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Abstract. We prove that every smooth Riemannian manifold of dimension n ≥ 5
admits a smooth local isometric embedding into Rn(n+1)/2. This extends the clas-
sical Janet–Cartan theorem from real-analytic to arbitrary smooth metrics in these
dimensions, achieving the optimal universal ambient dimension without curvature or
genericity assumptions. The proof constructs characteristic waves around a flat immer-
sion whose second fundamental form has full normal rank. Their Hermitian quadratic
mean generates the required metric correction, while linear responses cancel oscilla-
tory quadratic interactions and the remaining linear strain. Exact Fourier localization
yields an iteration converging in C∞ on a fixed neighborhood.The detailed geometric
and microlocal constructions are proved in the appendices.
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1. Introduction

The local isometric immersion problem asks whether a Riemannian metric g near a
point of an n-manifold can be written as
(1.1) gij = ∂iF · ∂jF

for a map into a Euclidean space of prescribed dimension. The analytic local theory of
Janet (1926) and Cartan (1927) [J26, C27] reaches

N = sn = n(n + 1)
2 ,

the number of independent metric coefficients. For arbitrary smooth metrics, the clas-
sical local theorem gives Rsn+n [G70]; see also [G17, §3.7] for the perturbation and
scaling argument. A free reference in that construction has sn normal directions and
an algebraic normal inverse for the linearized metric equation [N56]. We reach Rsn for
every smooth metric in dimensions n ≥ 5. Our reference has sn − n normal directions;
the remaining n stress equations form a determined first-order system.

Theorem 1.1. Let n ≥ 5, let p belong to a smooth n-dimensional manifold, and let g be
a smooth Riemannian metric near p. There exist an open neighborhood U of p and a
smooth embedding

F : U −→ Rn(n+1)/2

satisfying (1.1) on U .

The same map and neighborhood work at every derivative order. The endpoint
n = 5 gives R15; at n = 6 the target is R21. The theorem establishes the smooth local
Schläfli assertion in dimensions n ≥ 5, in the terminology of [G17, §1.2], without an
analyticity or curvature hypothesis. The endpoint is included in the same construction:
a finite-dimensional node calculation completes the characteristic menu at n = 5, after
which all dimensions use the same response, sampled mean and convergence proof. No
conclusion for n = 4 is asserted.

Remark 1.2 (Sharpness of the universal target dimension). The dimension sn is nec-
essary for a target that works for every smooth metric germ. If M < sn, the poly-
nomial induced-metric map sends (k + 1)-jets of maps into RM , a space of dimen-
sion M

(
n+k+1

n

)
, to k-jets of symmetric metrics, of dimension sn

(
n+k

n

)
. Choose k with

(sn − M)(k + 1) > Mn. The source dimension is then strictly smaller, so the smooth
image has measure zero and misses a jet with positive definite constant term. Its Tay-
lor polynomial is a positive definite analytic metric on a small neighborhood, and an
isometric immersion into RM would realize the omitted jet, a contradiction. This is a
universal lower bound; individual metrics can have smaller embedding dimension.

The reduction of the linearized equations and their characteristic geometry were
developed by Bryant–Griffiths–Yang [BGY83]. Smoothness of the characteristic variety
cannot be assumed. Han–Khuri [HK12, Theorem 1.2] prove nonsmoothness for n ≥ 5 in
a sufficiently small parameter regime under explicit generic conditions. Our flat model
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also has singular characteristics, classified in Section 2. We choose simple carriers whose
sums and nonzero differences stay in protected regular sectors. The finite carrier menu
detects every missing image direction, including the five-dimensional node directions
and those on the multiple set: the carrier and output covectors need not coincide. The
resulting quadratic means complete the missing image directions and give a positive
symbol on the full stress space. Regular responses cancel the oscillatory products,
while this augmented mean equation handles the full Hermitian tensor. No inverse of
the determined symbol on its singular set is used.

The analytic theory is developed in [BCGGG91]. The smooth low-dimensional re-
sults and finite conjugation methods of Nakamura–Maeda [NM89] and Goodman–Yang
[GY88], and the real-principal-type theory of Duistermaat–Hörmander [DH72], form
the background for the quantitative matrix and ambient estimates proved here on fixed
domains, with accuracy-independent losses. The three-dimensional embedding results
of Nakamura–Maeda and Goodman–Yang have target R6 and require the Riemann
curvature tensor to be nonzero at the base point.

The argument begins with a flat immersion whose second form spans the normal space.
The kernel of its normal map is a smooth perturbation of an explicit n-dimensional space
of quadratic forms. Projection onto this kernel gives a square first-order system with
simple and multiple characteristics. A finite family of three-parameter patches on the
simple locus provides the oscillations. Their signed frequency sums and differences lie
in regions admitting a linear response.

The principal correction is quadratic. A real sum of complex characteristic waves has
Hermitian self terms and oscillatory products. A transported positive background and
a mean correction adjust the self terms; a response for the current immersion cancels
the other products. The same waves and sample weights occur throughout, so the
cancellations are identities for the metric of one map.

All waves and responses use the current immersion. A fixed finite correction of the
continuous density prepares the positive background before sampling. High-order quad-
rature preserves this accuracy, and one sampled mean iteration reaches the requested
precision. Its row, wave maps and continuum inverse remain fixed during the iteration.

The resulting increment satisfies a metric estimate of the form

(1.2) ∥γ(F + U) − g∥C0 ≤ CQ

(
δR−Q + δ3RB3

)
,

where ∥γ(F ) − g∥C0 ≤ δ2 and γ(F ) = (dF )T dF . The constant B3 is independent of
the requested accuracy Q. Moreover, U has exact global Fourier support below a fixed
power of R, and its global L2 norm has a similar fixed loss. These two properties allow
Q to increase slowly enough to absorb its constants while ensuring convergence in every
Cr norm. Thus the same sequence converges smoothly on one neighborhood.

Section 2 describes the geometric starting point. Section 3 states the required linear
estimates and their uniformity. Section 4 constructs the waves and states the mean
and product estimates. Section 5 develops the central normal and nonlinear mean
arguments. Section 6 combines these constructions and proves (1.2). Sections 7–9
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choose the scales and prove Theorem 1.1. The quantitative statements in Sections 3–
5 contain the inputs used by the metric and convergence proofs, so those proofs can
be read while accepting the technical appendix results. Table 1 gives their sources,
domains, low topologies and dependence on accuracy. The appendices prove these
inputs in separate blocks; Appendix M checks their simultaneous parameter windows.

2. The reference geometry

2.1. The reduced metric equation. For an immersion F : W → RN , write
DγF Y = (dF )T dY + (dY )T dF.

Its exact expansion is
(2.1) γ(F + Y ) = γ(F ) + DγF Y + (dY )T dY.

Let IIF denote the second fundamental form, and set q = N − n = n(n − 1)/2. We
regard it as a map

BF : Sym2 Rn −→ NF , BF (H) =
∑
i,j

H ijIIF,ij.

When BF is onto, its kernel has dimension n. We call this kernel the stress space.
Write an ambient variation as Y = dF γ(F )−1u + w, where u is a covector and w is

normal. Then
(2.2) DγF Y = 2 sym ∇u − 2⟨w, IIF ⟩.
Here ∇ is the Levi–Civita connection of the induced metric γ(F ), and sym A = (A +
AT )/2. In particular, this connection need not be the connection of the target metric be-
fore the iteration has converged. The sign of the normal term follows by differentiating
∂iF · w = 0.

Use fixed smooth reference tensors to form the projected stress frame Qi(F ) =
Πker BF

Qref
i , with a positive Gram gap, and write Q : H = ∑

i,j QijHij. Define
(2.3) qF (h) = (Qi(F ) : h)n

i=1, PF u = (Qi(F ) : sym ∇u)n
i=1.

Then DγF Y = h reduces to
(2.4) PF u = 1

2qF (h).
The factor 1/2 will also be used in the mean equation. Since BF is onto, its adjoint
maps the normal space isomorphically onto (ker BF )⊥. For any u and h, set

(2.5) w = (B∗
F )−1Π(ker BF )⊥

(
sym ∇u − 1

2h
)
.

For Y = dF γ(F )−1u + w and GF = (Qi(F ) : Qj(F ))ij, the full error is

(2.6) DγF Y − h = 2
∑
i,j

Qi(F )(G−1
F )ij(PF u − 1

2qF (h))j.

This follows from (2.2) and the Gram formula for orthogonal projection. Thus a re-
duced solution solves the full tensor equation; an approximate solution has exactly the
displayed stress error. We call this algebraic step normal completion.
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2.2. An explicit flat reference. Let J be the all-ones n×n matrix, put cn = (n−4)−2,
and define

(2.7) Qi = eie
T
i − cnJ, K0 = span{Q1, . . . , Qn}.

With the normalization in (2.3), the principal symbol of the frozen reduced operator is
iM0(ξ) under ∂j 7→ iξj. Its real contraction pencil is

(2.8) M0(ξ) = diag(ξ1, . . . , ξn) − cn

(∑
i

ξi

)
J.

Put ℓab = 1 − 2ea − 2eb, a < b. The q rank-one forms ℓabℓ
T
ab are independent, annihilate

every Qi, and each satisfies the flat Gauss equation. Successive circular bendings add
these forms one at a time while preserving the Euclidean metric. They give an explicit
analytic flat immersion with full normal rank and center stress space K0. Proposi-
tions D.2 and D.4 prove these assertions.

After one fixed dilation the actual stress frames are uniformly close to (2.7); all later
operators use these varying coefficients.

2.3. Characteristics and product directions. The determinant of (2.8) is

(2.9) p0(ξ) =
∏

i

ξi − cn

(∑
i

ξi

)∑
i

∏
j ̸=i

ξj.

The nonzero set {p0 = 0, dp0 = 0} is the union of

(2.10) {ξi = ξj = ξk = 0}, {ξi = ξj = ∑
l ξl = 0}, Rℓab,

with the origin removed. The first two families have codimension three. The additional
lines have corank one and zero determinant gradient; every other corank-one zero is
regular. Proposition D.3 proves this complete classification.

At a simple characteristic covector ξ, the matrix MF (x, ξ) has a one-dimensional
kernel, which determines a leading tangent polarization. After normal reconstruction,
the leading derivative of its wave is a rank-one tensor of the form ν ⊗ ξ. Its Hermitian
square is therefore |ν|2ξ ⊗ ξ. Under stress contraction this gives the vector |ν|2qF (ξ ⊗ ξ).
The detector inequality (5.3) states how these vectors complete the image of MF at
every output direction. Section 5 constructs the positive transported background from
this geometric input.

Quadratic products may leave a chosen characteristic patch. Their responses must
stay in the region of the chosen microlocal construction.

Proposition 2.1 (Characteristic patches). For n ≥ 5, one can choose finitely many three-
parameter patches of simple characteristic covectors for the reference geometry, with
positive angular margins, such that the following properties persist for nearby immer-
sions on a fixed spatial chart.

(i) For every unit output direction, the selected patches have transverse interior
incidence roots and satisfy the uniform Gram inequality (5.3) with the image of
MF .
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(ii) After fixed radial labels and colors are assigned, every doubled phase and every
signed product of distinct sampled phases belongs to the prescribed region of
validity for a response operator. The same holds along the characteristic curves
used by that operator.

(iii) For samples separated by h, the product frequency ϱ satisfies cλh ≤ ϱ ≤ Cλ.
The Hermitian self terms are treated by the mean equation and are excluded from the
product assertion.

The proof is in Propositions D.6–D.10 and Theorem F.6. Two features explain the
choices. A convex three-parameter patch controls the limiting chords as well as the
differences of separated samples. In addition, the source region must be protected
along the entire relevant characteristic segment, in both orientations; a gap at its initial
point alone is insufficient.

The carrier construction uses the same cube in every dimension n ≥ 5. Write d =
n − 4, Sz = ∑

i zi and q0(z) = (z2
i − d−2S2

z )i. For k ̸= 0 and 0 ̸= s ∈ ker M0(k),
two disjoint coordinate pairs give transverse detecting carriers, except for a finite set
of five-dimensional node directions. At each such node an explicit additional carrier
supplies the same detection and normal-projection gaps. Thus all dimensions use three-
parameter characteristic patches, the same signed-product separation, and the same
subsequent analytic construction. Proposition D.6 proves the pair selection and the
five-dimensional node calculation.

2.4. A fixed reference and a small target. The iteration accepts signed metric
defects. We therefore initialize it by scaling the target toward the metric of the flat
reference.

Proposition 2.2 (Fixed reference initialization). Choose coordinates with g(0) = I, and
let F0 be the analytic flat reference above. One sufficiently small fixed ρ > 0 places

(2.11) Gref(y) = ρ−1[F0(ρy) − F0(0)], g(s)(y) = g(sρy)

on a fixed chart W , with all the required reference geometric gaps positive. For 0 ≤
s ≤ s∗ and every fixed r,

(2.12) ∥g(s) − γ(Gref)∥Cr(W ) ≤ Cr,ρs.

The reference and its geometric bounds are independent of s.

Proof. Corollary D.5 gives the fixed normalized reference, with γ(Gref) = I and a
positive normal gap proportional to the fixed ρ. Since g(s) is jointly smooth on the
compact parameter interval and g(0) = I, the fundamental theorem of calculus gives
(2.12), uniformly at every fixed order. □

After all geometric, analytic and frequency constants have been fixed, s > 0 can thus
make the initial defect smaller than any prescribed threshold. The positive transported
background used by the mean equation is constructed for Gref in Section 5.
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3. Linear response on fixed domains

3.1. Domains and estimates. Fix a closed ball D with positive radius, a larger phys-
ical chart W , and a flat torus T containing W in one coordinate cell. The limit metric
equation is imposed on D. All measurements, product sources, and physical output
cutoffs are contained in a fixed larger region Dlag ⋐ W . For the comparison source
choose cutoffs with

(3.1) Dlag ⋐ int{χsrc = 1}, supp χsrc ⋐ int{χcore = 1} ⋐ W.

The appropriate linear identities hold on a neighborhood of the entire source support.
Mean and product operators may have different cutoffs; their supports have positive
buffers inside the relevant validity regions. This finite collection of domains is fixed
before frequency, accuracy, or sampling is chosen. The full arrangement is specified in
Setup A.1.

We call D the core. The larger cutoffs contain responses that may extend beyond their
source supports. Fixing them keeps the limit neighborhood independent of accuracy.

Unqualified Hr and L2 norms refer to T; physical Cr norms carry their domains.
Tensor estimates are componentwise. Constants may depend on the fixed dimension,
chart, and geometric neighborhood. When a bound holds at every order, Cr may depend
on r. An outside loss is a frequency exponent B in an estimate such as CrL

r+B. The
assertions below specify when B is independent of r and of the requested accuracy.

For complex matrices, T denotes transpose and ∗ conjugate transpose. We take real
parts entrywise. Thus ℜ(X∗X) is a real symmetric tensor, whereas a cross term must
be symmetrized when it stands alone. A normal operator AA∗ acts on the output of A;
it is distinct from the geometric normal map BF .

We use Fourier series on the fixed torus and the normalization

û(ξ) = 1
vol(T)

∫
T

e−ix·ξu(x) dx, u(x) =
∑

ξ∈Λ∗
û(ξ)eix·ξ.

Here Λ∗ is the dual lattice. The initial variables of a wave instead use Euclidean
Fourier integrals, with f̂(ξ) = (2π)−(n−1) ∫ e−iy·ξf(y) dy. This convention makes f(y) =∫

eiy·ξ dm(ξ) for its Fourier measure; the unit atom at 0 represents the constant 1.
For a complex wave Z = eiλϕz, the slowly varying quantity z is its demodulated

amplitude. Estimates of z and of e−iλϕdZ will be carried separately. A bound for the
first does not by itself provide the second at the same scale, since

e−iλϕdZ = iλz dϕ + dz.

This is why estimates below distinguish the amplitude scale K from the physical fre-
quency λ.

The main parameters and fields have the following roles:
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F Current immersion for all waves and response operators.
R, λ, h Stage scale, carrier frequency, and separation of samples.
H, K Mean solve scale and Fourier scale of an amplitude.
T0 Derivative scale of the current immersion.
δ, b Square root of the defect bound and primary size b = δRA.
P, V, S Primary wave sum, mean field, and quadratic product correc-

tion.
Q, r Requested finite accuracy and observation derivative order.

Each scale is specified by a power of R in Section 8. The symbols B with subscripts
denote fixed loss exponents; they are not additional scales.

3.2. The response operators. On each protected regular sector, put c =
|ξ|1−n adj MF and h = |ξ|1−n det MF , so MF c = hI. For the Hamilton phase of
h, one matrix transport U gives a two-term graph amplitude B with the exact identity

(PF /i)TB = TUDt + E,

where E has order −1. The weighted inverse of TU and one characteristic integral
give the sector solver. The construction includes the source cutoff and endpoint terms;
the physical cutoff commutator vanishes on the inner plateau. Euler’s identity gives a
nonzero fiber gradient also on the elliptic region, so the same construction applies there.
Equation (2.5) completes the tensor response.

Proposition 3.1 (Uniform response). Fix an order r0 above the construction and Sobolev
shifts, and the geometric jet order cjet. In a sufficiently small fixed Cr0+cjet neighborhood
of the reference immersion, suppose, for some T ≥ 1,

∥F∥Cr(W ) ≤ CrT
(r−r0−cjet)+ (r ≥ 0).

The following choices and losses are independent of accuracy.
(i) The normal frame, metric inverse, stress frame and reduced coefficient array aF

have positive denominator gaps and satisfy
∥aF ∥Cr(W ) + ∥c(F )∥Cr(W ) ≤ CrT

(r−r0)+ ,

where c(F ) denotes any coefficient in normal completion.
(ii) On fixed solver domains U ⋐ W there are a real solver SF , angular cutoff AΓ and

complete measured residual RF , with fixed source and measurement plateaus.
For inputs supported on the source plateau, on U one has

PF SF = AΓ + RF , ∥RF ∥L2(W )→H1(U) + ∥RF ∥H−1(W )→L2(U) ≤ C.

The literal adjoint has the same gains on the reversed domains. The contraction
cutoffs may be fixed so that

(3.2) KF = χ2RF χ3, ∥KF ∥2→2 ≤ ϑ < 1, TF = (I + KF )−1.

For every integer s ≥ 0, with Sobolev norms on the construction box W ,
(3.3) ∥TF f∥Hs + ∥SF TF f∥Hs ≤ Cs

[
∥f∥Hs + T s∥f∥2

]
.
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If f is supported where χ2 = 1, then z = TF f is supported in supp χ2, and on
the fixed identity core

PF (SF z) = f + (AΓ − I)z.

The same inverse acts at every Sobolev order.
(iii) The same construction has scale LF = T : its normalized phase maps G have

bounded first jets and |DrG| ≤ CrT
r−1 for r ≥ 2, while each actual symbol of

fixed order p in this construction obeys

|Dα
x,zDβ

ξ ap| ≤ Cα,β⟨ξ⟩p−|β|T |α|+|β|.

Derivatives include both positions and normalized covariables. All cutoff and
endpoint factors occur in the complete residual.

The finite construction and its complete residual are proved in Appendix E, in par-
ticular Proposition E.8 and Theorem E.1. The exact correction and common graded
bounds are proved in Theorems F.3 and F.4. Setup F.7 and Lemma F.9 give the total
mixed derivative requirement and protected finite-chain estimates. Their fixed shifts
are included when choosing r0.

Fix the finite symbolic construction first. Higher precision estimates additional pow-
ers of its complete residual and one remaining exact inverse, on the same domains. The
primary family below is also fixed at every finite accuracy.

3.3. Response to an oscillatory source. For a tensor source h, apply SMTM to
χ2qM(h)/2 and use (2.5) to define the ambient response BMh. Equation (2.6) expresses
its complete error as the angular discrepancy (AΓ − I)TM(χ2qM(h)/2) through the
bounded stress-frame inverse. For each primary patch we choose its complex version
BC

M on the whole modulation patch before sampling.

Proposition 3.2 (Preservation of amplitudes). Fix one primary patch, its compatible
response BC

M , source cutoff χsrc and observation cutoff χcore. Their supports lie in the
common buffered chart, with the source and observation supports in the identity region.
Let ϕM be the characteristic phase with the fixed transverse Cauchy data. Assume the
profiles of Proposition 3.1 and, for fixed ν0 > 0,
(3.4) LM ≤ K, 2 ≤ K ≤ λ1−ν0 .

Let a be a complex symmetric-tensor envelope on T with
(3.5) ∥a∥Hp ≤ CpAKp (p ≥ 0), A ≥ 0.

For the same source and response at all orders, put
h = χsrce

iλϕM a, Y = BC
Mh, Y0 = e−iλϕM χcoreY, Y1 = e−iλϕM χcoredY.

The full ambient bounds are
∥Y0∥Hs ≤ CsAλKs,(3.6)
∥Y1∥Hs ≤ CsAλ2Ks.(3.7)
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The carrier factors λ, λ2 are independent of s, Q. On Dlag,

(3.8) ∥DγMY − h∥Hs(Dlag) ≤ Cs,QAλ−Q.

The constants may use finitely many source profile constants; the losses, operator, fields
and domains do not change with s, Q. Exact-band data use A = ∥a∥2.

For each fixed S and ν0 > 0, there is a finite jet order m = m(S, ν0) for which the two
amplitude bounds also hold for 0 ≤ s ≤ S and 1 ≤ K ≤ λ1−ν0 : it is enough that the
map and coefficient jets through m are uniformly bounded and (3.5) holds through m.
This finite-order assertion does not require the first window in (3.4); it includes K = 1.

Theorem H.1 fixes this whole-patch response. The literal graph estimates and finite
expansion of its exact inverse prove Proposition H.5, including the full tensor error
(3.8). These statements include the actual normal completion, endpoints, cutoffs and
remaining exact inverse. Corollary H.6 proves the finite-order assertion by the same
graph factors and the complete residual’s negative-to-positive Sobolev gain.

Choose opposite sectors by conjugation. Their principal symbols satisfy h−(x, ξ) =
−h+(x, −ξ), so both actual components use the same canonical time and lower integral.
The factor 1/i then gives conjugate physical responses. Literal adjoints use upper
integrals with the input and output weights exchanged. Proposition E.8 proves the full
pairing, including all matrix components and endpoints.

4. Characteristic waves and the mean equation

4.1. A separated finite family. Let R be large and write

(4.1) λ = Ra, h = R−β, H = R1+θ, β = (1 + ϵ)/3,

where 0 < θ < ϵ < 1/8 and 1 + θ + β < a < 3/2. The three-parameter patches in
Proposition 2.1 admit a separated finite sample with

(4.2) M ≤ CR1+ϵ, µν > 0,
∑

ν

µν ≤ C.

Convolve qquad = 2n − 1 unit-interval indicators with a fixed nonnegative smooth func-
tion of integral one. The resulting smooth window forms a positive partition under
integer translations. In each weighted block use an independently translated lattice of
spacing h. Coloring block indices modulo qquad + 1 gives a fixed finite number of colors
and same-color separation ch. The convolution makes each translated rule exact on
polynomials of degree below qquad. Taylor’s formula therefore gives Hermitian quad-
rature error Chqquad in L2 on the fixed observation support. Its required carrier jets
are already within the uniform low amplitude budget. Fix the colors and radial labels,
prepare the initial scalars as below, and then choose the translations. One operator
event controls every dyadic input prefix; all later bands use this realization.

For the current immersion F and one characteristic phase ϕF , the primary rule uses
two amplitudes. The leading amplitude b0 solves MF (x, dϕF )b0 = 0 and lT

F PF b0 = 0,
where lF spans the left kernel of MF . Thus PF b0 lies in its image. Choose b1 algebraically
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by MF b1 = iPF b0, with b1 perpendicular to the right kernel. The first-order product
rule gives the exact identity

PF

(
τ 2eiϕF /τ (b0 + τb1)

)
= τ 3eiϕF /τ PF b1.

Reconstructing the ambient field from this covector gives the primary family, fixed
before accuracy, with cλ ≤ λν ≤ Cλ and phases ϕν = ϕF,ν . Write LWKB for its common
amplitude scale. The actual atom has derivative amplitude Aτ = e−iϕF /τ dWpr

τ satisfying
∥Dr

xDk
z,ζAτ ∥∞ ≤ Cr,kLr

WKB (r ≥ 0, k ≤ rpar), rpar = 20(n + 1) + 3.

All norms use the fixed observation supports of Section 3. The complete atomic source
satisfies

∥χsrce
−iλνϕν DγF Wν(δ0)∥Hr ≤ Crλ

−3Lr
WKB.

For a complex Fourier measure m of variation Mm, supported in BCΛ, let Wν(m)
be the integral of these same atoms at ζν + λ−1

ν ξ in the fixed phase buffer. If K ≥
C max(Λ, LWKB), the fixed observation norms obey

λν∥e−iλνϕν Wν(m)∥Hr + ∥e−iλνϕν dWν(m)∥Hr ≤ CrMmKr.

At any prescribed finite order, sufficiently many uniformly bounded map jets give these
same estimates for K ≥ 1 and Λ ≤ K/C, including the zero atom at K = 1. Write
W0(mν) = Wν(mν). The background is the zero atom. If νb0 denotes its transported
leading normal amplitude, its Hermitian tensor satisfies

∥ Re[(dW bg
ν )∗dW bg

ν ] − |νb0|2dϕ2
ν∥Cr ≤ Crλ

−1Lr
WKB.

Theorem G.5 proves the atom estimates; integrating the atoms gives the measure
bounds on the common supports. The leading transported tensor and its positive
initial-density dependence are unchanged.

Appendix G proves the construction and separated sampling, using operator con-
centration as in [M17]. The physical mean and normal estimates hold for one sample
realization, so they concern the same tensor.

4.2. One response for the finite primary strain. Fix an order r∗ covering the geo-
metric, response and finite density-preparation constructions. The current immersion
satisfies
(4.3) ∥F∥Cr(W ) ≤ CrT

(r−r∗)+
0 (r ≥ 0).

The history argument below gives this profile. All phases and responses belong to this
same immersion.

Each primary wave is linear in a finite complex Fourier measure
(4.4) mν = δ{0} + f̂f,ν(ξ) dξ.

The atom gives the prepared positive background; the Fourier datum adjusts its sampled
mean. For a component supported in |ξ| ≤ Λ, including the zero atom, use an envelope
scale K in (3.4), with
(4.5) T0 ≤ K, Λ ≤ K/C1, Λ/λν ≤ ϵ0.
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Here C1, ϵ0 fix the modulation chart. Use K = CenvT0 for the zero atom and a fixed
larger multiple of its input band for each mean datum. For W0(mν) set

(4.6) Hν = χsrcDγF W0(mν), Zν = W0(mν) − BC
F Hν .

The response is fixed on the entire primary patch before sampling and is linear in this
complete measure.

Lemma 4.1 (Current strain identity). Put Eν = DγF BC
F Hν − Hν . On Dlag,

(4.7) DγF Zν = −Eν .

Consequently, for every finite Q,
(4.8) ∥DγF Zν∥C0(Dlag) ≤ CQ∥mν∥TVλ−Q.

For the observation cutoff of Proposition 3.2,
λν∥χcoree

−iλνϕF,ν Zν∥Cr + ∥χcoree
−iλνϕF,ν dZν∥Cr

≤ Cr∥mν∥TVKr.
(4.9)

For Zν − W0(mν) the right side has the additional factor λ−1
ν .

Proof. The source equals DγF W0 on Dlag, giving the identity. The fixed source cutoff
and response commute with integration against mν . The corrected atoms of Corol-
lary H.7 have arbitrary full-strain precision on this common domain. Integrating their
bounds proves (4.8). Proposition J.4 controls the central phase quotient and gives both
Cr bounds in the same way. □

The fixed region Dlag contains every mean and product measurement support used
below. At fixed joint physical and carrier orders, the normalized atomic response is
O(λ−1). Corollary H.7 proves these bounds on the full observation support. Thus
the corrected atoms have the original phase and leading tensor, and satisfy the same
sampling and raw-input estimates as the primary family.

4.3. The transported positive background. The continuum family of characteristic
waves has a positive normal operator after the image channel is added. Its inverse
constructs one positive transported background and a response for changes in the mean,
on a fixed neighborhood of Proposition 2.2. Section 5 states its full-output bounds and
explains how the same row is compared with one finite sample.

Proposition 4.2 (Current mean). Let e = g − γ(F ), with ∥e∥C0(D) ≤ δ2, and put

eR = SRE(e|D), b = δRA,

where E, SR are the fixed extension and smoothing operators of Lemma 6.1. For every
finite Q and the scales in Section 8, the mean construction chooses the measures (4.4)
and a real ambient field V = Vc + Vf such that, for the same Zν as in (4.6),

(4.10) Emean = DγF V +
∑

ν

µνℜ
(
(dZν)∗dZν

)
− eR/b2
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satisfies ∥Emean∥C0(D) ≤ CQR−Q. Moreover,
sup

ν
∥mν∥TV ≤ C.

The initial Fourier inputs satisfy
(4.11) supp f̂f,ν ⊂ {|ξ| ≤ CKmax}, Kmax = Rsf ,

with a support constant independent of Q. On the full product source support, the
same waves satisfy
(4.12) sup

ν
∥χpaire

−iλνϕF,ν dZν∥Cr ≤ CrK
r
max.

After the fixed physical cutoff, equal to one near D, the fields satisfy, for every r ≥ 0,
∥Vc∥Cr(T) + ∥Vc∥Hr ≤ CrT

r
0 ,(4.13)

∥Vf∥Cr(T) + ∥Vf∥Hr ≤ CrR
−2AKr+n/2

max ,(4.14)
Here p = (n + 1)/2 and 1 < sf < a. The background preparation is fixed after A. The
displayed field constants are uniform once the construction threshold for Q is met; Q
changes the finite mean updates and that threshold.

Section 5 proves this proposition from the prepared background and fixed canonical
estimates in Appendix K. Its residual identities and normal completion are given in the
main text.

4.4. Oscillatory quadratic products. The normalization can be seen with a single
wave. If dZ = eiϑA, then

(4.15)
(
d(

√
2ℜZ)

)T
d(

√
2ℜZ) = ℜ(A∗A) + ℜ(e2iϑAT A).

The first term is the Hermitian self tensor; the second has doubled phase. We call
the first the mean to identify this algebraic part of the oscillatory expansion. It is
not defined by integrating over the spatial domain. With several waves there are also
sums and differences of distinct phases. These are the products canceled by the current
response.

Define the real primary field
(4.16) P = b

√
2
∑

ν

√
µνℜZν .

Its Hermitian tensor and remaining quadratic tensor are

(4.17) Hself = b2∑
ν

µνℜ
(
(dZν)∗dZν

)
, Qoff = (dP )T dP − Hself .

The first is the tensor in Proposition 4.2. The second contains all doubled phases and
all signed products of distinct samples, including products between different patches.

Proposition 4.3 (Product correction). Write dZν = eiλνϕν Aν on the full product source
support. Suppose the amplitudes satisfy

∥χpairAν∥Cr ≤ CQ,rK
r
env
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and let
Lpair = max{Kenv, T0}.

If, for a fixed σ > 0,
(4.18) Lpair ≤ (λh)1−σ,

there is a real current correction S, formed from the exact signed products in Qoff . After
its fixed physical cutoff, equal to one near D, the same field satisfies

∥DγF S + Qoff∥C0(D) ≤ CQ,qb
2M(λh)−q,(4.19)

∥S∥Hr ≤ CQ,rb
2Mλr+1 (r ≥ 0).(4.20)

The outside loss is 1, independently of r, q, Q.

Apply the current response along the full characteristic segments in Proposition 2.1,
using the complete amplitudes of the corrected Zν . Each integration gains Lpair/ϱ,
with ϱ ≥ cλh; the strict power in (4.18) gives arbitrary finite decay. The full proof is
in Proposition L.4.

5. The normal estimate and the nonlinear mean

We prove Proposition 4.2 through three arguments: the continuum row has a right
inverse, a finite density correction prepares the background, and one recurrence adjusts
its sampled mean. The complete operator estimates and source calculations are proved
in Appendices I and K.

5.1. The continuum inverse and positive background. The transport channels
Ta are formed from the leading amplitudes on the fixed characteristic patches. Their
full normal operators have order zero and homogeneous diagonal symbols

(5.1) d0,a(x, k) =
∫

v
wa(x, v, k)qF (ξa ⊗ ξa)qF (ξa ⊗ ξa)T dv,

with Fourier normalization included in wa and positive weights near the selected inci-
dence roots. The real channel 2ℜTa uses both quadratures, so its real normal is
(5.2) 4ℜ(TaT ∗

a ).

Its complexified principal symbol is 2[d0,a(x, k) + d0,a(x, −k)]; the present d0,a is real
symmetric, and no evenness is assumed. The incidence change of variables and every
lower-order term are proved in Appendix I.

For every unit output direction k̂, the selected carriers have interior incidence roots
with

(5.3)
k̂ · ∂ξpF (x, ξa) = 0, pF = det MF ,

|MF (x, k̂)T w|2 +
∑

a

|w · qF (ξa ⊗ ξa)|2 ≥ c|w|2 (w ∈ Rn).

Here each ξa is evaluated at its local root. On the inner measurement region, the
positive weights near these roots make (5.1) complete the image channel. For the



16 WENCHANG YANG AND YI WANG

positive scalars constructed below, adding a fixed exterior channel gives a row AF on
the full real output Y = L2(T;Rn) with

E0 = AF A∗
F ≥ cI, Q0 = E−1

0 .

For Xr, the sum of the raw auxiliary Hr spaces and carrier Hr
z,y spaces, its one inverse

satisfies

(5.4) ∥Q0f∥Hr + ∥A∗
F Q0f∥Xr ≤ Cr

[
∥f∥Hr + (1 + ∥F∥Cr+B(W ))∥f∥2

]
.

The physical auxiliary realization has the same source order and a fixed coefficient shift.
These are the full-output statements of Propositions I.4, I.5 and I.9. For the local
gap, freeze the positive principal matrix at the center of Br. Its Fourier multiplier is
positive; the coefficient difference is ∑i xiTi with bounded order-zero Ti. The complete
lower-order error costs C∥f∥H−1∥f∥2 ≤ Cr∥f∥2

2 for f supported in Br. A small fixed
r absorbs both errors. The exterior channel gives the full-output gap and vanishes on
the mean core.

The same construction gives positive initial scalars rF,a and a tangent field Vbase =
dFXF on a fixed Ufin containing the mean output support, such that

(5.5) qF

(
DγF Vbase + HF [r2

F ]
)

= 0.

Here HF [r2
F ] is the continuum Hermitian tensor of the leading amplitudes. The scalars

are bounded below on the working carrier patches, and, for one fixed B,

(5.6)
∑

a

∥rF,a∥Cr + ∥Vbase∥Cr(Ufin) + ∥DγF Vbase∥Cr(Ufin) ≤ Cr(1 + ∥F∥Cr+B(W )).

Propositions I.6 and I.7 prove this by one affine density correction at the fixed positive
reference dilation. The row AF and inverse Q0 below use these corrected scalars; their
gaps and shifts are independent of accuracy.

5.2. Preparation before sampling. Write AF = (A0, T0) for the auxiliary and carrier
rows. Proposition K.2 chooses positive initial scalars rF,R and a real field Uc before
sampling. The current zero atoms Zc,ν have self tensor Hc = ∑

ν µνℜ[(dZc,ν)∗dZc,ν ]. For
Cc = DγF Uc + Hc, it gives a full auxiliary residual

(5.7) rc = qF Cc on D, ∥rc∥2 ≤ R−2A, ∥rc∥Hr ≤ CrT
r
0 .

On Ufin, the Cr norms of Uc, its full strain, Hc and Cc are at most CrT
r
0 . The scalar

change is O(λ−1) in any prescribed fixed joint topology and has the same graded profile
as the original scalar. All required finite orders are included in r∗ before mean accuracy.

The proof uses the affine dependence of the leading mean on the initial density. Write
r(v) = rF

√
1 + v and let Eλ(v) be the measured difference between the colored current

Hermitian mean and its leading transported mean. Linearity of each atomic wave in r
gives, at any fixed order,

∥Eλ(v) − Eλ(w)∥Hs ≤ Csλ
−1∥v − w∥Cms , Eλ(0) = O(λ−1),



LOCAL ISOMETRIC EMBEDDINGS 17

with a finite input order ms. Apply the original A∗
F Q0 to the full residual ei. The uncut

density synthesis and auxiliary field change its leading part by −AF A∗
F Q0ei = −ei.

