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SMOOTH LOCAL ISOMETRIC EMBEDDINGS OF RIEMANNIAN

MANIFOLDS IN OPTIMAL DIMENSION

WENCHANG YANG AND YI WANG

ABSTRACT. We prove that every smooth Riemannian manifold of dimension n > 5
admits a smooth local isometric embedding into R™™*+1)/2 This extends the clas-
sical Janet—Cartan theorem from real-analytic to arbitrary smooth metrics in these
dimensions, achieving the optimal universal ambient dimension without curvature or
genericity assumptions. The proof constructs characteristic waves around a flat immer-
sion whose second fundamental form has full normal rank. Their Hermitian quadratic
mean generates the required metric correction, while linear responses cancel oscilla-
tory quadratic interactions and the remaining linear strain. Exact Fourier localization
yields an iteration converging in C'* on a fixed neighborhood.The detailed geometric
and microlocal constructions are proved in the appendices.
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1. INTRODUCTION

The local isometric immersion problem asks whether a Riemannian metric g near a
point of an n-manifold can be written as

(1.1) 9ij = OiF - O;F

for a map into a Euclidean space of prescribed dimension. The analytic local theory of
Janet (1926) and Cartan (1927) [J26, C27] reaches

the number of independent metric coefficients. For arbitrary smooth metrics, the clas-
sical local theorem gives R*"*" [G70]; see also [G17, §3.7] for the perturbation and
scaling argument. A free reference in that construction has s, normal directions and
an algebraic normal inverse for the linearized metric equation [N56]. We reach R*" for
every smooth metric in dimensions n > 5. Our reference has s,, — n normal directions;
the remaining n stress equations form a determined first-order system.

Theorem 1.1. Let n > 5, let p belong to a smooth n-dimensional manifold, and let g be
a smooth Riemannian metric near p. There exist an open neighborhood U of p and a
smooth embedding

F:U— RYD72

satisfying (1.1) on U.

The same map and neighborhood work at every derivative order. The endpoint
n =5 gives RY; at n = 6 the target is R?!. The theorem establishes the smooth local
Schlafli assertion in dimensions n > 5, in the terminology of [G17, §1.2], without an
analyticity or curvature hypothesis. The endpoint is included in the same construction:
a finite-dimensional node calculation completes the characteristic menu at n = 5, after
which all dimensions use the same response, sampled mean and convergence proof. No
conclusion for n = 4 is asserted.

Remark 1.2 (Sharpness of the universal target dimension). The dimension s, is nec-
essary for a target that works for every smooth metric germ. If M < s,, the poly-
nomial induced-metric map sends (k + 1)-jets of maps into RM, a space of dimen-
sion M ("Jr:H), to k-jets of symmetric metrics, of dimension s, (”Zk) Choose k with
(sn, — M)(k+ 1) > Mn. The source dimension is then strictly smaller, so the smooth
image has measure zero and misses a jet with positive definite constant term. Its Tay-
lor polynomial is a positive definite analytic metric on a small neighborhood, and an
isometric immersion into R™ would realize the omitted jet, a contradiction. This is a
universal lower bound; individual metrics can have smaller embedding dimension.

The reduction of the linearized equations and their characteristic geometry were
developed by Bryant—Griffiths—Yang [BGY83]. Smoothness of the characteristic variety
cannot be assumed. Han—Khuri [HK12, Theorem 1.2] prove nonsmoothness for n > 5 in
a sufficiently small parameter regime under explicit generic conditions. Our flat model



4 WENCHANG YANG AND YI WANG

also has singular characteristics, classified in Section 2. We choose simple carriers whose
sums and nonzero differences stay in protected regular sectors. The finite carrier menu
detects every missing image direction, including the five-dimensional node directions
and those on the multiple set: the carrier and output covectors need not coincide. The
resulting quadratic means complete the missing image directions and give a positive
symbol on the full stress space. Regular responses cancel the oscillatory products,
while this augmented mean equation handles the full Hermitian tensor. No inverse of
the determined symbol on its singular set is used.

The analytic theory is developed in [BCGGG91]. The smooth low-dimensional re-
sults and finite conjugation methods of Nakamura—Maeda [NM89] and Goodman—Yang
[GY88], and the real-principal-type theory of Duistermaat-Hormander [DH72|, form
the background for the quantitative matrix and ambient estimates proved here on fixed
domains, with accuracy-independent losses. The three-dimensional embedding results
of Nakamura-Maeda and Goodman-Yang have target R® and require the Riemann
curvature tensor to be nonzero at the base point.

The argument begins with a flat immersion whose second form spans the normal space.
The kernel of its normal map is a smooth perturbation of an explicit n-dimensional space
of quadratic forms. Projection onto this kernel gives a square first-order system with
simple and multiple characteristics. A finite family of three-parameter patches on the
simple locus provides the oscillations. Their signed frequency sums and differences lie
in regions admitting a linear response.

The principal correction is quadratic. A real sum of complex characteristic waves has
Hermitian self terms and oscillatory products. A transported positive background and
a mean correction adjust the self terms; a response for the current immersion cancels
the other products. The same waves and sample weights occur throughout, so the
cancellations are identities for the metric of one map.

All waves and responses use the current immersion. A fixed finite correction of the
continuous density prepares the positive background before sampling. High-order quad-
rature preserves this accuracy, and one sampled mean iteration reaches the requested
precision. Its row, wave maps and continuum inverse remain fixed during the iteration.

The resulting increment satisfies a metric estimate of the form

(1.2) IV(F +U) = glleo < Co(6R™9 + 6°RP?),

where ||[7(F) — gllco < 62 and v(F) = (dF)TdF. The constant Bs is independent of
the requested accuracy ). Moreover, U has exact global Fourier support below a fixed
power of R, and its global L? norm has a similar fixed loss. These two properties allow
@ to increase slowly enough to absorb its constants while ensuring convergence in every
C" norm. Thus the same sequence converges smoothly on one neighborhood.

Section 2 describes the geometric starting point. Section 3 states the required linear
estimates and their uniformity. Section 4 constructs the waves and states the mean
and product estimates. Section 5 develops the central normal and nonlinear mean
arguments. Section 6 combines these constructions and proves (1.2). Sections 7-9
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choose the scales and prove Theorem 1.1. The quantitative statements in Sections 3—
5 contain the inputs used by the metric and convergence proofs, so those proofs can
be read while accepting the technical appendix results. Table 1 gives their sources,
domains, low topologies and dependence on accuracy. The appendices prove these
inputs in separate blocks; Appendix M checks their simultaneous parameter windows.

2. THE REFERENCE GEOMETRY

2.1. The reduced metric equation. For an immersion F' : W — RY write
DypY = (dF)'dY + (dY)"dF.

Its exact expansion is

(2.1) Y(F+Y)=7(F)+ DypY + (dY)"dY.

Let IIp denote the second fundamental form, and set ¢ = N —n = n(n — 1)/2. We
regard it as a map

Bp: Sym’R" — Np,  Bp(H)=>_ H"llg,;.
i,J
When Bp is onto, its kernel has dimension n. We call this kernel the stress space.
Write an ambient variation as Y = dF v(F) 'u + w, where u is a covector and w is
normal. Then

(2.2) DvyrY =2sym Vu — 2(w, g).

Here V is the Levi-Civita connection of the induced metric v(F), and sym A = (A +
AT) /2. In particular, this connection need not be the connection of the target metric be-
fore the iteration has converged. The sign of the normal term follows by differentiating

Use fixed smooth reference tensors to form the projected stress frame Q;(F) =
Mer 5, @5, with a positive Gram gap, and write Q : H = 3, ; QY H;;. Define

(2.3) gr(h) = (Qi(F) : h)Ly,  Pru=(Qi(F) :sym Vu)L,.
Then DvyrY = h reduces to
(2.4) Pru = 3qp(h).

The factor 1/2 will also be used in the mean equation. Since Bp is onto, its adjoint
maps the normal space isomorphically onto (ker Br)*. For any u and h, set

(2.5) w = (Bp) Mer )t <sym Vu — %h)
For Y = dFv(F)'u+w and Gp = (Q;(F) : Q;(F));;, the full error is
(2.6) DypY —h =23 Qi(F)(Gp')y(Pru— 3ar(h));.

Y]
This follows from (2.2) and the Gram formula for orthogonal projection. Thus a re-

duced solution solves the full tensor equation; an approximate solution has exactly the
displayed stress error. We call this algebraic step normal completion.
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2.2. An explicit flat reference. Let J be the all-ones n x n matrix, put ¢, = (n—4)2,
and define

(2.7) Q; = eie;: — ¢, Koy =span{Q1,...,Q,}.

With the normalization in (2.3), the principal symbol of the frozen reduced operator is
iMy(§) under 0; — i&;. Its real contraction pencil is

(28 Mo(6) = ding(6r. - &) —en(6)

Put {, =1 —2e, — 2¢e,, a < b. The ¢ rank-one forms fabEaTb are independent, annihilate
every ();, and each satisfies the flat Gauss equation. Successive circular bendings add
these forms one at a time while preserving the Fuclidean metric. They give an explicit
analytic flat immersion with full normal rank and center stress space K. Proposi-
tions D.2 and D.4 prove these assertions.

After one fixed dilation the actual stress frames are uniformly close to (2.7); all later
operators use these varying coefficients.

2.3. Characteristics and product directions. The determinant of (2.8) is

(2.9) po(§) = Hf —cn(z&) > 114

5 i i
The nonzero set {pyg = 0, dpy = 0} is the union of
(210) {51 = gj = gk = 0}7 {gl = gj = Zl gl = 0}7 Rﬁaba

with the origin removed. The first two families have codimension three. The additional
lines have corank one and zero determinant gradient; every other corank-one zero is
regular. Proposition D.3 proves this complete classification.

At a simple characteristic covector &, the matrix Mp(x,§) has a one-dimensional
kernel, which determines a leading tangent polarization. After normal reconstruction,
the leading derivative of its wave is a rank-one tensor of the form v ® £. Its Hermitian
square is therefore |v[2€ ® €. Under stress contraction this gives the vector [v]2qr(£®€).
The detector inequality (5.3) states how these vectors complete the image of Mp at
every output direction. Section 5 constructs the positive transported background from
this geometric input.

Quadratic products may leave a chosen characteristic patch. Their responses must
stay in the region of the chosen microlocal construction.

Proposition 2.1 (Characteristic patches). For n > 5, one can choose finitely many three-
parameter patches of simple characteristic covectors for the reference geometry, with
positive angular margins, such that the following properties persist for nearby immer-
sions on a fixed spatial chart.

(i) For every unit output direction, the selected patches have transverse interior
incidence roots and satisfy the uniform Gram inequality (5.3) with the image of
Mp.
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(ii) After fixed radial labels and colors are assigned, every doubled phase and every
signed product of distinct sampled phases belongs to the prescribed region of
validity for a response operator. The same holds along the characteristic curves
used by that operator.

(iii) For samples separated by h, the product frequency p satisfies cAh < o < CA.

The Hermitian self terms are treated by the mean equation and are excluded from the
product assertion.

The proof is in Propositions D.6-D.10 and Theorem F.6. Two features explain the
choices. A convex three-parameter patch controls the limiting chords as well as the
differences of separated samples. In addition, the source region must be protected
along the entire relevant characteristic segment, in both orientations; a gap at its initial
point alone is insufficient.

The carrier construction uses the same cube in every dimension n > 5. Write d =
n—4, S, = Y,z and q(z) = (22 — d25%);. For k # 0 and 0 # s € ker My(k),
two disjoint coordinate pairs give transverse detecting carriers, except for a finite set
of five-dimensional node directions. At each such node an explicit additional carrier
supplies the same detection and normal-projection gaps. Thus all dimensions use three-
parameter characteristic patches, the same signed-product separation, and the same
subsequent analytic construction. Proposition D.6 proves the pair selection and the
five-dimensional node calculation.

2.4. A fixed reference and a small target. The iteration accepts signed metric
defects. We therefore initialize it by scaling the target toward the metric of the flat
reference.

Proposition 2.2 (Fixed reference initialization). Choose coordinates with ¢(0) = I, and
let Fy be the analytic flat reference above. One sufficiently small fixed p > 0 places

(2.11) Gret(y) = p [Folpy) — Fo(0)],  ¢“(y) = g(spy)

on a fixed chart W, with all the required reference geometric gaps positive. For 0 <
s < s, and every fixed r,

(2.12) ||g(s) — Y(Gret) lerwy < Chrps.
The reference and its geometric bounds are independent of s.

Proof. Corollary D.5 gives the fixed normalized reference, with v(Grf) = I and a
positive normal gap proportional to the fixed p. Since ¢ is jointly smooth on the
compact parameter interval and ¢(® = I, the fundamental theorem of calculus gives
(2.12), uniformly at every fixed order. O

After all geometric, analytic and frequency constants have been fixed, s > 0 can thus
make the initial defect smaller than any prescribed threshold. The positive transported
background used by the mean equation is constructed for G, in Section 5.
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3. LINEAR RESPONSE ON FIXED DOMAINS

3.1. Domains and estimates. Fix a closed ball D with positive radius, a larger phys-
ical chart W, and a flat torus T containing W in one coordinate cell. The limit metric
equation is imposed on D. All measurements, product sources, and physical output
cutoffs are contained in a fixed larger region Dj,, € W. For the comparison source
choose cutoffs with

(3.1) Dy € int{xsc = 1}, SUpP Xsre € int{ Xcore = 1} € W.

The appropriate linear identities hold on a neighborhood of the entire source support.
Mean and product operators may have different cutoffs; their supports have positive
buffers inside the relevant validity regions. This finite collection of domains is fixed
before frequency, accuracy, or sampling is chosen. The full arrangement is specified in
Setup A.1.

We call D the core. The larger cutoffs contain responses that may extend beyond their
source supports. Fixing them keeps the limit neighborhood independent of accuracy.

Unqualified H" and L? norms refer to T; physical O™ norms carry their domains.
Tensor estimates are componentwise. Constants may depend on the fixed dimension,
chart, and geometric neighborhood. When a bound holds at every order, . may depend
on r. An outside loss is a frequency exponent B in an estimate such as C,L"™"5. The
assertions below specify when B is independent of r and of the requested accuracy.

For complex matrices, T denotes transpose and * conjugate transpose. We take real
parts entrywise. Thus R(X*X) is a real symmetric tensor, whereas a cross term must
be symmetrized when it stands alone. A normal operator AA* acts on the output of A;
it is distinct from the geometric normal map Bp.

We use Fourier series on the fixed torus and the normalization

u(§) = Voll(T) /Te_i’”'gu(x) dx, u(z) = > a(&)e s,

e

Here A* is the dual lattice. The initial variables of a wave instead use Euclidean
Fourier integrals, with f(£) = (27)~™=Y [e7%< f(y) dy. This convention makes f(y) =
[ e¥€dm(&) for its Fourier measure; the unit atom at 0 represents the constant 1.

For a complex wave Z = e*?z, the slowly varying quantity z is its demodulated
amplitude. Estimates of z and of e7**dZ will be carried separately. A bound for the
first does not by itself provide the second at the same scale, since

e MAZ =iz do + dz.

This is why estimates below distinguish the amplitude scale K from the physical fre-
quency .
The main parameters and fields have the following roles:
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F Current immersion for all waves and response operators.

R\ R Stage scale, carrier frequency, and separation of samples.

H K Mean solve scale and Fourier scale of an amplitude.

T Derivative scale of the current immersion.

0,0 Square root of the defect bound and primary size b = dR4.

P VS Primary wave sum, mean field, and quadratic product correc-
tion.

Q,r Requested finite accuracy and observation derivative order.

Each scale is specified by a power of R in Section 8. The symbols B with subscripts
denote fixed loss exponents; they are not additional scales.

3.2. The response operators. On each protected regular sector, put ¢ =

|7 adj Mp and h = [£]'""det Mp, so Mpc = hlI. For the Hamilton phase of

h, one matrix transport U gives a two-term graph amplitude B with the exact identity
(Pr/i)Tp =Ty D: + E,

where E has order —1. The weighted inverse of Ty and one characteristic integral
give the sector solver. The construction includes the source cutoff and endpoint terms;
the physical cutoff commutator vanishes on the inner plateau. Euler’s identity gives a
nonzero fiber gradient also on the elliptic region, so the same construction applies there.
Equation (2.5) completes the tensor response.

Proposition 3.1 (Uniform response). Fix an order ry above the construction and Sobolev
shifts, and the geometric jet order ¢;e¢. In a sufficiently small fixed C™0* %t neighborhood
of the reference immersion, suppose, for some T > 1,

|F|lcrwy < G707 (r > 0).
The following choices and losses are independent of accuracy.

(i) The normal frame, metric inverse, stress frame and reduced coefficient array ap
have positive denominator gaps and satisfy

larllomaw) + lle(E) lerary < T,

where ¢(F') denotes any coefficient in normal completion.

(ii) On fixed solver domains U € W there are a real solver Sg, angular cutoff Ar and
complete measured residual Rp, with fixed source and measurement plateaus.
For inputs supported on the source plateau, on U one has

PrSp = Ar + Rp, IRl 2wy wy + [1Rella-1wy—r2y < C.

The literal adjoint has the same gains on the reversed domains. The contraction
cutoffs may be fixed so that

(3.2) Kr = x2RrXs, | Kpllase <9 <1, Tr =+ Kp)™"

For every integer s > 0, with Sobolev norms on the construction box W,

(3.3) T fllas + ST fllas < CufllFllas + TN £12]-



10 WENCHANG YANG AND YI WANG

If f is supported where yo = 1, then z = Trf is supported in supp xz2, and on
the fixed identity core

PF(SFZ> = f + (AF — ])Z

The same inverse acts at every Sobolev order.

(iii) The same construction has scale Lrp = T its normalized phase maps G have
bounded first jets and |D"G| < C, 77! for r > 2, while each actual symbol of
fixed order p in this construction obeys

|D§7ZD§ap| < Caﬂ<§>p—|ﬁ\Tla|+\Bl_

Derivatives include both positions and normalized covariables. All cutoff and
endpoint factors occur in the complete residual.

The finite construction and its complete residual are proved in Appendix E, in par-
ticular Proposition E.8 and Theorem E.1. The exact correction and common graded
bounds are proved in Theorems F.3 and F.4. Setup F.7 and Lemma F.9 give the total
mixed derivative requirement and protected finite-chain estimates. Their fixed shifts
are included when choosing ry.

Fix the finite symbolic construction first. Higher precision estimates additional pow-
ers of its complete residual and one remaining exact inverse, on the same domains. The
primary family below is also fixed at every finite accuracy.

3.3. Response to an oscillatory source. For a tensor source h, apply SyTy to
X2qn (h)/2 and use (2.5) to define the ambient response By/h. Equation (2.6) expresses
its complete error as the angular discrepancy (Ar — I)Th(x2qa(h)/2) through the
bounded stress-frame inverse. For each primary patch we choose its complex version
B, on the whole modulation patch before sampling.

Proposition 3.2 (Preservation of amplitudes). Fix one primary patch, its compatible
response BY,, source cutoff xg. and observation cutoff xcoe. Their supports lie in the
common buffered chart, with the source and observation supports in the identity region.
Let ¢ be the characteristic phase with the fixed transverse Cauchy data. Assume the
profiles of Proposition 3.1 and, for fixed 1y > 0,

(3.4) Ly <K, 2< K < Ao,
Let a be a complex symmetric-tensor envelope on T with
(3.5) lallze < CLAK?  (p > 0), A>0.
For the same source and response at all orders, put
h=Xec€™™a, Y =Byh,  Yo=e My, Yi=e My .dY.
The full ambient bounds are
(3.6) 1Yo
(3.7) Y1

Hs S CSA)\KS,
e < CLANKS.
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The carrier factors A\, \* are independent of s, Q. On Dy,

(3.8) [DYuY — B

HS(Dlag) S CS’QA)\_Q .

The constants may use finitely many source profile constants; the losses, operator, fields
and domains do not change with s, Q). Exact-band data use A = ||al|2.

For each fixed S and vy > 0, there is a finite jet order m = m(S, vy) for which the two
amplitude bounds also hold for 0 < s < S and 1 < K < A!7%0: it is enough that the
map and coefficient jets through m are uniformly bounded and (3.5) holds through m.
This finite-order assertion does not require the first window in (3.4); it includes K = 1.

Theorem H.1 fixes this whole-patch response. The literal graph estimates and finite
expansion of its exact inverse prove Proposition H.5, including the full tensor error
(3.8). These statements include the actual normal completion, endpoints, cutoffs and
remaining exact inverse. Corollary H.6 proves the finite-order assertion by the same
graph factors and the complete residual’s negative-to-positive Sobolev gain.

Choose opposite sectors by conjugation. Their principal symbols satisfy h_(x,§) =
—hy(x,—=£), so both actual components use the same canonical time and lower integral.
The factor 1/i then gives conjugate physical responses. Literal adjoints use upper
integrals with the input and output weights exchanged. Proposition E.8 proves the full
pairing, including all matrix components and endpoints.

4. CHARACTERISTIC WAVES AND THE MEAN EQUATION

4.1. A separated finite family. Let R be large and write
(4.1) A\ = R, h=R7", H = R, B=(1+¢€)/3,

where 0 < § < e < 1/8and 1+ 60+ 5 < a < 3/2. The three-parameter patches in
Proposition 2.1 admit a separated finite sample with

(4.2) M < CRY™e, > 0, > e <C.

Convolve gquaa = 2n — 1 unit-interval indicators with a fixed nonnegative smooth func-
tion of integral one. The resulting smooth window forms a positive partition under
integer translations. In each weighted block use an independently translated lattice of
spacing h. Coloring block indices modulo gquaq 4 1 gives a fixed finite number of colors
and same-color separation ch. The convolution makes each translated rule exact on
polynomials of degree below gquaq. Taylor’s formula therefore gives Hermitian quad-
rature error Ch%ued in L? on the fixed observation support. Its required carrier jets
are already within the uniform low amplitude budget. Fix the colors and radial labels,
prepare the initial scalars as below, and then choose the translations. One operator
event controls every dyadic input prefix; all later bands use this realization.

For the current immersion F' and one characteristic phase ¢, the primary rule uses
two amplitudes. The leading amplitude by solves Mp(z,d¢r)by = 0 and [LPrby = 0,
where [ spans the left kernel of Mp. Thus Prbg lies in its image. Choose b; algebraically
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by Mpby = iPpby, with b; perpendicular to the right kernel. The first-order product
rule gives the exact identity

Pr (TQeid’F/T(bo + Tbl)) = 73T PR,

Reconstructing the ambient field from this covector gives the primary family, fixed
before accuracy, with cA < A, < C\ and phases ¢, = ¢p,. Write Lywkp for its common
amplitude scale. The actual atom has derivative amplitude A, = e **#/TdWP" satisfying

||D;D’§’CATHOO < CrpLiywxg (>0, k<rpa), Toar = 20(n + 1) + 3.

All norms use the fixed observation supports of Section 3. The complete atomic source
satisfies

”Xsrce_v\y%D’yFWV(éO)||HT < CT)‘_?)L?\"NKB'
For a complex Fourier measure m of variation M,,, supported in Bgy, let W,(m)
be the integral of these same atoms at ¢, + ;!¢ in the fixed phase buffer. If K >
C' max(A, Lwkg), the fixed observation norms obey

Mo|le” W, (m) || g + |le” M dW, (m)|| g < Cr M, K"

At any prescribed finite order, sufficiently many uniformly bounded map jets give these
same estimates for K > 1 and A < K/C, including the zero atom at K = 1. Write
Wo(m,) = W,(m,). The background is the zero atom. If v, denotes its transported
leading normal amplitude, its Hermitian tensor satisfies

I Re[(dW,2)"dW,5] = [u, [*d ]l < CoA™" Liyges.

Theorem G.5 proves the atom estimates; integrating the atoms gives the measure
bounds on the common supports. The leading transported tensor and its positive
initial-density dependence are unchanged.

Appendix G proves the construction and separated sampling, using operator con-
centration as in [M17]. The physical mean and normal estimates hold for one sample
realization, so they concern the same tensor.

4.2. One response for the finite primary strain. Fix an order r, covering the geo-
metric, response and finite density-preparation constructions. The current immersion
satisfies

(4.3) 1Fllerawy < CT 5 (r > 0).

The history argument below gives this profile. All phases and responses belong to this
same immersion.
Each primary wave is linear in a finite complex Fourier measure

(4.4) my, = 8oy + fr.(€) dE.

The atom gives the prepared positive background; the Fourier datum adjusts its sampled
mean. For a component supported in |{| < A, including the zero atom, use an envelope
scale K in (3.4), with

(45) T() SK, ASK/C&, A/)\VSG().
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Here (', ¢y fix the modulation chart. Use K = Cg,,/1p for the zero atom and a fixed
larger multiple of its input band for each mean datum. For Wy(m,, ) set

(46) H, = XsrcD’VFWO(my>, Z, = Wo(my) — B}(;HV

The response is fixed on the entire primary patch before sampling and is linear in this
complete measure.

Lemma 4.1 (Current strain identity). Put E, = DvgB%H, — H,. On Dy,
(4.7) D~vpZ, = —E,.

Consequently, for every finite @),

(4.8) IDVeZul|co(pg) < CollmullrvA™@.

For the observation cutoff of Proposition 3.2,

)\u ||Xcoree_i>\V¢F’u Zl/”CT + ||Xcore€_i>\y¢F’udZV ||CT

4.9
(4.9) < Cyllmyllev "

For Z, — Wy(m,) the right side has the additional factor A *'.

Proof. The source equals DypWj on D, giving the identity. The fixed source cutoff
and response commute with integration against m,. The corrected atoms of Corol-
lary H.7 have arbitrary full-strain precision on this common domain. Integrating their
bounds proves (4.8). Proposition J.4 controls the central phase quotient and gives both
C" bounds in the same way. OJ

The fixed region Dj,e contains every mean and product measurement support used
below. At fixed joint physical and carrier orders, the normalized atomic response is
O(A™1). Corollary H.7 proves these bounds on the full observation support. Thus
the corrected atoms have the original phase and leading tensor, and satisfy the same
sampling and raw-input estimates as the primary family.

4.3. The transported positive background. The continuum family of characteristic
waves has a positive normal operator after the image channel is added. Its inverse
constructs one positive transported background and a response for changes in the mean,
on a fixed neighborhood of Proposition 2.2. Section 5 states its full-output bounds and
explains how the same row is compared with one finite sample.

Proposition 4.2 (Current mean). Let e = g — v(F), with ||| copy < 62, and put
€R:SRE(€‘D), b:éRA7

where E, Sg are the fixed extension and smoothing operators of Lemma 6.1. For every
finite () and the scales in Section 8, the mean construction chooses the measures (4.4)
and a real ambient field V' = V. + V} such that, for the same Z, as in (4.6),

(4.10) Emean = DyeV + > mR((dZ,)"dZ,) — er/b?
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satisfies || Emean||co(p) < CoR™9. Moreover,

sup [y [|rv < C.
The initial Fourier inputs satisfy

(4.11) supp 1 C {[€] < CKax}, Kax = R,

with a support constant independent of ). On the full product source support, the
same waves satisfy

(4.12) sup || xpaire” M dZ, || or < CL KT,

After the fixed physical cutoff, equal to one near D, the fields satisfy, for every r > 0,
(4.13) [Vellorery + [[Vellar < CT7,

(4.14) IVillory + 1Villar < CRPAKEY?,

Here p = (n+1)/2 and 1 < sy < a. The background preparation is fixed after A. The
displayed field constants are uniform once the construction threshold for @ is met; Q)
changes the finite mean updates and that threshold.

Section 5 proves this proposition from the prepared background and fixed canonical
estimates in Appendix K. Its residual identities and normal completion are given in the
main text.

4.4. Oscillatory quadratic products. The normalization can be seen with a single
wave. If dZ = P A, then

(4.15) (A(V2R2Z))' d(V2RZ) = R(A*A) + R(>7 AT A).

The first term is the Hermitian self tensor; the second has doubled phase. We call
the first the mean to identify this algebraic part of the oscillatory expansion. It is
not defined by integrating over the spatial domain. With several waves there are also
sums and differences of distinct phases. These are the products canceled by the current
response.

Define the real primary field

(4.16) P=b02> Ji,RZ,.

Its Hermitian tensor and remaining quadratic tensor are

(4.17) Her = 0> mR((dZ,)"dZ,), Qg = (dP)"dP — Hyy.

The first is the tensor in Proposition 4.2. The second contains all doubled phases and
all signed products of distinct samples, including products between different patches.

Proposition 4.3 (Product correction). Write dZ, = ¢**%* A, on the full product source
support. Suppose the amplitudes satisfy

[ XpairAvller < CorK oy
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and let

Lpair = maX{Kenva TO}
If, for a fixed o > 0,
(4.18) Lpair < (AR)'77,

there is a real current correction S, formed from the exact signed products in Q.g. After
its fixed physical cutoff, equal to one near D, the same field satisfies

(4.19) 1D + Qottllcop) < Cab*M(AR) ™,
(4.20) 1S e < Co b* MA™ (r >0).
The outside loss is 1, independently of 7, q, Q.

Apply the current response along the full characteristic segments in Proposition 2.1,
using the complete amplitudes of the corrected Z,. Each integration gains Lpai/0,
with ¢ > cAh; the strict power in (4.18) gives arbitrary finite decay. The full proof is
in Proposition L.4.

5. THE NORMAL ESTIMATE AND THE NONLINEAR MEAN

We prove Proposition 4.2 through three arguments: the continuum row has a right
inverse, a finite density correction prepares the background, and one recurrence adjusts
its sampled mean. The complete operator estimates and source calculations are proved
in Appendices I and K.

5.1. The continuum inverse and positive background. The transport channels
T, are formed from the leading amplitudes on the fixed characteristic patches. Their
full normal operators have order zero and homogeneous diagonal symbols

(5.1) dO,a(Ia k) = /Uwa(xv v, k)qr (e @ &a)qr(€a ® fa)T dv,

with Fourier normalization included in w, and positive weights near the selected inci-
dence roots. The real channel 2RT, uses both quadratures, so its real normal is

(5.2) AR(T,T).

Its complexified principal symbol is 2[dy 4(z, k) + doo(z, —k)]; the present dy, is real
symmetric, and no evenness is assumed. The incidence change of variables and every
lower-order term are proved in Appendix I.
For every unit output direction k, the selected carriers have interior incidence roots
with
k~8§pp(x,§a) = 0, Pr = det MF,

(5:3) M, B0+ 3 - (€ @ 6 > el (w € RY).

Here each &, is evaluated at its local root. On the inner measurement region, the
positive weights near these roots make (5.1) complete the image channel. For the
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positive scalars constructed below, adding a fixed exterior channel gives a row Ar on
the full real output Y = L?(T;R") with

EOZAFA}ZCI, QOZE()_l.

For X7, the sum of the raw auxiliary H" spaces and carrier H_ , spaces, its one inverse
satisfies

(5.4) 1Qof e + 145 Qo fllx+ < Cu [ flli- + (1 + 1 Fllerem ) | £l2]

The physical auxiliary realization has the same source order and a fixed coefficient shift.
These are the full-output statements of Propositions [.4, 1.5 and 1.9. For the local
gap, freeze the positive principal matrix at the center of B,. Its Fourier multiplier is
positive; the coefficient difference is )°, ;T; with bounded order-zero T;. The complete
lower-order error costs C|| f|g-1|fll2 < Cr| f||3 for f supported in B,. A small fixed
r absorbs both errors. The exterior channel gives the full-output gap and vanishes on
the mean core.

The same construction gives positive initial scalars rp, and a tangent field Viuse =
dF Xy on a fixed U, containing the mean output support, such that

(55) qr (D'YFVioase + ,HF[T%]) =0.

Here Hp[r%] is the continuum Hermitian tensor of the leading amplitudes. The scalars
are bounded below on the working carrier patches, and, for one fixed B,

5:6) X lrraller + Woasellor @i + 1D Vhasellor@in) < Cor(X+ [ F lerenqn))-

Propositions 1.6 and 1.7 prove this by one affine density correction at the fixed positive
reference dilation. The row Ar and inverse )y below use these corrected scalars; their
gaps and shifts are independent of accuracy.

5.2. Preparation before sampling. Write Ar = (Ag, 7p) for the auxiliary and carrier
rows. Proposition K.2 chooses positive initial scalars rpr and a real field U, before
sampling. The current zero atoms Z., have self tensor H, = >, 1, R[(dZ.,,)*dZ.,]. For
C. = DvrU. + H,, it gives a full auxiliary residual

(5.7) re = qrC. on D, [rell2 < R7*4, el < CVT.

