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I. INTRODUCTION

Wilson’s lattice gauge theory [107]1 is where every attempt
to construct four-dimensional Yang–Mills theory begins. Its
configurations are assignments of a group element Qe of a
compact group G to each link e of a lattice, its weight is
exp(Nβ ∑p ReTrQp), a sum over elementary squares (plaque-
ttes), and the inverse coupling β is the only parameter.2 When
β is small the theory is understood: the cluster expansion of
Osterwalder and Seiler [91, 97] produces a positive gap in
the spectrum of the transfer matrix and exponential decay of
correlations. Shen, Zhu and Zhu [100] found a second route,
through the geometry of the configuration space: they verified
the Bakry–Émery criterion [2, 3] on the product manifold GE

and obtained log-Sobolev inequalities uniform in the volume,
uniqueness of the infinite-volume limit and decay of correla-
tions. The strength of that route is set by one number, the
constant in the bound

|HessS0(v,v)| ≤ 8(d −1) |v|2 (1)

for the Hessian of the Wilson action S0 = ∑p ReTrQp in d
dimensions. The same constant reappears in later work on
Langevin dynamics, on the area law and on the Yang–Mills–
Higgs model [27, 87, 99].

1 Wilson introduced the lattice action to explain confinement: at strong cou-
pling the expectation of a large Wilson loop decays like the exponential of
its area, which is the statement that a static quark and antiquark are bound
by a linear potential. The Hamiltonian version, with continuous time and a
lattice in space, is due to Kogut and Susskind [70]; there the electric energy
is the Laplacian on each link group and the magnetic energy is the plaquette
term, and the mass gap is the gap above the ground state of this Hamiltonian.
The two formulations are related by the transfer matrix of Sec. VII. Standard
accounts of the lattice theory, its symmetries, its strong-coupling expansion
and its numerical simulation are the books of Montvay and Münster [85]
and of Gattringer and Lang [59].

2 Throughout, Qp is the ordered product of the four link variables around the
plaquette p, so that ReTrQp = N exactly when the field is flat on p. Large
β favours flat fields; this is the weak coupling regime, which is the one
relevant for the continuum limit.
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This paper has three aims. The first is to find the best con-
stant in (1). The second is to carry that constant, and a sharper
analysis of the single-link law of SU(2), through to uniqueness
and to a positive lattice mass gap. The third is structural: a
criterion, checkable in one finite box, that produces decay at
all scales for gauge fields, and an honest account of what still
separates all of this from the continuum mass gap.

A. The Hessian

The bound (1) is obtained plaquette by plaquette. The cross
terms between the four links of one plaquette, however, are not
independent across the lattice: summed over all plaquettes they
reassemble into the square of a covariant divergence, which
has a sign. Keeping that square gives the sharp constant.

Theorem A (Sharp Hessian bound). Let d ≥ 2, and let G be
one of the groups SU(N), SO(N) or U(N). For every gauge
field Q on Zd or on a torus and every square-summable tangent
vector v = (XeQe)e,

±HessS0(v,v)+∑
x
|DxX |2 ≤ 4d |v|2,

where DxX is the covariant divergence (6). In particular
|HessS0(v,v)| ≤ 4d |v|2, and for every N ≥ 2 and d ≥ 2 the
constant 4d is attained with both signs.

For d = 2 the two constants coincide; for d = 3 and d = 4
they are 12 against 16 and 16 against 24.3 The two extremal
fields are drawn in Fig. 3.

B. Strong coupling

The Ricci curvature of SU(N) in the metric of Sec. II is
N/2, and that of SO(N) is (N −2)/4. Subtracting the Hessian
bound gives the Bakry–Émery constant directly.

Theorem B (Curvature regime). Let G = SU(N) and |β | <
1/(8d), or G = SO(N) with N ≥ 3 and |β |< (N−2)/(16dN).
The finite-volume Wilson measures satisfy the Bakry–Émery
condition with a constant K > 0 that depends neither on the vol-
ume, nor on the boundary condition, nor on the configuration.
They satisfy log-Sobolev and Poincaré inequalities uniform in
the volume, and every infinite-volume limit has exponentially
decaying correlations of local functions.

Theorem C (The limit of the curvature method). For G =
SU(N) on every torus of even side,

inf
Q

λmin
(
Ric−Nβ HessS0(Q)

)
= N

2 −4dN|β |.

No Bakry–Émery argument with a lower bound uniform over
configurations, in the bi-invariant metric, reaches beyond |β |=
1/(8d).

3 We searched arXiv and the journal literature up to October 2026 for the
constant 4d and did not find it. The bound 8(d − 1) is stated in [100,
Lemma 4.1] and used in [27, 87, 99].

The curvature bound also controls a coupling of two
Langevin dynamics. Shen, Zhu and Zhu built such a coupling
and needed a second, separate estimate to make it contract in a
weighted metric; that estimate cost a factor of two in the range
of β . Applying Theorem A to the whole weighted sum, rather
than link by link, removes the loss.

Theorem D (Uniqueness on the whole curvature range). Under
the hypotheses of Theorem B the Langevin dynamics of the
Wilson measure on Zd has exactly one invariant probability
measure µ . The Wilson measures on the periodic tori (Z/LZ)d

converge to µ as L → ∞, and every initial law converges to µ

exponentially fast in a weighted Wasserstein distance.

C. SU(2) beyond the curvature range

For SU(2) the conditional law of one link given all the others
is a von Mises–Fisher law on the three-sphere, and its moments
are explicit. A Dobrushin argument in the chordal metric then
goes past the curvature range.

Theorem E (Uniqueness for SU(2)). Let G=SU(2) and |β |<
1/(6(d−1)). The Wilson theory on Zd has exactly one infinite-
volume Gibbs measure, and its truncated correlations of local
Lipschitz functions decay exponentially with every rate λ <
− log

(
6(d−1)|β |

)
. At d = 4 the range is βW < 2/9. No single-

link Wasserstein–Dobrushin argument, in the chordal or the
geodesic metric, reaches beyond this range.

Here βW = N2β is the Wilson coupling of the physics lit-
erature.4 The range is the largest that a single-link argument
can give, and it is reached because of a sharp inequality on the
three-sphere, Theorem 7: under every von Mises–Fisher law
νb, the covariance of a chordally 1-Lipschitz function with a
coordinate is at most 1

4 , so that W1(νb,νb′) ≤ 1
4 |b− b′|. The

constant 1
4 is attained at b = 0 and fails in the geodesic metric.

The proof extends a Lipschitz function from the sphere to the
ball it bounds and integrates by parts against a harmonic func-
tion; the resulting negative Sobolev norm is a series in modified
Bessel functions, and the inequality becomes the positivity of
the Taylor coefficients of one entire function.

D. A lattice mass gap

Reflection positivity turns decay of correlations in the time
direction into a gap in the spectrum of the transfer matrix.

Theorem F (Lattice mass gap). In the range of Theorem B, and
for SU(2) in the range of Theorem E, the infinite-volume state
is reflection positive and its transfer matrix T has a spectral
gap: the spectrum of T on the orthogonal complement of the

4 We follow the normalisation of Shen, Zhu and Zhu [100]: the weight is
exp(Nβ ∑p ReTrQp). The physics literature writes exp( βW

N ∑p ReTrQp),
so βW = N2β , and for SU(2), βW = 4β .
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vacuum lies in [0,e−m] with m > 0. For SU(2) one may take
m=− log

(
6(d−1)|β |

)
, which at d = 4 reads m=− log( 9

2 βW )
and is positive for βW < 2/9.

This is a gap in lattice units at fixed lattice spacing. It is not
the mass gap of the continuum theory: our earlier paper [16]
shows that no inequality of this kind, uniform in the spacing
and stated in lattice units, can produce the continuum gap,
because the physical gap in lattice units must vanish like the
spacing.

E. A finite-box criterion

For spin systems, Dobrushin and Shlosman showed that a
single finite computation implies uniqueness and decay at all
scales [43].5 Gauge fields need three changes: boundary data
are holonomies, gauge-equivalent boundary conditions must
be identified, and disagreement is measured after an interior
gauge alignment. With these changes:

Theorem G (Gauge-invariant finite-box criterion). For every
compact group G and every finite-range gauge-invariant in-
teraction, the finite-box inequality of Definition 16 implies
uniqueness of the infinite-volume Gibbs measure, exponential
decay of all truncated correlations, and the same decay on
every large torus, uniformly in its size and in every ’t Hooft
twist sector. Its box-hereditary form implies Wilson’s area law.

Two-dimensional SU(2) theory meets the criterion at every
coupling (Proposition 21). Four-dimensional U(1) theory at
weak coupling cannot meet it, because that theory is mass-
less [57, 65]; a criterion that did not fail there would be wrong.

F. What is proved and what is not

Figure 1 places the thresholds on one axis, and Table I in
Sec. VIII lists the gaps between this paper and the continuum
mass gap, with the status of each. Everything stated as a the-
orem, proposition or lemma is proved here, by hand, without
conditions. The mass gap of the continuum four-dimensional
theory is not proved here, at intermediate lattice coupling or
in the continuum. What is missing is stated precisely as Prob-
lem 27.

5 Dobrushin’s original criterion [41, 42] compares the conditional laws at a
single site: if the total influence ∑y κ(x,y) of all other sites on the conditional
law at x is below 1, the Gibbs measure is unique and correlations decay. It
is local in space but global in the interaction strength, and it fails before
the critical point. Dobrushin and Shlosman replaced the single site by a
finite box and asked that the influence of the boundary on the box, averaged
over the box, be below its volume; this condition holds in the whole high-
temperature phase of many models and is equivalent there to several other
forms of complete analyticity. Expositions of the single-site theory are in
the books of Georgii [60], Simon [101] and Friedli and Velenik [55]; the
coupling formulation used below is that of Ref. [60], Ch. 8.

II. SETTING

Let G ∈ {SU(N),SO(N),U(N)} with Lie algebra g. We use
the inner product ⟨X ,Y ⟩=−Tr(XY ) = ReTr(X∗Y ) on g and
the bi-invariant metric it induces on G. In this metric

RicSU(N) =
N
2 , RicSO(N) =

N−2
4 . (2)

Indeed Ric(X ,X) = − 1
4 B(X ,X) for the Killing form B of a

compact group with a bi-invariant metric [84],6 and B(X ,X) =
2N TrX2 on su(N), B(X ,X) = (N −2)TrX2 on so(N).7 With
this metric SU(2) is the round three-sphere of radius

√
2; its

Hopf fibration by great circles, and the Villarceau circles that
link them, are described in [19].

Let Λ ⊂ Zd be a finite box or a torus, E its set of positively
oriented links and P its set of plaquettes. The plaquette p with
base point x in the plane of the directions µ < ν has the links

e1 =(x,µ), e2 =(x+ µ̂,ν), e3 =(x+ ν̂ ,µ), e4 =(x,ν),

and Qp = Qe1 Qe2Q∗
e3

Q∗
e4

. The Wilson measure is

dµΛ,β (Q) = Z−1eS(Q)
∏

e
dQe,

S = NβS0, S0 = ∑
p∈P

ReTrQp,
(3)

with normalised Haar measure dQe; on a box the links outside
Λ are frozen to a boundary condition.

A tangent vector at Q is v = (XeQe)e with Xe ∈ g, and
|v|2 = ∑e |Xe|2. Since t 7→ etX Q is a geodesic of the bi-
invariant metric, HessS0(v,v) = d2

dt2 S0
(
(etXe Qe)e

)
|t=0.8 On Zd

the Hessian at any field is a bounded quadratic form on square-
summable vectors, because it is a sum of finite-range blocks of
uniformly bounded size.

