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Abstract

Let Gx be the graph on the positive integers n < X in which n is joined to np whenever p is prime
and np < X. Let Ax be its adjacency matrix, let A\;(Ax) be its spectral radius, and let 7(X) count
the primes up to X. Then

MAx)? =m(X)+4 > ﬁ +o(1).
p<X

More generally, fix a finite set S of primes and retain only the positive integers divisible by none of
the primes in S. Let a1 < ag < --- list these integers, and let mg count the primes outside S. For
every fixed j, the j-th largest positive eigenvalue satisfies

A x ) = ms(X/ag) +4 37— ) + 0s,5(1),

pex Pl

pgs
where c(a) = >, 1, 4 prime(? — 5)/(¢ — 1). The proof splits the edges according to whether their
prime label exceeds v X. The large-prime edges form disjoint stars, while the remaining adjacency
has norm of order X'/4 /v/1og X but zero first-order matrix element on each star eigenvector. An
explicit first-exit resolvent calculation gives a degree-ratio correction with remainder Og ;(1/log X)
and localization of the extreme eigenvectors. The prime number theorem and Mertens estimates then
evaluate that correction as 4loglog X plus an explicit constant, yielding the displayed o(1) formula.
The same constant-layer formula and localization hold uniformly for retained centres a < (log X )1/ 2—e
with finite-sum error Og.(a?/log X). The paired positive and negative modes also yield uniform
centre—shell adjacency evolution. The explicit finite correction determines its phase with uniform
o(1) error whenever [t| = o(v/X log X /a®/?). The uniform finite-prime-sum law, its largest-eigenvalue
specialization, and the explicit-frequency centre—shell dynamics theorem are formalized in Lean 4 and
registered in the Palomar Registry as PALOMAR-2026-08-29-000017, version 2.

1. Introduction

For X > 1, let Gx have vertex set {1,...,|X ]}, with an edge between n and np whenever p is prime
and np < X. Thus an edge multiplies or divides by one prime, so Gx is the Hasse diagram of the
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divisibility poset on this finite set. Let Ax denote its adjacency matrix. Every vertex is joined to 1 by
successively removing prime factors, so Gx is connected.

Split the edges according to whether their prime label is greater than v/ X. For each centre a < v X,
the large-prime neighbours are ap with v X < p < X/a; no integer at most X contains two distinet
prime divisors larger than v/ X, so these components are disjoint stars of degree 7(X/a) — 7(vX).

Each such star has two nonzero eigenvalues, j:\/ (X /a) — 7(VX).

The remaining edges have prime labels at most v X. Their adjacency matrix has norm of order
X1/4 /+/log X, but its matrix element on the positive eigenvector of any fixed large-prime star is
exactly zero: no small-prime edge has both endpoints in that star. The corresponding eigenvalue
therefore has no first-order displacement, and its leading correction is quadratic in the small-prime
interaction. A second geometric simplification appears after all complete first-exit stars are collected:
their internal compression contains only the exact large-prime star forest, so every further small-prime
interaction must leave that block. This source-sensitive two-stage reduction, rather than a global
resolvent bound, is what retains constant-order precision. Figure 1 records the split on G1g.

The undeleted headline has the elementary finite-prime form

M(Ax)? = 7(X)+4 3 ;%1 +o(1).
p<X

For the full statement, fix a finite set S of primes. Remove every integer divisible by a prime in S,
and write Gg x and Ag x for the resulting graph and adjacency matrix. Let

ms(x) =#{p<x:p ¢S}

and let a1 < as < --- enumerate the positive integers not divisible by primes in S. We order the
positive eigenvalues of Ag x as Ay > A > ---, counting multiplicity. Throughout the fixed-mode
results, S and j are fixed before X — oo.

Let Bi be the prime Meissel-Mertens constant, characterized by
1
Z — =loglogx + By + o(1),
p<z

and define 1 1 .
q—

ks = By — -+ _—, c(a) = —_—.

s=Bi-), Zp(pfl) (a) q—1

qla
q prime

Since (p—1)"t = p~t + [p(p — 1)] 7, Mertens’ theorem gives

1
4 Z —= 4loglog X + 4kg + og(1).
p<X
pEsS

Thus the finite-prime headline above is the S = &, j = 1 case of the following fixed-mode theorem:
for every fixed j,

/\j(A&)()Q = Ws(X/aj) + 4loglogX +4Kkg + c(aj) + 057]-(1).

A prime factor ¢ of the centre lowers the constant when ¢ < 5, raises it when ¢ > 5, and leaves it
unchanged when ¢ = 5. Multiplicities do not matter: ¢(a) depends only on the distinct prime divisors
of a.



The proof gives three further pieces of information. First, if Hg x denotes the adjacency formed by
labels at most v/ X, then
X1/4
H g ———.
|| S,X” S M

Second, the eigenvector associated with a fixed a; localizes on its large-prime star at rate Og ;(X -1/ 4.
Third, before using the prime number theorem and Mertens estimates, the squared eigenvalue correction
is an explicit finite sum over the neighbouring stars reached by multiplying or dividing a; by a small
prime, with error Og ;(1/log X). Section 8 derives this finite identity, and its evaluation gives the
displayed constant-order formula. The paired positive and negative modes also give an adjacency-
evolution corollary: a state begun at a fixed centre oscillates, uniformly in time, between that centre
and the normalized shell of its large-prime leaves. The explicit finite remainder determines the phase
of this oscillation for times o(v/X log X).

The same formula remains uniform when the centre varies with X: for every fixed € > 0, it holds for
all retained
a < (log X)Y?7=.

At the preceding finite-sum stage the uniform spectral error is Og(a?/log X). Consequently the
entire growing block of positive eigenvalues indexed by centres in this window is eventually simple and
ordered by those centres. The fixed-mode localization and centre—shell evolution also extend uniformly
to this block, with error Og . (a3/2X_1/4) at centre a. Replacing the exact frequency by the explicit
first-exit frequency retains uniform o(1) accuracy for |t| = o(v/X log X /a®/?). Three results from this
package are mechanically checked in a companion Lean 4 development: the uniform finite-prime-sum
form of Theorem 9.6, its undeleted root-centred largest-eigenvalue specialization, and the uniform
explicit-frequency centre—shell dynamics bound underlying Corollary 9.9. They are registered in the
Palomar Registry as PALOMAR-2026-08-29-000017, version 2 [22]. The exact declaration names,
immutable source commit, pinned dependencies, and reproduction commands are recorded after
Section 10.

Two natural comparison frequencies occur in the proof. The exact star frequency is \/dg x(a) =

\/ ms(X/a) — mg(v X); its leading displacement restores the missing boundary count mg(v/'X) after
squaring. The finer first-exit calculation instead compares the squared eigenvalue with 75(X/a) and
exposes the logarithmic and constant layers.

Other arithmetic graph constructions retain broader divisibility relations or restrict the vertices to the
divisors of one integer [4,5]. Cover-matrix spectra have been computed for structured product posets
by Andeli¢ and da Fonseca [6]. Graph-index changes under local perturbations have been studied
by Rowlinson [7] and by Dalf6, Fiol, and Garriga [8]. Sparse random graphs also exhibit extreme
eigenvalues governed by high-degree vertices and eigenvectors localized near them [1,2]. Frieze and
Tsourakakis obtain such a law from a star-forest decomposition in a random Apollonian model [3].
The supremum norm and inverse participation ratio used below make this deterministic localization
quantitative; compare the localized edge eigenvectors in [1,15]. Continuous-time adjacency evolution
on exact stars, and transfer from a vertex to a superposition over a vertex subset, are classical [16,17];
the adjacency-evolution corollary below shows that the coherent centre—shell motion persists in the
full arithmetic graph. If A denotes the maximum degree, the classical induced-star argument gives
A1 > VA, while Hong’s bound gives A; < v/2m — n + 1 for a connected graph with n vertices and m
edges [13]. For the present graph family the first bound is asymptotically sharp, whereas the second is
larger than the true scale by a factor of order v/log X loglog X.

