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Abstract. We prove that every smooth Riemannian manifold of dimension n ≥ 5
admits, near each point, a smooth isometric embedding into Rn(n+1)/2. This extends
the local theorem of Janet and Cartan from real-analytic to arbitrary smooth metrics
in these dimensions, and attains the optimal universal ambient dimension without
any curvature or genericity assumption. The proof starts from a flat immersion whose
second fundamental form has full normal rank. The linearized metric equation then
reduces to a determined first-order system, whose characteristic variety is singular.
We do not invert this system on its singular set. Instead, the metric is corrected
by the quadratic interaction of characteristic waves: their phase-averaged quadratic
terms generate the directions missing from the image of the reduced symbol, while
the remaining oscillatory products and the residual linear errors are removed by para-
metrices on regular characteristic and elliptic patches. Exact Fourier localization of
the increments yields an iteration that converges in C∞ on a fixed neighborhood.
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1. Introduction

The local isometric embedding problem asks whether a Riemannian metric g defined
near a point of an n-dimensional manifold can be written, in local coordinates, as

(1.1) gij = ∂iF · ∂jF, 1 ≤ i, j ≤ n,

for a map F into a Euclidean space RN of prescribed dimension. Equation (1.1) is a
system of

sn = n(n+ 1)
2

first-order equations, one for each independent metric coefficient, so N = sn is the
smallest dimension in which one can expect solvability for every metric. For real-
analytic metrics, Janet [J26] and Cartan [C27] proved local solvability in exactly this
dimension. For general smooth metrics the classical local result, due to Greene [G70],
gives an isometric embedding into Rsn+n; see also [G17, §3.7] for the perturbation and
scaling argument. In that construction one perturbs a free immersion, whose first and
second derivatives span sn + n dimensions; the linearized metric equation then has an
algebraic right inverse, as in Nash’s work [N56], and no differential equation has to be
solved. In dimension sn such a free reference does not exist, and the linearized problem
necessarily contains a genuine system of partial differential equations.

The main result of this paper is the following.

Theorem 1.1. Let n ≥ 5, let p be a point of a smooth n-dimensional manifold, and let g
be a smooth Riemannian metric defined near p. Then there exist an open neighborhood
U of p and a smooth embedding

F : U −→ Rn(n+1)/2

satisfying (1.1) on U .

For n = 5 the target is R15, and for n = 6 it is R21. In the terminology of [G17, §1.2],
Theorem 1.1 establishes the smooth local Schläfli assertion in all dimensions n ≥ 5,
without analyticity or curvature hypotheses. The construction, the estimates and the
convergence argument are the same in every dimension n ≥ 5; the restriction n ≥ 5
enters through the explicit flat reference immersion of Section 4 (it uses the constant
cn = (n− 4)−2) and through the construction of the characteristic patches in Section 5.
We make no assertion for n = 4.

The dimension sn cannot be lowered if one asks for a target that works for every
metric.
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Remark 1.2 (Sharpness of the universal target dimension). Let M < sn. We claim that
some real-analytic metric germ at 0 ∈ Rn admits no C∞ isometric immersion into RM .
Fix k ≥ 0. Composing with a translation, we may consider maps F with F (0) = 0.
The k-jet at 0 of the induced metric (dF )TdF depends only on the (k + 1)-jet of F ,
and it does so polynomially. The space of (k + 1)-jets of maps into RM vanishing at 0
has dimension at most M

(
n+k+1

n

)
, while the space of k-jets of symmetric matrices has

dimension sn

(
n+k

n

)
. Since (

n+ k + 1
n

)
= n+ k + 1

k + 1

(
n+ k

n

)
,

the first dimension is strictly smaller than the second as soon as M(n+k+1) < sn(k+1),
that is,

(sn −M)(k + 1) > Mn,

which holds for k large because sn −M ≥ 1. For such k the image of the jet map is the
image of a smooth map from a space of smaller dimension, hence has Lebesgue measure
zero. It therefore misses a point of the nonempty open set of jets whose constant term
is positive definite. The Taylor polynomial of such a jet is a positive definite polynomial
metric on a neighborhood of 0, and an isometric immersion of it into RM would realize
the omitted jet. This contradiction proves the claim. The bound is universal: an
individual metric may of course embed in lower dimension.

Background. The reduction of the linearized isometric embedding system and the
geometry of its characteristic variety were developed by Bryant, Griffiths and Yang
[BGY83]; the analytic theory is presented in [BCGGG91]. A central difficulty is that
the characteristic variety of the linearized system need not be smooth. Han and Khuri
[HK12, Theorem 1.2] proved that, for n ≥ 5 and under explicit generic conditions in a
suitable parameter regime, it is singular. The reference immersion used here also has
singular characteristics; they are classified in Proposition 4.6. Consequently one cannot
hope to invert the reduced system along its whole characteristic variety, and we never
do so.

For smooth metrics in low dimensions, Nakamura and Maeda [NM89] and Goodman
and Yang [GY88] obtained local isometric embeddings of three-dimensional metrics
into R6 under the assumption that the Riemann curvature tensor does not vanish at
the base point. Their methods rely on the theory of operators of real principal type
of Duistermaat and Hörmander [DH72]. The present work uses the same circle of
microlocal ideas, but only on regions of covectors where the reduced system is elliptic
or of simple real principal type. All estimates are proved on fixed domains, with losses
of derivatives that do not depend on the accuracy required at a given step.

The idea of the proof. We start from a flat immersion whose second fundamental
form spans the normal space at every point. For such an immersion the linearized
metric equation splits into an algebraic normal part and a determined n × n first-
order system for a tangential covector field. The principal symbol of this system is
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explicit for our reference, and its characteristic variety contains both simple and multiple
characteristics.

Instead of inverting the system, we use the quadratic term of the metric expansion.
A real high-frequency wave

√
2 ReZ, with dZ = eiϑA, satisfies(

d(
√

2 ReZ)
)T
d(

√
2 ReZ) = Re(A∗A) + Re

(
e2iϑATA

)
.

The first term is the average of the left side over the phase ϑ; we call it the mean. If
Z is a characteristic wave, so that its linearized metric change vanishes to high order,
then A is approximately a rank-one matrix ν ⊗ ξ, with ξ a characteristic covector, and
its mean is |ν|2ξ⊗ ξ. A finite family of three-parameter patches of simple characteristic
covectors provides enough such tensors to generate, together with the image of the
reduced symbol, every direction of the reduced output space; this is the Gram inequality
(5.1). The corresponding normal operator is coercive, and its inverse determines how
the waves must be modulated. The remaining oscillatory products, whose phases are
sums and differences of distinct phases, have frequencies in regions where the reduced
system is elliptic or of simple real principal type; there they are cancelled by finite
Neumann series of parametrices. The resulting increment satisfies a metric estimate of
the form
(1.2) ∥γ(F + U) − g∥C0 ≤ CQ

(
δR−Q + δ3RB3

)
, if ∥γ(F ) − g∥C0 ≤ δ2,

where γ(F ) = (dF )TdF is the induced metric, R is a large frequency parameter, Q is
an arbitrary accuracy and the exponent B3 does not depend on Q. Moreover, U has
exact Fourier support below a fixed power of R, with an L2 bound involving a fixed
loss. These two properties allow Q to increase slowly along the iteration, so that the
constants CQ are absorbed while the increments converge in every Cr norm on one fixed
neighborhood. A detailed outline is given in Section 2.

Organization of the paper. Section 2 describes the proof step by step. Section 3
fixes notation, Fourier conventions and the domains used throughout. The geometric
part comes first: Section 4 derives the reduced metric equation, classifies the singular
characteristics of the model and constructs the flat reference immersion, and Section 5
constructs the characteristic patches, their phases and the Gram inequality. The an-
alytic tools follow: Section 6 contains elementary smoothing and derivative estimates,
and Section 7 the oscillatory integral estimates. Sections 8 and 9 construct paramet-
rices and finite corrections on regular patches. Section 10 constructs the corrected
characteristic waves, and Section 11 proves the sampling theorem. Section 12 studies
the continuous normal operator and constructs the positive transported mean, and Sec-
tion 13 corrects the mean. Section 14 cancels the oscillatory quadratic terms. The single
correction step is proved in Section 15, and the iteration and the proof of Theorem 1.1
are completed in Sections 16–18.

2. Outline of the proof

In this section we describe the structure of the argument and the role of each in-
gredient. Precise statements are given in the sections indicated. Throughout, γ(F ) =
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(dF )TdF denotes the metric induced by a map F , and

DγFY = (dF )TdY + (dY )TdF

its linearization, so that

(2.1) γ(F + Y ) = γ(F ) +DγFY + (dY )TdY.

Step 1: Normalization and the reference immersion. Choose coordinates with
g(0) = I. Let F0 be an explicit analytic flat immersion into Rsn whose second fun-
damental form has full normal rank (Proposition 4.7); it is built by q = n(n − 1)/2
successive circular bendings along the vectors ℓab = 1 − 2ea − 2eb. After a fixed
dilation, Gref(y) = ρ−1[F0(ρy) − F0(0)] is uniformly close, in the sense needed be-
low, to the constant-coefficient model. The rescaled metrics g(s)(y) = g(sρy) satisfy
∥g(s) − γ(Gref)∥Cr ≤ Crs (Proposition 18.1). All geometric, analytic and frequency
constants are fixed first; only at the very end is s > 0 chosen so small that the initial
defect is below the first threshold of the iteration.

Step 2: The reduced equation. Let F be an immersion near Gref , and write a
variation as Y = dF γ(F )−1u+w with u a covector field and w normal. Then DγFY =
2 sym ∇u − 2⟨w, IIF ⟩ (equation (4.2)). Since the second fundamental form, viewed as
a map BF : Sym2 Rn → NF , is onto, its kernel KF has dimension n, and the normal
component w can absorb every tensor orthogonal to KF . The equation DγFY = h
therefore reduces to a determined first-order system

PFu = 1
2qF (h), PFu = (Qi(F ) : sym ∇u)n

i=1,

where Q1(F ), . . . , Qn(F ) is a frame of KF (equation (4.4)); the full error of an approx-
imate solution is given exactly by (4.6). The principal symbol of PF is iMF (x, ξ) with
MF (x, ξ)i· = (Qi(F )ξ)T . For the reference it is the pencil M0(ξ) = diag(ξ) − cn(∑i ξi)J ,
whose determinant p0 has an explicit singular set (Proposition 4.6): two families of
codimension-three subspaces and q lines. The system is neither elliptic nor of real
principal type, so it cannot be inverted directly.

Step 3: What the quadratic term can generate. Let ξ be a simple characteristic
covector, pF (x, ξ) = 0. A wave whose tangent part is eiλϕ times a kernel vector of
MF (x, dϕ), with pF (x, dϕ) = 0, has linearized metric change of lower order, and its
differential is, to leading order, the rank-one matrix eiλϕ ν ⊗ dϕ. By the identity in the
introduction, its phase average contributes |ν|2 dϕ⊗dϕ to the metric, and qF maps this
to |ν|2qF (dϕ⊗dϕ). The quadratic interaction of such a wave with a slow modulation of
itself has, to leading order, an output frequency tangent to the characteristic variety at
the base covector. Hence an output frequency k can be produced in this way only from
base covectors ξa with k̂ · ∂ξp0(ξa) = 0; we call these the incidence points of k̂. The key
algebraic fact is the Gram inequality (5.1):

|M0(k̂)Tw|2 +
∑

a

|w · q0(ξa)|2 ≥ c|w|2, w ∈ Rn,
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for every unit k̂, where the ξa range over finitely many such incidence points. Thus the
quadratic tensors of characteristic waves produce exactly the directions missing from
the image of the reduced symbol, including at the singular output covectors. This is
proved in Proposition 5.1.

Step 4: Characteristic patches and their interactions. The waves are taken from
finitely many three-parameter patches of simple characteristic covectors (Section 5).
Their phases SF (x, ζ) solve the eikonal equation by the Hamilton–Jacobi method. Two
geometric properties are essential. First, for distinct parameters z ̸= z′ in one patch,
the direction of dxΘ(x, z) − dxΘ(x, z′) stays uniformly away from the singular set, and
|dxΘ(x, z)−dxΘ(x, z′)| ≥ c|z−z′|; sums of phases behave in the same way. Second, after
multiplying the patches by fixed, widely separated radial factors, the same holds for
sums and differences of phases from different patches. Consequently every oscillatory
product of two waves has a frequency at which the reduced system is elliptic or of simple
real principal type (Proposition 5.4).

Step 5: Parametrices on regular patches. On a conic region where the reduced
system is elliptic, or has a simple real characteristic root τ = h(x, η), we construct
a parametrix: a matrix symbol inverse in the elliptic case, and a retarded oscillatory
integral with a scalar Hamilton phase and transported amplitude, plus an algebraic
complement, in the characteristic case (Section 8). The residual gains one derivative,
and a finite Neumann series, with the microlocal flowout controlled along the Hamilton
flow, gives approximate solutions to any finite order for sources concentrated at a large
frequency ρ, provided their amplitudes vary on a scale L ≤ ρ1−σ (Theorem 9.5).

Step 6: Corrected characteristic waves. For each patch we solve the transport
equation along the Hamilton flow, add the algebraic second term, and then remove
the remaining reduced residual by the finite Neumann series of Step 5. This yields a
family of waves Wcur

τ (F ; x, ζ), linear in a prescribed positive initial amplitude, whose
linearized metric change is O(λ−q) for any prescribed q, and whose leading amplitude
is the transported rank-one tensor (Corollary 10.8). Superposing over shifted covectors
ζ + τξ against a finite Fourier measure m modulates the initial data without changing
the correction (Proposition 10.10); this is how the waves are adjusted to the defect.

Step 7: The continuous normal operator and a positive mean. Combining the
image of the reduced operator with the quadratic tensors of the waves gives an operator
A, and the Gram inequality yields coercivity of E = AA∗ +1−χ2

meas (Proposition 12.5).
Its inverse produces a positive initial amplitude rF and a tangent field Vbase such that
the transported mean of the waves with density r2

F , plus DγFVbase, has zero component
in KF (Proposition 12.7). This is what allows metric defects of either sign: the positive
mean of the unmodulated waves is cancelled in advance, and the defect itself is then
matched by small modulations.
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Step 8: Sampling. A continuous superposition over the patch parameters cannot
be used directly, since the oscillatory products must be separated in frequency. We
therefore replace it by M ≤ CR1+ϵ samples at mutual distance at least h/4, h = R−β,
with positive weights µν of total mass O(1). A random construction with deletion and
an operator Bernstein inequality show that one sample approximates the continuous
normal operator in operator norm, on its full output space, provided both operators
carry the same cutoff at a fixed input frequency Kmax = Rsf (Theorem 11.4). The
comparison is between operators with the same input cutoff; the part of the continuous
operator above Kmax is treated separately in Step 9.

Step 9: Correction of the mean. With the sampled waves Zν , the mean equation
DγFV +

∑
ν

µν Re
(
(dZν)∗dZν

)
= eR/b

2 +O(R−Q)

is solved for modulation measuresmν and a field V , where eR is a smoothing of the defect
e = g − γ(F ) at scale R−1 and b = δRA is the wave amplitude. The modulations are
produced from a source r by the adjoint of the normal operator, and the KF -component
of the equation becomes a quadratic equation g = Er+Q(r, r), with E = Es

KE
−1
F . Three

operators have to be distinguished here: the continuous normal operator EF without
input cutoff, which is inverted; the continuous operator EF,K with the input frequencies
cut at K = Kmax; and the sampled operator Es

K . Thus
I − E = (EF − EF,K)E−1

F + (EF,K − Es
K)E−1

F .

The second term is O(R−ω) in operator norm on all of L2, by Step 8. The first term is
not small in operator norm; it is the part of the continuous operator above the input
band, and it is small only on sources with bounds ∥r∥Hq ≤ CqhR

(q−s0)+ , where it is
O((R/Kmax)q) for every q. Accordingly the equation is solved by a finite Picard iteration
in which every iterate is shown to belong to this class: the L2 norms of successive
differences contract by R−ω, up to the frequency tail, while the higher Sobolev norms
stay bounded (Proposition 13.7). After finitely many steps the residual is O(R−Q), and
the normal component is completed algebraically (Proposition 13.9).

Step 10: Correction of the oscillatory products. The primary field
P = b

√
2∑ν

√
µν ReZν has quadratic term (dP )TdP = Hself + Qoff , where Hself

is the mean treated in Step 9 and Qoff consists of products with phases θj ± θk and
doubled phases. Their frequencies ρjk satisfy cλh ≤ ρjk ≤ Cλ, while their amplitudes
vary on the scale R ≤ (λh)1−σ. By Step 4 they lie in regular regions, and Step 5 gives
a field S with DγFS +Qoff = O(b2M(λh)−q) (Proposition 14.4).

Step 11: One step of the iteration. Put U = Π(P + b2V +S), where Π is a Fourier
multiplier cutting off frequencies above Cλ1+ζ . Substituting into (2.1) gives an exact
identity in which every term is small: the smoothing error e− eR, the linearized change
of the primary waves, the mean error, the product error, and the interaction terms
2 sym((dP )TdW2) + (dW2)TdW2 with W2 = b2V + S. The last terms are of size δ3RB3

because P = O(δ) and W2 = O(δ2) up to fixed powers of R. This proves (1.2), together
with the exact Fourier support and the L2 bound of U (Theorem 15.3).
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Step 12: Iteration and convergence. We use frequencies Rj = Rvj

0 with 1 <

v < 3/2 and defects δ2
j = R

−2kj

j . Since δ3
jR

B3
j = R

−3kj+B3
j ≤ R

−2v(kj+1)
j = R

−2(kj+1)
j+1

when (3 − 2v)kj is large, the error estimate of Step 11 reproduces the hypothesis at
the next step. The increments have Fourier support in |ξ| ≤ CRb∗

j and L2 norm
O(R−kj+B0+1

j ), so the Bernstein inequality makes them summable in every Cr norm.
The same Fourier localization shows that the iterates satisfy derivative bounds ∥Fj∥Cr ≤
CrT

(r−r∗)+
j with Tj = Rt

j, t < 1, which are exactly the coefficient bounds required in
Steps 5–10; the accuracies Qj = 2kj are increased slowly enough to absorb the constants
CQj

(Sections 16–18). The limit is an isometric immersion of the dilated metric on a
fixed ball; rescaling and the inverse function theorem give Theorem 1.1.

The scales. The exponents are chosen in Proposition 17.1. With T0 = Rt, λ = Ra,
h = R−β, Kmax = Rsf and β = (1 + ϵ)/3, they satisfy

2
3 < t < 1 < sf < 1 + ϵ < 1 + β < a < b∗ < v < 3

2 .

The essential relations are: the coefficient scale T0 and the amplitude scale R lie below
the smallest product frequency λh (so the parametrices of Step 5 apply to the products);
the input band Kmax lies below the wave frequency λ (so modulations do not destroy
the characteristic structure); and the sample size h−3 = R1+ϵ exceeds Kmax by a positive
power (so the sampling theorem applies on the whole input band).

Logical dependence. The order of choices matters; it is listed completely in Sec-
tion 18.2. The dimension, the reference immersion, the characteristic patches, their
radial factors, the domains and cutoffs, and the parametrices of Sections 8–9 are fixed
first, using only low-order information on the immersions, together with one fixed bound
for finitely many higher derivatives. Then the exponents and a finite derivative order r∗
are fixed; r∗ contains every finite order used in the geometric and analytic constructions.
At each step of the iteration, a finite accuracy Q then determines the finite depths of
the Neumann series and of the Picard iteration; these depths affect only constants
and frequency thresholds, never the domains, the order r∗, the Fourier supports or the
exponents. Finally, the dilation parameter s is chosen after all thresholds.

3. Notation, conventions and fixed domains

The metric and normal-map conventions are introduced in Section 4. Every reduced
operator is used with the normalization displayed there, including the factor 1/2 in (4.4).
In this section we collect the conventions for norms, Fourier transforms and constants,
the list of parameters, and the fixed domains and cutoffs used in all later constructions.

3.1. Norms, adjoints and Fourier transforms.

Notation 3.1 (Norms and Fourier transforms). For a function f smooth up to the
boundary of a closed set D we put

∥f∥Cr(D) = max
|α|≤r

sup
x∈D

|∂αf(x)|,
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and similarly on other domains. Norms of vectors, matrices and tensors are taken
componentwise in fixed coordinates; a coefficient norm includes every matrix entry.
Fields with a fixed compact support inside a chart are extended by zero to Rn. Unless
another domain is specified, Sobolev and L2 norms are taken on Rn, whereas physical
Cr norms always carry their domain. Integer Sobolev norms are the L2 norms of all
Cartesian derivatives through the stated order; on Rn this is equivalent to ∥f∥Hs =
∥⟨D⟩sf∥2, where D = −i∂ and ⟨ξ⟩ = (1 + |ξ|2)1/2. We also write ∥u∥s = ∥u∥Hs and
H∞ = ⋂

s≥0 H
s.

In d variables we use the Fourier normalization
f̂(ξ) = (2π)−d

∫
Rd
e−ix·ξf(x) dx, f(x) =

∫
Rd
eix·ξf̂(ξ) dξ,

so that ∥f∥2
2 = (2π)d∥f̂∥2

2. For the initial variables of a wave d = n − 1. A finite
complex measure m on Rd is regarded as Fourier data: writing dm(ξ) = f̂(ξ) dξ gives
f(y) =

∫
eiy·ξ dm(ξ). Its size is the total variation ∥m∥TV. The Dirac mass at the origin

is denoted by δ0; it represents the constant function 1.
For complex matrices, XT denotes the transpose and X∗ the conjugate transpose; real

parts are taken entrywise. Thus Re(X∗X) is a real symmetric tensor, whereas a cross
term Re(X∗Y ) has to be symmetrized when it occurs alone. Complex Hilbert inner
products are linear in the first argument, and adjoints are complex Hilbert adjoints,
restricted to real fields when the operator is real. Operator norms refer to the entire
stated spaces. A normal operator AA∗ acts on the output space of A; it should not be
confused with the normal map BF of the immersion.

3.2. Amplitudes and constants. For a complex wave Z = eiλϕz we call z its ampli-
tude. Estimates for z and for e−iλϕdZ are stated separately. A bound for the first does
not by itself give the second at the same scale, because

e−iλϕdZ = iλz dϕ+ dz.

This is why the estimates below distinguish the scale K on which the amplitude varies
from the frequency λ. The leading amplitude of a characteristic wave is a scalar trans-
ported along the Hamilton flow times a null vector; its value at the initial time is called
the initial amplitude and is denoted by r, and r2 is called the initial density. The mean
of a wave is linear in its initial density.

The letter M denotes the number of samples, while Man = 20(n+1) is a fixed order of
differentiability used in the oscillatory integral estimates. Three normal operators are
distinguished in Sections 12–13: the continuous operator EF , the continuous operator
EF,K with input frequencies cut at K, and the sampled operator ẼK .

Constants may depend on the dimension, the fixed charts and the fixed geometric
neighborhood. When a bound holds at every order r, the constant Cr may depend on r.
In estimates of the form CrL

r+B we state explicitly when the exponent B is independent
of r and of the accuracy. At each finite order and accuracy, the constants involve only
finitely many derivative bounds of the data; they are uniform for immersions in a
fixed Cr∗ neighborhood of the reference whose derivative bounds (see (10.23)) have
fixed constants. A requested accuracy determines finite iteration depths before the
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waves and the sample are formed, and constants may depend on these finite choices.
Domains, the order r∗, Fourier supports and exponents do not. In the single-step
estimate this dependence is displayed as CQ, and the convergence argument absorbs it
in one threshold. Letters B with subscripts denote fixed loss exponents.

We often use derivative bounds of the form
(3.1) ∥f∥Cr ≤ CrT

(r−R)+ , r ≥ 0,
with T ≥ 1, R ≥ 0 and x+ = max(x, 0): the first R derivatives are bounded uni-
formly, and each further derivative costs a factor T . They are preserved by products,
compositions, inverses and flows, with a fixed loss in R (Section 6).

3.3. Parameters. The main parameters and fields have the following roles.

F the immersion at the current step; all waves and correction
operators are constructed at F

R the frequency parameter of the step; also the derivative scale
of the final modulated amplitudes

λ = Ra the frequency of the characteristic waves
h = R−β the separation of the samples
K, Kmax = Rsf the amplitude scale, and the fixed bound for the initial fre-

quencies of the modulations
T0 = Rt the derivative scale of the immersion F

δ, b = δRA δ2 bounds the metric defect; b is the amplitude of the primary
waves

P , V , S the primary wave sum, the mean correction field, and the
correction of the oscillatory products

Q, r the requested finite accuracy and a derivative order
The exponents are fixed in Proposition 17.1. In later sections we write T = T0, and
Bcubic = B3.

Notation 3.2 (Scales at one step). We use the scales of Section 17,
λ = Ra, h = R−β, LF = T0 = Rt, Kmax = Rsf .

The unmodulated wave, with initial data δ0, has amplitudes varying on the scale CenvT0.
Waves modulated by measures with Fourier support in {|ξ| ≤ CKmax} have amplitudes
varying on the scale C∗Kmax, and the waves obtained after the correction of the mean
have amplitudes varying on the scale C∗R. The two inequalities in (17.5) place these
scales below the wave frequency and below the smallest product frequency, respectively.
All exponents and support constants are independent of the accuracy and of the deriv-
ative order.

3.4. Fixed domains and cutoffs. Fix a closed ball D of positive radius centered at
0 and a larger bounded open chart W ⊂ Rn. The limit metric equation is imposed on
D. All measurements, sources of the product corrections and physical output cutoffs
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are supported in a fixed compact set Dlag ⋐ W . For the sources of the primary waves
we choose cutoffs with
(3.2) Dlag ⋐ int{χsrc = 1}, suppχsrc ⋐ int{χcore = 1} ⋐W.

The identities for the linearized metric hold near every measurement support and every
source of the product corrections. We write χpair for a fixed cutoff supported in Dlag
and equal to one near all product sources, in particular near D. The mean and the
product corrections may use different cutoffs, but all their supports lie, with positive
margins, inside the regions where the corresponding constructions are valid. The larger
cutoffs contain the corrections, which may extend beyond the supports of their sources.
All these domains are fixed before the frequency, the accuracy and the sample are
chosen; this keeps the limit neighborhood independent of the accuracy. The precise
arrangement is as follows.

Setup 3.3 (Fixed domains). Let W ⊂ Rn be a bounded open neighborhood of 0. All
inclusions below have positive margins, and all choices are made before the frequency,
the sample, the accuracy and the final dilation parameter.

(i) Primary waves. First fix the solution operators for the primary waves on the
whole characteristic patches (Setup 10.6), with a fixed cutoff χ2,LAG. The finitely
many regions on which their identities hold contain a common open set ULAG on
which χ2,LAG = 1.

(ii) Measurement region and the ball D. Inside these regions choose a measurement
region Vmeas, small enough for Proposition 12.5, then an open set UBG and the
closed ball D, so that

(3.3) D ⋐ UBG ⋐ Vmeas ⋐ intDlag, suppχmeas ⋐ Vmeas,

where χmeas equals one near UBG.
(iii) Source cutoffs of the primary waves. Choose

Dlag ⋐ int{χlag,src = 1}, suppχlag,src ⋐ int{χcore,LAG = 1},
suppχcore,LAG ⋐ ULAG ⋐ W, suppχlag,src ⋐ {χ2,LAG = 1}.

(3.4)

A larger chart in W on which the primary waves are defined contains ULAG and
the supports of all these cutoffs.

(iv) Product corrections. Every measurement support, every source of the product
corrections and every physical output support lies in intDlag. The physical cutoff
χphys and the source cutoff χpair,src of the product corrections equal one near D;
the latter is supported in the region Xpair where the cutoff χ2,pair of the regu-
lar parametrices equals one. The amplitude cutoff χpair satisfies suppχpair,src ⋐
int{χpair = 1} and suppχpair ⋐ intDlag.

(v) Final cutoffs. The cutoffs of the mean correction and the common physical cutoff
of the final increment (the sum of the primary waves, the mean correction and
the product correction) are supported in an open set Ufin with D ⋐ Ufin ⋐ UBG.

(vi) Cutoff for the sampling estimate. The estimate for the sampled operators at fixed
patch parameter uses a separate cutoff χslice, equal to one near suppχmeas and
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supported in intDlag. It enters only this estimate; the fields themselves carry
their own physical cutoffs.

In Section 12, the sets Ucore and Umeas stand for UBG and Vmeas. In Section 10, Ucore and
the corresponding cutoff stand for ULAG and χcore,LAG. The other solution operators
have their own fixed domains of validity.

The linearized metric of the primary waves, the errors of their corrections and the
identities for the linearized metric at F are estimated on Dlag, which contains every
measurement support and every source of the product corrections. The smallness of
the metric defect and the smoothing of the target are imposed only on D.

Remark 3.4. The primary waves and the product corrections use different solution
operators, each on its own regular patches. The continuous operator and its image
component are constructed in Section 12. All samples in one characteristic patch use the
same reduced solution operator and the same reconstruction map VF , for every initial
datum, and the finite primary wave and its correction have the same phase. For each
construction the solution operator and its residual are fixed; a requested precision only
determines the number of compositions of the residual, and the resulting polynomial
in the residual is then applied to every datum in that patch. Over the finite list of
patches we take the minimum of the margins and the maximum of the derivative losses.
Constants may depend on the finite depths, but the depths do not change the losses.

4. The reduced metric equation and a flat reference

In this section we reduce the linearized metric equation to a determined first-order
system, introduce the constant-coefficient model, classify its singular characteristics,
and construct the flat reference immersion.

4.1. The reduced metric equation. For an immersion F : W → RN write γ(F ) =
(dF )TdF and

DγFY = (dF )TdY + (dY )TdF.

Since γ is quadratic in F , the expansion
(4.1) γ(F + Y ) = γ(F ) +DγFY + (dY )TdY

is exact. Let NF be the normal bundle and IIF the second fundamental form, IIF,ij =
(∂i∂jF )⊥. Put q = N −n; in the case of interest N = sn and q = n(n−1)/2. We regard
the second fundamental form as the linear map

BF : Sym2 Rn −→ NF , BF (H) =
∑
i,j

H ijIIF,ij,

where Sym2 Rn carries the Frobenius inner product H : K = ∑
i,j H

ijKij. Its adjoint is
B∗

Fw = (⟨w, IIF,ij⟩)i,j. We say that F has full normal rank if BF is onto at every point.
In that case B∗

F is injective and the kernel
KF = kerBF = (imB∗

F )⊥

has dimension sn − q = n.
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Lemma 4.1. Let g = γ(F ), let ∇ be its Levi-Civita connection, and write a variation
as Y = dF g−1u+ w, where u is a covector field and w is a normal field. Then
(4.2) DγFY = 2 sym ∇u− 2⟨w, IIF ⟩ = 2 sym ∇u− 2B∗

Fw,

where symA = (A+ AT )/2.

Proof. Put Xk = gklul, so that the tangential part of Y is Xk∂kF , and write Γjk,i =
∂iF · ∂j∂kF for the Christoffel symbols of the first kind of g. Then

∂iF · ∂j(Xk∂kF ) = gik∂jX
k +XkΓjk,i = ∂jui −Xk∂jgik +XkΓjk,i.

Since ∂jgik = Γji,k+Γjk,i, the right side equals ∂jui−XkΓji,k = ∂jui−Γl
jiul = (∇ju)i. For

the normal part, differentiating ∂iF ·w = 0 gives ∂iF · ∂jw = −∂i∂jF ·w = −⟨w, IIF,ij⟩.
Adding the (i, j) and (j, i) entries gives (4.2). □

Note that ∇ is the connection of the induced metric γ(F ), not of the target metric;
the two agree only in the limit of the iteration.

Definition 4.2 (The reduced operator). Let F have full normal rank, and let
Q1(F ), . . . , Qn(F ) be a frame of KF with Gram matrix GF = (Qi(F ) : Qj(F ))i,j

uniformly positive definite. (Later the frame is obtained by orthogonal projection of
fixed reference tensors, Qi(F ) = ΠKF

Qref
i .) Define

(4.3)
qF (h) = (Qi(F ) : h)n

i=1, PFu = (Qi(F ) : sym ∇u)n
i=1,

MF (x, ξ)i· = (Qi(F )ξ)T , pF (x, ξ) = detMF (x, ξ).

Thus MF (x, ξ) is an n× n matrix whose ith row is the covector Qi(F )ξ. We also write
qF (x, ξ) = qF (ξ ⊗ ξ).

The operator PF is a first-order system with principal symbol iMF (x, ξ) under ∂j 7→
iξj; its zero-order part is −

(∑
j,l Qi(F )jlΓk

jluk

)
i
. Applying qF to (4.2) and using Qi(F ) ∈

KF ⊥ imB∗
F , the normal term disappears, and the equation DγFY = h implies the

reduced equation
(4.4) PFu = 1

2qF (h).
The factor 1/2 is kept in the same position in the equation for the mean. Conversely,
a solution of the reduced equation can be completed to a solution of the full equation.
Since BF is onto, B∗

F maps NF isomorphically onto K⊥
F . Put NF = (B∗

F )−1ΠK⊥
F

and,
for given u and h,

(4.5) w = NF

(
sym ∇u− 1

2h
)
.

Lemma 4.3. For Y = dF γ(F )−1u+ w with w given by (4.5),

(4.6) DγFY − h = 2
∑
i,j

Qi(F )(G−1
F )ij

(
PFu− 1

2qF (h)
)

j
.

In particular, a solution of the reduced equation gives a solution of DγFY = h, and the
error of an approximate solution is the displayed tensor in KF .
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Proof. By (4.2) and B∗
FNF = ΠK⊥

F
,

DγFY − h = 2
(
sym ∇u− 1

2h
)

− 2ΠK⊥
F

(
sym ∇u− 1

2h
)

= 2ΠKF

(
sym ∇u− 1

2h
)
.

For any frame of KF the orthogonal projection is ΠKF
X = ∑

i,j Qi(F )(G−1
F )ij(Qj(F ) :

X): the right side lies in KF , and pairing it with Ql(F ) gives ∑i,j(GF )li(G−1
F )ij(Qj :

X) = Ql : X. Since Qj(F ) : (sym ∇u− 1
2h) = (PFu− 1

2qF (h))j, the formula follows. □

For h = 0 we obtain the differential lift

(4.7)
VF (u) = dF γ(F )−1u+NF sym ∇u,

DγF VF (u) = 2
∑
i,j

Qi(F )(G−1
F )ij(PFu)j.

Its linearized metric change lies in KF and vanishes exactly when PFu = 0. The lift
VF is used for the characteristic waves, and the normal components of the mean and
product corrections are obtained from (4.5).

4.2. The constant-coefficient model.
Definition 4.4 (The model tensors). Let n ≥ 5, N = sn = n(n+ 1)/2, q = n(n− 1)/2,
d = n − 4 and cn = d−2. Let E = Sym2 Rn carry the Frobenius pairing, and write
Sz = ∑

i zi for z ∈ Rn, 1 = (1, . . . , 1) and J = 11T . Set
(4.8) Q0

i = eie
T
i − cnJ, K0 = span{Q0

1, . . . , Q
0
n}, ℓab = 1 − 2ea − 2eb (a < b).

With the normalization of (4.3), the corresponding pencil, its determinant and its
quadratic map are

(4.9)
M0(ξ) = diag(ξ1, . . . , ξn) − cnSξJ, p0(ξ) = detM0(ξ),

q0(ξ) = (ξTQ0
i ξ)i = M0(ξ)ξ.

Explicitly, q0(ξ)i = ξ2
i − cnS

2
ξ . Note that M0(ξ) is symmetric and linear in ξ, and that

rTM0(k)r = k · q0(r).
By the matrix determinant lemma, det(diag(ξ) − cnSξ11T ) = det diag(ξ) (1 −

cnSξ1T diag(ξ)−11) when all ξi ̸= 0, and by continuity
(4.10) p0(ξ) =

∏
i

ξi − cnSξ

∑
i

∏
j ̸=i

ξj.

Proposition 4.5 (A flat form of full rank). The Rq-valued symmetric form

B0(u, v) =
(
(ℓab · u)(ℓab · v)

)
a<b

is onto, its kernel, as a map E → Rq, is K0, and it satisfies the Gauss equations of a
flat metric: ⟨B0(X,Z), B0(Y,W )⟩ − ⟨B0(X,W ), B0(Y, Z)⟩ = 0.
Proof. As a map on E, B0(H) = (ℓT

abHℓab)a<b, so B∗
0 maps the basis vector indexed by

(a, b) to ℓabℓ
T
ab. The q matrices (ea + eb)(ea + eb)T , a < b, are linearly independent, since

only the one indexed by (a, b) has a nonzero (a, b) entry. Moreover

(4.11) ℓab = −2
(
I − J

4

)
(ea + eb), det

(
I − J

4

)
= 1 − n

4 ̸= 0,
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so the matrices ℓabℓ
T
ab = 4L(ea + eb)(ea + eb)TLT , with L = I − J/4 invertible, are

independent as well. Hence B∗
0 is injective and B0 is onto. Each Q0

i annihilates these
matrices: every coordinate of ℓab is ±1 and Sℓab

= n− 4 = d, so
Q0

i : ℓabℓ
T
ab = (ℓab)2

i − cnS
2
ℓab

= 1 − cnd
2 = 0.

The Q0
i are independent: if ∑i αiQ

0
i = diag(α) − cn(Sα)J = 0, an off-diagonal entry

gives Sα = 0 and then α = 0. Since dim kerB0 = sn − q = n and K0 ⊂ kerB0, we get
kerB0 = K0. Finally, every component of B0 is a product of two linear forms, and for
such a component the Gauss expression is (ℓ ·X)(ℓ ·Z)(ℓ · Y )(ℓ ·W ) − (ℓ ·X)(ℓ ·W )(ℓ ·
Y )(ℓ · Z) = 0. □

4.3. The singular characteristic set.

Proposition 4.6 (Singular characteristics of the model). The singular characteristic
set M = {p0 = 0, dp0 = 0} \ {0} is the union, with the origin removed, of
(4.12) Lijl = {ξi = ξj = ξl = 0}, LijS = {ξi = ξj = Sξ = 0}, Rℓab,

for distinct indices. The first two families consist of the covectors at which M0 has
corank at least two; they have codimension three. Each line Rℓab consists of covectors of
corank one with dp0 = 0; every other zero of p0 of corank one is a simple characteristic.
The lines Rℓab are also exactly the nonzero common zeros of the components of q0. We
write L for the finite family of the subspaces in (4.12), so that M = (⋃L∈L L) \ {0}.

Proof. The kernel of M0(ξ). Put α = cnSξ; the kernel equation reads
(4.13) ξivi = αSv (1 ≤ i ≤ n).
Let Z = {i : ξi = 0}. If Z = ∅, then vi = αSv/ξi is determined by the scalar Sv, so the
kernel has dimension at most one. If Z ̸= ∅ and α ̸= 0, an index in Z gives Sv = 0, so
v is supported in Z with Sv = 0, and the kernel has dimension |Z| − 1. If α = 0, the
kernel consists of the vectors supported in Z and has dimension |Z|. Thus the corank is
at least two exactly on {|Z| ≥ 3} ∪ {|Z| ≥ 2, Sξ = 0}, which is the union of the spaces
Lijl and LijS; each is defined by three independent linear equations. At such points the
adjugate of M0 vanishes, and since dp0(ξ)[η] = tr(adjM0(ξ)M0(η)), also dp0(ξ) = 0.

