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We prove that four-dimensional lattice Yang–Mills theory with any compact simple gauge group has a unique
infinite-volume state, exponential clustering and an explicit transfer-matrix gap at couplings past the curvature
limit of the ungauged measure, up to βW = 0.345 for SU(2) and βW = 0.76 for SU(3), in a gauge that fixes
one link of every plaquette. We prove that a Dobrushin–Shlosman estimate in one cube of fixed physical size,
or any exponential decay of renormalised correlations in physical units, gives a mass gap for every continuum
limit. The cube estimate is open along the continuum tuning; for SU(N) it needs cubes of side at least of order
(βW / logβW )1/4. For block averages, a cut-off of Bałaban’s average composes across all scales on fields of
small curvature for every compact group, and under the SU(2) Wilson measure the large fields form clusters of
vanishing physical size.
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I. INTRODUCTION

Wilson’s lattice gauge theory [77] assigns an element Qe of
a compact group G ⊂ U(N) to every link e of Z4 and weighs
a configuration by exp(Nβ ∑p ReTrQp), where Qp is the or-
dered product of the four link variables around the plaquette p.1

1 This is the normalisation of Shen, Zhu and Zhu [69] and of our earlier
paper [14]. The conventional inverse coupling is βW = N2β , so the weight
is exp( βW

N ∑p ReTrQp); for SU(2), identified with the unit quaternions,
1
2 TrQp = ReQp and βW = 4β . Standard accounts of the lattice theory are
the books of Montvay and Münster [61] and of Gattringer and Lang [37];
the Hamiltonian version is due to Kogut and Susskind [51].
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At small |β | the theory is under control: it has a unique infinite-
volume state, correlations decay exponentially, and the transfer
matrix has a gap [64, 68].2 The question is how far into the
coupling range such statements can be proved with explicit
constants, since the problem of the continuum limit [47] be-
gins where strong coupling ends and Bałaban’s weak-coupling
analysis [5–7] takes over.

Two methods give explicit ranges. The Bakry–Émery
method [3, 4] of Shen, Zhu and Zhu [69] bounds the Hessian of
the action; in [14] we showed that the sharp bound is 4d = 16
and that no curvature argument for the ungauged measure goes
beyond |β |< 1/32. The Dobrushin method [29, 30]3 bounds
the influence of each link on the conditional law of another; for
SU(2) the single-link conditional law is a von Mises–Fisher
law on the three-sphere, the sharp Kantorovich modulus4 of
that family is one quarter [14] (Theorem 125 in Appendix I),
and every link has eighteen partners, which gives βW < 2/9
and nothing beyond, because the coefficients are attained.

Both limits come from the same count. A link of Z4 lies in
six plaquettes and shares each with three other links. Gauge
invariance makes part of this redundant: in a box, the variables
on a forest of links can be set to the identity without changing
any gauge-invariant expectation [26].5 The forest we use is a
field of straight lines with one line through every site, chosen
so that every plaquette contains exactly one fixed link. Then
every free link has exactly twelve free partners, two in each of
its plaquettes (Lemma 9), and both methods improve.

2 Strong-coupling results of this kind go back to Osterwalder and Seiler [64],
who proved exponential clustering and a gap by a convergent expansion, and
to Seiler’s monograph [68]; the general framework for lattice gauge fields
and their continuum limits is that of Brydges, Fröhlich and Seiler [21]. More
recent work treats the strong-coupling regime by probabilistic methods: the
survey of Chatterjee [24], his large-N solution of SO(N) lattice gauge theory
at strong coupling [25] and its planar extension by Basu and Ganguly [10],
the Langevin dynamics of Shen, Zhu and Zhu [69], and the area law in
an enlarged region by Cao, Nissim and Sheffield [23]. For finite gauge
groups Adhikari and Cao proved correlation decay at weak coupling [1]. In
two dimensions the continuum Yang–Mills measure has been constructed
by Gross, King and Sengupta [40], Driver [32] and Lévy [52]; in four
dimensions Bałaban’s renormalisation group, as expounded by Dimock [28],
gives ultraviolet stability in finite volume, and Magnen, Rivasseau and
Sénéor constructed the theory with an infrared cutoff [57]. None of these
results gives a mass gap in physical units.

3 Dobrushin’s theorem: if the conditional law of each variable given all others
moves, in Kantorovich distance, by at most Cxy times the distance by which
the variable at y moves, and supx ∑y Cxy < 1, then the Gibbs measure is
unique and correlations decay at the rate given by the Neumann series of
the matrix C. Dobrushin and Shlosman [31] replaced single variables by
finite boxes, which is the form used in Sec. X.

4 The Kantorovich distance between two probability measures on a metric
space is the least expected distance over their couplings, equivalently the
largest difference of their integrals over 1-Lipschitz functions [75]. The
modulus of a family of laws indexed by a metric space is the best Lipschitz
constant of the map from the index to the law in that distance.

5 Creutz used a maximal tree to remove the gauge freedom completely; the
temporal gauge, with all links in one direction fixed, is the special case of
a family of straight lines. In a maximal tree almost every link is fixed in
some region and none in others, so the number of partners of a free link is
not uniform, and the temporal gauge leaves fourteen partners per link. The
point here is a pattern that fixes exactly one link in every plaquette.

Theorem 1 (SU(2)). Let G = SU(2) and 0 ≤ βW < 1
3 . For

every gauge-invariant local observable O the expectations
WΛ(O) in boxes with free boundary converge, along every
sequence of boxes that exhausts Z4, to a limit ω(O) that does
not depend on the sequence. The state ω is invariant under
translations and the hypercubic group and reflection positive;6

truncated correlations of Lipschitz observables decay at every
rate below − log(3βW ); and the transfer matrix has spectral
gap

m ≥− log(3βW )> 0.

For − 1
3 < βW < 0 all statements except reflection positivity

and the gap hold.

The step behind Theorem 1 is short once the line field is in
place. The number 1

3 is also the end of the road for this kind of
argument.

Theorem 2 (Ceiling). Let F ′ be any set of links of Z4 without
cycles, and give two distinct links outside F ′ that share a
plaquette the coefficient |β |, the largest single-link Kantorovich
coefficient of SU(2). Then the weighted Dobrushin condition
with these coefficients fails for βW ≥ 1

3 . For the line field
the coefficients are attained, so no single-link Kantorovich
argument in that gauge reaches βW = 1

3 .

The ceiling concerns coefficients between single links. Take
instead as a block the three free links of one plaquette. The
free links of the line field split into such triples with period
two (Lemma 12), the coupling inside the block plaquette is no
longer paid for, and each link keeps ten outside partners. The
price is the sensitivity of a law on three spheres instead of one,
which we bound analytically by integrating out the middle link
of the block.

Theorem 3 (SU(2) with plaquette blocks). Let G = SU(2)
and 0 ≤ βW ≤ 0.345. The number α(βW ) of (4) is increasing,
α( 1

3 ) ≤ 0.9561 and α(0.345) ≤ 0.9973. The conclusions of
Theorem 1 hold with decay at every rate below − 1

2 logα(βW )
and a transfer-matrix gap

m ≥− 1
2 logα(βW )> 0;

at βW = 1
3 this gives m ≥ 0.0224. For −0.345 ≤ βW < 0 all

statements except reflection positivity and the gap hold.

At small coupling the rate of Theorem 1 is the better one,
so both bounds stand side by side; Theorem 3 matters past
βW = 1

3 , where the gap of Theorem 1 has closed.
The curvature method gains as well, and for every N. Let

HessS0 be the Hessian of ∑p ReTrQp on GE and F the set of
fixed links.

6 That is, ω(ϑ(F̄)F)≥ 0 for every F depending on the links on one side of a
lattice hyperplane, ϑ being the reflection in it. It gives the Hilbert space and
the transfer matrix of Osterwalder and Schrader [62, 63] and of Osterwalder
and Seiler [64], reconstructed in Appendix F.
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Theorem 4 (Curvature in the gauge). For every N, every field
Q and every tangent vector v = (XeQe) with Xe = 0 for e ∈ F,

|HessS0(v,v)| ≤ 29
2 |v|2,

against the sharp constant 16 without gauge fixing. Conse-
quently, for G = SU(N) and |β |< 1

29 , or G = SO(N), N ≥ 3,
and |β |< N−2

58N , the conclusions of Theorem 1 hold with the rate
and gap of Theorem 5. For SU(3) this is βW < 9

29 = 0.310.

The constant 29
2 is a statement about U(N), so it holds on

every closed subgroup, and the curvature of the group does
the rest. This gives the theorem for every compact simple
gauge group, the exceptional groups included, with an explicit
gap. Let ρ : G → U(N) be a faithful unitary representation of
a compact connected Lie group G, weigh a configuration by
exp(Nβ ∑p ReTrρ(Qp)), and let κG be the least Ricci7 curva-
ture of G for the bi-invariant metric ⟨X ,Y ⟩=−Tr(ρ(X)ρ(Y ));
we identify G with ρ(G)⊂ U(N).

Theorem 5 (Every compact simple group). Suppose that the
Lie algebra of G is semisimple, so that κG > 0, and that

N|β |< 2
29 κG.

Then the conclusions of Theorem 1 hold, for β < 0 all of them
except reflection positivity and the gap, with decay at every
rate below

mG(β ) = arccosh
(

1+
1

12

(
κG

N|β |
− 29

2

))
> 0

and a transfer-matrix gap m ≥ mG(β ). For a simple G, κG =
h∨/(2ℓρ), where h∨ is the dual Coxeter number and ℓρ the
Dynkin index of ρ; Table I lists the values.

For SU(N), κG = N
2 , and for SO(N), κG = N−2

4 , so The-
orem 5 contains the ranges of Theorem 4 and supplies their
rate.8 For small |β | the existence of a gap is classical for every
compact group, with no explicit range [64, Thm. 3.6]; what
is new is an explicit range for every group, past the range
N|β |< κG/16 that the Hessian bound 16 gives without gauge
fixing, and an explicit gap. As β → 0 the gap grows like
log κG

6N|β | .

No Bakry–Émery argument for the ungauged measure can
pass |β | = 1

32 [14, Thm. C]; the gauge fixing changes the

7 For a bi-invariant metric on a compact Lie group the Ricci curvature is
− 1

4 Tr((adX)2) in the direction of X . It is positive for every X ̸= 0 exactly
when the Lie algebra is semisimple, and κG is its minimum over unit vectors.

8 The dual Coxeter number is h∨ = N for SU(N), N − 2 for SO(N), n+ 1
for Sp(n), 4,9,12,18,30 for G2,F4,E6,E7,E8, and the Dynkin index of
a representation is normalised to one on the defining representation of
SU(N) [49, Ch. 6]. The identity κG = h∨/(2ℓρ ) is the statement that the
Ricci tensor of a compact simple group with a bi-invariant metric is one
quarter of the negative Killing form, Ric(X ,X) =− 1

4 B(X ,X) [60], together
with B(X ,X) = 2h∨ Tr(ρ(X)2)/ℓρ . Lower Ricci bounds of the same kind,
for special holonomy and for Riemannian submersions, are studied in [18,
38].

TABLE I. Least Ricci curvature κG = h∨/(2ℓρ ) of the compact simple
groups in a faithful representation ρ of least dimension N, and the
range of Theorem 5 for the conventional inverse coupling βW = N2β .

Group ρ h∨ ℓρ κG βW <

SU(N), N ≥ 2 CN N 1 N
2

N2

29
SO(N), N ≥ 5 RN N −2 2 N−2

4
N(N−2)

58
SO(3) R3 2 4 1

4
3
58

Sp(n), n ≥ 2 C2n n+1 1 n+1
2

2n(n+1)
29

G2 7 4 2 1 14
29

F4 26 9 6 3
4

39
29

E6 27 12 6 1 54
29

E7 56 18 12 3
4

84
29

E8 248 30 60 1
4

124
29

measure, not the metric, which is why it can. For SU(2) the
curvature range βW < 4

29 lies inside that of Theorem 1, and no
curvature argument for the gauge-fixed SU(2) measure passes
βW = 1

3 : when one active link e is −1 and all others are 1,
the six plaquettes through e have variable −1, and along a
geodesic through Qe the Hessian of −βW

2 ∑p ReTrQp is −6βW

times the metric of the unit sphere S3, whose Ricci curvature is
2, so the Bakry–Émery tensor is negative there once βW > 1

3 .
For SU(3) the Dobrushin route goes much further.

Theorem 6 (SU(3)). Let G = SU(3) and 0 ≤ βW ≤ 3
4 . Then

the conclusions of Theorem 1 hold, with decay at every rate
below − log(1.33319βW ) and a transfer-matrix gap

m ≥− log(1.33319βW )> 0.

The proof of Theorem 6 bounds the Kantorovich modulus
of the one-link measure νb(dU) ∝ eReTr(Ub)dU on SU(3) uni-
formly over staple sums b. Its analytic part is a lower bound for
the spectral gap of νb through Bochner’s formula with a cross
term (Lemma 29), a corrector chosen box by box among poly-
nomials of degree two in the matrix entries (Lemma 30), the
reduction of b to diagonal matrices (Lemma 31), the character
expansion of the moments of νb (Lemma 32) and an interpo-
lation inequality on boxes of staple sums (Lemma 33). The
remaining step evaluates the resulting bound on 2341 boxes
with rigorous error bounds; the theorem rests on that computa-
tion, which is described in full in Sec. VII G and Appendix E.

The plaquette blocks of Theorem 3 work for SU(3) as well.
They use the same modulus of the one-link measure, but only
through the three links of a block, so they need Λ(2βW ) small
and not 2rΛ(r) < 1: near the end of Theorem 6 they give a
much larger gap, and they go past it.

Theorem 7 (SU(3) with plaquette blocks). Let G = SU(3)
and 0 ≤ βW ≤ 19

25 = 0.76. Then α3(βW ) < 1 for the num-
ber of (15), with α3(0.72) ≤ 0.9182, α3(

3
4 ) ≤ 0.9653 and

α3(0.76)≤ 0.99950. The conclusions of Theorem 1 hold with
decay at every rate below − 1

2 logα3(βW ) and a transfer-matrix
gap

m ≥− 1
2 logα3(βW )> 0;
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FIG. 1. The gap mG(β ) of Theorem 5 as a function of βW = N2β on a logarithmic scale, for nine groups in the representations of Table I. Each
curve ends at the edge βW = 2NκG/29 of the range, marked by a dot, where the gap tends to zero; as βW → 0 it grows like log(κG/(6N|β |)).
The curves differ only by the factor NκG, since mG depends on N|β |/κG alone.

TABLE II. Explicit ranges of uniqueness, decay and a transfer-matrix
gap for four-dimensional lattice Yang–Mills theory. The first three
rows hold for the ungauged measure; the last three are the results of
this paper.

Method SU(2), βW SU(3), βW

Curvature, Shen–Zhu–Zhu [69] < 1
12 < 3

16
Curvature, sharp [14] < 1

8 < 9
32

Dobrushin, sharp quarter [14] < 2
9

Curvature, forest gauge < 4
29 < 9

29
Dobrushin, forest gauge < 1

3 ≤ 3
4

Plaquette blocks, forest gauge ≤ 0.345 ≤ 0.76

at βW = 3
4 this gives m ≥ 0.0177, against 1.1 ·10−4 from The-

orem 6, and at βW = 0.76, where Theorem 6 no longer applies,
m ≥ 2.5 ·10−4.

All seven theorems are statements at fixed lattice spac-
ing. They do not touch the continuum limit, the crossover
to Bałaban’s regime, or a gap in physical units, which together
are the Clay problem; Sec. IX says where each method stops
and what remains of the four open problems of [14]. The ob-
struction proved in [15], that a lattice gap uniform in lattice
units forces trivial continuum two-point functions, applies to
all of them.

The continuum step. Sec. X goes past that obstruction in one
respect, through three implications, each proved.

(I1) A Dobrushin–Shlosman condition on one cube of fixed

physical size, uniform along the continuum tuning, gives
a mass gap in physical units for every continuum limit
(Theorems 43 and 45), and so does exponential decay
with constants of the renormalised correlations of a span-
ning set of observables (Theorem 46); this holds also for
observables smoothed by the spatial gradient flow (Propo-
sition 47).

(I2) The flowed observables, renormalised by one condition
at a single physical separation, have reflection positive
continuum limits along subsequences, and such a limit
is nontrivial exactly when one ratio of lattice two-point
functions stays away from zero (Theorem 48); that ratio is
bounded above and below by ratios of correlations of one
slice field at fixed physical separations (Proposition 51).

(I3) Tree bounds on the truncated correlations give all the
higher Schwinger functions as reflection positive distri-
butions, imply the ratio bound, and carry the conditional
mass gap to every polynomial in the smeared fields (The-
orem 56); for a smooth packet they give the ratio with
an explicit rate and a reference vector of finite energy
(Proposition 60).

What is open. The inputs of (I1)–(I3), namely the cube condi-
tion along the tuning, the slice ratio in four dimensions and the
tree bounds, are not proved, and so the nontrivial existence of
the continuum limit and the gap in physical units remain open.
Figure 3 shows how the proved statements, the implications
and the open inputs fit together.

Sec. XI measures the open inputs. The cube condition holds
at strong coupling, fails at every fixed cube size at weak cou-
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FIG. 2. Ranges of Table II. The height of each bar is the largest inverse coupling βW covered by the method. Grey bars are methods for the
ungauged measure; blue, red and orange bars use the forest gauge. For SU(2) the red bar ends at the ceiling of Theorem 2 and the orange bar,
plaquette blocks, passes it (Theorem 3); for SU(3) the red bar is Theorem 6 and the orange bar, plaquette blocks, gives a larger gap there and
passes it (Theorem 7).

pling, forces the gauge-fixed variables to be disordered on
the scale of the cube, and cannot be reached from estimates
on single lines of links; for SU(N) it needs cubes of side at
least of order (βW/ logβW )1/4 (Propositions 75 and 76). For a
Gaussian field it holds at a fixed physical scale when the field
has a mass and fails exactly, at every size, when it is massless
(Proposition 62); it also fails for the quadratic approximation
of the forest gauge itself (Proposition 63). The order-two cases
of the tree bounds force the lattice gap below a fixed multiple
of the lattice spacing, so no strong coupling expansion gives
them (Proposition 59). The slice ratio holds in two dimen-
sions, where it is the exact solution of lattice gauge theory
(Remark 53), and fails for a field whose mass is fixed in lattice
units; for the free field, conditioning an energy packet on aver-
ages over blocks leaves a fixed fraction of its ordinary variance
at every lattice spacing, so a reduction to block averages has to
be measured in the reflected norm (Proposition 54).

Block averages. Sec. XII poses the cube condition for block
averages in a gauge whose fixed links are trees inside blocks
of side two. Its quadratic approximation then holds at every
coupling once the cube is large (Theorem 88), and integrating
out one scale reduces it to a cube condition for the averages,
which carry at least the coarse quadratic form at every scale
(Corollary 91 and Proposition 89); the averages along the
lines of the forest gauge, by contrast, leave one class of lines
invisible and fail at every size (Proposition 82). For the group-
valued links, the straight path between block roots gives a
coarse link whose fibres satisfy a coercivity bound for every

compact group and every field (Theorem 94), but this map
does not compose across scales (Proposition 97), and for every
compact connected group no continuous covariant block map
treats the positions of a block alike (Proposition 98). A cut-off
of Bałaban’s averaging operation is continuous, covariant and
coercive for every field and agrees with the block averages to
first order; it breaks the symmetry only at large fields, as it
must, and its constants are those of one step (Theorem 100).
On fields with values in a maximal torus whose curvature stays
small at every scale it composes, with the energy nonincreasing
and the thin paths contracted (Theorem 102), and for every
compact group it composes on fields whose curvatures at the
successive scales have a small sum (Theorem 106). Under the
SU(2) Wilson measure the plaquettes that are not small lie in
clusters whose physical size tends to zero in probability, and the
cut-off acts only next to them (Theorem 108, Corollaries 109
and 110); such plaquettes are nevertheless present along the
one-loop tuning (Proposition 111). Whether some block map
is coercive for all fields and composes across scales, through
these clusters, is open.

Plan. Sec. II constructs the line field. Sec. III shows that a
Dobrushin bound for the gauge-fixed specification gives the
full conclusion of Theorem 1. Secs. IV, V, VI, VII and VIII
prove Theorems 1–7, and Sec. IX measures what is left. Sec. X
proves (I1)–(I3), Sec. XI states and measures their open in-
puts, and Sec. XII poses the cube condition for block averages,
composes the cut-off average across scales at small fields and
locates the large fields under the Wilson measure. The appen-
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FIG. 3. The logical structure of the paper. Green: theorems at fixed lattice spacing (P1 the gap for every compact simple group, Theorem 5, P2
the plaquette blocks for SU(2) and SU(3), P3 the cube condition at strong coupling). Blue: the proved implications (I1)–(I3) of the continuum
step. Red: their inputs, none of which is proved along the continuum tuning. Each arrow joins an open input to the implication that consumes it;
no implication feeds its own input.

dices contain the residue table of the line field, the comparison
lemma and its version for blocks, the blocks of the local Hes-
sian inequality, the details of the certified computation, the
reconstruction of the transfer matrix with the equivalence of
a gap and exponential clustering (Appendix F), the facts on
spectral measures and on the character expansion that the con-
tinuum step uses (Appendices G and H), and a complete proof
of the sharp quarter for the single-link law of SU(2) (Appen-
dices I–K), so that the paper does not depend on our earlier
one for any step.

II. THE LINE FIELD

Write e0, . . . ,e3 for the unit vectors of Z4 and (x,µ) for the
link from x to x+ eµ . A direction field is a map σ : Z4 →
{0,1,2,3}; its links are F = {(x,σ(x)) : x ∈ Z4}. At each
site put πx(µ) = σ(x+ eµ). The plaquette at x in the plane
{µ,ν} has the links (x,µ), (x+ eµ ,ν), (x+ eν ,µ), (x,ν), so
it contains

[σ(x) ∈ {µ,ν}]+ [πx(µ) = ν ]+ [πx(ν) = µ] (1)

links of F .

Lemma 8. Every plaquette of Z4 contains exactly one link of
F if and only if, at every site x, πx fixes σ(x) and permutes the
other three directions cyclically.

Proof. Fix x, let s = σ(x) and let R be the set of the other three
directions. For a plane {s,ν} the count (1) is 1+ [πx(s) =
ν ] + [πx(ν) = s]; it equals one for all ν ∈ R exactly when
πx(s) = s and πx(ν) ̸= s for ν ∈ R, that is, when πx fixes s and
maps R into R. For a plane {µ,ν} ⊂ R the count is [πx(µ) =
ν ] + [πx(ν) = µ]. Draw an arrow µ → πx(µ) for every µ ∈
R with πx(µ) ∈ R \ {µ}. Each vertex of R has at most one
outgoing arrow, and the condition says that each of the three
pairs of R carries exactly one arrow. Three arrows on three
vertices with out-degree at most one give out-degree exactly
one everywhere, and a tournament on three vertices with all
out-degrees one is a directed three-cycle.

From now on σ is the field of period two given in Table III
of Appendix A, read from x modulo two. The table lists πx at
each of the sixteen residue classes; in each row πx fixes σ(x)
and is a three-cycle on the rest, so every plaquette contains
exactly one link of F by Lemma 8.9

9 There are exactly eight period-two direction fields with this property, all
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Lemma 9. (i) F is a disjoint union of bi-infinite straight
lines, one through every site: every site has exactly one
outgoing and one incoming link of F, and both point in
the direction σ(x).

(ii) For every box Λ (a product of four finite intervals, with
the links and plaquettes it contains), F ∩E(Λ) is a dis-
joint union of segments, hence a forest.

(iii) A link e = (x,µ) /∈ F lies in six plaquettes. Four of them
contain a link of F that shares an end point with e, and
these lie in the planes {µ,σ(x)} and {µ,πx(µ)}. In the
other two, which lie in the remaining plane {µ,ρ}, the
link of F is opposite to e.

(iv) Every link outside F shares a plaquette with exactly
twelve other links outside F, two in each of its plaquettes.

Proof. (i) Since πx fixes σ(x), σ(x+ eσ(x)) = σ(x). Because
σ has period two, x − eµ ≡ x + eµ , so also σ(x − eσ(x)) =
σ(x), and the link (x− eσ(x),σ(x)) is in F . Conversely, if
(x− eν ,ν) ∈ F , then σ(x− eν) = ν , and straightness at x− eν

gives σ(x) = ν . So the incoming link is unique and continues
the outgoing one.

(ii) A line meets a box in a segment, and distinct lines are
disjoint.

(iii) The plaquettes of e are, for each ν ̸= µ , the one at x and
the one at x− eν in the plane {µ,ν}. A link of F sharing an
end point with e is the outgoing or the incoming link of F at
x or at x+ eµ . At x both point in the direction s = σ(x) ̸= µ ,
and they lie in the plaquettes at x and at x− es in the plane
{µ,s}. At x+ eµ both point in the direction t = πx(µ), which
lies in R\{µ} because πx is a three-cycle on R, and they lie in
the plaquettes at x and at x− et in the plane {µ, t}. These four
plaquettes are distinct because s ̸= t. Each plaquette contains
exactly one link of F , so in the two plaquettes of the third plane
{µ,ρ} the link of F is a link of direction µ or ρ not touching
e; the links of direction ρ in such a plaquette touch e, so it is
the opposite link.

(iv) Each of the six plaquettes contains e, one link of F
and two other links, and two distinct links share at most one
plaquette.

III. GAUGE FIXING AND THE FREE-BOUNDARY STATE

Let G ⊂ U(N) be compact with Haar measure dU , and let
Λ be a box. The Wilson measure with free boundary is

WΛ(dQ) =
1

ZΛ

exp
(

Nβ ∑
p∈P(Λ)

ReTrQp

)
∏

e∈E(Λ)
dQe.

equivalent to σ under the symmetries of the lattice. A field with one fixed
link at every site and one in every plaquette exists only in four dimensions:
a link lies in 2(d −1) plaquettes and a site carries d(d −1)/2 of them, and
2(d −1) = d(d −1)/2 forces d = 4. The statements of this section are also
checked in the Lean certificate of the archive.

The measure is invariant under the gauge transformations
Q(x,y) 7→ gxQ(x,y)g−1

y with g ∈ GΛ. Call the links outside F
active and write A for their set. For a function O of the links,
OF is O with every link of F set to the identity.

Lemma 10 (Gauge fixing). Let µF
Λ

be the probability measure
on GA∩E(Λ) whose density with respect to Haar measure is
proportional to exp(Nβ ∑p∈P(Λ) ReTrQF

p ). For every gauge-
invariant O on GE(Λ),

WΛ(O) = µ
F
Λ (O

F).

Proof. Each segment of F ∩E(Λ) is a path x0,x1, . . . ,xk along
one direction. Given the variables on F , put gx0 = 1 and gxi+1 =

gxiQ(xi,xi+1) on every segment. The transformed field has Qg
e =

1 on F ∩E(Λ), and for fixed values on F the map QA 7→ Qg
A is

a product of left and right translations, which preserves Haar
measure. Gauge invariance of the action and of O and the
change of variables give the claim.

No leftover holonomy appears because F ∩E(Λ) is a forest.
The measures µF

Λ
are finite-volume versions of the specification

γF on GA: for e∈A, γF
e resamples Qe from the law with density

proportional to exp(Nβ ∑p∋e ReTrQF
p ) given all other active

links. No infinite-volume gauge transformation is performed;
γF is a specification in its own right. Fix a metric δ on G of
diameter D that is bi-invariant (for SU(2) the chordal metric
on S3, D = 2; for SU(N) the Hilbert–Schmidt distance). The
Kantorovich coefficient of e′ on e is

Cee′ = sup
W1

(
γF

e (· | Q),γF
e (· | Q′)

)
δ (Qe′ ,Q′

e′)
,

the supremum over pairs of configurations that differ only at
e′. It vanishes unless e and e′ share a plaquette.

Proposition 11. Suppose that every row and every column of
(Cee′) sums to at most α < 1. Then:

(i) γF has exactly one Gibbs measure µF ;

(ii) for every gauge-invariant local O the limit ω(O) =
limWΛ(O) exists along every sequence of boxes exhaust-
ing Z4 and equals µF(OF);

(iii) ω is invariant under translations and the hypercubic
group;

(iv) if β ≥ 0, ω is reflection positive for reflections in hy-
perplanes through sites and in hyperplanes bisecting
links;

(v) for gauge-invariant local O,O′ with O Lipschitz in each
link, |Covω(O,O′)| ≤ CO,O′e−λ dist(O,O′) for every λ <
− logα;

(vi) if β ≥ 0, the transfer matrix of ω has spectral gap at
least − logα .
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FIG. 4. (a) The line field in the slice x3 = 0 of a box of side three. Thick red segments are the links of F in the directions 0,1,2, with a dot
marking the direction of travel; an orange ring marks a site whose line leaves the slice in direction 3. Every line is straight (Lemma 9(i)), and the
segments that leave the box are its boundary stubs. (b) One plaquette with its fixed link e1. The weights are those of the local inequality of
Lemma 20 for the three free links: 21

10 on the two links adjacent to e1 and 5
4 on the opposite one. The two purple corners are the ones that enter

the corner form (7) once Y1 = 0.

Proof. (i) Gibbs measures exist by compactness, and the com-
parison lemma of Appendix B with S = /0 shows that any two
coincide.

(ii) Extend µF
Λ

by Haar measure on the active links outside
Λ, and let S be the set of active links with a plaquette outside
P(Λ); this includes every active link outside E(Λ). For an
active link e /∈ S all six plaquettes of e lie in P(Λ), so the
conditional law of Qe under the extended measure is γF

e . Let T
be the support of OF and λ <− logα . The comparison lemma
with weights e−λ dist(·,T ) gives

|µF
Λ (O

F)−µF(OF)| ≤ L
θD

1−θ
∑
z∈S

e−λ dist(z,T ),

with θ = αeλ < 1 and L a Lipschitz constant of OF ; the sum is
at most CT R3e−λR when R is the distance from T to the com-
plement of Λ. For O continuous but not Lipschitz, approximate
uniformly. Lemma 10 gives WΛ(O) = µF

Λ
(OF).

(iii) WΛ(τvO) =WΛ−v(O), and the boxes Λ− v also exhaust
Z4; by (ii) the limit does not depend on the sequence. The line
field is a device for computing WΛ and is never shifted. The
same argument applies to the hypercubic group.

(iv) For β ≥ 0 the measure WΛ is reflection positive for
every box symmetric under the reflection [64], and reflection
positivity passes to the limit along such boxes, which is ω by
(ii).

(v) Covω(O,O′) = CovµF (O
F ,O′F), and setting the links of

F to the identity keeps the Lipschitz property. The bound is
Corollary 113.

(vi) Let ϑ be a time reflection and τt a time translation. For
gauge-invariant local O that are Lipschitz in each link, (v) gives
|ω(ϑ(Ō)τtO)−|ω(O)|2| ≤COe−λ t . On the support of O these

functions are dense in the gauge-invariant part of L2(ω): gauge-
invariant functions are functions on the compact quotient of
GE by the gauge group, Lipschitz functions for the quotient
metric are dense in L2 of every finite measure on it, and they
lift to gauge-invariant Lipschitz functions. By Proposition 116
the spectrum of the transfer matrix on the complement of the
vacuum lies in [0,e−λ ], for every λ <− logα .

The proposition replaces the torus limits and the unique-
ness of the ungauged Gibbs measure used in [14, Thm. F]
by the free-boundary limit, which has all the properties the
reconstruction of the transfer matrix needs.10

IV. SU(2) UP TO ONE THIRD

Proof of Theorem 1. Identify SU(2) with the unit quaternions
and use the chordal metric. For an active link e and a plaque-
tte p ∋ e, the staple sp is the product of the other three link
variables in the order that makes Re(Qesp) =

1
2 TrQp, with

links of F equal to one. Since Nβ ReTrQp = 4β ⟨Qe, s̄p⟩ in
R4, the conditional law of Qe is the von Mises–Fisher law
νb(dx) ∝ e⟨x,b⟩dx on S3 with b = 4β ∑p∋e s̄p. Changing a part-
ner e′ by δ in the chordal metric changes one staple by an
isometric image of that displacement, so b moves by 4|β |δ ,

10 On a torus the line field closes up into cycles, and the holonomies along
them cannot be removed by a gauge transformation; the argument never
uses a torus. The state ω is defined only on gauge-invariant observables,
which is all that the Osterwalder–Schrader reconstruction [62–64] uses.
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and the sharp quarter (Theorem 125), W1(νb,νb′)≤ 1
4 |b−b′|,

gives Cee′ ≤ |β |. By Lemma 9(iv) every row and column has
twelve nonzero entries, so α ≤ 12|β |= 3|βW |. Proposition 11
applies for |βW |< 1

3 .

Proof of Theorem 2. For the line field, every staple of an active
link contains two active links, so the six staples can be chosen
with sum zero while the staple through a given partner e′ moves
freely. At b = 0 the derivative of νb in the direction h has
Kantorovich norm 1

4 |h| by Lemma 124(i), so Cee′ = |β | exactly,
and every row sum is 12|β |= 3|βW |.

Now let F ′ be any forest and C′ the matrix of the statement.
Suppose a positive weight w satisfies C′w ≤ αw. For a box
Λn of side n let Cn be the principal submatrix on the active
links of E(Λn); then Cnw ≤ αw on these links, and the Collatz–
Wielandt inequality for nonnegative matrices gives ρ(Cn)≤ α .
Since Cn is symmetric, ρ(Cn) is at least the mean row sum.
The box has 4n4 −O(n3) links and n4 sites, and a forest has
fewer links than sites, so the number a of active links is at
least 3n4 −O(n3). Let ap be the number of active links of
the plaquette p; the box has P = 6n4 −O(n3) plaquettes and
∑p ap = 6a−O(n3). Two links share at most one plaquette, so
the row sums add up to |β |∑p ap(ap −1), and by convexity

|β |
a ∑

p
ap(ap −1)≥ |β |P

a
ā(ā−1) = 6|β |(ā−1)−o(1),

with ā = ∑p ap/P = 6a/P − o(1) ≥ 3 − o(1). Hence α ≥
12|β |−o(1) for every n, and α ≥ 12|β |= 3|βW |.

Without gauge fixing the same count gives eighteen partners
and the ceiling βW = 2

9 of [14, Prop. 13]; the temporal gauge,
a family of lines in one direction, leaves fourteen. The line
field is optimal among forests: twelve is the mean number of
partners forced by the number of free links, and it is attained
at every link.

V. SU(2) PAST ONE THIRD: PLAQUETTE BLOCKS

Throughout this section G = SU(2) is the group of unit
quaternions with the chordal metric |x − y|, x̄ is the conju-
gate, ⟨x,y⟩= Re(xȳ) is the inner product of R4, and dx is the
normalised Haar measure on S3. Left and right multiplica-
tion by unit quaternions and conjugation are isometries, and
Re(xyz) = Re(yzx) = ⟨y, z̄x̄⟩. Put

Z0(c) =
∫

S3
e⟨c,x⟩dx = ∑

j≥0

(|c|2/4) j

j!( j+1)!
, c ∈ R4,

let νc(dx) ∝ e⟨c,x⟩dx be the von Mises–Fisher law, and write
g = logZ0, so that ∇g(c) is the mean and Hessg(c) the covari-
ance of νc.

A. The blocks

Let B be the set of plaquettes at x in the plane {0,1} with
x0 ≡ x1 and in the plane {2,3} with x2 ≡ x3, congruences

modulo two (Table IV of Appendix C lists them modulo 2Z4,
and Fig. 5 draws them). A block plaquette is a plaquette of B,
and its block is the set of its three active links.

Lemma 12. The set B is invariant under translations by 2Z4

and:

(i) the blocks partition the active links;

(ii) every plaquette p /∈ B meets three distinct blocks, one
in each of its active links;

(iii) every active link lies in exactly five plaquettes outside B,
so it shares a plaquette outside B with exactly ten active
links, none of them in its own block;

(iv) if an active link j and a link of a block B lie in a common
plaquette outside B, then every link of B has its midpoint
within distance 2 of the midpoint of j.

Proof. Invariance under 2Z4 is clear from the congruences.
We use one fact throughout: two distinct links lie in at most
one common plaquette, since they span it.

Every link lies in exactly one plaquette of B. Indeed, a link
(y,µ) with µ ∈ {0,1} lies in no plaquette of the plane {2,3},
and in exactly two of the plane {0,1}, those at y and at y− eν ,
where ν is the other element of {0,1}. The base points y and
y− eν differ only in the coordinate ν , so y0 − y1 has opposite
parities at the two, and exactly one of them satisfies x0 ≡ x1.
The directions 2,3 are treated in the same way. Every plaquette
of Z4 contains exactly one link of F (Lemma 8), so a block
plaquette contains three active links, and every active link lies
in exactly one block. This is (i).

(ii) Let p /∈ B have active links e1,e2,e3, and let qi be the
block plaquette of ei. Then qi ̸= p, so qi ∩ p = {ei} by the fact
above. If qi = qk with i ̸= k, then ei,ek lie in the two distinct
plaquettes p and qi, which is impossible. So the three blocks
are distinct, and each meets p in one link.

(iii) An active link e lies in six plaquettes (Lemma 9), and by
(i) exactly one of them is in B. Each of the other five contains
two further active links. These ten links are distinct, because a
link other than e shares at most one plaquette with e, and none
lies in the block of e, because a link f of that block sharing
the plaquette p /∈ B with e would put e, f in the two distinct
plaquettes p and the block plaquette of e.

(iv) Let f ∈ B share the plaquette p /∈ B with j. Two links
of one unit square have midpoints at distance 2−1/2 or 1, so
the midpoint of j is within distance 1 of that of f , and the
midpoint of f is within distance 1 of that of every link of its
block plaquette. The triangle inequality gives the bound 2.

Fix a block plaquette p with active links e1,e2,e3. Read-
ing the plaquette product cyclically and deleting its fixed link,
1
2 TrQp = Re(y1y2y3), where yi is Qei or Q−1

ei
. Every other pla-

quette containing ei meets the block only in ei by Lemma 12(ii)
and contributes 4β ⟨yi, s̄⟩ to the exponent, where s is the staple
of yi in it. Hence the conditional law of the block given all
other active links is

µb(dy) ∝ exp
( 3

∑
i=1

⟨yi,bi⟩+4β Re(y1y2y3)
)

dy1 dy2 dy3, (2)
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FIG. 5. Block plaquettes, shaded, in (a) a plane {0,1} and (b) a plane {2,3}: the plaquettes at x with x0 ≡ x1, respectively x2 ≡ x3, modulo two.
Red links belong to the line field F; a filled dot marks a site whose line runs in the plane, an open dot one whose line leaves it. The shaded
squares form a checkerboard, so every link of the plane borders exactly one of them, and every square contains exactly one red link (Lemma 8);
hence each block plaquette carries three active links and the blocks partition the active links (Lemma 12(i)).

with bi the sum of 4β s̄ over the five staples, so that |bi| ≤ 20|β |.
Inversion is an isometry of S3 and preserves Haar measure, so
we may work with y instead of Q. On (S3)3 we use the metric
d(y,y′) = ∑i |yi − y′i|.

B. The sensitivity of one block

Let λ∗ and τ be a lower and an upper bound for the eigenval-
ues of Hessg(c) on the ball |c| ≤ 24|β |, and M an upper bound
there for the norm of the third derivative D3g(c) as a trilinear
form. Put

w = 8β
2(τ −λ∗), s = 1

4 +(ew −1)ew√
τ,

C = 20|β |
(
4|β |τs+16β

2M
)
, K =

(1+ |β |)s
1−C

,
(3)

assuming C < 1.

Lemma 13. Let ν be a probability measure and λ =
eRν/ν(eR) with oscR ≤ ω . For bounded f ,h,

Covλ ( f ,h)≤ Covν( f ,h)+(eω −1)eω sdν( f )sdν(h).

Proof. We may assume 0 ≤ R ≤ ω . The density ρ = eR/ν(eR)
lies in [e−ω ,eω ], so δ = ∥ρ −1∥∞ ≤ eω −1. With f̃ = f −ν f
and h̃ = h−νh,

Covλ ( f ,h)−Covν( f ,h) = ν
(
(ρ −1) f̃ h̃

)
−ν

(
(ρ −1) f̃

)
ν
(
(ρ −1)h̃

)
,

and the right side is at most (δ + δ 2)sdν( f )sdν(h) by the
Cauchy–Schwarz inequality.

Lemma 14. Let β ≥ 0, a,c0 ∈ R4 with |a|, |c0| ≤ 20β , and

κ(dx) ∝ exp
(
⟨x,a⟩+g(c0 +4β x̄)

)
dx on S3.

For every 1-Lipschitz f and every h ∈ R4:

(i) Covκ( f ,⟨x,h⟩)≤ s|h|;

(ii) if c0 moves in the direction k, then | d
dt κ( f )| ≤ (4βτs+

16β 2M)|k|.

Proof. (i) Taylor’s formula at c0 gives g(c0 +4βu) = g(c0)+
4β ⟨∇g(c0),u⟩ + R(u) with R(u) = 8β 2 Hessg(ξ )(u,u) for
some ξ on the segment, |ξ | ≤ 24β . For u = x̄ of norm
one, R(x̄) ∈ [8β 2λ∗,8β 2τ], so oscR ≤ w. Since ⟨∇g(c0), x̄⟩=
⟨x,∇g(c0)⟩, κ is the tilt eRν/ν(eR) of ν = νc with c =

a + 4β∇g(c0). The sharp quarter, Theorem 125, gives
Covν( f ,⟨x,h⟩) = d

dt νc+th( f ) ≤ 1
4 |h|. A 1-Lipschitz function

on a set of diameter two has sd ≤ 1, and sdν⟨x,h⟩ ≤
√

τ|h|
because |c| ≤ |a|+4β ≤ 24β . Lemma 13 gives (i).

(ii) The derivative is Covκ( f ,⟨∇g(c0 + 4β x̄),k⟩). Write
∇g(c0 + 4βu) = ∇g(c0) + 4β Hessg(c0)u+N(u). The con-
stant term does not contribute. The linear term is ⟨x,h⟩
with h = 4β Hessg(c0)k, |h| ≤ 4βτ|k|, and contributes at
most 4βτs|k| by (i). For |u|, |u′| ≤ 1, ∥Hessg(c0 + 4βv)−
Hessg(c0)∥ ≤ 4βM|v| ≤ 4βM on the segment between them,
so |N(u)− N(u′)| ≤ 16β 2M|u − u′|; the function ⟨N(x̄),k⟩
is therefore 16β 2M|k|-Lipschitz, its standard deviation is at
most that constant, and its covariance with f is at most
16β 2M|k|.

Lemma 15. Let C < 1. If b and b′ satisfy |bi|, |b′i| ≤ 20|β | and
differ only in one coordinate bi, then

W1(µb,µb′)≤ K |bi −b′i|

in the metric d.

Proof. The map y1 7→ −y1 turns µb for β into the law for −β

with b1 replaced by −b1 and is an isometry, so we may take
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β ≥ 0; the cyclic symmetry of Re(y1y2y3) lets us take i = 1.
Let f be 1-Lipschitz for d and ε = |b1 −b′1|.

The middle link. Given y1,y3, the law of y2 is νc with c =
b2 + 4β y3y1, which does not involve b1. Changing y1 by η

moves c by 4βη , and the sharp quarter moves νc by at most
βη in W1. Hence F(y1,y3) = E[ f | y1,y3] is (1+β )-Lipschitz
in each variable, and µb( f ) = µ13

b (F), where µ13
b is the law of

(y1,y3):

µ
13
b ∝ e⟨y1,b1⟩+⟨y3,b3⟩Z0

(
b2 +4β y3y1

)
.

Since |b2 +4βy3y1|= |b2y3 +4β ȳ1|= |y1b2 +4β ȳ3|, its con-
ditional laws are

κ1(dy1 | y3) ∝ e⟨y1,b1⟩+g(b2y3+4β ȳ1)dy1,

κ3(dy3 | y1) ∝ e⟨y3,b3⟩+g(y1b2+4β ȳ3)dy3,

both of the form of Lemma 14, with |c0|= |b2|.
Two sites. Integrating Lemma 14(i) along the segment from

b1 to b′1 gives W1(κ1,κ
′
1)≤ sε for the same y3. Moving y3 to

y′3 moves c0 = b2y3 along a segment of length |b2||y3 − y′3| ≤
20β |y3 − y′3| inside the ball |c0| ≤ 20β , so Lemma 14(ii) gives
W1(κ1(· | y3),κ1(· | y′3)) ≤ C|y3 − y′3|, and the same for κ3,
which does not depend on b1. Let π be a coupling of µ13

b and
µ13

b′ minimising d1 +d3, dk = Eπ |yk − y′k|. Replacing (y1,y′1)
by an optimal coupling of κ1(· | y3) and κ ′

1(· | y′3) keeps a
coupling, so minimality gives d1 ≤ sε +Cd3; in the same way
d3 ≤Cd1. Hence d1 ≤ sε/(1−C2) and

|µb( f )−µb′( f )| ≤ (1+β )(d1 +d3)≤
(1+β )s

1−C
ε = Kε.

C. The constants

Lemma 16. Write g(c) = ϕ(|c|2) and r = |c|. For c ̸= 0
the eigenvalues of Hessg(c) are 2ϕ ′(r2), three times, and
2ϕ ′(r2)+4r2ϕ ′′(r2), and the norm of D3g(c) is

max
(
|A+Γ|, 2

3 |A|
)
, A = 12rϕ

′′(r2), Γ = 8r3
ϕ
′′′(r2).

On the ball r ≤ 2.07 every eigenvalue of Hessg lies between
0.158491 and 0.25000001, and the norm of D3g is at most
0.0615586.

Proof. Differentiating ϕ(|c|2) gives D2g(v,v) = 2ϕ ′|v|2 +
4ϕ ′′⟨c,v⟩2 and D3g(v,v,v) = 12ϕ ′′⟨c,v⟩|v|2 +8ϕ ′′′⟨c,v⟩3. For
|v| = 1 and t = ⟨c/r,v⟩ ∈ [−1,1] the cubic form is At +Γt3,
whose largest absolute value is attained at t =±1 or at an inte-
rior critical point, where it equals 2

3 |A||t| ≤
2
3 |A|; by Banach’s

theorem [8] the supremum of a symmetric trilinear form on
the diagonal of the unit sphere is its norm. The numerical
bounds are obtained in ball arithmetic [48] from the series of
Z0, truncated after forty terms with a proved bound on the tail,
on 2 ·104 subintervals of [0,2.07]; the program is described in
Appendix C.

D. The proof of Theorem 3

Let γB be the block specification: for a block B, γB
B re-

samples the three links of B from (2). It comes from the same
interaction as γF , so the two specifications have the same Gibbs
measures. Define the block coefficients

CB j = sup
W1

(
γB

B (· | Q),γB
B (· | Q′)

)
|Q j −Q′

j|

for an active link j /∈ B, the supremum over pairs of configura-
tions that differ only at j, with W1 for the metric d.

Proposition 17. Suppose that ∑B CB j ≤ α < 1 for every active
link j. Then the conclusions (i)–(vi) of Proposition 11 hold
with − 1

2 logα in place of − logα .

Proof. The proof of Proposition 11 goes through with
Lemma 114 of Appendix B in place of Lemma 112, and with
the set S of part (ii), and the support of H in Corollary 113, en-
larged to the union of the blocks that meet it. The enlargement
multiplies the size of these sets by at most three and moves
them by at most one, which changes only the constants.

Proof of Theorem 3. Let |β | ≤ 0.345/4 and take the constants
of Lemma 16, whose ball r ≤ 2.07 contains |c| ≤ 24|β |. With
these fixed constants every quantity in (3) is increasing in |β |,
and so is

α(βW ) = 40|β |K. (4)

Changing an active link j by η changes one staple of each
of its ten partners outside its block by an isometric image of
the displacement, so the field bi of each such partner i moves
by at most 4|β |η , and Lemma 15, applied once for each of
these ten fields, gives ∑B CB j ≤ 40|β |K. Evaluating (3) in ball
arithmetic at βW = 0.345 gives w ≤ 0.0054459, s ≤ 0.252746,
C ≤ 0.050243, K ≤ 0.289069 and α ≤ 0.99729; at βW = 1

3 it
gives α ≤ 0.95602. Proposition 17 applies.

Remark 18. Most of the range is kept. A second bound for the
same sensitivity, which keeps the law of the middle link instead
of linearising it, evaluated in floating point on a quadrature
grid and maximised over the fields b by a random search fol-
lowed by the Nelder–Mead method, gives 0.2783 at βW = 0.34,
against 0.2881 from Lemma 15, and 40|β | times it crosses one
near βW = 0.357. That computation is not certified and is not
used in the proof. Past this point the gain from integrating out
one link is spent, and larger blocks are needed, such as the free
links of a cube of the line field, whose sensitivity no longer
reduces to two sites.

