and constants.

We impose a pressure cutoff only at the outer target. We define

Hn = {g : Fc(g) ≤ nPβ + n1−zP},

En(g) =

{
En(g), g ∈ Hn,

∅, g /∈ Hn.

(18.20)

The gradient of Fc has norm at most β
√

n/2. By Gaussian concentration and EFc ≤ nPβ

(Proposition 4.21, Theorem 4.4, and Lemma 3.1), we have

γn(Hc
n) ≤ e−cβn1−2zP = o(1) (0 < zP < 1/2). (18.21)

This is also Lemma 13.3. Each set is measurable by the conventions of Section 13.1; the
disorder used in each coarse proposal is not restricted by Hn.

18.3 The connecting sequence

We construct the sequence on one product space, following [85, Section 6, Proposition 7].
At the two endpoints we continue the coarse proposal to the fine horizon. At every other
vertex we use only the coarse proposal. The simultaneous Gaussian rotation, continuity
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of the query recursion, and pinning of spins to their magnetizations are the connecting-
sequence method of that proof; we retain the source and replay histories on the growing
mesh.

For the common fine schedule, let µaux
n be the independent product law of all Di

Wiener paths to Vf , auxiliary B0
i paths, used bridge paths through Nf , and full completion

vectors Cj ∼ N(0, In) through Nf . We may retain the unused bridge coordinates indepen-
dently; this gives the same finite experiment. At both horizons, the matrix has dimension
n and the initial frame is the identity. By Lemma 14.1, these are the replay inputs.

Under a single product probability Pn, we sample independently

g⋆, g◦, g1, g2 ∼ γn, a1, a2 ∼ µaux
n ,

and independent arrays of uniform thresholds at each grid point, together with two
arrays for the fine endpoints. For 0 ≤ θ ≤ π/2, we define

gbase =
√

1 − δ g⋆ +
√

δ g◦,

gθ =
√

1 − δ gbase +
√

δ(cos θ g1 + sin θ g2),

aθ = cos θ a1 + sin θ a2.

(18.22)

The rotation of the auxiliary inputs is defined by blockwise addition of vectors and paths,
which preserves the zero endpoints of bridges. The uniform thresholds are not rotated.
We use the coarse replay at every angle and continue it to the fine horizon at the two
endpoints. Let

ℓn = ⌈(π/2)engrot⌉, θj =
π j
2ℓn

(0 ≤ j ≤ ℓn).

We denote the coarse spins by XB
j , their coarse magnetizations by Mj, and the fine

endpoint spins by XF
0 , XF

1 . For a grid angle θ = θj, we write XB
θ = XB

j , and let UB
j be its

coarse threshold array. We define

EB,θj = {(gθj , aθj |B, UB
j ) ∈ EB},

where EB is the event of Proposition 17.8 and a|B restricts the D paths to Vb and retains
only the auxiliary cell, bridges, and completion vectors used by the coarse replay.

The outer pair (g⋆, g◦) has law γ⊗2
n . The internal law µint

n is the fixed product law of
(g1, g2, a1, a2, thresholds), so Pn = γ⊗2

n ⊗ µint
n . After an outer pair is fixed, the internal

law remains the same. For each fixed angle, gθ is standard Gaussian, and aθ ∼ µaux
n

independently of all matrix drivers. For the complete paths, we note that every finite
collection of path evaluations is jointly Gaussian, that the covariances within and between
blocks are unchanged by the rotation, and that cylinders at rational times generate the
path sigma algebra. After fixing (g⋆, g◦), the spin XF

0 depends only on (g1, a1, UF
0 ), and

XF
1 depends only on (g2, a2, UF

1 ). We have

Lawµint
n
(XF

0 , XF
1 ) = νsm

gbase
⊗ νsm

gbase
. (18.23)
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This is the law of the endpoints under the internal measure, before any Gram, pinning,
or crossing event is imposed.

Lemma 18.5. If q < min(kb, zP, D), then at each fixed grid angle, eventually,

Pn(EB,θ, XB
θ ∈ En(g⋆)) ≤ e−

1
4 n1−q

. (18.24)

Proof. We refine the target-to-proposal comparison in [85, Section 6, proof of Proposi-
tion 7] by integrating the conditional Gaussian energy at each fixed spin. The calculation
below gives an Oβ(nδ) regression cost while retaining the target Gibbs normalization.
We condition only on g⋆. From (18.22), we have

gθ = (1 − δ)g⋆ +
√

δ(2 − δ) Zθ,

Zθ =

√
1 − δ g◦ + cos θ g1 + sin θ g2√

2 − δ
,

(18.25)

where Zθ ∼ γn is independent of g⋆. For a fixed spin, Hc
Z(x) is Gaussian with variance

n/2, including the completed diagonal. It follows that

E[eβHc
gθ
(x) | g⋆] = eβ(1−δ)Hc

g⋆ (x)+β2nδ(2−δ)/4. (18.26)

At a fixed angle, the auxiliary input and thresholds are independent of the entire matrix
tuple. The restricted coarse kernel of Proposition 17.8 therefore still applies after adjoining
g⋆, g◦, gθ. The conditional Gaussian in (18.25) has positive covariance, so it does not charge
the common γn-null exceptional set of that proposition.

Recall that on the support of En(g⋆), we have ∥W(g⋆)∥op ≤ 12 and |Hc
g⋆(x)| ≤ 6n.

Using Proposition 17.8 and (18.26), then summing over the set En(g⋆) fixed by the target,
we bound the conditional probability of hitting this set by

exp
{

n1−kb + Fc(g⋆)− nPβ + (6β + β2/2)nδ
}

πg⋆(En(g⋆)).

Here we retained the target Gibbs normalization. By (18.20) and (18.16), its average in g⋆
is at most

exp{n1−kb + n1−zP + Cβn1−D}e−
1
2 n1−q

.

By the strict inequalities between the exponents, this proves (18.24). The cost of the
regression is of order nδ; the exceptional event (18.21) for the target pressure is included
only after the crossing argument in Section 18.4.

Lemma 18.6. There exists a measurable cap event, with failure probability at most C(Nf + 2)e−cn,
that controls all angles. On this event and all coarse Gram events, neighboring grid points satisfy

∥Mj+1 − Mj∥ ≤ eCβna log n|θj+1 − θj| ≤ e−ngrot /2 (18.27)

eventually, provided a < grot.
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Proof. This is the input-cap and recursive-continuity argument of [85, Section 6, proof of
Proposition 7], with the number of steps and the inverse scalar profiles controlled by the
growing schedule. We first bound the primitive inputs uniformly in the angle. We then
compare the two coarse recursions at neighboring grid points.

For a Wiener path of duration T, the reflection bound gives P(sup |B| > u
√

T) ≤
4e−u2/2. Then, for some fixed small parameter, the exponential moment of sup |B|2/T is
bounded by a universal constant. By Chernoff’s inequality over the independent rows,
we have ∑i sup |Bi|2 ≤ CTn except with probability e−cn when C is sufficiently large. A
bridge has supremum at most twice that of its generating Wiener path. These bounds
cover the two D blocks, the auxiliary cells, and the finitely many used bridge blocks.
We also bound every coordinate of the four primitive matrices and of the two streams
of completion vectors by n; this adds failure probability at most C(n2 + nNf)e−n2/2. All
required path norms, completion norms, and matrix operator norms are then at most nC0

for a fixed C0; for example, an enlarged n4 cap suffices. Rotated inputs satisfy the same
cap up to a factor of two, and their differences are at most a polynomial times |θ − ϕ|.
This bounds the inputs for all angles.

For the recursion, we use the path norm (n−1 ∑i supt |bi(t)|2)1/2. On the target Gram
events at the two grid points ∥AT − I∥ ≤ 3/4, every Gram–Schmidt residual has normal-
ized norm at least 1/2. Indeed, the squared norm of each residual is a Schur complement
and is at least the minimum eigenvalue of the relevant Gram matrix. If ul, u′

l are the ear-
lier unit queries, the operator norm of their projection difference is at most 2 ∑l∥ul − u′

l∥.
Normalization is 4-Lipschitz on vectors of norm at least 1/2. The next query difference is
bounded by a fixed multiple of the target difference and this sum of earlier differences.

Each target difference is bounded by 2s−1
j times the scalar field difference on the

preceding path. Using Picard’s construction, Gronwall’s inequality, and integration by
parts for bounded-variation coefficients, we bound that difference by CeVf times the gap
between the inputs to the preceding drivers. All s−1

j are polynomially bounded, since
s2

j ≥ h/RVf and Lemma 13.6 applies. By the query endpoint formula in Lemma 14.1, the
next endpoint gap is bounded by a polynomial times the primitive matrix and completion
gap plus the sum of preceding query gaps. Appending the next cell adds at most the
old path gap,

√
hj times this endpoint gap, and the bridge gap. Here

√
hj ≤ 1. The

recursion implies that one chronological step multiplies the accumulated gap by at most
nCβ and adds at most that factor times the primitive input gap. After Nb ≤ 8na steps,
the amplification is at most eCβna log n. The final map m is spatially 1-Lipschitz. The grid
spacing is at most e−ngrot , proving (18.27). This comparison uses only coarse queries and
the Gram events at the two endpoints of each grid edge.



18 Smoothing, coverage, and the connecting sequence § 18.3 284

Lemma 18.7. If r < b/2, each of the ℓn + 3 pairs

(X, MB) = (XB
j , Mj) (0 ≤ j ≤ ℓn),

(XF
0 , M0), (XF

1 , Mℓn)

satisfies
Pn(∥X − MB∥2

2 > Rn/4) ≤ 2e−Rn/64 (18.28)

eventually.

Proof. We use posterior projection and the independent-row pinning argument of [85,
Section 6, proof of Proposition 7]. Under the unconditioned law at a single angle, the
source identification in Section 14 gives the law of the complete coordinate rows, which
are independent under this law. For T = Vb or Vf , posterior projection at S = Vb gives

E[(XT − mS)
2] = 1 − Em2

S = p(S) ≤ Cβn−b/2.

The squared distances lie in [0, 4] and are independent across rows. Using ez/4 ≤
1 + (e − 1)z/4 for 0 ≤ z ≤ 4 and Chernoff’s inequality with parameter 1/4, we find that,
once np(S) ≤ Rn/16, their sum exceeds Rn/4 with probability at most e−Rn/32. This
implies (18.28). For the fine endpoints, the equality of the common initial segment after
Lemma 14.3 gives the same mS. We have proved the bounds under the unconditioned
law of each run.

Define the sequence

f0 = XF
0 , f j+1 = XB

j (0 ≤ j ≤ ℓn), fℓn+2 = XF
1 . (18.29)

Every step has a coarse endpoint. Let Goodn be the intersection of the cap event, all
EB,θj , all pinning events in (18.28), and the avoidance events XB

j /∈ En(g⋆) for every coarse
vertex. This is a finite intersection of measurable events on the product space.

Proposition 18.8. Assume the hypotheses of Proposition 17.8 and Lemmas 18.4 to 18.7. On
Goodn, every step of (18.29) has Hamming length at most Rn. Moreover,

Pn(Goodc
n) ≤ C(Nf + 2)e−cn + (ℓn + 1)e−n1−sb

+ 2(ℓn + 3)e−Rn/64 + (ℓn + 1)e−
1
4 n1−q

.
(18.30)

If, in addition,
r < sb, q < sb, a < grot < 1 − sb,

sb < sseq < e,
(18.31)

then, eventually,
Pn(Goodc

n) ≤ e−n1−sseq
. (18.32)
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Proof. For spins x, y and real vectors m, m′, we have

4dH(x, y) ≤ 3{∥x − m∥2
2 + ∥m − m′∥2

2 + ∥m′ − y∥2
2}.

Each term is at most Rn/4 on Goodn, eventually, by (18.27) and (18.28). For the steps
between fine and coarse spins, we have that the middle term is zero, since the common
initial segments agree.

A union bound using Proposition 17.8, (18.24), the cap bound, and (18.28) proves
(18.30). The strict gaps in (18.31) absorb its constants and log(ℓn + 1) = O(ngrot), giving
(18.32). The fine endpoints contribute their pinning failures to this union. The Gram and
likelihood events concern only coarse proposals. Each bound holds under the uncon-
ditioned law of the corresponding run. This union bound does not use independence
between different angles.

18.4 Exclusion of low-flow witnesses

We now combine coverage with the connecting sequence. The crossing argument is the
one in [85, Section 6, Proposition 7].

Proposition 18.9. Assume the hypotheses of Lemmas 18.2 and 18.3 and Proposition 18.8, and
let 0 < zP < 1/2. Then

γn(Wn(ϵn, ϕn)) ≤ Cβ

(
nuE−D + nuE−kf+D)+ e−cβn1−2zP

+ e2n1−e−n1−sseq
= o(1).

(18.33)

Proof. Fix an outer pair (g⋆, g◦) ∈ Cn with g⋆ ∈ Hn ∩Wn(ϵn, ϕn). The selected cut Sg⋆
is ϵn-balanced. By (18.23) and Lemma 18.3, the event f0 ∈ Sg⋆ , fℓn+2 /∈ Sg⋆ has internal
probability at least ϖn.

If a sequence joins opposite sides with steps of Hamming length at most Rn, then
some step has endpoints on opposite sides. A shortest path in the hypercube between the
endpoints of that step contains an edge across the cut, and both endpoints of this edge lie
in the boundary. Both endpoints of the step are within Rn of that boundary. One endpoint
is coarse by (18.29), so it belongs to ∂Rn Sg⋆ , which is contained in En(g⋆) = En(g⋆) on this
target. Crossing is therefore impossible on Goodn, and

ϖn ≤ µint
n
(
Goodn(g⋆, g◦)c). (18.34)

The crossing event may depend on the fixed outer pair, while (18.23) gives the law of the
endpoints under the unconditioned internal measure.

