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Abstract

We prove unconditionally the conjecture of Gurvich and Naumova that for
every n > 1 the set {1,...,n} can be partitioned into parts of at most three
elements whose sums are powers of 3. The partition is given by an explicit
recursion.
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1. Introduction

Let m > 2 and n > 1 be integers and [n] = {1,...,n}. Gurvich and
Naumova [1] call a partition of [n] m-good if every part has at most m
elements and the sum of the elements of every part is a power m*, k > 0,
of m. Every [n] has exactly one 2-good partition [1, Proposition 1]. In
an m-good partition every part other than {1} has sum = 0 (mod m), so
n(n+1)/2=0or 1 (mod m). For n = 2(m" + 1) this sum is = 3 (mod m);
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hence for m > 4 the set [n] has no m-good partition [1, Observation 1].3 For
m = 3 they stated:

Conjecture 1.1 ([1, Conjecture 1]). For everyn > 1 the set [n] has a 3-good
partition.

They proved that a minimal counterexample is of the form n = 3!+ 3k +2
with 0 <k < (3771 —1)/2 and k # (3 —1)/2 for 0 < ¢ < t [1, Theorem 1],
recorded further reductions found by O. Polubasoff, and reported that a
computation by D. Rybin confirmed the conjecture for n < 844. We prove
it.

Theorem 1.2. For every n > 1 the set [n] has a 3-good partition.

Corollary 1.3. Let m > 2. Every set [n], n > 1, has an m-good partition if
and only if m € {2,3}.

The proof is a recursion on n. Let T'= 3! < n < 3T. Forn =T, for 2n >
3T, and for n = T + j with j # 2 (mod 3), the reductions of [1, Section 2]
pass from [n] to a shorter interval. For the remaining n = T + j, j = 2
(mod 3), 25 < T, we prove more: [n| minus the triple {n —1,n, T — 2j + 1},
whose sum is 37", has a 3-good partition (Proposition 4.1). This statement
passes from j to n by a reflection argument (Lemma 3.1), except when j lies
in the upper half of the interval [3“,3“T!) that contains it. In that case a
fixed-point-free involution of {1,...,2N —2} with distinct pair sums supplies
the missing triples (Lemma 3.2). Figure 1 shows the four cases, and Section 5
describes the formal verification of the proof.

2. Good and balanced sets

For integers a < b let [a,b] = {z € Z : a < x < b}, and [a,b] = 0 if
a>b For Z C Z and ¢,s € Z write c + sZ = {c+ sz : z € Z} and
c—2Z ={c—z:z€ Z}. A finite set A C Z is admissible if |A] < 3 and

3Partitions of an interval into small parts tied by an additive condition go back to
Skolem [2], who proved that {1,...,2n} is a disjoint union of pairs {a;, b;} with b; —a; = 1,
1 <i<n,ifand only if n =0 or 1 (mod 4). Such pairs give a partition of {1,...,3n}
into the n triples {¢, n+a;, n+0b;}, each of the form {z,y,x +y}: the first entries run over
{1,...,n}, the other two over {n+1,...,3n}, and i + (n+a;) = n+b;. In the problem of
Gurvich and Naumova the condition is on the sum of a part rather than on a difference.
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Figure 1: The four cases of the recursion for 7' = 27, drawn for n = 27,50,33,35. In
(a)—(c) the gray interval is good by induction. In (d) the three red points form W, and
the rest of [n] is good by H(n), Proposition 4.1.

S pea® = 3F for some k > 0. A finite set S C Z is good if it is a disjoint union
of admissible sets;* thus [n] is good if and only if it has a 3-good partition.
A finite set Z C 7Z is balanced if it is a disjoint union of sets each of which
is {0} or a 3-element set with sum 0. Disjoint unions of good sets are good,
and disjoint unions of balanced sets are balanced.

Lemma 2.1 ([1, Lemma 1]). If £ > 0 and ¢ # 2 (mod 3), then [—(, (] is
balanced.