The closest arithmetic-matrix lineage begins with the Redheffer matrix. Barrett, Forcade, and
Pollington proved that its spectral radius is asymptotic to v/ X [18], and Barrett and Jarvis obtained
precise expansions for its two dominant eigenvalues [19]. Kline then introduced an O(X)-nonzero
descendant with the same determinantal representation [20]. Writing P () for the largest prime divisor
of i > 1, Kline’s matrix Rx has

(Rx)ij=1 <= i=j, i=1, or (iissquarefree and i/j = P(i)).



Thus Rx is nonsymmetric, has unit diagonal and a distinguished first row, and otherwise keeps only
the largest-prime arrow from each squarefree row. It has (2 + 6/72)X + o(X) nonzero entries. By
contrast, Ax is the symmetric, zero-diagonal cover adjacency, keeps every prime-labelled cover edge,
and has order X loglog X nonzero entries. Kline proved [21] that the two dominant eigenvalues of
R x satisty

ry = +/m(X)+ %loglogX +O(1).

The spectrum of Ax is exactly symmetric about zero, and the present result gives

_ 2loglog X + 2k 1
M(Ax) = /7m(X) + =59 —|—o< 71'(X)> .

The different next-order scales are already visible at X = 107, where 7(X) = 664579. Kline reports
r3 = 817.6477, while the full cover adjacency gives A\; = 815.226460312:

matrix positive excess above /7 (X) squared excess above 7(X)
Kline’s Rx 2.4305 3968.76
cover adjacency Ax 0.009311 15.1816

Asymptotically, Kline’s squared excess has order /7(X)loglog X, whereas the cover graph has
squared excess 4loglog X + 4k + o(1). These are expansions of different operators, not competing
estimates for one matrix. Together the results form a natural sequence: the Redheffer radius v/ X, its
two-term dominant spectrum, Kline’s prime-sparse /7 (X) spectrum, and the constant-order squared
expansion for the symmetric cover adjacency. In the last case the correction is generated by the
large-prime star boundary and its first-return resolvents.

The proof uses weighted Schur tests and Weyl inequalities [11], isolated eigenvalue perturbation [9,10],
the Feshbach—Schur complement [12], and the prime number theorem and Mertens estimates [14].
Section 2 records the isolated-mode comparison. Sections 3—4 define the arithmetic graph and its
large-prime star forest, Section 5 proves the sharp small-prime norm, and Sections 6-7 establish the
fixed-mode spectral comparison and localization. Section 8 derives and evaluates the finite remainder.
Section 9 proves the uniform logarithmic-window form.

2. A standard isolated-mode comparison

We record the perturbative mechanism separately from its arithmetic realization. It is a finite-
dimensional form of standard isolated-eigenvalue perturbation and the Feshbach—Schur map; see Kato
[10], Davis—Kahan [9], and Dusson-Sigal-Stamm [12].

Proposition 2.1 — Vanishing first order forces second order

Let L and H be Hermitian matrices on a finite-dimensional Hilbert space. Suppose
Lu = pu, lul| = 1,
w is a simple eigenvalue of L, and, with Q = I — uu®,

dist(u, U(QLQ)) >~ >0.

If



(u,Hu) =0,  [H| <,

then the eigenvalue A of L + H matched to p is simple and satisfies

Aol < oI

If v is its unit eigenvector, with phase chosen so that (u,v) > 0, then

o — uf < 31l
g

Proof

Let I = (u—v/2,u+/2). The matrix L has exactly one eigenvalue in I, namely . Weyl’s inequality
places one eigenvalue of L + H within v/4 of p, while every other eigenvalue remains at distance at
least 3v/4 from p. Thus L + H has exactly one eigenvalue in I; this is the matched eigenvalue A, and
it is simple.

The orthogonal decomposition Cu @ ut gives

L+H=<” b*>, b=QHu, C=Q(L+H)Q.

Weyl’s inequality places the matched eigenvalue within || H|| of u, while the spectrum of C' lies within
|H|| of o(QLQ). Hence

dist(\, 0(C)) >y — 2| H|| > %
The one-dimensional Schur complement is therefore exact:

A—p=b"(A—0C)""b

Since ||b]| < ||Hu||, the eigenvalue estimate follows. Writing v = au + w, with w L u, the lower block
equation gives

w=(\-C)"tha.

Thus ||w||/|a] < 2||Hu||/v < 1/2. Normalization and the chosen phase imply ||v — u|| < 3||Hu||/v. O

In the arithmetic graph below, L is the large-prime star forest and H is the small-prime adjacency. No
small-prime edge has both endpoints in the support of one star mode, so the graph-specific identity

<Ua, HS,Xua> =0

supplies the hypothesis that removes the first-order displacement.



3. The finite prime-cover graph

Put

Write

ms(y) =#{p<y:p¢ S}

The graph Gg x has vertex set Vg(X) and undirected edges

n <— np
whenever p ¢ S is prime and np < X. Let Ag x be its adjacency matrix. Every n € Vg(X) factors
entirely over primes outside .S, so removing its prime factors gives a path to 1; hence G g x is connected.

The coloring

n—s (=1)%™

makes the graph bipartite, so its spectrum is symmetric about zero.

Split the adjacency at the radial square-root boundary:

Asx =Lsx + Hg x,

where Lg x contains prime labels p > /X, and Hg x contains labels p < v/ X. For every positive
integer n, define

ds,x(n) = (7s(X/n) — 7s(VX))

(x)+ = max{x,0}.

+7

/
/
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Figure 1: The prime-cover graph Gig. Solid edges have prime label p > 4 = /16 and form a disjoint
star forest, with nonempty stars at 1, 2, and 3, shown shaded. Dashed edges have label p < 4. No
dashed edge has both endpoints in one large-prime star.
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4. The exact large-prime star forest

Proposition 4.1

The graph with adjacency Lg x is a disjoint union of stars. Its nonempty star centered at n < v X
has leaves

Lox={np: VX <p<X/n, p¢ S}

and degree dg x (n). Its two nonzero eigenvalues are ++/dg x (n), with normalized eigenvectors

j: 1
U = — Om
n,X /dSX me;nx

Proof

An edge labelled by p > v/ X has lower endpoint below v X and upper endpoint above it. A number
at most X cannot have two distinct prime divisors exceeding v X. Hence a large-prime leaf has a
unique center and cannot itself be a center. The components are stars, and the spectral formulas are
those of K 4. O

Because dg, x(n) is nonincreasing in n, the j-th positive eigenvalue of Lg x is \/dg x (a;) whenever
this degree is positive.
5. The sharp norm of the small-prime graph

Theorem 5.1
For every fixed finite S,

1/4

H = .
|| S,X” S \/m

Proof
Write Y = v/X. The principal subgraph on

{1Ju{p<Y:p¢ S}

is K1 rg(y)- Therefore

[Hs x| = vrs(Y) =

For the upper bound, take the positive weight wy(n) = n~¢. The weighted Schur row ratio is

(HSXwe <zp +zp

p<Y
p<Y

Uniformly for 6 in a fixed neighborhood of 1/2, partial summation and the Chebyshev bound give

1-6

Syt

p<Y



In the incoming sum, prime divisors at most Y'/2 contribute at most

2log, Y Y92 = o(Y?).

