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SMOOTH LOCAL ISOMETRIC AND CONFORMAL EMBEDDINGS

IN OPTIMAL DIMENSION
WENCHANG YANG AND YI WANG

ABSTRACT. Let s, =n(n+ 1)/2. For every n > 5, the smallest Euclidean dimension
in which every smooth n-dimensional Riemannian metric admits a local isometric em-
bedding is s,,. The corresponding dimension for smooth local conformal embedding is
sn — 1. We construct two flat reference embeddings with the same reduced principal
symbol. In the conformal reference, the metric line takes the place of one normal direc-
tion. The proof uses quadratic products of characteristic waves to correct the metric
and gives a sequence converging in every derivative order on a fixed neighborhood.
Polynomial metric germs give both lower bounds.
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1. INTRODUCTION

Put s, = n(n+ 1)/2 and let 4,, denote the Euclidean metric on R™. The universal
target dimension is the smallest integer m that works for every metric germ in the
stated class. The two equations in this paper are

(1.1) Y(F) = (dF)'dF = g and  y(F)=pg, p>0.

The conformal factor p is a smooth function on the neighborhood where the map is
defined.

Theorem 1.1 (Isometric embedding). For every n > 5, every smooth Riemannian
metric g near a point p of an n-manifold admits a smooth embedding F' : U — R** on
a neighborhood U of p, with F*s, = g. The target dimension s, is optimal.

Theorem 1.2 (Conformal embedding). For every n > 5, every smooth Riemannian
metric g near a point p of an n-manifold admits a smooth embedding F : U — R»~!
and a positive smooth function p on a neighborhood U of p, with F*és, 1 = pg. The
target dimension s, — 1 is optimal.

At n = 5 the two target dimensions are 15 and 14. For n = 6 they are 21 and 20.
The lower bounds concern a dimension that works for all metrics. Individual metrics
may admit embeddings in smaller dimensions.

For analytic metrics, the local isometric theorem in dimension s,, is due to Janet and
Cartan [J26, C27]. Jacobowitz and Moore proved the analytic conformal theorem in
dimension s, — 1 [JM73]. The classical smooth constructions of Nash and Greene give
existence in higher dimensions [N56, G70]. At the isometric dimension s,, eliminating
the normal variation leaves a determined first-order system. Its characteristics were
studied in [BGY83, HK12]. The construction below works with a reference whose
symbol has singular characteristics. It combines the linear image of the symbol with
quadratic terms generated on regular characteristic patches.

1.1. The dimension obstructions.

Proof of the two lower bounds. Let by = (”Zk), the dimension of scalar k-jets at the

origin. A symmetric metric jet has s, b, coefficients. For a target of dimension m, the
polynomial maps relevant to the two equations are

WF — i (@R)TdF),  GEF jba) — it (a(dF)TdF),

In the conformal case an actual solution has a = p~!. Allowing all scalar k-jets can
only enlarge the image. The domain dimensions are mby.; and mby1 + by, respectively.
Since bgy1/by = 1+ n/(k + 1), these dimensions are strictly less than s,b; for all
sufficiently large k if m < s, in the first case or m < s, — 1 in the second.

By Sard’s theorem each such image has measure zero. Choose a jet outside the
image in the nonempty open set of jets with positive definite constant term. Its Taylor
polynomial is a Riemannian metric near zero. Any smooth immersion solving the
corresponding metric equation would produce the excluded jet. This proves optimality
once the upper bounds are established. O
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2. STRUCTURE OF THE PROOF

Write ¢ = s,, — n. The isometric reference has ¢ independent normal forms. The
conformal reference retains ¢ — 1 of these forms and changes the constant metric so
that adjoining the metric line recovers their full span. Section 4 gives the linearization
and its reduced symbol. Section 5 constructs the second reference by circular bendings.
Both references have the same frozen principal matrix

My (€) = ding(€) — (n —4)2 (Z &)u”,

The normal reconstruction leaves n differential equations for a tangential covector field.
In the conformal case the projection along the metric line removes the auxiliary scalar
from the residual. The iteration updates only the ambient map.

Section 6 finds finitely many three-parameter patches of simple characteristics. For
each output covector the linear image and the quadratic tensors from the incident
patches span the reduced output space, with a uniform lower bound. The same patches
separate the frequencies of signed products from the singular characteristic directions.
These two properties govern the mean and the oscillatory parts of the correction, re-
spectively.

The regular linear parametrices are constructed in Sections 9 and 10. They give
corrected characteristic waves in Section 11. The wave differentials have a nonzero
leading physical normal polarization, also in the conformal case. Their squared lengths
enter a continuous normal operator. Section 13 proves its coercivity and constructs a
positive background density. The separated sample of Section 12 is used in Section 14
to correct the mean. Section 15 uses regular parametrices to remove the oscillatory

products.
The corrections use the exact expansion
(2.1) Y(F+Y) =~(F) + DypY + (dY)"dY.

Section 16 checks this calculation with the fixed target projection for the conformal
equation. Section 17 bounds one increment U. For a defect of size at most 62, it gives
a new defect of size at most Co(dR™% + §°RP3). Tt also gives a global L? bound and
exact Fourier support below CR, with b, < 3/2. The exponents and domains are
independent of the finite accuracy Q.

The Fourier history controls all coefficient norms during iteration. Sections 20 and
21 fix the reference, choose an initial target dilation and let the accuracy increase along
one sequence. The same neighborhood works at every derivative order.

3. NOTATION, CONVENTIONS AND FIXED DOMAINS

The metric and normal-map conventions are introduced in Section 4. Every reduced
operator is used with the normalization displayed there, including the factor 1/2 in (4.6).
In this section we collect the conventions for norms, Fourier transforms and constants,
the list of parameters, and the fixed domains and cutoffs used in all later constructions.
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3.1. Norms, adjoints and Fourier transforms.

Notation 3.1 (Norms and Fourier transforms). For a function f smooth up to the
boundary of a closed set D we put
| fller(py = maxsup [0 f ()],
la|l<r zeD
and similarly on other domains. Norms of vectors, matrices and tensors are taken
componentwise in fixed coordinates; a coefficient norm includes every matrix entry.
Fields with a fixed compact support inside a chart are extended by zero to R™. Unless
another domain is specified, Sobolev and L? norms are taken on R", whereas physical
C™ norms always carry their domain. Integer Sobolev norms are the L? norms of all
Cartesian derivatives through the stated order; on R™ this is equivalent to || f|lgs =
1(D)*fll2, where D = —i0 and (£) = (1 + |£]?)/2. We also write |jul|s = ||u||z and
H>™ = N0 H*.
In d variables we use the Fourier normalization

o~

fe =em [ e pa@ydn, @) = [ e de

so that ||f||2 = (2m)|f||2. For the initial variables of a wave d = n — 1. A finite
complex measure m on R is regarded as Fourier data: writing dm(€) = f(£) d¢ gives
fly) = [e¥sdm(€). Tts size is the total variation ||m||tv. The Dirac mass at the origin
is denoted by dy; it represents the constant function 1.

For complex matrices, X7 denotes the transpose and X* the conjugate transpose; real
parts are taken entrywise. Thus Re(X*X) is a real symmetric tensor, whereas a cross
term Re(X*Y) has to be symmetrized when it occurs alone. Complex Hilbert inner
products are linear in the first argument, and adjoints are complex Hilbert adjoints,
restricted to real fields when the operator is real. Operator norms refer to the entire
stated spaces. A normal operator AA* acts on the output space of A; it should not be
confused with the normal map Bp of the immersion.

3.2. Amplitudes and constants. For a complex wave Z = e¢*?z we call z its ampli-
tude. Estimates for z and for e7*?dZ are stated separately. A bound for the first does
not by itself give the second at the same scale, because

e MAZ =iz dd + dz.

This is why the estimates below distinguish the scale K on which the amplitude varies
from the frequency \. The leading amplitude of a characteristic wave is a scalar trans-
ported along the Hamilton flow times a null vector; its value at the initial time is called
the initial amplitude and is denoted by r, and 72 is called the initial density. The mean
of a wave is linear in its initial density.

The letter M denotes the number of samples, while M,,, = 20(n+1) is a fixed order of
differentiability used in the oscillatory integral estimates. Three normal operators are
distinguished in Sections 13-14: the continuous operator Er, the continuous operator
Er i with input frequencies cut at K, and the sampled operator Eg.
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Constants may depend on the dimension, the fixed charts and the fixed geometric
neighborhood. When a bound holds at every order r, the constant C. may depend on 7.
In estimates of the form C,.L™8 we state explicitly when the exponent B is independent
of r and of the accuracy. At each finite order and accuracy, the constants involve only
finitely many derivative bounds of the data; they are uniform for immersions in a
fixed C™ neighborhood of the reference whose derivative bounds (see (11.23)) have
fixed constants. A requested accuracy determines finite iteration depths before the
waves and the sample are formed, and constants may depend on these finite choices.
Domains, the order r,, Fourier supports and exponents do not. In the single-step
estimate this dependence is displayed as Cg, and the convergence argument absorbs it
in one threshold. Letters B with subscripts denote fixed loss exponents.

We often use derivative bounds of the form

(3'1) ||f||CT < CTT(T_R)+v r> 07

with 77 > 1, R > 0 and z; = max(z,0): the first R derivatives are bounded uni-
formly, and each further derivative costs a factor T'. They are preserved by products,
compositions, inverses and flows, with a fixed loss in R (Section 7).

3.3. Parameters. The main parameters and fields have the following roles.

F the immersion at the current step; all waves and correction
operators are constructed at F'

R the frequency parameter of the step; also the derivative scale
of the final modulated amplitudes

A= R" the frequency of the characteristic waves

h=R" the separation of the samples

K, K., = R the amplitude scale, and the fixed bound for the initial fre-
quencies of the modulations

Ty = R! the derivative scale of the immersion F

5, b=056R4 52 bounds the metric defect; b is the amplitude of the primary
waves

P,V S the primary wave sum, the mean correction field, and the

correction of the oscillatory products
Q,r the requested finite accuracy and a derivative order

The exponents are fixed in Proposition 19.1. In later sections we write T = Tj, and
Bcubic = BS-

Notation 3.2 (Scales at one step). We use the scales of Section 19,
A=R* h=R7P Lp=Ty=R' Kunx=DR".

The unmodulated wave, with initial data ¢y, has amplitudes varying on the scale Cey, Th.
Waves modulated by measures with Fourier support in {|{| < C' K.y} have amplitudes
varying on the scale C, K ,.x, and the waves obtained after the correction of the mean
have amplitudes varying on the scale C,R. The two inequalities in (19.5) place these
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scales below the wave frequency and below the smallest product frequency, respectively.
All exponents and support constants are independent of the accuracy and of the deriv-
ative order.

3.4. Fixed domains and cutoffs. Fix a closed ball D of positive radius centered at
0 and a larger bounded open chart W C R". The limit metric equation is imposed on
D. All measurements, sources of the product corrections and physical output cutoffs
are supported in a fixed compact set Dy, @ W. For the sources of the primary waves
we choose cutoffs with

(3.2) Dy € int{xgc = 1}, SUpp Xsre € int{Xcore = 1} € W.

The identities for the linearized metric hold near every measurement support and every
source of the product corrections. We write ypair for a fixed cutoff supported in Di,g
and equal to one near all product sources, in particular near D. The mean and the
product corrections may use different cutoffs, but all their supports lie, with positive
margins, inside the regions where the corresponding constructions are valid. The larger
cutoffs contain the corrections, which may extend beyond the supports of their sources.
All these domains are fixed before the frequency, the accuracy and the sample are
chosen; this keeps the limit neighborhood independent of the accuracy. The precise
arrangement is as follows.

Setup 3.3 (Fixed domains). Let W C R" be a bounded open neighborhood of 0. All
inclusions below have positive margins, and all choices are made before the frequency,
the sample, the accuracy and the final dilation parameter.

(i) Primary waves. First fix the solution operators for the primary waves on the
whole characteristic patches (Setup 11.6), with a fixed cutoff x21ag. The finitely
many regions on which their identities hold contain a common open set Upag on
which yo1aq = 1.

(ii) Measurement region and the ball D. Inside these regions choose a measurement
region Vie.s, small enough for Proposition 13.5, then an open set Ugg and the
closed ball D, so that

(3.3) D € Upg € Vineas € int Diyg, SUPP Xmeas € Vineass

where Ymeas €quals one near Upg.
(iii) Source cutoffs of the primary waves. Choose

Dlag < int{Xlag,src - 1}7 SUPP Xlag,src € int{Xcore,LAG - 1}7

3.4
(3:4) SUpPP Xcore,rac € Upag € W, SUPD Xlagsre € {X2,0ac = 1}.

A larger chart in W on which the primary waves are defined contains Upag and
the supports of all these cutoffs.

(iv) Product corrections. Every measurement support, every source of the product
corrections and every physical output support lies in int Dy,,. The physical cutoff
Xphys and the source cutoff Xpairse Of the product corrections equal one near D;
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the latter is supported in the region X, where the cutoft x2p.ir of the regu-
lar parametrices equals one. The amplitude cutoff pa.ir satisfies supp Xpairsie €
int{ Xpair = 1} and supp Xpair € int Dig.

(v) Final cutoffs. The cutoffs of the mean correction and the common physical cutoff
of the final increment (the sum of the primary waves, the mean correction and
the product correction) are supported in an open set Uy, with D € Uy, € Ugg.

(vi) Cutoff for the sampling estimate. The estimate for the sampled operators at fixed
patch parameter uses a separate cutoff xgice, €qual to one near supp Xmeas and
supported in int Dj,e. It enters only this estimate; the fields themselves carry
their own physical cutoffs.

In Section 13, the sets Ueore and Uppeas stand for Ugg and Vieas. In Section 11, Ugere and
the corresponding cutoff stand for Upac and Xcorer.ag. The other solution operators
have their own fixed domains of validity.

The linearized metric of the primary waves, the errors of their corrections and the
identities for the linearized metric at F' are estimated on D,,, which contains every
measurement support and every source of the product corrections. The smallness of
the metric defect and the smoothing of the target are imposed only on D.

Remark 3.4. The primary waves and the product corrections use different solution
operators, each on its own regular patches. The continuous operator and its image
component are constructed in Section 13. All samples in one characteristic patch use the
same reduced solution operator and the same reconstruction map Vg, for every initial
datum, and the finite primary wave and its correction have the same phase. For each
construction the solution operator and its residual are fixed; a requested precision only
determines the number of compositions of the residual, and the resulting polynomial
in the residual is then applied to every datum in that patch. Over the finite list of
patches we take the minimum of the margins and the maximum of the derivative losses.
Constants may depend on the finite depths, but the depths do not change the losses.

4. THE REDUCED METRIC EQUATION AND THE REFERENCE MODELS

4.1. The reduced metric equation. Let F' be an immersion, hp = v(F') its induced
metric, N its normal bundle and IIy its second form. The target metric is denoted by
g. On symmetric coordinate tensors use the Frobenius pairing and put

BFH = Z HijIIF’Z‘j.
1]
For isometry set P = I and Zp(w) = Bpw. For conformality set
tr(g~ ' H)

PH=H—- ——"g, =r(w,t) = Brw + tg.
n

Assume Zp is injective and its image has codimension n. Let Kp = (imZp)*+, choose
a frame Q1,...,Q, of K, and let Gr = (Q; : Q;);;. All orthogonal complements here
are for the coordinate Frobenius pairing. In the conformal case ); : g = 0; this need
not mean tr, ¢); = 0.
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Definition 4.1 (Reduced equation). Define
qr(H) = (Qi : H);, Pru = (Q; : sym V" u);,
Mp(2,8) = (Qi€)",  pr=detMp,  qr(,6) = qr(£®E).
Thus qrP = qr. Let
(4.2) Np = pry, EFHK#, Yr(u, H) = dFhp'u + Np(sym V" u — H/2).

(4.1)

The scalar component of the inverse is omitted for isometry.
The quadratic metric identity is exact:
(4.3)  YF+Y)=7(F)+ DypY + (dY)'dY,  DypY = (dF)"dY + (dY)"dF.

Lemma 4.2 (Normal elimination). For Y = dFhz'u +w, with w normal,

(4.4) DypY = 2sym V" u — 2B5w.
ForY =Yp(u, H),
(4.5) P(DypY — H) =2P " Qi(GFh)ij(Pru — qr(H)/2);.

i,
Consequently the reduced equation is

In the conformal case Yr(u, H+ fg) = Yr(u, H) for every smooth scalar f, even for an
approximate solution of the reduced equation.

Proof. Differentiate u; = (F};,Y) and (Fj,w) = 0. The tangential part of Fj; is
[(hp)}; Fy; its normal part is ITg,;. Symmetrizing gives (4.4). Put T' = sym V"7 u— H/2.
Then BpNpT =11 K#T —tg, with the scalar term absent for isometry. Apply P and use

Uy, T = Z Qi(Gr1)iy(Q; : 7).
2,

This proves (4.5). For conformality [Ix,g = 0 and Z¢(0,1) = g, so replacing H by
H + fg changes only the scalar component, by —f/2. 0

The connection in these equations is the connection of hr, not of the target metric.
The differential lift is

One must keep the first projection on the right in the conformal case: Pllg, is generally
different from Ilj,..

For a nonzero characteristic polarization b € ker Mp(z,§), the physical normal v =
Np(€ ®b) is nonzero. Indeed £ ® b = (£b7 + bET)/2 is a nonzero tensor of rank at
most two. If its normal inverse were zero in the conformal problem, it would equal tg,
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impossible for n > 3. For isometry the inverse is injective. On compact normalized
families this gives a positive normal gap. The exact oscillatory formula is

Vir(12e97h) = 97 (it Np(dS © b) + 72Vp(b)),

4.8
48 Ay = —v(dS)T,  AtA = |v[2dS(dS)T.

Only the physical normal length occurs in this quadratic tensor.

The isometric reference is constructed next. The conformal reference is constructed
in Section 5. The technical estimates are written first with P = I; their projected
versions, including the altered inverse formulas, are proved in Section 16. The reduced
system and the regular oscillatory integral arguments are common to both.

4.2. The constant-coefficient model.

Definition 4.3 (The model tensors). Let n > 5 N = s, =n(n+1)/2, ¢ =n(n—1)/2,
d=n—4and ¢, = d 2 Let E = Sym*R" carry the Frobenius pairing, and write
S, =Y,z forzeR* 1=(1,...,1) and J = 117, Set

(49) Q? = eieT - CnJ> KO = Span{@?a ce 7@2}7 gab =1- 2ea - 266 (a < b)

i
With the normalization of (4.1), the corresponding pencil, its determinant and its
quadratic map are

My(€&) = diag(&r, .-, &n) — cnSed, po(§) = det My(§),
0(€) = (£7QY€)s = Mo(§)E.

Explicitly, qo(§); = & — ¢.SZ. Note that My(§) is symmetric and linear in &, and that
T Mo(k)r =k - qo(r).

(4.10)

By the matrix determinant lemma, det(diag(¢) — ¢,5:117) = detdiag(¢) (1 —
cnSe1T diag(€)7'1) when all & # 0, and by continuity

(4.11) po(§) =] & — eaSe - T1

i Gt
Proposition 4.4 (A flat form of full rank). The R?-valued symmetric form
Bo(u,v) = ((Eab ) (Lyp - U))

is onto, its kernel, as a map E — R, is Ky, and it satisfies the Gauss equations of a

flat metric: (Bo(X,Z), Bo(Y,W)) — (Bo(X, W), By(Y, Z)) = 0.

a<b

Proof. As a map on E, By(H) = ({1, Hlu)a<p, S0 By maps the basis vector indexed by
(a,b) to llT,. The q matrices (e, + €3)(eq + €)', a < b, are linearly independent, since
only the one indexed by (a,b) has a nonzero (a,b) entry. Moreover

J n

(4.12) fab:—z(J—‘i)(eﬁeb), det<l—4> =1-2 40,
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so the matrices 01, = 4L(eq + €)(eq + €)' LT, with L = I — J/4 invertible, are
independent as well. Hence B is injective and By is onto. Each QY annihilates these
matrices: every coordinate of ¢, is £1 and Sy, =n —4 =d, so

Q? : gabggb = (gab)? — Cnsézab =1- Cnd2 =0.

The @Y are independent: if 3°; a;Q% = diag(a) — ¢,(S4)J = 0, an off-diagonal entry
gives S, = 0 and then a = 0. Since dimker By = s,, — ¢ = n and K, C ker By, we get
ker By = Ky. Finally, every component of By is a product of two linear forms, and for
such a component the Gauss expression is (¢ - X)(¢- Z)(£-Y)({- W) — (£- X)(£-W)(L-
Y)¢-Z)=0. OJ

4.3. The singular characteristic set.

Proposition 4.5 (Singular characteristics of the model). The singular characteristic
set M= {po =0, dpy = 0} \ {0} is the union, with the origin removed, of

(4.13) Liy={& =& =& =0}, Lijs = {& =& = S¢ = 0}, Rlap,

for distinct indices. The first two families consist of the covectors at which My has
corank at least two; they have codimension three. Fach line Rly, consists of covectors of
corank one with dpy = 0; every other zero of py of corank one is a simple characteristic.

The lines Rly, are also exactly the nonzero common zeros of the components of qo. We
write L for the finite family of the subspaces in (4.13), so that M = (Uree L) \ {0}.

Proof. The kernel of My(€). Put oo = ¢, S¢; the kernel equation reads

Let Z ={i:& =0}. If Z =10, then v; = S, /& is determined by the scalar S,, so the
kernel has dimension at most one. If Z # () and « # 0, an index in Z gives S, = 0, so
v is supported in Z with S, = 0, and the kernel has dimension |Z]| — 1. If o = 0, the
kernel consists of the vectors supported in Z and has dimension |Z|. Thus the corank is
at least two exactly on {|Z] > 3} U{|Z]| > 2, S = 0}, which is the union of the spaces
Lij and L;jg; each is defined by three independent linear equations. At such points the
adjugate of M, vanishes, and since dpy(§)[n] = tr(adj My(&) My(n)), also dpe(§) = 0.

Corank one. If My(&) has corank one and v spans its kernel, then, M, being symmet-
ric, adj My(€) = avv® with a # 0. Hence

(4.15) dpo(&)[n] = av” My(n)v = an - q(v), that is dpo(§) = aqo(v).

So dpo(§) = 0 if and only if go(v) = 0.

Common zeros of qo. Let v # 0 with go(v) = 0, that is, v? = ¢,5? for all 7. If
S, = 0 then v = 0; hence S, # 0 and v; = ¢;5,/d with ¢; = £1. Summing over i
gives Y ,&; = d = n — 4, so exactly two signs are negative, and v € R/l . Conversely
qo(Lap) = 0, as computed in the proof of Proposition 4.4.

Conclusion. Let & # 0 have corank one and dpy(§) = 0. Then its kernel is spanned by
some ¢ = g, and (4.14) gives &;l; = ¢, S¢d = S¢/d, that is, § = (S¢/d){;, since £; = £1.
Thus £ € Rl,,. Conversely, for £ = {,;, all coordinates are nonzero, so the corank is at
most one; My(£)¢ = qo(¢) = 0, so it equals one, and (4.15) gives dpy(¢) = 0. O
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4.4. Circular bendings and the isometric reference.

Lemma 4.6 (Prescribing rank-one normal forms). Let H be a constant positive definite
n-by-n matriz and let (1,...,0, be nonzero covectors, represented as columns in the
chosen coordinates. There is an analytic local embedding F into R™*" with

F(0)=0, ~(F)=H,  dF(0)=(H"0).
At the origin the r normal components of d*F are the forms fjﬁ?, in the order prescribed.

Proof. Write A = H'Y? and start with  — Az. To add one ambient coordinate,
decompose Y =Y, 4 tv with v a unit vector and Y, | v, and use the map

. .
Cy (V) = <YL 1 Sm/i“t)v, CZSW)> k>0

It fixes the lengths of vectors perpendicular to v and sends the derivative in the v
direction to a perpendicular unit vector. Thus its differential preserves the Euclidean
metric. It fixes the origin, its differential there is the standard inclusion and its Hessian
there has only the new component k(v - X)(v - Z).

At step j take

a; = AL, v; = (a;,0)/|ay, Ky = la;]*.

The zeros extend a; into the already added coordinates. The chain rule shows that the
old Hessian components are preserved and the new one is (¢; - X)(¢; - Z). All the steps
preserve the differential (A, 0) at zero and the metric H. The projection onto the first
n coordinates has invertible differential at zero, giving an embedding after restricting
the domain. O

Proposition 4.7 (Flat isometric reference). There is an analytic local embedding Fy
into R*™ with y(Fy) = I, Fy(0) = 0 and Bg,(0) = By in the standard normal coordinates.
In particular, Kg,(0) = Ky, and the normal map has full rank near the origin.

Proof. Apply Lemma 4.6 to H = I and all ¢ covectors {4, of (4.9). The Hessian at
zero is normal because the metric is constant. The identification with By, and the rank
assertion, follow from Proposition 4.4 and continuity. O

Corollary 4.8 (Rescaled flat references). For all sufficiently small o > 0 define, on a
fixed ball,

Go(1) = 07! (Fy(oz) — Fo(0)).

Then v(G,) = I, the smallest singular value of Bg, is at least co, and the projected
frame Qi(G,) = g, QY converges to (Q7) in C™ for every fized m > 0 as o — 0.
Consequently, one fized sufficiently small p > 0 gives a reference immersion Gyt = G,
whose projected frame lies in any prescribed finite-order neighborhood of the constant
frame. The metric, normal-rank and frame bounds persist on a fized finite-order neigh-
borhood of Ger. All geometric seminorms of Gree are finite; later constants may depend
on p.
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Proof. Let Q;(y) = erero(y)Q?a which is smooth near 0 with @;(0) = QY. Since
dG,(z) = dFy(oz) and d*G,(x) = o d*Fy(ox), the tangent and normal spaces of G, at
x coincide with those of Fy at ox, and
Bg,(z) = 0Br(oz),  Qi(Gy)(z) = Qi(ow).

The second identity gives 9%(Q;(G,)](z) = o!*(0°Q;)(cx), which tends to 0 for |a| > 1,
while Q;(cz) — QY this is the asserted convergence. The first identity and the full
normal rank of Fj near 0 give the singular-value bound, and flatness gives v(G,) = 1.
The frame depends smoothly on the second jet of the immersion, so all these bounds

persist on a neighborhood in a topology with two more derivatives than the prescribed
frame topology. OJ

After this fixed dilation, the projected frames of all immersions near G, are uniformly
close to (4.9), and all later operators use these variable coefficients.

5. A FLAT REFERENCE FOR THE CONFORMAL EQUATION

For a < b write Ly, = EabﬂaTb and set
Hy = Z Lap.

a<b
This matrix is positive definite. Indeed, (4.12) expresses the {4, as the images of the
spanning family e, +e;, under an invertible linear map. For example, if 7, j, k are distinct
then 2e; = (e; +¢;) + (e; + ex) — (e + ex). Since each Ly, lies in K-, so does H,.

Proposition 5.1 (Flat conformal reference). Fiz one pair a, < b,. There is an analytic
local embedding F, into R*~1 with F,(0) = 0 and v(F,) = Hy. At the origin its normal
forms are the ¢ — 1 matrices Ly, with (a,b) # (as,by). If Co = Bg,(0), the map

(w,t) — Cyw + tHy

is injective with image Kg-. Thus the conformal and isometric references give the same
frozen pencil (4.10).

Proof. Apply Lemma 4.6 with H = H, and the retained covectors. The metric is
constant and the displayed Hessian components are normal at zero. By Proposition 4.4,
the ¢ matrices L,y are a basis of Kj-. Replacing L., in this basis by their sum Hj leaves
a basis, because its coefficient in the deleted direction is one. This proves the claim
about the augmented map. Since the reduced symbol uses the Frobenius annihilator
of its image and acts on tangential covector coefficients, the constant metric Hy leaves
the principal matrix unchanged.

In the conformal construction choose coordinates with ¢(0) = Hy. For F,(z) =
o1 F,(cx) the metric is still Hy and the second fundamental form equals 0 Bp, (ox). In
a smooth local normal frame the normalized map

(w,t) — 0 "B w+ tg(sox)

therefore tends smoothly on the fixed coordinate domain to (w,t) — Ciw + tHy, uni-
formly for s in a compact interval. Its rank gap persists down to the normalized
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endpoint. The projected stress frame tends to @Y, and the metric projection makes the
initial defect tend to zero as s — 0 for any one fixed positive o.

At n = 5, the matrix Hy = 121 — 2J has eigenvalue 2 on R1 and eigenvalue 12 on
its orthogonal complement. The construction starts from ten independent forms and
retains nine, giving 5 + 9 = 14 ambient coordinates. Here ¢, = 1 in (4.10), so the
characteristic patch construction uses the same pencil at this endpoint.

6. CHARACTERISTIC PATCHES AND PHASES

We now construct the finite family of characteristic patches which provides the oscilla-
tions, first for the constant model and then for immersions near the reference, together
with their phases. The main results are the Gram inequality (Proposition 6.1), the
classification of all quadratic interactions as elliptic or of simple real principal type
(Propositions 6.4 and 6.9), and the properties of the phase differences needed for the
oscillatory integrals (Proposition 6.5). The construction of phases on common domains
uses the elementary estimates for flows and inverse charts of Section 7, which are inde-
pendent of the present section.

6.1. Heuristics. At a simple characteristic covector ¢ the matrix Mp(z, &) has a one-
dimensional kernel, which determines the leading tangential polarization of a wave
with phase gradient . After normal reconstruction by (4.7), the leading part of the
differential of such a wave is a rank-one matrix ¥®¢, and its Hermitian square is |v|?£ Q€.
Applying qr gives the vector |v|?qr (¢ ® £). The waves are also slowly modulated; the
quadratic interaction between a wave with base covector £, and its modulation has, to
leading order, an output frequency k tangent to the characteristic variety at &,. For
the constant model these considerations lead to the following Gram inequality, which
states that the quadratic vectors complete the image of M, at every output direction:
for each unit k there are selected base covectors &o with

E ' aﬁp()(ga) = 07

&1 MoB)T 0l + Y - l€) > el (w e R,

a
This holds even at singular output covectors. It is proved in Proposition 6.1, and the
corresponding lower bound for the continuous normal operator is proved in Section 13.
The quadratic products of distinct waves leave the characteristic patch; their corrections
require that their frequencies lie in regions where the reduced system is elliptic or of
simple real principal type. This is the second main property of the construction.

6.2. Characteristic patches for the constant model.

Proposition 6.1 (A finite family of characteristic patches). Let n > 5 and use the
common pencil (4.10). Let L denote the codimension-three spaces and lines in the
description (4.13) of its singular set. There are finitely many smooth maps

 at Zg — R,
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where each Z, is a closed convex cube in R3, and a finite open cover (V) of the unit
sphere S*™1, with the following properties.

(i) The norm of £,(z) is bounded above and away from zero. Its coordinates are
nonzero, and it satisfies po(€.(z)) = 0 and rank My(&,(2)) = n — 1. With r,,; =
1/&4.i, the vector v, = qo(r,) is a nonzero multiple of dpy(&,). For L € L and
2,2 € Z,,

(6.2) e (Ca(2) —&a(2)) 2 clz = 2], 1€a(z) = &a(2)] < Clz — 2.
The normalized directions of all nonzero differences and of all sums of two covec-
tors from the same patch lie at a uniform positive distance from 9.

(ii) For each Vy there are a finite subcollection of patches and smooth incidence points
2q(k) in their interiors, k € V,, such that, for one chosen first parameter z; on
each patch,

k- va(za(k)) = 0, 10, (k- va(2))| = ¢
near the incidence points, and

(6.3) [Mo(k)"s|* + 3 _ls - qol&a(za(R)))I* Z e, s€R", ke

(iii) For any fized finite grouping of the patches, positive radial factors R, can be fized
so that every sum or difference R,€,(z) &£ Ry€w(2') of covectors from different
groups has normalized direction at a uniform positive distance from 9M. The
factors do not depend on the later sample spacing or accuracy.

Since dpo(&,) is proportional to v,, the incidence condition in (ii) is the first line of
(6.1), and (6.3) is its second line.

Proof. Step 1 (base covectors satisfying the Gram condition). Fix k # 0 with My(k)
singular and a nonzero s € ker My(k). Put a = ¢, S; and

Q(r) =r"My(k)r =k - qo(r) = Z ki — aS2,
1

We first find two indices 7 # j with s; +s5; # 0 and a smooth zero of () in the subspace
{r; =r; =0} with S, # 0 and all other coordinates nonzero.