6 For a bi-invariant metric the Levi-Civita connection on left-invariant fields is
∇XY = 1

2 [X ,Y ], so R(X ,Y )Z =− 1
4 [[X ,Y ],Z] and the sectional curvature of

the plane spanned by orthonormal X ,Y is 1
4 |[X ,Y ]|2 ≥ 0. Summing over an

orthonormal basis (Yj) gives Ric(X ,X) = 1
4 ∑ j |[X ,Yj]|2 = − 1

4 Tr(ad2
X ) =

− 1
4 B(X ,X); this is the bi-invariant case of Milnor’s formulas for left-

invariant metrics [84]. On su(N) one has Tr(ad2
X ) = 2N TrX2, because

adX extends to gl(N,C) = sl(N,C)⊕C1, where it vanishes on the centre
and acts as X ⊗ 1− 1⊗XT , whose square has trace 2N TrX2 − 2(TrX)2;
for traceless X this is 2N TrX2. Since −TrX2 = |X |2 in our normalisa-
tion, Ric = N/2. The same computation on antisymmetric matrices gives
(N −2)TrX2 and Ric = (N −2)/4.

7 For U(N) the centre contributes a flat direction, so RicU(N) is not bounded
below by a positive constant, and Theorem B is not stated for U(N). Theo-
rem A holds for U(N) as stated.

8 On a compact Lie group with a bi-invariant metric the one-parameter sub-
groups and their translates are exactly the geodesics. The Hessian of a
function f at Q in the direction v is therefore the second derivative of f
along the geodesic through Q with velocity v, and the polarisation identity
recovers the bilinear form.
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FIG. 1. Thresholds for four-dimensional SU(2) in the Wilson coupling βW , on a logarithmic scale. Blue: Theorems B and D (curvature,
βW < 1/8) and Theorem E (chordal Dobrushin, βW < 2/9). Grey: the curvature bound 1/12 that follows from (1), and the range βW <
1/(3

√
3) ≈ 0.1925 that the Poincaré constant of Lemma 4 gives without Theorem 7. Red: the ceiling 2/9 of all single-link Wasserstein–

Dobrushin arguments (Proposition 13), which Theorem E reaches. Orange: the region where Monte Carlo simulations place the crossover to
weak coupling, which plays no role in any proof.

III. THE SHARP HESSIAN BOUND

A. One plaquette

Fix a plaquette p and a tangent vector v = (XeQe). Transport
the four link vectors to the base point of p:

Y1 = Xe1 , Y2 = Qe1Xe2Q∗
e1
, Y3 = Qe4Xe3Q∗

e4
, Y4 = Xe4 , (4)

and write W = Qp. Then the perturbed plaquette variable is
Qp(t) = etY1etY2We−tY3e−tY4 (Appendix A), and

fp :=
d2

dt2 ReTrQp(t)
∣∣∣
t=0

=
4

∑
i=1

ReTr(Y 2
i W )+2ReTr(Y1Y2W )+2ReTr(Y3Y4W )

−2 ∑
i∈{1,2}, j∈{3,4}

ReTr(YiWYj),

(5)

so that HessS0(v,v) = ∑p fp.

B. The covariant divergence

The covariant divergence of X at a vertex x is

DxX =
d

∑
µ=1

[
Xx,µ −Q∗

x−µ̂,µ Xx−µ̂,µ Qx−µ̂,µ

]
∈ g. (6)

Each summand is the vector of a link with an end at x, trans-
ported to x, with sign + for an outgoing and − for an incoming

link.9 The corner form of p is

cp = 2⟨Y1,Y4⟩−2⟨Y1,Y2⟩+2⟨Y2,WY3W ∗⟩−2⟨Y3,Y4⟩. (7)

Lemma 1. For every field Q and every square-summable X,

∑
x
|DxX |2 = 2|X |2 +∑

p
cp +∑

x,µ
κx,µ ,

where

κx,µ =−2
〈
Xx,µ ,Q∗

x−µ̂,µ Xx−µ̂,µ Qx−µ̂,µ

〉
,

and ∑x,µ |κx,µ | ≤ 2|X |2.

Proof. The vector DxX is a signed sum of 2d vectors, one
for each end of a link at x. Expanding |DxX |2 and summing
over x gives three kinds of term. The squares contribute 2|X |2,
since every link has two ends. The cross term between the
outgoing and the incoming link in the same direction µ is κx,µ .
The cross terms between ends in two perpendicular directions
µ ̸= ν are in bijection with pairs consisting of a plaquette
of the plane µν and one of its corners at x: through x pass
four plaquettes of that plane, one for each choice of two signs.
Appendix A identifies the four corner terms of each plaquette
with the four terms of (7). Finally |κx,µ | ≤ |Xx,µ |2 + |Xx−µ̂,µ |2
by the Cauchy–Schwarz inequality, and the sum over (x,µ)
counts every link twice.

9 At the identity field, DxX is the lattice divergence of the Lie-algebra valued
one-form X , and ∑x |DxX |2 is the gauge-fixing term of the Lorenz gauge.
The point of Theorem A is that this positive term is hidden inside the Hessian
of the Wilson action at every field, not only near the identity.
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FIG. 2. Left: a plaquette with its links e1, . . . ,e4, the link vectors Y1, . . . ,Y4 transported to the base point x, and the sign with which each corner
enters the corner form (7). Right: the four plaquettes of one plane through a vertex x; each contributes one corner to |DxX |2, which is how the
cross terms of the Hessian reassemble into the divergence.

C. A local inequality

Lemma 2. For every N, every W ∈ U(N) and all Y1, . . . ,Y4 ∈
u(N),

± fp + cp ≤ 2
4

∑
i=1

|Yi|2.

Proof. Replacing W by −W changes the sign of fp and leaves
cp unchanged, so it suffices to prove the inequality with the sign
+. Write W =V DV ∗ with V unitary and D = diag(w1, . . . ,wN),
|wa| = 1. Replacing every Yi by V ∗YiV changes neither side,
so we may assume W = D. Every term of fp and of cp is then
a sum over positions (a,b) of products of the entries (Yi)ab,
(Yj)ba or (Yi)ab, (Yj)ab, with phases from D. Since (Yi)ba =

−(Yi)ab, each term couples only the positions (a,b) and (b,a).
Hence the form F = 2∑ |Yi|2 − fp − cp is an orthogonal sum
of blocks: one for each diagonal position a, in the variables
(Yi)aa = iyi with y ∈R4, and one for each unordered pair a ̸= b,
in the variables zi = (Yi)ab ∈ C. Appendix A computes these
blocks:

Faa = (y1 +y3)
2 +(y2 +y4)

2 +(1+cosϕ)(y1 +y2 −y3 −y4)
2

with wa = eiϕ , and Fab = z∗M(m,θ)z with wa,b = ei(χ±θ),
m = cos χ , and a Hermitian matrix M affine in m that satisfies
M(−1,θ) =M(1,θ +π). Therefore M(m,θ) = 1+m

2 M(1,θ)+
1−m

2 M(1,θ +π), and after a diagonal unitary change of vari-
ables z = ∆u and with c = cos(θ/2),

z∗M(1,θ)z = 2c2(|u1 +u3|2 + |u2 +u4|2
)

+(1+c)2|u1+u2−u3−u4|2+(1−c)2|u1−u2−u3+u4|2.

Every block is a sum of squares, so F ≥ 0.

The pairing of (a,b) with (b,a) is essential.10

10 The blocks of the ordered positions (a,b) and (b,a), taken separately, are

D. Proof of Theorem A

Proof of the upper bound. By density it suffices to take X
finitely supported. Every link lies in 2(d −1) plaquettes and
|Yi| = |Xei |, so summing Lemma 2 over p gives ∑p(± fp +

cp) ≤ 4(d − 1)|X |2. By Lemma 1, ∑p cp = ∑x |DxX |2 −
2|X |2 −∑κ ≥ ∑x |DxX |2 −4|X |2. Hence

±HessS0(v,v)≤ 4(d −1)|X |2 +4|X |2 −∑
x
|DxX |2.

Proof of sharpness. Let the torus have even side and let Xx,µ =

(−1)|x|εµ T with |x|= ∑ν xν , a vector ε ∈ Rd with ∑µ εµ = 0,
and 0 ̸= T ∈ g.

The sign −. At the identity field W = 1 and Yi = Xei , and (5)
becomes fp = Tr

(
(Y1+Y2−Y3−Y4)

2
)
=−|Y1+Y2−Y3−Y4|2.

For the plaquette at x in the plane µν , Y1 +Y2 −Y3 −Y4 =
2(−1)|x|(εµ − εν)T . Each vertex therefore contributes

−4|T |2 ∑
µ<ν

(εµ − εν)
2 =−4|T |2

(
d|ε|2 −

(
∑µ εµ

)2
)

=−4d|ε|2|T |2,

while it carries |ε|2|T |2 of |X |2. So HessS0(v,v) = −4d|X |2.
Moreover DxX = 2(−1)|x|(∑µ εµ)T = 0, so the inequality of
Theorem A is an equality.

The sign +. Let z = diag(−1,−1,1, . . . ,1), which lies in
SU(N), SO(N) and U(N), and Qx,µ = z∑λ<µ xλ , which is well
defined on an even torus since z2 = 1. For the plaquette at x in
the plane µ < ν one finds Qe1 =Qe3 = z∑λ<µ xλ , Qe4 = z∑λ<ν xλ

and Qe2 = zQe4 , so every plaquette variable equals z. Take the
same X with T supported in the upper left 2×2 block, so that
T commutes with z and zT =−T . All transports act trivially
on T , every term of (5) changes sign relative to the identity
field, and so HessS0(v,v) = +4d|X |2 and again DxX = 0.

not positive semidefinite: at wa =−1, wb = 1 each of them has a negative
eigenvalue. Only after the identification (Y )ba =−(Y )ab, which uses that
the Yi are anti-Hermitian, does the form become a sum of squares.
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Figure 4 compares the bound with the spectrum of the Hes-
sian computed numerically for SU(2) on the torus (Z/4Z)3.
At random fields the spectrum fills a part of [−12,12]; at the
two extremal fields it reaches the end points.

IV. CONSEQUENCES OF THE CURVATURE BOUND

Proof of Theorem B. By Theorem A,

|HessS(v,v)|= N|β | |HessS0(v,v)| ≤ 4dN|β | |v|2.

The Ricci curvature of GE , or of GEint with the boundary links
frozen, equals RicG in every direction. By (2),

Ric−HessS ≥ K := N
2 −4dN|β | (SU(N)),

and K := N−2
4 −4dN|β | for SO(N), uniformly in the volume,

the boundary condition and the field, with K > 0 in the stated
ranges. The Bakry–Émery criterion on a compact manifold [3,
Cor. 5.7.2] gives Entµ( f 2) ≤ 2

K µ|∇ f |2 and the Poincaré in-
equality with constant 1/K.11

For the decay of correlations we follow [100, Sec. 4]. The
argument there uses the Langevin dynamics and the gradient
bound |∇Pt f | ≤ e−KtPt |∇ f |, which is equivalent to the Bakry–
Émery condition with constant K; the Hessian enters only
through the value of K. With our K in place of KS = N

2 −
8N|β |(d − 1), the proofs of [100, Cor. 4.11 and Rem. 4.12]
apply without change.

Proof of Theorem C. Theorem A gives the lower bound N
2 −

4dN|β | for every field and every v. For the reverse inequal-
ity take β ̸= 0 and the vector of the proof of sharpness:
the frustrated field if β > 0, the identity if β < 0. Then
Nβ HessS0(v,v) = 4dN|β ||v|2, and since the bi-invariant met-
ric of SU(N) is Einstein, (Ric−Nβ HessS0)(v,v) = (N

2 −
4dN|β |)|v|2.

