hexagon: 2610. 00341v5

EXPLICIT LATTICE YANG-MILLS MASS GAP FOR EVERY
COMPACT SIMPLE GROUP REDUCING THE CONTINUUM GAP TO
ONE CUBE

DEEP BHATTACHARJEE", USHASHI BHATTACHARYA, JAMES MONTGOMERY LOCKWOOD,
AND TRISTAN ROMANOV

ABSTRACT. We prove that four-dimensional lattice Yang—Mills theory with any compact
simple gauge group has a unique infinite-volume state and an explicit transfer-matriz gap
beyond the curvature limit of the ungauged measure, up to Bw = 0.345 for SU(2) and
Bw = 0.76 for SU(3). A Dobrushin—Shlosman estimate in one cube of fized physical size
gives a mass gap in every continuum limit. We show that the cube needs a side of at least
order (Bw /log Bw)* lattice spacings, and that for SU(2) a cut-off of Balaban’s block
average composes through the large fields of the Wilson measure up to a scale of the same
order. The estimate itself and the existence of the continuum limit remain open.

1. INTRODUCTION

Wilson’s lattice gauge theory [74] assigns an element Q. of a compact group G C U(N)
to every link e of Z* and weighs a configuration by exp(N > pReTrQyp), where Q) is the
ordered product of the four link variables around the plaquette p.> At small |3| the theory
is under control: it has a unique infinite-volume state, correlations decay exponentially, and
the transfer matrix has a gap [61, 65].2 The question is how far into the coupling range
such statements can be proved with explicit constants, since the problem of the continuum
limit [44] begins where strong coupling ends and Balaban’s weak-coupling analysis [5, 6, 7]
takes over.

Two methods give explicit ranges. The Bakry-Emery method [3, 4] of Shen, Zhu and
Zhu [66] bounds the Hessian of the action; in [13] we showed that the sharp bound is 4d = 16
and that no curvature argument for the ungauged measure goes beyond |3 < 1/32. The
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IThis is the normalisation of Shen, Zhu and Zhu [66] and of our earlier paper [13]. The conventional
inverse coupling is Sw = N?8, so the weight is exp(BTW Ep ReTr Qp); for SU(2), identified with the unit
quaternions, %Tr Qp = Re@p and fw = 4. Standard accounts of the lattice theory are the books of
Montvay and Minster [58] and of Gattringer and Lang [34]; the Hamiltonian version is due to Kogut and
Susskind [48].

2Strong—coupling results of this kind go back to Osterwalder and Seiler [61], who proved exponential
clustering and a gap by a convergent expansion, and to Seiler’s monograph [65]; the general framework for
lattice gauge fields and their continuum limits is that of Brydges, Frohlich and Seiler [17]. More recent work
treats the strong-coupling regime by probabilistic methods: the survey of Chatterjee [20], his large-N solution
of SO(N) lattice gauge theory at strong coupling [21] and its planar extension by Basu and Ganguly [10], the
Langevin dynamics of Shen, Zhu and Zhu [66], and the area law in an enlarged region by Cao, Nissim and
Sheffield [19]. For finite gauge groups Adhikari and Cao proved correlation decay at weak coupling [1]. In
two dimensions the continuum Yang—Mills measure has been constructed by Gross, King and Sengupta [36],
Driver [28] and Lévy [49]; in four dimensions Balaban’s renormalisation group, as expounded by Dimock [24],
gives ultraviolet stability in finite volume, and Magnen, Rivasseau and Sénéor constructed the theory with
an infrared cutoff [54]. None of these results gives a mass gap in physical units.
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Dobrushin method [25, 26]® bounds the influence of each link on the conditional law of
another; for SU(2) the single-link conditional law is a von Mises—Fisher law on the three-
sphere, the sharp Kantorovich modulus* of that family is one quarter [13] (Theorem 1.4
in Appendix I), and every link has eighteen partners, which gives Sy < 2/9 and nothing
beyond, because the coefficients are attained.

Both limits come from the same count. A link of Z* lies in six plaquettes and shares
each with three other links. Gauge invariance makes part of this redundant: in a box, the
variables on a forest of links can be set to the identity without changing any gauge-invariant
expectation [22].° The forest we use is a field of straight lines with one line through every
site, chosen so that every plaquette contains exactly one fixed link. Then every free link has
exactly twelve free partners, two in each of its plaquettes (Lemma 2.2), and both methods
improve.

Theorem 1.1 (SU(2)). Let G = SU(2) and 0 < B < %. For every gauge-invariant local
observable O the expectations Wy (O) in boxes with free boundary converge, along every
sequence of boxes that exhausts Z*, to a limit w(O) that does not depend on the sequence.
The state w is invariant under translations and the hypercubic group and reflection positive;S
truncated correlations of Lipschitz observables decay at every rate below —log(38w); and
the transfer matriz has spectral gap

m > —log(36w) > 0.
For —% < Bw < 0 all statements except reflection positivity and the gap hold.

The step behind Theorem 1.1 is short once the line field is in place. The number % is
also the end of the road for this kind of argument.

Theorem 1.2 (Ceiling). Let F’ be any set of links of Z* without cycles, and give two distinct
links outside F' that share a plaquette the coefficient ||, the largest single-link Kantorovich
coefficient of SU(2). Then the weighted Dobrushin condition with these coefficients fails
for By > % For the line field the coefficients are attained, so no single-link Kantorovich

argument in that gauge reaches By = %

The ceiling concerns coefficients between single links. Take instead as a block the three
free links of one plaquette. The free links of the line field split into such triples with period
two (Lemma 5.1), the coupling inside the block plaquette is no longer paid for, and each
link keeps ten outside partners. The price is the sensitivity of a law on three spheres instead
of one, which we bound analytically by integrating out the middle link of the block.

Theorem 1.3 (SU(2) with plaquette blocks). Let G = SU(2) and 0 < By < 0.345. The
number a(Bw) of (5.3) is increasing, () < 0.9561 and «(0.345) < 0.9973. The conclusions

3Dobrushin’s theorem: if the conditional law of each variable given all others moves, in Kantorovich
distance, by at most C., times the distance by which the variable at y moves, and sup, Zy Cyy < 1, then
the Gibbs measure is unique and correlations decay at the rate given by the Neumann series of the matrix C.
Dobrushin and Shlosman [27] replaced single variables by finite boxes, which is the form used in Section 10.

4The Kantorovich distance between two probability measures on a metric space is the least expected
distance over their couplings, equivalently the largest difference of their integrals over 1-Lipschitz functions [71].
The modulus of a family of laws indexed by a metric space is the best Lipschitz constant of the map from
the index to the law in that distance.

SCreutz used a maximal tree to remove the gauge freedom completely; the temporal gauge, with all links
in one direction fixed, is the special case of a family of straight lines. In a maximal tree almost every link is
fixed in some region and none in others, so the number of partners of a free link is not uniform, and the
temporal gauge leaves fourteen partners per link. The point here is a pattern that fixes exactly one link in
every plaquette.

6That is, w(¥(F)F) > 0 for every F depending on the links on one side of a lattice hyperplane, ¥ being
the reflection in it. It gives the Hilbert space and the transfer matrix of Osterwalder and Schrader [59, 60]
and of Osterwalder and Seiler [61], reconstructed in Appendix F.
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of Theorem 1.1 hold with decay at every rate below —% log a(Sw) and a transfer-matriz gap
m > —3loga(Bw) > 0;

at By = % this gives m > 0.0224. For —0.345 < By < 0 all statements except reflection
positivity and the gap hold.

At small coupling the rate of Theorem 1.1 is the better one, so both bounds stand side
by side; Theorem 1.3 matters past Sy = %, where the gap of Theorem 1.1 has closed.

The curvature method gains as well, and for every N. Let Hess.Sy be the Hessian of
>, ReTr@, on GF and F the set of fixed links.

Theorem 1.4 (Curvature in the gauge). For every N, every field Q and every tangent
vector v = (XQe) with X, =0 fore € F,

| Hess So(v,v)| < %MQ,

against the sharp constant 16 without gauge fizing. Consequently, for G = SU(N) and
18] < 55, or G=SO(N), N >3, and |8| < 252, the conclusions of Theorem 1.1 hold with
the rate and gap of Theorem 1.5. For SU(3) this is fw < % = 0.310.

The constant 2—29 is a statement about U(N), so it holds on every closed subgroup, and
the curvature of the group does the rest. This gives the theorem for every compact simple
gauge group, the exceptional groups included, with an explicit gap. Let p: G — U(N) be a
faithful unitary representation of a compact connected Lie group G, weigh a configuration by
exp(NB 3", ReTr p(@p)), and let kg be the least Ricci” curvature of G for the bi-invariant
metric (X,Y) = —Tr(p(X)p(Y)); we identify G with p(G) C U(N).

Theorem 1.5 (Every compact simple group). Suppose that the Lie algebra of G is semisim-
ple, so that kg > 0, and that
N’ﬁ| < % KG.
Then the conclusions of Theorem 1.1 hold, for B < 0 all of them except reflection positivity
and the gap, with decay at every rate below
1/ kg 29
ma(B) = arccosh(l + E(W - ?>) >0
and a transfer-matriz gap m > mq(B). For a simple G, kg = h" /(2(,), where h" is the
dual Coxzeter number and £, the Dynkin index of p; Table 1 lists the values.

For SU(N), kg = %, and for SO(N), kg = %, so Theorem 1.5 contains the ranges of
Theorem 1.4 and supplies their rate.® For small |3] the existence of a gap is classical for
every compact group, with no explicit range [61, Thm. 3.6]; what is new is an explicit range
for every group, past the range N|8| < kg/16 that the Hessian bound 16 gives without
gauge fixing, and an explicit gap.” As 8 — 0 the gap grows like log 61@7?5'.

No Bakry-Emery argument for the ungauged measure can pass 18| = 3—12 [13, Thm. C]J;
the gauge fixing changes the measure, not the metric, which is why it can. For SU(2) the
curvature range Sy < % lies inside that of Theorem 1.1, and no curvature argument for

the gauge-fixed SU(2) measure passes Sy = %: when one active link e is —1 and all others

"For a bi-invariant metric on a compact Lie group the Ricci curvature is —1 Tr((ad X)?) in the direction
of X. It is positive for every X # 0 exactly when the Lie algebra is semisimple, and k¢ is its minimum over
unit vectors.

8The dual Coxeter number is kY = N for SU(N), N — 2 for SO(N), n+ 1 for Sp(n), 4,9,12,18,30 for
G, Fu, FEg, F7, s, and the Dynkin index of a representation is normalised to one on the defining representation
of SU(N) [46, Ch. 6]. The identity xc = h" /(2¢,) is the statement that the Ricci tensor of a compact simple
group with a bi-invariant metric is one quarter of the negative Killing form, Ric(X, X) = —iB(X, X) [57],
together with B(X, X) = 2hY Tr(p(X)?)/4,.

9With the computer-assisted bound hr < 14.420001 of Theorem L.5 in place of %, every range of Table 1
grows by the factor 29,/28.840002 = 1.0055. Appendix L derives that bound from a certificate of T. Romanov.
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TABLE 1. Least Ricci curvature kg = hY/(2¢,) of the compact simple
groups in a faithful representation p of least dimension N, and the range of
Theorem 1.5 for the conventional inverse coupling By = N23.

Group p RV, ke Pw <
SUN), N>2 ¢~ N 1 ¥ =
SO(N), N>5 RN N-2 2 N2 NO&Z2
SO(3) R3 2 4 ili i
Sp(n),n>2 C™ n+1 1 =8 2”(%“)
G 7 4 2 1 1
Fy 26 9 6 32 g—g
Eg 27 12 6 1 2
E; 56 8 12 3 &
Ex 248 30 60 % @

gap mg

FIGURE 1. The gap mq(3) of Theorem 1.5 as a function of By = N2 on a
logarithmic scale, for nine groups in the representations of Table 1. Each
curve ends at the edge Sy = 2Nk /29 of the range, marked by a dot, where
the gap tends to zero; as Sy — 0 it grows like log(kg/(6N|3])). The curves
differ only by the factor Nk, since mg depends on N|j3|/k¢g alone.

are 1, the six plaquettes through e have variable —1, and along a geodesic through Q. the
Hessian of —ﬁTW > p ReTr @y is —60w times the metric of the unit sphere S3, whose Ricci

curvature is 2, so the Bakry-Emery tensor is negative there once By > % For SU(3) the
Dobrushin route goes much further.

Theorem 1.6 (SU(3)). Let G = SU(3) and 0 < Bw < 2. Then the conclusions of

Theorem 1.1 hold, with decay at every rate below —log(1.33319 By) and a transfer-matriz
gap
m > —log(1.33319 By ) > 0.

The proof of Theorem 1.6 bounds the Kantorovich modulus of the one-link measure
v (dU) o eReTrUP 17 on SU(3) uniformly over staple sums b. Its analytic part is a lower
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TABLE 2. Explicit ranges of uniqueness, decay and a transfer-matrix gap for
four-dimensional lattice Yang—Mills theory. The first three rows hold for the
ungauged measure; the last three are the results of this paper.

Method SU(2), pw  SU(3), fw
Curvature, Shen—Zhu—Zhu [66] < ﬁ < %
Curvature, sharp [13] < 5 < 33
Dobrushin, sharp quarter [13] < 3

Curvature, forest gauge < % < ?;%
Dobrushin, forest gauge <3 <7
Plaquette blocks, forest gauge < 0.345 < 0.76

bound for the spectral gap of v}, through Bochner’s formula with a cross term (Lemma 7.3),
a corrector chosen box by box among polynomials of degree two in the matrix entries
(Lemma 7.4), the reduction of b to diagonal matrices (Lemma 7.5), the character expansion
of the moments of v, (Lemma 7.6) and an interpolation inequality on boxes of staple sums
(Lemma 7.7). The remaining step evaluates the resulting bound on 2341 boxes with rigorous
error bounds; the theorem rests on that computation, which is described in full in Section 7.7
and Appendix E.

The plaquette blocks of Theorem 1.3 work for SU(3) as well. They use the same modulus
of the one-link measure, but only through the three links of a block, so they need A(28w)
small and not 2rA(r) < 1: near the end of Theorem 1.6 they give a much larger gap, and
they go past it.

Theorem 1.7 (SU(3) with plaquette blocks). Let G = SU(3) and 0 < By < 32 = 0.76.
Then as(Bw) < 1 for the number of (8.2), with a3(0.72) < 0.9182, as(2) < 0.9653 and
a3(0.76) < 0.99950. The conclusions of Theorem 1.1 hold with decay at every rate below
—% log as3(Bw) and a transfer-matriz gap

m > —4log az(Bw) > 0;

at Py = % this gives m > 0.0177, against 1.1-10~* from Theorem 1.6, and at By = 0.76,
where Theorem 1.6 no longer applies, m > 2.5- 1074,

All seven theorems are statements at fixed lattice spacing. They do not touch the
continuum limit, the crossover to Balaban’s regime, or a gap in physical units, which
together are the Clay problem; Section 9 says where each method stops and what remains
of the four open problems of [13]. The obstruction proved in [14], that a lattice gap uniform
in lattice units forces trivial continuum two-point functions, applies to all of them.

The continuum step. Section 10 goes past that obstruction in one respect, through three
implications, each proved.

(I1) A Dobrushin—Shlosman condition on one cube of fixed physical size, uniform along
the continuum tuning, gives a mass gap in physical units for every continuum limit
(Theorems 10.2 and 10.4), and so does exponential decay with constants of the renor-
malised correlations of a spanning set of observables (Theorem 10.5); this holds also
for observables smoothed by the spatial gradient flow (Proposition 10.6).

(I2) The flowed observables, renormalised by one condition at a single physical separation,
have reflection positive continuum limits along subsequences, and such a limit is
nontrivial exactly when one ratio of lattice two-point functions stays away from zero
(Theorem 10.7); that ratio is bounded above and below by ratios of correlations of one
slice field at fixed physical separations (Proposition 10.10).

(I3) Tree bounds on the truncated correlations give all the higher Schwinger functions
as reflection positive distributions, imply the ratio bound, and carry the conditional
mass gap to every polynomial in the smeared fields (Theorem 10.15); for a smooth
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T 075
T o5
SU(3) &
SU(2) . I 0.25
~0.00
ungauged curvature (Shen, Zhu, Zhu) Il forest gauge, curvature
ungauged curvature, sharp Il forest gauge, single-link Dobrushin

I ungauged Dobrushin, sharp quarter [ forest gauge, plaquette blocks

F1GURE 2. Ranges of Table 2. The height of each bar is the largest inverse
coupling By covered by the method. Grey bars are methods for the ungauged
measure; blue, red and orange bars use the forest gauge. For SU(2) the red
bar ends at the ceiling of Theorem 1.2 and the orange bar, plaquette blocks,
passes it (Theorem 1.3); for SU(3) the red bar is Theorem 1.6 and the orange
bar, plaquette blocks, gives a larger gap there and passes it (Theorem 1.7).

packet they give the ratio with an explicit rate and a reference vector of finite energy
(Proposition 10.19).

What is open. The inputs of (I1)—(13), namely the cube condition along the tuning, the
slice ratio in four dimensions and the tree bounds, are not proved, and so the nontrivial
existence of the continuum limit and the gap in physical units remain open. Figure 3 shows
how the proved statements, the implications and the open inputs fit together.

Section 11 measures the open inputs. The cube condition holds at strong coupling, fails
at every fixed cube size at weak coupling, forces the gauge-fixed variables to be disordered
on the scale of the cube, and cannot be reached from estimates on single lines of links;
for SU(N) it needs cubes of side at least of order (By /log fw)'/* (Propositions 11.16
and 11.17). For a Gaussian field it holds at a fixed physical scale when the field has a mass
and fails exactly, at every size, when it is massless (Proposition 11.2); it also fails for the
quadratic approximation of the forest gauge itself (Proposition 11.3), and of every gauge
fixed on an invariant forest with infinite trees (Proposition 11.4). The order-two cases of
the tree bounds force the lattice gap below a fixed multiple of the lattice spacing, so no
strong coupling expansion gives them (Proposition 10.18). The slice ratio holds in two
dimensions, where it is the exact solution of lattice gauge theory (Remark 10.12), and fails
for a field whose mass is fixed in lattice units; for the free field, conditioning an energy
packet on averages over blocks leaves a fixed fraction of its ordinary variance at every
lattice spacing, so a reduction to block averages has to be measured in the reflected norm
(Proposition 10.13).

Block averages. Section 12 poses the cube condition for block averages in a gauge whose
fixed links are trees inside blocks of side two. Its quadratic approximation then holds at
every coupling once the cube is large (Theorem 12.8), and integrating out one scale reduces
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it to a cube condition for the averages, which carry the coarse quadratic form at every scale
up to a factor between 1 and 256 that does not depend on the scale, with an exponentially
decaying kernel whose constants do not depend on the scale either, and the constrained
cube condition holds at every scale with one cube side (Corollary 12.16, Proposition 12.9,
Theorems 12.12, 12.14 and 12.18); the averages along the lines of the forest gauge, by
contrast, leave one class of lines invisible and fail at every size (Proposition 12.1). For
the group-valued links, the straight path between block roots gives a coarse link whose
fibres satisfy a coercivity bound for every compact group and every field (Theorem 12.21),
but this map does not compose across scales (Proposition 12.24), and for every compact
connected group no continuous covariant block map treats the positions of a block alike
(Proposition 12.25). A cut-off of Balaban’s averaging operation is continuous, covariant
and coercive for every field and agrees with the block averages to first order; it breaks
the symmetry only at large fields, as it must, and its constants are those of one step
(Theorem 12.27). On fields with values in a maximal torus whose curvature stays small
at every scale it composes, with the energy nonincreasing and the thin paths contracted
(Theorem 12.29), and for every compact group it composes on fields whose curvatures at the
successive scales have a small sum (Theorem 12.33). Under the SU(2) Wilson measure the
plaquettes that are not small lie in clusters whose physical size tends to zero in probability,
and the cut-off acts only next to them (Theorem 12.57, Corollaries 12.58 and 12.59); such
plaquettes are nevertheless present along the one-loop tuning (Proposition 12.60). The
cut-off average composes through these clusters, which spread by at most three spacings of
the current scale per step, up to a coarse spacing of order (S /log Bw)l/ 44, the order of
the cube side that the cube condition needs (Theorem 12.62 and Corollary 12.63). In a box
whose boundary field has small plaquettes and either lies in a maximal torus or, for SU(2),
has plaquette angles p, with [?p, below a fixed constant, the fraction of unit cubes with a
large plaquette is small with probability exponentially close to one in the volume, uniformly
over such boundary fields (Lemmas 12.64 and 12.65 and Proposition 12.66). The second
class allows cube sides up to a constant times (SBy / log ﬁW)l/ 4 at the level of Corollary 12.63,
which is the scale ag, up to a constant factor; for larger boxes with general boundary fields
this conditional estimate is open (Remark 12.67). On the fibres of the cut-off average, at a
background whose plaquettes are at most x < 10~%, the gap 5% of the averages'® persists
up to a factor 1+ O(k), and the Hessian of the action along the fibre is at least (5 — ck),
however far the links are from I (Theorem 12.35). On a chart of the fibre with convex
domain the constrained law is log-concave for large A, coarea factor included, and satisfies a
Brascamp-Lieb inequality with constant 60/ (Theorem 12.37); on a chart whose domain
is a product in the coordinates of the links other than the path links, the covariances of
local observables decay exponentially at a rate that depends only on G (Theorem 12.41).
Off the chart the fibre has only points with a large plaquette, and under the SU(2) Wilson
measure their mass is small on most fibres (Theorem 12.44). Along its private links the
cut-off average is a submersion with a constant that depends on nothing (Lemma 12.45),
and its law under Haar measure on them has a bounded density, so a Peierls argument
inside the fibre bounds that mass on every fibre through a field whose plaquettes near the
blocks are small (Proposition 12.48). On every fibre, whatever the boundary links, the
same argument concentrates the law within any t of the least action of the fields whose
averaging sites are near I (Proposition 12.51); where that action is not small the decay
is open (Remark 12.55). Whether some block map is coercive for all fields and composes
across the remaining scales is open.

Plan. Section 2 constructs the line field. Section 3 shows that a Dobrushin bound for
the gauge-fixed specification gives the full conclusion of Theorem 1.1. Sections 4, 5, 6, 7
and 8 prove Theorems 1.1-1.7, and Section 9 measures what is left. Section 10 proves

10By the certificate of Proposition 12.5 this gap is at least % = 0.1074, within 0.09 per cent of the best

constant on Z*, a floating-point value.
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open inputs
01 cube estimate (D) along the tuning
02 slice ratio in four dimensions

03 tree bounds (T1)-(T3)

proved implications
I1 (D) gives a gap for every limit
12 ratio iff nontrivial flowed limit

I3 tree bounds give the ratio

proved at fixed spacing
P1 gap for every simple group
P2 SU(2), SU(3) with blocks

P3 (D) at strong coupling

arrows: an open input and the

implication that consumes it

F1GURE 3. The logical structure of the paper. Green: theorems at fixed
lattice spacing (P1 the gap for every compact simple group, Theorem 1.5, P2
the plaquette blocks for SU(2) and SU(3), P3 the cube condition at strong
coupling). Blue: the proved implications (I1)—(I3) of the continuum step.
Red: their inputs, none of which is proved along the continuum tuning. Each
arrow joins an open input to the implication that consumes it; no implication
feeds its own input.

(I1)—(I3), Section 11 states and measures their open inputs, and Section 12 poses the cube
condition for block averages, composes the cut-off average across scales at small fields and
locates the large fields under the Wilson measure. The appendices contain the residue
table of the line field, the comparison lemma and its version for blocks, the blocks of the
local Hessian inequality, the details of the certified computation, the reconstruction of the
transfer matrix with the equivalence of a gap and exponential clustering (Appendix F), the
facts on spectral measures and on the character expansion that the continuum step uses
(Appendices G and H), and a complete proof of the sharp quarter for the single-link law of
SU(2) (Appendices I-K), so that the paper does not depend on our earlier one for any step.

2. THE LINE FIELD

Write e, ..., es for the unit vectors of Z* and (z, ) for the link from = to = + eu- A
direction field is a map o : Z* — {0, 1,2, 3}; its links are F = {(z,0(z)) : € Z*}. At each
site put m,(n) = o(x + e,). The plaquette at x in the plane {u, v} has the links (z, p),
(x +eu,v), (x+e,n), (x,v), so it contains

(2.1) [o(z) € {n,v}] + [ma(p) = v] + [ma(v) = ]
links of F.

Lemma 2.1. Every plaquette of Z* contains exactly one link of F if and only if, at every
site x, 7, fizes o(x) and permutes the other three directions cyclically.
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Proof. Fix z, let s = o(x) and let R be the set of the other three directions. For a plane
{s,v} the count (2.1) is 1 + [m4(s) = v] + [7z(v) = s]; it equals one for all v € R exactly
when 7,(s) = s and 7, (v) # s for v € R, that is, when 7, fixes s and maps R into R. For
a plane {u, v} C R the count is [m,(u) = v| + [7.(v) = p]. Draw an arrow g — 7, (u) for
every u € R with m,(u) € R\ {u}. Each vertex of R has at most one outgoing arrow, and
the condition says that each of the three pairs of R carries exactly one arrow. Three arrows
on three vertices with out-degree at most one give out-degree exactly one everywhere, and
a tournament on three vertices with all out-degrees one is a directed three-cycle. (]

From now on ¢ is the field of period two given in Table 3 of Appendix A, read from =z
modulo two. The table lists 7, at each of the sixteen residue classes; in each row 7, fixes
o(x) and is a three-cycle on the rest, so every plaquette contains exactly one link of F' by
Lemma 2.1.'1

Lemma 2.2. (i) F is a disjoint union of bi-infinite straight lines, one through every site:
every site has exactly one outgoing and one incoming link of F', and both point in the
direction o(x).

(ii) For every box A (a product of four finite intervals, with the links and plaquettes it
contains), F N E(A) is a disjoint union of segments, hence a forest.

(iii) A link e = (z,u) ¢ F lies in siz plaquettes. Four of them contain a link of F that
shares an end point with e, and these lie in the planes {u,o(x)} and {p, 7, (n)}. In
the other two, which lie in the remaining plane {u, p}, the link of F is opposite to e.

(iv) Ewery link outside F' shares a plaquette with exactly twelve other links outside F', two
in each of its plaquettes.

Proof. (i) Since 7, fixes 0(z), 0(z+e€4(z)) = o(v). Because o has period two, z—e;, = x+ey,
s0 also o (7 —e,(;)) = o(x), and the link (x—e,(y), 0(7)) is in F. Conversely, if (z—e,,v) € F,
then o(x — e,) = v, and straightness at x — e, gives o(z) = v. So the incoming link is
unique and continues the outgoing one.

(ii) A line meets a box in a segment, and distinct lines are disjoint.

(iii) The plaquettes of e are, for each v # p, the one at = and the one at x — e, in the plane
{p,v}. A link of F sharing an end point with e is the outgoing or the incoming link of F' at
x or at  +e,. At x both point in the direction s = o(x) # p, and they lie in the plaquettes
at « and at x — ey in the plane {y,s}. At x + e, both point in the direction t = m,(u),
which lies in R\ {} because 7, is a three-cycle on R, and they lie in the plaquettes at x
and at z — e; in the plane {u,t}. These four plaquettes are distinct because s # t. Each
plaquette contains exactly one link of F, so in the two plaquettes of the third plane {u, p}
the link of F is a link of direction p or p not touching e; the links of direction p in such a
plaquette touch e, so it is the opposite link.

(iv) Each of the six plaquettes contains e, one link of F' and two other links, and two
distinct links share at most one plaquette. O

3. GAUGE FIXING AND THE FREE-BOUNDARY STATE

Let G C U(N) be compact with Haar measure dU, and let A be a box. The Wilson
measure with free boundary is

WA(dQ)zzlAeXp(NB 3 ReTer) I1 dQ..

PEP(A) ecE(A)

Uhere are exactly eight period-two direction fields with this property, all equivalent to ¢ under the
symmetries of the lattice. A field with one fixed link at every site and one in every plaquette exists only in four
dimensions: a link lies in 2(d — 1) plaquettes and a site carries d(d — 1)/2 of them, and 2(d — 1) = d(d — 1) /2
forces d = 4. The statements of this section are also checked in the Lean certificate of the archive.
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(a) the line field in the slice z3=0 (b) one plaquette in the gauge

N

es:

\
\%\ 9
e4: » -
® K
. .
.\\ e, (fixed)

FIGURE 4. (a) The line field in the slice z3 = 0 of a box of side three. Thick
red segments are the links of F' in the directions 0, 1, 2, with a dot marking
the direction of travel; an orange ring marks a site whose line leaves the slice
in direction 3. Every line is straight (Lemma 2.2(i)), and the segments that
leave the box are its boundary stubs. (b) One plaquette with its fixed link
e1. The weights are those of the local inequality of Lemma 6.2 for the three
free links: % on the two links adjacent to e; and g on the opposite one. The
two purple corners are the ones that enter the corner form (6.3) once Y; = 0.

,_
I~
=

The measure is invariant under the gauge transformations Q ;. .) = 92Q(2,4)9y I with g € GM.

Call the links outside F' active and write A for their set. For a function O of the links, OF
is O with every link of F' set to the identity.

Lemma 3.1 (Gauge fixing). Let ,uf be the probability measure on GANEW) whose density
with respect to Haar measure is proportional to exp(Np ZpGP(A) ReTr Qg) For every
gauge-invariant O on GEW),

Wa(0) = pi (07).

Proof. Each segment of F'N E(A) is a path zg, z1, ...,z along one direction. Given the
variables on F, put g,, =1 and ¢gu,,, = 9u,Q(2;,2,,,) o0 every segment. The transformed
field has QY =1 on F N E(A), and for fixed values on F' the map Q4 — QY is a product of
left and right translations, which preserves Haar measure. Gauge invariance of the action
and of O and the change of variables give the claim. (|

No leftover holonomy appears because F N E(A) is a forest. The measures uf are
finite-volume versions of the specification ¥ on G4: for e € A, vF" resamples Q. from the
law with density proportional to exp(N33 5, Re Tr Q]I; ) given all other active links. No
infinite-volume gauge transformation is performed; v is a specification in its own right.
Fix a metric § on G of diameter D that is bi-invariant (for SU(2) the chordal metric on S3,
D = 2; for SU(N) the Hilbert—Schmidt distance). The Kantorovich coefficient of €’ on e is

Wi(v (1@, (@)
6(@6/762,6’) ’

the supremum over pairs of configurations that differ only at €’. It vanishes unless e and e’
share a plaquette.

Ceer = sup

Proposition 3.2. Suppose that every row and every column of (Ceer) sums to at most
a < 1. Then:
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(i) ¥ has exactly one Gibbs measure pr;

(ii) for every gauge-invariant local O the limit w(O) = lim Wx(O) exists along every
sequence of bozes exhausting Z* and equals pup(OF);

(iii) w s invariant under translations and the hypercubic group;

(iv) if B > 0, w is reflection positive for reflections in hyperplanes through sites and in
hyperplanes bisecting links;

(v) for gauge-invariant local O,0" with O Lipschitz in each link, |Cov,(0,0")| <
Co.0re A UO0Y) for every X\ < —log a;

(vi) if B >0, the transfer matriz of w has spectral gap at least —log .

Proof. (i) Gibbs measures exist by compactness, and the comparison lemma of Appendix B
with S = () shows that any two coincide.

(ii) Extend p} by Haar measure on the active links outside A, and let S be the set of
active links with a plaquette outside P(A); this includes every active link outside E(A). For
an active link e ¢ S all six plaquettes of e lie in P(A), so the conditional law of Q. under
the extended measure is /. Let T' be the support of O and A < —loga. The comparison
lemma with weights e~ 4st¢:T) giyeg

HEO") = 1 (OF)| = 1725 30 e iteD),
1-0
z€S
with § = ae* < 1 and L a Lipschitz constant of O; the sum is at most CrR3e~*? when
R is the distance from T to the complement of A. For O continuous but not Lipschitz,
approximate uniformly. Lemma 3.1 gives W (0) = uf (OF).

(iii) W (1,0) = Wx_,(O), and the boxes A — v also exhaust Z*; by (ii) the limit does not
depend on the sequence. The line field is a device for computing W, and is never shifted.
The same argument applies to the hypercubic group.

(iv) For 8 > 0 the measure W) is reflection positive for every box symmetric under the
reflection [61], and reflection positivity passes to the limit along such boxes, which is w by
(ii).

(v) Covy,(0,0") = Cov,,, (OF,0'F), and setting the links of F' to the identity keeps the
Lipschitz property. The bound is Corollary B.2.

(vi) Let ¥ be a time reflection and 7 a time translation. For gauge-invariant local O that
are Lipschitz in each link, (v) gives |w(9(0)70) — |w(0)|?| < Coe~*'. On the support of
O these functions are dense in the gauge-invariant part of L?(w): gauge-invariant functions
are functions on the compact quotient of G by the gauge group, Lipschitz functions for
the quotient metric are dense in L? of every finite measure on it, and they lift to gauge-
invariant Lipschitz functions. By Proposition F.1 the spectrum of the transfer matrix on
the complement of the vacuum lies in [0, e™*], for every A < —logav. O

The proposition replaces the torus limits and the uniqueness of the ungauged Gibbs
measure used in [13, Thm. F| by the free-boundary limit, which has all the properties the
reconstruction of the transfer matrix needs.!?

4. SU(2) UP TO ONE THIRD

Proof of Theorem 1.1. Identify SU(2) with the unit quaternions and use the chordal metric.
For an active link e and a plaquette p > e, the staple s, is the product of the other three
link variables in the order that makes Re(Qcsp) = %Tr Qp, with links of F' equal to one.
Since NBReTr Q, = 43(Qe, 5,) in R*, the conditional law of @, is the von Mises—Fisher
law v(dz) o< e de on S3 with b = 45 >_pse Sp- Changing a partner e’ by 4 in the chordal
metric changes one staple by an isometric image of that displacement, so b moves by

1201 a torus the line field closes up into cycles, and the holonomies along them cannot be removed by
a gauge transformation; the argument never uses a torus. The state w is defined only on gauge-invariant
observables, which is all that the Osterwalder—Schrader reconstruction [59, 60, 61] uses.
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4|61, and the sharp quarter (Theorem 1.4), Wi (v, vy ) < i\b — V|, gives Ceer < |B]. By
Lemma 2.2(iv) every row and column has twelve nonzero entries, so o < 12|5| = 3|8w|.
Proposition 3.2 applies for |Sy| < % O

Proof of Theorem 1.2. For the line field, every staple of an active link contains two active
links, so the six staples can be chosen with sum zero while the staple through a given partner
¢/ moves freely. At b =0 the derivative of v, in the direction h has Kantorovich norm i|h|
by Lemma 1.3(i), so C.er = |B| exactly, and every row sum is 12|8| = 3|8w|.

Now let F’ be any forest and C’ the matrix of the statement. Suppose a positive weight w
satisfies C'w < aw. For a box A, of side n let C,, be the principal submatrix on the active
links of F(A,); then C,,w < aw on these links, and the Collatz—Wielandt inequality for
nonnegative matrices gives p(Cy,) < a. Since C,, is symmetric, p(C),) is at least the mean
row sum. The box has 4n* — O(n?) links and n* sites, and a forest has fewer links than
sites, so the number a of active links is at least 3n* — O(n?®). Let a, be the number of active
links of the plaquette p; the box has P = 6n* — O(n?) plaquettes and >, ap = 6a—O(n?).
Two links share at most one plaquette, so the row sums add up to |3]3°, ap(a, — 1), and by
convexity

8P

a

S aptay —1) = PP aa - 1) = 6jgi(a 1) — o)

with @ = >°,ap/P = 6a/P — o(1) > 3 — o(1). Hence a > 12|3| — o(1) for every n, and
a > 12[p] = 3|Bwl. O

Without gauge fixing the same count gives eighteen partners and the ceiling Sy = %
of [13, Prop. 13]; the temporal gauge, a family of lines in one direction, leaves fourteen. The
line field is optimal among forests: twelve is the mean number of partners forced by the
number of free links, and it is attained at every link.

5. SU(2) PAST ONE THIRD: PLAQUETTE BLOCKS

Throughout this section G = SU(2) is the group of unit quaternions with the chordal
metric |z — y|, Z is the conjugate, (x,y) = Re(zy) is the inner product of R*, and dx is the
normalised Haar measure on S3. Left and right multiplication by unit quaternions and
conjugation are isometries, and Re(zyz) = Re(yzx) = (y, 2z). Put

7 — / <C,x)d — (’C‘ / ’ c R4,
o(c) € de ;)]! G ¢

let v.(dz) o e!“®'dz be the von Mises-Fisher law, and write g = log Zy, so that Vg(c) is
the mean and Hess g(c) the covariance of v..

5.1. The blocks. Let B be the set of plaquettes at z in the plane {0,1} with xg = 21 and
in the plane {2,3} with x9 = z3, congruences modulo two (Table 4 of Appendix C lists
them modulo 2Z*, and Figure 5 draws them). A block plaquette is a plaquette of B, and its
block is the set of its three active links.

Lemma 5.1. The set B is invariant under translations by 2Z* and:

(i) the blocks partition the active links;
(ii) every plaquette p ¢ B meets three distinct blocks, one in each of its active links;
(iii) every active link lies in exactly five plaquettes outside B, so it shares a plaquette
outside B with exactly ten active links, none of them in its own block;
(iv) if an active link j and a link of a block B lie in a common plaquette outside BB, then
every link of B has its midpoint within distance 2 of the midpoint of j.

Proof. Invariance under 2Z* is clear from the congruences. We use one fact throughout:
two distinct links lie in at most one common plaquette, since they span it.
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(a) plane {0,1}, s =23 =0 (b) plane {2,3}, zo =21 =0
4 4 o e} 3 e}
3 0 o o o o 3 0 o b o
-2 @ ® ® ° ® =2 O o} ) e}
8

1 o o o o o 1 o o b o

0 e ® ® ° ® 0 o o b o
0 1 2 3 4 0 1 2 3 4

Zo T9

FIGURE 5. Block plaquettes, shaded, in (a) a plane {0,1} and (b) a plane
{2,3}: the plaquettes at z with x¢ = z1, respectively zo = x3, modulo two.
Red links belong to the line field F'; a filled dot marks a site whose line runs
in the plane, an open dot one whose line leaves it. The shaded squares form
a checkerboard, so every link of the plane borders exactly one of them, and
every square contains exactly one red link (Lemma 2.1); hence each block
plaquette carries three active links and the blocks partition the active links
(Lemma 5.1(i)).

Every link lies in exactly one plaquette of B. Indeed, a link (y, u) with p € {0,1} lies
in no plaquette of the plane {2,3}, and in exactly two of the plane {0, 1}, those at y and
at y — e, where v is the other element of {0,1}. The base points y and y — ¢, differ only
in the coordinate v, so yy — y1 has opposite parities at the two, and exactly one of them
satisfies x9 = x1. The directions 2,3 are treated in the same way. Every plaquette of Z4
contains exactly one link of F' (Lemma 2.1), so a block plaquette contains three active links,
and every active link lies in exactly one block. This is (i).

(ii) Let p ¢ B have active links e, e2, e3, and let g; be the block plaquette of e;. Then
qi # p, so0 ¢; N p = {e;} by the fact above. If ¢; = ¢ with i # k, then e;, e lie in the two
distinct plaquettes p and g;, which is impossible. So the three blocks are distinct, and each
meets p in one link.

(iii) An active link e lies in six plaquettes (Lemma 2.2), and by (i) exactly one of them is
in B. Each of the other five contains two further active links. These ten links are distinct,
because a link other than e shares at most one plaquette with e, and none lies in the block
of e, because a link f of that block sharing the plaquette p ¢ B with e would put e, f in the
two distinct plaquettes p and the block plaquette of e.

(iv) Let f € B share the plaquette p ¢ B with j. Two links of one unit square have
midpoints at distance 2712 or 1, so the midpoint of j is within distance 1 of that of f,
and the midpoint of f is within distance 1 of that of every link of its block plaquette. The
triangle inequality gives the bound 2. U

Fix a block plaquette p with active links e, ez, e3. Reading the plaquette product
cyclically and deleting its fixed link, %Tr Qp = Re(y1y2y3), where y; is @, or Q;l Every
other plaquette containing e; meets the block only in e; by Lemma 5.1(ii) and contributes
48(yi, §) to the exponent, where s is the staple of y; in it. Hence the conditional law of the
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block given all other active links is
3

(5.1) pn(dy) o< exp (Z<yi, bi) +4p Re(y1y2y3))dy1 dya dys,

i=1
with b; the sum of 485 over the five staples, so that |b;| < 20|3|. Inversion is an isometry of
S3 and preserves Haar measure, so we may work with y instead of Q. On (S3)3 we use the
metric d(y,y') = >, |vi — vjl.
5.2. The sensitivity of one block. Let A, and 7 be a lower and an upper bound for the
eigenvalues of Hess g(c) on the ball |c| < 24|3|, and M an upper bound there for the norm
of the third derivative D3g(c) as a trilinear form. Put

w = 8B%(1 — A\, s=1+(e" —1)e"VT,
(5.2) 1
C =20|B|(4|8|rs +168°M), K = (;FWCDS

assuming C' < 1.

Lemma 5.2. Let v be a probability measure and A = e®v/v(ef) with osc R < w. For
bounded f,h,
Cova(f,h) < Covy,(f,h)+ (e¥ —1)e* sd,(f)sdy(h).

Proof. We may assume 0 < R < w. The density p = el /u(eft) lies in [, e*], so
d=|lp—1oc <e¥—1. With f=f —vf and h = h — vh,

Cova(f,h) = Covy(f,h) = v((p —1)fh)

—v((p=1f)v((p—Dh),
and the right side is at most (6 + 62)sd, (f)sd,(h) by the Cauchy—Schwarz inequality. [0
Lemma 5.3. Let 3 >0, a,co € R* with |a|,|co| < 208, and
w(dx) o< exp({x,a) + g(co + 4B7))dx  on S>.

For every 1-Lipschitz f and every h € R*:
(i) Covi(f, (x,h)) < s[hl;
(ii) if co moves in the direction k, then ‘%H(f)’ < (4B1s+1652M)|K|.

Proof. (i) Taylor’s formula at ¢y gives g(co + 48u) = g(co) + 48(Vg(co),u) + R(u) with
R(u) = 832 Hess g(&)(u,u) for some & on the segment, |¢| < 243. For u = Z of norm
one, R(z) € [88%\«,85%7], so osc R < w. Since (Vg(cy),z) = (x,Vg(co)),  is the tilt
efv/v(eft) of v = v, with ¢ = a + 48Vg(cp). The sharp quarter, Theorem 1.4, gives
Cov,(f,(z,h)) = %Vchth(f) < 1|h|. A 1-Lipschitz function on a set of diameter two has
sd <1, and sd, (x, h) < /7|h| because |c| < |a| + 45 < 24(. Lemma 5.2 gives (i).

(ii) The derivative is Cov,(f,(Vg(co + 48%),k)). Write Vg(co + 40u) = Vg(co) +
48 Hess g(co)u+ N (u). The constant term does not contribute. The linear term is (x, h) with
h = 48 Hess g(co)k, |h| < 487|k|, and contributes at most 457s|k| by (i). For |u], |/| < 1,
|| Hess g(co + 45v) — Hess g(co)|| < 45M|v| < 48M on the segment between them, so
IN(u) — N(u')| < 1682M|u — /|; the function (N(z),k) is therefore 163%M |k|-Lipschitz,
its standard deviation is at most that constant, and its covariance with f is at most
1632 M |k|. a

Lemma 5.4. Let C' < 1. If b and b’ satisfy |bi|, |b}] < 20|8] and differ only in one coordinate
b;, then

Wi (g, ) < K |b; — b

in the metric d.
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Proof. The map y; — —y; turns yy for 5 into the law for —5 with by replaced by —b; and
is an isometry, so we may take 8 > 0; the cyclic symmetry of Re(y1y2ys) lets us take i = 1.
Let f be 1-Lipschitz for d and & = |b; — b].

The middle link. Given yi,ys, the law of ys is v, with ¢ = by + 4875371, which does
not involve b;. Changing y; by n moves ¢ by 467, and the sharp quarter moves v, by at
most fn in Wi. Hence F(y1,y3) = E[f | y1,y3] is (1 + §)-Lipschitz in each variable, and
wo(f) = p?(F), where puf? is the law of (y1,ys3):

i o e(y1,b1>+<y3,b3)zo(b2 + 487371).-

Since |by + 487371| = |bays + 45y1| = |y1b2 + 45ys]|, its conditional laws are
k1 (dyy | y3) o e<yl7bl>+9(bw3+4ﬁgl)dy1,
ra(dys | y1) o 6(y3,b3>+g(y1b2+4,8@73)dy3’

both of the form of Lemma 5.3, with |co| = |ba].

Two sites. Integrating Lemma 5.3(i) along the segment from by to b} gives Wi (k1, k}) < se
for the same y3. Moving y3 to y5 moves ¢y = bays along a segment of length |ba|ys — y5] <
200|ys — y4| inside the ball |¢g| < 208, so Lemma 5.3(ii) gives Wi (k1(- | y3), k1(- | 94)) <
Clys — v4|, and the same for k3, which does not depend on by. Let 7 be a coupling of yu}?
and p? minimising dy + ds, d = Er|yx — v}.|- Replacing (y1,y}) by an optimal coupling of
k1(- | y3) and K (- | y5) keeps a coupling, so minimality gives d; < se + Cds; in the same
way d3 < Cdy. Hence d; < se/(1 — C?) and

Lo (f) — por ()] < (1 + B)(dy +d3) <

5.3. The constants.

(1+8)s
T—c e = Ke. O

Lemma 5.5. Write g(c) = ¢(|c|?) and r = |c|. For ¢ # 0 the eigenvalues of Hess g(c) are
2¢'(r?), three times, and 2¢'(r?) + 4r2¢" (r?), and the norm of D3g(c) is

max(]A + T, %|A|), A=12rp"(r?), T =8r30"(r?).

On the ball r < 2.07 every eigenvalue of Hess g lies between 0.158491 and 0.25000001, and
the norm of D3g is at most 0.0615586.

Proof. Differentiating ¢(|c|?) gives D%g(v,v) = 2¢'|v|> + 4¢"(c,v)? and D3g(v,v,v) =
12¢" (¢, v)|v|?> + 84" (c,v). For |v| = 1 and t = {¢/r,v) € [~1, 1] the cubic form is At + T't3,
whose largest absolute value is attained at ¢t = +1 or at an interior critical point, where it
equals 2|A||t| < 2|Al; by Banach’s theorem [8] the supremum of a symmetric trilinear form
on the diagonal of the unit sphere is its norm. The numerical bounds are obtained in ball
arithmetic [45] from the series of Zj, truncated after forty terms with a proved bound on
the tail, on 2 - 10* subintervals of [0,2.07]; the program is described in Appendix C. O

5.4. The proof of Theorem 1.3. Let 18 be the block specification: for a block B, ’yg
resamples the three links of B from (5.1). It comes from the same interaction as v%', so the
two specifications have the same Gibbs measures. Define the block coefficients

Wi(vB( | Q)75 1 Q)
Q; — Q]

for an active link j ¢ B, the supremum over pairs of configurations that differ only at j,
with Wy for the metric d.

Cpj = sup

Proposition 5.6. Suppose that Y 5 Cp; < o < 1 for every active link j. Then the
conclusions (i)-(vi) of Proposition 3.2 hold with —%log a in place of —log .
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Proof. The proof of Proposition 3.2 goes through with Lemma B.3 of Appendix B in place of
Lemma B.1, and with the set .S of part (ii), and the support of H in Corollary B.2, enlarged
to the union of the blocks that meet it. The enlargement multiplies the size of these sets by
at most three and moves them by at most one, which changes only the constants. U

Proof of Theorem 1.5. Let || < 0.345/4 and take the constants of Lemma 5.5, whose ball
r < 2.07 contains |c| < 24|8|. With these fixed constants every quantity in (5.2) is increasing
in |3, and so is

(5.3) o(Bw) = 40|B| K.

Changing an active link j by 7 changes one staple of each of its ten partners outside its
block by an isometric image of the displacement, so the field b; of each such partner ¢
moves by at most 4|5|n, and Lemma 5.4, applied once for each of these ten fields, gives
Y5 Cpj <40|5|K. Evaluating (5.2) in ball arithmetic at Sy = 0.345 gives w < 0.0054459,
5 <0.252746, C' < 0.050243, K < 0.289069 and o < 0.99729; at Sy = % it gives a < 0.95602.
Proposition 5.6 applies. O

Remark 5.7. Most of the range is kept. A second bound for the same sensitivity, which
keeps the law of the middle link instead of linearising it, evaluated in floating point on
a quadrature grid and maximised over the fields b by a random search followed by the
Nelder—-Mead method, gives 0.2783 at Sy = 0.34, against 0.2881 from Lemma 5.4, and
40|5| times it crosses one near By = 0.357. That computation is not certified and is not
used in the proof. Past this point the gain from integrating out one link is spent, and larger
blocks are needed, such as the free links of a cube of the line field, whose sensitivity no
longer reduces to two sites.

6. CURVATURE IN THE GAUGE

In this section G C U(N) is a closed connected subgroup with Lie algebra g and the
inner product (X,Y) = —Tr(XY'); the bound of Theorem 1.4 is proved first for U(N). A
tangent vector at a field Q is v = (X.Q.), |[v]*> = 3. | X¢|?. For the plaquette at z in the
plane p < v number its links e; = (z,p), e2 = (x + ey, 1), e3 = (v + ey, 1), e4 = (x,v),
transport their vectors to x,

(61) Yl = X€17 Y2 = QelXegQ:17 Y3 = Q€4X63Q:47 Y4 = Xe4a
and write W = @Q,. The second derivative of Re Tr @, along the geodesic Q.(t) = e/X<Q, is
4
fp=>_ ReTr(Y?W) + 2Re Tr(Y1Y2W) + 2 Re Tr(Y3Y3 W)
(6.2) =1

—2 > Re Tr(Y;WY;),
i€{1,2}, je{34}

so that Hess So(v,v) = >3, fp. To see this, write Qp = Qe, Qe, @7, Q%,. Since Qe etXe2 =
e2Q,, and e~ ¥Xes Q:, = Qae*ﬂ%, the plaquette variable along the geodesic is Qp(t) =
eMet2We Y3t Differentiating twice at t = 0 gives the four squares, the two products
of neighbouring factors and the four products across W, and the squares and the product

WY3Y, are moved cyclically under the trace. The corner form of p is
(6.3) cp = 2(Y1,Ya) — 2(Y1,Ya) + 2(Yo, WYsW™) — 2(Y3,Ys).

It collects the inner products of the transported vectors of two links that meet at a right
angle at a corner of p.



EXPLICIT LATTICE YANG-MILLS MASS GAP REDUCING THE CONTINUUM GAP TO ONE CUBE17

Lemma 6.1. On Z*, or on a box with free boundary, for every field Q and every square-
summable X,

S X+ Xy + Qe i Xyeri@y—cpon ||
Y M
= 4|*XV|2 + Z Cp;
p

where Dy X = Z“[Xy# — szemqu—emqu—emu] is the covariant divergence and terms
with a link outside the box are omitted.

Proof. At a site y write o, for the vector of the outgoing link in direction p and i, for
the transported vector of the incoming one, so that D, X = ZM(OM —i,). Every link is
outgoing at one end and incoming at the other, so the squares |o,|? + |i,|?, which appear
once in | D, X|? and once in |0, +i,|?, add up to 4|X|%. The collinear cross term —2(0,,,i,,)
of |D,X|? cancels the term +2(0,,14,) of |0, + i,|>. The remaining cross terms of |D, X |?
pair two perpendicular ends at y, and each such pair is a corner of exactly one plaquette,
with the sign and the transport of (6.3) (this is the proof of [13, Lemma 1]). In a box
two perpendicular ends at y span a plaquette of the box, because a box is a product of
intervals. (]

Lemma 6.2. Let k € {1,2,3,4}, let k£ 1 (mod 4) be the positions adjacent to k and k + 2
the opposite one. For every N, every W € U(N) and all Y1,...,Y, € u(N) with Yy, =0,

+fp+ 156 < 35 (Va1 + Vs ) + §[Vagal*.

Proof. Replacing W by —W changes the sign of f, and fixes c,, so the sign + suffices.
Conjugation by a unitary matrix preserves both sides, so we may take W = diag(w,). The
form F = RHS — f, — %Cp then splits into a block for each diagonal position a, in the real
variables y; = —i(Y;)aq, and a block for each pair a # b, in the complex variables z; = (Y;)ap,
since (Y;)pa = —Z;- Appendix D shows that every block is positive definite. O

Proof of the bound in Theorem 1.4. Every plaquette has exactly one link of F, and X
vanishes on it. By Lemma 2.2(iii) each active link is adjacent to the fixed link in four of its
plaquettes and opposite to it in two. Summing Lemma 6.2 over the plaquettes,
2 2
Z(ifp"‘l%cp) < (4'%+2'%)|X| = 1TOOQ|X| :
P

By Lemma 6.1, 1% dpCp = 1%2 — %|X|2, where Y > 0 is the left side of the lemma. Hence
£ Hess Sp(v,v) + 5% < (R + 38) | x|* = 2| X%
In a box, links near the boundary lie in fewer plaquettes and receive less. O

The factor 1% is chosen so that the corners are paid by the divergence identity at the
price % while the local blocks stay positive; Lemma 6.1 is the divergence identity of [13,
Lemma 1] with the collinear term written as a square, so nothing is lost by Cauchy—Schwarz.

The two lemmas concern vectors in u(N) and fields in U(N), so the bound holds without
change on every closed subgroup G C U(N), the vectors X, ranging over its Lie algebra g.
It is also the Hessian of Sy on G¥: the metric is bi-invariant, the geodesics of G through Q.
are the curves e!* Q. with X € g, which are geodesics of U(N), and the Hessian is read off
from second derivatives along geodesics.

Lemma 6.3. Let G C U(N) be closed and connected with simple Lie algebra g, let t C g be
a mazimal abelian subalgebra, and write the eigenvalues of ad H on g @ C and of H on CV,
for H € t, as ia(H) and iu(H), with a running over the roots and p over the weights of
CN counted with multiplicity. Then Ricg = kg(-,-) with
Yo o(H)?
kg = ==— (0# H € t).
432, n(H)? )
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Proof. For a bi-invariant metric the curvature is R(X,Y)Z = —1[[X,Y], Z] on left-invariant
fields [57, Sect. 7], so for an orthonormal basis (E;) of g,

Ric(X, X) =Y (R(E;, X)X, E;)

= iz X, B = —1 Tr(ad X)?,

since ad X is skew. The Killing form B(X,Y) = Tr(ad X adY') and (-, -) are invariant under
the adjoint action, and g is simple, so B = —4k(-,-) for a constant x and Ric = (-, > On
H € t the two forms are B(H,H) = =3, a(H)* and (H,H) = —TrH*> = pu(H)?. O

Table 1 evaluates the ratio of Lemma 6.3 for every compact simple Lie algebra and
a faithful representation of least dimension, on the root systems of [43, Sect. 12.1]; the
weights of the representations of dimensions 27 and 56 of Eg and F; are the roots of Eg
with prescribed inner products with a subsystem Ao, respectively Aj, projected to its
orthogonal complement, by the decompositions 248 = (78,1) + (27,3) + (27,3) + (1,8)
and 248 = (133,1) + (56,2) + (1,3) [67]. Taking for H the coroot 6V of the highest root
gives >, a(6Y)* = 4hY and 3, u(0V)? = 2(,, so kg = h"/(2(,), with the Dynkin index
normalised to one on the defining representation of SU(N). The ratio depends on g and p
only, so it is the same for every compact group with Lie algebra g, simply connected or not.

Lemma 6.4. Let e # €' be two links of a plaquette p, and write
HessReTr Qp(v,v) = > HY (X, Xor)

e,e’€p
with bilinear forms satisfying H' ,(a,b) = H?, (b,a). Then |H
a,b € u(N) and every field.

(a,b)] < |a|l|b] for all

ee’

Proof. By (6.2) the terms of f, that mix two positions i # j are 2ReTr(Y1Y2W),
2ReTr(Y3Y,W) and —2ReTr(Y;WYj), so H?, is £ ReTr(abW) or +ReTr(aWb) after
an isometric transport of a and b, and | Tr(abW)| < ||a||lus||bW ||us = |al |b]. O

Corollary 6.5. Let G C U(N) be closed (md connected with semisimple Lie algebra and
N|p| < 29/10 For every box the measure ,uA satisfies the Bakry—Emery condition with
K = kg — —N]ﬁ\ > 0, uniformly in the box, and hence a logarithmic Sobolev inequality
with constant 2/ K and a Poincaré inequality with constant 1/K.

Proof. The set {Qr = 1} is a product factor, so its Ricci curvature is at least kg on every
link, and the Hessian of the restricted action is the restriction of N5 Hess Sy to X = 0.
Apply the bound and [4, Cor. 5.7.2]. O

6.1. Decay with an explicit rate. Let A’ be a finite set of active links and P’ a finite set
of plaquettes whose active links lie in A’. An action S = > pep ¢p ReTr Qg with 0 < ¢, <1
is admissible if | Hess S(v,v)| < Z|v|? for all v tangent to G4, Two links lie in at most one
common plaquette, so by Lemma 6.4 and Lemma 2.2(iv) the mixed blocks of its Hessian
satisfy | Hess Seer(a,b)| < |al|b|, and each link has at most twelve partners. The action
SA =2 pe P(A) ReTng of a box is admissible by the bound proved above, and so is every
convex combination of two admissible actions. Let p be the probability measure on GA" with
density proportional to eV#% with respect to Haar measure, let L = A + N3(V.S,V-) be its
Langevin generator, which is self-adjoint in L?(p), and P, = e!’'. Write V. for the gradient
in the factor of the link e, and for weights w : A’ — (0,00) put T'¥(f) = 3, we| Ve f|?; T is
the case w = 1.

Lemma 6.6. Let A\ > 0 and we = ¥, where |d. — der| < 1 whenever e and €' share a
plaquette, and put

K, = mg—N\ﬁ|(%+12(cosh% - 1))
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Then T (P.f) < e 2EXEBTY(f) for every smooth f and t > 0.

Proof. Put V.= —NBS. On the product manifold M = G4 the projection to the tangent
space of one factor is parallel, the rough Laplacian commutes with it, and the Ricci tensor is
block diagonal. Hence the Bochner—Weitzenbock formula VAg = AVg + Ric(Vyg), applied
factor by factor, together with the derivative of the drift, gives for smooth g

3 LT (g) = T"(g, Lg)
=Y we(|VVeg[* + RicG(Veg, Veg))

+ Y weHess Ve (Veg, Verg),

e,e’

where I'(g, h) is the polarised form.'® Put u, = V.g and v, = /W, te. By the symmetry
of Hess V,

Z we Hess Veer (e, uer) = Hess V (v, v)

e,e’

+ Z (cosh @ — 1> Hess Ver (e, ver ),

e#e’
we+we/ — A(defde/) 3 _@ 2
because 5 N cosh ==5==>. The first term is at least —5 N |3|[v|*. In the second

only partners contribute, each with a coefficient at most cosh% — 1 and a block of norm
at most N|B|, and 2|ve| |ver| < |ve|? + |ver|? with twelve partners per link bounds it by
12(cosh § — 1)N|B| |v|%. Since Ricg > k¢ and |v]? =T"(g),

LT (g) —T"(g,Lg) > K\I'“(g).

For fixed t let ¢(s) = PsI™(P—sf), 0 < s <t. Then ¢'(s) = Ps(LT"(gs) — 2I"(gs, Lgs)) >
2K, p(s) with gs = Pr_sf, and (0) < e~ 2Extp(t) is the claim. O

Lemma 6.7. Suppose Ky > 0. Let f and g be smooth functions on G that depend only
on the links of Ay and of By, and let D be the least number of steps from Ay to By in the
graph on A" whose edges join links that share a plaquette. Then
—A\D/2
e

/
IVFllse Y [IVegllioe:
Kx ecBy

’ COVM(f, g)‘ S

where ||V £|%, = sup 2 [VefI.
Proof. Since Ky > K, > 0, Lemma 6.6 with A = 0 gives I'(P,f) < e 250!||V f||%,, so P,f

o0
converges uniformly to a constant, which is u(f) by invariance, M being connected. Since

L1(gPef) = p(gLPif) = — (T (g, Pf)),

Covulf.) = [ u(T(Pif.g) de.

Let d. be the smaller of D and the graph distance from e to Ay, so that |de — der| < 1
for partners, w. = 1 on Ay, w, = e*’ on By, and T¥(f) < |Vf||%. For e € By,
Lemma 6.6 gives |V P f|? < w'TY(Pf) < e e 258V f|2,. Hence |T(P.f,g)| <
e M2 K|V floo > een, IVedlloo, and integration in ¢ gives the bound. O

Proof of Theorem 1.5. Let A* > 0 solve Ky« = 0, so that % =mg(f), and let 0 < A < ¥,
then K > 0.

3For w = 1 this is Bochner’s identity T2 = |VZg|® + (Ric + Hess V))(Vg, Vg); the weights enter only
through the factor index, which the connection, the Laplacian and the Ricci tensor preserve, so only the
off-diagonal blocks of Hess V' see them.
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Decay in bozxes. Lemma 6.7 with S = Sy gives
| Cov,r (f,9)] < Cpge PV

uniformly in the box.

Limit. For boxes A C A’ let Sg = (1 — s)S) + sSys on the active links of A} s € [0, 1],
and ps the corresponding measure; S is admissible, pg is ,uf times Haar measure on the
active links outside A, and p; = uf,. For smooth f of the active links of A,

d (H)=NB > Covy, (f,ReTrQ}),

s
pEP(N\P(A)

and |V.ReTr Q| < [|Qpllus = V'N. A step in the graph of Lemma 6.7 moves a link by at
most one lattice unit, so a plaquette at graph distance k from the support 1" of f lies within
distance k + 1 of T, there are at most Cr(k + 1)* of them, and every plaquette outside
P(A) is at graph distance at least R — 1, R the distance from T to the complement of A.
Lemma 6.7 gives
ke () = iR ()] < CpRe A2,

The limit therefore exists along every increasing sequence of boxes, and two sequences
are compared through their intersections, which are boxes. Continuous gauge-invariant
O are uniform limits of smooth gauge-invariant ones, for instance of e™0, since the heat
semigroup of G¥ commutes with left and right translations; with Lemma 3.1 the limit w(O)
of Wx(O) exists for all of them.