Corank one. If M0(ξ) has corank one and v spans its kernel, then, M0 being symmet-
ric, adjM0(ξ) = a vvT with a ̸= 0. Hence
(4.14) dp0(ξ)[η] = a vTM0(η)v = a η · q0(v), that is dp0(ξ) = a q0(v).
So dp0(ξ) = 0 if and only if q0(v) = 0.

Common zeros of q0. Let v ̸= 0 with q0(v) = 0, that is, v2
i = cnS

2
v for all i. If

Sv = 0 then v = 0; hence Sv ̸= 0 and vi = εiSv/d with εi = ±1. Summing over i
gives ∑i εi = d = n − 4, so exactly two signs are negative, and v ∈ Rℓab. Conversely
q0(ℓab) = 0, as computed in the proof of Proposition 4.5.

Conclusion. Let ξ ̸= 0 have corank one and dp0(ξ) = 0. Then its kernel is spanned by
some ℓ = ℓab, and (4.13) gives ξiℓi = cnSξd = Sξ/d, that is, ξi = (Sξ/d)ℓi, since ℓi = ±1.
Thus ξ ∈ Rℓab. Conversely, for ξ = ℓab all coordinates are nonzero, so the corank is at
most one; M0(ℓ)ℓ = q0(ℓ) = 0, so it equals one, and (4.14) gives dp0(ℓ) = 0. □
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4.4. An explicit analytic flat reference.

Proposition 4.7 (An explicit analytic flat reference). There is a real-analytic embed-
ding F0 : Br → RN of a small ball such that

F0(0) = 0, dF0(0) = (I, 0), γ(F0) = I, BF0(0) = B0,

where the normal space at 0 is identified with the last q coordinates. In particular F0
has full normal rank near 0 and KF0(0) = K0.

Proof. For a unit vector v ∈ Rm and Y ∈ Rm, put t = v · Y and define the circular
bending

Cv(Y ) =
(
Y +

[sin(nt)
n

− t
]
v,

1 − cos(nt)
n

)
∈ Rm+1.

Its derivative in a direction X is
dCv(Y )X =

(
X + (cos(nt) − 1)(v ·X) v, sin(nt)(v ·X)

)
.

It maps X ⊥ v to (X, 0) and v to the unit vector (cos(nt)v, sin(nt)), which is orthogonal
to (v⊥, 0); hence dCv(Y ) is a linear isometry. At Y = 0 it is the standard inclusion
X 7→ (X, 0). Differentiating once more and setting t = 0,

d2Cv(0)[X,Z] =
(
0, n(v ·X)(v · Z)

)
,

that is, the second derivative at 0 is n v ⊗ v in the new coordinate direction.
Order the q pairs a < b and put F (0) = IdRn . If F (k−1) : Rn ⊃ Br → Rn+k−1 is defined,

let (a, b) be the kth pair, v = (ℓab/
√
n, 0) ∈ Rn+k−1 (a unit vector, since |ℓab|2 = n),

and F (k) = Cv ◦F (k−1). All these maps send 0 to 0 and have differential (I, 0) at 0, and
they are isometric because each dCv is an isometry. By the chain rule,

d2F (k)(0)[X,Z] = dCv(0)
[
d2F (k−1)(0)[X,Z]

]
+ d2Cv(0)

[
dF (k−1)(0)X, dF (k−1)(0)Z

]
.

The first term is d2F (k−1)(0)[X,Z] followed by a zero, and the second is (0, (ℓab ·X)(ℓab ·
Z)). By induction, d2F (k)(0) has vanishing tangential part, and its components in the
coordinates n + 1, . . . , n + k are (ℓ · X)(ℓ · Z) for the first k pairs. For F0 = F (q),
with values in Rn+q = RN , this says that the second fundamental form at 0 is B0.
Proposition 4.5 shows that B0 is onto with kernel K0; full normal rank is an open
condition and persists near 0. Finally, the projection of F0 onto the first n coordinates
has differential I at 0, so it is a local diffeomorphism, and F0 is an embedding after
shrinking the ball. □

Corollary 4.8 (Rescaled flat references). For all sufficiently small σ > 0 define, on a
fixed ball,

Gσ(x) = σ−1
(
F0(σx) − F0(0)

)
.

Then γ(Gσ) = I, the smallest singular value of BGσ is at least cσ, and the projected
frame Qi(Gσ) = ΠKGσ

Q0
i converges to (Q0

i ) in Cm for every fixed m ≥ 0 as σ → 0.
Consequently, one fixed sufficiently small ρ > 0 gives a reference immersion Gref = Gρ

whose projected frame lies in any prescribed finite-order neighborhood of the constant
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frame. The metric, normal-rank and frame bounds persist on a fixed finite-order neigh-
borhood of Gref . All geometric seminorms of Gref are finite; later constants may depend
on ρ.

Proof. Let Qi(y) = Πker BF0 (y)Q
0
i , which is smooth near 0 with Qi(0) = Q0

i . Since
dGσ(x) = dF0(σx) and d2Gσ(x) = σ d2F0(σx), the tangent and normal spaces of Gσ at
x coincide with those of F0 at σx, and

BGσ(x) = σBF0(σx), Qi(Gσ)(x) = Qi(σx).
The second identity gives ∂α[Qi(Gσ)](x) = σ|α|(∂αQi)(σx), which tends to 0 for |α| ≥ 1,
while Qi(σx) → Q0

i ; this is the asserted convergence. The first identity and the full
normal rank of F0 near 0 give the singular-value bound, and flatness gives γ(Gσ) = I.
The frame depends smoothly on the second jet of the immersion, so all these bounds
persist on a neighborhood in a topology with two more derivatives than the prescribed
frame topology. □

After this fixed dilation, the projected frames of all immersions nearGref are uniformly
close to (4.8), and all later operators use these variable coefficients.

5. Characteristic patches and phases

We now construct the finite family of characteristic patches which provides the oscilla-
tions, first for the constant model and then for immersions near the reference, together
with their phases. The main results are the Gram inequality (Proposition 5.1), the
classification of all quadratic interactions as elliptic or of simple real principal type
(Propositions 5.4 and 5.9), and the properties of the phase differences needed for the
oscillatory integrals (Proposition 5.5). The construction of phases on common domains
uses the elementary estimates for flows and inverse charts of Section 6, which are inde-
pendent of the present section.

5.1. Heuristics. At a simple characteristic covector ξ the matrix MF (x, ξ) has a one-
dimensional kernel, which determines the leading tangential polarization of a wave
with phase gradient ξ. After normal reconstruction by (4.7), the leading part of the
differential of such a wave is a rank-one matrix ν⊗ξ, and its Hermitian square is |ν|2ξ⊗ξ.
Applying qF gives the vector |ν|2qF (ξ ⊗ ξ). The waves are also slowly modulated; the
quadratic interaction between a wave with base covector ξa and its modulation has, to
leading order, an output frequency k tangent to the characteristic variety at ξa. For
the constant model these considerations lead to the following Gram inequality, which
states that the quadratic vectors complete the image of M0 at every output direction:
for each unit k̂ there are selected base covectors ξa with

(5.1)
k̂ · ∂ξp0(ξa) = 0,

|M0(k̂)Tw|2 +
∑

a

|w · q0(ξa)|2 ≥ c|w|2 (w ∈ Rn).

This holds even at singular output covectors. It is proved in Proposition 5.1, and the
corresponding lower bound for the continuous normal operator is proved in Section 12.
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The quadratic products of distinct waves leave the characteristic patch; their corrections
require that their frequencies lie in regions where the reduced system is elliptic or of
simple real principal type. This is the second main property of the construction.

5.2. Characteristic patches for the constant model.

Proposition 5.1 (A finite family of characteristic patches). Let n ≥ 5 and use the
pencil of Definition 4.4. There are finitely many smooth maps

ξa : Za −→ Rn,

where each Za is a closed convex cube in R3, and a finite open cover (Vb) of the unit
sphere Sn−1, with the following properties.

(i) Every ξa(z) has all coordinates nonzero, satisfies p0(ξa(z)) = 0 and
rankM0(ξa(z)) = n − 1, and its norm is bounded above and below. With
ra,i = 1/ξa,i, the vector va = q0(ra) is a nonzero multiple of dp0(ξa). For every
L ∈ L and all z, z′ ∈ Za,

(5.2) |πL⊥(ξa(z) − ξa(z′))| ≥ c|z − z′|, |ξa(z) − ξa(z′)| ≤ C|z − z′|.
The normalized directions of all nonzero differences and of all sums of two covec-
tors from the same patch lie at a uniform positive distance from M.

(ii) For each Vb there are a finite subcollection of patches and smooth incidence points
za(k) in their interiors, k ∈ Vb, such that, for one chosen first parameter z1 on
each patch,

k · va(za(k)) = 0, |∂z1(k · va(z))| ≥ c

near the incidence points, and
(5.3) |M0(k)T s|2 +

∑
a

|s · q0(ξa(za(k)))|2 ≥ c|s|2, s ∈ Rn, k ∈ Vb.

(iii) For any fixed finite grouping of the patches, positive radial factors Rg can be fixed
so that every sum or difference Rgξa(z) ± Rg′ξa′(z′) of covectors from different
groups has normalized direction at a uniform positive distance from M. The
factors do not depend on the later sample spacing or accuracy.

Since dp0(ξa) is proportional to va, the incidence condition in (ii) is the first line of
(5.1), and (5.3) is its second line.
Proof. Step 1 (base covectors satisfying the Gram condition). Fix k ̸= 0 with M0(k)
singular and a nonzero s ∈ kerM0(k). Put α = cnSk and

Q(r) = rTM0(k)r = k · q0(r) =
∑

l

klr
2
l − αS2

r .

We first find two indices i ̸= j with si + sj ̸= 0 and a smooth zero of Q in the subspace
{ri = rj = 0} with Sr ̸= 0 and all other coordinates nonzero.

Case A: some coordinate of k vanishes. The kernel equation klsl = αSs shows that
s is supported on the zero coordinates of k, and if α ̸= 0 also Ss = 0. If α = 0, choose
p, q with kp > 0 > kq (possible since Sk = 0 and k ̸= 0). If α ̸= 0, choose p with
αkp > 0 and a zero coordinate q of k. In both cases s does not vanish identically
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on the remaining n − 2 ≥ 3 indices: if α = 0, sp = sq = 0; if α ̸= 0, sp = 0 and
s has at least two nonzero entries because Ss = 0. Among three indices on which s
is not identically zero, two satisfy si + sj ̸= 0: if si ̸= 0 and si + sj = si + sj′ = 0,
then sj + sj′ = −2si ̸= 0. Fix such i, j. If α = 0, put rl = 1 for l /∈ {i, j, p, q} and
choose rp, rq > 0 with kpr

2
p + kqr

2
q = −∑

l /∈{i,j,p,q} kl, which is possible since kp > 0 > kq.
Then Q(r) = 0, Sr > 0, and ∂rpQ = 2kprp ̸= 0. If α ̸= 0, choose nonzero rl for
l /∈ {i, j, q} such that ∑l klr

2
l has the sign of α (take rp large), and then choose rq with

Sr = ±(∑l klr
2
l /α)1/2; of the two signs at least one gives rq ̸= 0. Since kq = 0, Q(r) = 0,

Sr ̸= 0, and ∂rqQ = −2αSr ̸= 0.
Case B: all ki ̸= 0. The kernel equation gives si = αSs/ki with αSs ̸= 0, and

summing, α∑i k
−1
i = 1. Replacing k by −k (which changes M0(k) to −M0(k)) we may

assume α > 0. Let p and q be the numbers of positive and negative coordinates of k.
The form Q is indefinite: each ℓab is a null vector because q0(ℓab) = 0, these vectors
span Rn by (4.11), and a semidefinite form vanishes on its null vectors’ span, whereas
M0(k) ̸= 0. To compute the inertia, consider the bordered matrix

B =
(

diag(k) 1
1T α−1

)
.

Its Schur complement with respect to the entry α−1 is diag(k)−α11T = M0(k), and with
respect to diag(k) it is α−1 −∑l k

−1
l = 0. By the Haynsworth inertia additivity, In(B) =

(p, q, 0) + (0, 0, 1) = (1, 0, 0) + InM0(k), so InM0(k) = (p− 1, q, 1). Indefiniteness gives
p ≥ 2 and q ≥ 1. If p ≥ 3, let i, j be two positive coordinates; if p = 2, then
q = n − 2 ≥ 3, and let i, j be two negative coordinates. In both cases si + sj =
αSs(k−1

i + k−1
j ) ̸= 0. The restriction of Q to {ri = rj = 0} is diag(k′) − α11T , with k′

the remaining coordinates, and the same bordered matrix argument, now with Schur
complement α−1 −∑

l ̸=i,j k
−1
l = k−1

i + k−1
j ̸= 0, shows that it is nonsingular with inertia

(p− 2, q, 0) or (1, q − 1, 0), respectively. It is therefore a nonsingular indefinite form in
n− 2 ≥ 3 variables, and its null cone is a smooth hypersurface of dimension n− 3 away
from the origin. No open subset of this cone lies in a hyperplane {λ = 0}: otherwise
Q would vanish on an open subset of the hyperplane, hence on the hyperplane, and
λ would divide Q, forcing rankQ ≤ 2. Hence we can choose a point of the cone with
Sr ̸= 0 and all remaining coordinates nonzero.

Excluding further degeneracies. In both cases the zero set of Q in {ri = rj = 0} is,
near the chosen point, a smooth hypersurface of dimension n− 3, and q0(r)i = q0(r)j =
−cnS

2
r ̸= 0. The conditions that two other components q0(r)l, q0(r)m vanish, or that

three components q0(r)l, q0(r)m, q0(r)t are equal, read
rl = εlSr/d, rm = εmSr/d, or rl = εlrt, rm = εmrt,

with indices distinct and outside {i, j} and signs ±1; each is a pair of independent linear
equations, hence defines a subspace of codimension two. (A coincidence involving q0(r)i

would force rl = 0 for some l /∈ {i, j}, and q0(r)i never vanishes.) A hypersurface of
dimension n − 3 is not contained in finitely many subspaces of dimension n − 4, so
we may avoid all of them while keeping the strict conditions above. Now a vector
in L⊥

ijl = span{ei, ej, el} has at least n − 3 ≥ 2 zero components, and a vector in
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L⊥
ijS = span{ei, ej,1} has at least n − 2 ≥ 3 equal components. Hence q0(r) /∈ L⊥ for

every codimension-three L ∈ L.
Passing to the base covector. At this point r has exactly two zero coordinates and

Sr ̸= 0, so by the proof of Proposition 4.6 the kernel of M0(r) is R(ei − ej). By (4.14),
dp0(r) is a nonzero multiple of q0(ei − ej) = ei + ej, so dp0(r) · s ̸= 0. On the other
hand dQ(r) = 2M0(k)r is nonzero and annihilates s, because rTM0(k)s = 0. Hence
dp0(r) and dQ(r) are independent, and {p0 = 0, Q = 0} is a smooth submanifold
of codimension two near r (note p0(r) = 0 since M0(r) is singular). Its tangent space
contains ei −ej: indeed dp0(r)(ei −ej) = 0, and dQ(r)(ei −ej) = 2(kiri −αSr)−2(kjrj −
αSr) = 0. Moving along a curve in this submanifold with tangent ei − ej makes ri and
rj nonzero while preserving all the open conditions obtained so far. For such a point
put ξl = r−1

l . Since all rl ̸= 0, (4.10) gives p0(r) = ∏
l rl (1 − cnSrSξ) = 0, so SrSξ = d2,

and by symmetry p0(ξ) = 0. The kernel of M0(r) is spanned by (1/rl)l = ξ and the
kernel of M0(ξ) by r, by (4.13); hence, by (4.14), dp0(r) ∥ q0(ξ) and dp0(ξ) ∥ q0(r). By
continuity s · q0(ξ) ̸= 0, and q0(r) ̸= 0; thus both covectors are simple characteristics,
and

k · q0(r) = Q(r) = 0, s · q0(ξ) ̸= 0.
The first identity is the incidence condition k · dp0(ξ) = 0. The map ξ 7→ (1/ξl)l is
a diffeomorphism of the set of characteristic covectors with nonzero coordinates onto
itself, so it also preserves the transversality of the incidence condition, which at the
level of r is dQ(r) ̸= 0 along {p0 = 0}.

Step 2 (three-parameter patches). Let c be a base covector from Step 1 for the output
covector k0, put v = q0(c−1), which is normal to the characteristic variety at c, and let
T = v⊥ be its tangent space. For a codimension-three L ∈ L the projection T → L⊥ is
onto: its kernel T ∩L has dimension (n−1)+(n−3)−n = n−4, because v /∈ L⊥ means
L ̸⊂ T . For a line L = Rℓab the projection has rank at least n−2 ≥ 3. We choose a linear
map E3 : R3 → T such that every πL⊥E3 has rank three and d(k0 · v)E3e1 ̸= 0, where
d(k0 ·v) denotes the differential along the characteristic variety of ξ 7→ k0 ·q0(ξ−1), which
is nonzero by Step 1. Each of these conditions is the nonvanishing of a polynomial in the
entries of E3 (a sum of squares of 3 × 3 minors, or a linear form), and each polynomial
is not identically zero by the rank statements just proved; hence their product is not
identically zero, and a suitable E3 exists.

Choose e with dp0(c)e ̸= 0. By the implicit function theorem the characteristic
variety near c is parameterized as

ξ(z) = c+ E3z + u(z)e, u(0) = 0, Du(0) = 0, Dξ(0) = E3,

for z near 0 in R3 (fixing the remaining n− 4 tangent coordinates). Shrink to a convex
cube on which ∥πL⊥(Dξ(z) − E3)∥ is at most half the smallest singular value σL of
πL⊥E3, for every L ∈ L. For z, z′ in the cube,

πL⊥(ξ(z) − ξ(z′)) = πL⊥E3(z − z′) +
∫ 1

0
πL⊥

(
Dξ(z′ + θ(z − z′)) − E3

)
(z − z′) dθ,

whose norm is at least σL|z− z′|/2. This proves (5.2); the upper bound is the Lipschitz
bound of ξ. Since the distance of a unit vector w from a subspace L equals |πL⊥w|, the
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two bounds give a uniform positive distance between the normalized differences and
every L ∈ L. On a smaller cube all sums ξ(z) + ξ(z′) have directions close to that of
c, which is a simple characteristic, hence lie at a positive distance from M. Shrinking
once more keeps |∂z1(k0 · v(z))| bounded below.

Step 3 (finite covers and radial factors). Let k0 be a unit covector with M0(k0)
singular. By Step 1, for every unit s ∈ kerM0(k0) there is a base covector with s·q0(ξ) ̸=
0. By compactness of the unit sphere of kerM0(k0) we select finitely many base covectors
with ∑a |s · q0(ξa)|2 ≥ c|s|2 on kerM0(k0). The quadratic form G(w) = |M0(k0)Tw|2 +∑

a |w · q0(ξa)|2 is then positive definite on Rn: if G(w) = 0 then M0(k0)w = 0 (recall
M0 is symmetric), so w ∈ kerM0(k0), and then w = 0. If M0(k0) is invertible, no base
covector is needed. The incidence points are continued by the implicit function theorem
as z1 = z1(k), with z2 = z3 = 0, for k near k0, and by continuity G stays positive definite
on a smaller neighborhood. Compactness of Sn−1 gives a finite subcover, and we take
the minimum of the finitely many positive constants.

All base covectors lie in a compact set of nonzero simple characteristics. We choose
the radial factors successively, with ratios so large that every sum or difference of
covectors from different groups has normalized direction as close as desired to ± the
direction of the covector from the group with the larger factor; a finite ratio suffices
because the norms of base covectors are bounded above and below. Each base covector
and its negative lie at a positive distance from M, so the same holds for these directions.
The factors are fixed independently of everything chosen later. The assertions for a
single patch were proved in Step 2. □

5.3. Characteristic phases near the reference immersion. We now continue the
patches to immersions near the reference and construct their phases on common do-
mains.

Lemma 5.2 (A homogeneous characteristic phase). Let H(t, y, ζ) be real and homo-
geneous of degree one in ζ on fixed physical boxes and nonzero conic boxes, with a
fixed bound for its normalized C3 norm. There are common smaller boxes and a phase
S(t, y, ζ), homogeneous of degree one in ζ, satisfying
(5.4) St = H(t, y, Sy), S(0, y, ζ) = y · ζ.

The point Sζ(t, y, ζ) lies in one larger box of initial points, and Syζ is uniformly close to I.
If, for T ≥ 1 and R∗ ≥ 2, the normalized derivatives of H satisfy ∥H∥Cr ≤ CrT

(r−R∗)+,
then the phase, the flow and the inverse of the map from initial points to points satisfy
bounds CrT

(r−R∗+1)+. Normalized Cm+1 convergence of H implies Cm convergence of
these phases on the same domains. The initial time may be any s in the same short
interval, and all estimates are joint in s.

Proof. Solve the Hamilton equations of τ −H(t, y, ζ), on a short interval of both signs,

Ẏ = −Hζ(t, Y, Z), Ż = Hy(t, Y, Z), (Y, Z)|t=0 = (u, ζ).
By the low-order bounds and homogeneity, the base point and the normalized covector
stay inside their boxes, with |Z| ≍ |ζ|, and on a common shorter interval Yu is uniformly
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close to I. Lemma 6.4 gives the inverse u = U(t, y, ζ) of u 7→ Y (t, u, ζ) on common
domains.

By Euler’s identity Z · Hζ = H; differentiating in y and ζ gives Z · Hζy = Hy and
Z ·Hζζ = 0. Hence, for any variation δ of the initial data (u, ζ),

d

dt
(Z · δY ) = Hy δY − Z ·Hζy δY − (Z ·Hζζ) δZ = 0,

so Z ·δY = ζ ·δu, its value at t = 0. Allowing t to vary as well, Z ·dY = Z ·Ẏ dt+ζ ·du =
−H dt+ ζ · du, that is,

Z · dY +H dt = ζ · du.
Put S(t, y, ζ) = U(t, y, ζ) · ζ. Substituting u = U(t, y, ζ), so that Y = y, we get
ζ · dU = H dt+ Z · dy, and therefore

dS = ζ · dU + U · dζ = H dt+ Z · dy + U · dζ.
Thus Sy = Z, St = H(t, y, Sy), Sζ = U and S(0, y, ζ) = y · ζ. Scaling ζ by c > 0 scales
Z and leaves Y unchanged (since Hζ is homogeneous of degree zero and Hy of degree
one), so U is homogeneous of degree zero and S of degree one. Finally Sζy = Uy, which
is close to I.

The Hamilton vector field involves one derivative of H. The joint estimates for
flows and inverse charts in Lemma 6.5 therefore give the bound CrT

(r−R∗+1)+ , which
is preserved by multiplication by the normalized ζ. The initial time enters as one
more parameter of the same equations. Subtracting the differentiated equations for
two Hamiltonians gives the finite-order continuity. □

Setup 5.3 (Immersions near the reference). Fix the patches, cover, incidence points
and radial factors of Proposition 5.1, and put Man = 20(n+ 1). Let F : B1 → RN be a
smooth immersion whose second fundamental form BF : E → NF is onto. Extend B∗

F

by zero on tangent vectors and put

(5.5)
Ptan,F = dFg−1(dF )T , AF = BFB

∗
F + Ptan,F ,

NF = A−1
F BF , ΠKF

= I −B∗
FNF , Qi = ΠKF

Q0
i .

We impose two kinds of conditions on F . They involve a normalization parameter
0 < σ ≤ 1, which measures the size of the second fundamental form; the constants C0,
κmet, κ, ϵ0 do not depend on σ.
(Lσ) Low-order conditions: ∥F∥C4(B1) ≤ C0, the induced metric satisfies g =

(dF )TdF ≥ κmetI, the smallest singular value of the normalized form σ−1BF is
at least κ > 0, and maxi ∥Qi −Q0

i ∥C6(B1) < ϵ0.
(H) A high-order bound: maxi ∥Qi∥CMan+9(B1) ≤ Chi, where Chi is a constant fixed once

and for all in Remark 5.6.
On the orthogonal splitting of RN into tangent and normal spaces, AF is the identity
on tangent vectors and BFB

∗
F ≥ κ2σ2 on normal vectors; hence it is invertible with

∥A−1
F ∥ ≤ (κσ)−2 (for κσ ≤ 1). The kernel KF , the projection ΠKF

and the frame
are unchanged if BF is replaced by σ−1BF ; they are therefore smooth functions of
(dF, σ−1d2F ) with bounds depending only on the constants of (Lσ), and not on σ.
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Consequently NF takes normal values and vanishes on KF , B∗
FNF = B∗

F (BFB
∗
F )−1BF

is the orthogonal projection onto imB∗
F = K⊥

F , and ΠKF
is the orthogonal projection

onto KF ; on K⊥
F the map NF inverts B∗

F , in agreement with the definition before (4.5).
For small ϵ0 the Qi form a frame of KF . All these are smooth functions of the second
jet of F , with the stated bounds for the inverses. Define MF , pF and qF by (4.3) with
this frame.

We say that F satisfies (L) if it satisfies (Lσ) for some 0 < σ ≤ 1. The rescaled
references Gσ of Corollary 4.8, whose second fundamental forms have size σ, satisfy
(Lσ) with constants independent of σ; in the proof of Theorem 1.1 the parameter is the
fixed value σ = ρ of the reference. The conditions (L) determine every domain, box,
margin and lower bound below. Condition (H) enters only through upper bounds for
finitely many derivatives, and it is not a consequence of (L): a C6 neighborhood of the
reference contains immersions whose frames have arbitrarily large CMan+9 norm, and no
estimate below is claimed uniformly on such a neighborhood without (H). The phases
constructed below depend on F only through the frame Qi.
Proposition 5.4 (Characteristic phases and quadratic interactions). There are fixed
balls Bin ⋐ Bout ⋐ B1 and a fixed ϵ0 > 0 such that, for every F satisfying the low-order
conditions (L) of Setup 5.3, each model patch has a jointly smooth real family of phases
Θa(x, z) on Bout and its fixed parameter cube, with

pF (x, dxΘa) = 0, rankMF (x, dxΘa) = n− 1.
The gradient dxΘa is uniformly close to ξa(z) in C1

zC
0
x, and is uniformly Lipschitz in z.

For all L ∈ L, all x and all z, z′ in one patch,
(5.6) |πL⊥(dxΘa(x, z) − dxΘa(x, z′))| ≥ c|z − z′|.
The normalized directions of all nonzero differences and all sums within one patch, and
of all signed sums of covectors from different groups multiplied by the fixed radial factors,
lie in one compact set Γ at a positive distance from M. On Γ the (n−1)st singular value
of MF is bounded below, and at every zero of pF in Γ one has |dξpF | ≥ c. Thus every
such direction is elliptic or a simple characteristic. The domains and constants depend
only on the model data, κ, κmet, C0 and the C6 neighborhood, not on higher norms
or on the accuracy. If, in addition, ∥F∥Cr ≤ CrT

(r−R∗)+ on the fixed construction
neighborhood, with T ≥ 1 and R∗ ≥ 7, then
(5.7) ∥GF ∥Cr ≤ CrT

(r−R∗+6)+ , GF = (SF , dΘa), r ≥ 0,
where the norm is the maximum over the finite family, taken jointly in the physical
variables, the normalized covectors and the parameters, on fixed domains.
Proof. Step 1 (phases). On each slightly enlarged model patch choose adapted coordi-
nates x = (t, y), ξ = (τ, ζ) with ∂τp0 ≥ c > 0. By the implicit function theorem there
is a unique homogeneous function HF with

pF

(
x, (HF (x, ζ), ζ)

)
= 0

near the model root, depending smoothly on the coefficients. Euler’s identity ξ ·∂ξpF =
n pF (recall pF is homogeneous of degree n) shows that ζ ̸= 0 on this set of zeros, since
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∂τpF ̸= 0. Lemma 5.2 gives a phase SF on common domains, with S0 = tH0(ζ) + y · ζ
for the constant model, and its continuity statement gives C5 closeness of the phases
from C6 closeness of the coefficients.

Under the derivative bounds on F , the projected frame is a smooth function of the
second jet of F , so Lemma 6.2 gives
(5.8) max

i
∥Qi∥Cr ≤ CrT

(r−R∗+2)+ .

Implicit differentiation preserves this for HF , and the phase lemma uses one more
derivative, giving ∥SF ∥Cr ≤ CrT

(r−R∗+3)+ . None of this changes the domains or the
lower bounds.

Step 2 (sums and differences). Let ζa(z) be the spatial part of the model patch and
put

Θa(x, z) = SF (x, ζa(z)).
For the model its gradient is ξa(z), and the C5 comparison gives C1

zC
0
x closeness of

the gradients for F . The characteristic equation holds exactly by construction, and a
nonzero minor of order n − 1 of the model persists. For every x and L, the projected
map z 7→ πL⊥dxΘa(x, z) is C1 close to the model one on the convex cube, so the
segment argument of Proposition 5.1 gives (5.6). Together with the upper Lipschitz
bound it gives a fixed angular distance from every L, including for arbitrarily short
nonzero differences. The distances for sums and for signed sums between groups persist
by continuity.

Let Γ0 be the closure of all normalized directions of these sums and differences,
including the limits of normalized difference quotients. It is compact and disjoint from
M. On Γ0, the (n− 1)st singular value of M0 has a positive minimum (corank at least
two occurs only on M), and by Proposition 4.6 dp0 ̸= 0 on Γ0 ∩ {p0 = 0}, with a
positive minimum by compactness. On a slightly larger compact neighborhood Γ of
Γ0, C1 closeness of MF and pF to M0 and p0 preserves the singular value bound and
ensures |dξpF | ≥ c at every zero of pF . This proves the classification.

The phase estimate of Step 1 and one further derivative prove (5.7). □

For the oscillatory integrals of Sections 7 and 11 we need the differences of nearby
phases in a patch, divided by the shift, and their averaged gradients. Fix a patch,
an incidence point and the corresponding base output direction kb = (ωb, ηb) in the
adapted coordinates x = (t, y), ξ = (τ, η) of the patch. Write z = (s, v) with s = z1
and v = (z2, z3), and let vb be the value of v at the incidence point. For 0 ≤ ϵ ≤ ϵ∗ put

(5.9) ϕF,ϵ(x, z, η) = SF (x, ζa(z) + ϵη) − SF (x, ζa(z))
ϵ

=
∫ 1

0
∂ζSF (x, ζa(z) + rϵη) · η dr,

the integral giving the value at ϵ = 0, and let

ΨF,ϵ(x, x′, s, v, θ) =
∫ 1

0
dxϕF,ϵ

(
x′ + r(x− x′), s, v, θ

)
dr

be the averaged x-gradient. For the model we put
G(s, θ) = ∇H0(ζa(s, vb)) · θ, Ψ0(s, θ) = (G(s, θ), θ).
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Proposition 5.5 (Phase differences and their averaged gradients). Let δ1, δ > 0 be
given. There are convex physical boxes inside Bout, convex product boxes D0 ⋐ D1 ⋐ D
in the variables (s, θ), centered at (sb, ηb) and with θ-factors in a fixed annulus, a domain
of v around vb, a number ϵ∗ > 0 and a bound ϵ0 > 0 for condition (L) of Setup 5.3, all
depending only on the model data and on δ1, δ, with the following properties.

(i) |∂sG| ≥ c > 0 on D, and DΨ0 differs on D from one constant invertible matrix
G0 by at most ∥G−1

0 ∥−1/4.
(ii) For every F satisfying (L) with this ϵ0, uniformly in (x, x′, v) and 0 ≤ ϵ ≤ ϵ∗,

(5.10) ∥ΨF,ϵ − Ψ0∥C1
s,θ

(D) ≤ δ1, |ΨF,ϵ,y − θ| ≤ δ|θ|, c ≤ |ΨF,ϵ| ≤ C.

(iii) If F satisfies (L) and (H), then ΨF,ϵ has joint CMan+2 bounds in (x, x′, s, v, θ, ϵ),
and so has ∂ϵΨF,ϵ, with constants depending only on the data of (L) and on Chi.

(iv) Under the derivative bounds of Proposition 5.4, the maps ΨF,ϵ, their inverse charts
in (s, θ) and in θ at fixed time, and their first ϵ-derivatives satisfy (5.7) jointly in
the physical, data and v variables and in ϵ; we include them in GF .

Parts (i)–(iii) are exactly the hypotheses on the phase in Setup 7.3 below, with
M = Man. The constants δ1, δ are those required there and in Proposition 7.4; they
depend only on the model, so the boxes, ϵ∗ and ϵ0 are fixed by low-order data alone,
before any other choice.

Proof. (i) For the model, p0(τ, ζ) = 0 near the patch is equivalent to τ = H0(ζ), so
dξp0 = ∂τp0 (1,−∇H0). The incidence condition kb ·dξp0 = 0 gives ωb = ηb ·∇H0(ζa(zb)),
so ηb ̸= 0, and its transversality (Proposition 5.1(ii)) gives ∂sG(sb, ηb) ̸= 0. For the
model at ϵ = 0 and v = vb we have S0 = tH0(ζ) + y · ζ, so the phase is tG(s, θ) + y · θ
and its averaged gradient is the triangular map Ψ0. Its derivative at (sb, ηb) is invertible,
and on a small convex box it stays within the stated distance of its value there.

(ii) Let δ1, δ be given. By (5.9), the map ΨF,ϵ and its first (s, θ)-derivatives involve
the derivatives of SF of order at most three on a compact set of shifted covectors. We
choose, in this order: first a domain of v around vb so small that the model map at
ϵ = 0 is within δ1/3 of Ψ0 in C1

s,θ(D) for all such v; then ϵ∗ so small that the model
maps for 0 ≤ ϵ ≤ ϵ∗ are within δ1/3 of the map at ϵ = 0, and the shifted covectors stay
in the domain of the phase; finally ϵ0 so small that, by the C5 comparison of the phases
in Proposition 5.4, which uses only (L), the maps for F are within δ1/3 of the model
maps. This gives the first inequality. The y-component of Ψ0 is θ, so the same choices,
with δ|θ|/3 in place of δ1/3, give the second inequality, and the third follows since |θ|
is bounded above and below on the annulus.

(iii) The joint derivatives of order Man + 2 of ΨF,ϵ, and of ∂ϵΨF,ϵ, are bounded by the
derivatives of SF of order at most Man + 5 in (x, ζ) on the fixed compact set, multiplied
by derivatives of the fixed smooth map ζa. The phase is obtained from the Hamiltonian
HF by Lemma 5.2, whose proof (the induction of Lemma 6.5, stopped at a finite order)
bounds the Cm norm of SF on the fixed domains by the Cm+1 norm of HF . In turn HF

is obtained from pF = detMF by the implicit function theorem with the lower bound
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of (L) for ∂τpF , so its Cm+1 norm is bounded by the Cm+1 norm of the frame. With
m = Man + 5 these orders are covered by (H), since Man + 6 ≤ Man + 9.

(iv) By (5.7) for SF , the two phase derivatives in ΨF,ϵ give the bound CrT
(r−R∗+5)+ .

Joint inversion preserves it by Lemma 6.5, and one ϵ-derivative changes the exponent
to (r−R∗ + 6)+. The domains were fixed in (i) and (ii) using low-order data only. □

Remark 5.6 (Finite-order assumptions on the immersion). The frame Qi depends
smoothly on the second jet of F , so a fixed C8 neighborhood of the reference suffices for
the C6 frame condition in (L). For the reference of Corollary 4.8 we have γ(Gref) = I,
so ∥dF − dGref∥C0 < 1/2 implies |dF (x)v| ≥ |v|/2 and γ(F ) ≥ I/4. This neighborhood
is chosen together with the neighborhoods for the normal rank and the kernel frame.

We now fix the constant Chi of (H). Let σ1 ≤ 1 be so small that the rescaled references
Gσ are defined on B1 for 0 < σ ≤ σ1. They satisfy Qi(Gσ)(x) = Qi(σx) (proof
of Corollary 4.8), where Qi(y) is the projected frame of F0; hence ∥Qi(Gσ)∥Ck(B1) ≤
∥Qi∥Ck(Bσ1 ) for every k, uniformly in σ, and similarly ∥dGσ∥Ck(B1) +∥σ−1d2Gσ∥Ck(B1) ≤
Ck(F0), since σ−1d2Gσ(x) = (d2F0)(σx).

The frame is a smooth function of (dF, σ−1d2F ) on the set defined by the lower
bounds of (Lσ) (Setup 5.3), but not of the unnormalized second jet uniformly in σ: a
perturbation Y of Gσ enters the projection through σ−1d2Y . Therefore a perturbation
of fixed size in CMan+11 does not give a bound independent of σ. We use instead the
normalized neighborhood
(5.11) ∥d(F −Gσ)∥CMan+9(B1) + σ−1∥d2(F −Gσ)∥CMan+9(B1) ≤ 1,
which holds in particular if ∥F − Gσ∥CMan+11(B1) ≤ σ. On this set the arguments
(dF, σ−1d2F ) are bounded in CMan+9 by C(F0) + 1, and the Faà di Bruno formula gives
a constant Chi, depending only on F0, n and the constants of (L), such that (H) holds
for every F satisfying (Lσ) and (5.11) for some 0 < σ ≤ σ1. We take B1 inside the chart
W of Setup 3.3, so that bounds on W imply bounds on B1.

In the proof of Theorem 1.1 the parameter is fixed, σ = ρ ≤ σ1, before the iteration.
All iterates lie in a Cr∗ ball of radius ε∗ ≤ ρ around Gref = Gρ, with r∗ ≥ Man + 11
(Section 18.2), so (5.11) and hence (H) hold for all of them with this constant. Unifor-
mity as σ → 0 is needed only for the rescaled references Gσ themselves (Section 12),
for which it was shown above.

5.4. Indexing the quadratic interactions. The characteristic patches, and therefore
the sums and differences of their covectors, are fixed before the frequencies and the
sample.

Definition 5.7 (Groups of patches). Index the finite list of characteristic patches before
the frequencies and the sample are chosen. If a patch is used more than once, each
occurrence receives its own index and forms a separate group. Apply part (iii) of
Proposition 5.1 to this list, so that different groups have radially separated factors.
Within one group the deletion rule of Theorem 11.4 separates distinct samples by at
least h/4. All modulations attached to one sample are combined into a single Fourier
measure and a single wave.
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Remark 5.8 (Sums and differences of phases). For two distinct samples in the same
group, the chord estimate (5.6) keeps the direction of the phase difference away from
M and gives it the frequency λ|z − z′| ≥ cλh. The sum of two phases has frequency
comparable to λ and the same angular separation. For different groups the radial
factors give both properties for both signs, even if the parameters or the unscaled
directions coincide. For a repeated index, the doubled phase is separated from M,
while the Hermitian square is treated as part of the mean. These cases exhaust the
real quadratic expansion of a sum of waves. Fourier modulations are included in the
amplitudes (Section 14). All group factors are fixed before the sample is drawn.

