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A PROOF OF THE SECOND PINCHING THEOREM
IN DIMENSION FOUR

JINXI ZHANG

ABSTRACT. Let M* be a closed connected manifold minimally immersed in S®(1), and let h
be its second fundamental form. We prove that constant S = |h|> > 4 implies S > 8. No
constancy of tr(h?) is assumed. The proof combines integral curvature identities with a
joint estimate for two contractions of the symmetrized Hessian. The remaining algebraic
inequality is verified in Mathematica using exact rational arithmetic. The code and data are
included in the supplementary material.

1. INTRODUCTION

Let F: M™ — S"*1(1) be a smooth minimal immersion of a closed connected manifold,
with second fundamental form h and S = |h|?. Here closed means compact without boundary.
The Gauss equation

Scalpyy =n(n—1) - S
shows that the scalar curvature Scalys of the induced metric is constant if and only if S is
constant. Let C,, denote the set of constant values of S realized by such immersions.

Conjecture 1.1 (Chern; see [2, 8]). For each n > 2, the set C,, is discrete.

The strong Chern conjecture asserts that every such immersion with constant .S is isopara-
metric: its principal curvatures and their multiplicities are locally constant; see [8, Conjec-
ture 1.4]. In dimension four, the minimal isoparametric examples have S = 0,4, 12 [1, 11, 12].
The second pinching problem asks whether S > n implies S > 2n when S is constant. We
prove a strict bound in dimension four.

Theorem 1.2. Let F : M* — S%(1) be a smooth minimal immersion of a nonempty closed
connected manifold, and let h be its second fundamental form. If S = |h|? is constant and
S >4, then

S > 8.

Recall the classical first pinching theorem.

Theorem 1.3 ([15, 9, 2]). If M™ is closed and connected, F : M™ — S"*1(1) is minimal,
and S = |h|?> < n, then either S =0 or S = n. The image is, respectively, an equatorial
sphere or a Clifford minimal hypersurface

Sk<m> xSn_k(q/(nk)/n>, 1<k<n-1.

Together, these theorems give the following classification for S < 8.

Corollary 1.4. Let F : M* — S5(1) be a smooth minimal immersion of a nonempty closed
connected manifold. Let h be its second fundamental form. If S = |h|? is constant and S < 8,
then S =0 or S = 4. Up to an ambient isometry, the image is an equatorial S*, or one of
SY1/2) x S3(V3/2),  S*(1/V2) x S*(1/V2).

In particular, C4 N[0, 8] = {0,4}.
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Proof. If S > 4, Theorem 1.2 contradicts S < 8. Apply Theorem 1.3 to the remaining
interval. Il

The region S > 8 remains unclassified here.

For earlier bounds on the second gap, see [13, 14, 16]. For closed connected minimal
immersions with constant S > n, Chen [3, Theorem 1.1] obtains S > 85n/59 when n > 4.
For complete minimal immersions in dimension four with constant S > 4, Cheng—Li—Wei [4,
Theorem 1.2] obtain S > 200000/29609. Neither result assumes constant f3 = tr(h3).

For closed connected minimal four-dimensional immersions with constant S, isopara-
metricity follows from constant third mean curvature Hs = f3/12 [8, Theorem 1.8] or
constant Gauss—Kronecker curvature [5, Theorem 1.1]. With constant S, f3, the implication
S >mn =S > 2n holds for closed connected minimal immersions with n > 5 [7, Theorem 1.1],
and for closed oriented minimal immersions with n > 3 [6, Theorem 1.1].

Proof strategy. The argument combines pointwise estimates with integral curvature iden-
tities, as in [10, Sections 2 and 4] and [3, Section 4]. We use the curvature defect, Hessian
symmetrization and two trace constraints in the form given in [3, Sections 2.2, 3.1 and 3.3].

The two contraction constraints act on the same reduced Hessian. A single square-
completion estimate retains the mixed term between the two contractions. The second
constraint involves V f3, represented after normalization by the vector d in (2.15).

Assume 4 < S < 8 and put t = (S —4)/S. A joint estimate for two contractions of
the symmetrized Hessian, combined with three zero-average identities, gives a quadratic
polynomial W; with nonnegative average. For each fixed admissible pair of normalized tensors
(Definition 2.2), Wy < 0 and W is convex in t. Appendix A proves W o < —10~* by a finite
calculation using exact rational arithmetic. Convexity gives W; < 0 throughout 0 < t < 1/2,
contradicting its nonnegative average.

2. CURVATURE IDENTITIES AND NORMALIZATION

We first collect the curvature identities that determine the Hessian norm, then normalize
the second fundamental form and its first derivative. The normalization separates the constant
S from the pointwise algebraic constraints.

Let F': M* — S?(1) be a smooth minimal immersion. The metric and covariant derivative
V are induced by F'. Choose a local unit normal and an orthonormal tangent frame e, ..., eq4.
In this frame, let h = (h;;) be the second fundamental form, S = |h|?, and f; = tr(h/).
Powers of h refer to the associated self-adjoint endomorphism.