On Uy, the C" norms of U,, its full strain, H. and C, are at most C, 7. The scalar
change is O(A™!) in any prescribed fixed joint topology and has the same graded profile
as the original scalar. All required finite orders are included in r, before mean accuracy.

The proof uses the affine dependence of the leading mean on the initial density. Write
r(v) =rpy/1+ v and let £x(v) be the measured difference between the colored current
Hermitian mean and its leading transported mean. Linearity of each atomic wave in r
gives, at any fixed order,

1Ex () = Ex(w) s < CA v —wllems, — Ex(0) = O(AT),
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with a finite input order mgs. Apply the original A3Qo to the full residual e;. The uncut
density synthesis and auxiliary field change its leading part by —ArpALQoe; = —e;.
Consequently the exact new residual is

eir1 = Ex(vig1) — Ex(vy).

For fixed J, choosing the finite input orders backwards gives e; = O(A™/7!) and v; =
O(A™!). Take the fixed count

(5.8) J=124/al, a(J+1)>24, B@n—1)> 24

The lattice estimate then gives (5.7). Fixed derivative shifts and interpolation give its
high profiles.
For raw auxiliary cutoff mx and carrier prefix Py, put

Px = diag(ngk, Px), Eox = AFP%A}, Fox = AOW%(AS-

The same event compares every current prefix normal Fx with the original positive
row:

(5.9) sup ||Ex — Eoillase < C {Rﬁ(e*g)/zl + RatIH0+5)
K<H

The phase is unchanged; the prepared scalar changes each leading normal by only CA™!,
uniformly in K. Thus Qg still belongs to rr. This is a statement on the entire real
output, including the identical exterior and auxiliary components.

5.3. One fixed row and one mean recurrence. Define the source directly on the
torus:

(5.10) e; = Cleg/b®) — re, C = XmeasqF-

On D it equals qr(er/b* — C.). For m > max{r,2A/(1 —t)}, Fourier Holder gives
i < Collrelly™ ™ el < CR74YT

The smoothed target therefore gives

(5.11) lefllar < CrerR', e; = CR™*.

All coefficient and zero-atom profiles have scale Ty < R.

Proposition 5.1 (Canonical changes). For Ty < K < Handr € L?, fix B, = e-*%dZ,.,.
For raw input v, let G, kv be the demodulated derivative of its current wave and define
A, kv =C[2sym R(B,G, kv)], A = (V1w Av.i ), Ex = Forx + A Ak.

The input map B,TK contains the detector «, xp; and the dyadic half-derivative sum
before spatial cutoffs; the zero atom is uncut. For ¢ = Qqr take

(5.12) fux(r) = Bl Aj kq-

Both real quadratures use the original raw Hilbert spaces. If D, i (r) is the correspond-
ing current derivative change, then

(5.13) C> w2symR(B;D, k(r)) = (Ex — Fo,x)Qor-

7l
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Every update uses this fixed zero-atom row.
Write || DI x = 3, pu || Dy [|%- Use the fixed observation cutoff in all derivative norms
below; data norms use the initial variables. Then

1Dk (e < B2 o, [IDr(P)see < O 22

Individually,
Ifoic(M)lles + 1D (r)llos < CK |12,

where p = (n + 1)/2. The datum has Fourier support below C'K and Fourier L' norm
at most C'KP||r||y. The raw auxiliary field has, after the fixed physical cutoff,

(5.14) Vo (M)l + I DYE Ve () llz25 + 1 Fo.xQor s < CoK*|Ir]l2.

aux,K
The last norm includes the exterior output.

Proof. Definition K.4 constructs these exact adjoints and raw maps. The comparison
(5.9) bounds Ak. Square the raw H* and C*® bounds before summing; only the individ-
ual estimates use | A, x| < Cv'K. Proposition 1.9 gives the full auxiliary bounds. [J

Put Kpax = H%, with 1/(1+60) < d; < 1. The fixed choices (5.9) and (8.6) give
v, vy > 0 such that

”EK_EO,KH SCHiV, Epr SHiljn].

max

Lemma 5.2 (A finite mean with a fixed row). For source (5.11) and every finite @, finitely
many updates of Proposition 5.1 below Kax have full residual ||ra, |l < e, H —Q@ Their
source residuals have sum at most 2¢; in L?; the accumulated data and derivative
changes have C*® norm at most Cyef K52, In the weighted C° norm, the derivative

changes are bounded by Cye; K55™/2. The data have Fourier variation at most Ce; K?,
and support below C' K, ,.x. The auxiliary field and full strain have H® norm at most
Cser K- These constants are independent of () once its construction threshold is met.

Any prescribed finite C" residual accuracy follows by increasing the L? precision.

Proof. Fix 0 < v < min(v, vy). For precision @, set I = |Q/v] + 1 and put dy, =
1/(1+80),
df — din [logy, H% ]
A = , dl:din+(l+1)A, K, =2 62 , 0<i<lI.
I+1

At a large threshold, H* < K; < 2H% < K., At step [, use (5.12) for r; and add
the auxiliary input W%(lASQOTl. Write D; for its derivative change, S; = >_,.; D; and
N(S)=CY¥, 1R(S:S,). The exact full-output recurrence is

(5.15) Ti+1 = (I — EKZQ())T[ - [N(Sl + Dl> - N(Sl>]7 To = ¢€f.
Its linear error is
(5.16) (Eo,x, — Ex,)Qori + Ap(I — Py, ) ApQory.

Only raw inputs are cut off.
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Inductively suppose a; := ||rills < efH™ for @ < I. Then Y, a; < 2¢5. The
weighted C° and L? bounds give

||N(SZ+D1) —N(Sl)Hg S Cepr aj.

max

Leibniz and weighted Cauchy—Schwarz give, for i < k,

HCZ/’LV%(DZVDIC,V> < CsaiakK?/2K2+l/2.

HS

Use the lower-band factor in weighted C" and the higher one in weighted H*™"; coeffi-
cient derivatives cost Ty < K;. The cumulative identity is

r=ep— ZF@[QQM’,’ —-C Z o [2sym R(B]S, ) + R(S],S1)]-

i<l v

Since Y, ain/z < 2¢; K™% < (), its linear and quadratic terms give

||Tl| Hs S Csef

i<l

R+ H KM 2] .

Choose one finite order S with AS > ds/2 + 2y + 1. Equation (5.4) gives
1 A%Qori||xs < Cs(||11ll s + Tg'ar). Thus the raw tail in (5.16) is at most

H—(H—l)AS + Z H—”/i—(l—i)AS+di/2

i<l

Csef < CSEfH_W(l—H)_l.

For [ > 1 the geometric sum is bounded by a constant times its last term, whose
exponent is —y(l — 1) — AS + d;_1/2; for [ = 0 the first term suffices. The normal and
nonlinear errors are at most C'(H ™" + H")q;. At a large threshold these and the tail
give a;41 < e, H7HD | closing the induction.

Consequently ||r7lls < €;H~? and 3;a; < 2¢;. The raw bounds prove all accumu-
lated data, variation and auxiliary estimates, with the stated uniform constants. The
high profile is at most Cse K s+1/2. interpolation gives each fixed C" residual accuracy

max

after increasing @ linearly. Choose the least such S; both I and S are O(Q +1). O

5.4. One normal completion. Apply Lemma 5.2 to e;. Sum the auxiliary fields as
Vaux and let H be the final Hermitian tensor. On Uy, put

Ty = er/b* — DYyr(Ue + Vaux) — H, Np=(Bp)~", Hp= Hker Bpyt-
Define
(5.17) V = Ue + Vaux — sNpIIiT}.
On D, qpTy = r;. The metric error is —Ilye, g1, so the Gram formula proves (4.10).
For the norms, split this same field as
V. = U. + $NplI;C,
Vi = Vaux — sNpllp(er/b® — DypVaux — (H — He)).
The prepared tensor profile proves (4.13). The raw auxiliary estimate and the low
residual sum give ||Vaux|| s + | DVFVaux|| e < Crep K. Splitting the Fourier sum at

ax”
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Komax costs n/2 powers. Weighted Cauchy—Schwarz gives |H — H.||cr < Crep K2,

max

using EfK”/2 < C for its quadratic part. Since R < Ky, these prove (4.14) on the

max

full physical domain. Finally,
(5.18) S sl < CepR < C.
1

max

Adding the unit atom proves the measure bound. Equation (4.9) gives the final ampli-
tude bound on the full product support.

6. THE METRIC CORRECTION

6.1. Smoothing the defect. We use ordinary extension, Fourier smoothing, and tame
product estimates in a form that keeps the small defect and the derivative scale separate.

Lemma 6.1. There is a real linear extension £ : C*°(D) — C'*(T), supported in a fixed
compact subset of W, with Ef = f on D and [|[Ef||cr < Gy fl|lerpy for every r. Fix
a smooth target tensor g on W. Let Sg, R > 1, be a family of Fourier multipliers
with a fixed real-even smooth cutoff symbol, equal to one below R and zero above 2R.
Suppose T'> 1, 0 < 0 < 1, and that

ldFllcrowy < CT", llg = v(F)lleoy < 6%
Put e = g — y(F). Then eg = SgE(e|p) satisties

(61) ||6RHCT + ||€R||Hr S CTCSQRT,
(6.2) le — erllcopy < CF,
(6.3) le — erllcopy < On(T/R)N.

The constants depend on the displayed profile constants and finitely many seminorms
of g. The same operators work at all orders. If 7' < R with 0 < ¢t < 1, then, for every
finite @),

(6.4) He — eRHCO(D) < CQdRiQ.

Proof. Take the fixed extension of Lemma B.1 and the Fourier cutoff from Lemma B.3.
Their kernel estimates give

|SREfllcr + |SrEf||ar < CoR|| fllcon), (I = Sr)Efllco < CnR™™||fllew -

The first estimate and the second at order zero give (6.1)—(6.2). Leibniz and the assumed
profile imply ||e||cx(p) < Cn(g) +CnTN < CyTY, proving (6.3). The geometric mean
of the small and high bounds is CydR~1=YN/2 Choose (1 — )N > 2Q. O

In particular, eg/b* has C" and H" norms at most C,R"~24. The factor ¢ in (6.4)
comes from combining the two bounds, not from the high tail. The defect e may have
either sign.
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6.2. A single increment. The preceding constructions give the following quantitative
step.

Theorem 6.2 (Finite-stage correction). Fix the reference neighborhood, domains, and
response constructions above. Let F' be a current immersion in this neighborhood, and
assume the wave, mean, and product hypotheses of Section 4. Suppose

lg —v(F)lcopy < 6%, To= R,
with 0 <t < 1and 0 <§ <1, and assume (4.3) and (4.18). Put
By=2A+1+¢+a, Bs =2By + 2a(p+ 1/2).

For every finite () and sufficiently large R, a real global increment U satisfies

(6.5) I7(F +U) = glieaw) < Co(5R™C + 8°R™),

(6.6) [U|l> < CooR™,

(6.7) suppU C {|¢] < CR™}, b, =a(1+() < 3/2.
Consequently the same U obeys

(6.8) 1Ulleriry < CordRPT- /2,

The outside exponents and support constant are independent of ().

Proof. Choose the sample for the fixed primary family and carry out the finite mean
updates at the requested accuracy. Construct P,V, S as in Section 4, and put

Wy = bV + S, U =1I(P + W),

where the fields have their accepted physical cutoffs and II is one real-even Fourier
multiplier, equal to one below C; A\ and zero above Oy !¢, All physical cutoffs equal
one near D.

First, (4.2) gives

S Vi < (M) < cR”
The measure bound in Proposition 4.2 and Lemma 4.1 therefore imply
(6.9) | DypP|copy < Cod RATIHI/2\=Cr,

Choose a@), > Q) + A+ (14 ¢€)/2. This gives the first term of (6.5).
By (4.17), the remaining quadratic tensor is exactly Qog. Proposition 4.3, with
sufficiently large internal order, gives

IDY#S + Qottl|copy < CodR™C.
Likewise Proposition 4.2, with accuracy greater than @ + 24, gives b?(| Emean||co(p) <
OQ(;R_Q.
Substitution into the metric expansion yields the exact identity
Y(E + P+ Wa) —g=(egr — €) + DyrP + b*Enean

(6.10) + (DVrS + Qogr) + 2sym ((dP)dW2) + (dWa)"dWWa,
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The physical profiles of these same cut fields give
(6.11) [P < Cor0RPON",  |[Wa|lgr < Cg6°RPN.

For P, use (4.9) and the weight sum. For W, the pair bound costs R?4*1+<); the
prepared field costs R?4, and the mean update costs R%™? < R?4 by (8.6). All
derivative slopes are at most a. The same Fourier estimate gives C! bounds with the
factor A1*"/2. Since § < 1, these bound the last two terms in (6.10) by Cgd®RP:.
Lemma 6.1 treats its first term.

For any integer k > 0, the tail has H*® profile Cg ;0 RPN~k Applying the same
Fourier bound at s = 0 and one s > 1+ n/2 gives

(I = TI)(P + Wa)|ler < CoudRPoNPH/2=Ck,

Thus Fey = U — (P + W) has arbitrary finite C' decay with a factor §. Its exact
metric contribution is

D7F+P+W2Ecut + (dEcut)TdEcut'
Choosing k large enough absorbs the fixed polynomial size of F' 4+ P + W5 and bounds
this by CqodR™9, proving (6.5).
Equation (6.11) at 7 = 0 and boundedness of IT on L? give (6.6); the multiplier gives
(6.7). Fourier Cauchy-Schwarz and lattice counting on the fixed torus imply (6.8).
Reality follows from the real fields and the even real multiplier. O

The first term in (6.5) collects errors reduced by finite accuracy. The second is the
nonlinear interaction between the primary and secondary fields.
7. HISTORIES AND COEFFICIENT CONTROL
Exact Fourier support gives the fixed high norm used above.

Lemma 7.1 (A band-limited history). Fix an integer r, > 1 and 1 < b, < v < 3/2, and

put t = b,/v. For Ry > 2 set R; = RY . Suppose real global increments satisfy, with
k] Z kOa

. —kj+Bo+1
(7.1) supp Uy € {I¢l < ORI}, Ujllge < B;VH

Put F} = Enit+2i<j Ui, T] = R; and bhist = Bo+b*(7”*+n/2) Ifu = l{,‘o _bhist 1> O,
then

(7.2) 1Ejllcrwy < TV (r>0),
and
(7.3) S NUjllerery — 0 as Ry — .

J

Both assertions are uniform for a compact smooth family of initial maps.

Proof. Fourier Cauchy—Schwarz gives

(74) |Uil|cre T < (]R;kﬁbmswl.
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Since v* > 1+ i(v — 1), their sum is at most
CRy"
1— Ra#(”—l) )

The periodic increment sum has uniformly bounded C™ norm and Fourier support
below C’R?*/ " = CT;. Bernstein gives its higher-order profile; the fixed initial map only
changes the constants. The same sum proves the smallness assertion. 0

Proposition 7.2 (Current coefficient scale). Enlarge the fixed order ry in Proposition 3.1
to include the fixed reserve cy, + 3 of Setup H.2 and the sampling and physical-slice
orders through 7p,,, with rg > Dy +7par + 3 and their fixed construction shifts. Choose
r. above the fixed response orders and the density preparation and quadrature budgets
of Proposition K.2, including their positive-scalar and reconstruction shifts, so sub-
tracting any of these shifts leaves at least ry. These orders and the resulting geometric
neighborhood precede variable mean accuracy. If the total displacement in (7.3) stays
in that C™ neighborhood, the actual extended coefficient arrays satisfy

(7.5) |a(Fy)ller < G0

The same bound holds for F; and the prepared positive initial scalars, including joint
data derivatives on their fixed domains. The current response construction has scale

LFJ = ij

with the fixed outside losses of Proposition 3.1. Since ¢t < 1 < a — f3, this scale lies
below (A;h;)'7 for some fixed o > 0 and large R.

Proof. The finite-jet bounds and fixed extension transfer the history profile to the co-
efficients. Proposition 3.1 gives Lp; = T;. The density preparation uses only orders
within the uniform C™ budget. Choose t < (a — 8)(1 — 0); its strict gap absorbs the
fixed chart constants. [

This coefficient scale lies below the mean input bands and the smallest product
frequency.

8. CHOICE OF SCALES

We now explain why the estimates can be imposed simultaneously. All exponents in
this section are fixed before choosing the initial parameter s or the increasing accuracies.
The detailed preparation and mean inequalities are proved in Proposition M.1.

8.1. Frequency and amplitude gaps. Use the following fixed outer exponents:

1 1 11
€= -5 9:77 5277 a:Za
32 64 32 5)

(8.1) T _—y
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Then 8= (1+4¢€)/3, b, = a(l+ (), and

3 b,
(8.2) 1+0+6<a<b*<v<§, t=— <1
(%

Choose the fine amplitude exponent
(83) Sf:1+9/2.

Then
I<sp<l4+bO<a—pB<a.

Here a — 3 — (1 + ) = 13/320. Thus a fine amplitude ceiling K., = R = HY,
df = s7/(140) < 1, lies below all product frequencies by a strict power.

The equal-gap bands of Lemma 5.2 start above R and end below K,,... Their com-
mon positive exponent gap lets one finite derivative order control all omitted inputs.
Accuracy changes only this finite list within the same sampled family.

For the primary construction fix

(8.4) Lwks =Ty = R'.

The finite transport and positive background use the current scale. Their fixed low
norms cover the density preparation. The two amplitudes are independent of accuracy;
their complete residual is included in the current source.

The common amplitude scale is

Kenv = C*Kmax
with one fixed C,. Take o = 1/1000. Since ¢t < 1 and sy < a — 3,
(8.5) CoKoax, R < (M)

for large R. This verifies (4.18). The strict inequalities absorb the fixed patch and
radial normalization constants.

8.2. The forcing and response size. Set the forcing exponent

1
(8.6) A:p(;—@)’ 2A—sfp:p29 > 0.

Thus the same inequality bounds the fine physical field and makes e; K, small. The
nonlinear margin may be vy = pf/[4(1 + 0)] in H units. This also proves (5.18).
Use the preparation count in (5.8). The quadrature margin is f(2n — 1) — 24 =
(23n —109)/128 > 3/64. The normal comparison (5.9) has positive exponents because
f<eand 1460+ <a.

The current coefficient exponent is ¢ < 1 and the mean input floor is R. A fixed
multiple of Tj is an envelope for the zero atom. All response envelopes satisfy K < A\l1=%°
with vy = 1/4. Actual modulation supports are below their envelopes. These are the
response and source gaps used in Proposition 3.2. Proposition M.1 verifies the individual

cutoff, source, and mean inequalities without any change of the fixed operators.
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8.3. Fixed orders and the initial defect. Fix the density preparation count in (5.8)
first. Choose r, in Proposition 7.2 to include these finite orders and their construction
shifts, and put bnisy = Bo + b (7« +n/2). Choose an integer ky;, so that

(8.7) (3 — 20)kmin > Bz +2v + 4,

(88> kmin > bhist + 2.

Both are lower bounds since 3—2v > 0. All orders and exponents are fixed before mean
accuracy or target dilation. Use

(8.9) Q(k) = 2k.

Both errors in (6.5) are at most Cy, R=3%753; (8.7) controls their sum.

9. SMOOTH CONVERGENCE ON ONE NEIGHBORHOOD

The target family ¢*) of Proposition 2.2 has uniform fixed seminorms before s is
chosen. Choose ¢, > 0 so that its C™ reference ball preserves every geometric and
analytic gap. .

For every finite history satisfying (7.1) with R; = R and k; > ki, Lemma 7.1 gives
uniform map profiles. Choose a finite nondecreasing threshold $(k), independent of s,
as follows. First enlarge $(kmin) so that Ry > $(kyin) implies

(91) ZCR;kmin+bhist+1 < 6*/2

i>0

Every such finite history then lies in the reference ball. Proposition 7.2, the scale verifi-
cation and the smoothing lemma give all step hypotheses uniformly for these histories
and the compact target family.

At each fixed k, Theorem 6.2 uses finitely many uniform constants at accuracy 2k.
Enlarge $(k) monotonically so that R; > $(k;) meets their thresholds and bounds the
metric and L? constants by R;. If the current map M; = Gt + >2;<; U; has defect at

most R;%j , its increment satisfies (7.1) and
(9.2) V(M + U) = 9 ooy < 20, By™T < R,
The last inequality follows from (8.7).

9.1. One adaptive schedule and one target dilation. Choose Ry > $(kpin). Set
]{30 = kmin and

(9.3) kjv1 = kj + LR, >0k+1)}-

Then R; > $(k;) and k; — oo: an eventual constant K would be contradicted when

R; exceeds the finite H(K + 1). Put ; = R;kj and ); = 2k;. Now choose a single
s > 0 with

(9.4) 19" = 7(Gret) lco(py < 63,
using (2.12). This choice follows all thresholds.
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Apply this step successively. Each increment preserves the prospective Fourier and
L? budgets; (9.1) keeps the current maps admissible. Since k;1 < k; + 1, its metric
conclusion gives inductively

(9.5) 19 = (M)l eony < 6.
Thus the same construction continues on the fixed core for all j.
For every fixed r, Fourier Cauchy—Schwarz gives

Here C, is the Fourier constant, independent of ();. As k; — oo, this bound is eventu-
ally Cer_l, which is summable. The same series therefore converges in every C” to one
smooth M, on W. Taking C" limits gives v(M..) = ¢ on int D. On the fixed neigh-
borhood U = sp int D, set F(x) = spMy(z/(sp)). Then v(F)(z) = ¢ (z/(sp)) = g(x).
Positive definiteness gives rank dF'(p) = n. Choose n ambient coordinate components
whose differential minor is invertible at p. Their projection is a diffeomorphism on one
smaller neighborhood by the inverse function theorem. On that neighborhood F' is the
graph of its other N —n components, and hence an embedding. This single restriction
is independent of derivative order.
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APPENDIX A. DOMAINS, FOURIER CONVENTIONS, AND NOTATION

The metric and normal-map conventions are those of Section 2. Here Ty = T', Kproof = Keny
and Beubic = B3 in the main text; By is unchanged. Every reduced operator uses its displayed
normalization, including the factor 1/2 in (2.4). The setup below collects the common domains:
the local constructions first give buffered validity regions, and Theorem H.1 allows the nested
choices used by the background, mean and pair steps.

Interfaces and verification. Table 1 lists the results used in the main text. Every result in
the second column is proved in this paper. A local Setup states the hypotheses for a block of
arguments; its use in the construction is justified by the cited results. Sections 7-9 and Appendix M
verify the hypotheses for the actual iterates. The continuum row first chooses the positive scalar
rr in Proposition 1.7. The primary family and its fixed response are linear in each prescribed
scalar. Proposition K.2 then prepares rr r before sampling; the row inverse still belongs to rg.
Corollary H.7 controls this same corrected atomic family throughout.

In the table, one fixed order d = r, dominates the geometric jets, the normal order M = 20(n+1),
the two primary amplitudes and all calculus, density and reconstruction shifts. It also includes the
atomic response budget in Corollary H.7 and the finite density and quadrature orders chosen in
(5.8), after A and before Q. Membership in this fixed C¢ neighborhood gives the stated gaps and
low seminorms; the all-order graded profiles are separate hypotheses, verified by Lemma 7.1 and
Proposition 7.2. All source sizes and scale windows referred to below are displayed in the main
text.

Table 1: Interfaces used by the actual construction.

Object Proved source Domain and source Low topology and Dependence
class extra hypotheses on ()

Reference and Propositions D.9, Common buffered Fixed C¢ Geometry

carrier D.10; charts; detection on  neighborhood; fixed before

geometry

Extension
and finite
calculus

Regular
inverse SpTF

Primary
waves and
joint sample

Definition D.12

Lemma B.1;
Theorem E.6

Theorems F.3, F.4,
F.6

Theorems G.5, G.6

the whole sphere;
primary and central
signed directions

One extension on H"
and C", r > 0;
localized operators on
w

Full L?(W) Neumann
inverse; core equation
with angular error

Whole patches;

(Qquad + 1)3 fixed
colors; full L? outputs
and all prefixes;
deterministic
background
quadrature

positive normal,
detector and chord
gaps

Fixed collar and
finite construction
depth; fixed C¢
bounds

Gain one; fixed C¢

neighborhood;
graded profiles

Tpar = M + 3; two

amplitudes; fixed C?
reserve; full strain of

size A\ 73

frequency and

Q

Same
extension;
fixed
derivative
shifts

One inverse;
no extra scale
power in the
displayed
graded
bounds

One family
and sample
event; fixed
quadrature
order before

Q
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TABLE 1. INTERFACES USED BY THE ACTUAL CONSTRUCTION (CONTINUED).

Object Proved source Domain and source  Low topology and Dependence
class extra hypotheses on
Response B% Proposition H.5; Source (3.5); global ~ Graded profiles and A, A\? carrier

Corollaries H.6, cutoff envelopes; (3.4); fixed atomic factors;

H.7 tensor error on Dy, joint jet budget derivative-
amplitude
change A~!

Continuum Propositions 1.4, Full Y = L?(T;R");  Fixed positive Raw source
row and 1.5, 1.9, 1.7 raw X"; physical reference dilation, order r;
positive mean fields on Ugy, then a fixed C¢ density source
neighborhood order r + 1;
fixed
coefficient
shifts
Prepared zero Proposition K.2; Fields on Ugy; full Fixed positive class; Preparation
atoms and U, Corollary H.7 auxiliary residual in  finite density steps fixed after A;
(5.7) and lattice no extra
quadrature before power of Ty

sampling

Current Proposition J.4; Complete finite Same corrected No envelope
waves Z, Proposition 4.2 Fourier measures; atomic family; offset;
global cutoff shifted support in displacement
envelopes; strain on  the original chart change \ 72
Dag and derivative
change A\ 71
Nonlinear Lemma 5.2; Global residual Same current phases p=(n+1)/2,
mean Proposition 4.2 recurrence; metric and sample event; Brean = 1/2;
error on D; physical canonical inverse in  nonlinear
bounds (4.13)—(4.14)  Proposition 5.1 budget p;
finite count
varies
Signed Proposition L.4 Entire protected Fixed C¢ Source offset
product source product; neighborhood; (8.5)  0; physical
correction metric error on D; loss 1 in
cut global H" field (4.20)
Stage closure Lemma 7.1; One fixed D and one Prospective C"* By, Bs fixed;
Proposition M.1 global band for each  displacement bound Q; = 2k;
increment and ordered scale increases

choices

Setup A.1 (Fixed domains). Let D be a closed ball of positive radius centered at zero, D € W
a bounded open physical neighborhood, and T a fixed auxiliary flat torus whose coordinate cell
contains W. All domains below have positive fixed buffers.

First choose the whole-patch primary responses of Theorem H.1, with actual contraction cutoffs
X2,LAG; X3,LAG. Their finitely many identity cores contain a common wider core Upag, where
X2,.AG = 1. Choose the background core Ugg, frame ball Bfame, measurement region Vipeas and
source/observation cutoffs inside these fixed validity domains, before frequency, sampling, accuracy
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and the last seed parameter, so that
(Al) D € Upa € Bframe € Vineas € Int Dlag, SUPDP Xmeas € Vineas»
with Xmeas = 1 near Bgame, and

Dlag S Int{Xlag,src = 1}, SUPP Xlag,src € Int{Xcore,LAG = 1}7

(A.2)
SUPP Xcore,LAG € Upag €W, SUPP Xlag,src € {X2,LAG = 1}~

One larger finite-primary chart in W contains Upag and all these cutoffs.

Every entire measurement, protected pair-source and physical-output support lies in Int Dj,g.
The cutoffs Xphys, Xpair €qual one near D. Choose the pair cutoff inside its protected region Xpair,
where X2 pair = 1, and the mean and common final physical cutoffs inside Upg for the complete
primary, mean and pair sum. For the synthesis slice estimate use a separate xslice, €qual to one
near the entire supp Xmeas and supported in the larger common validity region, for example Int Djyg.
This cutoff belongs only to that estimate; the actual fields use their own physical cutoffs.

The background notation Ucgre, By, Umeas means U, Birame, Vimeas; Primary-response notation
Ucore and its control cutoff means Ut,aqg, Xcore,.AG- Other solver cores are their own fixed validity
domains.

The primary current response and protected pair correction use separate regular-sector operators.
Appendix I constructs the continuum image and transport row. A literal sample in primary patch
g uses one current Bl(,;g) for every initial datum. The finite primary wave and its response use the
same phase. Each construction has its own fixed domains, angular buffers, cutoffs, real pairings
and construction depths. At each coefficient choice the actual operators and exact inverses are the
same at every precision and observation order. Take the finite minimum of margins and maximum
of constants and derivative shifts over the patch list.

The base strain, complete response leakage and current strain identity are estimated on Dj,g,
covering every whole measurement and pair source. Metric-defect smallness and target smoothing
are imposed only on D.

Notation A.2 (Norms and Fourier transforms). For a function smooth up to the boundary of D,

ax sup [0% f(z)].

la|<rzeD

I fllcrpy =

The same convention is used on W. Vector and tensor norms are taken componentwise in fixed
coordinates. Unless a domain is specified otherwise, global Sobolev and L? norms are on T.
Let A* be the dual lattice of T. We use

u(§) = voll("JI‘) /Te*ixfu(x) dz, u(z) = Z a(g)em-ﬁ.

gEA*

In particular,

s = vol(T) 3 fa(e)
S
The integer Sobolev norm H"(T) is the L? norm of all Cartesian derivatives through order r.
For Euclidean envelope variables, the convention is

~

flo=en™ [ =@ f@= [ <fede

For a finite complex Fourier measure m, its size is |m||ry. The atom at the origin is denoted by
do-

On local balls, positive Sobolev spaces are restriction spaces; negative estimates use the cor-
responding supported-distribution and restriction dual pairs. Whole-space comparisons use fixed
cutoffs and the extension of Lemma B.1. Write D = —i0, |Julls = [[ul|gs and H> = ;5o H®. A
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coefficient norm includes every matrix entry. Adjoints are complex Hilbert adjoints, restricted to
real fields when the operator is real.

Notation A.3 (Stage scales). Use the scales and strict windows of Section 8:
A=R* h=RP H=RY, Lp=Ty=R' Kpnux=HY=R.
The zero-atom and common response envelopes are respectively CenyTo < Kmax and
Kproof = Cx Kax-

These constants are fixed independently of R, accuracy and derivative order. Equation (8.5) puts
both below the smallest protected product frequency by a strict power.

APPENDIX B. INTERPOLATION AND FINITE-JET ESTIMATES

The estimates in this section are independent of every phase, solver and frequency choice. They
will be used in the geometric and analytic constructions.

Lemma B.1 (One fixed extension at every nonnegative integer order). Let @ = Bg(c) C R" and
QCV, with V open. Use the derivative Sobolev norm
1Ay = D 1D fllie@, — m=0,
ler|<m

and the corresponding whole-space norm. There is one real linear operator, independent of m,

Eq: C*(Q) — C°(R™),
equal to f on ), supported in a fixed compact subset of V', with

(B.1) | Eaf |l gm@ny < Cnllfllam )
(B.2) [Eafllem@ny < Cmllfllom -

The constants depend only on Q, V', the fized cutoff and m. The bounded extensions to H™ and C™
agree on their common domains. The derivative norm is equivalent to the whole-space restriction
norm. The operator acts componentwise and complex linearly. No mnegative-order extension is
asserted.

Proof. Choose 0 < d < R/2 with Bri4(c) € V and a real ¢ € C*°([0,00)) equal to one on [0, d/4]
and zero on [d/2,00). For by, = —2¥ and 0 < k < N put

2™ _ 1‘—i— 27 .
' oslle Y2t
J7#k
Lagrange interpolation at by, ..., by, evaluated at one, gives
N
(B.3) S alb =1 (0<t<N).
k=0

Separating j < k and j > k gives
(B4) o™ < A2B7227 kD2 A T[(14+27) <o, B=][(1-27)>0.
Jj=0 Jj=1
For fixed k the product converges. Its bound permits dominated convergence in the moment

identities, giving ax = limy a,gN) with

(B.5) > agby =1, a2t <00 (€2 0).
k>0 k>0



LOCAL ISOMETRIC EMBEDDINGS 31

Set Eqf = f on Q. With h(w,s):f(c—i—(R— s)w), define for t > 0

(B.6) Eof(c+ (R+tw) = apd(2"t)h(w, 2").
k>0

Terms with 2%t > d/2 are zero. The sum is finite at each ¢ > 0 and supported in Bpriaj(c) € V.
For p = 2,00 and |3| + £ < m, the substitution s = 2¥¢ in a fixed finite angular atlas gives

(B.7) |ax2M DL OR)] (w, 25| | < Conlanl 2" fllwmniy, 100 =00

The same summable bound proves both norm estimates and uniform convergence of every derivative
at t = 0. Its boundary value is (—1)!D2d%h(w,0) by (B.5). These are exactly the interior jets of
h(w, —t), so the joined function is smooth, with no boundary terms in weak derivatives. For n = 1,
use the two radial directions without angular variables.