At most three distinct prime divisors of n < Y2 exceed Y'/2; four would have product greater than
Y?2. Hence

> p? <y’

pln
Y1 2<p<y
so the incoming sum is O(Y?). With
o 1  loglogY
2 2logY’

both bounds have order Y1/2 /v/1ogY . The weighted Schur test proves the upper bound. O
The dependence of § on X is essential to this proof. The fixed choice § = 1/2 loses the factor v/log X.

6. Extreme eigenvalues and localization
Weyl’s inequality immediately gives, whenever dg x (a;) > 0,

1/4

X
Aj(Asx) — 1/ ds,x(a;) Jog X

< |Hs x|l <

For fixed j, the prime number theorem gives

X

G5x(03) ™~ g X

The distinct fixed-center star eigenvalues are therefore eventually simple and separated by

vix =<s,; VX/log X.
+ o+

In the form sin Z(v v, u,  x) < [[Hsx||/7;x, Davis-Kahan and Theorem 5.1 give the eigenvector
estimate

lof —uf xlla =05 (X714,
Let J6,, = (—1)9(")6n. Then JAg xJ = —Ag x. After fixing the sign of ’U;:X as above, put
Uiy = (—1)9(“3')Jv;fx.
It is a unit eigenvector of eigenvalue —\;(Ag, x), and

loyx — 1y, xllo = Os5(X~1/4).



Corollary 6.1 — Hybrid hub—shell localization
For each fixed j and either sign,

1 _
[v5xlle = 75 + 055 (X1

and, with

IPR (v Z lv(n

1 _
IPR(v;y) = 1+ 0s5(X 14y,

If P, x is the coordinate projection onto {a;} U L, x, then

I(7 = Pa, x)vjx I3 = Os,5(X1/2).

Proof

Put d = dg x(a;). The exact star mode satisfies

1 11
o =—, IPR(uf =1t
H aJ,X” \/i ( aj,X )

4d
For unit vectors z,y, the reverse triangle inequality gives

lzlla = llyllal < llz = ylla < llz = yll2-

Since ||z||4, [|y]|la < 1, it follows that

(13 = lylls] < 4llz = yll2-

The first two claims now follow from the paired localization estimates and d~* = OS i (1og X/X). The
exact star mode vanishes off the star, so the squared off-star mass is at most HU] X~ Ug, X||2

The limit IPR( ) — 1/4 describes a hybrid profile: asymptotically half the mass lies at the centre,
while the other half is spread coherently over an expanding large-prime shell. Figure 2 shows the
unperturbed profile on the star at 1 in G14.

Corollary 6.2 — Centre—shell adjacency evolution

Define the normalized shell state

Va; X m Om
SX ] meLa; x

Then, for every fixed j,

sup |le” ”ASX(F — cos(Ajt)da,; + isin(A;t) 1/1%7)(”2 = Og; (X%,
teR

where \; = \;(Ag x). Consequently,



1/V/8

Figure 2: The positive unit mode of the large-prime star at 1 in G1g, of degree d = 4. Half the (2
mass sits at the centre; the remaining half is spread equally over the four leaves.

sup ”(I - PajaX)e_itAs’X(Saj ”g = Os,; (X_l/Q)a

teR
and
i & [ (6., e t4s x5, ) dt = L+ 05, (x-1
Tgnoof 0 |< tljve aj>| _§+ S’J( )
Proof
Write ut = uaij’X, vt = fuij, and ex = maxy |[vF — u®|)5. Since

ut +u~ ut —u~

N Ya; x = 77

the vector w = (vt +v7)/V/2 satisfies [|w — 04, ||z < vV2ex. Moreover,

0a, =

e—itkjv-‘r + eit)\j,v—
V2

Replacing v* by u* and using unitarity gives, uniformly in ¢,

e—ZtAsyxw —

He*im&xéaj — cos(\;t)da; + isin(/\jt)zbaj,XHQ < 2V2ex.

The confinement estimate follows because the comparison state is supported on the star. Taking its
inner product with d,;, squaring, and averaging cos?(\;t) proves the last assertion. [J

The global norm bound is not the correct scale for the fixed eigenvalue displacement. The next section
identifies the exact cancellation that removes its first-order contribution.

7. Second-order spectral readout

Lemma 7.1

For fixed j, put

10



Then
<u, HS7Xu> =0
and
o'
H 5=0s,| —= |-
|| S7XU||2 OS,J <IOgX
Proof

No small-prime edge joins two vertices in the support of u. The center a; and a leaf a;p differ by
p > v X, while two distinct leaves are incomparable. This proves the first identity.

Unique factorization also implies that distinct support vertices have disjoint Hg x-neighbor sets.
Consequently,

1 1
|Hsxul3 = 5 deg(a;) + 55— Y degy(a;p).
2 2ds7x(aj)
\/§<p§X/aj
For fixed a;,
degy (a;) = Os,; (VX /log X)
and

degy (ajp) < ms(X/(a;p)) + Os,;(1).

The crude estimates 7(y) < y and

> % = O(log X)

vVX<n<X/a;

give
> ws(X/(a;p) = 0;(Xlog X).
VX <p<X/a;

Since dg x(a;) < X/log X, the normalized leaf term is Og ;((log X)?), which is lower order than
VX /log X. This crude estimate is used only with j fixed; Lemma 9.1 supplies the uniform residual
identity for varying centres. [

Theorem 7.2
For every fixed j,

Aj(As,x) —1/ds,x (aj)

U9\ Vg X )

Equivalently,

\j(As x)? =ms(X/ay) +05,j< VX ) .

log X

11



Proof

The Rayleigh quotient of Ag x at w is p; x, since the first-order term in Lemma 7.1 vanishes. The
spectral gap for the corresponding star eigenvalue is v; x =< 1/ X/log X, while | Hg x|| = o(v;,x).
For completeness, decompose

PVs(X))=Cudut

and write the eigenvalue equation in blocks. The lower block gives

v=(\-QAsxQ) 'QHs xua,

where Q = I — uu®. Substitution into the upper block yields
-1
A= pix = (Hsxu, QA — QAs.xQ) ™ QHs xu).

For large X, the inverse has norm O(fy;)l() For j > 2 this is a two-sided separation statement: the
compressed operator QAg x @ still contains the larger star modes, which lie above 15 x, so the bound
uses the star gaps together with ||Hg x|| = o(y;,x) rather than a Neumann series below the spectrum.
Lemma 7.1 therefore gives

VX/logX 1

VX/logX  VlogX'

A — py x| <

Finally,
/\? = dS,X(a]‘) + OS,]'(\/Y/ log X),

and 75(vX) = Os(vVX/log X). O

Theorem 7.3 — Fixed-mode displacement asymptotics

For every fixed finite deletion set S and fixed index j,

A x) = (X ) = ms(VE) ~ S

]

Proof

Put Y = v X, take m = j, let P project onto the union of the first m complete large-prime star
components, and put @ = I — P. Relative to this boundary/interior decomposition,

A _ Lm,X+Rm,X K:;%X
5 Ky x Cux )’

Here L,, x is the direct sum of the exact stars, while R,, x contains small-prime edges internal to the
boundary. If a small-prime edge joins two tagged boundary vertices, unique factorization forces their

large-prime tags to agree. Consequently R,, x is a direct sum of compressions of one fixed graph on
A1y, 0m, and

| R x|l = Os,m (1), (wix, Rm, xui x) = 0.

The complement begins at centre a,,41; in particular, every larger star mode a1,...,a;_; has been
placed in the boundary rather than left in C,, x. Theorem 5.1 and the PNT give, for some fixed
p <1

[Cm x|l < prjx,  wix =1/dsx(a;).