Integrating (18.34) against γ⊗2
n and using Fubini’s theorem for the product measure,

we obtain

γn(Wn(ϵn, ϕn)) ≤ Cβ

(
nuE−D + nuE−kf+D)+ e−cβn1−2zP

+ ϖ−1
n Pn(Goodc

n).
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Here we used Lemma 18.2 and (18.21) for the outer exceptions. By (18.11) and (18.32),
this proves (18.33). The exceptional events for the pressure and for coverage each enter
once, before we divide by the crossing probability.



section 19

Proof of the upper bound and the parameter system

We prove Theorem 1.3 and Corollaries 1.4 and 1.5 from Proposition 18.9 and Lemma 13.2.
The finite-state argument of [85, Section 7, Lemma 8] converts the exclusion of balanced
cuts with small flow into a bound on the average distance from equilibrium. We give
its proof, then establish the estimate for the discrete chain. In Section 19.5, we check the
parameter comparisons used throughout Part IV.

Throughout, the disorder, Gibbs measure, and continuous-time semigroup are those
of Section 13.1. In particular, πg = π J(g) and Pg

t = PJ(g)
t . The exponents are fixed before

n tends to infinity.

19.1 From balanced-cut flow to mixing

The next lemma is [85, Lemma 8], specialized to the heat-bath chain. Its proof uses
the coarea argument for the reversible Cheeger inequality of Lawler and Sokal [67,
Theorem 3.5] and entropy dissipation as in Diaconis and Saloff-Coste [51, Lemmas 2.5
and 2.7]. We keep track of the estimates on the Dirichlet form, since they are also used in
Section 19.3.

Lemma 19.1 (Pruning and averaged mixing). Fix n ≥ 2, β > 0, and g. Let 0 < ϵ < 1/3 and
ϕ > 0. Suppose that

Qg(S, Sc) > ϕ whenever ϵ ≤ πg(S) ≤ 1 − ϵ.

Then, for every t > 0,

∑
x∈Σn

πg(x)∥Pg
t (x, ·)− πg∥TV ≤

n
√

2 log 2

ϕ
√

t
+ 2ϵ. (19.1)

Proof. We first remove sets that fail an internal expansion inequality. On the remaining
set, we prove a Poincaré inequality by integrating over level sets. Entropy dissipation for
the full chain then gives a time at which the average distance is small; contraction gives
the estimate at t.

287
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In this proof, we write π = πg. For distinct configurations x, y, let q(x, y) =

π(x)pJ(g)
i (−xi | x) if y = xi,−xi , and let q(x, y) = 0 otherwise. By reversibility,

q(x, y) = q(y, x), and

∑
y ̸=x

q(x, y) ≤ nπ(x).

We use the Dirichlet form

D(u) = ∑
{x,y}

q(x, y)(u(x)− u(y))2 = −⟨u,LJ(g)u⟩π, (19.2)

where each unordered pair of distinct configurations occurs once and ⟨u, v⟩π =

∑x π(x)u(x)v(x).
For disjoint sets A, B ⊆ Σn, we write

Qg(A, B) = ∑
x∈A

∑
y∈B

q(x, y).

This agrees with (13.3) when B = Ac.

Removing sets. We use the pruning procedure of [85, Section 7, proof of Lemma 8]. We
start with C = Σn. Whenever a nonempty set U ⊂ C satisfies

π(U) ≤ π(C)/2, Qg(U, C \ U) < ϕπ(U),

we remove U from C. The procedure terminates after finitely many removals. Let A be the
union of the sets removed up to any stage. Every edge from A to its current complement
was counted when its first endpoint was removed. Summing the inequalities at those
stages, we have, whenever A is nonempty,

Qg(A, Σn \ A) < ϕπ(A).

Suppose that the removed mass reaches ϵ, and consider the first removal at which this
happens. Before this removal, the removed mass was some a < ϵ, and the newly removed
set has mass at most (1 − a)/2. After it, the removed mass is at most (1 + a)/2 <

(1 + ϵ)/2 < 1 − ϵ. This contradicts the hypothesis on balanced cuts, because ϕπ(A) ≤ ϕ.
We have proved that the terminal set satisfies π(C) > 1 − ϵ and

Qg(U, C \ U) ≥ ϕπ(U) if U ⊂ C and π(U) ≤ π(C)/2. (19.3)

A Poincaré inequality on C. We apply the coarea proof of the reversible Cheeger bound
[67, Theorem 3.5], with unnormalized weights on the retained set as in [85, Section 7,
proof of Lemma 8]. We claim that, for every real function u on Σn,

∑
y∈C

π(y)(u(y)− ūC)
2 ≤ 2n

ϕ2D(u), ūC =
1

π(C) ∑
y∈C

π(y)u(y). (19.4)
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Let m be a weighted median of u on C. Each of w = (u − m)+ and w = (m − u)+ has
support of mass at most π(C)/2. Integrating (19.3) over the level sets of w2, we find

ϕ ∑
C

πw2 ≤ ∑
{x,y}⊂C

q(x, y)|w(x)2 − w(y)2|.

By Cauchy–Schwarz, the right side is at most ∑
{x,y}⊂C

q(x, y)(w(x)− w(y))2

1/2(
2n ∑

C
πw2

)1/2

.

Here we used (w(x) + w(y))2 ≤ 2(w(x)2 + w(y)2) and the bound on the outgoing rates.
Dividing and squaring, we find the desired estimate for w when ∑C πw2 > 0; when this
sum vanishes, the estimate is immediate. The sum of the energies of the two parts is at
most D(u). Since the weighted mean minimizes the squared error, (19.4) follows.

Entropy dissipation. The derivative formula and square-root Dirichlet bound are [51,
Lemmas 2.5 and 2.7], with the rates of Section 13.1. For a fixed starting configuration x,
define f x

s (y) = Pg
s (x, y)/π(y). We write

Entπ( f ) = ∑
y

π(y) f (y) log f (y), H(π) = −∑
x

π(x) log π(x),

where π( f ) = 1 and 0 log 0 = 0. Reversibility implies

d
ds

Entπ( f x
s ) = − ∑

{y,z}
q(y, z)( f x

s (y)− f x
s (z))(log f x

s (y)− log f x
s (z))

≤ −4D(
√

f x
s ).

In the last step, we used (a − b)(log a − log b) ≥ 4(
√

a −
√

b)2 for a, b > 0. The initial
entropy is log(1/π(x)), and the final entropy is nonnegative. Integrating and averaging
over x ∼ π, we find ∫ t

0
∑
x

π(x)D(
√

f x
s )ds ≤ 1

4
H(π). (19.5)

To justify the calculation when the density has zero entries, we start with (1 − η) f x
0 + η

and let η ↓ 0. Since the state space is finite and entropy is continuous at zero, the
integrated inequality passes to this limit.

Averaging the distances. By (19.4) and (19.5), there exists s ∈ (0, t] such that

∑
x

π(x)r2
x ≤ nH(π)

2tϕ2 ,

r2
x = ∑

y∈C
π(y)(

√
f x
s (y)− ax)

2, ax =
1

π(C) ∑
y∈C

π(y)
√

f x
s (y).

(19.6)
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Using Cauchy–Schwarz and the fact that a2
xπ(C) ≤ ∑C π f x

s ≤ 1, we have

∑
C

π| f x
s − a2

x| ≤ 2rx.

Further, the normalization of the density gives |∑C π( f x
s − 1)| ≤ ∑Cc π( f x

s + 1). Compar-
ing f x

s first with a2
x and then with 1 on C, and adding the complement, we have

∑
Σn

π| f x
s − 1| ≤ 4rx + 2 ∑

Cc
π( f x

s + 1). (19.7)

By stationarity, we have ∑x π(x) f x
s (y) = 1. It follows that the last sum in the preceding

display, without its factor two, has average 2π(Cc) over x ∼ π. Dividing (19.7) by two
and using Cauchy–Schwarz in x, we obtain

∑
x

π(x)∥Pg
s (x, ·)− π∥TV ≤

√
2nH(π)

ϕ
√

t
+ 2ϵ.

Since |Σn| = 2n, we have H(π) ≤ n log 2. Total variation contracts under Pg
t−s by

Lemma 3.2, which gives (19.1) at time t.

19.2 Proof of the main theorem

We now combine the witness estimate with Lemma 19.1. Recall that ϵn = n−d, ϕn =

e−n1−q
, and Wn(ϵn, ϕn) is the event that ∥W(g)∥op ≤ 12 and some ϵn-balanced cut has

flow at most ϕn.

Proof of Theorem 1.3. Fix β > 1 and 0 < ω < 1/4, and take the affine family of Section 13.3
with εω = (1/4 − ω)/20. The comparisons verified in Section 19.5 imply all hypotheses
of the preceding estimates. By Proposition 18.9, we have

γn(Wn(ϵn, ϕn)) ≤ Cβn−εω + e−cβn2/5
+ exp{2n3/4+3εω − n3/4+4εω} = o(1). (19.8)

Outside this event and {∥W(g)∥op > 12}, every ϵn-balanced cut has flow greater than ϕn.
For all sufficiently large n, we have 0 < ϵn < 1/3. We use (19.1) with

ϵ = ϵn, ϕ = ϕn, t = en1−ω
.

Using Markov’s inequality in the Gibbs draw and Lemma 13.2, we find

Πn
{
(g, x) : ∥Pg

en1−ω (x, ·)− πg∥TV > 1/4
}

≤ γn(Wn(ϵn, ϕn)) + 2e−n + 4n
√

2 log 2 en1−q− 1
2 n1−ω

+ 8n−d.
(19.9)

The right side tends to zero, since d > 0 and q − ω = 10εω > 0. By the dictionary in
Section 13.1, the (J(g), x)-marginal of Πn is PJ,X0∼π J . This proves the assertion under
the joint law. Here the Gibbs draw is held fixed when the distance is formed, and the
semigroup has rate one per site.
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19.3 Proof of the discrete-time corollary

We use the retained set and the Poincaré inequality from the proof of Lemma 19.1. What
changes is the entropy dissipation inequality, which we prove for one step of the discrete
heat-bath chain. The subsequent averaging argument is that of [85, Section 7, Lemma 8].

Proof of Corollary 1.4. Fix β > 1 and 0 < ω < 1/4, and choose the same exponents as in
the proof of Theorem 1.3. We first fix a disorder g outside the exceptional events of that
proof. We abbreviate π = πg and K = K J(g). For a function u on Σn, define

Qiu(x) = ∑
σ∈{−1,1}

pJ(g)
i (σ | x)u(xi,σ).

Each Qi is conditional expectation given all spins except the ith, and K = n−1 ∑i Qi. In
L2(π), the operators Qi are orthogonal projections. By (19.2),

D(u) =
n

∑
i=1

⟨u, (I − Qi)u⟩π. (19.10)

Let f ≥ 0 satisfy π( f ) = 1. The convexity of s log s implies that Entπ(K f ) ≤
n−1 ∑i Entπ(Qi f ). We claim that

Entπ( f )− Entπ(Qi f ) ≥ ⟨
√

f , (I − Qi)
√

f ⟩π.

Indeed, on each fiber obtained by fixing all spins except the ith, write a = Qi f . For s ≥ 0
and a > 0,

s log(s/a)− s + a ≥ (
√

s −
√

a)2.

This follows by writing the difference as 2a
√

s/a(
√

s/a log
√

s/a −
√

s/a + 1) ≥ 0, with
its continuous interpretation at s = 0. Averaging on the fiber eliminates −s + a. The
resulting squared error is at least the squared error about the fiber mean Qi

√
f . Fibers

with a = 0 have f = 0 throughout and contribute zero. Averaging over the other spins
proves the claim. Combining it with (19.10), we have

Entπ( f )− Entπ(K f ) ≥ 1
n
D(
√

f ). (19.11)

For f x
k (y) = Kk(x, y)/π(y), reversibility gives f x

k+1 = K f x
k . Telescoping (19.11) and

averaging over x ∼ π, we obtain, for every integer m ≥ 1,

m−1

∑
k=0

∑
x

π(x)D(
√

f x
k ) ≤ nH(π) ≤ n2 log 2. (19.12)
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Since the disorder lies outside the exceptional events, the hypothesis on balanced cuts
holds with ϕ = ϕn and ϵ = ϵn, and it gives the same set C and inequality (19.4). Then
there exists k ∈ {0, . . . , m − 1} such that

∑
x

π(x) ∑
y∈C

π(y)(
√

f x
k (y)− ax)

2 ≤ 2n2H(π)

mϕ2
n

, ax =
1

π(C) ∑
y∈C

π(y)
√

f x
k (y).

Using (19.7), stationarity, and Cauchy–Schwarz, we find

∑
x

π(x)dJ(g)
disc(x, k) ≤ 2n

√
2H(π)

ϕn
√

m
+ 2ϵn.

Using that the distance contracts under Km−k, we find

∑
x

πg(x)dJ(g)
disc(x, m) ≤

2
√

2 log 2 n3/2en1−q

√
m

+ 2n−d. (19.13)

Let m = ⌊en1−ω⌋. For all sufficiently large n, we have m ≥ en1−ω
/2. The first term in

(19.13) is at most
Cn3/2 exp{n1−q − 1

2 n1−ω},

which tends to zero because ω < q. By Markov’s inequality in the Gibbs draw, we obtain

Πn{(g, x) : dJ(g)
disc(x, m) > 1/4}

≤ γn(Wn(ϵn, ϕn)) + 2e−n + Cn3/2en1−q− 1
2 n1−ω

+ 8n−d = o(1).
(19.14)

Using the marginal identity for Πn, we conclude that Corollary 1.4 holds.

19.4 Proof of the two-sided corollary

The two-sided statement uses the lower bound at threshold 1/4 and the two upper
bounds just proved.

Proof of Corollary 1.5. Fix β > 1 and 0 < ω < 1/4, and let Aβ be the coefficient in
Theorem 1.1. With τ = 1/4, that theorem implies

PJ,X0∼π J{dJ(X0, eAβn7/30
) > 1/4} −→ 1.

By the definition of the mixing time in (3.14) and Lemma 3.2, this event is {T J(X0) >

eAβn7/30}. Intersecting it with the event of probability tending to one in Theorem 1.3
proves the continuous-time assertion.
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For the discrete chain, by (1.3) at τ = 1/4, we have, with probability tending to one,

dJ
disc(X0, ⌊eAβn7/30⌋) > 1/4.

Since k 7→ dJ
disc(X0, k) is nonincreasing, this implies T J

disc(X0) > ⌊eAβn7/30⌋. On the event
in Corollary 1.4, we also have T J

disc(X0) ≤ ⌊en1−ω⌋. The probability of their intersection
tends to one, as desired.