Proof. Write ¢ = 3k + r with r € {0,1}. For 0 <14 < k the sets
A ={—8k—1), 1414, 3k — 1 — 2}, B; = {—(2k —1i), —(k—1), 3k — 24}

have sum 0. As i runs over [0,k — 1], the entries —(3k — i), —(2k — 1),
—(k — 1) run over [—3k, —2k — 1], [-2k, —k — 1], [—k, —1], the entries 1 + i
run over [1, k], and the entries 3k — 1 — 2¢ and 3k — 2 run over the numbers
in [k+ 1, 3k] of the parity of 3k — 1 and of 3k. So the 2k sets A;, B; partition
[—3k,3k] \ {0}. Add {0} if r =0 and {—¢,0,¢} if r = 1. O

In [1] the index ¢ runs from 1; it has to start at 0, as the examples k = 1,2
given there show.

4A partition of S is a cover of S in which every point lies in exactly one set. Covers in
which every point lies in at least k of the sets, and the nerve complexes that record how
the sets of a cover meet, are studied in [5].



Lemma 2.2. Let Z be balanced, ¢ > 0 and s # 0. Then 39+ sZ is good and
sZ 1is balanced.

Proof. The map x — 37+ sx is injective; it sends {0} to {37} and a 3-element
set with sum 0 to a 3-element set with sum 39!, The map x — sz is injective
and preserves the two kinds of parts. O]

Lemma 2.3. Let Q) = 39 and let X C [1,Q — 1] satisfy Q — X = X. Then
X s good.

Proof. Since @) is odd, x # @ — x, and X is the disjoint union of the pairs
{z,Q — z} with z € X, v < Q/2; each has sum Q. O]

3. Reflection and the involutions oy

The next lemma uses the reflection 2 — T — x of [1,T — 1], an action of
the group of order two that pairs off the points of a symmetric set.’

Lemma 3.1. Let T =3", 7 >0, DC[1,T -1 and W C [T+ 1,T + j]U
(T'— D). Put

F={deD:T—-d¢D}, R=({T}U[T+1,T+;5U(T-D))\W.
If F and R are good, then [1,T + j| \ W is good.

Proof. Let E={zx € [1,T—1]:2¢ D, T—x ¢ D}. ThenT—FE = E, so E is
good by Lemma 2.3. We show that [1,7+ j]\ W is the disjoint union of £, F’
and R. The set £ meets neither D O F nor {T}U[T+1,T+5]U(T'—D) D R;
and F' C [1,T—1] does not meet T'— D, hence meets neither R nor W. Since
E does not meet W either, E, F, R are disjoint subsets of [1,T + j] \ W.
Conversely let x € [1, T+ j]\W. lf 2 >T,orifz <T—1land T —z € D,
then x € R. Otherwise x <T —1,T—x ¢ D,and x € F or x € E according
as x € D or not. O

SFor an action of a group G on a set, the orbits of G partition the set; here G has order
two and the orbits are the pairs {,T — z}, all of size two because T is odd. Equivariant
classes for actions of hyperbolic groups are constructed in [6].



N
, N
\ A

N — - N EE ||

w
{T}U[T +1,T + 4]

T/2 T T+ j
Dj; the points d € D with T —d ¢ D form F

1
/
[ ] T—D,{T}and [T+ 1,T + j]; without W they form R
Bl WV, removed

L]

E, the rest of [1,T — 1]: symmetric under z — T — z, so a union of pairs with sum T

Figure 2: Lemma 3.1. The reflection 2 — T'—x maps D onto T'— D; the rest E of [1,7 —1]
is symmetric and splits into pairs with sum 7'

Lemma 3.2. Let N > 1, N =1 (mod 3), and K = 2N — 2. There is a
fized-point-free involution® o of [1, K| with the following properties, where
H={z€[1,K]:z<o0(2)}.
(i) The sums z+ o(z), z € I1, are distinct.
(i) The N numbers 2N — 2 and z + o(z) — (2N + 1), z € II, are distinct,
and the set Ay they form is balanced.
(iii) Every 6 € Ay satisfies |0] < 2N — 2, and every positive 6 € Ay is
even.