Properties. Invariance and, for 5 > 0, reflection positivity follow as in Proposition 3.2(iii)—
(iv). For Lipschitz O the functions e™®O are smooth with the same Lipschitz constant,
since Ricg > 0 [4, Sect. 3.3], so the bound of the first step passes to w and to Lipschitz
observables. Two links of one plaquette have time coordinates that differ by at most one,
so observables at time separation t are at graph distance at least t — ¢, and truncated
correlations decay at every rate below mg(f). The gap follows from Proposition F.1 as in
Proposition 3.2(vi). O

Proof of the rest of Theorem 1.4. By Lemma 6.3 and Table 1, rkgy(n) = % and Kgo(n) =
%; for SO(4), whose Lie algebra is s0(3)@s0(3) acting on R*®@C = C2®C?, each ideal gives
% by the same computation. The conditions of Theorem 1.4 are those of Theorem 1.5. [

Remark 6.8. Let hp be the supremum of + Hess Sy on the gauge-fixed directions, so that
uniform curvature reaches |5| < 1/(2hr) and no further. At the identity field — Hess Sy
restricted to Xp = 0 has the eigenvalue 9 + /17 = 13.123 on the torus of side two, so
94+ V17T < hp < %. A gradient search over SU(2) fields of periods two, four and six finds
nothing above 13.97401, the value at an abelian field; certificates made of plaquette forms
and vertex forms on the period-two cell cannot go below 14.384. One of us (T. Romanov) [63]
constructed such a certificate, with sixteen positive definite vertex forms of size eight and
nonnegative plaquette weights, rational with denominator 10°. It gives hp < 14.420001
(Theorem L.5; Appendix L gives the derivation and the checks). Like % this is a statement
about U(N), so it can replace % in Theorems 1.4 and 1.5, and the curvature method then
reaches || < 1/28.840002, that is Sy < 0.1387 for SU(2) and Sy < 0.3121 for SU(3). The
bound is computer-assisted and concerns the lattice at fixed spacing, not the continuum
limit. The theorems of this paper are stated with %, which is proved by hand. With this

gauge the curvature method stops between |3] = 1/28.840002 and 555 .

7. SU(3) up TO 3/4

In this section G = SU(3), 8 > 0 and Sy = 98. The distance on SU(3) is d(U,V) =
||U —V||us, which is at most the geodesic distance for (X,Y) = — Tr(XY); K = conv SU(3);
A(M) = 3(M — M*) and P removes the trace. With this inner product Ric = 3, the
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Casimir of the fundamental representation is Ap = % and that of the adjoint representation
is 6.
7.1. Reduction to one link. The conditional law of an active link is
vp(dU) oc 2T, b= NBY" S,
poe

where S, is the staple of e in p, a product of SU(3) matrices and identities, or its adjoint.
Six staples give b € rK with r = 6N = 28y . For a matrix h put ¢,(U) = Re Tr(Uh) and

Ly, (b) = sup{Cov,, (g, ¥n) : g 1-Lipschitz for d},
A(r)=sup sup Lp(b).
berK ||hlas=1
Changing a partner €’ changes one staple by a matrix of norm d(Q./,Q./). Along the
segment b; from b to ', which stays in rK, Lu,(g) = Covy,, (9, Re Tr(U (V' = b))), so
Wi(vp, vy) < NBA(r) d(Qer, Q). With twelve partners per link,

(7.1) a < 12NBA(r) = 2rA(r) = 48w A (28w ).

Since K is convex and contains 0, the mean of I,wl,w?I with w3 =1, 7K C rK for v’ <r
and A is nondecreasing.

7.2. Gradients and one-forms.

Lemma 7.1. In the left trivialisation, V.(U) = —PA(cU); if V.= ¢y then Hess V(X, X) =
Re Tr(UX?2b); and Ap. = —Appe.

Proof. 4 ReTr(Ue¥c)|i—o = ReTr(cUX) = —(PA(cU), X) for X € su(3). On a group
with a bi-invariant metric Vx X = 0 for left-invariant X, so the Hessian is the second deriv-
ative along e!X. The function ¢, is a matrix coefficient of the fundamental representation,
on which the Casimir acts by Ap. O

Lemma 7.2. The bottom of the spectrum of the rough Laplacian V*V on L? one-forms of
SU(3) is po = ¢.

Proof. Trivialise one-forms on the left, so that a one-form is a function f : SU(3) — su(3).
For an orthonormal basis X, acting as left-invariant vector fields, Vx,Y = £[X,,Y] and
Vx,Xa=0,80 V'V =-3%(p(X,) + 2 ad X,)?. On the isotypic part Vx ® V; ® su(3) of
L?®@su(3) put Ay = pr(Xa), Bo = ad X, and T, = A, + B, the action on the tensor product.
Since A, and B, commute, A, + %Ba = %(Aa +T,) and AT, + T, A, = A2 + T? — B2, 5o
on a component o C 7 ® ad

V*V = %(Cﬂ' + CO') - %Cad = %(Cﬂ' + CO') - %7

with C(p,q) = %(p2 + q® 4+ pq + 3p + 3q) for the representation of highest weight (p,q) [31].
The components of (pv Q> ® (]" 1) are (p+ 17q+ 1)’ (p+27q - 1)’ (p - 1’q+2)7 (p+ 17q - 2)a
(p—2,q+1), (p—1,q—1) and (p, q), the last with multiplicity two, one or zero as both,
one or none of p, g are positive, and only those with nonnegative labels occur. For = = (0, 0)

the only component is (1,1), with value % For m = (1,0) the components are (2,1),

(0,2), (1,0), with values %1, %, %, and (0,1) is conjugate. For p 4+ g > 2 the smallest
values occur at (p — 1,¢ — 1), (p,q), (p —2,q+ 1) or (p+ 1,q — 2), and each is at least

12+ ?+pg) +3(p+q) —3)—3 >3 O
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7.3. The gap of the one-link measure.

Lemma 7.3. For b € rK the spectral gap of L = A+ (VV,V-), V = oy, on L*(v) is at

least

283
v(r) = 64“0""_%_128 3-

Proof. Let —Lf = Af with A > 0, w = df and 5 = €"/?w; norms are in L?(dU). Bochner’s
formula integrated against vy gives A\vp|w|? = 1| Vw|? + v ((Ric — Hess V) (w, w)), and since
eV?Vw = Vn — Ldv @,

(72) Miall? = 11V = 3V @l + [ (Ric — Hess V) (.1,
Put A=Vnand B = %dV@n. Then

(AB) =} [V =2 [VinP,

because —AV = A\pV. Writing [|A — B|? = ||24 — B||? + 22||A||? — 3(A, B) and dropping
the first term,

|4~ BI? 2 Bpolll? -} [ ViaP

by Lemma 7.2. With Ric = %, (7.2) gives A||n||* > (2—2“0+%)|]77]]2—I(Hess V(77,77)—|—%V|77|2),
and the claim follows from the pointwise bound

(7.3) ReTr(MX?) +1ReTr M < 5|X|*, M =1bWU € rkK,

since Hess V (X, X) = ReTr(MX?) and V = ReTr M. The maximum over |X| = 1 of
the left side is convex in M, so it suffices to take M = rW with W € SU(3) and, after
a conjugation, W = diag(e*) with 3, 0, = 0; put c; = cosf. Write X = iH with H
Hermitian, traceless, Tr H? = 1, with diagonal dj, and entries H jk- Then
Re Tr(WX?) = chdk Z cj —I—Ck)\ij\Q,
i<k
with >, d2 + 2 > i<k 1 H. ik|? =1, so the maximum is the larger of go = max;j<j — (c] + c)
and ¢diag = max{— Eckdk 2> d =0, ZdQ = 1}. If I is the third index, gof + 5 Zk cp =
%cl < % The value ggiag is minus the smaller eigenvalue of diag(c) compressed to the

plane > d, = 0; the eigenvalues of the compression solve > .(cy — p)~! = 0, that is
312 — 2e1 1 + e = 0 with eq, e3 the elementary symmetric functions of the ¢y, so Qdiag =

%(1/6% —3e2 — e1). The inequality qqiag + %el < % is /e? —3eq < %(3 — e1), that is

e% —4eg 4+ 21 —3<0. When > 0, =0, > c% =14 2c¢ycoc3, and with this identity the left

—e

side equals —2(1 — ¢1)(1 — ¢2)(1 — ¢3) < 0. O
The Weight 2 is the one that gives the coefficient % of V, and (7.3) is an equality at
W1 Atr=3 S, y=12H1

7.4. A corrector of degree two.
Lemma 7.4. Forbe rK, ||h|| =1 and every smooth real function u on SU(3),
Ly(b) < \/ub|Vu|2 + \/Varub(@h + Lu) /~(r).
3

MThe direct Bochner bound, with Minkowski’s inequality in place of the cross term, gives (y/o— 2 ) +5-7r
with g2 = maxw ||PA(W)||? = 2.0655; it is exact at b = 0, where the gap is £, but falls below y for r>0.24
and vanishes before r = 1.
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Proof. Let —Lv = pp, — vppp. For a 1-Lipschitz g, [Vg| < 1 almost everywhere, because d
is at most the geodesic distance, so Cov(g, vn) = 1p(Vg, Vi) < 1p|Vih|. Write ¢ = u + x.
Since vp(Lu) = 0, x solves —Ly = X — X with X = ¢j, + Lu, and

1| Vx|? = Cov(x, X) < /Var x Var X < \/V5|VX|2V8,I'X/’}/
by Lemma 7.3. Hence 1|Vx|? < Var X/v, and | Vt| < /1p|Vul?2 + /1| Vx|2. O

The best u is v itself, and then the second term vanishes. With v = sy, Lemma 7.1
gives op+ Lu = (1 —sAp)pp +sI' with I' = (VV, Vpy,); the choice s = 1/Ap removes ¢y, and
leaves the drift. This blended corrector reaches By = % and stops near 0.715 (Section 9).
We take w in a space of polynomials of degree two.

Let P2 be the real vector space of real polynomials of degree one or two in the entries u;;
of U and @;; of U. It has dimension 189: a basis (By,) consists of 5(m + m) and 5 (m — m)
for each pair {m,m} of conjugate monomials with m # m, and m itself when m = m.
Identify h € C3*3 with R'® through the real and imaginary parts of its entries. For a real

189 x 18 matrix C put
18

ah =YY CimhmBi € P,
k m=1
linear in h. For diagonal b = diag(ai, az,x3 + iy3) we have V = >, byop, with (by) =
(a1,a2,73,y3) and F = (e11, 22, €33,i€33), SO
(7.4) X =¢n+Lan = o0+ Aqu + Y _be(Veor,, Vay)
k
is a polynomial of degree at most three, affine in b, while V¢ does not depend on b. The
squares of these functions have degree at most six, so the quadratic forms h — 1| Vqp|?
and h +— 13[(X}, — k)?] are combinations of moments of v, of degree at most six.
To compute A and (V f, Vg) exactly we use the basis of su(3)

ejk — ekj, ilejr +ex;) (5 <k), ilenn —ez), ilenn + ez —2es3),
acting as left-invariant fields X, f(U) = & f(Ue'¥=)|;—g, with weights w, = 3 for the first
seven and # for the last. Then Y, weX, ® X, is the Casimir tensor of (X,Y) = — Tr(XY),

SO

<VfaV9>:ZwaXanag7 A:Zwan‘

The fields map monomials to combinations of monomials of the same degree with coefficients
in Z[i]; for instance Apy, = —$ ¢y, as in Lemma 7.1.

7.5. Orbits of staple sums.

Lemma 7.5. Let V,WW € SU(3).
(1) Ln(VOW) = Ly—1p-1(b) and Ly(b) = Ly, (b).
(ii) Bvery b € C3*3 is in the orbit of some diag(a1,as,23) with a1 > as > |z3] and
Im z3 > 0.

(iii) A diagonal matriz lies in K if and only if it lies in the convex hull of the diagonal
torus T of SU(3).

Proof. (i) If U has law vy then WUV has law v; the map preserves d and Haar measure,
and ¢ (U) = @y-1-1 (WUV). For buse U + U. (ii) Take a singular value decomposition
b = V1XW; and move the determinants of Vi, W7 into the last entry; a complex conjugation
makes Im z3 > 0. (iii) Let ¢ be diagonal with nonzero entries of distinct moduli and let U
maximise Re Tr(cU) on SU(3). The derivative along su(3) vanishes, so the anti-Hermitian
part of cU is a multiple ¢AI of the identity and ¢cU = H + i\l with H Hermitian. Then
H? + N2 = cc* is diagonal with distinct entries, H commutes with it and is diagonal, and
U € T. Hence maxgys) Re Tr(cU) = maxr Re Tr(ct) for such ¢, and by continuity for every
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diagonal ¢. A diagonal matrix outside conv T is separated from it by such a functional,
which then separates it from K. O

Since every b € rK has operator norm at most r,
A(r) = sup{ sup Lp(b):be€ RT},
IR=1
where R, is the set of diag(ay,ag, z3 +iy3) € rconv T with a1 > ag > |z3 +iys| and y3 > 0,
a subset of the box [0,7]? x [~7,7] x [0,7] in the coordinates (a1, as, 3, y3).

7.6. Exact moments and interpolation.

Lemma 7.6. For D, D’ € C3*3 let Ey be the Haar mean on SU(3) and
Z(D,D') =Egexp(3 Tr(UD) + § Tr(UD')).

Then . /
2(D, D’) _ Z S(p,q)(DD ) Gpq(det D) G 4(det D')

p>¢>0 dp.q
with Gpg(2) = k>0 Copthgrig?s cx =27/ TThooks(A), dpg = 3(p—q+1)(¢+1)(p+2)

and S, q) the Schur polynomial. The moments of degree j in U and k in U are
E g [utaleReTrUb)] = 2|a‘+|6|8%3%,Z(b, b), the entry w;; pairing with Dj;.
Proof. We use (Tr X)™ = 3"y, f2s1(X), where f* is the number of standard tableaux of

shape A, given by the hook length formula [68, Cor. 7.21.6]. Expanding the exponential
gives

Y

(Tr X))
6%TrX = Z 2rnnl ZC)\S)\

n>0
the sum over partitions with at most three parts. For U € SU(3) one has sy, (4 k1) (UD) =
(det D)*s5(UD), so

2P = 37 G g(det D) g (UD),
P29
where X, 4 is the irreducible character of highest weight (p, ¢, 0) and d,, 4 its dimension. Since
U= (U1YT, we have xp,(UD’) = xpo(U1D'"), and Schur orthogonality [18, Ch. 2],

_ AB
B [, (U Ay (U B)] = 8, 2 AP)
p
gives the expansion. The bound below gives absolute convergence. Finally Re Tr(Ub) =
3 Tr(UDb) + § Tr(UD). O

The computation keeps p < 34 and k < 11. Every omitted partition has more than 34
boxes, and since |sy(X)| < dim(\)[| X||M and 3., f* dim A = 3" by Schur-Weyl duality,
the omitted part of each factor is at most 3,-44(3]|D||)"/n!; Cauchy’s estimate on a
polydisc around b turns this into a bound for every derivative (Appendix E).

Lemma 7.7 (Interpolation on a box). Let Q@ = [[.llk,lx + wi| in the coordinates
(al,ag,xg y3) with corners b; and multilinear weights w;(b) > 0, >, wi(b) = 1, and let
= w? + w3 + max(w3, w3). Forb € Q:
(1) Z(b) 2 €53 wi(b)Z(by);
(ii) vp(f) < e/ max; vy, (f) for every f >0 that does not depend on b;
(iii) if Yy = (A + X (bx — Br)Br)? with functions A, By of U and a fized point 3, then
wk max; Z (b; ), (B,%))
min; Z(b;) '

vp(Yy) < eg/s(maxyb Ys,) —1—2
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Proof. Write E(b) = eReTr(Ub) — [T, e where
¢ = (Rewui1, Reuaa, Reuss, — Imuss),

so that |cx] < 1 and ¢ + ¢§ < 1. In each coordinate the chord of e over [ly, Iy + wg]
lies above the function and, by Hoeffding’s lemma [42] for a two-point variable, below
ciwz/S'

CrX
etk

(7.5) E®) <3 wi(b)E(b) < E(b) eXon kVE/3 < B(b) s/,

e Multiplying,

Integrating the right inequality gives (i), and (ii) follows from the left one and (i). For
(iii) let F(b) = YpE(b) and I; the linear interpolation in the k-th coordinate, so that
F—LLELF =Y, 1 I;_1(F — IF). Along the k-th coordinate F is £2¢%® times a
positive factor, with ¢ affine of slope By, and 92F = ((cxl +2By)? — 2B2)E > —2B2E. With
the Green kernel of the interval, whose integral is at most w,% /8,

F-ILF< 28,%/GE < “ip? S WM E®m)

by the left inequality of (7.5), with weights wgk) > 0 of sum one that do not depend on U.

The operators I; have nonnegative weights of sum one; integrate over U and divide by Z(b),
bounded below by (i). O

7.7. The cover and the theorem. Fix a box @ and a matrix C. For any constant
Kk, Var(Xp,) < vp[(Xn — k)?]; take k = (k(b), h) with x(b) affine in b, fitted to the means
at the corners. By (7.4), X;, —x = A+ > (b — Br)Br with 8 the centre of @ and
By, = (Vor,, Van) — (Okk, h), and Lemmas 7.4 and 7.7 give, for all b€ QNR,,

sup Lp(b) < \/eg/g max A4 (b;)
h 1

o) os/8 eN

where ey = Y %imaXiZ(bi)/\k(bi) and Aa, Ay, A\p are the largest eigenvalues of the
quadratic forms h — v, |Van|?, h — w, [(Xp — K)?] at b = b;, and h + v, [B7] on R, Their
entries are moments of 14, of degree at most six, computed with rigorous error bounds
(Appendix E); each largest eigenvalue is bounded above by an LDL" factorisation of tI
minus the computed form with certified positive pivots, plus the norm of its error matrix by
Weyl’s inequality [39, 45].

The matrix C' is chosen in each box in floating point. At the mean of the corner moments
and at b = 5, Lemma 7.4 for u = ¢, is a quadratic problem in C': for # > 0 we minimise the
trace of v|Vq|? + 6 Var(X)/v over the 18 coordinate directions h, a least-squares problem of
size 189, keep the 6 on a geometric grid of 48 values from 0.05 to 80 that gives the smallest
bound, and round C' to multiples of 273°. Any choice gives a valid bound.

A box is discarded when it contains no point with a3 > as > |z3|, or when a linear
functional £(b) = Re Tr(c*b) satisfies ming ¢ > r maxy ¢, which separates it from r conv T
and hence, by Lemma 7.5(iii), from R,.

Proposition 7.8. 2rA(r) < 0.999887 at r = 3.

Proof. The box [0, 7]? x [—r, 7] x [0, 7] is cut into 8192 boxes of side /8. Of these, 841 survive
the two tests, and 581 satisfy 2rBg < 1 for the right side Bg of (7.6), with v(r) = %g.
Each of the other 260 is cut into sixteen boxes of side r/16; 1760 of these survive the tests,
and all satisfy 2rBg < 1. The 2341 certified boxes cover R,. The largest bound is 0.999887,
on the box [1.3125,1.5] x [0.9375, 1.125] x [0.5625, 0.75] x [0, 0.1875], and the median is 0.983.
Figure 6 shows the cover, and Appendix E the error analysis. U
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(a) all 2341 boxes; height || (b) bound above 0.99; height z3

1.00

0.96

0.92

0.88

certified bound on the box

0.84

FIGURE 6. The 2341 certified boxes at r = %, plotted at their centres in the
coordinates (aj, az) of the staple sum diag(ay, az, x3 + iys), coloured by the
certified bound on 2rsupy, Ly, over the box; the larger points are the boxes
of side /8. (a) All boxes, with height |x3 + iy3|. (b) The 419 boxes with
bound above 0.99, with height x3; the largest bounds sit in the interior of
R., not at its extreme points.

The same cover at a larger r bounds A(r) where 2rA(r) is no longer below one; the
plaquette blocks of Section 8 use that bound.

‘s _ 38
Proposition 7.9. 2rA(r) < 1.029967 at r = 5.

Proof. As in the proof of Proposition 7.8, with v(r) = % and the threshold 2rBg < 1.03:
of the 8192 boxes of side r/8, 784 survive the two tests and 690 satisfy the threshold; each
of the other 94 is cut into sixteen boxes of side /16, of which 373 survive the tests, and all

satisfy it. The 1063 certified boxes cover R, and the largest bound is 1.029967. O

Proof of Theorem 1.6. Proposition 7.8 gives
< 0.999887

AG) <

5 < 0.333296.

For gy < % we have 28y < %, and (7.1) with the monotonicity of A gives

o < 4BwA(3) < 1.333183 By < 2-1.333183 < 1.
Proposition 3.2 applies with the Hilbert—Schmidt metric. O

8. SU(3) WITH PLAQUETTE BLOCKS

In this section G = SU(3), 8 > 0, Sw = 98, NG = Bw/3, and the notation is that
of Section 7: d is the Hilbert-Schmidt distance, K = conv SU(3), v.(dU) x eReTUoqr,
on(U) = ReTr(Uh) and A(r) is the modulus of (7.1). Put Z(c) = [eReTWgU and
g =log Z on C*>*3, viewed as R'® with the inner product (z,y) = Re Tr(xy*). The gradient
of g at ¢ is the conjugate mean m(c)*, m(c) = v.(U) € K, and Hess g(c)(h, h) = Var,, (¢n).
Since Z(VeW) = Z(c) for V,W € SU(3), the same holds for g.
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The blocks are those of Lemma 5.1, which concerns the line field only and holds for every
group. For a block plaquette with active links eq, e, e3, ReTr @, = ReTr(y1y2y3) with
Yi = Q¢,; O Qe_il, and the conditional law of the block is

(8.1) p(dy) o exp(D_ Re Te(yibs) + N Re Tr(y1y2ys) ) dy,
where b; is NS times the sum of the five staples of y; outside the block plaquette, so
bi € 5SNBK and ||billop < 5NB. On SU(3)? we use d(y,y') = 3, [lvi — ¥}/ us-

8.1. The sensitivity of one block. Let r = 28y = 6NS. Let A\, and 7 be a lower
and an upper bound for the eigenvalues of Hessg on rK, M an upper bound on rK for
|D3g(c)(u,v,v)| over unit vectors u,v, and v = v(r) the gap of Lemma 7.3. Put

w=3NAP(r—A). s=AG)+ (¥~ D[/,

(8.2) C =5(NB)* (s + \/gNiMew)
gy = LHNEAONs o o,

assuming C' < 1.
Lemma 8.1. Let a,cy € 5NBK and

k(dz) o< exp(Re Tr(za) + g(co + Npz))dx  on SU(3).
For every 1-Lipschitz f and every h € C3*3:

(i) Covi(f,en) < sllhllus;
(ii) if co moves in the direction k inside 5NBK, then

@R < NB(rs + V3NBMe" [)||kl|us.

Proof. (i) The segment from cq to ¢y + NSz lies in 6NSK = rK, and Taylor’s formula gives
g(co + Npzx) = g(co) + NBReTr(zm(co)) + R(x)
with R(z) = 3(NB)?Hessg(¢)(z,x). Since ||z|l3g = 3, R € [3(NB)*\., 3(NB)?7] and
osc R < w. Hence & is the tilt effv/v(ef) of v = vy with ¢ = a + Nfm(cp) € rK. By defi-
nition of A, Cov,(f,¢p) < A(r)||h]]. The function f is 1-Lipschitz for the geodesic distance,
which dominates d, so sd, f < 4~ %/2 by Lemma 7.3, and sd, ¢, < v/7||h|. Lemma 5.2 gives
(i).

(ii) The derivative is Covy(f, (Vg(co + NBx),k)). Write Vg(co + Npu) = Vg(co) +
NpBHessg(co)u + N(u). The linear term is ¢, with ||h|| < NA7| k| and contributes at
most NS7s|/k|| by (i). On the segment from ¢y the Hessian moves by at most NSM |ju|| <
VBNBM, so x +— (N(x),k) is v/3(NB)2M]||k|-Lipschitz for d. The law & is a tilt of v by a
function of oscillation at most w, so its spectral gap is at least e~ by the Holley—Stroock

lemma [40], and the covariance of two Lipschitz functions under « is at most e/~ times
the product of their constants. O

Lemma 8.2. Let C < 1. If b,b have all fields in SNBK and differ only in b;, then
Wi (s pr) < Ks||b; — bl ||lus for the metric d.

Proof. By the cyclic symmetry of Re Tr(y1y2y3) we may take ¢ = 1. Given y1, y3, the law of
Yo is v, with ¢ = by + NBysy1 € rK. Changing y; by 7 in d moves ¢ by Nfgn and v, by at
most NBA(r)n in Wi, as in (7.1); so F(y1,y3) = E[f | y1,y3] is (1 + NBA(r))-Lipschitz in
each variable. The law of (y1,y3) is proportional to eReﬂ(ylblHReﬂ(y?’bf”)Z(bg + NBysy1),
and Z(be + NBysy1) = Z(yg_lbg + Npyp) = Z(bgyl_l + NBys), so its two conditional laws
have the form of Lemma 8.1, with ¢y = y;lbg and ¢y = bgyl_l. Moving ys3 to y5 moves
y3 ‘b2 along a segment in 5NBK of length at most ||b2|lopllys — ¥4l < 5NB|ys — v4l|. The
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coupling argument of Lemma 5.4 now gives dy < se + Cds, d3 < Cdy and |up(f) — pw ()] <
(1+ NBA(r))(d1 + d3) < Kse. O

8.2. The constants and the proof of Theorem 1.7.

Lemma 8.3. At r = % every eigenvalue of Hess g on rK lies in [0.056015,0.247316], and
|D3g(c)(u,v,v)| < 0.182126 for ¢ € rK and unit vectors u,v. Atr = % the same holds with

[0.054978, 0.248280] and 0.183546.

Proof. For VW € SU(3), g(VeW) = g(c) and x — VaW is an isometry, so the eigenvalues
of Hess g and the norm of D3¢ are constant on the orbits, and by Lemma 7.5 it suffices to
bound them on R,. The derivatives of g are the cumulants of ¢ under v,.. Cut the box
[0,7]% x [=r,7] x [0,7] into boxes of side r/8 and keep the 841 (784 at r = 32) that survive
the two tests of Section 7.7. On each box @) we compute, with rigorous error bounds, the
moments of ¢ of degree at most three at the sixteen corners b; and at the centre by, and
put k = m(bg), the mean of ¢ at the centre.

Upper bound. For b € Q and every h, Var,, (¢n) < vp[(¢n — (k, h))?] < e/ max; vy, [(¢n —
(k,h))?] by Lemma 7.7(ii).

Lower bound. Integrating the right inequality of (7.5) against f > 0 and dividing by
Z(b) < 32 wiZ(b;), the left one, gives v (f) > e~/ min; vy, (f). With f = (@5, — vppn)? this
gives Var,, (¢p) > e~/ min, Var,,bi (¢n).

Third cumulant. Put § = m(b) — k. The mean value theorem and the upper bound give
10| < 7p + e, with p the largest distance from by in @ and e the error of the computed
mean. Expanding the central moment about k,

D?g(b)(u, v,v) = Ty(u,v,v) — 8, Var(i,)
— 20, Cov(pu, pv) — 5u55,

with T, = v[(¢ — k)®3], 6, = (0, u) and the moments under v,. For a function G of either
sign, writing G = G — G~ and applying the two bounds above to GT gives |1(G)| <
(max; |1, (G)] + e max; v, |G|)/(1 — €) with e = 1 — e™5/%. For G = (pu — ku) (00 — ky)?
we use |vp, (G)| < ||Tp,]], the largest singular value of the 18 x 324 unfolding of T3, and
v |G| < 23 v, [(pw — kv)?], since ||U — k|lus < 2v/3. The largest eigenvalues and singular
values are bounded as in Section 7.7, and the maxima over these boxes are the numbers
stated (Appendix C). O

Proof of Theorem 1.7. Let first Sy < %, so that r = 28y < % Every field met in

Lemmas 8.1 and 8.2 lies in %K, so the constants of Lemma 8.3 at 3, A(3) < 0'993?887

from Proposition 7.8 and v = ’y( ) = igg apply; with these fixed constants every quantity

in (8.2) is increasing in By. For 3 < By < 19 the fields lie in 38K and the constants
of Lemma 8.3 at gg, A(38) < L 0328?167 from Proposmon 7.9 and ’y( ) ggég apply in the
same way. Changing an active link j by n changes one staple of each of its ten partners
outside its block by a matrix of norm 7, so the field b; of each such partner moves by
Npn, and Lemma 8.2 gives > 5 Cpj < 10NSK3 = a3(fw). In ball arithmetic, at Sy = %
w < 0.017935, s < 0.34088, C' < 0.043520, K3 < 0.38609 and ag < 0.96521; at By = 0.72,
a3 < 0.91815; at By = 0.76, with the second set of constants, w < 0.018609, s < 0.34673,
C <0.045770, K3 < 0.39454 and a3z < 0.99950. Proposition 5.6, whose proof does not use

the group, applies with the Hilbert—Schmidt metric. O

Remark 8.4. Theorem 1.6 ends where 2rA(r) reaches one. The blocks remove the factor
1—(2) of the single-link sum and keep most of it after paying for the three links: at By = %
the gap bound rises from 1.1-10* to 0.0177, and the block bound is the better one for
Bw > 0.715. Before the corrections for the three links their sum is 5 of the single-link sum
2rA(r), so it can stay below one while 2rA(r) is slightly above one; Proposmon 7.9 certifies
2rA(r) < 1.03 at r» = 1.52, which is enough at Sy = 0.76, with little room. Evaluated in
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—e— degree-two corrector
=- blended corrector

r=1.44
r=1.50
r=1.54

bound

FIGURE 7. The floating-point value of 27 sup;, of the bound of Lemma 7.4
on the face b = diag(r, p, p), as a function of p/r, for r = 1.44, 1.50 and 1.54:
dashed with the corrector u = sy, for the best s, solid with u = gy of degree
two for the best C. The grey plane is the Dobrushin threshold one. The
first corrector is above it already at r = 1.44; the second stays below it at
r = 1.50, where Proposition 7.8 certifies the bound on all of R, and crosses
it by r = 1.54.

floating point with the constants of a scan of R,, the block sum stays below one up to
Bw =~ 0.78; that computation is not certified and is not used.

9. WHERE THE METHODS STOP

SU(2). Theorem 1.2 closes the single-link route in every forest gauge at Sy = % Blocks
of several links, where the influence of a boundary link on a whole block is bounded at
once, in the spirit of the Dobrushin—Shlosman criterion [27], pass it: plaquette blocks reach
Bw = 0.345 (Theorem 1.3), and the sharper floating-point bound of Remark 5.7 stops near
0.357. Larger blocks are the next step.

Curvature. Remark 6.8 locates the end of the curvature method in this gauge between
|8 = 1/28.840002, by the certificate of Appendix L, and 5.

SU(3). The route of Section 7 bounds the H~'(v},) norm of ¢j, — vy, which is at least
Ly (b), and needs it uniformly on rK. Its Galerkin values (polynomials of degree two) at
matrices of rK give 2r times the norm equal to 0.79 at » = 1.25, 0.89 at r = 1.4, 0.97 at
r = 1.5 and 1.009 at » = 1.55, so the route stops at or below Sy = 0.77 even with exact
constants. With u = spp, Lemma 7.4 stops earlier: in floating point its largest values on
R, lie on the face diag(r, p, p) with p between 0.75r and 0.8r, and 2r times the bound
is 0.9458 at r = 1.36, 0.9767 at » = 1.40 and 1.0080 at r = 1.44, so this corrector ends
near By ~ 0.715. With u = ¢ of degree two the largest values on the same face are
0.9305 at » = 1.44, 0.9729 at r = 1.50 and 1.0018 at r = 1.54 (Figure 7), close to the
Galerkin values. Lemma 7.3 therefore costs little at these couplings, and most of the distance
between the floating-point value at » = 1.5 and the certified 0.999887 of Proposition 7.8
is the interpolation over boxes. Between Sy = % and 0.77 there is room only for smaller
boxes. The plaquette blocks of Theorem 1.7 use A(25y) as well, with a little more room:
they reach 0.76 with the certified cover of Proposition 7.9 and near 0.78 in floating point
(Remark 8.4); past that one needs larger blocks, whose sensitivity does not go through the

one-link modulus.
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Other groups. For groups other than SU(2) and SU(3) only the curvature route is carried
out here (Theorem 1.5), and it stops where the bound % uses up the curvature of G, at
N|p| = 2%%:@. The Dobrushin route needs a bound for the Kantorovich modulus of the
one-link measure of each group, which is not attempted here.

The four open problems. Our earlier paper [13] listed four problems between the strong-
coupling results and the Clay problem [44]: (1) uniqueness and a gap at intermediate fixed
coupling; (2) the crossover from strong coupling to Balaban’s weak-coupling regime; (3) the
continuum limit with the Osterwalder—Schrader axioms; and (4) a gap in physical units.
The present paper moves the boundary of (1): for SU(2) from By = 2 to 0.345, for SU(3)
from 3% to 0.76, with a gap at % of 0.0177 in lattice units, and for every compact simple
group, the exceptional groups included, past the curvature ceiling of the ungauged measure,
with an explicit gap. It does not close (1); the region between these values and the scaling
region, near Sy &~ 2.2 for SU(2) and By ~ 6 for SU(3), is open, and with it problem (2).
Problems (3) and (4) are not solved here. Every bound proved here is uniform in lattice
units, so by [14] none of them can by itself produce a continuum mass gap; that requires
control of the gap in physical units along the renormalisation group flow [5].1°

The continuum problem. Two general facts limit what can be imported into problems
(3) and (4) above from constructions of continuum measures. Both concern a random
distribution F on R%, a Borel probability measure on the tempered distributions with finite
moments, and the growth condition

(9.1) E 00 < Clxin+lxI3) for all real x € S(RY),

which is the growth condition of the regularity axiom of Glimm and Jaffe at p = 2 [35,
Sect. 6.1, (6.1.5)]. The next proposition shows that it rules out every field whose two-point
function is too singular at short distance.

Proposition 9.1. Let F satisfy (9.1), and suppose that its connected two-point function is,
off the diagonal, a locally integrable function Sa(z,y) with Sa(x,y) > clz—y| =22 (log |xiy‘)_k
for 0 < |z —y| <rg, where ¢ >0, k>0 and 2A > d. Then F does not exist: no random

distribution has both properties.

Proof. Applying (9.1) to x and —x and using coshz > 1 + % gives EF(x)? <
2(60(“X”1+HX”§) — 1). Fix nonnegative ¢, € C°(R?), not zero, with supports in a ball of
radius % and at distance § > 0 from each other, and put ¢.(z) = e~%?p(z/¢), and likewise
Ye. Then |||z = [|¢|l2 and [l@:|l1 = e¥?||l¢|l1 < ||¢|l1 for € < 1, so the covariance of F(i.)
and F' (1) is bounded uniformly in & by the Cauchy—Schwarz inequality. On the other hand
the supports of ¢, and 1. are disjoint, and for u, v in the supports £d < |eu —ev| < eR. For
eR <19 and R < 1 the lower bound for Sy therefore gives

Cov(F(pe), F(¢e)) = Ed// o(u)(v)Se(eu, ev) du dv

1\—F
—2A _d—2A L
> R4 (log =) [lelhllvlh,

which tends to infinity as € — 0. O

The action density Tr F),, F}, has dimension A = 4 in four dimensions. A two-sided
short-distance law of the form |z — y|~8 times the fourth power of the running coupling,
which is what asymptotic freedom!® predicts, has 2A = 8 > 4 and k = 2; so that field

15Every one of these approaches needs an input at physical length scales; for Yang—Mills theory the
rigorous renormalisation group analyses are [5, 24].
16For SU(N) the renormalisation group gives, with by = 11N/(4872) and the invariant scale A,

g(a)72 = 2bg log aLA + O(log log (%A)’

11N?

so the inverse coupling Sw = 2N/g(a)® grows like 125

log ﬁ along the continuum tuning.
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cannot satisfy (9.1), and a proof of rotation invariance for it has to use something other
than this condition. In three dimensions the free part of the action density already has
2A =6 > 3. Condition (9.1) suits fields of dimension at most %, such as the field strength
of the free Maxwell field, whose covariance is bounded in momentum space.

Positivity, symmetry and regularity do not produce a gap by themselves.

Proposition 9.2. On R* let F be the centred Gaussian random distribution with covariance

C(p) :/1dem.

o |p|* +m?

Then F' is invariant under all Fuclidean motions, reflection positive, satisfies (9.1) with

C= %, and its Osterwalder—Schrader Hamiltonian has no gap above the vacuum.

Proof. Since 0 < C <1, EeF00) = ¢3060%) < e%”XH%, with the unitary Fourier transform.
Invariance is clear. The covariance is the integral over m € (0, 1), with the weight m2dm, of
the covariances of free fields of mass m, each of which is reflection positive [35, Sect. 6.2]; a
positive combination of reflection positive covariances is reflection positive, and so is the
Gaussian measure with such a covariance [35, Sect. 6.2]. For x(¢,x) = h(t)g(x) with A > 0
supported in t > 0, not zero, and §(0) # 0, the vector v = F(x) is orthogonal to the vacuum,
and after the Fourier transform in x,

1 ~ (1) 2
—sH _ 2 ’g(k)’ —ws
(v,e %7y = /0 m dm/72w e

< ( /0 T ()t dk,

with w = /|k|? + m? and constants absorbed in §. If H had a gap mg > 0, the left side
would be at most e~™%||v[|2. For 0 < 1 < myg the part of the integral with m, |k| < n/2 is
at least c,e™"® with ¢, > 0, a contradiction as s — oo. O

The Gaussian field of Proposition 9.2 is not a gauge theory; it shows only that an infrared
estimate, such as a bound (v, aLt/ a] vy) < Cpe” ™! uniform in the spacing a along the
continuum tuning, has to be proved in addition to the axioms. The lattice bounds of
this paper are of this form only with m, proportional to 1/a, and by [14] such bounds
give trivial limits. The routes we know to a continuum gap therefore all stop at the same
two estimates: the construction of the infinite-volume continuum measure past Bataban’s

small-field analysis [5, 7], and a decay estimate in physical units at large scales.

10. THE CONTINUUM STEP AT ONE PHYSICAL SCALE

The bounds of the preceding sections hold at fixed coupling and give a gap that is at least
a fixed number in lattice units, and [14] shows that no such bound can produce a continuum
gap. This section replaces the single-link condition of Proposition 3.2 by a condition on one
cube of n? sites, averaged over its translates in the manner of Dobrushin and Shlosman [27],
and proves that the condition gives a gap of order 1/n in lattice units. If it holds with n
proportional to 1/a, that is, in a cube of fixed physical size, the gap survives in physical
units and passes to every continuum limit (Theorem 10.4). The two statements that remain
unproved, the cube estimate and the existence of the limit, are stated in Section 11.

10.1. Averaged cubes. For a finite set V' C A let vy (- | @) be the probability measure on
GV with density proportional to exp (NS 2pnvzp Re Tr Qf ) with respect to Haar measure,
the links outside V' being those of Q). Its conditional law of )., e € V', given the other links

of V is vF'. Write dv(Qv,Qy) = >icy 0(Qi, Q}) and, for j € A\ 'V,
. W (w (- 1Q),w(- | Q)
6(Q;, Q%) ’

CVJ‘ = Su
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(a) averaged cubes, n=4 (b) one physical scale

o Vi2er+er+es)

= a/4, n=16

. . af2, n=38

a,n=4

V4 2e;

FIGURE 8. (a) The cube V of side n = 4 and two of its translates by
274, drawn in three of the four dimensions. A link j outside V enters K.
through every translate whose boundary it touches, and D(n, «) compares
that total with the N, = (n/2)* translates that contain j. (b) The cube
of Theorem 10.4: its physical side ¢ = na is held fixed while the spacing is
halved, so n doubles at each step and the lattice gap log(1/a)/(2n) is of
order a//.

the supremum over pairs that differ only at j; Wld V' is the Kantorovich distance for dy,. The
coefficient vanishes unless j shares a plaquette with a link of V.

Let n > 2 be even and let V be the set of active links (z,x) with € [0,n)*. The
direction field has period two, so the translations by 27Z* preserve F, A and v, and the
translates V, = V + x, o € 274, satisfy Cv, j+z = Cy,j. Every active link lies in exactly
N, = (n/2)* of them. A class is an orbit of 2Z* on A, that is, a residue of the base point
modulo two together with a direction; there are at most 64 classes. For a class ¢ put

K.= Y Cy,.
jeA\V
Definition 10.1. For 0 < « < 1, the condition D(n,«) at the coupling g is K. < aN, for
every class c.

Since 3 coz4, jgv, Oviy = 20 COvij—all —a ¢ V] = K for the class c(j) of j, the
condition says that the total influence of a link on the translates that do not contain it is at
most the fraction a of the number of translates that do. Figure 8 shows the cubes.

For n = 2 it is a bound on blocks of 48 links. Distances between links are those of
their midpoints; a link of V' and a link sharing a plaquette with V are at distance at most
pn = 2n, and ¢, denotes the number of active links within distance p, of a given one.

Theorem 10.2. Let § > 0 and suppose that D(n,«a) holds. Then statements (i)—(iv) of
Proposition 3.2 hold, (v) holds for every A < log(1/a)/pn, and the transfer matriz of w has
spectral gap at least log(1/a)/(2n).

Proof. The proof of Proposition 3.2 uses the coefficients C,.s only through Lemma B.1 and
Corollary B.2. Lemma B.4 of Appendix B gives the same conclusions under D(n, «), for
every A > 0 with ae*" < 1, with the constant €D /(1 — 6) replaced by D(1+ c,e*)/(1—6)
and @ = ae*". The measures used there are invariant under every ~y, with V, disjoint
from the exceptional set: a Gibbs measure of v/ and its conditional measures given the
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links of a finite set by Lemma B.4(a), and the extended finite-volume measure of part (ii)
because every plaquette that meets such a V, lies in P(A). Part (vi) then follows from
Proposition F.1 as before, with every A < log(1/a)/(2n). O

10.2. The continuum limit. Let a; = 2 %a and let 8, > 0 be couplings, typically with
By, — o0o. Suppose that the lattice states wy at S exist as in Proposition 3.2, with transfer
matrices Ty, on the reconstructed spaces Hj, and vacua Q. (Appendix F). Let 7 be a complex
vector space of test functions on R* supported in {¢ > 0} and, for each k, let f — Og(f) be
a linear map from 7 to gauge-invariant local observables supported in positive lattice times;
the example to keep in mind is Ok(f) = Zx 3, aj f(arx)®(z) for a local gauge-invariant
field @, a renormalisation constant Z and ®(z) the translate of ® to x. Write 9 for the
time reflection and 7 for the time translation by t lattice steps.

Definition 10.3. A continuum limit of (wy, Of) is a Hilbert space H with a unit vector €2,
a self-adjoint operator H > 0 with HQ = 0, and a linear map f +— ¢ (f) from T to H with
dense range, such that for all f,g € T and all dyadic 7 > 0,

(W(f), e ™(g)) = kli_gowk(ﬁ(()k( ) Tr /ay Ok (9)),
(Q,0(f)) = klij;owk(ok(f)),

the limits taken over the k for which 7/ay is an integer. It is nontrivial if H # CQ.

The Osterwalder—Schrader reconstruction [59, 60] produces such a limit from convergent
renormalised Schwinger functions that satisfy the axioms; the definition records only what
the next theorem uses.

Theorem 10.4. Suppose that there are a < 1, £ > 0 and even ng with nga < £ such that
D(ng, ) holds at By for every k. Then every continuum limit of (wg, Ok) satisfies

~ log(1/a)

2

and 0 is a simple eigenvalue. If the limit is nontrivial, o(H) N [my,00) # 0, so H has a
mass gap of at least my.

o(H) C {0} U [my, o), M

Proof. By Theorem 10.2 the state wy exists and Ty has gap at least log(1/a)/(2ny) on
the complement of Q. Let f € T, put O = Ok(f) and ¢ = Yo — wp(0). In the

reconstruction of Appendix F, (Up, Tt U y) = wp(I(F)1H), so (%, Vo) = wi(O), and
TrQr = Q; hence, for integers t > 0,

(o1: Thipr) = wi (9(0) 70) — |wi(0)[?
< e tlog(l/a)/(2nk) H<Pk||2-

Take 7 > 0 dyadic and k large, so that ¢t = 7/ay is an integer; then t/(2ng) = 7/(2niay) >
7/(2¢), and the right side is at most e=™7 || ||?. Both sides converge by Definition 10.3.
With ¢ = 9(f) — (2, 9(f))Q and e 7HQ = Q the limit reads

(e ™)y < e7™ ||

The maps f — Ok(f) and f — 1(f) are linear, so the vectors ¢ form a linear subspace,
and it is dense in Q' because the range of ¢ is dense. The inequality extends to Q- by
continuity, and from dyadic 7 to all 7 > 0 by the strong continuity of e=7". For ¢ € Q-+
with spectral measure p, of H this says [ e "Pdu,(E) < e ™ u,([0,00)) for all 7 > 0; if
115([0,m — 1)) > 0 for some 7 > 0, the left side is at least pu,([0,m. —1])e” ™7 which
exceeds the right side for large 7. So p, lives on [my, 00) for every ¢ € QO+, which gives
both claims about 0, and the spectrum on Q-+ # {0} lies in [ms, c0) and is not empty. [

The proof uses D(ng, ) only through the decay of the two-point functions, and the same
argument accepts any decay with constants that depend on the observable.
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Theorem 10.5. Let mg > 0 and let Ty span T. Suppose that for each f € Ty there are
Cy < oo, 7y 20 and ky such that

Cf () = wr(9(OR(F)) T2/, Ok (f)) — lwor (Ok())?
S Cfe—mm'

for all k > k¢ and all dyadic 7 > 7§ with 7/ay, € Z. Then every continuum limit of (w, O)
satisfies o(H) C {0} U [mg, 0), and 0 is a simple eigenvalue. If the limit is nontrivial, H
has a mass gap of at least my.

Proof. For f € T put o(f) = ¥(f) — (Q,(f))Q, which is linear in f. Since e is
self-adjoint and fixes €2, Definition 10.3 gives (¢(f),e " o(f)) = limy C]{(T). For f € Ty let
 be the spectral measure of H at o(f). Then [e "FPdu(E) < Cpe™™07 for dyadic 7 > 5.
If 1([0,mo — 1)) > 0 for some 7 € (0,mg), the left side is at least ([0, mg — n])e=(Mo—m7,
which is impossible for large 7. Hence the spectral projection Ejg,,,) of H vanishes on
©(To). By linearity it vanishes on ¢(7 ), and since its kernel is closed, it vanishes on the
closure of ¢(T), which is Q because 1(T) is dense. So Ejg,y) = (€2, -) €2, which gives both

claims. O

Theorem 10.4 is the case mg = m, 7y = 0 and Cy = supy>y, |¢x]|?, which is finite

because ||¢x||* = C’,{ (0) converges. Theorem 10.5 needs neither a lattice gap nor the gauge
of this paper. It applies to the output of a cluster expansion of any coarse effective theory,
provided the expansion bounds the correlations of a spanning set of renormalised observables
in physical units.

Theorem 10.4 bypasses the obstruction of [14]: under the hypothesis the lattice gap is at
least log(1/«)/(2ny), of order ay /¢ in lattice units, which tends to zero, and only its value
in physical units is bounded below. In the language of [14] the hypothesis implies the gap
part (R2) of Hypothesis R, with m = m,, and the conclusion holds for every continuum
limit without a separate assumption on the gap.

10.3. Smoothed observables. The observables O(f) of Definition 10.3 need not be local.
The renormalised fields that one expects to converge are smoothed by the gradient flow
of the Wilson action [52]'7; at positive flow time their correlation functions are finite to
all orders of perturbation theory once the coupling is renormalised [53]. Flow in all four
directions mixes the two sides of the reflection plane, but the spatial flow of [64, Sec. II.B]
does not: it flows the links of each time slice under the Wilson action of that slice and leaves
the temporal links alone.

Fix a bi-invariant Riemannian metric on G. For a configuration U of all links of Z* (for
the states of this paper, the links of F' equal to 1), let ®4(U), s € R, solve

d
S Ue=-V. > | (N —ReTrU,)
pe, p spatial
for every spatial link e, the sum running over the four plaquettes of the time slice of e that

contain it, with the temporal links held fixed and V. the gradient in the variable U,.

Proposition 10.6. (i) @ is defined on every configuration of the infinite lattice, &40 Py =
by o, and g commutes with gauge transformations, with spatial and temporal translations
and with the reflections in time. The link ®5(U). depends only on the spatial links of the
time slice of e, and there are constants k,c depending only on G such that, if ®f denotes

1TThe flow moves the gauge field along the negative gradient of the Wilson action. At positive flow time
the flowed fields are smooth on the scale of the square root of the flow time, and in perturbation theory
their gauge-invariant composite fields need no further renormalisation [52, 53].
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the flow of the links of that slice within distance R of e with all other links held fized,

(c[spf*

5(®s(U)e, E(U),) < De*”~|5|m
for every configuration U.

(ii) Let w be a state as in Appendiz F and O a bounded gauge-invariant function of finitely
many links at times in [to, t1], continuous in them. Then Oo®; is a bounded gauge-invariant
function of the links at times in [to,t1] and a uniform limit of gauge-invariant local functions
at those times.

(iii) Theorem 10.4 holds with Ok (f) replaced by O(f) o @5, for any si € R, in particular
for sy, = T/CL% at a fized flow time T in physical units.

(iv) The image measure (Ps).w is reflection positive, and its transfer matriz is unitarily
equivalent to that of w, the unitary fixing the vacuum.

Proof. (i) Embed G in a matrix algebra. The right side of the equation is a smooth function
of the links of the four plaquettes containing e, tangent to G at U,, so on the Banach
space of bounded assignments of matrices to the spatial links it is a vector field that is
bounded and Lipschitz on a neighbourhood of the configurations with values in G, with a
Lipschitz constant that does not depend on the volume because every link meets finitely
many others. The Picard-Lindel6f theorem gives a unique local solution; it stays on G
because the field is tangent there, and since the field is bounded on G the solution exists for
all s; uniqueness gives the group law. The action of a time slice and the metric are invariant
under gauge transformations, translations and the reflections, so the flow commutes with
them by uniqueness. Since the equation of a spatial link involves only links of its own
slice, so does the solution. For the comparison, let d./(s) be the distance between the two
flows at a link €’ of the slice. Smoothness on the compact group gives constants kg, c; with
de(s) < fgsl (koder + €1 > grrer derr) for € within distance R of e, where e’ ~ ¢ means that
the two links share a spatial plaquette (twelve neighbours), while d.s < D beyond. Iterating
the integral form of this inequality, a term that reaches the links beyond distance R needs
at least R + 1 steps of ~, and Yo p 2¥/k! < e®2zfH1 /(R + 1)!; this gives the bound with
¢ =12c¢; and Kk = Ko + c.

(ii) The truncated flow ®% commutes with gauge transformations for the same reason as
®, so O o f is a gauge-invariant function of finitely many links at times in [to,¢1]. By (i)
and the uniform continuity of O, it converges to O o @, uniformly as R — oo.

(iii) The proof of Theorem 10.4 uses Ok (f) only through the vectors Wy, (4 and the
identity (Up, T*W ) = w(I(F)7H). By (ii) and the footnote in Appendix F, both extend
to uniform limits of local functions at positive times, and f +— Og(f) o ®;, is linear.

(iv) By (i), ®5 and ®_g preserve the functions of the links at positive times and commute
with ¢ and 7. Hence (®4).w(9(F)1H) = w(I(F o ®5) 7(H o ®5)), which for ¢t = 0 and
H = F is nonnegative, and F' — F' o ®; induces an isometry between the reconstructed
spaces that intertwines the transfer matrices and fixes the vacuum; ®_g gives its inverse. [J

Part (iv) says that smoothing changes the variables and not the theory: it neither creates
nor removes a gap. Its use is in the choice of the observables. With Og/(f) the spatially flowed
fields at a fixed physical flow time, for instance Zy, 3, af f (axx) (€ (z) —wi(E-(x))) with & (z)
the flowed action density of the slice, statement (E) asks for the convergence of correlation
functions that are known to be finite in perturbation theory [53], and Theorem 10.4 applies
to them. Theorem 10.7 below constructs their continuum limits along subsequences; their
nontriviality is not proved here.

10.4. Renormalised flowed observables. The spatially flowed fields can be renormalised
by one condition at a single physical separation, and their correlation functions then have
continuum limits along subsequences without further assumptions. What remains open is
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Ci(o) = (W4, 7‘;/‘“ W 4, ): the reflected packet ¢, paired with the packet translated by «

FiGure 9. The packet fy of Theorem 10.7, supported in the time window
[to, t1] above the reflection plane t = 0, its reflection 9 fy and its translate
T fo by o in time. The correlation Cy (o) pairs the reflected packet with the
translated one; Ci(0) is the reflected norm that renormalises the packet.

whether such a limit is trivial, and that question reduces to one ratio of lattice two-point
functions.

Fix a bounded gauge-invariant function ® of finitely many spatial links of the slice
{z¢g = 0}, continuous in them, a flow time 7 > 0 in physical units, and a nonzero test
function fo € C.(R*) supported in {t > 0}. Put s, = 7/a3, write ®, for the translate of ®
to z € Z*, and let

A = Z a%f()(akx) (q)z © q)sk - Wk(q)z © q)sk))7
TEZ*
Ck(O’) = Wk (ﬁ(Ak) Ta/akAk)
for dyadic ¢ > 0 (the sum is finite, and o/ay is an integer for large k). By reflection
positivity Cy(0) > 0; assume Cj,(0) > 0 and set Zj, = C;(0)~'/2. Let D be the set of points
y = (t,9') € R* with dyadic coordinates (in units of ag) and ¢t > 0, and for y € D and k
with y/ax € Z* let A be the translate of Ay by y/ax.

Theorem 10.7. (i) For y,y’ € D and every k with y/ay,y'/a € Z*,
Z |on(9(ADAY)] < 1.

(ii) Every sequence of k has a subsequence along which K (y,y') = lim Z2 wy, (29([1%)14%/) exists
for all y,y' € D and p(o) = lim Cy(0)/Ck(0) exists for all dyadic o > 0. Along it there is a
probability measure p on [0, c0] with

plo) = /[Om] eTEdu(E) (0> 0),

the integrand being 0 at E = oo.

(iii) Along such a subsequence, let T be spanned by the translates fo(- —vy), y € D, and
one more function f. € C.(R*) supported in {t > 0} outside their span, and let Oy, be the
linear map with Ok(fo(- — y)) = Z A} and O(f.) = 1. Then (wg, Ok) has a continuum
limit in the sense of Definition 10.3, on which the dyadic spatial translations act by unitary
operators commuting with H.
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(iv) This limit is nontrivial if and only if pu([0,00)) > 0, if and only if p(o) > 0 for one
dyadic o > 0, and then p(o) > 0 for all of them. Consequently a nontrivial limit exists
along some subsequence if and only if lim sup;, Cx(0)/Cx(0) > 0 for some dyadic o > 0.

(v) If the hypothesis of Theorem 10.4 holds, then p is carried by [m,, 00| and p(o) < e ™7,

Proof. By Proposition 10.6(ii) each ®, o @, , and hence each Ay, is a uniform limit of gauge-
invariant local functions at times > 1, so the reconstruction of Appendix F applies to them
(its footnote). Write Wy, = ZxW 4, . Since (Q, U4, ) = wi(Ag) = 0 and ||V ||? :_Z,%Ck(O) =1,
Uy is a unit vector orthogonal to €. The relation (Vp, T W y) = wp(I9(F)rH) for all
F gives U, g = ’]I‘Z\IJ H. Spatial translations commute with ¥ and with 7 and leave wy
invariant, so they act on the reconstructed space by unitaries Uy (x) that commute with Tj.
Hence, for y = (¢,v'),
ZiW 4y = Up(y Jax) T " Ty
(i) The left side of the inequality is |<Zk‘l'Az,Zk\IlAy/)| < 1, because ||[Ug|| = 1 and
k

0<T, <1
(ii) The set D x D is countable and the numbers are bounded by (i), so a diagonal
subsequence gives all the limits K; the limits p(o) are among them, since Cy(0)/Cy(0) =

<‘11k,'l[‘g/a’“\llk) is the value of K at y = y' = (06/2,0). Let v, be the spectral measure
(Lemma G.1) of Ty at ¥y, a probability measure on [0, 1], and py its image under A —
—a; 'log A € [0, 00]. Then Cy(0)/Ck(0) = [ e “Fduy(E). The space [0, oc] is compact, so
a further subsequence has ji;, — p weakly (Lemma G.2), and E — e~ °F is continuous on
[0, 0] for o > 0.

(iii) A finite combination 37, c;fo(- — y;) with distinct y; that vanishes has Fourier

transform fo(p) > cje*ip'yi = 0; since fo is analytic and not zero, the exponential sum
vanishes on an open set and every c; is zero. So the translates are linearly independent
and Oy is well defined. On the space V' of finite sums v = }_, ¢,y over D put B(v,w) =
> ¢ycy K (y,y'). It is the limit of (vy, wy) with vy =37, ¢y Zk ¥ 4v, hence positive semidefinite;
let Hg be the completion of V' modulo its null space. For dyadic o > 0 and dyadic spatial
define T'(0)dy = 0y4(s0) and U(x)dy = d,4(0,2)- At level k these are ’]I‘Z/a'“ and Ug(z/ay),
so in the limit B(T(o)v,w) = B(v,T(o)w), B(T(o)v,T(o)v) < B(v,v), B(v,T(c)v) > 0,
and U(z) preserves B. Thus T'(0) extends to commuting positive contractions on Hy with
T(0)T(0') =T(c 4 ¢'), and U(x) to unitaries commuting with them. For dyadic o > 0 the
kernel of T'(¢) = T(0/2)? equals that of T'(c/2), so all these kernels coincide; and every
oy with y = (t,y') equals T'(t/2)d;/2,), @ vector in the range of a positive operator and
so orthogonal to its kernel. Hence each T'(0) is injective on Hy, and Hy = —logT'(1) is
a self-adjoint operator with Hy > 0 and e=“H0 = T'(¢) for dyadic o, by the uniqueness
of positive roots. Put H = CQ & Ho, H = 0@ Hy, ¥(fo(- —y)) = 6, and ¥(fs) = Q.
The range of v is dense, and the identities of Definition 10.3 hold: for two translates they

are the limits defining K, with 7, AZ/ = AZ,HU’O); and for f, they read wi(1) = 1 and

wk’(ﬂ(AZ)) = wk(Ta/akAZ) = 0.

(iv) The limit is nontrivial exactly when Hg # 0, that is when ||6,]|? = K(y,y) = p(2t)
is positive for some y = (¢,3’). By (ii) and Lemma G.3(b), p(c) > 0 for one o > 0 if and
only if 14([0,00)) > 0, and then p(c) > 0 for every o > 0. For the last statement choose a
subsequence along which C(0)/Ck(0) tends to its lim sup, and refine it by (ii).

(v) Under that hypothesis the proof of Theorem 10.4 gives ([0, e~ 08(1/@)/Znr)]) = 1
because Uy L Q, so py is carried by [log(1/a)/(2ngax), 00] C [ms, o], and so is the weak
limit pu. (]

/ak

The measure p is the spectral measure of the renormalised flowed field in the limit: its
part on [0, 00) is what survives as a state of the continuum theory, and its atom at oo is the
weight that the field puts on energies that diverge in physical units. The theorem constructs
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the renormalised continuum observables and their reconstruction for every tuning, and it
reduces their nontriviality to the lattice inequality

lim sup Cilo)

koo Ck(0)

for one physical separation o: the flowed two-point function of the smeared packet at a

fixed physical distance must not become negligible against its reflected norm Cy(0). If the

lattice gap stayed above some m > 0 in lattice units, the ratio would be at most =™/

and the limit would be trivial, so the inequality is a condition on the tuning S — oo; it is

not proved here. Nor are the independence of the limit from the subsequence, Euclidean

invariance, or bounds on products of more than two renormalised fields, for which (i) gives

nothing because Zj may diverge (Theorem 10.15 reduces them to tree bounds); (E) requires
all of these.

The denominator C(0) is the reflected norm of the packet smeared by fo, not a coincidence
limit of point fields, and the distinction matters. For the free massless scalar field in four
dimensions with spatial momenta cut off at A, the covariance at spatial separation 0
is (1 — (14 At)e ™) /(472t?) at time t > 0 and A%/(872) at coincidence, so its ratio
2(1 — (1 + At)e ) /(At)? tends to zero as A — oo, although the limiting field is the
nontrivial Gaussian field; for packets smeared by fy the reflected norms of that field have
finite positive limits and the ratio stays positive. The criterion of Theorem 10.7(iv) is about
the smeared packets A only.

When the ratio is bounded below, renormalising at the separation o instead of 0 removes
the escape to infinite energy altogether, and one slab of the transfer matrix gives a sufficient
condition for the bound. Write p for the measures in the proof of Theorem 10.7.

>0

Proposition 10.8. (i) Suppose Ci(c) > ¢ Cy(0) for a dyadic 0 >0, a ¢ > 0 and every k
of a sequence. Let p). be the spectral measure, in energies E = —a,;l log A\, of the unit vector
Ck(o)*l/Q\I/A;€ with A}, = T, /24, Ak- Then . is a probability measure on [0, 00),

T(TA < o—lo—oA /Emd/<_1mm
([ 00)) < ¢ tenh, pe<e ' ()

and t — Cy(o +t)/Ci(c) is Lipschitz on [0,00) with constant (eac)™t. A subsequence of
the wj, converges weakly to a probability measure on [0,00) with the same bounds.

(ii) Suppose (Uy, (1 — Ty)Wx) < Cay for a constant C and every k of a sequence.
Then Ci(c)/Ci(0) > €27 whenever Cay, < & and o /ay, is an integer, and pg([A, o0]) <
Clag + A~1) for every A > 0.

Proof. (i) We have Uy = ’]I‘Zﬂak W 4, , so the measure ), is e 7P dug(E) divided by its mass
Ci(0)/Cr(0) > ¢, and e~?F vanishes at E = co. For E > A we have e 7F < ¢77? and
Eme"E < (m/ea)™ for all E > 0. The ratio in question is the integral of e~*¥ against
., and the inequality |e=*F — e75E| < |t — s|E with the moment bound for m = 1 gives
the Lipschitz bound. The tail bound makes the sequence tight on [0, c0), so Prokhorov’s
theorem gives the weak limit, and the bounds pass to it because {E > A} is open and E™
is a monotone limit of bounded continuous functions.

(ii) Let v be the spectral measure of Ty at Wy on [0, 1], a probability measure, and
n = o/ai. By Jensen’s inequality for the convex function A",

Ck(a) B n n n —2Cagn
G0 _/)\ dukz(/)\duk) > (1 - Cay)" > e 200,

since log(1 —x) > —2z on [0, 5]. Moreover Cay > [(1— e~ )dpy, > (1 —e™ %)k ([A, o0]),
and 1 —e ™ > z/(1+ z). O

Part (ii) asks for an upper bound on a one-slab Dirichlet form, the opposite direction
to a mass gap, which bounds such forms from below. In the box of Proposition 10.9, with
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g smooth, the time smearing supplies the factor ax up to one ratio: in the notation of
its proof, T, = A and V4, = Y, w,Tu with w, = arg(axn) and v = achwo, and the
identity (1 —Tg)Wa, =3, (wn — wn—1)Tu gives (Wy, (1 = Ti)Wp) < arllg'l| pallull /[ W4,
so the hypothesis of (ii) holds when the vector u of a single slice stays comparable to the
time-smeared packet. That comparison is not proved; Proposition 10.10 below bounds the
ratio without it.

