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Abstract: Let O be an octonionic Hilbert space. Let A: D(A) C O — O and B : D(B) C O — O be
possibly unbounded self-adjoint linear operators. Then for all h € D(AB) N D(BA) with ||| = 1, we
show that

1) An(A)AL(B) > VI{A, B}h, h) — 2(Ah, h;(Bh,hH2 + [([A, Blh, h)|?

and

[((A+ B)h,y)” + [((A = B)h,y)|”
2 b

where Ap(A) == ||[Ah—(Ah, h)h||. We call Inequality (1) as octonionic Heisenberg-Robertson-Schrodinger

uncertainty principle and Inequality (2) as octonionic Maccone-Pati uncertainty principle.

(2) Ap(A)? + AR(B)? > Yy € O satistying ||y|]| < 1 and (h,y) =0,
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1. INTRODUCTION

Let H be a complex Hilbert space and A be a possibly unbounded self-adjoint linear operator defined on
the domain D(A) C H. For h € D(A) with ||h|| = 1, define the uncertainty or variance of A at the
point h as

An(A) = ||Ah = (Ah, )hl| = /|| ARI]2 — (Ah, h)2.

In 1929, Robertson [7] derived the following operator form of the uncertainty principle (also called as
uncertainty relation or uncertainty inequality) by Heisenberg in 1927 [5]. Recall that for two linear
operators A : D(A) CH — H and B : D(B) C H — H, we define the commutator [4, B] .= AB — BA
and the anti-commutator {A, B} := AB + BA.

Theorem 1.1. [5,5,7|9] (Heisenberg-Robertson Uncertainty Principle) Let A: D(A) CH —H
and B : D(B) CH — H be possibly unbounded self-adjoint linear operators. Then for all h € D(AB) N
D(BA) with ||h|| = 1, we have

1 1
(1) 5 (Bn(A)? + Aw(B)) = 7 (An(4) + An(B))* = An(A)AK(B) >
In 1930, Schrodinger improved Inequality 18]

[{[4, B]h, h)).

N[ =
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Theorem 1.2. [2/8] (Heisenberg- Robertson-Schrodinger Uncertainty Principle) Let A : D(A) C
H — H and B : D(B) C H — H be possibly unbounded self-adjoint linear operators. Then for all
h € D(AB) N D(BA) with ||h|| = 1, we have
An(A)An(B) = [(Ah, Bh) — (Ah, h)(Bh, h)]
_ VI{A, BYh, h) — 2(Ah, h)(Bh, h)[> + [([A, B]h, h)[?

2
_ V/({({A, B}h, h) — 2(Ah, h)(Bh, h))? — ([A, B]h, h)?
= 5 .
In 2014, Maccone and Pati derived the following uncertainty principles which work for orthogonal vectors

16]-

Theorem 1.3. [6] (Maccone-Pati Uncertainty Principles) Let A : D(A) C H — H and B :
D(B) C H — H be possibly unbounded self-adjoint linear operators. Then for all h € D(AB) N D(BA)
with ||h]| =1, we have

(i)
An(A)? + An(B)? > [((A + B)h, k)|* = ({A, BYh, h) + 2(Ah, h)(Bh, h),
Vk € H satisfying ||k|| = 1 and (h, k) = 0.

AR(A)? + An(B)? = [((A = B)h, k)| + ({A, BYh, h) — 2(Ah, h){(Bh, h),
Vk € H satisfying ||k|| = 1 and (h,k) = 0.

[((A+ B)h, k)| + [((A = B)h, k)|?
2 b

AR(A)? + Ap(B)? >

(iv)

Vk € H satisfying ||k|]| = 1 and (h, k) = 0.

2(Ah,h)(Bh,h) — ({A, B}h,h)

2 [( (sn + =2 1k)|

Ap(A)AL(B) > Vk € H satisfying ||k|| =1 and (h, k) = 0.

(v)

An(A)A(B) > —2Al ) (B, h) + ({4, BYh, h)

2- (s - s2m) b H)|

We derive octonionic analogues of Theorem in Theorem and Theorem in Theorem We

end the introduction by recalling the definition of octonionic Hilbert spaces.

Vk € H satisfying ||k|]| = 1 and (h, k) = 0.

Let {e; };—:1 be the free symbols with multiplicative relations governed by the following table [1].

