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Prescribed Eigenvalues in Power Bands of Finite Prime-Cover

Graphs

Idris Ali Shaik*

Abstract

Let Gx be the graph on the positive integers at most X, with an edge between n and np whenever
p is prime and np < X. Write A1(X) > A(X) > --- > 0 for its positive adjacency eigenvalues,
counted with multiplicity. We prove that, for every fixed 21/61 < 6 < 1/2 and every integer
X%/log X <a< XY,

M@F=ﬂﬁ@+wQ£X)

where 7 is the prime-counting function. This identifies the eigenvalue at the prescribed rank a
throughout a polynomially growing band of centres. For every 0 < 6 < 1/2, ordered mean-square
bounds give a weaker estimate outside o(X?) centres below X?. When 1/3 < 6 < 1/2, the same
Op(a/log X) error holds outside o(X?) centres using only global prime estimates. The results extend
to deletion of any fixed finite set of prime directions.

Edges labelled by primes exceeding v/ X form disjoint stars. Retaining their first-exit interactions
gives local comparison operators and a family of approximate eigenvectors. Bounds on their overlaps
and residuals control eigenvalue counts across clusters, allowing ranks to be recovered where the global
perturbation bound no longer separates neighbouring star levels. The Baker—Harman—Pintz lower
bound and the Brun—Titchmarsh upper bound supply the short-interval prime counts used in the
uniform every-centre theorem.

1 Introduction

For X > 1, we study the graph on the positive integers at most X in which two vertices are joined
when their ratio is prime. Its edges are

n <— np, p prime, np < X. (1.1)
These are the cover relations of divisibility, so the graph is the Hasse diagram of the divisibility poset
on {1,...,|X]}. Splitting the edges at Y = |V X | gives an explicit reference spectrum. An integer at

most X cannot contain two distinct prime factors larger than Y, so the edges labelled by p > Y form
disjoint stars. The star centred at @ <Y has degree

dox = n(X/a) — m(Y) (1.2)

and positive eigenvalue p, = \/dq,x. Writing j(a) = a for the arithmetic rank in the undeleted graph,
this suggests the ordered profile

Xj@)(X)? = w(X/a). (1.3)
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The companion paper [15] treats fixed centres. The first-order interaction of a star mode with the
small-prime adjacency vanishes, allowing the remaining eigenvalue correction to be evaluated through
constant order. That work also proves localization of the corresponding eigenvectors. Here the centre
grows as a power of X, and we seek the eigenvalue at its prescribed global rank. Comparing the
smooth adjacent-star gap u,/a with the global perturbation norm gives the scale a < X 1/6 Beyond
this scale, that comparison no longer establishes separation of neighbouring levels. We recover the
ranks by comparing families of approximate eigenvectors and counting eigenvalues across spectral
clusters.

We state the result with a fixed finite set S of deleted primes. Put

Vs(X)={n <X :ptn for every p € S},

and let Ag x be the adjacency matrix of (1.1) on Vg(X), with only prime labels outside S. Write

Ws(t) = #{p <t :p prime, p¢ S}a

and enumerate the allowed positive integers as a1 < as < ---. Equivalently,

js(a) =#{n <a:n € Vs(co)} (1.4)
is the one-based arithmetic rank of an allowed centre a. The positive eigenvalues of Ag x, counted
with multiplicity, are denoted by A1(Ag x) > A2(As x) > --- > 0.

For Y = |VX|, define

ds’x(C) =7T5(X/C) —7T5'(Y) (1.5)

when ¢ <Y, and set it equal to zero when the corresponding star is inactive. For an active centre a,
put

ds,x (aq) ds,x(a/q)
rex(a) = 2 ’ se.x(a) = == , 1.6
g.x(a) dsx(a) ¢.x(a) dsx (@) (1.6)
where ¢ <Y is an allowed prime in the first expression and ¢ | a is prime in the second. Inactive
up-stars have ry x (a) = 0. For the ranges below, all nonzero denominators are separated from zero
once X is sufficiently large. Define the first-exit correction

Mg x = 42 XAy 270X 5= sqx(a). (1.7)

1 -5 a
q<Y 1X q‘a q, X( )
q¢S q prime

Our main theorem identifies every prescribed ordered eigenvalue in a terminal power band below the
square-root boundary.

Theorem 1.1 — prescribed eigenvalues in a terminal power band

Fix a finite set S of primes and

21<9<1
61 2

There is a constant Cg g such that, for all sufficiently large X, every allowed centre
0

<a< X’
logX_a




obeys

’/\js(a) (Asx)? —7ms(X/a) = Msax| < Csp

(1.8)

a
log X~

Since Mg 4 x <s,9 log X = o(a/log X) uniformly on the terminal band, the correction is smaller than
the stated error. The same estimate therefore has the following equivalent form.

Corollary 1.2

Under the hypotheses of Theorem 1.1, every allowed centre in the terminal band satisfies

Ao (o (As.x)? = ms(X/a) + O, ( (1.9)

_e
logX )~

Among all allowed centres a < X?, the only centres not covered by (1.8)-(1.9) lie in the explicit initial
segment a < X%/log X, whose size is
X
0 .
> (log X )

Ordered mean-square estimates give a density-one result throughout 0 < 6 < 1/2.

Theorem 1.3 — density-one estimate on sub-square-root power bands

Fix a finite set S of primes and

1
0<0<—-.
2

Then there is an exponent D = D(S, 6) such that, outside og ¢(X?) allowed centres a < X?,

Njg(a)(As,x)? = ms(X/a) + Mg,a x

“ [ x (1.10)
JrOs,g(lOgX + (log X) alogX>'

More precisely, for each fixed R > 0, D may be chosen depending on S, 8, R so that the terminal-band
exceptions number Og g r(X?/(log X)f). Counting all centres below X? additionally omits the initial
segment a < X?/log X. On every retained dyadic band the error is o(rs(X/a)).

Two perturbative estimates provide the comparison scales. The star forest and Weyl’s inequality give,
for every fixed 0 < 6 < 1/2,

Aoy (Ag x )2
sup | st )(As,x)

-1 x—(1-20)/4 1.11
a<xo| Ts(X/a) €50 (L.11)

This is Proposition 2.3. On a dyadic terminal band a =< XY, its squared-error scale is X3/4*9/2/ log X .
Theorem 1.1 reduces that scale to X?/log X, an improvement by the factor

x3(1-20)/4

A positive-star prefix and a separated-complement Schur bound give the stronger benchmark
Os.0(V/X /log X) in Proposition 2.4. The table compares both benchmarks with the results of this

paper.



Estimate Centres covered Squared-error scale on a =< X?

Raw Weyl, Proposition 2.3 Every centre, 0 < 6 < 1/2 X3/4_9/2/ log X
Positive-star block, Proposition Every terminal-band centre, VX /log X
2.4 0<0<1/2
Theorem 1.1 Every terminal-band centre, X%/log X

21/61 <6< 1/2
Theorem 1.3 Density one, 0 < 6 < 1/2 X%/log X +

(log X)Px(=0/2/ /log X

Corollary 10.3 Every terminal-band centre, X%/log X +

0<6<1/2 (log X)C' [ X (1=0)/2 4

X1/4+9/2]/ /logX

Theorem 1.3 improves the positive-star block scale by a positive power for every fixed 0 < 6 < 1/2, as
quantified below. Corollary 10.3 gives a weaker every-centre improvement on the same full range.

Corollary 1.4 — density-one improvement over the block baseline

1
0o = min{ -0, 9} > 0.

Put

2 2

Then, for every 0 < § < &y, outside 0g,4(X?) allowed centres a < X?,

[Njs(a)(As,x)? — ms(X/a) — Ms,q x| <so5 X270 (1.12)

The exponent comparison follows from Theorem 1.3 and is proved in Section 10.

Equation (1.8) identifies the eigenvalue at the specific position jg(a). We recover this rank by comparing
eigenvalue counts across clusters with the ordered energies of the local comparison operators, called
molecules below. Two-sided short-interval prime counts control the arithmetic ordering at the required
width.

The target width also explains why this collective step is necessary. On a dyadic band a < B, the
smooth PNT profile has mean spacing between its squared targets

3 X
59 Brlog X

whereas the error in (1.8) is B/log X. Thus one theorem-sized window contains approximately

B3
KB:Y

model levels. For B = X?+°(1) with # > 1/3, this number tends to infinity. The error windows overlap,
so we use threshold counts across clusters of Kp labels to recover the prescribed ranks. The mean
spacing here is the derivative scale of the smooth PNT profile; consecutive discrete prime-counting
targets may coincide.

The same argument has a counting form. Corollary 9.4 shows that a buffered interval of terminal-band
centres and its corresponding arithmetic energy window contain the same number of modes up to
O(B3/X) boundary labels.

The proof begins with a two-stage Schur comparison between the full graph and the one-exit compression
(Section 3). This comparison holds throughout a < X 1/2=¢_SQection 4 constructs the local molecules
and evaluates their energies. Sections 5—6 control the Gram matrix and residuals of the molecule
family, allowing the vectors to be used together. The proof then divides into two parts. Sections 7-9
establish the sharp every-centre theorem by eliminating spectrally distant modes and bounding the
number of internal eigenvalues that can cross a cluster threshold. Short-interval prime counts supply



enough arithmetic labels on either side to determine the rank. Section 10 proves the density-one
theorem directly from an ordered mean-square comparison above a separated complement.

The arithmetic input determines the lower threshold in Theorem 1.1. At the target width, the
relevant prime interval has base z =< X'~¢ and length h =< X?. The Brun-Titchmarsh upper bound
[12] and the Baker-Harman-Pintz lower bound m(z) — 7(x — 221/40) > 221/40/1og x [16] give the
two-sided count used in the proof. The strict inequality /(1 — ) > 21/40 gives § > 21/61. Using the
Guth-Maynard asymptotic [11] at exponent 17/30 would instead require 6 > 17/47. More generally,
a positive-proportion prime lower bound in intervals of length 2*7¢ gives the arithmetic condition
0 > k/(1 + k). The cluster count also requires § > 1/3, since K = B3/X must tend to infinity.
The density-one theorem uses global prime estimates and sorting contraction, which accommodates
repeated prime-counting targets.