We summarize the properties of the patches used in the rest of the paper.

Proposition 5.9 (Characteristic patches). For n ≥ 5 there is a finite family of three-
parameter patches of simple characteristic covectors of the constant model with the
following properties.

(i) For every unit output direction, the selected patches have transversal incidence
points in their interiors and satisfy the uniform Gram inequality (5.1).

(ii) For immersions in a fixed neighborhood of the reference, on a fixed chart and after
fixed radial factors are assigned to the patches, every doubled phase and every sum
or difference of distinct sampled phases has its gradient in a fixed compact conic
region where the reduced system is elliptic or of simple real principal type.

(iii) For samples separated by h, the frequency ϱ of each such product satisfies cλh ≤
ϱ ≤ Cλ.

The Hermitian squares are treated by the equation for the mean and are excluded
from (ii).

Proof. Part (i) is part (ii) of Proposition 5.1. Part (ii) is Proposition 5.4, with the
grouping of Definition 5.7. Part (iii) follows from Remark 5.8: the frequency of a
difference is λ times the length of a difference of gradients, which is between c|z−z′| and
C|z − z′| by (5.6), and sums and products between groups have frequency comparable
to λ. □

A convex three-parameter patch controls the limits of normalized differences as well
as the differences of separated samples; this is why three parameters are used. The
parametrices on the regions of (ii) also require control of their Hamilton trajectories.
This is proved in Theorem 9.3: each chart is inverted separately, the successive retarded
parts of the parametrix use the same time coordinate and together occupy one fixed
time interval, and the charts are chosen so that the forward flowout of each source chart
over this interval stays in a slightly larger chart of the same regular region.

6. Smoothing and derivative estimates

This section contains elementary estimates which do not depend on any phase,
solution operator or frequency. Lemma 6.1 is used to smooth the metric defect
(Lemma 15.1). The remaining results show that derivative bounds of the form (3.1) are
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preserved, with a fixed loss, by the algebraic operations, inverse charts and Hamilton
flows used in Section 5 and in Sections 8–12.

6.1. Smoothing on a ball.

Lemma 6.1 (Smoothing on a ball). Let Ω = Ba(c) ⊂ Rn be a ball with Ω ⊂ V , where
V is open. For each integer m ≥ 1 and all sufficiently large R there is a real linear
operator SR,m : C∞(Ω) → C∞

c (V ), with outputs supported in one fixed compact subset
of V , such that for all integers r ≥ 0

∥SR,mf∥Cr + ∥SR,mf∥Hr ≤ Cr,mR
r∥f∥C0(Ω),(6.1)

∥f − SR,mf∥C0(Ω) ≤ CmR
−m∥f∥Cm(Ω).(6.2)

The operators act componentwise on vector- and tensor-valued functions and preserve
real fields.

Proof. After an affine change of variables we may assume Ω = B1; this changes the
constants and the size of R only by fixed factors. Fix ρ ∈ C∞

c (B1/4) with ρ ≥ 0
and

∫
ρ = 1. For R ≥ 2m choose χR ∈ C∞

c (B1+1/(4R)) with χR = 1 on B1 and
∥DrχR∥∞ ≤ CrR

r. Put

(6.3) aj = (−1)j−1
(
m

j

)
(1 ≤ j ≤ m),

m∑
j=1

ajj
k = δk0 (0 ≤ k < m).

The identity holds because the mth finite difference annihilates polynomials of degree
less than m: ∑m

j=0(−1)j
(

m
j

)
jk = 0 for 0 ≤ k < m, and moving the term j = 0 (which

equals δk0) to the other side gives (6.3). Define

(6.4) SR,mf(x) = χR(x)
m∑

j=1
aj

∫
ρ(y)f

(
(1 − j/R)x+ (j/R)y

)
dy

for |x| < 1 + 1/(2R), and SR,mf = 0 elsewhere.
The formula is well defined. Let |x| ≤ 1 + 1/(2R), |y| ≤ 1/4 and 1 ≤ j ≤ m ≤ R/2.

Then 1 − j/R > 0 and∣∣∣(1 − j/R)x+ (j/R)y
∣∣∣ ≤

(
1 − j

R

)(
1 + 1

2R

)
+ j

4R ≤ 1 + 1
2R − 3j

4R < 1,

so every argument of f lies in B1. Since χR vanishes outside B1+1/(4R), the extension
by zero is smooth, and for large R all outputs are supported in a fixed compact subset
of V .

Derivative bounds. In the jth term substitute w = (1 − j/R)x+ (j/R)y:∫
ρ(y)f

(
(1 − j/R)x+ (j/R)y

)
dy =

(
R

j

)n ∫
ρ
(
R

j

(
w − (1 − j/R)x

))
f(w) dw.

All x-derivatives now fall on ρ, and each produces the factor −(R/j)(1 − j/R) =
−(R/j − 1), of absolute value at most R. Undoing the substitution,∣∣∣∣∂α

x

∫
ρ(y)f

(
(1 − j/R)x+ (j/R)y

)
dy
∣∣∣∣ ≤ R|α|∥∂αρ∥L1∥f∥C0(B1).
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By the Leibniz rule and ∥DrχR∥∞ ≤ CrR
r we obtain ∥SR,mf∥Cr ≤ Cr,mR

r∥f∥C0(B1).
Since the supports lie in a fixed bounded set, the same bound holds for the Hr norm.

Approximation. Let x ∈ B1, so that χR(x) = 1. For y ∈ B1/4 the segment from x to
y lies in B1, and Taylor’s formula at x gives

f
(
x+ (j/R)(y − x)

)
=

m−1∑
k=0

(j/R)k

k! Dkf(x)[(y − x)k] + Ej(x, y),

where |Ej(x, y)| ≤ Cm(j/R)m∥f∥Cm(B1). Multiplying by ajρ(y), integrating in y and
summing over j, the term of order k is multiplied by ∑j ajj

k = δk0. Hence

SR,mf(x) − f(x) =
m∑

j=1
aj

∫
ρ(y)Ej(x, y) dy,

whose absolute value is at most CmR
−m∥f∥Cm(B1). This proves (6.2). The operator is

real and acts componentwise by construction. □

6.2. Derivative bounds. The following elementary inequality is used repeatedly: if
R ≥ 0 and j1, . . . , jk ≥ 0, then

(6.5)
k∑

i=1
(ji −R)+ ≤

( k∑
i=1

ji −R
)

+
.

Indeed, if all ji ≤ R the left side vanishes; otherwise let I = {i : ji > R} ̸= ∅. Then the
left side equals ∑i∈I ji − |I|R ≤ ∑

i ji −R.

Lemma 6.2 (Derivative products). Let T ≥ 1 and R ≥ 0, and suppose finitely many
arrays fi on fixed charts satisfy ∥fi∥Cr ≤ CrT

(r−R)+ for all r ≥ 0. Then

(6.6)
∏

i

∥Djifi∥∞ ≤ Cj1,...,jk
T (
∑

i
ji−R)+ .

Let Φ be a smooth function, all of whose derivatives are bounded on a fixed bounded
set containing the ranges of the fi. Then Φ(f1, . . . , fk) satisfies the same bounds
∥Φ(f)∥Cr ≤ CrT

(r−R)+. This applies in particular to matrix inversion on a set of
matrices with a fixed lower bound for their smallest singular value. All coordinate and
parameter derivatives are counted jointly.

Proof. The product estimate follows from the hypothesis and (6.5). For the second
assertion, the Faà di Bruno formula expresses Dr[Φ(f)], r ≥ 1, as a finite sum of terms

(DqΦ)(f)
[
Dα1f, . . . , Dαqf

]
, 1 ≤ q ≤ r, αi ≥ 1, α1 + · · · + αq = r,

with universal coefficients. The factor (DqΦ)(f) is bounded by assumption, and the
product of the remaining factors is bounded by CT (r−R)+ by (6.6). □

Corollary 6.3 (Derivative estimates for finite jets). Let T ≥ 1 and suppose ∥F∥Cj ≤
AjT

(j−R)+ for all j ≥ 0. Let Fi(J ciF ) be a fixed finite family of smooth functions of
the ci-jets of F , and assume that the values of these jets lie in fixed bounded sets on
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which the Fi have bounded derivatives of all orders (this includes fixed lower bounds for
determinants to be inverted). If ν ≥ 0 and R ≥ maxi ci + ν, then

(6.7) ∥Fi(J ciF )∥Cr ≤ CrT
(r−ν)+ , r ≥ 0.

Additional parameter derivatives of fixed order are included in ci.

Proof. A derivative of order r of J ciF is a derivative of F of order at most r + ci, so
∥J ciF∥Cr ≤ CT (r+ci−R)+ ≤ CT (r−ν)+ , since R − ci ≥ ν. Lemma 6.2, applied with ν in
place of R, gives the claim. □

Lemma 6.4 (Common inverse domains). Let D0 ⋐ D1 ⋐ D be bounded convex boxes
in Rd and let F0 be smooth near D. Suppose a constant invertible matrix G satisfies
supD ∥G−1(DF0 − G)∥ ≤ 1/4. Then for all F in a sufficiently small C1 neighborhood
of F0, the map F is injective on D, with |G−1(F (u) − F (v))| ≥ |u− v|/2, and there is
one open set V with F (D0) ⋐ V ⋐ F (D1), with positive distances between these sets
that do not depend on F . The same holds uniformly for parameter families of maps in
this neighborhood.

Proof. Choose the C1 neighborhood so small that supD ∥I − G−1DF∥ ≤ 1/2. For
u, v ∈ D, convexity gives

G−1(F (u) − F (v)) = (u− v) −
∫ 1

0

(
I −G−1DF (v + θ(u− v))

)
(u− v) dθ,

and the integral has norm at most |u− v|/2; this proves the lower Lipschitz bound and
injectivity.

Choose r > 0 such that Br(u0) ⊂ D1 for every u0 ∈ D0, and let V be the open
(r/(4∥G−1∥))-neighborhood of F0(D0). If ∥F − F0∥C0 < r/(4∥G−1∥), then every v ∈ V
has a point u0 ∈ D0 with |G−1(v − F (u0))| < r/2. Consider

Φ(u) = u−G−1(F (u) − v), u ∈ Br(u0).

Since DΦ = I −G−1DF has norm at most 1/2, Φ is a 1/2-contraction, and

|Φ(u) − u0| ≤ |Φ(u) − Φ(u0)| + |Φ(u0) − u0| < 1
2 |u− u0| + r

2 ≤ r.

Thus Φ maps Br(u0) into itself, and its fixed point u satisfies F (u) = v. Hence V ⊂
F (D1). Finally, F (D0) lies within distance r/(4∥G−1∥) of F0(D0); after halving the
C0 neighborhood once more we obtain F (D0) ⋐ V with a fixed margin. All constants
depend only on r, G and the size of the neighborhood. □

Lemma 6.5 (Composition, inverse charts and flows). Work on fixed coordinate do-
mains, which may include physical variables and external parameters, and let T ≥ 1
and R ≥ 1. Bounds of the form ∥f∥Cr ≤ CrT

(r−R)+ are preserved, with the same index
R:

(i) by composition of maps satisfying such bounds;
(ii) by inverse and implicit function charts, whenever the charts exist on the given

domains and the relevant first derivative has a uniformly bounded inverse;
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(iii) by the flow of a vector field V (t, x) satisfying such bounds, on a fixed time interval
on which the trajectories stay in the working domains; the initial section may
satisfy the same bounds;

(iv) by the solutions U and U−1 of U ′ = −CU , U(0) = I, when the matrix C satisfies
such bounds.

The constants depend only on the constants in the hypotheses and on the fixed lower
bounds.

Proof. The basic inequality. Let q ≥ 1 and α1, . . . , αq ≥ 1 with ∑i αi = r. We claim

(6.8) (q −R)+ +
q∑

i=1
(αi −R)+ ≤ (r −R)+.

If q > R, then (αi − R)+ ≤ αi − 1 for every i (because αi ≥ 1 and R ≥ 1), so the left
side is at most (q −R) +∑

i(αi − 1) = r−R. If q ≤ R, the first term vanishes and the
claim is (6.5).

Composition. By the Faà di Bruno formula, Dr(f ◦ g) is a sum of terms
(Dqf)(g)[Dα1g, . . . , Dαqg] with ∑

αi = r, αi ≥ 1. The first factor is bounded by
CT (q−R)+ and the others by CT (αi−R)+ , so (6.8) gives the bound CT (r−R)+ .

Inverse charts. Let X = F−1. The first derivative DX = DF (X)−1 is bounded by
the hypothesis on the inverse. For r ≥ 2, differentiating F ◦X = Id r times gives

DF (X)DrX = −
∑

(DqF )(X)
[
Dα1X, . . . , DαqX

]
,

where the sum runs over q ≥ 2 and αi ≥ 1 with ∑
αi = r; in particular every αi <

r. Assume inductively that ∥DαX∥∞ ≤ CαT
(α−R)+ for α < r. Since (DqF )(X) is

bounded by CT (q−R)+ , (6.8) bounds the right side by CT (r−R)+ , and multiplication
by DF (X)−1 completes the induction. Implicit functions are obtained by inverting
(z, w) 7→ (z, F (z, w)), with the parameters included in z. Existence of the charts on
common domains is a separate low-order matter, treated by Lemma 6.4.

Flows. Let ∂tΨ = V (t,Ψ). Differentiating r times in the initial point gives

∂tD
rΨ = DxV (t,Ψ)DrΨ +

∑
q≥2

(Dq
xV )(t,Ψ)

[
Dα1Ψ, . . . , DαqΨ

]
,

where again αi < r. By induction the sum is bounded by CT (r−R)+ , and the coeffi-
cient DxV is bounded; Gronwall’s inequality on the fixed time interval gives ∥DrΨ∥ ≤
CrT

(r−R)+ . Joint estimates in time and parameters follow by adjoining t and the param-
eters as coordinates with ṫ = 1 and vanishing derivative. A derivative in the elapsed
time is replaced by the equation, which costs no further derivative of Ψ; a variable
initial section is handled by composition.

Linear matrix equations. Gronwall’s inequality bounds U and U−1, which solves
(U−1)′ = U−1C. The flow argument applied to these linear equations on the resulting
bounded ranges gives the derivative bounds. □

Remark 6.6 (Homogeneous symbols). Symbols and phases which are homogeneous in
a covector variable are estimated through their restrictions to a fixed annulus. For
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a symbol a of order p and a phase S of degree one put aµ(x, ω) = µ−pa(x, µω) and
Sµ(x, ω) = µ−1S(x, µω) for ω in a fixed annulus. Then

∂α
x∂

γ
ωaµ = µ|γ|−p(∂α

x∂
γ
ηa)(x, µω),

and similarly for S with p = 1. Thus the usual symbol estimates for a are equivalent to
uniform bounds for the normalized functions aµ, to which Lemmas 6.2 and 6.5 apply.
Amplitudes depending on two positions are treated in the same way, and different
frequency shells are normalized separately; their radial powers and volume factors are
kept outside the derivative bounds.

7. Oscillatory integral estimates

This section contains L2 bounds for oscillatory integral operators whose amplitudes
have finitely many derivatives, an exact formula for their normal operators, a compari-
son estimate, and an estimate for the Fourier tails of oscillatory functions. The phase
hypotheses below are those established for the phases of our construction in Proposi-
tion 5.5; otherwise each result uses only the displayed bounds. The results are applied
to the continuous normal operator (Section 12), the sampled operators (Section 11),
and the parametrices (Sections 8 and 9).

7.1. Normal operators.

Notation 7.1. We use the Fourier convention of Notation 3.1 and the norm ∥f∥Hs =
∥⟨D⟩sf∥2 on Rn. Outputs with compact support in a chart are extended by zero.
Derivative orders are total orders of multi-indices, and matrix sizes are fixed.

Lemma 7.2 (Multiplication of kernels by smooth amplitudes). Fix compact sets in Rd,
d ≥ 1, and put ℓ = ⌊d/2⌋ + 1.

(i) Let U be a measure space and let T : L2(U) → L2(Rd) be a bounded integral
operator with kernel K(x, u). For a function b(x, u) supported, in x, in the fixed
compact set, let T [b] be the operator with kernel b(x, u)K(x, u). Then

(7.1) ∥T [b]∥ ≤ C∥T∥ sup
u

∥b(·, u)∥Hℓ .

(ii) Let b(x, y, ξ) be supported, in (x, y), in a fixed compact set, and assume
supξ ∥b(·, ·, ξ)∥C2ℓ ≤ A. Then the operator

Bf(x) = (2π)−d
∫∫

ei(x−y)·ξb(x, y, ξ)f(y) dy dξ

satisfies ∥B∥L2→L2 ≤ CA.
No derivatives in u or ξ are needed, and the frequency support may be unbounded. The
constants depend only on d and the compact sets; the same bounds hold for matrix-valued
amplitudes of fixed size.
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Proof. (i) For a ∈ Rd define G(a, x) = T
(
b(a, ·)f

)
(x), so that T [b]f(x) = G(x, x). Since

ℓ > d/2, the Sobolev embedding in the variable a gives, for every fixed x,

|G(x, x)|2 ≤ sup
a

|G(a, x)|2 ≤ C
∑

|α|≤ℓ

∫
|∂α

aG(a, x)|2 da,

where we use the continuous representative in a; the support of b in its first variable
is a fixed compact set, so the integral is over a fixed bounded region. Integrating in x
and using Fubini’s theorem,

∥T [b]f∥2
2 ≤ C

∑
|α|≤ℓ

∫ ∥∥∥T(∂α
a b(a, ·)f

)∥∥∥2

2
da ≤ C∥T∥2 ∑

|α|≤ℓ

∫ ∫
U

|∂α
a b(a, u)|2|f(u)|2 du da

= C∥T∥2
∫

U
∥b(·, u)∥2

Hℓ |f(u)|2 du ≤ C∥T∥2 sup
u

∥b(·, u)∥2
Hℓ∥f∥2

2.

(ii) For a ∈ Rd let Ta be the operator Tag(y) = (2π)−d
∫
eiy·ξb(a, y, ξ)∗g(ξ) dξ from

L2(Rd
ξ) to L2(Rd

y), and put G(a, x) = (F−1T ∗
a f)(x), where F−1 is the inverse Fourier

transform g 7→
∫
eix·ξg(ξ) dξ. Writing out T ∗

a f(ξ) = (2π)−d
∫
e−iy·ξb(a, y, ξ)f(y) dy, we

get G(a, x) = (2π)−d
∫∫
ei(x−y)·ξb(a, y, ξ)f(y) dy dξ, and hence Bf(x) = G(x, x). As

in (i),
∥Bf∥2

2 ≤ C
∑

|α|≤ℓ

∫
∥F−1∂α

a T
∗
a f∥2

2 da ≤ C
∑

|α|≤ℓ

∫
∥∂α

a Ta∥2 da ∥f∥2
2.

For each fixed a and α, the operator ∂α
a Ta is, up to the constant (2π)−d and the unitary

Fourier transform, the multiplication of the kernel of the inverse Fourier transform by
the amplitude ∂α

a b(a, y, ξ)∗. Part (i), applied in the variable y, bounds its norm by
C supξ ∥∂α

a b(a, ·, ξ)∥Hℓ ≤ CA, because |α| ≤ ℓ derivatives in a and at most ℓ in y use
at most 2ℓ derivatives. Since b has compact support in a, this proves ∥B∥ ≤ CA. For
unbounded frequency supports one first inserts a frequency cutoff, which multiplies T ∗

a f ,
and passes to the limit by dominated convergence in Hℓ

a(L2
ξ); the bound is unchanged.

The same argument works if F−1 is replaced by any bounded operator L2
ξ → L2

x, at the
cost of its norm. □

Setup 7.3 (Phases with conic structure). Write x = (t, y) ∈ R × Rn−1 and z = (s, v),
where v ranges over a fixed compact set of remaining parameters. On fixed physical
and covector boxes let S(x, ζ) and ζ(z) be smooth and real, and put

Φτ (x, z, η) = S(x, ζ(z) + τη) − S(x, ζ(z))
τ

=
∫ 1

0
dζS(x, ζ(z) + rτη) · η dr, ϕϵ = Φϵ,

with the integral giving the value at τ = 0. The physical boxes are convex. Fix convex
product boxes D0 ⋐ D1 ⋐ D in the variables (s, θ), whose θ-factors lie in one annulus
around (sb, ηb), ηb ̸= 0, and a smooth map Ψ0(s, θ) = (G(s, θ), θ) with |∂sG| ≥ c > 0.
The boxes are chosen so that DΨ0 stays close to one constant invertible matrix, as in
Lemma 6.4. We assume that the averaged x-gradients

Ψann
ϵ (x, x′, s, v, θ) =

∫ 1

0
dxϕϵ

(
x′ + r(x− x′), s, v, θ

)
dr
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are uniformly close to Ψ0 in C1(s, θ) on D, and have fixed joint CM bounds in the
physical, data, v and ϵ variables, where M = Man = 20(n + 1) and 0 ≤ ϵ ≤ ϵ0. The
closeness is measured relative to the fixed domains and their margins. For the phases
of our construction these hypotheses are parts (i)–(iii) of Proposition 5.5; the closeness
uses only the low-order conditions (L) of Setup 5.3, and the CM bounds use the high-
order bound (H).

The amplitudes aτ (x, z, η) have fixed compact physical and parameter supports, with
(s, |ηb|η̂) in a fixed compact subset of D0. For |η| ≥ 1/2 and τ |η| sufficiently small we
assume

|Dα
x,zD

β
ηaτ | ≤ A|η|−|β|, |α| + |β| ≤ M.

Finally, pΛ is a real multiplier whose square is smooth, supported in {1/2 ≤ |η| ≤ CΛ},
with |Dβ

η (p2
Λ)| ≤ Cβ|η|−|β|; its lower cutoff does not depend on Λ.

Proposition 7.4 (Normal operators and fixed-parameter estimates). Assume Setup 7.3.
The averaged full and transverse gradients have inverse charts on common smaller do-
mains, with fixed joint CM bounds. For Λ ≥ 1 and τΛ sufficiently small define

Tτf(x) = (2π)−n/2
∫
eiΦτ (x,z,η)|η|1/2pΛ(η)aτ (x, z, η)f(z, η) dz dη,

and let Tτ,z denote the operator obtained by fixing z, acting on functions of η. On the
entire complex input and output spaces,
(7.2) ∥Tτ ∥ ≤ CA, ∥Tτ,z∥2 ≤ CA2Λ, ∥Tτ,z∥2

HS ≤ CA2Λn.

Without the factor |η|1/2 the norm of Tτ,z is at most CA. The first bound is also
uniform when v is fixed, and at τ = 0 it holds without an upper frequency cutoff. On
an unchanged phase, an amplitude difference of size d (in the norms above) changes Tτ

by at most Cd in norm and Tτ,z by at most C
√

Λd.
The normal operator TτT

∗
τ has an exact kernel of the form (7.7), with an amplitude

bτ of order zero, and it depends continuously on the data in operator norm: if two
sets of data (phases and amplitudes) satisfy the hypotheses with the same constants and
differ by at most d in the joint C2ℓ+2 norms of the normalized phases Ψann

ϵ and of the
normalized amplitudes aτ (x, z, |η|ω), ω in the unit sphere, with ℓ = ⌊n/2⌋ + 1, then
the two normal operators differ by at most Cd in norm, where C depends only on the
constants in the hypotheses. No such continuity is asserted for Tτ itself when the phase
changes: a phase difference of size d is multiplied by the unbounded covector η in eiΦτ ,
and Tτ is in general not continuous in operator norm with respect to the phase. Only
the normal operators and the uniform bounds are used below.

Assume in addition that |Dα
x,zD

β
η∂τaτ | ≤ A|η|1−|β| for |α| + |β| ≤ M − 1. Then for

every fixed smooth real weight m(s, v),
(7.3) ∥TτmT

∗
τ − T0mT

∗
0 ∥ ≤ CA2τΛ,

where C depends on finitely many derivatives of m.

Proof. Step 1 (inverse charts). Lemma 6.4 gives inverse charts of (s, θ) 7→ Ψann
ϵ on

common domains. When t′ = t, the y-component of Ψann
ϵ is the averaged transverse
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gradient, which is uniformly C1 close to θ; the same lemma gives its inverse charts
at fixed time. Implicit differentiation (Lemma 6.5) gives the joint CM bounds of the
inverses. We choose the closeness so that

(7.4) |Ψann
ϵ,y − θ| ≤ δ|θ|,

with δ small compared with the margins of the data boxes.
Step 2 (scaling). Let Ψτ be the averaged x-gradient of Φτ . Substituting η = ρθ in

the integral formula for Φτ gives Φτ (x, z, ρθ) = ρΦτρ(x, z, θ), hence

(7.5) Ψτ (x, x′, s, v, ρθ) = ρΨann
τρ (x, x′, s, v, θ).

Suppose Ψτ (s, η) = Ψτ (s′, η′) at fixed (x, x′, v). By (7.4) and (7.5) the y-components
satisfy |Ψτ,y −η| ≤ δ|η|, so |η−η′| ≤ δ(|η|+|η′|), and |η|, |η′| are comparable. Hence one
common ρ > 0 puts both η/ρ and η′/ρ in the annular chart, with the same parameter τρ,
and injectivity of the annular map gives (s, η) = (s′, η′). Thus (s, η) 7→ Ψτ is injective
on the whole cone; the same argument applies at fixed time. The support margins and
a small threshold for τΛ keep (s, η/ρ) in D0 for the choice ρ = |ky|/|ηb| made below,
which depends only on the output point k.

For fixed ρ, differentiating (7.5) in (s, θ) shows that detD(s,η)Ψτ = ρ detD(s,θ)Ψann
τρ ,

and the second determinant is bounded above and below. Since ρ ≍ |η|,

(7.6) Jτ = | detD(s,η)Ψτ | ≍ |η|, | detDηΨτ,y| ≍ 1.

By the same scaling, each derivative of the inverse map in the covector variable lowers
its order of homogeneity by one, while physical derivatives preserve it, uniformly on the
cone.

Step 3 (the kernel of the normal operator). The kernel of TτT
∗
τ is

(2π)−n
∫
ei(Φτ (x,z,η)−Φτ (x′,z,η))|η|p2

Λ(η)aτ (x, z, η)aτ (x′, z, η)∗ dz dη.

By the fundamental theorem of calculus along the segment from x′ to x, the phase
equals (x−x′) · Ψτ (x, x′, z, η) exactly. Changing variables (s, η) 7→ k = Ψτ (x, x′, s, v, η),
which is legitimate by Step 2, we obtain the kernel
(7.7)

(2π)−n
∫
ei(x−x′)·kbτ (x, x′, k) dk, bτ =

∫ |η| p2
Λ aτ (x, z, η)aτ (x′, z, η)∗

Jτ

∣∣∣∣∣
(s,η)=Ψ−1

τ (k)
dv.

The factor |η| cancels the Jacobian, so bτ is bounded by CA2. Its (x, x′)-derivatives
are bounded by CA2 as well: a physical derivative falling on aτ costs A, one falling on
the inverse point (s, η) produces a derivative of η of order |η|, which is compensated by
the decay |η|−1 of the η-derivative of aτ , p2

Λ or |η|/Jτ . The amplitude vanishes near the
boundary of the inverse charts, so its extension by zero is smooth.

Step 4 (the full bound). Part (ii) of Lemma 7.2, with d = n and 2ℓ ≤ M , gives
∥TτT

∗
τ ∥ ≤ CA2, that is, ∥Tτ ∥ ≤ CA. At τ = 0 the amplitude bounds do not use the

upper cutoff, and the estimate without it follows by inserting a frequency cutoff and
letting it tend to one.
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Step 4′ (continuity of the normal operator). Let primed quantities refer to a second set
of data. Both normal operators have kernels of the form (7.7) with the same exponential
ei(x−x′)·k, so by Lemma 7.2(ii) it suffices to show supk ∥bτ − b′

τ ∥C2ℓ
x,x′

≤ Cd. By (7.5), the
inverse point (s, η) of k is (s, ρθ), where (s, θ) is the inverse of the normalized map Ψann

τρ

at k/ρ and ρ = |ky|/|ηb| depends only on k. Implicit differentiation, with the common
lower bound for the Jacobian, shows that the normalized inverses of the two data sets
differ by O(d) in C2ℓ+1. Hence η − η′ = O(d|η|) at the two inverse points, together
with 2ℓ physical derivatives. Each factor of the integrand of bτ , namely aτ , p2

Λ and
|η|/Jτ , has η-derivative O(|η|−1), so it changes by O(d) when η is replaced by η′, and by
O(d) when the data are replaced at a fixed point. This proves the continuity assertion.
The argument concerns the kernel of TτT

∗
τ after the change of variables k = Ψτ ; no

comparison of the operators Tτ with different phases is involved.
Step 5 (fixed parameters). Fix z and t. The operator f 7→ Tτ,zf(t, ·) acts from L2(dη)

to L2(dy). Its normal operator has the kernel (2π)−n
∫
ei(y−y′)·Ψτ,y |η|p2

Λaτa
∗
τ dη, and the

change of variables η 7→ κ = Ψτ,y, whose Jacobian is comparable to one by (7.6),
brings it to the form of Lemma 7.2(ii) in dimension n − 1, with amplitude bounded
by CA2|η| ≤ CA2Λ. Hence ∥Tτ,zf(t, ·)∥2

L2
y

≤ CA2Λ∥f∥2
2, and integration over the fixed

t-interval gives ∥Tτ,z∥2 ≤ CA2Λ. Without the factor |η|1/2 the same argument gives
CA2. The Hilbert–Schmidt norm is the L2 norm of the kernel:

∥Tτ,z∥2
HS ≤ CA2

∫
{|η|≤CΛ}

|η| dη ≤ CA2Λn,

since η ∈ Rn−1. Amplitude differences are estimated by the same argument applied to
the difference divided by d > 0.

Step 6 (comparison). Insert the weight m(s, v) in the numerator of (7.7), and call the
resulting amplitude bm

τ . At fixed k the inverse point is obtained from the annular inverse
at parameter τρ, with ρ ≍ |η| independent of τ . Hence ∂τs = O(|η|) and ∂τη = O(|η|2),
together with their physical derivatives. Consequently∣∣∣∂τ

[
aτ (x, z, η(τ))

]∣∣∣ ≤ |∂τaτ | + |∂saτ ||∂τs| + |∂ηaτ ||∂τη| ≤ CA|η|,

and the same bound holds for p2
Λ, the weight m and |η|/Jτ , each of which loses one

power of |η| under an η-derivative. On the support, |k| ≍ |η| ≤ CΛ. The mean value
theorem in τ therefore gives

sup
k

|Dα
x,x′(bm

τ − bm
0 )| ≤ CA2τΛ, |α| ≤ 2(n+ 1),

and Lemma 7.2(ii), applied to the difference of amplitudes, proves (7.3). □

Corollary 7.5 (Real and imaginary parts of the input). Regard the complex input space
as a real Hilbert space with inner product Re⟨·, ·⟩, and put C = 2 ReT . For real outputs
r,
(7.8) C∗r = 2T ∗r, CmC∗r = 4 Re(TmT ∗r).
Thus the preceding bounds hold for the real operators, with fixed numerical factors, when
both the real and the imaginary parts of the input are used.
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Proof. For real r and complex f , ⟨2 ReTf, r⟩ = 2 Re⟨Tf, r⟩ = Re⟨f, 2T ∗r⟩, which is the
first identity. Applying C = 2 ReT to 2mT ∗r gives the second. □

7.2. Fourier localization of oscillatory functions.

Proposition 7.6 (Fourier tails of oscillatory functions). Fix n ≥ 1, a bounded box
X ⊂ Rn, a compact set K ⋐ X and 0 < c < C. For ρ ≥ 2 and L ≥ 1 let ϕ be a smooth
real phase and a a smooth complex amplitude of fixed finite dimension, supported in K,
with

c ≤ |dxϕ| ≤ C, |Dr
xϕ| ≤ CrL

r−1 (r ≥ 2), |Dr
xa| ≤ CrAL

r (r ≥ 0),
where A ≥ 0. Put hρ = eiρϕa. Let Πρ = π(D/ρ), where π is a fixed smooth radial
function equal to 1 on {c/2 ≤ |ξ| ≤ 2C} and supported in {c/4 ≤ |ξ| ≤ 4C}. Then for
all integers m ≥ 0 and q > m+ n/2,

(7.9) ∥(I − Πρ)hρ∥Hm ≤ Cm,qAρ
m+n/2(L/ρ)q.

More generally, the same estimate holds for any fixed bounded rescaled Fourier cutoff,
provided that on the support of 1 − Πρ one has |ρdxϕ(x) − ξ| ≥ c1(ρ+ |ξ|) for all x ∈ K.

Proof. The Fourier transform is

ĥρ(ξ) = (2π)−n
∫

K
ei[ρϕ(x)−x·ξ]a(x) dx.

On the support of 1−π(ξ/ρ) either |ξ| < cρ/2 or |ξ| > 2Cρ. In the first case |ρdϕ−ξ| ≥
cρ/2 and ρ + |ξ| ≤ (1 + c/2)ρ. In the second case |ρdϕ − ξ| ≥ |ξ| − Cρ ≥ |ξ|/2, and
|ξ|/2 > Cρ ≥ cρ. In both cases, with c1 = min{c/(2 + c), 1/4, c/2},

|ρdxϕ(x) − ξ| ≥ c1(ρ+ |ξ|) (x ∈ K).
Let w = ρdxϕ− ξ and

Vξ = w · ∂x

i|w|2
, Vξe

i[ρϕ−x·ξ] = ei[ρϕ−x·ξ].

Since a vanishes near ∂K, integration by parts q times gives

ĥρ(ξ) = (2π)−n
∫
ei[ρϕ−x·ξ](VT

ξ )qa dx, VT
ξ f = −∂x ·

(
w

i|w|2
f
)
.

The coefficient w/|w|2 is bounded by C/(ρ + |ξ|). Its jth derivative is a sum of terms
involving derivatives of w, that is ρDk+1ϕ, divided by powers of |w|; since ρ|Dk+1ϕ| ≤
CρLk ≤ CLk(ρ + |ξ|), an induction on j shows that the jth derivative is bounded by
CjL

j(ρ + |ξ|)−1. Each derivative of a costs a factor L. By induction on q, (VT
ξ )qa is a

sum of terms bounded by CqAL
q(ρ+ |ξ|)−q, so∣∣∣(1 − π(ξ/ρ))ĥρ(ξ)

∣∣∣ ≤ CqAL
q(ρ+ |ξ|)−q.

For q > m+ n/2 the substitution ξ = ρω gives∫
Rn

⟨ξ⟩2m(ρ+ |ξ|)−2q dξ ≤ Cρ2m+n−2q
∫
Rn

(1 + |ω|)2m−2q dω ≤ Cm,qρ
2m+n−2q.
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By Plancherel, ∥(I − Πρ)hρ∥2
Hm ≤ Cm,qA

2L2qρ2m+n−2q, which is (7.9). For a general
mask the proof used only the lower bound for |ρdϕ− ξ| on its complement. □

Remark 7.7. Proposition 7.6 is applied with ρ = λ|z − z′| to normalized phase differ-
ences λ[Θ(x, z) − Θ(x, z′)]/ρ of two waves in the same characteristic patch. The phase
difference is used exactly, not expanded in the patch parameter; the hypotheses of the
proposition are verified for it in Proposition 5.4.

8. A parametrix on regular patches

In this section we construct a parametrix for a real first-order r×r system on a conic
region of covectors where the system is elliptic, or has one simple real characteristic root.
The construction is used in Section 9 to build finite corrections, which in turn correct
the characteristic waves (Section 10) and the oscillatory quadratic terms (Section 14).

8.1. The system and the main result. Consider the real system

(8.1) Pa =
n∑

j=1
Aj(x)∂xj

+B(x), Ha(x, ξ) =
n∑

j=1
Aj(x)ξj,

whose coefficient array a = (A1, . . . , An, B) of real r×r matrices is smooth near a point
x0 ∈ Rn. Put
(8.2) pa = detHa.

A real zero ξ ̸= 0 of pa(x, ·) is a simple characteristic if ∂ξpa(x, ξ) ̸= 0. On a characteris-
tic patch we use one retarded oscillatory integral with a scalar Hamilton phase and two
matrix amplitudes, together with an algebraic inverse on the complementary directions;
on an elliptic patch we invert the principal symbol.

Theorem 8.1 (A regular patch). Fix a smooth reference coefficient array a0 for (8.1)
and nested closed conic sets Γin ⋐ int Γout. Assume that on a fixed spatial neighborhood
of x0 one of the following holds:

(i) Ha0(x, ξ) is invertible for ξ ∈ Γout \ 0;
(ii) in a coordinate system x = (t, y), ξ = (τ, η), the equation pa0 = 0 has on Γout

exactly one root τ = h0(x, η), which is simple, with |η| ≍ |ξ| and |∂τpa0| bounded
below on unit covectors.

No condition is imposed outside Γout. Then, after one spatial shrinking, there are fixed
balls U ⋐ W , a neighborhood of a0 in a fixed Ck norm, and a scalar pseudodifferential
cutoff AΓ, equal to the identity microlocally on Γin at high frequency and with conic sup-
port in Γout, such that the following holds for every smooth real a in that neighborhood.
For h ∈ C∞

c (W,Cr) there are complex linear operators Sa,Γ, Ra,Γ with smooth outputs,
satisfying
(8.3) PaSa,Γh = AΓh+Ra,Γh on U,

and
(8.4) ∥Sa,Γh∥L2(W ) + ∥Ra,Γh∥H1(U) ≤ C∥h∥L2(W ).
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For every integer s ≥ 0 the operators Sa,Γ : Hs(W ) → Hs(W ) and Ra,Γ :
Hmax(s−1,0)(W ) → Hs(U) have norms bounded by polynomials in finitely many
coefficient seminorms. The residual Ra,Γ is a finite sum of pseudodifferential operators
of order −1 and of operators containing one retarded oscillatory integral with an
amplitude of order −1; it includes all source and low-frequency terms. The domains,
the coefficient neighborhood, the derivative losses and the orders of the operators are
fixed before s and before any later accuracy. All statements include fixed input and
output cutoffs.

The proof is given at the end of the section, after the necessary estimates.

8.2. Pseudodifferential estimates.

Setup 8.2 (Symbols on fixed boxes). All evaluations of coefficients and all Hamilton
trajectories lie in fixed relatively compact subdomains of W . Local symbols and ampli-
tudes are multiplied by their cutoffs before being extended by zero, so their seminorms
are controlled by the coefficient norms on W . Every homogeneous symbol is multiplied
by one fixed cutoff vanishing near ξ = 0, and the complementary low-frequency part is
kept in the formulas. We write

Tbf(x) = (2π)−n
∫∫

ei(x−z)·ξb(x, z, ξ)f(z) dz dξ,

and Op(b) = Tb when b does not depend on z. For an amplitude of order p we use the
seminorms

|b|p,j = max
|α|+|β|+|γ|≤j

sup⟨ξ⟩−p+|γ||∂α
x∂

β
z ∂

γ
ξ b|.