Let

j=1

7
0 = {a0+Zajej:ao,...,a7€R}
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X el €o €3 €4 €5 €6 er
€1 -1 €4 (&rd —€yg —€g €5 —E€3
es | —eq —1 es el —e3 er —eg
es3 | —e;z —es; —1 e es —e4 el
€4 €9 —€1 —€g -1 (&rd €3 —€j5
€5 Cg €3 —€g —€7 -1 —€1 €4
eg | —es —er eq4 —e3 e -1 es
er | es eg —e1 es —ey4 —ey —1

be the non-associative division algebra of octonion numbers with the conjugation

7 7 7
ag + E aje; = ayg — E aje;, Yag + E aje; € O
j=1 j=1 j=1

and the modulus

Definition 1.4. [} A right octonionic vector space O over Q is said to be a (right) octonionic Hilbert
space if there exists a map (called as octonionic inner product) (-,-) : O x O — O such that the following
hold.
i) (z,z) >0,V € O. If x € O satisfies (x,x) =0, then z = 0.
i) (x+y,z) = (zx,2)+ (y,2), Vo,y,z € O.
iii) Re((z,yq)) = Re({(z,)q), Yo,y € O, ¥Yq € O.
(iv) {x,yr) = (x,y)r, Yo,y € O, ¥r € R.
(v) (x,zq) = (z,x)q, Vo € O, Vq € O.
vi)
ii)

(z,y) = (y,2), Vo, y € O.
O is complete w.r.t. the norm ||z| = \/{(z,x), Vo € O.

2. OCTONIONIC HEISENBERG-ROBERTSON-SCHRODINGER UNCERTAINTY PRINCIPLE

In this article, O denotes a right octonionic Hilbert space. Throughout the entire paper, given z € O

L. Note that this is meaningful only for division by

and a r € R\ {0}, the expression z/r denotes xr~
non-zero real numbers and not for arbitrary octonions, since the octonions are not commutative. Let O
be an octonionic Hilbert space and A be a possibly unbounded self-adjoint linear operator defined on
domain D(A) C O. For h € D(A) with ||h|| = 1, we define the uncertainty or variance of A at the

point h as

Ap(4) = || Ah — (Ah, )R]l = /| AR||? — (Ah, )2,
Note that (Ah,h) € R. For two maps A : D(A) C O — O and B : D(B) C O — O, we define the
commutator [A, B] := AB — BA and the anti-commutator {A, B} := AB + BA.

Theorem 2.1. (Octonionic Heisenberg-Robertson-Schrodinger Uncertainty Principles) Let O
be an octonionic Hilbert space. Let A : D(A) C O — O and B : D(B) C O — O be possibly unbounded
self-adjoint linear operators. Then for all h € D(AB) N D(BA) with |h|| = 1, we have
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An(A)AL(B) > W.

An(A)Ay(B) > 1A BB —22<Ah,h><Bh,h>|

2
/A, BYh, B = 2(AR, B (B, IIE + {4, Bl W)

5 .
Proof. Let h € D(AB) N D(BA) be such that ||h]| = 1. Since A and B are self-adjoint, we first make an
important observation: (Ah,h), (Bh,h) € R.

(i)

Ah (A)Ah (B) 2

An(A)AL(B) > (Ah — (Ah, hYh, Bh — (Bh, h)h)
|(Ah, Bh) — (Ah, h)(Bh, )|
|(Ah, Bh) — (Ah, h)(Bh, h) — (Ah, Bh) — (Ah, h)(Bh, h)|
2
|(Ah, BRh) — (Ah, h)(Bh, h) — (Bh, Ah) + (Bh, h)(Ah, h)|
2

Y

|(BAh, h) — (ABh, h)|
2
| — ((AB — BA)h, h)|
2
|([4, B]h, h)|
S

An(A)AL(B) > (Ah — (Ah, hYh, Bh — (Bh, h)h)
|(Ah, Bh) — (Ah, h)(Bh, )|

(Ah, BhY) — (Ah, h)(Bh, h) + (Ah, BR) — (Ah, k) (Bh, )|

Y

[(BAh,h) — (Ah,h)(Bh,h) + (ABh,h) — (Bh, h){Ah,h)]

+
2
|(Ah, Bh) — (Ah, h)(Bh, h) + (Bh, Ah) — (Bh, h)(Ah, h)|
2
2

|((AB + BA)h, h) — 2(Ah, h)(Bh, h)|
2
\({A, BYh, h) — 2(Ah, h)(Bh, h)|
. .