VI. CURVATURE IN THE GAUGE

In this section G ⊂ U(N) is a closed connected subgroup
with Lie algebra g and the inner product ⟨X ,Y ⟩=−Tr(XY );
the bound of Theorem 4 is proved first for U(N). A tangent
vector at a field Q is v = (XeQe), |v|2 = ∑e |Xe|2. For the
plaquette at x in the plane µ < ν number its links e1 = (x,µ),
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e2 = (x+ eµ ,ν), e3 = (x+ eν ,µ), e4 = (x,ν), transport their
vectors to x,

Y1 = Xe1 , Y2 = Qe1Xe2Q∗
e1
, Y3 = Qe4Xe3Q∗

e4
, Y4 = Xe4 , (5)

and write W = Qp. The second derivative of ReTrQp along
the geodesic Qe(t) = etXeQe is

fp =
4

∑
i=1

ReTr(Y 2
i W )+2ReTr(Y1Y2W )+2ReTr(Y3Y4W )

−2 ∑
i∈{1,2}, j∈{3,4}

ReTr(YiWYj),

(6)

so that HessS0(v,v) = ∑p fp. To see this, write Qp =

Qe1Qe2Q∗
e3

Q∗
e4

. Since Qe1etXe2 = etY2Qe1 and e−tXe3 Q∗
e4

=

Q∗
e4

e−tY3 , the plaquette variable along the geodesic is Qp(t) =
etY1 etY2We−tY3e−tY4 . Differentiating twice at t = 0 gives the
four squares, the two products of neighbouring factors and the
four products across W , and the squares and the product WY3Y4
are moved cyclically under the trace. The corner form of p is

cp = 2⟨Y1,Y4⟩−2⟨Y1,Y2⟩+2⟨Y2,WY3W ∗⟩−2⟨Y3,Y4⟩. (7)

It collects the inner products of the transported vectors of two
links that meet at a right angle at a corner of p.

Lemma 19. On Z4, or on a box with free boundary, for every
field Q and every square-summable X,

∑
y

[
|DyX |2 +∑

µ

∣∣Xy,µ +Q∗
y−eµ ,µ Xy−eµ ,µ Qy−eµ ,µ

∣∣2]
= 4|X |2 +∑

p
cp,

where DyX = ∑µ [Xy,µ −Q∗
y−eµ ,µ Xy−eµ ,µ Qy−eµ ,µ ] is the covari-

ant divergence and terms with a link outside the box are omit-
ted.

Proof. At a site y write oµ for the vector of the outgoing link
in direction µ and iµ for the transported vector of the incoming
one, so that DyX = ∑µ(oµ − iµ). Every link is outgoing at
one end and incoming at the other, so the squares |oµ |2 + |iµ |2,
which appear once in |DyX |2 and once in |oµ + iµ |2, add up to
4|X |2. The collinear cross term −2⟨oµ , iµ⟩ of |DyX |2 cancels
the term +2⟨oµ , iµ⟩ of |oµ + iµ |2. The remaining cross terms
of |DyX |2 pair two perpendicular ends at y, and each such
pair is a corner of exactly one plaquette, with the sign and
the transport of (7) (this is the proof of [14, Lemma 1]). In a
box two perpendicular ends at y span a plaquette of the box,
because a box is a product of intervals.

Lemma 20. Let k ∈ {1,2,3,4}, let k±1 (mod 4) be the posi-
tions adjacent to k and k+ 2 the opposite one. For every N,
every W ∈ U(N) and all Y1, . . . ,Y4 ∈ u(N) with Yk = 0,

± fp +
9
10 cp ≤ 21

10

(
|Yk−1|2 + |Yk+1|2

)
+ 5

4 |Yk+2|2.

Proof. Replacing W by −W changes the sign of fp and fixes
cp, so the sign + suffices. Conjugation by a unitary matrix
preserves both sides, so we may take W = diag(wa). The form
F =RHS− fp− 9

10 cp then splits into a block for each diagonal
position a, in the real variables yi =−i(Yi)aa, and a block for
each pair a ̸= b, in the complex variables zi = (Yi)ab, since
(Yi)ba =−z̄i. Appendix D shows that every block is positive
definite.

Proof of the bound in Theorem 4. Every plaquette has exactly
one link of F , and X vanishes on it. By Lemma 9(iii) each
active link is adjacent to the fixed link in four of its plaque-
ttes and opposite to it in two. Summing Lemma 20 over the
plaquettes,

∑
p

(
± fp +

9
10 cp

)
≤
(
4 · 21

10 +2 · 5
4

)
|X |2 = 109

10 |X |2.

By Lemma 19, 9
10 ∑p cp =

9
10 Σ− 36

10 |X |2, where Σ ≥ 0 is the
left side of the lemma. Hence

±HessS0(v,v)+ 9
10 Σ ≤

( 109
10 + 36

10

)
|X |2 = 29

2 |X |2.

In a box, links near the boundary lie in fewer plaquettes and
receive less.

The factor 9
10 is chosen so that the corners are paid by the

divergence identity at the price 36
10 while the local blocks stay

positive; Lemma 19 is the divergence identity of [14, Lemma 1]
with the collinear term written as a square, so nothing is lost
by Cauchy–Schwarz.

The two lemmas concern vectors in u(N) and fields in U(N),
so the bound holds without change on every closed subgroup
G ⊂ U(N), the vectors Xe ranging over its Lie algebra g. It is
also the Hessian of S0 on GE : the metric is bi-invariant, the
geodesics of G through Qe are the curves etX Qe with X ∈ g,
which are geodesics of U(N), and the Hessian is read off from
second derivatives along geodesics.

Lemma 21. Let G ⊂ U(N) be closed and connected with sim-
ple Lie algebra g, let t⊂ g be a maximal abelian subalgebra,
and write the eigenvalues of adH on g⊗C and of H on CN ,
for H ∈ t, as iα(H) and iµ(H), with α running over the roots
and µ over the weights of CN counted with multiplicity. Then
RicG = κG⟨·, ·⟩ with

κG =
∑α α(H)2

4∑µ µ(H)2 (0 ̸= H ∈ t).

Proof. For a bi-invariant metric the curvature is R(X ,Y )Z =
− 1

4 [[X ,Y ],Z] on left-invariant fields [60, Sect. 7], so for an
orthonormal basis (Ei) of g,

Ric(X ,X) = ∑
i
⟨R(Ei,X)X ,Ei⟩

= 1
4 ∑

i
|[X ,Ei]|2 =− 1

4 Tr(adX)2,

since adX is skew. The Killing form B(X ,Y ) = Tr(adX adY )
and ⟨·, ·⟩ are invariant under the adjoint action, and g is
simple, so B = −4κ⟨·, ·⟩ for a constant κ and Ric = κ⟨·, ·⟩.
On H ∈ t the two forms are B(H,H) = −∑α α(H)2 and
⟨H,H⟩=−TrH2 = ∑µ µ(H)2.
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Table I evaluates the ratio of Lemma 21 for every compact
simple Lie algebra and a faithful representation of least dimen-
sion, on the root systems of [46, Sect. 12.1]; the weights of the
representations of dimensions 27 and 56 of E6 and E7 are the
roots of E8 with prescribed inner products with a subsystem A2,
respectively A1, projected to its orthogonal complement, by
the decompositions 248 = (78,1)+ (27,3)+ (27, 3̄)+ (1,8)
and 248 = (133,1)+ (56,2)+ (1,3) [70]. Taking for H the
coroot θ∨ of the highest root gives ∑α α(θ∨)2 = 4h∨ and
∑µ µ(θ∨)2 = 2ℓρ , so κG = h∨/(2ℓρ), with the Dynkin index
normalised to one on the defining representation of SU(N).
The ratio depends on g and ρ only, so it is the same for every
compact group with Lie algebra g, simply connected or not.

Lemma 22. Let e ̸= e′ be two links of a plaquette p, and write

HessReTrQp(v,v) = ∑
e,e′∈p

H p
ee′(Xe,Xe′)

with bilinear forms satisfying H p
ee′(a,b) = H p

e′e(b,a). Then
|H p

ee′(a,b)| ≤ |a| |b| for all a,b ∈ u(N) and every field.

Proof. By (6) the terms of fp that mix two positions i ̸= j are
2ReTr(Y1Y2W ), 2ReTr(Y3Y4W ) and −2ReTr(YiWYj), so H p

ee′
is ±ReTr(abW ) or ±ReTr(aWb) after an isometric transport
of a and b, and |Tr(abW )| ≤ ∥a∥HS∥bW∥HS = |a| |b|.

Corollary 23. Let G ⊂ U(N) be closed and connected with
semisimple Lie algebra and N|β | < 2

29 κG. For every box
the measure µF

Λ
satisfies the Bakry–Émery condition with

K = κG − 29
2 N|β |> 0, uniformly in the box, and hence a loga-

rithmic Sobolev inequality with constant 2/K and a Poincaré
inequality with constant 1/K.

Proof. The set {QF = 1} is a product factor, so its Ricci curva-
ture is at least κG on every link, and the Hessian of the restricted
action is the restriction of Nβ HessS0 to XF = 0. Apply the
bound and [4, Cor. 5.7.2].

A. Decay with an explicit rate

Let A′ be a finite set of active links and P′ a finite
set of plaquettes whose active links lie in A′. An ac-
tion S = ∑p∈P′ cp ReTrQF

p with 0 ≤ cp ≤ 1 is admissible if
|HessS(v,v)| ≤ 29

2 |v|2 for all v tangent to GA′
. Two links

lie in at most one common plaquette, so by Lemma 22
and Lemma 9(iv) the mixed blocks of its Hessian satisfy
|HessSee′(a,b)| ≤ |a| |b|, and each link has at most twelve part-
ners. The action SΛ = ∑p∈P(Λ) ReTrQF

p of a box is admissible
by the bound proved above, and so is every convex combi-
nation of two admissible actions. Let µ be the probability
measure on GA′

with density proportional to eNβS with respect
to Haar measure, let L = ∆+Nβ ⟨∇S,∇·⟩ be its Langevin gen-
erator, which is self-adjoint in L2(µ), and Pt = etL. Write ∇e
for the gradient in the factor of the link e, and for weights
w : A′ → (0,∞) put Γw( f ) = ∑e we|∇e f |2; Γ is the case w ≡ 1.

Lemma 24. Let λ ≥ 0 and we = eλde , where |de − de′ | ≤ 1
whenever e and e′ share a plaquette, and put

Kλ = κG −N|β |
(

29
2 +12

(
cosh λ

2 −1
))

.

Then Γw(Pt f )≤ e−2Kλ tPtΓ
w( f ) for every smooth f and t ≥ 0.

Proof. Put V = −NβS. On the product manifold M = GA′

the projection to the tangent space of one factor is parallel,
the rough Laplacian commutes with it, and the Ricci tensor
is block diagonal. Hence the Bochner–Weitzenböck formula
∇∆g = ∆̄∇g+Ric(∇g), applied factor by factor, together with
the derivative of the drift, gives for smooth g

1
2 LΓ

w(g)−Γ
w(g,Lg)

= ∑
e

we
(
|∇∇eg|2 +RicG(∇eg,∇eg)

)
+∑

e,e′
we HessVee′(∇eg,∇e′g),

where Γw(g,h) is the polarised form.11 Put ue = ∇eg and
ve =

√
we ue. By the symmetry of HessV ,

∑
e,e′

we HessVee′(ue,ue′) = HessV (v,v)

+ ∑
e̸=e′

(
cosh λ (de−de′ )

2 −1
)

HessVee′(ve,ve′),

because we+we′
2√wewe′

= cosh λ (de−de′ )
2 . The first term is at least

− 29
2 N|β | |v|2. In the second only partners contribute, each

with a coefficient at most cosh λ

2 − 1 and a block of norm at
most N|β |, and 2|ve| |ve′ | ≤ |ve|2 + |ve′ |2 with twelve partners
per link bounds it by 12(cosh λ

2 −1)N|β | |v|2. Since RicG ≥ κG

and |v|2 = Γw(g),

1
2 LΓ

w(g)−Γ
w(g,Lg)≥ Kλ Γ

w(g).

For fixed t let ϕ(s) = PsΓ
w(Pt−s f ), 0 ≤ s ≤ t. Then ϕ ′(s) =

Ps
(
LΓw(gs)−2Γw(gs,Lgs)

)
≥ 2Kλ ϕ(s) with gs = Pt−s f , and

ϕ(0)≤ e−2Kλ tϕ(t) is the claim.

Lemma 25. Suppose Kλ > 0. Let f and g be smooth functions
on GA′

that depend only on the links of A f and of Bg, and let
D be the least number of steps from A f to Bg in the graph on
A′ whose edges join links that share a plaquette. Then

|Covµ( f ,g)| ≤ e−λD/2

Kλ

∥∇ f∥∞ ∑
e∈Bg

∥∇eg∥∞,

where ∥∇ f∥2
∞ = sup∑e |∇e f |2.

11 For w ≡ 1 this is Bochner’s identity Γ2 = |∇2g|2 +(Ric+HessV )(∇g,∇g);
the weights enter only through the factor index, which the connection, the
Laplacian and the Ricci tensor preserve, so only the off-diagonal blocks of
HessV see them.
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Proof. Since K0 ≥ Kλ > 0, Lemma 24 with λ = 0 gives
Γ(Pt f )≤ e−2K0t∥∇ f∥2

∞, so Pt f converges uniformly to a con-
stant, which is µ( f ) by invariance, M being connected. Since
d
dt µ(gPt f ) = µ(gLPt f ) =−µ(Γ(g,Pt f )),

Covµ( f ,g) =
∫

∞

0
µ
(
Γ(Pt f ,g)

)
dt.

Let de be the smaller of D and the graph distance from e
to A f , so that |de − de′ | ≤ 1 for partners, we = 1 on A f ,
we = eλD on Bg, and Γw( f )≤ ∥∇ f∥2

∞. For e ∈ Bg, Lemma 24
gives |∇ePt f |2 ≤ w−1

e Γw(Pt f ) ≤ e−λDe−2Kλ t∥∇ f∥2
∞. Hence

|Γ(Pt f ,g)| ≤ e−λD/2e−Kλ t∥∇ f∥∞ ∑e∈Bg ∥∇eg∥∞, and integra-
tion in t gives the bound.

Proof of Theorem 5. Let λ ∗ > 0 solve Kλ ∗ = 0, so that λ ∗
2 =

mG(β ), and let 0 < λ < λ ∗; then Kλ > 0.
Decay in boxes. Lemma 25 with S = SΛ gives

|Cov
µF

Λ

( f ,g)| ≤C f ,ge−λD/2,

uniformly in the box.
Limit. For boxes Λ ⊂ Λ′ let Ss = (1− s)SΛ + sSΛ′ on the

active links of Λ′, s ∈ [0,1], and µs the corresponding measure;
Ss is admissible, µ0 is µF

Λ
times Haar measure on the active

links outside Λ, and µ1 = µF
Λ′ . For smooth f of the active links

of Λ,

d
ds

µs( f ) = Nβ ∑
p∈P(Λ′)\P(Λ)

Covµs

(
f ,ReTrQF

p
)
,

and |∇e ReTrQp| ≤ ∥Qp∥HS =
√

N. A step in the graph of
Lemma 25 moves a link by at most one lattice unit, so a pla-
quette at graph distance k from the support T of f lies within
distance k+1 of T , there are at most CT (k+1)4 of them, and
every plaquette outside P(Λ) is at graph distance at least R−1,
R the distance from T to the complement of Λ. Lemma 25
gives

|µF
Λ′( f )−µ

F
Λ ( f )| ≤C f R4e−λR/2.

The limit therefore exists along every increasing sequence of
boxes, and two sequences are compared through their inter-
sections, which are boxes. Continuous gauge-invariant O are
uniform limits of smooth gauge-invariant ones, for instance of
eτ∆O, since the heat semigroup of GE commutes with left and
right translations; with Lemma 10 the limit ω(O) of WΛ(O)
exists for all of them.

Properties. Invariance and, for β ≥ 0, reflection positivity
follow as in Proposition 11(iii)–(iv). For Lipschitz O the func-
tions eτ∆O are smooth with the same Lipschitz constant, since
RicG ≥ 0 [4, Sect. 3.3], so the bound of the first step passes
to ω and to Lipschitz observables. Two links of one plaquette
have time coordinates that differ by at most one, so observables
at time separation t are at graph distance at least t −c, and trun-
cated correlations decay at every rate below mG(β ). The gap
follows from Proposition 116 as in Proposition 11(vi).

Proof of the rest of Theorem 4. By Lemma 21 and Table I,
κSU(N) =

N
2 and κSO(N) =

N−2
4 ; for SO(4), whose Lie alge-

bra is so(3)⊕ so(3) acting on R4 ⊗C = C2 ⊗C2, each ideal
gives 1

2 by the same computation. The conditions of Theorem 4
are those of Theorem 5.

Remark 26. Let hF be the supremum of ±HessS0 on the
gauge-fixed directions, so that uniform curvature reaches
|β |< 1/(2hF) and no further. At the identity field −HessS0
restricted to XF = 0 has the eigenvalue 9+

√
17 = 13.123 on

the torus of side two, so 9 +
√

17 ≤ hF ≤ 29
2 . A gradient

search over SU(2) fields of periods two, four and six gives
hF = 13.97401, attained by an abelian field; certificates made
of plaquette forms and vertex forms on the period-two cell
cannot go below 14.384. With this gauge the curvature method
stops between |β |= 1

29 and 1
26.25 .

VII. SU(3) UP TO 3/4

In this section G = SU(3), β ≥ 0 and βW = 9β . The dis-
tance on SU(3) is d(U,V ) = ∥U −V∥HS, which is at most
the geodesic distance for ⟨X ,Y ⟩=−Tr(XY ); K = convSU(3);
A(M) = 1

2 (M−M∗) and P removes the trace. With this inner
product Ric= 3

2 , the Casimir of the fundamental representation
is λF = 8

3 and that of the adjoint representation is 6.

A. Reduction to one link

The conditional law of an active link is

νb(dU) ∝ eReTr(Ub)dU, b = Nβ ∑
p∋e

Sp,

where Sp is the staple of e in p, a product of SU(3) matrices
and identities, or its adjoint. Six staples give b ∈ rK with
r = 6Nβ = 2βW . For a matrix h put ϕh(U) = ReTr(Uh) and

Lh(b) = sup{Covνb(g,ϕh) : g 1-Lipschitz for d},

Λ(r) = sup
b∈rK

sup
∥h∥HS=1

Lh(b).

Changing a partner e′ changes one staple by a matrix of norm
d(Qe′ ,Q′

e′). Along the segment bt from b to b′, which stays in
rK, d

dt νbt (g) = Covνbt
(g,ReTr(U(b′− b))), so W1(νb,νb′) ≤

NβΛ(r)d(Qe′ ,Q′
e′). With twelve partners per link,

α ≤ 12NβΛ(r) = 2rΛ(r) = 4βW Λ(2βW ). (8)

Since K is convex and contains 0, the mean of I,ωI,ω2I with
ω3 = 1, r′K ⊂ rK for r′ ≤ r and Λ is nondecreasing.

B. Gradients and one-forms

Lemma 27. In the left trivialisation, ∇ϕc(U) = −PA(cU);
if V = ϕb then HessV (X ,X) = ReTr(UX2b); and ∆ϕc =
−λF ϕc.
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Proof. d
dt ReTr(UetX c)|t=0 = ReTr(cUX) = −⟨PA(cU),X⟩

for X ∈ su(3). On a group with a bi-invariant metric ∇X X = 0
for left-invariant X , so the Hessian is the second derivative
along etX . The function ϕc is a matrix coefficient of the funda-
mental representation, on which the Casimir acts by λF .

Lemma 28. The bottom of the spectrum of the rough Laplacian
∇∗∇ on L2 one-forms of SU(3) is µ0 =

7
6 .

Proof. Trivialise one-forms on the left, so that a one-form
is a function f : SU(3) → su(3). For an orthonormal basis
Xa acting as left-invariant vector fields, ∇XaY = 1

2 [Xa,Y ] and
∇XaXa = 0, so ∇∗∇=−∑a(ρ(Xa)+

1
2 adXa)

2. On the isotypic
part Vπ ⊗V ∗

π ⊗su(3) of L2⊗su(3) put Aa = ρπ(Xa), Ba = adXa
and Ta = Aa +Ba, the action on the tensor product. Since Aa
and Ba commute, Aa +

1
2 Ba =

1
2 (Aa +Ta) and AaTa +TaAa =

A2
a +T 2

a −B2
a, so on a component σ ⊂ π ⊗ ad

∇
∗
∇ = 1

2 (Cπ +Cσ )− 1
4Cad =

1
2 (Cπ +Cσ )− 3

2 ,

with C(p,q)= 2
3 (p2+q2+ pq+3p+3q) for the representation

of highest weight (p,q) [34]. The components of (p,q)⊗(1,1)
are (p+1,q+1), (p+2,q−1), (p−1,q+2), (p+1,q−2),
(p−2,q+1), (p−1,q−1) and (p,q), the last with multiplicity
two, one or zero as both, one or none of p,q are positive, and
only those with nonnegative labels occur. For π = (0,0) the
only component is (1,1), with value 3

2 . For π = (1,0) the
components are (2,1), (0,2), (1,0), with values 31

6 , 19
6 , 7

6 , and
(0,1) is conjugate. For p+q ≥ 2 the smallest values occur at
(p−1,q−1), (p,q), (p−2,q+1) or (p+1,q−2), and each
is at least 1

3 (2(p2 +q2 + pq)+3(p+q)−3)− 3
2 ≥ 3

2 .

C. The gap of the one-link measure

Lemma 29. For b ∈ rK the spectral gap of L = ∆+ ⟨∇V,∇·⟩,
V = ϕb, on L2(νb) is at least

γ(r) = 39
64 µ0 +

3
2 −

r
2 = 283

128 −
r
2 .

Proof. Let −L f = λ f with λ > 0, ω = d f and η = eV/2ω;
norms are in L2(dU). Bochner’s formula integrated against
νb gives λνb|ω|2 = νb|∇ω|2+νb((Ric−HessV )(ω,ω)), and
since eV/2∇ω = ∇η − 1

2 dV ⊗η ,

λ∥η∥2 = ∥∇η − 1
2 dV ⊗η∥2 +

∫
(Ric−HessV )(η ,η). (9)

Put A = ∇η and B = 1
2 dV ⊗η . Then

⟨A ,B⟩= 1
4

∫
⟨∇V,∇|η |2⟩= λF

4

∫
V |η |2,

because −∆V = λFV . Writing ∥A −B∥2 = ∥ 5
8A −B∥2 +

39
64∥A ∥2 − 3

4 ⟨A ,B⟩ and dropping the first term,

∥A −B∥2 ≥ 39
64 µ0∥η∥2 − 1

2

∫
V |η |2

by Lemma 28. With Ric = 3
2 , (9) gives λ∥η∥2 ≥ ( 39

64 µ0 +
3
2 )∥η∥2 −

∫
(HessV (η ,η)+ 1

2V |η |2), and the claim follows
from the pointwise bound

ReTr(MX2)+ 1
2 ReTrM ≤ r

2 |X |2, M = bU ∈ rK, (10)

since HessV (X ,X) = ReTr(MX2) and V = ReTrM. The max-
imum over |X |= 1 of the left side is convex in M, so it suffices
to take M = rW with W ∈ SU(3) and, after a conjugation,
W = diag(eiθk) with ∑k θk = 0; put ck = cosθk. Write X = iH
with H Hermitian, traceless, TrH2 = 1, with diagonal dk and
entries H jk. Then

ReTr(WX2) =−∑
k

ckd2
k − ∑

j<k
(c j + ck)|H jk|2,

with ∑k d2
k +2∑ j<k |H jk|2 = 1, so the maximum is the larger of

qoff = max j<k − 1
2 (c j +ck) and qdiag = max{−∑ckd2

k : ∑dk =

0, ∑d2
k = 1}. If l is the third index, qoff +

1
2 ∑k ck =

1
2 cl ≤ 1

2 .
The value qdiag is minus the smaller eigenvalue of diag(c)
compressed to the plane ∑dk = 0; the eigenvalues of the com-
pression solve ∑k(ck −µ)−1 = 0, that is 3µ2 −2e1µ + e2 = 0
with e1,e2 the elementary symmetric functions of the ck, so

qdiag =
1
3 (
√

e2
1 −3e2 − e1). The inequality qdiag +

1
2 e1 ≤ 1

2 is√
e2

1 −3e2 ≤ 1
2 (3− e1), that is e2

1 −4e2 +2e1 −3 ≤ 0. When

∑θk = 0, ∑c2
k = 1+ 2c1c2c3, and with this identity the left

side equals −2(1− c1)(1− c2)(1− c3)≤ 0.

The weight 5
8 is the one that gives the coefficient 1

2 of V ,
and (10) is an equality at W = I. At r = 3

2 , γ = 187
128 .12

D. A corrector of degree two

Lemma 30. For b ∈ rK, ∥h∥= 1 and every smooth real func-
tion u on SU(3),

Lh(b)≤
√

νb|∇u|2 +
√

Varνb(ϕh +Lu)/γ(r).

Proof. Let −Lψ = ϕh−νbϕh. For a 1-Lipschitz g, |∇g| ≤ 1 al-
most everywhere, because d is at most the geodesic distance, so
Cov(g,ϕh) = νb⟨∇g,∇ψ⟩ ≤ νb|∇ψ|. Write ψ = u+χ . Since
νb(Lu) = 0, χ solves −Lχ = X −νbX with X = ϕh +Lu, and

νb|∇χ|2 = Cov(χ,X)≤
√

Var χ VarX ≤
√

νb|∇χ|2 VarX/γ

by Lemma 29. Hence νb|∇χ|2 ≤ VarX/γ , and νb|∇ψ| ≤√
νb|∇u|2 +

√
νb|∇χ|2.

12 The direct Bochner bound, with Minkowski’s inequality in place of the cross
term, gives (

√
µ0 − g

2 r)2 + 3
2 − r with g2 = maxW ∥PA(W )∥2 = 2.0655; it

is exact at b = 0, where the gap is 8
3 , but falls below γ for r > 0.24 and

vanishes before r = 1.
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The best u is ψ itself, and then the second term vanishes.
With u = sϕh, Lemma 27 gives ϕh +Lu = (1− sλF)ϕh + sΓ

with Γ = ⟨∇V,∇ϕh⟩; the choice s = 1/λF removes ϕh and
leaves the drift. This blended corrector reaches βW = 45

64 and
stops near 0.715 (Sec. IX). We take u in a space of polynomials
of degree two.

Let P2 be the real vector space of real polynomials of degree
one or two in the entries ui j of U and ūi j of Ū . It has dimension
189: a basis (Bk) consists of 1

2 (m+ m̄) and 1
2i (m− m̄) for each

pair {m, m̄} of conjugate monomials with m ̸= m̄, and m itself
when m = m̄. Identify h ∈ C3×3 with R18 through the real and
imaginary parts of its entries. For a real 189×18 matrix C put

qh = ∑
k

18

∑
m=1

CkmhmBk ∈ P2,

linear in h. For diagonal b = diag(a1,a2,x3 + iy3) we
have V = ∑k bkϕFk with (bk) = (a1,a2,x3,y3) and F =
(e11,e22,e33, ie33), so

Xh = ϕh +Lqh = ϕh +∆qh +∑
k

bk⟨∇ϕFk ,∇qh⟩ (11)

is a polynomial of degree at most three, affine in b, while
∇qh does not depend on b. The squares of these functions
have degree at most six, so the quadratic forms h 7→ νb|∇qh|2
and h 7→ νb[(Xh −κ)2] are combinations of moments of νb of
degree at most six.

To compute ∆ and ⟨∇ f ,∇g⟩ exactly we use the basis of
su(3)

e jk − ek j, i(e jk + ek j) ( j < k),
i(e11 − e22), i(e11 + e22 −2e33),

acting as left-invariant fields Xa f (U) = d
dt f (UetXa)|t=0, with

weights wa = 1
2 for the first seven and 1

6 for the last. Then
∑a waXa ⊗Xa is the Casimir tensor of ⟨X ,Y ⟩=−Tr(XY ), so

⟨∇ f ,∇g⟩= ∑
a

wa Xa f Xag, ∆ = ∑
a

waX2
a .

The fields map monomials to combinations of monomials of the
same degree with coefficients in Z[i]; for instance ∆ϕh =− 8

3 ϕh,
as in Lemma 27.

E. Orbits of staple sums

Lemma 31. Let V,W ∈ SU(3).

(i) Lh(V bW ) = LV−1hW−1(b) and Lh(b̄) = Lh̄(b).

(ii) Every b ∈ C3×3 is in the orbit of some diag(a1,a2,z3)
with a1 ≥ a2 ≥ |z3| and Imz3 ≥ 0.

(iii) A diagonal matrix lies in K if and only if it lies in the
convex hull of the diagonal torus T of SU(3).

Proof. (i) If U has law νV bW then WUV has law νb; the map
preserves d and Haar measure, and ϕh(U) = ϕV−1hW−1(WUV ).

For b̄ use U 7→ Ū . (ii) Take a singular value decomposition
b =V1ΣW1 and move the determinants of V1,W1 into the last
entry; a complex conjugation makes Imz3 ≥ 0. (iii) Let c be
diagonal with nonzero entries of distinct moduli and let U
maximise ReTr(cU) on SU(3). The derivative along su(3)
vanishes, so the anti-Hermitian part of cU is a multiple iλ I of
the identity and cU = H + iλ I with H Hermitian. Then H2 +
λ 2I = cc∗ is diagonal with distinct entries, H commutes with
it and is diagonal, and U ∈ T . Hence maxSU(3) ReTr(cU) =
maxT ReTr(ct) for such c, and by continuity for every diagonal
c. A diagonal matrix outside convT is separated from it by
such a functional, which then separates it from K.

Since every b ∈ rK has operator norm at most r,

Λ(r) = sup
{

sup
∥h∥=1

Lh(b) : b ∈ Rr

}
,

where Rr is the set of diag(a1,a2,x3 + iy3) ∈ r convT with
a1 ≥ a2 ≥ |x3 + iy3| and y3 ≥ 0, a subset of the box [0,r]2 ×
[−r,r]× [0,r] in the coordinates (a1,a2,x3,y3).

F. Exact moments and interpolation

Lemma 32. For D,D′ ∈ C3×3 let EH be the Haar mean on
SU(3) and

Z(D,D′) = EH exp
( 1

2 Tr(UD)+ 1
2 Tr(ŪD′)

)
.

Then

Z(D,D′) = ∑
p≥q≥0

s(p,q)(DD′⊤)Gp,q(detD)Gp,q(detD′)

dp,q
,

with Gp,q(z) = ∑k≥0 c(p+k,q+k,k)zk, cλ = 2−|λ |/∏hooks(λ ),
dp,q = 1

2 (p− q+ 1)(q+ 1)(p+ 2) and s(p,q) the Schur poly-
nomial. The moments of degree j in U and k in Ū are
EH [uα ūβ eReTr(Ub)] = 2|α|+|β |∂ α

D ∂
β

D′Z(b, b̄), the entry ui j pair-
ing with D ji.

Proof. We use (TrX)n = ∑λ⊢n f λ sλ (X), where f λ is the num-
ber of standard tableaux of shape λ , given by the hook length
formula [71, Cor. 7.21.6]. Expanding the exponential gives

e
1
2 TrX = ∑

n≥0

(TrX)n

2nn!
= ∑

λ

cλ sλ (X),

the sum over partitions with at most three parts. For U ∈ SU(3)
one has sλ+(k,k,k)(UD) = (detD)ksλ (UD), so

e
1
2 Tr(UD) = ∑

p≥q
Gp,q(detD)χp,q(UD),

where χp,q is the irreducible character of highest weight
(p,q,0) and dp,q its dimension. Since Ū = (U−1)⊤, we
have χp,q(ŪD′) = χp,q(U−1D′⊤), and Schur orthogonality [22,
Ch. 2],

EH
[
χρ(UA)χρ ′(U−1B)

]
= δρρ ′

χρ(AB)
dρ

,
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gives the expansion. The bound below gives absolute conver-
gence. Finally ReTr(Ub) = 1

2 Tr(Ub)+ 1
2 Tr(Ū b̄).

The computation keeps p ≤ 34 and k ≤ 11. Every omit-
ted partition has more than 34 boxes, and since |sλ (X)| ≤
dim(λ )∥X∥|λ | and ∑λ⊢n f λ dimλ = 3n by Schur–Weyl duality,
the omitted part of each factor is at most ∑n>34(

3
2∥D∥)n/n!;

Cauchy’s estimate on a polydisc around b turns this into a
bound for every derivative (Appendix E).

Lemma 33 (Interpolation on a box). Let Q = ∏k[lk, lk +wk]
in the coordinates (a1,a2,x3,y3), with corners bi and multi-
linear weights ωi(b)≥ 0, ∑i ωi(b) = 1, and let ς = w2

1 +w2
2 +

max(w2
3,w

2
4). For b ∈ Q:

(i) Z(b)≥ e−ς/8
∑i ωi(b)Z(bi);

(ii) νb( f ) ≤ eς/8 maxi νbi( f ) for every f ≥ 0 that does not
depend on b;

(iii) if Yb = (A +∑k(bk −βk)Bk)
2 with functions A ,Bk of

U and a fixed point β , then

νb(Yb)≤ eς/8
(

max
i

νbi(Ybi)+∑
k

w2
k

4
maxi Z(bi)νbi(B

2
k )

mini Z(bi)

)
.

Proof. Write E(b) = eReTr(Ub) = ∏k eckbk , where

c = (Reu11,Reu22,Reu33,− Imu33),

so that |ck| ≤ 1 and c2
3 + c2

4 ≤ 1. In each coordinate the chord
of eckx over [lk, lk +wk] lies above the function and, by Hoeffd-
ing’s lemma [45] for a two-point variable, below eckxec2

kw2
k/8.

Multiplying,

E(b)≤ ∑
i

ωi(b)E(bi)≤ E(b)e∑k c2
kw2

k/8 ≤ E(b)eς/8. (12)

Integrating the right inequality gives (i), and (ii) follows from
the left one and (i). For (iii) let F (b)=YbE(b) and Ik the linear
interpolation in the k-th coordinate, so that F − I1I2I3I4F =
∑k I1 · · · Ik−1(F − IkF ). Along the k-th coordinate F is ℓ2eckx

times a positive factor, with ℓ affine of slope Bk, and ∂ 2
k F =

((ckℓ+2Bk)
2 −2B2

k )E ≥−2B2
k E. With the Green kernel of

the interval, whose integral is at most w2
k/8,

F − IkF ≤ 2B2
k

∫
GE ≤ w2

k
4 B2

k ∑
i

ω
(k)
i E(bi)

by the left inequality of (12), with weights ω
(k)
i ≥ 0 of sum one

that do not depend on U . The operators I j have nonnegative
weights of sum one; integrate over U and divide by Z(b),
bounded below by (i).

G. The cover and the theorem

Fix a box Q and a matrix C. For any constant κ , Var(Xh)≤
νb[(Xh − κ)2]; take κ = ⟨κ(b),h⟩ with κ(b) affine in b, fit-
ted to the means at the corners. By (11), Xh − κ = A +

∑k(bk−βk)Bk with β the centre of Q and Bk = ⟨∇ϕFk ,∇qh⟩−
⟨∂kκ,h⟩, and Lemmas 30 and 33 give, for all b ∈ Q∩Rr,

sup
h

Lh(b)≤
√

eς/8 max
i

λA(bi)

+

√
eς/8

γ(r)

(
max

i
λV (bi)+

eN

mini Z(bi)

)
,

(13)

where eN = ∑k
w2

k
4 maxi Z(bi)λk(bi) and λA, λV , λk are the

largest eigenvalues of the quadratic forms h 7→ νbi |∇qh|2,
h 7→ νbi [(Xh −κ)2] at b = bi, and h 7→ νbi [B

2
k ] on R18. Their

entries are moments of νbi of degree at most six, computed
with rigorous error bounds (Appendix E); each largest eigen-
value is bounded above by an LDL⊤ factorisation of tI minus
the computed form with certified positive pivots, plus the norm
of its error matrix by Weyl’s inequality [43, 48].

The matrix C is chosen in each box in floating point. At the
mean of the corner moments and at b = β , Lemma 30 for u =
qh is a quadratic problem in C: for θ > 0 we minimise the trace
of ν |∇q|2 +θ Var(X)/γ over the 18 coordinate directions h, a
least-squares problem of size 189, keep the θ on a geometric
grid of 48 values from 0.05 to 80 that gives the smallest bound,
and round C to multiples of 2−30. Any choice gives a valid
bound.

A box is discarded when it contains no point with a1 ≥ a2 ≥
|z3|, or when a linear functional ℓ(b) = ReTr(c∗b) satisfies
minQ ℓ > r maxT ℓ, which separates it from r convT and hence,
by Lemma 31(iii), from Rr.

Proposition 34. 2rΛ(r)≤ 0.999887 at r = 3
2 .

Proof. The box [0,r]2 × [−r,r]× [0,r] is cut into 8192 boxes
of side r/8. Of these, 841 survive the two tests, and 581
satisfy 2rBQ < 1 for the right side BQ of (13), with γ(r) = 187

128 .
Each of the other 260 is cut into sixteen boxes of side r/16;
1760 of these survive the tests, and all satisfy 2rBQ < 1. The
2341 certified boxes cover Rr. The largest bound is 0.999887,
on the box [1.3125,1.5]× [0.9375,1.125]× [0.5625,0.75]×
[0,0.1875], and the median is 0.983. Figure 6 shows the cover,
and Appendix E the error analysis.

The same cover at a larger r bounds Λ(r) where 2rΛ(r) is
no longer below one; the plaquette blocks of Section VIII use
that bound.

Proposition 35. 2rΛ(r)≤ 1.029967 at r = 38
25 .

Proof. As in the proof of Proposition 34, with γ(r) = 4643
3200 and

the threshold 2rBQ < 1.03: of the 8192 boxes of side r/8, 784
survive the two tests and 690 satisfy the threshold; each of the
other 94 is cut into sixteen boxes of side r/16, of which 373
survive the tests, and all satisfy it. The 1063 certified boxes
cover Rr, and the largest bound is 1.029967.

Proof of Theorem 6. Proposition 34 gives

Λ
( 3

2

)
≤ 0.999887

3
< 0.333296.



18

For βW ≤ 3
4 we have 2βW ≤ 3

2 , and (8) with the monotonicity
of Λ gives

α ≤ 4βW Λ
( 3

2

)
< 1.333183βW ≤ 3

4 ·1.333183 < 1.

Proposition 11 applies with the Hilbert–Schmidt metric.

VIII. SU(3) WITH PLAQUETTE BLOCKS

In this section G = SU(3), β ≥ 0, βW = 9β , Nβ = βW/3,
and the notation is that of Sec. VII: d is the Hilbert–Schmidt
distance, K = convSU(3), νc(dU) ∝ eReTr(Uc)dU , ϕh(U) =
ReTr(Uh) and Λ(r) is the modulus of (8). Put Z(c) =∫

eReTr(Uc)dU and g = logZ on C3×3, viewed as R18 with
the inner product ⟨x,y⟩ = ReTr(xy∗). The gradient of g
at c is the conjugate mean m(c)∗, m(c) = νc(U) ∈ K, and
Hessg(c)(h,h) =Varνc(ϕh). Since Z(V cW ) = Z(c) for V,W ∈
SU(3), the same holds for g.

The blocks are those of Lemma 12, which concerns the line
field only and holds for every group. For a block plaquette with
active links e1,e2,e3, ReTrQp = ReTr(y1y2y3) with yi = Qei

or Q−1
ei

, and the conditional law of the block is

µb(dy) ∝ exp
(
∑

i
ReTr(yibi)+Nβ ReTr(y1y2y3)

)
dy, (14)

where bi is Nβ times the sum of the five staples of yi outside
the block plaquette, so bi ∈ 5NβK and ∥bi∥op ≤ 5Nβ . On
SU(3)3 we use d(y,y′) = ∑i ∥yi − y′i∥HS.

A. The sensitivity of one block

Let r = 2βW = 6Nβ . Let λ∗ and τ be a lower and an upper
bound for the eigenvalues of Hessg on rK, M an upper bound
on rK for |D3g(c)(u,v,v)| over unit vectors u,v, and γ = γ(r)
the gap of Lemma 29. Put

w = 3
2 (Nβ )2(τ −λ∗), s = Λ(r)+(ew −1)ew

√
τ/γ,

C = 5(Nβ )2
(

τs+

√
3Nβ M ew

γ

)
,

K3 =
(1+NβΛ(r))s

1−C
, α3 = 10NβK3,

(15)
assuming C < 1.

Lemma 36. Let a,c0 ∈ 5NβK and

κ(dx) ∝ exp
(
ReTr(xa)+g(c0 +Nβx)

)
dx on SU(3).

For every 1-Lipschitz f and every h ∈ C3×3:

(i) Covκ( f ,ϕh)≤ s∥h∥HS;

(ii) if c0 moves in the direction k inside 5NβK, then∣∣ d
dt κ( f )

∣∣≤ Nβ
(
τs+

√
3NβMew/γ

)
∥k∥HS.

Proof. (i) The segment from c0 to c0+Nβx lies in 6NβK = rK,
and Taylor’s formula gives

g(c0 +Nβx) = g(c0)+Nβ ReTr(xm(c0))+R(x)

with R(x) = 1
2 (Nβ )2 Hessg(ξ )(x,x). Since ∥x∥2

HS = 3, R ∈
[ 3

2 (Nβ )2λ∗,
3
2 (Nβ )2τ] and oscR ≤ w. Hence κ is the tilt

eRν/ν(eR) of ν = νc′ with c′ = a+Nβm(c0) ∈ rK. By def-
inition of Λ, Covν( f ,ϕh) ≤ Λ(r)∥h∥. The function f is 1-
Lipschitz for the geodesic distance, which dominates d, so
sdν f ≤ γ−1/2 by Lemma 29, and sdν ϕh ≤

√
τ∥h∥. Lemma 13

gives (i).
(ii) The derivative is Covκ( f ,⟨∇g(c0 +Nβx),k⟩). Write

∇g(c0 +Nβu) = ∇g(c0) +Nβ Hessg(c0)u+N(u). The lin-
ear term is ϕh with ∥h∥ ≤ Nβτ∥k∥ and contributes at most
Nβτs∥k∥ by (i). On the segment from c0 the Hessian
moves by at most NβM∥u∥ ≤

√
3NβM, so x 7→ ⟨N(x),k⟩ is√

3(Nβ )2M∥k∥-Lipschitz for d. The law κ is a tilt of ν by a
function of oscillation at most w, so its spectral gap is at least
e−wγ by the Holley–Stroock lemma [44], and the covariance
of two Lipschitz functions under κ is at most ew/γ times the
product of their constants.

Lemma 37. Let C < 1. If b,b′ have all fields in 5NβK and dif-
fer only in bi, then W1(µb,µb′)≤ K3∥bi −b′i∥HS for the metric
d.

Proof. By the cyclic symmetry of ReTr(y1y2y3) we may take
i = 1. Given y1,y3, the law of y2 is νc with c = b2 +Nβy3y1 ∈
rK. Changing y1 by η in d moves c by Nβη and νc by at
most NβΛ(r)η in W1, as in (8); so F(y1,y3) = E[ f | y1,y3] is
(1+NβΛ(r))-Lipschitz in each variable. The law of (y1,y3)

is proportional to eReTr(y1b1)+ReTr(y3b3)Z(b2 + Nβy3y1), and
Z(b2 +Nβy3y1) = Z(y−1

3 b2 +Nβy1) = Z(b2y−1
1 +Nβy3), so

its two conditional laws have the form of Lemma 36, with
c0 = y−1

3 b2 and c0 = b2y−1
1 . Moving y3 to y′3 moves y−1

3 b2
along a segment in 5NβK of length at most ∥b2∥op∥y3−y′3∥ ≤
5Nβ∥y3 − y′3∥. The coupling argument of Lemma 15 now
gives d1 ≤ sε +Cd3, d3 ≤ Cd1 and |µb( f )− µb′( f )| ≤ (1+
NβΛ(r))(d1 +d3)≤ K3ε .

B. The constants and the proof of Theorem 7

Lemma 38. At r = 3
2 every eigenvalue of Hessg on rK lies

in [0.056015,0.247316], and |D3g(c)(u,v,v)| ≤ 0.182126 for
c ∈ rK and unit vectors u,v. At r = 38

25 the same holds with
[0.054978,0.248280] and 0.183546.

Proof. For V,W ∈ SU(3), g(V cW ) = g(c) and x 7→V xW is an
isometry, so the eigenvalues of Hessg and the norm of D3g are
constant on the orbits, and by Lemma 31 it suffices to bound
them on Rr. The derivatives of g are the cumulants of ϕ under
νc. Cut the box [0,r]2 × [−r,r]× [0,r] into boxes of side r/8
and keep the 841 (784 at r = 38

25 ) that survive the two tests of
Sec. VII G. On each box Q we compute, with rigorous error
bounds, the moments of ϕ of degree at most three at the sixteen
corners bi and at the centre b0, and put k = m(b0), the mean of
ϕ at the centre.
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FIG. 6. The 2341 certified boxes at r = 3
2 , plotted at their centres in the coordinates (a1,a2) of the staple sum diag(a1,a2,x3 + iy3), coloured by

the certified bound on 2r suph Lh over the box; the larger points are the boxes of side r/8. (a) All boxes, with height |x3 + iy3|. (b) The 419
boxes with bound above 0.99, with height x3; the largest bounds sit in the interior of Rr, not at its extreme points.

Upper bound. For b ∈ Q and every h, Varνb(ϕh)≤ νb[(ϕh −
⟨k,h⟩)2]≤ eς/8 maxi νbi [(ϕh −⟨k,h⟩)2] by Lemma 33(ii).

Lower bound. Integrating the right inequality of (12) against
f ≥ 0 and dividing by Z(b) ≤ ∑i ωiZ(bi), the left one, gives
νb( f ) ≥ e−ς/8 mini νbi( f ). With f = (ϕh −νbϕh)

2 this gives
Varνb(ϕh)≥ e−ς/8 mini Varνbi

(ϕh).
Third cumulant. Put δ = m(b)−k. The mean value theorem

and the upper bound give ∥δ∥ ≤ τρ + e, with ρ the largest
distance from b0 in Q and e the error of the computed mean.
Expanding the central moment about k,

D3g(b)(u,v,v) = Tb(u,v,v)−δu Var(ϕv)

−2δv Cov(ϕu,ϕv)−δuδ
2
v ,

with Tb = νb[(ϕ − k)⊗3], δu = ⟨δ ,u⟩ and the moments under
νb. For a function G of either sign, writing G = G+ −G−

and applying the two bounds above to G± gives |νb(G)| ≤
(maxi |νbi(G)|+ ε maxi νbi |G|)/(1 − ε) with ε = 1 − e−ς/8.
For G = (ϕu − ku)(ϕv − kv)

2 we use |νbi(G)| ≤ ∥Tbi∥, the
largest singular value of the 18× 324 unfolding of Tbi , and
νbi |G| ≤ 2

√
3νbi [(ϕv − kv)

2], since ∥U − k∥HS ≤ 2
√

3. The
largest eigenvalues and singular values are bounded as in
Sec. VII G, and the maxima over these boxes are the num-
bers stated (Appendix C).

Proof of Theorem 7. Let first βW ≤ 3
4 , so that r = 2βW ≤ 3

2 .
Every field met in Lemmas 36 and 37 lies in 3

2 K, so the
constants of Lemma 38 at 3

2 , Λ( 3
2 ) ≤

0.999887
3 from Propo-

sition 34 and γ = γ( 3
2 ) =

187
128 apply; with these fixed constants

every quantity in (15) is increasing in βW . For 3
4 < βW ≤ 19

25

the fields lie in 38
25 K, and the constants of Lemma 38 at 38

25 ,
Λ( 38

25 )≤
1.029967

3.04 from Proposition 35 and γ( 38
25 ) =

4643
3200 apply

in the same way. Changing an active link j by η changes one
staple of each of its ten partners outside its block by a matrix of
norm η , so the field bi of each such partner moves by Nβη , and
Lemma 37 gives ∑B CB j ≤ 10NβK3 = α3(βW ). In ball arith-
metic, at βW = 3

4 , w ≤ 0.017935, s ≤ 0.34088, C ≤ 0.043520,
K3 ≤ 0.38609 and α3 ≤ 0.96521; at βW = 0.72, α3 ≤ 0.91815;
at βW = 0.76, with the second set of constants, w ≤ 0.018609,
s ≤ 0.34673, C ≤ 0.045770, K3 ≤ 0.39454 and α3 ≤ 0.99950.
Proposition 17, whose proof does not use the group, applies
with the Hilbert–Schmidt metric.