19.5 The parameter system

We verify all comparisons used in the preceding chapters. Fix 0 < ω < 1/4 and define
εω = (1/4 − ω)/20. Then 0 < εω < 1/80 and ω = 1/4 − 20εω. The affine family from
Section 13.3 is

a = 1
2 , f = 1

2 , kf =
1
2 − 2εω,

D = 1
4 − εω, uE = 1

4 − 2εω, d = 1
2 εω,

e = 1
4 − 3εω, b = 1

2 − 14εω, z = 1
4 − 8εω,

w = 1
8 − 3εω, kb = 1

4 − 9εω, sb = 1
4 − 5εω,

sseq = 1
4 − 4εω, r = 1

4 −
15
2 εω, uF = 1

4 −
39
4 εω,

q = 1
4 − 10εω, zP = 3

10 , grot =
3
5 .

(19.15)

An optional intermediate loss sF can be chosen to satisfy 2uF − r < sF < q. We leave it
unspecified; only the strict comparison 2uF − r < q enters the probability estimates.

The sufficient system consists of the positivity of the exponents and

a > f/4, a > b/4, a + f/2 < 1,

kf < min(a, f, 1 − a), b < f,
0 < kb < z < min(a, b/2, 2w),

max{2w, w + b/4, b/2, 2z − a, 2z − 2w, 2z − b} < sb,

a < 1 − sb, e + d < uE < min(D, kf − D),
q < uF < r < b/2, 2uF − r < q, q < 1/2,

q < min(kb, D, zP), 0 < zP < 1/2,

q < sb, r < sb, a < grot < 1 − sb,

sb < sseq < e, ω < q.

(19.16)

All exponents are below one whenever a growing cutoff or a tail estimate requires this.
The scalar, Gram, concentration, regression, and finite-chain arguments show that these
comparisons suffice.

We list the powers used in those arguments in Table 19.1. A rate is the power
in a negative logarithm. Polylogarithmic denominators in rates are retained until a
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strict comparison absorbs them. Query counts and expectation bounds may have fixed
polylogarithmic numerators. The last column gives the instance ω = 1/5, εω = 1/400.

Table 19.1. Powers in the parameter system.

Quantity Family power ω = 1/5

Query count Nf , Nb 1/2 1/2
Fine maximum-cell saving 3/8 3/8
Coarse maximum-cell saving 3/8 + 7εω/2 307/800
Fine nh, ne−Vf , Nf(1 + Vf) 1/2 1/2
Fine

√
Nf , N2

f Vf RVf /n 1/4 1/4
Fine KL cutoff 1 − kf 1/2 + 2εω 101/200
Weighted variance loss 2w 1/4 − 6εω 47/200
Weighted scale loss w + b/4 1/4 − 13εω/2 187/800
Fixed Gram loss b/2 1/4 − 7εω 93/400
Weighted raw rate 1 − 2w 3/4 + 6εω 153/200
Weighted scale raw rate 1 − w − b/4 3/4 + 13εω/2 613/800
Fixed Gram raw rate 1 − b/2 3/4 + 7εω 307/400
Joint lag / diagonal base rate 1 + a − 2z 1 + 16εω 26/25
Gaussian coefficient rate 1 + 2w − 2z 3/4 + 10εω 31/40
Gaussian terminal rate 1 + b − 2z 1 + 2εω 201/200
Coarse one-run rate 1 − sb 3/4 + 5εω 61/80
Weighted quadratic energy saving 2w 1/4 − 6εω 47/200
Coarse log-density cost 1 − kb 3/4 + 9εω 309/400
Both expected reverse-KL costs 3/4 + εω 301/400
Outer reverse-KL cutoff 1 − uE 3/4 + 2εω 151/200
Both outer Markov decay savings εω 1/400
Raw crossing exponent 1 − uE + d 3/4 + 5εω/2 121/160
Crossing envelope 1 − e 3/4 + 3εω 303/400
Total sequence failure rate 1 − sseq 3/4 + 4εω 19/25
Pinning/radius power 1 − r 3/4 + 15εω/2 123/160
Flow / good-output hit rate 1 − q 3/4 + 10εω 31/40
Sparse-field threshold 1 − uF 3/4 + 39εω/4 1239/1600
Hamming-ball entropy power 1 − r 3/4 + 15εω/2 123/160
Bad-field rate 1 + r − 2uF 3/4 + 12εω 39/50
Intermediate bad-field rate (optional) see text (31/40, 39/50)
Target pressure cutoff / rate 7/10, 2/5 7/10, 2/5
Regression log-cost 1 − D 3/4 + εω 301/400
Rotation logarithmic grid size 3/5 3/5
Physical time exponent 1 − ω 3/4 + 20εω 4/5
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In the optional row, the last entry is the interval of allowed values. In the family, that
interval is (3/4 + 10εω, 3/4 + 12εω).

For example, max{2w, w + b/4} = 2w, since the difference of the two entries is εω/2.
The weighted variance rate and the fixed-Gram rate exceed the one-run rate by εω and
2εω, respectively. Each of these rates exceeds the net exponent a = 1/2 with a fixed
positive gap. We first establish the coarse event with rate 1− sb, then take a union over the
rotation grid. Since sseq − sb = εω and e − sseq = εω, the grid union and the comparison
with the rare crossing each retain a strict gap. The target pressure failure, whose rate is
2/5, is charged once outside that comparison.

The parameter instance at ω = 1/5 is

ω = 1
5 , q = 9

40 , a = 1
2 , f = 1

2 ,

kf =
99
200 , D = 99

400 , uE = 49
200 , d = 1

800 ,

e = 97
400 , b = 93

200 , z = 23
100 , w = 47

400 ,

kb = 91
400 , sb = 19

80 , sseq = 6
25 , r = 37

160 ,

uF = 361
1600 , zP = 3

10 , grot =
3
5 .

(19.17)

Some of the tight comparisons are listed below; the slack is the right side minus the left
side.

Comparison Family slack ω = 1/5

kf < a 2εω 1/200
uE < D, uE < kf − D εω 1/400
e + d < uE εω/2 1/800
z < b/2 εω 1/400
z < 2w 2εω 1/200
2w < sb εω 1/400
w + b/4 < sb 3εω/2 3/800
b/2 < sb 2εω 1/200
2z − 2w < sb 5εω 1/80
q < kb εω 1/400
q < uF εω/4 1/1600
uF < r 9εω/4 9/1600
r < b/2 εω/2 1/800
2uF − r < q 2εω 1/200
sb < sseq, sseq < e εω 1/400
ω < q 10εω 1/40

(19.18)

The least slack in the full comparison list at this instance is 1/1600. The witness estimate
specializes to

γn(Wn(ϵn, ϕn)) ≤ Cβn−1/400 + e−cβn2/5
+ exp{2n303/400 − n19/25} = o(1). (19.19)
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The bound (19.9) further adds the norm exception 2e−n, the term 4n
√

2 log 2 exp{n31/40 −
n4/5/2}, and 8n−1/800.

Proposition 19.2 (Every fixed saving below one quarter). The family (19.15) satisfies every
sufficient comparison in (19.16) for every 0 < εω < 1/80. Hence Theorem 1.3 holds for every
fixed 0 < ω < 1/4. These estimates do not reach ω = 1/4.

Proof. All parameters and all differences between the right and left sides of (19.16) are
affine in εω, after expanding each maximum and minimum into its constituent compar-
isons. Using (19.15), we find that all endpoint values at 0 and 1/80 are nonnegative and
that no difference is identically zero. Each interior value is a strict convex combination
of these two endpoint values, at least one of which is positive. Every comparison is
therefore strict. This also proves that ω = 1/4 − 20εω is positive; zero values at the
excluded endpoints are allowed. The optional sF can be chosen between 2uF − r and q,
whose difference is 2εω.

In particular, q − ω = 10εω > 0. By Proposition 18.9 and (19.9), we conclude that the
asserted range holds. All constants are chosen after ω and β are fixed.

We now explain the obstruction in these estimates. Fine entropy requires kf <

min(a, 1 − a) ≤ 1/2. Reverse smoothing and coverage require

e + d < uE < min(D, kf − D) ≤ kf/2 < 1/4.

The connecting sequence needs q < sb < sseq < e, and mixing needs ω < q. For any
parameters satisfying these strict estimates, we have ω < 1/4, independently of the affine
family. At εω = 0, the fine, coverage, concentration, and crossing gaps vanish. Constants
and logarithms cannot be absorbed by the arguments above. This is an obstruction to
these estimates; it does not give a lower bound or an optimality statement for the SK
dynamics.

A calculation in exact rational arithmetic checks the comparisons; it lists each affine
slack and its values at 0, 1/80, and 1/400. With an optional intermediate loss chosen
inside the stated interval, the calculation checks 114 strict comparisons and 37 identities
for the powers in Table 19.1. The proof of Proposition 19.2 does not rely on this calculation:
the endpoint argument there gives the comparisons on the whole open interval.



part v

Fluctuations and mean bias



section 20

The fluctuation scale

This section concerns Theorem 1.6, the fluctuation theorem of OpenAI [81, Theorem 1.1].
Its proof in [81] has two parts of very different lengths. The main part, which occupies
Sections 2–7.4 of that paper, is a two-sided bound on a positive logarithmic moment of
the completed log partition function at a tilt slightly larger than n−1/6. We state this
bound in our normalization as Proposition 20.1, and in Section 20.2 we summarize how
it is proved in [81]; we do not reprove it. The second part converts Proposition 20.1 into
the three assertions of Theorem 1.6. It rests on an exponential augmentation argument
of Aronow and Lopatto [8, Proposition 5.1], in the form given in [81, Lemmas 7.6
and 7.7 and Section 7.6]. We give complete proofs of this part: the log-concavity lemma
(Lemma 20.2) and elementary bounds for one-dimensional log-concave laws (Lemma 20.3)
in Section 20.3, and the deduction of Theorem 1.6 from Proposition 20.1 in Section 20.4.
Section 21 uses the lower bound on the variance in Theorem 1.6.

As recalled in Section 1, OpenAI’s companion preprint [82] claims more than
Theorem 1.6: a positive limit of n−1/3 Var(Fn) and a nondegenerate limit law for
(Fn − EFn)/ Var(Fn)1/2 [82, Theorems 1.1 and 1.2]. We do not use these claims; their
consequence for the mean bias is recalled in Remark 21.2.

Throughout this section, β > 1 is fixed, and constants may depend on β. Recall from
Section 3 that the completed log partition function is Fc

n = Fn + βG, where G is a centered
Gaussian variable of variance 1/2, independent of the disorder J. For t ∈ R, we define
the logarithmic moment generating function of the centered variable Fc

n − EFc
n,

Kn(t) = log E exp
{

t
(

Fc
n − EFc

n
)}

. (20.1)

By Lemma 3.1, Kn(t) is finite for every t ∈ R, Fc
n has mean EFn and variance Var(Fn) +

β2/2, and Kn(t) = log Eet(Fn−EFn) + β2t2/4 by (3.6). The proof of that lemma also shows
that Fn has finite exponential moments, so all its moments are finite.

20.1 The two-sided bound on positive logarithmic moments

Proposition 20.1 (Two-sided bound on positive logarithmic moments). Fix β > 1 and
0 < m < 1/300, and set sn = n−1/6+5m. There exist constants c, C > 0 and n0 ∈ N, depending
only on β and m, such that

c n20m ≤ Kn(sn) ≤ C n100m (n ≥ n0). (20.2)

298
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This is [81, Proposition 7.5]. We call it the two-sided bound on positive logarithmic
moments; in [81] it is called a positive Laplace window. The normalization of [81] differs
from ours in two ways, and neither affects (20.2). First, the Hamiltonian there is βHn

and the partition function carries the factor 2−n, so that the log partition function there
is Fn − n log 2. Second, the completion there adds a common centered Gaussian variable
D of variance β2/2, which has the law of βG. The completed log partition function
of [81] therefore has the law of Fc

n − n log 2, the centered logarithmic moment in [81,
Proposition 7.5] is Kn, and the tilt s = n−1/6+5m, the exponents 20m and 100m, and the
range 0 < m < 1/300 are the same.

We use only two features of (20.2) below: for each fixed small m, the lower bound
tends to infinity, and the upper bound grows at most like a fixed small power of n. The
particular exponents 20m and 100m play no further role.

20.2 OpenAI’s proof of the two-sided bound

We now summarize the proof of Proposition 20.1 in [81]. The summary is a description
of that proof, not a proof, and no other part of this paper depends on it. We follow the
notation of [81] where possible, writing ū, λ̂, and ĥ for their mass u, strength λ, and
field covariance path h. Throughout, m ∈ (0, 1/300) is fixed and δ = m/10000, as in [81,
Section 3.1], and we abbreviate s = sn.

The two-level pressure. Let H(0) and H(1) be independent copies of the completed
Hamiltonian Hc

n, that is, independent centered Gaussian processes indexed by Σn, each
with covariance nR(x, y)2/2. For 0 ≤ ε ≤ β2, we set

Ψn(ε) =
1
ns

E(0) log E(1) exp
{

s log ∑
x∈Σn

e
√

β2−ε H(0)(x)+
√

ε H(1)(x)
}

, (20.3)

where E(i) is the expectation over H(i). At ε = 0 the inner expectation is trivial, and
Ψn(0) = n−1EFc

n. At ε = β2 the outer expectation is trivial, and Ψn(β2) = (ns)−1 log EesFc
n .