Lemma 8.3 (Pseudodifferential bounds). An amplitude of order 0 defines a bounded
operator on L2, and an amplitude of order −1 defines an operator which, together with
its adjoint, maps L2 to H1. For each integer s ≥ 0 these operators map Hmax(s+p,0) to
Hs, where p ∈ {0,−1} is the order. The bounds involve finitely many symbol seminorms,
a fixed number of them beyond s, and depend polynomially on finitely many coefficient
seminorms.

Proof. Lemma 7.2(ii) gives ∥Tb∥2→2 ≤ C|b|0,2(n+1) (only x- and z-derivatives are used).
For order −1, an output derivative gives Dxj

Tb = Tξjb+Dxj b, which has order zero, so
Tb : L2 → H1; the adjoint of Tb is Tb† with b†(x, z, ξ) = b(z, x, ξ)∗, an amplitude of the
same order. Integration by parts in z gives the exact identity

Dα
xTbf =

∑
β≤α

(
α

β

)
TDβ

x+zbD
α−βf, Dx+z = Dx +Dz,

from which the Hs bounds follow by the L2 estimate; for order −1 we first take one
output derivative and then argue at order s − 1. The symbols are fixed algebraic
expressions in the coefficients, which gives the polynomial dependence. □
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8.3. Retarded oscillatory integrals.

Lemma 8.4 (Bounds for retarded kernels). Let d = n − 1 and let Ψ(t, s, y, η) be
homogeneous of degree one in η, with Ψ(s, s, y, η) = y · η and Ψyη uniformly close to
I on fixed boxes with interior margins. For a spatial amplitude b(t, s, y, η) of order
p ∈ {0,−1} put

Ub(t, s)f(y) = (2π)−d
∫∫

ei(Ψ(t,s,y,η)−z·η)b(t, s, y, η)f(z) dz dη,

and
Ebf(t) =

∫ t

t−
Ub(t, s)f(s) ds.

Assume that b has fixed physical and conic margins, contains the fixed low-frequency
cutoff, and vanishes for s near the initial time t−. Let B = β(Dt, Dy) be a fixed Fourier
multiplier of order zero supported in {|τ | ≤ C|η|}. Then EbB : Hmax(s+p,0) → Hs for
every integer s ≥ 0, with bounds given by finite products of seminorms of the phase and
the amplitude.

Proof. Fixed times. For fixed t, s, the operator Ub(t, s)Ub(t, s)∗ has the kernel

(2π)−d
∫
ei(Ψ(t,s,y,η)−Ψ(t,s,y′,η))b(t, s, y, η)b(t, s, y′, η)∗ dη.

The phase difference equals (y− y′) · Ψ̃, where Ψ̃ =
∫ 1

0 Ψy(t, s, y′ + θ(y− y′), η) dθ is ho-
mogeneous of degree one in η and, since Ψyη is close to I, defines a homogeneous change
of variables η 7→ Ψ̃ with Jacobian close to one. After this change of variables the kernel
has the form of Lemma 7.2(ii) with an amplitude of order zero, so ∥Ub(t, s)∥L2→L2 ≤ C
uniformly.

A fixed-time representation. Put x = (t, y), ξ = (τ, η) and r = t− s. Since b vanishes
near s = t−, we may extend it by zero to s < t−, and on the fixed output support we
obtain

(8.5)
EbB =

∫ ∆

0
Ur,b dr, Θr(t, y, τ, η) = (t− r)τ + Ψ(t, t− r, y, η),

Ur,bf(x) = (2π)−n
∫∫

ei[Θr(x,ξ)−z·ξ]b(t, t− r, y, η)β(ξ)f(z) dz dξ,

with a fixed ∆ > 0. Indeed, Ur,bf(t, ·) is Ub(t, t − r) applied to (Bf)(t − r, ·), whose
time Fourier variable produces the factor ei(t−r)τ . By time translation and the fixed-
time bound, each Ur,b of order zero is bounded on L2 uniformly in r. For amplitudes
depending on both positions we use the last assertion of Lemma 7.2, with outer operator
Ur,∗F−1 and fixed larger spatial and Fourier cutoffs equal to one on the support of the
amplitude.

Derivatives. On the support of β we have |τ | ≤ C|η|, so the amplitude has full
spacetime order p. An output derivative of the phase factor produces an order-zero
coefficient times ξ, and integration by parts in z transfers this factor to a derivative of
the input. For p = −1 one output derivative first makes the amplitude of order zero.
The full-amplitude bound then gives the Hs estimates uniformly in r, and integration
over [0,∆] completes the proof. □
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8.4. A characteristic patch.

Lemma 8.5 (A characteristic parametrix). On a regular characteristic patch write
x = (t, y), ξ = (τ, η), with |η| ≍ |ξ| and |∂τpa| bounded below. Choose a fixed Fourier
cutoff β(τ, η) supported in this cone, including the low-frequency cutoff, and a spatial
source cutoff σ(x, η) whose forward Hamilton flowout over the time interval stays in the
patch. Put

B = β(Dt, Dy), α = σβ, A = Op(α).
There is a fixed operator

S = χout

(
EWB + 1

i Op(b−1α)
)
,

where W = W0 +W1 is an amplitude with terms of orders 0 and −1 and b−1 is a symbol
of order −1, such that PaS = A+R on the inner physical box, with

(8.6) R = Op(AtW1(t, t)β) + EPaW1B + 1
i Op

(
Px(b−1α)

)
.

Here At is the coefficient of ∂t, W1(t, t) denotes the amplitude at s = t, and Px applies
Pa to the physical variable of a symbol. The construction uses a Hamilton phase and
scalar transport. If the coefficients satisfy ∥a∥Cq ≤ CqT

(q−R∗)+, then the phase gradients,
flow maps and amplitudes satisfy the same normalized mixed derivative bounds with R∗
replaced by R∗ − c, for a fixed loss c.

Proof. Write P = Pa, H = Ha, and let τ = h(x, η) be the simple root.
Null vectors. Since the root is simple, ∂τp = tr(adjH ·At) ̸= 0 at τ = h, so adjH ̸= 0

and H(x, h, η) has corank one. Using a fixed nonvanishing minor, choose smooth real
vectors k(x, η), l(x, η), homogeneous of degree zero, with

H(x, h, η)k = 0, lTH(x, h, η) = 0, lTAtk = 1.
The last normalization is possible because adjH(x, h, η) = c klT with c ̸= 0, so ∂τp =
c lTAtk ̸= 0. Since H is linear in τ ,
(8.7) lTH(x, τ, η) = (τ − h) lTAt.

The algebraic inverse. For τ near h, H(x, τ, η) maps the hyperplane ker(lTAt) into
ker lT , by (8.7). At τ = h this map is an isomorphism: its kernel is Rk ∩ ker(lTAt) = 0,
and both spaces have dimension r − 1. Hence it remains an isomorphism on a fixed
conic neighborhood of the root, and we choose β supported in that neighborhood. Put

(8.8) Π = Atkl
T , b−1(x, τ, η) =

(
H(x, τ, η)|ker(lT At)→ker lT

)−1
(I − Π).

Since Π2 = Π and lT (I − Π) = 0, the matrix I − Π takes values in ker lT , and by
construction
(8.9) H(x, τ, η) b−1(x, τ, η) = I − Π.
The restricted matrix is homogeneous of degree one, so b−1 is homogeneous of degree
−1. Its product with α is extended by zero outside the fixed conic neighborhood and
is a spacetime symbol of order −1.
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The phase. On a common short time interval, Lemma 5.2, with initial time s, gives
Ψt = h(t, y,Ψy), Ψ(s, s, y, η) = y · η, Ψyη uniformly close to I.

Below, k and l are evaluated at (t, y,Ψy(t, s, y, η)). We choose σ equal to one on the
inner source region, with its complete flowout inside the larger chart, and vanishing near
the initial time. Since |Ψy| ≍ |η|, nested low-frequency cutoffs leave every homogeneous
formula unchanged near the transported support of σ.

Transport. Let the row vector a(t, s, y, η) solve
(∂t − hη · ∂y)a+ lT (Pk) a = 0, a(s, s, y, η) = l(s, y, η)Tσ(s, y, η),

where hη is evaluated at (t, y,Ψy) and Pk denotes P applied to the function (t, y) 7→
k(t, y,Ψy). Put W0 = ka. Differentiating H(x, h(x, η), η)k(x, η) = 0 in ηj and multiply-
ing by lT gives hηj

+ lTAyj
k = 0, where Ayj

is the coefficient of ∂yj
. Therefore

lTPW0 = lTAtk ∂ta+
∑

j

lTAyj
k ∂yj

a+ lT (Pk)a = (∂t − hη · ∂y)a+ lT (Pk)a = 0.

Moreover, since Ψt = h(t, y,Ψy),

P (eiΨW0) = eiΨ
(
iH(x,Ψt,Ψy)W0 + PW0

)
= eiΨPW0.

Put W1 = i b−1(t, y,Ψt,Ψy)PW0. By (8.9) and lTPW0 = 0 (which gives ΠPW0 = 0),
we get HW1 = i(I − Π)PW0 = iPW0, and hence

P (eiΨW1) = eiΨ
(
iHW1 + PW1

)
= eiΨ(−PW0 + PW1).

Adding, we obtain the exact cancellation
(8.10) P{eiΨ(W0 +W1)} = eiΨPW1.

No pseudodifferential operator acts on the phase. The transported support stays in the
patch, and all symbols are extended by zero only outside a fixed larger margin.

The residual. For W = W0 +W1, differentiation of the retarded integral gives

PEWg(t) = AtUW (t, t)g(t) +
∫ t

t−
PUW (t, s)g(s) ds.

By (8.10), PUW (t, s) = UP W1(t, s), and since Ψ(t, t, y, η) = y · η, the operator UW (t, t)
is the spatial pseudodifferential operator Opy(W (t, t)). Because B is a Fourier multi-
plier and W (t, t) does not depend on τ , Opy(AtW (t, t))B = Op(AtW (t, t)β) exactly.
Moreover AtW0(t, t) = Atk l

Tσ = Πσ, so
PEWB = Op(Πα) + Op(AtW1(t, t)β) + EP W1B.

For the algebraic term, P Op(c) = Op(iHc+ Pxc), so by (8.9)
1
i P Op(b−1α) = Op((I − Π)α) + 1

i Op
(
Px(b−1α)

)
.

Adding these identities gives PS = A+R with R as in (8.6), on the set where χout = 1;
there the commutator of P with χout vanishes. Both pseudodifferential terms in R have
spacetime order −1, because β restricts to |τ | ≤ C|η|, and the retarded term gains one
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derivative by Lemma 8.4. These are complete formulas, including low frequencies, and
a common input cutoff can be placed on the right of all terms.

Derivative bounds. Every division has a fixed lower bound. Lemma 6.5, applied to
the Hamilton flow, its inverse charts and the scalar transport equation, gives the stated
derivative bounds, and they pass to W0, W1, PW1 and b−1 through the explicit formulas
and the fixed cutoffs. One fixed loss in R∗ covers all these factors, independently of
later compositions. □

8.5. Elliptic patches and the proof of the main result. On an elliptic patch
choose a scalar source symbol α, equal to one on the inner region and containing the
fixed low-frequency cutoff, and put S = χout Op(H−1

a α)/i. As above, PS = Op(α) +R
where χout = 1, with the residual R = Op(Px(H−1

a α))/i of order −1.

Proof of Theorem 8.1. In case (i) use the elliptic construction just described, and in
case (ii) the parametrix of Lemma 8.5; in both cases AΓ = Op(α) with α equal to one
on Γin at high frequency and supported in Γout. All hypotheses are open conditions
on a fixed finite jet of the coefficients, which gives the coefficient neighborhood. This
proves (8.3), with the residual of the stated form. The bounds (8.4) and the Hs bounds
follow from Lemmas 8.3 and 8.4, whose constants are polynomial in finitely many
coefficient seminorms. All boxes, cutoffs, phases and amplitudes are fixed before any
later accuracy. □

9. Finite correction on regular patches

We now cover a compact regular set of covectors by finitely many characteristic and
elliptic charts and show that a finite Neumann series of the parametrices of Section 8
solves the system to any prescribed finite order for oscillatory sources.

9.1. The choice of charts.

Notation 9.1. Compactly supported functions are extended by zero, and all cutoffs
have supports strictly inside the stated domains. Conic sectors are compact subsets of
the unit sphere together with their conic extensions; the source cover is taken symmetric
under ξ 7→ −ξ. We write cf = f for complex conjugation. For a size Aρ, a tail of
arbitrary order means a term bounded by Cm,QAρρ

−Q in each fixed Hm, for every Q.

Setup 9.2 (The local solution operators). We consider the system of Section 8 on a
compact set of nonzero covectors which are elliptic or simple characteristics. The finite
cover by charts and the source regions are chosen in Theorem 9.3. On each selected
chart we use Theorem 8.1, with an input cutoff equal to one near U . The residual has
the terms (8.6), or their elliptic counterparts, and satisfies Rj : L2(W ) → H1(U); order-
zero factors are bounded on L2, and every fixed Sobolev norm has a polynomial cost
in finitely many coefficient seminorms. Output cutoff derivatives vanish on U , and all
other cutoff terms are included. One finite order klin of coefficient derivatives controls
the L2 and L2 → H1 constants, and one fixed loss clin covers the higher symbol, flow
and Fourier estimates. These choices are fixed before every later accuracy.
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9.2. Correction on each chart.

Theorem 9.3 (A common choice of charts). Let V ′
0 be a compact conic set of regular

covectors as in Setup 9.2. After one common shrinking of the physical domains there
are scalar source operators A0

j with∑
j

(A0
j + cA0

jc) = AΓ,

where AΓ is the identity microlocally near U × V ′
0 . Each index j selects one member of

a pair of characteristic or elliptic charts symmetric under ξ 7→ −ξ. There are larger
source cutoffs Ãj and fixed complex linear operators with

PaSj = Ãj +Rj on U,

satisfying the bounds of Setup 9.2. On each characteristic chart put ℓj = τ − hj(x, η).
The forward Hamilton flowout of ℓj, over the entire fixed time interval, of every point
in the conic support of A0

j stays in a comparable annulus and in the region where Ãj is
the identity. The physical source region contains U .

Having fixed these data, choose 0 ≤ χ2 ≤ 1 in C∞
c (U), equal to one on a fixed set

Ucore, and put
Kj = χ2Rj, Tj,N =

∑
0≤ν<N

(−Kj)ν .

For f = χ2h and zj,N = Tj,Nf we have the exact identity

(9.1) PaSjzj,N = h+ (Ãj − I)zj,N + (−1)N−1KN
j f on Ucore.

The set of normalized sums and differences of phase gradients of Proposition 5.4 admits
one such choice on a fixed neighborhood of the reference immersion. All flowouts lie in
one fixed W0 ⋐ W , where the operators use the coefficients of the immersion F . These
choices precede the accuracy; only the finite depth N changes with it.

Proof. At a simple characteristic Euler’s identity gives ξ · ∂ξp = (deg p) p = 0, so in
coordinates with ∂τp ̸= 0 we have η ̸= 0, and the root is of the form required in
Theorem 8.1(ii). Cover V ′

0 by finitely many root charts and elliptic charts, symmetric
under ξ 7→ −ξ, and select one member of each symmetric pair. By compactness there
are nested conic sets Γ0

j ⋐ Γ1
j ⋐ Γ2

j inside larger charts, with uniform margins. Choose
A0

j with conic support in Γ0
j forming the stated partition, and Ãj equal to one on Γ1

j

and supported in Γ2
j , with fixed low-frequency and physical cutoffs.

On a characteristic chart, the Hamilton equations of ℓj, restricted to the unit sphere
in ξ, have bounded angular velocity, and |ξ| changes by a bounded logarithmic rate.
We choose the time interval so short that a trajectory starting in Γ0

j stays in Γ1
j and

in a comparable annulus. The same shrinking puts the transported support from Γ2
j

and all its physical supports in a fixed W0 ⋐ W inside the larger chart. Elliptic factors
involve only the identity relation.

Apply Theorem 8.1 on each selected chart, with source symbol Ãj (equal to σjβj on
characteristic charts); this defines Sj and Rj with all cutoff errors. Then choose χ2
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inside the common source region. On U ,
PaSjzj,N = Ãjzj,N +Rjzj,N = zj,N + (Ãj − I)zj,N +Rjzj,N ,

and on Ucore, where χ2 = 1, we have Rjzj,N = Kjzj,N . The telescoping identity
(I +Kj)zj,N =

∑
0≤ν<N

(−Kj)νf −
∑

1≤ν≤N

(−Kj)νf = f + (−1)N−1KN
j f

and f = h on Ucore give (9.1). The source f is supported in suppχ2, and the fixed
Sobolev bounds compose with polynomial costs; we take the maximum of the finitely
many derivative losses once. The set of normalized sums and differences is compact
and lies at a positive distance from the singular set by Proposition 5.4, so the same
construction applies to all of them. The construction preserves the derivative bounds
of the coefficients, with a fixed loss. □

9.3. Finite powers and arbitrary accuracy.
Setup 9.4 (Coefficient estimates). We use the fixed chart operators of Theorem 9.3
and assume
(9.2) ∥a∥Cr(W ) ≤ DrT

(r−R∗)+ , r ≥ 0, R∗ > clin + 2,
and put L = T ≥ 1. By the derivative bounds of Lemma 8.5, the normalized flow
maps and their inverses have bounded derivatives of orders zero and one, and the phase
function G of each retarded factor satisfies
(9.3) |DrG| ≤ CrL

r−1 (r ≥ 2).
Every symbol or amplitude of order p satisfies
(9.4) |Dα

x,zD
β
ξ bp| ≤ Cα,β⟨ξ⟩p−|β|L|α|+|β|,

including both positions and all cutoffs; the covariable is η for spatial symbols, and
spacetime bounds are used only on their cones. At each fixed Sobolev order the operator
norms of the factors are at most CsL

Bs for some finite Bs. Since R∗ > clin + 2, the L2

and L2 → H1 bounds do not depend on L. For ρ ≥ 2 and a fixed 0 < σ < 1 we assume
(9.5) 1 ≤ L ≤ ρ1−σ.

The index R∗, the orders of the construction and all factors are fixed before the accuracy.
Theorem 9.5 (Approximate solutions to any finite order). Assume Setup 9.4. Choose
a compact conic set V0 ⋐ V ′

0 and a fixed smooth rescaled Fourier cutoff Π0,ρ, equal to
one on ρV0 ∩ {|ξ| ≍ ρ} and supported in ρV ′

0 . Let hρ be real and smooth, supported
where χ2 = 1, with

∥hρ∥2 ≤ CHρ,(9.6)
∥(I − Π0,ρ)hρ∥Hm ≤ Cm,QHρρ

−Q for all fixed m,Q.(9.7)
For each finite N ≥ 1 define

Dj,N = SjTj,Nχ2A
0
j , Da,N =

∑
j

(Dj,N + cDj,Nc),

uρ,N = Da,Nhρ.



46 WENCHANG YANG AND YI WANG

Then Da,N is complex linear and preserves real fields. For all fixed m,Q and every
integer N ≥ m+Q,

(9.8) ∥Pauρ,N − hρ∥Hm(Ucore) ≤ CN,m,QHρρ
−Q,

and for every fixed s

(9.9) ∥uρ,N∥Hs ≤ CN,sHρρ
s.

A higher accuracy changes only the finite depth N ; the derivative losses, physical do-
mains, conic source cutoffs and orders of the kernels are fixed. The constants and the
frequency threshold may depend on N , m, Q and on the constants Dr in (9.2), but not
on ρ or L within (9.5).

Proof. Step 1 (localization of one factor). Let f satisfy ∥f∥Hs ≤ CsAρ
s for all s, and

suppose that, up to a tail of arbitrary order, its Fourier transform is concentrated in a
compact conic subset, with a margin, of one source chart, within a comparable annulus
{|ξ| ≍ ρ}. We show that the image of f under each parametrix factor or residual
factor is, up to a tail of arbitrary order, concentrated in any prescribed open conic
neighborhood of the forward Hamilton flowout of this set (including the set itself),
within a comparable annulus. The constants depend on the chosen neighborhoods but
not on ρ.

For a retarded factor we use the representation (8.5). At a fixed elapsed time r, the
critical points of the phase Θr(x, ξ)−z ·ξ relate the input point and the output covector
by

(s, z) = (t− r,Ψη), (τout, ηout) = (τ + Ψt + Ψs,Ψy).
The Hamilton–Jacobi identities Ψt = h(t, y,Ψy) and −Ψs = h(s, z, η) show that this
relation is the forward Hamilton flow of ℓ = τ − h for the time r, at every value of
τ . Pseudodifferential terms and fixed Fourier cutoffs have the identity relation, corre-
sponding to r = 0.

Compose a fixed-r factor with an input cutoff concentrated near the given conic set
and an output cutoff vanishing near its flowout (these cutoffs are used only in this
proof), and rescale comparable covectors by ρ. Away from the flowout, the combined
phase, as a function of the integration variables, has a gradient bounded below by cρ,
uniformly in 0 ≤ r ≤ ∆. Each integration by parts, at fixed r, gains ρ−1 and costs at
most a factor L by (9.3) and (9.4). Hence for all fixed m, q the resulting operator is
bounded in the relevant Sobolev norms by

(9.10) Cm,qρ
m+C(L/ρ)q.

The integrations include all amplitude positions and the source masks. Frequencies in
non-comparable annuli are separated from the output by a frequency gap in a physical
derivative of the phase; their dyadic sum converges after increasing q. Fixed physical
supports, Schur’s test and the bounded r-interval give the Sobolev bounds. Since
L/ρ ≤ ρ−σ by (9.5), increasing q gives a tail of arbitrary order. By the choice of charts,
the short flow keeps the covectors in a comparable annulus.
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Step 2 (finite powers). Put X = suppχ2, fj = χ2A
0
jhρ and vj,d = Kd

j fj. We show
that, for d ≤ N + 1, vj,d is concentrated, up to a tail of arbitrary order, in a fixed conic
region where Ãj is the identity, and that

(9.11) ∥vj,d∥Hs ≤ Cd,sHρρ
s−d (d, s ≥ 0).

On a characteristic chart we use its time coordinate t, which ranges over a fixed interval
[t−, t+], and the Hamilton flow Φr of ℓj = τ − hj; along this flow ṫ = 1. Let Γ0

j be the
conic support of A0

j and put

Λj = {Φr(p) : p ∈ Γ0
j , 0 ≤ r ≤ t+ − t(p)}.

By the choice of charts in Theorem 9.3, Λj lies in the open conic region where Ãj is the
identity, and |ξ| varies on Λj only within a fixed factor of its initial value.

(a) The total elapsed time. By Step 1, the relation of each factor of Kj, and of Sj,
is contained in {(Φr(p), p) : 0 ≤ r ≤ t+ − t(p)}, the identity relation corresponding to
r = 0. Since Φr2 ◦ Φr1 = Φr1+r2 and the time coordinate increases by r along Φr, the
composition of any number of such relations is contained in the same set: the total
elapsed time is tout − tin ≤ t+ − t−, independently of the number of factors. Hence Λj is
invariant under the relation of every factor. In particular the frequency band reached
by the iterates is the fixed band of Λj, determined by the bounded logarithmic rate of
change of |ξ| over the time t+ − t−; it does not widen with d. On an elliptic chart all
relations are the identity and Λj = Γ0

j .
(b) Auxiliary sets depending on the depth. The relations are closed, and their restric-

tions to the unit cosphere bundle are compact. Hence for every open conic set O ⊃ Λj

there is an open conic set O′ with Λj ⊂ O′ whose closure is mapped by every relation
into O. Starting from an open conic set ON+1 ⊃ Λj, over a neighborhood of X, on
which Ãj is the identity, we choose successively ON , . . . , O0 with Λj ⊂ Ok, Ok ⊂ Ok+1,
and with the closure of Ok mapped by every relation into Ok+1. These sets, and the
cutoffs of Step 1 equal to one near Ok and vanishing outside Ok+1, depend on N but not
on ρ. They are used only in this proof and affect only the constants and the frequency
threshold.

(c) Induction. The source fj is concentrated in O0 up to a tail of arbitrary order,
by the conic support of A0

j and (9.7). If vj,d is concentrated in Od, Step 1 shows that
vj,d+1 = Kjvj,d and Sjvj,d are concentrated in Od+1, up to tails; at each step we increase
the order of the tail to absorb the polynomial Sobolev costs of the subsequent factors.
Elliptic factors have only the identity relation, and low-frequency pieces are separated
by the annular gap. Thus, for d ≤ N + 1, all these functions are concentrated in ON+1,
where Ãj is the identity. This proves the localization, including all source and cutoff
terms.

Fix j and write vd = vj,d, so that ∥v0∥2 ≤ CHρ. For d ≥ 1, since vd is concentrated
in an annulus of radius comparable to ρ up to a tail, and Kj : L2 → H1 with a bound
independent of L,

∥vd∥2 ≤ Cρ−1∥vd∥H1 +O(Hρρ
−∞) ≤ Cρ−1∥vd−1∥2 +O(Hρρ

−∞).
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Induction gives ∥vd∥2 ≤ CdHρρ
−d. In the other direction, frequency localization gives

∥vd∥Hs ≤ Csρ
s∥vd∥2 +O(Hρρ

−∞), which proves (9.11).
Step 3 (the finite correction). Put zj,N = Tj,Nfj. By the localization just proved,

(Ãj − I)Kν
j fj = Oν,m,Q(Hρρ

−Q) in Hm.

Each Sj is bounded on L2, and by Step 1 every SjK
ν
j fj is concentrated in a comparable

annulus up to a tail; the same frequency localization and the finite sum give (9.9).
For real hρ we have chρ = hρ, so cDj,Nchρ = Dj,Nhρ and uρ,N = 2 Re∑j Sjzj,N . Since

Pa is real, applying (9.1) with f = fj (on Ucore, fj = A0
jhρ) and taking real parts gives,

on Ucore,

Pauρ,N − hρ = (AΓ − I)hρ + 2 Re
∑

j

[
(Ãj − I)zj,N + (−1)N−1KN

j fj

]
,

where we used ∑j 2 Re(A0
jhρ) = ∑

j(A0
j +cA0

jc)hρ = AΓhρ. The source tail (9.7) and the
choice of AΓ make the first term a tail of arbitrary order, and the localization makes
the second one such a tail. The last term is bounded in Hm by CN,mHρρ

m−N by (9.11),
which is at most CN,mHρρ

−Q when N ≥ m+Q. □

10. Corrected characteristic waves

In this section we construct, for an immersion F near the reference, families of com-
plex waves whose linearized metric change vanishes to any prescribed order on a fixed
domain, whose leading amplitude is an explicit rank-one tensor, and which depend lin-
early on Fourier data. The construction has three stages: a WKB approximation with
a Hamilton phase and a transported amplitude; a correction of the remaining residual
by a finite Neumann series of the parametrix of Section 8; and a superposition over
shifted covectors against a finite Fourier measure. The main result is Proposition 10.10
at the end of the section.

10.1. Normal reconstruction and conventions.

Notation 10.1. We use the dimensions, the tensors Q0
i and the Frobenius pairing of

Definition 4.4; all orthogonal complements and projections of tensors refer to this pair-
ing. Spatial and parameter supports have fixed larger margins. Constants may depend
on these supports, on the fixed neighborhood of the reference, on lower bounds for in-
verses and on finitely many constants in the derivative bounds, but not on frequencies
or the number of samples unless this is indicated. A statement that a datum has Fourier
support in a ball refers to the datum before any cutoff in the initial variables; such a
cutoff is kept in the amplitude of the wave, and if it is applied to the datum, its Fourier
tail is estimated separately. In particular, κ(y)PKf(y) is not regarded as band limited.

Definition 10.2 (Normal reconstruction). Let G be an immersion as in Setup 5.3, with
induced metric g, normal map NG and projection ΠKG

as in (5.5), and projected frame
Qi = ΠKG

Q0
i . We use the objects of Definition 4.2 and (4.7) for this frame, and write
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them out for later reference:
(10.1) VG(u) =

∑
i,j

gijui∂jG+NG(sym ∇gu),

(10.2)
PGu = PGu = (Qi : sym ∇gu)n

i=1,

MG(x, ξ)i• = (Qi(x)ξ)T , pG(x, ξ) = detMG(x, ξ).
The operator PG includes the Christoffel terms of g. For a covector ξ and a vector b we
write ξ sym b = (ξbT + bξT )/2; note that Qi : (ξ sym b) = ξTQib = (MG(x, ξ)b)i.

The patches and samples are indexed as in Definition 5.7, and their quadratic inter-
actions are listed in Remark 5.8.

Setup 10.3 (Oscillatory estimates for phase differences). We use Setup 7.3 with the full
and fixed-time charts of Proposition 5.5, x = (t, y), z = (s, v) and v ∈ R2. Their lower
bounds, larger supports and margins are fixed with the order M = Man = 20(n + 1),
and the immersions satisfy (L) and (H) of Setup 5.3, so that Proposition 7.4 applies
uniformly to the scalar and matrix amplitudes below, on the entire complex input
and output spaces. Both the real and the imaginary parts of the input are used; by
Corollary 7.5, on real outputs,
(10.3) (2 ReT )(2 ReT )∗ = 4 Re(TT ∗).

10.2. Hamilton phases and transport amplitudes.

Theorem 10.4 (Transport amplitudes and normal reconstruction). Consider one of the
three-parameter characteristic patches, with its adapted coordinates x = (t, y), its map
z 7→ ζ(z) of base covectors and the larger charts for shifted covectors of Propositions 5.4
and 5.5. Use the projected frame Qi(G) = ΠKG

Q0
i . Fix lower bounds for the metric,

for the singular values of the second fundamental form, for the minors defining the null
vectors and for ∂τpG, and use full and fixed-time inverse charts on the larger nested
convex source domains. One sufficiently small finite Cm neighborhood of the reference
gives all these bounds; the boxes and lower bounds do not depend on frequencies or on
the accuracy.

For a real initial amplitude rz(y) with fixed positive lower bound and fixed Cm upper
bound, there are a real phase SG and an amplitude bG = αGkG satisfying

pG(x, dxSG) = 0, SG(0, y, ζ) = y · ζ, αG|t=0 = rz, lTGPGbG = 0,
where kG, lG are real nonzero right and left null vectors of MG(x, dxSG) and αG has a
positive lower bound. The reconstruction (10.1) satisfies
(10.4) 1

2DγGVG(u) = ΠKG
(sym ∇gu).

For any amplitude b put ξ = dxSG and
(10.5) νb = NG(ξ sym b), A0(b) = −νb ξ

T .

Then, for τ > 0,
(10.6) VG(τ 2eiSG/τb) = eiSG/τ (iτνb + τ 2VG(b)),
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and e−iSG/τdVG(τ 2eiSG/τb) = A0(b) + O(τ). For b = bG we have |νb|, |ξ| ≥ c > 0 and
A0(b)∗A0(b) = |νb|2ξξT ; this transported tensor is linear in the initial density r2

z .
Suppose moreover that T ≥ 1 and ∥G∥Cr + ∥rz∥Cr ≤ CrT

(r−R∗)+ for all r. There is
one fixed loss D such that, if R∗ > D, then for all r ≥ 0

∥SG∥Cr(x,ζ) + ∥bG∥Cr(x,z,ζ) + ∥νb∥Cr(x,z,ζ)

+ ∥VG(b)∥Cr(x,z,ζ) + ∥A0(b)∥Cr(x,z,ζ) ≤ CrT
(r−R∗+D)+ ,

(10.7)

as joint norms in the physical variables and the normalized covectors, on the same larger
domains.

Proof. Phase and transport. The phase is given by Proposition 5.4 and Lemma 5.2; the
inverse metric, the normal map and the null vectors are smooth functions of a fixed
jet of G under the stated lower bounds. We use the real null vectors and the scalar
transport equation of Lemma 8.5, with initial time 0 and initial datum rz. As computed
there, the transport equation is equivalent to lTGPG(αGkG) = 0, and since it is a linear
first-order equation along the projected Hamilton flow, its solution is

αG = aflow rz(yfoot),

where yfoot is the initial point of the trajectory through x and aflow > 0 is the exponential
of the integral of −lT (Pk) along it. Since aflow does not depend on rz, αG is positive
and linear in rz, so α2

G is linear in r2
z .

Reconstruction. By (4.2) with the normal field w = NG(sym ∇gu),

DγGVG(u) = 2 sym ∇gu− 2B∗
GNG(sym ∇gu) = 2ΠKG

(sym ∇gu),

which is (10.4). For u = τ 2eiSG/τb the tangential part of VG(u) is τ 2eiSG/τdG g−1b, and

sym ∇g
(
eiSG/τb

)
= eiSG/τ

(
sym ∇gb+ i

τ
ξ sym b

)
.

Multiplying by τ 2 and applying NG gives (10.6). Differentiating it,

e−iSG/τd
(
eiSG/τ (iτνb + τ 2VG(b))

)
= −νbξ

T + τ
(
i dνb + iVG(b)ξT

)
+ τ 2dVG(b),

whose leading term is A0(b). For real νb, A0(b)∗A0(b) = ξνT
b νbξ

T = |νb|2ξξT .
Lower bounds. For b = bG the null relation gives qG(ξ sym bG) = MG(x, ξ)bG = 0, so

ξ sym bG ∈ K⊥
G and B∗

Gνb = ΠK⊥
G

(ξ sym bG) = ξ sym bG. Moreover

|ξ sym b|2 = 1
4 |ξbT + bξT |2 = 1

2

(
|ξ|2|b|2 + (ξ · b)2

)
≥ 1

2 |ξ|2|b|2.

Hence |νb| ≥ ∥B∗
G∥−1|ξ sym bG| ≥ c, using the lower bounds for |ξ|, αG and |kG|.

Derivative bounds. The phase, the algebraic formulas and the transport amplitudes
satisfy the derivative bounds with a fixed loss, by Lemmas 6.2, 6.5 and Proposition 5.4;
in αG = aflowrz(yfoot), joint composition and multiplication are covered by Lemma 6.5.
The reconstruction uses finitely many further derivatives, so one common loss D proves
(10.7). □
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10.3. A two-term WKB approximation. One algebraic correction reduces the re-
duced residual by one more power of τ . With the phase and leading transport of
Theorem 10.4, put b0 = bG and, using the symbol (8.8) of the system PG,
(10.8) b1 = i b−1,G(x, dSG)PGb0.

For λ = τ−1 define, on the fixed compact set of shifted covectors ζ ′,
(10.9) vτ (x, z, ζ ′) = τ 2eiSG(x,ζ′)/τ (b0 + τb1).
It is linear in the initial amplitude.
Lemma 10.5.
(10.10) PGvτ = τ 3eiSG/τPGb1.

Proof. Apply (8.10) with Ψ = SG/τ , W0 = τ 2b0 and W1 = τ 3b1. Its hypotheses
hold: Ψ solves Ψt = h(t, y,Ψy) because SG does and h is homogeneous of degree one;
lTPGW0 = τ 2lTPGb0 = 0; and, since b−1 is homogeneous of degree −1,

i b−1(x, dΨ)PGW0 = i τ b−1(x, dSG) τ 2PGb0 = τ 3b1 = W1.

Hence PG(eiΨ(W0 +W1)) = eiΨPGW1 = τ 3eiSG/τPGb1. □

The correction constructed in the next subsections removes this residual; the joint
amplitude bounds, including those of vτ , are proved together in Corollary 10.8.

10.4. The solution operator.

Setup 10.6 (A common solution operator). We use the immersion G and the reduced
system of Definition 10.2. On a compact characteristic patch, the phase of the waves
and the characteristic parametrix use the same simple root τ = hG(t, y, η), so that
(10.11) ∂tϕG = hG(t, y, ∂yϕG).
On one chart containing the whole compact set of shifted covectors, Lemma 8.5 gives
PGS+ = A+ +R+ on the inner region, with

(10.12) S+ = χout

(
EWB+ + 1

i Op(b−1α+)
)
, B+ = β+(D).

The conic cutoff α+ and β+ are chosen equal to one near all these phase gradients
throughout suppχ2. By compactness, the finitely many patches have common source
and time margins, common lower bounds and one common ball on which the identities
hold. The larger physical and conic domains are convex and contain the source and
observation boxes, all short flowouts and all initial points. For finite powers of the
residual we use an observation domain containing suppχ2 and the core cutoff. All
factors are fixed independently of the patch parameters and of the accuracy. Put

K = χ2R+, TN =
N−1∑
ν=0

(−K)ν .

The source cutoff of the primary waves is χsrc = χlag,src, supported inside the primary
chart and in int{χ2 = 1}; the source and observation supports are those of Setup 3.3,
and the region where the identities hold is ULAG.
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The additional quantitative hypothesis is
(10.13) ∥aG∥Cv + ∥G∥Cv ≤ DvT

(v−R∗)+ , v ≥ 0, T ≥ 1,
where aG consists of the principal and Christoffel coefficients of the reduced system. The
metric, normal and Gram lower bounds are positive, and the reconstruction, including
one derivative of VG, is a smooth function of a fixed jet of G. The parametrix has the
fixed factors of Setup 9.2. The waves are complex; real fields are obtained by taking
real parts. We choose R∗ above the fixed geometric and analytic losses, so that every
finite composition has polynomial costs at each physical or parameter order.

Lemma 16.1 and Proposition 16.2 verify (10.13) along the iteration.

10.5. Oscillatory inputs depending on parameters.

Lemma 10.7 (Oscillatory inputs depending on parameters). Let A be one of the
retarded or pseudodifferential factors of the parametrix of Lemma 8.5, of order p ∈
{0,−1}. Let ϕ(x; c) solve (10.11) on the source flowout, with phase gradients in the
interior of the region where the source cutoff equals one, depending smoothly on param-
eters c. Let T ≤ λ1−ν for a fixed ν > 0. There is a fixed loss b such that the coefficient
and phase bounds with index R + b imply the following. If ac is supported in the fixed
source chart and

∥∂α
c ac∥Hs ≤ Cs,αAT

(s+|α|−R)+ , |α| ≤ k0,

then, on the fixed observation support,∥∥∥∂α
c

(
e−iλϕA(eiλϕac)

)∥∥∥
Hs

≤ Cs,αAλ
pT (s+|α|−R)+ , |α| ≤ k0.

If the amplitude of A vanishes near the phase gradients (a fixed nonstationary gap), the
left side is O(Aλ−Q) at each fixed joint order, for every Q. The loss b does not depend
on s, k0 or the length of a finite composition, and finite compositions satisfy the same
bounds with the product of the factors λp.

Proof. For bounded λ the claim follows from the ordinary estimates, so let λ be large.
Include the fixed input cutoff in ac and put uc = eiλϕac.

Frequency localization. Choose a fixed spacetime annular multiplier Pλ = π(D/λ)
with π = 1 near all phase gradients. By Sobolev embedding the hypothesis gives
|Dr

x∂
α
c ac| ≤ CrAT

ℓT r, so Proposition 7.6, with ρ = λ, L = T ≤ λ1−ν and amplitude
constant AT ℓλ|α| ≤ Aλℓ+k0 (the factor λ|α| comes from parameter derivatives of the
phase factor), gives (I −Pλ)uc = O(Aλ−Q) for every Q, at every fixed joint order. The
powers of λ produced by derivatives and by the ordinary bounds for A are absorbed
by increasing Q; this uses higher physical derivatives of ac, but does not change R or
the order k0. In (8.5) the multiplier Pλ enters the amplitude as the factor π(ξ/λ), so
all frequency integrals may be restricted to |ξ| ≍ λ; the multiplier β+ remains in the
amplitude.