Indices range from 1 to 4. For covariant tensors of order r,

4
<U7 V) = Z Uil---i,«‘/il---ira |U’|2 = <U’ U>

i1yeyir=1

Thus (X,Y) = tr(XY) for symmetric matrices. Write I for the 4 x 4 identity matrix and
Sym” R?* for the symmetric covariant r-tensors. For symmetric matrices, X < Y means
vI(Y — X)v > 0 for every v € R*; X < Y means strict inequality for every v # 0. The
derivative and Laplacian conventions are

hijk = (th)zj, hijk:l = (Vth)ijka A = div V.

For a scalar function f, write f.;, = (Vf),. On tensors, A is the rough Laplacian with the
same sign. Pointwise formulas use a local unit normal. If M is closed and has no global unit
normal, the integral formulas are applied on its compact unit normal double cover.

The scalar integrands are unchanged by normal reversal, so their normalized integrals
agree with those on M.
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Let 6;; be the Kronecker symbol and Rm,jz; the curvature tensor. The Gauss, Codazzi
and Ricci equations are

(2.1) Rmyjgr = 0ikdji — 0udjk + hikhji — hithjp,
(2.2) hiji = hikj
(2.3) Rijit — hijik = Y _ hej Ry + Y hip Ry .

Thus Vh is fully symmetric and V?h is symmetric in its first three indices. At a fixed
point choose a principal frame h;; = A;d;;, where \; are the principal curvatures. Covariant
differentiations are performed before this choice. In particular,

(2.4) hiijj — hjjie = (N — A5) (14 AiAg).
Define the three scalar contractions
(2.5) A= Z /\?h?jk; B = Z )‘i/\jhzzjkv C= Z )‘ihlzjk'
ijk ijk ijk

Lemma 2.1 (Curvature identities). Let F : M* — S>(1) be a smooth minimal immersion.
Let h be its second fundamental form, S = |h|?, f; = tr(h?), and let A, B,C be as in (2.5).
Then

(2.6) Ah=(4—S)h, LIAS=|Vh*+S(4-29),

(2.7) SA|IVA? = |V2h? + (11 — S)|VA|* — 3(A — 2B) — 3|V S]%.
Moreover,

(2.8) Afs=3(4-2S5)fs+6C, (f3)s = 3D Ahiik,
(2.9) Afy=4(4—S5)fs+8A+4B.

Proof. The tensor equation and the first scalar equation in (2.6) are Simons’ identities [15].
Equation (2.7) is the Peng-Terng identity [13, 14]; the scalar formulas, with these signs, are
recorded in [10, Section 2, equations (2.1)-(2.2)]. The product rule applied to tr(h®) and
tr(h*) gives (2.8) and (2.9). O

2.1. Normalized tensors. From this point on, the geometric applications have constant
S > 4. The following normalization gives unit tensors and puts the interval 4 < S < 8 in
correspondence with 0 < ¢ < 1/2. Define

_ S—4 A h Ai Vh

(2.10) t

3 - T = T T = T :
5 Vst MTs NEERTY
Simons’ identity gives |[Vh|? = tS2. Thus A and 7 have norm one.

Definition 2.2 (Admissible pair). An admissible pair consists of a symmetric matrix A € R**4
and a tensor 7 € Sym® R* such that

(2.11)  trA=0, Al = |7| =1, > Tk =0, > AT =0 (1<k<4).

i ij
In a basis with A = diag(u1,...,pa), the last condition is Y, pim, = 0. All component
formulas below use such a basis unless a different basis is specified.

The pair (2.10) is admissible: differentiating tr h = 0 gives its ordinary trace condition,
and differentiating S gives its A-weighted trace condition.

For each k, the symmetric matrix (7;;,);; is orthogonal to I and A by the two trace
constraints. Its contraction with A2 therefore depends only on the component of A2 orthogonal
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to I and A. For an admissible pair (A, 7), define the scalars m, u, p and the symmetric matrix
® by

(2.12) m = tr A%, u = tr A%,
(2.13) ® =A% —mA-1I, p=|2P=u—m?- 1

The scalars a, b, ¢ below are the normalized versions of A, B,C. We also define the contraction
d of A? with 7 and the Gram matrix R of the four matrices (Tijk)ij, indexed by k:

(2.14) A=Y [T b= D Wil €= Y T
isk ijk ijk
(2.15) dy = 1 Tiiks
i
(2.16) Ry = Z TijhkTijl-

Thus d € R* and R € Sym?R*, with R > 0 and tr R = 1. For the geometric pair (2.10),
these contractions recover the unnormalized quantities:

A=1tS%a, B=tS%,  C=t5""
The vector d records the variation of the cubic trace:

Vf; = 3S*Vtd.