Case A: some coordinate of k vanishes. The kernel equation k;s; = a.S, shows that
s is supported on the zero coordinates of k, and if o # 0 also Sy = 0. If o = 0, choose
p,q with k, > 0 > k, (possible since S, = 0 and k # 0). If a # 0, choose p with
ak, > 0 and a zero coordinate ¢ of k. In both cases s does not vanish identically
on the remaining n — 2 > 3 indices: if « =0, s, = s, = 0; if « # 0, 5, = 0 and
s has at least two nonzero entries because S; = 0. Among three indices on which s
is not identically zero, two satisfy s; +s; # 0: if s;, # 0 and s; +5; = 5; + 55 = 0,
then s; + s = —2s; # 0. Fix such ¢,j. If « =0, put r; = 1 for [ ¢ {i,7,p,q} and
choose 1, 7¢ > 0 with kyr2 + kgr? = — g4 ..y ki, which is possible since k, > 0 > k.
Then Q(r) = 0, S, > 0, and 0,,Q = 2k,r, # 0. If a # 0, choose nonzero r; for
[ ¢ {i,7,q} such that >, k;r? has the sign of a (take r, large), and then choose r, with
S, = £(3, kir? Ja)/%; of the two signs at least one gives r, # 0. Since k, = 0, Q(r) = 0,
Sy # 0, and 0, Q = —2a5, # 0.
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Case B: all k; # 0. The kernel equation gives s; = aSs/k; with aSs # 0, and
summing, oY, k7' = 1. Replacing k¥ by —k (which changes My(k) to —My(k)) we
may assume « > 0. Let p and ¢ be the numbers of positive and negative coordinates
of k. The matrix Hy from Section 5 is positive definite and annihilates Ky under the
Frobenius pairing. Since My(k) = Y, k;QY, its pairing with Hy vanishes. Independence
of the QY makes My(k) # 0 when k # 0. Every nonzero semidefinite matrix has strictly
signed pairing with Hy. It follows that () is indefinite. To compute the inertia, consider

the bordered matrix
diag(k 1
B = ( lgT( ) 1) )

Its Schur complement with respect to the entry a ™! is diag(k)—a11” = My(k), and with
respect to diag(k) it is o™t — ¥, k; ' = 0. By the Haynsworth inertia additivity, In(B) =
(p,q,0)+(0,0,1) = (1,0,0) + In My(k), so In My(k) = (p — 1, ¢,1). Indefiniteness gives
p>2and g > 1. If p > 3, let 7,5 be two positive coordinates; if p = 2, then
g = n—2 >3, and let 7,j be two negative coordinates. In both cases s; + s; =
aSy(k; '+ k;') # 0. The restriction of Q to {r; = r; = 0} is diag(k') — o117, with &’
the remaining coordinates, and the same bordered matrix argument, now with Schur
complement o' — >0, ik V=t k; ! =£ 0, shows that it is nonsingular with inertia
(p—2,¢,0) or (1,q — 1,0), respectively. It is therefore a nonsingular indefinite form in
n — 2 > 3 variables, and its null cone is a smooth hypersurface of dimension n — 3 away
from the origin. No open subset of this cone lies in a hyperplane {A = 0}: otherwise
Q would vanish on an open subset of the hyperplane, hence on the hyperplane, and
A would divide @), forcing rank () < 2. Hence we can choose a point of the cone with
S, # 0 and all remaining coordinates nonzero.

Excluding further degeneracies. In both cases the zero set of @ in {r; = r; = 0} is,
near the chosen point, a smooth hypersurface of dimension n — 3, and ¢o(r); = qo(r); =
—,S? # 0. The conditions that two other components qo(7);, qo(7), vanish, or that
three components qo(7);, 4o(7)m, qo(7); are equal, read

=¢S5 /d, Tm=¢enS/d, or Ty =&y, Tm = EmTt,

with indices distinct and outside {7, j} and signs £1; each is a pair of independent linear
equations, hence defines a subspace of codimension two. (A coincidence involving qo(r);
would force r; = 0 for some [ ¢ {i,j}, and go(r); never vanishes.) A hypersurface of
dimension n — 3 is not contained in finitely many subspaces of dimension n — 4, so
we may avoid all of them while keeping the strict conditions above. Now a vector
in L,fjl = span{e;, e;,e;} has at least n — 3 > 2 zero components, and a vector in
ij = span{e;, ej, 1} has at least n — 2 > 3 equal components. Hence go(r) ¢ L for
every codimension-three L € L.

Passing to the base covector. At this point r has exactly two zero coordinates and
Sr # 0, so by the proof of Proposition 4.5 the kernel of My(r) is R(e; — e;). By (4.15),
dpo(r) is a nonzero multiple of go(e; — €;) = €; + €;, so dpo(r) - s # 0. On the other
hand dQ(r) = 2My(k)r is nonzero and annihilates s, because r’ My(k)s = 0. Hence
dpo(r) and dQ(r) are independent, and {py = 0, @ = 0} is a smooth submanifold
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of codimension two near 7 (note po(r) = 0 since My(r) is singular). Its tangent space
contains e; —e;: indeed dpy(r)(e; —e;) = 0, and dQ(r)(e; —e;) = 2(k;r; — aS,) —2(kjr; —
aS,) = 0. Moving along a curve in this submanifold with tangent e; — e; makes r; and
r; nonzero while preserving all the open conditions obtained so far. For such a point
put & =r; ", Since all r; # 0, (4.11) gives po(r) = I, 71 (1 — ¢,S5-5¢) = 0, so S,.S¢ = d?,
and by symmetry po(§) = 0. The kernel of My(r) is spanned by (1/r;); = £ and the
kernel of My(&) by r, by (4.14); hence, by (4.15), dpo(r) || go(&) and dpo(€) || go(r). By
continuity s - qo(§) # 0, and qo(r) # 0; thus both covectors are simple characteristics,
and
k-qo(r)=Q(r)=0,  s-q(§) #0.

The first identity is the incidence condition k - dpg(§) = 0. The map & — (1/§); is
a diffeomorphism of the set of characteristic covectors with nonzero coordinates onto
itself, so it also preserves the transversality of the incidence condition, which at the
level of 7 is dQ(r) # 0 along {py = 0}.

Step 2 (three-parameter patches). Let ¢ be a base covector from Step 1 for the output
covector kg, put v = go(c™t), which is normal to the characteristic variety at ¢, and let
T = v+ be its tangent space. For a codimension-three L € £ the projection T' — L* is
onto: its kernel T'N L has dimension (n—1)+ (n—3) —n = n—4, because v ¢ L+ means
L ¢ T. Foraline L = R/, the projection has rank at least n—2 > 3. We choose a linear
map E3: R?® — T such that every 7,1 E3 has rank three and d(ko - v)Ese; # 0, where
d(ko-v) denotes the differential along the characteristic variety of £ — ko-qo(£71), which
is nonzero by Step 1. Each of these conditions is the nonvanishing of a polynomial in the
entries of F3 (a sum of squares of 3 x 3 minors, or a linear form), and each polynomial
is not identically zero by the rank statements just proved; hence their product is not
identically zero, and a suitable Ej exists.

Choose e with dpg(c)e # 0. By the implicit function theorem the characteristic
variety near c is parameterized as

£(2) = c+ Esz 4+ u(2)e, uw(0) =0, Du(0)=0, D)= E;,

for z near 0 in R3 (fixing the remaining n — 4 tangent coordinates). Shrink to a convex
cube on which |7, (D&(2) — Es3)|| is at most half the smallest singular value o, of
7L Es, for every L € L. For z, 2’ in the cube,

w14 (6(2) — E() = m By(e = &)+ [ mp (DEG!+6(2 — 2)) = By) (= — ) o,

whose norm is at least o |z — 2| /2. This proves (6.2); the upper bound is the Lipschitz
bound of £. Since the distance of a unit vector w from a subspace L equals |71 w/|, the
two bounds give a uniform positive distance between the normalized differences and
every L € L. On a smaller cube all sums £(z) + £(2’) have directions close to that of
¢, which is a simple characteristic, hence lie at a positive distance from 9. Shrinking
once more keeps |0;, (ko - v(2))| bounded below.

Step 3 (finite covers and radial factors). Let ko be a unit covector with My(ko)
singular. By Step 1, for every unit s € ker My(kg) there is a base covector with s-qo(§) #
0. By compactness of the unit sphere of ker My (kq) we select finitely many base covectors



OPTIMAL LOCAL ISOMETRIC AND CONFORMAL EMBEDDINGS 17

with 3,15 - qo(€a)|? > ¢|s|? on ker My(ky). The quadratic form G(w) = |Mo(ko) w|* +
S |w - qo(&,)|? is then positive definite on R™: if G(w) = 0 then My(ko)w = 0 (recall
My is symmetric), so w € ker My(ko), and then w = 0. If My(ko) is invertible, no base
covector is needed. The incidence points are continued by the implicit function theorem
as z1 = 2z1(k), with zo = z3 = 0, for k near ko, and by continuity G stays positive definite
on a smaller neighborhood. Compactness of S*~! gives a finite subcover, and we take
the minimum of the finitely many positive constants.

All base covectors lie in a compact set of nonzero simple characteristics. We choose
the radial factors successively, with ratios so large that every sum or difference of
covectors from different groups has normalized direction as close as desired to + the
direction of the covector from the group with the larger factor; a finite ratio suffices
because the norms of base covectors are bounded above and below. Each base covector
and its negative lie at a positive distance from 991, so the same holds for these directions.
The factors are fixed independently of everything chosen later. The assertions for a
single patch were proved in Step 2. |

6.3. Characteristic phases near the reference immersion. We now continue the
patches to immersions near the reference and construct their phases on common do-
mains.

Lemma 6.2 (A homogeneous characteristic phase). Let H(t,y,() be real and homo-
geneous of degree one in ( on fixed physical boxes and nonzero conic boxes, with a
fized bound for its normalized C* norm. There are common smaller boxes and a phase
S(t,y, (), homogeneous of degree one in (, satisfying

(6.4) Sy = H(t,y,Sy), S(0,y,0) =y-¢.

The point S¢(t,y, () lies in one larger box of initial points, and Sy¢ is uniformly close to I.
If, for T > 1 and R, > 2, the normalized derivatives of H satisfy |H||cr < C TR+
then the phase, the flow and the inverse of the map from initial points to points satisfy
bounds C,TT~E+D+  Normalized C™ ' convergence of H implies C™ convergence of
these phases on the same domains. The initial time may be any s in the same short
interval, and all estimates are joint in s.

Proof. Solve the Hamilton equations of 7 — H(t,y, (), on a short interval of both signs,
Y =—-H(t,Y,Z), Z=H,tY,2), (Y,Z)|=0= (u,().

By the low-order bounds and homogeneity, the base point and the normalized covector
stay inside their boxes, with |Z] =< |{|, and on a common shorter interval Y, is uniformly
close to I. Lemma 7.4 gives the inverse v = U(t,y,() of u — Y (¢,u,() on common
domains.
By Euler’s identity Z - H, = H; differentiating in y and ¢ gives Z - H¢, = H, and
Z - Hee = 0. Hence, for any variation § of the initial data (u, (),
d

G (Z-0Y) = H,8Y — Z - He,6Y — (Z- He) 62 =0,
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s0 Z-0Y = (-du, its value at t = 0. Allowing ¢ to vary as well, Z-dY = Z-Y dt+(-du =
—Hdt + ¢ - du, that is,
Z-dY + Hdt = ( - du.

Put S(t,y,¢) = U(t,y,C) - (. Substituting u = U(t,y,(), so that Y = y, we get
¢(-dU = Hdt+ Z - dy, and therefore

dS=¢ - dU+U-dC=Hdt+ 7 -dy+U - dC.

Thus S, = Z, S, = H(t,y,Sy), Se = U and S(0,y,() =y - ¢. Scaling ¢ by ¢ > 0 scales
Z and leaves Y unchanged (since H is homogeneous of degree zero and H,, of degree
one), so U is homogeneous of degree zero and S of degree one. Finally S¢, = U,, which
is close to 1.

The Hamilton vector field involves one derivative of H. The joint estimates for
flows and inverse charts in Lemma 7.5 therefore give the bound C,T"~f=+1+  which
is preserved by multiplication by the normalized {. The initial time enters as one
more parameter of the same equations. Subtracting the differentiated equations for
two Hamiltonians gives the finite-order continuity:. 0

Setup 6.3 (Immersions near the reference). Fix the patches, cover, incidence points
and radial factors of Proposition 6.1, and put M,, = 20(n +1). Let F: B; — RY be a
smooth immersion whose second fundamental form Br: E — N is onto. Extend Bj
by zero on tangent vectors and put

Pioanr = dFg ' (dF)T, Ap = BpBp + Pian,r,
Np=Ap'Bp, Mg, =1-BpNp, Q=1 Q.

We impose two kinds of conditions on F. They involve a normalization parameter
0 < o < 1, which measures the size of the second fundamental form; the constants Cj,
Kmet, K, €g do not depend on o.

(6.5)

(Ly) Low-order conditions: || F|lcag,y) < Co, the induced metric satisfies g =
(dF)TdF > kmetl, the smallest singular value of the normalized form o~!Bp is
at least k > 0, and max; [|Q; — QY| co(n,) < €o-

(H) A high-order bound: max; ||Qs||cran+o(p,) < Chi, where Cy; is a constant fixed once
and for all in Remark 6.6.

On the orthogonal splitting of RY into tangent and normal spaces, Ap is the identity
on tangent vectors and BpBj > k20? on normal vectors; hence it is invertible with
| AR < (ko)™2 (for ko < 1). The kernel K, the projection I, and the frame
are unchanged if By is replaced by o~ !Bg; they are therefore smooth functions of
(dF,07*d*F) with bounds depending only on the constants of (L,), and not on o.
Consequently N takes normal values and vanishes on K, By Np = By(BrpBj) ' Br
is the orthogonal projection onto im By = K3, and Ik, is the orthogonal projection
onto Kp; on K the map Np inverts B, in agreement with the definition before (4.2).
For small ¢y the (); form a frame of K. All these are smooth functions of the second
jet of F', with the stated bounds for the inverses. Define Mg, pr and gr by (4.1) with
this frame.
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We say that F' satisfies (L) if it satisfies (L,) for some 0 < ¢ < 1. The rescaled
references G, of Corollary 4.8, whose second fundamental forms have size o, satisfy
(L,) with constants independent of o; in the proof of Theorem 1.1 the parameter is the
fixed value o = p of the reference. The conditions (L) determine every domain, box,
margin and lower bound below. Condition (H) enters only through upper bounds for
finitely many derivatives, and it is not a consequence of (L): a C® neighborhood of the
reference contains immersions whose frames have arbitrarily large CM=2+9 norm, and no
estimate below is claimed uniformly on such a neighborhood without (H). The phases
constructed below depend on F' only through the frame @);.

Proposition 6.4 (Characteristic phases and quadratic interactions). There are fized
balls By, € Bowy € By and a fized €y > 0 such that, for every F' satisfying the low-order
conditions (L) of Setup 6.3, each model patch has a jointly smooth real family of phases
Ou(z, 2) on Boy and its fized parameter cube, with

pr(z,d,0,) =0, rank Mp(z,d,0,) =n — 1.

The gradient d,©, is uniformly close to &,(z) in C1CY, and is uniformly Lipschitz in z.
For all L € L, all x and all z, 2" in one patch,

(6.6) |1 (de©Oy (2, 2) — dpOu(z, 2'))| > |z — 2|

The normalized directions of all nonzero differences and all sums within one patch, and
of all signed sums of covectors from different groups multiplied by the fixed radial factors,
lie in one compact set I' at a positive distance from M. On T the (n—1)st singular value
of Mg is bounded below, and at every zero of pp in I' one has |depp| > c¢. Thus every
such direction is elliptic or a simple characteristic. The domains and constants depend
only on the model data, K, Kymet, Co and the C® neighborhood, not on higher norms
or on the accuracy. If, in addition, |F|c < C T+ on the fized construction
neighborhood, with T'> 1 and R, > 7, then

(67> ||gF| cr S CTT(T?R*JFG)JF? gF = (SF7 d®a)7 r Z 07

where the norm is the maximum over the finite family, taken jointly in the physical
variables, the normalized covectors and the parameters, on fired domains.

Proof. Step 1 (phases). On each slightly enlarged model patch choose adapted coordi-
nates x = (t,y), £ = (7,¢) with 0,py > ¢ > 0. By the implicit function theorem there
is a unique homogeneous function Hp with

pr (e, (Hp(,0).¢)) = 0

near the model root, depending smoothly on the coefficients. Euler’s identity & - O:pr =
npr (recall pr is homogeneous of degree n) shows that ¢ # 0 on this set of zeros, since
O0.pr # 0. Lemma 6.2 gives a phase Sr on common domains, with Sy = tHy({) +y - ¢
for the constant model, and its continuity statement gives C° closeness of the phases
from C° closeness of the coefficients.
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Under the derivative bounds on F'| the projected frame is a smooth function of the
second jet of F', so Lemma 7.2 gives

(6.8) max ||Q;|cr < C, TRt

Implicit differentiation preserves this for Hr, and the phase lemma uses one more
derivative, giving ||Sg||cr < C,TT~F+3+ None of this changes the domains or the
lower bounds.

Step 2 (sums and differences). Let (,(z) be the spatial part of the model patch and
put

Ou(z,2) = Sp(x,(u(2)).

For the model its gradient is &,(z), and the C® comparison gives C!CY closeness of
the gradients for F'. The characteristic equation holds exactly by construction, and a
nonzero minor of order n — 1 of the model persists. For every x and L, the projected
map 2z — m1d,O.(z,z) is C! close to the model one on the convex cube, so the
segment argument of Proposition 6.1 gives (6.6). Together with the upper Lipschitz
bound it gives a fixed angular distance from every L, including for arbitrarily short
nonzero differences. The distances for sums and for signed sums between groups persist
by continuity.

Let I'y be the closure of all normalized directions of these sums and differences,
including the limits of normalized difference quotients. It is compact and disjoint from
9. On Iy, the (n — 1)st singular value of My has a positive minimum (corank at least
two occurs only on 9), and by Proposition 4.5 dpy # 0 on T'o N {py = 0}, with a
positive minimum by compactness. On a slightly larger compact neighborhood I' of
Iy, C! closeness of My and pr to My and py preserves the singular value bound and
ensures |depr| > ¢ at every zero of pp. This proves the classification.

The phase estimate of Step 1 and one further derivative prove (6.7). O]

For the oscillatory integrals of Sections 8 and 12 we need the differences of nearby
phases in a patch, divided by the shift, and their averaged gradients. Fix a patch,
an incidence point and the corresponding base output direction ky, = (wp,7) in the
adapted coordinates x = (t,y), £ = (7,7n) of the patch. Write z = (s,v) with s = z
and v = (29, z3), and let v, be the value of v at the incidence point. For 0 < e < ¢, put

(69) ng’E(x’Z’n) _ SF(x>Ca(Z> + 6772 - SF(QS,C@(Z)) _ /01 (745F($, <a(z) + 7’677) . nd’f’,

the integral giving the value at e = 0, and let

1
Upe(z,2',s,0,0) = / dI¢F7€($, +r(x—1'),s,v, 0) dr
0
be the averaged x-gradient. For the model we put
G<370) = VHO(Ca(8>Ub>) ’07 \I;()(Sae) = (G(579>79)

Proposition 6.5 (Phase differences and their averaged gradients). Let 61,6 > 0 be
given. There are convex physical boxes inside Bqy, conver product bores Dy € Dy € D
in the variables (s,0), centered at (sy,ny) and with 0-factors in a fived annulus, a domain
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of v around vy, a number €, > 0 and a bound ¢y > 0 for condition (L) of Setup 6.3, all
depending only on the model data and on 61,6, with the following properties.

(i) |0sG| > ¢ > 0 on D, and DV differs on D from one constant invertible matriz
Go by at most |Gyt~ /4.
(ii) For every F satisfying (L) with this €y, uniformly in (z,2',v) and 0 < € < ¢,,

(610) H\PF,E — ‘IIOHCSI,G(D) S (51, |‘I]F,e,y — 0| S 5|9|, C S |‘IJF’E| S C

(iii) If F satisfies (L) and (H), then V. has joint CM=*2 bounds in (x,2',s,v,0,¢€),
and so has 0.V ., with constants depending only on the data of (L) and on Ch;.

(iv) Under the derivative bounds of Proposition 6.4, the maps V., their inverse charts
in (s,0) and in 6 at fized time, and their first e-derivatives satisfy (6.7) jointly in
the physical, data and v variables and in €; we include them in Y.

Parts (i)—(iii) are exactly the hypotheses on the phase in Setup 8.3 below, with
M = M,,. The constants d;,0 are those required there and in Proposition 8.4; they
depend only on the model, so the boxes, €, and ¢y are fixed by low-order data alone,
before any other choice.

Proof. (i) For the model, py(7,¢) = 0 near the patch is equivalent to 7 = Hy((), so
depo = 0-po (1, =V Hp). The incidence condition ky-depy = 0 gives wy = - VHo(Ca(25)),
so My, # 0, and its transversality (Proposition 6.1(ii)) gives 0;G(sp,1m5) # 0. For the
model at € = 0 and v = v, we have Sy = tHy(() + vy - ¢, so the phase is tG(s,0) +y - 0
and its averaged gradient is the triangular map Wy. Its derivative at (s, 7,) is invertible,
and on a small convex box it stays within the stated distance of its value there.

(ii) Let 61,6 be given. By (6.9), the map VUp, and its first (s, #)-derivatives involve
the derivatives of Sg of order at most three on a compact set of shifted covectors. We
choose, in this order: first a domain of v around v, so small that the model map at
e = 0 is within d1/3 of ¥q in C},4(D) for all such v; then €, so small that the model
maps for 0 < € < ¢, are within d;/3 of the map at € = 0, and the shifted covectors stay
in the domain of the phase; finally €, so small that, by the C® comparison of the phases
in Proposition 6.4, which uses only (L), the maps for F' are within d;/3 of the model
maps. This gives the first inequality. The y-component of W, is 0, so the same choices,
with 0]6]/3 in place of d,/3, give the second inequality, and the third follows since |0
is bounded above and below on the annulus.

(777) The joint derivatives of order M,, +2 of W, and of 0. ¥, are bounded by the
derivatives of Sg of order at most M,, +5 in (z, () on the fixed compact set, multiplied
by derivatives of the fixed smooth map (,. The phase is obtained from the Hamiltonian
Hp by Lemma 6.2, whose proof (the induction of Lemma 7.5, stopped at a finite order)
bounds the C™ norm of Sy on the fixed domains by the C™*! norm of Hp. In turn Hp
is obtained from pr = det Mg by the implicit function theorem with the lower bound
of (L) for d,pr, so its C™! norm is bounded by the C™*! norm of the frame. With
m = M,, + 5 these orders are covered by (H), since M,, + 6 < M,, + 9.
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(iv) By (6.7) for Sp, the two phase derivatives in Wy give the bound C, T~ F+5)+,
Joint inversion preserves it by Lemma 7.5, and one e-derivative changes the exponent
to (r — R« +6)4. The domains were fixed in (i) and (ii) using low-order data only. [

Remark 6.6 (Finite-order assumptions on the immersion). The frame (); depends
smoothly on the second jet of F, so a fixed C® neighborhood of the reference suffices for
the C° frame condition in (L). For the reference of Corollary 4.8 we have (Gye) = I,
so ||dF — dGhet||co < 1/2 implies |dF(x)v| > |v|/2 and ~(F') > I /4. This neighborhood
is chosen together with the neighborhoods for the normal rank and the kernel frame.

We now fix the constant Cl,; of (H). Let o7 < 1 be so small that the rescaled references
G, are defined on B; for 0 < o < o0y. They satisfy Q;(G,)(z) = Q;(cx) (proof
of Corollary 4.8), where Q;(y) is the projected frame of Fy; hence ||Qi(Go)lcr(p,) <
|Qillck(s,,) for every k, uniformly in o, and similarly ||dGo||cx(s,) + o~ d*Gollorpy) <
Ci(Fyp), since 0 'd*G,(z) = (d*Fy) (o).

The frame is a smooth function of (dF,c 'd?F) on the set defined by the lower
bounds of (L,) (Setup 6.3), but not of the unnormalized second jet uniformly in o: a
perturbation Y of G, enters the projection through ¢=1d?Y. Therefore a perturbation
of fixed size in CManF1l does not give a bound independent of o. We use instead the
normalized neighborhood

(6.11) |d(F = Go)| cmansoyy + 0| (F = Go)||eaanto(py) < 1,

which holds in particular if [|[[" — Go|cMant11p,) < 0. On this set the arguments
(dF,07*d?F) are bounded in CMn*9 by C(F,) + 1, and the Faa di Bruno formula gives
a constant Cy;, depending only on Fj, n and the constants of (L), such that (H) holds
for every [ satisfying (L, ) and (6.11) for some 0 < o < ;. We take By inside the chart
W of Setup 3.3, so that bounds on W imply bounds on B;.

In the proof of Theorem 1.1 the parameter is fixed, o = p < g1, before the iteration.
All iterates lie in a C™ ball of radius €, < p around G, = G, with r, > M,, + 11
(Section 21), so (6.11) and hence (H) hold for all of them with this constant. Uniformity
as 0 — 0 is needed only for the rescaled references G, themselves (Section 13), for which
it was shown above.

6.4. Indexing the quadratic interactions. The characteristic patches, and therefore
the sums and differences of their covectors, are fixed before the frequencies and the
sample.

Definition 6.7 (Groups of patches). Index the finite list of characteristic patches before
the frequencies and the sample are chosen. If a patch is used more than once, each
occurrence receives its own index and forms a separate group. Apply part (iii) of
Proposition 6.1 to this list, so that different groups have radially separated factors.
Within one group the deletion rule of Theorem 12.4 separates distinct samples by at
least h/4. All modulations attached to one sample are combined into a single Fourier
measure and a single wave.

Remark 6.8 (Sums and differences of phases). For two distinct samples in the same
group, the chord estimate (6.6) keeps the direction of the phase difference away from
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M and gives it the frequency Az — 2’| > ¢A\h. The sum of two phases has frequency
comparable to A and the same angular separation. For different groups the radial
factors give both properties for both signs, even if the parameters or the unscaled
directions coincide. For a repeated index, the doubled phase is separated from 901,
while the Hermitian square is treated as part of the mean. These cases exhaust the
real quadratic expansion of a sum of waves. Fourier modulations are included in the
amplitudes (Section 15). All group factors are fixed before the sample is drawn.

We summarize the properties of the patches used in the rest of the paper.

Proposition 6.9 (Characteristic patches). For n > 5 there is a finite family of three-
parameter patches of simple characteristic covectors of the constant model with the
following properties.

(i) For every unit output direction, the selected patches have transversal incidence
points in their interiors and satisfy the uniform Gram inequality (6.1).

(ii) For immersions in a fived neighborhood of the reference, on a fived chart and after
fixed radial factors are assigned to the patches, every doubled phase and every sum
or difference of distinct sampled phases has its gradient in a fized compact conic
region where the reduced system is elliptic or of simple real principal type.

(iii) For samples separated by h, the frequency o of each such product satisfies cAh <
o< C\.

The Hermitian squares are treated by the equation for the mean and are excluded

from (ii).

Proof. Part (i) is part (ii) of Proposition 6.1. Part (ii) is Proposition 6.4, with the
grouping of Definition 6.7. Part (iii) follows from Remark 6.8: the frequency of a
difference is A times the length of a difference of gradients, which is between c|z — 2’| and

Clz — 2| by (6.6), and sums and products between groups have frequency comparable
to A O

A convex three-parameter patch controls the limits of normalized differences as well
as the differences of separated samples; this is why three parameters are used. The
parametrices on the regions of (ii) also require control of their Hamilton trajectories.
This is proved in Theorem 10.3: each chart is inverted separately, the successive retarded
parts of the parametrix use the same time coordinate and together occupy one fixed
time interval, and the charts are chosen so that the forward flowout of each source chart
over this interval stays in a slightly larger chart of the same regular region.

7. SMOOTHING AND DERIVATIVE ESTIMATES

This section contains elementary estimates which do not depend on any phase,
solution operator or frequency. Lemma 7.1 is used to smooth the metric defect
(Lemma 17.1). The remaining results show that derivative bounds of the form (3.1) are
preserved, with a fixed loss, by the algebraic operations, inverse charts and Hamilton
flows used in Section 6 and in Sections 9-13.
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7.1. Smoothing on a ball.

Lemma 7.1 (Smoothing on a ball). Let Q = B,(c) C R" be a ball with Q C V', where
V' is open. For each integer m > 1 and all sufficiently large R there is a real linear

operator Sgm, 1 C(Q) — C*(V), with outputs supported in one fized compact subset
of V', such that for all integers r > 0

(7.1) ISrmfllcr + I1Srmfllar < ComB N fllco),
(72) ||f - SR,mecO(ﬁ) < CmR_m“fHCm(ﬁ)

The operators act componentwise on vector- and tensor-valued functions and preserve
real fields.

Proof. After an affine change of variables we may assume €2 = Bj; this changes the
constants and the size of R only by fixed factors. Fix p € C®(By4) with p > 0
and [p = 1. For R > 2m choose xg € C(Bii1/ur)) with xg = 1 on B; and
|D"xRlloo < C.R". Put

(73) o= (—1>J‘-1(

”,’) (1<ji<m), Y ajj*=80 (0<k<m).

J j=1

The identity holds because the mth finite difference annihilates polynomials of degree
less than m: 7 (—1)/ (T)jk = 0 for 0 < k < m, and moving the term j = 0 (which
equals dxo) to the other side gives (7.3). Define

(7.4) S (a) = xa(e) 0 [ o) (1= 3/ Rz -+ i/ Ryw) dy

for |z] <1+ 1/(2R), and Sk f = 0 elsewhere.
The formula is well defined. Let || <14+ 1/(2R), |y| < 1/4and 1 <j <m < R/2.
Then 1 —j/R > 0 and

. : J 1) J L3
1— <(1=-=)(14+— =<1+ 5-5<1
I J/R)x+(J/R)y!_( R)( TorR)TAR="TaRr AR =V

so every argument of f lies in By. Since xr vanishes outside Bjy1/4g), the extension
by zero is smooth, and for large R all outputs are supported in a fixed compact subset
of V.
Derivative bounds. In the jth term substitute w = (1 — j/R)z + (j/R)y:
: . RA\™ R :
[ ot (=B + Gl Rw)ay = (5) [ o5 (= (1= /R)r) ) ) dw.

J

All x-derivatives now fall on p, and each produces the factor —(R/j)(1 — j/R) =
—(R/j — 1), of absolute value at most R. Undoing the substitution,

o2 [ )1 (= j/R)w+ (i/R)y) dy| < R0l flleos,)

By the Leibniz rule and [[D"xg|lo < C.R" we obtain [|[Sgmfllcr < CrmB || fllcosy)-
Since the supports lie in a fixed bounded set, the same bound holds for the H" norm.
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Approzimation. Let x € By, so that xg(z) = 1. For y € By4 the segment from z to
y lies in By, and Taylor’s formula at x gives

m—1 ( : k
o+ GBI -2) = 5 YLEL prry((y — o) + By, p),

[
= K

where |Ej(z,y)| < Cn(j/R)™| fllems,). Multiplying by a;p(y), integrating in y and
summing over j, the term of order k is multiplied by >; a; j* = 619. Hence

Spmf(x Zaj/p (z,y) dy,

whose absolute value is at most C,, R™"™|| f||cm(p,). This proves (7.2). The operator is
real and acts componentwise by construction. O

7.2. Derivative bounds. The following elementary inequality is used repeatedly: if
R >0and ji,...,7 > 0, then
k k
(7.5) > i~ B« < (i - R)
i=1 i=1 +
Indeed, if all j; < R the left side vanishes; otherwise let I = {i : j; > R} # (). Then the

left side equals > ;c;5: — [[IR <Y, ji— R

Lemma 7.2 (Derivative products). Let T > 1 and R > 0, and suppose finitely many
arrays f; on fived charts satisfy || fil|lcr < C, T8+ for all v > 0. Then

(76> H |’D-71f1Hoo S 1, ]kT(ZZJ”“*R)-F

Let ® be a smooth function, all of whose derivatives are bounded on a fixed bounded
set containing the ranges of the fi. Then ®(fy1,..., fr) satisfies the same bounds
|D(f)ller < CTT=B+. This applies in particular to matriz inversion on a set of
matrices with a fized lower bound for their smallest singular value. All coordinate and
parameter derivatives are counted jointly.

Proof. The product estimate follows from the hypothesis and (7.5). For the second
assertion, the Faa di Bruno formula expresses D"[®(f)], r > 1, as a finite sum of terms

(DqCID)(f){Dalf,...,Do‘qf}, 1<q¢<r, a>1 o+ --+a,=r,

with universal coefficients. The factor (D®)(f) is bounded by assumption, and the
product of the remaining factors is bounded by CT"~®+ by (7.6). OJ

Corollary 7.3 (Derivative estimates for finite jets). Let T > 1 and suppose | F||ci <
A;TU=B+ for all j > 0. Let F;(JF) be a fived finite family of smooth functions of
the c;-jets of F', and assume that the values of these jets lie in fixed bounded sets on
which the F; have bounded derivatives of all orders (this includes fized lower bounds for
determinants to be inverted). If v > 0 and R > max; c¢; + v, then

(7.7) |Fi(J4F)||er < CTT% 1 >0.
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Additional parameter derivatives of fixed order are included in c;.

Proof. A derivative of order r of J%F' is a derivative of F' of order at most r + ¢;, so
|JFlor < CTU+e= R+ < T+ since R — ¢; > v. Lemma 7.2, applied with v in
place of R, gives the claim. O

Lemma 7.4 (Common inverse domains). Let Dy € Dy € D be bounded convex bozes
in R? and let Fy be smooth near D. Suppose a constant invertible matriz G satisfies
supp ||GH(DFy, — G)|| < 1/4. Then for all F in a sufficiently small C* neighborhood
of Fy, the map F is injective on D, with |G~(F(u) — F(v))| > |u — v|/2, and there is
one open set V with F(Dy) € V € F(Dy), with positive distances between these sets
that do not depend on F'. The same holds uniformly for parameter families of maps in
this neighborhood.

Proof. Choose the C' neighborhood so small that supj, |[I — G™'DF|| < 1/2. For
u,v € D, convexity gives

G (F(u) — F(v)) = (u—v) — /01(1 — GUDF(0 + 0(u — v))) (u — v) db,

and the integral has norm at most |u — v|/2; this proves the lower Lipschitz bound and
injectivity.

Choose r > 0 such that B,(ug) C D; for every uy € Dy, and let V be the open
(r/(4]|G71||))-neighborhood of Fy(Dy). If ||[F — Fyllco < r/(4]|G7|), then every v € V
has a point uy € Dy with |G (v — F(ug))| < r/2. Consider

O(u) =u— G HF(u) —v), u € B,(up).
Since D® = I — G™'DF has norm at most 1/2, ® is a 1/2-contraction, and
[P (u) — ug| < |P(u) — P(uo)| + [P(uo) — uo| < §lu—ug|l + % <.