Proof. Since N =1 (mod 3), either N = 1, or N = 2M with M > 2 and
M =2 (mod 3),or N =2M + 1 with M >3 and M =0 (mod 3).

If N =1, then [1, K] =0 and A; = {0}.

Let N =2M. Let 0 exchange z <> 2+ N — 1 for 1 < 2z < N — 1. These
pairs partition [1, K], since K = 2(N — 1). The pair sums are 2z + N — 1,
1 <z < N — 1, which are distinct. Subtracting 2N + 1 =4M + 1 gives the
numbers 2(z—M —1),1 < 2 <2M —1,s0 Ay = {4M -2} U2 [-M, M — 2|,
that is,

Ay = {4M =2, —2M, —(2M —2)} U2[—(M —2), M — 2]

6A fixed-point-free involution is a free action of the group of order two, and its orbits
are pairs. On complex surfaces the same notion gives the Enriques surfaces, which are the
quotients of K3 surfaces by fixed-point-free involutions; K3 surfaces with involutions and
the Enriques and Kummer surfaces obtained from them are studied in [7].
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Figure 3: Lemma 3.2 for N = 10, M = 5. Each pair {z,0(2)} carries the number
z 4 o(z) — (2N + 1); together with 2N — 2 = 18 these form A;g, which splits into three
triples with sum 0 and {0}.

The first set has sum 0; the second lies in [—(2M —4),2M — 4], so it does not
meet the first, and it is balanced by Lemmas 2.1 and 2.2, since M —2 =0
(mod 3). This proves (i)-(iii), as 4M — 2 = 2N — 2.

Let N = 2M + 1. Let 0 exchange 1 <+ N, 2 <> N+ 1, 3 < N — 1,
4 N+2,2N—-3 < 2N—-2,andz <> 2+ N —2for5 <x < N—2. The last
family pairs [5, N —2] with [N+3, 2N —4], so these pairs partition [1, K]. The
pair sums are N+1, N+3, N+2, N+6, 4N —5 and 2x+N—2 € [N+8,3N —6],
5 <z < N — 2, which are distinct. Subtracting 2N + 1 = 4M + 3 gives

Ay = {4M, —(2M + 1), —(2M — 1)} U {4M — 4, —2M, —(2M — 4)}
U2[—(M —3),M —3].

The first two sets have sum 0; the third lies in [—(2M — 6),2M — 6] and is
balanced since M —3 = 0 (mod 3). The three sets are disjoint, which proves
(i)—(iii), as 4M = 2N — 2. O

4. Proof of Theorem 1.2

For n > 1 let ¢ be the integer with 3! <n < 3. Ift>1and j =n — 3¢
satisfies
j=2 (mod 3), 2 <7, 25 +1 <3, (1)

put W, = {n —1,n, 3" — 25 + 1}. Tts elements are distinct, since 2 <
3t — 25+ 1< 3"— 3, and their sum is 3*'. Let H(n) be the statement that
[n] \ W, is good.



Proposition 4.1. Let n = 3" + j with t > 1 and j as in (1). Suppose that

[m] is good for every m < n and that H(m) holds for every m < n for which
it is defined. Then H(n) holds.

Proof. Let T = 3", soW,, = {T+j—1,T+j,T—2j+1}. Since T > 2j+1 > 5,
we have T' > 9. In each case below we choose D C [1,7 —1] with 2j—1 € D,
so that W =W, C [T+ 1,T+ jlU(T — D), and show that the sets F' and
R of Lemma 3.1 are good. Lemma 3.1 then gives H(n).

Case j = 2. Take D = {3}. Then F = {3}, as T —3 # 3, and R =
(T,T+1,T+2,T—3}\W = {T}.

For j > 5 let u be the integer with 3* < j < 3“*!. Then uv > 1, and
Jj > 3%+ 2 because j = 2 and 3 =0 (mod 3). Also 3j # T, since 3j =T
would give j = 3" =0 (mod 3).