Consequently the exact new residual is
ei+1 = Eλ(vi+1) − Eλ(vi).

For fixed J , choosing the finite input orders backwards gives eJ = O(λ−J−1) and vJ =
O(λ−1). Take the fixed count
(5.8) J = ⌊2A/a⌋, a(J + 1) > 2A, β(2n − 1) > 2A.

The lattice estimate then gives (5.7). Fixed derivative shifts and interpolation give its
high profiles.

For raw auxiliary cutoff πK and carrier prefix PK , put
PK = diag(πK , PK), E0,K = AF P2

KA∗
F , F0,K = A0π

2
KA∗

0.

The same event compares every current prefix normal EK with the original positive
row:
(5.9) sup

K≤H
∥EK − E0,K∥2→2 ≤ C

[
R−(ϵ−θ)/4 + R−a+1+θ+β

]
.

The phase is unchanged; the prepared scalar changes each leading normal by only Cλ−1,
uniformly in K. Thus Q0 still belongs to rF . This is a statement on the entire real
output, including the identical exterior and auxiliary components.

5.3. One fixed row and one mean recurrence. Define the source directly on the
torus:
(5.10) ef = C(eR/b2) − rc, C = χmeasqF .

On D it equals qF (eR/b2 − Cc). For m > max{r, 2A/(1 − t)}, Fourier Hölder gives

∥rc∥Hr ≤ Cr∥rc∥1−r/m
2 ∥rc∥r/m

Hm ≤ CrR
−2A+r.

The smoothed target therefore gives
(5.11) ∥ef∥Hr ≤ CrϵfRr, ϵf = CR−2A.

All coefficient and zero-atom profiles have scale T0 < R.

Proposition 5.1 (Canonical changes). For T0 ≤ K ≤ H and r ∈ L2, fix Bν = e−iλνϕν dZc,ν .
For raw input v, let Gν,Kv be the demodulated derivative of its current wave and define

Aν,Kv = C[2 sym ℜ(B∗
νGν,Kv)], AK = (√µνAν,K)ν , EK = F0,K + AKA∗

K .

The input map Bin
ν,K contains the detector ανχhi and the dyadic half-derivative sum

before spatial cutoffs; the zero atom is uncut. For q = Q0r take
(5.12) fν,K(r) = Bin

ν,KA∗
ν,Kq.

Both real quadratures use the original raw Hilbert spaces. If Dν,K(r) is the correspond-
ing current derivative change, then
(5.13) C

∑
ν

µν2 sym ℜ(B∗
νDν,K(r)) = (EK − F0,K)Q0r.
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Every update uses this fixed zero-atom row.
Write ∥D∥2

µ,X = ∑
ν µν∥Dν∥2

X . Use the fixed observation cutoff in all derivative norms
below; data norms use the initial variables. Then

∥DK(r)∥µ,Hs ≤ CsK
s+1/2∥r∥2, ∥DK(r)∥µ,Cs ≤ CsK

s+n/2∥r∥2.

Individually,
∥fν,K(r)∥Cs + ∥Dν,K(r)∥Cs ≤ CsK

s+p∥r∥2,

where p = (n + 1)/2. The datum has Fourier support below CK and Fourier L1 norm
at most CKp∥r∥2. The raw auxiliary field has, after the fixed physical cutoff,

(5.14) ∥V F
aux,K(r)∥Hs + ∥DγF V F

aux,K(r)∥Hs + ∥F0,KQ0r∥Hs ≤ CsK
s∥r∥2.

The last norm includes the exterior output.

Proof. Definition K.4 constructs these exact adjoints and raw maps. The comparison
(5.9) bounds AK . Square the raw Hs and Cs bounds before summing; only the individ-
ual estimates use ∥Aν,K∥ ≤ C

√
K. Proposition I.9 gives the full auxiliary bounds. □

Put Kmax = Hdf , with 1/(1 + θ) < df < 1. The fixed choices (5.9) and (8.6) give
ν, νnl > 0 such that

∥EK − E0,K∥ ≤ CH−ν , ϵfKp
max ≤ H−νnl .

Lemma 5.2 (A finite mean with a fixed row). For source (5.11) and every finite Q, finitely
many updates of Proposition 5.1 below Kmax have full residual ∥rfin∥2 ≤ ϵfH−Q. Their
source residuals have sum at most 2ϵf in L2; the accumulated data and derivative
changes have Cs norm at most CsϵfKs+p

max. In the weighted Cs norm, the derivative
changes are bounded by CsϵfKs+n/2

max . The data have Fourier variation at most CϵfKp
max

and support below CKmax. The auxiliary field and full strain have Hs norm at most
CsϵfKs

max. These constants are independent of Q once its construction threshold is met.
Any prescribed finite Cr residual accuracy follows by increasing the L2 precision.

Proof. Fix 0 < γ < min(ν, νnl). For precision Q, set I = ⌊Q/γ⌋ + 1 and put din =
1/(1 + θ),

∆ = df − din

I + 1 , dl = din + (l + 1)∆, Kl = 2⌈log2 Hdl ⌉, 0 ≤ l < I.

At a large threshold, Hdl ≤ Kl ≤ 2Hdl < Kmax. At step l, use (5.12) for rl and add
the auxiliary input π2

Kl
A∗

0Q0rl. Write Dl for its derivative change, Sl = ∑
i<l Di and

N (S) = C∑ν µνℜ(S∗
νSν). The exact full-output recurrence is

(5.15) rl+1 = (I − EKl
Q0)rl − [N (Sl + Dl) − N (Sl)], r0 = ef .

Its linear error is

(5.16) (E0,Kl
− EKl

)Q0rl + AF (I − P2
Kl

)A∗
F Q0rl.

Only raw inputs are cut off.
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Inductively suppose ai := ∥ri∥2 ≤ ϵfH−γi for i ≤ l. Then ∑
i≤l ai ≤ 2ϵf . The

weighted C0 and L2 bounds give
∥N (Sl + Dl) − N (Sl)∥2 ≤ CϵfKp

maxal.

Leibniz and weighted Cauchy–Schwarz give, for i ≤ k,∥∥∥∥∥C∑
ν

µνℜ(D∗
i,νDk,ν)

∥∥∥∥∥
Hs

≤ CsaiakK
n/2
i K

s+1/2
k .

Use the lower-band factor in weighted Cr and the higher one in weighted Hs−r; coeffi-
cient derivatives cost T0 ≤ Ki. The cumulative identity is

rl = ef −
∑
i<l

F0,Ki
Q0ri − C

∑
ν

µν [2 sym ℜ(B∗
νSl,ν) + ℜ(S∗

l,νSl,ν)].

Since ∑i aiK
n/2
i ≤ 2ϵfKn/2

max ≤ C, its linear and quadratic terms give

∥rl∥Hs ≤ Csϵf

Rs +
∑
i<l

H−γiK
s+1/2
i

 .

Choose one finite order S with ∆S > df/2 + 2γ + 1. Equation (5.4) gives
∥A∗

F Q0rl∥XS ≤ CS(∥rl∥HS + T S
0 al). Thus the raw tail in (5.16) is at most

CSϵf

H−(l+1)∆S +
∑
i<l

H−γi−(l−i)∆S+di/2

 ≤ CSϵfH−γ(l+1)−1.

For l ≥ 1 the geometric sum is bounded by a constant times its last term, whose
exponent is −γ(l − 1) − ∆S + dl−1/2; for l = 0 the first term suffices. The normal and
nonlinear errors are at most C(H−ν + H−νnl)al. At a large threshold these and the tail
give al+1 ≤ ϵfH−γ(l+1), closing the induction.

Consequently ∥rI∥2 ≤ ϵfH−Q and ∑
i ai ≤ 2ϵf . The raw bounds prove all accumu-

lated data, variation and auxiliary estimates, with the stated uniform constants. The
high profile is at most CsϵfKs+1/2

max ; interpolation gives each fixed Cr residual accuracy
after increasing Q linearly. Choose the least such S; both I and S are O(Q + 1). □

5.4. One normal completion. Apply Lemma 5.2 to ef . Sum the auxiliary fields as
Vaux and let H be the final Hermitian tensor. On Ufin put

Tf = eR/b2 − DγF (Uc + Vaux) − H, NF = (B∗
F )−1, Π⊥

F = Π(ker BF )⊥ .

Define
(5.17) V = Uc + Vaux − 1

2NF Π⊥
F Tf .

On D, qF Tf = rI . The metric error is −Πker BF
Tf , so the Gram formula proves (4.10).

For the norms, split this same field as
Vc = Uc + 1

2NF Π⊥
F Cc,

Vf = Vaux − 1
2NF Π⊥

F (eR/b2 − DγF Vaux − (H − Hc)).
The prepared tensor profile proves (4.13). The raw auxiliary estimate and the low
residual sum give ∥Vaux∥Hr + ∥DγF Vaux∥Hr ≤ CrϵfKr

max. Splitting the Fourier sum at
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Kmax costs n/2 powers. Weighted Cauchy–Schwarz gives ∥H − Hc∥Cr ≤ CrϵfKr+n/2
max ,

using ϵfKn/2
max ≤ C for its quadratic part. Since R < Kmax, these prove (4.14) on the

full physical domain. Finally,

(5.18)
∑

l

∥f̂ν,Kl
∥1 ≤ CϵfKp

max ≤ C.

Adding the unit atom proves the measure bound. Equation (4.9) gives the final ampli-
tude bound on the full product support.

6. The metric correction

6.1. Smoothing the defect. We use ordinary extension, Fourier smoothing, and tame
product estimates in a form that keeps the small defect and the derivative scale separate.

Lemma 6.1. There is a real linear extension E : C∞(D) → C∞(T), supported in a fixed
compact subset of W , with Ef = f on D and ∥Ef∥Cr ≤ Cr∥f∥Cr(D) for every r. Fix
a smooth target tensor g on W . Let SR, R ≥ 1, be a family of Fourier multipliers
with a fixed real-even smooth cutoff symbol, equal to one below R and zero above 2R.
Suppose T ≥ 1, 0 < δ ≤ 1, and that

∥dF∥Cr(W ) ≤ CrT
r, ∥g − γ(F )∥C0(D) ≤ δ2.

Put e = g − γ(F ). Then eR = SRE(e|D) satisfies

∥eR∥Cr + ∥eR∥Hr ≤ Crδ
2Rr,(6.1)

∥e − eR∥C0(D) ≤ Cδ2,(6.2)
∥e − eR∥C0(D) ≤ CN(T/R)N .(6.3)

The constants depend on the displayed profile constants and finitely many seminorms
of g. The same operators work at all orders. If T ≤ Rt with 0 < t < 1, then, for every
finite Q,

(6.4) ∥e − eR∥C0(D) ≤ CQδR−Q.

Proof. Take the fixed extension of Lemma B.1 and the Fourier cutoff from Lemma B.3.
Their kernel estimates give

∥SREf∥Cr + ∥SREf∥Hr ≤ CrR
r∥f∥C0(D), ∥(I − SR)Ef∥C0 ≤ CNR−N∥f∥CN (D).

The first estimate and the second at order zero give (6.1)–(6.2). Leibniz and the assumed
profile imply ∥e∥CN (D) ≤ CN(g) + CNT N ≤ CNT N , proving (6.3). The geometric mean
of the small and high bounds is CNδR−(1−t)N/2. Choose (1 − t)N > 2Q. □

In particular, eR/b2 has Cr and Hr norms at most CrR
r−2A. The factor δ in (6.4)

comes from combining the two bounds, not from the high tail. The defect e may have
either sign.
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6.2. A single increment. The preceding constructions give the following quantitative
step.

Theorem 6.2 (Finite-stage correction). Fix the reference neighborhood, domains, and
response constructions above. Let F be a current immersion in this neighborhood, and
assume the wave, mean, and product hypotheses of Section 4. Suppose

∥g − γ(F )∥C0(D) ≤ δ2, T0 = Rt,

with 0 < t < 1 and 0 < δ ≤ 1, and assume (4.3) and (4.18). Put
B0 = 2A + 1 + ϵ + a, B3 = 2B0 + 2a(p + 1/2).

For every finite Q and sufficiently large R, a real global increment U satisfies
∥γ(F + U) − g∥C0(D) ≤ CQ

(
δR−Q + δ3RB3

)
,(6.5)

∥U∥L2 ≤ CQδRB0 ,(6.6)
supp Û ⊂ {|ξ| ≤ CRb∗}, b∗ = a(1 + ζ) < 3/2.(6.7)

Consequently the same U obeys
(6.8) ∥U∥Cr(T) ≤ CQ,rδRB0+b∗(r+n/2).

The outside exponents and support constant are independent of Q.

Proof. Choose the sample for the fixed primary family and carry out the finite mean
updates at the requested accuracy. Construct P, V, S as in Section 4, and put

W2 = b2V + S, U = Π(P + W2),
where the fields have their accepted physical cutoffs and Π is one real-even Fourier
multiplier, equal to one below C1λ

1+ζ and zero above C2λ
1+ζ . All physical cutoffs equal

one near D.
First, (4.2) gives ∑

ν

√
µν ≤

(
M
∑

ν

µν

)1/2
≤ CR(1+ϵ)/2.

The measure bound in Proposition 4.2 and Lemma 4.1 therefore imply
(6.9) ∥DγF P∥C0(D) ≤ CQδRA+(1+ϵ)/2λ−Qp .

Choose aQp > Q + A + (1 + ϵ)/2. This gives the first term of (6.5).
By (4.17), the remaining quadratic tensor is exactly Qoff . Proposition 4.3, with

sufficiently large internal order, gives
∥DγF S + Qoff∥C0(D) ≤ CQδR−Q.

Likewise Proposition 4.2, with accuracy greater than Q + 2A, gives b2∥Emean∥C0(D) ≤
CQδR−Q.

Substitution into the metric expansion yields the exact identity
γ(F + P + W2) − g = (eR − e) + DγF P + b2Emean

+ (DγF S + Qoff) + 2 sym
(
(dP )T dW2

)
+ (dW2)T dW2.(6.10)
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The physical profiles of these same cut fields give
(6.11) ∥P∥Hr ≤ CQ,rδRB0λr, ∥W2∥Hr ≤ CQ,rδ

2RB0λr.

For P , use (4.9) and the weight sum. For W2, the pair bound costs R2A+1+ϵλ; the
prepared field costs R2A, and the mean update costs Rsf n/2 ≤ R2A by (8.6). All
derivative slopes are at most a. The same Fourier estimate gives C1 bounds with the
factor λ1+n/2. Since δ ≤ 1, these bound the last two terms in (6.10) by CQδ3RB3 .
Lemma 6.1 treats its first term.

For any integer k > 0, the tail has Hs profile CQ,k,sδRB0λs−ζk. Applying the same
Fourier bound at s = 0 and one s > 1 + n/2 gives

∥(I − Π)(P + W2)∥C1 ≤ CQ,kδRB0λp+1/2−ζk.

Thus Ecut = U − (P + W2) has arbitrary finite C1 decay with a factor δ. Its exact
metric contribution is

DγF +P +W2Ecut + (dEcut)T dEcut.

Choosing k large enough absorbs the fixed polynomial size of F + P + W2 and bounds
this by CQδR−Q, proving (6.5).

Equation (6.11) at r = 0 and boundedness of Π on L2 give (6.6); the multiplier gives
(6.7). Fourier Cauchy–Schwarz and lattice counting on the fixed torus imply (6.8).
Reality follows from the real fields and the even real multiplier. □

The first term in (6.5) collects errors reduced by finite accuracy. The second is the
nonlinear interaction between the primary and secondary fields.

7. Histories and coefficient control

Exact Fourier support gives the fixed high norm used above.

Lemma 7.1 (A band-limited history). Fix an integer r∗ ≥ 1 and 1 < b∗ < v < 3/2, and
put t = b∗/v. For R0 ≥ 2 set Rj = Rvj

0 . Suppose real global increments satisfy, with
kj ≥ k0,

(7.1) supp Ûj ⊂ {|ξ| ≤ CRb∗
j }, ∥Uj∥L2 ≤ R

−kj+B0+1
j .

Put Fj = Finit +∑
i<j Ui, Tj = Rt

j and bhist = B0 + b∗(r∗ + n/2). If µ = k0 − bhist − 1 > 0,
then
(7.2) ∥Fj∥Cr(W ) ≤ CrT

(r−r∗)+
j (r ≥ 0),

and
(7.3)

∑
j

∥Uj∥Cr∗ (T) −→ 0 as R0 −→ ∞.

Both assertions are uniform for a compact smooth family of initial maps.

Proof. Fourier Cauchy–Schwarz gives
(7.4) ∥Ui∥Cr∗ (T) ≤ CR−ki+bhist+1

i .
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Since vi ≥ 1 + i(v − 1), their sum is at most

CR−µ
0

1 − R
−µ(v−1)
0

.

The periodic increment sum has uniformly bounded Cr∗ norm and Fourier support
below CR

b∗/v
j = CTj. Bernstein gives its higher-order profile; the fixed initial map only

changes the constants. The same sum proves the smallness assertion. □

Proposition 7.2 (Current coefficient scale). Enlarge the fixed order r0 in Proposition 3.1
to include the fixed reserve clin + 3 of Setup H.2 and the sampling and physical-slice
orders through rpar, with r0 ≥ Dpr + rpar +3 and their fixed construction shifts. Choose
r∗ above the fixed response orders and the density preparation and quadrature budgets
of Proposition K.2, including their positive-scalar and reconstruction shifts, so sub-
tracting any of these shifts leaves at least r0. These orders and the resulting geometric
neighborhood precede variable mean accuracy. If the total displacement in (7.3) stays
in that Cr∗ neighborhood, the actual extended coefficient arrays satisfy

(7.5) ∥ã(Fj)∥Cr ≤ CrT
(r−r0)+
j .

The same bound holds for Fj and the prepared positive initial scalars, including joint
data derivatives on their fixed domains. The current response construction has scale

LF,j = Tj,

with the fixed outside losses of Proposition 3.1. Since t < 1 < a − β, this scale lies
below (λjhj)1−σ for some fixed σ > 0 and large R0.

Proof. The finite-jet bounds and fixed extension transfer the history profile to the co-
efficients. Proposition 3.1 gives LF,j = Tj. The density preparation uses only orders
within the uniform Cr∗ budget. Choose t < (a − β)(1 − σ); its strict gap absorbs the
fixed chart constants. □

This coefficient scale lies below the mean input bands and the smallest product
frequency.

8. Choice of scales

We now explain why the estimates can be imposed simultaneously. All exponents in
this section are fixed before choosing the initial parameter s or the increasing accuracies.
The detailed preparation and mean inequalities are proved in Proposition M.1.

8.1. Frequency and amplitude gaps. Use the following fixed outer exponents:

(8.1)
ϵ = 1

32 , θ = 1
64 , β = 11

32 , a = 7
5 ,

ζ = 1
84 , b∗ = 17

12 , v = 35
24 , t = b∗

v
= 34

35 .
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Then β = (1 + ϵ)/3, b∗ = a(1 + ζ), and

(8.2) 1 + θ + β < a < b∗ < v <
3
2 , t = b∗

v
< 1.

Choose the fine amplitude exponent

(8.3) sf = 1 + θ/2.

Then
1 < sf < 1 + θ < a − β < a.

Here a − β − (1 + θ) = 13/320. Thus a fine amplitude ceiling Kmax = Rsf = Hdf ,
df = sf/(1 + θ) < 1, lies below all product frequencies by a strict power.

The equal-gap bands of Lemma 5.2 start above R and end below Kmax. Their com-
mon positive exponent gap lets one finite derivative order control all omitted inputs.
Accuracy changes only this finite list within the same sampled family.

For the primary construction fix

(8.4) LWKB = T0 = Rt.

The finite transport and positive background use the current scale. Their fixed low
norms cover the density preparation. The two amplitudes are independent of accuracy;
their complete residual is included in the current source.

The common amplitude scale is

Kenv = C∗Kmax

with one fixed C∗. Take σ = 1/1000. Since t < 1 and sf < a − β,

(8.5) C∗Kmax, Rt ≤ (λh)1−σ

for large R. This verifies (4.18). The strict inequalities absorb the fixed patch and
radial normalization constants.

8.2. The forcing and response size. Set the forcing exponent

(8.6) A = p(1 + θ)
2 , 2A − sfp = pθ

2 > 0.

Thus the same inequality bounds the fine physical field and makes ϵfKp
max small. The

nonlinear margin may be νnl = pθ/[4(1 + θ)] in H units. This also proves (5.18).
Use the preparation count in (5.8). The quadrature margin is β(2n − 1) − 2A =
(23n − 109)/128 ≥ 3/64. The normal comparison (5.9) has positive exponents because
θ < ϵ and 1 + θ + β < a.

The current coefficient exponent is t < 1 and the mean input floor is R. A fixed
multiple of T0 is an envelope for the zero atom. All response envelopes satisfy K ≤ λ1−ν0

with ν0 = 1/4. Actual modulation supports are below their envelopes. These are the
response and source gaps used in Proposition 3.2. Proposition M.1 verifies the individual
cutoff, source, and mean inequalities without any change of the fixed operators.
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8.3. Fixed orders and the initial defect. Fix the density preparation count in (5.8)
first. Choose r∗ in Proposition 7.2 to include these finite orders and their construction
shifts, and put bhist = B0 + b∗(r∗ + n/2). Choose an integer kmin so that

(3 − 2v)kmin > B3 + 2v + 4,(8.7)
kmin > bhist + 2.(8.8)

Both are lower bounds since 3−2v > 0. All orders and exponents are fixed before mean
accuracy or target dilation. Use
(8.9) Q(k) = 2k.

Both errors in (6.5) are at most C2kR−3k+B3 ; (8.7) controls their sum.

9. Smooth convergence on one neighborhood

The target family g(s) of Proposition 2.2 has uniform fixed seminorms before s is
chosen. Choose ε∗ > 0 so that its Cr∗ reference ball preserves every geometric and
analytic gap.

For every finite history satisfying (7.1) with Ri = Rvi

0 and ki ≥ kmin, Lemma 7.1 gives
uniform map profiles. Choose a finite nondecreasing threshold H(k), independent of s,
as follows. First enlarge H(kmin) so that R0 ≥ H(kmin) implies

(9.1)
∑
i≥0

CR−kmin+bhist+1
i < ε∗/2.

Every such finite history then lies in the reference ball. Proposition 7.2, the scale verifi-
cation and the smoothing lemma give all step hypotheses uniformly for these histories
and the compact target family.

At each fixed k, Theorem 6.2 uses finitely many uniform constants at accuracy 2k.
Enlarge H(k) monotonically so that Rj ≥ H(kj) meets their thresholds and bounds the
metric and L2 constants by Rj. If the current map Mj = Gref + ∑

i<j Ui has defect at
most R

−2kj

j , its increment satisfies (7.1) and

(9.2) ∥γ(Mj + Uj) − g(s)∥C0(D) ≤ 2C2kj
R

−3kj+B3
j ≤ R

−2v(kj+1)
j .

The last inequality follows from (8.7).

9.1. One adaptive schedule and one target dilation. Choose R0 ≥ H(kmin). Set
k0 = kmin and
(9.3) kj+1 = kj + 1{Rj+1≥H(kj+1)}.

Then Rj ≥ H(kj) and kj → ∞: an eventual constant K would be contradicted when
Rj exceeds the finite H(K + 1). Put δj = R

−kj

j and Qj = 2kj. Now choose a single
s > 0 with
(9.4) ∥g(s) − γ(Gref)∥C0(D) ≤ δ2

0,

using (2.12). This choice follows all thresholds.
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Apply this step successively. Each increment preserves the prospective Fourier and
L2 budgets; (9.1) keeps the current maps admissible. Since kj+1 ≤ kj + 1, its metric
conclusion gives inductively
(9.5) ∥g(s) − γ(Mj)∥C0(D) ≤ δ2

j .

Thus the same construction continues on the fixed core for all j.
For every fixed r, Fourier Cauchy–Schwarz gives

(9.6) ∥Uj∥Cr(T) ≤ CrR
−kj+B0+1+b∗(r+n/2)
j .

Here Cr is the Fourier constant, independent of Qj. As kj → ∞, this bound is eventu-
ally CrR

−1
j , which is summable. The same series therefore converges in every Cr to one

smooth M∞ on W . Taking C1 limits gives γ(M∞) = g(s) on int D. On the fixed neigh-
borhood U = sρ int D, set F (x) = sρM∞(x/(sρ)). Then γ(F )(x) = g(s)(x/(sρ)) = g(x).
Positive definiteness gives rank dF (p) = n. Choose n ambient coordinate components
whose differential minor is invertible at p. Their projection is a diffeomorphism on one
smaller neighborhood by the inverse function theorem. On that neighborhood F is the
graph of its other N − n components, and hence an embedding. This single restriction
is independent of derivative order.
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Appendix A. Domains, Fourier conventions, and notation

The metric and normal-map conventions are those of Section 2. Here T0 = T , Kproof = Kenv
and Bcubic = B3 in the main text; B0 is unchanged. Every reduced operator uses its displayed
normalization, including the factor 1/2 in (2.4). The setup below collects the common domains:
the local constructions first give buffered validity regions, and Theorem H.1 allows the nested
choices used by the background, mean and pair steps.

Interfaces and verification. Table 1 lists the results used in the main text. Every result in
the second column is proved in this paper. A local Setup states the hypotheses for a block of
arguments; its use in the construction is justified by the cited results. Sections 7–9 and Appendix M
verify the hypotheses for the actual iterates. The continuum row first chooses the positive scalar
rF in Proposition I.7. The primary family and its fixed response are linear in each prescribed
scalar. Proposition K.2 then prepares rF,R before sampling; the row inverse still belongs to rF .
Corollary H.7 controls this same corrected atomic family throughout.

In the table, one fixed order d = r∗ dominates the geometric jets, the normal order M = 20(n+1),
the two primary amplitudes and all calculus, density and reconstruction shifts. It also includes the
atomic response budget in Corollary H.7 and the finite density and quadrature orders chosen in
(5.8), after A and before Q. Membership in this fixed Cd neighborhood gives the stated gaps and
low seminorms; the all-order graded profiles are separate hypotheses, verified by Lemma 7.1 and
Proposition 7.2. All source sizes and scale windows referred to below are displayed in the main
text.

Table 1: Interfaces used by the actual construction.

Object Proved source Domain and source
class

Low topology and
extra hypotheses

Dependence
on Q

Reference and
carrier
geometry

Propositions D.9,
D.10;
Definition D.12

Common buffered
charts; detection on
the whole sphere;
primary and central
signed directions

Fixed Cd

neighborhood;
positive normal,
detector and chord
gaps

Geometry
fixed before
frequency and
Q

Extension
and finite
calculus

Lemma B.1;
Theorem E.6

One extension on Hr

and Cr, r ≥ 0;
localized operators on
W

Fixed collar and
finite construction
depth; fixed Cd

bounds

Same
extension;
fixed
derivative
shifts

Regular
inverse SFTF

Theorems F.3, F.4,
F.6

Full L2(W ) Neumann
inverse; core equation
with angular error

Gain one; fixed Cd

neighborhood;
graded profiles

One inverse;
no extra scale
power in the
displayed
graded
bounds

Primary
waves and
joint sample

Theorems G.5, G.6 Whole patches;
(qquad + 1)3 fixed
colors; full L2 outputs
and all prefixes;
deterministic
background
quadrature

rpar = M + 3; two
amplitudes; fixed Cd

reserve; full strain of
size λ−3

One family
and sample
event; fixed
quadrature
order before
Q
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Table 1. Interfaces used by the actual construction (continued).
Object Proved source Domain and source

class
Low topology and
extra hypotheses

Dependence
on Q

Response BC
M Proposition H.5;

Corollaries H.6,
H.7

Source (3.5); global
cutoff envelopes;
tensor error on Dlag

Graded profiles and
(3.4); fixed atomic
joint jet budget

λ, λ2 carrier
factors;
derivative-
amplitude
change λ−1

Continuum
row and
positive mean

Propositions I.4,
I.5, I.9, I.7

Full Y = L2(T;Rn);
raw Xr; physical
fields on Ufin

Fixed positive
reference dilation,
then a fixed Cd

neighborhood

Raw source
order r;
density source
order r + 1;
fixed
coefficient
shifts

Prepared zero
atoms and Uc

Proposition K.2;
Corollary H.7

Fields on Ufin; full
auxiliary residual in
(5.7)

Fixed positive class;
finite density steps
and lattice
quadrature before
sampling

Preparation
fixed after A;
no extra
power of T0

Current
waves Zν

Proposition J.4;
Proposition 4.2

Complete finite
Fourier measures;
global cutoff
envelopes; strain on
Dlag

Same corrected
atomic family;
shifted support in
the original chart

No envelope
offset;
displacement
change λ−2

and derivative
change λ−1

Nonlinear
mean

Lemma 5.2;
Proposition 4.2

Global residual
recurrence; metric
error on D; physical
bounds (4.13)–(4.14)

Same current phases
and sample event;
canonical inverse in
Proposition 5.1

p = (n+ 1)/2,
Bmean = n/2;
nonlinear
budget p;
finite count
varies

Signed
product
correction

Proposition L.4 Entire protected
source product;
metric error on D;
cut global Hr field

Fixed Cd

neighborhood; (8.5)
Source offset
0; physical
loss 1 in
(4.20)

Stage closure Lemma 7.1;
Proposition M.1

One fixed D and one
global band for each
increment

Prospective Cr∗

displacement bound
and ordered scale
choices

B0, B3 fixed;
Qj = 2kj

increases

Setup A.1 (Fixed domains). Let D be a closed ball of positive radius centered at zero, D ⋐ W
a bounded open physical neighborhood, and T a fixed auxiliary flat torus whose coordinate cell
contains W . All domains below have positive fixed buffers.

First choose the whole-patch primary responses of Theorem H.1, with actual contraction cutoffs
χ2,LAG, χ3,LAG. Their finitely many identity cores contain a common wider core ULAG, where
χ2,LAG = 1. Choose the background core UBG, frame ball Bframe, measurement region Vmeas and
source/observation cutoffs inside these fixed validity domains, before frequency, sampling, accuracy
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and the last seed parameter, so that

(A.1) D ⋐ UBG ⋐ Bframe ⋐ Vmeas ⋐ IntDlag, suppχmeas ⋐ Vmeas,

with χmeas = 1 near Bframe, and
Dlag ⋐ Int{χlag,src = 1}, suppχlag,src ⋐ Int{χcore,LAG = 1},

suppχcore,LAG ⋐ ULAG ⋐W, suppχlag,src ⋐ {χ2,LAG = 1}.
(A.2)

One larger finite-primary chart in W contains ULAG and all these cutoffs.
Every entire measurement, protected pair-source and physical-output support lies in IntDlag.

The cutoffs χphys, χpair equal one near D. Choose the pair cutoff inside its protected region Xpair,
where χ2,pair = 1, and the mean and common final physical cutoffs inside UBG for the complete
primary, mean and pair sum. For the synthesis slice estimate use a separate χslice, equal to one
near the entire suppχmeas and supported in the larger common validity region, for example IntDlag.
This cutoff belongs only to that estimate; the actual fields use their own physical cutoffs.

The background notation Ucore, Br, Umeas means UBG, Bframe, Vmeas; primary-response notation
Ucore and its control cutoff means ULAG, χcore,LAG. Other solver cores are their own fixed validity
domains.

The primary current response and protected pair correction use separate regular-sector operators.
Appendix I constructs the continuum image and transport row. A literal sample in primary patch
g uses one current B(g)

F for every initial datum. The finite primary wave and its response use the
same phase. Each construction has its own fixed domains, angular buffers, cutoffs, real pairings
and construction depths. At each coefficient choice the actual operators and exact inverses are the
same at every precision and observation order. Take the finite minimum of margins and maximum
of constants and derivative shifts over the patch list.

The base strain, complete response leakage and current strain identity are estimated on Dlag,
covering every whole measurement and pair source. Metric-defect smallness and target smoothing
are imposed only on D.

Notation A.2 (Norms and Fourier transforms). For a function smooth up to the boundary of D,

∥f∥Cr(D) = max
|α|≤r

sup
x∈D

|∂αf(x)|.

The same convention is used on W . Vector and tensor norms are taken componentwise in fixed
coordinates. Unless a domain is specified otherwise, global Sobolev and L2 norms are on T.

Let Λ∗ be the dual lattice of T. We use

û(ξ) = 1
vol(T)

∫
T
e−ix·ξu(x) dx, u(x) =

∑
ξ∈Λ∗

û(ξ)eix·ξ.

In particular,
∥u∥2

L2(T) = vol(T)
∑

ξ∈Λ∗

|û(ξ)|2.

The integer Sobolev norm Hr(T) is the L2 norm of all Cartesian derivatives through order r.
For Euclidean envelope variables, the convention is

f̂(ξ) = (2π)−n
∫
Rn
e−ix·ξf(x) dx, f(x) =

∫
Rn
eix·ξ f̂(ξ) dξ.

For a finite complex Fourier measure m, its size is ∥m∥TV. The atom at the origin is denoted by
δ0.

On local balls, positive Sobolev spaces are restriction spaces; negative estimates use the cor-
responding supported-distribution and restriction dual pairs. Whole-space comparisons use fixed
cutoffs and the extension of Lemma B.1. Write D = −i∂, ∥u∥s = ∥u∥Hs and H∞ =

⋂
s≥0H

s. A
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coefficient norm includes every matrix entry. Adjoints are complex Hilbert adjoints, restricted to
real fields when the operator is real.

Notation A.3 (Stage scales). Use the scales and strict windows of Section 8:

λ = Ra, h = R−β, H = R1+θ, LF = T0 = Rt, Kmax = Hdf = Rsf .

The zero-atom and common response envelopes are respectively CenvT0 < Kmax and
Kproof = C∗Kmax.

These constants are fixed independently of R, accuracy and derivative order. Equation (8.5) puts
both below the smallest protected product frequency by a strict power.

Appendix B. Interpolation and finite-jet estimates

The estimates in this section are independent of every phase, solver and frequency choice. They
will be used in the geometric and analytic constructions.

Lemma B.1 (One fixed extension at every nonnegative integer order). Let Ω = BR(c) ⊂ Rn and
Ω ⊂ V , with V open. Use the derivative Sobolev norm

∥f∥2
Hm(Ω) =

∑
|α|≤m

∥Dαf∥2
L2(Ω), m ≥ 0,

and the corresponding whole-space norm. There is one real linear operator, independent of m,
EΩ : C∞(Ω) −→ C∞

c (Rn),
equal to f on Ω, supported in a fixed compact subset of V , with

∥EΩf∥Hm(Rn) ≤ Cm∥f∥Hm(Ω),(B.1)
∥EΩf∥Cm(Rn) ≤ Cm∥f∥Cm(Ω).(B.2)

The constants depend only on Ω, V , the fixed cutoff and m. The bounded extensions to Hm and Cm

agree on their common domains. The derivative norm is equivalent to the whole-space restriction
norm. The operator acts componentwise and complex linearly. No negative-order extension is
asserted.

Proof. Choose 0 < d < R/2 with BR+d(c) ⋐ V and a real ϕ ∈ C∞([0,∞)) equal to one on [0, d/4]
and zero on [d/2,∞). For bk = −2k and 0 ≤ k ≤ N put

a
(N)
k =

∏
0≤j≤N

j ̸=k

1 + 2j

2j − 2k
.

Lagrange interpolation at b0, . . . , bN , evaluated at one, gives

(B.3)
N∑

k=0
a

(N)
k bℓ

k = 1 (0 ≤ ℓ ≤ N).

Separating j < k and j > k gives

(B.4) |a(N)
k | ≤ A2B−22−k(k+1)/2, A =

∏
j≥0

(1 + 2−j) < ∞, B =
∏
j≥1

(1 − 2−j) > 0.

For fixed k the product converges. Its bound permits dominated convergence in the moment
identities, giving ak = limN a

(N)
k with

(B.5)
∑
k≥0

akb
ℓ
k = 1,

∑
k≥0

|ak|2kℓ < ∞ (ℓ ≥ 0).
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Set EΩf = f on Ω. With h(ω, s) = f(c+ (R− s)ω), define for t > 0

(B.6) EΩf(c+ (R+ t)ω) =
∑
k≥0

akϕ(2kt)h(ω, 2kt).

Terms with 2kt ≥ d/2 are zero. The sum is finite at each t > 0 and supported in BR+d/2(c) ⋐ V .
For p = 2,∞ and |β| + ℓ ≤ m, the substitution s = 2kt in a fixed finite angular atlas gives

(B.7)
∥∥∥ak2kℓ[Dβ

ω∂
ℓ
s(ϕh)](ω, 2kt)

∥∥∥
Lp

≤ Cm|ak|2k(ℓ−1/p)∥f∥W m,p(Ω), 1/∞ = 0.