Thus ® maps B, (ug) into itself, and its fixed point u satisfies F(u) = v. Hence V C
F(D). Finally, F(Dy) lies within distance r/(4||G™||) of Fy(Dy); after halving the
C" neighborhood once more we obtain F'(Dy) € V with a fixed margin. All constants
depend only on 7, G and the size of the neighborhood. O

Lemma 7.5 (Composition, inverse charts and flows). Work on fized coordinate do-
mains, which may include physical variables and external parameters, and let T > 1
and R > 1. Bounds of the form ||f||cr < C.T"~®+ are preserved, with the same index
R:

(i) by composition of maps satisfying such bounds;

(ii) by inverse and implicit function charts, whenever the charts exist on the given
domains and the relevant first derivative has a uniformly bounded inverse;

(iii) by the flow of a vector field V (t, x) satisfying such bounds, on a fized time interval
on which the trajectories stay in the working domains; the initial section may
satisfy the same bounds;

(iv) by the solutions U and U™ of U' = —CU, U(0) = I, when the matriz C satisfies

such bounds.
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The constants depend only on the constants in the hypotheses and on the fized lower
bounds.

Proof. The basic inequality. Let ¢ > 1 and a,..., 0y > 1 with 33, a; = r. We claim
q

(7.8) (= R)++ D (i = R) < (r— R)4.

i=1
If ¢ > R, then (a; — R); < a; — 1 for every i (because a; > 1 and R > 1), so the left
side is at most (¢ — R) + > ;(c; — 1) = r — R. If ¢ < R, the first term vanishes and the
claim is (7.5).

Composition. By the Faa di Bruno formula, D"(f o g) is a sum of terms
(Dif)(g)[D*g,...,DYg] with > a; = r, oy > 1. The first factor is bounded by
CT@ R+ and the others by CT(~)+ 5o (7.8) gives the bound CT )+,

Inverse charts. Let X = F~'. The first derivative DX = DF(X)~! is bounded by
the hypothesis on the inverse. For r > 2, differentiating F o X = Id r times gives

DF(X)D'X = =Y (D'F)(X)[D"X,...,D*X],

where the sum runs over ¢ > 2 and «; > 1 with > «; = r; in particular every «o; <
r. Assume inductively that |[DX ||l < C,T@ B+ for a < r. Since (DIF)(X) is
bounded by CT@~ R+ (7.8) bounds the right side by CTU~f+  and multiplication
by DF(X)~! completes the induction. Implicit functions are obtained by inverting
(z,w) — (2, F(z,w)), with the parameters included in z. Existence of the charts on
common domains is a separate low-order matter, treated by Lemma 7.4.

Flows. Let 0,¥ = V (¢, V). Differentiating r times in the initial point gives

0D = D,V (t, W) D"V + 3 (DIV)(t, W) D"V, ..., D],
q=2

where again a; < r. By induction the sum is bounded by CT"~®+ and the coeffi-
cient D,V is bounded; Gronwall’s inequality on the fixed time interval gives || D" V|| <
C, 7=+ Joint estimates in time and parameters follow by adjoining ¢ and the param-
eters as coordinates with { = 1 and vanishing derivative. A derivative in the elapsed
time is replaced by the equation, which costs no further derivative of ¥; a variable
initial section is handled by composition.

Linear matriz equations. Gronwall’s inequality bounds U and U~!, which solves
(U1)Y = U~'C. The flow argument applied to these linear equations on the resulting
bounded ranges gives the derivative bounds. O

Remark 7.6 (Homogeneous symbols). Symbols and phases which are homogeneous in
a covector variable are estimated through their restrictions to a fixed annulus. For
a symbol a of order p and a phase S of degree one put a,(z,w) = pPa(z, pw) and
Su(z,w) = pS(z, pw) for w in a fixed annulus. Then

00, = ph P (000 a) (a ),

and similarly for S with p = 1. Thus the usual symbol estimates for a are equivalent to
uniform bounds for the normalized functions a,, to which Lemmas 7.2 and 7.5 apply.
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Amplitudes depending on two positions are treated in the same way, and different
frequency shells are normalized separately; their radial powers and volume factors are
kept outside the derivative bounds.

8. OSCILLATORY INTEGRAL ESTIMATES

This section contains L? bounds for oscillatory integral operators whose amplitudes
have finitely many derivatives, an exact formula for their normal operators, a compari-
son estimate, and an estimate for the Fourier tails of oscillatory functions. The phase
hypotheses below are those established for the phases of our construction in Proposi-
tion 6.5; otherwise each result uses only the displayed bounds. The results are applied
to the continuous normal operator (Section 13), the sampled operators (Section 12),
and the parametrices (Sections 9 and 10).

8.1. Normal operators.

Notation 8.1. We use the Fourier convention of Notation 3.1 and the norm || f||gs =
I{D)*f|l2 on R™. Outputs with compact support in a chart are extended by zero.
Derivative orders are total orders of multi-indices, and matrix sizes are fixed.

Lemma 8.2 (Multiplication of kernels by smooth amplitudes). Fiz compact sets in R¢,
d>1, and put £ = |d/2] + 1.

(i) Let U be a measure space and let T: L>(U) — L*(R?) be a bounded integral
operator with kernel K(x,u). For a function b(z,w) supported, in x, in the fized
compact set, let T[b] be the operator with kernel b(x,u)K (x,u). Then

(8.1) 1Tl < CIT | sup b0, w)l]se.

(ii) Let b(xz,y,&) be supported, in (x,y), in a fivzed compact set, and assume
Supg¢ 16(+, -, )||c2c < A. Then the operator

Bf(x) = (2m) [[ €9 b(a, y,€) f(y) dy d€
satisfies || B|| 22 < CA.

No derivatives in u or € are needed, and the frequency support may be unbounded. The
constants depend only on d and the compact sets; the same bounds hold for matriz-valued
amplitudes of fixed size.

Proof. (i) For a € R? define G(a,r) = T(b(a, )f) (x), so that T'[b]f(z) = G(z,x). Since
¢ > d/2, the Sobolev embedding in the variable a gives, for every fixed z,
G 0) < swp|Gla. )P < € Y [ 100G o, ) da
“ o<t

where we use the continuous representative in a; the support of b in its first variable
is a fixed compact set, so the integral is over a fixed bounded region. Integrating in x
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and using Fubini’s theorem,

ITE < ¢ S [T (@b, )f) |y da < CUTIF X [ 10500, w1 () duda

ov|<£ o<t
= CITI? | 15w el £ ()| du < CITY sup (-, ) el £ 13

(ii) For a € R? let T, be the operator T,g(y) = (27)7¢ [ €¥*b(a,y,£)*g(£) dE from
L*(R{) to L*(RY), and put G(a,z) = (F'T; f)(x), where F~' is the inverse Fourier
transform g — [ €@¢g(&)dE. Writing out T f(€) = (2m) = [ e ¥ b(a,y, &) f(y) dy, we
get Gla,z) = (2r)~ ¢ [[ @ ¥Eh(a,y, &) f(y) dydE, and hence Bf(r) = G(x,z). As
in (i),

1Bl <C S [IF 0T flfda<C Y 1100 da 1713
o<t o] <t
For each fixed a and «, the operator 92T, is, up to the constant (2)~? and the unitary
Fourier transform, the multiplication of the kernel of the inverse Fourier transform by
the amplitude 0%b(a,y,&)*. Part (i), applied in the variable y, bounds its norm by
C'supg [|0gb(a, -, &) || me < CA, because |a| < ¢ derivatives in @ and at most £ in y use
at most 2¢ derivatives. Since b has compact support in a, this proves ||B|| < C'A. For
unbounded frequency supports one first inserts a frequency cutoft, which multiplies 77 f,
and passes to the limit by dominated convergence in H}(LZ); the bound is unchanged.
The same argument works if 7~ is replaced by any bounded operator L — L2, at the
cost of its norm. O

Setup 8.3 (Phases with conic structure). Write z = (¢,y) € R x R"! and 2z = (s,v),
where v ranges over a fixed compact set of remaining parameters. On fixed physical
and covector boxes let S(x,() and ¢ (z) be smooth and real, and put

z,¢(2) + 1) = Sz, ((=

T

b (z,2,m) = 5

/deC()Jrrm) ndr, ¢e = P,

with the integral giving the value at 7 = 0. The physical boxes are convex. Fix convex
product boxes Dy € D; € D in the variables (s, 6), whose f-factors lie in one annulus
around (sp, ), M 7# 0, and a smooth map Vy(s,0) = (G(s,0),0) with |0;G| > ¢ > 0.
The boxes are chosen so that DWW, stays close to one constant invertible matrix, as in
Lemma 7.4. We assume that the averaged z-gradients

1
qjinn(xjx/’ s,v,@) - / dx¢e(x, + T’(ZL‘ - l’/), S,U,Q) dr
0

are uniformly close to ¥y in C'(s,6) on D, and have fixed joint C* bounds in the
physical, data, v and € variables, where M = M,, = 20(n + 1) and 0 < € < ¢. The
closeness is measured relative to the fixed domains and their margins. For the phases
of our construction these hypotheses are parts (i)—(iii) of Proposition 6.5; the closeness
uses only the low-order conditions (L) of Setup 6.3, and the C™ bounds use the high-
order bound (H).
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The amplitudes a,(x, z,n) have fixed compact physical and parameter supports, with
s, |me|n) in a fixed compact subset of Dy. For > 1/2 and 7|n| sufficiently small we
Mol U] n
assume
D3 Dyac| < Al la| + |8 < M.

Finally, p, is a real multiplier whose square is smooth, supported in {1/2 < |n| < CA},
with [DS(p3)] < Cs|n|~17l; its lower cutoff does not depend on A.

Proposition 8.4 (Normal operators and fixed-parameter estimates). Assume Setup 8.3.
The averaged full and transverse gradients have inverse charts on common smaller do-
mains, with fived joint C™ bounds. For A > 1 and TA sufficiently small define

T (@) = (2m) /2 [ el 2y (p)ar (. 2,m) £ (2, m) dz oy,

and let T , denote the operator obtained by fixing z, acting on functions of n. On the
entire complex input and output spaces,

(8.2) I < CA, Tral? < CAPA, || Trelis < CAPA™.

Without the factor |n|*/? the norm of T,. is at most CA. The first bound is also
uniform when v is fized, and at T = 0 it holds without an upper frequency cutoff. On
an unchanged phase, an amplitude difference of size d (in the norms above) changes T,
by at most C'd in norm and T, by at most CVAd.

The normal operator T;T* has an exact kernel of the form (8.7), with an amplitude
b, of order zero, and it depends continuously on the data in operator norm: if two
sets of data (phases and amplitudes) satisfy the hypotheses with the same constants and
differ by at most d in the joint C**2 norms of the normalized phases V™ and of the
normalized amplitudes a.(x,z,|n|w), w in the unit sphere, with { = |n/2] + 1, then
the two normal operators differ by at most Cd in norm, where C' depends only on the
constants in the hypotheses. No such continuity is asserted for T’ itself when the phase
changes: a phase difference of size d is multiplied by the unbounded covector n in e'®r,
and T, is in general not continuous in operator norm with respect to the phase. Only
the normal operators and the uniform bounds are used below.

Assume in addition that | DS, D50.a.| < Aln[* for |a| +|8] < M — 1. Then for
every fixed smooth real weight m(s,v),

(8.3) | T,mTF — TomTy|| < CA*7TA,
where C' depends on finitely many derivatives of m.

Proof. Step 1 (inverse charts). Lemma 7.4 gives inverse charts of (s,6) — W™ on
common domains. When ¢’ = ¢, the y-component of W™ is the averaged transverse
gradient, which is uniformly C! close to 6; the same lemma gives its inverse charts
at fixed time. Implicit differentiation (Lemma 7.5) gives the joint C™ bounds of the
inverses. We choose the closeness so that

(8.4) [Wey' — 0] <416l

67y

with 0 small compared with the margins of the data boxes.
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Step 2 (scaling). Let U, be the averaged z-gradient of ®.. Substituting n = pf in
the integral formula for @, gives ®,(z, 2, pf) = p D,,(x, z,6), hence

(8.5) U (z,2,s,0,p0) = pU2" (2, 2/, 5,0, 6).

TP
Suppose V. (s,n) = V,(s',7) at fixed (x,2',v). By (8.4) and (8.5) the y-components
satisty |W,,—n| < d|nl, so [n—n'| < d(In|+|7|), and |n|, || are comparable. Hence one
common p > 0 puts both n/p and 7 /p in the annular chart, with the same parameter 7p,
and injectivity of the annular map gives (s,n) = (s',1’). Thus (s,n) — ¥, is injective
on the whole cone; the same argument applies at fixed time. The support margins and
a small threshold for 7A keep (s,n/p) in Dy for the choice p = |k,|/|n| made below,
which depends only on the output point k.

For fixed p, differentiating (8.5) in (s, ) shows that det D,y ¥, = pdet D, W33",
and the second determinant is bounded above and below. Since p =< |n],

(8.6) Jr = |det D V-] < |n), |det D,V | < 1.

By the same scaling, each derivative of the inverse map in the covector variable lowers
its order of homogeneity by one, while physical derivatives preserve it, uniformly on the
cone.

Step 3 (the kernel of the normal operator). The kernel of T, T is

(27r)_”/6i(‘pf(”’z’”)_q’f(‘”l’z”7))|17\p3\(77)a7(3:, z,m)a (2, z,n)* dz dn.

By the fundamental theorem of calculus along the segment from 2z’ to x, the phase
equals (x — ') - W, (x, 7', z,n) exactly. Changing variables (s,n) — k =V, (z, 2/, s,v,n),
which is legitimate by Step 2, we obtain the kernel

(8.7)

2 / *
T (s:m)=07" (k)

The factor |n| cancels the Jacobian, so b, is bounded by CA2. Tts (z,z')-derivatives
are bounded by C' A% as well: a physical derivative falling on a, costs A, one falling on
the inverse point (s,7n) produces a derivative of n of order ||, which is compensated by
the decay |n|™! of the n-derivative of a,, p3 or |n|/J,. The amplitude vanishes near the
boundary of the inverse charts, so its extension by zero is smooth.

Step 4 (the full bound). Part (ii) of Lemma 8.2, with d = n and 2¢ < M, gives
|T.TF|| < CA?, that is, [|T,|| < CA. At 7 = 0 the amplitude bounds do not use the
upper cutoff, and the estimate without it follows by inserting a frequency cutoff and
letting it tend to one.

Step 4" (continuity of the normal operator). Let primed quantities refer to a second set
of data. Both normal operators have kernels of the form (8.7) with the same exponential
el@=2)'k 50 by Lemma 8.2(ii) it suffices to show supy, ||b, — b.|| c2 . < Cd. By (8.5), the

inverse point (s,n) of & is (s, pf), where (s, 0) is the inverse of the normalized map Wi"

at k/p and p = |k,|/|m| depends only on k. Implicit differentiation, with the common
lower bound for the Jacobian, shows that the normalized inverses of the two data sets
differ by O(d) in C?**'. Hence n — 7' = O(d|n|) at the two inverse points, together
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with 2¢ physical derivatives. Each factor of the integrand of b,, namely a,, p3 and
In|/J, has n-derivative O(|n|~1), so it changes by O(d) when 7 is replaced by 1, and by
O(d) when the data are replaced at a fixed point. This proves the continuity assertion.
The argument concerns the kernel of 7,7 after the change of variables £ = ¥,; no
comparison of the operators T, with different phases is involved.

Step 5 (fived parameters). Fix z and t. The operator f + T, . f(t,-) acts from L?(dn)
to L?(dy). Tts normal operator has the kernel (27)~" [ el#=¥)¥7u|n|p2 a,a’ dn, and the
change of variables n — x = W, whose Jacobian is comparable to one by (8.6),
brings it to the form of Lemma 8.2(ii) in dimension n — 1, with amplitude bounded
by CA?|n| < CA%A. Hence ||T,.f(t, )H%i < C A%\ f||3, and integration over the fixed

t-interval gives ||T}.[|> < CA?A. Without the factor |n|*/? the same argument gives
CA?. The Hilbert-Schmidt norm is the L? norm of the kernel:

IToclfis < 04 [l < 04

since n € R"1. Amplitude differences are estimated by the same argument applied to
the difference divided by d > 0.

Step 6 (comparison). Insert the weight m(s, v) in the numerator of (8.7), and call the
resulting amplitude 0. At fixed k the inverse point is obtained from the annular inverse
at parameter Tp, with p < |n| independent of 7. Hence 0,5 = O(|n|) and 9,17 = O(|n|?),
together with their physical derivatives. Consequently

Or|ar(, 2,1(r)]| < |0:a-] + |9sa-][0rs] + |9ya-(|0,m] < CApn,

and the same bound holds for p3, the weight m and |n|/.J,, each of which loses one
power of |n| under an n-derivative. On the support, |k| < |n| < CA. The mean value
theorem in 7 therefore gives

sup | D2 . (b — by')| < CAPTA, lal <2(n+1),
k

and Lemma 8.2(ii), applied to the difference of amplitudes, proves (8.3). O

Corollary 8.5 (Real and imaginary parts of the input). Regard the complex input space
as a real Hilbert space with inner product Re(-,-), and put C' = 2ReT. For real outputs
r}

(8.8) C*r =2T"r, CmC*r = 4Re(TmT™r).

Thus the preceding bounds hold for the real operators, with fixed numerical factors, when
both the real and the imaginary parts of the input are used.

Proof. For real r and complex f, (2ReT'f,r) = 2Re(T f,r) = Re(f, 27*r), which is the
first identity. Applying C' = 2ReT to 2mT™*r gives the second. O

8.2. Fourier localization of oscillatory functions.

Proposition 8.6 (Fourier tails of oscillatory functions). Fiz n > 1, a bounded box
X CR" acompact set K @ X and 0 <c< C. Forp>2and L > 1 let ¢ be a smooth
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real phase and a a smooth complex amplitude of fixed finite dimension, supported in K,
with

c<|d.9l <C, DIl < C.L™ (r > 2), |Dral < C,AL" (r > 0),
where A > 0. Put h, = e*®a. Let 11, = w(D/p), where  is a fived smooth radial

Junction equal to 1 on {c/2 < |&| < 2C} and supported in {c/4 < || < 4C}. Then for
all integers m > 0 and ¢ > m + n/2,

(8.9) (I =Tyl m < g Ap™ (L) ).
More generally, the same estimate holds for any fized bounded rescaled Fourier cutoff,

provided that on the support of 1 —1I1, one has |pd,p(x) —&| > cr(p+1E|) for allz € K.

Proof. The Fourier transform is
hol€) = (2m) ™" [ e 4la () da.
K

On the support of 1 —7(&/p) either [£| < ¢p/2 or |] > 2Cp. In the first case |pdp —£&| >
cp/2 and p+ €| < (14 ¢/2)p. In the second case |pdp — &| > |€] — Cp > |€]/2, and
|€]/2 > Cp > cp. In both cases, with ¢; = min{c/(2 + ¢),1/4,¢/2},

\pd,d(z) — €| > er(p+[€]) (v € K).
Let w = pd,¢ — & and

Ve = w0, )
ijwf?”
Since a vanishes near 0K, integration by parts ¢ times gives

- . w
hy(§) = (QW)_R/el[p(ﬁ_mE](VgT)qa de, Vng = =0, <1|w|2f)

The coefficient w/|w|? is bounded by C/(p + |£]). Its jth derivative is a sum of terms
involving derivatives of w, that is pD*"1¢, divided by powers of |w|; since p|D* 1| <
CpL* < CL*(p + |€|), an induction on j shows that the jth derivative is bounded by
C;L7(p + |€])~". Each derivative of a costs a factor L. By induction on ¢, (V])% is a
sum of terms bounded by C,AL(p + |£])7, so

(1= m(&/p)ho()] < CLALY(p + [€]) 7.
For ¢ > m + n/2 the substitution { = pw gives

/Rn (€)™ (p +[€) 21 dg < Cp*mimT2e /Rn(l + [w])?" 2 dw < Oy gp?™ 2,

By Plancherel, ||[(I — II,)h,|[3m < Cy g A?L?1p*™ =24 which is (8.9). For a general
mask the proof used only the lower bound for |pd¢ — £| on its complement. 0

Remark 8.7. Proposition 8.6 is applied with p = A|z — 2’| to normalized phase differ-
ences \[O(z, z) — O(x, 2')]/p of two waves in the same characteristic patch. The phase
difference is used exactly, not expanded in the patch parameter; the hypotheses of the
proposition are verified for it in Proposition 6.4.
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9. A PARAMETRIX ON REGULAR PATCHES

In this section we construct a parametrix for a real first-order r X r system on a conic
region of covectors where the system is elliptic, or has one simple real characteristic root.
The construction is used in Section 10 to build finite corrections, which in turn correct
the characteristic waves (Section 11) and the oscillatory quadratic terms (Section 15).

9.1. The system and the main result. Consider the real system

(9.1) P, = ZA]'(ZE)&EJ. + B(x), Hy(z,&) =) Aj(z)¢,
j=1 j=1
whose coefficient array a = (A4, ..., A, B) of real r X r matrices is smooth near a point
ro € R™. Put
(9.2) Po = det H,.

A real zero £ # 0 of p,(z, ) is a simple characteristic if Oep,(, §) # 0. On a characteris-
tic patch we use one retarded oscillatory integral with a scalar Hamilton phase and two
matrix amplitudes, together with an algebraic inverse on the complementary directions;
on an elliptic patch we invert the principal symbol.

Theorem 9.1 (A regular patch). Fiz a smooth reference coefficient array ag for (9.1)
and nested closed conic sets I'y, € int ['oy. Assume that on a fixed spatial neighborhood
of xg one of the following holds:
(1) Hyy(x,€) is invertible for € € Ty \ 0;
(ii) in a coordinate system x = (t,y), & = (1,n), the equation p,, = 0 has on oy
exactly one root T = ho(x,n), which is simple, with |n| < |£| and |0;pa,| bounded
below on unit covectors.

No condition is imposed outside Iyy. Then, after one spatial shrinking, there are fived
balls U € W, a neighborhood of ag in a fived C* norm, and a scalar pseudodifferential
cutoff Ar, equal to the identity microlocally on Iy, at high frequency and with conic sup-
port in gy, such that the following holds for every smooth real a in that neighborhood.
For h € C*(W,C") there are complex linear operators Sqr, Rar with smooth outputs,
satisfying

(9.3) P,Sqerh = Arh + Rorh on U,
and
(9.4) HSa,thLz(W) + |’Ra7FhHH1(U) < CHhHLQ(W)-

For every integer s > 0 the operators S,r : H*(W) — H*(W) and R.r
H™>6=1L0 (WY —  H3(U) have norms bounded by polynomials in finitely many
coefficient seminorms. The residual R, is a finite sum of pseudodifferential operators
of order —1 and of operators containing one retarded oscillatory integral with an
amplitude of order —1; it includes all source and low-frequency terms. The domains,
the coefficient neighborhood, the derivative losses and the orders of the operators are
fized before s and before any later accuracy. All statements include fixed input and
output cutoffs.
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The proof is given at the end of the section, after the necessary estimates.

9.2. Pseudodifferential estimates.

Setup 9.2 (Symbols on fixed boxes). All evaluations of coefficients and all Hamilton
trajectories lie in fixed relatively compact subdomains of W. Local symbols and ampli-
tudes are multiplied by their cutoffs before being extended by zero, so their seminorms
are controlled by the coefficient norms on W. Every homogeneous symbol is multiplied
by one fixed cutoff vanishing near £ = 0, and the complementary low-frequency part is
kept in the formulas. We write

Tof(2) = (2m) " [[ e b(a,2,€) f(2) dz de,

and Op(b) = Ty, when b does not depend on z. For an amplitude of order p we use the
seminorms

bl,, = max sup(&) P99

| |P7J o+ 181+ ]y|<j p<£> | Tz YE |
Lemma 9.3 (Pseudodifferential bounds). An amplitude of order 0 defines a bounded
operator on L*, and an amplitude of order —1 defines an operator which, together with
its adjoint, maps L? to H'. For each integer s > 0 these operators map H™>(P0) ¢4
H®, where p € {0, —1} is the order. The bounds involve finitely many symbol seminorms,
a fized number of them beyond s, and depend polynomially on finitely many coefficient
SemInorms.

Proof. Lemma 8.2(ii) gives ||T}|lo—2 < Clblo2(n+1) (only a- and z-derivatives are used).
For order —1, an output derivative gives D, T, = ngbJrDzjb, which has order zero, so

T, : L? — H'; the adjoint of Ty is Ty with bf(x, z,€) = b(z, z,€)*, an amplitude of the
same order. Integration by parts in z gives the exact identity

e! « a—
Dbef = Z (ﬁ)TDf+ZbD 5f7 Dm+z =D, + DZ>
fLa

from which the H® bounds follow by the L? estimate; for order —1 we first take one
output derivative and then argue at order s — 1. The symbols are fixed algebraic
expressions in the coefficients, which gives the polynomial dependence. U

9.3. Retarded oscillatory integrals.

Lemma 9.4 (Bounds for retarded kernels). Let d = n — 1 and let V(t,s,y,n) be
homogeneous of degree one in n, with V(s,s,y,n) =y -n and ¥, uniformly close to
I on fized boxes with interior margins. For a spatial amplitude b(t,s,y,n) of order

p € {0,—1} put
Ul 5)f(y) = (2m) [ 4=t s, y) (=) dz d,

and

Ef(t) = /tt Up(t,s)f(s)ds.
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Assume that b has fized physical and conic margins, contains the fized low-frequency
cutoff, and vanishes for s near the initial time t_. Let B = (D, D) be a fized Fourier
multiplier of order zero supported in {|7| < C|n|}. Then &B : H™+P0) s [1s for
every integer s > 0, with bounds given by finite products of seminorms of the phase and
the amplitude.

Proof. Fized times. For fixed t, s, the operator Uy(t, s)Uy(t, s)* has the kernel
(27T)_d / ei(\y(t787y7n)_\p(t787y,7n))b(t7 S? y7 T’)b(t7 57 y,7 77)* d/rl'

The phase difference equals (y — ') - ¥, where W = [1 U, (¢, 5,9 + 0(y — /), 1) df is ho-
mogeneous of degree one in 7 and, since ¥, is close to I, defines a homogeneous change
of variables n — U with Jacobian close to one. After this change of variables the kernel
has the form of Lemma 8.2(ii) with an amplitude of order zero, so ||Uy(t, s)||1212 < C
uniformly.

A fized-time representation. Put x = (t,y), £ = (7,m) and r =t — s. Since b vanishes
near s = t_, we may extend it by zero to s < t_, and on the fixed output support we
obtain

A
gbB - / L{’I‘,b d’f’, @T(t7 Y, 7, 77) = (t - T)T + \Ij(t’ t—r, Ys n)7
0

Ups (@) = 2m)" [[ 10020t 8 — 1,y m)B(E)F(2) d2 e,

with a fixed A > 0. Indeed, U, ,f(t,-) is Up(t,t — r) applied to (Bf)(t —r,-), whose
time Fourier variable produces the factor el*=")7. By time translation and the fixed-
time bound, each U,.; of order zero is bounded on L? uniformly in r. For amplitudes
depending on both positions we use the last assertion of Lemma 8.2, with outer operator
U, .F~ and fixed larger spatial and Fourier cutoffs equal to one on the support of the
amplitude.

Derivatives. On the support of 8 we have |7| < C]n|, so the amplitude has full
spacetime order p. An output derivative of the phase factor produces an order-zero
coefficient times &, and integration by parts in z transfers this factor to a derivative of
the input. For p = —1 one output derivative first makes the amplitude of order zero.
The full-amplitude bound then gives the H® estimates uniformly in 7, and integration
over [0, A] completes the proof. O

(9.5)

9.4. A characteristic patch.

Lemma 9.5 (A characteristic parametrix). On a regular characteristic patch write
r = (t,y), & = (1,n), with |n| < |£] and |0-p.| bounded below. Choose a fixed Fourier
cutoff B(T,m) supported in this cone, including the low-frequency cutoff, and a spatial
source cutoff o(x,n) whose forward Hamilton flowout over the time interval stays in the
patch. Put

B = 3(Dy, D), a=aof, A = Op(a).
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There is a fixed operator

1
S = Your (SWB - op(b_1a>)7

where W = Wy+ W1 is an amplitude with terms of orders 0 and —1 and b_; is a symbol
of order —1, such that P,S = A+ R on the inner physical box, with

(9.6) R = Op(AWi(£,4)8) + Epw. B + 1 Op(P.(b10)).

Here Ay is the coefficient of 0y, Wi (t,t) denotes the amplitude at s = t, and P, applies
P, to the physical variable of a symbol. The construction uses a Hamilton phase and
scalar transport. If the coefficients satisfy ||a||ce < C'qT(q_R*)+, then the phase gradients,
flow maps and amplitudes satisfy the same normalized mixzed derivative bounds with R,
replaced by R, — c, for a fized loss c.

Proof. Write P = P,, H = H,, and let 7 = h(z,n) be the simple root.

Null vectors. Since the root is simple, 0,p = tr(adj H-A;) # 0 at 7 = h, soadj H # 0
and H(z, h,n) has corank one. Using a fixed nonvanishing minor, choose smooth real
vectors k(z,n), [(x,n), homogeneous of degree zero, with

H(x,h,n)k =0, I"H(z, h,n) =0, ITAk =1.

The last normalization is possible because adj H(x, h,n) = ckl? with ¢ # 0, so 0.p =
clT Ak # 0. Since H is linear in 7,

(9.7) I"H(x,7,m) = (1 — h) " A,.

The algebraic inverse. For T near h, H(x,7,n) maps the hyperplane ker(IT A;) into
ker [T, by (9.7). At 7 = h this map is an isomorphism: its kernel is Rk Nker(IT A;) = 0,
and both spaces have dimension r — 1. Hence it remains an isomorphism on a fixed
conic neighborhood of the root, and we choose  supported in that neighborhood. Put

-1
(98)  T=AK",  ba(e,7mn) = (H@ 70 her aysierrr) (I —T0).

Since T1? = II and {*(I — II) = 0, the matrix I — II takes values in ker!”, and by
construction

(9.9) H(z,7,n)b_q(x,7,m)=1—1L

The restricted matrix is homogeneous of degree one, so b_; is homogeneous of degree
—1. Its product with « is extended by zero outside the fixed conic neighborhood and
is a spacetime symbol of order —1.

The phase. On a common short time interval, Lemma 6.2, with initial time s, gives

U, = h(t,y, ¥,), U(s,s,y,m) =y-n, U, uniformly close to I.

Below, k and [ are evaluated at (t,y, ¥,(t,s,y,m)). We choose o equal to one on the
inner source region, with its complete flowout inside the larger chart, and vanishing near
the initial time. Since |, | < ||, nested low-frequency cutoffs leave every homogeneous
formula unchanged near the transported support of .
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Transport. Let the row vector a(t, s, y,n) solve
(at - h77 ’ ay)a + ZT(Pk) a = Oa a(s, S, Y, 77) = Z(Sa Y, n)TO-(S’ Y, n)a
where h,, is evaluated at (t,y, ¥,) and Pk denotes P applied to the function (t,y) —

k(t,y,¥,). Put Wy = ka. Differentiating H (z, h(z,n),n)k(x,n) = 0 in n; and multiply-
ing by (T gives hy, + lTijk: = 0, where A, is the coefficient of 9,,. Therefore

"PWo = 1" Ak 0ya + > 1T Ay k dya+ 1" (Pk)a = (8, — hy - 9y)a+ " (Pk)a = 0.
J

Moreover, since ¥; = h(t,y, V),
P W) =€ (iH(iCa Wy, Wy )Wo + PWO) = P

Put Wy = ib_q(t,y, ¥, ) PWy. By (9.9) and " PW, = 0 (which gives [IPW, = 0),
we get HW, = i(I — II) PW, = iPW),, and hence

P(e™Wy) = €Y (1HW, + PW)) = & (= PWy + PWh).
Adding, we obtain the exact cancellation
(9.10) P{eY (Wy + W)} = Y PW].

No pseudodifferential operator acts on the phase. The transported support stays in the
patch, and all symbols are extended by zero only outside a fixed larger margin.
The residual. For W = Wy 4+ Wy, differentiation of the retarded integral gives

t
PEwqg(t) = AlUw(t, t)g(t) + t PUw (t,s)g(s)ds.
By (9.10), PUw(t,s) = Upw, (t, s), and since ¥(t,t,y,n) = y - n, the operator Uy (t,t)
is the spatial pseudodifferential operator Op, (W (t,t)). Because B is a Fourier multi-
plier and W (¢,t) does not depend on 7, Op, (AW (t,t))B = Op(A;W (t,t)3) exactly.
Moreover A;Wy(t,t) = AiklTo = Tlo, so

P&w B = Op(Ila) + Op(A W4 (t, 1)) + Epw, B.
For the algebraic term, P Op(c) = Op(iHc + P,c), so by (9.9)

<P Op(b-10) = Op((1 ~ )a) + + Op(Pu(b10)).

Adding these identities gives PS = A+ R with R as in (9.6), on the set where xou = 1;
there the commutator of P with y,. vanishes. Both pseudodifferential terms in R have
spacetime order —1, because 3 restricts to |7| < C|n|, and the retarded term gains one
derivative by Lemma 9.4. These are complete formulas, including low frequencies, and
a common input cutoff can be placed on the right of all terms.

Derivative bounds. Every division has a fixed lower bound. Lemma 7.5, applied to
the Hamilton flow, its inverse charts and the scalar transport equation, gives the stated
derivative bounds, and they pass to Wy, Wi, PW; and b_; through the explicit formulas
and the fixed cutoffs. One fixed loss in R, covers all these factors, independently of
later compositions. O
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9.5. Elliptic patches and the proof of the main result. On an elliptic patch
choose a scalar source symbol «a, equal to one on the inner region and containing the
fixed low-frequency cutoff, and put S = you Op(H, 'a)/i. As above, PS = Op(a) + R
where Yout = 1, with the residual R = Op(P,(H, '«))/i of order —1.

Proof of Theorem 9.1. In case (i) use the elliptic construction just described, and in
case (ii) the parametrix of Lemma 9.5; in both cases Ar = Op(«a) with a equal to one
on I'y, at high frequency and supported in I'yy. All hypotheses are open conditions
on a fixed finite jet of the coefficients, which gives the coefficient neighborhood. This
proves (9.3), with the residual of the stated form. The bounds (9.4) and the H* bounds
follow from Lemmas 9.3 and 9.4, whose constants are polynomial in finitely many
coefficient seminorms. All boxes, cutoffs, phases and amplitudes are fixed before any
later accuracy. O

10. FINITE CORRECTION ON REGULAR PATCHES

We now cover a compact regular set of covectors by finitely many characteristic and
elliptic charts and show that a finite Neumann series of the parametrices of Section 9
solves the system to any prescribed finite order for oscillatory sources.

