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CROSS-ENERGY OF DIRICHLET PARTIAL SUMS.
PART 18: THE EULER-CACERES BOUND

PEDRO CACERES

ABSTRACT. Gonek, Hughes and Keating factored ( =~ PxZx, an Euler product times a product
over the zeros. We use an exact form ¢ = ExZx, Ex a smoothed Euler factor, and for Re sg > %
study the Euler-Caceres bound Bx(so) = 3log [ |Zx (% + it)|*Psy(t) dt — log|Zx (s0)|, Ps, the
Poisson kernel. It is the off-line Blaschke term of the Poisson—Jensen formula at so, independent
of X, plus a positive Jensen gap. Under RH, (log X)Bx(s0) = >_. Km(y)Ps,(7), with universal
constants s, for multiplicity m (k1 = 1.8279...). Hence, for any single so, RH holds if and only if
Bx(so) = O(1/log X), and RH with simple zeros if and only if (log X)Bx (so) tends to an explicit
number (0.040186... at sop = 2). If © = supRep > %, Landau’s theorem in the variable log X gives
Bx(s0) = Q+(X®_%_E) for Re sp > 1, attained or not, so RH holds iff Bx(so) < X°® at one point.
Unconditionally, Bx (so) = O(\/X/ log X) for Reso > 1, and the off-line term at so = 2 is below
2.3-107*2. Under RH we identify the second-order term up to an interaction of the wells (known
only to be o(log X)), related heuristically to Montgomery’s pair correlation; it is governed by the
gaps between zeros, and under a small-gap hypothesis the law holds with error O(loglog X/ log X).
We give a function-field model where the bound holds, and controls (a Beurling system with the
zeros of ¢ and a zero at 0.6, the Davenport—Heilbronn function) suggesting that a proof must
couple the Euler product with the functional equation. Numerically the bound follows the law,
stays below the floor 0.0386 of Dirichlet-polynomial mollifiers at the centre s = 1, and grows for
the Davenport—Heilbronn function and for a planted off-line zero. We do not prove RH.

1. INTRODUCTION

1.1. The Jensen moment and its mollifiers. Let F(s) = (s — 1)((s)/s. Balazard, Saias and
Yor [BSY] proved that

1) [ ol inl = Y o]
00 2 2m(3 +t2) ) 1—p

)

Re p>3

the Poisson—Jensen formula for F' in the half-plane Res > % at the point s = 1. RH holds if and
only if the left side vanishes. Jensen’s inequality turns any analytic M into an upper bound for the
right side, %log [|¢M|?dp —log | M (1)]. For Dirichlet polynomials M this bound cannot fall below
3 log(1 + ¢o) = 0.0386, co = D1 (I —k(k+1) log®(1 + 7)) (Proposition 52 in the appendix): the
normalization at the pole forces M to approximate a step function. We replace M by the reciprocal
of the prime factor of an exact form of the hybrid Euler-Hadamard product of Gonek, Hughes and
Keating [GHK], which carries the pole itself; the barrier disappears (Table 7), and the resulting
bound decays like 1/log X.
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This paper is about that bound. We determine its exact asymptotic behaviour under RH, show
that it measures the multiplicities of the zeros, and turn it into criteria for RH and for RH together
with the simplicity of the zeros.

1.2. Setting. Fix g9 € C°(R) with g >0, [go =1, suppgo C [—a,a]. For X > e*™! put
L =log X, gx(u) = go(u— L), ¥x(v) = [;° gx, and
(2)
A 1
log F (s) = ZM +Kx(s—1) =Y Kx(s+2k), Kx(w)= /gx(u)El(wu) du.

n®logn
n>2 k>1

Here Fy(z) = fzoo e~Tr~ldr is the exponential integral and, below, Ci(v) = —f Tt lcosTdr is

the cosine integral. The prime sum is finite (it stops at e*X). By the exp11c1t formula (Lemma 10),

¢ = ExZx with
Zx(s) = l_Ie—Kx(s—p)7
p
a product over the nontrivial zeros, each factor entire with a simple zero at p. E% has a simple
pole at s = 1 and the trivial zeros —2k, and no other zeros or poles; in particular it has no zeros in
Res > —2.

Relation to the hybrid Fuler—-Hadamard product. This factorization is a variant of the hybrid
Euler-Hadamard product of Gonek, Hughes and Keating [GHK, Thm. 1] (see also [BGM]). For o >
0, [t| > 2, they prove ((s) = Px(s)Zx(s)(1+O(XE2(|s|log X) %)+ O(X 7 log X)) with Px(s) =
exp Y« x A(n)n~%/logn and Zx(s) = exp ( — >, U((s—p)log X)), U(z) = [u(z)Ei(zlogz) dz,
u a smooth weight on [61*1/ X e]; and they observe that the second error term disappears if Py is
smoothed. Our Zx is their zero factor with the weight u replaced by gx, which has fixed width in
log x around log X; our E% is the corresponding smoothed prime factor, completed by the pole term
Kx(s—1) and the trivial zeros so that the identity is exact for every s (Lemma 10). The difference
matters here: we fix s and let X — oo, a limit in which the error term of [GHK] does not decrease,
while the moments of Zx studied in [GHK] are averages over t € [T,2T] with X < (logT)*7¢. The
profile Re E(ix) = — Ci(|z|) of Zx on the critical line under RH (Lemma 13) already appears in
their moment computation. The name Fuler—Caceres bound refers to the quantity below, not to
the factorization.

The bound. For sqg = og + itg, og > %, let

ag—l

m((00 = 3)? + (t = t0)?)
be the Poisson kernel of the half-plane Re s > 5 at so, a probability density on R, and let ¢x(t) =
log ]Zx(% + it)|.

PSO (t) =

The Euler—Caceres bound: Bx(sg) = ;log/eQ(bX(t)Pso(t) dt — log|Zx (s0)|.

1.3. Results. Let b,(s) = (s —p)/(s — 1+ p) and let

Re >f

be the off-line contribution; Oy (1) is the right side of (1).

Theorem 1 (decomposition). For every so with Re sy > % and ((so) # 0, and every X > e2T1

Bx(s()) = OOH(SO) + Jx(S()), Jx(s()) = %log/62¢XPSO - /(bX P, >0.
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The first term does not depend on X; the second is the Jensen gap of ¢x under the probability
measure Ps, () dt, and it is strictly positive because ¢x — —oo at the ordinates of the zeros on the
line. In particular Bx(sg) > Oo(so) for every X. For the multiplicity m of a zero define

oo o
Km = / (62mCi(v) —1-2mCi(v)) dv, Ci(v) = / T gr.
0 v

T

The integrand is O(m?/v?) at infinity and O(mlog(1/v)) at 0, so &y, is finite; Table 1 gives the
first values. Since fooo Ci=0,k = fooo(e2 Ci(v) 1) dv as an improper integral.

Theorem 2 (the law of the bound). Assume RH. For every sy with Resg > 3,

(log X) Bx(s0) = 2(50) := > _ fm(y) Peo (),
Y

lim
X—o0

where vy runs over the distinct ordinates of the zeros and m(y) is the multiplicity of % + iy, the
series converges.

m 1 2 3 4

Km  1.82792 7.34579 20.036 48.806
Km/m 1.82792 3.67289 6.679 12.202

TABLE 1. The constants k.

Corollary 3 (criteria). Let Reso > % and ((so) # 0. Unconditionally:
(a) RH <— Bx(S()) — 0 «— B)((So) = O(l/logX);
. kL &
Jim (log X) Bx(so) = — Re 5(80),
(c) if RH holds, lim(log X)Bx (s0) > - Re %(50), and the excess is ), (Km(y)—m(7) k1) Psy (),
which vanishes only if all zeros are simple.

Here &(s) = 4s(s — 1)7~%/2T'(£)¢(s), and Re(¢'/€)(s0) = >, Re Sol_p is an explicit number; at

so = 2, (k1/m)Re(¢'/€)(2) = 0.040186.... Both RH and the simple-zeros conjecture are thus
encoded in a single limit at a single point, whose value is known in advance.

(b) RH and all zeros simple <=

Remark 4 (a zero detector). Assume RH. As a function of sg, € is the Poisson integral of the positive
measure Ev Km(y)0y on the critical line; it is harmonic in Res > %, and its boundary measure
recovers every ordinate together with its multiplicity (through k,,, which is strictly increasing).
The Euler—Caceres bound, rescaled by log X, converges to this harmonic function.

The rate of convergence in Theorem 2 is governed by the shape of the weight. Let W, W’
be independent random variables with density go, so that E[W — W’| (the mean difference of
go) measures how sharply E% cuts the primes at X, and let go(y) = [ go(w)e™™ dw (we use

this convention throughout, except in Theorem 36, where F x is the boundary value of a Laplace
transform, with e~%; for the even functions of Sections 6 and 7 the sign is immaterial). For a
single ordinate v of multiplicity m, let

Hx., = /h(m cx (t — 7)) Ps, (1) dt, h(z) = e** — 1 — 2z,

be the cost of its well alone, where cy is the well profile (4), and let
Zi(s0) = 408 X0 ( [ hox)Py = Y M)
8!

be the interaction of the wells.
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Theorem 5 (the second-order term). Assume RH and that gy is even. For every so with Re sg > %,

Qu(s0) — Qs0)* + Ix (s0) +0< 1 )
log X log X/’

(s0) = 5 S mlo)? [ =B W =W Py o)+ Py [ L0 Pal 12 g

(log X') Bx (s0) = (s0) +

the series converging absolutely, and Zx(sg) = o(log X).

Since we prove only Zx = o(log X)), the term Zx /log X is only known to be o(1), and it may be
larger than the explicit part (21 —Q2)/log X. Theorem 5 is therefore an exact decomposition of the
error, in which the single wells are computed to second order (Proposition 18) and the interaction
is isolated; it becomes a second-order asymptotic exactly when Zx = O(1). Section 8 shows that
Tx is governed by the gaps between the zeros: it is O(loglog X)) under a hypothesis on small gaps
(Theorem 21), and numerically O(1).

The leading part of Q is —ZE[W — W’| Y- m?Ps(7): a smooth cut-off of the primes costs a
deficit proportional to its width, the price of E being zero-free. The interaction Zx collects the
overlaps of neighbouring wells; its phases depend on the zeros only through their differences v —+/,
and it is damped, roughly, by go(y —7') (Section 6); at large height its quadratic part is related,
by a heuristic derivation, to the pair correlation of the zeros (Section 7). A wider weight reduces
the interaction and makes §2; more negative; numerically, at sp = 2, Zx is a fraction of |2;] that
decreases with the width of the weight, from about 35% to about 4% in Table 6.

Theorem 6 (an attained off-line supremum makes the bound explode). Suppose © = sup Re p > %
is attained. Then for every so with Re sy > © there are r € (0,0 — %), C, Xy with

X’I“

1 .
Bx(sg) > §E1(r(logX—a))—CloglogX > W

(X > Xp).

Theorem 6 covers only the case in which the supremum © is attained. Without attainment,
a Laplace transform in the variable log X and Landau’s theorem on Laplace integrals with an
eventually one-signed integrand give the growth along a sequence (Section 9.1).

Theorem 7 (the bound explodes along a sequence). Suppose © = supRep > %, attained or not.
Then for every sg with Resg > 1 and every € > 0,

log B
lim sup Xf(eféfs)BX(so) = +00; in particular  limsup log Bx(s0) > 0-— 1.
X—o00 X—o00 IOgX
Corollary 8 (the bound at one point). Let Resy > 1. Then RH <= Bx(so) <. X¢ for every
e>0 <= limsupy_,. log Bx(sp)/logX <O0.

Corollary 9 (one mean square). Let £(X) = [|(/E% (5 +it)|*dt/(1 4+ t2), finite for every X. If
RH holds, £(X) — m. Unconditionally, RH <= limsupy E(X) < oco. If the supremum © of
the real parts of the zeros is attained (this is automatic under RH, where © = %), then also RH
<= liminfx £(X) < oo.

1.4. What is new, and what is not. The factorization is the hybrid Euler—-Hadamard product
of [GHK] in an exact form, and the profile of Zx on the line under RH is in [GHK]. Theorem 1
and Corollary 3(a) are Jensen-type reformulations: the off-line term does not depend on X. The
new content is Theorem 2: under RH the gap Jx is asymptotically ©(sp)/log X with the universal
constants f,,, which come from the profile e™ "Dy = (t—~)log X, of | Zx| at a zero of multiplicity
m (Lemma 13). This gives the rate in (a) and the simple-zero criterion (b), and Theorems 6 and 7
give the growth on the other side. Theorem 7 uses no attainment hypothesis: it is Landau’s
argument for ¢ (z) — z = Qi (97%) [I, Ch. V], applied to log | Zx(s)| as a function of log X, whose
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Laplace transform has a logarithmic singularity at p — s for every zero p (Lemma 23); it makes the
bound Bx(sg) < X¢ at one point an equivalent of RH (Corollary 8). Theorem 5 identifies the next
term up to the interaction of the wells, which we bound only by o(log X); Section 8 shows that
the interaction is a sum over pairs of zeros of a two-well function, whose excess at coincidence is
Ko —2Kk1, and that the rate in Theorem 2 is controlled by the gaps between the zeros (Theorem 21).
The closest known analogue of Theorem 2 is the Nyman—Beurling approximation problem: Burnol
[Bu] proved liminfy(log N)d% > > m(p)?/|p|?, the sum over the distinct zeros p on the critical
line, for the Nyman—Beurling distance dy, and Bettin, Conrey and Farmer [BCF| showed, under
RH and a bound for }3., (¢’ (p)|2, that this lower bound is the limit; for simple zeros it is
2 4+ v — log4m = 21, the constant of (11) and of Corollary 34. Both problems decay like 1/log
with a constant that is a sum over the zeros; there a zero of multiplicity m is weighted by m?, here by
Km, and there the approximants are Dirichlet polynomials, here the reciprocal of a smoothed Euler
factor. We do not prove that (log X)Bx(sg) is bounded; by Corollary 3 this is equivalent to RH.
Theorem 26 is elementary: it combines Theorem 1 with the verification of RH up to height 3-10'2
[PT], Trudgian’s explicit form of N(T") [Tr] and the trivial size of the Euler factor on the critical
line, and we include it because it says how far the bound is controlled without RH. Section 7
relates the quadratic part of the interaction of the wells to Montgomery’s pair correlation by a
derivation that we do not make rigorous, and tests it numerically. Proposition 51 is an elementary
rearrangement of Chebyshev’s identity in a Beurling system; we include it, with a computation on
a system of the type of Broucke, Debruyne and Révész [BDR], because it shows which information
about the integers the identity at a zero can use. Section 12.1 looks at the factorization through the
cross-energy Cs of [CE1]: the radius of the helix of C on the critical line is |[E%||Zx|, and Zx is the
field of the charges of log |(|, which can be computed from the partial sums alone (Proposition 31);
this is a reorganization of Lemma 10, not a new estimate. Section 13 recalls from [CE5, Sect. 2]
the explicit formula in the coordinates of the cross-energy, a reparametrization of the ordinate, and
uses them because they show that the law of the bound at s = 1 and Cramér’s mean square of the
prime error term are sums over the zeros of one kernel (Corollary 34). Under RH, that kernel gives
an isometry, up to a remainder of lower order (Theorem 36), between log Zx on the line and the
error term of the prime number theorem beyond X, and with it the comparison of the bound with
the energy of the primes (Corollary 37); we also record the standard energy criterion for RH in the
form we need (Proposition 35). The reflected cross-energy, which pairs s with 1 — s and separates
the controls of Section 14.5, is studied in [CE3]. Theorem 6, Corollary 9 (in its lim inf form, under
attainment), Theorem 1 in a weaker form, and the computations of Tables 2 and 7, first appeared
in the preprint [C2], which this paper supersedes; the factorization of Lemma 10 and the material
of Section 12.1 first appeared in version 3 of [CP].

1.5. Place in the book. This is Part 18 of the series, in block IV (Weil positivity). It builds
on Part 1 [CE1] (the C-transform and Theorem A), Part 5 [CE5] (the explicit formula in the
coordinates of the cross-energy), Part 8 [CES8| (the Euler product inside the critical strip) and
Part 46 [CE46] (the Davenport—Heilbronn and Beurling controls). Its fixed-interval computation
of Weil’s form is the comparison point of Part 19 [CE19]; its Jensen moment and Euler-product
mollifier are cited in Part 17 [CE17], and its floor 3log(1 + ¢p) = 0.0386 for mollifiers is used in
Part 33 [CE33| (the de Bruijn—Newman bound). It also uses Part 3 [CE3]. It is also used by
Parts 19, 33, 41 and 46 [CE19, CE33, CE41, CE46].

1.6. Organization. Section 2 proves the factorization and the bounds for its kernel; Sections 3-5
prove the decomposition, the law and the criteria; Section 6 gives the second-order term, Section 7
its heuristic relation, tested numerically, to pair correlation, and Section 8 the two-well function
and the rate under a gap hypothesis. Section 9 proves the explosion theorem and, in Section 9.1,
its form without attainment, Section 10 the unconditional bounds, and Sections 11 and 12 report
the computations. Section 12.1 shows the factorization through the cross-energy Cs of consecutive
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partial sums of ( [CE1]: the radius of its helix on the critical line factorizes as |E%||Zx|, only the
zeros near the height ¢ matter, and Zx is recovered from Cy as the field of the charges of log|(|.
Section 13 recalls from [CE5] the explicit formula in the coordinates of C, whose limit on the
critical line, 1/(% + ¢2), is 27 times the Poisson kernel P; of the Jensen moment. Under RH, the
mean square of log Zx on the critical line with the weight P; equals, up to O((log X)_3/2), the
energy Ea(X) of the normalized prime error A(u) = e~%/2(p(e*) — %) beyond u = log X with
the weight =2 (Theorem 36); and, with Theorem 2 and Proposition 35, if all zeros are simple,
Bx(1)/Ea(X) — k1/27m, and (log X)Bx(1) tends to x1/2m times Cramér’s mean square of A.
Section 14 asks what a proof of the bound would need. Over F,[T], where RH is Weil’s theorem,
the same construction obeys the same law, and the bound is equivalent to the square-root estimate
for the prime sums of each degree (Proposition 40); over Q the corresponding quadratic form in
the primes is not absolutely convergent (Lemma 43), and, when © is attained, the abscissa of
bounded energy of (/E% on vertical lines is © (Proposition 46). Chebyshev’s identity log = A x 1
evaluated at a zero removes the twist from the Euler-Maclaurin and sawtooth terms, and at scales
below |vy|/27 its kernel is approximately the dual sum of the functional equation; Selberg’s formula
behaves in the same way. In any Beurling system whose integers are better than /z the identity
at a zero on the line only restates the prime error (Proposition 51), and a system of the type of
Broucke, Debruyne and Révész, which has every zero of ( and a real zero at 0.6, satisfies it at p;
with a remainder of order N~04; with the Davenport-Heilbronn function this suggests that a proof
must couple the functional equation with the Euler product. Weil’s quadratic form, computed from
the pole, the Gamma factor and the primes on test functions supported in [—%, %], ¢ < 5, shows
the pole and Gamma terms alone failing positivity for £ 2 0.75, somewhat beyond the entry of
the prime 2, and, with the primes, near-null directions consistent with those found by Connes and
Consani. Positivity of A alone pays the pole (Remark 45), and the reflection asymmetry of Zx,
built from the primes and the Gamma factor alone, sees every zero through one kernel and does not
separate ¢ from the controls (Figure 8). Apart from the results stated there (Lemmas 41 and 43,
Propositions 48 and 51, Corollary 49, and Propositions 40 and 46), the conclusions of Section 14
about what a proof would need are heuristic or numerical. Section 15 concludes and Section 16
lists open problems.

2. THE FACTORIZATION

We use Ei(z) = [“e " dr on |argz| < 7, Ei(z) = —yg — log z + Ein(z) with Ein entire

and yg = 0.5772... Euler’s constant, and E1(2) = e *p(2), ¢(z) = [, e (2 + 7)~'dr. With
d(z) = dist(z, (—o0, 0]),

3) e () < kld(z)" (k2 0).

Across the cut Kx jumps by 27i [ gx = 27i, so et KX is single-valued and Re Kx continuous. On
the imaginary axis Re E1(+iy) = — Ci(|y|), so

(4) —Re Kx(iy) = cx(y) == /gx(u) Ci(Jy|u) du.

Lemma 10 (the factorization; cf. [GHK, Thm. 1]). { = EXxZx as meromorphic functions on C,
the product converging absolutely and locally uniformly, andlog|Zx(s)| = — Zp Re Kx(s—p) (with
multiplicity) for every s that is not a zero.

Proof. For x > 1 not a prime power, the truncated explicit formula with the term %log(l —272) of
¥(x) kept exactly gives >, A(n)n™"/logn+ Ei((s —1)logz) =log((s) +>_, E1((s — p) log z) +
> Er1((s+2k)logx) for t # 0 and s off the horizontal cuts (this is the formula for ) _ A(n)n™°
[T, (14.20)] integrated in s, as in [GHK, Thm. 1]); multiply by gx(logz) and integrate in z.
Equivalently, and without any conditionally convergent sum, the s-derivative of the identity follows
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by Mellin inversion of Y, A(n)yx(logn)n=* against —(’/¢ with the smooth weight ¢ x, and one
integrates in s from +oo: the transform of ¥ x decays faster than any power on vertical lines, the
contour is moved to the left across the pole, the zeros and the trivial zeros, and the sum over the
zeros converges absolutely. The symmetric partial sums over |y| < T of the truncated explicit
formula are bounded uniformly in 7" and in z € [el=% el*9], for s in a compact set off the zeros
and the cuts, and they converge for every x that is not a prime power [D, Ch. 17]; the prime
powers form a set of measure zero, so dominated convergence justifies integrating the formula
term by term against gx(logz). Each factor e Kx(5=0) is entire with a simple zero at p, since
e 1) = zerpe=Ein(:) - Absolute local uniform convergence follows from Lemma 12(L1)—(L3), and
the identity extends to C by analytic continuation. (I

Lemma 11 (P is outer). Let P(s) = (s — 1)E%(s)/s. Then log|P| is continuous and bounded on
Res > %, P is outer in Res > %, and Zx = F/P lies in the Smirnov class N*.

Proof. log|P(s)| = —log|s| + (log|s — 1] + Re Kx(s — 1)) + Re D(s) — >, Re Kx(s + 2k), D the
finite prime sum, |Re D| < 3" A(n)n"1/2/logn. Since log|z| + Re E1(z) = —vg 4+ ReEin(2), the
bracket is continuous, and bounded on |s—1| < R. For |[s—1| > R, z = (s —1)u has either Rez > 0
and d(z) = |z|, or |Im 2| > uv/R2 — 1, so |E1(2)| < e%/?/d(2) by (3) and Kx (s — 1) is bounded, by
ellta)/2 /(L — a)v/R?Z — 1), as is log|(s — 1)/s|; and |E1(z)| < e ®¢?/|z| for Rez > 0 bounds the
trivial-zero terms. A zero-free analytic function whose log|-| is bounded, harmonic, and continuous
up to the line is the Poisson integral of its boundary values, i.e. outer. By [BSY] F is a Blaschke
product times an outer function (no singular inner factor, also at oo, since F'(0) — 1); hence Zx €
N*. The bounds depend on X: |Re D| < M(e%X) ~ 2v/e?X /log X in the notation of Theorem 26,
and Kx(s — 1) is of the same order on the line; this is the size used in Theorem 26(b). O

Lemma 12 (the kernel). Let w = —x + iy, |z| < Tmax. For every integer A > 0 there is C
depending on A, Tmax, go only, such that:

(L1) if Rew >n > 0, then |Kx(w)| < C, X ~Rew(1 + |y[)=4-1/L;

(L2) ifRew > 0, w # 0, then |Kx(w)| < C(1+]log(|w|L)|), and if moreover |y| > 1, |Kx(w)| <
Cly|=*~1/L;

(L3) ifx >0,y 7é 0, then |Kx(w)| < e* Lt /(|y|(L — a)), and if moreover |y| > 1, |Kx(w)| <
Ceanz‘mf fl/L

(L4) for x>0, —Re Kx(—z) = [ gx(u)Ei(zu) du > Ei (z(L — a)).