The same summable bound proves both norm estimates and uniform convergence of every derivative
at t = 0. Its boundary value is (−1)ℓDβ

ω∂
ℓ
sh(ω, 0) by (B.5). These are exactly the interior jets of

h(ω,−t), so the joined function is smooth, with no boundary terms in weak derivatives. For n = 1,
use the two radial directions without angular variables.

Contraction by x 7→ c+(1−ϵ)(x−c), followed by mollification on the resulting larger ball, proves
smooth density in Hm, Cm and their intersections. The bounds extend this same EΩ consistently.
Restriction and EΩ give the two quotient-norm inequalities; Plancherel compares the whole-space
derivative and Bessel-potential norms. The coefficients are real. □

Lemma B.2 (Fourier interpolation at a prescribed scale). On Rn, the fixed auxiliary torus, or a
fixed ball with the preceding extension, let r ≥ 0 and m > r + n/2 be integers. For K ≥ 1,

(B.8) ∥u∥Cr ≤ Cr,m

[
Kr+n/2∥u∥2 +Kr+n/2−m∥u∥Hm

]
.

Thus a Sobolev profile ∥u∥Hs ≤ CsAK
s gives ∥u∥Cr ≤ CrAK

r+n/2, using only s = 0,m.

Proof. Fourier inversion bounds each order-r derivative by the frequency integral, or sum, of
|ξ|r|û(ξ)|. Cauchy–Schwarz on |ξ| ≤ K gives the first term. On |ξ| > K, the squared weight
|ξ|2r−2m has integral or lattice sum at most Cr,mK

2r+n−2m, giving the second. Lower derivatives
obey the same bound since K ≥ 1. The fixed extension is bounded at orders zero and m. □

Lemma B.3 (Elementary interpolation, derivative products and finite jets). On a fixed auxiliary
torus, or a fixed chart with a bounded extension, let 0 ≤ R < j < k be integers. Then

∥u∥Cj ≤ CR,j,k∥u∥1−(j−R)/(k−R)
CR ∥u∥(j−R)/(k−R)

Ck .

The endpoint and bounded low orders have their direct norm bounds.
Let fi be finitely many primitive arrays, with possibly different nonnegative integer baselines bi,

and assume that their Cbi norms are bounded. For an integer W ≥ 0, suppose that a product of
primitive derivatives, allowing repeated primitives, has orders jh satisfying∑

h

(jh − bi(h))+ ≤ W.

Then

(B.9)
∏
h

∥Djhfi(h)∥L∞ ≤ CW

[
1 +

∑
i

∥fi∥Cbi+W

]
.

Matrix factors remain in their original order. The constant may depend on the number of factors
and their fixed low bounds.

Let F(JcF ) be a fixed smooth finite-jet expression, including finitely many matrix inversions
whose singular-value gaps stay positive. If its low jet ranges in a fixed bounded set with those gaps,
then

∥F(JcF )∥Cr ≤ Cr(1 + ∥F∥Cr+c).
Here the finite shift may be enlarged once for finitely many such operations. These are algebraic jet
estimates; dependence of Hamilton flows, retarded operators and their inverses is proved separately
below.
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Proof. Use the fixed extension on a chart. Let a = ∥u∥CR and b = ∥u∥Ck , so a ≤ b. Choose one
real even ψ ∈ C∞

c equal to one near zero. Its inverse Fourier kernel has mass one and all positive
moments zero, by differentiation of ψ at zero. Periodizing its scale-t dilate gives Pt, for 0 < t ≤ t0,
with

∥Ptu∥Cj ≤ CtR−ja, ∥(I − Pt)u∥Cj ≤ Ctk−jb.

The first bound follows by moving derivatives to the kernel; the second follows from Taylor’s integral
remainder and the moment conditions. If a = 0, then u = 0. Otherwise choose t = (a/b)1/(k−R)

when it is at most t0. This gives

(B.10) ∥u∥Cj ≤ CR,j,ka
1−θbθ, θ = j −R

k −R
.

When that choice exceeds t0, the ratio b/a is bounded and the direct bound ∥u∥Cj ≤ b proves the
same estimate. The endpoint and bounded low orders follow directly.

For W > 0 set Hi = 1 + ∥fi∥Cbi+W and θh = (jh − bi(h))+/W . Interpolation at the indicated
baselines gives ∏

h

∥Djhfi(h)∥∞ ≤ CW

∏
h

Hθh

i(h) ≤ CW

(
1 +

∑
i

Hi

)
,

∑
h

θh ≤ 1,

by weighted arithmetic-geometric mean. For W = 0 use the baseline bounds. This proves (B.9) for
ordered matrix products as well.

For the finite-jet assertion put U = JcF . Its low range and inverse gaps bound every derivative
of the finite-dimensional coefficient function. Each order-r chain-rule term is a bounded coefficient
times

∏
iD

αiU , where |αi| ≥ 1 and
∑

i |αi| = r. The product estimate with baseline zero there-
fore gives Cr(1 + ∥U∥Cr ). Fixed-gap inversions are smooth coefficient functions; finitely many jet
operations enlarge the shift only by a fixed amount. □

Corollary B.4 (A fixed profile under finite derivative loss). Suppose T ≥ 1 and ∥F∥Cj ≤ AjT
(j−R)+

for every j ≥ 0. Let a fixed finite family of arrays on the same buffered charts satisfy ∥Fi(F )∥Cr ≤
Cr(1 + ∥F∥Cr+ci ), with fixed shifts ci. If R ≥ maxi ci + ν, then

(B.11) ∥Fi(F )∥Cr ≤ CrT
(r−ν)+ , r ≥ 0.

Any fixed finite list of parameter derivatives can be included among the arrays. For normalized
symbols the radial order stays separate. This applies to fixed constructions, not to an accuracy-
dependent number of compositions.

Proof. Substitution gives CrT
(r+ci−R)+ , which has the stated bound. □

Lemma B.5 (Common buffered inverse domains). Let D0 ⋐ D1 ⋐ D be bounded convex boxes in
Rd and F0 smooth near D. Suppose a constant invertible matrix G satisfies supD ∥G−1(DF0−G)∥ ≤
1/4. For all F in one sufficiently small C1 neighborhood of F0, F is injective on D, with a uniform
lower Lipschitz bound, and one open set V satisfies F (D0) ⋐ V ⋐ F (D1) with common positive
buffers. The assertion is uniform for parameter families in this same neighborhood.

Proof. Choose the C1 neighborhood so supD ∥I − G−1DF∥ ≤ 1/2. The segment identity gives
|G−1(F (u) − F (v))| ≥ |u− v|/2. Choose one radius r > 0 so every Br(u0), u0 ∈ D0, lies in D1. A
fixed small neighborhood V of F0(D0) and a small C0 neighborhood of F0 ensure that every v ∈ V
has such a u0 with |G−1(v − F (u0))| < r/2. Then

u 7−→ u−G−1(F (u) − v)

is a 1/2 contraction of Br(u0) into itself. Its fixed point gives V ⊂ F (D1). Reducing the C0

neighborhood also gives F (D0) ⋐ V . All buffers and constants use only these fixed low choices. □
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Lemma B.6 (Uniform interpolation and joint derivative budgets). Use finitely many fixed work-
ing balls with larger buffered coordinate neighborhoods, including every physical variable, normalized
covariable and parameter. The interpolation estimate of Lemma B.3 applies jointly in these coordi-
nates. Right-hand norms may be on the larger domains. For an entire working ball, use its single
bounded extension at every order; maxima over the fixed finite family obey the same bound.

Use (B.9) for complete ordered products on these domains.
These estimates are uniform on normalized dyadic shells. For a degree-one phase and an order-p

symbol, the normalized arrays are

Sµ(x, ω) = µ−1S(x, µω), aµ(x, ω) = µ−pa(x, µω), µ ≥ 1,

on fixed buffered normalized annuli and angular charts. Both physical variables are included for a
two-position amplitude. The estimates control coefficient products; explicit frequency powers, shell
ratios, and integration measures remain separate.

Fixed-gap matrix inverses, existing implicit and inverse charts, and fixed-time flows preserve
these joint derivative budgets. All estimates use the same fixed working domains and inverse gaps.

Proof. Apply (B.9) to the complete primitive product before substituting coefficient estimates: if
∥fi∥Cm ≤ Cm(1 + ∥a∥Cm+ci ), its result uses the maximum index bi +W + ci, without multiplying
high coefficient norms. The corresponding datum interpolation is

∥v∥p+k ≤ Cp,s∥v∥1−k/s
p ∥v∥k/s

p+s (0 ≤ k ≤ s), ∥f∥Cj ≤ Cj,L∥f∥Hj+L (L > d/2).

These follow respectively from Fourier Hölder and Fourier Cauchy–Schwarz; fixed extensions give
the local versions.

Fixed-gap matrix inverses are finite-jet expressions from Lemma B.3. For compositions with
bounded first jets, the derivative partitions satisfy

(q − 1) +
q∑

i=1
(αi − 1) = r − 1, αi ≥ 1,

∑
i

αi = r.

This is the baseline-one budget for a composition.
For an existing inverse X = F−1, differentiate F ◦X = Id on the same fixed working balls. The

first-order inverse gap bounds DX. Inductively, all lower derivatives of X are bounded by the
corresponding Cj norms of F on the fixed larger range charts. Every term other than DF (X)DrX
has q ≥ 2 and αi < r. Substitution of the inductive bounds leaves products of F derivatives with
the displayed excess at most r − 1. Equation (B.9) therefore bounds them by Cr(1 + ∥F∥Cr ); the
inverse gap proves the same bound for X. Implicit maps use the inverse of (z, w) 7→ (z, F (z, w)),
including all external parameters.

For the fixed-time flow ∂tΨ = V (Ψ), the top variational term is DV (Ψ)DrΨ. The other partitions
have the same budget and involve only lower flow derivatives. Induction bounds their forcing by
Cr(1 + ∥V ∥Cr ), and Gronwall gives the same estimate for the flow on the fixed interval. Time
derivatives follow from the equation. Variable initial sections are compositions with this flow and
obey the same joint budget.

For U ′ = −CU , U(0) = I, apply the flow estimate to −CU and (U−1)′ = U−1C, including time
and the constant tube parameters as coordinates. Gronwall keeps both matrix ranges bounded,
giving

∥U∥Cr + ∥U−1∥Cr ≤ Cr(1 + ∥C∥Cr ).
Variable initial values multiply this fundamental matrix. Their composition with the fixed flow
obeys the same joint product budget.

For normalized symbols and phases the exact identities are

∂α
x ∂

γ
ωaµ = µ|γ|−p(∂α

x ∂
γ
ηa)(x, µω), ∂α

x ∂
γ
ωSµ = µ|γ|−1(∂α

x ∂
γ
ηS)(x, µω).
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All interpolation domains are consequently fixed. Normalize two noncomparable frequencies sep-
arately and leave their ratios, powers and shell volumes outside the primitive norms. The fixed
cutoff pullbacks of Setup E.3 obey the same composition budget.

□

Appendix C. Oscillatory estimates and canonical retarded integration

This section proves three elementary operator estimates used later: exact normal comparison,
localization of oscillatory sources, and canonical retarded integration. The phase hypotheses below
are verified for the carrier phases in Proposition D.10; each result otherwise uses only its displayed
phase and amplitude bounds.

C.1. Exact normal comparison.

Notation C.1. Use the Fourier convention of Notation A.2 and ∥f∥Hs = ∥⟨D⟩sf∥2 on Rn, where
⟨ξ⟩ = (1 + |ξ|2)1/2. Compactly supported chart outputs are extended by zero. Complex Hilbert
inner products are linear in the first argument; operator norms are on the entire stated spaces.
Derivative order means total multi-index order, and matrix dimensions are fixed.

Lemma C.2 (Two-position amplitudes on fixed supports). Let d ≥ 1 and fix compact physical
supports inside bounded boxes of Rd. Suppose b(x, y, ξ) is smooth, has these supports in x, y, and

sup
ξ

|Dα
x,yb(x, y, ξ)| ≤ A, |α| ≤ 2(d+ 1).

Then
Bf(x) = (2π)−d

∫∫
ei(x−y)·ξb(x, y, ξ)f(y) dy dξ satisfies ∥B∥ ≤ CA.

The frequency support may be unbounded; C depends on the fixed physical boxes and d. Fixed matrix
amplitudes obey the same bound.

Let T : L2(D) → L2(Rd) have a smooth integral kernel t(x, u) on fixed compact supports. For
c(x, x′, u) with the same physical supports and the preceding derivative bounds in x, x′, uniformly
in u, the full kernel

N (c, g)(x, x′) =
∫
t(x, u)c(x, x′, u)t(x′, u)g(u) du

has the bound

(C.1) ∥N (c, g)∥ ≤ CA∥T∥2∥g∥∞.

Proof. Expand the two physical variables on one fixed larger torus, with outer cutoffs removing the
periodic copies. Integration by parts with (1 − ∆x − ∆y)d+1 gives

sup
ξ

|bpq(ξ)| + sup
u

|cpq(u)| ≤ CA⟨(p, q)⟩−2(d+1).

With the outer cutoffs included in the bounded modulations Mp,Mq, the exact operators are

B =
∑
p,q

Mpbpq(D)Mq, N (c, g) =
∑
p,q

MpT [cpqg]T ∗Mq.

The coefficients are summable in 2d dimensions. Plancherel and the bound on T prove both
assertions by absolute convergence in operator norm. Compact frequency regularization, followed by
its distributional limit, justifies the unbounded-frequency formula. Apply the argument entrywise
for fixed matrices. □
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Setup C.3 (Uniform normal hypotheses). Fix n ≥ 2, r ≥ 1, M = 20(n+ 1), bounded convex open
sets X,D ⊂ Rn, compact sets X0 ⋐ X, D0 ⋐ D, and ϵ0 > 0. Let the real phase ϕϵ(x, u) and the
complex r-vector amplitude aϵ(x, u) be smooth for 0 ≤ ϵ ≤ ϵ0 on neighborhoods of X × D, with
smooth extensions across the parameter endpoints. Assume

supp aϵ ⊂ X0 ×D0, |Dα
x,uϕϵ| + |Dα

x,uaϵ| + |∂ϵD
α
x,uϕϵ| + |∂ϵD

α
x,uaϵ| ≤ Cα (|α| ≤ M).

Define the exact averaged gradient

Ψϵ(x, x′, u) =
∫ 1

0
dxϕϵ(x′ + t(x− x′), u) dt.

Assume each Ψϵ(x, x′, ·) is injective on D, with a common buffered inverse chart containing the
images of D0, and | det duΨϵ| ≥ c∗ > 0 throughout these boxes.

Proposition C.4 (Exact masked normal comparison). In Setup C.3, define for K ≥ 1

TK
ϵ f(x) =

(
K

2π

)n/2 ∫
D
eiKϕϵ(x,u)aϵ(x, u)f(u) du.

This maps the entire L2(D;C) into L2(Rn;Cr), and
(C.2) ∥TK

ϵ ∥ ≤ C.

Let 0 < h ≤ 1 and let mh be real and smooth on D, with 0 ≤ mh ≤ 1 and ∥Dmh∥∞ ≤ C/h. For
EK

ϵ = TK
ϵ mh(TK

ϵ )∗,
(C.3) ∥EK

ϵ − EK
0 ∥ ≤ Cϵ/h, K ≥ 1.

The constant uses only the fixed sets, buffers, dimensions, Jacobian gap and finite phase and ampli-
tude bounds. The comparison uses the complete kernels and only the displayed first mask derivative.

Proof. Step 1. The mask-free norm. Write Φϵ = ϕϵ(x, u)−ϕϵ(x′, u) and Aϵ = aϵ(x, u)aϵ(x′, u)∗.
Convexity gives Φϵ = (x − x′) · Ψϵ. Let uϵ(x, x′, v) be the common inverse. Its fixed buffer
and Jacobian gap give uniform derivative bounds by implicit differentiation. The single change
v = Ψϵ(x, x′, u) gives the exact full kernel

(C.4) EK
ϵ (x, x′) =

(
K

2π

)n ∫
eiK(x−x′)·vbϵ(x, x′, v) dv,

where
bϵ = Aϵ(x, x′, uϵ)mh(uϵ)

| detDuΨϵ(x, x′, uϵ)|
.

The inverse buffer makes its zero extension smooth, jointly with all physical and parameter variables.
For mask 1 its needed derivatives are uniformly bounded. Set ξ = Kv and apply Lemma C.2 to
bϵ(x, x′, ξ/K). Its bounds are uniform for K ≥ 1, proving ∥TK

ϵ ∥2 = ∥TK
ϵ (TK

ϵ )∗∥ ≤ C.
Step 2. Differentiation in the original input variable. Set

wϵ = (DuΨϵ)−1∂ϵΨϵ.

Then ∂ϵΦϵ = wϵ · DuΦϵ exactly. Choose fixed scalar χx, χu equal to one on the original supports,
inside X,D and the common inverse buffer. Step 1 bounds the scalar channel TK

ϵ,χ with amplitude
χxχu. Let Nϵ(c, g) be the second operator in Lemma C.2 for this channel. Differentiation and
integration by parts in the original u give

∂ϵE
K
ϵ = Nϵ(c0,mh) +

∑
j

Nϵ(cj , ∂ujmh),

c0 = ∂ϵAϵ − divu(wϵAϵ), cj = −wϵ,jAϵ.

The compact input support removes every boundary term. These full amplitudes have uniform
spatial derivatives through 2(n+ 1): computing them uses at most 2(n+ 1) + 3 phase derivatives
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and one ϵ derivative, within the fixed M budget. Equation (C.1) gives ∥∂ϵE
K
ϵ ∥ ≤ C(1+∥Dmh∥∞) ≤

C/h. At each fixed K the compact kernel is differentiable in Hilbert–Schmidt norm. Integrating
from 0 to ϵ proves (C.3). □

Corollary C.5 (Both real quadratures). Regard L2(D;C) as a real Hilbert space with inner product
Re
∫
fg, and set

CK
ϵ f = 2 Re(TK

ϵ f) ∈ L2(Rn;Rr).

For every real output r0,

(C.5) (CK
ϵ )∗

Rr0 = 2(TK
ϵ )∗r0, CK

ϵ mh(CK
ϵ )∗

Rr0 = 4 Re(EK
ϵ r0).

The bounds of Proposition C.4 hold for these real operators with fixed numerical factors. The input
still contains both complex quadratures.

Proof. For complex f and real r0,

⟨2 Re(Tf), r0⟩R = 2 Re⟨Tf, r0⟩ = 2 Re⟨f, T ∗r0⟩.

This proves the adjoint formula. Since the mask is real, applying C to 2mhT
∗r0 proves the normal

identity and its factor 4. Taking norms proves the assertions. There is no restriction to real input
and no extra conjugate cross operator. □

Proposition C.6 (A full-space single-channel estimate). Assume additionally that X = Jtime × Y
and D = Icarrier ×Dθ, where Jtime, Icarrier are bounded open intervals and Y,Dθ ⊂ Rn−1 are bounded
convex open sets. Write x = (t, y) and u = (z, θ). Suppose, uniformly in t, z, ϵ, the maps

θ 7−→
∫ 1

0
dyϕϵ(t, y′ + s(y − y′), z, θ) ds

satisfy the buffered inverse, Jacobian and derivative assumptions of Setup C.3 in dimension n− 1.
Define

LK
ϵ,zf(t, y) =

(
K

2π

)n/2 ∫
eiKϕϵ(t,y,z,θ)aϵ(t, y, z, θ)f(θ) dθ.

Then, on the entire indicated input and output spaces,

∥LK
ϵ,z∥2

L2(Dθ;C)→L2(Rn;Cr) ≤ CK.

The realification 2 ReLK
ϵ,z has the same squared bound with a factor 4.

Proof. Put d = n− 1. For each fixed t, z, ϵ, the slice

AK
t,z,ϵf(y) =

(
K

2π

)d/2 ∫
eiKϕϵ(t,y,z,θ)aϵ(t, y, z, θ)f(θ) dθ

has a uniformly bounded L2 norm by the mask-free proof of Proposition C.4, now in dimension
d. At time t, the operator LK

ϵ,z is
√
K/(2π) times this slice. Integrating the squared slice estimate

over the fixed bounded interval Jtime proves the claim. The inequality ∥2 Re v∥ ≤ 2∥v∥ gives the
real estimate. □

For the actual carrier families, Proposition D.10 verifies these hypotheses for the exact finite-
difference phase (D.14), including its smooth value at zero from (D.16).



LOCAL ISOMETRIC EMBEDDINGS 37

C.2. Exact phase localization and Sobolev tails.

Proposition C.7 (A radial shell and negative Sobolev gain). Fix n ≥ 1, a bounded box X ⊂ Rn,
a compact K ⋐ X, a finite complex measure µ on a parameter set D, 0 < c < C, b ≥ 0, and
0 < σ < 1. For ρ ≥ 2 and L ≥ 1, let ϕ(x, u) be a smooth real phase and a(x, u) a smooth complex
amplitude of fixed finite dimension, supported in K in x. Assume uniformly in u ∈ D

c ≤ |dxϕ| ≤ C, |Dr
xϕ| ≤ CrL

r−1 (r ≥ 2), |Dr
xa| ≤ CrAL

r+b (r ≥ 0),

where A ≥ 0. Set
hρ(x) =

∫
D
eiρϕ(x,u)a(x, u) dµ(u).

Choose one fixed rescaled smooth radial multiplier Πρ equal to 1 on cρ/2 ≤ |ξ| ≤ 2Cρ, with support
in cρ/4 ≤ |ξ| ≤ 4Cρ. For integers m ≥ 0 and q > m+ n/2,

(C.6) ∥(I − Πρ)hρ∥Hm ≤ Cm,qA∥µ∥TVL
bρm+n/2(L/ρ)q.

If L ≤ ρ1−σ, then for every integer M ≥ 0,

(C.7) ∥hρ∥H−M ≤ CM,σA∥µ∥TVL
bρ−M .

The source, cutoff family and derivative exponent b are fixed for all requested observation and tail
orders. More generally, the tail estimate uses only the upper phase bounds and the gap |ρdxϕ− ξ| ≥
c1(ρ + |ξ|) on the entire complement of a fixed bounded rescaled Fourier mask. If that mask is
supported in a fixed annulus, the negative-norm conclusion follows under the same scale gap. For
dµ = F du on a set of measure V , ∥µ∥TV ≤ V 1/2∥F∥2.

Proof. For fixed u, the Fourier kernel is

ĥu(ξ) = (2π)−n
∫

K
ei[ρϕ(x,u)−x·ξ]a(x, u) dx.

On the entire support of 1 − Πρ, either |ξ| < cρ/2 or |ξ| > 2Cρ, including its transition regions.
Thus

|ρdxϕ− ξ| ≥ c1(ρ+ |ξ|).
Integrate by parts with

Vξ = (ρdxϕ− ξ) · ∂x

i|ρdxϕ− ξ|2
.

Reciprocal differentiation and the phase bounds show that its coefficients have derivatives of order
j bounded by CjL

j/(ρ+ |ξ|). An amplitude derivative costs one factor L. Induction on the number
q of transposed integrations gives

|(1 − πρ(ξ))ĥu(ξ)| ≤ CqAL
q+b(ρ+ |ξ|)−q.

All boundary terms vanish because K is a common compact support. Integrate against |µ|. For
q > m+ n/2, rescaling ξ = ρω gives∫

Rn
⟨ξ⟩2m(ρ+ |ξ|)−2q dξ ≤ Cm,qρ

2m+n−2q.

Taking square roots proves (C.6).
The amplitude bound and fixed output support give ∥hρ∥2 ≤ CA∥µ∥TVL

b. The annular split
and the tail estimate at m = 0 therefore give

∥hρ∥H−M ≤ CqA∥µ∥TVL
b[ρ−M + ρn/2(L/ρ)q].

Take q > n/2 with σq ≥ M + n/2 to prove (C.7). Only the complementary gap was used for the
tail, and annular support for the negative norm. □
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Remark C.8. The true frequency in Proposition C.7 may be ρ = λ|z − z′| for a normalized same-
carrier difference phase. The estimate applies when the normalized phase satisfies the displayed
gradient and graded derivative hypotheses. The phase is used exactly, rather than expanded in the
source parameter.

C.3. Canonical retarded integration. The literal integral gives all integer Sobolev bounds.

Definition C.9 (The fixed retarded operator). Fix real smooth cutoffs χin, χout compactly sup-
ported in one rectangle (t−, t+) × Y ⊂ R × Rd, n = d+ 1, with a fixed positive buffer after t− for
suppχin. Put

Jf(t, y) = χout(t, y)
∫ t

t−
χin(s, y)f(s, y) ds.

Proposition C.10 (The fixed retarded bounds). The literal adjoint is

(C.8) J∗v(s, y) = χin(s, y)
∫ t+

s
χout(t, y)v(t, y) dt.

Both operators are bounded on Hm(Rn) for every integer m; on buffered rectangles the negative
bounds use the reversed supported/restriction pairs. For real λ and transverse ζ,

(C.9) e−iλζ·yJ [eiλζ·yf ] = Jf.

Proof. Fubini gives the adjoint. Cauchy–Schwarz on the fixed time interval gives both L2 bounds.
For j ≥ 1,

∂j
t

∫ t

t−
g(s, y) ds = ∂j−1

t g(t, y),

and transverse derivatives pass under the integral. Leibniz’ rule gives the Hm bounds for m ≥ 0,
with the same argument for the upper integral J∗. Their literal adjoint relation gives all negative
indices on the reversed supported/restriction pairs. The transverse multiplier commutes with both
weights and the integral. □

Appendix D. A fixed flat reference and its carrier geometry

The flat reference, finite carrier menu and common Hamilton charts are constructed here.
Setup D.8 specifies the current-map neighborhood; its metric, normal and stress gaps hold near the
reference by Corollary D.5. Every later use of this geometry refers to these proved constructions.

D.1. An explicit flat cube and its characteristics.

Definition D.1 (Cube notation). Let n ≥ 5, N = n(n + 1)/2, q = n(n − 1)/2, d = n − 4 and
cn = d−2. Let E = Sym2 Rn have its Frobenius pairing, and write Sz =

∑
i zi and J = 11T . Set

Q0
i = eie

T
i − cnJ, K0 = span{Q0

i }n
i=1, ℓab = 1 − 2ea − 2eb (a < b).

The model pencil and its quadratic map are

M0(ξ) = diag(ξi) − cnSξJ, p0(ξ) = detM0(ξ), q0(ξ) = (ξTQ0
i ξ)i = M0(ξ)ξ.

For an immersion F , put γ(F ) = (dF )TdF and regard its second form as BF : E → NF . Its stress
space is kerBF . Full normal rank means that BF is onto; then B∗

F is injective.

Proposition D.2 (A flat cube form). The form

B0(u, v) =
(
(ℓab · u)(ℓab · v)

)
a<b

is onto, has kernel K0 and satisfies the flat Gauss equations.
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Proof. The matrices (ea +eb)(ea +eb)T , a < b, are independent by their distinct off-diagonal entries.
Since

ℓab = −2(I − J/4)(ea + eb), det(I − J/4) = 1 − n/4 ̸= 0,
the q matrices ℓabℓ

T
ab are independent. Every Q0

i annihilates them: each coordinate of ℓab has
square one and Sℓab

= d. The n matrices Q0
i are independent, so dimension gives kerB0 = K0.

Each rank-one component satisfies the Gauss equations separately.
The rank-one determinant formula gives

(D.1) p0(ξ) =
∏

i

ξi − cnSξ

∑
i

∏
j ̸=i

ξj .

□

Proposition D.3 (The complete bad set). The nonzero bad set M = {p0 = 0, dp0 = 0} \ {0} is
the union of

Lijl = {ξi = ξj = ξl = 0}, LijS = {ξi = ξj = Sξ = 0},
and the lines Rℓab, with the origin removed. These lines are also precisely the nonzero common
zeros of q0. Let L consist of these codimension-three spaces and node lines, so M = (

⋃
L∈L L) \ {0}.

Proof. If Sξ = 0, the matrix is diagonal. Otherwise its kernel equation is

ξivi = cnSξ

∑
j

vj .

With no zero coordinates this has at most one free scalar. A zero coordinate forces
∑

j vj = 0 and
confines the kernel to the zero positions. Thus corank at least two is equivalent to membership in
the displayed spaces, and makes the adjugate zero.

At corank one, adjM0 = a vvT with a ̸= 0, so dp0(ξ) = a q0(v). A nonzero common zero of the
quadrics satisfies vi = ±Sv/d and Sv ̸= 0. Summing gives sign sum d = n − 4, hence exactly two
negative signs: v ∈ Rℓab. The kernel equation then gives ξ = (Sξ/Sv)v. Conversely each node line
has corank one and zero determinant gradient. This proves both assertions. □

D.2. The actual strain and an analytic flat reference. Successive circular bendings realize
the flat form and fix the later geometry.

For an immersion F and variation V , put ui = ⟨∂iF, V ⟩. The proved identity (2.2) gives 1
2Qa :

DγFV = Qa : sym ∇γ(F )u for every stress Qa. Thus the reduced principal row is (Qaξ)T and its
zero-order term is −

∑
ij(Qa)ijΓk

ijuk.

Proposition D.4 (An explicit analytic flat reference). There is a real analytic local embedding
F0 : Br → RN such that

F0(0) = 0, dF0(0) = (I, 0), γ(F0) = I, BF0(0) = B0.

Its center stress space is K0.

Proof. For a unit vector v ∈ Rm and t = v · Y , define

Cv(Y ) =
(
Y +

[sin(nt)
n

− t

]
v,

1 − cos(nt)
n

)
∈ Rm+1.

Its derivative is an isometry: it fixes v⊥ and sends v to the unit vector (cos(nt)v, sin(nt)). At zero
its first derivative is the standard inclusion and its second derivative is n v ⊗ v in the new normal
direction.

Start with the identity on Rn. In a fixed order of the q pairs a < b, compose with Cv using v =
(ℓab/

√
n, 0) ∈ Rm. All maps have center zero and standard first derivative there. Each composition

leaves the preceding center second forms unchanged and adds exactly ℓab ⊗ ℓab. The resulting
analytic map has the stated metric and second form. Its projection to the first n coordinates is a
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local diffeomorphism, so it is an embedding after shrinking. Proposition D.2 gives full normal rank
at the center, which persists nearby. □

Corollary D.5 (One fixed normalized flat reference). For any prescribed finite kernel topology and
sufficiently small neighborhood of the constant cube, one can choose a fixed ρ > 0 so that

Gref(y) = ρ−1(F0(ρy) − F0(0)
)

is defined on a fixed ball, has γ(Gref) = I, and has an actual stress frame in that neighborhood.
Its normal gap is at least cρ > 0. After ρ is fixed, all its geometric seminorms are finite, and the
required metric, normal and kernel gaps persist on one fixed finite-topology neighborhood of Gref .

Proof. Full normal rank gives a smooth stress frame with Qi(0) = Q0
i . The dilated frame is Qi(ρy).

Its zeroth difference from Q0
i tends to zero; every positive-order derivative of order j has the factor

ρj . Thus its difference tends to zero in any one prescribed finite topology.
Moreover dGref = dF0(ρy) and d2Gref = ρd2F0(ρy). The normal spaces agree, so BGref =

ρBF0(ρy) and its least singular value is at least cρ on a smaller fixed ball. The metric remains exactly
I. Smooth dependence of the normal projector and kernel frame gives the stated neighborhood,
using two additional map derivatives for the chosen kernel topology. All later constants may depend
on this fixed ρ; the actual stress frame need not be constant away from zero. □

D.3. Frozen three-parameter carrier geometry.

Proposition D.6 (A finite three-parameter menu). Let n ≥ 5 and use the cube pencil of Defini-
tion D.1. There are finitely many simple-characteristic patches

ξa : Za −→ Rn,

where Za is a fixed closed convex three-dimensional parameter cube, and a finite open cover Vb of
Sn−1, with the following uniform properties.

(i) Every carrier has all coordinates nonzero, p0(ξa) = 0, rankM0(ξa) = n−1, and norm bounded
above and below. With ra,i = 1/ξa,i, the vector va = q0(ra) is a nonzero characteristic normal.
For every L ∈ L and z, z′ ∈ Za,

(D.2) |πL⊥(ξa(z) − ξa(z′))| ≥ c|z − z′|, |ξa(z) − ξa(z′)| ≤ C|z − z′|.

Every nonzero same-patch difference and every same-patch sum has a normalized direction
uniformly separated from M.

(ii) For each Vb there is a finite selected subcollection and smooth incidence points za(k) in the
patch interiors such that

k · va(za(k)) = 0, |∂z1(k · va(z))| ≥ c

near the selected roots, for one chosen first parameter on each patch. Moreover,

(D.3) |M0(k)T s|2 +
∑

a

|s · q0(ξa(za(k)))|2 ≥ c|s|2, s ∈ Rn, k ∈ Vb.

(iii) For any fixed finite grouping into color groups, positive radial labels Rg can be fixed so that
every cross-group sum or difference Rgξa(z) ± Rg′ξa′(z′) has normalized direction uniformly
separated from M. Labels are independent of later sampling spacing and accuracy. Within
one patch and group, (D.2) controls every nonzero difference and the sum bound controls every
sum.

This proposition concerns frozen geometry, not a current-field parametrix or an analytic frame lower
bound.
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Proof. Step 1. Paired detecting carriers. For all-nonzero r and ξi = r−1
i , the determinant

formula gives p0(r) = p0(ξ) = 0 exactly when SrSξ = d2. In that case M0(ξ) and M0(r) have
respective kernels Rr and Rξ. Fix k ̸= 0 and 0 ̸= s ∈ kerM0(k). We seek disjoint coordinate pairs
I, J such that, with

KI =
∑
i∈I

ki, SI =
∑
i∈I

si, KJ =
∑
i∈J

ki, SJ =
∑
i∈J

si,

one has
(D.4) (SI , SJ) ̸= (0, 0),

[
KI = KJ = 0 or KIKJ(KI +KJ) ̸= 0

]
.

The kernel equation is
(D.5) kisi = d−2SkSs.

If k has a zero coordinate, this confines s to its zero coordinates; if also Sk ̸= 0, it gives Ss = 0.
First let n ≥ 6. With at least four zero coordinates, choose a pair of zeros whose s-sum is nonzero,

and another disjoint pair of zeros. Such a first pair exists because vanishing of all pair sums on at
least three positions forces every component to vanish. With two or three zero coordinates, at least
three nonzero entries of k remain. Two have nonzero sum; pair them with different zero coordinates,
including one where si ̸= 0. With one zero coordinate, at least five nonzero entries contain three of
one sign. Pair two of these together and the third with the zero coordinate. These choices satisfy
(D.4). If k has no zero coordinate, (D.5) implies Sk ̸= 0 and si = C/ki with C ̸= 0. Four entries of
one sign give the required disjoint pairs. The remaining case has n = 6 with three entries of each
sign. Over all positive pairs I and negative pairs J ,∑

I,J

(KI +KJ) = 6Sk ̸= 0.

Some summand is nonzero, and the corresponding same-sign pair sums of both k and s are nonzero.
This proves the criterion for n ≥ 6.

Now let n = 5, so d = 1, and let z be the number of zero coordinates of k. For z = 4, use two
pairs of zero coordinates, choosing the first with nonzero s-sum. For z = 3 and Sk = 0, the two
nonzero entries of k form one pair with KI = 0; choose as the other pair two zeros with nonzero
s-sum. For z = 3 and Sk ̸= 0, pair the two nonzero entries separately with two zeros, choosing at
least one zero where si ̸= 0. The two K-sums are nonzero and their sum is Sk ̸= 0. For z = 2,
choose two of the three nonzero entries of k whose sum is nonzero, and pair them separately with
the two zeros. For z = 1, (D.5) and s ̸= 0 force Sk = 0. Choose two nonzero entries with nonzero
sum as one pair. Pair the unique zero with one of the two remaining nonzero entries. The two
K-sums are nonzero; their sum is the negative of the last unused entry and is therefore nonzero.
The pair containing the zero has nonzero s-sum.

It remains to consider z = 0 in dimension five. Again Sk ̸= 0, si = C/ki, and

(D.6) Sk

∑
i

1
ki

= 1.