Contraction by x +— ¢+ (1—¢€)(x—c), followed by mollification on the resulting larger ball, proves
smooth density in H™, C"™ and their intersections. The bounds extend this same Fq consistently.
Restriction and Eq give the two quotient-norm inequalities; Plancherel compares the whole-space
derivative and Bessel-potential norms. The coeflicients are real. O

Lemma B.2 (Fourier interpolation at a prescribed scale). On R", the fized auziliary torus, or a
fized ball with the preceding extension, let r > 0 and m > r +n/2 be integers. For K > 1,

(B.8) lullor < Com [KT2Julls + K427 fu]| g
Thus a Sobolev profile ||u||gs < CsAK® gives ||ul|cr < CLAK™ ™2, using only s = 0, m.

Proof. Fourier inversion bounds each order-r derivative by the frequency integral, or sum, of
|€|"[u(g)]. Cauchy—Schwarz on |{| < K gives the first term. On |{| > K, the squared weight
|€]27=2™ has integral or lattice sum at most CrmK Iren=2m  oiving the second. Lower derivatives
obey the same bound since K > 1. The fixed extension is bounded at orders zero and m. (I

Lemma B.3 (Elementary interpolation, derivative products and finite jets). On a fized auxiliary
torus, or a fixed chart with a bounded extension, let 0 < R < j < k be integers. Then

lulles < Crjpllullgn™ ™7 E 8| G R ER)

The endpoint and bounded low orders have their direct norm bounds.

Let f; be finitely many primitive arrays, with possibly different nonnegative integer baselines b;,
and assume that their C% norms are bounded. For an integer W > 0, suppose that a product of
primitive derivatives, allowing repeated primitives, has orders jp satisfying

> (Gn = biny)+ < W-
3

Then

(B.9) TTID" fimyllz < Cw
h

1+ ZHfi’(JbﬁW] :
7

Matrix factors remain in their original order. The constant may depend on the number of factors
and their fixed low bounds.

Let F(JCF) be a fized smooth finite-jet expression, including finitely many matriz inversions
whose singular-value gaps stay positive. If its low jet ranges in a fixed bounded set with those gaps,
then

[F(IF)ller < Cr(L+ [[Fllcrre).
Here the finite shift may be enlarged once for finitely many such operations. These are algebraic jet
estimates; dependence of Hamilton flows, retarded operators and their inverses is proved separately
below.
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Proof. Use the fixed extension on a chart. Let a = |ju||cr and b = |Ju||cx, so a < b. Choose one
real even ¢ € C¢° equal to one near zero. Its inverse Fourier kernel has mass one and all positive
moments zero, by differentiation of ¥ at zero. Periodizing its scale-t dilate gives P, for 0 < t < t,
with

|Prulles < CtFFa, (I = Poulles < CHEb,

The first bound follows by moving derivatives to the kernel; the second follows from Taylor’s integral
remainder and the moment conditions. If a = 0, then u = 0. Otherwise choose t = (a/b)*/ (=)
when it is at most #g5. This gives
1-0;0 J—R

When that choice exceeds tg, the ratio b/a is bounded and the direct bound ||u||~; < b proves the
same estimate. The endpoint and bounded low orders follow directly.

For W > 0 set H; = 1+ ||fillce;+w and 0n = (jn — byny)+/W. Interpolation at the indicated
baselines gives

TP fimllss < CWHHZ};L) <Cw <1 + ZH1> ; > 6 <1,
h h 5 h

by weighted arithmetic-geometric mean. For W = 0 use the baseline bounds. This proves (B.9) for
ordered matrix products as well.

For the finite-jet assertion put U = J°F'. Its low range and inverse gaps bound every derivative
of the finite-dimensional coefficient function. Each order-r chain-rule term is a bounded coefficient
times [[; DU, where |a;] > 1 and Y, |a;| = r. The product estimate with baseline zero there-
fore gives C.(1 + ||U||cr). Fixed-gap inversions are smooth coefficient functions; finitely many jet
operations enlarge the shift only by a fixed amount. O

Corollary B.4 (A fixed profile under finite derivative loss). Suppose T > 1 and ||F||c; < AU~ R+
for every j > 0. Let a fized finite family of arrays on the same buffered charts satisfy || Fi(F)||cr <
Cr(L+ || F||gr+e; ), with fized shifts ¢;. If R > max; ¢; + v, then

(B.11) |Fi(F)|ler < C,TU™4 p>0.

Any fixed finite list of parameter derivatives can be included among the arrays. For normalized
symbols the radial order stays separate. This applies to fized constructions, not to an accuracy-
dependent number of compositions.

Proof. Substitution gives C,T(T¢~R)+ which has the stated bound. O

Lemma B.5 (Common buffered inverse domains). Let Dy € Dy € D be bounded convex boxes in
R and Fy smooth near D. Suppose a constant invertible matriz G satisfies supp, |G (DFy—G)|| <
1/4. For all F in one sufficiently small C' neighborhood of Fy, F is injective on D, with a uniform
lower Lipschitz bound, and one open set V satisfies F(Dy) € V' € F(D1) with common positive
buffers. The assertion is uniform for parameter families in this same neighborhood.

Proof. Choose the C' neighborhood so supp ||[I — GT'DF|| < 1/2. The segment identity gives
|G=Y(F(u) — F(v))| > |u — v|/2. Choose one radius r > 0 so every B, (ug), ugp € Do, lies in Dy. A
fixed small neighborhood V of Fy(Dg) and a small C° neighborhood of Fyy ensure that every v € V/
has such a ug with |G=(v — F(ug))| < /2. Then

u—s u— G HF(u) —v)

is a 1/2 contraction of B,(ug) into itself. Its fixed point gives V' C F(D;). Reducing the C°
neighborhood also gives F'(Dgy) € V. All buffers and constants use only these fixed low choices. [
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Lemma B.6 (Uniform interpolation and joint derivative budgets). Use finitely many fized work-
ing balls with larger buffered coordinate neighborhoods, including every physical variable, normalized
covariable and parameter. The interpolation estimate of Lemma B.3 applies jointly in these coordi-
nates. Right-hand norms may be on the larger domains. For an entire working ball, use its single
bounded extension at every order; maxima over the fixed finite family obey the same bound.

Use (B.9) for complete ordered products on these domains.

These estimates are uniform on normalized dyadic shells. For a degree-one phase and an order-p
symbol, the normalized arrays are

Sp(w,w) =p ' S(x, pw),  au(z,w) = pPale, pw),  p>1,

on fized buffered normalized annuli and angular charts. Both physical variables are included for a
two-position amplitude. The estimates control coefficient products; explicit frequency powers, shell
ratios, and integration measures remain separate.

Fized-gap matriz inverses, existing implicit and inverse charts, and fized-time flows preserve
these joint derivative budgets. All estimates use the same fized working domains and inverse gaps.

Proof. Apply (B.9) to the complete primitive product before substituting coefficient estimates: if
|l fillcm < Cp(1 + ||allgm+e; ), its result uses the maximum index b; + W + ¢;, without multiplying
high coefficient norms. The corresponding datum interpolation is

k
pre 0<k<s), s < Cicllflusee (L>d/2).
These follow respectively from Fourier Holder and Fourier Cauchy—Schwarz; fixed extensions give
the local versions.

Fixed-gap matrix inverses are finite-jet expressions from Lemma B.3. For compositions with
bounded first jets, the derivative partitions satisfy

1-k/s
p

[0llp+x < Cpysllvll, ™0

q
(=D+Y (i—1)=r—1, a>1 > ai=r
i=1

This is the baseline-one budget for a composition.

For an existing inverse X = F !, differentiate F' o X = Id on the same fixed working balls. The
first-order inverse gap bounds DX. Inductively, all lower derivatives of X are bounded by the
corresponding C? norms of F on the fixed larger range charts. Every term other than DF(X)D" X
has ¢ > 2 and «; < r. Substitution of the inductive bounds leaves products of F' derivatives with
the displayed excess at most » — 1. Equation (B.9) therefore bounds them by C,(1 + || F||cr); the
inverse gap proves the same bound for X. Implicit maps use the inverse of (z,w) — (z, F(z,w)),
including all external parameters.

For the fixed-time flow 0, ¥ = V(¥), the top variational term is DV (¥)D" V. The other partitions
have the same budget and involve only lower flow derivatives. Induction bounds their forcing by
Cr(1 4+ ||V|lcr), and Gronwall gives the same estimate for the flow on the fixed interval. Time
derivatives follow from the equation. Variable initial sections are compositions with this flow and
obey the same joint budget.

For U’ = —CU, U(0) = I, apply the flow estimate to —CU and (U~!)' = U~'C, including time
and the constant tube parameters as coordinates. Gronwall keeps both matrix ranges bounded,
giving

[Uller + U or < Cr(1+ [Cller)-
Variable initial values multiply this fundamental matrix. Their composition with the fixed flow
obeys the same joint product budget.

For normalized symbols and phases the exact identities are

2, = WP (O8O a) (@, ), B2OLS, = a1 D09 S) ().
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All interpolation domains are consequently fixed. Normalize two noncomparable frequencies sep-
arately and leave their ratios, powers and shell volumes outside the primitive norms. The fixed
cutoff pullbacks of Setup E.3 obey the same composition budget.

O

APPENDIX C. OSCILLATORY ESTIMATES AND CANONICAL RETARDED INTEGRATION

This section proves three elementary operator estimates used later: exact normal comparison,
localization of oscillatory sources, and canonical retarded integration. The phase hypotheses below
are verified for the carrier phases in Proposition D.10; each result otherwise uses only its displayed
phase and amplitude bounds.

C.1. Exact normal comparison.

Notation C.1. Use the Fourier convention of Notation A.2 and || f|zs = |[(D)*f||2 on R™, where
(€) = (1 +|¢)*)Y2. Compactly supported chart outputs are extended by zero. Complex Hilbert
inner products are linear in the first argument; operator norms are on the entire stated spaces.
Derivative order means total multi-index order, and matrix dimensions are fixed.

Lemma C.2 (Two-position amplitudes on fixed supports). Let d > 1 and fix compact physical
supports inside bounded bozes of RY. Suppose b(z,y, &) is smooth, has these supports in x,y, and

sup [Dg,b(x, y, §)| < A, o] <2(d+1).
3

Then
Bf(x) = (27T)_d // ei(x_y)'gb(x,y,f)f(y) dy d§ satisfies I|IB|| < CA.

The frequency support may be unbounded; C' depends on the fized physical boxes and d. Fized matrix
amplitudes obey the same bound.

Let T : L?(D) — L*(R%) have a smooth integral kernel t(z,u) on fized compact supports. For
c(x, ', u) with the same physical supports and the preceding derivative bounds in x,x’, uniformly
in u, the full kernel

Nesg)(@a) = [ ta,weta, o', w)ile w)g(u) du
has the bound
() IN(e.9)]l < CAITI? gl

Proof. Expand the two physical variables on one fixed larger torus, with outer cutoffs removing the
periodic copies. Integration by parts with (1 — A, — A,)4*! gives

Sup |bpg (€)] + sup lepa ()] < CA((p, q)) 2D,

With the outer cutoffs included in the bounded modulations M,,, M, the exact operators are

B = Z Mpbyq(D) My, N(c,9) = ZMpT[Cqu]T*Mq'

p.q p.q

The coefficients are summable in 2d dimensions. Plancherel and the bound on T prove both
assertions by absolute convergence in operator norm. Compact frequency regularization, followed by
its distributional limit, justifies the unbounded-frequency formula. Apply the argument entrywise
for fixed matrices. O



LOCAL ISOMETRIC EMBEDDINGS 35

Setup C.3 (Uniform normal hypotheses). Fix n > 2, r > 1, M = 20(n+ 1), bounded convex open
sets X, D C R", compact sets Xg € X, Dy € D, and ¢y > 0. Let the real phase ¢.(z,u) and the
complex 7-vector amplitude a¢(z,u) be smooth for 0 < € < €y on neighborhoods of X x D, with
smooth extensions across the parameter endpoints. Assume

supp ae C Xo x Do, |D§,u¢6’ + |Dg"ua5] + |86D§,u¢e| + |8€D§’ua€\ <Cuo (laf <M).
Define the exact averaged gradient

1
U (z,2' u) = / dppe(x’ + t(x — 2'),u) dt.
0

Assume each U (x,2/,-) is injective on D, with a common buffered inverse chart containing the
images of Dy, and | det d,,¥| > ¢, > 0 throughout these boxes.

Proposition C.4 (Exact masked normal comparison). In Setup C.3, define for K > 1

K n/2 )
TF f(z) = <> / Ko@) g (1, u) f(u) du.
2 D
This maps the entire L*(D;C) into L*>(R™;C"), and
(C.2) 1T < C.

Let 0 < h <1 and let my, be real and smooth on D, with 0 < my, <1 and |Dmyp|lec < C/h. For
EeK :TeKmh(TeK)*7

(C.3) |EX — EE| <Ce/h, K >1.

The constant uses only the fixed sets, buffers, dimensions, Jacobian gap and finite phase and ampli-
tude bounds. The comparison uses the complete kernels and only the displayed first mask derivative.

Proof. Step 1. The mask-free norm. Write ®, = ¢.(z,u) — de(2', u) and A = ac(z,u)ac(z', u)*.
Convexity gives &, = (z — 2’) - V.. Let uc(z,2’,v) be the common inverse. Its fixed buffer
and Jacobian gap give uniform derivative bounds by implicit differentiation. The single change
v =W (z,2',u) gives the exact full kernel
n

(C.4) EX(z,2)) = (;i) /eiK(x_xl)‘vbe(x,x',v) dv,
where

b Ac(z, 2 uc)mp (ue)

| det Dy (z, 2, ue)|
The inverse buffer makes its zero extension smooth, jointly with all physical and parameter variables.
For mask 1 its needed derivatives are uniformly bounded. Set £ = Kv and apply Lemma C.2 to
be(z,2',&/K). Tts bounds are uniform for K > 1, proving ||[TX|? = | TX(TX)*|| < C.

Step 2. Differentiation in the original input variable. Set
we = (D, V)10 W,

Then 0.®. = we - D, P, exactly. Choose fixed scalar x., x, equal to one on the original supports,
inside X, D and the common inverse buffer. Step 1 bounds the scalar channel T, fg( with amplitude
XaXu- Let Ne(c,g) be the second operator in Lemma C.2 for this channel. Differentiation and
integration by parts in the original u give

0 EX = Ne(co,min) + Y Nl duymy),
J
CO = 86146 - divu(nge), Cj = _we,jAe'

The compact input support removes every boundary term. These full amplitudes have uniform
spatial derivatives through 2(n + 1): computing them uses at most 2(n + 1) + 3 phase derivatives
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and one ¢ derivative, within the fixed M budget. Equation (C.1) gives ||0. EX || < C(14|| Dmp]|o0) <

C/h. At each fixed K the compact kernel is differentiable in Hilbert—Schmidt norm. Integrating
from 0 to e proves (C.3). O

Corollary C.5 (Both real quadratures). Regard L?(D;C) as a real Hilbert space with inner product
Re [ fg, and set

CEf=2Re(TEf) € L2 (R R").
For every real output 7o,
(C.5) (CEYsrg = 2(TE) 1o, CEmy(CEYerg = 4ARe(EXr).

The bounds of Proposition C.4 hold for these real operators with fixed numerical factors. The input
still contains both complex quadratures.

Proof. For complex f and real ro,
(2Re(Tf),ro)r = 2Re(T' f,r0) = 2Re(f, T ro).

This proves the adjoint formula. Since the mask is real, applying C to 2m,T*rg proves the normal
identity and its factor 4. Taking norms proves the assertions. There is no restriction to real input
and no extra conjugate cross operator. O

Proposition C.6 (A full-space single-channel estimate). Assume additionally that X = Jijme X Y
and D = Iaier X Dy, where Jiime, Learrier are bounded open intervals and Y, Dg C R™™! are bounded
convex open sets. Write x = (t,y) and u = (z,0). Suppose, uniformly in t,z, €, the maps

1
01— [ dyout.yf +s(y—y).z0)ds
0

satisfy the buffered inverse, Jacobian and derivative assumptions of Setup C.3 in dimension n — 1.

Define

n/2 ]
L pe) = (52) [ ROt Daty.z,0)50) .
’ ™

Then, on the entire indicated input and output spaces,
K |12
I Le, 222 (Dyscy— L2mn ey < CK.

The realification 2 Re sz has the same squared bound with a factor 4.

Proof. Put d =n — 1. For each fixed t, z, €, the slice

K

/2 ,
AL ) = (50) [ o r=0ap,2,0)f0) a0

has a uniformly bounded L? norm by the mask-free proof of Proposition C.4, now in dimension
d. At time t, the operator sz is /K /(27) times this slice. Integrating the squared slice estimate
over the fixed bounded interval Jime proves the claim. The inequality ||[2Rev| < 2||v|| gives the
real estimate. O

For the actual carrier families, Proposition D.10 verifies these hypotheses for the exact finite-
difference phase (D.14), including its smooth value at zero from (D.16).
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C.2. Exact phase localization and Sobolev tails.

Proposition C.7 (A radial shell and negative Sobolev gain). Fiz n > 1, a bounded box X C R",
a compact K € X, a finite complexr measure p on a parameter set D, 0 < ¢ < C, b > 0, and
0<o<1. Forp>2andL >1, let ¢(x,u) be a smooth real phase and a(x,u) a smooth complex
amplitude of fixed finite dimension, supported in K in x. Assume uniformly in u € D

c<|deg| <C,  |Dpd| <C.L'N (r>2),  |Djal < CLAL™ (r>0),
where A > 0. Set
ho(x) = / PP g (2, u) dp(u).
D

Choose one fized rescaled smooth radial multiplier 11, equal to 1 on cp/2 < [£| < 2Cp, with support
in cp/4 < |&| <4Cp. For integers m >0 and g > m +n/2,

(C.6) (T =TI hyllzrm < CongAllpllrv L p™ (L) p)°.
If L < p'=9, then for every integer M > 0,
(C.7) hpllz-» < CrroAllulrv Lo~

The source, cutoff family and derivative exponent b are fized for all requested observation and tail
orders. More generally, the tail estimate uses only the upper phase bounds and the gap |pdyd —&| >
c1(p + [£]) on the entire complement of a fized bounded rescaled Fourier mask. If that mask is
supported in a fired annulus, the negative-norm conclusion follows under the same scale gap. For
dp = F du on a set of measure V., ||ul|rv < VY2 F|ls.

Proof. For fixed u, the Fourier kernel is

o~

hy(§) = (277)*”/ ellP?@w=2Clg (g 4 da.
K

On the entire support of 1 —1I,, either [£| < ¢p/2 or |{] > 2C)p, including its transition regions.
Thus
’pdm(b - €| > Cl(p + ‘§|)
Integrate by parts with
_ (pdp—€) 0
©7 ilpdeo — ¢
Reciprocal differentiation and the phase bounds show that its coeflicients have derivatives of order
j bounded by C;L7 /(p+£]). An amplitude derivative costs one factor L. Induction on the number
q of transposed integrations gives

(1= mp(€)hu()] < CEALT (p + |€]) 7.
All boundary terms vanish because K is a common compact support. Integrate against |u|. For
g > m+ n/2, rescaling £ = pw gives

100+ 16D 2 dE < CrpgpPmnn

Taking square roots proves (C.6).
The amplitude bound and fixed output support give ||h,|la < CA|p|rvL’. The annular split
and the tail estimate at m = 0 therefore give

holl-e < CoAllpllrv Lo~ + p"2(L/p)1].

Take ¢ > n/2 with 0g > M + n/2 to prove (C.7). Only the complementary gap was used for the
tail, and annular support for the negative norm. O
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Remark C.8. The true frequency in Proposition C.7 may be p = Mz — 2’| for a normalized same-
carrier difference phase. The estimate applies when the normalized phase satisfies the displayed
gradient and graded derivative hypotheses. The phase is used exactly, rather than expanded in the
source parameter.

C.3. Canonical retarded integration. The literal integral gives all integer Sobolev bounds.

Definition C.9 (The fixed retarded operator). Fix real smooth cutoffs xin, Xout compactly sup-
ported in one rectangle (f_,ty) x Y C R x RY n = d + 1, with a fixed positive buffer after ¢_ for
supp Xin- Put

Jf(ta y) = Xout(ta y) /tt Xin(s, y)f(s, y) ds.

Proposition C.10 (The fixed retarded bounds). The literal adjoint is

(C8) T os,) = xin(5,9) [ voult )t ) .

Both operators are bounded on H™(R™) for every integer m; on buffered rectangles the negative
bounds use the reversed supported/restriction pairs. For real X\ and transverse ¢,

(C.9) e Y T[] = Jf.

Proof. Fubini gives the adjoint. Cauchy-Schwarz on the fixed time interval gives both L? bounds.
For j > 1,

. t .
o ) g(s,y)ds = 0] ' g(t,y),

and transverse derivatives pass under the integral. Leibniz’ rule gives the H™ bounds for m > 0,
with the same argument for the upper integral J*. Their literal adjoint relation gives all negative
indices on the reversed supported /restriction pairs. The transverse multiplier commutes with both
weights and the integral. Il

APPENDIX D. A FIXED FLAT REFERENCE AND ITS CARRIER GEOMETRY

The flat reference, finite carrier menu and common Hamilton charts are constructed here.
Setup D.8 specifies the current-map neighborhood; its metric, normal and stress gaps hold near the
reference by Corollary D.5. Every later use of this geometry refers to these proved constructions.

D.1. An explicit flat cube and its characteristics.

Definition D.1 (Cube notation). Let n > 5, N =n(n+1)/2, ¢ = n(n —1)/2, d = n — 4 and
¢n = d72. Let E = Sym?R™ have its Frobenius pairing, and write S, = Y, z; and J = 117 Set

QY = eel — ¢, Ko = span{Q¥}",, lop =1 —2e4 — 26, (a <Db).
The model pencil and its quadratic map are
Mo (€) = diag(&) — enSed,  po(€) = det Mo(€),  qo(§) = (€7 QPE)i = My(§)¢.

For an immersion F, put v(F) = (dF)TdF and regard its second form as By : E — Np. Its stress
space is ker Br. Full normal rank means that Br is onto; then B7. is injective.

Proposition D.2 (A flat cube form). The form
Bo(u,v) = ((ﬁab “u)(lap - ’U))a<b

s onto, has kernel Ky and satisfies the flat Gauss equations.
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Proof. The matrices (e, +ep)(eq+e€p)T, a < b, are independent by their distinct off-diagonal entries.
Since
lop = —2(1 — J/4)(eq + €p), det(I —J/4)=1—n/4 #0,
the ¢ matrices Eabﬁfb are independent. Every QY annihilates them: each coordinate of /4, has
square one and Sy, = d. The n matrices Q? are independent, so dimension gives ker By = K.
Fach rank-one component satisfies the Gauss equations separately.
The rank-one determinant formula gives

(D.1) po(&) =[[& — enSe D T4
i i g
]
Proposition D.3 (The complete bad set). The nonzero bad set M = {pg = 0, dpy = 0} \ {0} is
the union of
Lijj={&=¢& =& =0}, Lijs = {& =& = S¢ = 0},
and the lines Rey,, with the origin removed. These lines are also precisely the nmonzero common
zeros of qo. Let L consist of these codimension-three spaces and node lines, so M = (Urc L) \ {0}.

Proof. If S¢ = 0, the matrix is diagonal. Otherwise its kernel equation is
fﬂ}i == CnS§ Z Vj.
J

With no zero coordinates this has at most one free scalar. A zero coordinate forces _; v; = 0 and
confines the kernel to the zero positions. Thus corank at least two is equivalent to membership in
the displayed spaces, and makes the adjugate zero.

At corank one, adj My = avv? with a # 0, so dpo(£) = aqo(v). A nonzero common zero of the
quadrics satisfies v; = +5,,/d and S, # 0. Summing gives sign sum d = n — 4, hence exactly two
negative signs: v € Rly;. The kernel equation then gives £ = (S¢/S,)v. Conversely each node line
has corank one and zero determinant gradient. This proves both assertions. O

D.2. The actual strain and an analytic flat reference. Successive circular bendings realize
the flat form and fix the later geometry.
For an immersion F and variation V, put u; = (0;F,V). The proved identity (2.2) gives 1@, :

DypV = Qg : sym VYE)y for every stress Q,. Thus the reduced principal row is (Qu6)T and its
zero-order term is — Zij(QQ)iijjuk.

Proposition D.4 (An explicit analytic flat reference). There is a real analytic local embedding
Fy : B, — RY such that

FO(O) :07 dFO(O) = (170)7 V(FO) :I7 BFO(O) :BU-
Its center stress space is K.

Proof. For a unit vector v € R™ and t = v - Y, define

Co(Y) = (Y+ Sinfl”t) —t} ul_czs(”t)) e R™ 1,

Its derivative is an isometry: it fixes v and sends v to the unit vector (cos(nt)v,sin(nt)). At zero
its first derivative is the standard inclusion and its second derivative is nv ® v in the new normal
direction.

Start with the identity on R™. In a fixed order of the ¢ pairs a < b, compose with C, using v =
(Lap/+/1,0) € R™. All maps have center zero and standard first derivative there. Each composition
leaves the preceding center second forms unchanged and adds exactly fup ® £45. The resulting
analytic map has the stated metric and second form. Its projection to the first n coordinates is a
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local diffeomorphism, so it is an embedding after shrinking. Proposition D.2 gives full normal rank
at the center, which persists nearby. O

Corollary D.5 (One fixed normalized flat reference). For any prescribed finite kernel topology and
sufficiently small neighborhood of the constant cube, one can choose a fixed p > 0 so that

Gref(y) = pil(FO(py) - FO(O))

is defined on a fized ball, has v(Gyref) = I, and has an actual stress frame in that neighborhood.
Its normal gap is at least cp > 0. After p is fixed, all its geometric seminorms are finite, and the
required metric, normal and kernel gaps persist on one fized finite-topology neighborhood of Gies.

Proof. Full normal rank gives a smooth stress frame with Q;(0) = QY. The dilated frame is Q;(py).
Its zeroth difference from QY tends to zero; every positive-order derivative of order j has the factor
p’. Thus its difference tends to zero in any one prescribed finite topology.

Moreover dGref = dFy(py) and d’Gres = pd>Fo(py). The normal spaces agree, so Bg,.,
pBr,(py) and its least singular value is at least cp on a smaller fixed ball. The metric remains exactly
I. Smooth dependence of the normal projector and kernel frame gives the stated neighborhood,
using two additional map derivatives for the chosen kernel topology. All later constants may depend
on this fixed p; the actual stress frame need not be constant away from zero. O

D.3. Frozen three-parameter carrier geometry.

Proposition D.6 (A finite three-parameter menu). Let n > 5 and use the cube pencil of Defini-
tion D.1. There are finitely many simple-characteristic patches

€a: Lo — R

where Zy is a fixed closed convex three-dimensional parameter cube, and a finite open cover Vi, of
S"=1, with the following uniform properties.

(i) Ewvery carrier has all coordinates nonzero, po(&,) = 0, rank My(&,) = n—1, and norm bounded
above and below. With rq; = 1/&,.,, the vector v, = qo(rq) is a nonzero characteristic normal.
For every L € L and 2,7 € Z,,

(D:2) T (€a(2) = Eal@D| 2 e =], Ja(z) = &) < Clz = 2|

FEvery nonzero same-patch difference and every same-patch sum has a normalized direction
uniformly separated from ON.

(ii) For each Vj there is a finite selected subcollection and smooth incidence points zq(k) in the
patch interiors such that

k- va(za(k)) =0, 102, (k- va(2))] = ¢
near the selected roots, for one chosen first parameter on each patch. Moreover,

(D.3) | Mo(k)"s|* + " |s - qo(&alza(K)))* > cfs|?, seR™ ke

(iii) For any fized finite grouping into color groups, positive radial labels Ry can be fized so that
every cross-group sum or difference Ry€,(2) £ Ry&qy (') has normalized direction uniformly
separated from M. Labels are independent of later sampling spacing and accuracy. Within
one patch and group, (D.2) controls every nonzero difference and the sum bound controls every
sum.

This proposition concerns frozen geometry, not a current-field parametriz or an analytic frame lower
bound.
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Proof. Step 1. Paired detecting carriers. For all-nonzero r and & = r; ! the determinant
formula gives po(r) = po(§) = 0 exactly when S,S¢ = d?. In that case My(¢) and My(r) have
respective kernels Rr and R{. Fix k # 0 and 0 # s € ker My(k). We seek disjoint coordinate pairs
I, J such that, with

Kr=)Y ki, Sr=)Y_si, Kyj=> ki S;=>_si,

il icl = icJ
one has
(D.4) (S1,S7) #(0,0), ([Ki=K;=0 or K;K;(K;+Ky)+#0].
The kernel equation is
(D.5) kis; = d—2S}Ss.

If k£ has a zero coordinate, this confines s to its zero coordinates; if also S # 0, it gives Sy = 0.

First let n > 6. With at least four zero coordinates, choose a pair of zeros whose s-sum is nonzero,
and another disjoint pair of zeros. Such a first pair exists because vanishing of all pair sums on at
least three positions forces every component to vanish. With two or three zero coordinates, at least
three nonzero entries of k£ remain. Two have nonzero sum; pair them with different zero coordinates,
including one where s; # 0. With one zero coordinate, at least five nonzero entries contain three of
one sign. Pair two of these together and the third with the zero coordinate. These choices satisfy
(D.4). If k has no zero coordinate, (D.5) implies Sy # 0 and s; = C/k; with C # 0. Four entries of
one sign give the required disjoint pairs. The remaining case has n = 6 with three entries of each
sign. Over all positive pairs I and negative pairs J,

> (K +Kj) =65, #0.

I,J
Some summand is nonzero, and the corresponding same-sign pair sums of both k and s are nonzero.
This proves the criterion for n > 6.

Now let n = 5, so d = 1, and let z be the number of zero coordinates of k. For z = 4, use two
pairs of zero coordinates, choosing the first with nonzero s-sum. For z = 3 and S, = 0, the two
nonzero entries of k form one pair with K; = 0; choose as the other pair two zeros with nonzero
s-sum. For z = 3 and Sy # 0, pair the two nonzero entries separately with two zeros, choosing at
least one zero where s; # 0. The two K-sums are nonzero and their sum is S # 0. For z = 2,
choose two of the three nonzero entries of k& whose sum is nonzero, and pair them separately with
the two zeros. For z =1, (D.5) and s # 0 force S;, = 0. Choose two nonzero entries with nonzero
sum as one pair. Pair the unique zero with one of the two remaining nonzero entries. The two
K-sums are nonzero; their sum is the negative of the last unused entry and is therefore nonzero.
The pair containing the zero has nonzero s-sum.

It remains to consider z = 0 in dimension five. Again Sy # 0, s; = C/k;, and

1
(D.6) Sk Z i 1.
If four entries have one sign, choose two disjoint pairs of that sign. Otherwise, after replacing k
by —Fk if necessary and permuting coordinates, write k = (a, b, ¢, u,v) with a,b,¢ > 0 and u,v < 0.
Take J = {4,5} and any pair I C {1,2,3}. Unless one of these choices satisfies K; + K; # 0, all
three positive pair sums equal —(u+v); hencea =b=c=A > 0 and u+v = —2A. Then S, = A,
and (D.6) gives

3 2A2
1:A<+”+U> =3
A uv uv
Thus wv = A2, and u = v = —A. Consequently the pair criterion holds in dimension five except

possibly when k belongs to one of the node lines R/,
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Whenever the pair criterion holds, choose «, 5 with Kja+ K;8 = 0 and af(a — ) # 0. Use
(o, 8) = (1,2) when K; = K; =0, and (K, —K7) otherwise. Put A = tar, B=1t£. On I let r have
entries —v1+ A,v/1+ A; on J use —v/1+ B,v/1+ B; elsewhere put r; = 1. For all sufficiently
small ¢, these entries are nonzero and, with &§ = r;” L

S+ BSy + taB(Sr+ 5y)]
(1+ta)(1+1tp)

The numerator is not identically zero: if both coefficients vanished, then S;+S; = 0 and («—f)St =

0, contradicting the criterion. Choose small nonzero ¢t with nonzero pairing. Then £ is regular and

simple, and qo(r) has entries A, A, B, B on the two pairs and zero elsewhere. It has four nonzero
coordinates and no n — 2 equal coordinates. It therefore lies in none of the spaces ijl or LiLj g

Sr:S§:d7 k'QO(T) :07 S'qo(f) =

Step 2. The five-dimensional node carriers. In dimension five consider the node direction
¢=(1,1,1,—1,—1); all other node lines follow by permutation. Its kernel is ker My(¢) = R{. Set

= (L3 s, ),
5:(1,1,—2,1+\/§,1—\/§):r—1.

