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AssTrACT: Every hypohamiltonian snark and every permutation snark has a unique
multiset of cyclically 5-edge-connected factors of the same class under successive
decompositions along cycle-separating 4-edge-cuts. We prove that hypohamiltonicity
passes from a dot product to both of its snark factors. Together with the factorisation
theorem for bicritical snarks, this answers a question of Goedgebeur and Zamfirescu.
For permutation snarks, we extend the atom argument of Chladny and Skoviera using
colourable cut multipoles and closure under their canonical completions. The two
conclusions also hold within the class of hypohamiltonian permutation snarks.

1 Introduction

The dot product combines two snarks across a 4-edge-cut. Reversing
this operation repeatedly expresses a snark in terms of factors with
higher cyclic connectivity. Chladny and Skoviera [CS10] proved that
a bicritical snark has a unique multiset of cyclically 5-edge-connected
bicritical factors. Their theorem identifies the isomorphism types of
the factors and their multiplicities, independently of the cuts chosen
during the decomposition.

A graph is hypohamiltonian if it is non-Hamiltonian and every
single-vertex deletion is Hamiltonian. Hypohamiltonian snarks are
bicritical. Goedgebeur and Zamfirescu [GZ18] asked whether every
hypohamiltonian snark of cyclic connectivity four is a dot product
of two hypohamiltonian snarks [GZ18, Problem 4.3]. We prove that
both snark factors of any hypohamiltonian dot product are hypo-
hamiltonian. The unique factorisation theorem for bicritical snarks
then gives the following result.

Theorem 1.1. Every hypohamiltonian snark has a unique multiset, up to
isomorphism and with multiplicities, of cyclically 5-edge-connected hypo-
hamiltonian snark factors. Every intermediate factor in a decomposition
along cycle-separating 4-edge-cuts is hypohamiltonian.

A permutation 2-factor consists of two induced cycles. A snark
admitting such a 2-factor is a permutation snark. Its two cycles have
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equal odd length, and their complement is a perfect matching be-
tween them. Macajova and Skoviera [MS19] proved that every cycle-
separating 4-edge-cut of a permutation snark determines two smaller
permutation snarks [MS19, Section 2 and Theorem 2.1].

Permutation snarks are conjectured to be bicritical; see Macajova
and Skoviera [MS25] , Section 1. Together with the factorisation
theorem for bicritical snarks, this conjecture makes it natural to ask
whether permutation snarks also have unique factorisations. We use
the closure property above to prove the following result.

Theorem 1.2. Every permutation snark has a unique multiset, up to
isomorphism and with multiplicities, of cyclically 5-edge-connected per-
mutation snark factors. Every intermediate factor in a decomposition
along cycle-separating 4-edge-cuts is a permutation snark.

Permutation snarks include non-hypohamiltonian graphs. There
is a 26-vertex example obtained as a successive dot product of three
Petersen graphs, and there is also a 50-vertex example with cyclic
connectivity five. Brinkmann, Goedgebeur, Higglund and Mark-
strom [BGHM13] enumerated 64 permutation snarks on 26 vertices
[BGHM1 3, Table 3]. Thus the hypohamiltonian permutation snarks
form a proper subclass of the permutation snarks, also within the
cyclically 5-edge-connected class. The two factorisation theorems
apply to the same completed factors at each cut, giving the following
result for their intersection.

Corollary 1.3. Every hypohamiltonian permutation snark has a unique
multiset, up to isomorphism and with multiplicities, of cyclically 5-edge-
connected hypohamiltonian permutation snark factors. Every intermedi-
ate factor has both properties.

2 Dot products and cut multipoles

All graphs are finite. We use snark for a simple cubic graph of girth at
least five, cyclically 4-edge-connected, and with chromatic index four.
A cycle is a connected 2-regular subgraph. For X C V(G), write dgX
for the edges with exactly one end in X. The cut is cycle-separating
when both G[X] and G[V(G) \ X] contain a cycle. We write A.(G) for
cyclic edge-connectivity, g(G) for girth, and |G| for [V(G)|.

