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Abstract: A frozen Poisson gas of branes with no preferred size, each brane a layer of
independent cells that shift the proper time of a crossing graviton, multiplies the graviton
kinetic operator by an entire function without zeros, exp[n2 Ein(□

2/M4)] times a random
factor that tends to a constant at high momentum, in almost every realization. We prove
that for n ≥ 4 the theory of gravity built on it has no ultraviolet divergence at any order
of perturbation theory: every graph with two or more loops converges, the one-loop poles
are those of a local theory and are cancelled by three operators quartic in curvature with
finite coefficients, Newton’s constant and the cosmological constant do not run, the zero-
point energy of the graviton is 3nM4/(64π2) for every regulator, and the physical S matrix
is unitary at every loop order. The propagator keeps the graviton pole alone, and the
potential of a point mass is finite at the origin. A one-loop graph in closed form confirms
the cutting rule and grows faster than any exponential of the energy, so the loop expansion is
an expansion in a small parameter only below an energy between 1.4M and 1.9M . The free
Euclidean field is a Gaussian measure with finite curvature that is not reflection positive,
which states what a construction beyond perturbation theory would have to supply.
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1 Introduction

Einstein gravity quantized around flat space fails by power counting. The propagator falls
like p−2, the vertices grow like p2, and the superficial degree of divergence of an L-loop graph
in four dimensions is 2+2L. Pure gravity is finite at one loop on shell, but not once matter
is added [1], and the two-loop counterterm of pure gravity does not vanish [2]. Curvature-
squared terms make the theory renormalizable [3, 64, 65] at the price of a massive spin-two
state with negative residue, the state that every higher-derivative action has carried since
Pais and Uhlenbeck [62, 63]. The state can be kept out of the asymptotic spectrum by the
prescription of Lee and Wick [22, 66] or by Anselmi’s fakeon projection [67, 68], and local
theories with complex-conjugate pairs of such poles have been built to be finite [69, 70]; what
one then gives up is microcausality at the scale of the massive state [71]. More derivatives
do not cure the ghost. A propagator 1/(p2a(p2)) with a a polynomial has as many extra
poles as a has zeros, their residues add up to −1, and at least one of them is a ghost [4].

A way around the problem goes back to Efimov [5] and was developed for gauge theories
and gravity by Krasnikov, Kuz’min, Tomboulis, Biswas, Mazumdar, Siegel, Modesto and
others [6–12]. One replaces the polynomial by an entire function without zeros, a = eH

with H entire. The propagator then keeps a single pole, at p2 = 0, while a can still grow
like a power at large Euclidean momenta, and with enough growth the theory is super-
renormalizable [72–74]. Modesto and Rachwał showed further that the one-loop divergences
which remain can be removed with a few operators of higher order in curvature, so that all
beta functions vanish [12]. The same class of form factors makes the field of a point mass
finite at the origin and removes the singularities of the classical solutions [10, 75, 76].

In all of this H is an input. Tomboulis proposed a family built from the incomplete
gamma function because it has the right asymptotics [8], and later work took that family
or variants of it. Nothing in the construction says where such a function should come from.
A polynomial, which is what any finite number of higher-derivative corrections produces, is
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precisely what has to be avoided. Entire form factors had been used before as a regulator
of gauge theories by Moffat, Evens, Kleppe and Woodard [77–79]; there the scale in the
form factor is a regulator mass, sent to infinity at the end. Here M is a physical scale, and
it stays.

This paper supplies a mechanism that produces the required class. The idea was already
present in an earlier study of brane arrangements [13]: when independent scatterers act by
multiplication, the average over a Poisson ensemble of them is an exponential, because the
expectation of a product over a Poisson process is the exponential of an integral. That
study took the single-brane factor to first order in momentum and a gas of finite intensity,
which gives the Gaussian e−□/M2 . Its vertices grow exponentially and power counting is
not available for it [14]. Here we keep the full single-brane factor, which we derive from
a model of a brane as a layer of independent cells that shift the proper time of a crossing
mode, so that it is passive, saturates and has no resonances, and we let the strength of the
gas be spread with no preferred size below the largest brane. We take no average. The
graviton crosses one realization of the gas, each brane contributes the exponential of its
response, and the logarithms add. The gas contains infinitely many small branes, and the
form factor of a single realization comes out as

a(z) = exp
[n
2
Ein

( z2

M4

)
+R(z)

]
, (1.1)

with Ein(w) =
∫ w
0 (1− e−t) dt/t the entire exponential integral, z = p2 in Euclidean signa-

ture, n the strength of the gas per e-fold of size, and R a random entire function with mean
zero that tends to a finite constant R∞ at large |z| around the real axis. The first term is
fixed by the density of the gas alone, and for n = 1 it is Tomboulis’s form factor with the
simplest choice of his polynomial.1 We call it the skeleton. The second term records which
branes the realization happens to contain. Its growth, a ≃ c |z/M2|n with c = enγE/2+R∞ ,
has the exponent of the skeleton and a random coefficient.

Whether a single realization, rather than an average over many, can carry a consistent
field theory is the central question, and it has two parts. The first is the zeros. A product
of brane factors vanishes wherever one factor does, and the simplest saturating factor has
infinitely many complex zeros; a frozen gas of such branes would give the propagator in-
finitely many complex poles, and averaging over the gas does not help, since the averaged
propagator of a gas of branes with real zeros carries massive states of alternating sign [61].
We show that a brane without resonances, whose factor has no zeros, is exactly a brane
whose factor is the exponential of a saturating response, and that with such branes almost
every realization is free of zeros. The second part is the asymptotics. In a gas of identical
branes the strength above a given size fluctuates like a random walk in the logarithm of
the size, and a/|z|n has no limit at all. If instead the strength per e-fold is shared among

1Tomboulis writes the form factor as eH with H(z) = 1
2
[γE+Γ(0, p(z)2)+log p(z)2] for a polynomial p [8].

Since Ein(y) = log y + γE + E1(y) and E1(y) = Γ(0, y), the choice p(z) = z/M2 gives H = 1
2
Ein(z2/M4),

which is the first term of Eq. (1.1) at n = 1. For larger n the gas gives the n-th power of that function,
not Tomboulis’s function for a polynomial of higher degree. Briscese and Modesto write the family with an
overall factor, H = α

2
[γE + Γ(0, p2) + log p2] [15], and the first term is their case α = n, p(z) = z/M2.
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ever more and ever weaker branes as the size decreases, the fluctuations die out, and they
die out fast enough for the field theory when their variance below size t falls faster than
t4. That condition, (G) of Sec. 2.3, is the one new input of the construction, and it is not
a free choice: the zero-point energy of a single realization has a value that is the same for
every regulator only if the variance falls this fast, up to factors that vary more slowly than
any power (Sec. 6.2). Section 2.8 proves that under (G) almost every realization has every
property used later, with explicit error bounds.

Besides the derivation of Eq. (1.1), the paper contains the following results, all derived
in the text. The form factor of a realization is pinched between two multiples of (1+x2)n/2,
with x = z/M2, along the whole real axis of p2, Euclidean and Lorentzian, and in the cones
of condition (S4), | arg(±z)| < π/4 for the simplest response, it coincides with the monomial
c (z/M2)n up to a relative correction that falls faster than |M2/z|2. Every vertex of the
gauge-fixed theory obeys a bound in terms of the momenta on its legs, proved by expanding
functions of the covariant d’Alembertian in divided differences. A vertex grows no faster
than the (2n + 2)th power of its largest momentum, as dimensional analysis requires, or
than one power for each hard leg times a fixed power, below 2n − 4, of the largest one,
whichever is larger, and with this every graph with two or more loops converges for n ≥ 4.
The one-loop poles are those of a local theory with a single overall coupling, which is
why neither Newton’s constant nor the cosmological constant is renormalized. The three
poles that remain, in R2, RµνRµν and the Gauss–Bonnet density E, are shifted by three
operators quartic in curvature through a matrix that we compute exactly; it is triangular
with determinant −24/c3, so all three poles can be cancelled at once. After that the bare
couplings are finite numbers that do not depend on the regulator, and nothing is sent to
infinity at any stage. The one-loop vacuum energy, which has no pole, can be evaluated in
closed form through a Mellin transform of Ein: the zero-point energy density of the graviton
has mean 3nM4/(64π2) over realizations, a relative spread that we give in closed form, and
the same value for every regulator. After a field redefinition that makes the propagators
local, the cutting rules proved by Pius and Sen and by Briscese and Modesto for nonlocal
theories defined from Euclidean signature [15, 16] hold for the gravitational theory, and
with the quartet mechanism of Kugo and Ojima [17] they make the physical S matrix
unitary at every loop order. The prescription is not an extra choice, since the Lorentzian
amplitudes are the unique analytic continuation of the Euclidean ones. We also verify the
cutting rule directly on a one-loop bubble, whose imaginary part comes out equal to that of
general relativity at every energy without appeal to the general theorems. The same bubble
shows where perturbation theory ends. Its real part grows faster than any exponential of
a power of the energy, for every form factor of the class, and for the skeleton it overtakes
the tree amplitude between 1.4M and 1.9M , so the loop expansion is an expansion in a
small number only up to energies of order M , not up to the Planck energy. A one-loop
estimate shows that the resummed propagator has no complex poles in the region where
the form factor is large. Graviton scattering at tree level is that of general relativity, while
the gravitational scattering of matter at tree level never exceeds a number of order GM2

at fixed angle, at any energy. Beyond perturbation theory we show that the free Euclidean
graviton is a Gaussian measure whose curvature is finite and Hölder continuous at every
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point for n ≥ 4. It is not reflection positive, so it is not the Euclidean form of a field theory
with a positive Hilbert space. Finally the Newtonian potential is finite at the origin and
approaches Newton’s law faster than any power of 1/(Mr); for the skeleton its depth is
pinned between two gamma-function expressions whose ratio is at most 1 + 1/(2n− 1).

Relative to the nonlocal-gravity literature, in which finiteness to all orders for entire
form factors of polynomial growth is known [8, 11, 12], five things are new here. The form
factor is derived from a medium and not chosen: Eq. (1.1) is the only form a scale-invariant
Poisson gas of passive branes can produce, and its growth exponent n is the strength of the
gas. The theory is defined by one realization of the gas, not by an average, so the form factor
carries a random part R, and all statements are proved for almost every realization with
the fluctuations controlled in closed form. The class of admissible single-brane responses is
characterized by five conditions and shown to be exactly the class without zeros, and the
one response used for the closed forms is derived from a model of cells. The fine-graining
condition (G) is shown to be forced, up to factors slower than any power, by a regulator-
independent zero-point energy rather than imposed. And the one-loop tuning matrix, the
vacuum energy, the closed-form bubble with its breakdown energy, the regularity and the
failure of reflection positivity of the free Euclidean field, and the depth of the Newtonian
well are computed for this class, in closed form where one exists. Table 11 in Sec. 9 sets the
construction beside the alternatives. The proof of finiteness itself, power counting followed
by the subtraction of the one-loop poles, is the standard route, and we claim no new method
there.

The brane picture enters through two premises, which we keep in view. The first, A1,
concerns a single brane: it acts on the graviton multiplicatively, through a factor that de-
pends on the momentum only through p2, has no resonances, and is passive and saturating
in the sense of five conditions (Sec. 2.1). The field theory is proved for every response in
that class, not for one chosen function (Sec. 2.7). We do not leave A1 as an assumption
about a function. Section 2.2 derives all five conditions, and the particular response used
for the closed forms, from a model in which a brane is a layer of independent cells that
neither absorb nor reflect a crossing mode but shift its proper time; the model, three state-
ments (M1)–(M3) about what a brane is made of, is then the premise. The second, A2,
concerns the gas: branes are placed independently, their expected strength has no preferred
size, and the strength is fine grained in the sense of condition (G) (Sec. 2.3), which a finite
vacuum energy requires up to factors slower than any power. Neither premise can be de-
rived within gravity; both are statements about branes, which a microscopic computation
could test. Everything after them is a statement about entire functions, Poisson processes
or Feynman integrals, and holds for almost every realization of the gas. We also use the
standard machinery of perturbative renormalization, the Faddeev–Popov gauge fixing and
the covariant background-field method [80, 81], dimensional regularization, the subtraction
of subdivergences in the form proved by Hepp and Zimmermann [82, 83] and the cohomo-
logical classification of counterterms, and cite it where it enters. By “finite” we mean the
absence of ultraviolet divergences in perturbation theory around flat space, and Sec. 7.5
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proved
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branes
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(M3): eϑψ∗(sz),
obeys (S1)–(S5)

A2 Poisson gas,
strength nds/s

on (0,M−2]

A2, (G) fine
grained: V (t) ≤
Ctσ, σ > 4;

needed for finite ρ
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V = ∞: a/xn

has no limit

skeleton for ψ∗:
â = exp[n

2
Ein(x2)]

a =∏
s∈Π e

ϑψ = â eR

entire, no zeros

a ≃ c xn,
c = ĉ eR∞ ;
remainder

|z|−σ/2+ε, a.s.

moment µψ =∫
t(1 − ψ) dt;
fluctuation∫
ϑτ−2d(Π − ν)

propagator:
one pole,
at p2 = 0

vertex bound;
L ≥ 2

converges
for n ≥ 4

one loop:
three quartic
operators,

det = −24/c3

no physical
counterterm;

finite S matrix

unitary at all
loops: cuts
+ quartets

Eρ1 = 3nM4

64π2 ;
ΦN (0) finite

Figure 1. Logical structure of the paper, in three layers. The top layer holds the premises about
branes (dashed boxes): the response of one brane, A1, derived from a model of cells, and the
gas, A2, whose fine-graining condition (G) is what lets a single realization carry the theory and is
needed, up to factors slower than any power, for a finite zero-point energy; without it, for identical
branes, the form factor has no power-law asymptotics (box on the right). The middle layer holds
the properties of the form factor of one realization, derived for every admissible response and almost
every realization (Secs. 2.5–2.8), with the closed-form skeleton for ψ∗ as one instance. The bottom
layer holds the field theory, which uses the form factor only through the middle layer and is proved
for n ≥ 4; the box with the heavy frame is the main result. Arrows point from what is used to
what is derived.

states in what sense this makes the theory ultraviolet complete and what it leaves open.2

Figure 1 shows how the pieces depend on one another. Section 2 sets up the gas, derives
Eq. (1.1) and proves that almost every realization has the properties the field theory needs.
Section 3 writes the action and the propagator. Section 4 bounds the vertices and counts
powers. Section 5 treats one loop and the quartic operators. Section 6 assembles the
all-order statement, explains why it does not rest on a cutoff, and computes the vacuum
energy. Section 7 proves unitarity, checks it explicitly at one loop, bounds the size of tree
amplitudes, shows where the loop expansion stops and says in what sense the theory is
ultraviolet complete, Sec. 8 gives the Newtonian limit, and Sec. 9 lists what is assumed
and what is open. The appendixes contain conventions, the angular averages behind the
one-loop coefficients, the proofs about divided differences, and a list of the independent
numerical checks.

2 A gas of branes with no preferred size

We work in Euclidean signature, with z = p2 ≥ 0 for real momenta, □ → −p2, x = z/M2

on the real axis and w = z/M2 in the complex plane. Lorentzian statements follow by
2Infrared divergences are a separate matter. The graviton is massless and on-shell amplitudes have the

soft divergences of general relativity, which cancel in inclusive rates [18]. The form factor does not change
the infrared, since a = 1 + O(p4/M4) at small momenta. Section 6 collects every kind of divergence and
states which are removed and why.
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continuing z to negative values; the response used for the closed forms depends on z2, so
for it the two half-axes behave alike.

2.1 The response of one brane

The word brane denotes here an extended object that a graviton crosses and that acts on
it multiplicatively. It is not the brane gas of string cosmology [84, 85], whose constituents
are the D-branes of string theory [59, 86] and whose role is thermodynamic, although both
pictures fill space with a gas of extended objects and both use the fact that a gas has
no preferred member. Consider a graviton mode crossing a stack of thin branes. Let ti
and ri be the forward transmission and reflection amplitudes of brane i, and δ the phase
accumulated between neighbors. Summing the multiple reflections between two branes
gives t12 = t1t2/(1 − r′1r2e

2iδ), where r′1 is the reflection amplitude of the first brane seen
from the right. In the corresponding expansion for N branes every term other than

∏
i ti

contains at least one round trip, and hence two reflection amplitudes, so that

t1···N =
( N∏
i=1

ti

)[
1 +O

(∑
i<j

|ri||rj |
)]
. (2.1)

This is the composition rule of multiple scattering [19, 20], written out for branes in Ref. [13].
For weakly reflecting branes the kinetic operator of the graviton is dressed multiplicatively,
p2 → p2

∏
i t

−1
i , and the problem reduces to the single factor t−1

i .3 We first state what the
field theory requires of that factor, and call the requirement assumption A1. Sections 2.7
and 2.9 show that the field theory needs nothing more than these conditions, and Sec. 2.2
derives them from a model of the brane.

A brane has a size s > 0, with dimensions of length squared, and a strength ϑ > 0,
and it multiplies the spin-two and spin-zero parts of the graviton kinetic operator by

t−1 = eϑψ(sz), (2.2)

where

(S1) ψ is entire and ψ(0) = 0;

(S2) ψ is real on the real axis, with 0 ≤ ψ(t) ≤ 1 there;

(S3) 1− ψ and all its derivatives decay along the real axis faster than any power of 1/|t|;

(S4) the decay in (S3) holds uniformly in closed sectors around the real axis: there is an
opening θ > 0 such that for every δ ∈ (0, θ) and every N , |1−ψ(w)| ≤ Cδ,N |w|−N for
|w| ≥ 1 and | arg(±w)| ≤ θ − δ.

3The gases below contain infinitely many branes, most of them much smaller than the wavelength of a
given mode. The correction in Eq. (2.1) is bounded by (

∑
i |ri|)

2, which stays small if the reflection of a
brane falls off for modes much longer than the brane at least as fast as its effect on the kinetic operator
does. In the model of Sec. 2.2 there is no reflection, and the product is exact. The sum of the effects
themselves converges almost surely (Sec. 2.5).
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On the real axis the factor (2.2) rises from 1, for modes much longer than the brane, to eϑ, for
modes much shorter, so ϑ is the saturated logarithmic strength of the brane. Condition (S1)
says that a brane has a single length scale and leaves long modes untouched. Condition (S2)
is passivity: along the real axis, spacelike and timelike alike, a brane can suppress a mode but
never amplify it. Condition (S3) says that the suppression saturates once the mode is much
shorter than the brane. Condition (S4) says that saturation is not special to real momenta:
a mode whose squared momentum is slightly complex, as it is for the loop energies of
Sec. 7 near the ends of their contours, is saturated as well.4 Dependence on the momentum
through p2 alone requires the branes to respect four-dimensional Poincaré invariance, as
branes that fill the observed four dimensions and are scattered in the transverse ones do.

The exponential in Eq. (2.2) is not a separate choice. It is equivalent to a fifth condition,

(S5) the factor t−1 has no zeros in the complex plane of z,

which says that a brane has no resonances: a zero of t−1 is a pole of the transmission
amplitude at complex momentum, a quasi-bound state of the brane. Suppose a brane
multiplies the kinetic operator by 1 + φ(sz), with φ entire, real on the real axis, φ(0) = 0,
and 0 ≤ φ ≤ φ∞ on the real axis, saturating at φ∞ as in (S3) and (S4). If 1+φ has no zeros
it is the exponential of an entire function, 1+φ = eh with h(0) = 0 [21], and h = log(1+φ)

on the real axis, where 1 + φ > 0. Put ϑ = log(1 + φ∞) and ψ = h/ϑ. Then ψ satisfies
(S1) and (S2), and 1− ψ = −ϑ−1 log[1− (φ∞ − φ)/(1 + φ∞)] is bounded by 2|φ∞ − φ|/ϑ
wherever |φ∞ − φ| ≤ 1

2(1 + φ∞), which gives (S3) and (S4).5 Conversely eϑψ is entire and
has no zeros. Conditions (S1)–(S5) on a factor 1 + φ are therefore the same as (S1)–(S4)
on the exponent ψ of Eq. (2.2).

Condition (S5) is what lets a single realization of the gas define a theory, and it fails
for the most obvious saturating factor. The function 1 + φ = 2− e−s

2z2 obeys every other
condition, but it vanishes when

s2z2 = − log 2− 2πik, k ∈ Z. (2.3)

These resonances lie in π/4 < | arg z| < 3π/4, away from both real half-axes, but there are
infinitely many of them, and a product over a gas of such branes vanishes at the resonances
of every brane in it. A gas with n such branes per e-fold of size below 1/M2 has on average
nR2/(πM4) zeros in the disk |z| < R for R≫M2,6 each a complex pole of the propagator.
Complex pairs of this kind are what Lee and Wick [22] and, in a modern form, Anselmi
and Piva [23, 24] proposed to treat with a modified prescription. Branes obeying (S5) have
none, and no such prescription is needed.

4Condition (S4) does not follow from (S3). The entire function ψ(w) = 1 − e−w
2

cos2(ew − 1) satisfies
(S1)–(S3), but off the real axis | cos2(ew − 1)| grows like exp(2eRew| sin Imw|), which defeats the Gaussian
in every sector. For the response ψ∗ used below the opening is θ = π/4.

5In a sector, at large |w|, h − ϑ equals the principal logarithm of (1 + φ)/(1 + φ∞) plus 2πik with an
integer k that is constant on the connected set where the ratio is close to 1; that set touches the real axis,
where k = 0.

6A brane of size s contributes the zeros with | log 2+2πik| ≤ s2R2 inside the disk |z| ≤ R, about 2s2R2/π

of them counting both signs of z. Averaging with n ds/s over s ≤ M−2 gives nR2/(πM4). The numerical
check in Appendix D reproduces this count to 0.03% at R = 60M2.
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The simplest response with all five properties, and the one we use from Sec. 2.6 on, has
the exponent

ψ∗(w) = 1− e−w
2
, t−1 = exp

[
ϑ
(
1− e−s

2z2
)]
. (2.4)

Its derivative expansion is t−1 = 1 + ϑs2z2 + O(z4). The more obvious exponent 1− e−w,
which would give the incomplete gamma function directly, violates (S2): on the negative
axis it is unbounded below, so the factor falls to zero faster than any power along the
timelike axis and no polynomial bound holds there.7

Conditions (S1) and (S2) already have a consequence. On the real axis ψ ≥ 0 = ψ(0),
so the origin is a minimum of a smooth function and ψ′(0) = 0. The leading correction
that a passive brane makes to the kinetic operator is therefore of order s2z2 and not sz: a
passive brane does not generate a curvature-squared term at leading order.

2.2 A brane made of cells

Conditions (S1)–(S5) say what a brane must do. A simple model of what a brane is made
of produces all five, and it produces the response ψ∗ of Eq. (2.4) instead of leaving it as
a choice. Take a brane of size s to be a thin layer of microscopic cells, and assume three
things about them.

(M1) The cells are placed independently of one another, so that a mode crossing the brane
at a given point of its worldvolume meets a Poisson number N of cells, with a mean
ϑ that is the same at every point.

(M2) A cell neither absorbs nor reflects. It shifts the proper time of the mode that crosses
it by an amount Y , a delay or an advance.

(M3) The shifts of different cells are independent, with a common law that is Gaussian with
mean zero and variance 2s2.

The first assumption is the independence that made the gas a Poisson process, applied now
inside one brane. The second fixes how a cell acts. In the proper-time representation of
the propagator a mode of squared momentum z propagates for a proper time T with the
amplitude e−iT z, so a shift of T by Y multiplies it by the phase e−iY z, of modulus one for
real z of either sign.8 On shell, z = 0, the phase is 1: a cell does not act on a free graviton,
as it must not if the brane is invariant under the Poincaré group of its worldvolume. Off
shell the phases of the cells that a mode crosses add up. The third assumption is what the
central limit theorem gives when the shift of a cell is the sum of many small independent
shifts of its constituents, and the symmetry Y → −Y says that a cell has no preferred
direction of proper time. The size of the brane is the spread of the shift, EY 2 = 2s2, which
is why s has the dimensions of a proper time, a length squared.

7The exponent of the gas, computed as in Sec. 2.5, is then nEin(z/M2), and along the negative real
axis Ein(−t) = −

∫ t
0
(eu − 1) du/u tends to −∞ faster than any power. Passivity keeps the two half-axes

symmetric.
8With the Euclidean z = p2 of this section, a Lorentzian mode of squared four-momentum −z has the

proper-time amplitude eiT (−z+i0), and the propagator is its integral over T ≥ 0. Whether a cell multiplies
the amplitude by e−iY z or eiY z is a convention that the symmetry of the law in (M3) makes irrelevant.
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A mode crossing the brane is a plane wave across its worldvolume, and different points
of the worldvolume meet independent sets of cells. What continues as the same mode is the
coherent part of the transmitted wave, the average of the phase over the worldvolume; the
remainder is scattered into other modes. This is the coherent wave of the theory of multiple
scattering [19, 20], and Fig. 2 shows the construction. For a brane whose extent is large
compared with the spacing of its cells, the average over the worldvolume is the expectation
over the cells, by the law of large numbers. Conditioning on N ,

t = E exp
(
−iz

N∑
j=1

Yj

)
=

∑
N≥0

e−ϑ
ϑN

N !
φ(sz)N

= e−ϑ[1−φ(sz)], (2.5)

where φ(u) = E e−iuY/s is the characteristic function of Y/s. For the Gaussian law of (M3),
φ(u) = e−u

2 , and Eq. (2.5) is the single-brane factor (2.2) with

ψ(w) = 1− φ(w) = 1− e−w
2
= ψ∗(w). (2.6)

The response used from Sec. 2.6 on is therefore the response of a brane whose cells shift
the proper time by Gaussian amounts, and the strength ϑ is the mean number of cells that
a mode meets, the optical depth of the brane.

All five conditions follow. The exponent ϑψ is entire, so t−1 has no zeros, which is
(S5); in the model a resonance would need a cell that holds the mode, and (M2) excludes
it. Condition (S1) holds because φ(0) = 1. The law is symmetric, so φ is real on the real
axis, and for the Gaussian 0 < φ ≤ 1 there, which gives 0 ≤ ψ < 1, condition (S2). Passivity
is now the statement that the coherent wave can only lose amplitude to the scattered one,
|t| ≤ 1. On the real axis 1 − ψ = e−w

2 falls faster than any power, which is (S3), and
|e−w2 | = e−Rew2 falls in the same way in every closed subsector of | arg(±w)| < π/4, which
is (S4) with θ = π/4. For modes much shorter than the brane, t→ e−ϑ, the probability of
meeting no cell. Finally, since cells do not reflect and are independent of the cells of other
branes, the coherent amplitude through several branes is the product of their amplitudes,
with no correction: the composition rule (2.1) holds exactly, with ri = 0.

Other laws for the shift give other responses, ψ = 1−φ with φ the characteristic function
of a symmetric law, and conditions (S1)–(S5) then ask that φ be entire, nonnegative on the
real axis, and rapidly decreasing in a sector. A Gaussian whose variance is itself random,
between two positive bounds, passes all of them, again with θ = π/4. A law with bounded
support does not: its characteristic function is entire of exponential type and grows off
the real axis, which defeats (S4). Of the admissible exponents of Sec. 2.7, the other two
in Table 1 are not of the form 1 − φ at all, since (1 + w2)e−w

2 and e−w
4 have Fourier

transforms that take negative values and are therefore not characteristic functions. We do
not derive (M1)–(M3) from a brane action. What the model does is replace five conditions
on an unknown function by three statements about the constituents of a brane, each with
a physical meaning, and with them the single-brane factor is computed rather than chosen.
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N = 2: e−iz(Y1+Y2)

N = 0: 1

N = 3: e−iz(Y3+Y4+Y5)

mode, z = p2

brane of size s: cells placed independently,
mean ϑ per crossing (M1)

cell: no absorption, no reflection;
T → T + Y , Y ∼ N (0, 2s2)

(M2), (M3)

t = E e−iz
∑

j Yj =
∑
N≥0

e−ϑ
ϑN

N !
e−Ns

2z2 = e−ϑ (1−e−s2z2 )

sz

t

0 1 2 3

1

e−ϑ

on shell t = 1; Gaussian approach
to saturation gives (S3), (S4)

no cell met, (S5) automatic

Figure 2. A brane made of cells, Sec. 2.2. A mode of squared momentum z crosses a brane of size
s at every point of its worldvolume. At each point it meets a Poisson number N of cells with mean
ϑ, (M1), each of which shifts its proper time by an independent Gaussian amount Yj of variance
2s2, (M2) and (M3), and so multiplies it by the phase e−iYjz. Three crossing points are drawn,
which meet, from bottom to top, two, zero and three cells. The coherent transmitted wave is the
average of the phase, Eq. (2.5), which is the single-brane factor (2.2) with ψ = ψ∗, Eq. (2.6). Lower
panel: t as a function of sz for ϑ = 1.2. It equals 1 on shell and falls to the saturation value e−ϑ,
the probability that a crossing meets no cell, as the mode becomes shorter than the brane.