Here S, = 1/2, S¢ = 2, so both vectors are all-nonzero simple characteristics. Direct calculation
gives

(D.7)

w() = (540885 +%),
QO(f) = (_3a —3,0, 2\/§7 _2\/5)7
C-qo(r) =0,  £-qo(§) = —6.
Thus this carrier detects every nonzero stress in the kernel at every & € R\ {0} and has the
required incidence. Its normal go(r) has four nonzero coordinates and no three equal coordinates,

and therefore again avoids every Liljl and ij g- Both characteristic normals are nonzero, so both
characteristic points are regular.

Step 3. Transversality and three-dimensional patches. The preceding constructions give,
for every relevant k, s, all-nonzero reciprocal characteristics 7, with k- go(r) = 0, s - qo(§) # 0
and a normal ¢o(r) outside every codimension-three bad-normal space. Incidence is transverse on
the characteristic hypersurface. Indeed, in reciprocal coordinates its defining function is Ex(r) =
k-qo(r) = rT My(k)r, with gradient 2My(k)r. This gradient annihilates s, whereas the characteristic
normal ¢p(§) does not. The incidence gradient cannot vanish: if My(k)r = 0, the coordinate
equations and 7; # 0 give k = d=25;,5,.¢, with a nonzero scalar factor. Then s € ker My(¢) = Rr,
contradicting s - qo(£) # 0, since 7 - qo(&) = T My(r)¢ = 0. Thus the two hypersurfaces meet
transversely. Reciprocal inversion is a local diffeomorphism, so this proves the claimed transversality
in the £ coordinates as well.

At a detecting carrier ¢ for kg, put v = go(c™!) and T = v*. For a codimension-three L, the
projection T — L' is onto since v ¢ L. For a node line L, that projection has rank at least
n — 2 > 3. Consequently each Gram determinant

det [ﬂ'Llei : WLLej]?J:l
is a nonzero polynomial on T°. Their finite product with d(ko - v)(e1) is also a nonzero polynomial,
by incidence transversality. Choose a triple at which this product does not vanish. Its span Ej3
projects injectively to every L and has the required incidence derivative.

For a transverse direction e with dpg(c)e # 0, the implicit function theorem parameterizes a
characteristic patch as

§(2) = c+ Ezz+u(z)e,  DE0) = Es.
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Here E3 also denotes the injective linear map with the chosen three columns; «(0) = 0 and Du(0) =
0. Shrink a convex parameter cube so every m;1 DE(z) stays within half the least singular value of
7L B3 in operator norm. For z,2’ in the cube, subtract the linear map 7. E'5 inside the segment
identity; the resulting error is at most half its lower singular bound times |z — z’|. This proves (D.2).
Combining its lower and upper bounds separates every normalized nonzero difference from every
L. On a smaller cube all sums have directions close to the fixed nonzero regular carrier ¢, hence
have a fixed gap from 9i. Rename the first parameter so that its incidence derivative is nonzero,
and shrink to keep a positive lower bound.

Step 4. Finite covers and radial labels. At each kg, the preceding detecting linear forms
have no common nonzero nullvector on ker My(ko). Compactness of its unit sphere selects finitely
many carriers with a positive detector gap there; since My(ko) is symmetric, the Gram form in
(D.3) is positive on R™. For invertible My(ko) no detector is needed. The implicit function theorem
continues the transverse incidence roots as z; = z1(k), with zo = 23 = 0, in a neighborhood of k.
Continuity preserves the full Gram gap on a smaller neighborhood. Compactness of S"~! supplies
a finite subcover; take the minimum of its finitely many positive margins.

All carriers lie in a compact nonzero regular set. Choose radial labels successively with ratios
sufficiently large that a cross-group sum or difference has normalized direction as close as desired to
the carrier of the larger group, up to sign. A finite ratio suffices because carrier norms have common
positive upper and lower bounds. Each carrier and its negative have a positive gap from 9, so
the cross-group directions have one as well. The labels are fixed independently of later sampling or
accuracy. The same-patch assertions were already proved by the chord and sum estimates. Il

D.4. Actual Hamilton geometry and buffered phase charts. We deform the frozen menu to
actual current immersions and verify the common inverse-chart hypotheses for exact full-dispersion
phases.

Lemma D.7 (A common homogeneous Hamilton phase). Let h, be a real degree-one principal
symbol on fized physical and nonzero conic boxes, in a sufficiently small fized C3 neighborhood of
ho, with |O¢, ha| > ¢ > 0. Assume its normalized order-m seminorm is bounded by Cp,(1+||a||cgm-+<o ),
with fixed cq. There are common buffered physical and canonical boxes and a homogeneous phase,

forn = (e,n'), satisfying
(D.8) ha(, Se(z,1)) = €, S(0,2",n) =a" -7

Its coordinates S, = (t,u') are Hamilton time and the initial section point. The entire canonical
preimage of the inner physical box lies in a fived larger source rectangle. The matriz Sy, has a
uniform inverse gap, and

1
(D.9) (2,7, 1) = /0 So(F + 7(x — F), ) dr

1s injective inn on the buffered convex chart and its conic extension, with a common buffered inverse
domain. All joint phase, flow and inverse derivatives through order m have a one-high bound at
coefficient order m+c, for fized c. The construction is continuous from the normalized C"™ ' symbol
topology to C™ phases, at each fired m. All phase assertions concern the homogeneous principal
symbol; low-frequency and lower-order operator terms are separate.

Proof. The map & — (hq(x,§),&’) has Jacobian hg¢,. Euler’s identity excludes zero from its
image on a nonzero transverse patch. Its homogeneous inverse therefore has c|n| < [£| < Cln
on common buffered convex conic boxes, also when e # 0 and ' = 0. The transverse gap gives
the unique homogeneous root hq(z, g(z,e,n'),n') = e, with ge = (hq¢,)~!. Use the Hamilton field
X1 = (hag, —haz) starting at (0,4, g(0,u',e,n'),n’). Tts low bounds and homogeneity give, for
w = &/I¢],

j2(t) = 2(0)] + lw(t) —w(0)| < Clt], e M < [g()]/I£(0)] < M.
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Choose one short interval for both signs inside the spatial and angular buffers; a first-exit argument
gives the entire flow there. At ¢ = 0, the differential of (¢,u) — = has columns hq¢, €2, ..., e, and
determinant of magnitude |hq,¢ | > c. After one refinement it stays close to a central invertible
matrix. Lemma B.5 gives the common inverse projection and preimage buffer, uniformly in (e,n’).

For a variation of initial data at fixed time, Hamilton’s equations and degree-one homogeneity
give

d
%(5 0x) = (—hg + & heg)ox + (£ - hee)0E = 0.

Initially € -z = n' - du/. Since & - & = h, = e, allowing time to vary gives £ - dx = edt +n' - du/.
Therefore
S(z,n) =et(z,n) +u' (z,n) -7, dS=¢-de+tde+u - dy'.

This proves the eikonal and canonical-coordinate identities. Positive covector scaling leaves the
base flow unchanged, so S is homogeneous. The joint implicit, low and inverse estimates of
Lemma B.6 use symbol orders at most m + 1, and give the claimed fixed-shift bound. Subtracting
the differentiated equations also proves the asserted finite-order continuity on the same domains.
On the section, S,y = I, Spe = 0 and S e = (hagl)_l. Shrink the boxes and strip once so
Sz and hence Z,, stay close to a central invertible matrix. Lemma B.5 gives the common inverse
domain. Since Z, is degree zero, the same matrix gap holds on the convex conic extension; its
segment identity proves injectivity there. Inverse differentiation and the joint estimates give the
one-high bounds. O

Setup D.8 (A finite current neighborhood). Fix the patches, cover, roots and labels of Proposi-
tion D.6, and put My, = 20(n+1). Let F': B; — RY be a real smooth immersion with ||F||c4 < Co,
induced metric g = (dF)TdF > kmetd, and actual second form Bp: E — Npg onto with least normal
singular value at least x > 0. Use throughout the projected cube frame

Pt =1—-dFg Y (dF)", Ap = BpBj+ (I - Ph),
Ugp =1 - BpAp'Br, Qi =Tk, QY
and assume max; [|Q; — Q7 [ ce(p,) < €. The two gaps are separate hypotheses; they bound ||g~!|| <
Fmee and [ AR < max(1,x72). The small low neighborhood makes Q; a frame of Kp = ker Bp.

Define
MF(:Ca 5)1 = (Ql(aj)é)T’ pF(:E’ 5) = det MF(xv 5)7 QF(CL', 5) = (Ql(x) : égT)l

Proposition D.9 (Actual carrier phases, signed pairs and detection). There are fized balls By, €
Bout € By and a fixed choice of €9 > 0 such that every F' in Setup D.§ has the following properties
on the same Byt .

(i) For every frozen patch there is a jointly smooth real family ©4(x,z) on its fized convex pa-
rameter cube, with
pr(x,d;0,) =0, rank Mp(z,d,©,) =n — 1.

Its gradient is uniformly close to £,(2) in C1CY, and has a uniform upper parameter Lipschitz
bound. For all L € L, all x and all z, 2’ in one patch,

(D.10) |71 (dO4 (2, 2) — dOy(z,2"))| > |z — 2|

All nonzero same-patch differences, same-patch sums, and the cross-group signed pairs with
the fized radial labels have normalized directions in one compact set separated from 9. On
those directions the (n — 1)st singular value of Mg has a positive lower bound. At any actual
determinant zero there, |depp| > c. Thus the directions are elliptic or simple real principal

type.
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(ii) On each member of a fived smaller cover Vi, of S*~!, the selected patches have jointly smooth
interior roots zo(F;x, k) satisfying

k-depp(x,dOq(x,2,)) =0, [0, [k - depr(z,dOq(x, 2))]| > c.
The same roots satisfy

(D.11) |Mp(z, k) s|? + Z s qp (2, dOu(z, 2o (F; 2, k)))|? > ¢|s|?, s € R".

All low domains and gaps depend only on the frozen finite data, k, kmet, Co and the fized CO neigh-
borhood, not on higher norms or accuracy. The same zero-enerqy phase Sp used below, carrier
gradients and incidence roots obey one estimate on their stated fized buffered domains:

(D.12) ||gF||CT < Cr(l + HF||Cr+6), Y = (SF,d@a,Za), r > 0.

The norm is the mazximum over the finite family, jointly in physical variables, normalized covectors
and its parameters. The right-hand norm is on the fixed construction neighborhood.

Proof. Step 1. We use the zero-energy part of the common phase construction. On each enlarged
frozen patch choose adapted physical coordinates = = (t,y), £ = (7,¢) with a fixed d;pg > ¢ > 0
gap. Put hr = pplé|'™™. Lemma D.7 applies directly to hr. On its zero set the Hamilton field
is [¢]'""X,,; finite minima give common buffers for the menu. Restrict the full-energy phase to
e =0 and call it Sp. It satisfies

8tSF :HF(ta y7dySF)7 pF(‘T; (HF('I7C)7C)) 207 SF(()»% C) :y<

The root is the unique homogeneous continuation of Hy, and Sy = tHo(¢) +y - (. Thus the primary
characteristic phase is exactly the zero-energy restriction of the current full-energy phase, with the
same section data and sign convention.

The continuity in Lemma D.7 gives C° closeness of these phases from the C° coefficient closeness.
The displayed projector is a fixed-gap rational function of the second jet of F', so Lemma B.3 gives

(D.13) max [|Qiller < Cr(1 4 [|F[gre2).

That lemma uses symbol derivatives through r + 1, so ||Sr|lcr < Cr(1 4 ||F||cr+3). All choices use
the fixed low bounds, without high-norm smallness.

Step 2. We keep the complete signed-pair geometry. Let (,(z) be the spatial projection of the
frozen patch and set

Ou(z,2) = Sp(z, (u(2)).
The frozen gradient is £,(z). The C® comparison gives C1C? closeness of the actual gradients to it.
The characteristic equation is exact, and a frozen nonzero rank-(n — 1) minor persists.

For every x, L, the actual projected parameter map is C'! close to the frozen one on its convex
cube. The same segment estimate therefore preserves the lower chord bound (D.10). Together with
the upper derivative bound it gives a fixed angular gap, including arbitrarily short nonzero chords.
The compact gaps for sums and fixed-label cross-group signed pairs persist by low continuity.

Take the closure of all normalized pair directions, including limits of normalized derivative chords.
It is compact and avoids 9. The (n — 1)st singular value of My has a positive minimum on it.
Proposition D.3 makes the determinant gradient nonzero on its reference zero subset, and compact-
ness gives a positive minimum there. On a slightly larger compact angular set, low C' closeness
of pr and Mp preserves the singular-value bound and ensures that every actual determinant zero
keeps |d¢pr| > c. This proves the claimed elliptic-or-simple classification.

Step 3. We continue incidence roots and stress detection. The actual depp(z,dO,) is C! close to
a nonzero scalar multiple of v,. At incidence, differentiating that scalar contributes zero because
k - vy = 0. The implicit function theorem therefore continues the transverse frozen roots to actual
interior roots, uniformly for all z on the common ball and & in a fixed smaller V4. The phase bound
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and joint implicit estimate use coefficient order at most r + 4, proving (D.12). The full-matrix gap
(D.3) persists by continuity of Mg, gr and the roots, giving (D.11). Take a finite minimum over
the cover.

O

Proposition D.10 (Exact full-dispersion buffered charts). Under Setup D.8, fix an incidence patch
and a base direction ky = (wy, np) in its adapted coordinates. There are fixred compact convez spatial-
covector and data charts, nested common convex physical boxes inside Boyt, and a fived €, > 0, with
the following property. With spectator parameters zo, z3 in a fized sufficiently small box, write

Dchart = Izl X B’r]v DO < Dcharta
where B, C R is convex and contains n,. For 0 < e < €, define

(D.14) b, 21,m) = Se(x,Ca(2) + 6776) = 5r(2,Ga(2)).

with its integral-derivative value at zero. Put

1
\I]F@(l":U/’u) = / dxngﬁ(x, + t(:E - x’),u) dtv U = (Zla 77)
0
The normalized data charts stay in o fived annulus and satisfy
(D'15) ‘\PF,e,y - 77| < %W, c< ’\IIF,e‘ <C

on the entire indicated physical and data boxes. For every x,x’ in those bozes, this map is globally

one-to-one on Dchart and has a uniform positive absolute Jacobian determinant. It has an inverse

on one fized open Vepart, with all images Vi (Do) in a fized compact subset of Venars. The inverse

and its first € derivative satisfy the same bound (D.12) at every order r, jointly on these fized charts.
Uniformly in t, z1, €, the transverse maps

1
n— /0 dyodre(t,y' + sty —y'), z1,n)ds

have analogous common buffered inverse charts and the same bounds on fixed convex n bozxes. In-
clude these maps, their inverses and first € derivatives in the same finite family 9r; all estimates
are joint in physical, data, spectator and € variables. These are the phase and chart hypotheses of
Setup C.3 and Proposition C.6.

Proof. At the frozen reference, de¢py = po(1, =V Hp). Incidence gives wy = m - VH((a(2)), s0
my, # 0; its transversality gives 0, [m - VHo((o(2))] # 0. On sufficiently small convex data and
spectator boxes, put

G(z1,m) = VHo(Ca(2)) - m, Yo = (G,n).
Then ¢g = tG +y-n and det DV = 0., G has a fixed nonzero sign. Shrink once so D¥ stays close

to its central matrix.
The exact identity

1
(D.16) S, 21,m) = [ 0cSr(e,Culz) + sen) - ds

includes € = 0 smoothly. The C° phase comparison in Proposition D.9 makes Vp . uniformly
C! close to Wg; these derivatives and their first e derivatives use phase jets through order four.
First choose the low kernel neighborhood, then €, small. The transverse averaged-gradient map is
likewise C! close to  — 1. Since 7 stays in a fixed annulus, the same comparison proves (D.15)
on the full boxes. Lemma B.5, applied to both families with all physical and spectator parameters,
gives their global injectivity, Jacobian gaps and common buffered inverse domains.
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The integral quotient and its gradient use two phase derivatives. One e derivative uses a third.
The joint inverse estimate therefore uses Sg through order r + 3, hence F through r + 6. This
proves the stated bound, on domains fixed by low data alone. O

Remark D.11 (Finite map topology). Equation (D.13) makes a fixed C® map neighborhood sufficient
for the low C kernel condition. The fixed order CMant11 controls phase jets through Ma,+5, carrier
gradients and roots through M,, + 3, and chart inverse jets through M,, — 2 with one € derivative.
Corollary B.4 applies to this same finite geometric family, without changing its domains. For the
reference of Corollary D.5, v(Gret) = I, so ||dF — dGietllco < 1/2 gives |dF(z)v| > |v|/2 and
~v(F) > I/4. Choose this neighborhood together with the normal and kernel neighborhoods. The
positive p stays fixed thereafter.

D.5. Signed carrier groups. The actual menu fixes the central signed directions before frequen-
cies and sampling.

Definition D.12 (Exhaustive literal carrier groups). Freeze the finite list of full carrier-patch
specifications before frequencies and sampling. An unmerged duplicate detector entry remains
distinct. A group consists of that identifier and a block color modulo gco1 = gquad+1 in Theorem G.6;
each chart has ¢2; colors. The quadrature order is fixed by (5.8) before the radial labels. Apply
the finite-group choice in Proposition D.6 to this entire list. Different specifications or colors have
radially separated labels, fixed before frequencies and sampling.

Within one block the translated lattice has spacing h. Different blocks of one color have centers
at least (gquad + 1)h apart in some coordinate and support width (gquad + 1/2)h. Their sample
distance is therefore at least h/2 in every realization. All band updates at a literal carrier enter its
one final Fourier measure and complex wave; they are not new sample indices.

Remark D.13 (Exhaustion of all signed terms). For two distinct sample indices in the same full
group, the strong chord gives the protected minus phase with true beat A\|z — 2’| > ¢Ah, and the
same-patch sum bound gives the plus phase with beat comparable to A. For indices in different
full groups, prior radial domination gives both signs with beat comparable to A, even for equal
parameter values or equal unscaled carrier directions. For a repeated single index j = j, the
doubled plus phase is protected; its entire Hermitian minus tensor is the self contribution assigned
to the mean. These cases exhaust the ordered real quadratic expansion. There is no distinct-index
zero-beat copy of a literal carrier. These are central phase directions; all modulation enters the
complete amplitudes in Appendix L. The finite group choice is available before the sample event,
so this convention introduces neither a new random event nor an additional separation claim.

APPENDIX E. THE REGULAR-SECTOR CONSTRUCTION

E.1. The selected sectors and their estimates. Consider the real matrix system

(E.1) Po=> Aj(x)0y; + B(x),  Ha(z,&) =) Ajx)s,

j=1 j=1
where the r x r coefficient array a = (Ay,..., Ay, B) is smooth near zy € R". Set L, = P,/i and
(E'Q) Pa = det H, Ga = pa‘ﬂl_ra § 7& 0.

A characteristic is simple when O¢p, # 0. We construct a finite inverse on selected regular sectors,
keeping both the angular complement and characteristic integration. The latter can turn a symbolic
error into a nonpseudodifferential residual. Finite conjugation and composition have the classical
background [NM89, GY88, DH72]; the actual-domain estimates used here are proved below.
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Theorem E.1 (Regular-sector approximate inverse). For the system (E.1), fir a smooth reference
ao and write Hy = Hg,,, po = det Hy. Let I'iy, oy C S™ 1 be fized antipodally symmetric compact
sets, with I'yy C int oy, Assume, on a fized spatial neighborhood of xq, that

po(r,w) =0, we€low = 0Ocpo(r,w)#0.

There is no hypothesis on characteristic directions outside I'oyy.

After one spatial shrinking, there exist fived balls U € W, an integer ko, a finite C* neighborhood
of ap, a real even order-zero angular/source cutoff Ar, and one fixred nonnegative integer B, with
the following properties. The operator Ar is the identity microlocally on Iy, at high frequency and
has angular microsupport in Loyg-

For each smooth real a in this neighborhood, one real linear operator

Sur: CZ(W,R) — C=(W,R")

and one complete residual R, satisfy

(E.3) P,Sorh = Arh+ Rqrh  on U.

For every integer s > 0,

(E.4) 1Sa,rhll sy < Cs {HhHHS(W) +(1+ ||a||Hs+6(W))||h||L2(W)} .

For fized real xin € C°(W) and Xmeas € C°(U), define the measured pair by zero extension:

(E5) Ra = XmeasRa,FXina RZ = XinRZ’FXmeas-
For T' = R,1, R4 use the domain pair W — U; for T = R} use U — W. On these input and
output domains, every integer s > 0 satisfies

(E.6) |Th| s < Cs |:||h||Hmax(sfl,0) +(1+ HCLHHSW(W))WZHL?} .

Both measured operators also map H* to H' for every fized negative integert, on the corresponding
supported/restriction pairs. In particular, one fized finite low coefficient neighborhood controls

(E.7) RW .2 —H', RY.H ' 2

The construction has one fized finite accuracy. Its domains, cutoffs, low coefficient neighborhood,
and derivative losses are independent of s. The residual includes characteristic integration, finite
conjugation, inverse-coordinate errors, all source and spatial-cutoff terms, and the low-frequency
term.

E.2. Adjugate amplitudes and domains.

Proposition E.2 (Adjugates and regular charts). The protected unit set in Theorem E.1 has a
finite cover by buffered conic patches. On each patch a fized unit vector v satisfies, in one common
coefficient neighborhood,

v-0cqq >c>0
and, for & # 0, the adjugate amplitudes are
(E.8) ca=6"""adjHa,  ha = €' det Hy = g
The matrix c, has order zero, and
(E.9) Hycq = hol.

These symbols have fized-shift one-high coefficient bounds. All low and angular cutoffs will be in
the graph amplitudes. Opposite sectors use the exact conjugate factors chosen below.
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Proof. Euler’s identity £ - 0¢q. = qo excludes a zero fiber gradient wherever g, # 0; the theorem’s
hypothesis excludes it on ¢, = 0. After one spatial shrinking, compactness of the protected unit set
gives a uniform gradient gap for ¢o. A finite cover and fixed rotations give common transverse gaps
in one low coefficient neighborhood, including nonzero-energy patches, each inside one larger phase
chart. The adjugate identity gives Hyc, = hol; the polynomial adjugate and normalized power of
|¢| have the stated bounds by Lemma B.3. No inverse of ¢, is used. U

E.3. Finite calculus on common charts.

Setup E.3 (Actual short section-energy charts). Use the symbols of Proposition E.2 and the
common buffered physical and canonical charts of Lemma D.7, in their fixed finite coefficient
neighborhood. The ordinary pseudodifferential formulas also apply independently. Write x =
(x1,2"), n = (e,n') and y = (¢, z). On those boxes fix real physical cutoffs s, x¢, xe and source and
target conic Fourier multipliers Ilg, II;. The source cutoff xs equals one on the inner source patch
and the canonical preimage of the inner target patch. The target cutoff x; equals one near supp ye.
The microsupports of IT;, IT; lie strictly inside their corresponding conic boxes. All transitions have
positive fixed buffers.

The graph operators use this actual type-I phase S(z,n) —y-n. Their inverse-coordinate factors
are the weighted adjoints V' constructed below from the full matrix transport and its inverse. A
fixed low-frequency cutoff is included in every homogeneous construction; its complementary terms
are kept.

All physical, proper-support, angular and frequency cutoffs are fixed smooth profiles on the com-
mon boxes, rescaled with their indicated frequencies. Their phase and inverse-coordinate pullbacks,
including xs(Sy), obey the joint composition estimate of Lemma B.6. On dyadic shells A and p,
each external 7 derivative gains A~!, and each derivative in the other covariable gains pz~'. These
actual profiles and pullbacks have fixed support buffers at every order.

For a full symbol a of order m use

B —m+|v]) 958 57
|a’md |a|+\rgli)|(v|§j SUP<77> ‘6x az 877 a‘:
with absent variables omitted, and the degree-one seminorm for the phase.

Two-position pseudodifferential amplitudes keep their physical and proper-support masks. Their
diagonal terms and exact order-lower remainders are used only on the stated plateaus. Physical
multipliers and finite products stay in their literal order.

Lemma E.4 (Fixed ordered products). Use the fized whole-space representatives of the buffered
Sobolev domain pairs. Let Hgy > 1 be nondecreasing. Suppose finitely many operators T; and their
literal adjoints have uniformly bounded L?> norms and, for fized nonnegative integers d;, satisfy

T fllms < Cs[Ilfll gmaxto—az00 + Hsll fll2], s =0,

for integers s > 0, with the same estimate for T on its reversed domain pair. Every fized compatible
product has this bound with gain d =3, d;, as does its literal adjoint. Fized sums have the minimum
gain. The high quantity remains H.

Proof. For two factors put ¢ = max(s—dy,0). Applying the first estimate at order s and the second
at orders t and zero gives

1T\ T f s < Cs[[Lf 1| grmasco—ar—az0) + (He + H) [ f12]-

Here the high term uses only the uniform L? bound of T5. Induction and reverse order prove the
product and adjoint assertions.
O
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Lemma E.5 (Exact cutoff errors on an inner plateau). Let T4 have phase S(x,n) —y-n and a full
order-p amplitude A(x,y,n) with fired compact physical supports. If a scalar cutoff b vanishes near
every Sy(x,n) on the inner output and covector supports, then

1
(E.10) XTab=T,. =iy 0, [XeA /0 (9;5)(S, + t(y — S,)) dt| -
J

This full amplitude has order p — 1. For a compactly supported b, a fized source cutoff equal to one
on supp b may first be included in A.

The identity keeps the actual cutoffs inside the displayed amplitude. Its mormalized derivatives
have one-high bounds with fixzed shifts whenever the original primitives do. Literal adjunction re-
verses this exact kernel.

Proof. Expand b(y) to first order at .S, and use (y; — Snj)ei(s_y'") = 10y, ¢S~y One integration
by parts proves the identity; derivatives of S, in 1 have order —1. The joint derivative budgets of
Lemma B.6 prove the fixed-shift bounds, including every position and mask. O

Theorem E.6 (Finite calculus on an inner physical plateau). Fiz the boxes and low coefficient
neighborhood of Setup E.3. After one reduction of these boxes and that finite neighborhood, the
following assertions hold.

(i) The phase and bozxes are those of Lemma D.7, applied to hy. Its eikonal, canonical preimage,
mixed inverse and averaged-gradient gaps hold on the full energy chart, with fixed-shift one-
high bounds.

(ii) Let T, have phase S(x,n) —y-n and a full matriz amplitude Ay(x,y,n) of order p = —d,
d € {0,1}, with fixred compact physical and conic supports. Source-independent amplitudes
are also allowed. Declare a finite low phase and amplitude bound Moy large enough for the
low L? estimates. For A =T,, and separately for its literal Hilbert adjoint A = 1y,

(E.11) [Av]|s < Cs[llvllmax(s—a0) + Hsllvllo], s >0.

Here one may take
Hs=1+ |Ap|s+u + |S|S+m
where the bars are the symbol and homogeneous phase seminorms on the fixed buffered bozes

and i is independent of s. The constants may depend on My, but not on higher seminorms.
For the amplitudes constructed below,

(E.12) Hy < Cs(1+ ||al| grats )

with fixed 5. An order —1 error and its literal adjoint gain one derivative in this form. At
every fized integer index the corresponding bounds hold on the buffered supported/restriction
pairs, with a finite coefficient bound.

(iii) Every complete two-position pseudodifferential amplitude is its diagonal principal term, with
a fized source cutoff, plus an exact one-order-lower full amplitude. The exact graph nor-
mal becomes such an amplitude by an averaged-gradient change. Right multiplication of a
source-independent graph by a fized scalar source cutoff has the exact formula below; right
Fourier multiplication is exact amplitude multiplication. These formulas handle the actual
localizations. The pure type-1 normal is computed before source multiplication; the source-cut
normal includes its exact source-mismatch term. Principal terms, complete remainders and
literal adjoints have the indicated orders and one-high bounds, using only index s+ c at output
index s, with fixed c. All angular, low-frequency and separated-support terms are included.

The transported matriz and its inverse define the order-zero weighted adjoint V' in (E.21).
It has the strong tame estimate, and

(E'13) HtXe(TV - Id)Xth
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has order at most —1, including the full source-cutoff error. N
(iv) For L, = P,/i, one full matriz transport constructs the preceding T, an order-zero graph T
and an order-—1 graph error E such that

(E.14) Xe(LaT — T Dy )Ty = X Ell + Ry,

where Reyt is a finite sum of full cutoff factors with at least one order-—1 graph or diagonal
factor. The physical transition term is [Lq, xt|Toxs; its inner evaluation is exactly zero since
L, is differential and x: = 1 near supp Xe.

The complete products after characteristic integration are specified in Proposition E.8.

The operator calculus in items (2)—(3) also holds for any real degree-one type-I phase on these
buffered boxes with the stated mized gap and injective averaged-gradient chart. Its bounds use the
phase and amplitude seminorms in Hg; the weighted inverse uses the stated matriz inverse gap.
The coefficient version (E.12) applies when the primitives have those coefficient bounds. Steps 1—4
below use only these assumptions.

The reqular construction uses fized finite depths. Its buffers, low topology and derivative shifts
are fized before s and correction precision. Larger integration-by-parts orders only estimate the
same operators.

Proof. Step 1. The exact normal and the low operator bound. Before source multiplication
write

Tyo(a) = ()" [ [ 5@ Ag(a )oty) dy dn.

Its literal normal is
(F.15) (TSI (0, 3) = (2m) " [ XSm=SG Ao () Ao(@, )" i

The exact identity S(z,n) — S(Z,n) = (zr — 7) - Z(x,Z,n) and the change & = = give the full
pseudodifferential amplitude

Ao(.'ll', 77(377 f? g))AO('%a 77('7"7 f7 5))*
| det E'T](xa §7 77(377 fﬁ> 6))‘

The same identity holds for a cross-product, with the second amplitude replaced by another am-
plitude of the same phase. The compact amplitude support lies inside its inverse chart, so zero
extension is smooth; the low-frequency pieces are smooth kernels.

Lemma C.2 bounds this order-zero full amplitude on L? from finitely many derivatives. The
declared low bound and inverse gap control them, hence ||Tp||o—0 < C. The literal adjoint has the
same L? norm.

For a full amplitude compactly supported in y, expand that variable in a Fourier series on one
fixed larger box, with a fixed cutoff inside the box. Thus Ty = > ), To, Mg,iry exactly. Integration

(E.16) b(z, 7, &) =

in y gives |aglou, < Cn(k)"N|Aloup+n. The source multipliers are uniformly bounded on L?;
choose one N > n+ 1. The series and its literal adjoint give the same low bound from a fixed total
derivative reserve. This Fourier series is used only for the norm estimate; the full amplitudes and
their original supports remain the operators used below.

For an order-—1 amplitude, one output derivative of the graph or its literal adjoint has order
zero. These same bounds therefore give L? — H' in both directions, with a fixed finite derivative
reserve.

Step 2. Exact diagonal and source formulas. For a full order-¢ amplitude ¢(z,y,&) on the
fixed physical boxes, choose 3 € CZ° equal to one near both its physical supports. Taylor’s formula
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in y, followed by one integration by parts in &, gives the exact identity
P.= Op(c(ac, x,{))ﬁ + P,

(E.17) (. €) = —1285] [ (y)/ol Oy;c(z,x +t(y — x),§) dt| .

Indeed, B(y)c(z,y,£) = c(z,y,§) and (y; — xzj)e e—y)€ = = 0, e'@=v)€ Al segments lie in one
fixed larger convex box. The remainder has compact physical supports, order ¢ — 1 and seminorm
bounded by Cs|c|qs+2. Compact frequency regularization proves the identity distributionally. Its
literal adjoint reverses the full kernel and has the same bounds. Choose § = 1 near every actual
physical input cutoff. This applies directly to the normal amplitude in (E.16).