For z > ||Cp,,x ||, define

12



* —r—1 g% T
Em,X (Z) = Km,X (Z - Cm X m X = E z Km,XCm,XKW%X'
r>0

Since ||Kp x| < |[Hs,x|, the self-energy has norm Og jm(1/y/log X). The fixed boundary star
eigenvalues are separated from p; x by =g m /X/log X. Applying the one-dimensional Feshbach
reduction inside the boundary, using the zero diagonal of R,, x, yields

Aj = pix = (U.x, B, x (p5,x )15, x ) + 05,5 (1/1/log X).
Indeed, boundary-mode mixing contributes Og ; m(1/log X/X), and the resolvent identity replaces A;
by 1, x with still smaller error.

Put b; x = K, xuj x. The exact residual calculation of Lemma 7.1, followed by removal of the
bounded boundary component, gives

VX
log X~

1
b1 = 57s(¥) + Os,5((log X)?) ~

Indeed, the centre coordinate of u; x has squared mass 1/2 and has 7g(Y") + Og ;(1) small-prime
neighbours. This contributes %Trs(Y) + Og,;(1). The normalized large-prime leaves contribute
Os,;((log X )?) by Lemma 7.1, and removing the finite boundary changes only the stated error.

We next bound longer excursions. Write f = Hg xu; x, and split the complement again into its
large-prime and small-prime parts. Because P is a union of complete Lg x-star components, it
commutes with Lg x, and so does @Q = I — P. Since b; x = Qf, this gives

QLs xQbjx = QLgs x f, lIQLs xQbj x|l < ||Ls x [, |QHs x Qb x|l < |Hs,x I f]l-

On the large-prime star centered at c,

2

I(Lsx Nlieucel® =] D f@)| +dsx(Olf ().

veL(c)

The center exits have forms a;q and a;/q; the leaf exits have forms a;pg and (a;/q)p. Using

X 1 1
dsx(€) €s o ) = OlloglogX), 35 <o,
q<Y q

and dg x(a;) <g,; X/log X, direct grouping by the exit prime gives the following bound. For an
up-exit g, the centre a;q and all vertices a;pq lie in the large-prime star centred at a;g. The finitely
many down-exits ¢ | a; similarly lie in the star centred at a;/q. Distinct exit primes give disjoint
stars: an equality a;qp = a;¢'p’, with p,p’ > Y and ¢,¢' <Y, forces ¢ = ¢’ and p = p’ by unique
factorization; an up/down equality a;qp = (a;/r)p’, with r | a; prime, would give rgp = p', which is
impossible; and a down/down equality reduces to r'p = rp/, forcing r = r’ and p = p’. Moreover,

d a;
dst(ajq) <<S,j L(J)

uniformly for ¢ < Y. Consequently,

1
> dsx(ajq) s dsx(a;) Y =,
<Y =

13



and

dsx(ajq)2 1
77<<S,‘dS,X(a') i

The finitely many down-exit stars contribute Og ;(ds x(a;)). Therefore

d a;q)?
> (d&X(ajq) 4 dox(a;0)” ) + Os,j(ds,x (a;)) <s,; ds,x (a;) loglog X.
= ds,x(a;)

The preceding star identity therefore gives

Xloglog X
|cmxbﬁx%::oa¢m(§§‘*>.

log X

Since ||Cp x||/1tj,x < p < 1, the positive-length Neumann tail is at most

b, o xh; _
165, xl2 |Cm,xbj xl2 _ Os.; (X 1/4 10g10gx> = 05, (1//log X).

:“?,X(l - p)

The zero-step first return is therefore the full leading term. Finally,

lbjxl3 =~ VX/logX @
Hj,x VX/(ajlogX) logX'’

which proves the theorem. [

Corollary 7.4 — Spectral readout consequence

For every fixed finite deletion set S and fixed j,

Aj(As x)? = ms(X/ay) +OS,j< vX > .

log X

Proof
Write A; = p; x + Aj x. Theorem 7.3 and the PNT give

VX

g X ~ 7s(VX) + 05(VX/log X).

205, xAj x = (2 +0s,(1))

Since A?y v = o(VX/log X), expanding the square proves the claim. The cancellation is universal in

1/2

fixed j: the factor /a; in the displacement cancels the factor a; '~ in the star scale. [J

8. The explicit fixed-mode remainder

The cancellation in the preceding readout can be continued one layer further for every fixed mode. A
single-star boundary at a = a; is enough: larger stars remain in the interior and are controlled by

two-sided gaps. Write Y = v/ X and d. = ds x(c). Put 4 = /d, and

da/q
dq

d .
rax =50 (S, g <Y prime),  syx =
a

(¢ a, q prime).
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Proposition 8.1 — First-exit decomposition

Let u be the positive unit mode of the large-prime star at a, let B = {a} U{ap:Y < p < X/a} be its
support, and put b = Ku for the off-diagonal block K from B to its complement. Every small-prime
exit from the centre has the form ag or a/q; every exit from a leaf ap has the form apq or (a/q)p.
Unique factorization makes these vertices pairwise distinct and exhausts the support of b:

(@ o (@ )

q<Y, q¢S qla
q prime

1 1 1
bag = —=0aq + —== Ad, Z Oagp: ba/q 5a/q /7 Z 5(11/11)10
V2 ¢ Y <p<X/(aq) V2 % Y<p<X/a

The up-vector b, occupies the full leaf set of the star at ag. The down-vector occupies only the leaves
p < X/a of the strictly larger star at a/q. Each distinct prime divisor ¢ | a supplies one down-star,
independently of its multiplicity in a. Figure 3 records the two exit types.

star at a

down-star

— large-prime star edges
---- small-prime first exits

Figure 3: First exits from the large-prime star at a centre a. Solid edges are large-prime star edges.
Dashed edges are small-prime steps: the centre exits to ag, or to a/q when ¢ | a, while a leaf ap exits
to agp or (a/q)p. Unique factorization makes these vertices distinct.

Lemma 8.2 — Up-star and down-star identities

With r = dug/da < 1,

1+3r_1Jr 4r
1—r 1—7

2N<baq’(ﬂ Laq) 1baq>

If r = 0, the star is the isolated center and this identity is simply 1 = 1. Thus the normalized-leaf
calculation in the proof may assume r > 0.

With ¢ = a/q, s = d./d, > 1, and ¢ the normalized symmetric leaf vector of the star at ¢, the leaf
part of b,/ has a component /1/(2s) along 1) and a kernel component of squared mass (s —1)/(2s).
The two-dimensional resolvent together with the kernel contribution 1/u gives

15



5—s
1—5

2M <ba/qv (M - Lﬂ/q)_lba/Q> =

This quantity is negative for 1 < s < 5, zero for s = 5, and positive for s > 5; no uniform sign assertion
is used below. As X — 00, s, x — ¢ and the term tends to (¢ — 5)/(qg — 1).

Proof

On the centre / normalized-leaf basis the up-star is the matrix with off-diagonal entry u+/r, while by,
has coordinates 27/2(1, /7). Direct inversion of I — Ly, yields the first identity. For the down-star,

(1 s
MI_LC—,U(\/E 1 >7S0

wotrt =y (s )

on span{d., ¢ }. The two-dimensional quadratic form is (3s 4+ 1)/(2us(1 — s)). The kernel contributes
(s —1)/(2sp). Multiplying by 2u and simplifying gives (5 —s)/(1 — ). O

Summing the leading 1 in the up-star identity over allowed ¢ <Y produces exactly mg(Y). On the
compressed direct sum Ly = @ L. over the centres of Proposition 8.1 one therefore has

T 5—s
20 (b, (0 — Ly) " 'b) — ms (V) = 42 1_‘17’)( + Z 27 S¢X

q<Y T(LX q‘a 1 - SQaX
q¢S q prime

This identity is for the compressed direct sum only.

