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ADELIC GALOIS REPRESENTATIONS ARE MAXIMAL FOR
ALMOST ALL DRINFELD MODULES

ANWESH RAY

ABSTRACT. Let r > 3 be an integer, let ¢ be an odd prime power, and set A = Fy[T]
and F' = F4(T). We study the Galois representations associated with rank r Drinfeld
modules of the form ¢ =T + g17+ -+ + g-7", where g; € A and g, # 0. Ordering
the coefficient tuples § = (g1, .., gr) by their maximum degree, we prove that, for a
density-one set of tuples, the A-adic Galois representation is surjective for every prime

-~

A of A, and the adelic Galois image contains SL.(A). Moreover, for every tuple in
this set, the index of the adelic image equals the index of the corresponding rank-one
determinant representation and hence divides ¢ — 1. These results extend Zywina’s
theorem in rank 2 to arbitrary ranks r > 3. As a further consequence, we establish the
existence of rank r Drinfeld modules with surjective adelic Galois representations for
every r > 3, extending previous existence results which were known for prime values of
.

1. INTRODUCTION

1.1. Background and motivation. The torsion of a Drinfeld module carries commuting
actions of its coefficient ring and of the absolute Galois group. These actions give a
compatible family of representations, one for each nonzero ideal of the coefficient ring.
These images reflect information about the Galois groups of the division fields and the
entanglement relations among them. It is expected, however not known that the adelic
Galois images are maximal for many Drinfeld modules of a given rank r over a global field.
These Galois representations are positive characteristic analogues of the characteristic
zero representations that arise from elliptic curves and abelian varieties. More broadly,
Drinfeld modules are closely related to the theory of Drinfeld shtukas, which played a
central role in the proofs of the global Langlands correspondence over function fields, see
[Dri77, Laf02].

In this article, we specialize to rational function fields over finite fields. Let ¢ be an
odd prime power and set A =F,[T'] and F' = F,(T). A Drinfeld module of rank r over
F' is determined by an expression

¢pr=T+qT+ -+ g7, (1.1)

where g, # 0 and 7 acts on an element x by z — x9. For a nonzero ideal a C A, the
a-torsion is free of rank 7 over A/a. This gives a homomorphism pg 4 : Gr — GL.(A/a),
where Gp = Gal(F*°P/F). Passing to compatible inverse limits gives

-~

Py : Gp — GL.(A),

where A = II req, A and Q4 is the set of nonzero prime ideals of A and A, is the
completion of A at A.

Pink and Riitsche proved that this adelic image is open if its geometric endomorphism
ring is A, cf. [PR09a]. It is natural to study the maximal possible image as one varies over
all Drinfeld modules over F' of a given rank r. The analogous questions for elliptic curves
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over number fields have been studied extensively from a statistical perspective. Given an
elliptic curve E over Q, a prime £ is said to be exceptional if the Galois representation

PE L : GQ — GLQ(]F[)

associated to E[{] is not surjective. Serre’s open image theorem implies that a non-CM
elliptic curve has only finitely many exceptional primes. A striking result of Duke
[Duk97] establishes that almost all elliptic curves over Q, when ordered by height, have
no exceptional primes. Jones [Jonl10] subsequently strengthened this result by proving
that almost all elliptic curves over Q are Serre curves, meaning that the image of their
adelic Galois representation has index 2 in GLg(z). This is the smallest possible index
for an elliptic curve over QQ, owing to an unavoidable relation between its division fields.

Similar questions have been investigated for higher-dimensional abelian varieties.
Landesman, Swaminathan, Tao and Xu [LSTX19] proved such a result for non-isotrivial
rational families of abelian varieties with big monodromy. They showed that the adelic
Galois image is as large as permitted by the arithmetic and geometric constraints of
the family for a density-one set of specializations. Their results apply to families of
Jacobians of hyperelliptic, trigonal and plane curves, and imply, in particular, that for
every g > 3 there exist infinitely many abelian varieties over Q whose adelic Galois image
is GSpyy(Z). Zywina [Zyw23] subsequently generalized these results. For an abelian
scheme over a nonempty open subset of projective space over a number field, he proved
that the adelic Galois image of a density-one set of specializations has uniformly bounded
index in the monodromy group of the family.

In the setting of Drinfeld modules, the author [Ray26] established an analogue of
Duke’s result for the T-adic Galois representation. More precisely, let A = F,[T] and
F =TFy(T), and consider rank r Drinfeld modules of the form

pr =T+ 7+ + 97,

where g; € A and g, # 0. For every integer r > 2, it was shown that the T-adic Galois
representation

por s Gr — GL(Fo[[T]])

is surjective for a density-one set of coefficient tuples (gi,...,gr), ordered by their
maximum degree. Thus, for almost all Drinfeld modules in this family, the Galois group
of the T™-division field is GL,(A/(T™)) for every n > 1. The proof combines Hilbert
irreducibility over function fields, Drinfeld—Tate uniformization, and sieve methods.
However, this result concerns only the prime (7") and does not address the Galois
representations at other primes of A, or the possible entanglement relations between
their division fields.

More recently, Zywina [Zyw25] obtained an analogue of the result of Jones for rank 2
Drinfeld modules. For A = F,[T], he considered the family

¢r =T + gi7 + go7>, where g1,g2 € A, and g2 #0,

with the coefficients ordered by degree. He proved that, when ¢ > 2, the index of the
adelic Galois image in GLa(A) divides ¢ — 1 for a density-one set of coefficient pairs.
When g = 2, the corresponding index divides 4.

There has also been considerable interest in constructing individual Drinfeld modules
with surjective adelic Galois representations. In an earlier paper, Zywina [Zywll]
exhibited an explicit example of rank 2, namely

pr=T+71—-TT 72

and proved that its adelic Galois representation is surjective whenever ¢ > 5 is an odd
prime power. Chen [Che25] extended this construction to prime ranks. More precisely,
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for an odd prime r, he considered the Drinfeld module
pr =T+ +T9 7"

and established adelic surjectivity under suitable hypotheses on ¢, depending on r. These
constructions provide examples with maximal adelic Galois image, but the restriction
to prime rank in Chen’s argument leaves open the corresponding existence question for
arbitrary composite ranks. The results of the present paper address this question and,
more generally, extend Zywina’s density theorem to every rank r > 3.

1.2. The main results. Throughout the paper, unless a different hypothesis is stated,
r > 3 is an integer and ¢ = p° is odd. Write A<, = {a € A : dega < n}, with 0 included,
and set

Bu = AL % (Acu \ {0}).

For a subset S of the coefficient family, denote by
S N B

.. SN By - .
a(9) = hnrggéf B, and 0(9) = hvrqn—igp B
the lower and upper densities respectively. When the two values agree, we denote their
common value by §(5).
For a coefficient tuple g = (¢1,...,9,) € A" with g, # 0, let ¢9 denote the associated
Drinfeld module. For each nonzero prime ideal A of A, the action of Gp = Gal(F*P/F)
on the A-adic Tate module of ¢9 gives a representation

Pg .\ - GF — GLT(AA),

where Ay is the completion of A at A. Taking the product over all nonzero primes A
gives the adelic Galois representation

pg : Gr — GL,(A).
We denote its image by

~

Gy = pg(Gr) € GL, ().

For a nonzero polynomial f € A, we write lc(f) € F for its leading coefficient.

Theorem A. There is a set A of coefficient tuples of density one such that, for g € A,
the following statements hold:

(1) PgA(GF) = GL.(Ay) for every A € Qa;

(ii) the adelic image Gg contains SL,(A), and its commutator subgroup equals SLy(A);
(ili) if d = deg gr and e(gy) is the order of (—=1)*"tlc(g,) in FY, then

~ q—1
GL,-(A) : Gg4] = ged <d—1,> . 1.2
[ ( ) g] er (gr) ( )
In particular, the adelic index divides g — 1 on A .

For d = 0, the greatest common divisor in (1.2) is interpreted using ged(—1,b) = 1.
Let & be the set of tuples for which (—1)3€9-+7=1]¢(g,) generates Fy, and let g

-~

be the set with full adelic image GL,(A).

Theorem B. The set & has density p(¢ —1)/(¢ — 1), and

lim |Lad NP N By|
n—00 ’@ﬂ[}’ﬂ -

Consequently, 6(Saa) = ¢(q —1)/(q —1).

1.
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1.3. Method of proof. We begin by studying the Galois action at primes where the
Drinfeld module has stable reduction of rank r — 1. More precisely, we consider primes p
of A for which

Vp(gr—1) =0 and wvy(gr) = 1. (1.3)

Here v, denotes the normalized valuation at p. Drinfeld-Tate uniformization gives a
description of the module in terms of a Drinfeld module of smaller rank and a lattice.
This allows us to study the inertia action on the division points. Under the conditions in
(1.3), we show that the inertia image contains a large unipotent subgroup (Theorem 3.6).

The next step is to study the irreducibility of the residual representations. We show
that the primes at which reducibility can occur have bounded degree, where the bound
depends on the degrees of two auxiliary primes of good reduction (Theorem 7.3). These
auxiliary primes can be chosen independently of the coefficient tuple in the families
we consider. Once irreducibility is established, the unipotent subgroups obtained from
inertia can be used to generate the special linear group (Proposition 7.7). Together with
the determinant representation, this allows us to establish surjectivity of the individual
A-adic representations (Proposition 7.8).

The surjectivity of the individual A-adic representations does not by itself imply that
the adelic image is large. Indeed, there could be relations between the images at distinct
primes, even when each projection is surjective. We address this problem by studying
the inertia action simultaneously on division points of coprime orders. This allows us to
show that the images at distinct primes are independent, in the sense that their joint
image contains the product of the corresponding special linear groups (Proposition 8.2).
Using the fact that the special linear groups are perfect, we extend _this to any finite
collection of primes. It follows that the adelic image contains SL,(A) (Theorem &.3).
The remaining question is then to determine the determinant image, which accounts for
the possible index in GL,(A).