10.1. The choice of charts.

Notation 10.1. Compactly supported functions are extended by zero, and all cutoffs
have supports strictly inside the stated domains. Conic sectors are compact subsets of
the unit sphere together with their conic extensions; the source cover is taken symmetric
under ¢ — —¢. We write ¢f = f for complex conjugation. For a size A,, a tail of
arbitrary order means a term bounded by C,, 0A,p~ % in each fixed H™, for every Q.

Setup 10.2 (The local solution operators). We consider the system of Section 9 on a
compact set of nonzero covectors which are elliptic or simple characteristics. The finite
cover by charts and the source regions are chosen in Theorem 10.3. On each selected
chart we use Theorem 9.1, with an input cutoff equal to one near U. The residual has
the terms (9.6), or their elliptic counterparts, and satisfies R; : L*(W) — H'(U); order-
zero factors are bounded on L2, and every fixed Sobolev norm has a polynomial cost
in finitely many coefficient seminorms. Output cutoff derivatives vanish on U, and all
other cutoff terms are included. One finite order ky, of coefficient derivatives controls
the L? and L? — H' constants, and one fixed loss ¢y, covers the higher symbol, flow
and Fourier estimates. These choices are fixed before every later accuracy.

10.2. Correction on each chart.

Theorem 10.3 (A common choice of charts). Let V{ be a compact conic set of reqular
covectors as in Setup 10.2. After one common shrinking of the physical domains there
are scalar source operators A? with

Z(A? + CA?C) = AF,

J
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where Ar is the identity microlocally near U x V. Each index j selects one member of
a pair of characteristic or elliptic charts symmetric under § — —§. There are larger
source cutoffs A; and fixed complex linear operators with

PaSj:Aj—l-Rj OTLU,
satisfying the bounds of Setup 10.2. On each characteristic chart put {; =7 — h;(z,n).
The forward Hamilton flowout of {;, over the entire fized time interval, of every point

in the conic support of A(; stays in a comparable annulus and in the region where A; is

the identity. The physical source region contains U.
Having fixed these data, choose 0 < x2 < 1 in C°(U), equal to one on a fired set
Ucore; and put

K; = x2Ry, Tin= > (=K,

0<v<N
For f = x2h and z;n = T; nf we have the exact identity
(101) PaSij,N =h + (Av] - ])Zj,N + (—1)N_1KJNf on Ucore-

The set of normalized sums and differences of phase gradients of Proposition 6.4 admits
one such choice on a fized neighborhood of the reference immersion. All flowouts lie in
one fired Wy @ W, where the operators use the coefficients of the immersion F. These
choices precede the accuracy; only the finite depth N changes with it.

Proof. At a simple characteristic Euler’s identity gives £ - Ocp = (degp)p = 0, so in
coordinates with 0.p # 0 we have  # 0, and the root is of the form required in
Theorem 9.1(ii). Cover V{ by finitely many root charts and elliptic charts, symmetric
under & — —¢, and select one member of each symmetric pair. By compactness there
are nested conic sets I') € I'; € I'; inside larger charts, with uniform margins. Choose
A? with conic support in F? forming the stated partition, and Aj equal to one on I jl
and supported in FJZ, with fixed low-frequency and physical cutoffs.

On a characteristic chart, the Hamilton equations of ¢;, restricted to the unit sphere
in £, have bounded angular velocity, and || changes by a bounded logarithmic rate.
We choose the time interval so short that a trajectory starting in F? stays in F} and
in a comparable annulus. The same shrinking puts the transported support from I’ j2
and all its physical supports in a fixed W, € W inside the larger chart. Elliptic factors
involve only the identity relation. B

Apply Theorem 9.1 on each selected chart, with source symbol A; (equal to ¢;5; on
characteristic charts); this defines S; and R; with all cutoff errors. Then choose x»
inside the common source region. On U,

PaSijJV = ngjJV + Rjzj,N = Zj N + (AVJ — I)Zx]v + RijJv,
and on Ucore, where xo = 1, we have R;z; v = Kjz; n. The telescoping identity
I+ Kj)zin= >, (=K)"f— >, (-K))'f=f+()N"K)Nf
0<v<N 1<v<N

and f = h on Ugye give (10.1). The source f is supported in supp xo, and the fixed
Sobolev bounds compose with polynomial costs; we take the maximum of the finitely
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many derivative losses once. The set of normalized sums and differences is compact
and lies at a positive distance from the singular set by Proposition 6.4, so the same
construction applies to all of them. The construction preserves the derivative bounds
of the coefficients, with a fixed loss. O

10.3. Finite powers and arbitrary accuracy.

Setup 10.4 (Coefficient estimates). We use the fixed chart operators of Theorem 10.3
and assume

(102) Ha’HCT(W) < DTT(TiR*)JW r > O, R* > Clin + 27

and put L = T > 1. By the derivative bounds of Lemma 9.5, the normalized flow
maps and their inverses have bounded derivatives of orders zero and one, and the phase
function G of each retarded factor satisfies

(10.3) |ID'G| < C.L™" (r>2).
Every symbol or amplitude of order p satisfies
(10.4) |D§,2D5bp| < Oy g(€)P 18I Llol+8],

including both positions and all cutoffs; the covariable is n for spatial symbols, and
spacetime bounds are used only on their cones. At each fixed Sobolev order the operator
norms of the factors are at most C;L”s for some finite B. Since R, > ¢y + 2, the L?
and L? — H'! bounds do not depend on L. For p > 2 and a fixed 0 < o < 1 we assume

(10.5) 1<L<pe.
The index R,, the orders of the construction and all factors are fixed before the accuracy.

Theorem 10.5 (Approximate solutions to any finite order). Assume Setup 10.4.
Choose a compact conic set Vo € Vy and a fixed smooth rescaled Fourier cutoff Il ,,
equal to one on pVo N {|§] =< p} and supported in pVy. Let h, be real and smooth,
supported where xo = 1, with

(10.6) Ihollo < CH,
(10.7) (I = Tlo )byl < CongHop™ @ for all fized m, Q.
For each finite N > 1 define

Din = S;Tinx247, Doy = Y (Djn + ¢Djne),

J
Up, N = Da,th-

Then D, n is complex linear and preserves real fields. For all fized m,(Q) and every
integer N > m + @,

(108) ||PauP»N - hp”Hm(Ucore) S CNyvapr_Q7
and for every fixed s

(10.9) [[p,n]

Hs S C’N,s-[—-[pps-
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A higher accuracy changes only the finite depth N; the derivative losses, physical do-
mains, conic source cutoffs and orders of the kernels are fixed. The constants and the
frequency threshold may depend on N, m, Q and on the constants D, in (10.2), but not
on p or L within (10.5).

Proof. Step 1 (localization of one factor). Let f satisty ||f|g: < CsAp® for all s, and
suppose that, up to a tail of arbitrary order, its Fourier transform is concentrated in a
compact conic subset, with a margin, of one source chart, within a comparable annulus
{|¢] < p}. We show that the image of f under each parametrix factor or residual
factor is, up to a tail of arbitrary order, concentrated in any prescribed open conic
neighborhood of the forward Hamilton flowout of this set (including the set itself),
within a comparable annulus. The constants depend on the chosen neighborhoods but
not on p.

For a retarded factor we use the representation (9.5). At a fixed elapsed time r, the
critical points of the phase ©,.(z, ) — z - relate the input point and the output covector
by

(S,Z) = (t—T‘, \Ijn)a (Toutvnout) = (T+‘1/t+\113,‘1/y).

The Hamilton-Jacobi identities U, = h(t,y,¥,) and —W, = h(s, z,n) show that this
relation is the forward Hamilton flow of ¢ = 7 — h for the time r, at every value of
7. Pseudodifferential terms and fixed Fourier cutoffs have the identity relation, corre-
sponding to r = 0.

Compose a fixed-r factor with an input cutoff concentrated near the given conic set
and an output cutoff vanishing near its flowout (these cutoffs are used only in this
proof), and rescale comparable covectors by p. Away from the flowout, the combined
phase, as a function of the integration variables, has a gradient bounded below by cp,
uniformly in 0 < r < A. Each integration by parts, at fixed r, gains p~! and costs at
most a factor L by (10.3) and (10.4). Hence for all fixed m, ¢ the resulting operator is
bounded in the relevant Sobolev norms by

(10.10) Crngp™ (L) p)*.

The integrations include all amplitude positions and the source masks. Frequencies in
non-comparable annuli are separated from the output by a frequency gap in a physical
derivative of the phase; their dyadic sum converges after increasing q. Fixed physical
supports, Schur’s test and the bounded r-interval give the Sobolev bounds. Since
L/p < p=@ by (10.5), increasing ¢ gives a tail of arbitrary order. By the choice of
charts, the short flow keeps the covectors in a comparable annulus.

Step 2 (finite powers). Put X = supp x2, f; = x2A4%h, and v;4 = K]dfj. We show
that, for d < N +1, v; 4 is concentrated, up to a tail of arbitrary order, in a fixed conic
region where Aj is the identity, and that

(10.11) vjallms < CasHp™%  (d,s>0).

On a characteristic chart we use its time coordinate ¢, which ranges over a fixed interval
[t_,t;], and the Hamilton flow ®" of £; = 7 — hy; along this flow ¢ = 1. Let I') be the
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conic support of Ag-) and put
Aj={®"(p):p €Ty, 0<r<t, —tp)}

By the choice of charts in Theorem 10.3, A; lies in the open conic region where flj is
the identity, and |{| varies on A; only within a fixed factor of its initial value.

(a) The total elapsed time. By Step 1, the relation of each factor of K, and of S},
is contained in {(®"(p),p) : 0 < r < t, —t(p)}, the identity relation corresponding to
r = 0. Since ®"2 o @ = P" "2 and the time coordinate increases by r along ®", the
composition of any number of such relations is contained in the same set: the total
elapsed time is oy — tin < ¢4+ —¢_, independently of the number of factors. Hence A; is
invariant under the relation of every factor. In particular the frequency band reached
by the iterates is the fixed band of A;, determined by the bounded logarithmic rate of
change of || over the time ¢, — t_; it does not widen with d. On an elliptic chart all
relations are the identity and A; = I).

(b) Auziliary sets depending on the depth. The relations are closed, and their restric-
tions to the unit cosphere bundle are compact. Hence for every open conic set O D A,
there is an open conic set O" with A; C O" whose closure is mapped by every relation
into O. Starting from an open conic set Ony1 D Aj, over a neighborhood of X, on
which ﬁj is the identity, we choose successively Oy, ..., 0p with A; C O, Oy C Op1,
and with the closure of O mapped by every relation into Og,1. These sets, and the
cutoffs of Step 1 equal to one near O, and vanishing outside Oy, depend on N but not
on p. They are used only in this proof and affect only the constants and the frequency
threshold.

(¢) Induction. The source f; is concentrated in Oy up to a tail of arbitrary order,
by the conic support of Ag and (10.7). If v; 4 is concentrated in Oy, Step 1 shows that
Vj a1 = K;v;q and S;v; q are concentrated in Oy, up to tails; at each step we increase
the order of the tail to absorb the polynomial Sobolev costs of the subsequent factors.
Elliptic factors have only the identity relation, and low-frequency pieces are separated
by the annular gap. Thus, for d < N + 1, all these functions are concentrated in Oy, 1,
where flj is the identity. This proves the localization, including all source and cutoff
terms.

Fix j and write vy = v; 4, so that ||vg|ls < CH,. For d > 1, since vy is concentrated
in an annulus of radius comparable to p up to a tail, and K; : L* — H' with a bound
independent of L,

lvalla < Cp™lvallzn + O(H,p™>) < Cp™"||va-rll2 + O(Hpp™).

Induction gives |lvglls < C4H,p~%. In the other direction, frequency localization gives
val| s < Csp®||valle + O(Hpp~*°), which proves (10.11).
Step 3 (the finite correction). Put z; y = T; v f;. By the localization just proved,

Each S; is bounded on L?, and by Step 1 every S; K 7 fj s concentrated in a comparable
annulus up to a tail; the same frequency localization and the finite sum give (10.9).
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For real h, we have ch, = h,, so ¢D; nch, = Dj nh, and u, v = 2Re>; S;z; . Since
P, is real, applying (10.1) with f = f; (on Ucore, f; = A%h,) and taking real parts gives,
on Ucore>

Pattp,y — hy = (Ar = Dh, +2Re Y [(A; = Dz + ()Y KN f]
J

where we used 3°;2Re(A%,) = 3,(AY + cAlc)h, = Arh,. The source tail (10.7) and
the choice of Ar make the first term a tail of arbitrary order, and the localization makes
the second one such a tail. The last term is bounded in H™ by Cy ., H,p™ ¥ by (10.11),
which is at most C,, H,p~% when N > m + Q. O

11. CORRECTED CHARACTERISTIC WAVES

In this section we construct, for an immersion F near the reference, families of com-
plex waves whose linearized metric change vanishes to any prescribed order on a fixed
domain, whose leading amplitude is an explicit rank-one tensor, and which depend lin-
early on Fourier data. The construction has three stages: a WKB approximation with
a Hamilton phase and a transported amplitude; a correction of the remaining residual
by a finite Neumann series of the parametrix of Section 9; and a superposition over
shifted covectors against a finite Fourier measure. The main result is Proposition 11.10
at the end of the section.

11.1. Normal reconstruction and conventions.

Notation 11.1. We use the dimensions, the tensors QY and the Frobenius pairing of
Definition 4.3; all orthogonal complements and projections of tensors refer to this pair-
ing. Spatial and parameter supports have fixed larger margins. Constants may depend
on these supports, on the fixed neighborhood of the reference, on lower bounds for in-
verses and on finitely many constants in the derivative bounds, but not on frequencies
or the number of samples unless this is indicated. A statement that a datum has Fourier
support in a ball refers to the datum before any cutoff in the initial variables; such a
cutoff is kept in the amplitude of the wave, and if it is applied to the datum, its Fourier
tail is estimated separately. In particular, x(y) Pk f(y) is not regarded as band limited.

Definition 11.2 (Normal reconstruction). Let G be an immersion as in Setup 6.3, with
induced metric g, normal map Ng and projection Ik, as in (6.5), and projected frame
Q; = Ik, QY. We use the objects of Definition 4.1 and (4.7) for this frame, and write
them out for later reference:

(11.1) Ve(u) = ¢7u0;G + Ng(sym Viu),
i,J
Pou = Pgu = (Q; : sym VIu)
Mg(l',é)i. = (Qz('x)€>T7 pG(xag) = det Mg(l',€>

The operator Py includes the Christoffel terms of g. For a covector £ and a vector b we
write Esym b = (b7 + b€T) /2; note that Q; : (Esymb) = £7Q.0 = (Mg(z,£)b);.

(11.2)
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The patches and samples are indexed as in Definition 6.7, and their quadratic inter-
actions are listed in Remark 6.8.

Setup 11.3 (Oscillatory estimates for phase differences). We use Setup 8.3 with the full
and fixed-time charts of Proposition 6.5, x = (¢,y), 2 = (s,v) and v € R?. Their lower
bounds, larger supports and margins are fixed with the order M = M,, = 20(n + 1),
and the immersions satisfy (L) and (H) of Setup 6.3, so that Proposition 8.4 applies
uniformly to the scalar and matrix amplitudes below, on the entire complex input
and output spaces. Both the real and the imaginary parts of the input are used; by
Corollary 8.5, on real outputs,

(11.3) (2ReT)(2ReT)" = 4Re(TT™).
11.2. Hamilton phases and transport amplitudes.

Theorem 11.4 (Transport amplitudes and normal reconstruction). Consider one of the
three-parameter characteristic patches, with its adapted coordinates x = (t,y), its map
2+ ((2) of base covectors and the larger charts for shifted covectors of Propositions 6.4
and 6.5. Use the projected frame Q;(G) = Mk QY. Fiz lower bounds for the metric,
for the singular values of the second fundamental form, for the minors defining the null
vectors and for O.pq, and use full and fixed-time inverse charts on the larger nested
convex source domains. One sufficiently small finite C™ neighborhood of the reference
gives all these bounds; the boxes and lower bounds do not depend on frequencies or on
the accuracy.

For a real initial amplitude r,(y) with fixed positive lower bound and fixzed C™ upper
bound, there are a real phase Sg and an amplitude bg = agkg satisfying

pG(xa deG) = 07 SG(07y> C) =Y Ca CYG‘t:O =Tz, lgPGbG = 07

where kg, lg are real nonzero right and left null vectors of Mg (x,d,Sg) and ag has a
positive lower bound. The reconstruction (11.1) satisfies

(11.4) DV Ve (u) = Tk, (sym Viu).
For any amplitude b put £ = d,.Sg and

(11.5) vy = Ng(Esymb), Ag(b) = —p €T
Then, for T >0,

(11.6) Ve (r2e96/7h) = 96/ (iry), + 72Vg(b)),

and e 5¢/Td Ve (12156/7h) = Ag(b) + O(7). For b = bg we have |vy|, [£| > ¢ > 0 and
Ag(b)* A (b) = |1p|2EET'; this transported tensor is linear in the initial density r.

Suppose moreover that T > 1 and ||G||cr + ||r2|ler < C.TTB)+ for all v. There is
one fized loss D such that, if R, > D, then for allr >0
15cller@.o) + lballor@.e0 + [wllor@.z0

+ Ve ®)lloreee + 1A e azg) < CTUHHD,

as joint norms in the physical variables and the normalized covectors, on the same larger
domains.

(11.7)
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Proof. Phase and transport. The phase is given by Proposition 6.4 and Lemma 6.2; the
inverse metric, the normal map and the null vectors are smooth functions of a fixed
jet of G under the stated lower bounds. We use the real null vectors and the scalar
transport equation of Lemma 9.5, with initial time 0 and initial datum r,. As computed
there, the transport equation is equivalent to I} Pg(agks) = 0, and since it is a linear
first-order equation along the projected Hamilton flow, its solution is

G = Afow T2 (yfoot)a

where .0 is the initial point of the trajectory through x and age, > 0 is the exponential
of the integral of —lT(Pk) along it. Since age, does not depend on r,, ag is positive
and linear in r,, so o is linear in r2.

Reconstruction. By (4.4) with the normal field w = Ng(sym VYu),

DveVea(u) = 2sym VIu — 2BE Ng(sym Viu) = 2l g, (sym Viu),
which is (11.4). For u = 72¢9¢/7h the tangential part of Vg (u) is 72¢'5¢/7dG g~'b, and

sym VY (eiSG/Tb) = ¢Sa/T (sym VIb + 1 & sym b) )
T
Multiplying by 72 and applying Ng gives (11.6). Differentiating it,
e_iSG/Td<eiSG/T(iTVb + T2VG(b))) = —uéT + T(i dvy, + iVG(b)fT) + 72dVq(b),

whose leading term is Ag(b). For real v, Ag(b)*Ag(b) = vl €T = |up|2EET.
Lower bounds. For b = bg the null relation gives ¢g(£symbg) = Mg(x,&)bg = 0, so
Esymbg € K and Biy, = My (Esymbg) = £ sym bg. Moreover

(€ symb|* = 10" + 6T * = L(IEPIb + (- b)) > SIEPIbP

Hence |vp| > || B&|| 7 |€ sym bg| > ¢, using the lower bounds for |¢], ag and |kg|.
Derivative bounds. The phase, the algebraic formulas and the transport amplitudes
satisfy the derivative bounds with a fixed loss, by Lemmas 7.2, 7.5 and Proposition 6.4;
in ag = agow” (Yoot ), joint composition and multiplication are covered by Lemma 7.5.
The reconstruction uses finitely many further derivatives, so one common loss D proves

(11.7). O

11.3. A two-term WKB approximation. One algebraic correction reduces the re-
duced residual by one more power of 7. With the phase and leading transport of
Theorem 11.4, put by = be and, using the symbol (9.8) of the system Pg,

(118) b1 = ib,lvg(:r, dSG)Png.
For A = 77! define, on the fixed compact set of shifted covectors (',
(11.9) v, (z, 2, ) = 7256 @ (by 4 7by).

It is linear in the initial amplitude.

Lemma 11.5.
(11.10) Pav, = 13656/ Pgby .
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Proof. Apply (9.10) with ¥ = Sg/7, Wy = 7%by and Wy, = 73b;. Its hypotheses
hold: W solves U, = h(t,y,V,) because S does and h is homogeneous of degree one;
1" PeWy = 7217 Pgby = 0; and, since b_; is homogeneous of degree —1,

ib,1($, d\IJ)PG'WO = infl(fE, dSG) TZPGbO = T3b1 = Wl.
Hence Pg(e™ (W + Wh)) = €Y PaWy = 73e%¢/7 Pby. O

The correction constructed in the next subsections removes this residual; the joint
amplitude bounds, including those of v,, are proved together in Corollary 11.8.

11.4. The solution operator.

Setup 11.6 (A common solution operator). We use the immersion G and the reduced
system of Definition 11.2. On a compact characteristic patch, the phase of the waves
and the characteristic parametrix use the same simple root 7 = hg(t,y,n), so that

(11.11) e = ha(t,y, 0ydc).

On one chart containing the whole compact set of shifted covectors, Lemma 9.5 gives
PgSy = A, + R, on the inner region, with

1
(11.12) St = Xout <5WB+ + 7 Op(b—la-l-))a By = p4(D).

The conic cutoff o, and ([, are chosen equal to one near all these phase gradients
throughout supp x2. By compactness, the finitely many patches have common source
and time margins, common lower bounds and one common ball on which the identities
hold. The larger physical and conic domains are convex and contain the source and
observation boxes, all short flowouts and all initial points. For finite powers of the
residual we use an observation domain containing supp x2 and the core cutoff. All
factors are fixed independently of the patch parameters and of the accuracy. Put

N-1

K =x2Ry, Tv=> (=K.

v=0
The source cutoff of the primary waves is Xsrc = Xlag,sre, SUpported inside the primary
chart and in int{ys = 1}; the source and observation supports are those of Setup 3.3,
and the region where the identities hold is Upac.

The additional quantitative hypothesis is

(11.13) lagllew + [|Gller < DLTO B+ w >0, T>1,

where a consists of the principal and Christoffel coefficients of the reduced system. The
metric, normal and Gram lower bounds are positive, and the reconstruction, including
one derivative of Vg, is a smooth function of a fixed jet of G. The parametrix has the
fixed factors of Setup 10.2. The waves are complex; real fields are obtained by taking
real parts. We choose R, above the fixed geometric and analytic losses, so that every
finite composition has polynomial costs at each physical or parameter order.

Lemma 18.1 and Proposition 18.2 verify (11.13) along the iteration.
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11.5. Oscillatory inputs depending on parameters.

Lemma 11.7 (Oscillatory inputs depending on parameters). Let A be one of the
retarded or pseudodifferential factors of the parametriz of Lemma 9.5, of order p €
{0,—1}. Let ¢(x;¢) solve (11.11) on the source flowout, with phase gradients in the
interior of the region where the source cutoff equals one, depending smoothly on param-
eters c. Let T < X\'7¥ for a fived v > 0. There is a fived loss b such that the coefficient
and phase bounds with index R + b imply the following. If a. is supported in the fixed
source chart and

||a?ac| Hs S Cs,aAT(sHa‘_R)Jr’ ‘Oél S k?(b
then, on the fized observation support,
’800‘ (6—1A¢A(€i>\¢ac))HHs < CS7QA)\pT(s+|a\—R)+’ la| < ko.

If the amplitude of A vanishes near the phase gradients (a fized nonstationary gap), the
left side is O(AN=9) at each fized joint order, for every Q. The loss b does not depend
on s, ko or the length of a finite composition, and finite compositions satisfy the same
bounds with the product of the factors N\P.

Proof. For bounded A the claim follows from the ordinary estimates, so let A be large.
Include the fixed input cutoff in a. and put u. = e*?a,.

Frequency localization. Choose a fixed spacetime annular multiplier Py = 7(D/)\)
with 7 = 1 near all phase gradients. By Sobolev embedding the hypothesis gives
|Dro%a.| < C.AT*T", so Proposition 8.6, with p = X\, L = T < A" and amplitude
constant AT’Al®l < AXFko (the factor A*l comes from parameter derivatives of the
phase factor), gives (I — Py)u, = O(AN"9) for every Q, at every fixed joint order. The
powers of A produced by derivatives and by the ordinary bounds for A are absorbed
by increasing (); this uses higher physical derivatives of a., but does not change R or
the order ko. In (9.5) the multiplier Py enters the amplitude as the factor 7(£/\), so
all frequency integrals may be restricted to |£| < A; the multiplier 5, remains in the
amplitude.

Stationary structure. Fix r, write £ = A and remove the factor e*?*). The amplitude
of order p contributes a factor A?, and the phase becomes \f,

flz,6;2,0) = O, (2,0) — z- 0+ ¢(z;¢) — (x5 ¢),

with ©g = x - 0 for a pseudodifferential factor. The critical points in w = (z,6) are
given by 0 = d¢(z;¢) and z = 040,.(x, ), that is, z is the initial point of the Hamil-
ton trajectory of time r ending at z, with initial covector d¢(z). Since ¢ solves the
eikonal equation, the Hamilton flow preserves the graph of d¢, and the projection of
the flow is close to the identity on the short interval; hence there is exactly one critical
point wy(z, ¢), and by the Hamilton-Jacobi identities of Lemma 6.2 the critical value
is f(wp) = 0. The Hessian in w is

<¢zz _(Z] ) (@T);&fx, 9)) ’
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with ||¢..|| < C and (©,)s = diag(0,¥,,) = O(r). On a fixed short interval every
segment average of this Hessian has the same form and is uniformly invertible, and the
amplitude support and the critical point lie in one fixed convex product domain.

Derivatives in x and c. Let O, be a derivative in an output variable or a parameter.
Since the critical value vanishes identically, 0. f(wy) = 0, and the identities

Vad = ([ Foliwo + 0w — ) 40) (0 - wn),

Oof = (/01 VwO0e f(wo + 0(w —wo))d9> - (w — wp)
give 0. f = A, -V, f, with

1 T 1
A, = (/0 Fuw (w0 + 0w — wp)) de) /0 V0. f(wo + 0w — wp)) 6.
Hence 9.(eM) = A, - V., and one integration by parts in w = (z,0) gives
(11.14) 8e/ei)‘foz a.dw = /ei’\f [@a ac + @ 0ete — Vo - (Aet) a. — aAg - Vwac} dw,

where « is the amplitude of the factor, multiplied by the input cutoff, and d.a. = 0
unless e is a parameter. No power of A is produced: a derivative in 6 is AJg, which
preserves the order of the amplitude in the annulus |[£| < A, and a,. depends on w only
through z. The new integrand has the same phase.

We now count derivatives. Let x be the fixed number of derivatives of the coefficients
of P needed to write down f,.,, V,0.f and the amplitude «; it consists of the losses of
the Hamilton—Jacobi phases and their inverse charts (Lemma 6.2 and Proposition 6.4),
of the null vectors and of the transport equation, plus the two derivatives in f,,, and

VO f. With £ = |n/2] + 1 we take
b=r+20

If the coefficients satisfy bounds with index R + b, then, by Lemmas 7.2 and 7.5 (the
averaged Hessian has a uniformly bounded inverse), every factor § among A, and «
satisfies

(11.15) 10°07 8|00 < C,TWI=R+ 5] < 20,

where v counts the derivatives produced by the integrations by parts and 0 the deriva-
tives used below for the L? bound. After ¢ derivatives 0., - - - 9.,, repeated use of (11.14)
writes the derivative of the output as a finite sum of terms

[eMpororacdn,  j=hl+lal <q

in which f is a product of derivatives of the factors A, and « of total order ¢ — j: each
of the ¢ derivatives falls either on the input or on one of these factors. By (11.15) and
(7.5), the product [ satisfies (11.15) with |y| replaced by ¢ — j. Restoring the phase
factor, the term is e *A[B](e*?070% a.), where A[f] is the factor with its amplitude
multiplied by 8. The fixed-time bound in the proof of Lemma 9.4, in the form for
amplitudes depending on both positions (Lemma 8.2), uses at most 2¢ derivatives of



50 WENCHANG YANG AND YI WANG

i i , 12512 < p —i- .
3 in the physical variables, so || A[S]|z2or: < CAPTW==®+ The hypothesis gives
1070% ||y < CATU=1+ when |oy| < ko. By (7.5),

CqA)\pT(q—j—R)+T(j—R)+ < C’qA)\pT(q_R)+.

Integration over the fixed r-interval proves the assertion for a retarded factor, including
time derivatives.

The loss b is thus consumed entirely by the coefficient factors A, and «, each of which
is differentiated at most 2¢ times beyond its share . The input enters only through its
derivatives of total order j, at the same index R as in the hypothesis. This is why b
does not depend on s, on kg, or on the number of factors in a composition.

Nonstationary case and compositions. Fixed low-frequency pieces contribute only
tails. If the amplitude vanishes near the critical set, |V, f| is bounded below on its
support, and J integrations by parts give C, ;AN“1(T/\)” at joint order ¢; choosing
J > (Q + C,)/v gives O(AXN=?). For a finite composition A,, - - - A, the output a, =
e M A, (eP?a,), multiplied by the fixed cutoff in front of the next factor, satisfies by
the estimate just proved the hypothesis of the lemma with A replaced by C AN, with
the same index R and the same ky. The coefficient index R + b required for the next
factor is the same as for the first one. Hence the estimate iterates, with the product
of the factors A\P¢ and constants depending on the number of factors, but without any
increase of the required derivative order. O

11.6. The corrected fields.

Corollary 11.8 (The corrected fields). Use the two-term approzimation (11.9), with a
real initial amplitude, on the whole compact set of shifted covectors, and assume

||ag||cr + ||G||Cr + ||’f‘z||cr S DTT(T_R*)JF, r Z 0, 1 S T S )\l_y, v > 0.

Recall Mo, = 20(n + 1), and put 1pay = Man + 3 and ¢ = |n/2| + 1. Before the sample
and the later accuracy of the mean are chosen, fix

Reny 2 Moy + C+2+ Tpar) ko = Tpar-

There is a fixed B,y such that R, > Ren, + Bag covers the losses in the coefficients, in
Pgby, in the reconstruction and in the transfer to shifted covectors, including the finite
orders required by the iteration for the mean; the two derivatives of the reconstruction
and the Sobolev embedding loss are included in Re,,. After Re., is fived, prescribe
finitely many derivative orders for the linearized metric and an accuracy, and choose a
sufficiently large finite N. Suppressing N from the notation, define

Ur = S+TN(XSFCPGUT)7 y‘r - VG(“T)?

11.16 .
( ) W:ur _ VG<UT . uT)7 Aiur _ €_ISG/TdW:ur.
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Write ¢ = (z,(’). On the full observation support, for k < ry. and uniformly over the
fixed radial factors,

' 6_. TT oo T v e_i ’ oo < CrpA™ T Man)+

(11.17) M| DrDE(e76/my )| | D7 Dk (71567 gy, )| o) L =Man) 1
M Dy DE(e7 50/ TWE) oo + | D DEAT oo < Crp T Mo,

(1118) ||D;D§(A(73_ur — AO)HOO S an)\_lT(r_Man)Jr’

where Ay = Ao(by) is the leading transported tensor. More precisely, for everyr > 0 and
k < ko the bounds for AS™, Ay and their difference hold with TT+k++2=Ren)+ 4 plgce
of Tr=Man)+ " the difference carrying the factor \='. The linearized metric DygVVe™
is bounded by the prescribed accuracy on Di.g, where the source cutoff equals one and
the reduced identity holds. These are the joint bounds assumed in Theorem 12.4, which
therefore applies to this family. The construction is linear in the initial amplitude and
is fixed before the sample. Constants may depend on N; the lower bounds at the finitely
many orders used in the sampling theorem are uniform above a frequency threshold
depending on N, because the corrections carry a factor A7,

Proof. Step 1 (the reduced residual). By (11.4), DygVa(v) = 2k, (sym V9v), whose
components in the frame are determined by Pgv through (4.7). Thus the normal
completion has no source, and it suffices to correct the reduced residual Pgv,. The finite
array bo, by, Pgbi, together with v, V(b;) and their first physical derivatives, j = 0, 1,
is given by the transport equation and fixed algebraic formulas, and satisfies the joint
derivative bounds with index R.,, after one fixed increase of B,;. Put h, = xqcPov-.
By (11.10), h,y = €6/73x .. Pgby, an oscillatory function with amplitude of size A~
and derivative bounds with index Ry .

Step 2 (the correction u, ). Lemma 11.7 gives the same bounds for every K/h,, j < N,
and then for u, = S Tyh,; each new residual starts inside the original source region.
Hence

10(756/ T Xeorettr )| 1+ < Chy oA 2THI Fem)

Step 3 (amplitude bounds). The lift Vg and the differential use at most two deriva-
tives, and Sobolev embedding uses ¢ further orders. After r physical and k parameter
derivatives the exponent is at most (r+k—+24+0— Reny )+ < (r—Man)+, because k < rp,,
and Reny > M + £+ 2 + rp.y. Bach derivative of the phase factor costs at most A, and
at most two such factors occur, which proves (11.17). For v, substitute b = by + 7b; in
(11.6) and differentiate once: the leading term of the demodulated derivative is Ay(by),
and every other term carries a factor 7; the demodulated field itself carries a factor 7.
The same bounds for the finite array and the subtraction of ), prove (11.18).

Step 4 (the linearized metric). On the region where the reduced identity holds,

Pa(vy —uy) = (1 = Xae)Pavy — (Ay — DTxh, — (=D)V KV,

by the telescoping identity of Theorem 10.3. The first term vanishes on Dy,,. Each
term of the residual (9.6) has one factor of order —1, so the preceding lemma, after
restoring the phase factor, gives

102K hr |

Hs S CN,s,a)\S—Ha'_N_g‘
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The conic complement A, — I vanishes near the phase gradients, so the nonstationary
case of the lemma makes the second term O(A~%). By (4.7) and the Gram formula,
with 7" < )\, increasing N gives the prescribed accuracy for the linearized metric. The
index R.,, and all factors are independent of N. O

11.7. Finite Fourier measures. The same correction applies to every Fourier modu-
lation of the initial scalar. We integrate the corrected fields over the fixed set of shifted
covectors; the source and observation cutoffs are those of Setup 3.3.