Lemma 8.3 — Two-sided interior separation

Relative to (?(B) @ ¢%(B¢), write
oo (Ln K
S, X = K C )

so that Lpu = pu and b = Ku. All edges leaving B carry small-prime labels, hence || K| <g
X1/4/\/log X. There is ds,; > 0 such that, for all large X,

dist (1, 0(C)) > 65,5 1, dist(Aj,0(C)) > 36s,; p.

Proof

Write C = L + He, where L¢ is the star forest with the a-star deleted. The spectrum of L¢ is
{£Vd. : ¢ # a} U{0}. For allowed ¢ > a, d. < dy = (a/a’ + o(1))d, with a’ the least allowed integer
exceeding a. For the finitely many allowed ¢ < a, d. = (a/c+ o(1))d, > (1 + £;)d,. Hence every v/d.
with ¢ # a is separated from p by a fixed positive multiple of y, while 0 and —+/d,, are at distance at
least . Weyl’s inequality moves each eigenvalue of C' by at most ||Hg x|| = o(x). The bound for A;
follows from Theorem 7.2. (I

No positivity is available for j > 2: the interior contains the stars aq,...,a;—1, whose eigenvalues
exceed L.
Lemma 8.4 — Squared-eigenvalue reassembly

Aj(As x)? = ms(X/a) = 2u b, (n — C)7'b) = m5(Y) + Os,;(1/ log X).

16



Proof

Since \; ¢ o(C), the Feshbach reduction is exact: A; is an eigenvalue of Lp + £(\;) on £2(B), where
Y(A) = K*(A— C)"'K. Lemma 8.3 gives | S(\)|| = Os,;(1/y/Iog X) for A — p| < 1. The spectrum of
Lpis {p,0, —p} with u simple, so

Ay = = (D)) + O(ISI2/k) = (b, (A — €)7'8) + 05,5 (1/v/X log X).

The first resolvent identity replaces \; by p at the same scale, because ||b]|> = Os (v X /log X)
and both resolvents have norm Og ;(1/p). Squaring, using p? = 7g(X/a) — 7g(Y) and A\; — p =
Os,;(1/+/log X), produces the displayed error. O

Lemma 8.5 — Star-union compression

Let U be the span of the full stars centred at {aq: ¢ <Y, ¢ ¢ S} U{a/q: q|a, g prime}, isolated
centres included, and let W = U~ inside the interior. Then

Ly J*
o= (J CW), Lo =@L. b=@bev
J is a subblock of Hg x, and dist(u, o(Cw)) > 0 ;u for some fixed d ; > 0 and all large X.

Proof

Proposition 8.1 gives b € U. The compression of C' to U equals Ly. To see this, write every vertex of
U either as a listed centre ¢, or as ¢p with p > Y. A small-prime edge between two centres would
require cg = ¢14 for a prime ¢ <Y. Comparing the possibilities ¢ = ag and ¢ = a/r forces a prime
to equal a product of two primes. A centre-leaf edge would require ¢1£ = cop; for fixed a and large
X, the large prime p > Y would then divide ¢/, whose prime factors are all at most Y, which is
impossible. Finally, a leaf-leaf edge would give ci1p1f = cops. If p1 # po, unique factorization forces
one large prime to divide the small-prime side; if p; = po, it reduces to the excluded centre-centre
case. Thus no small-prime edge joins two vertices of U. Large-prime edges inside U beyond the star
edges are impossible because a large-prime leaf has a unique centre. Every U-to-W edge therefore
carries a small-prime label.

For the gap, write Cyw = Ly + Hw on the remaining centres. Those centres are a fixed ratio away
from a, so the argument of Lemma 8.3 applies, and ||Hw | < ||Hs,x|| = o(w). O

Lemma 8.6 — Quadratic-form replacement

<b7 (/J‘ - C)_1b> = Z<bca (/1' - Lc)_lbc> + OS’.,j(]-/ V XIOgX)

Proof
Lemma 8.5 makes the Schur complement exact:
(b, (p =)0y = (b, (n— Ly =T)7'),  T=J"(u-Cw)'J,

with ||7]] = Ogs;(1/y/log X). Put Ry = (u — Ly)~*. Chebyshev gives r, x <5 1/¢q. Choose a
finite prime cutoff so the tail is below 1/2; on the remaining finitely many primes the PNT limit
rq,x — 1/q supplies a common constant ps < 1. Inside U, up-stars are separated from p by

u(l—/Fgx) > (1= /ps)p with sup, rq x < ps < 1, down-stars by u(\/Sqx —1) > (V2 —1+0(1))x,
and the kernel and negative branches by p. Hence |Ry|| = Og,;(1/p). Also
Ib]I> = 37s(Y) + 5 qu,x +w(a) = 0s;(VX/log X).
q

For each up-star, direct inversion gives
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1467y, x —|—7‘2’X

Rubag|® =
H U qH 2u2(177ﬁq7x)2

= Os,(1™?).
The finitely many down-stars satisfy the same bound. Summing the 75(Y") up-stars therefore gives

Y
|Rob| = 05, (”S( )) — 0s,(X17?).

112

Moreover, after decreasing the limiting gap if necessary,
dist(p, 0(Ly +T)) > dv.sjn— T >s; 1, du,s; = 3min{l — /ps,vV2 - 1,1} > 0.
In particular, |RyT|| = o(1), so ||RyT|| < 1/2 for all sufficiently large X. The resolvent identity is
(w—Ly —T)' =Ry =RyT(p— Ly —T)7*,
and
(n—Lv—T)"'=(~RuT) 'Ru.
Consequently,

|(b, (1 — Ly — T)7'b) — (b, Rub)| < 2||T|| |Rub||* = Os,;(1//X log X).

This is the required quadratic-form replacement. [

Theorem 8.7 — Explicit fixed-mode prime-star correction

For every fixed finite deletion set S and fixed index j,

T 5—s5

)‘j(AS,X)ziﬂ—S(X/aj):ZL Z 1_q7,X+ Z 1_7q7){+057j(1/10gX).
Tq,X qla Sq,X

EQS q prime

Proof
Insert Lemma 8.6 into Lemma 8.4 and evaluate the direct sum by Lemma 8.2. The count 7g(Y)

cancels. The quadratic-form error, multiplied by 21 = Og ;(1/X/log X), is Og ;(1/1log X). O

Corollary 8.8 — Arithmetic control of the oscillation phase

For all sufficiently large X, let

T 5—s ~
Fs;(X) =ms(X/aj) +4 > —25— 4 3 20X 3 v = [Fs (X).

1—s X’
a<VX qla; @
q¢s q prime

For every fixed finite S and fixed j, uniformly for real ¢,

He_itAS“éa]. - cos(xjﬁxt)éa]. +1 Sin(xjﬁxt)waj’X H2
2]

N G LN N L S
< t X Tog X

In particular, the explicit prime-star remainder determines the coherent centre—shell evolution with
o(1) error throughout every time window |t| = o(v/X log X).

18



Proof
Theorem 8.7 and \; xg; \/X/log X give

A — Fs,; (X))

~ 1
A —Ajx| = <L5j —————.
| J J | )\J_’_)\j’x J /XlogX

Combine Corollary 6.2 with the Lipschitz bounds for sine and cosine. [

Corollary 8.9 — Fixed-mode constant layer

Let B; be the prime Meissel-Mertens constant, defined by Zpg;c 1/p =loglogx + B;1 4 o(1), and put

1 1 -5
HS:31725+ZZ)@7_1), cla) = Z Zj

peES p¢sS qla
q prime

Then, for every fixed finite S and fixed j,

/\]»(1457)()2 =mg(X/a;) +4loglog X + 4kg + c(a;) + o0s,;(1).