Stationary structure. Fix r, write ξ = λθ and remove the factor eiλϕ(x). The amplitude
of order p contributes a factor λp, and the phase becomes λf ,

f(x, c; z, θ) = Θr(x, θ) − z · θ + ϕ(z; c) − ϕ(x; c),
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with Θ0 = x · θ for a pseudodifferential factor. The critical points in w = (z, θ) are
given by θ = dϕ(z; c) and z = ∂θΘr(x, θ), that is, z is the initial point of the Hamil-
ton trajectory of time r ending at x, with initial covector dϕ(z). Since ϕ solves the
eikonal equation, the Hamilton flow preserves the graph of dϕ, and the projection of
the flow is close to the identity on the short interval; hence there is exactly one critical
point w0(x, c), and by the Hamilton–Jacobi identities of Lemma 5.2 the critical value
is f(w0) = 0. The Hessian in w is(

ϕzz(z; c) −I
−I (Θr)θθ(x, θ)

)
,

with ∥ϕzz∥ ≤ C and (Θr)θθ = diag(0,Ψηη) = O(r). On a fixed short interval every
segment average of this Hessian has the same form and is uniformly invertible, and the
amplitude support and the critical point lie in one fixed convex product domain.

Derivatives in x and c. Let ∂e be a derivative in an output variable or a parameter.
Since the critical value vanishes identically, ∂ef(w0) = 0, and the identities

∇wf =
(∫ 1

0
fww(w0 + θ(w − w0)) dθ

)
(w − w0),

∂ef =
(∫ 1

0
∇w∂ef(w0 + θ(w − w0)) dθ

)
· (w − w0)

give ∂ef = Ae · ∇wf , with

Ae =
(∫ 1

0
fww(w0 + θ(w − w0)) dθ

)−T ∫ 1

0
∇w∂ef(w0 + θ(w − w0)) dθ.

Hence ∂e(eiλf ) = Ae · ∇we
iλf , and one integration by parts in w = (z, θ) gives

(10.14) ∂e

∫
eiλfα ac dw =

∫
eiλf

[
∂eα ac + α ∂eac − ∇w · (Aeα) ac − αAe · ∇wac

]
dw,

where α is the amplitude of the factor, multiplied by the input cutoff, and ∂eac = 0
unless e is a parameter. No power of λ is produced: a derivative in θ is λ∂ξ, which
preserves the order of the amplitude in the annulus |ξ| ≍ λ, and ac depends on w only
through z. The new integrand has the same phase.

We now count derivatives. Let κ be the fixed number of derivatives of the coefficients
of P needed to write down fww, ∇w∂ef and the amplitude α; it consists of the losses of
the Hamilton–Jacobi phases and their inverse charts (Lemma 5.2 and Proposition 5.4),
of the null vectors and of the transport equation, plus the two derivatives in fww and
∇w∂ef . With ℓ = ⌊n/2⌋ + 1 we take

b = κ+ 2ℓ.

If the coefficients satisfy bounds with index R + b, then, by Lemmas 6.2 and 6.5 (the
averaged Hessian has a uniformly bounded inverse), every factor β among Ae and α
satisfies

(10.15) ∥∂δ∂γβ∥∞ ≤ CγT
(|γ|−R)+ , |δ| ≤ 2ℓ,
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where γ counts the derivatives produced by the integrations by parts and δ the deriva-
tives used below for the L2 bound. After q derivatives ∂e1 · · · ∂eq , repeated use of (10.14)
writes the derivative of the output as a finite sum of terms∫

eiλfβ ∂γ
z ∂

α1
c ac dw, j = |γ| + |α1| ≤ q,

in which β is a product of derivatives of the factors Aei
and α of total order q− j: each

of the q derivatives falls either on the input or on one of these factors. By (10.15) and
(6.5), the product β satisfies (10.15) with |γ| replaced by q − j. Restoring the phase
factor, the term is e−iλϕA[β](eiλϕ∂γ

z ∂
α1
c ac), where A[β] is the factor with its amplitude

multiplied by β. The fixed-time bound in the proof of Lemma 8.4, in the form for
amplitudes depending on both positions (Lemma 7.2), uses at most 2ℓ derivatives of
β in the physical variables, so ∥A[β]∥L2→L2 ≤ CλpT (q−j−R)+ . The hypothesis gives
∥∂γ

z ∂
α1
c ac∥2 ≤ CAT (j−R)+ when |α1| ≤ k0. By (6.5),

CqAλ
pT (q−j−R)+T (j−R)+ ≤ CqAλ

pT (q−R)+ .

Integration over the fixed r-interval proves the assertion for a retarded factor, including
time derivatives.

The loss b is thus consumed entirely by the coefficient factors Ae and α, each of which
is differentiated at most 2ℓ times beyond its share γ. The input enters only through its
derivatives of total order j, at the same index R as in the hypothesis. This is why b
does not depend on s, on k0, or on the number of factors in a composition.

Nonstationary case and compositions. Fixed low-frequency pieces contribute only
tails. If the amplitude vanishes near the critical set, |∇wf | is bounded below on its
support, and J integrations by parts give Cq,JAλ

Cq(T/λ)J at joint order q; choosing
J > (Q + Cq)/ν gives O(Aλ−Q). For a finite composition Am · · · A1, the output a′

c =
e−iλϕA1(eiλϕac), multiplied by the fixed cutoff in front of the next factor, satisfies by
the estimate just proved the hypothesis of the lemma with A replaced by CAλp1 , with
the same index R and the same k0. The coefficient index R + b required for the next
factor is the same as for the first one. Hence the estimate iterates, with the product
of the factors λpi and constants depending on the number of factors, but without any
increase of the required derivative order. □

10.6. The corrected fields.

Corollary 10.8 (The corrected fields). Use the two-term approximation (10.9), with a
real initial amplitude, on the whole compact set of shifted covectors, and assume

∥aG∥Cr + ∥G∥Cr + ∥rz∥Cr ≤ DrT
(r−R∗)+ , r ≥ 0, 1 ≤ T ≤ λ1−ν , ν > 0.

Recall Man = 20(n+ 1), and put rpar = Man + 3 and ℓ = ⌊n/2⌋ + 1. Before the sample
and the later accuracy of the mean are chosen, fix

Renv ≥ Man + ℓ+ 2 + rpar, k0 = rpar.

There is a fixed Bat such that R∗ ≥ Renv + Bat covers the losses in the coefficients, in
PGb1, in the reconstruction and in the transfer to shifted covectors, including the finite
orders required by the iteration for the mean; the two derivatives of the reconstruction



LOCAL ISOMETRIC EMBEDDINGS 55

and the Sobolev embedding loss are included in Renv. After Renv is fixed, prescribe
finitely many derivative orders for the linearized metric and an accuracy, and choose a
sufficiently large finite N . Suppressing N from the notation, define

(10.16)
uτ = S+TN(χsrcPGvτ ), Yτ = VG(uτ ),

Wcur
τ = VG(vτ − uτ ), Acur

τ = e−iSG/τdWcur
τ .

Write c = (z, ζ ′). On the full observation support, for k ≤ rpar and uniformly over the
fixed radial factors,

λ∥Dr
xD

k
c (e−iSG/τ Yτ )∥∞ + ∥Dr

xD
k
c (e−iSG/τdYτ )∥∞ ≤ Cr,kλ

−1T (r−Man)+ ,(10.17)
λ∥Dr

xD
k
c (e−iSG/τ Wcur

τ )∥∞ + ∥Dr
xD

k
cA

cur
τ ∥∞ ≤ Cr,kT

(r−Man)+ ,

∥Dr
xD

k
c (Acur

τ − A0)∥∞ ≤ Cr,kλ
−1T (r−Man)+ ,(10.18)

where A0 = A0(b0) is the leading transported tensor. More precisely, for every r ≥ 0 and
k ≤ k0 the bounds for Acur

τ , A0 and their difference hold with T (r+k+ℓ+2−Renv)+ in place
of T (r−Man)+, the difference carrying the factor λ−1. The linearized metric DγGWcur

τ

is bounded by the prescribed accuracy on Dlag, where the source cutoff equals one and
the reduced identity holds. These are the joint bounds assumed in Theorem 11.4, which
therefore applies to this family. The construction is linear in the initial amplitude and
is fixed before the sample. Constants may depend on N ; the lower bounds at the finitely
many orders used in the sampling theorem are uniform above a frequency threshold
depending on N , because the corrections carry a factor λ−1.

Proof. Step 1 (the reduced residual). By (10.4), DγGVG(v) = 2ΠKG
(sym ∇gv), whose

components in the frame are determined by PGv through (4.7). Thus the normal
completion has no source, and it suffices to correct the reduced residual PGvτ . The finite
array b0, b1, PGb1, together with νbj

, VG(bj) and their first physical derivatives, j = 0, 1,
is given by the transport equation and fixed algebraic formulas, and satisfies the joint
derivative bounds with index Renv after one fixed increase of Bat. Put hτ = χsrcPGvτ .
By (10.10), hτ = eiSG/ττ 3χsrcPGb1, an oscillatory function with amplitude of size λ−3

and derivative bounds with index Renv.
Step 2 (the correction uτ ). Lemma 10.7 gives the same bounds for every Kjhτ , j < N ,

and then for uτ = S+TNhτ ; each new residual starts inside the original source region.
Hence

∥∂α
c (e−iSG/τχcoreuτ )∥Hs ≤ CN,s,αλ

−3T (s+|α|−Renv)+ .

Step 3 (amplitude bounds). The lift VG and the differential use at most two deriva-
tives, and Sobolev embedding uses ℓ further orders. After r physical and k parameter
derivatives the exponent is at most (r+k+2+ℓ−Renv)+ ≤ (r−Man)+, because k ≤ rpar
and Renv ≥ M + ℓ+ 2 + rpar. Each derivative of the phase factor costs at most λ, and
at most two such factors occur, which proves (10.17). For vτ substitute b = b0 + τb1 in
(10.6) and differentiate once: the leading term of the demodulated derivative is A0(b0),
and every other term carries a factor τ ; the demodulated field itself carries a factor τ .
The same bounds for the finite array and the subtraction of Yτ prove (10.18).



56 WENCHANG YANG AND YI WANG

Step 4 (the linearized metric). On the region where the reduced identity holds,
PG(vτ − uτ ) = (1 − χsrc)PGvτ − (A+ − I)TNhτ − (−1)N−1KNhτ ,

by the telescoping identity of Theorem 9.3. The first term vanishes on Dlag. Each term
of the residual (8.6) has one factor of order −1, so the preceding lemma, after restoring
the phase factor, gives

∥∂α
c KNhτ ∥Hs ≤ CN,s,αλ

s+|α|−N−3.

The conic complement A+ − I vanishes near the phase gradients, so the nonstationary
case of the lemma makes the second term O(λ−Q). By (4.7) and the Gram formula,
with T ≤ λ, increasing N gives the prescribed accuracy for the linearized metric. The
index Renv and all factors are independent of N . □

10.7. Finite Fourier measures. The same correction applies to every Fourier modu-
lation of the initial scalar. We integrate the corrected fields over the fixed set of shifted
covectors; the source and observation cutoffs are those of Setup 3.3.

Proposition 10.9 (Bounds for Fourier measures). Apply Corollary 10.8 at the immer-
sion F , with coefficient scale T ≥ 2 and phase SF (x, ζ), and with its finite depth chosen
for a prescribed derivative order robs and accuracy Q. Let λ = τ−1 ≥ 2, T ≤ λ1−ν for
a fixed ν > 0, and let m be a finite complex measure supported in BΛ ⊂ Rn−1. Suppose
K ≥ max(T,CmodΛ, 2) and that ζ + τBΛ lies in the fixed set of shifted covectors. Put
∥m∥ = ∥m∥TV, ϕF = SF (·, ζ) and

(10.19) Z(m) =
∫

Wcur
τ (F ; x, ζ + τξ) dm(ξ).

Then for every s ≥ 0
(10.20) λ∥χcoree

−iλϕFZ∥Cs + ∥χcoree
−iλϕF dZ∥Cs ≤ Cs∥m∥Ks,

and on Dlag, for 0 ≤ r ≤ robs,
(10.21) ∥DγFZ∥Cr(Dlag) ≤ Cr,Q∥m∥λ−Q.

The map m 7→ Z(m) is complex linear. The depth is chosen before m and the sample;
the geometry, the derivative losses and the domains do not depend on it. The fixed
radial factors affect only the constants.

Proof. Since the shifted covectors range over a compact set, we may differentiate under
the integral. Demodulating by the central phase,

e−iλϕF Wcur
τ (F ; x, ζ + τξ) = eiΨ(x,ξ) e−iSF (x,ζ+τξ)/τ Wcur

τ (F ; x, ζ + τξ),
where

(10.22) Ψ(x, ξ) = SF (x, ζ + τξ) − SF (x, ζ)
τ

=
∫ 1

0
dζSF (x, ζ + uτξ) · ξ du.

By the joint phase bounds of Proposition 5.4, |Dj
xΨ| ≤ CjΛT j−1 for j ≥ 1 and |ξ| ≤ Λ.

By the Leibniz and chain rules, Ds
x(eiΨw) is a sum of terms eiΨ Dj1Ψ · · ·DjkΨDiw

with j1 + · · · + jk + i = s and jι ≥ 1. The amplitude bounds of Corollary 10.8 give
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∥Diw∥∞ ≤ CiT
i for both demodulated amplitudes (the field with the factor λ, and its

differential). Since ∑ι(jι − 1) = s− i− k, such a term is bounded by

CΛkT s−i−k ∥Diw∥∞ ≤ CΛkT s−k ≤ CsK
s,

using Λ ≤ K and T ≤ K. Integrating against |m| proves (10.20). The linearized metric
of each field is bounded by the prescribed accuracy on Dlag, uniformly over the shifted
covectors and including all source terms, in every Cr norm with r ≤ robs; integration
proves (10.21). □

10.8. The waves at one step. We now state the result in the form used at one step
of the iteration. Fix a finite order r∗ containing all geometric, analytic and density
derivative orders used below. The immersion F lies in a fixed Cr∗ neighborhood of Gref
and satisfies
(10.23) ∥F∥Cr(W ) ≤ CrT

(r−r∗)+
0 , T0 ≥ 2.

The estimates of Section 16 verify both conditions for every iterate. All constructions
use the same immersion F , at which the metric is linearized.

On a whole characteristic patch we use x = (t, y) and ζ ∈ Rn−1, and the Hamilton
phase with

pF (x, dxϕF ) = 0, ϕF (0, y, ζ) = y · ζ.
For each prescribed integer q ≥ 1, Corollary 10.8 gives a family Wcur

τ (F ; x, ζ): a trans-
ported characteristic wave corrected by a finite Neumann series applied to its reduced
residual. The correction preserves the phase and the leading transported tensor. The
family depends linearly on a prescribed real initial amplitude, with complex extension
for Fourier data; its depth may depend on q but not on the frequency or the base
covector. The family is chosen on the entire compact set of shifted covectors before the
sample is drawn. For a sample ν with λν = τ−1

ν and central phase ϕν = ϕF (·, ζν) we
define the complex linear map

(10.24) Zν(m) =
∫

Wcur
τν

(F ; x, ζν + τνξ) dm(ξ).

The Dirac mass m = δ0 gives the unmodulated wave; a finite Fourier measure changes
its initial data without changing the correction operator.

Proposition 10.10 (Corrected characteristic waves). Fix q ≥ 1. Assume (10.23), the
fixed domains of Setup 3.3, and use the positive initial amplitude rF of Proposition 12.7,
whose derivative losses are included in r∗. The family has the original phase and leading
transported tensor, and ∥dϕν∥Cr ≤ CrT

r
0 on the full observation support. Let m have

finite total variation and support in BΛ, and choose a fixed ν0 > 0 with

(10.25) Cenv max(T0,Λ) ≤ K ≤ λ1−ν0 , cλ ≤ λν ≤ Cλ.

Then, for large λ, the shifted covectors stay in the domain of the phase, and on the full
observation support

(10.26) λν∥χcoree
−iλνϕνZν(m)∥Cr + ∥χcoree

−iλνϕνdZν(m)∥Cr ≤ Cr∥m∥TVK
r.



58 WENCHANG YANG AND YI WANG

The depth of the correction can be chosen so that

(10.27) ∥DγFZν(m)∥C0(Dlag) ≤ Cq∥m∥TVλ
−q.

The domains, the order r∗ and the frequency exponents do not depend on q.

Proof. Apply Proposition 10.9 with T = T0, τ = τν , ζ = ζν and accuracy Q with
Q ≥ q + 1. Its hypotheses hold: by (10.25), T0 ≤ K ≤ λ1−ν0 ≤ Cλ1−ν0

ν , so T ≤ λ1−ν
ν

for any fixed ν < ν0 and large λ; K ≥ CenvΛ ≥ CmodΛ after enlarging Cenv; and
τνΛ ≤ Cλ−1K ≤ Cλ−ν0 , so the shifted covectors ζν + τνBΛ stay in the fixed domain
of the phase for large λ. The coefficient bounds required in Corollary 10.8 follow from
(10.23) by Proposition 16.2 and the bounds for rF in Proposition 12.7. Then (10.20) is
(10.26) (with λ replaced by the comparable λν), and (10.21) with r = 0 gives (10.27).
The bound for dϕν is part of (5.7): no derivative loss is hidden in passing from a single
shifted covector to finite measures, because the phase quotient (10.22) varies on the
scale max(T0, |ξ|) ≤ K. □

11. Separated sampling

A continuous superposition of waves over the patch parameters is replaced by a finite
sum over sample points which are mutually separated, so that the products of distinct
waves oscillate at frequencies at least comparable to λh. In this section we show that
such a sample reproduces the continuous normal operator in operator norm, uniformly
on the whole output space, and the continuous Hermitian mean in every Sobolev norm.

11.1. Separated finite-band sampling.

Construction 11.1 (The sampling procedure). Let finitely many patches with parame-
ters z = (s, v) in buffered three-dimensional charts be given, together with fixed smooth
nonnegative compactly supported weights ψa(z). In each chart and for 0 < h ≤ h0 con-
sider the cubes Cq = h(q + [0, 1)3), q ∈ Z3. Take all cubes meeting suppψa together
with their neighbors, and draw independent uniformly distributed points Uq ∈ Cq; dif-
ferent charts use independent draws. Discard a point if another original point of the
same chart has ℓ∞ distance less than h/4 from it. For z ∈ Cq put

pq(z) =
∏

q′ ̸=q

(
1 − |Cq′ ∩ (z + [−h/4, h/4]3)|

h3

)
;

only the 26 neighboring cubes contribute. To each surviving point Uq of a cube meeting
suppψa assign the weight

µq = h3ψa(Uq)/pq(Uq),
and omit zero weights. Number the resulting samples by j, with patch index a(j) and
parameter Zj. The fixed h0 keeps all points inside the chart margins.

Lemma 11.2 (Separation and unbiasedness). For every realization there are at most
Ch−3 samples, the weights are at most Ch3, the total mass is bounded, and distinct
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samples in the same chart are separated by at least h/4. Moreover pq ≥ 7/8, and for
every integrable family Φ with values in a Banach space,

E
[
1{Uq survives}

h3ψa(Uq)
pq(Uq)

Φ(Uq)
]

=
∫

Cq

ψa(z)Φ(z) dz.

Proof. Conditioned on Uq = z, the point survives if and only if no other point Uq′ lies
in z + (−h/4, h/4)3. These events are independent, and the probability that Uq′ avoids
the box is 1−|Cq′ ∩ (z+[−h/4, h/4]3)|/h3 (the boundary has measure zero). Hence the
conditional survival probability is exactly pq(z). The box has volume (h/2)3 = h3/8, so
the excluded volumes in the other cubes sum to at most h3/8, and pq(z) ≥ 1−∑q′ xq′ ≥
7/8, where xq′ are the factors subtracted from one. Since Uq has density h−3 on Cq,

E
[
1surv

h3ψa(Uq)
pq(Uq)

Φ(Uq)
]

=
∫

Cq

h−3pq(z)
h3ψa(z)
pq(z)

Φ(z) dz =
∫

Cq

ψaΦ dz.

If two surviving points were at distance less than h/4, both would have been discarded,
which gives the separation. There is at most one sample per cube, and there are O(h−3)
cubes; the weights are at most 8

7h
3∥ψa∥∞, and the total mass is at most a constant. No

derivative of pq is used. □

We use the following form of the operator Bernstein inequality with intrinsic dimen-
sion; see [M17] and [T15, Theorem 7.3.1].
Lemma 11.3 (Operator Bernstein inequality). Let Y1, . . . , Ym be independent random
self-adjoint operators on a finite-dimensional Hilbert space with EYq = 0 and ∥Yq∥ ≤ R
almost surely. Let V be a positive semidefinite operator with ∑

q EY 2
q ≤ V , and put

d = trV/∥V ∥. Then for u ≥ ∥V ∥1/2 + R/3,

P
(∥∥∥∥∑

q

Yq

∥∥∥∥ ≥ u
)

≤ 8d exp
(

− u2/2
∥V ∥ + Ru/3

)
.

Theorem 11.4 (Separated sampling). Use finitely many buffered three-parameter
charts with weights ψa as in Construction 11.1, and a smooth family of ambient waves
Wτ (x, z, ζ ′) with the phase SG and the leading tensor A0 = A0(bG) of Theorem 10.4.
Put Aτ = e−iSG/τdWτ , and assume, for one scale L ≥ 1, every physical order r and
every joint order k ≤ Man + 3 in the patch parameters and shifted covectors,
(11.1) ∥Dr

xD
k
z,ζ′Aτ ∥∞ + τ−1∥Dr

xD
k
z,ζ′(Aτ − A0)∥∞ ≤ Cr,kL

r.

Assume also uniform joint CMan+2 bounds for the amplitudes and the inverse charts,
with an O(τ) difference of amplitudes in that norm, including the ϵ-derivatives of the
leading homotopy. No hypothesis on the linearized metric of the waves is needed. All
physical, parameter and conic cutoffs lie inside the larger charts, and frequencies below
one are omitted.

Fix the band Λ ≥ 2 before sampling, with Λ/λ inside the phase margin. Each indexed
patch a has a fixed positive radial factor Ra; put τa = (Raλ)−1. Fix a smooth radial
cutoff 0 ≤ ϑ ≤ 1, equal to one on B1 and zero outside B2, and put
(11.2) PK(η) = ϑ(η/K), K ≥ 1.
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The background uses the unshifted wave Wτa(x, z, ζ(z)). With fixed measurement and
frame cutoffs χ, χin define, at each fixed z,

Ta,zF (x) =
∫
eiΦτa (x,z,η)|η|1/2χhiPΛ(η)aτa(x, z, η)F (η) dη,(11.3)

Φτ = SG(x, ζ(z) + τη) − SG(x, ζ(z))
τ

,(11.4)

aτ = χχin
(
Qi : Aτ (x, z, ζ(z))∗Aτ (x, z, ζ(z) + τη)

)n

i=1
,(11.5)

the quotient being extended by its integral formula at τ = 0. The input space is the
complex L2(dη) and the output space is H = L2(Rn;Cn). The cutoffs belong to these
operators; the ambient fields are not cut. The same random sample may serve finitely
many further operators of this type with the same lower bounds, or scalar operators with
amplitude 1 and any fixed physical cutoff in the common larger phase chart. Define

(11.6) Esample =
∑

j

µjTa(j),Zj
T ∗

a(j),Zj
, Econt =

∑
a

∫
ψaTa,zT

∗
a,z dz.

Then the following hold.
(i) The operators satisfy, on the whole spaces,

(11.7) ∥Ta,z∥2 ≤ CΛ, ∥Ta,z∥2
HS ≤ CΛn, ∥Econt∥ ≤ C, trEcont ≤ CΛn.

(ii) For fixed ϵ > 0 and h−3 ≍ Λ1+ϵ, with probability tending to one as Λ → ∞,

(11.8) ∥Esample − Econt∥ ≤ Λ−ϵ/4.

The same holds for the real operators 2 ReT , whose normal operators are 4 ReE,
with fixed constants.

(iii) Put, with a fixed compact spatial cutoff,

Ha,z = Re
[
Aτa(x, z, ζ(z))∗Aτa(x, z, ζ(z))

]
, Hcont =

∑
a

∫
ψaHa,z dz.

If supa,z ∥Ha,z∥Hs ≤ Bs for all integers s ≥ 0, the event in (ii) can be chosen so
that, simultaneously for all s,

(11.9)
∥∥∥∥∑

j

µjHa(j),Zj
−Hcont

∥∥∥∥
Hs

≤ C2s/2hBs,

at the cost of an additional failure probability at most Ch. Moreover, with
Htransport,a,z = |νb0 |2 dS(x, ζ(z))⊗2,∥∥∥∥Hcont −

∑
a

∫
ψaHtransport,a,z dz

∥∥∥∥
L2

≤ Cλ−1.

(iv) Let Etransport,band be the continuous normal operator with the same weights and
cutoffs, but with Φτa replaced by Φ0 and Aτa by A0(b0). Then

(11.10) ∥Econt − Etransport,band∥ ≤ Cλ−1Λ.
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In particular one separated sample approximates the transported normal operator on the
whole output space within Cλ−1Λ+Λ−ϵ/4, so that a lower bound for the latter on a given
class of outputs passes to the former. The wave family and the band are fixed before the
sample; separation, count, weight and mass bounds hold for every realization.

Proof. Operator bounds. The joint amplitude bounds give the hypotheses of Setup 10.3,
and Proposition 7.4, with p2

Λ = χ2
hiP

2
Λ, gives the bounds for Ta,z. Since Econt =∑

a TaψaT
∗
a with the full operators Ta, the full bound gives ∥Econt∥ ≤ C, and trEcont =∑

a

∫
ψa∥Ta,z∥2

HS dz ≤ CΛn. For several operator families we use the block-diagonal
normal operator on the finite direct sum of the output spaces.

Decomposition into independent classes. Let Xq be the positive operator contributed
by the cube q, that is µqTa,UqT

∗
a,Uq

if Uq survives and 0 otherwise, and put Yq = Xq−EXq.
By Lemma 11.2, ∑q EXq = Econt. Each Xq depends only on the draws in the cubes
q + {−1, 0, 1}3. Partition the indices according to q mod 3 ∈ (Z/3)3; for two distinct
indices in the same class the sets q + {−1, 0, 1}3 are disjoint, so within each of the 27
classes the operators Xq are independent. Fix a class I and put R = CΛh3. Then
0 ≤ Xq ≤ RI, so ∥Yq∥ ≤ R, and X2

q ≤ RXq gives∑
q∈I

EY 2
q ≤

∑
q∈I

EX2
q ≤ R

∑
q∈I

EXq ≤ REcont.

Concentration. Let Pℓ ↑ I be finite-rank orthogonal projections, and let E1 be a rank-
one projection with range in that of Pℓ. Apply Lemma 11.3 to the compressions PℓYqPℓ,
with Vℓ = RPℓEcontPℓ + RE1. The variance condition holds, since (PℓYqPℓ)2 ≤ PℓY

2
q Pℓ

for self-adjoint Yq. The term RE1 makes Vℓ ̸= 0, so that the intrinsic dimension is
defined even when the variance of the compressed sum vanishes. Then R ≤ ∥Vℓ∥ ≤ CR
and trVℓ ≤ R(CΛn + 1), so d ≤ CΛn. Take u = Λ−ϵ/4/27. Since h−3 ≍ Λ1+ϵ, R ≍ Λ−ϵ,
and for large Λ we have u ≥ (CR)1/2 + R/3 and

u2/2
CR + Ru/3 ≥ cΛ−ϵ/2Λϵ = cΛϵ/2.

Hence P(∥Pℓ
∑

q∈I YqPℓ∥ ≥ u) ≤ CΛn exp(−cΛϵ/2), uniformly in ℓ. The sum ∑
q∈I Yq is

a finite sum of trace class operators, hence compact, so its compressions converge to it
in norm; by Fatou’s lemma the same bound holds for ∥∑q∈I Yq∥. A union bound over
the 27 classes and the triangle inequality give (11.8) with failure probability at most
CΛn exp(−cΛϵ/2). The assertion for the real operators follows from (10.3).

Background quadrature. The tensor contributed by one cube has Hs norm at most
Ch3Bs. Centering these vectors and summing within one class, independence and the
Hilbert space identity E∥∑q Zq∥2 = ∑

q E∥Zq∥2 for independent centered Zq give a
bound Ch−3(Ch3Bs)2 = Ch3B2

s , and the triangle inequality in L2(P;Hs) over the 27
classes gives

E
∥∥∥∥∑

j

µjHa(j),Zj
−Hcont

∥∥∥∥2

Hs
≤ Ch3B2

s .

By Chebyshev’s inequality, the probability that the norm exceeds C2s/2hBs is at most
C2−sh. Summing over s ≥ 0 and intersecting with the event of (ii) proves (11.9). By
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(11.1), |Aτ − A0| ≤ Cτ ≤ Cλ−1, and A∗
0A0 = |νb0|2ξξT by Theorem 10.4; this gives the

comparison with the transported tensor.
Comparison of normal operators. First replace the amplitudes by the leading ones

on the unchanged phase. Their difference is O(τa) in the relevant norm, so by Propo-
sition 7.4 the normal operator changes by at most Cτa. The leading amplitudes along
the homotopy in τ have τ -derivatives of order |η|, so (7.3), applied with each weight ψa

and summed over the finitely many charts, bounds the change of phase by CτaΛ. Since
τa ≍ λ−1, this proves (11.10). □

Remark 11.5. For a fixed band the sampled normal operators are compact on the whole
output space. Their approximation in norm therefore transfers a lower bound only on a
class of outputs for which such a bound has already been established, as in Section 12.

12. The continuous normal operator and a positive mean

In this section we combine the image of the reduced operator with the quadratic
tensors of characteristic waves into one operator A, and show that E = AA∗ +1−χ2

meas
is coercive; this is the analytic form of the Gram inequality (5.1). We then estimate
the inverse of E in Sobolev spaces, and use it to construct a positive initial amplitude
rF and a tangent field Vbase such that the transported mean of the unmodulated waves
with density r2

F , together with DγFVbase, has zero component in KF . This is what
permits metric defects of either sign. Finally we identify the continuous operator with
the leading part of the normal operator of the waves, which is approximated by the
sample in Section 11.

In summary, the input of this section is an immersion G in a fixed Cr∗ neighborhood
of the reference, with derivative bounds of the form (3.1); the output consists of the
coercive operator EG (Proposition 12.5), Sobolev bounds for its inverse with a fixed
loss (Proposition 12.6), and the positive initial amplitude rG with the base field Vbase
(Proposition 12.7). In the proof of Theorem 1.1, E−1

G produces the modulations of the
waves in Section 13, and rG, Vbase cancel the positive mean of the unmodulated waves.

We use the reference immersion and phase charts of Section 5, the transported fields
of Section 10 and the domains of Setup 3.3. All derivative orders used here are included
in r∗.

12.1. Geometry and the associated operators.

Definition 12.1 (Second fundamental form and reduced operator). For an immersion
G near the reference we use the normal map NG and the projected frame QG,i = ΠKG

Q0
i

of (5.5), and the reduced operator PG of (10.2). Put

gG = γ(G), GG = (QG,i : QG,j)n
i,j=1, qG(H) = (QG,i : H)n

i=1,

and qG(x, ξ) = qG(ξ ⊗ ξ). The neighborhood of Setup 5.3 gives a lower bound for the
Gram matrix GG. These are smooth functions of the second jet of G, so by Corollary 6.3
they satisfy the derivative bounds of G with a loss of two. Replacing BG by BG/σ does
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not change the kernel projection; hence uniform normalized lower bounds and fixed-
order bounds for dG, BG/σ and the metric connection give uniform bounds for the
frame and the reduced operator. The identities (4.2) and (10.4) hold pointwise on W .

Definition 12.2 (Normalized reference and characteristic phases). We use the flat
family Gσ of Corollary 4.8, whose projected frames tend to the constant frame of Defi-
nition 4.4, and the finite cover of the sphere, the characteristic patches with parameters
z = (s, v) ∈ R × R2, and the phase charts of Propositions 5.1–5.5. These constructions
hold on a fixed Cr∗ neighborhood, and for the normalized family they hold on common
boxes with normalized lower bounds down to σ = 0.

For each such immersion G we use the phase SG, the transported amplitude bG, the
normal field νG and the tensor A0 = A0(bG) of Theorem 10.4, with the projected frame
and a prescribed positive initial amplitude; their lower bounds and derivative bounds
are those of that theorem. In the adapted coordinates x = (t, y) put

ξG,a = dxSG(x, ζa(z)), YG,a = dζSG(x, ζa(z)), ΦG,a(x, z, η) = YG,a(x, z) · η.

Thus ΦG,a is the phase Φτ of Setup 7.3 at τ = 0, and Proposition 5.5 gives its normalized
full and fixed-time inverse charts, together with those of the exact difference quotients.
The parameter neighborhoods are taken large enough to contain every shifted covector
in Definition 12.9.

12.2. The limit σ → 0. The normalized family has a regular limit. Let Ŝ and b̂ be
the phase and the transported amplitude for F0 with initial amplitude 1, and use the
initial amplitude σ for Gσ.

Lemma 12.3. For x in the fixed ball,

(12.1)
BGσ(x) = σBF0(σx), NGσ(x) = σ−1NF0(σx),
Sσ(x, ζ) = σ−1Ŝ(σx, ζ), bσ(x, ζ) = σb̂(σx, ζ),
ξσ(x, ζ) = ξ̂(σx, ζ), νσ(x, ζ) = ν̂(σx, ζ).

Moreover
Sσ(x, ζ) =

∫ 1

0
x · dxŜ(θσx, ζ) dθ,

so the phases, and with them the normalized second fundamental form, its inverse, the
transported amplitudes and the normal fields, extend smoothly to σ = 0 in all fixed
mixed derivatives. At σ = 0 the tensors Q0

i , ξ0 and ν0 do not depend on x, Y0 is linear
in x, and ν0 ̸= 0.

Proof. The first identity was proved in Corollary 4.8. The normal spaces of Gσ at
x and of F0 at σx coincide, so KGσ(x) = KF0(σx), and since NG vanishes on KG

and inverts B∗
G = σB∗

F0 on K⊥
G , we get NGσ(x) = σ−1NF0(σx). Since Qi(Gσ)(x) =

Qi(σx), the principal symbols satisfy MGσ(x, ξ) = MF0(σx, ξ), and both metrics are
the Euclidean one, so there are no Christoffel terms. The function σ−1Ŝ(σx, ζ) has
gradient (dxŜ)(σx, ζ), hence solves the eikonal equation for Gσ, and at t = 0 it equals
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σ−1(σy · ζ) = y · ζ; by uniqueness for the Hamilton–Jacobi problem it is Sσ, and
ξσ(x) = ξ̂(σx). The null vectors of Gσ at x are those of F0 at σx, and

PGσ

[
σb̂(σx)

]
=
(
Qi(σx) : sym ∂x[σb̂(σx)]

)
i

= σ2(PF0 b̂)(σx),

so σb̂(σx) solves the transport equation for Gσ with initial amplitude σ; by uniqueness
it equals bσ. Then νσ = NGσ(ξσ sym bσ) = σ−1NF0(σx)

(
ξ̂ sym σb̂

)
(σx) = ν̂(σx).

Since Ŝ(0, ζ) = 0, the fundamental theorem of calculus along the segment from
0 to σx gives the integral formula, which is smooth in σ including σ = 0, where
S0(x, ζ) = x · dxŜ(0, ζ) is linear in x. The remaining quantities are of the form f(σx)
and are smooth in (σ, x). Finally, ξ0 ̸= 0 and the null vector k0 ̸= 0 give ξ0 sym k0 ̸= 0
(see the proof of Theorem 10.4); this tensor lies in K⊥

0 , and its preimage under the
injective map BF0(0)∗ is a nonzero multiple of ν0. Compact parameter supports give a
uniform positive lower bound for |ν|. □

Only these normalized algebraic coefficients are used at σ = 0; G0 itself is not an
immersion of full normal rank. All derivative losses are fixed before the observation
order and the accuracy.

12.3. Coercivity of the continuous normal operator.

Definition 12.4 (The continuous operator). We first use the normalized family of
coefficients, including its limit at σ = 0, and then a small fixed Cr∗ neighborhood of a
chosen positive Gref = Gσ. Fix domains Ucore ⋐ Umeas ⋐ W and a cutoff 0 ≤ χmeas ≤ 1
equal to one near Ucore and supported in Umeas; the measurement region is chosen small
below, and these cutoffs are fixed before σ and the neighborhood of Gσ. For every patch
choose a smooth function ρa(z, η̂) ≥ 0, positive on fixed neighborhoods of the model
incidence points and of the corresponding directions η̂, and compactly supported in the
input charts. Let χhi(|η|) vanish for |η| ≤ 1 and equal one for |η| ≥ 2.

With a fixed Fourier normalization, define the complex operators

(12.2) Taf(x) =
∫
eiΦG,a(x,z,η)χmeasρaχhi(|η|)|η|1/2|νa(x, z)|2qG(x, ξa(x, z))f(z, η) dz dη,

acting on the complex space L2(z, η), with values in L2(Rn;Cn), and put Ca = 2 ReTa.
The operator

A =
(
χmeasPG⟨D⟩−1, (Ca)a

)
acts on the direct sum of L2(Rn;Rn) (the image component) and the real Hilbert spaces
underlying the inputs of the Ta, with values in L2(Rn;Rn). Put

E = AA∗ + 1 − χ2
meas.

The image component corresponds to tangential corrections, whose linearized metric
is 2 sym ∇u, and the operators Ca correspond to modulations of the waves: by The-
orem 10.4, changing the initial density of a wave by a real modulation changes its
transported mean by |νa|2ξa ⊗ ξa times the modulation evaluated at the initial point
YG,a, and qG of this tensor is the amplitude in (12.2).
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Proposition 12.5 (Coercivity). Fix a finite order kgap containing the derivatives used
in the operator norm estimates of Proposition 7.4. One sufficiently small measurement
region and fixed cutoffs work for every 0 ≤ σ ≤ σ0 in the normalized family. All the
operators above are bounded, and

(12.3) E ≥ c0I;

in particular E has a bounded self-adjoint inverse on L2. The same conclusions hold
on a small finite Cr∗ neighborhood of each fixed positive Gσ, and after multiplying the
initial amplitude by

√
1 + va(z, y) with ∥va∥Ckgap sufficiently small.