Proposition 11.9 (Bounds for Fourier measures). Apply Corollary 11.8 at the immer-
sion F', with coefficient scale T > 2 and phase Sg(x, (), and with its finite depth chosen
for a prescribed derivative order rons and accuracy Q. Let X\ = 771 > 2, T < \¥ for
a fived v > 0, and let m be a finite complex measure supported in By C R" L. Suppose
K > max(T, Cyoql\,2) and that ( + 7By lies in the fizved set of shifted covectors. Put

[mll = llmllrv, ¢r = Sr(:,C) and

(11.19) Z(m) = /Wgur(F; 2, ¢ + 7€) dm(€).
Then for every s > 0

(11.20) M Xeore€ % Zl|os + [| Xeoree ™ F dZ|
and on Dig, for 0 < r < 1o,

(11.21) IDVFZlcr(Drag) < CrllmlIA9.

The map m w— Z(m) is complez linear. The depth is chosen before m and the sample;
the geometry, the derivative losses and the domains do not depend on it. The fixed
radial factors affect only the constants.

Cs S Cs”m||KS7

Proof. Since the shifted covectors range over a compact set, we may differentiate under
the integral. Demodulating by the central phase,

efiAqSFWiur(F; z, C + Tf) _ ei\I!(:):,f) efiSF(:r,CJrTf)/TWiur(F; z, C + 7_5),

where

_ 1
LG T’ST) Se@,¢) _ /0 deSp(z, ¢ +ur) - € du.
By the joint phase bounds of Proposition 6.4, |DIW| < C;AT?~! for j > 1 and |¢| < A.
By the Leibniz and chain rules, D3(e¥w) is a sum of terms ¥ DI ... Dik¥ Diy
with 51 +--- 4+ jr +¢ = s and j, > 1. The amplitude bounds of Corollary 11.8 give
| D'w|| oo < CyT" for both demodulated amplitudes (the field with the factor A, and its
differential). Since >,(j, — 1) = s — ¢ — k, such a term is bounded by

CAFT*=7F || Diw|| oo < CAPT* ™ < C K,

using A < K and T' < K. Integrating against |m| proves (11.20). The linearized metric
of each field is bounded by the prescribed accuracy on Di,g, uniformly over the shifted
covectors and including all source terms, in every C" norm with r < rq,; integration
proves (11.21). O

(11.22) U(z,&) =
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11.8. The waves at one step. We now state the result in the form used at one step
of the iteration. Fix a finite order r, containing all geometric, analytic and density
derivative orders used below. The immersion F’ lies in a fixed C"* neighborhood of Gt
and satisfies

(11.23) |Fllcrqwy < CT ™%, Ty > 2.

The estimates of Section 18 verify both conditions for every iterate. All constructions
use the same immersion F', at which the metric is linearized.

On a whole characteristic patch we use z = (¢,7) and ¢ € R"™!, and the Hamilton
phase with

pF(x7da:¢F) :07 ¢F(ana g) :yC

For each prescribed integer ¢ > 1, Corollary 11.8 gives a family W™ (F'; z,(): a trans-
ported characteristic wave corrected by a finite Neumann series applied to its reduced
residual. The correction preserves the phase and the leading transported tensor. The
family depends linearly on a prescribed real initial amplitude, with complex extension
for Fourier data; its depth may depend on ¢ but not on the frequency or the base
covector. The family is chosen on the entire compact set of shifted covectors before the
sample is drawn. For a sample v with A\, = 7, and central phase ¢, = ¢p(-,(,) we
define the complex linear map

(11.24) Z,(m) = / WS (Fy 2, G, + 7,€) dm(€).

The Dirac mass m = J, gives the unmodulated wave; a finite Fourier measure changes
its initial data without changing the correction operator.

Proposition 11.10 (Corrected characteristic waves). Fiz ¢ > 1. Assume (11.23), the
fixed domains of Setup 3.3, and use the positive initial amplitude ri of Proposition 13.7,
whose derivative losses are included in r,.. The family has the original phase and leading
transported tensor, and ||do,|cr < C.T5 on the full observation support. Let m have
finite total variation and support in By, and choose a fixed vy > 0 with

(11.25) Cony max(Ty, A) < K < A7 A<\, <O

Then, for large X\, the shifted covectors stay in the domain of the phase, and on the full
observation support

(11.26) M| Xeore " Z, (m)||or + || Xeoree M dZ, (M) ||or < Crllm|| v K"
The depth of the correction can be chosen so that

(11.27) [1DvrZy(m)llcopiy) < CollmllrvA™.

The domains, the order r, and the frequency exponents do not depend on q.

Proof. Apply Proposition 11.9 with T" = Ty, 7 = 7,, ( = (, and accuracy ) with
Q > ¢+ 1. Tts hypotheses hold: by (11.25), Ty < K < A7 < OX70 g0 T < AL
for any fixed v < vy and large \; K > CeA > ChoaA after enlarging Ce,,; and
7,A < CA7'K < O\, so the shifted covectors ¢, + 7, B, stay in the fixed domain
of the phase for large A\. The coefficient bounds required in Corollary 11.8 follow from
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(11.23) by Proposition 18.2 and the bounds for 7 in Proposition 13.7. Then (11.20) is
(11.26) (with A replaced by the comparable \,), and (11.21) with » = 0 gives (11.27).
The bound for d¢, is part of (6.7): no derivative loss is hidden in passing from a single

shifted covector to finite measures, because the phase quotient (11.22) varies on the
scale max(Ty, |£]) < K. O

12. SEPARATED SAMPLING

A continuous superposition of waves over the patch parameters is replaced by a finite
sum over sample points which are mutually separated, so that the products of distinct
waves oscillate at frequencies at least comparable to Ah. In this section we show that
such a sample reproduces the continuous normal operator in operator norm, uniformly
on the whole output space, and the continuous Hermitian mean in every Sobolev norm.

12.1. Separated finite-band sampling.

Construction 12.1 (The sampling procedure). Let finitely many patches with parame-
ters z = (s,v) in buffered three-dimensional charts be given, together with fixed smooth
nonnegative compactly supported weights 1,(z). In each chart and for 0 < h < hq con-
sider the cubes C, = h(q + [0,1)%), ¢ € Z*. Take all cubes meeting supp 1, together
with their neighbors, and draw independent uniformly distributed points U, € C; dif-
ferent charts use independent draws. Discard a point if another original point of the
same chart has (> distance less than h/4 from it. For z € C, put

o =TI <1 G0 e+ R4 h/413>\> |

3
q'#q h

only the 26 neighboring cubes contribute. To each surviving point U, of a cube meeting
supp ¢, assign the weight

= 120a(Ug) /pa(Us),

and omit zero weights. Number the resulting samples by j, with patch index a(j) and
parameter Z;. The fixed hg keeps all points inside the chart margins.

Lemma 12.2 (Separation and unbiasedness). For every realization there are at most
Ch=3 samples, the weights are at most Ch3, the total mass is bounded, and distinct
samples in the same chart are separated by at least h/4. Moreover p, > 7/8, and for
every integrable family ® with values in a Banach space,

>y (
E|1 q Survives - :| / wa
{U. YO pq(U,

Proof. Conditioned on U, = z, the point survives if and only if no other point Uy lies
in z+ (—h/4,h/4)3. These events are independent, and the probability that U, avoids
the box is 1 — |Cy N (2 + [—h/4,h/4]*)|/h? (the boundary has measure zero). Hence the
conditional survival probability is exactly p,(z). The box has volume (h/2)* = h®/8, so
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the excluded volumes in the other cubes sum to at most 7%/8, and py(z) > 1—>, zy >
7/8, where z, are the factors subtracted from one. Since U, has density h™2 on C,,

Elsurvh;fg‘ } / h=3p h%(“()) (z)dz = /O q@ba@dz.

If two surviving points were at distance less than h/4, both would have been discarded,
which gives the separation. There is at most one sample per cube, and there are O(h™3)
cubes; the weights are at most 27%(|¢), ||, and the total mass is at most a constant. No
derivative of p, is used. O

We use the following form of the operator Bernstein inequality with intrinsic dimen-
sion; see [M17] and [T15, Theorem 7.3.1].

Lemma 12.3 (Operator Bernstein inequality). Let Y,...,Y,, be independent random
self-adjoint operators on a finite-dimensional Hilbert space with EY; =0 and ||Y,]| <R
almost surely. Let V' be a positive semidefinite operator with -, EY;Q <V, and put

d=1trV/|V||. Then foru > ||V||*/?>+R/3,
2/2
IP( Zu) §8dexp<—u/>.

V|| + Ru/3
Theorem 12.4 (Separated sampling). Use finitely many buffered three-parameter
charts with weights 1, as in Construction 12.1, and a smooth family of ambient waves
W, (z, z,(") with the phase Sg and the leading tensor Ag = Ao(bg) of Theorem 11.4.
Put A, = e 5¢/TdW,, and assume, for one scale L > 1, every physical order r and
every joint order k < My, + 3 in the patch parameters and shifted covectors,

(12.1) HD;DQC,ATHOO + 77 YD ZC/(A — Ao)|loo £ CriL".

Assume also uniform joint CM=%2 bounds for the amplitudes and the inverse charts,
with an O(T) difference of amplitudes in that norm, including the e-derivatives of the
leading homotopy. No hypothesis on the linearized metric of the waves is needed. All
physical, parameter and conic cutoffs lie inside the larger charts, and frequencies below
one are omitted.

Fiz the band A > 2 before sampling, with A/ inside the phase margin. Each indezed
patch a has a fized positive radial factor Ry; put 7, = (R,\)" . Fiz a smooth radial
cutoff 0 <9 <1, equal to one on By and zero outside Bs, and put

(12.2) Py (n) =9(n/K), K > 1.

The background uses the unshifted wave W, (x,z,((z)). With fized measurement and
frame cutoffs x, xin define, at each fized z,

(123)  TuPl@) = [ ey 2Py ()ar, (v, 2 n) F(n) i,

(124 o — S6(r:C(2) +7m) = S, ((2)).

(12.5) a; = XXin(Qi c A (x,2,0(2) A (e, 2,((2) + Tn))jzl,
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the quotient being extended by its integral formula at T = 0. The input space is the
complex L*(dn) and the output space is H = L?*(R™;C"). The cutoffs belong to these
operators; the ambient fields are not cut. The same random sample may serve finitely
many further operators of this type with the same lower bounds, or scalar operators with
amplitude 1 and any fized physical cutoff in the common larger phase chart. Define

(12.6) Esampte = > 145Tai).2,Ta5),2, Beont = D / ValosT: dz.
7 a

Then the following hold.
(i) The operators satisfy, on the whole spaces,

(127) HTa,zl|2 S CA; ||Ta,z||12{s S CAn7 HEcontH S C, tr Econt S CA”
(ii) For fived € > 0 and h=3 < AY™¢, with probability tending to one as A — oo,
(12.8) | Ecample — Feont|| < A%,

The same holds for the real operators 2ReI', whose normal operators are 4 Re F,
with fixed constants.
(iii) Put, with a fized compact spatial cutoff,

Ho = Re[ A (2,2,C(2) Ary (5, 5,C(2))], Hoome = 3 [ Wiz

If sup, , [|[Ha: |l ms < By for all integers s > 0, the event in (ii) can be chosen so
that, simultaneously for all s,

> 1iHa),z, — Heont
J

(12.9)

< C2°/?hB,,
Hs

at the cost of an additional failure probability at most Ch. Moreover, with
Htransport,a,z - |Vbo|2 dS(I, C(Z))®2,

’ Hcont - Z / waHtransport,a,z dz
a

iv) Let Eiransport.bana b€ the continuous normal operator with the same weights and
p b
cutoffs, but with ®,, replaced by ®¢ and A., by Ao(by). Then

(1210) HEcont - Etransport,bandH S C)‘_IA-

In particular one separated sample approrimates the transported normal operator on the
whole output space within CA7*A+A~/*, so that a lower bound for the latter on a given
class of outputs passes to the former. The wave family and the band are fized before the
sample; separation, count, weight and mass bounds hold for every realization.

<O L
L2

Proof. Operator bounds. The joint amplitude bounds give the hypotheses of Setup 11.3,
and Proposition 8.4, with pi = x{Pi, gives the bounds for T, .. Since Fepy =
o Tatho T with the full operators Ty, the full bound gives || Econt|| < C, and tr Eeony =
S S Val|Tuz|lisdz < CA™. For several operator families we use the block-diagonal
normal operator on the finite direct sum of the output spaces.
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Decomposition into independent classes. Let X, be the positive operator contributed
by the cube g, that is p, T, v, T; 7, if Uy survives and 0 otherwise, and put Yy = X, —EX,.
By Lemma 12.2, 37 EX, = F.un. Each X, depends only on the draws in the cubes
q+ {—1,0,1}3. Partition the indices according to ¢ mod 3 € (Z/3)3; for two distinct
indices in the same class the sets ¢ + {—1,0,1}3 are disjoint, so within each of the 27
classes the operators X, are independent. Fix a class Z and put R = CAR3. Then
0< X, <RI so|Y,]] <R, and qu < RX, gives

SEY? <Y EX2<RYEX, < REcou.

qeT qeT Q€T

Concentration. Let P, 1 I be finite-rank orthogonal projections, and let E; be a rank-
one projection with range in that of . Apply Lemma 12.3 to the compressions F;Y, P,
with V; = RPEcont Py + REy. The variance condition holds, since (PY,F;)* < PY P,
for self-adjoint Y,. The term RE; makes V, # 0, so that the intrinsic dimension is
defined even when the variance of the compressed sum vanishes. Then R < ||V;]| < CR
and trV; < R(CA™ + 1), so d < CA™. Take u = A=/*/27. Since h=3 < A<, R < A,
and for large A we have u > (CR)Y2 + R/3 and

u?/2
> A—e/QAe _ As/Q'
CR+Ru/3 = ¢ ¢

Hence P(|| Py Y yer YoPo|| > u) < CA™ exp(—cA“/?), uniformly in ¢. The sum 3,7 Y, is
a finite sum of trace class operators, hence compact, so its compressions converge to it
in norm; by Fatou’s lemma the same bound holds for || 3> c7 Y;[[. A union bound over
the 27 classes and the triangle inequality give (12.8) with failure probability at most
CA" exp(—cA/?). The assertion for the real operators follows from (11.3).
Background quadrature. The tensor contributed by one cube has H® norm at most
Ch3B,. Centering these vectors and summing within one class, independence and the
Hilbert space identity E|| >, Z,||* = X, E[/Z,]|* for independent centered Z, give a
bound Ch=3(Ch3B,)?* = Ch?B2, and the triangle inequality in L*(P; H*) over the 27
classes gives
2

E < Ch’B2.
HS

Z ,ujHa(j),Zj - Hcont
J

By Chebyshev’s inequality, the probability that the norm exceeds C'2%/2hB; is at most
C27*h. Summing over s > 0 and intersecting with the event of (ii) proves (12.9). By
(12.1), |A; — Aog] < C7 < CX7, and AjAg = |vp, |2€€T by Theorem 11.4; this gives the
comparison with the transported tensor.

Comparison of normal operators. First replace the amplitudes by the leading ones
on the unchanged phase. Their difference is O(7,) in the relevant norm, so by Propo-
sition 8.4 the normal operator changes by at most C'7,. The leading amplitudes along
the homotopy in 7 have 7-derivatives of order |n|, so (8.3), applied with each weight 1,
and summed over the finitely many charts, bounds the change of phase by C't,A. Since
To < A71, this proves (12.10). O
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Remark 12.5. For a fixed band the sampled normal operators are compact on the whole
output space. Their approximation in norm therefore transfers a lower bound only on a
class of outputs for which such a bound has already been established, as in Section 13.

13. THE CONTINUOUS NORMAL OPERATOR AND A POSITIVE MEAN

In this section we combine the image of the reduced operator with the quadratic
tensors of characteristic waves into one operator A, and show that E = AA*+1—x2 .
is coercive; this is the analytic form of the Gram inequality (6.1). We then estimate
the inverse of E in Sobolev spaces, and use it to construct a positive initial amplitude
rr and a tangent field V.6 such that the transported mean of the unmodulated waves
with density r%, together with DvypViaee, has zero component in Kp. This is what
permits metric defects of either sign. Finally we identify the continuous operator with
the leading part of the normal operator of the waves, which is approximated by the
sample in Section 12.

In summary, the input of this section is an immersion G in a fixed C"* neighborhood
of the reference, with derivative bounds of the form (3.1); the output consists of the
coercive operator Eg (Proposition 13.5), Sobolev bounds for its inverse with a fixed
loss (Proposition 13.6), and the positive initial amplitude r¢ with the base field Viage
(Proposition 13.7). In the proof of Theorem 1.1, E;' produces the modulations of the
waves in Section 14, and rg, Viase cancel the positive mean of the unmodulated waves.

We use the reference immersion and phase charts of Section 6, the transported fields
of Section 11 and the domains of Setup 3.3. All derivative orders used here are included
in r,.

13.1. Geometry and the associated operators.

Definition 13.1 (Second fundamental form and reduced operator). For an immersion
G near the reference we use the normal map Ng and the projected frame Qg ; = Tk, QY
of (6.5), and the reduced operator Py of (11.2). Put

gc = ’Y(G)a Yo = (QGz : QG,j)Zj:D QG(H) = (QGz : H)?:l?

and qg(z, &) = qa(§ ® £). The neighborhood of Setup 6.3 gives a lower bound for the
Gram matrix 9. These are smooth functions of the second jet of G, so by Corollary 7.3
they satisfy the derivative bounds of G with a loss of two. Replacing Bg by Bg/o does
not change the kernel projection; hence uniform normalized lower bounds and fixed-
order bounds for dG, Bg/o and the metric connection give uniform bounds for the
frame and the reduced operator. The identities (4.4) and (11.4) hold pointwise on W.

Definition 13.2 (Normalized reference and characteristic phases). We use the flat
family G, of Corollary 4.8, whose projected frames tend to the constant frame of Defi-
nition 4.3, and the finite cover of the sphere, the characteristic patches with parameters
z = (s,v) € R x R?, and the phase charts of Propositions 6.1-6.5. These constructions
hold on a fixed C" neighborhood, and for the normalized family they hold on common
boxes with normalized lower bounds down to o = 0.
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For each such immersion GG we use the phase Sg, the transported amplitude bg, the
normal field v¢ and the tensor Ay = Ag(bg) of Theorem 11.4, with the projected frame
and a prescribed positive initial amplitude; their lower bounds and derivative bounds
are those of that theorem. In the adapted coordinates x = (¢, y) put

gG,a = deG(xv Ca(z))7 YG,G = d(SG(I,Ca(Z)), CI)G#I('T?Z:”) = YG,G<J;7Z) 1.

Thus ®¢ , is the phase ®, of Setup 8.3 at 7 = 0, and Proposition 6.5 gives its normalized
full and fixed-time inverse charts, together with those of the exact difference quotients.
The parameter neighborhoods are taken large enough to contain every shifted covector
in Definition 13.9.

13.2. The limit ¢ — 0. The normalized family has a regular limit. Let S and b be
the phase and the transported amplitude for Fy with initial amplitude 1, and use the
initial amplitude o for G, .

Lemma 13.3. For x in the fized ball,
Bg,(z) = 0Bp, (o), Ng,(x) = U_lNFO (o),
(13.1) Sy(,¢) =0'S(0x,¢),  by(x,¢) = oblox, ),

o~

&o (2, ¢) = &(ox, Q), Ve(2,¢) = D(oz, ().
Moreover

1 ~
S, (x,¢) = /0 - d,8 (00w, ¢) db,

so the phases, and with them the normalized second fundamental form, its inverse, the
transported amplitudes and the normal fields, extend smoothly to o = 0 in all fixed
mized derivatives. At o =0 the tensors QY, & and vy do not depend on x, Yy is linear
in x, and vy # 0.

Proof. The first identity was proved in Corollary 4.8. The normal spaces of G, at
x and of Fy at ox coincide, so Kg, (x) = Kpg(ox), and since Ng vanishes on K¢
and inverts Bf, = oBj, on K&, we get Ng, (z) = 0 'Ng(ox). Since Q;(G,)(x) =
Qi(ox), the principal symbols satisfy Mg, (z,&) = Mg (0x,€), and both metrics are
the Euclidean one, so there are no Christoffel terms. The function o~ 'S(ox, () has
gradient (dxg )(oz, (), hence solves the eikonal equation for G,, and at ¢ = 0 it equals
ooy - () = y-(; by uniqueness for the Hamilton—Jacobi problem it is S,, and
&,(x) = E(ox). The null vectors of G, at z are those of Fy at oz, and

Pe, {O’B(O‘JJ)} = (QZ<O'$) :sym 8x[05(0x)])i — 0?(Pp,b)(0x),

SO O’E(O‘CL’) solves the transport equation for G, with initial amplitude o; by uniqueness
it equals b,. Then v, = Ng (&, symb,) = a‘leo(ox)(§ sym 0b> (cx) =v(ox).

Since 5(0,¢) = 0, the fundamental theorem of calculus along the segment from
0 to oz gives the integral formula, which is smooth in ¢ including ¢ = 0, where

So(z,¢) = x - d,5(0,¢) is linear in 2. The remaining quantities are of the form f(ox)
and are smooth in (o, x). Finally, £, # 0 and the null vector ko # 0 give & sym ko # 0
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(see the proof of Theorem 11.4); this tensor lies in K, and its preimage under the
injective map Bp,(0)* is a nonzero multiple of 1. Compact parameter supports give a
uniform positive lower bound for |v|. O

Only these normalized algebraic coefficients are used at o = 0; G itself is not an
immersion of full normal rank. All derivative losses are fixed before the observation
order and the accuracy.

13.3. Coercivity of the continuous normal operator.

Definition 13.4 (The continuous operator). We first use the normalized family of
coefficients, including its limit at ¢ = 0, and then a small fixed C"™ neighborhood of a
chosen positive Gt = G,. Fix domains Ugpre € Upeas € W and a cutoff 0 < ypeas < 1
equal to one near Uy, and supported in U,e.s; the measurement region is chosen small
below, and these cutoffs are fixed before o and the neighborhood of G,,. For every patch
choose a smooth function p,(z,7) > 0, positive on fixed neighborhoods of the model
incidence points and of the corresponding directions 7, and compactly supported in the
input charts. Let xpi(|n|) vanish for |n| < 1 and equal one for |n| > 2.
With a fixed Fourier normalization, define the complex operators

(132) Taf(x) = /61¢G7a(x727n)Xmeasanhi(|n|)|77|1/2|Va<x7Z>|2qG(x7€a(x7z))f(Z’n) dZdTh

acting on the complex space L%(z,n), with values in L*(R";C"), and put C, = 2ReT,.
The operator

A= (XwawsPo(D)™, (C) )

acts on the direct sum of L*(R"; R") (the image component) and the real Hilbert spaces
underlying the inputs of the T,, with values in L?(R";R"). Put

E=AA"+1- 2.

The image component corresponds to tangential corrections, whose linearized metric
is 2sym Vu, and the operators C, correspond to modulations of the waves: by The-
orem 11.4, changing the initial density of a wave by a real modulation changes its
transported mean by |v,|?¢, ® &, times the modulation evaluated at the initial point
Ye ., and g of this tensor is the amplitude in (13.2).

Proposition 13.5 (Coercivity). Fiz a finite order kg, containing the derivatives used
in the operator norm estimates of Proposition 8.4. One sufficiently small measurement
region and fixed cutoffs work for every 0 < o < og in the normalized family. All the
operators above are bounded, and

(13.3) E > ¢l

in particular E has a bounded self-adjoint inverse on L*. The same conclusions hold
on a small finite C™ neighborhood of each fized positive G, and after multiplying the

initial amplitude by \/1 + va(2,y) with ||ve||oreap sufficiently small.
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Proof. Boundedness. Proposition 8.4, at 7 = 0 with p,, = xui, applies to T,; with
J, as in (8.6), the change of variables k = ¥, shows that the kernel of 7,7} is
[ @) kpy (z, 2" k) dk, where, at the inverse point (s,1) = u,(z, 2", v, k),

2.,2
' Xhi
bT,g,(x;xlak) - Xmeas(x>Xmeas<m,)/p Jh|n||ya(x7 Z)|2|VCL($/7Z)|2
: QG(% ga(xa Z))qG(l'/’ fa(xlv Z))T dv.

This is an amplitude of order zero. Hence ||T,|| < C, uniformly on the coefficient
neighborhood, and by the continuity statement of Proposition 8.4 the normal operator
T.T; depends continuously in operator norm on finitely many normalized derivatives
of the data. By Corollary 8.5, C,C* = 4Re(T,T)) on real outputs, so the same holds
for C,C. The image component is a product of coefficient multiplications, the Fourier
multipliers D;(D)~! and (D)~!, and the measurement cutoff; it is bounded and depends
continuously on the coefficients, and so does its normal operator. Since

E= XmeasPG<D>_2PC*T‘Xmeas + Z C’acv:zk + 1- X?neay

(13.4)

the operator A is bounded uniformly on the neighborhood, and E depends continuously
on the coefficients in operator norm. We do not claim, and do not use, continuity of A
itself in operator norm: the phases ®¢ , enter T, through e'*¢:« with unbounded 7. All
later perturbation arguments are applied to E.

The limit o = 0. By Lemma 13.3 the coefficients are constant in x at o = 0, and the
phases are linear in z. The reduced operator is then Py = My(D) (up to the factor i),
and the kernels of 7,7, apart from the measurement cutoffs, depend only on z — 2.
Hence

AA" = Xmeas GO(D) Xmeas

with a matrix-valued multiplier eg(k) > 0: the image component contributes
My(k)Mo(k)T(k)=2, and each wave component contributes the (realified) amplitude
(13.4), which is a positive semidefinite matrix; realification adds the nonnegative
contributions at k and —k. For |k| > 2 the multiplier is homogeneous of degree zero
up to the factor |k|?/(k)>.

Suppose s € R™ and ey(k)s - s = 0 for some large |k|. Then My(k)Ts = 0, and the
wave contributions give

2 2
/paj‘”’ vl [s - qo(&a(2))| dv=10

at the inverse points of k. At an incidence point of k the map 1 — D¢d,Sy -7 is onto
the tangent hyperplane of the characteristic variety, which contains @; hence there is
a unique nonzero n with d,®, = %, and the weight p, is positive there. Therefore
s-qo(Ea(za(k))) = 0 for every selected patch, and the Gram inequality (6.3) gives s = 0.
Since e is continuous and asymptotically homogeneous, compactness of the sphere
gives eg(k) > c for |k| > Ry, with fixed Ry; we used xp; = 1 there and |k|?/(k)* > 1/2.
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For © = Xmeasf We obtain, by Plancherel,

1A f113 = {eo(D)u, u) > cl|ull; — C en [a(k)[* dk > cllull; — Cllullf,
>
using ||tllee < Cllull;. By the Cauchy-Schwarz inequality [|ul|? < |Supp Xmeas| [|u/|3;
hence

HA*ng > (C ~C SuPpXmeaSDHXmeasf“% > %meeasng
if the measurement support is small enough. Since || Xmeas /|13 + (1 = X2eas) f> [) = I F113

(Ef.f) = 1A I3+ (1 = X2 £, £) > min(g, 1)]|£]3

Perturbation. With these cutoffs fixed, the continuity of F in operator norm, proved
above, gives g9 > 0 such that (13.3) holds for 0 < o < 0g with ¢y halved: by Lemma 13.3
the normalized data of GG, converge in every fixed C"™ norm as ¢ — 0. Then a finite-
order neighborhood of each fixed positive G, gives the same bound with a common
constant. A bounded self-adjoint operator with E > ¢, is invertible, with |[E~|| < ¢

Change of the initial amplitude. The transported amplitude is linear in the initial
amplitude, and |v,|? is quadratic in it. Multiplying the initial amplitude by /1 + v,
therefore multiplies the amplitude of the kernel of T,T* by [1 + v.(z,Ya(x, 2))][1 +
va(2,Ya(2', 2))], which changes the normal operator by at most C'max, ||va|ckgp I
operator norm. Small v therefore preserves coercivity with a smaller constant. O

13.4. The inverse and its realization. We realize every image input by a tangential
field:

(13.5) Jch = $dG gz (D)™ 'h.
By (4.4) with u = $(D)"'h and w = 0,
DygJgh = sym V9 ((D)~'h), qaDvaIgh = Po(D) 'h.

~1 so the field and its linearized metric

The single derivative is compensated by (D)
have order at most zero.
The following elementary inequality is used repeatedly: for L > 1, rq > 0 and integers

0<1<s,
(13.6) LE7T0+ |q

If s —i—rg <0 thisis ||ul]|lg: < ||u|lgs. Otherwise split u in frequency at || = L:
the high part satisfies ||upl|zs < CL'™*|jul|gs and L*~""0L"* < 1, while the low part
satisfies ||uio||gri < CL'||ully and L5770 L" = L7770,

i < Gl + L7 ull].

Proposition 13.6 (Inverse estimates and realization). Work in the coefficient neigh-
borhood of Proposition 13.5, including its positive initial amplitudes r,, and write

A=Ac, = (Aim, 1), F = An AL +1 -2 E=F+TT",

where Ay, is the image component and T collects the real wave components. Let X*°
be the direct sum of H* for the image input and of H:, for the wave inputs, the latter
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measured in the initial variables after inverse Fourier transform in n. With the cutoff

Pk of (12.2) define
Ex = F+TPyT, Vaux(€) = T AL E e,
Suppose that, for some L > 1,

HGHCm + Z HTCLHCm S CmL(m*R*)‘F, m 2 0

There is a fited B such that, whenever R, > ro+ B with ro > 0, for every integer s > 0,
xs + || FE el
o+ LT ela]

||E_16| s + ||A*E_le|
< Gy ||l

Hs + ||V;1ux(€)|

Ho (W)
(13.7)

The constants depend on the constants in the hypothesis but not on L or K. The bound
for Vo includes its linearized metric and holds on R™ after a fized physical cutoff.
Before that cutoff, qaDVeVaux(€) = Po(D) rAf E~e, and on Ucore, wWhere Xmeas = 1,
this equals A AL, E~'e = FE 'e. The inverse preserves H®, and AA*E~'e = e on
Ucore- For every integer N > 0,

(13.9 I(E — E)E el < Ok ™ [lellis + LY el

For the normalized family G, with initial amplitude o, the lower bound and all constants
are uniform as o — 0, and the right side of (13.7) becomes Cs||e|

HS.

Proof. Derivative losses. The algebraic formulas, fixed-time flows and inverse charts
preserve the derivative bounds by Lemma 7.5 and (7.6). We choose B to include their
fixed losses and all fixed amplitude tests below. Then an sth derivative of an operator
applied to a source, with ¢ of the derivatives falling on the source, carries the coefficient
factor L(s==70)+ and (13.6) converts all such terms into the right side of (13.7).

The inverse. Let U, f(x) = f(z+ z) and E, = U,EU_,. Conjugation by translations
translates the coefficients; Fourier multipliers commute with translations. In the ampli-
tude of the wave component, a derivative in z acts as 0, + 0+, and the image component
and 1 — x2 .. are finite products of smooth coefficients and fixed multipliers. Taylor’s
formula and the amplitude bounds show that z — FE, is smooth in operator norm, with

[0 E: |22 < C,, Llel=ro)+

Since E, > ¢ for all z, the resolvent identity shows that z — E_! is smooth in operator
norm, and differentiating E,E;' = I gives

al

B =3 (-1)" EZ{OM BB (0 BB

041!"'Oém!

summed over ordered decompositions o = a3 + - - - + a,,, With o # 0. By (7.5),

102 B |2 < Co L0700,
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For smooth e, the identity U,(E~'e) = E;'U.e shows that z — U,(E~'e) is smooth
with values in L?, and its derivatives at z = 0 are the weak derivatives of F~le:

PETe) =Y <0‘> (OPEY)|,e0 87 Pe.
BLla s
Hence [|0°E~te|s < C Y5 LUP+|le|| yiaija1, and (13.6) gives (13.7) for E~'e. By
density the bound extends to all e € H*; in particular E~! preserves H>.
The adjoint. The image adjoint has order zero. For a phase ® = Y (z, z) - n with
B = D,Y invertible (rows indexed by the physical y variables), the exact identities

(13.9) d,® =By, n=B'd®  9.,0=V,-d® V,=BT0.Y,

hold. Here Y = d¢S¢, and the common charts make B uniformly close to /. Conse-
quently n;e™® = i(B719,);e7'® and 9,,e7'® = V, - 9,e7'®, so every factor n and every
parameter derivative of the phase factor in 7v can be transposed to a y-derivative
falling on v and on the amplitude. The compact measurement support removes bound-
ary terms. After s such operations, a term with ¢ derivatives on v has coefficient factor
LG=i=r0)+ - Tts amplitude still has the factor |5|*/2, and its normal operator has order
zero because of the degree-one Jacobian (8.6). The amplitude bounds, Plancherel and
(13.6) give

JA%0lxe < Culollas + LE0 o],

and we insert v = E~'e. The transported amplitude equals the initial scalar r(z,Yg)
times a flow factor, so these estimates include variable initial amplitudes.

The remaining bounds. The image component A, has order zero, and (13.5) gives
the bounds for V. and its linearized metric; a fixed output cutoff adds only a lower-
order term. The identity AA*E™' = T — (1 — x2..)E~! gives AA*E~e = e on Uge.
Every wave adjoint contains the factor xpn;, and 1 — P2 vanishes for || < K, so

I(I = PO Eells < K- N|InNT*E"ells < Cy KN lefl i + LY+ Je]lo]

by the adjoint estimate. Composing with the bounded operator T gives (13.8).