If four entries have one sign, choose two disjoint pairs of that sign. Otherwise, after replacing k
by −k if necessary and permuting coordinates, write k = (a, b, c, u, v) with a, b, c > 0 and u, v < 0.
Take J = {4, 5} and any pair I ⊂ {1, 2, 3}. Unless one of these choices satisfies KI + KJ ̸= 0, all
three positive pair sums equal −(u+ v); hence a = b = c = A > 0 and u+ v = −2A. Then Sk = A,
and (D.6) gives

1 = A

( 3
A

+ u+ v

uv

)
= 3 − 2A2

uv
.

Thus uv = A2, and u = v = −A. Consequently the pair criterion holds in dimension five except
possibly when k belongs to one of the node lines Rℓab.
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Whenever the pair criterion holds, choose α, β with KIα + KJβ = 0 and αβ(α − β) ̸= 0. Use
(α, β) = (1, 2) when KI = KJ = 0, and (KJ ,−KI) otherwise. Put A = tα, B = tβ. On I let r have
entries −

√
1 +A,

√
1 +A; on J use −

√
1 +B,

√
1 +B; elsewhere put ri = 1. For all sufficiently

small t, these entries are nonzero and, with ξi = r−1
i ,

Sr = Sξ = d, k · q0(r) = 0, s · q0(ξ) = − t[αSI + βSJ + tαβ(SI + SJ)]
(1 + tα)(1 + tβ) .

The numerator is not identically zero: if both coefficients vanished, then SI +SJ = 0 and (α−β)SI =
0, contradicting the criterion. Choose small nonzero t with nonzero pairing. Then ξ is regular and
simple, and q0(r) has entries A,A,B,B on the two pairs and zero elsewhere. It has four nonzero
coordinates and no n− 2 equal coordinates. It therefore lies in none of the spaces L⊥

ijl or L⊥
ijS .

Step 2. The five-dimensional node carriers. In dimension five consider the node direction
ℓ = (1, 1, 1,−1,−1); all other node lines follow by permutation. Its kernel is kerM0(ℓ) = Rℓ. Set

(D.7)
r =

(
1, 1,−1

2 ,
−1+

√
3

2 , −1−
√

3
2

)
,

ξ =
(
1, 1,−2, 1 +

√
3, 1 −

√
3
)

= r−1.

Here Sr = 1/2, Sξ = 2, so both vectors are all-nonzero simple characteristics. Direct calculation
gives

q0(r) =
(

3
4 ,

3
4 , 0,

3
4 −

√
3

2 ,
3
4 +

√
3

2

)
,

q0(ξ) = (−3,−3, 0, 2
√

3,−2
√

3),
ℓ · q0(r) = 0, ℓ · q0(ξ) = −6.

Thus this carrier detects every nonzero stress in the kernel at every k ∈ Rℓ \ {0} and has the
required incidence. Its normal q0(r) has four nonzero coordinates and no three equal coordinates,
and therefore again avoids every L⊥

ijl and L⊥
ijS . Both characteristic normals are nonzero, so both

characteristic points are regular.

Step 3. Transversality and three-dimensional patches. The preceding constructions give,
for every relevant k, s, all-nonzero reciprocal characteristics r, ξ with k · q0(r) = 0, s · q0(ξ) ̸= 0
and a normal q0(r) outside every codimension-three bad-normal space. Incidence is transverse on
the characteristic hypersurface. Indeed, in reciprocal coordinates its defining function is Ek(r) =
k ·q0(r) = rTM0(k)r, with gradient 2M0(k)r. This gradient annihilates s, whereas the characteristic
normal q0(ξ) does not. The incidence gradient cannot vanish: if M0(k)r = 0, the coordinate
equations and ri ̸= 0 give k = d−2SkSrξ, with a nonzero scalar factor. Then s ∈ kerM0(ξ) = Rr,
contradicting s · q0(ξ) ̸= 0, since r · q0(ξ) = ξTM0(r)ξ = 0. Thus the two hypersurfaces meet
transversely. Reciprocal inversion is a local diffeomorphism, so this proves the claimed transversality
in the ξ coordinates as well.

At a detecting carrier c for k0, put v = q0(c−1) and T = v⊥. For a codimension-three L, the
projection T → L⊥ is onto since v /∈ L⊥. For a node line L, that projection has rank at least
n− 2 ≥ 3. Consequently each Gram determinant

det
[
πL⊥ei · πL⊥ej

]3
i,j=1

is a nonzero polynomial on T 3. Their finite product with d(k0 · v)(e1) is also a nonzero polynomial,
by incidence transversality. Choose a triple at which this product does not vanish. Its span E3
projects injectively to every L⊥ and has the required incidence derivative.

For a transverse direction e with dp0(c)e ̸= 0, the implicit function theorem parameterizes a
characteristic patch as

ξ(z) = c+ E3z + u(z)e, Dξ(0) = E3.
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Here E3 also denotes the injective linear map with the chosen three columns; u(0) = 0 and Du(0) =
0. Shrink a convex parameter cube so every πL⊥Dξ(z) stays within half the least singular value of
πL⊥E3 in operator norm. For z, z′ in the cube, subtract the linear map πL⊥E3 inside the segment
identity; the resulting error is at most half its lower singular bound times |z−z′|. This proves (D.2).
Combining its lower and upper bounds separates every normalized nonzero difference from every
L. On a smaller cube all sums have directions close to the fixed nonzero regular carrier c, hence
have a fixed gap from M. Rename the first parameter so that its incidence derivative is nonzero,
and shrink to keep a positive lower bound.
Step 4. Finite covers and radial labels. At each k0, the preceding detecting linear forms
have no common nonzero nullvector on kerM0(k0). Compactness of its unit sphere selects finitely
many carriers with a positive detector gap there; since M0(k0) is symmetric, the Gram form in
(D.3) is positive on Rn. For invertible M0(k0) no detector is needed. The implicit function theorem
continues the transverse incidence roots as z1 = z1(k), with z2 = z3 = 0, in a neighborhood of k0.
Continuity preserves the full Gram gap on a smaller neighborhood. Compactness of Sn−1 supplies
a finite subcover; take the minimum of its finitely many positive margins.

All carriers lie in a compact nonzero regular set. Choose radial labels successively with ratios
sufficiently large that a cross-group sum or difference has normalized direction as close as desired to
the carrier of the larger group, up to sign. A finite ratio suffices because carrier norms have common
positive upper and lower bounds. Each carrier and its negative have a positive gap from M, so
the cross-group directions have one as well. The labels are fixed independently of later sampling or
accuracy. The same-patch assertions were already proved by the chord and sum estimates. □

D.4. Actual Hamilton geometry and buffered phase charts. We deform the frozen menu to
actual current immersions and verify the common inverse-chart hypotheses for exact full-dispersion
phases.

Lemma D.7 (A common homogeneous Hamilton phase). Let ha be a real degree-one principal
symbol on fixed physical and nonzero conic boxes, in a sufficiently small fixed C3 neighborhood of
h0, with |∂ξ1ha| ≥ c > 0. Assume its normalized order-m seminorm is bounded by Cm(1+∥a∥Cm+c0 ),
with fixed c0. There are common buffered physical and canonical boxes and a homogeneous phase,
for η = (e, η′), satisfying
(D.8) ha(x, Sx(x, η)) = e, S(0, x′, η) = x′ · η′.

Its coordinates Sη = (t, u′) are Hamilton time and the initial section point. The entire canonical
preimage of the inner physical box lies in a fixed larger source rectangle. The matrix Sxη has a
uniform inverse gap, and

(D.9) Ξ(x, x̃, η) =
∫ 1

0
Sx(x̃+ τ(x− x̃), η) dτ

is injective in η on the buffered convex chart and its conic extension, with a common buffered inverse
domain. All joint phase, flow and inverse derivatives through order m have a one-high bound at
coefficient order m+c, for fixed c. The construction is continuous from the normalized Cm+1 symbol
topology to Cm phases, at each fixed m. All phase assertions concern the homogeneous principal
symbol; low-frequency and lower-order operator terms are separate.

Proof. The map ξ 7→ (ha(x, ξ), ξ′) has Jacobian ha,ξ1 . Euler’s identity excludes zero from its
image on a nonzero transverse patch. Its homogeneous inverse therefore has c|η| ≤ |ξ| ≤ C|η|
on common buffered convex conic boxes, also when e ̸= 0 and η′ = 0. The transverse gap gives
the unique homogeneous root ha(x, g(x, e, η′), η′) = e, with ge = (ha,ξ1)−1. Use the Hamilton field
Xh = (ha,ξ,−ha,x) starting at (0, u′, g(0, u′, e, η′), η′). Its low bounds and homogeneity give, for
ω = ξ/|ξ|,

|x(t) − x(0)| + |ω(t) − ω(0)| ≤ C|t|, e−C|t| ≤ |ξ(t)|/|ξ(0)| ≤ eC|t|.
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Choose one short interval for both signs inside the spatial and angular buffers; a first-exit argument
gives the entire flow there. At t = 0, the differential of (t, u′) 7→ x has columns ha,ξ, e2, . . . , en and
determinant of magnitude |ha,ξ1 | ≥ c. After one refinement it stays close to a central invertible
matrix. Lemma B.5 gives the common inverse projection and preimage buffer, uniformly in (e, η′).

For a variation of initial data at fixed time, Hamilton’s equations and degree-one homogeneity
give

d

dt
(ξ · δx) = (−hx + ξ · hξx)δx+ (ξ · hξξ)δξ = 0.

Initially ξ · δx = η′ · δu′. Since ξ · ẋ = ha = e, allowing time to vary gives ξ · dx = e dt + η′ · du′.
Therefore

S(x, η) = e t(x, η) + u′(x, η) · η′, dS = ξ · dx+ t de+ u′ · dη′.

This proves the eikonal and canonical-coordinate identities. Positive covector scaling leaves the
base flow unchanged, so S is homogeneous. The joint implicit, flow and inverse estimates of
Lemma B.6 use symbol orders at most m+ 1, and give the claimed fixed-shift bound. Subtracting
the differentiated equations also proves the asserted finite-order continuity on the same domains.

On the section, Sx′η′ = I, Sx′e = 0 and Sx1e = (ha,ξ1)−1. Shrink the boxes and strip once so
Sxη and hence Ξη stay close to a central invertible matrix. Lemma B.5 gives the common inverse
domain. Since Ξη is degree zero, the same matrix gap holds on the convex conic extension; its
segment identity proves injectivity there. Inverse differentiation and the joint estimates give the
one-high bounds. □

Setup D.8 (A finite current neighborhood). Fix the patches, cover, roots and labels of Proposi-
tion D.6, and put Man = 20(n+1). Let F : B1 → RN be a real smooth immersion with ∥F∥C4 ≤ C0,
induced metric g = (dF )TdF ≥ κmetI, and actual second form BF : E → NF onto with least normal
singular value at least κ > 0. Use throughout the projected cube frame

P⊥ = I − dFg−1(dF )T , AF = BFB
∗
F + (I − P⊥),

ΠKF
= I −B∗

F A−1
F BF , Qi = ΠKF

Q0
i ,

and assume maxi ∥Qi−Q0
i ∥C6(B1) < ϵ0. The two gaps are separate hypotheses; they bound ∥g−1∥ ≤

κ−1
met and ∥A−1

F ∥ ≤ max(1, κ−2). The small low neighborhood makes Qi a frame of KF = kerBF .
Define

MF (x, ξ)i· = (Qi(x)ξ)T , pF (x, ξ) = detMF (x, ξ), qF (x, ξ) = (Qi(x) : ξξT )i.

Proposition D.9 (Actual carrier phases, signed pairs and detection). There are fixed balls Bin ⋐
Bout ⋐ B1 and a fixed choice of ϵ0 > 0 such that every F in Setup D.8 has the following properties
on the same Bout.

(i) For every frozen patch there is a jointly smooth real family Θa(x, z) on its fixed convex pa-
rameter cube, with

pF (x, dxΘa) = 0, rankMF (x, dxΘa) = n− 1.

Its gradient is uniformly close to ξa(z) in C1
zC

0
x, and has a uniform upper parameter Lipschitz

bound. For all L ∈ L, all x and all z, z′ in one patch,

(D.10) |πL⊥(dΘa(x, z) − dΘa(x, z′))| ≥ c|z − z′|.

All nonzero same-patch differences, same-patch sums, and the cross-group signed pairs with
the fixed radial labels have normalized directions in one compact set separated from M. On
those directions the (n− 1)st singular value of MF has a positive lower bound. At any actual
determinant zero there, |dξpF | ≥ c. Thus the directions are elliptic or simple real principal
type.
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(ii) On each member of a fixed smaller cover Vb of Sn−1, the selected patches have jointly smooth
interior roots za(F ;x, k) satisfying

k · dξpF (x, dΘa(x, za)) = 0, |∂z1 [k · dξpF (x, dΘa(x, z))]| ≥ c.

The same roots satisfy
(D.11) |MF (x, k)T s|2 +

∑
a

|s · qF (x, dΘa(x, za(F ;x, k)))|2 ≥ c|s|2, s ∈ Rn.

All low domains and gaps depend only on the frozen finite data, κ, κmet, C0 and the fixed C6 neigh-
borhood, not on higher norms or accuracy. The same zero-energy phase SF used below, carrier
gradients and incidence roots obey one estimate on their stated fixed buffered domains:
(D.12) ∥GF ∥Cr ≤ Cr(1 + ∥F∥Cr+6), GF = (SF , dΘa, za), r ≥ 0.
The norm is the maximum over the finite family, jointly in physical variables, normalized covectors
and its parameters. The right-hand norm is on the fixed construction neighborhood.

Proof. Step 1. We use the zero-energy part of the common phase construction. On each enlarged
frozen patch choose adapted physical coordinates x = (t, y), ξ = (τ, ζ) with a fixed ∂τp0 > c > 0
gap. Put hF = pF |ξ|1−n. Lemma D.7 applies directly to hF . On its zero set the Hamilton field
is |ξ|1−nXpF ; finite minima give common buffers for the menu. Restrict the full-energy phase to
e = 0 and call it SF . It satisfies

∂tSF = HF (t, y, dySF ), pF (x, (HF (x, ζ), ζ)) = 0, SF (0, y, ζ) = y · ζ.
The root is the unique homogeneous continuation of H0, and S0 = tH0(ζ) +y · ζ. Thus the primary
characteristic phase is exactly the zero-energy restriction of the current full-energy phase, with the
same section data and sign convention.

The continuity in Lemma D.7 gives C5 closeness of these phases from the C6 coefficient closeness.
The displayed projector is a fixed-gap rational function of the second jet of F , so Lemma B.3 gives
(D.13) max

i
∥Qi∥Cr ≤ Cr(1 + ∥F∥Cr+2).

That lemma uses symbol derivatives through r+ 1, so ∥SF ∥Cr ≤ Cr(1 + ∥F∥Cr+3). All choices use
the fixed low bounds, without high-norm smallness.
Step 2. We keep the complete signed-pair geometry. Let ζa(z) be the spatial projection of the
frozen patch and set

Θa(x, z) = SF (x, ζa(z)).
The frozen gradient is ξa(z). The C5 comparison gives C1

zC
0
x closeness of the actual gradients to it.

The characteristic equation is exact, and a frozen nonzero rank-(n− 1) minor persists.
For every x, L, the actual projected parameter map is C1 close to the frozen one on its convex

cube. The same segment estimate therefore preserves the lower chord bound (D.10). Together with
the upper derivative bound it gives a fixed angular gap, including arbitrarily short nonzero chords.
The compact gaps for sums and fixed-label cross-group signed pairs persist by low continuity.

Take the closure of all normalized pair directions, including limits of normalized derivative chords.
It is compact and avoids M. The (n − 1)st singular value of M0 has a positive minimum on it.
Proposition D.3 makes the determinant gradient nonzero on its reference zero subset, and compact-
ness gives a positive minimum there. On a slightly larger compact angular set, low C1 closeness
of pF and MF preserves the singular-value bound and ensures that every actual determinant zero
keeps |dξpF | ≥ c. This proves the claimed elliptic-or-simple classification.
Step 3. We continue incidence roots and stress detection. The actual dξpF (x, dΘa) is C1

z close to
a nonzero scalar multiple of va. At incidence, differentiating that scalar contributes zero because
k · va = 0. The implicit function theorem therefore continues the transverse frozen roots to actual
interior roots, uniformly for all x on the common ball and k in a fixed smaller Vb. The phase bound
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and joint implicit estimate use coefficient order at most r+ 4, proving (D.12). The full-matrix gap
(D.3) persists by continuity of MF , qF and the roots, giving (D.11). Take a finite minimum over
the cover.

□

Proposition D.10 (Exact full-dispersion buffered charts). Under Setup D.8, fix an incidence patch
and a base direction kb = (ωb, ηb) in its adapted coordinates. There are fixed compact convex spatial-
covector and data charts, nested common convex physical boxes inside Bout, and a fixed ϵ∗ > 0, with
the following property. With spectator parameters z2, z3 in a fixed sufficiently small box, write

Dchart = Iz1 ×Bη, D0 ⋐ Dchart,

where Bη ⊂ Rn−1 is convex and contains ηb. For 0 ≤ ϵ ≤ ϵ∗ define

(D.14) ϕF,ϵ(x, z1, η) = SF (x, ζa(z) + ϵη) − SF (x, ζa(z))
ϵ

,

with its integral-derivative value at zero. Put

ΨF,ϵ(x, x′, u) =
∫ 1

0
dxϕF,ϵ(x′ + t(x− x′), u) dt, u = (z1, η).

The normalized data charts stay in a fixed annulus and satisfy

(D.15) |ΨF,ϵ,y − η| ≤ 1
2 |η|, c ≤ |ΨF,ϵ| ≤ C

on the entire indicated physical and data boxes. For every x, x′ in those boxes, this map is globally
one-to-one on Dchart and has a uniform positive absolute Jacobian determinant. It has an inverse
on one fixed open Vchart, with all images ΨF,ϵ(D0) in a fixed compact subset of Vchart. The inverse
and its first ϵ derivative satisfy the same bound (D.12) at every order r, jointly on these fixed charts.

Uniformly in t, z1, ϵ, the transverse maps

η 7−→
∫ 1

0
dyϕF,ϵ(t, y′ + s(y − y′), z1, η) ds

have analogous common buffered inverse charts and the same bounds on fixed convex η boxes. In-
clude these maps, their inverses and first ϵ derivatives in the same finite family GF ; all estimates
are joint in physical, data, spectator and ϵ variables. These are the phase and chart hypotheses of
Setup C.3 and Proposition C.6.

Proof. At the frozen reference, dξp0 = p0,τ (1,−∇H0). Incidence gives ωb = ηb · ∇H0(ζa(z)), so
ηb ̸= 0; its transversality gives ∂z1 [ηb · ∇H0(ζa(z))] ̸= 0. On sufficiently small convex data and
spectator boxes, put

G(z1, η) = ∇H0(ζa(z)) · η, Ψ0 = (G, η).
Then ϕ0 = tG+ y · η and detDΨ0 = ∂z1G has a fixed nonzero sign. Shrink once so DΨ0 stays close
to its central matrix.

The exact identity

(D.16) ϕF,ϵ(x, z1, η) =
∫ 1

0
∂ζSF (x, ζa(z) + sϵη) · η ds

includes ϵ = 0 smoothly. The C5 phase comparison in Proposition D.9 makes ΨF,ϵ uniformly
C1 close to Ψ0; these derivatives and their first ϵ derivatives use phase jets through order four.
First choose the low kernel neighborhood, then ϵ∗ small. The transverse averaged-gradient map is
likewise C1 close to η 7→ η. Since η stays in a fixed annulus, the same comparison proves (D.15)
on the full boxes. Lemma B.5, applied to both families with all physical and spectator parameters,
gives their global injectivity, Jacobian gaps and common buffered inverse domains.
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The integral quotient and its gradient use two phase derivatives. One ϵ derivative uses a third.
The joint inverse estimate therefore uses SF through order r + 3, hence F through r + 6. This
proves the stated bound, on domains fixed by low data alone. □

Remark D.11 (Finite map topology). Equation (D.13) makes a fixed C8 map neighborhood sufficient
for the low C6 kernel condition. The fixed order CMan+11 controls phase jets through Man+5, carrier
gradients and roots through Man + 3, and chart inverse jets through Man − 2 with one ϵ derivative.
Corollary B.4 applies to this same finite geometric family, without changing its domains. For the
reference of Corollary D.5, γ(Gref) = I, so ∥dF − dGref∥C0 < 1/2 gives |dF (x)v| ≥ |v|/2 and
γ(F ) ≥ I/4. Choose this neighborhood together with the normal and kernel neighborhoods. The
positive ρ stays fixed thereafter.

D.5. Signed carrier groups. The actual menu fixes the central signed directions before frequen-
cies and sampling.

Definition D.12 (Exhaustive literal carrier groups). Freeze the finite list of full carrier-patch
specifications before frequencies and sampling. An unmerged duplicate detector entry remains
distinct. A group consists of that identifier and a block color modulo qcol = qquad+1 in Theorem G.6;
each chart has q3

col colors. The quadrature order is fixed by (5.8) before the radial labels. Apply
the finite-group choice in Proposition D.6 to this entire list. Different specifications or colors have
radially separated labels, fixed before frequencies and sampling.

Within one block the translated lattice has spacing h. Different blocks of one color have centers
at least (qquad + 1)h apart in some coordinate and support width (qquad + 1/2)h. Their sample
distance is therefore at least h/2 in every realization. All band updates at a literal carrier enter its
one final Fourier measure and complex wave; they are not new sample indices.

Remark D.13 (Exhaustion of all signed terms). For two distinct sample indices in the same full
group, the strong chord gives the protected minus phase with true beat λ|z − z′| ≥ cλh, and the
same-patch sum bound gives the plus phase with beat comparable to λ. For indices in different
full groups, prior radial domination gives both signs with beat comparable to λ, even for equal
parameter values or equal unscaled carrier directions. For a repeated single index j = j, the
doubled plus phase is protected; its entire Hermitian minus tensor is the self contribution assigned
to the mean. These cases exhaust the ordered real quadratic expansion. There is no distinct-index
zero-beat copy of a literal carrier. These are central phase directions; all modulation enters the
complete amplitudes in Appendix L. The finite group choice is available before the sample event,
so this convention introduces neither a new random event nor an additional separation claim.

Appendix E. The regular-sector construction

E.1. The selected sectors and their estimates. Consider the real matrix system

(E.1) Pa =
n∑

j=1
Aj(x)∂xj +B(x), Ha(x, ξ) =

n∑
j=1

Aj(x)ξj ,

where the r × r coefficient array a = (A1, . . . , An, B) is smooth near x0 ∈ Rn. Set La = Pa/i and

(E.2) pa = detHa, qa = pa|ξ|1−r, ξ ̸= 0.

A characteristic is simple when ∂ξpa ̸= 0. We construct a finite inverse on selected regular sectors,
keeping both the angular complement and characteristic integration. The latter can turn a symbolic
error into a nonpseudodifferential residual. Finite conjugation and composition have the classical
background [NM89, GY88, DH72]; the actual-domain estimates used here are proved below.
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Theorem E.1 (Regular-sector approximate inverse). For the system (E.1), fix a smooth reference
a0 and write H0 = Ha0, p0 = detH0. Let Γin,Γout ⊂ Sn−1 be fixed antipodally symmetric compact
sets, with Γin ⊂ int Γout. Assume, on a fixed spatial neighborhood of x0, that

p0(x, ω) = 0, ω ∈ Γout =⇒ ∂ξp0(x, ω) ̸= 0.

There is no hypothesis on characteristic directions outside Γout.
After one spatial shrinking, there exist fixed balls U ⋐W , an integer k0, a finite Ck0 neighborhood

of a0, a real even order-zero angular/source cutoff AΓ, and one fixed nonnegative integer β, with
the following properties. The operator AΓ is the identity microlocally on Γin at high frequency and
has angular microsupport in Γout.

For each smooth real a in this neighborhood, one real linear operator

Sa,Γ : C∞
c (W,Rr) −→ C∞(W,Rr)

and one complete residual Ra,Γ satisfy

(E.3) PaSa,Γh = AΓh+Ra,Γh on U.

For every integer s ≥ 0,

(E.4) ∥Sa,Γh∥Hs(W ) ≤ Cs

[
∥h∥Hs(W ) + (1 + ∥a∥Hs+β(W ))∥h∥L2(W )

]
.

For fixed real χin ∈ C∞
c (W ) and χmeas ∈ C∞

c (U), define the measured pair by zero extension:

(E.5) Ra = χmeasRa,Γχin, R∗
a = χinR

∗
a,Γχmeas.

For T = Ra,Γ,Ra use the domain pair W → U ; for T = R∗
a use U → W . On these input and

output domains, every integer s ≥ 0 satisfies

(E.6) ∥Th∥Hs ≤ Cs

[
∥h∥Hmax(s−1,0) + (1 + ∥a∥Hs+β(W ))∥h∥L2

]
.

Both measured operators also map Ht to Ht+1 for every fixed negative integer t, on the corresponding
supported/restriction pairs. In particular, one fixed finite low coefficient neighborhood controls

(E.7) R(∗)
a : L2 −→ H1, R(∗)

a : H−1 −→ L2.

The construction has one fixed finite accuracy. Its domains, cutoffs, low coefficient neighborhood,
and derivative losses are independent of s. The residual includes characteristic integration, finite
conjugation, inverse-coordinate errors, all source and spatial-cutoff terms, and the low-frequency
term.

E.2. Adjugate amplitudes and domains.

Proposition E.2 (Adjugates and regular charts). The protected unit set in Theorem E.1 has a
finite cover by buffered conic patches. On each patch a fixed unit vector v satisfies, in one common
coefficient neighborhood,

v · ∂ξqa ≥ c > 0
and, for ξ ̸= 0, the adjugate amplitudes are

(E.8) ca = |ξ|1−r adjHa, ha = |ξ|1−r detHa = qa.

The matrix ca has order zero, and

(E.9) Haca = haI.

These symbols have fixed-shift one-high coefficient bounds. All low and angular cutoffs will be in
the graph amplitudes. Opposite sectors use the exact conjugate factors chosen below.
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Proof. Euler’s identity ξ · ∂ξqa = qa excludes a zero fiber gradient wherever qa ̸= 0; the theorem’s
hypothesis excludes it on qa = 0. After one spatial shrinking, compactness of the protected unit set
gives a uniform gradient gap for q0. A finite cover and fixed rotations give common transverse gaps
in one low coefficient neighborhood, including nonzero-energy patches, each inside one larger phase
chart. The adjugate identity gives Haca = haI; the polynomial adjugate and normalized power of
|ξ| have the stated bounds by Lemma B.3. No inverse of ca is used. □

E.3. Finite calculus on common charts.

Setup E.3 (Actual short section-energy charts). Use the symbols of Proposition E.2 and the
common buffered physical and canonical charts of Lemma D.7, in their fixed finite coefficient
neighborhood. The ordinary pseudodifferential formulas also apply independently. Write x =
(x1, x

′), η = (e, η′) and y = (t, z). On those boxes fix real physical cutoffs χs, χt, χe and source and
target conic Fourier multipliers Πs,Πt. The source cutoff χs equals one on the inner source patch
and the canonical preimage of the inner target patch. The target cutoff χt equals one near suppχe.
The microsupports of Πs,Πt lie strictly inside their corresponding conic boxes. All transitions have
positive fixed buffers.

The graph operators use this actual type-I phase S(x, η) − y · η. Their inverse-coordinate factors
are the weighted adjoints V constructed below from the full matrix transport and its inverse. A
fixed low-frequency cutoff is included in every homogeneous construction; its complementary terms
are kept.

All physical, proper-support, angular and frequency cutoffs are fixed smooth profiles on the com-
mon boxes, rescaled with their indicated frequencies. Their phase and inverse-coordinate pullbacks,
including χs(Sη), obey the joint composition estimate of Lemma B.6. On dyadic shells λ and µ,
each external η derivative gains λ−1, and each derivative in the other covariable gains µ−1. These
actual profiles and pullbacks have fixed support buffers at every order.

For a full symbol a of order m use

|a|m,j = max
|α|+|β|+|γ|≤j

sup⟨η⟩−m+|γ||∂α
x ∂

β
z ∂

γ
ηa|,

with absent variables omitted, and the degree-one seminorm for the phase.
Two-position pseudodifferential amplitudes keep their physical and proper-support masks. Their

diagonal terms and exact order-lower remainders are used only on the stated plateaus. Physical
multipliers and finite products stay in their literal order.

Lemma E.4 (Fixed ordered products). Use the fixed whole-space representatives of the buffered
Sobolev domain pairs. Let Hs ≥ 1 be nondecreasing. Suppose finitely many operators Tj and their
literal adjoints have uniformly bounded L2 norms and, for fixed nonnegative integers dj, satisfy

∥Tjf∥Hs ≤ Cs
[
∥f∥

Hmax(s−dj ,0) +Hs∥f∥2
]
, s ≥ 0,

for integers s ≥ 0, with the same estimate for T ∗
j on its reversed domain pair. Every fixed compatible

product has this bound with gain d =
∑

j dj, as does its literal adjoint. Fixed sums have the minimum
gain. The high quantity remains Hs.

Proof. For two factors put t = max(s−d1, 0). Applying the first estimate at order s and the second
at orders t and zero gives

∥T1T2f∥Hs ≤ Cs
[
∥f∥Hmax(s−d1−d2,0) + (Ht +Hs)∥f∥2

]
.

Here the high term uses only the uniform L2 bound of T2. Induction and reverse order prove the
product and adjoint assertions.

□
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Lemma E.5 (Exact cutoff errors on an inner plateau). Let TA have phase S(x, η) − y · η and a full
order-p amplitude A(x, y, η) with fixed compact physical supports. If a scalar cutoff b vanishes near
every Sη(x, η) on the inner output and covector supports, then

(E.10) χeTAb = Trb
, rb = −i

∑
j

∂ηj

[
χeA

∫ 1

0
(∂jb)(Sη + t(y − Sη)) dt

]
.

This full amplitude has order p− 1. For a compactly supported b, a fixed source cutoff equal to one
on supp b may first be included in A.

The identity keeps the actual cutoffs inside the displayed amplitude. Its normalized derivatives
have one-high bounds with fixed shifts whenever the original primitives do. Literal adjunction re-
verses this exact kernel.

Proof. Expand b(y) to first order at Sη and use (yj − Sηj )ei(S−y·η) = i∂ηje
i(S−y·η). One integration

by parts proves the identity; derivatives of Sη in η have order −1. The joint derivative budgets of
Lemma B.6 prove the fixed-shift bounds, including every position and mask. □

Theorem E.6 (Finite calculus on an inner physical plateau). Fix the boxes and low coefficient
neighborhood of Setup E.3. After one reduction of these boxes and that finite neighborhood, the
following assertions hold.

(i) The phase and boxes are those of Lemma D.7, applied to ha. Its eikonal, canonical preimage,
mixed inverse and averaged-gradient gaps hold on the full energy chart, with fixed-shift one-
high bounds.

(ii) Let Tp have phase S(x, η) − y · η and a full matrix amplitude Ap(x, y, η) of order p = −d,
d ∈ {0, 1}, with fixed compact physical and conic supports. Source-independent amplitudes
are also allowed. Declare a finite low phase and amplitude bound Mlow large enough for the
low L2 estimates. For A = Tp, and separately for its literal Hilbert adjoint A = T ∗

p ,

(E.11) ∥Av∥s ≤ Cs
[
∥v∥max(s−d,0) +Hs∥v∥0

]
, s ≥ 0.

Here one may take
Hs = 1 + |Ap|s+µ + |S|s+µ,

where the bars are the symbol and homogeneous phase seminorms on the fixed buffered boxes
and µ is independent of s. The constants may depend on Mlow, but not on higher seminorms.
For the amplitudes constructed below,

(E.12) Hs ≤ Cs
(
1 + ∥a∥Hs+β(W )

)
with fixed β. An order −1 error and its literal adjoint gain one derivative in this form. At
every fixed integer index the corresponding bounds hold on the buffered supported/restriction
pairs, with a finite coefficient bound.

(iii) Every complete two-position pseudodifferential amplitude is its diagonal principal term, with
a fixed source cutoff, plus an exact one-order-lower full amplitude. The exact graph nor-
mal becomes such an amplitude by an averaged-gradient change. Right multiplication of a
source-independent graph by a fixed scalar source cutoff has the exact formula below; right
Fourier multiplication is exact amplitude multiplication. These formulas handle the actual
localizations. The pure type-I normal is computed before source multiplication; the source-cut
normal includes its exact source-mismatch term. Principal terms, complete remainders and
literal adjoints have the indicated orders and one-high bounds, using only index s+c at output
index s, with fixed c. All angular, low-frequency and separated-support terms are included.

The transported matrix and its inverse define the order-zero weighted adjoint V in (E.21).
It has the strong tame estimate, and

(E.13) Πtχe(TV − Id)χeΠt
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has order at most −1, including the full source-cutoff error.
(iv) For La = Pa/i, one full matrix transport constructs the preceding T , an order-zero graph T̃

and an order-−1 graph error E such that

(E.14) χe(LaT̃ − TDy1)Πs = χeEΠs +Rcut,

where Rcut is a finite sum of full cutoff factors with at least one order-−1 graph or diagonal
factor. The physical transition term is [La, χt]T̃0χs; its inner evaluation is exactly zero since
La is differential and χt = 1 near suppχe.

The complete products after characteristic integration are specified in Proposition E.8.
The operator calculus in items (2)–(3) also holds for any real degree-one type-I phase on these

buffered boxes with the stated mixed gap and injective averaged-gradient chart. Its bounds use the
phase and amplitude seminorms in Hs; the weighted inverse uses the stated matrix inverse gap.
The coefficient version (E.12) applies when the primitives have those coefficient bounds. Steps 1–4
below use only these assumptions.

The regular construction uses fixed finite depths. Its buffers, low topology and derivative shifts
are fixed before s and correction precision. Larger integration-by-parts orders only estimate the
same operators.

Proof. Step 1. The exact normal and the low operator bound. Before source multiplication
write

T0v(x) = (2π)−n
∫∫

ei(S(x,η)−y·η)A0(x, η)v(y) dy dη.

Its literal normal is

(E.15) (T0T
∗
0 )(x, x̃) = (2π)−n

∫
ei(S(x,η)−S(x̃,η))A0(x, η)A0(x̃, η)∗ dη.

The exact identity S(x, η) − S(x̃, η) = (x − x̃) · Ξ(x, x̃, η) and the change ξ = Ξ give the full
pseudodifferential amplitude

(E.16) b(x, x̃, ξ) = A0(x, η(x, x̃, ξ))A0(x̃, η(x, x̃, ξ))∗

| det Ξη(x, x̃, η(x, x̃, ξ))| .

The same identity holds for a cross-product, with the second amplitude replaced by another am-
plitude of the same phase. The compact amplitude support lies inside its inverse chart, so zero
extension is smooth; the low-frequency pieces are smooth kernels.

Lemma C.2 bounds this order-zero full amplitude on L2 from finitely many derivatives. The
declared low bound and inverse gap control them, hence ∥T0∥0→0 ≤ C. The literal adjoint has the
same L2 norm.

For a full amplitude compactly supported in y, expand that variable in a Fourier series on one
fixed larger box, with a fixed cutoff inside the box. Thus TA =

∑
k Tak

Mβeik·y exactly. Integration
in y gives |ak|0,µ0 ≤ CN ⟨k⟩−N |A|0,µ0+N . The source multipliers are uniformly bounded on L2;
choose one N > n+ 1. The series and its literal adjoint give the same low bound from a fixed total
derivative reserve. This Fourier series is used only for the norm estimate; the full amplitudes and
their original supports remain the operators used below.

For an order-−1 amplitude, one output derivative of the graph or its literal adjoint has order
zero. These same bounds therefore give L2 → H1 in both directions, with a fixed finite derivative
reserve.

Step 2. Exact diagonal and source formulas. For a full order-q amplitude c(x, y, ξ) on the
fixed physical boxes, choose β ∈ C∞

c equal to one near both its physical supports. Taylor’s formula
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in y, followed by one integration by parts in ξ, gives the exact identity

Pc = Op(c(x, x, ξ))β + Pr,

r(x, y, ξ) = −i
∑

j

∂ξj

[
β(y)

∫ 1

0
∂yjc(x, x+ t(y − x), ξ) dt

]
.

(E.17)

Indeed, β(y)c(x, y, ξ) = c(x, y, ξ) and (yj − xj)ei(x−y)·ξ = i∂ξj
ei(x−y)·ξ. All segments lie in one

fixed larger convex box. The remainder has compact physical supports, order q − 1 and seminorm
bounded by Cs|c|q,s+2. Compact frequency regularization proves the identity distributionally. Its
literal adjoint reverses the full kernel and has the same bounds. Choose β = 1 near every actual
physical input cutoff. This applies directly to the normal amplitude in (E.16).