The two trace constraints in (2.11) do not imply d = 0. The identities tr A =0 and |A| =1
imply
(2.17) tr® =tr(A®) =0, p>0, pi < 3.

The last inequality follows from p? = (32 ;)? < 3(1—p?). Since S and |Vh|? are constant,
(2.7) now reads

[V2h?

t(11t —7)
53 ‘

4

(2.18) = 3t(a — 2b) +

3. THE REDUCED HESSIAN

Equation (2.18) gives the normalized squared norm of the Hessian. Differentiating the
constant quantities tr h, S and |Vh|? gives three of its contractions. To use this information
in a norm estimate, we pass to a fully symmetric tensor and remove its ordinary trace. The
tensor that remains will have two prescribed contractions and a known squared norm.

3.1. The reduction statement. The three contractions are the ordinary trace, the A-
weighted trace, and contraction against the cubic tensor 7.

Definition 3.1 (Contraction maps). Fix an admissible pair (A, 7). Define

To, T4 : Sym* R* — Sym? R?, N, : Sym*R* — R?
by
(3.1) (ToU)w = ZUukl, (TAU)p = Zuz ik, (N2U) = ik Ui
ijk
Let

5, ={U € Sym* R* : ToU = 0}, Po : Sym*R* — 7

be, respectively, the trace-free subspace and its orthogonal projection. For four-tensors
symmetric only in the first three indices, Tg, T 4, N, still denote the component contractions
n (3.1).
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The two contractions retained after trace removal will be denoted by E; and bg. Write
SymR* = {X e R : XT = X, tr X = 0}.
For an admissible pair (A, 7) and ¢ € R, define
(3.2) =141+ 31-R,  E=10+t¥,  by=-34d

Here ¥, F; € Symg R* and by € R*. The term ®/2 is independent of ¢, while ¥ is the
coefficient of ¢t in Ej.

Proposition 3.2 (Hessian contractions). Let F': M* — S?(1) be a smooth minimal immersion
with constant S = |h|? > 4. At each point, define t, A, by (2.10) and E;, by by (3.2). There
exists V € 7 such that

(3.3) TAV = E,,
(3.4) N,V = b,
t(35t — 28

3.2. Symmetrization and trace removal. We prove the proposition by subtracting two
orthogonal corrections: the part fixed by the Ricci equation, and the least-norm tensor with
the remaining ordinary trace. The latter correction is supplied by Lemma 3.3.

For a covariant r-tensor T', define

(SymT)iy i, = ] Z io(1) o (r)?
oeG,

where &,. is the permutation group. Adjoints L* are taken with respect to the ordered-
index inner product of Section 2. The product F' ® G denotes the tensor product without
symmetrization.

Lemma 3.3 (Ordinary trace and its adjoint). For every X € Sym?R?,
(3.6) TéX =Sym(I ® X), ToToX = 35X + $tr(X)1,
(3.7) (ToTg) ' X = 3X — & tr(X)1, Po = Idgyips —To(ToTo) ' To.
Proof. The adjoint formula follows by symmetry. In components,
(T6X)ijet = (83 Xna + 0 X0 + 60 X j
+ 06X + 01 Xk + 0 Xij).

Tracing the first two indices proves (3.6). This operator acts by 4/3 on trace-free matrices
and by 2 on multiples of I, giving the stated inverse. In (3.7), the subtracted tensor has the
same ordinary trace as the input and lies in im Tj = (ker Tg)*. The remainder is therefore
the orthogonal projection onto 577. O

Proof of Proposition 3.2. Set D = S~3/2V2h. Since S is constant, (2.6) makes |Vh|? constant
as well. Differentiating trh = 0 and S twice, and |Vh|? once, gives

(3.8) ToD=0, TuaD=-tR, N,D=0.

First remove the failure of full symmetry. Put U = Sym D, C = D—U and k = S~! = (1—t) /4.
Since D is symmetric in its first three indices,

Uikt = Y(Dijrt + Dijik + Diktj + Diii)-
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For ¢ # j, symmetry in the first three indices gives ﬁiijj = (Dyij; + Djjii)/2. Thus
Ciijj = (Diiji — Djjii)/2; (2.4), divided by S3/2, determines its sign and the factor 1/2. In a
principal frame, (2.1) and (2.3) show that C' vanishes outside the index patterns {i,1,7,j}.
The possibly nonzero components are therefore

Ciijj = 5(pi — 1) (K + pipj), Cijij = Cjisj = Cujj,
Cyjii = Cjizi = Cigji = —Clijj.
Summing these components, using >, p; = 0, 3, 42 = 1 and 3, 3 = m, gives the first

two contractions below. For the third, each pattern (i,4,1) with i # [ occurs three times in
the ordered contraction, giving

(3.9) ToC = LA, TaC = (kI + mA — A?),
(3.10) (N,C), =32 Z — ) (K + i) i = Sd;.