2.1 The dot product

Let A and B be disjoint snarks. Choose independent edges ab, cd of
A and an edge xy of B, with

NB(x) = {El,, bl/ ]/}/ NB(y) = {C// d// X}.
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The four vertices a’,b’, ¢’,d’ are distinct. Put
L=A-{ab,cd}, R=B-{x,y},

where edges are deleted from A and vertices from B. The dot product
with this attachment is

G=A-B=LUR+{aa’,bb’,cc’,dd"}. (1)

The four joining edges form the bond F. Its two couples are {aa’, bb’}
and {cc’,dd’}. This is the convention of [CS10, Section 2] and [GZ18,
Section 2]. The order satisfies

Gl =2 =(A]-2) + (B[ - 2). (2)

A cycle-separating 4-edge-cut in a snark is a matching. Indeed,
if a vertex is incident with at least two cut edges, moving it to the
other shore reduces the size of the cut and preserves a cycle in each
shore. The resulting cut has size at most three, contrary to cyclic
4-edge-connectivity. Thus each shore has four distinct boundary
vertices.

2.2 Canonical completions

Disconnecting the four edges of a cut leaves a 4-pole on each shore: a
cubic multipole with four semiedges. A proper 3-edge-colouring of a
multipole assigns colours to its ordinary edges and semiedges, with
three distinct colours incident at each vertex. We use the multipole
terminology of [CS10, Section 3].

Up to a permutation of colours, the Parity Lemma permits four
types of boundary colouring;:

1111, 1122, 1212, 1221.

Every colourable 4-pole admits at least two of these types. If two
colourable 4-poles join to a snark, their sets of types are disjoint,
so each admits exactly two. Such a pole is colour-open. Its four
semiedges have a unique partition into two couples. In the isochro-
matic case, the semiedges of each couple receive the same colour in
every colouring. In the heterochromatic case, the semiedges of each
couple receive distinct colours in every colouring. The two poles of
the cut have opposite types, and their couples agree across the cut
[CS10, Propositions 3.1-3.5].

The canonical snark completion of a heterochromatic pole joins the
semiedges within each couple. For an isochromatic pole, it attaches
each couple to a new vertex and joins the two new vertices. These
completions are unique up to isomorphism. They recover the two
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factors in (1), with the heterochromatic completion playing the role
of A and the isochromatic completion the role of B.

A composition chain of G is a multiset obtained from {G} by suc-
cessively replacing a member with its two canonical factors at a
cycle-separating 4-edge-cut. A chain is terminal when every mem-
ber is cyclically 5-edge-connected. Two chains are equivalent if their
members can be matched, including multiplicities, by graph isomor-
phisms. We use the terminology of [CS10, Section 7].

3 Hypohamiltonian factors

We first record the boundary restrictions imposed by the non-
Hamiltonicity of the two factors.

Lemma 3.1. In (1), let A and B be non-Hamiltonian graphs. A spanning
path in L with terminal ends joins different pairs among {a, b} and {c, d}.
A spanning path in R with terminal ends joins a’ to b” or ¢’ to d’. Two
disjoint paths spanning L, with ends a,b, c,d, pair a with b and ¢ with
d. Two disjoint paths spanning R, with ends a’,b’,c’, d’, pair a’ with b’
and ¢’ with d’.

Proof. A spanning a-b path in L closes to a Hamiltonian cycle of
A when ab is restored; the same holds for c,d. A spanning path
in R whose ends belong to different pairs closes through x,y to a
Hamiltonian cycle of B.

For a spanning pair of paths in L, either cross pairing of the four
ends becomes one Hamiltonian cycle after restoring ab and cd. For
a spanning pair in R, either cross pairing becomes one Hamiltonian
cycle after adjoining a’xb’ and c’yd’. The remaining pairing is the
one stated in each case. O

Lemma 3.2. If a dot product G = A - B of snarks is hypohamiltonian,
then both A and B are hypohamiltonian.

Proof. Use the notation of (1). A Hamiltonian cubic graph is 3-edge-
colourable, so both factors are non-Hamiltonian. A Hamiltonian
cycle in any vertex-deleted subgraph of G meets F in two or four
edges. With two crossings, its restriction to the undeleted shore is
a spanning path; with four, that restriction consists of two disjoint
spanning paths.

Fix v € V(A) and take a Hamiltonian cycle C in G—wv. If C uses two
bond edges, lemma 3.1 shows that its spanning path in R has ends
a’,b" or ¢’,d’. Replace the whole segment through R, including its
bond edges, with ab or cd, respectively. If C uses all four bond edges,
its two spanning paths in R pair a4’ with b” and ¢’ with d’. Replace
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these two segments with ab and cd. Each replacement preserves the
cyclic order of the remaining vertices of C. The resulting cycle spans
A —v. Thus A — v is Hamiltonian for every v € V(A).

Now fix w € V(B) \ {x, y} and take a Hamiltonian cycle in G — w.
With two bond edges, the spanning path in L joins different terminal
pairs. For example, a path from a to c is replaced, together with its
bond edges, by a’xyc’. The other choices give the corresponding path
through x, y. With four bond edges, the two spanning paths in L pair
a with b and ¢ with d. Replace them, together with their bond edges,
by a’xb” and c’yd’. The resulting cycle spans B — w in either case.