Remark 39. Theorem 6 ends where 2rΛ(r) reaches one. The
blocks remove the factor 12

10 of the single-link sum and keep
most of it after paying for the three links: at βW = 3

4 the gap
bound rises from 1.1 · 10−4 to 0.0177, and the block bound
is the better one for βW ≥ 0.715. Before the corrections for
the three links their sum is 10

12 of the single-link sum 2rΛ(r),
so it can stay below one while 2rΛ(r) is slightly above one;
Proposition 35 certifies 2rΛ(r) ≤ 1.03 at r = 1.52, which is
enough at βW = 0.76, with little room. Evaluated in floating
point with the constants of a scan of Rr, the block sum stays
below one up to βW ≈ 0.78; that computation is not certified
and is not used.

IX. WHERE THE METHODS STOP

SU(2). Theorem 2 closes the single-link route in every
forest gauge at βW = 1

3 . Blocks of several links, where the
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influence of a boundary link on a whole block is bounded at
once, in the spirit of the Dobrushin–Shlosman criterion [31],
pass it: plaquette blocks reach βW = 0.345 (Theorem 3), and
the sharper floating-point bound of Remark 18 stops near 0.357.
Larger blocks are the next step.

Curvature. Remark 26 locates the end of the curvature
method in this gauge between |β |= 1

29 and 1
26.25 .

SU(3). The route of Sec. VII bounds the H−1(νb) norm of
ϕh −νbϕh, which is at least Lh(b), and needs it uniformly on
rK. Its Galerkin values (polynomials of degree two) at matrices
of rK give 2r times the norm equal to 0.79 at r = 1.25, 0.89
at r = 1.4, 0.97 at r = 1.5 and 1.009 at r = 1.55, so the route
stops at or below βW ≈ 0.77 even with exact constants. With
u = sϕh, Lemma 30 stops earlier: in floating point its largest
values on Rr lie on the face diag(r,ρ,ρ) with ρ between 0.75r
and 0.8r, and 2r times the bound is 0.9458 at r = 1.36, 0.9767
at r = 1.40 and 1.0080 at r = 1.44, so this corrector ends near
βW ≈ 0.715. With u = qh of degree two the largest values
on the same face are 0.9305 at r = 1.44, 0.9729 at r = 1.50
and 1.0018 at r = 1.54 (Fig. 7), close to the Galerkin values.
Lemma 29 therefore costs little at these couplings, and most
of the distance between the floating-point value at r = 1.5 and
the certified 0.999887 of Proposition 34 is the interpolation
over boxes. Between βW = 3

4 and 0.77 there is room only
for smaller boxes. The plaquette blocks of Theorem 7 use
Λ(2βW ) as well, with a little more room: they reach 0.76 with
the certified cover of Proposition 35 and near 0.78 in floating
point (Remark 39); past that one needs larger blocks, whose
sensitivity does not go through the one-link modulus.

Other groups. For groups other than SU(2) and SU(3) only
the curvature route is carried out here (Theorem 5), and it stops
where the bound 29

2 uses up the curvature of G, at N|β | =
2
29 κG. The Dobrushin route needs a bound for the Kantorovich
modulus of the one-link measure of each group, which is not
attempted here.

The four open problems. Our earlier paper [14] listed
four problems between the strong-coupling results and the
Clay problem [47]: (1) uniqueness and a gap at intermedi-
ate fixed coupling; (2) the crossover from strong coupling to
Bałaban’s weak-coupling regime; (3) the continuum limit with
the Osterwalder–Schrader axioms; and (4) a gap in physical
units. The present paper moves the boundary of (1): for SU(2)
from βW = 2

9 to 0.345, for SU(3) from 9
32 to 0.76, with a gap

at 3
4 of 0.0177 in lattice units, and for every compact simple

group, the exceptional groups included, past the curvature ceil-
ing of the ungauged measure, with an explicit gap. It does not
close (1); the region between these values and the scaling re-
gion, near βW ≈ 2.2 for SU(2) and βW ≈ 6 for SU(3), is open,
and with it problem (2). Problems (3) and (4) are not solved
here. Every bound proved here is uniform in lattice units, so
by [15] none of them can by itself produce a continuum mass
gap; that requires control of the gap in physical units along the
renormalisation group flow [5, 17].13

13 Every one of these approaches needs an input at physical length scales.
Renormalisation group approaches to the ultraviolet behaviour of gauge

The continuum problem. Two general facts limit what can be
imported into problems (3) and (4) above from constructions of
continuum measures. Both concern a random distribution F on
Rd , a Borel probability measure on the tempered distributions
with finite moments, and the growth condition

EeF(χ) ≤ eC(∥χ∥1+∥χ∥2
2) for all real χ ∈ S (Rd), (16)

which is the growth condition of the regularity axiom of Glimm
and Jaffe at p= 2 [39, Sect. 6.1, (6.1.5)]. It is the hypothesis un-
der which reflection positivity across coordinate and diagonal
hyperplanes is shown in [73] to give rotation invariance of the
Schwinger functions, a step proposed there for the continuum
limit of lattice gauge theories.

Proposition 40. Let F satisfy (16), and suppose that
its connected two-point function is, off the diagonal, a
locally integrable function S2(x,y) with S2(x,y) ≥ c|x −
y|−2∆

(
log 1

|x−y|
)−k for 0 < |x− y| ≤ r0, where c > 0, k ≥ 0

and 2∆ > d. Then F does not exist: no random distribution
has both properties.

Proof. Applying (16) to χ and −χ and using coshx ≥ 1 +
x2

2 gives EF(χ)2 ≤ 2(eC(∥χ∥1+∥χ∥2
2) − 1). Fix nonnegative

ϕ,ψ ∈ C∞
c (Rd), not zero, with supports in a ball of radius

R
2 and at distance δ > 0 from each other, and put ϕε(x) =
ε−d/2ϕ(x/ε), and likewise ψε . Then ∥ϕε∥2 = ∥ϕ∥2 and
∥ϕε∥1 = εd/2∥ϕ∥1 ≤ ∥ϕ∥1 for ε ≤ 1, so the covariance of
F(ϕε) and F(ψε) is bounded uniformly in ε by the Cauchy–
Schwarz inequality. On the other hand the supports of ϕε and
ψε are disjoint, and for u,v in the supports εδ ≤ |εu−εv| ≤ εR.
For εR ≤ r0 and εR < 1 the lower bound for S2 therefore gives

Cov
(
F(ϕε),F(ψε)

)
= ε

d
∫ ∫

ϕ(u)ψ(v)S2(εu,εv)dudv

≥ cR−2∆
ε

d−2∆

(
log

1
εδ

)−k
∥ϕ∥1∥ψ∥1,

which tends to infinity as ε → 0.

The action density TrFµν Fµν has dimension ∆ = 4 in four
dimensions. A two-sided short-distance law of the form |x−
y|−8 times the fourth power of the running coupling, which is
what asymptotic freedom14 predicts and what the conditional
construction of [74] states for the smeared action density, has
2∆ = 8 > 4 and k = 2; so that field cannot satisfy (16), and
rotation invariance for it has to come from another source, as

and gravitational theories, of which [5, 28] are the rigorous ones for Yang–
Mills theory, have also been proposed for the effective dimension of space-
time [66] and for completions of quantum gravity [11, 16]; they do not bear
on the infrared estimates needed here.

14 For SU(N) the renormalisation group gives, with b0 = 11N/(48π2) and the
invariant scale Λ,

g(a)−2 = 2b0 log 1
aΛ

+O
(
log log 1

aΛ

)
,

so the inverse coupling βW = 2N/g(a)2 grows like 11N2

12π2 log 1
aΛ

along the
continuum tuning.
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FIG. 7. The floating-point value of 2r suph of the bound of Lemma 30 on the face b = diag(r,ρ,ρ), as a function of ρ/r, for r = 1.44, 1.50 and
1.54: dashed with the corrector u = sϕh for the best s, solid with u = qh of degree two for the best C. The grey plane is the Dobrushin threshold
one. The first corrector is above it already at r = 1.44; the second stays below it at r = 1.50, where Proposition 34 certifies the bound on all of
Rr, and crosses it by r = 1.54.

in [74], where it is reduced to a separate infrared hypothesis.
In three dimensions the free part of the action density already
has 2∆ = 6 > 3. Condition (16) suits fields of dimension at
most d

2 , such as the field strength of the free Maxwell field,
whose covariance is bounded in momentum space.

Positivity, symmetry and regularity do not produce a gap by
themselves.

Proposition 41. On R4 let F be the centred Gaussian random
distribution with covariance

Ĉ(p) =
∫ 1

0

m2

|p|2 +m2 dm.

Then F is invariant under all Euclidean motions, reflection pos-
itive, satisfies (16) with C = 1

2 , and its Osterwalder–Schrader
Hamiltonian has no gap above the vacuum.

Proof. Since 0 ≤ Ĉ ≤ 1, EeF(χ) = e
1
2 ⟨χ,Cχ⟩ ≤ e

1
2 ∥χ∥2

2 , with the
unitary Fourier transform. Invariance is clear. The covari-
ance is the integral over m ∈ (0,1), with the weight m2dm,
of the covariances of free fields of mass m, each of which is
reflection positive [39, Sect. 6.2]; a positive combination of
reflection positive covariances is reflection positive, and so is
the Gaussian measure with such a covariance [39, Sect. 6.2].
For χ(t,x) = h(t)g(x) with h ≥ 0 supported in t > 0, not zero,
and ĝ(0) ̸= 0, the vector v = F(χ) is orthogonal to the vacuum,
and after the Fourier transform in x,

⟨v,e−sHv⟩=
∫ 1

0
m2 dm

∫ |ĝ(k)|2

2ω
e−ωs

×
(∫ ∞

0
h(t)e−ωtdt

)2
dk,

with ω =
√
|k|2 +m2 and constants absorbed in ĝ. If H had

a gap m0 > 0, the left side would be at most e−m0s∥v∥2. For

0 < η < m0 the part of the integral with m, |k| ≤ η/2 is at least
cη e−ηs with cη > 0, a contradiction as s → ∞.

The Gaussian field of Proposition 41 is not a gauge the-
ory; it shows only that an infrared estimate, such as a bound
⟨va,T

⌊t/a⌋
a va⟩ ≤ Cve−m∗t uniform in the spacing a along the

continuum tuning, has to be proved in addition to the axioms.
The lattice bounds of this paper are of this form only with m∗
proportional to 1/a, and by [15] such bounds give trivial limits.
The routes we know to a continuum gap therefore all stop at
the same two estimates: the construction of the infinite-volume
continuum measure past Bałaban’s small-field analysis [5, 7],
which the conditional construction of [74] assumes clause
by clause and which yields there a non-negative Hamiltonian
without any statement on its spectrum, and a decay estimate
in physical units at large scales. The finite-size criterion de-
scribed in [74, Sect. 9.4] reduces a gap to a threshold condition
on one box, uniformly in the cutoff; as stated there, the condi-
tion fails in every small box and would have to be checked at
large scales, which the construction does not reach.

X. THE CONTINUUM STEP AT ONE PHYSICAL SCALE

The bounds of the preceding sections hold at fixed coupling
and give a gap that is at least a fixed number in lattice units,
and [15] shows that no such bound can produce a continuum
gap. This section replaces the single-link condition of Proposi-
tion 11 by a condition on one cube of n4 sites, averaged over
its translates in the manner of Dobrushin and Shlosman [31],
and proves that the condition gives a gap of order 1/n in lat-
tice units. If it holds with n proportional to 1/a, that is, in a
cube of fixed physical size, the gap survives in physical units
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and passes to every continuum limit (Theorem 45). The two
statements that remain unproved, the cube estimate and the
existence of the limit, are stated in Sec. XI.

A. Averaged cubes

For a finite set V ⊂ A let γV (· | Q) be the probability measure
on GV with density proportional to exp

(
Nβ ∑p∩V ̸= /0 ReTrQF

p
)

with respect to Haar measure, the links outside V being those of
Q. Its conditional law of Qe, e ∈V , given the other links of V
is γF

e . Write dV (QV ,Q′
V ) = ∑i∈V δ (Qi,Q′

i) and, for j ∈ A\V ,

CV, j = sup
W dV

1

(
γV (· | Q),γV (· | Q′)

)
δ (Q j,Q′

j)
,

the supremum over pairs that differ only at j; W dV
1 is the Kan-

torovich distance for dV . The coefficient vanishes unless j
shares a plaquette with a link of V .

Let n ≥ 2 be even and let V be the set of active links (x,µ)
with x ∈ [0,n)4. The direction field has period two, so the
translations by 2Z4 preserve F , A and γF , and the translates
Vx =V + x, x ∈ 2Z4, satisfy CVx, j+x =CV, j. Every active link
lies in exactly Nn = (n/2)4 of them. A class is an orbit of 2Z4

on A, that is, a residue of the base point modulo two together
with a direction; there are at most 64 classes. For a class c put

Kc = ∑
j∈c\V

CV, j.

Definition 42. For 0 < α < 1, the condition D(n,α) at the
coupling β is Kc ≤ αNn for every class c.

Since ∑x∈2Z4, j/∈Vx
CVx, j = ∑x CV, j−x[ j − x /∈ V ] = Kc( j) for

the class c( j) of j, the condition says that the total influence
of a link on the translates that do not contain it is at most the
fraction α of the number of translates that do. Figure 8 shows
the cubes.

For n = 2 it is a bound on blocks of 48 links. Distances
between links are those of their midpoints; a link of V and a
link sharing a plaquette with V are at distance at most ρn = 2n,
and cn denotes the number of active links within distance ρn
of a given one.

Theorem 43. Let β ≥ 0 and suppose that D(n,α) holds. Then
statements (i)–(iv) of Proposition 11 hold, (v) holds for every
λ < log(1/α)/ρn, and the transfer matrix of ω has spectral
gap at least log(1/α)/(2n).

Proof. The proof of Proposition 11 uses the coefficients Cee′

only through Lemma 112 and Corollary 113. Lemma 115 of
Appendix B gives the same conclusions under D(n,α), for
every λ > 0 with αeλρn < 1, with the constant θD/(1− θ)

replaced by D(1+ cneλρn)/(1−θ) and θ = αeλρn . The mea-
sures used there are invariant under every γVx with Vx dis-
joint from the exceptional set: a Gibbs measure of γF and
its conditional measures given the links of a finite set by
Lemma 115(a), and the extended finite-volume measure of
part (ii) because every plaquette that meets such a Vx lies in
P(Λ). Part (vi) then follows from Proposition 116 as before,
with every λ < log(1/α)/(2n).

B. The continuum limit

Let ak = 2−ka0 and let βk ≥ 0 be couplings, typically with
βk → ∞. Suppose that the lattice states ωk at βk exist as in
Proposition 11, with transfer matrices Tk on the reconstructed
spaces Hk and vacua Ωk (Appendix F). Let T be a complex
vector space of test functions on R4 supported in {t > 0} and,
for each k, let f 7→ Ok( f ) be a linear map from T to gauge-
invariant local observables supported in positive lattice times;
the example to keep in mind is Ok( f ) = Zk ∑x a4

k f (akx)Φ(x)
for a local gauge-invariant field Φ, a renormalisation constant
Zk and Φ(x) the translate of Φ to x. Write ϑ for the time
reflection and τt for the time translation by t lattice steps.

Definition 44. A continuum limit of (ωk,Ok) is a Hilbert space
H with a unit vector Ω, a self-adjoint operator H ≥ 0 with
HΩ = 0, and a linear map f 7→ ψ( f ) from T to H with dense
range, such that for all f ,g ∈ T and all dyadic τ ≥ 0,

⟨ψ( f ),e−τH
ψ(g)⟩= lim

k→∞
ωk

(
ϑ(Ok( f ))ττ/ak

Ok(g)
)
,

⟨Ω,ψ( f )⟩= lim
k→∞

ωk
(
Ok( f )

)
,

the limits taken over the k for which τ/ak is an integer. It is
nontrivial if H ̸= CΩ.

The Osterwalder–Schrader reconstruction [62, 63] produces
such a limit from convergent renormalised Schwinger functions
that satisfy the axioms; the definition records only what the
next theorem uses.

Theorem 45. Suppose that there are α < 1, ℓ > 0 and even nk
with nkak ≤ ℓ such that D(nk,α) holds at βk for every k. Then
every continuum limit of (ωk,Ok) satisfies

σ(H)⊂ {0}∪ [m∗,∞), m∗ =
log(1/α)

2ℓ
,

and 0 is a simple eigenvalue. If the limit is nontrivial, σ(H)∩
[m∗,∞) ̸= /0, so H has a mass gap of at least m∗.

Proof. By Theorem 43 the state ωk exists and Tk has gap at
least log(1/α)/(2nk) on the complement of Ωk. Let f ∈ T ,
put O = Ok( f ) and ϕk = ΨO−ωk(O)Ωk. In the reconstruction
of Appendix F, ⟨ΨF ,Tt

kΨH⟩= ωk(ϑ(F̄)τtH), so ⟨Ωk,ΨO⟩=
ωk(O), and TkΩk = Ωk; hence, for integers t ≥ 0,

⟨ϕk,Tt
kϕk⟩= ωk

(
ϑ(Ō)τtO

)
−|ωk(O)|2

≤ e−t log(1/α)/(2nk) ∥ϕk∥2.

Take τ ≥ 0 dyadic and k large, so that t = τ/ak is an integer;
then t/(2nk) = τ/(2nkak) ≥ τ/(2ℓ), and the right side is at
most e−m∗τ∥ϕk∥2. Both sides converge by Definition 44. With
ϕ = ψ( f )−⟨Ω,ψ( f )⟩Ω and e−τHΩ = Ω the limit reads

⟨ϕ,e−τH
ϕ⟩ ≤ e−m∗τ∥ϕ∥2.

The maps f 7→Ok( f ) and f 7→ψ( f ) are linear, so the vectors ϕ

form a linear subspace, and it is dense in Ω⊥ because the range
of ψ is dense. The inequality extends to Ω⊥ by continuity,
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FIG. 8. (a) The cube V of side n = 4 and two of its translates by 2Z4, drawn in three of the four dimensions. A link j outside V enters Kc
through every translate whose boundary it touches, and D(n,α) compares that total with the Nn = (n/2)4 translates that contain j. (b) The cube
of Theorem 45: its physical side ℓ= na is held fixed while the spacing is halved, so n doubles at each step and the lattice gap log(1/α)/(2n) is
of order a/ℓ.

and from dyadic τ to all τ ≥ 0 by the strong continuity of
e−τH . For ϕ ∈ Ω⊥ with spectral measure µϕ of H this says∫

e−τEdµϕ(E)≤ e−m∗τ µϕ([0,∞)) for all τ ≥ 0; if µϕ([0,m∗−
η ]) > 0 for some η > 0, the left side is at least µϕ([0,m∗−
η ])e−(m∗−η)τ , which exceeds the right side for large τ . So µϕ

lives on [m∗,∞) for every ϕ ∈ Ω⊥, which gives both claims
about 0, and the spectrum on Ω⊥ ̸= {0} lies in [m∗,∞) and is
not empty.

The proof uses D(nk,α) only through the decay of the two-
point functions, and the same argument accepts any decay with
constants that depend on the observable.

Theorem 46. Let m0 > 0 and let T0 span T . Suppose that
for each f ∈ T0 there are C f < ∞, τ f ≥ 0 and k f such that

C f
k (τ) = ωk

(
ϑ(Ok( f ))ττ/ak

Ok( f )
)
−|ωk(Ok( f ))|2

≤C f e−m0τ

for all k ≥ k f and all dyadic τ ≥ τ f with τ/ak ∈ Z. Then every
continuum limit of (ωk,Ok) satisfies σ(H) ⊂ {0} ∪ [m0,∞),
and 0 is a simple eigenvalue. If the limit is nontrivial, H has a
mass gap of at least m0.

Proof. For f ∈ T put ϕ( f ) = ψ( f )−⟨Ω,ψ( f )⟩Ω, which is
linear in f . Since e−τH is self-adjoint and fixes Ω, Definition 44
gives ⟨ϕ( f ),e−τHϕ( f )⟩= limk C f

k (τ). For f ∈T0 let µ be the
spectral measure of H at ϕ( f ). Then

∫
e−τEdµ(E)≤C f e−m0τ

for dyadic τ ≥ τ f . If µ([0,m0 −η ])> 0 for some η ∈ (0,m0),
the left side is at least µ([0,m0 −η ])e−(m0−η)τ , which is im-
possible for large τ . Hence the spectral projection E[0,m0) of
H vanishes on ϕ(T0). By linearity it vanishes on ϕ(T ), and

since its kernel is closed, it vanishes on the closure of ϕ(T ),
which is Ω⊥ because ψ(T ) is dense. So E[0,m0) = ⟨Ω, ·⟩Ω,
which gives both claims.

Theorem 45 is the case m0 = m∗, τ f = 0 and C f =

supk≥k f
∥ϕk∥2, which is finite because ∥ϕk∥2 = C f

k (0) con-
verges. Theorem 46 needs neither a lattice gap nor the gauge
of this paper. It applies to the output of a cluster expansion of
any coarse effective theory, provided the expansion bounds the
correlations of a spanning set of renormalised observables in
physical units.

Theorem 45 bypasses the obstruction of [15]: under the
hypothesis the lattice gap is at least log(1/α)/(2nk), of order
ak/ℓ in lattice units, which tends to zero, and only its value
in physical units is bounded below. In the language of [15]
the hypothesis implies the gap part (R2) of Hypothesis R, with
m = m∗, and the conclusion holds for every continuum limit
without a separate assumption on the gap.

C. Smoothed observables

The observables Ok( f ) of Definition 44 need not be lo-
cal. The renormalised fields that one expects to converge are
smoothed by the gradient flow of the Wilson action [55]15;
at positive flow time their correlation functions are finite to

15 The flow moves the gauge field along the negative gradient of the Wilson
action. At positive flow time the flowed fields are smooth on the scale of the
square root of the flow time, and in perturbation theory their gauge-invariant
composite fields need no further renormalisation [55, 56].
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all orders of perturbation theory once the coupling is renor-
malised [56]. Flow in all four directions mixes the two sides
of the reflection plane, but the spatial flow of [67, Sec. II.B]
does not: it flows the links of each time slice under the Wilson
action of that slice and leaves the temporal links alone.

Fix a bi-invariant Riemannian metric on G. For a configura-
tion U of all links of Z4 (for the states of this paper, the links
of F equal to 1), let Φs(U), s ∈ R, solve

d
ds

Ue =−∇e ∑
p∋e, p spatial

(
N −ReTrUp

)
for every spatial link e, the sum running over the four plaquettes
of the time slice of e that contain it, with the temporal links
held fixed and ∇e the gradient in the variable Ue.

Proposition 47. (i) Φs is defined on every configuration of the
infinite lattice, Φs ◦Φs′ = Φs+s′ , and Φs commutes with gauge
transformations, with spatial and temporal translations and
with the reflections in time. The link Φs(U)e depends only on
the spatial links of the time slice of e, and there are constants
κ,c depending only on G such that, if ΦR

s denotes the flow of
the links of that slice within distance R of e with all other links
held fixed,

δ
(
Φs(U)e,Φ

R
s (U)e

)
≤ Deκ|s| (c|s|)R+1

(R+1)!

for every configuration U.
(ii) Let ω be a state as in Appendix F and O a bounded

gauge-invariant function of finitely many links at times in [t0, t1],
continuous in them. Then O◦Φs is a bounded gauge-invariant
function of the links at times in [t0, t1] and a uniform limit of
gauge-invariant local functions at those times.

(iii) Theorem 45 holds with Ok( f ) replaced by Ok( f )◦Φsk

for any sk ∈ R, in particular for sk = τ/a2
k at a fixed flow time

τ in physical units.
(iv) The image measure (Φs)∗ω is reflection positive, and its

transfer matrix is unitarily equivalent to that of ω , the unitary
fixing the vacuum.

Proof. (i) Embed G in a matrix algebra. The right side of the
equation is a smooth function of the links of the four plaquettes
containing e, tangent to G at Ue, so on the Banach space of
bounded assignments of matrices to the spatial links it is a vec-
tor field that is bounded and Lipschitz on a neighbourhood of
the configurations with values in G, with a Lipschitz constant
that does not depend on the volume because every link meets
finitely many others. The Picard–Lindelöf theorem gives a
unique local solution; it stays on G because the field is tangent
there, and since the field is bounded on G the solution exists
for all s; uniqueness gives the group law. The action of a time
slice and the metric are invariant under gauge transformations,
translations and the reflections, so the flow commutes with
them by uniqueness. Since the equation of a spatial link in-
volves only links of its own slice, so does the solution. For the
comparison, let de′(s) be the distance between the two flows at
a link e′ of the slice. Smoothness on the compact group gives
constants κ0,c1 with de′(s)≤

∫ |s|
0

(
κ0de′ + c1 ∑e′′∼e′ de′′

)
for e′

within distance R of e, where e′′ ∼ e′ means that the two links
share a spatial plaquette (twelve neighbours), while de′ ≤ D
beyond. Iterating the integral form of this inequality, a term
that reaches the links beyond distance R needs at least R+1
steps of ∼, and ∑k>R xk/k! ≤ exxR+1/(R+1)!; this gives the
bound with c = 12c1 and κ = κ0 + c.

(ii) The truncated flow ΦR
s commutes with gauge transforma-

tions for the same reason as Φs, so O◦ΦR
s is a gauge-invariant

function of finitely many links at times in [t0, t1]. By (i) and the
uniform continuity of O, it converges to O◦Φs uniformly as
R → ∞.

(iii) The proof of Theorem 45 uses Ok( f ) only through the
vectors ΨOk( f ) and the identity ⟨ΨF ,TtΨH⟩ = ω(ϑ(F̄)τtH).
By (ii) and the footnote in Appendix F, both extend to uniform
limits of local functions at positive times, and f 7→ Ok( f )◦Φsk
is linear.

(iv) By (i), Φs and Φ−s preserve the functions of the
links at positive times and commute with ϑ and τt . Hence
(Φs)∗ω

(
ϑ(F̄)τtH

)
= ω

(
ϑ(F ◦Φs)τt(H ◦Φs)

)
, which for t =

0 and H = F is nonnegative, and F 7→ F ◦Φs induces an isome-
try between the reconstructed spaces that intertwines the trans-
fer matrices and fixes the vacuum; Φ−s gives its inverse.

Part (iv) says that smoothing changes the variables and
not the theory: it neither creates nor removes a gap. Its
use is in the choice of the observables. With Ok( f ) the spa-
tially flowed fields at a fixed physical flow time, for instance
Zk ∑x a4

k f (akx)
(
Eτ(x)−ωk(Eτ(x))

)
with Eτ(x) the flowed ac-

tion density of the slice, statement (E) asks for the convergence
of correlation functions that are known to be finite in perturba-
tion theory [56], and Theorem 45 applies to them. Theorem 48
below constructs their continuum limits along subsequences;
their nontriviality is not proved here.

D. Renormalised flowed observables

The spatially flowed fields can be renormalised by one con-
dition at a single physical separation, and their correlation
functions then have continuum limits along subsequences with-
out further assumptions. What remains open is whether such a
limit is trivial, and that question reduces to one ratio of lattice
two-point functions.

Fix a bounded gauge-invariant function Φ of finitely many
spatial links of the slice {x0 = 0}, continuous in them, a flow
time τ > 0 in physical units, and a nonzero test function f0 ∈
Cc(R4) supported in {t > 0}. Put sk = τ/a2

k , write Φx for the
translate of Φ to x ∈ Z4, and let

Ak = ∑
x∈Z4

a4
k f0(akx)

(
Φx ◦Φsk −ωk(Φx ◦Φsk)

)
,

Ck(σ) = ωk
(
ϑ(Āk)τσ/ak

Ak
)

for dyadic σ ≥ 0 (the sum is finite, and σ/ak is an integer for
large k). By reflection positivity Ck(0)≥ 0; assume Ck(0)> 0
and set Zk =Ck(0)−1/2. Let D be the set of points y = (t,y′) ∈
R4 with dyadic coordinates (in units of a0) and t > 0, and for
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y ∈ D and k with y/ak ∈ Z4 let Ay
k be the translate of Ak by

y/ak.

Theorem 48. (i) For y,y′ ∈ D and every k with y/ak,y′/ak ∈
Z4,

Z2
k

∣∣ωk
(
ϑ(Āy

k)A
y′
k

)∣∣≤ 1.

(ii) Every sequence of k has a subsequence along which
K(y,y′) = limZ2

k ωk(ϑ(Āy
k)A

y′
k ) exists for all y,y′ ∈ D and

ρ(σ) = limCk(σ)/Ck(0) exists for all dyadic σ > 0. Along it
there is a probability measure µ on [0,∞] with

ρ(σ) =
∫
[0,∞]

e−σE dµ(E) (σ > 0),

the integrand being 0 at E = ∞.
(iii) Along such a subsequence, let T be spanned by the

translates f0(·−y), y ∈D , and one more function f∗ ∈Cc(R4)
supported in {t > 0} outside their span, and let Ok be the
linear map with Ok( f0(·− y)) = ZkAy

k and Ok( f∗) = 1. Then
(ωk,Ok) has a continuum limit in the sense of Definition 44, on
which the dyadic spatial translations act by unitary operators
commuting with H.

(iv) This limit is nontrivial if and only if µ([0,∞)) > 0, if
and only if ρ(σ)> 0 for one dyadic σ > 0, and then ρ(σ)> 0
for all of them. Consequently a nontrivial limit exists along
some subsequence if and only if limsupk Ck(σ)/Ck(0)> 0 for
some dyadic σ > 0.

(v) If the hypothesis of Theorem 45 holds, then µ is carried
by [m∗,∞] and ρ(σ)≤ e−m∗σ .

Proof. By Proposition 47(ii) each Φx ◦Φsk , and hence each Ay
k,

is a uniform limit of gauge-invariant local functions at times
≥ 1, so the reconstruction of Appendix F applies to them (its
footnote). Write Ψk = ZkΨAk . Since ⟨Ωk,ΨAk⟩= ωk(Ak) = 0
and ∥Ψk∥2 = Z2

kCk(0) = 1, Ψk is a unit vector orthogonal to
Ωk. The relation ⟨ΨF ,Tt

kΨH⟩= ωk(ϑ(F̄)τtH) for all F gives
Ψτt H = Tt

kΨH . Spatial translations commute with ϑ and with
τt and leave ωk invariant, so they act on the reconstructed space
by unitaries Uk(x) that commute with Tk. Hence, for y = (t,y′),

ZkΨAy
k
=Uk(y′/ak)T

t/ak
k Ψk.

(i) The left side of the inequality is |⟨ZkΨAy
k
,ZkΨ

Ay′
k
⟩| ≤ 1,

because ∥Uk∥= 1 and 0 ≤ Tk ≤ 1.
(ii) The set D×D is countable and the numbers are bounded

by (i), so a diagonal subsequence gives all the limits K; the lim-
its ρ(σ) are among them, since Ck(σ)/Ck(0) = ⟨Ψk,T

σ/ak
k Ψk⟩

is the value of K at y = y′ = (σ/2,0). Let νk be the spectral
measure (Lemma 117) of Tk at Ψk, a probability measure on
[0,1], and µk its image under λ 7→ −a−1

k logλ ∈ [0,∞]. Then
Ck(σ)/Ck(0) =

∫
e−σEdµk(E). The space [0,∞] is compact,

so a further subsequence has µk → µ weakly (Lemma 118),
and E 7→ e−σE is continuous on [0,∞] for σ > 0.

(iii) A finite combination ∑ j c j f0(·−y j) with distinct y j that
vanishes has Fourier transform f̂0(p)∑ j c je−ip·y j = 0; since f̂0
is analytic and not zero, the exponential sum vanishes on an

open set and every c j is zero. So the translates are linearly
independent and Ok is well defined. On the space V of fi-
nite sums v = ∑y cyδy over D put B(v,w) = ∑ c̄yc′y′K(y,y′). It
is the limit of ⟨vk,wk⟩ with vk = ∑y cyZkΨAy

k
, hence positive

semidefinite; let H0 be the completion of V modulo its null
space. For dyadic σ ≥ 0 and dyadic spatial x define T (σ)δy =

δy+(σ ,0) and U(x)δy = δy+(0,x). At level k these are Tσ/ak
k

and Uk(x/ak), so in the limit B(T (σ)v,w) = B(v,T (σ)w),
B(T (σ)v,T (σ)v) ≤ B(v,v), B(v,T (σ)v) ≥ 0, and U(x) pre-
serves B. Thus T (σ) extends to commuting positive contrac-
tions on H0 with T (σ)T (σ ′) = T (σ +σ ′), and U(x) to uni-
taries commuting with them. For dyadic σ > 0 the kernel of
T (σ) = T (σ/2)2 equals that of T (σ/2), so all these kernels
coincide; and every δy with y = (t,y′) equals T (t/2)δ(t/2,y′),
a vector in the range of a positive operator and so orthogo-
nal to its kernel. Hence each T (σ) is injective on H0, and
H0 = − logT (1) is a self-adjoint operator with H0 ≥ 0 and
e−σH0 = T (σ) for dyadic σ , by the uniqueness of positive
roots. Put H =CΩ⊕H0, H = 0⊕H0, ψ( f0(·−y)) = δy and
ψ( f∗) = Ω. The range of ψ is dense, and the identities of Defi-
nition 44 hold: for two translates they are the limits defining K,
with τσ/ak

Ay′
k = Ay′+(σ ,0)

k ; and for f∗ they read ωk(1) = 1 and
ωk(ϑ(Āy

k)) = ωk(τσ/ak
Ay

k) = 0.
(iv) The limit is nontrivial exactly when H0 ̸= 0, that is

when ∥δy∥2 = K(y,y) = ρ(2t) is positive for some y = (t,y′).
By (ii) and Lemma 119(b), ρ(σ)> 0 for one σ > 0 if and only
if µ([0,∞))> 0, and then ρ(σ)> 0 for every σ > 0. For the
last statement choose a subsequence along which Ck(σ)/Ck(0)
tends to its limsup, and refine it by (ii).

(v) Under that hypothesis the proof of Theorem 45 gives
νk([0,e− log(1/α)/(2nk)]) = 1 because Ψk ⊥ Ωk, so µk is carried
by [log(1/α)/(2nkak),∞] ⊂ [m∗,∞], and so is the weak limit
µ .

The measure µ is the spectral measure of the renormalised
flowed field in the limit: its part on [0,∞) is what survives
as a state of the continuum theory, and its atom at ∞ is the
weight that the field puts on energies that diverge in physical
units. The theorem constructs the renormalised continuum
observables and their reconstruction for every tuning, and it
reduces their nontriviality to the lattice inequality

limsup
k→∞

Ck(σ)

Ck(0)
> 0

for one physical separation σ : the flowed two-point function
of the smeared packet at a fixed physical distance must not
become negligible against its reflected norm Ck(0). If the
lattice gap stayed above some m > 0 in lattice units, the ratio
would be at most e−mσ/ak and the limit would be trivial, so
the inequality is a condition on the tuning βk → ∞; it is not
proved here. Nor are the independence of the limit from the
subsequence, Euclidean invariance, or bounds on products of
more than two renormalised fields, for which (i) gives nothing
because Zk may diverge (Theorem 56 reduces them to tree
bounds); (E) requires all of these.

The denominator Ck(0) is the reflected norm of the packet
smeared by f0, not a coincidence limit of point fields, and the
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FIG. 9. The packet f0 of Theorem 48, supported in the time window [t0, t1] above the reflection plane t = 0, its reflection ϑ f0 and its translate
τσ f0 by σ in time. The correlation Ck(σ) pairs the reflected packet with the translated one; Ck(0) is the reflected norm that renormalises the
packet.

distinction matters. For the free massless scalar field in four
dimensions with spatial momenta cut off at Λ, the covariance
at spatial separation 0 is (1− (1+Λt)e−Λt)/(4π2t2) at time
t > 0 and Λ2/(8π2) at coincidence, so its ratio 2(1 − (1 +
Λt)e−Λt)/(Λt)2 tends to zero as Λ → ∞, although the limiting
field is the nontrivial Gaussian field; for packets smeared by
f0 the reflected norms of that field have finite positive limits
and the ratio stays positive. The criterion of Theorem 48(iv) is
about the smeared packets Ak only.

When the ratio is bounded below, renormalising at the sep-
aration σ instead of 0 removes the escape to infinite energy
altogether, and one slab of the transfer matrix gives a sufficient
condition for the bound. Write µk for the measures in the proof
of Theorem 48.

Proposition 49. (i) Suppose Ck(σ) ≥ cCk(0) for a dyadic
σ > 0, a c > 0 and every k of a sequence. Let µ ′

k be the spec-
tral measure, in energies E = −a−1

k logλ , of the unit vector
Ck(σ)−1/2ΨA′

k
with A′

k = τσ/2ak
Ak. Then µ ′

k is a probability
measure on [0,∞),

µ
′
k([Λ,∞))≤ c−1e−σΛ,

∫
Em dµ

′
k ≤ c−1

( m
eσ

)m
,

and t 7→Ck(σ + t)/Ck(σ) is Lipschitz on [0,∞) with constant
(eσc)−1. A subsequence of the µ ′

k converges weakly to a prob-
ability measure on [0,∞) with the same bounds.

(ii) Suppose ⟨Ψk,(1−Tk)Ψk⟩ ≤Cak for a constant C and
every k of a sequence. Then Ck(σ)/Ck(0)≥ e−2Cσ whenever
Cak ≤ 1

2 and σ/ak is an integer, and µk([Λ,∞])≤C(ak +Λ−1)
for every Λ > 0.

Proof. (i) We have ΨA′
k
= Tσ/2ak

k ΨAk , so the measure µ ′
k is

e−σEdµk(E) divided by its mass Ck(σ)/Ck(0)≥ c, and e−σE

vanishes at E = ∞. For E ≥ Λ we have e−σE ≤ e−σΛ, and
Eme−σE ≤ (m/eσ)m for all E ≥ 0. The ratio in question is the
integral of e−tE against µ ′

k, and the inequality |e−tE − e−sE | ≤
|t − s|E with the moment bound for m = 1 gives the Lipschitz
bound. The tail bound makes the sequence tight on [0,∞), so
Prokhorov’s theorem gives the weak limit, and the bounds pass
to it because {E > Λ} is open and Em is a monotone limit of
bounded continuous functions.

(ii) Let νk be the spectral measure of Tk at Ψk on [0,1], a
probability measure, and n = σ/ak. By Jensen’s inequality for
the convex function λ n,

Ck(σ)

Ck(0)
=

∫
λ

ndνk ≥
(∫

λ dνk

)n
≥ (1−Cak)

n ≥ e−2Cakn,

since log(1 − x) ≥ −2x on [0, 1
2 ]. Moreover Cak ≥

∫
(1 −

e−akE)dµk ≥ (1 − e−akΛ)µk([Λ,∞]), and 1 − e−x ≥ x/(1 +
x).

Part (ii) asks for an upper bound on a one-slab Dirichlet
form, the opposite direction to a mass gap, which bounds
such forms from below. In the box of Proposition 50,
with g smooth, the time smearing supplies the factor ak
up to one ratio: in the notation of its proof, Tk = A and
ΨAk = ∑n wnTn

ku with wn = akg(akn) and u = a3
kFcψ0, and

the identity (1−Tk)ΨAk = ∑n(wn−wn−1)Tn
ku gives ⟨Ψk,(1−

Tk)Ψk⟩ ≤ ak∥g′∥L1∥u∥/∥ΨAk∥, so the hypothesis of (ii) holds
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when the vector u of a single slice stays comparable to the time-
smeared packet. That comparison is not proved; Proposition 51
below bounds the ratio without it.

A one-slab bound of this kind also limits the mass that
D(nk,α) can supply. Let e−mk be the norm of Tk on Ω⊥

k . If a
unit vector ϕk ⊥ Ωk has ⟨ϕk,(1−Tk)ϕk⟩ ≤ κak < 1, then the
spectral measure of Tk at ϕk lives on [0,e−mk ], so 1− e−mk ≤
κak and mk ≤ − log(1−κak). If in addition D(nk,α) holds
with nkak ≤ ℓ, Theorem 43 gives mk ≥ log(1/α)/(2nk) ≥
ak log(1/α)/(2ℓ), and therefore

log(1/α)

2ℓ
≤ − log(1−κak)

ak
= κ +O(ak).

So the physical mass m∗ of Theorem 45 is at most the constant
κ of any one-slab bound. The two hypotheses are compatible
because both are statements in physical units. The one-slab
bound forces mk → 0, so it cannot come from an expansion
whose convergence gives a lattice gap bounded below in lattice
units.

In a periodic spatial box the assumption Ck(0) > 0 is a
theorem. Let G = SU(N) with its defining representation,
and replace Z4 by Z× (Z/LkZ)3 with Lk ≥ 3 and ωk by the
infinite-time Wilson state of the box. The proof of Theorem 48
uses only reflection positivity and the transfer matrix once the
spatial translations are dropped, and parts (i)–(iv) hold in the
box with D replaced by its points (t,0), the time translates of
f0 being independent by the same Fourier argument in t.

Proposition 50. In the box, let f0(t,x) = g(t)h(x) with g,h≥ 0,
and let Φ = ∑i< j(N −ReTrQi j) be the energy of the three
spatial plaquettes at the origin. If g(akn)h(akx)> 0 for some
n ≥ 1 and some x, then Ck(0)> 0.

Proof. Lüscher proved that the transfer matrix is strictly posi-
tive [54]; we recall the argument because the proof uses it in
this form.

The one-link kernel. Write χ for the character of the defining
representation and b = βW > 0. Then

e
b
N Re χ = ∑

m≥0

(b/2N)m

m!
(χ + χ̄)m,

and (χ + χ̄)m is the character of (ρ ⊕ ρ̄)⊗m. Every irreducible
representation σ occurs in one of these tensor powers: their ma-
trix coefficients span the algebra of polynomials in the entries
of q and q̄, which contains the constants and separates points,
so it is dense in C(G) by the Stone–Weierstrass theorem, while
the matrix coefficients of a σ that never occurred would be
orthogonal to it by Schur orthogonality. So the coefficient of
every irreducible character in e

b
N Re χ is positive, and convolu-

tion with this function acts on each isotypic part of L2(G) by a
positive scalar.

The transfer matrix. In the temporal gauge the transfer
matrix of the box acts on the gauge-invariant part of L2(GE),
E the spatial links of one slice, as MKM, where K is the
tensor product over E of the convolutions above and M is
multiplication by the exponential of half the spatial plaquette
weight [54, 64]. Both commute with gauge transformations,

K is positive and injective by the first step, and M is positive
and invertible, so ⟨v,MKMv⟩= ⟨Mv,KMv⟩> 0 for v ̸= 0. Its
kernel is a continuous positive function, and K is compact,
so its largest eigenvalue λ0 is simple with an eigenfunction
ψ0 > 0, and with A = MKM/λ0, a function F of the slice at
time n ≥ 0 has ΨF = AnFψ0 in the reconstruction, Ω being
ψ0.

Conclusion. Let F = ∑x h(akx)Φx ◦ Φsk and Fc = F −
ωk(F). Then ΨAk = a4

k p(A)Fcψ0 with p(z) = ∑n≥1 g(akn)zn,
a polynomial with nonnegative coefficients, not all zero, so
p> 0 on (0,1] and p(A) is injective. The function ∑x h(akx)Φx
vanishes at the configuration with every link 1 and is positive at
one with a single nontrivial link at a site where h(akx)> 0; the
flow Φsk is a bijection, so F is not constant, and as F is contin-
uous and ψ0 > 0, Fcψ0 ̸= 0. Hence Ck(0) = ∥ΨAk∥2 > 0.

The proposition removes the one assumption of Theorem 48
in a box; it says nothing about the ratio of part (iv), on which
nontriviality depends.

The ratio of Theorem 48(iv) can be compared with corre-
lations of a single slice field. Suppose that f0(t,x) = g(t)h(x)
with g ≥ 0 supported in [t0, t1], t0 < t1 positive and dyadic, let

Uk = ∑
x∈Z3

a3
kh(akx)

(
Φ(0,x) ◦Φsk −ωk(Φ(0,x) ◦Φsk)

)
be the centred field of the slice at time 0, smeared in space
only, and put uk = ΨUk and

Dk(r) = ⟨uk,T
r/ak
k uk⟩= ωk

(
ϑ(Ūk)τr/ak

Uk
)

for r ∈ akZ, r ≥ 0. Let n0 = ⌈t0/ak⌉ and n1 = ⌊t1/ak⌋.

Proposition 51. Assume Ck(0)> 0, and let σ ≥ 0 with σ/ak ∈
Z.

(i) Dk(r)> 0 for every r, and

Dk(2akn1 +σ)

Dk(2akn0)
≤ Ck(σ)

Ck(0)
≤ Dk(2akn0 +σ)

Dk(2akn1)
.

(ii) logDk and logCk are convex and nonincreasing on
akZ≥0. If Dk(r′) ≥ cDk(r) with r < r′ and c ≤ 1, then
Dk(β ) ≥ cmax(1,(β−α)/(r′−r))Dk(α) whenever r ≤ α < β ; if
Ck(σ) ≥ cCk(0) with σ > 0, then Ck(σ

′) ≥ cσ ′/σCk(0) for
σ ′ ≥ σ .

(iii) Let k run through a sequence. If Dk(r′) ≥ cDk(r) for
dyadic 0 < r < r′ with r ≤ 2t0, a c ∈ (0,1] and every large k,
then for every dyadic σ ≥ 0 and every large k

Ck(σ)≥ cmax(1,(2t1−2t0+σ)/(r′−r))Ck(0).

Conversely, if Ck(σ) ≥ cCk(0) for a dyadic σ > 0 and every
k, then Dk(2t0 +σ ′)≥ cσ ′/σ Dk(2t1) for every dyadic σ ′ ≥ σ

with σ ′ > 2(t1 − t0) and every large k.

Proof. For a function F of the slice at time 0 and an integer
n ≥ 0 we have ΨτnF = Tn

kΨF , since both have inner product
ωk(ϑ(Ḡ)τnF) with every ΨG. By time translation invariance
of ωk, Ak = ∑n wnτnUk with wn = akg(akn) ≥ 0, and wn = 0
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unless n0 ≤ n ≤ n1; so ΨAk = ∑n wnTn
kuk. Let ν be the spectral

measure of Tk at uk, on [0,1], and W (λ ) = ∑n wnλ n. Then

Ck(σ) =
∫

W (λ )2
λ

σ/ak dν(λ ), Dk(r) =
∫

λ
r/ak dν(λ ).

(i) Since t0 > 0, n0 ≥ 1 and W (0) = 0; so Ck(0)> 0 forces
ν((0,1])> 0, and then Dk(r)> 0. For 0 ≤ λ ≤ 1, ∥w∥1λ n1 ≤
W (λ )≤ ∥w∥1λ n0 ; inserting these bounds in Ck(σ) and Ck(0)
gives the two inequalities.

(ii) Convexity of j 7→ log
∫

λ j dρ for a positive measure
ρ on [0,1] is Hölder’s inequality, and the integrals decrease
in j because λ ≤ 1; take ρ = ν and ρ = W 2ν . If β ≤ r′,
monotonicity gives Dk(β ) ≥ Dk(r′) ≥ cDk(r) ≥ cDk(α). If
β > r′, the difference quotients of the convex function logDk
increase in both end points, so (logDk(β )− logDk(α))/(β −
α) ≥ (logDk(r′)− logDk(r))/(r′ − r) ≥ logc/(r′ − r). The
statement on Ck is the same comparison of quotients on [0,σ ]
and [0,σ ′].

(iii) For large k the times 2t0, 2t1 are multiples of ak, and
2akn0 ≥ 2t0, 2akn1 ≤ 2t1. Since Dk is nonincreasing, (i) gives

Dk(2t1 +σ)

Dk(2t0)
≤ Ck(σ)

Ck(0)
≤ Dk(2t0 +σ)

Dk(2t1)
.

The first claim is the left inequality with (ii) for α = 2t0 ≥ r and
β = 2t1 +σ . For the second, (ii) gives Ck(σ

′) ≥ cσ ′/σCk(0),
and the right inequality at σ ′ gives the claim, the two times
being ordered because σ ′ > 2(t1 − t0).

So for the packet g⊗ h the open input of Theorem 48(iv)
follows from an inequality between two correlations of one
slice field,

liminf
k

Dk(r′)/Dk(r)> 0 for one pair 0< r < r′ with r ≤ 2t0,

and by (iii) a uniform bound for one packet gives one for every
packet g′⊗h with g′ supported in [t1,∞). The condition r ≤ 2t0
cannot be dropped: a bound at a later pair says nothing about
an earlier packet, as Dk(r) = (1− 4−k)2−kr + 4−k2−r shows,
with Dk(4)/Dk(3) → 1

2 and Dk(2)/Dk(1) → 0. A bound at
a later pair does apply to the packet shifted forward in time,
renormalised by its own reflected norm. The left inequality of
(i) bounds the ratio without the comparison of u with the packet
that was needed after Proposition 49(ii). Every bound on
such ratios proved in this paper, at strong coupling or through
Theorem 45, is an upper bound of the form e−m(r′−r)/ak ; the
inequality above is the opposite one and says that the slice field
does not put its weight on energies that diverge in physical
units. Reflection positivity and positivity of the transfer matrix
do not give it, since a lattice theory with a fixed mass in lattice
units has both and its ratio tends to zero. It holds for the free
field.
Remark 52. Let Dk be defined as above for the massless free
lattice field on akZ4 in place of Φ, with h ∈ C∞

c (R3) and the
lattice heat flow for a physical time t f > 0 in place of the
gradient flow. With p̂2 = ∑i(2a−1

k sin(ak pi/2))2, cosh(akω) =

1+a2
k p̂2/2 and ĥk(p) = ∑x a3

kh(akx)e−iak p·x,

Dk(r) =
∫
[−π/ak,π/ak]

3
|ĥk(p)|2e−2t f p̂2 e−rω

2a−1
k sinh(akω)

d3 p
(2π)3 .