For fixed m ∈ C∞
c , choose Πin = 1 on suppχg inside the larger phase chart. Fixed angular and

low-frequency cutoffs extend S to a real smooth symbol, agreeing on both buffered supports, with
the same one-high bounds; extend Ap by zero. Fourier inversion gives the absolutely convergent
formula

(TApm)Πin = TbΠin,

b(x, η) =
∫
m̂(v)ei[S(x,η+v)−S(x,η)]Ap(x, η + v) dv

= Ap(x, η)m(Sη(x, η)) + rm(x, η).

(E.18)

For |v| ≤ δ⟨η⟩, choose δ so the whole covector segment stays in the buffered chart. Apply the
fundamental theorem of calculus to

ei[S(x,η+tv)−S(x,η)+(1−t)Sη(x,η)·v]Ap(x, η + tv), 0 ≤ t ≤ 1.

Its differentiated amplitude is v · Ap,η plus i[Sη(x, η + tv) − Sη(x, η)] · v Ap. Both lower the order
by one, with respective factors |v| and |v|2. External covector derivatives gain their radial powers;
joint product differentiation uses only s+ c primitive derivatives. The Schwartz moments of m̂ give
the full order-p − 1 bound with one fixed shift. On |v| ≥ c⟨η⟩, the same moments absorb every
frequency power, including all cutoff transitions and bounded frequencies. This exact complement
has arbitrary negative order. For phase x · ξ, the same formula makes each fixed physical/Fourier
commutator order −1. Thus the added β can be moved past a fixed Fourier multiplier and removed
against its actual physical input cutoff. Every commutator is kept.

Finally, substitute the coefficient estimates into these exact amplitudes. Lemma D.7 bounds
the phases in the normal and source formulas; the symbols have the stipulated coefficient bounds;
and the full matrix transport and its inverse in Steps 4–5 give |Ap|p,m ≤ Cm(1 + ∥a∥Cm+cA ) for
these fixed constructions. The joint budget above therefore gives Cs(1 + ∥a∥

Cs+β̃
) for every kept

coefficient and complete remainder. The Schwartz moments depend only on the fixed source cutoff.
Fixed extensions and Sobolev embedding replace this by Cs(1 + ∥a∥Hs+β(W )), with fixed β.

Step 3. Strong forward and literal adjoint estimates. Let µ0 include every fixed low
derivative cost in Step 1. First consider order zero. Take as primitives the normalized amplitude,
Sxη, its inverse B, and all cutoff profiles; choose µ to cover µ0 and their fixed jet shifts. Their Cµ0

norms are uniformly bounded on the normalized boxes.
For the forward graph, Euler’s identity Sx = Sxηη trades each phase derivative for a datum

derivative. For its literal adjoint the exact identity is

(E.19) iηie
i(y·η−S(x,η)) = −

∑
j

Bij∂xje
i(y·η−S(x,η)).
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Integrate by parts in x; compact support removes the boundary terms. Thus, for either A = Tp or
A = T ∗

p ,

(E.20) DαA =
∑

|β|≤s

AαβD
β, |α| = s,

where the full amplitudes of Aαβ have order zero and primitive derivative excess at most s − |β|.
Derivatives in the second physical position enter this same count. This induction uses only the
displayed phase-gradient identity and the low L2 bound for the complete modified amplitudes.
Including a low operator seminorm costs only µ0 additional derivatives. If rh are the resulting
primitive orders and k = |β|, then

∑
h rh ≤ s− k + µ0, hence

∑
h(rh − µ0)+ ≤ s− k. Interpolation

from the bounded Cµ0 baseline to Cs+µ0 therefore gives total high exponent at most (s − k)/s.
Step 1 yields

∥Aαβ∥L2→L2 ≤ CsH
1−|β|/s
s , Hs = 1 + |Ap|s+µ + |S|s+µ.

For k = |β|, Fourier interpolation and Young’s inequality give

H1−k/s
s ∥v∥k ≤ (Hs∥v∥0)1−k/s∥v∥k/s

s ≤ Hs∥v∥0 + ∥v∥s.

Summing proves (E.11) for d = 0; s = 0 is Step 1. Fixed low-frequency pieces have the same
estimate directly.

The coefficient bounds at the end of Step 2 give (E.12), after enlarging β by the fixed µ.
For order −1 and s ≥ 1, apply the order-zero estimate at s − 1 to each first output derivative

of the graph or its literal adjoint. Together with the low L2 bound, this proves (E.11) with
gain one. Increasing µ once includes that first derivative. The opposite positive estimate and
supported/restriction duality give gain one at every fixed negative integer index. The full cutoff
amplitudes in Lemma E.5 have these same order-−1 bounds and literal reversed domain pairs.
Step 4. A weighted adjoint with identity principal amplitude. Let U be the invertible
full transport matrix constructed in Step 5. Choose one real conic cutoff χg(η), including the fixed
low-frequency cutoff, equal to one on the smaller source and target frequency regions and supported
inside the common larger phase chart. Choose χs = 1 near all canonical preimages of the inner
output for every frequency in suppχg. The amplitude of T0 is χgU . Put jS = | detSxη| and define

V = χsV0χt,

V0f(y) = (2π)−n
∫∫

ei(y·η−S(x,η))χg(η)jS(x, η)U(x, η)−1f(x) dx dη.
(E.21)

It is the literal adjoint graph whose forward amplitude is χgjSU
−∗, where U−∗ = (U−1)∗. The

inverse and determinant gaps and Step 3 give its order-zero strong estimates, with a fixed coefficient
shift.

The exact cross-normal formula (E.16) gives T0V0 the diagonal amplitude
b∨(x, x, ξ) = χg(η(x, x, ξ))2I.

It equals I on the inner frequency plateau. Step 2 gives the complete order-−1 reduction error.
Its source multiplier is one on the inner input. Move a fixed physical multiplier past the diagonal
principal operator by the source formula of Step 2 with phase x · ξ; its commutator has order −1.
Right multiplication by Πt then multiplies the symbol exactly, so the principal defect vanishes. The
low-frequency term is smooth. This proves the paired gain-one bounds for the pure localized defect,
with the same fixed shift.

For source-cut factors T = Ttχs, W = Wtχs of the same phase, the exact identity is
(E.22) TW ∗ = TtW

∗
t − Tt(1 − χ2

s)W ∗
t .

It includes the literal normal when W = T and the weighted product TV for the preceding choice.
Formula (E.18) gives Ttχ

2
s the principal amplitude At(x, η)χ2

s(Sη(x, η)) and an exact order-−1
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remainder. On the inner output the first multiplier is one. Here ΠinV0 = V0 exactly, since its
canonical Fourier support lies in suppχg inside the common larger phase chart. The remaining
cross-normal is therefore a full order-−1 amplitude by Step 1. Consequently TV = I − E0 on the
stated inner localizations, with all source, physical, angular and low-frequency terms included.

Step 5. Two graph amplitudes and the physical plateau. Put Ξ = Sx. With the symbol
derivatives evaluated at (x,Ξ), define the real matrix and vector field

Ctr =
∑

j

Aj∂xjca +Bca + 1
2
∑
j,l

ha,ξjξl
Sxjxl

I,

X =
∑

j

ha,ξj
∂xj .

(E.23)

Here ∂xjca is taken at fixed ξ. The eikonal gives XSη1 = 1 and XSηj = 0 for j ≥ 2, so X = ∂t,
with zero canonical time on the section.

Solve the full matrix equations

(E.24) U ′ = −CtrU, U(0) = I, (U−1)′ = U−1Ctr.

Fixed-time Gronwall and the matrix transport estimate of Lemma B.6 give

|U |0,s + |U−1|0,s ≤ Cs(1 + ∥a∥Cs+c)

with a fixed shift and uniform low inverse bounds. The matrix U is real. Define, with every
derivative of ca evaluated at (x,Ξ),

b0 = ca(x,Ξ)U,

b−1 = −i
∑

j

ca,ξj
∂xjU − i

2
∑
j,l

ca,ξjξl
Sxjxl

U.
(E.25)

These have orders 0 and −1. Put T̃0 = Tχg(b0+b−1) and T0 = TχgU . The following identity is exact:

(E.26) LaT̃0 − T0Dt = Tχgr−1 , r−1 =
∑

j

AjDxjb−1 − iBb−1.

Indeed, TUDt = TeU by integration in canonical time. Differentiating Haca = haI in ξ gives

Haca,ξj
= ha,ξj

I −Ajca, Haca,ξjξl
= ha,ξjξl

I −Ajca,ξl
−Alca,ξj

.

The product rule in LaTb0+b−1 now gives the order-one term eU and the order-zero term −i(X +
Ctr)U = 0; the remaining term is precisely r−1. Matrix factors stay in the displayed order. Since
χg depends only on η, it preserves the identity. The explicit formulas and joint product bounds
give r−1 and T̃0 fixed-shift one-high bounds. No inverse of ca is needed.

For T̃ = χtT̃0χs and T = χtT0χs, put E = Tχgr−1 . Then

LaT̃ − TDy1 = χtEχs + [La, χt]T̃0χs + χtT0[Dy1 , χs].(E.27)

The target cutoff is a function of physical x, and [La, χt] = −i
∑

j Aj∂xjχt. Thus its inner evaluation
is exactly zero. The last term has the cutoff form (E.10) after a fixed source localization equal to
one on its support. For angular localizations, right Fourier multiplication is exact; moving a fixed
physical multiplier uses Step 2 with phase x · ξ. Its order-−1 error and the inner-cutoff errors
remain in their original order. Thus (E.14) follows on the stated plateau, as a fixed finite chain of
full graph and diagonal factors.

□

A negative-order error before characteristic integration does not identify the complete residual.
Proposition E.8 includes the ordered integrated products and their physical transition terms.
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E.4. Characteristic integration and the complete residual.

Notation E.7 (Construction domains and characteristic integral). Use the finite regular cover of
Proposition E.2 and the common buffered charts of Theorem E.6. Take W containing all construc-
tion supports. After one fixed inner shrinking, choose all canonical rectangles with their complete
physical flow images in the prescribed W0 ⋐ W , before the final core and accuracy. All graph,
source and low-frequency cutoff pieces stay in their literal order. Extend a− a0 by the single com-
ponentwise operator of Lemma B.1, and add a fixed extension of a0. This agrees with a on the
construction region and preserves every nonnegative Sobolev and Cm order. Negative estimates
use the supported/restriction dual pairs.

On each canonical rectangle use J from Definition C.9, with lower endpoint −T . Choose both
χin and χout equal to one near suppχs, inside one larger fixed rectangle. The input still vanishes
near the lower endpoint. Put
(E.28) J = iJ, Dt = −i∂t.

These choices are fixed at every observation order.

Proposition E.8 (The complete finite construction). Use the preceding buffered cover and the
actual factors T̃j , Tj , Vj of Theorem E.6, with the cutoffs in (E.21) and (E.27). Write

(E.29) LaT̃j − TjDtj = Ej + Cj + Sj , TjVj = I − E0,j .

Here Ej , Cj ,Sj are respectively the graph term, target commutator and source commutator of (E.27).
The target commutator vanishes on the inner measurement plateau. The graph and localized iden-
tity errors have measured order −1, including every localization difference. All factors and their
literal adjoints have the preceding strong estimates at their respective orders, with one fixed common
coefficient shift.

Choose a fixed Fourier angular partition with fixed physical multipliers, AΓ = Alow +
∑

j Aj,
inside the matched target frequency plateaus. Each localized sector copy is accompanied by its exact
conjugate. With c denoting conjugation on each physical or canonical space, set

T̃− = cT̃+c, A− = cA+c,

and choose the entire source-cut factors by
T− = cxT+ccan,(E.30)
V− = ccanV+cx,(E.31)
J− = −ccanJ+ccan = J+.(E.32)

All partner cutoffs have the same physical and canonical roles. Put

(E.33) QN =
∑

j

T̃jJjVjAj .

All factors include their fixed buffered representatives. The complete physical residual is
(E.34) Ea = AΓ − LaQN .

With Fj = Ej + Cj + Sj, including all exact source and target localization differences, one has

(E.35) Ea = Epart +
∑

j

[E0,j − FjJjVj ]Aj .

Here Epart = Alow, including any further low-frequency partition adjustments. Each Fj is a finite
sum of full matrix graph and diagonal products, with measured order at most −1 before its integral
and the preceding strong bounds. Its source commutators and angular differences are estimated on
the inner measurement and actual source supports. The physical transition vanishes there; no global
gain at that transition is asserted.
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Proof. Choose c−(x, ξ) = c+(x,−ξ). The principal adjugate has parity (−1)r−1, so
h− = (−1)r−1qa = −h+(x,−ξ) and its type-I phase is

(E.36) S−(x, e, η′) = −S+(x,−e,−η′).

At paired covectors S−,η− = S+,η+ ; hence the canonical base point and time are unchanged. The
weighted amplitude jSU−1 and the source-cut cross-normal conjugate with all their cutoffs. Thus
the physical source gaps and separations persist with the same nested canonical localizers on both
full branches of the antipodal regular buffer.

Since cLac = −La and J = iJ with J real, the paired factors give Q− = −cQ+c. Thus

(E.37) cQN c = −QN , QN/i is real, cEac = Ea.

The nesting gives χinV = V , Tχout = T and T [Dt, χout] = 0 as exact operator identities. Direct
differentiation therefore yields

(E.38) TDtJ V = TV.

The endpoint term vanishes by support, as does its literal adjoint. The exact graph identity and
source-cut inverse now give

(E.39) I − LaT̃jJjVj = E0,j − FjJjVj .

Formula (E.10) handles the source commutator with its cutoffs in their displayed order. Substi-
tution in (E.33) gives (E.35). These formulas use nested inner localizers. Fixed physical/Fourier
commutators use Step 2 of Theorem E.6; graph cutoff errors use (E.10). Each exact order-−1
term stays before the next nonlocal factor. Additional copies of a sector index distinguish differ-
ent localized inputs. Hence every complete component is an exact finite product of the selected
graph, weighted adjoint, diagonal and buffered integral factors, with at least one order-−1 factor.
Derivatives of an amplitude do not change its phase. Lemma E.4 therefore gives the paired gain-
one bounds for these actual products and their literal reverse products. Literal adjunction reverses
every full product and gives the upper integral (E.42), with its input and output weights exchanged
and no time reflection. The bounded-frequency terms and their conjugates are smooth directly. □

Proof of Theorem E.1. Use the fixed finite construction of Proposition E.8, with its complete con-
jugate pairs. For real h, define

(E.40) Sa,Γh = QNh/i,

with a fixed output cutoff equal to one near U and supported in W . Since Pa = iLa is real,

PaSa,Γh = AΓh− Eah on U.

Thus the theorem’s plus-residual convention is

(E.41) Ra,Γ = −Ea on real inputs and their complexifications.

Proposition C.10 bounds Jj and its literal adjoint

(E.42) (J ∗
j v)(σ, z) = −iχin,j(σ, z)

∫ T

σ
χout,j(t, z)v(t, z) dt

on every integer supported/restriction pair. Theorem E.6 and Lemma E.4 apply in both factor
orders to the finite factorization (E.33), proving (E.4). Every complete residual term and its literal
adjoint has a gain-one factor on its measured supports. The same lemma therefore proves (E.6),
including the low-frequency, integrated and measured boundary terms, with one maximum fixed
shift β. In particular,

(E.43) (FjJjVjAj)∗ = A∗
jV

∗
j J ∗

j F∗
j .
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The actual source and measurement cutoffs and the literal upper integral stay in this reverse product.
For T = Ra or R∗

a and t = −k − 1, supported/restriction duality gives

(E.44) ∥T∥H−k−1→H−k = ∥T ∗∥Hk→Hk+1 , k ≥ 0,

with equivalent norms under the fixed extensions. Each fixed k uses finitely many coefficient
seminorms. All domains and low choices are fixed before s. □

Remark E.9 (The kept angular complement). For an arbitrary source h, the identity on U is

PaSa,Γh = h− (Id −AΓ)h+Ra,Γh.

The term (Id −AΓ)h is not a smoothing error under the hypotheses of Theorem E.1. In particular,
inversion of a localized residual alone does not remove this term. Repeated residual corrections also
require separate control of their angular support. No accuracy-independent angular tail estimate
is asserted.

Appendix F. The fixed-domain inverse

F.1. The fixed inverse and its inputs.

The complete residual. Apply Appendix E to the real first-order system

(F.1) Pa =
n∑

ν=1
Aν(x)∂xν +B(x).

The coefficient array is denoted by a. The matrices have size r×r. Its principal matrix, determinant,
and homogeneous normalization are

(F.2) Ha(x, ξ) =
n∑

ν=1
Aν(x)ξν , pa(x, ξ) = detHa(x, ξ), qa(x, ξ) = pa(x, ξ)|ξ|1−r.

We work on angular sectors where every characteristic is simple real principal type and Ha is
invertible away from the characteristic set.

Setup F.2 specifies the proved operator bounds used here. The localized identity is

(F.3) PaSa,Γ = AΓ +Ra,Γ.

Here Ra,Γ is the complete residual. It includes the direct graph and coordinate-inverse errors, the
canonical source commutators and the low-frequency partition. The physical cutoff commutators
vanish on the measurement core. The correction below uses this entire operator. Quantitative
localization also requires the actual coefficient profile and protected source product stated below;
Proposition 7.2 and Theorem F.6 verify them in the iteration.

F.2. The fixed regular family.

Notation F.1. Sobolev norms are taken on the fixed construction box, on W , or on the indicated
core. Compactly supported functions are extended by zero when this is required by the displayed
operator. All cutoff multiplications used with a zero extension have support strictly inside the
relevant domain. Matrix-valued norms are taken componentwise.

An angular sector is a compact subset of the unit sphere together with its positive conic lift. All
sectors are antipodally paired. The notation E ⋐ F for angular sets means containment with a
positive angular gap. Fourier transforms use Notation A.2. For a family with size Hρ, an arbitrary-
accuracy tail means a bound Cm,QHρρ

−Q in each fixed Hm. Its input precision may be increased
before propagation through a fixed finite operator chain.
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Setup F.2 (The proved regular-sector construction). Fix a smooth reference coefficient array a0
for (F.1). Fix compact antipodally symmetric sectors

Γin ⋐ Γout

such that, on the construction neighborhood, every zero of p0 = detH0 in Γout has nonzero fiber
gradient. Assume that H0 is invertible at every other point of this sector. Shrink one finite coeffi-
cient neighborhood once so that the corresponding simple-characteristic, elliptic, chart-projection,
and normalization gaps remain uniformly positive.

Theorems E.6 and E.1, with Proposition E.8, give the following construction on this coefficient
neighborhood.

(i) There are fixed domains U ⋐W , a real angular source cutoff AΓ, a real localized parametrix
Sa,Γ, and a complete residual Ra,Γ satisfying (F.3) on U . The cutoff equals the identity mi-
crolocally on a fixed neighborhood of the protected inner sector at sufficiently high frequencies.
Any fixed low-frequency modification belongs to the complete residual. Before choosing χ2, χ3,
fix a real source cutoff equal to one near U and a larger measurement plateau containing U .
Include that source cutoff on the right of Sa,Γ, AΓ, Ra,Γ, and use the buffered restriction for
the low maps below. The identity on U is unchanged, and every later χ3 lies in this source
plateau.

(ii) The complete residual has uniform one-gain bounds

(F.4) Ra,Γ : L2(W ) −→ H1(U), Ra,Γ : H−1(W ) −→ L2(U).

Its literal adjoint has the corresponding bounds on the reversed supported/restriction do-
mains. At every fixed order both obey the additive one-gain estimates of the cited theorem.
After fixed physical cutoffs, (E.6) gives, for one fixed nonnegative integer b and every integer
s ≥ 1,

(F.5) ∥Kv∥Hs ≤ Cs [∥v∥Hs−1 + (1 + ∥a∥Hs+b)∥v∥L2 ] .

The constants are uniform in the declared low neighborhood. The actual solver obeys (E.4):

(F.6) ∥Sa,Γv∥Hs ≤ Cs [∥v∥Hs + (1 + ∥a∥Hs+bS )∥v∥L2 ] , s ≥ 0,

with one fixed shift bS . The fixed low class includes the s = 0 coefficient norm, so ∥Sa,Γ∥2→2 ≤
C. All selected cutoffs are included in these estimates.

(iii) The complete residual is Ra,Γ = −Ea, with Ea exactly as in (E.35); in particular Rlow = −Alow.
Every measured component is a fixed product of full graph, weighted-coordinate-inverse,
diagonal and buffered integral factors, with one order-−1 factor. All physical cutoffs, localized
sector copies, coordinate errors, source commutators and angular discrepancies are included.
The outer physical commutator vanishes on the core; the differentiated integral cutoff vanishes
by (E.38).

(iv) For a positive representative each canonical integration chart has coordinates (t, y; τ, η). Its
integral is retarded on one fixed interval [t−, t+]. Writing the actual two cutoffs in that chart
as α, β, its localized form is

(F.7) Jf(t, y) = iα(t, y)
∫ t

t−
β(s, y)f(s, y) ds.

The input factor βf vanishes on one fixed interval immediately after t−. Both weights are
one near the canonical source support, as in (E.38). The source-cut commutator has the fixed
preimage gap on the final physical core. The full signed identities (E.30)–(E.37) give

(F.8) J− = −cJ+c = J+,
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where c is conjugation. Both partners have the same lower endpoint and input buffer. Literal
adjunction instead exchanges the weights and reverses the limits, as in (E.42), with the literal
Hilbert densities on each supported/restriction pair.

(v) The two graph factors Tj , T̃j , inverse graphs, matrix transport, weighted adjoints and exact
Taylor-integral remainders use one fixed finite set of operations. Their low inverses, first flow
derivatives, and graph Jacobians are uniformly controlled by one finite norm Cklin . There
is one fixed extra coefficient-derivative count clin for their tame high derivative estimates,
covering the preceding Sobolev shifts and the fixed low symbol seminorms for full two-position
L2 bounds. No operation is repeated to an order depending on Fourier-tail accuracy.

The diagonal and characteristic relations, with quantified off-relation errors, follow from the full
kernels in Lemma F.9.

The additional coefficient profile for quantitative localization is Setup F.7.

F.3. The exact small-support inverse. The first result identifies what remains after the com-
plete residual has been inverted. All domains and all cutoffs in this statement are fixed before an
accuracy is requested.

Theorem F.3 (Exact small-support correction). Use the fixed real operators of Setup F.2 on
U ⋐W . There are real cutoffs χ2, χ3 ∈ C∞

c (U), with
0 ≤ χ2, χ3 ≤ 1, χ3 = 1 on suppχ2, χ2 = 1 on Ucore,

such that the zero extension to W of
Ka = χ2Ra,Γχ3

satisfies
∥Ka∥L2(W )→L2(W ) ≤ θ < 1

uniformly on the fixed sufficiently small finite coefficient neighborhood. Consequently
Ta = (I +Ka)−1

exists on the entire real space L2(W ). It preserves smooth input functions for each fixed smooth a.
There is a fixed integer β∗, independent of requested accuracy, such that

(F.9) ∥Taf∥Hs(W ) ≤ Ds

[
∥f∥Hs(W ) + (1 + ∥a∥Hs+β∗ (W ))∥f∥L2(W )

]
, s ≥ 0.

For every smooth real h supported in U , set
z = Ta(χ2h), u = Sa,Γz.

Then supp z ⊂ suppχ2, and the exact physical identity on Ucore is
(F.10) Pau = h+ (AΓ − I)z.
The same Sa,Γ, Ra,Γ,Ka, Ta, cutoffs, and core apply to all such sources.

Proof of Theorem F.3. Choose p > 2 with H1(U) ↪→ Lp(U). Equation (F.4) bounds Ra,Γ :
L2(W ) → Lp(U) uniformly before the final supports are chosen. For the stated cutoffs, Hölder
gives

∥χ2Ra,Γχ3f∥2 ≤ | suppχ2|1/2−1/p∥Ra,Γχ3f∥Lp(U) ≤ C| suppχ2|1/2−1/p∥f∥2.

Fix the output support so this operator bound is at most θ < 1. Their derivatives affect subsequent
constants. The real operator

(F.11) Ta =
∞∑

j=0
(−Ka)j

converges on the entire real L2(W ), with norm at most (1 − θ)−1.
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Fix smooth a and f ∈ Hs, s ≥ 1. Starting with z = Taf ∈ L2, the identity z = f − Kaz and
(F.5) at orders 1, . . . , s give z ∈ Hs and

∥z∥Hs ≤ ∥f∥Hs + Cs∥z∥Hs−1 + Cs(1 + ∥a∥Hs+b)∥z∥2.

Induction from ∥z∥2 ≤ (1 − θ)−1∥f∥2 proves (F.9) with β∗ = b, since the preceding coefficient
norms are bounded by the one at order s + b. The same operator preserves smooth input. No
parameter-tame dependence is asserted.

Finally z = Ta(χ2h) satisfies z = χ2h − Kaz, so supp z ⊂ suppχ2 and χ3z = z. On Ucore this
becomes z +Ra,Γz = h. Applying the localized identity to this compactly supported z yields

PaSa,Γz = AΓz +Ra,Γz = h+ (AΓ − I)z,
which proves (F.10). □

F.4. Common graded profiles.

Theorem F.4 (Common graded bounds). Use the fixed finite construction of Setup F.2. Suppose
its actual coefficient array satisfies
(F.12) ∥a∥Cr(W ) ≤ DrT

(r−R∗)+ , r ≥ 0, T ≥ 1,
with one fixed R∗ > clin +2 above the construction orders. Set L = T . Every normalized phase map
G = Φx or Φξ has bounded zeroth and first jets and

(F.13) |DrG| ≤ CrL
r−1, r ≥ 2.

Derivatives are joint in physical and normalized covariable coordinates. Every actual full symbol of
fixed order p, including the finite remainders, satisfies, with r = |α| + |β|,

(F.14) |Dα
x,zD

β
ξ ap(x, z, ξ)| ≤ Cα,β⟨ξ⟩p−|β|Lr.

All domains, operators, cutoffs and derivative reserves are fixed before accuracy.

Proof. Theorem E.6 and Proposition E.8 bound the normalized phase maps and full symbols by
Cr(1 + ∥a∥Cr+clin ). This includes both amplitude positions, inverse charts, matrix transport, cutoff
jets and the exact inner-cutoff factors. Corollary B.4 gives directly
(F.15) 1 + ∥a∥Cr+clin ≤ CrT

(r−1)+ .

The phase and normalized symbol bounds follow; radial rescaling gives (F.14). □

F.5. Protection by characteristic phase graphs.

Definition F.5 (Protected source product). Fix X ⋐ W0 ⋐ W , with X compact and every
complete physical flow tube of the selected factors contained in W0. A compact annular covector
set E0 over X is protected if its characteristic part lies in a conic set P ⊂ {qa = 0} invariant under
Hamilton segments wholly in W0, in both orientations. The normalized restriction of P over X,
together with the elliptic points of E0, must be compactly inside Γin, with a positive gap from the
nonprincipal set. Uniform protection means uniform compact buffers on the fixed low coefficient
neighborhood.

Proposition D.9 puts all normalized signed pair directions, including limiting difference chords
and antipodes, in one compact set Cquad separated from the frozen nonprincipal set M.

Theorem F.6 (Protection of the complete source product). Use that current immersion and pair
family in a sufficiently small fixed Ck∗ neighborhood of the cube, with k∗ above the regular construc-
tion orders. There are fixed balls X ⋐W0 ⋐W , with X closed, a real smooth coefficient extension
ã equal to aF on W0, and symmetric angular sets

Ω0 ⋐ Ω′
0 ⋐ Γin ⋐ Γout
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with these properties. Every actual normalized pair covector on X lies inside Ω0; its magnitude is
comparable to its true beat λ|z − z′|, or to λ for sums and cross-group pairs. The entire product
X×Ω′

0 is uniformly protected for ã. All actual flow tubes lie in W0 and the operator agrees with PF

on the core. The extension stays in the fixed low class and preserves every stated coefficient profile.

Proof. Let a0 have the frozen cube principal matrices and a fixed smooth lower-order completion.
Choose small fixed balls and the affine extension

(F.16) ã = a0 + E(aF − a0), ∥ã∥Cr ≤ Cr(1 + ∥aF ∥Cr(W0)),

using Lemma B.1. Shrink the current neighborhood by its fixed low operator norm. Choose
Ω0 ⋐ Ω′

0 around Cquad; the signed chord and sum bounds give the true beats.
Apply Lemma D.7 to qã on a finite cover of its regular directions. Write these comparison phases

as Φα(x, e, η′). Choose compact annular parameter sets Vα so that every characteristic point of
X × Ω′

0 has the form
(x,Φα,x(x, 0, η′)), η′ ∈ Vα,

and these graphs for all x ∈ W0 lie in fixed compact regular angular sets Dα, with norms bounded
above and below. This is possible with uniform buffers: the frozen phase gradient is independent of
x, and the actual maps and their inverses are uniformly close in the fixed low topology. Include the
antipodes. Choose Γin,Γout around these images and Ω′

0. Choose the actual finite regular factors
with their complete canonical rectangles having physical flow images inside W0; their source, target
and both integral weights use the inner buffers. These are fixed shrinkages in the same phase
construction.

For fixed η′, put ψ = Φα(·, 0, η′). Differentiating qã(x, dψ) = 0 gives

ψxxqã,ξ = −qã,x.

Hamilton’s equations and uniqueness therefore keep each segment wholly in W0 on this same graph,
in either orientation. Let P be the positive conic lift of the union of these graphs over the compact
Vα. Its restriction over X has compact normalized image inside Γin. Every complete residual
relation is diagonal or one of the actual characteristic segments, so each finite chain preserves P.
This proves protection of the whole source product, including elliptic identity images, with no
condition on exterior trajectories. □

F.6. Finite powers and arbitrary accuracy.

Setup F.7 (Actual coefficients and total mixed grades). Use Setup F.2 and the actual profile
(F.12) with L = T = T0. The operators and cutoffs are those of Theorem F.3. For a compact
annular frequency set V ′

0 , require uniform protection of the whole X × V ′
0 , where X = suppχ2, in

Definition F.5. The entire invariant set over X lies in the selected buffered charts. For ρ ≥ 2 and
fixed 0 < σ < 1, assume

(F.17) 1 ≤ L ≤ ρ1−σ.

The product protection is Definition F.5; Theorem F.4 gives the total mixed phase and full
amplitude grades from the stated coefficient bounds.

Theorem F.8 (Arbitrary-accuracy correction). Use Setup F.7 and its fixed operators and cutoffs.
Choose a compact annular set V0 ⋐ V ′

0 and one fixed smooth rescaled Fourier cutoff Π0,ρ, equal
to one on the actual input frequency set in ρV0 and supported in ρV ′

0. Let hρ be real and smooth,
supported where χ2 = 1, and satisfy

∥hρ∥L2 ≤ CHρ,(F.18)
∥(I − Π0,ρ)hρ∥Hm ≤ Cm,QHρρ

−Q for every fixed m,Q.(F.19)
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The same exact inverse gives
zρ = Tahρ, uρ = Sa,Γzρ,

with, for every fixed m,Q,
(F.20) ∥Pauρ − hρ∥Hm(Ucore) ≤ Cm,QHρρ

−Q.

For every fixed s,
(F.21) ∥uρ∥Hs ≤ CsHρρ

s.

The operator, its finite symbolic order, its physical domains, and its angular source cutoff are
unchanged when Q changes. The conclusions keep genuine outgoing branches and make no assertion
near excluded nonprincipal characteristic directions.

F.6.1. Finite-chain localization.

Lemma F.9 (Base-aware localization through the actual finite chain). Use Setup F.7. For each
fixed finite chain of graph, inverse-graph, diagonal, retarded and complete residual factors, one can
choose buffered proof localizers in the factors’ own canonical coordinates. Across an off-relation gap
their full composed kernels satisfy
(F.22) ∥(I −Mout)AMin∥L2→Hm ≤ Cm,qρ

m+CALb(L/ρ)q.

Here CA, b are fixed independently of q and requested accuracy. For each fixed number of complete
residual powers the final physical mask lies in an annulus [cjρ, Cjρ], 0 < cj < Cj < ∞, with angular
support strictly inside Γin. Intermediate canonical masks need not lie in that physical cone. The
discarded output has arbitrary prescribed Hm decay. All actual operators, cutoffs and their finite
symbolic order remain the same.

Proof. The joint grades (F.13)–(F.14) hold at L = T0 for both amplitude positions, all cutoff jets
and fixed Taylor parameters. The buffered proof masks have the same grades. A fixed product
adds only one fixed amplitude offset b.
A common kernel estimate. On comparable normalized annuli, a localized composed kernel
has phase ρF and compact base support. Off its full stationary relation, compactness gives |∇F | ≥
δ > 0. The field ∇F · ∇/(iρ|∇F |2) then has transpose cost CL/ρ at each application, since
|Dr∇F | ≤ CrL

r. After q integrations, the fixed symbol orders, Fourier measures and m output
derivatives give Cm,qρ

m+CALb(L/ρ)q. Schur’s inequality proves (F.22). For a half-space kernel,
use a tangential field in a fixed collar where the boundary tangential gradient has a gap, and a
full-gradient field in the interior. This gives the same count without differentiating the boundary
jump. We verify the relations and gaps for every factor.
Graph factors. Write the actual kernel as

Af(u) =
∫
ei[Φ(u,ξ)−z·ξ]aA(u, z, ξ)f(z) dz dξ.

Use the right input symbol min(y, η/ρ) and left output symbol mout(x, ζ/ρ). The former has
compact base and annular support; the latter is one near the complete canonical image, with base
support compact on the actual output. After frequency normalization their exact joint phase is
(F.23) F = ϕ(u, ξ) − z · ξ + (z − y) · η + (x− u) · ζ, Φ(u, ρξ) = ρϕ(u, ξ).
Stationarity in (u, z, ξ, η, ζ) means
(F.24) ϕu = ζ, η = ξ, ϕξ = z, z = y, x = u.

These equations describe precisely that full image. Thus 1−mout, including its identity contribution,
has the required joint gap; the input-base equation is essential. For the literal reverse phase
z · ξ − Φ(u, ξ) the equations are η = ϕu, ζ = ξ, z = ϕξ, u = y, x = z, giving the inverse full graph
relation. The weighted coordinate inverse has this phase and its actual two-position amplitude.
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Diagonal factors use ϕ(u, ξ) = u · ξ; the two-term T̃ and every negative-order graph use the same
argument.

Outside comparable annuli, forward graphs have the larger-frequency gap η− ξ in z, or Φu − ζ in
u; reverse graphs use η−Φu or ξ−ζ. Homogeneity and the inverse mixed gap give |Φu| ≍ |ξ|. Each
integration costs L and one inverse larger frequency. Taking q above a fixed integrability threshold
sums all dyadic shells with only a fixed enlargement of CA. This includes bounded frequencies and
all source shoulders, with both amplitude positions unchanged.
Retarded and signed factors. The actual lower input buffer removes the term H(t− − s) from
the primitive. Its remaining kernel is

iα(t, y)H(t− s)β(s, y)δ(y − y′).
With input (ti, yi) and output (to, yo) its localized phase is

(to − t)κ+ (yo − y) · ζ + (s− ti)τ + (y − yi) · η.
Put d = t − s ≥ 0. At d = 0, tangential stationarity gives the full diagonal: to = ti, yo = yi and
(κ, ζ) = (τ, η). In d > 0 the additional equation gives κ = τ = 0, to ≥ ti, yo = yi and ζ = η. This
is the oriented characteristic translation; its transverse covector is nonzero by the input annulus.
A chart with |τ | ≥ c|(τ, η)| has only the diagonal branch. Away from buffered neighborhoods of
these images, compactness gives the boundary tangential gap and the interior full gap used above.
For noncomparable frequencies the tangential derivatives τ − κ and η− ζ give the larger-frequency
gap. The same dyadic count proves the full tail and nonzero output annulus, without division by
τ or an omitted endpoint value. Literal J∗ exchanges the weights and reverses the translation; its
upper input buffer removes the fixed upper-endpoint term.