Proof. Kx(w) = *“’Lfgo(v)e*w”go(w(v + L))dv; put u = v+ L € [L — a,L + a], and note
d(wu) = ud(w) with d(w) = |w| if x <0, d(w) = |y| if z > 0. Without integration by parts, (3)
glves |K x(w)| < e*E+9) /(d(w)(L — a)), the first part of (L3). Integrating by parts A times against

W Kx(w) = w‘A —wk [ emwvgigo(v)p(w(v + L))] dv, and the m-th derivative of ¢(w(v + L))
is at most m!(Jw|/d(w))™/(ud(w)), with |w|/d(w) < 1+ Zpax in all cases used. Hence |Kx (w)| <
Ce*Lta)|yw|~4/(d(w)(L — a)), which gives the second parts of (L2), (L3) and (L1). For the first
part of (L2), |Ey(wu)| < |p(wu)| < 1if |wu| > 1, and |Ey (wu)| < vg+|log |wul||+ 7+ e if |wu| < 1.
For (L4), E1(—& £i0) = — Ei(§) F 97 and Ei increases. O

By (4) and (L2), for all real y # 0,

ex(v) < Ci(Z) = 04720, Jex(®)] < C(1 + 1og(lyIL)]),
©® ex@ <~ lex@ <~ (W2 1)
M@ R L

the first because gx > 0, [ gx =1, the third from | Ci(z)| < 2/z (indeed < 1/z).
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3. THE DECOMPOSITION

Proof of Theorem 1. The hypotheses of the Poisson—Jensen formula on Res > % are as follows.

F = (s — 1){(s)/s is analytic on Res > 3 and of bounded type there: F(s)/(s + 1) is bounded
on Res > 1 by the convexity bound. Its zeros satisfy the Blaschke condition, log |F(3 + it)|
is integrable against Ps,, and F' has no singular inner factor, neither on the line nor at infinity
[BSY]. The Poisson—Jensen formula at any centre sg then follows from this canonical factorization.
P = (s—1)E% /s is outer, with log | P| bounded and continuous up to the line (Lemma 11). Finally
F(so) # 0 because ((so) # 0 (and F(1) = 1). So log|F| and log |P| satisfy the Poisson—Jensen
formula at sp without singular part, log |P| without zeros; subtracting,

/w&—mwmmamw

Substituting log |Zx(so)] = [ éxPs, — Ooi(s0) in the definition of Bx gives By = O + Jx,
and Jy > 0 is Jensen’s inequality, with equality only if ¢x is constant almost everywhere. Since

¢x(t) - —oo as t — 1 = 14.1347. .. (the first zero lies on the line), Jx > 0. O
Since |F'| = |¢| on the critical line, the Poisson—Jensen formula for F' used in the proof reads, at
a general centre,
) -1
(6) /log (5 +it)| Py () dt = log (SOSO)C(SO) + Ooi(50),

which is (1) for sp = 1. Moving the centre to sy = o + ity concentrates the sensitivity near the
height #o: an off-line zero at height close to ¢ contributes of order (8 — 3)(co — 1)/|so — p|? instead
of (8 —1)/|p|*>. Table 2 checks (6) numerically (script mollifier_tables.py), together with its
analogue for the Davenport—Heilbronn function f (Section 11), which has no pole and whose off-line
term we compute from its eight off-line zeros below height 400; we do not prove the Poisson—Jensen

formula without singular part for f, and the agreement in the last row is numerical.

function s line mean interior (and pole) excess

¢ 2+ 20¢ —0.03463 —0.03408 —0.0006

¢ 1.54+100¢  0.27150 0.27144 +0.0001

¢ 1+485.7% 0.13177 0.13158 +0.0002

f 1+85.77 —0.05385 —1.49465 +1.4408 (off-line zeros: +1.4407)

TABLE 2. The identity (6) at three centres, with the window |t — ¢p| < 4000 and
step 0.002; the remaining kernel mass is below 3 - 1074, and for ¢ the excess, which
should be Oug(sp) < 107! (Theorem 26), is of the order of the truncation error.
For f the interior term is log | f(so)|, and the excess agrees with the off-line Blaschke
term of its zeros.

Under RH, Oy = 0, Zx is outer, and
X—(oo—%)
L

by (L1), since Re(sg — p) = o9 — & for every zero and 2,1+ to — )73 < oo. Writing h(z) =
e*® —1—2z>0and Hx = [ h(¢x)Ps,, we get [e29X Py =1+ Hx + 20x and

(8) Bx(s[)):%log(l—i-Hx-i-Qﬁx)—gx.

So under RH everything is in Hx, an integral of a nonnegative function.

) &:/wmzmwww,|mz%
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4. PROOF OF THE LAW

Lemma 13 (profile at a zero; cf. [GHK, Sect. 3]). Assume RH and let 5+i7 be a zero of multiplicity
m. Then for every v # 0, ¢x (v +v/log X) — mCi(|v|) as X — co.

Proof. By Lemma 10 and (4), under RH ¢x(t) = >, cx(t —,) for t not an ordinate. The m
terms of v give mex(v/L) = m [ go(w) Ci(|v|(1 + w/L))dw — mCi(Jv|). The other ordinates
are at distance > § > 0 from ~; by (5) those within distance 1 contribute O(1/L) and the rest

([l

O(log(|y[ +3)/L).

Lemma 14 (uniform bounds under RH). Assume RH. (i) For every € > 0 there are X., C. with
ox(t) < celog(t|+3) + C: for allt and X > X.. (i) For every interval I of length 1 at distance
<n from0, [,¢% < C'log?(n+3)/L.

Proof. (i) Under RH, S(T) < logT/loglogT [T, Thm. 14.13], so an interval of length h < 1
centred at ¢ contains at most 7= log([t| + 3) + C'log([t| + 3)/loglog(|t| + 3) ordinates. By (5), the
ordinates with [t — | < 1/L contribute at most 0.472(-- + m) log(]t! + 3), those on the
dyadic shells 2¥/L < |t — | < min(1,2**!/L) contribute < (logL + loglog(|t‘+3 )log(|t\ + 3), and
those with |t — | > 1 contribute < log(|t| + 3)/L. Treating |t| < T, separately gives (i). (ii) For
t € I split px = ¢' + ¢”, with ¢’ the sum over the N < log(n + 3) ordinates (with multiplicity)
within distance 1 of I. By (5), |¢”'| < Clog(n +3)/L, and [, % < C/L (split at |y| = 1/L). B

Cauchy-Schwarz, [, ¢ < Ny [ & < CN?/L. O

Numerically, with the Gaussian weight of Table 7 and step 0.01, the maximum of ¢ x (¢)/log(t+2)
over 0 < t < 600 is 0.189, 0.169, 0.170 for X = 10%,10%,10%, and the same maximum over 200 <
t < 600 decreases, 0.179, 0.163, 0.145 (script mollifier tables.py), consistent with Lemma 14(i).

Proof of Theorem 2. By (7) and (8), L Bx = $LHx + O(L(Hx + |[(x])?) + O(L|lx]), so it suffices
to prove 3 LHx — Q(so) (which also gives Hx — 0).
We use h(z) < 222e22x(#:0) and h(x) < Cpra? for 2 < M, and Py (t) < C/(1 + t2).
1

Tail. Fix € = 3. For X > X, Lemma 14 gives on each unit interval I at distance n from 0:

ij (ox) <2C’(n+31/2Lf % <C’(n+3)1/210g (n+ 3). Hence

log?(n + 3)
L h P, <C” ———— = (T 0
/|t|>T (¢x)Psy < 7; (n+ 1372 n( )ﬁ )

uniformly in X > X..

Bounded part. Fix T such that +7T are not ordinates. Let ~1,...,7; be the distinct ordinates in
(=T, T), with multiplicities m;, and let § € (0, 1] be at most the distance between any two distinct
ordinates in [-7'—1,T+1] and the distance from +7 to the ordinates. Let U; = (v;—4/2,7v;+0/2).
For t € Uj, write ¢x(t) = mjex(t — ;) + rx(t): every other ordinate is at distance > §/2 from
t, so by (5) |rx(t)] < Cr/L. For t € (=T,T) \ |JU; the same bounds give |¢x(t)| < Cr/L, hence
L [ h(¢x)Ps, < C2/L — 0 there. On U; substitute t = ~; + v/L:

L/ h(¢x)Ps, dt:/ h(mjex (v/L) +7x)Psy(v; +v/L) dv
U; |v|<6L/2
The integrand tends to h(m; Ci(|v]))Ps, ('y]) for every v # 0 (Lemma 13). For domination we
use h(zr) < Cp(1+ |z|) and h(z) < Cya? for x < M (note 0 < h(z) < 2|z| for z < 0). If
lv] <1, mjex(v/L)+rx < M and |mjex(v/L)] < C(1+ |log|v||), so the integrand is at most
C(1+ |log [v|]). If [v| > 1, |mjex(v/L)| < 3mj/|v|, and h(x) < Cpra? < 2CM(9m]2-/v2) + 20r%;
the second piece is at most 2C,C%/L?, whose integral over |v| < §L/2 is O(1/L), and we split it



10 PEDRO CACERES

off. Dominated convergence applies to the rest, with the integrable majorant C'(1+|log [v|])1}y<1 +
18C’Mm?v_21|v|>1 times max Ps,. Hence

lim T /U h(6x)Poy = Pao() /R h(m; Ci([v])) dv = 26m, Pro (7).

X—o0

Conclusion. Let Qr =3 | 1 Km(y)Pso (7). We have shown limsup 2LHx — Qp| < in(T). In
particular Qp < %lim inf LHx + %n(T) is bounded in T, so = limp Q7 converges, and letting
T — oo gives 3LHx — Q(so). O

Where uniformity enters. The proof sums the local contributions of the zeros in two regimes,
and the interactions between wells are controlled in both. (1) For [t/ > T no local analysis is
used: the bound 7(T") comes from Lemma 14, which holds uniformly in X > X, and uses only the
counting function of the zeros under RH (S(T") < logT'/loglogT); it bounds the total, wells and
interactions together. (2) For |t| < T there are finitely many wells, separated by at least §. On each
U; the other wells enter only through 7y, with |rx| < Cr/L, and in the domination this remainder
is either absorbed in the majorant (Jv| < 1) or contributes O(1/L) (Jv| > 1); between the U; the
integrand is O(C2/L?), so these regions contribute O(C2/L) after multiplication by L. So the
interactions change $LHx by Or(1/L) + 3n(T) and do not alter the limit. For explicit constants,
Littlewood’s bound may be replaced by [S(T)| < (1 + o(1))logT/loglogT under RH [CChM].
Every constant in the proof depends continuously on sg, so the convergence in Theorem 2 is locally
uniform in Re sy > %; in particular the harmonic function 2 of Remark 4 is the locally uniform
limit of (log X)Bx. The constant Cp depends on the smallest gap § between the ordinates below
T; Section 8 shows that this dependence is genuine. The same interactions are what Theorem 5
isolates at the next order, where we can only show that they are o(log X).

5. THE CONSTANTS K,, AND THE CRITERIA
Lemma 15. k,,/m is strictly increasing in m; in particular £, > mrq for m > 2.

Proof. For fixed x # 0 let f(u) = (e2** —1—2ux)/u, o > 0. Then p?f'(u) = (2uz —1)e?*4+1 > 0,
since (u—1)e* +1 > 0 for u # 0. Integrate against dv with = = Ci(v), which vanishes only on a
null set. O

Lemma 16. ) Re Sol_p = Re%’(so) for Reso > 3 with ((sg) # 0, the sum absolutely convergent
and counting multiplicity. Under RH, Re 801_p = mPs(7), 0 32, Ps,(v) = w(s0), where w(sg) :=

1 Re £ (s0).

Proof. Hadamard’s product gives {'/§(s) = B+, (ﬁ + %) with ReB = -3 Re% [D, Ch. 12].

Under RH, sy — p = (09 — %) +i(ty — 7). o
Proof of Corollary 3. (a) If RH fails, Bx(so) > Oog(sg) > 0 for all X by Theorem 1. If RH

holds, Bx(so) ~ $(so)/log X by Theorem 2. (c) Under RH, by Lemma 16, %Re%(so) =
K12, m(7) Py (7), so Q(so) — Re%(so) = > (Km(y) — m(7)k1)Psy(7), a sum of nonnegative
terms, each positive when m(vy) > 2 (Lemma 15; Py, > 0). (b) If RH holds and all zeros are simple,
0= %Re%(so) by (c). Conversely, if (log X)Bx(so) has a finite limit, then Bx — 0 and RH

holds by (a), and equality of the limit with “* Re %(50) forces all zeros simple by (c). O

Remark 17. Corollary 3(b) needs one point sg, because Ps,(y) > 0 for every 7: a single multiple
zero anywhere raises the limit by (km, — mk1)Ps, (), for instance by 3.69 P, (vy) for a double zero.
The test is quantitative, but the effect of a multiple zero at height « is of size =2 at a fixed centre;
moving so to height v makes it of order one.
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6. THE SECOND-ORDER TERM

Proposition 18 (one well to second order). Let gy be even, sy = oo + ity with og > %, v € R and
m>1. With L =log X,

m? P (v +vy) — Ps R
LHx = 26mPsy(7) + | =7 B[W = W'|Py, (7) + PV/ o0 Z)Q o) Go()Pdy] + Rx..
with |Rx | < Cm3e* (1 + |y — to|) "2 L™?log L, where C' depends on sy and go only.

Proof. Write Py (y) = Ps,(y+y), ¢ = cx, and h(x) = 222 +h3(z). Constants C depend on s, go only,

and we use supy,<; (| Py| + [P+ [P)| +|P)'|) < C(1+ |y —to|)~? =: Cpy and fy|>1 (y)y2dy <
Cp,.

(i) The quadratic part at the centre. Let Gx (&) = fu<£ gx (u) du, which vanishes for £ < L — a.
From Ci(|y|lu) = f 1 cos(y€) d¢ (an integral that converges uniformly for v € [L — a, L + a]
when y # 0), Fubini on £ < R and R — oo, using Gx =1 for £ > L + a,

*Gx(€
Q ) =~ [ costyeya.

a cosine transform of the L? function Gx(§)/€. By Plancherel, [, ¢® = 7 [ Gx(£)*¢ 2d¢. Now
G% is the distribution function of L+M with M = max(W, W’), so [ GX £ 2dE = E[(L+M) 1] =
L7' — E[M]L™2 + O(L™3), and E[M] = $E|W — W’| because g is even. Hence

2E\W — W
B =W ) ()
L
(ii) The quadratic part off the centre. Let J(y) = Py(y) — Py(0) — P,(0)y1},<;; since c is even,
2m2L [ 2(Py— Py(0)) = 2m?L [ ¢®9, and |[9(y)| < Cp,ymin(y?, 1)+ P, (y). Integrating (9) by parts
twice,

2m?*L P, (0) / c® = 2rm*P,(0) —

yLey) = Im (%G0(y)) + o(y), o) < +|C|’L (Il = 1/1),

the first term coming from L [ go(w)sin(y(L + w))(L + w) 'dw and p from the factor L/(L + w)
and from L [ Gx& %sin(y€) d€. Thus (yLc)? = 3|go(y)|* — 3 Re (e*¥Lgo(y)?) + O(L™' + (Jy|L) ™)

for |y| > 1/L, and
2m? Le)?
2m2L/0219: m /(y C)Qﬂ(w dy.
L Y

On |y| < 1/L, |¢| < C(1 + |log(|y|L)]) by (5) and |[9| < Cpy?, a contribution O(m?*p,L~2). On

ly| > 1/L the term %|go|* gives mTZ PV ['[go|*(Py — Py(0))y~2dy + O(m?p,L~?) (the term P (0)y is

odd); the oscillating term is O(m?p,L™2) after one integration by parts in y; and the remainder is
2

at most L |y|21/L(L_1 + (lylL)™ Y9y 2dy < Cm?p, L2 log L.

(iii) The cubic part. Since [wgo(w)dw =0 and 9. Ci(z(1+¢)) = cos(z(1+¢))/(1+¢), Taylor’s
formula gives |c(v/L) — Ci(|v])| < Ca®(1 + |v|)L™2. For x < M,, := 0.472m + 1, |h3(x)| < Cp |3,
[R5 (2)| < Cpa? if |z < My, and |hy(x)] < 4|z| + 2 if 2 < 0, with C,,, < Ce?™. Hence, substituting
y=v/L,

L/hg(mc P, —/U<L (m Ci(|v]))Py(v/L) dv—i—O(mI]j;bgL»

the region |v| > L contributing O(m3L~?2 |1 ly| =3Py (y) dy), and the difference of the profiles
at most Cm?e*"p, L2 times S (1 + |log |v]|)2dv + Jicpj<p (X + lv])v=2dv = O(log L), since
| Ci(|v])] < min(C(1 + |log |v||),1/|v]). Expanding P,(v/L) to second order (the first-order term is
odd), and using |hg(m Ci(|v]))| < Ce*™m3|v|~> for [v| > 1, the integral is Py (0) [ hs(m Ci(|v])) dv+
O(m3e*™p,L=21og L).
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(iv) The constant. [g2m? Ci([v])?dv = 4m? [;° Ci* = 2rm?, so 2mm? + [ hg(m Ci(|v|))dv =
[ h(m Ci(|v])) dv = 2k,. Adding (i)—(iii) proves the proposition. O
Proof of Theorem 5. Under RH, m(vy) < N(y+n) — N(v —n) for every n > 0, and Littlewood’s
bound for S(T') gives m(v) < log(|y|+3)/ loglog(|y|+3), so m3e?™ <. (|v|+3)¢ and > m3e2™(1+
|y — to|)~2 < co. Summing Proposition 18 over the distinct ordinates,

Q1 (s0) log L
%L;Hxﬁzﬁ(so)—i— - +0o( = ).

and by definition 3L [ h(¢x)Ps, = 5L Y., Hx y+Tx /L. By Theorem 2 both §LHx and 5L " Hx
tend to €2, so Ix = o(L) and LHx = 2+ o(1). Finally (8) and (7) give LBy = $LHx — 1LH% +
O(LH% + L|tx|) = 3LHx — Q?/L + o(1/L). O

Remark 19. The proof uses only [ wgo(w)dw = 0, so “even” can be replaced by “of mean zero”. For
a weight with mean pq # 0, E[M] = 4 + E\W W’|, and the first moment also enters through the
profile in (iii); to first order it amounts to replacing log X by log X + p11. The interaction Zx is the
only part of the second-order term that depends on more than one zero. By the identity h(z+y) =
h(z)+h(y) + (e2* —1)(e? — 1) its leading part is L% > e | Fy Sy Psy with foy = e2m(Mex (=) _ 1.
the tails of f, oscillate like eFilt=vlloe X g, (+ — ~), so the phases of IX are (v —7')log X, with a
damping that is roughly go(y —7'). Proving Zx = O(1), or O(loglog X ), would need control of
small gaps between zeros.

7. THE INTERACTION AT LARGE HEIGHT: PAIR CORRELATION

At a fixed centre the wells are far apart and their interaction is small. With the centre at height
T and X = (T/27)* (which agrees with X = T% up to a factor 1 + O(1/logT) in «) the wells
have width of order 1/(alogT') and the zeros have mean spacing 27/ log(7/27), so the interaction
becomes a statistic of the spacings. Its quadratic part,

QX(SO):/2¢§(PSO—Zm(7)2/20X(t— 7)2 Py, ( dt_2Z/ (t —y)ex (t —~') Py (t) dt,
v p#p’

the sum running over ordered pairs of distinct zeros counted with multiplicity, is a pair sum, and
we compare it with Montgornery’s form factor

4
{2
F(B) = > TP y(y — ), w(“)—m~
0<y,y'<T
Under RH, Montgomery proved F () = 8+ o(1) for 0 < 8 < 1 [M], and the pair-correlation
conjecture is F() = 1+ o(1) for g > 1. (Gonek, Hughes and Keating model the moments of Zx
by random matrix theory for X < (log7)?> ¢ [GHK]; here X = T is much larger, and the wells
are separated.)
Derivation. By (9) and Plancherel, [cx(y)ex(y — d)dy = 5= [ |6(€)|2e4d¢ with [é(¢)> =
712G x (|€])? /€2, a function supported on |¢| > L — a. Averaging the centre to over a long interval
near 7' removes the kernel P, from each pair, so the average of Qx is - f |e(& P (=1 ge,
the pair sum being over a window of length H near 7. In the normahzatlon of F the pair sum

at frequency & = B¢, { = log2 , Is ZL(F(B) 1) per unit length, the diagonal p = p’ being

TlogT

excluded. The single wells cost on average 5 £ = [h(cx) = 5= - 25114+ O(L™1)) per unit length. Since
L [0 GXE2dE =1+ O(L™1), this gives
(Qx) ™ /OO F(B) — T\
1 ) T L x— (L
1) O Hyy)  mJo B BJFO( gT>’ (277) ’
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where (-) is the average over the centre. By Montgomery’s theorem « times the part of the integral
over a < § < 1 equals —(1 — a4+ alog ), so under RH

(Qx) ™ T [®F(B) -1
(ZHXM = ml(l a+aloga>+ma/1 52
and the pair-correlation conjecture implies that the last integral vanishes, so that the quadratic
interaction is 0 for & > 1. We have not written out the error analysis (the smooth truncation
of the pair sums and of the window in ty), which follows the lines of Goldston and Montgomery
[GM]; (10) should be read as a derivation, not a theorem. Conversely, (10) can be inverted:
F(a)—1=—-a?L (a7 R(a)) - &, R the left side, so the Euler—Caceres energy determines F.