For fixed m € Cg°, choose II;, = 1 on supp x, inside the larger phase chart. Fixed angular and
low-frequency cutoffs extend S to a real smooth symbol, agreeing on both buffered supports, with
the same one-high bounds; extend A, by zero. Fourier inversion gives the absolutely convergent
formula

(Ta,m)iy, = Tplliy,
(E.18) b(z,m) = /ﬁ’b(v)ei[S(I’H”)_S(I’")]Ap(ﬂ?,77 +v) dv
= Ap(z,m)m(Sy(z,n)) + rm(z,n).

For |v| < d(n), choose § so the whole covector segment stays in the buffered chart. Apply the
fundamental theorem of calculus to

ei[S(w,n+tv)—5(fﬂ7)+(1—t)sn(%Tl)'v}Ap(x’ n+ tv), 0<t<l.

Its differentiated amplitude is v - A, plus i[S,(z,n + tv) — Sy(x,n)] - v Ap. Both lower the order
by one, with respective factors |v| and |v|?. External covector derivatives gain their radial powers;
joint product differentiation uses only s+ ¢ primitive derivatives. The Schwartz moments of m give
the full order-p — 1 bound with one fixed shift. On |v| > ¢(n), the same moments absorb every
frequency power, including all cutoff transitions and bounded frequencies. This exact complement
has arbitrary negative order. For phase x - £, the same formula makes each fixed physical /Fourier
commutator order —1. Thus the added 8 can be moved past a fixed Fourier multiplier and removed
against its actual physical input cutoff. Every commutator is kept.

Finally, substitute the coefficient estimates into these exact amplitudes. Lemma D.7 bounds
the phases in the normal and source formulas; the symbols have the stipulated coefficient bounds;
and the full matrix transport and its inverse in Steps 4-5 give |Ay|pm < Cm(1 + ||al|gm+ey ) for
these fixed constructions. The joint budget above therefore gives Cs(1 4+ ||af| ot 5) for every kept
coefficient and complete remainder. The Schwartz moments depend only on the fixed source cutoff.
Fixed extensions and Sobolev embedding replace this by Cs(1 + [[a|| gs+s(w)), With fixed 3.

Step 3. Strong forward and literal adjoint estimates. Let ug include every fixed low
derivative cost in Step 1. First consider order zero. Take as primitives the normalized amplitude,
Szn, its inverse B, and all cutoff profiles; choose 1 to cover pg and their fixed jet shifts. Their C*
norms are uniformly bounded on the normalized boxes.

For the forward graph, Euler’s identity S, = S;,n trades each phase derivative for a datum
derivative. For its literal adjoint the exact identity is

(E.19) ingetwn=S(@m) ZB 0, ez(yn S(@.m)).
J
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Integrate by parts in x; compact support removes the boundary terms. Thus, for either A =T}, or
A=Tr
p b

(E.20) D*A= " AuD", la| = s,
1BI<s

where the full amplitudes of A, have order zero and primitive derivative excess at most s — |3].
Derivatives in the second physical position enter this same count. This induction uses only the
displayed phase-gradient identity and the low L? bound for the complete modified amplitudes.
Including a low operator seminorm costs only po additional derivatives. If r, are the resulting
primitive orders and k = |§], then >, 7, < s — k + o, hence >, (rp, — po)+ < s — k. Interpolation
from the bounded CH° baseline to C*tH0 therefore gives total high exponent at most (s — k)/s.
Step 1 yields
”AozB”LQAL2 < CSHSI_‘BVSv Hs=1+ |Ap|s+u + |S|s+,u~

For k = |B|, Fourier interpolation and Young’s inequality give
Hy ™Mo folly, < (Hllollo) =/ |[v][§* < Hllvllo + [[v]ls.

Summing proves (E.11) for d = 0; s = 0 is Step 1. Fixed low-frequency pieces have the same
estimate directly.

The coefficient bounds at the end of Step 2 give (E.12), after enlarging § by the fixed pu.

For order —1 and s > 1, apply the order-zero estimate at s — 1 to each first output derivative
of the graph or its literal adjoint. Together with the low L? bound, this proves (E.11) with
gain one. Increasing p once includes that first derivative. The opposite positive estimate and
supported /restriction duality give gain one at every fixed negative integer index. The full cutoff
amplitudes in Lemma E.5 have these same order-—1 bounds and literal reversed domain pairs.

Step 4. A weighted adjoint with identity principal amplitude. Let U be the invertible
full transport matrix constructed in Step 5. Choose one real conic cutoff x4(n), including the fixed
low-frequency cutoff, equal to one on the smaller source and target frequency regions and supported
inside the common larger phase chart. Choose xs = 1 near all canonical preimages of the inner
output for every frequency in supp x4. The amplitude of Tp is x,U. Put jg = | det Sgy| and define

V = xsVoxt,
Vol () = (2m) [ [ 0 Sy st U e, n) " (a) do do

It is the literal adjoint graph whose forward amplitude is x,jsU~*, where U~* = (U~1)*. The
inverse and determinant gaps and Step 3 give its order-zero strong estimates, with a fixed coefficient
shift.

The exact cross-normal formula (E.16) gives ToVj the diagonal amplitude

bv(w7x7§) - Xg(n(‘rvxag))gl

It equals I on the inner frequency plateau. Step 2 gives the complete order-—1 reduction error.
Its source multiplier is one on the inner input. Move a fixed physical multiplier past the diagonal
principal operator by the source formula of Step 2 with phase x - £; its commutator has order —1.
Right multiplication by II; then multiplies the symbol exactly, so the principal defect vanishes. The
low-frequency term is smooth. This proves the paired gain-one bounds for the pure localized defect,
with the same fixed shift.

For source-cut factors T' = Ty xs, W = Wyxs of the same phase, the exact identity is

(E.22) TW* = T,W; — Ti(1 — X)Wy

(E.21)

It includes the literal normal when W = T and the weighted product TV for the preceding choice.
Formula (E.18) gives T;x? the principal amplitude A¢(z,n)x2(S,(z,n)) and an exact order-—1
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remainder. On the inner output the first multiplier is one. Here 1I;,Vy = Vp exactly, since its
canonical Fourier support lies in supp x, inside the common larger phase chart. The remaining
cross-normal is therefore a full order-—1 amplitude by Step 1. Consequently TV = I — Ey on the
stated inner localizations, with all source, physical, angular and low-frequency terms included.

Step 5. Two graph amplitudes and the physical plateau. Put = = 5,. With the symbol
derivatives evaluated at (z,Z), define the real matrix and vector field

1
Cu = Z Ajarj Ca + Beg + 9 Z ha:gjfl Sxﬂ"rll’

(E.23) il

J
X =2 hag;0u;
J

Here 0,,c, is taken at fixed {. The eikonal gives XS, = 1 and XS,, = 0 for j > 2, so X = 0,
with zero canonical time on the section.
Solve the full matrix equations

(E.24) U =-CyU, U0 =I, (UY =U71¢C,,.
Fixed-time Gronwall and the matrix transport estimate of Lemma B.6 give

|U‘0,s + ‘U71|0,s < CS(l + ”CLHCS“)

with a fixed shift and uniform low inverse bounds. The matrix U is real. Define, with every
derivative of ¢, evaluated at (z,Z),

bO = Ca({L‘, E)U7

‘ )
b1 =—i Z Cag; 0, U — 2 Z Cagie S mU-
J

j7l

(E.25)

These have orders 0 and —1. Put fo =T\, (bo+vo_,) and Top = T, ,r. The following identity is exact:

(E.26) LTy — ToDy = Tyyr_,,  7T—1=Y_ A;Dg by —iBb_i.
J
Indeed, Ty Dy = T,y by integration in canonical time. Differentiating H,c, = hol in £ gives

Hocog; = hag; 1 — Ajca, Hoco g6, = hagied — Ajcag — AiCag;-

The product rule in L,Tp,4p , now gives the order-one term eU and the order-zero term —i(X +
Ct)U = 0; the remaining term is precisely r_;. Matrix factors stay in the displayed order. Since
Xy depends only on 7, it preserves the identity. The explicit formulas and joint product bounds
give r_1 and IN’O fixed-shift one-high bounds. No inverse of ¢, is needed.

For T = XtTOXs and T = x4Toxs, put E =Ty _,. Then

(E'27) LaT - TDy1 =xtExs + [Lm Xt]TOXs + x¢1o [Dyl > Xs]'

The target cutoff is a function of physical x, and [Lg, x¢] = —i Y ;j AjOz; x¢- Thus its inner evaluation
is exactly zero. The last term has the cutoff form (E.10) after a fixed source localization equal to
one on its support. For angular localizations, right Fourier multiplication is exact; moving a fixed
physical multiplier uses Step 2 with phase x - £. Its order-—1 error and the inner-cutoff errors
remain in their original order. Thus (E.14) follows on the stated plateau, as a fixed finite chain of
full graph and diagonal factors.

O

A negative-order error before characteristic integration does not identify the complete residual.
Proposition E.8 includes the ordered integrated products and their physical transition terms.
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E.4. Characteristic integration and the complete residual.

Notation E.7 (Construction domains and characteristic integral). Use the finite regular cover of
Proposition E.2 and the common buffered charts of Theorem E.6. Take W containing all construc-
tion supports. After one fixed inner shrinking, choose all canonical rectangles with their complete
physical flow images in the prescribed Wy € W, before the final core and accuracy. All graph,
source and low-frequency cutoff pieces stay in their literal order. Extend a — ag by the single com-
ponentwise operator of Lemma B.1, and add a fixed extension of ag. This agrees with a on the
construction region and preserves every nonnegative Sobolev and C" order. Negative estimates
use the supported/restriction dual pairs.

On each canonical rectangle use J from Definition C.9, with lower endpoint —7'. Choose both
Xin and Xout €qual to one near supp xs, inside one larger fixed rectangle. The input still vanishes
near the lower endpoint. Put

(E.28) J =1, Dy = —i0.
These choices are fixed at every observation order.

Proposition E.8 (The complete finite construction). Use the preceding buffered cover and the
actual factors T;,T;,V; of Theorem E.6, with the cutoffs in (E.21) and (E.27). Write

(E.29) LT —T;Dy, = E; +C;+S;,  T;Vi=1- Ey.

Here E;,C;, S; are respectively the graph term, target commutator and source commutator of (E.27).
The target commutator vanishes on the inner measurement plateau. The graph and localized iden-
tity errors have measured order —1, including every localization difference. All factors and their
literal adjoints have the preceding strong estimates at their respective orders, with one fized common
coefficient shift.

Choose a fized Fourier angular partition with fized physical multipliers, Ar = Ajow + 325 Aj,
inside the matched target frequency plateaus. Each localized sector copy is accompanied by its exact
conjugate. With ¢ denoting conjugation on each physical or canonical space, set

T_ =Ty, A_=cAyc,

and choose the entire source-cut factors by

(E?)O) T = c¢;T ccan,
(E.31) V_ = ccanVitq,
(E32) j— - _Ccanj—i—ccan == j+~
All partner cutoffs have the same physical and canonical roles. Put
(E.33) Qn =Y T;J;VjA;.
J
All factors include their fixed buffered representatives. The complete physical residual is
(E.34) Eo=Ar — L,Qn.
With F; = E; + C; + §;, including all exact source and target localization differences, one has
(E35) Ea = Epart + Z[EOJ - ]:1‘7]‘/3]"4]

J

Here Epart = Alow, including any further low-frequency partition adjustments. Each Fj is a finite
sum of full matriz graph and diagonal products, with measured order at most —1 before its integral
and the preceding strong bounds. Its source commutators and angular differences are estimated on
the inner measurement and actual source supports. The physical transition vanishes there; no global
gain at that transition is asserted.
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Proof. Choose c_(z,§) = cy(x,=8). The principal adjugate has parity (—1)""!, so
ho = (=1)""1q, = —hy(z,—¢) and its type-I phase is

(E.36) S_(z,e,n) = =S4 (x,—e,—7).

At paired covectors S_, = S, ;. ; hence the canonical base point and time are unchanged. The

weighted amplitude jsU ! and the source-cut cross-normal conjugate with all their cutoffs. Thus
the physical source gaps and separations persist with the same nested canonical localizers on both
full branches of the antipodal regular buffer.

Since ¢L,c = —L, and J = iJ with J real, the paired factors give () = —c@1c. Thus

(E.37) Qne=—Qn, Qn /i is real, cEuc=E&,.

The nesting gives xinV =V, T'xout = T and T'[Dy, xout) = 0 as exact operator identities. Direct
differentiation therefore yields

(E.38) TD,JV =TV,

The endpoint term vanishes by support, as does its literal adjoint. The exact graph identity and
source-cut inverse now give

(E.39) I - L1;J;V; = Eoj — F;J;V;.

Formula (E.10) handles the source commutator with its cutoffs in their displayed order. Substi-
tution in (E.33) gives (E.35). These formulas use nested inner localizers. Fixed physical/Fourier
commutators use Step 2 of Theorem E.6; graph cutoff errors use (E.10). Each exact order-—1
term stays before the next nonlocal factor. Additional copies of a sector index distinguish differ-
ent localized inputs. Hence every complete component is an exact finite product of the selected
graph, weighted adjoint, diagonal and buffered integral factors, with at least one order-—1 factor.
Derivatives of an amplitude do not change its phase. Lemma E.4 therefore gives the paired gain-
one bounds for these actual products and their literal reverse products. Literal adjunction reverses
every full product and gives the upper integral (E.42), with its input and output weights exchanged
and no time reflection. The bounded-frequency terms and their conjugates are smooth directly. [

Proof of Theorem E.1. Use the fixed finite construction of Proposition E.8, with its complete con-
jugate pairs. For real h, define

(E.40) Sarh = Qnh/i,

with a fixed output cutoff equal to one near U and supported in W. Since P, = iL, is real,
P,Sqrh = Arh —&h on U.

Thus the theorem’s plus-residual convention is

(E.41) R,r = —&, on real inputs and their complexifications.

Proposition C.10 bounds J; and its literal adjoint

T
(E.42) (T70)(0,2) = —ixin (0, 2) / Xout.j (8, 2)u(t, 2) dt

o

on every integer supported/restriction pair. Theorem E.6 and Lemma E.4 apply in both factor
orders to the finite factorization (E.33), proving (E.4). Every complete residual term and its literal
adjoint has a gain-one factor on its measured supports. The same lemma therefore proves (E.6),
including the low-frequency, integrated and measured boundary terms, with one maximum fixed
shift 8. In particular,

(E.43) (F3TViA) = AV T Fy.
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The actual source and measurement cutoffs and the literal upper integral stay in this reverse product.
For T =R, or R} and t = —k — 1, supported/restriction duality gives

(E.44) 1Tl pre = T g yens B >0,

with equivalent norms under the fixed extensions. Each fixed k uses finitely many coefficient
seminorms. All domains and low choices are fixed before s. O

Remark E.9 (The kept angular complement). For an arbitrary source h, the identity on U is
PaSa,Fh =h- (Id - Ap)h + Rth.

The term (Id — Ar)h is not a smoothing error under the hypotheses of Theorem E.1. In particular,
inversion of a localized residual alone does not remove this term. Repeated residual corrections also
require separate control of their angular support. No accuracy-independent angular tail estimate
is asserted.

APPENDIX F. THE FIXED-DOMAIN INVERSE

F.1. The fixed inverse and its inputs.

The complete residual. Apply Appendix E to the real first-order system

n

(F.1) Pyo=Y_ A)(%)0:, + B(x).

v=1
The coefficient array is denoted by a. The matrices have size r xr. Its principal matrix, determinant,
and homogeneous normalization are

n

(F.2) Ho(w,6) =) Av(®)&,  pa(z,§) =det Ho(z,€),  qal,€) = pal@, )IE[' "

v=1

We work on angular sectors where every characteristic is simple real principal type and H, is
invertible away from the characteristic set.
Setup F.2 specifies the proved operator bounds used here. The localized identity is

(F.3) P,Sqr =Ar+ R, 1.

Here R, 1 is the complete residual. It includes the direct graph and coordinate-inverse errors, the
canonical source commutators and the low-frequency partition. The physical cutoff commutators
vanish on the measurement core. The correction below uses this entire operator. Quantitative
localization also requires the actual coefficient profile and protected source product stated below;
Proposition 7.2 and Theorem F.6 verify them in the iteration.

F.2. The fixed regular family.

Notation F.1. Sobolev norms are taken on the fixed construction box, on W, or on the indicated
core. Compactly supported functions are extended by zero when this is required by the displayed
operator. All cutoff multiplications used with a zero extension have support strictly inside the
relevant domain. Matrix-valued norms are taken componentwise.

An angular sector is a compact subset of the unit sphere together with its positive conic lift. All
sectors are antipodally paired. The notation F € F for angular sets means containment with a
positive angular gap. Fourier transforms use Notation A.2. For a family with size H,, an arbitrary-
accuracy tail means a bound Cp, o H, pp_Q in each fixed H™. Its input precision may be increased
before propagation through a fixed finite operator chain.
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Setup F.2 (The proved regular-sector construction). Fix a smooth reference coefficient array ag
for (F.1). Fix compact antipodally symmetric sectors

1—‘in & Pout

such that, on the construction neighborhood, every zero of pg = det Hy in 'yt has nonzero fiber
gradient. Assume that Hy is invertible at every other point of this sector. Shrink one finite coeffi-
cient neighborhood once so that the corresponding simple-characteristic, elliptic, chart-projection,
and normalization gaps remain uniformly positive.

Theorems E.6 and E.1, with Proposition E.8, give the following construction on this coefficient
neighborhood.

(i)

(F.5)

(F.6)

(iii)

(F.8)

There are fixed domains U € W, a real angular source cutoff Ar, a real localized parametrix
Ser, and a complete residual R, satisfying (F.3) on U. The cutoff equals the identity mi-
crolocally on a fixed neighborhood of the protected inner sector at sufficiently high frequencies.
Any fixed low-frequency modification belongs to the complete residual. Before choosing x2, x3,
fix a real source cutoff equal to one near U and a larger measurement plateau containing U.
Include that source cutoff on the right of S, r, Ar, R, r, and use the buffered restriction for
the low maps below. The identity on U is unchanged, and every later xs lies in this source
plateau.

The complete residual has uniform one-gain bounds

R.r: L*(W) — HYU),  Ru.r:H '(W)— L*U).

Its literal adjoint has the corresponding bounds on the reversed supported/restriction do-
mains. At every fixed order both obey the additive one-gain estimates of the cited theorem.
After fixed physical cutoffs, (E.6) gives, for one fixed nonnegative integer b and every integer
s>1,

150l [rs < Cs[l[ollga-r + (1 + llall o) [0l £2] -
The constants are uniform in the declared low neighborhood. The actual solver obeys (E.4):
1Sarvllms < Cs [[lvllars + 1+ [lal gssos)l0ll 2], s 20,

with one fixed shift bg. The fixed low class includes the s = 0 coefficient norm, so || S, |22 <
C. All selected cutoffs are included in these estimates.

The complete residual is R, = —&,, with &, exactly as in (E.35); in particular Rjow = —Ajow-
Every measured component is a fixed product of full graph, weighted-coordinate-inverse,
diagonal and buffered integral factors, with one order-—1 factor. All physical cutoffs, localized
sector copies, coordinate errors, source commutators and angular discrepancies are included.
The outer physical commutator vanishes on the core; the differentiated integral cutoff vanishes
by (E.38).

For a positive representative each canonical integration chart has coordinates (t,y;7,7n). Its
integral is retarded on one fixed interval [t_,t;]. Writing the actual two cutoffs in that chart
as «, (3, its localized form is

T5t.9) = ialty) [ 5,7 (s.0)ds.

The input factor Sf vanishes on one fixed interval immediately after ¢_. Both weights are
one near the canonical source support, as in (E.38). The source-cut commutator has the fixed
preimage gap on the final physical core. The full signed identities (E.30)—(E.37) give

J_ = —CJ+C = J+,
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where ¢ is conjugation. Both partners have the same lower endpoint and input buffer. Literal
adjunction instead exchanges the weights and reverses the limits, as in (E.42), with the literal
Hilbert densities on each supported/restriction pair.

(v) The two graph factors T}, T}, inverse graphs, matrix transport, weighted adjoints and exact
Taylor-integral remainders use one fixed finite set of operations. Their low inverses, first flow
derivatives, and graph Jacobians are uniformly controlled by one finite norm C*in. There
is one fixed extra coefficient-derivative count ¢y, for their tame high derivative estimates,
covering the preceding Sobolev shifts and the fixed low symbol seminorms for full two-position
L? bounds. No operation is repeated to an order depending on Fourier-tail accuracy.

The diagonal and characteristic relations, with quantified off-relation errors, follow from the full
kernels in Lemma F.9.

The additional coefficient profile for quantitative localization is Setup F.7.

F.3. The exact small-support inverse. The first result identifies what remains after the com-
plete residual has been inverted. All domains and all cutoffs in this statement are fixed before an
accuracy is requested.

Theorem F.3 (Exact small-support correction). Use the fized real operators of Setup F.2 on
U € W. There are real cutoffs x2,x3 € C°(U), with
0 < Xx2,x3 <1, x3 =1 on supp x2, x2 =1 on Ucore,

such that the zero extension to W of

Ky, = x2Rarxs
satisfies

1Kol 2w)y—sr2wy <60 <1

uniformly on the fived sufficiently small finite coefficient neighborhood. Consequently

To= I+ K, "

exists on the entire real space L*(W). It preserves smooth input functions for each fized smooth a.
There is a fized integer By, independent of requested accuracy, such that

(F.9) | Tt s wy < Ds [||f||Hs(W) +(1+ ||a||HS+5*(W))HfHL?(W)} ,  s20.
For every smooth real h supported in U, set
z = Tu(x2h), u = Sgrz.

Then supp z C supp x2, and the exact physical identity on Ucore 1S
(F.10) Pou=h+ (Ar —I)z.
The same Sy, Rar, Ko, Ta, cutoffs, and core apply to all such sources.
Proof of Theorem F.3. Choose p > 2 with H'(U) — LP(U). Equation (F.4) bounds R,r :
L*(W) — LP(U) uniformly before the final supports are chosen. For the stated cutoffs, Hélder
gives

Ix2Rarxsfll2 < [supp xo| 2P| Rorxs fll oy < C|supp xa|"2 77| fl2-
Fix the output support so this operator bound is at most € < 1. Their derivatives affect subsequent

constants. The real operator

o0

(F.11) T, =) (—K.)

J=0

converges on the entire real L?(W), with norm at most (1 — 6)~1.
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Fix smooth a and f € H*®, s > 1. Starting with z = T, f € L?, the identity z = f — K,z and
(F.5) at orders 1,...,s give z € H® and
121l < N Fllzs + Csllzll a1 + Cs(1 + llal s+ )| 2]l2-
Induction from ||z||2 < (1 — )7/ f|l2 proves (F.9) with B, = b, since the preceding coefficient

norms are bounded b; the one at order s + b. The same operator preserves smooth input. No
parameter-tame dependence is asserted.
Finally z = T,(x2h) satisfies z = yoh — K 2, so supp z C supp x2 and x3z = z. On Uce this

becomes z + R,z = h. Applying the localized identity to this compactly supported z yields
P.S,rz =Arz+ R,rz = h+ (Ar — 1)z,
which proves (F.10). O

F.4. Common graded profiles.

Theorem F.4 (Common graded bounds). Use the fized finite construction of Setup F.2. Suppose
its actual coefficient array satisfies

(F.12) lallorwy < DT r >0, T>1,

with one fived Ry > ciin + 2 above the construction orders. Set L =T. Every normalized phase map
G = ®, or ¢ has bounded zeroth and first jets and

(F.13) DGl < C.L™Y, r>2

Derivatives are joint in physical and normalized covariable coordinates. Every actual full symbol of
fized order p, including the finite remainders, satisfies, with r = |a| + ||,

(F.14) D3 . Dfay(z,2,€)| < Ca sl L.
All domains, operators, cutoffs and derivative reserves are fixed before accuracy.

Proof. Theorem E.6 and Proposition E.8 bound the normalized phase maps and full symbols by
Cr(1+ ||a||gr+ey, )- This includes both amplitude positions, inverse charts, matrix transport, cutoff
jets and the exact inner-cutoff factors. Corollary B.4 gives directly

(F.15) 1+ [lallgreen, < G T,
The phase and normalized symbol bounds follow; radial rescaling gives (F.14). O
F.5. Protection by characteristic phase graphs.

Definition F.5 (Protected source product). Fix X € Wy € W, with X compact and every
complete physical flow tube of the selected factors contained in Wy. A compact annular covector
set Ey over X is protected if its characteristic part lies in a conic set &2 C {g, = 0} invariant under
Hamilton segments wholly in W, in both orientations. The normalized restriction of & over X,
together with the elliptic points of Ey, must be compactly inside I'y,, with a positive gap from the
nonprincipal set. Uniform protection means uniform compact buffers on the fixed low coefficient
neighborhood.

Proposition D.9 puts all normalized signed pair directions, including limiting difference chords
and antipodes, in one compact set Cquaq separated from the frozen nonprincipal set 9.

Theorem F.6 (Protection of the complete source product). Use that current immersion and pair
family in a sufficiently small fixred C** neighborhood of the cube, with k. above the reqular construc-
tion orders. There are fixed balls X € Wy € W, with X closed, a real smooth coefficient extension
a equal to ap on Wy, and symmetric angular sets

Qo € Q) € Tip € Toug
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with these properties. Fvery actual normalized pair covector on X lies inside Qq; its magnitude is
comparable to its true beat Nz — 2’|, or to \ for sums and cross-group pairs. The entire product
X x Q is uniformly protected for a. All actual flow tubes lie in Wy and the operator agrees with Pp
on the core. The extension stays in the fixed low class and preserves every stated coefficient profile.

Proof. Let ag have the frozen cube principal matrices and a fixed smooth lower-order completion.
Choose small fixed balls and the affine extension

(F.16) a=ao+&(ar —ag),  lallor < Cr(1+ llarllerwy)),

using Lemma B.1. Shrink the current neighborhood by its fixed low operator norm. Choose
Qo € Qf around Cgyyaq; the signed chord and sum bounds give the true beats.

Apply Lemma D.7 to ¢; on a finite cover of its regular directions. Write these comparison phases
as ®,(x,e,n'). Choose compact annular parameter sets V, so that every characteristic point of
X x  has the form

($,‘I’a,x($,07n’)), 77/ € Va,

and these graphs for all 2 € Wy lie in fixed compact regular angular sets D, with norms bounded
above and below. This is possible with uniform buffers: the frozen phase gradient is independent of
z, and the actual maps and their inverses are uniformly close in the fixed low topology. Include the
antipodes. Choose I'iy, [oyt around these images and €. Choose the actual finite regular factors
with their complete canonical rectangles having physical flow images inside Wy; their source, target
and both integral weights use the inner buffers. These are fixed shrinkages in the same phase
construction.
For fixed 7', put ¢ = ®,(-,0,7’). Differentiating ¢;(x,dy)) = 0 gives

¢qu;7§ = 495

Hamilton’s equations and uniqueness therefore keep each segment wholly in W on this same graph,
in either orientation. Let & be the positive conic lift of the union of these graphs over the compact
V. Its restriction over X has compact normalized image inside I'y,. Every complete residual
relation is diagonal or one of the actual characteristic segments, so each finite chain preserves 2.
This proves protection of the whole source product, including elliptic identity images, with no
condition on exterior trajectories. O

F.6. Finite powers and arbitrary accuracy.

Setup F.7 (Actual coefficients and total mixed grades). Use Setup F.2 and the actual profile
(F.12) with L = T = Ty. The operators and cutoffs are those of Theorem F.3. For a compact
annular frequency set Vj, require uniform protection of the whole X x V{j, where X = supp x2, in
Definition F.5. The entire invariant set over X lies in the selected buffered charts. For p > 2 and
fixed 0 < o < 1, assume

(F.17) 1<L<pe.

The product protection is Definition F.5; Theorem F.4 gives the total mixed phase and full
amplitude grades from the stated coefficient bounds.

Theorem F.8 (Arbitrary-accuracy correction). Use Setup F.7 and its fixed operators and cutoffs.
Choose a compact annular set Vo € V{ and one fized smooth rescaled Fourier cutoff Iy ,, equal
to one on the actual input frequency set in pVy and supported in pVy. Let h, be real and smooth,
supported where xo = 1, and satisfy

(F.15) Ihyllge < CH,,
(F.19) (I = To,p) ol Em < C’m’Qpr*Q for every fixed m, Q.
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The same exact inverse gives

2p = Toh,, Up = SaT%p,
with, for every fixed m, @,
(F.20) [ Pattp = hpll rm (Ueore) < Cm,QHpP_Q-
For every fized s,
(F.21) [wpll s < CsHpp®.

The operator, its finite symbolic order, its physical domains, and its angular source cutoff are
unchanged when Q) changes. The conclusions keep genuine outgoing branches and make no assertion
near excluded nonprincipal characteristic directions.

F.6.1. Finite-chain localization.

Lemma F.9 (Base-aware localization through the actual finite chain). Use Setup F.7. For each
fized finite chain of graph, inverse-graph, diagonal, retarded and complete residual factors, one can
choose buffered proof localizers in the factors’ own canonical coordinates. Across an off-relation gap
their full composed kernels satisfy

(F.22) 11 = Mow) AMin | 2 < Cr ™ CA LY (L] ).

Here Ca,b are fixed independently of ¢ and requested accuracy. For each fixed number of complete
residual powers the final physical mask lies in an annulus [cjp, Cjp], 0 < ¢; < Cj < oo, with angular
support strictly inside I'y,. Intermediate canonical masks need not lie in that physical cone. The
discarded output has arbitrary prescribed H™ decay. All actual operators, cutoffs and their finite
symbolic order remain the same.

Proof. The joint grades (F.13)—(F.14) hold at L = Ty for both amplitude positions, all cutoff jets
and fixed Taylor parameters. The buffered proof masks have the same grades. A fixed product
adds only one fixed amplitude offset b.

A common kernel estimate. On comparable normalized annuli, a localized composed kernel
has phase pF' and compact base support. Off its full stationary relation, compactness gives |[VF| >
§ > 0. The field VF - V/(ip|VF|?) then has transpose cost CL/p at each application, since
|D"VF| < C.L". After ¢ integrations, the fixed symbol orders, Fourier measures and m output
derivatives give G, ,pm ALY (L/p)9. Schur’s inequality proves (F.22). For a half-space kernel,
use a tangential field in a fixed collar where the boundary tangential gradient has a gap, and a
full-gradient field in the interior. This gives the same count without differentiating the boundary
jump. We verify the relations and gaps for every factor.

Graph factors. Write the actual kernel as

Af(u) = /ei[q)(“’g)*z'ﬂa,q(u,z,f)f(z) dz d€.

Use the right input symbol mi,(y,n/p) and left output symbol meout(z,(/p). The former has
compact base and annular support; the latter is one near the complete canonical image, with base
support compact on the actual output. After frequency normalization their exact joint phase is

Stationarity in (u, z,&,n, () means
(F24) ¢u = Cv n= 57 ¢§ =z, =Y, T =u.

These equations describe precisely that full image. Thus 1—myt, including its identity contribution,
has the required joint gap; the input-base equation is essential. For the literal reverse phase
z- & — ®(u,§) the equations are n = ¢y, ( =&, 2 = ¢¢, u = y, © = z, giving the inverse full graph
relation. The weighted coordinate inverse has this phase and its actual two-position amplitude.
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Diagonal factors use ¢(u,&) = u - &; the two-term T and every negative-order graph use the same
argument.

Outside comparable annuli, forward graphs have the larger-frequency gap n—¢ in z, or &, —( in
u; reverse graphs use n— ®,, or £ — (. Homogeneity and the inverse mixed gap give |®,| < [£]. Each
integration costs L and one inverse larger frequency. Taking ¢ above a fixed integrability threshold
sums all dyadic shells with only a fixed enlargement of C'4. This includes bounded frequencies and
all source shoulders, with both amplitude positions unchanged.

Retarded and signed factors. The actual lower input buffer removes the term H(t_ — s) from
the primitive. Its remaining kernel is
ia(t,y)H(t —5)B(s,y)0(y — y').
With input (¢;,y;) and output (¢,,¥,) its localized phase is
(to =)k + (Yo —y) - C+ (s —t))T + (y — i) - -

Put d =t —s > 0. At d = 0, tangential stationarity gives the full diagonal: t, = t;, y, = y; and
(k,¢) = (1,m). In d > 0 the additional equation gives Kk = 7 =0, t, > t;, yo = y; and ¢ = 7. This
is the oriented characteristic translation; its transverse covector is nonzero by the input annulus.
A chart with |7| > ¢|(7,7n)| has only the diagonal branch. Away from buffered neighborhoods of
these images, compactness gives the boundary tangential gap and the interior full gap used above.
For noncomparable frequencies the tangential derivatives 7 — k and 1 — ¢ give the larger-frequency
gap. The same dyadic count proves the full tail and nonzero output annulus, without division by
7 or an omitted endpoint value. Literal J* exchanges the weights and reverses the translation; its
upper input buffer removes the fixed upper-endpoint term.