2.3 Sizes and strengths

A gas is a random set of branes, each with a size and a strength. We impose three require-
ments on it: branes are placed independently of one another; below the size S = 1/M2 of
the largest brane there is no preferred size; and the strength of the gas is fine grained, in a
sense made precise below. Together they form assumption A2.

The first requirement makes the set of sizes a Poisson process. A point process without
multiple points and without fixed atoms, whose counts in disjoint sets are independent, is
a Poisson process with some intensity measure ν [25, 26].9 We let the strength depend on
the size, ϑ = ϑ(s).10

The second requirement concerns the quantity that enters the kinetic operator, which
is the strength. The expected strength carried by the branes with sizes in a set A,

∫
A ϑ dν,

must not change under a dilation s → λs whenever both A and λA lie in (0, S]. In the
9This is the theorem of Rényi and Kingman: complete independence plus simplicity characterizes the

Poisson process. The intensity measure ν(A) is the expected number of branes with size in A.
10Strengths drawn independently from a law that depends on s make the gas a marked Poisson pro-

cess [25]. The mean and variance formulas below then hold with ϑ and ϑ2 replaced by their conditional
means at fixed s, and the exponential formulas with eh replaced by its conditional mean.
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variable u = log s this is invariance under translations along the half-line u ≤ logS, so
the measure of an interval depends only on its length; it is additive and monotone in that
length, hence linear in it, and ϑ dν is a multiple of Lebesgue measure in u.11 Therefore

ϑ(s) ν(ds) = n
ds

s
on (0, S], n > 0, (2.7)

and n is the expected strength per e-fold of size. For identical branes, ϑ = ϑ0, this says
that the number of branes per e-fold, n/ϑ0 on average, is the same at all sizes.

The third requirement is about how that strength is shared. It can be carried by a few
strong branes or by many weak ones. Write τ = sM2 ∈ (0, 1] and

V (t) =
1

n

∫
τ≤t

ϑ2 dν =

∫ t

0
ϑ(τ)

dτ

τ
. (2.8)

We show in Sec. 2.4 that nV (t) is the variance of the strength carried by the branes smaller
than t/M2, measured from its mean. The requirement is

(G) V (t) ≤ C tσ for 0 < t ≤ 1, with some σ > 4.

In words: the fluctuation of the strength carried by small branes vanishes with their size
faster than (size)2. It does not affect the mean, which Eq. (2.7) fixes. The exponent is not
chosen to make the proofs below work. Section 6.2 shows that the zero-point energy of a
single realization has a value that is the same for every regulator only if the fluctuation
falls at least this fast: when smaller branes are never stronger, it needs V (t) = o(t4), so (G)
is necessary up to factors that vary more slowly than any power of t. Sections 2.8–5 show
that (G) is also all the field theory needs. The simplest example is a power law,

ϑ(τ) = ϑ0 τ
ζ , ν(dτ) =

n

ϑ0
τ−ζ

dτ

τ
, V (t) =

ϑ0t
ζ

ζ
, (2.9)

for which (G) holds with σ = ζ when ζ > 4. As the size decreases by one e-fold the branes
become weaker by a factor e−ζ and eζ times as numerous, so the strength per e-fold stays
n while the gas becomes ever finer. Any profile that falls faster than every power, such as
ϑ0 exp[−(log τ)2], satisfies (G) for every σ. A gas of identical branes, ζ = 0, has V ≡ ∞
and violates (G) completely; Sec. 2.8 shows what goes wrong with it. Figure 4(a) shows
the two kinds of gas, and Fig. 3 shows the bookkeeping.

2.4 Sums and products over the gas

Because the gas has infinitely many points, we derive the formulas we need instead of
quoting them. Let Π be a Poisson process with σ-finite intensity ν and let f be a complex
function with

∫
|f |dν <∞. Then

E
∏
x∈Π

(
1 + f(x)

)
= exp

∫
f dν, (2.10)

11Additivity gives µ(h1+h2) = µ(h1)+µ(h2) for the measure µ(h) of an interval of length h, and a mono-
tone solution of Cauchy’s equation is linear. This is the uniqueness of Haar measure on the multiplicative
group (0,∞), restricted to the cut-off range.
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log(sM2)

strength

−6 −5 −4 −3 −2 −1 0

n

few strong
branes

many weak
branes

sz > 1: saturated;
total strength n log x+R∞

sz < 1: remainder;
variance nV (1/x)

s = 1/z

Figure 3. How a fine-grained gas shares its strength. Each column is one e-fold of size and carries
expected strength n (dashed line), Eq. (2.7). The number of branes in a column, drawn as slabs,
grows toward small sizes while each slab gets thinner, as for the power law (2.9). A mode with
z = p2 saturates the branes larger than 1/z, whose total strength is n log x plus a fluctuation that
converges to R∞; the branes smaller than 1/z act only through a remainder whose variance is
nV (1/x) (Sec. 2.8).

with the product converging absolutely almost surely. Suppose first that the total mass
λ = ν(all) is finite. The number N of points is then Poisson with mean λ, and given N the
points are independent with law ν/λ [26]. Conditioning on N ,

E
∏
x∈Π

(1 + f) =
∑
N≥0

e−λ
λN

N !

( 1
λ

∫
(1 + f) dν

)N
= e−λeλ+

∫
f dν ,

which is Eq. (2.10); the same computation with |f | in place of f gives E
∏
(1 + |f |) =

exp
∫
|f |dν, so the expectation exists. If ν has infinite mass, choose sets A1 ⊂ A2 ⊂ · · ·

of finite measure that exhaust the space. Campbell’s theorem, E
∑

x∈Π g(x) =
∫
g dν for

g ≥ 0 [25], applied to g = |f |, shows that
∑

x∈Π |f(x)| < ∞ almost surely, so the product
converges absolutely and is the limit of the products over Π∩Ak. These partial products are
bounded in modulus by

∏
x∈Π(1 + |f(x)|), whose expectation is exp

∫
|f |dν by monotone

convergence and the finite case. Dominated convergence then gives E
∏
x∈Π(1 + f) =

limk exp
∫
Ak
f dν = exp

∫
f dν.

Two consequences are used below. Replace f by euf − 1 with real f and real u in
the finite case and differentiate twice at u = 0: the sum

∑
x∈Π f(x) has mean

∫
f dν and

variance
∫
f2 dν. For complex f , applying this to the real and imaginary parts and to their

sum gives

E
∣∣∣∑
x∈Π

f(x)−
∫
f dν

∣∣∣2 = ∫
|f |2 dν. (2.11)

Write the left side as E|
∫
f d(Π−ν)|2. If

∫
|f |2dν <∞ but

∫
|f |dν = ∞, the compensated

sums over Π∩Ak still converge: their increments over Ak+1\Ak are independent, have mean
zero and have summable variances, so they converge almost surely and in mean square by
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Kolmogorov’s criterion [27]. We call the limit
∫
f d(Π − ν); it has mean zero and obeys

Eq. (2.11). With f = ϑ on the branes smaller than t/M2 and f = 0 elsewhere, Eq. (2.11)
shows that nV (t), Eq. (2.8), is the variance of their total strength measured from its mean.
The same exhaustion applied to Eq. (2.10) with f = eh−1 gives, for real h with |h| ≤ hmax

and
∫
h2dν <∞,

E exp

∫
h d(Π− ν) = exp

∫ (
eh − 1− h

)
dν. (2.12)

On each Ak this is Eq. (2.10) with f = eh−1, multiplied by exp(−
∫
Ak
h dν). The integrand

on the right is at most 1
2e
hmaxh2, so the right side is finite, and the same bound with 2h in

place of h shows that E exp
(
2
∫
Ak
h d(Π − ν)

)
≤ exp

(
2e2hmax

∫
h2dν

)
uniformly in k. The

exponentials are therefore uniformly integrable, and their means converge to the mean of
the limit.

2.5 The form factor of one realization

A realization Π of the gas is one draw of the branes, frozen. A graviton crossing it is dressed
by the product of the factors (2.2) of all its branes,

aΠ(z) =
∏
s∈Π

eϑ(s)ψ(sz) = expLΠ(z),

LΠ(z) =
∑
s∈Π

ϑ(s)ψ(sz).
(2.13)

The sum converges. Because ψ is entire and vanishes at the origin, |ψ(w)| ≤ AR|w| on the
disk |w| ≤ R, and with Eq. (2.7) Campbell’s theorem gives

E
∑
s∈Π

sup
|z|≤RM2

∣∣ϑ(s)ψ(sz)∣∣ ≤ n

∫ 1

0
ARRτ

dτ

τ

= nARR <∞.

Almost surely, then, the sum in Eq. (2.13) converges absolutely and uniformly on every
disk, its limit LΠ is an entire function, and aΠ = eLΠ is an entire function without zeros.
It satisfies aΠ(0) = 1, its Taylor coefficients are real, and aΠ ≥ 1 on the whole real axis by
(S2). A frozen gas of branes that obey (S5) therefore has no extra poles of any kind, real
or complex. Condition (S5) is necessary as well as sufficient for this: if one factor vanished
at some z0, the convergent product of the others would be finite there and aΠ(z0) would
vanish.

The mean of the exponent is fixed by Eq. (2.7) alone. By Campbell’s theorem,
ELΠ(z) =

∫
ϑψ(sz) dν = n

∫ 1/M2

0 ψ(sz) ds/s, and the substitution s = τ/M2 gives

aΠ(z) = enΦ(z/M2) eRΠ(z),

RΠ(z) =

∫
ϑ(s)ψ(sz) (Π− ν)(ds),

(2.14)

Φ(w) =

∫ 1

0
ψ(wτ)

dτ

τ
=

∑
k≥1

ψk
k
wk, (2.15)
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where ψ(w) =
∑

k≥1 ψkw
k. The first factor in Eq. (2.14) is deterministic. It depends on

the gas only through n and not at all on how the strength is shared among branes; we call

â(z) = exp
[
nΦ

( z

M2

)]
(2.16)

the skeleton of the form factor. The second factor is random, with ERΠ(z) = 0; it is the
subject of Sec. 2.8. The skeleton is the exponential of the mean of log aΠ. It is not the mean
of aΠ, which for real z and bounded strengths is, by Eq. (2.12), â times exp

∫
(eϑψ − 1 −

ϑψ) dν, and nothing in this paper averages the kinetic operator over the gas. The graviton
sees one realization, and the theory is that of aΠ.

The Taylor series of ψ converges uniformly on {|wτ | ≤ R} and may be integrated term
by term, and since the coefficients of Φ are bounded by those of ψ its radius of convergence
is infinite. So Φ is entire with Φ(0) = 0, and â is entire, has no zeros and satisfies â(0) = 1.

The growth of the skeleton on the real axis follows from (S3). For real x > 0, Φ(x) =∫ x
0 ψ(t) dt/t. Splitting the range at t = 1 and writing ψ = 1− (1− ψ) on [1, x],

Φ(x) = log |x|+ C± + ρ±(x), x→ ±∞, (2.17)

with

C± =

∫ 1

0
ψ(±t)dt

t
−
∫ ∞

1

(
1− ψ(±t)

)dt
t
,

ρ±(x) =

∫ ∞

|x|

(
1− ψ(±t)

)dt
t

= O(|x|−N ) for every N.

The case x < 0 is the same after the substitution t = −xτ ; both integrals in C± converge
by (S1) and (S3). Exponentiating,

â(z) = enC±
∣∣∣ z

M2

∣∣∣n[1 +O
(∣∣∣M2

z

∣∣∣N)], z → ±∞. (2.18)

The power n depends on the gas only through its density of strength and on the shape of
ψ not at all. Figure 4(b) shows how this happens. At a given z, the branes with sz ≳ 1

each contribute their full strength to LΠ and the others almost nothing, so LΠ counts the
strength in the e-folds of size above 1/z, of which there are log(z/M2), each holding strength
n on average.

From here on n is a positive integer. Nothing above needs this, but the local theory of
Sec. 5 does, because its kinetic term must be a polynomial in □.

2.6 The skeleton in closed form

For the response (2.4) everything about the skeleton can be written in closed form. The
substitution u = w2τ2 in Eq. (2.15) gives

Φ(w) =
1

2

∫ w2

0

1− e−u

u
du =

1

2
Ein(w2), (2.19)

so that â is the function of Eq. (1.1). The entire function Ein has the series Ein(w) =∑
k≥1(−1)k+1wk/(k k!), and we need three facts about it and about the exponential integral

E1(y) =
∫∞
y e−t dt/t [28].
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Figure 4. Two gases with the same strength per e-fold. (a) One realization of each, for n = 4 and
sizes between 0.1M−2 and M−2: identical branes with ϑ0 = log 2 (orange) and the fine-grained
power law (2.9) with ζ = 2 (blue). Each brane is a stem at its size, at a random transverse position,
with height equal to its strength. At the smallest sizes the fine-grained gas has 100 times more branes
per e-fold, each 100 times weaker. The dashed curve is the strength ϑ0τ

2 of the power law. The
value ζ = 2 keeps the number of stems small enough to draw; condition (G) needs ζ > 4. (b) The
exponent of the single-brane factor in units of the strength of the brane, ψ∗(sz) = ϑ(s)−1 log t−1,
over the plane of log s and log z. It switches on across the line sz = 1 (dashed), so at fixed z the
exponent LΠ of Eq. (2.13) collects the strength of the branes larger than 1/z, which is the origin
of the power law (2.18). (c) The exponent LΠ(x) along the Euclidean axis for eight realizations of
each gas, identical branes and the power law with ζ = 9, drawn as a waterfall against the skeleton
nΦ(x) = n

2 Ein(x2) (thick, in front, and dotted on each row). The fine-grained realizations run
parallel to the skeleton at large x, offset by R∞; the realizations of identical branes drift away from
it like random walks in log x (Sec. 2.8). For ζ = 9 the branes smaller than 0.3M−2 are represented
by the Gaussian limit of their compensated strength, as in Fig. 8.

First, Euler’s constant is

γE =

∫ 1

0

1− e−t

t
dt−

∫ ∞

1

e−t

t
dt. (2.20)

To see this, start from Γ′(1) = −γE, that is −γE =
∫∞
0 e−t log tdt, and integrate by parts

on each half of the range: on [0, 1] with the antiderivative 1 − e−t of e−t, so that the
boundary term (1− e−t) log t vanishes at both ends, and on [1,∞) with −e−t, so that the
boundary term vanishes at t = 1 and at infinity. The two pieces are −

∫ 1
0 (1− e−t) dt/t and∫∞

1 e−t dt/t, and their sum is −γE.
Second, for y > 0,

Ein(y) = log y + γE + E1(y), 0 < E1(y) ≤
e−y

y
. (2.21)

Split Ein(y) =
∫ 1
0 (1−e

−t) dt/t+
∫ y
1 dt/t−

∫ y
1 e

−t dt/t and complete the last integral to
∫∞
1 ;

by Eq. (2.20) the constants combine into γE, and what is left is log y + E1(y). The bound
follows from 1/t ≤ 1/y on [y,∞). Both sides of the identity are analytic in the plane cut
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along the negative axis, so it continues to | arg y| < π with principal branches. For Re y > 0

the integral along the horizontal ray from y gives |E1(y)| ≤ e−Re y
∫∞
0 e−u du/|y + u| ≤

e−Re y/|y|, since |y + u| ≥ |y| for u ≥ 0.
Third, the function g(y) = Ein(y)− log(1+y) is nondecreasing on [0,∞), with g(0) = 0

and g(∞) = γE. Indeed

g′(y) =
1− e−y

y
− 1

1 + y
=

1− (1 + y)e−y

y(1 + y)
≥ 0,

because ey ≥ 1 + y, and by Eq. (2.21) g(y) = γE + E1(y)− log(1 + y−1) → γE.
These three facts give the properties of the skeleton. They are collected in Table 3 and

plotted in Figs. 5 and 6; we now derive them one by one. Section 2.8 carries each of them
over to a realization.

Two-sided bound. Putting y = x2 in the third fact, for every real z,(
1 + x2

)n/2 ≤ â(z) ≤ ĉ
(
1 + x2

)n/2
, ĉ = enγE/2. (2.22)

The skeleton is pinched between two polynomials of degree 2n in x on the whole real axis,
although it has no zero anywhere.

Large momenta on the real axis. For |x| ≥ 1, Eq. (2.21) gives â(z) = ĉ |x|n exp[n2E1(x
2)],

so â− ĉ|x|n is smaller than ĉ|x|n by a factor of order e−x2/x2.
Small momenta. From the series of Ein,

â(z) = 1 +
n

2
x2 +

n(n− 1)

8
x4 +O(x6), (2.23)

with no term linear in x, in line with ψ′
∗(0) = 0.

Derivatives. Write â = eH with H(z) = n
2 Ein(z

2/M4). Then

H ′(z) =
n
(
1− e−x

2)
z

,

which is entire. For |x| ≥ 1 it equals n/z minus a term whose derivatives of every order are
bounded by Cj e−x

2/2M−2−2j , so |H(j)(z)| ≤ CjM
−2j(1 + |x|)−j for j ≥ 1 on the real axis.

By Faà di Bruno’s formula â(j) is â times a polynomial in H ′, . . . ,H(j) whose monomials
all have total order j, so |â(j)| ≤ CjM

−2j(1 + |x|)−j â, and with Eq. (2.22)∣∣â(j)(z)∣∣ ≤ CjM
−2j(1 + |x|)n−j , z ∈ R. (2.24)

The nonlocal remainder. The function

Ĝ(z) = â(z)− 1

z
− ĉ zn−1

M2n
(2.25)

is entire, because â − 1 vanishes at z = 0. It measures how far the nonlocal part of the
action would be from a polynomial if the skeleton were the form factor. On [0,M2] it is a
smooth function on a compact interval, and for z ≥M2,

Ĝ(z) = −1

z
+
ĉ xn

z

(
e
n
2
E1(x2) − 1

)
.
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Figure 5. The skeleton on the real axis. (a) log10 â(z) for n = 4, . . . , 8 (solid) inside the band of
the two-sided bound (2.22), (1 + x2)n/2 ≤ â ≤ ĉ (1 + x2)n/2 (shaded), with the monomial ĉ xn that
â approaches at large x (dashed). (b) Φ(x) − 1

2 log(1 + x2) for the three admissible responses of
Table 1: it is bounded for each of them, as Eq. (2.28) states, and tends to the constant C+ (dashed)
of Eq. (2.29). (c) v = z Ĝ(z) = â − 1 − ĉ xn for n = 4, . . . , 8, plotted as sgn(v) log10(1 + |v|): it is
bounded and tends to −1 (dotted), so the nonlocal remainder (2.25) is a symbol of order −1 for
every n.

Since E1 and its derivatives at y = x2 are bounded by polynomials in 1/x times e−x2 , the
second term and all its derivatives are exponentially small, and the derivatives of −1/z give∣∣Ĝ(j)(z)

∣∣ ≤ CjM
−2−2j(1 + x)−1−j , z ≥ 0. (2.26)

In the language of pseudodifferential operators Ĝ is a symbol of order −1. In the same way
â− ĉ xn = ĉ xn(e

n
2
E1(x2) − 1) for x ≥ 1, so | dj

dzj
(â− ĉxn)| ≤ CjM

−2j(1 + x)−j on [0,∞): a
symbol of order 0. Figure 5(c) shows z Ĝ(z), which tends to −1.

Complex momenta. Let Sδ = {z : | arg z| ≤ π/4− δ} with 0 < δ < π/4. For z ∈ Sδ we
have Re z2 ≥ |z|2 sin 2δ > 0, and the continued identity (2.21) with its bound gives

â(z) = ĉ
( z

M2

)n[
1 + ϵ(z)

]
,

|ϵ(z)| ≤ exp
(nM4e−|z|2 sin 2δ/M4

2|z|2
)
− 1.

(2.27)

Because â(−z) = â(z), the same holds in the reflected cone around the negative axis. Inside
the two cones | arg(±z)| < π/4, which contain the Euclidean and the Lorentzian axes, the
skeleton is a monomial up to corrections that fall like a Gaussian. Outside them it is not
polynomially bounded. On the imaginary axis â(iy) = exp[−n

2

∫ y2/M4

0 (et − 1) dt/t] falls
faster than any exponential of y2, and in between |â| oscillates with growing amplitude
(Fig. 6). This rules out a naive Wick rotation, and Sec. 7 explains how the theory is defined
instead.
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Figure 6. The skeleton in the complex z plane. (a) v = 2
n log |â| = Re Ein(z2/M4) over the disk

|z| ≤ 2.2M2, plotted as sgn(v) log(1 + |v|) to compress its range. Along the real axis (white) it
rises like 2 log |z|; along the imaginary axis (orange) it falls without bound; the dashed red lines are
the cone boundaries arg z = ±π/4,±3π/4, between which |â| oscillates. (b) Accuracy of the local
approximation ĉ (z/M2)n for n = 6, log10 |â/(ĉzn/M2n)−1| clipped at 0: the error is exponentially
small inside the cones | arg(±z)| < π/4 (blue), Eq. (2.27), and of order one outside. The floor
repeats the map as a contour plot, with the cone boundaries (dashed) and, as black dots, the zeros
that a frozen gas of the resonant factors 2−e−s2z2 of Eq. (2.3) would have for sizes in [0.15, 1]M−2.
They all lie outside the cones. A gas of branes obeying (S5) has none.

2.7 Other passive responses

The closed forms of Sec. 2.6 rest on the choice ψ = ψ∗, but the field theory of Secs. 3–
7 does not. We call a response admissible if its exponent satisfies (S1)–(S4), and show
that every admissible response gives a skeleton with the properties used there. Only two
numbers change from one response to another, the constant C+ of Eq. (2.17) and the
moment µψ =

∫∞
0 t (1− ψ(t)) dt.

Analyticity and the real axis. Section 2.5 already shows that â = enΦ is entire, has no ze-
ros and satisfies â(0) = 1; its Taylor coefficients are real. By (S2), Φ(x) =

∫ 1
0 ψ(xτ) dτ/τ ≥

0 for real x of either sign, so â ≥ 1 on the whole real axis. The function Φ(x)− 1
2 log(1+x

2)

is continuous on R and tends to C± as x → ±∞, by Eq. (2.17), so it is bounded, between
mψ and Mψ say, and

enmψ
(
1 + x2

)n/2 ≤ â(z) ≤ enMψ
(
1 + x2

)n/2
, z ∈ R. (2.28)

For ψ∗ this is Eq. (2.22), with mψ = 0 and Mψ = γE/2.
Symbols. With H = nΦ(z/M2) we have H ′(z) = nψ(x)/z, and for |x| ≥ 1 this is

n/z minus n(1 − ψ(x))/z, whose derivatives decay faster than any power by (S3). The
argument of Sec. 2.6 then gives Eq. (2.24) with the constant enMψ . Put ĉ = enC+ . For
x ≥ 1, â − ĉ xn = ĉ xn(enρ+(x) − 1), and ρ+ and all its derivatives decay faster than any
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power, so â− ĉxn is a symbol of order 0 and Ĝ is a symbol of order −1: Eq. (2.26) holds as
it stands.

Cones. Let z = reiα with |α| ≤ θ− δ. The function g(w) = Φ(w)− logw is analytic in
the sector and g′(w) = −(1−ψ(w))/w, which by (S4) is bounded by CN |w|−N−1 for every
N . The integral of g′ along the ray from z to infinity therefore converges and is O(r−N ),
so g(z) tends to a limit L(α) along each ray, with an error O(r−N ). The limit does not
depend on α, because the integral of g′ over an arc of radius t between two rays is at most
πt · CN t−N−1 → 0. On the positive axis L(0) = C+ by Eq. (2.17). Hence, in the sector,

â(z) = ĉ
( z

M2

)n
enρ(z), |ρ(z)| ≤ CN,δ

∣∣∣M2

z

∣∣∣N , (2.29)

for every N , with ĉ = enC+ , and the same holds around the negative axis with C− and
(−z/M2)n. For ψ∗ this is Eq. (2.27), where the remainder is even Gaussian.

The zero-point moment. Section 6.2 needs the integral of Φ(k2/M2) over
four-momentum in dimensional regularization. Its Mellin transform is elemen-
tary. For −2 < Re s < 0, exchanging the order of integration in Eq. (2.15) gives∫∞
0 ws−1Φ(w) dw = −ψ̃(s)/s, with ψ̃(s) =

∫∞
0 us−1ψ(u) du; the strip is where both

integrals converge, since ψ(u) = O(u2) at small u by passivity and ψ → 1 at large u.
Splitting ψ̃ at u = 1 and writing ψ = 1− (1−ψ) on [1,∞) continues it to Re s > −2, s ̸= 0,
and for Re s > 0 the continuation is ψ̃(s) = −

∫∞
0 us−1(1− ψ(u)) du. At s = D/2 = 2,∫

d4k

(2π)4
Φ
( k2

M2

)
=

M4

32π2
µψ,

µψ =

∫ ∞

0
t
(
1− ψ(t)

)
dt,

(2.30)

which is positive and finite by (S2) and (S3).12 For a single brane of size τ/M2 no contin-
uation is needed, because the integrand falls off rapidly by (S3) and the integral converges
absolutely: ∫

d4k

(2π)4

[
ψ
(τk2
M2

)
− 1

]
= − M4

16π2τ2
µψ, (2.31)

as follows from the substitution u = τk2/M2, after which the angular integration leaves
d4k/(2π)4 → uduM4/(16π2τ2).

Small momenta. Passivity gives ψ(w) = ψ2w
2+O(w3) with ψ2 ≥ 0, so â = 1+ n

2ψ2x
2+

O(x3). The leading correction to the kinetic operator is of fourth order in momentum, as
in Eq. (2.23).

Table 1 gives three admissible responses and two that fail, and Fig. 7 shows the sectors
of (S4).

2.8 Fluctuations of a realization

The skeleton has every property that the field theory needs. We now show that, under (G),
almost every realization has them too, with a random constant in place of ĉ. The two differ
by the factor eRΠ of Eq. (2.14), so everything rests on how RΠ behaves at large |z|.

12For ψ∗, Φ(w) = 1
2
Ein(w2) and µψ∗ =

∫∞
0
te−t

2

dt = 1
2
, so the right side is M4/(64π2). This agrees

with Sec. 6.2, where the same integral is done in the variable k4/M4 with the Mellin transform (6.2).
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exponent ψ(w) small w C+ ĉ, n = 4 µψ ρ1/(nM
4) θ skeleton exponent

Φ(x)

1− e−w
2

w2 γE/2 = 0.2886 3.172 1
2 3/(64π2) π/4 1

2 Ein(x
2)

1− (1 +w2)e−w
2 1

2w
4 (γE − 1)/2 =

−0.2114

0.4293 1 3/(32π2) π/4 1
2 [Ein(x

2)− 1 +

e−x
2

]

1− e−w
4

w4 γE/4 = 0.1443 1.781
√
π
4 3

√
π/(128π2) π/8 1

4 Ein(x
4)

1− e−w w fails (S2): unbounded below on the negative axis; the factor decays faster
than any power on the timelike axis

w2/(1 + w2) w2 fails (S1) and (S3): poles at w = ±i, and 1− ψ ∼ w−2, so G and Λ run at
one loop

Table 1. Single-brane responses, given by the exponent ψ of Eq. (2.2). The first three are ad-
missible; for them ĉ = enC+ is the leading coefficient of the skeleton, â ≃ ĉ xn, µψ is the moment
of Eq. (2.30), which fixes the mean zero-point energy (6.4), and θ is the opening of the sectors of
(S4). The last two violate the conditions named in the third column. Values of ĉ are for n = 4; for
general n, ĉ = enC+ . Only the first row arises from the cell model of Sec. 2.2: in the second and
third, 1− ψ is not a characteristic function.