Proof. Boundedness. Proposition 7.4, at τ = 0 with p∞ = χhi, applies to Ta; with
Ja as in (7.6), the change of variables k = Ψa shows that the kernel of TaT

∗
a is∫

ei(x−x′)·kbT,a(x, x′, k) dk, where, at the inverse point (s, η) = ua(x, x′, v, k),

bT,a(x, x′, k) = χmeas(x)χmeas(x′)
∫ ρ2

aχ
2
hi|η|
Ja

|νa(x, z)|2|νa(x′, z)|2

· qG(x, ξa(x, z))qG(x′, ξa(x′, z))T dv.
(12.4)

This is an amplitude of order zero. Hence ∥Ta∥ ≤ C, uniformly on the coefficient
neighborhood, and by the continuity statement of Proposition 7.4 the normal operator
TaT

∗
a depends continuously in operator norm on finitely many normalized derivatives

of the data. By Corollary 7.5, CaC
∗
a = 4 Re(TaT

∗
a ) on real outputs, so the same holds

for CaC
∗
a . The image component is a product of coefficient multiplications, the Fourier

multipliers Dj⟨D⟩−1 and ⟨D⟩−1, and the measurement cutoff; it is bounded and depends
continuously on the coefficients, and so does its normal operator. Since

E = χmeasPG⟨D⟩−2P ∗
Gχmeas +

∑
a

CaC
∗
a + 1 − χ2

meas,

the operator A is bounded uniformly on the neighborhood, and E depends continuously
on the coefficients in operator norm. We do not claim, and do not use, continuity of A
itself in operator norm: the phases ΦG,a enter Ta through eiΦG,a with unbounded η. All
later perturbation arguments are applied to E.

The limit σ = 0. By Lemma 12.3 the coefficients are constant in x at σ = 0, and the
phases are linear in x. The reduced operator is then P0 = M0(D) (up to the factor i),
and the kernels of TaT

∗
a , apart from the measurement cutoffs, depend only on x − x′.

Hence
AA∗ = χmeas e0(D)χmeas,

with a matrix-valued multiplier e0(k) ≥ 0: the image component contributes
M0(k)M0(k)T ⟨k⟩−2, and each wave component contributes the (realified) amplitude
(12.4), which is a positive semidefinite matrix; realification adds the nonnegative
contributions at k and −k. For |k| ≥ 2 the multiplier is homogeneous of degree zero
up to the factor |k|2/⟨k⟩2.
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Suppose s ∈ Rn and e0(k)s · s = 0 for some large |k|. Then M0(k)T s = 0, and the
wave contributions give ∫ ρ2

a|η|
Ja

|νa|4
∣∣∣s · q0(ξa(z))

∣∣∣2 dv = 0

at the inverse points of k. At an incidence point of k̂ the map η 7→ DζdxS0 · η is onto
the tangent hyperplane of the characteristic variety, which contains k̂; hence there is
a unique nonzero η with dxΦa = k̂, and the weight ρa is positive there. Therefore
s · q0(ξa(za(k̂))) = 0 for every selected patch, and the Gram inequality (5.3) gives s = 0.
Since e0 is continuous and asymptotically homogeneous, compactness of the sphere
gives e0(k) ≥ c for |k| ≥ R0, with fixed R0; we used χhi = 1 there and |k|2/⟨k⟩2 ≥ 1/2.

For u = χmeasf we obtain, by Plancherel,

∥A∗f∥2
2 = ⟨e0(D)u, u⟩ ≥ c∥u∥2

2 − C
∫

|k|≤R0
|û(k)|2 dk ≥ c∥u∥2

2 − C∥u∥2
1,

using ∥û∥∞ ≤ C∥u∥1. By the Cauchy–Schwarz inequality ∥u∥2
1 ≤ | suppχmeas| ∥u∥2

2,
hence

∥A∗f∥2
2 ≥

(
c− C| suppχmeas|

)
∥χmeasf∥2

2 ≥ c
2∥χmeasf∥2

2

if the measurement support is small enough. Since ∥χmeasf∥2
2 +⟨(1−χ2

meas)f, f⟩ = ∥f∥2
2,

⟨Ef, f⟩ = ∥A∗f∥2
2 + ⟨(1 − χ2

meas)f, f⟩ ≥ min
(

c
2 , 1

)
∥f∥2

2.

Perturbation. With these cutoffs fixed, the continuity of E in operator norm, proved
above, gives σ0 > 0 such that (12.3) holds for 0 ≤ σ ≤ σ0 with c0 halved: by Lemma 12.3
the normalized data of Gσ converge in every fixed Cm norm as σ → 0. Then a finite-
order neighborhood of each fixed positive Gσ gives the same bound with a common
constant. A bounded self-adjoint operator with E ≥ c0 is invertible, with ∥E−1∥ ≤ c−1

0 .
Change of the initial amplitude. The transported amplitude is linear in the initial

amplitude, and |νa|2 is quadratic in it. Multiplying the initial amplitude by
√

1 + va

therefore multiplies the amplitude of the kernel of TaT
∗
a by [1 + va(z, Ya(x, z))][1 +

va(z, Ya(x′, z))], which changes the normal operator by at most C maxa ∥va∥Ckgap in
operator norm. Small v therefore preserves coercivity with a smaller constant. □

12.4. The inverse and its realization. We realize every image input by a tangential
field:
(12.5) JGh = 1

2dG g
−1
G ⟨D⟩−1h.

By (4.2) with u = 1
2⟨D⟩−1h and w = 0,

DγGJGh = sym ∇gG(⟨D⟩−1h), qGDγGJGh = PG⟨D⟩−1h.

The single derivative is compensated by ⟨D⟩−1, so the field and its linearized metric
have order at most zero.

The following elementary inequality is used repeatedly: for L ≥ 1, r0 ≥ 0 and integers
0 ≤ i ≤ s,
(12.6) L(s−i−r0)+∥u∥Hi ≤ Cs

[
∥u∥Hs + L(s−r0)+∥u∥2

]
.
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If s − i − r0 ≤ 0 this is ∥u∥Hi ≤ ∥u∥Hs . Otherwise split u in frequency at |ξ| = L:
the high part satisfies ∥uhi∥Hi ≤ CLi−s∥u∥Hs and Ls−i−r0Li−s ≤ 1, while the low part
satisfies ∥ulo∥Hi ≤ CLi∥u∥2 and Ls−i−r0Li = Ls−r0 .

Proposition 12.6 (Inverse estimates and realization). Work in the coefficient neigh-
borhood of Proposition 12.5, including its positive initial amplitudes ra, and write

A = AG,r = (Aim, T ), F = AimA
∗
im + 1 − χ2

meas, E = F + TT ∗,

where Aim is the image component and T collects the real wave components. Let Xs

be the direct sum of Hs for the image input and of Hs
z,y for the wave inputs, the latter

measured in the initial variables after inverse Fourier transform in η. With the cutoff
PK of (11.2) define

EK = F + TP 2
KT

∗, Vaux(e) = JGA
∗
imE

−1e.

Suppose that, for some L ≥ 1,

∥G∥Cm +
∑

a

∥ra∥Cm ≤ CmL
(m−R∗)+ , m ≥ 0.

There is a fixed B such that, whenever R∗ ≥ r0 +B with r0 ≥ 0, for every integer s ≥ 0,

∥E−1e∥Hs + ∥A∗E−1e∥Xs + ∥FE−1e∥Hs + ∥Vaux(e)∥Hs(W )

≤ Cs

[
∥e∥Hs + L(s−r0)+∥e∥2

]
.

(12.7)

The constants depend on the constants in the hypothesis but not on L or K. The bound
for Vaux includes its linearized metric and holds on Rn after a fixed physical cutoff.
Before that cutoff, qGDγGVaux(e) = PG⟨D⟩−1A∗

imE
−1e, and on Ucore, where χmeas = 1,

this equals AimA
∗
imE

−1e = FE−1e. The inverse preserves H∞, and AA∗E−1e = e on
Ucore. For every integer N ≥ 0,

(12.8) ∥(E − EK)E−1e∥2 ≤ CNK
−N
[
∥e∥HN + L(N−r0)+∥e∥2

]
.

For the normalized family Gσ with initial amplitude σ, the lower bound and all constants
are uniform as σ → 0, and the right side of (12.7) becomes Cs∥e∥Hs.

Proof. Derivative losses. The algebraic formulas, fixed-time flows and inverse charts
preserve the derivative bounds by Lemma 6.5 and (6.6). We choose B to include their
fixed losses and all fixed amplitude tests below. Then an sth derivative of an operator
applied to a source, with i of the derivatives falling on the source, carries the coefficient
factor L(s−i−r0)+ , and (12.6) converts all such terms into the right side of (12.7).

The inverse. Let Uzf(x) = f(x+ z) and Ez = UzEU−z. Conjugation by translations
translates the coefficients; Fourier multipliers commute with translations. In the ampli-
tude of the wave component, a derivative in z acts as ∂x +∂x′ , and the image component
and 1 − χ2

meas are finite products of smooth coefficients and fixed multipliers. Taylor’s
formula and the amplitude bounds show that z 7→ Ez is smooth in operator norm, with

∥∂α
z Ez∥2→2 ≤ CαL

(|α|−r0)+ .
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Since Ez ≥ c0 for all z, the resolvent identity shows that z 7→ E−1
z is smooth in operator

norm, and differentiating EzE
−1
z = I gives

∂α
z E

−1
z =

∑
(−1)m α!

α1! · · ·αm! E
−1
z (∂α1Ez)E−1

z · · · (∂αmEz)E−1
z ,

summed over ordered decompositions α = α1 + · · · + αm with αi ̸= 0. By (6.5),

∥∂α
z E

−1
z ∥2→2 ≤ CαL

(|α|−r0)+ .

For smooth e, the identity Uz(E−1e) = E−1
z Uze shows that z 7→ Uz(E−1e) is smooth

with values in L2, and its derivatives at z = 0 are the weak derivatives of E−1e:

∂α(E−1e) =
∑
β≤α

(
α

β

)
(∂β

zE
−1
z )|z=0 ∂

α−βe.

Hence ∥∂αE−1e∥2 ≤ C
∑

β L
(|β|−r0)+∥e∥H|α|−|β| , and (12.6) gives (12.7) for E−1e. By

density the bound extends to all e ∈ Hs; in particular E−1 preserves H∞.
The adjoint. The image adjoint has order zero. For a phase Φ = Y (x, z) · η with

B = DyY invertible (rows indexed by the physical y variables), the exact identities

(12.9) dyΦ = Bη, η = B−1dyΦ, ∂zℓ
Φ = Vℓ · dyΦ, Vℓ = B−T∂zℓ

Y,

hold. Here Y = dζSG, and the common charts make B uniformly close to I. Conse-
quently ηje

−iΦ = i(B−1∂y)je
−iΦ and ∂zℓ

e−iΦ = Vℓ · ∂ye
−iΦ, so every factor η and every

parameter derivative of the phase factor in T ∗
a v can be transposed to a y-derivative

falling on v and on the amplitude. The compact measurement support removes bound-
ary terms. After s such operations, a term with i derivatives on v has coefficient factor
L(s−i−r0)+ . Its amplitude still has the factor |η|1/2, and its normal operator has order
zero because of the degree-one Jacobian (7.6). The amplitude bounds, Plancherel and
(12.6) give

∥A∗v∥Xs ≤ Cs

[
∥v∥Hs + L(s−r0)+∥v∥2

]
,

and we insert v = E−1e. The transported amplitude equals the initial scalar r(z, YG)
times a flow factor, so these estimates include variable initial amplitudes.

The remaining bounds. The image component Aim has order zero, and (12.5) gives
the bounds for Vaux and its linearized metric; a fixed output cutoff adds only a lower-
order term. The identity AA∗E−1 = I − (1 − χ2

meas)E−1 gives AA∗E−1e = e on Ucore.
Every wave adjoint contains the factor χhi, and 1 − P 2

K vanishes for |η| ≤ K, so

∥(I − P 2
K)T ∗E−1e∥2 ≤ K−N∥|η|NT ∗E−1e∥2 ≤ CNK

−N
[
∥e∥HN + L(N−r0)+∥e∥2

]
,

by the adjoint estimate. Composing with the bounded operator T gives (12.8).
The normalized family. For Gσ, Lemma 12.3 bounds every fixed derivative of the nor-

malized amplitudes and of the coefficients in (12.9) uniformly in σ, and Proposition 12.5
gives a common lower bound. The proof above therefore has uniform constants, and
since all derivatives are bounded uniformly, the factor L(s−r0)+ can be replaced by a
constant. □
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12.5. The positive transported mean. The transported mean is affine in the initial
density. One correction of the density and one tangential field cancel its component in
KG.

Proposition 12.7 (A positive mean at the reference and nearby immersions). Use
the normalized family of Definition 12.2. Choose smooth weights ψa ≥ 0, compactly
supported in the parameter charts and equal to one on a neighborhood of the projection
πz(supp ρa). For σ > 0 and an immersion G near Gσ, let A = AG,σ and E = AA∗ +1−
χ2

meas be the operators with constant initial amplitude σ. For the leading normal field
νG,σ,a with initial amplitude σ, define the transported mean

(12.10) HG[σ2(1 + v)] =
∑

a

∫
ψa|νG,σ,a|2

[
1 + va(z, YG,a)

]
ξG,a ⊗ ξG,a dz.

Write Hσ = HGσ [σ2], and let H0 be its constant limit. Fix X0(x) = −H0x/2 and
Ufin ⋐ Ucore, and define

R0 = DγG(dGX0) +HG[σ2],
e = −χmeasqG(R0), h = A∗E−1e,

va = 2 Re F−1
η

[
ρaχhi(|η|)|η|1/2ha

]
,(12.11)

where h = (him, (ha)a), the source is extended smoothly by zero to Rn, and the inverse
Fourier transform in η is taken without a cutoff in the initial variables. Put

rG,a = σ
√

1 + va, Vbase = dGX0 + JGhim.

Then, for all sufficiently small σ > 0, and on one sufficiently small fixed Cr∗ neighbor-
hood of Gσ, these fields are real and smooth, 1 + va ≥ 1/2, the scalar rG,a is positive on
the supports of the cutoffs ρa, and

(12.12) qG

(
DγGVbase +HG[r2

G]
)

= 0 on Ufin.

The normal operator for this positive scalar is coercive, and its inverse satisfies the
estimates of Proposition 12.6. For one fixed B, if ∥G∥Cm(W ) ≤ CmL

(m−R∗)+ with L ≥ 1,
r0 ≥ 0 and R∗ ≥ r0 +B, then

(12.13)
∑

a

∥rG,a∥Cs + ∥Vbase∥Cs(Ufin) + ∥DγGVbase∥Cs(Ufin) ≤ CsL
(s−r0)+ ,

where the norm of the scalar is taken in all variables (z, y) on the fixed patches. These
choices precede the accuracy and the final dilation, and fixed-order bounds are uniform
on smooth compact families. Along G = Gσ,

(12.14)
∑

a

∥va∥Cs + ∥Vbase − dGX0∥Cs(W ) ≤ Csσ,

the identity holds on Ucore, and the coercivity and the fixed-order inverse bounds for the
corrected scalar are uniform as σ → 0.
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Proof. The identity. The density va has parameter support in {ψa = 1}, so ψava = va,
and the transport evaluates it at the initial point YG,a. Writing out the inverse Fourier
transform,

va(z, YG,a(x, z)) = 2 Re
∫
eiΦG,a(x,z,η)ρaχhi|η|1/2ha(z, η) dη.

Multiplying by χmeasψa|νG,σ,a|2qG(ξG,a ⊗ ξG,a), integrating in z and using ψaρa = ρa, we
get, on the whole measurement support,

(12.15) χmeasqG

(
HG[σ2(1 + v)] −HG[σ2]

)
=
∑

a

Caha.

The same identity holds for any fixed positive initial amplitude and the corresponding
operators. On Ucore we have χmeas = 1, so, by (12.5),

qG

(
DγGVbase +HG[r2

G]
)

= qGR0 + PG⟨D⟩−1him +
∑

a

Caha = qGR0 + Ah.

Since Ah = AA∗E−1e = e = −qGR0 on Ucore, the right side vanishes.
Size at the reference. By Lemma 12.3, Hσ(x) = Ĥ(σx) with Ĥ smooth, so H0 = Ĥ(0)

is constant and Hσ −H0 = Os(σ) in every Cs. At Gσ the metric is I and the connection
is flat, so by (4.2)

DγG(dGX0) = 2 sym dX0 = −H0,

and R0 = Hσ −H0 = Os(σ). The density formula is a multiplier of order one half in y
with fixed smooth masks in z, so, before any spatial cutoff,

∥v∥Hs
z,y

≤ Cs∥h∥Xs+1 .

The uniform inverse and adjoint bounds for the normalized family, together with
Sobolev embedding, give h = Os(σ), v = Os(σ) and Vbase − dGX0 = Os(σ). At the
single output order kgap these estimates give ∥v∥Ckgap ≤ C∥e∥Hm for one fixed m, with a
constant depending only on the lower bound and finitely many normalized seminorms;
these input orders are included in r∗. We choose σ so small that this bound is below
the threshold of Proposition 12.5 with a fixed margin; then the corrected operator is
coercive, 1+va ≥ 1/2, and v = Os(σ) gives uniform bounds for the corrected coefficients
at every fixed order.

Nearby immersions. Now fix this positive σ. On a small Cr∗ neighborhood of Gσ, the
finite-jet and flow formulas preserve these bounds and keep ∥e∥Hm small, so ∥v∥Ckgap

stays small and the supports are unchanged.
Derivative bounds. Let c include the losses of the density multiplier and of Sobolev

embedding. After increasing B once, the finite-jet and flow formulas give ∥e∥Hs ≤
CsL

(s−r0−c)+ . Proposition 12.6, applied with r0 + c in place of r0 to the operator
with constant initial amplitude σ, the density estimate and Sobolev embedding give
∥v∥Cs +∥JGhim∥Cs ≤ CsL

(s−r0)+ , also for the linearized metric of the field. The positive
square root and dGX0 satisfy the same bounds by Lemma 6.2. This proves (12.13).
Continuity of the normal operator gives the lower bound for the corrected scalar, and
Proposition 12.6 applies to it. □
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Definition 12.8 (The operators with the corrected scalar). We use the preceding
operators with the positive scalar rG of Proposition 12.7, and write

AG = (Aim,G, TG), FG = Aim,GA
∗
im,G + 1 − χ2

meas, EG = FG + TGT
∗
G,

EG,K = FG + TGP
2
KT

∗
G,

and V G
aux for the field Vaux of these operators. The inverse estimates and the tail estimate

of Proposition 12.6 apply to them.

12.6. Comparison with the sampled waves. The fixed weights identify the contin-
uous operator with the leading part of the normal operator of the waves.

Definition 12.9 (The associated family of waves). Use the positive scalar rG,a of
Proposition 12.7, the measure ψa dz and the cutoff ρa. In Theorem 11.4 take the phase
SG, the frame QG,i, the measurement cutoff χmeas and the cutoff ρa. The wave family
has leading tensor A0(bG) and satisfies the hypotheses of the sampling theorem by
Corollary 10.8. We use the fixed radial factors, τa = (Raλ)−1, and

(12.16) Λ/λ < the fixed margin of the phase charts.

Every shifted covector stays in its common chart. We write HG = HG[r2
G] for the

positive transported mean.

At τ = 0, the amplitude in (11.3) is χmeasρa|νG,a|2qG(x, ξG,a), because A∗
0A0 = |ν|2ξξT .

Since ψaρ
2
a = ρ2

a, summing the weighted real normal operators gives exactly TGP
2
ΛT

∗
G,

the factor 4 Re coming from real adjunction (Corollary 7.5). The image part FG is
added unchanged.

13. Correction of the mean

In this section we construct the part of the metric correction which is not oscillatory.
The primary field of the metric correction is a weighted sum of real parts of complex
characteristic waves Zν . If dZ = eiϑA with ϑ real, then

1
2π

∫ 2π

0

(
d
√

2 Re(eiθZ)
)T
d
√

2 Re(eiθZ) dθ = Re(A∗A),

since the remaining term Re(e2i(ϑ+θ)ATA) has mean zero in θ. We call the Hermitian
tensor Re(A∗A) the mean of the wave; it is the average over the phase, not an average
over the spatial domain. The quadratic tensor of the primary field is the weighted sum
of these means plus oscillatory products; the latter are treated in Section 14. Here we
choose the initial data of the waves and a real ambient field V so that the linearized
metric DγFV plus the weighted sum of the means equals the rescaled smoothed defect
up to an error O(R−Q). The result is Proposition 13.9, which is stated and proved in
Section 13.8.
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13.1. Scales and the sample. Let R be large and put
(13.1) λ = Ra, h = R−β, Kmax = Rsf , β = (1 + ϵ)/3,
where 0 < ϵ < 1/8, 1 < sf < 1 + ϵ and 1 + β < a < 3/2. Here λ is the frequency
of the waves, h is the separation of the sample, and Kmax is a fixed upper bound for
the Fourier support of the initial data. The condition sf > 1 places Kmax above the
derivative scale R of the sources constructed below, while sf < 1 + ϵ places it below the
number h−3 = R1+ϵ of samples, which is needed for the concentration of the sampled
normal operator. Section 17 verifies all required inequalities between these exponents
at once.
The positive initial amplitude and the sample. We use the positive initial amplitude rF

and the tangent field Vbase of Proposition 12.7, for which the leading transported mean
of the waves, together with DγFVbase, has zero projection onto KF ; this is what permits
target defects of either sign. We sample the unmodulated waves, that is, the waves
with initial data the Dirac mass δ0 and this initial amplitude, by Construction 11.1 on
the three-parameter characteristic patches. This produces M samples with weights µν

such that
(13.2) M ≤ CR1+ϵ, µν > 0,

∑
ν

µν ≤ C,

separated by at least h/4 within each patch. One realization in the event of Theo-
rem 11.4 approximates the continuous normal operator with the input cutoff at Kmax
on the whole output space, and the continuous mean with error O(h) in every Sobolev
norm.

13.2. The fixed operators and scales. In the rest of this section the symbol Q de-
notes the requested accuracy, Qi(F ) the projected frame, and Q the quadratic operator
defined below. Three normal operators occur: the continuous operator EF of Defini-
tion 12.8 at G = F , without input cutoff, which is inverted; the continuous operator
EF,K with the input cutoff PK ; and the sampled operator ẼK defined in (13.4) below,
which carries the same input cutoff.

Setup 13.1 (Operators and scales). We use Definitions 12.1 and 12.8 at the immersion
F , on the domains

D ⋐ Ufin ⋐ Ucore ⋐ Umeas ⋐ W

of Setup 3.3, with the same auxiliary spaces. Write C = χmeasqF . For the positive initial
amplitude rF of Proposition 12.7 (with G = F ), set

AF = (Aim,F , TF ), FF = Aim,FA
∗
im,F + 1 − χ2

meas, EF = FF + TFT
∗
F ,

EF,K = FF + TFP
2
KT

∗
F ,

where PK is the initial-frequency cutoff (11.2). Let HF = HF [r2
F ] be the positive

transported mean and Vbase the base field of Proposition 12.7, and let V F
aux be the

auxiliary field of Proposition 12.6, together with the bounds for its linearized metric
DγFV

F
aux and its fixed physical cutoff.
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Let m0 = ⌊n/2⌋ + 2, s0 = 2m0 and A = m0 + 1
2 , as in (17.3), and assume

(13.3)
0 < ϵ < 1

8 , β = (1 + ϵ)/3, 1 < sf < 1 + ϵ, 1 + β < a < 3
2 ,

λ = Ra, h = R−β, T = Rt, 2/3 < t < 1.
Before the sample is drawn we fix the input frequency bound

K = Kmax = Rsf ;
all wave data below have Fourier support in this range. The immersion satisfies ∥F∥Cr ≤
CrT

(r−r∗)+ , and its positive initial scalar, its phases and its corrected waves satisfy
derivative bounds of the same form, with fixed shifts of the index r∗. We choose r∗
so large that (12.13) gives rF the derivative bounds required below. The data in the
patch variables are fixed before the spatial source cutoffs and the cutoffs in the initial
variables are applied, and 1 − χ2

meas = 0 on a neighborhood of Ufin, in particular on D.
The order of choices is the following. The patch labels and the coefficient neighbor-

hood are fixed first. The low derivative orders and the indices in the derivative bounds
depend only on n and on the fixed margins between exponents. The integer r∗ is chosen
above all required orders before the sample, the accuracy Q and the target dilation are
chosen.

13.3. The sampled operators and their corrections. The ν-th sample has patch
label a(ν), patch parameter zν , base covector ζν = ζa(ν)(zν), weight µν and frequency
λν = τ−1

ν , τν = (Ra(ν)λ)−1. We write Lν for the complex-linear map m 7→ Zν(m) of
(10.24).

Definition 13.2 (The sampled corrections). The number of terms of the finite correc-
tion in Corollary 10.8 is fixed before sampling, and the positive initial amplitude rF is
used in the resulting maps Lν of Section 10. In this section constants may depend on
this number and on the finite number of iteration steps; the input frequency bound, r∗,
Renv and the exponents do not. Set

ϑν = SF (x, ζν)/τν = λνϕν , Bν = e−iϑνdLν(δ0),
so that Bν is the demodulated derivative of the unmodulated wave. A function f of
the initial variables is identified with the measure dm = f̂ dη. On the real Hilbert
space underlying L2(dη) define BK by B̂Kv = |η|1/2PKv. These compactly supported
Fourier densities are integrable by the Cauchy–Schwarz inequality, so Proposition 10.9
defines the corresponding waves for every L2 input. Write ρν = ρa(ν)(zν , η̂) and, with
the high-pass multiplier χhi of Definition 12.4, put
Bin

ν,K = ρνχhiBK , Gν,Kv = e−iϑνdLν(Bin
ν,Kv), Aν,Kv = C[2 sym Re(B∗

νGν,Kv)].
Thus Aν,K is the linearization at δ0 of the reduced mean of the ν-th wave. For any
family V = (Vν)ν of derivative amplitudes, let ÃK [V ] be the operator from the direct
sum of the input spaces to the reduced output space given by

ÃK [V ](vν)ν =
∑

ν

√
µν C[2 sym Re(V ∗

ν Gν,Kvν)],
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and put
(13.4) ÃK = ÃK [(Bν)ν ], ẼK = FF + ÃKÃ

∗
K = FF +

∑
ν

µνAν,KA
∗
ν,K .

The operator ÃK [V ] is an aggregated operator: it acts on the whole family of inputs
at once, and its norm is controlled by the sampling theorem, whereas each individual
operator Gν,K has norm of order K1/2 (Proposition 7.4). This distinction is used in
the proof of Proposition 13.6. For a real source r, define the initial data and the
demodulated derivatives
(13.5) fν [r] = Bin

ν,KA
∗
ν,KE

−1
F r, Dνr = e−iϑνdLν(fν [r]) = Gν,KA

∗
ν,KE

−1
F r.

If the initial data of the ν-th wave are changed from δ0 to δ0 + f̂ν [r] dη, the weighted
mean changes by ∑ν µν times the exact tensor increment
(13.6) 2 sym Re(B∗

νDνr) + Re((Dνr)∗Dνr).
Together with the auxiliary field V F

aux(r), the linear part of this change equals ẼKE
−1
F r

on Ucore after application of qF ; see Lemma 13.3. Both real quadratic forms are taken
with respect to the stated Hilbert space inner products. No inverse of a sample weight
occurs. The spatial cutoffs in the initial variables are applied after these data are formed,
and observation cutoffs are used in norms only. We use the domains of Setup 3.3; the set
Dlag contains the measurement supports, the product source supports and the physical
output supports. The maps Lν , the unmodulated waves, the adjoints and the operator
ÃK are the same throughout the iteration below.

13.4. The equation for the source. We now derive the equation that the source r
must satisfy. Put
(13.7) E = ẼKE

−1
F , Q(u, v) = C

∑
ν

µν sym Re((Dνu)∗Dνv),

and

(13.8) r0 = C
[
HF −

∑
ν

µν Re(B∗
νBν)

]
, g = r0 + C(eR/b

2),

where eR = SR,m(e|D) and b = δRA are the smoothed defect and the amplitude
of Proposition 13.9. The operator Q is real bilinear and symmetric, because Dν is
real linear and Re(X∗Y )T = Re(Y ∗X) for complex matrices, so that sym Re(X∗Y ) =
1
2 [Re(X∗Y ) + Re(Y ∗X)] is symmetric in X, Y . In particular
(13.9) Q(u, u) − Q(v, v) = Q(u− v, u+ v).

Lemma 13.3 (The reduced mean). Let r ∈ H∞(Rn;Rn) be real, let the ν-th wave have
the initial data mν = δ0 + f̂ν [r] dη, and put

H =
∑

ν

µν Re
(
(dZν)∗dZν

)
, Zν = Lν(mν), V0 = Vbase + V F

aux(r).

Then, on Ufin,

(13.10) qF

(
DγFV0 + H

)
= Er + Q(r, r) − r0.
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Proof. By linearity of Lν and (13.5), e−iϑνdZν = Bν +Dνr. Since ϑν is real, the phase
factor cancels in (dZν)∗dZν , and

Re
(
(dZν)∗dZν

)
= Re(B∗

νBν) + 2 sym Re(B∗
νDνr) + Re((Dνr)∗Dνr),

which is (13.6). On Ufin we have χmeas = 1, hence qF = C there. By the definitions of
Aν,K and Dν ,

C
∑

ν

µν2 sym Re(B∗
νDνr) =

∑
ν

µνAν,KA
∗
ν,KE

−1
F r = ÃKÃ

∗
KE

−1
F r,

and C∑ν µν Re((Dνr)∗Dνr) = Q(r, r). By Proposition 12.6, applied to the operators
of Definition 12.8, qFDγFV

F
aux(r) = FFE

−1
F r on Ucore (here, and in the lemma, V F

aux(r)
is the field before its fixed physical cutoff; this cutoff equals one near D, so nothing
changes on D). By (12.12), qFDγFVbase = −qFHF on Ufin. Adding these identities
gives, on Ufin,

qF (DγFV0 + H) = −qFHF + qF

∑
ν

µν Re(B∗
νBν) + (FF + ÃKÃ

∗
K)E−1

F r + Q(r, r),

which is (13.10). □

By (13.10), the projection of the mean error onto KF vanishes exactly when the
source solves the quadratic equation
(13.11) g = Er + Q(r, r).
The component of the error orthogonal to KF is then removed algebraically by a normal
field; see Section 13.7. We do not solve (13.11) exactly; a finite number of steps of a
Picard iteration suffices. The reasons are the following.

(i) The operator E is close to the identity on the sources that occur, but not on all
of L2. Indeed EFE

−1
F = I, so

I − E = (EF − EF,K)E−1
F + (EF,K − ẼK)E−1

F .

The second term has norm O(R−ω) on L2 for a fixed ω > 0, by the concentration
of the sampled normal operator and the comparison of phases in Theorem 11.4;
both operators carry the same input cutoff PK . The first term is the part of the
continuous operator above the input frequency K. It is not small in operator
norm, but by (12.8) it is O(h(R/K)q) in L2, for every q, on sources u with
∥u∥Hq ≤ CqhR

(q−s0)+ .
(ii) The operator Q is quadratic and small: it satisfies ∥Q(u, v)∥2 ≤ C∥u∥2∥v∥Hs0/2 ,

and the source g has size O(h).
(iii) Consequently the map r 7→ g + (I − E)r − Q(r, r), whose fixed points are the

solutions of (13.11), contracts differences of iterates in L2 by a factor CR−ω, up
to the frequency tail, as long as the iterates stay in the class of (i). Each step
gains R−ω, and J steps give an L2 error O(h[R−ωJ + (R/K)q]).

(iv) High Sobolev norms are not contracted, but they remain bounded: every iter-
ate satisfies ∥r(j)∥Hs ≤ Cj,shR

(s−s0)+ for all s, with constants depending on j.
Since only finitely many steps are taken, this suffices. An interpolation inequality
between L2 and Hs0 , s0 > n, then turns the L2 smallness into uniform smallness.
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The bounds in (i) and (ii), and their higher-order versions, are proved in Proposi-
tion 13.6; the iteration is carried out in Proposition 13.7.

13.5. Estimates for the sampled corrections. We first prove two elementary in-
equalities.

Lemma 13.4. Let s0 ≥ 0, and let s, i, j ≥ 0 be real numbers with i+j ≤ s and j ≤ s/2.
Then

(s− i− j − s0)+ + (i− s0)+ + (j − s0/2)+ ≤ (s− s0)+.

Proof. Put x = s−j−s0. We first show (x−i)++(i−s0)+ ≤ x+. If i ≤ s0, the left side is
(x−i)+ ≤ x+, since i ≥ 0. If i > s0 and x ≥ i, the left side is x−i+i−s0 = x−s0 ≤ x+.
If i > s0 and x < i, the left side is i− s0, and i− s0 ≤ s− j − s0 = x because i+ j ≤ s.

It remains to show (s− j − s0)+ + (j − s0/2)+ ≤ (s− s0)+. If j ≤ s0/2, this follows
from (s− j − s0)+ ≤ (s− s0)+. If j > s0/2, then s ≥ 2j > s0. When s− j − s0 ≥ 0 the
left side is s− 3

2s0 ≤ s− s0; when s− j − s0 < 0 it is j − s0
2 ≤ s−s0

2 ≤ s− s0. □

Lemma 13.5. Let s0 > n. There is a constant C such that, for all f ∈ Hs0(Rn),

∥f∥C0 ≤ C∥f∥1/2
2 ∥f∥1/2

Hs0 .

Proof. We use ∥f∥Hs0 = ∥⟨D⟩s0f∥2; integer Sobolev norms are equivalent. We may
assume f ̸= 0. Put X = ∥f∥2 and Y = ∥f∥Hs0 , so that X ≤ Y . With the Fourier
normalization of Section 3, f(x) =

∫
eix·ξf̂(ξ) dξ and ∥f̂∥2 = (2π)−n/2∥f∥2; we show

below that f̂ ∈ L1, so f has a continuous representative with ∥f∥C0 ≤ ∥f̂∥L1 . For
Θ > 0 we split the frequencies. By the Cauchy–Schwarz inequality,∫

|ξ|≤Θ
|f̂ | dξ ≤ |BΘ|1/2∥f̂∥2 ≤ CΘn/2X,

and, since 2s0 > n,∫
|ξ|>Θ

|f̂ | dξ ≤
(∫

|ξ|>Θ
|ξ|−2s0 dξ

)1/2(∫
|ξ|2s0 |f̂ |2 dξ

)1/2
≤ CΘn/2−s0Y.

Choose Θ = (Y/X)1/n. The first bound becomes CX1/2Y 1/2, and the second becomes

C(Y/X)1/2−s0/nY = CX1/2Y 1/2(X/Y )s0/n−1 ≤ CX1/2Y 1/2,

since s0/n > 1 and X ≤ Y . □

Proposition 13.6 (Estimates for the sampled corrections). Put ℓ = m0−1 = ⌊n/2⌋+1.
There is a fixed Bcan such that, if

r∗ ≥ s0 +Bcan, Renv ≥ s0 +Bcan + ℓ+ 2 + rpar,

then the following bounds hold for every realization of the sample in the event of Theo-
rem 11.4.

(i) For all smooth sources u, v,
(13.12) ∥Q(u, v)∥2 ≤ C∥u∥2∥v∥Hs0/2 .
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(ii) For all integers s ≥ 0,

(13.13) ∥Eu∥Hs ≤ Cs[∥u∥Hs + T (s−s0)+∥u∥2].

(iii) If u, v satisfy ∥u∥Hs + ∥v∥Hs ≤ CshR
(s−s0)+ for all s, then

(13.14) ∥Q(u, v)∥Hs ≤ Csh
2R(s−s0)+ , s ≥ 0,

where Cs depends on the constants in the hypothesis.
(iv) For all integers s ≥ 0,

sup
ν

∥Dνu∥Hs + ∥V F
aux(u)∥Hs + ∥DγFV

F
aux(u)∥Hs

≤ Cs[∥u∥Hs+1 + T (s+1−s0)+∥u∥2].
(13.15)

(v) The measures f̂ν [u] dη have support in {|η| ≤ CK} and total variation at most
C∥u∥Hm0 .

The bounds hold on the fixed supports and are uniform in K. No regularity with respect
to the sample index ν is used.

Proof. Step 1 (Operator bounds). We use the scalar auxiliary operator of Theorem 11.4,
with a cutoff χ∗ equal to one near every measurement support and near the supports
of the fixed-parameter operators. Its sampled operator TK is bounded on the event of
that theorem. By positivity this bounds every operator with a smaller cutoff. For an
amplitude b(x, ν, η) supported where χ∗ = 1, let TK [b] be the operator whose kernel is
multiplied by b. Lemma 7.2 gives

(13.16) ∥TK [b]∥ ≤ C sup
ν,η

∥b(·, ν, η)∥Hℓ .

Only physical derivatives of b occur; no derivatives in the initial frequency or in the
sample index are needed. In particular ∥ÃK∥ = ∥Ã∗

K∥ ≤ C, and ∥E−1
F ∥ ≤ C by

Proposition 12.5.

Step 2 (Moment estimates for the adjoint). The exact phase of the ν-th operator is
Φν = Yν · η, where

Yν =
∫ 1

0
dζSF (x, ζν + tτνη) dt,

and its y-derivative is uniformly close to the identity. Hence the identities (12.9) hold,
with a matrix Bν , uniformly invertible, such that dyΦν = Bνη. Consequently

ηke
−iΦν = i

∑
l

(B−1
ν )kl ∂yl

e−iΦν .

The adjoint A∗
ν,Kw is an integral of e∓iΦν against an amplitude times C∗w = χmeasq

∗
Fw,

which has compact support in the measurement region. Multiplying by ηk and inte-
grating by parts in y therefore produces no boundary terms and moves one derivative
onto B−1

ν , onto the amplitude, or onto w. Thus one factor of the input frequency is
exchanged for one physical derivative of the source or of the coefficients.
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For an integer q ≥ 0 we have |η|2q = ∑
|α|=q

q!
α!η

2α, so

∥|η|qf∥2 ≤ Cq

∑
|α|=q

∥ηαf∥2,

and it suffices to treat the monomials ηα. After q integrations by parts, a term with i
derivatives on w carries q−i derivatives on the coefficients. It is an operator of the same
form as Ã∗

K with a modified amplitude, applied to a derivative of order i of w. We bound
it by (13.16), which costs ℓ further derivatives of the amplitude. The coefficients satisfy
derivative bounds of the form CmT

(m−r∗+B)+ with fixed shifts B; including these shifts,
the amplitude test and the shifts of the inverse and of the corrected waves in Bcan, the
condition r∗ ≥ s0 +Bcan gives the coefficient factor T (q−i−s0)+ . With w = E−1

F u and the
inverse estimate (12.7) (with L = T and r0 = s0), ∥E−1

F u∥Hi ≤ Ci[∥u∥Hi +T (i−s0)+∥u∥2].
Since (q − i− s0)+ + (i− s0)+ ≤ (q − s0)+, we obtain

(13.17) ∥|η|qÃ∗
KE

−1
F u∥2 ≤ Cq

q∑
i=0

T (q−i−s0)+∥u∥Hi .

For an individual adjoint A∗
ν,K we remove the weight |η|1/2 and use the bound for the

fixed-parameter operator without this weight in Proposition 7.4. The same argument
shows that the right side of (13.17) also bounds supν ∥|η|q−1/2A∗

ν,KE
−1
F u∥2; we call this

the individual moment of order q.

Step 3 (Proof of (13.13)). A derivative of order s of the forward operator ÃK produces
at most s factors of the input frequency, from derivatives of eiΦν ; a term with k such
factors carries a coefficient factor T (s−k−s0)+ . By (13.16),

∥ÃKÃ
∗
KE

−1
F u∥Hs ≤ Cs

s∑
k=0

T (s−k−s0)+∥|η|kÃ∗
KE

−1
F u∥2.