Cases 37 > T, and 3j < T with 25 +1 < 3“t1. Take D = [1,j — 2] U
{2/ —1}. Then T — D =[T—j+2,T—1U{T —2j+ 1} and

R=T+[-(j-2),j—-2]

which is good by Lemmas 2.1 and 2.2, since j — 2 =0 (mod 3).

If35 >T,thenu=1t—1. As T and 35 are multiples of 3, T' < 35 — 3, so
T—-2j+1€[2,j—2]C D. Forde[l,j—2|wehave T—d > T—j+2 > j—2,
soT —de Donlyif T —d=2j—1. Hence

F=101,7-2]\{T -2j+1} = [j]\ W,

because 3"t = T'and W; = {j—1,4,T—2j+1}. The number j = 3"+(j—3%)
satisfies (1) at level u, so F is good by H(j).

If 3j < T and 2j + 1 < 3%™! then 3“™ < 35 < T gives T > 3“2, and
every d € D satisfies T —d > T — 25 +1 > 3vt2 — 3+l > 25 — 1. Hence
F=D. Put p=3“""—2j 4+ 1; then 2 < p < j — 2, because 2j + 1 < 3u+!
and j > 3"+ 1. Since W; = {j — 1, j,p},

F=D=([1\W;)uip 2j -1},

a disjoint union of a set that is good by H(j) and a pair with sum 3“*1.
Case 35 < T and 2j +1 > 3“t!. Let P = 31, As before T > 3P, so
T=3PorT>9P;and P+1<2j <2P —2. Write P = 2c+ 1 and put

N=j—c¢, e=P—-1—j3=c—N.



Then N >1,e>0,5=e+2N,and 2N —2=25— P —1 < P — 3. Since
3| P we have ¢ = 1 (mod 3), hence N =1 and e = 0 (mod 3). Let o, II,
Ay be as in Lemma 3.2, K = 2N — 2, and

D=[1,eU(P+Ay).

By Lemma 3.2(iii), P+Ay C [P—2N+2, P+2N —2| = [2e+3,2j—1], so the
union is disjoint, D C [1,2P—-3] C [1,T—1],and 2j—1 = P+ (2N —2) € D.

We show F' = D. Let d,d € D with d+d = T. If d < e, then
d+d <e+2P—-3<3P<T;sod=P+dandd =P+ with §,0' € Ay
and § + ¢ =T —2P. If T > 9P, then § + ¢ > 7P > 2(P — 3), which is
impossible. If T = 3P, then § + ¢ = P is odd. Since §,0’ < P — 3, both
are positive, hence even by Lemma 3.2(iii), a contradiction. Thus F = D,
which is good: [1, €] = [e] is good by hypothesis, and P+ Ay by Lemmas 3.2
and 2.2.

It remains to compute R. First, [T+ 1,7+ j]\W =T+ (1,7 — 2] =
T+[1,e+ K]. Second, T— D = T +[—e, —1] together with T'— P — Ay; here
T—P—-—(2N—-2)=T—-2j+1€ W, and for z € I, using P —2N — 1 = 2e,

T—P—(z+a(z)—(2N+1)):T—<26+z+0(2)).

By Lemma 3.2(ii) these numbers differ from 7" — 2j + 1. Hence R=T + Z
with
Z =[-ee] UJ {6 +z, e+0(z), —(2¢e+ 2+ a(z))}.
z€ll

Each set {e + z,e + 0(z), —(2¢ + z + o(z)) } has three elements and sum 0.
As z runs over II, the numbers e + z and e + o(2) run over e + [1, K] once
each, because o is a fixed-point-free involution; the numbers —(2e+z +0(2))
are distinct by Lemma 3.2(i) and less than —e. Since [—e, €] is balanced by
Lemma 2.1, Z is balanced, and R is good by Lemma 2.2. [

Proof of Theorem 1.2. We prove by strong induction on n > 0 that [n] is
good and that H(n) holds whenever it is defined; [0] = (). The sets [1] =
{1} and [2] = {1,2} are admissible, and H(1), H(2) are not defined. Let
n>3T=3 <n<3T,t>1. Whenever H(n) is defined, it holds by
Proposition 4.1 and the induction hypothesis. For [n] there are four cases.