Finally, we show that the conditions needed in these arguments hold for a density-one
set of coeflicient tuples. The required conditions on stable reduction can be expressed
in terms of congruences satisfied by the coefficients. We use sieve theoretic arguments
to show that almost all tuples satisfy these conditions at sufficiently many primes
(Proposition 9.3). The remaining primes are handled using a result of Zywina from
[Zyw25] (see Theorem 7.1). Combining these results, we obtain a density-one set of
tuples for which the preceding arguments apply (Proposition 9.5).
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2. BASIC NOTIONS

This section is devoted to setting up notation and discussing preliminaries. Let ¢ be a
prime power and put A = F,[T] and F' = F,(T). A place of F' is an equivalence class of
valuations. These correspond to the monic irreducible polynomials in A as well as the
place at co. We identify a prime ideal A with its monic generator. We then set

dy = deg )\, ky= A/, Qx = |ka| = ¢ and Ay =lim A/A",
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The fraction field of Ay is F), which is the completion of F' at A. Its valuation is
normalized by vy(A\) = 1. We use the same symbol v for the extension of this valuation
to an algebraic closure F', with values in Q.

The remaining place is oo, and the valuation is normalized by v (T) = —1. The
corresponding absolute value is given by |a|.. = ¢%°8® for a € A\ {0}. For a nonzero
ideal a = (a) with @ monic, set dega = dega and Na = ¢4,

For a field K, let G = Gal(K®P/K). For a local field K, write K" and K' for
its maximal unramified and maximal tamely ramified extensions in K®®. Thus [ =
Gal(K®°P / K") is the inertia subgroup and the wild inertia group is Px = Gal(KP/K?").

Let ¢ = p°, and let K be a field containing F,. A polynomial P(X) € K[X] is called
additive if P(X +Y)=P(X)+ P(Y) in K[X,Y]. Equivalently, an additive polynomial
is one of the form P(X) = >, a;X?", with a; € K. An additive polynomial is called
Fq-linear if P(cX) = cP(X) for every ¢ € Fy. Equivalently, the F,-linear polynomials
are precisely those of the form P(X) = >, a; X%, where only finitely many coefficients
are nonzero.

The ring K{7} of twisted polynomials consists of finite sums Y, a;7%, with multiplica-
tion determined by 7¢ = 7. Consequently,

(ar?)(b77) = ab®' 7+,

The correspondence Y. a;7" +— Y. a; X7 identifies multiplication with composition of
additive polynomials. The coefficient ag equals the formal derivative of the corresponding
polynomial. Thus an additive polynomial with ag # 0 is separable.

An A-field is a field K equipped with an Fg-algebra homomorphism v: A — K. A
Drinfeld module of rank r is a homomorphism ¢ : A — K{7} such that the constant
coefficient of ¢, is y(a) and deg, ¢, = rdega for a # 0. Since A is a polynomial ring, it
is enough to specify ¢r = v(T) + g17 + - -+ + 7" with g, # 0. For a = >, ¢;T", one has

that A
(Z)a = Z Czqs?l“

Its 7-degree is r dega.

A Drinfeld module is said to have generic characteristic if 7 is injective. Otherwise
ker~ is a finite prime, called its A-characteristic. Over F' and its completions we always
use the natural embedding A < F. In generic characteristic every ¢, for a # 0 is
separable.

Let ¢ and v be Drinfeld modules over the same A-field. A morphism u : ¢ — ¥ is
a twisted polynomial satisfying u¢, = ¥qu for all a € A. A nonzero morphism is an
isogeny. The only units of K {7} are K*. This is easy to see given that the 7-degrees of
nonzero products add. Thus isomorphisms arise from scalars ¢ € K*. A Drinfeld module
¢ and a scalar ¢ gives rise to an isomorphic Drinfeld module ¥, which is defined by

,
Vr =c Yore =T + Z ' girt. (2.1)
i=1

The action a - © = ¢q(x) equips K*P with the structure of an A-module. If a is prime
to the A-characteristic, define the a-torsion by

ola] = ker ¢, C K™P.

It is an A/(a)-module. The number of its elements is ¢" 98¢, since ¢, is separable of
degree ¢" 482,

Lemma 2.1. If (a) is prime to the A-characteristic, then ¢la] ~ (A/(a))” as an A-
module.
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Proof. This is [Pap23, Corollary 3.5.3]. O
The Galois action commutes with A and gives rise to a homomorphism
Poa s Gr — GL.(A/a).

The splitting field K(¢[a]) is defined to be the fixed field of the kernel of the above
homomorphism.
Let W be a finite IF,-subspace of a field L containing [F,. We set

Py(X)= ] X-w) and Ew(X)=X [ 1-X/w).
weW 0AweW

Lemma 2.2. The polynomials Py and Ew are Fy-linear. Let W C W' be finite
[F,-subspaces. Then Ew (W') is also an Fq-subspace and

EW’ = EEw(W’) 9] EW (22)
Proof. We prove additivity of Py by induction on dimp, W. For W = 0 the assertion
is immediate. Write W = Wy & Fyv with v ¢ Wy. By induction Py, is Fy-linear, and
therefore

Pw(X) = [T Pun(X = ev)
cely

= H (PWO(X) - CPWO(U))
celFy
= PWO(X)q - PWO(U>q_1PW0(X)'
This is again [Fy-linear. Differentiating with respect to X, we obtain
Py (X) = =P ()7 Py, (X)),

since the derivative of Py, (X)? vanishes in characteristic p. As v ¢ Wy, we have
Py, (v) # 0. Moreover, Py, (X) is a nonzero constant by the induction hypothesis. It
follows that Py}, (X) is also a nonzero constant. The product formula gives Py}, (0) =
[oswew (—w) # 0, and Ew = Pw/Pj,(0). This proves the first assertion.

For the second, Eyw (W’) is an Fg-space of size |W’|/|W]|, since the kernel of Ey on
W' is W. The composition on the right of (2.2) has degree |W’|, derivative one, and
root set exactly W’. Thus there exists a nonzero scalar ¢ such that

EEW(W’) o EW == CEW/.
By definition, Eyy(0) = 0 and Ey;(0) = 1 for every finite Fy-subspace U. Differentiating
the preceding identity at X = 0 and applying the chain rule gives
B,y wy(0)Eyy (0) = cEiy(0),
and hence ¢ = 1. O
The Given a prime \, ¢, gives rise to a map ¢[A\"F1] — ¢[A\"] is ¢y. It is easy to see
that the map is surjective. Indeed, for x € ¢[A"], a root of ¢»(Y) — x lies in K5P and is

killed by ¢yn+1. Compatible bases may be chosen recursively by lifting a basis at each
stage. Consider the Tate module

T)(6) = lim §[A"] = A5.

The associated representation is denoted by py  : Gk — GL,(A4)), and its residual
representation by p, \ : Gk — GL;(ky). The adelic Tate module is

T(¢) == [[Tn(¢)
A
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and py : Gxg — GL,(A) be the associated big Galois representation, where A = Ay
p(b g p 9 A

3. STABLE REDUCTION AND FULL TRANSLATION INERTIA

Let K = F}, let Ok be its valuation ring, and write v = v, normalized by v(p) = 1.

Denote by my its maximal ideal. Let Cx = K denote the completed algebraic closure
of K and extend v to Cg. In particular, if L/M is a finite Galois extension and M is
algebraic over K, one has that

v(Normy,/y(z)) = [L : M]v() (3.1)

for x € L*.

An integral model of ¢ is an expression ¢ =T + Y, g;7" with g; € Ok. It has stable
reduction of rank s > 1 if gs is a unit and g; lies in the maximal ideal for ¢ > s. Its
reduction then has rank s. We say that ¢ has good reduction if s = 7.

Lemma 3.1. Every Drinfeld module over K acquires stable reduction after a tame
extension whose ramification index divides ¢° — 1 for some 1 < s < r.

Proof. Set

_ v(gi)
L= min — ,
1<i<r ¢ — 1
9i#0

and let s be the largest index for which the minimum is attained. Write p = a/b in
lowest terms, with b > 1. Since u = v(gs)/(¢° — 1) and v(gs) € Z, we have b | ¢* — 1. In
particular, b is prime to p.

Let @ be a uniformizer of K = F,, and choose u satisfying u’ = @. Then L = K (u)
is a totally and tamely ramified extension of degree b. The element ¢ = u™“ satisfies
v(c) = —p. The Drinfeld module ¢ defined by ¢, = ¢~ '¢4c for a € A is isomorphic to ¢
over L, via multiplication by c. Explicitly,

T
gT =T+ Zgicq’—l,ri.
i=1
For every i with g; # 0, its coefficient satisfies
v(gic” ') = v(gi) — (¢ = D >0,
with equality for ¢ = s. Thus (;NS has stable reduction. O

Let ¢ : A — K{7} be a Drinfeld module over K. Write K*P¥ for the additive group
of K*°P equipped with the A-action a -z = ),(x). This makes K*P¥ into an A-module.
A ¢-lattice is a discrete, Gg-stable A-submodule of K5P¥ that is free of finite rank.

For a 1)-lattice A, its associated exponential ep : Cx — Cg is defined by

ea(X) =X [[ a—=Xx/.
0#v€EA

Lemma 3.2. The product ex(z) converges for every z € Ck and defines an entire
Fy-linear function ey : Cx — Cx with kernel A. It has an expansion

er(z) =z+ Z ;27
i>1
with coefficients ¢; € K and is G -equivariant:
er(oz) = o(ea())

with 0 € G and z € Ck.
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Proof. The convergence, F,-linearity, and description of the kernel follow from the lattice-
exponential construction in [Pap23, Proposition 5.1.3], whose argument applies over Cg;
see also [Pap23, Section 6.2].