Indeed, the weight in this sum is (k — ,u%) Wi — K+ g ,u%. The first two terms vanish after
summation by the two trace constraints; the last gives p;d; by (2.15). Subtracting these
contractions from (3.8) gives

(3.11) ToU=—2A,  TaU=—tR—L(kI+mA—- A%, N.U=-3Ad
Next remove the ordinary trace of U. By Lemma 3.3, the least-norm tensor with trace
—tA/2 is
Up = Ty(ToTy) (—tA/2) = =3 Sym(I ® A).

Its squared norm follows from |Up|? = (—tA/2, (ToT§) " 1(—tA/2)); its contractions follow
from the six-term adjoint formula in Lemma 3.3. Thus

(3.12) Uo|? = 212, Taly = —L(I +44?), N,Up = 0.

Set V.= U — Up. Then V € 4 and (3.11)-(3.12) give (3.3) and (3.4).
It remains to compute |V|?. Symmetrization is an orthogonal projection, so C' L Sym*R*;
also Ug € (ker Tg)* and V € ker Tg. Thus D = C + Uy + V is an orthogonal decomposition.
The components of C give

(3.13) |C‘2 Z (K + Mh“’]) 2]9 + 3t2

For each unordered pair {3, j}, the six ordered components displayed above have squared sum
GC”J ;> this gives the factor 3 /4 in the sum over ordered pairs. Expanding the sum before
multiplication by 3/4, and using 3=, p; = 0, 3°; u? = 1 gives 8x% — 4k + 2u — 2m? = 2p +2/2.

Together with |Up|? in (3.12), this gives

[V2h|®
S3
Equation (2.18) now gives (3.5). O

(3.14) = V> + 3p+ &t

4. THE JOINT CONTRACTION ESTIMATE

We now bound the squared norm of a tensor in 7 from its two prescribed contractions.
The estimate is purely algebraic. For the geometric application in Proposition 3.2, take
E = E; and by = —3 Ad. Fix an admissible pair (4, 7).
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4.1. The estimate. Suppose V € 77 satisfies TV = E and N,V = by, where FE € Symg R4
and by € R%. For any Y € Symg R* and v € R*, square completion gives
V|2 > 2(E,Y) 4 2bg - v — |Po(THY + Niv)|?,

where bg - v = b} v. The two terms inside the projection contribute a cross term. The squared
norm has a matrix term, a mixed term and a vector term, represented by K4, Z and H;,
respectively.

For Y € Sym3 R, set

KaY = 1Y + 1(A%Y + Y A%) - 1AV A
(4.1) + L tr(AY)A — L tr(A%Y)],
(4.2) (Z2Y) = § > (4w — pi — pj)TinYsj,  Hr =31+ {gR.

]
The map Z depends on both A and 7. The domains and codomains are
Ka: Sym% R* — Sym% R*, Z Sym% R* — R, H, :R* - R*.
Proposition 4.1 (Two prescribed contractions). Let (A,7) be admissible. Let E € Sym3R*,
bo € RY, and V € s satisfy
TaAV =F, N,V = bg.
For every Y € Sym3R* and v € R?,
(4.3) V|2 >2(E,Y) 4+ 2by - v — (Y,KAY) —2v- ZY — vl H,v.

4.2. The Gram identities. To prove Proposition 4.1, we identify the three terms in the
projected squared norm. The same calculation gives a lower bound for 14 that will control
the quadratic coefficient in Section 5.

Lemma 4.2 (Contraction identities). For an admissible pair (A, ),

(4.4) TAPoTY = K4, NPT} = Z, N, PoN: = H,.
The first two identities act on Sym2R*, and the third on R*. For every Y € Sym2R?,
(4.5) (Y,KaY) > 2|V + L tr(A%Y?).

Proof. The adjoints are T%Y = Sym(A ® Y) and Nfv = Sym(7 ® v). For the matrix term,
compute the unprojected contraction and then subtract the ordinary trace correction from
(3.7):
TaTHY = 1Y + L(A%Y + Y A?) + Ltr(AY) A,
ToThHY = %(AY +YA),
TaTH(ToTy) ' ToThY = 5(A%Y +2AY A+ YV A?) — L tr(AY)A + & tr(A%Y)1.
The first expression minus the third is Y, proving the matrix identity.
For the mixed term, the vanishing A-weighted trace of T gives

(N TAHY ) = 5 Y 7Y
]
Substitution in (3.7) gives the trace correction & >ij (it pg)Tij1Ye5; the scalar part of (ToTH)
contributes nothing because the ordinary trace of 7 vanishes. Subtraction gives Z.
For the vector term,

N-N:=1r+3R  (ToNiv)y =1 mjnun.
k

The latter matrix is trace-free and has squared norm UTRU/4. On trace-free matrices,
(ToT§) ™! acts by 3/4. The projection therefore subtracts 3R/16, giving H.,.
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To obtain (4.5), expand

(Y,KaY) = 3|V + L tr(A%Y?) — L tr(AY AY) + & tr(AY)?