Cover-matrix spectra of structured product posets were studied by Andeli¢ and da Fonseca [1]. Related
divisibility graphs usually retain every comparable pair or restrict to the divisor lattice of one integer
[2,3]; the present graph is the cover graph of the radial truncation ([1, X],|). Hub-controlled extreme
spectra occur in sparse random graphs [4,5]. Alt, Ducatez, and Knowles prove Poisson statistics
and exponential localization at the spectral edge of sparse Erdés—Rényi graphs [6], while Frieze and
Tsourakakis obtain a star-forest decomposition in a random Apollonian model [7]. The present result
is deterministic and labels a growing family of ordered modes. Helfgott and Radziwill [8] study a
different prime-divisibility operator with additive moves and a global expansion objective. The Schur
complement, min—max principle, and inertia arguments used below are standard finite-dimensional
tools [9,10].

Kline’s sparse Redheffer descendant is an arithmetic matrix with O(X) nonzero entries. Its determinant
represents the Mertens function, and its two dominant eigenvalues have leading scale ++/7(X) with
a logarithmic correction [13,14]. That operator retains a distinguished Redheffer interaction. The
present paper treats the symmetric zero-diagonal cover adjacency and identifies a family of order X
ordered positive eigenvalues.

A companion Lean 4 formalization of Theorem 1.3 and Corollary 1.4 is registered in Palomar [17,
version 1]. Its scope is described in the formal-verification section.

2 The large-prime forest and the small-prime norm

Let Lgs x contain the edges labelled by primes p > Y, and put

Asx =Lsx + Hs x. (2.1)

Figure 1 shows the split for X = 16: solid large-prime edges form the disjoint stars, while dashed
small-prime edges comprise the remainder.

Proposition 2.1 — exact star decomposition

The graph with adjacency Lg x is a disjoint union of stars. The nonempty star centred at a <Y has
degree dg x(a), and its two nonzero normalized eigenvectors are

1
ur = > bap | (2.2)
v dSX p>Y p¢sS

ap<X

with eigenvalues £p,, where p, = /dg x(a).
Proof.

An edge labelled by p > Y has lower endpoint at most Y and upper endpoint above Y. An integer
at most X cannot have two distinct prime divisors larger than Y. Hence every large-prime leaf has



®
\@ — p > 4 (stars)
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Figure 1: The prime-cover graph at X = 16, split at ¥ = 4. Solid edges belong to Lg x; dashed edges
belong to Hg x.

a unique centre and cannot itself be a centre. The components are stars, and (2.2) is the standard
spectrum of K 4. O

The remaining graph has the sharp norm scale needed throughout the paper.

Proposition 2.2 — small-prime norm

For fixed S,
X1/4
H = . 2.3
5] <s Z=— (23)
Proof.

The principal subgraph on the root and the allowed primes at most Y is K r.(y), which gives the
lower bound, using the prime number theorem [12]. For the upper bound use the positive Schur weight
w(n) = n~“. Uniformly for o near 1/2, partial summation and Chebyshev’s estimate [12] give

Yl—a
p YK ) 2.4
pgzy logY (24)

For n < X < (Y +1)2, the incoming row sum is Zp‘n p<y P Prime divisors at most Y1/2 contribute

o(Y®). For Y > 4, at most four distinct prime divisors of n exceed Y'/2: five would have product
greater than Y°/2 > (Y 4 1)2 > X. Thus the incoming sum is O(Y'®). With

_ 1 loglogY

2 2logY’

both row contributions are O(Yl/ 2/{/logY). The weighted Schur test proves the upper bound. [J

We shall repeatedly use, uniformly for a < X/2-¢,

X
2
=g —————, H =o0 . 2.5
Ha S,e alog(X/a) || S;XH S,E(Ma) ( )
These follow from the prime number theorem and (2.3). In particular, the min—max principle applied
to the positive-star subspace shows that all indices js(a) used below correspond to positive eigenvalues
once X is sufficiently large.



Proposition 2.3 — Weyl baseline

Fix a finite set S of primes and 0 < < 1/2. Uniformly for allowed centres a < X,

X3/4 x1/2
Valog X + log X~

o) (As.x)? — ms(X/a)| <s

Consequently the relative estimate (1.11) holds.
Proof.

Since a — dg, x (a) is nonincreasing, the positive large-prime eigenvalue at arithmetic rank jg(a) is fiq.
Weyl’s inequality and the exact identity

ds x(a) =ms(X/a) —ms(Y)

give

Vs (Asx)? = ms(X/a)| < || Hsx|(2ua + || Hs x||) + 75 (Y). (2.7)

Combining (2.3), (2.5), and the PNT proves (2.6). After division by 7mg(X/a), the dominant term is
| Hs x||/1ta <506 X~ (1720/4; the squared-norm and boundary terms are Og,¢(X ~'/2+%). This proves
(1.11). O

Proposition 2.4 — positive-star block baseline

Fix a finite set S of primes and 0 < @ < 1/2. Uniformly for allowed centres X?/log X < a < X?,

vX
Njsta)(As.x)* = ms(X/a)| <s log X (2.8)

Proof.

Choose a sufficiently large fixed Cy, put Z = [C,a], and let Pz project onto the positive large-prime
modes with allowed centres ¢ < Z. All these stars are active for large X. The compression is
Pz Ag xPz = Az + Wy, with Az = diag(p.). Unique factorization gives

(Wz)e.eq = <1 (g <2), (2.9)

1+ \/dg7x(cq)/dsvx(c)
2

for allowed primes ¢, and every other off-diagonal entry is zero. The diagonal is zero. Entrywise
domination by the prime-cover adjacency on Vg(Z), followed by the large/small-prime split at size Z,

t}heIefOIe gi\/es
o o 10gZ 57 IOgX. ’

Here nonnegative symmetric matrices satisfy this norm domination by the Rayleigh principle applied
to coordinatewise absolute values. The bound on Ag z uses ||Lg z| < v/7s(Z), Proposition 2.2 at
size Z, and the PNT; it uses no molecule estimate.

Let 7; be the ordered eigenvalues of Az + Wz. Monotonicity of the star degrees and Weyl give
Tis(a) — ta| < Wzl = 0(pa). On Py, the forest has positive top at most s, where b is the first
allowed centre above Z; all other sectors are nonpositive. Uniform PNT gives u2/u2 < C;! + o(1).
Consequently the full adjacency complement has top below 7;(4) — cua, after increasing C, since

|Hs x|l = o(q). Its coupling to Pz has norm at most |Hg x||.

The finite-dimensional Schur comparison in Lemma 5.2 now yields



a
Njs(a)(As,x) = pal < Wzl + Os0([|Hs,x1?/ 1ta) <s,6 \/@- (2.11)

Squaring costs Os ¢(vV X /log X +a/log X). Finally p2 = 75(X/a)—ms(Y) and 75(Y) <5 VX /log X,
proving (2.8). O

3 The exact one-exit compression

Let P = P, be the orthogonal projection onto the span of all positive star modes u;, and put
Q =1 — P. Define

Co=QLsxQ, K=QHsxP. (3.1)

Let &€ be the smallest reducing subspace of the self-adjoint operator Cyy containing ran K. The one-exit
space and its compressed adjacency are

R=PFVs(X)®E  Gsx = PrAsx|r- (3.2)

This space keeps every positive star mode and exactly the nonpositive large-prime spectral components
reached in one small-prime step. It is a proper compression of the full graph: most mean-zero leaf
modes of a large star are not charged by K.

We first record the linear-algebra comparison that transfers results for Gg x back to Ag x.

Lemma 3.1 — two-stage Schur comparison

Let
T K* 0 *
A=k D B, g:(g %) (3.3)
0 R C

be Hermitian, and suppose

Amax (D) Amax (C), [ K|, || R]| < B.

If the j-th eigenvalue p; of G satisfies p; > 4B, then
B4
0< A (A)? —p7 < 7?. (3.4)
J

Proof.

Interlacing gives the lower bound. Put

5:3B4/p?, z=p;+9, s=B?/(z— B).

Eliminating the last block at energy z adds to the D-block a positive operator bounded above by sI.
Eliminate the D-block in this upper comparison and compare it with the Schur form of G — p;. If
s < 4, the change of self-energy is nonpositive. If s > J, the resolvent identity gives

8B*
HK*((Z —5— D)71 —(p; — D)fl)KH < ? < 4.

J



Sylvester inertia therefore shows that A has at most j — 1 eigenvalues above z, so 0 < \;(A) — p; < 4.

Since p; > 4B, squaring gives (3.4). O

Theorem 3.2 — transfer from one exit to the full graph

Let p; > p2 > .-+ > 0 be the positive eigenvalues of Gg x. For fixed € > 0, uniformly whenever

a; < X1/275’

0 < \j(As.x)?

a; log(X/a;)

2
TPy S (log X)?

<<S,E

Proof.

(3.5)

With F = Q¢? © &, the decomposition P @ € @& F has the form (3.3). The P-to-F block vanishes by
the definition of £, and all remaining off-diagonal blocks have norm at most Bx = ||Hg, x|. The D-
and C-blocks have top eigenvalue at most By, since Cy < 0.

Interlacing with the positive-star compression gives p; > p.;, — Bx. Equations (2.3)-(2.5) imply
p; > 4Bx uniformly in the stated range. Lemma 3.1 yields

Bj ajlog(X/a;)
A= g
1O g X

which is (3.5). O

Corollary 3.3 — uniform relative one-exit comparison

Fix € > 0. Uniformly over the indices whose arithmetic centres satisfy a; < X 1/2—¢

sup
(ljSXl/275

1Aj(As,x)? — p;j(Gs,x)?|

ws(X/a;)

— 0.

In particular, (3.6) holds simultaneously for every a; < X? when 6 < 1/2 is fixed.

Proof.