Choose a finite Galois extension L/K containing an A-basis of A. Since v is defined
over K, we have A C L, and completeness of L implies that the coefficients of ep lie in
L. The product formula and G g-stability of A give the asserted equivariance and show
that these coefficients are fixed by Gal(L/K). They therefore belong to K. For further
details, see [Pap23, Section 6.2]. O

We use the following form of Drinfeld-Tate uniformization; see [Pap23, Section 6.2,
especially Theorem 6.2.11].

Theorem 3.3 (Drinfeld-Tate uniformization). Suppose an integral model of ¢/K has
stable reduction of rank s. There exist a Drinfeld module /K of rank s with good
reduction and a ¥-lattice A of rank r — s such that

€A O Yg = Qg 0 €A
fora € A. For every nonzero a € A, the exponential induces a Gk -equivariant isomor-
phism of A/(a)-modules
Yo (A)/A = ¢la], (32)
defined by [z] — ep(z).

Proof. For further details, see for instance [Pap23, Section 6.2, especially Theorem 6.2.11].
O

Lemma 3.4. For every nonzero a € A there is a Gi-equivariant exact sequence of
A/(a)-modules
0 — ¢[a] — dla] — AJaA — 0. (3.3)

Proof. We refer to [Pap23, Section 6.2] for this result. O

Assume s =r — 1, v(gr—1) = 0 and v(g,) =t > 0. In this case, A has rank 1. Choose
an A-generator 7 of A. Since Auta(A) = A* = FJ, the Galois action has the form
o7y = n(o)y for a character  : Gx — F;\. Thus K(v)/K is Galois of degree dividing
qg—1,and v € K.

Lemma 3.5. One has ;

v(y) = 1 (3.4)

For every nonconstant a € A and every z with ¥q(z) =7,

- t
U(Z) - (q _ l)q('r—l) dega’

(3.5)

Proof. We first show that v(y) < 0. By the integral Tate uniformization construction
[Pap23, Section 6.2], we may choose the uniformizing exponential so that

ea(X) =X (mod my)
coefficientwise. Thus, we may write
ea(X) =X+ X7,
i>1
we have ¢; € mg for every ¢ > 1. If v(y) > 0, then every nonzero higher term satisfies
v(e™) = 1+ q'v(y) = 1+ v(y).

Consequently, the sum of the higher terms has valuation strictly greater than v(y) and
cannot cancel the linear term. This contradicts ej(y) = 0, so v(y) < 0.
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Since 1 has good reduction, it follows that for every b € A\ {0},
sdegb

Up(X) =) u XY,

i=0
where u; € Og and usqegp € O If v(z) <0, then for every i < sdegb with u; # 0,
v(uixqi) > q'v(x) > ¢*980u(x).

The leading term therefore has strictly smaller valuation than every other nonzero term,
and hence

v(ty(x)) = ¢° 0 (). (3.6)
Every nonzero § € A has the form § = ¢,(7y) for some b # 0. Thus
V() = ¢° %0 (y) < v ().
Choose ¢ € Fy such that p{T — ¢, put b =T — ¢, and choose z;, satisfying ¥y (2) = 7.

Since 1), has integral coefficients and v(y) < 0, we must have v(z,) < 0. Applying (3.6)
and using degb = 1, we obtain

For every nonzero § € A, it follows that
v(zp/0) = v(zp) — v(d) > v(zp) — v(vy) > 0.

Each factor 1 — 2,/ in the product defining e (zp) therefore has valuation zero. The
finite partial products have absolute value one, as does their limit. Consequently,

vlertan)) = ofz) = 22 <o.

In particular, ex(zp) # 0. We have that
du(en(zn)) = en(tp(z)) = ealy) = 0.

Since b =T — ¢, we have
(X)) =bX + 1 X+ -+ g X9 + g, X7
Here v(b) = v(gs) = 0, v(gr) =t > 0, and all coefficients are integral. Its Newton polygon
consists of a horizontal segment from (1, 0) to (¢*,0), followed by the segment from (¢°,0)
to (¢°T1,t). Thus every root of negative valuation has valuation

t .
o qurl —qs ?
see [Pap23, Section 2.5]. Applying this to ep(zp) gives
o(y) ¢t
q° - qs+1 _ qs’

and therefore v(y) = —t/(¢ — 1).
Finally, let a € A be nonconstant and suppose 9,(z) = . Integrality of the coefficients
again implies v(z) < 0, so (3.6) yields

¢ () = () =~

Since s = r — 1, this proves (3.5). O

For a ring R, write
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Theorem 3.6. Assume that ¢ has integral coefficients, that g.—1 is a unit, and that g,
has positive valuation t not divisible by p. If a is prime to p, then, in a basis adapted to

(3.3),

psa(Pr) = U(A/a).
In particular, for every nonzero prime X # p, there is a compatible basis of Th(¢) with
respect to which

PoA(Prc) = U(Ay).

Proof. Put s =r — 1, and let (¢, A) be the Tate uniformization of ¢, where ¥ has good
reduction of rank s and A = Ay has rank one. Recall that the A-action on A is given
by 1, so that aA = 1,(A). Let a be the monic generator of a. The finite-level assertion
is trivial when a = 1, so assume that dega > 0; set R = A/(a) and N = ¢*9€%. Since
Y[a] ~ R®, the group [a] has N elements.

Tate uniformization gives the G g-equivariant exact sequence

0 — la] =25 pla] 5 AJah — 0;
see [Pap23, Section 6.2, pp. 355-356]. We first show that wild inertia fixes ¢[a] and
A/aA pointwise. The quotient map is given by
na(ea(x)) = a(z) (mod ah),

where z € 1, 1(A). Replacing = by = + §, with § € A, changes 1, (z) by ¥4() € aA, so
this formula is well defined.

Good reduction of @ implies that 1, has integral coefficients and a unit leading
coefficient. Moreover, ¢/ (X) = a is a unit because a is prime to p. Its reduction therefore
has degree N and N distinct roots over an algebraic closure of the residue field. Choose
a finite unramified extension of K whose residue field contains these roots. Hensel’s
lemma lifts them to IV distinct roots of 1, in that extension. Thus

Yla] € K™ C K,
and Py = Gal(K®P/K") fixes v[a] pointwise.
The action of Gx on the rank-one A-module A gives a continuous character
xa G — AutA(A) =A" = F;
Since Py is a pro-p group and g — 1 is prime to p, the restriction of y to Pg is trivial.
Consequently, v € K, and Pk also fixes A/aA pointwise.

Write M = ep(9]a]) C ¢[a]. The preceding observations show that Pg fixes M
pointwise and acts trivially on ¢[a]/M. Hence, in any basis adapted to this submodule,

its image is contained in
Iy u . s
U(R)—{(O 1>.u€R}.

It remains to prove that every column v € R® occurs.
Choose z € K*P satisfying 1),(z) = v, and set

L =K'(z).
Since 9, is additive, its division equation has precisely the roots
{z+w:w e Pa]}.

All these roots belong to L, because v[a] C K*. The polynomial 1),(X) — ~ is separable,
its derivative being a # 0, so L/K" is finite Galois.
For o € Gal(L/K?"), define

clo)=o0(z) — z.
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Applying 9, gives
Ya(c(0)) = () =7 =0,
so ¢(a) € ¢la]. Since every element of 1[a] is fixed by Gal(L/K?"), we have
clor)=o0(1(2) —2)+0(2) — 2
= c(1) + ¢(0).
Thus ¢ is a homomorphism to the additive group v[a]. It is injective: if ¢(o) = 0, then o
fixes z and therefore fixes L = K'(z). In particular,

D:=[L:K' =|Gal(L/K")| < |s[a]| = N.
We now use the valuation of z to prove the reverse inequality. By (3.5),
t
v(z) = ——.
) (¢—1)N

Every K-automorphism of K®*°P preserves the extension of v, since K is complete.

Therefore
v(Normy, /gt (2)) = Z v(o(2))
o€Gal(L/K*)
Dt
(¢— 1N
The norm belongs to (K*)*. Every element of K* lies in a finite tamely ramified extension
of K, whose ramification index is prime to p. Since v(K*) = Z, it follows that

’U((Kt)x) C Z(p) = {%

= Dv(z) = —

:m € 7, nZl,p{n}.

Consequently,
Dt c7
(g— 1N ~ 7"
Now N is a power of p, whereas both ¢t and ¢ — 1 are prime to p. Thus all the factors
of p in the denominator must be cancelled by D, which forces N | D. Together with

D < N, this gives D = N. The injective map c is therefore an isomorphism
Gal(L/K") == v[a].
Since restriction gives a surjection Px — Gal(L/K"), we conclude that
{o(2) —z:0 € Px} =1lal.
To translate this statement into the action on ¢[a], put
y =ep(2).
The functional equation gives
Pa(y) = ea(a(2)) = ea(y) =0,

and the definition of 7, gives

na(y) =7 (mod ah).
Thus y lifts a generator of the free rank-one R-module A/aA.

Choose an R-basis wy,...,ws of ¥[a] and put v; = ep(w;). The restriction of ey
to 1[a] is injective: its kernel is ¢[a] N A, which is zero because A is torsion-free as
an A-module. Hence vy, ..., v, is a basis of M, and vy, ...,vs,y is an R-basis of ¢[a].

Indeed, its images generate the quotient, and any relation among these elements first
has zero coefficient of y after applying 7,, and then has all remaining coefficients zero by
independence in M.
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For every o € Pk, equivariance and additivity of ey give

o(y) —y = eal0(2)) —ea(z) = eala(2) — 2).

As o varies, these differences range over all of M. Since o fixes each v;, its matrix in the
chosen basis is
Iy us
(6 7).

where u, is the coordinate column of o(y) — y in the basis v1,...,vs. These columns
range over all of R®, proving
P¢,a(PK) =U(R).
Finally, fix a nonzero prime A # p, and let £ € A be its monic generator. At the levels
a = (", the transition maps in the torsion sequences are ¥ on Y[(" 1], ¢, on G[¢"F1],
and natural reduction on A/f"T1A. These maps are compatible with the injections and
quotient maps. They therefore induce a map

n: T)\((b) — @A/fn[\ = A®A A)\

whose kernel is T)(1)).