The normalized family. For G,, Lemma 13.3 bounds every fixed derivative of the nor-
malized amplitudes and of the coefficients in (13.9) uniformly in o, and Proposition 13.5
gives a common lower bound. The proof above therefore has uniform constants, and
since all derivatives are bounded uniformly, the factor L(*=7)+ can be replaced by a
constant. 0

13.5. The positive transported mean. The transported mean is affine in the initial
density. One correction of the density and one tangential field cancel its component in
Kg.

Proposition 13.7 (A positive mean at the reference and nearby immersions). Use
the normalized family of Definition 13.2. Choose smooth weights 1, > 0, compactly
supported in the parameter charts and equal to one on a neighborhood of the projection
7. (supp pa). For o > 0 and an immersion G near G,, let A = Ag, and E = AA*+1—
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XZiens b€ the operators with constant initial amplitude . For the leading normal field
V.00 With initial amplitude o, define the transported mean

(13.10) Helo* (14 v)] = Z/%WGMF [1 + va(z, YG,a)]fa,a ® &gadz.
Write H, = Hg,|0?%], and let Hy be its constant limit. Fiz Xo(z) = —Hox/2 and
Usn € Ucore, and define
Ry = Dy (dG Xo) + Hglo?],
€= _XmeaSQG(RO)a h = A*E_lea
(13.11) va = 2Re F; [paxaa(|n]) In]/2ha)

where h = (him, (ha)a), the source is extended smoothly by zero to R™, and the inverse
Fourier transform in n is taken without a cutoff in the initial variables. Put

TGa =0V 1+ Va, Vbase =dG XO + thim-

Then, for all sufficiently small o > 0, and on one sufficiently small fixed C™ neighbor-
hood of G, these fields are real and smooth, 1+ v, > 1/2, the scalar r¢ , is positive on
the supports of the cutoffs p,, and

(13.12) qG(Dyngase + Hg[ré]) =0 on Ug,.

The normal operator for this positive scalar is coercive, and its inverse satisfies the
estimates of Proposition 13.6. For one fized B, if ||G||cmw) < Cop LU B+ with L > 1,
ro > 0 and R, > 19+ B, then

(13.13) > llrcalles + | Voasel s () < Cs L0,

C3(Ugn) + HnyGvbase‘

where the norm of the scalar is taken in all variables (z,y) on the fized patches. These
choices precede the accuracy and the final dilation, and fixed-order bounds are uniform
on smooth compact families. Along G = G,

(1314) Z ||Ua| cs + ||Vioase - dGX0|

the identity holds on Ueoe, and the coercivity and the fixed-order inverse bounds for the
corrected scalar are uniform as o — 0.

csowy < Cio,

Proof. The identity. The density v, has parameter support in {1, = 1}, so ¥,v, = v,,
and the transport evaluates it at the initial point Y ,. Writing out the inverse Fourier
transform,

va(2, Yo u(z, 2)) = 2Re / PGl o s || 2 ha (2, 1) dny.

Multiplying by Xmeas®a|Vc.o.a?dc(c.a @ Ec.a), integrating in z and using ¥, p, = pa, we
get, on the whole measurement support,

(13.15) Xmeastc ( Halo? (1 +v)] = Hglo?]) = > Coha.
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The same identity holds for any fixed positive initial amplitude and the corresponding
operators. On Ugye we have Xmeas = 1, S0, by (13.5),

QG(D’VGVE)ase + HG[ré]) = QGRO + PG<D>71him + Z Caha = QGRO + Ah.

Since Ah = AA*E e = e = —qg Ry on Ueore, the r/i\ght side vanAishes. .
Size at the reference. By Lemma 13.3, H,(x) = H(ox) with H smooth, so Hy = H(0)

is constant and H, — Hy = Og(0) in every C*. At G, the metric is I and the connection
is flat, so by (4.4)

D’Yg(dG Xo) = ZSym dXO = —Ho,
and Ry = H, — Hy = O4(0). The density formula is a multiplier of order one half in y
with fixed smooth masks in z, so, before any spatial cutoff,

lollgs. < Cs||h]|xs+r-

Yy

The uniform inverse and adjoint bounds for the normalized family, together with
Sobolev embedding, give h = O4(0), v = O4(0) and Viuse — dG Xg = Og(0). At the
single output order kg, these estimates give ||v||okgap < Cl€|| gm for one fixed m, with a
constant depending only on the lower bound and finitely many normalized seminorms;
these input orders are included in r,. We choose ¢ so small that this bound is below
the threshold of Proposition 13.5 with a fixed margin; then the corrected operator is
coercive, 14+v, > 1/2, and v = O4(0) gives uniform bounds for the corrected coefficients
at every fixed order.

Nearby immersions. Now fix this positive o. On a small C"* neighborhood of G, the
finite-jet and flow formulas preserve these bounds and keep ||e||g= small, so ||v]|kgap
stays small and the supports are unchanged.

Derivative bounds. Let c include the losses of the density multiplier and of Sobolev
embedding. After increasing B once, the finite-jet and flow formulas give ||e||gs <
C,LG~70=9+  Proposition 13.6, applied with 7y + ¢ in place of o to the operator
with constant initial amplitude o, the density estimate and Sobolev embedding give
|v]|os + || Tahim|lcs < CsLE=0)+ also for the linearized metric of the field. The positive
square root and dG X satisfy the same bounds by Lemma 7.2. This proves (13.13).
Continuity of the normal operator gives the lower bound for the corrected scalar, and
Proposition 13.6 applies to it. O

Definition 13.8 (The operators with the corrected scalar). We use the preceding
operators with the positive scalar ro of Proposition 13.7, and write
Ac = (Aimc T6), Fo = AimcAing +1— Xoenss Fo = Fa + TeTE,
Ecx = Fo + T PRIy,

and V.9 _for the field V,, of these operators. The inverse estimates and the tail estimate

of Proposition 13.6 apply to them.
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13.6. Comparison with the sampled waves. The fixed weights identify the contin-
uous operator with the leading part of the normal operator of the waves.

Definition 13.9 (The associated family of waves). Use the positive scalar rqg, of
Proposition 13.7, the measure ¥, dz and the cutoff p,. In Theorem 12.4 take the phase
Sa, the frame Q)¢ ;, the measurement cutoff Xmeas and the cutoft p,. The wave family
has leading tensor Ag(bg) and satisfies the hypotheses of the sampling theorem by
Corollary 11.8. We use the fixed radial factors, 7, = (R,\)~!, and

(13.16) A/X < the fixed margin of the phase charts.

Every shifted covector stays in its common chart. We write Hg = Hg[rZ] for the
positive transported mean.

At 7 = 0, the amplitude in (12.3) iS XmeasPa|Vc.al>qc (T, Ec.a), because AfAg = |v|2EET.
Since ¥,p? = p?, summing the weighted real normal operators gives exactly T PRTg,
the factor 4 Re coming from real adjunction (Corollary 8.5). The image part Fg is
added unchanged.

14. CORRECTION OF THE MEAN

In this section we construct the part of the metric correction which is not oscillatory.
The primary field of the metric correction is a weighted sum of real parts of complex
characteristic waves Z,. If dZ = eV A with ¥ real, then

o [ (a3 Re(e2)) /3 Re(e 2) db = Re(4° ),

since the remaining term Re(e?("+% AT A) has mean zero in 6. We call the Hermitian
tensor Re(A*A) the mean of the wave; it is the average over the phase, not an average
over the spatial domain. The quadratic tensor of the primary field is the weighted sum
of these means plus oscillatory products; the latter are treated in Section 15. Here we
choose the initial data of the waves and a real ambient field V' so that the linearized
metric DvyrV plus the weighted sum of the means equals the rescaled smoothed defect
up to an error O(R~9). The result is Proposition 14.9, which is stated and proved in
Section 14.8.

14.1. Scales and the sample. Let R be large and put
(141) A= Ra, h = R_B7 Kmax = Rsfa B = (1 + 6)/3’

where 0 < e < 1/8,1 < sp <l+eand 14+ < a < 3/2. Here X is the frequency
of the waves, h is the separation of the sample, and K., is a fixed upper bound for
the Fourier support of the initial data. The condition s; > 1 places K,y above the
derivative scale R of the sources constructed below, while s; < 14-¢ places it below the
number h=3 = R*€ of samples, which is needed for the concentration of the sampled
normal operator. Section 19 verifies all required inequalities between these exponents
at once.

The positive initial amplitude and the sample. We use the positive initial amplitude rg
and the tangent field V},s of Proposition 13.7, for which the leading transported mean
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of the waves, together with DygV} ., has zero projection onto Kp; this is what permits
target defects of either sign. We sample the unmodulated waves, that is, the waves
with initial data the Dirac mass g and this initial amplitude, by Construction 12.1 on
the three-parameter characteristic patches. This produces M samples with weights u,
such that

(14.2) M < CRY™e, >0, > <C,

separated by at least h/4 within each patch. One realization in the event of Theo-
rem 12.4 approximates the continuous normal operator with the input cutoff at K.,
on the whole output space, and the continuous mean with error O(h) in every Sobolev
norm.

14.2. The fixed operators and scales. In the rest of this section the symbol @) de-
notes the requested accuracy, Q;(F') the projected frame, and Q the quadratic operator
defined below. Three normal operators occur: the continuous operator Er of Defini-
tion 13.8 at G = F', without input cutoff, which is inverted; the continuous operator
Er kg with the input cutoff Pg; and the sampled operator EK defined in (14.4) below,
which carries the same input cutoff.

Setup 14.1 (Operators and scales). We use Definitions 13.1 and 13.8 at the immersion
F, on the domains

D e Uﬁn < Ucore < Umeas ecw
of Setup 3.3, with the same auxiliary spaces. Write C = Ymeasqr. For the positive initial
amplitude rp of Proposition 13.7 (with G = F'), set

Ap = (Aim,r, Tr), Fr=AimrAinr+1— Xcas: Ep = Fp + T¢T},
Erx = Fr+ TrPRTh,

where Pk is the initial-frequency cutoff (12.2). Let Hr = Hpg[r%] be the positive
transported mean and Vj,.s the base field of Proposition 13.7, and let V;’:X be the
auxiliary field of Proposition 13.6, together with the bounds for its linearized metric
DyrVE and its fixed physical cutoff.

aux

Let mo = [n/2] + 2, so = 2mg and A =mg + 1, as in (19.3), and assume
0<e<g, B=00+¢/3, 1<sp<l+e 1+f<a<3,
A=R* h=R7P, T=R', 2/3<t<]l.

Before the sample is drawn we fix the input frequency bound
K = Kpax = R¥;

all wave data below have Fourier support in this range. The immersion satisfies || F||cr <
C,T—)+ and its positive initial scalar, its phases and its corrected waves satisfy
derivative bounds of the same form, with fixed shifts of the index r,. We choose r,
so large that (13.13) gives rp the derivative bounds required below. The data in the
patch variables are fixed before the spatial source cutoffs and the cutoffs in the initial
variables are applied, and 1 — x2,.,. = 0 on a neighborhood of Ugy,, in particular on D.

(14.3)
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The order of choices is the following. The patch labels and the coefficient neighbor-
hood are fixed first. The low derivative orders and the indices in the derivative bounds
depend only on n and on the fixed margins between exponents. The integer r, is chosen
above all required orders before the sample, the accuracy ) and the target dilation are
chosen.

14.3. The sampled operators and their corrections. The v-th sample has patch
label a(v), patch parameter z,, base covector ¢, = (4)(2,), weight 1, and frequency
Ao =10 1 = (RyyA) ™. We write £, for the complex-linear map m +— Z,(m) of

(11.24).

Definition 14.2 (The sampled corrections). The number of terms of the finite correc-
tion in Corollary 11.8 is fixed before sampling, and the positive initial amplitude rr is
used in the resulting maps £, of Section 11. In this section constants may depend on
this number and on the finite number of iteration steps; the input frequency bound, r,,
Ry and the exponents do not. Set

191/ = SF(xa CV)/TI/ = )\1/¢I/7 Bu = eimydﬁu(&])?

so that B, is the demodulated derivative of the unmodulated wave. A function f of
the initial variables is identified with the measure dm = f dn. On the real Hilbert
space underlying L*(dn) define B by Byv = In|'/2Pgv. These compactly supported
Fourier densities are integrable by the Cauchy-Schwarz inequality, so Proposition 11.9
defines the corresponding waves for every L? input. Write p, = pa@) (20, 7) and, with
the high-pass multiplier yy; of Definition 13.4, put

BIVHK = puXniBrK, G, kv = e_m”d[,l,(BiVI}Kv), A, kv = C[2sym Re(B; G, kv)].

Thus A, k is the linearization at Jp of the reduced mean of the v-th wave. For any
family V' = (V,), of derivative amplitudes, let Ax[V] be the operator from the direct
sum of the input spaces to the reduced output space given by

AK[V] (vy)y = Z Viw C12symRe(V) G, kv,)],

and put
(14.4) Ag = Ag[(B.))),  Ex =Fr+ AgAyx = Fp+ > A,k A k.

The operator ﬁK[V] is an aggregated operator: it acts on the whole family of inputs
at once, and its norm is controlled by the sampling theorem, whereas each individual
operator G, x has norm of order K/? (Proposition 8.4). This distinction is used in
the proof of Proposition 14.6. For a real source r, define the initial data and the
demodulated derivatives

(14.5) folr] = B,TKAZ’KE;IT, D,r = e’w”dﬁ,,(fl,[r]) = G,AKA;KE;W.

If the initial data of the v-th wave are changed from &, to & + f,[r] dn, the weighted
mean changes by >, 1, times the exact tensor increment

(14.6) 2sym Re(B; D,r) + Re((D,r)"D,r).
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' (r), the linear part of this change equals Ex Ex'r
on Ugye after application of ¢p; see Lemma 14.3. Both real quadratic forms are taken
with respect to the stated Hilbert space inner products. No inverse of a sample weight
occurs. The spatial cutoffs in the initial variables are applied after these data are formed,
and observation cutoffs are used in norms only. We use the domains of Setup 3.3; the set
D), contains the measurement supports, the product source supports and the physical
output supports. The maps £,, the unmodulated waves, the adjoints and the operator
Ag are the same throughout the iteration below.

Together with the auxiliary field V.1

14.4. The equation for the source. We now derive the equation that the source r
must satisfy. Put

(14.7) £ = ExEz', Qu,v) =C>_ w,symRe((Dyu)*D,v),
and
(14.8) ro = C[HF —> Re(B;BV)}, g =19+ Cleg/b?),

where ep = Srm(e|p) and b = dR* are the smoothed defect and the amplitude
of Proposition 14.9. The operator Q is real bilinear and symmetric, because D, is
real linear and Re(X*Y)? = Re(Y*X) for complex matrices, so that sym Re(X*Y) =
$[Re(X*Y) + Re(Y*X)] is symmetric in X,Y. In particular

(14.9) Q(u,u) — Q(v,v) = Q(u —v,u+v).

Lemma 14.3 (The reduced mean). Let r € H*(R™; R") be real, let the v-th wave have
the initial data m, = oo + f,[r] dn, and put

H = Z Ly Re((dZ,,)*dZy>, Zz/ = Eu(mz/), VO - Vbase + V;xix(r)'

Then, on Ugy,
(14.10) qr (DWFVO + 7—[) =&r+ Q(r,r) —o.

Proof. By linearity of £, and (14.5), e7"*dZ, = B, + D,r. Since 9, is real, the phase
factor cancels in (dZ,)*dZ,, and

Re((dZ,)"dZ,) = Re(B}B,) + 2sym Re(B} D,r) + Re((D,r)" D,r),

which is (14.6). On Ug, we have Xmeas = 1, hence gr = C there. By the definitions of
A,k and D,,

CY w2symRe(B;D,r) =Y w A, g A Ex'r = A AL Eptr,

and CY, pu, Re((D,r)*D,r) = Q(r,r). By Proposition 13.6, applied to the operators
of Definition 13.8, ¢qpDvrV.E (1) = FrEp'r on U (here, and in the lemma, V.F (r)

aux aux

is the field before its fixed physical cutoff; this cutoff equals one near D, so nothing
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changes on D). By (13.12), gpDVrViase = —qrHp on Ug,. Adding these identities
gives, on Uy,

qr(DyrVo +H) = —qrHp + qr Y _ 1 Re(BB,) + (Fr + Ax A )Ep'r + Q(r, 1),

which is (14.10). O]

By (14.10), the projection of the mean error onto Kp vanishes exactly when the
source solves the quadratic equation

(14.11) g=E&r+ Q(r,r).

The component of the error orthogonal to K is then removed algebraically by a normal
field; see Section 14.7. We do not solve (14.11) exactly; a finite number of steps of a
Picard iteration suffices. The reasons are the following.

(i) The operator & is close to the identity on the sources that occur, but not on all
of L2. Indeed EpE,' = I, so

[ - (C/’ - (EF - ERK)EEl + (EF,K - EK)El;l

The second term has norm O(R™%) on L? for a fixed w > 0, by the concentration
of the sampled normal operator and the comparison of phases in Theorem 12.4;
both operators carry the same input cutoff Px. The first term is the part of the
continuous operator above the input frequency K. It is not small in operator
norm, but by (13.8) it is O(h(R/K)?) in L% for every ¢, on sources u with
||u||Hq < thR(qst)"'.

(ii) The operator Q is quadratic and small: it satisfies || Q(u,v)|2 < Cllull2||v]] gsos2,
and the source g has size O(h).

(iii) Consequently the map r — g + (I — &)r — Q(r,r), whose fixed points are the
solutions of (14.11), contracts differences of iterates in L? by a factor CR™, up
to the frequency tail, as long as the iterates stay in the class of (i). Each step
gains R, and J steps give an L? error O(h[R™*7 + (R/K)1)).

(iv) High Sobolev norms are not contracted, but they remain bounded: every iter-
ate satisfies ||r0)||gs < Cj hRE™50)+ for all s, with constants depending on j.
Since only finitely many steps are taken, this suffices. An interpolation inequality
between L? and H®, sq > n, then turns the L? smallness into uniform smallness.

The bounds in (i) and (ii), and their higher-order versions, are proved in Proposi-
tion 14.6; the iteration is carried out in Proposition 14.7.

14.5. Estimates for the sampled corrections. We first prove two elementary in-

equalities.

Lemma 14.4. Let sy > 0, and let s,i,7 > 0 be real numbers with i+j < s and j < s/2.
Then

(s —i=J—s0)++ (i —50)++ (J—50/2)+ < (5= 50)+-
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Proof. Put x = s—j—so. We first show (x—i) 1+ (i—s0)+ < z4. Ifi < 50, the left side is
(x—i)y < xy,sincei > 0. Ifi > sgand x > i, the left sideisx—i+i—sy = x—59 < x.
If © > sp and x < 1, the left side is i — sg, andi—so < s—j—589g=x because i+ j < s.

It remains to show (s—=j—50)++(J—50/2)+ < (s—s50)s. If j <s0/2, this follows
from (s —j —s0)+ < (s—5s0)4. If j > 50/2, then s > 2j > so. When s — j — s > 0 the
leftsideiss—%sogs—so; when s —j — 59 < 0itis j — 3 < =2 < s — 5. ]

Lemma 14.5. Let so > n. There is a constant C' such that, for all f € H*(R"),
1/2
Iflles < CUFIL N1/

Proof. We use || f|lgso = |[{(D)*°f||2; integer Sobolev norms are equivalent. We may
assume f # 0. Put X = ||f]2 and Y = || f||ms0, so that X < Y. With the Fourier

normalization of Section 3, f(z) = [€€f(€)d¢ and || flls = (27) 2| f|l2; we show
below that f € L', so f has a continuous representative with [|f||co < [|f]||z:1. For
© > 0 we split the frequencies. By the Cauchy—Schwarz inequality,

1/2
HSO .

[ \F1de < Bof 21 flls < COMX,

and, since 2sy > n,

1/2 N 1/2
[ W< ([ ierteag)([leeeifag) < cory:
|£1>0 |€]>©
Choose © = (Y/X)¥/™. The first bound becomes CX'/2Y'/2_ and the second becomes

C(y/X)l/Qfso/nY — CXl/Qy1/2<X/Y)SO/n71 < CX1/2Y1/2,
since sg/n > 1and X <Y. O

Proposition 14.6 (Estimates for the sampled corrections). Put { = my—1 = [n/2]+1.
There is a fived Bea, such that, if

T Z So + Bcam Renv Z So + Bcan + 14 + 2 + Tpar,

then the following bounds hold for every realization of the sample in the event of Theo-
rem 12.4.

(i) For all smooth sources u,v,

(14.12) 1Q(u, v)l[2 < Cllullzllvll ooz
(ii) For all integers s > 0,
(14.13) (=N
(i) If u,v satisfy ||ullgs + ||v]|gs < CshRE=)+ for all s, then
(14.14) 1Q(u, v)]

where Cy depends on the constants in the hypothesis.

e+ TC70 ).

#s < Cs[|lul

e < CLRPRET0t, s 20,
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(iv) For all integers s > 0,

sup || Dyul| s + |V (W)l 11 + [1D7E Vi () 115
(14.15) v
< C[llull s + TEF200 o).

(v) The measures f,[u] dy have support in {|n| < CK} and total variation at most
Clullsmo.
The bounds hold on the fixed supports and are uniform in K. No reqularity with respect
to the sample index v is used.

Proof. Step 1 (Operator bounds). We use the scalar auxiliary operator of Theorem 12.4,
with a cutoff x, equal to one near every measurement support and near the supports
of the fixed-parameter operators. Its sampled operator T is bounded on the event of
that theorem. By positivity this bounds every operator with a smaller cutoff. For an
amplitude b(z, v, n) supported where x, = 1, let T [b] be the operator whose kernel is
multiplied by . Lemma 8.2 gives

(14.16) ITxBIIl < Csup [b(-, v, )]l

Only physical derivatives of b occur; no derivatives in the initial frequency or in the
sample index are needed. In particular |[Ak|| = |[Ak| < C, and |ER'|| < C by
Proposition 13.5.

Step 2 (Moment estimates for the adjoint). The exact phase of the v-th operator is
®, =Y, -n, where

1
YI/ :/ dCSF(wa CI/ +t7'z/77) dt?
0

and its y-derivative is uniformly close to the identity. Hence the identities (13.9) hold,
with a matrix B, , uniformly invertible, such that d,®, = B,n. Consequently

mee " =1 (B, ) Oye .
l

The adjoint Aj xw is an integral of eTi® against an amplitude times C*w = Ymeas@ W,
which has compact support in the measurement region. Multiplying by 7, and inte-
grating by parts in y therefore produces no boundary terms and moves one derivative
onto B!, onto the amplitude, or onto w. Thus one factor of the input frequency is
exchanged for one physical derivative of the source or of the coefficients.

For an integer ¢ > 0 we have [n|*? = ¥,,—, 47>, so

1" fllz < Cq D2 I Fllas
|| =q
and it suffices to treat the monomials n®. After ¢ integrations by parts, a term with ¢
derivatives on w carries ¢—1 derivatives on the coefficients. It is an operator of the same
form as A*K with a modified amplitude, applied to a derivative of order ¢ of w. We bound
it by (14.16), which costs ¢ further derivatives of the amplitude. The coefficients satisfy
derivative bounds of the form C,, 7™ "*+8)+ with fixed shifts B; including these shifts,
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the amplitude test and the shifts of the inverse and of the corrected waves in Be.,, the
condition 7, > sy + Bean gives the coefficient factor T~ =50)+  With w = E;lu and the
inverse estimate (13.7) (with L = T and ro = so), || Ep ul| g < Cyf|Jw]| g +T 50+ ||u|a].
Since (¢ — i — so)+ + (1 — s0)+ < (¢ — So)+, we obtain

(14.17) Il Afe Btulls < Cy 3T Ju .
=0

For an individual adjoint A7, we remove the weight |5|'/? and use the bound for the

fixed-parameter operator without this weight in Proposition 8.4. The same argument

shows that the right side of (14.17) also bounds sup,, |||n|7"/2 A}  Ex'ulls; we call this

the individual moment of order q.

Step 3 (Proof of (14.13)). A derivative of order s of the forward operator Ay produces
at most s factors of the input frequency, from derivatives of ¢/®”; a term with k such
factors carries a coefficient factor T(~*=%0)+ By (14.16),

1A A Etul

pe < Oy Y TETF=0 ||| * A B tullo.
k=0
The products of the differentiated coefficients obey (7.6), so these operations use the
same Beay,. Inserting (14.17) and using (s —k —so)+ + (K —i —s0)4+ < (s —i — s¢)4+ for
0 <i <k < s, we obtain terms C,TC~50)+ |||z, 0 < i < s. By (13.6) with L = T
and 1y = 8o, each of them is at most Cy[|ugs + T+ ||ulls). The term FrEx'u
satisfies the same bound by (13.7). This proves (14.13).
Step 4 (Proof of (14.15) and of (v)). By (14.5), Dyu = G, x A} x Ep'u, and G,k is a
fixed-parameter operator with input weight |n|'/2. By the bound for the unweighted
fixed-parameter operator in Proposition 8.4, a term of an order-s derivative of D, u
with £ frequency factors is bounded by C’ST(S”“*SOM|||77|k+1/2A;7KE;1u||2, that is, by
the individual moment of order k + 1. Step 2 and the endpoint inequality (13.6) at
order s + 1 give the bound for D,u in (14.15). The auxiliary field and its linearized
metric obey the same bound by Proposition 13.6.

For the measures, f,[u] = p,xni|n|"/?Px A Ep'u vanishes for |n| < 1 and for |n| >
2K, which gives the support assertion. Since the initial variables lie in R"~! and
2(mo — 1) =2|n/2| +2 > n — 1, the Cauchy-Schwarz inequality gives

~ 1/2
[1Rdulidn < ([ 0 dn) A Bl < Clul,

by the individual moment of order mqy and mg < sq.
Step 5 (Proof of (14.12)). By the definitions and the symmetry of Q,
EK[(D,,U),,]E}EIZlu = Z 1, C[2 sym Re((Dl,v)*Gl,,KA;KEglu)]

=209(v,u) = 29(u,v).

The operator Ag[(D,v),] is obtained from the aggregated operator of Step 1 by multi-
plying its amplitude by (D,v)* and by coefficient factors with uniform C* bounds; the
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input A}E}lu is the aggregated adjoint, which is bounded on L?, and no individual
operator G, i is estimated separately. By (14.16) and (14.15) with s = ¢,

1A [(Dyo)u ]Il < Csup [|Dyv]lge < Cllollzmo,

since £ + 1 = my < sy. Together with ||A%| < C and ||Ez'|| < C this proves (14.12),
because mg = s¢/2.

Step 6 (Proof of (14.14)). Fix s and a multi-index o with |o| = s. By the Leibniz rule,
07 Q(u,v) is a finite sum of terms
(14.18)

(071C) > p sym Re((é’aszu)* (9”3Dl,v), c=loy|, r=loal, t =lo3|, c+r+t=s.

Since Q is symmetric and the hypothesis is symmetric in 4 and v, we may assume t < r,
hence t < s/2.

The two factors are treated differently. The factor with r derivatives cannot be
estimated sample by sample: by Step 4, sup, || D,u|/ g~ is controlled only through the
individual moment of order r+1, that is, with one more derivative of u, and the resulting
bound A2R(+H1=%0)+ is not sufficient, since hR > 1. We therefore keep this factor inside
the aggregated operator of Step 1 and place the other factor in its amplitude.

The factor with r derivatives. Write w, = A;KEglu, so that D,u = G, gw,. Each
physical derivative of the phase factor €® in G, ; produces one factor of the input
frequency n, multiplied by a coefficient with bounded physical derivatives, because
®, =Y, -n with Y, as in Step 2, so that d,®, = (D,Y,)Tn. Hence

O Dyu= > Gy r[ Vsl (Unwu>,

|w|<r

where G, i [7] is the operator G, i with its amplitude multiplied by 7, and the coefficient
Y. is a product of derivatives of the phase, of the amplitude of the wave and of the
cutoffs, of total order r — |k|. Including the shifts in By, its first £ physical derivatives
are bounded by CT("~1¥I=%)+ "uniformly in v and .

The aggregated form. Substituting this into (14.18) and recalling the definition of
Ag[V] and A% Exlu = (VI W)y, the term with a given k, k = |x|, equals

% leK (0] (77” N’;(E};IU) )

where Ag[b.] denotes the operator Ag[(973D,v),] in which C is replaced by §7*C and
Gy ik by Gu x|V It differs from the aggregated operator of Step 1 only by an ampli-
tude factor b, (x, v, n), built from the coefficients of 9°*C, from 7, , and from (07D, v)*.
Thus the factor with ¢ derivatives, together with the differentiated coefficients, has
become part of the amplitude of the aggregated operator. By (14.16), which uses ¢
physical derivatives of the amplitude, and by Step 4 at order t + ¢,

| Ak bl < CTH 50 sup | Dyol|gece < CT 00 [[[u] resmo + T oo
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since { + 1 = mq. By the hypothesis on v, T" < R and sy = 2my, the bracket is at most
CyhRttmo=s0)+ = C,hR(=%0/2)+  The input is controlled by the aggregated moment
estimate (14.17) and the hypothesis on u:

I A Egtully < Cp > T Juf| g < Cph Y TH w00+ REZs0)+,

i<k i<k

The exponents. Using T' < R and (7.5) to combine (c+7r—k—s¢)+ + (k—i—s9) <
(c+71 —1i—5sg)y, each term is bounded by C,h? R with

gi=(s—i—t—50)4+ (1 —50)++ (t—50/2)1,

because c+ 1 =s—1t. Herei <k <r,soi+t <s, and t < s/2. Lemma 14.4, with
j =1, gives g; < (s — Sp)+. Summing the finitely many terms proves (14.14).

The index s¢/2 in the last summand of ¢; is what makes this distribution of derivatives
possible: the factor carried in the amplitude loses my = so/2 derivatives (one for the
individual operator and ¢ for the amplitude test), and this loss is compensated by
t < s/2. Only source norms of order at most max(s, sg) occur, so the source regularity
required in the iteration is fixed. O

14.6. A finite iteration.

Proposition 14.7 (Finite correction of the mean). We work under Setup 14.1 and
Definition 14.2, with the positive initial amplitude r, the base field Viase, the continuous
operator Ap and the inverse En*, and we sample the unmodulated waves with the input
frequency bound K. Let £, Q, 1o and g be as in (14.7)—(14.8). For every finite Q) and
all sufficiently large R, the finite iteration

(14.19) r0 =, POt = g 4 (1 — E)rY) — Q) 41y,

stopped after a suitable number J of steps, gives a real source r = r') whose residual
satisfies

(14.20) Trem = g — Er — Q(r, 1), |7rem || co < R 9.

The measures f,[r] dn have support in {|n| < CK} and total variation at most C. On
the fixed supports, for every s > 0,

(14.21) sngllﬂW0s+-HK£XUﬁ|Hs+-HDVFV“7(TH

aux

e < CoR.

The input frequency bound, r, and Rey, do not depend on Q). The family of waves is
fized before the sample is drawn, and the sample does not depend on the number J of
Picard steps; J, the constants and the threshold for R depend on Q).

Proof. Step 1 (The sample). We apply Theorem 12.4 with A = K = R*f. Then
h=3 = R = Ao with €qmp = (1 +€)/sp — 1 > 0, and A~Seme/4 = R=(Iemsp)/d,
We fix a realization of the sample in the event of that theorem; this event is nonempty
for large R, since its probability tends to one. The concentration bound (12.8), the
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comparison of phases (12.10), and the identification of the continuous operator at 7 = 0
with T PET (end of Section 13) give

l1+e—s f
= I ’
where w is the exponent of (19.6); the second inequality uses a — sy > w, verified in
Section 19. The sample has at most C'R'™ points, bounded total mass, weights at most
CR~'7¢ and separation ch within each patch. The orders sy + Bean and the shifts of
the primary waves and of the background are included in the fixed order r,.

Step 2 (Bounds for the source). We take Reny > S0+ Bean + £+ 2+ 1ps in Corollary 11.8.
The quadrature estimate (12.9), valid on the same event at all orders, and the com-
parison of the corrected and the leading amplitudes (11.18), together with A™1 < h,
give

(14.23) Irollis < CATE=9%, sup | B, - + [Clles < CTC—0)+.

(14.22)  ||Ex — Epg| < C[R™OF)/A L R=¢F/] < CR™, w

By (17.1) and b = §2R?4, the rescaled defect satisfies |ep/b?||ps < CsR*™24, and
2A = sy + 1. By the Leibniz rule and (14.23), the zero extension of C(eg/b?) satisfies

IC(er/b) || rs(rny < Cp > T 50+ Rimso=l < O Re=%0~1,
1<s
Since T < R and R*=*~! < RT'R(=0)+ < hRET0)+ (because § < 1), the complete
source obeys

(14.24) gl

e < CGhRE—0+ (s =0,1,...).

Step 8 (Bounds for the iterates). Fix a finite J. We claim that
(14.25) |rD || gs < CrhRE™0+ 0<j<J+1, 5>0.

This holds for j = 0. If it holds for j, then (14.13) and T < R give ||Er0)||gs <
C,hRE=0)+ - and (14.14) gives ||Q(rW),rW))|lgs < Coh2RE=50)+, With (14.24) and
(14.19) this gives the claim for j + 1. Each of the finitely many steps changes only the
constants. All iterates are real and belong to H*.

Step 4 (The difference equation). Put d; = rU+H —r0). Since r® = 0 and Q(0,0) = 0,
dp = V) = g. Subtracting two consecutive steps of (14.19) and using (14.9),

diy1 = (I — &)d; — Q(rUHV) pUT) 1 910 10))
= (I —&)d; — Q(d;, PV 4 D),
For the linear term we use EpE,' = I:
[ &= (Er— Erg)E" + (Erx — Ex)ER".

By (14.22) and the frequency tail estimate (13.8) with L = T and ry = s, for every
integer ¢ > 0,

I(Z = E)dslls < CR|djlla + CoK~[d; s + T+ |d |
< CR™||d;|2 + Cygh(R/K)",

(14.26)
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where in the second line we used (14.25) for rU+%) and r) and T < R. For the quadratic
term, (14.12) and (14.25) at order s¢/2 < s¢ give

1Q(ds, rT Y 4+ D) Iy < Cldy o[} rU+) + 1]
Hence, for j < J,

a0z < Crhldj]|2.