We conclude that
Kn(s) = ns

(
Ψn(β2)− Ψn(0)

)
. (20.4)

Because ns = n5/6+5m, the estimate (20.2) is equivalent to

c n−5/6+15m ≤ Ψn(β2)− Ψn(0) ≤ C n−5/6+95m. (20.5)

Gaussian hierarchies. To prove (20.5), OpenAI compares Ψn with the pressures of
Gaussian hierarchies [81, Section 2.1]. Let 0 = m0 < m1 < · · · < mL+1 = 1, and let b
and ĥ be nonnegative nondecreasing functions of the mass ū ∈ [0, 1) that are constant on
each interval [mj, mj+1). We call b and ĥ the matrix and the field covariance paths. Their
increments at mj define independent centered Gaussian processes on Σn, with covariances
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(b(mj)− b(mj−)) nR(x, y)2/2 and (ĥ(mj)− ĥ(mj−)) nR(x, y), where b(0−) = ĥ(0−) = 0.
Together they form the stage at mass mj. Let Ξ be the sum of all stages. Starting from
log(2−n ∑x eΞ(x)), we integrate the stages in the order j = L, . . . , 0. The stage at mass mj is
integrated by the Gaussian integration step X 7→ m−1

j log EjemjX of Definition 4.1, where

Ej is the expectation over that stage, and by X 7→ EjX if mj = 0. The pressure fn(b, ĥ) is
the resulting number divided by n, with b(1−)/4 and ĥ(1−)/2 subtracted. It extends to
bounded nondecreasing paths by approximation [81, Proposition 2.14]. The associated
path law is the law of the stages and of a configuration x obtained as follows. Given the
earlier stages, the stage at mass mj is drawn from the tilted Gaussian kernel (4.2) of this
recursion; then x is drawn from the Gibbs measure eΞ(x)/ ∑y eΞ(y). For ū ∈ [0, 1), let x1

and x2 be two configurations that share the stages up to mass ū and are conditionally
independent given them. We set Sū = ER(x1, x2), Bū = ER(x1, x2)2, and D2

ū = Bū − S2
ū

[81, Lemma 2.1]. By [81, Lemma 2.2], a variation of the paths changes fn by

d fn = −1
4

∫ 1

0
Bū db(ū) dū − 1

2

∫ 1

0
Sū dĥ(ū) dū.

Such hierarchies descend from the Parisi recursion and Guerra’s interpolation [59, 91].
The path law and the variance bound with deterministic weights, on which their moment
estimates rest, are from [8, Section 2 and Proposition 2.2]. The other basic tools are
moment bounds under the path law [81, Lemma 2.3] and a differentiation formula for
expectations over finite trees of replicas [81, Proposition 2.5].

In this notation, Ψn(ε) = fn(β2 − ε1[0,s), 0) + β2/4+ log 2: the matrix covariance β2 − ε

is integrated at mass zero, and the remaining covariance ε at mass s [81, Section 7,
opening]. By the variation formula, the derivative of Ψn is 1

4

∫ s
0 Bū dū ∈ [0, s/4] at each

point of differentiability, and 0 ≤ Ψn(ε′)− Ψn(ε) ≤ s(ε′ − ε)/4 for ε ≤ ε′. The function
Ψn is nondecreasing.

Comparisons. A comparison [81, Section 3.1, (3)–(6)] has parameters d and E with
n−2/3+md ≲ E ≤ n−1/2d2. We write x =

√
nE/d; this is the smallest scale at which the

profile of its minimizers is examined. The comparison acts on a mass interval [ū0, 1],
where ū0 = 0 or ū0 = o(x). It starts from unperturbed paths (b0, ĥ0) that are bounded
and nondecreasing on [ū0, 1] and satisfy b0(ū) = β2 + o(ū2) and ĥ0(ū) = o(ū3) for ū ≳ x
[81, (4)]. Let f be a fixed smooth positive function that equals 1 near 0 and is comparable
to (1+ log t)/t for large t, with logarithmic slope −t f ′(t)/ f (t) nondecreasing from 0 to 1.
We set e(r) = λ̂ f (λ̂r/d3), where 0 ≤ λ̂ ≤ d2 is the strength. For a nondecreasing overlap
quantile r on [ū0, 1], the perturbed paths are b0 − e(r) and ĥ0 + e(r)r on [ū0, 1], and b0 and
ĥ0 below ū0; here e(r) is the function ū 7→ e(r(ū)). The comparison minimizes

F
λ̂
(r) = fn

(
b0 − e(r), ĥ0 + e(r)r

)
+

1
4

∫ 1

ū0

e(r(ū)) r(ū)2 dū
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over a compact class of quantiles [81, (5)]. This class is defined by two-sided bounds on the
derivative of the inverse function of r and by a prescribed initial value r(ū0) = rmin ≥ 0,
which we call the lower radius; rmin = 0 when ū0 = 0. The minimum M

λ̂
is attained.

The comparison is admissible at strength λ̂ if the perturbed paths are nonnegative and
nondecreasing on [0, 1) for every quantile in the class. For a comparison admissible
at every λ̂ ∈ [0, d2], including λ̂ = 0, where the perturbed paths are (b0, ĥ0), we have
M0 = fn(b0, ĥ0), and M

λ̂
is locally Lipschitz in λ̂. At almost every λ̂ > 0, its derivative

in log λ̂ is at most
1
4

∫ 1

ū0

e(r(ū))
[
D2

ū + (Sū − r(ū))2] dū

for every minimizer r at strength λ̂, where the moments are those of the perturbed paths
[81, Lemma 3.1]. Now let λ̂ ≥ n−10, and suppose that a minimizer at strength λ̂ satisfies
the two-sided linear bound cū ≤ r(ū) ≤ Cū, with fixed constants c, C > 0, for all masses ū
above A

λ̂
= nδ

√
nE/

√
λ̂; this assumption is not needed when A

λ̂
stays bounded below

by a fixed positive constant. The last integral is then at most n10δE. If the comparison
is admissible at every strength and this holds at every strength λ̂ ≥ n−10, integration in
log λ̂ gives the comparison bound

0 ≤ Md2 − fn(b0, ĥ0) ≤ n20δE (20.6)

[81, Propositions 3.9 and 3.10]. The next two steps establish the two-sided linear bound
for the minimizers.

The one-site cavity estimate and the linear profile. Consider a minimizer at a positive
strength and a scale x → 0. Suppose that the minimizer satisfies the two-sided linear
bound above a fixed multiple of x, and that x ≳ x, e(x)x2 ≳ nE2, and e(x) ≳ x2 [81,
Section 4, opening]. The last condition says that the strength is comparable to the scale.
We write K = ĥ + bS, where b and ĥ are the perturbed paths and S is the function ū 7→ Sū.
Let ΓK(ū) be the second moment, under the path law, of the conditional mean of the
spin given the stages up to mass ū, in the hierarchy with n = 1, field covariance path K,
and no matrix covariance. A one-site cavity estimate [81, Proposition 4.1] shows that a
mass ū with r(ū) ≤ Cx, cx ≤ ū ≤ Cx, and Dū = o(x) satisfies Sū = ΓK(ū) + o(x3). When
only Dū = O(x) is known, the remainder is O(x3), uniformly over such masses. The
proposition also gives integrated estimates with remainder o(x3) over these ranges, in
mass and in overlap. Its proof removes one spin and controls the resulting susceptibility
correction through identities for a fixed number of additional replicas [81, Sections 4.1–
4.5]. Using this estimate and the first variation of the comparison, OpenAI proves that,
under the same hypotheses, along a subsequence

r(xv)
x

−→ v
γ

locally uniformly in v > 0,
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where γ lies between positive constants that depend only on β and on the bounds on the
paths [81, Theorem 5.1]. The proof identifies the limits of the rescaled scalar and overlap
distributions [81, Lemma 5.4] and derives a limiting scalar equation [81, Lemmas 5.3
and 5.5]. It then excludes gaps in the limiting support by a first-variation argument [81,
Lemma 5.6]. The scalar diffusion identities used there go back to Auffinger and Chen [12,
Proposition 3] and to Jagannath and Tobasco [63, Lemma 8.4]. At macroscopic scales, let
c∗ > 0 be fixed. If x ≥ c∗, e(x)/x2 ≥ c∗, and d2 ≤ β2 − c∗, then the minimizers converge,
in L1 and locally uniformly on (0, 1), to the quantile function of the Parisi measure [81,
Proposition 5.9]. This uses the Parisi formula [103], the uniqueness of the Parisi measure
[13], and the interval support theorem [69, Theorem 1.1], through [81, Lemma 5.8]. Both
statements allow an omitted interval [0, ū0) and a positive lower radius rmin, provided
that the perturbed paths and the competitors used in the first variation are admissible.

Finite propagation. The assumption that the linear bound holds above a multiple of x is
removed in [81, Section 6]. There, in addition, d2 ≤ β2 − c∗. Either the comparison acts on
all masses and b0 is bounded below by a fixed positive constant, or it acts on [ū0, 1], where
b0 is bounded below by a fixed positive constant, and b0 has a fixed positive jump at ū0

[81, Definition 6.1]. The selected alternative must retain a fixed positive margin after the
initial comparison: a lower bound on the matrix covariance on [ū0, 1] and, when the lower
interval is omitted, a positive jump in that covariance from [0, ū0) to [ū0, 1]. A comparison
on an omitted lower interval may instead be followed by comparisons on all masses if its
perturbed matrix path has a global lower bound by a fixed positive constant. Subsequent
comparisons on the omitted lower interval have lower radius zero. Suppose that the
linear bound fails for some minimizer, at some strength λ̂, at some mass at least A

λ̂
. Let

x be such a mass within a factor two of the supremum of these masses, so that the bound
holds above 2x. If e(x)/x2 stays bounded below along a subsequence, [81, Theorem 5.1]
(when x → 0) or [81, Proposition 5.9] (when x stays bounded below) contradicts the
failure, since c and C are chosen outside the bounds of the limiting profiles. Otherwise
e(x)/x2 → 0. In this case OpenAI builds a new comparison, whose unperturbed paths
are the perturbed paths of this minimizer, with

d′ = c0x, E′ = min
{

n−1/2(c0x)2, n−100δe(x)x3}, E′ ≥ nδ/4E

[81, Lemma 6.2]. Suppose that the new comparison satisfies its comparison bound (20.6),
with E′ in place of E, and let r′ be its minimizer at its final strength. The two minimizers
are then close at every scale y ≳ x [81, Lemmas 6.3–6.5]. More precisely, for fixed
[t1, t2] ⊂ (0, ∞) and η > 0, with [t1y, t2y] ⊂ (0, 1) when y is bounded below, the set of
masses ū ∈ [t1y, t2y] with |r(ū)− r′(ū)| > ηy has Lebesgue measure o(y). It follows that
r′ satisfies the linear bound above a multiple of x. We then transfer the linear profile of r′

at scale x, given by [81, Theorem 5.1] or [81, Proposition 5.9], to r, contradicting the failure.
Hence the new comparison violates its comparison bound. By [81, Proposition 3.10], one
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of its minimizers then violates the linear bound, and the argument repeats with E′ in
place of E. The parameter range confines E between fixed multiples of n−5/6+2m and
n−1/2, and each repetition multiplies it by at least nδ/4. Since Nδ/4 ≥ 5/2 > 1/3− 2m for
N = ⌈10/δ⌉, at most N repetitions are possible. Let κ0 > 0 be a fixed lower bound for the
residual matrix covariance and, when required, the residual matrix jump after the initial
comparison. Before n → ∞, we fix c0 > 0 so that Nc2

0 < min{1, κ0/2} and c2
0 ≤ β2 − c∗.

The total matrix covariance removed by the subsequent comparisons is then less than
κ0/2, and the total field covariance added is less than 1. Together with the zero lower
radius for subsequent comparisons on the omitted lower interval, these bounds preserve
nonnegativity, monotonicity, and the fixed bounds on the total covariance throughout the
chain [81, Proposition 6.6, proof]. The conclusion is [81, Proposition 6.6]: every minimizer
at a positive strength satisfies the linear bound above A

λ̂
, and (20.6) holds when the

comparison is admissible at every strength. The linear bound also holds, uniformly in
the parameters, for the comparisons with a low-field perturbation used below, which are
admissible only at their final strength [81, Corollary 6.7].

The lower bound. Let ε = n−1/3, d = s, and E = n−2/3+2ms. OpenAI applies a com-
parison on all masses whose unperturbed paths (β2 − ε1[0,s), 0) are those of Ψn(ε). It
combines (20.6) with the chord inequality

fn(b′, ĥ′) ≤ fn(b, ĥ) +
1
4

∫ 1

0

(ĥ(ū)− ĥ′(ū))2

b′(ū)− b(ū)
dū,

valid for bounded nonnegative nondecreasing paths with b′ ≥ b, ĥ′ = ĥ wherever b′ = b,
and a finite right side [81, Lemma 7.1], and with [81, Proposition 6.6], which gives r ≍ s
on [s/2, s] at a minimizer. The result is

Ψn(ε)− Ψn(0) ≥ c εs3 − n20δE = c n−5/6+15m − n−5/6+7m+20δ

[81, Section 7.1, (30)]. The second term is smaller than the first by the factor n−8m+20δ.
Since Ψn is nondecreasing, we have Ψn(β2) − Ψn(0) ≥ Ψn(ε) − Ψn(0), and the lower
bound in (20.5) follows.

The upper bound. An initial comparison on all masses, with dN = n−1/6+25m, bounds
Ψn(ε0) − Ψn(0), where ε0 = n−1/3+40m [81, Section 7.2]. Starting at ε0, OpenAI then
iterates

ε 7−→ ε + qε, qε =
1
4 min{ε, β2 − ε},

until β2 − ε ≤ n−5. Below β2/2 the parameter ε grows by the factor 5/4, and above it
β2 − ε shrinks by the factor 3/4, so O(log n) steps suffice. Each step uses a comparison on
[s, 1] with d = n−1/6+15m and E = n−2/3+10md. Its lower radius is rmin = ū∗/(2M(s)) ≍
n−1/6−55m−δ, where ū∗ = (nE)−1 and M(ū) is the upper bound on the derivative of the
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inverse quantile in [81, (5)]. The comparison also includes a low-field perturbation of
strength θ ∈ [0, 1] on the lower interval [0, s), which lowers the matrix covariance on
that interval by θcL and raises the field covariance by θcLr0φ [81, Section 7.3]. Here
cL = 1

2 min{ε, β2 − ε}, r0 = d2rmin/(2ε), and φ increases from 0 to 1 on [0, s]. These
comparisons are admissible at their final strength d2, and their minimizers satisfy the
linear bound above the scale d, uniformly in ε and θ [81, Lemma 7.2]. This uses [81,
Corollary 6.7] at a fixed positive strength and requires no integration from strength zero.
On the lower interval, Sū ≤ Cd3/ε for 0 ≤ ū < s [81, Lemma 7.3]. Integrating in θ

from 0 to 1, and comparing with Ψn(ε + qε) by the chord inequality, OpenAI obtains [81,
Lemma 7.4]

Ψn(ε + qε)− Ψn(ε) ≤ n20δE + C
[ sd6

ε0
+

d
nsrmin

(log n)3 + n−10
]
.