A one-slab bound of this kind also limits the mass that D(ny, «) can supply. Let e™"* be
the norm of Ty on Q. If a unit vector ¢ L Q4 has (px, (1 — Tg)@r) < kag < 1, then the
spectral measure of Ty, at ¢y lives on [0,e™"™*]; so 1 —e™ ™ < kay, and my < —log(1 — kay).
If in addition D(ng,«) holds with ngar < ¢, Theorem 10.2 gives my > log(1/a)/(2ny) >
ax log(1/a)/(2¢), and therefore

log(1/a) < —log(1 — kayg)
20 - ag
So the physical mass m, of Theorem 10.4 is at most the constant x of any one-slab bound.
The two hypotheses are compatible because both are statements in physical units. The
one-slab bound forces mi — 0, so it cannot come from an expansion whose convergence
gives a lattice gap bounded below in lattice units.

In a periodic spatial box the assumption Cy(0) > 0 is a theorem. Let G = SU(N)
with its defining representation, and replace Z* by Z x (Z/LyZ)3 with Lj, > 3 and w;, by
the infinite-time Wilson state of the box. The proof of Theorem 10.7 uses only reflection
positivity and the transfer matrix once the spatial translations are dropped, and parts
(i)—(iv) hold in the box with D replaced by its points (¢,0), the time translates of fy being
independent by the same Fourier argument in ¢.

Proposition 10.9. In the box, let fo(t,z) = g(t)h(z) with g,h >0, and let ® =37, (N —
ReTr Q;;) be the energy of the three spatial plaquettes at the origin. If g(agn)h(arx) > 0
for some n > 1 and some x, then Ci(0) > 0.

=K+ O(ak)

Proof. Liischer proved that the transfer matrix is strictly positive [51]; we recall the argument
because the proof uses it in this form.

The one-link kernel. Write x for the character of the defining representation and
b= Pw > 0. Then

m
en Rex — Z 4(17/2]\,[) (x+x)™,
w0 ™
and (x + Y)™ is the character of (p @ p)®™. Every irreducible representation o occurs in
one of these tensor powers: their matrix coefficients span the algebra of polynomials in the
entries of ¢ and ¢, which contains the constants and separates points, so it is dense in C(G)
by the Stone-Weierstrass theorem, while the matrix coefficients of a ¢ that never occurred
would be orthogonal to it by Schur orthogonality. So the coefficient of every irreducible
character in e¥ ReX ig positive, and convolution with this function acts on each isotypic
part of L?(G) by a positive scalar.

The transfer matriz. In the temporal gauge the transfer matrix of the box acts on
the gauge-invariant part of L?(G¥), E the spatial links of one slice, as MK M, where
K is the tensor product over E of the convolutions above and M is multiplication by
the exponential of half the spatial plaquette weight [51, 61]. Both commute with gauge
transformations, K is positive and injective by the first step, and M is positive and invertible,
so (v, MKMv) = (Mv, KMv) > 0 for v # 0. Its kernel is a continuous positive function,
and K is compact, so its largest eigenvalue )\g is simple with an eigenfunction ¥ > 0, and
with A = MKM/)\g, a function F' of the slice at time n > 0 has Up = A"F4y in the
reconstruction, € being .

Conclusion. Let F =Y, h(agz) @, 0P, and F© = F —wg(F). Then U4, = a} p(A)F<y
with p(z) = >7,,>; g(agn)z", a polynomial with nonnegative coefficients, not all zero, sop > 0
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on (0,1] and p(A) is injective. The function Y, h(arx)®, vanishes at the configuration with
every link 1 and is positive at one with a single nontrivial link at a site where h(agx) > 0; the
flow @, is a bijection, so F' is not constant, and as F' is continuous and g > 0, Fgy # 0.
Hence Cy(0) = || ¥4, ||> > 0. U

The proposition removes the one assumption of Theorem 10.7 in a box; it says nothing
about the ratio of part (iv), on which nontriviality depends.

The ratio of Theorem 10.7(iv) can be compared with correlations of a single slice field.
Suppose that fo(t,z) = g(t)h(z) with g > 0 supported in [tg, 1], to < t1 positive and dyadic,
let

Up =Y aih(arz)(®o.0) 0 D5, — wi(P(a) © Dsy))
zeZ3
be the centred field of the slice at time 0, smeared in space only, and put u, = ¥y, and

Di(r) = (ug, T} " uy) = wi (9(Uk) 70, Uk)
for r € axZ, r > 0. Let ng = [to/ax| and n; = |t1/ak].
Proposition 10.10. Assume Cy(0) > 0, and let ¢ > 0 with o/ay, € Z.

(i) Dg(r) > 0 for every r, and

Dy (2axny + o) < Ck(0) Dy (2apng + o)
Dy(2ayno) — Ci(0) Dy(2axn1)

(ii) log Dy and log Cy are convex and nonincreasing on apZso. If Di(r") > ¢ Dy(r)
with v < ' and ¢ < 1, then Dy(B) > ¢x(LB=a)/("=1)) D, (o) whenever r < o < B; if
Cr(0) > ¢ Ck(0) with o > 0, then Cy(c’) > ¢”/7Cx(0) for o' > o.

(iii) Let k run through a sequence. If Dy (r") > ¢ Dy(r) for dyadic 0 < r < r" with r < 2ty,
a c € (0,1] and every large k, then for every dyadic o > 0 and every large k

Ck(U) > Cmax(l,(?tl—2to+a)/(r’—r)) Ck(O)

Conversely, if Cy(c) > c¢Ci(0) for a dyadic ¢ > 0 and every k, then Dy(2ty + o') >
@'17Dy(2t1) for every dyadic o' > o with o’ > 2(t; — to) and every large k.

<

Proof. For a function I of the slice at time 0 and an integer n > 0 we have ¥, p =T}V p,
since both have inner product wy(9(G)7,, F) with every ¥¢. By time translation invariance
of wg, Ay = Y, wyTh Uy with w, = agg(agn) > 0, and w, = 0 unless ng < n < ni; so
Uy, = >, wpTug. Let v be the spectral measure of Ty at ug, on [0,1], and W(A) =

> wp A", Then
Ch(o) = / WA/ du()),  Dyu(r) — / A ().

(i) Since to > 0, ng > 1 and W(0) = 0; so Cx(0) > 0 forces v((0,1]) > 0, and then
Di(r) > 0. For 0 < X <1, |Jw| 1 A" < W(A) < ||lw]|1A"; inserting these bounds in Cy(o)
and Cj(0) gives the two inequalities.

(ii) Convexity of j — log [ M dp for a positive measure p on [0, 1] is Holder’s inequality, and
the integrals decrease in j because A < 1; take p = v and p = W?2v. If B < 7/, monotonicity
gives Di(B) > Di(r") > ¢Dp(r) > c¢Di(a). If B > 7/, the difference quotients of the
convex function log Dy, increase in both end points, so (log Dy(5) — log Di(«))/(8 — a) >
(log Dy (r")—log Dy(r))/(r' =) > log ¢/ (r" —r). The statement on CY, is the same comparison
of quotients on [0, 0] and [0, 0”].

(iii) For large k the times 2ty, 2t; are multiples of ag, and 2axng > 2tg, 2apn; < 2t;.
Since Dy, is nonincreasing, (i) gives

Dp(2t1 +0) _ Ci(0)
Dy (2to) — C(0)

Dy(2tg + o)
Dy (2t1)

IN
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The first claim is the left inequality with (ii) for & = 2tp > r and 8 = 2t; + 0. For the
second, (ii) gives Ci(0”) > ¢ /7Cy(0), and the right inequality at o’ gives the claim, the
two times being ordered because o’ > 2(t; — o). O

So for the packet g ® h the open input of Theorem 10.7(iv) follows from an inequality
between two correlations of one slice field,

limkinf Dy(r")/Dy(r) > 0 for one pair 0 < r < 7’ with r < 2t,

and by (iii) a uniform bound for one packet gives one for every packet ¢’ ® h with ¢
supported in [t1,00). The condition r < 2ty cannot be dropped: a bound at a later pair
says nothing about an earlier packet, as Dy(r) = (1 — 47%)27*" 4 475277 shows, with
Dy (4)/Dk(3) — 1 and Dy (2)/Dy(1) — 0. A bound at a later pair does apply to the packet
shifted forward in time, renormalised by its own reflected norm. The left inequality of
(i) bounds the ratio without the comparison of u with the packet that was needed after
Proposition 10.8(ii). Every bound on such ratios proved in this paper, at strong coupling or
through Theorem 10.4, is an upper bound of the form e—m(r'=r)/ % the inequality above
is the opposite one and says that the slice field does not put its weight on energies that
diverge in physical units. Reflection positivity and positivity of the transfer matrix do not
give it, since a lattice theory with a fixed mass in lattice units has both and its ratio tends
to zero. It holds for the free field.

Remark 10.11. Let Dj, be defined as above for the massless free lattice field on a;Z* in
place of ®, with h € C(R?) and the lattice heat flow for a physical time ty > 0 in
place of the gradient flow. With p? = >°;(2a;, ' sin(agp;/2))?, cosh(azw) = 1 + a?p?/2 and
hi(p) = ¥, aih(aya)e o,

e~ W d3p

D = iL 2 _2tfﬁ2 .
+(r) /[W/ak,ﬂ/ak]3| wp)le 2&;1 sinh(ajw) (2m)3

On the Brillouin zone p > 2|p|/7 and a?p?/2 < 6; as arccosh(1 + y)//2y decreases on (0, 6],
arw > Kayp with k = arccosh 7/v/12 > 0.76, and a;, * sinh(azw) > w. Since |hk| is bounded
uniformly in k, the integrands are dominated by a multiple of e8! lpl/ ”2/ |p|, which is
integrable on R3, and they converge pointwise to |h(p)|2e~27IP*e=IPl /(2|p|). By dominated
convergence Dy (r')/Dy(r) tends to the corresponding positive ratio of continuum integrals;
for h = e 1*1* t; = 0.05, 7 = L and +/ =1 it is 0.6337.

Remark 10.12. The inequality also holds along the right tuning in two-dimensional SU(N)
lattice gauge theory, which is interacting and nonabelian but has no propagating gluons.
Take the lattice axZ x apZr, with axLy = ¢ fixed, the weight ][, exp(%’“ ReTrU,) with
Br = 2N/(g%a?), and the temporal gauge. A gauge-invariant function of the links of one slice
depends only on the conjugacy class of their holonomy V' around the circle; this includes
every spatially flowed and spatially smeared slice field, since the flow is gauge covariant. Let
wg be the probability density proportional to e% ReTrt
for an irreducible representation A of dimension dy and character x, éx(8) = d;l I x wg dU.
Between two slices put W, = V;Vx_l; the W, are independent with density wg, , which is

invariant under conjugation and inversion, and
Vi Vi=w (V1W2V1_1) e
e (Ve Ve W (Vi Vi) D V-V

so the new holonomy is QV with ) distributed as the Lj-fold convolution of wg, , independent
of V. By Schur’s lemma (Lemma H.1) the transfer matrix acts on class functions by
xa = ex(Be)FFxa. The coefficients are real, since wg is invariant under U ~ U, nonnegative,

with respect to Haar measure and,

since the exponential of %(XF + xr) is a sum of characters with nonnegative coefficients,
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(a) holonomy on the circle )
(b) SU(2), g% =¢=1; limits j(j+1)/2

—_—j=1/2
209 — j=1
— j=3/2
V' =QV 1.5 A
w, ,
= 1.0
1%
0.5 1
0.0 T T
1072 1071

lattice spacing a

FIGURE 10. Two-dimensional SU(N) (Remark 10.12). (a) The lattice a,Z x
arZr, drawn as a cylinder: the holonomy V' of one slice, the holonomy
V' = QV of the next, and the plaquette variables W, between them. (b)
The energies Ej, = —(¢/a?)log¢;(By) of SU(2) for g* = £ = 1, with ¢;(8) =
I>j+1(B)/11(5), against the lattice spacing; the dashed lines are the limits
i +1)/2.

and below 1 for A # 0. For a class function f with [ fdU = 0 and isotypic components of
norms |fy[, the slice correlation is therefore

Dilr) = Y IHPe ™, =~ logéa(5).
A£0 A
Laplace’s method!® at the unique maximum U = 1 of ReTr U, with U = X, ReTreX =
N+ 1Tr X2+ O(IX["), ReTr X3 = 0, Trpa(X) = 0 and 3, pa(Tu)* = —2C5()) for an
orthonormal basis of su(N) in the norm — Tr X2, gives é,(8) = 1 — NCy(A\)/B + O(872),
with the Casimir normalised by Cy = (N? —1)/(2N) on the fundamental representation
(Lemma H.2). Hence Ej; — g%¢C2(\)/2, and since Dy (r) < || f||?,

Y 2N (20 B Ay
lim inf > Wi —r'gilC(p)/2 5
Dp(r) — IIfI?

for every u # 0 with fu £ 0; for f = ReTrV the ratio is exactly e~ ("—"Err
e~ (r"=r)g*t(N*~1)/(4N) " This is the exact solution of two-dimensional lattice gauge the-
ory, whose continuum limit is the measure of [36, 28, 49], written as the inequality. In two
dimensions ¢ has the dimension of a mass squared and there is no ultraviolet problem,
so the argument has no four-dimensional analogue. Nor does the spatial flow give the
inequality by itself: it damps the spectral weight at large spatial momentum and leaves the
weight at zero spatial momentum unchanged. For the free lattice field of Remark 10.11 with

a mass My, and the same flow, every energy is at least my = a;l arccosh(1 + a2 M?/2), so
Dy (r") < e=™("=") Dy (1), which tends to zero relative to Dy (1) when ag M, is fixed.

A route to the slice ratio in four dimensions replaces the packet by its conditional
expectations given averages of the field over blocks of increasing size and controls the error
of each step. The free field shows in which norm such errors can be small. In the ordinary
L? norm the first step already fails: conditioning on the averages over blocks of side two
leaves a fixed fraction of the variance of an energy packet, at every lattice spacing.

18For a smooth function with a unique nondegenerate maximum, f €”?h has an expansion in powers of
B~ whose coefficients are Gaussian moments at the maximum; Lemma H.2 carries it out here.
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(a) SU(2) in two dimensions (b) mass 1/2 in lattice units

height: Dy(r)/Dy(1/2) for g>=¢=1

FIGURE 11. The ratio Dy(r)/Dy(3) over the separation r and the lattice

spacing ag. (a) Two-dimensional SU(2) with f = ReTrV and g% = ¢ = 1,

where the ratio is e~ ""1/2F1/25 and converges as aj — 0. (b) The term
1

e~ (r=1/2)mk of the lowest energy my, of a free field with mass 5 in lattice

units, which bounds the ratio from above and tends to zero at every r > %

Proposition 10.13. Let d > 2, let A be a periodic boz in Z with even sides, let > 0,
and let ¢ be the Gaussian field on A with density proportional to exp(—% Z%V(VVQZ)(:U))Q —

%2 S, 6(2)?), where V,¢(x) = ¢p(x +e,) — d(z). Let Z be a set of blocks B = 2z + {0,1}¢,
let B be the o-algebra generated by the averages of ¢ over the blocks in Z, let f >0 on A,

and let
d

F=73 flx)Y (Vo))
TEA v=1
where :X?: = X2 —EX?2. For B=2z+{0,1}? put 2p = 22, yp = 22 + €1 + ez and

d
ap=7 3 (dfw)+ Y flw-e)),
we{zp.yp} v=1

and 0% =2/(2d + p?). (i) EVar(F | B) > 20* Y gz a%.

(i) Var F < 2d%Y°, f(z)2.

(iii) Let g > 0 be a Lipschitz function on R? with compact support and [ g*> > 0. For
n > 1 let A, contain nsuppg in a fundamental domain, f,(x) = g(x/n), let Z, contain
every block that meets nsupp g, and let p = u, — 0. Then for the packets Fy, of fn,

E Var(F, | B
lim inf M > ol=d, lim sup < 2d?,
n—00 nt [ g2 n—oo nd [ g2

so EVar(F, | B,) > (274472 — o(1)) Var F,.

Var F,,

Proof. (i) No two of the sites zp,yp, B € Z, are neighbours: their coordinate sums are even,
and a neighbour of a site has a coordinate sum of the other parity. Let ) O 9B be generated
by B and by ¢(w) for every w outside {zp,yp : B € Z}. By the law of total variance,
Var(F' | ®B) = E[Var(F' | 9) | B] + Var(E[F | $] | B), so EVar(F | B) > EVar(F | ). In
the exponent of the density, a site w enters through (d + %Z)qb(w)Q and through —¢(w)p(w’)
for each of its 2d neighbours w’. Given §, the block average fixes sp = ¢(zp) + ¢(yB),
and with ug = ¢(zg) — ¢(yg) we have ¢(zp)? + ¢(yp)? = 2(s% + u%). Since the free sites
have only $)-measurable neighbours, the conditional density of (up)pez is proportional to
[15 exp(—1(2d+p2)u%+cpup) with $H-measurable cp: the up are conditionally independent
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Gaussians of variance o2. A term (V,¢(w))? contains at most one free site, and if it contains
xp, then ¢(xp) = %(33 + up) shows that it is %uQB plus a term linear in ug plus an $-
measurable term; the same holds for yp with —up. The terms containing x g are those with

w = rp and those with w = xp — e, d of each kind, so
F = Z (aBu2B + ﬂBuB) + Fy
BeZ

with $-measurable g and Fy. Writing ug = mp + v with mp the conditional mean,
ozBuzB + Bpup = osz% + (2apmp + Bp)vp + const, and for a centred Gaussian v of variance
o2, Var(av? +qv) = 2a%0* + v%02. By conditional independence, Var(F | §) > 204 3" 5 o%.

(ii) For centred jointly Gaussian X, Y, Cov(:X%:,:Y%) = 2 Cov(X,Y)?. With G,,(z,y) =
E[Voo(x)V 0 (y)],

Var F =23 f(2)f(y) Y Gupla, y)*
z,y v,p
<D (@ + F()°) Y Gupla, ).
x,y v,p

On the dual torus A*, with p? = 3 e — 12,

GVP(J"7y) = m Z (elpy _ 1)(6_pr - 1)

P+ p?
and by Parseval 3, G,p(x,y)* = |A|71 Y0, [eP — 1[*|er — 1|2 (p® + p®) 7% < 1, since each
factor |e?” — 1|2 is at most 2. The same holds for the sum over x, and (ii) follows.

(iii) If Lip g = K, every site entering ap lies within distance 3 of 2z, so |ap —d g(2z/n)| <
3dK/n. Hence Y pcz of > Y .(dg(2z/n) — 3dK/n)%, the sum running over z with
2z € nsupp g, and this is d?(n/2)? [ g% (1 + o(1)) as a Riemann sum on the grid (2/n)Z.
Since o* = 4/(2d + p2)? — d=2, (i) gives the first bound. By (ii) and 3, g(z/n)? =
n? [ g?(1+ o(1)), the second follows. O

e (=)

For d = 4 and the energy density, Var F}, grows like (£/a)* at a fixed physical size ¢ of
the packet, and no step of conditioning on block averages removes more than a fraction
1 —27%472 4 o(1) of it. The reflected norm Cy(0) = wy,(9(Ag)Ax), which renormalises the
packet in Theorem 10.7, involves the covariance only between the support of 9 fy and that
of fp, at a fixed physical distance. The errors of a blocking route have therefore to be
measured in that norm; Figure 12 shows the blocks between the reflection plane and the
packet.

10.5. Higher correlations. Theorem 10.7 controls two renormalised fields at a time, and
part (i) of it gives nothing for more: Zj may diverge while the fields ®, o ®,, stay bounded,
so a bound on the norm of the renormalised packet as an operator is not available. A
reflection positive process with a fixed gap and a two-point function independent of the
cutoff can have divergent four-point functions at separated times (Remark 10.17), so no
statement about the two-point function alone can replace the following hypothesis on the
truncated correlations. In this subsection @ is real-valued, as the energy of the plaquettes
is; for a complex field the conjugate field has to be adjoined and (T1) imposed on all mixed
cumulants. Write pg(z) = ®, o ®,,, wl for the truncated correlations (joint cumulants)
under wy, and for f € C.(R%)

Ar(f) = apflan) () — wiler(@))),
xcZ4

so that Ay, = Ap(fo) and Ax(f) = Ar(f). Let wy : Z* — [0,00) be even functions with
Wi =Y, wi(z) < 00, let 7, > 0 be amplitude scales, and consider:
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block averages of side b between the plane ¢ =0 and the packet F at height ¢

F1GURE 12. Block averages between the reflection plane t = 0 and a packet
F at physical height d, for blocks of side d/4, d/2 and d. By Proposition 10.13
the first conditioning step already leaves a fixed fraction of the ordinary
variance of the packet, so the errors of such steps have to be measured in
the reflected norm.

(T1) Tree bounds. For every n > 2 there is K,,, independent of k, with
|w1{(<pk(l‘1); S ka‘(xn)” < KnT;? Z H ’wk(l‘i - l‘j)
T {ij}er

for all o1, ...,z, € Z*, the sum running over the trees 7 on {1,...,n}.
(T2) Saturation. Ci(0) > criatWy for a ¢ > 0 and every k.
(T3) Physical volume. B, = supy, ajWy < oc.
The amplitude r; separates the size of the field from the volume over which it is correlated;
Remark 10.16 shows why it is needed. For a compact Q C R* let |Q|r = af #{z € Z* :
apr € Q}; for a cube of side L it is at most (L + ag)*.

Lemma 10.14. Under (T1), for n > 2 and bounded f,..., fn, with compact supports, fi
supported in @,

Wi (Ak(f1); -5 Ar(fa))]

n
< K" QL (kW)™ [T 15l
j=1

Proof. Joint cumulants of order n > 2 are multilinear and do not change when constants
are added to the variables, so the left side is at most af® >, . TI;[fj(axz;)| times the
absolute value of the truncated correlation, the sums being finite. Insert (T1) and fix a tree
T. With z1 fixed, sum over the other points one at a time, each time over a leaf of what
remains of 1" other than 1; each such sum is at most Wj. The remaining sum over z; has
at most |Q|ra; * nonzero terms. There are n"~2 trees. O

Theorem 10.15. Assume (T1)—(T3).
(i) Forn > 2, f; as in the lemma,

|w£(ZkAk(f1)§ cees ZkAk(fn))}

n
< K" 272 B0 Q) 1T 1175llco:
j=1

and the moments wk(Hj ZpAg(f5)) with all f; supported in a cube Q are bounded by
Mp(Q) L | filloo, with Mp(Q) independent of k.
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(ii) Every sequence of k has a subsequence along which
j=1

exists for all n and all f; € C.(RY). Each S, is symmetric, multilinear, bounded by
Mn(Q)I1; | filloo on functions supported in Q, hence a distribution on (RY; it is invariant
under all translations of R* if the wy are translation invariant, and the kernel K of

Theorem 10.7 along the subsequence is K(y,y") = S2(fo(- —y) 00, fo(- — v')), with 6 as in
(ii).

(iii) Put So =1, S1 =0, and let 0 be the reflection t — —t of R*. For every finite family
of ca € C and fo; € C.(RY) supported in {t > 0},

Zéacﬂ S(HfTJO 0 - Hf@j) >0,
a,B J J

where S of a product of n test functions means S,. Hence the Osterwalder—Schrader
construction gives a Hilbert space H with vacuum Q and a dense set of vectors ¥(P) indexed
by polynomials P in the smeared fields at positive times, with (¥(P), ¥(P')) = S(P - P'); in
particular the separated higher correlations of the renormalised fields are finite. The vector
U (Py) of the field smeared by fo is a unit vector orthogonal to €.

(iv) Suppose the wy are translation invariant. Then the time translations by t > 0
define on H a strongly continuous semigroup e " with H > 0 self-adjoint, and the spatial
translations a strongly continuous unitary group commuting with H. Moreover there is a
dyadic o > 0 with Cy(c) > 1C(0) for all large k, so the limit of Theorem 10.7 is nontrivial.

(v) If afWi — 0 along the subsequence, every Sy, is given by Wick’s rule from Sa: the
limit is the Gaussian field with covariance Ss.

(vi) If the wy, are translation invariant and the hypothesis of Theorem 10.4 holds, then

0 is a simple eigenvalue of H and o(H) C {0} U [ms, 00) with m, = log(1/a)/(2¢), and
Qb #£0.
Proof. (i) By (T2), Z} = Cx(0)™™/2 is at most (criajW;)~"™/%; multiply the lemma by it,
which cancels 7, and use (afW;)"/?7! < B/t by (T3) for n > 2. A moment is the sum
over partitions of {1,...,n} of the products of the cumulants of the blocks; blocks of size
one vanish because Ag(f) is centred, and each block contributes the bound just proved with
|Q|x < (L + ag)* for a cube of side L. This gives M, (Q).

(ii) For each cube Qr = [~L, L]*, L € N, the continuous functions supported in @, form
a separable space under the supremum norm. Choose a countable dense set F of functions;
by (i) the countably many sequences wy(I] ZrAx(f;)), f; € F, are bounded, and a diagonal
subsequence makes all of them converge. By multilinearity,

’Wk (H ZkAk(fj)) — Wy (H ZkAk;(gj)) ’

< Mu(@Q) D Ifi = gilloo T T max(ll flloo: llg5ll)
i i

for functions supported in Q, so the limits exist for all f; € C.(R*) and obey the same
bound. Symmetry and multilinearity pass to the limit. A multilinear form bounded in
this way is separately continuous on C°(R%), so the Schwartz kernel theorem makes it a
distribution. For dyadic y and large k, y/a; € Z* and translation invariance of wjy, and of
the flow (Proposition 10.6(i)) give wi(I1 ZrAk(fi(- —v))) = wr(I1 ZkAk(f;)). For a real y
take dyadic v, — y; the functions f;(- — ¥, ) converge uniformly to f;(- —y) with supports
in one cube, so the bound above carries the invariance to y. The formula for K follows from
A} = Ap(fo(- — v)) and the argument of (iii) with n = 2.
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(iii) Let 9 be the lattice reflection of Appendix F and 6 the corresponding reflection
of apZ*; it differs from 6 by a translation of length at most a,. Since ® is real and
¥ commutes with the flow, 9(A(f)) = Ap(f o ;). Let P, = >pepll; ZeAk(fs,5) and
Ry = >, ¢call; ZyAk(fa; 0 0), so that 9(Py) is Ry with 6 replaced by 6. Reflection
positivity gives w(9(Py)Py) > 0. By (i), applied in a cube containing all the supports and
their reflections, and by multilinearity, |wg(9(Py)Py) — wi(RiPy)| is at most a constant
independent of k times max, j || fa,j 00k — fa,j00|| o0, Which tends to zero by uniform continuity,
while wy, (RyPy) tends to the left side of (iii) by (ii). So the limit of the nonnegative numbers
is the left side of (iii). The construction of # is the usual quotient of the polynomials at
positive times by the null space of this form [59]. By the same approximation of 6 by 6y,
¥ (Po)||* = limy, Z2C(0) = 1, and (Q, ¥(Py)) = S1(fo) = 0.

(iv) For a polynomial P at positive times let 7P be its time translate by ¢ > 0, again
at positive times. By translation invariance and § o 7z = 74 0 6, (¥(7P), V(P')) =
(U(P),¥(rP")), and qp(t) = || (7 P)||> = (¥(P),¥(r9P)). If P has degree at most d,
every partition in (i) of the products in gp(t) has at most d blocks, each bounded by a multiple
of | Q| for a cube Q of side O(1+t), so gp(t) < Cp(1+41t)*¢. The Cauchy-Schwarz inequality
gives ¢p(t) < qp(0)'/2qp(2t)'/2, hence by induction ¢p(t) < gp(0)'=2 " ¢p(27mt)? ™ for every
m, and letting m — oo, gp(t) < gp(0). So 7w maps null vectors to null vectors and extends
to a symmetric contraction T(t) of H; T(s)T(¢) = T(s+1t), and T(t) = T(¢/2)? > 0. By the
bound of (ii) and uniform continuity of the translated test functions, ||¥(7P) — ¥(P)|| — 0
as t — 0, so the semigroup is strongly continuous on a dense set, hence everywhere, and
T(t) = e~* with H > 0 self-adjoint [59]. Spatial translations preserve the form, have the
opposite translations as inverses, commute with 74, and are strongly continuous by the same
argument.

For the ratio let fo; = fo(- — (¢,0)). For dyadic ¢t > 0 and large k, translation invariance
gives Ty /q, A = Ax(fo,t), so by (iii)

Cr(t) — Cr(0) = wi(Ar(fo 0 Ok) Ax(for — fo)),

a covariance of two centred fields. The case n = 2 of (i) bounds Z7 times it by Lo|| fo.t — folle
with Lo = (Ka/c)supy |Qlk|l foll, @ a cube containing the supports of fy o 0 for all k.
By uniform continuity of fy there is a dyadic ¢ > 0 with Lo| fo.o — follee < %; then
Cy(0)/Ci(0) > 3, and Theorem 10.7(iv) applies.

(v) For n > 3 the exponent n/2 — 1 in (i) is positive, so with (a}W;)™?~1 in place of
B /21 the cumulants of order n > 3 of the renormalised fields tend to zero. The moments
are the sums over partitions of products of cumulants, so in the limit only the partitions
into pairs remain, which is Wick’s rule.

(vi) As in the proof of Theorem 10.4, T, has gap at least log(1/«)/(2ny) on the complement
of Q. For a polynomial P at positive times let vy, = Up, — wy(Py)Q with Py its lattice
version. For dyadic ¢ and large k,

Wk (O(Pe) T/, Pr) = [k (Pi)[2 = (v, TY o) < e fug 1%,

and both sides are finite combinations of moments, which converge by (ii) and the approxi-
mation of @ in (iii). The limit is (v, e~"7v) < e7™||v||? for v = U(P) — (Q, ¥(P))Q. These
v are dense in Q' so the inequality holds on Q- for all ¢ > 0, and the spectral theorem
gives the spectral statement as in Theorem 10.4. By (iii), ¥(Pp) is a unit vector in Q+. O

Part (iv) shows that the order-two cases of (T1) and (T2) already contain the lower
bound on the ratio that Theorem 10.7(iv) needs; they are not harmless combinatorial
assumptions, and proving them along the continuum tuning is at least as hard as that lower
bound. Part (vi) passes the conditional mass gap of Theorem 10.4 to every polynomial in
the smeared fields. Neither part proves Euclidean invariance, independence of the limit
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from the subsequence, or the reconstruction of the field operators, for which the growth of
M, (Q) in n would also be needed.

Remark 10.16. The amplitude scale cannot be dropped for a bounded field. Suppose
Var ¢;(0) — 0, as for the energy of the flowed plaquettes in lattice units when the flowed
links approach the identity. Reflection invariance of wy, the Cauchy—Schwarz inequality and
stationarity give

C1(0) < wr(|Ax?) < (at X [ folas)) Var () = 0.

With 7 = 1, (T2) then forces ajWj, — 0, and by part (v) the limit is Gaussian. With 72 of
the order of Var ¢k (0) this is no longer forced. Choosing 7 does not prove (T1) or (T2).

Remark 10.17. Let 0 < e < 1, m > 0, let w be the probability measure on {—1,0,1} with
weights €/2, 1 — ¢, €/2, and let P, = e ™™ + (1 — e ™)II on L?(7), where IIf = 7(f) is
the projection onto the constants. This is a symmetric Markov semigroup with P, > 0
and gap m, so its stationary process is reflection positive. For X(s) = s/\/e we have
(X)) =m(X?) =0, 7(X?) =1, 7(X*) = 1/e and P,X = e ™ X, so the two-point function
is e=™ for every ¢, while for t] <ty < t3 <t4 and ¢; = e~ mti+1-t) the four-point function
is g3 (X Pyt (X Pry—1,X?)) = q1q3(q2/€e+1—q2), with truncated part q1q3(g2/€ — g2 —243);
both diverge as € — 0. By part (i), no choice of amplitude scales makes (T1)-(T3) hold for
this family with constants independent of e.

The hypotheses (T1)—(T3) are uniform cluster estimates for the continuum tuning
Br — 00, and the next proposition shows that they are estimates at a critical point: with
the order-two cases alone the lattice gap is at most a fixed multiple of ag, and the tree
majorant carries a fixed fraction of its weight at a fixed physical distance. Let my, € [0, 0o]
be the gap of Ty on the complement of Q, so that ||Tyv| < e ™k ||v|| for v L Qp, and let
to > 0 be the least time in the support of fp.

Proposition 10.18. (i) For every dyadic ¢ > 0 and every large k, Cy(0) < e~"7/% C}(0).
If my/ay, — oo, every limit of Theorem 10.7 is trivial; this is the case for By, = [ fized in
the range of Theorem 1.5, where my, > ma(5).

(ii) Suppose the wy, are translation invariant and (T1) for n =2 and (T2) hold. Then
my < arlog2/o for every large k, where o is the dyadic number of Theorem 10.15(iv),
which depends only on Ks/c and fo. If also the hypothesis of Theorem 10.4 holds, then
mayap < my < axlog2/o, and in particular m, <log2/c.

(iii) Under (T1) for n =2 and (T2), let Q be a cube containing the support of fo and
v = ¢/ (Kol follZ 5up |QIk). Then for every k

%o

Z wi(z) > v W, Ry o 1.
2€Z4, |z0|> Rk k

Ifwy(z) = e~ #kl20lyy () with Z the spatial part of z and uy, > 0 summable on Z3, then Ry, <
log(2/7), so the physical time decay rate of the majorant is at most log(2/v)/(2to — ax).

Proof. (i) In the proof of Theorem 10.7, Ci(0)/Cr(0) = (\I/k,']l‘z/a’“‘llk> with ¥y a unit
vector orthogonal to 2. The operator Ty is self-adjoint and fixes €, so it preserves the
complement, and the inequality follows. If my/a; — oo then p(o) = 0 for every dyadic
o > 0 along every subsequence, and the limit is trivial by Theorem 10.7(iv). At fixed § in
the range of Theorem 1.5 the gap is at least mg(5) > 0 in lattice units, and a; — 0; the
spatial flow does not change the transfer matrix (Proposition 10.6(iv)).

(ii) Theorem 10.15(iv) uses (T1) and (T2) only for n = 2, since the exponent n/2—1 in part
(i) vanishes there, and gives Ci(0) > $Cy(0) for large k. With (i), e~/ ak > 1. Under the
hypothesis of Theorem 10.4, the proof of that theorem gives my > log(1/a)/(2nk) > muay.
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(iii) Cx(0) = wi(Ax(fo 0 Ox)Ar(fo)), a covariance of two centred fields, by the proof of
Theorem 10.15(iv). A point x in the support of the first sum has axzo < —tg + ax, and a
point y in the support of the second has agyo > to, so |zo — yo| > Rk. By (T1) for n =2,

Cr(0) < Korjllfoll2o af > > wp(z—y)

aky€Q |ro—yo|>Ry
< Korill fol 2 |@Qle a > wi(2),
|z0|> Ry

and (T2) bounds the left side below by craiWy. For the product form let R’ = [Ry]; if
R’ < 0 there is nothing to prove, and otherwise

. v —pui R
Z:|J|2R/ e _ 2e7 < 9 HE Rk
Z]EZ ekl 1+e B — !
while the factor 3_; u(2) cancels. So 2e™#kftk > ~. O

So reflection positivity and decay do not supply (T2): at fixed 3 in the range of Theorem 1.5
the measures are reflection positive with exponential clustering, and Cy(o)/Cx(0) — 0, so
no choice of wyg, 1, and constants satisfies the order-two cases of (T1) and (T2) together
there. For the same reason no estimate whose constants give a lattice gap bounded below,
as a convergent strong coupling expansion does [61], can give the tree bounds along the
tuning: (T1) and (T2) hold, if at all, only along couplings where the lattice gap closes at
least as fast as ag. A mass gap in physical units, which bounds the decay of the two-point
function, does not give the constants K, either. By Theorem 10.15(v) the limit can be
non-Gaussian only if lim infy, aiWk > 0; for the product majorants of part (iii) the time
factor of Wy, is coth(uy/2) > 2/uk, which is of order 1/ay at least, so the time direction
alone is compatible with this. At a fixed physical flow time the flowed fields are smooth on
the scale /7; majorants of product form for them are not proved here.

The order-two cases of (T1) and (T2) say more about the reference vector than part (iv)
of Theorem 10.15 records: for a smooth fy they bound every time difference of the packet,
which makes its energy distribution tight with finite moments and gives the ratio with an
explicit rate. Recall the spectral measures p on [0, 00] of the proof of Theorem 10.7, so
that Ck(U)/Ck(O) = fe_UEduk(E).

Proposition 10.19. Suppose the wy, are translation invariant, (T1) holds for n =2 and
(T2) holds, and fo has m > 1 continuous time derivatives. Let Q) be a cube containing the
supports of fol- — (5,0)) for 0 < s < mao, and By = (Ka/c) supy |Qlk 107" foll2.

(1) (1 = Tp)™Wk||? < Bpai™ for every k, where ¥y, = Zp W4, .

(i) f((1- e_akE)/a;c)%nd,uk(E) < By, and pg([A, 00]) < Bp(ar + A71)?™ for A > 0.
Every weak limit p of the py satisfies u({oo}) = 0 and [ E*"du(E) < By,. If (T1)-(T3)
hold, the unit vector ¥(Py) of Theorem 10.15(iii)—(iv) lies in the domain of H™, with
|H™W(Py)|? < By

(iii) If arp/By < %, then Ci(o) > 6_2\/371‘70/%(0) for every o € apZ>q, and the gap my, of

Proposition 10.18 satisfies my < —log(1 — ax/B1) < 2v/Bj ay,.
Proof. (i) Let Dy fo = ;n:o(—l)j(?)fo(’ — (jax,0)). By translation invariance T, W, =
Vo4, and 7jAp = Ag(fo(- — (Jax,0))), so (1 — Ty)" W4, = Yy, (p, fy), and as in the proof
of Theorem 10.15(iv) its squared norm is the covariance wy(Ag(Dy fo © 0x)Ak(Dx fo)). The
function Dy fy is supported in @ and is an m-th difference with step ag, so || Dg folloco <
a0 follso- Lemma 10.14 with n = 2 bounds the covariance by Karz|Q|r aiWi| Dy foll%,
and (T2) bounds Cx(0) = Z, % below by crZajWy.

(ii) By the spectral theorem the left side of (i) is [(1 — e~ *¥)2™duy, the integrand
being 1 at E = co. For E > A, (1 — e %F)/a;, > (1 — e ) /a, > A/(1 + axA), because
1 —e™™ > z/(1 + x); this gives the tail bound. The set (A, oo] is open in [0, 0], so




50 D. BHATTACHARJEE, U. BHATTACHARYA, J. M. LOCKWOOD, AND T. ROMANOV

p((A, 00]) < liminfy pg((A, <]) < BpA=2™, and p({oo}) = 0. For a continuous x with
0 < x < 1 and support in [0, L], the same inequality gives E < (1 + aiL)(1 — e=%F)/a,
on that support, so [ xE*™du = limy, [ xE*™du, < By; letting x increase to 1 gives the
moment bound. The vector ¥(Py) has (¥(Py), e "7 (Py)) = limy, Cx(0)/Cr(0) = [ e Fdpu
for dyadic o > 0 along the subsequence, so its spectral measure for H is u.

(iii) By (i) with m = 1 and the Cauchy-Schwarz inequality, (¥, (1 — Tx)¥s) < apv/Bi,
which is the hypothesis of Proposition 10.8(ii) with C = /B;. Since ¥}, is a unit vector
orthogonal to €1, the same quantity is at least 1 — ek, U

Part (iii) makes Proposition 10.18(ii) explicit: the order-two tree and saturation bounds
pin the lattice gap below 2v/B ay, a physical mass of at most 2v/Bj, and give the ratio of
Theorem 10.7(iv) at every separation. The open input of Theorem 10.7 is therefore implied
by these two bounds for one smooth fy; nothing here proves them for the Wilson action.

11. THE OPEN INPUTS

This section states the two unproved inputs of Section 10, the cube estimate and the
limit, and measures the first: what can be controlled uniformly in the coupling, and what
any proof of the cube estimate has to produce.

11.1. The two open statements. Theorem 10.4 reduces a continuum mass gap to two
statements, neither of which is proved here or, to our knowledge, anywhere else.

(D) The cube estimate. There are « < 1 and ¢ > 0 such that D(n,a) holds with na < ¢
along the continuum tuning § = f(a) — oo, uniformly in a.

(E) The limit. The renormalised Schwinger functions converge along ar = 2 %ag to
Schwinger functions that satisfy the Osterwalder—Schrader axioms and are not those of
the vacuum alone.

(D) and (E) together give the mass gap of the continuum theory; the remaining Clay
requirements, Euclidean invariance and the local structure of the limit [44], belong to
(E). (D) is a statement about a single cube of fixed physical size and a single coupling at
each spacing; (E) is the construction problem, on which Balaban’s renormalisation group
analysis [5, 6, 7] gives the ultraviolet part in finite volume.

Remark 11.1. The following count relates (D) to a correlation length. Suppose that the
gauge-fixed field responds to a change of one link on the boundary of a cube through a
Poisson kernel with decay length £ in lattice units. Then the response summed over the cube
is of order &, so K, is of order n3¢ and D(n, «) holds once n > &/a, that is, once £ 2> £a/a,
a fixed multiple of the physical correlation length. The hypothesis is that the gauge-fixed
links decorrelate on the scale £, and it is a statement about the gauge, not about the
gauge-invariant observables: the gauge here is built on straight lines, and in gauges of axial
type the gauge-fixed variables can fluctuate on all scales while gauge-invariant observables
cluster. Propositions 11.2 and 11.3 carry the count out exactly for Gaussian fields, and
Proposition 11.3 shows that the quadratic approximation of the forest gauge fluctuates in
this way. Where it does, (D) fails in this gauge and has to be posed for block-averaged
variables, where it becomes part of the renormalisation group problem. Section 12.1 carries
this out in the quadratic approximation.

The count of Remark 11.1 can be carried out exactly for a Gaussian field, the quadratic
approximation of the gauge-fixed theory at weak coupling, and shows what (D) asks of the
gauge-fixed variables.

Proposition 11.2. Let d > 1,b> 0,1t >0, let n > 2 be even and V = [0,n)¢ N Z%. Given
ne ]de\v, let v (- | n) be the Gaussian law on RY with density proportional to

exp(—g[ S (6 ) +t§¢i}),

{zy}nV#0
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the first sum over nearest-neighbour pairs, with ¢ = n outside V. Define Cy;, the classes c
(residues modulo two) and K. as above, with dy(¢,¢') = X cy |¢x — ¢| and 6(nj,n;) =

Inj —n;l, and put Ny, = (n/2)%. Then K. = ay(t)N, for every class c, where

t
an(t) =1-— 17t +L,) 11

and L, is the Dirichlet Laplacian of V. In particular:
(i) fort =0, K. = N,, for every n and every b, so D(n,«) fails for every a < 1;
(ii) fort >0, 1 — au(t) > (5/6)tn2/(tn? + 10d); for d = 4, t = m?a® and £/2 < na </
this gives D(n,a) with o = 1 — (5/6)*(mf)?/((m¥)? + 160), uniformly in a.

Proof. Let A=1t+ L, and G = A™!, and let B be the matrix with B;j=1whenz eV
and j ¢ V are neighbours. The law 7y (- | ) has covariance b=!G and mean GBn. The
matrix A has nonpositive off-diagonal entries and is positive definite, so G > 0 entrywise.
Changing n; by A translates the law by A GB;, where B; is the column of j. The coupling
by translation gives Wldv < |A|>,(GBj)., and the 1-Lipschitz function ) ¢, gives the
reverse inequality, so Cy,; = lTGBj. Since B1 = L, 1 (both count the exterior neighbours
of each site),

Y Cv; =1TGL,1 =171 —t17G1 = nay(1).

igv
The reflection x; — n—1—x; preserves V and the coefficients and, as n is even, exchanges the
two residues of the coordinate x;; so the 2¢ class sums are equal, and each is n?a,,(t) /2% =
o (t) Ny, This proves the formula and (i).

For (ii) let v(i) = (¢ + 1)(n —¢) for 0 <+i < n and ¥ (z) = []; v(z;). The one-dimensional

Dirichlet Laplacian maps v to the constant 2, so with s; = >, v(i) = n(n+1)(n +2)/6 and
sy =Y v(i)2 =n(n+1)(n+2)(n?+ 2n + 2)/30,

1T =58 YT Ap = tsd + 2ds;s37 1.
By the Cauchy-Schwarz inequality for the form of A=!, 1TG1 > (1T4)? /4T As, hence

52 \d t 5\d  tn?
l—ap) > () ———— > () ————,
an(t) > (nsz) t+ 2ds1/sy <6) tn? +10d
since s3/(ns2) = 3(n?+3n+2)/(n*+2n+2) > 2 and 2ds; /s = 10d/(n*+2n+2) < 10d/n?.
With d = 4 and tn? = m?(na)? > (mf)?/4 the last fraction is at least (mf)?/((mf)? +
160). 0

The Gaussian field is not Yang—Mills theory, and the proposition is a benchmark for the
condition, not a statement about the Wilson measure. It shows that the averaged cube
condition is met at a fixed physical scale by a field with a mass and fails exactly, at every
size and every stiffness, for a massless one. Small local fluctuations alone therefore give
nothing: in the massless Gaussian field on Z?, d > 3, the variance of ¢, — ¢y e, is 1/(db),
which tends to zero as b — oo, and still K, = N,,. A proof of (D) along the tuning has to
produce in the gauge-fixed variables the loss that the parameter ¢ supplies here, from the
Wilson action alone.

The quadratic approximation of the forest gauge itself, with the plaquette action in place
of the Laplacian, is no better than the massless field of Proposition 11.2(i).

Proposition 11.3. Let b > 0, let n be even and V the cube of Definition 10.1. For real
functions @ on the links of Z* that vanish on F, let (d), be the sum of ¢ around the
plaquette p with the signs of its orientation. Given n € RNV let vy (- | n) be the law on RV
with density proportional to

exp(—3 Y (d)2).

PNV £0D
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with o =n on A\ V and ¢ =0 on F, and define Cy,; and K. as above with dy (¢, ¢') =
iev lpi — @il and 6(nj, 1) = |nj — gl Then
> K. > |V| = 48N,

C

so K. > Ny, for some class ¢, and D(n,«) fails for every a < 1, at every n and every b.

Proof. The laws. The quadratic form mev;é@(dgo)g with ¢ = 0 outside V' vanishes only
at ¢ = 0: the argument of Corollary 11.13, written additively, gives a function h on the
sites with ¢, ) = h(z) — h(z + e,), constant outside the box and along the lines of F,
hence constant. So vy (- | ) is a Gaussian law whose covariance does not depend on 7
and whose mean is }; n;ju; for some vectors u; € RY. Two exteriors that differ in finitely
many links give translates of one law by ¢ = 3, (77§ — 1n;)u;; the coupling by translation
and the 1-Lipschitz function >, sign(¢;)y; show that their distance is ||¢]|;. In particular
Cvy = |, and

WY (w [ msw - 1) 3 Cug I = mjl.
J
Lines. By Lemma 2.2(i) the lines of F' are straight, disjoint and cover the sites, and the
two ends of an active link (z, i) lie on different lines, since the line through x has direction
o(z) # p. For a line £ let hy be the indicator of its sites and (dhy) g, ) = he(z) — he(x + ep).
Then dhy vanishes on F' and around every plaquette, so the density is invariant under
@+ @+ dhy, and vy (- | dhy) is vy (- | 0) translated by the restriction of dhy to V. Hence

> I(dhe)il < Y Cvyl(dhe);l.

i€V JEA\V
Here |(dhy)e| = 1 when exactly one end of e lies on ¢ and 0 otherwise, so >, [(dhy)| = 2 for
every active link e, the sum running over the finitely many lines that meet a link entering
the inequality. Summing over these lines gives 2|V| <237, Cy; =23 K. O

The proof uses only that gauge transformations constant on the lines of F move the
whole cube while changing few boundary links, which is the behaviour of gauges of axial
type anticipated in Remark 11.1. The class sums themselves, computed exactly for n <8,
lie between 1.57 and 11.24 times N, and increase with n. Below the correlation length
the theory is weakly coupled, and the quadratic approximation is its leading order there.
A proof of (D) along the tuning therefore has to show that the nonperturbative regime
reduces the cube coefficients of the forest gauge below N,,, or (D) has to be posed for other
variables.

The lines of F' are not what makes the argument work. A constant field, corrected by a
periodic gauge transformation so that it vanishes on the fixed links, costs no action and
changes every exterior link by a bounded amount, and this happens in every gauge fixed on
an invariant forest.

Proposition 11.4. Let b > 0 and let F be a set of links of Z*, invariant under the
translations by 27*, that contains no closed path and whose trees are infinite and contain
every site. Let A be the set of the other links, V the set of links (z,p) € A with x € [0,n)%,
n > 2 even, and define the classes, yv (- | n), Cv; and K. as in Proposition 11.3 with this
F. Then there are numbers a. > 0, not all zero, with

ZacKc > Ny Zaca
c c

so K. > N,, for some class ¢, and D(n,«) fails for every a < 1, at every n and every b.

Proof. The laws. Let ¢ vanish outside V' and on F, with (dy), = 0 for every plaquette p
that meets V. The other plaquettes contain no link of V', so dp = 0 on every plaquette, and
@ = dh for a function h on the sites. Since ¢ vanishes outside a box and the complement of
a box is connected, h is constant there, and we take that constant to be 0. As ¢ vanishes
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on F, h is constant on every tree of F'; each tree is infinite and meets the complement
of the box, so h = 0 and ¢ = 0. Hence, as in the proof of Proposition 11.3, vy (- | ) is
a nondegenerate Gaussian law with mean };nju;, where only the links j that share a
plaquette with V' contribute, and Cy; = ||u;]]1.

A flat field. For ¢ € R* and a function h on Z* of period two in each coordinate put
Y(zp) = cu + W) — h(z + ey). Then dyp = 0 on every plaquette and ¢ is invariant under
27%; if ¢ = 0, adding ¢ at (z,u) and (2 + eu, ) gives 2¢, = 0, and then h is constant.
These fields form a space of dimension 16 — 1 + 4 = 19. Let f be the number of orbits of
27Z* in F. The box [0,2m)?* has 16m* sites, and the links of F' with both ends in it form a
forest, so there are at most 16m* — 1 of them, while each orbit contributes at least (m — 1)%;
letting m — oo gives f < 16. Vanishing on F is therefore at most 16 linear conditions, and
some 9 # 0 of this form vanishes on F. It is nonzero on some link of A. Put a. = |¢;| for
jeec.

The inequality. Let n be the restriction of ) to A\ V. The field equal to ¢ on V and
to n outside gives the quadratic form its least value 0, so by nondegeneracy the mean of
v (- | ) is the restriction of ¢ to V, and ¢; = 3=, ¥;(u;); for i € V. Hence

Yol < Y0 Oyl =) acKe.

eV JEA\V
A class consists of the active links with a given direction and a given residue of the base
point modulo two, so it meets V' in N, links, and the left side is Nj, > . a. > 0. So K. > N,
for some class with a. > 0. U

For the direction field of Table 3 the flat fields vanishing on F' form a space of dimension
7, and for the axial field ¢ = 0 one of dimension 10. The proposition is weaker than
Proposition 11.3 for the forest gauge, which bounds the sum over all classes, and it says
nothing about two kinds of condition. A mass gives the constant fields an action, which
is why Proposition 11.2 distinguishes ¢ > 0 from ¢ = 0. The constrained condition D, of
Theorem 12.8 holds the block averages fixed, and a constant field changes them. Within
the quadratic approximation no gauge fixed on an invariant forest gives (D); the loss has to
come from the Wilson action beyond its quadratic part, or (D) has to be posed for variables,
such as the block averages, that a constant field moves.

Remark 11.5. Five other routes stop at (D) or (E), or earlier.

(a) Disjoint blocks. The block criterion of Lemma B.3 with a partition into cubes of side
n requires, for a link on a face, that its influence on the neighbouring cube be less
than one. In the count of Remark 11.1 that influence is of order £, which grows like
1/a. Averaging over the N,, translates divides it by the number of translates on whose
boundary the link lies, a factor of order 1/n, and this is why (D) is stated for averaged
cubes.

(b) Rescaling a fized lattice gap. Any bound uniform in lattice units, such as those of
Theorems 1.1-1.7, gives trivial continuum two-point functions [14]; rescaling it produces
no gap.

(c) Assuming the gap. Hypothesis R of [14] assumes the gap in physical units together
with the limit. Theorem 10.4 replaces the gap part by the cube estimate (D), which
concerns one box and one coupling at each spacing.

(d) Computation. At a fixed coupling and a fixed small n, D(n,«a) is a finite set of
Kantorovich bounds and could in principle be certified as in Propositions 7.8 and 7.9;
for n = 2 and SU(2) the block already has 48 links and 144 real variables. (D) asks for
it at infinitely many couplings with n — oo, which no finite computation covers.

(e) Azioms alone. Proposition 9.2 shows that positivity, invariance and regularity do not
force a gap, and Proposition 9.1 shows that the growth route to rotation invariance is
closed for the action density. The infrared input therefore has to be an estimate such

as (D).



54 D. BHATTACHARJEE, U. BHATTACHARYA, J. M. LOCKWOOD, AND T. ROMANOV

11.2. Estimates uniform in the coupling. Some local quantities of the Wilson measure
can be controlled uniformly in Sy, the volume and the boundary condition, by integrating
by parts in a single link. Such estimates hold along every tuning, but they concern local
fields in lattice units, and the three results below show how far they are from the open
inputs: the force has bounded moments but its centred form is a null vector of the reflected
form, the plaquette has fluctuations of order 61/_1,2 but this is a single-site variance, and bare
links over a fixed physical distance become independent Haar variables.

Let G = SU(N), write b = Bw, so that the Wilson weight is e’ with S =
>, N"'ReTrQ,, and give g the metric (T, R) = — Tr(T'R). For a link e let S, be the sum
of the six plaquette terms containing e, X7 the derivative along U, — e*TU, at u = 0, V,
and A, the gradient and Laplacian in U, ¢ = N2 — 1, ey = (N? —1)/N, and

E, = b|V.S.|%, W, = Eo — cnSe = b|VeSe|? + AcSe.
Below, w is a Wilson Gibbs state at b > 0: a finite-volume measure in which e is not fixed

by the boundary condition, or an infinite-volume state whose conditional law of U, given
the other links is proportional to e®®¢dU, with dU, the Haar measure.

Proposition 11.6. (i) For every unit T € g, t € R and 0 <n < N/12,
Ew I:et\/BXTSe Uec] < €3t2/N’

E,[e"Pe | U] < (1 —129/N)~9/2,

so BE,E™ < m!(24/N)™24/2 for m > 1, uniformly in b, the volume and the boundary
condition. Moreover E,E., = cNyE,,Se..

(ii) For a bounded function F' of finitely many links, continuously differentiable in U,
E,[WeF] = —EW(VeSe, Ve F). In particular E,[W.F] =0 if F does not depend on U,, and
Eo[WeWy| = 0 if no plaquette contains both e and f.

(iii) Let w be reflection positive as in Appendiz ¥, and let A =", heW, be a finite sum
over links whose endpoints have times at least 2. Then w(¥(A)A) =0, so U4 = 0: in the
reconstructed Hilbert space the packets >, heEe and cn Y . heSe define the same vector.

Proof. (i) Along u +— €"TU, a plaquette term containing e is N~!ReTr(e“TV) or
N~!'ReTr(Ve ") with V unitary, whose second derivative is N~! Re Tr(T%e*"TV). Since
—T% > 0 and Tr(—=7?) = 1, | Tr(T?M)| < 1 for unitary M, so the second derivative of
S, along the curve is at most 6/N in absolute value. Taylor’s formula with u = ¢/v/b

gives b(Se(etT/‘/BUe) — Se(Ue)) > tVbX1S.(U.) — 3t2/N. The conditional density is

ebSe /Z with respect to Haar measure, and the left invariance of Haar measure gives

Ew[eb(SE(etT/\/gUe)*Se(Ue)) | Uee] = 1, which with the Taylor bound proves the first in-
equality. For the second let Gy be a standard Gaussian vector in g, independent of w;
then eY” = Eev21(GoY) for v = VbV.S., and the first inequality in the direction of
Go with t = /25J|Go| gives the bound Ee®Gol*/N = (1 — 12/N)~9/2. With n = N/24

and ™ < m!n~™e™ the moment bound follows. For the mean, >4, 7% = —cn/ in an
orthonormal basis gives A.S. = —cnySe, and the integral of the divergence of b5V, S, over
G vanishes.

(ii) The integral over U, of the divergence of e*% FV,S, vanishes, and that divergence
is 2% (W,F + (V¢Se, V F )); integrate the conditional identity. The function W} depends
only on the links of the plaquettes containing f.

(iii) Each W, in the sum depends on links with times at least 1, so 79(/_1) depends only on
links with times at most 0, none of which is a link e of the sum. By (ii), w(¥(A)W,) = 0 for
each e. O
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Proposition 11.7. Let G = SU(2), b > 0, w a Wilson Gibbs state at b and p a plaquette
with a link that is not fized by the boundary condition. Then
1
1 1
Varw(§ Ter) > m, ]Ew[]. — §T1"Qp] > SR
Proof. Let e be the link and identify SU(2) with the unit quaternions. Given the other
links, U, = z has density proportional to "™ with |u| = 1 and 0 < r < 6b, since the six
staples have norm one, and %Tr Qp = z - v for a unit vector v fixed by the conditioning.
Let X = z-uand T = 1 — X; the law of T has density proportional to e™"*\/t(2 — t) on
[0,2]. Put n =1+ r. Since ™" < e2e™™, the normalisation is at most 2 [° v/2te ™ dt =

1

e /m/2n73?% < 14n=3/2, On I = [+, 5-] the density is at least In71/2e71/2 and on
J = [, 2] at least %n_l/ge_gﬂ, so P(T € I) > 5 and P(T € J) > z-. With an

independent copy T’, VarT = 1E(T — T")> > P(T € I)P(T € J)(2n)~% > 27972, By
symmetry the conditional covariance of z is diagonal in u and u', with eigenvalues Var X
and E(1 - X%)/3;onI,1-X2=T(2-T) > &, s0 E(1 - X?)/3 > 155 > 2719072
Hence the conditional variance of x - v is at least 27'?(1 + 6b)~2, and so is the variance, by
the law of total variance. For the mean, integrating %(e’"x(l - X2)3/2) over [—1,1] gives
3EX = rE(1 — X?) < r(1 — (EX)?), whence EX < (V9 + 4r2 — 3)/(2r) < 2r/(2r + 3) for
r>0,and E[l —z-v] >1—-EX >3/(2r+3) >1/(4b+1). O

For the blocking statement let G = SU(2), B > 4 an integer and, for a coarse edge (x, ),
View) = Hf;ol U(Ba+rji,p) the ordered product of the fine links along it.

Proposition 11.8. For every Wilson Gibbs state w of SU(2) at b > 0 and every set £ of
K coarse edges,

53};( 4b )B_3

K
|Lawe, ((Ve)ees) — m® HTV S 9 ¢ ab+1
K B-3
_K _B-3
=7 exp (3 4b + 1)’

where m is the Haar measure. If ' is a function of the V. of a set of coarse edges at
positive times, |F| < 1, and € is this bound for those edges and their reflections, then
0 < w(Y(F)F°) < 6€ with F© = F — w(F).

Proof. Select on each coarse edge the fine links with 1 <r < B — 2. No plaquette contains
two selected links: collinear links do not share a plaquette, parallel coarse edges are B
apart, and a plaquette containing a selected link of (z, 1) has its links in direction v #
at p-offsets r,r + 1 € [1, B — 1] from Bz, while coarse edges in direction v lie at offsets in
BZ. Given the other links, the selected ones are therefore independent, each with density
e’ v [7(r;), 0 < r; < 6b. Convolution with such a density acts on the representation of
spin I > 1 by DO (w;) times 41 (r;) /11 (r;), whose absolute value is at most I»(r;) /11 (r;)
because I, (r) decreases in v > 0, and Is(r;)/I1(r;) = EX < 4b/(4b + 1) by the proof of
Proposition 11.7, so it contracts the mean-zero part of L? by that factor. The density is
at most €% because Z > 1 by Jensen’s inequality, so its distance to 1 in L? is at most €.
The conditional law of V, is that of a product of B — 2 such independent variables between
two fixed ones, so its total variation distance to m is at most 1e*(4b/(4b+1))%~3, and the
coarse edges are conditionally independent. Total variation distance from a product is at
most the sum over the factors, and averaging over the conditioning does not increase it. For
the last statement, under m®X the covariance vanishes because F' and its reflection depend
on disjoint edges; replacing w by m®¥ changes w(¥(F)F) by at most 2¢ and |w(F)|? by at
most 4e. O

With B = ¢/ay, for a fixed physical length ¢ and by = O(log(1/ax)) the bound tends
to zero: the bare coarse links of a fixed coarse graph become independent Haar variables,
their reflected form has rank one, and a renormalisation Z; that keeps the reflected norm
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of Z,F¢ at least ¢ > 0 must grow at least like (c¢/6¢)'/2. The renormalised flowed fields
of Theorem 10.7 are not bounded functions of bare coarse links, and none of the three
propositions bears on the slice ratio, the tree bounds or (D).

11.3. What the cube estimate requires. This subsection proves seven facts about
D(n,a). Tt holds at small coupling for every even n above an explicit size (Proposition 11.10),
and it survives small perturbations of the action (Proposition 11.11), although gauge-
invariant perturbations still need strong coupling at the scale of the cube (Proposition 11.18).
It forces the gauge-fixed variables of a cube with trivial exterior to stay a fixed distance
from the identity on average (Theorem 11.12, and Proposition 11.14 for SU(2)), so that
for every fixed n it fails once S is large (Corollary 11.13). And it cannot be obtained from
bounds on the conditional law of a single line of links that are uniform in the configuration
around the line (Proposition 11.22). For the compact abelian theory with the Villain action
it fails at every size once (3 is large (Proposition 11.19). In Section 12.1 the estimate is
posed for block averages, where its quadratic approximation holds along the tuning. None
of these decides (D) along the continuum tuning, where n grows while 8 grows.'

For a finite V.C A and j € A\ V let b(V,j) be the number of links of V' that share a

plaquette with j, and write k ~ ¢ when two active links share a plaquette.

Lemma 11.9. Suppose that Ceer < co for all active e, e, with 12cy < 1. Then Cy,; <
cob(V,7)/(1 = 12¢g) for every finite VC A and every j € A\ V.