Idjalls < [CR™ + Cyhllld;ll2 + Crgh(R/K)?.

Since [ > w, we have h < R™, and the bracket is at most C';R™ < 1 for large R.
Iterating from ||do||2 = ||g||2 < C'h and absorbing the finite powers of C; into C, gives

(14.27) ldsll2 < Cagh[R™" + (R/K)1].

Step 5 (The residual and the choice of J and q). By (14.19), d; = rV) — () =
g—Er D —Q(r) r(D) 5o the residual is exactly 7rem = dj. By (14.25), |||l g=0 < Cyh.
Since sg > n, Lemma 14.5 and (14.27) give

[7remllco < Clldslly?lldsllim < Crgh[R™7 + (R/K)%Y2.

Now (R/K)? = R~%*s=Y_ We choose the number of steps J with w.J > 2@Q. The integer
q is not part of the construction; it is only the order of the tail estimate, and we choose
it with ¢(s; — 1) > 2@Q. Then the right side is at most C;,R~“~" for some £ > 0, and
after increasing the threshold for R it is at most R~%. This proves (14.20).

Step 6 (The fields and the measures). By (14.15) at order s+ ¢, the Sobolev embedding
Hstt — C° and (14.25),

oo < Glllr]

Fetmo + T(ermofso).;,.HTHQ] < C’J’ShR(SerofSD)-&- < CS,QRS,

sup || D,r|

since £ 4+ 1 = mg and sy = 2my, so that (s +mg— sg)+ = (s —mg)s < s. The auxiliary
field and its linearized metric obey the same bounds in H®. By Proposition 14.6(v) the
total variation of the data is at most C||r||gme < Ch, hence bounded, and the support
is still determined by the cutoff Px. This proves (14.21). O

14.7. The normal component. Let r be the source of Proposition 14.7. Put m, =
do + fulr]dn, let H =3, u, Re((dZ,)*dZ,) be the Hermitian tensor of the waves Z, =
L,(m,), and write Vg = Viase + V.E (r). On Ug, set

Ty = er/b* — DypVy — H,
and define
(14.28) V =Vo— sN¢Ty,
where N is the normal map of (4.2).
Lemma 14.8 (The error of the mean). On Usy, in particular on D,
(14.29) qrTy = Trem,
and the tensor Emean of (14.31) satisfies

(14.30) Enean = —ie, Ty = = - Qi(F)(GE)ij (reem) ;-
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Proof. On Uy, we have qp = C. By Lemma 14.3 and the definition of g,
arTy = qr(er/b®) — {57” + Q(r,r) — 7"0} =g—Er—Q(r,r) = Trem.
Next, by the definitions of Eyean and T,
Ewean = DYpVo = $Dvp(NeTy) + H — en/b* = =Ty + Dyp(—5NpTy).
The field w = —%N 7Ty is normal, and by (4.4) with v = 0 its linearized metric is the
algebraic expression Dypw = —2(w,Ilp) = —2Bjw. Since Np = (B}?)”HK#, where
B3 maps the normal space isomorphically onto K# = im B,
Dyp(=3NpTy) = Bi(Bp) g Ty = Ty, T

Hence Eyean = =1 + HK#Tf = —IIk,Ty. (This is also (4.5) with v = 0 and h = T}.)
Finally, the Gram formula for the orthogonal projection onto the span of the frame

Q1(F),...,Qn(F) reads
My, H = Qu(F)(Gp')i(Q;(F) : H),

since the right side lies in Kz and its pairing with each Qr(F') equals

> (Gr)wi(Gr')i(Qi(F) : H) = Qu(F) : H.

i,J
With H =Ty and (Q;(F) : T¢); = qrTf = Trem, this proves (14.30). O
14.8. Correction of the mean.

Proposition 14.9 (Correction of the mean). There is a positive initial amplitude g,
depending only on F', for which Proposition 11.10 applies and the following conclusions
hold. Let e = g —~(F), with ||e||copy < 6* and 0 < § < 1. Fiz a finite smoothing order
m > 1 and put

ER = SR,m(e‘D)a b= 5RA,

where Sk, is the operator of Lemma 17.1. Given a finite ), at the scales of Section 19
and for sufficiently large R, there are a family of measures m, and a real ambient field
V' with the following properties, where Z, is given by (11.24) with m = m,,.

(i) The tensor
(14.31) Ewean = DYpV + 3 iy Re((dZ,)"dZ, ) — e /b’

satisfies || Emean|lcopy < CoR™9.
(ii) The measures satisfy sup,, |m,|rv < C and

(14.32) suppm, C {[{| < CKpax}, Kpax = R,

with a support constant independent of every accuracy choice.
(iii) On the whole product source support, the waves satisfy

(14.33) sup praire’u”‘z’”le,Hcr <C.R".
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(iv) After the fived physical cutoff, equal to one near D, the field V' satisfies, for every
r >0,

(14.34) V[ < CR.

The source order sy and the coefficient index r, are fixed before the accuracy. The
number of iteration steps may depend on ); the input frequency bound and the ex-
ponents in the derivative bounds do not. The constants C, may depend on m and

Q.

Proof of Proposition 14.9. Step 1 (The initial amplitude and the waves). Let rp be the
positive initial amplitude of Proposition 13.7 with G = F’; it is determined by F' and
the fixed choices of Section 13. Its derivative bounds (13.13) are of the form required
in Proposition 11.10, whose joint coefficient shifts are included in r,. The measures
below have Fourier support in {|¢{| < CKyax}, and CyKpae < A7 by (19.5), so
Proposition 11.10 applies to the waves Z,,.

Step 2 (Choice of the data and of V). We work under Setup 14.1; its conditions (14.3)
are those of (14.1) together with T' = T, = R'. We apply Proposition 14.7 with accuracy
(), and obtain the sample with (14.2) and the source r. We put

m, = 50 + ﬁ,[?"] d777
and define V by (14.28). It is real, since 7, Viase, VL,
Step 8 (The error). By Lemma 14.8, on D,

Emean = - ZQZ(F>(GI_71)ZJ(TYQYH)J

er and H are real.

The frame Q;(F) is bounded on D, and Gj' is bounded by the uniform Gram gap of
Definition 13.1. Hence, by (14.20),

HEmean”C’O(D) < CHrremHCO < CR_Q'

Thus the mean equation holds up to O(R™9): the iteration solves its projection onto
Kpr up to the residual 7., and the normal field —%N T’y removes the component
orthogonal to K exactly.

Step 4 (The measures). Since ||dp||Ty = 1, Proposition 14.7 gives ||m,||rv < 14+ C < C.
The Dirac mass is supported at the origin and f,[r| vanishes for |n| > 2K this proves
(14.32), with a support constant fixed by the cutoff P.

Step 5 (The amplitudes). We have e *%dZ, = B, + D,r. The amplitude B, of the
unmodulated wave has derivative scale T' < R by (14.23) (equivalently, by (11.26) with
m = 0y and K = CenTp), and (14.21) bounds D,r in C*° by CsoR® on the fixed
supports, which contain supp Xpair- This proves (14.33). We remark that this bound
does not follow from (11.26) with the Fourier support of m,, which would give the
larger scale Ky, = R°f; it uses the fact that the data f,[r| are produced by the adjoint
from a source with bounds ||r||gs < C;hRE™%0)+,
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Step 6 (The size of V' ). By Step 5, the Leibniz rule and >, u, < C,
[Hllcs < ZNVZCSHBV""DVT‘ B, + D,r||cs-i < CsoR°

v 1<s

on the fixed supports. By (13.13), Viase and DypViase have C*(Ug,) norms at most
CT* < C4R®; by (14.21), V.E (r) and DypV,E (r) have H® norms at most CsoR?;
and ||er/b?||gs < CsR*2A. Hence T} is bounded by CioR® in H*(Ug,), after the
fixed physical cutoff. The coefficients of the normal map Ng are smooth second-jet
expressions in F' with derivative bounds C,/ 7% < C;R*® on Ug,. The Leibniz rule in H®
for a product with a smooth coefficient ¢, |[cu|gs < Cs i< ||cl|cs-illul| i, therefore
gives ||[NpTt||ns < CsoR® after the fixed physical cutoff, which is supported in Ug,.
Together with the bounds for V4 this proves (14.34).

Ci

Step 7 (Order of choices). The input frequency bound K ax, r«, Reny and the exponents
do not depend on @. The accuracy @ enters only through the number J of iteration
steps in Proposition 14.7, the constants and the threshold for R; the depth of the
wave correction is fixed by the accuracy of Theorem 17.3 before the sample is drawn
(Section 21). O

15. CORRECTION OF THE OSCILLATORY QUADRATIC TERMS

In this section we construct a correction, linearized at the immersion F', which cancels
all oscillatory terms in the quadratic part (dP)TdP of the metric of F'+ P. The Hermit-
ian part of (dP)TdP is not treated here; it is the tensor corrected by Proposition 14.9.
The input is the family of sampled waves of Proposition 14.9, whose amplitudes vary
on the scale R, and the output is a real field S, constructed at F', whose linearized met-
ric cancels all products of distinct phases and all doubled phases up to O(b?> M (A\h)™9)
(Proposition 15.4). The construction applies the finite corrections of Theorem 10.5 to
each product separately; this is possible because every product has its frequency in a
regular region (Proposition 6.9) and at least cAh, which exceeds the amplitude scale R
by a fixed power.

15.1. The average over the phase. The normalization of the primary field is already
visible for a single wave. Let Z be a complex ambient field with dZ = €'’ A, where ¥ is
a real phase and A is a complex N X n matrix. Then

(15.1) (d(V2Re 2))' d(V2Re Z) = Re(A°A) + Re(¢™? AT A).
Indeed, d(Re Z) = Re(dZ) = L(eV A + e A), so

1
2
(d(vV2Re Z))Td(\/ﬁ ReZ) = (™ ATA+ e ATA + ATA + AT A).

Since ATA = A*A and ATA = A*A, the last two terms add up to 2Re(A*A), while
the first two are complex conjugate to each other and add up to 2 Re(e?” AT A). This
proves (15.1).

The first term on the right of (15.1) is the mean of the wave in the sense of Sec-
tion 14; the second oscillates with the doubled phase 2¢9. For a sum of several waves
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the quadratic tensor contains, in addition to the means and the doubled phases, the
sums and differences of distinct phases. All these oscillatory terms are cancelled by the
correction constructed in this section.

Let Z, be the waves and i, the weights of Proposition 14.9, and let b = §R“. Define
the real primary field

(15.2) P=b0v/2> /iReZ,.

Its Hermitian tensor and the remaining quadratic tensor are

(15.3) Hee =Y pyRe((dZ,)"dZ,),  Qon = (dP)"dP — Hy.

The tensor Hgs is the one appearing in the mean equation (14.31). The tensor Qg
contains all doubled phases and all signed products of distinct samples, including the
products between different patches; Lemma 15.2 below gives its exact expansion.

15.2. The quadratic sources. The geometric and linear results used below have been
proved in Sections 6 and 10.

Setup 15.1 (Geometry and amplitude bounds). We work with the geometry of Defini-
tion 13.1, the domains of Setup 3.3, and the finite regular corrections of Theorem 10.5
at the immersion F'.

(i) Coefficients. Assume
(15.4) | F|

where the fixed index r, exceeds the derivative shifts of the coefficients in Theo-
rem 10.5 and in the normal reconstruction. By Corollary 7.3, every reconstruction
coefficient cp (the inverse metric v(F)™!, the normal map Np, the frame Q;(F)
and Gz'), multiplied by any fixed cutoff, satisfies

(15.5) |1 D" cplloo < CT".

(ii) Phases and frequencies. We use the Hamilton phases Sr and the groups of patches
of Definition 6.7. The samples are indexed by j = 1,..., M, with base covectors
¢; and frequencies T;l satisfying ¢\ < Tj’l < C'\, and two distinct samples in the
same group have patch parameters at distance at least ch. For an ordered pair
(4,k) and a sign + we write §; £ 6;, = pjrp, where the frequency p = pj; is chosen
as follows:

cr < DT, Lr =T,

distinct same-group differences p=Az—7|
sums, doubled phases, and either sign between groups p=A\

Here z, 2" are the patch parameters of the two samples. The distinct radial labels
separate different groups even when their unscaled directions agree. The equal-
index differences ¢; — 6; = 0 form the Hermitian diagonal, which is excluded. All
Fourier modulations at the same patch parameter are combined in one field. Thus
every oscillatory quadratic term has

2 <cAh < pjp <O
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(iii) Phase bounds. The joint phase bounds of Proposition 6.4, with the fixed geometric
shifts included in r, > 8, give

The segment formula on each convex patch gives the same bound for the divided
differences of the phase in the patch parameter. Proposition 6.4 and Theorem 10.3
place every normalized covector dy of a sum or a difference in the fixed buffered
regular region. All source terms use the chart partition and the larger sets where
the cutoffs of that theorem equal one.

(iv) Cutoffs. The source cutoff is xge = Xpairsre Of Setup 3.3; it is supported where
X2 = 1 and equals one near D. It lies compactly inside Di,, and is distinct from
the source cutoff of the primary waves in Section 11. All measurement and output
supports lie in the common charts of validity.

(v) Amplitudes. Let W; be the complete complex fields, with

(156) dVVJ = GiejAj, 9]’ = SF(I‘,CJ')/T]'.
After a fixed cutoff equal to one on every quadratic source, assume

(15.7) || Ajlles < CKE Lipair = max(Keny, T) < pii%, Keny =22, 0> 0.

env’

For the final measures of Proposition 14.9, (14.33) proves this amplitude bound with
Koy = CLR on the full source support; along the iteration the coefficient bounds are
verified in Proposition 18.2.

For ambient derivative matrices we write
B(A,B) = 1{(A"B + B" A).
This is a symmetric bilinear form with values in symmetric matrices, and B(A, B) =
B(A, B).

15.3. Quadratic expansion and its correction. The correction below is linear in
the coefficients of the quadratic expansion. The Hermitian diagonal term is handled by
the correction of the mean.

Lemma 15.2 (The quadratic expansion). Let b > 0, u; > 0, dW; = €% A; with real
phases 0;, and set

M
P=0bv2Y JijReW;,  Hep =0 pu;Re(AA)).
j=1 j

For ordered pairs (j,k) put
G = Re(ei(9j+9k)B(Aj, Ak)), G = Re(ei(gj’ek)B(Aj,fk)).
Then

(15.8) Qo := (dP)"dP — Hyy = b’ [Z VI G+ D /T qﬁn} :
7,k

ik
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The first sum includes the doubled phases j = k. The omitted diagonal of the differ-
ences is the complete Hermitian tensor, including every Fourier modulation and every
correction contained in the fields W;.

Proof. Let D, E be complex N x n matrices. Since Re D = %(D + D) and B is bilinear,
4B(Re D,Re E) =B(D,E)+B(D,E)+B(D,E) + B(D, E).

The first two terms are complex conjugate, and so are the last two. Hence

(15.9) 2B(Re D,Re E) = ReB(D, E) + ReB(D, E).

Moreover,
B(D,D) = }(D"D+D"D) = }(D"D + D*D) = Re(D*D).

Now put D; = dW,; = €% A;. Then dP = bv2 > v/1; Re Dj;, and since the double sum
is symmetric in (7, k),

(dP)"dP = 2v*>" /i (Re D;)" Re Dy, = 2b* >\ /i1 B(Re D;, Re Dy,).
Jk 5.k
By (15.9) and the reality of the phases,
2B(Re Dj, Re Dy) = Re (e %)B(A;, Ay)) + Re(e~%B(A;, Ar) ) = gy + ;1.

For j = k the second term is q;; = B(A;, 4;) = Re(A}A;). Summing over j with the

weights b?1; gives exactly Hger, and subtracting it proves (15.8). U
With W; = Z, and ¥ = §;, the case M =1, b\/ji1 = 1 of the lemma is (15.1), since

B(A, A) = ATA.

Proposition 15.3 (Correction of all oscillatory quadratic terms). We work under the

assumptions of Setup 15.1 and assume 3°;u; < C,. Let Np and Vp = Vp be the

reconstruction maps of Definition 11.2. Given finite s and @, choose one depth N =

N(s,Q) in the real operator Dpy, that is, the operator D, n of Theorem 10.5 for the
coefficients of Pr, with all its fized cutoffs. Let Qog be the exact tensor (15.8), put

q= Xschoffa hz - _%QZ(F) - q, U = DF,Nhy
and define the real field

(15.10) Siag = Vi(u) + 3 Npg.
With W, = (X; /i) < MC,,
(15.11) | DYEStag + Qo s (p) < Cs. b WL (AR) ™9,

(15.12) | Srag | vy < Cr nOPW, N (r >0).

For a fixed physical cutoff Xout, equal to one near D and supported in the observation
chart, the same size bound holds for XouSg on R™.
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The depth N may depend on s and @); the additional power of A in (15.12) and all
derivative shifts are fixed. All doubled phases and all signed terms of distinct samples
are included, and the complete Hermitian diagonal tensor is excluded. The number
of samples enters only through W, < MC),, which follows from the Cauchy-Schwarz

inequality (2, \/i;)* < M 3, ;.

Proof. Step 1 (One signed source). Fix an ordered pair (j, k) and a sign, and apply the
construction in the statement to the single source ¢ = Xschjik in place of xgc.Qog. Denote

the resulting reduced and ambient fields by ufk and U ]ik Write the complex product
defining qﬁ as e'"a, with p = pji as in Setup 15.1, pp = 6; 6y, and a = B(4;, Ag) or
a = B(A;, Ar). The reduced source is

Wi = —3Qi(F) : Xareljp = Re(eipwajk,i)a ki = —5Xsre Qi(F) : a,
because @Q;(F) and xg. are real. By the Leibniz rule, (15.5) and (15.7),
we <Cy > THK2RP < CLL:

env pair»
S81+s2+s3=s

lajkllcs + [lajl
where the H* bound follows from the C* bound and the fixed compact support. Only
the total derivative order enters.

Step 2 (Fourier localization). By Setup 15.1(iii), the normalized phase satisfies |D"p| <
CTL;;;& for » > 2, and dp takes values in a fixed compact set of regular covectors, in
particular ¢ < |dp| < C. Choose a fixed compact annular Fourier mask containing a
neighborhood of this compact set and of its antipodal set, and let II; , be the corre-
sponding rescaled multiplier of Theorem 10.5. On the complement of the rescaled mask,
lpdp —&| > c(p+ |£]). The general form of Proposition 8.6, applied with amplitude

constant A = 1 and scale L = Ly, gives for every m > 0 and every integer k > m+n/2
||(I - HOvP)(eipwajk>||Hm < Cm,kpm+n/2([/pair/p)k < Cm7k,0m+n/2igk7

where the last step uses Ly < p'™9. Choosing k > (m +n/2 + Q') /o gives the decay
p~Q for any requested Q’. Conjugation gives the same estimate for the term with the
opposite phase. Hence h]ik satisfies the hypotheses (10.6)—(10.7) of Theorem 10.5 with
H, equal to a fixed constant. The scale condition (10.5) holds because 1 < T < L, <
p'~9, and the sources are supported where y, = 1. The chart source sets and complete
flowouts are those of Setup 15.1.

Step 3 (Approzimate solution and normal reconstruction). By (4.5), applied to the
tensor —g, the field U = Vp(u) +  Npq = dF v(F) " u+ Np(sym Vu + 3q) satisfies the
exact identity
(15.13) D’YFU + q = QZ Ql(F)(G;wl)Zl (PFU — h)l, hl = —%Ql(F) . q.

il
Theorem 10.5, with a depth N > s + @', gives ||Ppuj — hipll s < Cnsp @
Multiplication by the coefficients in (15.13), whose C* norms are at most CyT* < Cyp°,
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costs at most a factor Csp® in H*(D). Taking Q' = @ + s and using D C Uy and
Xsre = 1 near D, we obtain

(15.14) I DyrUs; + 31

One such depth works for the compact sets of regular covectors and the finite list of
charts; it is independent of the frequency pj.

1) < Csqpjr-

Step 4 (The exact weighted sum). The operator Dp v, the frame and the cutoffs are the
same for all pairs. By linearity, Si, is the sum of the fields Ujj,i with the coefficients
of (15.8), and DypSiag + Qoft is, on D, the same combination of the left-hand sides of
(15.14). The total absolute coefficient is

2

p [Z VY, /—ujuk} < 202 (Z \/,7]) — 2B2W, < 2B2MC,
Ik Jj#k J

Since p;r > cAh for every oscillatory term, (15.14) gives (15.11), with ¢=% absorbed in

the constant.

Step 5 (Size bounds). Put 2 = b*W,. Each derivative of €% costs at most C'(p+ Lpair) <
C), and each derivative of aj; costs at most C'Lp,; < CA. The Leibniz rule and the
coefficient sum of Step 4 therefore give

s+ ||k

llq| s < CGRAN.

For each signed source, (10.9) gives ||U;tk||Hr < Cynpj. Since pj < CA, the same
coefficient sum gives |ul|gr < C, yAN". The field Vr(u) contains u and one derivative
of u, multiplied by coefficients whose derivatives of order i are bounded by C;T* < C;\¥;
the Leibniz rule gives ||[Vr(u)||growy < CrnAN T Similarly || Npg||prmy < CAN
This proves (15.12); multiplication by the fixed cutoff x,,; changes only the constants.
The operators are real and uniform on the fixed family of charts. O

15.4. The product correction for the sampled waves. We now apply Proposi-
tion 15.3 to the waves constructed in Proposition 14.9.

Proposition 15.4 (Product correction). Let Z, and p, be the waves and weights of
Proposition 14.9, and let P, Qog be given by (15.2) and (15.3). Assume that, for a fized
o >0 and a fixed amplitude constant C.,

(15.15) C.R < (Ah)'°.

Then, for every finite ¢ > 1, there is a real correction S, constructed at F from the
exact signed products in Qog, such that, after its fized physical cutoff equal to one near
D,

(1516) HD’}/FS + QofchO(D) < Cqb2M<>\h)_q,
(15.17) S| zr < CLEEMNTE (> 0).

The finite depth of the construction depends on q; the same field satisfies the size bound
at every r, with the same additional power of \.
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The mechanism is the following. The correction solves the linearized equation along
the full characteristic segments of Proposition 6.9, using the complete amplitudes of the
corrected waves Z,, whose derivative scale is R > T,. Each step of the finite Neumann
series in Theorem 10.5 gains a factor C.R/p, with ¢ > ¢A\h, and the strict power in
(15.15) turns this into arbitrary finite decay.

Proof of Proposition 15.4. We apply Lemma 15.2 and Proposition 15.3 with the samples
j = v, the fields W, = Z,, the phases 6, = A\, ¢, = Sr(x,(,)/7,, and the amplitudes
A, = e %dZ,. Since 0, is real, (dZ,)*dZ, = A% A,, so the fields P, Hyy and Qg of
(15.2)—(15.3) are those of Lemma 15.2. By (14.2), pn, > 0 and >, p, < C =: C,,.

We verify the hypotheses of Setup 15.1. The coefficient bound (15.4) is (11.23) with
T =Ty = R'. The phases, groups and frequencies are those of the sampling in Propo-
sition 14.9; by Proposition 6.9(iii), every oscillatory term has frequency cA\h < o < CA,
and cA\h > 2 for large R because a > (3. For the amplitudes, (14.33) gives || xpaiAv||cr <
C.R", where Xpair €quals one on every quadratic source (Setup 3.3). Thus (15.7) holds
with Ko = CoR for any fixed Cy > 2. Since t < 1, we have Ty, = R' < CyR, so
Lyair = max(Keny, Ty) = CoR. For every oscillatory term, (15.15) gives

Pin” = (eAh)' ™7 = "7 (AR)'77 > ¢"7CLR > CyR = Lpai,

provided the amplitude constant satisfies C, > ¢°~1Cj; this is how the constant C, in
(15.15) is understood. Hence all hypotheses of Setup 15.1 hold.

Apply Proposition 15.3 with s = [n/2] + 1 and @ = ¢, and put S = XoutSlg. Since
Xout = 1 near D and D~y is a first-order differential operator, DypS = DvypSiag on D.
Since s > n/2 and D is a ball, the Sobolev embedding H*(D) C C°(D) and (15.11)

give
| DvES + Qo] copy < Cl|DVESiag + Qoft|| 1rs(p) < Cab® W, (AR) ™1 < Cyb® M (Ah) ™9,

which is (15.16). The bound (15.17) follows from the cut form of (15.12) and W, <
MC,,. The depth N = N(s,q) depends only on ¢, so the constants C;, may depend on
q. 0

16. THE CONFORMAL EQUATION IN THE COMMON ANALYSIS

The preceding technical statements have been written for the isometric equation.
We now prove their projected counterparts, using the conformal reference and the same
reduced system. The algebraic completion and physical tensor are (4.5) and (4.8). In
this section P = P, hp = v(F), and Zp(w,t) = lIpw + tg. In particular

The characteristic patches and detection estimate are those of Proposition 6.1. Both
reference immersions give the same frozen stress frame and the same pencil with ¢, =
(n —4)72. We use these common model data and the augmented normal inverse in the
conformal correction.
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16.1. The projection and normal reconstruction. The target metric is fixed dur-
ing a correction step. Its projection P has kernel Rg and satisfies P? = P. It is generally
not orthogonal for the coordinate Frobenius pairing. The stress projection Ilx,. is or-
thogonal for that pairing. These are different maps, and their order in (4.5) is part of
the formula.

The augmented normal equation separates this distinction from the differential anal-
ysis. For any symmetric tensor 7', write

(wT, tT) = Eian#T.

Then wy = NgT and
B;NFT + tTg =T - HKFT

Because g € K and Z5(0,1) = g, the tensor g has zero physical normal component.
Consequently

Thus a scalar multiple of the target can be removed from a source before or after recon-
struction, with exactly the same ambient field. This assertion holds for an approximate
reduced solution as well.

To see the residual explicitly, put 7' = sym V"#u — H/2. Normal elimination gives

D’}/FYF(U, H) — H = QHKFT + QtTg,
and therefore

2y}
The coefficients on the right are smooth on the fixed rank and Gram gaps. Every
finite-order bound for the reduced residual hence gives the corresponding bound for the
projected metric residual by the product rule. There is no additional differential equa-
tion for t7. Only the normal vector wy enters the ambient variation. The connection
remains that of the induced metric hr throughout.

16.2. Normalized physical amplitudes. Let Fy be either reference, let gy be its
limiting target metric, and put

Fy(z) = o~ (Fo(ox) — Fo(0)).

In the conformal case the target is ¢, s(x) = g(sox), where g(0) = go = Hy. Choose
smooth identifications of the normal spaces along this family. The second form scales
as
Iy = oB,, ég,s(w, t) = E’;w + 190

The normalized normal map is injective down to ¢ = 0, by Proposition 4.4 in the
isometric case and Proposition 5.1 in the conformal case. Its inverse on its image and
the orthogonal stress projection consequently extend smoothly to that endpoint. All
endpoint assertions concern these normalized maps. The actual second form vanishes
at ¢ = 0 and is not inverted there.
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If T € imZ,, and 21T = (@, 1), then exactly
——1 -1~ ——1 -~
(16.4) E,.T = (07'w, 1), 2,:(0T) = (w, at).

The scalar term is omitted in the isometric case. In particular, the actual physical nor-
mal inverse has a factor o~!. This factor is cancelled by choosing the initial tangential
wave amplitude to have size o.

More explicitly, use the normalized stress frame to solve the eikonal and transport
equations. Their coefficients extend smoothly in (o, s) to the constant model at o = 0.
The transport equation is linear in its initial amplitude, so the transported polarization

has the form b, = abg, where bg is smooth down to zero. If £, = dS, and Ngs =
DIy =, H K, the leading physical normal is therefore
(16.5) Ve = Ni, (€5 @ by) = Nyo(€x @ by ).

Here ® denotes the symmetric product used in (4.8). The null-vector equation puts its
argument in K is. At the limit this is a nonzero tensor of rank at most two. It cannot
equal a nonzero multiple of the positive definite g, so its physical normal component is
nonzero. The same conclusion holds in the isometric case by injectivity. Compactness
of the chosen characteristic patches gives a uniform positive lower bound for |v|.

Thus the leading physical tensor is still |v,|?6,£L, with a smooth nonzero constant-
model limit. The scalar component of the augmented inverse contributes no squared
length to this tensor. At a fixed positive o the inverse and its derivatives have finite
bounds, which may depend on ¢. The uniform limit needed for the continuous normal
operator is instead the normalized physical formula (16.5).

16.3. Transfer of the analytic estimates. The analytic estimates above concern
square first-order systems, their characteristic phases, and the physical fields recon-
structed from them. The next proposition checks how each of these objects changes
for the conformal equation. Its four hypotheses separate the finite-dimensional geom-
etry from the common analytic proofs. They are verified for the actual reference in
Corollary 16.3 below.

Proposition 16.1 (The analytic argument for the projected equation). Assume the
following geometric facts on fixed nested physical and parameter domains.

(i) The metric, augmented rank, stress Gram, null-vector minor and simple-root gaps
are positive on a finite-order neighborhood of an actual reference. The coefficients
of Nr, qr, Pr and P are smooth functions of a fixed jet of the immersion and
target, with fixed derivative losses.

(ii) A finite menu satisfies detection at every output direction, incidence transversality,
protected signed interactions, and common buffered full and fized-time inverse
charts for the phase differences.

(iii) At the reference the normalized physical normal amplitudes have a smooth nonzero
limit as in (16.4). The induced metric, target, normalized augmented contraction
and stress frame tend in every fixed norm to their constant model data; the Hamil-
ton phases tend to affine phases and the normalized transport amplitudes to the
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corresponding constant-model amplitudes. These normalized data extend smoothly
in the dilation parameter down to zero. The current geometric data lie in a suf-
ficiently small finite-order neighborhood of this reference after a positive dilation
1s fized.

(iv) For a sufficiently large fized R, the full coefficient array and initial amplitudes
satisfy ||cl|cr < C.LU=B)+ for all v, on the same enlarged domains. The target
metric is included in this array.

Then the regular parametrices, corrected waves, separated sampling, continuous inverse,
finite correction of the mean, product correction and one-step estimates of the common
technical body hold for P, with the same frequency exponents independent of the re-
quested finite accuracy. They use the current immersion in every field and every linear
response. No coarse immersion or lagged phase is needed.

Proof. We give every change in the geometric identities and indicate why the analytic
estimates are unaffected.

Regular response. The regular-patch theorem 9.1 is stated for an arbitrary real square
first-order system. Apply it to Pr. The fixed domains and complete residual in Theo-
rem 10.3, and the finite powers in Theorem 10.5, depend only on this system, its regular
covectors and its coefficient bounds. The proof controls total elapsed Hamilton time
independently of the finite depth. None of these arguments uses an ambient normal
dimension. For a symmetric source H solve the reduced equation with source qp(H)/2
and use Yp(u, H). Formula (4.5) turns its reduced residual into the projected physical
residual. The additional factors P, Q;, Gz' have the bounds in (i) and (iv).

Waves. Use the same eikonal and scalar transport equations as in Theorem 11.4.
Their coefficients are those of Pr. In the two-term WKB construction the reduced
residual is still €*%/773 Ppb;. The finite response correction and the parameter estimate
of Lemma 11.7 concern the same square system. They therefore give the same de-
modulated reduced amplitudes before physical reconstruction. After reconstruction,
Lemma 4.2 gives

PDvpVr(u) = 2PI g, (sym V"7 u).

This replaces the unprojected strain identity wherever it is used in Corollary 11.8 and
Proposition 11.10. The exact physical oscillatory expansion and its leading tensor are
(4.8). Hypotheses (i), (iii) and (iv) give the same fixed losses in the remainder and
its joint parameter derivatives. The whole shifted-covector family is chosen before
sampling.

Normal operators and sampling. The inverse charts and amplitude bounds give the
normal-operator estimate in Proposition 8.4. The cross amplitude used in the sampling
theorem is the physical tensor

(Ql : AT('xa Z, §>*Ar(x7 Z, C + 7—77))1

The concentration and quadrature argument in Theorem 12.4 therefore gives one sep-
arated sample for the required operator families and the background mean. The real
and imaginary components come from the ambient field.
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The continuous inverse. Use exactly the row
A= (xPr(D)™",(2ReT,),), E=AA"+1-

where the wave amplitude of T, is |v,|?qr(£.£T), with the initial-variable half derivative
and its Jacobian as in Definition 13.4. Detection in (ii) and the physical gap in (iii)
give positivity of the constant limiting multiplier at high frequency. The low-frequency
error is bounded by C||xf]|? and is absorbed by shrinking the measurement support.
The proof of Proposition 13.5 then gives F > cl. Its perturbation argument concerns
the normal operator E; continuity of the phase-dependent row A in operator norm is
neither needed nor asserted.

For completeness, the Sobolev mechanism in Proposition 13.6 is unchanged: trans-
lation conjugation gives E, = U,EU_, with smooth operator-norm derivatives, and
differentiating E,E;' = I bounds the derivatives of the inverse. The adjoint estimate
transfers each initial-variable derivative using n = (D,Y) 'd,® and 0,9 =V, - d,P.
The coefficients of these identities and their inverses satisfy (iv). Hence, for one fixed
loss B and R, > ro+ B,

1E~"ells= + [[A"E e

xo < Ci(llellas + LET4 ell2),

together with the same adjoint-frequency tail bound. The image realization is the
actual tangential field Jph = 1dFhy'(D)~'h; by (16.1) its reduced projected strain is
Pr <D > —1h.

Positive background. Let Hyean o be the constant limiting physical mean. The induced
metric gy of the flat reference is constant. For the affine field Xo(7) = —gy " Hiean07/2,
we have

Dyp, (dF,Xo) = Lx,90 = go dXo + (dX0)" go = — Humean0-

The normalized phases and amplitudes depend smoothly on o by (iii). Their trans-
ported mean is therefore Hpeano + O(0) in every fixed norm. The residual source is
therefore O(o) in every fixed norm. The preceding uniform inverse and adjoint esti-
mates give an initial density change v = O(0), so 1 +v > 1/2 after fixing a small o > 0.
The affine dependence on the initial density and AA*E~1 = I on the core prove the
same exact reduced cancellation as in Proposition 13.7. This argument uses the actual
reference and its physical mean. It does not require a positive flat metric deficit.