By the bound on the derivative of Ψn, the last interval, of length at most n−5, costs at
most sn−5/4. Summing over the steps, we have [81, Section 7.4]

Ψn(β2)− Ψn(0) ≤ C
[
n−5/6+95m + n−5/6+65m+δ(log n)4 + n−5/6+27m+20δ log n + n−5s

]
.

(20.7)
Table 20.1 lists the powers of n that enter the two bounds. In (20.7), the first term
dominates for large n, because 65m + δ and 27m + 20δ are both smaller than 95m when
δ = m/10000; the logarithmic factors are absorbed by the remaining powers. Multiplying
(20.5) by ns = n5/6+5m turns the exponents −5/6 + 15m and −5/6 + 95m into 20m and
100m, and we obtain (20.2).

Table 20.1. The terms in the proof of (20.5) in [81, Section 7], with logarithmic factors and constants
suppressed. Here s = n−1/6+5m, dN = n−1/6+25m, ε0 = n−1/3+40m, d = n−1/6+15m, E = n−2/3+10md,
and rmin ≍ n−1/6−55m−δ. The middle column refers to the sections of [81].

Term In [81] Power of n

main term εs3 of the lower bound, ε = n−1/3 Section 7.1 −5/6 + 15m
error n20δE of the lower comparison Section 7.1 −5/6 + 7m + 20δ

chord term sε0d2
N of the initial comparison Section 7.2 −5/6 + 95m

error of the initial comparison Section 7.2 −5/6 + 27m + 20δ

error n20δE of one step Section 7.4 −5/6 + 25m + 20δ

sd6/ε0 Section 7.4 −5/6 + 55m
d/(nsrmin) Section 7.4 −5/6 + 65m + δ

The order in which the parameters are chosen matters. In [81], m is fixed first and
δ = m/10000. Then the constants in the two-sided linear bound, the depth N, and the
coefficient c0 are fixed, and only then does n tend to infinity. The resulting threshold in n
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is uniform in ε, θ, the strength, and the minimizer. This uniformity is needed because the
number and the locations of the steps depend on n.

20.3 Log-concave augmentation

A two-sided bound on Kn at a single tilt does not by itself control Var(Fn) or the typical
size of Fn − EFn: a rare large positive deviation can dominate an exponential moment,
and a rare negative deviation can dominate the variance without changing the positive
exponential moment [81, Section 7.5]. The additional input is that Fc

n has a log-concave
law after an independent exponential variable is added. This observation is due to
Aronow and Lopatto [8, Proposition 5.1, proof, Steps 1 and 2], and [81, Lemma 7.6]
states it in the present setting. Let E be an exponential random variable with mean one,
independent of J and G. We set

Un = Fc
n + E = Fn + βG + E , σn =

(
Var(Fn) + β2/2 + 1

)1/2. (20.8)

Lemma 20.2 (Log-concave augmentation). Let n ≥ 2 and β ̸= 0. Then Un has a density
ϱn : R → (0, ∞) such that log ϱn is concave. Moreover, EUn = EFn + 1, Var(Un) = σ2

n, and
for 0 ≤ t < 1,

log Eet(Un−EUn) = Kn(t)− t − log(1 − t). (20.9)

Proof. We follow [8, Proposition 5.1, proof] and [81, Lemma 7.6]. The proof has three
steps: we write Fc

n as a convex function of a standard Gaussian vector, use the gauge
symmetry of the model to express ϱn through a single configuration, and then apply
Prékopa’s theorem.

Step 1: a Gaussian representation. Let n̄ = n(n − 1)/2 + 1, and let g = ((Jij)i<j, g0) be
a standard Gaussian vector in Rn̄ with G = g0/

√
2. For x ∈ Σn, we define ax ∈ Rn̄ by

(ax)ij = βxixj/
√

n for i < j and (ax)0 = β/
√

2. Then β(Hn(x) + G) = ax · g, and

Fc
n = F(g), F(g) = log ∑

x∈Σn

eax·g.

The function F is convex, as the logarithm of a sum of exponentials of linear functions.

Step 2: gauge symmetry. For y ∈ Σn, let Oy : Rn̄ → Rn̄ be the linear map with (Oyg)ij =

yiyjgij for i < j and (Oyg)0 = g0. It is diagonal with entries ±1. It is therefore orthogonal,
and it preserves the law of g. Writing yx = (yixi)i≤n, we have ax ·Oyg = ayx · g. Summing
over x and using that x 7→ yx is a bijection of Σn, we obtain F(Oyg) = F(g).

The density of Un = F(g) + E is the convolution of the law of F(g) with the density
e−y1{y≥0}, namely

ϱn(z) = E
[
eF(g)−z1{F(g)≤z}

]
= e−z ∑

x∈Σn

E
[
eax·g1{F(g)≤z}

]
, z ∈ R.
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This expectation is finite, since its integrand is at most 1. Fix x∗ ∈ Σn and write a∗ = ax∗ .
For x ∈ Σn, let y ∈ Σn be given by yi = xix∗,i, so that yx∗ = x. Using ax · g = a∗ · Oyg,
F(g) = F(Oyg), and the invariance of the law of g under Oy, we find that

E
[
eax·g1{F(g)≤z}

]
= E

[
ea∗·Oyg1{F(Oyg)≤z}

]
= E

[
ea∗·g1{F(g)≤z}

]
.

All 2n terms of the sum are therefore equal, and

ϱn(z) = 2n(2π)−n̄/2
∫

Rn̄
Θ(g, z) dg, Θ(g, z) = exp

{
−|g|2

2
+ a∗ · g − z

}
1{F(g)≤z}.

(20.10)

Step 3: log-concavity and positivity. The set {(g, z) ∈ Rn̄+1 : F(g) ≤ z} is convex, since
it is the epigraph of the convex function F. On this set, log Θ(g, z) = −|g|2/2 + a∗ · g − z
is concave, and Θ vanishes off it; that is, Θ is a log-concave function on Rn̄+1. Since
F(g) ≥ a∗ · g, we have a∗ · g − z ≤ 0 wherever F(g) ≤ z, and hence 0 ≤ Θ(g, z) ≤ e−|g|2/2

for every (g, z). Moreover,∫
R

Θ(g, z) dz = e−|g|2/2+a∗·g−F(g) ≤ e−|g|2/2.

Every slice g 7→ Θ(g, z) is therefore integrable, and Θ is integrable on Rn̄+1 by Tonelli’s
theorem. By Prékopa’s theorem [96, Theorems 6 and 8], the integral of a log-concave
function over some of its variables is log-concave in the remaining ones. Then (20.10)
implies that log ϱn is concave. To see that ϱn(z) > 0 for every z, note that F(g) =

log Zn + βg0/
√

2. For fixed J, the set of g0 with F(g) ≤ z is a half-line, since β ̸= 0. By
Fubini’s theorem, {g : F(g) ≤ z} has positive Lebesgue measure, and the integrand in
(20.10) is positive on it.

Finally, J, G, and E are independent, EG = 0, EE = Var(E) = 1, and Var(βG) = β2/2.
It follows that EUn = EFn + 1 and Var(Un) = σ2

n. For 0 ≤ t < 1, we have Eet(E−1) =

e−t/(1 − t), and (20.9) follows from the independence of Fc
n and E .

The next lemma collects the estimates for one-dimensional log-concave laws that
we need. It is a variant of [81, Lemma 7.7]; the tail bound in its proof is also in [8,
Proposition 5.1, proof, Step 3].

Lemma 20.3 (One-dimensional log-concave bounds). There exist universal constants
c1, c2, p∗, C1 > 0 with the following property. Let Z be a real random variable with mean µ

and finite variance σ2 > 0, and suppose that Z has a density ϱ : R → (0, ∞) such that log ϱ is
concave. Then

log Eet(Z−µ) ≤ log 3
(
|t| ≤ c1

2σ

)
, (20.11)

log Eet(Z−µ) ≥ tc2σ + log p∗ (t ≥ 0), (20.12)

P{z − r ≤ Z ≤ z + r} ≤ 2C1r
σ

(z ∈ R, r ≥ 0). (20.13)
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In (20.12), the left side may be +∞.

Proof. We show that the lemma holds with

c1 =
log 3

4
, C2 =

48
c4

1
, c2 =

1
4
√

C2
, p∗ = c2

2,

and
C1 =

(
16 +

4
c3

3

)1/2
, c3 =

log 2
4

.

We first prove a tail bound and then the three assertions in order.

Step 1: an exponential tail bound. The function (x, y) 7→ 1{y≥x}ϱ(y) is log-concave on
R2. By Prékopa’s theorem [96, Theorems 6 and 8], the survival function Q(x) = P(Z ≥ x)
is log-concave. It is positive, because ϱ > 0. By Chebyshev’s inequality,

Q(µ − 2σ) ≥ 1 − P(|Z − µ| ≥ 2σ) ≥ 3
4

, Q(µ + 2σ) ≤ P(|Z − µ| ≥ 2σ) ≤ 1
4

.

Let x ≥ µ + 2σ. Since log Q is concave, the slope of its secant over [µ + 2σ, x] is at most
its slope over [µ − 2σ, µ + 2σ], which is at most (log 1

4 − log 3
4)/(4σ) = −c1/σ. This gives

Q(x) ≤ 1
4

e−c1(x−µ−2σ)/σ =

√
3

4
e−c1(x−µ)/σ,

where we used e2c1 =
√

3. The variable −Z satisfies the same hypotheses, with mean −µ.
Applying the same bound to it and adding, we find P(|Z − µ| ≥ u) ≤ (

√
3/2)e−c1u/σ for

u ≥ 2σ. For 0 ≤ u < 2σ, we have 2e−c1u/σ ≥ 2/
√

3 > 1. We conclude that

P(|Z − µ| ≥ u) ≤ 2e−c1u/σ (u ≥ 0). (20.14)

Step 2: small tilts. Let |t| ≤ c1/(2σ) and ℓ = |t|. Writing eℓ|Z−µ| = 1 +∫ ∞
0 ℓeℓu1{|Z−µ|>u} du and using (20.14), we obtain

Eet(Z−µ) ≤ Eeℓ|Z−µ| ≤ 1 + 2ℓ
∫ ∞

0
e(ℓ−c1/σ)u du = 1 +

2ℓ
c1/σ − ℓ

≤ 3.

In the last inequality, we used c1/σ − ℓ ≥ c1/(2σ) ≥ ℓ. This proves (20.11).

Step 3: positive tilts. We use the fourth-moment and positive-part argument of [81,
Lemma 7.7, proof]. Let Ẑ = (Z − µ)/σ, so that EẐ = 0 and EẐ2 = 1. By (20.14),

EẐ4 =
∫ ∞

0
4u3 P(|Ẑ| ≥ u) du ≤ 8

∫ ∞

0
u3e−c1u du =

48
c4

1
= C2.

By Hölder’s inequality with exponents 3/2 and 3, we have 1 = E
[
|Ẑ|2/3|Ẑ|4/3] ≤

(E|Ẑ|)2/3(EẐ4)1/3, which implies that E|Ẑ| ≥ C−1/2
2 . The positive part Ẑ+ satisfies
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EẐ+ = E|Ẑ|/2 ≥ C−1/2
2 /2 = 2c2, because EẐ = 0. We have Ẑ+ < c2 on {Ẑ < c2}. Using

this, the Cauchy–Schwarz inequality, and EẐ2
+ ≤ 1, we obtain

2c2 ≤ EẐ+ ≤ c2 + E
[
Ẑ+1{Ẑ≥c2}

]
≤ c2 + P(Ẑ ≥ c2)

1/2.

Rearranging, we find P(Ẑ ≥ c2) ≥ c2
2 = p∗. For t ≥ 0, restricting the expectation to

{Ẑ ≥ c2}, we obtain Eet(Z−µ) = EetσẐ ≥ etc2σ p∗, which is (20.12).

Step 4: the density. We adapt the log-density secant argument of [81, Lemma 7.7, proof],
using an arbitrary point in place of a mode. Fix z ∈ R, and set ℓ = 4/ϱ(z). Suppose that
ϱ(z + ℓ) ≥ ϱ(z)/2. Since log ϱ is concave, for 0 ≤ y ≤ ℓ we have

log ϱ(z + y) ≥
(

1 − y
ℓ

)
log ϱ(z) +

y
ℓ

log ϱ(z + ℓ) ≥ log
ϱ(z)

2
,

so that
∫ z+ℓ

z ϱ ≥ ℓϱ(z)/2 = 2, which is impossible. We conclude that ϱ(z + ℓ) <

ϱ(z)/2. For y ≥ ℓ, the slope of the secant of log ϱ over [z, z + y] is at most its slope
over [z, z + ℓ], which is less than −(log 2)/ℓ = −c3ϱ(z). Exponentiating, we find that
ϱ(z + y) ≤ ϱ(z)e−c3ϱ(z)y for y ≥ ℓ, and by the same argument applied to y 7→ ϱ(z − y),
also ϱ(z − y) ≤ ϱ(z)e−c3ϱ(z)y for y ≥ ℓ. Since the mean minimizes the mean square
distance, we have

σ2 ≤ E(Z − z)2 ≤ ℓ2 P(|Z − z| < ℓ) + 2
∫ ∞

ℓ
y2ϱ(z)e−c3ϱ(z)y dy

≤ 16
ϱ(z)2 +

4
c3

3ϱ(z)2
=

C2
1

ϱ(z)2 .

In the second inequality, we bounded (Z − z)2 by ℓ2 on {|Z − z| < ℓ} and used the two
exponential bounds on the complement. This shows that ϱ(z) ≤ C1/σ for every z ∈ R,
and integrating over [z − r, z + r] proves (20.13).

20.4 Proof of the fluctuation theorem

The argument below is that of [81, Section 7.6], with two elementary changes: we use the
constant bound (20.11) for small tilts in place of the quadratic bound of [81, Lemma 7.7],
and we remove the added noise through the inequality (20.17) below.

Proof of Theorem 1.6 from Proposition 20.1. The proof has three steps. We first bound σn

above and below, using the two halves of (20.2) together with Lemmas 20.2 and 20.3. We
then subtract the variance of the added noise to obtain the bounds on Var(Fn). Finally,
we use the bound (20.13) on the density of Un to show that |Fn − EFn| is rarely smaller
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than n1/6−η. Throughout, c1, c2, p∗, C1 are the universal constants of Lemma 20.3, and we
write

dβ =
β2

2
+ 1, so that Var(Fn) = σ2

n − dβ.