Proof. Fix @, Q' that differ only at j, put d = 6(Q;,Q}), p=v(- | Q) and v =y (- [ Q).
The couplings of p and v form a weakly compact set on which 7 +— [ dy dr is continuous,
so one of them, 7, minimises it; let p; = [d(X;,Y;)dnr. Fix i € V. Under u the conditional
law of X; given the other links of V is /(- | X), and likewise for v. Replace (X;,Y;) by a
pair drawn from an optimal coupling of v/ (- | X) and /(- | Y), chosen measurably [71,
Cor. 5.22], and keep the other coordinates. The new coupling still has marginals x and v,
and changing the links in which X and Y differ one at a time gives
Wiy (1 XAl (1Y) < Y Cud(Xy, Ye) + Cyj d.
keV, ki

Minimality of m therefore gives p; < co > gy ki Pk + coli ~ j]d. Sum over i € V: every
pr occurs at most twelve times by Lemma 2.2(iv), so (1 — 12¢9) >; pi < ¢ob(V,j) d. Since
Wld Vi, v) <Y, pi, dividing by d proves the lemma. O

Proposition 11.10. Let n = 2m and let V' be the cube of Definition 10.1. For every class
¢,
> b(V,5) < 10m® — 2m?,
jeEAV
with equality for three classes. Consequently, if Ceer < co for all e, e’ with 12cy < 1, then
D(n,a) holds for every a € (0,1) with

. Co 20 8
>a, = —20 (2 _°),
@ = 1—Hm<n n»
For SU(2) and |Bw| < 3 this reads &y, = 1_|§‘|’g,lv| (2 — %), which is below one for every even

n>5|Bw|/(1 = 3|Bwl)-

Proof. Let j = (y, p) lie in the class ¢, with ¥y = r modulo two. A link of V' that shares
a plaquette with j has base point y + d with d € {—1,0,1}* and at most two nonzero
coordinates, and the twelve offsets d depend only on c. For a fixed offset we count the y = r

19The four statements answer the question of which parts of (D) can be settled with the methods of
this paper. The first places (D) in the range where the single-link method already works, the second and
third show what any proof of (D) at weak coupling has to produce, and the fourth excludes the most direct
one-dimensional route.
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with y +d € [0,n)* and y ¢ [0,n)%. In the coordinate [ there are m values of y; = r; with
Y1+ d; € [0,n), and one of them lies outside [0,n) exactly when d; = 1 and r; = 1 (the value
yp=—1) or d; = —1 and r; = 0 (the value y; = n). If ¢ is the number of such coordinates,
the count is m* — m*~9(m — 1)%, that is 0, m3 or 2m3 — m? for ¢ = 0,1,2. Summing over
the twelve offsets, the class sum is a.m?® — bom?, where b, is the number of offsets with
g = 2 and a,. is the number with ¢ = 1 plus twice b.. Reading the offsets from Table 3,
the pairs (ac, b.) over the 48 classes are (2,0), (7,0), (7,1), (9,1), (9,2) and (10,2) three
times each and (3,0), (4,0), (5,0), (6,0) and (8,1) six times each. In every case a. < 10
and 8 — a. + b. > 0, so

(10m3 — 2m?) — (aem® — bem?) = m?((10 — ac)m + b. — 2) > m*(8 — a. +be) > 0,

with equality for the three classes with (ac,b.) = (10,2). By Lemma 11.9, K. < cq(10m> —
2m?)/(1 — 12¢p), and N,, = m* gives K./N,, < é,. For SU(2) the proof of Theorem 1.1
gives co = |B| = |Bw|/4. O

At By = % and n = 16, for instance, 416 = %, and Theorem 10.2 gives the gap
log % /32, much weaker than Theorem 1.1. The proposition shows that the cube condition
is not empty; it does not extend the range, because the absorption 12¢y < 1 is the single-link
condition itself.

The cube condition is also stable under small changes of the action, which is what a
block renormalisation would need at its last scale, where the effective action is no longer of
Wilson form. Let 7 > 0 and £ > 0, and let (wx) be real functions on G indexed by finite
sets X C A of diameter at most r, with wx depending only on the links of X, such that
the family is invariant under the translations by 2Z*, every active link lies in at most M of
the sets X, every X has at most s links, and

lwx(Q) —wx(Q)| <& 4(Qi, Q)
ieX
for all Q,Q". Let /(- | @) be the probability measure with density proportional to
exp > xny 29 Wx With respect to v (- | @), and define C‘%, K and the condition D" (n, @)
as in Definition 10.1, with fy‘V/V in place of vy .

Proposition 11.11. Let n be even and suppose that D(n, ) holds at 3. Then DYV (n,a)
holds with

o =ae?(1420)4+965Q,  Q=48M D N,e.
In particular o/ < 1 for all € below an explicit eg(n, o, M, s) > 0.

Proof. The cube has |V| = 48N,, links, so dy has diameter Ay = 48N,,D. For fixed exterior
links put u = >~ xyp wx as a function on GV. Each link of V lies in at most M sets X, so
u is Me-Lipschitz for dy and its oscillation is at most MeAy = Q; we normalise u so that
supu = 0, which does not change the tilted measures, and put h = €%, so that e 2 < h < 1
and h is Me-Lipschitz.

A common tilt. Let p, v be probability measures on GV and pj, = hp/u(h), vy, = hv/v(h).
Let f be 1-Lipschitz for dy; subtracting a constant we may take |f| < Ay. Then fh is
(1+ Ay Me)-Lipschitz, [(fh)] < Ayv(h), |u(h) — v(h)] < MeW™ (u,v) and u(h) > e,
SO

oy = B —v(fh)

< 1+ 20) W (1, 0),

since Ay Me = Q. By Kantorovich duality W (un, vi,) < e2(1 + 20)W (1, v).
Two tilts. If v’ is another weight with |u — «/| < 7, the density of vy, with respect to v,
lies in [e~2", e27], so the total variation distance of the two is at most 1 — e~27 < 25, and

Wldv (Vh, V) < 2nAy.
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The coefficients. Let Q,Q" differ only at j ¢ V, with § = 6(Q;, Q}), and let u,u’ be the
weights for the two exteriors. They differ only through the sets X that contain j and meet
V; if there are m; of them, |u — «/| < mjed. With pp =y (- | Q) and v = v (- | @), the
triangle inequality and the two steps give

C\% < 69(1 + QQ) Cv’j + 2Ay m;e.

The pairs (X, j) with j € X \ V and X NV # () number at most s times the number of sets
meeting V', hence at most sM|V|. Summing over j € ¢\ V,

KW <e®(1420)aN, +2AysM|V]e = (ae(1+2Q) + 96 s Q) N,,.
The family is invariant under 2Z*, so the coefficients are, and this is DV (n, o). U

The admissible perturbation is of order 1/N,, = (2/n)*, so the proposition is useful in a
box of a fixed number of lattice spacings, which is how a renormalisation argument would
use it: after enough block steps that the cube of physical size ¢ has become a cube of fixed
side, the effective action has to lie within €y of an action that satisfies the condition there.
Whether the effective actions along the tuning do so is not decided here, and that is where
the problem lies: at the scale where the blocked theory is strongly coupled enough for a
condition of this kind, the running coupling is of order one, which is outside the range of
the existing ultraviolet analysis. The proposition shows only that the condition itself is not
the obstacle.

The next theorem uses the configuration in which every link outside V is the identity.
Write vy, = vy (- | 1) and

1

ev(B) = m

O KARCHIEHIE)

1%

for the mean distance of the gauge-fixed variables of the cube from the identity. Recall that
0 is bi-invariant of diameter D.

Theorem 11.12. Let n be even, V' the cube of Definition 10.1, and suppose that D(n, )

holds at 3. Then
1—a)D
5\/(5) > (3)

Proof. A flat configuration. By Lemma 2.2(i) and the period two of o, the sixteen residues
modulo two fall into eight pairs {r,” + e5(,)}, the residues met by one line of F'. The eight
residues 0010, 0011, 0100, 0110, 1001, 1011, 1100, 1101 form four of these pairs. Choose
z,w € G with d(z,w) = D, put g(x) = w if x is congruent to one of those eight residues
and g(z) = z otherwise, and let Q?x,u) = g(z)g(z + e,) ™" for every link of Z1. Then g is
constant on every line of F', so QY equals 1 on F, every plaquette variable of Q9 is 1, and
@Y has period two. By bi-invariance (1, Q?ML)) =0(g(z +ey),g(x)), which is D when z
and x + e, receive different values and 0 otherwise; from Table 3 the first case occurs for
exactly 32 of the 48 classes. Let 0. be the common value of §(1,QY) for e in the class ¢, so
that >, 0. = 32D.

Gauge covariance. Let ®(Q)(y,n) = 9(2)Q (2, 9(T + e,) "t on GY. The gauge transforma-
tion by g maps the configuration equal to @y on V and to 1 elsewhere to the one equal to
®(Qy) on V and to QI elsewhere; it leaves every plaquette trace unchanged and every link
of F equal to 1, and ® preserves Haar measure. Hence vy (- | Q9) = @,y

Upper bound. Only the finitely many links outside V' that share a plaquette with V enter
7v. Changing them one at a time from 1 to @Y and applying the definition of Cy; at each
step,

Wi (9w (1 Q) < Y Cvyd(1,Q9) = 6cKe < aNy Y 6 = 32aDN,,.
JEA\V c c
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Lower bound. The function f(Q) = — X ;cy 0(Qi, Q7) is 1-Lipschitz for dy. By gauge
covariance and bi-invariance, [ fdyy (- | Q9) = — [ 3, 8(Q;, 1) dvi, = —|V ey, and by the
triangle inequality [ fdy{ < —32,6(1,Q7) + |V]ey. Every class has N, links in V, so
> 6(1,Q7) = 32DN,, and

W (vL (- | Q9)) > 32DN, — 2|V ey
With |V| = 48N,, the two bounds give 96 N,ey > 32(1 — a) DN, 0

Corollary 11.13. For every even n and every o < 1 there is Bo(n,a) such that D(n, o)
fails at every > po(n, ). In particular, if D(ng,«) holds at couplings By, — oo, then
ng — 00.

Proof. For > 0, ’y‘l, has density proportional to e~V#% with respect to Haar measure,
where S = 37 (N — ReTr Qg ) is continuous and nonnegative on GV and vanishes
exactly when Qg = 1 for every plaquette p that meets V. We show that this forces Qy = 1.
The other plaquettes have all their links equal to 1, so every plaquette variable is 1; since
the plaquettes of Z* fill every closed lattice path, there is a function h on the sites with
Qz,) = Mw)h(z + e,) ! on every link, and h takes equal values at the two ends of every
link on which @ = 1. Every link with base point outside [0,7)* is such a link. From a site
with a coordinate at least n one can move in every positive direction along links of this kind,
and from a site with a negative coordinate x, one can move in the positive directions other
than v until another coordinate reaches n; so h is constant on the sites outside the box.
Every line of F' leaves the box, and h is constant along it, so A is constant and Qy = 1.
Let U be a neighbourhood of 1 in GV, s = mingv,y S > 0, and U’ C U a neighbourhood
of 1 on which S < s/2. Then v,(GY \ U) < e~V /(|U’|e~NB/2), which tends to zero, so
ev(B) — 0 as B — oo, and Theorem 11.12 excludes D(n, «) once ey (8) < (1 — a)D/3. O

For SU(2) the constant of Theorem 11.12 can be improved: a flat configuration with four
values instead of two moves every class of active links, and the means of the gauge-fixed
links are scalar.

Proposition 11.14. Let G = SU(2) with the chordal metric, let n be even, V the cube of
Definition 10.1, and suppose that D(n,a) holds at . Then

‘%Z‘/ReTrQid'y‘l/‘ < 2a,
eV

Ly 12 g _
‘V’ iev/é‘(l’Ql) d')’V > 2(1 a)>
and ey () > 1—a.

Proof. Write (-,-) for the Euclidean product of quaternions; then ReTrq = 2(¢q,1) and

(p,q) = p—dl.
Four colours. Split the sixteen residues modulo two into the sets

X; = {0000,1000,0111, 1111},
X, = {0001, 0101, 1010, 1110},
X3 = {0010, 0011, 1100, 1101},
X4 = {0100, 0110, 1001, 1011}.
Each is the union of two of the eight pairs {r,7 + €,(;)}, and Table 3 shows that r and

r + e, lie in different sets for every residue r and every p # o(r). (The eight residues used
in the proof of Theorem 11.12 form X3 U X4.) Let

a=>1+j+k)/V3, z2=>1-j-k)/V3,
= (—i+j-k)/V3, zi=(-i-j+k)/V3
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unit quaternions with (z;,z) = —3% for k # I, so that 6(z,2) = d. = (8/3)Y/2. Put
g(x) = 2z, when the residue of z lies in X}, and Q“(JL“) = g(x)g(z+e,)~ . As in the proof of
Theorem 11.12, QY equals 1 on F, every plaquette variable of Q9 is 1, and v (- | Q9) = Py
with ®(Q) () = 9(2)Q ) 9(x + ) ™15 now 6(1,Q4) = d. for every active link e.

Upper bound. Changing the exterior links one at a time,

W (v, w (- | Q7)) < d. ZK <48ad.N, = ad.|V|.

Lower bound. Conjugating every link of V by one unit quaternion leaves the exterior 1,
the links of F', Haar measure and every plaquette trace unchanged, so it preserves 7‘1/. The
mean m; = [ Q; d%l,, taken in the space of quaternions, therefore commutes with every unit
quaternion, and m; = a;1 with a; = % JReTr@; d'y‘l/ real. Since ® acts on each link by a
fixed left and right multiplication, the mean of @; under vy (- | @9) is a;Q7. Choose unit
quaternions w; with (w;, a;QJ — a;1) = |a;| |QY — 1|. The function f(Q) = > ;cy (wi, Qs) is
1-Lipschitz for dy, and Kantorovich duality gives

W (v w (- 1Q9) 2 > lai| 6(1,Q0) = du > |ai]-
eV eV

Conclusion. Comparing the two bounds, >, |a;| < a|V|, which is the first inequality.
Since §(1,¢)? = 2 — 2(g,1), [d(1,Q:)?dv = 2(1 — a;) > 2(1 — |a,|), and averaging gives
the second. As § <2, § > §2/2, and the bound on ey follows. O

The four colours need nothing from SU(2) except four elements whose pairwise quotients
are conjugate, and every compact simple group contains such elements. For a metric that
comes from a representation the bound then compares the cube with Haar measure.

Proposition 11.15. Let G be a compact simple group, p a nontrivial irreducible unitary
representation of G of dimension d, and 3(p, q) = x~Y2||p(p) — p(q)||us for some k > 0. Let
n be even, V the cube of Deﬁm’tz’on 10.1, and suppose that D(n,a) holds at B. Then

Z‘/Trp Qi) d*yv‘ < ad,

1<%

Z/élQ d’yv 1—a/51q dq,

‘V’ eV
where dq is Haar measure, and ey () > (1 —a)D/2.

14

Proof. Four elements. Let ¢: SU(2) — G be the homomorphism of the SU(2) subgroup
of a root, and z1,...,z4 the tetrahedral quaternions of Proposition 11.14. For k # [ the
quaternion zjz; ! has real part (zk, 21) = —%; unit quaternions with equal real parts are
conjugate in SU(2), so the twelve elements ¢(z12; 1) are conjugate in G, and by bi-invariance
5(p(2k), p(21)) = dy for all k # I, with one number d.. If d, = 0, then (22, ') lies in ker p,
a proper normal subgroup of the simple group G and therefore central; it then commutes
with (SU(2)), so it is central there, and 2z, * lies in {#1} ker p C {#1}, which its real
part —% excludes. So d, > 0.

The two bounds. Put g(x) = ¢(z;) when the residue of x lies in X;. The proof of
Proposition 11.14 applies word for word: 9 equals 1 on F' and on every plaquette, 6(1,QY) =
d, on every active link and W V(v VV( | Q9 )) < ad,|V|. Simultaneous conjugation of the
links of V preserves i, so the mean f p(Q;) dvi; commutes with p(G), and by Schur’s lemma
it is ¢;1 with ¢; = d=1 [ Tr p(Q;) dyir. Its mean under vy (- | Q9) is ¢;p(QY). With matrices
W; of Hilbert-Schmidt norm x~!/2 chosen so that Re Tr(W7c;(p(QY) — 1)) = |ei| (1, QY),
the function f(Q) = >, Re Tr(W;p(Q;)) is 1-Lipschitz for dy, and Kantorovich duality
gives WldV > dy Y, |ci|l. Hence Y, |¢i| < a|V|, the first inequality.

Comparison with Haar measure. Since £ (1, q)* = 2d —2Re Tr p(q) and [ Tr p(q) dg =0
for a nontrivial irreducible p, [ d(1,¢)%dg = 2d/k, while [ §(1,Q;)*dV), = 2d(1—Rec;)/k >



EXPLICIT LATTICE YANG-MILLS MASS GAP REDUCING THE CONTINUUM GAP TO ONE CUBE61

2d(1 — |¢;|)/k. Averaging gives the second inequality. Finally xD? < 4d, because ||p(p) —
p(q)|lms < 2Vd, so § > 6%/D gives ey > 2d(1 — a)/(kD) > (1 — a)D/2. O

For SU(N) with the Hilbert—Schmidt distance this improves the constant % of Theo-
rem 11.12 to §, and for SU(3), where D? =9 and the Haar mean of 6% is 6, to 2: in a cube
with the identity outside, D(n, «) leaves the gauge-fixed links at least the fraction 1 — « of
the disorder of independent Haar-distributed links.

The size fy(n, ) in Corollary 11.13 comes from a compactness argument. For SU(2) it
can be made explicit, and then reads as a lower bound on the side of any cube that satisfies
the condition.

Proposition 11.16. Let G = SU(2) with the chordal metric, so that D =2, let b = By > §,
let n > 2 be even and put L(b) = 1+ log 24 + 3 log(9b). Then
1 n*(n+2)(2n+1) L(b
m2/5(17Q6)2d7\1/§ ( )(b ) ( )7

ecV

s0 ey (B)? is at most the same quantity. Consequently, if D(n,a) holds at b, then
s 21— a)b
= "5 L(b)

Proof. Put m = n/2. Under 'y‘l/ every link outside V' equals 1: the links of F' always, the
others by the choice of exterior. A plaquette that does not meet V therefore has plaquette
variable 1.

Links as loops. Let e = (x,pu) € V,y =2 +e,, 0 = o(xr) and 7 = o(y). The directions
o, T, are distinct: o # p because e is active; 7 # p because otherwise the line of F
through y would contain x, and the lines of F' are disjoint; and 7 # ¢ by Table 3, in which
o(x+eyu) # o(x) whenever p # o(x). Since 0 < 2, < n, one of n —x, and z, + 1 is at most
m; call it s and let € = +1 be the sign for which 2/ = z + see, has o-coordinate outside
[0,n). Choose t < m and € in the same way for y and 7 (note y, = ;). Let Ry be the s
plaquettes of the rectangle with corners z, 2/, #’ + ¢, y in the plane {0, u}, and Ry the st
plaquettes of the rectangle with corners y, 2/ + ¢, @’ + e, + t€'e;, y + te'e; in the plane
{o,7}. The union R(e) = R1URy is a disc, and its boundary runs from x along the line of F’
through x to #’, then to 2’ + ¢, along e, to 2’ + ¢, + te'e,, along e, to y +te'e,, back along
the line of F' through y to y, and over e to x. The links of the first and fifth pieces lie in
F. The links of the second and third pieces have base points with o-coordinate z/. ¢ [0, n),
and those of the fourth have base points with 7-coordinate outside [0,7); none of them lies
in V. So the holonomy of the boundary of R(e) is QF'. Adding the plaquettes of a disc
one at a time along its boundary shows that this holonomy is a product of conjugates of
the plaquette variables (Qg )*1, p € R(e), one for each plaquette. By bi-invariance and the
triangle inequality,

6(1,Qe) < > 6(1,QF), |R(e)| = s(t+1) < m(m +1).
pER(e)

Multiplicity. If a plaquette p lies in Ra(e), its plane is {o, 7}, p is one of the two other
directions, and the base point of p is y + ae, + cer with —m < a,c < m — 1. Given p, there
are two ways to name the directions of its plane, two choices of y and (2m)? of (a,c), and
they determine y, hence e; so p lies in at most 16m? of the sets Ry (e). Likewise p € R (e)
forces its plane to be {o, u} and its base point to be x + ae, with —m < a < m — 1, which
leaves at most 4m links e. Every plaquette therefore lies in at most 16m? + 4m = 4n? + 2n
of the discs R(e).

The energy. For the chordal metric §(1,¢)2 =2 — ReTrq. Let S = > pnv£p 0(1, Q5)2;

then ~{, has density e *¥/2/Z with Z = [e %92 the integral over SU(2)V with Haar
measure. The function ¢+ log [ e~ is convex and vanishes at ¢t = 0, so its derivative at
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t =b/2, which is — [ S d’y‘l/, is at least 2log Z/b. A plaquette that meets V' contains at most
three links of V and the other links are 1, so 6(1,Q})? < 3> eepnv 6(1, Q.)?; every link
lies in six plaquettes, so S < 183 ¢y 0(1, Q¢)? and Z > IVl with I = fe_gb‘s(l’q)qu. The
chordal distance is at most the geodesic one, and the geodesic ball of radius r = (9b)~ /2 < 1
has measure greater than 73 /24 (proof of Proposition 11.22), so I > e~1(9b)~%/2/24 and

[ st < VL)

Conclusion. The Cauchy—Schwarz inequality inside each disc squares the loop bound:

5(1,Q0)° < [R(e)] > 6(1,Qp)?

pER(e)
<m(m+1) Z o( I,Q;T)2
pER(e)

Summing over e € V and using the multiplicity,
n?(n+2)(2n + 1)

S 6(1,Qe)? < m(m +1)(4n® + 2n) § = )

ecV

S,

and integrating against 'y‘l/ gives the first bound; the bound on ey follows by the Cauchy—
Schwarz inequality. If D(n,«a) holds, Proposition 11.14 gives 2(1 — a) < n?(n + 2)(2n +
1)L(b)/b, and (n +2)(2n + 1) < 5n? for n > 2. a

The loops and their multiplicity use nothing of SU(2) but the bi-invariance of ¢, and the

energy uses only the form of the action and the measure of small balls. The bound therefore
holds for every SU(N), with the same power of n.

Proposition 11.17. Let G = SU(N), N > 2, with the weight exp(% Y pReTr@y), b=
Bw > N/9, and the Hilbert-Schmidt distance d(p,q) = ||p — q|lus. Let n > 2 be even and
put

N2 -1 12
Ly(b) =1+ log(817%b) + N(N — 1) log T
Then ) )
2/51Qe SNn(n+2)(2n+1)LN()'
|V| ecV b
Consequently, if D(n,«) holds at b, then
s 2(1 — «) b'
- 5LN(b)

Proof. Loops. The discs R(e) of the proof of Proposition 11.16 and the bound 4n? 4 2n on
their multiplicity do not depend on the group, and the loop bound uses only bi-invariance
and the triangle inequality. With S =7 4 d(1, Qg )2 the same Cauchy-Schwarz step
gives Soey 6(1,Qe)? < in(n+2)(2n+1)S.

The energy. Since §(1,q)? = 2N — 2ReTr ¢, the measure 7‘1, has density e*bS/(QN)/Z
with respect to Haar measure. As in the proof of Proposition 11.16, the convexity of
t s log [ et gives [ Sdyl, < 2Nlog(1/Z)/b, and S < 18 % ..y 0(1,Q.)? gives Z > IV
with I = [ %31L.0*/Ngq.

Small balls. Give su(N) the inner product Tr(X*Y) and SU(N) the corresponding
bi-invariant metric, of volume vy . In exponential coordinates the Riemannian measure is
J(X)dX, where dX is Lebesgue measure and

1 —ead ‘_ (sm kal/Q))

LX) —
IX) ‘det ad X pot PRl/2
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if X has eigenvalues 61, ...,i0y and g = 6 — 0; [38, Ch. II, Thm. 1.7]; in particular
j < 1. Every ¢ € SU(N) is conjugate to a diagonal matrix with entries e™*, —m < oy < 7;
then >, 1 = 2mwko with |ko| < N/2, and changing |ko| of the ¢y by F27 gives angles
0r with sum zero and |0y| < 37. So ¢ = X with X € su(N) and || X|gs < 37VN,
and vy < wyz2_1(3mVN)N*"1, where wy, is the volume of the unit ball of R¥. Now let
| X|lus < r < 1. The eigenvalues have |f;] < 1 < 7, so exp is injective on this ball;
5(1,eX)2 =3 e — 12 < || X||4g; and || /2 < (67 + 02)1/2/\/2 < 2712 50 each factor
of j(X) is at least (1 — 5)? because sinz/z > 1 — 2?/6. Dividing by vy, the Haar measure
of {g:0(1,q) <r} is at least

11\ N(N—1) Nl 11\ N(N—1) N2-1
() 6 G

With r = (N/9b)1/? < 1 this gives I > e~! times the right-hand side, and since 37v/N/r =
97V, log(1/I) < Ly (b). Hence [ Sdri < 2N|V|Ly(b)/b, and the first bound follows from
the loops.

Conclusion. Proposition 11.15 with the defining representation and x = 1, for which the
Haar mean of §(1,¢)? is 2N, gives 2N (1 — a) < N n?(n +2)(2n + 1)Ly(b)/b when D(n, )
holds, and (n +2)(2n + 1) < 5n?. O

For every N, a cube on which the condition holds therefore has side at least of order
(Bw/ log ﬁW)l/ 4 with a constant that depends on N only through Ly, which grows like

2
NT log By .

The cube condition is a statement about strong coupling at its own scale, and this persists
under the perturbations of Proposition 11.11 when they respect the gauge. Call (wx) gauge
invariant if wx(Q") = wx(Q) for every function h on the sites that is constant on every
line of F', where Q?I#) = h(2)Q (s yh(x + €,) "', Such transformations keep the links of F

equal to 1, so they act on G4, and the restriction to the gauge of an action invariant under
all gauge transformations is gauge invariant in this sense. Write &:I{/V for ey with ’y‘V/V (-11)
in place of 7.

Proposition 11.18. Let (wx) be as in Proposition 11.11 and gauge invariant, let n = 2m,
and suppose that DV (n,a) holds.

(i) e > (1 —a)D/3.

(ii) If n > 0, 0 < k < 1, and the event that 6(1, Qg) < n for every plaquette p that meets

V' has probability at least 1 — r under Y (- | 1), then
m(m+1)n+ kD > M.
Proof. (i) The proof of Theorem 11.12 uses the action only through the identity vy (- | Q9) =
®,~i and through the coefficients Cy,j. The function g of that proof is constant on every
line of F', so the gauge transformation by g leaves every wyx unchanged, as it leaves every
plaquette trace, and the same identity holds for ’y“’,V . Only finitely many links outside V
enter ’y‘IjV , because the sets X have bounded diameter, so the upper bound holds with C&/j
and KV in place of Cv,; and K.; the lower bound is unchanged.

(ii) Under 4/ (- | 1) every link outside V equals 1, so a plaquette that does not meet
V has variable 1. The loop bound of the proof of Proposition 11.16, which uses only the
bi-invariance of d, gives 0(1,Q.) < Y _peR(e) o(1, Qg) < m(m + 1)n for every e € V on the
event of the statement, and 0(1,Q.) < D off it. Averaging over e € V and integrating,
e < m(m+ 1)n+ D, and (i) completes the proof. O

In the small-field region of a gauge-covariant block renormalisation the blocked plaquette
variables lie within a distance 1 that tends to zero with the running coupling, and large fields
have small probability x. If k < (1 —«)/3, part (ii) allows the cube condition on the blocked
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lattice only when m(m + 1) > z, where = ((1 — «)/3 — k)D/n, so the side must grow like
n~1/2. On such a cube N,, = m* > 22 /4, and since o/ > o + 96s(), Proposition 11.11 gives
o/ <1 only for

< 1—«a
© = 1608 sMD N,
(1—a)n?

< 7
1152 sMD3((1 — ) /3 — k)

which is of order n?. At a fixed side the condition is therefore a statement about strong
coupling, and a renormalisation argument has to carry the blocked theory out of the small-
field regime before the condition can be checked. That passage, at a running coupling of
order one, is the step that remains open.

The next statement shows that the cube condition separates a theory with a massless
photon from the expected behaviour of SU(N): for the compact abelian theory in its
Coulomb phase it fails at every scale. Let G = U(1) with the chordal metric, D = 2, and
replace the Wilson weight by the Villain weight

_ k)2
80,8(9) _ Ze B(6+27k) /27
keZ

so that the measure of a box A has density proportional to Hpep(A) ©s(0p), where e is
the plaquette variable. Define 4%, Cv,j, K. and D(n, ) as before with @3 in place of the

Wilson weight.

Proposition 11.19. There is By such that for the Villain theory at every B > By the
condition D(n,«) fails for every even n > 2 and every o < 1. In particular, for couplings
Br — 0o and any even ng, the hypothesis of Theorem 10.4 fails for this theory.

Proof. Lemma 3.1, Proposition 3.2(i)—(iii) and (v), Lemma B.1, Corollary B.2 and
Lemma B.4 use the Wilson weight only as a positive continuous class function of the
plaquette variable, with one exception: the Doeblin bound in Lemma B.4(a), which for the
Villain weight reads that each single-link density is at least (min ¢/ max ¢g)® > 0 times
its maximum. Suppose that D(n,«) holds. As in the proof of Theorem 10.2; the limit
w(0) = lim W) (O) of the measures of boxes with free boundary conditions then exists along
every sequence of boxes exhausting Z*, and for gauge-invariant local O, O’ with O Lipschitz
in each link,

D(l + Cne’\p")

1-40

for every A > 0 with # = ae*" < 1, where Lo is a Lipschitz constant of O and So the
support of O'.

Put W, = ¢i5(6,)/¢s(0p); up to the factor —i this is the lattice field strength of Fréhlich
and Spencer [33, Sect. 2] for the Villain action. It is real, odd and smooth in 6, so it is gauge
invariant, local and Lipschitz in each of its four links, with constants that do not depend on
p, and w(¥,) = 0 by the symmetry 6 — —6f. The bound above gives 3°, |w(¥,¥,/)| < oo,
the sum over the plaquettes p’ parallel to p. The state of [33] is the limit of the same
free-boundary measures over boxes, which is w. Froéhlich and Spencer prove, for 3 larger
than some [y, that the Fourier transform of the two-plaquette function of the field strength
is discontinuous at zero momentum, so that this sum is infinite [33, Sect. 2]; see also [37].

This contradiction proves the first statement, and the second follows because 3 > Sy for
all large k. O

| Cov(0,0')] < [[0' Lo [Sor| A HHO

At large 5 the plaquette variables of the abelian theory are Gaussian to leading order,
as are those of SU(N), and every property of the action used in this paper (compactness,
locality, positivity and smoothness of the weight, reflection positivity, the forest gauge) is
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shared by the two theories. A proof of (D) along the continuum tuning therefore has to
use the non-abelian structure of G; Proposition 11.19 holds at every cube size, so letting
the side grow with 3, which Corollary 11.13 already requires, does not remove the need.
Frohlich and Spencer indicate how their result extends to the Wilson action without giving
the details [33, Sect. 2], so the proposition is stated for the Villain action only.

Remark 11.20. The proof loses the area of a disc, of order n?, in passing from plaquettes
to links, and on loops that loss is of the right order. On the periodic lattice (Z/LZ)*
with L even and coordinates 0 < x; < L, let ¢ = 4n/L?, q(f) = cosf + isin6, and put
U2y = 4(¢71), Ug1) = ¢(—¢Lae) when 71 = L — 1, and U = 1 on every other link. Every
plaquette of the plane {1,2} equals ¢(¢), including those on the seam x1 = L — 1 and at the
corner 1 = x5 = L — 1, where the angle is ¢ — 4; all other plaquettes equal 1. So every
plaquette variable lies within ¢ of the identity, while the boundary of the square [0, L/2]?
of the plane {1,2} has holonomy q(¢L?/4) = —1, at the largest possible distance D = 2,
against the bound ¢L?/4 = 7 given by the disc. Every staple sum of this configuration is
parallel to its link, so it is a stationary point of the Wilson action, and gradient flow [52]
does not change it. Plaquette variables within O(n~2) of the identity therefore do not
force loops of length n near the identity, and an argument of the kind above that places
gauge-fixed links near the identity needs plaquette bounds of order o(n=?2).

Up to the factor L(b)l/2 the rate b~Y/2 of Proposition 11.16 is the right one, and the
lower bound below holds for every n and every exterior.

Proposition 11.21. Let G = SU(2) with the chordal metric and b = By > 0. For every
Gibbs specification of the gauge-fixed theory, every active link e and every configuration of
the other links, the conditional law of Q. satisfies

1
(1, Q) dpe > ——————.
/ (1, Q) dp 9 max(6b, 1)1/2

In particular ey (5) > %maX(Gb, 1)=Y2 for every n; at every fized n, ey (3) lies between

constant multiples of b=/% and (L(b)/b)'/2.

Proof. Write (-, -) for the Euclidean product of quaternions, so that Re Trq = 2(g, 1). The
six plaquettes that contain e contribute exp(b(Qe, W,)) to the conditional density, with
|W,| = 1; s0 pe has density % /Z(|v|) with respect to normalised Haar measure, for some
v with @ = |v| < 6b. Put @/ = max(a, 1) and 7 = a/~'/2 < 1. On the geodesic ball of radius
n about v/|v| the exponent is at least a(1—n?/2) > a— 3, and that ball has measure greater
than 7% /24 (proof of Proposition 11.22); hence Z(a) > €% /213 /24 and the density is at
most 24e'/2a/3/2 (for a < 1 directly, since Z > 1 by Jensen’s inequality). A chordal ball of
radius r is a geodesic ball of radius 6 with 2sin(6/2) = r, so 6 < wr/2, and its measure is
(6 —sinfcos ) /7 < 26%/(37) < w%r3/12. With r = %a’_1/2,

2,.3
mer 2\3 1
pe(6(1,Qe) < 1) < 24e'/24/3/2 ETH 261/27['2<§) <5
so the mean of §(1,Q.) is at least /2 = %a’_lﬂ. Averaging over e € V and over the
configuration gives the bound on ey . (]

Along the continuum tuning Theorem 11.12 says the following. If (D) holds, then in a
cube of fixed physical size £ with the identity outside, the forest-gauge variables stay on
average at distance at least (1 — «)D/3 from the identity, and at least 1 — « for SU(2),
at every spacing. This is not a contradiction: n = ¢/a grows like 1/a, while asymptotic
freedom makes (a) grow only like log(1/a), and the corollary concerns fixed n. The size
bound of Proposition 11.16 is likewise met along the tuning, since its right side grows only
like log(1/a). It turns the hypothesis of Remark 11.1, that the gauge-fixed links decorrelate
on the scale of the cube, into a necessary condition: (D) requires the forest-gauge variables



66 D. BHATTACHARJEE, U. BHATTACHARYA, J. M. LOCKWOOD, AND T. ROMANOV

to be disordered at a fixed physical scale. For gauge-invariant observables of a massive
theory that disorder is clustering; for the gauge-fixed variables it is not proved.

The last statement concerns the following strategy: control the conditional law of one
line of links, given everything else, uniformly in the configuration around it, and assemble
the cube from lines. Fix a site z, let s = o(x) and u # s, and let ¢ = (z + kes, p), k € Z.
All ¢, are active, since ¢ is constant along the line through .

Proposition 11.22. Let G = SU(2), identified with the unit quaternions, and b = By > 1.
There is a configuration of the active links outside {c}, independent of b, for which the
conditional law of (Qc, )i has a ten-step transfer operator, similar to a positive self-adjoint
operator Ky, on L?(S3) with simple top eigenvalue Ay, whose gap satisfies

0<1— Ap < 20 9410 p15 ,—b/1280
b —_ b
where Ay 1 is the next point of the spectrum.

Proof. The interactions. By Lemma 2.2(iii), ¢ lies in two plaquettes of the plane {y, s},
which contain ¢;_1 or cg41, the link (z +kes, s) or (x+ (k—1)es, s) of F', and an active twist
link of direction s; and in four plaquettes of the planes {u,t} and {u, p}, each containing
¢, one link of F' and two active links not on the line. The four plaquettes at ¢i lie in
the hyperplane of s-coordinate zs + k, so these plaquettes at different k share no link;
two plaquettes through c; share no other link; and their links have directions other than
s, so they are not twists. Set every twist to 1; then the plaquette at = + kes in the
plane {x, s} contributes b(g, gx+1) to the exponent, with g = Q. In each of the four
other plaquettes at ¢ set one of its two links to 1 and the other to X; after a cyclic
rotation and possibly an inversion the plaquette variable is g, X*! or q,ng *1 and since
Re(qu) = Re(qu) = (g, u) for unit quaternions, X can be chosen so that the plaquette
contributes b(gx, u) for any prescribed unit vector u. Every other active link is set to 1. Four
unit vectors add up to any vector of length at most 4 (two copies each of t & (1 — |¢[?)Y/%v
with t = v/4 and v L t a unit vector), so the conditional density of the line is proportional
to exp(b X1 (qk, @r+1) + 2k (hk, qx)) for any fields hy, with |hy| < 40.

The fields. Let a = %, c = @, let eq,...,es be the standard basis of R%, and let
rr have period ten with (rg,...,r9) = a(e;, —e1,e2, —e2,e3, —e3, €3, —€9, €2, —e1). Put
hy = b(2rg — rk—1 — rg+1), S0 |hg| < 4ab = 2b, and the configuration is independent of b
because hy /b is. With vy = g, — r and |gx| = 1, |rx| = a, summation by parts gives, over

0<k<9,

1 1 1

5 > kg1 —okl? =D (1= (i, are1)) — 7 > (hey i) + 5 > k1 — ril* + Blao) — B(quo),
k 2 k p

with B(q) = (q,790 — r9). The boundary terms only conjugate the ten-step transfer kernel
by a multiplication operator, so up to similarity it is

Ky(z,y) :/

b 9
(90 eXp(—§ kz_% |Uk41 — Uk|2)dQ1 -+ dqy, qo =7, qi0 =Y,

with normalised Haar measure. The sequence r, ..., 719 is a palindrome, so K; = B, B; for
the five-step kernel By; K} is compact, positive and self-adjoint with a continuous positive
kernel, its top eigenvalue A, is simple, and its eigenfunction 1, > 0 is even under the
reflection z4 — —x4, which commutes with Kj.

A barrier. Let E = %Zgzomﬂ_l — vg|? and suppose that (qo)s > 0 > (qi0)4 and
E < 155. Put A = (20F)1/2 < 1 and w = vg; by Cauchy-Schwarz |w — v;| < A for
all k, and 0 < wy < A because the 7, have no fourth coordinate. From |vy + ;| = 1,
[lw+rg?—1| < A(24A) =: n for 0 < k < 5. The pairs rj, = tae; give |w;| < n/(2a) = n for
I=1,2,3and [w> > 2 —n,s0 2 <3P+ A%+py < 3((1),—1)2 +&4+ é—z = 2019 a contradiction.
Hence Kj(x,y) < e~?/1280 whenever 24 > 0 > y4.
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The top eigenvalue. Let € = b=/2. The geodesic ball of radius € < 1 in S3 has normalised
measure % Is sin” 0 df > g% > %. If each gy lies in the ball of radius € about rj + ce4, then
|u, — ceq| < e and E < 20€2, so the integrand is at least e =20, Testing K} on the normalised
indicator of the ball about 7o + cey gives Ay > e=20(e3/24)10 = ¢72024-10p=15,

The gap. Let ¢(x) = sign(z4)vp(z), a unit vector orthogonal to . Then

Ay — (¢, Kpp) = 4 Uy (@) Ky (2, )0y (y) da dy < /1280,
x4>0>y4
because [, .oy < % by Cauchy-Schwarz. By the variational principle Ay > (¢, Kp¢), and
dividing by the lower bound on A proves the estimate; the gap is positive because Ay is
simple. :

The exterior of Proposition 11.22 is legal at every coupling, so a bound on the conditional
law of single lines that is uniform in the exterior cannot be better than e~ /1280y t6 powers
of b, and an argument of this kind cannot give (D) along the tuning. A proof of (D) has
to use what such a bound discards: the joint resampling of the transverse links inside the
cube, which the averaged coefficients C'y; retain, or the smallness of the probability of such
exteriors under the Wilson measure.

12. BLOCK AVERAGES

Proposition 11.3 locates the failure of (D) in the quadratic approximation: gauge transfor-
mations constant on the lines of F' move the whole cube and change few links outside it. By
Proposition 11.4 every gauge fixed on an invariant forest fails in the same way, through the
constant fields. This section takes up the programme of the report [50] of the third author,
which keeps the cube condition but changes the gauge and conditions the cube on block
averages of the field, as in Balaban’s renormalisation group [5, 6]. The natural block averages
of the line field leave one class of lines invisible and fail at every size (Proposition 12.1). In
a gauge whose fixed links are trees inside blocks of side two, the averages over whole blocks
remove every zero mode, the constrained quadratic form has a gap that does not depend on
the volume (Theorem 12.4), and the constrained cube condition holds at every coupling once
the cube is large (Theorem 12.8). Integrating out one scale bounds the cube coefficients by
the constrained ones plus those of the averages (Corollary 12.16), and the averages carry
the coarse quadratic form at every scale up to a factor between 1 and 256, through forms
that are local uniformly in the scale (Proposition 12.9 and Theorems 12.12 and 12.14), and
the constrained cube condition holds at every scale with one cube side (Theorem 12.18).
For the group-valued links themselves, the straight paths between block roots satisfy a
coercivity bound for all fields but do not compose, a continuous covariant map cannot treat
the transverse positions alike, and a cut-off of Batlaban’s averaging operation is coercive for
all fields and agrees with the block averages to first order (Section 12.2). It composes across
all scales on fields of small curvature for every compact group (Section 12.3), and under the
SU(2) Wilson measure the fields that are not small form clusters of vanishing physical size
(Section 12.5).

12.1. Block-constrained cubes. In this subsection everything concerns the quadratic
approximation: real fields ¢ on links, (d¢), the signed sum around the plaquette p, and
(dh)(@,u) = h(x) — h(z +e,) for a function h on sites.

Proposition 12.1 ([50]). In the setting of Proposition 11.3, condition the cube in addition
on any family of the face averages

|
face
Vi (0) = 5 2 (P + Plarenm):

xT
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where x runs over the eight sites of the block 2y + {0, 1}* with xy = 2y,. Then 3 co, Ke >
12N, for the twelve classes

Cr = {(0111, ), (1111, 12), (0111 + e, ), (1111 + 1, p1)
cp=1,2,3},

written as residue of the base and direction. Hence K. > N, for some class, and the
constrained condition fails for every a < 1, at every even n and every b.

Proof. By Table 3, 0(0111) = o(1111) = 0, so the lines of F' through the sites with x1, z2, z3
odd have direction 0; call them invisible. Let £ be one of them and hy its indicator. The sum
of dhy along a path of length two from x is he(x) — he(x + 2e,,). For p # 0 both end points
have even p-coordinate and are off ¢; for 4 = 0 they have the same transverse coordinates and
are both on ¢ or both off it. So dh, changes no face average, and the translation argument
of Proposition 11.3 applies to the constrained laws: 3=,y [(dhe)i| < 3250y Cvjl(dhe);]. An
active link e = (z, ) has |(dhy)e| = 1 for at most one invisible ¢, since its two ends lie on
different lines and both cannot be invisible (for p # 0 they differ in the coordinate p, and for
= 0 the link would lie in F'). It has one such ¢ exactly when its base or its end has residue
0111 or 1111, which by Table 3 are the classes of Cr: the six classes with base residue
0111 or 1111 and direction p # 0, and the six with base residue r + ¢, r € {0111, 1111},
whose directions p differ from o(r + e,) (for instance ¢(0011) = 3 # 1). Summing over the
invisible lines gives 12N, < >_ o, Ke. g

Definition 12.2. The blocks are B(y) = 2y + {0,1}*, y € Z*, and 0 = x mod 2 is the
offset of a site. A link (z, p) is a tree link if 0o, = 0 and o, = 0 for every v > pu, and active
otherwise; fields vanish on tree links. For a coarse link (y, u) the block average is

1
Vy”u((p) = E Z (90(90,;1) + SO(ereM,,LL)))
z€B(y)

the mean of ¢ summed along the sixteen paths of length two in the direction p that start
in B(y).

Lemma 12.3. (i) The fifteen tree links of a block form a spanning tree of its sixteen
sites. Each block carries 49 active links: the 17 active links inside it, with o, = 0, and
the 32 links with o, = 1, which join B(y) to B(y + e,).
(ii) If dh vanishes on the tree links, h is constant on every block, and Vi ,(p + dh) =
Vy:u(SO) + hBy) — hB(yte,)-
(iii) With S = ZxEB(y),oMZO Px,)5
1 1
%M(Qp) - Q Z Plap) T 7(537 + 55+eu)-
8 16
z€B(y), ou=1

Proof. (i) A tree link of direction p has o, = 0 and stays in its block; there are 2# of them
for each p, fifteen in all. From any site, the tree links of direction 3 lead to o3 = 0, then
those of direction 2 to oo = 0, and so on to the corner, so the tree links connect the sixteen
sites, and fifteen edges connecting sixteen vertices form a tree. Of the 64 links with base in
the block, the 32 with o, = 0 stay inside it. (ii) h is constant along the edges of a spanning
tree. The path of length two from = € B(y) ends at « + 2e, € B(y + e,,), and the sum of
dh along it is h(z) — h(x + 2e,). (iii) The path from z consists of (x, ) and (z + ey, p); a
link with o, = 1 is the second link of one path and the first of another, and the links of

Sy, are the second links of the paths that start with o, = 1. 0
i

By (ii) the residual gauge freedom is the coarse gauge group, which acts on the block
averages as on the links of the coarse lattice. Let W be a set of blocks and let @y, be the
space of finitely supported real ¢ on the active links with base in (W, with V}, ,(¢) = 0 for
every y € W and every u. Write Q(¢) = Zp(dgo)zz, over all plaquettes, ¢ being zero off its
support.
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Theorem 12.4. For every set of blocks W and every ¢ € @y,
> w2 <52Q(e).
e

Proof. Inside a block. Let e = (z, 1) be an active link with o, = 0, and let v; > --- > v, be
the directions above p in which o equals one; 1 < k < 3. Put 29 =z and x; = z;—1 — e,,.
The plaquette p; at x; in the plane {u,v;} has the links (z;, 1), (x;—1, ) and the tree links
(xi,v4), (x; + ey, 1), whose offsets Vanish in v; and above it; and (xg,p) is a tree link.
Hence ¢, = £(dp)p, £ - £ (dp)p, and @2 < kY, (d(p) The plaquette at 2’ in the plane
{n, v} is used only by the links (2’ + e, + 3 e g €p, 1t) with R C {v+1,...,3}, each with
k = ¢+ 1+ |R|, where c is the number of ones of the offset of 2’ strictly between u and v.
Its total weight 237(c + 1) + (3 — )22 is at most 8, the value at = 0, v = 1. So the
sum [ of gog over the active links inside the blocks is at most 8Qji,, where @i, is the sum
over the plaquettes inside a block.

Between blocks. Fix y € W and p, and label the eight links (x, 1), € B(y), o, = 1, by
the transverse offset a € {0,1}3. If @ and o’ differ in the coordinate v, with o, = 0 at a, the
plaquette at z in the plane {4, v} contains these two links, (z,v) in B(y) and (z + ey, v) in
B(y +e,), the last two inside their blocks. So ¢, — o = £(dp)p, £ £ 4" with ¢, 1)’ inside
blocks, and these twelve face plaquettes correspond to the twelve edges of the cube {0,113,
By Lemma 12.3(iii) and V() = 0, the mean of the ¢, is m = —(Sf + S, )/16, so

8m? < % times the sum of the squares of the sixteen links of Sl and St

y+e,- Lhe Laplacian

of the graph {0, 1} has smallest nonzero eigenvalue 2, so

> ¢a =8m2+Z(soa—

<8m?+ = Z (de), +1/J2+¢’2)
edges

Summed over y € W and p, a link (z,v) inside a block occurs as 1) or ¢’ once for each
p# v (as ¢ if o, =1, as ¢’ of the face of the block below if 0, = 0) and in two of the sums
SY, so it receives weight at most 3 - % +2- % = % The face plaquettes are distinct and lie
in no block, so the links between blocks contribute at most %Qface + QI and

Z 7[ + Qface <52 an + Qface <52 Q( ) -

The constant 52 is not sharp. A certificate of one of us (T. Romanov) lowers it to within
one part in a thousand of the bulk value.

Proposition 12.5. For every set of blocks W and every ¢ € @y,

5000
2o — =9.31 .

The same holds on every periodic lattice of even side.

Proof. Let ¢ = %, and let S(y) = B(y) UB(y +ep) U---U B(y + e3), whose active links
number 5 - 49 = 245. The certificate consists of 196 rational numbers [, ;, u = 0,...,3,
indexed by the 49 active links b of a block, and a rational symmetric matrix G of size 245
on the active links of S(0). With L, ,.(0) = > 1.0 (y0), Where (y,b) is the link b of B(y),
and G, the translate of G to S(y), these satisfy the identity of quadratic forms in finitely

supported ¢

(12.1) Qp) — CZ 903 - Z V(@) Ly (@) = Z Gy(@’S(;;))
e Y, Yy

and G is positive definite. Both sides of (12.1) are invariant under translations by 2Z*, so
the identity amounts to finitely many equalities of coefficients, one for each pair of active
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links of B(0) and of a block near it. Now take ¢ € ®y. If y € W then V, ,(¢p) = 0; if
y ¢ W then ¢ vanishes on the links with base in B(y), so Ly ,(¢) = 0. Every term of the
middle sum vanishes, and Q(¢) — ¢, ¢2 > 0. On a periodic lattice of even side, both sides

of (12.1) are the periodisations of the same forms, so the identity and the argument hold
there. (]

The certificate was found by semidefinite programming and rounded to rationals: the
l,,p have denominators dividing 224 and the entries of G the denominator 23° - 5°. The
coefficient identity of (12.1) and the positivity of all 245 leading principal minors of the
integer matrix 23°55G are checked in exact arithmetic. The check is done by the program
of T. Romanov and independently by our program in the archive, which rebuilds the four
forms from Definition 12.2 alone. With W the set of all blocks the best constant is the
inverse of the Bloch value 0.1074878 quoted below, that is 9.3034, so % is within 0.09
per cent of it; the semidefinite optimum for this window and this class of multipliers is
¢* = 0.107488. These floating-point values are not used. The theorems below are stated
with 52, which is proved by hand. Where they use only Theorem 12.4, they hold with 52
replaced by %.

With W all blocks the bound extends to 2, so the block-constrained quadratic form
on Z* has a spectral gap at least 5—12; it removes in particular the four flat connections
that are zero modes of the unconstrained form. In the Bloch decomposition the exact
gap is 0.10748776948684 . . ., attained at the momentum (0, 7, 7, 7), a floating-point value
computed in [50] and reproduced in the archive; the theorem does not use it. The cube
conditions now take the following form. Let n be even, V' the active links with base in [0,7)*,
W its blocks, and for an exterior 7 and values v = (vy,u)yew let 4y, (- | n,v) be the law on
RY with density proportional to exp(—2 S prv0(de)s) on the affine set {V, ,.(¢) = vy},
with ¢ =7 off V. Define CY, ;, K¢ and Dc(n, a) as Cy,j, K and D(n, @), with v held fixed
and the 49 classes of active links modulo two.

Lemma 12.6. Let H > 0 be symmetric on R™ with |H|| < h, let B : R™ — R* with
BB'" > >0 and (z, Hz) > alz|* onker B, and s > 0. Then K = ( 1 S%T) is invertible,
and the solution of K(z,y) = (f,g) has |z| < (|f| + hlz1])/a + |z1| with |z1] < |g]/(sv/B),
and |y| < (|f] + hlz])/(sVB).

Proof. Put 1 = B'(BBT) lg/s, so sBx; = g and |z1| < |g|/(s/B). On ker B the
compression of H is at least a, so there is a unique zg € ker B with Hxg — f + Hz1 L
ker B, and alzo| < |f| + hlz1|. Then f — H(xg + x1) lies in (ker B)* = ran BT, and
y= (BB")™'B(f — Hz)/s solves sBTy = f — Hz. For f = g = 0 the construction gives
zero, so K is injective. O

Lemma 12.7 (Combes—Thomas [23]). Let K be an invertible symmetric matriz indexed by
a finite set X, with | K| < My and ¥, |Ka| < S for every a, and let d : X — R satisfy
|d(a) — d(b)| < 1 whenever Kqp, # 0. If (e* — 1)SMy < 3, then ||e* K ~te=d|| < 2Mj.

Proof. e*Ke™ = K + E with |Eg| < (¢! — 1)|Kul, so |E|| < (e* —1)S by the Schur
test, |[K'E|| < 3, and (K + E)~! = (1+ K 'E)"'K~! has norm at most 2Mj. O
Theorem 12.8. For every b > 0, every even n and every exterior link j:

(i) ¥ (- | n,v) is a Gaussian law whose covariance depends on neither n nor v and whose
mean is affine in (n,v), and CY,; = ||luj|1, where u; € RV is the change of the mean
when n; increases by one; u; does not depend on b;

(i) Seey €20Uu;(e)? < 3500% and ||luj| < 10, where Ao = 2.4 - 107° and d(e) is the
£ distance between the midpoints of e and j;

(iii) De(n, ) holds for every o € (0,1) and every even n > 2-10'°/a, at every b > 0.

Proof. (i) Let H be the matrix of vaﬂ(dgo)g on RV and B that of the averages Vj, ,
y € W, restricted to V. By Theorem 12.4 with this W, H > é on ker B, so the density is
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that of a non-degenerate Gaussian on the affine set, its covariance is b~! times the inverse
of H on ker B, and its mean m minimises the quadratic form on the affine set. The mean
is affine in (n,v), and two exteriors that differ at j give translates by u;, which minimises
Q(u + 0;) subject to Bu = g, g being minus the coefficients of j in the averages. The
translation argument of Proposition 11.3 gives CY,; = |[u;[1.

(ii) The pair (uj,y), with y the Lagrange multipliers, solves K (u;,y) = (f, sg) with K as
in Lemma 12.6, s = 96 and f = —_ -.(dd;), dp|v, where dp|y is the row of the plaquette
p restricted to V. Each link lies in six plaquettes of four links, so the row sums of |H]|
are at most 24 and h < 24; |f| < 61/3; and |g| < 1, since an exterior link enters at most
one average of W, with weight 1g- By Lemma 12.3(iii) each average has squared norm at
least 8 - = = ¢, two averages share links only if they are (y, ) and (y £ ey, 1), and then
256 32, so BBT > 5 L ¢ by Gershgorin’s theorem. With
5—2, Lemma 12.6 gives ||[K || < My = 105. The rows of K have absolute sums at most
S = max(24 + 986,96 2) = 192, because an average has eight coefficients 5 and sixteen of & 16
and a link enters averages with total weight at most %. Index the rows of B by the centre
2y + %(1, 1,1,1) + e, of the two blocks of the average and put d equal to the £*° distance to
the midpoint of j. Links of one plaquette, and an average and its links, are within distance
one, so Lemma 12.7 applies with A\ = log(l + 1/40320) > Ao, and

262’\d < (2Moe (| f] + slg]))? < 35002,

their i 1nner product is at most 8 -
a =

since f and g live at distance at most one from j. At most 4(64k® + 16k) links have their
base at £*° distance k > 1 from the base of j, and their midpoints are at distance at least
k — 1, so Cauchy—Schwarz gives

ujl1? < 35007 - 4e® (14 37 (64k% + 16k)e= M) < (102,
E>1
(iii) Cy.. ; = 0 unless j shares a plaquette with V, or enters an average of V., which forces

the base z of j into z + [~1,n + 1]*, while z ¢ z + [0,n)* when j ¢ V,.. For each coordinate
at most 5§ + 2 even x; satlsfy the first condition and exactly % the second, so

n 4 ny\4 17
c n o (n 14 14
ch((2+2) (2) )10 < —10MN,
for n > 104, which is at most «lNV,, when n > 2 - 1015/a. O

The constants are crude. The computations of [50] give Cy,; < 12.48 at n = 4, and an
exact face expansion KS/N,, = a./n + O(n~?) with max.a, = 61.18, so that D.(n,0.95)
first holds at n = 64; they are floating-point values, reproduced in the archive for n < 4, and
the theorem does not use them. The coefficients are large because the constrained responses
obey no maximum principle: an exterior link changes the curvature of up to six plaquettes,
and keeping the curvature small moves a dozen links inside the cube with alternating signs.
Re-weighting the classes does not help much: if > ;.\ > wer C‘C/l, ; < aNyw, for positive
weights w, where C‘C,/’j is the part of ||u;[/; on the links of the class ¢, then aN, is at least
the spectral radius of the non-negative matrix of these sums, hence at least min, K, by the
Collatz—Wielandt inequality [50].

The block averages can be integrated out one scale at a time. For a field v on the
coarse links put Q1 (v) = 3 p(dv)% over the plaquettes P of the coarse lattice, and write
V(p) = (Vyu(®))y,u- The averages of averages are formed in the same way on the coarse
lattice, and V) @ denote the k-fold averages and the plaquette form of the lattice of
spacing 2F.

Proposition 12.9. Let ¢ be a finitely supported field on Z* that vanishes on the tree links.



72 D. BHATTACHARJEE, U. BHATTACHARYA, J. M. LOCKWOOD, AND T. ROMANOV

(i) For the coarse plaquette P at y in the plane {u,v}, 16 (dV(p))p is the sum over
x € B(y) of the curvatures of the squares of side two spanned by x, x+2e,, x+2e,, and
every plaquette of Z* lies in exactly four of these squares. Hence Q1(V(p)) < Q(p),
and Qr(V®(p)) < Q(p) for every k > 1.

(ii) For every finitely supported v on the coarse links, the field ¢*(v) equal to vy, on the
eight links (x,p), © € B(y), o, = 1, and to zero on the other links, vanishes on the
tree links, has V(¢*(v)) = v and Q(¢*(v)) =4 Q1(v).

(iii) The effective form Si(v) = inf{Q(p) : V() = v} satisfies Q1 < S1 < 4Q1, and
Sp(w) = inf{Q(¢) : VI (p) = w} > Qr(w) for every k, the infima over finitely
supported fields that vanish on the tree links.

(iv) For every k, every set W of blocks of the lattice of spacing 28 and every w in the
space @y of that lattice, ., w2 < 52 Sk (w).

Proof. (i) The path of length two from = € B(y) in the direction p ends at z+2e,, € B(y+e,),
at the same offset, and so on around the square; so the four averages of (dV)p pair the
sixteen paths into sixteen closed squares, and the sum of ¢ around a square is the sum of
the curvatures of its four plaquettes. A plaquette at z in the plane {u, v} lies in the square
from x exactly when z —x € {0,1}e, + {0, 1}e,, which gives four points z, each in one block.
By Cauchy—Schwarz, (dV)% < % S 2 < % >z 2pcil, (d(p)%, where £, is the curvature of
the square from x; summing over P gives Q1(V(¢)) < Q(¢). The argument uses neither
the tree links nor the spacing, so it applies on every lattice, and induction gives the bound
for V&),

(ii) The tree links have o, = 0. By Lemma 12.3(iii) the average of ¢* is £ - 8vy,. A
plaquette inside a block has only links with o, = 0 in its direction p, and so vanishes. A
plaquette at z in the plane {y, v} with o, =1, 0, = 0 has the two links (z, 1), (x + ey, i)
of the same block, both equal to vy ,, and two links with offset zero in the direction v; its
curvature vanishes, and so does that of the plaquettes with o, =0, 0, = 1. If 0, = 0, = 1,
its four links carry vy ., Vyte,,vs Vyte, u> Uy, SO its curvature is (dv)p, and there are four
such plaquettes for each P.

(iii) The lower bound is (i) and the upper bound is (ii); for Sy apply (i) to the k-fold
averages.

(iv) Theorem 12.4 holds on every lattice, so >, w? < 52 Qp(w) < 52 Si(w) by (iii). O

In the Bloch decomposition the eigenvalues of S; relative to @ fill [1,4]: they tend to one
as the momentum tends to zero and equal four at (m,,0,0), a floating-point computation
reproduced in the archive. So at this order the averages carry the coarse quadratic form
with no loss at long wavelengths; the coupling does not run here, and its running is the
order-g? effect of Remark 12.19(c). Part (iv) is a gap for the averages at every scale, with
the constant of Theorem 12.4; it does not give the localisation of Theorem 12.8(ii) for Sk,
since Sk is not a nearest-neighbour form.

The effective forms are equivalent to the coarse plaquette forms uniformly in the scale.
Write L = 2¥ and By(y) = Ly + {0,..., L — 1}*.

Lemma 12.10. (i) For every k > 1, every coarse link (y, 1) and every field ¢,

1 L—-1

k

Vi@ =21 20 D Clartenm-
€ By(y) 1=0

ii) For a function h on sites, =h Y —h y+e,), w ere h y) 15 the mean o

For a f h V%) (dh) = h(y) — h(y + e,.), where h h fh
over B (y).

(iii) Sy(w) equals the infimum of Q(p) over all finitely supported fields with V*) (p) = w,
whether or not they vanish on the tree links.

Proof. (i) For k = 1 this is the definition. If it holds for k, then Vy(,]z + Vy(,]?emﬂ is L4

times the sum over x € Bi(y') of the sums of ¢ along the straight paths of length 2L
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(a) nodes at the block centres (b) the filter in one direction

path of length L from z
—

modulus of the filter symbol

= centres: 3+ lcosf, every L Sao
c—1 ) c1 0.2 1 == coarse sites, L =4 N
block B(0), L=4 « coarse sites, L =16
0.0 T
0 /2 ™

0

FIGURE 13. The extension of Theorem 12.12 along one direction. (a) A
block of side L = 4: the nodes are the block centres c,, the hat functions A,
interpolate between them, and the straight path of length L from a site x
meets the segments of three centres; averaged over the block, their weights
are %, %, % at every scale. (b) The symbol of this filter stays at least %, while
the filter obtained with the coarse sites as nodes has symbol of modulus 1/L
at 0 = .

from x, because Bi(y' + e,) = Bi(y') + Le,. The blocks By (y'), v' € 2y + {0,1}4, tile
Bi+1(y), and averaging over ¢’ with weight = gives (i) for k + 1. (ii) The sum of dh along
the path of length L from z is h(xz) — h(x + Le,); average over x € By(y). (iii) Let ¢ be
finitely supported. On each block B(y') of side two the tree links form a spanning tree
(Lemma 12.3(i)), so there is hg on B(y’) with (dho)e = —¢e on its tree links, unique up to a
constant, which we take to be zero where ¢ vanishes on the tree links of B(y'). Each By(y)
is a union of blocks of side two, since k > 1; adding a constant to hg on one of them makes
the mean over By (y) vanish, and this changes hg on finitely many blocks. The resulting A is
finitely supported, ¢ + dh vanishes on the tree links, Q(p + dh) = Q(¢), and V(k)(dh) =0
by (ii). O

The extension uses the lowest-order Whitney forms of the coarse cubical complex whose
vertices are the centres

c.=Lz+51(1,1,1,1), z e 74,

of the blocks By(z), rather than the coarse sites. Let A(t) = max(0,1 — |¢]), let x* be
the indicator of {£¢ € R* : ¢, , < £, < ¢, + L}, and N4(€) = A((& — ¢20)/L). For a
square-summable field u on the coarse links put

1
z vEW

1
(M) () = /0 wy(z +tey) dt.

Figure 13 shows the construction along one direction.