Finite mean correction. By (16.1), the reduced identity of Lemma 14.3 is unchanged.
Keep the same physical sample, wave maps, adjoints and continuum inverse throughout
the finite iteration. Its linear part is

g - EKE_l.
Although E and E are self-adjoint, their product need not be self-adjoint. No positiv-
ity or self-adjointness of £ is used. The estimate is instead obtained from the ordered
identity
[ —&=(E—Eg)E™ + (Ex — Ex)E™
The second term is small in operator norm by sampling; the first is small only on the

actual smooth sources, by the adjoint-frequency tail estimate. The quadratic term uses
the same physical fields as the linear part. These are precisely the hypotheses in the



92 WENCHANG YANG AND YI WANG

finite Picard proof of Proposition 14.7. In particular no inverse of a sample weight, no
inverse of a compact finite-band operator, and no commutation of £~ with a cutoff is
introduced.

For algebraic completion put H = Hg/b? = 3, u, Re((dZ,)*dZ,), and define Ty =
er/b* — DypVo — H and V = Vi — NpTy/2. In place of Lemma 14.8 the exact error is

(16.6) P(DyrV +H — er/b®) = —Pllg, Ty = —P > Qi(Gz")ij (¢rTy);-

i.j
The reduced residual therefore gives the same error estimate. The normal completion
and all of its derivatives have the fixed coefficient losses of (i); the fixed positive o is
allowed in their constants.

Products and the one-step identity. Use the complete physical signed products of the
same complex waves. The protected phases are those in (ii). For each source apply the
regular reduced response and (4.5); hence Proposition 15.4 gives the projected product
cancellation. The primary self tensor includes the entire complex sample, including
its modulations. With primary field P and quadratic correction W5, the nonlinear
remainder remains exactly

2sym((dP)TdWy) + (dWy) T dWs.

Apply P to the exact quadratic metric identity. Its C° norm is bounded on the fixed
target class, so all estimates in Theorem 17.3 hold with the same frequency exponents.
For smoothing one may use eg = PSg e with e = —Pv(F) in the conformal problem.
The error is P(Sg,me—e) and the derivative estimates include the fixed target coefficients.
No commutation of P and Sg,, is claimed. Fourier truncation acts on the ambient field;
first estimate the resulting metric difference and then apply the bounded map P. This
also requires no commutation.

Uniformity and convergence. The exact Fourier support and global L? bounds of
the increment are statements about the ambient field. The proofs of Lemma 18.1,
Proposition 18.3 and the accuracy schedule therefore apply without alteration. The
target coefficients are fixed throughout that history and satisfy (iv) with their fixed
smooth seminorms. Positivity of the final conformal scalar follows from immersion: if
Py(F) =0, then v(F) = pg with p = tr,v(F)/n > 0. O

Remark 16.2 (Independent checks). The regular kernel construction and finite powers
are proved in Sections 9 and 10; the oscillatory estimates and parameter bounds in
Sections 8 and 11; the sampling, continuous inverse and nonlinear mean estimates in
Sections 12, 13 and 14. Their geometric inputs are the two reference constructions
and the common characteristic-patch proposition. Thus these parts can be checked
separately through their stated inputs and outputs for every n > 5.

Corollary 16.3. For the conformal reference of Proposition 5.1, the hypotheses of
Proposition 16.1 hold on fixed domains and a sufficiently small finite-order neighborhood.
They hold uniformly for the compact target family g(sox) used in Proposition 20.1.

~

Proof. The normalized augmented map is (B,, g(sox)). Its kernel projection, projected
frame, inverse on the complementary space, and the coefficients of Pr are smooth
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functions of this map and of the induced metric. By Proposition 5.1, adjoining Hy
to the retained normal forms recovers the full span of the model normal forms. This
gives the rank gap. Projection of the independent frozen frame gives the Gram gap by
continuity and proves (i).

At the reference the normalized data converge to (Cy, Hy, Kj), the connection tends to
zero, and the constant coefficient Hamilton flow has affine phase. Smooth dependence,
jointly in (o, s) down to o = 0, of the characteristic ODEs and their scalar transport
equations gives the convergence in (iii). Its nonzero physical gap follows from (4.8) and
(16.4).

Proposition 6.1 gives all strict incidence, detection and chord bounds for the common
pencil. Continue its simple roots and Hamilton phases as in Propositions 6.4 and 6.5.
Their proofs use only the stress frame and the strict bounds. The full and fixed-time
inverse charts have the same buffered domains by their inverse-function arguments.
This proves (ii). Fix a positive o and then take the current neighborhood small enough
to preserve these bounds.

Finally include the fixed target and the normalized inverse in the coefficient array of
Proposition 18.2. Differentiating an inverse on its fixed positive gap and applying the
same product and interpolation estimates adds one finite derivative reserve. Enlarge
. to cover it before choosing k. The Fourier history argument then gives (iv), since
the target family has uniformly bounded seminorms of each fixed order. All choices
precede the final s and the accuracy of any stage. 0

16.4. The projected correction at one step. We spell out the metric identity used
in the conformal iteration. This also fixes where the target projection is applied. Put

e=—Py(F), er=PSgu(elp), b=dR"
The source e satisfies Pe = e. Hence
egr— €= P(SRvm(e|D) — e).

All target coefficients and their derivatives are bounded on the fixed chart. Lemma 17.1,
with the same product estimates for the projected error, gives

||€R”Cr + ||6R||HT S Or7m52RT, ||6R — 6||C’0(D) S CQ(SR_Q

The second bound uses the minimum of the smallness and high-order approximation
bounds, exactly as in that lemma. Neither this step nor reconstruction requires compact
Fourier support for eg.

Use the waves, sample and modulation measures from the preceding construction,
and let

P=b0v2> /iuReZ,, Wy = bV +S.

Here V' corrects the mean and S corrects all oscillatory products. Define their projected
mean error by

0 Eunean = P(0* DYV + Hear — €r).
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On D all physical cutoffs equal one. Apply P to the quadratic metric identity and use
(dP)T'dP = Hygr + Qo Since Py(F) = —e, this gives the exact equality

Py(F 4+ P +W;) = (eg — €) + PDYpP + b* Erean
(16.7) + P(DyrS + Qo)
+ P(2sym((dP)"dWy) + (dWa)"dWWy).

The first four terms have the prescribed finite accuracy by the smoothing, wave, mean
and product estimates. The last line is bounded by Cod®RP3, using the same physical
C! bounds as in Theorem 17.3.

Finally set U = II(P + W), with the ambient Fourier multiplier IT used in that
theorem. The Fourier tail is estimated on the complete ambient field. The exact
difference between (F +U) and v(F + P+ W) is bounded first; applying the bounded
pointwise map P then gives its projected bound. No interchange of P with II or Sg,,
is used. We obtain, for every finite @),

IPY(EF +U)lcopy < Co(0R™9 + §°R™),

(16.8) p ° b
[Ull2 < CodR™,  suppT C {l¢| < CR™}.

The hypotheses and exponents are those of Theorem 17.3; only its metric defect is
replaced by [[Py(F)|lcopy < 6% The constants may depend on the fixed positive
reference dilation and on finitely many target seminorms. Their frequency exponents
and the support constant are independent of (). These are the three estimates used by
the common convergence argument.

17. THE METRIC CORRECTION AT ONE STEP

In this section we combine the primary waves, the correction of the mean and the
correction of the products into one increment. The input is an immersion F' with
derivative bounds (11.23), a metric defect of size 6> on D, a frequency R and an accuracy
Q. The output is a real increment U with exact Fourier support in {|¢| < CR"}, an
L? bound with a fixed loss, and new defect O(6R~% + §3RP3) (Theorem 17.3). The
exponents b,, By, Bz and the support constant do not depend on @); this is what makes
the iteration of Sections 18-20 possible.

17.1. Smoothing the defect. The smoothing operator acts on the defect on D and
gives two separate bounds for the approximation error: one by the size of the defect,
and one by its derivatives.

Lemma 17.1. For each integer m > 1, let Sg,, be the real smoothing operator of
Lemma 7.1 for the ball ) = D, with output supported in a fixed compact subset of W.
Fiz a smooth target tensor g on W. Suppose that T > 1, 0< 9 <1, and

ldF lcravy < C T lg = Y(F)llcow) < 6%
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Put e = g—~(F). For all sufficiently large R, the tensor egr = Sgm(€|p) is smooth and
satisfies, for every integer r > 0,

(17.1) lerller + llerllar < Crmd® R,
(17.2) le — erllcopy < Cmd?,
(17.3) le — erllcopy < Co(T/R)™.

The constants depend on the constants C, above and on finitely many seminorms of g.
If T < R with 0 <t < 1, then for every finite Q the choice (1 —t)m > 2Q gives

(174) ||€ — eR”CO(D) S C’QéR_Q
Proof. By (7.1) and ||e||co(py < 02,
HBRHCT + ”eRHHT S Cr,mRrHeHCO(D) S Cr,m52Rr7

which is (17.1). Taking r = 0 and using the triangle inequality, |le — eg||cop)y <
lellcoipy + [lerllco < (1 + Com)d?, which is (17.2). For (17.3), the Leibniz rule applied
to Y(F) = (dF)TdF gives

1D (F)lleogny < 3 (Z.)HDZdFHcoHDm AF oo < CpT™,
=0

and hence |le|cmppy < [lg]lempy + CpT™ < CpT™, since T > 1. Now (7.2) gives
He — eRHC’O(D) <C,R~™1T™.

Finally, if 7 < RY, then the minimum of the two bounds (17.2) and (17.3) is at most
their geometric mean:

He - eRHCO(D) < (Cm52 ' Cm(T/R>m>1 ’ < Cdei(lit)m/Z < CdeiQa
because (1 —t)m/2 > @ and R > 1. O

/

In particular, since b?> = §2R?4, the normalized tensor eg/b? has C" and H" norms
at most C,.,,, R"~24. The factor § in (17.4) comes from combining the two bounds, not
from the high-order bound alone. The defect e may have either sign.

17.2. Two Fourier inequalities. We use two elementary consequences of the Fourier
inversion formula and the Cauchy—Schwarz inequality.
Lemma 17.2. Let mg = |n/2] + 2.
(i) For every f € H™(R™), || fllcr@ny < C|lf |l mmo- R
(ii) (Bernstein inequality.) If f € L*(R") and supp f C {|¢| < A} with A > 1, then
for every integer r > 0
1 Fllor@ny < CoA™ 2 f]| 2.

Proof. For a multi-index o, the inversion formula gives [0 f(z)| < [ |£]ll| f(€)] d¢. For
(i) and |a| < 1, the Cauchy—Schwarz inequality bounds this by

(Jiee=roa) " ( [rermifrae) ™ < Cllsm,
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since 2(mg — 1) = 2|n/2] 4+ 2 > n. For (ii), with |a| <7,
a a 1z, al+n
0% f ()] < A {jg] < MY fllze = CART2) £ e,
by the Plancherel identity || f]|2 = (27)"||f]|2. O

17.3. A single step. The preceding constructions give the following quantitative step.

Theorem 17.3 (Correction at one step). Fiz the reference neighborhood, the domains,
and the correction operators constructed above. Let F be an immersion in this neigh-
borhood, and assume the hypotheses of Propositions 11.10, 14.9 and 15.4. Suppose that

lg — Y(F)llcopy < 6, Ty = R,

with 0 <t <1 and 0 <6 <1, and that (11.23) and (15.15) hold. Put mo = [n/2| + 2
and

BOZQA+1+E+G,, 33:2Bo+2am0.

For every finite QQ and all sufficiently large R, there is one real global increment U = Ug
satisfying

(175)  |[y(F+U) = gleow) < Co(dR™9 + 5°R%),

(17.6) |U||z2 < CooR™,

(17.7) suppU C {|¢| < CR™}, b, =a(l+¢) <3/2.
Consequently,

(17.8) U]l @ny < Crgd RE0TO-r0/2),

The frequency exponents and the support constant C' in (17.7) are independent of Q.

The exponent By is the size at order zero of the quadratic correction: by (15.17),
(14.2) and b = 6 R4,
’MA < C8?R** - R'*. R* = C§°R".
The exponent Bs arises from the product of the C' norms of the primary field and
of the quadratic correction, each estimated through Lemma 17.2(i) by §*RPoA™ with
¢ =1,2; see Step 5 below. The first term in (17.5) comes from the finite depths of the

constructions and from Fourier tails; the second is the nonlinear interaction between
the primary field and the quadratic correction.

Proof. Step 1 (Choice of the finite accuracies). Fix Q). Choose integers m, Qp, Qm, q
and k with

(1—1t)m > 2Q, a@, > Q + A+ =, Qm > Q + 2A,
(a—pB)g>Q+2A+1+¢, aCk > Q + Bs.

These depend only on @) and the fixed exponents. We use m for the smoothing e =

Srm(elp), the depth @, in Proposition 11.10 (the wave families are chosen before

sampling), the accuracy @,, in Proposition 14.9, the accuracy ¢ in Proposition 15.4,
and k in Step 6. Then we choose the sample on the fixed input band, the measures

(17.9)
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m,, and the field V' of Proposition 14.9, the primary field P of (15.2) and the field S
of Proposition 15.4. All these fields carry their fixed physical cutoffs, which equal one
near D. Put
Wy = bV + 8, U=1I(P + W),

where II is the Fourier multiplier with symbol my(£/A'¢), and mp is a fixed smooth
real even function equal to one for |£| < C) and to zero for |{| > C5. Note that
M+ = Re(+0) — Rb+ Since the symbol is real and even, IT maps real fields to real
fields. Finally R is taken large enough for all propositions at these accuracies.

Step 2 (The exact identity). Put Y = P+ Wj,. Since the physical cutoffs equal one near
D and the metric involves only first derivatives, we may compute on D with the uncut
fields. By (4.3),

Y(F+Y) =~(F) + DypP + b*DypV + DypS + (dY)"dY,

and
(dY)"dY = (dP)"dP + 2sym((dP)"dW,) + (dWa)" dWy.

By (15.3), (dP)"dP = Hy 4 Qos, and by (14.31),
b? Emean = 0*DypV + Hyer — g
Substituting these identities and v(F') — g = —e, we obtain on D the exact identity
Y(F+ P+ Ws)—g=(er—e€) + DYrP 4 b*Emean
(17.10) + (DVES + Qogr) + 2sym ((dP)dW2) + (dWa)" dWWa,
Step 8 (The linear terms). We bound the first four terms of (17.10) by CodR™9. The
first is bounded by Lemma 17.1, applied with 7' = Ty = R'; its hypothesis ||dF||cruw) <

C, Ty follows from (11.23), since (r + 1 — )4 <7 for r, > 1.
For the second term, (14.2) and the Cauchy—Schwarz inequality give

1/2
> Vi < <MZMV> < CRII2,
Since Dy is real, DypP = b\/2Y, /iy Re(DyrZ,). The measure bound ||m, ||ty < C
of Proposition 14.9 and (11.27) with depth @, (recall D C Dy, and A = R*) give
(17.11)  |DyePllco) < Cod RATIFI2N\=C — Cpg RATIF9/270@0 < O R,

by the choice of @), in (17.9).
For the third term, Proposition 14.9 at accuracy @, gives

bZHEmeanHC'O(D) < CQ52R2A7Qm < CQdRiQa

since 02 < § and Q,, > Q + 2A.
For the fourth term, Proposition 15.4 at accuracy ¢, together with M < CR'*¢ and
Ah = R*P gives

| DyES + Qottllco(py < Cod’R¥M R R™(=A1 < CL6 R 9,
since (a — )¢ > Q+2A+1+e.
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Step 4 (Sobolev bounds for P and W5). We show that

(17.12) | P|| g < CLORPONT, Wl zr < CL62RPON™.

For P, put 2z, = Xeore€ % Z,. By (11.26), with an amplitude scale K < A7 < )\
we have ||z, ||cr < C,ATIK™ < C. AL Since [|dg,||cr < C. T3 and Ty < A, every term
in the expansion of a derivative of order j of €% is a product of factors A, D’¢, with
total order j, each bounded by CATZ™' < CX. Hence ||XcoreZv|lcr < C,A""1. The

physical cutoff of P is supported in Dj,e, where xcore = 1 by (3.2). Using the weight
sum of Step 3 and the fixed support,

1P|l < Cob S iy N7 < CLORATIFI2N =1 < € §RBo N,

For Wy, (14.34) and R < X give b?||V ||gr < C.0°R*AR" < C,.62RPo)A", and (15.17) gives
18] < CL?RPARIFN! = (0, g2 R2A+IHera)r — ¢ 52 RBo T
In all cases each derivative costs at most a factor A = R“.
Step 5 (The quadratic terms). By Lemma 17.2(i) and (17.12) with r = my,
| P||cr < CSRBoFamo, [Wa|cr < C§2RBoFamo,
Therefore, using 6 < 1,

|2sym((dP)"dW))| + | dW2) T dWalleo(py < C(6° 4 61) R2Po+2emo < Coa° RS,

co(D)

Together with Step 3, the identity (17.10) gives
(17.13) IV(F + P+ Ws) = glloon) < Co(3R™9 + 6°RP).

Step 6 (The Fourier truncation). Since 1 — mo(£/A1+) vanishes for |£] < CIATC, we
have (€)m0 < (CEAMC) R (€)ymotk on its support. By Lemma 17.2(i), (17.12) and § < 1,
I( = I)(P + Wa)ller < ClI(I = TL)(P + Wa)|lzrmo < CRA™ R P o+ Wal g

< CrpdRPON™0=Ck,

Thus By = U — (P + W) = —(I — II)(P + Ws) is small in C*!, with a factor §. Put
G =F+ P+ W, By (4.3),

VF 4+ U) =(G) = DygEcys + (dBow) dEe,  DyeE = (dG)"dE + (dE)"dG.
By Step 5, |G|lcr(py < C + CoRPotamo < CpRPotemo Hence
IV(F +U) = 4(G) | eopy < CoRPo+emo . sRBo+amo—alk | ¢ 52 p2Bo+2amo—2ack
< Cg6RP**F < CuéR™9,
since aCk > @) + B3. Combined with (17.13), this proves (17.5).

Step 7 (The L?, band and C" bounds). The multiplier IT has norm at most sup || = 1 on
L? (we take 0 < mp < 1), so (17.12) at r = 0 gives ||U|| 2 < || P||z2 + |Wal[z2 < CodRP,
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which is (17.6). The symbol of IT vanishes for |£| > CoA'™¢ = Cy R which gives (17.7);
and b, < 3/2 by (19.1). Lemma 17.2(ii) with A = Cy,R" gives

||UHCT(RTL) < C’TRb*(TJFn/Q)HU‘HL2 < CT7Q(SRBO+b*(T+n/2),

which is (17.8). The field U is real because P, V and S are real and II preserves real
fields. O]

18. UNIFORM ESTIMATES ALONG THE ITERATION

The exact Fourier support of the increments gives the high-order bounds on the it-
erates which are required in the hypotheses of Theorem 17.3. We prove these bounds
(Lemma 18.1), transfer them to the coefficients of all constructions (Proposition 18.2),
and conclude that the single-step theorem applies at every iterate with uniform con-
stants (Proposition 18.3). The parameters are fixed in Section 19, and the iteration is
carried out in Section 20.

Lemma 18.1 (Estimates for sums of Fourier-localized increments). Fir an integer
r« > 1 and numbers 1 < b, < v < 3/2, and put t = b,/v. For Ry > 2 set R; = RY .
Suppose that real global increments U; satisfy, with integers k; > ko,

o —kj+Bo+1
(18.1) suppU; C {[¢| < CRY}, |Ujlle < B;7T0T

Put Fy = Finig+><; U on W, T = R; and by = By+b.(r4+n/2). If u = ko—by—1 >0,
then

(18.2) 1Ellerwy < G5 (r > 0),
and
(183) Z HUjHCT*(R") —0 as Ro — OQ.

J
Both assertions are uniform for a compact smooth family of initial maps Fip; .

Proof. By the Bernstein inequality, Lemma 17.2(ii), with A = CRY*, and by (18.1),
(184) HUZHCT*(R") < CR?*(T*+TL/2)Ri—ki+BO+1 _ CR;kierqul.
The constant C' depends only on n, 7, and the support constant. Since k; > ko, the
exponent is at most —u, so [|Us||ere < C’Ra’wl. Bernoulli’s inequality v* > 1 +i(v — 1)
and Ry > 1 give Ry™" < Ry* (Ra“(v_l))z, and hence
CRy"
i>0 1 - R,

The right-hand side tends to zero as Ry — oo, which proves (18.3).

For r < r,, (18.5) gives ||Fj|lcrow) < || Finitllcr- vy + C, uniformly in j. Let r > r,,
and put ¥; = >, U;. For i < j we have Rf* < R?*_l = Rg*/v = T}, so supp \ffj C
{l¢] < CT}}. Fix x € C(R") equal to one on {|{| < C}, put

k(z) = (21)" / (€ e, i(x) = TPR(Tja).
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With the normalization of Notation 3.1 the convolution theorem reads m = (2#)”]?@,
and Rr;(§) = (2m) "x(&/T}); hence Hﬁj = X(-/T)¥; = T,, that is, ¥; = r; * ;.
For |a| = r write a = 3+~ with || = r.; then 0°V; = (7k;) x 9PV, and ||k, =
T} "™||07k[|1. Young’s inequality gives
10°W; e < CTT

Since Fiy is smooth on W and T} > 1, also || Fiuit|lcrwy < Cr < C, T}~ . This proves
(18.2). The initial map is used only on W, and all constants depend on finitely many
seminorms of Fl,;;, which gives the uniformity. O

Wl < O

The derivative bounds (18.2) for the iterates imply the coefficient bounds used in
Sections 10-15, uniformly along such sequences.

Proposition 18.2 (Coefficient estimates along the iteration). Choose a fized order r
above the orders used in the constructions and the source order sy, and choose r, above
ro by the fized shifts of the coefficients and of the reconstruction. For the sequences
of Lemma 18.1, the reduced coefficients a(F;) on W and the positive initial amplitudes
satisfy

(18.6) la(Ej)lerowy + D 7, .al

Consequently the estimates for phases, symbols and waves apply with L = T;, and
these derivative bounds give the bounds for the source and for the coefficients used
in Proposition 14.7 for all fixed-parameter operators. The shifts are fixed before the
accuracy; the finite number of correction steps for the waves and the number of iteration
steps enter only the constants and the thresholds.

or < CTT],(T_FOM'

%Yy

Proof. The inverse metric gz, the normal map Ny and the projected frame Q; =
g, QY are smooth functions of the second jet of F' on a set where the rank and Gram
gaps are bounded below. By Lemma 7.2, such functions transfer the derivative bounds
(18.2) of Fj, with a fixed shift of the index. The same holds for the positive initial
amplitudes by (13.13). This proves (18.6). The kernel estimates of Setup 10.4 and
Corollary 11.8 then give the conclusions for the phases and for the corrected waves
with initial data dy. No regularity with respect to the sample index is required. O

Proposition 18.3 (Uniformity of the correction estimates). Choose r, larger than the
fized derivative orders of Propositions 11.10, 14.9 and 15.4, including the source order
of Proposition 14.9. Consider a sequence satisfying the hypotheses of Lemma 18.1 whose
total displacement stays in the corresponding C™ neighborhood. Then these propositions
apply successively at F;, with Ty = T; and the scales of Section 19. At each fized
accuracy their constants are uniform over all such sequences. The same r, works for
every accuracy.

Proof. Equation (18.2) is (11.23) with T, = T}, and (18.3) keeps F} in the fixed C"
neighborhood. This neighborhood preserves the low-order conditions (L) of Setup 6.3
and all lower bounds, and, since r, > M,, + 11, also the high-order bound (H), by
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Remark 6.6. Proposition 18.2 transfers (18.2) to the coefficient bounds used by the
three propositions. These constants depend only on the constants in (18.2), which are
uniform by Lemma 18.1. O

Since ¢ < 1, the coefficient scale T; = R; lies below the input frequency bound

Kpax = R;f of the mean and below the smallest product frequency cA\h. The next
section verifies both strict gaps.

19. CHOICE OF PARAMETERS

The estimates require only an open set of exponents. The following choice verifies all
of them, before the accuracy or the target dilation is chosen.

Proposition 19.1 (Compatible scales). Choose

1

(19.1) 0<6<§, b= ;E, I <sp<1+e, 1+6<a<b*<v<%.
Set

2 b* *
19.2 - <t=—x<1 =——-1>0
(19.2) 3 v ’ ¢ a ’
and
(19.3) mo = [n/2] + 2, Sp = 2my, A=mg+ 3.
UeA=R* h=R?, Ky.= R and
(19.4) Ty = R'.

There are fized o,vy > 0 such that the conditions (11.25) of Proposition 11.10, (15.15)
of Proposition 15.4, and the conditions of Proposition 14.9 hold for all large R. The
fixed derivative orders are chosen before the accuracy and the target dilation.

Proof. Step 1 (The ordering). Since € < 1/8, we have = (1+¢€)/3 < (9/8)/3 = 3/8, so
1+ < 11/8 < 3/2 and the interval (14, 3/2) is nonempty; hence a, b,, v can be chosen.
Next, e < 5 is equivalent to 3¢ < 1+, that is e < 1/2; thus sy < 1+e <1+ < a.
Since b, > a > 1 and v < 3/2, we get t = b,/v > 2/3, and t < 1 because b, < v; also
¢ > 0 because b, > a, and b, = a(1 + (). Altogether

2/3<t<l<sf<a<b,<v<3/2 a—p>1.

Step 2 (The strict gaps). Since a — > 1 and sy < a, we may choose 0,15 > 0 so
small that (1 —o)(a — B) > 1 and s; < (1 — p)a. Then (\h)'77 = R(-9)(@=F) and
M- = RO-w)a gre strictly larger powers of R than R and K., = R°/, respectively,
so every fixed constant is absorbed for large R:

(19.5) C.R < (Mh)'°, CKmax < A7,

The first inequality is (15.15): the amplitude scale R of the mean lies below the product
frequencies. The second puts the input frequency bound below the wave frequency, as
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required in (11.25) with A = CKyax and K = C, K pay; there also CepTo < K because
t <1 < sy. Moreover cA\h = cR* 8 > 2 for large R.

Step 8 (The exponents of the mean). At the fixed input band the concentration exponent
is

(19.6) w=(1+e—s5)/4>0,
which is positive because sy < 14 €. The phase error is smaller: by Step 1,

1-2 1-1/4 1
a—s;>1+p)—(1+e)=p—€= 3€> 3/ =7

while w < €/4 < 1/32 because sy > 1. Hence w < a — sy. The source order satisfies
So = 2my 22("7_1+2) =n-+3>n, and

2A—50:2m0+1—2m0:1>6.

The smoothing estimate of Lemma 17.1 gives ||er/b?|| g0 < CR™!, while the sampled
background has error O(h) = O(R™?). Their sum is O(R™") in H*, since 3 < 1. The
normal error and the quadratic estimate give a small L? factor for successive differences
of the iteration in Proposition 14.9; the tail of the initial-frequency cutoff is controlled by
the same derivative bounds at higher orders. The amplitude scale R and the coefficient
scale T lie below the fixed input band K., = R°, because ¢t < 1 < sy; this permits
arbitrary finite precision for this sample. [l

19.1. The accuracy as a function of the defect. We fix r, after these derivative
orders and after all geometric and analytic shifts. With by = By + b.(r. +n/2), choose
an integer ki, such that

(197) (3 — QU)kmin > B3+ 2v + 4,
(198) kmin > bﬁ + 2.

These are two lower bounds for k,;,, and they are compatible because 3 — 2v > 0, by
v < 3/2. We take the accuracy

(19.9) Q(k) = 2k.

At defect size § = R7F, both terms in (17.5) are bounded by Coj, R™3#+Ps:
6R_Q(k) _ R—Sk S R_3k+33, 53RB3 — R_3k+B3.

For k > ki and R > 1, (19.7) gives

(1910) R—3k‘+33 _ R—Qv(k—i—l) R—(3—2v)k‘+33+21) < R—Qv(k—‘,—l) R_4.

The strict gaps proved above permit all the internal accuracy choices of Theorem 17.3
without changing the domains, the derivative orders or the frequency exponents.
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20. A FIXED REFERENCE AND A SMALL TARGET

For the rest of the proof write

tr(g 1H
E(F) =Py(y(F)—g), Py=1IorP,H=H- (gn)g'

The target g is fixed along an iteration. In the second case &,(F) = P,v(F).

Proposition 20.1 (Fixed reference initialization). In the isometric case use the ana-
lytic reference of Proposition 4.7 and set H = I. In the conformal case use Proposi-
tion 5.1 and set H = Hy. Choose normal coordinates for the prescribed metric, followed
by a constant linear change, so that g(0) = H and Dg(0) = 0. For one fixed sufficiently
small o > 0 put

Fy(y) =0 (Floy) = F.(0)),  ¢“(y) = g(soy).

On one fixed chart, and for 0 < s < s,, this family has common metric, normalized
rank and stress bounds. Its positive transported background and continuous inverse can
be chosen on common domains. For every fixed r,

(20.1) 1€g (Fo)ller < Cros®.
The reference F, is independent of s.

Proof. Taylor’s formula gives

1
gs0y) = H+50°T(s,0,9), T = [ (1= t)D3g(tsoy)ly,yl.
0
with 7" jointly smooth. In both cases v(F,) = H. Consequently
& @)(F,,) = —8202Pg(s>T.

g
This identity proves (20.1) in every fixed norm. The metrics have a common positive
lower bound.

The actual second form is o B,(oy). In the conformal case its normalized augmented
contraction is (EU, g")), which tends to (Cy, Hy) as ¢ — 0. The rank and stress gaps
therefore persist uniformly on a compact parameter interval. The normalized inverse
and physical amplitudes are those of (16.4). The full-output detection estimate and its
variable-coefficient continuation give the continuous inverse. The positive background
follows from the affine cancellation in the proof of Proposition 16.1.

Fix the finite derivative orders, choose o once, and then restrict to a finite-order
neighborhood of this compact family. All subsequent domains and constants can be
chosen before s > 0 is made smaller. This uses smooth compact families and strict
gaps; it imposes no condition on higher Taylor coefficients of g. 0

21. ONE SEQUENCE AND THE SMOOTH LIMIT

The following argument uses the one-step theorem only through its three quantitative
conclusions. It applies to the isometric estimates of Theorem 17.3 and their projected
versions in Proposition 16.1.
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Fix the compatible exponents of Proposition 19.1, so that b, < v < 3/2 and ¢t =
b./v < 1. Fix all geometric and analytic derivative orders, including r,, before choosing
kmin. Write By, By for the fixed outside exponents in the one-step theorem. Choose
kmin large enough for its coefficient hypotheses and

kmin > BO + 2 + b*(r* +n/2),

21.1
(21.1) (3 — 20)kmin > B3 + 2v + 4.

Both are finite requirements. Set Q(k) = 2k for k > kp;n. The one-step estimates are
1E,(F + U)oy < Con( R + R9+55),

(21.2) A
|Ula < Cop R7F50, supp U C {|¢] < CR™},

when ||E;(F)| copy < R™?". The estimates are uniform over the admitted finite histories
and the compact target family of Proposition 20.1.

For each k choose a finite threshold H (k) covering the finitely many accuracies used at
that index and satisfying Cy, < R and 2Cy, < R* for R > H(k). Take finite successive
maxima to make H nondecreasing. Enlarge H (k) so that the Fourier displacement
estimate below stays inside the fixed geometric neighborhood and preserves half the
reference immersion gap. No supremum over derivative orders is used.

Choose Ry > H (kmin), and define
(21.3) R; = jou ko = kmin, ki1 =kj + Ler, > H(k+1)}
Then R; > H(k;) and k;+1 < k;j+1. The integers k; tend to infinity: eventual constancy
at K would contradict R; — oo and finiteness of H(K + 1).

Only now choose s € (0, s,] with C’O,Usz < Ra%"‘i“. Let Fy = F, and, inductively,
choose the increment in (21.2) at F}, R;, k;, and put F;1; = F; + U;. We verify

—kj+Bo+1 —2k;
1Ujlle < B30 (1€ (F)lleoqp) < B; ™

The first follows from Co; < R;. The second holds at zero by initialization. At the
next step, (21.1) gives

—3k; 2 —2v(k; —9k.
1€y (Fjit1)llcopy < 2Co; R; SkitBs R; 2v(k;j+1) < ijﬁ“-

The history estimates of Section 18 check the coefficient hypotheses uniformly. Indeed
Fourier Cauchy—Schwarz gives

(21.4) ||UjHCT < OTR;kj+BO+1+b*(T+n/2)‘

At r = r, the exponent is less than —1 by (21.1). Its sum is as small as desired by
increasing Ry, since v/ > 1+ j(v —1). This proves the prospective displacement bound
used in the choice of H(kni,) and closes the induction. At a finite stage choose one
realization of its sampling event and use it in the whole correction.
For every fixed 7, k; — oo makes the tail in (21.4) bounded by C,R;"'. Hence the
single series
Fo=F,+> U

J=0
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converges with all derivatives on the same chart. Its C! bound preserves immersion,
and continuity of the metric equation gives &) (Fis) = 0 on int D. For isometry this
is the required metric identity. For conformality put

Poo = itr((g(s’)‘lv(Fm))-

The projection identity gives 7(Fy) = paog®. The factor is smooth and positive
because F,, is an immersion and ¢*) is positive definite.
On soint D define

F(z) = soFy(x/(s0)).

Its differential is dF (x/(s0)); thus the original metric is recovered exactly, with factor
Poo(z/(s0)) in the conformal case. Undo the one initial coordinate map. At the base
point project to an ambient tangent n-plane. The composition has invertible differential
and is a local diffeomorphism. On one smaller neighborhood the original immersion is
therefore an embedding. This proves Theorems 1.1 and 1.2.
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