Figure 7. The saturation sectors of condition (S4) for the three admissible exponents of Table 1.
Each surface is log10 |1 − ψ(w)| over the complex w plane, clipped at −8 below and +3 above,
with the floor showing the same quantity as a contour map. Where the surface is low the brane
is saturated, ψ ≃ 1; the dashed lines are the sector boundaries, argw = ±π/4 in (a) and (b) and
argw = ±π/8 in (c). The exponent 1 − e−w

4

of panel (c) is also saturated around the imaginary
axis, which (S4) does not require.

The limit at large momentum. At large real x every brane larger than 1/x is saturated
and contributes its full strength. This suggests comparing RΠ with the total strength of
the gas measured from its mean,

R∞ =

∫
ϑ(s) (Π− ν)(ds)

= lim
η→0

[ ∑
s∈Π, s>η/M2

ϑ(s)− n log
1

η

]
.

(2.32)

The sum in brackets has mean
∫ 1/M2

η/M2 ϑ dν = n log(1/η) by Eq. (2.7), and by Eq. (2.11) its
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fluctuation has variance n[V (1) − V (η)]. Under (G) V (1) is finite, and Sec. 2.4 gives the
limit almost surely, with

ER∞ = 0, ER2
∞ = nV (1). (2.33)

The difference
RΠ(z)−R∞ =

∫
ϑ(s)

[
ψ(sz)− 1

]
(Π− ν)(ds) (2.34)

is carried by the branes that are not saturated at z.
Mean-square decay. By Eq. (2.11), for complex z and w = z/M2,

E
∣∣RΠ(z)−R∞

∣∣2 = n

∫ 1

0
ϑ(τ)

∣∣1− ψ(wτ)
∣∣2 dτ

τ
. (2.35)

Let |w| ≥ 1 and | arg(±w)| ≤ θ− δ. For τ ≤ 1/|w| the point wτ lies in the closed unit disk,
where |1− ψ| ≤ B, and this part of the integral is at most nB2V (1/|w|) ≤ nB2C|w|−σ by
(G). For τ > 1/|w| condition (S4) gives |1 − ψ(wτ)| ≤ CN |wτ |−N . Choose 2N > σ and
integrate by parts in

∫ 1
1/|w| τ

−2N dV (τ): the boundary term at τ = 1/|w| is negative, the one
at τ = 1 is V (1), and the remaining integral is 2N

∫
τ−2N−1V (τ) dτ ≤ 2NC|w|2N−σ/(2N−

σ). Multiplying by C2
N |w|−2N , this part is also O(|w|−σ), and

E
∣∣RΠ(z)−R∞

∣∣2 ≤ Kδ

∣∣∣M2

z

∣∣∣σ,
|z| ≥M2, | arg(±z)| ≤ θ − δ.

(2.36)

Almost-sure decay. Equation (2.36) controls one point at a time. To control a whole
sector we use the subharmonicity of |f |2 for analytic f : |f(w)|2 is at most the mean of |f |2

over any disk centered at w on which f is analytic. Put f(w) = RΠ(M
2w)−R∞, an entire

function, fix δ, and let Ak be the part of the sector | argw| ≤ θ − δ with 2k ≤ |w| ≤ 2k+1,
k ≥ 1. A disk of radius rk = 2k−1 sin(δ/2) around a point of Ak lies in the region A′

k where
| argw| ≤ θ − δ/2 and 2k−1 ≤ |w| ≤ 2k+2. Hence

sup
Ak

|f |2 ≤ 1

πr2k

∫
A′
k

|f |2 dA,

and taking expectations with Eq. (2.36) in the wider sector,

E sup
Ak

|f |2 ≤
area(A′

k)

πr2k
Kδ/2 2

−(k−1)σ ≤ K ′ 2−kσ,

since the ratio of the area of A′
k to r2k does not depend on k. Chebyshev’s inequality gives

P
(
supAk |f | > 2−k(σ/2−ε)

)
≤ K ′2−2kε, which is summable in k for every ε > 0. By the

Borel–Cantelli lemma, almost surely supAk |f | ≤ 2−k(σ/2−ε) for all but finitely many k, and
on the remaining annuli f is bounded because it is continuous. Taking δ and ε rational,
and treating the sectors around the negative axis in the same way, we conclude that almost
surely ∣∣RΠ(z)−R∞

∣∣ ≤ CΠ

∣∣∣M2

z

∣∣∣σ/2−ε,
|z| ≥M2, | arg(±z)| ≤ θ − δ,

(2.37)
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for every δ ∈ (0, θ) and every ε > 0, with CΠ finite and depending on the realization, on δ
and on ε. For the power law below σ = ζ, and the exponent matches, up to ε, the decay of
the standard deviation of RΠ(z)−R∞, which falls like |z|−ζ/2, Eq. (2.45).

The form factor of a realization. With Eqs. (2.14) and (2.29), Eq. (2.37) says that
almost surely, in the same sectors,

aΠ(z) = cΠ

(±z
M2

)n
eηΠ(z), cΠ = enC±+R∞ ,

|ηΠ(z)| ≤ C ′
Π

∣∣∣M2

z

∣∣∣σ/2−ε. (2.38)

A realization has the asymptotics of the skeleton, with a random coefficient. Cauchy’s
estimate on a disk of radius 1

2 |z| sin(δ/2) around z, which stays inside the wider sector,
bounds the derivatives: |η(j)Π (z)| ≤ Cj |z|−j |M2/z|σ/2−ε. On the real axis RΠ is continuous
and tends to R∞ at both ends, so ∥RΠ∥ = supR |RΠ| is finite, and Eq. (2.28) gives

enmψ−∥RΠ∥(1 + x2
)n/2 ≤ aΠ(z) ≤ enMψ+∥RΠ∥(1 + x2

)n/2 (2.39)

for every real z.
Now let σ > 4, as (G) requires, fix ε with 0 < ε < σ/2− 2, and put

mσ = max
(
0, n− σ/2 + ε

)
, 0 ≤ mσ < n− 2. (2.40)

Then for |x| ≥ 1

aΠ(z)− cΠ|x|n = cΠ|x|n
(
eηΠ − 1

)
= O

(
|x|n−σ/2+ε

)
,

and each derivative falls by one more power of x; so aΠ − cΠx
n is a symbol of order mσ,

and aΠ obeys the derivative bounds (2.24) of the skeleton. When σ > 2n one may take
mσ = 0, and aΠ − cΠx

n stays bounded, as it does for the skeleton; for 4 < σ ≤ 2n it grows,
but more slowly than xn−2. The nonlocal remainder of the realization,

G(z) = aΠ(z)− 1

z
− cΠ z

n−1

M2n
, (2.41)

is entire, equals −1/z + cΠx
n(eηΠ − 1)/z for x ≥ 1, and obeys∣∣G(j)(z)
∣∣ ≤ CjM

−2−2j(1 + x)mσ−1−j , z ≥ 0, (2.42)

almost surely; the same bounds hold with |z| in place of z in every closed subsector of
the sectors of (S4). So G is a symbol of order mσ − 1; for the skeleton it is a symbol of
order −1, with corrections that fall faster than any power. The field theory of Secs. 4–7
uses only that the order is below n − 3, and this is where the exponent 4 in (G) comes
from. The fluctuation of the gas at momentum p must fall faster than p−4, so that the
one-loop integrals of Secs. 5.2 and 6.2 converge; the growth that aΠ − cΠx

n may then have
is absorbed by the vertex bound of Sec. 4.3.

Identical branes. Without (G) the conclusion fails, and it fails for the most obvious
gas. Let all branes have the same strength ϑ0, so that ν = (n/ϑ0) ds/s. For real x the
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sum RΠ(x) is an ordinary compensated sum, and Eq. (2.10) with f = eiuϑ0ψ − 1 gives its
characteristic function,∣∣∣E eiuRΠ(x)

∣∣∣ = exp
[ n
ϑ0

∫ x

0

(
cos(uϑ0ψ(t))− 1

)dt
t

]
.

As x → ∞ the integrand tends to cos(uϑ0) − 1, which is negative unless uϑ0 ∈ 2πZ, and∫
dt/t diverges, so the right side tends to 0 for all such u. If RΠ(x) converged in distribution,

its characteristic function would converge to a function continuous at u = 0 [27]; the limit
here is 1 at u = 0 and 0 around it. So RΠ(x) has no limit in distribution, and a fortiori
no limit almost surely: aΠ(x)/xn does not converge, and no constant c makes aΠ − c xn a
symbol of order 0. For c > 0 this would force RΠ(x) to converge. For c ≤ 0 it would force
aΠ(x) to stay bounded, hence RΠ(x) ≤ C − n log x for large x, so that only a bounded
number of branes could have sx above a fixed t0 beyond which ψ ≥ 1

2 ; their number is
Poisson with mean (n/ϑ0) log(x/t0), and the probability of that event tends to zero. The
variance shows the mechanism,

ERΠ(x)
2 = nϑ0Ψ∗(x),

Ψ∗(x) =

∫ 1

0
ψ∗(xτ)

2 dτ

τ
= Ein(x2)− 1

2 Ein(2x
2)

= log |x|+ 1
2(γE − log 2) +O

(
e−x

2)
,

(2.43)

from (1− e−u)2 = 2(1− e−u)− (1− e−2u), the substitution u = x2τ2 and Eq. (2.21). The
saturated strength performs a random walk in log x, one step of size ϑ0 for each of the
roughly (n/ϑ0) log x branes larger than 1/x. Such a gas still gives an entire form factor
without zeros, by (S5), and log aΠ(x)/ log x → n almost surely by the strong law of large
numbers. But the local split of Sec. 5.1, on which the one-loop analysis rests, does not exist
for it.

Statistics of a realization. For the power law (2.9) and ψ∗ the moments on the real
axis are incomplete gamma functions. With γ(b, y) =

∫ y
0 t

b−1e−tdt and (1 − e−u)2 =

1− 2e−u + e−2u,

ERΠ(x)
2 = nϑ0

[1
ζ
−
γ( ζ2 , x

2)

xζ
+
γ( ζ2 , 2x

2)

2 (2x2)ζ/2

]
, (2.44)

E
∣∣RΠ(x)−R∞

∣∣2 = nϑ0
2

γ( ζ2 , 2x
2)

(2x2)ζ/2
≤

nϑ0 Γ(
ζ
2)

2 (2x2)ζ/2
, (2.45)

and ER2
∞ = nϑ0/ζ. The leading coefficient cΠ = ĉ eR∞ has E log cΠ = log ĉ, and by

Eq. (2.12), with the substitution t = ϑ0τ
ζ ,

E cΠ = ĉ exp
[n
ζ

∫ ϑ0

0

et − 1− t

t2
dt
]
. (2.46)

The image of ν under s 7→ ϑ(s) is (n/ζ) dt/t2 on (0, ϑ0], so R∞ is a centered, totally skewed
variable whose Lévy measure is that of a stable law of index one, cut off at ϑ0. Its jumps
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n ζ (nϑ0/ζ)
1/2 E eR∞ 95% bound x∗ δρ/ρ1

4 5 0.745 1.368 0.162 12.66 0.833
4 9 0.555 1.190 0.257 4.47 0.372
5 11 0.561 1.195 0.253 3.74 0.281
6 13 0.566 1.198 0.250 3.35 0.227
7 15 0.569 1.201 0.249 3.11 0.190
8 17 0.571 1.202 0.247 2.97 0.163

Table 2. Fluctuations of a realization for the power law (2.9) with ζ = 5 (first row) and ζ = 2n+1,
ϑ0 = log 2 and ψ = ψ∗. Columns: standard deviation of log(cΠ/ĉ) = R∞; mean of cΠ/ĉ, Eq. (2.46);
lower bound on cΠ/ĉ that holds with probability at least 0.95, from Eq. (2.47); the value x∗ beyond
which the root-mean-square remainder (2.45) is below 10−3; and the relative standard deviation of
the zero-point energy, Eq. (6.5). All entries are closed-form expressions evaluated numerically.

are positive, and since e−λt−1+λt ≤ 1
2λ

2t2 for t ≥ 0, Eq. (2.12) gives Ee−λR∞ ≤ eλ
2nV (1)/2

and hence, for any gas with bounded strengths that obeys (G),

P
(
cΠ < ĉ e−y

)
≤ exp

[
− y2

2nV (1)

]
. (2.47)

The coefficient of a realization is bounded away from zero except with Gaussian probability.
Table 2 gives the numbers for ϑ0 = log 2, a brane at the top of the range doubling the kinetic
operator when saturated, and ζ = 2n + 1, the smallest integer for which aΠ − cΠx

n stays
bounded, and in its first row for ζ = 5, the smallest integer allowed by (G). Figure 8 shows
sample paths of RΠ for the two kinds of gas, the root-mean-square remainder (2.45) as a
function of x and ζ, and the remainder of one realization over the complex plane.

2.9 What the field theory uses

From here on the form factor is that of one realization, and we drop the subscript: a = aΠ
and c = cΠ, with the remainder G of Eq. (2.41). Sections 3–7 use a only through the
following properties, each proved above for almost every realization of a gas obeying A1
and A2: a is entire, has no zeros, satisfies a(0) = 1 and has real Taylor coefficients (Sec. 2.5);
on the real axis it obeys the two-sided bound (2.39) and the derivative bounds (2.24); G is a
symbol of order mσ−1 and a−cxn a symbol of order mσ, with 0 ≤ mσ < n−2, Eqs. (2.40)
and (2.42); and in the cones of (S4) the asymptotics (2.38) hold, with |a(z)| ≥ c

2 |z/M
2|n

for large |z|. Where a statement depends on the realization, the dependence is through c,
through the bound CΠ of Eq. (2.37), or through ∥RΠ∥; we point it out where it matters.
The skeleton enters directly in two places only, the zero-point energy of Sec. 6.2, whose
mean it gives, and the Newtonian numbers of Sec. 8. Table 3 collects the properties of the
skeleton and of a realization side by side.

The two premises are the only places where the brane picture enters. Assumption
A1 is a statement about a single brane, (S1)–(S5), which Sec. 2.2 derives from the cell
model (M1)–(M3); the model itself is not derived from a brane action. Assumption A2 is
a statement about the gas: independence, the scale-invariant strength (2.7) and the fine
graining (G). No average over realizations is taken anywhere, and no limit of many regions
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Figure 8. Fluctuations of a realization, for n = 4, ϑ0 = log 2 and ψ∗. (a) Sample paths of RΠ(x)

for twelve realizations of a gas of identical branes, drawn as ribbons over log10 x and the index of
the realization, with the band ±(ER2

Π)
1/2 of Eq. (2.43) (translucent sheets with dashed edges). The

band widens like (log x)1/2 and the paths wander without limit. (b) The same for the fine-grained
gas with ζ = 9, with the band of Eq. (2.44). Each path levels off at its own value of R∞, marked
by a dot at the right end. (c) The root-mean-square remainder (E|RΠ − R∞|2)1/2, Eq. (2.45), as
a surface over log10 x and ζ, in log10. Its slope in log10 x is −ζ/2; the red line marks ζ = 2n = 8,
above which the remainder of aΠ after the monomial is subtracted is bounded; condition (G) asks
only for ζ > 4. (d) log10 |RΠ(z)−R∞| for one realization with ζ = 9 over the plane of log2 |z/M2|
and arg z, for | arg z| ≤ 72◦, with the cone boundaries | arg z| = 45◦ (dashed) and the real axis
(white). Inside the cone the surface falls along every ray with slope close to −ζ/2 (dotted reference
line, shifted up), as Eq. (2.37) states; the dips on the real axis are sign changes of RΠ−R∞. Outside
the cone, where (S4) gives no control, the surface rises and is cut off at 10. In (b) and (d) the branes
smaller than 0.3M−2 in the fine-grained gas, about 3 × 105 per e-fold and more, are represented
by their Gaussian limit; all other branes are drawn individually.

or many samples is needed: the field theory below is that of one frozen gas. Table 4 records
where each input is used.
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property skeleton â realization a = â eRΠ used in
analyticity entire, no zeros, â(0) = 1,

â(−z) = â(z), real coefficients
entire, no zeros by (S5), a(0) = 1,
a(−z) = a(z), real coefficients

pole content, Sec. 3.3

real axis (1 + x2)n/2 ≤ â ≤ ĉ (1 + x2)n/2 same, with factors e∓∥RΠ∥,
Eq. (2.39)

propagator
bound (4.3)

large |x|, real â = ĉ |x|n exp[n2E1(x
2)] a = c |x|n[1 +O(|x|−σ/2+ε)],

c = ĉ eR∞

local theory, Sec. 5.1

small x â = 1 + n
2x

2 + n(n−1)
8 x4 +O(x6) a = 1 + bΠx

2 +O(x4),
bΠ =

∑
ϑ(s)s2M4, E bΠ = n

2

Newtonian limit,
Sec. 8

remainder Ĝ of order −1; â− ĉxn exponentially
small

G of order mσ − 1; a− cxn of order
mσ < n− 2, Eq. (2.40)

vertex bound,
Sec. 4.3

cones â = ĉ (z/M2)n[1 + ϵ], |ϵ| ≲ e−Re z2/M4

a = c (z/M2)neηΠ ,
|ηΠ| ≤ C|z/M2|−σ/2+ε

unitarity, Sec. 7

imaginary
axis

â(iy) → 0 faster than any exponential not controlled, not used Sec. 7

constant ĉ = 3.172, 4.234, 5.650, 7.540, 10.063
for n = 4, . . . , 8

log c has mean log ĉ, variance nV (1) one-loop tuning,
Sec. 5.4

other
responses

same with ĉ = enC+ , Sec. 2.7 same with c = enC++R∞ Sec. 2.7

Table 3. Properties of the skeleton â = exp[n2 Ein(x2)] for ψ∗, with ĉ = enγE/2, and of the form
factor a of a realization, which hold almost surely for a gas obeying (G). Here x = z/M2, ε > 0 is
arbitrary and C depends on the realization. All entries are derived in Secs. 2.5–2.8; the last column
says where each is used.

3 Action, propagator and spectrum

3.1 The action

Let gµν = ηµν + κhµν with κ2 = 32πG, and Gµν = Rµν − 1
2gµνR. The Euclidean action is

S = − 2

κ2

∫
d4x

√
g
[
R+GµνF (□)Rµν

]
+ Sq,

F (□) =
a(−□)− 1

□
, (3.1)

where Sq collects three operators quartic in curvature, introduced in Sec. 5.4. Being quartic,
they contribute nothing to the quadratic or cubic terms of the action around flat space.
Since a(0) = 1, F is an entire function of □. The combination GµνF (□)Rµν is the one
used in Refs. [8, 11], and the reason for it appears below: around flat space it multiplies
the whole Einstein operator by one function.

3.2 Linearized curvature

We use the spin projectors of Barnes and Rivers [29, 30]. With θµν = δµν − pµpν/p
2 and

ωµν = pµpν/p
2, in D dimensions,

P
(2)
µναβ = 1

2(θµαθνβ + θµβθνα)− 1
D−1θµνθαβ,

(P (0)
s )µναβ = 1

D−1θµνθαβ.

They are orthogonal idempotents, and both are annihilated by contraction with pµ. For a
metric perturbation hµν with Fourier transform h(p), the linearized Ricci tensor is

R(1)
µν = 1

2

(
−pρpµhρν − pρpνh

ρ
µ + p2hµν + pµpνh

)
,
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input used for if dropped
cells,
(M1)–(M3)

derive (S1)–(S5)
and ψ = ψ∗

A1 must be
assumed

A1, (S1) a entire with
a(0) = 1

F (□) not entire

A1, (S2) a ≥ 1 on both
half-axes

no polynomial
bound on one
half-axis

A1, (S3) skeleton corrections
beyond all powers

G and Λ run at
one loop

A1, (S4) cone
asymptotics (2.29),
(2.38)

cutting rules not
established

A1, (S5) no zeros in any
realization

complex pole
pairs, Eq. (2.3)

A2, inde-
pendence

Poisson gas formulas of
Sec. 2.4 lost

A2,
Eq. (2.7)

growth |x|n with
integer n

no fixed power

A2, (G) a− cxn = O(xmσ ),
Eq. (2.42); finite
δρΠ

ζ ≤ 4: δρΠ
diverges; identical
branes: no limit of
a/xn

ψ = ψ∗ closed forms;
numbers of Sec. 8

other constants,
Table 1

n integer local theory
polynomial

no local split

n ≥ 4 every graph with
L ≥ 2 converges

n = 3: ω̄(2) = 0

Table 4. Inputs of the paper, what each is used for, and what fails without it. Everything not
listed here is derived, for almost every realization of the gas.

with h = hµµ. Substituting a gauge mode hµν = pµξν + pνξµ, the terms cancel in pairs,
so R(1) depends only on the transverse part (P (2) + P

(0)
s )h; every symmetric tensor is its

transverse part plus a gauge mode, because 1 − P (2) − P
(0)
s projects onto tensors of the

form pµξν + pνξµ. For transverse h the formula reduces to 1
2(p

2hµν + pµpνh), and writing
hµν = (P (2)h)µν + (θ · h) θµν/(D − 1), with θ · h = θµνhµν , we get

R(1)
µν =

p2

2

[
(P (2)h)µν + (θ ·h)Tµν

]
, Tµν =

θµν
D − 1

+ ωµν . (3.2)

Its trace is R(1) = p2 θ · h. Squaring Eq. (3.2), the cross terms vanish because P (2)h is
transverse and traceless, T · T = D/(D − 1), and (θ · h)2 = (D − 1)hP

(0)
s h, where hPh
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stands for hµνPµναβhαβ and products are understood as h(−p) · · ·h(p). This gives

R(1)
µνR

(1)µν = p4

4

[
hP (2)h+DhP (0)

s h
]
, (3.3)(

R(1)
)2

= p4(D − 1)hP (0)
s h, (3.4)

G(1)
µνR

(1)µν = p4

4

[
hP (2)h− (D − 2)hP (0)

s h
]
, (3.5)

hµνG(1)
µν = p2

2

[
hP (2)h− (D − 2)hP (0)

s h
]
. (3.6)

Equation (3.5) is Eq. (3.3) minus half of Eq. (3.4), and Eq. (3.6) follows from G(1) =
p2

2 [P
(2)h− D−2

D−1(θ · h)θ].

3.3 Quadratic action and propagator

Since δ(
√
gR) = −√

g Gµνδgµν up to a total derivative and Gµν vanishes on flat
space, the second-order term of

∫ √
gR is −1

2

∫
δgµνG

(1)
µν [δg], which for δg = κh is

−κ2

2

∫
hG(1)[h]. The nonlocal term is already quadratic in curvature, so its second-order

part is κ2
∫
G(1)F (□)R(1) with □ → −p2. With the prefactor −2/κ2 and Eqs. (3.5)

and (3.6) at D = 4, the quadratic action is 1
2p

2[1 − p2F (−p2)]h[P (2) − 2P
(0)
s ]h, and

1− p2F (−p2) = 1 + (a(p2)− 1) = a(p2). Hence

S(2) =
1

2

∫
d4p

(2π)4
p2a(p2) h(−p)

[
P (2) − 2P (0)

s

]
h(p), (3.7)

the Einstein–Hilbert quadratic action multiplied by a(p2). On the gauge-invariant subspace
it is inverted by

D(p) =
P (2) − 1

2P
(0)
s

p2 a(p2)
, (3.8)

the propagator of general relativity divided by a.
As a function of z = p2 ∈ C, Eq. (3.8) is analytic except at z = 0: a is entire and zero-

free, so 1/a is entire, and 1/(za) has a simple pole at the origin with residue 1/a(0) = 1; the
projectors do not depend on |p|. The residue is that of general relativity, so the exchange
between conserved sources at long distances is Einstein’s and carries the same positive norm.
In Lorentzian signature the only on-shell condition is p2 = 0, and because the form factor
multiplies the spin-two projector by a scalar, both helicities have the dispersion relation
ω2 = k2 at every wavenumber. There are no massive states, ghosts or tachyons in the
tree-level spectrum, and the speed of gravitational waves equals that of light identically.13

For comparison, a polynomial form factor of degree N has N extra poles whose residues
add up to −1, by the residue theorem applied to 1/(za) [4]; Stelle’s theory is N = 1, with
residue exactly −1 [3]. A frozen gas of resonant branes would have infinitely many complex
pairs, Eq. (2.3); a realization of the gas of Sec. 2, whose branes have no resonances, has no
extra pole at all.

13The bound from GW170817 and GRB 170817A is −3×10−15 < (cg−c)/c < 7×10−16 [31]. Theories with
a momentum-dependent spin-two form factor that is not shared by the whole Einstein operator generically
violate it at some wavenumber; here the factorized structure (3.7) prevents that.
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4 Ultraviolet power counting

4.1 Gauge fixing and ghosts

We use the background-field method [32], g = ḡ + κh, with the background-covariant de
Donder condition χµ = ∇̄νhµν − 1

2∇̄µh and the weighted gauge-fixing term

Sgf =

∫
d4x

√
ḡ χµ a(−□̄)χµ. (4.1)

For a = 1 this is the Feynman–de Donder term, which added to the Einstein part of Eq. (3.7)
gives the operator p2(1− 1

2δ ⊗ δ), with 1 the identity on symmetric tensors.14 Around flat
space both the gauge-invariant part and the gauge-fixing part are those of general relativity
multiplied by a(p2), so the full propagator is

Dµναβ(p) =
1
2(δµαδνβ + δµβδνα)− 1

2δµνδαβ

p2 a(p2)
. (4.2)

The weight Y = a(−□̄) is handled in the standard way [33, 34]. Averaging the gauge
condition with the Gaussian weight e−

∫
fY f requires the normalization (detY )1/2; com-

bined with the Faddeev–Popov determinant detQ, where Q is the usual second-order
ghost operator, this is det(Y Q) (detY )−1/2. The ghosts therefore get the action c̄µY Qµνcν ,
and a factor (detY )−1/2 depending on the background alone compensates; it contributes
+1

2 Tr log a(−□̄) to the effective action and has no vertices with quantum fields. The ghost
propagator is δµν/(p2a(p2)). Every propagator of the theory, graviton or ghost, is then
bounded by

|D(p)| ≤ C

p2(1 + p2/M2)n
, (4.3)

by the lower bound in Eq. (2.39) and 1 + x2 ≥ 1
2(1 + x)2; the constant C depends on the

realization through ∥RΠ∥.