We can exhibit a compatible lift of the generator of this quotient. Set zg = v and
choose recursively z,+1 € K*P such that 1y(z,+1) = z,. Then ¢y (2,) = 7. For n > 1,
put y, = ep(zy). Using the identity ¢, 0 ex = ep 01, and y, = ep(zy,), we obtain

Gen(yn) = ea (¢£" (zn)) =ea(y) =0,
Ge(ynt1) = ea(Ve(znt1)) = ealzn) = Yn-
Here we have used ¢y (2n) =7, ¥e(2nt1) = 2n, and 7 € A = ker(ep). Thus y = (yn)n>1
belongs to T (¢), and
n(y) = (ymod £"A)p>1 =7 ® 1.
This element generates A ® 4 Ay, so 7 is surjective and we obtain the exact sequence

0 — Th(v) — Th(p) — A®a Ay — 0.

Adjoining y to an Ay-basis of the free rank-s module T () gives an adapted basis of
T)(¢). Its reductions give compatible adapted bases at every finite level.
In this basis, let
H = py(Px) CU(Ay).

The group H is closed, being the continuous image of the compact group Px in the
Hausdorff group U(Ay). The finite-level assertion shows that its reduction modulo A"
is U(A/A") for every n. Given u € U(A)), choose h,, € H such that h, = u (mod \").
Then h,, — u, and closedness of H implies u € H. Hence

P (Pr) = U(Ay),

as required. O

4. INERTIA AT THE RESIDUAL PRIME

In this section, we study the ramification of the determinant characters associated
with a non-zero Gp-stable subspace W C ¢[\] and its quotient ¢[A\]/W. Let A be a
nonzero prime of A, let ¢ be its monic generator, and set d = deg ¢ and Q = ¢%. We work
over K = F), with valuation normalized by v(¢) = 1. Let ¢ : A — Og{7} be a Drinfeld
module with good reduction of rank s. Its A-division polynomial can be expressed as

follows:
sd

Ye(X) = £X + Db X7
=1
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where b; € Ok and bsq € OF. Let m be the least index for which b, is a unit. We first
check that d | m. For every a € A, consider the identity vy 0 b, = 14 0 ¢p. Comparing
the reduced coefficients of X" gives

b @9 =aby,.
Since by, # 0 and the residues of elements of A range over F,a, every element of Fq is
fixed by the ¢"*-power map. Thus d | m. Write m = hd; the integer h, which satisfies
1 < h < s, is the height of the reduction.
Define
C={0}U{z €[\ :v(x)>0}.
The ky-action on t[)\] is induced by a - z = ¢,(x).

Lemma 4.1. The space C is an Iy-stable ky-subspace of dimension h. The action of Iy
on C' is irreducible, and its action on Y[\]/C is trivial.

Proof. The space C consists of the A-torsion points that reduce to zero. It is therefore
the subspace denoted by ©[A]°(K*P) in [PRO9Db, Section 2]. Since 1 has good reduction
and K = F), Proposition 2.7 of that reference applies. Together with the discussion
preceding it, this gives dimg, C' = h and shows that inertia acts trivially on 9[A]/C. It
also gives a kjy-linear isomorphism

L:C S Fon
under which the inertia action is multiplication by a surjective character
x: I — th.
Thus
vox) = x(0)u(x)
for 0 € I, and x € C. To prove irreducibility, let D C C be a nonzero [)-stable

kx-subspace, and choose 0 # x € D. For any 0 # y € C, the surjectivity of y gives an
element o € I satisfying

x(o) = uz)

L(y)
(

~—

Consequently ((oz) = ¢(y), and hence oz = y. Since D is stable under inertia, this
implies y € D. Therefore D = C, proving that the inertia action on C is irreducible. [

Set

T
L=]J(¢-1) and N,=L2 (4.1)
i=1
For a finite-dimensional ky-representation V' and a stable subspace W, write det W and
det(V/W) for the characters

or— det(o|ly) and o+— det(0|V/W)’
respectively.

Lemma 4.2. Let 1 <t < r, and let M € GL;(A). Assume that M has finite order.
Then every eigenvalue of M, and every eigenvalue of its reduction modulo a nonzero
prime of A, has order dividing L,.

Proof. Choose n > 1 such that M"™ = I;. Every eigenvalue § of M satisfies {" =1, so
§ € Fy. The coefficients of the characteristic polynomial of M are elementary symmetric
functions of its eigenvalues. They consequently lie in

ANF, =F,.
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The minimal polynomial of £ over F, divides this characteristic polynomial. Its degree is
therefore some i <, so £ € F; and its order divides ¢ — 1, hence L.
Since the characteristic polynomial lies in Fq[X], reduction modulo any nonzero prime

of A leaves it unchanged. Its roots after reduction therefore satisfy the same order
bound. 0

Proposition 4.3. Let ¢/F have rank r and let W be a Gp-stable subspace of V- = ¢[)].
For every finite prime p # A, both (det W)™ and (det(V/W))Nr are trivial on I,.

Proof. Set K = F, and choose a uniformizer . The construction in Lemma 3.1 gives a
totally tamely ramified extension K’ = K (w!/?) where b | L,, over which ¢ is isomorphic
to an integral module with stable reduction. This isomorphism is defined over K’, so it
identifies the torsion representations of Ggs. We set E = K'K" and J = Gal(K®P/E).
Since K" contains the b-th roots of unity, E/K"" is cyclic of degree b. Thus J is a
normal subgroup of I, of index b. In particular, we have that oteJforalloe I,.

By Tate uniformization over K’ there is a Drinfeld module v with good reduction and
a -lattice A of rank at most r — 1 for which there is the associated short exact sequence

0 — Y[A\] —V — A/AN — 0.

Since p # A and 1) has good reduction, ¢[)] is unramified over K’. The group J C I
therefore fixes ¥[\] pointwise.

Choose an A-basis 71, ...,7 of A. Since these elements belong to K®P  there is a
finite Galois extension L/K’ containing all of them. Every element of A has the form

Ql)al (71) +ooet ¢at(7t)’

where aq,...,a; € A. The coefficients of each 1), lie in K, so every element of A belongs
to L. Consequently, J N Gal(K®P /L) fixes A pointwise. This subgroup has finite index
in J, proving that the action of J on A has finite image. The intersection of these finitely
many stabilizers fixes the whole lattice, because the action commutes with every 1,. The
kernel of the lattice action is consequently open and has finite index. Thus the action of
J on A has finite image.

For o € J, its matrix on A therefore has finite order. Lemma 4.2 shows that every
eigenvalue on A/AA has order dividing L,. The other eigenvalues on V' are all one, since
J fixes ¢[A]. This conclusion also holds when A = 0.

Because W is stable, a basis of W extended to a basis of V gives a block upper
triangular matrix for o. Its characteristic polynomial factors as

det(XIv — O"V) = det(XIW — O"W) det(XIV/W — O'|V/W)‘

Each determinant character is therefore a product of eigenvalues whose orders divide L.
Hence for o € J, we have that

(det W) (o)X = (det(V/W))(o)l = 1.
Let x denote either of these determinant characters. For arbitrary o € I, we have
x(0)r = x(o")h =1
Since b | L., the integer bL, divides N,. Thus x¥" is trivial on Iy, as claimed. O

Proposition 4.4. Suppose that ¢ admits an integral model over Fy with good reduction
or stable reduction of rank r — 1. For every Gp-stable subspace 0 # W #V = ¢[)], at
least one of (det W)Nr and (det(V/W))Nr is unramified at \.

Proof. All the local representations in this proof are taken over K = F), with vy (¢) = 1.
Replacing ¢ by the given integral model preserves its I)-representation on A-torsion.
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Suppose first that ¢ has good reduction. Apply Lemma 4.1 to ¢, and let C C V be
its positive-valuation torsion. Since C' is irreducible under inertia, its stable subspace
W N C is either zero or C.

If WNC =0, the map W — V/C is injective. Inertia acts trivially on V/C, so it also
acts trivially on W. Thus det W is unramified. If C' C W, the natural map V — V/W
factors through V/C. Hence inertia acts trivially on V/W, and det(V/W) is unramified.
This proves the assertion in the good-reduction case.

Now suppose that the integral model has stable reduction of rank r — 1. Tate
uniformization over K gives a good-reduction module ¢/ K of rank » — 1 and a rank-one
lattice A, with exact sequence

0 — YA 2V — A/AA — 0.

Here the sequence is applied at the residual prime A; this is permitted because K has
generic A-characteristic. Identify 1 [A] with its image in V', and let C' be the image of its
positive-valuation subspace. By Lemma 4.1, C' is irreducible under I, and inertia acts
trivially on B = ¢[A]/C.

Put D = A/AA. The action on the rank-one lattice takes values in Aut(A) = F.
Thus the action on the one-dimensional ky-space D is given by a character

n: Iy — Ff Ckf, n?1t=1.
Quotienting the torsion sequence by C' gives
0—B—V/C— D —0.

We again have W NC =0 or C.
IIfWnC=0,let W be the image of W in V/C, so that W ~ W’ as inertia modules.
Let Dy be the image of W’ in D. There is an exact sequence

0—WnNB—W — Dy —0.

Inertia acts trivially on W’ N B, while Dyy is either zero or all of D. Multiplicativity of
determinants therefore gives

(detW)|r, =1 or (detW)|r, =n.

In either case, (det W)4~! is unramified at \.

If C CW, put Z=V/W. The quotient map V/C — Z is surjective. Let Bz be the
image of B in Z. Inertia acts trivially on Bz, and Z/By is a quotient of D, hence is
either zero or isomorphic to D. The exact sequence

0— Bz —Z—Z/Bz —0

then gives
(det(V/W))|r, =1 or  (det(V/W))[r, = 7.