Numerical test. We computed the zeros in [T — 70, T + 470], T = 10°, with the Riemann-Siegel
formula (1030 zeros), built ¢x = >° ex (- —7) for X = (T//2m)%, 0.3 < a < 3, the normalization
of (10), and averaged over 200 centres sg = og + itg, to € [T, T + 400], with ooy — % = 1 and
with Montgomery’s weight, o¢ — % = 2. Figure la shows the quadratic interaction: it follows
Montgomery’s curve for o < 0.7 (—0.587 £0.011 against —0.582 at o = 0.3, —0.257 +0.009 against
—0.264 at o = 0.5, —0.088 & 0.010 against —0.087 at o = 0.7) and is close to 0 for v > 1.2, as the
pair-correlation conjecture predicts; uncorrelated zeros would give 0 for every a. Around o = 1 the
data lie above both, by up to 0.04 (40); lower-order terms in the pair correlation at finite height
(Bogomolny and Keating [BK]) and the width of the cut-off, which smooths the kink of F' at § =1,
are possible causes that we have not separated. The full interaction (Figure 1b) is positive, with a
maximum of 0.15 near a = 0.9: the nonlinear terms more than compensate the repulsion seen in
the quadratic part, and we do not have a formula for them.

dp +o(1) 0<a<l),

(a) The quadratic interaction of the wells, compared with F(alpha) - 1 (b) The full interaction, including the nonlinear terms
016
—#— T =10, sigma0 - 1/2 =1

LN ] » uncorrelated zeros i .
—#— T =106, sigma0 - 1/2 = 2 (Montgomery's weight)

=3
=

4
N

-0.2 1
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0.4 1

o
=3
=3

-0.6

full interaction / sum of single wells
o o
(=} o
g &®

quadratic interaction / sum of single wells

-0.8

=3
o
N

—— Montgomery (alpha < 1) and pair-correlation conjecture (alpha > 1)
® T=10%,sigma0-1/2 =1
W T =106, sigma0 - 1/2 = 2 (Montgomery's weight)

o
o
s}

0.5 1.0 15 2.0 25 3.0 05 1.0 15 2.0 25 3.0
alpha = log X / log(T / 2 pi) alpha = log X / log(T / 2 pi)

FIGURE 1. The interaction of the wells at height T = 10%, X = (T//2m)®, averaged
over 200 centres, relative to the sum of the single wells. (a) The quadratic part
against —Hll(l —a+aloga) for a < 1 (Montgomery’s theorem under RH, with the
contribution of 5 > 1 set to 0) and 0 for a« > 1 (pair-correlation conjecture). (b)
The full interaction.

Remark 20. The total [2¢%Ps, = [2log?|(/E% (3 + it)|Ps,(t) dt is computed from ¢ and the
primes up to e®X alone, and by Proposition 18 the single-well part is 27 E[(L + M)~ Y- m? P, (v)
up to O(L~2), which under RH and simple zeros is 2E[(L + M)~!] Re %(30). So (10) expresses the
pair correlation through the mean square of the logarithm of the tail of the Euler product beyond

X, in the spirit of the equivalences of Goldston, Gonek and Montgomery between pair correlation
and mean values of (/¢ [GGM].
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8. THE INTERACTION OF TWO WELLS AND THE GAPS BETWEEN THE ZEROS

The interaction Zx of Theorem 5 is the only part of the error in Theorem 2 that depends on
more than one zero. Its leading part is a sum over pairs of zeros (the remark after the proof of
Theorem 5); here we compute the contribution of one pair exactly, show that it is controlled by
the distance between the two zeros in the scale 1/log X, and deduce a rate in Theorem 2 under a
hypothesis on small gaps.

8.1. The two-well function. For two simple zeros at distance §, put d = §log X, the distance in
the variable v = (¢ — ) log X of Lemma 13, and

wab=%AhHMv—$+cwwéDma E(d) = kpair (d) — 261,

By dominated convergence, Kpair(d) — k2 as d — 0 and kKpair(d) = 2K1 as d — oo; by the identity
h(z +y) — h(z) — h(y) = (2* —1)(e? — 1), E(d) = %f(eQCiw_d/2| — 1)(e2CilvHd/2l _ 1) dy. The
proof of Theorem 2, applied to a configuration in which two simple zeros near height ~+ are at
distance d/log X, shows that the pair contributes Py, (7)kpair(d) to the limit of (log X') By, in place
of 2k1 Ps,(7y) for two separated zeros; Ps,(v)E(d) is its interaction. Table 3 gives the function; the
script ec_phase2_controls.py computes it.

d 0 0.1 0.5 1 2 3 )
Kpair(d) | 7.3458 7.3092 6.4935 4.6008 2.4720 3.5843 4.3443
E(d) 3.690 3.653  2.838 0.945 —1.184 —-0.072 0.688

d 8 12 20 40 80 160 00
Kpair(d) | 3.2330 3.8722 3.5021 3.5875 3.7013 3.6509 3.6558
E(d) | —-0.423 0.216 —0.154 —0.068 0.045 —0.005 0

TABLE 3. The two-well function. E(0) = ka — 2k1: two coalescing simple zeros cost
what a double zero costs. E < 0 for 1.5 < d < 3.1.

Decay. On 10 < d < 400 (781 points) the maximum of |dE(d)| over windows of length 67 is 3.64
to 3.66, constant in d, and the least-squares fit dE(d) = Acosd + Bsind + (C cosd + Dsind) logd
gives A = 0.451, B = —3.564, C = —0.078, D = —0.017, with residual 0.04. So, numerically,

0.45cosd — 3.56 sind logd

B d O( d? )
Heuristically, away from the wells e2* — 1 ~ 2z and Ci(v) ~ sinv/v; the region between the wells
contributes —4 cosd logd/d and the two outer regions +4cosd logd/d, while the terms of order
logd/d from the neighbourhoods of the wells cancel in pairs. Status: the limits at 0 and oo are
proved (elementary); the decay is numerical and heuristic.

A planted pair. We replaced the first zero ++; by the pair £(y; £ 6/2), keeping the other zeros
below height 1000, and compared LAB, the change of (log X)Bx(2) against the configuration
without £, with 2P5(v1)kpair(0L) (Table 4). The ratio tends to 1 at the rate O(1/log X) of the
single-well deficit of Proposition 18; for the single zero alone the ratios are 0.899, 0.948, 0.964 at
the same X, and the relative deficit m?/k,, is the same for m = 1 and for a merged pair (0.547
and 0.545).

E(d)

8.2. A rate under a gap hypothesis. For a distinct ordinate v let d, € (0,1] be the smaller of
1 and the distance from v to the nearest other distinct ordinate, and for £ > 0 put

G.(o0) = 3 P P <o
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X 0 d=dlogX LAB 2Ps(y1)kpair(d) ratio
102 0.004 0.018 0.03064 0.03471 0.883

102 05 2.30 0.01189 0.01250 0.951
10*  0.02 0.184 0.03213 0.03414 0.941
10* 0.5 4.61 0.01975 0.02076 0.951
105 0.004 0.055 0.03331 0.03467 0.961
10 0.1 1.38 0.01485 0.01555 0.955
106 2 27.6 0.01695 0.01690 1.003

TABLE 4. A planted close pair at v1, sg = 2, bump weight a = 1.2, zeros below
height 1000 (script ec_phase2_controls.py pair).

2 and the zeros

G-(s0) < oo follows from any bound &, > |y|~' with > ¢, since Py, (y) < v~
have density % logy; under the GUE model the smallest gap below T is of order T-/3 and the
mean of 1/4, is of order log~y, so G-(so) < oo is expected for every € > 0. It is not known, even

under RH.
1

Theorem 21 (a rate for the law). Assume RH and G.(sg) < oo for some € € (0, 7). Then there

are C and Xy, depending on sg, go and €, with
log log X
|(log X) Bx (s0) — Q(s0)| < C(1+ G(s0)) —=—2=

log X

Proof. By (8) and (7) it suffices to bound $LHx — . Under RH, m(y) < log|y|/loglog|7|, so
every factor depending on the multiplicity, such as m3e®™, is <. (7| + 3)¢/?; and by Lemma 14(i)
with /4, ¢x < $log(|t| +3) + C for X > X.. Call an ordinate separated if 6, L > 4 and crowded
otherwise.

Crowded ordinates. Let B be the union of the intervals [y — 3, + 3] over the crowded . On a
unit interval I near height n, Lemma 14 gives L [, h(¢x) < Ce(n + 3)/2log?(n + 3), and the part
of Q) carried by the ordinates in I is bounded in the same way. Since a crowded ordinate satisfies
1 < 4/(6,L), the contribution of B to |$LHx — Q| is at most & >y Poo (V) (7] +3)° /6y = CG:/ L.

Separated ordinates outside B. On U, = (y — %”,’y + %) write ¢x = mex(- — ) + rx. The
< log(]v| + 3) ordinates within distance 1 are at distance > 0,/2 from U, and contribute at most
4/(6,L) each by (5), the others O(log(|y| + 3)/L); so |rx| < Clog(|v| + 3)/(6,L). By the mean
value theorem |h(x+7r)—h(z)| < 2|r| |62(z+19”) —1J, and, since |rx| may be as large as % log(|v|+3),
Lemma 14(i) caps the exponential by C(|y| + 3)¢/2 and gives f‘v|<57L/2 |e2mex (v/L)+20rx _ 1|dv <
(|7] + 3)5/2(mlog(6,L) + 6, L |rx|): the integrand is at most C(|y| + 3)*/2 for [v| < 1 and at most
C(ly| + 3)5/%(6m/|v| + 2|rx|) beyond. Hence

mlog L + log(|v| + 3)

L‘ /Uv (h(¢x)—h(mex (-—7))) Ps 5, L

By Proposition 18, L wa h(mex (-—7)) Psy = 26m Ps, (7) +O(m3e®™ Py () /L), up to the truncation
of the well at |v| = §,L/2, which costs O(m?Ps,(v)/(6,L)) because h(m Ci(|v|)) < m?/v? for
lv| > 1.

Between the wells. Outside B and the Uy, ¢x is a sum of cx(t — ') with [t — 4| > d,/2.
By Cauchy-Schwarz over the < log(|t| 4+ 3) ordinates within distance 1 and h(z) < 2z2e2max(#.0),
L [ h(¢x)Ps, over the gap next to v is < Py (7)([7] + 3)7*log? (7] + 3) L fj,55, ;o (yL) 2dy <
Poo (V) (v +3)%/ (65 L).

Summing over all ordinates, with mlog?(|v|+3) < (|7|+3)/2, the three parts give | LHx —Q| <
C(1+G:)log L/L, with no cut-off in height. O

(X > Xo).

< Py (7) (|7]43)°/* log(|7]+3)

< Py (7) (Jy[+3)°
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Status: proved; the constants are not made explicit. The factor loglog X comes only from the
absolute value in the first display of the second step, which discards the oscillation of the pair
interaction. If E(d) = O(1/d), as Table 3 indicates, and the interactions of three or more wells are
of lower order, the same proof gives

4 (s0) — Q(s0)* + Ix (s0) +O( 1 )
log X log X/’

(log X)Bx(s0) = (s0) + Ix(s0) = O(Ge(s0)),
that is, Theorem 5 would be a genuine second-order asymptotic under the gap hypothesis. This is
consistent with Table 6, where Zx is small and does not grow.

Remark 22 (the gaps are the obstruction). Our proof gives no rate in Theorem 2 without infor-
mation on small gaps. By Table 4, a pair of simple zeros at height v with gap J adds about
(K2 — 2K1)Psy(77) = 3.69Ps,(v) to (log X)Bx(so) for all X with dlogX < 1: in that range it is
indistinguishable from a double zero. The speed of convergence is thus controlled, from both sides,
by 26751 J10g X Pso (7), which the hypothesis G. < co makes O(G./log X) by Markov’s inequality.
Corollary 3(b) is the limit of this picture, and Open problem 3 becomes quantitative: a finite X
resolves multiplicities only at the scale § ~ 1/log X.

9. OFF THE LINE: EXPLOSION

Proof of Theorem 6. Write Z = Zx and fix sg with Resg > ©.

(a) Reduction to a point. By Lemma 11 and Jensen, log|Z(s1)| < [log|Z|Ps, < %log [ |Z|*P,
for Res; > 3, and Ps, < HP,, with H independent of X, so Bx(sy) > log|Z(s1)| — 3log H —
log |2 (s0)]

(b) Choice of s1. Take a zero pg = © + i1p; let d € (0,1] be at most the distance from 7y to the
other ordinates of zeros of real part ©, and S = " min(1/|y|, Cly|~3) over those zeros, y = 10 — 7,
with C from (L3) (A = 2, Zmax = 3); S does not depend on r. Choose r € (0,0 — 1) with
2re?reS < i and s; = pg — r not a zero; let § > 0 be the distance from s; to the zeros.

(c) Lower bound at si. log|Z(s1)] = =3 ,ReKx(s1 —p), w = s1 —p, z =1 — (60— f).
The term of pg is > Ei(r(L — a)) by (L4). The other zeros with 5 = © contribute at most
X"e"S/(L —a) < %X’”e*m/(r(L —a)) by (L3). The zeros with ® —r < 8 < O contribute > 0
if y = 0 (finitely many, X > Xj), o(X"/L) if 0 < |y| < 1 (finitely many), and o(X"/L) in total if
ly| > 1, by (L3) and dominated convergence. The zeros with 5 < © —r contribute O(log L) by (L2).
Since Ei(¢) > €¢/¢ for € > 1.35 and X"e™"*/(r(L — a)) > X"e "%/(rL), the bound 2re**S < %
makes the other zeros of real part © cost at most £ Ei(r(L — a)), and for X > X the o(X"/L)
terms cost at most another 2 Ei(r(L — a)); hence log|Z(s1)| > § Ei(r(L —a)) — C'log L.

(d) The centre. Re(so — p) > Resp —© > 0, so log |Z(sp)| — 0 by (L1). O

Proof of Corollary 9. log |E%| is bounded below on the line (proof of Lemma 11) and [{(3 +it)| <
(|t| +2)'/%, so £(X) < co. Under RH, ¢x — 0 almost everywhere (Lemma 13 and its proof) and
e2?x < C(|t| + 3)Y/? by Lemma 14(i), so £(X) — m by dominated convergence. If RH fails, take
Re so > 1; then Py, < C/(1+t%) gives Bx(s9) < 3log(CE(X)) —log|Zx(s0)], and log | Zx (so)| — 0
by (L1), since © < 1 < Resy. Theorem 7 makes Bx(sp) unbounded, so limsup £(X) = oo; if O is

attained, Theorem 6 forces £(X) — oo. O

9.1. © not attained: Landau’s theorem in the variable log X. The proof of Theorem 6
needs a zero of maximal real part, because the other zeros near the line Res = O could cancel its
volcano. Landau’s argument for ¢ (z) — 2 = Q4 (2®7°) [I, Ch. V] avoids this: it treats log X as a
variable, takes a Laplace transform, and uses that every zero is a singularity of it. Write L = log X,
Lo=a+1, go(w) = [ go(v)e*” dv (an entire function, real on the real axis, not identically 0), and,
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for s = o + it with o > § and ((s) # 0,
fs(L) =log|Z.(s)| = — ZReKeL(s -p) (L > Ly).

By Lemma 12, f; is continuous, and | f,(L)| < Csel/2, uniformly for s in compact subsets of {o > 1}

that contain no zero: every zero has Re(p — s) < %, the finitely many zeros within distance 1 of
s are bounded by (L2) and the first part of (L3), and the others by the second parts of (L2) and
(L3).

Lemma 23 (the Laplace transform in log X'). For Rew > 2,

: fo(L) e b dL = L(®y(w) + B5(w)),  Dy(w) = _gol(uw)

where R is holomorphic in {Rew > —a}\{0}. Consequently the left side continues to {Rew > —o'}
with singular points only at w =0, at w = p — s and at w = p — 5, p running over the zeros; near
wo = p — s # 0 the function ®s(w) + m(p)w log(w — wg) is holomorphic.

Proof. Let first Re s > 1. By (2) and log ((s) = > A(n)n™*/logn, with [ Gx (log #)z*dxz/logz =

Kx(s — 1) (integrate by parts against dF;((s — 1)u) = —e~~Dudu/u), we have, with (u) =
¢(eu) - eu)

log ((s +w —1)¢(s + w)) + Rs(w),

log Z,z (s / Go(u— L d0 () + > Koo(s+2k),

k>1
as in the proof of Theorem 36. For uw > U := Ly+ a, the substitution v = v — L and ffa Goe“?dv =
(e — go(w))/w give

0o —wlLg

e

G()(’u _ L)ewadL _ _go(w) e~ WU 4
Lo w w

)

and for u < U the inner integral runs over a bounded range of L and is entire in w. Exchanging
the integrals (absolutely convergent for Re s, Rew > 1),

O (w) ::/ log Z,r(s)e” FdL

Lo
Jo(w) /oo e (stw)u e—wLo /oo e su
= — E, Te(w),
w ) ” do(u) + ” o u df(u) + Es(w) + Ts(w)

with E entire and T the transform of the trivial-zero terms. With z = s + w, [ T e *uyldl =
log ((2) = >, <cv A(n)n=2/logn — E1((2 — 1)U) = log((z —1)¢(2)) + (entire in z2), because E1(§) =
—vE —log & + Ein(¢). For the trivial-zero terms, ffj go(u— L)e " EdL = go(w)e ™" for u > U, and
I Er(zu)e""du, z = s+ 2k, equals w™'log(1 +w/z) minus an entire function; its singular point
w = —s — 2k has real part < —o, and the sum over k converges locally uniformly in Rew > —o,
with a removable singularity at w = 0. This gives the formula for &, when Res > 1, with R;
holomorphic in {Rew > —o} \ {0}: the trivial zeros of {(s + w) have Rew < —o, and (z — 1){(z2)
is holomorphic and nonzero at z = 1.

Taking real parts, | fse “FdL = 3(®5(w)+s(w)), and 4(w) = P5(w) because Zx (5) = Zx(s).
For fixed w with Rew > 2, the left side is harmonic in s on the connected set {o > 1} \ {p},
by the locally uniform bound |fs(L)| < Cse/2. The right side is the sum of a holomorphic
and an antiholomorphic function of s, and it is single-valued: the term of ®4(w) that contains
log((s +w — 1)¢(s + w)) has no monodromy in s, since Re(s + w) > 3; the multivalued term is
c(w)log((s — 1)¢(s)) with c¢(w) = e~%L0 /aw, so a change of branch adds 27in c(w) to ®s(w) and
—2min c(w) to ®5(w), because c(w) = c(w). The two sides agree for ¢ > 1, hence on the whole set.
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The statement about singular points follows; a logarithmic branch point multiplied by the entire
function go(w)/w, not identically zero, is not removable. O

Theorem 24 (log|Zx| at a fixed point). Let s = o + it with o > 5 and ((s) # 0, and suppose
that t ¢ T, the countable set of t for which t = v for some zero, or v —~' = 2t for two zeros with
B = p'. Then for every zero p = 8 + iy with § > o and every § € [0,8 — o),

lim sup X % log | Zx (s)| = +o0, lim inf X ~° log | Zx (s)| = —oc.
X—o00

X—o00

In particular log |Zx (s)| = Q= (X®7772) for every e > 0, whether or not © is attained.

Proof. Suppose fs(L) < Ce®l for L > Ly, and let A(L) = Ce®F — f,(L) > 0 on [L;,00). Tts Laplace
transform A(w) = fff A(L)e~™LdL has a finite abscissa of convergence w,, since |fs| < Csel/2,
and by Lemma 23

R 0—w)Ly

A(w) = C’c;i(s — 3(®s(w) + @5(w)) + (entire).
Because t ¢ T, no point p — s or p/ — § is real, so the right side continues holomorphically to a
neighbourhood of every real w > max(d,0) = . By Landau’s theorem (a Laplace integral with an
eventually nonnegative integrand is singular at the real point of its abscissa of convergence; [Wi,
Ch. II, Thm. 5b]), w. < §, and A, hence %((I)s + ®5), is holomorphic in Rew > 6. But wg =p —s
has real part f —o > 4, it is a singular point of @, and, because t ¢ T, it is not a singular point of
®;, whose singular points are the p’ — 5. This is a contradiction. The statement for lim inf follows
in the same way from A(L) = Ce%" + f,(L). O

Proof of Theorem 7 and Corollary 8. Let € > 0, choose a zero with § > O — ¢/2, and let s =
o1 + ity with oy = § +¢/4, ((s1) # 0 and ¢t; ¢ T. Step (a) of the proof of Theorem 6 gives
Bx(s0) > log|Zx(s1)| — 3 log H —log | Zx (so)| with H independent of X, and log|Zx (s0)| — 0 by
(L1), since Re sg > 1 > ©. Theorem 24 at s1 with § = 8—01—¢/4 > ©— 1 —¢ gives Theorem 7. For
Corollary 8: under RH, Bx(sp) — 0 (Theorem 2); if RH fails, Theorem 7 contradicts Bx (sg) < X¢
fore <1(®@-1). O

Theorem 7 gives growth along a sequence of X; Theorem 6, under attainment, gives it for all
large X, which is what the lim inf form of Corollary 9 uses. For an isolated off-line zero the exponent
0 - % of Theorem 7 is the true one (Table 9); the restriction to a small 7 in Theorem 6 comes only
from the possible cancellation of the volcano of pg by other zeros of real part ©.

Remark 25 (© not attained: all large X). If © > % is not attained, Theorem 7 gives growth along
a sequence, but the proof of Theorem 6, which gives growth for all large X, has no fixed zero pg to
work with. What follows is a heuristic outline only. For each X one can choose a zero p* = 8* +i~*
maximizing Blog X — Alog(2 + |v]), A > 0 fixed; the zeros at distance at least 1 from p* then
contribute at most a small multiple of the main term, and a vertical shift of s; aligns the common
phase e~ X Since Kx(w) ~ e~*198 X gy (iw)/(wlog X) for |w|log X large, what remains is the
cluster amplitude

S X log X go(iw)

w

) w =38 = p,

ly—r*I<1
a sum of Cauchy kernels, which can be small only if off-line zeros of nearly maximal real part
close to p* cancel one another. For two such zeros at distance A we expect a remainder of order

X"A/(r?log X), so a lower bound A > X ~°(1) for their separation would plausibly close this case;
no such bound is known.
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10. WHAT HOLDS WITHOUT RH

The decomposition, the law and the explosion theorem leave open how large the bound can
be, unconditionally, for a given X. The answer has three parts: the term Oyg(sg) that does not
depend on X is tiny because RH has been verified to a large height; the bound is at most of the
order of the length of the prime sum on the critical line; and between these two the position of the
bound is decided by the real parts of the zeros above that height. Let Ty = 3 - 10'2; all zeros with
0 < v <Tj lie on the critical line [PT]. (The numbers below are reproduced by the ancillary script
uncond numbers.py.)