It remains to recover Hamiltonian cycles after deleting x or y. Take
a Hamiltonian cycle of G—a. The missing bond edge aa’ forces exactly
two crossings. Its spanning path in R has ends ¢’,d” by lemma 3.1.
Adjoining c¢’yd’ gives a Hamiltonian cycle of B — x. A Hamiltonian
cycle of G — c similarly has a spanning a’-b" path in R; adjoining
a’xb’ gives a Hamiltonian cycle of B — y. Hence both factors are
hypohamiltonian. O

A snark is bicritical if deleting any two distinct vertices yields a 3-
edge-colourable graph. Hypohamiltonian snarks have this property
[GZ18, Section 1]. For distinct u, v, deleting v from a Hamiltonian
cycle of G — u leaves a spanning path in G — {u, v}. Colour the path
alternately with colours 1,2. The remaining edges form a matching
and receive colour 3.

Theorem 1.1. Every hypohamiltonian snark has a unique multiset, up to
isomorphism and with multiplicities, of cyclically 5-edge-connected hypo-
hamiltonian snark factors. Every intermediate factor in a decomposition
along cycle-separating 4-edge-cuts is hypohamiltonian.

Proof. Let G be hypohamiltonian and let S be any cycle-separating
4-edge-cut. By bicriticality and [CS10, Theorem 7.1], S determines
a dot product G = A - B of smaller bicritical snarks. By lemma 3.2,
both factors are hypohamiltonian. Repeating the argument keeps
every factor hypohamiltonian.

Each decomposition replaces a graph with two smaller graphs, so
every chain has a terminal refinement. Its members are cyclically
5-edge-connected hypohamiltonian snarks. The bicritical unique-
factorisation theorem [CS10, Theorem C, or Theorem 10.3] identifies
any two such terminal chains up to isomorphism and order, including
multiplicities. O

In particular, every hypohamiltonian snark of cyclic connectivity
four is a dot product of two hypohamiltonian snarks. This gives an
affirmative answer to [GZ18, Problem 4.3].
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4 A factorisation criterion

The permutation result uses the atom argument for bicritical snarks
[CS10, Sections 8—10]. We formulate the argument with the closure
hypotheses that enter its proof.

Let C be a class of snarks closed under isomorphism. Assume
that every cycle-separating 4-edge-cut in a member of C has two
colourable shore poles, and that both canonical completions belong
to C. For a cyclic fragment X, write X for the completion of its shore
pole and G/X for the completion of the complementary pole.

Suppose A(G) = 4. A cyclic fragment is an induced shore of a cycle-
separating 4-edge-cut, and an atom is a cyclic fragment minimal
under inclusion. Since 4 < g(G), the atom theorem of Nedela and
Skoviera [NSgs] places every atom wholly on one side of every cycle-
separating 4-edge-cut; see also [CS10, Theorem 7.2]. The cut dgX
of an atom is atomic. A cycle-separating cut with a shore X U {u, v},
where u,v are adjacent outside vertices each joined once to X, is
quasiatomic. These are the cuts associated with X.

Lemma 4.1. Let G € C have cyclic connectivity four and let X be an
atom. A cut associated with X gives factors isomorphic to X and G/X.
For any other cycle-separating 4-edge-cut S, one S-factor P contains X as
an atom, and a corresponding cut px(S) is cycle-separating in G/X. The
two refinements obtained by using S and the atomic cut in either order
give equivalent three-member chains.

Proof. We follow the cut analysis of [CS10, Proposition 8.2, Lem-
mas 9.1-9.2, Propositions 9.3-9.4, and Lemma 10.1]. The hypotheses
above provide colour-open poles and their completions at every step;
each completed graph has girth at least five and cyclic connectivity
at least four.

First consider a quasiatomic shore X U{u, v}. Its pole is heterochro-
matic: an isochromatic completion would place the adjacent vertices
u, v beside the two new cap vertices and create a triangle or a quadri-
lateral. Joining its boundary couples instead completes the pole of X
by an adjacent pair. Thus the completed shore is isomorphic to X. In
the complementary completion, the same isomorphism exchanges
the original pair u, v with the added pair and fixes the other vertices.
The associated cuts therefore give equivalent factor pairs.