On the Brillouin zone p̂ ≥ 2|p|/π and a2
k p̂2/2 ≤ 6; as

arccosh(1 + y)/
√

2y decreases on (0,6], akω ≥ κak p̂ with
κ = arccosh7/

√
12 > 0.76, and a−1

k sinh(akω) ≥ ω . Since
|ĥk| is bounded uniformly in k, the integrands are dominated
by a multiple of e−8t f |p|2/π2

/|p|, which is integrable on R3,
and they converge pointwise to |ĥ(p)|2e−2t f |p|2e−r|p|/(2|p|).
By dominated convergence Dk(r′)/Dk(r) tends to the corre-
sponding positive ratio of continuum integrals; for h = e−|x|2 ,
t f = 0.05, r = 1

2 and r′ = 1 it is 0.6337.
Remark 53. The inequality also holds along the right tun-
ing in two-dimensional SU(N) lattice gauge theory, which
is interacting and nonabelian but has no propagating gluons.
Take the lattice akZ× akZLk with akLk = ℓ fixed, the weight

∏p exp(βk
N ReTrUp) with βk = 2N/(g2a2

k), and the temporal
gauge. A gauge-invariant function of the links of one slice de-
pends only on the conjugacy class of their holonomy V around
the circle; this includes every spatially flowed and spatially
smeared slice field, since the flow is gauge covariant. Let
wβ be the probability density proportional to e

β

N ReTrU with
respect to Haar measure and, for an irreducible representation
λ of dimension dλ and character χλ , ĉλ (β ) = d−1

λ

∫
χλ wβ dU .

Between two slices put Wx =V ′
xV−1

x ; the Wx are independent
with density wβk

, which is invariant under conjugation and
inversion, and

V ′
1 · · ·V ′

L =W1 (V1W2V−1
1 ) · · ·

· · ·(V1 · · ·VL−1WL(V1 · · ·VL−1)
−1)V1 · · ·VL,

so the new holonomy is QV with Q distributed as the Lk-fold
convolution of wβk

, independent of V . By Schur’s lemma
(Lemma 120) the transfer matrix acts on class functions by
χλ 7→ ĉλ (βk)

Lk χλ . The coefficients are real, since wβ is in-
variant under U 7→ Ū , nonnegative, since the exponential of
β

2N (χF + χ̄F) is a sum of characters with nonnegative coeffi-
cients, and below 1 for λ ̸= 0. For a class function f with∫

f dU = 0 and isotypic components of norms | f̂λ |, the slice
correlation is therefore

Dk(r) = ∑
λ ̸=0

| f̂λ |2e−rEλ ,k , Eλ ,k =− ℓ

a2
k

log ĉλ (βk).

Laplace’s method16 at the unique maximum U = 1 of
ReTrU , with U = eX , ReTreX = N + 1

2 TrX2 + O(|X |4),
ReTrX3 = 0, Trρλ (X) = 0 and ∑a ρλ (Ta)

2 = −2C2(λ ) for
an orthonormal basis of su(N) in the norm −TrX2, gives
ĉλ (β ) = 1 − NC2(λ )/β + O(β−2), with the Casimir nor-
malised by C2 = (N2 − 1)/(2N) on the fundamental repre-
sentation (Lemma 121). Hence Eλ ,k → g2ℓC2(λ )/2, and since
Dk(r)≤ ∥ f∥2,

liminf
k

Dk(r′)
Dk(r)

≥
| f̂µ |2

∥ f∥2 e−r′g2ℓC2(µ)/2 > 0

16 For a smooth function with a unique nondegenerate maximum,
∫

eβϕ h has
an expansion in powers of β−1 whose coefficients are Gaussian moments at
the maximum; Lemma 121 carries it out here.
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for every µ ̸= 0 with f̂µ ̸= 0; for f =ReTrV the ratio is exactly
e−(r′−r)EF,k → e−(r′−r)g2ℓ(N2−1)/(4N). This is the exact solution
of two-dimensional lattice gauge theory, whose continuum
limit is the measure of [32, 40, 52], written as the inequality.
In two dimensions g2 has the dimension of a mass squared
and there is no ultraviolet problem, so the argument has no
four-dimensional analogue. Nor does the spatial flow give the
inequality by itself: it damps the spectral weight at large spatial
momentum and leaves the weight at zero spatial momentum
unchanged. For the free lattice field of Remark 52 with a
mass Mk and the same flow, every energy is at least mk =

a−1
k arccosh(1+a2

kM2
k /2), so Dk(r′)≤ e−mk(r′−r)Dk(r), which

tends to zero relative to Dk(r) when akMk is fixed.

A route to the slice ratio in four dimensions replaces the
packet by its conditional expectations given averages of the
field over blocks of increasing size and controls the error of
each step. The free field shows in which norm such errors can
be small. In the ordinary L2 norm the first step already fails:
conditioning on the averages over blocks of side two leaves
a fixed fraction of the variance of an energy packet, at every
lattice spacing.

Proposition 54. Let d ≥ 2, let Λ be a periodic box in Zd

with even sides, let µ > 0, and let φ be the Gaussian field
on Λ with density proportional to exp

(
− 1

2 ∑x,ν(∇ν φ(x))2 −
µ2

2 ∑x φ(x)2
)
, where ∇ν φ(x) = φ(x+ eν)−φ(x). Let Z be a

set of blocks B = 2z+{0,1}d , let B be the σ -algebra gener-
ated by the averages of φ over the blocks in Z , let f ≥ 0 on Λ,
and let

F = ∑
x∈Λ

f (x)
d

∑
ν=1

:(∇ν φ(x))2:,

where :X2: = X2 −EX2. For B = 2z+ {0,1}d put xB = 2z,
yB = 2z+ e1 + e2 and

αB =
1
4 ∑

w∈{xB,yB}

(
d f (w)+

d

∑
ν=1

f (w− eν)
)
,

and σ2 = 2/(2d +µ2). (i) EVar(F |B)≥ 2σ4
∑B∈Z α2

B.
(ii) VarF ≤ 2d2

∑x f (x)2.
(iii) Let g ≥ 0 be a Lipschitz function on Rd with compact

support and
∫

g2 > 0. For n ≥ 1 let Λn contain nsuppg in
a fundamental domain, fn(x) = g(x/n), let Zn contain every
block that meets nsuppg, and let µ = µn → 0. Then for the
packets Fn of fn,

liminf
n→∞

EVar(Fn |Bn)

nd
∫

g2 ≥ 21−d , limsup
n→∞

VarFn

nd
∫

g2 ≤ 2d2,

so EVar(Fn |Bn)≥ (2−dd−2 −o(1))VarFn.

Proof. (i) No two of the sites xB,yB, B ∈ Z , are neighbours:
their coordinate sums are even, and a neighbour of a site has
a coordinate sum of the other parity. Let H ⊇ B be gener-
ated by B and by φ(w) for every w outside {xB,yB : B ∈ Z }.
By the law of total variance, Var(F | B) = E[Var(F | H) |
B]+Var(E[F |H] |B), so EVar(F |B)≥EVar(F |H). In the

exponent of the density, a site w enters through (d+ µ2

2 )φ(w)2

and through −φ(w)φ(w′) for each of its 2d neighbours w′.
Given H, the block average fixes sB = φ(xB) + φ(yB), and
with uB = φ(xB)−φ(yB) we have φ(xB)

2 +φ(yB)
2 = 1

2 (s
2
B +

u2
B). Since the free sites have only H-measurable neigh-

bours, the conditional density of (uB)B∈Z is proportional to
∏B exp(− 1

4 (2d + µ2)u2
B + cBuB) with H-measurable cB: the

uB are conditionally independent Gaussians of variance σ2. A
term (∇ν φ(w))2 contains at most one free site, and if it con-
tains xB, then φ(xB) =

1
2 (sB +uB) shows that it is 1

4 u2
B plus a

term linear in uB plus an H-measurable term; the same holds for
yB with −uB. The terms containing xB are those with w = xB
and those with w = xB − eν , d of each kind, so

F = ∑
B∈Z

(
αBu2

B +βBuB
)
+F0

with H-measurable βB and F0. Writing uB = mB + vB with
mB the conditional mean, αBu2

B +βBuB = αBv2
B +(2αBmB +

βB)vB + const, and for a centred Gaussian v of variance σ2,
Var(αv2+γv) = 2α2σ4+γ2σ2. By conditional independence,
Var(F | H)≥ 2σ4

∑B α2
B.

(ii) For centred jointly Gaussian X ,Y , Cov(:X2:, :Y 2:) =
2Cov(X ,Y )2. With Gνρ(x,y) = E[∇ν φ(x)∇ρ φ(y)],

VarF = 2∑
x,y

f (x) f (y)∑
ν ,ρ

Gνρ(x,y)2

≤ ∑
x,y

(
f (x)2 + f (y)2)

∑
ν ,ρ

Gνρ(x,y)2.

On the dual torus Λ∗, with p̂2 = ∑ν |eipν −1|2,

Gνρ(x,y) =
1
|Λ| ∑

p∈Λ∗

(eipν −1)(e−ipρ −1)
p̂2 +µ2 eip·(x−y),

and by Parseval ∑y Gνρ(x,y)2 = |Λ|−1
∑p |eipν − 1|2|eipρ −

1|2(p̂2 + µ2)−2 ≤ 1, since each factor |eipν − 1|2 is at most
p̂2. The same holds for the sum over x, and (ii) follows.

(iii) If Lipg = K, every site entering αB lies within distance
3 of 2z, so |αB − d g(2z/n)| ≤ 3dK/n. Hence ∑B∈Zn α2

B ≥
∑z(d g(2z/n)− 3dK/n)2

+, the sum running over z with 2z ∈
nsuppg, and this is d2(n/2)d ∫ g2 (1+o(1)) as a Riemann sum
on the grid (2/n)Zd . Since σ4 = 4/(2d + µ2

n )
2 → d−2, (i)

gives the first bound. By (ii) and ∑x g(x/n)2 = nd ∫ g2(1+
o(1)), the second follows.

For d = 4 and the energy density, VarFn grows like (ℓ/a)4 at
a fixed physical size ℓ of the packet, and no step of conditioning
on block averages removes more than a fraction 1−2−dd−2 +
o(1) of it. The reflected norm Ck(0) = ωk(ϑ(Āk)Ak), which
renormalises the packet in Theorem 48, involves the covariance
only between the support of ϑ f0 and that of f0, at a fixed
physical distance. The errors of a blocking route have therefore
to be measured in that norm; Figure 12 shows the blocks
between the reflection plane and the packet.
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FIG. 10. Two-dimensional SU(N) (Remark 53). (a) The lattice akZ×akZLk drawn as a cylinder: the holonomy V of one slice, the holonomy
V ′ = QV of the next, and the plaquette variables Wx between them. (b) The energies E j,k =−(ℓ/a2

k) log ĉ j(βk) of SU(2) for g2 = ℓ= 1, with
ĉ j(β ) = I2 j+1(β )/I1(β ), against the lattice spacing; the dashed lines are the limits j( j+1)/2.

FIG. 11. The ratio Dk(r)/Dk(
1
2 ) over the separation r and the lattice spacing ak. (a) Two-dimensional SU(2) with f = ReTrV and g2 = ℓ= 1,

where the ratio is e−(r−1/2)E1/2,k and converges as ak → 0. (b) The term e−(r−1/2)mk of the lowest energy mk of a free field with mass 1
2 in lattice

units, which bounds the ratio from above and tends to zero at every r > 1
2 .

E. Higher correlations

Theorem 48 controls two renormalised fields at a time, and
part (i) of it gives nothing for more: Zk may diverge while
the fields Φx ◦Φsk stay bounded, so a bound on the norm of
the renormalised packet as an operator is not available. A
reflection positive process with a fixed gap and a two-point
function independent of the cutoff can have divergent four-

point functions at separated times (Remark 58), so no statement
about the two-point function alone can replace the following
hypothesis on the truncated correlations. In this subsection Φ

is real-valued, as the energy of the plaquettes is; for a complex
field the conjugate field has to be adjoined and (T1) imposed
on all mixed cumulants. Write ϕk(x) = Φx ◦Φsk , ωT

k for the
truncated correlations (joint cumulants) under ωk, and for f ∈
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FIG. 12. Block averages between the reflection plane t = 0 and a packet F at physical height d, for blocks of side d/4, d/2 and d. By
Proposition 54 the first conditioning step already leaves a fixed fraction of the ordinary variance of the packet, so the errors of such steps have to
be measured in the reflected norm.

Cc(R4)

Ak( f ) = ∑
x∈Z4

a4
k f (akx)

(
ϕk(x)−ωk(ϕk(x))

)
,

so that Ak =Ak( f0) and Āk( f )=Ak( f̄ ). Let wk :Z4 → [0,∞) be
even functions with Wk =∑x wk(x)<∞, let rk > 0 be amplitude
scales, and consider:

(T1) Tree bounds. For every n ≥ 2 there is Kn, independent of
k, with∣∣ωT

k
(
ϕk(x1); . . . ;ϕk(xn)

)∣∣≤ Knrn
k ∑

T
∏

{i, j}∈T
wk(xi − x j)

for all x1, . . . ,xn ∈ Z4, the sum running over the trees T
on {1, . . . ,n}.

(T2) Saturation. Ck(0)≥ cr2
k a4

kWk for a c > 0 and every k.

(T3) Physical volume. B∗ = supk a4
kWk < ∞.

The amplitude rk separates the size of the field from the volume
over which it is correlated; Remark 57 shows why it is needed.
For a compact Q ⊂R4 let |Q|k = a4

k #{x ∈ Z4 : akx ∈ Q}; for a
cube of side L it is at most (L+a0)

4.

Lemma 55. Under (T1), for n≥ 2 and bounded f1, . . . , fn with
compact supports, f1 supported in Q,∣∣ωT

k
(
Ak( f1); . . . ;Ak( fn)

)∣∣
≤ Knnn−2rn

k |Q|k (a4
kWk)

n−1
n

∏
j=1

∥ f j∥∞.

Proof. Joint cumulants of order n ≥ 2 are multilinear and do
not change when constants are added to the variables, so the

left side is at most a4n
k ∑x1,...,xn ∏ j | f j(akx j)| times the absolute

value of the truncated correlation, the sums being finite. Insert
(T1) and fix a tree T . With x1 fixed, sum over the other points
one at a time, each time over a leaf of what remains of T
other than 1; each such sum is at most Wk. The remaining sum
over x1 has at most |Q|ka−4

k nonzero terms. There are nn−2

trees.

Theorem 56. Assume (T1)–(T3).
(i) For n ≥ 2, f j as in the lemma,∣∣ωT

k
(
ZkAk( f1); . . . ;ZkAk( fn)

)∣∣
≤ Knnn−2c−n/2 Bn/2−1

∗ |Q|k
n

∏
j=1

∥ f j∥∞,

and the moments ωk
(
∏ j ZkAk( f j)

)
with all f j supported in a

cube Q are bounded by Mn(Q)∏ j ∥ f j∥∞, with Mn(Q) indepen-
dent of k.

(ii) Every sequence of k has a subsequence along which

Sn( f1, . . . , fn) = lim
k

ωk

( n

∏
j=1

ZkAk( f j)
)

exists for all n and all f j ∈ Cc(R4). Each Sn is symmetric,
multilinear, bounded by Mn(Q)∏ j ∥ f j∥∞ on functions sup-
ported in Q, hence a distribution on (R4)n; it is invariant
under all translations of R4 if the ωk are translation invari-
ant, and the kernel K of Theorem 48 along the subsequence is
K(y,y′) = S2

(
f0(·− y)◦θ , f0(·− y′)

)
, with θ as in (iii).

(iii) Put S0 = 1, S1 = 0, and let θ be the reflection t 7→ −t
of R4. For every finite family of cα ∈ C and fα, j ∈ Cc(R4)
supported in {t > 0},

∑
α,β

c̄α cβ S
(
∏

j
fα, j ◦θ ·∏

j
fβ , j

)
≥ 0,
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where S of a product of n test functions means Sn. Hence
the Osterwalder–Schrader construction gives a Hilbert space
H with vacuum Ω and a dense set of vectors Ψ(P) indexed
by polynomials P in the smeared fields at positive times, with
⟨Ψ(P),Ψ(P′)⟩= S(θ P̄ ·P′); in particular the separated higher
correlations of the renormalised fields are finite. The vector
Ψ(P0) of the field smeared by f0 is a unit vector orthogonal to
Ω.

(iv) Suppose the ωk are translation invariant. Then the
time translations by t ≥ 0 define on H a strongly continuous
semigroup e−tH with H ≥ 0 self-adjoint, and the spatial trans-
lations a strongly continuous unitary group commuting with H.
Moreover there is a dyadic σ > 0 with Ck(σ)≥ 1

2Ck(0) for all
large k, so the limit of Theorem 48 is nontrivial.

(v) If a4
kWk → 0 along the subsequence, every Sn is given

by Wick’s rule from S2: the limit is the Gaussian field with
covariance S2.

(vi) If the ωk are translation invariant and the hypothesis
of Theorem 45 holds, then 0 is a simple eigenvalue of H and
σ(H)⊂ {0}∪ [m∗,∞) with m∗ = log(1/α)/(2ℓ), and Ω⊥ ̸= 0.

Proof. (i) By (T2), Zn
k =Ck(0)−n/2 is at most (cr2

k a4
kWk)

−n/2;
multiply the lemma by it, which cancels rn

k , and use
(a4

kWk)
n/2−1 ≤ Bn/2−1

∗ by (T3) for n ≥ 2. A moment is the
sum over partitions of {1, . . . ,n} of the products of the cumu-
lants of the blocks; blocks of size one vanish because Ak( f ) is
centred, and each block contributes the bound just proved with
|Q|k ≤ (L+a0)

4 for a cube of side L. This gives Mn(Q).
(ii) For each cube QL = [−L,L]4, L ∈ N, the continuous

functions supported in QL form a separable space under the
supremum norm. Choose a countable dense set F of functions;
by (i) the countably many sequences ωk(∏ZkAk( f j)), f j ∈ F ,
are bounded, and a diagonal subsequence makes all of them
converge. By multilinearity,∣∣∣ωk

(
∏

j
ZkAk( f j)

)
−ωk

(
∏

j
ZkAk(g j)

)∣∣∣
≤ Mn(Q)∑

i
∥ fi −gi∥∞ ∏

j ̸=i
max(∥ f j∥∞,∥g j∥∞)

for functions supported in Q, so the limits exist for all f j ∈
Cc(R4) and obey the same bound. Symmetry and multilinearity
pass to the limit. A multilinear form bounded in this way is sep-
arately continuous on C∞

c (R4), so the Schwartz kernel theorem
makes it a distribution. For dyadic y and large k, y/ak ∈Z4 and
translation invariance of ωk and of the flow (Proposition 47(i))
give ωk(∏ZkAk( f j(· − y))) = ωk(∏ZkAk( f j)). For a real y
take dyadic ym → y; the functions f j(· − ym) converge uni-
formly to f j(· − y) with supports in one cube, so the bound
above carries the invariance to y. The formula for K follows
from Ay

k = Ak( f0(·− y)) and the argument of (iii) with n = 2.
(iii) Let ϑ be the lattice reflection of Appendix F and

θk the corresponding reflection of akZ4; it differs from θ

by a translation of length at most ak. Since Φ is real and
ϑ commutes with the flow, ϑ(Āk( f )) = Ak( f̄ ◦ θk). Let
Pk = ∑β cβ ∏ j ZkAk( fβ , j) and Rk = ∑α c̄α ∏ j ZkAk( fα, j ◦ θ),
so that ϑ(P̄k) is Rk with θ replaced by θk. Reflection positivity
gives ωk(ϑ(P̄k)Pk) ≥ 0. By (i), applied in a cube containing

all the supports and their reflections, and by multilinearity,
|ωk(ϑ(P̄k)Pk)−ωk(RkPk)| is at most a constant independent
of k times maxα, j ∥ fα, j ◦θk − fα, j ◦θ∥∞, which tends to zero
by uniform continuity, while ωk(RkPk) tends to the left side
of (iii) by (ii). So the limit of the nonnegative numbers is
the left side of (iii). The construction of H is the usual quo-
tient of the polynomials at positive times by the null space
of this form [62]. By the same approximation of θ by θk,
∥Ψ(P0)∥2 = limk Z2

kCk(0) = 1, and ⟨Ω,Ψ(P0)⟩= S1( f0) = 0.
(iv) For a polynomial P at positive times let τtP be its time

translate by t ≥ 0, again at positive times. By translation invari-
ance and θ ◦ τt = τ−t ◦θ , ⟨Ψ(τtP),Ψ(P′)⟩= ⟨Ψ(P),Ψ(τtP′)⟩,
and qP(t) = ∥Ψ(τtP)∥2 = ⟨Ψ(P),Ψ(τ2tP)⟩. If P has degree
at most d, every partition in (i) of the products in qP(t) has
at most d blocks, each bounded by a multiple of |Q|k for a
cube Q of side O(1+ t), so qP(t)≤CP(1+ t)4d . The Cauchy–
Schwarz inequality gives qP(t)≤ qP(0)1/2qP(2t)1/2, hence by
induction qP(t)≤ qP(0)1−2−m

qP(2mt)2−m
for every m, and let-

ting m → ∞, qP(t) ≤ qP(0). So τt maps null vectors to null
vectors and extends to a symmetric contraction T(t) of H ;
T(s)T(t) = T(s+ t), and T(t) = T(t/2)2 ≥ 0. By the bound
of (ii) and uniform continuity of the translated test functions,
∥Ψ(τtP)−Ψ(P)∥→ 0 as t → 0, so the semigroup is strongly
continuous on a dense set, hence everywhere, and T(t) = e−tH

with H ≥ 0 self-adjoint [62]. Spatial translations preserve the
form, have the opposite translations as inverses, commute with
τt , and are strongly continuous by the same argument.

For the ratio let f0,t = f0(·− (t,0)). For dyadic t > 0 and
large k, translation invariance gives τt/ak

Ak = Ak( f0,t), so by
(iii)

Ck(t)−Ck(0) = ωk
(
Ak( f̄0 ◦θk)Ak( f0,t − f0)

)
,

a covariance of two centred fields. The case n = 2 of (i) bounds
Z2

k times it by L0∥ f0,t − f0∥∞ with L0 = (K2/c)supk |Q|k∥ f0∥∞,
Q a cube containing the supports of f0◦θk for all k. By uniform
continuity of f0 there is a dyadic σ > 0 with L0∥ f0,σ − f0∥∞ ≤
1
2 ; then Ck(σ)/Ck(0)≥ 1

2 , and Theorem 48(iv) applies.
(v) For n ≥ 3 the exponent n/2−1 in (i) is positive, so with

(a4
kWk)

n/2−1 in place of Bn/2−1
∗ the cumulants of order n ≥ 3

of the renormalised fields tend to zero. The moments are the
sums over partitions of products of cumulants, so in the limit
only the partitions into pairs remain, which is Wick’s rule.

(vi) As in the proof of Theorem 45, Tk has gap at least
log(1/α)/(2nk) on the complement of Ωk. For a polynomial
P at positive times let vk = ΨPk −ωk(Pk)Ωk with Pk its lattice
version. For dyadic t and large k,

ωk
(
ϑ(P̄k)τt/ak

Pk
)
−|ωk(Pk)|2 = ⟨vk,T

t/ak
k vk⟩ ≤ e−m∗t∥vk∥2,

and both sides are finite combinations of moments, which
converge by (ii) and the approximation of θ in (iii). The limit
is ⟨v,e−tHv⟩ ≤ e−m∗t∥v∥2 for v = Ψ(P)−⟨Ω,Ψ(P)⟩Ω. These
v are dense in Ω⊥, so the inequality holds on Ω⊥ for all t ≥ 0,
and the spectral theorem gives the spectral statement as in
Theorem 45. By (iii), Ψ(P0) is a unit vector in Ω⊥.

Part (iv) shows that the order-two cases of (T1) and (T2) al-
ready contain the lower bound on the ratio that Theorem 48(iv)
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needs; they are not harmless combinatorial assumptions, and
proving them along the continuum tuning is at least as hard
as that lower bound. Part (vi) passes the conditional mass
gap of Theorem 45 to every polynomial in the smeared fields.
Neither part proves Euclidean invariance, independence of the
limit from the subsequence, or the reconstruction of the field
operators, for which the growth of Mn(Q) in n would also be
needed.

Remark 57. The amplitude scale cannot be dropped for a
bounded field. Suppose Varϕk(0) → 0, as for the energy of
the flowed plaquettes in lattice units when the flowed links
approach the identity. Reflection invariance of ωk, the Cauchy–
Schwarz inequality and stationarity give

Ck(0)≤ ωk(|Ak|2)≤
(

a4
k ∑

x
| f0(akx)|

)2
Varϕk(0)→ 0.

With rk = 1, (T2) then forces a4
kWk → 0, and by part (v) the

limit is Gaussian. With r2
k of the order of Varϕk(0) this is no

longer forced. Choosing rk does not prove (T1) or (T2).

Remark 58. Let 0 < ε < 1, m > 0, let π be the probability
measure on {−1,0,1} with weights ε/2, 1 − ε , ε/2, and
let Pt = e−mt I + (1 − e−mt)Π on L2(π), where Π f = π( f )
is the projection onto the constants. This is a symmetric
Markov semigroup with Pt ≥ 0 and gap m, so its station-
ary process is reflection positive. For X(s) = s/

√
ε we have

π(X) = π(X3) = 0, π(X2) = 1, π(X4) = 1/ε and PtX =
e−mtX , so the two-point function is e−mt for every ε , while
for t1 ≤ t2 ≤ t3 ≤ t4 and qi = e−m(ti+1−ti) the four-point func-
tion is q3 π

(
XPt2−t1(XPt3−t2X2)

)
= q1q3(q2/ε +1−q2), with

truncated part q1q3(q2/ε −q2 −2q2
2); both diverge as ε → 0.

By part (i), no choice of amplitude scales makes (T1)–(T3)
hold for this family with constants independent of ε .

The hypotheses (T1)–(T3) are uniform cluster estimates for
the continuum tuning βk → ∞, and the next proposition shows
that they are estimates at a critical point: with the order-two
cases alone the lattice gap is at most a fixed multiple of ak,
and the tree majorant carries a fixed fraction of its weight at a
fixed physical distance. Let mk ∈ [0,∞] be the gap of Tk on the
complement of Ωk, so that ∥Tkv∥ ≤ e−mk∥v∥ for v ⊥ Ωk, and
let t0 > 0 be the least time in the support of f0.

Proposition 59. (i) For every dyadic σ > 0 and every large
k, Ck(σ)≤ e−mkσ/akCk(0). If mk/ak → ∞, every limit of Theo-
rem 48 is trivial; this is the case for βk = β fixed in the range
of Theorem 5, where mk ≥ mG(β ).

(ii) Suppose the ωk are translation invariant and (T1) for n=
2 and (T2) hold. Then mk ≤ ak log2/σ for every large k, where
σ is the dyadic number of Theorem 56(iv), which depends only
on K2/c and f0. If also the hypothesis of Theorem 45 holds,
then m∗ak ≤ mk ≤ ak log2/σ , and in particular m∗ ≤ log2/σ .

(iii) Under (T1) for n = 2 and (T2), let Q be a cube contain-
ing the support of f0 and γ = c/(K2∥ f0∥2

∞ supk |Q|k). Then for
every k

∑
z∈Z4, |z0|≥Rk

wk(z)≥ γ Wk, Rk =
2t0
ak

−1.

If wk(z) = e−µk|z0|uk(z̄) with z̄ the spatial part of z and uk ≥ 0
summable on Z3, then µkRk ≤ log(2/γ), so the physical time
decay rate of the majorant is at most log(2/γ)/(2t0 −ak).

Proof. (i) In the proof of Theorem 48, Ck(σ)/Ck(0) =

⟨Ψk,T
σ/ak
k Ψk⟩ with Ψk a unit vector orthogonal to Ωk. The

operator Tk is self-adjoint and fixes Ωk, so it preserves the
complement, and the inequality follows. If mk/ak → ∞ then
ρ(σ) = 0 for every dyadic σ > 0 along every subsequence,
and the limit is trivial by Theorem 48(iv). At fixed β in the
range of Theorem 5 the gap is at least mG(β ) > 0 in lattice
units, and ak → 0; the spatial flow does not change the transfer
matrix (Proposition 47(iv)).

(ii) Theorem 56(iv) uses (T1) and (T2) only for n = 2, since
the exponent n/2 − 1 in part (i) vanishes there, and gives
Ck(σ) ≥ 1

2Ck(0) for large k. With (i), e−mkσ/ak ≥ 1
2 . Under

the hypothesis of Theorem 45, the proof of that theorem gives
mk ≥ log(1/α)/(2nk)≥ m∗ak.

(iii) Ck(0) = ωk(Ak( f̄0 ◦θk)Ak( f0)), a covariance of two cen-
tred fields, by the proof of Theorem 56(iv). A point x in the
support of the first sum has akx0 ≤−t0 +ak, and a point y in
the support of the second has aky0 ≥ t0, so |x0 − y0| ≥ Rk. By
(T1) for n = 2,

Ck(0)≤ K2r2
k∥ f0∥2

∞ a8
k ∑

aky∈Q
∑

|x0−y0|≥Rk

wk(x− y)

≤ K2r2
k∥ f0∥2

∞|Q|k a4
k ∑
|z0|≥Rk

wk(z),

and (T2) bounds the left side below by cr2
k a4

kWk. For the
product form let R′ = ⌈Rk⌉; if R′ ≤ 0 there is nothing to prove,
and otherwise

∑| j|≥R′ e−µk| j|

∑ j∈Z e−µk| j|
=

2e−µkR′

1+ e−µk
≤ 2e−µkRk ,

while the factor ∑z̄ uk(z̄) cancels. So 2e−µkRk ≥ γ .

So reflection positivity and decay do not supply (T2): at
fixed β in the range of Theorem 5 the measures are reflection
positive with exponential clustering, and Ck(σ)/Ck(0) → 0,
so no choice of wk, rk and constants satisfies the order-two
cases of (T1) and (T2) together there. For the same reason no
estimate whose constants give a lattice gap bounded below, as
a convergent strong coupling expansion does [64], can give
the tree bounds along the tuning: (T1) and (T2) hold, if at all,
only along couplings where the lattice gap closes at least as
fast as ak. A mass gap in physical units, which bounds the
decay of the two-point function, does not give the constants
Kn either. By Theorem 56(v) the limit can be non-Gaussian
only if liminfk a4

kWk > 0; for the product majorants of part (iii)
the time factor of Wk is coth(µk/2)≥ 2/µk, which is of order
1/ak at least, so the time direction alone is compatible with
this. At a fixed physical flow time the flowed fields are smooth
on the scale

√
τ; majorants of product form for them are not

proved here.
The order-two cases of (T1) and (T2) say more about the

reference vector than part (iv) of Theorem 56 records: for
a smooth f0 they bound every time difference of the packet,
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which makes its energy distribution tight with finite moments
and gives the ratio with an explicit rate. Recall the spectral
measures µk on [0,∞] of the proof of Theorem 48, so that
Ck(σ)/Ck(0) =

∫
e−σEdµk(E).

Proposition 60. Suppose the ωk are translation invariant,
(T1) holds for n = 2 and (T2) holds, and f0 has m ≥ 1
continuous time derivatives. Let Q be a cube containing
the supports of f0(· − (s,0)) for 0 ≤ s ≤ ma0, and Bm =
(K2/c)supk |Q|k ∥∂ m

t f0∥2
∞.

(i) ∥(1 − Tk)
mΨk∥2 ≤ Bma2m

k for every k, where Ψk =
ZkΨAk .

(ii)
∫ (

(1 − e−akE)/ak
)2mdµk(E) ≤ Bm and µk([Λ,∞]) ≤

Bm(ak + Λ−1)2m for Λ > 0. Every weak limit µ of the µk
satisfies µ({∞}) = 0 and

∫
E2mdµ(E) ≤ Bm. If (T1)–(T3)

hold, the unit vector Ψ(P0) of Theorem 56(iii)–(iv) lies in the
domain of Hm, with ∥HmΨ(P0)∥2 ≤ Bm.

(iii) If ak
√

B1 ≤ 1
2 , then Ck(σ) ≥ e−2

√
B1σCk(0) for every

σ ∈ akZ≥0, and the gap mk of Proposition 59 satisfies mk ≤
− log(1−ak

√
B1)≤ 2

√
B1 ak.

Proof. (i) Let Dk f0 = ∑
m
j=0(−1) j

(m
j

)
f0(· − ( jak,0)). By

translation invariance T j
kΨAk = Ψτ jAk and τ jAk = Ak( f0(· −

( jak,0))), so (1 − Tk)
mΨAk = ΨAk(Dk f0), and as in the

proof of Theorem 56(iv) its squared norm is the covariance
ωk(Ak(Dk f0 ◦θk)Ak(Dk f0)). The function Dk f0 is supported
in Q and is an m-th difference with step ak, so ∥Dk f0∥∞ ≤
am

k ∥∂ m
t f0∥∞. Lemma 55 with n = 2 bounds the covariance by

K2r2
k |Q|k a4

kWk∥Dk f0∥2
∞, and (T2) bounds Ck(0) = Z−2

k below
by cr2

k a4
kWk.

(ii) By the spectral theorem the left side of (i) is
∫
(1 −

e−akE)2mdµk, the integrand being 1 at E = ∞. For E ≥ Λ,
(1 − e−akE)/ak ≥ (1 − e−akΛ)/ak ≥ Λ/(1 + akΛ), because
1−e−x ≥ x/(1+x); this gives the tail bound. The set (Λ,∞] is
open in [0,∞], so µ((Λ,∞]) ≤ liminfk µk((Λ,∞]) ≤ BmΛ−2m,
and µ({∞}) = 0. For a continuous χ with 0 ≤ χ ≤ 1 and
support in [0,L], the same inequality gives E ≤ (1+akL)(1−
e−akE)/ak on that support, so

∫
χE2mdµ = limk

∫
χE2mdµk ≤

Bm; letting χ increase to 1 gives the moment bound. The
vector Ψ(P0) has ⟨Ψ(P0),e−σHΨ(P0)⟩= limk Ck(σ)/Ck(0) =∫

e−σEdµ for dyadic σ > 0 along the subsequence, so its spec-
tral measure for H is µ .

(iii) By (i) with m = 1 and the Cauchy–Schwarz inequality,
⟨Ψk,(1−Tk)Ψk⟩ ≤ ak

√
B1, which is the hypothesis of Proposi-

tion 49(ii) with C =
√

B1. Since Ψk is a unit vector orthogonal
to Ωk, the same quantity is at least 1− e−mk .

Part (iii) makes Proposition 59(ii) explicit: the order-two
tree and saturation bounds pin the lattice gap below 2

√
B1 ak,

a physical mass of at most 2
√

B1, and give the ratio of Theo-
rem 48(iv) at every separation. The open input of Theorem 48
is therefore implied by these two bounds for one smooth f0;
nothing here proves them for the Wilson action.

XI. THE OPEN INPUTS

This section states the two unproved inputs of Sec. X, the
cube estimate and the limit, and measures the first: what can
be controlled uniformly in the coupling, and what any proof of
the cube estimate has to produce.

A. The two open statements

Theorem 45 reduces a continuum mass gap to two state-
ments, neither of which is proved here or, to our knowledge,
anywhere else.

(D) The cube estimate. There are α < 1 and ℓ > 0 such that
D(n,α) holds with na ≤ ℓ along the continuum tuning
β = β (a)→ ∞, uniformly in a.

(E) The limit. The renormalised Schwinger functions con-
verge along ak = 2−ka0 to Schwinger functions that sat-
isfy the Osterwalder–Schrader axioms and are not those
of the vacuum alone.

(D) and (E) together give the mass gap of the continuum theory;
the remaining Clay requirements, Euclidean invariance and
the local structure of the limit [47], belong to (E). (D) is a
statement about a single cube of fixed physical size and a single
coupling at each spacing; (E) is the construction problem, on
which Bałaban’s renormalisation group analysis [5–7] gives
the ultraviolet part in finite volume.
Remark 61. The following count relates (D) to a correlation
length. Suppose that the gauge-fixed field responds to a change
of one link on the boundary of a cube through a Poisson ker-
nel with decay length ξ in lattice units. Then the response
summed over the cube is of order ξ , so Kc is of order n3ξ and
D(n,α) holds once n ≳ ξ/α , that is, once ℓ≳ ξ a/α , a fixed
multiple of the physical correlation length. The hypothesis is
that the gauge-fixed links decorrelate on the scale ξ , and it
is a statement about the gauge, not about the gauge-invariant
observables: the gauge here is built on straight lines, and in
gauges of axial type the gauge-fixed variables can fluctuate on
all scales while gauge-invariant observables cluster. Proposi-
tions 62 and 63 carry the count out exactly for Gaussian fields,
and Proposition 63 shows that the quadratic approximation of
the forest gauge fluctuates in this way. Where it does, (D) fails
in this gauge and has to be posed for block-averaged variables,
where it becomes part of the renormalisation group problem.
Sec. XII A carries this out in the quadratic approximation.

The count of Remark 61 can be carried out exactly for a
Gaussian field, the quadratic approximation of the gauge-fixed
theory at weak coupling, and shows what (D) asks of the gauge-
fixed variables.

Proposition 62. Let d ≥ 1, b > 0, t ≥ 0, let n ≥ 2 be even
and V = [0,n)d ∩Zd . Given η ∈ RZd\V , let γV (· | η) be the
Gaussian law on RV with density proportional to

exp
(
−b

2

[
∑

{x,y}∩V ̸= /0
(φx −φy)

2 + t ∑
x∈V

φ
2
x

])
,
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the first sum over nearest-neighbour pairs, with φ = η outside
V . Define CV, j, the classes c (residues modulo two) and Kc
as above, with dV (φ ,φ

′) = ∑x∈V |φx − φ ′
x| and δ (η j,η

′
j) =

|η j −η ′
j|, and put Nn = (n/2)d . Then Kc = αn(t)Nn for every

class c, where

αn(t) = 1− t
nd 1T(t +Ln)

−11

and Ln is the Dirichlet Laplacian of V . In particular:

(i) for t = 0, Kc = Nn for every n and every b, so D(n,α)
fails for every α < 1;

(ii) for t > 0, 1−αn(t)≥ (5/6)d tn2/(tn2 +10d); for d = 4,
t = m2a2 and ℓ/2 ≤ na ≤ ℓ this gives D(n,α) with α =
1− (5/6)4(mℓ)2/((mℓ)2 +160), uniformly in a.

Proof. Let A= t+Ln and G=A−1, and let B be the matrix with
Bx j = 1 when x ∈V and j /∈V are neighbours. The law γV (· |
η) has covariance b−1G and mean GBη . The matrix A has
nonpositive off-diagonal entries and is positive definite, so G ≥
0 entrywise. Changing η j by ∆ translates the law by ∆GB j,
where B j is the column of j. The coupling by translation gives
W dV

1 ≤ |∆|∑x(GB j)x, and the 1-Lipschitz function ∑x φx gives
the reverse inequality, so CV, j = 1TGB j. Since B1 = Ln1 (both
count the exterior neighbours of each site),

∑
j/∈V

CV, j = 1TGLn1 = 1T1− t 1TG1 = nd
αn(t).

The reflection xi 7→ n−1− xi preserves V and the coefficients
and, as n is even, exchanges the two residues of the coordinate
xi; so the 2d class sums are equal, and each is ndαn(t)/2d =
αn(t)Nn. This proves the formula and (i).

For (ii) let v(i) = (i+ 1)(n− i) for 0 ≤ i < n and ψ(x) =
∏i v(xi). The one-dimensional Dirichlet Laplacian maps v to
the constant 2, so with s1 = ∑i v(i) = n(n+ 1)(n+ 2)/6 and
s2 = ∑i v(i)2 = n(n+1)(n+2)(n2 +2n+2)/30,

1T
ψ = sd

1 , ψ
TAψ = tsd

2 +2ds1sd−1
2 .

By the Cauchy–Schwarz inequality for the form of A−1,
1TG1 ≥ (1Tψ)2/ψTAψ , hence

1−αn(t)≥
( s2

1
ns2

)d t
t +2ds1/s2

≥
(5

6

)d tn2

tn2 +10d
,

since s2
1/(ns2) = 5

6 (n
2 + 3n + 2)/(n2 + 2n + 2) ≥ 5

6 and
2ds1/s2 = 10d/(n2+2n+2)≤ 10d/n2. With d = 4 and tn2 =
m2(na)2 ≥ (mℓ)2/4 the last fraction is at least (mℓ)2/((mℓ)2 +
160).

The Gaussian field is not Yang–Mills theory, and the propo-
sition is a benchmark for the condition, not a statement about
the Wilson measure. It shows that the averaged cube condition
is met at a fixed physical scale by a field with a mass and
fails exactly, at every size and every stiffness, for a massless
one. Small local fluctuations alone therefore give nothing:
in the massless Gaussian field on Zd , d ≥ 3, the variance of

φx −φx+e1 is 1/(db), which tends to zero as b → ∞, and still
Kc = Nn. A proof of (D) along the tuning has to produce in
the gauge-fixed variables the loss that the parameter t supplies
here, from the Wilson action alone.

The quadratic approximation of the forest gauge itself, with
the plaquette action in place of the Laplacian, is no better than
the massless field of Proposition 62(i).

Proposition 63. Let b > 0, let n be even and V the cube of
Definition 42. For real functions ϕ on the links of Z4 that
vanish on F, let (dϕ)p be the sum of ϕ around the plaquette p
with the signs of its orientation. Given η ∈ RA\V , let γV (· | η)
be the law on RV with density proportional to

exp
(
−b

2 ∑
p∩V ̸= /0

(dϕ)2
p

)
,

with ϕ = η on A \V and ϕ = 0 on F, and define CV, j and
Kc as above with dV (ϕ,ϕ

′) = ∑i∈V |ϕi −ϕ ′
i | and δ (η j,η

′
j) =

|η j −η ′
j|. Then

∑
c

Kc ≥ |V |= 48Nn,

so Kc ≥ Nn for some class c, and D(n,α) fails for every α < 1,
at every n and every b.

Proof. The laws. The quadratic form ∑p∩V ̸= /0(dϕ)2
p with ϕ = 0

outside V vanishes only at ϕ = 0: the argument of Corol-
lary 72, written additively, gives a function h on the sites
with ϕ(x,µ) = h(x)− h(x+ eµ), constant outside the box and
along the lines of F , hence constant. So γV (· | η) is a Gaus-
sian law whose covariance does not depend on η and whose
mean is ∑ j η ju j for some vectors u j ∈ RV . Two exteriors
that differ in finitely many links give translates of one law
by t = ∑ j(η

′
j −η j)u j; the coupling by translation and the 1-

Lipschitz function ∑i sign(ti)ϕi show that their distance is ∥t∥1.
In particular CV, j = ∥u j∥1, and

W dV
1

(
γV (· | η),γV (· | η

′)
)
≤ ∑

j
CV, j |η ′

j −η j|.

Lines. By Lemma 9(i) the lines of F are straight, disjoint
and cover the sites, and the two ends of an active link (x,µ)
lie on different lines, since the line through x has direction
σ(x) ̸= µ . For a line ℓ let hℓ be the indicator of its sites and
(dhℓ)(x,µ) = hℓ(x)−hℓ(x+ eµ). Then dhℓ vanishes on F and
around every plaquette, so the density is invariant under ϕ 7→
ϕ +dhℓ, and γV (· | dhℓ) is γV (· | 0) translated by the restriction
of dhℓ to V . Hence

∑
i∈V

|(dhℓ)i| ≤ ∑
j∈A\V

CV, j |(dhℓ) j|.

Here |(dhℓ)e| = 1 when exactly one end of e lies on ℓ and 0
otherwise, so ∑ℓ |(dhℓ)e|= 2 for every active link e, the sum
running over the finitely many lines that meet a link entering the
inequality. Summing over these lines gives 2|V | ≤ 2∑ j CV, j =
2∑c Kc.



36

The proof uses only that gauge transformations constant
on the lines of F move the whole cube while changing few
boundary links, which is the behaviour of gauges of axial type
anticipated in Remark 61. The class sums themselves, com-
puted exactly for n ≤ 8, lie between 1.57 and 11.24 times Nn
and increase with n. Below the correlation length the theory is
weakly coupled, and the quadratic approximation is its leading
order there. A proof of (D) along the tuning therefore has to
show that the nonperturbative regime reduces the cube coeffi-
cients of the forest gauge below Nn, or (D) has to be posed for
other variables.
Remark 64. Five other routes stop at (D) or (E), or earlier.

(a) Disjoint blocks. The block criterion of Lemma 114 with a
partition into cubes of side n requires, for a link on a face,
that its influence on the neighbouring cube be less than
one. In the count of Remark 61 that influence is of order
ξ , which grows like 1/a. Averaging over the Nn translates
divides it by the number of translates on whose boundary
the link lies, a factor of order 1/n, and this is why (D) is
stated for averaged cubes.

(b) Rescaling a fixed lattice gap. Any bound uniform in lat-
tice units, such as those of Theorems 1–7, gives trivial
continuum two-point functions [15]; rescaling it produces
no gap.

(c) Assuming the gap. Hypothesis R of [15] assumes the gap
in physical units together with the limit. Theorem 45
replaces the gap part by the cube estimate (D), which
concerns one box and one coupling at each spacing.

(d) Computation. At a fixed coupling and a fixed small n,
D(n,α) is a finite set of Kantorovich bounds and could
in principle be certified as in Propositions 34 and 35; for
n = 2 and SU(2) the block already has 48 links and 144
real variables. (D) asks for it at infinitely many couplings
with n → ∞, which no finite computation covers.

(e) Axioms alone. Proposition 41 shows that positivity, invari-
ance and regularity do not force a gap, and Proposition 40
shows that the growth route to rotation invariance is closed
for the action density. The infrared input therefore has to
be an estimate such as (D).

B. Estimates uniform in the coupling

Some local quantities of the Wilson measure can be con-
trolled uniformly in βW , the volume and the boundary condi-
tion, by integrating by parts in a single link. Such estimates
hold along every tuning, but they concern local fields in lattice
units, and the three results below show how far they are from
the open inputs: the force has bounded moments but its centred
form is a null vector of the reflected form, the plaquette has
fluctuations of order β

−2
W but this is a single-site variance, and

bare links over a fixed physical distance become independent
Haar variables.

Let G = SU(N), write b = βW , so that the Wilson weight is
ebS with S = ∑p N−1 ReTrQp, and give g the metric ⟨T,R⟩=

−Tr(T R). For a link e let Se be the sum of the six plaquette
terms containing e, XT the derivative along Ue 7→ euTUe at
u = 0, ∇e and ∆e the gradient and Laplacian in Ue, q = N2 −1,
cN = (N2 −1)/N, and

Ee = b|∇eSe|2, We = Ee − cNSe = b|∇eSe|2 +∆eSe.

Below, ω is a Wilson Gibbs state at b > 0: a finite-volume
measure in which e is not fixed by the boundary condition,
or an infinite-volume state whose conditional law of Ue given
the other links is proportional to ebSedUe with dUe the Haar
measure.

Proposition 65. (i) For every unit T ∈ g, t ∈ R and 0 ≤ η <
N/12,

Eω

[
et
√

bXT Se
∣∣Uec

]
≤ e3t2/N ,

Eω

[
eηEe

∣∣Uec
]
≤ (1−12η/N)−q/2,

so Eω Em
e ≤ m!(24/N)m2q/2 for m ≥ 1, uniformly in b, the vol-

ume and the boundary condition. Moreover Eω Ee = cNEω Se.
(ii) For a bounded function F of finitely many links, con-

tinuously differentiable in Ue, Eω [WeF ] = −Eω⟨∇eSe,∇eF⟩.
In particular Eω [WeF ] = 0 if F does not depend on Ue, and
Eω [WeWf ] = 0 if no plaquette contains both e and f .

(iii) Let ω be reflection positive as in Appendix F, and let
A = ∑e heWe be a finite sum over links whose endpoints have
times at least 2. Then ω(ϑ(Ā)A) = 0, so ΨA = 0: in the
reconstructed Hilbert space the packets ∑e heEe and cN ∑e heSe
define the same vector.