4.2 Functions of the d’Alembertian in perturbation theory

The vertices of a nonlocal theory come from expanding F (□), a(−□̄) and the like in powers
of the fields, and a standard formula for functions of perturbed operators organizes this [35].
For points z0, . . . , zm the divided difference f [z0, . . . , zm] is defined by f [z0] = f(z0) and

f [z0, . . . , zm] =
f [z1, . . . , zm]− f [z0, . . . , zm−1]

zm − z0
,

extended to coincident points by continuity. It is symmetric in its arguments and obeys the
Hermite–Genocchi formula [36]

f [z0, . . . , zm] =

∫
Σm

f (m)
( m∑
i=0

tizi

)
dt, (4.4)

14In four dimensions (1− 1
2
δ ⊗ δ)2 = 1− δ ⊗ δ + 1

4
(δ · δ) δ ⊗ δ = 1, since δ · δ = 4. The normalization of

Eq. (4.1), coefficient one in front of χµχµ with the action normalized as in Eq. (3.7), is the one that makes
the trace and traceless parts combine in this way.
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ℓ’s of B1 ℓ’s of B2 ℓ’s of BmY X

q0 q1 q2 qm−1 qm

u0 u0u1 u1u2 um−1um um

u−2
0 u−2

1 u−2
2 u−2

m−1 u−2
m

u0

m∏
i=1

(
ui−1ui

)
um ×

m∏
i=0

u−2
i = 1, ui = 1 + |qi|

from X, Bi, Y

from G[q20 , . . . , q2m]

Figure 9. The chain behind the vertex bound. (a) A function of the covariant d’Alembertian
between two field monomials, X G(−□)Y , expanded as in Eq. (4.5). Each insertion Bi of the field-
dependent part of □ attaches legs (dashed, gray balls) and changes the running momentum from
qi−1 to qi; the function enters only through the divided difference G[q20 , . . . , q2m]. By Eq. (4.8) each
insertion costs one power of the running momentum on each side of it (orange), and Y and X one
power each; by Eq. (4.6) the divided difference returns u−2

i for every segment (blue). The running
momenta cancel exactly, and only the legs are left. (b) A numerical check of this bookkeeping for
a chain with two insertions and n = 4, in units M = 1. The running momenta are q0 = ℓY with
|q0| = 1, q1 = q0 + ℓ1 with |q1| ≃ λ1, and q2 = q1 + ℓ2 with |q2| ≃ λ2; each insertion is given its
largest size (|qi−1|+ |ℓi|)2 and X, Y the sizes u2, u0. The upper surface is log10 of the product of
these sizes, which grows like the fifth power of the momenta, to 1021; the lower surface is log10 of
the full term, with the exact divided difference of the skeleton’s Ĝ, divided by (1 + |ℓ1|)(1 + |ℓ2|).
It stays between 10−3.2 and 101.4 over the four decades in λ1 and λ2.

where Σm = {ti ≥ 0,
∑
ti = 1} carries Lebesgue measure of total mass 1/m!.

Let A + B act on plane waves, with A diagonal, Aeiq·x = z(q)eiq·x. For entire f , the
term of f(A+B) of order m in B, acting on eiq0·x and projected on eiqm·x, is∑

q1,...,qm−1

f [z0, . . . , zm] Bqmqm−1 · · ·Bq1q0 , zi = z(qi), (4.5)

summed over the intermediate momenta that B allows. Appendix C gives the short proof.
In perturbation theory A = −□0 with z(q) = q2, and B = −(□−□0) collects the terms of
the covariant d’Alembertian with at least one power of the fields. Each insertion of B is a
polynomial in the fields with at most two derivatives, which act either on the fields of the
insertion or on the operand. Figure 9 shows the structure.

The divided differences that appear are those of G, of a− cxn and of polynomials. For
the first two we need a bound that controls mixed configurations, in which some of the zi
are large and others small. Let f be smooth on [0,∞) with |f (j)(z)| ≤ Cj(1 + z)µ−j for all
j, for some real µ, and write µ− = min(µ, 0) and µ+ = max(µ, 0). Then for every m there
is a constant Km such that, for all z0, . . . , zm ≥ 0,∣∣f [z0, . . . , zm]∣∣

≤ Km (1 + zmin)
µ−(1 + zmax)

µ+
∏
i̸=imin

(1 + zi)
−1, (4.6)

where zmin = zimin is a smallest argument and zmax a largest one. The proof, by induction
on m using Eq. (4.4) when the arguments are comparable and the recursion when they are
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not, is in Appendix C. The bound says that a divided difference of a symbol of order µ ≤ 0

decays like the symbol in its smallest argument and like an inverse power in each of the
others; for µ > 0 the growth of the symbol is charged to the largest argument.

4.3 Vertex bound

Consider any vertex of the gauge-fixed action, ghost vertices and the quartic operators Sq
included, with quantum legs carrying Euclidean momenta ℓ1, . . . , ℓN and background legs
carrying momenta in a fixed bounded set. We show that, for every n ≥ 1,

|V | ≤ C
[(

1 +
|ℓ|max

M

)2n+2

+
(
1 +

|ℓ|max

M

)2mσ
N∏
j=1

(
1 +

|ℓj |
M

)]
, (4.7)

with |ℓ|max the largest |ℓj |, mσ the order of Eq. (2.40), and C independent of the momenta.
The first term bounds the local part of the vertex and the second bounds everything else.
When all momenta at a vertex are of order λ the first term grows like λ2n+2, as dimensional
analysis requires. The second term grows by one power of λ for each hard leg, however
many there are, times the fixed power λ2mσ , which is absent when σ > 2n.

Set M = 1. Background fields never run in loops, so their momenta are external and
bounded in every graph, by P say. By Eq. (2.41), F (□) = −c(−□)n−1 − G(−□), and we
also split a(−□̄) = c(−□̄)n + [a− cxn](−□̄). Every vertex is then a sum of terms of three
kinds.

The first kind are local, and there are three sources of them: the operator
cGµν(−□)n−1Rµν , the quartic action Sq, and the local parts c(−□̄)n of the gauge-fixing
and ghost actions. Each is a polynomial in the momenta of total degree at most 2n + 2,
whatever the number of legs, so it is bounded by C(

∑
j |ℓj |+ P )2n+2 ≤ C(1 + |ℓ|max)

2n+2.
The second kind contain no function of the full d’Alembertian. They come from the

Einstein–Hilbert term, which has two derivatives, and from the remainders [a− cxn](−□̄)

in the gauge-fixing and ghost actions. In those two actions the weight stands between two
factors χµ that are linear in the quantum field, or acts on Qµνcν , where Q has two deriva-
tives, so the quantum legs enter through at most two derivatives. The d’Alembertian inside
the weight is the background one. Expanding it by Eq. (4.5) produces only background
insertions, each of which multiplies the operand by at most C(1+ |q|)2, with q the running
momentum. Since background momenta are bounded, all running momenta of such a chain
lie within a fixed distance of one another, and by Eq. (4.6) the divided difference of the
symbol a − cxn, of order mσ, is at most C(1 + q2)mσ times a factor (1 + q2)−1 for every
insertion. Every term of the second kind is therefore bounded by C(1 + |ℓ|max)

2+2mσ . Mo-
mentum conservation gives |ℓ|max ≤ (N −1)|ℓ(2)|+P , with ℓ(2) the second largest quantum
momentum, so (1 + |ℓ|max)

2 ≤ C(1 + |ℓ(1)|)(1 + |ℓ(2)|), and the term lies within the second
term of Eq. (4.7). (For N = 1 the single quantum momentum is bounded by P , and there
is nothing to prove.)

The third kind contain the full d’Alembertian, through G(−□) in the form X G(−□)Y ,
where X comes from √

g Gµν and Y from Rµν . Here the insertions carry quantum legs,
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which may be hard, and the estimate has to be made with some care. By Eq. (4.5) the
term of order m is G[z0, . . . , zm]Bm · · ·B1, with zi = q2i . The running momentum q0 is the
total momentum of the legs of Y , and qi = qi−1 +

∑
a∈i ℓa, the sum running over the legs

of the ith insertion. Write ui = 1 + |qi| and si =
∑

a∈i |ℓa|. An insertion has at most two
derivatives, acting on its own legs or on the operand, so |Bi| ≤ C(|qi−1|+ si)

2; in the same
way |Y | ≤ Cs2Y and |X| ≤ Cs2X . The estimate that does the work, proved in Appendix C,
is (

|q|+ s
)2 ≤ Cr (1 + |q|)(1 + |q′|)

r∏
a=1

(
1 + |ℓa|

)
, (4.8)

for any q and legs ℓ1, . . . , ℓr, with q′ = q +
∑

a ℓa and s =
∑

a |ℓa|. An insertion costs one
power of each of the two running momenta next to it and one power of each of its own legs.
Applying Eq. (4.8) to every insertion, to Y (with q = 0, q′ = q0) and to X (with q = 0,
q′ = −qm, since the legs of X carry away the momentum qm), the running momenta enter
through

u0 um

m∏
i=1

ui−1ui =
m∏
i=0

u2i .

On the other side, G is a symbol of order mσ−1 by Eq. (2.42), and Eq. (4.6) with µ = mσ−1

gives

|G[z0, . . . , zm]| ≤ K(1 + zmax)
mσ

m∏
i=0

(1 + zi)
−1

≤ 2m+1K(1 + zmax)
mσ

m∏
i=0

u−2
i

whether µ is negative or positive.15 The running momenta cancel exactly. Every running
momentum is a sum of leg momenta and bounded background momenta, so 1 + zmax ≤
C(1 + |ℓ|max)

2, and the term is bounded by C(1 + |ℓ|max)
2mσ

∏
a(1 + |ℓa|) over all its legs.

The sum over intermediate momenta in Eq. (4.5) is a finite sum over the ways of distributing
the legs among the insertions, which proves Eq. (4.7).16

4.4 Superficial degree

Let γ be a connected subgraph with L loops of some graph of the theory, and consider the
region in which the loop momenta of γ are of order λ→ ∞ while all other momenta are fixed.
Let γ have I internal lines and V vertices, so that I −V = L− 1, and let hv be the number
of lines of γ at the vertex v, so that

∑
v hv = 2I. Every vertex of γ has hv ≥ 2, because a

15For µ ≤ 0, Eq. (4.6) gives (1 + zmin)
mσ−1 ∏

i̸=imin
(1 + zi)

−1, and (1 + zmin)
mσ ≤ (1 + zmax)

mσ . For
µ > 0 it gives (1 + zmax)

mσ−1 ∏
i̸=imin

(1 + zi)
−1, and 1 + zmin ≤ 1 + zmax. For the skeleton, and whenever

σ > 2n, mσ = 0 and the bound is K
∏
i(1 + zi)

−1.
16The cancellation is not an artifact of the bounds. When the running momentum rises from soft to hard

at one insertion and falls back at the next, the divided difference is of order λ−2 and the two insertions
of order λ2 each, so the term grows like λ2 while two hard legs are attached: one power per hard leg,
as Eq. (4.7) says. Appendix D lists a numerical check of the bound on random chains with up to three
insertions.
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line of γ carries loop momentum and momentum conservation at its ends needs a second
line that does. Each line contributes at most Cλ−2n−2 by Eq. (4.3). At a vertex of γ the
legs outside γ carry fixed momenta, so Eq. (4.7) contributes at most Cλmax(2n+2, hv+2mσ).
The measure contributes λ4L. With x+ = max(x, 0) and kσ = 2n+2−2mσ, which exceeds
6, the superficial degree is therefore at most

4L− (2n+ 2)I +
∑
v

max(2n+ 2, hv + 2mσ)

= 4L− (2n+ 2)(L− 1) +
∑
v

(
hv − kσ

)
+
.

The last sum is largest when all the lines beyond the minimum meet at one vertex. Indeed
(a − k)+ + (b − k)+ ≤ (a + b − 2 − k)+ whenever a, b ≥ 2 and k ≥ 2,17 so merging the
vertices one pair at a time gives

∑
v(hv − kσ)+ ≤ (

∑
v hv − 2(V − 1)− kσ)+ = (2L− kσ)+.

Hence the superficial degree of an L-loop subgraph is at most

ω̄(L) = 4L− (2n+ 2)(L− 1) + 2 (L− n− 1 +mσ)+. (4.9)

For mσ = 0 and L ≤ n+ 1 this is the standard degree 2n+ 2 + (2− 2n)L of local higher-
derivative gravity [11, 37], and for L > n+1 it is (4−2n)L. At one loop ω̄(1) = 4 for every
n. At two loops ω̄(2) = 6− 2n, because mσ < n− 2 keeps the last term at zero. For L ≥ 3

the bound grows with mσ, and as mσ → n−2, the weakest fine graining that (G) allows, it
tends to 4L− (2n+2)(L− 1) + 2(L− 3) = −(2n− 4)(L− 1). So ω̄(L) < 0 for every L ≥ 2

and every σ > 4 exactly when n ≥ 4. Table 5 and Fig. 10 give the numbers.
To turn the degree into a convergence statement we use Weinberg’s theorem [38]. It

applies to integrands in his class An of functions with power-law behavior along every
subspace of the integration variables, with real exponents, a class that contains rational
functions and products of real powers of factors 1 + |ℓ| with ℓ linear in those variables.
It states that the integral converges absolutely if the asymptotic degree of every subspace
is negative. On a large-momentum line the factor 1/p2 in Eq. (4.3) may be replaced by
1/(p2 + µ2) with any fixed µ > 0, which changes nothing in the ultraviolet.18 At each
vertex, (1 + |ℓ|max)

p ≤
∑

j(1 + |ℓj |)p for p = 2n+ 2 and for p = 2mσ, so the bound (4.7) is
dominated by a finite sum of terms, each either a product (1+ |ℓk|)2mσ

∏
j(1+ |ℓj |) with one

“chosen” leg k or a single power (1+ |ℓj |)2n+2 of one chosen leg. Expanding the product over
vertices, the integrand is dominated by a finite sum of functions in An. In each of them,
the degree in the region where γ is hard is at most the count above, since a vertex whose
chosen leg lies outside γ contributes less. Weinberg’s theorem therefore applies to each
dominating term, and for n ≥ 4 every graph and every subgraph with two or more loops
converges in the ultraviolet. The only subgraphs that can diverge are one-loop subgraphs,
for which ω̄ = 4.

The threshold n ≥ 4 is the one found in the literature by bounding every vertex by
λ2n+2, which is legitimate when all momenta at a vertex are comparable [11, 37]. The vertex

17If a and b both exceed k, the left side is a+ b− 2k ≤ a+ b− 2− k because k ≥ 2. If only a does, it is
a− k ≤ a+ b− 2− k because b ≥ 2. If neither does, it is zero.

18This separates the ultraviolet from the infrared. Infrared behavior is governed by a→ 1 and is that of
general relativity; it is discussed in Sec. 6.
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n L = 1 L = 2 L = 3 L = 4 L = 5

3 4 0 −4 −8 −10

4 4 −2 −8 −14 −20

5 4 −4 −12 −20 −28

6 4 −6 −16 −26 −36

7 4 −8 −20 −32 −44

8 4 −10 −24 −38 −52

mσ → n− 2 (σ → 4)
3 4 0 −4 −6 −8

4 4 −2 −8 −12 −16

5 4 −4 −12 −18 −24

6 4 −6 −16 −24 −32

7 4 −8 −20 −30 −40

8 4 −10 −24 −36 −48

Table 5. Superficial degree ω̄(L) = 4L − (2n + 2)(L − 1) + 2(L − n − 1 +mσ)+ from the vertex
bound (4.7), for L = 1, . . . , 5. Upper block: mσ = 0, which holds for the skeleton and whenever
σ > 2n; for L ≤ n + 1 the entries coincide with the standard estimate 2n + 2 + (2 − 2n)L, and
the first entry that differs is n = 3, L = 5. Lower block: the limit mσ → n − 2, the weakest fine
graining allowed by (G), which bounds the degree for every σ > 4. Negative entries are convergent.

bound shows that vertices with many hard legs do not spoil it: the nonlocal remainder gains
at most one power of λ per hard leg, and a fixed power below 2n − 4 in all, while each
hard leg brings a propagator that falls like λ−2n−2. For n ≤ 3 the two-loop degree is not
negative and the argument gives nothing. From now on n ≥ 4.

5 One loop

5.1 The local theory

Split the action into a local part and a remainder,

Sloc =
2c

κ2M2n

∫
√
g Gµν(−□)n−1Rµν + Sq, (5.1)

Srest = − 2

κ2

∫
√
g
[
R−Gµν G(−□)Rµν

]
,

so that S = Sloc + Srest by Eq. (2.41). Split the gauge-fixing weight in the same way,
a(−□̄) = c(−□̄/M2)n + [a − cxn](−□̄). Both parts of the action are separately invariant
under diffeomorphisms, and both parts of the gauge-fixing term are background covariant.
The local theory, with action Sloc, gauge-fixing weight c(−□̄/M2)n and the corresponding
ghosts, is therefore a consistent background-gauge-fixed theory on its own. Its flat-space
propagator is M2n(P (2)− 1

2P
(0)
s )/(c p2n+2) on the gauge-invariant subspace, from Eq. (3.8)

with a replaced by cxn.
The local theory is badly behaved in the infrared, since its propagator falls like p−2n−2

at small p as well as at large p. This does not matter for what follows, because we compare
the two theories only at large loop momentum. We define the ultraviolet pole of a one-loop
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Figure 10. Upper bound ω̄(L) on the superficial degree of an L-loop graph, Eq. (4.9), for n =

3, . . . , 8 and L ≤ 6, drawn as bars hanging from the plane ω̄ = 0. One-loop graphs have degree
4 for every n (red). For n = 3 the two-loop bound is 0 (amber), so power counting alone leaves
a possible logarithm; for n ≥ 4 every graph with L ≥ 2 has negative degree (blue to green), and
the degree falls without bound as L grows. The bars are drawn for mσ = 0, which holds for the
skeleton and whenever σ > 2n; the lower block of Table 5 gives the bound for the weakest fine
graining, mσ → n− 2, which is negative for L ≥ 2 as well.

integral as the pole, in dimensional regularization with D = 4− 2ϵ, of its integral over the
region |k| ≥ M of the loop momentum.19 With this definition the ultraviolet pole of the
full theory and that of the local theory can be compared graph by graph.

5.2 One-loop poles are those of the local theory

Let n ≥ 4, and consider any one-loop graph of the full theory with external legs, back-
ground or quantum, of bounded momenta. Write each vertex as V = Vloc + Vrest and
each propagator as D = Dloc + Drest, where the local pieces are those of the local the-
ory. For loop momentum |k| ≥ M we have |Vloc| ≤ C|k|2n+2 and |Dloc| ≤ C|k|−2n−2.
The remainders are smaller. A remainder vertex consists of terms of the second and third
kinds of Sec. 4.3, which are bounded by the second term of Eq. (4.7); two of its legs
carry the loop momentum, so |Vrest| ≤ C|k|2+2mσ . And |Drest| ≤ C|k|−2n−2−σ+2ε, because
1/a − 1/(cxn) = (cxn)−1(e−ηΠ − 1) with ηΠ bounded by Eq. (2.38). Expanding the prod-
uct around the loop, the term with only local factors is the integrand of the local theory.

19For a one-loop integrand I(k, p) with bounded external momenta p, the region |k| ≥ M can be split
into M ≤ |k| ≤ K, which is compact and gives no pole, and |k| ≥ K with K large compared with the
external momenta, where I may be expanded in p. Only the terms of the expansion that are homogeneous
of degree −D in k produce a pole, and their coefficients are polynomials in p. The pole is therefore local and
independent of the choice of M and K. With this definition

∫
|k|≥M dDk (2π)−Dk−4 = 1/(16π2ϵ) +O(1).

– 35 –



Figure 11. The bound ω̄(L) of Eq. (4.9) over the plane of the strength n and the fine-graining
exponent mσ = max(0, n− σ/2+ ε), on the range 0 ≤ mσ ≤ n− 2 that (G) allows, as one sheet for
each of L = 2, 3, 4; the grey plane is ω̄ = 0. The sheet L = 2 does not depend on mσ and touches
the plane only along n = 3 (black dots), where the two-loop degree is 0; every sheet lies below the
plane for n ≥ 4, and the sheets for L ≥ 3 rise with mσ without reaching it, their largest value being
−(2n − 4)(L − 1) at mσ = n − 2. The surfaces are drawn through the integer points of the table,
where the bound is defined.

Every other term contains at least one Vrest or one Drest. For a loop with r vertices it is
bounded for |k| ≥M either by C|k|(2n+2)(r−1)+2+2mσ−(2n+2)r = C|k|2mσ−2n, if it contains a
remainder vertex, or by C|k|−σ+2ε, if it contains a remainder propagator. Both exponents
are below −4, because mσ < n − 2 and σ − 2ε > 4. Its integral over |k| ≥ M therefore
converges in a range of D that contains D = 4, and has no pole there. The ultraviolet pole
of the full graph is that of the local graph.

The compensating factor of Sec. 4.1 contributes 1
2 Tr log a(−□̄), which at large Eu-

clidean momenta equals n
2 Tr log(−□̄/M2)+ 1

2 log c Tr1+
1
2 Tr ηΠ(−□̄) by Eq. (2.38). The

trace of a constant vanishes in dimensional regularization, the last trace has a symbol that
falls like |z|−σ/2+ε, faster than |z|−2, and has no pole, and the first has the pole of Tr log(−□̄)

on vectors, a local functional of dimension four. This is the pole of the compensating factor
of the local theory.

5.3 The form of the pole

In the local theory each graviton vertex carries the factor c/(κ2M2n) of Eq. (5.1), times κk

for k quantum legs, and each graviton propagator carries κ0M2n/c; the quartic operators
enter only through the ratios of their coefficients to c; the ghosts carry c/M2n at each
vertex and the inverse on each propagator. Write the local action as λ−1

∫ √
gL, with λ =

κ2M2n/(2c) and L free of dimensionful constants. The one-loop effective action is of order
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λ0, so its ultraviolet pole, as a local functional of the full metric ḡ+κQ and of the other fields,
contains no dimensionful constant at all. By background gauge invariance [32, 39] its part
depending on ḡ alone is a diffeomorphism-invariant local functional, and a dimensionless
local invariant built from the metric has exactly four derivatives. In four dimensions these
invariants are R̄2, R̄µνR̄µν , R̄µνρσR̄µνρσ and □̄R̄; the last is a total derivative, and the
Riemann square may be traded for the Gauss–Bonnet density Ē = R̄µνρσR̄

µνρσ−4R̄µνR̄
µν+

R̄2. Hence
Γdiv
1 =

1

16π2ϵ

∫
d4x

√
ḡ
(
β1R̄

2 + β2R̄µνR̄
µν + βE Ē

)
, (5.2)

with β1, β2, βE pure numbers that depend on n and on the coefficients of Sq in units of c,
and on nothing else.

In particular there is no pole in
∫ √

ḡ or
∫ √

ḡ R̄: neither the cosmological constant nor
Newton’s constant is renormalized at one loop. Those two terms need the dimensionful
factors M4 and M2, and in the ultraviolet the only place they could come from is the
correction to the monomial asymptotics of a. For a realization that correction is of relative
order |z|−σ/2+ε with σ/2 − ε > 2, and Sec. 5.2 shows that it contributes only convergent
integrals. A single-brane response that saturated only as a power of 1/|sz| would give,
through Eq. (2.17), corrections of relative order x−1 or x−2 and in general a running of both
constants, and so would a gas whose fluctuations died out too slowly. Conditions (S3) and
(G) prevent it. The explicit one-loop computation of Modesto, Rachwał and Shapiro [40]
agrees. For form factors in front of CµνρσCµνρσ and R2 that grow like polynomials of degree
N , they find a beta function of Newton’s constant that is a linear combination of the ratios
ωN−1/ωN of the two leading coefficients of those polynomials. In Eq. (3.1) both form factors
are multiples of F , and by Eq. (2.41) F (z) equals c zn−1/M2n − 1/z up to terms of order
|z|n−1−σ/2+ε. When σ > 2n these fall faster than 1/z, F has no term in zn−2, both ratios
vanish, and so does the beta function. When 4 < σ ≤ 2n the correction is not a polynomial
and lies outside the class of Ref. [40], but it is smaller than a term in zn−2 by more than
one power of z, and Sec. 5.2 shows directly that it produces no pole.

The numbers βi do not depend on the gauge condition or on its weight within the
class used here. At one loop the change of the effective action under a change of gauge
is proportional to the classical equations of motion [41], δΓ1 =

∫
(δS/δḡµν)Yµν with Y a

functional of ḡ. Apply this to the local theory, whose poles these are. The pole of δΓ1 is∫
(δSloc/δḡµν)Y

div
µν , with Y div local. Every term of δSloc/δḡµν has 2n + 2 ≥ 10 derivatives

of the metric, and a local Y div cannot remove derivatives, so every term of the product has
at least that many and none can appear in Eq. (5.2), which has four. Hence δΓ1 has no
pole.

The values of β1, β2, βE without the quartic operators, which we call β(0)i , are fixed
by n. Computing them is a well-defined exercise in the generalized Schwinger–DeWitt
technique for a nonminimal operator of order 2n+2 [39]. We do not need their values, only
the fact that they are finite numbers.
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5.4 Three quartic operators

Following Modesto and Rachwał [12], we add operators that are quartic in curvature and
can shift the coefficients in Eq. (5.2). We need three, one for each coefficient:

Sq =
2

κ2M2n

∫
d4x

√
g
[
s1R

2(−□)n−3R2

+ s2 (RµνR
µν)(−□)n−3(RρσR

ρσ)

+ s3 (RµνρσR
µνρσ)(−□)n−3(RαβγδR

αβγδ)
]
, (5.3)

with real dimensionless s1, s2, s3. Each term has 2n+2 derivatives, as many as the leading
term of Sloc, so the vertex bound (4.7) still holds. Being quartic in curvature, the opera-
tors change neither the propagator nor the three-graviton vertex around flat space, so the
spectrum of Sec. 3.3 and the Newtonian limit of Sec. 8 are untouched. Their contribution
to Eq. (5.2) can be computed exactly.

Which terms contribute. The operators are linear in si. Every term of their second
variation around ḡ contains at least two factors of background curvature, so a contribution
to Γ1 of second or higher order in the si carries at least four background curvatures and eight
derivatives, and cannot appear in Eq. (5.2). To first order the one-loop contribution is the
expectation value of the quadratic part of Sq in the free local theory, 1

2 Tr(D S′′
q) = ⟨S(2)

q ⟩.
Of the terms in S(2)

q only those with exactly two background curvatures and with (−□)n−3

acting on a quantum field can produce a pole in Eq. (5.2). When derivatives fall on the
background the operator has more than four derivatives; and a term in which (−□)n−3

acts on the product of two background curvatures carries 2n − 6 ≥ 2 derivatives on the
background in addition to the four in the two curvatures, six or more in all. Corrections to
the linearized curvatures, to □ and to the index contractions that involve the background
curvature add more background curvatures. Writing R2 = R̄2 + 2R̄ δR+ · · · and similarly
for the other invariants, the relevant terms are

8

κ2M2n

[
s1R̄

2 δR (−□)n−3δR

+ s2R̄
µνR̄ρσ δRµν(−□)n−3δRρσ

+ s3R̄
µνρσR̄αβγδ δRµνρσ(−□)n−3δRαβγδ

]
, (5.4)

where δR, δRµν , δRµνρσ are the flat-space linearized curvatures of δg = κh and the back-
ground curvatures are treated as constants.

Correlators. The linearized curvatures are gauge invariant, so only the gauge-invariant
part M2n(P (2)− 1

2P
(0)
s )/(ck2n+2) of ⟨hh⟩ contributes, and the result does not depend on the

gauge-fixing term. From Eq. (3.2), δRµν = κk2

2 [(P (2)h)µν + (θ · h)Tµν ]. Since P (2)P
(0)
s = 0

and P (2)θ = 0 the mixed terms vanish; ⟨(P (2)h)(P (2)h)⟩ gives P (2) times the scalar factor,
and ⟨(θ ·h)2⟩ gives θ · (−1

2P
(0)
s ) ·θ = −3

2 times the same factor, because θP (0)
s θ = D−1 = 3.
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Thus, in D = 4,

⟨δRµν(k) δRρσ(−k)⟩ =
κ2M2n

4c k2n−2

[
P (2) − 3

2
T ⊗ T

]
µνρσ

, (5.5)

⟨δR(k) δR(−k)⟩ = −3

2

κ2M2n

c k2n−2
, (5.6)

the second following from the first with δ · P (2) · δ = 0 and T · δ = 2.20 For the Riemann
tensor, the linearized curvature is δRµνρσ = −κ

2 (kνkρhµσ + kµkσhνρ − kµkρhνσ − kνkσhµρ).
Contracted with an algebraic curvature tensor R̄µνρσ, the four terms are equal by its sym-
metries, and

R̄µνρσδRµνρσ = 2κk2W νσhνσ, W νσ = R̄µνρσk̂µk̂ρ, (5.7)

with k̂ = k/|k|. The tensor W is symmetric and transverse, k̂νW νσ = 0, so W · P (2) ·W =

trW 2 − 1
3(trW )2 and W · P (0)

s ·W = 1
3(trW )2, and

〈
(R̄ · δRiem)2

〉
=

4κ2M2n

c k2n−2

[
trW 2 − 1

2(trW )2
]
. (5.8)

Poles. In the loop integral (−□)n−3 → (k2)n−3, and the correlators give integrands
proportional to k2n−6k−2n+2 = k−4, whose ultraviolet pole is 1/(16π2ϵ). The tensors must
be averaged over the direction of k, with ⟨k̂µk̂ν⟩ = δµν/4 and ⟨k̂µk̂ν k̂ρk̂σ⟩ = (δµνδρσ +

δµρδνσ + δµσδνρ)/24. Appendix B shows that

R̄µνR̄ρσ
〈
P (2) − 3

2
T ⊗ T

〉
µνρσ

=
1

2

(
Ric2 −R2

)
, (5.9)〈

trW 2 − 1
2(trW )2

〉
=

1

48

(
3Riem2 −R2

)
, (5.10)

where on the right R, Ric2 and Riem2 are the background invariants. Multiplying by the
coefficients 8si/(κ

2M2n) of Eq. (5.4), the factors κ2M2n cancel, and in units of 1/(16π2ϵ)
the three poles are

s1 : 8s1 ·
(
− 3

2c

)
R2 = −12s1

c
R2,

s2 : 8s2 ·
1

4c
· 1
2

(
Ric2 −R2

)
=
s2
c

(
Ric2 −R2

)
,

s3 : 8s3 ·
4

c
· 3Riem

2 −R2

48
=
s3
c

(
2Riem2 − 2

3
R2

)
.