Theorem 26 (unconditional bounds). (a) For every so = oo + ity with o9 > %, ((s0) # 0 and
lto| < To/2,
log(To/27) + 2
k)
and for tg = 0 the bound improves by the factor %; in particular Oug(2) < 2.3 - 10712,

(b) For every sg with Resg > 1 there is C, depending on sy and gy only, such that for every
X > ertl

0 < Ot (50) < (200 — 1) <3.1-107'2 (200 — 1),

c. M) = ~
L—a + ) T;\/ﬁlogn logY

(L+a)/2
0 < Bx(s0) < M(e"X) +C © (V) = An)  2VY

hence Bx(so) < VX/log X.
Proof. (a) For a zero p =+ iy with 8 > % and y = tg — 7,

11 (200 —1)(28 — 1)\ _ (200 —1)(28—1) _ 209 — 1
T (s0)] 208 (1+ (00— B2 + 42 ) < 22 S T

Every such zero has |y| > Ty, so |y| > |y|/2 (and |y| = |y] if o = 0). The zeros with g > %
and v > 0 are at most half of all the zeros with v > Ty, since p — 1 — p pairs each of them
with a zero of real part < 5 L at the same height, and the same holds for v < 0. Hence Oyg(sp) <
2(200—1 )E and (’)Off(so) (200— )Viftg =0, withX =3 57~
—-N (TO)T + 2 fT )t~ 3dt and the Riemann—von Mangoldt formula with Trudgian’s explicit
remainder, |N(t) — log% — ] < 0.112logt + 0.278loglogt + 2.51 for t > e [T¥], gives ¥ =

% + O(T, = log Tp) < % numerically ¥ < 1.48 - 10712,

(b) Bx(so) >0 by Theorem 1. By (2), on the critical line — log |EX( s)| = —ReD(s)—Re Kx(s—
1)+, Re Kx(s+2k), with D the finite prime sum. First, |Re D(5 +it)| < M(e*X), because 0<
Yx < 1and ¢x(logn) =0 for n > e*X. Second, s—1 = —1 +it and Kx(s—1) = [ gx(u)E1(z) du
with z = (—% + it)u, u € [L — a, L + a]; by the asymptotic expansion of Fj, valid umformly in
the closed sector | ph z| < 7 with the boundary values E;(—x +:0) = — Ei(z) Fir [DLMF, 6.12.1],
|E1(2)] < Cle™?|/|z| + © < 2Ce*?/u + 7 for |2| > 5 (on the closed sector Ej is bounded on
3 <21 £1), 50 |[Kx(s—1)| < 206(L+“)/2/( —a) + 7 for every t. Third, the trivial-zero terms are
bounded (proof of Lemma 11). Hence e2¢x (1) < ¢(5+it)|* exp (2M (e aX)Celbra)/2 /(T — a)+C"),
and [ [C(L +1t)|2 Py, () dt < oo since (& +it) < (|t| +2)'/* [T]. Finally Re(so — p) > Reso—1> 0
for every zero, so |log|Zx(so)|| < CX~(®eso=1) /[, by (L1). The asymptotic of M follows from
the prime number theorem by partial summation (Chebyshev’s bound already gives M(Y) <

VY /logY). O

Together with Theorem 6, Theorem 26 brackets the bound. Unconditionally, for Re sy > 1 and

|to] < To/2, Bx(so) lies between Og(sg), which is below 3.1 -10712(20¢ — 1), and O(v'X/log X),
1

the length of the prime sum on the critical line; for 5 < Resgp < 1 we prove no upper bound.

2. By partial summation, ¥ =
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Under RH it decays like (so)/log X (Theorem 2). If © > 3 it exceeds X 93¢ for arbitrarily
large X (Theorem 7), and if © is attained it grows at least like X" /log X for all large X, for some
r e (0,0 — %), since an attained © is < 1, the exponent r of Theorem 6 is always below %, the
exponent of the upper bound. Without information on the zeros above T nothing in between can

be excluded, and no finite computation of Bx can confirm RH.

Remark 27 (detection length). In the proof of Theorem 6 the height of the zero pg = © +iTy enters
through the comparison Ps, < H P;,, with %logH = log|mo — to| + O(1), and through the zeros
near pg, about log 7y per unit length, which affect the constant of the term C'loglog X and Xj;
the other constants depend on the configuration of the zeros of real part © near pg. The bound at
so therefore exceeds a fixed level once % Ei(r(log X — a)) exceeds log |1o| + O(loglog X), that is for
log X of order r~!loglog |79|. For a zero just above Ty, ignoring the constants and with a = 1.2, this
means log X =~ 56 if the theorem applies with » = 0.1 (which needs © > 0.6) and log X ~ 550 if it
applies with » = 0.01. The detection length grows like the logarithm of the logarithm of the height,
the same dependence on the height as for Weil’s form with two windows in [CE19], which detects
an isolated zero with 8 = %—1—6 with the prime powers up to (C'log ’y)l/ 9. the two mechanisms differ
and we have not compared constants. Our computations, with X < 109, give Bx(2) ~ 3-1073, nine
orders of magnitude above the largest possible value of Oug(2) and far below the detection length
of any zero above Ty that is not very far from the line: they agree with the law of Theorem 2, and
they would agree with it whether or not RH holds above Tj.

11. NUMERICAL RESULTS

Unless stated otherwise (Table 7 and Figure 2), all values are computed in double precision with
¢ and Hurwitz zeta functions by Euler-Maclaurin summation, on |t — tg| < 800 with step 0.01 (the
missing kernel mass is added with ¢x = 0). The weight is the bump go(v) o exp(—1/(1—(v/1.2)2))
on [—1.2,1.2], for which the prime sum is exactly finite. The numbers illustrate the theorems; the
proofs do not use them.

The law at sy = 2. Here w(2) = 2 Re 5é(2) = 0.0219844 (Lemma 16) and x1w(2) = 0.040186.
A computation on a finite window only sees the zeros in it: with || < T and ¢x = 0 outside,
the limit of (log X)Bx(2) is k1@r(2), @wr(2) = >}, j<r F2(7), computed from the 649 zeros be-
low height 1000. For T = 800, kiwsoo(2) = 0.03816; the zeros above 800 carry the remaining
0.0020. Table 5 shows (log X)Bx(2) approaching kjwspo(2); with the window 7" = 600 (script
largeX_bump.py), Bx(2) = 0.0138, 0.0074, 0.0052, 0.0039, 0.0032, 0.0026, that is (log X)Bx(2) =
0.032,0.034,0.036, 0.036, 0.036,0.037, for X = 10,...,10%, against x1wwep0(2) = 0.0376 (Figure 2b),
and the identity [ ¢xP» = log|Zx(2)| of the proof of Theorem 1 holds to 1.3 - 1074

X (log X)Bx (2) for ¢ (log X)Bx(2) for ¢? ratio
102 0.0347 0.1397 4.025
103 0.0361 0.1441 3.995
104 0.0363 0.1450 3.992
10° 0.0368 0.1471 3.998
law, zeros with ")/| < 800 K1w800(2) = 0.03816 /iQ’Wgoo(Q) = 0.15334 I<E2//€1 = 4.0187
law, all zeros rk1w(2) = 0.04019 kow(2) = 0.16149 4.0187

TABLE 5. The law of Theorem 2 at sp = 2, window |[¢| < 800, step 0.01, compactly
supported weight. For ¢? the bound is 1 log [ 19X P, — 2log |Zx(2)|. A double zero
costs kg = 7.35, not 2k1 = 3.66.

Multiplicities. The function ¢? has the factorization ¢? = (E}‘()2Z§(, and its zeros are those of

with doubled multiplicity. Its Euler-Caceres bound is § log [ e®X Py, —2log |Zx (so)|, and the proof
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of Theorem 2 (with Lemma 14(i) for ¢ = § in the tail) gives, under RH, the limit >y B2m(y) Pso (V)3
if the zeros of ¢ are simple, this is kew(sp). The ratio of the two bounds should then tend to
ka/Kk1 = 4.0187, also on a finite window: a double zero is seen with weight ko, not 2k;. Table 5
shows the ratio within 0.7% of 4.0187 from X = 102 to 10°. This is a test of the multiplicity
mechanism of Theorem 2, on a function whose zeros are known to be multiple.

The second-order term. Table 6 compares Theorem 5 with the zero sum ¢x () = >_, ex(t—7)
over the 649 zeros below height 1000 (which reproduces the direct computation of (/E% to within
1072 in (log X)Bx), at sp = 2, on |t| < 800 with step 0.01/log X, for bump weights go(v) o<
exp(—1/(1 — (v/a)?)) of three widths a. The single-well part 3L Hx . converges to Q + Q;/L
with €21 proportional to the width, and the interaction Zx is small and decreases as the weight
widens. With ©; — Q? included, the deficit of about 4% in Table 5 is reduced to less than 1% of €,
and to zero within the numerical error once Zx is added.

a E|W—W/| Ql L(%LZHX,W_Q) IX

X =10° 10% 10° 10* 10°
0.6 0.274 —0.0086 —0.0084 —0.0084 —0.0085 +0.0023 +0.0030
1.2 0.549 —0.0178 —0.0170 —0.0171 —0.0173 +0.0014 +0.0027
2.4 1.098 —0.0359 —0.0329 —0.0335 —0.0339 —0.0002 +0.0013

TABLE 6. Theorem 5 at sy = 2 for zeros with |y| < 800 (Q = 0.03816, Q2 =
0.00146): the single-well part approaches €2, with a remainder of order log L/L; the
interaction of the wells is a fraction of [2;| that decreases as the weight widens; we
know only Zx = o(log X), and the data do not show convergence.

Other centres and the Dirichlet floor. Table 7 gives Bx(sg) with a Gaussian weight gy of
standard deviation 0.4, the prime sum truncated at 4.5 standard deviations (beyond X = 10° the
neglected tail of the prime sum, of size X/2, would inflate B, which is why the compactly supported
weight is used elsewhere; the theorems are stated for compactly supported weights). At the centre
so = 1of (1), w(1) = 5= >, |p|7* = 0.00735 under RH (by (11)), and x1w(1)/log 10* = 0.00146,
against the computed 0.0015; at sg = 1 4 1007, w = 0.2305, and the computed value exceeds
k1w/log X by the factors 1.07 and 1.05 at X = 10% and 10%. At sy = 1 the exact quadratic
form gives, for the best Dirichlet polynomial of length N, the values 0.0404, 0.0396, 0.0392 and
0.0391 for N = 10, 30, 150 and 400, above the floor %log(l + ¢o) = 0.0386 of the introduction as
Proposition 52 requires, and the Euler—Caceres bound is below the floor from X = 10 on. The
other “best polynomial” values of this paragraph and of Table 7 were optimised on a truncated
window in ¢ and are biased low by an amount we have not quantified (about 2% in the case sp = 1,
where the windowed optimisation gave 0.0384); at sp = 1 + 100¢ the best Dirichlet polynomial
gives 0.090 for N = 150 and 0.080 for N = 500, and the Euler—Caceres bound is below these from
X = 103 on. The Dirichlet floor depends on the centre: at height 100, with N = 150, the best
polynomial gives 0.150, 0.133, 0.090, 0.050 and 0.021 at Resp = 2, 1.5, 1, 0.75 and 0.6, and it
decreases slowly with N in every case. For f at 1 4 85.7¢ the best polynomial of length 150 gives
1.549, above the off-line term 1.4407, as it must be, while the Euler—Caceres bound of f grows with
X (mollified barrier.py).

Davenport—Heilbronn. For the Davenport—Heilbronn function f, which satisfies a functional
equation and has zeros off the line, the analogous bound, with E7% built from the coefficients of — '/ f
and the trivial zeros of f at —1,—3,..., grows with X (Table 7, Figure 2c): at sp = 1+ 85.7¢, next
to the off-line zero py = 0.808517 + 85.6993481, from 1.65 at X = 10 to 7.58 at X = 104, far above
its off-line term 1.4407. Theorem 6 does not apply to f as stated: f has infinitely many zeros in
Res > 1 [DH], so ©¢ > 1 and its attainment is unknown, the zero ps is not of maximal real part,



22 PEDRO CACERES

50 X=10 102 103 10%

¢ 1 0.0051 0.0027 0.0019 0.0015

¢ 14100 0.130  0.101  0.065 0.048

¢ 2+4+85.7¢  0.241 0.123  0.092 0.072

f 1+ 85.7: 1.65 2.55 4.49 7.58

f 1+ 1002 0.34 0.31 1.26 5.91

f 2+485.7c  0.77 1.78 3.82 7.08

best Dirichlet polynomial 1 0.0392 (N = 150, exact form; floor 0.0386)
best Dirichlet polynomial 1+ 100z 0.090 (N = 150), 0.080 (N = 500)

TABLE 7. Bx(sg) for ¢ and for the Davenport—Heilbronn function f, Gaussian
weight, window |t — to| < 300 (|t|] < 2000 at sy = 1), step 0.01, the kernel
mass outside the window added with ¢x = 0; and the Jensen bound of the
optimal Dirichlet-polynomial mollifier of length N (at so = 1 from the exact
Gram matrix on the whole line, dirichlet_exact_gram.py; at the other centres
as a quadratic form on the window [t — t9| < 1500, biased low), which does
not depend on X. The off-line terms (’)gﬁ(s()) of f are 1.4407, 0.0024, 0.4181
at its three centres. Scripts mollifier tables.py, euler_caceres_barrier.py,
dh_euler_caceres.py, mollified barrier.py.

and we do not prove the factorization and the Smirnov property for f. Numerically the mechanism
of its proof is nevertheless visible for moderate X: at s; = py —r, log|Zf(s1)] is 1.0332 and 1.6702
for X = 103,10* with r = 0.1, against the main term [ gx(u)Ei(ru)du = 1.0373 and 1.6800 of
(L4), and 2.9489, 4.3721 with r = 0.2, against 2.9564, 4.3976 (script explosion.py).

The decomposition for f. Lemma 10 and the Smirnov property are not proved for f, but the
decomposition By = Ogﬁc + Jy of Theorem 1 can be tested. With the bump weight a = 1.2, the
window |t — to| < 200, and the eight off-line zeros of f below height 400, which a grid search with
Newton refinement returns as 0.808517+85.699348¢, 0.6508304-114.1633434, 0.574356+166.479306¢,
0.724258 4 176.7024614, 0.869531 + 240.404672¢, 0.819550 + 320.876490:¢, 0.768223 + 331.050259¢
and 0.628508 +366.640908:, the identity [ ¢x Ps, —log|Z;(so)| = O(J;ﬁ(so) holds to 1073 at 14 85.74
and 2+ 85.7i, and to 1072 at 1+ 100i, where the window error dominates the small floor (Table 8).
The floors do not depend on the weight and agree with Table 7; the bound itself, with this weight,
agrees with the Gaussian values of Table 7 to within 0.04. The growth is entirely in the Jensen

gap.

50 X Bg(so) Olg(so) Jp(so) [éxPs, —log|Zs(s0)l
1+85.7¢ 10 1.6335 1.4407 0.1933 1.4403
102 2.5790 1.1375 1.4415
10 4.4904 3.0506 1.4398
10 7.6043 6.1637 1.4406
24+85.7¢ 10 0.7555 0.4181 0.3382 0.4173
10 7.1070 6.6890 0.4180
14100 10 0.3349 0.0024 0.3231 0.0119
10*  5.9504 5.9462 0.0042

TABLE 8. The decomposition of Theorem 1 for the Davenport—Heilbronn function,
bump weight @ = 1.2 (script ec_phase2_controls.py dh).
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A planted off-line zero. To see Theorems 1, 6 and 7 at work on a configuration in which © is
known, we kept the zeros of ( below height 1000 and moved the first one to 5+iv1, adding 1—+iv;
and the conjugates, and computed Bx(2) from ¢x = —>_ Re Kx (3 +it — p) (Table 9). In every
case [ ¢x Py—log|Zx(2)| equals the floor Oug(2) to within 4-107%, the window error, and Bx(2) >
Ot (2). The maximum of ¢x on the line agrees with the main term [ gx (u) Ei((8— 3)u) du of (L4)
to two or three digits once it dominates, and the logarithmic slope of Bx tends to (5 — %) —1/log X,
as By ~ Xﬁ_%/((ﬁ — %)logX) predicts: 0.329 against 0.40 — 0.072 = 0.328 at 8 = 0.9, X = 10°.
For 8 = 0.55 the bound first decreases with the on-line wells and turns up only once the main term
is positive, near (3 — %) log X = 0.37 where Ei changes sign, with a minimum 0.0081 near X = 10°,
three times the value 0.0027 of the unperturbed zeros.

B X Bx(2) Ou(2) max¢x [gxEi((8— 1)u)du dlogBx/dlogX

0.55 102 0.0129 0.00149 0.98 —0.65 —-0.24

0.55 10° 0.0081 0.00149 1.17 0.70 —0.02

0.55 105 0.0085 0.00149 1.29 1.04 0.02

0.60 10° 0.0998 0.00297 2.84 2.96 0.354

0.75 105 9.363 0.00742  13.54 13.54 0.255

0.90 10* 11.904 0.01187 15.93 15.93 0.392

0.90 10° 55.710 0.01187  60.32 60.33 0.329
TABLE 9. The first zero of ( moved off the line to 5 + i1, sg = 2, bump weight
a = 1.2; the slope is taken over one decade (script ec_phase2_controls.py
planted).

The Euler-Caceres bound B_X(s0) = (1/2) log Int |zeta/E*_X|*2 P_s0 - log|zeta/E*_X(s0)|

(a) zeta: B_X(s0) decays (b) sO = 2: B_X log X tends to k1@(2)
(dashed: the law k1@(so)/log X) (compactly supported weight, X up to 10"6) (c) zeta (solid) decays, Davenport-Heilbronn f (dashed) grows
0.044 1,50 = 1+85.7i
3¢ f, 50 = 2+85.7i
//,» , 50 = 2+85.71
i) 0.042 227 ;4 ts0= o0
s, ot
1071 \-\. Kaw(2) = 0.0402 (all zeros ) /’/ o
\_\0 50 = 248571 0.040 i /
»
Dirichlet floor 0.0386 \- 50 = 1+100i K1T600(2) = 0.0376 . P4
» 0.038 { _(the zeros in the computed window) 52 u
) 10 e 7
= g = >
2 * 0036 kD e I /
< < <
b 3 . /
o g 6.036 0.036 0.036 o Y
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1o © 0034 ===
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'\ 0.032 _\
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\ 0.030 A # zeta, sO = 2+85.7i
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FIGURE 2. The Euler—Caceres bound (data of Table 7 and of the window-600 com-
putation above). (a) Bx(sp) for ¢ at four centres, with kjw(sp)/log X (dashed)
and the floor 0.0386 of Dirichlet mollifiers (dotted; proved for sp = 1 only). (b)
(log X)Bx(2), window [t| < 600, against k1w (2) = 0.0402 and k1weo0(2). (c) ¢
(solid) against the Davenport—Heilbronn function (dashed). Panels (a) and (c) use
a Gaussian weight gg of standard deviation 0.4, with the prime sum truncated at
4.5 standard deviations, on [t — to| < 300 (|¢| < 2000 at sg = 1).

12. THE GEOMETRY BEHIND THE LAW

Figure 3 shows the factorization. On the critical line the truncated Euler product does not
converge and oscillates around |(| (the Euler product inside the critical strip is studied in [CES§]),
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while E% follows |((5 + it)| as a zero-free envelope built from the primes, which passes over each
zero without touching it: with the Gaussian weight of Table 7, |E% (p1)| = 0.097 for X = 10? and
0.048 for X = 10 (script mollifier tables.py), and the zero is carried by Zy alone; |Zx]| is
close to 1 except for a well of width of order 1/log X at each zero, with the profile e™ Ci(lv) of
Lemma 13 and an overshoot of height ¢?472™  Theorem 2 is the statement that each well costs
exactly K Ps,(7)/log X in the Jensen gap: the wells narrow as X grows, and their cost in the
mean square does not depend on anything else. Off the line the picture changes: the factor of a
zero p grows like exp (X777/((8 — o) log X)) where o < j3, a volcano to the left of the zero, which
for an off-line zero crosses the critical line; this is the mechanism of Theorem 6. From the right, in
Res > %, a zero on the line is seen only as a crater. In this language, Corollary 3(a) and Theorem 6
say that the bound decays when only craters reach the critical line and, if © is attained, explodes
when a volcano crosses it.

(a)  and the two prime factors on the critical line (b) the quotient Zx: about 1 except narrow wells at the zeros

— g2 +it)] — |zx| = 1g/E¢ |, X =107
Mi1-p=7%, x =100 2.00 — 12x = 1¢/E; |, X = 10*
p=x

51 — IEl x=107
— IExl,X=10" 175

1:: ~iil— \ 'J”V“'l ‘ 4 \W‘ ’Uw‘ F

10 15 20 25 30 35 40 45 50
t t

(c) log|Zx(o + it)| for , X = 10° (d) Davenport-Heilbronn: the volcano of the off-line zero crosses the line

45

40

35

FIGURE 3. (a) |((5 +it)|, the truncated Euler product [L<x 1 —p~ %7 with X =
100, and |E%| for X = 102,10%. (b) |Zx| on the line: wells with the profile eCi(l].
(c) log |Zx (o +it)| for ¢, X = 103: craters on the line, volcanoes to the left. (d) The
same for the Davenport—Heilbronn function near its off-line zero 0.8085 + 85.699i:
its volcano crosses the line.

12.1. The zero factor seen through the cross-energy. The factorization separates || into a
zero-free factor built from the primes and a factor carried by the zeros near the point. Here we
look at both through the cross-energy Cs of consecutive partial sums of ¢ [CE1]: the radius of the
helix that Cy describes on the critical line is |E% || Zx|, and Zx can be computed from the partial
sums alone, as the field of the charges of log ||, without dividing by E% and without a list of zeros.
The computations of this subsection use for gy the Gaussian of standard deviation 0.4 of Table 7,
truncated at nine standard deviations (so @ = 3.6, and the prime sum stops at e3%X; the jumps
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of the truncated Gaussian, below 10717, are invisible in double precision), and X = 1000.5; the
scripts are in anc/zero_factor/.

Remark 28 (the zeros act locally). Let s = o + it with 0 < ¢ < 1. For a zero p with |y —¢| > 1,
(L2) and (L3) of Lemma 12, with Zmax = 1, give |Kx (s — p)| < Cae®XB=+|t — 4|=4=1/L for
every A, and since there are O(log(|t| + k + 2)) zeros with k < |y —¢t| < k+ 1,
(©—0)4 10g(|t| + w + 2)

log Zx(s) + Z Kx(s—p)| <CaX WAL

[v—t|<W

(W =1),

the sum taken with multiplicity, modulo 27i. So in ( = E%Zx only the zeros near the height ¢
matter: a zero at distance |t —-y| contributes a term that decays faster than any power of |t —~|, and
for a Gaussian gg of standard deviation o, the decay is like e=75t=1%/2 Table 10 keeps only the
zeros with |y —t| < W. With the 6 to 33 zeros within distance 20 of ¢ the factorization holds to the
accuracy with which ( itself is computed; the sharp cut-off at x = X, the weight gx replaced by the
point mass at logz [CES], leaves errors of order 10 to 10~3 with all the 1517 zeros below height
2000, because each zero then contributes a term that decays only like 1/((t — ) logx). Status: the
bound is proved; the Gaussian rate and the table are numerical (locality_table.py).

s W =6 W =10 W =15 W =20 sharp, 1517 zeros
L4206 23-107% 2.3.107% 29.1071% 3.9.10713 89.1074
i + 334 22.107% 2.8-107% 14-.-10719 3.0-107'2 8.9.104
i +100; 1.7-107% 1.2-1076¢ 78.10°'' 2.7.10"13 89.1074
% +1000i 24-107% 24-107% 1.1-107'' 3.8.-10712 1.3-1073
06+20i 11-107% 1.1-107% 16-10713 20-10713 45-1074
0.7+50i 28-107% 28.1077 2.7-107" 29.10°13 2.2.107%
03+30i 74-100% 3.7-107% 6.1-107'" 4.1.10"12 3.5-1073

TABLE 10. The relative error |E% Zx /¢ — 1| when Zx is built from the zeros with
|y — t| < W only; Gaussian weight of standard deviation 0.4, X = 1000.5, prime
powers up to 3.7 - 10%. Last column: the sharp cut-off at z = 1000.5 with the 1517
zeros below height 2000. Script locality_table.py.

For s = o +it and n > 2 let D, (s) = > .-, k~° be the partial sums of the Dirichlet series of ¢
and -

W(n,s) = Ca(n,s) +iSa(n,s) =2D,_1(s)n"%,
so that Ca(n, s) = | Dy (8)|2—|Dpn_1(s)|> =129 is the cross-energy of consecutive partial sums [CE1].
(W is unrelated to the random variables W, W’ of Theorem 5.) Write (s); = s(s+1)---(s+j—1).