Thus (det(V/W))4~! is unramified at A in this case. Since ¢ — 1| N,., both cases give
the asserted alternative. (]

5. FROBENIUS POLYNOMIALS AND THEIR EXTERIOR POWERS

In this section we prove estimates for Frobenius polynomials which are used to bound
the degrees of primes at which the residual representation is reducible. These bounds
will be applied in Section 7.

Let p be a prime of good reduction for ¢, and set d, = degp. As always, we denote by
p its monic generator, and normalize the infinite absolute value by |T'|» = ¢.
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Theorem 5.1. There is a monic polynomial
Pyp(X)=X"+a1 X" '+ +a, € A[X]
with the following properties.

(i) For every nonzero ideal a prime to p, pyq is unramified at p, and
Py p(X) = det (XTI — pga(Froby)) (mod a),

where Froby denotes arithmetic Frobenius.

(ii) The constant term is a, = epp for some ¢, € F'.

(iii) Bvery root a satisfies |a|oo = q™/" at every extension of | - |s to a field containing
Q.

Proof. The existence of Py, € A[X] and part (i) are recalled in [Zyw25, Section 5 and
Proposition 5.1]. The constant-term formula and the coefficient bounds

|ai’oo S qidp/r

for 1 <i <r are given in [Che25, Propositions 2.9 and 2.10].
To deduce part (iii), fix any extension of | - |o to a splitting field and put R = ¢%/".
If a root « satisfied |a|oc > R, then

jaia” oo < Rllalis” < lofg,

for 1 < i < r. The leading term could therefore not cancel in Py (a) = 0. Thus all
r roots, counted with multiplicity, have absolute value at most R. Their product has
absolute value |a,|oo = g% = R", so every root has absolute value exactly R. O

Lemma 5.2. Let L/F be a finite extension containing the roots of Py, and let B be a
product of a nonempty subset of these roots, counted with multiplicity. Then (3 is integral
over A, its valuation is zero at every finite place of L not lying over p, and its valuation
is positive at some place above p.

Proof. Write the roots as a1, ...,a,. They are integral over A because Py is monic.
Consequently, at every finite place w of L, all v, («;) are nonnegative. Moreover,

Z V(i) = vw ((—=1)"ar) = v (p).
i=1

If w does not lie above p, this sum is zero, so every summand is zero. This proves
integrality and the asserted vanishing for S.

Suppose that 3 is a product of j > 0 roots. By Theorem 5.1, its absolute value at every
place above infinity is ¢/%/" > 1, when the absolute value extends our normalization
on F'. Its valuation is therefore negative at every such place. If all its finite valuations
were zero, its principal divisor would have negative degree, contradicting the fact that
principal divisors have degree zero. Some finite valuation is therefore positive, and the
preceding paragraph shows that it must lie above p. U

For1<j<r—1, put m; = (;) and define
Popi(X)= ] (X - Hai> :

For any matrix M over a field, the eigenvalues of /\j M are the products of j eigenvalues
of M, counted with multiplicity. Indeed, triangularizing M gives a triangular matrix on
the exterior power with precisely these diagonal entries.
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Let M, be the companion matrix of Pg,. The preceding observation gives
Pypi(X) = det (XTI — N\ My).

The entries of A’ M, are minors of M, and hence belong to A. Thus Py, ; € A[X], and
this construction commutes with reduction modulo an ideal.
For a monic polynomial P(X) = [~ (X — B,) and an integer N > 1, set
m
PNI(X) = T](X = BY) = Resy (P(Y), X —Y).

u=1
The resultant expression shows that PV € A[X] whenever P € A[X], and that powering
the roots also commutes with reduction. Triangularization shows that PV is the

characteristic polynomial of MY whenever P is the characteristic polynomial of M.
Therefore, for A # p,

PN (X) = det (XI - (/\j p¢7,\(Frobp)>N> (mod A).

Here is how this identity detects determinant characters. Let V = ¢[)\], and let W C V
be a nonzero proper G g-stable subspace. If j = dimy, W, then /\j W is a stable line
in A\’ V, with character § = det(W). If instead j = dimg, (V/W), then N (V/W) is
a one-dimensional quotient of A’ V, with character § = det(V/W). In either case, a
basis adapted to this line or quotient makes the Frobenius matrix block triangular. Its
characteristic polynomial has the factor X — (Frob,). Consequently,

p] (H(Frobp) ) =0 (mod \).

RN
Lemma 5.3. Let p1 £ po be primes of good reduction. For 1 < j1,j0o <r—1and N > 1,
the polynomials P ¢>P L and PNV have no common root. Their resultant is therefore a

2,72
nonzero element of A.

Proof. Work in a finite extension containing all the Frobenius roots at p; and pa. A
common root would give 3 = Y, where j; is a product of j; Frobenius roots at p;.
By Lemma 5.2, there is a place w above p; for which v, (51) > 0. Since p; # pa, the

same lemma gives v,,(32) = 0. Taking valuations in the proposed equality would give
Nvy(B1) = Nuy(52), a contradiction. O

Lemma 5.4. Let p; # po be primes of good reduction of the same degree d. For
1<ji,j2<r—1and N >1,
N N Nd o
deg Res(P(z[) p}1 ]1,Pq[5’p]2 12) < — max(j1, j2)my, my,

< Nd max mj2
1<j<r—1

Proof. Denote the resultant by R; the preceding lemma gives R € A\{0}. Let B1,..., Bm,,
be the roots of Py, j,, and let y1,...,vm,, be the roots of Py, ;,. Fix an extension of
|+ |oo to a field containing these roots. Theorem 5.1 gives

‘5N’OO N]ld/r and h/v ’ N]gd/r
Since both polynomials are monic, the product formula for the resultant and the ultra-

metric inequality give

Mgy My

|R|oo = H H |ﬁN _ /711 o < q(Nd/r) max(jl,jg)mjlm]é‘

u=1v=1



18 A. RAY

Now |R|s = g7 £ which proves the first bound. The second follows from max(j1, j2) <

e .2
r and mj mj, < max;m;. (]

6. THE DETERMINANT REPRESENTATION

Once the adelic image contains SL,(A), its index is determined by its determinant.
We identify that character with a rank-one Drinfeld representation and apply Gekeler’s
image formula. We also record the local surjectivity criterion and the elementary count
needed for Theorems A and B.

For ¢ =T 4+ g17+ --- + g.7", define

A=(-1)""tg, and oYy =T+Ar. (6.1)

Thus ¢ is a rank-one Drinfeld module over F. The Weil pairing theorem [Pap23,
Theorem 3.7.1] gives compatible G p-equivariant isomorphisms

N ¢la] = ¢la] and A\ Th(¢) = Th(¥). (6.2)

A/Cl A/\
Since the action on the top exterior power is the determinant,
det ppa = pypa and detpy = py.

We use Gekeler’s rank-one image theorem in the form stated in [Zyw25, Theorem 6.3];
see also [Gek16, Theorem 3.13].

Theorem 6.1 (Gekeler). Let v =T + A1 with 0 # A € A. Put d =deg A, and let e
be the order of (—1)1c(A) in Fg. Then

1A% py(Gr)] = ged (d 1, q:) , (6.3)

(4/0)"  poalGr)] = sed (4= 1. 22 () o) ) (6.0

for every nonzero ideal a. In the second formula, p runs over the nonzero prime ideals
of A not dividing a.

Corollary 6.2. Suppose vy(gr) = 1. For every level a prime to p,
det pg.o(Gr) = (A/a)™.
For every prime \ # p,
det 597)\(GF) = A;f

For every coefficient tuple, without a valuation hypothesis, the adelic determinant index
divides ¢ — 1.

Proof. For the determinant module in (6.1), we have vy(A) = vy(g,) = 1. If p { a, the
greatest common divisor in (6.4) therefore contains an entry equal to one. The finite-level
index is one, proving the first assertion.

If A # p, apply this assertion to a = A" for every n > 1. The image of the continuous
character det pg » is compact and hence closed in AY. Surjectivity modulo every A"
makes it dense in AY, so it is the whole group. Finally, (6.3) shows that the adelic
determinant index divides (¢ — 1)/e, and thus g — 1, for every tuple. O

Recall that & consists of the tuples for which (—1)4¢89+7=11¢(g,) generates Fy.
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Lemma 6.3. For every n > 0,
2N Bl _ olg—1)
|Bn| q— 1
In particular, 6(2) = p(q—1)/(q —1).

Proof. Fix 0 < d < n. For each c € F, there are exactly q% polynomials g, of degree d

with leading coefficient ¢. Multiplication by (—1)4+"—!

permutes F;, which has exactly
©(q — 1) generators. Thus, among the (¢ — 1)q? possibilities for g, of degree d, precisely

©(q — 1)q? satisfy the defining condition of 2.

The remaining r — 1 coefficients can be chosen freely in A<, giving g(r—Dn+1)
possibilities. Hence
n
|2 0Byl = ¢V (g 1) ¢,
d=0
n
|Ba| = ¢ D (g —1) Y g
d=0
Taking their ratio proves the assertion. U

7. A UNIFORM BOUNDS AND BIG IMAGE CRITERIA

The following theorem of Zywina will be of central importance in our density estimates.
Recall that

Acp ={f €Fy[T] : deg f <n} and B, = AL x (A<n \ {0}),

where 0 is included in A<,,. Thus B, consists of coefficient tuples g = (g1, ..., g,) with
each coefficient of degree at most n and g, # 0, defining rank-r Drinfeld modules

pr =T+ qr+ - +g7".
Theorem 7.1. For every fixed nonzero ideal a C A,
o |19 € Bu: pga(Gr) = GL.(4/a)}]

n—00 |Bn|

Proof. This is [Zyw25, Theorem 8.1], which is stated for arbitrary rank r > 2. The
density there is computed in A7, . Since

=1.

|[);n| )
the same conclusion holds with our normalization. O

We combine the inertia-character results of Section 4 with the resultant bounds of
Section 5. The argument uses a determinant character of an invariant subspace or
quotient, so it applies to invariant subspaces of every dimension.