The squared trace term is nonnegative, and
1
tr(A%Y?) — tr(AY AY) = 3 > (pi = 11)?Y5 > 0. O
]
Proof of Proposition 4.1. Set U = Po(T%Y + NXv). Since V = PV,
(V.U) =(E,Y) +bo-v.
Lemma 4.2 gives
U2 = (Y,KAY) +2v-ZY + vl Hv.

Substitution in 0 < |V — U|? = |V|? — 2(V,U) + |U|? proves (4.3). O

5. THE AVERAGED INEQUALITY AND THE CONTRADICTION

For the geometric tensor in Proposition 3.2, the difference between its squared norm and
the lower bound in Proposition 4.1 is itself a squared norm. We will add three divergence
terms to this difference, preserving its average. The resulting polynomial W; will be quadratic
in ¢; convexity will reduce its sign on 0 < ¢ < 1/2 to the two endpoints.

For a nonempty closed Riemannian manifold M and an integrable scalar function g, write

1
(9)m = Vol(]\/[)/MngOl'

5.1. The polynomial W;. We use (4.3) with E' = E;. Its terms linear in Y are 2(E;— Z*v,Y).
We take v proportional to by and Y; linear in ¢, with coefficient proportional to the matrix
E1/2 — Z*’U.

For an admissible pair (A, 7) and real ¢, define
(5.1)  Li=1t(2a+b—u), Lz = t(—m? + 2mc + 3|d|?), J=t(a—2b)—p—1%.
On the geometric pair these are divergences; their zero averages will be proved in Lemma 5.3.

Definition 5.1 (The polynomial W}). Fix an admissible pair (A, 7). For a real parameter t,
set

(5.2) v=-TAd, B,=E —Z%, B=Bys, Y, =8B

Thus v € R, By, B,Y; € Sym3R?, and Yi/o = 4B. The pair (A,7) and the matrix B are
held fixed as ¢ varies. Let @; be the right-hand side of (4.3) for these choices. Using the
norm expression (3.5) and Ly, L3, J from (5.1), set

(5.3) Q: = 16t(By, B) — 64t*(B, K4 B) + 2by - v — v H,v,
(35t — 28)
16
The adjoint Z* : R* — Sym% R* and B have components

(Zv)i; = %Z(‘lm — i — M) Tij1v1,
!

(5.5)

_ 542 m 1 1 *
B=3A?-mA— LI LR+ 72" Ad.

The matrix trial vanishes at ¢ = 0 and is proportional to By at t =1 /2. Keeping
B = By, fixed makes W; quadratic in ¢; the divergence terms change only its constant and
linear coefficients. The constants in (5.2) and (5.4) must give nonpositivity at ¢ = 0, convexity
in ¢, and strict negativity at t = 1/2. Proposition 5.4 proves the first two; Appendix A proves
the third using positive-definite Gram representations checked in exact rational arithmetic.
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5.2. The nonnegative average. The formulas for a,b, c,d, R are tensor contractions of
A and 7, and (4.4) expresses K 4, Z, H; in terms of contractions and orthogonal projection.
Thus W; is independent of the orthonormal frame. Reversing the unit normal sends (A, T)
to (—A, —7) and also leaves W, unchanged. For the geometric pair, W; therefore defines a
smooth scalar function on M, including at repeated principal curvatures.

The joint estimate gives a nonnegative average for W; once Ly, L3, J are shown to have
ZEero average.

Proposition 5.2 (The integral inequality). Let F' : M* — S?(1) be a smooth minimal
immersion of a nonempty closed manifold, with constant S = |h|?> > 4. Define t,A, T by
(2.10) and W; by Definition 5.1. Then

(5.6) (Wi)m = 0.
The following divergence identities supply these zero averages.

Lemma 5.3 (Three zero averages). Let F : M* — S?(1) be a smooth minimal immersion
of a nonempty closed manifold, with constant S = |h|?> > 4. Define t, A,7 by (2.10), and
Ly, L3, J by (5.1). Then

~ A(Sfa/4)

(5.7) L= A(f3/6)

L.
54 s L3: T, J:—ﬁdIV(thg/?))
Consequently,

(La)u = (L3)u = (J)m = 0.
Proof. Equation (2.9) gives the first formula. For the second, use
A(f3/6) = 3fs0fs + 31V fal*, [V sl = 9t5d]*.