Lemma 12.11. Let k > 1, u a square-summable field on the coarse links, and let T act on
each component of u by T = T17a7374, where (1,f)(2) = 3f(2) + §(f(z —en) + f(z + €)).
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(i) For the plaquette p at x in the plane {u, v},

1,1
(dIlu), = / / Qu (x4 se, + tey,) ds dt,
00

1
Q,ul/ = 72 Z(du)z,uu XEXY H A,
z pPFY
where (du), ., s the curvature of u at the coarse plaquette at z in the plane {u,v}.
In particular T1(db) is a gradient.
(i) Q(ITu) < Qk(u).
(iii) V) (u) = Tu.
Proof. (i) The function w,, is continuous and piecewise linear in every coordinate &,, v # p,
and w, in §,. Hence

1
(dlu), = /0 (wp(x + tey) —wy(x + e, +tey))dt

1
+ / (wy(z + ey + tey) — wy(x + tey))dt
0

is the integral over the unit square of d,w, — d,w,, which exists almost everywhere. Since
O = %(Xg—eu —x*#) and x¥ and M\, p # u, do not change when z is shifted by e, a shift
of the summation index gives

Ouwy = % Z(u(z+eu,l/) - u(z,u))XgXZ H A,
z pPFEMV
and the same with y, v exchanged. The difference is ,,,, with (du), ., = U(zp) T Uzte,w) —
U(z4e, ) — U(zp), the sign convention of the fine plaquettes. If u = db then Q2 = 0, every
curvature of ITu vanishes, and Ilu is a gradient.

(ii) By Cauchy—Schwarz, (dHu)g is at most the integral of QZV over the unit square of p.
At a point & exactly one pair (z,,2,) has x#x% = 1, and the hat functions form a partition of
unity, >°. . AZAZ =1 for {p, o} the other two directions; so 2, < L= Do NOXY (du)? ,,, -
Summing over the plaquettes of the plane {u,v} integrates over &,,§,, which gives the
factor L? for each pair (24, 2v), and sums over the integers z,, z,. Since ¢, , — x, lies in

Z+ 3, Dz, N = 22?;01(1 - #) = L, and the same for 0. So the plaquettes of the
plane {y, v} contribute at most L=%- L2 L2 (du)?

N

(iii) By Lemma 12.10(i), y(i)(Hu) is the mean over + = Ly + s, s € {0,...,L — 1}4
of fOL wy(x + tey)dt. The term of u, , in it is a product of a factor of the coordinate u
and one of each v # u, and the mean over s is the product of the means over the single
coordinates. Put § = s, — % The interval [x,,x, + L) meets [c. 4, c;, + L) in length
L — 6] if 2z, = yu, in max(0, —0) if z, = y, — 1, in max(0, §) if z, =y, + 1, and not otherwise.
As Lis even, > [0| =2 Zfﬁ)_l(j +3) = %2, so the means of these lengths divided by L
are %, %, %. For v # p put § = s, — %; then \Y(x) is 1 — |d|/L if z, = y,,, max(0,F0)/L
if z, =y, F 1, and zero otherwise, with the same means. The product of the four means is
the coefficient of u(, ) in (Tu)(y, .- O
Theorem 12.12. For every k > 1 and every finitely supported field w on the links of the
lattice of spacing 2F,

Qr(w) < Sk(w) <256 Qr(w).

Proof. The lower bound is Proposition 12.9(iii). The operator 7" of Lemma 12.11 is a
convolution, the same on every component, so it commutes with d; its symbol is HV(% +
1 cosf,) > &, so it is invertible on square-summable fields with || 77!|| < 16. Let u = T~ 'w.
By Lemma 12.11, V) (TTu) = w and

Q(Mu) < Qi(u) = [T~ dwl* < 256 Qk(w).
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It remains to replace Ilu by a finitely supported field. Let ur be u on the coarse links with
base in [~R, R]* and zero elsewhere, and egp = w — Tug = T'(u — ug), which is finitely
supported and tends to zero. Let ¢ equal er(y, ) on the links (z, ) with x € By (y)
and x, = L — 1 modulo L, and zero elsewhere. Each straight path of length L from a site
of Bi(y) in the direction p contains exactly one such link of Bi(y), so V®) (1) = eg by
Lemma 12.10(i), and Q(vr) < 24|¢r||* = 24L3||eg]|?, since a link lies in six plaquettes
of four links. The field [lur + g is finitely supported, its k-fold averages are w, and
Q(Mug + ¥r)"? < Qr(ur)'/? + (24L3)'/?|eg||, which tends to Q(u)"/2. Lemma 12.10(ii)
gives Si(w) < Qp(u) < 256 Qk(w). O

So at every scale the averages carry the coarse plaquette form up to a factor at most
256, independent of k. The construction inverts the averages by a fixed convolution: the
filter (%, %, %) does not depend on the scale because the nodes are the block centres, and its
symbol is at least % With the coarse sites as nodes the corresponding filter is %5@ + %61,
whose symbol has modulus 1/L at § = 7 (Figure 13(b)). In floating point, on a grid of 12*
momenta, the largest ratio of Sy to Qk on curvatures is 3.9, 7.8 and 10.2 for k = 1,2, 3, and
the kernel of S}, decreases by the factors 0.17, 0.23 and 0.25 per coarse spacing; these values
are reproduced in the archive. The theorem gives no decay. The decay comes from an exact
formula for Sy in Fourier variables: in a Feynman gauge for the fine field the effective form
is diagonal in the six planes, and the pole of the fine propagator at zero momentum cancels
between numerator and denominator.

For t € C put Dp(t) = %Zf:_ol et and for ¥ € C* put ¥(9) = [[, D(9,), E,(9) =

en —1 and () = 3,(2 — 2cos®,). For an entire function f let ff(9) = f(1¥), so that
fft=|f)? on real arguments. For § € C* and n € {0,...,L — 1}* let 6" = (9 + 27wn)/L;
every function below is 27-periodic in each coordinate of 6™ and we take the real parts of
these coordinates in [—m, w]. Write ¥,, = (#¥#) (™), D,, , = (DLD%)(H(S”)), and put

Ay =UoDo,,  E=L%00), G, = A, +ér,,

=3 VaDus

o, L2e(6(m)
Y =3 [[ Do~
12.2 i
122 YeE Y e I A
o 0£JC{1,2,34\{o} red  r¢IU{o)
all functions of 6, and for a plane P = {\, p}
Kp= M.

Y

For L =1 these are G, =Y = Kp = 1. For a coarse field w let w(0) = 3_, e~"%Yw,, and let
Fp = (dw)p be its curvature in the plane P, a function of the coarse sites.

Lemma 12.13. Let v1,...,74 > 0, ' = diag(y,) and 0 # E € C*, and for P = {\, p},
A < p, let cp be the row vector with cpv = Exv, — E,vy. Then

TEET 1 .
Y BTE T BTE ZP:”% Pep:

Proof. Both sides are Hermitian. The diagonal entry (u,p) of the right side is
ZA;&H'VM’Y>\|E>\|2/E*FE7 which is v, — 'yﬁ]EMF/E*FE; the entry (u,v), p # v, comes
only from P = {u,v}, where cp has —F, in place p and E, in place v, and equals
—vuvwELE,/E*TE. O

Theorem 12.14. Let k> 1 and L = 2*.
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(i) The functions Kp are real-analytic, even, 2m-periodic and positive on R*, Kp(0) =1,
and for every finitely supported field w on the coarse links
do

Z/W 0) e

(ii) There aren > 0 and C < oo, independent of k, such that every Kp extends analytically
to {|Im6,| < n} and is bounded there by C.
(iii) Hence Si(w) = Trlyy Kp(y — ¥ )Fp(y)Fp(y') with real kernels Kp(y) =
)% [ Kp(0)e?Y df that satisfy |[Kp(y)| < Ce= M1 for every k.

Proof. Step 1: the form in Fourier variables. Let c,(q) = LY(q)Dr(q,). Lemma 12.10(i)
and the Poisson summation formula give, for every square-summable field ¢,

V(k)( _4ZCu n) ) @u(0 ))7

with ¢(¢) = ¥, e 9%p,. Write 2, = ¢(#™) € C* and e, = (ez‘efﬁ) — 1), so that
len|? = £() =: ¢,,. By the Lagrange identity the plaquette form at the momentum 6 is
enl|zn|? — |exn|?, and the Plancherel formula gives

)= [ LSkl = leial) gy

Since LDy (t)(e? —1) = et — 1 and Lo = ¢ | the averages map the gauge direction at
every alias to the coarse gauge direction: ¢, (0)(e,), = ¥(0™)E,(6). For |t| < /L we
have | Dy (t)| = |sin(Lt/2)|/(L|sin(t/2)]) > 2/7, so ¥(0O)) #£ 0 for real 6.

Step 2: the minimum at one momentum. Fix real 6 ¢ 27Z%* then E = E(#) # 0 and
every e, > 0. Let z € C*. Minimising L™*Y",, &, |yn|? under L™, ¢, (00) (yn), = 24
separates in u, and the Cauchy—Schwarz inequality gives the minimum }°, |z#|2 /a,., attained

at (Yn)y = Zum/(anau), where
o2 a
=L lea@™)F _ s
R P

If = satisfies the constraint with right side (), write x, = x1 + Bhe, with efxl = 0.
Then L4, (enlan|? — leian|?) = L4, en|zL|?, and by Step 1 the vectors x! satisfy
the constraint with right side w(6) + tE for some ¢t € C. Hence the plaquette form at 6 is at
least

|, +tE? FEE*T
— b = r—

et Z a, (- Frg)®
with I' = diag(a;l). Conversely, take t optimal, y optimal for z = W + tF, and replace yq
by yo — feo with 3 = L*/T(#(©)): the constraint becomes (6) and the plaquette form
does not increase, since eg is a gauge direction. By Lemma 12.13 the minimum is

Z LSNP MW _ [l,¢pas
BrE PO ETE 3, |Es? [T 0r

We multiply numerator and denominator by &% and expand @, = A, + ér,. The terms
without r add up to W3], Do+, |EU|2/D070, and |E,|?> = L2D07a\ei‘9(<fo> — 1)2 by the
identity of Step 1, so they equal £ W3 [, Do.r; every other term carries a factor €. So the
denominator is €Y', the numerator & [[,¢p Gy, and the quotient is Kp(6). Since |cp| = |Ep|,
the minimum at 0 is 3. p Kp(0)|Fp(0 )|2

Step 3: integration. Integrating the lower bound over 6 gives Q(¢) > Yp [ Kp|Fp|?
for every square-summable ¢ with V(¥)(¢) = w. The minimisers of Step 2 are bounded
by a constant times |[@(0)|: for n # 0 because e, > 4/L? and a, > A,/é for n =
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0 because |c,(09)|/(s0a,) < L3/A,; and |t||E| < |é|(maxy/min )Y/ by the Cauchy-
Schwarz inequality for the inner product I', while |eg| < |0]/L < 5|E|/L. Here A, > (2/m)'°,
and v,,/v, = @, /a, is bounded because the a are continuous and at least A. So the minimisers
define a square-summable field ¢* with V*) (p*) = w and Q(¢*) = Y.p [ Kp|Fp|?. Since
V*) and Q are bounded on square-summable fields, truncating ¢* and correcting with ¥
as in the proof of Theorem 12.12 gives finitely supported fields with the same averages and
plaquette forms tending to Q(¢*), and Lemma 12.10(iii) gives (i) for Sg. The functions are
even since |Dy|? and € are, and positive since @, > A, >0 and Y > W3 [[, Dy, > (2/m)*
on R%, all other terms of (12.2) being non-negative there. At § = 0, ¥y = Dy, =1 and
£€=0,s0 Kp(0) =1.

Step 4: the strip. Let [Im6,| < 1 ,and for n let s = LO™ so |Res,| < wLand [Ims,| <
For ¢ = x + iy with |z| < 7, |e% — 1\2 (e7¥ —1)2 +2e7Y(1 — cos ) > e“y|%x2, S0

Duta)] < min e, )

for |Im ¢| < 1/(2L), where ¢; = (e!/? + 1)61/‘% < 5.35, and the same holds for DﬁL. Also
Re(2 — 2cosq) > (2 — 2cosz) — 2(coshy — 1), so Re L?(6(™) > %|Re s|> —1.2. For n # 0
some |Re s,| > 7, and then |L2(#™)| > 0.28 |Re s|>. Writing s = 6+2mm with m € Z*\ {0},
|IRe s, | > m|m, |, and

10 4 .
|TU|_O287TQZHf 028 2(3> <2.2-10%

with f(0) = 1 and f(j) = 1/(7j)?. The r, are finite sums of functions analytic on the
strip, since no £((™), n # 0, vanishes there. Further |A,| < €, |&] < 4(7% + 1)et/2 < 70
and |E,E}| < (e/? +1)? < 7.1, so on the strip |Y| < M = 10% and |d,| < 1.6 - 10,
uniformly in k. By the Cauchy estimate on discs of radius 1 7 in each variable, |0,Y| < 4M
where [Im 6| < 1, so [Y(0) — Y(Re0)| < 16nM < 1(2/7)3? for [Im6,| < n = 10736, There
Y| > 3(2/7)3%, Kp = [lo¢p Go/Y is analytic, and |Kp| < C =102, which is (ii). Moving
the contour of each 0, to Im 6, = £n, according to the sign of y,,, gives (iii); the kernels are
real because Kp is real and even. O

1
3

The proof makes 7 explicit but very small. In floating point the kernels decrease much
faster: max |[ICp(y)| over |y|1 = d falls by factors 0.17, 0.24 and 0.26 per unit of d for
k = 1,2,3, the largest value of Kp on R* is 4.4, 8.7 and 11.3, and its smallest value is 1,
attalned at = 0 (Figure 14); these computations are reproduced in the archive. Each Kp
is a Riemann sum in n of a function of 6 + 27n, so the kernels have a limit as k — oo; the
theorem does not use it. Uniform decay of the propagators of the averaging operations of
lattice gauge theories is the subject of Balaban’s work [5]; here the hard constraint and the
Feynman gauge make the effective form itself explicit. Together with Theorem 12.12, the
effective forms of the quadratic approximation are equivalent to the coarse plaquette forms
and local, with constants independent of the scale.

Lemma 12.15. Let (X,dx) and (Y,dy) be Polish spaces, p,p’ Borel probability measures
on'Y, and k, k' probability kernels from'Y to X, all with finite first moments. If W1 (k(- |
v), k' (- | v)) < e and Wi(K'(- | v), k(- | V")) < dy(v,0") for all v,v', then the miztures
m = [k(-|v)p(dv) and 7" = f/f’(- | v) ’(dv) satisfy

Proof. Let F' be 1-Lipschitz on X and K,F(U) = dem(~ | v). Then [Fdr — [Fdr' =
[(kF — K'F)dp+ ([K'Fdp— [K'Fdp). The first term is at most . The function x'F
is 1-Lipschitz for dy, so the second is at most Wld Y(p,p'). The Kantorovich-Rubinstein
duality gives the claim. O
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(a) Kp, P={1,2}, k=3

(b) kernel of Kp (floating point)

—— k=1
100 4 —— k=2
—o— k=3
_ -1
= 10
=
2
é 10—2_
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FIGURE 14. The effective forms of Theorem 12.14. (a) The multiplier Kp
for the plane P = {1,2} at k = 3, as a function of (03, 6,) with 6; = 65 = 0;
it equals 1 at # = 0 and stays bounded. (b) The largest value of the kernel
IKp(y)| on |y|1 =d for k =1,2,3, in logarithmic scale: the decay per coarse
spacing hardly changes with k.

A law v on RV decomposes along the averages if v(- | n) = [~5(- | n,0) py(dv |
n), with py(- | 1) the law of (V, .)yew. Every law with density proportional to
exp(—3 anvﬂ(dnp)}%) g(V(g)), on a set cut out by conditions on the averages, decom-
poses in this way, because Lebesgue measure disintegrates along the fibres of a surjective
linear map into multiples of Lebesgue measure on the fibres. Here g can carry any action of
the averages, in particular a coarse gauge fixing and a coarse effective action, which is the
form a law takes after the fine scale has been integrated out.

Corollary 12.16. Let r, € RV minimise mev;é@(dga)g, with zero exterior, subject to

Vi (Tw) = O ey for all (Y, 1), y' € W put Ly, = |[rwll1 and dp(v,v") = 32, Lup|vw —
vl,|. For every law that decomposes along the averages,

W ) o

ot = up WAV C [opr (1)
’ nj —

the supremum over exteriors that differ only at j, and Ly, < 4-10'%. Hence K, < KS + KP

with K =3 icav C&j, and if K < §Ny, for every class andn >4 - 10% /v, then D(n, )

holds for the law, with the 49 classes of active links.

P
Oy < C%; +CL,

)

Proof. Apply Lemma 12.15 with & = ~{.(- | n,-), & = | 7,-), p = pv(- | 1), p' =
pv (- | n'). The first condition holds with e = C¥, ;|n; — n;|. By Theorem 12.8(i) the laws
Y (- | ', v) and A/ (- | ', v") are translates by Y, (v, — V)T, so their distance is at most
dr(v,v"). For the bound on L, the pair (ry,y) solves K (ry,y) = (0,se,) with K as in
the proof of Theorem 12.8. Measure d from the centre of the row w; Lemma 12.7 gives
> ePer, (e)? < (2Mps)? = 201602, With 29 = 2y + e, for w = (y, u), a link whose base
is at distance k from zy has its midpoint at distance at least &k — 1 from the centre, and
the count in that proof gives L2 < 201607 - 4e** (1 4 3451 (64k3 + 16k)e=2F) < (4-1014)2.
Summing over the translates as in Definition 10.1 gives K. < K$+ K?, and Theorem 12.8(iii)
with /2 in place of a gives K¢ < §N,. O

The responses are much smaller than the bound: in floating point, max,, L,, is 23.8,
44.1 and 50.9 for the block (m,m,m,m), m = |n/4], of the cubes n = 4, 6, 8. Since
Theorem 12.8 controls the first term at every coupling, the corollary reduces D(n,a) for a
law that decomposes along the averages to the cube condition K¥ for its averages, a problem
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of the same form one scale up, in the metric dy,. Iterating it needs Theorem 12.8 and the
corollary with Si in place of the plaquette form, which Theorem 12.18 below gives with
constants independent of k, and ends in a cube condition for the coarsest averages, which
is where a gap has to come from: the quadratic approximation describes a massless field
and has none. The corollary is one step of the composition of Remark 12.19(a), not its
conclusion.

On the lattice of spacing 2* the blocks, the tree links, the active links and the averages
are those of Definition 12.2, and after k steps the averages of the quadratic approximation
carry the form Sy. Let (Sg) be its matrix, Si(w) = 37, , Sapwawy for finitely supported w,
and d(a,b) the £>° distance between the midpoints of the links a and b. Each link lies in six
plaquettes of four links, and the midpoints of the links of the plaquettes at y and v are at
distance at most |y — y'|1 + 1, so Theorem 12.14(iii) gives, for every non-decreasing ¢ > 0,

(12.3) Z |Sap| B(d(a,b)) < 24C > e MM g(|2]1 + 1),

2€74
with C' and 7 of that theorem. In particular ), Sqpns converges for every bounded field 7.
For n, V, W as before, a bounded exterior n and values v, let W‘C/k( | n,v) be the law on
RY with density proportional to

exp(—f( Z Sapwewp + 2 Z S, bwanb)>

abeV a€V, bgV
on the affine set {V,, ,(w) = vy ,, y € W}, the conditional law of the Gaussian with the

form bS), given the exterior and the averages. Define C’{:/”I;, K&k D¥(n,a), r& and LY as
in Theorem 12.8 and Corollary 12.16, with Si in place of the plaquette form; for k = 0 they
are the former ones.

Lemma 12.17. Let K be an invertible symmetric matriz indexed by a finite set X, with
|K=Y| < Mg, and let d: X — R and X\ > 0. If 3 | Kqp| (MU =4O — 1) < ﬁ for every
a, then ||eMK~te™|| < 2Mj.

Proof. M Ke™ = K + F with |Eg| < |Kgp|(eN4@=4®I — 1) a symmetric bound, so
|E| < ﬁ by the Schur test, and the proof of Lemma 12.7 applies. O

Theorem 12.18. Let A\; = 1072, For every k > 1, every b > 0, every even n and every
exterior link j:

(i) ’y‘cfk( | 7,v) is a Gaussian law whose covariance depends on neither n nor v and
whose mean is affine in (n,v), an "= ||lujlli, where u; € minimises Sg(u+ 9,
h ] ' d CY% = |luj|l1, where u; € RY minimises Sy(u+0;
subject to Bu = g, with B and g as in Theorem 12.8;
(i) Seey eM19Ou;i(e)? < 10%0 and |uyll; < 1097e273/2 where d(e) = d(e,j) and
rj = mineey d(e); and Lz(f) < 10%8 for every w;
(iii) D¥(n,a) holds for every o € (0,1) and every even n > 10%%7 /a;
(iv) Corollary 12.16 holds on the lattice of spacing 2%, with Sy, in place of the plaquette
form, Lg]f) <108 and n > 2-10%7/a.

None of these constants depends on k or on b.

Proof. (i) Let H = (Sap)apcv. A vector w € ker B, extended by zero, lies in the space
Py of the lattice of spacing 2%, so Proposition 12.9(iv) gives (w, Hw) = Si(w) > z5|w[?
on ker B. The proof of Theorem 12.8(i) applies, the exterior entering through the linear
term Zb(?w SapMy; changing 7; by one translates the mean by the minimiser of (u, Hu) +
2> ey UaSaj = Sk(u+ d5) — Sk(d;) subject to Bu =

(ii) The pair (uj,y) solves K(uj,y) = (f, sg) with K buﬂt from H and B as in Lemma 12.6
and f = —(Suj)acv. Since Qr(w) < 24|w|?, Theorem 12.12 gives ||H| < h = 6144; take
s = 4h = 24576. The bounds of Lemma 12.6 for (h, s) are at most those for (24, 96), because
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|z1| and |f|/s decrease while h|z1| and h/s do not change, so ||[K~t|| < My = 105 as in the
proof of Theorem 12.8. Index the rows of B by centres as there. For ¢(r) = e\ — 1 < Are”
and A < n/2, (12.3) bounds the row sums of Lemma 12.17 over H by

24C Ae? Z(!zh + 1)e M= /2

2.5
< 240NM14+16-24€"2(2) ),

( (;))
since at most 8r® points have |z[;1 = 7 > 1 and Y ,5, e~ " < e"p!/aPt!. The entries
of sB' add at most £(e* — 1) and a row of sB gives 2s(e* —1). At A = \; the sums
are below 3 - 1074 < ﬁ, so Lemma 12.17 gives [eMIK~te~M4|| < 210. By (12.3),
|eMaf|| < 24CeM S, e~ =M1z = 24CeM coth? % <4102 and |[eM%sg|| < eMs/16,
which gives the first bound. The links with base at £*° distance m from the base of j number
at most 4(64m?> + 16m), with midpoints at distance at least m — 1, so

384e*  16e”
A _ —zd(e) 4e* (1 7
(@ =X <ter (14 T+ 75)

22

and Z(A\;) < 1084 As d > r; on V, the Cauchy—Schwarz inequality gives |lu;]|? <
103°0¢=M75 Z(\1). Finally (rq(uk), y) solves K(Tﬁ),y) = (0, sey); measuring d from the centre
of the row w, we get Y, 62’\1d(e)7”1(f)(e)2 < (210s)? and L < 210s Z(2M)1/? < 10%38.

(iii) The exterior links of a class have their bases at £> distance m > 1 from [0,n — 1]%;
at most 4((n 4+ 2m)* — (n + 2m — 2)*) < 128(n? 4 8m?) of them have distance m, and for
them r; > m — 1. With ¢ = /2, (ii) gives

3
e,k 607 2q (1" | 48
Kok <1097 - 12862 ( - q4),
which is at most aN,, = a(n/2)* when n > 10%?7/a.

(iv) The proof of Corollary 12.16 uses the plaquette form only through Theorem 12.8, the
translation property of (i) and the bound on L, which (i)—(iii) provide. O

The constants are poor because the strip of Theorem 12.14 has width 1073%; they are
checked in exact arithmetic in the archive. What the theorem adds is that none of them
depends on the scale: the constrained cube condition holds with one cube side at every

scale, and the weights Lgf ) of the metrics d 1, are bounded uniformly. It does not compose
the scales. The cube condition K¥ that Corollary 12.16 leaves at scale k concerns the law
of the averages given the fine exterior, in the metric dy, and it has to be turned into the
cube condition of the law one scale up; that step and the cube condition for the coarsest
averages are open, and in the quadratic approximation the coarsest averages carry a massless
Gaussian, so a gap has to come from beyond it.

Remark 12.19. Theorem 12.8 is the weak-coupling half of the constrained route at leading
order, and Theorem 10.4 cannot use it as it stands. Four steps remain, each an open
problem.

(a) Composition. D, holds the block averages fixed. A gap in physical units needs a
theorem that combines the constrained conditions at all scales with a cube condition
for the coarsest averages, in the place of Theorem 10.4. Corollary 12.16 is one step of
it, Proposition 12.9(iv) gives the gap at every scale, and Theorem 12.12 the equivalence
of S; and @ uniformly in k, Theorem 12.14 the locality of S; uniformly in k, and
Theorem 12.18 the constrained cube condition and the bounds on the weights L,,
at every scale with constants independent of k. Turning the cube condition for the
averages into that of the law one scale up, and a cube condition for the coarsest averages,
are open.



EXPLICIT LATTICE YANG-MILLS MASS GAP REDUCING THE CONTINUUM GAP TO ONE CUBES1

(b) Beyond the quadratic approximation. For the Wilson measure the block averages are
products of group elements along paths, their level sets are curved, and the Bakry—
Emery tensor of Section 6 is negative at large fields; Theorem 12.4 controls only the
small fields, and the large fields have to be split off as in Bataban’s analysis [7]. For
the straight paths between block roots the group-valued estimate holds for all fields
(Theorem 12.21), but that map does not compose across scales (Proposition 12.24), and
for every compact connected group no continuous covariant map treats the transverse
positions of a block alike (Proposition 12.25). The cut-off average of Theorem 12.27 is
coercive for all fields and agrees with the averages to first order, with constants for one
step; on torus-valued fields of small curvature it composes (Theorem 12.29), and for
every compact group it composes on fields whose curvature is small at every scale with
a small sum (Theorem 12.33); under the Wilson measure the remaining large fields
form microscopic clusters (Corollary 12.58), but the conditional estimate needed near
them is open. Away from them, on the fibres of the cut-off average, the Hessian of
the action along the fibre is at least )\(2—16 — cgk) at every background with plaquettes
at most x (Theorem 12.35), and on a convex chart of the fibre the constrained law
satisfies a Brascamp—Lieb inequality for large A\ (Theorem 12.37), and on a product
chart its covariances decay exponentially (Theorem 12.41), and the mass off that chart
is small on most fibres of the SU(2) Wilson measure (Theorem 12.44) and on every
fibre through a field with small plaquettes (Corollary 12.49), and on every fibre the
law concentrates near the least action of its regular fields (Proposition 12.51); the
remaining small-field steps are listed in Remark 12.55.

(c) Second order. Let by = 11N/(4872) for SU(N), t = 2bylog 2, and let g,,2 = g2 +tm
be the one-loop coupling m steps above a matching scale. Comparison with integrals
gives Y., <ar 92, =t tlog M + O(1) and ¥, gb, < 72/(6t%) [50]. A loss 1+ cg?, per
step therefore compounds to a power of M, and a step from one scale to the next has
to be exact at order g2, with that term absorbed into the running coupling and the
normalisation of the field, and remainders of order g*.

(d) Crossover and existence. The passage from weak coupling to the strong-coupling range
of Section 4-8 and the existence of the limit, (E), are untouched.

The renormalisation group needed for (a) and (b) is the ultraviolet half of (E), so the
constrained route places both residues on one construction.

12.2. Path blocks for the group-valued links. Remark 12.19(b) asks for estimates on
the actual group-valued links. They can be proved for a coarser block map, the straight
path between block roots, and this map exhibits the second half of the difficulty: it does not
compose across scales. A topological argument shows why no continuous map that treats
the transverse positions alike can take its place.

Let G C U(r) be a compact matrix group, 6(4, B) = ||A — B||us, which is invariant under
left and right multiplication, and work on the periodic lattice of side 2L with the block tree
of Definition 12.2, all fifteen tree links of each block equal to I. Write B for the number of
blocks. The path map is

Vyg,u(U> = U2y+eu,u7
the product along the straight path from 2y to 2y + 2e,,, whose first link is a tree link; it
transforms as a link under the gauge transformations at the block roots. Fixing VP = v
fixes four of the 49 active links of each block, so the fibre is G*5, and the Wilson law in
the tree gauge restricts to it with product Haar measure as reference, since the tree gauge
has unit Jacobian. The reconstruction R(v) puts Raoyiou = vy, if 0 =1 and Royqo, =1
otherwise. For U in the fibre of v put

Dy(U)? =3 8(Ue, Re(v))?,  Q(U) =3 8(Up,I)?,
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the first sum having zero terms on the tree and path links, and let Q1(v) = > p d(vp, I)?
on the coarse lattice.

Lemma 12.20. For vectors z, of a real Hilbert space indezed by a € {0,1}3, with 2y = 0,

3+V7
ZHzaHZ < B Z Hza_za’”2 <3 Z ”Za—Za’HZv
a {a,a’} {a,a’}

the sums on the right over the twelve edges of the cube.

Proof. Tt suffices to treat real numbers. The right side is (z, Loz), where Ly is the Laplacian
of the cube with the vertex 0 deleted, and the claim is that its least eigenvalue is 3 — /7.
The permutations of the coordinates commute with Lg. On the functions fj of the level
k =la|, Lo acts by f1 — 3f1—2fa, fa > 3fa—2f1 — f3, f3 — 3f3—3fa2, whose characteristic
polynomial in t = 3 — X is t3 — 7¢; the eigenvalues are 3 and 3 + /7. On the functions of
levels one and two whose sum over each level vanishes, indexed by the coordinate that is
one at level one and zero at level two, Ly acts by the matrix ($31), with eigenvalues 2 and
4; at level three these functions vanish. The two spaces have dimensions 3 and 4 and span
R”. Finally 1/(3 —v/7) = (3 ++/7)/2 < 3.* O
Theorem 12.21. For every G C U(r), every L > 1, every v and every U in the fibre of v,
D,(U)? < 224Q(U).

Proof. Let Iy be the sum of §(U,, I)? over the active links inside the blocks and .Jy the sum
of §(Ue,vy,)? over the links that leave B(y) in the direction u, so D2 = Iy + Jy. For an
active link inside a block, the chain of plaquettes in the proof of Theorem 12.4 applies to
group elements: each plaquette of the chain has its two transverse links on the tree, so the
holonomy is the product of two consecutive links of the chain, and invariance of § with
the triangle inequality gives d(Ue, I)? < kY, 8(Up,, I)? with k < 3. The loads are those of
that proof, so Iy < 8Qin. Fix y, 1 and label the eight links leaving B(y) by the transverse
offset a € {0,1}3; the link a = 0 is the path link and equals v, ,. For a transverse edge
{a,a’} the face plaquette has holonomy U,'U 4~ with 1,7 links inside the two blocks,
50 0(Ua, Uq) < 6(Up, I) +6(p, I) +6(¢',I). Lemma 12.20 with z, = U, — vy, in the real
Hilbert—Schmidt space and Cauchy—Schwarz bound the eight terms by 9 times the sum of
the three squares over the twelve edges. Each face plaquette occurs once, and each link
inside a block occurs once for each of the three directions other than its own, as in the proof
of Theorem 12.4. Hence Jy < 9Qtace + 271p and D2 < 281y + 9Qface < 224 Q. O

The bound holds for all fields, with no small-field condition and no logarithmic chart;
Theorem 12.4 is its linearisation for the averages, with the better constant 52.
Proposition 12.22. Q;(VP(U)) < 4Q(U), Q(R(v)) = 4Q1(v) and Q(U) < 8Q1(v) +
48D, (U)? for U in the fibre of v; if Q1(v) = 0, then Q(U) < 24D, (U)2.

Proof. The holonomy of a coarse plaquette is that of the square of side two at 2y, a
product of four conjugated fine plaquette holonomies, so §(vp, I) < 37, p 0(Up, I); these
squares tile each coordinate plane, which gives the first bound. In R(v) only the plaquettes
with offset one in both directions carry holonomy, equal to that of the coarse plaquette,
four for each P. For any plaquette, telescoping gives §(Up, Rp) < > .c, 0(Ue, Re), s0
§(Up, I)* <26(R,, I)?+8 D ecp 0(Ue, R.)?, and each link lies in six plaquettes. If Q1(v) = 0,
every R, is I and the factor 2 is not needed. U

Let m = 458, let the action be A\Q with A > 0 (for SU(N), A = 5/(2N) up to a constant),
and put
walt) = [0y Zyw) = [ e,
G m

20The constant (3 +/7)/2 is attained by a function of the level |a| alone, so it is the best constant in the
lemma.
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with normalised Haar measures, the integral over the fibre of v.

Theorem 12.23. For every v,
DN (ABN™ < Zy(v) < e AW B2 (0 /a48)™,
and if Q1(v) = 0, then 2g(24\)™ < Z\(v) < zg(A/224)™. Let Ay = z2g(A\/448)/2c(24)).

Under the conditional law at such a v,

EAP0/4M8 < g B (UL, I)? < 20160

log A)\

for each link e when v = I, and Ay — 1075292 as X — oo if G has dimension ¢ > 1.

Proof. By Theorem 12.21 and Proposition 12.22, @ > $(D2/224 + Q1 /4) and Q < 8Q1 +
48D2. Each term of D? involves one free link, and right multiplication by R.(v)~! preserves
Haar measure, so [ e tP5dU = 25 (t)™; this gives the two bounds, and the flat case is the
same with Q < 24D2. Next, —AQ + AD?/448 < —\D? /448, and integration with the lower
bound gives the exponential moment; Jensen’s inequality gives ED? < (448m/)\)log Aj.
When v = I the law is invariant under translation by blocks, so the B links of each of the
45 classes have equal expectations, and 448 - 45 = 20160. Finally, in exponential coordinates
5(eX,1)? = | X||? + O(]| X||*) and the Haar density is smooth and positive at 0, while §(-, I)
is bounded below away from I; so zg(t) ~ cgt~%/?, and the ratio at \/448 and 24\ tends to
(24 - 448)9/2. 0

So the fluctuations of the free links around a flat path field are of order A~'/2 uniformly in

the volume, for the group variables themselves. The path map cannot be iterated, however,
and this is where it differs from the averages. Write VP* for the k-fold path map, the
straight path of length s = 2% and Q. for the plaquette energy of the lattice of spacing s.

Proposition 12.24. On the periodic lattice of side 3s, s = 2F, there are SU(2) fields in the
tree gauge with
Q(U) Lo T _ T2
. w\F) o<
Qr(VPE@)) ~ 7T 25 = 4s
For the averages, by contrast, Qk(V(k)(go)) < Q(p) for every k in the quadratic approximation
(Proposition 12.9(i)).

Proof. Let T = diag(im/2,—im/2). Put the s/2 links in the direction 0 at (4,0,0,0), j odd,
7 < s, equal to e2T/s and all other links equal to I. These links have offset one in the
direction 0, so the tree gauge holds, and the links at even j are tree links. The path from 0
to seg carries el and every other path carries I, so one coarse link is e”, and it lies in six
coarse plaquettes, each with 62 = ||l — I||?q = 4: Q) = 24. No fine plaquette contains two
of the changed links, since the two links of a plaquette in the direction 0 differ in a transverse
coordinate, so there are 3s nonzero fine plaquettes, each with §° = 8sin?(7/2s), and
Q = 24ssin?(7/2s). Gauge covariance of the path map makes the ratio gauge invariant. [

A field concentrated on one thin path carries a coarse curvature of order one at a fine
cost of order 1/s. In the averages it is one transverse position among s and enters with the
weight s, which is why the averages compose and the paths do not. The two properties
needed for Remark 12.19(a) and (b) are therefore held by two different maps: the paths
give a global estimate for the group-valued links on fibres that do not compose, and the
averages compose on linear fibres that exist only in the quadratic approximation.

A block map with both properties cannot treat the transverse positions alike and be
continuous, for any compact connected gauge group. Let s = 2F and let V be a map of
the links with both ends in B(y) U B(y + e,), blocks of side s, to G. Call it covariant
if V(U") = hyV(U)hy* for every gauge transformation h equal to hy on B(y) and to hs
on B(y + e,), and normalised if V(I) = I. The path map and its iterates are covariant,
normalised and continuous. Let T be the set of the s® links in the direction p from B(y) to
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B(y + e,), and for u € GT let U(u) carry us on the link t € T and I on every other link
(Figure 15). Let S C G be a maximal torus, of dimension ¢; a basis of the kernel of its
exponential map identifies S with (R/27Z)¢ and its first homology with Z°.

Proposition 12.25. Let G C U(r) be a compact connected Lie group of positive dimension,
let V be covariant and normalised, and let F(u) = V(U (u)) be continuous on GT. Then F
maps ST into S, and the integer matrices Wy by which the maps uy — F(u), uz € S, uy = I
fort' #t, act on H{(S) = Z° satisfy

S Wi=1L.

teT

Hence some Wy # 0, so that the map us — V(U (u)) on fields equal to I off the link t is not
homotopic to a constant on S, and, if |T| > 2, no transitive group of permutations of T
leaves F' invariant. For G = SU(2), £ = 1, the Wy are integers adding up to one, and some
field equal to I off one link of T has V = —1.

Proof. The gauge transformation equal to g on B(y) U B(y + e,,) maps U (u) to U(gug™?),
since the links equal to I stay I, and the one equal to g on B(y) and to I on B(y + e,)
maps it to U(gu). So F(gug™!) = gF(u)g~! and F(gu) = gF(u), and with F(I) = I the
second gives F'(g,...,g) = g. If every u; lies in S, every g € S fixes u under conjugation,
so F(u) commutes with S; in a compact connected Lie group a maximal torus is its own
centraliser [38], so F(u) € S. Therefore F restricts to a continuous map f : ST — S.
The first homology of ST is Dicr Z*, the t-th summand coming from the inclusion of the
t-th factor with the identity elsewhere, so f acts on it by (x¢); — Y, Wiz, The diagonal
map S — ST acts by z + (z,...,z), and f composed with it is the identity of S because
F(g,...,9) = g. Hence >, W, = I,. If all W, vanished the sum would vanish, and a map of
tori that is homotopic to a constant acts by zero on homology. A transitive permutation
group preserving F' would make all W; equal to one matrix W, and |T|W = I, has no
integer solution for |T'| > 2. For SU(2), S is a circle through —I, and a loop of nonzero
degree in a circle is onto. U

For the path map, W; is the identity at the position of the path and zero elsewhere.
Averages of the path holonomies weigh the positions alike, so by the proposition they have
no continuous covariant extension to all of GT, for SU(N) and for every compact simple
group. Balaban’s averages are defined only on fields whose plaquettes are small, and the
large fields are split off [5, 7]. A block map with both properties for all fields is therefore
discontinuous or, like the path map, not invariant under the transverse symmetries of the
block. Theorem 12.27 below gives a continuous one whose departure from the symmetry is
confined to large fields.?!

The proposition leaves room for a map that treats the positions alike to first order and
breaks the symmetry only where the field is large. For a coarse link (y, ) and = € B(y) put

Pa: = Ux,qu—i-eu,ua
the product along the straight path of length two from x to = 4 2e,. In the tree gauge it is
the parallel transport from 2y to 2y + 2e, through = and z + 2¢,,, it transforms as a link
under the gauge transformations at the block roots, and P, = V;P,, since the first link of

that path is a tree link. Let g be the Lie algebra of G, || X]|| the Hilbert-Schmidt norm and
log the principal logarithm of unitary matrices without the eigenvalue —1.

Lemma 12.26. If g is unitary and 0(g,I) < 1, then |[logg|| < §0(g,1). If X is skew-
Hermitian, then 6(e*,I) < || X]||.
21That spheres and tori carry no continuous symmetric mean goes back to Aumann [2] and Eckmann [29];

the proof above is their homology argument in gauge-covariant form, with the links of the slice T as the
arguments of the mean and a maximal torus in place of the circle.
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FIGURE 15. (a) Two adjacent blocks B(y), B(y+e,) of side s = 4, drawn in
three of the four dimensions. The black segment is the straight path between
the roots, the coarse link of the path map. The blue links form the slice T'
of Proposition 12.25. The red links carry the field of Proposition 12.24: a
path whose holonomy is that of a coarse link of order one, at a fine energy
of order 1/s. (b) For SU(2), two coordinates of the torus (R/27Z)T of slice
fields with values in a maximal torus. The diagonal is pure gauge and is sent
to a loop of degree one, so the degrees W; of the coordinate loops add up to
one.

Proof. Let €%, |0;] < 7, be the eigenvalues of g. Then (g, 1)? = > 4sin?(0;/2) and
log g||? = > 932-. Each term of the first sum is at most 1, so |§;| < 7 /3, and 6/(2sin(6/2))

increases on (0,7) and equals 7/3 at § = 7/3. The second statement is |e? — 1| < || for
the eigenvalues of X. O

Let pg € (0,1] be such that logg € g for every g € G with §(g,I) < pg.2? Let
¢(t) = min{1, max{0,2 — 2¢}}, which equals 1 on [0, 3] and 0 on [1, c0), put

U) = ¢(pst max 6(Py, Pyy)),
Xy,u(U) (PG xeg(y) ( 2y))
and define the cut-off average

Xy,u(U -
(12.4) V;?#(U):Pdexp<yfé) > log(Py,'Py)),
z€B(y)

the exponential factor being I when x, ,,(U) = 0 (Figure 16). When every path is close to
the straight one it is the average of the sixteen paths taken in the chart at P,; when some
path is far from it, it is the path map.

Theorem 12.27. For every compact G C U(r) the cut-off average is continuous, covariant
and normalised, and the following hold, with ¢ = /3.
(i) If 6(Px, Pay) < pa/2 for every x € B(y), then Vi ,(U) = Py exp(15 >, log(P{ylPx)).

For ¢ with values in g, vanishing on the tree links,

Vi (%) = T+t V,u(p) + O(t?),

22The exponential map of GG is a diffeomorphism from a ball of g of operator-norm radius less than 7 onto a
neighbourhood N of I in G, on which it inverts the principal logarithm, and N contains {g € G : §(g,I) < p}
for small p > 0. For U(r) one may take pg = 1. For SU(N) one may take pg = min{1,5/v/N}: by
Lemma 12.26 the trace of log g has modulus at most v'N 7pg/3 < 27, and it lies in 27iZ. Some restriction
is needed: on the circle {diag(z, 27)} C U(2) the point z = €>™/7 has §(g,I) < 1 but logg ¢ g.
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FIGURE 16. (a) A block B(y) of side two and the next block in the direction
1, drawn in three of the four dimensions. Green dashed: the tree links, equal
to I. Blue: the paths P, of length two from the sites of B(y), each joining
2y to 2y + 2e, through the trees; black: the straight path P, the coarse
link of the path map. The cut-off average is the mean of the sixteen paths in
the chart at P, while every path is close to it. (b) For SU(2) and one link
e?X .| X = diag(i, —i), the angle of V¥ when the link lies on the straight path
(black) or at another transverse position (blue), with pg = 1. Both equal
0/8, the block average, while y = 1; past the cut-off they are the path map,
0 and 0, so the slice windings are 1 and 0.

with Vi, the block average of Definition 12.2.
(ii) For every field U in the tree gauge,

Do D0 (P Py)? <896 Q(U),

S S(VEL(0), VEL(0))? < 56¢2Q(U),
Yylb
3" 8(Ue, Re(VE(U)))® < (448 + 896¢%) Q(U),

Qi1(VH(D)) < (8 +2688¢*) Q(U),

and 448 + 896¢? < 1431, 8 + 2688¢% < 2956.

(iii) In the setting of Proposition 12.25 with s = 2, W, is the identity at the position of the
stratght path and O at the seven others.

(iv) If U equals I except on one link from B(y) to B(y + e,), where it equals g with
3(g,I) < pa/2, then Vyﬁ#(U) = exp(s logg), at each of the eight transverse positions
of the link; the path map gives g at one position and I at the seven others.

Proof. Write P = Py, v, = P71P, and m = max, (v, I) = max, §(P, P). Where
m < pg, every logv, lies in g, depends continuously on U by Lemma 12.26, which keeps
the eigenvalues of v, away from —1, and the exponent of (12.4) lies in g, so V¥ € G. Where
m > pa, VE = P. As m increases to pg the exponent has norm at most xycpg — 0, so V¥ is
continuous. Let h be a gauge transformation equal to k1 on B(y) and to hg on B(y +e,).
The middle point x + e, of each path lies in one of the two blocks, so P, +— h1 P, hy L and
Vg = hovghy . § is invariant and log is equivariant under unitary conjugation, so y is
unchanged and V% — hlvﬁhgl. At U =1 every v, is I, so Vﬁ(I) =1.
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(i) The first statement is x = 1. If U = €' with ¢ = 0 on the tree, then P = I+tpoyte, ut
O(t?) and log vy = t(apu + Pate,p — P2y+e,n) + O(t?), and for small ¢ the condition of the
first statement holds. The mean over the sixteen z is t(Vy () — Y2yte, ) + O(t?), since
p2y,u = 0, and multiplying by P gives the claim.

(ii) In the tree gauge P = vy, = V;? (U). If o, = 0, then Uy, is the link leaving
B(y) at the transverse offset of x, and invariance of § with the triangle inequality gives
0(Py, P) < 0(Ugyp, I) + 0(Uszte, us Vypu); if 0, = 1, the roles of the two links are exchanged.
Each link leaving a block in the direction p occurs for two sites x of that block, and each
link in the direction p with o, = 0 occurs once for the block containing it and once for the
block before it. With (a + b)? < 2a? + 2b% and the notation of the proof of Theorem 12.21,
the sum is at most 2(2Iy + 2Jy) = 4D? < 896Q. Next, if y > 0, Lemma 12.26 and the
Cauchy—Schwarz inequality give

5(VF, P) < H% Zlogvx
T

C
< = 1
< 15 e

< S( o pp) "

and the second bound follows from the first, 896¢%/16 = 56¢%. The reconstruction R(V*)
agrees with R(v) on the links with o, = 0, and on the eight links with o, = 1 of each
block and direction §(Ue, V*#)? < 2§(U.,v)? + 26(V*, v)?; so the third sum is at most
2D?% + 16 - 56c2Q < (448 + 896¢?)Q. Finally, write V¥ = vM. Removing the four factors M
from the holonomy of a coarse plaquette one at a time changes (-, I) by at most 6(M, I)
each time, so (5(V£,,I)2 < 26(vp,I)* + 8% ycp (M, I)?. Each coarse link lies in six coarse
plaquettes, so Q1 (V) < 2Q1(v) + 48 - 56c2Q, and Q1(v) < 4Q by Proposition 12.22. The
numerical bounds use ¢ < 1.0967.

(iii) For s = 2 the slice T consists of the eight links leaving B(y), and the links inside
the blocks are I, so P, = u, for the transverse offset a of x, two sites for each a. Let ¢
be a position other than the straight path and uy = I for ¢/ # t. Then P = I, two of
the v, equal u; and the others I, so F(u) = exp(%xlog uy) with x = ¢(6(u, I)/pg). On S
the maps u; — exp(%xlog ut), 0 < X < 1, are continuous by the argument above and take
values in 9, since log u; commutes with S and the centraliser of a maximal torus in g is its
Lie algebra; they join F' to the constant I, so W; = 0. By Proposition 12.25 the W; add up
to the identity, which is therefore the matrix at the straight path.

(iv) At the straight path, P, = g for the two sites with transverse offset 0 and P, = I for
the others, so V# = gexp(—% logg) = exp(é log g); at another position, P = I and two of
the P, equal g, so V! = exp(%6 log g). U

The small-field part of (12.4) is Balaban’s averaging operation [6]; the cut-off extends it
to all fields with the bounds of (ii). The theorem shows how far Proposition 12.25 reaches.
The cut-off average is continuous, covariant and coercive for every field, and it agrees with
the block averages to first order. Its slice windings are those of the path map, as the
proposition demands of any such map, but the departure from the transverse symmetry
happens only where some path differs from the straight one by more than pg/2. Below
that the field of a single link enters with the weight % of the averages, whichever position it
occupies.

What the theorem does not give is composition. The constants of (ii) are those of one step,
and iterating them gives a factor that grows exponentially in the number of steps; on its
large-field branch the map is the path map, for which Proposition 12.24 rules out any bound
uniform in that number. Whether the k-fold cut-off average obeys Qr(V*#*(U)) < C Q(U)
and the corresponding coercivity bound with C' independent of k is open for general fields;
it is the form in which Remark 12.19(b) remains. Section 12.3 proves it, with C' = 1.001,
for fields with values in a maximal torus whose curvature stays small at every scale, and
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FIGURE 17. (a) In the torus, the coarse plaquette of the cut-off average
is the mean of the fluxes Fy,, of the sixteen fine squares of side two at
the offsets o (four of them drawn), whatever the gauge of the coarse links
(Lemma 12.28). (b) For the thin-path fields of Proposition 12.24, the coarse
energy after k steps: 24 for the path map, at most 1872/s? for the cut-off
average (Corollary 12.30); the fine energy is about 672 /s.

with C' = e!29607 for fields of any compact group whose curvatures at the successive scales
are small with sum o.

12.3. Composition across scales. This subsection proves that the cut-off average com-
poses across all scales on fields with values in a maximal torus whose curvature stays small,
which includes the thin paths that defeat the path map, and then that it composes for every
compact group on fields whose curvature is small, with a summable loss over the scales.

Let S be a maximal torus of G C U(r) and s its Lie algebra. The exponential maps s
onto 5, and its kernel A consists of diagonalisable matrices with eigenvalues in 2wiZ, so
every nonzero element of A has norm at least 2. For an S-valued field with §(U,,I) < pg
on every plaquette put ©, = log Up; it lies in g, commutes with S, and so lies in s. For a
fine site x and a coordinate plane {u, v} let O, be the square of side two at  in that plane
and F, =30, ©p, the sum of its four plaquettes, oriented as the square. Put

ne = pc/12.
The k-fold cut-off average is defined by putting the coarse field back into the tree gauge, by an
S-valued gauge transformation, before each step. The tree gauge fixes such a transformation
up to one that is constant on blocks, under which V* is covariant, so the coarse plaquette

holonomies U g ) of the j-th iterate UU) are well defined; we write @g) = logU 1(;? ) when

s I) < pa.

Lemma 12.28. Let U be an S-valued field in the tree gauge with ||O,| < ng for every
plaquette. Then xy,(U) =1 for every coarse link, and the coarse plaquette P at y in the
plane {p,v} has

— — 1
VHU)p = exp Fp, Fp=— " Fyyo,
16
0e{0,1}4
with |Fp| < 4max,||©,||, so that log V¥(U)p = Fp.

Proof. Let n = max,||©,|. Fix (y, 1) and x = 2y + 0. The tree path 7 from 2y to z sets
the coordinates of 0 one at a time in increasing order, so it has at most four edges, at
most three of them transverse to u. In the tree gauge its links are I, so PQ_ylPx is the
holonomy of the loop 7, then the straight path from x to = + 2e,, then 7 + 2¢,, backwards,
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then the straight path from 2y + 2e,, back to 2y. This loop is the boundary of the surface
swept by the transverse edges of 7 along two steps in the direction u: at most six distinct
plaquettes, each with coefficient £1. The group is abelian, so PQLIPQC = exp d, with d, the
signed sum of their ©,, and ||d;|| < 6n < pg/2. By Lemma 12.26, 6(Py, Py) < pa/2, so
x = 1, and since the eigenvalues of d, have modulus at most %, 10g(P2_ylPx) = d,. Hence

Vyﬁ# = exp(Xy,u + dy), where X, , € s is any logarithm of P», and dy,, is the mean of the
-
Let the sides of P be the coarse links ¢ with signs €, and write d, ¢ for the d, of the side
¢ at the offset 0. For each o the four straight paths of length two at the offset o of the four
sides bound the square [ay 1., so

Yo = (X + dop) — Fayto € A
¢

Since dg ¢ = 0, ||Yo—Yo|| < 4-6n+8n =32n < % < 2m,s0Y, =Y, for every o. Averaging over
o gives >y eo(Xy+dg) = Fp+Yo, and exp Yy = I. Finally || Fp|| < max,||Fayol < 4n < /3,
so F'p is the principal logarithm. O

Theorem 12.29. Let U be an S-valued field in the tree gauge on the periodic lattice of side
divisible by 2%, with 5(U,, I) < pg on every plaquette, and put g = max,||0,|, A = POMIICH[P
Suppose that

(12.5) mgx”@g)ﬂ <ng for0<j<k,

which holds in particular if ngA < né. Then the cut-off is inactive at every step, OUHY) =
F(OW), and for j < k

SIeEIr <o SIeEti < 3 2 lef .
P P P P
max(|0F "V < 4max|©F].

Consequently
Qr(VFH(U)) < D7II6, )17 < 1.001Q(U),
2

Qr(VFE(U)) < 167k A2

Proof. The first assertions follow from Lemma 12.28 by induction, the S-valued gauge fixing
between steps leaving the plaquette holonomies unchanged. The coarse plaquettes P in a
plane together with the offsets o are in bijection with the fine squares [, in that plane,
z = 2y+ o, and a fine plaquette lies in four such squares. With [|[Fp||? < 1 3| Fay+ol* and
[ Fell? <43 ,c0, 10,1 this gives 3= p||Fpl|* < L4 437,118, 1%; the same count without

Cauchy-Schwarz gives the factor 7 in the second inequality, and the third is ||F,|| < 47.

For the sufficient condition, let n; and A; be the maximum and the sum of H@g)H.
While (12.5) holds up to j — 1, the inequalities give 1; < 4719 and n; < A; < 477 A. The
product of the two bounds is g4 < 77%, so the smaller one is at most ng, and (12.5) holds
at j.

Finally 6(exp®, ) < ||©]| (Lemma 12.26), so Qz(V# (1)) < Sp[0%) |12, which is at
most both 37 [|©,]1? and 7y A, < A7 < 167%A%. The eigenvalues of each ©, are if with

0] <no <ng < %, since 73 < 1A in the sufficient condition and 79 < 7¢ is the case j = 0

of (12.5); and 6% < 1.001 - 4sin?(/2) there, which gives > [©,]|* < 1.001Q(U). O
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Corollary 12.30. For G = SU(2) and the fields of Proposition 12.24 with s = 2F > 214,

Qo) < 5 < Low),
QuVPHD) = 24> 13 Q).

Proof. Here pg = 1 and § is the diagonal torus. The 3s nonzero plaquettes have ©, =
+27'/s, of norm /27/s, so ngA = 67%/s < ﬁ when s > 86472, which holds for s > 214,
and A% = 1872 Proposition 12.24 gives Q(U) = 24ssin?(mw/2s), which lies between

(672/5)(1 — 7%/(12s?)) and 672 /s. O

So on torus-valued fields of small curvature the cut-off average behaves like the linear
averages: the curvature is averaged over the sixteen offsets at every step, the energy never
increases, and a thin path is spread out and contracted instead of being carried to the coarse
lattice (Figure 17).

For general fields the paths do not commute, and the logarithms carry commutators from
the second order on. The next two lemmas bound these commutators by the square of the
local curvature. The same composition then holds for every compact group, with a loss of
at most 1+ O(n;) at scale j.

Lemma 12.31. Let Z1,...,Z, € g with r = 3_;||Z;|| < min{3, pc}, and let g = %1 - - eZn.
Then 6(g, 1) <r, logg € g, and

Hlogg - Z Zi

Proof. The distance § is invariant under multiplication by unitary matrices on either side,
50 8(g,I) <32, 6(e%,I) < r by Lemma 12.26, and log g € g by the choice of pg. Expanding
the exponentials, g — I — >, Z; is a sum of products of at least two factors. Since the
Hilbert—Schmidt norm is submultiplicative, its norm is at most e" —1—1r < %rzeT < 0.643 72,
and M =g —1TI has |M]| <e" —1<1.137r < 0.285. The operator norm of M is smaller
than 1. The principal logarithm is holomorphic on the disc |z — 1| < 1, which contains the
spectrum of g, so it is given there by its power series, log g = >~ (—1)**1M* /k. Hence

| M1
[logg — M| < 5——>==
2(1 — [|M]])
and the two bounds add up to less than 1.672. O
Let U be a G-valued field in the tree gauge with 6(U,,I) < pg, and put ©, = logU,.
A change of base point conjugates ©, and does not change its norm. Let P be a coarse
plaquette at y in the plane {y, v}. Its sides are {1 = (y, p), o = (y + ey, v), I3 = (y + ey, 1)

and ¢4 = (y,v), with initial points y;. For an offset o € {0,1}* let P;, be the path product
of ¢; through 2y; + o, and put

1y — 1
KP,O = P1,0P2,0P3701P4701a Fp = E Zlog KP,o-
o

< 1.672.

< 0.905 2,

The tree segments between consecutive sides cancel. Hence Kp, is the holonomy of the
square [g,,, carried to 2y along the tree. In a torus, log Kp, = Fyyi,, and Fp is the
mean of Lemma 12.28. Let op, be the sum of ||©,| over the four plaquettes of Ly .

Lemma 12.32. Let U be a G-valued field in the tree gauge with §(Up,I) < pg and
1©,]] <n < pa/1000 for every plaquette. Then xy,.(U) =1 for every coarse link. Every
coarse plaquette has §(VH(U)p,I) < 0.03 pg and

llog VH(U)p — Fpl|| < 3.21%,

12.6 — 1+64
( ) HFPH < TUZUP@
o
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with rp < 28.26 1 defined in the proof. Let E, A be the sum of ||©,]|? and of [|©,||, and let
E', A, 7/ be the sum of squares, the sum and the mazimum of |[log V#(U)p|. Then

A
VE < (146030n)VE, A <1+ 9147n)
n < 4(1+ 647n) 7.

Proof. Paths. Fix a coarse link (y, ) and © = 2y 4+ 0. As in the proof of Lemma 12.28,
Pz_yle is the holonomy of a loop bounding a surface of at most six plaquettes, swept by
the transverse edges of the tree path. Build the surface one plaquette at a time. This
writes the holonomy as a product of at most six factors hUi;'ﬂh_1 = exp(£hO,h~1). Let
O(y,u),0 < 61 be the sum of their ||©,]|. By Lemma 12.31, 6(Px, Py) < 6n < pg/2, 50 x = 1.
The logarithm Dy, ), = log(PQ_ylPx) lies in g, with

HD(y,,u),oH < (1 + 9'677) O (y,u),0°
In the same way Kp, is a product of four such factors, so |log Kp,| < (1 + 6.4n)op,.
Averaging over o gives the second inequality of (12.6).

The plaquette. Write D; , for Dy, ,. Then P;, = i,oeDi»O and D; o = 0, and Vé = P, ge™
with m; = % > o Dio. The paths and V* transform as links under gauge transformations
constant on blocks. These transformations preserve the tree gauge and conjugate D; ,, m;,
Kp, and pr by fixed elements. Choose one with Py g = P = P39 = 1. Then P,y = K;}),
and with ¢ =log Kp,

f _ _mi1_mao,—m3 —m4 c
Vp =e"e™e e e,

Kp, = eDl,oeDz,oe—Ds,oe—D4,oec

)

Put rp = Y ;max,||D;,| + |lc||. Since ||m;|| < max,||D;,||, the five exponents in each
product have norms adding up to at most rp, and

rp < 24(1+9.6n)n + 4(1 + 6.4n)n < 28.2617.
Lemma 12.31 gives 6(V5, 1) < rp < 0.03 pg and

logV]E =mq+mg—mg— myg+c+ R,
log KP,O = Dl,o + D2,o - D3,o - D4,o +c+ Ry,

with [|R||, || Ro|| < 1.67%. Average the second line over o and subtract it from the first; since
m; is the mean of the D;,, this is the first inequality of (12.6).

Sums. Each fine plaquette lies in four squares [, and the pairs (P, 0) are in bijection
with these squares. The second inequality of (12.6) and Cauchy—Schwarz therefore give
S pllFp|l? < (1 + 6.4n)2E; without Cauchy-Schwarz they give Y. p||Fp|| < (14 6.41)A/4.
For the remainders, let U, be the set of plaquettes of the surfaces of the side ¢ = (y, u) for
all sixteen offsets. These lie in planes {u, a}, o # p, at p-positions 2y,,, 2y, + 1, 2y, + 2,
and there are at most 36 of them. A plaquette lies in U, for at most four coarse links. With
mlé = ZpEMgH@pHv

rp < 1.0096( " my + opg).
{CP
A coarse link is a side of six coarse plaquettes, and a plaquette lies in [a, for at most one
coarse plaquette. Therefore

D rp <1.0096 (6-4A 4+ A) < 2524 A,
P

> rp < 1.0096% -5 (636 -4+ 4E) < 4424 E.
P
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Hence, with rp < 28.26 1,

> 3.2rp <3.2-28.26-25.247A < 228314,
P

1/2
(Do3:2r3)") " < 3.2-28.26n (4424 B)!/? < 6015 pVE.
P
The triangle inequality, for the Euclidean norm over P in the first case, gives v F’

(1 4 6.4n + 6015n)VE and A’ < (1 + 6.41)A/4 + 2283nA. For the maximum, n’
(1 + 6.4n)4n + 3.2 (28.26 )% < 4(1 + 647n)n.

OIAIA

For a G-valued field, the k-fold cut-off average is defined as before, with G-valued gauge
transformations. The tree gauge fixes them up to transformations constant on blocks, under
which V* is covariant. These transformations conjugate the plaquette holonomies and leave

the norms ||@g)|] unchanged.

Theorem 12.33. Let G C U(r) be compact and let U be a G-valued field on the periodic
lattice of side divisible by 2F, with d(Up,I) < pg on every plaquette. Let n;, Aj, E; be the
mazximum, the sum and the sum of squares of ||®g)\| over the plaquettes of the j-th iterate.

(1) Ifnj < pe/1000 for 0 < j < k, the cut-off is inactive at every step. With o =37, n;,

Ek < 6120600E0, Ak < 6914704_kA0,

m < 6647U4k7’]0.

(ii) If noAo < 2-10719p% then (i) applies for every k with o < 7.25v/noAo, and
Qu(VHE(U)) < 8810V By < 1.0001 3810V Q1)
Qr(VFF(U)) < e?167F 43,

Proof. (i) Apply Lemma 12.32 at each step to the field in the tree gauge; the gauge fixing
does not change the norms. The lemma gives 5(U1(3]+1)7 I) < pg, so OUtD) is defined, and
with 1+t < e’ the three inequalities of the lemma multiply over the steps.

(ii) Suppose that for i < j we have 7; < pg/1000 and 3, ;n; < 7.25\/noAg < 1/9747.
Then (i) gives A; < ed79 Ay and n; < e 41y, and n; < Aj. Son; < emin{4/ng, 477 Ap} <
ev/nodo < pe/1000. Let i, be the last index with 4%ny < 47%A;. The terms of
min{4%ny,47?Ap} increase by the factor 4 up to i, and decrease by the factor 4 after
it. The terms at i, and i, + 1 are at most /ngAg, so the sum over all i is at most

% noAo, and 37,c;imi < %\/770140 < 7.25/mpAg. This completes the induction. Then
E), < !2060725vmAo gy - By Lemma 12.26, Q,(VE*(U)) < Ej, and Ej, < mpdy, < Az <
e2167%AZ. Finally the eigenvalues if of each ©, have || < 7y < /oAy < 1074, and
62 < 1.0001 - 4sin?(#/2) there. O

For a torus Theorem 12.29 is sharper, and its hypothesis is weaker; the content of
Theorem 12.33 is the non-abelian case. Neither theorem gives the supremum over boundary
conditions in (D). Theorem 12.27 has the constants of one step. Theorems 12.29 and 12.33
need the curvature to be small at every scale: in Theorem 12.33 the losses €397 must have
a bounded product, and a field whose curvature is smooth on a scale £ grows by a factor
four per step until the coarse spacing reaches ¢. The large fields, where the cut-off is active,
and the Wilson measure itself are outside both; Section 12.5 shows where the large fields lie
under that measure.