Theorem 3.2 and the prime number theorem give, uniformly in the stated range,

A3 = o3

a? log?(X/a;)

ms(X/a;)

This proves (3.6). O

4 The first-exit correction and principal molecules

X (log X)2

Fix an active centre a. Put w = ul, p = g,

he = PHg xu,

ko = QHS,XU~

<56 X% = 0(1)

(4.1)

Every component of h, & k, lies in a large-prime star reached from the a-star by multiplying or
dividing the centre by one allowed small prime. Distinct targets are orthogonal. If ¢ <Y is an allowed
prime, the up-target is ag; if ¢ | a, the down-target is a/q.



star at a

down-star

—— large-prime star edges
---- small-prime first exits

Figure 2: The two first-exit families from the star at a. Multiplication by g reaches the up-star at ag;
division by a prime q | a reaches the down-star at a/q.

Lemma 4.1 — exact local self-energy

Let D4 be the restriction of the positive-star energy operator to the target modes reached from the
a-star, excluding u}. The vector h, belongs to this target space. All inverses involving u — Dy below
are taken on that space, not on the full positive sector, where p is an eigenvalue. Retain Cj on the
nonpositive sector. For the sub-square-root ranges used below the target energies are separated from
u, and

241 ({has (1 — D)~ ha) + (ks (11— Co) ' ka)) — 7s(Y) = Ms.a x. (4.2)

Proof.

For an active up-target put r = dg x(aq)/ds x(a). Its positive and negative coefficients are

RV
2 2

at energies +uy/r and —pu+/r. Their contribution to twice the normalized self-energy is

20—y 2(Tryn T 1or

An inactive up-target contributes 1. Summing these leading terms gives mg(Y).

For a down-target ¢ = a/q, put s = ds x(c¢)/ds x(a) > 1. The positive, negative, and mean-zero leaf
components on the c-star give

5—s

. (4.4)

This follows by inverting p ,i/g _i/g

(s —1)/(2sp). Unique factorization makes the target spaces orthogonal, so (4.3)—(4.4) add to (4.2). O

on the centre—constant-leaf plane and adding the kernel mass

10



Let B, be the coordinate space of the entire boundary star at a, including both modes u} and its
mean-zero leaf kernel. Let U, be the orthogonal sum of the entire target stars at aq, for allowed
primes ¢ <Y, and at a/q, for prime divisors ¢ | a. An inactive up-target is the singleton {ag}, not an
omitted coordinate. On a fixed sub-square-root range all these singleton vertices are at most X. Put
K, = Py,Hs x|B,. The raw principal molecule is

Ls x| K;
M, = ; @ a 4.5
( K, Ls x|u, (4.5)

on B, @ U,. This is a principal submatrix of Ag x. Indeed, small-prime edges preserve the retained
large-prime factor and reverse the parity of the remaining number of prime factors; all first-exit targets
have the same such parity, so no small-prime edge joins two of them. The stars themselves are disjoint.

Let v, > 0 be the eigenvalue continuing p,, and extend its unit eigenvector fa by zero to the full
graph, with (u}, f,) > 0. Write its boundary part as ot u}l + aj u, + (., where (, € ker Lg x|z, -
The full boundary, rather than only u}, is needed for the cancellation below. An uncharged zero-mode
component may lie outside R. We therefore use the projected, normalized vector

~ P Na
za:(I_PR)ftm fa: L{’ ga:GS,Xfa_Vafa- (46)
”P”RfaH
Put
Fsax =ms(X/a) + Ms,q x. (4.7)

Proposition 4.2 — molecule energy, projection, and residual

Fix 0 < 9 < 1/2. Uniformly for allowed a < X7,

Vg = FS,a,X + €q,x, (48)
where
a log X
leq, x| <s,9 (loglog X + w(a))ﬁ + % . (4.9)
The discarded projection satisfies
a
Hfa—UIHQ <<S,’l9 ﬁ7 LS,XZa:07
a(log X)?  a’w(a)log X
lzall* <50 =557 e (4.10)
9 alog X  aw(a)
| As,x za||” <50 X X3/2

Apart from the projection term in (4.10), g, comes only from small-prime edges from a target space to
the next unretained layer. Moreover, for every fixed C,, every B < XV, and some fixed exponent Cg,

7 lgal® <50 B(log X)Cs. (4.11)
a<C,B

Proof.

All active up-target ratios are at most 1/2+0(1), and all down-target ratios are at least 24-0(1); the latter
follows from the fixed-ratio argument in (9.7b). Thus the diagonal forest in (4.5) has a simple eigenvalue

11



He separated from its other eigenvalues by a fixed multiple of . Since |K,|| < |[[Hs x| = o(a),
Weyl’s inequality gives a unique molecule eigenvalue in a fixed neighborhood of .

Eliminating the target stars gives the exact boundary equation

(va — L, — Za(va))ve =0, So(N) = KX\ — Ly, ) 'Ky, vq = Pg, fa. (4.12)

First compress this equation to span{u], u; }; the boundary-kernel contribution will be bounded below.
Write 2 = A\/pa, P =ms(Y), and d = p2. Let F(2) have entries p,(K,uS, (21 — Luy, ) "1 Kou?). The
two-mode equation is det(diag(z — 1,z + 1) — F(2)/d) = 0. For an up-target of ratio r, its deviation

from (2z)~1 (1 }) is

R, (z) = m ( f;‘zﬁ)l) —(izi I)%)) _ (4.13)

After the boundary self-energy is divided by d in the dimensionless two-mode determinant, the
universal terms sum to y(z)1 I, where v(z) = P/(2zd), and the corresponding determinant is exactly

(z—=1-=9)(z+1-9)—~*=22—-1-P/d. (4.14)

Thus no pure P?/d? term remains. The matrices (4.13), their first derivatives, and the analogous
down-target rational functions have total norm Og g (loglog X + w(a)) on a fixed neighborhood of
z = 1; all denominators there are separated from zero. The first local identities also give

2R (1) = Ms,ax, Ri_(1) = —w(a)/2.

Let 1/,(12) denote the positive root of this two-mode equation. Expanding its determinant at the unique
positive root of (4.14), the pure P-terms cancel and every remaining term contains at least one
R, -factor. The mean-value theorem and the preceding derivative bounds therefore give

a @2 _ g a log X
) v, - < loglog X + w(a))— + .
\/Y ‘( a ) S,a,X‘ S, ( g log ( ))\/)? \/)?

This proves (4.8)—(4.9) for the two-mode compression, apart from the boundary-kernel response
estimated below. The cancellation between the positive and negative entries of an up-star is essential;
estimating them separately would leave a spurious quadratic boundary term.

|z — 1] <5,

Before treating the uncharged kernel, the direct-sum target resolvent gives

~ s(Y) +w(a a?
1o = P 0 BT 4 0, (5 ) <

a
a

Projection and normalization change this by the smaller quantity estimated below, proving the first

assertion of (4.10).

We first bound the boundary kernel (,, separately from the projection z,. For a boundary leaf ap, put
na(p) = #{g <Y :q ¢S, g prime, apg < X}.

Let Qo project onto the boundary leaf kernel, and define ¢, + = Q0% (zp)us. Put

1 — 1
Hy(p;z) = - Hy(z) = — H(p; 2),
(p; 2) > p—— (2) 0 > (p; 2)
q<Y, q¢S ’ Y <p<X/a
q prime, apg<X

12



where all leaf sums omit primes in S. The explicit up-star inverse gives the exact leaf values

z+1 — 1—2
a = Ha ) _Ha ) a,— — T . _
o) = L (Holpi2) - Fu2), e = e

The down-target values are constant on all boundary leaves and disappear under Q. Each summand
in H,(p; z) is uniformly bounded, so subtracting its mean and using |H,(p; z)| < n.(p) gives

at

> na(p)’ (4.15)

Y<p<X/a

1
2 2
Ca, +Ca,—||” K590 55—
” a+|| || a, ” ,LL(QLdS,X(a)

Chebyshev’s estimate, after splitting p into dyadic intervals, gives

XY
a?log X log?(2Y/a)

D ) <s

Y<p<X/a

(4.16)

Indeed on p =< P one has n,(p) < X/(aPlog(2X/(aP))), while the interval contains O(P/log P)
primes. Put R = X/(aY) and P x 27Y. The remaining dyadic sum is bounded by
Saicr29/log?(2R/27) < 1/log®(2R). For 27 < /R use the lower bound }logR for the
logarithm; the other terms sum to O(R~'/2), which is smaller. Since u2 = dg x(a) < X/(alog(X/a)),
(4.15)—(4.16) imply

log X
_||2 <39 \5)7 .

On the root window, [|QoXa(A)Qoll < [|Hs,x [|?/1a = 0(pta). The kernel block is therefore separated
from v, by > pi4. Its Schur contribution to the two-mode equation has norm O((||ca,+ || +|ca,—|1?)/tta),
with the same bound for its dimensionless derivative. Consequently

llea,+11* + [lea, (4.17)

a(log X)?
X3/2

va = WP <s,0 I6all® <5, g | s (4.17a)

a
VX'
The first estimate follows by the mean-value theorem for the simple two-mode root; the second follows
from the boundary-kernel equation; the third follows from the negative-mode row, whose diagonal gap
is 2414 + 0(pa). This proves the full-molecule energy estimate. The kernel-driven target response has

norm O([|Hs x [[[Call/11a) = o([[Call)-

We next locate the discarded projection. If ¢ is the smallest prime outside S, the negative a-mode
occurs with nonzero coefficient in QHg, X“Zz' Every other down-target there has centre at most
fa/(¢ + 1), and every up-target has centre at least £2a. Uniform PNT separates their degrees from d,.
The spectral projection of Cy at —pu, therefore shows u, € £. Here fa <Y for all large X.

On the negative target modes, the responses to u, and to ¢, are functions of the target degree times
the corresponding spectral components of QHg xu/. To check equal-degree targets, note that two
up-stars of the same degree use the identical initial segment of boundary primes, so their partial sums
of {,(ap) agree. Down-targets use the whole boundary segment, whose kernel sum is zero. Up- and
down-target degrees lie on opposite sides of d,. Thus all negative target components belong to €.
Only zero modes can be discarded, proving Lg xz, = 0.