For the third identity, put D = V f3/3 and compute div(hD). In a principal frame, Dy =
S A2hiik = (f3).%/3. Codazzi and trh = 0 give divh = 0, so
div(hD) = 2B+ > N Nphjirk
ik
=2B— A+ NA(h — M) (1 + Aidk)
ik

=2B—- A+ Sfy— f2 - 52

In the second line we used (2.4) and Y Mhgkii = — ij h?ki, obtained by differentiating S

twice. Division by —S3 gives the stated .J. The integral identities follow from the divergence
theorem. 0

Proof of Proposition 5.2. Take V from Proposition 3.2 and put Uy = Po(T%Y; + NXv). The
adjoint relations and Lemma 4.2 give

VI? = Qe =V — Ul

By (3.5), W; differs from |V|?> — Q; by the linear combination of L4, L3, J in (5.4). This
combination has zero average by Lemma 5.3, so

Wiynr = (|V = Ue|*)ar > 0. O

5.3. The value at zero and convexity. It remains to make W; pointwise negative on
0 <t <1/2. We first control its value at zero and its quadratic coefficient. The evaluation at
t = 0 is algebraic: the geometric normalization of 7 requires S > 4.

Proposition 5.4 (Convexity in t). Fiz an admissible pair (A, 1), and let Wy be the polynomial
in Definition 5.1. With p = |A? — mA — I/4]* and m = tr A3, one has

d? 1

—=Wi >3 (teR).

75
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The value at zero is controlled by H,; and Ad. The quadratic coefficient is controlled by ¥
and 4. The next two lemmas give these bounds.

Lemma 5.5 (Bounds for R and Ad). For an admissible pair (A, ),
(5.9) R=Z2I, H, =3I, |AdP<Z.
Proof. To estimate R in a unit direction, choose that direction as e; and split 7 into
ap = 7111, Ea = Tilas Lap = Tiag  EaBy = Taby a, B,y > 1.
Then trI' = —ag and
171> =ad + 3¢ + 301> +|2)*,  Ru=ad+2¢)* + T

Cauchy—Schwarz gives aZ = (trI')? < 3|T'|?. Consequently

2|7|> = 3Ry1 = —ad + 3|T)* + 2|=* > 0.

This holds in every direction and proves the first two bounds.

For the bound on Ad, choose a basis with A diagonal. Fix k and set 2(k) = (74ix); and
Or = 3|22 — 272, . Here 6 is the contribution of the index patterns {i,i,k} to the
ordered norm: each pattern with i # k occurs three times, while (k, k, k) occurs once. Write
1=(1,1,1,1)" and p = (p1, ..., pa)". The two trace conditions give z(¥) 1 1, p.

The projection of e onto this common orthogonal complement has squared norm 3/4 — u%.
Hence 77, < (3/4 — 1i2)|2®)|2. Using di, = ¥, @iizi(k) and Cauchy—Schwarz gives

2
k 2pby,
O > (% + 2#%)|Z(k)‘2a di = (E ¢iizz( )> < m
7 k

The repeated-index groups have disjoint ordered supports, so >, 0 < 1. Since ,uz < 3/4,

24170k
Ad)? < kb <D O

The next estimate will be applied with X = 8B in the quadratic coefficient.
Lemma 5.6 (A quadratic bound). For an admissible pair (A, 7) and every X € Sym3 R,
(5.10) 2(0, X) — (X,KaX) < L.

Proof. By Lemma 5.5, the eigenvalues of R lie in [0,2/3] and sum to one. The vertices of
this constraint set are the permutations of (2/3,1/3,0,0), so convexity of the sum of squares
gives tr R? < 5/9 and |R — I/4]* < 11/36.

The contribution involving A? is controlled by

X/2—X?/3=31/16 — £(X — 31/4)* < 31/16.

Taking the trace against the positive semidefinite matrix A2 preserves this inequality; tr A2 = 1
bounds that contribution by 3/16. Combining this with (4.5) gives

200, X) — (X, KaX) < —2(R—1/4,X) — L X* + tr(A%(X/2 — X?/3))
<-2R-T/4,X)- X+ 3
<6|R—I/4 + & <%
The last line completes the square in X and uses the bound on |R — I/4/%. O
Proof of Proposition 5.4. For the constant term, put w = Ad and use Lemma 5.5:

Wo = —¥p —21fwf? + 490w Hrw < —2p + T|w]? < ~Dp.
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For the quadratic term, B is fixed, B, is affine in ¢, and so are Ly, L3, J. Equations (5.3)—(5.4)
therefore give the coefficient of t? as
3 +64(B,KaB) — 16(¥, B).

Apply (5.10) with X = 8B to bound this below by 35/16 — 97/48 = 1/6. Thus W/’ > 1/3.
g

5.4. Completing the proof. Appendix A proves the following bound for every admissible
pair.
Proposition 5.7 (The bound at ¢t = 1/2). Let (A, T) be an admissible pair as in Definition 2.2,
and let Wy be defined by Definition 5.1. Then
1

A1 A7) < ——.