For the remaining cuts, put T = dgX. The following two restric-
tions control the completions:

ISNT|+3, ISNT| =2 = SNT isa couple of neither cut. (3)

For three common edges, the two remaining edges of S U T separate
a cyclic 2-pole from X, contrary to cyclic 4-edge-connectivity. Here
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the 2-pole has vertices, so the cubic degree count forces it to con-
tain a cycle. For two common edges forming an S-couple, complete
the S-shore containing X. A heterochromatic completion produces a
cycle-separating 2-edge-cut; an isochromatic completion produces an
independent 3-edge-cut. Both contradict cyclic 4-edge-connectivity
of the completed factor. If the two common edges form a T-couple,
restricting colourings of the larger shore pole to the pole of X trans-
fers the corresponding equality or inequality of colours to them. They
consequently form an S-couple as well. This proves (3).

The atom theorem puts X inside one S-shore. Its completion
P keeps X induced: an added edge within X would join the two
common edges as an S-couple, contrary to (3). If P — X is acyclic,
the cubic 4-pole degree count leaves two adjacent vertices; reversing
the completion identifies S as an atomic or quasiatomic cut. For the
cuts under consideration, P — X therefore contains a cycle. Thus X
remains a cyclic fragment of P. Its minimality follows because every
cyclic fragment properly contained in X in P would also be a cyclic
fragment of G. Hence X is an atom of P.

To describe the corresponding cut, replace the pole of X with its
colour-equivalent acyclic 4-pole. For a heterochromatic pole, this
acyclic pole consists of two adjacent vertices with two semiedges
at each; for an isochromaiic pole, it consists of two isolated edges.
The resulting graph is G/X. The map px keeps edges outside X and
maps the four boundary edges to their replacement edges. In the
second case, the two edges of each couple have the same image. By
(3), px(S) has four distinct edges. The shore of G — S containing X
also has vertices outside X, since S # dgX. After deleting px(S),
these vertices remain separated from the other shore. Thus px(S) is
an edge-cut.

The images are also independent. In the adjacent-vertex replace-
ment, an adjacency could arise only from a boundary couple con-
tained in S, which (3) excludes. In the isolated-edge replacement, an
inherited edge might become adjacent to a new joined edge. Move
their common vertex to the other shore of the projected cut. This
gives a 3-edge-cut, which isolates a vertex in the completed snark.
The other two projected edges therefore meet there. Their preimages
in S are independent, so one is a second boundary edge of X. The
resulting configuration consists of X and the adjacent pair of these
two outside vertices; its boundary is S. This is precisely the quasi-
atomic configuration. Thus px(S) is independent. Both shores of
an independent cut in a cubic graph have minimum degree at least
two, and hence contain cycles. This proves the asserted projection

property.
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Finally, let P, Q be the S-factors, with X € P. Decomposing P at X
gives the chain

(X, P/X, Q}.

If the atomic cut is used first, decomposing G/}FZ at px(S) leaves
the pole defining Q intact. The other pole is obtained from the
pole defining P by the colour-equivalent replacement of X. Colour-
equivalent substitution preserves its boundary colourings, so its
canonical completion is P/X. The two chains are equivalent. O

Lemma 4.2. For G € C of cyclic connectivity four and an atom X, every
terminal chain of G is equivalent to the union of a terminal chain of X
and a terminal chain of G/X.

Proof. Follow X through a terminal chain. By lemma 4.1, each cut
outside the associated cuts preserves X as an atom in one factor.
Eventually an associated cut is used, since a terminal factor has cyclic
connectivity at least five. Replace that step with the atomic cut using
the first assertion of lemma 4.1.

Move the atomic step towards the start of the chain. It commutes
with a preceding step in a different factor. When the preceding
step created the factor containing X, the last assertion of lemma 4.1
interchanges these two steps and preserves the resulting three factors
up to isomorphism. Transport the later refinements across these
isomorphisms. Each interchange moves the atomic step one position
earlier, so finitely many interchanges place it first. The subsequent
steps refine its two factors, yielding the two terminal chains in the
statement. This is the splitting argument of [CS10, Lemma 10.2]. O

Theorem 4.3. Let C be a class of snarks closed under isomorphism. Sup-
pose that the shore poles of every cycle-separating 4-edge-cut in a member
of C are colourable, and that their canonical snark completions belong to
C. Then every member of C has a unique multiset, up to isomorphism
and with multiplicities, of cyclically 5-edge-connected factors in C.

Proof. A canonical decomposition has two factors in C satisfying
(2). Each has at least ten vertices, so both are smaller than the par-
ent. Thus every chain has a terminal refinement, and the terminal
members have cyclic connectivity at least five.