(iii) Define

2= Ah— (Ah,h)h, w := Bh— (Bh,h)h.
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Then
(z,w) 4+ (w,z) = (Ah — (Ah,h)h, Bh — (Bh, h)h) + (Bh — (Bh, h)h, Ah — (Ah, h)h)
= (BAh,h) — (Ah,h)(Bh,h) + (ABh,h) — (Bh, h){Ah, h)
= ({4, B}h,h) — 2(Ah, h)(Bh, h)

and
(z,w) — (w, z) = (Ah — (Ah, hyh, Bh — (Bh, hYh) — (Bh — (Bh, hYh, Ah — (Ah, h)h)
— (BAh, h) — (Ah, hY(Bh,h) — (ABh, h) + (Bh, h)(Ah, h)
— —([A, B]h, h).
Therefore
Ap(A)?An(B)* + Ap(B)*An(A)* 2 [(z,w)[? + [(w, 2) |
_ (zw) + (w,2))* - ((z,w) — (w, 2))°
_ ({4, B} h) - 254}1, h)(Bh, h))? — ([A, Bh, h)?
Note that 2
{[A, Blh,h) = —([A, Blh, )
and
({A, BYh, ) — 2(Ah, B)(Bh, h) = ({A, BYh, h) — 2(Ah, h)(Bh, h).
Therefore
—([4, Blh, h)* = [([A, Blh, h)[?
and

(({A, BYh, h) — 2(Ah, h)(Bh,h))* = |({A, B}h, h) — 2(Ah, h)(Bh, h)|?.

3. OcTONIONIC MACCONE-PATI UNCERTAINTY PRINCIPLES

Here we derive octonionic Maccone-Pati uncertainty principles.

Theorem 3.1. (Octonionic Maccone-Pati Uncertainty Principles) Let O be an octonionic Hilbert
space. Let A : D(A) C O — O and B : D(B) C O — O be possibly unbounded self-adjoint linear
operators. Then for all h € D(AB) N D(BA) with ||h|| =1, we have

(i)
Ap(A)? + An(B)? = [((A+ B)h,y)|* — ({A, BYh, h) + 2(Ah, h)(Bh, h),
Yy € O satisfying |ly|| <1 and {h,y) = 0.



K. Mahesh Krishna

Ah(‘q)2 + Ah(B)Q 2 |<(A - B)hay>|2 + <{Aa B}ha h> - 2<Ah7 h><Bh7 h>7
Yy € O satisfying |ly|| <1 and (h,y) = 0.

(iii)
Ap(A)? + Ap(B)? > (A + B)h,y)l” _; (A= B)h, y>|27 Yy € O satisfying |ly|| < 1 and {(h,y) = 0.
(iv)

2(Ah,h)(Bh,h) — ({A, B}h, h)

PR
A B
2- K(ﬁm) + WB)) hy>’

Ap(A)An(B) = Vy € O satisfying ||ly|| <1 and (h,y) = 0.

—2(Ah, h)(Bh,h) + ({A, B}h, h)

2
A B
2- ‘<<T;L<A) - H(B)) hy>’

Proof. Let h € D(AB) N D(BA) with ||h|| = 1. Let y € O be such that ||y|| <1 and (h,y) = 0.
(i)

Ap(A)An(B) =

Yy € O satisfying |ly|| < 1 and {h,y) = 0.

|((A+4 B)h,y)|*> = [(Ah — (Ah, h)h + Bh — (Bh, h)h, y)|?
< |lyl*((Ah — (Ah, h)h) 4+ (Bh — (Bh, h)h), (Ah — (Ah, h)h) + (Bh — (Bh, h)h))
< (Ah — (Ah, hyh, Ah — (Ah,h)h) + (Bh — (Bh, h)h, Bh — (Bh, h)h)
+ (Bh — (Bh, h)h, Ah — (Ah, h)h) + (Ah — (Ah, h)h, Bh — (Bh, h)h)
= Ap(A)? + Ay (B)? 4 (Bh, Ah) — (Bh, h)(Ah, h) + (Ah, Bh) — (Ah, h)(Bh, h)
= Ap(A)? + Ap(B)? + ({A, B}h, h) — 2(Ah, h)(Bh, h).
(ii) Similar to (i).
(iii) We get by adding (i) and (ii).
(iv)

2

(s + mim) )] =[5 - 25 )
S”y”2<Ah—A<Ah,h>h Bh — (Bh,h)h Ah — (Ah,h)h Bh—(Bh,h>h>

W(A) MB) T MA) T A
Ah — (Ah,h)h Ah — (Ah, h)h Bh — (Bh,hYh Bh — (Bh,h)h
= < A A > * < AB) ' AwB) >
<Bh — (Bh,h)h Ah — <Ah,h>h> <Ah — (Ah,hYh Bh — (Bh,h)h>
Ap(B) 7 Aw(4) Ap(4) 7 Ap(B)
g (BhAR) — (Bhh){(Ah.h) | (Ah, Bh) — (Ah,h)(Bh,h)
R N 07 VN ) An(A)A4(B)

—2(Ah, h)(Bh,h) + ({A, B}h, h)

=2t Ap(A)AR(B)
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Therefore

—2(Ah, hY(Bh, ) + ({A, BYh, h) A
A (A)A4(B) =2 ‘<(A

2(Ah, h)(Bh, h) — ({A, B}h,h) _ An(A)AL(B).

2 [((shn + =t hov)|

(v) Similar to (iv).
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