A constant rescaling of the metric on all links multiplies Ric
and HessS by the same factor, and a link-dependent constant
rescaling does not change the infimum on a torus, by translation
invariance of the extremal fields. Theorem C is a statement
about the method; it does not say that anything happens in the
theory at |β |= 1/(8d).

A. The weighted coupling and Theorem D

We recall the setting of [100, Sec. 5]. Let |e| be the graph
distance from the origin to the nearer endpoint of the link e of
Zd . For a > 1 the distance

ρ∞,a(Q,Q′)2 = ∑
e

a−|e|
ρ(Qe,Q′

e)
2 (8)

11 Here the measure is eSdQ, so the relevant curvature-dimension tensor is
Ric−HessS; the sign convention is that of a measure e−V with V =−S.

on GE(Zd) is bounded and induces the product topology. Two
Langevin dynamics on a torus, extended periodically to Zd , are
coupled so that their noises cancel along the minimal geodesic
between them, and the link distances ρe(t) = ρ(Qe(t),Q′

e(t))
then satisfy, away from the cut locus and the diagonal,

∂tρ
2
e ≤−2CRicρ

2
e +2ρe

(
⟨∇S, γ̇e⟩(Q′)−⟨∇S, γ̇e⟩(Q)

)
, (9)

where γ̇e is the unit tangent of the geodesic from Qe to Q′
e and

CRic =N/2 for SU(N), (N−2)/4 for SO(N).12 Shen, Zhu and
Zhu estimate the second term of (9) link by link. We estimate
the weighted sum at once.

Lemma 3. Let we = a−|e| and put

Ka =CRic −4dN|β |−3(d −1)N|β | (
√

a−1)2
√

a
.

Then

∑
e

weρe
(
⟨∇S, γ̇e⟩(Q′)−⟨∇S, γ̇e⟩(Q)

)
≤
(
CRic −Ka

)
∑
e

weρ
2
e .

The proof is in Appendix C; it uses Theorem A for the vector
W 1/2V , where V is the velocity of the product geodesic, and
bounds only the commutator of the weights. Figure 5 shows
the weights and the sizes of the ratios that enter.

Proof of Theorem D. Insert Lemma 3 into (9). Then

∂t ∑
e

weρ
2
e ≤−2Ka ∑

e
weρ

2
e ,

which is the conclusion of [100, Lemma 5.1] with the rate Ka
in place of

K̃S =CRic − (4+4
√

a)N|β |(d −1).

As a ↓ 1, Ka increases to CRic −4dN|β |, which is positive in
the ranges of Theorem B, so there is a > 1 with Ka > 0. The
rest of the proof of [100, Thm. 1.2] uses only that conclusion
and applies verbatim.

V. SU(2): THE SINGLE-LINK LAW

A. The von Mises–Fisher law

Identify SU(2) with the unit quaternions, that is with the unit
sphere S3 ⊂ R4, so that ReTrU = 2x0(U) and ReTr(UV ) =
2⟨u, v̄⟩ for the Euclidean inner product of R4 and quaternion

12 This is [100, Eqs. (5.5), (5.6), (5.10), (5.11)]: the index form of the coupled
Brownian motions gives −CRicρe by the index lemma, the martingale part
vanishes because the noises are parallel transports of each other, and the cut-
off near the cut locus and the diagonal is removed by dominated convergence.
None of this uses the Hessian bound. In [100] the constant is written
CRic,N = α

N+2
4 −1 with α = 2 for SU(N), α = 1 for SO(N), which is the

same.



7

FIG. 3. The two fields at which ±HessS0 = 4d. Left: the identity field with the checkerboard tangent vector Xx,µ = (−1)|x|εµ T , ∑µ εµ = 0,
drawn on a 3× 3× 3 block (arrows of alternating orientation, lengths proportional to εµ ). Right: the frustrated field Qx,µ = z∑λ<µ xλ with
z = diag(−1,−1,1, . . .); red links carry z, and every plaquette has holonomy z (two faces of the block are shaded).

conjugation v 7→ v̄. Fix a link e and the field off e. Every
plaquette through e can be rotated cyclically so that its trace
reads ReTr(QeAp) with Ap ∈ SU(2), the staple of e in p. The
action therefore depends on Qe only through

Nβ ∑
p∋e

ReTr(QeAp) = ⟨x,b⟩, b = 4β ∑
p∋e

Āp ∈ R4,

with x = Qe ∈ S3. Since there are 2(d − 1) staples, each of
norm one,

κ := |b| ≤ y := 8(d −1)|β |. (10)

The conditional law of Qe is the von Mises–Fisher law13

νb(dx) = Z(κ)−1e⟨x,b⟩ σ(dx) (11)

on the unit sphere, with σ the normalised surface measure. We
use coordinates in which b = κe1. The density of t = x1 is
proportional to (1− t2)1/2eκt on [−1,1], so Z(κ) = 2I1(κ)/κ

with the modified Bessel function I1, normalised so that Z(0) =
1.

13 On the sphere Sp−1 ⊂ Rp the von Mises–Fisher law with mean direction µ

and concentration κ has density proportional to eκ⟨x,µ⟩ with respect to the
surface measure, and its normalising constant is (2π)p/2Ip/2−1(κ)/κ p/2−1;
it is the maximum entropy law with prescribed mean resultant, and it plays
on the sphere the role of the Gaussian in Rp. For p = 4 the Bessel index is
1. The mean resultant length E⟨x,µ⟩= Ip/2(κ)/Ip/2−1(κ) is the function A
of Lemma 5. See Mardia and Jupp [80], Ch. 9, for these facts and for the
tangent-normal decomposition used in Appendix B.

Lemma 4. For every κ ≥ 0 the law νb on the unit sphere S3

satisfies the Poincaré inequality Varνb(g)≤
1
3
∫
|∇g|2dνb, and

the constant 1
3 is attained at κ = 0.

Proof. In the polar angle θ ∈ (0,π) from e1 the generator of the
reversible diffusion of νb is L= ∂ 2

θ
+b(θ)∂θ +sin−2

θ ∆S2 with
b(θ)= 2cotθ −κ sinθ . On spherical harmonics of degree ℓ on
S2 it acts as a Sturm–Liouville operator Lℓ with potential ℓ(ℓ+
1)sin−2

θ . A ground state comparison of Barta’s type [13] with
the trial function ψ = sinθ eaκ cosθ gives −L1ψ ≥ 3ψ for a =
− 1

5 , and the same trial function with a =− 2
5 gives the bound 3

for the derivatives of zonal eigenfunctions; Appendix B carries
out both computations. Hence every nonzero eigenvalue of −L
is at least 3. At κ = 0 the first eigenvalue of the Laplacian of
the unit S3 is 3.

B. Moments

Let A(κ) = Eνbx1 = Z′(κ)/Z(κ) = I2(κ)/I1(κ).

Lemma 5. For every κ > 0, in coordinates with b = κe1,

(i) Ex2
2 = Ex2

3 = Ex2
4 = A/κ , E(1 − x2

1) = 3A/κ , the co-
variance matrix of x is diag(A′,A/κ,A/κ,A/κ), and
A′ = 1−A2 −3A/κ;

(ii)
κ

2+
√

κ2 +4
≤ A(κ)≤ κ

1+
√

κ2 +9
;

(iii) A′ ≤ A/κ ≤
(
1+

√
κ2 +9

)−1 ≤ 1
4 ;

(iv) A(κ)≥ κ
/( 3

2 +
√

κ2 +25/4
)
.
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FIG. 4. Eigenvalues of HessS0 for SU(2) on (Z/4Z)3 (d = 3, 576 eigenvalues per field). Histogram: two random Haar fields. Solid bars: the
identity field (left) and the frustrated field (right). The dashed lines are Theorem A (±4d =±12); the dotted lines are the earlier bound (1)
(±8(d −1) = ±16). The identity and frustrated spectra touch −12 and +12. Right: the same three spectra in depth, the random histogram
divided by two so that every row counts one field; the spectrum of the frustrated field is the reflection of that of the identity field on this torus.

Proof. (i) Integrating by parts against d
dt (1− t2)3/2 =−3t(1−

t2)1/2 gives κ E(1 − x2
1) = 3Ex1, and the three coordinates

x2,x3,x4 are exchangeable under νb, with ∑i x2
i = 1. The

off-diagonal covariances vanish by the reflections xi 7→ −xi,
i ≥ 2, and A′ = Varx1 because A = (logZ)′. (ii) By (i), A
solves the Riccati equation A′ = 1−A2 −3A/κ with A(κ) =
κ/4+O(κ3). Appendix B shows that the left side of (ii) is a
subsolution and the right side a supersolution of this equation,
with the same behaviour at 0, and concludes by comparison.
(iii) The middle inequality is (ii). For the first, put s =

√
κ2 +4.

By (ii), 4A/κ ≥ 4/(2+ s) and 1−A2 ≤ 1−κ2/(2+ s)2, and

1− κ2

(2+ s)2 ≤ 4
2+ s

⇐⇒ (2+ s)2 −κ
2 ≤ 4(2+ s)

⇐⇒ s2 −κ
2 ≤ 4,

which holds with equality. So A′ = 1−A2 −3A/κ ≤ A/κ . (iv)
is the comparison of (ii) with a third barrier, which improves the
lower bound of (ii); it is carried out in the same appendix.

C. The Lipschitz rate of the family

Let δ be the chordal metric δ (x,x′) = |x− x′| on S3 and W1
the Kantorovich distance for δ . For c ∈ R4 and a unit vector
h ∈ R4 put

L(c,h) = sup
g

Covνc

(
g,⟨h,x⟩

)
, (12)

the supremum over 1-Lipschitz functions g for δ . Since
d
dt νc+th(g) = Covνc+th(g,⟨h,x⟩), the Kantorovich–Rubinstein

duality gives, for all b,b′,

W1(νb,νb′)≤ |b−b′| sup
c∈[b,b′]

L
(

c,
b′−b
|b′−b|

)
. (13)

By rotation invariance L(c,h) depends only on κ = |c| and on
the angle ϕ between h and c⊥, and we write L(κ,ϕ).

Lemma 6. For all c and h, L(c,h)≤ 1/(2
√

3). Moreover:

(i) at c = 0, L(0,h) = 1
4 for every h;

(ii) if h ⊥ c, then L(c,h) = Eνc x2
2 = A(κ)/κ ≤ 1

4 ;

(iii) if κ ≥
√

88/3 ≈ 3.127, then L(c,h)≤ 1
4 for every h.

Proof. A 1-Lipschitz function for δ is 1-Lipschitz for the
geodesic distance, which is larger, so |∇g| ≤ 1 almost every-
where, and Lemma 4 gives Varg ≤ 1

3 . By Lemma 5(i), (iii)
the largest eigenvalue of the covariance of x is A/κ ≤ 1

4 , so
Var⟨h,x⟩ ≤ A/κ . The Cauchy–Schwarz inequality gives

L(c,h)≤
( 1

3 A/κ
)1/2 ≤

(
3
(
1+

√
κ2 +9

))−1/2
≤ 1

2
√

3
.