The exact signed identities (E.30)–(E.37) have A− = cAcoutA+cin, |cA| = 1. Use conjugate proof
masks. Conjugation preserves supported integer Sobolev norms and radial annuli, reflects covectors
and cancels between adjacent factors. Hence it proves the same bounds for every negative chain.
The complete residual R = −E , including its source-cut branches, consists of these actual ordered
factors by Lemma E.5 and Theorem E.1; every cutoff and negative-order factor is included.
The protected finite chain. Partition the entire source product X × ρV ′

0 . At each factor choose
a buffered full image in its own canonical coordinates. Since L/ρ ≤ ρ−σ, a sufficiently large q gives
any prescribed tail in (F.22); increase its accuracy by the polynomial Sobolev costs of the remaining
finitely many factors. No datum is differentiated.

Every complete residual relation is diagonal or a zero-characteristic segment wholly in W0. In
each chart hj = ±qa by (E.8), so either orientation preserves P. The actual χ2 puts every next
source base in X, where χ3 = 1. Thus final physical covectors lie strictly inside Γin; intermediate
canonical masks need not. The compact buffer permits finitely many nested proof masks at each
fixed depth. Homogeneity and the nonzero transverse retarded covector give positive annular
endpoints. Induction proves the assertion, including original Fourier tails and localizer leakage at
a higher internal precision. No actual operator, cutoff or order depends on that precision. □

F.6.2. One estimate for the remaining inverse.

Lemma F.10 (The remaining exact inverse). Use the fixed complete Ka and Ta = (I + Ka)−1

above. Suppose the actual graded profile gives
1 + ∥a∥Hr+b ≤ CrL

r, 1 ≤ L ≤ ρ,

where b covers their fixed tame shifts. If ∥h∥H−N ≤ CNAρ
−N , then for fixed integers N, s ≥ 0,

(F.25) ∥TaK
N+s
a h∥Hs ≤ CN,sAL

s(L/ρ)N .

For bounded coefficient jets through the finitely many proof orders, take L = 1. All products use the
original supported/restriction domains.
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Proof. Both Ka and K∗
a = χ3R

∗
a,Γχ2 have uniform L2 bounds and the same additive one-gain

estimate on their fixed reversed support pairs. Induction gives, for B = Ka,K
∗
a ,

∥Bjv∥Hj ≤ Cj(1 + ∥a∥Hj+b)∥v∥2.

At each step the new coefficient term multiplies only ∥Bj−1v∥2; the other term uses the preceding
Sobolev order. Dualize the entire (K∗

a)N to obtain

∥KN
a h∥2 ≤ CN (1 + ∥a∥HN+b)∥h∥H−N ≤ CNA(L/ρ)N .

The same induction at order s gives
∥Ks

av∥Hs ≤ CsL
s∥v∥2.

Apply it to v = KN
a h. The tame estimate for Ta, using its uniform L2 bound in the high term,

gives (F.25). □

For every integer d ≥ 1, the same L2 inverse satisfies

(F.26) Tah =
d−1∑
j=0

(−Ka)jh+ (−1)dTaK
d
ah.

If the original source obeys ∥h∥H−N ≤ CNAρ
−N for all N and L ≤ ρ1−σ, any operator Bρ with

fixed polynomial bounds ∥Bρv∥Hs ≤ Csρ
cs∥v∥Hts , with fixed nonnegative integers ts, satisfies

(F.27) BρTah =
∑
j<d

(−1)jBρK
j
ah+Os,Q(Aρ−Q) in Hs

for one sufficiently large proof depth d = d(s,Q). Indeed, the lemma with d = N + ts bounds the
last term by CAρcs+ts−σN . The operators and domains are unchanged.

Proof of Theorem F.8. The original annular source and its complementary tail give
∥hρ∥Hs ≤ CsHρρ

s, ∥hρ∥H−N ≤ CNHρρ
−N .

The actual profile, with its reserve covering the fixed inverse and solver shifts, bounds their coeffi-
cient terms by CsL

s. Their tame estimates prove (F.21) directly, since L ≤ ρ.
Apply Lemma F.9 to each fixed complete Kj

ahρ. Every following residual starts over X = suppχ2,
where χ3 = 1. Its diagonal or characteristic relation stays in the protected set P. The resulting
physical mask is supported strictly inside Γin, and its complementary tail has arbitrary precision.
The actual source plateau therefore gives

(AΓ − I)Kj
ahρ = Oj,m,Q(Hρρ

−Q) in Hm,

including the fixed low-frequency modification. Intermediate proof masks stay in their own canon-
ical coordinates; every original cutoff and complete error is included.

Apply (F.27) with Bρ = AΓ − I. The preceding finite-chain tails give

(F.28) ∥(AΓ − I)Tahρ∥Hm ≤ Cm,QHρρ
−Q.

The exact identity (F.10) proves (F.20) on the same physical core. □

Appendix G. Primary waves and simultaneous sampling

G.1. The primary family and its inputs. We construct one finite primary family and separated
finite-band samples on the entire output space. The same samples approximate the Hermitian
background, while individual corrections have no sample-count loss. Throughout, the stress space
is kerBG and tangent covectors are raised by the actual metric in the ambient reconstruction.
The finite transport and sampling are completed in this section. Appendix H then constructs the
response used to correct their full strain for the current immersion.
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G.2. Geometric and oscillatory estimates.

Notation G.1. Use the dimensions, frozen stresses Q0
i and Frobenius pairing of Definition D.1. All

tensor complements and projections use that pairing. The common Fourier and adjoint conventions
are in Notation A.2. Spatial and carrier supports have fixed larger buffers. Constants may depend
on those supports, the fixed low class, inverse gaps and finitely many declared profile constants,
but not on frequencies or sample counts unless displayed. An exact Fourier-band hypothesis refers
to the canonical datum before any physical initial-variable cutoff. Such a cutoff stays in the wave
amplitude; if it is applied to the datum, its Fourier leakage is estimated explicitly. In particular,
κ(y)PKf(y) is not declared band limited.

Definition G.2 (Actual second-form reconstruction). Let G be an actual smooth immersion into
RN , and put g = γ(G). Write

IIij = ΠNorG
∂ijG.

Define
BG : Sym2 Rn −→ NorG, BG(T ) =

∑
i,j

TijIIij .

Assume that BG is surjective. Its stress space and its orthogonal projection are
KG = kerBG, ΠKG

= I −B∗
G(BGB

∗
G)−1BG.

In particular, KG is not kerB∗
G. The inverse of B∗

G : NorG → K⊥
G is

NG = (B∗
G)−1 = (BGB

∗
G)−1BG

∣∣
K⊥

G
.

For formulas on the fixed ambient space, extend B∗
G by zero on tangent vectors and put

(G.1)
Ptan,G = dGg−1(dG)T , AG = BGB

∗
G + Ptan,G, NG = A−1

G BG,

ΠKG
= I −B∗

GNG, NG

∣∣
K⊥

G
= NG.

The ambient matrix AG is invertible on the orthogonal normal and tangent summands. These are
rational fixed-jet formulas. For a tangent covector u = (ui), set

(G.2) VG(u) =
∑
i,j

gijui∂jG+NGΠK⊥
G

(sym ∇gu).

Thus the tangential term is literally dGg−1u.
For a real frame Q1, . . . , Qn of KG, put

(G.3) PGu = (Qi : sym ∇gu)n
i=1, MG(x, ξ)i• = (Qi(x)ξ)T , pG(x, ξ) = detMG(x, ξ).

The operator PG includes the actual Christoffel terms. We write ξ sym b = (ξbT + bξT )/2.

Full carrier groups and all literal sample pairs use Definition D.12 and Remark D.13.

Setup G.3 (The common oscillatory interface). Use the full and slice inverse charts of Proposi-
tion D.10, with x = (t, y), z = (s, v), v ∈ R2, and normalized annular θ ∈ Rn−1. They satisfy
Setup C.3 and Proposition C.6 with u = (s, θ) and fixed spectator v. Use their common larger
supports and buffers at M = 20(n + 1); the bounds include first parameter derivatives and the
literal full-dispersion phases.

For the normalized full operator TK
ϵ and fixed-carrier slice LK

ϵ,z of those results, the entire-space
bounds are

∥TK
ϵ ∥ ≤ C∥aϵ∥CM , ∥LK

ϵ,z∥ ≤ C
√
K∥aϵ∥CM .

The input is the entire complex chart L2 space and the output the entire physical L2 space. On a
fixed phase, an amplitude difference of CM norm δ therefore costs Cδ and C

√
Kδ, respectively: for

δ > 0, apply the cited mask-free proof to that amplitude divided by δ. Fixed matrix components
and spectator integration obey the same bounds.
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For 0 < h ≤ 1 and real 0 ≤ mh(s, v) ≤ 1 with ∥Dmh∥∞ ≤ C/h, Proposition C.4 gives
(G.4) ∥TK

ϵ mh(TK
ϵ )∗ − TK

0 mh(TK
0 )∗∥ ≤ Cϵ/h, K ≥ 1.

Both complex quadratures are used. By Corollary C.5, the real channel 2 ReT has, on real outputs,
the exact normal
(G.5) (2 ReT )(2 ReT )∗ = 4 Re(TT ∗).

G.3. Hamilton phases and transport amplitudes.

Theorem G.4 (Phases, transport and ambient reconstruction). Use an actual three-parameter
primary patch, its adapted coordinates x = (t, y), carrier map ζ(z) and larger full modulation charts
from Propositions D.9 and D.10. Use the projected frame Qi(G) = ΠKG

Q0
i . Fix the immersion,

normal-rank, null-minor and root gaps and the convex buffered full and slice inverse charts on
the entire larger source boxes. One sufficiently small finite Cm neighborhood fixes all required low
bounds; the boxes and gaps are independent of frequencies and accuracy.

For a real positive initial scalar rz(y) with fixed positive lower and Cm upper bounds, there are
a real phase and amplitude bG = αGkG satisfying

pG(x, dxSG) = 0, SG(0, y, ζ) = y · ζ, αG|t=0 = rz, lTGPGbG = 0.
Here kG, lG are real nonzero right and left nullvectors of MG(x, dSG), and αG has a positive lower
bound. The reconstruction (G.2) obeys
(G.6) 1

2DγGVG(u) = ΠKG
(sym ∇gu).

For any amplitude b, put ξ = dxSG and
(G.7) νb = NGΠK⊥

G
(ξ sym b), A0(b) = −νb ⊗ ξ.

The exact product identity is
(G.8) VG(τ2eiSG/τ b) = eiSG/τ (iτνb + τ2VG(b)).
For b = bG, |νb|, |ξ| ≥ c > 0 and A0(b)∗A0(b) = |νb|2ξξT . This transported tensor is linear in the
initial density r2

z .
One fixed shift D gives, for every integer r ≥ 0,

∥SG∥Cr(x,ζ) + ∥bG∥Cr(x,z,ζ) + ∥νb∥Cr(x,z,ζ)

+ ∥VG(b)∥Cr(x,z,ζ) + ∥A0(b)∥Cr(x,z,ζ) ≤ Cr

(
1 + ∥G∥Cr+D(B1) + ∥rz∥Cr+D(y,z)

)
.(G.9)

These are joint physical and normalized carrier norms on the same larger domains at every order.

Proof. The stated propositions give the phases, full modulation charts and fixed inverse gaps. The
metric, normal inverse and nullvectors are smooth fixed-jet formulas on these gaps. Choose real
nullvectors with the reference orientation. Since adjMG is a nonzero multiple of kGl

T
G,

∂ξtpG = (nonzero scalar) lTGCtkG ̸= 0,
where Ct is the time coefficient of PG. Thus the equation for αG is the noncharacteristic scalar
transport ∑

a

(lTGCakG)∂aαG + (lTGPGkG)αG = 0.

Its characteristic formula is αG = aflow rz(yfoot), where the positive flow exponential aflow is inde-
pendent of rz. This proves positivity and the density assertion.

The Gauss formula (2.2) with ν = NGΠK⊥
G

(sym ∇gu) proves (G.6); the product rule gives (G.8).
For bG, the null relation puts ξ sym bG in K⊥

G , and
|ξ sym bG|2 ≥ 1

2 |ξ|2|bG|2, B∗
Gνb = ξ sym bG.
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The fixed gaps give the asserted lower bounds.
Equation (D.12) gives the joint one-high phase bound. The jet and characteristic formulas,

with Lemma B.6, give one high norm of G or rz for bG; other factors use their fixed low bounds.
Reconstruction uses only a fixed number of derivatives, so one fixed reserve D proves (G.9). □

One algebraic correction reduces the strain by one further power. The same current response
will correct the complete residual.

G.4. A two-term primary wave.

Theorem G.5 (One finite primary family). Use Theorem G.4. Set M = 20(n+1) and rpar = M+3.
Assume

∥aG∥Cr + ∥G∥Cr + ∥rz∥Cr ≤ DrL
(r−R∗)+ , r ≥ 0, L ≥ 1.

Choose R∗ above the construction orders and Dpr+rpar+2, where Dpr is one fixed one-high derivative
reserve for the algebraic operations, complete strain and differentiated reconstruction below. It is
independent of accuracy. All estimates hold on the larger primary boxes containing every later
source and measurement support. Put b0 = bG and

(G.10) R = (MG(x, dSG)|k⊥
G→l⊥G

)−1Πl⊥G
, b1 = iRPGb0.

For sufficiently large λ = τ−1, define

vτ (x, z, ζ ′) = τ2eiSG(x,ζ′)/τ (b0 + τb1),(G.11)

Wpr
τ = VG(vτ ), W pr

τ,z(µ) =
∫

Wpr
τ (x, z, ζ(z) + τη) dµ(η).(G.12)

Here µ is any finite complex Fourier measure whose shifted carriers lie in the original chart; the
background uses µ = δ0. The fields are separately linear in the initial scalar and measure. Ordinary
data mean dµ = f̂ dη; on BCK their variation is at most CK(n−1)/2∥f∥2.

Put Apr
τ = e−iSG/τdWpr

τ . For every physical order r and joint carrier/patch parameter order
k ≤ rpar,

∥Dr
xD

k
z,ζ′Apr

τ ∥∞ ≤ Cr,kL
r,

∥Dr
xD

k
z,ζ′(Apr

τ −A0(b0))∥∞ ≤ Cr,kτL
r.(G.13)

The displacement amplitude has the first bound times τ . The bounds are uniform over the fixed
positive radial labels. The strain amplitude Eτ = e−iSG/τDγGWpr

τ satisfies

(G.14) ∥Dr
xD

k
z,ζ′Eτ ∥∞ ≤ Cr,kλ

−3Lr.

The current response corrects this full atomic strain.
The phase maps and frame satisfy

(G.15) ∥Dr(SG,x, SG,ζ)∥ ≤ CrL
r−1, r ≥ 1, ∥Qi(G)∥Cr ≤ CrL

r.

The real Hermitian background satisfies

(G.16)
∥∥∥Re[(dW pr,bg

τ,z )∗dW pr,bg
τ,z ] − |νb0 |2dS2

G

∥∥∥
Cr

≤ CrτL
r.

Its derivative stays nonzero, and its leading transported mean is linear in the initial density r2
z .

Fix smooth compact physical and input cutoffs χ, χin. For K ≥ 1 and ϵ = τK ≤ ϵ0, the actual
Hermitian channel, with input half-derivative and unitary dilation η = Kθ, is, up to one fixed
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Fourier scalar,

TK,pr
τ,v F (x) =

(
K

2π

)n/2 ∫
eiKϕϵ(x,s,v,θ)apr

τ,ϵ(x, s, v, θ)F (s, θ) ds dθ,(G.17)

ϕϵ = SG(x, ζ(z) + ϵθ) − SG(x, ζ(z))
ϵ

,(G.18)

apr
τ,ϵ = χχin|θ|1/2(Qi : Apr

τ (x, z, ζ(z))∗Apr
τ (x, z, ζ(z) + ϵθ)

)n
i=1.(G.19)

The quotient has its smooth value at zero. The input is the entire complex L2(s, θ) and the output
the entire L2(x;Cn). Measurement and initial cutoffs occur in this channel, not in the ambient
field. For 0 < h ≤ 1 and real masks 0 ≤ mh ≤ 1, ∥Dmh∥∞ ≤ C/h, put EK,pr

τ,v = TK,pr
τ,v mh(TK,pr

τ,v )∗.
Let EK

0,v set τ = ϵ = 0, so its amplitude is A0(b0). The whole-space channels are bounded, and their
normals satisfy
(G.20) ∥EK,pr

τ,v − EK
0,v∥ ≤ CτK/h, K ≥ 1.

The squared whole-space slice norm is at most CK. Spectator integration and realification have the
same conclusions. All fields and constants use only finitely many profile constants at each order.

Proof. Write P = PG. The leading transport gives MG(x, dSG)b0 = 0 and lTGPb0 = 0, so the
algebraic correction satisfies

iMG(x, dSG)b1 + Pb0 = 0.
The finite list consists of b0, b1, P b1, together with νbj

,VG(bj) and their first physical derivatives, j =
0, 1. It uses the fixed-gap jet formulas and the already constructed leading transport. Lemma B.6
gives one common one-high reserve Dpr. Corollary B.4, after at most rpar parameter derivatives,
gives
(G.21) ∥Dr

xD
k
z,ζ′c∥∞ ≤ Cr,kL

r, k ≤ rpar,

for every member c. The same argument gives the phase and frame bounds and uniform joint low
norms through M + 2.

Put GramG = (Qi : Qj). The two algebraic cancellations and exact half-strain formula give

(G.22) Pvτ = τ3eiSG/τPb1, Eτ = 2τ3∑
i,j

Qi(Gram−1
G )ij(Pb1)j .

The fixed frame and inverse Gram have the same grades, proving (G.14).
Substitute b = b0+τb1 in (G.8) and differentiate once. The leading derivative amplitude is A0(b0);

every other term has a factor τ . This proves the amplitude bounds. Their product estimate, with
A0(b0)∗A0(b0) = |νb0 |2dS2

G, proves (G.16) and nonvanishing.
The exact differentiated fields give the displayed channel. Its phase and the full and slice inverse

charts obey Setup G.3 on the larger supports. The phase and amplitude bounds through M , and
inverse-chart bounds through M − 2, are uniform in L, including first ϵ derivatives; the primary
reserve covers the two extra phase derivatives in the quotient. On this same phase, replacing Apr

τ

by A0(b0) changes the CM amplitude by O(τ), hence its channel and normal by Cτ . The remaining
homotopy from ϵ = τK to zero costs Cϵ/h at every K ≥ 1. Since τ ≤ τK/h, this proves the normal
comparison. The same setup gives the slice and spectator bounds and the real normal 4 ReEK,pr

τ,v

on real outputs. □

G.5. Separated finite-band sampling.

Theorem G.6 (Separated lattice sampling). Use finitely many buffered three-parameter charts z =
(s, v) and the finite primary family of Theorem G.5, with fixed smooth nonnegative compact weights
ψ(z) and one amplitude scale L for all radial labels. Its fixed low topology and parameter orders give
the uniform CM+2 amplitude and inverse-chart bounds used below, including the ϵ derivatives of the
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leading homotopy. All spatial, angular and annular measurement and input cutoffs are fixed inside
those larger charts; the finite collection covers the selected angular support. Frequencies below one
are omitted. Put qquad = 2n − 1 and qcol = qquad + 1; use q3

col radial colors per chart, fixed before
frequency and accuracy.

For Λ ≥ 2, λ ≥ 1, with Λ/λ below the phase buffer, fix finitely many positive radial labels
Rc bounded above and below and set τc = (Rcλ)−1. Use one smooth dyadic square partition of
1 ≤ |η| ≤ CΛ, with scales K ≥ 1, and the same angular cutoffs for every color. Define actual fields
by (G.11)–(G.12), with τ = τc, keeping the entire phase, and define backgrounds directly at η = 0.

Let Tc,z,K be their actual background-modulation Hermitian contraction with Qi, or any selected
smooth tensor contraction satisfying the same fixed low amplitude bounds, with input half-derivative
|η|1/2 and the fixed localizations. Choose the fixed Fourier scalar so that dilation η = Kθ gives
prefactor (K/(2π))n/2 and phase KϕτcK . Let

Tc,z = (Tc,z,K)K

be the row on the Hilbert direct sum of entire annular input spaces. Its output is the entire

H = L2(Rn;Cn),

with compact measurement. Arbitrary row data correspond to finite sums of actual modulated am-
bient fields.

Choose κ ≥ 0 smooth of integral one, supported in (−1/4, 1/4), and put w = κ ∗ 1∗qquad
[−1/2,1/2]. For

0 < h ≤ h0 ≤ 1, define

cq = hq, ρq(z) =
3∏

ℓ=1
w(zℓ/h− qℓ), Ns = h−3.

The fixed h0 respects the enlarged block supports and chart buffers. For each block meeting suppψ,
independently draw Uq uniformly in [0, h)3 and, for m ∈ Z3, set

Zq,m = cq + hm+ Uq, µq,m = h3(ψρq)(Zq,m).

Omit zero weights; each block has at most Cqquad nodes. Color them by q mod qcol and assign each
color its fixed radial label. Distinct nodes of one color are separated by ch. There are at most
CNs samples, their weights are at most C/Ns, and their total mass is bounded. Number the literal
samples by j and set

mc =
∑

q: q mod qcol=c

ρq,

and let DΛ be the fixed dyadic scale set. For each prefix define, with finite chart sums understood,

(G.23)

T≤K
c,z = (Tc,z,κ)κ∈DΛ, κ≤K ,

E≤K
sample =

∑
j

µjT
≤K
c(j),Zj

(T≤K
c(j),Zj

)∗,

E≤K
h =

∑
c

∫
ψmcT

≤K
c,z (T≤K

c,z )∗ dz.

Write Esample, Eh for the largest prefix. Each normal is exactly the sum of its annular normals,
since its input is the same Hilbert direct sum restricted to that prefix. The actual wave maps, radial
labels, colors, weights and samples are unchanged.

The following whole-space bounds hold:

∥Tc,z∥2 ≤ CΛ, ∥Tc,z∥2
HS ≤ CΛn,

∥Eh∥ ≤ C, trEh ≤ CΛn.(G.24)
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For fixed ϵ > 0, set h = Λ−(1+ϵ)/3. With probability tending to one,
(G.25) max

K∈DΛ
∥E≤K

sample − E≤K
h ∥ ≤ Λ−ϵ/4.

The ceiling and complete dyadic partition are fixed before sampling; later choices of prefixes do not
change the event or its constants. Both input quadratures remain physical real data; 2 ReT has
normal 4 ReE, with the same conclusions up to fixed constants.

Define
Hc,z = Re[(dW pr,bg

τc,z )∗dW pr,bg
τc,z ], Htransport,z = |νb0 |2dS(x, ζ(z))2.

Localize tensor norms by a fixed compact spatial cutoff and put

Hcol =
∑

c

∫
ψmcHc,z dz.

Since qquad < rpar, the stated low amplitude budget already covers its carrier derivatives. Every
realization satisfies

(G.26)

∥∥∥∥∥∥
∑

j

µjHc(j),Zj
−Hcol

∥∥∥∥∥∥
L2

≤ Chqquad .

The primary amplitude comparison also gives ∥Hcol−
∫
ψHtransport,z dz∥L2 ≤ Cλ−1. For each integer

r ≥ 0 it also satisfies

(G.27)

∥∥∥∥∥∥
∑

j

µjHc(j),Zj
−Hcol

∥∥∥∥∥∥
Cr

≤ CrL
r.

The primary family and common band ceiling are fixed before sampling. Only the all-prefix normal
estimate requires a probability event; the background estimate and same-color spacing hold for every
realization.

Let Etransport,band be the continuous uncolored normal on the same bands and cutoffs, with ϕτcK

replaced by ϕ0 and Apr
τc

by A0(b0). Then

(G.28) ∥Eh − Etransport,band∥ ≤ Cλ−1Λ/h.
Thus one separated sample set approximates that normal on the entire output space within the right
side plus Λ−ϵ/4. A separately established lower bound on a specified output class transfers by this
perturbation estimate.

The conclusions apply to any same-phase ambient family satisfying (G.13), the fixed full and
slice seminorms, and the stated background jets, with the same leading tensor. In particular the
proof uses no formula for its linear strain.

Finally,
(G.29) P =

√
2
∑

j

√
µj ReW bg

j

is an actual field in RN , whose same-carrier Hermitian metric contribution is
∑

j µjHj. Doubled
same-carrier oscillations and all cross-carrier products remain as unremoved metric terms.

Proof. Operator bounds and separated blocks. Theorem G.5 and Setup G.3 give, on entire
chart spaces,

∥Tc,z,K∥2 ≤ CK, ∥Tc,z,K∥2
HS ≤ CKn.

The second inequality is the squared-kernel integral after dilation: the prefactor is (K/(2π))n/2 and
the amplitude and its physical and normalized-frequency supports are uniformly bounded. Since
Tc,zT

∗
c,z =

∑
K Tc,z,KT

∗
c,z,K , geometric dyadic sums give the first two bounds in (G.24). First discard

the masks by positivity. By (D.15) and the exact change (C.4), each unmasked band normal has
a full two-position amplitude supported in cK ≤ |ξ| ≤ CK, with uniform physical derivatives
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through 2(n+ 1); the fixed smooth weight ψ is part of this amplitude. At any ξ only a uniformly
bounded number of bands contribute. Lemma C.2 bounds their sum, giving ∥Eh∥ ≤ C after the
fixed spectator integral and color sum. Tonelli gives

trEh =
∑

c

∫
ψmc∥Tc,z∥2

HS dz ≤ CΛn.

Convolution with κ makes w smooth and nonnegative. Fubini, the unit-box periodization and
the unit masses give

∑
k∈Zw(u− k) = 1. The qquad box factors give Fourier zeros of order at least

qquad at every nonzero 2πk. The support length is at most qquad + 1/2. There are O(h−3) blocks,
each with a fixed number of nodes at spacing h and total weight Ch3. Distinct blocks of one color
have gap at least h/2. This proves separation, count and mass bounds. Uniform lattice translation
has mean Lebesgue measure, so (G.23) is its exact expectation, with 0 ≤ mc ≤ 1 and

∑
cmc = 1.

Concentration on the entire output. Use the independent positive blocks Xq =∑
m µq,mTq,mT

∗
q,m. Their total weight is at most Ch3. Put Yq = Xq − EXq and R = CΛh3. Then

0 ≤ Xq ≤ RI, ∥Yq∥ ≤ R, V =
∑

q

EY 2
q ≤ REh,

∥V ∥ ≤ v := CR, trV ≤ CRΛn.

These bounds hold for every prefix with the same upper values.
Equations (3.6)–(3.9) of [M17], with the positive variance upper bound v, give

P
(∥∥∥∥∥∑

q

Yq

∥∥∥∥∥ > t

)
≤ 14 trV

v
exp

(
− t2

2(v +Rt/3)

)
, t2 ≥ v +Rt/3.

To justify this bound on the whole output, apply its finite-dimensional form to PℓYqPℓ for finite-
rank orthogonal Pℓ ↑ I. Their variance is at most PℓV Pℓ, so the same v and trace bound apply.
Each Xq and its expectation are trace class, so Yq is compact; the finite centered sum therefore
converges in norm under these compressions, and Fatou’s lemma passes the bound to the full sum.
This also covers zero variance.

For t = Λ−ϵ/4 and h−3 = Λ1+ϵ, the threshold holds at large Λ. The bound and a union over the
fixed prefixes give failure probability at most

CΛn+1 exp[−cΛϵ/2],

proving (G.25) for the unchanged channels and samples. Equation (G.5) gives the real-channel
assertion.

Background quadrature. For W = w⊗w⊗w, every nonzero integer lattice Fourier coefficient of
pW vanishes when deg p < qquad. Indeed it differentiates the product

∏
ℓ ŵ fewer than qquad times;

a nonzero coordinate keeps its zero. Poisson summation therefore gives, for every shift u,∑
m∈Z3

W (m+ u)p(m+ u) =
∫
R3
W (z)p(z) dz.

The Hermitian phase cancels. Taylor-expand the L2-valued function ψHc,z at cq through degree
qquad − 1. The displayed identity cancels its polynomial part exactly in block q. The remainder is
Chqquad on that block; its sampled and integral masses are Ch3. Summing O(h−3) blocks proves
(G.26), uniformly in all shifts. Bounded total mass and the amplitude profiles give the rough bound.
Replacing each actual Hermitian tensor by its leading one costs Cλ−1 in the prescribed fixed norm.

The carrier masks satisfy
∑

cmc = 1 and ∥Dmc∥∞ ≤ C/h. Sum (G.20) on all dyadic bands.
Since ∑

K≤CΛ
K/h ≤ CΛ/h,
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this proves (G.28). At transport order phase, amplitude and input cutoffs are independent of the
radial label, so the masks sum to the uncolored normal. The triangle inequality transfers any
already known lower bound on its specified output class.

Finally, for a complex derivative matrix D,

2(ReD)T (ReD) = Re(D∗D) + Re(DTD).

Applied to (G.29), this identifies its same-carrier Hermitian term as
∑

j µjHj . The second term
is the doubled oscillation, and every distinct pair gives a cross term; these metric contributions
remain separate. □

Remark G.7. At fixed bandwidth the sampled normals are compact on the entire output space.
Their norm approximation therefore transfers coercivity only on an output class for which a lower
bound has already been established.

G.6. Raw inputs and primary fields.

Theorem G.8 (Raw primary fields). Choose a finite family from Theorem G.5 on its larger buffered
boxes, and a compact inner box X. Write Wj , Sj , ζj , τj for its maps, phases, carriers and inverse
frequencies. Fix a band ceiling Λ whose shifted covectors stay in the original charts. The exact
representation is

e−iSj(x,ζj)/τjdWj(f) =
∫
eiϕj(x,η)aj(x, η)f̂(η) dη,

ϕj(x, η) = Sj(x, ζj + τjη) − Sj(x, ζj)
τj

.(G.30)

Equations (G.13) and (G.15) give

(G.31) |Dr
xaj | ≤ CrL

r, |Dr
x∂ζSj | ≤ CrL

r−1 (r ≥ 1).

The amplitudes and the required low slice seminorms are uniformly bounded. Constants are inde-
pendent of sample count and weights.

For 1 ≤ K ≤ Λ, let XK be the real Hilbert space underlying the finite direct sum of complex
initial Fourier L2 spaces on dyadic annuli up to CK, with fixed bounded-overlap cutoffs βℓ. Put

B̂Kv(η) =
∑

ℓ

|η|1/2βℓ(η)vℓ(η).

This is the Fourier input before any spatial initial cutoff, and for every integer m ≥ 0 it satisfies

(G.32) ∥BKv∥Cm ≤ CmK
m+n/2∥v∥XK

, ∥B̂Kv∥1 ≤ CKn/2∥v∥XK
.

The same bounds hold after fixed detector and high-pass masks, with uniform rescaled seminorms,
are included in each βℓ. These masks act on the annular datum; the separate zero atom is unchanged.
The corresponding raw map may depend on j. Choose a fixed smooth χslice inside the larger wave
validity region, equal to one near X and the measurement support. Then

(G.33) GK
j v = χslicee

−iSj/τjdWj(BKv), ∥GK
j v∥Hs(Rn;CN×n) ≤ CsK

s+1/2∥v∥XK
, K ≥ L.

At order zero the bound holds for all K ≥ 1. This cutoff is used only in the norm; the actual fields
are unchanged. At any prescribed finite order the raw slice bound holds for K ≥ 1 under bounded
coefficient and initial-data jets through the fixed shifted orders. For every f with supp f̂ ⊂ BCK ,
the physical bound is

(G.34) ∥e−iSj/τjdWj(f)∥Cm(supp χslice) ≤ Cm(K + L)m∥f̂∥1.

These are the same smooth integral fields for arbitrary v ∈ XK .
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Proof. On an initial annulus of radius κ, dimension n− 1, Fourier Cauchy–Schwarz with the input
half-derivative gives ∥DmBκv∥∞ ≤ Cmκ

m+n/2∥v∥2. Cauchy–Schwarz over the annuli and their
geometric squared-power sum prove (G.32).

Use the componentwise slice estimate of Setup G.3 on the entire larger support. On an initial
annulus κ ≤ CK, a term with q phase factors after s physical derivatives has prefactor κq. Its
primitive excess through the additional M slice derivatives is at most s− q +M +Dpr. The fixed
reserve Dpr + rpar + 2 therefore gives the CM bound Csκ

qLs−q ≤ CsK
s. The squared slice bound is

CsK
2sκ; Cauchy–Schwarz and

∑
κ≤CK κ ≤ CK prove (G.33). At order zero only uniform low slice

seminorms enter; bounded jets at prescribed finite orders allow L = 1.
The quotient formula (G.18) gives |Dr

xϕj | ≤ CrKL
r−1 for r ≥ 1. A term with q phase derivatives

in an order-m product costs KqLm−q ≤ (K+L)m. Integrating against |f̂ | proves (G.34). Compactly
Fourier-supported L2 data have all polynomial moments in L1, proving smoothness at every order.

□

Appendix H. Ambient response to modulated waves

H.1. The fixed response and its inputs. We select the regular construction of Setup F.2 on an
entire primary patch, using the full graphs and literal weighted coordinate inverse of Appendix E.

Theorem H.1 (A fixed real response on an entire primary patch). Use one compact pointed
primary patch of Theorem G.4, with section t = 0, phase ϕG, a fixed compact neighborhood Z of
every allowed shifted carrier, and the larger convex modulation chart. Write hG = pG|ξ|1−n. The
simple-root branch gives

∂tϕG = HG(t, y, ∂yϕG), ϕG(0, y, ζ) = y · ζ.
Choose symmetric regular sectors Γin ⋐ Γout inside the common energy chart of this branch and its
antipode, containing the entire positive family and its antipode with compact buffers on the larger
physical box. All root and projection gaps are uniform on the fixed low neighborhood.

The real regular family of Setup F.2 can use just these two conjugate charts. The positive chart
has section-energy phase ΦG(x, e, η′) satisfying

hG(x, dxΦG(x, e, η′)) = e, ΦG(0, y, e, η′) = y · η′,

ΦG(x, 0, ζ) = ϕG(x, ζ) (ζ ∈ Z).
Both canonical projections have uniform inverse gaps. The literal coordinate inverse is the weighted
adjoint of (E.21), with its original source and target cutoffs; the central inverse carrier is (0, ζ).
For either primary sign, the opposite source piece and A± − I have a fixed normalized source gap,
including all shoulders. The full low-frequency part and source-cut errors remain in the selected
residual.

This family obeys Theorem F.3: its fixed complete residual RG and cutoffs give T = (I +
χ2RGχ3)−1 on the entire L2 space. The signed partners and literal adjoints use the full identi-
ties in Setup F.2, including both integral weights and endpoint buffers.

For finitely many primary patches, choose common finite-low bounds, buffer minima and one
response ball Uresp inside all patch cores. All source and observation plateaus are fixed there before
frequencies, samples and requested accuracies. Every Fourier atom or measure datum in a patch
uses that patch’s same selected map.

Proof. On the compact primary family, ∂ξthG = |ξ|1−n∂ξtpG has a uniform nonzero gap. Its trans-
verse covector is also bounded away from zero: if ξ′ = 0, Euler’s identity would give 0 = hG =
ξt∂ξthG. Lemma D.7 therefore gives the unique homogeneous root and phase

hG(x, hG(x, e, η′), η′) = e, |e| ≤ ϵe|η′|,(H.1)
∂tΦG = hG(t, y, e, ∂yΦG), ΦG(0, y, e, η′) = y · η′,(H.2)
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with common buffered projection gaps and joint one-high bounds. At e = 0 this is the primary
Cauchy problem; uniqueness proves phase equality on the whole shifted-carrier compact.

Shrink the physical strip and coefficient neighborhood once. Choose a smooth angular a+, inde-
pendent of the source base, equal to one near that positive family and supported in its common
energy chart, with support disjoint from its antipode. Put
(H.3) a−(ω) = a+(−ω), aΓ = a+ + a−.

The same T, T̃ , V, J handles the whole positive support, including e ̸= 0; its exact partner handles
the negative support. Use the common high-frequency cutoff and a right source plateau near
suppχ3, leaving the low piece in the complete residual. Both inactive differences have the stated
full source gap.

Choose the literal coordinate inverse’s source plateau to contain the full canonical preimage of
the inner target. At (e, η′) = (0, ζ), phase equality and Euler’s identity give

dxΦG = dxϕG, ΦG = ζ · ΦG,η′ = z′ · ζ, z = ΦG,η.

The mixed inverse gap makes this the unique central inverse carrier. Proposition E.8 applied to
this phase and partition gives the actual weighted inverse, its source-cut error, signed factors and
complete residual, with all original cutoffs and integral buffers. Theorem F.3 gives T . Finite buffer
minima and a ball inside every patch core give the common response choices. □

The operator and all carrier-compatible geometric choices are now fixed. Theorem H.3 below
proves the quantitative packet estimates for this selection from its literal kernels and the separate
profile hypotheses.