Proof. (i) Along u 7→ euTUe a plaquette term containing e is
N−1 ReTr(euTV ) or N−1 ReTr(Ve−uT ) with V unitary, whose
second derivative is N−1 ReTr(T 2e±uTV ). Since −T 2 ≥ 0 and
Tr(−T 2) = 1, |Tr(T 2M)| ≤ 1 for unitary M, so the second
derivative of Se along the curve is at most 6/N in absolute
value. Taylor’s formula with u= t/

√
b gives b

(
Se(etT/

√
bUe)−

Se(Ue)
)
≥ t

√
bXT Se(Ue)−3t2/N. The conditional density is

ebSe/Z with respect to Haar measure, and the left invariance of

Haar measure gives Eω [eb(Se(etT/
√

bUe)−Se(Ue)) |Uec ] = 1, which
with the Taylor bound proves the first inequality. For the
second let G0 be a standard Gaussian vector in g, independent
of ω ; then eη |Y |2 = Ee

√
2η⟨G0,Y ⟩ for Y =

√
b∇eSe, and the first

inequality in the direction of G0 with t =
√

2η |G0| gives the
bound Ee6η |G0|2/N = (1− 12η/N)−q/2. With η = N/24 and
xm ≤ m!η−meηx the moment bound follows. For the mean,
∑A T 2

A = −cNI in an orthonormal basis gives ∆eSe = −cNSe,
and the integral of the divergence of ebSe∇eSe over G vanishes.

(ii) The integral over Ue of the divergence of ebSeF∇eSe
vanishes, and that divergence is ebSe(WeF + ⟨∇eSe,∇eF⟩); in-
tegrate the conditional identity. The function Wf depends only
on the links of the plaquettes containing f .

(iii) Each We in the sum depends on links with times at least
1, so ϑ(Ā) depends only on links with times at most 0, none of
which is a link e of the sum. By (ii), ω(ϑ(Ā)We) = 0 for each
e.
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Proposition 66. Let G = SU(2), b ≥ 0, ω a Wilson Gibbs
state at b and p a plaquette with a link that is not fixed by the
boundary condition. Then

Varω

( 1
2 TrQp

)
≥ 1

219(1+6b)2 , Eω

[
1− 1

2 TrQp
]
≥ 1

4b+1
.

Proof. Let e be the link and identify SU(2) with the unit quater-
nions. Given the other links, Ue = x has density proportional
to erx·u with |u| = 1 and 0 ≤ r ≤ 6b, since the six staples
have norm one, and 1

2 TrQp = x · v for a unit vector v fixed
by the conditioning. Let X = x · u and T = 1−X ; the law
of T has density proportional to e−rt

√
t(2− t) on [0,2]. Put

n = 1+ r. Since e−rt ≤ e2e−nt , the normalisation is at most
e2 ∫ ∞

0

√
2te−ntdt = e2

√
π/2n−3/2 < 14n−3/2. On I = [ 1

4n ,
1
2n ]

the density is at least 1
2 n−1/2e−1/2 and on J = [ 1

n ,
3
2n ] at least

1
2 n−1/2e−3/2, so P(T ∈ I)≥ 1

224 and P(T ∈ J)≥ 1
336 . With an

independent copy T ′, VarT = 1
2E(T −T ′)2 ≥ P(T ∈ I)P(T ∈

J)(2n)−2 > 2−19n−2. By symmetry the conditional covari-
ance of x is diagonal in u and u⊥, with eigenvalues VarX and
E(1−X2)/3; on I, 1−X2 = T (2−T )≥ 3

8n , so E(1−X2)/3≥
1

1792n ≥ 2−19n−2. Hence the conditional variance of x · v is at
least 2−19(1+ 6b)−2, and so is the variance, by the law of
total variance. For the mean, integrating d

dX

(
erX (1−X2)3/2

)
over [−1,1] gives 3EX = rE(1−X2)≤ r(1− (EX)2), whence
EX ≤ (

√
9+4r2 − 3)/(2r) ≤ 2r/(2r + 3) for r > 0, and

E[1− x · v]≥ 1−EX ≥ 3/(2r+3)≥ 1/(4b+1).

For the blocking statement let G = SU(2), B ≥ 4 an integer
and, for a coarse edge (x,µ), V(x,µ) = ∏

B−1
r=0 U(Bx+rµ̂,µ) the

ordered product of the fine links along it.

Proposition 67. For every Wilson Gibbs state ω of SU(2) at
b > 0 and every set E of K coarse edges,∥∥Lawω

(
(Ve)e∈E

)
−m⊗K∥∥

TV ≤ K
2

e3b
( 4b

4b+1

)B−3

≤ K
2

exp
(

3b− B−3
4b+1

)
,

where m is the Haar measure. If F is a function of the Ve of a set
of coarse edges at positive times, |F | ≤ 1, and ε is this bound
for those edges and their reflections, then 0 ≤ ω(ϑ(F̄c)Fc)≤
6ε with Fc = F −ω(F).

Proof. Select on each coarse edge the fine links with 1 ≤ r ≤
B−2. No plaquette contains two selected links: collinear links
do not share a plaquette, parallel coarse edges are B apart, and
a plaquette containing a selected link of (x,µ) has its links
in direction ν ̸= µ at µ-offsets r,r + 1 ∈ [1,B− 1] from Bx,
while coarse edges in direction ν lie at offsets in BZ. Given the
other links, the selected ones are therefore independent, each
with density eri x·ui/Z(ri), 0≤ ri ≤ 6b. Convolution with such a
density acts on the representation of spin l ≥ 1 by D(l)(ui) times
Il+1(ri)/I1(ri), whose absolute value is at most I2(ri)/I1(ri)
because Iν(r) decreases in ν ≥ 0, and I2(ri)/I1(ri) = EX ≤
4b/(4b+1) by the proof of Proposition 66, so it contracts the
mean-zero part of L2 by that factor. The density is at most e6b

because Z ≥ 1 by Jensen’s inequality, so its distance to 1 in L2

is at most e3b. The conditional law of Ve is that of a product of
B−2 such independent variables between two fixed ones, so its
total variation distance to m is at most 1

2 e3b(4b/(4b+1))B−3,
and the coarse edges are conditionally independent. Total
variation distance from a product is at most the sum over the
factors, and averaging over the conditioning does not increase
it. For the last statement, under m⊗K the covariance vanishes
because F and its reflection depend on disjoint edges; replacing
ω by m⊗K changes ω(ϑ(F̄)F) by at most 2ε and |ω(F)|2 by
at most 4ε .

With B = ℓ/ak for a fixed physical length ℓ and bk =
O(log(1/ak)) the bound tends to zero: the bare coarse links
of a fixed coarse graph become independent Haar variables,
their reflected form has rank one, and a renormalisation Zk that
keeps the reflected norm of ZkFc at least c > 0 must grow at
least like (c/6ε)1/2. The renormalised flowed fields of The-
orem 48 are not bounded functions of bare coarse links, and
none of the three propositions bears on the slice ratio, the tree
bounds or (D).

C. What the cube estimate requires

This subsection proves seven facts about D(n,α). It holds at
small coupling for every even n above an explicit size (Propo-
sition 69), and it survives small perturbations of the action
(Proposition 70), although gauge-invariant perturbations still
need strong coupling at the scale of the cube (Proposition 77).
It forces the gauge-fixed variables of a cube with trivial ex-
terior to stay a fixed distance from the identity on average
(Theorem 71, and Proposition 73 for SU(2)), so that for every
fixed n it fails once β is large (Corollary 72). And it cannot be
obtained from bounds on the conditional law of a single line
of links that are uniform in the configuration around the line
(Proposition 81). For the compact abelian theory with the Vil-
lain action it fails at every size once β is large (Proposition 78).
In Sec. XII A the estimate is posed for block averages, where
its quadratic approximation holds along the tuning. None of
these decides (D) along the continuum tuning, where n grows
while β grows.17

For a finite V ⊂ A and j ∈ A\V let b(V, j) be the number of
links of V that share a plaquette with j, and write k ∼ i when
two active links share a plaquette.

Lemma 68. Suppose that Cee′ ≤ c0 for all active e,e′, with
12c0 < 1. Then CV, j ≤ c0 b(V, j)/(1− 12c0) for every finite
V ⊂ A and every j ∈ A\V .

Proof. Fix Q,Q′ that differ only at j, put d = δ (Q j,Q′
j), µ =

γV (· | Q) and ν = γV (· | Q′). The couplings of µ and ν form a
weakly compact set on which π 7→

∫
dV dπ is continuous, so

17 The four statements answer the question of which parts of (D) can be settled
with the methods of this paper. The first places (D) in the range where the
single-link method already works, the second and third show what any proof
of (D) at weak coupling has to produce, and the fourth excludes the most
direct one-dimensional route.
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one of them, π , minimises it; let ρi =
∫

δ (Xi,Yi)dπ . Fix i ∈V .
Under µ the conditional law of Xi given the other links of V is
γF

i (· | X), and likewise for ν . Replace (Xi,Yi) by a pair drawn
from an optimal coupling of γF

i (· | X) and γF
i (· | Y ), chosen

measurably [75, Cor. 5.22], and keep the other coordinates.
The new coupling still has marginals µ and ν , and changing
the links in which X and Y differ one at a time gives

W1
(
γ

F
i (· | X),γF

i (· | Y )
)
≤ ∑

k∈V,k ̸=i
Cik δ (Xk,Yk)+Ci j d.

Minimality of π therefore gives ρi ≤ c0 ∑k∈V,k∼i ρk + c0[i ∼
j]d. Sum over i ∈ V : every ρk occurs at most twelve times
by Lemma 9(iv), so (1 − 12c0)∑i ρi ≤ c0 b(V, j)d. Since
W dV

1 (µ,ν)≤ ∑i ρi, dividing by d proves the lemma.

Proposition 69. Let n = 2m and let V be the cube of Defini-
tion 42. For every class c,

∑
j∈c\V

b(V, j)≤ 10m3 −2m2,

with equality for three classes. Consequently, if Cee′ ≤ c0 for
all e,e′ with 12c0 < 1, then D(n,α) holds for every α ∈ (0,1)
with

α ≥ α̂n =
c0

1−12c0

(20
n

− 8
n2

)
.

For SU(2) and |βW | < 1
3 this reads α̂n = |βW |

1−3|βW |
( 5

n − 2
n2

)
,

which is below one for every even n > 5|βW |/(1−3|βW |).

Proof. Let j = (y,µ) lie in the class c, with y ≡ r modulo two.
A link of V that shares a plaquette with j has base point y+d
with d ∈ {−1,0,1}4 and at most two nonzero coordinates, and
the twelve offsets d depend only on c. For a fixed offset we
count the y ≡ r with y+ d ∈ [0,n)4 and y /∈ [0,n)4. In the
coordinate l there are m values of yl ≡ rl with yl +dl ∈ [0,n),
and one of them lies outside [0,n) exactly when dl = 1 and
rl = 1 (the value yl = −1) or dl = −1 and rl = 0 (the value
yl = n). If q is the number of such coordinates, the count is
m4 −m4−q(m− 1)q, that is 0, m3 or 2m3 −m2 for q = 0,1,2.
Summing over the twelve offsets, the class sum is acm3−bcm2,
where bc is the number of offsets with q = 2 and ac is the
number with q = 1 plus twice bc. Reading the offsets from
Table III, the pairs (ac,bc) over the 48 classes are (2,0), (7,0),
(7,1), (9,1), (9,2) and (10,2) three times each and (3,0),
(4,0), (5,0), (6,0) and (8,1) six times each. In every case
ac ≤ 10 and 8−ac +bc ≥ 0, so

(10m3 −2m2)− (acm3 −bcm2) = m2((10−ac)m+bc −2
)

≥ m2(8−ac +bc)≥ 0,

with equality for the three classes with (ac,bc) = (10,2). By
Lemma 68, Kc ≤ c0(10m3 − 2m2)/(1− 12c0), and Nn = m4

gives Kc/Nn ≤ α̂n. For SU(2) the proof of Theorem 1 gives
c0 = |β |= |βW |/4.

At βW = 3
10 and n = 16, for instance, α̂16 =

117
128 , and Theo-

rem 43 gives the gap log 128
117/32, much weaker than Theorem 1.

The proposition shows that the cube condition is not empty; it
does not extend the range, because the absorption 12c0 < 1 is
the single-link condition itself.

The cube condition is also stable under small changes of the
action, which is what a block renormalisation would need at
its last scale, where the effective action is no longer of Wilson
form. Let r ≥ 0 and ε ≥ 0, and let (wX ) be real functions on
GA indexed by finite sets X ⊂ A of diameter at most r, with
wX depending only on the links of X , such that the family is
invariant under the translations by 2Z4, every active link lies
in at most M of the sets X , every X has at most s links, and

|wX (Q)−wX (Q′)| ≤ ε ∑
i∈X

δ (Qi,Q′
i)

for all Q,Q′. Let γW
V (· | Q) be the probability measure with

density proportional to exp∑X∩V ̸= /0 wX with respect to γV (· |
Q), and define CW

V, j, KW
c and the condition DW (n,α) as in

Definition 42, with γW
V in place of γV .

Proposition 70. Let n be even and suppose that D(n,α) holds
at β . Then DW (n,α ′) holds with

α
′ = α eΩ(1+2Ω)+96sΩ, Ω = 48M DNn ε.

In particular α ′ < 1 for all ε below an explicit ε0(n,α,M,s)>
0.

Proof. The cube has |V | = 48Nn links, so dV has diameter
∆V = 48NnD. For fixed exterior links put u = ∑X∩V ̸= /0 wX as a
function on GV . Each link of V lies in at most M sets X , so u is
Mε-Lipschitz for dV and its oscillation is at most Mε∆V = Ω;
we normalise u so that supu = 0, which does not change the
tilted measures, and put h = eu, so that e−Ω ≤ h ≤ 1 and h is
Mε-Lipschitz.

A common tilt. Let µ,ν be probability measures on GV

and µh = hµ/µ(h), νh = hν/ν(h). Let f be 1-Lipschitz for
dV ; subtracting a constant we may take | f | ≤ ∆V . Then f h
is (1+∆V Mε)-Lipschitz, |ν( f h)| ≤ ∆V ν(h), |µ(h)−ν(h)| ≤
MεW dV

1 (µ,ν) and µ(h)≥ e−Ω, so

µh( f )−νh( f ) =
µ( f h)−ν( f h)

µ(h)
+ν( f h)

ν(h)−µ(h)
µ(h)ν(h)

≤ eΩ(1+2Ω)W dV
1 (µ,ν),

since ∆V Mε = Ω. By Kantorovich duality W dV
1 (µh,νh) ≤

eΩ(1+2Ω)W dV
1 (µ,ν).

Two tilts. If u′ is another weight with |u − u′| ≤ η , the
density of νh′ with respect to νh lies in [e−2η ,e2η ], so the total
variation distance of the two is at most 1− e−2η ≤ 2η , and
W dV

1 (νh,νh′)≤ 2η∆V .
The coefficients. Let Q,Q′ differ only at j /∈ V , with δ =

δ (Q j,Q′
j), and let u,u′ be the weights for the two exteriors.

They differ only through the sets X that contain j and meet V ;
if there are m j of them, |u− u′| ≤ m jεδ . With µ = γV (· | Q)
and ν = γV (· | Q′), the triangle inequality and the two steps
give

CW
V, j ≤ eΩ(1+2Ω)CV, j +2∆V m j ε.
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The pairs (X , j) with j ∈ X \V and X ∩V ̸= /0 number at most
s times the number of sets meeting V , hence at most sM|V |.
Summing over j ∈ c\V ,

KW
c ≤ eΩ(1+2Ω)αNn +2∆V sM|V |ε

=
(
αeΩ(1+2Ω)+96sΩ

)
Nn.

The family is invariant under 2Z4, so the coefficients are, and
this is DW (n,α ′).

The admissible perturbation is of order 1/Nn = (2/n)4, so
the proposition is useful in a box of a fixed number of lattice
spacings, which is how a renormalisation argument would use
it: after enough block steps that the cube of physical size ℓ
has become a cube of fixed side, the effective action has to lie
within ε0 of an action that satisfies the condition there. Whether
the effective actions along the tuning do so is not decided here,
and that is where the problem lies: at the scale where the
blocked theory is strongly coupled enough for a condition of
this kind, the running coupling is of order one, which is outside
the range of the existing ultraviolet analysis. The proposition
shows only that the condition itself is not the obstacle.

The next theorem uses the configuration in which every link
outside V is the identity. Write γ1

V = γV (· | 1) and

εV (β ) =
1
|V | ∑

i∈V

∫
δ (1,Qi)dγ

1
V (Q)

for the mean distance of the gauge-fixed variables of the cube
from the identity. Recall that δ is bi-invariant of diameter D.

Theorem 71. Let n be even, V the cube of Definition 42, and
suppose that D(n,α) holds at β . Then

εV (β )≥
(1−α)D

3
.

Proof. A flat configuration. By Lemma 9(i) and the period two
of σ , the sixteen residues modulo two fall into eight pairs {r,r+
eσ(r)}, the residues met by one line of F . The eight residues
0010, 0011, 0100, 0110, 1001, 1011, 1100, 1101 form four of
these pairs. Choose z,w ∈ G with δ (z,w) = D, put g(x) = w
if x is congruent to one of those eight residues and g(x) = z
otherwise, and let Qg

(x,µ) = g(x)g(x+ eµ)
−1 for every link of

Z4. Then g is constant on every line of F , so Qg equals 1 on
F , every plaquette variable of Qg is 1, and Qg has period two.
By bi-invariance δ (1,Qg

(x,µ)) = δ (g(x+eµ),g(x)), which is D
when x and x+ eµ receive different values and 0 otherwise;
from Table III the first case occurs for exactly 32 of the 48
classes. Let δc be the common value of δ (1,Qg

e) for e in the
class c, so that ∑c δc = 32D.

Gauge covariance. Let Φ(Q)(x,µ) = g(x)Q(x,µ)g(x+ eµ)
−1

on GV . The gauge transformation by g maps the configuration
equal to QV on V and to 1 elsewhere to the one equal to Φ(QV )
on V and to Qg elsewhere; it leaves every plaquette trace un-
changed and every link of F equal to 1, and Φ preserves Haar
measure. Hence γV (· | Qg) = Φ∗γ1

V .

Upper bound. Only the finitely many links outside V that
share a plaquette with V enter γV . Changing them one at a time
from 1 to Qg and applying the definition of CV, j at each step,

W dV
1

(
γ

1
V ,γV (· | Qg)

)
≤ ∑

j∈A\V
CV, j δ (1,Qg

j) = ∑
c

δcKc

≤ αNn ∑
c

δc = 32αDNn.

Lower bound. The function f (Q) = −∑i∈V δ (Qi,Q
g
i ) is

1-Lipschitz for dV . By gauge covariance and bi-invariance,∫
f dγV (· | Qg) =−

∫
∑i δ (Qi,1)dγ1

V =−|V |εV , and by the tri-
angle inequality

∫
f dγ1

V ≤−∑i δ (1,Qg
i )+ |V |εV . Every class

has Nn links in V , so ∑i δ (1,Qg
i ) = 32DNn and

W dV
1

(
γ

1
V ,γV (· | Qg)

)
≥ 32DNn −2|V |εV .

With |V |= 48Nn the two bounds give 96NnεV ≥ 32(1−α)DNn.

Corollary 72. For every even n and every α < 1 there is
β0(n,α) such that D(n,α) fails at every β ≥ β0(n,α). In
particular, if D(nk,α) holds at couplings βk → ∞, then nk → ∞.

Proof. For β > 0, γ1
V has density proportional to e−NβS with

respect to Haar measure, where S = ∑p∩V ̸= /0(N −ReTrQF
p ) is

continuous and nonnegative on GV and vanishes exactly when
QF

p = 1 for every plaquette p that meets V . We show that
this forces QV = 1. The other plaquettes have all their links
equal to 1, so every plaquette variable is 1; since the plaquettes
of Z4 fill every closed lattice path, there is a function h on
the sites with Q(x,µ) = h(x)h(x+ eµ)

−1 on every link, and h
takes equal values at the two ends of every link on which
Q = 1. Every link with base point outside [0,n)4 is such a
link. From a site with a coordinate at least n one can move in
every positive direction along links of this kind, and from a
site with a negative coordinate xν one can move in the positive
directions other than ν until another coordinate reaches n; so h
is constant on the sites outside the box. Every line of F leaves
the box, and h is constant along it, so h is constant and QV = 1.

Let U be a neighbourhood of 1 in GV , s = minGV \U S > 0,
and U ′ ⊂ U a neighbourhood of 1 on which S < s/2. Then
γ1

V (G
V \U) ≤ e−Nβ s/(|U ′|e−Nβ s/2), which tends to zero, so

εV (β )→ 0 as β → ∞, and Theorem 71 excludes D(n,α) once
εV (β )< (1−α)D/3.

For SU(2) the constant of Theorem 71 can be improved: a
flat configuration with four values instead of two moves every
class of active links, and the means of the gauge-fixed links are
scalar.

Proposition 73. Let G = SU(2) with the chordal metric, let n
be even, V the cube of Definition 42, and suppose that D(n,α)
holds at β . Then

1
|V | ∑

i∈V

∣∣∣∫ ReTrQi dγ
1
V

∣∣∣≤ 2α,

1
|V | ∑

i∈V

∫
δ (1,Qi)

2 dγ
1
V ≥ 2(1−α),

and εV (β )≥ 1−α .
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Proof. Write ⟨·, ·⟩ for the Euclidean product of quaternions;
then ReTrq = 2⟨q,1⟩ and δ (p,q) = |p−q|.

Four colours. Split the sixteen residues modulo two into the
sets

X1 = {0000,1000,0111,1111},
X2 = {0001,0101,1010,1110},
X3 = {0010,0011,1100,1101},
X4 = {0100,0110,1001,1011}.

Each is the union of two of the eight pairs {r,r+ eσ(r)}, and
Table III shows that r and r+ eµ lie in different sets for every
residue r and every µ ̸= σ(r). (The eight residues used in the
proof of Theorem 71 form X3 ∪X4.) Let

z1 = (i+ j+k)/
√

3, z2 = (i− j−k)/
√

3,

z3 = (−i+ j−k)/
√

3, z4 = (−i− j+k)/
√

3,

unit quaternions with ⟨zk,zl⟩=− 1
3 for k ̸= l, so that δ (zk,zl) =

d∗ = (8/3)1/2. Put g(x) = zk when the residue of x lies in Xk,
and Qg

(x,µ) = g(x)g(x+ eµ)
−1. As in the proof of Theorem 71,

Qg equals 1 on F , every plaquette variable of Qg is 1, and
γV (· | Qg) = Φ∗γ1

V with Φ(Q)(x,µ) = g(x)Q(x,µ)g(x + eµ)
−1;

now δ (1,Qg
e) = d∗ for every active link e.

Upper bound. Changing the exterior links one at a time,

W dV
1

(
γ

1
V ,γV (· | Qg)

)
≤ d∗∑

c
Kc ≤ 48α d∗Nn = α d∗|V |.

Lower bound. Conjugating every link of V by one unit
quaternion leaves the exterior 1, the links of F , Haar measure
and every plaquette trace unchanged, so it preserves γ1

V . The
mean mi =

∫
Qi dγ1

V , taken in the space of quaternions, there-
fore commutes with every unit quaternion, and mi = ai1 with
ai =

1
2
∫

ReTrQi dγ1
V real. Since Φ acts on each link by a fixed

left and right multiplication, the mean of Qi under γV (· | Qg)
is aiQ

g
i . Choose unit quaternions wi with ⟨wi,aiQ

g
i − ai1⟩ =

|ai| |Qg
i −1|. The function f (Q) = ∑i∈V ⟨wi,Qi⟩ is 1-Lipschitz

for dV , and Kantorovich duality gives

W dV
1

(
γ

1
V ,γV (· | Qg)

)
≥ ∑

i∈V
|ai|δ (1,Qg

i ) = d∗ ∑
i∈V

|ai|.

Conclusion. Comparing the two bounds, ∑i |ai| ≤ α|V |,
which is the first inequality. Since δ (1,q)2 = 2 − 2⟨q,1⟩,∫

δ (1,Qi)
2 dγ1

V = 2(1−ai)≥ 2(1−|ai|), and averaging gives
the second. As δ ≤ 2, δ ≥ δ 2/2, and the bound on εV fol-
lows.

The four colours need nothing from SU(2) except four el-
ements whose pairwise quotients are conjugate, and every
compact simple group contains such elements. For a metric
that comes from a representation the bound then compares the
cube with Haar measure.

Proposition 74. Let G be a compact simple group, ρ a non-
trivial irreducible unitary representation of G of dimension d,
and δ (p,q) = κ−1/2∥ρ(p)−ρ(q)∥HS for some κ > 0. Let n

be even, V the cube of Definition 42, and suppose that D(n,α)
holds at β . Then

1
|V | ∑

i∈V

∣∣∣∫ Trρ(Qi)dγ
1
V

∣∣∣≤ α d,

1
|V | ∑

i∈V

∫
δ (1,Qi)

2 dγ
1
V ≥ (1−α)

∫
G

δ (1,q)2 dq,

where dq is Haar measure, and εV (β )≥ (1−α)D/2.

Proof. Four elements. Let ϕ : SU(2) → G be the homomor-
phism of the SU(2) subgroup of a root, and z1, . . . ,z4 the tetra-
hedral quaternions of Proposition 73. For k ̸= l the quater-
nion zkz−1

l has real part ⟨zk,zl⟩ = − 1
3 ; unit quaternions with

equal real parts are conjugate in SU(2), so the twelve el-
ements ϕ(zkz−1

l ) are conjugate in G, and by bi-invariance
δ (ϕ(zk),ϕ(zl)) = d∗ for all k ̸= l, with one number d∗. If
d∗ = 0, then ϕ(zkz−1

l ) lies in kerρ , a proper normal subgroup
of the simple group G and therefore central; it then com-
mutes with ϕ(SU(2)), so it is central there, and zkz−1

l lies
in {±1}kerϕ ⊂ {±1}, which its real part − 1

3 excludes. So
d∗ > 0.

The two bounds. Put g(x) = ϕ(zk) when the residue of
x lies in Xk. The proof of Proposition 73 applies word for
word: Qg equals 1 on F and on every plaquette, δ (1,Qg

e) =

d∗ on every active link, and W dV
1 (γ1

V ,γV (· | Qg)) ≤ αd∗|V |.
Simultaneous conjugation of the links of V preserves γ1

V , so the
mean

∫
ρ(Qi)dγ1

V commutes with ρ(G), and by Schur’s lemma
it is ciI with ci = d−1 ∫ Trρ(Qi)dγ1

V . Its mean under γV (· |
Qg) is ciρ(Q

g
i ). With matrices Wi of Hilbert–Schmidt norm

κ−1/2 chosen so that ReTr(W ∗
i ci(ρ(Q

g
i )− I)) = |ci|δ (1,Qg

i ),
the function f (Q) = ∑i ReTr(W ∗

i ρ(Qi)) is 1-Lipschitz for dV ,
and Kantorovich duality gives W dV

1 ≥ d∗ ∑i |ci|. Hence ∑i |ci| ≤
α|V |, the first inequality.

Comparison with Haar measure. Since κ δ (1,q)2 = 2d −
2ReTrρ(q) and

∫
G Trρ(q)dq = 0 for a nontrivial irreducible

ρ ,
∫

G δ (1,q)2dq = 2d/κ , while
∫

δ (1,Qi)
2dγ1

V = 2d(1 −
Reci)/κ ≥ 2d(1 − |ci|)/κ . Averaging gives the second in-
equality. Finally κD2 ≤ 4d, because ∥ρ(p)−ρ(q)∥HS ≤ 2

√
d,

so δ ≥ δ 2/D gives εV ≥ 2d(1−α)/(κD)≥ (1−α)D/2.

For SU(N) with the Hilbert–Schmidt distance this improves
the constant 1

3 of Theorem 71 to 1
2 , and for SU(3), where

D2 = 9 and the Haar mean of δ 2 is 6, to 2
3 : in a cube with

the identity outside, D(n,α) leaves the gauge-fixed links at
least the fraction 1−α of the disorder of independent Haar-
distributed links.

The size β0(n,α) in Corollary 72 comes from a compactness
argument. For SU(2) it can be made explicit, and then reads
as a lower bound on the side of any cube that satisfies the
condition.

Proposition 75. Let G = SU(2) with the chordal metric, so
that D = 2, let b = βW ≥ 1

9 , let n ≥ 2 be even and put L(b) =
1+ log24+ 3

2 log(9b). Then

1
|V | ∑

e∈V

∫
δ (1,Qe)

2 dγ
1
V ≤ n2(n+2)(2n+1)L(b)

b
,
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so εV (β )
2 is at most the same quantity. Consequently, if

D(n,α) holds at b, then

n4 ≥ 2(1−α)b
5L(b)

.

Proof. Put m = n/2. Under γ1
V every link outside V equals 1:

the links of F always, the others by the choice of exterior. A
plaquette that does not meet V therefore has plaquette variable
1.

Links as loops. Let e= (x,µ)∈V , y= x+eµ , σ = σ(x) and
τ = σ(y). The directions σ ,τ,µ are distinct: σ ̸= µ because
e is active; τ ̸= µ because otherwise the line of F through y
would contain x, and the lines of F are disjoint; and τ ̸= σ

by Table III, in which σ(x+ eµ) ̸= σ(x) whenever µ ̸= σ(x).
Since 0 ≤ xσ < n, one of n− xσ and xσ +1 is at most m; call
it s and let ε = ±1 be the sign for which x′ = x+ sεeσ has
σ -coordinate outside [0,n). Choose t ≤ m and ε ′ in the same
way for y and τ (note yτ = xτ ). Let R1 be the s plaquettes
of the rectangle with corners x, x′, x′ + eµ , y in the plane
{σ ,µ}, and R2 the st plaquettes of the rectangle with corners
y, x′+ eµ , x′+ eµ + tε ′eτ , y+ tε ′eτ in the plane {σ ,τ}. The
union R(e) = R1 ∪R2 is a disc, and its boundary runs from x
along the line of F through x to x′, then to x′+ eµ , along eτ

to x′+ eµ + tε ′eτ , along eσ to y+ tε ′eτ , back along the line of
F through y to y, and over e to x. The links of the first and
fifth pieces lie in F . The links of the second and third pieces
have base points with σ -coordinate x′σ /∈ [0,n), and those of
the fourth have base points with τ-coordinate outside [0,n);
none of them lies in V . So the holonomy of the boundary of
R(e) is Q±1

e . Adding the plaquettes of a disc one at a time
along its boundary shows that this holonomy is a product of
conjugates of the plaquette variables (QF

p )
±1, p ∈ R(e), one

for each plaquette. By bi-invariance and the triangle inequality,

δ (1,Qe)≤ ∑
p∈R(e)

δ (1,QF
p ), |R(e)|= s(t+1)≤ m(m+1).

Multiplicity. If a plaquette p lies in R2(e), its plane is {σ ,τ},
µ is one of the two other directions, and the base point of p
is y+ aeσ + ceτ with −m ≤ a,c ≤ m− 1. Given p, there are
two ways to name the directions of its plane, two choices of
µ and (2m)2 of (a,c), and they determine y, hence e; so p
lies in at most 16m2 of the sets R2(e). Likewise p ∈ R1(e)
forces its plane to be {σ ,µ} and its base point to be x+aeσ

with −m ≤ a ≤ m−1, which leaves at most 4m links e. Every
plaquette therefore lies in at most 16m2 + 4m = 4n2 + 2n of
the discs R(e).

The energy. For the chordal metric δ (1,q)2 = 2−ReTrq.
Let S = ∑p∩V ̸= /0 δ (1,QF

p )
2; then γ1

V has density e−bS/2/Z with
Z =

∫
e−bS/2, the integral over SU(2)V with Haar measure. The

function t 7→ log
∫

e−tS is convex and vanishes at t = 0, so its
derivative at t = b/2, which is −

∫
Sdγ1

V , is at least 2 logZ/b.
A plaquette that meets V contains at most three links of V
and the other links are 1, so δ (1,QF

p )
2 ≤ 3∑e∈p∩V δ (1,Qe)

2;
every link lies in six plaquettes, so S ≤ 18∑e∈V δ (1,Qe)

2 and
Z ≥ I|V | with I =

∫
e−9bδ (1,q)2

dq. The chordal distance is
at most the geodesic one, and the geodesic ball of radius

r = (9b)−1/2 ≤ 1 has measure greater than r3/24 (proof of
Proposition 81), so I ≥ e−1(9b)−3/2/24 and∫

Sdγ
1
V ≤ 2|V |L(b)

b
.

Conclusion. The Cauchy–Schwarz inequality inside each
disc squares the loop bound:

δ (1,Qe)
2 ≤ |R(e)| ∑

p∈R(e)
δ (1,QF

p )
2

≤ m(m+1) ∑
p∈R(e)

δ (1,QF
p )

2.

Summing over e ∈V and using the multiplicity,

∑
e∈V

δ (1,Qe)
2 ≤ m(m+1)(4n2 +2n)S =

n2(n+2)(2n+1)
2

S,

and integrating against γ1
V gives the first bound; the bound on εV

follows by the Cauchy–Schwarz inequality. If D(n,α) holds,
Proposition 73 gives 2(1−α)≤ n2(n+2)(2n+1)L(b)/b, and
(n+2)(2n+1)≤ 5n2 for n ≥ 2.

The loops and their multiplicity use nothing of SU(2) but
the bi-invariance of δ , and the energy uses only the form of
the action and the measure of small balls. The bound therefore
holds for every SU(N), with the same power of n.

Proposition 76. Let G = SU(N), N ≥ 2, with the weight
exp( b

N ∑p ReTrQp), b = βW ≥ N/9, and the Hilbert–Schmidt
distance δ (p,q) = ∥p−q∥HS. Let n ≥ 2 be even and put

LN(b) = 1+
N2 −1

2
log(81π

2b)+N(N −1) log
12
11

.

Then

1
|V | ∑

e∈V

∫
δ (1,Qe)

2 dγ
1
V ≤ N n2(n+2)(2n+1)LN(b)

b
.

Consequently, if D(n,α) holds at b, then

n4 ≥ 2(1−α)b
5LN(b)

.

Proof. Loops. The discs R(e) of the proof of Proposition 75
and the bound 4n2 + 2n on their multiplicity do not depend
on the group, and the loop bound uses only bi-invariance and
the triangle inequality. With S = ∑p∩V ̸= /0 δ (1,QF

p )
2 the same

Cauchy–Schwarz step gives ∑e∈V δ (1,Qe)
2 ≤ 1

2 n2(n+2)(2n+
1)S.

The energy. Since δ (1,q)2 = 2N−2ReTrq, the measure γ1
V

has density e−bS/(2N)/Z with respect to Haar measure. As in
the proof of Proposition 75, the convexity of t 7→ log

∫
e−tS

gives
∫

Sdγ1
V ≤ 2N log(1/Z)/b, and S ≤ 18∑e∈V δ (1,Qe)

2

gives Z ≥ I|V | with I =
∫

e−9bδ (1,q)2/Ndq.
Small balls. Give su(N) the inner product Tr(X∗Y ) and

SU(N) the corresponding bi-invariant metric, of volume vN . In
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exponential coordinates the Riemannian measure is j(X)dX ,
where dX is Lebesgue measure and

j(X) =
∣∣∣det

1− e−adX

adX

∣∣∣= ∏
k<l

( sin(ϕkl/2)
ϕkl/2

)2

if X has eigenvalues iθ1, . . . , iθN and ϕkl = θk −θl [42, Ch. II,
Thm. 1.7]; in particular j ≤ 1. Every q ∈ SU(N) is conju-
gate to a diagonal matrix with entries eiψk , −π ≤ ψk < π;
then ∑k ψk = 2πk0 with |k0| ≤ N/2, and changing |k0| of the
ψk by ∓2π gives angles θk with sum zero and |θk| ≤ 3π .
So q = eX with X ∈ su(N) and ∥X∥HS ≤ 3π

√
N, and vN ≤

ωN2−1(3π
√

N)N2−1, where ωk is the volume of the unit ball of
Rk. Now let ∥X∥HS ≤ r ≤ 1. The eigenvalues have |θk| ≤ 1 <
π , so exp is injective on this ball; δ (1,eX )2 = ∑k |eiθk −1|2 ≤
∥X∥2

HS; and |ϕkl |/2 ≤ (θ 2
k +θ 2

l )
1/2/

√
2 ≤ 2−1/2, so each fac-

tor of j(X) is at least (1− 1
12 )

2 because sinx/x ≥ 1− x2/6.
Dividing by vN , the Haar measure of {q : δ (1,q) ≤ r} is at
least(11

12

)N(N−1) ωN2−1rN2−1

vN
≥
(11

12

)N(N−1)( r
3π

√
N

)N2−1
.

With r = (N/9b)1/2 ≤ 1 this gives I ≥ e−1 times the right-hand
side, and since 3π

√
N/r = 9π

√
b, log(1/I) ≤ LN(b). Hence∫

Sdγ1
V ≤ 2N|V |LN(b)/b, and the first bound follows from the

loops.
Conclusion. Proposition 74 with the defining representation

and κ = 1, for which the Haar mean of δ (1,q)2 is 2N, gives
2N(1−α)≤N n2(n+2)(2n+1)LN(b)/b when D(n,α) holds,
and (n+2)(2n+1)≤ 5n2.

For every N, a cube on which the condition holds therefore
has side at least of order (βW/ logβW )1/4, with a constant that
depends on N only through LN , which grows like N2

2 logβW .
The cube condition is a statement about strong coupling at its

own scale, and this persists under the perturbations of Proposi-
tion 70 when they respect the gauge. Call (wX ) gauge invariant
if wX (Qh) =wX (Q) for every function h on the sites that is con-
stant on every line of F , where Qh

(x,µ) = h(x)Q(x,µ)h(x+eµ)
−1.

Such transformations keep the links of F equal to 1, so they act
on GA, and the restriction to the gauge of an action invariant
under all gauge transformations is gauge invariant in this sense.
Write εW

V for εV with γW
V (· | 1) in place of γ1

V .

Proposition 77. Let (wX ) be as in Proposition 70 and gauge
invariant, let n = 2m, and suppose that DW (n,α) holds.

(i) εW
V ≥ (1−α)D/3.

(ii) If η ≥ 0, 0 ≤ κ ≤ 1, and the event that δ (1,QF
p )≤ η for

every plaquette p that meets V has probability at least
1−κ under γW

V (· | 1), then

m(m+1)η +κD ≥ (1−α)D
3

.

Proof. (i) The proof of Theorem 71 uses the action only
through the identity γV (· | Qg) = Φ∗γ1

V and through the co-
efficients CV, j. The function g of that proof is constant on

every line of F , so the gauge transformation by g leaves every
wX unchanged, as it leaves every plaquette trace, and the same
identity holds for γW

V . Only finitely many links outside V enter
γW

V , because the sets X have bounded diameter, so the upper
bound holds with CW

V, j and KW
c in place of CV, j and Kc; the

lower bound is unchanged.
(ii) Under γW

V (· | 1) every link outside V equals 1, so a pla-
quette that does not meet V has variable 1. The loop bound of
the proof of Proposition 75, which uses only the bi-invariance
of δ , gives δ (1,Qe) ≤ ∑p∈R(e) δ (1,QF

p ) ≤ m(m+1)η for ev-
ery e ∈V on the event of the statement, and δ (1,Qe)≤ D off it.
Averaging over e ∈V and integrating, εW

V ≤ m(m+1)η +κD,
and (i) completes the proof.

In the small-field region of a gauge-covariant block renor-
malisation the blocked plaquette variables lie within a dis-
tance η that tends to zero with the running coupling, and large
fields have small probability κ . If κ < (1−α)/3, part (ii)
allows the cube condition on the blocked lattice only when
m(m+ 1) ≥ x, where x = ((1−α)/3− κ)D/η , so the side
must grow like η−1/2. On such a cube Nn = m4 ≥ x2/4, and
since α ′ ≥ α +96sΩ, Proposition 70 gives α ′ < 1 only for

ε <
1−α

4608sMDNn

≤ (1−α)η2

1152sMD3
(
(1−α)/3−κ

)2 ,

which is of order η2. At a fixed side the condition is therefore
a statement about strong coupling, and a renormalisation ar-
gument has to carry the blocked theory out of the small-field
regime before the condition can be checked. That passage, at a
running coupling of order one, is the step that remains open.

The next statement shows that the cube condition separates a
theory with a massless photon from the expected behaviour of
SU(N): for the compact abelian theory in its Coulomb phase
it fails at every scale. Let G = U(1) with the chordal metric,
D = 2, and replace the Wilson weight by the Villain weight

ϕβ (θ) = ∑
k∈Z

e−β (θ+2πk)2/2,

so that the measure of a box Λ has density proportional to
∏p∈P(Λ) ϕβ (θp), where eiθp is the plaquette variable. Define
γF , CV, j, Kc and D(n,α) as before with ϕβ in place of the
Wilson weight.

Proposition 78. There is β0 such that for the Villain theory at
every β > β0 the condition D(n,α) fails for every even n ≥ 2
and every α < 1. In particular, for couplings βk → ∞ and any
even nk, the hypothesis of Theorem 45 fails for this theory.

Proof. Lemma 10, Proposition 11(i)–(iii) and (v), Lemma 112,
Corollary 113 and Lemma 115 use the Wilson weight only
as a positive continuous class function of the plaquette vari-
able, with one exception: the Doeblin bound in Lemma 115(a),
which for the Villain weight reads that each single-link density
is at least (minϕβ/maxϕβ )

6 > 0 times its maximum. Sup-
pose that D(n,α) holds. As in the proof of Theorem 43, the
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limit ω(O) = limWΛ(O) of the measures of boxes with free
boundary conditions then exists along every sequence of boxes
exhausting Z4, and for gauge-invariant local O,O′ with O Lip-
schitz in each link,

|Covω(O,O′)| ≤ ∥O′∥∞LO
D(1+ cneλρn)

1−θ
|SO′ |e−λ dist(O,O′)

for every λ > 0 with θ = αeλρn < 1, where LO is a Lipschitz
constant of O and SO′ the support of O′.

Put Ψp = ϕ ′
β
(θp)/ϕβ (θp); up to the factor −i this is the lat-

tice field strength of Fröhlich and Spencer [36, Sect. 2] for the
Villain action. It is real, odd and smooth in θp, so it is gauge
invariant, local and Lipschitz in each of its four links, with
constants that do not depend on p, and ω(Ψp) = 0 by the sym-
metry θ 7→ −θ . The bound above gives ∑p′ |ω(ΨpΨp′)|< ∞,
the sum over the plaquettes p′ parallel to p. The state of [36]
is the limit of the same free-boundary measures over boxes,
which is ω . Fröhlich and Spencer prove, for β larger than
some β0, that the Fourier transform of the two-plaquette func-
tion of the field strength is discontinuous at zero momentum,
so that this sum is infinite [36, Sect. 2]; see also [41]. This
contradiction proves the first statement, and the second follows
because βk > β0 for all large k.

At large β the plaquette variables of the abelian theory are
Gaussian to leading order, as are those of SU(N), and every
property of the action used in this paper (compactness, locality,
positivity and smoothness of the weight, reflection positivity,
the forest gauge) is shared by the two theories. A proof of
(D) along the continuum tuning therefore has to use the non-
abelian structure of G; Proposition 78 holds at every cube size,
so letting the side grow with β , which Corollary 72 already
requires, does not remove the need. Fröhlich and Spencer
indicate how their result extends to the Wilson action without
giving the details [36, Sect. 2], so the proposition is stated for
the Villain action only.
Remark 79. The proof loses the area of a disc, of order n2, in
passing from plaquettes to links, and on loops that loss is of the
right order. On the periodic lattice (Z/LZ)4 with L even and
coordinates 0 ≤ x j < L, let φ = 4π/L2, q(θ) = cosθ + isinθ ,
and put U(x,2) = q(φx1), U(x,1) = q(−φLx2) when x1 = L−1,
and U = 1 on every other link. Every plaquette of the plane
{1,2} equals q(φ), including those on the seam x1 = L−1 and
at the corner x1 = x2 = L− 1, where the angle is φ − 4π; all
other plaquettes equal 1. So every plaquette variable lies within
φ of the identity, while the boundary of the square [0,L/2]2 of
the plane {1,2} has holonomy q(φL2/4) =−1, at the largest
possible distance D = 2, against the bound φL2/4 = π given
by the disc. Every staple sum of this configuration is parallel
to its link, so it is a stationary point of the Wilson action,
and gradient flow [55] does not change it. Plaquette variables
within O(n−2) of the identity therefore do not force loops of
length n near the identity, and an argument of the kind above
that places gauge-fixed links near the identity needs plaquette
bounds of order o(n−2).

Up to the factor L(b)1/2 the rate b−1/2 of Proposition 75 is
the right one, and the lower bound below holds for every n and
every exterior.

Proposition 80. Let G = SU(2) with the chordal metric and
b = βW > 0. For every Gibbs specification of the gauge-fixed
theory, every active link e and every configuration of the other
links, the conditional law of Qe satisfies∫

δ (1,Qe)dµe ≥
1

9max(6b,1)1/2 .

In particular εV (β )≥ 1
9 max(6b,1)−1/2 for every n; at every

fixed n, εV (β ) lies between constant multiples of b−1/2 and
(L(b)/b)1/2.

Proof. Write ⟨·, ·⟩ for the Euclidean product of quaternions,
so that ReTrq = 2⟨q,1⟩. The six plaquettes that contain e
contribute exp(b⟨Qe,Wp⟩) to the conditional density, with
|Wp| = 1; so µe has density e⟨u,v⟩/Z(|v|) with respect to nor-
malised Haar measure, for some v with a = |v| ≤ 6b. Put
a′ = max(a,1) and η = a′−1/2 ≤ 1. On the geodesic ball of ra-
dius η about v/|v| the exponent is at least a(1−η2/2)≥ a− 1

2 ,
and that ball has measure greater than η3/24 (proof of Propo-
sition 81); hence Z(a) ≥ ea−1/2η3/24 and the density is at
most 24e1/2a′3/2 (for a < 1 directly, since Z ≥ 1 by Jensen’s
inequality). A chordal ball of radius r is a geodesic ball of
radius θ with 2sin(θ/2) = r, so θ ≤ πr/2, and its measure is
(θ −sinθ cosθ)/π ≤ 2θ 3/(3π)≤ π2r3/12. With r = 2

9 a′−1/2,

µe
(
δ (1,Qe)< r

)
≤ 24e1/2a′3/2 π2r3

12
= 2e1/2

π
2
(2

9

)3
<

1
2
,

so the mean of δ (1,Qe) is at least r/2 = 1
9 a′−1/2. Averaging

over e ∈ V and over the configuration gives the bound on
εV .

Along the continuum tuning Theorem 71 says the following.
If (D) holds, then in a cube of fixed physical size ℓ with the
identity outside, the forest-gauge variables stay on average
at distance at least (1−α)D/3 from the identity, and at least
1−α for SU(2), at every spacing. This is not a contradiction:
n = ℓ/a grows like 1/a, while asymptotic freedom makes
β (a) grow only like log(1/a), and the corollary concerns fixed
n. The size bound of Proposition 75 is likewise met along
the tuning, since its right side grows only like log(1/a). It
turns the hypothesis of Remark 61, that the gauge-fixed links
decorrelate on the scale of the cube, into a necessary condition:
(D) requires the forest-gauge variables to be disordered at a
fixed physical scale. For gauge-invariant observables of a
massive theory that disorder is clustering; for the gauge-fixed
variables it is not proved.

The last statement concerns the following strategy: control
the conditional law of one line of links, given everything else,
uniformly in the configuration around it, and assemble the
cube from lines. Fix a site x, let s = σ(x) and µ ̸= s, and let
ck = (x+ kes,µ), k ∈ Z. All ck are active, since σ is constant
along the line through x.

Proposition 81. Let G= SU(2), identified with the unit quater-
nions, and b = βW ≥ 1. There is a configuration of the active
links outside {ck}, independent of b, for which the conditional
law of (Qck)k has a ten-step transfer operator, similar to a
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positive self-adjoint operator Kb on L2(S3) with simple top
eigenvalue Λb, whose gap satisfies

0 < 1−
Λb,1

Λb
≤ e20 2410 b15 e−b/1280,

where Λb,1 is the next point of the spectrum.