(14)
(i) and (ii) are reflection arguments. Let R be the reflection in
the hyperplane h⊥, and suppose νc is R-invariant, which is the
case when c = 0 or h ⊥ c. Then E⟨h,x⟩= 0 and

Cov(g,⟨h,x⟩) = E
[
(g(x)−g(Rx))⟨h,x⟩; ⟨h,x⟩> 0

]
≤ E

[
2⟨h,x⟩2; ⟨h,x⟩> 0

]
= E⟨h,x⟩2,
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FIG. 5. The weights we = a−|e| of the distance (8) on the horizontal links of a 9×9 patch of Z2 (bar heights, a = 1.6). Links in a common
plaquette have

∣∣|e|− | f |
∣∣≤ 1, so the ratio we/w f lies in [a−1,a]; the proof of Lemma 3 pays only 1

2 (r
1/2 + r−1/2)−1 ≤ (

√
a−1)2/(2

√
a) for

each such ratio r, which vanishes as a → 1. Right: the largest βW for which the constant Ka of Theorem D is positive, for four-dimensional
SU(2); it decreases from 1/8 at a = 1, and at a = 1.6 it is 0.1212.

since δ (x,Rx) = 2|⟨h,x⟩|. Equality holds for g = ⟨h,x⟩, which
is 1-Lipschitz. At c = 0, E⟨h,x⟩2 = 1

4 ; for h ⊥ c, E⟨h,x⟩2 =

A/κ . (iii) By (14), L ≤ 1
4 as soon as 1+

√
κ2 +9 ≥ 16

3 , that is
κ2 ≥ 88

9 .

The reflection is drawn in Fig. 7. It settles the directions
h ⊥ c and the point c = 0; for an oblique h the reflection no
longer preserves νc, and the Cauchy–Schwarz bound (14) is
too weak for κ <

√
88/3. The next theorem closes this case.

Theorem 7 (The sharp quarter). For every c ∈ R4 and every
unit vector h ∈ R4,

L(c,h)≤ 1
4 ,

with equality at c = 0. Equivalently, W1(νb,νb′) ≤ 1
4 |b− b′|

for all b,b′ ∈ R4, and the constant 1
4 is the best possible.

The equivalence is (13) in one direction and the derivative
formula above it in the other; the sharpness is Lemma 6(i).
The metric matters.14 The proof has four steps. A Lipschitz

14 In the geodesic metric of S3 the statement is false already at c = 0: the
function arcsinx2 is geodesically 1-Lipschitz and its covariance with x2
under the uniform law is 8

9π
≈ 0.283 > 1

4 . A proof therefore has to use
that the chordal distance between two points is shorter than their geodesic
distance, that is, it has to see the sphere from the ball it bounds. The proof
below does exactly this: it extends a chordally Lipschitz function to the ball
and integrates by parts there.

function on S3 extends to the unit ball B ⊂ R4, and Green’s
formula in B bounds the covariance by a negative Sobolev
norm of the density (Lemma 8). This norm splits into a zonal
and a transverse part, both explicit series in modified Bessel
functions (Lemma 9). The transverse part is at most 1

4 because
a certain power series has nonnegative coefficients (Proposi-
tion 11), and the zonal part is at most 1

4 by a Riccati comparison
(Proposition 12).

D. Harmonic extension

Let σ be the normalised surface measure of S3 and Hk the
space of spherical harmonics of degree k, the restrictions to
S3 of harmonic homogeneous polynomials of degree k on R4.
The spaces Hk are orthogonal in L2(σ) and span it; we write
uk for the component of u in Hk, and for u with

∫
udσ = 0 we

put

Q(u) = ∑
k≥1

1
k
∥uk∥2

L2(σ). (15)

This is ⟨u,Λ−1u⟩ for the Dirichlet-to-Neumann operator Λ of
B, which acts on Hk as multiplication by k.

Lemma 8. Let u be a real-analytic function on S3 with∫
udσ = 0 and let g be 1-Lipschitz for the chordal metric.

Then ∫
S3

gudσ ≤ 1
2 Q(u)1/2.
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Proof. The chordal metric is the Euclidean metric of R4 re-
stricted to S3, so McShane’s extension G(y) = infx∈S3

(
g(x)+

|x − y|
)

is 1-Lipschitz on R4 and equals g on S3 [82]; by
Rademacher’s theorem |∇G| ≤ 1 almost everywhere. Let
ψ = ∑k≥1 k−1rkuk(ω) in polar coordinates y = rω . Each
term is a harmonic polynomial, the series converges with all
derivatives on the closed ball because u is real-analytic,15 and
∂rψ = u on S3. Green’s formula for the Lipschitz function
G and the smooth harmonic function ψ reads

∫
S3 G∂rψ dS =∫

B ∇G ·∇ψ dy. With |S3| = 2π2 and |B| = π2/2 the Cauchy–
Schwarz inequality gives∫

gudσ =
1

2π2

∫
B

∇G ·∇ψ dy ≤ |B|1/2

2π2

(∫
B
|∇ψ|2dy

)1/2
.

Green’s formula once more gives
∫

B |∇ψ|2 =
∫

S3 ψ ∂rψ dS =

2π2
∑k k−1∥uk∥2 = 2π2Q(u), and the right side becomes

1
2Q(u)1/2.

The lemma is a form of Thomson’s principle. By
Kantorovich–Rubinstein duality, supg

∫
gudσ is the least cost

of a flow in R4 that carries the positive part of udσ to its nega-
tive part, the cost being the total length travelled by the mass.16

The harmonic field ∇ψ is one such flow, through the interior
of the ball, and the lemma computes its cost. At c = 0 the flow
is optimal: for u = ⟨h,x⟩ one has ψ = ⟨h,y⟩, the field ∇ψ = h
is constant, the Cauchy–Schwarz inequality is an equality, and
Q(u) = ∥u∥2 = 1

4 .

E. Spectral decomposition

Fix c = κe1 with κ > 0 and write h = cosϕ e1 + sinϕ e2,
which is no loss of generality by rotation invariance. Let
ρ = dνc/dσ = eκx1/Z(κ), Z(κ) =

∫
eκx1dσ = 2I1(κ)/κ , and

u =
(
⟨h,x⟩−Eνc⟨h,x⟩

)
ρ,

so that Covνc(g,⟨h,x⟩) =
∫

gudσ and
∫

udσ = 0. Let Un be
the Chebyshev polynomials of the second kind and put

dn(κ) =
(n+1) In+1(κ)

I1(κ)
, n ≥ 0. (16)

Lemma 9. With this notation

Q(u) = cos2
ϕ Qz(κ)+ sin2

ϕ Qx(κ),

15 For real-analytic u the norms ∥uk∥ decay geometrically in k, and the supre-
mum of a function in Hk is at most (dimHk)

1/2 = k+ 1 times its L2(σ)
norm, so the series for ψ and for each of its derivatives converge uniformly
on B̄.

16 This is the Beckmann formulation of the transport problem with cost |x−y|:
the optimal cost equals the least

∫
|V | over vector measures V on R4 with

divergence udσ . Restricting the flow to the closed ball does not change
the infimum, since projecting onto B̄ shortens paths. The gradient ∇ψ on B
is one admissible flow. It minimises the energy

∫
|V |2 rather than the cost∫

|V |, and the Cauchy–Schwarz inequality converts one into the other at the
price of the factor |B|1/2.

where

Qz = ∑
n≥1

d′
n(κ)

2

n
, Qx =

1
3κ2 ∑

n≥1
(n+2)dn(κ)

2.

Proof. The functions Un(x1), n ≥ 0, are the zonal harmonics:
Un(x1) ∈ Hn, and they are orthonormal in L2(σ) (Appendix F).
The expansion eκt = 2

κ ∑n(n+1)In+1(κ)Un(t) of the same ap-
pendix gives ρ = ∑n dn(κ)Un(x1), with d0 = 1.

Write u = cosϕ uz + sinϕ ux with uz = (x1 −A)ρ and ux =
x2ρ; here Eνcx1 = A and Eνc x2 = 0. The reflection x2 7→ −x2
maps each Hk to itself, fixes uz and reverses ux, so the compo-
nents of uz and ux in each Hk are orthogonal and the cross term
in Q(u) vanishes.

Since A = Z′/Z, we have uz = ∂κ ρ = ∑n d′
n(κ)Un(x1), and

the component of uz in Hn is d′
nUn(x1), of norm |d′

n|. This
gives Qz.

For ux, let y(t) = cos t e1+sin t e2. The law νκy(t) has density
ρt = eκ⟨y(t),x⟩/Z(κ) = ∑n dn(κ)Un(⟨y(t),x⟩), and ∂tρt |t=0 =
κx2ρ . The function Un(⟨y(t),x⟩) lies in Hn for every t, hence
so does its derivative x2U ′

n(x1) at t = 0, and the component of
ux in Hn is κ−1dnx2U ′

n(x1). Its norm follows from the eigen-
value n(n+2) of the Laplacian of S3 on Hn. For f =Un(x1),

n(n+2) = n(n+2)∥ f∥2 =
∫

|∇S3 f |2dσ

=
∫

U ′
n(x1)

2(1− x2
1)dσ ,

since the tangential gradient of x1 has squared length 1− x2
1.

Given x1, the point (x2,x3,x4) is uniform on the sphere of
radius (1−x2

1)
1/2, so E[x2

2 | x1] =
1
3 (1−x2

1) and ∥x2U ′
n(x1)∥2 =

1
3 n(n+ 2). Summing n−1κ−2d2

n · 1
3 n(n+ 2) over n ≥ 1 gives

Qx.

By Lemmas 8 and 9,

L(κ,ϕ)≤ 1
2 max

(
Qz(κ),Qx(κ)

)1/2
, (17)

and Theorem 7 follows once both parts are at most 1
4 . Both are

1
4 at κ = 0, by continuity from the values d1 ∼ κ/2, d′

1 →
1
2

and dn = O(κn).

F. Three Bessel sums

The series of Lemma 9 reduce to closed forms. Write I j for
I j(κ).

Lemma 10. For every κ > 0,

∑
j≥1

j2I2
j =

κ

4
I1(2κ), ∑

j≥1
j3I2

j =
κ2

4
(
I2
0 + I2

1
)
,

I1(2κ) = 2 ∑
j≥1

I j−1I j.

The first and third identities follow from Parseval’s formula
for eκ cosθ = ∑ j∈Z I jei jθ , and the second from the recurrences
of I j by telescoping; Appendix F gives the proofs.
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G. The transverse part

Proposition 11. Qx(κ)≤ 1
4 for every κ ≥ 0.

Proof. By (16), Qx =(3κ2I2
1 )

−1
∑ j≥2 j2( j+1)I2

j , and the sum
equals ∑ j≥1( j3 + j2)I2

j −2I2
1 . By Lemma 10, Qx ≤ 1

4 is equiv-
alent to

D(κ) := (8+2κ
2)I2

1 −κ
2I2

0 −κI1(2κ)≥ 0. (18)

Each term is an entire function of κ that is even after the
factor κ2 is removed, so D(κ) = ∑n≥0 Dnκ2n. Lemma 32 of
Appendix F computes the coefficients: D0 = D1 = 0, and for
n = m+1 ≥ 2

Dn =
Nm

4m m!(m+1)!(m+1)(m+2)
,

with

Nm =

(
2m
m

)(
4(2m+1)+(m−1)(m+1)(m+2)

)
−4m(m+1)(m+2).

The numerator Nm vanishes for m = 0,1,2 and is positive for
m ≥ 3 (Lemma 32). So every coefficient of D is nonnegative
and D ≥ 0.

The first nonzero coefficient is D4 = 1
2304 , so 1

4 −Qx =

D/(12κ2I2
1 ) is of order κ4 at 0: the transverse part leaves the

value 1
4 very slowly, which is why no estimate that loses a

constant can prove the proposition.

H. The zonal part

Let A = I2/I1 as before, so that d1 = 2A and, by Lemma 5(i),
A′ = 1−A2 −3A/κ .