Lemma 29 ([CEL, Sect. 3]). Let K > 1, s # 1 with o >1—2K, and n > 2. Then

1—s

C(s) = %nEW(n, s) — n

K
B
1l,—s 2k —s5—2k+1 —0—2K
T +3n %+ ,;_1 )] (8)2k—11n + Ok (|(s)2k 41| ).

In particular, for 0 < o < 1,
1-20

1—

W(n,s) =2((s)n %+ —nT% — gn—%—l +0(|(s)3] n~2772),

and on the critical line, for |t| > 1,

1
1 )
C'g(n,§+lt) = l_‘_tQ

n on~Y2Re (nitg(% + zt)) — % + O(|s|3nf2).
4
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Proof. The Euler— Maclaurin formula for ), _ k7% with K Bernoulli terms gives Dy, _1(s) = ((s) +

1—s . " ~
nks - 5” - Zk 1 gk (s )21@71?%75*2’““ + R, with R = — ﬂgﬁl f B2K+1( VoS 2K-14p —

Ok (|(8)arcs1|ln 772K) for 0 > 1 — 2K, Ej the periodic Bernoulli functions; and D,_i(s) =
%nEW(n, s). Multiply by 2n~% for the second statement, and take real parts with o = % for
the third. H

Remark 30 (the radius of the helix). By Lemma 29, on the critical line 2/(n, s) winds around the
centre 1 with radius [((3 + it)|n~ 1/2 and angle tlogn, so that Vv (3W(n,s) — 1£) is, up to

S

O(|s|*>n=1/?), a helix of radius /(3 +it)| [CEL, Thm. 3.2], and the oscillating part of C, rescaled
by /n, is 2Re(n((5 + it)), with envelope £2|¢(3 + it)|. By Lemma 10 the radius factorizes as
|EX(8)||Zx(s)|: the first factor comes from the primes, the pole and the trivial zeros, and by
Remark 28 the second is in effect a finite product over the zeros near t. Figure 4(a) shows the
oscillating part of Cy at n = 2000 inside the envelope +2|E%||Zx| computed with the zeros within
distance 20; the prime factor 2| E% | alone follows the envelope away from the zeros and passes over
each zero without touching it. At a simple zero the collapse of the helix is carried by the single
factor

e Kx(s=p) = gret[ox(u)logudu (o _ p)(1+O0x(|s — p])),
since F1(z) = —yg — log z + Ein(z), and the remaining factors give
Cp) = EX(p) e¥E+[ 9x (u)logudu H e~ Kx(p=p")
p'#p

(see [CES8, Rem. 4], where this form is checked numerically), the constant that governs the behaviour
of Cy near a zero [CE2, Sect. 2|. Status: the factorization of the radius and the expansion at a zero
are proved (Lemmas 10 and 29); the figure is numerical (fig-local_zeros.py).

(a) The radius of the C; helix on 0 =1/2 (b) Gaussian weight vs sharp cut-off (dotted)
81
107"
° B
1072 4
4
j 10°°
2 =
|
1 B
0 '\T 107
e
24
10°°
_4
| — s=05+33i
61 10 —— 5=0.5+1000i
—— 5=0.7+50i
. — 5=0.3+30/
-8 r 10° . : : : : r r r
10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40

window W: zeros with |y —t| = W

F1GURE 4. The factorization ¢ = EXZ x seen by Ca, Gaussian weight of standard
deviation 0.4, X = 1000.5. (a) Ca(n, 5 + it) minus its centre 1/(3 + ¢?) and its
Bernoulli terms, multiplied by /n, for n = 2000, against +2|E%||Z X| with the zeros
|y —t| < 20 and against the prime factor 2| E% | alone; dots: zeros. (b) The relative
error of E%Zx against the window W of zeros used, at four points (Table 10);
dotted: the sharp cut-off at z = 1000.5 with the 1517 zeros below height 2000.
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The prime factor predicts the gaps. The prime factor also sees how far apart the zeros are. For each
of the 1396 gaps between consecutive ordinates v, < Vg1 with 100 < ~, < 1900, let My be the
maximum of log |E% (3 + it)| over the gap, with the weight and the value of X of this subsection,
and let d, = (Yg+1 — Vk)i log 3£ be the normalized gap. Mj, is computed from the prime powers
up to 3.7-10% alone; the zeros enter only to delimit the gaps. The Spearman rank correlation of Mj,
with dj, is 0.951, as high as that of the maximum of log || itself over the gap (0.947). The extreme
quartiles do not overlap: every gap in the top quartile of My has di > 1.00, and every gap in the
bottom quartile has di < 0.89 (the median of dj, is 0.96, its minimum 0.14). This is the explicit
formula seen through the factorization, not a constraint on the zeros: log|E% | = log|(| —log|Zx],
and log |Zx| is small between the wells, so E% inherits the classical correlation between the size
of ¢ in a gap and the length of the gap. It does not predict the backward collision times of the
zeros under the heat flow, which are fixed by the closest pair in a neighbourhood [CES, Sect. 6.2].
Status: numerical (gap_predictor.py).

Since E% has no zeros in Res > =2, Zx = (/E% is determined there by (. It can also be
computed from the partial sums alone. Let ® = log|¢| on C\ {1}, and let ue = %ACI), in the sense
of distributions, be its Riesz measure (its charges); write Dx(s) = Y, <, A(n)Yx (logn)n™°/logn
for the finite prime sum of (2). -

Proposition 31 (the zero factor from the cross-energy). (1) po =2_,0p+ k>1 6—2k—01, the
zeros counted with multiplicity, and for o >0
| s nl—s
— 1i 1,8 _
P(s) = nlg&log ’271 W(n, s) T

locally uniformly on {o > 0} minus the zeros and the point 1.
(ii) For every s that is not a zero, a trivial zero or the pole,

log |¢(s)| = Re Dx(s) — /ReKX(s —w) dpg(w),

log | Zx (s)] :—/ Re Kx(s —w) dug(w),
0<Rew<1

Zx(s) = exp ( - /0

the integrals being absolutely convergent sums, the last one defined modulo 2mi.

Kx(s = w) dpg(w)),
<Rew<1

Proof. (i) ® is harmonic off the zeros and the pole; near a zero of multiplicity m it is mlog|s — p|
plus a harmonic function, near 1 it is — log |s—1]| plus a harmonic function, and Alog |s—w| = 27d,,.

By Lemma 29 with K =1, %ng)/\/(n, s) — q:: = ((s) + O(n™7), uniformly on compact subsets of
o >0, and log | - | is continuous where ¢ # 0. (ii) By Lemma 10 and (2), log|((s)| = Re Dx(s) +
Re Kx(s —1) — >, ReKx(s+2k) — > ReKx(s—p), and Re Kx is continuous across the cut;
the last three terms are — [ Re Kx (s — w) dug(w) over the charge —1 at the pole, the charges +1
at the trivial zeros and the charges in the strip, which are the nontrivial zeros. The sums converge

absolutely by Lemma 12. The last statement is the definition of Zx. ]

So the prime factor is the finite prime sum together with the field of the charges outside the
critical strip, and Zx is the field of the charges in the strip. In this form Zx is computed from Cy
and Sy alone: ® from W(n,-) by (i), its charges by a discrete Laplacian, and Zx from them by
(ii), with the truncation in height controlled by Remark 28. The construction locates the zeros as
charges; it does notlsay where they must be. RH is the statement that the charges of ug in the

strip lie on Rew = 3.
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From far away an off-line pair is a quadrupole. Let ¢ = % +ivand 0 < < % A pair of charges
at ¢+ § and a double charge at c¢ differ by
52 52 5

log|w — ¢ — 4| +log |w — ¢+ d] — 2log |w — ¢| = log 1—m = —Re (w— o2 +O<|w—c|4>
for jw—c| > 26: they have the same total charge, so the counting function N (7") does not distinguish
them, and the same dipole moment (zero, by symmetry), and the first difference is a quadrupole of
strength 62, which decays like |w —¢|~2. In the zero factor the same replacement changes log Zx (s)
by —[Kx(s —c—0)+ Kx(s—c+6) —2Kx(s —c)] = —0°K% (s — ¢) + O(6*sup |K§?)\), a second
difference of the kernel, which by Lemma 12 is concentrated within O(1) of the height ~y. So a
symmetric off-line pair enters every quantity built linearly from the charges only at order §2; in the
same way the product of the cross-energies at a reflected pair studied in [CE3| dips below zero only
by the fraction 462/(1 — 462) of its limit, and the local reading of the real parts in [CE8, Rem. 9]
sees symmetric pairs only at second order. Status: proved (elementary).

Remark 32 (the charges, computed). We computed ® from W(N,-), N = 200, by Lemma 29 with
K =5, on a grid of step h = 0.01 in 0.2 < 0 < 0.8, 5 < t < 55, shifted by h/2 so that no node is
a zero. The five-point Laplacian h?A,® /27 is concentrated in eleven charges (connected clusters
of cells where it exceeds 1079), each of total 1 within 1.2 - 1073, with centres on o = % and at the
ordinates of the zeros within 6 - 10~7; outside the charges it is the discretization error. The factor
Zx(3+it) =exp(— > @ (Kx(s —wj) + Kx(s — w;))) built from these charges Q; at w; and
their conjugates agrees with the product over the same eleven zeros within 3.4-10~% for 10 < ¢ < 50
(Figure 5). Status: numerical (zero_charges.py, zero_charges_fig.py).

Remark 33 (primes and charges in the Jensen moment). At sg = 1 the decomposition of Theorem 1
splits the Jensen moment (1) along the factorization. With F' = PZx, P(s) = (s—1)E%(s)/s outer
(Lemma 11), the Poisson-Jensen formula of the proof of Theorem 1 gives

/ log | P(4 + it)| Py(t) dt = log |P(1)], / ox P1 = log | Zx(1)] + Oui (1),
log |P(1)] + log | Zx (1)] = 0,

the last because F(1) = 1, with log P(1) = >, <o A(n)¥x(logn)/(nlogn) — vg — [ gxlogu —
S poq Kx (14 2K), since log(s — 1) + Kx(s — 1) — —yg — [ gx logu as s — 1. The moment of the
prime factor is a number computed from the primes, and all the information on the position of the
zeros is in the factor of the charges: RH holds if and only if [ ¢x P = —log|P(1)], and each zero
with 8 > 1 adds log |p/(1 — p)| > 0 to the left side. The weight P;(t) = 1/(27(3 +¢%)) is 5 times
the limit of Ca(n, 1 + it) (Lemma 29). For the Gaussian weight, log |P(1)| = —6.857 - 10~!!, and
log |Zx(1)| = 6.855- 107! from the 1517 zeros below height 2000, which sum to —1.1-10714. This
is Theorem 1 at sg = 1, not a new criterion: it separates the part of the Jensen moment fixed by
the primes from the part carried by the charges. Status: exact given Lemmas 10, 11 and [BSY];
the numbers are numerical (jensen_split.py).

13. THE EXPLICIT FORMULA IN CROSS-ENERGY COORDINATES

The wells of Zx are the zeros seen through a smoothed Euler factor; the explicit formula for
P(x) = ), <, A(n) sees the same zeros through the primes. Part 5 writes that formula in the
coordinates of the cross-energy [CE5, Sect. 2], and we recall what we use. By Lemma 29, W(n, s) —
2/5 at every point s = % +it of the critical line, so the limits C2(00, 5), S2(00, 5) of Ca(n, s), Sa(n, s)
exist there, and

L Cbloo,s) —iSh(00,8) ) L= 1 —oxP(t),  Sa(co,s) = 2t Caloo, s)

S 2 ’ %+t2_
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(a) Potential ® = log|{(o + it)| built from W(N, -) = C; +iS;, N =200

0.8 3
0.7 1 2
0.6 1

B 05 - S ' l 0
0.4 1 -1
0.3 -2
0.2 ; ; ' . ' ' - |8,

10 15 20 25 30 35 40 45 50

(b) Charge per cell g—;i_\.hdb (logio); circles: centres of charge
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(c) ZX(% + jt) without E; and without the zeros

0 4

10 1074
Q
o
| g
102
107" °
2
1070 3
i

=< |Zx| from the charges of ®
1072 4 ----- |Zx| from the list of zeros 107
10 15 20 25 30 35 40 45 50

FIGURE 5. The zero factor computed from Cy (Proposition 31). (a) The poten-
tial & = log|(| built from W(N,-) = Cy 4+ iS2, N = 200. (b) Its charge density
h2AR® /27, h = 0.01, in log,o; circles: centres of the eleven charges, each of total
1. (¢) |Zx(5 +it)| from these charges against the product over the zeros, Gaussian
weight of standard deviation 0.4, X = 1000.5; grey, right axis: relative difference.

[CE5, Prop. 2.6]. These coordinates hold at every point of the line, zero or not; the cross-energy
sees a zero on the line only through the rate of convergence, 1/n instead of n~1/2, and the Jensen
moment (1) integrates log |(| against Ca(oco,-)/2m. In them, von Mangoldt’s explicit formula be-
comes, under RH, a sum of cosines in log x, one for each distinct ordinate v > 0, with amplitude
2m(y)+/Ca(o0, p) = 2m(~)/|p|, frequency v and phase arctan2y = argp [CE5, Thm. 2.7]; the
triangle inequality over these amplitudes gives Schoenfeld’s constant % [CE5, Rem. 2.9], and the
phases, almost constant, leave the size of {(z) —  to the alignment of the numbers v log x modulo
27 [CE5, Rem. 2.10]. Squaring the cosines in mean is Cramér’s theorem [Cr| (see [MV2, Ch. 13])
in these coordinates [CE5, Rem. 2.8]: under RH, with A(u) = e=%/2(¢(e%) — %),

N _
(11) I}l_{TéOU/O A(U)Qdu:;m(ﬂzcz(ooaéﬂ”ﬂ > 21)202(00,P):2+’YE—10€47R
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where 2 + v —logdm = 0.046191 .. ., the first sum is over the distinct ordinates of both signs, and
the second over the zeros with multiplicity, with equality if and only if all zeros are simple. Since
>, 1/p=(£'/€)(1) is Li’s first coefficient A; [Li], the constant is 2A; [CE5, Prop. 2.4]. Replacing
the partial sums of ¢ by Pn(s) = >, <y A(n)n™° gives the arithmetic cross-energy, which, unlike
Ca(00, -), sees a zero pg of multiplicity m: under RH, P(po) = 5 —: —mlogx+x~ PO (d}(x) - x) +
O, (1), the resonance of Conrad [Con, (6.12)] [CE5, Rem. 2.22]. What follows is specific to the
bound: the law of Theorem 2 at sy = 1 and (11) are sums over the zeros of the same kernel.

Corollary 34 (the bound and the energy of the primes) Assume RH. Then

hm (log X) Bx(1) Z Fm(y) Ca(00, 5 + 7).
If all zeros are simple, this equals — hm / Au @)\1 =0.013438....
2T U—oo U ™
Proof. Theorem 2 at sy = 1, where Pi(t) = % = £Cs(00, 5 + it) (the Poisson kernel of
(1
Res > § at so = 1, with o9 — 1 = 1), and (11). O

So, under RH and for simple zeros, the Euler-Caceres bound at sp = 1 is k1/(27) = 0.29092
times the mean square of the normalized error term of the prime number theorem, divided by log X:
both are sums over the zeros of the same kernel Cy(00,p) = 1/|p|?>. They weigh a multiple zero

differently, by k., and by m? per ordinate, and both exceed their simple-zero values when a zero is
multiple (Corollary 3(c) and (11)).

An isometry at so = 1. The coincidence of kernels in Corollary 34 is not an accident of the limit.
At s = 1 the Poisson kernel is Py (t) = 1/(27|% +it|?), so it cancels the factor s that an integration
by parts produces in the prime representation of log Zx, and the Mellin transform in the prime
variable becomes an isometry. Recall Gx(u) = [*_ gx (proof of Proposition 18), which vanishes
for u < L — a and equals 1 for v > L + a, and define the energy of the primes beyond X

00 U 2
:/O GX(U)2 Afﬁ) du,

[T gy e [T R,

xea (zlogz)? xe-a (zlogx)?

Proposition 35 (the energy criterion; standard). The following are equivalent:

(a) RH;

00 _ 2
(H) / W@) =2 )
2 (zlogz)?

(c) Ea(X) < o0 for some X ;

(d) EA(X) — 0 as X — oo.
Under RH, EA(X) = c¢/log X 4 o(1/log X) with ¢ =

so that

Wm(’y)2C'2(c>o, 2 +iv) asin (11).

Proof. With x = e the integral in (b) is fA(u)Qu*Qdu. Since0<Gx <1,Gx=1foru>L+a,
and A is bounded on compact sets, (b)<>(c), and (d)=>(c). (c)=>(a): for ¢ > 1, by Cauchy-Schwarz,
ffia ]A(u)\e_(”_%)“du < (fAzu_z)l/Q(fuze_(z"_l)“du)l/z < 00, so [[C((x) — x)z 5 e =

fOOOA(u)e_(S_%)“du converges absolutely and is analytic in Res > % For Res > 1 it equals

SCC((‘Z)) Sll [D, Ch. 17]; hence ¢’/¢ has no pole in Res > % other than s = 1, which is RH.

(a)=(d) and the asymptotic: under RH, A(U) = fOU A? = cU+o(U) by (11), and partial integration
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gives [/ A*u2du = —A(L +a)(L +a)"> +2 {5, A(u)u=>du = ¢/L + o(1/L). For the range
[L — a, L + a], which contributes O(L~2), we use the bound fVH A? < 1 uniformly in V, that is,
2 (W(x) — x)2dr < Y2 under RH [MV2, Ch. 13]. O
The criterion is a form of the classical equivalence between RH and a polynomially bounded
mean square of A: (c)=(a) is the Mellin argument of [I], valid for any weight «=4, and (a)=(b)
is Cramér’s theorem, valid for any weight u~'~¢ but not for v=!. We state it with the weight u =2
because that is the weight the isometry below produces.
Theorem 36 (an isometry at so = 1). Assume RH, let X > et let log Zx (s) = — >, Kx(s=p)
(cmalytic in Res > L. and defined on the line off the ordinates), and put Fx(u) = Gx(u)A(u)/u,
FX = [Fx(u e~"du (the Fourier transform in L?). Then, for almost every t, with s = % + it,

log Zx(s) = s ﬁx(t) + Rx(t), Rx(t)= / A(u) (Gi 5“) - gxqfu))e—iw du+ " Kx(s + 2k),

k>1
and
/\SFX )PPi(t) dt = E(X), /\RX 2Py (t ( ! )
log? X
2 3/2 c 1
Consequently/]logZX( + it)|* Py (t) dt = Ea(X) + O((log X)™%/?) = Tog X +O<logX>'

Proof. For Res > 1, (2) and log ((s) = > A(n)n=*/logn give, since [[° Gx(logz)z *dz/logz =
KX(S - 1),

log Zx (s —d(v(z) - x) + ) Kx(s+ 2k).
k>1

(Here log ¢ —log £ and — Zp KX(S — p) are both analytic logarithms of Zx in Re s > 1 that tend
to 0 as Res — +o00, by (L1) of Lemma 12, so they coincide.) Put z = e, i(e*) — e* = e*/2A(u),
and integrate by parts; there are no boundary terms, because Gx(u) = 0 for u < L — a and
Au) = O( u/2) while Res > 1. Since %(Gxe_su/u) = (9x/u—sGx /u— Gx /u?)e ", this gives
log Zx(s) = s [ Fx(u) e~ (=2)ugy + ng(u)e*(S*%)udu + >0, Kx(s + 2k), with Fy = A(Gx/u? —
gx /). Under RH, FX and F, lie in L2(0, 00) (Proposition 35 and the bound [,/ ' A% < 1 [MV?2,
Ch. 13]), so their Laplace transforms belong to the Hardy space H? of Res > % (Paley—Wiener);
log Zx is analytic there because Zx has no zeros in Res > %, so the identity holds in Res > %
by uniqueness. As o | 3 1 the H? functions converge in L?(dt) to Fx and F\g, while log Zx (o +
it) — log Z X( + it) for every t that is not an ordinate; along a subsequence the convergence
is also a.e. on the right, which gives the identity a.e. Since |s|?Pi(t) = 1/(27), Plancherel gives
f|sﬁX|2P1 = %f|ﬁx|2 = [F% = En(X). For the remainder, P; < 2/m and Plancherel give
f|132|2P1 < 4fF2 < 8f§°aN 4 8]|gol|2 (L — a) "2 [ A2 = O(L72), and |Kx (s + 2k)| <
[ 9x(u —(2k+3 2D/ ((2k + Du) is O(X~5/2) after summation. The last statement follows by
expandlng the square, Cauchy Schwarz for the cross term, and Proposition 35. (The exponent %
is not sharp: numerically both correction terms are below 107°/log X from log X = 10 on.) |

Corollary 37 (the bound against the energy of the primes). Assume RH. Then

CB() 5 rmiCalood +i0)
im =

X500 En(X) 27r2 ( )2Cs5 (00, 5+ i)’
which equals k1/(2m) = 0.29092. .. if all zeros are simple.

Proof. Theorem 2 at sy = 1 and Proposition 35. O
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What the shared kernel does not give. Corollaries 34 and 37 and Theorem 36 are statements
under RH: two sums over the zeros with the same kernel, and an isometry whose proof uses Zx # 0
in Res > 3. The bounds £x(X) = O(1/log X) and Bx(1) = O(1/log X) are equivalent, but only
because each is equivalent to RH (Proposition 35 and Corollary 3); the equivalence goes through
RH, not through the kernel. Without RH, the shared kernel gives no inequality between Ea(X)
and Bx (1) at a given X, nor between their constants.

Remark 38 (the wells and the primes compute the same number). Under RH, the function log Zx =
>, Kx(s —p) is a sum of wells, and [ |Ey(iv)Pdv = 2 [;°(Ci® +si?) = 27, with si = Si—F;

hence
[1xtiPar = 25 (1+0(15 )

Summing over the zeros by dominated convergence (with (L2) of Lemma 12 and m(y)2Pi(y) <
o), the diagonal part of [ |log Zx|>P; is > m(y)2Pi(y) - 2r/log X + o(1/log X) = ¢/log X +
o(1/1og X), the value given by the primes in Theorem 36. Consequently the interaction of the wells
in this quadratic mean is o(1/ log X), the counterpart, on the side of the zeros, of the vanishing of the
off-diagonal terms in Cramér’s theorem. Of the energy 27/ log X of a simple well, the real part ¢ x
carries half, 7/ log X; the Jensen gap does not see it quadratically but through h(z) = €** —1 —2ux,
which turns 7 into k1 = 1.828 because ¢x — —oo at the zero. This is the factor x1/(27m) of
Corollary 37: the bound is the energy of the primes beyond X, compressed by the logarithmic
singularity of the wells.

Numerics. Table 11 compares the two sides of Theorem 36, with the bump weight of half-width
a = 1. The primes side is computed from v(z) for < 10°, on a grid of step 2 - 10~* in u: first
EA(X) alone, then Ea(X) with the contribution of Ry (its cross term with sFy and its square,
by a discrete Fourier transform on the same grid). The part u > log10° of EA(X) cannot be
computed and is replaced by its value ¢/log 10° under RH; it is shown in the last column and is
a large part of the primes side for large X, so that there the comparison tests the identity only
on [log X — a,log 10°]. (Moving the cut from u = 16 to u = 20.72 changes every entry by at most
0.0006: fOU A? — cU is nearly constant on [8,20.7], and a constant offset cancels in the partial
integration.) The zeros side is [ |log Zx (3 + it)|[>Pi(t) dt computed from the first 1000 zeros, with
the diagonal value for the zeros above them. With Rx included the two sides agree to 1% or better
at every X, including X = 20; Eo(X) alone agrees within 2% from X ~ 400 on, the difference for
small X being mainly the cross term.