There is a second zero-mode source besides (,. Write the zero-mode part of Hg xu; as C, + Do,
where C, is the inactive up-target part and D, is the down-target leaf-kernel part. For Hg xu,
the corresponding part is C, — D,, and || Dg|* < w(a)/2. Since C, + D, € £, the uncharged signed
response is exactly —2a v, (I — Pr)D,. Together with the kernel-driven response, this gives

lag |Pw(a) a(log X)?  a*w(a)log X
I zall* <50 ICall* + o Ssw —ymp e :

a

13



Since Ag xz, = Hg,x 24, Proposition 2.2 proves the last estimate in (4.10).

For the residual, write f, = sq + iq + kker where s, = aful +ajuy, i = (Vo — Lu,) 1 K54, and
kker = ¢, + (vq — Ly, ) "' KuCa- Let P, be the coordinate projection onto the whole principal molecule.
Its raw residual is exactly (I — Py)Hg x (iq + kX" — (,): every return to the entire boundary star is
removed before taking a norm.

Write s, = Soda + B1%a, With |Bo| + |81] = O(1), and put z = v,/ pta, d = d,. On any target star of
degree D, a source (bo, (bp),) has the exact resolvent values

Vabo + 32, bp b, + v(c)
v)=—ps—pH vw)= T

a

. (4.17b)

For an up-target this gives v(aq) = (280 +781)/(pa(2% — 7)) and v(agp) = (Bo + 251)/(d(z*> —r)). For
a down-target, s = d,/q/d >s9 q and v(a/q) = (280 + B1)/(1a(2® — 5)). Thus the required absolute
majorants are

Target coordinate Range Coeflicient bound
Up centre agq qg<Y C/ua

Down centre a/q ¢ |a C/(qpta)

Up leaf agp agp < X C/d,

Down leaf (a/q)p ap <X C/d,

Down leaf (a/q)p X/a<p<Xq/a C/(qd,)

After one further small-prime edge and deletion of boundary returns, a reduced base quotient is
qr, q/r with ¢ # r, or 1/(gr). The two down-primes must divide the source in their stated order.
Each quotient has at most two step orderings; a retained prime p > Y is unique. These facts bound
multiplicity before squaring.

Put Py =1+ oy q~!. Chebyshev summation gives

T loglog(3T)

i : <T
#{q,7r prime : qr <T} < log(2T)

For leaf labels sum over the retained prime first; its logarithm is < log X. The coefficient table yields

Squared-mass bound, up to a fixed power of

Residual family 1+ w(a)

Centre, two up-steps CPy

Centre, mixed or two down-steps C(rs(Y)+1)/da
Leaf, two up-steps CPZ/d,

Leaf, mixed or two down-steps C(1+4 a)Py/d,

For the last row, an inner down-leaf segment has at most O(d,qPy) subsequent prime pairs and
coefficient O(d;!); use ¢ < a. On the outer segment the same count is multiplied by ¢~2, retaining
the down-star weight. For two up-steps the leaf count is at most O(d,P%). All four rows are
polylogarithmic uniformly on a < X?, because 75(Y)/d, < a/VX and a/d, < a®log X/X = o(1).
The signed raw residual therefore has squared norm O((log X)®). The kernel-driven residual has
squared norm at most C||Hg, x ||*||¢a]|?/p2, which is smaller.

Projection contributes PgrHg x 2,4, followed by the bounded normalization in (4.6). Summing its
squared norm gives

B?L B*L¢
> IPrHs xzall” < |Hs x| D zall® <50 —=— + =575 <s.0 BLC.
X X3/2
a<C,B a<C,B

14



Here L = log X, and the fixed exponent absorbs the bounded word multiplicities. The raw-residual
bound and this projection estimate prove (4.11). O

Lemma 4.3 — size of the first-exit correction

For every fixed S and 0 < ¥ < 1/2, uniformly for allowed a < X7,

[Ms,a,x| <s,9 log X. (4.18)

Proof.
Uniform PNT bounds on this sub-square-root range give 74 x (a) <g,9 g~ ', with all nonzero up-ratios
bounded away from one. Thus the up-sum is Og(loglog X). They also give sq x(a) > 1+cg.y for every

prime divisor ¢ | a, so every down summand is Og ¢(1). The down-sum is Og g(w(a)) = O(log X). O
5 Finite-dimensional tools
We now pass from individual molecules to their combined span. The following lemmas control

reorthonormalization, the complementary spectrum, and ordered eigenvalue errors. Section 6 applies
them to the molecule family.

Lemma 5.1 — frame commutator

Let T'=T%, let V have full column rank, and suppose

TV-=VD+.J  D=D* T=VV. (5.1)
Then
DL —TD =V*J - J*V. (5.2)
1T = 1) < 172, put
Q=Vvr—2 E=TQ-QD. (5.3)
For either the operator norm or the Hilbert—Schmidt norm, denoted by || - ||,
1B« < (1] (5.4)

Moreover, with

M=Q7TQ, R=(I-QQ)TQ,

one has

IM =Dl <|Ell.,  [IBll« <[E[, € {200} (5.5)

Proof.

Self-adjointness gives

VTV =I'D+V*J=DI'+ J*V,
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which proves (5.2). On [1/2,3/2], the divided difference of z + ~/? is bounded. The integral
formula for negative fractional powers (equivalently, the divided-difference formula in an eigenbasis of
') gives, for x € {2, 0},

1D, T2l < I[D, T < 1]l

Since

E=V[D,I~Y? 4 Jr=4/2

the frame bounds prove (5.4). Finallyy, M — D =Q*E and R= (I — QQ*)E. O
Hilbert—Schmidt refinement. Under the same hypotheses, write sym B = (B + B*)/2. Then

M = D — sym(V*J) s < [0~ 1] [|/]lns-| (5.50)

Indeed, self-adjointness gives V*TV = (I'D + DI')/2 + sym(V*J). Conjugating the symmetrized
residual by T~1/2 changes it in Hilbert-Schmidt norm by at most O(||T" — I|| ||.J|lus). In an eigenbasis
of ', the remaining difference from D has entries

V3= vi)?
2\/77; 7
They vanish when 7; = ;. Otherwise divide their coefficient by v; — v;; the resulting multiplier is
O(||T" = I||), uniformly for v;,7; € [1/2,3/2]. Equation (5.2) and ||V|| < /3/2 give (5.5a).

In particular, under the global estimates (6.3) and (6.4), the squared cost of this Gram correction is
bounded by

B2 B5 B3
logX)° = += ] = .
(log X) (X +X2) 0(X10gX) (5.5b)

on a fixed positive sub-square-root power band. This is a bound for the complete matrix before
taking its local compression. The matrix that remains to be estimated is sym(V*J), whose entries
involve the complete output vectors; coefficients of U*J for an auxiliary star-mode frame U are not
interchangeable with them.

Lemma 5.2 — ordered eigenvalues above a separated complement

Let

M R* "
r—(p &)1

on C" @ K, and let 7y > --- > 7, be the eigenvalues of M. If

supo(C) < B < 7,

then

2

Proof.
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Compression interlacing gives A (T) > 7. Put

2
5= | Rl ,
T — B

t =1 + 0.
The complement block C' — tI is negative definite. Sylvester inertia and Schur elimination give

#{j: \(T) >t} =ny (M —tI + R*(t—C)"'R).

Since

2
0<R(t—C)'R< —'tuj”

I <41,
5l <

the Schur form is bounded above by M — 741, which has at most k — 1 positive eigenvalues. Hence
M (T) < t, proving (5.6). O

Lemma 5.3 — complement of an energy-weighted graph

Let L = L* reduce P @ P+, suppose L|p = A > 0, and write 3 = supo(L|p.) > 0. Let Q= {p+Tp:
p € P} be the graph of T : P — P+. For every self-adjoint H, the compression C = Pgo. (L + H)|g:
satisfies

supa(C) < B+ |ITAY?> + || H]. (5.7)

Proof.

Every € Q' has the unique form z = —T*y + y, with 5 € P+. The two summands are orthogonal,
so |lyll < ||z]|, and the reducing decomposition gives

(@, L) = (y, Llpry) + (T*y, AT"y) < (8 + |TAY?|*)lly]>.

For unit z, add |(z, Hz)| < ||H||. The coefficient 8 + ||TA'/?||? is nonnegative, so replacing ||y||* by
|z||* = 1 preserves the upper bound. The variational principle proves (5.7). O

Lemma 5.4 — ordered residual comparison

Let T = T* on a finite-dimensional Hilbert space H, let @ : C™ — H be an isometry, and let
D = diag(vy,...,vm) be real. Write 7y > - - > 1, for the decreasing rearrangement of its entries and
put

E=TQ-QD, c=|E|. h=|Els. M=Q7TQ C="Tluq:-.

where the last expression denotes compression. Let &; and (; be the decreasing eigenvalues of M and
T, respectively. Suppose > 0,0 < ¢y < Cp, and a set T C {1,...,m} satisfy

cop<v; <Cop (jeI), supo(C)<cop/2,  e<cou/s (5.8)
There are numbers €; = |{; — U;| with
Ze? < h?, max e <e, (5.9)
j=1
such that, at the same ordered indices j € I,

4e2 R
0§ -8 (G — 07| <o, HiEj + €2 (5.10)
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In particular,
DI =T3P <ep00 7B + 11" (5.11)
JjeI

Proof.

The identities M — D = Q*F and (I — QQ*)TQ = (I — QQ*)E bound both blocks by F in operator
and Hilbert—Schmidt norm. The Hermitian Hoffman-Wielandt inequality, in decreasing order, and
Weyl’s inequality give (5.9); see [9]. For j € I, & > 3cop/4, so its gap above C is at least cop/4.
Lemma 5.2 proves the first inequality in (5.10) without reindexing. Also §; < (Co + ¢o/4)u, and the

Schur shift is at most cou/4, so all three roots are positive and O, ¢, (). Factoring differences of
squares proves the second inequality. Squaring and summing proves (5.11). O

We will also use the elementary sorting contraction. If p; > -+ > p,,, and |z; — p;| < w for all 4, then
their decreasing rearrangement satisfies

Zj —pjl<u (1<j<m). (5.12)
Indeed the first j entries of the original list are at least p; — u, while all entries with index at least
Jj are at most p; + u. These two counts prove (5.12), including ties. Thus a comparison of ordered
values need not bound the permutation of labels.