The case j = 1 is ¢(1) = 0. The correction ¢(a) is additive over distinct prime divisors and ignores
multiplicity, so for example ¢(2) = ¢(4) = =3, ¢(3) = —1, ¢(5) = 0, and ¢(6) = —4.

Proof
Put L =log X and L=1L- log a. We use the standard quantitative consequence of the PNT

ro(t) = —— + Og (IO;Qt) (t>Y/a),

uniformly in this range. When ¢ < Y/a, it gives

L +O< 1 N a >
T = =" _ _—
“x q(L —logq) L VX

for allowed ¢q. When ¢ > Y/a, the truncated degree do, and therefore rq x vanish, while the displayed
main term is O(a/Y). The errors sum to o(1). The main term splits as 1/¢ plus a logarithmic
increment. Mertens’ theorem yields 3> _y ,og1/¢=1logL —log2+ By — 3 ,c51/p+o(1). Partial
summation with »° _(logp)/p = logt + O(1) converts the increment into

/Y dlogt E—log2
S oo = —°%
2

= = - +0(1) =log2 + o(1),
L —logt gL—L/2 W & o

because a is fixed. Thus > 7y x =loglog X + By —_ ¢ 1/p+o(1), exactly as for a = 1. Since

7.2

1—r + 1—7’
extend ry x = 0 for primes ¢ > Y. Chebyshev gives r;, x <s 1/¢q and sup,ry x < ps < 1, hence
2 x/(1 = rqx) <s ¢ * on a fixed prime index set. Dominated convergence produces the convergent
sum 3 oo 1/(q(g—1)). The up-sum is therefore 4loglog X +4rs +o(1). The finitely many down-star
terms tend to ¢(a) by the PNT. Theorem 8.7 completes the proof. [

The logarithmic increment is essential here: pointwise convergence r, x — 1/¢ cannot be inserted
directly into the divergent first-order prime sum. The —log2 from truncating the reciprocal-prime
sum at v/ X is exactly restored by the increment integral.
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Finite-prime interpretation. The universal correction can equivalently be written without a
separately named constant. Indeed,

so, for fixed S,

1
4 Z pj = 410g10gX +4I€S +OS(1)
p<X
p¢S

Thus kg is the convergent correction that converts the prime harmonic sum into the truncated
(p — 1)~l-sum. The truncation at p < X is essential.

9. Uniformity in a logarithmic window
The fixed-mode proof hides its dependence on the centre inside the Og j-constants. We now track

that dependence on the range needed for the same explicit expansion, including the centre-dependent
term c(a). Throughout this section S and £ > 0 are fixed,

a=a(X) < (log X)'/2=

is an allowed centre, and j(a) is the number of allowed positive integers at most a. Put ¥ = v X

dc = dS7X(C)a H = daa
and let u be the positive unit mode of the star at a. Define ry x = dug/da, Sq.x = da/q/da7 and

MS,a,X 4 Z T‘Z; Z SQ;

1 -5
(I<Y qla 2 X
q¢S q prime

All errors below are uniform over this range; no uniformity in S or ¢ is claimed.

Lemma 9.1 — Uniform degrees, residuals, and matching

Uniformly on the stated range,

do = X +0 X X X
" alog(X/a) S\ a(logx)2 )’ f=s alog X’

1 1 VX
H =0 H 2= Zag(Y)+ = = )
(u, Hs xu) =0, | Hs xull3 2775( )+ 2;;7‘(;,)( +w(a) x5 log X
a¢s

The degrees d. are strictly decreasing near a, consecutive allowed centres a4 satisfy

‘N_\/dai > K

_Eu

and

|Njcay(As,x) — p| < ||Hs,x | < 40

for all sufficiently large X. Hence \j(,) is the unique eigenvalue matched to the star at a.

20



Proof

The PNT is uniform on [Y/a, X/a], whose lower endpoint is v/ X /(log X)°(), and gives the degree
formula. The exact first-exit decomposition of Proposition 8.1 gives the residual identity; its first-order
term vanishes by the same unique-factorization argument as Lemma 7.1. The up-sum is Og(loglog X),
while w(a) = O(loga/logloga), so both are absorbed by mg(Y).

The allowed integers are periodic modulo Pg, so consecutive allowed integers differ by at most Pg. If
a4 is the next allowed integer, subtracting the two uniform degree estimates gives

X(agy —a) a
dg —dg, = ——= (1 — .
* aaylogX ( JrOkg(logX))

The analogous formula holds for d,_ — d,. For the closest possible successor, the limiting coefficient
after division by the two square roots satisfies

a 1 11
al1- - >1- o1
a+1 1+1/a++/1+1/a V24

A more distant retained successor only increases the separation, the predecessor separation is larger,
and the uniform PNT error is o(1) on the logarithmic window. Hence

]

~ 4a

u

for all sufficiently large X, uniformly in the stated window. Since the degrees are nonincreasing, every
earlier star lies above this gap and every later star below it. Finally Theorem 5.1 and a < (log X )1/ 2-e
imply ||Hs x|| = o(p/a). Weyl’s inequality completes the matching. O

Lemma 9.2 — Uniform three-block reduction

Let B be the support of the star at a. Let U be the span of the full large-prime stars centred at

{ag:q <Y, q¢ StuU{a/q:q|a, qprime},

isolated centres included, and let W = (B Usupp U)*. Relative to B&U @ W,

Ly K* 0
Asx=|K Ly J*|, LU:@LC, b=KueUl.
0 J Cw c

The compression to U is exactly the displayed star direct sum, and J is a subblock of Hg x.

Proof

Every small-prime neighbour of a is an ag or a/q. Every small-prime neighbour of a leaf ap is an apq
or (a/q)p; the cutoff apg < X puts the first vertex in the star at ag, and the second lies in the star
at a/q. Thus there is no B-W edge. Unique factorization gives the remaining claims exactly as in
Proposition 8.1 and Lemma 8.5. [

Lemma 9.3 — Uniform gaps and complement self-energy

There are constants ps < 1 and dg > 0 such that
supry x < ps,  dist(u,o(Ly)) > dsp
q
uniformly on the stated range. If |z — p| < ||Hg x||, then
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: u
dist(z,0(Cw)) > £’

and, for
T(z) = J(z— Cw) " 1J,
a?/? 1Tl a’
T — =o(1).
IT(2)] <s Toe X s T o(1)
Proof

For ¢ < Y/a, the uniform degree estimate gives

_ log(X/a) ,
ToX = q(log(X/a) —logq) +os(1);

for larger g, rq,x = 0. The least allowed prime is therefore the only possible extremizer, and one may
take, for example, pg = 3/4 for large X. Down-stars have s, x = ¢+ 0o(1) > 2+ o(1), while the kernel
and negative branches are at distance at least p. This proves the star-union gap.

Let Ly be the compression of the large-prime star forest to W. The centres left in W are at least one
allowed step from a, so monotonicity of the star degrees and Lemma 9.1 give

: 1
dist (,u, U(LW)) > i

Weyl’s inequality gives dist(oc(Cw),o(Lw)) < ||Hs,x||. Since also |z — u| < ||[Hs x| and |Hs x|| =
o(p/a), for sufficiently large X we may take 2||Hg x|| < p/(20a). Hence

dist(z,0(Cw)) = o — 2/ Hsx| = £-.