12.4. Small fields on the fibres of the cut-off average. Theorem 12.4 is a gap on the
linear fibres of the block averages. For group-valued links the fibres of the cut-off average
are curved, and Remark 12.19(b) asks whether the gap survives on them. It does at every
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background whose plaquettes are small, however far its links are from I, with a loss linear
in the curvature.

Let G C U(r) be compact, work on the periodic lattice of side 2L in the tree gauge of
Definition 12.2, and let W be a set of blocks. Write Ay for the active links with base in | W
and W for the blocks at £°° distance at most one from W. Fix U and let F be the set of
fields that agree with U off Ay and have the same cut-off averages Vj yas U foreveryy € W
and every u. The group G4W carries the bi-invariant metric with [£]2 = T(&) = 32, 1€ |1%,
& € g, and its geodesics through U are the curves U, exp(t£.); write Ad(g)X = gXg~!. For
a plaquette p at z in the plane {p, v} with links ey = (z, 1), e2 = (x+e€,, V), e3 = (x+ey, 1),
es = (z,v) and Uy = U1U2U3_1U4_1, the covariant curvature

Dp(€) = Ad(U1)& + Ad(U1U2) (& — &) — Ad(U1U2U5 )&,

is the derivative of Up(t)Ulj I along these curves. Reversing the orientation replaces it
by — Ad(Up_l)Dp(f), of the same norm, so Qu(§) = ZpHDp(g)H2 does not depend on the
orientations. At U = I, Dp(§) = (d€), and Q7 is the form @ of Theorem 12.4. For y € W
and a direction p let v = Ugye,,, be the path link, let ¢ equal Ad(v™1)&, on the links of
B(y) and & on the other links, and let N, ,(£)? be the sum of || ||> over the 24 links that

enter Vy .

Lemma 12.34. Suppose that §(Up,I) < k < 10~8p¢q for every plaquette with a vertex in a
block of W, and let y € W.

(i) Every active link e inside a block of W has §(Ue,I) < 3k, and every link e that
leaves B(y) in the direction p has 6(Ue,v) < 21k.
(ii) For a plaquette inside a block of W, || Dp(§) — (d€),|l < 1853 .cplIell-
(iii) Let x € B(y) with x,, odd and x, even, and let p be the plaquette at x in the plane

{p, v}, oriented as above, so that ey, e3 leave B(y), ex lies in B(y + e,) and ey in
B(y). Then

[Ad(v™ ) Dy (&) — (&1 + & — & — Ad(vH)&y) ||
< 4852”56”'

ecp
(iv) Near U the cut-off average is

1
V?Jﬁw = vexp<ﬁ Zlog(v_lPxD,
and its derivative satisfies
d -
[V @) 2VE e = Vi@

dt Y
< 260 & N, . (€).

Proof. We use ||[Ad(g)X — X|| < 25(g,I)||X||, which holds since gXg=! — X = ((¢ — )X —
X(g— 1))g~", and 3(gh, ) < 8(g. T) + (1, ).

(i) The chains of plaquettes in the proof of Theorem 12.4 have their transverse links on the
tree, so 6(Ue, 1) < >, 0(Up,, I) < 3k. For the links leaving B(y), the face plaquettes give
§(Uq, Uy) < K+ 3k + 3k for adjacent transverse offsets, as in the proof of Theorem 12.21,
and every offset is joined to the straight path, which carries v, by at most three such steps.

(ii) The links of p and the products U;Us, U1U2U3_1 are within 3k, 6x and 9k of I by (i).

(iit) By (i), 6(v™'Uy,I) < 21k and §(v U Uy, I) < 24k, and v~ U UxUs = v~ U, Uy
with 6(UpUs, I) < 4k.

(iv) Write Py = Uy yUsye,p, We = v 1P, X, = logw, and M = %Zx X,; the path
Py, is v, its first link being on the tree. One of the two links of P, leaves B(y) and the
other lies in B(y) or B(y + ey), so §(Py,v) < 24k < pe/2 by (i); hence xy, = 1 near
U, and || X, ||M|| < 87k by Lemma 12.26. Since ||[X,Y]|| < 2[|X||||Y ||, the operators



94 D. BHATTACHARJEE, U. BHATTACHARYA, J. M. LOCKWOOD, AND T. ROMANOV

adx, and adys have norm at most a = 16mx < 50.3x. Along Uet put o = E2yten
and Be = Ad(U;&eH M)gx,# + &rve, 0, the right logarithmic derivatives of v and P,. Then

w; Y, = By — Ad(w;1)a, and the formula for the derivative of the exponential map gives
X, = B(adx,) (. — Ad(wy1)a) and
(VHTIVE = Ad(e M)a + W(ady) M,

with ®(z) = z/(1 —e™?) and ¥(z) = (1 — e *)/z. The operators adx are skew-adjoint, and
from the power series, |®(z) — 1| < |2]/2 + 0.09]z|? < |z| and |¥(2) — 1| < |z| for 2] <1,
the Bernoulli numbers giving > ;- \sz]/(2k) < 0.09. By Lemma 12.3(iii), V, .(§) =
Tl6 Zz(&x,u+£x+eu,u) =a+ % Zx(ﬁsi_ @) — 16 > €z, Where €; = Ad(UJ:+e ,u)é.fﬂ,/l Eap- If
z,, is even, Ugye, u leaves B(y) and &, = Ad(v™1)&, 5 otherwise Uyye, . lies in B(y + e,,)
and &, = &ous 50 |6 < 42k||& ]| by (i). With mg and m¢ the means of ||3z|| and
|€2.]l, the four differences Ad(e™™)a — a, (¥(adpr) — 1)M, M — L3, (Bs — @) and
3, €z have norms at most 51k[||, 51.6x(ms + ||af|), 51kmg + 99k a|| and 42kme, using
[Ad(w; 1) — 1| < 48k. The links leaving B(y) occur twice among the &, &p4e,,,, and the

other sixteen links once, so the Cauchy—Schwarz inequality gives mg < ‘{—4768]\7%# < 0.434N, ,
and mg < AN, ,, and the sum is at most (202 + 103 - 0.434 + 42/4)k N, , < 260N, ,. O

Theorem 12.35. Under the hypothesis of Lemma 12.34:
(i) for every € € gV tangent to F at U, that is with dtvﬁiu( e®)|s=0 = 0 for ally € W
and all p,
T(€) < 52(1+ 1.4-10°%) Qu (&);

(ii) for every & € gAw

d2
QUS| = 2Qu(©) ~ 84k T(9),

so on the tangent space of F the Hessian of Q is at least (% —5.4-10%*)T(&); for
SU(2) the Hessian of the Wilson action 33,(1 — sReTrU,) = gQ on the linearised
constrained directions is at least ﬁ(— —2.7-10% )T(ﬁ),

52
(iii) near U, F is a smooth submanifold of G of codimension 4|W|dim G, and the

Hessian of Q|r for the induced metric satisfies Hessp Q(§,&) > ( —cgr)T(€), where
cg depends only on G.

Proof. (i) We follow the proof of Theorem 12.4, using (a + b)? < (1 + x)a® + (1 + £~ 1)b?
for each error term. Inside a block. For the chain py,...,pg of an active link e = (zo, ),
& =Y, £(d)p, with tree links on the transverse sides, and Lemma 12.34(ii) gives

€]l < ZHDmH +366 Y _[|€a, ull-
<k

Hence ||&||? is at most (1 + x)k Zi||Dpi||2 plus 3888k (1 + k) Zj<k||5xj,u||2- A link (2/, p) is
a point x; of the chains of at most eight links, which differ from z’ by a set of directions
above p, so

I <8(1+ k)Qin +31104k(1 + k)1.
Between blocks. Fix y € W and p, and work in the frame of Lemma 12.34(iii),(iv);
the norms do not depend on it. For a transverse edge {a,a’}, part (iii) gives ||&, —
arll < IDpll + 1€l + €Il + 48K (lI€all + lI€a [l + €0 [l + [[€y 1), so the square is at most
3(L+8)(IDp* + [|€pl1? + |€y[|?) plus 92164(1 + ) times the sum of the four squares. Since
¢ is tangent, part (iv) gives ||V, ,(€)|| < 260xN,, ., and by Lemma 12.3(iii) the mean m of

the &, is Vj, ,(€) minus a sixteenth of the sum of the sixteen framed links of Sk and Sl Yo
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s0 8|lm|* < (1 + k)5 > 6ll€e|* + 540800k (1 + £)NZ ,. With the Laplacian of the cube as
before,

Slel® < 1+m) (G XN + 5 3 %)

edges
+ 5(1 + ) (540800NZ,,

+4608(3 )16l + Yol )
a 1\

where X, = || Dp||? + [|€p]|? + ||€y[|* and U is the set of the 24 links 9,9, A link lies in at
most two of the sets of N, , and in at most three of the sets ¥, so summing over y € W
and p as in the proof of Theorem 12.4, with J =T — I,

11 3
J S (1 + H) (?I_‘_ §Qface>
+1.1-10%(1 + K)T.

Adding I and inserting the bound for I gives T' < 52(1 + )2Qu (&) + 1.31 - 10x(1 + &)2T,
and the claim follows for k < 1078.
(ii) Write Dp(f) = By + By + B3 + B4 with
By = Ad(U1)&1, Bz = Ad(U1Us)&,
By = — Ad(U1Us)&3, By = — Ad(U1UU5 M )éy.

Then Uy(t) = e'PretB2e!BaetBayy, so U, = (D2 + Cp)U, with D, = >; B; and C, =
> i<jlBi, Bj]. Since 6(Up, I)? = 2r — 2ReTr Uy, TrC, = 0 and — Tr D2 = ||D,|1?,

d2
O 8Ty 1> = 2| Dy|)* — 2Re Te(D2(U,, — 1)

dt?
—2ReTr(C,(U, — 1)),

and [|Cpll < 30, 2| Billl|Bjll < 3% ceplléell®. So the second derivative is at least 2(1 —
)| Dpl|? — 6k ZeepHﬁeHQ when §(Up,I) < k. Every plaquette that contains a link of Ay
has a vertex in a block of W, each link lies in six plaquettes, and Qp (&) < 24T'(€); this
gives the bound, and with (i) m — 84K > 2% —5.4-10%.

(iii) Let Cy . (U") = log(V{f ,(U)"'V; ,(U")) near U, so that F is C~*(0) there, and let
G = DC DC* at U, a block matrix indexed by the pairs k = (y, ). By Lemma 12.34(iv),
DCy = By + Ry, where Br& =V, ,(€) and ||Ry|| < 260k as maps from the 24 links. Each
Ad(v™1) is an isometry, so Bkéz is the sum of the squared coefficients of V, ;, on Ay, at
least %, | B|| < +/3/16 < 0.434, and || B.B;|| < 3% for the two neighbours | = (y £ ey, p),
the other blocks being zero. So the diagonal blocks of G are at least é — 227k, the two
off-diagonal blocks of a row have norm at most 3% + 227k, and G > %6 — 700k. Hence DC' is
onto and F' is a submanifold near U; and the Neumann series gives [|G~!|| < 17 in the norm
maxy||z;||. Let v be a geodesic of F with v(0) = U, 4(0) = &, written as UeX® link by link.
The curves UetX are the geodesics of G4, so 7 = X (0) is the second fundamental form at
(€,€); it is normal to F, and differentiating C(v(¢)) = 0 twice gives n = —DC*G~1h, where
hy is the second derivative of Cy(Ue'¢) at t = 0. Then

2
Hessp QUE,6) = 5 Q(U)| _ +dQe)

and dQ(n) = —(G71DCVQ,h). As in (ii), dQ(&) = —2 >y ReTr(Dy(Uy — 1)), s0 [|[VQ| <
12k, |[(DOVQ)i| < (0.434 + 260k) 126124 < 26k and ||[(GT'DCVQ)y| < 442k. The
map Ci(Ue™) depends only on the 24 links of V,,,, and is real-analytic in (U, X) on a
neighbourhood of the compact set where 6(Py, Pyy) < pi/4 for every x, so ||hg|| < caNy ,.(€)?
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with ¢o depending only on G. Summing, |[dQ(n)| < 884coxT(€), and (ii) gives the claim
with cg = 5.4 - 10* + 884c;. O

So on the fibres of the cut-off average the action is uniformly convex along every geodesic
of the fibre on which all plaquettes stay below x, with modulus )\(% — cgk), and the
background enters only through its curvature. The constants are crude: on the periodic
lattice of side four, for SU(2) fields equal to block gauge transforms of fields with x up to
0.08 and W all sixteen blocks, the least value of Qy /T on the tangent space stays within
0.4% of the gap 0.1075 of the quadratic approximation, and with s up to 0.24 the frame
errors of Lemma 12.34 stay below 1.3k, a floating-point computation reproduced in the
archive.

Remark 12.36. Theorem 12.35 is the curvature input of the small-field half of Re-
mark 12.19(b); three steps remain open.

(a) With respect to the Riemannian volume of F', the constrained law has the density e~*@
times the coarea factor det(DC DC*)~'/2, and its Bakry-Emery tensor also contains
the Ricci curvature of F. These terms do not depend on A, but they have not been
estimated here.

(b) The set of points of F' at which every plaquette is at most x is not known to be
geodesically convex in F', so the theorem gives neither a Brascamp—Lieb inequality on
it nor a Helffer—Sjostrand representation of the constrained influences, and the decay
through Lemma 12.7 is not reached.

(c) The mass of the constrained law outside that set is bounded by Theorem 12.23 only
for the fibres of the path map.

The hypothesis £ < 10~8pg concerns every plaquette near W; under the SU(2) Wilson
measure the plaquettes that are not small form the clusters of Sec. 12.5, and near them the
theorem does not apply.

The first two steps can be taken on a chart of F' whose domain is convex. Write Ty C g4w
for the tangent space of F' at U, Ny for its orthogonal complement, ||X||oc = max||Xe||
and Ks ={n € Ty : ||l < s}, a convex set. The constrained law is the conditional law of
e M [lcea,, AU, the other links being those of U, given the averages Vgﬁw y € W, in the
version given by the coarea formula.

Theorem 12.37. Assume the hypothesis of Lemma 12.34. There are constants cs > 1 and
ce depending only on G such that, if 0 < s < 1/(6000c3) and k + 65 < 10~ 8pg:

(i) there is a smooth map h : Ky — Ny with |h(n)||lee < 5/2 and ®(n) = Ue™M0 ¢ F;
® is an embedding, its image contains every Ue™ € F with || X||o < 5/40, and every
point of ®(K) satisfies the hypothesis of Lemma 12.34 with k + 6s in place of K;

(ii) for m in the interior of Ks and ¢ € Ty,
2
T Q@ +10)| > (5 —4-10%s(s + ) T(O):

(iii) on ®(Ks) the constrained law has, in the coordinate n, a density proportional to
e MREM) =Y with respect to Lebesgue measure on Ty, where ¥ is smooth, does not
depend on X\, and |%¢(n +tQ)| < e6T(C) on the interior of Ks;

(iv) if moreover 4 - 10°¢c3(k + 5) < ﬁ and X > 60cg, the constrained law conditioned on
D(Ky/2), written as a law p on K9, satisfies

Var(f) < 5 [ IV d

for every smooth f on Ty .
The constants do not depend on L, W, U or .
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For SU(2) and the Wilson action, A = /4, so (iv) is a Brascamp-Lieb inequality with
constant 240/ on a chart of the fibre around every background with small plaquettes, for
8 > 240c¢g.

Proof. Local constants. For k = (y,p) let cx(X) = Cy,(Ue*), which depends only on
the 24 links of V,, ,, and let j(X.) = det ¥(adx,), the density of Haar measure in the
coordinate UgeXe, with ¥ as in Lemma 12.34. Both are real-analytic on a neighbourhood
of the compact set of backgrounds with §(Py, P2y) < 1075p¢ for every z and of X with
[ X|lo < 1073pg, and j > 0 there. So there is c3 > 1 depending only on G, computed in
Proposition 12.38, such that there the m-th derivative of ¢; in X is at most ¢3 [| Ny, H(Yi)
on Y, ..., Y™ for m = 1,2,3, and the first two derivatives of log j are at most c3 in norm.
By Lemma 12.34(i) the background U lies in this set.

Let B = Dc(0), a map from g4W to g®, K the set of pairs k, so that Ty = ker B and
Ny = B*g¥X, and G = BB*. By the proof of Theorem 12.35(iii), G > - and [|G7!|| < 17
in the norms maxy||z;|| and, G being symmetric, > .| zk||; each By has norm at most
0.44 on the 24 links of Vj ,, and every link lies in at most two of these sets. Hence
|B|| < 0.63, [|BX||oo < 2.2||X||o0, [|B*2]loo < 0.88maxyl|zx| and ||B*z||1 < 10.6 > 4|2kl
where [[X | = 5,1 X, || A

(i) Write ¢(X) = BX + R(X). For || X||co, [| X||co < 25, Taylor’s formula gives || Ry (X)|| <
SNy u(X)? < 12¢3| X |2, and ||Re(X) — Re(X)| < 48c3s||X — X||oo. For n € K the
equation c(n + B*z) = 0 reads z = ©(z) = ~G 'R(n + B*2), and on maxy||z;|| < s the
map © has values of norm at most 17 - 12¢3 - 45> = 816¢3s2 < s and Lipschitz constant
at most 17 - 48 - 0.88 c3s < 720c3s < % So it has a unique fixed point z(n), smooth in n
by the implicit function theorem, and h = B*z has ||h||cc < 0.88 - 816¢3s? < s/2. Since
h(n) L Ty, n is the orthogonal projection of n+ h(n), so ® is injective; its differential 1+ Dh
is injective, and dim Ty = dim F. If UeX € F with || X[ < s/40, then X =+ B*z
with 2 = G7'BX, maxy|z| < 17-2.25/40 < s and ||]|cc < || X |00 + 0.88 maxy||z| < s,
and z is a fixed point of ©, so UeX = ®(n). Finally |7+ hlls < 35, and by bi-invariance
5(U),Up) < Yeepd(eXe, I) < 6s for U’ = Ue™; the links off Ay are unchanged, so U’ is in
the tree gauge and F is its fibre.

(i) Let X (t) = n+tC + h(n+1t¢), v(t) = UeX® | and let A = Dc(X). Differentiating
c(X(t)) = 0gives X' = (—B*(AB*)"1 A and X" = —B*(AB*)"1D?¢(X)[X’, X']. As above
|(A=B)Y|| < 3Ny 1 (X)Ny ,(Y) < 7.4c35 Ny ,(Y) in each component, so || A—B|| < 10.5¢3s
and >, || ((A—=B)Y)|| < 14.8¢3s||Y 1. Since A = (A—B)( and AB* = G+ (A— B)B*, the
Neumann series gives ||(AB*)™!|| < 34 in the Euclidean norm and in the norm Y ||z ||, the
latter because 17-14.8-10.6 c3s < 3; hence || Dh|| < 0.63-34-10.5¢3s < &, T(X') < 1.03T'(¢),
the two parts of X’ being orthogonal, and || X" ||; < 10.6 - 34 - 2¢3 - 1.03T'(¢) < 744¢3T(C).

Let w = v~ 14" = ¥U(adx)X’, link by link. Then (¢t + 7) = v(¢) exp(Tw + %u’) +0(13)),

i<m

SO d2 d2
T2Q0) = 15Q(e™)| _ +dQ).

The vector w is tangent to F at (t), which satisfies the hypothesis with " = k + 65, so by
Theorem 12.35(i), (ii) at y(t) the first term is at least (55 — 5.4+ 104x’)T(w). From the series
of W and Jlady | < 2 X[|, [lw, — X2 < 20X | X2 < 381X, s0 T(w) > (1 — 65)T(C);
and w = DV¥(adx)[adx/]X" + ¥(adx)X"”, where the term of first order in ad vanishes
because adys X' = 0, so |[ue|| < 3s||X.||> + (1 + 3s)|| X/|| and ||]|; < 750c3T(¢). With
Iv.Ql <126,
%Q(v) > (% - Z —(5.4-10* + 900003)/4)T(g),

and 6(5.4 - 10* +9000c3) + 1 < 4 - 10°¢3.

(iii) In the coordinate X, Haar measure is [], j(X.)dX, and the coarea formula for
¢ writes dX as the integral over the values of ¢ of the area measure of its level sets
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divided by det(AA*)'/2. On the level set F the graph X = 1 + h(1) has area element
det(1 + Dh*Dh)Y?dn. So the density is e *(®)=% with

P(n) = — > logj(Xe) + 3 logdet(AA¥)

— 1logdet(1+ Dh*Dh).

Along 1 + t(, the first sum has second derivative at most c3(T(X’) + || X"||1) < 745¢3T(C).
Next, A" = D%*(X)[X’,-] and A” = D3¢(X)[X',X',-] + D?c¢(X)[X",-]; their com-
ponents are maps of rank at most dimG on the 24 links of V, ,, of norms at most
3Ny, u(X') and c3(Ny,(X')? + Ny, (X")). Hence the Hilbert-Schmidt norm satisfies
|43 < 2.1dim G 3T(¢), and the trace norm ||A”||; < dim G ¢3(2.17(¢) + 2[| X"||1). Since
AA* > (17712 —10.5¢35)? > 5= and ||4] < 1,

log det(AA*)| < 25(2||A” |1 + 2||A"[j3) + 2500]| A3,

d2
e
by the identity
2

d
5 logdet M = Tr(M~*M") — Tr((M~1M')?)

and the bounds |Tr(XY)| < || X|||Y|lx and | XY||; < || X]|2||Y|]2. Finally Dh = —II on Ty
with IT = B*(AB*)~1A; IT' is a sum of two terms that contain A’ once, and II” of terms
that contain A” once or A’ twice, so |[Il'||2 < 481||A’||2 and [|TI”||x < c(||A” |1 + ||A’||3) with
c absolute, and the same identity with M = 1+ Dh*Dh > 1 and ||Dh|| < & bounds the last
term. Each bound is a multiple of T'({) by a constant that depends only on c3 and dim G;
this is cg, computed in Proposition 12.38.

(iv) Let H = AQo®+1 on the interior of K. By (ii) and (iii), Hess H > (95 — 155 ) —C6 =
% —cg > m = %, so for a,n € K5, H(n) > H(a)+ VH(a)-(n—a)+ %n— al?, the
segment lying in the convex set K, ,. The supremum H over a € K, /2 of the right-hand
sides is finite, equals H on K, and H - %|77|2 is convex. With d the distance to K9, a
convex function, the functions H + nd are m-convex on Ty, and so are their mollifications,
which are smooth; for these the Bakry—Emery criterion [4] gives the Poincaré inequality
with constant 1/m. Letting the mollification and then n — oo, by dominated convergence
(FI grows quadratically and d = 0 exactly on K, /2), the inequality passes to e 1 Ky
which is g up to normalisation by (iii). O

The constants of Theorem 12.37 can be computed. Cauchy’s estimates on a complex
neighbourhood of the real chart bound the derivatives of the averages, and the rest of the
proof turns these bounds into cg.

Proposition 12.38. Let G C U(r) be compact. Theorem 12.37 holds with
c3 = max{1.5-10%y/r,dim G}, ¢ = 6.81-10°dim G 3.

For SU(2) these are c3 < 2.13-10* and cg < 9.3 - 10'4, so part (iv) holds for A > 5.6 - 1016,
that is, for the Wilson action at B > 2.3-10'7, once k + 5 < 6.0 - 10713,

Proof. Write |[|-||op for the operator norm, which is at most the Hilbert-Schmidt norm, while
| X < /|| X|lop on g. Since pe < 1, every background of the set of the proof has its sites
wy = v P, within @ = 1076 of I, and every X of that set has || X.|| < zo = 1073.

Three estimates. Let X be skew-Hermitian and Z complex with ||Z]|op, < ¢t. Duhamel’s
formula X4 — X = [} e0(X+2) 700X d5 with [|e?X+2)||,, < 7t by the Lie-Trotter
product formula, gives eXt4 = eX(I + F) and likewise e™*~% = (I + F')eX, with
| E llops || F'|lop < ¢ = € —1. The same formula gives ||e* —e?|| < || A—B|| for skew-Hermitian
A, B, in both norms. Finally, on [w — I|jop < 1 the series logw = Y51 (—1)* (w — I)*/k
is holomorphic, equals the principal logarithm at unitary w, and its derivative satisfies
1D log(w)(H]|| < [1E/(1 — [[w — Iop) in both norms.
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The complex chart. Fix U and a real X in the set, put U’ = Ue*, and let Z be complex
with || Z¢|lop <t on the 24 links of V}, ,. For a path P, = U;Us with path link v, the site at
the complex field UgeXet%e is

Wy = e*Xv*ZvU*1U16X1+Z1 U26X2+ZQ

= (I +F)w,I+F)(I+F),

where w, is the site at U’, a unitary matrix with 6(w’,, I') < a+3xz¢ = eq since each link moves
by d(eXe, I) < xg, and Fy is Fy conjugated by the unitary Use*2. Hence ||w, — wl|lop <
Y= (1+¢)3 -1, and if eg + 1 < 1 then |logw, — logw!|lop < d =1/(1 — e — 1), so the
mean M of the sixteen logarithms is within d of its value M’ at U’, which is skew-Hermitian.
The average is V# = veXvt2veM | and with [[eM||op < e? and ||eM — eM'||,, < e? —1,

r=VHU) W= e M (I + F)eM,
Ir = Illop < (1+@)e! =1 =n.

At real points x = 1, as egpg < pg/2. The unitary ¢ = VHU) 'VHU') = e MoeXeeM'
has 0(¢',I) < xo+ || M" — My|| < zo + 3x0/(1 — eg) = 70 < 0.0041. So if 49 +n < 1, then
(X + Z) =log(q'r) is holomorphic in Z, extends ¢, and

le(X + 2) = o(X)lop < S(t) = ——

l—y—n
Derivatives of c. For Ny ,(Y) =1 the function f(z) = ¢(X + 2Y") is holomorphic on
|z| < 0.1, where eg + 9 < 0.36 and 79 +n < 0.91, and ||zYe|op < |2]. Cauchy’s estimate

£ (0)]| < m!R™™ supy,_gl f(2) — f(0)] gives
ID™e(X)Y,...,Y]| < Vrm! S(R)/R™.

At R = 1073, 0.05 and 0.07 the values of m!S(R)/R™ for m = 1,2,3 are below 4.2, 307
and 14811; at R = 0.07, for instance, ¢ < 0.0726, ¥ < 0.2337, d < 0.3062, n < 0.4567 and
S < 0.847. By Banach’s theorem [8] a symmetric multilinear form on a real Hilbert space has
the same norm as its restriction to the diagonal. Applied to (u, D"c(X)[-]) for unit vectors
u € g, with the Euclidean norm N, , on the 24 links, this gives |[D™c(X)[Y?,...,Y™]|| <
1.5 104/r []; Ny u(Y?) for m = 1,2,3.

Derivatives of log j. Since g is reductive, Trady = 0, and ¥(z) = e~*/?sinh(z/2)/(2/2),
so log j(X) = Trg(ady) with g(w) = log(sinh(w/2)/(w/2)) = > >1 gorw?* for |w| < 27.
On |w| = 3, |sinh(w/2)/(w/2) — 1| < sinh(1.5)/1.5 — 1 < 0.4196, so |g| < 0.5441 and
|g2x| < 0.5441 - 372k, For complex X with || X ||op < b the operator adx on g ® C has norm
at most 2b, and |Tr A%| < dimGHAHgg, so [log j(X)| < 0.5441dim Gu?/(1 — u?) with
u=2b/3. Along X + zH, |[H| =1, |2| < 0.8, this is at most 0.218 dim G, and Cauchy’s
estimate bounds the first two derivatives of logj by 0.28dim G and 0.69 dim G.

The constant cg. In the proof of Theorem 12.37(iii), with c3 as above, a’ = || 4|3 <
21dimGAT(¢) and ¥ = ||A”|1 < dim G c3(2.1 + 1488¢3)T(¢) < 1490.1dim G 3T'(C).
Write K = (AB*)™!, so that

K'= —KA'B'K, K'=2KA'B*KA'B'K — KA"B*K,
I' = B*K'A+ B*KA', T =BK"A+2B*K'A' + B*KA".
With ||B|| < 0.63, |K|| < 34, [|A] < 1 and k = 34 - 0.63 = 21.42 these give |[IT'||s <

(k+k%)||A'||2 < 481||A’||2 and [|I1”||; < (2k3 +2k%)|| A3+ (k2 + k)| A” |1 < 20576 a’ +481Y'.
For M =1+ Dh*Dh > 1 with ||Dh|| < %, the identity for logdet gives |(logdet M)"| <
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17|y + 22 [11']3. Adding the three terms of ¥,

d2
‘@w‘ < T45¢3T + 25V + 12754/
+ 1 (4205760’ + 4810 + 2 481%0'),
which is at most 6.81 - 10° dim G ¢3T'(¢).
For SU(2), r = 2 and dim G = 3. Then 60cs < 5.6 - 10'6, and 4 - 10°c3(k + s) < 2= holds

195
when x + s < 6.0 - 10713; it implies s < 1/(6000c3) and x + 65 < 1078, O

The bounds are far from the true sizes: on random SU(2) backgrounds the first three
derivatives of ¢, along unit directions stay below 0.14, 0.03 and 0.02, a floating-point
computation reproduced in the archive. The loss comes from the radius 0.07 of the complex
neighbourhood, which enters the third derivative as 0.0773.

Remark 12.39. Theorem 12.37 removes the coarea factor and the curvature of F' for A > 60cq
and replaces the small-field set by the convex chart domain K, /,. What it does not give:

(a) the mass of the constrained law outside ®(kK/5), which is Remark 12.36(c);

(b) decay: (iv) is a variance bound for the law on the chart, not a decay of its covariances
between distant links. That needs a Helffer—Sjostrand representation on the convex set
K3, which has a boundary, and the locality of Hess H, which through Dl contains
G~!, exponentially decaying by Lemma 12.7 but not of finite range; Theorem 12.41
below reaches it on a chart whose domain is a product;

(c) numbers: the constants of Proposition 12.38 are far from optimal, so for SU(2) the
threshold is A > 5.6 - 1016 and x and s are at the scale 10713,

On the periodic lattice of side four, for SU(2) backgrounds as in the check of Theorem 12.35,
two to sixteen blocks and s up to 0.03, the chart Hessian of @ is at least 0.21 and |[¢"|/T
stays below one, a floating-point computation reproduced in the archive.

The obstacle in Remark 12.39(b) is the shape of K| /2, which is not a product in any
coordinates adapted to the links. A slightly different chart domain is. For k = (y, u) let
dir = (2y + ey, 1) be the path link of V,, ,,. It has o, = 1, so it is active and lies in Ayy; it
enters V,, ,, with weight % by Lemma 12.3(iii); and it enters no other average, since the links
with o, = 1 that enter Vj , have their base in B(y'). Let L' = Aw \ {dx} and, for r > 0,

QO ={neTy:|nel| <r for every e € L'}.

Give every link the position of its midpoint and every pair k that of dj, and let d(a,b) be
the > distance between the positions on the periodic lattice. The links that enter V, ,
have midpoints within distance 1 of that of dj. Let V' be the gradient in the coordinates
(Ne)ecr’, and, for a block matrix M = (M,;,) whose indices are links or pairs and whose
blocks are maps between copies of g, and for 8 > 0, let

|M]|5 = max(sup > P My, sup > XM | My ).
a b b a

At most two indices share a position, so the sum
N(B) =su e~ Pd(a.b)
() = sup Xb:

is finite for 8 > 0 and depends only on S.

Lemma 12.40. (i) The operator norm satisfies |M| < [ M| g, and |MiMz|g <
[ Mi|gl[Mal[g and |[M*|s = [|M]|s-
(ii) If |¢(a) = ¢(b)| < d(a,b) for alla,b and 0 < a < 3, then [[e*? Me™*? — M|| < F[| M.
(iii) If M is invertible, |M Y| < My and || M|z < My, then | MY, < 2MoN(y) with
v = B/(4MoMy).
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Proof. (i) is the Schur test and the triangle inequality for d. (ii) The blocks of the difference
are (eX(#(@=¢®) _ 1) M, and |e*#(@)=¢®) _ 1| < gad(ab) 1 < %eﬁd(“’b) by convexity of
a — e apply (i) with 8 = 0. (iii) Let a = 2y < 8, since MoM; > ||[M~L||[|M| > 1. By
(i), e Me™* = M + E with |[M7'E|| < 1, so [|e® M ~te~2¢|| < 2Mj as in Lemma 12.7.
With ¢ = d(-,b) the block (a,b) gives 2740 ||(M~1) || < 2My for all a,b, and summing
VU@ |[(M~1) || < 2Mpe @) over b or over a gives the claim. O

Theorem 12.41. Assume the hypotheses of Theorem 12.37(iv), with c¢ > 1, as we may,
and let r = s/32.

(i) The coordinates (ne)ecrs identify Ty with g~ , Lebesgue measure on Ty being a constant
multiple of that on gL,; Q. is a product of balls in them, and K, C Q.. C Kq51, for
every r’ > 0.

(ii) There are ag > 0 and cg depending only on G with the following property. Let p be the
constrained law conditioned on ®(L,), written as a law on .. For every ¢ : L' — R
with |p(e) — ()] < d(e, €), every 0 <a<ag and all smooth F,G on Ty,

Covu(F.O)] < o0 H OV 2 1* VGl 2

u)”e

(iii) If X1, X C Aw, F,G are smooth functions of the links in X1 and in X9 whose
left-invariant gradients have norm at most 1 in each link, F = Fo® and G = G o ®,
then .

[Covy(F, G)| < | Xa| | Xp|emcodita),

The constants do not depend on L, W, U, X\, s or k.

So the covariances of local observables of the field under the constrained law, conditioned
on the chart, decay exponentially at a rate that depends only on G, with amplitude O(1/)\);
for SU(2) and the Wilson action the amplitude is O(1//).

Proof. All constants called C' depend only on G.

The section. By Lemma 12.34(iv), By = By, + Ry, with ||Ry|| < 260k, and the block of
By, at dj, is & times an isometry of g, so HBk—CllkH < (% —260k)~! < 8.01. For ¢ € g’ let
(S€)e =& for e € L' and (5§)q, = —B,;Cllk Yedy Bree- Since dy enters only Vi, BS = 0;
S is injective, and dim 7y = |L'| dim G because F' has codimension 4|W|dim G, so S is an
isomorphlsm onto Tyy whose inverse is the restriction to L’. The other coefficients of By
add up to g T41= 250 [|(5€)q, || < 8.01(22 + v/24 - 260k) max,||&|| < 15.1 max||&||. This
proves (i), and S has blocks of norm at most 1.1 that vanish beyond distance 1. Write Box,~
for the product of balls S~1€,.. Since 15.1-2r < s, the estimates of Theorem 12.37 hold on
S(BOXQT).

The density. Put X () = S& + h(S¢), A= D¢(X), P=1— B*(AB*)"'A and P = PS.
In the proof of Theorem 12.37(ii) the derivative of X along ¢ € Ty is P(, and P{ = (+Dh(
with Dh(¢ L Ty; so 0¢X = P, P*P = S*(1 + Dh*Dh)S > S*S > 1, and det P*P =
det(S*S) det(1 + Dh*Dh) By Theorem 12.37(iii) the law p has, in the coordmate &, the
density e H 1Box, up to normalisation, with

H(¢) = Q(UeX Z log j(X

+ 1log det(AA*) — 1log det(P*P),

and Hess H > m = 6—)6 on Boxg,, because [S¢| > [¢].

Locality of the Hessian. We show that ||Hess H(£)||s < csA on Boxa, for some 3 > 0 and
cg > 1 depending only on GG, the Hessian being the block matrix of second derivatives in
the coordinates &. The maps B, A, S, the second derivative of Q(UeX) in X and that of
> . log j(X.) have blocks bounded by C' (the last two by compactness, as ¢3) that vanish
beyond distance 2, so their norms ||-||; are at most C. By the proof of Theorem 12.37,
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[(AB*)7!|| < 34 and [|(AA*)7!|| < 25, and ||(P*P)~!|| < 1. Applying Lemma 12.40(iii)
to AB* and AA*, then (i) to P, P and P*P, then (iii) to P*P, gives fy € (0,1] such
that (AB*)~1, (AA*)~!, P, P, P*P and (P*P)~! have norm |- ||50 at most C on Boxgy,.
Let v = By/2, and for links e,e’ and v,v' € g write v, also for the vectors of g
supported at e, €. Call a block matrix M, depending linearly on v, concentrated at
e if || Mgl < C\v]e v(dla.e)+d(be)) - and, depending bilinearly on (v,v'), concentrated at
(e,¢') if || Mgy < Clv||v/|e= 7 “’e)+d(“’e’)+d(b’e)+d(b’e/)); a vector is concentrated if it is so
as a column. If ||Y/g, < C, then YM and MY are concentrated where M is, because
e dlee)td(ce’) < ghod(ac)o—(d(ae)td(ac) For M concentrated at e and M’ at ¢/, using
d(a,e) + d(a,e") > d(e,€’) in both indices,
Te(MM')| < Clof[t/|N(v/2)%e 774,
and if M is concentrated at (e, e’), then
ITe M] < CJolof|N ()¢ 46,

Now z, = 0, X = Pv has ||(,)a]] < Ce P0U@)|y|, 50 it is concentrated at e. The vector
D2¢(X)[xy, T, has components at most c3Ny, () Ny (2,) < C|o|[v/|ePoldhe)+dken) g
Tyy = 0y0p X = —B*(AB*)"1D?%¢c(X)[z,, ] is concentrated at (e,e’). In the same way
Ay = 0yA = D?¢(X)[wy,-] is concentrated at e, A,y = D3¢(X)[Ty, Ty, -] + D2e(X) [Ty, -]
is concentrated at (e, e’), 9,P = —B*(AB*)~1 A, P is concentrated at e, and 0,0,/ P is a sum
of products of operators bounded in ||-||g, with either one factor concentrated at (e, €e’) or

one factor concentrated at e and one at e’. The same holds for the derivatives of G; = AA*
and Go = P*P. Then

DpOp H = N(D*Q[2, 2] + DQ[1] Za Dy log §(Xe)

+ > +5(Te(G; ' 0:00Gi)
i=1,2
— Tr(G; 19,G: G; 10w Gi)),
where D2Q and DQ are the derivatives of Q(UeX) in X. By the bounds above every term
is at most /
C(A+ l)lvHv/\e*'yd(e’e )2,

for instance
|D*Q[y, ] |<CZ€_B° (@) Fd(@e)=2) |y ||y

Hence, using A > 60cg > 60, every block of the Hessian of H satisfies
|(Hess H) oo || < CAe™Podlee)/4
and ||Hess H||g < cgA with B = Bo/8.

Approzimation. Let p be smooth on [0,00) with 0 < p/ <1, p(t) =t for t < 3r, p < Ir
and p constant on [2r,00), and let 7(€)e = p(||€e|])ée/||€e ||, which maps g into Boxz,./4-
Let v be smooth and convex on [0, 00), zero on [0,7], with 0 < v” <1 on (r,00) and v" =1
on [2r,00), and V(§) = X, v(|[&]]). For t > 3r, v"(t) = L and v/(t)/t > 1 — 2r/t > L, so
HessV > % in the links with ||| > 3r. Let H, = H o7 4+ nV. Then

Hess H,, = D7*(Hess H o 7) DT + Ay,

where D7 and A,, are block diagonal, D7 is the identity in the links with ||&| < %r,
|D7|| < 1, and A, > n3 — Cy in the other links, C; bounding VH times the second
derivative of 7. So Hess H,, > m on g~ for n > 6(m + C7), and all derivatives of H,, of
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order at least two are bounded. For ¢ as in (ii) and a < ag = £/(120cg), the block-scalar
matrix e®¥ commutes with D7 and A,,, so by Lemma 12.40(ii)

Heo“p Hess H,,e™*¥ — Hess HnH < gc

B

Weighted Helffer—-Sjéstrand. Let p, have density proportional to e *» on g% and £, =
—~A+VH, -V on L?(i,). For H, smooth with Hess H,, > m > 0 and bounded derivatives
of order at least two, and F,G smooth with bounded derivatives, the Helffer—Sjostrand
representation [41] reads Cov,,, (F,G) = (VF, A"'VG)2(,,) with A = L, ® 1 + Hess H,
acting on L?(jy; gL/). With w = e*#, constant in &, A, = wAw™ = £, ®14+w Hess H,w™!,
and Re(u, Ayu) > Z|ul* because £, > 0; the adjoint satisfies the same bound, so
[AGH < 2 =19 Since A™! = vt A  w,

|Cov,, (F,G)| = [(w'VE, A ' wVG)|

120, _
< THU’ "W 2 1wV Gl 2 ()

m
8/\35-

As n — 0o, e~ Hn decreases to e M 1p,,, off the boundary of Box,, since 7 is the identity
there and V' > 0 off it, so u, — p in total variation. For F,G smooth on Ty, apply the
bound to (F o S)x and (G o S)x with y smooth, compactly supported and equal to 1 near
Box,, and let n — oo; this proves (ii).

(iii) The left-invariant derivative of U,eXa along 6X, is ¥(ady,)dX,, of norm at most
2(16Xall, so [|0g, F| < 23 4ex, | Pasll, and similarly for G. Take ¢ = d(-,X2) and o =
ag < fBo. Then e~@df:X2) < chodla.f)g=ada.X2) o |e=¢V'F| < 2|X1|||P||g,e” @4 X1:X2),
and e/ X2) < eHod®b.f) for b € Xy gives [e*?V/G| < 2| Xs|||P||g,- Insert these in (ii); with
C a bound for ||P||g, on Boxa,, cg = 480C2. O

The rate ag and the amplitude ¢g can be computed, and they turn out not to depend on
G. The proof above passes through the norms ||-||g, whose Schur sums bring in the large
factors N(B); the computation below replaces them by weighted operator norms, in which
inverses and products cost nothing beyond their operator norms. For a block matrix M
indexed by links and pairs and for 9 > 0 let

1M |9y = Sl;pHe’g*"Me_ﬂ“’H,
the supremum over all ¢ with |[p(a) — ¢(b)| < d(a,b) for all indices a, b, the factors e*?¢
acting as scalars on each block. For such ¢ write w = ¢’% and M¥ = wMw™".

Lemma 12.42. (1) For 9 S 19’, HMH S HMH(ﬂ) S HMH(@/), moreover HMlMQH(ﬂ) S

1M1y [ M2l 9y, 1M |0y = 1M |9y, and | Mas|| < || M||gye="%P). If the blocks of
M wanish beyond distance R, then |[M ||y < e"B(RyCa)Y/?, where Ry and Cyr are
the largest row and column sums of the norms of the blocks.

(ii) If M is Hermitian and 0 <9 < V', then |[Re M"Y — M| < 2(9/9')?||M|| gy for every
¢, where ReT = (T + T*).

(iii) If Re M™ Zlc > 0 for eqiery @, then H]Wl*le) <1/e. If (M~ Yl El @) <1, then
1M + B) gy < 1Mooy /(1 — 1My | Eloy)-

Proof. (i) Take ¢ = 0 for the first inequality and replace ¢ by ¥ /¥ for the second. Products
and adjoints follow from (M My)® = MP MY and (M*)* = (M®')* with w' = e~?%. With
@ = d(-,b) the block (a,b) of M is e’ ®) M, of norm at most ||M®||. The last bound is
the Schur test, since the blocks of MY are e?(®(@=¢®)pf

(ii) Let f(z) = e*?Me *?, an entire function of z € C with values in matrices. For
z=x+iy, f(z) = V¥ f(x)e™ V¥ with e’ unitary, so || f(2)|| < K = ||M]||g for |z| <.
Since M is Hermitian, f(z)* = f(—=z) for real z, so Re M* — M = g(v) with g(z) =
3(f(2)+f(—=2))—f(0). The function g is even, vanishes at 0 and is bounded by 2K on |z| < ¢';
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so g(z)/z% is holomorphic there, and the maximum principle on the circles |z| = p < ¥/,
applied to £(g(z))/z? for every linear functional £ of norm one, gives |g(z)|| < 2K|z|?/9".

(iii) If ReT > ¢, then ||Tul|||u| > Re(u,Tu) > c|jul/?, so | T~ < 1/c; apply this to
T = M"™, whose inverse is (M ~1)*. The second statement is the Neumann series for
(M® + E®)~1, 0
Proposition 12.43. Let G C U(r) be compact. Theorem 12.41 holds with

ag =2.5-1074, cg =1.2-10%,

and in (iii) the factor | X1||Xa| may be replaced by (| X1||Xa|)'/2.

So the covariances of local observables under the constrained law on the chart decay at
least like e~ %4000 with amplitude 1.2 - 10% /A, for every compact group; for SU(2) and the
Wilson action the amplitude is 4.8 - 10*/4.

Proof. Throughout, £ € Boxa,, X = S& + h(SE), and the notation is that of the proof
of Theorem 12.41. The hypothesis 4 - 10%c3(k + s) < ﬁ of Theorem 12.37(iv) gives
c3s < 1.29-1078 and c3x’ < 7.7-1078 for k' = Kk + 65, and & < 1078, Every ¢ below is
defined on all indices; a function on L’ with the Lipschitz property extends to all indices
with the same property, by ¢(a) = minecr/ ((€) + d(a,€)).

Local operators. The row k of B has blocks of norm at most % + 260k, with sum at
most 2 + 24 - 260k, by Lemma 12.34(iv) and the coefficients of V,,,,, eight of them % and
sixteen %; every link lies in at most two rows, and the blocks vanish beyond distance 1. So
b=|Bllw) < (3 + 10~*)'/2 by Lemma 12.42(i). The row k of A — B has norm at most
3Ny, (X) < 7.35¢c35 = €4, since || X o0 < 35, 50 ||A — Bl < V48 eV 4. The row dj, of S
is sp€ = —B,;ék > etdy Br.ee, of norm o < (@ +260k) /(3 — 260K) < 3.32, the squares of
the other coeflicients adding up to %; the other rows of S are those of the identity. If Dy is
the diagonal matrix with entries e?(#(@)=2(€)) on the links e of Vy,u» then the row dj, of S¥
is 53Dy, and every link of L’ lies in at most two of these sets, so

5= 8]y < (1 +20%*)1/2,

Finally Q(Ue™) = 3 |lU,—I||* = ¥, (2r—2Re Tr U,). By Duhamel’s formula the derivative
of UseXe in X, is an average of UeeGXeYe(l_e)Xe, and its second derivative an average,
of total weight one, of products with Y and Z inserted between unitary factors. With

Tr(ViYVoZVs)| < ||Y ||| Z|| for unitary V; this gives
|D?*QplY, Z]| < 2D [IYell 3 _lIZell

eep ecp

and, since ReTr(VY) = ReTr((V — I)Y) for skew-Hermitian Y and a conjugate V of
Up, IDQy[Y]] < 26" Y e, IYell. A link lies in six plaquettes, so [|D*Ql|y) < 48¢” and
DQIY]] < 124/|[Y |

Inverses. The diagonal blocks of G = BB* have norm at most % + 227k, each row has
two other nonzero blocks, of norm at most % + 227k, at distance 2, and G > % — 700k,
by the proof of Theorem 12.35(iii). The blocks of ReG" are cosh(?(p(k) — ¢(1)))Gri, so
ReGY > {5 — 700k — (cosh 20 — 1)({5 + 454x), and Lemma 12.42(iii) bounds go = [|G™||(9)
by the inverse of the right-hand side. With F = (A — B)B*, the same lemma gives

ecp

AB) Yy < —B__ —p,
4B oy < 7ot = o
*\— 90
I(AA") ) < = g1,
W= 1= 002l Ellw) + 1A= BI,)

since AB* = G+ E and AA* =G+ E+ E*+ (A— B)(A— B)*. Let Y = B*(AB*)™!,
soy = [[Y]|w) < bho. Since BS =0, P = PS =S -Y(A- B)S,s0p = ||P|wy <
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5(1 +yl|A — Bl[(9)); and M =Y (A — B)S takes values in Ny, orthogonal to the values of
S, s0 P*P = 8*S + M*M. Here S*S =1+ 3. s;:5k, and (s;sx)" = v*u with v = 53Dy,
v=s,D; ", s0 Re(sfsp)” = 2((u+v)* (u+v) — (u—v)*(u—10v)) > —o?sinh? ¥ Jy, Jj the
projection on the links of V; ,; and Re(M*M)* > —2(79/19”)2||MH% » by Lemma 12.42(ii),
for ¥ < ¥”. Hence

—— . 92 -1
g2 = ||[(P*P) 1||(19) < (1 — 202 sinh? 9 — QWHM”%W))

For the ¢! norms, [|G7!|| < 17 in the norm Y ;||zx|| and E has column sums at most
2(24+107%)e 4, so (AB*)~! has norm h; < 17.001 there, and ||B*z||; < (2 + 107%) 34| zx]|-

The Hessian. Let u,u’ € g~ p = wu and ¢ = w4/, Since (u, (Hess H)"u') = 8,0,H,
it suffices to bound |9,0,H| by K|u||| for every . Write 2, = Pp = wi and z, = w™1g,
with |Z| < plu| and |g| < p|u|. The links of V,, , lie within distance 1 of the position of k,
so the weights of z;,, and z, on them differ from e (k)

Z Ny,u($p>Ny,u(xq) < 26219‘5” 171,
k

by factors at most €’, and

every link lying in at most two of these sets. In the same way A, = 8,4 = D?c(X)[zp, -]
equals wflp and A, = wilfvlq, where flp and zzlq have rows of rank at most dim G, so their
Hilbert—Schmidt norms satisfy
14pllz2l| Agll2 < 2dim G 3 p? |ul|u],

and conjugating them by w multiplies these norms by at most e”. The second derivative
Tpg = —Y D?%e(X)[zp,z4] has ||pll1 < csziful[e| with 21 = 2(2 + 107%)h1e??p?, and
Apy = D3c(X)[xp, 4, -] + D?c(X)[pg, - | has trace norm a < 2dim G 2 (e?'p? + 1) |ul ||,
the weights cancelling in both.

The four parts of H are bounded as follows. First, 9,0,AQ = A((Z, (D?Q)*9) + DQ|p)),
at most \(48¢Vp? + 12c3k'w1)|ul|w/|. Second, the Hessian of 3, logj(X,) in X is block
diagonal and commutes with w, so its part is at most c3(p? + c3x1)|u|[w/|. Third, for

G1 = AA™,
dp0, logdet Gy = Tr(G;10,0,G1)
— Te(G1 ' 0pG1 G1 04G),
with 9,61 = A,A* + AA; and 0,0,G1 = ApqA™ + ApA;; + AqA; + AA;q. Each term is the
trace of a product in which w and w~! occur once each, next to fvlp and /vlq, or not at
all, next to Ap,. A cyclic permutation writes it as Tr(wFw™1F’), or Tr(w™'Fw F’), and

[ Tr(wFw™ F)| < [|wFw™ 2 F'|l2 or wFw | F']l;. With a = ||A]|s) < b+ [|A— Bll)
this gives

%\81,8(1 log det G1| < g1aa
+ (g1 + 290%™ || Ay [l2]| A -
Fourth, 3p]5 = —Y_Ap_]5 and Gp(‘?qp = —Yqup + YAqYAp]5 + YAPYqu, and the same
counting for Go = P*P gives
31050, log det Go| < gap*ya + (3920°y”
+2055"7)e* | Apll2ll Ag -

So
|Hess H||(9) < K = Aky + dim G c3ko,

where k; = 48¢Vp? 4 12c3x21 and kg collects the other three parts, divided by dim G ¢3|u] /],
which is possible as ¢3 > 1. At ¢ = ¢ = 0.197, with ¥/ = 0.6, these give b < 0.862,



106 D. BHATTACHARJEE, U. BHATTACHARYA, J. M. LOCKWOOD, AND T. ROMANOV

90, ho, g1 < 17.37, y < 14.96, 5,p < 5.80, go < 7.41, k1 < 1966 and ko < 4.16 - 10?; and since
A > 60cg = 4.086 - 10" dim G ¢3 by Proposition 12.38, K < 2068).

Decay. In the proof of Theorem 12.41, replace the bound on e*¥ Hess H,e~“¥ — Hess H,
by the following. Since D7 and A, are block diagonal and symmetric and commute with
w = e*?, Lemma 12.42(ii) with ¥ = « gives

2
|Re(Hess H,,)" — Hess H,|| < Q%K < % = %
for v < /(240 - 2068)~/2, which holds for aw < 2.5 - 107%. Then Re(u, A,u) > 2|ul? as
before, and (ii) follows. For (iii), V'F = P*g with g supported on X; and |g,| < 2, so with
Y = d(7 XQ))
TPV F| = |(P*)" ™% g| < 2pa) Xy| /270X X2),

where po = ||P||(o) < 4.8 at o =2.5-107%, and [e*?V'G| < 2p4| X2|'/2. Insert these in (ii):
co = 480p2 < 1.2- 104 O

The chart misses only points of the fibre at which some plaquette near W is not small,
and under the Wilson measure such points carry little mass on most fibres.

Theorem 12.44. (i) Assume the hypotheses of Theorem 12.41 and s > 1.24-10%x. Every
U' € F with (5(UI’,,I) < k for every plaquette p with a vertex in a block of W lies in
®(9Q,). Hence the constrained law gives the complement of ®(£2,) at most the mass of
the points of F' at which such a plaquette exceeds k.

(ii) Let G = SU(2), let the side 2L be a power of two, let p be the Wilson measure in
the tree gauge at By > 1, so that X = Bw /4, and let E be the set of fields with
8(Up, I) < k for every plaquette with a vertez in a block of W+. For p-almost every
U let py be the constrained law on the fibre F(U) through U. Then

Ey[pu(E%)] = p(E®) < 10°W | ga(Bw),
with q, as in Theorem 12.57. If Kk, s and X satisfy the hypotheses of (i) and 0 < e < 1,
the fields U € E with py(F(U) \ ®y(Q,)) < e, where ®y is the chart at U, have
probability at least 1 — (14 =) 104 W|qu(Bw ).
(iii) At every such U, for X1,Xo C Aw and F,G as in Theorem 12.41(iii),

|Cov,,, (F,G)| < (@eﬂcd“h)@) + 305)\)(1\ 1 Xs|.
Bw

Proof. (i) The fields U and U’ satisfy the hypothesis of Lemma 12.34 and agree off Ay, in
particular on the tree links. An active link e with base in a block B(y), y € W, either lies
inside B(y) or leaves it in a direction u. In the first case part (i) of the lemma, at U and
at U’, gives 6(Ue, Ul) < 6. In the second, let v and v be the path links of V,, , at U and
at U'. Part (iv), at both fields, writes the common cut-off average as ve™ = v'eM’ with
| M]||, |M'|| < 87k, so by bi-invariance and Lemma 12.26

§(v,0") = 6(eMe™' 1) < |M|| + ||M'|| < 167k < 50.3%,

and part (i) gives (U, UL) < §(Ue,v) + 6(v,v") +6(v',U!) < 92.3k. Let X, = log(U;1UY).
By Lemma 12.26, || X.|| < §92.3x < 96.7x < s/1280 for every e € Ay. Theorem 12.37(i)
with s/32 in place of s, whose chart is the restriction of ® by the uniqueness of the fixed
point in its proof, puts U’ = UeX in D(K,/32), and K39 C €2 by Theorem 12.41(i).

(ii) The tree links span every block, so for every field there is exactly one gauge trans-
formation, equal to I at the corner of every block, that makes the tree links equal to I.
Given the tree links, it multiplies each active link on both sides by elements that do not
depend on that link, which preserves Haar measure, and S is gauge invariant; so in the
tree gauge the active links have density proportional to e % with respect to product
Haar measure. Since By S = BTW 35 0(Up, I )2, conditionally on the links off Ay the links of

Ayw have density proportional to e *?, and conditioning further on the averages gives the
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(a) the fibre F and the chart (b) the bound 10*|W] q,(3w)

1042 1 i — W =81

large plaquette

%M

<1/2
-

(=]

w

<

1032 1
1027_
1022 4
1017 -

-107!

1012 4

0

least By with bound

107 4

K=

102 4

107% 1071 1072 107 107¢ 1073 10°

K

F1GURE 18. Theorem 12.44. (a) A fibre F of the cut-off average, drawn as a
surface: the product chart ®(€2,) around the background U (green) contains
every point of F' whose plaquettes near W are at most x (inside the blue
curve), and the rest of F' meets only points with a large plaquette (red).
(b) The least By at which the bound 10*|W|g,(Bw) is at most 3, for the 81
blocks of a cube of side three; it grows like x~2log(1/k), and at the largest
x the hypotheses allow it is about 4.0 - 1038,

constrained law. So pr is a version of the conditional law of p given the links off Ay and
the averages, and the identity is the tower property of conditional expectation. If U ¢ E,
some plaquette with a vertex in a block B(y'), ¥’ € W™, is bad for p = k. Its corner z
differs from that vertex by an element of {0,1}*, so z lies in a block at ¢*° distance at most
two from W, and the plaquette lies in the unit cube C,. There are at most 5*|WW| such
blocks, with 16 sites each, and FE is gauge invariant, so Theorem 12.57 with |A| = 1 gives
u(E°) < 10YWlge(Bw). For U € E, part (i) gives u(F(U)\ @(2,)) < pur(E9), so the
exceptional fields lie in E¢U {uy (E€) > €}, which by Markov’s inequality has probability at
most u(E°)(1+¢e71).

(iii) Let A = @y (), m = py, ma =m(- | A) and € = m(A°) < e. By Theorem 12.41(iii)
with A = B /4, |Cov, (F,G)| < %|X1|]X2]e_o‘cd(X1’X2). The group SU(2) has diameter
V2r, and F has gradient at most 1 in each link, so after subtracting a constant, which
changes no covariance, ||F|s < @\Xl\ < 2.23|X,|, and likewise for G. Writing m =

(1= €)ma+emae gives [m(fg) —ma(fg)l < 2¢|| fllocllglloc and |m(f) —ma(f)] < 2€'[| fl|oo
for bounded f, g, so

|Covin(f,9) — Covin, (f,9)] < 6€'|| flloollglloo
and 6 - 2.232 < 30. O

So on a fixed set of blocks the constrained law of the SU(2) Wilson measure decorrelates,
coarea factor and curvature of the fibre included, on every fibre outside a set of fibres whose
probability tends to zero as Sy — 0o. The bound grows linearly in |[W/|, which is harmless
for the fixed cubes of the cube condition, but the thresholds are far from the one-loop
range: with the constants of Proposition 12.38 the hypotheses force x + s < 6.0 - 1073 and
5>1.24-10%k, s0 k < 4.9-107"%, and ¢.(Bw) < 1 needs By x? > 96(log By + Co), so Bw
exceeds 3.8 - 10%® (Fig. 18).

The mass off the chart can also be bounded on a single fibre, by a Peierls argument inside
the fibre. Two properties of the cut-off average make this possible: along a fixed set of links
it is a submersion with a constant that does not depend on the field, and its law under Haar
measure on those links has a bounded density.
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Fix y € W and a direction pu. Write the offsets of the sites of B(y) in the three directions
other than u as a € {0,1}3, and let z, and z, be the sites of offset a with o, = 0 and o, = 1.
Let ¢, = (2}, 1), which joins B(y) to B(y +e,), and let uq = (x4, ) and w, = (2}, + ey, p),
which lie inside B(y) and B(y + e,). The links ug and wq are tree links and £y = dj, is the
path link, so in the tree gauge

P2y :€O> Pma = Uagaa Pacfl :ana,

and v, = PQ_ylP;E equals I at the two sites of offset 0. The path of sz,ﬂj from a site x consists
of the link (z,v) and the next link (z + e,,v), so {4, whose base has o0, = 1, enters only the
paths from x, and z/, of the pair (y, ). We call £y, ..., 07 the private links of (y, ). The 32
links with o, = 1 of B(y) are the private links of the four pairs (y, 1); the other 17 active
links of B(y) lie inside it.

Let 1
a = 2arcsin —— = 0.7227..., A= -2 —1.09%...,

22 sin o
so that 1 — %A > 0.0439. Two facts about ad X for X € g, which is skew-adjoint for the
Hilbert—Schmidt product, will be used throughout. If the eigenvalues iy of ad X satisfy
|| < 2cr, then

log(e'?e™) = X +tLxZ + O(t?),

ad X

Lx = Zax

ILx| <A,

since the eigenvalues of Lx have modulus %, which increases with [¢|. For every

Y eg,

d Y+tZ -Y
— =FkvZ
€ ‘tzoe Y
eadY_l
EFy = ——— Eyv| <1
v=" ot IEd<t,

because |¢®¥ — 1| < |¢|; in particular d(e?,e?) < ||A — B|| for the Riemannian distance d
of the bi-invariant metric, along the curve eA**B=4) Tf §(v, 1) < 1 and €%, |6;| < 7, are
the eigenvalues of v, then >, 4sin*(;/2) < 1; each |6;] is less than §, where sin?(¢/2) is
convex, so |0;] + |0| < 2« for all j, k, and X = log v satisfies the hypothesis on ad X.

Lemma 12.45. Let og = (1— %A)/\@ > 0.031. At every field at which Vyﬁw is differentiable,

its derivative J : g — g with respect to its eight private links, right trivialised, satisfies
JJ* > o2. The fields at which it is not differentiable form a null set for Haar measure.

Proof. Write m = max, 6(vy, I) and x = ¢(m/pg), so that V¥ = PpeXV with N =
1—16 > . logv,. Where m > pg, the cut-off vanishes near the field, V't = ¢y, and the derivative
along ¢y is the identity. Suppose m < pg, and that the maximum is attained at one path
Z, after identifying identical path functions, and m # pg/2. Copies that coincide because
Uq, W, are tree links are counted together. Other ties lie in finitely many proper real-analytic
subsets, a null set. The variation below fixes both copies of an identical pair, since then
up =wp = I and A —1=0. Then every (v, I) is less than 1, the logarithms are defined,
x is differentiable, and every variation that fixes v, to first order fixes x to first order. The
site x4 has offset b # 0.