Remark 7.2. Let x : Gp — k3 be a continuous character unramified at every finite
prime. Then x factors through Gal(Fy/Fq). In particular, there is ¢ € kX such that

X(Froby) = (4&¥
for every finite prime p.

Let N, be defined as in (4.1), and set

2
Cr, = N, max <§> ) (7.1)

1<j<r—1
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Theorem 7.3. Suppose ¢/F has good reduction at distinct primes p1,p2 of the same
degree d. Let A be a prime at which ¢ has good reduction or stable reduction of rank
r—1. If py y is reducible, then deg A < C,d.

Proof. If X\ € {p1,p2}, then deg A = d < C,d. We may therefore assume that A\ differs
from both auxiliary primes.

Choose a nonzero proper G p-stable subspace W C V' = ¢[\]. By Proposition 4.3,
both (det W)Nr and (det(V/W))™r are unramified at every finite prime other than .
Proposition 4.4 shows that at least one of these two characters is also unramified at .
Choose one of the two representations W and V/W with this property, denote it by Vj,
and put 0 = det V and j = dimy, V. Thus 1 < j <r —1,and x = 6N is unramified at
every finite prime.

Remark 7.2 supplies ¢ € k; with H(Frobp)NT = (degP  The exterior-power construction

in Section 5 therefore gives, at every good prime p # A,
PIL(¢d8P) =0 (mod A). (7.2)
In particular, the two monic polynomials Pd[f,\tﬁ], j and Pq[f’\;;], j have the common root (¢
after reduction modulo A.

Their resultant

_ [Ny [Nr]
R = Res(P(b’pl’j, P(MM) cA

is consequently divisible by .
Lemma 5.3 implies that R # 0, and Lemma 5.4 asserts that deg R < C.d. Since the
nonzero polynomial R is divisible by A, we obtain deg A < deg R < C..d. (]

Suppose p # A is a prime at which ¢ has integral coefficients and
Up(gr—l) =0 and vp(gr) =1

By Theorem 3.6, there is a basis of T)\(¢) adapted to the uniformization sequence in
which

@Mﬂw:Ummz{cglz>meA;ﬁ.

Thus the global image contains every matrix in this translation group. We show that
residual irreducibility then forces it to contain SL,(A)).
For i # j and a in a commutative ring R, write F;j(a) = I + ae;;, where e;; is the

corresponding matrix unit. We use the notation [z,y] = zyz =1y~ 1.

Lemma 7.4. For every r > 2, there is an integer B(r) such that, for every commutative
local ring R, every element of SL,(R) is a product of at most B(r) elementary matrices.

Proof. By [VSS12, Theorem 1 and Section 1], every element of SL,(R) is a product of
four matrices, each upper or lower triangular with all diagonal entries equal to one. Each
such factor is a product of at most r(r — 1)/2 elementary matrices. This gives a bound
depending only on r. O

Lemma 7.5. For a commutative local ring R and r > 3, the group SL,(R) is perfect.

-~

Moreover, SL,(A) is perfect.
Proof. Since r > 3, for every pair ¢ # j we can choose an index k distinct from both. We
find that

[Eik(a), Ey; (b)] = Eij(ab). (7.3)
Taking b = 1 shows that every elementary matrix belongs to the commutator subgroup of
SL,(R). By Lemma 7.4, elementary matrices generate SL,(R), so this group is perfect.
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We now prove the assertion for A = [1,Ax. Let M = (My)y € SL,(A), and put
B = B(r). Each M) is a product of at most B elementary matrices. List the pairs (i, j)
with ¢ #£ j as

(41,71)s -+ (imy Jm), where m =r(r—1),
and write
g(.%'l, PN ,:Em) = Eiljl (11,‘1) ce Eimjm(xm).
Every elementary matrix can be written in this form by taking its coefficient in the
corresponding position and setting all other parameters equal to zero. The identity
matrix is obtained by setting every parameter equal to zero.
Consequently, after adding identity factors when necessary, we can write each local

component as
B

M), = H5(a,\,t71, s G Em)s axts € Ax.
t=1
For each fixed ¢ and s, form the element

~

at,s = (a/\,t7s)/\ € A.
We then have

B
M = Hc‘:(am,. . .,at7m).
t=1

Indeed, projection to the A-coordinate gives exactly the displayed factorization of M.

Thus M is a product of at most Bm elementary matrices over A. The bound is
independent of A, so this is a finite product even though A has infinitely many local
factors. Applying (7.3) with b = 1 over A expresses each factor as a commutator in
SL, (j) Every element of SL, (E) is therefore a finite product of commutators, proving
perfectness. O

Before stating the next result, we introduce some further notation. Let R be a
commutative local ring and put V' = R". An R-linear functional f € V* = Hompg(V, R)
is called primitive if it is surjective.

For a primitive functional f and a vector v € ker f, write vf for the R-linear endo-
morphism of V' defined by

(vf)(z) = f(z)v.
Thus I + vf sends x to x + f(z)v, where I denotes the identity map on V. Define

Up={I+vf:vekerf}
For v, w € ker f, the relation f(w) =0 gives (vf)(wf) = 0. Consequently,
(I4+vf)I4+wf)=T+@w+w)f and ([4+vf)"t=1I-0vf.
These identities show that Uy is a subgroup of GL,(R). Since f is surjective, the map
v I 4+uf

is injective. This identifies the additive group ker f with Uy.
We describe this group in an adapted basis. Let eg, ..., e, be the standard basis of V/,
and write
flxe,...,zp) =a1z1 + - + arzy.
Surjectivity means that the coefficients a; generate R. Since R is local, at least one a; is a
unit. After reordering the basis, assume a, € R*, and set b; = e; — aia;ler forl<i<r

and set b, = a,. le,. The change-of-basis matrix has determinant a, 150 by,...,b, form
a basis of V. Moreover, f(b;) =0 for 1 <i <r and f(b,) = 1. Thus by,...,b.—1 form a
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basis of ker f. If v = Z::_ll u;b;, then I +vf fixes by,...,b._1 and sends b, to b, +v. Its
matrix in this basis is therefore
I’r—l u
0 1

where u = (uq,...,u,—1)". Consequently, in this basis U; is exactly the group U(R)
appearing in Theorem 3.6. In particular, Us C SL,(R).
Finally, let g € GL,(R). For every z € V,
g(I +vf)g (z) =z + f(g~"z) go.
Hence
g +vf)g™ =T+ (gv)(fog™).

The functional fog~? is primitive, and g maps ker f bijectively onto ker(fog~!). Letting
v range over ker f therefore gives

1

gUfg_l = Ufogfl. (7.4)

Lemma 7.6. If f1,..., f. form an R-basis of V*, then the subgroups Uy, , ..., Uy, generate
SL,(R).

Proof. Let eq,..., e, be the dual basis of V. For i # j and a € R, the vector ae; lies
in ker f;, so I + ae;f; € Uy,. These are all elementary matrices in the basis eq, ..., e;.
Apply Lemma 7.4. O

Proposition 7.7. Let R be a commutative local ring with residue field k, and let
G C GL,(R). Suppose the reduction of G acts irreducibly on k" and G contains Uy for a
primitive functional f. Then G O SL,(R). If also det G = R*, then G = GL,(R).

Proof. The dual residual representation is irreducible. Indeed, the annihilator of a proper
nonzero invariant subspace of (k")* would be a proper nonzero invariant subspace of k”.
Since f is primitive, its reduction f is nonzero. The span of its orbit is therefore the
whole dual space. Choose g1, ..., g, € G such that the reductions of f; = f o 91;_1 form a
basis of (k")*.

The matrix with rows fi,..., fr has nonzero determinant modulo the maximal ideal.
Its determinant is a unit in R, so these functionals form an R-basis of V*. By (7.4), G
contains all the groups Uy,. Lemma 7.6 now implies that SL,(R) C G.

If det G = R*, take any M € GL,(R) and choose g € G with det g = det M. Then
Mg~ € SL,(R) C G, whence M € G. O

Proposition 7.8. Suppose p, \ is irreducible and there is a prime p # X with
Up(gr—1) =0 and vy(g,) = 1.
Then ﬁqz,’)\(GF) = GL,«(A,\).

Proof. Theorem 3.6 implies that the full translation group Uy lies inside the image over Aj.
Proposition 7.7 therefore asserts SL,(A)) is contained inside that image. Corollary 6.2
gives surjectivity for the determinant A}, so the last assertion of Proposition 7.7 proves
the claim. O

8. NON-ENTANGLEMENT OF THE A-ADIC IMAGES

We now study possible entanglement between the A-adic images py A (Gr) € GL.(Ay).
For distinct primes Aq, A9, write

Gi2 = (Pp 15 Po) (GF) C GL,(Ay,) x GL(Ay,)
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for the joint image. We show that, if both A-adic images are full and a prime p ¢ {1, A2}
satisfies (1.3), then
G12 D) SLT(A)\l) X SLT(A/\Q).

The proof uses Theorem 3.6 as well as [Zyw25, Lemma 3.3].

Lemma 8.1. Suppose p satisfies (1.3), and let A1, Ao be distinct primes different from p.
In compatible bases adapted to uniformization, the image of Pr, in the two local factors
18

U(Ay,) x U(Ax,).

Proof. For ¢« = 1,2, the uniformization sequence is
0 — Ty, (¢) — Tn,(¢) — A®a Ay, — 0.

Choose a basis of Ty, (1)) and extend it to a basis of T}, (¢) by lifting a generator of the
rank-one quotient. Reducing these bases modulo powers of A; gives compatible adapted
bases at every finite level.