Setup H.2 (The proved response and its profile). Use the immersion and reduced system of
Definition G.2, and the per-patch real response just fixed on a buffered chart X. The metric,
normal and Gram gaps are positive. Write

K = χ2RGχ3, T = (I + K)−1, VG = VG.

Fix a source cutoff χ ∈ C∞
c (X) inside Int{χ2 = 1} and the primary phase chart. Source and

observation supports are those of Setup A.1; the primary identity region is ULAG.
The additional quantitative hypothesis is the actual profile

(H.4) ∥aG∥Cv + ∥G∥Cv ≤ DvT
(v−R∗)+ , v ≥ 0, T ≥ 1.

Here aG contains the principal and connection coefficients of PG; it does not determine G. Choose
R∗ > clin + 2, also above the fixed geometric jet reserves, before observation and tail orders. The
reconstruction coefficients, including one derivative of VG, are smooth functions of a fixed jet jqgeoG
with the one-high bounds of Lemma B.3.

Theorem E.6 and Proposition E.8 give the selected full graphs, weighted coordinate inverses,
diagonal and source factors, and exact inner-cutoff products uniform L2 bounds and fixed-shift
Sobolev estimates. Supported-adjoint duality gives negative integer orders; the signed integrals
and their literal adjoints preserve these orders with the original weights and endpoint buffers. The
inverse and solver obey (F.9) and (F.6). Together with the profile, these give polynomial costs at
every fixed order used below. Ambient differentiation is counted separately.

With the original cutoffs, the complex-linear extension of the real solver in (E.37) is

(H.5) SC
G,Γ = χout

i

∑
±
T̃±J±V±A±.

Only the transport graph T , with invertible matrix amplitude U , is inverted by V . The complete
antipodal sum is real; all low and cutoff errors belong to RG.

Lemma 7.1 and Proposition 7.2 verify this profile for the iteration.
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H.2. Carrier transfer through the fixed factor family. The actual profiles in Setup H.2 give
the common scale L∗ = T by Theorem F.4.

Theorem H.3 (Carrier transfer through the fixed factor family). Use that setup and its whole-patch
choice. On every active chart, with ζc = (0, ζ), the section-energy phase satisfies
(H.6) S(x, ζc) = ϕG(x, ζ).
For fixed 0 < ν < 1, suppose

L∗ ≤ K, 2 ≤ K ≤ λ1−ν .

Let A be T , T̃ , V , a full graph error from this active chart, or any literal adjoint, with order at most
zero and its actual cutoffs. The forward carriers are Ein = eiλz·ζc and Eout = eiλϕG(x); adjoint-phase
graphs use the reverse pair. If ∥f∥Hp ≤ CpA0K

p for p ≥ 0, then

(H.7) ∥E−1
outAEinf∥Hs ≤ CsA0K

s.

The same profile holds through every fixed finite sum or chain with matching carriers, including
physical multipliers, the buffered signed integrals and their literal adjoints. It holds for the complete
residual and solver chains after the source cutoff. Every inactive source component and A+ − I
applied to the original supported carrier input has norm Cs,QA0λ

−Q in physical and demodulated
Hs. All statements use full supports and literal Hilbert measures; constants may use finitely many
profile constants, while factors, cutoffs and their orders are fixed.

These conclusions hold jointly on any fixed compact smooth parameter box c, with ζc = (0, ζ(c)) in
the full shifted-covector chart. The frequency and all actual operators are fixed when differentiating c.
If ∥∂α

c fc∥Hp ≤ Cp,αA0K
p+|α|, the left side of (H.7), after ∂α

c , is at most Cs,αA0K
s+|α|. Parameter

derivatives of the complete complementary errors have the same arbitrary precision.

Proof. Put L = L∗. Phase equality follows from the common Cauchy problem. The full symbols
have the bounds (F.14). Each order-at-most-zero factor has uniform L2 norm by the cited calculus;
its required low seminorms lie in the fixed CR∗ bound, independently of K,λ. We first estimate each
near-carrier graph on the whole envelope Sobolev space and then bound its complete complement.
Derivative transfer in both graph directions. Set η = λζc + δ and ∆S = S(x, λζc + δ) −
S(x, λζc). In the proof select |δ| ≤ cλ inside the larger convex carrier chart. For one small fixed
c > 0,

B(x, δ) =
∫ 1

0
Sxξ(x, λζc + tδ) dt, Dx∆S = Bδ

has a uniform inverse: B is uniformly close to Sxξ(x, λζc) on every physical support. All other
supports belong to the complete complement below. Homogeneity gives the parameter identity

∂c∆S = Ccδ, Cc = (∂cζc)T
∫ 1

0
Sξξ(x, ζc + tδ/λ) dt.

These coefficients have normalized order zero and the joint grades of B.
The exact demodulated forward phase is ∆S−z·δ. An output derivative produces Bδ; integration

in z transfers δ to an input derivative, or differentiates the full amplitude. For the reverse phase
z ·δ−∆S, use δ = B−1Dx∆S and integrate in x. The parameter term Ccδ transfers in the same way;
∂ca(x, z, λζc+δ) contributes only normalized covector derivatives of order zero. The actual compact
weights remove boundary terms. The induction (E.20) now applies with B in place of Sxξ. Each
modified amplitude has primitive derivative excess s − |β|, including the second physical position.
Its low L2 seminorm costs the fixed clin extra orders. The actual profile and R∗ > clin + 2 bound
it by CsL

s−|β|. Covector derivatives are normalized on η ≍ λ; the selector costs λ−1 per derivative,
so every modified amplitude still has order zero. The actual L2 calculus, in both directions, gives

(H.8) ∥Aλf∥Hs ≤ Cs

s∑
r=0

Ls−r∥f∥Hr .
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This includes the weighted amplitude jSU−1 of the literal coordinate inverse. Since L ≤ K, it proves
the stated profile for the near-carrier graph, without projecting the datum. Counting physical and
parameter derivatives together gives the joint assertion: each derivative lands on the source or adds
one graded amplitude derivative. With finitely many bounded jets, take L = 1, K ≥ 1 at the
prescribed joint orders.

For the complete complement put Kfar = cλ1−ν/2 and split the source envelope there. On the
lower part, the full source-gradient gap outside the preceding carrier neighborhood is c(λ+ |η|): use
z for a forward graph and x for its adjoint phase. Source integration and dyadic summation, as in
Lemma F.9, give the bound

Cs,qA0λ
csK

n/2
far (L/λ)q, L/λ ≤ λ−ν .

Here cs is fixed before q. Every radial or angular shoulder and bounded-frequency piece has this
same gap. The upper source has

∥f>Kfar∥Ht ≤ Ct,pA0K
pKt−p

far ≤ Ct,pA0λ
t−νp/2.

Increasing q, p pays every fixed tame, carrier and demodulation cost, giving any prescribed precision
in λ for the full complement. Proposition C.7 gives the same bounds for the pure Fourier inactive
source factors and A+ − I. A fixed cutoff transfers torus profiles to the physical chart by Leibniz’s
rule, so this argument also covers torus data.

Physical multipliers preserve the profile since their jets have grade Lr ≤ Kr. The zero-time
canonical carrier commutes exactly with the signed integrals. Their direct Sobolev estimates in
Proposition C.10 preserve the same profile, including the literal adjoints with exchanged weights
and upper input buffers. Thus every near-carrier factor preserves the profile, and every complement
has arbitrary λ precision. Propagate each complement through the remaining fixed factors using
their polynomial Sobolev costs, choosing its precision higher beforehand. This proves the assertion
for fixed chains without successive envelope projections. The complete signed identities preserve
all original cutoff orders. A fixed number of parameter derivatives in the original complementary
expressions adds only a fixed power of λ; increasing the internal precision gives their stated joint
bounds.

For the actual solver and residual, first apply their literal source operators. Every input is first
multiplied by χ3 or is supported in suppχ2, where the right physical source cutoff is one. Thus A+
is the identity up to the preceding λ-small error and every other source term has the same precision.
In the positive residual keep the exact ordered terms (TV − I)A+ and (LGT̃ − TDt)JV A+ from
the differential identity and the buffered DtJ identity. Estimate TV and I separately for carrier
transfer; their difference is never set to zero. Its gain-one bound is the independent complete-
normal estimate of Appendix E. The remaining measured error is a full order-−1 graph or the
exact source-cut graph product. Thus the graph and integral estimates apply to these complete
chains, with every original cutoff in its original order. □

H.3. Full ambient strain reconstruction.

Proposition H.4 (Exact full-tensor identity). Let GramG = (Qi : Qj) and define, for a symmetric
tensor h supported where χ2 = 1,

(H.9) ei = 1
2Qi : h, z = T (χ2e), u = SG,Γz, BGh = VG(u) − 1

2NGh.

This is one real linear map, extended complex linearly when needed. On Ucore,

(H.10) DγG(BGh) − h = 2
∑
i,j

Qi(Gram−1
G )ij(AΓ − I)zj .

All complete residual components remain inside this same z.
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Proof. The map is exactly the normal completion in (2.5). Substitute PGu = e + (AΓ − I)z from
(F.10) into (2.6) to obtain the stated identity. The real solver and normal inverse give real linearity;
complex linear extension preserves the formula. □

For a reduced source e satisfying Theorem F.8, (H.10) converts its angular error into the full
tensor error. This uses that theorem’s actual coefficient profile and protection of the entire product
suppχ2×V ′

0 . The fixed frame multipliers cost only a polynomial at each observation order, absorbed
by a higher internal accuracy.

H.4. Graded sources and the full ambient response.

Proposition H.5 (Displacement and derivative of the same graded response). Keep the same fixed
real ambient map, source cutoff and buffered observation cutoff χcore. Let λ,K ≥ 2 obey
(H.11) L∗ ≤ K ≤ λ1−ν , 0 < ν < 1.
Let a be a smooth complex symmetric-tensor envelope on the fixed auxiliary torus or on Rn, with
(H.12) ∥a∥Hp ≤ CpAK

p, p ≥ 0,
where A ≥ 0. Put h = χeiλϕGa, Y = BC

Gh, and

(H.13) U = e−iλϕGχcoreY, D = e−iλϕGχcoredY.

The explicit bounds are
∥U∥Hs ≤ CsAλK

s,(H.14)
∥D∥Hs ≤ CsAλ

2Ks,(H.15)
for every fixed s. On each fixed compact inner identity core,
(H.16) ∥DγGY − h∥Hs ≤ Cs,QAλ

−Q.

All orders use the same field and map. In particular exact-band data supp â ⊂ BK satisfy these
conclusions with A = ∥a∥2. Physical derivatives keep their carrier factors; D is the demodulated
physical derivative. For the parameter families of Theorem H.3, assume ∥∂α

c ac∥Hp ≤ Cp,αAK
p+|α|.

The same envelope bounds hold after ∂α
c , with an additional K |α| on the right.

Proof. The profile in Setup H.2, with R∗ > qgeo, gives by Corollary B.4
(H.17) ∥c(G)∥Cr + ∥dϕG∥Cr ≤ CrL

r
∗.

Leibniz’s rule and L∗ ≤ K give f = (Qi : a/2)i the profile ∥f∥Hp ≤ CpAK
p. Thus z = T (χeiλϕGf)

and u = SG,Γz.
Theorem H.3 applies directly to this graded f . For h0 = χeiλϕGf , every fixed Kjh0 and SG,ΓKjh0

has demodulated profile Cj,sAK
s. Append the angular source factor to each finite chain. Its input

is supported in suppχ2, inside the original right source plateau, so
(AΓ − I)Kjh0 = Oj,s,Q(Aλ−Q) in Hs.

Only for the original source, the same full source gap and high-envelope split give ∥h0∥H−N ≤
CNAλ

−N . Apply (F.27) with ρ = λ and the operators e−iλϕGSG,Γ and AΓ − I, whose Sobolev costs
are fixed polynomials. Since L∗/λ ≤ λ−ν , the finite-chain estimates prove
(H.18) ∥e−iλϕGu∥Hs ≤ CsAK

s, ∥(AΓ − I)z∥Hs ≤ Cs,QAλ
−Q.

The fixed Gram and frame multipliers cost only a polynomial at each observation order. Increase
the internal precision by that fixed cost and apply (H.10) to prove the strain estimate.

Write u = eiλϕGg. The literal reconstruction gives du = eiλϕG(iλdϕG g + dg). By (H.17) and
K ≤ λ, VG(u) costs at most λ and dVG(u) at most λ2 beyond the reduced profile. Every additional
derivative acts on an envelope or slow coefficient and costs K. The term −NGh/2 obeys the same
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bounds, also after the fixed observation cutoff. For parameter derivatives apply the joint factor
bounds to the same finite expansion. In its last term the fixed K, T are unchanged; derivatives hit
the original source or final carrier. At total order k their additional cost is at most λk, absorbed
by a larger finite depth. Reconstruction then gives the stated joint bounds. Real data give real
responses by the unchanged conjugate pairing. □

Corollary H.6 (A fixed finite jet budget). Fix a nonnegative integer S and 0 < ν < 1. There
is a finite integer m = m(S, ν), depending also on the fixed construction, with the following prop-
erty. Suppose ∥aG∥Cm + ∥G∥Cm is uniformly bounded and the joint source bounds of the preceding
proposition hold through total order m (with no parameter derivatives for a single source). If

λ ≥ 2, 1 ≤ K ≤ λ1−ν ,

then the same response and envelopes in (H.13) satisfy

∥∂α
c U∥Hs ≤ Cs,αAλK

s+|α|, ∥∂α
c D∥Hs ≤ Cs,αAλ

2Ks+|α|, s+ |α| ≤ S.

The budget is fixed before frequency and changes none of the operators, fields or domains. It is
independent of any later strain accuracy.

Proof. The preceding proof through joint order s1 = S + 2 uses only finitely many source and
coefficient derivatives. At those orders use (H.8) with L = 1, K ≥ 1, and the same complete source
split. In (F.25), take N > s1 + 2; apply the bounded fixed-order solver and demodulate. The last
term is at most CN,s1Aλ

s1−N in Hs1 . The finite sum has the proved envelope profiles, and the same
reconstruction adds at most two derivatives and carrier factors. Choose the internal complement
precision once to absorb these fixed costs, and let m be the largest derivative order used. Only S, ν
and the fixed construction enter this choice. □

Corollary H.7 (The corrected atomic family). Use the two-term primary on its whole compact
shifted-carrier patch. Choose the fixed history reserve to include m(M+2+ℓ+rpar, ν), the primary
shifts and the initial-data orders, where ℓ = ⌊n/2⌋ + 1 and rpar = M + 3. For the same source and
observation cutoffs, put

Yτ = BC
G(χsrcDγGWpr

τ ), Wcur
τ = Wpr

τ − Yτ .

Write Acur
τ = e−iSG/τdWcur

τ . On the observation support, through parameter orders k ≤ rpar and
uniformly over the fixed radial labels,

(H.19) λ∥Dr
xD

k
c (e−iSG/τ Yτ )∥∞ + ∥Dr

xD
k
c (e−iSG/τdYτ )∥∞ ≤ Cr,kλ

−1T (r−M)+ .

Thus the corrected family has the original phase and the mixed amplitude bounds (G.13), with the
same leading tensor. Its full strain has arbitrary precision on the inner identity core. The raw slice
and sampling conclusions of Theorems G.8 and G.6 apply to this same corrected family. All choices
precede sampling and accuracy.

There is also one fixed shift Dat. If an initial scalar has ∥r∥Cs ≤ CsT
s+B with B ≥ 0 and the

prescribed bounded low jets, then

(H.20) ∥Ds
xD

k
c (Acur

τ (r) −A0(r))∥∞ ≤ Cs,kλ
−1T s+k+B+Dat .

The shift is independent of s, k,B and accuracy.
The atomic maps and A0 are linear in their initial scalar r. At every prescribed joint order s,

one finite jet budget ds gives, for Eτ (r) = ℜ[(Acur
τ (r))∗Acur

τ (r)] −A0(r)∗A0(r),

(H.21) ∥Eτ (r) − Eτ (r̃)∥Cs ≤ Csλ
−1(∥r∥Cds + ∥r̃∥Cds )∥r − r̃∥Cds .

The same coefficient budget is imposed on G; ds is independent of frequencies and any later accuracy.
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Proof. The complete atomic strain is λ−3 times the graded amplitude in (G.22). For each k ≤ rpar,
the finite-jet corollary at K = 1 gives both normalized response envelopes in CM+2 with size
Cλ−1. The joint graded response at K = T gives their Cj norm at most Cj,kλ

−1T j+k+ℓ. For
r > M + 2, choose j ≥ r + (M + k + ℓ)(r − M − 1). Interpolation from CM+1 in x has exponent
(j + k + ℓ)(r −M − 1)/(j −M − 1) ≤ r −M . The low estimate covers the remaining orders. The
full response identity proves the strain assertion.

The corrected field is still an integral on the exact original phase; linearity of the fixed response
permits integration of its atoms. Its full and slice amplitudes on the shifted-carrier charts satisfy
the hypotheses used in the two cited proofs; the reserve M pays the additional slice seminorms after
physical differentiation. Their operator bounds, normal homotopy and independent lattice sampling
apply without changing cutoffs or data; qquad < rpar also covers the background quadrature. No
derivative of the actual inverse with respect to a parameter is used.

For the offset profile, the fixed one-high primary bounds give the complete source size λ−3TB+Dpr

at scale K = T , including joint derivatives. Apply the graded response and the fixed physical
Sobolev embedding, with Dat = Dpr + ℓ. This proves (H.20). Linearity follows from the scalar
transport, algebraic correction and fixed response. The finite-jet estimates applied to an initial
scalar difference give ∥Acur

τ (r) − A0(r)∥Cs ≤ Csλ
−1∥r∥Cds . Expand the two Hermitian products

and use bilinearity to obtain (H.21). □

Appendix I. Transported positive backgrounds and current rows

I.1. The common geometry and row. We use the actual reference and carrier charts of Ap-
pendix D and the primary maps of Appendix G on the domains of Setup A.1. The choices below
fix their common finite-low neighborhood and define the continuum row. We prove its full-output
lower bound, one inverse and positive density correction, then compare that same row with the
sampled waves. Appendix M verifies the later frequency and history windows.

Definition I.1 (Second form and reduced strain). Use the actual geometry and ambient formulas
of Definition G.2, with gG = γ(G) and NG = NorG. For the fixed cube tensors of Appendix D, put

QG,i = ΠKG
Q0

i , GG = (QG,i : QG,j)n
i,j=1.

Proposition D.9 gives this frame and its positive Gram gap on one fixed C2 neighborhood. Use PG

of (G.3) with this frame, and write

qG(H) = (QG,i : H)n
i=1, qG(x, ξ) = qG(ξ ⊗ ξ).

The rational second-jet formulas and Lemma B.3 give

(I.1) ∥ΠKG
∥Cr +

∑
i

∥QG,i∥Cr + ∥G −1
G ∥Cr + ∥ coeff(PG)∥Cr ≤ Cr(1 + ∥G∥Cr+2).

Replacing BG by BG/σ leaves its kernel projection unchanged. Uniform normalized gaps and
fixed-order bounds for dG, BG/σ and the metric connection therefore give uniform frame and
reduced-operator bounds. The tangent, normal and reconstruction identities are (2.2) and (G.6),
pointwise on W .

The actual flat reference and its fixed neighborhood are given by Proposition D.4, Corollary D.5
and Proposition D.9.

Definition I.2 (Cube geometry and Hamilton carriers). Use the analytic flat F0 of Proposition D.4,
with surjective actual second form and projected frame QF0,i = ΠKF0

Q0
i , QF0,i(0) = Q0

i . Keep these
fixed reference tensors and put

Gσ(x) = F0(σx) − F0(0)
σ

.
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For small positive σ, its metric is I, its normal gap is positive and its actual frame is C6 close to

Q0
i = eie

T
i − cnJ, M0(ξ) = diag(ξi) − cn

(∑
i

ξi

)
J,

where cn = (n − 4)−2 and J is the all-ones matrix. Use the finite full-sphere cover, simple-
characteristic patches z = (s, v) ∈ R × R2 and buffered phase charts of Propositions D.6–D.10.
These constructions hold on one fixed finite Cd neighborhood. For the normalized family use
common boxes and normalized gaps down to σ = 0.

On each patch use adapted coordinates x = (t, y), transverse covector ζ ∈ Rn−1, and an actual
Hamilton phase satisfying

pG(x, dxSG(x, ζ)) = 0, SG(0, y, ζ) = y · ζ.

The carrier map is ζa(z). Write

ξG,a = dxSG(x, ζa(z)), YG,a = dζSG(x, ζa(z)), ΦG,a(x, z, η) = YG,a(x, z) · η.

The matrix MG(x, ξG,a) has rank n−1. Smooth real right and left nullvectors kG, lG are selected by
fixed nonzero minors. A positive real scalar transport with prescribed positive initial scalar gives
bG = αGkG and satisfies lTGPGbG = 0. Its normal field and transport derivative are

νG = NG(ξG Sym bG), A0 = −νG ⊗ ξG.

Here ξ Sym b = (ξbT + bξT )/2. Both νG and ξG have positive lower bounds on the selected compact
supports. Their mixed spatial, carrier and transverse-covector derivatives satisfy

(I.2) ∥Dm(SG, A0, νG)∥ ≤ Cm(1 + ∥G∥Cm+D )

with one fixed D, under the fixed finite low coefficient bounds. For variable initial scalar r, the
right side also includes one ∥r∥Cm+D ; this follows from its initial value evaluated at YG times the
scalar flow exponential.

Use the interior incidence roots za(G;x, k̂) of Proposition D.9. They satisfy

k̂ · dξpG(x, ξG,a) = 0, |∂s(k̂ · dξpG(x, ξG,a))| ≥ c,

and the augmented Gram bound

|MG(x, k̂)Tw|2 +
∑

a

|w · qG(x, ξG,a)|2 ≥ c|w|2 (w ∈ Rn)

on each neighborhood of the full-sphere cover.
For fixed spectator v, the averaged-gradient map

(I.3) ΨG(x, x′, s, v, η) =
∫ 1

0
dxΦG(x′ + t(x− x′), s, v, η) dt

is injective on one fixed buffered annular chart in (s, η) and has a common inverse output chart.
Its determinant is bounded away from zero on that chart. The corresponding averaged y-gradient
charts are also buffered and injective. The full-dispersion phases

ϕϵ(x, z, θ) = SG(x, ζa(z) + ϵθ) − SG(x, ζa(z))
ϵ

=
∫ 1

0
dζSG(x, ζa(z) + tϵθ) · θ dt

have the same buffered charts for 0 ≤ ϵ ≤ ϵ0; at zero they give the transport phase. Proposition D.10
gives the finite-low inverse-chart bounds, and Theorem G.4 gives (I.2). Use their common parameter
neighborhoods, containing every shifted covector in Definition I.10.

Use the full-amplitude bounds and diagonal reduction of Theorem E.6, with its finite-low de-
rivative requirements included in the fixed neighborhood. The transport normal becomes a PDO
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amplitude under the exact conic change (I.3); fixed-jet substitution and (B.9) give its one-high esti-
mates, also for literal adjoints. For C = 2ℜT , the raw inner product is ℜ

∫
fh on both quadratures,

and
(I.4) C∗w = 2T ∗w, CC∗w = 4ℜ(TT ∗w) (w real).
All derivative shifts precede observation and accuracy.

I.2. The full continuum normal and its low-frequency completion. We prove a full-output
lower bound from the global incidence Gram estimate.

Definition I.3 (Continuum row). Fix one sufficiently rescaled reference Gref = Gσ and a small
fixed Cd neighborhood of it. Fix domains

Ucore ⋐ Br ⋐ Umeas ⋐W

and a flat auxiliary torus containing W . The radius r will be chosen sufficiently small. All exten-
sions and cutoffs are fixed before G varies. Take χmeas = 1 throughout Br, with support strictly
inside Umeas, and χsrc = 1 near Br, with support in W . For every carrier patch choose a smooth
nonnegative ρa(z, η̂), positive near the selected incidence roots and their modulation directions,
compactly supported in the buffered input charts. Let χhi = 0 for |η| ≤ 1 and χhi = 1 for |η| ≥ 2.

With one fixed Fourier normalization, define the complex channel by

(I.5) Taf(x) =
∫
eiΦG,a(x,z,η)χmeasρaχhi(|η|)|η|1/2|νa(x, z)|2qG(x, ξa(x, z))f(z, η) dz dη.

The output is zero outside the chart, and the input is the full complex L2(z, η). Set Ca = 2ℜTa.
The physical row is the direct-sum row

Aphys =
(
χmeasPG⟨D⟩−1χsrc, (Ca)a

)
.

Take a real ψ with ψ = 1 on Ucore and suppψ ⋐ Br. Append Aout = 1 − ψ and write
Aaug = (Aphys, Aout), Eaug = AaugA

∗
aug.

The exterior input is auxiliary data on the torus. It is not a Euclidean ambient coordinate.

Proposition I.4 (Continuum lower bound and auxiliary inverse). For one sufficiently small fixed
r and one sufficiently small finite Cd neighborhood of Gref , every row in Definition I.3 is bounded
on its full L2 spaces. Uniformly for real f supported in Br,

(I.6)
∥∥∥A∗

physf
∥∥∥2

2
≥ c ∥f∥2

2 .

On the entire real auxiliary torus,
(I.7) Eaug ≥ c0I.

It has one bounded self-adjoint L2 inverse. The exterior channel vanishes on Ucore. The same
choices work after multiplying each prescribed initial scalar by

√
1 + va(z, y), with 1/2 ≤ 1+va ≤ 3/2

and ∥va∥Cd0 ≤ 1, where d0 includes the complete normal proof’s fixed low derivative reserves.

Proof. Fix σ > 0 and one common finite neighborhood preserving the stated gaps, chart buffers
and amplitude bounds. In this proposition the geometric constants may depend on σ. All choices
include the stated fixed-low class of initial multipliers.
Step 1. The exact transport normal. The transport derivative has QG,i : A∗

0A0 = |νa|2QG,i :
(ξa ⊗ ξa), which gives the amplitude in (I.5). For fixed spectator v, Φa(x, s, v, η) − Φa(x′, s, v, η) =
(x − x′) · Ψa(x, x′, s, v, η). The annular inverse extends homogeneously to the cone over a smaller
compact support. The transverse output block is close to η, so equal outputs have input-magnitude
ratio close to one. Reduce the fixed angular support and perturbation size to fit the annular buffer.
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A common normalization then puts both inputs in that buffered chart, where injectivity holds.
Homogeneity and the inverse identity give

(I.8) Ja = | detD(s,η)Ψa|, c|η| ≤ Ja ≤ C|η|.

Changing exactly to k = Ψa in TaT
∗
a gives its kernel

KTaT ∗
a
(x, x′) =

∫
ei(x−x′)·kbT,a(x, x′, k) dk,

where, at (s, η) = ua(x, x′, v, k),

bT,a(x, x′, k) = χmeas(x)χmeas(x′)
∫

v

ρa(s, v, η̂)2χhi(|η|)2|η|
Ja

· |νa(x, z)|2|νa(x′, z)|2qG(x, ξa(x, z))qG(x′, ξa(x′, z))T dv.

(I.9)

Thus the normalized PDO amplitude in Theorem E.6 is (2π)nbT,a. The input support lies strictly
inside the inverse chart, so zero extension is smooth. The two half weights cancel the degree-one
Jacobian. Differentiating the inverse identity gives order-zero full-amplitude estimates, with one
high geometric norm; each k derivative lowers order. The finite-low full-space bound therefore
controls Ta and Ca.

For k ̸= 0, define its homogeneous diagonal by

(I.10) d0,a(x, k) = bT,a(x, x, k)|χhi=1 .

Since |η| ≍ |k|, the part containing χ2
hi − 1 is a bounded-frequency smoothing term. The identity

CaC
∗
a = 4ℜ(TaT

∗
a ) and full-amplitude reduction in Theorem E.6 give the real principal matrix

(I.11) ba(x, k) = 2(2π)n[d0,a(x, k) + d0,a(x,−k)] ≥ 2(2π)nd0,a(x, k).

No evenness of the input mask is required. There are an actual order-minus-one reduction error
and the bounded-frequency error. Their literal adjoints have the same gains and fixed shifts.

For the image normal, the fixed-source formula at phase x · ξ moves χ2
src past ⟨D⟩−1 with an

order-minus-two error. The next inverse multiplier and the two first-order factors PG, P
∗
G leave

an order-minus-one error. The leading full amplitude is MG(x, ξ)MG(x′, ξ)∗⟨ξ⟩−2 times the fixed
cutoffs. The same direct diagonal reduction therefore applies.
Step 2. Principal positivity. Differentiating pG(x, dxSG) = 0 in ζ shows that DζdxSG maps
onto the characteristic tangent hyperplane; its transverse block has rank n− 1. At each incidence
root there is therefore a unique nonzero ηa with dxΦa = k̂. The incidence derivative bounds Ja/|ηa|
above and below. Choose ρa positive near these root/modulation pairs.

The image normal has principal matrix MGM
T
G up to a fixed positive normalization. If it and

all d0,a annihilate w, then MT
Gw = 0. The homogeneous positive weights in (I.10) and continuity

also give w · qG(x, ξG,a) = 0 at every selected incidence root. The augmented Gram bound forces
w = 0. Compactness and continuity therefore give a uniform positive gap on the entire sphere. For
the allowed initial multiplier, scalar transport multiplies νa by

√
1 + va(z, YG,a). Every detector

symbol weight is therefore multiplied by (1 + va)2 ≥ 1/4, and its finite-low full-amplitude bounds
remain uniform. The gap persists under the chosen finite-low perturbations.
Step 3. Low frequencies and small support. Fix a plateau χ = 1 near the eventual Br, inside
the positive principal-symbol region. Full-amplitude reduction gives

χAphysA
∗
phys = χOp(e0) +R0, R0 : H−1 −→ L2.

Choose a fixed smooth low-frequency extension with e0(0, k) ≥ cI. Near Br, Taylor’s formula gives

Op(e0) − e0(0, D) =
∑

i

xiTi.
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The order-zero Ti have symbols
∫ 1

0 ∂xie0(tx, k) dt, extended with fixed cutoffs, and are uniformly
bounded. For f supported in Br, positivity of the frozen Fourier multiplier gives

∥A∗
physf∥2

2 ≥ c∥f∥2
2 −

∑
i

∥xif∥2∥Tif∥2 − C∥f∥H−1∥f∥2

≥ (c− Cr)∥f∥2
2.

Here ∥f∥H−1 ≤ Cr∥f∥2 follows from Sobolev duality and Hölder on the small support. Choose r
inside the fixed plateaus to absorb both errors. This proves (I.6).
Step 4. Exterior completion. Apply the local estimate to ψf . Global row boundedness gives

∥f∥2 ≤ ∥ψf∥2 + ∥(1 − ψ)f∥2 ≤ C∥A∗
physf∥2 + C ′∥(1 − ψ)f∥2.

Squaring proves (I.7). This bounded self-adjoint operator has closed range and zero kernel, so its
range is also dense. Its inverse is bounded and self-adjoint. The exterior row vanishes on Ucore. □

I.3. One inverse and its initial-variable adjoint. The L2 inverse, derivative commutators and
one derivative trade give the raw canonical data and physical density correction.

Proposition I.5 (The inverse and initial-variable adjoint). Use the common finite-low class of
Proposition I.4, including its positive initial scalars ra, and write

A = AG,r, E = AA∗, Cm = 1 + ∥G∥Cm +
∑

a

∥ra∥Cm .

Let Xs be the direct sum of auxiliary Hs inputs and carrier initial-variable Hs
z,y inputs before their

physical cutoffs. For one fixed B, the same inverse satisfies
(I.12) ∥E−1e∥Hs + ∥A∗E−1e∥Xs ≤ Cs[∥e∥Hs + Cs+B∥e∥2], s ≥ 0.
It preserves H∞, and A∗E−1 is a right inverse, whose exterior component is zero on Ucore. For the
real carrier adjoint C∗

a set

Daf = 2ℜ{χy(z, y)F−1
η [ρa(z, η̂)χhi(|η|)|η|1/2f(z, η)](y)},

where the fixed χy equals one at the core’s footpoints. After enlarging B once,

(I.13)
∑

a

∥DaC
∗
aE

−1e∥Hs
z,y

≤ Cs[∥e∥Hs+1 + Cs+B∥e∥2].

This includes all carrier and initial coordinates and also holds before χy.

Proof. The image, transport and exterior normals make E an order-zero PDO, with the full-
amplitude one-high bounds. For |α| = s ≥ 1, these bounds give
(I.14) ∥[Dα, E]v∥2 ≤ Cs[∥v∥Hs−1 + Cs+B∥v∥2].
In the commutator, at least one derivative hits the full amplitude; interpolation from its fixed
first-derivative baseline, jointly with v at Hs−1, gives the displayed additive bound.

Let z = E−1e. At order one, difference quotients justify (I.14): the PDO translation commutator
is uniformly bounded on L2 by the fundamental theorem of calculus. Thus E−1 preserves H1; self-
adjunction extends the same inverse to H−1. If z ∈ Hs−1, the distributional identity

EDαz = Dαe− [Dα, E]z
has right side in L2. Uniqueness in H−1 gives Dαz = E−1(Dαe− [Dα, E]z) ∈ L2. Integer induction
proves the first bound in (I.12), with the same B.

Image and exterior adjoints are order zero. For a carrier put A = DζdxSG and L = (AT A)−1AT .
The transverse gap gives
(I.15) dxΦ = Aη, η = LdxΦ, ∂zℓ

Φ = Vℓ · dxΦ, Vℓ = (∂zℓ
dζSG)L.
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Thus every initial or carrier phase derivative of T ∗
a v can be transposed to an x derivative. Compact

measurement support removes boundary terms. After s derivatives, a term with k derivatives on
v has coefficient excess s − k plus one fixed reserve. Its amplitude still has order |η|1/2; its paired
normal has order zero by the degree-one conic Jacobian. The full-amplitude bound, Plancherel and
interpolation give

Cs−k+c∥v∥Hk ≤ Cs[∥v∥Hs + Cs+c∥v∥2].
Sum these terms and insert v = E−1e, using the inverse at the high order and only its L2 bound
in the coefficient term. This proves the raw estimate. Scalar transport is r(z, YG) times its flow
factor, so the same calculation has one high G or r norm when the initial scalar varies.

Finally Da is a fixed half-order multiplier in y, followed by real part and χy. Its carrier derivatives
act on the fixed mask, so its Hs norm is bounded by the raw Hs+1 norm, also before χy. This
proves (I.13). The identity AA∗E−1 = I proves the right-inverse assertion; its exterior component
is (1 − ψ)E−1e. □

Proposition I.6 (Uniform normalization as the second form shrinks). For 0 < σ ≤ σ0, take Gσ

from Definition I.2 and use initial scalar σ for the null transports. All domains, cutoffs and carrier
charts in Definition I.3 can be chosen independently of σ. The fields

σ−1BGσ , σNGσ , σ−1bσ,a, SGσ , νσ,a, A0,σ

extend smoothly through σ = 0 in every fixed mixed space/carrier derivative. The normal fields νσ,a

keep a uniform positive lower bound. For fixed smooth compact nonnegative carrier weights wa, put

Hσ(x) =
∑

a

∫
wa(z)|νσ,a(x, z)|2ξσ,a(x, z) ⊗ ξσ,a(x, z) dz.

Its limit H0 is constant and positive semidefinite, and
(I.16) ∥Hσ −H0∥Cs ≤ Csσ.

The normalized augmented normal satisfies, on the entire auxiliary L2,
(I.17) Eσ ≥ cI, ∥E−1

σ f∥Hs + ∥A∗
σE

−1
σ f∥Xs ≤ Cs∥f∥Hs ,

with c, Cs independent of σ. The density estimate (I.13) is uniform as well, with right side
Cs∥f∥Hs+1. The algebraic limit at zero is used for these estimates only; G0 is not asserted to
have full normal rank.

Proof. On one small box for F0, construct the phase Ŝ and null transport b̂ with initial scalar 1.
Choose a fixed normalized box with σx in that domain. Corollary D.5 gives its flat metric and the
scaled second form and stress frame. The ambient formula and common Hamilton Cauchy data
then give

(I.18)
NGσ (x) = σ−1NF0(σx), Sσ(x, ζ) = σ−1Ŝ(σx, ζ),

bσ(x, ζ) = σb̂(σx, ζ), ξσ(x, ζ) = ξ̂(σx, ζ), νσ(x, ζ) = ν̂(σx, ζ).