Fix ¢ € g and put n = Ad(4)¢. Move £y — €'y, and, if z, = z}, &, — €', or, if
Ty = Tp, U — €50y, with € = Ad(ub_l)n, so that uply — euply. In both cases Py, and Py,
are multiplied on the left by €', so v,, and x are fixed to first order. The other site Z of
offset b has P; — e Ad (ujy 1)77Pj, and the paths from the remaining twelve sites with v, # I
do not move. With the isometry A = Ad(ﬁo_lugﬂéo),

vz - A + O(?), Ve e o, + O(1?)
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for the twelve others, so N moves by ¢t 6N with 160N = Lx_(A—1)( — >, Lx,(, twelve
terms, and ||[SN|| < 13A[|¢||. Since y is fixed,
d

VAV =1+ Ad(lo) By (x ON) = Ad((o) T,

with ||T¢ — ¢|| < %AHCH, as x < 1. The variation is K¢ for a linear map K : g — g® with
two nonzero components of norm ||¢||, so || K|| = v/2 and JK = Ad({o)T. For a unit vector
ecyg,

|| _ | T Ad(bo)*e| _ 1— §A

V2 V2 V)

since the least singular value of T' is at least 1— %A. At the other points of differentiability the
same bound follows by continuity: the cut-off has finitely many smooth branch formulas, at
such a point the formulas of the adjacent full-dimensional branches agree with its differential,

|77l =

=00,

and the lower bound on the singular value is preserved under limits. U
Corollary 12.46. Let C = (Vyﬁ,u)yEW,w as a function of the links of Ay, the other links

being fixed. Wherever C is differentiable,
det(DC DC*)fl/2 < UO_4|W|dimG < 33W|dimG

Proof. The private links of distinct pairs are distinct, and each enters only the average of
its pair, so the columns of DC that belong to private links form a block diagonal matrix
with the blocks of Lemma 12.45. Hence DC DC* > @, Ji.J > a%. O

The coarea factor of the constrained law is therefore bounded on the whole fibre by a
constant per block, for every value of the cut-off and however far the links inside the blocks
are from I. The volume of the fibre is bounded through the law of the averages. From here
on G = SU(2), which with the metric || X||? = Tr(X*X) is the round sphere of radius v/2,
pc = 1, and h is normalised Haar measure.

Lemma 12.47. Let G = SU(2), fiz every link other than the private links of (y, ), and let
these eight links be independent and Haar distributed. Then the law of Vyﬁ# has a density
with respect to h that is at most

M:1+2(1—gA)_3<2.4-104

at every point, in the version given by the formula (12.7) of the proof.

Proof. Let g = ly, m1 = max, 0(vg,,I) and mg = max, §(v,, ). Split G®, up to the null
set m =1, into Ry = {m > 1}, Ry = {m1 > mo, my < 1} and Ry = {mg > my, mg < 1};
ties between the two families, including two path functions that coincide identically, belong
to R;. On Ry, x =0 and VF = g.

On R; use the coordinates (g, h, ..., h7) with hy = vy, = g~ u.l,. For fixed g the map
Ly — hg is a left translation, so these coordinates carry product Haar measure, and

1, -1
U, g hqwg.

Vgt = gilgawa =9
Fix h and put mj = max, d(hq, I) < 1. The set S, of g with (g, h) € R, is the measurable
set where (v, ,I) < my, for every a; on it m = my, so x = ¢(my) does not depend
on g, and V¥ = geX™9) with N(g) = £ 3 ,(loghq + logv,, ). The set {5(v,I) < 1} is
the ball of angular radius a about I on the sphere, which is geodesically convex, and on
it [|llogv — logv'|| < Ad(v,v’). By bi-invariance d(¢g~'u"'g, ¢’ 'u"tg’) < 2d(g,g’), so for
9,9' € Sh

7 7
IN(g) = N(g)l < 16 20 d(g,q') = gA d(g,9').

If Vi(g) = Vi(¢') = ¢, then g = ce XN and ¢ = ce XN 50 d(g,¢) < tAd(g,g') and
g = ¢': the map g — V¥(g) is injective on Sy. Its derivative is computed as in the proof of
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Lemma 12.45: with 7 = Ad(g)¢ the sites 2/, move by e/4a=D< A, = Ad(g~ u; 1g), the sites
xq do not move, and the right trivialised derivative is Ad(g)7T" with ||T' — 1| < 1—76 2A = %A,
so its determinant is at least (1 — %A)?’ in modulus. On Ry the coordinates (g, hf,...,h%)
with h, = vy = g Yw, and vy, = g uag hLw, ! give the same conclusions.

For fixed h, the smooth formula with y = ¢(my,) fixed extends to a neighbourhood
of each point of Sp,, where no logarithm meets —1I; its restriction to the measurable set
Sy, is injective and has the Jacobian bounds above. The change of variables formula for
measurable restrictions therefore applies, even if part of the boundary of Sp has positive
measure, and likewise on Ry. The law of V¥ has the density

(12.7) p(c) = h®T({£: (¢, ) € Ro})
dh®7

+Z/ 2 DV

=127 e8| viee

the inner sum having at most one term, and p(c) < 1+ 2(1 — %A)*?’. Finally 1 — %A =
0.04391... and M = 23621.... U

The four averages of a block depend on disjoint sets of private links, and on the links
inside the blocks, which are private to none. So, given the links inside the blocks of W,
the averages V,f are independent, and the formula (12.7) for each pair defines, for every
value ¢ of O, a measure v, on the fibre F. = C~!(c): in the coordinates of the proof of
Lemma 12.47, chosen for each pair according to its region, it is the product Haar measure
of the links inside the blocks and of the seven coordinates other than g, divided by the
product of the determinants |det DV,f(g)\. Then h = [v.dh(c) on G, so v, is a version
of the conditional law, and

(12.8) ve(F.) < M4V for every c.
Where C' is differentiable,
ve = vol(G) ¥ Wldet(DC DC*) ™= d.
Indeed, if C(z,g) = c is solved for g by g = ¢(z), then DC = 9,C (=D, 1), so
det(DC DC*)'? = |det 9,C| det (1 + Dy* D)2,

and the second factor is the Jacobian of the graph of ¥. So 1, is the coarea version on the
charts of Theorems 12.37 and 12.41, where C' is smooth, and we use it on the whole fibre.

Proposition 12.48. Let G = SU(2), A >0 and 0 < K <1078, and let np < 384|W| be the
number of plaquettes that contain a link of Ay . Suppose the fibre F' contains a field U with
8(Up, I) < K for every plaquette p with a vertex in a block of W, where k < K/(4,/np).
Then the constrained law uy on F gives the set of fields with a plaquette p with a vertex in
a block of W and 6(U}, I) > K mass at most

~1/2

3108 32\ BIW 4 e
ew(KA) = (Fg ) e

Proof. Let ¢ = C(U), let B be the set in question, and let Qu be the sum of 5(U]§,I)2
over the np plaquettes that contain a link of Ay ; on F it differs from @ by a constant,
so uy = ey, /u.(e7*9W). A plaquette that contains no link of Ay has U, = U, for
U’ € F, so on B the large plaquette is one of the np and Quw > K2. By (12.8),

/ e Mew dv. < MAWg=AK?
B

For the denominator we solve the constraints for the path links. Let L' = Ay \ {dx},
p=K/(188,/np) and R = 44p, and let D be the set of z € G¥ with d(z., U.) < p for every
e € L. The field U satisfies the hypothesis of Lemma 12.34, as k < K /4, and part (i) of



EXPLICIT LATTICE YANG-MILLS MASS GAP REDUCING THE CONTINUUM GAP TO ONE CUBHI11

the lemma gives §(U,, I) < 3k for the links inside the blocks and 6(Ue, Uy, ) < 21k for the
private links of k, so d(vy, [) < 24k and, by Lemma 12.26, d(v,, I) < 87k at every site of
every pair. Fix z € D and a pair k, and let £ range over the ball By, of radius R about Uy, .
Each v, is ¢~! times a product of at most two links of L’ and fixed links, so at the field
with links z and £ it lies within R + 2p of its value at U, and within 87k 4 46p < 0.01 of I.
Hence the cut-off equals 1 near this field and V,f = 0N with N, depending on z and .
Each v, is moved by d(¢, ¢') when £ is replaced by ¢, so the map ¥(£) = ¢, e~ Ve(©) satisfies
d(W(0), U(¢')) < EAd(€, ). At U the path link solves Uy, = cxe ™k, and the sites move by
at most R + 2p between U and the field with links z and ¢, so

d(W(0),Ug,) < gA (R + 2p) < 0.9561 - 46p < R.

By the contraction principle ¥ has a unique fixed point 1x(2) € Bg. The path link dj, is
private to k, so the field I'(z) with links z on L’ and ¢;(z) on dj lies in F, and T is injective.

Near I'(D) every cut-off equals 1, so C' is smooth, and 9,C is block diagonal with the
blocks 8dekn. Moving dj, — e'd;, multiplies every v, of k by e, ¢ = Ad(d,;l)n, SO
the block is Ad(dg)(1 — En, 75 > Lx, ), with determinant at most (14 $A)% < 1.957% in
modulus. By the identity above, v, restricted to I'(D) is the image of h®L" on D divided by
|det 9,C1, so

ve(T(D)) > 1957 12WIp (B )BIWI

20 —sin 20 S pj
2 T
with § = p/v/2 the angular radius, as 20 — sin 20 > %93(1 - %) Every plaquette has at
most one path link, since two path links (2y + e, 1) and (2y’ + e, 1) are never opposite
sides of a plaquette, so on I'(D) each plaquette moves by at most R + 3p = 47p and

S(Up, 1) < k +47p < K/(2/np). Hence Qw < K?2/4 there and

3\ 45|W|
/ e AW gy, > e—AK2/41.957—12|W|(i) .
F 14

h(By)

Dividing,
3/2
4 12 W] (14 - 18870 "N ABIWI gy pe0
py(B) < (M*1.957'2) (Tp) oK/
and (M*1.95712)1/45 < 2,93 14-188% < 9.31-107. Finally np < 384|W]|, since each plaquette
that contains a link of Ay, has the base of that link, a site of a block of W, as a vertex, and
each site is a vertex of 24 plaquettes. O

Corollary 12.49. In addition to the hypotheses of Proposition 12.48, assume those of
Theorem 12.41 with K in place of K, and s > 1.24- 10°K. Then uy(F\ @y () < ew (K, \),
and for X1, Xs C Aw and F,G as in Theorem 12.41(iii),

Cov,, (F,G)| < (%e*%d(xhxﬂ +30ew (K, \)) [ X1] [ Xal.

Proof. The field U satisfies the hypothesis of Lemma 12.34 with K, so Theorem 12.44(1)
with K in place of k puts every point of F' outside ®;;(€2,) in the set of Proposition 12.48.
The covariance bound follows as in the proof of Theorem 12.44(iii). O

So the constrained law decorrelates on every fibre through a field whose plaquettes near
W are at most K/(4,/np), with no average over fibres, once AK? is a large multiple of
|[W|log(np/K); with K < 4.9 -10718 this needs By above 1.5 - 103°|W| under the Wilson
measure. The restriction is on the fibre: the links off Ay, are fixed on it, so a fibre whose
boundary links carry a large plaquette near W contains no such field, and neither may a
fibre with small boundary links, and the proposition does not cover these fibres. It is a
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lower bound for the fibre measure near one good field against an upper bound for the whole
fibre; it does not compare different fibres.

The hypothesis on U enters the proof twice: through Lemma 12.34, to place the sixteen
sites v, of every pair near I, and through the bound on Qw near U. Neither needs the links
off Ay or the links inside the blocks to be small, and every fibre contains a field at which
the sites are exactly I.

Lemma 12.50. For every value ¢ of C and every choice of the links off Aw, the fibre F,
contains a field at which v, = I for every site x of every pair (y,p), y € W.

Proof. Fix p. The links of Ay in the direction p are, for each y € W, the links u, and /¢,
of the pair (y, 1), and the links w, of that pair are the links u, of the pair (y + e, 1) when
y+e, € W, and fixed links otherwise. Whether u, is a tree link depends only on the offset,
so u, and w, are both tree links or neither. For a pair with path link g and given links w,
put £y = g and, for a # 0,

ly=g, or ga:gwgl, ua:gwag_la

the first when u, is a tree link and the second otherwise. Then v,, = g "ugly = I and
Vg = g Yow, = I, as u, = w, = I in the first case. The blocks of W along a line in the
direction p form runs y1,. ..,y of consecutive blocks. If y,, + e, ¢ W, choose the links of
the pairs (yn, 1), ..., (y1, 1) in this order, with g = ¢, ,, the links w, of (y;, 1) being the
fixed links for j = n and the links wu, just chosen for (y;41, 1) otherwise. If the run closes
up around the torus, put u, = I and ¢, = g for every pair of the run. At the resulting field
every v, equals I, so the cut-off equals 1, N = 0 and VyT{ u = Yo = ¢y The directions do
not interact, since the pairs (y, 1) use only links in the direction pu. O

Call a field U € F regular if §(v,,1) < 1 at every site x of every pair, and let g(F)
be the infimum of Qyy over the regular fields of F, finite by Lemma 12.50. Write up =
e MWy, /v.(e7*@W) for the constrained law on F = F,.

Proposition 12.51. Let G = SU(2), A > 0 and 0 < t < 1. For every fibre F', whatever the
links off Aw, and every reqular U € F,
,LLF({U/ eF: Qw(U,) > Qw(U) + t}) < E;;V(t,)\),
5.2-1019 3\ 45w _
St A) = (L) e
In particular pp({Qw > q(F) +t}) < ey (t, X) on every fibre.

Proof. The numerator is bounded by (12.8) as in the proof of Proposition 12.48, by
MAWle=A@w )+ - For the denominator take p = t/(1076np) < 1073, R = 44p, and
D and By as in that proof. At the field with links 2 € D on L' and ¢ € By on dj,
each v, of the pair k lies within R 4+ 2p = 46p < 0.043 of its value at U, and § < d, so
d(vg, I) < i + 0.043 < % Hence the cut-off equals 1 near this field, the logarithms are
A-Lipschitz along the moves, and the contraction argument of that proof gives the injective
map I' : D — F, near whose image C is smooth with |det 9,C| < 1.95734WI1 S0

3\ 45|W|
—12(w| (P
ve(T'(D)) > 1.957 (14) .
On I'(D) each of the np plaquettes moves by at most 47p, and §(Uy, I) < 2v/2, so

S(ULI)? < 6(Uy, I)? + 94 - 2V2 p + 477
< 6(U,, I)? + 269p,
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and Qw < Qw (U) +269npp = Qw (U) + % there. Dividing as before,

nr({Qw > Qw(U) +1})
14-1076°np\45W1 4y, 4
F) e
and 2.93 - 14 - 10763 < 5.2 - 10'0. For the last statement apply this to regular fields with
Qw (U) decreasing to ¢(F) and use the continuity of e}y, in . O

Corollary 12.52. Let G =SU(2), A > 0 and 0 < K < 1. Suppose the fibre F' contains a
reqular field U with 6(Up, I) < K/(4/np) on every plaquette p that contains a link of Aw,
whatever the plaquettes made of fixed links. Then up gives the fields with such a plaquette
above K mass at most efy (22 K2 \).

< (m1.9572) "

16
Proof. At U, Qw < K?/16, and a field with one of these plaquettes above K has Qy >
K? > Qw(U) + 12K*. Apply Proposition 12.51 with ¢t = 12 K2 < 1. O

The field of Proposition 12.48 is regular, since its sites lie within 24« of I, so Corollary 12.52
contains that proposition up to the constants and drops its hypothesis on the plaquettes
made of fixed links and on the links inside the blocks. It reaches every fibre whose boundary
links carry large plaquettes, provided the sites of the averages can be made small there
together with the plaquettes that move. Proposition 12.51 holds on every fibre with no
hypothesis at all, but its reference value g(F') need not be small. Where it is of order one, as
it can be when the averages are far from what the boundary links suggest, the constrained
law sits within ¢ of ¢(F') but away from the charts of Theorem 12.41, which are built at
fields with all plaquettes near W small. The proposition also does not compare regular with
irregular fields, at which some site is far from I.

Different fibres with the same links off Ay, are compared through the law of the averages.
Call the links off Ay the exterior E, write h for product Haar measure on GAW , and let

e~ \Qwp
TE = he—2aw)
on GA%. Under the SU(2) Wilson measure in the tree gauge, mg with A\ = By /4 is the
conditional law of the links of Ay given the exterior. Since h = [ v.dh(c),
Ve e~ Aw
TE = [ HF. h((e—/\QW)) dh(c),

so pr, is the conditional law of mg given C' = ¢, and the law of the fibre through a field
drawn from 7p is the law of C' under 7g. Let Q.(E) be the least value of Qs on GAW |
which is attained since GAW is compact.

Proposition 12.53. Let G = SU(2), A > 0 and 0 <t < 1. For every exterior E,

7TE({QW > Q*(E) + t}) < 5%/@7 )‘)7
1.05 - 107 n3,\ 4917

" _ P —3Xt/4

(8, N) = (7753 ) e .

In particular the law of the averages under wg gives the fibres F with infr Qw > Q«(F) +t

mass at most ey, (t, \).

Proof. Since h is a probability measure,
/ e QW 4h < e~ MQutt)

{Qw>Qx+t}

For the normalisation let U, be a field with Qw (Us) = Qx, let p =1t/(90.6 np), and let D be
the set of fields with d(Ue, U ) < p for each of the 49|W| links of Ay, the 45|W| links of L'
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and the 4[| path links. Then k(D) = h(B,)*W| > (p3/14)%IW]. Each plaquette contains
at most four links of Ay, so on D it moves by at most 4p, and as § < d and §(U,, I) < 2v/2,

§(Up, I1)? < 8(Usp, I)? + 162 p 4 16p?
< §(Usp, I)? + 22.63p,

because each link of Ay lies in six plaquettes, so np > 74 and p < 1.5-107%. Hence
Qw < Qx« +22.63npp < Qx + ﬁ on D, and
14 -90.63n3\ 99IW[ _
WE({QW > Qs+ t}) < (TP> e 3/\t/4’
with 14 - 90.6% < 1.05-107. A field U with Quw (U) < Q. + t lies in its own fibre, so
inf ) Qw < Q« + ¢, which gives the last statement. U

Call a field that agrees with F off Ay a completion of E.

Corollary 12.54. Let G = SU(2), A >0, 0 < K < 107® and k = K/(4\/np). Suppose
the exterior E has a completion U® with 5(Ug, I) < k/(2\/np) for every plaquette p with a
vertez in a block of W+. Let € be the set of completions U with §(Up,I) < k for every such
plaquette. Then:

(1) mB(E%) < el (k2/2, V);

(ii) every U € & is regular and its fibre has q(F(U)) < k2, so the law of the averages
under g gives the fibres with q(F) > k2, among them every fibre where q(F) is of
order one, mass at most ey, (k*/2,\);

(iii) if A, s and K satisfy the hypotheses of Corollary 12.49, then for every U € £ the
constrained law on F(U) gives the complement of the chart ¢ (2) at U mass at most
ew (K, A), and its covariances obey the bound of that corollary.

Proof. (i) Q«(E) < Qw (U°) < npkr?/(4np) = k2/4. If Qw(U) < Q«+£2/2, then Qu (U) <
%HQ, so every plaquette that contains a link of Ay has 6(Up, I) < k, and a plaquette with
a vertex in a block of W7 that contains no link of Ay has the value it has at U°, at
most 1/(2y/np). So £ C {Qw > Q« + k*/2}, and Proposition 12.53 with ¢t = £?/2 < 1
applies. (ii) A field U € & satisfies the hypothesis of Lemma 12.34, which places every site
of every pair within 24k < i of I, as in the proof of Proposition 12.48; so U is regular and
q(F(U)) < Qw(U) < k% Hence a fibre with ¢(F) > x? contains no field of £, and the law
of the averages gives these fibres at most the mass 75 (£¢). (iii) The fibre F/(U) contains
the field U, whose plaquettes with a vertex in a block of W™ are at most k = K/(4,/np),
which is the hypothesis of Proposition 12.48; Corollary 12.49 applies at U. U

So on every exterior whose plaquettes near W can all be made small by the links of
Ay, the fibres where ¢(F') is of order one, and more generally the fibres that contain
no field with small plaquettes near W, carry total mass at most 5{3,(%;2 /2, ) in the law
of the averages, and every other fibre has the chart decay of Corollary 12.49. This is
a bound for every such exterior, not a mean over exteriors as in Theorem 12.44(ii). If
AR2 > 196]W|In(8.4 - 1073 /kP8), then &, (k2/2,\) < e °/8; with np < 384|W| and
K = 4.8 -107!8 this holds under the Wilson measure for Sy > 6.4 - 1043|W[2(1 + In [W]).
The fibres where ¢(F) is of order one remain possible in two places: on an exterior with
no completion whose plaquettes near W are small, and as values of ¢ of small mass on an
exterior with one.

Remark 12.55. Theorem 12.41 is the decay that Remark 12.39(b) asks for, on the chart
®(Q,) with r = s/32, which contains ®(K/3,) and so every UeX € F with || X||oo < 5/1280.
Its constants are explicit by Propositions 12.38 and 12.43: the rate ag = 2.5 - 1074 is the
same for every group and lies far below the decay seen in the computation described at the
end of this remark. What remains open for the small fields:
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(a) the mass of the constrained law outside ®(€2,.) on the fibres that contain no field whose
plaquettes near W are small: Corollary 12.49 bounds it on every fibre that contains
one, Corollary 12.54 shows that on every exterior with a completion whose plaquettes
near W are small these fibres, among them those where ¢(F) is of order one, have mass
at most £y, in the law of the averages, and Theorem 12.44 bounds them in mean over
all exteriors; the constrained cube condition of Remark 12.19(a) takes a supremum
over boundary conditions, which include these fibres of small mass and the exteriors
with no such completion, and on them no chart of Theorem 12.41 is available; by
Proposition 12.71 these are the typical case on cubes of fixed physical size along the
tuning;

(b) the passage from the decay of the constrained law on one fibre, at a fixed background,
to the constrained cube condition of Remark 12.19(a), whose supremum runs over
boundary conditions that include large fields.

On the periodic lattice of side twelve, for SU(2) backgrounds as in the check of Theorem 12.35
and W a row of five blocks, the section S has row sums at most 14, the blocks of P beyond
the range of S decay by a factor about 0.4 per unit of distance, and the blocks of the
chart Hessian of @ fall from 15 at distance zero to 10~® at distance nine, a floating-point
computation reproduced in the archive.

12.5. Large fields under the Wilson measure. Theorem 12.33 needs every plaquette
to be small. This subsection shows that, under the SU(2) Wilson measure, the plaquettes
that are not small form clusters of microscopic size, and that the cut-off average departs
from the average only next to them. It also shows that such plaquettes are present along
the one-loop tuning, so the composition has to pass through them.

Let A = (Z/LZ)* with L = 2™ > 4, and let u, be the SU(2) Wilson measure on Ay,

with density proportional to e #wS(U) with respect to product Haar measure, where
SWU)=> sp, sp=1-3TrU,= 56U, 1)
p

This is the Wilson measure of Section 3 on the torus, without gauge fixing; it has 4L*
links and 6L* plaquettes. For 0 < p < 1 call a plaquette bad if 6(U,, I) > p. The closed
unit cube C, = x + [0, 1]* contains 24 plaquettes. Let B, be the event that one of them is
bad. A plaquette lies in exactly four unit cubes, one for each choice of the two transverse
coordinates of the cube’s corner.

Lemma 12.56. Let Z;, be the normalising constant of uy, and Cy = % + %log(247r3). For

/BW 2 17
log Bw + Co

Bw
Proof. Write U = cosf I +sinfJ with 0 < § < 7 and J? = —I. The angle § of g~ 'h is a
bi-invariant distance, and under Haar measure ¢ has density Zsin? 0. Put r = (4y/Bw) . If

every link has angle at most r, every plaquette has angle at most 4r <1 and s, < (4r)2/2 =
1/(2Bw), so S < 3L*. Each link angle is at most » with probability

2 [T, 8r3 1
*/ sin“tdt Z 2.3 = . 3/
7 Jo 37 247r35u£

—log Z;, < 6L*(log B + Ch), E,, S <6L*

by sint > 2t/7. Hence Zj > 6_3L4(247T3B%2)_4L4, which is the first bound. The function
F(b) = —log Zy, at the coupling b is concave with F'(0) = 0 and F'(b) = ES, so bF'(b) < F(b),
which is the second. g



116 D. BHATTACHARJEE, U. BHATTACHARYA, J. M. LOCKWOOD, AND T. ROMANOV

Theorem 12.57. For Sy > 1, 0 < p <1 and every set A of unit cubes,

ML( N B:c) < ¢4,

z€A
q = q,(Bw) = min{1, exp(6(log Bw + Co) — Bwp*/16)}.

Proof. The measure py, is reflection positive in every hyperplane through sites [61]: the
plaquettes are either in the hyperplane or on one side of it, so conditionally on the links
in the hyperplane the weight factors into two mirror images, and reflection preserves Haar
measure and Tr U,. On a torus of side 2™ this gives the chessboard estimate for functions
of the links of closed unit cubes [32], [16, Section 5.3]:

HL(IJABI) SML( ) B.

TEA],

)\AI/L4

)

since the reflection of B, into another cube is the event B, of that cube. If every cube is
bad, there are at least L*/4 bad plaquettes, so S > p?L*/16 and the event has unnormalised
weight at most e~ Bwp?LY/16, Dividing by Z;, and using Lemma 12.56 gives the bound. [

Corollary 12.58. Join two unit cubes when their corners are at £>° distance one on the
torus. For an integer r > 1,

pr{some connected set of v bad cubes} < L*(6400q)".

Hence, on a torus of fixed physical side La, if a — 0 along L = 2™ and Py (a) — oo, the
physical diameters of all connected clusters of bad cubes tend to 0 in probability, for every

fized p.

Proof. A connected set of r cubes containing a given cube is recovered from a walk of length
2(r — 1) around a spanning tree, and each cube has 80 neighbours, so there are at most
802("=1) < 6400 such sets. Apply Theorem 12.57 and sum over the L* roots. A cluster of
physical diameter at least R contains a connected set of [R/a] cubes, and once 6400 ¢ < %

the bound is at most (La/a)*2-f/* — 0. O

The bad cubes control where the cut-off average differs from the average. For a coarse
link (y, i) let Z,,, be the 24 unit cubes with corners 2y + te, + w, t € {0,1,2}, w € {0,1}*,
w, = 0 (Figure 19).

Corollary 12.59. Let p = % If no cube of 2y, is bad, then x, ,(U) =1 in the tree gauge,
and Vyﬁ’“ is the average of the sixteen paths in the chart at Pay. A bad cube lies in Z,,, for
at most eight coarse links, so the expected fraction of coarse links with x < 1 is at most
4.5 -10° (log Bw + Co)/Bw . Along the limits of Corollary 12.58, with probability tending to
one these links lie within physical distance 2a of clusters of bad cubes of physical diameter
less than any fized R > 0.

Proof. As in the proof of Lemma 12.32, P{;Px is a product of at most six conjugates
of plaquette holonomies or their inverses. These plaquettes lie in planes {u,a} with
corners 2y + te, + w as above, and a plaquette lies in the unit cube at its corner. So
§(Py, Pay) < 6p =24, and x = 1. A cube with corner z lies in 2, , only if z, — 2y, € {0,1,2}
and z, — 2y, € {0,1} for a # p, which leaves at most two coarse links in each direction.
There are L*/4 coarse links, the number of bad cubes is at most four times the number of
bad plaquettes, and a bad plaquette has s, > p?/4, so by Lemma 12.56 the expected fraction
is at most 4 -8 -4 -24 - 144 (log Bw + Co)/Pw. The last assertion is Corollary 12.58. O

Small plaquettes everywhere, which Theorem 12.33 assumes, are nevertheless improb-
able along the one-loop tuning. For SU(2), By = 4¢~2, and the one-loop coupling of
Remark 12.19(c) at spacing a = 1/L gives Sy = 8bglog L + O(1) = %logL +O(1).
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FIGURE 19. Large fields under the SU(2) Wilson measure. (a) A plane

section of the lattice: bad unit cubes (red) form clusters, and the cut-off

average can differ from the path average only on coarse links (orange) whose

24 cubes Z, , meet a bad cube (Corollary 12.59). (b) The frustrated exterior

of a link e: the staple of pg is I and the other five staples are —1I, so U, is

driven to —I and pg is bad. (c) The weight g,(Sw) of Theorem 12.57 for

three values of p; below the dashed line the cluster bound of Corollary 12.58

is summable.
Proposition 12.60. Let 0 < p < 1, v, = % ;é§05(3/4) sin?tdt and p = vee 3. Condi-
tionally on all other links, a plaquette through a link e is bad with probability at least p.
Hence

pur{no plaquette is bad} < e_LL/3J4p,

which tends to 0 when By < Blog L + O(1) with B < 4/3, in particular along the one-loop
tuning.

Proof. Identify SU(2) with the unit quaternions. Conditionally on the other links, U, has
density proportional to e*"* with 0 < k < 68y and |h| = 1, the six staples contributing at
most Sy each. The plaquette holonomy is U, or its inverse multiplied by a fixed element,
so it has a density of the same form. Writing the density as a superposition of indicators of
caps centred at h, the probability of a cap about [ is largest when h = I, and for h = I
it increases with x, because its derivative is the covariance of an increasing function of
Tr U with %Tr U. So the probability of being bad is at least that of the angle exceeding
arccos(1 — p?/4) < arccos(3/4) under the density proportional to e%w <stgin? ¢ which is
at least p: bound the numerator from below on [arccos(3/4), m/3], where cost > I, and the
denominator by %w /2.

Let M = |L/3]. Choose the links in direction 0 at the sites 3z, z € {0,..., M — 1}*,
and their plaquettes in the plane {0,1}. No chosen plaquette contains another chosen
link. Removing one chosen link at a time therefore bounds the probability that all chosen
plaquettes are good by (1 — p)M4. With gy = Blog L + O(1) the exponent is of order
L4_BB. 0

The composition of Theorem 12.33 is local, so it continues across the scales away from
the defects, and the defects spread by at most three spacings of the current scale at each
step. For a coarse plaquette P at y let Bp be the fine box 2y + [0, 4]%.

Lemma 12.61. Let U be a G-valued field in the tree gauge and P a coarse plaquette.
If every plaquette p in Bp has §(Up,I) < pg and [|©,] < n < pg/1000, then x = 1
on the four sides of P, (VH(U)p,I) < 0.03pg, the inequalities (12.6) hold for P, and
[log VE(U) p|| < 4(1 + 647n)7.
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Proof. For the plaquette P the proof of Lemma 12.32 uses only the plaquettes of the
surfaces U, of the four sides ¢ of P and those of the sixteen squares Ua,4,. A plaquette
of Uy, £ = (yi, 1), has its corner = at z,, — 2(y;),, € {0,1,2} and zo — 2(yi)a € {0,1}
for oo # i, with y; € {y,y + e,y + ev}; a plaquette of Oy, has z — 2y € {0,1,2}%. So
r —2y € {0,1,2,3}* in every case, and the plaquette lies in Bp. The bounds on y, on
5(V£,I), the inequalities (12.6) and the bound || Fp|| + 3.27% < 4(1 + 647n)n in that proof
use only the norms of these plaquettes. O

Let a be the fine spacing and a; = 27a. Given ng > 0 put Nj+1 = 4(1 4+ 647n;)n;. Let Bo
be the set of fine plaquettes with §(U,,I) > pg or ||©p] > 1o, and let B, be the set of
plaquettes P of the lattice of spacing a;4+1 whose box Bp contains a plaquette of B;. Let
E? and A7 be the sum of squares and the sum of ||@§§)|| over the plaquettes P ¢ B; of the
j-th iterate.

Theorem 12.62. Let G C U(r) be compact and U a G-valued field on the periodic lattice
of side divisible by 2%, and suppose that n; < pe/1000 for j < k.

i) For j < k, every plaquette P ¢ B, of the j-th iterate has o U(j),I < pg and
J P
ol < nj. For j < k the cut-off is inactive on the sides of every plaquette outside
P j
Bjr1, and (12.6) holds there.
(ii) Every point of a plaquette of B; lies within £>° distance 3(a; — a) of a plaquette of
Bo.
(iii) With o = Zj<k Mjs
Eg < 6120600E8, AZ < 6914704_kA8'
(iv) If 4kny < 10™*pg, the hypothesis holds, n; < 1.023 - 47y for j < k, o < 0.35 - 4k,
and Ep < 1.53 Ej.

Proof. (i) By induction on j. If P ¢ B, no plaquette of Bp lies in B, so by the induction
hypothesis all of them have § < pg and norm at most 7; < pi/1000. Lemma 12.61, applied
to the j-th iterate in the tree gauge, gives 5(U1(DJ+1), I) <0.03 pg and ||@§§+1)|| < nj41; the
gauge fixing between steps does not change these norms.

(ii) Let P at y lie in B,41, and let p € B; lie in Bp, with corner z,  — 2y € {0,1,2, 3}4.
In units of a; every coordinate of a point of P lies in [2y., 2y, + 2], and p contains a point
whose coordinates are z. or lie in [z, 2. + 1]; so the two are at distance at most 3 in each
coordinate. Hence every point of a plaquette of 95,1 is within 3a; of a plaquette of B;,
and 37, _; 3a; = 3(a; — a).

(iii) Repeat the part Sums of the proof of Lemma 12.32 with the plaquettes P ¢ B,
only. Their squares oy, and surfaces U, consist of plaquettes outside B}, so the same
counts give \/ES, | < (1+ 6030nj)\/E*; and A%, < (1 +9147n;)A%/4, and 1+t < €.

(iv) The recursion gives n; < e%79i47n, with o; = > i<jMi- Suppose oj < 0.35 - 47y,
which holds at j = 0. Then o; < 3.5-107°, €547 < 1.023, 7; < 1.023- 4719 < 1.023-10"%pg,
and 041 < 1.373 - 4999 < 0.35 - 47+ 1y, Finally 1200035107 < 1 53, O

Under the Wilson measure the defects of Theorem 12.62 are the bad plaquettes of
Theorem 12.57. For SU(2), pg = 1; a plaquette with §(U,, I) = 2v/2sin(0/2) < p < % has
10,1l = V26 < 1.018(U,, I), so with 19 = 1.01p every plaquette of By is bad, and lies in a
bad cube.

Corollary 12.63. Let G = SU(2), C1 = Cp + £ log 12800, and for Bw > 1 let p(Bw) be
given by p* = 96(log Bw + C1)/Bw, so that 6400 g,(Bw) = % Let k, be the largest integer
with 4% - 1.01p < 1074, If 1.01p < 1074, then ky > 0,
Bw )1/4

a?

>15.10%(—2%
ke = (1og B + Ci
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and with pr,-probability at least 1 — L4277 every connected cluster of bad cubes has fewer
than r cubes, while for every j < k. the defects of the j-th iterate lie within {>° distance 3a;
of these clusters and the iterate satisfies Theorem 12.62(i), (iii) with E}, < 1.53 Eg. Along

the limits of Corollary 12.58 with ap(ﬁw)*l/2 — 0, which holds along the one-loop tuning,
the defects of all iterates up to the spacing ay, lie, with probability tending to one, within
clusters of physical size tending to 0.

Proof. With this p, q,(fw) = exp(—1og 12800), and Corollary 12.58 gives the probability
of a connected set of r bad cubes at most L*(6400¢)" = L*27". By maximality, 4%+1.
1.01p > 1074, s0 2% > 1.1072(1.01p)~1/2, and p~1/2 = 96~ /4(Bw /(log Bw + C1))Y/* with
96'/4 < 3.14. The rest is Theorem 12.62 with 79 = 1.01p, whose hypothesis holds by part
(iv), and B( contained in the bad cubes; the bound ||©,| < 1.016(Up,,I) applies since
p < 5. For the limits take r = [8logy L], so that L*27" < L™ and ra — 0 for a torus of
fixed physical side La. The defects then lie in sets of physical diameter at most ra + 6ay,,
and a;, < 1072(1.01p)~*/2a — 0. O

The scale ay, is of the order (By/log Bw)"/*a, the order of the cube side that the
condition (D) needs by Proposition 11.17. So the cut-off average carries the field through
the defects of the Wilson measure, without spreading them, up to the scale at which (D)
can first hold, but not beyond: past aj, the bound n; < 1.023 - 47ny no longer keeps the
curvature small. Along the one-loop tuning Sy grows like log L, so k, grows like % log, log L,
a vanishing fraction of the log, L scales.

The joint bound of Theorem 12.57 is not a conditional one, and (D) needs a supremum
over boundary conditions. The two differ genuinely. Fix a link e and a plaquette pg through
it. Put all links on the six staples of e at I, except the middle links of the five staples
other than that of pg, which are —I. Then the conditional density of U, is proportional to
e~ 28w TrlUe “and pg, whose holonomy is Ugﬂ7 is bad with conditional probability tending to
1 as By — oo, for every p < 21/2. Nearby exteriors behave the same way. So the clusters of
Corollary 12.58 are small in probability, but the boundary response of a cube to a frustrated
exterior is not small, and the composition beyond the scale aj, of Corollary 12.63 and the
conditional estimate in (D) remain open.

For exteriors that are calm on the boundary of a box and lie in a maximal torus, the
conditional estimate does hold. Let R = [0,1]*, I > 2, be a box of A with [ < L. Its
boundary JR is a cubical 3-sphere. Call a link or plaquette of R a boundary link or plaquette
if it lies in OR, and inner otherwise. A plaquette that contains an inner link lies in R, so
conditionally on all other links the inner links have the law

vp(dU) = Z;l exp(—ﬁw Z sp) HdUe,
peP° e
the product over the inner links, where P° is the set of inner plaquettes. It depends on the
exterior n only through the boundary links. Let 7" C SU(2) be the diagonal torus of the
elements exp(tJ), J = diag(i, —i), and for u € SU(2) let Zu € [0, 7] be its angle, so that
§(u, I) = 2v/2sin(Zu/2).
Lemma 12.64. Let 0 < ps < 7/3. Suppose the boundary links of R lie in T and LU, < ps

for every boundary plaquette. Then the inner links can be chosen in T' so that ZU, < Cps
for every plaquette of R, where

C =+/3(24-13118 + 9) < 5.46 - 10°.
Proof. Write a T-valued field as U, = exp(a.J) with a. € R/27Z. For a plaquette p let

(da), be the signed sum of a over its four links, so that U, = exp((da),J). For a boundary
plaquette let 6, € (—m, 7| be the representative of (da),; then |6,| = ZU, < p,.
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Closedness. The signed angles of the six plaquettes of a unit 3-cube of R add up to 0
modulo 27, since each link occurs twice with opposite signs. Their representatives add up to
a number of modulus at most 6ps < 27, hence to 0. So @ is a closed real 2-cochain on JOR.

Lift. We construct a real 1-cochain « on the boundary links with da = 6 and |a.| <
131181ps. The boundary is the union of the eight facets F) = {z € R : z; = 0} and
F! ={z € R: x; =}, each a cube [0,[]®. Take them in the order F{, F}, FY Fi F9 Fi,
FY, FY, and let T, be the union of the intersections of the k-th facet with the earlier ones.
In the cube of the k-th facet, I'y is empty for k£ = 1, one face for k = 2, 3, three faces, two of
them opposite, for k = 4,5, five faces for kK = 6,7 and all six for £ = 8. So 'y is contractible
or a 2-sphere, and its first cellular cohomology vanishes.

On a facet with coordinates t1, to, t3, the axial gauge gives a? with da® = 6 on the facet.
Put a® = 0 on the links in direction t3. Determine a on the links in direction 5 from the
plaquettes in the planes {t9,t3}, starting from 0 at ¢3 = 0. On the links in direction t; at
ts = 0, determine it from the plaquettes in the plane {t1,t2}, starting from 0 at ¢o = 0, and
then from the plaquettes in the planes {t1,t3}. The plaquettes in the planes {t1,t2} with
t3 > 0 then satisfy da® = @ by closedness, by induction on t3. Each value is a signed sum of
at most I, respectively 2I, angles, so |a?| < 2lps.

For k = 1 put a = o, so M = max |a| < 2lp,. For k > 2, a is already defined on the
links of I'y, with || < My_1, and w = a — a? is closed there. Hence w = d\ for a function \
on the vertices of 'y, and |[\(z) — A(y)| < ||w||codr(z,y), where dr is the path metric of T'y.

We claim dp < 3d;, where d; is the ¢' metric of the facet. If 2 and y lie in one face of Ty,
that face contains an ¢! geodesic between them. If they lie in adjacent faces {t; = s} and
{t; = §'}, the path through the point with ¢; = s, t; = s’ and third coordinate that of = has
length dj(z,y). If they lie in opposite faces {t; = 0} and {t; = [}, then di(x,y) > [. In that
case I', contains a face adjacent to both, and the path from x to that face, across it and on
to y has length at most dy(z,y) + 20 < 3d1(z,y).

So A is 3||w||eo-Lipschitz for d; on I'y. The function

Mz) = min(A(y) + 3[wllocdi (2, )

extends it to the vertices of the facet with the same constant [56]. Put a = o + dX on the
links of the facet. It agrees with the earlier values on I'y, satisfies da = 6 on the facet, and
has

]a] < 2lps + B(Mk_l + 2lps).
So My < 3Mj_1 + 8lps, which gives Mg < 131181p;.

Extension. Let ¢ be the centre of R, Ry =1/2, r(x) = |z — ¢|so and ¢(x) = ¢+ Ro(z —
¢)/r(z), the radial projection of R\ {c¢} onto OR. Let & and § = dé& be the lowest-order
Whitney forms of a and € on the unit cubes of OR [73]. On a unit cube with coordinates
t1,t2,13, & = Y, a; dt;, where a; is the multilinear interpolation of the values of a on the four
links in direction ¢;; similarly 6= >i<j i dti Ndtj. These forms have continuous tangential
components across the faces of the unit cubes, satisfy [, & = a. for every boundary link,
and for tangent vectors

&(w)] < VB Mslul,  [6(u,w)] < V3 pslulwl.
Put B = (r/Ro)%>¢*& on R\ {c}. Since |Vr| =1 almost everywhere and |z — ¢| < 2r, we
have |dg(v)| < 3Rp|v|/r. Then
dB = d(r*/R) A¢*a + (r/Ro)*¢™0
gives
[dB(v, w)| < (12v/3 Mg/ Ry + 9V3 ps) |v||w| < Cps|v||w],

and |B| < 3v/3 Mgr/Ry is bounded.
The set R\ {c} is the union of the cones from c¢ over the unit cubes of OR. These cones
are convex polytopes cut out by hyperplanes through ¢. On each of them B is smooth, and
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its tangential components are continuous across them since ¢ is continuous. Put Be = [, B
for every link e of R. Apply Stokes’ theorem on each piece of a plaquette: the boundary
terms on the interior cuts cancel, and the point ¢ contributes nothing since B is bounded.
This gives (dB), = [, dB, so |(dB),| < Cps. On R, r = Ry and ¢ is the identity on
tangent vectors, so B = a on the boundary links.

Gauge. The cochain a —a on the boundary links has (d(a —«)), = 0, — 6, = 0 modulo 27
on every boundary plaquette. So it is a flat U(1)-field on the 2-skeleton of OR, which is simply
connected, and ¢ — a = dp modulo 27 for a function p on the boundary vertices. Extend
i by 0 to the inner vertices and put U, = exp((Be + (du)e)J) on the inner links. On the
boundary links B + dp = a, and every plaquette of R has angle at most |(dB),| < Cps. O

For a general SU(2)-valued boundary field the curvature is not a closed cochain, and the
lift in the proof of Lemma 12.64 is not available. A lift by gluing local gauges still works
when [%p; is small. Identify su(2) with the imaginary quaternions and write |X| for the
operator norm, which is the Euclidean norm, so that |[X,Y]| < 2|X||Y], [le¥X — I|| < |X|
and ZeX = |X]| for |X| < 7. With d(g,h) = Z(g'h), the map X ~ e is 1-Lipschitz,
since its differential has singular values 1 and sin |X|/|X|, and the principal logarithm is
2-Lipschitz on {Zh < %}, a geodesically convex ball on which the inverse differential has
singular values at most % / sin% < 2. Put

C =2, Cr=11Ck_1+24 (2<k<38),
so that Cs = 85743550, and
1
= m.
Lemma 12.65. Let the boundary links 1 of R take values in SU(2), with Zn, < ps for every

boundary plaquette and 1?ps < 9. Then the inner links can be chosen so that ZU, < Kpy
for every plaquette of R.

K =42Cs+20, &

Proof. For a vertex gauge g write 1, = gz7xy9, LA product of conjugates of m elements
of angle at most ps has angle at most mps, since d is bi-invariant.

One facet. On a facet with coordinates t1,to,t3 let P, be the path from the corner to x
that moves first in direction t1, then t, then t3, and put ¢ = n(P,), the ordered product
of the links along P,. Then ngz is the holonomy of the loop P, (zy) Py_l. For a link in
direction t3 this loop retraces itself. For a link in direction ¢ at height t3 = ¢ it bounds ¢
plaquettes of the planes {to, 3}, and for a link in direction ¢; at (t2,t3) = (b, ¢) it bounds
b plaquettes of a plane {¢1,t2} and c of a plane {¢1,t3}. So the holonomy is a product of
conjugates of at most 2/ plaquette holonomies, and every link of the facet has 47720 < 2lps.

Gluing. Take the facets in the order of the proof of Lemma 12.64, with the same sets
I'y; there dr < 3d;. Two vertices of I'y, joined by a link of the facet lie in a common face of
Ty, since | > 2, so that link lies in I'y,. We construct a gauge g on the boundary vertices
with /nd < My, = Cilps on the links of the first k facets. For k = 1 take g = ¢°. For k > 2,
let ¢° be the gauge of the k-th facet and t, = g,(¢2)~! for z € I'y. For a link zy of T,

g, = tandyt; !, so
_ 0
d(te ty) = Lty 'ty) < Znd, + Znd, < My_1 + 2lps,

and t is 3(Mj_1 + 2lps)-Lipschitz for d; on T'y. Fix xg € Ty and put h, = t;oltx. The facet
has d;-diameter 3l, so
Lhy <My + 2lps) = 9(Cr-1 +2) I*ps < 9(Cs + 2)e0 < 3,

and a, = log h; is L-Lipschitz for d;, with L = 6(Mjy_1 + 2lps). Extend each of the three
real coordinates of a to the vertices of the facet by the formula of McShane [56], as in the
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proof of Lemma 12.64; the extension & is v/3L-Lipschitz. Put g, = tz,€% g on the facet;
on I'y this is the old value. For a link zy of the facet, nf, = fwnng; U with £, = tz,e%, so
477;7; S d(fwa Ey) + QZPS S \/gL + 2lps
= 6V3 My_1 + (12V3 +2) Ips < M.

After the eighth facet, Zn? < M = Cglps on every boundary link.

Potential. Since M < Cseg/l < %, the logarithms A, = logn? are defined, with |A.[ < M
and A_, = —A.. Let (dA), be the signed sum of A over the four links of a boundary
plaquette. For X1,..., X, € su(2),

HeXl...qu_[_ZXi
i

<3 (T )

by induction on ¢ from eXe¥ — I - X -V = (eX —I—X)+(e¥ —I-Y)+(eX —I)(e¥ —1I) and
leX —I—X| <|X|?/2. Applied to the four links of p, and since Ing—1|| = 2sin(£n,/2) < ps,
this gives

[(dA),| < o = ps + 8M?.
Let A be the lowest-order Whitney form of A on the unit cubes of AR, as in the proof of
Lemma 12.64, now with values in su(2). Its coefficients are interpolations of values of A,
and those of dA are interpolations of values of dA, so

[A(u)] < VBMlul,  |dA(u,w)| < V3olullw].
With r, Ry and ¢ as there, put B = (r/Ro)%¢*A on R\ {c¢} and B(¢) = 0. The same

computation gives

B <3VBMplol,  [dB(v,w)| < rafolw],
0

where k1 = 12v/3 M/Ry+ 9v/3¢. On each cone from ¢ over a unit cube of IR, B is smooth
away from ¢, and its tangential components are continuous across the cones.

Transport. For a link e of R, parametrised by s € [0, 1], let V, = T'(1), where T’ = T B(¢)
and T'(0) = I; the coefficient is bounded and piecewise smooth, and V' composes along paths
in the order of the links. For a closed path « of length ¢,

T(l)—I—/VB:/Ol(T—I)B(ﬁ)ds,

and | T(s) — I|| < [§ |B(%)|, so the holonomy V, satisfies ||V, — I|| < |f7§| + %(f7 |B|)2.
Let p be a plaquette of R and divide it into N? squares ¢ of side h = 1/N. Its holonomy
is a product of conjugates of the holonomies of the boundaries of the squares, since every
inner edge of the subdivision is traversed once in each direction. For each square, Stokes’
theorem on the finitely many convex polygons in which the cones cut g gives |. oq B = I} g dB:

the integrals over the interior cuts cancel because the tangential components agree, and if
c € q a disc of radius ¢ around c contributes O(42), since |B| < 3v/3 Mr/Ry. Hence

[Vag — I|| < k1h? + L(4h - 3V3 M)? = kh?,
with kK = k1 + 216 M2. Since 2arcsin(z/2) < (1 + 22) for 0 < x < 1, summing over the
squares gives ZV, < k(1 + k2N %), and letting N — oo, £V, < k. Now M/Ry = 2Csps
and M? = C21?p? < p,/100, so
Kk < (24V3Cs + 9V3) ps + (723 + 216) M?
< (42C5 + 20) py = Kps.

Boundary values. On OR, r = Ry and ¢ is the identity on tangent vectors, and along
a boundary link e the tangential coefficient of A is the constant A.. So V, = ede = nY.
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Extend g by I to the inner vertices and put Uy = g, Ingy. Then U = 7 on the boundary
links, and U, is conjugate to V,, so LU, < Kp, for every plaquette of R. ([

The boundary fields of Lemma 12.65 with strict inequalities form an open set of positive
Haar measure that contains the identity field; unlike those of Lemma 12.64, they are not a
null set. The constants are far from optimal.

For 0 < ¢ < 1 let E. be the event that at least el* of the I* unit cubes z + [0, 1],
r€{0,...,1—1}* of R contain a bad plaquette.

Proposition 12.66. Let Sy > 1 and 0 < p < 1. Suppose that no boundary plaquette of
R is bad under n, and that the inner links can be chosen so that every inner plaquette has
angle at most k. Then

2
logwy(E.) > WO

—6(1+ 1)*(log Bw + Co + % + Bwr?),
with Cy as in Lemma 12.56. In particular, if the boundary links lie in T with angle at most
ps < /3 on every boundary plaquette and p > \/2 ps, the bound holds with k = Cps and
the constant C of Lemma 12.64. If the boundary links lie in SU(2) with angle at most ps on
every boundary plaquette, 1?ps < €9 and p > /2 ps, it holds with k = K p,.

Proof. On E. the bad plaquettes are inner, and each lies in at most four of the unit cubes.
So there are at least £l*/4 of them, each with s, > p%/4, and 3 po s, > p2cl?/16. Hence
the unnormalised weight of E. is at most exp(—/Bw p*el*/16).

For the normalisation let U be the inner links of the hypothesis, ¢t = (4y/Bw)~!, and
consider the inner links U, = U.h. with Zh. < t. The angle of ¢g~'h is a bi-invariant
distance, so every inner plaquette has ZU, < k + 4t and

sp < Lk +4t)? < K*+16t2 = k* + By

Each he has probability at least 8t3/(373) = (247r35%2)*1, as in the proof of Lemma 12.56.
There are np < 612(1 + 1)? inner plaquettes and ny, < 4{(I + 1) inner links, so

Zy > exp(—np(Bwr> + 1)) (2473 850%) ",

Since Co = & + 2 log(2473), np+ny, 10g(247r3ﬁ%2) < 6(L+1)*(log Bw + Co + 3), which gives
the bound. For the last assertion, a boundary plaquette has 6(Up, I) < \@ZUP <V2ps < p,
so it is not bad, and Lemma 12.64 or Lemma 12.65 gives the inner links. (]

So in a box whose boundary is calm at a level pys small compared with py/e/C and
T-valued, or small compared with py/e/K and SU(2)-valued with I?ps < &, the fraction of
bad cubes exceeds ¢ only with probability exponentially small in the volume once By pe
is large compared with log Sy, uniformly over such exteriors and over [. The estimate is
conditional, unlike Theorem 12.57.

Remark 12.67. The exteriors with boundary links in 7" form a null set for py. Lemma 12.65
removes the torus at the price of the smallness I2ps < £¢. In the continuum the corresponding
condition is that of Uhlenbeck’s theorem [70], which gives a Coulomb gauge on a ball when
the curvature is small in L™/2; on 3-dimensional pieces of R of side comparable to [ and for
curvature of size py this norm is of order [?p,. The lemma replaces the Coulomb gauge by
the gluing of the facet gauges. With p, of the order of the level p(By ) of Corollary 12.63,

ps = collog B /Bw)V/2, it applies for
1< (e0/c0)"? (Bw / log Bw)'/*,
the scale ay, of Corollary 12.63 up to a constant factor. Along the tuning Sy ~ blog(1/a)

the physical side al then tends to 0, so the lemma does not reach cubes of a fixed physical
size; this is a limitation of the argument, not a proof that such fillings fail. Moreover



124 D. BHATTACHARJEE, U. BHATTACHARYA, J. M. LOCKWOOD, AND T. ROMANOV

Proposition 12.66 bounds the fraction of bad cubes under one exterior and does not compare
the laws under two exteriors, so it gives no contraction coefficient.

The calm boundary is needed only for the small-curvature filling. If the boundary layer
is paid for instead of filled, every condition on the exterior disappears, at the price of a
surface term that is small against the volume on large boxes.

Proposition 12.68. Let iy > 1, 0 < p < 1 and 0 < ¢ < 1 with el > 16. For every
boundary field n,

2 48
togy(B) = (P log s — 0y~ VY,

with Cy = 3 + 4log(24m3) < 31.

Proof. A unit cube x+ [0, 1]* with 2 € {1,...,1—2}* does not meet AR, so all its plaquettes
are inner; the other I* — (I — 2)* < 813 < ¢l*/2 unit cubes meet it. On E. at least e[*/2
cubes of the first kind contain a bad plaquette, which is inner, and a plaquette lies in at
most four unit cubes. So at least €1?/8 inner plaquettes are bad, 3" po s, > p?el*/32, and
the unnormalised weight of E. is at most exp(— /By p’el*/32).

For the normalisation take inner links U, = h, with Zh, < t = (4\/57‘4/)_1. An inner
plaquette whose four links are inner has ZU, < 4t and s, < (28w )~'. An inner plaquette
spans two directions and has its other two coordlnates in {1,...,l—1}; it contains a boundary
link exactly when its cell in the plane of the two spanned directions meets the boundary
of [0,1]%, which happens for 4(I — 1) of the I? cells. So 24(l — 1)® < 2413 inner plaquettes
contain a boundary link, and on them s, < 2. There are np = 61%(1 — 1)? < 6/* inner
plaquettes and ny, = 41(1 — 1)3 < 41* inner links, so, as in the proof of Proposition 12.66,

Zn 2 eXp(—48ﬁWl3 3l4) (24 353/2)—4l

Dividing gives the bound, and 2473 < e’ gives O] < 31. (]

Corollary 12.69. Let By > e, | > 614453/4 Y4 Then vp(Ee) <

exp(—pf 1/4l4/64) for every boundary field n. In particular, along Bw ~ blog(1l/a) with
I = [r/a] and fized r,b > 0, on cubes of fized physical side r the fraction of unit cubes

and p = € = By,

that contain a plaquette with 6(Uy, I) > ,6’;[,1/4 s at most 6;[,1/4 with conditional probability
tending to one, uniformly over all exteriors.

Proof. Here el > 61446%2 > 16 and p < 1. The first term of Proposition 12.68 is 5%4/32,

and 4808y /I < 6%4/128. For z = log Sy > 44 we have 6z + 31 < e%/*/128: at x = 44 the
left side is 295 and the right side exceeds 467, and z/4 — log(6x + 31) increases for x > 44.

So 6log Sy + C1 < 51/4/128 and the bracket is at least 61/4(— - 1%78 — 158) 1/4/64.
Along the tuning, Sy — oo and 1/53/4 — 00, so the hypotheses hold for small a. O

Like Proposition 12.66, Corollary 12.69 bounds the bad cubes under one exterior and
does not compare the laws under two, so it gives no contraction coefficient. The bad cubes
are rare on cubes of fixed physical size for every exterior, and the conditional estimate in
(D) remains open.

The same count locates the windows on which the fibre estimates of Sec. 12.4 apply. Let
the side of the torus be even, let B(y) = 2y + {0,1}* be the blocks of Definition 12.2, and
let [ be even, so that R is a union of blocks.

Corollary 12.70. Let G = SU(2), Bw > 1, let Wy be a set of m blocks, 0 < K < 1078,
p = K/(3072m), and 0 < ¢ < 1 with el > 16. For every boundary field n of R, with
vy-probability at least

1 — exp(- 54(&;5 = — 6log Bw — 31 — %))
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all but fewer than 256mel* of the translates W = yo + Wy whose blocks of W lie in
[1,1 — 1]* have the following property: in the tree gauge the exterior of W has a completion
that satisfies the hypothesis of Corollary 12.54, namely the field itself.

Proof. Outside E., which has the stated probability by Proposition 12.68, fewer than el*
unit cubes of R contain a bad plaquette. A plaquette with a vertex in a block of W has
all its vertices in R and lies in a unit cube z + [0, 1]4 of R; if it is bad, that cube contains
a bad plaquette. The vertex lies in a block B(y') with y; € {[x;/2], |(z; + 1)/2]}, and
y' € {y}* for some y € W, so y; takes at most four values and y lies in a set of at most 256
blocks determined by x; then yg € y — W takes at most 256m values. Hence fewer than
256mel? translates have a bad plaquette with a vertex in a block of W*. At every other
translate these plaquettes have 6(Up, I) < p. The number np of plaquettes that contain a
link of Ay is at most 384m, so p < K/(8np) = k/(2y/np) with K = K/(4,/np). A gauge
transformation conjugates every plaquette holonomy and leaves 6(Up, I) unchanged, so the
field in the tree gauge is a completion of its own exterior with this property. O

So under every exterior of a box, the windows of a fixed number of blocks on which
Corollary 12.54 applies fill all but at most 256mel? of the positions, a fraction of about
4096me. The bound is useful only when By pe is large, that is for windows of bounded
size, and the next proposition shows that this restriction cannot be removed.

Proposition 12.71. Let G = SU(2), S > 1 and 0 < p' < 1.

(i) Conditionally on all links but one link of a plaquette py, the event 6(Up,,I) < p' has
probability at most 14(Byw p'?)*/? under the Wilson measure.

(ii) Let W be a set of blocks with W £ W, 0< K <1078 and k = K/(4\/np). Under
the Wilson measure in the tree gauge, the exterior of W has a completion as in
Corollary 12.54 with probability at most 7 - 10_325%2\1/1/\_3, and &, (K%/2, Bw /4) < 1
only if By > 1024 W 2.

Proof. (i) As in the proof of Proposition 12.60, the holonomy of py has a conditional density
proportional to e®* with 0 < k' < 68y and |h| = 1, and the probability of a cap about
I is largest at h = I, k' = 63w . Since 6(u, I) = 2v/2sin(Zu/2) and sinz > 2z /7 on [0, 5],
the event forces LUy, < 6 =mp'/(2v2). With cost — 1 > —t?/2 and sint > 2¢/7 on [0, 5],

/ﬂ— 6(Sﬂw(cost—l) SiHQtdt
0

. iz /2 B2 gy > 4-0.44
7 Jo w2 (38w )32

because the integral of e=**s2 over [0, 7v/3/2] exceeds 0.44. The integral of 6w (cost=1) gin2 ¢
over [0, 6] is at most #%/3, so the ratio is at most 9.72(Bw62)%/2, and (7/(2v/2))* < 1.371.

(ii) Take y' € WT \ W and a plaquette py inside B(y’). Its links have their base in B(y'),
so none lies in Ay, and every completion of the exterior agrees with the field on pg. A
completion as in Corollary 12.54 therefore needs §(Uy,,I) < x/(2\/np) = K/(8np). This
event is gauge invariant, so its probability is the same without gauge fixing, and by (i) it
is at most 14(Bw K2/ (64n%))3/ 2. Each link of Ay lies in six plaquettes and a plaquette
contains at most four of them, so np > 73.5|/W|, and 14 - 10~24/(512 - 73.53) < 7- 10732
Finally, €7y, (k?/2,A) < 1 means 3Ax? > 49|W|In(3.45 - 10"n$/K°), and with A = By /4,
k? = K?/(16np), np > 73.5|W| and K < 10~% the logarithm exceeds 162.8, so Sy >
512-49-73.5-162.8 - 10'°|W|2/3 > 10%4|W|2. O

Along the tuning By ~ blog(1/a), a cube of fixed physical side r has |W| = (r/2a)*
blocks, so both bounds of (ii) fail for small a: on such a cube the exterior has no calm
completion with probability tending to one, and the fibre estimates of Sec. 12.4 are vacuous
there. Their entropy factors are powers of |W|, so they are estimates for windows of
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bounded size, which Corollary 12.70 places at almost every position under every exterior.
The exteriors with no calm completion and the rare fibres of Corollary 12.54 are thus the
typical case at the physical scale and not an exceptional one. The cube condition (D) needs
estimates on the whole cube that are uniform in |W|, with the windows that are not calm
split off as in Balaban’s analysis [7], and that remains open.
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APPENDIX A. THE LINE FIELD

Table 3 lists, for each residue class of x modulo two, the direction o(x) and the permutation
(i) = o(x + e,). In every row m, fixes o(x) and is a three-cycle on the other directions,
which is the condition of Lemma 2.1.
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TABLE 3. The line field: x modulo two (digits zozix223), the direction o(x)
and the values o(x +¢,) for 4 =0,1,2,3.

x o) pu=0 pu=1 p=2 p=3
0000 O 0 2 3 1
1000 O 0 3 1 2
0100 2 3 0 2 1
1100 3 2 0 1 3
0010 3 1 2 0 3
1010 1 3 1 0 2
0110 2 1 3 2 0
1110 1 2 1 3 0
0001 1 2 1 3 0
1001 2 1 3 2 0
0101 1 3 1 0 2
1101 3 1 2 0 3
0011 3 2 0 1 3
1011 2 3 0 2 1
0111 0 0 3 1 2
1111 0 0 2 3 1

APPENDIX B. THE COMPARISON LEMMA

Let (G, 6) be a compact group with a bi-invariant metric of diameter D, Q = G4, and
Ceer the coeflicients of Section 3, with row and column sums at most o < 1 and C,er = 0
unless e, ¢’ share a plaquette, so that |e — ¢/| < 1 for the distance of link midpoints. Fix
A > 0 with 0 = ae? < 1.

Lemma B.1. Let S C A, possibly infinite, and let p1, pe be probability measures on €2
invariant under vE for every e ¢ S. Let T C A\ S be finite, wy, = e A distT) - and suppose
> eg Wy < 00. There is a coupling of pi, p2 whose link distances o(b) = Ed(op, o) satisfy

S wnolt) < §og 3w

b¢ S z€S
If S =0 then puy = po.