Therefore

2
 BalHs x|

1T (=)l m

and Theorem 5.1 gives the two displayed estimates. [J
Lemma 9.4 — Uniform quadratic-form comparison

With Ry = (/’[’ - LU)_17

a5/2
Aj(a) — = (b, Ryb) + Os (W> ;

and

Nj(a) — H| < a
Jj(a) H S logX'
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Proof

First reduce the W-block at energy Aj;(,). Lemma 9.3 keeps the reduced lower block Ly + T'()\j(4)) a
fixed multiple of p away from the target. A second Schur reduction on B is therefore exact. Since
the star spectrum is {u, 0, —u}, ordinary isolated-eigenvalue expansion about the one-dimensional
p-eigenspace inside this star block applies. Indeed, for |z — p| < ||Hg, x|, put

Set(2) = K*(2 — Ly = T(2)) 'K,

then the uniform star-union gap gives, for all sufficiently large X,

2||st||2 a
b < — —_—.
|| eﬂ‘(z)H — 55,“ <<S IOgX

The mixing error is therefore Og(||Zeq(2)]|?/1) = Os(a/?/(v/X+/log X)), and the expansion gives

a3/2

-1
Nj(a) — = <b, ()‘j(a) —Lv - T()‘j(“))) b> +0s (W) '

The star-union gap and Lemma 9.1 make the quadratic form Og(y/a/log X).

It remains to replace the reduced resolvent by Ry . Direct inversion on each up-star and down-star,
using Lemma 8.2, gives

5 m5(Y) + w(a) a
HRUbH2 <s 'u2 — <5 ﬁ

Here w(a) < log, a = o(mg(Y)) uniformly in the stated logarithmic window, so the growing number of
down-stars is absorbed by the up-star contribution.

Put D = p— Aj(a) + T(Aj(a))- Lemma 9.3 and the preceding bound imply ||Ry D|| <s a?/vX = o(1),
s0

(Nj@y—Lu —T)"' = (I — RyD) 'Ry.
Estimating the resulting quadratic-form difference by

ol I B [ IDI | Roll

and using [|b]| <5 X/*/ylog X, ||Ru|| <s p~ ', and ||D|| <5 a*/?/y/log X gives the stated error. [J

Theorem 9.5 — Uniform prime-star remainder

For fixed S and & > 0, uniformly over allowed a < (log X)'/2~¢,

2
, 2 _ - _a
)\](a)(AS,X) Ws(X/a) MS,a,X + OS’€<1OgX> .
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Proof

The direct-sum identities of Lemma 8.2 give

2p(b, Rub) — ms(Y) = Mgq x-

Insert Lemma 9.4 into
Moy — 12 =2u(Nj) — 1) + Nja) — 1)°

The quadratic-form error contributes Og(a?/log X); the star-block mixing and the square contribute
Ogs(a/log X), which is absorbed by the former because @ > 1. The implied constant is independent of
the moving centre. Since a?/log X < (log X)~2¢, this error is also og(1). Finally p? = mg(X/a) —
ms(Y). O

Theorem 9.6 — Uniform constant layer

Under the same hypotheses,

Nj(a)(As,x)? = mg(X/a) + 4loglog X + 4k + c(a) + 05,(1).

Proof
Put L = log X and L = log(X/a). Uniform PNT estimates give, for ¢ < Y/a,

L Lo ( 1 48 )
TgX = —~— —+—=,
“x q(L —logq) el " VX

and rq x = 0 for ¢ > Y/a. The errors sum to o(1) uniformly. Moreover,

L—log?2 1—(loga+log2)/L 1+loga
= =2 =240 ———] =2 1
L—1LJ2 1—2loga/L + L +o(1),

uniformly on a < (log X)'/2=¢. Thus the logarithmic increment in the partial-summation calculation
of Corollary 8.9 remains log2 + o(1), and Mertens’ theorem gives

1
Z rq,x =loglog X + By — Z - +o0(1).
q<Y peS
q¢S

The displayed estimate also gives r, x <g 1/q uniformly. Writing r/(1 —r) =7 +72/(1 — r), Lemma
9.3 therefore permits dominated convergence in the quadratic tail and produces

1
%;q(q—l)'

Thus the up-star contribution is 4loglog X + 4kg + o(1).

For a prime ¢ | a, the same uniform PNT estimate gives

1+1o
5¢,X :q_'_OS(Q(gQ))'

log X

For f(s) = (5—s)/(1 — s), one has f’(s) = 4/(1 — s)2. Since s, x > (¢ + 1)/2 uniformly for all large
X

)
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1+ logq

f(sq,x) — flg) <s Jlog X °

Summing over the distinct prime divisors of a, and using »_ ala log ¢ < loga, shows that the total

down-star error is Og(loga/log X)) = o(1) uniformly on the stated range. Theorem 9.5 completes the
proof. O

Corollary 9.7 — Uniform ordering and simplicity

Fix S and € > 0, and put

Jx(e) =#{a: ais retained and a < (logX)l/zfs}.

For all sufficiently large X, the top Jx (&) positive eigenvalues are simple and are indexed in decreasing
order by the retained centres in this window. Uniformly for retained a < b in the window,

>\j(a) (Ast)z — Aj(b)(AS,X)z = Ws(X/a) — 7T5(X/b) + c(a) — C(b) + 057(_;(1).
If @ < b are consecutive retained centres, then

X(b—-a)

Nja) (Asx)? = i) (Asx)? ~ ablog X

Proof

Subtract Theorem 9.6 for the two centres. The universal 4loglog X + 4kg layer cancels uniformly.
For consecutive retained centres, the uniform degree calculation in Lemma 9.1 gives

X(b—a)

ms(X/a) - ws(X/b) ~ S

Moreover |c(n)| < 4 4+ w(n) < 4 + logyn, so the centre correction and the uniform o(1) term are
negligible compared with this gap throughout the logarithmic window. Lemma 9.1 identifies each
resulting simple eigenvalue with the rank j(a), and these ranks fill 1,..., Jx(g). O

Corollary 9.8 — Uniform hub—shell localization

For each retained centre in the logarithmic window, orient the positive unit eigenvector v: x of
Aj(a)(As,x) toward the positive unit star mode uzx, and put

Uy x = (—1)Q(G)JUIX, Jo, = (1),

Then, uniformly for retained a < (log X)/?~¢,

”vt:zt,X - ui:,XHQ s a?PXTA,

Consequently,

1

oz x oo = 5T Osc(a*2 X711,

1
IPR (v y) = it Og.c (a2 X1,
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and, for the coordinate projection P, x onto the closed star at a,

(I = Pax)viyll3 <sea®X ™12

Proof

Let nx be the residual majorant from Theorem 5.1. Lemma 9.1 gives an ordered reference-star gap

S 1 X
Ya.X Sa alog X’

uniformly on the logarithmic window, while nx < X/4//log X and 16nx < Yo, x for all sufficiently
large X. The isolated-mode comparison of Proposition 2.1, applied at the ordered mode from Corollary
9.7 and with the sign chosen so that (v’ a.x U X) > 0, gives the finite estimate

dnx

/. SR S e
Ya, X — 27X

HUIX - UIXHQ <

Every prime-cover edge changes Q(n) by one, so JAg xJ = —Ag x and the same bound holds for the
negative partner. The coordinate and IPR estimates now follow exactly as in Corollary 6.1. The exact
star IPR is 1/4 4 1/(4ds, x(a)), and the additional term is negligible uniformly on the stated window.
Squaring the off-star norm gives the final estimate. [

Corollary 9.9 — Uniform centre—shell evolution

Let

wa,X — Z (5
\% ds X meﬁa b'e

Uniformly for retained a < (log X)'/2~¢,

SupHe s x5, — cos(A i(a)t)da +isin(A; z/JaXH2 Lse Q@ a®Px 14,
teR

For all sufficiently large X, the following radicand is positive. Put

o~

Aa,x = \/WS(X/CL) + Ms.q,x,

Then the explicit first-exit correction also gives

[e=#45:x 8, — cos(Na,xt)da + isin(Aa, xt)¥ax |,
|t|a5/2
VXTog X'

Thus the explicit finite correction determines the centre—shell phase with uniform o(1) error whenever

1t = o(y/XTog X /a¥/2).