Proof. The interactions. By Lemma 9(iii), ck lies in two pla-
quettes of the plane {µ,s}, which contain ck−1 or ck+1, the link
(x+ kes,s) or (x+(k− 1)es,s) of F , and an active twist link
of direction s; and in four plaquettes of the planes {µ, t} and
{µ,ρ}, each containing ck, one link of F and two active links
not on the line. The four plaquettes at ck lie in the hyperplane
of s-coordinate xs + k, so these plaquettes at different k share
no link; two plaquettes through ck share no other link; and
their links have directions other than s, so they are not twists.
Set every twist to 1; then the plaquette at x+ kes in the plane
{µ,s} contributes b⟨qk,qk+1⟩ to the exponent, with qk = Qck .
In each of the four other plaquettes at ck set one of its two
links to 1 and the other to X ; after a cyclic rotation and pos-
sibly an inversion the plaquette variable is qkX±1 or q−1

k X±1,
and since Re(qū) = Re(q̄u) = ⟨q,u⟩ for unit quaternions, X
can be chosen so that the plaquette contributes b⟨qk,u⟩ for
any prescribed unit vector u. Every other active link is set to
1. Four unit vectors add up to any vector of length at most 4
(two copies each of t ± (1−|t|2)1/2ν with t = v/4 and ν ⊥ t
a unit vector), so the conditional density of the line is pro-
portional to exp

(
b∑k⟨qk,qk+1⟩+∑k⟨hk,qk⟩

)
for any fields hk

with |hk| ≤ 4b.
The fields. Let a = 1

2 , c =
√

3
2 , let e1, . . . ,e4 be the stan-

dard basis of R4, and let rk have period ten with (r0, . . . ,r9) =
a(e1,−e1,e2,−e2,e3,−e3,e3,−e2,e2,−e1). Put hk = b(2rk −
rk−1 − rk+1), so |hk| ≤ 4ab = 2b, and the configuration is inde-
pendent of b because hk/b is. With vk = qk − rk and |qk|= 1,
|rk|= a, summation by parts gives, over 0 ≤ k ≤ 9,

1
2 ∑

k
|vk+1 − vk|2 = ∑

k

(
1−⟨qk,qk+1⟩

)
− 1

b ∑
k
⟨hk,qk⟩

+
1
2 ∑

k
|rk+1 − rk|2 +B(q0)−B(q10),

with B(q) = ⟨q,r0 − r9⟩. The boundary terms only conjugate
the ten-step transfer kernel by a multiplication operator, so up
to similarity it is

Kb(x,y) =
∫
(S3)9

exp
(
−b

2

9

∑
k=0

|vk+1 − vk|2
)

dq1 · · ·dq9,

with q0 = x, q10 = y and normalised Haar measure. The se-
quence r0, . . . ,r10 is a palindrome, so Kb = BbB∗

b for the five-
step kernel Bb; Kb is compact, positive and self-adjoint with a
continuous positive kernel, its top eigenvalue Λb is simple, and
its eigenfunction ψb > 0 is even under the reflection x4 7→ −x4,
which commutes with Kb.

A barrier. Let E = 1
2 ∑

9
k=0 |vk+1 − vk|2 and suppose that

(q0)4 ≥ 0 ≥ (q10)4 and E ≤ 1
1280 . Put ∆ = (20E)1/2 ≤ 1

8 and
w = v0; by Cauchy–Schwarz |w− vk| ≤ ∆ for all k, and 0 ≤

w4 ≤ ∆ because the rk have no fourth coordinate. From |vk +
rk| = 1,

∣∣|w+ rk|2 − 1
∣∣ ≤ ∆(2+∆) =: η for 0 ≤ k ≤ 5. The

pairs rk = ±ael give |wl | ≤ η/(2a) = η for l = 1,2,3 and
|w|2 ≥ 3

4 −η , so 3
4 ≤ 3η2+∆2+η ≤ 3( 17

64 )
2+ 1

64 +
17
64 = 2019

4096 ,
a contradiction. Hence Kb(x,y)≤ e−b/1280 whenever x4 ≥ 0 ≥
y4.

The top eigenvalue. Let ε = b−1/2. The geodesic ball of
radius ε ≤ 1 in S3 has normalised measure 2

π

∫
ε

0 sin2
θ dθ ≥

8ε3

3π3 > ε3

24 . If each qk lies in the ball of radius ε about rk + ce4,
then |vk − ce4| ≤ ε and E ≤ 20ε2, so the integrand is at least
e−20. Testing Kb on the normalised indicator of the ball about
r0 + ce4 gives Λb ≥ e−20(ε3/24)10 = e−2024−10b−15.

The gap. Let φ(x) = sign(x4)ψb(x), a unit vector orthogonal
to ψb. Then

Λb −⟨φ ,Kbφ⟩= 4
∫

x4>0>y4

ψb(x)Kb(x,y)ψb(y)dxdy

≤ e−b/1280,

because
∫

x4>0 ψb ≤ 1
2 by Cauchy–Schwarz. By the variational

principle Λb,1 ≥ ⟨φ ,Kbφ⟩, and dividing by the lower bound
on Λb proves the estimate; the gap is positive because Λb is
simple.

The exterior of Proposition 81 is legal at every coupling, so
a bound on the conditional law of single lines that is uniform
in the exterior cannot be better than e−b/1280 up to powers of b,
and an argument of this kind cannot give (D) along the tuning.
A proof of (D) has to use what such a bound discards: the
joint resampling of the transverse links inside the cube, which
the averaged coefficients CV, j retain, or the smallness of the
probability of such exteriors under the Wilson measure.

XII. BLOCK AVERAGES

Proposition 63 locates the failure of (D) in the quadratic
approximation: gauge transformations constant on the lines
of F move the whole cube and change few links outside it.
This section takes up the programme of the report [53] of the
third author, which keeps the cube condition but changes the
gauge and conditions the cube on block averages of the field,
as in Bałaban’s renormalisation group [5, 6]. The natural block
averages of the line field leave one class of lines invisible and
fail at every size (Proposition 82). In a gauge whose fixed links
are trees inside blocks of side two, the averages over whole
blocks remove every zero mode, the constrained quadratic form
has a gap that does not depend on the volume (Theorem 85),
and the constrained cube condition holds at every coupling
once the cube is large (Theorem 88). Integrating out one scale
bounds the cube coefficients by the constrained ones plus those
of the averages (Corollary 91), and the averages carry at least
the coarse quadratic form at every scale (Proposition 89). For
the group-valued links themselves, the straight paths between
block roots satisfy a coercivity bound for all fields but do
not compose, a continuous covariant map cannot treat the
transverse positions alike, and a cut-off of Bałaban’s averaging



45

operation is coercive for all fields and agrees with the block
averages to first order (Sec. XII B). It composes across all
scales on fields of small curvature for every compact group
(Sec. XII C), and under the SU(2) Wilson measure the fields
that are not small form clusters of vanishing physical size
(Sec. XII D).

A. Block-constrained cubes

In this subsection everything concerns the quadratic approx-
imation: real fields ϕ on links, (dϕ)p the signed sum around
the plaquette p, and (dh)(x,µ) = h(x)−h(x+eµ) for a function
h on sites.

Proposition 82 ([53]). In the setting of Proposition 63, condi-
tion the cube in addition on any family of the face averages

V face
y,µ (ϕ) =

1
8 ∑

x

(
ϕ(x,µ)+ϕ(x+eµ ,µ)

)
,

where x runs over the eight sites of the block 2y+{0,1}4 with
xµ = 2yµ . Then ∑c∈CI Kc ≥ 12Nn for the twelve classes

CI = {(0111,µ),(1111,µ),(0111+ eµ ,µ),(1111+ eµ ,µ)

: µ = 1,2,3},

written as residue of the base and direction. Hence Kc ≥ Nn
for some class, and the constrained condition fails for every
α < 1, at every even n and every b.

Proof. By Table III, σ(0111) = σ(1111) = 0, so the lines of F
through the sites with x1,x2,x3 odd have direction 0; call them
invisible. Let ℓ be one of them and hℓ its indicator. The sum of
dhℓ along a path of length two from x is hℓ(x)−hℓ(x+2eµ).
For µ ̸= 0 both end points have even µ-coordinate and are off
ℓ; for µ = 0 they have the same transverse coordinates and
are both on ℓ or both off it. So dhℓ changes no face average,
and the translation argument of Proposition 63 applies to the
constrained laws: ∑i∈V |(dhℓ)i| ≤ ∑ j/∈V CV, j|(dhℓ) j|. An active
link e = (x,µ) has |(dhℓ)e| = 1 for at most one invisible ℓ,
since its two ends lie on different lines and both cannot be
invisible (for µ ̸= 0 they differ in the coordinate µ , and for
µ = 0 the link would lie in F). It has one such ℓ exactly when
its base or its end has residue 0111 or 1111, which by Table III
are the classes of CI : the six classes with base residue 0111 or
1111 and direction µ ̸= 0, and the six with base residue r+eµ ,
r ∈ {0111,1111}, whose directions µ differ from σ(r+ eµ)
(for instance σ(0011) = 3 ̸= 1). Summing over the invisible
lines gives 12Nn ≤ ∑c∈CI Kc.

Definition 83. The blocks are B(y) = 2y+{0,1}4, y ∈Z4, and
o = x mod 2 is the offset of a site. A link (x,µ) is a tree link
if oµ = 0 and oν = 0 for every ν > µ , and active otherwise;
fields vanish on tree links. For a coarse link (y,µ) the block
average is

Vy,µ(ϕ) =
1

16 ∑
x∈B(y)

(
ϕ(x,µ)+ϕ(x+eµ ,µ)

)
,

the mean of ϕ summed along the sixteen paths of length two
in the direction µ that start in B(y).

Lemma 84. (i) The fifteen tree links of a block form a span-
ning tree of its sixteen sites. Each block carries 49 active
links: the 17 active links inside it, with oµ = 0, and the
32 links with oµ = 1, which join B(y) to B(y+ eµ).

(ii) If dh vanishes on the tree links, h is constant on every
block, and Vy,µ(ϕ +dh) =Vy,µ(ϕ)+hB(y)−hB(y+eµ ).

(iii) With Sµ
y = ∑x∈B(y),oµ=0 ϕ(x,µ),

Vy,µ(ϕ) =
1
8 ∑

x∈B(y),oµ=1
ϕ(x,µ)+

1
16

(
Sµ

y +Sµ

y+eµ

)
.

Proof. (i) A tree link of direction µ has oµ = 0 and stays in
its block; there are 2µ of them for each µ , fifteen in all. From
any site, the tree links of direction 3 lead to o3 = 0, then those
of direction 2 to o2 = 0, and so on to the corner, so the tree
links connect the sixteen sites, and fifteen edges connecting
sixteen vertices form a tree. Of the 64 links with base in the
block, the 32 with oµ = 0 stay inside it. (ii) h is constant along
the edges of a spanning tree. The path of length two from
x ∈ B(y) ends at x+2eµ ∈ B(y+eµ), and the sum of dh along
it is h(x)−h(x+2eµ). (iii) The path from x consists of (x,µ)
and (x+ eµ ,µ); a link with oµ = 1 is the second link of one
path and the first of another, and the links of Sµ

y+eµ
are the

second links of the paths that start with oµ = 1.

By (ii) the residual gauge freedom is the coarse gauge group,
which acts on the block averages as on the links of the coarse
lattice. Let W be a set of blocks and let ΦW be the space of
finitely supported real ϕ on the active links with base in

⋃
W ,

with Vy,µ(ϕ) = 0 for every y ∈W and every µ . Write Q(ϕ) =

∑p(dϕ)2
p over all plaquettes, ϕ being zero off its support.

Theorem 85. For every set of blocks W and every ϕ ∈ ΦW ,

∑
e

ϕ
2
e ≤ 52Q(ϕ).

Proof. Inside a block. Let e = (x,µ) be an active link with
oµ = 0, and let ν1 > · · · > νk be the directions above µ in
which o equals one; 1 ≤ k ≤ 3. Put x0 = x and xi = xi−1 − eνi .
The plaquette pi at xi in the plane {µ,νi} has the links (xi,µ),
(xi−1,µ) and the tree links (xi,νi), (xi + eµ ,νi), whose offsets
vanish in νi and above it; and (xk,µ) is a tree link. Hence ϕe =
±(dϕ)p1 ±·· ·± (dϕ)pk and ϕ2

e ≤ k ∑i(dϕ)2
pi

. The plaquette
at x′ in the plane {µ,ν} is used only by the links (x′+ eν +
∑ρ∈R eρ ,µ) with R ⊂ {ν +1, . . . ,3}, each with k = c+1+ |R|,
where c is the number of ones of the offset of x′ strictly between
µ and ν . Its total weight 23−ν(c+1)+(3−ν)22−ν is at most
8, the value at µ = 0, ν = 1. So the sum I of ϕ2

e over the active
links inside the blocks is at most 8Qin, where Qin is the sum
over the plaquettes inside a block.

Between blocks. Fix y ∈W and µ , and label the eight links
(x,µ), x ∈ B(y), oµ = 1, by the transverse offset a ∈ {0,1}3.
If a and a′ differ in the coordinate ν , with oν = 0 at a, the
plaquette at x in the plane {µ,ν} contains these two links,
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(x,ν) in B(y) and (x+ eµ ,ν) in B(y+ eµ), the last two inside
their blocks. So ϕa −ϕa′ = ±(dϕ)p ±ψ ±ψ ′ with ψ,ψ ′ in-
side blocks, and these twelve face plaquettes correspond to
the twelve edges of the cube {0,1}3. By Lemma 84(iii) and
Vy,µ(ϕ) = 0, the mean of the ϕa is m =−(Sµ

y +Sµ

y+eµ
)/16, so

8m2 ≤ 1
2 times the sum of the squares of the sixteen links of

Sµ
y and Sµ

y+eµ
. The Laplacian of the graph {0,1}3 has smallest

nonzero eigenvalue 2, so

∑
a

ϕ
2
a = 8m2 +∑

a
(ϕa −m)2

≤ 8m2 +
3
2 ∑

edges

(
(dϕ)2

p +ψ
2 +ψ

′2).
Summed over y ∈W and µ , a link (z,ν) inside a block occurs
as ψ or ψ ′ once for each µ ̸= ν (as ψ if oµ = 1, as ψ ′ of the
face of the block below if oµ = 0) and in two of the sums Sν , so
it receives weight at most 3 · 3

2 +2 · 1
2 = 11

2 . The face plaquettes
are distinct and lie in no block, so the links between blocks
contribute at most 3

2 Qface +
11
2 I, and

∑
e

ϕ
2
e ≤ 13

2
I +

3
2

Qface ≤ 52Qin +
3
2

Qface ≤ 52Q(ϕ).

With W all blocks the bound extends to ℓ2, so the block-
constrained quadratic form on Z4 has a spectral gap at least 1

52 ;
it removes in particular the four flat connections that are zero
modes of the unconstrained form. In the Bloch decomposition
the exact gap is 0.10748776948684 . . . , attained at the momen-
tum (0,π,π,π), a floating-point value computed in [53] and
reproduced in the archive; the theorem does not use it. The
cube conditions now take the following form. Let n be even,
V the active links with base in [0,n)4, W its blocks, and for an
exterior η and values v = (vy,µ)y∈W let γc

V (· | η ,v) be the law
on RV with density proportional to exp(− b

2 ∑p∩V ̸= /0(dϕ)2
p) on

the affine set {Vy,µ(ϕ) = vy,µ}, with ϕ = η off V . Define Cc
V, j,

Kc
c and Dc(n,α) as CV, j, Kc and D(n,α), with v held fixed and

the 49 classes of active links modulo two.

Lemma 86. Let H ≥ 0 be symmetric on Rm with ∥H∥ ≤ h,
let B : Rm → Rk with BB⊤ ≥ β > 0 and ⟨x,Hx⟩ ≥ a|x|2 on
kerB, and s > 0. Then K =

(
H sB⊤
sB 0

)
is invertible, and the

solution of K(x,y) = ( f ,g) has |x| ≤ (| f |+h|x1|)/a+ |x1| with
|x1| ≤ |g|/(s

√
β ), and |y| ≤ (| f |+h|x|)/(s

√
β ).

Proof. Put x1 = B⊤(BB⊤)−1g/s, so sBx1 = g and |x1| ≤
|g|/(s

√
β ). On kerB the compression of H is at least a, so

there is a unique x0 ∈ kerB with Hx0 − f +Hx1 ⊥ kerB, and
a|x0| ≤ | f |+ h|x1|. Then f −H(x0 + x1) lies in (kerB)⊥ =
ranB⊤, and y = (BB⊤)−1B( f −Hx)/s solves sB⊤y = f −Hx.
For f = g= 0 the construction gives zero, so K is injective.

Lemma 87 (Combes–Thomas [27]). Let K be an invertible
symmetric matrix indexed by a finite set X, with ∥K−1∥ ≤
M0 and ∑b |Kab| ≤ S for every a, and let d : X → R satisfy
|d(a)−d(b)| ≤ 1 whenever Kab ̸= 0. If (eλ −1)SM0 ≤ 1

2 , then
∥eλdK−1e−λd∥ ≤ 2M0.

Proof. eλdKe−λd = K + E with |Eab| ≤ (eλ − 1)|Kab|, so
∥E∥ ≤ (eλ − 1)S by the Schur test, ∥K−1E∥ ≤ 1

2 , and (K +

E)−1 = (1+K−1E)−1K−1 has norm at most 2M0.

Theorem 88. For every b > 0, every even n and every exterior
link j:

(i) γc
V (· | η ,v) is a Gaussian law whose covariance depends

on neither η nor v and whose mean is affine in (η ,v),
and Cc

V, j = ∥u j∥1, where u j ∈ RV is the change of the
mean when η j increases by one; u j does not depend on
b;

(ii) ∑e∈V e2λ0d(e)u j(e)2 ≤ 35002 and ∥u j∥1 ≤ 1014, where
λ0 = 2.4 ·10−5 and d(e) is the ℓ∞ distance between the
midpoints of e and j;

(iii) Dc(n,α) holds for every α ∈ (0,1) and every even n ≥
2 ·1015/α , at every b > 0.

Proof. (i) Let H be the matrix of ∑p∩V ̸= /0(dϕ)2
p on RV and B

that of the averages Vy,µ , y∈W , restricted to V . By Theorem 85
with this W , H ≥ 1

52 on kerB, so the density is that of a non-
degenerate Gaussian on the affine set, its covariance is b−1

times the inverse of H on kerB, and its mean m minimises
the quadratic form on the affine set. The mean is affine in
(η ,v), and two exteriors that differ at j give translates by u j,
which minimises Q(u+δ j) subject to Bu = g, g being minus
the coefficients of j in the averages. The translation argument
of Proposition 63 gives Cc

V, j = ∥u j∥1.
(ii) The pair (u j,y), with y the Lagrange multipliers, solves

K(u j,y) = ( f ,sg) with K as in Lemma 86, s = 96 and f =
−∑p∋ j(dδ j)p dp|V , where dp|V is the row of the plaquette p
restricted to V . Each link lies in six plaquettes of four links, so
the row sums of |H| are at most 24 and h ≤ 24; | f | ≤ 6

√
3; and

|g| ≤ 1
16 , since an exterior link enters at most one average of W ,

with weight 1
16 . By Lemma 84(iii) each average has squared

norm at least 8 · 1
64 = 1

8 , two averages share links only if they
are (y,µ) and (y± eµ ,µ), and then their inner product is at
most 8 · 1

256 = 1
32 ; so BB⊤ ≥ 1

16 by Gershgorin’s theorem. With
a = 1

52 , Lemma 86 gives ∥K−1∥ ≤ M0 = 105. The rows of K
have absolute sums at most S = max(24+ 96

8 ,96 · 2) = 192,
because an average has eight coefficients 1

8 and sixteen of 1
16

and a link enters averages with total weight at most 1
8 . Index

the rows of B by the centre 2y+ 1
2 (1,1,1,1)+ eµ of the two

blocks of the average and put d equal to the ℓ∞ distance to
the midpoint of j. Links of one plaquette, and an average and
its links, are within distance one, so Lemma 87 applies with
λ = log(1+1/40320)> λ0, and

∑
e

e2λd(e)u j(e)2 ≤
(
2M0eλ (| f |+ s|g|)

)2 ≤ 35002,

since f and g live at distance at most one from j. At most
4(64k3 +16k) links have their base at ℓ∞ distance k ≥ 1 from
the base of j, and their midpoints are at distance at least k−1,
so Cauchy–Schwarz gives

∥u j∥2
1 ≤ 35002 ·4e2λ

(
1+ ∑

k≥1
(64k3 +16k)e−2λk

)
≤ (1014)2.
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(iii) Cc
Vx, j = 0 unless j shares a plaquette with Vx or enters an

average of Vx, which forces the base z of j into x+[−1,n+1]4,
while z /∈ x+[0,n)4 when j /∈Vx. For each coordinate at most
n
2 +2 even xi satisfy the first condition and exactly n

2 the second,
so

Kc
c ≤

((n
2
+2

)4
−
(n

2

)4)
1014 ≤ 17

n
1014Nn

for n ≥ 104, which is at most αNn when n ≥ 2 ·1015/α .

The constants are crude. The computations of [53] give
Cc

V, j ≤ 12.48 at n = 4, and an exact face expansion Kc
c/Nn =

ac/n+O(n−2) with maxc ac = 61.18, so that Dc(n,0.95) first
holds at n = 64; they are floating-point values, reproduced
in the archive for n ≤ 4, and the theorem does not use them.
The coefficients are large because the constrained responses
obey no maximum principle: an exterior link changes the
curvature of up to six plaquettes, and keeping the curva-
ture small moves a dozen links inside the cube with alter-
nating signs. Re-weighting the classes does not help much:
if ∑ j∈c\V ∑c′ wc′Cc′

V, j ≤ αNnwc for positive weights w, where
Cc′

V, j is the part of ∥u j∥1 on the links of the class c′, then αNn
is at least the spectral radius of the non-negative matrix of
these sums, hence at least minc Kc

c , by the Collatz–Wielandt
inequality [53].

The block averages can be integrated out one scale at a
time. For a field v on the coarse links put Q1(v) = ∑P(dv)2

P
over the plaquettes P of the coarse lattice, and write V (ϕ) =
(Vy,µ(ϕ))y,µ . The averages of averages are formed in the same
way on the coarse lattice, and V (k), Qk denote the k-fold aver-
ages and the plaquette form of the lattice of spacing 2k.

Proposition 89. Let ϕ be a finitely supported field on Z4 that
vanishes on the tree links.

(i) For the coarse plaquette P at y in the plane {µ,ν},
16(dV (ϕ))P is the sum over x ∈ B(y) of the curvatures
of the squares of side two spanned by x, x+2eµ , x+2eν ,
and every plaquette of Z4 lies in exactly four of these
squares. Hence Q1(V (ϕ))≤ Q(ϕ), and Qk(V (k)(ϕ))≤
Q(ϕ) for every k ≥ 1.

(ii) For every finitely supported v on the coarse links, the field
ϕ∗(v) equal to vy,µ on the eight links (x,µ), x ∈ B(y),
oµ = 1, and to zero on the other links, vanishes on the
tree links, has V (ϕ∗(v)) = v and Q(ϕ∗(v)) = 4Q1(v).

(iii) The effective form S1(v) = inf{Q(ϕ) : V (ϕ) = v} satis-
fies Q1 ≤ S1 ≤ 4Q1, and Sk(w) = inf{Q(ϕ) : V (k)(ϕ) =
w} ≥ Qk(w) for every k, the infima over finitely sup-
ported fields that vanish on the tree links.

(iv) For every k, every set W of blocks of the lattice of spacing
2k and every w in the space ΦW of that lattice, ∑e w2

e ≤
52Sk(w).

Proof. (i) The path of length two from x ∈ B(y) in the di-
rection µ ends at x + 2eµ ∈ B(y + eµ), at the same offset,
and so on around the square; so the four averages of (dV )P

pair the sixteen paths into sixteen closed squares, and the
sum of ϕ around a square is the sum of the curvatures of its
four plaquettes. A plaquette at z in the plane {µ,ν} lies in
the square from x exactly when z− x ∈ {0,1}eµ + {0,1}eν ,
which gives four points x, each in one block. By Cauchy–
Schwarz, (dV )2

P ≤ 1
16 ∑x ℓ

2
x ≤ 1

4 ∑x ∑p⊂□x(dϕ)2
p, where ℓx is

the curvature of the square from x; summing over P gives
Q1(V (ϕ)) ≤ Q(ϕ). The argument uses neither the tree links
nor the spacing, so it applies on every lattice, and induction
gives the bound for V (k).

(ii) The tree links have oµ = 0. By Lemma 84(iii) the average
of ϕ∗ is 1

8 ·8vy,µ . A plaquette inside a block has only links with
oµ = 0 in its direction µ , and so vanishes. A plaquette at x in
the plane {µ,ν} with oµ = 1, oν = 0 has the two links (x,µ),
(x+ eν ,µ) of the same block, both equal to vy,µ , and two links
with offset zero in the direction ν ; its curvature vanishes, and so
does that of the plaquettes with oµ = 0, oν = 1. If oµ = oν = 1,
its four links carry vy,µ , vy+eµ ,ν , vy+eν ,µ , vy,ν , so its curvature
is (dv)P, and there are four such plaquettes for each P.

(iii) The lower bound is (i) and the upper bound is (ii); for
Sk apply (i) to the k-fold averages.

(iv) Theorem 85 holds on every lattice, so ∑e w2
e ≤

52Qk(w)≤ 52Sk(w) by (iii).

In the Bloch decomposition the eigenvalues of S1 relative
to Q1 fill [1,4]: they tend to one as the momentum tends to
zero and equal four at (π,π,0,0), a floating-point computation
reproduced in the archive. So at this order the averages carry
the coarse quadratic form with no loss at long wavelengths;
the coupling does not run here, and its running is the order-g2

effect of Remark 92(c). Part (iv) is a gap for the averages
at every scale, with the constant of Theorem 85; it does not
give the localisation of Theorem 88(ii) for Sk, since Sk is not a
nearest-neighbour form.

Lemma 90. Let (X ,dX ) and (Y,dY ) be Polish spaces, ρ,ρ ′

Borel probability measures on Y , and κ,κ ′ probability kernels
from Y to X, all with finite first moments. If W1(κ(· | v),κ ′(· |
v))≤ ε and W1(κ

′(· | v),κ ′(· | v′))≤ dY (v,v′) for all v,v′, then
the mixtures π =

∫
κ(· | v)ρ(dv) and π ′ =

∫
κ ′(· | v)ρ ′(dv)

satisfy

W1(π,π
′)≤ ε +W dY

1 (ρ,ρ ′).

Proof. Let F be 1-Lipschitz on X and κF(v) =
∫

F dκ(· |
v). Then

∫
F dπ −

∫
F dπ ′ =

∫
(κF −κ ′F)dρ +

(∫
κ ′F dρ −∫

κ ′F dρ ′). The first term is at most ε . The function κ ′F is
1-Lipschitz for dY , so the second is at most W dY

1 (ρ,ρ ′). The
Kantorovich–Rubinstein duality gives the claim.

A law γ on RV decomposes along the averages if
γ(· | η) =

∫
γc

V (· | η ,v)ρV (dv | η), with ρV (· | η) the law
of (Vy,µ)y∈W . Every law with density proportional to
exp(− b

2 ∑p∩V ̸= /0(dϕ)2
p)g(V (ϕ)), on a set cut out by conditions

on the averages, decomposes in this way, because Lebesgue
measure disintegrates along the fibres of a surjective linear
map into multiples of Lebesgue measure on the fibres. Here
g can carry any action of the averages, in particular a coarse
gauge fixing and a coarse effective action, which is the form a
law takes after the fine scale has been integrated out.
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Corollary 91. Let rw ∈ RV minimise ∑p∩V ̸= /0(dϕ)2
p, with zero

exterior, subject to Vy′,µ ′(rw) = δw,(y′,µ ′) for all (y′,µ ′), y′ ∈W;
put Lw = ∥rw∥1 and dL(v,v′) = ∑w Lw|vw − v′w|. For every law
that decomposes along the averages,

CV, j ≤Cc
V, j +Cρ

V, j, Cρ

V, j = sup
W dL

1 (ρV (· | η),ρV (· | η ′))

|η j −η ′
j|

,

the supremum over exteriors that differ only at j, and Lw ≤
4 · 1014. Hence Kc ≤ Kc

c +Kρ
c with Kρ

c = ∑ j∈c\V Cρ

V, j, and if
Kρ

c ≤ α

2 Nn for every class and n ≥ 4 · 1015/α , then D(n,α)
holds for the law, with the 49 classes of active links.

Proof. Apply Lemma 90 with κ = γc
V (· | η , ·), κ ′ = γc

V (· | η ′, ·),
ρ = ρV (· | η), ρ ′ = ρV (· | η ′). The first condition holds with
ε =Cc

V, j|η j −η ′
j|. By Theorem 88(i) the laws γc

V (· | η ′,v) and
γc

V (· | η ′,v′) are translates by ∑w(v′w − vw)rw, so their distance
is at most dL(v,v′). For the bound on Lw, the pair (rw,y) solves
K(rw,y) = (0,sew) with K as in the proof of Theorem 88.
Measure d from the centre of the row w; Lemma 87 gives
∑e e2λd(e)rw(e)2 ≤ (2M0s)2 = 201602. With z0 = 2y+ eµ for
w = (y,µ), a link whose base is at distance k from z0 has its
midpoint at distance at least k − 1 from the centre, and the
count in that proof gives L2

w ≤ 201602 ·4e2λ
(
1+∑k≥1(64k3 +

16k)e−2λk
)
≤ (4 · 1014)2. Summing over the translates as in

Definition 42 gives Kc ≤ Kc
c +Kρ

c , and Theorem 88(iii) with
α/2 in place of α gives Kc

c ≤ α

2 Nn.

The responses are much smaller than the bound: in float-
ing point, maxw Lw is 23.8, 44.1 and 50.9 for the block
(m,m,m,m), m = ⌊n/4⌋, of the cubes n = 4, 6, 8. Since Theo-
rem 88 controls the first term at every coupling, the corollary
reduces D(n,α) for a law that decomposes along the averages
to the cube condition Kρ

c for its averages, a problem of the
same form one scale up, in the metric dL. Iterating it needs
the localisation of Theorem 88(ii) for Sk and ends in a cube
condition for the coarsest averages, which is where a gap has to
come from: the quadratic approximation describes a massless
field and has none. The corollary is one step of the composition
of Remark 92(a), not its conclusion.

Remark 92. Theorem 88 is the weak-coupling half of the
constrained route at leading order, and Theorem 45 cannot use
it as it stands. Four steps remain, each an open problem.

(a) Composition. Dc holds the block averages fixed. A gap
in physical units needs a theorem that combines the con-
strained conditions at all scales with a cube condition for
the coarsest averages, in the place of Theorem 45. Corol-
lary 91 is one step of it, and Proposition 89(iv) gives the
gap at every scale; the localisation of Sk uniformly in k
and a cube condition for the coarsest averages are open.

(b) Beyond the quadratic approximation. For the Wilson mea-
sure the block averages are products of group elements
along paths, their level sets are curved, and the Bakry–
Émery tensor of Sec. VI is negative at large fields; Theo-
rem 85 controls only the small fields, and the large fields
have to be split off as in Bałaban’s analysis [7]. For the

straight paths between block roots the group-valued esti-
mate holds for all fields (Theorem 94), but that map does
not compose across scales (Proposition 97), and for every
compact connected group no continuous covariant map
treats the transverse positions of a block alike (Proposi-
tion 98). The cut-off average of Theorem 100 is coercive
for all fields and agrees with the averages to first order,
with constants for one step; on torus-valued fields of small
curvature it composes (Theorem 102), and for every com-
pact group it composes on fields whose curvature is small
at every scale with a small sum (Theorem 106); under
the Wilson measure the remaining large fields form mi-
croscopic clusters (Corollary 109), but the conditional
estimate needed near them is open.

(c) Second order. Let b0 = 11N/(48π2) for SU(N), t =
2b0 log2, and let g−2

m = g−2
∗ + tm be the one-loop cou-

pling m steps above a matching scale. Comparison
with integrals gives ∑m≤M g2

m = t−1 logM + O(1) and
∑m g4

m ≤ π2/(6t2) [53]. A loss 1+ cg2
m per step there-

fore compounds to a power of M, and a step from one
scale to the next has to be exact at order g2, with that term
absorbed into the running coupling and the normalisation
of the field, and remainders of order g4.

(d) Crossover and existence. The passage from weak cou-
pling to the strong-coupling range of Sec. IV–VIII and the
existence of the limit, (E), are untouched.

The renormalisation group needed for (a) and (b) is the ultravi-
olet half of (E), so the constrained route places both residues
on one construction.

B. Path blocks for the group-valued links

Remark 92(b) asks for estimates on the actual group-valued
links. They can be proved for a coarser block map, the straight
path between block roots, and this map exhibits the second
half of the difficulty: it does not compose across scales. A
topological argument shows why no continuous map that treats
the transverse positions alike can take its place.

Let G ⊂ U(r) be a compact matrix group, δ (A,B) = ∥A−
B∥HS, which is invariant under left and right multiplication,
and work on the periodic lattice of side 2L with the block tree
of Definition 83, all fifteen tree links of each block equal to I.
Write B for the number of blocks. The path map is

V p
y,µ(U) =U2y+eµ ,µ ,

the product along the straight path from 2y to 2y+2eµ , whose
first link is a tree link; it transforms as a link under the gauge
transformations at the block roots. Fixing V p = v fixes four of
the 49 active links of each block, so the fibre is G45B , and the
Wilson law in the tree gauge restricts to it with product Haar
measure as reference, since the tree gauge has unit Jacobian.
The reconstruction R(v) puts R2y+o,µ = vy,µ if oµ = 1 and
R2y+o,µ = I otherwise. For U in the fibre of v put

Dv(U)2 = ∑
e

δ (Ue,Re(v))2, Q(U) = ∑
p

δ (Up, I)2,
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the first sum having zero terms on the tree and path links, and
let Q1(v) = ∑P δ (vP, I)2 on the coarse lattice.

Lemma 93. For vectors za of a real Hilbert space indexed by
a ∈ {0,1}3, with z0 = 0,

∑
a
∥za∥2 ≤ 3+

√
7

2 ∑
{a,a′}

∥za − za′∥2 ≤ 3 ∑
{a,a′}

∥za − za′∥2,

the sums on the right over the twelve edges of the cube.

Proof. It suffices to treat real numbers. The right side is
⟨z,L0z⟩, where L0 is the Laplacian of the cube with the vertex
0 deleted, and the claim is that its least eigenvalue is 3−

√
7.

The permutations of the coordinates commute with L0. On the
functions fk of the level k = |a|, L0 acts by f1 7→ 3 f1 − 2 f2,
f2 7→ 3 f2 − 2 f1 − f3, f3 7→ 3 f3 − 3 f2, whose characteristic
polynomial in t = 3−λ is t3 −7t; the eigenvalues are 3 and
3±

√
7. On the functions of levels one and two whose sum

over each level vanishes, indexed by the coordinate that is one
at level one and zero at level two, L0 acts by the matrix

(
3 1
1 3

)
,

with eigenvalues 2 and 4; at level three these functions vanish.
The two spaces have dimensions 3 and 4 and span R7. Finally
1/(3−

√
7) = (3+

√
7)/2 < 3.18

Theorem 94. For every G ⊂ U(r), every L ≥ 1, every v and
every U in the fibre of v,

Dv(U)2 ≤ 224Q(U).

Proof. Let I0 be the sum of δ (Ue, I)2 over the active links in-
side the blocks and J0 the sum of δ (Ue,vy,µ)

2 over the links
that leave B(y) in the direction µ , so D2

v = I0+J0. For an active
link inside a block, the chain of plaquettes in the proof of The-
orem 85 applies to group elements: each plaquette of the chain
has its two transverse links on the tree, so the holonomy is the
product of two consecutive links of the chain, and invariance of
δ with the triangle inequality gives δ (Ue, I)2 ≤ k ∑i δ (Upi , I)

2

with k ≤ 3. The loads are those of that proof, so I0 ≤ 8Qin. Fix
y,µ and label the eight links leaving B(y) by the transverse
offset a ∈ {0,1}3; the link a = 0 is the path link and equals
vy,µ . For a transverse edge {a,a′} the face plaquette has holon-
omy Uaψ ′U−1

a′ ψ−1 with ψ,ψ ′ links inside the two blocks, so
δ (Ua,Ua′) ≤ δ (Up, I)+ δ (ψ, I)+ δ (ψ ′, I). Lemma 93 with
za =Ua − vy,µ in the real Hilbert–Schmidt space and Cauchy–
Schwarz bound the eight terms by 9 times the sum of the three
squares over the twelve edges. Each face plaquette occurs once,
and each link inside a block occurs once for each of the three
directions other than its own, as in the proof of Theorem 85.
Hence J0 ≤ 9Qface+27I0 and D2

v ≤ 28I0+9Qface ≤ 224Q.

The bound holds for all fields, with no small-field condition
and no logarithmic chart; Theorem 85 is its linearisation for
the averages, with the better constant 52.

18 The constant (3+
√

7)/2 is attained by a function of the level |a| alone, so
it is the best constant in the lemma.

Proposition 95. Q1(V p(U))≤ 4Q(U), Q(R(v)) = 4Q1(v) and
Q(U)≤ 8Q1(v)+48Dv(U)2 for U in the fibre of v; if Q1(v) =
0, then Q(U)≤ 24Dv(U)2.

Proof. The holonomy of a coarse plaquette is that of the square
of side two at 2y, a product of four conjugated fine plaque-
tte holonomies, so δ (vP, I)≤ ∑p⊂P δ (Up, I); these squares tile
each coordinate plane, which gives the first bound. In R(v) only
the plaquettes with offset one in both directions carry holon-
omy, equal to that of the coarse plaquette, four for each P. For
any plaquette, telescoping gives δ (Up,Rp) ≤ ∑e∈p δ (Ue,Re),
so δ (Up, I)2 ≤ 2δ (Rp, I)2 + 8∑e∈p δ (Ue,Re)

2, and each link
lies in six plaquettes. If Q1(v) = 0, every Rp is I and the factor
2 is not needed.

Let m = 45B, let the action be λQ with λ ≥ 0 (for SU(N),
λ = β/(2N) up to a constant), and put

zG(t) =
∫

G
e−tδ (g,I)2

dg, Zλ (v) =
∫

Gm
e−λQ(U)dU,

with normalised Haar measures, the integral over the fibre of v.

Theorem 96. For every v,

e−8λQ1(v)zG(48λ )m ≤ Zλ (v)≤ e−λQ1(v)/8zG(λ/448)m,

and if Q1(v) = 0, then zG(24λ )m ≤ Zλ (v)≤ zG(λ/224)m. Let
Aλ = zG(λ/448)/zG(24λ ). Under the conditional law at such
a v,

EeλD2
v/448 ≤ Am

λ
, Eδ (Ue, I)2 ≤ 20160

λ
logAλ

for each link e when v ≡ I, and Aλ → 10752q/2 as λ → ∞ if G
has dimension q ≥ 1.

Proof. By Theorem 94 and Proposition 95, Q ≥ 1
2 (D

2
v/224+

Q1/4) and Q ≤ 8Q1 + 48D2
v . Each term of D2

v involves
one free link, and right multiplication by Re(v)−1 preserves
Haar measure, so

∫
e−tD2

v dU = zG(t)m; this gives the two
bounds, and the flat case is the same with Q ≤ 24D2

v . Next,
−λQ + λD2

v/448 ≤ −λD2
v/448, and integration with the

lower bound gives the exponential moment; Jensen’s inequality
gives ED2

v ≤ (448m/λ ) logAλ . When v≡ I the law is invariant
under translation by blocks, so the B links of each of the 45
classes have equal expectations, and 448 ·45 = 20160. Finally,
in exponential coordinates δ (eX , I)2 = ∥X∥2 +O(∥X∥4) and
the Haar density is smooth and positive at 0, while δ (·, I) is
bounded below away from I; so zG(t)∼ cGt−q/2, and the ratio
at λ/448 and 24λ tends to (24 ·448)q/2.

So the fluctuations of the free links around a flat path field are
of order λ−1/2 uniformly in the volume, for the group variables
themselves. The path map cannot be iterated, however, and
this is where it differs from the averages. Write V p,k for the
k-fold path map, the straight path of length s = 2k, and Qk for
the plaquette energy of the lattice of spacing s.
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Proposition 97. On the periodic lattice of side 3s, s= 2k, there
are SU(2) fields in the tree gauge with

Q(U)

Qk(V p,k(U))
= ssin2 π

2s
≤ π2

4s
.

For the averages, by contrast, Qk(V (k)(ϕ))≤ Q(ϕ) for every
k in the quadratic approximation (Proposition 89(i)).

Proof. Let T = diag(iπ/2,−iπ/2). Put the s/2 links in the
direction 0 at ( j,0,0,0), j odd, j < s, equal to e2T/s and all
other links equal to I. These links have offset one in the
direction 0, so the tree gauge holds, and the links at even j
are tree links. The path from 0 to se0 carries eT and every
other path carries I, so one coarse link is eT , and it lies in six
coarse plaquettes, each with δ 2 = ∥eT − I∥2

HS = 4: Qk = 24.
No fine plaquette contains two of the changed links, since the
two links of a plaquette in the direction 0 differ in a transverse
coordinate, so there are 3s nonzero fine plaquettes, each with
δ 2 = 8sin2(π/2s), and Q = 24ssin2(π/2s). Gauge covariance
of the path map makes the ratio gauge invariant.

A field concentrated on one thin path carries a coarse curva-
ture of order one at a fine cost of order 1/s. In the averages it
is one transverse position among s3 and enters with the weight
s−3, which is why the averages compose and the paths do
not. The two properties needed for Remark 92(a) and (b) are
therefore held by two different maps: the paths give a global
estimate for the group-valued links on fibres that do not com-
pose, and the averages compose on linear fibres that exist only
in the quadratic approximation.

A block map with both properties cannot treat the transverse
positions alike and be continuous, for any compact connected
gauge group. Let s = 2k and let V be a map of the links with
both ends in B(y)∪B(y+eµ), blocks of side s, to G. Call it co-
variant if V (Uh) = h1V (U)h−1

2 for every gauge transformation
h equal to h1 on B(y) and to h2 on B(y+ eµ), and normalised
if V (I) = I. The path map and its iterates are covariant, nor-
malised and continuous. Let T be the set of the s3 links in the
direction µ from B(y) to B(y+ eµ), and for u ∈ GT let U(u)
carry ut on the link t ∈ T and I on every other link (Fig. 13).
Let S ⊂ G be a maximal torus, of dimension ℓ; a basis of the
kernel of its exponential map identifies S with (R/2πZ)ℓ and
its first homology with Zℓ.

Proposition 98. Let G ⊂ U(r) be a compact connected Lie
group of positive dimension, let V be covariant and normalised,
and let F(u) =V (U(u)) be continuous on GT . Then F maps
ST into S, and the integer matrices Wt by which the maps
ut 7→ F(u), ut ∈ S, ut ′ = I for t ′ ̸= t, act on H1(S) = Zℓ satisfy

∑
t∈T

Wt = Iℓ.

Hence some Wt ̸= 0, so that the map ut 7→ V (U(u)) on fields
equal to I off the link t is not homotopic to a constant on S, and,
if |T | ≥ 2, no transitive group of permutations of T leaves F
invariant. For G = SU(2), ℓ= 1, the Wt are integers adding up
to one, and some field equal to I off one link of T has V =−I.

Proof. The gauge transformation equal to g on B(y)∪B(y+eµ)

maps U(u) to U(gug−1), since the links equal to I stay I, and
the one equal to g on B(y) and to I on B(y+ eµ) maps it to
U(gu). So F(gug−1) = gF(u)g−1 and F(gu) = gF(u), and
with F(I) = I the second gives F(g, . . . ,g) = g. If every ut lies
in S, every g ∈ S fixes u under conjugation, so F(u) commutes
with S; in a compact connected Lie group a maximal torus
is its own centraliser [42], so F(u) ∈ S. Therefore F restricts
to a continuous map f : ST → S. The first homology of ST is⊕

t∈T Zℓ, the t-th summand coming from the inclusion of the t-
th factor with the identity elsewhere, so f acts on it by (xt)t 7→
∑t Wtxt . The diagonal map S → ST acts by x 7→ (x, . . . ,x), and
f composed with it is the identity of S because F(g, . . . ,g) = g.
Hence ∑t Wt = Iℓ. If all Wt vanished the sum would vanish,
and a map of tori that is homotopic to a constant acts by zero
on homology. A transitive permutation group preserving F
would make all Wt equal to one matrix W , and |T |W = Iℓ has
no integer solution for |T | ≥ 2. For SU(2), S is a circle through
−I, and a loop of nonzero degree in a circle is onto.

For the path map, Wt is the identity at the position of the
path and zero elsewhere. Averages of the path holonomies
weigh the positions alike, so by the proposition they have
no continuous covariant extension to all of GT , for SU(N)
and for every compact simple group. Bałaban’s averages are
defined only on fields whose plaquettes are small, and the large
fields are split off [5, 7]. A block map with both properties
for all fields is therefore discontinuous or, like the path map,
not invariant under the transverse symmetries of the block.
Theorem 100 below gives a continuous one whose departure
from the symmetry is confined to large fields.19

The proposition leaves room for a map that treats the posi-
tions alike to first order and breaks the symmetry only where
the field is large. For a coarse link (y,µ) and x ∈ B(y) put

Px =Ux,µUx+eµ ,µ ,

the product along the straight path of length two from x to
x+2eµ . In the tree gauge it is the parallel transport from 2y to
2y+2eµ through x and x+2eµ , it transforms as a link under
the gauge transformations at the block roots, and P2y = V p

y,µ ,
since the first link of that path is a tree link. Let g be the
Lie algebra of G, ∥X∥ the Hilbert–Schmidt norm and log the
principal logarithm of unitary matrices without the eigenvalue
−1.

Lemma 99. If g is unitary and δ (g, I) ≤ 1, then ∥logg∥ ≤
π

3 δ (g, I). If X is skew-Hermitian, then δ (eX , I)≤ ∥X∥.

Proof. Let eiθ j , |θ j| ≤ π , be the eigenvalues of g. Then
δ (g, I)2 = ∑ j 4sin2(θ j/2) and ∥logg∥2 = ∑ j θ 2

j . Each term
of the first sum is at most 1, so |θ j| ≤ π/3, and θ/(2sin(θ/2))
increases on (0,π) and equals π/3 at θ = π/3. The second
statement is |eiθ −1| ≤ |θ | for the eigenvalues of X .

19 That spheres and tori carry no continuous symmetric mean goes back to
Aumann [2] and Eckmann [33]; the proof above is their homology argument
in gauge-covariant form, with the links of the slice T as the arguments of
the mean and a maximal torus in place of the circle.
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FIG. 13. (a) Two adjacent blocks B(y), B(y+ eµ ) of side s = 4, drawn in three of the four dimensions. The black segment is the straight
path between the roots, the coarse link of the path map. The blue links form the slice T of Proposition 98. The red links carry the field of
Proposition 97: a path whose holonomy is that of a coarse link of order one, at a fine energy of order 1/s. (b) For SU(2), two coordinates of the
torus (R/2πZ)T of slice fields with values in a maximal torus. The diagonal is pure gauge and is sent to a loop of degree one, so the degrees Wt
of the coordinate loops add up to one.

Let ρG ∈ (0,1] be such that logg ∈ g for every g ∈ G with
δ (g, I) ≤ ρG.20 Let φ(t) = min{1,max{0,2 − 2t}}, which
equals 1 on [0, 1

2 ] and 0 on [1,∞), put

χy,µ(U) = φ

(
ρ
−1
G max

x∈B(y)
δ (Px,P2y)

)
,

and define the cut-off average

V ♯
y,µ(U) = P2y exp

(
χy,µ(U)

16 ∑
x∈B(y)

log
(
P−1

2y Px
))

, (17)

the exponential factor being I when χy,µ(U) = 0 (Fig. 14).
When every path is close to the straight one it is the average of
the sixteen paths taken in the chart at P2y; when some path is
far from it, it is the path map.

Theorem 100. For every compact G ⊂ U(r) the cut-off aver-
age is continuous, covariant and normalised, and the following
hold, with c = π/3.

(i) If δ (Px,P2y)≤ ρG/2 for every x ∈ B(y), then V ♯
y,µ(U) =

P2y exp
( 1

16 ∑x log(P−1
2y Px)

)
. For ϕ with values in g, van-

ishing on the tree links,

V ♯
y,µ(etϕ) = I + t Vy,µ(ϕ)+O(t2),

with Vy,µ the block average of Definition 83.

20 The exponential map of G is a diffeomorphism from a ball of g of operator-
norm radius less than π onto a neighbourhood N of I in G, on which it
inverts the principal logarithm, and N contains {g ∈ G : δ (g, I) ≤ ρ} for
small ρ > 0. For U(r) one may take ρG = 1. For SU(N) one may take
ρG = min{1,5/

√
N}: by Lemma 99 the trace of logg has modulus at most√

N πρG/3 < 2π , and it lies in 2πiZ. Some restriction is needed: on the
circle {diag(z,z7)}⊂ U(2) the point z = e2πi/7 has δ (g, I)< 1 but logg /∈ g.

(ii) For every field U in the tree gauge,

∑
y,µ

∑
x∈B(y)

δ (Px,P2y)
2 ≤ 896Q(U),

∑
y,µ

δ
(
V ♯

y,µ(U),V p
y,µ(U)

)2 ≤ 56c2 Q(U),

∑
e

δ
(
Ue,Re(V ♯(U))

)2 ≤ (448+896c2)Q(U),

Q1
(
V ♯(U)

)
≤ (8+2688c2)Q(U),

and 448+896c2 < 1431, 8+2688c2 < 2956.