Remark 39 (what the coordinates say about the bound). By Corollary 3(a) the bound is equivalent
to the location of the zeros, and under RH its leading term Q(sg)/log X involves only the ordinates
and their multiplicities. The simultaneous alignment of the numbers logz modulo 27, which
decides the size of ¢(z) —x at a given x [CE5, Rem. 2.10], does not enter (sp), and the differences
of the ordinates enter Bx only at second order, through the interaction Zx of Theorem 5. Off the
line, if g > %, the coefficient 1/p sits in the normalized cross-energy at the reflected zero 1 — p,

and W(n,1 — p) ~ 2n?$~1/p grows like the square of the factor 2B=3 by which the term of p
outgrows /z [CE5, Prop. 2.6 and Rem. 2.10]; this is the cross-energy counterpart of Theorem 6,
and the criterion of [CE1, Cor. 3.5] (RH holds if and only if Ca(-, p) is bounded at every zero) is a
restatement of 5 = % through this reflection.

14. WHAT A PROOF OF THE BOUND WOULD NEED

By Corollary 3 the bound Bx(sg) = O(1/log X) is RH. In this section we ask what a proof
of it would have to contain. We look at a function-field model, where RH is Weil’s theorem and
the bound holds (Section 14.1); at the prime expansion over Q, which is not absolutely convergent
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primes Z€eros
log X X LEA(X) with Rx L [|logZx|[*P; tail u > log10?
3 20 0.0727 0.0434 0.0437 0.0067
4 55  0.0532 0.0444 0.0446 0.0089
5 148  0.0470 0.0443 0.0444 0.0111
6 403  0.0455 0.0446 0.0447 0.0134
8 2981  0.0448 0.0447 0.0449 0.0178
10 2.2-10*  0.0451 0.0451 0.0453 0.0223
12 1.6-10° 0.0457 0.0457 0.0459 0.0268
14 1.2-10% 0.0455 0.0455 0.0459 0.0312

TABLE 11. Theorem 36, L = log X: the energy of the primes beyond X, alone and
with the remainder Ry, against the mean square of log Zx on the critical line with
the weight Pi; the limit is ¢ = 2 + vg — log 47w = 0.046191. The last column is the
part of the primes side that comes from u > log 10?, where A was replaced by its
mean square under RH.

(Section 14.2); at the energy of (/E% on vertical lines (Section 14.3); at Chebyshev’s identity
evaluated at a zero (Section 14.4); at Beurling systems that share the zeros of ¢ and have one
more, real, zero, and at the reflection asymmetry of Zx (Section 14.5); and at Weil’s quadratic
form (Section 14.6). The propositions are proved; the conclusions about what a proof would need
are heuristic.

14.1. A function-field model.
Setting. Let g be prime, M € F,[T] monic irreducible of degree d, and x a character of (IF,[T]/M)*
that is nontrivial on Fy. Then L(u,x) = >~ nonic x(f)ud®ef is a polynomial of degree D = d — 1,

D

L(u,x) = H(l — o u), log L(u, x) = Z %nun, Cn = Z A(f)x(f) = — Za}l,

7=1 n>1 deg f=n
and RH, |aj| = /g, is Weil’s theorem [W] (applied to the curve of the associated cover, whose zeta

function has L(u, x) as a factor; see [R]). With u = ¢~ the critical line is the circle |u| = R := ¢~ /2,
the half-plane Re s > % is the disc |u| < R, and X = ¢V corresponds to the degree N.

The exact factorization. Let wy(n) = 1 — Go(n — N), G the distribution function of a smooth
bump on [—a, a], and

L
E}kv(u) = exp E Wun’ ZN(U) _ (U7X) _ | I e_KN(CVjU)’
n<N+a N §

1 —wn(n) , wy(n) ,
Kn(z) = ——2"=—log(l — z2) — z".
(2) ; - (1-2) n;N:M -
E% is the exponential of a polynomial in u, built from the prime powers of degree at most N + a;
Zy is a finite product over the zeros (for a general polynomial L we define Zy := L/E3;, which
is the same product, continued). On the circle, aju = € ®=%) under RH, and Re Ky (e¥¥) =

> (I—wn(n))=="2 ~ — Ci(N|gl) for |¢] of order 1/N: the wells of Lemma 13 reappear, of width
1/N in 6. With P,,(0) = 4 i LT Y probability density on [—, 7],

= 27 [Ret?—uo|2’
™

By (ug) = ;1og/ |Zn (Re™)|? Py, (8) d§ — log | Zn (uo)|.

—T
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Proposition 40. Let L(u) = [[;<p(1 —aju) be any polynomial with L(0) =1, ¢, = =3, o, and
lug] < R. The following are equivalent:

(a) o] < \/q for all j, i.e. no zero of L in the disc |u| < R;

(b) sup,, |en|lqg™™? < 0o (and then < D);

(¢) By(ug) =0 as N — oo;

(d) supy By (up) < oo.
If they hold, N Bn(uo) — Y g Km(9)Puo(0), the sum over the distinct arguments 0 of the zeros on
the circle; a zero outside the closed disc contributes O(N (|| //q)N ~®) to log|Zn| on the circle.

Proof. Write Gop(k) = 1 —wn (N +k), so Gy is non-decreasing, Go(k) = 0 for k < —a and Gy(k) =1
for k > a. Then Kn(z2) = )_,~; Go(n — N)z"/n for 2| < 1 and, for all z # 1,

Zn
(12) Ky()=—logl—2)— 3 (1-Go(n— N))=,

n
n<N-+a

so that e K~ = (1—2) exp Y n<Ntall=Go(n—N))z" /nis entire, and Zy = L/E} is a polynomial
times the exponential of a polynomial, with the zeros u; = 1/a;.

(a)&(b). >, cpu™ = =3  aju/(1 — aju) is rational, with a pole at each 1/a; whose residue is
1/ times the multiplicity, so the poles cannot cancel; its radius of convergence is 1/ max |oy|, and
Cauchy-Hadamard gives (b)=>(a). Conversely, (a) gives |cn| < 3, [a;|" < Dq/?.

(a)=(c), and the asymptotic. By Lemma 41, (a) gives 0 < Bpy(ug) = O(1/N), hence (c).
For the asymptotic, put ¢n(0) = log|Zy(Re?)| and cn(p) = =3, Go(n — N)<222 5o that
on(0) =2, "en(0 = 0;) + en(0), the sum over the zeros u; = 1/a; = Re®i on the circle, so that
a;Re’ = ¢0=%) and |en| < Zlaj|<\/§ Y onsN_alag|R)" /0 = O((max‘aj|<\/§|aj|R)N_a) for the
zeros outside the closed disc. (These bounds, and those for ¢y below, do not use Lemma 41, which
uses them.) With Th(¢) = >, cos(ny)/n, summation by parts against the non-decreasing
Go gives en(p) = =D (GO(M_— N) — Go(M — 1 — N))Tum(ep), a convex combination of the
—Ty with M > N —a. For 0 < [p| < m, Abel summation with |3, _, coskp| < o) T+ 3 gives
|Ta ()] < (m/]e| +1)/M; and if M| < 1, the terms with M < n < 1/|p| are positive and add
up to at most log m + 1. Hence, for N >a+ 1 and 0 < |p| < 7,

m/lpl +1
N—a '’

the analogues of (5), and ¢y (v/N) — Ci(|v|) for every v # 0 (a Riemann sum for — [ cos(vy) dy/y,
since Go(n — N) — 1,>n in the scale n = Ny). The Riemann sum converges because the tail
bound |7 (¢)| < (7/|¢| + 1)/M controls the improper integral uniformly. With these four facts
the proof of Theorem 2 applies on the circle, with changed constants (for instance |cy(v/N)| <
(nN/(N —a)+1)/|v]| <5/|v| for 1 < |v| < 7N in place of 3/|v|): there are finitely many wells, no
tail, log |Zn (ug)| = O(7]Y) for some 7. < 1, and [ h(¢n) Py, df times N tends t0 23"y K (g) Puo (6)-

(c)=(d) is trivial.

Not (a) = not (c). (This also follows from (¢)=-(d)=-(a), but it gives an explicit lower bound.) If
ug is a zero, By (ug) = +00. Otherwise, if some zero u; lies in |u| < R, the Poisson—-Jensen formula

R2—”L_Lju0

on the disc (with boundary zeros allowed) gives [ ¢n Py, = log|Zn(uo)| + Z‘uijlog | gt

U9 —1j )

en(p) <m 41, en(p)] < len (@) < 7+ 2+ [log (N — a)lel)

)

RQ—ﬂjuo

m}, a positive number independent of
J

and Jensen’s inequality gives By (ug) > ZM‘ < Rlog‘
N.

(d)=(a). Suppose that v = Rmax;|a;| > 1, and let J be the set of zeros with R|oj| = v,
o = vy/ge'%, with multiplicities m;. Fix 1’ € (Jug|, R) with p/ := vr//R > 1 such that no zero of L
lies on the circle |u| = 7’; then log |1 — aju| is bounded on that circle for every j. We may assume
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that wug is not a zero (otherwise By (ug) = +o0). Reduction to a point: |Zy|? is subharmonic
and continuous on the closed disc, so |Zy(w1)|?> < [|Zn|*Py, for |u1| =7/, and P,, < HP,, with

H = M% (Harnack); hence By (ug) > log | Zn(u1)|—log | Zn (uo)| — 5 log H. The dominant

zeros: by (12), for |z| = p/,

N
“Kn(2) = log(1 — z) + %(t(z) FONTY), otz = (1- Golk)2F,
k<a
uniformly i ince 1 = 1+ O(%) for [k < & and th ith & < —&
y in argz, since ;77 = 1+ O(F) for [k] < 5 and the terms wit < —75 are

O(Np'=N/2) relative to 2V/N; ¢ is analytic in |2| > 1. The zeros with R|aj| < v contribute
O((p")N/N +1) tolog|Zn(u1)] for some p” < p/, and every zero contributes O ((v|ug|/R)™ /N +1)
to log|Zn(ug)|. Choice of arguy: with u; = 7', the main term is %Re (e"NSDGa(N)(cp)),
where Go(p) = ;e mja; t(p'e% %)) and a(N) = (e!V%); lies on the torus TY. The functions
@ > t(p'e'%t9)) are linearly independent: a relation > bje(p'el9it9)) = 0 gives > bje*? =0 for
every k < —a, where 1 — Gy(k) = 1, and the Vandermonde matrix of the distinct €% forces b; = 0.
So p = min,cps maxy, |Ga(p)| > 0, by continuity and compactness, and the G, are uniformly Lip-
schitz in . Taking ¢o with |Go(nv)(¢0)| > p and then ¢ € [po, o +27/N) with NG vy (o) > 0
gives Re (e"N¢Gyny (@) > p— O(1/N) > p/2 for N large. Since p/ > max(1,v|ug|/R, p”), this
gives By (ug) > % for N large, so By — oo. O

Lemma 41 (one frequency per degree). Assume (b) and write Zn = exp ®n, n(u) =D, byu”,
by, = (1 —wy(n))e,/n. With ug = TRe'®, 0 <1 < 1,

[ 12N (R 0)d0 = 3 b, R,

m,n

the double series converging absolutely, with sum at most 1£ZD?*3" _\ n~2 = O(1/N). Conse-
quently [|Zn|*Puy, =1+ O(1/N) and 0 < By(ug) = O(1/N).

Proof. The Fourier coefficients of P,, are 7/¥le=#% |p,|R" < D/n, and [bpbs| < 3(|bm|? + [ba]?);
sum the geometric series in |m — n|. For the energy, (a) gives the one-sided bound Re®y =
log|Zn| < (7 + 1)D + o(1) on the circle (proof of Proposition 40: ¢y < m + 1), so with h(z) =
e —1-2z < Ca?forx < (m+1)D+1, [|Zn]*P =1+2Re®n(ug) +O([ |®N|*P) =1+ O(1/N);
Jensen gives By > 0. O

Remark 42 (where Weil enters). In the function-field case the whole bound reduces to (b), and
Lemma 41 turns (b) into control of the energy. The mechanism is that all prime powers of degree
n have the same frequency nloggq, so the cancellation among them is already inside the single
number ¢, and Weil’s theorem bounds it. In the Stepanov—Bombieri method [R, Appendix], (b)
comes from an auxiliary polynomial that vanishes to high order at the rational points of a curve,
built with the Frobenius map, and from the passage to all extensions F x. No counterpart of these
ingredients that yields RH is known over Q.

Numerical illustration. We took ¢ = 3, M = T® 4 T° + 2 (irreducible, with 7' primitive), and
X the character of order 3% — 1 with x(T') = e2mi/6560 which is odd; L has degree 7 and all its
zeros on |u| = 3742 (checked to 107!2). With a = 2.5 and ug = R/3 (the analogue of Re sy = 3),
NBy(ug) = 1.591, 1.769, 1.906, 1.985, 2.008, 2.042 for N = 10, 20, 40, 80, 160, 320, against the limit
K1) ; Puo(6;) = 2.063; the analogue of Theorem 5 predicts 1.985 at N = 80 and 2.043 at N = 320.
Moving one zero into the disc (|ai| = 1.05,/g), the prime sums leave the Weil range from n ~ 50

on and By grows geometrically: 0.20, 0.28, 1.97, 14.8 for N = 10, 20, 40, 80 (Figure 6).
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(a) all zeros on the circle (Weil): N B_N converges (b) one zero moved inside the disc: B_N explodes (c) the prime sums decide it

limit kappa_1 sum P(theta_j) = 2.063 e — true Lt [c_n| / q*(n/2)

./ 10* § —— one zero moved: |c_n| / q"(n/2)
2.0 . _~
/ 10" 10° §
1.9 —

B_N
-\
normalized prime sum
3

10’ 10? 20 40 60 80 100 0 25 50 75 100 125 150 175 200
N (degree cut-off, X = g"N) N n (degree)

FIGURE 6. The Euler-Caceres bound over F3[T], deg L = 7. (a) N By for the true
L-function (all zeros on the circle, by Weil’s theorem). (b) By with one zero moved
into the disc. (¢) The normalized prime sums |¢,|¢~"/?: bounded by D for the true
L, geometrically growing for the perturbed one.

14.2. Over Q: no frequency is shared. Over QQ the analogue of @ is the tail of the prime series,
which, because E% contains the pole term, is an integral against the signed measure di(z) — da:

oo
log¢ —log E% = / (1 - wx(z))
1
with wy () = ¢x(logzx) = 1 — Gx(logz) in the notation of (2). Each prime power has its own
frequency logn, and no two coincide.
Lemma 43. Let b, = A(n)n""/2/logn, n >0, X > 2. Then, for Y > 4X,

min(m,n) \7 Y
Z bmbn (max(m n) > > log? V'
X <mn<y ’ o8

:1:_8

log s (dip(z) — dx) + (trivial zeros),

Proof. All terms are nonnegative. For a prime n € (Y/2,Y], b, = n~1/2, and the primes m €
(n/2,n] contribute at least 2~ n~1/2 2 n/2<m<n m~1/2 > (logn)~!; there are > Y/logY such
n. g

The Fourier transform of P;, is eto—nlél p = oy — %, so the formal mean square of the prime
tail on the critical line with the weight Ps, is a double sum over prime powers with the kernel
(m/n)" (min / max)”, and Lemma 43 says that its absolute series diverges, for every so and X,
whatever the truth of RH. (The absolute series of the signed measure dy) — dz is larger still.) At
so = 1, under RH, the signed truncations do converge in L*(P;), and [ |log Zx|*P1 = O(1/log X)
(Theorem 36); the bound is then a cancellation phenomenon among primes in windows of bounded
logarithmic length, which absolute estimates on the prime expansion do not see. In the function-
field case the absolute series over individual primes also diverges; the series of Lemma 41 converges
because the primes of each degree share one exact frequency and Weil’s bound acts inside each c¢,.
Over Q there is no such grouping. The Montgomery—Vaughan theorem [MV] fOT | S apn~42dt =
3" |an|?(T + O(n)), the standard tool for such cancellation, gives nothing when n > T, which is
the regime of the bound (fixed weight, X — 00).

The coefficients of the tail. The multiplicative counterpart of the prime tail has an exact arith-
metic structure, which explains why it cannot carry the cancellation by itself. Let Ax(s) =
S50 A(n)wx (n)n=%/logn be the (finite) prime sum of log E%, an entire function, and Dx(s) =
C(s)e=4x() = 3 bx(n)n~* for Res > 1, so that Zx = Dx e Kx(s=DeXp Kx(s+2k) - Then,
unconditionally:
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(i) bx(n)logn =3 4, A(d) (1 — wx(d)) bx(n/d), bx (1) = 1; hence bx (n) > 0 for all n;
(i) by(n) = 0 for 2 <n < Xe@, and bx(p) = 1 — wx(p) for every prime p, so bx(p) = 1 for
p > Xe%;
(iti) with Sx(z) = 3, <, bx(n) and éx = e XM (the residue of Dx at 1), Sx(z) — éxa is
bounded for z > 1; _hence the energy floo |Sx () — éxx|?z2 dz is finite for every X, and it
equals 5= [ |¥(1 4 it)[2dt with ¥(s) = Dx(s)/s — éx/(s — 1).

(i) is the logarithmic derivative of log Dx = 3> A(n)(1 — wx(n))n~*/logn, a Dirichlet series with
nonnegative coefficients; (ii) follows from (i), since 1 — wx(d) = 0 for d < Xe™® and = 1 for
d > Xe® For (i), e=4x() = 3> ny(m)m~* is a finite product over p < Xe® of exponentials
of polynomials in p~*, so 3, |nx(m)| < co. Since bx = 1x*a, Sx(z) = 3, nx(m)|z/m| =
Ext — S mx (m){a/m}, with 3, nx(m)/m = e=AxW) = &y, s |Sx(z) — exal < 3 [x(m)).
Then u — (Sx(e*) —éxe*)e™*/? lies in L?(0, 00); its Laplace transform, [ (Sx (z)—éxa)z™*"ldz,
equals ¥(s) for Res > 1 and belongs to the Hardy space of Res > %, and Plancherel gives the
identity.

So the coefficients of Ce_AX have no sign changes, and the analogue of Lemma 43 holds for
them a fortiori, for Y > 4Xe®. The energy of their summatory error is finite for every X without
any hypothesis, so it carries no information about RH. A finite energy for Dy says nothing about
Zx = Dxe Ex(=1ed Kx(s+2k) hecause on the critical line the expllclt factor e Ex (=1 hag size
up to exp(O(v/X/log X)) (near t =0, —ReKx(s — 1) ~ [ gx(u)Ei(u/2) du), and the bound for
Zx requires a cancellation between the two factors. Status (i)—(iii) are proved (elementary), and
the vanishing, the values at primes and the boundedness of S x(z) — éxx were checked numerically
for X = 100; the remarks after them are heuristic.

Remark 44 (the signed form). For the logarithmic derivative instead of the logarithm (coefficients
A(n) instead of A(n)/logn), the analogue of the form in Lemma 43 at so = 1 (n = 3, to = 0), with
the range 1 < m,n < N in place of (X,Y], is
A(m)A i 1/2 A(m)A
5 AmAG) minmn) Y12~ AmAn) )

o= V/mn max(m,n) max(m,n)

Its signed form, with the pole removed, is an exact identity for every real N > 1: expanding

¢($)2 = me, A(m)A(n)lmax(m n)<1:a
E:zwmmm_ 23 Al bg+N_1_/qumeM.

2
N max(m,n) e 1 x

m,n<N

Equivalently, with Py as in Section 13 and Dy (s) = Pn(s) — ]\1]%_; + 15 - N°(W(N) - N) =
sle(zb(x) — x)x~5"'dx, Plancherel ( [ Py(t)etdt = e7I1€1/2 and |s|>P; = 1/27) gives

N
/mm%uma@ﬁzﬁ @@gﬁgﬁ

x

without any hypothesis. This is the analogue, for —%(s) — 527 truncated at * < N, of the Plancherel
step in the proof of Theorem 36; it is unconditional because the support is compact. The averaged
arithmetic cross-energy is elementary, [ C2(n, 3 + it)Pi(t) dt = 2A(n)1(n — 1)/n. Under RH the
right side is clog N + o(log N) by (11); if RH fails, limsup,y log (fIN)/logN =20 -1 >0, by
the Mellin argument of Proposition 35 with the weight 270 and by (z) — z < z9%%. So the
cancellation that the bound requires is this: a sum of positive terms asymptotic to 2/N, minus
single prime sums of total size 2N whose individual fluctuations are of order v/N, must be O(N¢)
for every € > 0; this is equivalent to RH, hence to the bound (Corollary 3). Numerically, with the
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primes up to 109, the two sides of the identity agree to nine digits, and their difference from clog N
is 2.481, 2.504, 2.510, 2.513, 2.511 for N = 102,...,10°.

Remark 45 (positivity alone pays the pole). The positivity of A(n) does give a pointwise bound,
but not a useful one. Let ¥x(s) = > A(n)yx(logn)n™*/logn be the prime sum of log E% in
(2). For each n, 3+ 4cosf + cos20 > 0, so 3ReXx(3) + 4ReXx (5 + it) + Re Sx (5 + 2it) > 0,
which bounds —ReXx (3 + it), and hence log|Zx (3 + it)| = log|¢(3 + it)| — ReXx(5 + it) —
Re Kx(—1+it)+3, Re Kx (3 + 2k +it), from above. The bound is useless: the constant term of
the trigonometric polynomial sits at ¢ = 0, on the pole, where 3 X(%) = /X /log X. Numerically,
with the Gaussian weight of Table 7, Xx(3) = 6.6, 14.0, 30.8 for X = 10%,10%,10%, the resulting
upper bound for log |ZX(% +1it)| at t = 20, 30,40 is about 5, 10 and 23 for these X, and the true
values lie between —0.2 and 0.5 (script mollifier_tables.py). Every nonnegative trigonometric
polynomial » ; @j COS 46 has ag > 0, so every argument of this type pays a term of size X1/2 /log X
on the critical line; this is a heuristic statement about a class of arguments, not a theorem.