<se @32 x-1/4
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Proof

Use the positive and negative eigenvectors from Corollary 9.8. Their symmetric and antisymmetric
combinations differ from §, and v, x, respectively, by Ogyg(a?’/ 2X~1/4). The two eigenvectors acquire
the opposite phases eT#*i) . Unitarity then gives the same error uniformly for every real ¢, exactly
as in Corollary 6.2. For the second estimate, Theorem 9.5 and \j(,) <s. v/ X/(alog X) show first

that the radicand defining X,L x is positive and then imply

~ a?/log X ab/?
Aita) — Aax| < = .
Nita) = Aax| s X s X) ~ VXWX

The Lipschitz bounds for sine and cosine cost at most twice this difference times [¢t|. O

Corollary 9.10 — Collective localization of the logarithmic block

Let Ux be the span of the positive star modes U:X, and let Vx be the span of the corresponding

positive adjacency eigenvectors U: . over retained centres a < (log X )1/ 2=¢_If Py, and Py, are the
orthogonal projections onto these subspaces, then

1Py = Puy || <s.e X~/ *(log X)' 72 = 05.(1).

Proof

The star modes are orthonormal because their supports are disjoint, and the adjacency eigenvectors
are orthonormal by Corollary 9.7. Let Ux and Vx be the synthesis isometries carrying the standard
basis of the centre-index space to these two families. Corollary 9.8 gives

HVX — U)(HIQLIS S X_1/2 Z a? <3¢ X_I/Q(IOgX)2_4E.
a<(log X)1/2—=

Since Py, = VxVy and Py, = UxU¥,

[Poy — Puy |l < 2||[Vx — Ux|| < 2[|[Vx — Ux|lus.

Taking square roots proves the claim. [

The mode term depends only on the distinct prime divisors:

For two common deletion sets,

1 1 1
Ko =Bi+) . Ry =Bty
zp:p(p—l) 2 2 Z;p(p—l)

The graph is bipartite under (—1)%("), so every negative extreme eigenvalue is the negative of its
positive partner and satisfies the same squared law.

The error in Theorem 9.5 also records the present method boundary. The single-centre first-exit
reduction gives constant-order spectral precision when a?/log X = o(1), hence throughout a =
o(y/log X). Extending the constant-layer expansion farther would require a smaller complement-
replacement error or a larger retained block; no obstruction beyond this reduction is asserted here.
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9.1 Comparison with classical spectral-radius bounds

Forn > 2,

degg,  (n) < 75(X/2) +w(n) < m5(X/2) + log, X.

Since mg(X) — m5(X/2) < X/log X, the root is the unique maximum-degree vertex for all sufficiently
large X, with

A(Gs)X) = deg(l) = Fs(X).

The induced root star gives the classical lower bound A\; > VA. Corollary 8.9 determines its exact
second-order excess:

4loglog X + 4kg + 05(1)  4loglog X + 4ks + 0s(1)
)\1 —\/Z: - .
A1+ V7ms(X) 2/ms(X)

At the other extreme, let Ng(X) = |Vs(X)| and mg x be the number of edges. Elementary summation
gives

Ns(X) ~dsX, msx =Y Ng(X/p)~dsXloglog X,
p<X
pgs

where ds =[] ,c5(1 —1/p). Hong’s general bound

)\1 S \/Qm&X —Ns(X)+1

is therefore of order /X loglog X, whereas the true scale is A\; < y/X/log X. The generic upper
bound is larger by order y/log X loglog X; it does not see the prime-star cancellation.

9.2 Finite illustration
For S = @, put
D, x = >\j(a)(AX)2 —7(X/a) —4loglog X — 4k.

Corollary 8.9 predicts Dy x — c(a). The following contrasts test three features of the centre correction
while cancelling the common constant layer:

Dy x — Dy x — 0, Ds x — D1 x — 0,

D¢ x — D2 x — D3 x +D1,x — 0.

They respectively test insensitivity to prime-power multiplicity, the zero contribution of the prime 5,
and additivity over distinct prime divisors. The full adjacency matrix was assembled in compressed
sparse row format, and its largest eigenvalues were computed by the symmetric Lanczos method
through ARPACK with tolerance 107'%; no star-compressed eigenproblem was used. The value of x
cancels identically from each contrast.
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Dg x — Do x — D3 x +

X Dy x — Do x Ds x — Dy x Dy x
105 —0.347015 —0.758249 —0.218576
106 —0.257172 —0.706250 —0.012184
107 —0.188205 —0.596186 —0.025043

All three contrasts are closer to the predicted value zero at X = 107 than at X = 10°; the additive
contrast has magnitude below 0.03 at both 10° and 107. The individual D, x retain a visibly centre-
dependent 1/log X drift. For the displayed nontrivial centres, the coefficient (log X)(Dg,x — c(a)) is
empirically approximately proportional to w(a). The contrasts cancel much of that drift. This is a
finite-size observation, not an additional asymptotic assertion.

For a direct test of the finite remainder, let M, x denote the explicit up-star plus down-star sum on
the right-hand side of Theorem 8.7, and put

Eox = Nja)(Ax)? = m(X/a) — My x.

Theorem 8.7 gives E, x = Oq(1/log X). The following direct numerical values test this finite-sum
statement for the first two centres. The case a = 2 includes the nonzero down-star contribution.

X EI,X (IOgX)ELX E2,X (lOgX)EQ’X
10% 1.345224 12.389966 2.103328 19.372365
10° 0.990617 11.404905 1.599306 18.412693
10° 0.753793 10.414028 1.248529 17.249064
107 0.609552 9.824822 1.025544 16.529817
108 0.527548 9.717795 0.884951 16.301398

These finite values illustrate the theorem’s normalization; they are not used in its proof.

10. Conclusion

Theorem 8.7 identifies the correction to every fixed squared extreme eigenvalue as an explicit sum
over up-stars and down-stars. Corollary 8.8 shows that this finite remainder controls the coherent
centre-shell phase on time windows o(y/X log X ), and Corollary 8.9 evaluates it as 4loglog X + 4xg +
c(a;) + 0s,(1). Theorems 9.5-9.6 give the quantitative finite-sum error Og . (a?/log X) and keep the
evaluated constant layer uniformly through the logarithmic window a < (log X )1/ 2=¢_ Corollary 9.7
identifies the resulting growing block as simple and ordered by its arithmetic centres. Corollaries
9.8-9.9 show that the same block is uniformly localized on its prime stars and supports exact-frequency
centre—shell evolution, uniformly for all real times; on the stated growing time window, its frequency
may be replaced by the explicit first-exit expression \/7s(X/a) + Mg, x. Corollary 9.10 packages
these individual estimates as operator-norm convergence of the whole logarithmic-window spectral
projection to the corresponding prime-star projection. Thus the arithmetic cutoff produces an exact
prime-star boundary, first-order coupling vanishes, and the surviving self-energy is evaluated through
constant order. The extreme spectrum is therefore determined by the star degrees, the universal
up-star term, and the divisor correction ¢(a;). The proved uniform range is the family of fixed-power
windows a < (log X)'/?~¢ with fixed £ > 0. The larger condition a = o(y/log X) is suggested by the
scalar remainder but is not asserted here; neither range is claimed as a barrier for other spectral
methods.
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