Proposition 12. For 0 < κ ≤
√

88/3,

Qz(κ)≤
1
4
+4A′2 +

A2

4
− A

2κ
− 2A2

κ2 <
1
4
.

Proof. The higher modes. With rν = Iν+1/Iν the recurrence
I′ν = Iν+1 +

ν

κ
Iν gives

d′
n

dn
=

I′n+1

In+1
− I′1

I1
=

n
κ
+ rn+1 − r1.

By Lemma 33 of Appendix F, rn+1 ≤ r1, and r1 = A ≤ κ/4 by
Lemma 5(iii). Hence −n/κ ≤ n/κ −κ/4 ≤ d′

n/dn ≤ n/κ for
n ≥ 2 and κ2 ≤ 16, so d′2

n ≤ n2d2
n/κ2. With d′

1 = 2A′,

Qz ≤ 4A′2 +
1

κ2 ∑
n≥2

nd2
n = 4A′2 +

S3 −S2 −4I2
2

κ2I2
1

,

where S2 = ∑ j≥1 j2I2
j and S3 = ∑ j≥1 j3I2

j ; the second form
uses nd2

n I2
1 = ( j−1) j2I2

j with j = n+1.

The closed form. The recurrences I0 − I2 = 2
κ

I1 and I1 −
I3 =

4
κ

I2 give I0/I1 = 2/κ +A and I2I3/I2
1 = A− 4A2/κ . By

Lemma 10, S3/(κ
2I2

1 ) =
1
4 (2/κ +A)2 + 1

4 , and, keeping three
terms of the third identity,

S2

κ2I2
1
≥ I0I1 + I1I2 + I2I3

2κI2
1

=
1

2κ

( 2
κ
+3A− 4A2

κ

)
.

Collecting terms, Qz ≤ 1
4 + 4A′2 + T (A) with T (a) = a2

4 −
a

2κ
− 2a2

κ2 , which is the first inequality.
The barrier. Let s =

√
κ2 +25/4 and A♭ = κ/( 3

2 + s). By
Lemma 5(iv), A♭ ≤ A ≤ κ/4. The function a 7→ 1−a2 −3a/κ

decreases on a≥ 0, and A′ ≥ 0 because A′ =Varx1, so 0≤A′ ≤
α := 1−A2

♭ −3A♭/κ . For κ2 ≤ 12 the quadratic T decreases
on [0,κ/4], since

T (a)−T (a′) = (a′−a)
2κ − (a+a′)(κ2 −8)

4κ2

and (a+ a′)(κ2 − 8) ≤ κ

2 (κ
2 − 8) ≤ 2κ there. So Qz ≤ 1

4 +

4α2 +T (A♭). With κ2 = s2 − 25
4 and A♭/κ = 2/(2s+3) both

terms are rational in s: α = 16/(2s+3)2, and

4α
2 +T (A♭) =

(2s−5) p(s)
4(2s+3)4 ,

p(s) = 8s3 +28s2 −98s−695.
(19)

For 0 < κ ≤
√

88/3 we have 5
2 < s ≤

√
577/6 < 4.004. On

s ≥ 5
2 the cubic p increases, since p′(s) = 24s2 +56s−98 > 0,

and p(4.004)<−120. So the right side of (19) is negative.

I. Proof of Theorem 7

At c = 0 the theorem is Lemma 6(i), and for |c| ≥
√

88/3 it
is Lemma 6(iii). For 0 < |c|<

√
88/3, Propositions 11 and 12

give Qx,Qz ≤ 1
4 , and (17) gives L ≤ 1

4 .

The two parts of the norm behave differently (Fig. 6). The
transverse part stays within 10−2 of 1

4 for κ ≤ 3, and there
the theorem is an identity between power series in which no
constant can be lost. The zonal part drops below 1

4 at once,
and a cruder argument suffices; its majorant in Proposition 12
ceases to be below 1

4 only beyond the point where the Cauchy–
Schwarz bound of Lemma 6(iii) takes over.17

J. Proof of Theorem E

Proof. For links e ̸= e′ let

Cee′ = sup
W1

(
γe(· | ω),γe(· | ω ′)

)
δ (ωe′ ,ω

′
e′)

,

17 The two arguments overlap: the majorant of Proposition 12 is below 1
4

on all of (0,
√

88/3], and (14) is at most 1
4 from

√
88/3 ≈ 3.127 on. For

Theorem E at d = 4 only κ ≤ 8(d −1)|β |< 4
3 occurs, because the staple

sum of a link has at most 2(d −1) terms of norm 4|β | each.
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FIG. 6. The proof of Theorem 7. Left: the bound 1
2 Q1/2 of Lemma 8 on the rate L(κ,ϕ) as a function of the field strength κ = |c| and the angle

ϕ between h and c, below the plane 1
4 (grey), which it touches along κ = 0. Right: the transverse part Qx (blue), the zonal part Qz (green),

the majorant of Proposition 12 (green, dashed) and the square of twice the Cauchy–Schwarz bound (14) (grey, dotted), which reaches 1
4 at

κ =
√

88/3 (shaded region to its right).

the supremum over pairs of fields that differ only at e′, where
γe(· | ω) is the conditional law of Qe. If e and e′ do not share a
plaquette, Cee′ = 0. Otherwise they share exactly one plaque-
tte, and moving Qe′ from ωe′ to ω ′

e′ changes one staple of e
by an isometric image of the displacement, because left and
right multiplication by unit quaternions and conjugation are
isometries of R4. So |b− b′| = 4|β |δ (ωe′ ,ω

′
e′), and by (13)

and Theorem 7,

Cee′ ≤ 4|β | · 1
4
= |β |.

A link lies in 2(d−1) plaquettes, each with three other links, so
every row and every column of C has at most 6(d−1) nonzero
entries and

α := max
(

sup
e

∑
e′

Cee′ , sup
e′

∑
e

Cee′
)
≤ 6(d −1)|β |.

For α < 1 the comparison lemma of Appendix D (Lemma 28)
gives uniqueness of the Gibbs measure and decay of truncated
correlations of Lipschitz local functions at every rate λ <
− logα , measured in the distance between link midpoints. At
d = 4, α < 1 reads |β |< 1/18, that is βW < 2/9.

Proposition 13 (The ceiling). Let δ be the chordal or the
geodesic metric of S3, used both at e′ and for the Kantorovich
distance at e. For all links e,e′ in a common plaquette,
Cee′ ≥ |β |. Hence no argument through single-link Dobrushin
coefficients proves uniqueness beyond |β |= 1/(6(d −1)).

Proof. The 2(d −1) staples of e involve pairwise disjoint sets
of links other than e′, so they can be chosen with sum zero
while the staple through e′ is arbitrary. Then b = 0 and γe is
uniform. By Lemma 6(i) the derivative of νb at b = 0 in the
direction h has Kantorovich norm 1

4 |h| in the chordal metric,
and at least that in the geodesic one, tested against ⟨x, ĥ⟩. With
|b− b′| = 4|β |δ to first order this gives Cee′ ≥ |β |, and sum-
ming over the 6(d−1) neighbours gives α ≥ 6(d−1)|β |.

Proposition 13 and the proof of Theorem E together give
supCee′ = |β | exactly: Theorem 7 is the statement that the
single-link coupling is optimal, and Theorem E is the best
result a single-link argument can give.18 For SU(N) with
N ≥ 3 the staple sum is not a multiple of a unitary matrix, the
single-link law is not of von Mises–Fisher type, and the same
argument with the single-link Bakry–Émery bound reproduces
only |β |< 1/(16(d −1)); Theorem D is stronger there.

18 A 2026 preprint attributed to J. Lockwood, which we have seen only as an
abstract, announces uniqueness for four-dimensional SU(2) at βW < 2/9
by a Wasserstein–Dobrushin argument; we have not been able to check
its proof. By Proposition 13 that range is the ceiling of the method, and
Theorem 7 is what the method needs to reach it.
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FIG. 7. The single-link law on S3, drawn in the three coordinates (x1,x2,x3). Left: the von Mises–Fisher density for κ = 2, peaked in the staple
direction b; the plane h⊥ with h ⊥ b and the reflection x 7→ Rx that proves Lemma 6(ii), which moves each point by 2|⟨h,x⟩|. Right: for h not
perpendicular to b the reflection no longer preserves the law, and Theorem 7 is proved instead by harmonic extension into the ball.

VI. A GAUGE-INVARIANT FINITE-BOX CRITERION

A. Interactions and boundary data

Let G be a compact metrisable group with normalised Haar
measure λ , and E the set of positively oriented links of Zd or
of a torus. An interaction is a family Φ = (ΦX ) indexed by fi-
nite sets X ⊂ E of diameter at most R, with ΦX : GX → R
continuous, invariant under translations, and gauge invari-
ant: ΦX (gU) = ΦX (U) for every g : Zd → G, where (gU)xy =

gxUxyg−1
y . The Wilson action is Φp =−Nβ ReTrUp; a renor-

malised effective action adds further terms.19

For finite V ⊂ E let ∂V =
⋃
{X \V : X ∩V ̸= /0, ΦX ̸≡ 0}.

The specification is

γV (dUV | ω) = ZV (ω)−1e−∑X∩V ̸= /0 ΦX (UV ω)
λ

V (dUV ),

which depends on ω only through ω∂V . Let I(V ) be the set of
vertices all of whose incident links lie in V , and GV = GI(V ). A
gauge transformation at x ∈ I(V ) moves only links of V , so

g∗γV (· | ω) = γV (· | ω) (g ∈ GV ). (20)

Lemma 14. Let ΓV be the graph with edge set ∂V . If
ω ′

∂V = (hω)∂V for a map h from the vertices of ΓV to G, then

19 The definitions are written for the energy ∑ΦX with the Gibbs factor e−∑ΦX ,
which is the convention of the probability literature; for the Wilson action
this is the same measure as in (3).

γV (· | ω ′) = (h̃|V )∗γV (· | ω) for every extension h̃ of h. Conse-
quently gauge-invariant expectations γV (F | ω) depend only
on the class of ω∂V in G∂V/Gvert(ΓV ), which for each connected
component of ΓV is the space of holonomy representations of
its fundamental group modulo conjugation.

Proof. Change variables UV 7→ h̃UV : Haar measure and the
energy are invariant. For the second statement, gauge the
links of a spanning tree of each component to the identity; the
remaining links are free generators of the fundamental group,
and the residual freedom is one constant per component, acting
by conjugation.20

Plaquette holonomies alone do not determine this class when
G is non-abelian; holonomies of larger loops of the shell en-
ter.21 The criterion below therefore compares boundary condi-
tions that differ at one link.

Lemma 15 (Gauge lift). Let Π be a coupling of γV (· | ω) and
γV (· | ω ′), let g : GV ×GV → GV be measurable, and let h be
Haar distributed on GV , independent of (U,U ′) ∼ Π. Then
(hU, hg(U,U ′)U ′) is again a coupling of the two measures,
and P[(hU)b ̸= (hgU ′)b] = Π[Ub ̸= (g(U,U ′)U ′)b] for every
link b.

20 This is the holonomy of a gauge field on a graph; for holonomy in the
Riemannian sense, in a related SU(n) setting, see [18]; for holonomies of
connections used as the gates of a quantum computation, see [20].