The exact signed identities (E.30)—(E.37) have A_ = cacoutA+Cin, |c4| = 1. Use conjugate proof
masks. Conjugation preserves supported integer Sobolev norms and radial annuli, reflects covectors
and cancels between adjacent factors. Hence it proves the same bounds for every negative chain.

The complete residual R = —&, including its source-cut branches, consists of these actual ordered
factors by Lemma E.5 and Theorem E.1; every cutoff and negative-order factor is included.

The protected finite chain. Partition the entire source product X x pV{. At each factor choose
a buffered full image in its own canonical coordinates. Since L/p < p~7, a sufficiently large ¢ gives
any prescribed tail in (F.22); increase its accuracy by the polynomial Sobolev costs of the remaining
finitely many factors. No datum is differentiated.

Every complete residual relation is diagonal or a zero-characteristic segment wholly in Wj. In
each chart h; = £q, by (E.8), so either orientation preserves &. The actual x2 puts every next
source base in X, where y3 = 1. Thus final physical covectors lie strictly inside I'iy; intermediate
canonical masks need not. The compact buffer permits finitely many nested proof masks at each
fixed depth. Homogeneity and the nonzero transverse retarded covector give positive annular
endpoints. Induction proves the assertion, including original Fourier tails and localizer leakage at
a higher internal precision. No actual operator, cutoff or order depends on that precision. U

F.6.2. One estimate for the remaining inverse.

Lemma F.10 (The remaining exact inverse). Use the fized complete K, and T, = (I + K,)™*
above. Suppose the actual graded profile gives

1+ |lal| gr+v < Cp LT, 1<L<p,
where b covers their fized tame shifts. If |h|| g-~ < OnAp~™, then for fived integers N,s > 0,
(F.25) | T KN TR s < On ALY (L/p)Y.

For bounded coefficient jets through the finitely many proof orders, take L = 1. All products use the
original supported/restriction domains.
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Proof. Both K, and K} = x3R, rx2 have uniform L? bounds and the same additive one-gain
estimate on their fixed reversed support pairs. Induction gives, for B = K,, K,
1B/ 0] i < C5(1 + [lal| gi+o)[v]l2-
At each step the new coefficient term multiplies only ||B’~!v||2; the other term uses the preceding
Sobolev order. Dualize the entire (K;)™ to obtain
1K hll2 < Cn (L + [lall o) [Pl - < CNA(L/p)Y
The same induction at order s gives
[KGvllms < CsL7[|v]]2.
Apply it to v = KNh. The tame estimate for T, using its uniform L? bound in the high term,
gives (F.25). O

For every integer d > 1, the same L? inverse satisfies
(F.26) Tuh = Z o) b+ (1), KCh.

If the original source obeys [|h||g-~v < CyAp~™ for all N and L < p'~?, any operator B, with
fixed polynomial bounds || B,v||gs < Csp®||v|| s, with fixed nonnegative integers ts, satisfies

(F.27) B,T.h = (-1)'B,Klh+ Osq(Ap~9) in H*

j<d
for one sufficiently large proof depth d = d(s, Q). Indeed, the lemma with d = N + t5 bounds the
last term by C ApSstts=N  The operators and domains are unchanged.

Proof of Theorem F.8. The original annular source and its complementary tail give
[hplles < CsHpp®, Aol -~ < CNHPP_N

The actual profile, with its reserve covering the fixed inverse and solver shifts, bounds their coeffi-
cient terms by CsL®. Their tame estimates prove (F.21) directly, since L < p.

Apply Lemma F.9 to each fixed complete K h,. Every following residual starts over X = supp x2,
where x3 = 1. Its diagonal or characteristic relation stays in the protected set &?. The resulting
physical mask is supported strictly inside I'y,, and its complementary tail has arbitrary precision.
The actual source plateau therefore gives

(Ar = D)Kjhy = Ojmo(Hpp™?) in H™,

including the fixed low-frequency modification. Intermediate proof masks stay in their own canon-
ical coordinates; every original cutoff and complete error is included.
Apply (F.27) with B, = Ap — I. The preceding finite-chain tails give

(F.28) I(Ar = DTuhyllim < CogHyp™@
The exact identity (F.10) proves (F.20) on the same physical core. O

APPENDIX G. PRIMARY WAVES AND SIMULTANEOUS SAMPLING

G.1. The primary family and its inputs. We construct one finite primary family and separated
finite-band samples on the entire output space. The same samples approximate the Hermitian
background, while individual corrections have no sample-count loss. Throughout, the stress space
is ker B¢ and tangent covectors are raised by the actual metric in the ambient reconstruction.
The finite transport and sampling are completed in this section. Appendix H then constructs the
response used to correct their full strain for the current immersion.
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G.2. Geometric and oscillatory estimates.

Notation G.1. Use the dimensions, frozen stresses QY and Frobenius pairing of Definition D.1. All
tensor complements and projections use that pairing. The common Fourier and adjoint conventions
are in Notation A.2. Spatial and carrier supports have fixed larger buffers. Constants may depend
on those supports, the fixed low class, inverse gaps and finitely many declared profile constants,
but not on frequencies or sample counts unless displayed. An exact Fourier-band hypothesis refers
to the canonical datum before any physical initial-variable cutoff. Such a cutoff stays in the wave
amplitude; if it is applied to the datum, its Fourier leakage is estimated explicitly. In particular,
k(y) Pk f(y) is not declared band limited.

Definition G.2 (Actual second-form reconstruction). Let G be an actual smooth immersion into
RN, and put g = y(G). Write
IL;; = Nor 035G
Define
Be: Sym?R" — Norg, Ba(T) =) Tyll;.
i

Assume that Bg is surjective. Its stress space and its orthogonal projection are
Kg=kerBg, Ty, =1— BiL(BsBE) 'Bg.
In particular, Kg is not ker Bf,. The inverse of Bf,: Norg — K(J-; is
Ng = (Bt) ' = (BgBE“;)_lBG]Ké.
For formulas on the fixed ambient space, extend B{, by zero on tangent vectors and put
Punc =dGg ' (dG)",  Ag=BaB&+ Pana,  Na=Ag'Bg,

G.1
(G-1) Mo =1-BsNa,  Nolg, = Ne.

The ambient matrix Ag is invertible on the orthogonal normal and tangent summands. These are
rational fixed-jet formulas. For a tangent covector u = (u;), set

(G.2) Va(u) = ZgijuiajG + NGHKé (sym VIu).
4,3
Thus the tangential term is literally dG g~ u.

For a real frame @1, ...,Q, of Kg, put
(G3)  Pou=(Qi:symVo9u)i,,  Ma(z,8)ie=(Qi(x)8)",  pa(z,§) = det Ma(x,§).
The operator Pg includes the actual Christoffel terms. We write £ sym b = (b7 + b¢T) /2.

Full carrier groups and all literal sample pairs use Definition D.12 and Remark D.13.

Setup G.3 (The common oscillatory interface). Use the full and slice inverse charts of Proposi-
tion D.10, with z = (t,y), z = (s,v), v € R?, and normalized annular § € R"~!. They satisfy
Setup C.3 and Proposition C.6 with v = (s,6) and fixed spectator v. Use their common larger
supports and buffers at M = 20(n + 1); the bounds include first parameter derivatives and the
literal full-dispersion phases.

For the normalized full operator T and fixed-carrier slice Lé{z
bounds are

of those results, the entire-space

ITEN < Cllacllen, L&) < OVElacllom

The input is the entire complex chart L? space and the output the entire physical L? space. On a
fixed phase, an amplitude difference of C™ norm ¢ therefore costs C'é and Cv/K 6, respectively: for
6 > 0, apply the cited mask-free proof to that amplitude divided by 4. Fixed matrix components
and spectator integration obey the same bounds.
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For 0 < h <1 and real 0 < my(s,v) < 1 with ||Dmyl|ec < C/h, Proposition C.4 gives

(G4) TS mn (TE)* = T mi(T°)*|| < Ce/h, K > 1.

Both complex quadratures are used. By Corollary C.5, the real channel 2 ReT" has, on real outputs,
the exact normal

(G.5) (2ReT)(2ReT)* = 4Re(TT™).
G.3. Hamilton phases and transport amplitudes.

Theorem G.4 (Phases, transport and ambient reconstruction). Use an actual three-parameter
primary patch, its adapted coordinates x = (t,y), carrier map ((z) and larger full modulation charts
from Propositions D.9 and D.10. Use the projected frame Q;(G) = HKGQ?. Fiz the immersion,
normal-rank, null-minor and root gaps and the convexr buffered full and slice inverse charts on
the entire larger source boxes. One sufficiently small finite C™ neighborhood fixes all required low
bounds; the boxes and gaps are independent of frequencies and accuracy.

For a real positive initial scalar r,(y) with fixed positive lower and C™ upper bounds, there are
a real phase and amplitude bg = agka satisfying

pa(r,deSc) =0,  Sc(0,y,¢)=y-¢,  aglizo=rs  IGPoba =0,

Here kg, lg are real nonzero right and left nullvectors of Mg (x,dSg), and ag has a positive lower
bound. The reconstruction (G.2) obeys
(G.6) %D’yng(u) = Ik, (sym VYu).
For any amplitude b, put £ = d,Sa and
(G.7) vp = Nellgy (Esymb),  Ao(b) = -1 ®¢.
The exact product identity is
(G.8) Va(r2e56/Th) = 56/7 (iruy, + 72V (b)).
For b = bg, |vp|,|€] > ¢ > 0 and Ag(b)*Ag(b) = |vp|?€€T. This transported tensor is linear in the
initial density r2.

One fized shift D gives, for every integer r > 0,

1Scllor o) + Ibcllor@,z0) + IWller 20
(G.9) + Ve ) ller@,z0) + [Ao(d)lor@z,2,0) < Cr (1 + 1Gllerio By + \|7’zH0r+D(y,z)> :
These are joint physical and normalized carrier norms on the same larger domains at every order.
Proof. The stated propositions give the phases, full modulation charts and fixed inverse gaps. The
metric, normal inverse and nullvectors are smooth fixed-jet formulas on these gaps. Choose real
nullvectors with the reference orientation. Since adj M¢ is a nonzero multiple of kzgl(T;,
d¢,pc = (nonzero scalar) I&Cikg # 0,

where Cy is the time coefficient of Pg. Thus the equation for « is the noncharacteristic scalar
transport
Z(lgcakc)aaag + (lngkg)aG = 0.
a
Its characteristic formula is ag = afiow 72 (Yoot ), Where the positive flow exponential agqy is inde-
pendent of r,. This proves positivity and the density assertion.
The Gauss formula (2.2) with v = NGHKé— (sym V9u) proves (G.6); the product rule gives (G.8).

For bg, the null relation puts £ sym bg in K é, and

(Esymbe|® > L¢P bal?,  Bgw, = Esymbe.
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The fixed gaps give the asserted lower bounds.

Equation (D.12) gives the joint one-high phase bound. The jet and characteristic formulas,
with Lemma B.6, give one high norm of G or r, for bg; other factors use their fixed low bounds.
Reconstruction uses only a fixed number of derivatives, so one fixed reserve D proves (G.9). O

One algebraic correction reduces the strain by one further power. The same current response
will correct the complete residual.

G.4. A two-term primary wave.
Theorem G.5 (One finite primary family). Use Theorem G.4. Set M = 20(n+1) and rp. = M+3.
Assume

lagllcr + 1Gller + |Ir:ller < D,LORD) r >0, L>1.
Choose R, above the construction orders and Dpr+7par+2, where Dy, is one fized one-high derivative
reserve for the algebraic operations, complete strain and differentiated reconstruction below. It is

independent of accuracy. All estimates hold on the larger primary boxes containing every later
source and measurement support. Put by = bg and

(G.10) X = (Mg(z, ng)]ké%lé)*lﬂlé, by = i%Pghy.
For sufficiently large A\ = 771, define
(G.11) vr(z, 2, ¢") = 7256 @T (b 4 7by),

(G.12) WE =Va(v),  WELG) = [ W' (s, 2.C(2) + 7n) dpl).

Here p is any finite complexr Fourier measure whose shifted carriers lie in the original chart; the
background uses . = &g. The fields are separately linear in the initial scalar and measure. Ordinary
data mean dp = f dn; on Bog their variation is at most CK ™= D72 f]|,.

Put AP" = e‘iSG/TdWEr. For every physical order r and joint carrier/patch parameter order
k < T'par,

||D;D§,<’A5r”oo <CniL",

(G.13) 1D DE ¢/ (A2" — Ag(bo))||oo < CraTL".

The displacement amplitude has the first bound times 7. The bounds are uniform over the fized
positive radial labels. The strain amplitude & = e‘lSG/TDvg)/VEr satisfies

(G.14) |DLD% 16|l < CrpA L.

The current response corrects this full atomic strain.
The phase maps and frame satisfy

(G.15) ID"(Sea Seo)ll < CL™™Y, r 21, [lQi(G)ler < CrL™.
The real Hermitian background satisfies

G.16 Re[(dWPLPe)*quyprbe] — |1, 12482 < C,rL".
T,2 T,Z 0 G cr

Its derivative stays nonzero, and its leading transported mean is linear in the initial density rg.
Fiz smooth compact physical and input cutoffs x, Xin. For K > 1 and ¢ = 71K < ¢y, the actual
Hermitian channel, with input half-derivative and unitary dilation n = K@, is, up to one fixed
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Fourier scalar,

n/2 )
(G.17) TEP R (z) = <2K> /e’K¢E(”’S’“’9)a§r€(x,s,v,@)F(s,Q) dsdb,
) 7-[- k)
- 5. Sal.C(2) + e6) = Sae.G()
€
(G.19) 0B = xoxml61Y2(Q: AV (2, 2, C(2)) AV (2, 2,C(2) + eB))T.

The quotient has its smooth value at zero. The input is the entire complex L?(s,0) and the output
the entire L%(z;C"). Measurement and initial cutoffs occur in this channel, not in the ambient
field. For 0 < h <1 and real masks 0 < mp, < 1, [|[Dmylsc < C/h, put EXPT = TE P my, (TEPr)*.
Let Eéfv set T =€ =0, so its amplitude is Ay(by). The whole-space channels are bounded, and their
normals satisfy

(G.20) |EEPT — Ef,| < CTK/h, K >1.

The squared whole-space slice norm is at most CK. Spectator integration and realification have the
same conclusions. All fields and constants use only finitely many profile constants at each order.

Proof. Write P = Pg. The leading transport gives Mg(z,dSg)bop = 0 and lngo = 0, so the
algebraic correction satisfies

ng(IL‘,dSG)bl + Pby = 0.
The finite list consists of by, b1, Pb1, together with v, Va(b;) and their first physical derivatives, j =
0,1. It uses the fixed-gap jet formulas and the already constructed leading transport. Lemma B.6
gives one common one-high reserve D,. Corollary B.4, after at most 7p, parameter derivatives,
gives

(G.21) IDLD% ciclloo < CrpL”, k< Tpar,

for every member ¢. The same argument gives the phase and frame bounds and uniform joint low
norms through M + 2.
Put Gramg = (Q; : Q;). The two algebraic cancellations and exact half-strain formula give

(G22) P’UT = T3€iSG/TPb1, gT == 2’7’3 Z Qi(Gramgl)U(Pbl)j.
i,J
The fixed frame and inverse Gram have the same grades, proving (G.14).

Substitute b = bg+7b; in (G.8) and differentiate once. The leading derivative amplitude is Ao(bo);
every other term has a factor 7. This proves the amplitude bounds. Their product estimate, with
Ao(bo)*Ag(bo) = |, |*dSZ, proves (G.16) and nonvanishing.

The exact differentiated fields give the displayed channel. Its phase and the full and slice inverse
charts obey Setup G.3 on the larger supports. The phase and amplitude bounds through M, and
inverse-chart bounds through M — 2, are uniform in L, including first e derivatives; the primary
reserve covers the two extra phase derivatives in the quotient. On this same phase, replacing AP*
by Ag(bg) changes the CM amplitude by O(7), hence its channel and normal by C7. The remaining
homotopy from € = 7K to zero costs Ce/h at every K > 1. Since 7 < 7K /h, this proves the normal
comparison. The same setup gives the slice and spectator bounds and the real normal 4 Re Ef’{;)pr
on real outputs. O

G.5. Separated finite-band sampling.

Theorem G.6 (Separated lattice sampling). Use finitely many buffered three-parameter charts z =
(s,v) and the finite primary family of Theorem G.5, with fized smooth nonnegative compact weights
¥(2z) and one amplitude scale L for all radial labels. Its fixed low topology and parameter orders give
the uniform CM+2 amplitude and inverse-chart bounds used below, including the € derivatives of the
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leading homotopy. All spatial, angular and annular measurement and input cutoffs are fized inside
those larger charts; the finite collection covers the selected angular support. Frequencies below one
are omitted. Pul qquaa = 2n — 1 and qcol = Qquad + 1; use qfol radial colors per chart, fized before
frequency and accuracy.

For A > 2, A\ > 1, with A/ below the phase buffer, fix finitely many positive radial labels
R. bounded above and below and set 7. = (Rc)\)*l. Use one smooth dyadic square partition of
1 <|n| < CA, with scales K > 1, and the same angular cutoffs for every color. Define actual fields
by (G.11)~(G.12), with T = 7., keeping the entire phase, and define backgrounds directly at n = 0.

Let T . i be their actual background-modulation Hermitian contraction with Q;, or any selected
smooth tensor contraction satisfying the same fived low amplitude bounds, with input half-derivative
\7]|1/2 and the fixed localizations. Choose the fixed Fourier scalar so that dilation n = K6 gives
prefactor (K/(2m))™? and phase K¢, x. Let

Tc,z = (Tc,z,K)K
be the row on the Hilbert direct sum of entire annular input spaces. Its output is the entire
H = L*(R";C"),

with compact measurement. Arbitrary row data correspond to finite sums of actual modulated am-
bient fields.
Choose k > 0 smooth of integral one, supported in (—1/4,1/4), and put w = Kk * l[qci“/azdlﬂ]
0<h<hg<1, define
3
cq = hq, pq(z) = H w(ze/h — qp), N, =h73.
(=1

The fixzed hy respects the enlarged block supports and chart buffers. For each block meeting supp 1,
independently draw U, uniformly in [0, )3 and, for m € Z3, set

Zgm = ¢q + hm + Uy, Hqm = h3(¢Pq)(Zq7m)'

Omit zero weights; each block has at most Cy, ., nodes. Color them by ¢ mod qeo1 and assign each
color its fized radial label. Distinct nodes of one color are separated by ch. There are at most
CN; samples, their weights are at most C/Ng, and their total mass is bounded. Number the literal

samples by j and set
me = Z Pq>

q: q mod gco1=c
and let D be the fized dyadic scale set. For each prefix define, with finite chart sums understood,

<K
chz = (Tc z K])HG.@A k<K
<K *
sample Ziu’] c(] ]) Z; ) )

(G.23)
Z/wch<K T<K) dz.

Write Esample, En for the largest prefiz. Each normal is exactly the sum of its annular normals,
since its input is the same Hilbert direct sum restricted to that prefix. The actual wave maps, radial
labels, colors, weights and samples are unchanged.

The following whole-space bounds hold:

IT...|I> < CA, IT..:|lfs < CA™,
(G.24) 1B < C, tr Bj, < CA™.
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For fized € > 0, set h = A= (93 With probability tending to one,

<K <K _
(G.25) max | B = Bl < A

The ceiling and complete dyadic partition are fixed before sampling; later choices of prefizes do not
change the event or its constants. Both input quadratures remain physical real data; 2ReT has
normal 4 Re E, with the same conclusions up to fixed constants.
Define
Hc,z = Re[(defg)*defg], Htransport,z = |Vbo|2dS(fL‘, C(Z))2
Localize tensor norms by a fized compact spatial cutoff and put

Heo = Z/¢mCHc,z dz.

Since qquad < Tpar, the stated low amplitude budget already covers its carrier derivatives. Every
realization satisfies

(G26) Z )U“jHC(j),Zj - HCOI é Cthuad.

j L2
The primary amplitude comparison also gives || Heol— [ ¥ Hiransport,» 2| 2 < CA7L. For each integer
r > 0 it also satisfies

(G27) Z :U'ch(j),Zj — Hcol S CTLT.

J cr
The primary family and common band ceiling are fixed before sampling. Only the all-prefiz normal
estimate requires a probability event; the background estimate and same-color spacing hold for every
realization.

Let Egransport,band be the continuous uncolored normal on the same bands and cutoffs, with ¢ k
replaced by ¢o and AR" by Ag(bo). Then

(G28) HEh - Etransport,band” S C>\71A/h

Thus one separated sample set approximates that normal on the entire output space within the right
side plus A=/*. A separately established lower bound on a specified output class transfers by this
perturbation estimate.

The conclusions apply to any same-phase ambient family satisfying (G.13), the fized full and
slice seminorms, and the stated background jets, with the same leading tensor. In particular the
proof uses no formula for its linear strain.

Finally,

(G.29) P =2y i Re W

is an actual field in RN, whose same-carrier Hermitian metric contribution is >_j uiHj. Doubled
same-carrier oscillations and all cross-carrier products remain as unremoved metric terms.

Proof. Operator bounds and separated blocks. Theorem G.5 and Setup G.3 give, on entire
chart spaces,
HTC,z,K”2 < CK, ||T0,z,K||I2{S < CK".

The second inequality is the squared-kernel integral after dilation: the prefactor is (K/(27))"/? and
the amplitude and its physical and normalized-frequency supports are uniformly bounded. Since
T..17, = >k T, KTZ: », K » geometric dyadic sums give the first two bounds in (G.24). First discard
the masks by positivity. By (D.15) and the exact change (C.4), each unmasked band normal has
a full two-position amplitude supported in cK < || < CK, with uniform physical derivatives
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through 2(n + 1); the fixed smooth weight 1) is part of this amplitude. At any £ only a uniformly
bounded number of bands contribute. Lemma C.2 bounds their sum, giving | Ey|| < C after the
fixed spectator integral and color sum. Tonelli gives

tr By, = Z/wmcuTc,zu%{s dz < CA™.

Convolution with £ makes w smooth and nonnegative. Fubini, the unit-box periodization and
the unit masses give > pcz w(u — k) = 1. The gquaq box factors give Fourier zeros of order at least
Jquad at every nonzero 2wk. The support length is at most gquaq + 1/2. There are O(h~3) blocks,
each with a fixed number of nodes at spacing h and total weight C'h3. Distinct blocks of one color
have gap at least h/2. This proves separation, count and mass bounds. Uniform lattice translation
has mean Lebesgue measure, so (G.23) is its exact expectation, with 0 < m. <1 and >, m, = 1.

Concentration on the entire output. Use the independent positive blocks X, =
> om HgmTgmTy - Their total weight is at most Ch3. Put Y, = X, — EX, and R = CAR3. Then

0< X, <RI, 1Y,|l <R, V =) EY? < RE,,
q

V|| <v:=CR, trV < CRA".

These bounds hold for every prefix with the same upper values.
Equations (3.6)—(3.9) of [M17], with the positive variance upper bound v, give

14trV t2
]P( ZYq >t>§ > exp<—2(>, t2 > v+ Rt/3.
q

v+ Rt/3)

To justify this bound on the whole output, apply its finite-dimensional form to F,Y, P, for finite-
rank orthogonal P, 1 I. Their variance is at most P,V Py, so the same v and trace bound apply.
Each X, and its expectation are trace class, so Y; is compact; the finite centered sum therefore
converges in norm under these compressions, and Fatou’s lemma passes the bound to the full sum.
This also covers zero variance.

For t = A=/* and h—3 = A", the threshold holds at large A. The bound and a union over the
fixed prefixes give failure probability at most

CA™ ! exp[—cA“/?],

proving (G.25) for the unchanged channels and samples. Equation (G.5) gives the real-channel
assertion.

Background quadrature. For W = w®w ®w, every nonzero integer lattice Fourier coefficient of
pW vanishes when degp < gquad- Indeed it differentiates the product [[, @ fewer than gquaq times;
a nonzero coordinate keeps its zero. Poisson summation therefore gives, for every shift w,

Z W(m +u)p(m+u) = /R3 W(z)p(z) dz.

meZ3

The Hermitian phase cancels. Taylor-expand the L?-valued function ¢ H. . at cq through degree
dquad — 1. The displayed identity cancels its polynomial part exactly in block ¢. The remainder is
Chdawad on that block; its sampled and integral masses are Ch®. Summing O(h~3) blocks proves
(G.26), uniformly in all shifts. Bounded total mass and the amplitude profiles give the rough bound.
Replacing each actual Hermitian tensor by its leading one costs CA™! in the prescribed fixed norm.

The carrier masks satisfy > .m. = 1 and |Dm¢||cc < C/h. Sum (G.20) on all dyadic bands.
Since

> K/h < CA/h,
K<CA
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this proves (G.28). At transport order phase, amplitude and input cutoffs are independent of the
radial label, so the masks sum to the uncolored normal. The triangle inequality transfers any
already known lower bound on its specified output class.

Finally, for a complex derivative matrix D,

2(Re D)?(Re D) = Re(D*D) 4+ Re(DT D).

Applied to (G.29), this identifies its same-carrier Hermitian term as >, pjH;. The second term
is the doubled oscillation, and every distinct pair gives a cross term; these metric contributions
remain separate. (]

Remark G.7. At fixed bandwidth the sampled normals are compact on the entire output space.
Their norm approximation therefore transfers coercivity only on an output class for which a lower
bound has already been established.

G.6. Raw inputs and primary fields.

Theorem G.8 (Raw primary fields). Choose a finite family from Theorem G.5 on its larger buffered
bozes, and a compact inner box X. Write W;,S;,(j,7j for its maps, phases, carriers and inverse
frequencies. Fix a band ceiling A whose shifted covectors stay in the original charts. The exact
representation s

e*iSj(I’Cj)/Tdej(f) = /ei“’j(”’")aj(ar,n)f(n) dn,
Sj(x, ¢ +1jm) — Sj(x,¢)

(G.30) oj(z,m) = . )
7j

Equations (G.13) and (G.15) give

(G.31) |Draj| < C.L", |D2o:S;| < C. L™ (r>1).

The amplitudes and the required low slice seminorms are uniformly bounded. Constants are inde-
pendent of sample count and weights.

For1 < K < A, let Xg be the real Hilbert space underlying the finite direct sum of complex
initial Fourier L? spaces on dyadic annuli up to CK, with fived bounded-overlap cutoffs By. Put

Bro(n) = > [n"/2Be(n)ve(n).
4

This is the Fourier input before any spatial initial cutoff, and for every integer m > 0 it satisfies
(G.32) IBrvllom < CnEK™ 2 |l0]lxe,  [1Brulli < CK™2|[o]|x

The same bounds hold after fixed detector and high-pass masks, with uniform rescaled seminorms,
are included in each By. These masks act on the annular datum; the separate zero atom is unchanged.
The corresponding raw map may depend on j. Choose a fixed smooth Xsiice inside the larger wave
validity region, equal to one near X and the measurement support. Then

(G-33)  GFv = Xglicee ™AW (Bxv),  1GF V|| s mnonxny < CsK* Y 20]|x,, K > L.

At order zero the bound holds for all K > 1. This cutoff is used only in the norm; the actual fields
are unchanged. At any prescribed finite order the raw slice bound holds for K > 1 under bounded
coefficient and initial-data jets through the fixed shifted orders. For every f with suppj? C Bek,
the physical bound is

(G.34) le=*55773 AW () | (supp xasee) < Com (B + D)™ (|1

These are the same smooth integral fields for arbitrary v € Xg.
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Proof. On an initial annulus of radius k, dimension n — 1, Fourier Cauchy—Schwarz with the input
half-derivative gives ||[D™Bv|loc < Cpk™ ™/ ?||v||2. Cauchy-Schwarz over the annuli and their
geometric squared-power sum prove (G.32).

Use the componentwise slice estimate of Setup G.3 on the entire larger support. On an initial
annulus k < CK, a term with g phase factors after s physical derivatives has prefactor x9. Its
primitive excess through the additional M slice derivatives is at most s — g + M + Dp,. The fixed
reserve Dy, + rpar 42 therefore gives the CM bound Cyk1L5~7 < CyK*. The squared slice bound is
CsK?%k; Cauchy-Schwarz and Y, oy & < CK prove (G.33). At order zero only uniform low slice
seminorms enter; bounded jets at prescribed finite orders allow L = 1.

The quotient formula (G.18) gives |D7¢;| < C, KL"! for r > 1. A term with ¢ phase derivatives
in an order-m product costs K1L™~9 < (K+L)™. Integrating against |f| proves (G.34). Compactly
Fourier-supported L? data have all polynomial moments in L!, proving smoothness at every order.

O

APPENDIX H. AMBIENT RESPONSE TO MODULATED WAVES

H.1. The fixed response and its inputs. We select the regular construction of Setup F.2 on an
entire primary patch, using the full graphs and literal weighted coordinate inverse of Appendix E.

Theorem H.1 (A fixed real response on an entire primary patch). Use one compact pointed
primary patch of Theorem G.4, with section t = 0, phase ¢g, a fired compact neighborhood Z of
every allowed shifted carrier, and the larger conver modulation chart. Write hg = pg|é|'~™. The
simple-root branch gives

Ooe = Ha(t,y, 0y¢c),  ¢a(0,y,¢) =y-C.
Choose symmetric regular sectors I'yy € Loy inside the common energy chart of this branch and its
antipode, containing the entire positive family and its antipode with compact buffers on the larger
physical box. All root and projection gaps are uniform on the fized low neighborhood.

The real reqgular family of Setup F.2 can use just these two conjugate charts. The positive chart
has section-energy phase ®¢(xz,e,n') satisfying

hG(xadxq)G(ajaevn/)) =6, @G(Ovyae777/) =Yy '77,7
@G(.I‘,O,C):gbg(il?,C) (CEZ)
Both canonical projections have uniform inverse gaps. The literal coordinate inverse is the weighted
adjoint of (E.21), with its original source and target cutoffs; the central inverse carrier is (0, ().
For either primary sign, the opposite source piece and A+ — I have a fized normalized source gap,
including all shoulders. The full low-frequency part and source-cut errors remain in the selected
residual.

This family obeys Theorem F.3: its fized complete residual Rg and cutoffs give T = (I +
x2Rax3)~! on the entire L? space. The signed partners and literal adjoints use the full identi-
ties in Setup F.2, including both integral weights and endpoint buffers.

For finitely many primary patches, choose common finite-low bounds, buffer minima and one
response ball Uesp inside all patch cores. All source and observation plateaus are fized there before
frequencies, samples and requested accuracies. Every Fourier atom or measure datum in a patch
uses that patch’s same selected map.

Proof. On the compact primary family, d¢,hg = [£ \1*"5'&]9(; has a uniform nonzero gap. Its trans-
verse covector is also bounded away from zero: if ¢ = 0, Euler’s identity would give 0 = hg =
§t0¢,hg. Lemma D.7 therefore gives the unique homogeneous root and phase

(H.1) ha(z, ha(z,e,n'),n') = e, le| < eeln],
(HQ) at(DG = hG(taya 678yq)G)7 (I)G(O7y7€7n/) =Y 77/7
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with common buffered projection gaps and joint one-high bounds. At e = 0 this is the primary
Cauchy problem; uniqueness proves phase equality on the whole shifted-carrier compact.

Shrink the physical strip and coefficient neighborhood once. Choose a smooth angular a4, inde-
pendent of the source base, equal to one near that positive family and supported in its common
energy chart, with support disjoint from its antipode. Put

(H.3) a_(w) = ay(—w), ar = a4 +a—.

The same T, T, V, J handles the whole positive support, including e # 0; its exact partner handles
the negative support. Use the common high-frequency cutoff and a right source plateau near
supp xs, leaving the low piece in the complete residual. Both inactive differences have the stated
full source gap.

Choose the literal coordinate inverse’s source plateau to contain the full canonical preimage of
the inner target. At (e,n’) = (0, (), phase equality and Euler’s identity give

da:(I)G = dz¢G7 Oq = C ’ (I)G,n’ =z Ca z = (I)G,n'

The mixed inverse gap makes this the unique central inverse carrier. Proposition E.8 applied to
this phase and partition gives the actual weighted inverse, its source-cut error, signed factors and
complete residual, with all original cutoffs and integral buffers. Theorem F.3 gives 7. Finite buffer
minima and a ball inside every patch core give the common response choices. Il

The operator and all carrier-compatible geometric choices are now fixed. Theorem H.3 below
proves the quantitative packet estimates for this selection from its literal kernels and the separate
profile hypotheses.