(iii) In the setting of Proposition 98 with s = 2, Wt is the
identity at the position of the straight path and 0 at the
seven others.

(iv) If U equals I except on one link from B(y) to B(y+ eµ),
where it equals g with δ (g, I) ≤ ρG/2, then V ♯

y,µ(U) =

exp( 1
8 logg), at each of the eight transverse positions of

the link; the path map gives g at one position and I at
the seven others.

Proof. Write P = P2y, vx = P−1Px and m = maxx δ (vx, I) =
maxx δ (Px,P). Where m < ρG, every logvx lies in g, depends
continuously on U by Lemma 99, which keeps the eigenvalues
of vx away from −1, and the exponent of (17) lies in g, so
V ♯ ∈ G. Where m ≥ ρG, V ♯ = P. As m increases to ρG the
exponent has norm at most χcρG → 0, so V ♯ is continuous.
Let h be a gauge transformation equal to h1 on B(y) and to h2
on B(y+ eµ). The middle point x+ eµ of each path lies in one
of the two blocks, so Px 7→ h1Pxh−1

2 and vx 7→ h2vxh−1
2 ; δ is

invariant and log is equivariant under unitary conjugation, so
χ is unchanged and V ♯ 7→ h1V ♯h−1

2 . At U = I every vx is I, so
V ♯(I) = I.
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FIG. 14. (a) A block B(y) of side two and the next block in the direction µ , drawn in three of the four dimensions. Green dashed: the tree links,
equal to I. Blue: the paths Px of length two from the sites of B(y), each joining 2y to 2y+2eµ through the trees; black: the straight path P2y, the
coarse link of the path map. The cut-off average is the mean of the sixteen paths in the chart at P2y while every path is close to it. (b) For SU(2)
and one link eθX , X = diag(i,−i), the angle of V ♯ when the link lies on the straight path (black) or at another transverse position (blue), with
ρG = 1. Both equal θ/8, the block average, while χ = 1; past the cut-off they are the path map, θ and 0, so the slice windings are 1 and 0.

(i) The first statement is χ = 1. If U = etϕ with ϕ = 0
on the tree, then P = I + tϕ2y+eµ ,µ + O(t2) and logvx =

t(ϕx,µ +ϕx+eµ ,µ −ϕ2y+eµ ,µ)+O(t2), and for small t the con-
dition of the first statement holds. The mean over the sixteen
x is t(Vy,µ(ϕ)−ϕ2y+eµ ,µ)+O(t2), since ϕ2y,µ = 0, and multi-
plying by P gives the claim.

(ii) In the tree gauge P = vy,µ := V p
y,µ(U). If oµ = 0, then

Ux+eµ ,µ is the link leaving B(y) at the transverse offset of x, and
invariance of δ with the triangle inequality gives δ (Px,P) ≤
δ (Ux,µ , I)+ δ (Ux+eµ ,µ ,vy,µ); if oµ = 1, the roles of the two
links are exchanged. Each link leaving a block in the direction
µ occurs for two sites x of that block, and each link in the
direction µ with oµ = 0 occurs once for the block containing
it and once for the block before it. With (a+b)2 ≤ 2a2 +2b2

and the notation of the proof of Theorem 94, the sum is at most
2(2I0 + 2J0) = 4D2

v ≤ 896Q. Next, if χ > 0, Lemma 99 and
the Cauchy–Schwarz inequality give

δ (V ♯,P)≤
∥∥∥ χ

16 ∑
x

logvx

∥∥∥≤ c
16 ∑

x
δ (vx, I)

≤ c
4

(
∑
x

δ (Px,P)2
)1/2

,

and the second bound follows from the first, 896c2/16 = 56c2.
The reconstruction R(V ♯) agrees with R(v) on the links with
oµ = 0, and on the eight links with oµ = 1 of each block
and direction δ (Ue,V ♯)2 ≤ 2δ (Ue,v)2 + 2δ (V ♯,v)2; so the
third sum is at most 2D2

v +16 ·56c2Q ≤ (448+896c2)Q. Fi-
nally, write V ♯ = vM. Removing the four factors M from the
holonomy of a coarse plaquette one at a time changes δ (·, I)
by at most δ (M, I) each time, so δ (V ♯

P, I)
2 ≤ 2δ (vP, I)2 +

8∑ℓ∈P δ (Mℓ, I)2. Each coarse link lies in six coarse plaque-
ttes, so Q1(V ♯) ≤ 2Q1(v) + 48 · 56c2Q, and Q1(v) ≤ 4Q by
Proposition 95. The numerical bounds use c2 < 1.0967.

(iii) For s = 2 the slice T consists of the eight links leaving
B(y), and the links inside the blocks are I, so Px = ua for the
transverse offset a of x, two sites for each a. Let t be a position
other than the straight path and ut ′ = I for t ′ ̸= t. Then P = I,
two of the vx equal ut and the others I, so F(u)= exp( 1

8 χ logut)

with χ = φ(δ (ut , I)/ρG). On S the maps ut 7→ exp(λ

8 χ logut),
0 ≤ λ ≤ 1, are continuous by the argument above and take
values in S, since logut commutes with S and the centraliser
of a maximal torus in g is its Lie algebra; they join F to the
constant I, so Wt = 0. By Proposition 98 the Wt add up to the
identity, which is therefore the matrix at the straight path.

(iv) At the straight path, Px = g for the two sites with
transverse offset 0 and Px = I for the others, so V ♯ =
gexp(− 14

16 logg) = exp( 1
8 logg); at another position, P = I and

two of the Px equal g, so V ♯ = exp( 2
16 logg).

The small-field part of (17) is Bałaban’s averaging opera-
tion [6]; the cut-off extends it to all fields with the bounds of
(ii). The theorem shows how far Proposition 98 reaches. The
cut-off average is continuous, covariant and coercive for every
field, and it agrees with the block averages to first order. Its
slice windings are those of the path map, as the proposition
demands of any such map, but the departure from the trans-
verse symmetry happens only where some path differs from
the straight one by more than ρG/2. Below that the field of a
single link enters with the weight 1

8 of the averages, whichever
position it occupies.

What the theorem does not give is composition. The con-
stants of (ii) are those of one step, and iterating them gives a
factor that grows exponentially in the number of steps; on its
large-field branch the map is the path map, for which Proposi-
tion 97 rules out any bound uniform in that number. Whether
the k-fold cut-off average obeys Qk(V ♯,k(U)) ≤ C Q(U) and
the corresponding coercivity bound with C independent of k is
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open for general fields; it is the form in which Remark 92(b)
remains. Section XII C proves it, with C = 1.001, for fields
with values in a maximal torus whose curvature stays small
at every scale, and with C = e12060σ for fields of any compact
group whose curvatures at the successive scales are small with
sum σ .

C. Composition across scales

This subsection proves that the cut-off average composes
across all scales on fields with values in a maximal torus whose
curvature stays small, which includes the thin paths that defeat
the path map, and then that it composes for every compact
group on fields whose curvature is small, with a summable loss
over the scales.

Let S be a maximal torus of G ⊂ U(r) and s its Lie algebra.
The exponential maps s onto S, and its kernel Λ consists of
diagonalisable matrices with eigenvalues in 2πiZ, so every
nonzero element of Λ has norm at least 2π . For an S-valued
field with δ (Up, I)≤ ρG on every plaquette put Θp = logUp;
it lies in g, commutes with S, and so lies in s. For a fine site
x and a coordinate plane {µ,ν} let □x be the square of side
two at x in that plane and Fx = ∑p⊂□x Θp, the sum of its four
plaquettes, oriented as the square. Put

ηG = ρG/12.

The k-fold cut-off average is defined by putting the coarse field
back into the tree gauge, by an S-valued gauge transformation,
before each step. The tree gauge fixes such a transformation up
to one that is constant on blocks, under which V ♯ is covariant,
so the coarse plaquette holonomies U ( j)

P of the j-th iterate U ( j)

are well defined; we write Θ
( j)
P = logU ( j)

P when δ (U ( j)
P , I)≤

ρG.

Lemma 101. Let U be an S-valued field in the tree gauge with
∥Θp∥ ≤ ηG for every plaquette. Then χy,µ(U) = 1 for every
coarse link, and the coarse plaquette P at y in the plane {µ,ν}
has

V ♯(U)P = exp F̄P, F̄P =
1
16 ∑

o∈{0,1}4

F2y+o,

with ∥F̄P∥ ≤ 4maxp∥Θp∥, so that logV ♯(U)P = F̄P.

Proof. Let η = maxp∥Θp∥. Fix (y,µ) and x = 2y+ o. The
tree path τ from 2y to x sets the coordinates of o one at a time
in increasing order, so it has at most four edges, at most three
of them transverse to µ . In the tree gauge its links are I, so
P−1

2y Px is the holonomy of the loop τ , then the straight path
from x to x+ 2eµ , then τ + 2eµ backwards, then the straight
path from 2y+ 2eµ back to 2y. This loop is the boundary
of the surface swept by the transverse edges of τ along two
steps in the direction µ: at most six distinct plaquettes, each
with coefficient ±1. The group is abelian, so P−1

2y Px = expdx

with dx the signed sum of their Θp, and ∥dx∥ ≤ 6η ≤ ρG/2.
By Lemma 99, δ (Px,P2y) ≤ ρG/2, so χ = 1, and since the
eigenvalues of dx have modulus at most 1

2 , log(P−1
2y Px) = dx.

Hence V ♯
y,µ = exp(Xy,µ + d̄y,µ), where Xy,µ ∈ s is any logarithm

of P2y and d̄y,µ is the mean of the dx.
Let the sides of P be the coarse links ℓ with signs εℓ, and

write do,ℓ for the dx of the side ℓ at the offset o. For each o the
four straight paths of length two at the offset o of the four sides
bound the square □2y+o, so

Yo = ∑
ℓ

εℓ

(
Xℓ+do,ℓ

)
−F2y+o ∈ Λ.

Since d0,ℓ = 0, ∥Yo −Y0∥ ≤ 4 · 6η + 8η = 32η ≤ 8
3 < 2π , so

Yo = Y0 for every o. Averaging over o gives ∑ℓ εℓ(Xℓ+ d̄ℓ) =
F̄P +Y0, and expY0 = I. Finally ∥F̄P∥ ≤ maxo∥F2y+o∥ ≤ 4η <
π/3, so F̄P is the principal logarithm.

Theorem 102. Let U be an S-valued field in the tree gauge on
the periodic lattice of side divisible by 2k, with δ (Up, I)≤ ρG
on every plaquette, and put η0 = maxp∥Θp∥, A = ∑p∥Θp∥.
Suppose that

max
P

∥Θ
( j)
P ∥ ≤ ηG for 0 ≤ j < k, (18)

which holds in particular if η0A ≤ η2
G. Then the cut-off is

inactive at every step, Θ( j+1) = F̄(Θ( j)), and for j < k

∑
P
∥Θ

( j+1)
P ∥2 ≤ ∑

P
∥Θ

( j)
P ∥2, ∑

P
∥Θ

( j+1)
P ∥ ≤ 1

4 ∑
P
∥Θ

( j)
P ∥,

max
P

∥Θ
( j+1)
P ∥ ≤ 4max

P
∥Θ

( j)
P ∥.

Consequently

Qk
(
V ♯,k(U)

)
≤ ∑

p
∥Θp∥2 ≤ 1.001Q(U),

Qk
(
V ♯,k(U)

)
≤ 16−kA2.

Proof. The first assertions follow from Lemma 101 by induc-
tion, the S-valued gauge fixing between steps leaving the pla-
quette holonomies unchanged. The coarse plaquettes P in a
plane together with the offsets o are in bijection with the fine
squares □x in that plane, x = 2y+o, and a fine plaquette lies in
four such squares. With ∥F̄P∥2 ≤ 1

16 ∑o∥F2y+o∥2 and ∥Fx∥2 ≤
4∑p⊂□x∥Θp∥2 this gives ∑P∥F̄P∥2 ≤ 1

16 · 4 · 4∑p∥Θp∥2; the
same count without Cauchy–Schwarz gives the factor 1

4 in the
second inequality, and the third is ∥Fx∥ ≤ 4η .

For the sufficient condition, let η j and A j be the maximum
and the sum of ∥Θ

( j)
P ∥. While (18) holds up to j − 1, the

inequalities give η j ≤ 4 jη0 and η j ≤ A j ≤ 4− jA. The product
of the two bounds is η0A ≤ η2

G, so the smaller one is at most
ηG, and (18) holds at j.

Finally δ (expΘ, I)≤ ∥Θ∥ (Lemma 99), so Qk(V ♯,k(U))≤
∑P∥Θ

(k)
P ∥2, which is at most both ∑p∥Θp∥2 and ηkAk ≤ A2

k ≤
16−kA2. The eigenvalues of each Θp are iθ with |θ | ≤ η0 ≤
ηG ≤ 1

12 , since η2
0 ≤ η0A in the sufficient condition and η0 ≤

ηG is the case j = 0 of (18); and θ 2 ≤ 1.001 ·4sin2(θ/2) there,
which gives ∑p∥Θp∥2 ≤ 1.001Q(U).
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FIG. 15. (a) In the torus, the coarse plaquette of the cut-off average is the mean of the fluxes F2y+o of the sixteen fine squares of side two at the
offsets o (four of them drawn), whatever the gauge of the coarse links (Lemma 101). (b) For the thin-path fields of Proposition 97, the coarse
energy after k steps: 24 for the path map, at most 18π2/s2 for the cut-off average (Corollary 103); the fine energy is about 6π2/s.

Corollary 103. For G= SU(2) and the fields of Proposition 97
with s = 2k ≥ 214,

Qk
(
V ♯,k(U)

)
≤ 18π2

s2 ≤ 4
s

Q(U),

Qk
(
V p,k(U)

)
= 24 ≥ 4s

π2 Q(U).

Proof. Here ρG = 1 and S is the diagonal torus. The 3s
nonzero plaquettes have Θp = ±2T/s, of norm

√
2π/s, so

η0A = 6π2/s ≤ 1
144 when s ≥ 864π2, which holds for s ≥ 214,

and A2 = 18π2. Proposition 97 gives Q(U) = 24ssin2(π/2s),
which lies between (6π2/s)(1−π2/(12s2)) and 6π2/s.

So on torus-valued fields of small curvature the cut-off aver-
age behaves like the linear averages: the curvature is averaged
over the sixteen offsets at every step, the energy never increases,
and a thin path is spread out and contracted instead of being
carried to the coarse lattice (Fig. 15).

For general fields the paths do not commute, and the loga-
rithms carry commutators from the second order on. The next
two lemmas bound these commutators by the square of the
local curvature. The same composition then holds for every
compact group, with a loss of at most 1+O(η j) at scale j.

Lemma 104. Let Z1, . . . ,Zn ∈ g with r =∑i∥Zi∥≤min{ 1
4 ,ρG},

and let g = eZ1 · · ·eZn . Then δ (g, I)≤ r, logg ∈ g, and∥∥∥logg−∑
i

Zi

∥∥∥≤ 1.6r2.

Proof. The distance δ is invariant under multiplication by uni-
tary matrices on either side, so δ (g, I) ≤ ∑i δ (eZi , I) ≤ r by
Lemma 99, and logg ∈ g by the choice of ρG. Expanding the
exponentials, g− I −∑i Zi is a sum of products of at least two
factors. Since the Hilbert–Schmidt norm is submultiplicative,
its norm is at most er−1−r ≤ 1

2 r2er ≤ 0.643r2, and M = g−I

has ∥M∥ ≤ er −1 ≤ 1.137r ≤ 0.285. The operator norm of M
is smaller than 1. The principal logarithm is holomorphic on
the disc |z− 1| < 1, which contains the spectrum of g, so it
is given there by its power series, logg = ∑k≥1(−1)k+1Mk/k.
Hence

∥logg−M∥ ≤ ∥M∥2

2(1−∥M∥)
≤ 0.905r2,

and the two bounds add up to less than 1.6r2.

Let U be a G-valued field in the tree gauge with δ (Up, I)≤
ρG, and put Θp = logUp. A change of base point conjugates
Θp and does not change its norm. Let P be a coarse plaquette at
y in the plane {µ,ν}. Its sides are ℓ1 = (y,µ), ℓ2 = (y+eµ ,ν),
ℓ3 = (y+ eν ,µ) and ℓ4 = (y,ν), with initial points yi. For an
offset o ∈ {0,1}4 let Pi,o be the path product of ℓi through
2yi +o, and put

KP,o = P1,oP2,oP−1
3,o P−1

4,o , F̄P =
1

16 ∑
o

logKP,o.

The tree segments between consecutive sides cancel. Hence
KP,o is the holonomy of the square □2y+o, carried to 2y along
the tree. In a torus, logKP,o = F2y+o, and F̄P is the mean of
Lemma 101. Let σP,o be the sum of ∥Θp∥ over the four plaque-
ttes of □2y+o.

Lemma 105. Let U be a G-valued field in the tree gauge with
δ (Up, I)≤ ρG and ∥Θp∥ ≤ η ≤ ρG/1000 for every plaquette.
Then χy,µ(U) = 1 for every coarse link. Every coarse plaquette
has δ (V ♯(U)P, I)≤ 0.03ρG and∥∥logV ♯(U)P − F̄P

∥∥≤ 3.2r2
P,

∥F̄P∥ ≤
1+6.4η

16 ∑
o

σP,o,
(19)
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with rP ≤ 28.26η defined in the proof. Let E, A be the sum of
∥Θp∥2 and of ∥Θp∥, and let E ′, A′, η ′ be the sum of squares,
the sum and the maximum of ∥logV ♯(U)P∥. Then

√
E ′ ≤ (1+6030η)

√
E, A′ ≤ (1+9147η)

A
4
,

η
′ ≤ 4(1+647η)η .

Proof. Paths. Fix a coarse link (y,µ) and x = 2y+o. As in the
proof of Lemma 101, P−1

2y Px is the holonomy of a loop bound-
ing a surface of at most six plaquettes, swept by the transverse
edges of the tree path. Build the surface one plaquette at a
time. This writes the holonomy as a product of at most six
factors hU±1

p h−1 = exp(±hΘph−1). Let σ(y,µ),o ≤ 6η be the
sum of their ∥Θp∥. By Lemma 104, δ (Px,P2y)≤ 6η ≤ ρG/2,
so χ = 1. The logarithm D(y,µ),o = log(P−1

2y Px) lies in g, with

∥D(y,µ),o∥ ≤ (1+9.6η)σ(y,µ),o.

In the same way KP,o is a product of four such factors, so
∥logKP,o∥≤ (1+6.4η)σP,o. Averaging over o gives the second
inequality of (19).

The plaquette. Write Di,o for Dℓi,o. Then Pi,o = Pi,0eDi,o and
Di,0 = 0, and V ♯

ℓi
= Pi,0emi with mi =

1
16 ∑o Di,o. The paths and

V ♯ transform as links under gauge transformations constant
on blocks. These transformations preserve the tree gauge and
conjugate Di,o, mi, KP,o and V ♯

P by fixed elements. Choose
one with P1,0 = P2,0 = P3,0 = I. Then P4,0 = K−1

P,0 , and with
c = logKP,0,

V ♯
P = em1em2e−m3e−m4ec,

KP,o = eD1,o eD2,o e−D3,o e−D4,o ec.

Put rP = ∑i maxo∥Di,o∥+∥c∥. Since ∥mi∥ ≤ maxo∥Di,o∥, the
five exponents in each product have norms adding up to at most
rP, and

rP ≤ 24(1+9.6η)η +4(1+6.4η)η ≤ 28.26η .

Lemma 104 gives δ (V ♯
P, I)≤ rP ≤ 0.03ρG and

logV ♯
P = m1 +m2 −m3 −m4 + c+R,

logKP,o = D1,o +D2,o −D3,o −D4,o + c+Ro,

with ∥R∥,∥Ro∥ ≤ 1.6r2
P. Average the second line over o and

subtract it from the first; since mi is the mean of the Di,o, this
is the first inequality of (19).

Sums. Each fine plaquette lies in four squares □x, and
the pairs (P,o) are in bijection with these squares. The sec-
ond inequality of (19) and Cauchy–Schwarz therefore give
∑P∥F̄P∥2 ≤ (1+6.4η)2E; without Cauchy–Schwarz they give
∑P∥F̄P∥≤ (1+6.4η)A/4. For the remainders, let Uℓ be the set
of plaquettes of the surfaces of the side ℓ= (y,µ) for all sixteen
offsets. These lie in planes {µ,α}, α ̸= µ , at µ-positions 2yµ ,
2yµ +1, 2yµ +2, and there are at most 36 of them. A plaquette
lies in Uℓ for at most four coarse links. With m′

ℓ =∑p∈Uℓ
∥Θp∥,

rP ≤ 1.0096
(

∑
ℓ⊂P

m′
ℓ+σP,0

)
.

A coarse link is a side of six coarse plaquettes, and a plaquette
lies in □2y for at most one coarse plaquette. Therefore

∑
P

rP ≤ 1.0096(6 ·4A+A)≤ 25.24A,

∑
P

r2
P ≤ 1.00962 ·5(6 ·36 ·4E +4E)≤ 4424E.

Hence, with rP ≤ 28.26η ,

∑
P

3.2r2
P ≤ 3.2 ·28.26 ·25.24ηA ≤ 2283ηA,(

∑
P

(
3.2r2

P
)2
)1/2

≤ 3.2 ·28.26η (4424E)1/2 ≤ 6015η
√

E.

The triangle inequality, for the Euclidean norm over P in the
first case, gives

√
E ′ ≤ (1+6.4η +6015η)

√
E and A′ ≤ (1+

6.4η)A/4+2283ηA. For the maximum, η ′ ≤ (1+6.4η)4η +
3.2(28.26η)2 ≤ 4(1+647η)η .

For a G-valued field, the k-fold cut-off average is defined as
before, with G-valued gauge transformations. The tree gauge
fixes them up to transformations constant on blocks, under
which V ♯ is covariant. These transformations conjugate the
plaquette holonomies and leave the norms ∥Θ

( j)
P ∥ unchanged.

Theorem 106. Let G ⊂ U(r) be compact and let U be a G-
valued field on the periodic lattice of side divisible by 2k, with
δ (Up, I)≤ ρG on every plaquette. Let η j, A j, E j be the max-
imum, the sum and the sum of squares of ∥Θ

( j)
P ∥ over the

plaquettes of the j-th iterate.

(i) If η j ≤ ρG/1000 for 0 ≤ j < k, the cut-off is inactive at
every step. With σ = ∑ j<k η j,

Ek ≤ e12060σ E0, Ak ≤ e9147σ 4−kA0,

ηk ≤ e647σ 4k
η0.

(ii) If η0A0 ≤ 2 ·10−10ρ2
G, then (i) applies for every k with

σ ≤ 7.25
√

η0A0, and

Qk
(
V ♯,k(U)

)
≤ e8.8·104√η0A0E0 ≤ 1.0001e8.8·104√η0A0 Q(U),

Qk
(
V ♯,k(U)

)
≤ e2 16−kA2

0.

Proof. (i) Apply Lemma 105 at each step to the field in the
tree gauge; the gauge fixing does not change the norms. The
lemma gives δ (U ( j+1)

P , I)≤ ρG, so Θ( j+1) is defined, and with
1+ t ≤ et the three inequalities of the lemma multiply over the
steps.

(ii) Suppose that for i < j we have ηi ≤ ρG/1000 and
∑i< j ηi ≤ 7.25

√
η0A0 ≤ 1/9747. Then (i) gives A j ≤ e4− jA0

and η j ≤ e4 jη0, and η j ≤ A j. So η j ≤ emin{4 jη0,4− jA0} ≤
e
√

η0A0 ≤ ρG/1000. Let i∗ be the last index with 4i∗η0 ≤
4−i∗A0. The terms of min{4iη0,4−iA0} increase by the factor
4 up to i∗ and decrease by the factor 4 after it. The terms
at i∗ and i∗ + 1 are at most

√
η0A0, so the sum over all i

is at most 8
3
√

η0A0, and ∑i≤ j ηi ≤ 8e
3
√

η0A0 ≤ 7.25
√

η0A0.
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This completes the induction. Then Ek ≤ e12060·7.25
√

η0A0E0.
By Lemma 99, Qk(V ♯,k(U)) ≤ Ek, and Ek ≤ ηkAk ≤ A2

k ≤
e2 16−kA2

0. Finally the eigenvalues iθ of each Θp have |θ | ≤
η0 ≤

√
η0A0 < 10−4, and θ 2 ≤ 1.0001 ·4sin2(θ/2) there.

For a torus Theorem 102 is sharper, and its hypothesis is
weaker; the content of Theorem 106 is the non-abelian case.
Neither theorem gives the supremum over boundary conditions
in (D). Theorem 100 has the constants of one step. Theo-
rems 102 and 106 need the curvature to be small at every scale:
in Theorem 106 the losses e6030η j must have a bounded prod-
uct, and a field whose curvature is smooth on a scale ℓ grows
by a factor four per step until the coarse spacing reaches ℓ. The
large fields, where the cut-off is active, and the Wilson measure
itself are outside both; Sec. XII D shows where the large fields
lie under that measure.

D. Large fields under the Wilson measure

Theorem 106 needs every plaquette to be small. This sub-
section shows that, under the SU(2) Wilson measure, the pla-
quettes that are not small form clusters of microscopic size,
and that the cut-off average departs from the average only next
to them. It also shows that such plaquettes are present along
the one-loop tuning, so the composition has to pass through
them.

Let ΛL = (Z/LZ)4 with L = 2m ≥ 4, and let µL be the SU(2)
Wilson measure on ΛL, with density proportional to e−βW S(U)

with respect to product Haar measure, where

S(U) = ∑
p

sp, sp = 1− 1
2 TrUp =

1
4 δ (Up, I)2.

This is the Wilson measure of Sec. III on the torus, without
gauge fixing; it has 4L4 links and 6L4 plaquettes. For 0< ρ ≤ 1
call a plaquette bad if δ (Up, I) > ρ . The closed unit cube
Cx = x+[0,1]4 contains 24 plaquettes. Let Bx be the event that
one of them is bad. A plaquette lies in exactly four unit cubes,
one for each choice of the two transverse coordinates of the
cube’s corner.

Lemma 107. Let ZL be the normalising constant of µL and
C0 =

1
2 +

2
3 log(24π3). For βW ≥ 1,

− logZL ≤ 6L4(logβW +C0), EµL S ≤ 6L4 logβW +C0

βW
.

Proof. Write U = cosθ I+sinθ J with 0≤ θ ≤ π and J2 =−I.
The angle θ of g−1h is a bi-invariant distance, and under Haar
measure θ has density 2

π
sin2

θ . Put r = (4
√

βW )−1. If every
link has angle at most r, every plaquette has angle at most
4r ≤ 1 and sp ≤ (4r)2/2 = 1/(2βW ), so S ≤ 3L4. Each link
angle is at most r with probability

2
π

∫ r

0
sin2 t dt ≥ 8r3

3π3 =
1

24π3β
3/2
W

,

by sin t ≥ 2t/π . Hence ZL ≥ e−3L4
(24π3β

3/2
W )−4L4

, which is
the first bound. The function F(b) =− logZL at the coupling b

is concave with F(0) = 0 and F ′(b) = ES, so bF ′(b)≤ F(b),
which is the second.

Theorem 108. For βW ≥ 1, 0 < ρ ≤ 1 and every set A of unit
cubes,

µL

( ⋂
x∈A

Bx

)
≤ q|A|,

q = qρ(βW ) = min
{

1,exp
(
6(logβW +C0)−βW ρ

2/16
)}

.

Proof. The measure µL is reflection positive in every hyper-
plane through sites [64]: the plaquettes are either in the hy-
perplane or on one side of it, so conditionally on the links in
the hyperplane the weight factors into two mirror images, and
reflection preserves Haar measure and TrUp. On a torus of
side 2m this gives the chessboard estimate for functions of the
links of closed unit cubes [35], [20, Section 5.3]:

µL

( ⋂
x∈A

Bx

)
≤ µL

( ⋂
x∈ΛL

Bx

)|A|/L4

,

since the reflection of Bx into another cube is the event By of
that cube. If every cube is bad, there are at least L4/4 bad pla-
quettes, so S≥ ρ2L4/16 and the event has unnormalised weight
at most e−βW ρ2L4/16. Dividing by ZL and using Lemma 107
gives the bound.

Corollary 109. Join two unit cubes when their corners are at
ℓ∞ distance one on the torus. For an integer r ≥ 1,

µL{some connected set of r bad cubes} ≤ L4(6400q)r.

Hence, on a torus of fixed physical side La, if a → 0 along L =
2m and βW (a)→ ∞, the physical diameters of all connected
clusters of bad cubes tend to 0 in probability, for every fixed ρ .

Proof. A connected set of r cubes containing a given cube is
recovered from a walk of length 2(r− 1) around a spanning
tree, and each cube has 80 neighbours, so there are at most
802(r−1) ≤ 6400r such sets. Apply Theorem 108 and sum over
the L4 roots. A cluster of physical diameter at least R contains a
connected set of ⌈R/a⌉ cubes, and once 6400q ≤ 1

2 the bound
is at most (La/a)42−R/a → 0.

The bad cubes control where the cut-off average differs
from the average. For a coarse link (y,µ) let Zy,µ be the 24
unit cubes with corners 2y+ teµ +w, t ∈ {0,1,2}, w ∈ {0,1}4,
wµ = 0 (Fig. 16).

Corollary 110. Let ρ = 1
12 . If no cube of Zy,µ is bad, then

χy,µ(U) = 1 in the tree gauge, and V ♯
y,µ is the average of the

sixteen paths in the chart at P2y. A bad cube lies in Zy,µ for at
most eight coarse links, so the expected fraction of coarse links
with χ < 1 is at most 4.5 · 105 (logβW +C0)/βW . Along the
limits of Corollary 109, with probability tending to one these
links lie within physical distance 2a of clusters of bad cubes of
physical diameter less than any fixed R > 0.
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FIG. 16. Large fields under the SU(2) Wilson measure. (a) A plane section of the lattice: bad unit cubes (red) form clusters, and the cut-off
average can differ from the path average only on coarse links (orange) whose 24 cubes Zy,µ meet a bad cube (Corollary 110). (b) The frustrated
exterior of a link e: the staple of p0 is I and the other five staples are −I, so Ue is driven to −I and p0 is bad. (c) The weight qρ (βW ) of
Theorem 108 for three values of ρ; below the dashed line the cluster bound of Corollary 109 is summable.

Proof. As in the proof of Lemma 105, P−1
2y Px is a product of at

most six conjugates of plaquette holonomies or their inverses.
These plaquettes lie in planes {µ,α} with corners 2y+teµ +w
as above, and a plaquette lies in the unit cube at its corner. So
δ (Px,P2y) ≤ 6ρ = 1

2 , and χ = 1. A cube with corner z lies
in Zy,µ only if zµ −2yµ ∈ {0,1,2} and zα −2yα ∈ {0,1} for
α ̸= µ , which leaves at most two coarse links in each direction.
There are L4/4 coarse links, the number of bad cubes is at most
four times the number of bad plaquettes, and a bad plaquette
has sp > ρ2/4, so by Lemma 107 the expected fraction is at
most 4 ·8 ·4 ·24 ·144(logβW +C0)/βW . The last assertion is
Corollary 109.

Small plaquettes everywhere, which Theorem 106 assumes,
are nevertheless improbable along the one-loop tuning. For
SU(2), βW = 4g−2, and the one-loop coupling of Remark 92(c)
at spacing a = 1/L gives βW = 8b0 logL+O(1) = 11

3π2 logL+

O(1).

Proposition 111. Let 0 < ρ ≤ 1, v∗ = 2
π

∫ π/3
arccos(3/4) sin2 t dt

and p = v∗e−3βW . Conditionally on all other links, a plaquette
through a link e is bad with probability at least p. Hence

µL{no plaquette is bad} ≤ e−⌊L/3⌋4 p,

which tends to 0 when βW ≤ B logL+O(1) with B < 4/3, in
particular along the one-loop tuning.

Proof. Identify SU(2) with the unit quaternions. Conditionally
on the other links, Ue has density proportional to eκ h·u with 0≤
κ ≤ 6βW and |h|= 1, the six staples contributing at most βW
each. The plaquette holonomy is Ue or its inverse multiplied by
a fixed element, so it has a density of the same form. Writing
the density as a superposition of indicators of caps centred
at h, the probability of a cap about I is largest when h = I,
and for h = I it increases with κ , because its derivative is

the covariance of an increasing function of TrU with 1
2 TrU .

So the probability of being bad is at least that of the angle
exceeding arccos(1−ρ2/4)≤ arccos(3/4) under the density
proportional to e6βW cos t sin2 t, which is at least p: bound the
numerator from below on [arccos(3/4),π/3], where cos t ≥ 1

2 ,
and the denominator by e6βW π/2.

Let M = ⌊L/3⌋. Choose the links in direction 0 at the sites
3z, z ∈ {0, . . . ,M−1}4, and their plaquettes in the plane {0,1}.
No chosen plaquette contains another chosen link. Removing
one chosen link at a time therefore bounds the probability
that all chosen plaquettes are good by (1− p)M4

. With βW =
B logL+O(1) the exponent is of order L4−3B.

The joint bound of Theorem 108 is not a conditional one,
and (D) needs a supremum over boundary conditions. The two
differ genuinely. Fix a link e and a plaquette p0 through it. Put
all links on the six staples of e at I, except the middle links of
the five staples other than that of p0, which are −I. Then the
conditional density of Ue is proportional to e−2βW TrUe , and p0,
whose holonomy is U±1

e , is bad with conditional probability
tending to 1 as βW → ∞, for every ρ < 2

√
2. Nearby exteriors

behave the same way. So the clusters of Corollary 109 are
small in probability, but the boundary response of a cube to a
frustrated exterior is not small, and the composition near the
bad clusters and the conditional estimate in (D) remain open.
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Appendix A: The line field

Table III lists, for each residue class of x modulo two, the di-
rection σ(x) and the permutation πx(µ) = σ(x+ eµ). In every
row πx fixes σ(x) and is a three-cycle on the other directions,
which is the condition of Lemma 8.

Appendix B: The comparison lemma

Let (G,δ ) be a compact group with a bi-invariant metric of
diameter D, Ω = GA, and Cee′ the coefficients of Sec. III, with
row and column sums at most α < 1 and Cee′ = 0 unless e,e′

TABLE III. The line field: x modulo two (digits x0x1x2x3), the direc-
tion σ(x) and the values σ(x+ eµ ) for µ = 0,1,2,3.

x σ(x) µ = 0 µ = 1 µ = 2 µ = 3
0000 0 0 2 3 1
1000 0 0 3 1 2
0100 2 3 0 2 1
1100 3 2 0 1 3
0010 3 1 2 0 3
1010 1 3 1 0 2
0110 2 1 3 2 0
1110 1 2 1 3 0
0001 1 2 1 3 0
1001 2 1 3 2 0
0101 1 3 1 0 2
1101 3 1 2 0 3
0011 3 2 0 1 3
1011 2 3 0 2 1
0111 0 0 3 1 2
1111 0 0 2 3 1

share a plaquette, so that |e− e′| ≤ 1 for the distance of link
midpoints. Fix λ > 0 with θ = αeλ < 1.

Lemma 112. Let S ⊂ A, possibly infinite, and let µ1,µ2
be probability measures on Ω invariant under γF

e for every
e /∈ S. Let T ⊂ A\S be finite, wb = e−λ dist(b,T ), and suppose
∑z∈S wz <∞. There is a coupling of µ1,µ2 whose link distances
ρ(b) = Eδ (σb,σ

′
b) satisfy

∑
b/∈S

wbρ(b)≤ θD
1−θ

∑
z∈S

wz.

If S = /0 then µ1 = µ2.

Proof. The couplings form a weakly compact set and Ψ(π) =
∑b wbEπ δ (σb,σ

′
b) is weakly continuous because ∑b wb < ∞;

let π∗ be a minimiser. For e /∈ S replace the pair (σe,σ
′
e) by

a sample of an optimal coupling of γF
e (· | σ) and γF

e (· | σ ′),
chosen measurably [75, Cor. 5.22]. Both µi are invariant, so
the result is again a coupling, and changing the finitely many
links that enter γF

e one at a time gives W1 ≤ ∑e′ Cee′δ (σe′ ,σ
′
e′).

Minimality gives ρ(e) ≤ ∑e′ Cee′ρ(e′). Multiply by we and
sum over e /∈ S; where Cee′ ̸= 0, we ≤ eλ we′ , so

∑
e/∈S

weρ(e)≤ θ

[
∑

e′ /∈S
we′ρ(e

′)+∑
z∈S

wzρ(z)
]
,

all sums are finite, and ρ ≤ D on S. If S = /0, ρ ≡ 0.

Corollary 113. Let µ be the Gibbs measure of γF , F a local
function with support SF , LF -Lipschitz in each link, and H
bounded with finite support SH disjoint from SF . Then

|Covµ(F,H)| ≤ ∥H∥∞LF
θD

1−θ
|SH |e−λ dist(SF ,SH ).

https://github.com/creelie/4Y-M
https://github.com/creelie/4Y-M
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Proof. Condition on the links of SH [50, Ch. 3]; the conditional
measures µσ = µ(· | σSH ) are invariant under γF

e for e /∈ SH .
Lemma 112 with S = SH and T = SF , for which wb = 1 on
SF and wz ≤ e−λ dist(SF ,SH ) on SH , gives |µσ (F)− µσ ′

(F)| ≤
LF ∑b∈SF ρ(b)≤ LF

θD
1−θ

|SH |e−λ dist(SF ,SH ) for any two bound-
ary values. Since H depends only on σSH , Covµ(F,H) =∫∫

H(σ)
(
µσ (F)−µσ ′

(F)
)

dµ(σ)dµ(σ ′), and the bound fol-
lows.

Lemma 114. Let the blocks partition A, let CB j be the block
coefficients of Sec. V, with ∑B CB j ≤ α < 1 for every j and
CB j = 0 unless every link of B lies within distance 2 of j, and fix
λ > 0 with θ = αe2λ < 1. Let S ⊂ A be a union of blocks and
let µ1,µ2 be invariant under γB

B for every block B ̸⊂ S. With
T , wb as in Lemma 112 and ∑z∈S wz < ∞, there is a coupling
with ∑b/∈S wbρ(b)≤ θD

1−θ ∑z∈S wz, and µ1 = µ2 if S = /0.

Proof. Take a minimiser π∗ of Ψ as before. For a block B ̸⊂ S
replace (σB,σ

′
B) by an optimal coupling, for the metric d,

of the two block laws; it is again a coupling, and changing
the boundary links one at a time bounds the expected new
d-distance by ∑ j CB jρ( j). Put w̄B = maxi∈B wi. Minimality
gives

∑
i∈B

wiρ(i)≤ w̄B ∑
j

CB jρ( j),

and w̄B ≤ e2λ w j whenever CB j ̸= 0. Summing over the blocks
outside S and using the column sums,

∑
b/∈S

wbρ(b)≤ θ

[
∑
j/∈S

w jρ( j)+∑
z∈S

wzρ(z)
]
,

which gives the claim as in Lemma 112.

Lemma 115. Let n ≥ 2 be even, let Vx, x ∈ 2Z4, be the trans-
lates of Sec. X, and suppose that D(n,α) holds.

(a) If a probability measure µ on GA is invariant under γF
e

for every e in a finite set V , it is invariant under γV .

(b) Fix λ > 0 with θ = αeλρn < 1. Let S ⊂ A, and let µ1,µ2
be invariant under γVx for every x with Vx ∩S = /0. With T ,
wb as in Lemma 112 and ∑z∈S wz < ∞, there is a coupling
with

∑
b/∈S

wbρ(b)≤ D(1+ cneλρn)

1−θ
∑
z∈S

wz,

and µ1 = µ2 if S = /0.

Proof. (a) Let νη be the conditional law of QV given the
links η outside V . For bounded f on GV and bounded
g of η , γF

e ( f g) = gγF
e f for e ∈ V , so invariance gives∫

g(η)
(
νη(γ

F
e f )−νη( f )

)
dµ = 0 for all g; taking f in a count-

able dense set of continuous functions, νη is invariant under
every γF

e (· | ·,η), e ∈V , for µ-almost every η . So is γV (· | η),
whose conditional laws of single links are the γF

e . The com-
position Pη of the kernels γF

e , e ∈ V , in a fixed order has a
density with respect to Haar measure on GV bounded below by

a positive constant, because each single-link density is at least
e−12N2β times its maximum over the group. A Markov kernel
with such a lower bound has at most one invariant probability
measure (Doeblin’s condition), so νη = γV (· | η).

(b) Let π∗ minimise Ψ as in Lemma 112 and call x admis-
sible if Vx ∩S = /0. For admissible x replace (σVx ,σ

′
Vx
) by an

optimal coupling, for dVx , of the two block laws; both µi are
invariant, so the result is a coupling, and changing the bound-
ary links one at a time bounds the new expected dVx -distance
by ∑ j CVx, jρ( j). With w̄x = maxi∈Vx wi, minimality gives

∑
i∈Vx

wiρ(i)≤ w̄x ∑
j/∈Vx

CVx, jρ( j),

and w̄x ≤ eλρnw j whenever CVx, j ̸= 0. Let S′ be the set of
links outside S that lie in a translate meeting S; each is within
distance ρn of a link of S, so ∑i∈S′ wi ≤ cneλρn ∑z∈S wz. A link
outside S∪ S′ lies in Nn translates, all admissible. Summing
over admissible x and using ∑x: j/∈Vx CVx, j = Kc( j) ≤ αNn,

Nn ∑
i/∈S∪S′

wiρ(i)≤ θNn

[
∑

i/∈S∪S′
wiρ(i)+ ∑

i∈S∪S′
wiρ(i)

]
.

All sums are finite and ρ ≤ D, so ∑i/∈S∪S′ wiρ(i) ≤ θD
1−θ

(1+
cneλρn)∑z∈S wz; adding ∑i∈S′ wiρ(i)≤ Dcneλρn ∑z∈S wz gives
the bound. If S = /0 then S′ = /0 and ρ ≡ 0.

The covariance bound of Corollary 113 follows from part
(b) in the same way, with θD/(1 − θ) replaced by D(1 +

cneλρn)/(1−θ), since the conditional measures µσ there are
invariant under γVx for Vx ∩SH = /0 by part (a).

Appendix C: The plaquette blocks

Table IV lists the block plaquettes of Sec. V modulo 2Z4: the
plaquette at x in the plane {µ,ν} is a block plaquette exactly
when x modulo two and {µ,ν} appear in the table. Eight lie in
the plane {0,1} and eight in {2,3}; together they contain the
48 active links of a cell of side two, each once.

TABLE IV. The sixteen block plaquettes modulo two: the base point
x (digits x0x1x2x3 modulo two) and the plane.

x plane x plane
0000 {0,1} 0000 {2,3}
0001 {0,1} 0011 {2,3}
0010 {0,1} 0100 {2,3}
0011 {0,1} 0111 {2,3}
1100 {0,1} 1000 {2,3}
1101 {0,1} 1011 {2,3}
1110 {0,1} 1100 {2,3}
1111 {0,1} 1111 {2,3}

In closed form, the plaquette at x in {0,1} is a block pla-
quette when x0 ≡ x1 and the plaquette at x in {2,3} when
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x2 ≡ x3; the blocks do not depend on the line field beyond the
fact that every plaquette contains one fixed link. The bounds
of Lemma 16 are evaluated in ball arithmetic at 120 bits: the
series of Z0 and of its first three derivatives in s = r2 is summed
to forty terms, and the tail is bounded for s ≤ 5 by twice the
first omitted term (5/4)40403/(40!41!), because consecutive
terms decrease by a factor below one half. The constants of (3)
and α are then evaluated at a given βW from exact input.

For SU(3) the bounds of Lemma 38 are evaluated on the
841 boxes of side 3

16 at r = 3
2 and the 784 boxes of side 19

100
at r = 38

25 with the moments of Appendix E, and the constants
of (15) and α3 are evaluated from these bounds and the cover
of Proposition 34 or Proposition 35 in ball arithmetic at 120
bits. The cover of Proposition 35 is computed as in Appendix E
with r = 38

25 and the threshold 1.03.

Appendix D: The blocks of Lemma 20

Diagonal blocks. Let wa = eiφ . On the diagonal part, fp =

−cosφ (y1 + y2 − y3 − y4)
2 and cp = 2(y1y4 − y1y2 + y2y3 −

y3y4), so

F = ∑
i

αiy2
i + cosφ (y1 + y2 − y3 − y4)

2

− 9
5 (y1y4 − y1y2 + y2y3 − y3y4)

with yk = 0 and weights αk±1 = 21
10 , αk+2 = 5

4 . It is affine
in cosφ , so positivity at cosφ = ±1 suffices. For k = 1 and
cosφ = 1 the matrix in (y2,y3,y4) is

31
10 − 19

10 −1

− 19
10

9
4

19
10

−1 19
10

31
10

 ,

and Table V lists the leading principal minors for every posi-
tion; all are positive.

TABLE V. Leading principal minors of the diagonal blocks of
Lemma 20.

Fixed link cosφ = 1 cosφ =−1
e1, e4

31
10 ,

673
200 ,

8421
2000

11
10 ,

53
200 ,

21
2000

e2
31
10 ,

861
100 ,

8421
2000

11
10 ,

21
100 ,

21
2000

e3
9
4 ,

673
200 ,

8421
2000

1
4 ,

53
200 ,

21
2000

Pair blocks. Let wa = ei(χ+ϑ) and wb = ei(χ−ϑ). The terms
of fp carry wa+w̄b = 2cos χ eiϑ or its conjugate, and cp carries
waw̄b = e2iϑ , so the Hermitian matrix M(m,ϑ) of F , m =
cos χ , is affine in m with M(−1,ϑ) = M(1,ϑ +π), and m = 1
suffices. For the fixed link e2, in the variables (z1,z3,z4) and
with c = cosϑ ,

M =


21
5 +2c −2eiϑ − 9

5 −2eiϑ

−2e−iϑ 21
5 +2c 9

5 +2e−iϑ

− 9
5 −2e−iϑ 9

5 +2eiϑ 5
2 +2c

 .

With u = cos2(ϑ/2) ∈ [0,1] its leading principal minors are

20u+11
5 , (20u+1)(20u+21)

25 , 400u(40u2−23u+4)+21
250 ,

and 40u2 −23u+4 has negative discriminant 529−640. The
other positions give the same determinant and the leading
minors 20u+11

5 or 8u+1
2 and 800u2−180u+53

50 , whose discriminant
32400−169600 is negative. Every block is positive definite.

The inequality is not tight. In floating point the least eigen-
value of the whole form over W ∈ U(N), N ≤ 4, is 0.0149,
which is also the least eigenvalue of the exact blocks; this slack
is what the choice of the weights 21

10 , 5
4 , 9

10 trades against the
constant 29

2 .

Appendix E: The certified computation

Truncation. For a corner b of a box the moments of
Lemma 32 are derivatives of Z at (b, b̄). The truncated series
is EH [At(UD)Bt(ŪD′)] with At the part of ∑λ cλ sλ (UD) over
partitions with λ1 −λ3 ≤ 34 and λ3 ≤ 11, and Bt likewise. Ev-
ery omitted partition has |λ |> 34, because 3 ·12 > 34, and the
omitted part is at most T (∥D∥) = ∑n>34(

3
2∥D∥)n/n! in mod-

ulus. On the polydisc |Di j − bi j| ≤ ρ , ∥D∥ ≤ ∥b∥+ 3ρ , and
Cauchy’s estimate bounds the α-th derivative of the omitted
part by α!ρ−|α|T (∥b∥+3ρ). The derivatives of the full expo-
nential are at most 2−|α|ev/2 with v=∑k |bk|, since |Tr(Ub)| ≤
∑k |bk| for diagonal b. With εα = 2|α|α!ρ−|α|T (∥b∥+ 3ρ)
the truncated moment differs from the true one by at most
εα ev/2 + (ev/2 + εα)εβ , and ρ is chosen to minimise ρ−6T .
The largest error bound of an unnormalised moment at any
corner is 1.7×10−11.

Weight zero. Conjugation by the diagonal torus T preserves
Haar measure and ReTr(Ub) for diagonal b, and multiplies
ui j by tit−1

j ; a moment of a monomial on which T acts by a
nontrivial character is therefore 0, and only 8278 of the 134596
monomials of degree at most six have the trivial character. The
functions Tr(X), e2(X), detX of X = DD′⊤ and detD, detD′

are invariant under the same action on the variables, so after
these are formed in the full ring of Taylor polynomials of
degree six in the 18 variables, the series is computed in the
subring of weight-zero monomials.