By Lemma 20.2, the variable Z = Un satisfies the hypotheses of Lemma 20.3, with
µ = EUn and σ = σn ≥ 1.

Step 1: bounds on σn. Fix 0 < m < 1/300, and let c, C, n0 be as in Proposition 20.1. Let
ω(t) = −t − log(1 − t) for 0 ≤ t < 1. Since ω(t) = ∑k≥2 tk/k, we have

0 ≤ ω(t) ≤ t2

2(1 − t)
≤ t2

(
0 ≤ t ≤ 1

2

)
.

By (20.9), log Eet(Un−EUn) = Kn(t) + ω(t). Let n1 ≥ n0 be such that sn ≤ 1/2 and
c n20m > log 3 for all n ≥ n1, and let n ≥ n1. If sn ≤ c1/(2σn), then (20.11) and ω ≥ 0
imply that Kn(sn) ≤ log 3, which contradicts the lower bound in (20.2). It follows that
σn > c1/(2sn). On the other hand, (20.12) and the upper bound in (20.2) give

snc2σn + log p∗ ≤ Kn(sn) + ω(sn) ≤ C n100m + 1.

Using p∗ < 1 and n100m ≥ 1, we find σn ≤ C′n100m/sn with C′ = (C + 1 + log(1/p∗))/c2.
We have shown that

c1

2
n1/6−5m ≤ σn ≤ C′n1/6+95m (n ≥ n1). (20.15)

Now fix η > 0, and let m = min{1/600, η/200}. Then 0 < m < 1/300, 5m < η, and
95m < η. Since nη−5m and nη−95m tend to infinity, (20.15) implies that there exists n2(β, η)

such that
n1/6−η ≤ σn ≤ n1/6+η (n ≥ n2(β, η)). (20.16)

Here m depends only on η and is chosen before n → ∞; the threshold n2 depends only
on β and η.

Step 2: the standard deviation and the variance. Fix η > 0. By (20.16) and Var(Fn) ≤
σ2

n, we have Var(Fn)1/2 ≤ n1/6+η for n ≥ n2(β, η). For the lower bound, let η′ =

min{η/2, 1/12}. By (20.16) with η′ in place of η, we have σ2
n ≥ n1/3−2η′

for n ≥ n2(β, η′).
Since 1/3 − 2η′ ≥ 1/6 > 0, we have dβ ≤ n1/3−2η′

/2 for all sufficiently large n, and then

Var(Fn) = σ2
n − dβ ≥ 1

2
n1/3−2η′ ≥ n1/3−2η.

The last inequality holds once n2η−2η′ ≥ 2, which is true eventually because 2η − 2η′ ≥
η > 0. Taking square roots, we conclude that n1/6−η ≤ Var(Fn)1/2 ≤ n1/6+η for all
sufficiently large n, for every fixed η > 0. This is (1.4). Applying it with η/2 in place of η

and squaring, we obtain n1/3−η ≤ Var(Fn) ≤ n1/3+η for all sufficiently large n, which is
(1.5).
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Step 3: the typical magnitude. We have Un − EUn = (Fn − EFn) + βG + (E − 1). Let
r ≥ 0 and v > 0. On the event {|Fn − EFn| ≤ r} ∩ {|βG| ≤ v} ∩ {|E − 1| ≤ v}, we have
|Un − EUn| ≤ r + 2v. A union bound, (20.13) with z = EUn, and Chebyshev’s inequality
for βG and E , whose variances are β2/2 and 1, give

P(|Fn − EFn| ≤ r) ≤ 2C1(r + 2v)
σn

+
dβ

v2 . (20.17)

Fix η > 0, and set η1 = min{η/4, 1/48}, r = n1/6−η, and v = nη1 . By (20.16) with η1 in
place of η, we have σn ≥ n1/6−η1 for n ≥ n2(β, η1), and then (20.17) gives

P
(
|Fn − EFn| ≤ n1/6−η

)
≤ 2C1

(
nη1−η + 2n2η1−1/6)+ dβn−2η1 .

Since η1 − η ≤ −3η/4 and 2η1 − 1/6 ≤ −1/8, the right side tends to zero. For the upper
tail, Chebyshev’s inequality and the bound on the variance from Step 2 give

P
(
|Fn − EFn| > n1/6+η

)
≤ Var(Fn)

n1/3+2η
≤ n−η

for all sufficiently large n. Combining the two bounds, we find that P{n1/6−η ≤ |Fn −
EFn| ≤ n1/6+η} → 1 for every fixed η > 0, which is (1.6). This completes the proof.



section 21

The finite-size mean bias

In this section, we prove Corollary 1.7, the lower bound with exponent 5/6 on the mean
bias ∆n,β = Pβ − pn(β) stated in the introduction. Combined with the upper bound of
Aronow and Lopatto (Theorem 4.11), it shows that, for every fixed β > 1 and ε > 0,
we have cβ,εn−5/6−ε ≤ ∆n,β ≤ Cbn−7/10 for all sufficiently large n. If ∆n,β = n−a+o(1)

for some exponent a, then 7/10 ≤ a ≤ 5/6 (Remark 21.3). Corollary 1.7 follows from
the lower bound on the variance in Theorem 1.6 and from a variance–bias inequality of
Aronow and Lopatto (Proposition 21.1). The deduction itself is not new: Aronow and
Lopatto record it in [6, Section 1.6, p. 11], as a consequence of the variance exponent
stated in [81, Theorem 1.1]. Here we formally verify this deduction with a Lean proof that
follows the argument of Section 21.2 and composes the formal proof of Theorem 1.6 with
a formal proof of Proposition 21.1 (see Section 22.2). We include the short written proof
for completeness, and in Remarks 21.2 and 21.3 we discuss what it does not determine.
Section 23 returns to the exact exponent of the mean bias.

Recall from Section 3 that pn(β) = n−1EFn, with Fn = log Zn, that Pβ = limn pn(β),
and that ∆n,β = Pβ − pn(β) ≥ 0 for every n ≥ 2 (see (3.4)).

21.1 The variance–bias inequality

Proposition 21.1 (Variance–bias inequality). Fix β > 1. There exists a constant cβ > 0 such
that, for every n ≥ 2,

∆n,β ≥ cβ

(Var(Fn) + β2/2
n

)5/4
. (21.1)

This is [8, Remark 7.14, (7.68)], which restates [8, Lemma 7.4] in the normalization
of the log partition function. The normalization of [8, (1.1)] is ours: the Hamiltonian
is n−1/2 ∑i<j Jijxixj, the partition function is a sum over Σn with counting measure, β

multiplies the Hamiltonian, and the Parisi value has the terminal condition log(2 cosh z).
The inequality (21.1) is [8, (7.68)] verbatim; there it is stated for every n ≥ 1. The term
β2/2 is the variance of the completion βG (Lemma 3.1), and Var(Fn) + β2/2 = Var(Fc

n)

for the completed log partition function Fc
n = Fn + βG.

We recall the argument of [8, Lemma 7.4], which works with the variable Fc
n/β.

For t > 0, let Λ(t) = (nt)−1 log EetFc
n/β, and let Λ(0) = EFc

n/(βn) = pn(β)/β. Since
Fc

n/β is a convex Lipschitz function of a standard Gaussian vector, [8, Lemma 5.2],

311
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which rests on W.-K. Chen’s convexity theorem for Gaussian logarithmic moments [37,
Theorem 1], shows that Λ is convex with Λ′(0) = V/2, where V = Var(Fc

n)/(β2n).
By convexity, Λ(t) ≥ Λ(0) + tV/2: a gain linear in t and proportional to the variance.
On the other hand, the finite-size comparison [8, (7.1)] and the fifth-order bound for a
scalar trial profile [8, Lemma 7.2, (7.3)] give Λ(t) ≤ Pβ/β + Ct5 for small t > 0. Here
C and the range 0 < t ≤ t∗ of the trial bound depend only on β. Subtracting, we see
that ∆n,β/β is at least tV/2 − Ct5. The gradient of Fc

n/β is a convex combination of
vectors of squared norm n/2, and the Gaussian Poincaré inequality [28, Theorem 3.20],
which is the Gaussian case of the Brascamp–Lieb bound in Proposition 4.21 [30], gives
Var(Fc

n) ≤ β2n/2; also Var(Fc
n) ≥ Var(βG) = β2/2. We conclude that 0 < V ≤ 1/2. With

c′ = min{1, t∗, (4C)−1/4} and t = c′V1/4, we have t ≤ t∗ and

∆n,β

β
≥ c′

2
V5/4 − C(c′)5V5/4 ≥ c′

4
V5/4.

Since V = β−2(Var(Fn) + β2/2)/n, multiplying by β gives (21.1) with cβ = (c′/4)β−3/2,
independent of n.

21.2 Proof of the mean-bias bound

Proof of Corollary 1.7. Fix β > 1 and ε > 0. By the lower bound in (1.5), applied with
η = 4ε/5, there exists n0(β, ε) ≥ 2 such that

Var(Fn) ≥ n1/3−4ε/5 (n ≥ n0(β, ε)).

Since t 7→ t5/4 is increasing on [0, ∞), we may drop the term β2/2 in (21.1). Inserting the
variance bound, we obtain, for n ≥ n0(β, ε),

∆n,β ≥ cβ

(
n1/3−4ε/5−1)5/4

= cβ n−5/6−ε,

where we used 5
4

(
−2

3 −
4ε
5

)
= −5

6 − ε. Multiplying by n, we find nPβ − EFn ≥ cβn1/6−ε.
This proves Corollary 1.7 with cβ,ε = cβ and this threshold n0(β, ε); only the threshold
depends on ε.

If we use instead the earlier lower bound Var(Fn) ≥ c n4/15 of [8, Theorem 1.4], the
same computation yields ∆n,β ≥ c n−11/12, which is how the lower bound on the mean
bias in [8, Theorem 1.4] is obtained there. Using the variance exponent 1/3 gives 5/6 + ε

in place of 11/12, as already observed in [6, Section 1.6, p. 11].
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21.3 What the bound does not determine

Remark 21.2 (A positive variance prefactor). If there were a constant kβ > 0 such that
Var(Fn) ≥ kβn1/3 for all sufficiently large n, the same computation would give

∆n,β ≥ cβk5/4
β n−5/6 (21.2)

for all sufficiently large n. This is [6, (1.4), p. 11], where Aronow and Lopatto note that
it would follow from the positive limit of n−1/3 Var(Fn) claimed in [82, Theorem 1.2].
Theorem 1.6 does not give such a prefactor: a variance equal to n1/3/ log n, for example,
is of the form n1/3+o(1), and inserting it in (21.1), we obtain (21.2) only up to the factor
(log n)−5/4. We therefore prove the bound with exponent 5/6 + ε, not (21.2).

Remark 21.3 (The exponent of the mean bias). For every fixed β > 1, Aronow and Lopatto
prove that ∆n,β ≤ Cbn−7/10 for n ≥ 2 [6, Theorem 1.1]. Combined with Corollary 1.7,
this bound implies that if ∆n,β = n−a+o(1) for some exponent a, then 7/10 ≤ a ≤ 5/6 [6,
Section 1.6, p. 11]. The exact exponent is not determined by these bounds. Franz, Parisi,
and Ricci-Tersenghi predict a = 3/4, possibly with logarithmic corrections [56, (13)–(17)];
this prediction is consistent with both bounds.



part vi

Formal verification and open problems



section 22

Formal verification

The assembled Palomar submission https://github.com/pmaronow/fluctuations-p
alomar exposes five claims through Solution.lean, selected by comparator.json; its
independent Challenge.lean contains those five claims. The combined package passed
the recorded checks on 19 October 2026 (20 October UTC), for proof-source commit
5551e62264a270fd5dcd396f36389eaf77eddebc. The default build succeeded using
unchanged compiled objects, and a strict axiom audit accepted all five exports with
only propext, Quot.sound, and Classical.choice. A fresh protected Comparator run
compiled the independent Challenge, compared the five statements and their complete
reachable helper dependencies, and replayed the Solution export through Lean’s kernel,
NanoDa, and con-ron. All three accepted it. The records are published at https:
//github.com/pmaronow/fluctuations-palomar/tree/351cc102439ff1d741d240391d
fb62258605b4d2/verification. All Lean sources and build/comparison controls are
unchanged from the verified proof-source commit. These checks concern the combined
five-claim package; the source-package checks below, including the historical 47-claim
upper-bound check, retain their original scope.

In this section, we describe formal proofs of the four results Theorems 1.1 and 1.6
and Corollaries 1.2 and 1.7 of the lower bound and the fluctuation part in the Lean 4 proof
assistant [48], built on the Mathlib library [108]. No argument elsewhere in the paper
depends on this section. In Section 22.1, we recall what OpenAI’s public formalization
proves. In Section 22.2, we state the four formal theorems, explain how they correspond to
the statements of this paper, and describe how they were checked. Section 22.3 compares
the formal proof of Theorem 1.1 with the proof in this paper, and Section 22.4 describes
the mathematics that the formal proof of Theorem 1.6 had to supply beyond OpenAI’s
formalization. Section 22.5 describes the upper-bound formalization, and Section 22.6
lists what is not formally verified.

22.1 OpenAI’s formalization

OpenAI’s public repository [83] contains Lean formalizations accompanying [77, 81].
For the barrier, the theorem OAI.SK.main, in the file lean/OAI/Probability/SKBar
riers/Main.lean, states that for every β > 1 two quantities tend to one: the Gibbs
mass, averaged over the disorder, of the initial states whose total variation distance from
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π J at continuous time exp(n1/10000) is greater than 1/4, and the same mass with the
distance after ⌊exp(n1/10000)⌋ discrete attempts. This is the formal counterpart of [77,
Theorem 1.1]; the repository’s scope document lean/docs/227.md describes it.