14.3. The energy abscissa. For o > 1 let £,(X) = [ |(/E% (o +it)|? % and

op = inf {a > 1 limsup &, (X) < oo}.
X —00
Proposition 46. (i) Unconditionally, £;(X) — 1 for every o > ©; hence o < ©. (ii) If © > 3 is
attained, then E,(X) — oo for every o € (%, ©); hence o = ©. In particular, when © is attained,
RH holds if and only if op = %

Proof. (i) For Res = 0 > © every zero has Re(s — p) > 0 —© =:n > 0, so by (L1) of Lemma 12,
|log |Zx (o +it)|]| < C,X "L} 2,1+t = )72 < C, X "log(|t| + 3); for large X, |Zx|* <
(|t|4+3)'/2, which is integrable against dt/(1+t?), and dominated convergence gives & — 1. Here the
pole term of E'y is essential: without it the factor X 1= 6f the pole would make &, explode for o < 1.
(ii) Fix o € (3,©) and X. Polynomial growth. Zx = (/E% is entire (Lemma 10). On Res > 2,
¢ and log F% are bounded (for Kx(s — 1) and the trivial-zero terms use |E1(z)| < e”R¢#/|z],
Rez > 0). On o < Res <2, [t| > 1: [¢(s)| < [t['/? (convexity), the finite prime sum in log EY% is
bounded, Kx (s —1) is bounded by (L2) (with Zmax = 1) if Res > 1 and by the first part of (L3) if
0 < Res < 1, and the trivial-zero terms are bounded (proof of Lemma 11); the rest is compact and
Zx is continuous there. So |Zx(s)| < Cx(|s|+2)"/? on Res > o. Sub-mean-value inequality. Then
f=Zx/(s+1) is bounded and analytic on Re s > ¢ and continuous up to the line, so log|f(s1)| <
[log|f(c+ it)]PLgf) (t) dt for Re s; > o, where ng) is the Poisson kernel of Re s > ¢; and log |s + 1|
is the Poisson integral of its boundary values, because s + 1 has no zeros in Res > ¢ and grows

at most linearly. Hence log|Zx(s1)| < [log \ZX(U+it)|PS(f) (t)dt < 1log [ |Zx(o —H't)]QPS(f) (t) dt,

by Jensen’s inequality. Since Ps(f) (t) < Cgy /(1 +12), E,(X) > cs,|Zx(51)|?. Growth at one point.
Take pg = O + i1, and choose r as in part (b) of the proof of Theorem 6 and moreover r < © — o,
so that s; = po — r has Res; > 0. Part (c) of that proof uses only Lemma 12 and the position of
the zeros, not the half-plane, and gives log |Zx (s1)| > 3 Ei(r(log X —a)) — Cloglog X — co. Hence
E-(X) — oo. The last statement follows: under RH, © = 1 is attained and (i) gives op = 3; if
0> % is attained, op = © > % O
Remark 47. When O is attained, Proposition 46 is a mean-square analogue of the classical fact
that © is the abscissa of convergence of Y (A(n) —1)n™*: the energy of the Euler—Caceres quotient
on vertical lines sees exactly the real parts of the zeros. It does not make the bound easier: for
% < 0 < 1 the absolute series of the arithmetic expansion of &, diverges as in Lemma 43, so in the
whole region where the question lives only cancellation can help.
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Numerics. Table 12 gives log £,(X) for ¢ and for the Davenport—Heilbronn function f (Gauss-
ian weight gg of standard deviation 0.4, which is not compactly supported, with the prime sum
truncated at 4.5 standard deviations; |t| < 300). For ¢ the energy tends to 1 on every line, as Propo-
sition 46(i) predicts under RH for o > % and Corollary 9 on the critical line, where &, = /7.
For f it explodes on o = 0.5 and o = 0.6, below its off-line zero py = 0.8085 + 85.699i. On
o > 0.75 nothing is visible up to X = 10%, although f has zeros to the right of these lines: the
volcano of py must first overcome the weight w = 1/(7(1 + ’YJ%)) ~ 4.33 - 107" of its height. Using
the lower bound Ei(y), y = (8y — 0)log X, of Lemma 12(L4) for the volcano, a heuristic onset is
2Ei(y) ~ log m, that is, log X ~ 7.0, 10.6 and 40 for ¢ = 0.5, 0.6 and 0.75; this ignores the
width of the lobe and the shift log X — a, and is consistent in order of magnitude with the table.
The third value is out of numerical reach. The energy abscissa is an asymptotic notion, and a finite
computation sees it only for zeros that are low or far from the line.

X=10 10?2 103 10%

¢, o=05 0.018 0.010 0.007 0.005
¢,0=06 0.009  0.002 0.001 0.000
¢,0=07509,1,1.25 <0.003 0.000 0.000 0.000
f,o0=05 0.080 0.067 1.876 12.097
f,0=0.6 0.039 0.014 0.034 0.950
f,0=0.75 0.014  0.002 0.001 0.000
f,o0=09,1,1.25 <0.005 0.000 0.000 0.000

TABLE 12. log £;(X) on vertical lines.

14.4. Chebyshev’s identity at a zero. A proof has to use the integers and the primes together:
the Davenport—Heilbronn function has the additive structure and a functional equation, and Beurl-
ing systems have an Euler product with A > 0, and both can have zeros off the line; Beurling
systems whose integers satisfy N(z) = cz+O(2%) with 3 < § < 1 can even have zeros approaching
Res =1 [DMV]. The identity log = A 1 joins the two structures. With Ly(s) =), -ylognn™2,
Dy(s) = > k<, k7 and Py as in Section 13,

Ln(s) = Z A(m)m™*Dyyp(s), equivalently 2Ly(s)N~° = Z A(m) m™27 WH(N/m, s),
m<N m<N

where Wt (y,s) = 2Dy(s)y™® is the cross-energy wave of the integers at the scale y: on the line,
the logarithmically weighted wave at the scale N is the sum, with the weights A(m)/m, of the
integer waves at the scales N/m. The identity also holds in every discrete Beurling system; what
distinguishes ¢ is the integer side D,, whose counting error is O(1), and a proof along these lines
must use more of it than N (z) = cz + O(z?) for any fixed 6 > Z (Table 15).

At a zero the identity takes a special form. For a nontrivial zero p = f + iy and y > 1 write

. 17 —_
Dy(p) = Ay(y) + Ey(y), with Ay(y) = —yl_; — 1wy ?, n1ly) = {y} — %, the first two terms
of the Euler-Maclaurin expansion (there is no constant term because ((p) = 0). Let M(N) =

> m<n A(m)/m =log N — yg +r(N).

Proposition 48 (Chebyshev’s identity at a zero). For every nontrivial zero p and every real N > 1,
with log| N |! in place of log N! when N is not an integer,

3" A(m)m PE,(N/m) = Ly(p) — %Nl_”M(N) - N—P(@ +log N!),

m<N -p
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and, as N — oo through the integers, with c, = % + ’yElTpp — Ll

(1-p)?’
>~ Am)m P E,(N/m) = ¢,N' ™" = ¢'(p) = TE=N"""r(N)
m<N -P
1. - log2m _B-1
— SN ((N) = N) = 22N+ 0, (N7 log ).
Proof. In ) A(m)m~PA,(N/m) the power term gives ]\lﬂ:ppM(N), and in the sawtooth term the

twist cancels, m™?(N/m)~" = N~ leaving —N > A(m)y1(N/m). Since |y] =y — 1 (y) — 3,
Chebyshev’s identity >, o A(m)|[N/m| = log Nl gives > A(m)ip1(N/m) = NM(N)— FY(N)—
log N!. Subtracting from Ly(p) = >_,, A(m)m™Dy/pn(p) gives the identity. For the asymptotic,

Ln(p) = —C'(p) + Nl_lp_lng - (]1\[_1;;2 +IN"Plog N + O,(NP~llog N) (differentiate the Euler—

Maclaurin expansion of Dy; the error is O(|p|N~?~1tlog N) for N > |p|?), log N! = Nlog N —

N + $log2nN + O(1/N), and ¢(N) = N + (¢(N) — N); the terms N'~?log N cancel because
1 p

T~ T 1 =0, and the terms %N “Plog N from Ly and from Stirling’s formula cancel. O

The zero removes the twist from the sawtooth and from ((s)Pn(s), and what remains of the
primes is untwisted: 7(N) =71 (N) —ro(N) with 7 (N) = (¢(N) — N)/N and ro(N) = [ (¥(z) —
z)x?dz, since 1 + [[°(¥(x) — 2)z~2de = —yp. Let T(N) = NP~13 v A(m)m™PE,(N/m), a
quantity computed from the primes and the integers up to V.

Corollary 49 (a criterion at one zero). Let p1 = 5 +iy1 be the first zero (which lies on the critical
line). Then RH holds if and only if T,,(N) = c,, + O(N~"Y?+2) for every e > 0.

Proof. By Proposition 48, T, (N) — ¢,, = —(w + 3)r1(N) + wra(N) + O(N~/2) with w = p1 /(1 —
p1) = p1/p1. Since 71,79 are real and Imw = v;/|p1|? # 0, the imaginary part controls r; — 73 and
then the real part, —3r1 —Rew (r1 —r2), controls r1; so the condition gives ¢)(N)— N = O(N1/?te),
which is RH. Conversely RH gives 1,73 = O(N~1210og? N). The same proof works at any zero
known to lie on the line. g

The criterion is, by this linear algebra, the classical estimate 1(z) — z = O(2'/?*¢) in another
form, and the zero plays no decisive role; we do not claim more. What the identity adds is a
description of the twisted sum. At large scales E,(y) = —5B2(y)y """ + O(|p[>y=772), with B
the periodic Bernoulli function (a nontrivial statement for y > |p|?; numerically the error is much
smaller), and there the twist cancels again, m="(N/m)~P~1 = N=°=tm: the primes m < 27N/|v|

contribute an untwisted sum, of trivial size about %N 1/2 " which is itself a sum of the type of

(x) — x. At the scales 1 < y < |y|/27 the approximate functional equation [T, Thm. 4.13] with
z=y,y = |v|/(2my), and {(p) = 0 give, on the line,

Ey(y) = —X(p)Dpyijamyy (L — p) + Oy~ + (w/IW)3),  C(s) = x(s)¢(1 — s),

so there the kernel is the dual Dirichlet polynomial of the functional equation (the error is O(1)
near y = |y|/2m). Hence, for large ||, the twisted sum is carried, up to an untwisted part of relative
size O(1/]]), by the primes m € (2rN/|v|, N], twisted by m~ and weighted by the dual sum at
the length |y|m/(2nN); for p; the untwisted part is still visible (17.7 against a total of modulus
82.0 in Table 13), for pioo it is 0.23. RH is the statement that this sum, of size about |c,|N1/2,
is determined by ¢, and ¢’(p) up to O(N¥). For a single twist m~" the best known cancellation
in sums over primes is that of the Vinogradov-Korobov zero-free region; combinatorial identities,
bilinear forms and the large sieve give power savings only for additive twists or on average over
characters or heights. Numerically, Vaughan’s identity with U = V = N3 splits the sum at p;
into pieces whose moduli, after the main term ¢, N1~ is removed from the first, are 34.5, 15.6 and
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19.3 at N = 107, while the total differs from ¢,N'=# by a number of modulus 0.74, mostly the
term —(’(p1), of modulus 0.79: each piece carries the resonance Y, u(d)d=? ~ logU/{'(p) of
1/¢ at the zero (its modulus is 6.27 at U = 10% and 14.9 at U = 10%, against log U/|(’(p1)| = 5.81
and 14.5), and the information is in the cancellation among the pieces, not in any one of them.
Whether the structure of the kernel can be used is the question this formulation raises.

p1 =5 +14.1347i  pigo = & +236.524i

both sides of Prop. 48 —43.6987 4 69.40087 —70.9887 4 38.9334:
|c,|N1/2 81.5 77.2

right side: part from r(N), ¥(N) — N —0.157 + 0.118¢ —0.176 + 0.086¢
lleft side, m > 27N /~| 92.1 80.7

left side, m < 27N /~| 17.7 0.23

S en Am)m=Y2|E,(N/m)| 707 2300

TABLE 13. Proposition 48 at N = 10°. The identity holds to all printed digits; the
part of the prime sum that carries the error term of the prime number theorem is
of order 1, against a main term c,N 1=r of order 10? and a sum of absolute values
of order 103.

Which part of the integers the kernel uses. At a zero the kernel has the exact form
00 —p— 1-s _ 0o _s— .

Ey(y)=p [, tr1(wu’ Ydu (from Dy(s) — ((s) = 4= — 1 (y)y* + s [, Yr(w)u Ldu, valid for

o> 0), and ¢ (u) = —2 > k>18in(2mku) /k. Let EgK) be the kernel built from the first K modes of

the sawtooth and SU)(N) the corresponding twisted sum. When y < |y|/(27k) the mode k has a
stationary point at u = |y|/(27k), which produces the k-th term of the dual sum; the modes with
k > |v|/27 have no stationary point on [1,00) and contribute endpoint terms only. Since S grows
like N'/2, we write S —S) = 5 N'=P 4+ Ry (N). Replacing A by its mean shows that the omitted
modes shift the constant ¢, of the main term by

e ) (K)_ __ P 1/“" o1y
g =cp—cy, c, ﬂ(l—p)l;(k 1 sm(27rkv)(v v )dv,

summed over all k this gives ¢, (with 2000 modes, to 10~ at p; and 3 - 1072 at p1go), and we
compute dx in this way, without fitting. Ry is the part that can reach the terms of order 1.
These carry the prime error, the part —fple_Pr(N) —3N~P(y)(N) — N) of Proposition 48, whose
modulus is about 0.085, 0.09, 0.20, 0.22 at N = 10%,...,107. Table 14 shows the same pattern at
both zeros: Ry is of the size of the prime error for K < |y|/2m (K < 2 for p;, K < 38 for pigo),
below it by a factor of about 3 or more from K =~ 1.3]vy|/27 (K = 3 and K = 50), and below it by
about an order of magnitude for K = 10 and K = 100. The count of about |y|/27 modes follows
from the stationary-phase argument above, whose stationary points u = |y|/(27k) depend only on
the height; since the same kernel s fyoo Y1 (u)u=*"du appears at every s, it is a property of the
height rather than of p being a zero (the computations were done at zeros).

Remark 50 (Selberg’s formula at a zero). The same computation works at every order. Let Ay =
Alog+A * A = pxlog? > 0, so that logZ = Ay x 1, and let Qn(s) = anNlogznn_s, Msy(N) =

Y omen Na(m)/m, Yo(N) = 37 N Aa(m). Since >y Aa(m)[N/m]| =37 log® n, the proof
of Proposition 48 gives, at a zero,

5 Aalm) P E,(N/m) = Qup) = 2N () - N (P 4 3 g2
m<N n<N
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K |6 k] N=10* 10° 105 107
p1 (|y]/2m = 2.25) 1 33-1072  0.162 0.054 0.425 0.268
2 7.3-107%  0.062 0.066 0.124 0.170
3 24-107%  0.021  0.011 0.069 0.079
5 5.8-107% 0.006 0.019 0.011 0.051
10 7.9-107° 0.009 0.010 0.002 0.017
20 1.0-107°  0.008  0.001 0.005 0.004

prime error  0.085 0.094 0.197 0.223

poo (|7]/2r =37.6) 20 3.0-1073  0.167  0.275 0.240 0.276

38 1.3-1073 0.170  0.054 0.082 0.098

50 2.9-107* 0.029 0.009 0.005 0.050

100 2.6-107° 0.006 0.013 0.012 0.011

200 3.0-107° 0.001 0.003 0.004 0.010

prime error  0.085 0.093 0.196 0.222
TABLE 14. Truncating the sawtooth at K modes in the kernel of Proposition 48:
the shift dx of the main-term constant, computed from the omitted modes, and the
remainder |Rg (N)| = |S—SH) — 5 N1=°|; the rows “prime error” give the modulus
of the part of Proposition 48 that carries r(N) and ¢(N)—N. For comparison |S(N)|
is 82.0 and 81.0 at N = 10% and 257 and 241 at N = 10”. Quadrature accurate to

about 0.003; smaller entries are not significant.

(both sides are —1115.7505+1838.7384i at p1, N = 10°): the twist cancels again, and what remains
of the primes is Selberg’s sums 5, Mo without twist. The positivity Ao > 0, together with Selberg’s
formula 19 (x) = 2z log z+ O(x), is the engine of the elementary proof of the prime number theorem
[Se], [Ex]. But the identities log® = Ay *1 and the positivity Ay = p*log® > 0 hold in every discrete
Beurling system, where RH can fail.

What the ingredients give. Table 15 collects what is known about the ingredients used in
this section, for discrete Beurling systems 1 < p; < pa < --- — oco. In the notation of [BDR], such a
system is an [a, f]-system if, for some ¢ > 0, ¢(z) = 2+0(z*") and N(z) = cx+O(25+) for every
e > 0 and for no ¢ < 0; the ordinary integers form a [O,0]-system, © = sup Rep, and RH is the
statement © = % In this and the next subsection we keep the notation of [BDR]: /3 is the exponent
of the integers, not the real part of a zero, which we write Rep (in [CE3] the same exponent is
called b). We write Ap = p * log, which is > 0 in every such system by Akt = Aglog +A x Ay.

So, unconditionally, no estimate N (z) = cz+O(z”) with 6 > 2 gives RH together with the Euler
product and the identities above, and if the conjecture of [BDR] holds, no estimate with a fixed
# > 0 does; a proof must then use the integers more precisely: through the sawtooth 1, which by
Poisson summation yields the functional equation, together with the Euler product. Chebyshev’s
identity at a zero uses | N/m| exactly, but the identity for all N is just Ax1 = log, and Chebyshev’s
argument from it (Stirling’s formula and positivity) gives only ¥ (z) < z and Mertens’ estimate.
Table 14 shows which modes of the sawtooth the kernel at height v needs for the part of order
1: about |y|/27 of them, the dual sum of the functional equation, the others changing only the
constant of the main term. A mechanism that couples these modes with the positivity of the Euler
product is what this section points to, and we do not have one.

14.5. Beurling systems with the zeros of (. The systems of [BDR, Thm. 1.3] in the third row
of Table 15, which are constructed under RH, are not built from a continuous model: they modify
the rational primes [BDR, Sect. 5]. For % <a< % and o?—Jf‘Q <B< % the numbers p'/#, p prime,
are added to the primes, and a set S of rational primes with ms(z) asymptotic to Li(z®) is removed
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ingredients do they force RH?

additive structure and functional equation no: the Davenport—Heilbronn function

Euler product, Ay > 0, log® = A, %1 for every k, no: [a,3]-systems exist for every a € [0,1),

integers N(z) = cz + O(zP+¢) with 3 > £ B € [3,1) [BDR, Thm. 1.1]; zeros near Re s =
1 [DMV]

the same with 2 < 8 < 1 no: under RH, [BDR, Thm. 1.3] gives [«, /]-

systems with % < a< 3, j—fQ < B < ;,

whose zeta function has a zero at s = a and
every zero of ¢ (Section 14.5); if RH fails, the
integers themselves

the same with 8 < % open, even under RH; [BDR] conjecture that
every pair with max{a, 8} > % occurs
every discrete system max{c, 3} > 1 [Hi]

TABLE 15. Ingredients and what is known about them.

(the precise condition is below), so that

o) — SDC/8)
Cs(s)
For the set S that we use below (a prime p is in S when | F'| jumps at p, F'(z) = Zp<z p>~1, so that
Ims(z) —F(z)| < 1), H(s) =}, (—1s(p)log(l—p~*) +log(l —p~(T1=9)) is analytic in Res > &
the terms of first order are [u *d(ms — F'), which converges for Res > 0 by partial summation,
and the others converge absolutely, because ms(x) < 2% and 2(Res+ 1 — «) > 1. (In [BDR] the
set is chosen at random, with a bound for H; we do not prove their bound for our deterministic
set.) Hence, in Res > 5, (p has poles at 1 and 3, a simple zero at the real point «, from the pole
of ((s+1— «), and the zeros of ¢ there, since under RH ((s/3) and ((s + 1 — «) do not vanish in
that half-plane. In particular such a system has the zero p; = % + 14.1347i of ¢ (unconditionally,
since Re p1 /8 > 1 and ¢ has no zeros off the line below height 3-10'2), it has A > 0 and log = A %1,
and, under RH and for the random sets of [BDR], its integers satisfy N(z) = cx + O(2%*¢) with
b < 5 [BDR Thm. 1.3], the pole at 3 contributing a term ¢’z®. The question of Section 14.4 at
p1 is therefore asked of a system that shares p; with ¢ and has an off-line zero. The following
proposition shows what the identity at a zero contains in any Beurling system.

(s(s)=C(s+1—a) eH(s),

Proposition 51 (Chebyshev’s identity at a zero of a Beurling zeta function). Let a discrete Beurl-

ing system have integer countmg function Np(x) = cx + R(x) with ¢ > 0 and |R(x)| < Cra® for

x>1,0< B <1, so that (p(s fl x~%dNp(zx) is meromorphic in Re s > [ with a single pole, at

s=1. Let p # 1 be a zero of CB with Rep > . With Dy(s) = > <, b7, Ln(s) = >y yloghb™®

and T(N) =Y,y logb over the integers b of the system, M(N) =5 -y Ap(m)/m and E,(y) =
o] —p—1 -

—p fy R(u)u™P du:

(i) for everyy > 1, Dy(p) =

(Y)y~* + Ey(y), and

3" Ap(m)m E,(N/m) = Ly(p) — % ¢ NY"PM(N) — N~PT(N);
m<N -P
(ii) if [[°(vp(x) — x)z~2dx converges, write M(N) =log N + kg + r(N) with r(N) — 0; then
B _1 . . . .
T (N), NP~% times the sum in (i), satisfies
p

BNy — (1 e -1 6-1 _of1- L _PEBY,
TB(N)=C, 1_pcr(N) Cp(p) NPTL40, (NP~ log(N +1)), Cp—C(l (1= )2 1_p)’
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(iii) of B < % and Rep = %, then Tf(N) -C, = O(N—Y2*2) for every € > 0 if and only if
Yp(x) —x = O(x'/?*%) for every e > 0.
Proof. (i) Since Np(17) = 0, partial summation gives, for Res > 1 and then by continuation for

Res > 3, (g(s) =c+ -5 + s [ R(u)u*"'du and

Dy(s) = Cals) + S

—S

+ R(y)y—° — s/oo R(u)u™ "t du;

put s = p. Then log = Ap x 1 gives Ln(p) = >_,, Ap(m)m™"Dy/p,(p); the power terms give
%M(N), and in the terms R(N/m)(NN/m)™" the twist cancels, m™?(N/m)~" = N7, leav-
ing N=*> Ag(m)R(N/m) = N=?(T(N) — ¢cNM(N)) by >, Ag(m)Np(N/m) = T(N). (ii)
Differentiating the formula for Dy(s) at s = p,

ch_plogN cN'=r _ R(u logu
Ly(p) = —Cp(p) + 1—p I 5 T R(N)N plOgN"‘/ ,0+1 / ot
and T(N) = ¢(NlogN — N +1)+ R(N)log N — fl u~tdu. Substituting in (i) with M(N) =
log N+kp+7r(N), the terms N'~?log N cancel because 1%0_@_1 = 0, the terms R(N)N~"log N

cancel, and what remains is C,N!'77 — 1%ﬁ)c]\flf"’r(]\f) — (z(p) — cN~P plus N=° le R/u and
the two tail integrals, which are O(N#~RePlog(N + 1)) by |R(u)| < Cru®. Multiply by N°~L.
(iii) By (ii) TB(N) Cp = —7er(N) + 0( —1/2), and p # 0. If 7(N) = O(N~Y/?*¢), then

Yp(N) = f1 r)dr = N+ Nr(N fl z)dr+0(1) = N + O(N'/2+9); conversely,
Vp(r) —x = 0( 1/2+5) gives T(N) = 7¢B<N> — I 71"35;) Ldr = O(N~1/2te), O

For the integers (¢ = 1, R( ) = —¢1(u) — 3, B = 0) the sum in (i) is that of Proposition 48
plus %N “PY(N), Cp =cp + , and (iii) is Corollary 49 at any zero on the line. What (iii) adds is
that, as soon as the integers are better than /z, they enter the remainder of the identity only at
order NA—1 log N, below N —1/2. in that range the identity at a zero on the line is a rewriting of
the prime error, whatever the integers are. The size of the integer error can therefore not be what
forces RH through this identity. What the identity does contain is the kernel E,, which is built
from the exact shape of R, and a proof along these lines has to bound the left side directly.