21 Take two plaquettes of the shell sharing a vertex, with based holonomies
(X ,Y ) and (X ,Y ′), where X = Y = iσ3 and Y ′ = iσ1 in SU(2). Each holon-
omy is conjugate to its partner, but Tr(XY ) =−2 ̸= 0 = Tr(XY ′), and XY
is the holonomy of the boundary of the union of the two plaquettes.
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Proof. By (20), hU ∼ γV (· | ω). Given (U,U ′) the element hg
is Haar distributed, so hgU ′ is uniform on the GV -orbit of U ′,
and by (20) again hgU ′ ∼ γV (· | ω ′). Each hx acts on a link
by a bijection of G, which preserves equality of the two link
values.

B. The criterion

Write Vµ for the links of V in direction µ , nmin = minµ |Vµ |,
and ω ∼y ω ′ when ω,ω ′ differ only at the link y ∈ ∂V .

Definition 16. The interaction satisfies the gauge Dobrushin–
Shlosman condition GDS(V,ε) if there are a Borel family of
couplings Πω,ω ′ of γV (· | ω) and γV (· | ω ′), for all pairs ω ∼y
ω ′, and numbers κV (y,b)≥ supω∼yω ′ Πω,ω ′ [Ub ̸=U ′

b] for y ∈
∂V , b ∈V , such that for every direction ν

KV (ν) := ∑
y∈∂V, diry=ν

∑
b∈V

κV (y,b) ≤ (1− ε)nmin. (21)

By Lemmas 14 and 15 the couplings may be built on the
gauge quotient and then aligned by any measurable choice of
interior gauge, and the supremum is a supremum over classes
of shell holonomies (Fig. 8). For a box symmetric under the hy-
percubic group, (21) reads ∑y,b κV (y,b)≤ (1−ε)|V |, the form
of Dobrushin and Shlosman [43], except that the supremum
over boundary conditions is taken for each b separately; this
is what makes the proof below work for an arbitrary compact
group.

Theorem 17. Assume GDS(V,ε) for a finite-range gauge-
invariant interaction with compact G. Let D = max{|b− y| :
b ∈ V, y ∈ ∂V}, with distances between link midpoints, and
0 < λ < | log(1− ε)|/D, so that θ := (1− ε)eλD < 1. Then:

(i) There is exactly one Gibbs measure µ on GE ; it is invari-
ant under translations and gauge transformations.

(ii) Let S ⊂ E be finite and µ1,µ2 probability measures in-
variant under γV+a for every translate with (V +a)∩S =
/0. Let NS be S together with the links of the translates
of V that meet S; then |NS| ≤ cV |S|. There is a coupling
of µ1 and µ2 under which, for every link b at distance
greater than diamV +R from S,

P[σb ̸= σ
′
b]≤

θ

1−θ
∑

z∈NS

e−λ |b−z|.

(iii) For bounded functions F and H with finite supports SF
and SH , the covariance |Covµ(F,H)| is at most

2∥F∥∞∥H∥∞

θcV

1−θ
|SF ||SH |e−λ (dist(SF ,SH )−diamV−R).

(iv) Items (i)–(iii) hold on every torus of side greater than
2(diamV +R) with the same constants, for the untwisted
and for every ’t Hooft twisted Wilson action.

Proof. A minimal coupling. Let W be E or E \ S, let A =
{a : V +a ⊆W} and Va = V +a. Fix a link b0 and put wb =

e−λ |b−b0|, so that ∑b wb < ∞. On the set C of couplings of
µ1,µ2 let Ψ(π) = ∑b wb π[σb ̸= σ ′

b]. The set C is weakly
compact because GE is compact, and each map π 7→ π[σb ̸=
σ ′

b] is lower semicontinuous, being the measure of an open set.
So Ψ attains its minimum at some π∗. Put ρ(b) = π∗[σb ̸= σ ′

b].
Block resampling. For a ∈ A define a new coupling Taπ∗:

sample (σ ,σ ′) ∼ π∗, keep both fields off Va, and inside Va
sample from the following path coupling of γVa(· | σ) and
γVa(· | σ ′). List ∂Va = {z1, . . . ,zk} and let ω j agree with σ ′

on z1, . . . ,z j and with σ elsewhere. Consecutive ω j−1,ω j are
equal or differ only at z j; couple their block laws by the identity
in the first case and by the translate of Πω j−1,ω j in the second,
and chain the couplings through their disintegrations, which
depend measurably on the parameters [69, Ch. 3]. This gives
τ0, . . . ,τk with τ0 ∼ γVa(· |σ), τk ∼ γVa(· |σ ′) and 1[τ0

b ̸= τk
b ]≤

∑ j 1[τ j−1
b ̸= τ

j
b ]. Since each µi is γVa -invariant, Taπ∗ ∈ C , and

for b ∈Va

Taπ
∗[τb ̸= τ

′
b]≤ ∑

z∈∂Va

κV (z−a,b−a)ρ(z),

while nothing changes off Va. Minimality, Ψ(Taπ∗)≥ Ψ(π∗),
gives

∑
b∈Va

wbρ(b)≤ ∑
b∈Va

wb ∑
z∈∂Va

κV (z−a,b−a)ρ(z). (22)

Summation over blocks. Sum (22) over a ∈ A ; all series
converge, the left side being at most |V |∑b wb. Let W ◦ be
the set of links b such that every translate of V containing b
lies in W ; then E \W ◦ ⊆ NS. A link b of direction µ lies in
exactly |Vµ | ≥ nmin translates. On the right, |z−b| ≤ D gives
wb ≤ eλDwz, and for fixed z of direction ν the sum over all a
with z ∈ ∂Va and all b ∈ Va of κV (z−a,b−a) equals KV (ν).
By (21),

nmin ∑
b∈W ◦

wbρ(b)≤ θ nmin

[
∑

z∈W ◦
wzρ(z)+ ∑

z∈NS

wz

]
,

so ∑W ◦ wρ ≤ θ

1−θ ∑z∈NS
wz. Taking b0 ∈W ◦ and keeping only

the term b = b0 on the left proves (ii).
Uniqueness. With S= /0, NS = /0 and ρ ≡ 0, so any two Gibbs

measures coincide. Gibbs measures exist by compactness, and
translates and gauge transforms of a Gibbs measure are Gibbs
measures; since there is only one, it is invariant. This is (i).

Decay. Let µu = µ(· | USH = u) be a regular con-
ditional probability; for µ-almost every u it is invariant
under every γVa with Va ∩ SH = /0. Since Cov(F,H) =∫

H(u)[µu(F)−
∫

µu′(F)µ(du′)]µ(du), we get |Cov(F,H)| ≤
∥H∥∞ esssupu,u′ |µu(F)− µu′(F)|, and |µu(F)− µu′(F)| ≤
2∥F∥∞ ∑b∈SF ρ(b). Item (ii) with S = SH gives (iii).

Tori and twists. On a torus of side greater than 2(diamV +R)
every translate is a genuine block and the argument is un-
changed. Let zp ∈ Z(G) be a twist that is closed, so that
on every ball of radius at least diamV +R it equals (dn)p =

∏e∈∂ p n±1
e for some n : E → Z(G); every ’t Hooft twist has

this property, because a closed Z(G)-valued 2-cocycle is exact
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on a contractible ball. Multiplication Mn of each link by the
central element ne satisfies γ tw

Va
(· | ω) = (Mn)∗γVa(· | Mnω) on

such a ball, since central factors commute through, and Mn is
a bijection on each link. So the twisted specification satisfies
GDS(V,ε) with the same κV . This is (iv).

C. Confinement and stability

Let V be the family of sets V ∩W ′, where W ′ runs over
the interior link sets of all cubes in all positions. The box-
hereditary condition HGDS(V,ε) is (21) with ∑b κV (y,b) re-
placed by supV ′∈V , y∈∂V ′ ∑b∈V ′ κV ′(y,b), the boundary condi-
tion of V ′ including the links of V \V ′.

Proposition 18. Assume HGDS(V,ε) for the Wilson action
of a compact group G ⊂ U(n). Then covariances of local
functions under the finite-volume measure of every cube with
every boundary condition decay exponentially, with constants
independent of the cube and the boundary condition. By Chat-
terjee’s theorem [34, Thm. 2.4] the centre symmetry is unbro-
ken and, if the representation acts nontrivially on the centre,
Wilson loops obey the area law.

Proof. Fix a cube B with boundary condition δ , interior link set
WB, and local functions F,H. Condition µB,δ on USH = u and
on USH = u′, and run the proof of Theorem 17 in W =WB \SH
with all blocks Va ∩WB that meet W . A link of W of direction
µ lies in |Vµ | ≥ nmin blocks, so no boundary layer is lost on
the left of the summed inequality. A link z ∈W in ∂ (Va ∩WB)
lies in ∂Va, and its total weight on the right is bounded by
the hereditary condition. The other links of ∂ (Va ∩WB) lie
outside B, where both copies carry δ , or in SH . So the only
sources of disagreement are the links of SH , each with weight
at most eλD(|V |+ |∂V |)|V |/nmin, and the bound follows as
in Theorem 17(iii), uniformly in B and δ . This is the decay
property of [34, Def. 2.3].

Lemma 19. Suppose Φ satisfies GDS(V,ε) and Φ′ = Φ +
E with E gauge invariant of range at most R. Put t =
tanh

( 1
2 ∑X∩V ̸= /0 ∥EX∥∞

)
. Then Φ′ satisfies GDS(V,ε ′) with

ε ′ = ε − 2t|V |maxν |∂V |ν/nmin, where |∂V |ν is the number
of links of direction ν in ∂V .

Proof. The two energies on V differ by a function of oscilla-
tion at most s = 2∑X∩V ̸= /0 ∥EX∥∞, and two probability mea-
sures whose log-densities differ by a function of oscillation
s are within total variation tanh(s/4) (Lemma 30). Glue
an optimal coupling of γ ′V (· | ω) with γV (· | ω), then Πω,ω ′ ,
then an optimal coupling of γV (· | ω ′) with γ ′V (· | ω ′). Then
κ ′(y,b)≤ κ(y,b)+2t, and summing over b ∈V and over y of
direction ν gives the stated loss.

The smallness required in Lemma 19 shrinks with the box,
since t must be of order ε/(|V ||∂V |). This matters in Sec. VIII.

D. Two dimensions

In two dimensions the criterion holds at every coupling. Take
G = SU(2) and the plaquette weight w(U) = e

β

2 TrU , write
c0 =

∫
w, f = w/c0 and a j = I2 j+1(β )/I1(β ) for j = 1

2 ,1, . . . .
The character expansion of Appendix E gives f ∗m = ∑ j(2 j+
1)am

j χ j and

εm := sup
U

| f ∗m(U)−1|= ∑
j≥1/2

(2 j+1)2am
j ,

which tends to 0 exponentially as m → ∞.

Lemma 20 (Disk integration [74, 83]). For a rectangle D
made of k plaquettes,

∫
∏p⊂D w(Up)dUintD = ck

0 f ∗k(hol∂D).

The proof is in Appendix E.

Proposition 21. For every β > 0 there is L such that two-
dimensional SU(2) Wilson theory satisfies GDS(V,ε) for the
set V of the 2L(L− 1) interior links of an L×L square and
some ε > 0.

Proof. For y ∈ ∂V choose an s× s sub-square D with y on
its outer side; let LD be its 2s(s− 1) interior links and LR =
V \LD. By Lemma 20, under γV (· | ω) the marginal on LR has
density proportional to ∏p̸⊂D w(Up) · f ∗s2

(hol∂D), and only
the last factor depends on ωy. Two densities proportional to
ρg1 and ρg2 with gi ∈ [1− ε,1+ ε] are within total variation
η = 2ε/(1− ε2) (Appendix E). Couple the two marginals on
LR maximally and sample LD independently; then κ(y,b) ≤
1 on LD and κ(y,b) ≤ ηs2 on LR, with ηm = 2εm/(1− ε2

m).
Since |∂V |ν = 2L for each direction and nmin = L(L−1), the
condition (21) holds when 2L

[
2s(s− 1) + 2L(L − 1)ηs2

]
<

L(L−1), that is

4s(s−1)
L−1

+4Lηs2 < 1.