Setup H.2 (The proved response and its profile). Use the immersion and reduced system of
Definition G.2, and the per-patch real response just fixed on a buffered chart X. The metric,
normal and Gram gaps are positive. Write

K = x2Raxs, T=I+K)", Vo =Va.

Fix a source cutoff x € C°(X) inside Int{x2 = 1} and the primary phase chart. Source and
observation supports are those of Setup A.1; the primary identity region is Upag.
The additional quantitative hypothesis is the actual profile

(H.4) lagllcv + [|Gllev < DT RI+ v >0, T>1.

Here ag contains the principal and connection coefficients of Pg; it does not determine G. Choose
R, > cin + 2, also above the fixed geometric jet reserves, before observation and tail orders. The
reconstruction coefficients, including one derivative of Vi, are smooth functions of a fixed jet j%c G
with the one-high bounds of Lemma B.3.

Theorem E.6 and Proposition E.8 give the selected full graphs, weighted coordinate inverses,
diagonal and source factors, and exact inner-cutoff products uniform L? bounds and fixed-shift
Sobolev estimates. Supported-adjoint duality gives negative integer orders; the signed integrals
and their literal adjoints preserve these orders with the original weights and endpoint buffers. The
inverse and solver obey (F.9) and (F.6). Together with the profile, these give polynomial costs at
every fixed order used below. Ambient differentiation is counted separately.

With the original cutoffs, the complex-linear extension of the real solver in (E.37) is

(H.5) SSp = X‘;“t N TeJiViAs.
+

Only the transport graph T', with invertible matrix amplitude U, is inverted by V. The complete
antipodal sum is real; all low and cutoff errors belong to Rg.

Lemma 7.1 and Proposition 7.2 verify this profile for the iteration.
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H.2. Carrier transfer through the fixed factor family. The actual profiles in Setup H.2 give
the common scale L, =T by Theorem F.4.

Theorem H.3 (Carrier transfer through the fixed factor family). Use that setup and its whole-patch
choice. On every active chart, with (. = (0,(), the section-enerqy phase satisfies

(H6) S(xaCC) = ¢G(xaC)
For fized 0 < v < 1, suppose

L, <K, 2 < K <\,
Let AbeT, T, V', a full graph error from this active chart, or any literal adjoint, with order at most
zero and its actual cutoffs. The forward carriers are Ey, = e Ce gnd Byt = e“‘ﬁG(x); adjoint-phase
graphs use the reverse pair. If || f||gr < CpAoKP for p > 0, then

(H.7) |ESLAEL fllrs < CsAgK®.

out

The same profile holds through every fixed finite sum or chain with matching carriers, including
physical multipliers, the buffered signed integrals and their literal adjoints. It holds for the complete
residual and solver chains after the source cutoff. FEvery inactive source component and Ay — I
applied to the original supported carrier input has norm C&QAO)\*Q in physical and demodulated
H?. All statements use full supports and literal Hilbert measures; constants may use finitely many
profile constants, while factors, cutoffs and their orders are fized.

These conclusions hold jointly on any fized compact smooth parameter box ¢, with (. = (0,{(c)) in
the full shifted-covector chart. The frequency and all actual operators are fixed when differentiating c.
If |02 fellme < CpaAoKPH | the left side of (H.7), after 82, is at most Cs o AgK>H1?l. Parameter
derivatives of the complete complementary errors have the same arbitrary precision.

Proof. Put L = L,. Phase equality follows from the common Cauchy problem. The full symbols
have the bounds (F.14). Each order-at-most-zero factor has uniform L? norm by the cited calculus;
its required low seminorms lie in the fixed C** bound, independently of K, \. We first estimate each
near-carrier graph on the whole envelope Sobolev space and then bound its complete complement.
Derivative transfer in both graph directions. Set n = A\(. + ¢ and AS = S(x,A\(. + J) —
S(xz, (). In the proof select |6| < cA inside the larger convex carrier chart. For one small fixed
c> 0,

1
B(z,6) = / Sue(x,\Co+18)dt,  DyAS = BS
0

has a uniform inverse: B is uniformly close to Sy¢(z, A(.) on every physical support. All other
supports belong to the complete complement below. Homogeneity gives the parameter identity

1
BAS = C5,  Cp= (8:)T / See(, Co+ 8/ N) dt.
0

These coefficients have normalized order zero and the joint grades of B.

The exact demodulated forward phase is AS—z-§. An output derivative produces B¢; integration
in z transfers § to an input derivative, or differentiates the full amplitude. For the reverse phase
2:0—AS, use 6 = B~'D,AS and integrate in . The parameter term C.§ transfers in the same way;
Oca(x, z, A+ 9) contributes only normalized covector derivatives of order zero. The actual compact
weights remove boundary terms. The induction (E.20) now applies with B in place of S;¢. Each
modified amplitude has primitive derivative excess s — |3], including the second physical position.
Its low L? seminorm costs the fixed ¢y, extra orders. The actual profile and R, > ¢jin + 2 bound
it by C,L*~ 181, Covector derivatives are normalized on n = \; the selector costs A~! per derivative,
so every modified amplitude still has order zero. The actual L? calculus, in both directions, gives

(H.8) IANf s < Cs Y L3I £l
r=0
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This includes the weighted amplitude jgU ! of the literal coordinate inverse. Since L < K, it proves
the stated profile for the near-carrier graph, without projecting the datum. Counting physical and
parameter derivatives together gives the joint assertion: each derivative lands on the source or adds
one graded amplitude derivative. With finitely many bounded jets, take L = 1, K > 1 at the
prescribed joint orders.

For the complete complement put K, = cA'=*/2 and split the source envelope there. On the
lower part, the full source-gradient gap outside the preceding carrier neighborhood is ¢(A+|n|): use
z for a forward graph and x for its adjoint phase. Source integration and dyadic summation, as in
Lemma F.9, give the bound

CogAoX K2 (L/NT,  L/A<A™.

Here ¢, is fixed before q. Every radial or angular shoulder and bounded-frequency piece has this
same gap. The upper source has

||f>Kfar||Ht < Ct,pAOKpKfta;p < Ct,pAO)‘t_Vp/2-

Increasing ¢, p pays every fixed tame, carrier and demodulation cost, giving any prescribed precision
in A for the full complement. Proposition C.7 gives the same bounds for the pure Fourier inactive
source factors and A, — I. A fixed cutoff transfers torus profiles to the physical chart by Leibniz’s
rule, so this argument also covers torus data.

Physical multipliers preserve the profile since their jets have grade L™ < K". The zero-time
canonical carrier commutes exactly with the signed integrals. Their direct Sobolev estimates in
Proposition C.10 preserve the same profile, including the literal adjoints with exchanged weights
and upper input buffers. Thus every near-carrier factor preserves the profile, and every complement
has arbitrary A precision. Propagate each complement through the remaining fixed factors using
their polynomial Sobolev costs, choosing its precision higher beforehand. This proves the assertion
for fixed chains without successive envelope projections. The complete signed identities preserve
all original cutoff orders. A fixed number of parameter derivatives in the original complementary
expressions adds only a fixed power of )\; increasing the internal precision gives their stated joint
bounds.

For the actual solver and residual, first apply their literal source operators. Every input is first
multiplied by y3 or is supported in supp x2, where the right physical source cutoff is one. Thus A
is the identity up to the preceding A-small error and every other source term has the same precision.
In the positive residual keep the exact ordered terms (T'V — I)A, and (LgT — T'D;)JV Ay from
the differential identity and the buffered D,J identity. Estimate T'V and [ separately for carrier
transfer; their difference is never set to zero. Its gain-one bound is the independent complete-
normal estimate of Appendix E. The remaining measured error is a full order-—1 graph or the
exact source-cut graph product. Thus the graph and integral estimates apply to these complete
chains, with every original cutoff in its original order. O

H.3. Full ambient strain reconstruction.

Proposition H.4 (Exact full-tensor identity). Let Gramg = (Q; : Q;) and define, for a symmetric
tensor h supported where xa =1,

(H.9) ei=3Qi h, z =T (xze), u=Sarz, Bgh = Vg (u) — ANgh.
This is one real linear map, extended complex linearly when needed. On Ugore,
(H.10) Dya(Bah) —h =2 Qi(Gramg');;(Ar — I)z;.

12

All complete residual components remain inside this same z.
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Proof. The map is exactly the normal completion in (2.5). Substitute Pou = e + (Apr — I)z from
(F.10) into (2.6) to obtain the stated identity. The real solver and normal inverse give real linearity;
complex linear extension preserves the formula. (Il

For a reduced source e satisfying Theorem F.8, (H.10) converts its angular error into the full
tensor error. This uses that theorem’s actual coefficient profile and protection of the entire product
supp x2 x Vjy. The fixed frame multipliers cost only a polynomial at each observation order, absorbed
by a higher internal accuracy.

H.4. Graded sources and the full ambient response.

Proposition H.5 (Displacement and derivative of the same graded response). Keep the same fized
real ambient map, source cutoff and buffered observation cutoff Xcore- Let X\, K > 2 obey

(H.11) L, < K <\, 0<v<l.

Let a be a smooth complex symmetric-tensor envelope on the fized auziliary torus or on R™, with
(H12) lalli < C,AK?, >0,

where A > 0. Put h = xe*%Gq, Y = th, and

(H.13) U = e 6y oY, D = e Gy edY.

The explicit bounds are

(H.14) WU s < CsANK®,

(H.15) |D||gs < CsAN K,

for every fixed s. On each fixed compact inner identity core,

(H.16) IDyaY — hllgs < CsqANC.

All orders use the same field and map. In particular exact-band data suppa C By satisfy these
conclusions with A = ||a||2. Physical derivatives keep their carrier factors; D is the demodulated

physical derivative. For the parameter families of Theorem H.3, assume ||0%ac||gr < Cp o AKPTIL
The same envelope bounds hold after 0%, with an additional Kol on the right.

Proof. The profile in Setup H.2, with R, > ggeo, gives by Corollary B.4

(H.17) le(G)ller + lldocller < Cr L.

Leibniz’s rule and L. < K give f = (Q; : a/2); the profile || f||z» < CpAKP. Thus z = T (xe’%¢ f)
and v = Sgrz.

Theorem H.3 applies directly to this graded f. For hg = xe'%¢ f, every fixed K7 hg and Se.rK7hg
has demodulated profile C'; ;AK?®. Append the angular source factor to each finite chain. Its input
is supported in supp 2, inside the original right source plateau, so

(Ar — DK7hg = 0 5s.0(AN9) in H".

Only for the original source, the same full source gap and high-envelope split give |hollg-~ <
CnAXNN. Apply (F.27) with p = A and the operators e =A% Sa,r and Ar — I, whose Sobolev costs
are fixed polynomials. Since L,/A < A7, the finite-chain estimates prove

(H.18) e~y s < CLAKS,  ||(Ar — D)z||as < Cs AN,

The fixed Gram and frame multipliers cost only a polynomial at each observation order. Increase
the internal precision by that fixed cost and apply (H.10) to prove the strain estimate.

Write u = €*?Gg. The literal reconstruction gives du = €*?¢(i\dog g + dg). By (H.17) and
K <\, Vg(u) costs at most A and dVg(u) at most A? beyond the reduced profile. Every additional
derivative acts on an envelope or slow coefficient and costs K. The term —Ngh/2 obeys the same
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bounds, also after the fixed observation cutoff. For parameter derivatives apply the joint factor
bounds to the same finite expansion. In its last term the fixed IC, 7 are unchanged; derivatives hit
the original source or final carrier. At total order k their additional cost is at most A*, absorbed
by a larger finite depth. Reconstruction then gives the stated joint bounds. Real data give real
responses by the unchanged conjugate pairing. O

Corollary H.6 (A fixed finite jet budget). Fix a nonnegative integer S and 0 < v < 1. There
is a finite integer m = m(S,v), depending also on the fized construction, with the following prop-
erty. Suppose |lag||cm + ||G|lcm is uniformly bounded and the joint source bounds of the preceding
proposition hold through total order m (with no parameter derivatives for a single source). If

> 2 1<K <\,
then the same response and envelopes in (H.13) satisfy
102U || s < CouANKSTIL 192D s < Co o AN KTl s 4ol < 8.

The budget is fized before frequency and changes none of the operators, fields or domains. It is
independent of any later strain accuracy.

Proof. The preceding proof through joint order s; = S 4 2 uses only finitely many source and
coefficient derivatives. At those orders use (H.8) with L = 1, K > 1, and the same complete source
split. In (F.25), take N > s1 + 2; apply the bounded fixed-order solver and demodulate. The last
term is at most Cl;, s ANV in {51, The finite sum has the proved envelope profiles, and the same
reconstruction adds at most two derivatives and carrier factors. Choose the internal complement
precision once to absorb these fixed costs, and let m be the largest derivative order used. Only S, v
and the fixed construction enter this choice. O

Corollary H.7 (The corrected atomic family). Use the two-term primary on its whole compact
shifted-carrier patch. Choose the fized history reserve to include m(M +2+£+1par, v), the primary
shifts and the initial-data orders, where £ = |n/2| +1 and rpa = M + 3. For the same source and
observation cutoffs, put

Yr = Bg(xsrCmegr% WEUT — WP Y

Write AS"™ = eSc/ TAW:Y . On the observation support, through parameter orders k < rpar and
uniformly over the fized radial labels,

(H.19) D DE (e TV, oo + D5 DE (™50 7Yy log < CrpA ™ T

Thus the corrected family has the original phase and the mixzed amplitude bounds (G.13), with the
same leading tensor. Its full strain has arbitrary precision on the inner identity core. The raw slice
and sampling conclusions of Theorems G.8 and G.6 apply to this same corrected family. All choices
precede sampling and accuracy.

There is also one fived shift Day. If an initial scalar has ||r||cs < CsT*P with B > 0 and the
prescribed bounded low jets, then

(H.20) |D5DEAS(r) = Ao(r))lloe < Coeh™ I ToH0Ds,

The shift is independent of s, k, B and accuracy.
The atomic maps and Ay are linear in their initial scalar r. At every prescribed joint order s,
one finite jet budget ds gives, for E-(r) = R[(AS (r))*AS™ ()] — Ao(r)* Ao(r),

(H.21) I1E-(r) = E-(P)lcx < CAT (IIrllgas + IFllgas) I = 7l -

The same coefficient budget is imposed on G; ds is independent of frequencies and any later accuracy.
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Proof. The complete atomic strain is A= times the graded amplitude in (G.22). For each k < Tpar,
the finite-jet corollary at K = 1 gives both normalized response envelopes in CM*2 with size
CA~L. The joint graded response at K = T gives their CJ norm at most CipA 7T Jtkt+e - For
r > M 42, choose j > r+ (M + k + £)(r — M — 1). Interpolation from CM+! in z has exponent
(G+k+0)(r—-—M-1)/(j— M —1) <r— M. The low estimate covers the remaining orders. The
full response identity proves the strain assertion.

The corrected field is still an integral on the exact original phase; linearity of the fixed response
permits integration of its atoms. Its full and slice amplitudes on the shifted-carrier charts satisfy
the hypotheses used in the two cited proofs; the reserve M pays the additional slice seminorms after
physical differentiation. Their operator bounds, normal homotopy and independent lattice sampling
apply without changing cutoffs or data; gquad < Tpar also covers the background quadrature. No
derivative of the actual inverse with respect to a parameter is used.

For the offset profile, the fixed one-high primary bounds give the complete source size A~
at scale K = T, including joint derivatives. Apply the graded response and the fixed physical
Sobolev embedding, with D,y = Dy, + £. This proves (H.20). Linearity follows from the scalar
transport, algebraic correction and fixed response. The finite-jet estimates applied to an initial
scalar difference give ||AS™(r) — Ao(r)|lcs < CsA7Y||7||cas. Expand the two Hermitian products
and use bilinearity to obtain (H.21). O

3 B+Dpr

APPENDIX I. TRANSPORTED POSITIVE BACKGROUNDS AND CURRENT ROWS

I.1. The common geometry and row. We use the actual reference and carrier charts of Ap-
pendix D and the primary maps of Appendix G on the domains of Setup A.1. The choices below
fix their common finite-low neighborhood and define the continuum row. We prove its full-output
lower bound, one inverse and positive density correction, then compare that same row with the
sampled waves. Appendix M verifies the later frequency and history windows.

Definition I.1 (Second form and reduced strain). Use the actual geometry and ambient formulas
of Definition G.2, with g¢ = 7(G) and Ng = Norg. For the fixed cube tensors of Appendix D, put

Qci =Nk, QY, Yo =(Qci: Qay)ij=1-

Proposition D.9 gives this frame and its positive Gram gap on one fixed C? neighborhood. Use Pg
of (G.3) with this frame, and write

gc(H) = (Qa,i : H)j—y, qc(z,8) = qe(§ ®§).

The rational second-jet formulas and Lemma B.3 give

(L1) Mgl + 3 1Qallor + 195 ler + || coeff(Pa)llor < Cr(1+[|Gllgrs2).

7

Replacing Bg by Bg/o leaves its kernel projection unchanged. Uniform normalized gaps and
fixed-order bounds for dG, Bg/o and the metric connection therefore give uniform frame and
reduced-operator bounds. The tangent, normal and reconstruction identities are (2.2) and (G.6),
pointwise on W.

The actual flat reference and its fixed neighborhood are given by Proposition D.4, Corollary D.5
and Proposition D.9.

Definition 1.2 (Cube geometry and Hamilton carriers). Use the analytic flat F{y of Proposition D.4,
with surjective actual second form and projected frame Qg ;i = Uiy, Q%, Qr,:(0) = QY. Keep these
fixed reference tensors and put

Fy(ox) — Fp(0)

g

Go(z) =
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For small positive o, its metric is I, its normal gap is positive and its actual frame is C close to
Q) =il —end,  Mo(&) = ding(&) — e D6),
i

where ¢, = (n —4)72 and J is the all-ones matrix. Use the finite full-sphere cover, simple-
characteristic patches z = (s,v) € R x R? and buffered phase charts of Propositions D.6-D.10.
These constructions hold on one fixed finite C¢ neighborhood. For the normalized family use
common boxes and normalized gaps down to o = 0.

On each patch use adapted coordinates & = (,%), transverse covector ( € R"~! and an actual
Hamilton phase satisfying

pG(madeG($7C)) =0, SG(O,Z/,C) :yC

The carrier map is (,(z). Write

gG,a = deG(-'L‘, Ca(z))7 YG,CL = dCSG(:L'a Ca(z))a (I)G,a(l‘a Z,Tl) = YG,a(Q:? Z) - n.
The matrix Mg(x,£q,q) has rank n—1. Smooth real right and left nullvectors kg, lg are selected by
fixed nonzero minors. A positive real scalar transport with prescribed positive initial scalar gives
b = agke and satisfies lngbG = 0. Its normal field and transport derivative are
ve = Ng(ée Sym be), Ao = —vg ®&c-
Here ¢ Symb = (¢b7 +b¢T) /2. Both vg and &g have positive lower bounds on the selected compact
supports. Their mixed spatial, carrier and transverse-covector derivatives satisfy

(1.2) |D™(Sa, Ao, va)ll < Con(1 4 ||Gll gmp)

with one fixed D, under the fixed finite low coefficient bounds. For variable initial scalar r, the
right side also includes one ||r||~m+p; this follows from its initial value evaluated at Y times the
scalar flow exponential.

Use the interior incidence roots z,(G; z, E) of Proposition D.9. They satisfy

k-depa(a,€ca) =0, |0s(k - depa(x,€6.a))| >

and the augmented Gram bound

[Me(a, })"w* + 3" [w-ga(@, éo.0)* > clw  (weR™)

on each neighborhood of the full-sphere cover.
For fixed spectator v, the averaged-gradient map

1
(13) Vo(aa',s,00) = [ deola! + (o — )5, v.m) dt
0

is injective on one fixed buffered annular chart in (s,7) and has a common inverse output chart.
Its determinant is bounded away from zero on that chart. The corresponding averaged y-gradient
charts are also buffered and injective. The full-dispersion phases

_ Sg(.T, Ca(z) + 6(9) — SG(Z‘, Ca(z

€

de(x,2,0)

have the same buffered charts for 0 < € < ¢q; at zero they give the transport phase. Proposition D.10
gives the finite-low inverse-chart bounds, and Theorem G.4 gives (I1.2). Use their common parameter
neighborhoods, containing every shifted covector in Definition 1.10.

) _ /01 deSa(w,Ca(2) + ted) - 6 dt

Use the full-amplitude bounds and diagonal reduction of Theorem E.6, with its finite-low de-
rivative requirements included in the fixed neighborhood. The transport normal becomes a PDO
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amplitude under the exact conic change (1.3); fixed-jet substitution and (B.9) give its one-high esti-
mates, also for literal adjoints. For C' = 2RT, the raw inner product is R | fh on both quadratures,
and

(I.4) C*w = 2T w, CC*w =4AR(TT w) (w real).

All derivative shifts precede observation and accuracy.

1.2. The full continuum normal and its low-frequency completion. We prove a full-output
lower bound from the global incidence Gram estimate.

Definition I.3 (Continuum row). Fix one sufficiently rescaled reference G = G, and a small
fixed C? neighborhood of it. Fix domains

Ucore S Br S Umeas ew

and a flat auxiliary torus containing W. The radius r will be chosen sufficiently small. All exten-

sions and cutoffs are fixed before G varies. Take Ymeas = 1 throughout B,, with support strictly

inside Upeas, and Ysre = 1 near B,., with support in W. For every carrier patch choose a smooth

nonnegative p,(z,7), positive near the selected incidence roots and their modulation directions,

compactly supported in the buffered input charts. Let xp; = 0 for |n| < 1 and yp; = 1 for |n| > 2.
With one fixed Fourier normalization, define the complex channel by

15)  Tf@) = [ oD mpixui(n)nf 2 (e, 2) Pace, &ula, 2)f ) d=do

The output is zero outside the chart, and the input is the full complex L?(z,n). Set C, = 2RT,.
The physical row is the direct-sum row

Aphys = (Xmeas Po{D) " Xeres (Ca)a) -
Take a real ¥ with ¥ = 1 on Ugre and supp ¥ € B,. Append Ayyy = 1 — 9 and write
Asse = (Aphys Aowt) Fang = Anng Ay
The exterior input is auxiliary data on the torus. It is not a Euclidean ambient coordinate.
Proposition I.4 (Continuum lower bound and auxiliary inverse). For one sufficiently small fized

r and one sufficiently small finite C% neighborhood of Gret, every row in Definition 1.3 is bounded
on its full L? spaces. Uniformly for real f supported in B,,

* 2 2
(L6) | Agnsf [ = ellr113-
On the entire real auxiliary torus,
(I.7) Eaug > col.

It has one bounded self-adjoint L? inverse. The exterior channel vanishes on Uspe. The same
choices work after multiplying each prescribed initial scalar by /1 + v (z,y), with 1/2 < 14+v, < 3/2
and ||vg||cao < 1, where dy includes the complete normal proof’s fized low derivative reserves.

Proof. Fix ¢ > 0 and one common finite neighborhood preserving the stated gaps, chart buffers
and amplitude bounds. In this proposition the geometric constants may depend on o. All choices
include the stated fixed-low class of initial multipliers.

Step 1. The exact transport normal. The transport derivative has Q¢ ; : AjAo = |l/a|2QG,Z' :
(€a ® &), which gives the amplitude in (I.5). For fixed spectator v, ®,(x, s,v,n) — ®4(2', s,v,m) =
(x — ') - Wo(z,2',s,v,m). The annular inverse extends homogeneously to the cone over a smaller
compact support. The transverse output block is close to 7, so equal outputs have input-magnitude
ratio close to one. Reduce the fixed angular support and perturbation size to fit the annular buffer.
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A common normalization then puts both inputs in that buffered chart, where injectivity holds.
Homogeneity and the inverse identity give

(1.8) Jo = | det D(s,n)\Ija‘7 CW < Jo < Clnl.
Changing exactly to k = ¥, in T, T gives its kernel

KTaT;‘ (ZL‘,I/) _ /ei(:vfx/).kaya(x’ JJ/, ]{Z) dk,

where, at (s,1) = uq(z, 2’ v, k),

~\2 . 2
b (2.2 ) = Yomons () Yamons (2 /pa(s,v,n) xni([n])%[n)
(1'9) T, (:Eaxa ) X (x)X (:L') g T,

: |Va($, Z)|2|Va(x/7 Z)FQG(xa ga(l" Z))QG(:B,’ ga(l',7 Z))T dv.

Thus the normalized PDO amplitude in Theorem E.6 is (27)"br,. The input support lies strictly
inside the inverse chart, so zero extension is smooth. The two half weights cancel the degree-one
Jacobian. Differentiating the inverse identity gives order-zero full-amplitude estimates, with one
high geometric norm; each k derivative lowers order. The finite-low full-space bound therefore
controls T, and C,,.

For k # 0, define its homogeneous diagonal by

(I].O) dO,a(x7 k) = bTﬂ(JI, z, k)|Xhi:1 .

Since |n| = |k|, the part containing yZ;, — 1 is a bounded-frequency smoothing term. The identity
CoCf = AR(T,TY) and full-amplitude reduction in Theorem E.6 give the real principal matrix

(L11) ba(, k) = 2(27)"[do.o(x, k) + do.o(z, —k)] > 2(27)"do oz, k).

No evenness of the input mask is required. There are an actual order-minus-one reduction error
and the bounded-frequency error. Their literal adjoints have the same gains and fixed shifts.

For the image normal, the fixed-source formula at phase z - ¢ moves x2,. past (D)~! with an

order-minus-two error. The next inverse multiplier and the two first-order factors Pg, Pf leave
an order-minus-one error. The leading full amplitude is Mg(x, &) Mg(2',£)*(€)~2 times the fixed
cutoffs. The same direct diagonal reduction therefore applies.
Step 2. Principal positivity. Differentiating pg(x,d.Sg) = 0 in ¢ shows that D¢d,Sg maps
onto the characteristic tangent hyperplane; its transverse block has rank n — 1. At each incidence
root there is therefore a unique nonzero 7, with d,®, = k. The incidence derivative bounds Ja/|Nal
above and below. Choose p, positive near these root/modulation pairs.

The image normal has principal matrix MgMg up to a fixed positive normalization. If it and
all dp,, annihilate w, then Mgw = 0. The homogeneous positive weights in (I.10) and continuity
also give w - qa(z,£q,a) = 0 at every selected incidence root. The augmented Gram bound forces
w = 0. Compactness and continuity therefore give a uniform positive gap on the entire sphere. For

the allowed initial multiplier, scalar transport multiplies v, by /1 + v4(2,Y5,4). Every detector

symbol weight is therefore multiplied by (1 + v,)? > 1/4, and its finite-low full-amplitude bounds
remain uniform. The gap persists under the chosen finite-low perturbations.

Step 3. Low frequencies and small support. Fix a plateau x = 1 near the eventual B, inside
the positive principal-symbol region. Full-amplitude reduction gives

XAphysApnys = X Op(eo) + Ro, Ry:H ' — L2
Choose a fixed smooth low-frequency extension with eg(0, k) > c¢I. Near B,, Taylor’s formula gives

Op(eo) — eg(0, D) = ZxT
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The order-zero T; have symbols fol Or,e0(tx, k) dt, extended with fixed cutoffs, and are uniformly
bounded. For f supported in B,, positivity of the frozen Fourier multiplier gives

145 fI3 > el £15 = D w2 T fll2 = Cllf 111 £ll2

> (c = Cr)lIf113.

Here ||f||g-1 < Cr| f]]2 follows from Sobolev duality and Holder on the small support. Choose r
inside the fixed plateaus to absorb both errors. This proves (1.6).
Step 4. Exterior completion. Apply the local estimate to 1 f. Global row boundedness gives

1fll2 < [ fllz + 11 = ¥) fll2 < Cll ARy fll2 + ClI(L = ) fll2-

Squaring proves (I.7). This bounded self-adjoint operator has closed range and zero kernel, so its
range is also dense. Its inverse is bounded and self-adjoint. The exterior row vanishes on Uggre. [

I.3. One inverse and its initial-variable adjoint. The L? inverse, derivative commutators and
one derivative trade give the raw canonical data and physical density correction.

Proposition 1.5 (The inverse and initial-variable adjoint). Use the common finite-low class of
Proposition 1.4, including its positive initial scalars rq, and write

A=A, E = AA*, Cm =1+ ||Gllem + > Irallem-
a

Let X* be the direct sum of auziliary H® inputs and carrier initial-variable HZ , inputs before their
physical cutoffs. For one fixed B, the same inverse satisfies

(L.12) IE= ellms + |1A*E " ellxs < Cilllellms + Cosnllella], s >0.

It preserves H>®, and A*E~! is a right inverse, whose exterior component is zero on Ugore. For the
real carrier adjoint C; set

Daf = 2R{xy (2, 9)F,, a2, D) xus () Inl2 £ (z,m)] (1)},

where the fized x, equals one at the core’s footpoints. After enlarging B once,

(L13) > IDaCoE eIz, < Cilllellzro+1 + Cornllel2]-
a

This includes all carrier and initial coordinates and also holds before x.

Proof. The image, transport and exterior normals make E an order-zero PDO, with the full-
amplitude one-high bounds. For |a| = s > 1, these bounds give

(I.14) I[D%; EJv]la < Cs[llvllgs-1 + Csvpllvlla]-

In the commutator, at least one derivative hits the full amplitude; interpolation from its fixed
first-derivative baseline, jointly with v at H5~!, gives the displayed additive bound.

Let z = E~'e. At order one, difference quotients justify (I.14): the PDO translation commutator
is uniformly bounded on L? by the fundamental theorem of calculus. Thus E~! preserves H'; self-
adjunction extends the same inverse to H~!. If z € H*~!, the distributional identity

ED%“z = D% — [D*, E]z

has right side in L2. Uniqueness in H~! gives D%z = E~1(D% —[D%, E]z) € L?. Integer induction
proves the first bound in (I.12), with the same B.

Image and exterior adjoints are order zero. For a carrier put A = D¢d,S¢ and L = (ATA)7IAT,
The transverse gap gives

(1.15) d,® = Ay, n=Ld,®,  0,0=V; - d,®, V;=(0.,dcSc)L.
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Thus every initial or carrier phase derivative of T v can be transposed to an x derivative. Compact
measurement support removes boundary terms. After s derivatives, a term with k derivatives on
v has coefficient excess s — k plus one fixed reserve. Its amplitude still has order |17|1/ 2. its paired
normal has order zero by the degree-one conic Jacobian. The full-amplitude bound, Plancherel and
interpolation give
Cs—rrellvll e < Cslllvllms + Copellvl2]-

Sum these terms and insert v = E~!e, using the inverse at the high order and only its L? bound
in the coefficient term. This proves the raw estimate. Scalar transport is r(z, Ys) times its flow
factor, so the same calculation has one high G or r norm when the initial scalar varies.

Finally D, is a fixed half-order multiplier in y, followed by real part and x,. Its carrier derivatives
act on the fixed mask, so its H* norm is bounded by the raw H**! norm, also before Xy- This
proves (I.13). The identity AA*E~! = I proves the right-inverse assertion; its exterior component
is (1 —v¢)E le. O

Proposition 1.6 (Uniform normalization as the second form shrinks). For 0 < o < o0y, take G,
from Definition 1.2 and use initial scalar o for the null transports. All domains, cutoffs and carrier
charts in Definition 1.8 can be chosen independently of o. The fields

U_lBGau UNGav U_lbcr,m SGga Vs.a, AO,J

extend smoothly through o = 0 in every fized mized space/carrier derivative. The normal fields vy q
keep a uniform positive lower bound. For fized smooth compact nonnegative carrier weights wq, put

Hox) =Y / wal2) Vo (@ 2)[Poa(, 2) ® Enal, 2) dz.

Its limit Hy is constant and positive semidefinite, and

(1.16) |Ho — Hollgs < Cso.

The normalized augmented normal satisfies, on the entire auxiliary L?,
(1.17) E;>ecl, B fllms + 1ASES fllxs < Csllfllme,

with ¢,Cs independent of o. The density estimate (1.13) is uniform as well, with right side
Csllfllgs+1. The algebraic limit at zero is used for these estimates only; Gq is not asserted to
have full normal rank.