With Riem2 = E + 4Ric2 − R2 the third line is (s3/c)(2E + 8Ric2 − 8
3R

2). Collecting
coefficients, ∆β1

∆β2
∆βE

 =
1

c

−12 −1 −8
3

0 1 8

0 0 2


s1s2
s3

 . (5.11)

20The negative sign in Eq. (5.6) is the conformal-factor sign of the Euclidean Einstein–Hilbert action,
visible in the −2P

(0)
s of Eq. (3.7). In dimensional regularization the one-loop computation is Gaussian

algebra on the propagator (3.8), and the sign is carried through consistently.
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operator averaged correlator pole
s1R

2□n−3R2 − 3
2 R

2 −12R2

s2Ric
2□n−3Ric2 1

8 (Ric
2 −R2) Ric2 −R2

s3Riem
2□n−3Riem2 1

12 (3Riem
2 −R2) 2E + 8Ric2 − 8

3R
2

Table 6. One-loop poles of the quartic operators (5.3), in units of 1
16π2ϵ

si
c . The second column is

the correlator after contraction with the background and averaging over the direction of k, in units
of κ2M2n/(c k2n−2).

k

D

(a) one-loop ring, Sec. 5.2

pole of full ring = pole of local ring

R̄µν R̄ρσ

(k2)n−3

⟨δR δR⟩

(b) quartic-operator insertion, Sec. 5.4

∝ si
c
× Table 6

γ: ω̄ = 4

(c) two loops, Sec. 4.4

ω̄(2) = 6− 2n < 0 for n ≥ 4

Figure 12. Graphs behind the argument. Wavy lines are quantum gravitons (or ghosts), dashed
lines end on background insertions ⊗. (a) A one-loop ring contributing to Γ1[ḡ]. Replacing any
vertex or propagator by its nonlocal remainder lowers the degree by at least 2n, so the ultraviolet
pole is that of the local theory. (b) The insertion of a quartic operator with two background
curvatures: the loop of (−□)n−3 between two linearized curvatures has an integrand ∝ k−4 and
gives the poles of Table 6. (c) A two-loop graph. The graph as a whole is convergent for n ≥ 4; the
shaded one-loop subgraph γ has degree 4 and is the only possible source of a subdivergence.

The matrix is triangular with determinant −24, so ∂(∆β1,∆β2,∆βE)/∂(s1, s2, s3) has de-
terminant −24/c3, which never vanishes. The diagrams are drawn in Fig. 12(b), and Table 6
collects the pieces. In the dimensional-regularization computation the angular averages are
taken in D dimensions; the difference from the four-dimensional values is of order ϵ and
affects finite parts only.

Solving β(0)i +∆βi = 0 from the bottom row up gives the tuning in closed form:

s3 = − c
2 β

(0)
E , s2 = −c

(
β
(0)
2 − 4β

(0)
E

)
,

s1 =
c
12

(
β
(0)
1 + β

(0)
2 − 8

3β
(0)
E

)
.

(5.12)

With this choice the one-loop background-field effective action has no ultraviolet pole of
any kind, the Gauss–Bonnet one included.21 By the gauge independence of the βi, the
tuning does not depend on the gauge.

21Cancelling the Gauss–Bonnet pole is not needed for the S matrix in four dimensions, because
∫ √

g E

is topological there. It is convenient all the same: in D = 4− 2ϵ the density E has vertices proportional to
D− 4, and a 1/ϵ counterterm in E would leave finite evanescent contributions when inserted in higher-loop
graphs. With s3 tuned no such counterterm exists.
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6 Finiteness at all orders

Assume A1 and A2, let n ≥ 4 be an integer, and choose s1, s2, s3 as in Eq. (5.12), with c = cΠ
the leading coefficient of the realization, Eq. (2.38). Then, for almost every realization of
the gas, in dimensional regularization:

(i) The one-loop background-field effective action Γ1[ḡ] has no ultraviolet pole. This is
Eq. (5.2) with the coefficients β(0)i +∆βi = 0 of Eqs. (5.11) and (5.12).

(ii) Every graph with two or more loops, and every subgraph with two or more loops, is
ultraviolet convergent; the only subdivergences are those of one-loop subgraphs. This
is Sec. 4.4 with n ≥ 4.

(iii) No coupling of the gauge-invariant action is renormalized at any order: not Newton’s
constant, not the cosmological constant, not M , n or the si. Both constants receive
finite one-loop shifts, which can be computed (Sec. 6.2). The S matrix is ultraviolet
finite to all orders.

The argument for (iii) is as follows. Consider the full effective action Γ[ḡ, Q], with Q the
expectation values of the quantum fields and ghosts, and with sources for their BRST vari-
ations. By (ii) and the forest structure of dimensional regularization [42], all counterterms
are fixed by one-loop poles; no new counterterm is needed at higher loops, because there
is no overall divergence there. The one-loop poles are local. Section 5.2 shows that they
equal those of the local theory, for graphs with background and with quantum external legs
alike, and by the Slavnov–Taylor identity and the cohomological classification of Ref. [43],
applied to the local theory, the one-loop counterterm is the sum of a gauge-invariant func-
tional of the full metric ḡ+ κQ and a BRST-exact part. The gauge-invariant part has four
derivatives and no dimensionful constant (Sec. 5.3), so it is β1R2 + β2Ric

2 + βEE of the
full metric, fixed by its value at Q = 0, which vanishes by (i). Only the BRST-exact part
remains. It renormalizes the quantum fields, the ghosts and the gauge-fixing sector, and it
is needed to subtract the subdivergences of off-shell subgraphs at two loops and beyond. A
BRST-exact counterterm is a change of the gauge-fixing fermion, and such a change alters
the background-field effective action only by terms proportional to its own equations of
motion [41, 43]. The S matrix, which is built from Γ[ḡ] by tree graphs [44], is therefore
unaffected, and no physical coupling receives a counterterm. The tuning (5.12) is made
once, at one loop, and is not disturbed later, because at higher loops there is nothing to
disturb it.

Table 9 lists every kind of divergence that can arise, with its fate. The ultraviolet
ones are removed: the dimensionful ones by saturation, the one-loop dimensionless ones
by the quartic operators, and the higher-loop ones by power counting. What remains are
the renormalizations of the gauge-fixing sector, which have no effect on observables, and
the infrared divergences of on-shell amplitudes with soft gravitons. The latter are physical.
They are those of general relativity, since a = 1+O(p4/M4) at small momentum, and they
cancel in inclusive rates by Weinberg’s soft-graviton theorem [18]. No ultraviolet completion
can or should remove them.
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6.1 No cutoff in the answer

“Finite” means different things in quantum field theory, and the sense used here should
be stated. In the usual procedure a divergent integral is cut off at a momentum Λ, the
dependence on Λ is absorbed into bare couplings, and Λ is then sent to infinity while the
bare couplings follow it. Nothing of that kind happens in the theory of the gas.

The bare couplings G, M , n and s1, s2, s3 are fixed numbers. None of them depends
on the regulator, and none is adjusted as the regulator is removed. In dimensional regu-
larization the S matrix computed from the bare action (3.1) has a finite limit as ϵ → 0,
and that limit is the physical S matrix. This follows from the argument for (iii). With
the BRST-exact counterterms added, every subdivergence is subtracted and the result is
finite; those counterterms do not change the S matrix; so the S matrix is the same with
and without them. Dependence on the regulator survives only in off-shell Green functions
of the quantum fields and ghosts, which are not observable.

The logarithm is the only divergence of a one-loop integral that takes the same form in
every regularization. Its coefficient is the residue of the pole in dimensional regularization,
a local functional, and the tuning (5.12) sets it to zero. A regularization with a momentum
cutoff produces, in addition, terms growing like Λ4 and Λ2 in front of

∫ √
g and

∫ √
g R.

Their coefficients change when the shape of the cutoff is changed, and they are absent in
dimensional regularization and in every other analytic regularization [42]. They carry no
information about the theory. The finite remainder does, and the next subsection shows on
the simplest example that it is the same for every regulator.

6.2 The zero-point energy of the graviton

The absence of a pole in
∫ √

ḡ does not mean that the one-loop effective action has no
such term. It has a finite one, and it can be computed exactly. On flat space Γ1 =

(ρ1 + δρΠ)
∫
d4x, where ρ1 + δρΠ is the zero-point energy density of the graviton together

with the ghosts and the compensating factor of Sec. 4.1; ρ1 comes from the skeleton and
δρΠ from the fluctuation RΠ of the realization. Around flat space the graviton operator is
p2a(p2)(1− 1

2δ⊗ δ) on the ten components of hµν , the ghost operator is p2a(p2) δµν on four
components, and the compensating factor is 1

2 Tr log a on four components. A real bosonic
component contributes 1

2 log of its eigenvalue and a ghost–antighost pair contributes − log,
so per momentum the integrand is

5 log(p2a)− 4 log(p2a) + 2 log a = log p2 + 3 log a, (6.1)

up to a constant from det(1− 1
2δ ⊗ δ) that, like

∫
dDk of any constant, vanishes in dimen-

sional regularization. The same integrand follows without gauge fixing. The six transverse
components of hµν each contribute 1

2 log(p
2a), and the Jacobian of the split of hµν into its

transverse part and a gauge orbit contributes −2 log p2, with no factor of a. The coefficient
3 of log a is therefore independent of the gauge.

The first term in Eq. (6.1) is that of general relativity. Its integral
∫
dDk log k2

has no scale and vanishes in dimensional regularization. The second term is 3 log a =
3n
2 Ein(k4/M4)+3RΠ(k

2), by Eq. (2.14). We take the skeleton part first. With w = k4/M4
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and ΩD = 2πD/2/Γ(D/2) the area of the unit sphere,∫
dDk Ein

( k4

M4

)
=

ΩDM
D

4

∫ ∞

0
wD/4−1 Ein(w) dw.

The last integral is a Mellin transform, and for Ein it is elementary. For −1 < Re s < 0 one
has

∫∞
0 ws−1(1− e−wt) dw = −Γ(s) t−s. Integrating over t ∈ [0, 1] with the weight dt/t, as

in the definition of Ein, gives∫ ∞

0
ws−1 Ein(w) dw =

Γ(s)

s
, −1 < Re s < 0. (6.2)

The strip is where the integral converges, since Ein(w) ≃ w at small w and Ein(w) ≃ logw

at large w. Dimensional regularization defines the radial integral by continuation in D [42],
that is in s = D/4, and the right side of Eq. (6.2) is meromorphic with poles only at
s = 0,−1,−2, . . . . At D = 4, that is s = 1, it is regular and equals Γ(1) = 1. Hence∫
d4k (2π)−4 Ein(k4/M4) = 2π2M4/(4 · 16π4) =M4/(32π2), and

ρ1 =
3n

2

M4

32π2
=

3nM4

64π2
. (6.3)

There is no pole, as Sec. 5.3 requires, and the value is positive. In the normalization
of Eq. (3.1), where a cosmological term enters as − 2

κ2

∫ √
g (−2Λ), Eq. (6.3) is a finite

cosmological constant Λ1 = κ2

4 ρ1 = 3nGM4/(8π). For a general admissible response the
second term of Eq. (6.1) is 3nΦ(k2/M2), and Eq. (2.30) gives

ρ1 =
3nM4

32π2
µψ =

3nM4

32π2

∫ ∞

0
t
(
1− ψ(t)

)
dt, (6.4)

positive and finite for every response that saturates; Table 1 lists three values.
The fluctuation term is the realization’s own contribution. In dimensional regulariza-

tion the integral of the constant R∞ vanishes, and what is left, RΠ − R∞, falls along the
Euclidean axis like k−σ+2ε by Eq. (2.37), faster than k−4, so its integral converges abso-
lutely and is the same in every regularization. Inserting Eq. (2.34) and integrating brane
by brane with Eq. (2.31),22

δρΠ = 3

∫
d4k

(2π)4
[
RΠ(k

2)−R∞
]

= −
3M4µψ
16π2

∫
ϑ(s)

(sM2)2
(Π− ν)(ds).

(6.5)

This is a compensated sum over the branes, with mean zero and, by Eq. (2.11), variance(3M4µψ
16π2

)2
n

∫ 1

0
ϑ(τ) τ−4 dτ

τ
.

22The exchange of the momentum integral and the compensated sum is justified by truncation. For the
branes larger than η/M2 the sum is finite and the exchange is trivial. As η → 0 the right side of Eq. (6.5)
converges in mean square by Eq. (2.11), and so does the left side, by Minkowski’s inequality: the root-
mean-square difference at momentum k is at most [nV (η)]1/2 and, by Eq. (2.36), at most C|k|−σ for large
k, which is integrable.
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The integral converges when V (t) = O(tσ) with σ > 4, which (G) guarantees. For the
power law (2.9) the variance is (3M4µψ/16π

2)2 nϑ0/(ζ − 4), and relative to the mean (6.4)
the standard deviation is

(E δρ2Π)1/2

ρ1
= 2

[ ϑ0
n(ζ − 4)

]1/2
, (6.6)

independent of the response. Table 2 gives 0.37 for n = 4 and ζ = 9, and 0.83 for ζ = 5.
The zero-point energy of a realization is therefore ρ1+δρΠ, a finite number that is the same
for every regulator, whose mean over realizations is Eq. (6.4). Each brane lowers it, by an
amount proportional to ϑ(s)/s2; the positive mean is the dimensionally continued sum over
the infinitely many small branes,

∫ 1
0 τ

−2 dτ/τ = −1
2 by continuation, which is how a sum

of negative terms acquires the positive value (6.3).
The number in Eq. (6.3) is not a property of dimensional regularization. Cut the radial

integral off at w = W , that is at k = Λ with W = Λ4/M4. Integrating by parts with
Ein′(w) = (1− e−w)/w and using Eq. (2.21),∫ W

0
Ein(w) dw =W Ein(W )−W + 1− e−W

=W logW + (γE − 1)W + 1 +O(e−W ).

With a smooth cutoff the same integral is∫ ∞

0
Ein(w) e−w/W dw =W log(1 +W )

=W logW + 1 +O(W−1),

because
∫∞
0 e−w/W (1−e−wt) dw =W 2t/(1+Wt) and

∫ 1
0 W

2 dt/(1+Wt) =W log(1+W ).
The terms that grow with W , of order Λ4 log(Λ/M) and Λ4, differ between the two cutoffs.
The constant is 1 in both, the value of Γ(s)/s at s = 1, and this is true for any cutoff
function.23 The power-law terms are the scheme artifacts of Sec. 6.1; the finite part is
universal. Figure 13 shows both halves of the argument: the Mellin transform with its
strip of convergence and its value at s = 1, and the remainder after the growing terms are
removed, for a one-parameter family of cutoffs that ends in the sharp one.

Why the exponent in (G) is 4. The fluctuation (6.5) used (G) as a sufficient condition.
It is also necessary, up to factors that vary more slowly than any power, and the reason is
dimensional. A brane of size s changes the zero-point energy by

g(τ) = −K ϑ(τ)

τ2
, K =

3M4µψ
16π2

, τ = sM2,

an energy density set by its own scale, and the variance of the sum over the gas adds the
squares of these changes,

∫
g2 dν = K2n

∫
ϑ τ−4 dτ/τ . The fourth power is the dimension of

23Let r be smooth on [0,∞) and rapidly decreasing, with r(0) = 1, and let r̃(s) =
∫∞
0
us−1r(u) du. By

the Mellin–Parseval formula,
∫∞
0

Ein(w) r(w/W ) dw = 1
2πi

∫
Re s=s0

Γ(s)
s
r̃(1− s)W 1−s ds with −1 < s0 < 0.

Move the contour to the right. The double pole of Γ(s)/s at s = 0 gives the terms W logW and W , whose
coefficients involve r̃(1) and r̃′(1) and so depend on the cutoff. The simple pole of r̃(1− s) at s = 1, where
r̃(1 − s) ≃ r(0)/(1 − s), gives the constant Γ(1) r(0) = 1 for every r. What remains decays as a negative
power of W .
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an energy density. Every regulator removes the branes too small to be resolved. Removing
those smaller than η/M2 leaves the compensated sum Xη =

∫
τ>η g d(Π− ν), and the zero-

point energy of the realization is its limit as η → 0. The limit exists, almost surely, if and
only if

n

∫ 1

0
min

(ϑ(τ)
τ4

,
1

τ2

)dτ
τ
<∞, (6.7)

and when the integral diverges Xη has no limit even in distribution.24 For a gas in which
smaller branes are never stronger, ϑ nondecreasing, Eq. (6.7) is equivalent to∫ 1

0
V (τ) τ−5 dτ <∞. (6.8)

This requires V (t) = o(t4), and (G) implies it.25 The two differ only by profiles that
approach t4 more slowly than any power, such as V (t) = t4/ log2(1/t), which satisfies
Eq. (6.8) but not (G). For the power law (2.9) both hold exactly when ζ > 4.

A momentum cutoff shows the same threshold, and shows what goes wrong below
it. With |k| < Λ a brane contributes g(τ)µ(τΛ2/M2)/µψ instead of g(τ), where µ(U) =∫ U
0 u [1 − ψ(u)] du rises from 0 to µψ. For the power law and ψ∗ the realization’s part of

the regulated zero-point energy, δρΛ, has mean zero and, for 0 < ζ < 4 and Λ ≫ M , the
variance

E δρ2Λ ≃ K2nϑ0Cζ

( Λ

M

)2(4−ζ)
,

Cζ =
1
2 Γ

( ζ
2 − 2

)(
2 2−ζ/2 − 2

)
,

(6.9)

which at ζ = 4 grows like 2K2nϑ0 log(Λ/M) and for ζ > 4 tends to the varianceK2nϑ0/(ζ−
4) of Eq. (6.5).26 Under Eq. (6.7) every cutoff, on momenta or on sizes and of any shape,

24The increments of Xη over disjoint ranges of size are independent, and Eq. (2.10) with f = eiug−1 gives
|E eiuXη | = exp

∫
τ>η

[cos(ug)− 1] dν. The average of 1− cos(ug) over u ∈ [−h, h] is 1− sin(hg)/(hg), which
is at least 1

10
min(1, h2g2). If

∫
min(1, g2/K2) dν = ∞, the average of − log |E eiuXη | over [−h, h] therefore

diverges as η → 0, for every h > 0. A limit in distribution is excluded, because its characteristic function
would equal 1 at u = 0, be continuous there, and be the uniform limit of those of Xη on [−h, h] [27]. If∫
min(1, g2/K2) dν < ∞, split the branes at |g| = K. Those with |g| ≤ K give a compensated sum with∫
g2 dν <∞, which converges as in Sec. 2.4. Those with |g| > K have a finite expected number, so almost

surely there are finitely many and their sum converges; their compensator
∫
τ>η, |g|>K g dν converges if and

only if
∫
|g|>K |g|dν < ∞, because g has one sign, and otherwise Xη → +∞. The two conditions together

are Eq. (6.7), since g2 dν = K2nϑτ−4 dτ/τ and |g|dν = Knτ−2 dτ/τ .
25If ϑ is nondecreasing, the part of the integral (6.7) over [t/2, t] is at least n log 2 min

(
ϑ(t/2) t−4, t−2

)
and

tends to zero with t, so ϑ(τ) = o(τ4) and the minimum is ϑτ−4 near τ = 0. Since dV = ϑdτ/τ , Eq. (6.7)
then reads

∫ 1

0
τ−4 dV < ∞. As V (t) t−4 ≤

∫ t
0
τ−4 dV , which tends to zero, integration by parts gives∫ 1

0
τ−4 dV = V (1) + 4

∫ 1

0
V τ−5 dτ . Conversely

∫ 2t

t
V τ−5 dτ ≥ 15

64
V (t) t−4, so Eq. (6.8) forces V (t) t−4 → 0

and the integration by parts runs backwards; since the minimum in Eq. (6.7) is at most ϑτ−4, this direction
needs no monotonicity. Under (G),

∫ 1

0
V τ−5 dτ ≤ C/(σ − 4).

26By Eq. (2.11) the variance is
∫
g2 [µ(τΛ2/M2)/µψ]

2 dν. For ψ∗, µ(U)/µψ = 1− e−U
2

, and the substi-

tution τ = vM2/Λ2 turns the variance into K2nϑ0(Λ/M)2(4−ζ)
∫ Λ2/M2

0
vζ−5(1− e−v

2

)2 dv. For 0 < ζ < 4

the integral converges as Λ → ∞. With u = v2 and
∫∞
0
us−1(1− e−u)2 du = Γ(s) (2−s − 2), which follows

from
∫∞
0
us−1(e−bu − 1) du = b−sΓ(s) for −1 < Re s < 0 and extends to −2 < Re s < 0 by continuation, it

equals Cζ . At ζ = 2 the formula is read as its limit, C2 = log 2, and Cζ ≃ 1/(4 − ζ) as ζ → 4. For ζ > 4

the integral grows like (Λ/M)2(ζ−4)/(ζ − 4), and the product tends to K2nϑ0/(ζ − 4).
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converges to the same δρΠ.27 Without it the regulated value of a realization contains a
random term whose spread grows like (Λ/M)4−ζ and which has no limit, by the argument
of the footnote to Eq. (6.7). A term that grows with the cutoff and has a fixed coefficient is
a scheme artifact of the kind discussed in Sec. 6.1, and it changes in a known way when the
regulator changes. This one differs from realization to realization, two cutoffs of different
shape disagree about it by an amount whose spread grows in the same way, and the bare
cosmological constant could absorb it only by being readjusted for each realization and each
cutoff, without a limit. The zero-point energy then has no value that is the same for every
regulator. Condition (G) is what keeps the finite answer of this section, and the exponent
in it is the dimension of the quantity computed. Figure 14 shows the threshold.

In general relativity the zero-point integrand is log k2 alone. Its integral is zero in
dimensional regularization and quartic with a cutoff, and it has no finite part that is inde-
pendent of the regulator. In the theory of the gas the form factor turns it into a definite
number set by M , n and the realization. Newton’s constant receives a finite shift of the
same kind, proportional to M2, which we have not computed. The cosmological constant is
then the sum of a bare term, which is not renormalized, and Λ1. Making the total small is
still a choice of the bare term, but it is now a choice between two finite numbers rather than
the subtraction of a divergence, and the theory does not explain why the total is small.
Matter fields, which this paper does not include, would add zero-point energies of their
own.

7 Unitarity

The spectrum of Sec. 3.3 is a statement about the tree-level propagator. Loops raise a
separate question, because 1/a is unbounded near the imaginary z axis, as Sec. 2.6 shows
for the skeleton, and the loop energies cannot be Wick-rotated in the usual way. A theory
with such a form factor has to be defined by a prescription. We use the one that goes back to
Efimov [5] and was put in its modern form by Pius and Sen [16]. Loop integrals are defined
with Euclidean loop momenta. Lorentzian amplitudes are the analytic continuations of the
Euclidean ones in the external energies, and during the continuation the contours of the
loop energies are deformed to avoid the poles of the propagators while their end points stay
at ±i∞. Figure 15(a) shows why the end points matter: the propagator is small along the
Euclidean contour and along the real axis away from its pole, and in the wedges between
them it swings between very large and very small values.

The prescription is not one choice among several. The Euclidean amplitudes are finite
and unambiguous (Sec. 6), and they are analytic in the external momenta in a neighborhood
of the Euclidean section, because the loop integrals converge absolutely and uniformly there.

27A cutoff of shape r on momenta, with 0 ≤ r ≤ 1 and r(0) = 1, replaces g by gmr(τΛ
2/M2), where

mr(U) = µ−1
ψ

∫∞
0
u [1 − ψ(u)] r(u/U) du lies in [0, 1] and tends to 1 as U → ∞. A cutoff on sizes replaces

it by g times the indicator of τ > η. In both cases the modified contribution is bounded by |g| and tends
to g brane by brane. Split the branes at |g| = K. For those with |g| ≤ K the compensated sums converge
in mean square, by Eq. (2.11) and dominated convergence; those with |g| > K are finitely many, and their
compensator converges by dominated convergence.
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Figure 13. The finite zero-point energy. (a) log10 |Γ(s)/s| over the complex s plane, the Mellin
transform (6.2) of Ein. The integral converges in the strip −1 < Re s < 0 (orange band on the floor,
which also carries the contours of the surface); its continuation has a double pole at s = 0 and simple
poles at s = −1,−2, . . . (black curve along the real axis), and is regular at s = 1, where it equals 1

(red). That value is the whole answer (6.3). (b) The integral
∫∞
0

Ein(w) r(w/W ) dw with the cutoffs
r(u) = e−u

p

, after the terms that grow with W are subtracted, r̃(1)W logW + [r̃′(1) + γEr̃(1)]W ,
with r̃ the Mellin transform of r. The surface is drawn over log10W and 1/p ∈ [0, 1]. The coefficients
of the subtracted terms depend on p, the remainder does not: it tends to 1 (gray plane) for every
p, and at W = 103 it lies within 10−3 of 1 across the whole family. The red edge 1/p = 0 is the
sharp cutoff, where the remainder is 1− e−W +WE1(W ).

An analytic function has at most one continuation along a given path. Once the physical
region is approached from the upper half plane of the external energies, the side fixed by the
+i0 of local theories, the Lorentzian amplitude is therefore determined by the Euclidean one,
and the contour deformation of Efimov, Pius and Sen is a construction of that continuation
rather than an additional rule.28 Definitions that start elsewhere do differ. Buoninfante
compared three of them on the one-loop bubbles of a string-inspired scalar model and found
that loop integrals written directly in Minkowski signature with Feynman’s i0 diverge when
the vertices are entire functions, because of their essential singularity at infinity, while the
Schwinger proper-time definition agrees with the Euclidean one [51]; the cell model of
Sec. 2.2 is itself a statement about proper time. Section 7.3 carries out the continuation for
a one-loop bubble of the gas in closed form. It tests the cutting rule without the general
argument, and it shows what the prescription implies for the size of amplitudes.

In this prescription the physical S matrix is unitary at every order of perturbation
theory. The proof has the two steps familiar from local gauge theories. First, the amplitudes
obey the Cutkosky cutting rules [87] with all ten components of the graviton and the ghosts

28Pius and Sen show that the amplitude defined by the deformed contours is analytic in the external
energies on the way from the Euclidean section to the physical region [16]. Any other definition that agrees
with the Euclidean amplitude and is analytic on the same path coincides with it, by the identity theorem.
A definition that differs must therefore either give up the Euclidean theory or give up analyticity in the
external energies.
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Figure 14. Why condition (G) needs ζ > 4, for n = 4, ϑ0 = log 2, ψ∗ and a sharp momentum
cutoff Λ. (a) The standard deviation of the realization’s part δρΛ of the zero-point energy, in units
of K(nϑ0)

1/2, as a surface over log10(Λ/M) and ζ, in log10, computed from the exact integral in
the footnote to Eq. (6.9). For ζ > 4 it levels off at (ζ − 4)−1/2, the spread of the finite δρΠ of
Eq. (6.5); for ζ < 4 it grows with slope 4 − ζ (dotted lines, Eq. (6.9)); the red curve is ζ = 4,
where the growth is logarithmic. (b) Twelve realizations of v = δρΛ/K as functions of the cutoff
for ζ = 6, on the compressed scale sgn(v) log10(1 + |v|), with the band ±(E δρ2Λ)1/2/K (translucent
sheet with dashed edges). Every path settles to its own finite value, marked by a dot. (c) The
same for ζ = 3. The band widens like Λ/M and the paths wander without limit, so the zero-point
energy of a realization depends on where the regulator is put. In (b) and (c) the branes smaller
than 0.3M−2 are represented, shell by shell in log τ , by their Gaussian limit; the larger ones are
drawn individually.

on the cut lines, which is unitarity in the space of all asymptotic states, whose metric is
indefinite (Sec. 7.1). Second, BRST invariance removes the states of negative and zero
norm by the quartet mechanism of Kugo and Ojima (Sec. 7.2). Table 7 lists every input
and where it is established.