For the fluctuations, the theorem main_of_positiveLaplaceWindow, at line 294 of lean
/OAI/Probability/SKFluctuations/EventuallyNatPos.lean, has the hypothesis hw:Po
sitiveLaplaceWindow and the conclusion MainFluctuationStatement. Both propositions
are defined in the file Spin.lean of the same directory, at lines 453 and 531. The
proposition PositiveLaplaceWindow is the statement of Proposition 20.1, for every β > 1
and every 0 < m < 1/300, and MainFluctuationStatement is the conjunction of the three
assertions of Theorem 1.6, for every β > 1 and every η > 0. MainFluctuationStatement
uses the log partition function before completion, normalized as log(2−n ∑x eβHn(x)) =

Fn − n log 2, which has the same variance and the same centered fluctuations as Fn.
PositiveLaplaceWindow uses its Gaussian completion Fc

n − n log 2, whose logarithmic
moment generating function after centering is Kn. OpenAI’s formalization proves the
deduction of Theorem 1.6 from Proposition 20.1 given in [81, Sections 7.5 and 7.6], of
which Sections 20.3 and 20.4 give a variant, but not Proposition 20.1 itself. Aronow and
Lopatto inspected this directory and found no proof of the hypothesis there [6, Section 1.6,
footnote 1]. In the paper [81], by contrast, Proposition 20.1 is proved, as summarized in
Section 20.2.

22.2 Statements of the formal results

We originally formalized the four results in two source packages, one for Theorem 1.1
and Corollary 1.2 and one for Theorem 1.6 and Corollary 1.7. Both use Lean version
v4.35.0-rc2 and Mathlib at commit 065356127b1dc0016f66b7283ce0ce2c4055aa55.
Both include OpenAI’s Lean sources at commit fd4aeeb2ee4fc729c18d98444fed42
fd0529eeeb as a dependency, adapted to the module system of this version of Lean.
The second package also depends on the first, which contains the formal proof of the
variance–bias inequality.

The barrier theorem. The theorem SKBarriers2.mainStatementSevenThirty has type
OAI.SK.Strengthened.MainStatementAt(7/30). This proposition states that for every
β > 1 there exists A > 0 with the following property: for every τ ∈ (0, 1/2), the two
quantities∫

∑
x∈Σn

π J(x) 1{dJ(x,exp(An7/30))>τ} P(dJ),
∫

∑
x∈Σn

π J(x) 1{dJ
disc(x,⌊exp(An7/30)⌋)>τ} P(dJ)

tend to one as n → ∞. These are the two probabilities in Theorem 1.1, written as
in (3.16), and A plays the role of Aβ. As in Theorem 1.1, the coefficient is chosen
before the threshold τ, and the same coefficient serves both clocks. The disorder law,
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the Hamiltonian, the Gibbs measure, the two heat-bath kernels, and the total variation
distances are those of OpenAI’s development. They agree with the definitions in Section 3:
the partition function Zn is a sum over Σn with counting measure, one discrete step is
an update attempt at a uniformly chosen site, an attempt that leaves the configuration
unchanged is counted, and the continuous-time kernel is given by (3.15). Both displayed
quantities are instances of a definition in the development that takes the coefficient, the
exponent of n, and the threshold as arguments. The development proves that the instance
with coefficient 1, exponent 1/10000, and threshold 1/4 is the corresponding quantity
of OpenAI’s theorem. The theorem SKBarriers2.subcriticalStatementSevenThirty,
of type OAI.SK.Strengthened.SubcriticalStatementBelow(7/30), is Corollary 1.2: the
same conclusion with coefficient one, at the time horizons exp(nκ) and ⌊exp(nκ)⌋, for
every 0 < κ < 7/30. The two theorems have no hypotheses.

The fluctuation theorem. The fluctuation theorem is the declaration OAI.SKFluctuat
ions.LaplaceWindowFormalization.main_fluctuation_statement_unconditional_o
riginal_q in the module SKProof.OriginalQUnconditionalMain. Its type is OAI.SK
Fluctuations.MainFluctuationStatement, the definition of OpenAI’s development
described in Section 22.1, and it has no hypotheses. The identifier is only a locator; its
parts are not used as terminology in this paper. In MainFluctuationStatement, the
bounds on the standard deviation and on the variance come with separate thresholds
in n, and their maximum serves as the threshold n0(β, η) of Theorem 1.6. The proof of
the theorem establishes PositiveLaplaceWindow and then applies OpenAI’s theorem
main_of_positiveLaplaceWindow. In other words, our formal proof of Theorem 1.6
consists of a formal proof of Proposition 20.1 together with OpenAI’s formal proof of the
deduction.

The mean-bias corollary. The declaration OAI.SKFluctuations.LaplaceWindowForm
alization.mean_bias_lower_bound_unconditional, in the module SKProof.MeanBi
asLowerBound, has type OAI.SKFluctuations.MeanBias.LowerBoundStatement. This
proposition states that for every β > 1 and every ε > 0, there exist c > 0 and n0 such that

c n−5/6−ε ≤ lim
m→∞

pm(β)− pn(β) (n ≥ n0),

where we write pn(β) = n−1E log ∑x∈Σn eβHn(x), with OpenAI’s disorder law and Hamil-
tonian, which are those of Section 3. Since Pβ = limm pm(β) by definition, this is Corol-
lary 1.7. The development proves that this limit exists and equals the infimum of the
Parisi functional, as in Theorem 4.4.

To prove this bound, we follow the proof of Corollary 1.7 in Section 21.2. We combine
our formal proof of Theorem 1.6 with the theorem QuantitativePaper.short_varian
ce_mean of the Lean development [7] accompanying [6], which is a formal version of
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Proposition 21.1. That theorem concerns the variable Fn/β: for every β0 > 1, there exists
c > 0 such that

c
(Var(Fn/β) + 1/2

n

)5/4
≤

∆n,β

β

for every n ≥ 1 and every β ≥ β0. Since Var(Fn/β) + 1/2 = β−2(Var(Fn) + β2/2), at a
fixed β this is (21.1) with cβ = cβ−3/2. The module SKProof.MeanBiasBridge proves
the identities that connect the two developments: their disorder laws and Hamiltonians
coincide, their expected pressures agree, and OpenAI’s log partition function is Fn −
n log 2, so that its variance is Var(Fn). As in Section 21.2, the lower bound on the variance
in Theorem 1.6, with η = 4ε/5, then gives the exponent −5/6 − ε.

Axioms and the independent check. The four theorems use only the three standard
axioms propext, Classical.choice, and Quot.sound of Lean’s logic. Since they also have
no hypotheses, every result that their proofs use is proved in Lean, in the two packages
or in their dependencies. The upper bounds on the mean bias and on the variance in
Theorems 4.10 and 4.11 and the variance–bias inequality enter the formal proofs as Lean
theorems. The first and the last of these come from [7].

In their source packages, the four theorems also passed an independent check, which
has three parts. First, we wrote out their statements a second time, with every definition
that they involve, in separate files that import only Mathlib and none of our proofs. For
the barrier, these are the definitions of the disorder law, the Hamiltonian, the Gibbs
measure, the heat-bath kernels, the total variation distances, and the two quantities
displayed above. For the fluctuations and the mean bias, they are the definitions on
which MainFluctuationStatement rests, copied from OpenAI’s sources at the commit
cited above, and the definitions of the pressures pn(β) and of their limit. A comparison
confirmed that each proved theorem has exactly the statement written out in this way.
Second, the same comparison confirmed that the proofs use no axioms other than the
three above. Third, the statements and proofs of the theorems were exported from the
compiled packages, with every declaration on which they depend, including the proofs
of all lemmas that they use. This export was checked again by three type checkers for
Lean’s logic: Lean’s own kernel and the external checkers nanoda and con-ron. All
three accepted the barrier statements and, in a separate comparison, both the fluctuation
theorem and the mean-bias corollary. Declarations of the packages that these proofs do
not use are not part of the check.

22.3 The formal and the written barrier proofs

The formal proof of Theorem 1.1 does not follow the proof in this paper in every step.
The paper proves the local three-replica expansion of Proposition 7.13 with a remainder
O(h4k2), where h is the width parameter and k the relative imbalance of (7.1), by estimates
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for smooth limiting flows. The formal proof instead works with finite chains of Gaussian
integrations, using the hierarchical recursion of [77, Section 2] and its accompanying
Lean development [83]. It proves the upper bound contained in (7.35) for these chains,
at the ratio ϑ = 1/2 used in the dynamical argument and on a smaller range of the
relative imbalance k. Its remainder is of order h7/2k2 + h3|k|3 instead of h4k2, up to an
additional error that tends to zero as the length of the chains tends to infinity. Only this
upper bound enters the proof of the uniform cubic deficit in Proposition 7.15, where the
remainder must be small compared with h3k2. The weaker remainder has this property
when h and |k| are small. Either estimate suffices for Theorem 1.1; they lead to different
constants, not to a different exponent.

In the final counting step, the formal proof and Section 12 use the same kind of count.
Only the first reference configuration of each block is counted, and the sign obstruction
follows, as in Proposition 12.2, once a count of the form (12.2) is less than one. The formal
proof passes through finite grids of threshold values, while Section 12 uses the uniform
law of the thresholds directly. We conclude that the formal proof certifies Theorem 1.1
and Corollary 1.2, not every intermediate estimate in the paper’s proof of them.

22.4 The formal proof of the two-sided bound

Our formal proof of Proposition 20.1 follows the route of [81] summarized in Section 20.2,
and its mathematics is that of [81]. We do not claim a new proof of Proposition 20.1 or of
Theorem 1.6, and we do not claim to have found or repaired a gap in the argument of
[81]. What the formalization supplies is a complete treatment of the particular variational
problems to which [81, Section 7] applies the general results of [81, Sections 3–6]. A
paper proof can handle these problems by checking that they satisfy the hypotheses of
general statements. In the formal proof, each such check is carried out in full detail. We
now describe these problems and the cases that arise, in the notation of Section 20.2.

The comparisons and their minimizers. The upper bound in Proposition 20.1 rests on
the comparisons of [81, Section 7.3]. For each ε ∈ [ε0, β2) and θ ∈ [0, 1], we minimize a
functional of the form [81, (6)] over overlap quantiles r on the mass interval [s, 1]. The
lower radius is r(s) = rmin = ū∗/(2M(s)), and the low-field perturbation of strength
θ acts on [0, s). The general results of [81] are stated for the comparison families of
[81, Definition 6.1], which allow a positive lower radius rmin and an omitted lower
interval. All overlap moments in them refer to minimizers of the perturbed paths. In the
formal proof, we establish their hypotheses and conclusions for the minimizers of these
particular functionals and for the finitely many successive comparisons built from them.
For θ = 0, and for the successive comparisons, whose unperturbed paths are nonnegative
and nondecreasing, we do this throughout the strength interval 0 < λ̂ ≤ d2. For θ > 0,
we use the two-sided linear bound only at the fixed final strength λ̂ = d2, uniformly
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in ε, θ, and the minimizer. We use neither a pressure at the unperturbed paths nor an
integration in the strength from zero. This restriction is necessary. Let e

λ̂
be the function

e of Section 20.2 at strength λ̂. Since e
λ̂
(rmin) = λ̂ for large n, the perturbed field path is

nondecreasing at s only if λ̂rmin ≥ θcLr0, that is, only if λ̂ ≥ θcLd2/(2ε).
In the formal proof, we use the strength profile e

λ̂
(r) = λ̂ f̃ (λ̂r/d3), where f̃ (t) = 1 for

t ≤ 1 and f̃ (t) = (1 + log t)/t for t > 1. This function has the monotonicity properties
required of the profile f in [81, (6)]: its logarithmic slope −t f̃ ′(t)/ f̃ (t) equals 0 for t ≤ 1
and log t/(1 + log t) for t > 1. It is continuously differentiable but not smooth at t = 1,
and the parts of the argument that use the profile were carried out for this choice.

The three cases. Consider a minimizer at strength λ̂ and a mass x ≥ A
λ̂

at which the
two-sided linear bound fails, while it holds above 2x, as in the propagation argument of
Section 20.2. There are three cases.

1. Comparable strength at a small scale: x → 0 and e
λ̂
(x)/x2 is bounded below. This

case is excluded by the linear limit of [81, Theorem 5.1], which has to be proved
for minimizers with the positive lower radius rmin. Terms involving rmin enter as
multiples of λ̂rmin, and they are negligible at the cubic scale. To see this, recall from
[81, (3) and (5)] that

x =

√
nE
d

, ū∗ =
1

nE
, L = min

{
ū∗,

x3

d2

}
,

and that the upper bound on the derivative of the inverse quantile is

M(ū) = nδ
[ ū + ū∗

L
+

d3

E
(ū + ū∗)

2
]
.

Since M(s) ≥ nδū∗/L and rmin = ū∗/(2M(s)), and since x ≥ A
λ̂
≥ nδx ≥ x for

λ̂ ≤ d2, we have

λ̂rmin ≤ λ̂L
2nδ

≤ d2L
2nδ

≤ x3

2nδ
≤ x3

2nδ
.

We use the one-site cavity estimate of [81, Proposition 4.1] at the two scales x and x̄ =

max{x,
√

e
λ̂
(x)}, and x̄/x may tend to infinity; for example, x̄/x = n5m−δ when λ̂ =

d2 and x = Ad2 . The identification of the limiting scalar and overlap distributions [81,
Lemma 5.4] and the first variations on gaps of the limiting support [81, Lemma 5.6]
are carried out for these minimizers and their admissible competitors.

2. Vanishing strength: e
λ̂
(x)/x2 → 0, either with x → 0 or with x bounded below.

The next comparison is built from the perturbed paths of this minimizer, as in
[81, Lemma 6.2]. The alternative described in Section 20.2 is then followed for
a fixed number N = ⌈10/δ⌉ of successive comparisons [81, Lemmas 6.3–6.5 and
Proposition 6.6]. At each stage, we exclude a violation with strength comparable to
the scale as in the first or the third case.
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3. Macroscopic scale: x and e
λ̂
(x)/x2 are bounded below, and d2 ≤ β2 − c∗ for a fixed

c∗ > 0. We exclude this case using the convergence of the minimizers to the quantile
function of the Parisi measure [81, Proposition 5.9], applied to the comparison at
hand.