A computation. We built the system above with a = 0.6 and g = 0.47 > f—fZ = 0.4615
up to N = 3-107. The set S has 6360 primes below 10%, against 1i(103%) = 6364, beginning
3,7,13,23,41,61,...; there are 20859 734 integers below 3 - 107, the products nkl/B with n free
of the primes of S. From the primes up to 10%, ¢ = ((1/8) HpES(l —p~1) = 0.69529746, which

agrees with ¢(1/8)/(C(2 — a)ef’M) to 8-1071%; ¢ = ¢(B)/(C(B+1 — a)efl®)) = 0.23799, ¢5(p1) =
C'(p1)C(p1/B)/Cs(p1) = 0.89145 — 0.23690i and Ci(a) = ((@)¢(a/B)e (®) = —11.5733. The
identity (i) holds at N = 10% to ten digits at p; and at o. Table 16 and Figure 7 compare the
system with the integers at the same zero p;. For the integers N'/2|T, (N) — C,, | stays near 0.8,
and (ii) predicts it to 3-10*N~1/2, For the system it grows like N~ 1/2: the prime remainder (N
follows N®~1/(1 — a) — N8~1/(1 — B), the contribution of the removed and of the added primes,
and (ii) predicts Tff to within 0.21N~1/2, of the size of the error of kg, for which ¥z beyond 3-107
is replaced by its main terms. The integers of the system follow cx + ¢/z?, with (Np(z) — cz)/x”
fluctuating around ¢ by about 0.1 at = 10* and 0.01 at 3 - 107.

At the real zero the identity has no twist at all: every factor m~=*(NN/m)~ is real, there is no dual
sum (the count |y|/27 of modes of Section 14.4 is 0), and the zero is seen directly in the untwisted
part. By (ii) the remainder is KN* ! up to lower-order terms, with K = —(1 ok — (pla) =
—2.607+ 11.573 = 8.966, the first term from the removed primes and the second from the zero; the
convergence is slow, with relative corrections of order N~ and the data follow the full prediction
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NY2|T, (N) - C,,| 7(N) of the system

N integers  system = computed Al’i: — A{Z; Np (xZ_CN
105  0.712 2.251 0.02105 0.02067 0.260
106 0.845 3.210 0.00879 0.00878 0.238
107 0.784 5.576 0.00356 0.00361 0.245

3-107  0.789 7.136 0.00236 0.00235 0.248

TABLE 16. Chebyshev’s identity at p; = % + 14.1347:; for the integers and for a
Beurling system of the type of [BDR, Thm. 1.3] with @ = 0.6, § = 0.47, which has
the same zero p; and a real zero at 0.6. Values at the nearest of 160 logarithmically
spaced N; ¢ = 0.238.

(a) at p1 = 1 + 14.13i: remainder = N®~%, not N~12 (b) at the real zero s = a = 0.6: every term real (c) the integers: Np(x) = cx + c'x® + ..., B=0.47

—— Beu of BDR type 9.0 7

8.5

8.0 1

751

7.0

6.5

6.0 1

" ”VW"V‘\I"'\N\/‘AW*\/WV\’J\'W"M 1

5.0 5.5 6.0 6.5 7.0 75 5.0 5.5 6.0 6.5 7.0 75 4.0 45 5.0 5.5 6.0 6.5

— (TalN) = CaliN" !
---- predicted

limit K = 8.97 018 -

— (Na(x) - cx)ix¥
theprimesand o) a4 VL ! =0.238 (pole at s = 0.47)

45

logio N

logio N

FIGURE 7. A Beurling system with the zeros of ( and a
(B = 0.47). (a) NY2|T, (N) — C,,| for the system and for

logiox

real zero at a = 0.6
the integers, with the

prediction of Proposition 51(ii) (dashed). (b) At the real zero: (T2(N)—Cy)/N*1,
the prediction and its limit K. (c) (Ng(z) — cx)/2” and ¢’

to 1% (Figure 7b). At p; the same removed primes enter through r(NV), which is untwisted, so the
system violates the condition of (iii) at a zero that it shares with ¢, although its integers are better
than y/z and A > 0.

Three controls. Table 17 sets the system beside the other two controls of the paper. The
Davenport—Heilbronn function has the functional equation and no Euler product; the Beurling
systems have the Euler product, A > 0 and Chebyshev’s identity, and those of [BDR] even have
integers better than \/x and every zero of ¢, but no functional equation of the type of { is known
for them. Each control has an off-line zero. A proof of the bound, or of RH, must therefore use the
functional equation and the Euler product together; by Proposition 51(iii) the size of the integer
error, however small, cannot replace the functional equation. The controls are studied in more
detail in [CE46].

A quantity in which ( cancels. The functional equation suggests a combination of the
two ingredients that does not contain ¢ at all. For s* = 1 — 3, |¢(s*)| = |{(s)]/|x(s)], where
C(s) = x(s)¢(1 — s), so the reflection asymmetry

Dx(s) :=log|Zx(s)| —log|Zx(s")| = log |x(s)| —log |EX (s)| + log | Ex (s")]|

is built from the primes and the Gamma factor alone; numerically the two expressions agree to
2-10713, and also for the Davenport-Heilbronn function (Figure 8d). It might seem to couple the
Fuler product with the functional equation, but by Lemma 10, reindexing the zeros by p+— 1 —p
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functional Euler product, integer error zeros of ( on off-line
equation A >0, o(z?), p < % the line Zero
log=Ax1
Davenport— yes no — no yes
Heilbronn
Beurling [DMV] none known  yes no no yes
Beurling [BDR, none known  yes yes yes (under yes
Thm. 1.3] RH)
¢ yes yes yes (8 =0) — RH

TABLE 17. The three controls and ¢ (see [CE46]).

(legitimate by absolute convergence),

s) =Y hx(s—p),  hx(w)=—Re[Kx(w)— Kx(-w)],

the same kernel for every zero and for every function with such a factorization. So Dx records the
zeros in the same way for ¢, for f and for a Beurling-type toy without functional equation (Figure 8):
an off-line zero appears in it through the same kernel whatever the function, and the identity alone
gives no reason for the zeros to be on the line. Its prime side contains E% at Res* < %, where the
prime sum is large and the pole barrier of Remark 45 reappears. (The identity is proved for ¢; the
figure is numerical, script reflection_asymmetry.py; for f we do not prove the factorization, and
for the toy, whose only zeros are pp and pp, it is exact by construction.) Weil’s form, next, is the
classical exact form of the coupling.

14.6. Weil’s positivity: the primes against the Gamma factor. The coupling that Table 15
asks for has a classical exact form, Weil’s criterion [W2]: RH holds if and only if Q(f) > 0 for every
f € C®(R). For real f, with G = f x f (f(u) = f(—u)), which is even, and ®(z) = f(z)f(—z), the

entire function equal to |f(r)|? for real r,

Q) = @(3) + 0(—5) + Ax(G) =2 ) A(n)n~2G(logn),
n>2
and, by the explicit formula, Q(f) = >_, ®(t,), tp :== (p — 3)/i (so t, =, for a zero p = 5 + i,
on the line, and ¢, = v — 6 for a zero p = 8+ iy off it, v > 0,6 = 8 — f) Real f sufﬁce Q is
real and symmetric on real functions and Q( f1 +1 fg) =Q(f1) + Q( f2) The archimedean term,

which carries the functional equation, is Ao = f O(r (Re T ( ) — log 77) dr, and for G
supported in [—/, (] it equals

2dzx
1—e 20’

¢
Ax(G) = G(0)( — vg — logm — log(1 — 6_23)) +/0 (G(0)e %" — e_x/QG(x))

’ /4
from Re FT(% + ") = —YE + f — lt_efi’s(n/ 2) 4t. With these normalizations and a Gaussian G

of width %, for which the prime term is 0.51, the explicit formula agrees with the first 1000 zeros

to 3- 10716, Two limiting cases connect this with the rest of the paper. The kernel of the cross-

energy is G for G(u) = e~ 14/2: Cy(o0, 3 +it) = = G(t), and unconditionally @(tp) = ﬁ,

so the lower bound »_ Cs(c0,p) = 2+ yg — logdm of (11), which is Cramér’s constant if all

1t2

zeros are simple, is > G(tp). This G is not admissible in Weil’s criterion (G has poles at +1,
and S A(n)n"12G(logn) = 3. A(n)/n diverges); it is the limit of e~ @l Likewise the law
of Theorem 2 is nm(,y)CAJSO (v) with Gy, = Py, Guo(u) = %67(007%”1"7#0“, admissible in the
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(a) C: Dx(s) = log|Zx(s)| = log|Zx(1 = $)|, from primes and x only (b) Davenport-Heilbronn: functional equation, no Euler product

50

451
401 2 86 |
35 1 871
0 ~ 861
25 1 -1 851
20 1 -2 84

-3 83

-4 82 T y u
0.5 0.6 0.7 08 0.9 1.0 11 12 0.5 0.6 0.7 0.8 0.9 1.0

o o

(c) Beurling-type toy: positive primes, no functional equation (d) check: Dy is computed from primes and y alone

3 107 4

10-5

|primes-only formula - direct formula|

— 7,0=0.7,10<t<50
107 4 DH, 0= 0.7, 82 < t < 90 (shifted by —72)

0.5 10 15 20 25 30 35 40 45 50

FIGURE 8. The reflection asymmetry Dy (s), X = 103, Gaussian weight of standard
deviation 0.4. (a) ¢, from the primes and y only; circles: zeros. (b) The Davenport—
Heilbronn function near its off-line zero (star), from its coefficients and its x. (¢) A
Beurling-type toy with the nonnegative prime measure (1 —2Rez”2~!) dx/logx on
[16,00), pp = 0.75 + 207 (star), and no functional equation, from its two zeros. (d)
Difference between the primes-only formula and the direct one on ¢ = 0.7.

explicit formula only for oy > 1; it weighs an ordinate by k,, rather than by m, and it is k; times
the zero side of the explicit formula only if all zeros are simple.
We computed @ from the pole, the Gamma factor and the primes, without the zeros, on functions

supported in [—%, %] (so that G is supported in [—¢,¢] and the primes up to e’ enter), in the basis

ej(u) = sin(jm(u+ %)/ﬁ), j < J: for J = 40 with 80 digits and for J = 60 with 130 digits (mpmath).
The pole and prime entries are in closed form; the archimedean entries are computed by Gauss—
Legendre quadrature (40 nodes on panels of width 0.05). Table 18 gives the smallest eigenvalue
of Q/||f||* on the span of ey,...,es, with and without the prime term. Since these spans increase
with J, every entry is an upper bound for the infimum over all f supported in [—g, %]

The pole and the Gamma factor alone stay positive somewhat beyond the entry of the prime 2:
in double precision with J = 40, 80 and 120 their smallest eigenvalue changes sign at £ ~ 0.745
for odd f and at ¢ = 0.82 for even f, and it is negative and decreasing from there on (Table 18).
With the prime term the smallest eigenvalue on these spans is positive; it falls from 1076 at ¢ =1
to 4.0 - 10764 with J = 40 and 4.8 - 10787 with J = 60 at £ = 5, and keeps decreasing as .J grows.
These near-null directions are consistent with the very small eigenvalues of Weil’s form on a fixed
interval found by Connes and Consani, whose eigenvectors are built from prolate spheroidal wave

functions [CC2] (we have not compared our eigenvectors with theirs). For the archimedean place
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pole + I' + primes, J =40 pole + I' + primes, J =60 pole + I' only, J = 40

12 e f even f odd f even f odd f even f odd
1.00 2.7 1.06-107¢ 2.30-107* 1.04-107% 220-100* —0.030 —0.313
1.25 3.5 3.06-1071° 1.18.-1077 3.03-107'° 1.16-1077 —0.152 —0.576
1.50 45 571-1071%  4.41-107'2 4.41-107' 3.81-107'2 —0.301 —0.819
2.00 74 4.80-107%% 524-107%° 1.08-107%° 3.29.-107%% —0.577 —1.307
250 122 3.89.-107%® 264-107% 5.08-107% 3.74-107% —0.811 —1.877
3.00 20.1 2.70-107% 4.69-107* 9.19-107°® 5.73.107°° —1.019 —2.607
3.50 33.1 1.08-107°' 6.52-107% 6.33-107%7 2.36-107%* —1.211 —3.573
400 54.6 564-107°% 5.33.107°% 1.36-1077* 4.44-1077% —1.39%4 —4.862
5.00 1484 3.96-107% 3.87-107%2 4.80-10"%" 1.58-107%% —1.750 —8.844

TABLE 18. Smallest eigenvalue of Weil’s form on the span of eq,..., ey, functions

supported in [—%, %] The entries are upper bounds for the infimum, and for £ > 2

they are far from converged in J. At £ = log2, where no prime enters, the smallest
eigenvalue is 1.42 - 1073 for f even with J = 40 (1.36 - 1073 with J = 120, double
precision).

alone and supports that admit no prime, [CC] give a conceptual reason for positivity, and [CCM]
relate the zeros to a semilocal prolate wave operator. These numbers are not evidence for RH
beyond what is known: Q(f) for such f is governed by the low zeros, which are known to lie on
the line, and positivity on a finite-dimensional subspace at fixed ¢ is not Weil’s criterion. They
illustrate what the criterion demands: on these directions the prime sum must cancel the polar and
archimedean terms, the latter encoding the functional equation, to within these margins, for every
¢. The positivity of A alone does not provide this (Table 15); what matters are the exact values
and positions of the prime powers. Weil’s form at the windows of the zeros, at large height and
with two windows, is studied numerically in [CE19].

15. CONCLUSION

The function-field model shows what makes the bound true where RH is known: a square-root
estimate for the prime sums of each degree (Weil, via Frobenius), turned into control of the energy
by an absolutely convergent form because all primes of one degree share one frequency. A proof
over Q that follows this route cannot work: the bound is equivalent to RH, and the corresponding
quadratic form in the primes is not absolutely convergent (Lemma 43). Under RH its convergence is
a cancellation phenomenon among primes in windows of bounded logarithmic length, and we do not
know how to control that cancellation without the zeros. This suggests, but does not prove, that a
proof would need a mean-value principle for Dirichlet series whose length is unbounded compared
with the height. Chebyshev’s identity at a zero (Section 14.4) gives the same requirement a concrete
form: square-root cancellation in one twisted sum over the primes in (27 N/|v|, N], weighted by the
dual polynomial of the functional equation. The Beurling systems of Section 14.5 share the zeros
of ¢, have integers better than \/x and A > 0, and still have an off-line zero: the identity at a zero
only restates the prime error, and what separates ¢ from them is the functional equation. Weil’s
form (Section 14.6) makes the demand quantitative on a fixed interval: on its near-null directions
the primes up to e’ must cancel the pole and the Gamma factor to within less than 10786 at £ = 5,
which the positivity of A alone cannot provide. The reflected cross-energy, which separates the two
controls and gives a finite-matrix form of the restricted Weil criterion, is studied in [CE3].

Theorem 7 removes the last hypothesis from the equivalence: RH holds if and only if Bx(sg) <
X°¢ at one point with Re sy > 1, equivalently if and only if log|Zx(s)| < CsX¢ on compact subsets
of Res > %, a one-sided bound for the tail of the Euler product beyond X. By Landau’s theorem
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the one-sided bound is not weaker than the two-sided one, just as ¥ (z) — z < 237 is already
equivalent to RH; the problem is unchanged in strength, but it no longer depends on whether ©
is attained. Coupling the bound with the reflected cross-energy of [CE3] does not change this: its
oscillating part is (K with an explicit carrier Ky, so the Euler-Caceres bound of (Ky/E% is
that of (/E% plus the explicit Blaschke term of the zeros of Ky.

16. OPEN PROBLEMS

1. The bound. Prove Bx(sp) = O(1/log X) for one so. By Corollary 3 this is RH; Section 14
explains why the function-field route does not transfer. Unconditionally only 0 < Bx(sp) <
VX /log X is known for Resg > 1 (Theorem 26); by Corollary 8 already a bound Bx(sg) <. X¢
for every € > 0, at one such s, is equivalent to RH. In the form of Corollary 9 it is a mean-value
statement for |(/E%|? on the critical line with a fixed weight and an Euler factor of growing length,
the opposite regime of the mollifier methods of Levinson [Le] and Conrey [Co], and related to the
hybrid Euler-Hadamard products of Gonek, Hughes and Keating [GHK]. A proof must distinguish
¢ from the Davenport—Heilbronn function, for which the bound grows, and from Beurling systems
with an off-line zero, which have an Euler product but not the integers; positivity of A(n) alone is
not enough, since every nonnegative trigonometric polynomial carries a constant term that meets
the pole (Remark 45).

2. The interaction of the wells. Bound Zx(sp) in Theorem 5 by O(1); under the gap
hypothesis of Section 8 it is O(loglog X) (Theorem 21), and O(1) would follow from E(d) = O(1/d)
for the two-well function with a bound for the interactions of three or more wells. Prove the
asymptotic of E(d) and identify its constants. Make (10) a theorem for a < 1 under RH, explain
the excess near o = 1 in Figure la, and find the nonlinear part of the interaction.

3. Simple zeros at height 7. With the centre at height 7', Corollary 3(b) becomes a local
test for multiple zeros near T'. Quantify the dependence of X on T needed to detect a double zero.

4. © not attained. Theorem 7 gives growth along a sequence without attainment. Remove the
attainment hypothesis in Theorem 6, that is, prove growth for all large X, which would give the
liminf form of Corollary 9 unconditionally; Remark 25 describes the cluster obstruction heuristi-
cally.

5. The exponent. Prove limsupy log Bx(so)/log X = © — 1 for Re sy > 1. The lower bound

is Theorem 7; the upper bound Bx(sg) < X ©-3+< would need control of clusters of off-line zeros
at large height, which zero-density estimates do not give pointwise.

6. Integers better than z2/°. Assume RH. Is there a discrete Beurling system with N (z) =
cx + O(zP) for some < % (in particular with O(z®) for every € > 0) whose zeta function has a
zero with real part > %? For % < B < % there is [BDR, Thm. 1.3], with every zero of ¢ and a real
zero (Section 14.5), and [BDR] conjecture that there is for every 5. In the form of Section 14.4:
by Proposition 51(iii), for integers better than /x the identity at a zero on the line is a rewriting
of the prime error, and a system of the type of [BDR] violates it at the zero p; that it shares with
(. The question is therefore whether the left side of Proposition 48 at p1, the twisted sum of A
with the kernel E,, of the integers, can be shown to be c,, N'=°1 + O(NY/2+€) from A > 0 and the
structure of that kernel (its first < |y1| sawtooth modes, the dual sum of the functional equation),
without the zeros; the size of the integer error alone is not enough.

APPENDIX A. THE DIRICHLET FLOOR

The following barrier, stated in the introduction, is why the mollifier of this paper is not a
Dirichlet polynomial. Let 4 be the probability measure dt/(2w(3 + t2)) on the critical line.
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Proposition 52 (the Dirichlet floor). Let M(s) =}, < ann™* with M(1) # 0. Then
1M+ it)? dp(t)

p 1
1 ‘7‘<71 M), M > 1+ co,
Z og -, _2ogR( ) R(M) 1M (1)2 = L+c
Rep>%

co =3 (1= k(k+1)log? (1+ })) = 0.0803270..
E>1
In particular Jensen’s inequality with o Dirichlet-polynomial mollifier cannot bound the left side,
which vanishes under RH, by less than 1 log(1 + cy) = 0.0386.

Proof. Let F(s) = (s —1)((s)/s. Poisson-Jensen for FM in the half-plane Res > £ at s = 1 gives
[log |FM|du > log |M(1)| + 2 Rep>110g|p/(1 = p)], since the zeros of M and a possible singular
2

factor only increase the left side; and [ log |FM|du < %log [|FM|*du by Jensen’s inequality, with
|F| = |¢| on the line. For the lower bound, ((s)/s = — [;°{1/z}a* 1 dx for 0 < Res < 1, so
by Plancherel [ [(M[*dp = [7° |h(u)*u? du with h(u) = >, anfu/n} = M(1)u — S(u), S(u) =
> m<u(@x1)(m). On (0,1), h = M(1)u contributes |M(1)|>. On [k, k + 1) the step function S is
constant, and

/:H M@ = SE 4, > (1) min /:H (1= %) au= )P (1 - kG + 1) 10g? (14 1) ).

u c

Summing over k gives R(M) > 1+ co. O

Status: proved (elementary); it first appeared in version 3 of [CP]. The terms of ¢ are 15z +O(k™3).
With M (1) = 1 the mollifier must approximate the line u by a step function with jumps at the
integers, and the sawtooth costs co: the loss comes from the passage from log |-| to |-|? and from the
discreteness of the integers, not from the arithmetic of (. It is the analogue, for the whole critical
line, of the constant ¢(f) > 1 that limits the method of Levinson and Conrey. The coefficients
a = p b with by, = Sy, — Sm—1, Sm = m(m + 1) log(1 + %), attain the minimum on each interval
up to N; the truncated choice gives R — 1 = 0.102, 0.088, 0.0995, 0.0894, 0.0872 for N = 10, 30,
100, 300, 1000 (anc/dirichlet_floor.py). The Nyman-Beurling mollifiers p(n)(1 —logn/log N)
give R growing with N: they approximate 1/(, while the normalization at s = 1 requires 1/F.
The mollifier 1/P of this paper is not a Dirichlet polynomial, because P carries the pole through
efx (=1 "and with it the bound falls below the floor (Table 7).

DATA AND CODE

The ancillary Python scripts (NumPy, SciPy, Matplotlib; mpmath for the high-precision Weil
computations) reproduce all tables and figures (the exact values of the best Dirichlet polynomial at
so = 1 come from dirichlet_exact_gram.py, added on 10 November 2026); two scripts new in ver-
sion 2, which need only NumPy and SciPy, reproduce Table 5 and Tables 3-9: ec_bound numerics.py
and ec_phase2_controls.py. The file README. txt lists, for each script, the section, table or figure
it reproduces. The computations are in double precision unless stated otherwise, without interval
arithmetic; they illustrate the theorems and are not used in their proofs.

Provenance. This paper supersedes the preprint [C2]: its theorems are here in the same or a stronger
form (Theorems 1 and 6, Corollaries 3 and 9), its heuristic law is Theorem 2, and its computations
and remaining remarks are in Sections 3, 4, 9, 11, 12, 14.2 and 14.5 (Tables 2, 7 and 12, Figures 2,
3 and 8). The material on the Euler-Caceres bound in version 3 of [CP] is also here, including
the zero factor seen through the cross-energy (Section 12.1); the explicit formula in cross-energy
coordinates of earlier versions of this paper is in [CE5, Sect. 2], and their reflected cross-energy is
in [CE3]. Version 2 adds Theorems 7, 24 and 21, Lemma 23, Corollary 8, the unconditional lim sup
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form of Corollary 9, Section 8, Tables 3, 4, 8 and 9, the strict positivity of Jx, and the comparison
with the Nyman—Beurling problem.

Use of Al tools. The proofs, computations and drafting of this paper, and of the preprint [C2] that
it absorbs, were carried out with the assistance of an AI system (Claude, Anthropic), under the
author’s direction; an independent AI review agent refereed the proofs. The author checked the
results and takes responsibility for them.
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