The products of the differentiated coefficients obey (6.6), so these operations use the
same Bcan. Inserting (13.17) and using (s− k− s0)+ + (k− i− s0)+ ≤ (s− i− s0)+ for
0 ≤ i ≤ k ≤ s, we obtain terms CsT

(s−i−s0)+∥u∥Hi , 0 ≤ i ≤ s. By (12.6) with L = T
and r0 = s0, each of them is at most Cs[∥u∥Hs + T (s−s0)+∥u∥2]. The term FFE

−1
F u

satisfies the same bound by (12.7). This proves (13.13).

Step 4 (Proof of (13.15) and of (v)). By (13.5), Dνu = Gν,KA
∗
ν,KE

−1
F u, and Gν,K is a

fixed-parameter operator with input weight |η|1/2. By the bound for the unweighted
fixed-parameter operator in Proposition 7.4, a term of an order-s derivative of Dνu
with k frequency factors is bounded by CsT

(s−k−s0)+∥|η|k+1/2A∗
ν,KE

−1
F u∥2, that is, by

the individual moment of order k + 1. Step 2 and the endpoint inequality (12.6) at
order s + 1 give the bound for Dνu in (13.15). The auxiliary field and its linearized
metric obey the same bound by Proposition 12.6.

For the measures, f̂ν [u] = ρνχhi|η|1/2PKA
∗
ν,KE

−1
F u vanishes for |η| ≤ 1 and for |η| ≥

2K, which gives the support assertion. Since the initial variables lie in Rn−1 and
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2(m0 − 1) = 2⌊n/2⌋ + 2 > n− 1, the Cauchy–Schwarz inequality gives∫
|f̂ν [u]| dη ≤ C

(∫
|η|≥1

|η|2(1−m0)dη
)1/2

∥|η|m0−1/2A∗
ν,KE

−1
F u∥2 ≤ C∥u∥Hm0 ,

by the individual moment of order m0 and m0 < s0.

Step 5 (Proof of (13.12)). By the definitions and the symmetry of Q,

ÃK [(Dνv)ν ]Ã∗
KE

−1
F u =

∑
ν

µνC[2 sym Re((Dνv)∗Gν,KA
∗
ν,KE

−1
F u)]

= 2Q(v, u) = 2Q(u, v).

The operator ÃK [(Dνv)ν ] is obtained from the aggregated operator of Step 1 by multi-
plying its amplitude by (Dνv)∗ and by coefficient factors with uniform Cℓ bounds; the
input Ã∗

KE
−1
F u is the aggregated adjoint, which is bounded on L2, and no individual

operator Gν,K is estimated separately. By (13.16) and (13.15) with s = ℓ,

∥ÃK [(Dνv)ν ]∥ ≤ C sup
ν

∥Dνv∥Hℓ ≤ C∥v∥Hm0 ,

since ℓ + 1 = m0 < s0. Together with ∥Ã∗
K∥ ≤ C and ∥E−1

F ∥ ≤ C this proves (13.12),
because m0 = s0/2.

Step 6 (Proof of (13.14)). Fix s and a multi-index σ with |σ| = s. By the Leibniz rule,
∂σQ(u, v) is a finite sum of terms
(13.18)
(∂σ1C)

∑
ν

µν sym Re
(
(∂σ2Dνu)∗ ∂σ3Dνv

)
, c = |σ1|, r = |σ2|, t = |σ3|, c+r+t = s.

Since Q is symmetric and the hypothesis is symmetric in u and v, we may assume t ≤ r,
hence t ≤ s/2.

The two factors are treated differently. The factor with r derivatives cannot be
estimated sample by sample: by Step 4, supν ∥Dνu∥Hr is controlled only through the
individual moment of order r+1, that is, with one more derivative of u, and the resulting
bound h2R(s+1−s0)+ is not sufficient, since hR ≥ 1. We therefore keep this factor inside
the aggregated operator of Step 1 and place the other factor in its amplitude.

The factor with r derivatives. Write wν = A∗
ν,KE

−1
F u, so that Dνu = Gν,Kwν . Each

physical derivative of the phase factor eiΦν in Gν,K produces one factor of the input
frequency η, multiplied by a coefficient with bounded physical derivatives, because
Φν = Yν · η with Yν as in Step 2, so that dxΦν = (DxYν)Tη. Hence

∂σ2Dνu =
∑

|κ|≤r

Gν,K [γν,κ]
(
ηκwν

)
,

whereGν,K [γ] is the operatorGν,K with its amplitude multiplied by γ, and the coefficient
γν,κ is a product of derivatives of the phase, of the amplitude of the wave and of the
cutoffs, of total order r− |κ|. Including the shifts in Bcan, its first ℓ physical derivatives
are bounded by CT (r−|κ|−s0)+ , uniformly in ν and η.
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The aggregated form. Substituting this into (13.18) and recalling the definition of
ÃK [V ] and Ã∗

KE
−1
F u = (√µν wν)ν , the term with a given κ, k = |κ|, equals

1
2 ÃK [bκ]

(
ηκÃ∗

KE
−1
F u

)
,

where ÃK [bκ] denotes the operator ÃK [(∂σ3Dνv)ν ] in which C is replaced by ∂σ1C and
Gν,K by Gν,K [γν,κ]. It differs from the aggregated operator of Step 1 only by an ampli-
tude factor bκ(x, ν, η), built from the coefficients of ∂σ1C, from γν,κ and from (∂σ3Dνv)∗.
Thus the factor with t derivatives, together with the differentiated coefficients, has
become part of the amplitude of the aggregated operator. By (13.16), which uses ℓ
physical derivatives of the amplitude, and by Step 4 at order t+ ℓ,

∥ÃK [bκ]∥ ≤ CT (c+r−k−s0)+ sup
ν

∥Dνv∥Ht+ℓ ≤ CT (c+r−k−s0)+
[
∥v∥Ht+m0 +T (t+m0−s0)+∥v∥2

]
,

since ℓ+ 1 = m0. By the hypothesis on v, T < R and s0 = 2m0, the bracket is at most
CthR

(t+m0−s0)+ = CthR
(t−s0/2)+ . The input is controlled by the aggregated moment

estimate (13.17) and the hypothesis on u:

∥ηκÃ∗
KE

−1
F u∥2 ≤ Ck

∑
i≤k

T (k−i−s0)+∥u∥Hi ≤ Ckh
∑
i≤k

T (k−i−s0)+R(i−s0)+ .

The exponents. Using T < R and (6.5) to combine (c+ r−k− s0)+ + (k− i− s0)+ ≤
(c+ r − i− s0)+, each term is bounded by Csh

2Rεi with

εi = (s− i− t− s0)+ + (i− s0)+ + (t− s0/2)+,

because c + r = s − t. Here i ≤ k ≤ r, so i + t ≤ s, and t ≤ s/2. Lemma 13.4, with
j = t, gives εi ≤ (s− s0)+. Summing the finitely many terms proves (13.14).

The index s0/2 in the last summand of εi is what makes this distribution of derivatives
possible: the factor carried in the amplitude loses m0 = s0/2 derivatives (one for the
individual operator and ℓ for the amplitude test), and this loss is compensated by
t ≤ s/2. Only source norms of order at most max(s, s0) occur, so the source regularity
required in the iteration is fixed. □

13.6. A finite iteration.

Proposition 13.7 (Finite correction of the mean). We work under Setup 13.1 and
Definition 13.2, with the positive initial amplitude rF , the base field Vbase, the continuous
operator AF and the inverse E−1

F , and we sample the unmodulated waves with the input
frequency bound K. Let E, Q, r0 and g be as in (13.7)–(13.8). For every finite Q and
all sufficiently large R, the finite iteration

(13.19) r(0) = 0, r(j+1) = g + (I − E)r(j) − Q(r(j), r(j)),

stopped after a suitable number J of steps, gives a real source r = r(J) whose residual
satisfies

(13.20) rrem = g − Er − Q(r, r), ∥rrem∥C0 ≤ R−Q.
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The measures f̂ν [r] dη have support in {|η| ≤ CK} and total variation at most C. On
the fixed supports, for every s ≥ 0,
(13.21) sup

ν
∥Dνr∥Cs + ∥V F

aux(r)∥Hs + ∥DγFV
F

aux(r)∥Hs ≤ Cs,QR
s.

The input frequency bound, r∗ and Renv do not depend on Q. The family of waves is
fixed before the sample is drawn, and the sample does not depend on the number J of
Picard steps; J , the constants and the threshold for R depend on Q.

Proof. Step 1 (The sample). We apply Theorem 11.4 with Λ = K = Rsf . Then
h−3 = R1+ϵ = Λ1+ϵsamp with ϵsamp = (1 + ϵ)/sf − 1 > 0, and Λ−ϵsamp/4 = R−(1+ϵ−sf )/4.
We fix a realization of the sample in the event of that theorem; this event is nonempty
for large R, since its probability tends to one. The concentration bound (11.8), the
comparison of phases (11.10), and the identification of the continuous operator at τ = 0
with TFP

2
KT

∗
F (end of Section 12) give

(13.22) ∥ẼK − EF,K∥ ≤ C[R−(1+ϵ−sf )/4 +R−a+sf ] ≤ CR−ω, ω = 1 + ϵ− sf

4 ,

where ω is the exponent of (17.6); the second inequality uses a − sf > ω, verified in
Section 17. The sample has at most CR1+ϵ points, bounded total mass, weights at most
CR−1−ϵ and separation ch within each patch. The orders s0 + Bcan and the shifts of
the primary waves and of the background are included in the fixed order r∗.
Step 2 (Bounds for the source). We take Renv ≥ s0 +Bcan +ℓ+2+rpar in Corollary 10.8.
The quadrature estimate (11.9), valid on the same event at all orders, and the com-
parison of the corrected and the leading amplitudes (10.18), together with λ−1 ≤ h,
give
(13.23) ∥r0∥Hs ≤ CshT

(s−s0)+ , sup
ν

∥Bν∥Cs + ∥C∥Cs ≤ CsT
(s−s0)+ .

By (15.1) and b2 = δ2R2A, the rescaled defect satisfies ∥eR/b
2∥Hs ≤ CsR

s−2A, and
2A = s0 + 1. By the Leibniz rule and (13.23), the zero extension of C(eR/b

2) satisfies

∥C(eR/b
2)∥Hs(Rn) ≤ Cs

∑
i≤s

T (s−i−s0)+Ri−s0−1 ≤ CsR
s−s0−1.

Since T < R and Rs−s0−1 ≤ R−1R(s−s0)+ ≤ hR(s−s0)+ (because β < 1), the complete
source obeys
(13.24) ∥g∥Hs ≤ CshR

(s−s0)+ (s = 0, 1, . . .).

Step 3 (Bounds for the iterates). Fix a finite J . We claim that

(13.25) ∥r(j)∥Hs ≤ CJ,shR
(s−s0)+ , 0 ≤ j ≤ J + 1, s ≥ 0.

This holds for j = 0. If it holds for j, then (13.13) and T < R give ∥Er(j)∥Hs ≤
CshR

(s−s0)+ , and (13.14) gives ∥Q(r(j), r(j))∥Hs ≤ Csh
2R(s−s0)+ . With (13.24) and

(13.19) this gives the claim for j + 1. Each of the finitely many steps changes only the
constants. All iterates are real and belong to H∞.
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Step 4 (The difference equation). Put dj = r(j+1) − r(j). Since r(0) = 0 and Q(0, 0) = 0,
d0 = r(1) = g. Subtracting two consecutive steps of (13.19) and using (13.9),

dj+1 = (I − E)dj − Q(r(j+1), r(j+1)) + Q(r(j), r(j))
= (I − E)dj − Q(dj, r

(j+1) + r(j)).
(13.26)

For the linear term we use EFE
−1
F = I:

I − E = (EF − EF,K)E−1
F + (EF,K − ẼK)E−1

F .

By (13.22) and the frequency tail estimate (12.8) with L = T and r0 = s0, for every
integer q ≥ 0,

∥(I − E)dj∥2 ≤ CR−ω∥dj∥2 + CqK
−q[∥dj∥Hq + T (q−s0)+∥dj∥2]

≤ CR−ω∥dj∥2 + CJ,qh(R/K)q,

where in the second line we used (13.25) for r(j+1) and r(j) and T < R. For the quadratic
term, (13.12) and (13.25) at order s0/2 < s0 give

∥Q(dj, r
(j+1) + r(j))∥2 ≤ C∥dj∥2∥r(j+1) + r(j)∥Hs0/2 ≤ CJh∥dj∥2.

Hence, for j < J ,
∥dj+1∥2 ≤ [CR−ω + CJh]∥dj∥2 + CJ,qh(R/K)q.

Since β > ω, we have h ≤ R−ω, and the bracket is at most CJR
−ω ≤ 1 for large R.

Iterating from ∥d0∥2 = ∥g∥2 ≤ Ch and absorbing the finite powers of CJ into CJ,q gives

(13.27) ∥dJ∥2 ≤ CJ,qh[R−ωJ + (R/K)q].

Step 5 (The residual and the choice of J and q). By (13.19), dJ = r(J+1) − r(J) =
g−Er(J) −Q(r(J), r(J)), so the residual is exactly rrem = dJ . By (13.25), ∥dJ∥Hs0 ≤ CJh.
Since s0 > n, Lemma 13.5 and (13.27) give

∥rrem∥C0 ≤ C∥dJ∥1/2
2 ∥dJ∥1/2

Hs0 ≤ CJ,qh[R−ωJ + (R/K)q]1/2.

Now (R/K)q = R−q(sf −1). We choose the number of steps J with ωJ > 2Q. The integer
q is not part of the construction; it is only the order of the tail estimate, and we choose
it with q(sf − 1) > 2Q. Then the right side is at most CJ,qR

−Q−κ for some κ > 0, and
after increasing the threshold for R it is at most R−Q. This proves (13.20).
Step 6 (The fields and the measures). By (13.15) at order s+ ℓ, the Sobolev embedding
Hs+ℓ ↪→ Cs and (13.25),

sup
ν

∥Dνr∥Cs ≤ Cs[∥r∥Hs+m0 + T (s+m0−s0)+∥r∥2] ≤ CJ,shR
(s+m0−s0)+ ≤ Cs,QR

s,

since ℓ+ 1 = m0 and s0 = 2m0, so that (s+m0 − s0)+ = (s−m0)+ ≤ s. The auxiliary
field and its linearized metric obey the same bounds in Hs. By Proposition 13.6(v) the
total variation of the data is at most C∥r∥Hm0 ≤ CJh, hence bounded, and the support
is still determined by the cutoff PK . This proves (13.21). □
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13.7. The normal component. Let r be the source of Proposition 13.7. Put mν =
δ0 + f̂ν [r] dη, let H = ∑

ν µν Re((dZν)∗dZν) be the Hermitian tensor of the waves Zν =
Lν(mν), and write V0 = Vbase + V F

aux(r). On Ufin set

Tf = eR/b
2 −DγFV0 − H,

and define

(13.28) V = V0 − 1
2NFTf ,

where NF is the normal map of (4.5).

Lemma 13.8 (The error of the mean). On Ufin, in particular on D,

(13.29) qFTf = rrem,

and the tensor Emean of (13.31) satisfies

(13.30) Emean = −ΠKF
Tf = −

∑
i,j

Qi(F )(G−1
F )ij(rrem)j.

Proof. On Ufin we have qF = C. By Lemma 13.3 and the definition of g,

qFTf = qF (eR/b
2) −

[
Er + Q(r, r) − r0

]
= g − Er − Q(r, r) = rrem.

Next, by the definitions of Emean and Tf ,

Emean = DγFV0 − 1
2DγF (NFTf ) + H − eR/b

2 = −Tf +DγF

(
−1

2NFTf

)
.

The field w = −1
2NFTf is normal, and by (4.2) with u = 0 its linearized metric is the

algebraic expression DγFw = −2⟨w, IIF ⟩ = −2B∗
Fw. Since NF = (B∗

F )−1ΠK⊥
F

, where
B∗

F maps the normal space isomorphically onto K⊥
F = imB∗

F ,

DγF

(
−1

2NFTf

)
= B∗

F (B∗
F )−1ΠK⊥

F
Tf = ΠK⊥

F
Tf .

Hence Emean = −Tf + ΠK⊥
F
Tf = −ΠKF

Tf . (This is also (4.6) with u = 0 and h = Tf .)
Finally, the Gram formula for the orthogonal projection onto the span of the frame
Q1(F ), . . . , Qn(F ) reads

ΠKF
H =

∑
i,j

Qi(F )(G−1
F )ij(Qj(F ) : H),

since the right side lies in KF and its pairing with each Qk(F ) equals∑
i,j

(GF )ki(G−1
F )ij(Qj(F ) : H) = Qk(F ) : H.

With H = Tf and (Qj(F ) : Tf )j = qFTf = rrem, this proves (13.30). □
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13.8. Correction of the mean.

Proposition 13.9 (Correction of the mean). There is a positive initial amplitude rF ,
depending only on F , for which Proposition 10.10 applies and the following conclusions
hold. Let e = g− γ(F ), with ∥e∥C0(D) ≤ δ2 and 0 < δ ≤ 1. Fix a finite smoothing order
m ≥ 1 and put

eR = SR,m(e|D), b = δRA,

where SR,m is the operator of Lemma 15.1. Given a finite Q, at the scales of Section 17
and for sufficiently large R, there are a family of measures mν and a real ambient field
V with the following properties, where Zν is given by (10.24) with m = mν.

(i) The tensor

(13.31) Emean = DγFV +
∑

ν

µν Re
(
(dZν)∗dZν

)
− eR/b

2

satisfies ∥Emean∥C0(D) ≤ CQR
−Q.

(ii) The measures satisfy supν ∥mν∥TV ≤ C and
(13.32) suppmν ⊂ {|ξ| ≤ CKmax}, Kmax = Rsf ,

with a support constant independent of every accuracy choice.
(iii) On the whole product source support, the waves satisfy

(13.33) sup
ν

∥χpaire
−iλνϕνdZν∥Cr ≤ CrR

r.

(iv) After the fixed physical cutoff, equal to one near D, the field V satisfies, for every
r ≥ 0,

(13.34) ∥V ∥Hr ≤ CrR
r.

The source order s0 and the coefficient index r∗ are fixed before the accuracy. The
number of iteration steps may depend on Q; the input frequency bound and the ex-
ponents in the derivative bounds do not. The constants Cr may depend on m and
Q.

Proof of Proposition 13.9. Step 1 (The initial amplitude and the waves). Let rF be the
positive initial amplitude of Proposition 12.7 with G = F ; it is determined by F and
the fixed choices of Section 12. Its derivative bounds (12.13) are of the form required
in Proposition 10.10, whose joint coefficient shifts are included in r∗. The measures
below have Fourier support in {|ξ| ≤ CKmax}, and C∗Kmax ≤ λ1−ν0 by (17.5), so
Proposition 10.10 applies to the waves Zν .
Step 2 (Choice of the data and of V ). We work under Setup 13.1; its conditions (13.3)
are those of (13.1) together with T = T0 = Rt. We apply Proposition 13.7 with accuracy
Q, and obtain the sample with (13.2) and the source r. We put

mν = δ0 + f̂ν [r] dη,
and define V by (13.28). It is real, since r, Vbase, V F

aux, eR and H are real.
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Step 3 (The error). By Lemma 13.8, on D,
Emean = −

∑
i,j

Qi(F )(G−1
F )ij(rrem)j.

The frame Qi(F ) is bounded on D, and G−1
F is bounded by the uniform Gram gap of

Definition 12.1. Hence, by (13.20),
∥Emean∥C0(D) ≤ C∥rrem∥C0 ≤ CR−Q.

Thus the mean equation holds up to O(R−Q): the iteration solves its projection onto
KF up to the residual rrem, and the normal field −1

2NFTf removes the component
orthogonal to KF exactly.
Step 4 (The measures). Since ∥δ0∥TV = 1, Proposition 13.7 gives ∥mν∥TV ≤ 1 +C ≤ C.
The Dirac mass is supported at the origin and f̂ν [r] vanishes for |η| ≥ 2K; this proves
(13.32), with a support constant fixed by the cutoff PK .
Step 5 (The amplitudes). We have e−iλνϕνdZν = Bν + Dνr. The amplitude Bν of the
unmodulated wave has derivative scale T < R by (13.23) (equivalently, by (10.26) with
m = δ0 and K = CenvT0), and (13.21) bounds Dνr in Cs by Cs,QR

s on the fixed
supports, which contain suppχpair. This proves (13.33). We remark that this bound
does not follow from (10.26) with the Fourier support of mν , which would give the
larger scale Kmax = Rsf ; it uses the fact that the data fν [r] are produced by the adjoint
from a source with bounds ∥r∥Hs ≤ CshR

(s−s0)+ .
Step 6 (The size of V ). By Step 5, the Leibniz rule and ∑ν µν ≤ C,

∥H∥Cs ≤
∑

ν

µν

∑
i≤s

Cs∥Bν +Dνr∥Ci∥Bν +Dνr∥Cs−i ≤ Cs,QR
s

on the fixed supports. By (12.13), Vbase and DγFVbase have Cs(Ufin) norms at most
CsT

s ≤ CsR
s; by (13.21), V F

aux(r) and DγFV
F

aux(r) have Hs norms at most Cs,QR
s;

and ∥eR/b
2∥Hs ≤ CsR

s−2A. Hence Tf is bounded by Cs,QR
s in Hs(Ufin), after the

fixed physical cutoff. The coefficients of the normal map NF are smooth second-jet
expressions in F with derivative bounds CsT

s ≤ CsR
s on Ufin. The Leibniz rule in Hs

for a product with a smooth coefficient c, ∥cu∥Hs ≤ Cs
∑

i≤s ∥c∥Cs−i∥u∥Hi , therefore
gives ∥NFTf∥Hs ≤ Cs,QR

s after the fixed physical cutoff, which is supported in Ufin.
Together with the bounds for V0 this proves (13.34).
Step 7 (Order of choices). The input frequency bound Kmax, r∗, Renv and the exponents
do not depend on Q. The accuracy Q enters only through the number J of iteration
steps in Proposition 13.7, the constants and the threshold for R; the depth of the
wave correction is fixed by the accuracy of Theorem 15.3 before the sample is drawn
(Section 18.2). □

14. Correction of the oscillatory quadratic terms

In this section we construct a correction, linearized at the immersion F , which cancels
all oscillatory terms in the quadratic part (dP )TdP of the metric of F +P . The Hermit-
ian part of (dP )TdP is not treated here; it is the tensor corrected by Proposition 13.9.
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The input is the family of sampled waves of Proposition 13.9, whose amplitudes vary
on the scale R, and the output is a real field S, constructed at F , whose linearized met-
ric cancels all products of distinct phases and all doubled phases up to O(b2M(λh)−q)
(Proposition 14.4). The construction applies the finite corrections of Theorem 9.5 to
each product separately; this is possible because every product has its frequency in a
regular region (Proposition 5.9) and at least cλh, which exceeds the amplitude scale R
by a fixed power.

14.1. The average over the phase. The normalization of the primary field is already
visible for a single wave. Let Z be a complex ambient field with dZ = eiϑA, where ϑ is
a real phase and A is a complex N × n matrix. Then

(14.1)
(
d(

√
2 ReZ)

)T
d(

√
2 ReZ) = Re(A∗A) + Re(e2iϑATA).

Indeed, d(ReZ) = Re(dZ) = 1
2(eiϑA+ e−iϑA), so(

d(
√

2 ReZ)
)T
d(

√
2 ReZ) = 1

2

(
e2iϑATA+ e−2iϑ ATA+ ATA+ ATA

)
.

Since ATA = A∗A and ATA = A∗A, the last two terms add up to 2 Re(A∗A), while
the first two are complex conjugate to each other and add up to 2 Re(e2iϑATA). This
proves (14.1).

The first term on the right of (14.1) is the mean of the wave in the sense of Sec-
tion 13; the second oscillates with the doubled phase 2ϑ. For a sum of several waves
the quadratic tensor contains, in addition to the means and the doubled phases, the
sums and differences of distinct phases. All these oscillatory terms are cancelled by the
correction constructed in this section.

Let Zν be the waves and µν the weights of Proposition 13.9, and let b = δRA. Define
the real primary field

(14.2) P = b
√

2
∑

ν

√
µν ReZν .

Its Hermitian tensor and the remaining quadratic tensor are

(14.3) Hself = b2∑
ν

µν Re
(
(dZν)∗dZν

)
, Qoff = (dP )TdP −Hself .

The tensor Hself is the one appearing in the mean equation (13.31). The tensor Qoff
contains all doubled phases and all signed products of distinct samples, including the
products between different patches; Lemma 14.2 below gives its exact expansion.

14.2. The quadratic sources. The geometric and linear results used below have been
proved in Sections 5 and 9.

Setup 14.1 (Geometry and amplitude bounds). We work with the geometry of Defi-
nition 12.1, the domains of Setup 3.3, and the finite regular corrections of Theorem 9.5
at the immersion F .
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(i) Coefficients. Assume

(14.4) ∥F∥Cr ≤ DrT
(r−r∗)+ , LF = T,

where the fixed index r∗ exceeds the derivative shifts of the coefficients in Theo-
rem 9.5 and in the normal reconstruction. By Corollary 6.3, every reconstruction
coefficient cF (the inverse metric γ(F )−1, the normal map NF , the frame Qi(F )
and G−1

F ), multiplied by any fixed cutoff, satisfies

(14.5) ∥DrcF ∥∞ ≤ CrT
r.

(ii) Phases and frequencies. We use the Hamilton phases SF and the groups of patches
of Definition 5.7. The samples are indexed by j = 1, . . . ,M , with base covectors
ζj and frequencies τ−1

j satisfying cλ ≤ τ−1
j ≤ Cλ, and two distinct samples in the

same group have patch parameters at distance at least ch. For an ordered pair
(j, k) and a sign ± we write θj ± θk = ρjkφ, where the frequency ρ = ρjk is chosen
as follows:

distinct same-group differences ρ = λ|z − z′|
sums, doubled phases, and either sign between groups ρ = λ.

Here z, z′ are the patch parameters of the two samples. The distinct radial labels
separate different groups even when their unscaled directions agree. The equal-
index differences θj − θj = 0 form the Hermitian diagonal, which is excluded. All
Fourier modulations at the same patch parameter are combined in one field. Thus
every oscillatory quadratic term has

2 ≤ cλh ≤ ρjk ≤ Cλ.

(iii) Phase bounds. The joint phase bounds of Proposition 5.4, with the fixed geometric
shifts included in r∗ ≥ 8, give

|Dr
xSF | + |Dr

xDζSF | + |Dr
xDzSF | ≤ CrT

r−1 (r ≥ 1).

The segment formula on each convex patch gives the same bound for the divided
differences of the phase in the patch parameter. Proposition 5.4 and Theorem 9.3
place every normalized covector dφ of a sum or a difference in the fixed buffered
regular region. All source terms use the chart partition and the larger sets where
the cutoffs of that theorem equal one.

(iv) Cutoffs. The source cutoff is χsrc = χpair,src of Setup 3.3; it is supported where
χ2 = 1 and equals one near D. It lies compactly inside Dlag and is distinct from
the source cutoff of the primary waves in Section 10. All measurement and output
supports lie in the common charts of validity.

(v) Amplitudes. Let Wj be the complete complex fields, with

(14.6) dWj = eiθjAj, θj = SF (x, ζj)/τj.

After a fixed cutoff equal to one on every quadratic source, assume

(14.7) ∥Aj∥Cs ≤ CsK
s
env, Lpair = max(Kenv, T ) ≤ ρ1−σ

jk , Kenv ≥ 2, σ > 0.
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For the final measures of Proposition 13.9, (13.33) proves this amplitude bound with
Kenv = C∗R on the full source support; along the iteration the coefficient bounds are
verified in Proposition 16.2.

For ambient derivative matrices we write
B(A,B) = 1

2(ATB +BTA).

This is a symmetric bilinear form with values in symmetric matrices, and B(A,B) =
B(A,B).

14.3. Quadratic expansion and its correction. The correction below is linear in
the coefficients of the quadratic expansion. The Hermitian diagonal term is handled by
the correction of the mean.

Lemma 14.2 (The quadratic expansion). Let b > 0, µj ≥ 0, dWj = eiθjAj with real
phases θj, and set

P = b
√

2
M∑

j=1

√
µj ReWj, Hself = b2∑

j

µj Re(A∗
jAj).

For ordered pairs (j, k) put

q+
jk = Re

(
ei(θj+θk)B(Aj, Ak)

)
, q−

jk = Re
(
ei(θj−θk)B(Aj, Ak)

)
.

Then

(14.8) Qoff := (dP )TdP −Hself = b2
[∑

j,k

√
µjµk q

+
jk +

∑
j ̸=k

√
µjµk q

−
jk

]
.

The first sum includes the doubled phases j = k. The omitted diagonal of the differ-
ences is the complete Hermitian tensor, including every Fourier modulation and every
correction contained in the fields Wj.

Proof. Let D,E be complex N ×n matrices. Since ReD = 1
2(D+D) and B is bilinear,

4B(ReD,ReE) = B(D,E) + B(D,E) + B(D,E) + B(D,E).
The first two terms are complex conjugate, and so are the last two. Hence
(14.9) 2B(ReD,ReE) = Re B(D,E) + Re B(D,E).
Moreover,

B(D,D) = 1
2

(
DTD +DTD

)
= 1

2

(
D∗D +D∗D

)
= Re(D∗D).

Now put Dj = dWj = eiθjAj. Then dP = b
√

2∑j
√
µj ReDj, and since the double sum

is symmetric in (j, k),
(dP )TdP = 2b2∑

j,k

√
µjµk (ReDj)T ReDk = 2b2∑

j,k

√
µjµk B(ReDj,ReDk).

By (14.9) and the reality of the phases,

2B(ReDj,ReDk) = Re
(
ei(θj+θk)B(Aj, Ak)

)
+ Re

(
ei(θj−θk)B(Aj, Ak)

)
= q+

jk + q−
jk.
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For j = k the second term is q−
jj = B(Aj, Aj) = Re(A∗

jAj). Summing over j with the
weights b2µj gives exactly Hself , and subtracting it proves (14.8). □

With Wj = Zν and ϑ = θj, the case M = 1, b√µ1 = 1 of the lemma is (14.1), since
B(A,A) = ATA.

Proposition 14.3 (Correction of all oscillatory quadratic terms). We work under the
assumptions of Setup 14.1 and assume ∑

j µj ≤ Cµ. Let NF and VF = VF be the
reconstruction maps of Definition 10.2. Given finite s and Q, choose one depth N =
N(s,Q) in the real operator DF,N , that is, the operator Da,N of Theorem 9.5 for the
coefficients of PF , with all its fixed cutoffs. Let Qoff be the exact tensor (14.8), put

q = χsrcQoff , hi = −1
2Qi(F ) : q, u = DF,Nh,

and define the real field
(14.10) Slag = VF (u) + 1

2NF q.

With Wµ = (∑j
√
µj)2 ≤ MCµ,

∥DγFSlag +Qoff∥Hs(D) ≤ Cs,Qb
2Wµ(λh)−Q,(14.11)

∥Slag∥Hr(W ) ≤ Cr,Nb
2Wµλ

r+1 (r ≥ 0).(14.12)
For a fixed physical cutoff χout, equal to one near D and supported in the observation
chart, the same size bound holds for χoutSlag on Rn.

The depth N may depend on s and Q; the additional power of λ in (14.12) and all
derivative shifts are fixed. All doubled phases and all signed terms of distinct samples
are included, and the complete Hermitian diagonal tensor is excluded. The number
of samples enters only through Wµ ≤ MCµ, which follows from the Cauchy–Schwarz
inequality (∑j

√
µj)2 ≤ M

∑
j µj.

Proof. Step 1 (One signed source). Fix an ordered pair (j, k) and a sign, and apply the
construction in the statement to the single source q = χsrcq

±
jk in place of χsrcQoff . Denote

the resulting reduced and ambient fields by u±
jk and U±

jk. Write the complex product
defining q±

jk as eiρφa, with ρ = ρjk as in Setup 14.1, ρφ = θj ± θk, and a = B(Aj, Ak) or
a = B(Aj, Ak). The reduced source is

h±
jk,i = −1

2Qi(F ) : χsrcq
±
jk = Re

(
eiρφajk,i

)
, ajk,i = −1

2χsrc Qi(F ) : a,

because Qi(F ) and χsrc are real. By the Leibniz rule, (14.5) and (14.7),
∥ajk∥Cs + ∥ajk∥Hs ≤ Cs

∑
s1+s2+s3=s

T s1Ks2+s3
env ≤ CsL

s
pair,

where the Hs bound follows from the Cs bound and the fixed compact support. Only
the total derivative order enters.
Step 2 (Fourier localization). By Setup 14.1(iii), the normalized phase satisfies |Drφ| ≤
CrL

r−1
pair for r ≥ 2, and dφ takes values in a fixed compact set of regular covectors, in

particular c ≤ |dφ| ≤ C. Choose a fixed compact annular Fourier mask containing a
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neighborhood of this compact set and of its antipodal set, and let Π0,ρ be the corre-
sponding rescaled multiplier of Theorem 9.5. On the complement of the rescaled mask,
|ρ dφ − ξ| ≥ c(ρ + |ξ|). The general form of Proposition 7.6, applied with amplitude
constant A = 1 and scale L = Lpair, gives for every m ≥ 0 and every integer k > m+n/2

∥(I − Π0,ρ)(eiρφajk)∥Hm ≤ Cm,kρ
m+n/2(Lpair/ρ)k ≤ Cm,kρ

m+n/2−σk,

where the last step uses Lpair ≤ ρ1−σ. Choosing k ≥ (m+ n/2 +Q′)/σ gives the decay
ρ−Q′ for any requested Q′. Conjugation gives the same estimate for the term with the
opposite phase. Hence h±

jk satisfies the hypotheses (9.6)–(9.7) of Theorem 9.5 with Hρ

equal to a fixed constant. The scale condition (9.5) holds because 1 ≤ T ≤ Lpair ≤ ρ1−σ,
and the sources are supported where χ2 = 1. The chart source sets and complete
flowouts are those of Setup 14.1.
Step 3 (Approximate solution and normal reconstruction). By (4.6), applied to the
tensor −q, the field U = VF (u) + 1

2NF q = dF γ(F )−1u+NF (sym ∇u+ 1
2q) satisfies the

exact identity
(14.13) DγFU + q = 2

∑
i,l

Qi(F )(G−1
F )il (PFu− h)l, hl = −1

2Ql(F ) : q.

Theorem 9.5, with a depth N ≥ s + Q′, gives ∥PFu
±
jk − h±

jk∥Hs(Ucore) ≤ CN,s,Q′ρ−Q′ .
Multiplication by the coefficients in (14.13), whose Cs norms are at most CsT

s ≤ Csρ
s,

costs at most a factor Csρ
s in Hs(D). Taking Q′ = Q + s and using D ⊂ Ucore and

χsrc = 1 near D, we obtain
(14.14) ∥DγFU

±
jk + q±

jk∥Hs(D) ≤ Cs,Qρ
−Q
jk .

One such depth works for the compact sets of regular covectors and the finite list of
charts; it is independent of the frequency ρjk.
Step 4 (The exact weighted sum). The operator DF,N , the frame and the cutoffs are the
same for all pairs. By linearity, Slag is the sum of the fields U±

jk with the coefficients
of (14.8), and DγFSlag + Qoff is, on D, the same combination of the left-hand sides of
(14.14). The total absolute coefficient is

b2
[∑

j,k

√
µjµk +

∑
j ̸=k

√
µjµk

]
≤ 2b2

(∑
j

√
µj

)2
= 2b2Wµ ≤ 2b2MCµ.

Since ρjk ≥ cλh for every oscillatory term, (14.14) gives (14.11), with c−Q absorbed in
the constant.
Step 5 (Size bounds). Put A = b2Wµ. Each derivative of eiρφ costs at most C(ρ+Lpair) ≤
Cλ, and each derivative of ajk costs at most CLpair ≤ Cλ. The Leibniz rule and the
coefficient sum of Step 4 therefore give

∥q∥Hs + ∥h∥Hs ≤ CsAλ
s.

For each signed source, (9.9) gives ∥u±
jk∥Hr ≤ Cr,Nρ

r
jk. Since ρjk ≤ Cλ, the same

coefficient sum gives ∥u∥Hr ≤ Cr,NAλr. The field VF (u) contains u and one derivative
of u, multiplied by coefficients whose derivatives of order i are bounded by CiT

i ≤ Ciλ
i;
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the Leibniz rule gives ∥VF (u)∥Hr(W ) ≤ Cr,NAλr+1. Similarly ∥NF q∥Hr(W ) ≤ CrAλ
r.

This proves (14.12); multiplication by the fixed cutoff χout changes only the constants.
The operators are real and uniform on the fixed family of charts. □

14.4. The product correction for the sampled waves. We now apply Proposi-
tion 14.3 to the waves constructed in Proposition 13.9.

Proposition 14.4 (Product correction). Let Zν and µν be the waves and weights of
Proposition 13.9, and let P , Qoff be given by (14.2) and (14.3). Assume that, for a fixed
σ > 0 and a fixed amplitude constant C∗,

(14.15) C∗R ≤ (λh)1−σ.

Then, for every finite q ≥ 1, there is a real correction S, constructed at F from the
exact signed products in Qoff , such that, after its fixed physical cutoff equal to one near
D,

∥DγFS +Qoff∥C0(D) ≤ Cqb
2M(λh)−q,(14.16)

∥S∥Hr ≤ Crb
2Mλr+1 (r ≥ 0).(14.17)

The finite depth of the construction depends on q; the same field satisfies the size bound
at every r, with the same additional power of λ.

The mechanism is the following. The correction solves the linearized equation along
the full characteristic segments of Proposition 5.9, using the complete amplitudes of the
corrected waves Zν , whose derivative scale is R > T0. Each step of the finite Neumann
series in Theorem 9.5 gains a factor C∗R/ϱ, with ϱ ≥ cλh, and the strict power in
(14.15) turns this into arbitrary finite decay.

Proof of Proposition 14.4. We apply Lemma 14.2 and Proposition 14.3 with the samples
j = ν, the fields Wν = Zν , the phases θν = λνϕν = SF (x, ζν)/τν , and the amplitudes
Aν = e−iθνdZν . Since θν is real, (dZν)∗dZν = A∗

νAν , so the fields P , Hself and Qoff of
(14.2)–(14.3) are those of Lemma 14.2. By (13.2), µν > 0 and ∑ν µν ≤ C =: Cµ.

We verify the hypotheses of Setup 14.1. The coefficient bound (14.4) is (10.23) with
T = T0 = Rt. The phases, groups and frequencies are those of the sampling in Propo-
sition 13.9; by Proposition 5.9(iii), every oscillatory term has frequency cλh ≤ ϱ ≤ Cλ,
and cλh ≥ 2 for large R because a > β. For the amplitudes, (13.33) gives ∥χpairAν∥Cr ≤
CrR

r, where χpair equals one on every quadratic source (Setup 3.3). Thus (14.7) holds
with Kenv = C0R for any fixed C0 ≥ 2. Since t < 1, we have T0 = Rt ≤ C0R, so
Lpair = max(Kenv, T0) = C0R. For every oscillatory term, (14.15) gives

ρ1−σ
jk ≥ (cλh)1−σ = c1−σ(λh)1−σ ≥ c1−σC∗R ≥ C0R = Lpair,

provided the amplitude constant satisfies C∗ ≥ cσ−1C0; this is how the constant C∗ in
(14.15) is understood. Hence all hypotheses of Setup 14.1 hold.