Proof. On one small box for Fy, construct the phase S and null transport b with initial scalar 1.
Choose a fixed normalized box with oz in that domain. Corollary D.5 gives its flat metric and the
scaled second form and stress frame. The ambient formula and common Hamilton Cauchy data
then give

Ng, () = 0 'Np, (o), Se(z,¢) = 0713(0:1:, q),

~

bo(2,C) = ob(ox, (),  &(a,C) =E(0,C),  vola,() = D(ow, ().

Indeed the displayed phase has initial value y- ¢, and Pg, [ob(oz)] = UQ(PFOZ)(O'QZ). Thus it has the
same leading scalar transport and initial scalar o; uniqueness proves the identities.
Since S(0,¢) =0,

(L18)

1 ~
Sa(x,C):/O x-dyS(tox, Q) dt.

Every normalized field therefore extends smoothly in all mixed variables through zero. There the
nonzero tensor &y Sym kg lies in KOL; its inverse image under Bp,(0)* is nonzero. Compact detector
supports give a common positive lower bound for v. For the fixed carrier weights, the same identities

give H,(z) = H(ox) and Hy = H(0). The fundamental theorem of calculus proves (L.16) at every
fixed order.
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The normalized image and detector symbols have the frozen positive joint gap at zero. Their
full amplitudes, chart inverses and literal adjoints have uniform fixed-order bounds. Apply the
proofs of Propositions 1.4 and 1.5 to this compact normalized family, including its fixed-low initial
multiplier class: one common small ball absorbs the local errors, and the same exterior row gives
the full L? gap. The inverse, raw and density estimates have uniform coefficients at every fixed
order. The physical domains stay fixed, with zero exterior row on Ugye. No norm continuity of
individual graph operators is used. ]

1.4. The positive transported mean. The mean is affine in its initial density. One density
correction and tangent field cancel its reduced strain, at the normalized reference and throughout
its fixed neighborhood.

Proposition 1.7 (A positive mean at the reference and nearby immersions). Use the normalized
family of Proposition I.6. Choose smooth nonnegative cutoffs x, compactly supported in the carrier
charts and equal to one near every detector projection. Fix the external carrier measure Y, dz =
X2 dz and put ag = pa, 50 pa = Xaa. Let Hy be the corresponding constant limiting mean and fix
Xo(z) = —Hoz/2, a source cutoff 0 € C(B,) equal to one on Ugore, and Usy € Ugore-

For a positive o and an immersion G near G, use initial scalar o and its uncorrected continuum
row A= Aqgq,, E = AA*. For the leading normal vg . with initial scalar o, define the transported
mean with this fized measure:

(1.19) Hglo*(1+v)] =) / ValVG.oal* [l +va(2, Yo.u)€G.a @ EG.a d2.

Define, with the same source and raw-input cutoffs,
Ry = Dyg(dGXo) 4+ Hg[o?],
e = —30qc(Ry), h=A*E e,
tcorr = (D)™ Xsrchim,
(.20) Xa = Xo + 95 teorr,
(I.21) va = 4ARF, Hewaxni (1)) 0] ha).

The source is smoothly zero-extended to the torus; the density synthesis is uncut in the initial spatial
variables. Put

rGa = 0V1+ g, Vibase = dGX¢.
For all sufficiently small o > 0, and then on one sufficiently small fized finite C% neighborhood of
Gy, these fields are real smooth, 14+ vq > 1/2, the scalar rq q is positive on detector supports, and

(122) qG (D’YGvbase + HG [7%7']) =0 on Uﬁn~
The corrected positive row has a full L? gap and one all-Sobolev inverse. For one fized B,
(1.23) Y llrcalles + [Voaselles Uan) + D76 Viaselos 0y < Cs(L+ [1Glls 5 (ury)-

The scalar norm includes all carrier and initial variables (z,y) on the fized buffered patches; B
includes the one derivative in the tangent strain. These choices precede accuracy and any later
target dilation; fized-order bounds are uniform on smooth compact families.

Along G = G, the construction satisfies

(1.24) S llealles + X6 — Xollexawy < Cao,
a

the identity holds on Ucore, and the corrected normal gap and fized-order inverse bounds are uniform
as o — 0.
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Proof. The density v, has carrier support inside {x, = 1}, so ¥,v, = v,. Scalar transport evaluates
it at Yg,4. The factor 4 in the uncut synthesis and C, = 2RT, give, on the entire measurement
support,

(1.25) Xmeasd: (Ha[o? (1 +v)] — Hglo?]) =2 Coha.

The same identity holds for any fixed positive initial scalar and its row. On Uggre, @ = Xmeas = ¥ = 1,
so covector raising gives

QG(D'YGVbase + HG[ré]) = qGRO + 2PGucorr +2 Z Caha
a

= qgaRo + 2e = 0.

At G, the metric is I, so Dyg(dGXy) = —Hy and Ry = H, — Hy = O4(0). The uncorrected
row is the normalized row. Its uniform inverse, raw-adjoint and density bounds give h = Og(0),
v = Og(0) and Xg — Xog = Os(0). Choose o so that v lies in the fixed-low multiplier class of
Proposition I.4. Its normalized proof gives a uniform corrected gap. Since v = Og4(0), the same
inverse proof has uniform coefficients at every fixed order.

Now fix this positive o. Choose the neighborhood order above dy plus the density and inverse
shifts, keeping the preselected support. A small neighborhood in that finite topology preserves the
uncorrected gap and the needed low smallness of e,v. The fixed-jet and transport formulas give
| Rollcs + llellmrs < Cs(1+ ||G||gs+5,). Apply the inverse, adjoint, density and physical realization
estimates; every high coefficient multiplies a bounded low source norm. Covector raising, the
positive square root and the one tangent-strain derivative enlarge this fixed shift once, proving the
profile. The same fixed-low multiplier class gives the corrected gap and inverse throughout this
neighborhood. 0

1.5. The row and its auxiliary fields. The continuum inverse uses one positive row. We truncate
every raw input before its physical realization.

Definition 1.8 (One row and its input cuts). For the positive base of Proposition 1.7, write
Ag = (Ave, Ta),  Eg=AcAL, Qg =E;,

where Ap ¢ contains the image and exterior channels, and T the real carrier channels. Every
geometric coefficient in this row belongs to G, rg.

Let mx be one real even Fourier contraction on each auxiliary torus input, equal to one below
K and zero above 2K. On the carrier input let PIQ( = 3 ,.<x 32 be the fixed dyadic square prefix,
from an annular partition that sums to one on supp xni. Set

Pr =diag(nk, Px),  Faox =AvemiAbe:  Eax = AcPiAG.

All squares act on raw inputs. The spatial source and footpoint cutoffs remain in the original
operators after these multipliers. The raw norm X? is the direct sum of auxiliary H® norms and
carrier initial-variable H;  norms, before the footpoint cutoff. Each carrier component of Af

contains xpj, and PIQ{ = 1 on that support below cK. Hence
(I —P%)v|lxo < CsK %|jv]lxs (v € Ran Af N X*).
Proposition 1.5, composed with 77%( and the same strong order-zero auxiliary row, gives
[Qcellus + [[AgQael xs + [[Fa,xkQcellus
< Cilllellms + Cs1+B(G,16)lell2]-

Here Cp,(G,rg) = 14 [|G|lcm + X4 IrG.allcm. The fixed loss and constants are uniform in K; at
each prescribed low order the coefficient norm is bounded. The inverse and raw cutoff order are
unchanged.

(1.26)
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Proposition 1.9 (Physical realization of truncated data). For h = A&GQGe, put

(I 27) UK = <D>71Xsrc77%(him7
| VG (€) = $dG g5 uxc.

On the physical core, q(;D'y(;VaﬁX?K = Pgug; the exterior output is zero. For one fized shift Bppys,
uniformly in K,

(1.28) Vaixk (@)l s wy < Cslllell s + Cot By (G ra)llell2]-
The same ordered physical factors, started after the raw Fourier cut, also give
(1.29) IVaixk (@) o) + 1 Fe,xQaell s < CslK® + Cotyy (Gyra)] el

In the field estimates here and below one may also include \|D'ygva€X7K(e)HHs(W) on the left. A
fized physical cutoff gives the same field and strain bounds on the torus. In particular its C? norm
is at most C||e||mso at one fived so under the prescribed fized-low bounds.

Suppose
Cn(G,rg) < Cp T~ B+ T > 2,
with one fized R, above every displayed shift. Then

(1.30) [AcQaellxs + [|Fe.kQaellns < Cs[llellms +T°|ell2],
and, if T < K,
(1.31) Vi (@)l s wy + 1Fa.xQaell s < CK*|elf2.

At any fixed finite set of orders where the coefficient norms are bounded, this last conclusion holds
for every K > 2.

Proof. Equation (I1.26) controls h. The tangent identity gives D’ygvaﬁxyK = Sym V9 ug. Its first
derivative is paired with (D)~!, so the field and full strain in (I.27) have order at most zero.
Their one-high bounds prove (1.28); a final fixed cutoff adds only a lower-order term to the strain.
Starting instead with ||7%h||gs < CsK?|lel|2 proves (I1.29), including the complete auxiliary row
and its exterior output.

Corollary B.4 gives Csy. < CsT® for every displayed fixed shift c. Apply this to the one-high
shifts in (1.26) and (1.29). This proves both graded bounds; bounded coefficient norms give the

finite-order conclusion directly. O

1.6. The same primary row and separated samples. The fixed external weights identify the
positive continuum row with the leading normal of its actual primary waves.

Definition I.10 (Primary realization of the positive row). Use the positive scalar rq 4 of Proposi-
tion 1.7, its fixed measure 9, dz = X?L dz and detector mask o, = pg, 50 Xq@q = pq. The primary
atom WP, _(z,¢’) is (G.12), with the common Hamilton Cauchy data and one algebraic correction.
Use its proved mixed grades at the same scale L as G,rg, including the fixed parameter order
Tpar = M + 3.

For ¢ = (4(z) define the background-modulation tensor and real channel on both quadratures by

ICT,UL,Z (l‘, 77) = Sym[(dWT (:Ea C))*dw‘r (x’ C + 7—77)]’
%T,a,z,Kf = 2% / Xmeasaa,Xhi’77’1/2QG(,CT,a,z)5Kf(77) dn.

Its exact phase is [Sg(, ¢ + 1) — Sa(z,¢)]/7; at zero, Koa. = /¢ |vg|?¢q @ &g. Use the fixed
dyadic square partition and radial labels of Theorem G.6, with 7, = (R.\)~! and

(1.32) A/X < the fixed phase margin.
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Every shifted covector stays in its common buffered chart. Write Hg = Hg[rZ] for this same
positive transported mean.

The square weights satisfy p2 = 1,a2. Thus the transport normal of these channels is exactly

T PAT}; real adjunction gives CmC* = 4R(T'mT*). Summing the fixed radial colors removes
their masks at transport order. The auxiliary normal is appended with the same raw cut. The
fixed-low full-amplitude bounds also show that an initial-scalar change of size n in those seminorms
changes every continuum prefix normal by Cn, uniformly in its ceiling.

APPENDIX J. CURRENT CORRECTION FOR FOURIER MEASURES

J.1. One current patch and its two envelopes. The finite primary and its complete response
use the same immersion. We apply the response once to the finite strain of each Fourier measure,
on the common source and observation supports.

Setup J.1 (The current phase and full response). Use the actual geometry of Definition I.1 at
F, in its fixed finite-low neighborhood. On one buffered simple patch let ¢pp(z) = Sp(z, () be the
Hamilton phase with the fixed transverse Cauchy data. Use the finite primary of Theorem G.5,
including its positive initial scalar, and the compatible complex-linear response B}C,w of Theorem H.1.
This is the fixed full ambient map (H.9), including its literal inverse and normal reconstruction.

Use the wider response core Upac of Setup A.1, with D € Int Dj,y €@ Upag. The entire supp Xmeas
and every eventual mean, protected pair-source and physical-output support lie compactly inside
Int D),e. Fix real source and observation cutoffs with

(J-l) SUpp Xsrc € {Xcore = 1}7 SUPP Xcore € ULAG, SUPP Xsre C {XQ = 1}-

Require Dj,g € Int{xsrc = 1} and the full observation support inside the primary’s validity chart.
These choices precede sampling, frequency and accuracy. All envelopes have fixed extensions to the
auxiliary torus.

Setup J.2 (Source scales and finite measures). For a fixed r, above the finite construction shifts
and the joint budget of Corollary H.7, suppose

(J.2) |F|lcr < CTT—)+ T > 2.

The phase, finite primary and response have their proved grades at this same scale. Let A = 771 > 2
and choose K > 2 with fixed v > 0 and

(J.3) T<K, T <\,
Let m be a finite complex measure in the (n — 1) initial Fourier variables, with M = ||m||rv, and
suppm C By, 2 < A < K/Chod, A/ < the fixed phase margin.

The allowed modulation chart includes this entire support and any atom at zero. No relation
between 7" and A is required. For fixed radial labels \; = ¢;R?, strict power gaps absorb the
positive constants ¢; uniformly.

J.2. Finite measures and one current response.

Definition J.3 (The finite primary and its strain correction). Put

(14) Wolm) = [ WE(Fi,¢ + 7€) dm(6).
and define
(1.5) H = XaqcDyrWo, Y =B%H, Z=W,-Y.

Every map is complex linear in the complete measure. The finite primary, response, inverse and
cutoffs precede the datum and accuracy.
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Proposition J.4 (Finite-measure envelopes and current strain). Under the preceding setups, the
same fields satisfy

(.6) |Xcore€ "% Z|| ¢ + || Xeoree 7 dZ | s < Cs MK,
(J.7) )\|‘Xcoree_i>\¢FY||CS + ||Xcore€_i>\¢FdY”CS < CSM)\_IKS.
On Di,g, for every finite r,Q,

(J.8) HD'YFZHCr(Dlag) < CT,QMx\fQ.

The fields and domains are independent of these proof orders.

Proof. The full source cutoff and the response are fixed and linear. Compact shifted support permits
integration in every fixed Sobolev space; continuity of the same response therefore gives

(V.2) = [@r WE)(Fir, ¢ 4 7€) dm(g).
These are the original complete fields, including all source leakage. The central demodulation phase
is
z,(+7E) — Sp(x, ¢

T

(1.9) U(x, &) = Sk ) _ /01 d¢Sr(z, ¢ +urf) - L du.

Its joint grades give |DLW| < C,.AT"~!. A derivative monomial of order s in ¥, with k phase
factors, costs CxAPTS—F < CK*. Multiply the atomic envelopes of Corollary H.7 by this phase and
integrate against |m| to prove both envelope bounds. The same atomic theorem gives full strain
C’T,Q/\_Q on the common inner core, uniformly throughout the shifted compact support. Its finite
higher precision includes the physical C" derivatives. Integration proves (J.8) on Di,g. O

APPENDIX K. THE SAMPLED CURRENT MEAN
K.1. Preparation and the original positive row.

Setup K.1 (One row and the stage window). Use Definitions 1.1 and 1.8 at the current F' on
D € Ugy € Ugore € By € Upeas € W and the common auxiliary torus. Write C = Xmeasqr and
¢ = |n/2] + 1. For the original positive scalar rp, set
Ap=(A0.To), Eo=ApAp, Qo=Qr, Fox =AmiA; Eox = ApPic AL
Use A= (n+1)(1+6)/4 from (8.6) and
K1) 0<f<e<i, B=(1+€¢/3, 1+0+B<a<3,
' A=R', H=R" h=RP T=R o0<t<lLl

The current history profile is | F||cr < C, T (r=r<)+. its positive base, phases and finite primary have
the same derivative scale. Choose 7, above the fixed shifts in Proposition 1.9, which gives

(K.2) [AFQoellxs + [[Fo,x Qoellas < Cslllell s + T[lel|2],
and, for T' < K,
(K.3) Vo ()| 11wy + 1Fo,x Qoell s < CK°[Je]|2.

The latter includes the complete strain and a fixed physical cutoff. All raw inputs precede physical
source and footpoint cutoffs. The exterior output is included on the torus and vanishes on D.

The fixed order gquaq = 2n — 1 precedes the finite colors, radial labels and positive-row neigh-
borhood. The preparation orders below depend only on n and the fixed power margins; put their
budget into 7, before sampling, fine accuracy and target dilation.
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Proposition K.2 (A prepared positive background). Use the positive scalar rr, base field and
row Ap = (Ao, To) of Appendiz I, its inverse Qq, the current atomic family, and Setup K.1. Put
J = |2A/a]. Then a(J + 1) > 2A and Bqquaa > 2A. Use the convolution weights, their fized
radial colors and spacing h of Theorem G.6. The weights and colors precede the following density
preparation and the random shifts.

There are positive initial scalars rpr and a real field U., chosen before sampling, such that one

sample event gives the current zero-atom fields Z. ; = W (rpr) and

He =Y wR((dZc;)*dZc),  Ce= DypUe+ He,
i

with a full auxiliary residual satisfying
(K.4) re = qrC. on D, [relle < R™24, el s < CsT?.
The initial scalar stays in the fived positive class of the original row. For every fived reserve Ry,

the history order can be chosen so that

(K.5) lrer —rllcry < CAT Ilrprlcs < TR+,

All carrier and initial variables are included. The field and full self tensor obey
(K.6) [Uclles + | Helles + [|Celles < CT® - on Ugn,

also after a fized physical cutoff. The same event has at most CR'T¢ nodes, weights at most CR™17¢,
bounded mass and same-color separation ch. For every prefic K < H, its current normal satisfies

(K.7) |Ex — Eo x| < C[R™(=/4 4 grat1t6+5],
The inverse Qq still belongs to rr. All preparation orders, profiles and domains precede the accuracy

of the later mean solve.

Proof. Write r(v) = rpy/1+v and let J& (v) be the colored continuum Hermitian mean of its
current zero atoms. Put

Ex(v) = C[H4(v) — Heransport [T(U)m-
For each fixed s, the current-atom estimates and linearity in the initial scalar give, on a bounded
finite-jet positive class,
(K.8) 1E0(0) = Ex(w)|lms < C Ao —wlleme, [|EA(O) || < CoA™1

Here my is finite. Indeed both the finite primary and its fixed response are linear in r. Their
derivative amplitude is its transport amplitude plus a C* error of size A\~! with a finite initial-data
shift. Subtract the two Hermitian squares and apply the positive square root. The masks are only
integrated; 0 < m, <1 and ) .m. = 1 make these constants uniform in h.
Start vg = 0, Up = Vhase and eg = €x(0). For i < J, put h; = A7 Qoe; and use the uncut density
synthesis of (1.21):
Sia = —2RF " aaxni|n]*hial,
Vig1 = v; + 0v;, U1 =U; — 32dF 9 (D) XsrcPi im-
Define the full residual, including the exterior component, by
€ = C[%\(Uz) - Htransport [T%‘H - Z AOA8Q06k~
k<t
Equation (I.25) gives the full measured density change —7o7; Qoei; the auxiliary change is
—ApAjQoe;. Since ApALQo = I on the whole torus,
(K.9) €i+1 = 5)\(1)1'4_1) — g)(i)i).

No source is cut again between these steps.
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The inverse and density estimates have fixed shifts. Start above the initial-scalar orders of
Corollary H.7, then choose their finite input orders and mgs backwards through the fixed J steps,
then put this finite budget into 7. Induction gives e; = O(A~*"!) and v; = O(A~!) at all prescribed
low orders. Thus 14+v; > 1/2 at a large threshold, and 7r r = r(vy) is defined. For the high profiles,
a scalar bound CyT**? gives a primary strain of size \™3T*++Dpr . The graded response at K =T
and fixed Sobolev embedding give current envelopes C, 750+ Per+t - One-high products, the density
inverse and the auxiliary field add only fixed shifts. After J steps all fields therefore have bounds
CT5+B7 with B independent of s. Include a fixed low order above Ry + By + 1, and interpolate
with a sufficiently high order; this proves the scalar profile in (K.5). The same argument gives
grade T for Uy and its full strain. These are finite choices independent of later accuracy.

Now fix this family and sample. The deterministic lattice estimate at order gquad < 7par, gives
|H. — 74 (vy)||2 < Chlaved, Set U, = Uy and

re=-ej+ C[Hc - %\(UJ)]

The strict choices of J, gquaa give its L? bound. On D, the original positive-base identity and
vanishing exterior row give r. = ¢rC,. Bounded mass and the current envelopes prove all field and
global residual profiles.

The sampling theorem and current-atom theorem compare every current prefix with the leading
row at rp g by the right side of (K.7). The phase is unchanged, and the scalar difference is O(A™!)
in the fixed full-amplitude seminorms. Thus replacing that leading row by the original Ey i adds
only CA~!, uniformly in K, by the exact normal formula of Appendix I. This is absorbed by the
displayed bound. The random event is chosen only after the complete prepared family has been
fixed. ]

K.2. One fixed current row. Fix the prepared scalar and the sample event above. All subsequent
wave maps use this scalar, while Ar, Qg keep the original rg.

Definition K.3 (The fixed current measure maps). At each literal sample let £;(m) be the current
map Z(m) of Definition J.3, with initial scalar rr p and

=AY 9= Se(@.G)/m

Function data mean dm = fdf ; the zero atom evaluates the original integrand at & = 0. Use
the full domains and cutoffs of Setup J.1. The region Dj,, contains every measurement, extension,
pair-source and physical-output support. Corollary H.7 proves the joint low bounds for the raw
slice spaces, with both quadratures. These wave maps and responses stay fixed in every update.

Definition K.4 (One current canonical row). Use the graded response window and the current
zero-atom background B; = e~ YidL;(5y). Use the raw space Xk of Theorem G.8 with both real
quadratures, and set ;HK = a;xniBk in the initial Fourier variables. These are the detector and
high-pass masks of the positive row; the zero atom above is uncut. Define

Gj’}(’l) = 6_“% dﬁj(B;?K’U), AjJ(U = C[Q sSym %(B;ij(v)],
and put
Ak = (VI3A5K);, Ex = Fox + Ax Ak.
The slice cutoff, equal to one on every measurement support, is understood only in norm estimates.
Spatial initial cutoffs remain inside the physical wave map, after the Fourier input. Every mean

step uses this same background and canonical row.
The current-atom theorem and the raw slice bound give

(K.10) G kvl s < CE2 w5,

Proposition K.2 compares all sampled prefixes with Fp x on the entire output. Hence Ag is
bounded. Only the continuum normal is inverted.
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For g = Qqr, define the canonical data by
(K.11) fikld = B AS kq, Djkla) = e " dL;(f;xld)).
Adjoints use the real Hilbert products; the row weight and physical normalization cancel, with no

inverse sample weight. The complete linear response at B is exactly Fxq. The individual raw
bound ||A; k|| < CVK, (G.32) and the current version of (G.34) give

(K.12) 1£5.x[Qorlllem,,., + 1Dk [Qorlllem < Cn K™ P|lrlla, — p=(n+1)/2.

initial
The initial Fourier support is below CK, and its Fourier L' norm is at most CKP?||r||2. Apply the
raw Sobolev and physical bounds before summing, then use boundedness of Ag:

(K.13) > willDjk[Qorlhs < CsK* Y| AR Qor|l3 < Cs K>3,
J
(K.14) > willDjr[QorlllEs < CoK* ™| Ak Qorll5 < Co K>+ r3.
J
These bounds hold when T < K. For a complete derivative change D, the exact self-tensor
increment from B is
(K.15) 2sym R(B; D;) + R(D; D;).
Equal phases cancel before differentiation.

For the mean solve the fixed normal comparison is
(K16) ||EK — EO’KHQ*)Q < CH_V, v > 0.

Proposition K.2 proves it for all bands at once, before any canonical update.

APPENDIX L. SIGNED QUADRATIC PRODUCTS

L.1. The complete current sources and one solver. The geometric and linear inputs below
have been proved in Appendices D and F. Proposition 4.2 gives the complete current derivative
envelopes used here.

Setup L.1 (Current geometry and derivative envelopes). Use the actual geometry of Definition I.1,
the domains of Setup A.1, and the fixed regular solver of Theorems F.3 and F.8 at F'. Suppose

(L.1) |F||cr < DT+, Lp=T,

where the fixed r. exceeds the coefficient shifts in that solver and in ambient reconstruction. Corol-
lary B.4 gives, for every reconstruction coefficient and fixed cutoff cp,

(L.2) D" cpllos < C.T7.

Use the exact current Hamilton phases and literal groups of Definition D.12, with 7']71 = A. The
same-group spacing is ch. The protected signed classes and their true frequencies are

distinct same-group differences p=2Az—2
sums, doubled carriers, and either sign between groups p=A

Distinct radial labels protect different groups even when their unscaled directions agree. Only the
equal-index Hermitian difference is a self term. All band updates at one literal carrier are combined
in one field. Thus every off-self term has 2 < cAh < pj, < CA.

The mixed phase grades of Theorem G.5 give |D7S| + |D:DS| + |D5D,S| < C,.T"! for r > 1.
The segment formula on each convex carrier patch gives the same bound for a divided difference.
Proposition D.9 and Theorem F.6 place every normalized pair covector in the fixed buffered regular
region. The whole source product is protected there, and every complete characteristic segment
stays in Wy in either orientation. Use their original source cutoff x4, supported where yo = 1 and
equal to one near D; all measurement and output supports lie in the common validity charts.
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Let le-ag be the complete complex fields, with
(L.3) AW =% A;,  0; = Sp(x,()/7;.
After one fixed envelope cutoff equal to one on every pair source, assume

L4)  Aller < G

env?

Lpair = maX(Kel’lV7T) < le-k_aa Kenw 22, o0>0.

For a fixed mean construction, these fields and coefficients serve every product accuracy and obser-
vation order. Equation (4.12) proves this envelope for the final measures on the whole protected
source support; Proposition 7.2 verifies the separate history bound in the iteration.

Definition L.2 (The one complete regular solve). The preceding real operators and literal source
cutoffs give

Cr =x2Rrx3, |Crll2s2<kKo<1, Trp= (I—I—CF)_1, u=SgTrh.

All outgoing branches, endpoints, cutoff and low-frequency terms are included. The quantitative
theorem applies to a source with its full complementary tail; the actual inverse and physical cutoffs
do not depend on the beat or proof accuracy.

Write Np = Np, Vg = Vg for the reconstruction of (G.2). For a real metric source ¢, put
hi = —1Qi(F) : ¢ and define

(L.5) U=Vp(u)+ %NFHKP{q.

Equation (2.6), with target —gq, converts Pru — h to the full error DypU + g on D through the
actual Gram inverse.

For ambient derivative matrices use B(4, B) = (ATB + BT A)/2.

L.2. Exact signed expansion and weighted correction. We sum the actual pair corrections
with the literal physical coefficients and leave the complete Hermitian self contribution for the
current mean.

Lemma L.3 (The exact signed expansion). Let b > 0, u; > 0, dW; = et Aj, and set

M
P=0bv2> /mjReW;,  Her=1b>Y pijRe(ASA;).
J=1 J

For the ordered signed pairs put
gy, = Re (9HB(A;, Ay)), g5, = Re (¢ 7WB(4;, 4)).
Then
(L.6) Qoft 1= (dP)"dP — Heat = b° | Y /il Gy + Y \/Hilk O,
gk J#k

The first sum includes doubled carriers. The omitted difference diagonal is the complete Hermitian
self tensor, with every modulation and current correction.

Proof. For complex matrices D, F,
2B(RD,RE) = RB(D, E) + RB(D, E), B(D, D) = R(D*D).

Expand dP using the first identity and subtract its difference diagonal using the second. O
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Proposition L.4 (One current solve for the complete off-self tensor). Use Setup L.1, Definition L.2,
and 32 pj < Cy. Use the exact tensor Qo of (L.6). Put

q = XsrcQoff, hi = —3Qi(F) : q, 2 =Trh, u=S8pz,

and define one real current field

(L.7) Stag = Vr(u) + 3 NrllgLq.

With Wy, = (3 /55)* < MGy,

(L.8) | DY Stag + Qoftl1+(p) < Cs B Wu(Ah)~9,
(L.9) [ Siag 1272wy < Cob* WA,

For a fized physical cutoff xout = 1 near D and supported in the observation chart, the same size
bound holds for XoutSlag on the torus. The literal field and operators serve all 5,Q. All doubled
and distinct signed terms are included; the complete Hermitian self tensor is excluded. The sample
count enters only through W, < MC,,.

Proof. Step 1. One signed source at its true scale. Let U;fC and u;tk be its ambient and

reduced fields at ¢ = Xsrcq;i;- Leibniz, including the source cutoff and current reduced multiplier,
bounds each product amplitude directly by

lajkllcs + llajpllms < CsLy

The geometric coefficients have the derivative scale (L.2); only the total derivative order enters.
Write the product as e'??ajj, at its true p = pji. The normalized phase has |[D"¢| < C’,,L;;hlr and

a fixed nonzero gradient. Its compact protected covector set gives |pdp — & > ¢(p + |£]) on the

entire complementary mask. Proposition C.7 therefore bounds the off-mask source in H?® by

Cs,kps+n/2 (Lpair/p) K .

Since Lpair < p'~7, a finite k gives any requested decay. The source plateau and protected complete
segments are those of Definition L.2. The fixed solve and (2.6) give

(L.10) IDVEUZ + il i=(p) < Cupir-

A higher finite proof accuracy pays the fixed frame and Gram derivative costs, without changing
the field.

Step 2. The exact weighted sum. The solver, inverse, frame and cutoffs are fixed across all
pair scales. By Cauchy-Schwarz, the total absolute coefficient in (L.6) is at most 26*°W,, < 2b*MC,,.
By linearity, (L.10) and pji > cAh give the full tensor error on D. For the size, put A = bZWM.
Leibniz and the same coefficient sum give

lqlles + ||hll s < CsAN°.

Corollary B.4 absorbs the fixed shifts in the strong tame estimates for Sp7p; since Lp < A,
lullgs < CsANS. The geometric profile and one derivative in Vg prove the ambient size bound,
also after physical cutoff. The operators are real and uniform on the fixed chart menu. O

APPENDIX M. VERIFICATION OF THE FIXED SCALES

We check the choices of Section 8 on the fixed domains, with the same operators and sample
family.

Proposition M.1 (The fixed scale windows). The stated choices satisfy all primary, current-
response, mean and product hypotheses. Their exponents and finite low topologies are independent
of stage accuracy and the final target dilation.
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Proof. 1. Preparation and one sample. The fixed quadrature order is gquad = 21 — 1 < Tpar.
Its color list depends only on n and changes only constants. Choose A by (8.6) and J = |24/a].
Then

a(J+1) > 24, B(2n—1) —2A > 3/64.

The radial labels, common geometric neighborhood and finite backward input orders then precede
sampling and mean accuracy. The existing joint amplitude budget covers the quadrature. The
prepared scalars stay in the original positive class. Every translated lattice has the required back-
ground error; the full-prefix normal event has positive probability at large R. In R units, the two
normal-error exponents are

(e—0)/4=1/256, a—1-6—p8=13/320.

The O(A™!) change from the original leading row is smaller. The inverse and all auxiliary input
cuts are unchanged.

2. Modulation and product bands. Use a fixed multiple of Ty for the zero atom and a fixed
larger multiple of the actual input band for each mean datum. With opair = 1/1000 and v = 1/4,
direct calculation gives

1 —t=1/35,
(1 —-v)a— sy =27/640, (1 — opair)(a — B) — sy = 7581/160000.

These verify Ty < K < )\]1-_” and the product window at every true beat cAh < p < CA. The input
support lies below K/C1, and its ratio to \; tends to zero. The primary and coefficient scale is Tp;
all physical slopes are at most a < b,. Strict gaps absorb the fixed support and radial constants.
3. The sampled mean. For p=(n+1)/2 and A =p(1+0)/2,

_ —pb/2 —Un] _ pe

= CR M2 < g—vm, ”nl—m”'

Choose a contraction exponent below this and the comparison exponents in Step 1. The prepared
residual has L? size R=24 and global H® profile CsR*. Interpolation with ¢t < 1 gives the source
bound CserR® in (5.11). Its slope 1/(1+6) and the coefficient slope ¢/(1+46) lie below the first input
band. At every finite update count the equal-gap bands have a positive gap, so one finite derivative
order controls every omitted input. The low residual sum proves the variation and physical field
bounds.

4. Increasing precision. Choose the fixed high history order after the preparation orders, then
Emin by (8.7)—(8.8); 3 —2v =1/12 > 0. Set Q(k) = 2k. Take aQprimary > Q(k) + A+ (1 +€)/2,
mean accuracy above Q(k) + 24 + 2, and smoothing order (1 —¢)N > 2Q(k). The product and
physical-cutoff gaps opair(a — ) > 0 and b, —a > 0 give every finite precision for the same primary
family and responses. Only the finite mean updates vary with accuracy. O

e K7

max
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