7.1 Cutting rules

Briscese and Modesto proved the Cutkosky rules for nonlocal theories whose form factor
eH has the following four properties [15]:

(U1) H is an entire function;

(U2) eH has no zeros and no poles at finite momentum;

(U3) eH grows without bound at the ends of the loop-energy contours and as the spatial
loop momentum grows;

(U4) H is asymptotically logarithmic in a cone around the real axis of the squared momen-
tum.

Their proof is written out for a scalar field with a local kinetic term, obtained by a field
redefinition, and vertices that carry a factor e−H/2 for every leg. It follows the proof of Pius
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T T †

on-shell cut

2πδ(p2)θ(p0) on every cut line:
ten polarizations of h̃µν (wavy) and ghosts (dashed)

−i (T − T †) =
∑
λ=±2

T †T +
∑

4 quartets

T †T︸ ︷︷ ︸
=0 between states in kerQB

Figure 15. Unitarity in the Efimov–Pius–Sen prescription. (a) The size of a propagator,
log10 |z â(z)|−1 for the skeleton, over the complex plane of the loop energy k0 at fixed spatial
momentum |k| = 1.2M , for n = 4, with z = k2 − (k0)2. Along the Euclidean contour (white,
Re k0 = 0, drawn on the floor and on the surface) and along the real axis away from the poles at
k0 = ±|k| (red, black dots) the propagator is small. In the wedges around arg k0 = ±π/4,±3π/4,
where z is close to the imaginary axis, log |â| has an oscillating part of size n

2 |E1(z
2/M4)|, which

grows like e|Re z2|/M4

, so the propagator swings between extremely large and extremely small values;
this is why the loop energies cannot be rotated to the real axis. The surface is clipped at ±6 and
left out where that oscillating part exceeds 6 decades (gray on the floor). (b) The cutting rule of
Sec. 7.1: the anti-Hermitian part of an amplitude is the sum over cuts with all eighteen on-shell
modes of the redefined fields. Between physical states, those in kerQB , the contributions of the
four BRST quartets cancel (Sec. 7.2), and only the two helicities of the graviton remain.

and Sen for string field theory [16], and Chin and Tomboulis reached the same cutting rule
for general entire vertices by way of the Landau equations [45]. In all three the Feynman
rules enter through three properties only:29

(P1) the propagators are those of a local theory;

(P2) the vertices are entire functions of the momenta on their legs, with real Taylor coeffi-
cients in Euclidean variables;

(P3) on the deformed contours the integrand of every graph, together with its counterterms,
is absolutely integrable at the ends of the contours, uniformly for external momenta
in compact sets.

We verify them for the gravitational theory of the gas.
(P1): a field redefinition. In the Feynman–de Donder gauge of Sec. 4.1 the quadratic

operators of hµν and of the ghosts around flat space are a(p2) times those of general rela-
tivity, Eq. (4.2). Put

hµν = a(−□)−1/2 h̃µν ,

cµ = a(−□)−1/2 c̃µ, c̄µ = a(−□)−1/2 ˜̄cµ,
(7.1)

29The Gaussian or exponential form of the vertices in Refs. [15, 16] is used to show that the integrals
converge at the ends of the deformed contours, which is (P3). The rest of the argument, the continuation
of the Euclidean amplitude into the physical region from the upper half plane of the external energies, the
pinching of the contours at the poles of the propagators, and the identification of the anti-Hermitian part
with the sum over cuts, uses only the location of the poles and the analyticity of the vertices.
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with □ the flat d’Alembertian. Since a = eH with H entire, a−1/2 = e−H/2 is entire as well,
and the quadratic action of h̃ and the ghosts is that of general relativity in Feynman–de
Donder gauge. That is (P1); the redefined propagators have a single pole, at p2 = 0, with
the residue of general relativity. The Jacobian of Eq. (7.1) does not depend on the fields and
drops out. The redefinition does not change the S matrix. It is linear, and on shell it is the
identity, since a(0) = 1, so the residues that enter the reduction formula are unchanged.30

(P2): entire vertices. After the redefinition every vertex is the vertex of Sec. 4.3
multiplied by a−1/2(ℓ2j ) for each quantum leg. By Sec. 4.2 the vertex of Sec. 4.3 is a finite
sum of polynomials in the momenta times divided differences of the entire functions G
and a − cxn, and a divided difference of an entire function is an entire function of all its
arguments, by Eq. (4.4). Products of entire functions are entire, and all Taylor coefficients
are real because ψ is real on the real axis and the sizes and strengths of the branes are real.
The counterterms of Sec. 6 are local, with real coefficients. This is (P2).

(P3): the ends of the contours. Take a line that carries the loop momentum k plus a
combination q of external momenta. Near the end of a loop-energy contour the Euclidean
loop energy is real and large, k4 = κ → ±∞, while the continued external energies are
complex but bounded. The squared Euclidean momentum of the line is then z = (κ +

q4)
2+ |k+q|2 = (κ2+k2) [1+O(|q|/|κ|)], so arg z → 0, and the same holds when |k| → ∞

at fixed κ. In the language of Appendix C, all squared momenta of lines and of running
momenta in vertex chains lie in a region Ω = convK + Sδ, a compact set plus a cone
around the positive axis. On Ω the cone asymptotics (2.38) give |a(z)| ≥ c

2 |z/M
2|n once |z|

is large, so the propagator obeys Eq. (4.3) with p2 replaced by |z|, and Appendix C shows
that the divided-difference bound (4.6), and with it the vertex bound (4.7), hold on Ω with
|ℓ| replaced by |Re ℓ| plus a constant. Every factor of the integrand therefore obeys on the
contour the bound it obeys on the Euclidean section, and the power counting of Sec. 4.4,
applied to the subtracted integrands,31 gives (P3). Properties (U3) and (U4) are the special
case of this statement for a single propagator.

With (P1)–(P3) the argument of Refs. [15, 16], which Sen also carried through for
superstring field theory [88], applies as it stands. For real external momenta the amplitude
is the boundary value of an analytic function from the upper half plane of the external
energies, and its anti-Hermitian part is the sum of the Cutkosky cuts, in which every cut
propagator is replaced by 2πδ(p2)θ(p0) times its numerator. The numerators are those of
general relativity in Feynman–de Donder gauge, so the cut lines carry all ten polarizations
of h̃µν and the ghosts. Summed over all graphs, this is the statement S†S = 1 in the Fock

30This is the equivalence theorem for field redefinitions in its simplest form: a linear redefinition h =

Z(−□)h̃ multiplies every amputated Green function by Z(p2j ) on each external leg, and at p2j = 0 these
factors are a(0)−1/2 = 1.

31The integrals that diverge are the one-loop subgraphs, with ω̄ = 4. Subtract from each its Taylor
expansion to fourth order in its external momenta at a Euclidean point, as in the BPHZ scheme [42].
Derivatives with respect to external momenta lower the degree of the vertex and propagator bounds by one
each, because the functions involved are symbols in the sense of Eqs. (2.42) and (4.6), so the subtracted
subgraphs have negative degree and the subtracted integrand of every graph is absolutely convergent by
Weinberg’s theorem. The subtraction differs from the counterterms of Sec. 6 by local terms with real
coefficients, which are vertices of the kind allowed by (P2).
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space F of the free fields h̃µν , c̃µ, ˜̄cµ, with its indefinite inner product.

7.2 Physical states

The space F contains states of negative and zero norm, and the cuts of Sec. 7.1 run over all
of them. They are removed by BRST symmetry, as in Einstein gravity. Kugo and Ojima
proved [17, 46] that the physical S matrix is unitary with a positive inner product if

(Q1) the gauge-fixed theory has a nilpotent BRST charge QB that commutes with the S
matrix;

(Q2) the asymptotic fields are free fields on which QB acts by the linearized BRST trans-
formation, so that the unphysical modes form quartets;32

(Q3) the S matrix is unitary in the full space F .

Under these conditions S maps kerQB into itself, and it is unitary on the quotient
kerQB/ imQB, whose inner product is positive definite. For linearized gravity in de
Donder gauge the eight unphysical polarizations of the graviton and the eight ghost modes
form four quartets, one for each value of the vector index, and the quotient contains the
two helicities of the graviton and nothing else [17].

Condition (Q3) is Sec. 7.1. For (Q1), the action (3.1) is invariant under diffeomor-
phisms, being built from curvatures and the covariant d’Alembertian, and the gauge-fixing
and ghost terms of Sec. 4.1 are together the BRST variation of a gauge-fixing fermion,
c̄µa(−□̄)(χµ − 1

2bµ) with a Nakanishi–Lautrup field bµ that is integrated out. The weight
depends on the background only and is inert under BRST, so the gauge-fixed action is
BRST invariant and Q2

B = 0. The Slavnov–Taylor identities follow from that invariance
and the invariance of the measure, as in local theories, and with them [QB, S] = 0 [17];
the counterterms of Sec. 6 are gauge invariant or BRST exact and preserve this. For (Q2),
the redefinition (7.1) leaves the linear part of the BRST transformation unchanged. Indeed
s hµν = ∂µcν + ∂νcµ +O(fields2) becomes

s h̃µν = a1/2
(
∂µcν + ∂νcµ

)
+ · · · = ∂µc̃ν + ∂ν c̃µ + · · · ,

because a1/2 and a−1/2 act on the same momentum. The free action is that of general
relativity in Feynman–de Donder gauge (P1). So the asymptotic fields and the asymptotic
BRST charge are exactly those of linearized general relativity, and the quartets are the ones
found by Kugo and Ojima. There are no further asymptotic states, because the redefined
propagators have no other poles, which is the content of (U2).33

32A quartet is a pair of BRST doublets: a mode χ with QBχ = γ and an antighost mode γ̄ with QB γ̄ = β,
where γ and γ̄ have ghost number ±1 and the only nonzero inner products are ⟨χ|β⟩ and ⟨γ|γ̄⟩. Every
state built with at least one quartet mode is either outside kerQB or in imQB , or has zero norm, and the
quotient kerQB/ imQB is spanned by states without quartet modes [46].

33This is a statement about perturbation theory. Shapiro has pointed out that the resummed propagator
1/(p2a + Σ) of a nonlocal theory may acquire complex-conjugate poles from the self-energy Σ [4]. At any
finite order of perturbation theory the self-energy enters as insertions on lines with the bare propagator,
and no such pole appears. Section 7.5 estimates the one-loop self-energy and finds that the resummed
propagator has no such pole in the region where the loop expansion is controlled; outside it the question is
nonperturbative.
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input content established in
(P1) local propagators after

h = a−1/2h̃

Eq. (7.1), a
zero-free

(P2) vertices entire, real
coefficients

Secs. 4.2, 4.3

(P3) integrable at the ends of
the contours

Eq. (2.38), App. C,
Sec. 4.4

(Q1) BRST invariance,
[QB , S] = 0

Sec. 4.1,
Slavnov–Taylor

(Q2) free asymptotic fields, four
quartets

a(0) = 1, Eq. (7.1)

(Q3) S†S = 1 on F cutting rules,
Sec. 7.1

— asymptotic states free;
soft gravitons treated
inclusively

assumed, as for
general
relativity [17, 18]

Table 7. Inputs of the unitarity argument and where each is established. The last row is the only
assumption, and it is the one made for Einstein gravity.

Therefore the physical S matrix of the gas is unitary at every order of perturbation
theory in κ, in the Efimov–Pius–Sen prescription. What is assumed beyond the derivations
above is what Kugo and Ojima assume for Einstein gravity: that the asymptotic states are
described by the free fields. For massless gravitons this holds only after the soft divergences
have been dealt with, by an infrared regulator or by passing to inclusive rates [18], exactly
as in general relativity. The prescription has a price that local theories do not pay: it is
acausal on scales of order 1/M , where the time order of production and decay vertices can
be reversed [47]. With M near the Planck mass this is far from observable.

7.3 One loop in closed form

The general argument of Sec. 7.1 rests on Refs. [15, 16]. The simplest loop can be continued
by hand, and doing so tests it. Take two distinct massless scalars ϕ1 and ϕ2 coupled
minimally to the metric, and the process ϕ1ϕ1 → ϕ2ϕ2 at center-of-mass energy E =

√
s.

At one loop it contains the graph in which each pair annihilates into two gravitons through
the seagull vertex of √g gµν∂µϕ∂νϕ, Fig. 16(c). That vertex depends only on the momenta
of the scalars, so the graph is a tensor factor times the scalar bubble

A(p) =

∫
d4ℓ F (k2)F

(
(p− k)2

)
, k =

p

2
+ ℓ, (7.2)

where F (z) = 1/[z a(z)] is the scalar part of the propagator of the gas. The tensor factor,
the contraction of the two seagull vertices through two de Donder numerators, is (t−u)2/16
per unit coupling, which vanishes only at 90◦.34 The loop integral of this graph is therefore
exactly A, with the propagator of the gas.

34Write the part of √
g gµν quadratic in h as Bµν(h, h), with Bµν(h, h) = hµρh

ρν − 1
2
hhµν +

(
1
8
h2 −

1
4
hρσh

ρσ
)
δµν . The seagull vertex of two scalars with momenta p1, p2 is the bilinear form 1

2
(p1µp2ν +

p2µp1ν)B
µν on the ten components of h, times the coupling, and the numerator of the propagator in
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For Euclidean p the integral converges absolutely, since |F (z)| ≤ C|z|−n−1 on the real
axis. Put p = (p4,0) and ℓ = (t, ℓ) with |ℓ| = r, and continue p4 from real values through
the first quadrant to p4 = iE, where p2 = −s. In the plane of t the poles of the two
propagators sit at t = ∓p4

2 ± ir. When r < E/2 two of them cross the real axis during
the continuation, the one at −p4

2 + ir downward and the one at p4
2 − ir upward, and the

deformed contour of Efimov, Pius and Sen is the real axis plus small circles around them,
Fig. 16(d). At p4 = iE one has k2 = ξ and (p− k)2 = ξ̄, with

ξ = t2 + r2 − s

4
+ iEt,

and F (ξ̄) = F (ξ) because a has real Taylor coefficients. The two residues are equal and
give F (2rE − s) times 2π/r. To obtain pieces that converge separately, subtract the same
decomposition for the local propagator with a Pauli–Villars partner, Fµ(z) = 1/z−1/(z+µ2)

with µ2 > s, whose bubble Aµ is elementary. Then

A(s) = Aµ(s) +

∫ ∞

0
4πr2dr

∫ ∞

−∞
dt

[∣∣F (ξ)∣∣2 − ∣∣Fµ(ξ)∣∣2]
+

2π2

s

∫ 0

−s
(w + s)

[
F (w)− Fµ(w)

]
dw, (7.3)

with

Aµ(s) = π2
∫ 1

0
dx log

D0µDµ0

D00Dµµ
,

where Dab = xm2
a + (1− x)m2

b − x(1− x)(s− i0), m0 = 0 and mµ = µ.35 Every integral in
Eq. (7.3) now converges absolutely, and every integrand is real, because |F (ξ)|2 is real and
F is real on the real axis. Only Aµ has an imaginary part. It comes from the logarithm of
D00 = −x(1−x)(s− i0), whose argument is π, while for µ2 > s the other three arguments,
D0µ, Dµ0 and Dµµ, are positive. Hence

ImA(s) = ImAµ(s) = −π3 for every s > 0, (7.4)

which is the imaginary part of the local massless bubble: the phase space of two on-shell
gravitons, at which a(0) = 1. Nothing from the complex regions where 1/a is large reaches
it. This is the cutting rule of Sec. 7.1 for this graph, obtained without the general argument,
and it holds for every admissible a, the form factor of every realization included.

The real part tells a different story. The real section in Eq. (7.3) has the positive
integrand |F (ξ)|2, and this is where the wedges of Fig. 15(a) enter. As (t, r) runs over

Feynman–de Donder gauge is Pµν,αβ = 1
2
(δµαδνβ+δµβδνα−δµνδαβ). For on-shell massless scalars the trace

Tr(B12PB34P ) equals (t− u)2/16; Appendix D lists a check at random kinematics.
35Each term of Eq. (7.3) without the subtraction has a logarithmic singularity at t = 0, r = E/2, where

the crossing poles reach the real axis; the singularities cancel between the two terms, and the subtraction
cancels them term by term. Near ξ = 0 both F and Fµ equal 1/ξ plus a function that is bounded there,
since a(0) = 1, so |F |2 − |Fµ|2 = O(1/|ξ|), which is integrable; at large |ξ|, |Fµ|2 ≃ µ4/|ξ|4. On [−s, 0],
F − Fµ is bounded. The closed form of Aµ is the Feynman-parameter integral of the local bubble with
masses 0 and µ, with the −i0 inherited from p4 = iE + 0. As a check, Eq. (7.3) applied to Fµ itself at
complex p4 reproduces that closed form (Appendix D).
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R× [0,∞), the point ξ covers the parabolic region

Ps =
{
ξ : Re ξ ≥ (Im ξ)2

s
− s

4

}
once, with 4πr2 dt dr = (2π/E) ρ(ξ) d2ξ and ρ(ξ) = r = [Re ξ + s/4 − (Im ξ)2/s]1/2. The
region contains the segment ξ = iy, |y| < s/2, of the imaginary axis, where ξ2 = −y2, and
for the skeleton

|F (iy)|2 = 1

y2
exp

[
n Ein−

( y2

M4

)]
,

with

Ein−(X) =

∫ X

0

eu − 1

u
du ≥ eX − 1−X

X
.

Away from ξ = 0 the function log |F |2 is harmonic, so its mean over a disk equals its value
at the center, and by Jensen’s inequality the mean of |F |2 over the disk is at least its value
at the center. A disk of radius δs/8 around i(1 − δ)s/2 lies in Ps, and on it ρ2 ≥ 7δs/64.
Bounding everything else in Eq. (7.3) by a power of s gives, for 0 < δ < 1

2 and s ≥ 6M2,

ReA(s) ≥ π2
√
7 δ5/2

64 (1− δ)2
exp

[
n Ein−

((1− δ)2s2

4M4

)]
− Cδ

(
1 +

s

M2

)2
, (7.5)

a double exponential in s2.36 The growth is not a property of ψ∗. For any admissible form
factor, that of a realization included, a = eH with H entire, and H is not a polynomial,
because a grows like a power on the real axis, Eq. (2.39). So 1/a = e−H is an entire function
of infinite order [21]: for every k its maximum on the circle |ξ| = R exceeds exp(Rk) for
arbitrarily large R. The region Ps contains the disk |ξ| < s/4, and the same argument,
with a disk of radius s/16 around the point of the circle |ξ| = s/8 where |1/a| is largest,
shows that ReA(s) is not bounded by exp(sk) for any k.37

Table 8 and Fig. 16(b) give the numbers for the skeleton with n = 4, from Eq. (7.3)
evaluated by quadrature. Below 1.3M the real part is of the same size as the imaginary
part. It then rises steeply: ReA is about 475 at E = 1.5M , 4.5× 106 at 1.7M and 4× 1088

at 1.9M , while ImA stays at −π3. The integrand peaks near the edge of Ps, in the wedge
where Re ξ2 < 0, Fig. 16(a); as E grows the peak moves toward the point t2 = 3s/4, r = 0,

36The disk D has area πδ2s2/64, and on it ρ2 ≥ s/4−δs/8−s[(1−δ)/2+δ/8]2 = δs(16−9δ)/64 ≥ 7δs/64,
so the real section over D contributes at least (2π/E)(7δs/64)1/2(πδ2s2/64)|F (i(1− δ)s/2)|2, which is the
first term of Eq. (7.5). Take µ2 = 2s. On Ps, |ξ + µ2| ≥ 7s/4, so

∫
Ps, |ξ|≥M2 ρ |Fµ|2 d2ξ is bounded by a

power of s; on |ξ| < M2, which D does not meet when s ≥ 6M2,
∣∣|F |2−|Fµ|2

∣∣ ≤ C/|ξ| and ρ ≤ (1+s/4)1/2.
The residue term is at most π2s sup[−s,0] |F − Fµ|, and |F (w)− 1/w| ≤ C there because a ≥ 1 on the real
axis, while |1/(w + µ2)| ≤ 1/s. Finally |ReAµ| ≤ C log(2 + s/M2). Dropping the positive part of the real
section outside D, these bounds give the second term.

37On that disk |ξ| ≥ s/16 and ρ2 ≥ −3s/16 + s/4− (3s/16)2/s = 7s/256, and the remainder of Eq. (7.3)
is bounded by a power of s exactly as in the previous footnote, using only a(0) = 1 and the two-sided bound
on the real axis. A zero-free entire function of finite order ϱ is eH with H a polynomial of degree at most ϱ,
by Hadamard’s factorization theorem [21]; applied to 1/a = e−H , finite order would make H a polynomial.
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E/M ReA ImA bound s a(−s)ReA
1.00 11.7 −31.006 0.37 57.3

1.25 24.7 −31.006 0.54 770

1.40 82.1 −31.006 0.80 7.60× 103

1.50 475 −31.006 1.14 8.70× 104

1.60 1.27× 104 −31.006 3.78 4.45× 106

1.70 4.54× 106 −31.006 156 2.90× 109

1.80 2.42× 1026 −31.006 1.94× 105 2.74× 1029

1.90 3.81× 1088 −31.006 2.00× 1011 7.42× 1091

Table 8. The one-loop bubble (7.2) for the skeleton with n = 4, in units M = 1, from Eq. (7.3).
The real section was integrated by adaptive quadrature in polar coordinates about ξ = 0, the focus
of the parabola that bounds Ps, and the result is the same to ten digits for the two Pauli–Villars
masses µ = 2E + 2 and µ = 3E + 3; a uniform grid in (t, r) agrees to 0.1%. The imaginary part
equals −π3 = −31.006 at every energy, Eq. (7.4); in Eq. (7.3) it comes entirely from the closed-form
term Aµ. The fourth column is the leading term of the bound (7.5), maximized over δ. It bounds
from below the contribution of the disk D used in deriving Eq. (7.5) to the real section, while the
inequality itself is stated for s ≥ 6M2, where the remainder is controlled; the table shows how far
below the true value it lies. The last is the factor s a(−s)ReA whose product with (M/MP)

2 is the
ratio of the graph to the tree amplitude, up to angular factors.

where Re ξ2 reaches its most negative value, −s2/2, and at E = 1.9M it lies within 5% of
that value.

Above M this graph is not small. The tree amplitude of the same process is the
exchange of one graviton in the s channel, suppressed by 1/a(−s) as in Eq. (7.6), and up
to a factor that depends on the scattering angle and on conventions the ratio of the graph
to it is Gsa(−s)ReA(s). For every M between 10−40MP and 10−2MP this ratio passes
one between E = 1.4M and E = 1.9M (dotted lines in Fig. 16(b)), because ReA rises by
more than eighty decades in that interval. The loop expansion of this process is therefore
an expansion in a small number only below an energy between 1.4M and 1.9M , which
depends on M/MP only through a double logarithm. We have not computed the other
one-loop graphs of the process, nor the graviton loops of pure gravity. The graphs with two
graviton lines in the s channel contain the same factor |F (ξ)|2 on the real section, multiplied
by vertex factors, and we expect the same growth, but a cancellation among graphs cannot
be excluded without computing them.

Koshelev and Tokareva found, for a nonlocal scalar theory defined by the same contin-
uation, that the one-loop amplitude grows exponentially and the theory becomes strongly
coupled around the nonlocality scale when the form factor grows along the timelike axis [50].
The form factor of the gas is bounded below by a power on both real half-axes, so that
mechanism is absent here; the growth found above comes from the wedges between the
half-axes, which the continued real section crosses. Buoninfante verified the cutting rule
for one-loop bubbles of a string-inspired model in the same prescription [51], and Eq. (7.4)
is that verification for the form factor of the gas, in closed form.
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(c)

ϕ1(p1)

ϕ1(p2)

k

p− k

ϕ2(p3)

ϕ2(p4)

seagull vertices of √g gµν∂µϕ∂νϕ:

graph ∝ κ4
(t−u)2

16
A(s), Eq. (7.2)

(d)

Re t

Im t

p4
2

− ir

− p4
2

+ ir

crossed upward

crossed downward

p4
2

+ ir

− p4
2

− ir

p4 = iE, r < E/2: real axis (blue) plus the two crossed poles (red),
giving the real section and the residue term of Eq. (7.3)

Figure 16. The one-loop bubble in the Efimov–Pius–Sen prescription, for the skeleton with n = 4.
(a) The integrand of the real section of Eq. (7.3) at E = 1.7M , log10[(2π/E)ρ|F (ξ)|2], over the
region Ps of the ξ plane that the loop momentum covers, upper half (the lower half is its mirror
image); the surface is clipped to [10−6, 109], and the flat dark patch is a trough where |a| is large.
Its edge, Re ξ = (Im ξ)2/s−s/4, is the black curve on the floor, where ρ = r = 0. The blue segment
is ξ = iy, 0 < y < s/2, where |F |2 = y−2 exp[nEin−(y2/M4)], and the green circle is the disk used
in the bound (7.5) with δ = 0.2, both drawn on the floor and lifted onto the surface; the white dot
is the graviton pole ξ = 0, whose logarithmic singularity is removed by the subtraction. The ridges
near the edge lie where Re ξ2 is most negative and the oscillating part of log a, of size n

2 |E1(ξ
2/M4)|,

has the sign that makes |a| small. (b) log10 ReA against E/M from Eq. (7.3) (dots), the leading
term of the lower bound (7.5) maximized over δ (green, dashed), and log10 |ImA| = log10 π

3 (red,
dash-dotted). The dotted curves are log10[(MP/M)2/(s a(−s))] for M/MP = 10−3, 10−19, 10−40;
where ReA crosses one of them, the graph reaches the tree amplitude, up to angular factors. (c)
The graph: each pair of scalars annihilates into two gravitons through the seagull vertex, and the
loop integral is A. (d) The contour in the plane of the loop energy t at the physical point: of the
four poles of the two propagators, two have crossed the real axis during the continuation, and the
contour that keeps its ends fixed is the real axis plus circles around them.

7.4 The size of amplitudes

Unitarity in this sense constrains the cuts of amplitudes, not their size. For actions quadratic
in the Ricci tensor and the scalar curvature, with form factors inserted, the on-shell tree
amplitudes coincide with those of general relativity for any number of gravitons [48], and
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R + GµνF (□)Rµν is of that type. The quartic operators are different. Those built from
R and Rµν add nothing to on-shell graviton scattering, because the linearized Ricci tensor
of an on-shell graviton vanishes. The Riemann operator does add something: a contact
term of order G|s3|E2n+2/M2n at center-of-mass energy E, which grows faster than any
amplitude of general relativity and reaches order one at E∗ = (M2n/G|s3|)1/(2n+2). That
scale can be avoided. Set s3 = 0 and solve for s1 and s2 alone, with the upper-left 2 × 2

block of Eq. (5.11), whose determinant is −12/c2. The Gauss–Bonnet pole then stays, but∫ √
g E is topological in four dimensions and does not enter the S matrix.
With s3 = 0 every tree amplitude of gravitons is that of general relativity, and at fixed

angle it grows like GE2, reaching order one near the Planck energy EP = G−1/2. The
loops set a lower scale. The one-loop graph of Sec. 7.3, finite at every energy, overtakes
the tree amplitude of its process between 1.4M and 1.9M for any M between 10−40MP

and 10−2MP. The loop expansion, finite term by term, is therefore an expansion in a small
number only up to energies of order M , and for M ≪ MP the theory becomes strongly
coupled well below the Planck energy at which general relativity does. The form factor
that removes the divergences also lowers the scale at which perturbation theory ends.