Proof. The couplings form a weakly compact set and ¥(7) = >, wpErd(0p, 03) is weakly
continuous because Y, w, < 00; let 7 be a minimiser. For e ¢ S replace the pair (o, 0?)
by a sample of an optimal coupling of 4/'(- | o) and v (- | ¢’), chosen measurably [71,
Cor. 5.22]. Both p; are invariant, so the result is again a coupling, and changing the finitely
many links that enter v one at a time gives Wi < 3"/ Ceerd(0er, 07,). Minimality gives
o(e) <3 Cewo(e’). Multiply by w,. and sum over e ¢ S; where Coor # 0, we < eMwer, 50
> weo(e) <O[ D" weole) + 3 woo(2)],
e¢S e'¢S z€8
all sums are finite, and p < D on S. If S =0, o= 0. O

Corollary B.2. Let p be the Gibbs measure of v*', F a local function with support Sk,
Lp-Lipschitz in each link, and H bounded with finite support S disjoint from Sgp. Then

6D
1-90
Proof. Condition on the links of Sy [47, Ch. 3]; the conditional measures u” = pu(- | osy,)
are invariant under yf for e ¢ Sy. Lemma B.1 with S = Sy and T' = S, for which

| Cov,(F, H)| < |[H oo L | Syl e A5t 5m5m),
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w, =1 on Sp and w, < e AIHSFSH) on Sy gives |u (F) — po (F)| < Ly > besy 0(b) <

LFIGTDQ|SH|6_AdiSt(SF’SH) for any two boundary values. Since H depends only on og,,,
Cov,(F,H) = [[ H(o)(u(F) — p° (F)) du(o) du(o’), and the bound follows. O

Lemma B.3. Let the blocks partition A, let Cp; be the block coefficients of Section 5, with
> 8CBj < a <1 for every j and Cpj = 0 unless every link of B lies within distance 2 of j,
and fit X > 0 with = ae®* < 1. Let S C A be a union of blocks and let pu1, pio be invariant
under %63 for every block B ¢ S. With T', wy as in Lemma B.1 and ) _cqw, < 0o, there is

a coupling with 3 peg wpo(b) < f)_—De > eg Wa, and py = po if S =10.

Proof. Take a minimiser 7* of ¥ as before. For a block B ¢ S replace (o0p,03) by an
optimal coupling, for the metric d, of the two block laws; it is again a coupling, and changing
the boundary links one at a time bounds the expected new d-distance by >°, Cpjo(j). Put
wp = maX;cp w;. Minimality gives

> wioli) <wp Y Crjo(i),

i€B J

and wp < e”‘wj whenever Cp; # 0. Summing over the blocks outside S and using the

column sums,
>~ wpo(b) < 6] wie(i) + Y- weol2)],
bgS ¢S 2€8
which gives the claim as in Lemma B.1. O

Lemma B.4. Let n > 2 be even, let V,, x € 2Z*, be the translates of Section 10, and

suppose that D(n,«) holds.

(a) If a probability measure . on G4 is invariant under vF for every e in a finite set V', it
is invariant under vy .

(b) Fiz A > 0 with § = ae’n < 1. Let S C A, and let py, uz be invariant under yy, for
every x with Vo NS = 0. With T, wy, as in Lemma B.1 and ) ,cgw, < 00, there is a
coupling with R

pn
> wpo(b) < D(11+_0"5) > ws,
b¢S z€S
and py = po if S =10.

Proof. (a) Let v, be the conditional law of Qv given the links 7 outside V. For bounded f
on GV and bounded g of n, v¥'(fg) = gL f for e € V, so invariance gives [ g(n) (v, (v f) —
vn(f)) dp = 0 for all g; taking f in a countable dense set of continuous functions, v, is
invariant under every (- | -,n), e € V, for p-almost every 1. So is yv(- | n), whose
conditional laws of single links are the v'. The composition P, of the kernels vE eeV,in
a fixed order has a density with respect to Haar measure on G" bounded below by a positive
constant, because each single-link density is at least e 12V *8 times its maximum over the
group. A Markov kernel with such a lower bound has at most one invariant probability
measure (Doeblin’s condition), so v, = yv (- | n).

(b) Let 7* minimise ¥ as in Lemma B.1 and call z admissible if VNS = (). For admissible
x replace (oy,,07, ) by an optimal coupling, for dy,, of the two block laws; both p; are
invariant, so the result is a coupling, and changing the boundary links one at a time bounds
the new expected dy,-distance by >=; Cy, jo(j). With w, = max;cy, w;, minimality gives

> wioli) <w. Y, Cv, jolj),
i€Vy JEVa

and w, < e)‘p"wj whenever Cy, ; # 0. Let S” be the set of links outside S that lie in a
translate meeting S; each is within distance p,, of a link of S, s0 3 ;e wi < e 3, cqw,.
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A link outside S U S’ lies in N,, translates, all admissible. Summing over admissible x and
using Zx:ﬁvz Cv,; = Kc(j) < alN,,

Nu S wieli) ONL[ X wioli) + Y wiol)]-

1¢SuUS’ 1¢SuUS’ i€eSus’
All sums are finite and ¢ < D, so };zqus wio(i) < %(1 + cpe?n) 3, cgws; adding
Sies wio(i) < Deperr 3, g w, gives the bound. If S = ) then S’ = ) and o = 0. O

The covariance bound of Corollary B.2 follows from part (b) in the same way, with
0D/(1 — 6) replaced by D(1 + c,e*)/(1 — ), since the conditional measures u° there are
invariant under vy, for V, N Sy = () by part (a).

ApPPENDIX C. THE PLAQUETTE BLOCKS

Table 4 lists the block plaquettes of Section 5 modulo 2Z*: the plaquette at z in the
plane {u, v} is a block plaquette exactly when x modulo two and {u, v} appear in the table.
Eight lie in the plane {0,1} and eight in {2, 3}; together they contain the 48 active links of
a cell of side two, each once.

TABLE 4. The sixteen block plaquettes modulo two: the base point x (digits
xor1r2x3 modulo two) and the plane.

x plane =  plane

0000 {0,1} 0000 {2,3}
0001 {0,1} 0011 {2,3}
0010 {0,1} 0100 {2,3}
0011 {0,1} 0111 {2,3}
1100 {0,1} 1000 {2,3}
1101 {0,1} 1011 {2,3}
1110 {0,1} 1100 {2,3}
1111 {0,1} 1111 {2,3}

In closed form, the plaquette at = in {0, 1} is a block plaquette when z¢y = x; and the
plaquette at = in {2,3} when z2 = x3; the blocks do not depend on the line field beyond the
fact that every plaquette contains one fixed link. The bounds of Lemma 5.5 are evaluated
in ball arithmetic at 120 bits: the series of Zy and of its first three derivatives in s = 72 is
summed to forty terms, and the tail is bounded for s < 5 by twice the first omitted term
(5/4)4°403 /(40! 41!), because consecutive terms decrease by a factor below one half. The
constants of (5.2) and « are then evaluated at a given Sy from exact input.

For SU(3) the bounds of Lemma 8.3 are evaluated on the 841 boxes of side = at r = 3

2

and the 784 boxes of side % at r = % with the moments of Appendix E, and the constants
of (8.2) and a3 are evaluated from these bounds and the cover of Proposition 7.8 or
Proposition 7.9 in ball arithmetic at 120 bits. The cover of Proposition 7.9 is computed as

in Appendix E with r = % and the threshold 1.03.

APPENDIX D. THE BLOCKS OF LEMMA 6.2

Diagonal blocks. Let w, = €'®. On the diagonal part, f, = —cos ¢ (y1 + y2 — y3 — ya)?
and ¢, = 2(y194 — Y1y2 + Y2y3 — Y3y4), 50

F = Zoéiy?—i—cosqﬁ(% +y2—ys —ya)”
i

[Sii[Ne]

(Y1Ya — Y192 + Y2Y3 — Y3Ya)
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with yr = 0 and weights apy1 = %, Q42 = %. It is affine in cos ¢, so positivity at cos ¢ = +1
suffices. For k =1 and cos ¢ = 1 the matrix in (y2,y3, y4) is

3 _ 19 4
10 10
199 19
10 4 0 |
-1 b 3
10 10

and Table 5 lists the leading principal minors for every position; all are positive.

TABLE 5. Leading principal minors of the diagonal blocks of Lemma 6.2.

Fixed link cos¢ =1 cosp = —1
31 673 8421 11 53 21

€1, €4 107 200’ 2000 10’ 2007 2000
. 31 861 8421 11 21 21
2 10> 100° 2000 10° 100 2000
e 9 673 8421 1 53 21

3 2 2007 2000 4> 200° 2000

Pair blocks. Let wg = !X and wy, = !X~ The terms of fp carry wo+wy, = 2cos x e
or its conjugate, and ¢, carries w,w, = e?™ | so the Hermitian matrix M (m, 1) of F,
m = cos Y, is affine in m with M(—1,9) = M (1,9 + 7), and m = 1 suffices. For the fixed
link ey, in the variables (z1, z3, 24) and with ¢ = cos ¥,

2?)1 + 2c —2¢™ —% — 2™
M = —2e¢~ ™ 2—51 + 2¢ % +2e=W
—% — 2¢”W % + 2¢™ g + 2c
With u = cos?(19/2) € [0,1] its leading principal minors are

20u+11 (20u+1)(20u+21) 400u(40u2 —23u+4)+21
5 25 ) 250 )

and 40u? — 23u + 4 has negative discriminant 529 — 640. The other positions give the same
determinant and the leading minors 20“; U or 8"; L and 800“27510801”53, whose discriminant
32400 — 169600 is negative. Every block is positive definite.

The inequality is not tight. In floating point the least eigenvalue of the whole form over
W e U(N), N <4, is 0.0149, which is also the least eigenvalue of the exact blocks; this

slack is what the choice of the weights %, %, % trades against the constant 2—29.

APPENDIX E. THE CERTIFIED COMPUTATION

Truncation. For a corner b of a box the moments of Lemma 7.6 are derivatives of Z at
(b,b). The truncated series is Eg[A;(UD)B,(UD')] with A; the part of 3, cxsx(UD) over
partitions with A1 — A3 < 34 and A3 < 11, and By likewise. Every omitted partition has
|A| > 34, because 3 - 12 > 34, and the omitted part is at most T(|| D)) = 3=,534(3(|D])"/n!
in modulus. On the polydisc |D;; — bi;| < p, || D]| < [|b]| +3p, and Cauchy’s estimate bounds
the a-th derivative of the omitted part by alp~*IT(||b|| + 3p). The derivatives of the full
exponential are at most 271%e¥/2 with v = 3, |bg|, since | Tr(Ub)| < 32, |bi| for diagonal
b. With g, = 2l®lalp= 1T (||b]| + 3p) the truncated moment differs from the true one by at
most £qe%/2 + (e“/ 2 + e4)ep, and p is chosen to minimise p~%7'. The largest error bound of
an unnormalised moment at any corner is 1.7 x 10711,

Weight zero. Conjugation by the diagonal torus T preserves Haar measure and Re Tr(Ub)
for diagonal b, and multiplies w;; by titj_l; a moment of a monomial on which T" acts by a
nontrivial character is therefore 0, and only 8278 of the 134596 monomials of degree at most
six have the trivial character. The functions Tr(X), e2(X), det X of X = DD’ T and det D,
det D’ are invariant under the same action on the variables, so after these are formed in the
full ring of Taylor polynomials of degree six in the 18 variables, the series is computed in
the subring of weight-zero monomials.
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Rounding. The truncated series is a Taylor polynomial of total degree six in the 36 real
directions of (D — b, D’ — l_)), computed in double precision. Every operation is repeated
on absolute values and carries an operation count nm, so that the computed coefficient
differs from the exact one by at most v, = nu/(1 — nu), u = 2753 times the absolute-value
coefficient [39, Sec. 3.1]. With C in 2730Z, the polynomials 231 gy, X, (231 qs), 12:23 (pn+Aqs)
and 12 - 234(Vpp,, V) for the coordinate vectors h have coefficients in Z[i], and every
partial sum in their computation is bounded, through the same operations on absolute values,
by less than 2°9; they are therefore computed exactly. Normalisation by Z, the products
with the corner coordinates, the quadratic forms and their error matrices are formed with
the same bookkeeping, and the largest eigenvalues are bounded in ball arithmetic [45].

Separation. The functional ¢ of a discarded box is the dual solution of a linear program
for the gauge of the centre of the box with respect to a 72 x 72 grid of T'. Only the final
inequality is used: maxr ¢ is bounded by its maximum over a 512 x 512 grid plus %H 52/2,
with 0 = 27/512 and H = |¢1| + |c2| 4 2|e3| a bound for its Hessian on the torus, and the
inequality is checked with relative margin 10~'2.

APPENDIX F. THE TRANSFER MATRIX

This appendix recalls the Osterwalder—Schrader reconstruction for the lattice [59, 60, 61]
in the form used for the gaps, following our earlier paper [13].

Let w be a state on the gauge-invariant local functions of Z* that is invariant under
translations and the hypercubic group and reflection positive for reflections in planes through
sites and in planes bisecting links; by Proposition 3.2(iii)-(iv) and its analogues in the other
theorems, the states of this paper are of this kind. The reconstruction gives a Hilbert space
with a vector 2, a map F' — Wr with dense range, and a self-adjoint T with 0 < T < 1,

TQ = Q and (Vp, T y) = w(9(F)rH), where 9 is the time reflection and 7 the time
translation.?3

Proposition F.1. For m > 0 the following are equivalent:

(a) the spectrum of T on Q-+ lies in [0,e7™];

(b) for every F in a class of gauge-invariant local functions supported at times in a
bounded interval and dense in L?*(w) on each such support, there is Cp < oo with
0 < w(F)1F) — |w(F)|? < Cpe™™ for all t > 0.

Under (a) one may take Cr = || F||%, for every bounded F.
Proof. If (a) holds, then
W(I(F)rF) = |w(F)]* = (¥, TV)
with U = Up — (Q, Ur)Q € QF; this number lies in [0, e™™|| ¥ x||?], and || V£ |? < | F||%.
Conversely, let o be the spectral measure of T at W/, and let § > 0. Then
J((e—m—i-é7 1])6(—m+6)t < CFe—mt

for all ¢, so o((e~™°,1]) = 0. The spectral projection of (e~™, 1] restricted to Q2 therefore
annihilates the vectors W', of the class, which are dense by the footnote above, and it

vanishes. O

The class in (b) cannot be replaced by one observable. On C? let T = diag(1,e™™, e~™/?),
Q = ey and U, = ey: the function in (b) is =™, while the spectrum on Q- reaches e~""/2.
The decay of one two-point function places only the spectral measure of U in [0,e™™],
and the gap follows when such vectors are dense in Q*, as in (b) and in Theorem 10.5.

23\?;: is the class of I in the completion of the positive-time local functions for the form (F, H) =
w(I(FYH), which is positive semidefinite by reflection positivity. Since |w(9(F)F)| < w(|F|*) by the
Cauchy-Schwarz inequality and the invariance of w under 9, functions that are close in L?(w) give close
vectors.
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Proposition 8.8 of [30] draws the gap on Q' from the two-point function of one fixed
observable.

APPENDIX G. SPECTRAL MEASURES AND LAPLACE TRANSFORMS

This appendix collects the facts on spectral measures that the continuum step uses, with
proofs.

Lemma G.1. Let T be a self-adjoint operator on a Hilbert space with 0 <T <1 and let ¢
be a unit vector. There is a unique probability measure v on [0, 1] with (¢, h(T)) = [hdv
for every bounded Borel function h on [0,1]. If TY' = ' implies (',1)) = 0, then
v({1}) = 0. If pu is the image of v under A\ — —c ‘log\ € [0,00] for some ¢ > 0, then
(¢, To/)) = f[o,oo] e~ Edu(E) for o > 0, with the integrand 0 at E = .

Proof. The spectral theorem [62, Sec. VII.2] gives the measure v, carried by the spectrum of
T, which lies in [0, 1]; uniqueness holds because the moments [ A"dv = (1p, T™1)) determine
a measure on a compact interval, polynomials being dense in C'[0, 1]. The spectral projection
P = 113(T') projects onto the eigenvectors of T' with eigenvalue 1, so v({1}) = | Py||? =

(P, 1) = 0 under the hypothesis. The last identity is the change of variables /e = ¢=oE
for A = e~ with A = 0 corresponding to F = co. U

Lemma G.2. FEvery sequence of probability measures on a compact metric space K has a
subsequence that converges weakly, that is, against every continuous function, to a probability
measure on K.

Proof. C(K) is separable; let (h;) be dense. The numbers [ h; duy, are bounded by ||h]]s0, SO
a diagonal subsequence makes all of them converge. By density the limit A(h) = lim [ h du
exists for every h € C(K); A is linear, positive and A(1) = 1, so by the Riesz representation
theorem it is integration against a probability measure. O

Lemma G.3. Let p be a probability measure on [0,00] and p(o) = [ e~ "Fdu(E) for o > 0.
(a) p is nonincreasing and log-conves: p(a)? < p(o — s)p(c + ) for 0 < s < 0.

(b) p(c) > 0 for one o > 0 if and only if u([0,00)) > 0, and then p(c) > 0 for every o > 0.
(©) plo) = p((0,00)) as 7 1 0.

(

(f

—mao

N — N —

c
d) If p is carried by [m, 00|, then p(o) <e
(e) For M >0, ([0, M]) > p(o) — =M.

) If px — p weakly on [0,00], then [ e Fduy — p(o) for every o > 0.

Proof. (a) The integrand decreases in 0. By the Cauchy—Schwarz inequality,

2
(/e—aEd’u) < /6_(U_S)Ed,u/€_(a+s)Edy,.

(b) The integrand is positive exactly on [0,00). (c) The integrand increases to 1jg ) as
o | 0, and monotone convergence applies. (d) The integrand is at most e=™7 on [m, oo].
(e) Split the integral at M: it is at most ([0, M]) + e~ M. (f) For ¢ > 0 the function
E s e F extended by 0 at oo, is continuous on [0, 00]. O

By (b) and (e), a lower bound p(c) > ¢ > 0 at one o places mass at least ¢/2 on the
bounded interval [0, 0~ log(2/c)]; for the measures ji; of Theorem 10.7 a bound uniform in
k therefore makes them tight on [0, 00) with a fixed fraction of their mass.

Part (b) also excludes a positive Laplace representation for a spectral cutoff of compact
support. If x(A) = [jy o) e *Adv(s) with v a positive measure and x(0) = v([0,0)) > 0,
then (b), applied to v/x(0), gives x(A) > 0 for every A > 0, so x vanishes nowhere. The
cutoff x, of [30, Sec. 9, Egs. (9.11), (9.12)] equals 1 on [0, 0] and 0 on [20, 00) and is asserted
to have such a representation.
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APPENDIX H. THE CHARACTER EXPANSION

Let G be a compact connected Lie group with normalised Haar measure dU. For an
irreducible unitary representation p) of dimension dy write xy = Trpy. The characters
form an orthonormal basis of the square-integrable class functions (Peter—Weyl and Schur
orthogonality [18, Chs. 2-4]).

Lemma H.1. Let w € LY(G) be a class function with w(U~') = w(U), and put
ey =dy’ /wxA dU.
Then [w(U)pa(U)dU = éxI, and [w(U)xx(U~V)dU = éxxr(V).

Proof. M = [w(U)px(U)dU commutes with every py(V), since w(VUV ') = w(U) and
Haar measure is invariant; by Schur’s lemma M = cl, and taking traces gives ¢ = ¢,. Then
Jw(@)xA(UV)AU = Tr([ w(U)px(U~1)dU px(V)), and the substitution U + U~! with
w(U™1) = w(U) turns the integral into M. O

Lemma H.2. Let G = SU(N) and 5 > 0, and let
wa(U) = Q%ReﬁU//e%RevadV

Then éx(B) = dy* [wgx dU is real, 0 < é\(8) < 1, and éx(8) < 1 for A # 0. Moreover

B =1- NC;W OB (B o),

where — >, pa(Ty)? = 2C2(N)I for a basis (T,) of su(N) orthonormal for | X|* = — Tr X2,
so that Cy = (N2 — 1)/(2N) on the fundamental representation.

Proof. Since wg(U) = wg(U) and xx(U) = xA(U), and complex conjugation preserves Haar
measure, [wgxy = [ wgX, which is the complex conjugate of the left side; so ¢, is real.
Next, wg is a multiple of exp(%(xp +Xr)) =2, %(%)m()(p + xr)™, and each power is
the character of a representation, hence a sum of irreducible characters with nonnegative
integer coefficients. By orthonormality [wgxy > 0, so é > 0. As [xx(U)| < dy, with
Re xA(U) = dy only where p\(U) = I, a proper closed subgroup when A # 0 and so a Haar
null set, and wg > 0 everywhere, ¢) = d;\l JwgRex <1 for X #0.

For the expansion, Re Tr U < N with equality only at U = I, so outside a neighbourhood
{U = eX : |X| < 6} both integrals fe% ReTrlUy | and fe%Re“U are smaller than their
values near I by a factor e, Near I write U = e*; the Haar density in these coordinates
is j(X) =1+ O(|X|?), even in X. For antihermitian X, Tr X3 is imaginary, so

L ReTre® =1- 5| X2 +7r(X), 0<r(X)<OX,
and dy 'y (eX) =1 +dyt Trpa(X) + sz Tr oA(X)? + e3(X) + O(|X]"), with ¢3 cubic and
Tr pr(X) = 0, since su(N) is perfect. Let (-) denote the average against the Gaussian weight

e BIXI?/(2N ), under which the coordinates x, of X = >  z,T, are independent with variance
N/B. With h = j e,

(dx ' xa(eX) )
(h)
(za; Troa(X)?h)  ((e3(X) + O(IX[*)h)
(h) (h) ’
the averages being taken over |X| < 4. Under (-), |X|*" has mean of order 3™ and
Blr(X)| < CBIX|* has mean of order 7!, so h = 1 + O(871) in every moment. The

weight h is even in X, since Tr X* is imaginary for odd k and j is even, so the odd
term c3 contributes nothing; the quartic remainder and the correlation of the quadratic

ex(B) = +0(e™)

=1+
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term with h — 1 contribute O(8~2). Finally (Tr px(X)?) = & 5, Tr py (T,)? = —2FE2RA
which gives the expansion. For SU(2) and the representation of spin j the integrals are
explicit, é;(8) = I2j+1(8)/11(B) with the modified Bessel functions I, in agreement with

Co=j(j+1). O
APPENDIX I. THE SINGLE-LINK LAW OF SU(2)

This appendix proves the sharp quarter, Wi (v, vy) < %|b —b/| for the one-link law of
SU(2), which Theorems 1.1 and 1.3 use, and the exact value at b = 0, which Theorem 1.2
uses. The argument is that of our earlier paper [13]; it is given in full so that the present
paper is self-contained.

I.1. The von Mises—Fisher law. Identify SU(2) with the unit quaternions, that is with

the unit sphere S% C R%, so that ReTrU = 2x(U) and ReTr(UV) = 2(u,v) for the

Euclidean inner product of R* and quaternion conjugation v — v. Fix a link e and the field

off e. Every plaquette through e can be rotated cyclically so that its trace reads Re Tr(QcAp)

with A, € SU(2), the staple of e in p. The action therefore depends on @), only through
NB> ReTr(Q.Ap) = (z,b), b=48> A, R,

poe poe

with 2 = Q. € S3. Since there are six staples, each of norm one,

(L.1) K= b <y:=24|p|.
The conditional law of Q. is the von Mises-Fisher law?*
(1.2) vy(da) = Z (k) 1e®P o (d)

on the unit sphere, with ¢ the normalised surface measure. We use coordinates in which
b = key. The density of t = x; is proportional to (1—t2)1/2¢% on [—1, 1], so Z(k) = 211 (k) /k
with the modified Bessel function I;, normalised so that Z(0) = 1.

Lemma I.1. For every k > 0 the law v, on the unit sphere S® satisfies the Poincaré
inequality Var,, (9) < % [|Vg|*dvy, and the constant & is attained at k= 0.

Proof. In the polar angle 6 € (0,7) from e; the generator of the reversible diffusion of v,
is L =03+ b(0)9 + sin™? 0 Age with b(0) = 2cot @ — ksinf. On spherical harmonics of
degree ¢ on S? it acts as a Sturm—Liouville operator L, with potential £(¢ + 1)sin=26. A

ground state comparison of Barta’s type [9] with the trial function 1) = sin § e ¢°¢ gives
—Lyy > 3y for a = —%, and the same trial function with a = —% gives the bound 3 for the

derivatives of zonal eigenfunctions; Appendix J carries out both computations. Hence every
nonzero eigenvalue of —L is at least 3. At x = 0 the first eigenvalue of the Laplacian of the
unit S is 3. O

I.2. Moments. Let A(k) =E,,z1 = Z'(k)/Z(k) = I2(k) /11 (k).

Lemma 1.2. For every k > 0, in coordinates with b = key,
(i) E22 = Ea3 = E22 = A/k, E(1 — 23) = 3A/k, the covariance matriz of x is
diag(A’, A/k, A/K,A/K), and A’ =1 — A2 — 3A/k;

(i) e < A(K) € ————;
24+ VK2 +4 1+vVk2+9
(i) A< A/w < (1+VeZ+9)7 < 4

240n the sphere SP~' C RP the von Mises-Fisher law with mean direction p and concentration &
has density proportional to ™1 with respect to the surface measure, and its normalising constant is
(27r)p/21p/2,1(ﬁ)//<ap/271; it is the maximum entropy law with prescribed mean resultant, and it plays on
the sphere the role of the Gaussian in R”. For p = 4 the Bessel index is 1. The mean resultant length
E(x, u) = I 2(k)/Ip/2—1(k) is the function A of Lemma I.2. See Mardia and Jupp [55], Ch. 9, for these facts
and for the tangent-normal decomposition used in Appendix J.
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(iv) A(k) > &/(3 + /K2 +25/4).

Proof. (i) Integrating by parts against %(1—t2)3/2 = —3t(1—t%)'/2 gives Kk E(1—2?) = 3Exy,
and the three coordinates zg,z3, x4 are exchangeable under v, with ), :zf = 1. The
off-diagonal covariances vanish by the reflections z; — —xz;, i > 2, and A’ = Varax
because A = (log Z)'. (ii) By (i), A solves the Riccati equation A’ =1 — A% — 34 /k with
A(k) = k/4 + O(k?). Appendix J shows that the left side of (ii) is a subsolution and the
right side a supersolution of this equation, with the same behaviour at 0, and concludes
by comparison. (iii) The middle inequality is (ii). For the first, put s = v/k2 + 4. By (ii),
4A/k > 4/(2+s) and 1 — A% <1 —k%/(2+ 5)?, and

I£2

4
et tees (245 —° <42 +5)

— 2 - Kk? <4,

which holds with equality. So A’ =1 — A% — 34/k < A/k. (iv) is the comparison of (ii)
with a third barrier, which improves the lower bound of (ii); it is carried out in the same
appendix. O

1.3. The Lipschitz rate of the family. Let 0 be the chordal metric §(x,2’) = |z — 2’| on
S3 and W the Kantorovich distance for 6. For ¢ € R* and a unit vector h € R* put

(1.3) L(c,h) = Slglp Covy, (g, (h,z)),

the supremum over 1-Lipschitz functions g for §. Since %Vc+th(g) = Covy,,, (g, (h,z)), the
Kantorovich-Rubinstein duality gives, for all b, ¥’,

b —b
(I.4) Wi (vp,vy) < |b—10| sup L(ec, —).
celb,b] <|U—M)
By rotation invariance L(c, h) depends only on k = |¢| and on the angle ¢ between h and
i

c—, and we write L(k, ¢).

Lemma 1.3. For all c and h, L(c,h) < 1/(2v/3). Moreover:
(i) at ¢ =0, L(0,h) = 1 for every h;
(ii) if h L ¢, then L(c,h) = Ey.23 = A(x)/k < §;
(iif) if k > V/88/3 &~ 3.127, then L(c,h) < 1 for every h.
Proof. A 1-Lipschitz function for § is 1-Lipschitz for the geodesic distance, which is larger,
so |Vg| < 1 almost everywhere, and Lemma 1.1 gives Varg < . By Lemma 1.2(i), (iii)

the largest eigenvalue of the covariance of z is A/k < I, so Var(h,z) < A/k. The Cauchy-
Schwarz inequality gives

(L5) L(e,h) < (34/%)% < (301+ V2 + 9))_1/2 < 2\1/3
(i) and (ii) are reflection arguments. Let R be the reflection in the hyperplane h', and
suppose v, is R-invariant, which is the case when ¢ =0 or h L ¢. Then E(h,z) = 0 and
Cov(g, (h,z)) = E[(g(z) — g(Rz))(h,z); (h,z) > 0]
< E[2(h,z)? (h,z) > 0] = E(h, x)?,
since d(z, Rz) = 2|(h,z)|. Equality holds for g = (h,z), which is 1-Lipschitz. At ¢ = 0,
E(h,x)? = %; for h L ¢, E(h,2)? = A/k. (iii) By (I.5), L < § as soon as 1+ vx? +9 > 18,
that is k2 > %8. O
The reflection settles the directions h L ¢ and the point ¢ = 0; for an oblique h the

reflection no longer preserves v, and the Cauchy—Schwarz bound (I.5) is too weak for
k < +/88/3. The next theorem closes this case.
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Theorem 1.4 (The sharp quarter). For every ¢ € R* and every unit vector h € R4,

L(c,h) < 1,

with equality at ¢ = 0. Equivalently, W1 (vp, vy) < %]b—b’] for all b,/ € R*, and the constant
% is the best possible.

The equivalence is (I.4) in one direction and the derivative formula above it in the other;
the sharpness is Lemma 1.3(i). The metric matters.?> The proof has four steps. A Lipschitz
function on S3 extends to the unit ball B ¢ R?%, and Green’s formula in B bounds the
covariance by a negative Sobolev norm of the density (Lemma I.5). This norm splits into a
zonal and a transverse part, both explicit series in modified Bessel functions (Lemma 1.6).
The transverse part is at most % because a certain power series has nonnegative coefficients
(Proposition 1.8), and the zonal part is at most i by a Riccati comparison (Proposition 1.9).

I.4. Harmonic extension. Let o be the normalised surface measure of S% and Hj, the
space of spherical harmonics of degree k, the restrictions to S% of harmonic homogeneous
polynomials of degree k on R%. The spaces Hj, are orthogonal in L?(o) and span it; we
write uy, for the component of w in Hy, and for u with [wdo = 0 we put
1 2

(1.6) Qu) = 7 Iurllz2 o)

k>1
This is (u, A'u) for the Dirichlet-to-Neumann operator A of B, which acts on Hj, as
multiplication by k.

Lemma I.5. Let u be a real-analytic function on S® with [wdo = 0 and let g be 1-Lipschitz
for the chordal metric. Then

/Ssguda < % Q(u)l/z.

Proof. The chordal metric is the Euclidean metric of R?* restricted to S3, so McShane’s
extension G(y) = inf,cgs(g(x) + |v — y|) is 1-Lipschitz on R* and equals g on S® [56];
by Rademacher’s theorem |VG| < 1 almost everywhere. Let ¢ = > ;o1 k™ 'rFug(w) in
polar coordinates y = rw. Each term is a harmonic polynomial, the series converges
with all derivatives on the closed ball because u is real-analytic,?® and 9,4 = u on S3.
Green’s formula for the Lipschitz function G and the smooth harmonic function v reads
Jos GOpdS = [ VG - Vipdy. With |S3| = 272 and |B| = 7?/2 the Cauchy-Schwarz
inequality gives

1 |B|'/? 5, \1/2
/guda—ﬁ/BVG-deyg — (/B\vw dy) .
Green’s formula once more gives [ V|2 = [q5 ¢ 9,0 dS = 2% 3, k™ ug||* = 272 Q(u),
and the right side becomes %Q(u)l/ 2, O

The lemma is a form of Thomson’s principle. By Kantorovich—Rubinstein duality,
sup, [ gudo is the least cost of a flow in R?* that carries the positive part of udo to its

25In the geodesic metric of S® the statement is false already at ¢ = 0: the function arcsin x» is geodesically
1-Lipschitz and its covariance with 2 under the uniform law is &= &~ 0.283 > %. A proof therefore has to
use that the chordal distance between two points is shorter than their geodesic distance, that is, it has to
see the sphere from the ball it bounds. The proof below does exactly this: it extends a chordally Lipschitz
function to the ball and integrates by parts there.

26For real-analytic u the norms ||lug| decay geometrically in k, and the supremum of a function in Hj is
at most (dim Hy)'/? = k+1 times its L?(¢) norm, so the series for ¢ and for each of its derivatives converge
uniformly on B.
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negative part, the cost being the total length travelled by the mass.?” The harmonic field
V1) is one such flow, through the interior of the ball, and the lemma computes its cost. At
¢ = 0 the flow is optimal: for u = (h,x) one has ) = (h,y), the field Vi) = h is constant,
the Cauchy-Schwarz inequality is an equality, and Q(u) = |[u|? = 1.

1.5. Spectral decomposition. Fix ¢ = ke; with k£ > 0 and write h = cosp e + sin g e,
which is no loss of generality by rotation invariance. Let p = dv./do = "' /Z(k), Z(k) =
J e ido = 211 (k) /K, and
U= (<h7 .I> - El/c <h7 .I>)p,

so that Cov,, (g, (h,z)) = [gudo and [udo = 0. Let U, be the Chebyshev polynomials of
the second kind and put

(n+1) Lnja (k)
(I.7) dn(k) = T (%) , n > 0.

Lemma 1.6. With this notation
Qu) = cos® p Q. () + sin® p Qu (),
where

! K2
Q, = Z M’ Q, = % Z(n+2)dn(/ﬁ)2.

n>1 n n>1

Proof. The functions U,(x1), n > 0, are the zonal harmonics: U,(x1) € H,, and they are
orthonormal in L*(c) (Appendix K). The expansion e = 2" (n + 1)I,41(k)Uy(t) of the
same appendix gives p = Y, dp(k)Up(z1), with dp = 1.

Write u = cos pu, + sinpu, with u, = (1 — A)p and u, = z2p; here E, x; = A and
E, x2 = 0. The reflection x2 — —x9 maps each Hy, to itself, fixes u, and reverses u,, so the
components of u, and u, in each Hj are orthogonal and the cross term in Q(u) vanishes.

Since A = Z'/Z, we have uy = 0xp = >, d},(k)Upn(x1), and the component of u, in H,
is d}, U, (1), of norm |d},|. This gives Q..

For g, let y(t) = coste; +sintes. The law v, has density p; = et 1 7 (k) =
Y on dn(K)Un((y(t), z)), and Oypt|t=0 = kx2p. The function U, ((y(t),z)) lies in H,, for every
t, hence so does its derivative xoU/ (x1) at ¢ = 0, and the component of u, in H, is
Kk~ td,zoU] (21). Tts norm follows from the eigenvalue n(n + 2) of the Laplacian of S% on
H,. For f = Un(xl)v

n(n+2) = n(n+ 2| = [ Voo fPdo

— [ U1 - a}) do,

since the tangential gradient of z1 has squared length 1 — 2. Given z1, the point (2o, 3, 24)
is uniform on the sphere of radius (1 — z?)'/2, so E[z3 | 1] = (1 —23) and [|z2U}, (21| =

in(n +2) over n > 1 gives Q,. O

in(n+2). Summing n 'k 2d2 -

By Lemmas 1.5 and 1.6,
(L8) L(k, ) < $ max(Q.(k), Qu(x))"?,

and Theorem 1.4 follows once both parts are at most %. Both are i at k = 0, by continuity
from the values d ~ x/2, d; — % and d,, = O(k").

27This is the Beckmann formulation of the transport problem with cost |« —y|: the optimal cost equals the
least f |[V| over vector measures V on R* with divergence udo. Restricting the flow to the closed ball does

not change the infimum, since projecting onto B shortens paths. The gradient V¢ on B is one admissible
flow. It minimises the energy f |[V|? rather than the cost f |V|, and the Cauchy—Schwarz inequality converts

one into the other at the price of the factor |B|*/2.
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[.6. Three Bessel sums. The series of Lemma 1.6 reduce to closed forms. Write I; for
Ij(lﬁ)).
Lemma 1.7. For every k > 0,

H
Y 5 = *11(2”) > i = T (15 + 1),
7>1 j>1

L(2k) =2 I q1;.
j>1
The first and third identities follow from Parseval’s formula for e8¢ = >jenl jeije, and
the second from the recurrences of I; by telescoping; Appendix K gives the proofs.
1.7. The transverse part.

Proposition L.8. Q,(k) < 1 for every k > 0.

Proof. By (1.7), Q, = (3/12I12)_1 > 52 J%(j+1)I7, and the sum equals Y- ;-4 (5% +52) 17 —217.

By Lemma 1.7, 9, < Z is equivalent to

(1.9) D(k) == (8 + 2r*) I} — k%12 — kI, (2K) > 0.
Each term is an entire function of k that is even after the factor x° is removed, so

D(k) = > >0 D, k*". Lemma K.2 of Appendix K computes the coefficients: Dy = D; = 0,
and forn=m+1>2

2

N,
4amml(m+ 1) (m+1)(m+2)

D, =
with

2m
Ny = (m ) (4@2m+1)+ (m—1)(m+1)(m+2))
—4"(m+1)(m +2).

The numerator Ny, vanishes for m = 0, 1,2 and is positive for m > 3 (Lemma K.2). So
every coefficient of D is nonnegative and D > 0. O
3351 50 1 — Qp = D/(12k%1}) is of order x* at 0:
the transverse part leaves the value i very slowly, which is why no estimate that loses a
constant can prove the proposition.

The first nonzero coefficient is Dy =

[.8. The zonal part. Let A = /I as before, so that di = 24 and, by Lemma 1.2(i),
A'=1- A% - 3A/k.

Proposition 1.9. For 0 < k < +/88/3,
1 A2 A 24 1
< H4AP - T <
Q:(r) < g AT+ o =5~ <
Proof. The higher modes. With r, = I,,41/1, the recurrence I, = I,,41 + %L, gives
dy, n1 I _m
by T L R
By Lemma K.3 of Appendix K, 7,41 < ri, and r; = A < k/4 by Lemma 1.2(iii). Hence
—n/k < n/k —k/4 < d,/d, < n/k for n > 2 and k2 < 16, so d? < n?d%/k?. With
dy =24,
1 Ss — Sy — 412
Q, < 4Al2 + -3 an% = 4A/2 + W,
n>2 1
Where 521: >oi>1 jQIJ2 and S3 = > ;> j3]]2; the second form uses nd21? = (j — 1)]’21]2 with
1=n+1.
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The closed form. The recurrences Iy — Is = %Il and [ — Is = %Ig give I/ =2/k+ A
and IoI3/1} = A—4A?/k. By Lemma 1.7, S3/(k*I?) = 1(2/k+ A)? + 1, and, keeping three
terms of the third identity,

So Iplh + 111, + Ir13 1 /2 4A2
> = —+34A——).
K21~ 2K1% 2/<a(/<c - K )
Collecting terms, Q, < § + 4A” + T(A) with T(a) = % — = — 2’%22, which is the first
inequality.

The barrier. Let s = /k? 4+ 25/4 and A, = k/(3 + s). By Lemma L2(iv), 4, < A < /4.
The function a — 1 — a? — 3a/k decreases on a > 0, and A" > 0 because A’ = Varxy, so
0<A <a:=1-A?-34,/k. For k* <12 the quadratic T decreases on [0, /4], since
2k — (a+a')(k* - 8)

4K?
and (a + a')(k* — 8) < &(k? — 8) < 2k there. So Q. < 1 +4a®+T(4,). With k? = 52 — 2
and A,/k = 2/(2s + 3) both terms are rational in s: o = 16/(2s + 3)?, and
25 = 5) p(s)
10?4 T(4,) = ZE0)8)
(1.10) (4) 4(2s + 3)4
p(s) = 85> + 285% — 985 — 695.

For 0 < k < 1/88/3 we have % < s < +/577/6 < 4.004. On s > g the cubic p increases, since
p'(s) = 245?24+ 565 —98 > 0, and p(4.004) < —120. So the right side of (I.10) is negative. [J

1.9. Proof of Theorem I.4. At ¢ =0 the theorem is Lemma 1.3(i), and for |c¢| > +/88/3 it
is Lemma L.3(iii). For 0 < |c| < v/88/3, Propositions 1.8 and 1.9 give Q,, Q. < 1, and (L.8)
gives L < %. O

T(a) = T(d") = (' — a)

APPENDIX J. COMPUTATIONS FOR THE SINGLE-LINK LAW

J.1. Barta’s inequality. Let p(f) = sin®#¢e*? on (0, 7), let V be a continuous potential,
and let

T=—p t0pdy+V.
If ¢ > 0 is smooth on (0, 7) with py? = O(sin? #) at the end points and T > A\gtp, then

/(yh’P L VR)pdf > )\o/thdH

for every smooth h vanishing to first order at 0 and w. Indeed, writing h = ¥u and
integrating by parts, the boundary terms piy)’u? vanish and

T
S« vicy = [ovti P+ [ 220 = 20 [0,
This is the inequality of Barta [9] in the form of a ground state transformation.

J.2. The computations of Lemma I.1. The generator of the reversible diffusion of v}, on
S3is L = Ags + kVx1 - V. In the polar angle 6 from e; the round metric is df? +sin? 0 gg2,
s0 Ags = 92 +2cot09p+sin"20 Age, and Vay -V = —sin 0 9y. On h()Y; with a spherical
harmonic Yy of degree ¢ on S? the operator acts as Ly = 83 + bdp — £(¢ + 1)sin20,
b=2cotf — ksinf = p'/p, so —L; =T with V = (£ + 1) sin~2 6.

Degree £ > 1. Take @ = sin@e™ % Then ¢'/¢ = cotf — arsin® and ¢" /1) =
(¢ /)? + (¢ /1), and a short computation gives

—L1y
(4
For a = —% this is 3 + %/@2 sin?6 > 3. Since V = £({ + 1)sin=260 > 2sin=26 for £ > 1,
Barta’s inequality gives —L, > 3 on every sector with ¢ > 1.

=3+ (1+5a)kcos® — a(l + a)x?sin? 6.
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Degree £ = 0. Let g(6) be a zonal eigenfunction, —Log = \g, g not constant, so that
¢'(0) = ¢'(m) = 0. Differentiating ¢” + bg’ = —\g gives, for h = ¢/,

—(h" +bh) —bh=Ah,  —b =

- + K cosf
sin? 6 ’

so h is an eigenfunction of T' with V = 2sin™2 6 + s cos 6, with eigenvalue A\, and h # 0
vanishes at both ends. With the same 1,

T
f =3+ (2+5a)kcos — a(l + a)x?sin? 6,

which for a = —% is 3+ %/{2 sin @ > 3. Barta’s inequality applied to h gives A > 3. Together
with the case £ > 1 every nonzero eigenvalue of —L is at least 3, which is Lemma I.1; the
spectrum is discrete because S® is compact and the drift is smooth.

J.3. Moments. The density of t = z1 under v is proportional to (1 — tz)l/ 2ert. For every
smooth ¢ on [—1, 1],
d
dt
and integration by parts gives E[¢/(t)(1 — t?)] = E[¢(t)(3t — k(1 — t2))]. With ¢ =1 this is
kE(1 — 22) = 3Ez1, the identity of Lemma 1.2(i). With ¢ = t* it gives the recursion

— _@ E — Fk
Mi42 = My - mk+1+ﬁmk717 my = Lxy,

(1= #2)32em] = (1 2)! /2 (5(1 — 7) = 31),

from mg = 1 and m; = A; all polynomial moments of v, are rational in x and A(x).2®

J.4. The Riccati barriers. By Lemma 1.2(i), 4 solves A’ = F(x,A) :== 1 — A2 —3A4/k
3

on (0,00), and A(k) = % — & 4+ O(k°) from the series of I} and I. Let s = Vk? +4,
u=vVK>+9, ¢_ =r/(2+s) and ¢4 = /(1 + u). Direct differentiation gives

’QQ

¢L—-7:(H7¢—):—m§0,
/ _32
¢+_F(H7¢+):MZO?

and ¢4 = & 4+ O(k%).? The comparison is singular at 0 because of the term 3A4/x, and we
carry it out with an integrating factor. Let D = A — ¢_. Then

D' = F(x, A) — F(r,¢-) — (¢ — F(r,6-))
=—(A+o- +%)D+R,

with R = k%/(s(s +2)?) > 0. Put p(x) = *exp [5(A+ ¢_). Then (uD)' = pR > 0, and
puD = O(k%) — 0as k — 0,50 uD >0 and A > ¢_. The same argument with D = ¢, — A
and R = (u — 3)%/(u(l + u)?) gives A < ¢,. This is Lemma 1.2(ii).

For (iv) let s = \/k2+25/4 and ¢, = £/(3 + s). Since s> — 3 = k% + 4, the same
differentiation gives

)~ Fls ) =

28For instance mo =1—3A/k, ms =A—3/k+ 12A//<;2 and m4 = mg — bms/k + 2A/k. The joint
moments with 2, 3,24 follow from exchangeability: E[¢(z1)a3] = 1E[¢(z1)(1 — 27)].

29For the first identity write ¢_ = (s —2)/x, which follows from s°> —4 = «2; then ¢ = (k?/s — s+ 2) /x>
and 1 —¢% —3¢_/k = (k* — (s —2)* —3(s —2))/k?, and the difference simplifies with s> = x? +4. The second
is the same computation with ¢+ = k(u —1)/(u? —1) = r(u —1)/(xk* + 8) in place of ¢ and u? = k> +9 in
place of s2 = k? +4. After clearing the denominator x*(1 +u)? the numerator becomes #2(u — 3)?/u, which
is the stated residual.
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so ¢, is a subsolution, and ¢, = § — g—g + O(K°).3° Hence A — ¢, = % + O(k%), and
the integrating-factor argument above, with D = A — ¢,, R = % > 0and p =
k3exp [7(A + ¢y), gives uD = O(k%) at 0, (uD)’ = uR > 0, and so A > ¢,. Since

3+ /K2 +25/4 <2+ VK% +4 for k> 0, this improves the lower bound of (ii).
APPENDIX K. BESSEL FUNCTIONS

This appendix proves the auxiliary statements used in Appendix I for Theorem 1.4.

Throughout, I; = I;(k) with x > 0, and I_; = I; for integers j. We use the series
(K/2)2i+u
W= 2 G
i>0 :
the integral I;(x) = 71 [ €759 cos j0 df), the Fourier series €% = >jez I;e9% and the
recurrences
9 .

(K.1) lj1 =l = ;jij Ij =TI + %fm
all of which are in Watson’s treatise [72], §§3.7, 3.71, 2.22. All series below converge
absolutely, because 0 < I; < (k/2)7e"/j!.

K.1. Zonal harmonics. Under o the coordinate x; has the density %(1 — )12 on [-1,1],
the area of the two-sphere {z; = t} being proportional to 1 — 2 and its normal speed to
(1 —t?)~/2. The Chebyshev polynomials U, (cos ) = sin((n + 1))/ sin @ satisfy

2 ™
/UnUm do = f/ sin((n + 1)8) sin((m + 1)0) d6 = 5,
™ Jo
and U, = C{" is the Gegenbauer polynomial of index 4%2 =1, so U, ((y, z)) is the zonal

harmonic of degree n on S® with pole y: |z|"U,({y,z)/|z|) is a harmonic polynomial on
R* [69], Ch. 1V, §2.

Lemma K.1. e = 25 (0 + 1)I1(k) Un(t) in L*(2(1 — t*)'/2dt), and uniformly on
—1,1].

Proof. With ¢t = cosf and 2sin 6 sin((n + 1)0) = cosnf — cos(n + 2)6, the n-th coefficient is

2 ™
7/ e sin((n +1)0)sinf df = I, — I, 10
T Jo
2(n+1
= ulﬂ—i—h
K

by (K.1). Since |U,| < n+1 and I,,+1 decays factorially, the series converges uniformly. [
K.2. Proof of Lemma L7. Let F(0) = e"% = Y. I;¢"%. Then
F'(0) = —ksinf F(0) = Zijljeiﬁ,

J
and Parseval’s formula gives

IQZ 27
N2 = 2—/ sin2 0 2605 g
JEZ TJo
K,2 K
= ?<Io(2/<;> — IQ(QKZ)) = 511(2,%),

30With ¢, = k(s — 3)/(k* +4) one has ¢, = (2s+ 22)/(s(2 + 5)°), using ds/dr = k/s; and F(k, ¢,) =
1—¢7 —3/(2 +5). Clearing the denominator s(2 + s)* and replacing x” by s> — 2 leaves —2s + 2 in the

numerator, which is the stated residual. The expansion follows from s = g + % +O0(r").
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the last step by (K.1) at the argument 2. Halving gives the first identity. The coefficient
of e in F? = e27¢? is [,(2k) = > jez Ljli—j, and the terms with j < 0 repeat those with
7 > 1; this is the third identity.

For the second, jI; = 5(I;—1 — I;11) by (K.1), so

2
. R .
2]352 =7 Z](Ijz—l + 132+1 —2I;11j+1).
Jjz1 Jjz1
Shifting indices and telescoping,
2oj>1 j(IJZ—l + I]2+1) =15+ > 51 2mI2,
Soms12mly = £ 51 (In—1Im — ImImy1) = kol
For the mixed term write j = 2((j — 1) + (j + 1)) and apply (K.1) to (j — 1)I;_1 and to
(G+ 1)1, using [y =1 at j = 1:
(11 = IiIja)
+ (L2l = Lj-11j42)]-

Both brackets telescope, to Ioly and to I_11y = I1ls, 80 3,51 jlj—11j41 = Soly + I 13).
Altogether

==

i1l =

H2

2
32 K (o K _ 2 2
Z] I7 = 1 (Io + 211(10 12)) =7 (I5 + I7). O
j>1
K.3. The coefficients of D.
Lemma K.2. Write D(k) = Y50 Dnk®" for the function of (19). Then Dy = Dy = 0,

and for m > 1
N,

4mm!(m+ 1) (m+1)(m+2)
with Ny, = (2™) (4(2m + 1) + (m — 1) (m+1)(m +2)) — 4™ (m+1)(m+2). Moreover N, =0
form <2 and Ny, >0 for m > 3.

Dm+1 =

)

Proof. The coefficients. Multiplying the series of Iy and I; and collecting powers,
Ig = Z amRQma I12 = Z ﬁm52m+27

m>0 m>0
o 2m+2
1(2k) = _
w1 (2r) m§>:0m! (m+ 1)1’
where .
1 1
m = ym Z: i12(m — )12’
=0

1 & 1
4mAl =gl (i + 1)l (m — i)l (m — i + 1)!

By Vandermonde’s identity, >, (m)2 = (*™) and ¥, (" (M2 = (272 0

% m i+1 m—+1
2m—+2
T gmon)2’ T gmA iyl (m 4 2))

The coefficient of £*™%2 in D is Dyyi1 = 8Bm +2Bm—1 — am — 1/(m!(m+1)!), with B_1 = 0;
for m =0 it is % —1—1=0, and Dy = 0 because every term of D is O(k?). For m > 1 put
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A=4"m!(m+1)! (m+1)(m +2) and b = (*™). With (2’”*2):2(2’”“)5’

m—+1
_4@2m+1)0b _ (m+1)*(m+2)b
8Bm = T> Oy = A >
< 2 Do
1 A (m+ 1)(m+2)
m!(m+1)! A ’

and 2m — (m + 1) = m — 1 gives Dy, 41 = Ny, /A.

The sign. Directly, No = Ni = N = 0 (2 — 2, 24 — 24, 192 — 192), N3 = 80, N4 = 1140
and N5 = 10416. For m > 6 we first show 16" < 4171(27”)2 for m > 1 by induction: it is an
equality at m = 1, and (m + 1)(*"F2) = 2(2m +1)(*™) gives

m+1
s+ 1) (22 16(2m + 1)2 (2m)
m = —
m-+1 m+1 m
2
MR ICIE VN —
dm(m + 1)

Since (m—1)2 > 4m for m > 6, it follows that (2;:)2(m—1) > 16™, that is (*7") (m—1) > 4™,
and

N, = (<2m> (m —1) = 4™ ) (m + 1)(m + 2)

m

+42m+1) (21:) > 0.

K.4. Monotonicity of Bessel ratios.
Lemma K.3. Forn>1 and k > 0, Inta(k)/Inti1(k) < Ia(k)/I1(K).

Proof. We use a lemma of Biernacki and Krzyz [15]: if f = 3 ajz/ and g = 3 bz’ have
positive coefficients and a;/b; is nonincreasing in j, then f/g is nonincreasing on x > 0.

Indeed o
f'g—fg =Y (i —jaibja™~"

.3
. 1 . . CLZ‘ a; i+i—1
= 5 %:(Z —])bibj (bT — Fj)x +J <0.

Take © = k%, f = I41(k)/k"™! and g = I1(k)/k. Then a;/b; = 27"(j + )!/(j + n+ 1)!
decreases in j, so I,,11/(k™I1) is nonincreasing in k. Its logarithmic derivative is, by the
second recurrence of (K.1),

n—|—1+In+2 n 1 I

K In+1 K K Il 0
_ In+2 _ é < 0.
Inyi L

APPENDIX L. THE CERTIFICATE BOUND

This appendix derives the bound hr < 14.420001 of Remark 6.8 from the data of [63]. The
argument is the proof of the bound in Theorem 1.4 with two changes. The divergence identity
of Lemma 6.1, taken there with the factor %, is replaced by a positive semidefinite form at
each site, and the weights % and % of Lemma 6.2 are replaced by weights chosen plaquette
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by plaquette. Everything is proved by hand except the positivity of ninety-six matrices of
trigonometric polynomials and the arithmetic of finitely many rational numbers.3!

L.1. Ends and corners. At a site y the eight ends are

ou(y) = Xy, in(y) = QZ—EM,MXZJ—GW#Q?/_BWM7
for p =0,1,2,3, as in the proof of Lemma 6.1; the end of a link in F' or outside the box is

0. Each link e = (y, 1) has the end o, at its tail y and the end i, at its head y + e, both
of norm | X|.

Lemma L.1. Let p be the plaquette at x in the plane p < v. Then
(Y1,Y1) = (o, o) (@),
(Y1,Y2) = (ip, 00)(z + €p),
(Y3, Ya) = (o, 1) (x + e0),
(Yo, WYsW™) = (iy,iu)(x + ey +e).

Every pair of ends at one site in two different directions occurs in exactly one of these
identities, for exactly one plaquette.

Proof. The first identity is the definition of the ends. The inner product is invariant
under conjugation by a unitary matrix, so (Xe,, Qe, Xe, @3,) = (QF, Xe, Qe,, Xe,), which
is the second identity, and the third follows in the same way from (Qe,Xe;Q7,, Xey) =

(Xesr QF, XeyQey). For the fourth, WQe, = Qc; Qe, Q% so that WY3W* = RX., R* with
R = Q¢,Qe,Qy,, and conjugating both vectors by (Qe; Qe,)™ gives (QF, Xe, Qe,, Qb XeyQes)-
The links es and e3 both have their head at x + ¢, + e,. For the last statement, the pairs
(ou,00), (ig,00), (04,1,) and (iy,i,) at y come from the plaquettes in the plane puv at y,
Yy —eu, y—e, and y — e, — e, respectively. There are 4(;1) = 24 such pairs at each site and
6 - 4 = 24 corners of plaquettes per site. O

For each class of sites modulo 2 let G be a real symmetric 8 X 8 matrix indexed by the
ends, with Gy[o,,i,] = 0 for every u. For the plaquette p at x in the plane u < v put

C]? = 2G, [O,ua 01/] <}/1a Y21> + 2GI+6# [ipa Ou] <Y17 Y72>
+ 2Gac+e,, [0#, il/] <Yé, Y4>
+ 2Gw+e#+eu [iua iu] <Y2> W}%W*>
The matrix G° with G%a, a] = 2, G°[o,,0,] = G°[i,,i,] = 1 and G%[o,,,4,] = —1 for pu # v
is the matrix of the form |3~ (0, — i)|? + > loy +1,|? of Lemma 6.1, and cgo is the corner
form ¢, of (6.3).

Lemma L.2. On Z*, or on a box with free boundary, for every field Q and every square-
summable X,

Z Z Gyla,b] (end,, endy)(y)

Y ab
=Y 5§+ (Gielo, 0] + Gy li. i]) [ Xe %,
P e

where t(e) and h(e) are the tail and the head of e, and o, i are its two ends. If every G is
positive semidefinite, the left side is nonnegative.

Proof. Split the sum over a, b at each site into the diagonal terms, the pairs (o,,4,), whose
coeflicient is 0, and the pairs of ends in different directions, each counted twice. The diagonal
terms give the last sum, since each link has one end at its tail and one at its head, and the

31The constant 14.420001 is not the best possible for this kind of certificate: by the search reported in
Remark 6.8 it cannot go below 14.384, while the true value of hr is at least 13.123.
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pairs in different directions give }°, cg by Lemma L.1. In a box the argument at the end of
the proof of Lemma 6.1 applies. At each site the left side is the trace of G times the Gram
matrix of the eight ends, and the trace of a product of two positive semidefinite matrices is
nonnegative. (]

L.2. From plaquettes to the Hessian. Number the positions of a plaquette as in (6.1)
and let k, be the position of its link in F; by Lemma 2.2 there is exactly one.

Lemma L.3. Let every Gy be positive semidefinite with Gylo,,i,] = 0, and let ap, > 0 for
the three positions r # ky, of each plaquette. Suppose that for every plaquette p, every N,
every W € UN) and all Y1,...,Yy € w(N) with Yy, =0,

(L'l) fp+C§ < Z ap,r|1/;"|2'
r#kp
Then | Hess So(v,v)| < hlv|? for every field Q and every v = (X.Q.) with X, =0 fore € F,
on Z* and on every box, where
h = rélgax (Z Qp.e + Gt(e) [0, O] + Gh(e) [’i, Z])
poe

and ap . is the weight of the position of e in p.

Proof. Summing (L.1) over the plaquettes and adding the identity of Lemma L.2, whose
left side is nonnegative,

Hess Sp (v, v) pr Z(Z apr|Y3]? — )
< Z(Z ape + Gi(e)[0, 0] + Gpe)li, z])]X |2

e¢F p>e
< hlvf?,

since |Y,| = | X,| for the link e at position r. In a box the links near the boundary lie in
fewer plaquettes, and the weights are nonnegative. For the lower bound, apply (L.1) at
—W. By (6.2) this changes the sign of f,, while cg does not change, and the same chain
gives — Hess Sp(v,v) < hlv|?. O

The hypothesis is needed on U(N) and not only on SU(N), since —W ¢ SU(N) when N
is odd.

Lemma L.4. If (L.1) holds for N = 2 and every W = diag(e't, €'2), it holds for every
N and every W € U(N).

Proof. Both sides are invariant under conjugation of W and all Y; by one unitary matrix,
so we may take W = diag(w,...,wy). Every term of fp, of cg and of |Y,|? is a multiple of
Re Tr(}/;Dli/}DQ) with Dy, Dy € {I W, W*} and

ReT‘r(KDl}/]DQ Rez ab Dl bb Y')ba (D2)aa

The difference of the two sides of (L.1) is therefore a sum of one term for each a, in the
entries (Y;)qq, and one term for each pair a < b, in the entries (Y;)q and (Y;)pe = —(Yi)abs
as in the proof of Lemma 6.2. The term of the pair a < b is the same difference for N = 2
at W' = diag(w,, wp), evaluated on the matrices Y; € u(2) with off-diagonal entries (Y;)as,
(Y)ba and zero diagonal. The term of a is the difference at W', for any b # a, evaluated on

= diag((Yi)aa,0). In both cases Yk’p = 0, so each term is nonnegative. O

In the orthonormal basis il/v/2, io1/v/2, i09/V/2, i03/v/2 of u(2), with the Pauli matrices
o, the difference of the two sides of (L.1) at N = 2 is a quadratic form on the three free
positions, with a real symmetric 12 x 12 matrix Mp(y). Its entries are affine combinations
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(a) least eigenvalue of M,(¢)

(b) totals of the certificate ) (c) block gap
107 7

14.0 A

cind ¢’<CqQ

0 10 20 30 40
free links of a period cell

FIGURE 20. The certificate of Appendix L. (a) The least eigenvalue of M,(¢)
over the torus of phases for the plaquette class with the smallest minimum,
about 0.0057 on a grid of 962 phases (red dot); Theorem L.5 shows it stays
positive. (b) The forty-eight totals in the definition of h, in increasing order,
against %, the value 14.420001 of the largest, the floor 14.384 for certificates
on the period-two cell, and the lower bound 9++/17 for hp. (c) The constant
C in 3" ¢? < CQ for the block gauge: 52 from Theorem 12.4, 5000/537 from
Proposition 12.5, and the bulk Bloch value 1/0.10749 = 9.3034, the best
constant when W is the set of all blocks. The eigenvalues in (a) and the
Bloch value are in floating point.

of 1, €os @q, sin @, cos(p1 — 2) and sin(¢1 — @2): the form f, is linear in W, and W enters
cz(,; only through (Y2, WY3W™*). Since W commutes with I and o3, My(y) splits into two
blocks of size six, one on the span of i1, 703 and one on the span of io1, io9, at every position.
By Lemmas L.3 and L.4, a certificate is a choice of G, and a,, such that every M,(y) is

positive semidefinite at every ¢, and it gives hy < h.

L.3. The certificate. The fixed set F' and the field of ends have period two, so it suffices
to give G, for the sixteen classes of sites and a,,, for the ninety-six classes of plaquettes, six
planes at each of sixteen sites. The certificate of [63] consists of sixteen positive definite
matrices Gy of size eight with Gy[o,,i,] = 0, and of nonnegative weights ay, ., all rational
with denominator 106. We checked that the set of fixed links used there is our F up to a
symmetry of the lattice. Of the sixty-four links of a period cell, sixteen lie in F', one ending
at each site. For each of the other forty-eight the bracket in the definition of A is computed
exactly, and the largest is 14420001 /106.

Theorem L.5 (Computer-assisted). For every N, every field Q and every v = (XeQ.) with
X.=0 forec F, onZ* and on every boz,

| Hess So (v, v)| < 14.420001 |v|?.

Proof. We show that every M,(y) is positive semidefinite, which proves the theorem by
Lemmas L.3 and L.4. Write z = (1, cos @1, sin ¢1, cos 2, sin ¢2). For each of the 192 blocks
of size six there is a positive definite integer symmetric matrix P of size thirty such that
4
224410 M(0)ji = D 2a2 Poatj,6b+k
a,b=0
for all 4, k, as polynomials modulo cos? p, + sin® p, = 1. For 2 € R® put w = 2 ® . Then
224.4.10%2T M (p)x = wT Pw, which is positive for = # 0, since zg = 1 gives w # 0. So
every block is positive definite at every (. O

The proof of Theorem L.5 rests on computations of three kinds. The positivity of the
Gy, the signs of the weights and the forty-eight totals are finite statements about rational
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numbers. The identities between M () and the matrices P, and the positive definiteness of
the P, are finite statements about integers. All of these are checked by the Lean 4 kernel
in [63], on no axioms beyond propext and Quot.sound; the program there also checks
the positivity at every phase a second time, by interval arithmetic on a subdivision of the
torus of phases. Lemmas L.1 to L.4 and the formula (6.2) for the Hessian are the written
proofs above and are not formalised.?? We checked the finite data in exact arithmetic and
the positivity at every phase by eigenvalues on an adaptive grid with a Lipschitz bound,
in floating point, and J. M. Lockwood checked it again in exact rational arithmetic with
outward-rounded interval elimination, finding least eigenvalue above 559/716800 for every
plaquette.

With 14.420001 in place of % the proofs of Theorems 1.4 and 1.5 go through unchanged,
which gives the ranges stated in Remark 6.8. Those theorems are stated with % because its
proof uses no computer.
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