Indeed the displayed phase has initial value y · ζ, and PGσ [σb̂(σx)] = σ2(PF0 b̂)(σx). Thus it has the
same leading scalar transport and initial scalar σ; uniqueness proves the identities.

Since Ŝ(0, ζ) = 0,

Sσ(x, ζ) =
∫ 1

0
x · dxŜ(tσx, ζ) dt.

Every normalized field therefore extends smoothly in all mixed variables through zero. There the
nonzero tensor ξ0 Sym k0 lies in K⊥

0 ; its inverse image under BF0(0)∗ is nonzero. Compact detector
supports give a common positive lower bound for ν. For the fixed carrier weights, the same identities
give Hσ(x) = Ĥ(σx) and H0 = Ĥ(0). The fundamental theorem of calculus proves (I.16) at every
fixed order.
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The normalized image and detector symbols have the frozen positive joint gap at zero. Their
full amplitudes, chart inverses and literal adjoints have uniform fixed-order bounds. Apply the
proofs of Propositions I.4 and I.5 to this compact normalized family, including its fixed-low initial
multiplier class: one common small ball absorbs the local errors, and the same exterior row gives
the full L2 gap. The inverse, raw and density estimates have uniform coefficients at every fixed
order. The physical domains stay fixed, with zero exterior row on Ucore. No norm continuity of
individual graph operators is used. □

I.4. The positive transported mean. The mean is affine in its initial density. One density
correction and tangent field cancel its reduced strain, at the normalized reference and throughout
its fixed neighborhood.

Proposition I.7 (A positive mean at the reference and nearby immersions). Use the normalized
family of Proposition I.6. Choose smooth nonnegative cutoffs χa compactly supported in the carrier
charts and equal to one near every detector projection. Fix the external carrier measure ψa dz =
χ2

a dz and put αa = ρa, so ρa = χaαa. Let H0 be the corresponding constant limiting mean and fix
X0(x) = −H0x/2, a source cutoff θ ∈ C∞

c (Br) equal to one on Ucore, and Ufin ⋐ Ucore.
For a positive σ and an immersion G near Gσ, use initial scalar σ and its uncorrected continuum

row A = AG,σ, E = AA∗. For the leading normal νG,σ,a with initial scalar σ, define the transported
mean with this fixed measure:

(I.19) HG[σ2(1 + v)] =
∑

a

∫
ψa|νG,σ,a|2[1 + va(z, YG,a)]ξG,a ⊗ ξG,a dz.

Define, with the same source and raw-input cutoffs,
R0 = DγG(dGX0) +HG[σ2],
e = −1

2θqG(R0), h = A∗E−1e,

ucorr = ⟨D⟩−1χsrchim,

XG = X0 + g−1
G ucorr,(I.20)

va = 4ℜF−1
η [αaχhi(|η|)|η|1/2ha].(I.21)

The source is smoothly zero-extended to the torus; the density synthesis is uncut in the initial spatial
variables. Put

rG,a = σ
√

1 + va, Vbase = dGXG.

For all sufficiently small σ > 0, and then on one sufficiently small fixed finite Cd neighborhood of
Gσ, these fields are real smooth, 1 + va ≥ 1/2, the scalar rG,a is positive on detector supports, and

(I.22) qG

(
DγGVbase +HG[r2

G]
)

= 0 on Ufin.

The corrected positive row has a full L2 gap and one all-Sobolev inverse. For one fixed B,

(I.23)
∑

a

∥rG,a∥Cs + ∥Vbase∥Cs(Ufin) + ∥DγGVbase∥Cs(Ufin) ≤ Cs(1 + ∥G∥Cs+B(W )).

The scalar norm includes all carrier and initial variables (z, y) on the fixed buffered patches; B
includes the one derivative in the tangent strain. These choices precede accuracy and any later
target dilation; fixed-order bounds are uniform on smooth compact families.

Along G = Gσ, the construction satisfies

(I.24)
∑

a

∥va∥Cs + ∥XG −X0∥Cs(W ) ≤ Csσ,

the identity holds on Ucore, and the corrected normal gap and fixed-order inverse bounds are uniform
as σ → 0.
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Proof. The density va has carrier support inside {χa = 1}, so ψava = va. Scalar transport evaluates
it at YG,a. The factor 4 in the uncut synthesis and Ca = 2ℜTa give, on the entire measurement
support,

(I.25) χmeasqG

(
HG[σ2(1 + v)] −HG[σ2]

)
= 2

∑
a

Caha.

The same identity holds for any fixed positive initial scalar and its row. On Ucore, θ = χmeas = ψ = 1,
so covector raising gives

qG(DγGVbase +HG[r2
G]) = qGR0 + 2PGucorr + 2

∑
a

Caha

= qGR0 + 2e = 0.
At Gσ the metric is I, so DγG(dGX0) = −H0 and R0 = Hσ − H0 = Os(σ). The uncorrected

row is the normalized row. Its uniform inverse, raw-adjoint and density bounds give h = Os(σ),
v = Os(σ) and XG − X0 = Os(σ). Choose σ so that v lies in the fixed-low multiplier class of
Proposition I.4. Its normalized proof gives a uniform corrected gap. Since v = Os(σ), the same
inverse proof has uniform coefficients at every fixed order.

Now fix this positive σ. Choose the neighborhood order above d0 plus the density and inverse
shifts, keeping the preselected support. A small neighborhood in that finite topology preserves the
uncorrected gap and the needed low smallness of e, v. The fixed-jet and transport formulas give
∥R0∥Cs + ∥e∥Hs ≤ Cs(1 + ∥G∥Cs+B1 ). Apply the inverse, adjoint, density and physical realization
estimates; every high coefficient multiplies a bounded low source norm. Covector raising, the
positive square root and the one tangent-strain derivative enlarge this fixed shift once, proving the
profile. The same fixed-low multiplier class gives the corrected gap and inverse throughout this
neighborhood. □

I.5. The row and its auxiliary fields. The continuum inverse uses one positive row. We truncate
every raw input before its physical realization.

Definition I.8 (One row and its input cuts). For the positive base of Proposition I.7, write
AG = (A0,G, TG), EG = AGA

∗
G, QG = E−1

G ,

where A0,G contains the image and exterior channels, and TG the real carrier channels. Every
geometric coefficient in this row belongs to G, rG.

Let πK be one real even Fourier contraction on each auxiliary torus input, equal to one below
K and zero above 2K. On the carrier input let P 2

K =
∑

κ≤K β2
κ be the fixed dyadic square prefix,

from an annular partition that sums to one on suppχhi. Set
PK = diag(πK , PK), FG,K = A0,Gπ

2
KA

∗
0,G, EG,K = AGP2

KA
∗
G.

All squares act on raw inputs. The spatial source and footpoint cutoffs remain in the original
operators after these multipliers. The raw norm Xs is the direct sum of auxiliary Hs norms and
carrier initial-variable Hs

z,y norms, before the footpoint cutoff. Each carrier component of A∗
G

contains χhi, and P 2
K = 1 on that support below cK. Hence

∥(I − P2
K)v∥X0 ≤ CsK

−s∥v∥Xs (v ∈ RanA∗
G ∩Xs).

Proposition I.5, composed with π2
K and the same strong order-zero auxiliary row, gives

∥QGe∥Hs + ∥A∗
GQGe∥Xs + ∥FG,KQGe∥Hs

≤ Cs[∥e∥Hs + Cs+B(G, rG)∥e∥2].
(I.26)

Here Cm(G, rG) = 1 + ∥G∥Cm +
∑

a ∥rG,a∥Cm . The fixed loss and constants are uniform in K; at
each prescribed low order the coefficient norm is bounded. The inverse and raw cutoff order are
unchanged.
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Proposition I.9 (Physical realization of truncated data). For h = A∗
0,GQGe, put

(I.27)
uK = ⟨D⟩−1χsrcπ

2
Khim,

V G
aux,K(e) = 1

2dGg
−1
G uK .

On the physical core, qGDγGV
G

aux,K = PGuK ; the exterior output is zero. For one fixed shift Bphys,
uniformly in K,
(I.28) ∥V G

aux,K(e)∥Hs(W ) ≤ Cs[∥e∥Hs + Cs+Bphys(G, rG)∥e∥2].
The same ordered physical factors, started after the raw Fourier cut, also give
(I.29) ∥V G

aux,K(e)∥Hs(W ) + ∥FG,KQGe∥Hs ≤ Cs[Ks + Cs+Bphys(G, rG)]∥e∥2.

In the field estimates here and below one may also include ∥DγGV
G

aux,K(e)∥Hs(W ) on the left. A
fixed physical cutoff gives the same field and strain bounds on the torus. In particular its C2 norm
is at most C∥e∥Hs0 at one fixed s0 under the prescribed fixed-low bounds.

Suppose
Cm(G, rG) ≤ CmT

(m−R∗)+ , T ≥ 2,
with one fixed R∗ above every displayed shift. Then
(I.30) ∥A∗

GQGe∥Xs + ∥FG,KQGe∥Hs ≤ Cs[∥e∥Hs + T s∥e∥2],
and, if T ≤ K,
(I.31) ∥V G

aux,K(e)∥Hs(W ) + ∥FG,KQGe∥Hs ≤ CsK
s∥e∥2.

At any fixed finite set of orders where the coefficient norms are bounded, this last conclusion holds
for every K ≥ 2.

Proof. Equation (I.26) controls h. The tangent identity gives DγGV
G

aux,K = Sym ∇gGuK . Its first
derivative is paired with ⟨D⟩−1, so the field and full strain in (I.27) have order at most zero.
Their one-high bounds prove (I.28); a final fixed cutoff adds only a lower-order term to the strain.
Starting instead with ∥π2

Kh∥Hs ≤ CsK
s∥e∥2 proves (I.29), including the complete auxiliary row

and its exterior output.
Corollary B.4 gives Cs+c ≤ CsT

s for every displayed fixed shift c. Apply this to the one-high
shifts in (I.26) and (I.29). This proves both graded bounds; bounded coefficient norms give the
finite-order conclusion directly. □

I.6. The same primary row and separated samples. The fixed external weights identify the
positive continuum row with the leading normal of its actual primary waves.

Definition I.10 (Primary realization of the positive row). Use the positive scalar rG,a of Proposi-
tion I.7, its fixed measure ψa dz = χ2

a dz and detector mask αa = ρa, so χaαa = ρa. The primary
atom Wpr

τ,a,z(x, ζ ′) is (G.12), with the common Hamilton Cauchy data and one algebraic correction.
Use its proved mixed grades at the same scale L as G, rG, including the fixed parameter order
rpar = M + 3.

For ζ = ζa(z) define the background-modulation tensor and real channel on both quadratures by
Kτ,a,z(x, η) = Sym[(dWτ (x, ζ))∗dWτ (x, ζ + τη)],

Uτ,a,z,Kf = 2ℜ
∫
χmeasαaχhi|η|1/2qG(Kτ,a,z)βKf(η) dη.

Its exact phase is [SG(x, ζ + τη) − SG(x, ζ)]/τ ; at zero, K0,a,z = eiΦG |νG|2ξG ⊗ ξG. Use the fixed
dyadic square partition and radial labels of Theorem G.6, with τc = (Rcλ)−1 and
(I.32) Λ/λ < the fixed phase margin.
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Every shifted covector stays in its common buffered chart. Write HG = HG[r2
G] for this same

positive transported mean.

The square weights satisfy ρ2
a = ψaα

2
a. Thus the transport normal of these channels is exactly

TGP
2
KT

∗
G; real adjunction gives CmC∗ = 4ℜ(TmT ∗). Summing the fixed radial colors removes

their masks at transport order. The auxiliary normal is appended with the same raw cut. The
fixed-low full-amplitude bounds also show that an initial-scalar change of size η in those seminorms
changes every continuum prefix normal by Cη, uniformly in its ceiling.

Appendix J. Current correction for Fourier measures

J.1. One current patch and its two envelopes. The finite primary and its complete response
use the same immersion. We apply the response once to the finite strain of each Fourier measure,
on the common source and observation supports.

Setup J.1 (The current phase and full response). Use the actual geometry of Definition I.1 at
F , in its fixed finite-low neighborhood. On one buffered simple patch let ϕF (x) = SF (x, ζ) be the
Hamilton phase with the fixed transverse Cauchy data. Use the finite primary of Theorem G.5,
including its positive initial scalar, and the compatible complex-linear response BC

F of Theorem H.1.
This is the fixed full ambient map (H.9), including its literal inverse and normal reconstruction.

Use the wider response core ULAG of Setup A.1, with D ⋐ IntDlag ⋐ ULAG. The entire suppχmeas
and every eventual mean, protected pair-source and physical-output support lie compactly inside
IntDlag. Fix real source and observation cutoffs with
(J.1) suppχsrc ⋐ {χcore = 1}, suppχcore ⋐ ULAG, suppχsrc ⊂ {χ2 = 1}.
Require Dlag ⋐ Int{χsrc = 1} and the full observation support inside the primary’s validity chart.
These choices precede sampling, frequency and accuracy. All envelopes have fixed extensions to the
auxiliary torus.

Setup J.2 (Source scales and finite measures). For a fixed r∗ above the finite construction shifts
and the joint budget of Corollary H.7, suppose
(J.2) ∥F∥Cr ≤ CrT

(r−r∗)+ , T ≥ 2.
The phase, finite primary and response have their proved grades at this same scale. Let λ = τ−1 ≥ 2
and choose K ≥ 2 with fixed ν > 0 and
(J.3) T ≤ K, T ≤ λ1−ν .

Let m be a finite complex measure in the (n− 1) initial Fourier variables, with M = ∥m∥TV, and
suppm ⊂ BΛ, 2 ≤ Λ ≤ K/Cmod, Λ/λ < the fixed phase margin.

The allowed modulation chart includes this entire support and any atom at zero. No relation
between T and Λ is required. For fixed radial labels λj = cjR

a, strict power gaps absorb the
positive constants cj uniformly.

J.2. Finite measures and one current response.

Definition J.3 (The finite primary and its strain correction). Put

(J.4) W0(m) =
∫

Wpr
τ (F ;x, ζ + τξ) dm(ξ),

and define
(J.5) H = χsrcDγFW0, Y = BC

FH, Z = W0 − Y.

Every map is complex linear in the complete measure. The finite primary, response, inverse and
cutoffs precede the datum and accuracy.
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Proposition J.4 (Finite-measure envelopes and current strain). Under the preceding setups, the
same fields satisfy

λ∥χcoree
−iλϕFZ∥Cs + ∥χcoree

−iλϕF dZ∥Cs ≤ CsMKs,(J.6)
λ∥χcoree

−iλϕF Y ∥Cs + ∥χcoree
−iλϕF dY ∥Cs ≤ CsMλ−1Ks.(J.7)

On Dlag, for every finite r,Q,

(J.8) ∥DγFZ∥Cr(Dlag) ≤ Cr,QMλ−Q.

The fields and domains are independent of these proof orders.

Proof. The full source cutoff and the response are fixed and linear. Compact shifted support permits
integration in every fixed Sobolev space; continuity of the same response therefore gives

(Y,Z) =
∫

(Yτ ,Wcur
τ )(F ;x, ζ + τξ) dm(ξ).

These are the original complete fields, including all source leakage. The central demodulation phase
is

(J.9) Ψ(x, ξ) = SF (x, ζ + τξ) − SF (x, ζ)
τ

=
∫ 1

0
dζSF (x, ζ + uτξ) · ξ du.

Its joint grades give |Dr
xΨ| ≤ CrΛT r−1. A derivative monomial of order s in eiΨ, with k phase

factors, costs CsΛkT s−k ≤ CsK
s. Multiply the atomic envelopes of Corollary H.7 by this phase and

integrate against |m| to prove both envelope bounds. The same atomic theorem gives full strain
Cr,Qλ

−Q on the common inner core, uniformly throughout the shifted compact support. Its finite
higher precision includes the physical Cr derivatives. Integration proves (J.8) on Dlag. □

Appendix K. The sampled current mean

K.1. Preparation and the original positive row.

Setup K.1 (One row and the stage window). Use Definitions I.1 and I.8 at the current F on
D ⋐ Ufin ⋐ Ucore ⋐ Br ⋐ Umeas ⋐ W and the common auxiliary torus. Write C = χmeasqF and
ℓ = ⌊n/2⌋ + 1. For the original positive scalar rF , set

AF = (A0, T0), E0 = AFA
∗
F , Q0 = QF , F0,K = A0π

2
KA

∗
0, E0,K = AF P2

KA
∗
F .

Use A = (n+ 1)(1 + θ)/4 from (8.6) and

(K.1)
0 < θ < ϵ < 1

8 , β = (1 + ϵ)/3, 1 + θ + β < a < 3
2 ,

λ = Ra, H = R1+θ, h = R−β, T = Rt, 0 < t < 1.

The current history profile is ∥F∥Cr ≤ CrT
(r−r∗)+ ; its positive base, phases and finite primary have

the same derivative scale. Choose r∗ above the fixed shifts in Proposition I.9, which gives

(K.2) ∥A∗
FQ0e∥Xs + ∥F0,KQ0e∥Hs ≤ Cs[∥e∥Hs + T s∥e∥2],

and, for T ≤ K,

(K.3) ∥V F
aux,K(e)∥Hs(W ) + ∥F0,KQ0e∥Hs ≤ CsK

s∥e∥2.

The latter includes the complete strain and a fixed physical cutoff. All raw inputs precede physical
source and footpoint cutoffs. The exterior output is included on the torus and vanishes on D.

The fixed order qquad = 2n − 1 precedes the finite colors, radial labels and positive-row neigh-
borhood. The preparation orders below depend only on n and the fixed power margins; put their
budget into r∗ before sampling, fine accuracy and target dilation.
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Proposition K.2 (A prepared positive background). Use the positive scalar rF , base field and
row AF = (A0, T0) of Appendix I, its inverse Q0, the current atomic family, and Setup K.1. Put
J = ⌊2A/a⌋. Then a(J + 1) > 2A and βqquad > 2A. Use the convolution weights, their fixed
radial colors and spacing h of Theorem G.6. The weights and colors precede the following density
preparation and the random shifts.

There are positive initial scalars rF,R and a real field Uc, chosen before sampling, such that one
sample event gives the current zero-atom fields Zc,j = Wcur

τj ,zj
(rF,R) and

Hc =
∑

j

µjℜ[(dZc,j)∗dZc,j ], Cc = DγFUc +Hc,

with a full auxiliary residual satisfying
(K.4) rc = qFCc on D, ∥rc∥2 ≤ R−2A, ∥rc∥Hs ≤ CsT

s.

The initial scalar stays in the fixed positive class of the original row. For every fixed reserve R0,
the history order can be chosen so that
(K.5) ∥rF,R − rF ∥CR0 ≤ Cλ−1, ∥rF,R∥Cs ≤ CsT

(s−R0)+ .

All carrier and initial variables are included. The field and full self tensor obey
(K.6) ∥Uc∥Cs + ∥Hc∥Cs + ∥Cc∥Cs ≤ CsT

s on Ufin,

also after a fixed physical cutoff. The same event has at most CR1+ϵ nodes, weights at most CR−1−ϵ,
bounded mass and same-color separation ch. For every prefix K ≤ H, its current normal satisfies
(K.7) ∥EK − E0,K∥ ≤ C[R−(ϵ−θ)/4 +R−a+1+θ+β ].
The inverse Q0 still belongs to rF . All preparation orders, profiles and domains precede the accuracy
of the later mean solve.

Proof. Write r(v) = rF

√
1 + v and let Hλ(v) be the colored continuum Hermitian mean of its

current zero atoms. Put
Eλ(v) = C

[
Hλ(v) −Htransport[r(v)2]

]
.

For each fixed s, the current-atom estimates and linearity in the initial scalar give, on a bounded
finite-jet positive class,
(K.8) ∥Eλ(v) − Eλ(w)∥Hs ≤ Csλ

−1∥v − w∥Cms
z,y
, ∥Eλ(0)∥Hs ≤ Csλ

−1.

Here ms is finite. Indeed both the finite primary and its fixed response are linear in r. Their
derivative amplitude is its transport amplitude plus a Cs error of size λ−1 with a finite initial-data
shift. Subtract the two Hermitian squares and apply the positive square root. The masks are only
integrated; 0 ≤ mc ≤ 1 and

∑
cmc = 1 make these constants uniform in h.

Start v0 = 0, U0 = Vbase and e0 = Eλ(0). For i < J , put hi = A∗
FQ0ei and use the uncut density

synthesis of (I.21):

δvi,a = −2ℜF−1[αaχhi|η|1/2hi,a],
vi+1 = vi + δvi, Ui+1 = Ui − 1

2dF g
−1
F ⟨D⟩−1χsrchi,im.

Define the full residual, including the exterior component, by
ei = C[Hλ(vi) −Htransport[r2

F ]] −
∑
k<i

A0A
∗
0Q0ek.

Equation (I.25) gives the full measured density change −T0T ∗
0 Q0ei; the auxiliary change is

−A0A
∗
0Q0ei. Since AFA

∗
FQ0 = I on the whole torus,

(K.9) ei+1 = Eλ(vi+1) − Eλ(vi).
No source is cut again between these steps.
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The inverse and density estimates have fixed shifts. Start above the initial-scalar orders of
Corollary H.7, then choose their finite input orders and ms backwards through the fixed J steps,
then put this finite budget into r∗. Induction gives ei = O(λ−i−1) and vi = O(λ−1) at all prescribed
low orders. Thus 1+vi ≥ 1/2 at a large threshold, and rF,R = r(vJ) is defined. For the high profiles,
a scalar bound CsT

s+b gives a primary strain of size λ−3T s+b+Dpr . The graded response at K = T
and fixed Sobolev embedding give current envelopes CsT

s+b+Dpr+ℓ. One-high products, the density
inverse and the auxiliary field add only fixed shifts. After J steps all fields therefore have bounds
CsT

s+BJ with BJ independent of s. Include a fixed low order above R0 +BJ + 1, and interpolate
with a sufficiently high order; this proves the scalar profile in (K.5). The same argument gives
grade T s for UJ and its full strain. These are finite choices independent of later accuracy.

Now fix this family and sample. The deterministic lattice estimate at order qquad < rpar, gives
∥Hc − Hλ(vJ)∥2 ≤ Chqquad . Set Uc = UJ and

rc = eJ + C[Hc − Hλ(vJ)].
The strict choices of J, qquad give its L2 bound. On D, the original positive-base identity and
vanishing exterior row give rc = qFCc. Bounded mass and the current envelopes prove all field and
global residual profiles.

The sampling theorem and current-atom theorem compare every current prefix with the leading
row at rF,R by the right side of (K.7). The phase is unchanged, and the scalar difference is O(λ−1)
in the fixed full-amplitude seminorms. Thus replacing that leading row by the original E0,K adds
only Cλ−1, uniformly in K, by the exact normal formula of Appendix I. This is absorbed by the
displayed bound. The random event is chosen only after the complete prepared family has been
fixed. □

K.2. One fixed current row. Fix the prepared scalar and the sample event above. All subsequent
wave maps use this scalar, while AF , Q0 keep the original rF .

Definition K.3 (The fixed current measure maps). At each literal sample let Lj(m) be the current
map Z(m) of Definition J.3, with initial scalar rF,R and

τj = λ−1
j , ϑj = SF (x, ζj)/τj .

Function data mean dm = f̂ dξ; the zero atom evaluates the original integrand at ξ = 0. Use
the full domains and cutoffs of Setup J.1. The region Dlag contains every measurement, extension,
pair-source and physical-output support. Corollary H.7 proves the joint low bounds for the raw
slice spaces, with both quadratures. These wave maps and responses stay fixed in every update.

Definition K.4 (One current canonical row). Use the graded response window and the current
zero-atom background Bj = e−iϑjdLj(δ0). Use the raw space XK of Theorem G.8 with both real
quadratures, and set Bin

j,K = αjχhiBK in the initial Fourier variables. These are the detector and
high-pass masks of the positive row; the zero atom above is uncut. Define

Gj,Kv = e−iϑjdLj(Bin
j,Kv), Aj,Kv = C[2 sym ℜ(B∗

jGj,Kv)],
and put

AK = (√µjAj,K)j , EK = F0,K +AKA
∗
K .

The slice cutoff, equal to one on every measurement support, is understood only in norm estimates.
Spatial initial cutoffs remain inside the physical wave map, after the Fourier input. Every mean
step uses this same background and canonical row.

The current-atom theorem and the raw slice bound give
(K.10) ∥Gj,Kv∥Hs ≤ CsK

s+1/2∥v∥2.

Proposition K.2 compares all sampled prefixes with E0,K on the entire output. Hence AK is
bounded. Only the continuum normal is inverted.
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For q = Q0r, define the canonical data by
(K.11) fj,K [q] = Bin

j,KA
∗
j,Kq, Dj,K [q] = e−iϑjdLj(fj,K [q]).

Adjoints use the real Hilbert products; the row weight and physical normalization cancel, with no
inverse sample weight. The complete linear response at B is exactly EKq. The individual raw
bound ∥Aj,K∥ ≤ C

√
K, (G.32) and the current version of (G.34) give

(K.12) ∥fj,K [Q0r]∥Cm
initial

+ ∥Dj,K [Q0r]∥Cm ≤ CmK
m+p∥r∥2, p = (n+ 1)/2.

The initial Fourier support is below CK, and its Fourier L1 norm is at most CKp∥r∥2. Apply the
raw Sobolev and physical bounds before summing, then use boundedness of AK :∑

j

µj∥Dj,K [Q0r]∥2
Hs ≤ CsK

2s+1∥A∗
KQ0r∥2

2 ≤ CsK
2s+1∥r∥2

2,(K.13)

∑
j

µj∥Dj,K [Q0r]∥2
Cs ≤ CsK

2s+n∥A∗
KQ0r∥2

2 ≤ CsK
2s+n∥r∥2

2.(K.14)

These bounds hold when T ≤ K. For a complete derivative change D, the exact self-tensor
increment from B is
(K.15) 2 sym ℜ(B∗

jDj) + ℜ(D∗
jDj).

Equal phases cancel before differentiation.

For the mean solve the fixed normal comparison is
(K.16) ∥EK − E0,K∥2→2 ≤ CH−ν , ν > 0.
Proposition K.2 proves it for all bands at once, before any canonical update.

Appendix L. Signed quadratic products

L.1. The complete current sources and one solver. The geometric and linear inputs below
have been proved in Appendices D and F. Proposition 4.2 gives the complete current derivative
envelopes used here.

Setup L.1 (Current geometry and derivative envelopes). Use the actual geometry of Definition I.1,
the domains of Setup A.1, and the fixed regular solver of Theorems F.3 and F.8 at F . Suppose
(L.1) ∥F∥Cr ≤ DrT

(r−r∗)+ , LF = T,

where the fixed r∗ exceeds the coefficient shifts in that solver and in ambient reconstruction. Corol-
lary B.4 gives, for every reconstruction coefficient and fixed cutoff cF ,
(L.2) ∥DrcF ∥∞ ≤ CrT

r.

Use the exact current Hamilton phases and literal groups of Definition D.12, with τ−1
j ≍ λ. The

same-group spacing is ch. The protected signed classes and their true frequencies are
distinct same-group differences ρ = λ|z − z′|

sums, doubled carriers, and either sign between groups ρ = λ.

Distinct radial labels protect different groups even when their unscaled directions agree. Only the
equal-index Hermitian difference is a self term. All band updates at one literal carrier are combined
in one field. Thus every off-self term has 2 ≤ cλh ≤ ρjk ≤ Cλ.

The mixed phase grades of Theorem G.5 give |Dr
xS| + |Dr

xDζS| + |Dr
xDzS| ≤ CrT

r−1 for r ≥ 1.
The segment formula on each convex carrier patch gives the same bound for a divided difference.
Proposition D.9 and Theorem F.6 place every normalized pair covector in the fixed buffered regular
region. The whole source product is protected there, and every complete characteristic segment
stays in W0 in either orientation. Use their original source cutoff χsrc, supported where χ2 = 1 and
equal to one near D; all measurement and output supports lie in the common validity charts.
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Let W lag
j be the complete complex fields, with

(L.3) dW lag
j = eiθjAj , θj = SF (x, ζj)/τj .

After one fixed envelope cutoff equal to one on every pair source, assume

(L.4) ∥Aj∥Cs ≤ CsK
s
env, Lpair = max(Kenv, T ) ≤ ρ1−σ

jk , Kenv ≥ 2, σ > 0.

For a fixed mean construction, these fields and coefficients serve every product accuracy and obser-
vation order. Equation (4.12) proves this envelope for the final measures on the whole protected
source support; Proposition 7.2 verifies the separate history bound in the iteration.

Definition L.2 (The one complete regular solve). The preceding real operators and literal source
cutoffs give

CF = χ2RFχ3, ∥CF ∥2→2 ≤ κ0 < 1, TF = (I + CF )−1, u = SF TFh.

All outgoing branches, endpoints, cutoff and low-frequency terms are included. The quantitative
theorem applies to a source with its full complementary tail; the actual inverse and physical cutoffs
do not depend on the beat or proof accuracy.

Write NF = NF , VF = VF for the reconstruction of (G.2). For a real metric source q, put
hi = −1

2Qi(F ) : q and define

(L.5) U = VF (u) + 1
2NF ΠK⊥

F
q.

Equation (2.6), with target −q, converts PFu − h to the full error DγFU + q on D through the
actual Gram inverse.

For ambient derivative matrices use B(A,B) = (ATB +BTA)/2.

L.2. Exact signed expansion and weighted correction. We sum the actual pair corrections
with the literal physical coefficients and leave the complete Hermitian self contribution for the
current mean.

Lemma L.3 (The exact signed expansion). Let b > 0, µj ≥ 0, dWj = eiθjAj, and set

P = b
√

2
M∑

j=1

√
µj ReWj , Hself = b2∑

j

µj Re(A∗
jAj).

For the ordered signed pairs put

q+
jk = Re

(
ei(θj+θk)B(Aj , Ak)

)
, q−

jk = Re
(
ei(θj−θk)B(Aj , Ak)

)
.

Then

(L.6) Qoff := (dP )TdP −Hself = b2

∑
j,k

√
µjµk q

+
jk +

∑
j ̸=k

√
µjµk q

−
jk

 .
The first sum includes doubled carriers. The omitted difference diagonal is the complete Hermitian
self tensor, with every modulation and current correction.

Proof. For complex matrices D,E,

2B(ℜD,ℜE) = ℜB(D,E) + ℜB(D,E), B(D,D) = ℜ(D∗D).

Expand dP using the first identity and subtract its difference diagonal using the second. □
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Proposition L.4 (One current solve for the complete off-self tensor). Use Setup L.1, Definition L.2,
and

∑
j µj ≤ Cµ. Use the exact tensor Qoff of (L.6). Put

q = χsrcQoff , hi = −1
2Qi(F ) : q, z = TFh, u = SF z,

and define one real current field
(L.7) Slag = VF (u) + 1

2NF ΠK⊥
F
q.

With Wµ = (
∑

j
√
µj)2 ≤ MCµ,

∥DγFSlag +Qoff∥Hs(D) ≤ Cs,Qb
2Wµ(λh)−Q,(L.8)

∥Slag∥Hs(W ) ≤ Csb
2Wµλ

s+1.(L.9)
For a fixed physical cutoff χout = 1 near D and supported in the observation chart, the same size
bound holds for χoutSlag on the torus. The literal field and operators serve all s,Q. All doubled
and distinct signed terms are included; the complete Hermitian self tensor is excluded. The sample
count enters only through Wµ ≤ MCµ.

Proof. Step 1. One signed source at its true scale. Let U±
jk and u±

jk be its ambient and
reduced fields at q = χsrcq

±
jk. Leibniz, including the source cutoff and current reduced multiplier,

bounds each product amplitude directly by
∥ajk∥Cs + ∥ajk∥Hs ≤ CsL

s
pair.

The geometric coefficients have the derivative scale (L.2); only the total derivative order enters.
Write the product as eiρφajk at its true ρ = ρjk. The normalized phase has |Drφ| ≤ CrL

r−1
pair and

a fixed nonzero gradient. Its compact protected covector set gives |ρdφ − ξ| ≥ c(ρ + |ξ|) on the
entire complementary mask. Proposition C.7 therefore bounds the off-mask source in Hs by

Cs,kρ
s+n/2(Lpair/ρ)k.

Since Lpair ≤ ρ1−σ, a finite k gives any requested decay. The source plateau and protected complete
segments are those of Definition L.2. The fixed solve and (2.6) give

(L.10) ∥DγFU
±
jk + q±

jk∥Hs(D) ≤ Cs,Qρ
−Q
jk .

A higher finite proof accuracy pays the fixed frame and Gram derivative costs, without changing
the field.
Step 2. The exact weighted sum. The solver, inverse, frame and cutoffs are fixed across all
pair scales. By Cauchy–Schwarz, the total absolute coefficient in (L.6) is at most 2b2Wµ ≤ 2b2MCµ.
By linearity, (L.10) and ρjk ≥ cλh give the full tensor error on D. For the size, put A = b2Wµ.
Leibniz and the same coefficient sum give

∥q∥Hs + ∥h∥Hs ≤ CsAλ
s.

Corollary B.4 absorbs the fixed shifts in the strong tame estimates for SF TF ; since LF ≤ λ,
∥u∥Hs ≤ CsAλ

s. The geometric profile and one derivative in VF prove the ambient size bound,
also after physical cutoff. The operators are real and uniform on the fixed chart menu. □

Appendix M. Verification of the fixed scales

We check the choices of Section 8 on the fixed domains, with the same operators and sample
family.

Proposition M.1 (The fixed scale windows). The stated choices satisfy all primary, current-
response, mean and product hypotheses. Their exponents and finite low topologies are independent
of stage accuracy and the final target dilation.
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Proof. 1. Preparation and one sample. The fixed quadrature order is qquad = 2n − 1 < rpar.
Its color list depends only on n and changes only constants. Choose A by (8.6) and J = ⌊2A/a⌋.
Then

a(J + 1) > 2A, β(2n− 1) − 2A ≥ 3/64.
The radial labels, common geometric neighborhood and finite backward input orders then precede
sampling and mean accuracy. The existing joint amplitude budget covers the quadrature. The
prepared scalars stay in the original positive class. Every translated lattice has the required back-
ground error; the full-prefix normal event has positive probability at large R. In R units, the two
normal-error exponents are

(ϵ− θ)/4 = 1/256, a− 1 − θ − β = 13/320.

The O(λ−1) change from the original leading row is smaller. The inverse and all auxiliary input
cuts are unchanged.
2. Modulation and product bands. Use a fixed multiple of T0 for the zero atom and a fixed
larger multiple of the actual input band for each mean datum. With σpair = 1/1000 and ν = 1/4,
direct calculation gives

1 − t = 1/35,
(1 − ν)a− sf = 27/640, (1 − σpair)(a− β) − sf = 7581/160000.

These verify T0 ≤ K ≤ λ1−ν
j and the product window at every true beat cλh ≤ ρ ≤ Cλ. The input

support lies below K/C1, and its ratio to λj tends to zero. The primary and coefficient scale is T0;
all physical slopes are at most a < b∗. Strict gaps absorb the fixed support and radial constants.
3. The sampled mean. For p = (n+ 1)/2 and A = p(1 + θ)/2,

ϵfK
p
max = CR−pθ/2 ≤ H−νnl , νnl = pθ

4(1 + θ) > 0.

Choose a contraction exponent below this and the comparison exponents in Step 1. The prepared
residual has L2 size R−2A and global Hs profile CsR

ts. Interpolation with t < 1 gives the source
bound CsϵfR

s in (5.11). Its slope 1/(1+θ) and the coefficient slope t/(1+θ) lie below the first input
band. At every finite update count the equal-gap bands have a positive gap, so one finite derivative
order controls every omitted input. The low residual sum proves the variation and physical field
bounds.
4. Increasing precision. Choose the fixed high history order after the preparation orders, then
kmin by (8.7)–(8.8); 3 − 2v = 1/12 > 0. Set Q(k) = 2k. Take aQprimary > Q(k) + A + (1 + ϵ)/2,
mean accuracy above Q(k) + 2A + 2, and smoothing order (1 − t)N > 2Q(k). The product and
physical-cutoff gaps σpair(a−β) > 0 and b∗ −a > 0 give every finite precision for the same primary
family and responses. Only the finite mean updates vary with accuracy. □
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