Matter that couples minimally to the metric behaves differently, because its gravita-
tional scattering at tree level goes through the propagator (3.8) itself. Between conserved
sources the propagator gives T1· T2 − 1

2T1T2 divided by p2a(p2), and for two distinct mass-
less scalars T1 · T2 − 1

2T1T2 = −su in terms of the Mandelstam variables. The one-graviton
exchange is therefore the amplitude of general relativity divided by the form factor at the
momentum transfer,

|A(s, t)| = 8πG |su|
|t| a(−t)

, (7.6)

with a evaluated at the Euclidean point p2 = −t > 0. At a fixed scattering angle θ in
the center-of-mass frame, −t = s sin2(θ/2) and −u = s cos2(θ/2), and the lower half of the
two-sided bound (2.39) gives

|A| ≤ 8πGM2CΠ
cos2(θ/2)

sin4(θ/2)

x

(1 + x2)n/2
, x =

−t
M2

,

with CΠ = e−nmψ+∥RΠ∥. The last factor is at most (n − 1)(n−1)/2/nn/2, which is 0.325

for n = 4, and it falls like x1−n. At every fixed angle the tree amplitude for the grav-
itational scattering of matter therefore rises like GE2 only up to E ∼ M , then falls like
GM2(M/E)2n−2, and never exceeds a number of order GM2 = (M/MP)

2. For M below the
Planck mass, matter does not scatter strongly through one graviton at any energy. This is a
tree-level statement. At one loop the same kind of process has the graph of Sec. 7.3, which
overtakes the tree amplitude above an energy between 1.4M and 1.9M , so the tree-level
bound describes the theory only below that energy. The finiteness proof of Sec. 6 concerns
pure gravity, and loops of matter fields are not treated here. The forward peak at |t| → 0

is the Newtonian one of general relativity, an infrared effect untouched by the form factor.
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7.5 In what sense the theory is ultraviolet complete

A quantum field theory is ultraviolet complete in perturbation theory when its loop expan-
sion is defined at every order without a cutoff and without new degrees of freedom: each
term is finite with fixed bare couplings, the S matrix is unitary order by order, and the
asymptotic states are the same at every energy. For n ≥ 4, almost every realization of a gas
obeying A1 and A2, and the assumption on asymptotic states that is made for general rela-
tivity, Secs. 6 and 7 establish all three. The bare couplings do not depend on the regulator
(Sec. 6.1), the physical S matrix is unitary at every loop order, and its only asymptotic
states are the two helicities of the graviton. No physical coupling is renormalized, so none
of them runs. The perturbative renormalization group of the physical couplings is trivial,
there is no Landau pole, and no order of perturbation theory calls for a new coupling,
whereas in general relativity the two-loop divergence does [2]. In this sense, and to every
order in κ, the theory of the gas is ultraviolet complete.

Finite and unitary at every order is not the same as small at every energy. Section 7.3
shows that individual terms of the loop expansion become large above an energy between
1.4M and 1.9M , so the expansion is useful only below that scale, as the loop expansion
of general relativity is useful only below EP. Ultraviolet complete in perturbation theory
means here that the loop expansion is defined and finite at every order and at every energy,
not that it converges, or that its terms are small, above M . One step beyond it can be taken
rigorously, at the level of the free field. The spin-two part of the quadratic action (3.7),
1
2p

2a(p2)hP (2)h, is positive on the Euclidean axis, so it defines a Gaussian probability
measure, in infinite volume, on the gauge-invariant field P (2)h, with covariance P (2)/(p2a);
the covariance is integrable at small p in four dimensions, so there is no infrared obstruction
either. For each Fourier mode the linearized Weyl tensor obeys C · C = p4

2 hP
(2)h, and

trP (2) = 5, so the Weyl tensor of κh has

ECµνρσCµνρσ(x) =
5κ2

2

∫
d4p

(2π)4
p2

a(p2)

=
5GM6

π

∫ ∞

0

x2 dx

a(x)
. (7.7)

By the two-sided bound (2.39) the integral converges exactly when n ≥ 4, and at n =

3 it diverges logarithmically, the same threshold as in the power counting of Sec. 4.4.
For the skeleton with n = 4 the integral lies between π/(4ĉ) and π/4 and equals 0.4237,
so the root-mean-square Weyl curvature at a point is 0.82M3/MP, small compared with
M2 whenever M ≪ MP. The same estimate applied to C(x) − C(0), with 1 − cos y ≤
2|y/2|2α, gives E|C(x) − C(0)|2 ≤ Cα|Mx|2α for every α < min(1, n − 3). The field is
Gaussian, so Kolmogorov’s continuity criterion applies, and the curvature of almost every
free configuration is a Hölder-continuous function. In general relativity the integral in
Eq. (7.7) grows like the sixth power of a cutoff, the free field is a distribution, and every
product of fields at a point has to be renormalized. Here no product of curvatures at a point
needs renormalization: the free graviton of the gas has no short-distance singularity at all.
This Gaussian measure is a Euclidean random field, and it is not reflection positive, so the
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Figure 17. The time-slice covariance of the free Euclidean graviton of the skeleton with n = 4,
Fq(t) =

∫
dp0 e

ip0t/[2π(p20 + q2)a(p20 + q2)], normalized by Fq(0), over the spatial momentum q/M

and the Euclidean time tM , on a symmetric logarithmic scale. For a reflection-positive Gaussian
field Fq is the Laplace transform of a positive measure in the energy, hence positive and completely
monotone in t; here it is negative inside the pocket bounded by the black curve, which is the zero
set of Fq drawn on the floor, and reaches it at tM ≃ 12 for q = M ; the negative values are small
on the scale of Fq(0) but far above the quadrature error. For general relativity the same function
is e−qt/(2q) and never changes sign. This is the failure of reflection positivity stated in the text,
made visible on the covariance itself.

Osterwalder–Schrader reconstruction [52, 53, 89], or Nelson’s construction from a Markov
field [90], does not turn it into a quantum field with a positive Hilbert space. Figure 17
shows the failure on the time-slice covariance of the free field, which for a reflection-positive
Gaussian field would be a completely monotone function of the Euclidean time and here
changes sign. Reflection positivity of a free field requires its covariance to be a Stieltjes
function,

∫
dϱ(m2)/(z+m2) with a positive measure, and a Stieltjes function that is analytic

across the negative real axis is c/z, since ϱ is the jump across that axis; 1/(za) is analytic
there except at z = 0 and is not c/z.38 The Hilbert space of the theory is the Fock space
of the asymptotic gravitons of Sec. 7.2, as in string field theory, and the statement about
the curvature is a statement about the Euclidean field.

What is missing for a complete construction is the interacting measure, defined by a
Euclidean functional integral or by a proof that the perturbation series is Borel summable.
That would make the theory ultraviolet complete without qualification. We do not have
it, and two obstacles are concrete. The quadratic action (3.7) is that of general relativity
multiplied by a(p2), so its spin-zero part, with coefficient −2, is unbounded below exactly as

38The same holds for the covariance P (2)/(p2a) of the spin-two field, whose components are 1/a(p2) times
rational functions of the momentum; the obstruction is the factor 1/a, which is entire and not constant.
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divergence fate reason
one loop,

∫ √
g and

∫ √
g R

(running of Λ, G)
absent for n ≥ 4 one-loop poles are those of a local theory with no dimensionful

coupling; saturation (S3) and fine graining (G), Sec. 5.3; the
finite vacuum energy has mean 3nM4/(64π2), Sec. 6.2

one loop, R2, RµνRµν , E removed three quartic operators, triangular matrix with determinant
−24/c3, Eqs. (5.11), (5.12)

two or more loops, overall absent for n ≥ 4 vertex bound and Weinberg’s theorem, Sec. 4.4
one-loop subgraphs,
gauge-invariant part

removed equals the one-loop pole of the full metric, which vanishes
after tuning

one-loop subgraphs,
BRST-exact part

present off shell renormalizes the gauge-fixing sector; no effect on the S
matrix, Sec. 6

power-law terms (Λ4, Λ2 with
a cutoff)

scheme artifacts absent in any analytic regularization; the finite part does not
depend on the regulator, Sec. 6.1

soft gravitons on shell
(infrared)

physical as in general relativity; cancel in inclusive rates [18]

static potential at r → 0

(classical)
removed ΦN (0) finite; Gamma-function bounds for the skeleton, Sec. 8

extra poles of the propagator absent almost every realization entire and zero-free, by (S5); resonant
branes would give complex pairs, Eq. (2.3)

Table 9. Bookkeeping of divergences. “Removed” means that the corresponding pole or singularity
is absent for n ≥ 4 with the tuning (5.12); the third column gives the reason.

the conformal factor of general relativity is [49]. Rotating that mode to imaginary values,
as Gibbons, Hawking and Perry do, makes the quadratic action positive here too, but the
rotation is a prescription, and the gas does not remove the need for it. The resummed
propagator 1/(za + Σ) may also acquire complex poles from the self-energy [4], which no
finite order sees. At one loop they do not appear where perturbation theory is controlled. On
the region Ω of Sec. 7.1 the one-loop self-energy obeys the estimate |Σ(z)| ≤ Cκ2M2|z a(z)|
for |z| ≥ M2, which follows from the vertex bound,39 and |z a(z)| ≥ c′|z| on the compact
part of Ω. For M ≪MP the propagator resummed with the one-loop self-energy therefore
has no pole in Ω other than z = 0. Complex poles can lie only in the wedges around the
imaginary axis where |a| is small, the region that makes the bubble of Sec. 7.3 large, and
they belong to the strongly coupled regime above M . Neither obstacle is special to the
gas. Both are open for every nonlocal theory of this class, and no nontrivial relativistic
quantum field theory in four dimensions is yet known to satisfy the Wightman axioms [54].
Classically, the linearized field of any mass below mc ∼ M2

P/M is weak everywhere and
has no horizon (Sec. 8). Collisions at higher energies, where general relativity forms black
holes, are a nonlinear problem that this paper leaves open.

39In the self-energy the external momentum p enters both vertices. Where the loop momentum k is
at most of order |p|, each cubic vertex is bounded by CκM2(|p|/M)2n+2 by Eq. (4.7) with the coupling
restored, one propagator by C(M/|p|)2n+2M−2, and the other is integrated,

∫
d4k |k2a(k2)|−1 over |k| ≲ |p|

being at most CM2 for n ≥ 2; together |Σ| ≤ Cκ2M4(|p|/M)2n+2, which is Cκ2M2|za| by the cone
asymptotics (2.38). Where |k| ≫ |p| the integrand has degree 4, and after the subtraction of Sec. 7.1 the
remainder grows at most like |p|4 log |p|, which is smaller. On Ω the same bounds hold with |p| replaced
by |Re p| plus a constant, as in (P3). At small |z| the self-energy is that of general relativity, of order
κ2|z|2 log |z|.
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8 Newtonian limit

The quartic operators do not touch the propagator, so the static field of a point mass
follows from Eq. (3.8) alone. For a source Tµν = mδ3(x)uµuν at rest, the linearized field
is the one of general relativity with 1/k2 replaced by 1/(k2a(k2)), because the form factor
multiplies both projectors by the same scalar. In general relativity the computation gives
Φ̃N (k) = −4πGm/k2, so here

Φ̃N (k) = − 4πGm

k2 a(k2)
, (8.1)

and the Fourier transform of a radial function in three dimensions,∫
d3k

(2π)3
eik·xf(k) =

1

2π2r

∫ ∞

0
k sin(kr)f(k) dk,

gives

ΦN (r) = −2Gm

πr

∫ ∞

0

sin kr

k a(k2)
dk. (8.2)

With a = 1 the integral is π/2 and Eq. (8.2) is Newton’s potential. With the form factor of
the gas, the integrand is bounded by 1/a(k2) uniformly in r, and 1/a falls like k−2n. Below
we find how deep the well is, how fast the potential approaches −Gm/r, and how large a
mass the linearized description can carry; all three have closed answers, and Fig. 18 shows
the potential of the skeleton for n = 4, . . . , 9.

8.1 Depth of the well

At the origin sin(kr)/(kr) → 1, and

ΦN (0) = −2Gm

π
In, In =

∫ ∞

0

dk

a(k2)
. (8.3)

Since | sin(kr)/(kr)| ≤ 1 and the integrand of In is positive, |ΦN (r)| ≤ |ΦN (0)| for every r:
the potential is deepest at the center, and it is finite there. The value of In is bracketed
from both sides by elementary integrals, and the bracket is narrow. We give the numbers
for the skeleton, a = â. A realization has a = â eRΠ with RΠ bounded on the real axis,
so its In lies between e− supRΠ and e− inf RΠ times the skeleton value, the supremum and
infimum being taken over the real axis; the qualitative statements below, a finite well, 2n−2

continuous derivatives and an approach to Newton’s law faster than any power, hold for
almost every realization as they stand, because they use only Eq. (2.39), the derivative
bounds that follow Eq. (2.38), which take the place of Eq. (2.24), and a− 1 = O(k4); only
the constants change from one realization to another.

For an upper bound we use the left inequality of Eq. (2.22), a ≥ (1+k4/M4)n/2. With
t = k4/M4,

In ≤
∫ ∞

0

dk

(1 + k4/M4)n/2
=
M

4

∫ ∞

0

t−3/4 dt

(1 + t)n/2
= Jn, (8.4)

where

Jn =
M

4
B
(1
4
,
n

2
− 1

4

)
=
M

4

Γ(14)Γ(
n
2 − 1

4)

Γ(n2 )
. (8.5)
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Figure 18. The potential −ΦN (r)/(GmM) of a point mass, Eq. (8.2), for the skeleton with
n = 4, . . . , 9, as a surface over the distance rM and the strength n. The surface is finite everywhere;
its height at r = 0 (dots) is the depth of the well, 2In/π of Eq. (8.3), which falls from 0.510 at
n = 4 to 0.404 at n = 9, and it meets the Newtonian potential 1/(rM) (dashed, drawn along the
edges n = 4 and n = 9) within a few units of 1/M , the difference falling faster than any power of
1/(Mr) by Eq. (8.11). The contours on the floor are the level lines of the surface.

For even n = 2m the gamma functions collapse. From Γ(m− 1
4) = Γ(34)

∏m−1
j=1 (j − 1

4) and
the reflection formula Γ(14)Γ(

3
4) = π

√
2,

J2m =
π
√
2

4
M

m−1∏
j=1

(
1− 1

4j

)
, (8.6)

so J4 = 3π
√
2

16 M , J6 = 21π
√
2

128 M , J8 = 77π
√
2

512 M , and so on.
For a lower bound the right inequality of Eq. (2.22) is too weak, since ĉ = enγE/2 grows

exponentially with n. A better one comes from the definition of Ein itself. The integrand
(1 − e−t)/t is at most 1, so Ein(w) ≤ w for w ≥ 0, and therefore a(k2) ≤ exp(n2k

4/M4).
Then

In ≥
∫ ∞

0
e−nk

4/(2M4) dk =
M

4
Γ
(1
4

)( 2

n

)1/4
≡ Kn. (8.7)

The two bounds are close. Their ratio is Jn/Kn = (n/2)1/4 Γ(n2 − 1
4)/Γ(

n
2 ), and Wendel’s

inequality for ratios of gamma functions [55],40 Γ(x+s) ≥ xΓ(x) (x+s)s−1 with x = n
2 −

1
4 ,

40For x > 0 and 0 < s < 1, Hölder’s inequality with exponents 1/s and 1/(1 − s) applied to Γ(x + s) =∫∞
0
ts·x t(1−s)(x−1)e−t dt gives Γ(x+ s) ≤ Γ(x+ 1)sΓ(x)1−s = xsΓ(x). The same inequality with x→ x+ s

and s → 1 − s gives Γ(x + 1) ≤ (x + s)1−sΓ(x + s), that is Γ(x + s) ≥ xΓ(x)/(x + s)1−s. Together,
(x/(x+ s))1−s ≤ Γ(x+ s)/(xsΓ(x)) ≤ 1. We use the lower half with x = n

2
− 1

4
and s = 1

4
.
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s = 1
4 , gives Jn/Kn ≤ 2n/(2n− 1). Hence

ΦN (0) = −
Γ(14)

2π

( 2

n

)1/4
GmM

[
1 +

θn
2n− 1

]
,

0 ≤ θn ≤ 1.

(8.8)

For n = 4, Eqs. (8.4) and (8.7) give 0.4852 ≤ |ΦN (0)|/(GmM) ≤ 0.5303, and the value
of the integral itself, obtained by quadrature as a check, is 0.5100; for n = 6 the bracket
is [0.4385, 0.4640] around 0.4519. For comparison, the Gaussian form factor ep2/M2 gives
ΦN = −Gm erf(Mr/2)/r and |ΦN (0)| = GmM/

√
π ≈ 0.564GmM [10, 56]. The well of

the gas is about ten percent shallower for n = 4, and it becomes slowly shallower as the gas
becomes denser, as n−1/4.

The smoothness of ΦN is fixed by the decay of Eq. (8.1). Since Φ̃N = O(k−2n−2), the
integral

∫
d3k |k|j |Φ̃N | converges for j < 2n− 1, and ΦN has 2n− 2 continuous derivatives

everywhere, the origin included. Equivalently, ∇2ΦN = 4πGρeff with an effective source

ρeff(x) = m

∫
d3k

(2π)3
eik·x

a(k2)
,

∫
ρeff d3x = m, (8.9)

the total being m because a(0) = 1. The point mass is spread over a region of size 1/M .
The same two estimates of a give

Γ(34)

8π2

( 2

n

)3/4
≤ ρeff(0)

mM3
≤ 1

8π2
B
(3
4
,
n

2
− 3

4

)
,

and the linearized tidal tensor at the center, ∂i∂jΦN (0) = 4πG
3 ρeff(0) δij , is finite. The

curvature singularity of the linearized Schwarzschild field is gone.

8.2 Approach to Newton’s law

Using
∫∞
0 sin(kr) dk/k = π/2, write

ΦN (r) = −Gm
r

[
1− δ(r)

]
,

δ(r) =
2

π

∫ ∞

0
sin(kr)χ(k) dk,

(8.10)

with χ(k) = [1 − 1/a(k2)]/k. Because a(k2) is an even entire function of k and 1 − 1/a =

O(k4) (for the skeleton n
2k

4/M4 + O(k8) by Eq. (2.23)), χ is odd, smooth, and O(k3) at
the origin. At large k, Eq. (2.24) and the chain rule give ∂jk[1/a(k

2)] = O(k−2n−j), hence
χ(j)(k) = O(k−1−j). Now integrate by parts twice:∫ ∞

0
sin(kr)χ(k) dk = − 1

r2

∫ ∞

0
sin(kr)χ′′(k) dk.

The boundary terms at infinity vanish because χ and χ′ do, and those at k = 0 vanish
because χ(0) = 0 and sin 0 = 0. The function χ′′ is again odd and smooth, so the step can
be repeated, and after N repetitions

|δ(r)| ≤ 2

π

∥χ(2N)∥L1

r2N
=

CN
(Mr)2N

, (8.11)
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Figure 19. Newtonian limit. (a) The potential (8.2) of a point mass for the skeleton with n = 4, in
units of GmM , drawn over a plane through the source with one quarter cut away. The surface and
the solid profiles on the cut faces are ΦN ; the mesh and the dashed profiles are Newton’s −Gm/r.
The red bar on the axis is the bracket 0.4852 ≤ |ΦN (0)|/GmM ≤ 0.5303 of Eqs. (8.4) and (8.7);
the floor carries the contours of ΦN . (b) The relative deviation |δ(r)| of Eq. (8.10) for n = 4, . . . , 8,
on logarithmic axes. The dips are zeros of δ, which oscillates because of the Fourier kernel. The
envelope falls faster than the reference lines (Mr)−4 (dotted) and (Mr)−8 (dash-dot) drawn at the
back, as Eq. (8.11) requires. The curves are numerical evaluations of the closed-form integrals and
serve as illustration only.

where CN depends on n and N only, since χ(k) =M−1χ̂(k/M) with χ̂ independent of M ;
for a realization CN depends also on the sizes sM2 of its branes. As N is arbitrary, the
correction to Newton’s law falls faster than any power of 1/(Mr). Figure 19 shows the
potential for n = 4 and the deviation for n = 4, . . . , 8; the oscillations of δ(r) come from
the oscillating Fourier kernel and do not affect the bound.

This is the classical counterpart of the infrared statement of Sec. 6. Every term of
the low-momentum expansion of 1/a is a polynomial in k4, and its Fourier transform is a
contact term supported at r = 0, so no inverse power of r can appear at any order. The
long-range quantum corrections of the effective field theory of gravity, which come from
loops of massless particles and are non-analytic in k [57, 91, 92], are not affected, because
the infrared of the theory is that of general relativity. The inverse-square law has been
tested down to 52µm [58], and by Eq. (8.11) these tests require only M · 52µm ≫ 1, that
is M well above 4× 10−3 eV.

8.3 Mass scale of the linear regime

The linearized description is self-consistent at every point when 2|ΦN | < 1 everywhere,
which by Eq. (8.3) and |ΦN (r)| ≤ |ΦN (0)| happens exactly when

m < mc =
π

4GIn
,

π

4GJn
≤ mc ≤

π

4GKn
. (8.12)
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n ĉ Kn In Jn
|ΦN (0)|
GmM mc

4 3.172 0.7622 0.8011 0.8330 0.5100 [0.943, 1.030]

5 4.234 0.7208 0.7485 0.7725 0.4765 [1.017, 1.090]

6 5.650 0.6887 0.7099 0.7289 0.4519 [1.077, 1.140]

7 7.540 0.6627 0.6797 0.6953 0.4327 [1.130, 1.185]

8 10.06 0.6409 0.6550 0.6682 0.4170 [1.175, 1.225]

10 17.92 0.6061 0.6165 0.6264 0.3925 [1.254, 1.296]

Table 10. Constants of the Newtonian limit, in units M = 1 (for Jn, Kn, In) and M2
P/M (for mc).

Kn and Jn are the closed-form bounds (8.7) and (8.5); the column In is a quadrature of Eq. (8.3),
given as a check. The bracket for mc is Eq. (8.12), and ĉ = enγE/2. All entries are for the skeleton
â.

In units with ℏ = c = 1 and G =M−2
P , mc = µnM

2
P/M with µn of order one; Table 10 gives

it for several n. Below mc the weak-field expansion holds down to r = 0 and the linearized
field has no horizon. Above it, the expansion fails near the center and the question becomes
nonlinear, which is beyond this paper. For M near the Planck mass, mc is itself of order
the Planck mass, so this is a statement about the smallest objects, not about astrophysical
black holes.

9 Discussion

Table 11 sets the result beside the better-known alternatives, for the quantities that decide
the ultraviolet behavior: the form factor, the loop orders at which divergences occur, and
the extra poles of the propagator. The last column records where the form factor comes
from, which is the point of this paper. Two programs are absent from the table because
they leave the ultraviolet propagator untouched at the level compared there: asymptotic
safety [93], which keeps a local action and looks for a nontrivial fixed point of its running
couplings, and the infrared nonlocal models of Deser and Woodard and of Maggiore and
collaborators [94–96], whose form factors act at the Hubble scale rather than above M .

The argument has two layers, which could fail independently. The first is about the
gas. A product of independent factors, each of the exponential form that (S5) forces, is
the exponential of a sum over the branes, and for a Poisson gas that sum splits into a
deterministic integral and a compensated fluctuation. If the gas has no preferred scale, the
integral grows like a logarithm, so the form factor grows like a power, and the exponent
counts the strength per e-fold. The fluctuation is where a single realization could differ from
its skeleton. It is a sum of independent terms with zero mean, and at large momentum it
settles to a random constant when the small branes are weak enough, fast enough for the
field theory under condition (G); in a gas of identical branes it never settles and performs
a random walk in log p. This is how an entire function with polynomial growth on the real
axis and no zeros arises without being chosen, and it ties the growth of a to a density rather
than to a parameter of the action. Nothing is averaged: the graviton propagates in one
frozen gas, and the statements hold for almost every gas. The second layer is field theory.
Once the form factor has the properties listed in Sec. 2.9, the vertex bound and power
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theory form factor a(p2) divergent loop orders extra poles origin of a
Einstein [1, 2] 1 L ≥ 1 off shell, L ≥ 2

on shell
none —

Stelle [3] 1 + p2/M2 all a one massive
ghost

local action

local, degree N ≥ 2 [37] polynomial L ≤ (N + 1)/(N − 1) N local action
Gaussian [9, 10] ep

2/M2

open b none chosen
Tomboulis,
Modesto [8, 11]

eH(p2), polynomial
growth

one loop; none c none chosen

this work, n ≥ 4 exp[n2 Ein(p4/M4) +

RΠ(p
2)]

none d none one frozen Poisson
gas of branes, Sec. 2

Table 11. Ultraviolet behavior and pole content of the graviton propagator 1/(p2a) in four di-
mensions. For a polynomial form factor of degree N the residues of the extra poles add up to −1,
so at least one is a ghost [4]. aRenormalizable, with divergences at every order. bVertices grow
exponentially and power counting is not available; see Ref. [14]. cAfter adding operators cubic or
quartic in curvature [12]. dFor almost every realization of a gas obeying (G), with the one-loop
tuning (5.12); no coupling is renormalized at any order, and the physical S matrix is unitary at
every loop order in the Euclidean prescription (Sec. 7); the loop expansion is useful only up to
energies of order M (Sec. 7.3).

counting confine the divergences to one loop, saturation and (G) keep the dimensionful
couplings from running, three operators cancel the dimensionless one-loop poles, and the
cutting rules with the quartet mechanism make the physical S matrix unitary. None of
the field-theory steps uses the gas, and they apply to any mechanism that produces a form
factor with those properties.

Under A1 and A2 with n ≥ 4, and with the tuning (5.12), almost every realization of the
gas gives a theory with no ultraviolet divergence at any order of perturbation theory around
flat space. No physical coupling needs a counterterm, the S matrix has no ultraviolet pole,
and the one-loop background-field effective action has none either. The bare couplings are
finite numbers, the same for every regulator (Sec. 6.1), and quantities that have no pole can
be computed outright. The zero-point energy of the graviton is ρ1 + δρΠ, whose mean over
realizations is 3nM4/(64π2) for ψ∗ and Eq. (6.4) in general, and whose relative fluctuation
is Eq. (6.6). The static potential of a point mass is finite at the origin in almost every
realization, and for the skeleton its depth is known in closed form to within 1/(2n − 1),
Eq. (8.8). The renormalizations that remain act only on the gauge-fixing sector and have
no physical effect. The physical S matrix is unitary at every loop order, and above an
energy between 1.4M and 1.9M its loop expansion stops being an expansion in a small
number (Sec. 7.3). Infrared divergences remain, as they must for a massless graviton, and
they cancel in inclusive rates exactly as in general relativity [18]. Table 9 is the full list of
divergences, and Table 12 separates what is proved from what is assumed.