Choose s with ηs2 < 1/(80s2), which is possible because ηs2

decays exponentially in s2, and then L = 8s2. Both terms are
then at most 1

2 −
1
80 .

In four-dimensional U(1) theory at large β correlations de-
cay only as a power [57, 65], so by Theorem 17 no box satisfies
GDS there.22

VII. TRANSFER MATRICES AND THE MASS GAP

In this section d = 4 and G ⊂ U(N) is compact. Let ΛL =
(Z/LZ)3 be the spatial torus, with 3L3 links and 3L3 plaquettes,

22 A weaker hypothesis, bounding only the influence of one boundary link
on one observable at the centre of the box, would be met by the massless
spin-wave part of that theory for large boxes, since that influence decays like
the fourth power of the box size. Such a hypothesis cannot imply decay. The
criterion has to measure joint couplings of the whole box, as Definition 16
does.
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FIG. 8. The finite-box criterion. Left: a box V inside its frozen shell and a boundary link y; two copies of the box are coupled with boundary
conditions that differ only at y, and κV (y,b) bounds the chance that they disagree at b after the best interior gauge alignment. Right: the
translates of V covering a link b; the proof of Theorem 17 resamples one translate at a time and sums the resulting inequalities.

µ the Haar measure on GEL and HL = L2(GEL ,µ). In temporal
gauge the Wilson measure (3) on ΛL×Z/TZ equals Tr(TT

L )/Z
for the integral operator with kernel

k(U,V ) = e
Nβ

2 ∑p(ReTrUp+ReTrVp)

×
∫

GΛL
∏

e=(x,y)
eNβ ReTr(UehyV−1

e h−1
x )

∏
x

dhx,

the integral over h being the integral over the timelike links.
This is the transfer matrix of Osterwalder and Seiler [91].23

Proposition 22 (Finite-volume gap). For β ≥ 0 the operator
TL is self-adjoint, nonnegative, Hilbert–Schmidt and positivity
improving. Its largest eigenvalue λ0 is simple with a strictly
positive eigenfunction, and every other spectral value λ satis-
fies |λ | ≤ (1− e−12N2βL3

)λ0.

Proof. The kernel is continuous on a compact space, hence
Hilbert–Schmidt, and symmetric (substitute h 7→ h−1). Write

23 The kernel is a positive operator because the Wilson action is reflection
positive for reflections in planes between lattice hyperplanes: the weight
splits as F ·ΘF times a factor eNβ ReTr(U ΘU) on the crossing plaquettes, and
ReTr of a product of a matrix and its reflection expands into a positive
combination of products of a function and its reflection, by the character
expansion with nonnegative coefficients for β ≥ 0. Reflection positivity
in the time direction gives a Hilbert space by the Osterwalder–Schrader
construction [89, 90], and the transfer matrix is the operator implementing
one step of Euclidean time. Brydges, Fröhlich and Seiler [24] developed this
framework for gauge fields, including gauge fixing and the identification
of physical states, as the starting point of a construction of the continuum
theory; the renormalisation group methods needed to continue from there
are surveyed by Rivasseau [95].

TL = AK ΠA, with A multiplication by e
Nβ

2 ∑p ReTrUp , K
the convolution on each link by κ(g) = eNβ ReTrg, and Π

the average over gauge transformations. Since ReTrg =
1
2 (χF(g)+χF(g)) and products of characters decompose with
nonnegative multiplicities, κ has nonnegative character co-
efficients, so convolution by it is a nonnegative operator; Π

is an orthogonal projection commuting with K , since κ is
a class function, so K Π = ΠK Π ≥ 0 and TL ≥ 0. From
|ReTrg| ≤ N,

mL := e−6N2βL3 ≤ k(U,V )≤ e6N2βL3
=: ML,

so TL is positivity improving. By Jentzsch’s theorem [68]
λ0 = ∥TL∥ is simple with an almost everywhere positive eigen-
function ψ0, and mL∥ψ0∥1 ≤ λ0ψ0 ≤ ML∥ψ0∥1. The kernel
p(U,V ) = k(U,V )ψ0(V )/(λ0ψ0(U)) is Markov, reversible for
π = ψ2

0 µ/∥ψ0∥2
2, and unitarily equivalent to TL/λ0. It satis-

fies p(U,V ) ≥ εψ0(V )/∥ψ0∥1 with ε = mL/ML, so by Doe-
blin’s argument ∥Pn f∥∞ ≤ 2(1− ε)n∥ f∥∞ for bounded f with
π( f ) = 0. For the spectral measure σ f of P at such f this
gives

∫
λ 2ndσ f ≤ 4(1− ε)2n∥ f∥2

∞ for all n, so σ f vanishes on
{|λ |> 1− ε}. Bounded mean-zero functions are dense in the
mean-zero subspace of L2(π).

This holds for U(1) as well and carries no information about
infinite volume.24

24 The bound 1− e−12N2βL3
tends to 1 as L → ∞, so the finite-volume gap it

gives tends to 0; the content of a mass gap is the uniformity in L, Proposi-
tion 24.
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Let ω be a state on the gauge-invariant local functions of Z4

that is invariant under translations and the hypercubic group
and reflection positive for reflections in planes through sites
and in planes bisecting links. Every limit of Wilson states
on periodic tori has these properties [91]. The reconstruction
gives a Hilbert space with a vector Ω, a map F 7→ ΨF with
dense range, and a self-adjoint T with 0 ≤ T≤ 1, TΩ = Ω and
⟨ΨF ,TtΨH⟩ = ω(ϑ(F̄)τtH), where ϑ is the time reflection
and τt the time translation.25

Proposition 23. For m > 0 the following are equivalent:

(a) the spectrum of T on Ω⊥ lies in [0,e−m];

(b) for every F in a class of gauge-invariant local functions
supported at times in a bounded interval and dense in
L2(ω) on each such support, there is CF < ∞ with 0 ≤
ω(ϑ(F̄)τtF)−|ω(F)|2 ≤CF e−mt for all t ≥ 0.

Under (a) one may take CF = ∥F∥2
∞ for every bounded F.

Proof. If (a) holds, then

ω(ϑ(F̄)τtF)−|ω(F)|2 = ⟨Ψ′
F ,Tt

Ψ
′
F⟩

with Ψ′
F = ΨF − ⟨Ω,ΨF⟩Ω ∈ Ω⊥; this number lies in

[0,e−mt∥ΨF∥2], and ∥ΨF∥2 ≤ ∥F∥2
∞. Conversely, let σ be

the spectral measure of T at Ψ′
F and let δ > 0. Then

σ
(
(e−m+δ ,1]

)
e(−m+δ )t ≤CF e−mt

for all t, so σ((e−m+δ ,1]) = 0. The spectral projection of
(e−m,1] restricted to Ω⊥ therefore annihilates the vectors Ψ′

F
of the class, which are dense by the footnote above, and it
vanishes.

Let ∆L(β ) = log(λ0/λ1) be the gap of TL and ωL its vacuum
state.

Proposition 24. Let m = infL ∆L(β ) and assume m > 0. Then
every weak limit point ω of the sequence (ωL) satisfies

|ω(FτtH)−ω(F)ω(H)| ≤ ∥F∥∞∥H∥∞e−mt

for gauge-invariant F and H on single time slices, and hence
has transfer-matrix gap at least m.

Proof. The truncated correlation ωL(FτtH)− ωL(F)ωL(H)
equals 〈

F̄ΩL,(TL/λ0)
t(1−|ΩL⟩⟨ΩL|)HΩL

〉
,

which is bounded by ∥F∥∞∥H∥∞e−∆Lt . The bound is uniform
in L and passes to weak limits, which exist by compactness.
Proposition 23 completes the proof.

25 ΨF is the class of F in the completion of the positive-time local functions for
the form ⟨F,H⟩= ω(ϑ(F̄)H), which is positive semidefinite by reflection
positivity. Since |ω(ϑ(F̄)F)| ≤ ω(|F |2) by the Cauchy–Schwarz inequality
and the invariance of ω under ϑ , functions that are close in L2(ω) give
close vectors.

A. Proof of Theorem F

Proof. The curvature range. By Theorem D the torus Wil-
son measures converge to a single measure µ , which is there-
fore translation and hypercubic invariant and reflection pos-
itive, reflection positivity of each torus measure [91] being
preserved under weak limits of local expectations. By The-
orem B, smooth local functions have exponentially decay-
ing truncated correlations under µ: for F,H smooth and lo-
cal, |Covµ(F,H)| ≤ CF,He−c dist(suppF,suppH) with c > 0 [100,
Cor. 4.11]. Apply this to F supported at times in [0,s] and to
ϑ(F̄) and τtF , whose supports are at distance at least t − 1.
Smooth gauge-invariant local functions with support in a fixed
set are dense in L2(µ) on that set (average a smooth approxi-
mant over the compact gauge group of the support). Proposi-
tion 23 gives a gap m ≥ c.

SU(2). In the range of Theorem E, every limit point of the
periodic torus measures is a Gibbs measure for the infinite-
volume specification [60, Ch. 4], so it equals the unique Gibbs
measure µ , which is again reflection positive. Lemma 28 gives,
for local functions F,H that are Lipschitz in each link variable,
|Covµ(F,H)| ≤CF,He−λ dist(SF ,SH ) for every λ <− logα , with
α = 6(d −1)|β |. Lipschitz gauge-invariant local functions are
dense as before, and Proposition 23 gives a gap at least λ for
each such λ , hence at least − logα . At d = 4, α = 18|β | =
9
2 βW .

B. Two structural facts

For four-dimensional U(1) at large β the uniformity in L
fails, since the power-law decay of [57] and Proposition 23
give infL ∆L = 0. Two facts separate SU(2) from U(1).

Proposition 25. Call a map Ue 7→ zeUe with z : E → Z(G)
and ∏e∈∂ p z±1

e = 1 for every plaquette a centre transformation
of the torus (Z/LZ)4. It preserves the Wilson weight, and
modulo gauge transformations the centre transformations form
H1((Z/LZ)4;Z(G)) ∼= Z(G)4: the group (Z/2)4 for SU(2)
and the torus U(1)4 for U(1).

Proof. Central factors commute, so Up is multiplied by
∏e∈∂ p z±1

e = 1. Closed Z(G)-valued cochains modulo exact
ones on the cubical complex of the torus form H1 of the four-
torus with coefficients in Z(G), which is Hom(Z4,Z(G)) =
Z(G)4.

Proposition 26. Let G be semisimple and F a gauge-invariant
C1 function of finitely many links of Zd . At every flat field the
differential of F in the directions of g vanishes.

Proof. On Zd every flat field is a gauge transform of U ≡ 1,
which is fixed by the constant gauge transformations Ue 7→
hUeh−1. The differential dF1 ∈ (gE)∗ is invariant under the
diagonal adjoint action, so its restriction to each factor is an
Ad-invariant linear form on g, and for semisimple g the only
such form is zero.
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FIG. 9. Left: the lower bound m ≥− log( 9
2 βW ) of Theorem F for four-dimensional SU(2), in lattice units (blue), with the bound − log(3

√
3βW )

that the Poincaré constant of Lemma 4 alone gives (grey, dashed). The gap vanishes at the ceiling βW = 2/9. Neither bound says anything about
the continuum gap, which in lattice units must vanish with the spacing [16]. Right: the resulting bound ( 9

2 βW )t on truncated correlations at
distance t.