Since 1 has good reduction at p and \; # p, inertia acts trivially on T}, (1)). Moreover,
the action on the rank-one lattice A takes values in A* = F;. This group has order
prime to p, so the pro-p group Pp, acts trivially on A and hence on A ®4 Ay,. Thus, in
the chosen bases, the joint image

H = (Pp.x15 Ppx) (PF,)
satisfies
H C U(A)q) X U(A)\Q)'
We prove that this inclusion is an equality by considering both factors simultaneously
at finite level. Fix n,m > 1 and put a = AJAJ’. The Chinese remainder theorem gives a
Galois-equivariant decomposition

ola] ~ ¢[AT] & o[A3'],
compatible with the submodules arising from . The two reduced adapted bases therefore
determine an adapted basis of ¢[a] over A/a.
Since a is prime to p, Theorem 3.6 identifies the wild inertia image at this level with
U(A/a). This group is
U(A/a) ~U(A/A}) x U(A/AS).
Consequently, reduction induces a surjection

H — U(A/A}) x U(A/A\S).
In particular, any prescribed pair of translation matrices modulo A} and AJ" is realized
by the same element of Pp,.

As n and m vary, the kernels of these reduction maps form a neighbourhood basis of
the identity in U(Ay,) X U(Ax,). The preceding surjectivity therefore shows that H is
dense in this product. On the other hand, Pp, is compact and the representations are
continuous, so H is compact and hence closed in the Hausdorff target. It follows that

H = U(A)\l) X U(A)\Q),
as required. O

Proposition 8.2. Let A\, Ao be distinct primes such that
Po(Gr) = GLy(Ay)  (i=1,2).
Suppose there is a prime p & {1, A2} satisfying (1.3). Then the joint image

G2 = (Ps.r5Po.0) (GF)
contains SLy(Ay,) x SLy(Ax,)-
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Proof. Put R; = A), and S; = SL,(R;). By Lemma 8.1, there are primitive functionals
fi: (Ri)" — R; such that
Uf1 X Uf2 C G12.
In particular,
Ufl X{I}gGlg, {I}XUf2 gGlg.

We first show that the first of these inclusions implies S x {I} C G1a.

Let €;,..., ¢ be the coordinate functionals on Rj. Since f; is primitive, there is a
basis in which it is a coordinate functional. Permuting this basis shows that, for every j,
there is a matrix h; € GL,(R) such that

fl e} h]_l = 6]‘.
The first projection of G2 is GL,(R1) by hypothesis. We can therefore choose
9j = (hj, kj) € Gra
for some k; € GL,(R>).
Conjugating by g; and using (7.4), we obtain
gj(Ufl X {I})gj_l = UEj X {I} - G12'

The second component remains the identity because k;I k;l = I. Thus G2 contains all
the groups U, x {I}, for 1 < j < r. Since the ¢; form a basis of (R])*, Lemma 7.6 shows
that these groups generate Sy x {I}.
Applying the same argument to the second projection gives {I} x S C G12. Finally,
for arbitrary s; € S;,
(51, 52) = (Sl, I)(I, 82) € Gio.
Hence we conclude that S7 x S5 C Gqo. O

Theorem 8.3. Suppose that
PoA(GF) = GLy(Ay)
for every nonzero prime ideal A C A, and that at least three distinct primes satisfy (1.3).
Let G = py(GF). Then one has that
[G,G] =SL,(4), G = (det)" (det G),
where |G, G| denotes the commutator subgroup of G.

Proof. Set
Sy=SL.(4)), S=]][S =SL(4), and H=[G,G]
A

-~

The closure is taken in GL,(A). Since G is the continuous image of the compact group G,
it is compact and hence closed. Therefore H C G. Every commutator has determinant
one, and S is closed, so H C S.

We first determine the projection of H onto any two factors. Fix distinct primes A1, A,
and write

T2 G — G12

for the projection onto the corresponding joint image. Of the three primes satisfying
(1.3), at least one differs from both A\; and Ag. Proposition 8.2 therefore gives

Sx, X Sy, € Gra.
Each Sy, is perfect by Lemma 7.5, so their product is also perfect. It follows that
Sy X Sx, =[x X Sy, Sx, X Sh,)
C [G12,G12] C Sy, X Sy,
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Thus
[G12,Gi2] = Sy, X S),-
Since 719 is surjective,
m12([G, G]) = [G12, G1a.

Indeed, a commutator [z,y] in Gy is the image of [z, y] for any lifts Z,y € G, and the
same observation applies to finite products of commutators. Since [G,G]| C H C S, we
conclude that

7T12(H) = S)q X S>\2.

Now let £ be a finite set of at least two primes, and let H; be the image of H in
[Ircz Sx. The group H. is compact and hence closed. Its projection onto every pair
of factors is surjective by the preceding argument. Each factor is perfect, so [Zyw25,

Lemma 3.3] gives
Hp = H S).
AL
Consequently, the projection of H onto every finite collection of factors of S is
surjective. To see that this makes H dense in S, take any s = (s))) € S and any basic
open neighbourhood of s. Such a neighbourhood imposes conditions on only finitely

many coordinates. Surjectivity onto those coordinates supplies an element of H agreeing
with s there, and hence lying in the neighbourhood. Since H is closed, we obtain

H =8 =SL,.(A).
In particular, S C G. We now use the perfectness of S, established in Lemma 7.5:
S =155 ClG,G]CS.

Thus [G,G] = S.
It remains to determine G from its determinant image. The inclusion G C (det)~!(det G)

follows from the definition. Conversely, take M € GL,(A) with det M € det G. Choose
g € G such that det g = det M. Then

det(Mg~t) =1,
so Mg~ € S C G, and hence M € G. This proves G = (det)~!(det G). O

9. CONGRUENCE CONDITIONS AND DENSITY ESTIMATES

We begin by recalling that B = A""! x (A\ {0}) and that B, = AZ,! x (A<, \ {0}).
In particular, -

[Bal = DD (4 1) = g7 (1 g (o),

Let b be a fixed nonzero ideal of degree e. For n+1 > e, reduction gives a surjective [Fy-
linear map A<, — A/b. Its source and target have dimensions n+ 1 and e, respectively
as F,-vector spaces. Every fibre therefore has ¢"*!'~¢ elements. Consequently, for any
subset @ C (A/b)", the proportion of tuples in AZ  reducing into (2 is exactly |2|/|A/b|"
oncen+1>e. -

The tuples with g, = 0 is a set with density ¢—(**1) in A, . Removing them does not
change the limiting values. Thus we find that -

. HgeB,:gmodbeQ} [

lim = .
n—00 |Bn| |A/b|"
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Definition 9.1. For a nonzero prime p C A, let
E,={geB:uvy(g-—1) =0, and wy(g,) =1}.

These conditions depend only on the tuple modulo p?. Let E, C (A/p?)" be the set of
residue tuples satisfying them, and define
By
PolAm
In other words, ¢, is the probability that the conditions defining Ej, hold when the
coefficients are chosen uniformly modulo p2.

Lemma 9.2. For every nonzero prime p, the set E, has density c,. Writing Qp = Np =
qd°8P  we have

6=01-0) (&' - &%) =0"(1-¢")". (9.1)
Moreover,
ZCP = 00.
p

There are also at least two primes of every sufficiently large degree.

Proof. Fix p, and put () = Q. We first compute the proportion c,. There are Q? residue
classes modulo p?, of which @ are divisible by p. Hence there are Q2 — @Q choices for g,_;
satisfying vy (gr—1) = 0.

For g,, we require divisibility by p but not by p2. Its residue class must therefore
be a nonzero element of p/p?, giving @ — 1 choices. The other r — 2 coefficients are
unrestricted, with Q2 choices each. Thus

Byl = (@Q° - Q)@ - 1)Q*" 2.
Dividing by the total number Q2" of residue tuples gives

QQ_Q Q_ 1 :Qfl(l _Q71)2.

“T T T2
For all sufficiently large n, the tuples in A% are uniformly distributed modulo p2.

Exactly a proportion ¢, satisfies the required conditions. Every such tuple has g, # 0, so
it already belongs to B,. Consequently,

|Ep N Bn’ B Cpqr(nJrl)
1B,,| - qr(n+1)(1 _ q—(nﬂ)) 7 Cp-

This proves 0(Ep) = ¢p.
We now prove that Zp ¢p diverges. The formula just obtained shows that a prime of
degree d contributes

¢ (1—q 9>
To determine the total contribution from degree d, we must therefore count how many

primes have that degree. Let m4(d) denote this number, or equivalently the number of
monic irreducible polynomials of degree d. Then

> g =m(d)g (1 — g
degp=d

We will show that this quantity is asymptotic to 1/d.
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An irreducible polynomial of degree d over F, divides T9" — T precisely when d | n.
Moreover, T9" — T has no repeated factors, since its derivative is —1. Comparing degrees
in its factorization therefore gives

q" = Z dmy(d).
dln

By Mobius inversion,

dmg(d) = p(a)g¥*,

ald

where s is the Mobius function. The term with a = 1 is ¢¢. For every other divisor a,
we have d/a < d/2, so

2]
> ula)g® el < N ¢ = 04(¢"?).
ald 7=1

a>1

It follows that

d d/2
q q

Substituting this estimate into the contribution from degree d, we obtain

B B 1 qfd/Q
Y. w=m(dg(1-q)=-+0, (d :

Thus the number of primes of degree d compensates for the small contribution of each
individual prime. Summing over 1 < d < D gives

because 3y, ¢~%?/d converges. The harmonic sum tends to infinity, proving dpCr =
00.

Finally, the estimate for m4(d) shows that m,(d) — co. In particular, there are at least
two primes of every sufficiently large degree. O

We now use the divergence of Zp ¢p to show that almost every coefficient tuple satisfies
the required valuation conditions at at least three primes.

Proposition 9.3. Let % be the set of tuples satisfying E, at at least three distinct
primes. Then §(%Z) = 1.