6 The signed molecule frame

Fix 0 < 6 < 1/2 and a dyadic scale B satisfying

X%/log X < B < XY, (6.1)

and retain all allowed centres ¢ < C, B, where C, > 4 is fixed. Let Vge. = f., Dp = diag(v.), and

JB :GS,XVB—VBDB, I'p :V§VB. (6.2)

The following estimates bound the Gram matrix and the residual of this molecule family.

All occurrences of X°M) in Sections 6-9 arise from bounded-word divisor multiplicities. After S
and 6 are fixed, only finitely many such factors are composed. Consequently, for every fixed £ > 0,
their complete product is Og g ¢(X £). Only the later target-width threshold-count argument requires
f > 1/3 and chooses £ < 360 — 1. The global estimates in this section hold throughout 0 < 6 < 1/2.

Proposition 6.1 — collision budget

For some fixed exponent Cg, uniformly in (6.1),

105 — I < (log X)C5 (@ + i) — o(1), (6.3)

BZ
/5 l4s <s.0 B(log X)°s, [J5]|? <s.6 (log X)Cs (1 + > ) (6.4)

VX

Proof.
We first work with the raw full-star vectors fc and raw residuals g. = (Ag x — Z/C)fc; projection and

normalization will be estimated at the end. Their support dictionary is

¢, ¢p, cq, cqp, c/q, (¢/q)p, p>Y, q<Y, (6.4a)
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with ¢ | ¢ for a down-step. A signed raw residual has one further small-prime edge, and no coordinate
on its own full principal molecule. We use the coefficients in (4.17b), keeping the outer down-leaf

factor ¢~ 1.

First consider the Gram matrix. If two source centres are prime-adjacent, each boundary star belongs
to the other molecule. Self-adjointness gives

(VC - Vd)<]?dv J?C> = <§da .]?C> - <f7d,§c>

Only first-exit interiors occur in these pairings. Their norms are O(y/c/v/X) and O(1/d/v/X), while
the raw residuals are polylogarithmically bounded by Proposition 4.2. The two roots are separated
by > max(u., ttq). If the centres are not prime-adjacent, their boundary stars do not intersect the
other molecule. Their interiors can share at most two target stars: solve cg™' = dr*!. On any such
target the complete response has norm O(1/p.), respectively O(1/14), since the one-target coupling
is a partial coordinate isometry and the target resolvent gap is > u.. Consequently

Ved/X3/*, ¢, d prime-adjacent,
[(fes fa)] < LE { 1/(pepa), ¢ d share a target but are not adjacent, c#d. (6.5)
0, otherwise,

For the first matrix use the Schur weight w, = ¢~1/2. An up-neighbour d = ¢¢ < C, B contributes

c/X 3/4 to the weighted row; there are at most C, B /¢ such neighbours. Down-neighbours contribute
the same weight and have at most w(c) choices. The other matrix has ordinary row sum at most
LC¢B?/X, using pu ' < \/cL/X. Thus

-~ B B2 [B B2
|ViVe —I|| < L€ (X3/4 + X) < L¢ ( <+ X) . (6.6)

This controls the complete raw vectors, including their boundary kernels.

For the residual operator, take two distinct sources ¢,d. A centre-type equality has the form

d U102
= d R — = s 6.7
cuy Jug vy /vg e~ wor (6.7)

where each side uses at most two prime steps. Denominator slots divide the source at the step where
they are removed. There are a bounded number of orientations, and at most L* source-dividing
choices for each. Since ¢ # d, at least two of the four prime slots are fixed by the reduced quotient;
a free prime must occupy one slot on each side. There is therefore at most one free common small
prime, of range at most Y. This gives O(Y L®) representations, including the common-descendant
multiplicity.

For leaf-type equalities the same large prime occurs on both sides. On a source piece indexed by £,
the leaf range is p < X/./c and the coefficient is O((£.d.)™!): take £. = 1 for up-leaves and inner
down-leaves, and ¢, = q for an outer down-leaf segment. When no free common small prime remains,
summing p gives at most X LE min(f./c, £q/d) choices. Their weighted contribution is bounded using
the exact inequality

min(./c,£q/d) < 1
Lol ~ max(c,d)’
Thus the extended outer down-leaf range retains its reciprocal down-prime factor. If a common small
prime also remains, an inner down-leaf segment can have a larger product cutoff. We use the safe

bound X L¢ for the number of prime pairs, with coefficients O(d; ') and O(d;'), instead of claiming
the preceding smaller range. Centre and leaf residuals have disjoint large-prime signatures.

Together with the diagonal bound from Proposition 4.2, the two off-diagonal residual-Gram row

bounds are o )

YL B

> O( ) < L¢—, (6.8a)
d<C. B Helld \/)7(
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and

XLC B3 B?
> O( ><<LC§LC. (6.8D)
d<C,B dcdd X \/)7

The Schur test proves the signed raw-residual operator bound in (6.4). Its Hilbert—Schmidt bound is
the sum of the one-source estimates.

It remains to pass to the actual projected columns. Let Zp have columns z., and let Np be diagonal
with entries (1 — ||z.||?)~/2. Exactly,

VB = PRVBNB, JB = (PRJB — PRHS,XZB)NB' (68(3)
By (4.10),
B2 B4 BQ B4
1Z8fs < L¢ (X3/2 + X2> |Hs xZpllhs < L€ <X + )(3/2) . (6.8d)

The first is o(1) and is O(LC B?/X). Consequently (6.6) survives the Gram subtraction Z5Zp and
the diagonal normalization, proving (6.3).

The kernel-driven raw residual has squared Hilbert-Schmidt norm at most LE B3/ X3/2 by (4.17a)
and the extra ||Hg x||/1 factor in its target response. This and the second bound in (6.8d) are
O(L€ (14 B?/v/X)) in operator-norm squared and O(BLC) in Hilbert-Schmidt norm squared, because
B/vX — 0. Normalization has the same or a smaller cost. These estimates complete (6.4) for the
full projected residual. The B2/ VX term retains the coherent prime-source rectangle. O

Because of (6.3), the symmetric reorthonormalization

Qp = Vel'g'"? (6.9)
is defined for large X. Put
Ep =GsxQp —QpDs. (6.10)

Corollary 6.2 — signed prefix budget
Uniformly in (6.1),

32
| B4 <s.0 B(log X)°s, |Eg|*> <s.4 (log X)©s (1 + \/)?) . (6.11)

Proof.
Apply Lemma 5.1 to Proposition 6.1. [J

The Hilbert—Schmidt bound in (6.11) controls the number of bad cluster boundaries. The operator
bound controls the self-energy after elimination of the separated complement, where its coherent term
is divided by a root-scale gap. The factor 1+ B?/v/X is retained in that estimate.

Lemma 6.3 — the prefix as an energy-weighted graph

Let Pp be the span of the positive star modes with allowed centres ¢ < C, B, let IIg be its orthogonal
projection, and write Agp = Lg x|p,. For all sufficiently large X, the map W = IIgVp is invertible,
and ran Qg = ran Vg is the graph of

Tp = (I -Np)VgWgs': Pg — Pp. (6.12)

Moreover

B B
ITal* <sa L= = o), ITahg*I* <so L9/ 7 = olun). (6.13)
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The largest forest eigenvalue on Pé is y/ds,x (cp), where cp is the first allowed centre above C,B.
Proof.
Let Uge. = u}, and identify Ag on the source space with /A\B = diag(p.). The coefficient table

c

following (4.17b) gives both

B -~ B
IV —Usl* < 1= (Vi - Us)Ay’IP < L9/ 7. (6.14)
Here are the row and column counts for the weighted estimate; the unweighted estimate follows from
the same counts without the column factor ,/fic.

o An up-centre row has at most w(n) < L source representations. Its weighted column squared
mass is O(mg(Y)/pe) < +/¢/L.

o A down-centre coefficient is O((q/ftc)~!). The matrix of weights ¢! has logarithmic row and
column sums. Replacing . by its prefix minimum bounds its squared norm by L%/ min ...

e An up-leaf row has at most L source representations after its unique large prime is removed. Its
weighted column squared mass is O(Py /).

e A down-leaf row has at most C, B sources. The inner and outer segments each have weighted
column squared mass O(LC /pic); on the outer segment use d,.;, < qd. with its coefficient ¢~ 'd_*.
Their squared norms are at most LB/ min ..

The last bound is at most LS /B/L, since B/v/X — 0. The signed boundary coefficients differ from
ul by O(c/vX), and their weighted squared mass is at most L¢¢*?//X. The boundary-kernel
contribution has weighted Hilbert-Schmidt mass at most L B3/2 /X, by (4.17a); its target response
has the extra factor | H||/p. = o(1). Finally projection is a contraction fixing Up, and normalization
adds only the diagonal error O(]|z.]|?). These estimates prove (6.14).

It follows that UyWp = I + o(1), proving invertibility and the graph representation. Put Zj =
(I —IIp)Vp. In particular

pell Zgee|* < LC\/c/L, (6.15)
and the operator estimate in (6.14), rather than only this column bound, gives
1Z5AY?|? < LC\/BJL. (6.16)

To move the energy weight through Wy Lset Ap =U 5Wp — I. Its signed off-diagonal entries are
nonzero only for prime-adjacent centres. After conjugation by Ag 2, their bounds, with source a and

output b, are
C L (a’b)l/47 b = G‘Q7
VX | 6344 b=a/q.
The Schur weight a~/2 gives row and column sums L€ B3/4 / Vv X. The diagonal normalization and
source-amplitude terms have size O(B/v/X); these terms must also be retained. The kernel-driven

positive response has Hilbert-Schmidt norm at most L¢B3/2 /X, and conjugation costs at most
O(B'/*). Thus the sufficient conjugated bound is

~ - B
IA5"? ApA3% | < 19— = oll). (6.17)

Indeed B7/*/X < B/v/X on this range.