For uniqueness, use induction on |G|. A cyclically 5-edge-
connected member has the single-member terminal chain {G}.
Otherwise choose an atom X and let # and ' be two terminal
chains. By lemma 4.2,

F=F1Yh,
?’I ~ ?1/ H’J ?”//
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where the first subchains factor X and the second factor G/}? Both
graphs are smaller members of C. The induction hypothesis gives

1 =%, and F2 = ¥/, and hence ¥ = F". |

5 Permutation factors

We verify the two closure hypotheses of theorem 4.3 using a permuta-
tion 2-factor. The fixed-cut closure is the result of [MS19, Section 2];
the following proof also describes its colour-open completions.

Lemma 5.1. Let G be a permutation snark with permutation 2-factor
C1U Cy, and let S be a cycle-separating 4-edge-cut. The cut consists of
two edges of each C;. Each shore pole is colourable, and its canonical
completion is a permutation snark.

Proof. Write M = E(G) \ E(C1 U C3) and let the common length of
the cycles be m. Each cycle is cut by S. Indeed, if a whole C; lies in
one shore, every vertex in the other shore sends its matching edge
across S. That shore then has at most four vertices, and girth at least
five makes it acyclic. This contradicts cycle separation. Each cycle
contributes a positive even number of cut edges. Thus S has two
edges on each cycle, and every edge of M stays within a shore.

Each shore contains one path from each C;. Its matching edges
pair their vertices, so the two paths have the same order r. Colour
the matching edges 3 and alternate 1,2 along each path, including
the two boundary semiedges at its ends. The initial colour on each
path can be chosen independently. This gives a proper colouring of
the shore pole.

The two path ends form the boundary couples. If r is even, the
semiedges at the ends of each path receive the same colour. The
independent phase choices give types 1111 and 1122, with the two
paths defining the pairs. The pole is isochromatic and its completion
adds one vertex to close each path, together with a matching edge be-
tween the new vertices. If 7 is odd, the end semiedges receive distinct
colours, and the phase choices give types 1212 and 1221. The pole is
heterochromatic and its completion joins the ends of each path. In
both cases the completed graph has two induced cycles and a perfect
matching between them. Its canonical completion has chromatic
index four. An uncolourable cycle permutation graph is cyclically
4-edge-connected and has girth at least five [MS19, Section 1]; hence
the completed graph is a permutation snark. O
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Theorem 1.2. Every permutation snark has a unique multiset, up to
isomorphism and with multiplicities, of cyclically 5-edge-connected per-
mutation snark factors. Every intermediate factor in a decomposition
along cycle-separating 4-edge-cuts is a permutation snark.

Proof. Apply theorem 4.3 to the class of permutation snarks. By
lemma 5.1, every cycle-separating 4-edge-cut has colourable shore
poles, and both canonical factors are permutation snarks. The theo-
rem gives existence and uniqueness of the terminal factor multiset.
The same closure statement applied at each step keeps all intermedi-
ate factors in the permutation class. O

Corollary 1.3. Every hypohamiltonian permutation snark has a unique
multiset, up to isomorphism and with multiplicities, of cyclically 5-edge-
connected hypohamiltonian permutation snark factors. Every intermedi-
ate factor has both properties.

Proof. At any cycle-separating 4-edge-cut of a hypohamiltonian per-
mutation snark, lemma 5.1 gives two canonical permutation snark
factors. By lemma 3.2, both are hypohamiltonian. This applies at
every later step. Existence and uniqueness follow from theorems 1.1
and 1.2. In particular, the hypohamiltonian, permutation and bicriti-
cal decompositions of this graph have the same terminal multiset. O

6 Orders of composition factors

The order identity (2) gives a bound on the number of terminal
factors and a congruence for their orders.

Corollary 6.1. Let Hy, ..., H; be the terminal factors of a hypohamilto-
nian or permutation snark G. Then

Gl -2
T

t
Gl-2= ) (Hl-2), t=<
i=1

For a permutation snark, each |H;| = 2 (mod 4) and

t
|G|4 2 Z |H1|4 2 (mod 2).
i=1

Proof. Iterate (2) along the decomposition. Every snark factor has
order at least ten, giving the bound on t. For permutation factors,
the two induced cycles have equal odd length, so their orders are 2
(mod 4). Dividing the order identity by four gives the congruence.

O
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Consequently the existence of a permutation snark of order 6
(mod 8) is equivalent to the existence of a cyclically 5-edge-connected
permutation snark of that order residue. Indeed, an odd value of
(|G| = 2)/4 forces an odd contribution from at least one terminal
factor.
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