The successive comparisons follow one of the two covariance alternatives of [81, Defini-
tion 6.1 and Corollary 6.7]. If ε < β2/4, the perturbed matrix covariance is bounded below
by a fixed positive constant, and they act on all masses. If ε ≥ β2/4, they act only on [s, 1],
with lower radius zero, and the matrix covariance has a jump of at least β2/4 − d2 at s.
We then choose the coefficient c0 so that the total matrix covariance Nc2

0 removed by the
successive comparisons is less than half of a fixed positive constant that bounds this jump
from below; their perturbed matrix paths therefore remain nondecreasing at s. For θ > 0,
we establish the two-sided linear bound at the fixed final strength d2 [81, Lemma 7.2]
and the bound Sū ≤ Cd3/ε on [0, s) [81, Lemma 7.3], uniformly in ε and θ. These two
estimates enter the integration in θ of [81, Lemma 7.4]. As in [81], the constants in the
two-sided linear bound, the depth N, and the coefficient c0 are fixed before n → ∞. The
final threshold in n is uniform in ε, θ, and the minimizer, and in λ̂ over the strengths at
which each comparison is used.

22.5 The upper bound

The proposition SKConstants.OptimizedSKTypicalStartStatement, defined in SKCons
tants/SKModel.lean, states that, for every β > 1 and every ω ∈ (0, 1/4),

PJ,X0∼π J
{

dJ(X0, exp(n1−ω)
)
> 1/4

}
−→ 0.

The declaration uses c for the parameter denoted ω here, with both β and c fixed before
n → ∞.

In the formal model, the variables gij are independent standard Gaussians, and the
completed matrix and Hamiltonian are

Wij =
gij + gji√

2n
, Hc

g(x) =
1
2

xTWx,

including its diagonal, with β outside the Hamiltonian. For i < j, we define Jij =
√

n Wij.
These couplings are independent standard Gaussians, and

Hc
g(x) = H J

n(x) +
1
2

tr W, Zc
n = eβ tr W/2Zn.

The trace term is independent of x and cancels in the Gibbs normalization, as in
Lemma 3.1(b), and in every energy difference. The Gibbs probabilities and flip rates
coincide with those of Section 3. The same holds for the semigroup and the event defined
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by the total variation distance from a fixed initial spin. The formal generator is n(K J − I),
so each site has rate one, as in (3.12). Its joint law samples the completed matrix and
then a Gibbs spin. By integrating out the independent diagonal, we obtain the joint law
of Definition 3.3. The primitive representation in Section 13.1 uses the same completed
matrix law. The initial spin is fixed before its transition law and total variation distance
are formed. By the complementary form of Lemma 3.4, the displayed limit is Theorem 1.3.
The formal sequence is also defined at sizes zero and one, which does not affect the limit.

The theorem SKConstants.Completion.Main.optimizedSKTypicalStartStatement
_holds proves this proposition without additional hypotheses. The original upper-bound
package at commit 352426b9007b6bbb31a3c8cfe6887caa0badf3fd was checked on 19
October 2026, using Lean version v4.35.0-rc2 and Mathlib at commit 065356127b1dc0
016f66b7283ce0ce2c4055aa55. A fresh build succeeded at this revision. The package’s
Challenge.lean contains 47 independently stated claims and imports only Mathlib. Its
definitions explicitly include the completed disorder law, Gibbs kernel, semigroup, total
variation distance, and joint probability. The official Comparator confirmed equality of
the proved statements and these independent statements, including their definitions. The
axiom audit of all 20,281 exported development declarations in 1,605 modules found only
propext, Classical.choice, and Quot.sound; the main theorem has exactly these three
axiom dependencies. The same Comparator run checked all 47 claims and their proof
dependencies with Lean’s kernel, NanoDa, and con-ron. All three accepted them. The
upper-bound theorem is also one of the five final statements checked in the combined
package described at the start of Section 22.

The formal proof follows the route of Part IV. It constructs Brownian motion, proves
the scalar and Gaussian-query laws, establishes the fine entropy and sharp coarse esti-
mates, and combines coverage and the connecting sequence with the finite-chain mixing
reduction. The steps are organized as separately proved statements and assembly theo-
rems, whose hypotheses are supplied by the final proof. The parameter choice used by
that proof is described in Section 22.6. The development includes Ezzeri Esa’s Stochastic-
Calculus library and adapted OpenAI Lean modules, both under the Apache-2.0 license.
Intermediate estimates of the written proof are checked only insofar as they enter the
formal proof or are separately stated formal results.

22.6 Scope and availability

The combined check concerns the five final statements described above; the source-
package checks of Section 22.2 concern the four lower-bound and fluctuation results
described there. Intermediate results in their proofs, such as Proposition 20.1, are checked
only as parts of these proofs. The quantitative and almost-sure forms in Theorem 12.6
are not formally verified. These are the bounds on the probability of the exceptional
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disorders and on the Gibbs mass of the exceptional initial states, the lower bounds on
the distance that tend to 1/2, the extension to the Metropolis dynamics and to other
single-site dynamics with bounded rates, the bound on the relaxation time, and the
almost-sure statements for arbitrary couplings of the disorders across system sizes. The
sharper local expansion of Proposition 7.13 is not formally verified either; see Section 22.3.
The proposition MainFluctuationStatement concerns exponents only, and the limit law
and the positive variance prefactor claimed in [82] are not part of it. The proposition
LowerBoundStatement contains the loss n−ε for an arbitrary ε > 0, and the bound (21.2),
which would follow from a positive variance prefactor, is not part of it.

Corollaries 1.4 and 1.5 are not separately formalized. The development proves admis-
sibility of the affine family in Proposition 19.2 throughout 0 < εω < 1/80, including the
choice εω = (1/4 − ω)/20. The final proof of Theorem 1.3 instead uses the same affine
family at min{1/2000, (1/4 − ω)/20} and proves the target for every ω ∈ (0, 1/4). A
separate formal result characterizes the open range of the development’s strict estimate
system, and another checks an explicit rational instance. The ancillary calculation de-
scribed after Proposition 19.2, including every identity for Table 19.1, is not a separately
certified formal statement.

OpenAI’s Lean sources [83] and the development [7] are public. The combined
sources, independent Challenge.lean, and verification records are available in https:
//github.com/pmaronow/fluctuations-palomar; the records identify the checked
proof-source revision and the scope of each check. The original two source packages
and the historical upper-bound package are maintained in the private repository https:
//github.com/pmaronow/fluctuations-temp. The latter was checked at commit
352426b9007b6bbb31a3c8cfe6887caa0badf3fd, in its glauber/lean directory. The
historical records remain available from the authors.

https://github.com/pmaronow/fluctuations-palomar
https://github.com/pmaronow/fluctuations-palomar
https://github.com/pmaronow/fluctuations-temp
https://github.com/pmaronow/fluctuations-temp


section 23

Open problems

We collect some questions that this paper leaves open. The first four concern the dynamics,
and the last two concern the law of Fn and the mean bias. We use the mixing times from
a fixed configuration with threshold 1/4 defined in (3.14).

The exponent of the typical mixing time. By Corollary 1.5, for every fixed β > 1 and
every fixed ω ∈ (0, 1/4), the realized initial configuration X0 ∼ π J satisfies eAβn7/30

<

T J(X0) ≤ en1−ω
with probability tending to one. The same bounds hold in discrete time,

with the integer parts of the two time horizons. We do not know whether there exists
an exponent ζ such that log T J(X0) = nζ+oP(1), in the sense of Section 3.5. If it exists,
then 7/30 ≤ ζ ≤ 3/4. The numerical and analytical work cited in Section 1.3 suggests
that ζ = 1/3 [18, 19, 65, 76]. Billoire also studied the distribution of the logarithm of the
relaxation time over samples of the disorder [18]. In the same way, one may ask for the
fluctuations of log T J(X0) over J and X0.

The limits of the present argument. In the proof of Theorem 1.1, the upper bound on the
mean bias is used to make the cubic deficit, of order ρ3 at the scale ρ = Rn−λ, dominate
∆n,β. Suppose more generally that ∆n,β ≤ Cβn−γ for some fixed γ > 0, and retain the
variance bound Var(Fn) ≤ Cvn7/15. We set the tolerance of the overlap constraints at
fixed scales to ηn = n−ξ , where the exponents (λ, ξ) satisfy (10.10) and 3λ ≤ γ; that is,

0 < λ ≤ γ/3, λ < 1/4, λ < ξ < min{1/4, 3λ/2}.

We check that the conditions on the scales in the proof of Theorem 1.1 still hold. In-
deed, the interval for ξ is nonempty; it ensures that ηn = o(ρ), ρ3 = o(η2

n), and
nρ4/ log n, nη4

n/ log n → ∞; and the Chebyshev bound for the denominator vanishes
since λ < 1/4 < 23/90. Choosing R with a fixed margin when 3λ = γ, we obtain
the time exp(Anλ) for some A > 0. The barrier exponent is therefore one third of the
exponent of the upper bound on the mean bias, as long as this third is below 1/4: the
case 0 < γ < 3/4 permits λ = γ/3, while γ ≥ 3/4 permits every fixed λ < 1/4. In the
latter case, choosing a slightly larger admissible power and using the contraction of total
variation also gives the time exp(nλ) with coefficient one. The upper bound n−7/10 of [6,
Theorem 1.1] is the case γ = 7/10, and we obtain the exponent λ = 7/30 of Theorem 1.1.
The exponent 1/4 itself is not reached: at ρ = Rn−1/4, the quantity nρ4 is bounded, and
the union bound over polynomially many constrained partition functions in the disorder
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event fails. The prediction ∆n,β ≈ n−3/4 of Franz, Parisi, and Ricci-Tersenghi [56] lies
exactly at this threshold. We expect that the exponent 1/4, and the value 1/3 suggested
by physics, can be reached only with new ideas, such as overlap constraints with a larger
pressure deficit or bounds on constrained partition functions that hold simultaneously
without a union over constraints.

For the upper bound, the sufficient conditions of Proposition 19.2 require

ω < q < sb < sseq < e < uE < kf/2 ≤ 1/4.

Both arguments stop at the exponent 1/4. We do not know whether this coincidence has
a common explanation.

Dependence on the temperature. The coefficient Aβ depends on β through the scalar
Parisi problem, through the constant in the upper bound on the mean bias of [6], and
through the constant in the upper bound on the variance of [8]. The estimates used here
do not control these constants uniformly as β ↓ 1 or β → ∞. At β = 1, the mixing time
is n2/3+o(1) [78, Theorem 1.1]. Billoire’s simulations with binary couplings suggest an
approximate collapse of the centered variable log τJ − log τ after division by n1/3(β − 1),
with visible corrections near the transition [18, equation (6), Figure 3 and the following
discussion]. Here τJ is an equilibrium autocorrelation time that depends on the disorder
sample, and log τ is the disorder average of log τJ . We ask for a description of the
crossover between the two regimes in a window of temperatures around β = 1, and for
bounds that remain effective as β → ∞.

Worst-case and typical initial configurations. Sellke proved that the mixing time from
the worst initial configuration is exponential in n when β exceeds an absolute constant [99,
Theorem 1.1]. By Theorem 1.3, the mixing time from a typical equilibrium configuration
is at most exp(n1−ω) for every fixed ω ∈ (0, 1/4), with joint probability tending to one,
whereas Sellke’s worst-start bound is exponential in n at sufficiently large β. For every
β > 1, Theorem 12.6 implies that, with probability tending to one, the relaxation time of
the heat-bath and Metropolis dynamics is at least eAn7/30

/(Cn7/30), so that their spectral
gaps are at most Cn7/30e−An7/30

. Is the spectral gap exponentially small in n for every
β > 1, and is the mixing time from the worst initial configuration exponential in n? The
sufficient hypotheses of [16, Theorem 1.9] include the vanishing of the second derivative at
zero of the covariance function, and exclude the quadratic covariance of SK. Their general
overlap-barrier criterion [16, Theorem 1.3] remains available if its barrier hypothesis can
be verified. A second question concerns the size of the distance. By Theorem 12.6, the
distance from equilibrium of the chain started from most initial configurations is at least
1/2 − Ce−cn7/30

at every time t ≤ eAn7/30
. The value 1/2 comes from spin-flip symmetry,

which gives Gibbs mass at least 1/2 to every half-space {y : R(v, y) ≤ 0}, and it is the
limit of the argument. Does the conclusion of Theorem 1.1 hold for every fixed τ < 1?
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The limiting law of Fn. Theorem 1.6 identifies the exponent of the fluctuations but not
their law. OpenAI states that n−1/3 Var(Fn) converges to a positive constant a2(β), and
that (Fn −EFn)/

√
Var(Fn) converges in law to a nondegenerate limit νβ [82, Theorems 1.1

and 1.2]. We do not use these statements. The limit νβ is not identified with a known
distribution. Parisi and Rizzo predicted upward deviations of Fn/n with speed n and
power 6/5, and downward deviations with speed n2 and power 12/5 [94, equations (12)–
(15)]. If these tails match the typical fluctuations, the right and left tails of νβ should be of
the forms exp(−cx6/5) and exp(−cx12/5). This conditional passage from large-deviation
tails to a typical scale follows the matching argument of [93, Section VI]. On the rigorous
side, [8, Theorem 1.5] gives two-sided bounds with the power 6/5 on the probability that
Fn/n exceeds Pβ + x, for x in a range Cβn−2/3 ≤ x ≤ xβ. The lower end of this range is
of the order of the upper bound on the mean bias in [8, Theorem 1.4]. Bounds of this
type for deviations from EFn/n, down to the fluctuation scale n−5/6, would make the
matching argument of Parisi and Rizzo rigorous for upward deviations.

The exponent of the mean bias. By Corollary 1.7, we have ∆n,β ≥ cβ,εn−5/6−ε for every
fixed ε > 0, and by [6, Theorem 1.1], we have ∆n,β ≤ Cbn−7/10. If ∆n,β = n−a+o(1) for some
a, then 7/10 ≤ a ≤ 5/6. Franz, Parisi, and Ricci-Tersenghi predict a = 3/4, possibly with
logarithmic corrections [56]. The lower bound cannot be improved by the variance–bias
inequality (1.7) alone. Since Var(Fn) = n1/3+o(1), this inequality gives no lower bound
with an exponent smaller than 5/6, and such a bound would require a different argument.
On the upper side, the discussion in [6, Section 1.4] explains which features of the proof
of [6, Theorem 1.1] account for the difference between 7/10 and 3/4. The estimates there
do not control the constants uniformly as β → ∞, so the corresponding question for the
ground-state energy is also open.
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