The inverse conjugation is therefore uniformly bounded, and
AP+ Ap) A = (4 AP AR (6.18)

1/2 NL1/2) v —1/2 —1731/2 ’

ITa A < 1ZAK 21 IAG (1 + Ap) AL

Equations (6.14), (6.16), and (6.18) prove (6.13). Removing the positive modes with centres at most
C., B leaves forest top y/ds,x(cp); the other sectors are nonpositive. O
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7 Arithmetic clusters and exact complement elimination

Let
BS
A=X? L =1logX, Kp= {XJ (7.1)
and use the root scale
X B
2 =gy — Ap = ——. 7.2
Hp =s,0 BL’ B sl (7.2)
Since B3 X
AL = -8
B~ XL L’

the quantity Ap is the root width of a cluster of K g labels; the derivative-scale spacing between
adjacent roots is < Ag/Kp.

Proposition 7.1 — target-width prime clusters

Suppose 21/61 < 6 < 1/2. Uniformly for B in (6.1), if allowed centres a < b in [B/2, B] satisfy

ClKBSb—GSCQKB (73)
for fixed positive ¢y, co, then

B

e 4
“ Jog X (7.4)

Fsox —Fspx <5,6,ci,

If the labelled list Fs, x is sorted into decreasing order, each label moves by Og(Kp/L*) = o(Kp)
places. Across any fixed number of adjacent K p-blocks, the target oscillation is Og ¢(B/L).

Let Up1 > -+ > Up,my be the decreasing rearrangement of the molecule eigenvalues {v. : ¢ < C,B}.
Then, uniformly for every allowed a € [B/2, B],

s B

PBsa) ~ Fsax| <so IR (7.4a)
Proof.
Put

x = X/b, h=X/a—X/b.

Then x < X/B, h < B, and

log h 0

=74 Tol)> 1 7.5
log x 1—9+O()>4O (7.5)

Two classical inputs give a two-sided short-interval count. Baker, Harman, and Pintz [16] prove, in an
equivalent forward-interval form,

,21/40
m(z 4 2210 —7(z) >

log z
for all large z. Greedily partition [x,2 4 h] into consecutive blocks [z, z 4+ 221/4%], discarding only the
final incomplete block. Because h/x — 0, all block lengths and logarithms are uniformly comparable

to 221/40 and log #. Summing the block bounds gives the lower half of
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m(x+h)—7w(r) <o logw’ (7.6)

uniformly whenever h/ z21/40 5 50 and h = o(x); the upper half is the Brun—Titchmarsh inequality

[12], since by (7.5) the ratio logh/logz is bounded below by a fixed #-constant. Integer parts cost
O(1), and deleting the fixed set .S does not change the interval count for large X. Thus the prime-count
difference is <g ¢ B/L.

The square-root boundary cancels between the two star degrees. Lemma 4.3 gives |Mgq x —
Msp x| <so L = o(B/L), proving (7.4). If b —a > Kp/L* the interval length hgoy =< B/L*
still satisfies

Rsort X (61/40)(6—21/61)
221/40 7 (logX)4

— 00,
so the lower half of (7.6) applies and

Fsax — Fspx >s9 B/L® > 0.

Thus an inversion in the labelled target list can involve only centres in an interval of length Kp/L*.
A fixed finite prime deletion changes the number of labels in such an interval by at most a fixed factor,
so sorting moves each label by Og(Kp/L*) = o(Kp) positions. The upper oscillation bound follows
from the upper half of (7.6), applied across a fixed number of K p-blocks, together with Lemma 4.3.

The sorting statement holds throughout the full retained prefix ¢ < C,B. Uniform PNT at fixed
multiplicative scales separates labels outside an overlapping dyadic neighborhood by > X/(BL), while
the preceding short-interval argument handles the overlapping neighborhoods. Thus no distant label
can cross a target in [B/2, B].

Finally Proposition 4.2 gives, uniformly for ¢ < B,
V2 = Fs.e,x| = 0s,0(B/L?).

This error is smaller than the separation just used, so sorting the v, has the same Os(Kp/L*) label
displacement. The target oscillation bound then proves (7.4a). O

Lemma 7.2 — quantitative cluster-boundary transport

Let 21 > -+ >z and y1 > -+ > Yy, and let K — oo with K = o(m). Suppose that at all but N
grid boundaries b = 7K,

[Na(y) — b| < CoK, (7.6a)

where N, (t) = #{i : x; > t}. If the target oscillation across any fixed number of adjacent grid blocks
is at most 7, then

i |z — | > Oy <y K(N +1). (7.6b)

Proof. Put R = [Cy] + 2, and discard every block within R grid steps of a bad boundary. These
blocks contain O¢, (K N) indices. For an index 4 in a remaining block, choose good grid boundaries
b_ < i < by at distances between RK and (R + 1)K. Equation (7.6a) gives

Nw(ybf) <i< Nx(yb+)7
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and hence y,, < x; < yp_. The target-oscillation hypothesis gives [z; — y;| < C7n. The two outer
incomplete block neighborhoods cost O¢, (K) further indices. O

The elementary scale facts used below are

B | Hs x|l (log X)©
— =0, —== =0, ——— =0(ApR), 7.7
VX 1 ps (25) (©.7)
Kp/(logX)® = 00, Kp=o0(B), (7.8)

uniformly in (6.1). The lower limit in (7.8) uses > 21/61 > 1/3; the other limits use 0§ < 1/2.
Write

Mp = QpGs,xQp, Cp=(I-QpQE)Gsx(I —QpQ%),

Rp=(I-QpQp)GsxQB. (7.9)

For a target centre ap € [B/2, B], set

26 = \/Fs,a,,x- (7.10)

Proposition 7.3 — separated complement

For C, sufficiently large and all large X,

supo(Cp) < zp, — csoB (7.11)

uniformly in B and b.
Proof.

Let Qp = ran Qp. By Lemma 6.3 this is the graph of T : P — Pz. The large-prime forest reduces
Pr &® Pfg, and its top on the second summand is y/dg x (cg) > 0, where cp is the first allowed centre
above C,B. Thus the sign hypothesis in Lemma 5.3 holds, and that lemma gives the direct Rayleigh
bound

supo(Cg) < \/ds.x(cB) + |TeAY?|? + | Hs x]|. (7.14)

Here Lemma 5.3 is first applied to Lg x + Hg x = Ag x on the full graph of Tz. The operator Cp is
the further compression of that orthogonal-complement form to R N Qf; restricting the form can only
lower its spectral supremum. Thus (7.14) applies to the one-exit complement used in (7.9).

Uniform PNT at the two fixed multiplicative scales gives dgs x (cg) < (2/Cy + o(1))u%, whereas every
target root in [B/2, B] is bounded below by a fixed multiple of pup. By (6.13) and (7.7), the last two
terms in (7.14) are o(up). Choose C, large. This proves (7.11). O

8 Quantitative cluster-boundary estimate

The every-centre proof below uses a threshold count. We first record the Hilbert—Schmidt cluster
estimate from which that refinement starts.
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Proposition 8.1 — quantitative almost-all comparison
Fix 21/61 < 6 < 1/2, put A = X%, and let

Ep={a€Vs(X):B/2<a< B, |\jya)(As,x)’ — Fsax| > Cs9B/logX}.

For a sufficiently large fixed exponent D = D(S,0),

X B3
£ log X)P | = + = |- 8.9
el <5 (o )7 (354 5 ) (59)
Consequently the union of these exceptional sets over A/log X < B < A has the same form with
B = A, up to a further power of log X.

Proof. We first prove the result for Gg x. Restrict to

A/L<a<A,  A=X’ (8.1)

and decompose this interval into dyadic centre bands [B/2, B]. Fix one such band. Let £g1 > --- >
€B,mp be the eigenvalues of Mp, and retain the notation vg ; from Proposition 7.1. Corollary 6.2
and (5.5) give

mp
S p s — Ppal® < | Mg — Dillis <s.0 BLES. (8.2)
k=1

Put K = Kp, and list the allowed labels in the band in increasing order. At a grid boundary b = rK,
compare the tail count of the {p ;’s at the target root 2, = \/Fyg 4, x with its arithmetic index. If this
count is wrong by more than a fixed multiple of K, then Proposition 7.1 forces at least K ordered
pairs in (8.2) to move by >g ¢ Ap. Choosing a disjoint subfamily of bad boundaries gives

BLCs BLCs+1
N 8.3
B <X5,0 KAZ <s,0 K2 (8.3)

where Np denotes the number of bad grid boundaries and A% < K/L. This is the step at which an
exceptional set enters: (8.2) controls the total squared displacement, not its maximum.

It remains to transfer the good boundary counts from the retained prefix to the full signed one-exit
operator. Proposition 7.3 separates the complement from every target root by >g ¢ up. For z in the
target window, exact Schur elimination and (6.11) give

LCs B?
|R5(2 = Cr) ' Rp|| <s0 o (1 + ﬁ) . (8.4)

Relative to the root width this is

|R5(z — C)"'Rp|
Ap

1 B
<gp LEsT! ( + ) =0(1), 8.5

S,0 B \/Y ( ) ( )
uniformly for A/L < B < A. Sylvester inertia therefore changes the prefix count only across a root

interval of width o(Ap). Proposition 7.1 shows that such an interval contains Og ¢(K) target roots.
Hence, outside the Np boundaries counted in (8.3),

ING(Fs,a,x,x) —1K| <s,0 K, (8.6)

where Ng(t) = #{j : pj(Gs,x)? > t}, with the fixed offset of the dyadic band understood. Lemma
7.2 and the oscillation estimate in Proposition 7.1 now give
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Pis(a)(Gs,x)* = Fs.a,x + Oso(a/L) (8.7)
outside a set of size

LCS+1 B3

K(N 1 _— . 8.8
<59 K(Ng+1) <gp 5 +X (8.8)

Finally choose a fixed € with 0 < € < 1/2 — §. Theorem 3.2 transfers (8.7) from Gg x to the full
adjacency Ag x at an additional cost Ogg(a/L). Summing (8.8) over the dyadic bands A/L < B< A
gives

X A
D
<<S,0 L=se (A2 + ),>

exceptions. This proves (8.9). O

9 Buffered threshold counts and proof of Theorem 1.1

To compare eigenvalues at the cluster root width Apg, we separate the coherent common-descendant
interactions into couplings with spectrally distant molecules and interactions within the target band.