Rounding. The truncated series is a Taylor polynomial of
total degree six in the 36 real directions of (D− b,D′ − b̄),
computed in double precision. Every operation is repeated on
absolute values and carries an operation count n, so that the
computed coefficient differs from the exact one by at most γn =
nu/(1−nu), u= 2−53, times the absolute-value coefficient [43,
Sec. 3.1]. With C in 2−30Z, the polynomials 231qh, Xa(231qh),
12 ·231(ϕh +∆qh) and 12 ·231⟨∇ϕFk ,∇qh⟩ for the coordinate
vectors h have coefficients in Z[i], and every partial sum in
their computation is bounded, through the same operations on
absolute values, by less than 250; they are therefore computed
exactly. Normalisation by Z, the products with the corner
coordinates, the quadratic forms and their error matrices are
formed with the same bookkeeping, and the largest eigenvalues
are bounded in ball arithmetic [48].
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Separation. The functional c of a discarded box is the dual
solution of a linear program for the gauge of the centre of
the box with respect to a 72× 72 grid of T . Only the final
inequality is used: maxT ℓ is bounded by its maximum over
a 512× 512 grid plus 1

2 Hδ 2/2, with δ = 2π/512 and H =
|c1|+ |c2|+2|c3| a bound for its Hessian on the torus, and the
inequality is checked with relative margin 10−12.

Appendix F: The transfer matrix

This appendix recalls the Osterwalder–Schrader reconstruc-
tion for the lattice [62–64] in the form used for the gaps, fol-
lowing our earlier paper [14].

Let ω be a state on the gauge-invariant local functions of Z4

that is invariant under translations and the hypercubic group
and reflection positive for reflections in planes through sites
and in planes bisecting links; by Proposition 11(iii)–(iv) and
its analogues in the other theorems, the states of this paper are
of this kind. The reconstruction gives a Hilbert space with a
vector Ω, a map F 7→ ΨF with dense range, and a self-adjoint
T with 0 ≤ T≤ 1, TΩ = Ω and ⟨ΨF ,TtΨH⟩= ω(ϑ(F̄)τtH),
where ϑ is the time reflection and τt the time translation.21

Proposition 116. For m > 0 the following are equivalent:

(a) the spectrum of T on Ω⊥ lies in [0,e−m];

(b) for every F in a class of gauge-invariant local functions
supported at times in a bounded interval and dense in
L2(ω) on each such support, there is CF < ∞ with 0 ≤
ω(ϑ(F̄)τtF)−|ω(F)|2 ≤CF e−mt for all t ≥ 0.

Under (a) one may take CF = ∥F∥2
∞ for every bounded F.

Proof. If (a) holds, then

ω(ϑ(F̄)τtF)−|ω(F)|2 = ⟨Ψ′
F ,Tt

Ψ
′
F⟩

with Ψ′
F = ΨF − ⟨Ω,ΨF⟩Ω ∈ Ω⊥; this number lies in

[0,e−mt∥ΨF∥2], and ∥ΨF∥2 ≤ ∥F∥2
∞. Conversely, let σ be

the spectral measure of T at Ψ′
F and let δ > 0. Then

σ
(
(e−m+δ ,1]

)
e(−m+δ )t ≤CF e−mt

for all t, so σ((e−m+δ ,1]) = 0. The spectral projection of
(e−m,1] restricted to Ω⊥ therefore annihilates the vectors Ψ′

F
of the class, which are dense by the footnote above, and it
vanishes.

21 ΨF is the class of F in the completion of the positive-time local functions for
the form ⟨F,H⟩= ω(ϑ(F̄)H), which is positive semidefinite by reflection
positivity. Since |ω(ϑ(F̄)F)| ≤ ω(|F |2) by the Cauchy–Schwarz inequality
and the invariance of ω under ϑ , functions that are close in L2(ω) give
close vectors.

Appendix G: Spectral measures and Laplace transforms

This appendix collects the facts on spectral measures that
the continuum step uses, with proofs.

Lemma 117. Let T be a self-adjoint operator on a Hilbert
space with 0 ≤ T ≤ 1 and let ψ be a unit vector. There is
a unique probability measure ν on [0,1] with ⟨ψ,h(T )ψ⟩ =∫

hdν for every bounded Borel function h on [0,1]. If T ψ ′ =ψ ′

implies ⟨ψ ′,ψ⟩ = 0, then ν({1}) = 0. If µ is the image
of ν under λ 7→ −c−1 logλ ∈ [0,∞] for some c > 0, then
⟨ψ,T σ/cψ⟩=

∫
[0,∞] e

−σEdµ(E) for σ > 0, with the integrand
0 at E = ∞.

Proof. The spectral theorem [65, Sec. VII.2] gives the measure
ν , carried by the spectrum of T , which lies in [0,1]; uniqueness
holds because the moments

∫
λ ndν = ⟨ψ,T nψ⟩ determine a

measure on a compact interval, polynomials being dense in
C[0,1]. The spectral projection P = 1{1}(T ) projects onto the
eigenvectors of T with eigenvalue 1, so ν({1}) = ∥Pψ∥2 =
⟨Pψ,ψ⟩ = 0 under the hypothesis. The last identity is the
change of variables λ σ/c = e−σE for λ = e−cE , with λ = 0
corresponding to E = ∞.

Lemma 118. Every sequence of probability measures on a
compact metric space K has a subsequence that converges
weakly, that is, against every continuous function, to a proba-
bility measure on K.

Proof. C(K) is separable; let (h j) be dense. The numbers∫
h j dµk are bounded by ∥h j∥∞, so a diagonal subsequence

makes all of them converge. By density the limit Λ(h) =
lim

∫
hdµk exists for every h ∈ C(K); Λ is linear, positive

and Λ(1) = 1, so by the Riesz representation theorem it is
integration against a probability measure.

Lemma 119. Let µ be a probability measure on [0,∞] and
ρ(σ) =

∫
e−σEdµ(E) for σ > 0.

(a) ρ is nonincreasing and log-convex: ρ(σ)2 ≤ ρ(σ −
s)ρ(σ + s) for 0 < s < σ .

(b) ρ(σ)> 0 for one σ > 0 if and only if µ([0,∞))> 0, and
then ρ(σ)> 0 for every σ > 0.

(c) ρ(σ)→ µ([0,∞)) as σ ↓ 0.

(d) If µ is carried by [m,∞], then ρ(σ)≤ e−mσ .

(e) For M > 0, µ([0,M])≥ ρ(σ)− e−σM .

(f) If µk → µ weakly on [0,∞], then
∫

e−σEdµk → ρ(σ) for
every σ > 0.

Proof. (a) The integrand decreases in σ . By the Cauchy–
Schwarz inequality,(∫

e−σEdµ

)2
≤

∫
e−(σ−s)Edµ

∫
e−(σ+s)Edµ.

(b) The integrand is positive exactly on [0,∞). (c) The inte-
grand increases to 1[0,∞) as σ ↓ 0, and monotone convergence
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applies. (d) The integrand is at most e−mσ on [m,∞]. (e) Split
the integral at M: it is at most µ([0,M])+e−σM . (f) For σ > 0
the function E 7→ e−σE , extended by 0 at ∞, is continuous on
[0,∞].

By (b) and (e), a lower bound ρ(σ)≥ c > 0 at one σ places
mass at least c/2 on the bounded interval [0,σ−1 log(2/c)]; for
the measures µk of Theorem 48 a bound uniform in k therefore
makes them tight on [0,∞) with a fixed fraction of their mass.

Appendix H: The character expansion

Let G be a compact connected Lie group with normalised
Haar measure dU . For an irreducible unitary representation
ρλ of dimension dλ write χλ = Trρλ . The characters form
an orthonormal basis of the square-integrable class functions
(Peter–Weyl and Schur orthogonality [22, Chs. 2–4]).

Lemma 120. Let w ∈ L1(G) be a class function with
w(U−1) = w(U), and put

ĉλ = d−1
λ

∫
w χλ dU.

Then
∫

w(U)ρλ (U)dU = ĉλ I, and
∫

w(U)χλ (U−1V )dU =
ĉλ χλ (V ).

Proof. M =
∫

w(U)ρλ (U)dU commutes with every ρλ (V ),
since w(VUV−1) = w(U) and Haar measure is invariant;
by Schur’s lemma M = cI, and taking traces gives c = ĉλ .
Then

∫
w(U)χλ (U−1V )dU = Tr(

∫
w(U)ρλ (U−1)dU ρλ (V )),

and the substitution U 7→U−1 with w(U−1) = w(U) turns the
integral into M.

Lemma 121. Let G = SU(N) and β > 0, and let

wβ (U) = e
β

N ReTrU
/∫

e
β

N ReTrV dV.

Then ĉλ (β ) = d−1
λ

∫
wβ χλ dU is real, 0 ≤ ĉλ (β ) ≤ 1, and

ĉλ (β )< 1 for λ ̸= 0. Moreover

ĉλ (β ) = 1− NC2(λ )

β
+O(β−2) (β → ∞),

where −∑a ρλ (Ta)
2 = 2C2(λ )I for a basis (Ta) of su(N) or-

thonormal for |X |2 =−TrX2, so that C2 = (N2 −1)/(2N) on
the fundamental representation.

Proof. Since wβ (Ū) = wβ (U) and χλ (Ū) = χλ (U), and com-
plex conjugation preserves Haar measure,

∫
wβ χλ =

∫
wβ χ̄λ ,

which is the complex conjugate of the left side; so ĉλ

is real. Next, wβ is a multiple of exp( β

2N (χF + χ̄F)) =

∑m
1

m! (
β

2N )
m(χF + χ̄F)

m, and each power is the character of a
representation, hence a sum of irreducible characters with non-
negative integer coefficients. By orthonormality

∫
wβ χ̄λ ≥ 0,

so ĉλ ≥ 0. As |χλ (U)| ≤ dλ , with Re χλ (U) = dλ only where
ρλ (U) = I, a proper closed subgroup when λ ̸= 0 and so a Haar
null set, and wβ > 0 everywhere, ĉλ = d−1

λ

∫
wβ Re χλ < 1 for

λ ̸= 0.

For the expansion, ReTrU ≤ N with equality only at U = I,
so outside a neighbourhood {U = eX : |X |< δ} both integrals∫

e
β

N ReTrU
χλ and

∫
e

β

N ReTrU are smaller than their values near
I by a factor e−cβ . Near I write U = eX ; the Haar density
in these coordinates is j(X) = 1+O(|X |2), even in X . For
antihermitian X , TrX3 is imaginary, so

1
N ReTreX = 1− 1

2N |X |2 + r(X), 0 ≤ r(X)≤C|X |4,

and d−1
λ

χλ (eX ) = 1+d−1
λ

Trρλ (X)+ 1
2dλ

Trρλ (X)2+c3(X)+

O(|X |4), with c3 cubic and Trρλ (X) = 0, since su(N) is per-
fect. Let ⟨·⟩ denote the average against the Gaussian weight
e−β |X |2/(2N), under which the coordinates xa of X = ∑xaTa are
independent with variance N/β . With h = j eβ r,

ĉλ (β ) =
⟨d−1

λ
χλ (eX )h⟩
⟨h⟩

+O(e−cβ )

= 1+
⟨ 1

2dλ
Trρλ (X)2 h⟩
⟨h⟩

+
⟨(c3(X)+O(|X |4))h⟩

⟨h⟩
,

the averages being taken over |X | < δ . Under ⟨·⟩, |X |2m has
mean of order β−m and β |r(X)| ≤Cβ |X |4 has mean of order
β−1, so h= 1+O(β−1) in every moment. The weight h is even
in X , since TrXk is imaginary for odd k and j is even, so the
odd term c3 contributes nothing; the quartic remainder and the
correlation of the quadratic term with h−1 contribute O(β−2).
Finally ⟨Trρλ (X)2⟩ = N

β
∑a Trρλ (Ta)

2 = − 2NC2(λ )dλ

β
, which

gives the expansion. For SU(2) and the representation of spin
j the integrals are explicit, ĉ j(β ) = I2 j+1(β )/I1(β ) with the
modified Bessel functions In, in agreement with C2 = j( j +
1).

Appendix I: The single-link law of SU(2)

This appendix proves the sharp quarter, W1(νb,νb′)≤ 1
4 |b−

b′| for the one-link law of SU(2), which Theorems 1 and 3
use, and the exact value at b = 0, which Theorem 2 uses. The
argument is that of our earlier paper [14]; it is given in full so
that the present paper is self-contained.

1. The von Mises–Fisher law

Identify SU(2) with the unit quaternions, that is with the unit
sphere S3 ⊂ R4, so that ReTrU = 2x0(U) and ReTr(UV ) =
2⟨u, v̄⟩ for the Euclidean inner product of R4 and quaternion
conjugation v 7→ v̄. Fix a link e and the field off e. Every
plaquette through e can be rotated cyclically so that its trace
reads ReTr(QeAp) with Ap ∈ SU(2), the staple of e in p. The
action therefore depends on Qe only through

Nβ ∑
p∋e

ReTr(QeAp) = ⟨x,b⟩, b = 4β ∑
p∋e

Āp ∈ R4,

with x = Qe ∈ S3. Since there are six staples, each of norm
one,

κ := |b| ≤ y := 24|β |. (I1)
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The conditional law of Qe is the von Mises–Fisher law22

νb(dx) = Z(κ)−1e⟨x,b⟩ σ(dx) (I2)

on the unit sphere, with σ the normalised surface measure. We
use coordinates in which b = κe1. The density of t = x1 is
proportional to (1− t2)1/2eκt on [−1,1], so Z(κ) = 2I1(κ)/κ

with the modified Bessel function I1, normalised so that Z(0) =
1.

Lemma 122. For every κ ≥ 0 the law νb on the unit sphere S3

satisfies the Poincaré inequality Varνb(g)≤
1
3
∫
|∇g|2dνb, and

the constant 1
3 is attained at κ = 0.

Proof. In the polar angle θ ∈ (0,π) from e1 the generator of the
reversible diffusion of νb is L= ∂ 2

θ
+b(θ)∂θ +sin−2

θ ∆S2 with
b(θ)= 2cotθ −κ sinθ . On spherical harmonics of degree ℓ on
S2 it acts as a Sturm–Liouville operator Lℓ with potential ℓ(ℓ+
1)sin−2

θ . A ground state comparison of Barta’s type [9] with
the trial function ψ = sinθ eaκ cosθ gives −L1ψ ≥ 3ψ for a =
− 1

5 , and the same trial function with a =− 2
5 gives the bound 3

for the derivatives of zonal eigenfunctions; Appendix J carries
out both computations. Hence every nonzero eigenvalue of −L
is at least 3. At κ = 0 the first eigenvalue of the Laplacian of
the unit S3 is 3.

2. Moments

Let A(κ) = Eνbx1 = Z′(κ)/Z(κ) = I2(κ)/I1(κ).

Lemma 123. For every κ > 0, in coordinates with b = κe1,

(i) Ex2
2 = Ex2

3 = Ex2
4 = A/κ , E(1 − x2

1) = 3A/κ , the co-
variance matrix of x is diag(A′,A/κ,A/κ,A/κ), and
A′ = 1−A2 −3A/κ;

(ii)
κ

2+
√

κ2 +4
≤ A(κ)≤ κ

1+
√

κ2 +9
;

(iii) A′ ≤ A/κ ≤
(
1+

√
κ2 +9

)−1 ≤ 1
4 ;

(iv) A(κ)≥ κ
/( 3

2 +
√

κ2 +25/4
)
.

Proof. (i) Integrating by parts against d
dt (1− t2)3/2 =−3t(1−

t2)1/2 gives κ E(1 − x2
1) = 3Ex1, and the three coordinates

x2,x3,x4 are exchangeable under νb, with ∑i x2
i = 1. The

off-diagonal covariances vanish by the reflections xi 7→ −xi,
i ≥ 2, and A′ = Varx1 because A = (logZ)′. (ii) By (i), A
solves the Riccati equation A′ = 1−A2 −3A/κ with A(κ) =

22 On the sphere Sp−1 ⊂ Rp the von Mises–Fisher law with mean direction µ

and concentration κ has density proportional to eκ⟨x,µ⟩ with respect to the
surface measure, and its normalising constant is (2π)p/2Ip/2−1(κ)/κ p/2−1;
it is the maximum entropy law with prescribed mean resultant, and it plays
on the sphere the role of the Gaussian in Rp. For p = 4 the Bessel index is
1. The mean resultant length E⟨x,µ⟩= Ip/2(κ)/Ip/2−1(κ) is the function A
of Lemma 123. See Mardia and Jupp [58], Ch. 9, for these facts and for the
tangent-normal decomposition used in Appendix J.

κ/4+O(κ3). Appendix J shows that the left side of (ii) is a
subsolution and the right side a supersolution of this equation,
with the same behaviour at 0, and concludes by comparison.
(iii) The middle inequality is (ii). For the first, put s =

√
κ2 +4.

By (ii), 4A/κ ≥ 4/(2+ s) and 1−A2 ≤ 1−κ2/(2+ s)2, and

1− κ2

(2+ s)2 ≤ 4
2+ s

⇐⇒ (2+ s)2 −κ
2 ≤ 4(2+ s)

⇐⇒ s2 −κ
2 ≤ 4,

which holds with equality. So A′ = 1−A2 −3A/κ ≤ A/κ . (iv)
is the comparison of (ii) with a third barrier, which improves the
lower bound of (ii); it is carried out in the same appendix.

3. The Lipschitz rate of the family

Let δ be the chordal metric δ (x,x′) = |x− x′| on S3 and W1
the Kantorovich distance for δ . For c ∈ R4 and a unit vector
h ∈ R4 put

L(c,h) = sup
g

Covνc

(
g,⟨h,x⟩

)
, (I3)

the supremum over 1-Lipschitz functions g for δ . Since
d
dt νc+th(g) = Covνc+th(g,⟨h,x⟩), the Kantorovich–Rubinstein
duality gives, for all b,b′,

W1(νb,νb′)≤ |b−b′| sup
c∈[b,b′]

L
(

c,
b′−b
|b′−b|

)
. (I4)

By rotation invariance L(c,h) depends only on κ = |c| and on
the angle ϕ between h and c⊥, and we write L(κ,ϕ).

Lemma 124. For all c and h, L(c,h)≤ 1/(2
√

3). Moreover:

(i) at c = 0, L(0,h) = 1
4 for every h;

(ii) if h ⊥ c, then L(c,h) = Eνc x2
2 = A(κ)/κ ≤ 1

4 ;

(iii) if κ ≥
√

88/3 ≈ 3.127, then L(c,h)≤ 1
4 for every h.

Proof. A 1-Lipschitz function for δ is 1-Lipschitz for the
geodesic distance, which is larger, so |∇g| ≤ 1 almost every-
where, and Lemma 122 gives Varg ≤ 1

3 . By Lemma 123(i),
(iii) the largest eigenvalue of the covariance of x is A/κ ≤ 1

4 ,
so Var⟨h,x⟩ ≤ A/κ . The Cauchy–Schwarz inequality gives

L(c,h)≤
( 1

3 A/κ
)1/2 ≤

(
3
(
1+

√
κ2 +9

))−1/2
≤ 1

2
√

3
. (I5)

(i) and (ii) are reflection arguments. Let R be the reflection in
the hyperplane h⊥, and suppose νc is R-invariant, which is the
case when c = 0 or h ⊥ c. Then E⟨h,x⟩= 0 and

Cov(g,⟨h,x⟩) = E
[
(g(x)−g(Rx))⟨h,x⟩; ⟨h,x⟩> 0

]
≤ E

[
2⟨h,x⟩2; ⟨h,x⟩> 0

]
= E⟨h,x⟩2,

since δ (x,Rx) = 2|⟨h,x⟩|. Equality holds for g = ⟨h,x⟩, which
is 1-Lipschitz. At c = 0, E⟨h,x⟩2 = 1

4 ; for h ⊥ c, E⟨h,x⟩2 =

A/κ . (iii) By (I5), L ≤ 1
4 as soon as 1+

√
κ2 +9 ≥ 16

3 , that is
κ2 ≥ 88

9 .
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The reflection settles the directions h⊥ c and the point c= 0;
for an oblique h the reflection no longer preserves νc, and the
Cauchy–Schwarz bound (I5) is too weak for κ <

√
88/3. The

next theorem closes this case.

Theorem 125 (The sharp quarter). For every c ∈R4 and every
unit vector h ∈ R4,

L(c,h)≤ 1
4 ,

with equality at c = 0. Equivalently, W1(νb,νb′) ≤ 1
4 |b− b′|

for all b,b′ ∈ R4, and the constant 1
4 is the best possible.

The equivalence is (I4) in one direction and the derivative
formula above it in the other; the sharpness is Lemma 124(i).
The metric matters.23 The proof has four steps. A Lipschitz
function on S3 extends to the unit ball B ⊂ R4, and Green’s
formula in B bounds the covariance by a negative Sobolev
norm of the density (Lemma 126). This norm splits into a
zonal and a transverse part, both explicit series in modified
Bessel functions (Lemma 127). The transverse part is at most
1
4 because a certain power series has nonnegative coefficients
(Proposition 129), and the zonal part is at most 1

4 by a Riccati
comparison (Proposition 130).

4. Harmonic extension

Let σ be the normalised surface measure of S3 and Hk the
space of spherical harmonics of degree k, the restrictions to
S3 of harmonic homogeneous polynomials of degree k on R4.
The spaces Hk are orthogonal in L2(σ) and span it; we write
uk for the component of u in Hk, and for u with

∫
udσ = 0 we

put

Q(u) = ∑
k≥1

1
k
∥uk∥2

L2(σ). (I6)

This is ⟨u,Λ−1u⟩ for the Dirichlet-to-Neumann operator Λ of
B, which acts on Hk as multiplication by k.

Lemma 126. Let u be a real-analytic function on S3 with∫
udσ = 0 and let g be 1-Lipschitz for the chordal metric.

Then ∫
S3

gudσ ≤ 1
2 Q(u)1/2.

Proof. The chordal metric is the Euclidean metric of R4 re-
stricted to S3, so McShane’s extension G(y) = infx∈S3

(
g(x)+

|x − y|
)

is 1-Lipschitz on R4 and equals g on S3 [59]; by

23 In the geodesic metric of S3 the statement is false already at c = 0: the
function arcsinx2 is geodesically 1-Lipschitz and its covariance with x2
under the uniform law is 8

9π
≈ 0.283 > 1

4 . A proof therefore has to use
that the chordal distance between two points is shorter than their geodesic
distance, that is, it has to see the sphere from the ball it bounds. The proof
below does exactly this: it extends a chordally Lipschitz function to the ball
and integrates by parts there.

Rademacher’s theorem |∇G| ≤ 1 almost everywhere. Let
ψ = ∑k≥1 k−1rkuk(ω) in polar coordinates y = rω . Each
term is a harmonic polynomial, the series converges with all
derivatives on the closed ball because u is real-analytic,24 and
∂rψ = u on S3. Green’s formula for the Lipschitz function
G and the smooth harmonic function ψ reads

∫
S3 G∂rψ dS =∫

B ∇G ·∇ψ dy. With |S3| = 2π2 and |B| = π2/2 the Cauchy–
Schwarz inequality gives∫

gudσ =
1

2π2

∫
B

∇G ·∇ψ dy ≤ |B|1/2

2π2

(∫
B
|∇ψ|2dy

)1/2
.

Green’s formula once more gives
∫

B |∇ψ|2 =
∫

S3 ψ ∂rψ dS =

2π2
∑k k−1∥uk∥2 = 2π2Q(u), and the right side becomes

1
2Q(u)1/2.

The lemma is a form of Thomson’s principle. By
Kantorovich–Rubinstein duality, supg

∫
gudσ is the least cost

of a flow in R4 that carries the positive part of udσ to its nega-
tive part, the cost being the total length travelled by the mass.25

The harmonic field ∇ψ is one such flow, through the interior
of the ball, and the lemma computes its cost. At c = 0 the flow
is optimal: for u = ⟨h,x⟩ one has ψ = ⟨h,y⟩, the field ∇ψ = h
is constant, the Cauchy–Schwarz inequality is an equality, and
Q(u) = ∥u∥2 = 1

4 .

5. Spectral decomposition

Fix c = κe1 with κ > 0 and write h = cosϕ e1 + sinϕ e2,
which is no loss of generality by rotation invariance. Let
ρ = dνc/dσ = eκx1/Z(κ), Z(κ) =

∫
eκx1dσ = 2I1(κ)/κ , and

u =
(
⟨h,x⟩−Eνc⟨h,x⟩

)
ρ,

so that Covνc(g,⟨h,x⟩) =
∫

gudσ and
∫

udσ = 0. Let Un be
the Chebyshev polynomials of the second kind and put

dn(κ) =
(n+1) In+1(κ)

I1(κ)
, n ≥ 0. (I7)

Lemma 127. With this notation

Q(u) = cos2
ϕ Qz(κ)+ sin2

ϕ Qx(κ),

where

Qz = ∑
n≥1

d′
n(κ)

2

n
, Qx =

1
3κ2 ∑

n≥1
(n+2)dn(κ)

2.

24 For real-analytic u the norms ∥uk∥ decay geometrically in k, and the supre-
mum of a function in Hk is at most (dimHk)

1/2 = k+ 1 times its L2(σ)
norm, so the series for ψ and for each of its derivatives converge uniformly
on B̄.

25 This is the Beckmann formulation of the transport problem with cost |x−y|:
the optimal cost equals the least

∫
|V | over vector measures V on R4 with

divergence udσ . Restricting the flow to the closed ball does not change
the infimum, since projecting onto B̄ shortens paths. The gradient ∇ψ on B
is one admissible flow. It minimises the energy

∫
|V |2 rather than the cost∫

|V |, and the Cauchy–Schwarz inequality converts one into the other at the
price of the factor |B|1/2.
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Proof. The functions Un(x1), n ≥ 0, are the zonal harmonics:
Un(x1)∈ Hn, and they are orthonormal in L2(σ) (Appendix K).
The expansion eκt = 2

κ ∑n(n+1)In+1(κ)Un(t) of the same ap-
pendix gives ρ = ∑n dn(κ)Un(x1), with d0 = 1.

Write u = cosϕ uz + sinϕ ux with uz = (x1 −A)ρ and ux =
x2ρ; here Eνcx1 = A and Eνcx2 = 0. The reflection x2 7→ −x2
maps each Hk to itself, fixes uz and reverses ux, so the compo-
nents of uz and ux in each Hk are orthogonal and the cross term
in Q(u) vanishes.

Since A = Z′/Z, we have uz = ∂κ ρ = ∑n d′
n(κ)Un(x1), and

the component of uz in Hn is d′
nUn(x1), of norm |d′

n|. This
gives Qz.

For ux, let y(t) = cos t e1+sin t e2. The law νκy(t) has density
ρt = eκ⟨y(t),x⟩/Z(κ) = ∑n dn(κ)Un(⟨y(t),x⟩), and ∂tρt |t=0 =
κx2ρ . The function Un(⟨y(t),x⟩) lies in Hn for every t, hence
so does its derivative x2U ′

n(x1) at t = 0, and the component of
ux in Hn is κ−1dnx2U ′

n(x1). Its norm follows from the eigen-
value n(n+2) of the Laplacian of S3 on Hn. For f =Un(x1),

n(n+2) = n(n+2)∥ f∥2 =
∫

|∇S3 f |2dσ

=
∫

U ′
n(x1)

2(1− x2
1)dσ ,

since the tangential gradient of x1 has squared length 1− x2
1.

Given x1, the point (x2,x3,x4) is uniform on the sphere of
radius (1−x2

1)
1/2, so E[x2

2 | x1] =
1
3 (1−x2

1) and ∥x2U ′
n(x1)∥2 =

1
3 n(n+ 2). Summing n−1κ−2d2

n · 1
3 n(n+ 2) over n ≥ 1 gives

Qx.

By Lemmas 126 and 127,

L(κ,ϕ)≤ 1
2 max

(
Qz(κ),Qx(κ)

)1/2
, (I8)

and Theorem 125 follows once both parts are at most 1
4 . Both

are 1
4 at κ = 0, by continuity from the values d1 ∼ κ/2, d′

1 →
1
2

and dn = O(κn).

6. Three Bessel sums

The series of Lemma 127 reduce to closed forms. Write I j
for I j(κ).

Lemma 128. For every κ > 0,

∑
j≥1

j2I2
j =

κ

4
I1(2κ), ∑

j≥1
j3I2

j =
κ2

4
(
I2
0 + I2

1
)
,

I1(2κ) = 2 ∑
j≥1

I j−1I j.

The first and third identities follow from Parseval’s formula
for eκ cosθ = ∑ j∈Z I jei jθ , and the second from the recurrences
of I j by telescoping; Appendix K gives the proofs.

7. The transverse part

Proposition 129. Qx(κ)≤ 1
4 for every κ ≥ 0.

Proof. By (I7), Qx = (3κ2I2
1 )

−1
∑ j≥2 j2( j+1)I2

j , and the sum
equals ∑ j≥1( j3 + j2)I2

j − 2I2
1 . By Lemma 128, Qx ≤ 1

4 is
equivalent to

D(κ) := (8+2κ
2)I2

1 −κ
2I2

0 −κI1(2κ)≥ 0. (I9)

Each term is an entire function of κ that is even after the
factor κ2 is removed, so D(κ) = ∑n≥0 Dnκ2n. Lemma 132 of
Appendix K computes the coefficients: D0 = D1 = 0, and for
n = m+1 ≥ 2

Dn =
Nm

4m m!(m+1)!(m+1)(m+2)
,

with

Nm =

(
2m
m

)(
4(2m+1)+(m−1)(m+1)(m+2)

)
−4m(m+1)(m+2).

The numerator Nm vanishes for m = 0,1,2 and is positive for
m ≥ 3 (Lemma 132). So every coefficient of D is nonnegative
and D ≥ 0.

The first nonzero coefficient is D4 = 1
2304 , so 1

4 −Qx =

D/(12κ2I2
1 ) is of order κ4 at 0: the transverse part leaves the

value 1
4 very slowly, which is why no estimate that loses a

constant can prove the proposition.

8. The zonal part

Let A = I2/I1 as before, so that d1 = 2A and, by
Lemma 123(i), A′ = 1−A2 −3A/κ .

Proposition 130. For 0 < κ ≤
√

88/3,

Qz(κ)≤
1
4
+4A′2 +

A2

4
− A

2κ
− 2A2

κ2 <
1
4
.

Proof. The higher modes. With rν = Iν+1/Iν the recurrence
I′ν = Iν+1 +

ν

κ
Iν gives

d′
n

dn
=

I′n+1

In+1
− I′1

I1
=

n
κ
+ rn+1 − r1.

By Lemma 133 of Appendix K, rn+1 ≤ r1, and r1 = A ≤ κ/4
by Lemma 123(iii). Hence −n/κ ≤ n/κ−κ/4≤ d′

n/dn ≤ n/κ

for n ≥ 2 and κ2 ≤ 16, so d′2
n ≤ n2d2

n/κ2. With d′
1 = 2A′,

Qz ≤ 4A′2 +
1

κ2 ∑
n≥2

nd2
n = 4A′2 +

S3 −S2 −4I2
2

κ2I2
1

,

where S2 = ∑ j≥1 j2I2
j and S3 = ∑ j≥1 j3I2

j ; the second form
uses nd2

n I2
1 = ( j−1) j2I2

j with j = n+1.
The closed form. The recurrences I0 − I2 = 2

κ
I1 and I1 −

I3 =
4
κ

I2 give I0/I1 = 2/κ +A and I2I3/I2
1 = A− 4A2/κ . By
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Lemma 128, S3/(κ
2I2

1 ) =
1
4 (2/κ +A)2+ 1

4 , and, keeping three
terms of the third identity,

S2

κ2I2
1
≥ I0I1 + I1I2 + I2I3

2κI2
1

=
1

2κ

( 2
κ
+3A− 4A2

κ

)
.

Collecting terms, Qz ≤ 1
4 + 4A′2 + T (A) with T (a) = a2

4 −
a

2κ
− 2a2

κ2 , which is the first inequality.
The barrier. Let s =

√
κ2 +25/4 and A♭ = κ/( 3

2 + s). By
Lemma 123(iv), A♭ ≤ A ≤ κ/4. The function a 7→ 1− a2 −
3a/κ decreases on a ≥ 0, and A′ ≥ 0 because A′ = Varx1, so
0 ≤ A′ ≤ α := 1−A2

♭ −3A♭/κ . For κ2 ≤ 12 the quadratic T
decreases on [0,κ/4], since

T (a)−T (a′) = (a′−a)
2κ − (a+a′)(κ2 −8)

4κ2

and (a+ a′)(κ2 − 8) ≤ κ

2 (κ
2 − 8) ≤ 2κ there. So Qz ≤ 1

4 +

4α2 +T (A♭). With κ2 = s2 − 25
4 and A♭/κ = 2/(2s+3) both

terms are rational in s: α = 16/(2s+3)2, and

4α
2 +T (A♭) =

(2s−5) p(s)
4(2s+3)4 ,

p(s) = 8s3 +28s2 −98s−695.
(I10)

For 0< κ ≤
√

88/3 we have 5
2 < s≤

√
577/6< 4.004. On s≥

5
2 the cubic p increases, since p′(s) = 24s2+56s−98 > 0, and
p(4.004)<−120. So the right side of (I10) is negative.

9. Proof of Theorem 125

At c = 0 the theorem is Lemma 124(i), and for |c| ≥
√

88/3
it is Lemma 124(iii). For 0 < |c|<

√
88/3, Propositions 129

and 130 give Qx,Qz ≤ 1
4 , and (I8) gives L ≤ 1

4 .

Appendix J: Computations for the single-link law

1. Barta’s inequality

Let ρ(θ) = sin2
θ eκ cosθ on (0,π), let V be a continuous

potential, and let

T =−ρ
−1

∂θ ρ ∂θ +V.

If ψ > 0 is smooth on (0,π) with ρψ2 = O(sin4
θ) at the end

points and T ψ ≥ λ0ψ , then∫
(|h′|2 +V h2)ρ dθ ≥ λ0

∫
h2

ρ dθ

for every smooth h vanishing to first order at 0 and π . Indeed,
writing h = ψu and integrating by parts, the boundary terms
ρψψ ′u2 vanish and∫

(|h′|2 +V h2)ρ =
∫

ρψ
2|u′|2 +

∫ T ψ

ψ
h2

ρ ≥ λ0

∫
h2

ρ.

This is the inequality of Barta [9] in the form of a ground state
transformation.

2. The computations of Lemma 122

The generator of the reversible diffusion of νb on S3 is L =
∆S3 +κ∇x1 ·∇. In the polar angle θ from e1 the round metric
is dθ 2 + sin2

θ gS2 , so ∆S3 = ∂ 2
θ
+2cotθ ∂θ + sin−2

θ ∆S2 , and
∇x1 ·∇ = −sinθ ∂θ . On h(θ)Yℓ with a spherical harmonic
Yℓ of degree ℓ on S2 the operator acts as Lℓ = ∂ 2

θ
+ b∂θ −

ℓ(ℓ+1)sin−2
θ , b= 2cotθ −κ sinθ = ρ ′/ρ , so −Lℓ = T with

V = ℓ(ℓ+1)sin−2
θ .

Degree ℓ ≥ 1. Take ψ = sinθ eaκ cosθ . Then ψ ′/ψ =
cotθ −aκ sinθ and ψ ′′/ψ = (ψ ′/ψ)2 +(ψ ′/ψ)′, and a short
computation gives

−L1ψ

ψ
= 3+(1+5a)κ cosθ −a(1+a)κ2 sin2

θ .

For a = − 1
5 this is 3 + 4

25 κ2 sin2
θ ≥ 3. Since V = ℓ(ℓ+

1)sin−2
θ ≥ 2sin−2

θ for ℓ≥ 1, Barta’s inequality gives −Lℓ ≥
3 on every sector with ℓ≥ 1.

Degree ℓ= 0. Let g(θ) be a zonal eigenfunction, −L0g =
λg, g not constant, so that g′(0) = g′(π) = 0. Differentiating
g′′+bg′ =−λg gives, for h = g′,

−
(
h′′+bh′

)
−b′h = λh, −b′ =

2
sin2

θ
+κ cosθ ,

so h is an eigenfunction of T with V = 2sin−2
θ +κ cosθ , with

eigenvalue λ , and h ̸≡ 0 vanishes at both ends. With the same
ψ ,

T ψ

ψ
= 3+(2+5a)κ cosθ −a(1+a)κ2 sin2

θ ,

which for a = − 2
5 is 3+ 6

25 κ2 sin2
θ ≥ 3. Barta’s inequality

applied to h gives λ ≥ 3. Together with the case ℓ≥ 1 every
nonzero eigenvalue of −L is at least 3, which is Lemma 122;
the spectrum is discrete because S3 is compact and the drift is
smooth.

3. Moments

The density of t = x1 under νb is proportional to (1 −
t2)1/2eκt . For every smooth φ on [−1,1],

d
dt

[
(1− t2)3/2eκt

]
= (1− t2)1/2eκt(

κ(1− t2)−3t
)
,

and integration by parts gives E[φ ′(t)(1− t2)] = E
[
φ(t)

(
3t −

κ(1−t2)
)]

. With φ = 1 this is κE(1−x2
1) = 3Ex1, the identity

of Lemma 123(i). With φ = tk it gives the recursion

mk+2 = mk −
k+3

κ
mk+1 +

k
κ

mk−1, mk = Exk
1,

from m0 = 1 and m1 = A; all polynomial moments of νb are
rational in κ and A(κ).26

26 For instance m2 = 1 − 3A/κ , m3 = A − 3/κ + 12A/κ2 and m4 = m2 −
5m3/κ +2A/κ . The joint moments with x2,x3,x4 follow from exchange-
ability: E[φ(x1)x2

2] =
1
3E[φ(x1)(1− x2

1)].
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4. The Riccati barriers

By Lemma 123(i), A solves A′ =F (κ,A) := 1−A2−3A/κ

on (0,∞), and A(κ) = κ

4 − κ3

96 +O(κ5) from the series of I1

and I2. Let s =
√

κ2 +4, u =
√

κ2 +9, φ− = κ/(2+ s) and
φ+ = κ/(1+u). Direct differentiation gives

φ
′
−−F (κ,φ−) =− κ2

s(s+2)2 ≤ 0,

φ
′
+−F (κ,φ+) =

(u−3)2

u(1+u)2 ≥ 0,

and φ± = κ

4 +O(κ3).27 The comparison is singular at 0 be-
cause of the term 3A/κ , and we carry it out with an integrating
factor. Let D = A−φ−. Then

D′ = F (κ,A)−F (κ,φ−)−
(
φ
′
−−F (κ,φ−)

)
=−

(
A+φ−+

3
κ

)
D+R,

with R = κ2/(s(s+2)2)≥ 0. Put µ(κ) = κ3 exp
∫

κ

0 (A+φ−).
Then (µD)′ = µR ≥ 0, and µD = O(κ6) → 0 as κ → 0, so
µD ≥ 0 and A ≥ φ−. The same argument with D = φ+−A and
R = (u−3)2/(u(1+u)2) gives A ≤ φ+. This is Lemma 123(ii).

For (iv) let s =
√

κ2 +25/4 and φ♭ = κ/( 3
2 + s). Since

s2 − 9
4 = κ2 +4, the same differentiation gives

φ
′
♭−F (κ,φ♭) =−

5(s− 5
2 )

2s( 3
2 + s)2

≤ 0,

so φ♭ is a subsolution, and φ♭ =
κ

4 − κ3

80 +O(κ5).28 Hence A−
φ♭ =

κ3

480 +O(κ5), and the integrating-factor argument above,

with D=A−φ♭, R= 5(s−5/2)
2s(3/2+s)2 ≥ 0 and µ = κ3 exp

∫
κ

0 (A+φ♭),

gives µD = O(κ6) at 0, (µD)′ = µR ≥ 0, and so A ≥ φ♭. Since
3
2 +

√
κ2 +25/4 < 2+

√
κ2 +4 for κ > 0, this improves the

lower bound of (ii).

Appendix K: Bessel functions

This appendix proves the auxiliary statements used in Ap-
pendix I for Theorem 125. Throughout, I j = I j(κ) with κ > 0,

27 For the first identity write φ− = (s−2)/κ , which follows from s2 −4 = κ2;
then φ ′

− = (κ2/s−s+2)/κ2 and 1−φ 2
−−3φ−/κ = (κ2 −(s−2)2 −3(s−

2))/κ2, and the difference simplifies with s2 = κ2 +4. The second is the
same computation with φ+ = κ(u− 1)/(u2 − 1) = κ(u− 1)/(κ2 + 8) in
place of φ− and u2 = κ2 + 9 in place of s2 = κ2 + 4. After clearing the
denominator κ2(1+u)2 the numerator becomes κ2(u−3)2/u, which is the
stated residual.

28 With φ♭ = κ(s − 3
2 )/(κ

2 + 4) one has φ ′
♭ = ( 3

2 s + 25
4 )/(s( 3

2 + s)2), us-
ing ds/dκ = κ/s; and F (κ,φ♭) = 1− φ 2

♭ − 3/( 3
2 + s). Clearing the de-

nominator s( 3
2 + s)2 and replacing κ2 by s2 − 25

4 leaves − 5
2 s + 25

4 in
the numerator, which is the stated residual. The expansion follows from
s = 5

2 +
κ2

5 +O(κ4).

and I− j = I j for integers j. We use the series

Iν(κ) = ∑
i≥0

(κ/2)2i+ν

i!(i+ν)!
,

the integral I j(κ) = π−1 ∫ π

0 eκ cosθ cos jθ dθ , the Fourier series
eκ cosθ = ∑ j∈Z I jei jθ and the recurrences

I j−1 − I j+1 =
2 j
κ

I j, I′j = I j+1 +
j
κ

I j, (K1)

all of which are in Watson’s treatise [76], §§3.7, 3.71, 2.22.
All series below converge absolutely, because 0 < I j ≤
(κ/2) jeκ/ j!.

1. Zonal harmonics

Under σ the coordinate x1 has the density 2
π
(1− t2)1/2 on

[−1,1], the area of the two-sphere {x1 = t} being proportional
to 1− t2 and its normal speed to (1− t2)−1/2. The Chebyshev
polynomials Un(cosθ) = sin((n+1)θ)/sinθ satisfy∫

UnUm dσ =
2
π

∫
π

0
sin((n+1)θ)sin((m+1)θ)dθ = δnm,

and Un =C(1)
n is the Gegenbauer polynomial of index 4−2

2 = 1,
so Un(⟨y,x⟩) is the zonal harmonic of degree n on S3 with
pole y: |x|nUn(⟨y,x⟩/|x|) is a harmonic polynomial on R4 [72],
Ch. IV, §2.

Lemma 131. eκt = 2
κ ∑n≥0(n+1)In+1(κ)Un(t) in L2

( 2
π
(1−

t2)1/2dt
)
, and uniformly on [−1,1].

Proof. With t = cosθ and 2sinθ sin((n + 1)θ) = cosnθ −
cos(n+2)θ , the n-th coefficient is

2
π

∫
π

0
eκ cosθ sin((n+1)θ)sinθ dθ = In − In+2

=
2(n+1)

κ
In+1,

by (K1). Since |Un| ≤ n+ 1 and In+1 decays factorially, the
series converges uniformly.

2. Proof of Lemma 128

Let F(θ) = eκ cosθ = ∑ j I jei jθ . Then

F ′(θ) =−κ sinθ F(θ) = ∑
j

i jI jei jθ ,

and Parseval’s formula gives

∑
j∈Z

j2I2
j =

κ2

2π

∫ 2π

0
sin2

θ e2κ cosθ dθ

=
κ2

2
(
I0(2κ)− I2(2κ)

)
=

κ

2
I1(2κ),
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the last step by (K1) at the argument 2κ . Halving gives the
first identity. The coefficient of eiθ in F2 = e2κ cosθ is I1(2κ) =
∑ j∈Z I jI1− j, and the terms with j ≤ 0 repeat those with j ≥ 1;
this is the third identity.

For the second, jI j =
κ

2 (I j−1 − I j+1) by (K1), so

∑
j≥1

j3I2
j =

κ2

4 ∑
j≥1

j
(
I2

j−1 + I2
j+1 −2I j−1I j+1

)
.

Shifting indices, ∑ j≥1 j(I2
j−1 + I2

j+1) = I2
0 +∑m≥1 2mI2

m, and
∑m≥1 2mI2

m = κ ∑m≥1(Im−1Im − ImIm+1) = κI0I1 by telescop-
ing. For the mixed term write j = 1

2 (( j − 1)+ ( j + 1)) and
apply (K1) to ( j−1)I j−1 and to ( j+1)I j+1, using I−1 = I1 at
j = 1:

jI j−1I j+1 =
κ

4
[
(I j−1I j − I jI j+1)

+(I j−2I j+1 − I j−1I j+2)
]
.

Both brackets telescope, to I0I1 and to I−1I2 = I1I2, so
∑ j≥1 jI j−1I j+1 =

κ

4 (I0I1 + I1I2). Altogether

∑
j≥1

j3I2
j =

κ2

4

(
I2
0 +

κ

2
I1(I0 − I2)

)
=

κ2

4
(
I2
0 + I2

1
)
.

3. The coefficients of D

Lemma 132. Write D(κ) = ∑n≥0 Dnκ2n for the function
of (I9). Then D0 = D1 = 0, and for m ≥ 1

Dm+1 =
Nm

4m m!(m+1)!(m+1)(m+2)
,

with Nm =
(2m

m

)(
4(2m+1)+(m−1)(m+1)(m+2)

)
−4m(m+

1)(m+2). Moreover Nm = 0 for m ≤ 2 and Nm > 0 for m ≥ 3.

Proof. The coefficients. Multiplying the series of I0 and I1 and
collecting powers,

I2
0 = ∑

m≥0
αmκ

2m, I2
1 = ∑

m≥0
βmκ

2m+2,

κI1(2κ) = ∑
m≥0

κ2m+2

m!(m+1)!
,

where

αm =
1

4m

m

∑
i=0

1
i!2(m− i)!2 ,

βm =
1

4m+1

m

∑
i=0

1
i!(i+1)!(m− i)!(m− i+1)!

.

By Vandermonde’s identity, ∑i
(m

i

)2
=
(2m

m

)
and ∑i

(m
i

)(m+2
i+1

)
=(2m+2

m+1

)
, so

αm =

(2m
m

)
4m m!2 , βm =

(2m+2
m+1

)
4m+1m!(m+2)!

.

The coefficient of κ2m+2 in D is Dm+1 = 8βm+2βm−1−αm−
1/(m!(m+ 1)!), with β−1 = 0; for m = 0 it is 8

4 − 1− 1 = 0,
and D0 = 0 because every term of D is O(κ2). For m ≥ 1
put ∆ = 4m m!(m+ 1)!(m+ 1)(m+ 2) and b =

(2m
m

)
. With(2m+2

m+1

)
= 2(2m+1)

m+1 b,

8βm =
4(2m+1)b

∆
, αm =

(m+1)2(m+2)b
∆

,

2βm−1 =
2m(m+1)(m+2)b

∆
,

1
m!(m+1)!

=
4m(m+1)(m+2)

∆
,

and 2m− (m+1) = m−1 gives Dm+1 = Nm/∆.
The sign. Directly, N0 = N1 = N2 = 0 (2−2, 24−24, 192−

192), N3 = 80, N4 = 1140 and N5 = 10416. For m ≥ 6 we first
show 16m ≤ 4m

(2m
m

)2
for m ≥ 1 by induction: it is an equality

at m = 1, and (m+1)
(2m+2

m+1

)
= 2(2m+1)

(2m
m

)
gives

4(m+1)
(

2m+2
m+1

)2

=
16(2m+1)2

m+1

(
2m
m

)2

≥ 16(2m+1)2

4m(m+1)
16m ≥ 16m+1.

Since (m−1)2 ≥ 4m for m≥ 6, it follows that
(2m

m

)2
(m−1)2 ≥

16m, that is
(2m

m

)
(m−1)≥ 4m, and

Nm =
((2m

m

)
(m−1)−4m

)
(m+1)(m+2)

+4(2m+1)
(

2m
m

)
> 0.

4. Monotonicity of Bessel ratios

Lemma 133. For n ≥ 1 and κ > 0, In+2(κ)/In+1(κ) ≤
I2(κ)/I1(κ).

Proof. We use a lemma of Biernacki and Krzyż [19]: if f =
∑a jx j and g = ∑b jx j have positive coefficients and a j/b j is
nonincreasing in j, then f/g is nonincreasing on x > 0. Indeed

f ′g− f g′ = ∑
i, j
(i− j)aib jxi+ j−1

=
1
2 ∑

i, j
(i− j)bib j

(ai

bi
−

a j

b j

)
xi+ j−1 ≤ 0.

Take x = κ2, f = In+1(κ)/κn+1 and g = I1(κ)/κ . Then
a j/b j = 2−n( j+1)!/( j+n+1)! decreases in j, so In+1/(κ

nI1)
is nonincreasing in κ . Its logarithmic derivative is, by the sec-
ond recurrence of (K1),

n+1
κ

+
In+2

In+1
− n

κ
− 1

κ
− I2

I1

=
In+2

In+1
− I2

I1
≤ 0.
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