Proof. Let € > 0. Since Zp cp = 00, we can choose a finite set P of primes such that

Sp
22 <e.

We keep this set P fixed throughout the following counting argument.
Define

Sp = Zcp >2 and
peP

Cp={gecB:#{peP:gcE,} <2}.
This set depends on P, but it contains the fixed exceptional set B\ Z. Indeed, a tuple
satisfying the valuation conditions at fewer than three primes in total necessarily satisfies
them at fewer than three primes in P. Thus

B\ Z C Cp.
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We next bound the density of Cp. Put
bP = H p27
peP

and choose a residue tuple uniformly in (A/bp)". For each p € P, let X, be one if the
tuple satisfies the conditions defining Ej, and zero otherwise. Set

Xp =Y X,
peP
The Chinese remainder theorem gives
(A/op)" = [ (A/P?)".
peP

Under the uniform measure, X, depends only on the p-component and has mean c,.
Consequently,

E[Xp] =Sp and Var(Xp)= Zcp(l —¢p) < Sp.
peP
If Xp <2, then | Xp — Sp| > Sp — 2. Chebyshev’s inequality therefore gives
Val"(Xp) Sp
Pl“(XpﬁQ) < (Sp—2)2 < (Sp—2)2 <eE.

Membership in Cp is determined modulo the fixed ideal bp. For n + 1 > degbp,
reduction from AL to (A/bp)" has equal-sized fibres. The proportion of tuples in A”
satisfying at most two of the conditions is therefore exactly Pr(Xp < 2). Removing the
tuples with g, = 0 does not change the limit, since their proportion is ¢~ "+, Hence

6(Cp) = lim Cp O Bl _

n—o00 |Bn| o

Using B\ Z C Cp, we obtain

PI‘(XP < 2) <e.

5(B\ %) < 6(Cp) < e.

The set B\ Z is independent of € and P. Since € > 0 was arbitrary, its upper density is
zero. Therefore §(Z) = 1. O

Let .}, be the set of tuples for which no prime of degree greater than m divides both
gr—1 and g,. We set g, = 0(B\ ).

Lemma 9.4. We have that ¢, — 0 as m — oo.

Proof. Let D,, C A? consist of pairs (u,v) such that some prime of degree greater than
m divides both w and v. By [Zyw25, Lemma 9.5],

|Dm N AZ, |

q2(n+1) —0

Nm = limsup
n—oo
as m — oo. A tuple in B, \ %, has (g,-1,9r) € Dy N Aan- For each such pair, there

(r=2)(n+1) choices for the other coordinates. Consequently,

By \ S| < gD, 0 AL ).

are q

Dividing by |B,,| gives
1B \ S| 1 [Dm N AZ, |
B T 1-gq () @20t

Taking the limit superior in n, with m fixed, yields €, < 7,. This completes the
proof. O




AVERAGE ADELIC IMAGES OF DRINFELD MODULES 29

For all sufficiently large integers m, set

d(m):ngrJ and an= J[ A

deg A\<m

Since d(m) — oo, we may choose two distinct primes p;(m), pa(m) of degree d(m). These
primes are fixed once m is chosen and do not depend on the coefficient tuple.
Let 7, be the set of tuples for which

pi(m){gr and pa(m){ g

For a fixed prime p of degree d and n > d, there are ¢"T'=% — 1 nonzero multiples of its

monic generator in A<,. Thus the proportion of nonzero polynomials in A<,, divisible
by p is

qn+l—d -1

qn+1 —1

— q_d.

The other coefficients can be chosen freely, so the same limiting proportion holds in B,,.
Applying the union bound to the two chosen primes gives

3B\ Ty < 2¢74m). (9.2)

Every tuple in .7, has good reduction at both primes: all coefficients are integral there,
and the leading coefficient g, is a unit.
Let

Um =19 € B: pga,.(Gr) = GLr(A/an)}.
Theorem 7.1 implies that 6(%,) = 1. Define
VY =X NS O Ty \ YUy, (9.3)
Proposition 9.5. For all sufficiently large m,
8(Vm) =1 — e — 2¢740M.
Consequently, 0(Vm) — 1 as m — oo.

Proof. Given a fixed value m, a tuple outside ¥;, fails at least one of the four conditions
in (9.3). Therefore

B\ Y C(B\NZ)U(B\ L) U B\ ) U B\ %ny).
Counting in B, dividing by |B,|, and taking the limit superior gives
OB\ ¥m) <S(B\Z)+ 5B\ Im)
+8(B\ F) + 6(B\ %p,).

The first and fourth terms are zero. The second is &,,, and the third is at most 2¢—4™).

Since
(V) =1=8(B\ V),

we obtain the asserted lower bound. Finally, &,, — 0 by Lemma 9.4, and ¢~“™ — 0
because d(m) — oo. O
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10. PROOF OF THE MAIN THEOREMS
In this section, we prove the main results of the article.

Proposition 10.1. For every sufficiently large m and every g € ¥p,,
Pg(Gr) = GLy(4))

for every nonzero prime A C A.

Proof. Fix g € ¥,, and let ¢ be the Drinfeld module determined by this tuple. We first
prove that pg 5 is irreducible for every A.

Suppose first that deg A < m. Then A | a,,,. Since g € %, the representation at level
a, has image GL,(A/a,,). The Chinese remainder theorem shows that the projection

GL,(A/am) —s GLy(ky)

is surjective. Hence

Pg(GF) = GLr(ky).
The natural action of this group on £} is irreducible: the orbit of any nonzero vector
consists of all nonzero vectors, so a nonzero invariant subspace must be the entire space.

Now suppose that deg A > m. Since g € .%,, the prime A does not divide both g,_;
and g,. There are two possibilities. If A { g, all coefficients are integral at A and the
leading coefficient is a unit, so ¢ has good reduction there. If A | g, then A { g,_1. The
reduction of the displayed integral model then has rank » — 1, so ¢ has stable reduction
of that rank at A.

Membership in 7, supplies the two distinct good primes p;(m), p2(m), both of degree
d(m). Thus the reduction hypotheses of Theorem 7.3 hold. If p, ) were reducible, that
theorem would give

m m
deg A < Crd(m) = C, {MJ < o5
This contradicts deg A > m. The residual representation is therefore irreducible in this
case as well.

We have proved residual irreducibility at every prime. Furthermore, g € # supplies
three distinct primes satisfying (1.3). For any given A, choose one of them, say p, different
from A. Then

vp(gr-1) =0, vp(gr) = 1.
The hypotheses of Proposition 7.8 are now satisfied at A. It follows that
Pg(GF) = GL,(Ay).
Since A was arbitrary, this holds for every prime. O
Proof of Theorem A. For g € B, write
Gg = ﬁg(GF)-
Let .4 be the set of tuples for which
Par(Gr) = GL.(Ay) for every prime \,  [Gy,Gy] = SL,(A).

We first prove that 0(.#) = 1. Fix a sufficiently large m and take g € ¥;,. Proposi-
tion 10.1 gives surjectivity of every A-adic representation. Since g € Z, there are also
three distinct primes satisfying (1.3). Theorem 8.3 therefore gives

Gy Gyl = SL.(A).
Thus ¥;, C . for every sufficiently large m. By Proposition 9.5,

M) > (V) > 1 — e — 2¢~ %M,
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Letting m — oo gives §(.#) > 1. Since all box proportions are at most one, this proves
A) = 1.

Here the limits defining the densities are taken with m fixed. The subsequent limit in
m improves the lower bound for the single set .#. This is why the fixed-level density
statements suffice to obtain simultaneous surjectivity at all primes.

Now fix g € .. Since the commutator subgroup is contained in the group itself,

-~

SL,(A) C Gy.

If M e GLT(A\) has determinant in det G4, choose g € G4 with det g = det M. Then
Mg=! e SL,(A) C Gy, so M € G4. Hence

Gg = (det) " (det Gy).

The determinant map on GL,(A) is surjective, as is seen from the matrices diag(u, 1,...,1).
It therefore induces an isomorphism

GL,.(A)/Gy ~ A*/ det Gy.

In particular, the adelic index is the determinant index.
The determinant representation is the adelic representation attached to the rank-one
Drinfeld module

Ypr =T+ A7, where A= (-1)""1g,.

Put d = deg g, = deg A. Then
(=1)"1e(A) =
whose order in F is e-(gr). Applying (6.3

~1)"* " e(gr),

gives

~—

o~

[GL,(A) : Gy] = [A* : det G,]

:gcd(d—l, q—1>.
er(gr)

This index divides ¢ — 1, and all the asserted properties hold on the density-one set
M. O

Proof of Theorem B. Recall that &2 consists of the tuples for which
(et Ie(g,)

generates F;*. For such a tuple, e.(g,) = ¢ — 1. The determinant formula (6.3) therefore
gives
[A* : det Gg] = ged(deggr — 1,1) = 1.
Thus det G4 = A for every g € &.
If g also belongs to .#, Theorem A gives

Gy = (det) " (det Gy) = GL,(A).

Consequently,
MNP C Sag,

where .%,4 is the set of tuples with surjective adelic representation.
Put
-1
e g
q—1
By Lemma 6.3,
|2 N B,| = c|B,]
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for every n. A tuple in & whose adelic representation is not surjective cannot belong to
M . Hence

('@\yad)mBnan\%

Dividing by |2 N B,,| yields

0<1— |Sa N P N B, < |By, \ A |
|2 N B, c|By|

On the other hand,

|Bn \ |

—0
c|By|

since §(.#) = 1. This proves that adelic surjectivity has relative density one inside 2.
Note that

’yadm8n| > ‘/fﬂ@ﬂ[)’n‘
> | PN Bu| = By \ |

After dividing by |B,,| and taking the limit inferior, we obtain

_plg—1)
é(yad) > c= ﬁ

This proves the claimed lower bound. U
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