Put ¥
L =1logX B/2<a<B 2= —
Og bl / Sax I /’LB BL’
and define the target label and root widths
B3 B B?
Kp=— Ap = — A2 = —. 9.1
B X 5 B ,U/BL ) B XL ( )
In the range 21/61 < 6 < 1/2, Kp is a fixed positive power of X.
Lemma 9.1 — buffered exterior elimination
Choose fixed 0 < c— < 1/2 <1 < Cy < C,, and retain labels in
A ={c:c_B <c¢<CyB}. (9.2)

For thresholds in a fixed root interval containing the targets for B/2 < a < B, the exterior spectrum
is separated by > up. Its inertia contribution is constant, and its Schur self-energy satisfies

”Eout(t)”

1 B
<g.0 X°W ( + ) = o(1). (9.3)
Ap

B VX

Proof.

Use the orthogonal coordinates ran Qp ® (R Nran@3). In these coordinates G has blocks M =
Dyresix + QpEp, R = (I — QpQ%)ER, and Cp. Proposition 7.3 puts Cp below the whole target
interval after Cy is chosen sufficiently large.

For labels outside the buffer, v./u. = 1+ 0(1) and PNT at fixed multiplicative scales put ¢ < c_B
above the target interval and ¢ > C; B below it, with a gap > pp. Thus diag(v. : ¢ ¢ Ap) & Cp is
gapped on both sides of every target threshold. The actual exterior differs from this reference by

O(|E5])). By (6.11), . 3
Ep c(B B\

The homotopy multiplying this difference by a parameter in [0, 1] therefore preserves the gap and its
inertia. At parameter zero the above-threshold exterior count is exactly the number of allowed labels
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¢ < ¢_B, since Cp and the later labels are below the threshold. This identifies the constant offset rg
with the arithmetic prefix count.

The coupling from the retained buffer to the exterior is O(||Eg||), because Dpresix is diagonal. Two-sided

Schur elimination gives
| Es|? L¢ < B? )
Yot <K — < — [14+ —= )] .
[Zou (@] HB KB vX

Divide by Ag = B/(upL) to obtain (9.3). The coherent g = 1 prime rectangle is included in the
coupling to the distant exterior, so its contribution is bounded through this Schur self-energy. [

Lemma 9.2 — internal core budget

Let Dp = diag(v. : ¢ € Ap). The fixed local block, before adding its exterior self-energy, has an exact
decomposition
DB + ICB,int + RB,noncoha (94)

with

||ICB,intH12{S <<S,0 XO(I)A2B; ||RB,noncoh|| < Xo(l) = O(AB)~ (95)

The first term includes the coherent entries and the small kernel, projection, and Gram corrections,
including entries introduced by reorthonormalization. As usual, the combined X°(") is Og g ¢(X¢) for
each fixed £ > 0.

Proof.
Use the raw splitting ]?a = Sq + iq + kX from Proposition 4.2, and put g3 = (I — P,)Hs, xis. On the

full prefix define the complete signed-response pairing

(B)ba = (8b+ b, g5)-
This matrix, not the selected coefficients (ug', Ja), is the starting comparison object.

Coherent entries. A prime-sibling pair has the form

a=gr, b=gq,  r,qprime, r#q. (9.6)

For a fixed retained large-prime signature, i, has parity Q(b) + 1, while g3 has parity Q(a). These
are opposite for a sibling pair, so (i, g5) = 0 exactly. An edge from the boundary at b to a target at
a reduces to gt = ru”. Unique factorization leaves only the common down-target g and common
up-target grq. Both active and inactive up-targets are included.

For example, if gr < gq and grq > Y, write s, = ady, + B1bgr and put z = vg,/pigr, s = dg/dgy, and
t = dyq/dgy. Pairing the common-core response with u, gives

1 a  za+p a+zB/s  B(l—1/s)
NoT z+z2_s+\/¥{ St H (9.7a)

For a denominator bound uniform in r, put x = X/(gr) and Py = mg(Y"). Monotonicity gives

_ ws(re) — Py _ ws(2z) — Py _ ws(2x) )
T ws(@) - Py = 7s(z) — Py = rs(@) 2+ 05,0(1). (9.7b)

The second inequality uses 7g(2x) > 7g(x) > Py. Since 22 =1+ o(1),

|22 — 5| > (9.7¢)

1
2
eventually. The output ratio ¢ is not inverted; ¢t = 1 is allowed.

The coefficient table (4.17b) also covers the reverse orientation and active common up-targets. A centre
contribution is O(1/u,). For an up-target there are at most dj, output leaves, each with coefficient
O(1/d,). For the down-target split the output leaves at X/a; the inner coefficient is O(1/d,), and
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the outer coefficient is O(1/(rd,)). Pairing with either output-star sign therefore gives, in both
orientations,
L
(ZB)bal <5006 — + - (9.7)
Ha, a
This estimates the full signed output sy, since its two coefficients are bounded, and its interior
contribution has already vanished.

For a given pair a, b, the core is uniquely g = ged(a, b); its two common targets are added within that
entry. There are at most O(B/g) possible sources and outputs, and p,, 15 < pp in the buffer. Hence

B? BL B3L
Z > el < Z < = = LA} (9.8)
a=gr, b=gq
a,beAp

Thus the contributions of all cores are aggregated at the actual matrix entries before taking the norm.

Noncoherent entries. If the source and output have the same parity, only the boundary pairing
can occur. Outside the sibling mask, its nonzero entries have a/b = gr or b/a = gr. Since both labels
lie in the fixed buffer, gr < C;/c_; each row has only boundedly many such partners. The coefficient
bound (4.17b) makes their operator norm O(1/ug).

For opposite parities only (i, g3) occurs. Equality of its labels uses one prime step at b and two at
a. A free common small prime uses one slot on each side, leaving a/b or b/a equal to one prime.
That prime is bounded by Cy/c_, so there are boundedly many such partners in each row. Their
centre-coordinate sum is O(LCY/(pqtp)). For leaf coordinates, sum a possible common small prime
together with the unique large prime under their product cutoff. If the common step is upward, its
prime ¢ and the retained prime p satisfy pg < X/B, giving O(X L /B) choices. If the common step
is downward, ¢ divides the source and has only O(L) choices. The inner segment has p < X/B; the
outer segment has p < X¢/B but retains a factor ¢—! from each outer response. Splitting inner and
outer segments therefore gives the same O(X LY /B) weighted count. The remaining source/output
ratio is a bounded prime, so changing its orientation changes only the fixed constant. If no free
common small prime remains, all three small-prime slots are fixed by the reduced quotient, up to L¢
bounded-word choices. Centre terms then cost O(LS /(jtajtp)); leaf terms satisfy the weighted-range
inequality preceding (6.8a). Summing these bounds over the at most O(B) partners gives, in both
row and column orientation,

B 32
H Sym(yB)noncoh” < LC ( \/» X > < LC

The diagonal is zero, since g; is exterior to its own molecule.

Complete vectors and the fixed local matrix. Let jB be the raw full residual synthesis
matrix. Equation (4.17a) gives > [|k5°"||? < L€ B?/X3/2. The kernel-driven residual has squared

Hilbert-Schmidt norm O(LCB3/X3/2). Since ||Vz| = O(1) and ||Jp|/%g < BLC, it follows that
Vi Ts — Islhs < LEB% /X3,

Next use the exact projection identities (6.8¢), including Zg, HZp, and Np. Equations (6.8d) bound

their total paired-matrix cost. Finally (5.5a), on the full prefix before local compression, prices the

Gram correction. Combining the three costs gives

. B> B
||QBGS,XQB - Dpreﬁx Sym(fyB)HHS < LC ( + X3/2> = O(A2B) (99)

For projection, the terms Z%jg and (PrVp)*HZp cost, respectively, LE(B3/X3/2 + B5/X?) and
LC(B?/X + B*/X?/?); normalization is smaller. For the Gram term use (5.5b) and B/vX = o(1).
The ratio of the displayed majorant to A% is O(L“+(1/B + B/+v/X)), which tends to zero.

Restrict (9.9) to the buffer. Define Rp noncon to be the noncoherent part of sym(.#z), and K int to
be its coherent part plus the exact matrix difference in (9.9). This defines (9.4) on the same coordinate
space and proves (9.5). The matrix difference in (9.9) accounts for the additional entries introduced
by Gram conjugation. [
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Proposition 9.3 — threshold-count comparison

Let Ng(t) count positive one-exit eigenvalues at least ¢, and let Np(t) count entries of Dp at least ¢.
There is an integer rg, independent of ¢ in the target window, such that

rg+ Np(t+2Ap) — X°M < Ng(t) < rp+ Np(t — 2Ap) + X°W, (9.10)

Proof. Lemma 9.1 and Sylvester inertia reduce the full count at each fixed threshold to the local
matrix (9.4), with the constant higher-energy exterior count rp, at an operator cost o(Ag). Apply
Hoffman-Wielandt only to the fixed matrix Kp int. A root that crosses a threshold by more than Ap
spends at least A% of (9.5), so at most X°() roots can do so. The noncoherent term and the exterior
Schur term consume the other root-width unit. O

Proof of Theorem 1.1. Proposition 7.1 implies, uniformly for every allowed a € [B/2, B],

75+ Np(va — cAp) — js(a) >s0 K,

. 9.11
Js(a) —rp — Np(vq + cAp) >s0 Kp (9-11)

for a sufficiently large fixed c. To see the margin, first fix a positive integer m, then take mKp
allowed labels on either side of a. A fixed finite deletion set has bounded gaps between allowed
integers, so these labels lie within Og(mKp) in centre distance. The upper target-oscillation estimate
in Proposition 7.1 places all their squared targets within Cs g, B/L of the target at a, and hence all
their molecule roots within Cg, ,,Ap of v,. Choose ¢ > Cfg, . + 2 after m. Both label blocks are
then contained in the corresponding root window. Since mKp/B — 0, the buffered band contains
these blocks even at a dyadic endpoint. Sorting moves only o(Kpg) labels, leaving a fixed positive
multiple of Kp on each side. The offset rp accounts for the higher-energy labels outside the local
ordering.