The following points are not settled here.
The premises. Assumption A1 is derived in Sec. 2.2 from a model of the brane, so the

premise about a single brane is the model itself: independent cells, (M1), that neither absorb
nor reflect but shift the proper time, (M2), by independent Gaussian amounts, (M3). In the
model the composition law (2.1) is exact, all five conditions (S1)–(S5) hold, and the response
is ψ∗. The model is not derived from a brane action. It is the simplest constituent picture
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statement status Sec.
cells of a brane, (M1)–(M3) premise 2.2
response of one brane, A1 derived from (M1)–(M3), ψ = ψ∗; field theory for any

admissible ψ
2.2, 2.7

statistics of the gas, A2 premise; Poisson, Eq. (2.7), (G) 2.3
fine graining (G) necessary for a regulator-independent ρ, up to factors slower

than any power
6.2

form factor of a realization derived from A1, A2: entire, zero-free, a ≃ c xn 2.4–2.8
gas of identical branes fails (G); no limit of a/xn 2.8
one pole, residue of GR proved 3.3
vertex bound proved, every n 4.3, C
L ≥ 2 graphs converge proved, n ≥ 4; n = 3 marginal 4.4
G, Λ do not run proved 5.3
one-loop poles cancel proved; β(0)

i not computed 5.4
no physical counterterm proved, all orders 6
graviton zero-point energy computed, regulator independent; mean and variance 6.2
Lorentzian amplitudes unique continuation of the Euclidean ones 7
cutting rules proved from (P1)–(P3) 7.1
one-loop cut, explicit proved: ImA = −π3, the local value 7.3
size of one-loop amplitudes not bounded by es

k

; for the skeleton above the tree between
1.4M and 1.9M

7.3

unitarity on physical states proved; asymptotic states as in GR 7.2
Newtonian potential finite for almost every realization; closed-form bounds for the

skeleton
8

soft gravitons physical, as in GR 6
ultraviolet complete in
perturbation theory

proved: finite, unitary, no running, no new states 7.5

free Euclidean graviton Gaussian measure; curvature finite and Hölder continuous,
n ≥ 4; not reflection positive

7.5

resummed propagator one-loop estimate: no complex pole in Ω for M ≪MP 7.5
matter scattering, tree level bounded by O(GM2) at fixed angle 7.4
energies above 1.4M–1.9M ;
nonperturbative definition

open; loop expansion strongly coupled 7.3, 7.5

Table 12. Status of the claims. “Proved” means derived in the text from the stated inputs, with
the cited theorems; “premise” means a statement about branes that the paper does not derive.
Statements about a realization hold for almost every realization of the gas.

we know that produces (S1)–(S5); other laws for the shift give other admissible responses,
and Sec. 2.7 shows that the field theory holds for all of them. Condition (S5) is the one
with the sharpest consequence. A brane with a resonance, such as the factor 2 − e−s

2z2 ,
puts complex zeros into almost every realization, Eq. (2.3), and a theory built on such a gas
has complex-conjugate pairs of poles that need a Lee–Wick or fakeon prescription [22–24];
it is not covered by Secs. 3.3–7. Assumption A2 asks for independence, for a scale-invariant
strength, and for (G), which says that the variance of the strength carried by the branes
smaller than t/M2 falls faster than tσ with σ > 4. Section 6.2 shows that (G) is not a free
choice. When smaller branes are never stronger, a zero-point energy that is the same for
every regulator needs V (t) = o(t4), so (G) is necessary up to factors that vary more slowly
than any power; without it the vacuum energy of a realization changes by random amounts,
without limit, as the regulator is removed. What we do not have is a derivation of (G) from
the dynamics of the branes. Deriving the graviton effective action from a microscopic brane
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theory [59, 60] would test (M1)–(M3) and A2 and would fix ψ, ϑ(s) and n.
Dependence on the realization. Finiteness, the spectrum and unitarity hold for almost

every realization, but several numbers are random: the leading coefficient c = ĉ eR∞ , and
with it the tuning (5.12), which is fixed once the gas is given; the zero-point energy; and the
depth of the Newtonian well. Their distributions are known in closed form (Sec. 2.8 and
Table 2). For the power law (2.9) with ζ = 2n+1 they are narrow; for the smallest integer
that (G) allows, ζ = 5, the spread of the zero-point energy is comparable to its mean. A
universe with a frozen gas is one realization, and its constants are those of that realization.

Unitarity and strong coupling. Section 7 proves that the physical S matrix is unitary at
every loop order in the Efimov–Pius–Sen prescription, under the assumption about asymp-
totic states that is made for Einstein gravity, and Sec. 7.3 checks the cutting rule explicitly
at one loop. The prescription is not an extra choice, because the Lorentzian amplitudes
are the analytic continuation of the Euclidean ones, which is unique; it brings acausality
on the scale 1/M [47]. Unitarity bounds the cuts of amplitudes, not their size, and the
size is where the theory pays for its finiteness. The continuation crosses the wedges where
1/a is large, and the one-loop bubble of Sec. 7.3 grows faster than any exponential of the
energy, for every form factor of the class. For the skeleton with n = 4 a one-loop graph
of matter scattering overtakes the tree amplitude between 1.4M and 1.9M . Unless other
graphs cancel this growth, which we have not excluded, perturbation theory describes the
theory only below that energy, and the scale of strong coupling is of order M , not MP.
At tree level graviton scattering is that of general relativity, or grows from E∗ on if the
Riemann operator is kept, and the scattering of matter through one graviton stays of order
GM2 (Sec. 7.4).

The one-loop coefficients. The tuning (5.12) exists for every n because the matrix (5.11)
is invertible, and it is given in closed form in terms of β(0)1 , β(0)2 and β

(0)
E . Those three

numbers are the one-loop poles of the local theory of Sec. 5.1, which is a higher-derivative
theory of the type studied in Ref. [37]. We have not computed them, and the values of s1,
s2, s3 are therefore known as functions of them, not as numbers. For super-renormalizable
theories of this class these beta functions are also still to be calculated in the literature [40].

The range of n. The threshold n ≥ 4 is sharp for power counting. At n = 3 the two-loop
degree ω̄(2) is zero, and power counting alone does not exclude a logarithmic divergence at
two loops; whether it is present would need the two-loop poles themselves.

Beyond perturbation theory. Everything here is perturbative in κ around flat space,
and in that sense the theory is ultraviolet complete (Sec. 7.5). The free field is defined
rigorously as a Euclidean measure and has no short-distance singularity, Eq. (7.7), but it
is not reflection positive, and the interacting theory is not constructed beyond perturba-
tion theory. The Euclidean conformal mode is unbounded below, as in general relativity.
Complex poles of the resummed propagator [4] are excluded by a one-loop estimate in the
region Ω, but not in the wedges where |a| is small, which belong to the strongly coupled
region above M , and nothing is claimed about the nonlinear regime, about compact objects
heavier than mc of Eq. (8.12), or about the value of M .

To sum up: a scale-invariant Poisson gas of branes made of cells that shift the proper
time, whose small members are weak enough for the vacuum energy to be finite, condi-
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tion (G), gives in almost every frozen realization a form factor that is entire, has no zeros
and grows like c p2n with a remainder that falls faster than the field theory needs. That
form factor removes every extra pole from the graviton propagator. For n ≥ 4 the theory
built on it has no ultraviolet divergence at any order once three numbers are fixed at one
loop, and those numbers are finite. Newton’s constant and the cosmological constant are
not renormalized, the zero-point energy of the graviton is a finite number that does not
depend on the regulator, the physical S matrix is unitary at every loop order, and the po-
tential of a point mass is finite at the origin. Within perturbation theory the construction
is therefore ultraviolet complete, and perturbation theory is useful up to energies of order
M , above which a one-loop amplitude grows faster than any exponential of the energy.
What the theory does above that scale, where it is strongly coupled, and whether it can be
defined beyond perturbation theory, are the main questions it leaves open.
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A Conventions and notation

Spacetime has dimension D, set to 4 except in dimensional regularization, where D = 4−2ϵ.
Momentum-space computations are done in Euclidean signature, with □ → −p2. The
curvature conventions are Rρσµν = ∂µΓ

ρ
νσ − ∂νΓ

ρ
µσ + ΓρµλΓ

λ
νσ − ΓρνλΓ

λ
µσ and Rµν = Rρµρν ,

and κ2 = 32πG. The Gauss–Bonnet density is E = Riem2 − 4Ric2 + R2. The Euclidean
one-loop effective action is Γ1 =

1
2 STr logS

′′, where the supertrace includes the ghosts and
the compensating factor of Sec. 4.1. The ultraviolet pole of

∫
dDk (2π)−Dk−4 over |k| ≥M

is 1/(16π2ϵ). In estimates, C and K denote constants that may change from line to line
and depend on the indicated indices and on n, but not on momenta. Table 13 collects the
symbols used most often.

B Angular averages

Ricci. Let R̄µν be a symmetric tensor in four dimensions with trace R̄, and write Ric2 =

R̄µνR̄
µν . With θ = δ − k̂k̂ and T = θ/3 + k̂k̂,

R̄ · P (2) · R̄ = tr(θR̄θR̄)− 1
3

(
tr θR̄

)2
,

tr(θR̄θR̄) = Ric2 − 2 k̂R̄2k̂ + (k̂R̄k̂)2,

tr θR̄ = R̄− k̂R̄k̂, T · R̄ = 1
3R̄+ 2

3 k̂R̄k̂.

The averages over the unit sphere in four dimensions follow from the moments quoted in
Sec. 5.3: ⟨k̂R̄k̂⟩ = R̄/4, ⟨k̂R̄2k̂⟩ = Ric2/4 and ⟨(k̂R̄k̂)2⟩ = (R̄2 + 2Ric2)/24. Hence

⟨tr(θR̄θR̄)⟩ = 7
12Ric

2 + 1
24R̄

2,

⟨(tr θR̄)2⟩ = 13
24R̄

2 + 1
12Ric

2,

⟨R̄ · P (2) · R̄⟩ = 5
9Ric

2 − 5
36R̄

2,

⟨(T · R̄)2⟩ = 13
54R̄

2 + 1
27Ric

2,

and
⟨R̄ · P (2) · R̄⟩ − 3

2⟨(T · R̄)2⟩ = 1
2

(
Ric2 − R̄2

)
,

which is Eq. (5.9). For R̄µν = λδµν the first average vanishes, as it must since P (2) annihi-
lates δµν , and the second equals 4λ2.

Riemann. Let R̄µνρσ be an algebraic curvature tensor, with the symmetries of the
Riemann tensor and the cyclic identity, and W νσ = R̄µνρσk̂µk̂ρ. Contracting the second
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symbol meaning
M inverse of the largest brane size
n strength per e-fold of size, Eq. (2.7)
s, τ brane size (squared length);

τ = sM2 ∈ (0, 1]

ϑ, ϑ0, ζ strength of a brane; power law ϑ0τ
ζ

V (t), σ fine graining, Eq. (2.8) and
condition (G)

Π, ν a realization of the gas (Poisson
process) and its intensity

ψ, ψ∗ exponent of one brane;
ψ∗(w) = 1− e−w

2

θ opening of the sectors in (S4)
z, x z = p2 (Euclidean), x = z/M2

a(z) form factor of a realization,
Eqs. (1.1), (2.13)

â, ĉ skeleton enΦ and its coefficient enC+

RΠ, R∞ fluctuation of log a and its limit,
Eqs. (2.14), (2.32)

Ein, E1 entire and ordinary exponential
integrals

c ĉ eR∞ , leading coefficient of a
G nonlocal remainder of F , Eq. (2.41)
D(p) graviton propagator, Eq. (3.8)
P (2), P (0)

s spin-two and spin-zero projectors
θµν , Tµν δ − k̂k̂ and θ/3 + k̂k̂

f [z0, . . . , zm] divided difference, Sec. 4.2
ω̄(L) superficial degree from the vertex

bound
β1, β2, βE one-loop poles of R2, Ric2, E
s1, s2, s3 couplings of the quartic operators
Jn, Kn, In bounds and value of

∫∞
0

dk/â(k2)

Table 13. Notation.

and fourth indices gives the Ricci tensor, as contracting the first and third does, by pair
symmetry; so trW = k̂R̄k̂ in the notation above, and ⟨(trW )2⟩ = (R̄2 + 2Ric2)/24. For
the other term,

⟨trW 2⟩ = R̄µνρσR̄αν
β
σ

〈
k̂µk̂ρk̂αk̂β

〉
.

The three pairings of the fourth moment give, in turn, R̄µνµσR̄ανασ = Ric2, R̄µνρσR̄µνρσ =

Riem2, and R̄µνρσR̄ρνµσ. For the last one, pair symmetry gives R̄ρνµσ = R̄µσρν = −R̄µσνρ,
and the cyclic identity R̄µσνρ = −R̄µνρσ − R̄µρσν gives

R̄µνρσR̄ρνµσ = Riem2 + R̄µνρσR̄µρσν

= Riem2 − R̄µνρσR̄µρνσ.
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The last contraction is the classical R̄µνρσR̄µρνσ = 1
2Riem

2,41 so the third pairing equals
1
2Riem

2. Altogether ⟨trW 2⟩ = (Ric2 + 3
2Riem

2)/24, and〈
trW 2 − 1

2(trW )2
〉
=

2Ric2 + 3Riem2 − R̄2 − 2Ric2

48

=
3Riem2 − R̄2

48
,

which is Eq. (5.10). The Ricci terms cancel, which is why the third column of the ma-
trix (5.11) has no entry in Ric2 before Riem2 is traded for E. In dimensional regularization
the averages are taken in D dimensions; the change is of order ϵ and affects finite parts
only.

C Divided differences

Proof of Eq. (4.5). For f(w) = wk, expand (A+B)k and keep the words with m letters B.
They are AjmBAjm−1 · · ·BAj0 with j0 + · · ·+ jm = k−m. Acting on the plane waves, Aji

becomes zjii , and the sum over the ji is the complete homogeneous symmetric polynomial
hk−m(z0, . . . , zm), which is the divided difference of wk on z0, . . . , zm [36].42 Both sides
of Eq. (4.5) are linear in f . For entire f =

∑
k fkw

k the series
∑

k |fk|
(
k
m

)
max |zi|k−m

converges, since |hk−m| ≤
(
k
m

)
max |zi|k−m, so the identity passes to the limit. The functions

to which we apply the formula, G and a − cxn, are entire, so this argument covers them;
for functions that are merely smooth the same formula follows from the functional calculus
of self-adjoint operators [35].

Proof of Eq. (4.6). The proof is by induction on m; the case m = 0 is the hypothesis
|f(z)| ≤ C0(1 + z)µ. By symmetry of the divided difference let z0 ≤ z1 ≤ · · · ≤ zm, so that
zmin = z0 and zmax = zm, and write W = (1 + z0)

µ−(1 + zm)
µ+ . For every ξ ∈ [z0, zm] we

have (1 + ξ)µ ≤ W , and W does not increase when z0 is replaced by a larger argument or
zm by a smaller one. There are two cases.

If 1 + zm ≤ 2(1 + z0), all arguments are comparable. In Eq. (4.4) the point ξ =
∑
tizi

lies in [z0, zm], so |f (m)(ξ)| ≤ Cm(1 + ξ)µ(1 + ξ)−m ≤ CmW (1 + z0)
−m there, and the

simplex has volume 1/m!. Hence

|f [z0, . . . , zm]| ≤
2mCm
m!

W
∏
i≥1

(1 + zi)
−1,

using (1 + z0)
−1 ≤ 2(1 + zi)

−1 for each i ≥ 1.
If 1 + zm > 2(1 + z0), then zm − z0 >

1
2(1 + zm) and we use the recursion. By the

induction hypothesis applied to z1, . . . , zm, whose smallest element is z1 and whose largest
41Write X = R̄µνρσR̄µρνσ. Contracting the cyclic identity R̄µνρσ + R̄µρσν + R̄µσνρ = 0 with R̄µνρσ gives

Riem2 + R̄µνρσR̄µρσν + R̄µνρσR̄µσνρ = 0. By antisymmetry in the last pair the second term is −X, and
relabeling ρ↔ σ in the third term and using antisymmetry in the last pair of the first factor shows that it
is also −X. So Riem2 = 2X.

42The identity wk[z0, . . . , zm] = hk−m(z0, . . . , zm) follows by induction on m from the recursion and
hr(z1, . . . , zm) − hr(z0, . . . , zm−1) = (zm − z0)hr−1(z0, . . . , zm), which holds because both sides count the
monomials of degree r that contain zm but not z0, minus those that contain z0 but not zm.
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statement Py C Jl Lean where
cells of a brane: Poisson sum over the cells, characteristic function of
the Gaussian shift, Monte Carlo of the coherent phase, sector
θ = π/4

4 1 1 — Eqs. (2.5), (2.6)

γE as a difference of two integrals; Ein(y) = log y + γE + E1(y), real
and complex y

2 10 8 — Eqs. (2.20), (2.21)

∫ 1

0
ψ∗(xτ) dτ/τ = 1

2 Ein(x
2); power series of the exponent at complex

z

8 — — — Eqs. (2.15), (2.16)

probability generating functional, Monte Carlo over the gas 1 — — — Eq. (2.10)
0 ≤ Ein(y)− log(1 + y) ≤ γE, monotone; two-sided bound (2.22),
n = 1, . . . , 12

3 14 4 — Eq. (2.22)

low-momentum coefficients n/2 and n(n− 1)/8 4 3 2 — Eq. (2.23)
|E1(w)| ≤ e−Rew/|w|; cone asymptotics with explicit error; decay on
the imaginary axis

2 2 12 — Eq. (2.27)

resonances of 2− e−s
2z2 outside the cones; expected count

nR2/(πM4) (ratio 1.0003 at R = 60M2)
16 1 — — Eq. (2.3)

spin projectors, linearized curvature, gauge invariance, D = 4 and
D = 5

10 — 1 — Eqs. (3.2)–(3.7)

angular averages: Monte Carlo, isotropic tensors, and the exact
600-cell cubature of degree 8

8 2 6 — App. B

correlators of δR, δRµν , δRµνρσ with random algebraic curvature
tensors

5 — — — Eqs. (5.5)–(5.8)

quartic-operator poles, matrix (5.11), determinant −24,
tuning (5.12) (exact rationals in C)

9 3 4 3 Sec. 5.4

Hermite–Genocchi; wk[z0, . . . , zm] = hk−m; scaling of the
bound (4.6) in mixed configurations, for G and for a symbol of order
µ = 3

2

11 — — — App. C

ω̄(L) < 0 for all L ≥ 2 exactly when n ≥ 4, for every mσ ≤ n− 2;
n = 3 marginal; both blocks of Table 5; merging inequality

15 6 5 13 Eq. (4.9)

insertion lemma, random four-momenta over seven decades; the
two-insertion chain of Fig. 9

2 1 1 1 Eq. (4.8)

growth exponent equals the strength per e-fold 3 — — — Eq. (2.7)

Table 14. Independent checks. “Py” is verify.py (195 checks), “C” is formfactor_check.c
(84 checks) and “Jl” is verify.jl (114 checks); all pass. “Lean” is the number of theorems of
PowerCounting.lean that prove the statement for all values of its integer arguments; for the
insertion lemma only the arithmetic of the constant Cr is formalized. The Julia angular averages
use the 24-cell, a spherical design of degree 5, in exact rational arithmetic. The last column gives
the equation or section checked.

is zm, and by the monotonicity of W ,

|f [z1, . . . , zm]| ≤ Km−1W
m∏
i=2

(1 + zi)
−1.

Dividing by zm − z0 >
1
2(1 + zm) ≥ 1

2(1 + z1) gives at most 2Km−1W
∏m
i=1(1 + zi)

−1.
The other term, f [z0, . . . , zm−1], whose largest argument is zm−1 ≤ zm, is bounded by
Km−1W

∏m−1
i=1 (1 + zi)

−1, and dividing by zm − z0 >
1
2(1 + zm) gives the same bound. So

Km = max(2mCm/m!, 4Km−1) works, which completes the induction.
The two symbols. For f = G the hypothesis holds with µ = mσ − 1 by Eq. (2.42), and

Eq. (4.6) gives |G[z0, . . . , zm]| ≤ Km(1+ zmax)
mσ

∏m
i=0(1+ zi)

−1, the form used in Sec. 4.3.
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statement Py C Jl Lean where
Ein(w) ≤ w; Jn formula; Kn ≤ In ≤ Jn ≤ 2n

2n−1Kn; J2m product;
ρeff(0) bounds; Wendel’s inequality; n = 4, . . . , 14

38 28 16 — Eqs. (8.5)–(8.9)

decay of δ(r) 1 — — — Eq. (8.11)
zero-point count log p2 + 3 log a; Mellin transform Γ(s)/s; sharp and
smooth cutoffs, constant term 1; ρ1 = 3nM4/(64π2)

6 4 — — Eqs. (6.1)–(6.3)

admissible class: C+, moments
∫
t(1− ψ) dt, boundedness of

Φ− 1
2 log(1 + x2), Mellin continuation

12 3 1 — Eqs. (2.28)–(2.30)

incomplete-gamma variances (2.44), (2.45) against quadrature;
ER2

∞ = nϑ0/ζ; Eq. (2.31)
3 2 14 — Sec. 2.8

Monte Carlo over 4× 104 gases: Campbell mean, isometry (2.11),
variance of Eq. (2.34), E aΠ ̸= â by Eq. (2.12), variance of δρΠ

4 — — — Secs. 2.4, 6.2

R∞ sampled from its Lévy measure: variance, Eq. (2.46), lower
tail (2.47), n = 4, 6, 8

1 1 5 — Sec. 2.8

identical branes: Ψ∗ in closed form and its asymptotics; variance and
characteristic function by Monte Carlo; decay of |E eiuRΠ |

7 1 4 — Eq. (2.43)

mean-square decay (2.36) along rays; one realization: slope −ζ/2
over dyadic annuli, and a− cxn bounded for ζ = 9, growing for ζ = 5

2 — — — Eqs. (2.37), (2.42)

argument principle on |z| = 2M2: winding 0 for a realization, equal
to the count of Eq. (2.3) for a resonant product

1 — — — Sec. 2.1

Table 2, both ζ = 5 and ζ = 2n+ 1; relative fluctuation (6.6); mean
of δρΠ by continuation

3 1 8 — Eqs. (6.5), (6.6)

remainder → 1 for the cutoffs e−u
p

; sharp-cutoff remainder
1− e−W +WE1(W )

2 — — — Sec. 6.2

cutoff variance: Cζ in closed form against quadrature, C2 = log 2,
(4− ζ)Cζ → 1, and the limit 1/(ζ − 4) for ζ > 4

3 1 1 — Eq. (6.9)

one-loop bubble: ImAµ = −π3; Eq. (7.3) for a local propagator
against the closed form of Aµ; the skeleton independent of µ; the
bound and ratio columns of Table 8

3 — 2 — Eqs. (7.3), (7.4)

the disk of the bound: ρ2 ≥ 7δs/64 on it, and its contribution above
the leading term; seagull factor (t− u)2/16, at random angles and in
exact rational arithmetic

2 — 1 — Eqs. (7.2), (7.5)

matter scattering: T1 · T2 − 1
2T1T2 = −su for massless scalars;

maximum of x(1 + x2)−n/2, n = 4, . . . , 8; the bound below Eq. (7.6)
for the skeleton

— — 8 — Sec. 7.4

free graviton: C · C = p4

2 hP
(2)h for random modes, trP (2) = 5;∫∞

0
x2(1 + x2)−n/2dx in closed form; the skeleton integral 0.4237 and

its bounds; logarithmic growth at n = 3

— — 10 — Eq. (7.7)

I4, I5 and |ΦN (0)| for n = 4, 5; J4 = 3π
√
2/16; the constants c for

n = 4, . . . , 8

4 — — — Table 10

Table 15. Independent checks, continued from Table 14.

For f = a − cxn the derivative bounds follow from Eq. (2.24) and the large-momentum
behavior on the real axis: a − cxn = O(xn−σ/2+ε) for x ≥ 1, and each derivative is one
power of x smaller (Sec. 2.8), so the hypothesis holds with µ = mσ.

Proof of Eq. (4.8). Write Λ = (1 + |q|)(1 + |q′|)
∏
a(1 + |ℓa|) and label the legs so that

|ℓ1| ≥ |ℓ2| ≥ · · · , with ℓ2 = 0 if r = 1. Each of the products |q||q′|, |q||ℓ1|, |ℓ1||ℓ2| and
|ℓ1|(|q| + |q′|) is at most Λ, because every factor on the left appears on the right with 1

added to it. From q = q′ −
∑

a ℓa we have |q| ≤ |q′|+ s, and s ≤ r|ℓ1|, so

|q|2 ≤ |q||q′|+ r|q||ℓ1| ≤ (1 + r)Λ, 2|q|s ≤ 2rΛ.
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Momentum conservation solved for the largest leg, ℓ1 = q′ − q −
∑

a≥2 ℓa, gives |ℓ1| ≤
|q|+ |q′|+ (r − 1)|ℓ2|, so that s ≤ |ℓ1|+ (r − 1)|ℓ2| ≤ |q|+ |q′|+ 2(r − 1)|ℓ2|, and therefore

s2 ≤ r|ℓ1| s ≤ r|ℓ1|
(
|q|+ |q′|

)
+ 2r(r − 1)|ℓ1||ℓ2|

≤ (2r2 − r)Λ.

Adding the three pieces gives (|q| + s)2 ≤ (1 + 2r + 2r2)Λ, which is Eq. (4.8) with Cr =

1 + 2r + 2r2. The powers cannot be improved: for r = 2, q = q′ = 0 and ℓ1 = −ℓ2 = λe

with |e| = 1, both sides are of order λ2.43

Complex arguments. Section 7 needs Eq. (4.6) for complex arguments. Let K be
a compact set that contains 0, let Sδ = {| arg z| ≤ π/4 − δ}, and put Ω = convK + Sδ.
Because Sδ is a convex cone, Ω is convex and contains every convex combination of its points,
in particular the point

∑
i tizi of Eq. (4.4). Writing each zi = ki+ vi with ki ∈ convK and

vi ∈ Sδ, and using Re v ≥ |v|/
√
2 on Sδ, one finds |

∑
i tizi| ≥ (mini |zi|−CK)/

√
2−CK , so

that 1 + |
∑

i tizi| ≥ κ (1 + mini |zi|) with κ > 0 depending on K and δ only. Suppose f is
analytic near Ω with |f (j)(z)| ≤ Cj(1 + |z|)µ−j there. Then the proof above goes through
with zi replaced by |zi| in the case distinction: the recursion case uses |zm−z0| ≥ |zm|−|z0|,
and the comparable case uses the lower bound just derived and, for µ > 0, the upper bound
|
∑

i tizi| ≤ maxi |zi|. So Eq. (4.6) holds on Ω with 1+zi replaced by 1+ |zi|. For f = G and
f = a− cxn the derivative bounds on Ω follow from the cone asymptotics (2.38): far from
the origin Ω lies in the wider cone Sδ/2, where G = −1/z up to a term of order |z|n−1−σ/2+ε,
at most |z|mσ−1, and Cauchy’s estimate on a disk of radius 1

2 |z| sin(δ/2) around z, which
stays in Sδ/2, bounds the jth derivative of that term by Cj |z|n−1−σ/2+ε−j .

D Numerical checks

The closed-form identities, inequalities and coefficients derived in the text were re-evaluated
at sample points by three independent programs, in Python, C and Julia, which share no
code. Tables 14 and 15 list the groups of checks. Where an inequality is checked, it is
checked on a grid or at random points, and the tolerance is far below the margin by which
it holds; where an identity is checked, the two sides are computed by different routes (closed
form against quadrature, series against continued fraction, exact rational arithmetic against
floating point). The Julia program works in 256-bit arithmetic with its own power series,
continued fractions, arithmetic-geometric mean and double-exponential quadrature. These
checks confirm the algebra and guard against transcription errors; they are not part of any
proof.

The integer statements on which the power counting and the one-loop tuning rest are,
in addition, proved in Lean 4 without external libraries: the merging inequality and its
iterated form, the bound ω̄(L) on the superficial degree of any graph, its sign for all n ≥ 4

and L ≥ 2 and for n ≤ 3 at two loops, its growth with mσ and its sign for every fine
43The estimate is the point at which a vertex with many hard legs differs from one with all momenta

comparable. Without it one would bound an insertion by (1 + q2i−1)
∏
a(1 + ℓ2a), which charges two powers

to each leg and none to the outgoing running momentum. The divided difference still cancels the running
momenta, but each hard leg then costs λ2 instead of λ, and the counting of Sec. 4.4 closes only for n ≥ 6.
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graining that (G) allows, the entries of both blocks of Table 5, the determinants −24 and
−12 of the pole matrix, and the cancellation of the three poles by the tuning (5.12). The
kernel accepts every proof, and the only axioms used are the standard ones of Lean’s core
logic, propositional extensionality and quotient soundness. These proofs repeat arguments
given in the text in full; the analytic estimates, on special functions, integrals and the gas,
are not formalized.
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