(a) n="T: [n]=[T —1U{T}.
(b) 2n >3T+1: witha=3T—-1—-n<mn,[n]=[aJU[a+1,3T — 1 —al,
and the second set is good by Lemma 2.3 with ) = 37T.

8



Y atriple: {5,7,15} with sum 27, and four triples with sum 81

. a singleton: {9} and {27}

\__/  apair {z,27T -z}, € {1,2,3,4,6,8,10,11,13}, sum 27

Figure 4: The 3-good partition of [35] given by the recursion. Each triple is drawn as two
arcs above the line, each pair as one arc below it.

() T <n,2n < 3T and j = n—T # 2 (mod 3): [n] is the union of
[T —j—1] and T + [—7, j], and the second set is good by Lemmas 2.1
and 2.2.

(d) T'<mn,2n <3T and j = n—T = 2 (mod 3): then j satisfies (1),
and [n] = ([n] \ W,,) UW,,, where [n] \ W, is good by H(n) and W, is
admissible.

In (a)—(c) the first set is good by the induction hypothesis, and in all cases
the union is disjoint. O

Proof of Corollary 1.8. For m = 2 this is [1, Proposition 1], for m = 3 it is
Theorem 1.2, and for m > 4 the set [2m + 2] has no m-good partition, as
recalled in Section 1. ]

Example 4.2. The least n not excluded by [1, Theorem 1] is n = 35 = 27+8.
Here 37 =24 <27, u=1and 25 + 1 =17 > 9, so the last case applies with
P=9 ¢c=4 N =4, e =0. The involution o of [1,6] is 1 <+ 4, 2 <> 5,
346, Ay ={6,—4,—2,0} and D = {5,7,9,15}. The construction gives the
3-good partition of [35] into

(5,7,15), {9}, {27}, {18,30,33), {20,29,32}, {22,28,31}, {12, 34,35
and the nine pairs {z,27 — z}, z € {1,2,3,4,6,8,10, 11, 13}; see Figure 4.

The recursion computes the partition of [n] in O(n) arithmetic operations.



5. Formal verification

Theorem 1.2 is formalized in Lean 4 [3] with Mathlib [4], version 4.34.1,
and the formal proof is checked by the Lean kernel. The formal statement
says that for every natural number n there is a partition of {1,...,n} into
nonempty parts, each of which has at most three elements and a power of
3 as its sum. In the formal proof, good and balanced sets are the finite
sets of integers built by disjoint union from the admissible sets, respectively
from {0} and the 3-element sets with sum 0, and the argument is that of
Sections 2—4. The proof depends only on the axioms of Lean’s logic, namely
propositional extensionality, choice and the soundness of quotients; it has no
unproved step and adds no axiom.

Independent computations in exact integer arithmetic run the recursion
of Section 4 and confirm that it gives a 3-good partition of [n] for every
n < 30000 and for further values of n up to 6.5-107, and that H(n) holds for
every n in these ranges for which it is defined. They also confirm Lemma 2.1
for ¢ < 30000 and Lemma 3.2 for N < 30001.

Data and code availability

The BTEX source of the paper, the Lean 4 formalization of Theorem 1.2
and the programs of Section 5 are archived at Zenodo under

doi:10.5281 /zenodo.23455972 [8]; the paper is available at
https://github.com/creelie/didactic-lamp/blob/main/preprintGurv
ichNaumovaConjecture/GurvichNaumovaConjecture.pdf. Deep
Bhattacharjee carried out the computations and the Lean, Julia, C, C++,
Python and shell verifications, and the proofs and the text were drafted,
with AT assistance (Claude, Anthropic); both authors approved the final
version.
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