Since 6 > 21/61 > 1/3,
X°W = o(Kp).

Combining (9.10)—(9.11), with a larger fixed root-width constant, gives
Ng(l/a—CAB) st(a), Ng(l/a-i-CAB) Sjs(a)—].. (912)
Thus
1Pjs(a)(Gs,x) — val <s,0 AB

for every allowed centre in the terminal band. Squaring costs
O(upAp + A%) = O(B/L),

because A% /(B/L) = B*/X = o(1). Proposition 4.2 replaces v/2 by Fs , x, and Theorem 3.2 transfers
the result to Ag x at the same squared scale. Summing over the dyadic bands X /L < B < X°
proves (1.8).

Lemma 4.3 gives Mg, x <s,9 log X = o(a/log X) on the terminal band, proving Corollary 1.2. O

Corollary 9.4 — terminal-band counting rigidity

Under the hypotheses of Theorem 1.1, let [B/2, B] be a consumed dyadic band and put Kg = |B3/X |.
There are constants C1,Cy > 0, depending only on S and 6, with the following property. Let I = [u,v]
be an interval for which

[u—ClKB,U+ClKB] C [B/2,B]7
and suppose that Ig = I N Vg(oo) is nonempty. For

B
Jr = in F —Cy—— F Co——
I ;Iéllr; S,a,X 2logX’gg}}s( S,a,x T ZlogX )
one has
’#{k‘ : /\k(AS,X)Z S J[} — #Is| <s,0 Kp. (9.13)
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Proof.

Theorem 1.1 places the eigenvalue at every rank jg(a), a € Ig, inside J; once Cs is sufficiently large.
Proposition 7.1 shows that moving a fixed multiple of K allowed labels past either endpoint changes
the target by a fixed multiple of B/log X, while sorting the labelled targets moves each label by
only o(Kpg) places. Choose C; after Cy. Theorem 1.1 then puts the corresponding exterior boundary
eigenvalues strictly above and below Jj. Since the positive eigenvalues are ordered, only Ogg(Kp)
ranks adjacent to the two endpoints can enter or leave the window. This proves (9.13). O

10 Ordered comparison and proof of Theorem 1.3

The density-one argument uses the full prefix and the maximum-norm contraction of sorted values.
Throughout this section fix 0 < 8 < 1/2, L =log X, A= X?, and a dyadic scale A/L < B < A. Put

X
04, x = |Ajs(a) (145,X)2 - FS,a,X|~

AB = [B/Q,B] N VS(OO), B = ﬁ7 ,

Theorem 10.1 — ordered mean-square and tail estimates

There are constants C,Cy, Cy,Cs > 0, depending only on S, 8, such that, uniformly in B for all
sufficiently large X,

B3
D02y <59 XLY+ 77 (10.1)
a€Ap

More precisely, for every ¢t > 0,

BL¢

#{CLEAB:D%X>C()B/L+Clt,u3}§02 o

(10.2)

Proof.

Retain all allowed centres ¢ < C, B, with C, a sufficiently large fixed constant, and use Qp,Dp, Ep
from Section 6. Choose 6 < ¥ < 1/2; then C,B < XV eventually. Proposition 4.2 and Lemma 4.3
give, uniformly on this complete prefix,

ve >0, |V02 _pc| <30 L, DPc = 7T5(X/C). (103)

Indeed the error in (4.9) is o(1), using w(c) < loge and C,B/vVX — 0.

The list p., in arithmetic order of ¢, is nonincreasing. Apply (5.12) to the squared molecule energies.
Since all molecule roots are positive, sorting their squares also sorts the roots. Thus

920y~ Pal €L, [P~ Fsax| <L (a€Ap). (10.4)

The index here is the global arithmetic rank: the prefix includes every allowed centre smaller than a.
No band-local reindexing or strict separation of the p.’s is used. Global PNT gives U (q) <s,0 iB-

Write eg = ||Ep| and hp = ||Eg|lus. Corollary 6.2 gives

2 B B3
h% < BLY, ¢4 < LY(1+ B*/VX), Z—g < L (X + X3/2> =o(1). (10.5)

The complementary compression is below the entire target band. To see this without an arithmetic
cluster, apply Lemmas 5.3 and 6.3 directly:

supo(Cp) < y/ds x(c)+ LC\/B/L + || Hs. x|, (10.6)

where cp is the first allowed centre above C, B. Relative to up, the last two terms are O(LE B/v/X)
and O(v/B/X'/*), respectively, hence are o(1). By PNT the first term is 05,9(0:1/2;13). Choose Cy
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large enough for the complement condition in (5.8). The constants in the lower bound for the target
roots are independent of this prefix factor.

Lemma 5.4, applied to T = G5, x, now supplies errors ¢; > 0 satisfying

Ze? < BLC, max e; <epg, 1pis(a)(Gs,x)? — ﬁ?s(aﬂ < WUBEjg(a) + €5 (10.7)
J

Its ordered indices are unchanged by the complement elimination. In particular the relevant eigenvalues
are positive, so they are the positive eigenvalues used in Theorem 3.2.

The deterministic Schur cost is smaller than B/L:

o (L B (10.8)
B/L B VX)) ' '
Both limits are uniform on A/L < B < A, since 0 < § < 1/2 is fixed. Also L = o(B/L). Combining
(10.4), (10.7), and the full-graph transfer (3.5) gives

Da,X < C()B/L + Cl,u,BEjS(a) ((L c AB) (109)

Squaring and summing proves (10.1), because MQBBLC = XL, which is absorbed after increasing
C. Markov’s inequality applied to the squared errors e? proves (10.2). O

Global prime estimates suffice for this proof. Sorting contraction in (10.4) accommodates repeated
targets, and the coherent term retained in (10.5) is bounded using the complement gap.

Proof of Theorem 1.3.
Fix R > 0 and take ¢t = L in (10.2), with 2D > C + R. Outside Og ¢ r(B/L%) centres of each dyadic

band,
X
%0 x <50.R % + LP \/a» (10.10)

Here a and B differ by at most a factor of two. Cover [A/L, A] by the bands with upper endpoints
A, A/2,..., stopping when the upper endpoint first lies in [A/L,2A/L). Their lengths have geometric
sum O(A). All estimates use the same constants, so their exceptional counts sum to O(A/L%). The
omitted initial segment has O(A/L) centres. This proves the stated density-one conclusion below
A, as well as the sharper terminal-band exceptional count. Below A, the two contributions to the
exceptional set have sizes O(A/L%) and O(A/L), respectively.

For the relative conclusion, division of (10.10) by wg(X/a) < X/(aL) leaves

a? D+1/2 | @
Os.0,r y-l-L X =o(1).

Thus (1.10) holds throughout the asserted range. [J
Proof of Corollary 1.4.

On the retained terminal bands, the two error exponents in (1.10), apart from fixed logarithmic factors,
are 6 and (1 — 6)/2. Their margins below the block-baseline exponent 1/2 are 1/2 — 6 and 6/2. Any
smaller positive margin absorbs the logarithmic factors. [

Corollary 10.2 — quantitative sharp density-one law

If 1/3 < 6 < 1/2, then on each retained dyadic band the number of centres for which

INs(@) = Fsax| > C3B/L
is at most .
XL
Os,0 (BQ> = o(B). (10.11)

Consequently the error is Og g(a/L) outside o(X?) centres below X°.
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Proof.

Set t = B/(upL) in (10.2) and take C3 = Cy + C;. Then BLC /t> = XL+ /B2 and its ratio to B
tends to zero uniformly because B > X?/L and 30 > 1. The dyadic summation and initial segment
are handled as above. [J

Corollary 10.3 — every-centre bound on a sub-square-root band

For every fixed 0 < 6 < 1/2, every allowed X?/L < a < X? satisfies

X a
=4+ XV =] 10.12
al + L ( )

This is smaller by a positive power than the block baseline VX /L.
Proof.

2 a o’
|/\js(a) - FS7G7X| <50 7 + L

Use €¢; < ep in (10.9), and take the square root of the corrected operator bound in (10.5):

X 1 [B
\/BL+X \/L .

Replace B by a within its dyadic band. The three error exponents are 6, (1 —0)/2, and 1/4 + /2.
Their minimum margin below 1/2 is

upep K LC,

min{6/2, (1 — 20)/4} > 0.

This proves the comparison after absorbing logarithmic factors. Theorem 1.1 gives the sharper error
on its stated range. OJ

11 Scope of the argument

Theorem 1.1 identifies every prescribed rank in [X?/log X, X?] for 21/61 < # < 1/2. The proof
eliminates couplings with spectrally distant modes and bounds the number of internal eigenvalues
that can cross a cluster threshold. The prime-counting comparison supplies more arithmetic labels in
each cluster than this bound allows to cross. The initial segment below X?/log X is the theorem’s
only omission among centres up to X,

The ordered mean-square argument gives Theorem 1.3 throughout 0 < 6 < 1/2, using global prime
estimates. Its error improves the positive-star block benchmark by a positive power of X. For § > 1/3,
Corollary 10.2 gives the sharp O(a/log X) error outside a quantitative exceptional set. Corollary 10.3
gives a weaker every-centre improvement throughout the full sub-square-root range.

At B = /X, the frame and squaring factor B2 /X ceases to tend to zero, the retained prefix reaches the
large-prime cutoff, and ||Hg x||/u1p is no longer small. The target-star denominator in (9.7b) remains
separated from zero. Extending the results to the endpoint requires control of the full boundary block
beyond the smallness estimates used here.

Formal verification

The Palomar registration [17, version 1] covers the Lean 4 formalization of Theorem 1.3 and Corollary
1.4. The selected declarations were checked by the Lean kernel and NanoDa. These two density-
one statements constitute the registered verification scope. Formalization of the sharp every-centre
Theorem 1.1 and Corollary 1.2 is work in progress.
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