We finish by applying convexity on [0,1/2].
Proof of Theorem 1.2. Suppose 4 < S < 8. Then 0 < t < 1/2, and the tensors defined by
(2.10) satisfy (2.11) at every point. Propositions 5.4 and 5.7 give

t
<(1-2 2 < - .
Wt_( t)W0+ th/Q_ 5000<0

Since ¢ is constant, integration contradicts (5.6). O
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APPENDIX A. THE BOUND AT t = 1/2

We prove Proposition 5.7 by parametrizing the spectrum of A and the components of 7,
then reducing the inequality to positivity of a quartic. Bernstein expansion on a rectangular
cover of [0, 1] reduces this to Gram identities and integer matrix inequalities. Setting ¢ = 1/2
in (5.4) gives

2 2
Wi =22+ Bp— 8m? — 8a — B+ 16mc + 24[d|

(A.1) , , .
— 8|B|2 + 16(B, KAB) — 21|Ad|? + 49(Ad)T H,(Ad).

Parametrization. Since W, is invariant under orthogonal changes of basis, we may
diagonalize A. Tts eigenvalue vector pu = (p1,...,p4)7 is a unit vector in 1+, where 1 =
(1,1,1,1)”. The separate transformations A — —A and 7~ —7 preserve (A.1). Define

1 1 1
1({1 -1 -1
U= 201-1 1 -1

-1 -1 1

Its columns form an orthonormal basis of 1+. Permuting the four eigenvalues acts on U
by coordinate permutations and even sign changes. Together with p — —p, these allow
us to arrange the three coordinates of U’y in nonincreasing order, all nonnegative. The
first coordinate is positive; dividing by it gives (1,7,7y)” with 0 < r,y < 1. If the second
coordinate of UT 1 is zero, take r = y = 0. Thus every spectrum is represented, up to these
symmetries, by

l=0+r+ry, 1—r—ry, —14+r—ry, —1—r+ry),

A2
(#:2) L =102 =41+ +r%?), p="{/VL.

For each repeated-index group, the two trace constraints leave the two-dimensional space
{1,¢}+. A basis valid throughout the closed square is given by the columns of

—14ry —r4+ry
1+7r 0

0 1+7r
—r—ry —1-—ry

(A.3) C(ry) =

The columns satisfy both trace constraints; the two rows containing 1+ r prove independence,
including at the boundary. The four repeated-index groups and four distinct-index components
give twelve coordinates. For x = (z1,...,712) € R!?, define the symmetric cubic tensor
T =T(r,y,z) by

(Toza, Th3a, Thoa, Th23) = (21,22, 3, T4)
and, for k=1,...,4,
(A.4) (Tiin)i=1 = C(r,y) (Tonts, Tora) " -

Since these groups of components are disjoint, the formulas parametrize the whole constrained
cubic space, with

N(r,y,z) = |T(r,y,2)> >0 (z#0).
Set
(A.5) A(r,y) = diag(ﬁ/\/f), T(r,y,z) =T (r,y,z)/\/N(r,y, ).

These formulas also apply at repeated or zero principal curvatures.
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Polynomial identity. Set Z(r,y) = 5625L5/32 > 0. For x # 0, define

1
(AG) P(T7 Y, l’) = 9(“ y)N(T‘, Y, $)2 _W1/2 (A(T, y)a ’7'(’/", Y, IE)) - m .
Substitution of (A.1) cancels the denominators and extends P to an integer polynomial,
homogeneous of degree four in x and of degree at most 14 in each of r,y. It has 196 quartic
monomials and 19 020 nonzero bivariate coefficient terms.

Bernstein coefficients and positivity. Fix r9p < r; and yg < y1. On the rectangle
[ro, 71] % [0, 1], set

T—To Y —Y

r — To’

S1 =

For 0 <14,j < 14, define

(A.T) Bij(ry) = <1z-4> si(1—s1) <1]4> s(1 — s9) 1479

These nonnegative polynomials satisfy 21-13-:0 Bij = 1. Define the quartics P;; and scalars d;;
by

14 14
(A.8) P = Z Bi; Pij(x), 9 = Z Bijdij-
i,j=0 ,j=0

Label each quadratic monomial z,2p by (a,b), with 1 < a < b <12, and let z(z) € R™ list
these monomials in lexicographic order. It contains every x2, so z(z) # 0 whenever x # 0.

Lemma A.1 (Bernstein positivity). Fiz a rectangle and the expansions (A.8). Suppose
that dij > 0 for every 0 < i,j < 14, and that for each such pair there is a positive definite
symmetric matriz G;; € R™*™ satisfying

Pyj(z) = dij 2(z) Gyjz(x) (v € R'?).
Then P(r,y,x) > 0 for every point (r,y) of the rectangle and every x # 0.