Apply Proposition 14.3 with s = ⌊n/2⌋ + 1 and Q = q, and put S = χoutSlag. Since
χout = 1 near D and DγF is a first-order differential operator, DγFS = DγFSlag on D.
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Since s > n/2 and D is a ball, the Sobolev embedding Hs(D) ⊂ C0(D) and (14.11)
give

∥DγFS +Qoff∥C0(D) ≤ C∥DγFSlag +Qoff∥Hs(D) ≤ Cqb
2Wµ(λh)−q ≤ Cqb

2M(λh)−q,

which is (14.16). The bound (14.17) follows from the cut form of (14.12) and Wµ ≤
MCµ. The depth N = N(s, q) depends only on q, so the constants Cr may depend on
q. □

15. The metric correction at one step

In this section we combine the primary waves, the correction of the mean and the
correction of the products into one increment. The input is an immersion F with
derivative bounds (10.23), a metric defect of size δ2 on D, a frequency R and an accuracy
Q. The output is a real increment U with exact Fourier support in {|ξ| ≤ CRb∗}, an
L2 bound with a fixed loss, and new defect O(δR−Q + δ3RB3) (Theorem 15.3). The
exponents b∗, B0, B3 and the support constant do not depend on Q; this is what makes
the iteration of Sections 16–18 possible.

15.1. Smoothing the defect. The smoothing operator acts on the defect on D and
gives two separate bounds for the approximation error: one by the size of the defect,
and one by its derivatives.

Lemma 15.1. For each integer m ≥ 1, let SR,m be the real smoothing operator of
Lemma 6.1 for the ball Ω = D, with output supported in a fixed compact subset of W .
Fix a smooth target tensor g on W . Suppose that T ≥ 1, 0 < δ ≤ 1, and

∥dF∥Cr(W ) ≤ CrT
r, ∥g − γ(F )∥C0(D) ≤ δ2.

Put e = g−γ(F ). For all sufficiently large R, the tensor eR = SR,m(e|D) is smooth and
satisfies, for every integer r ≥ 0,

∥eR∥Cr + ∥eR∥Hr ≤ Cr,mδ
2Rr,(15.1)

∥e− eR∥C0(D) ≤ Cmδ
2,(15.2)

∥e− eR∥C0(D) ≤ Cm(T/R)m.(15.3)
The constants depend on the constants Cr above and on finitely many seminorms of g.
If T ≤ Rt with 0 < t < 1, then for every finite Q the choice (1 − t)m > 2Q gives
(15.4) ∥e− eR∥C0(D) ≤ CQδR

−Q.

Proof. By (6.1) and ∥e∥C0(D) ≤ δ2,
∥eR∥Cr + ∥eR∥Hr ≤ Cr,mR

r∥e∥C0(D) ≤ Cr,mδ
2Rr,

which is (15.1). Taking r = 0 and using the triangle inequality, ∥e − eR∥C0(D) ≤
∥e∥C0(D) + ∥eR∥C0 ≤ (1 + C0,m)δ2, which is (15.2). For (15.3), the Leibniz rule applied
to γ(F ) = (dF )TdF gives

∥Dmγ(F )∥C0(D) ≤
m∑

i=0

(
m

i

)
∥DidF∥C0∥Dm−idF∥C0 ≤ CmT

m,
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and hence ∥e∥Cm(D) ≤ ∥g∥Cm(D) + CmT
m ≤ CmT

m, since T ≥ 1. Now (6.2) gives
∥e− eR∥C0(D) ≤ CmR

−mTm.
Finally, if T ≤ Rt, then the minimum of the two bounds (15.2) and (15.3) is at most

their geometric mean:

∥e− eR∥C0(D) ≤
(
Cmδ

2 · Cm(T/R)m
)1/2

≤ CmδR
−(1−t)m/2 ≤ CmδR

−Q,

because (1 − t)m/2 > Q and R ≥ 1. □

In particular, since b2 = δ2R2A, the normalized tensor eR/b
2 has Cr and Hr norms

at most Cr,mR
r−2A. The factor δ in (15.4) comes from combining the two bounds, not

from the high-order bound alone. The defect e may have either sign.

15.2. Two Fourier inequalities. We use two elementary consequences of the Fourier
inversion formula and the Cauchy–Schwarz inequality.

Lemma 15.2. Let m0 = ⌊n/2⌋ + 2.
(i) For every f ∈ Hm0(Rn), ∥f∥C1(Rn) ≤ C∥f∥Hm0 .
(ii) (Bernstein inequality.) If f ∈ L2(Rn) and supp f̂ ⊂ {|ξ| ≤ Λ} with Λ ≥ 1, then

for every integer r ≥ 0

∥f∥Cr(Rn) ≤ CrΛr+n/2∥f∥L2 .

Proof. For a multi-index α, the inversion formula gives |∂αf(x)| ≤
∫

|ξ||α||f̂(ξ)| dξ. For
(i) and |α| ≤ 1, the Cauchy–Schwarz inequality bounds this by(∫

⟨ξ⟩2(|α|−m0)dξ
)1/2(∫

⟨ξ⟩2m0|f̂ |2dξ
)1/2

≤ C∥f∥Hm0 ,

since 2(m0 − 1) = 2⌊n/2⌋ + 2 > n. For (ii), with |α| ≤ r,

|∂αf(x)| ≤ Λ|α|
∣∣∣{|ξ| ≤ Λ}

∣∣∣1/2
∥f̂∥L2 = CΛ|α|+n/2∥f∥L2 ,

by the Plancherel identity ∥f∥2
2 = (2π)n∥f̂∥2

2. □

15.3. A single step. The preceding constructions give the following quantitative step.

Theorem 15.3 (Correction at one step). Fix the reference neighborhood, the domains,
and the correction operators constructed above. Let F be an immersion in this neigh-
borhood, and assume the hypotheses of Propositions 10.10, 13.9 and 14.4. Suppose that

∥g − γ(F )∥C0(D) ≤ δ2, T0 = Rt,

with 0 < t < 1 and 0 < δ ≤ 1, and that (10.23) and (14.15) hold. Put m0 = ⌊n/2⌋ + 2
and

B0 = 2A+ 1 + ϵ+ a, B3 = 2B0 + 2am0.
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For every finite Q and all sufficiently large R, there is one real global increment U = UQ

satisfying

∥γ(F + U) − g∥C0(D) ≤ CQ

(
δR−Q + δ3RB3

)
,(15.5)

∥U∥L2 ≤ CQδR
B0 ,(15.6)

supp Û ⊂ {|ξ| ≤ CRb∗}, b∗ = a(1 + ζ) < 3/2.(15.7)
Consequently,

(15.8) ∥U∥Cr(Rn) ≤ Cr,QδR
B0+b∗(r+n/2).

The frequency exponents and the support constant C in (15.7) are independent of Q.

The exponent B0 is the size at order zero of the quadratic correction: by (14.17),
(13.2) and b = δRA,

b2Mλ ≤ Cδ2R2A ·R1+ϵ ·Ra = Cδ2RB0 .

The exponent B3 arises from the product of the C1 norms of the primary field and
of the quadratic correction, each estimated through Lemma 15.2(i) by δℓRB0λm0 with
ℓ = 1, 2; see Step 5 below. The first term in (15.5) comes from the finite depths of the
constructions and from Fourier tails; the second is the nonlinear interaction between
the primary field and the quadratic correction.

Proof. Step 1 (Choice of the finite accuracies). Fix Q. Choose integers m, Qp, Qm, q
and k with

(15.9)
(1 − t)m > 2Q, aQp > Q+ A+ 1+ϵ

2 , Qm > Q+ 2A,
(a− β)q > Q+ 2A+ 1 + ϵ, aζk > Q+B3.

These depend only on Q and the fixed exponents. We use m for the smoothing eR =
SR,m(e|D), the depth Qp in Proposition 10.10 (the wave families are chosen before
sampling), the accuracy Qm in Proposition 13.9, the accuracy q in Proposition 14.4,
and k in Step 6. Then we choose the sample on the fixed input band, the measures
mν and the field V of Proposition 13.9, the primary field P of (14.2) and the field S
of Proposition 14.4. All these fields carry their fixed physical cutoffs, which equal one
near D. Put

W2 = b2V + S, U = Π(P +W2),
where Π is the Fourier multiplier with symbol π0(ξ/λ1+ζ), and π0 is a fixed smooth
real even function equal to one for |ξ| ≤ C1 and to zero for |ξ| ≥ C2. Note that
λ1+ζ = Ra(1+ζ) = Rb∗ . Since the symbol is real and even, Π maps real fields to real
fields. Finally R is taken large enough for all propositions at these accuracies.
Step 2 (The exact identity). Put Y = P +W2. Since the physical cutoffs equal one near
D and the metric involves only first derivatives, we may compute on D with the uncut
fields. By (4.1),

γ(F + Y ) = γ(F ) +DγFP + b2DγFV +DγFS + (dY )TdY,
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and
(dY )TdY = (dP )TdP + 2 sym

(
(dP )TdW2

)
+ (dW2)TdW2.

By (14.3), (dP )TdP = Hself +Qoff , and by (13.31),

b2Emean = b2DγFV +Hself − eR.

Substituting these identities and γ(F ) − g = −e, we obtain on D the exact identity

γ(F + P +W2) − g = (eR − e) +DγFP + b2Emean

+ (DγFS +Qoff) + 2 sym
(
(dP )TdW2

)
+ (dW2)TdW2.(15.10)

Step 3 (The linear terms). We bound the first four terms of (15.10) by CQδR
−Q. The

first is bounded by Lemma 15.1, applied with T = T0 = Rt; its hypothesis ∥dF∥Cr(W ) ≤
CrT

r
0 follows from (10.23), since (r + 1 − r∗)+ ≤ r for r∗ ≥ 1.

For the second term, (13.2) and the Cauchy–Schwarz inequality give
∑

ν

√
µν ≤

(
M
∑

ν

µν

)1/2
≤ CR(1+ϵ)/2.

Since DγF is real, DγFP = b
√

2∑ν
√
µν Re(DγFZν). The measure bound ∥mν∥TV ≤ C

of Proposition 13.9 and (10.27) with depth Qp (recall D ⊂ Dlag and λ = Ra) give

(15.11) ∥DγFP∥C0(D) ≤ CQδR
A+(1+ϵ)/2λ−Qp = CQδR

A+(1+ϵ)/2−aQp ≤ CQδR
−Q,

by the choice of Qp in (15.9).
For the third term, Proposition 13.9 at accuracy Qm gives

b2∥Emean∥C0(D) ≤ CQδ
2R2A−Qm ≤ CQδR

−Q,

since δ2 ≤ δ and Qm > Q+ 2A.
For the fourth term, Proposition 14.4 at accuracy q, together with M ≤ CR1+ϵ and

λh = Ra−β, gives

∥DγFS +Qoff∥C0(D) ≤ CQδ
2R2AR1+ϵR−(a−β)q ≤ CQδR

−Q,

since (a− β)q > Q+ 2A+ 1 + ϵ.
Step 4 (Sobolev bounds for P and W2). We show that

(15.12) ∥P∥Hr ≤ CrδR
B0λr, ∥W2∥Hr ≤ Crδ

2RB0λr.

For P , put zν = χcoree
−iλνϕνZν . By (10.26), with an amplitude scale K ≤ λ1−ν0 ≤ λ,

we have ∥zν∥Cr ≤ Crλ
−1Kr ≤ Crλ

r−1. Since ∥dϕν∥Cr ≤ CrT
r
0 and T0 ≤ λ, every term

in the expansion of a derivative of order j of eiλνϕν is a product of factors λνD
iϕν with

total order j, each bounded by CλT i−1
0 ≤ Cλi. Hence ∥χcoreZν∥Cr ≤ Crλ

r−1. The
physical cutoff of P is supported in Dlag, where χcore = 1 by (3.2). Using the weight
sum of Step 3 and the fixed support,

∥P∥Hr ≤ Crb
∑

ν

√
µν λ

r−1 ≤ CrδR
A+(1+ϵ)/2λr−1 ≤ CrδR

B0λr.
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For W2, (13.34) and R ≤ λ give b2∥V ∥Hr ≤ Crδ
2R2ARr ≤ Crδ

2RB0λr, and (14.17) gives

∥S∥Hr ≤ Crδ
2R2AR1+ϵλr+1 = Crδ

2R2A+1+ϵ+aλr = Crδ
2RB0λr.

In all cases each derivative costs at most a factor λ = Ra.

Step 5 (The quadratic terms). By Lemma 15.2(i) and (15.12) with r = m0,

∥P∥C1 ≤ CδRB0+am0 , ∥W2∥C1 ≤ Cδ2RB0+am0 .

Therefore, using δ ≤ 1,∥∥∥2 sym
(
(dP )TdW2

)∥∥∥
C0(D)

+ ∥(dW2)TdW2∥C0(D) ≤ C
(
δ3 + δ4

)
R2B0+2am0 ≤ CQδ

3RB3 .

Together with Step 3, the identity (15.10) gives

(15.13) ∥γ(F + P +W2) − g∥C0(D) ≤ CQ

(
δR−Q + δ3RB3

)
.

Step 6 (The Fourier truncation). Since 1 − π0(ξ/λ1+ζ) vanishes for |ξ| ≤ C1λ
1+ζ , we

have ⟨ξ⟩m0 ≤ (C1λ
1+ζ)−k⟨ξ⟩m0+k on its support. By Lemma 15.2(i), (15.12) and δ ≤ 1,

∥(I − Π)(P +W2)∥C1 ≤ C∥(I − Π)(P +W2)∥Hm0 ≤ Ckλ
−(1+ζ)k∥P +W2∥Hm0+k

≤ CkδR
B0λm0−ζk.

Thus Ecut = U − (P + W2) = −(I − Π)(P + W2) is small in C1, with a factor δ. Put
G = F + P +W2. By (4.1),

γ(F + U) − γ(G) = DγGEcut + (dEcut)TdEcut, DγGE = (dG)TdE + (dE)TdG.

By Step 5, ∥G∥C1(D) ≤ C + CδRB0+am0 ≤ CQR
B0+am0 . Hence

∥γ(F + U) − γ(G)∥C0(D) ≤ CQR
B0+am0 · δRB0+am0−aζk + CQδ

2R2B0+2am0−2aζk

≤ CQδR
B3−aζk ≤ CQδR

−Q,

since aζk > Q+B3. Combined with (15.13), this proves (15.5).

Step 7 (The L2, band and Cr bounds). The multiplier Π has norm at most sup |π0| = 1 on
L2 (we take 0 ≤ π0 ≤ 1), so (15.12) at r = 0 gives ∥U∥L2 ≤ ∥P∥L2 +∥W2∥L2 ≤ CQδR

B0 ,
which is (15.6). The symbol of Π vanishes for |ξ| ≥ C2λ

1+ζ = C2R
b∗ , which gives (15.7);

and b∗ < 3/2 by (17.1). Lemma 15.2(ii) with Λ = C2R
b∗ gives

∥U∥Cr(Rn) ≤ CrR
b∗(r+n/2)∥U∥L2 ≤ Cr,QδR

B0+b∗(r+n/2),

which is (15.8). The field U is real because P , V and S are real and Π preserves real
fields. □
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16. Uniform estimates along the iteration

The exact Fourier support of the increments gives the high-order bounds on the it-
erates which are required in the hypotheses of Theorem 15.3. We prove these bounds
(Lemma 16.1), transfer them to the coefficients of all constructions (Proposition 16.2),
and conclude that the single-step theorem applies at every iterate with uniform con-
stants (Proposition 16.3). The parameters are fixed in Section 17, and the iteration is
carried out in Section 18.

Lemma 16.1 (Estimates for sums of Fourier-localized increments). Fix an integer
r∗ ≥ 1 and numbers 1 < b∗ < v < 3/2, and put t = b∗/v. For R0 ≥ 2 set Rj = Rvj

0 .
Suppose that real global increments Uj satisfy, with integers kj ≥ k0,

(16.1) supp Ûj ⊂ {|ξ| ≤ CRb∗
j }, ∥Uj∥L2 ≤ R

−kj+B0+1
j .

Put Fj = Finit+
∑

i<j Ui on W , Tj = Rt
j and b♯ = B0+b∗(r∗+n/2). If µ = k0−b♯−1 > 0,

then
(16.2) ∥Fj∥Cr(W ) ≤ CrT

(r−r∗)+
j (r ≥ 0),

and
(16.3)

∑
j

∥Uj∥Cr∗ (Rn) −→ 0 as R0 −→ ∞.

Both assertions are uniform for a compact smooth family of initial maps Finit.

Proof. By the Bernstein inequality, Lemma 15.2(ii), with Λ = CRb∗
i , and by (16.1),

(16.4) ∥Ui∥Cr∗ (Rn) ≤ CR
b∗(r∗+n/2)
i R−ki+B0+1

i = CR
−ki+b♯+1
i .

The constant C depends only on n, r∗ and the support constant. Since ki ≥ k0, the
exponent is at most −µ, so ∥Ui∥Cr∗ ≤ CR−µvi

0 . Bernoulli’s inequality vi ≥ 1 + i(v − 1)
and R0 > 1 give R−µvi

0 ≤ R−µ
0

(
R

−µ(v−1)
0

)i
, and hence

(16.5)
∑
i≥0

∥Ui∥Cr∗ (Rn) ≤ CR−µ
0

1 −R
−µ(v−1)
0

.

The right-hand side tends to zero as R0 → ∞, which proves (16.3).
For r ≤ r∗, (16.5) gives ∥Fj∥Cr(W ) ≤ ∥Finit∥Cr∗ (W ) + C, uniformly in j. Let r > r∗,

and put Ψj = ∑
i<j Ui. For i < j we have Rb∗

i ≤ Rb∗
j−1 = R

b∗/v
j = Tj, so supp Ψ̂j ⊂

{|ξ| ≤ CTj}. Fix χ ∈ C∞
c (Rn) equal to one on {|ξ| ≤ C}, put

κ(x) = (2π)−n
∫
eix·ξχ(ξ) dξ, κj(x) = T n

j κ(Tjx).

With the normalization of Notation 3.1 the convolution theorem reads f̂ ∗ g = (2π)nf̂ ĝ,
and κ̂j(ξ) = (2π)−nχ(ξ/Tj); hence κ̂j ∗ Ψj = χ(·/Tj)Ψ̂j = Ψ̂j, that is, Ψj = κj ∗ Ψj.
For |α| = r write α = β + γ with |β| = r∗; then ∂αΨj = (∂γκj) ∗ ∂βΨj and ∥∂γκj∥L1 =
T r−r∗

j ∥∂γκ∥L1 . Young’s inequality gives
∥∂αΨj∥L∞ ≤ CrT

r−r∗
j ∥Ψj∥Cr∗ ≤ CrT

r−r∗
j .
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Since Finit is smooth on W and Tj ≥ 1, also ∥Finit∥Cr(W ) ≤ Cr ≤ CrT
r−r∗
j . This proves

(16.2). The initial map is used only on W , and all constants depend on finitely many
seminorms of Finit, which gives the uniformity. □

The derivative bounds (16.2) for the iterates imply the coefficient bounds used in
Sections 9–14, uniformly along such sequences.

Proposition 16.2 (Coefficient estimates along the iteration). Choose a fixed order r̄0
above the orders used in the constructions and the source order s0, and choose r∗ above
r̄0 by the fixed shifts of the coefficients and of the reconstruction. For the sequences
of Lemma 16.1, the reduced coefficients a(Fj) on W and the positive initial amplitudes
satisfy

(16.6) ∥a(Fj)∥Cr(W ) +
∑

a

∥rFj ,a∥Cr
z,y

≤ CrT
(r−r̄0)+
j .

Consequently the estimates for phases, symbols and waves apply with L = Tj, and
these derivative bounds give the bounds for the source and for the coefficients used
in Proposition 13.7 for all fixed-parameter operators. The shifts are fixed before the
accuracy; the finite number of correction steps for the waves and the number of iteration
steps enter only the constants and the thresholds.

Proof. The inverse metric g−1
F , the normal map NF and the projected frame Qi =

ΠKF
Q0

i are smooth functions of the second jet of F on a set where the rank and Gram
gaps are bounded below. By Lemma 6.2, such functions transfer the derivative bounds
(16.2) of Fj, with a fixed shift of the index. The same holds for the positive initial
amplitudes by (12.13). This proves (16.6). The kernel estimates of Setup 9.4 and
Corollary 10.8 then give the conclusions for the phases and for the corrected waves
with initial data δ0. No regularity with respect to the sample index is required. □

Proposition 16.3 (Uniformity of the correction estimates). Choose r∗ larger than the
fixed derivative orders of Propositions 10.10, 13.9 and 14.4, including the source order
of Proposition 13.9. Consider a sequence satisfying the hypotheses of Lemma 16.1 whose
total displacement stays in the corresponding Cr∗ neighborhood. Then these propositions
apply successively at Fj, with T0 = Tj and the scales of Section 17. At each fixed
accuracy their constants are uniform over all such sequences. The same r∗ works for
every accuracy.

Proof. Equation (16.2) is (10.23) with T0 = Tj, and (16.3) keeps Fj in the fixed Cr∗

neighborhood. This neighborhood preserves the low-order conditions (L) of Setup 5.3
and all lower bounds, and, since r∗ ≥ Man + 11, also the high-order bound (H), by
Remark 5.6. Proposition 16.2 transfers (16.2) to the coefficient bounds used by the
three propositions. These constants depend only on the constants in (16.2), which are
uniform by Lemma 16.1. □

Since t < 1, the coefficient scale Tj = Rt
j lies below the input frequency bound

Kmax = R
sf

j of the mean and below the smallest product frequency cλh. The next
section verifies both strict gaps.
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17. Choice of parameters

The estimates require only an open set of exponents. The following choice verifies all
of them, before the accuracy or the target dilation is chosen.
Proposition 17.1 (Compatible scales). Choose

(17.1) 0 < ϵ < 1
8 , β = 1 + ϵ

3 , 1 < sf < 1 + ϵ, 1 + β < a < b∗ < v < 3
2 .

Set

(17.2) 2
3 < t = b∗

v
< 1, ζ = b∗

a
− 1 > 0,

and
(17.3) m0 = ⌊n/2⌋ + 2, s0 = 2m0, A = m0 + 1

2 .

Use λ = Ra, h = R−β, Kmax = Rsf and
(17.4) T0 = Rt.

There are fixed σ, ν0 > 0 such that the conditions (10.25) of Proposition 10.10, (14.15)
of Proposition 14.4, and the conditions of Proposition 13.9 hold for all large R. The
fixed derivative orders are chosen before the accuracy and the target dilation.

Proof. Step 1 (The ordering). Since ϵ < 1/8, we have β = (1+ϵ)/3 < (9/8)/3 = 3/8, so
1+β < 11/8 < 3/2 and the interval (1+β, 3/2) is nonempty; hence a, b∗, v can be chosen.
Next, ϵ < β is equivalent to 3ϵ < 1 + ϵ, that is ϵ < 1/2; thus sf < 1 + ϵ < 1 + β < a.
Since b∗ > a > 1 and v < 3/2, we get t = b∗/v > 2/3, and t < 1 because b∗ < v; also
ζ > 0 because b∗ > a, and b∗ = a(1 + ζ). Altogether

2/3 < t < 1 < sf < a < b∗ < v < 3/2, a− β > 1.

Step 2 (The strict gaps). Since a − β > 1 and sf < a, we may choose σ, ν0 > 0 so
small that (1 − σ)(a − β) > 1 and sf < (1 − ν0)a. Then (λh)1−σ = R(1−σ)(a−β) and
λ1−ν0 = R(1−ν0)a are strictly larger powers of R than R and Kmax = Rsf , respectively,
so every fixed constant is absorbed for large R:
(17.5) C∗R ≤ (λh)1−σ, C∗Kmax ≤ λ1−ν0 .

The first inequality is (14.15): the amplitude scale R of the mean lies below the product
frequencies. The second puts the input frequency bound below the wave frequency, as
required in (10.25) with Λ = CKmax and K = C∗Kmax; there also CenvT0 ≤ K because
t < 1 < sf . Moreover cλh = cRa−β ≥ 2 for large R.
Step 3 (The exponents of the mean). At the fixed input band the concentration exponent
is
(17.6) ω = (1 + ϵ− sf )/4 > 0,
which is positive because sf < 1 + ϵ. The phase error is smaller: by Step 1,

a− sf > (1 + β) − (1 + ϵ) = β − ϵ = 1 − 2ϵ
3 >

1 − 1/4
3 = 1

4 ,
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while ω < ϵ/4 < 1/32 because sf > 1. Hence ω < a − sf . The source order satisfies
s0 = 2m0 ≥ 2

(
n−1

2 + 2
)

= n+ 3 > n, and

2A− s0 = 2m0 + 1 − 2m0 = 1 > β.

By the remark after Lemma 15.1, the normalized target satisfies ∥eR/b
2∥Hs0 ≤

CRs0−2A = CR−1 ≤ CR−β, and the background error of the sampling is
O(h) = O(R−β). Thus the background and the target together have size O(R−β) in
the fixed Sobolev norm Hs0 . The normal error and the quadratic estimate give a
small L2 factor for successive differences of the iteration in Proposition 13.9; the tail
of the initial-frequency cutoff is controlled by the same derivative bounds at higher
orders. The amplitude scale R and the coefficient scale T0 lie below the fixed input
band Kmax = Rsf , because t < 1 < sf ; this permits arbitrary finite precision for this
sample. □

17.1. The accuracy as a function of the defect. We fix r∗ after these derivative
orders and after all geometric and analytic shifts. With b♯ = B0 + b∗(r∗ + n/2), choose
an integer kmin such that

(3 − 2v)kmin > B3 + 2v + 4,(17.7)
kmin > b♯ + 2.(17.8)

These are two lower bounds for kmin, and they are compatible because 3 − 2v > 0, by
v < 3/2. We take the accuracy

(17.9) Q(k) = 2k.

At defect size δ = R−k, both terms in (15.5) are bounded by C2kR
−3k+B3 :

δR−Q(k) = R−3k ≤ R−3k+B3 , δ3RB3 = R−3k+B3 .

For k ≥ kmin and R ≥ 1, (17.7) gives

(17.10) R−3k+B3 = R−2v(k+1) R−(3−2v)k+B3+2v ≤ R−2v(k+1) R−4.

The strict gaps proved above permit all the internal accuracy choices of Theorem 15.3
without changing the domains, the derivative orders or the frequency exponents.

18. Initialization and convergence

18.1. A fixed reference and a small target. The iteration accepts metric defects
of either sign. We therefore initialize it by dilating the target metric toward the metric
of the flat reference.

Proposition 18.1 (Fixed reference initialization). Choose coordinates centered at p
with g(0) = I, and let F0 be the analytic flat reference of Section 4. There is a fixed
ρ > 0 such that the maps

(18.1) Gref(y) = ρ−1[F0(ρy) − F0(0)], g(s)(y) = g(sρy)
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are defined on the fixed chart W , and Gref has uniform rank and normal-rank bounds
there. For 0 ≤ s ≤ s∗ and every fixed r,
(18.2) ∥g(s) − γ(Gref)∥Cr(W ) ≤ Cr,ρs.

The reference and its geometric bounds are independent of s. The same reference admits
the positive transported background and the inverse of the continuous normal operator
used in Section 12, on a fixed smaller core containing the ball D and the support of the
output of the mean.

Proof. By Corollary 4.8, for every sufficiently small ρ > 0 the map Gref = Gρ lies in the
prescribed finite-order neighborhood of the constant frame, satisfies γ(Gref) = I, and
its least normal singular value is at least cρ.

Since g is smooth near 0 and W is bounded, g(s) is defined on W for 0 ≤ s ≤ s∗
if s∗ is small. For a multi-index α with |α| ≥ 1, ∂α

y g
(s)(y) = (sρ)|α|(∂αg)(sρy), so

|∂α
y g

(s)| ≤ (sρ)|α|∥g∥C|α| ≤ Cr,ρs for s ≤ s∗ ≤ 1. For α = 0, the fundamental theorem of
calculus and g(0) = I give |g(s)(y) − I| ≤ sρ|y| ∥dg∥C0 ≤ Cρs on W . Since γ(Gref) = I,
this proves (18.2), uniformly at every fixed order.

For the background, Proposition 12.6 gives bounds and a coercivity gap which are
uniform for the normalized family Gσ as σ → 0, with fixed cutoffs chosen before ρ.
Proposition 12.7 constructs the density change va, of size O(σ) at every fixed order by
(12.14); for small σ we have 1 + va ≥ 1/2, so the initial amplitude σ

√
1 + va is positive

and the corresponding normal operator is coercive with a bounded inverse. Reducing
ρ = σ once gives both properties for Gref and for a fixed Cr∗ neighborhood of it. We
also take ρ ≤ σ1, so that the constant Chi of Remark 5.6 applies to the Cr∗ ball of
radius ρ around Gref , by the normalized neighborhood (5.11) with σ = ρ. The later
target parameter s does not enter these choices. □

After all geometric, analytic and frequency constants have been fixed, the parameter
s > 0 can therefore make the initial defect smaller than any prescribed threshold.

18.2. The order of choices. All constants of the proof are chosen in the following
order; each item depends only on the preceding ones.

(i) The dimension n ≥ 5, the model, the characteristic patches, the cover of the
sphere, the radial factors and the groups of patches (Proposition 5.1, Defini-
tion 5.7).

(ii) The low-order data (L) of Setup 5.3, the constant Chi of (H) (Remark 5.6), the
phase boxes (Proposition 5.5), the charts and parametrices on regular patches
(Theorems 8.1 and 9.3), the solution operators of the waves (Setup 10.6), the
measurement region and cutoffs (Proposition 12.5), and the domains D ⋐ · · · ⋐
W of Setup 3.3.

(iii) The dilation parameter ρ of the reference (Proposition 18.1).
(iv) The exponents of Proposition 17.1, and m0, s0, A, B0, B3.
(v) The order r∗: it is at least Man + 11 and exceeds all fixed derivative orders and

losses of the constructions (Renv + Bat, s0 + Bcan, r̄0 and the shifts of Proposi-
tion 16.2, kgap and the orders of Section 12). None of these depends on r∗.
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(vi) The radius ε∗ ≤ ρ of a Cr∗(W ) ball around Gref on which (L), (H) and all
geometric and analytic gaps hold.

(vii) The integer kmin of (17.7)–(17.8); it depends on r∗ through b♯.
(viii) The threshold function H below. Only here do the accuracies enter: at accuracy

Q = 2k they determine the smoothing order, the depths of the Neumann series
for the waves and for the products, the number of Picard steps, the constants C2k

and the threshold for R, and nothing else.
(ix) The initial frequency R0 ≥ H(kmin) and the schedule (Rj, kj).
(x) The target dilation s.

Within one step of the iteration, at F = Mj, the accuracy Qj = 2kj first fixes the finite
depths; then the wave families are formed, a realization of the sample is chosen in the
event of Theorem 11.4, and the Picard iteration and the corrections are computed. The
domains, r∗, the Fourier supports and the exponents are the same at every step, so that
all iterates are defined on the fixed chart W and the equation is imposed on the fixed
ball D.

18.3. Admissible sequences and thresholds. The target family g(s), 0 < s ≤ s∗,
has uniformly bounded seminorms of every fixed order. Let ε∗ ≤ ρ be as in item (vi)
above, and fix r∗, kmin and the exponents of Section 17. Every map in the Cr∗(W ) ball
of radius ε∗ around Gref satisfies (H), by Remark 5.6, since r∗ ≥ Man + 11 and ε∗ ≤ ρ,
so that (5.11) holds with σ = ρ.

We call a finite sequence of real increments U0, . . . , Uj−1 admissible if it satisfies (16.1)
with Ri = Rvi

0 and integers ki ≥ kmin. By (17.8), µ = kmin − b♯ − 1 > 1, so Lemma 16.1
applies to the maps Mj = Gref +∑

i<j Ui, with constants independent of the sequence.
We now choose a finite nondecreasing threshold function k 7→ H(k), defined for

integers k ≥ kmin and independent of s.
(i) First, H(kmin) is chosen so large that R0 ≥ H(kmin) implies T0 = Rt

0 ≥ 2 and

(18.3)
∑
i≥0

CR
−kmin+b♯+1
i < ε∗/2,

where C is the constant of (16.4); this is possible by (16.5). Then, for every
admissible sequence, ∥Mj −Gref∥Cr∗ (W ) < ε∗/2, so all maps Mj lie in the chosen
Cr∗ neighborhood. Proposition 16.3, Proposition 17.1 and Lemma 15.1 then give
all hypotheses of Theorem 15.3 at F = Mj, R = Rj, T0 = Rt

j, uniformly for
admissible sequences and for the compact target family.

(ii) For each k ≥ kmin, Theorem 15.3 at accuracy Q = 2k involves finitely many
constants, uniform in the sense of (i). Let C2k denote the largest of the constants
in (15.5) and (15.6). We enlarge H(k) so that R ≥ H(k) implies that R exceeds
the threshold for "sufficiently large R" in Theorem 15.3 at accuracy 2k, and

C2k ≤ R, 2C2k ≤ R4.

Finally we replace H(k) by maxkmin≤k′≤k H(k′), which makes it nondecreasing.
Lemma 18.2 (One step of the iteration). Let U0, . . . , Uj−1 be admissible, let kj ≥ kmin

and Rj ≥ H(kj), and suppose that ∥g(s) −γ(Mj)∥C0(D) ≤ R
−2kj

j . Let Uj be the increment
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of Theorem 15.3 at F = Mj, R = Rj, δ = R
−kj

j and Q = 2kj. Then U0, . . . , Uj is
admissible, and

(18.4) ∥γ(Mj + Uj) − g(s)∥C0(D) ≤ 2C2kj
R

−3kj+B3
j ≤ R

−2v(kj+1)
j .

Proof. By the choice of H, Theorem 15.3 applies. Its band condition (15.7) is the
first condition in (16.1), with a support constant independent of Q, and (15.6) gives
∥Uj∥L2 ≤ C2kj

R
−kj+B0
j ≤ R

−kj+B0+1
j since C2kj

≤ Rj. Thus the extended sequence is
admissible. By (15.5) and the computation after (17.9), the defect of Mj + Uj is at
most 2C2kj

R
−3kj+B3
j . By (17.10), which uses (17.7), and by 2C2kj

≤ R4
j , this is at most

R
−2v(kj+1)
j . □

18.4. One schedule and one target dilation. Choose R0 ≥ H(kmin). Set k0 = kmin
and define recursively
(18.5) kj+1 = kj + 1{Rj+1≥H(kj+1)}.

Thus the accuracy index increases by one exactly when the next scale reaches the
threshold of the next index. We claim that

Rj ≥ H(kj) for all j, kj+1 ≤ kj + 1, kj → ∞.

The first assertion holds for j = 0. If kj+1 = kj + 1, then Rj+1 ≥ H(kj + 1) = H(kj+1)
by (18.5); if kj+1 = kj, then Rj+1 ≥ Rj ≥ H(kj) = H(kj+1). The second assertion is
clear. For the third, the sequence kj is nondecreasing. If it were bounded, it would be
equal to some K for all j ≥ j0. Since Rj → ∞ and H(K + 1) is finite, there is j ≥ j0
with Rj+1 ≥ H(K + 1), and then kj+1 = K + 1, a contradiction.

Put δj = R
−kj

j and Qj = 2kj. The schedule (Rj, kj) is determined by R0 and H alone.
Now choose a single s ∈ (0, s∗] with
(18.6) ∥g(s) − γ(Gref)∥C0(D) ≤ δ2

0,

which is possible by (18.2) with r = 0, for instance s = min(s∗, δ
2
0/C0,ρ). This choice is

made after all thresholds; since H is independent of s, it does not affect them.

18.5. Convergence. Let M0 = Gref and, inductively, let Uj be the increment of
Lemma 18.2 at Mj, and Mj+1 = Mj + Uj. We prove by induction that U0, . . . , Uj−1 is
admissible and
(18.7) ∥g(s) − γ(Mj)∥C0(D) ≤ δ2

j .

For j = 0 this is (18.6). If it holds for j, then Lemma 18.2 applies, because Rj ≥ H(kj)
and δ2

j = R
−2kj

j . It shows that U0, . . . , Uj is admissible, and, since Rv
j = Rj+1, kj+1 ≤

kj + 1 and Rj+1 ≥ 1,

∥g(s) − γ(Mj+1)∥C0(D) ≤ R
−2v(kj+1)
j = R

−2(kj+1)
j+1 ≤ R

−2kj+1
j+1 = δ2

j+1.

Thus the construction continues on D for all j.
For every fixed r, the Bernstein inequality, Lemma 15.2(ii), and (16.1) give

(18.8) ∥Uj∥Cr(Rn) ≤ CrR
−kj+B0+1+b∗(r+n/2)
j .
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Here Cr is the Fourier constant, independent of Qj, because the constants of Theo-
rem 15.3 have been absorbed by Rj. Since kj → ∞, there is jr with kj ≥ B0 +2+b∗(r+
n/2) for j ≥ jr, and then ∥Uj∥Cr ≤ CrR

−1
j = CrR

−vj

0 , which is summable. The series
Gref +∑

j Uj therefore converges in Cr(W ) for every r, to one smooth map M∞ on W .
Since Mj → M∞ in C1(D), we have γ(Mj) → γ(M∞) uniformly on D, and (18.7) with
δj ≤ R−1

j → 0 gives γ(M∞) = g(s) on D.

Proof of Theorem 1.1. In the coordinates of Proposition 18.1, p = 0. Let U = sρ intD
and define

F (x) = sρM∞
(
x/(sρ)

)
, x ∈ U.

Then dF (x) = dM∞(x/(sρ)), so

γ(F )(x) = γ(M∞)
(
x/(sρ)

)
= g(s)

(
x/(sρ)

)
= g(x),

which is (1.1) on U , and F is smooth. Since (dF )TdF = g is positive definite, dF (x)
is injective, so rank dF (0) = n. Choose n of the N = n(n + 1)/2 ambient coordinates
whose n×n minor of dF (0) is invertible, and let π be the projection onto them. By the
inverse function theorem, π◦F is a diffeomorphism from a smaller neighborhood U ′ ⊂ U
of 0 onto an open set Ω. On U ′ the map F is injective, and F (U ′) = {(z, ϕ(z)) : z ∈ Ω}
is the graph of the smooth map ϕ given by the other N−n components of F ◦ (π ◦F )−1,
in the corresponding ordering of the coordinates. The inverse of F : U ′ → F (U ′) is
(π ◦ F )−1 ◦ π, which is continuous. Hence F |U ′ is a smooth embedding into Rn(n+1)/2

satisfying (1.1). This single restriction does not depend on any derivative order, and
the same map F is the Cr limit, for every r, of the rescaled iterates. □
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