Proof. For x # 0, each P;;(x) is positive. Equation (A.8) is a weighted sum of these values
with nonnegative weights of sum one. O

Lemma A.2 (Integer positivity test). Let s > 1, let Q € Z**® be symmetric, and let
VezZs*s. If

(A.9) VRV )y >> 1(VQRVT);l  (1<i<s),
J#i

then @Q is positive definite.
Proof. Put M = VQVT. For w € R?, the inequality 2|w;w;| < w? + wj2- gives
i i

Hence M is positive definite. If V were singular, a nonzero w € ker VI would satisfy
w? Mw = 0. Thus V is invertible and Q is positive definite by congruence. Il
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The rational certificate. A binary word selects closed halves of [0, 1]%: bisect in 7 at even
depth and y at odd depth, starting at depth zero, and retain the lower half for 0 and the upper
half for 1. The 24 leaves listed in DATA_SPEC.md form a complete prefix tree: every non-leaf
prefix has both children, and no leaf has a listed descendant. Their rectangles therefore cover
the closed square with disjoint interiors.

To prove d;; > 0, use 2 = 180000(1 +7r2+72y2)5. On any listed rectangle, write r = rq+hs1,
Yy = yo + ks2, where 79,yo > 0 and h,k > 0. It 7 =3, eabs‘fsg, then ey, > 0 and egg > 0.
The degree is at most ten in each variable. Conversion to degree (14,14) gives

() ()
dij= Y ea iy g >0
a<i, b<j (o) (5)
The positive term egg contributes to every coefficient.

Reversing a basis vector ey, changes the sign of a tensor component once for each occurrence
of k among its indices. Group the quadratic monomials according to their signs under
these four reversals. This gives eight groups of sizes 16,9,9,9,9,9,9,8. We take G;; block
diagonal with respect to these groups, each block indexed by the monomials in that group.
The encoding and ordering are specified in DATA_SPEC.md. Index the 442 upper-triangular
positions by e, with weight w. = 1 on the diagonal and w, = 2 otherwise. The sorted
concatenation of the two quadratic labels gives a quartic label y(e); there are 196 such labels.

Set
Cy = Z We.
v(e)=y
These labels give precisely the degree-four monomials unchanged by all four sign reversals.
The other 1169 of the (145) = 1365 quartic types have zero coefficient; all are included in the
coeflicient checks.

At each rectangle and control index (i, j), choose a common positive integer scale o clearing
the denominators of P;; and d;;, as specified in DATA_SPEC.md. Let p, be the coefficient of 27
in 0 P;j, and let d be the positive integer od;;. Here 27 = x4, 24, T Ta, if v = (a1, a2, a3, a4).
The canonical Gram entry is p,(e)/(cy()d). Each rectangle supplies n00 n10 p0l pll ¢ 7442
and the positive denominator n, = 12884901888, with

Z wen® =0 for every label v and ab € {00,10,01,11}.
v(e)=v

Define the integer vector
N . -\ 00 . 10 N - 01 .11
v(i,j) =14 —i)(14 —j)n" +i(14 — j)n" + (14 —i)jn"" + ijn .

The Gram entry at position e is

N Pr(e) Ve(iaj)
(A10) (G = 2%+ 2l

The first term supplies the coefficients of P;;/d;;; the second represents the zero quartic. Thus
(A.ll) Pw(m)/dw = z(:z:)TGijz(x).

Positive definiteness is checked at every control index, not inferred from the four corners.
The integer numerator @Q;; = (196n.d)G;; has entries

196n,, .
(Qij)e = Dy + dl/e(l,j)-
y(e)

The possible multiplicities ¢, are 1,2, 3,4,6, according to the repeated indices in . Each
divides 196n,, so these entries are integers. The positive factor 196n.d preserves definiteness.
For each block, the data supply an integer matrix V satisfying (A.9). The Bernstein
coefficients are computed both by affine substitution and by midpoint restriction. For each
computation, the verification includes 24 - 15? = 5400 full Gram identities, 43 200 block tests
and 5400 - 78 = 421 200 strict row inequalities.
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The verification consists of checking:

(1) the full coefficient identity (A.6), reconstructed both from (4.1)-(4.2) and from
contractions on Sym* R* with the ordered inner product;

(2) the 24-rectangle cover, the Bernstein expansions and (A.11) coefficient by coefficient,
including positivity of all denominators and all d;;;

(3) symmetry and the strict inequalities (A.9) after the supplied congruence, for all 43200
integer blocks.

These checks have been completed using exact rational arithmetic. Lemma A.1 and (A.6)
then prove Proposition 5.7.

Electronic supplement. The TeX source, Mathematica notebook and PDF export, and
verification code and data are at https://github.com/Jackyluckin/proof-of-second-pinching-
prob-dim4. See README.md for instructions and DATA_SPEC.md for the data format.

The Lean version of Theorem 1.2 is conditional on the finite coefficient identities and
integer positivity checks in 1ean/README.md. Mathematica verifies them; their Lean proof is
not included. The classical classification results and Corollary 1.4 are not formalised.

Use of AI. Al tools, including GPT-6 Astra, were used to explore candidate estimates,
develop the verification code, review the arguments, and revise the manuscript. The author
is responsible for the mathematical content and its presentation.
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