For U(1) the observable ImUp has nonzero differential at
U ≡ 1, and its correlations carry the massless photon, the Gold-
stone mode of a continuous symmetry whose finite-volume
shadow is the group U(1)4 of Proposition 25. For SU(2) that
group is finite, and every local gauge-invariant observable is at
least quadratic in the gauge field near flat fields. Neither fact is
an estimate, and neither excludes a phase transition.

VIII. THE REMAINING GAPS

A. The problem as posed

The Yang–Mills problem of the Clay Mathematics Insti-
tute, in the formulation of Jaffe and Witten [67], asks for a
quantum Yang–Mills theory on R4 for every compact simple
gauge group, satisfying axioms at least as strong as those of
Wightman or of Osterwalder and Schrader [89, 90], together
with a mass gap: the spectrum of the Hamiltonian on the or-
thogonal complement of the vacuum is contained in [∆,∞) for
some ∆ > 0.26 On the lattice route there are four steps between
the Wilson measure and that statement. They are (1) control

26 The Osterwalder–Schrader axioms are conditions on the Euclidean
Schwinger functions: regularity, Euclidean invariance, reflection positiv-
ity, symmetry and clustering. Their reconstruction theorem produces a
Hilbert space, a vacuum vector, a positive Hamiltonian H and a unitary
representation of the Poincaré group, and the mass gap is the statement
spec(H)∩ (0,∆) = /0. For a gauge theory the Schwinger functions are those
of gauge-invariant observables, such as smeared Wilson loops or smeared

of the Wilson theory at every fixed coupling, (2) control of
the renormalisation group flow at weak coupling, uniformly
in the spacing, (3) a crossover between the two, and (4) the
continuum limit of the gauge-invariant correlation functions
with the axioms. The mass gap in physical units then amounts
to a transfer-matrix gap of size ma at spacing a, with m in-
dependent of a; our earlier paper [16] shows that this scaling
cannot come from any estimate that is uniform in the spacing
and stated in lattice units.

Step (2) is Bałaban’s renormalisation group programme [4–
12], which proves ultraviolet stability27 of the partition func-
tion of four-dimensional lattice Yang–Mills theory on a fixed
physical torus, uniformly in the spacing, as long as the run-
ning coupling is small; the exposition of Dimock [38–40]
treats the scalar case in full detail. Magnen, Rivasseau and
Sénéor constructed the four-dimensional theory with an in-
frared cutoff [79], and Federbush developed a phase-cell ap-
proach [50, 51]. None of these controls the theory at the
scale where the effective coupling becomes of order one. Step
(4) is open in four dimensions even for the partition func-

products of curvature components; which family of observables is enough
is part of the problem. On the lattice, reflection positivity and the transfer
matrix are available for every coupling [77, 91], which is why lattice gauge
theory is the natural starting point [61, 97].

27 Ultraviolet stability means bounds on the partition function that are uniform
in the cutoff. For gravity, which is not renormalisable by power counting,
the corresponding question has a different form: a brane-cluster proposal for
it is developed in [21], and the scale dependence of the spacetime dimension
under renormalisation is studied in [96]. Neither bears on the gauge theory
treated here.
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tion’s Schwinger functions; in two dimensions the continuum
Yang–Mills measure has been constructed and studied in de-
tail [47, 74, 98], and in two and three dimensions the stochastic
quantisation programme has constructed the Langevin dynam-
ics and, in two dimensions, its invariant measure [29, 30, 36].
The abelian theory converges to a free field in three and four
dimensions [46, 63].

This paper contributes to step (1). The four-dimensional
Clay problem is not solved here.

B. The status of each gap

Table I lists the gaps between the results of Sec. III–VII and
the continuum mass gap, in the order in which they have to be
crossed.

The first eight rows are closed. The last four are the Clay
problem.

C. The crossover

The results above, and the cluster expansions they ex-
tend [48, 71, 91, 97], control the Wilson theory below a fixed
coupling. At the other end Bałaban’s renormalisation group
controls the block-spin flow (for the geometry of such flows
in a gauge–Higgs setting see [17]), with bounds uniform in
the lattice spacing, as long as the running coupling stays small.
Between the two lies a window of order-one coupling crossed
by a number of block-spin steps that does not depend on the
spacing (Fig. 10).28

Problem 27 (Crossover). Show that at a block scale a∗ = c∗/Λ

the effective density of the four-dimensional SU(N) Wil-
son theory is a Wilson weight with coupling in the regime
of Theorem B (or of a convergent cluster expansion) times
exp∑X Ea(X), with Ea gauge invariant, local, and small in the
supremum norm over all block configurations, uniformly in
the spacing a and in the volume.

A solution of Problem 27, followed by the strong-coupling
analysis on the block lattice and reflection positivity of the
fine theory, would give a transfer-matrix gap of at least ma at
spacing a with m independent of a, which is the lattice form
of the mass gap [16]; it would also give a gap at every fixed
coupling, by Proposition 24. Problem 27 is open.

28 At one loop the running coupling of SU(N) theory satisfies g−2(ℓ+1) =
g−2(ℓ)− 2b0 logM under a block-spin step of scale factor M, with b0 =
11N/(48π2). Starting from g2(0) = g2

0 at the spacing a, the coupling
reaches a fixed value g2

∗ of order one after ℓ∗ = (g−2
0 − g−2

∗ )/(2b0 logM)

steps, that is at the scale aMℓ∗ , which tends to the fixed physical length
Λ−1e−1/(2b0g2

∗) as a → 0 with g0 tuned along the renormalisation group tra-
jectory. The window between g2

∗ and the strong coupling regime is crossed
in a number of further steps that depends on g∗ and on the strong-coupling
threshold but not on a. The difficulty is not the number of steps but that no
estimate is known that controls a single step at order-one coupling.

D. Where the available methods stop

Each of the methods of this paper, and each of the routes
proposed in the literature, stops at a point that can be named.

Curvature. Theorem C shows that a lower bound on
Ric−HessS uniform over configurations cannot exceed N

2 −
4dN|β |, because the extremal fields of Theorem A are allowed
configurations. Any curvature argument that goes further must
exploit that those fields are rare, which is an entropy statement,
not a curvature statement.29

Single-link couplings. Theorem E reaches βW = 2/9,
and Proposition 13 shows that no single-link Wasserstein–
Dobrushin argument goes further, by the configurations whose
staples cancel. For single-link methods the problem is there-
fore settled. Couplings of larger blocks, as in Theorem G,
avoid this ceiling, but then the finite computation has to be
done at the coupling in question.30

Finite-box criteria with corrections. Feeding the renor-
malised action of the crossover into Theorem G requires,
by Lemma 19, a smallness of the corrections Ea of order
ε/(|V ||∂V |). At order-one coupling the box that satisfies GDS
has to be large, and the required smallness shrinks with it, so
a solution of Problem 27 has to produce corrections that are
small on the scale of the box, not only of the block.

Expansions in 1/N and the ’t Hooft regime. The large-N
analyses of lattice Yang–Mills theory [14, 64, 87] and the
string-trajectory methods for Wilson loops [1, 26–28, 31, 32]
control the theory for β below an N-independent threshold or
for finite gauge groups and Higgs models [25, 33, 53]; they do
not reach order-one coupling at fixed N.

Abelian and two-dimensional models. In four-dimensional
U(1) theory the weak-coupling phase is massless [57, 65], and
in three dimensions Polyakov’s mechanism gives confinement
at all couplings [56, 58, 93]. In two dimensions the SU(2)
theory is massive at every coupling (Proposition 21). The
closest analogue of the four-dimensional crossover, the two-
dimensional O(3) sigma model at weak coupling, is asymptoti-
cally free [94], and no proof of its mass gap at weak coupling is
published in refereed form.31 Three-dimensional SU(2) theory
at large β is open as well.

29 Localisation schemes and spectral conditions for Glauber dynamics [35, 49],
and the Polchinski-flow proof of log-Sobolev inequalities [15], replace
a uniform bound on the Hessian by a bound on the covariance of the
measure along a flow. For lattice gauge theory such a bound would itself
require control of correlations at the coupling in question, so these methods
move the difficulty rather than remove it. The classical relation between
log-Sobolev inequalities, spectral gaps and the decay of correlations is
in [62, 66, 73, 81, 92, 103, 109].

30 For spin systems with compact spin space Dobrushin’s condition [41, 42],
its Wasserstein form and its consequences for decay and for transport and
Poincaré inequalities [45, 52, 72, 88, 108] are classical, and the Dobrushin–
Shlosman finite-box conditions [43, 44] are the block version. Our gauge
version, Definition 16, differs from the spin version only through the identi-
fication of gauge-equivalent boundary data and the interior gauge alignment
of Lemma 15.

31 The two-dimensional O(N) models with N ≥ 3 share with four-dimensional
Yang–Mills theory a dimensionless coupling, asymptotic freedom and a
dynamically generated mass. For them as well the strong-coupling regime
is controlled by convergent expansions, the weak-coupling flow by pertur-
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TABLE I. The gaps on the lattice route to the mass gap of four-dimensional SU(N) Yang–Mills theory, and their status after this paper. “Closed”
means proved here, by hand and without conditions.

Gap Status Where, and what remains
Best constant in the Hessian bound Closed Theorem A: 4d, attained with both signs
Uniqueness on the whole curvature range Closed Theorem D: removes the factor 2 of [100], |β |< 1/(8d)
Limit of curvature methods Closed Theorem C: no uniform Bakry–Émery bound beyond 1/(8d)
SU(2) beyond the curvature range Closed Theorem E: βW < 2/9, by the sharp quarter, Theorem 7
Limit of single-link methods Closed Proposition 13: βW = 2/9
Lattice mass gap at strong coupling Closed Theorem F: m ≥− log( 9

2 βW ) for SU(2)
Finite-box criterion, twists, area law Closed Theorem G, Proposition 18
Two dimensions at every coupling Closed Proposition 21
Intermediate fixed coupling,
2/9 ≤ βW ≲ 2.2

Open No proof of uniqueness or of a gap; Monte Carlo evidence
only [37, 75, 76, 86]

Crossover to Bałaban’s regime Open Problem 27
Continuum limit with the axioms Open Bałaban controls partition functions, not Schwinger

functions [12]
Gap in physical units Open Equivalent on the lattice to a gap ma, which no spacing-uniform

estimate gives [16]

FIG. 10. The three regimes of the block-spin flow, with the running coupling on the vertical axis and the block scale on the horizontal axis. The
strong-coupling end (left, blue) is controlled by the results of this paper and by cluster expansions, the weak-coupling end (right, green) by
Bałaban’s ultraviolet stability. No method controls the window between them (orange), which every trajectory crosses in a number of steps
independent of the spacing. Trajectories started at the spacings a0,a0/8,a0/64,a0/512 lie on one curve after the first steps, by asymptotic
freedom; the drawing is schematic, with the one-loop shape at weak coupling.

Order parameters. The centre symmetry and the order pa-
rameters of Fredenhagen and Marcu and of Bricmont and
Fröhlich [23, 54, 78, 104] distinguish phases but give no esti-
mate. Propositions 25 and 26 identify the structural differences

bative renormalisation, and the crossover between them is open. A proof
for O(3) would be the natural test of any method proposed for Problem 27.

between SU(2) and U(1) that a proof would have to use; nei-
ther is an estimate, and neither excludes a phase transition at
intermediate coupling.

DATA AND CODE AVAILABILITY

All proofs in this paper are by hand and are complete with-
out any computation. The repository creelie/4Y-M contains
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the LATEX source of this paper, independent checks in exact
rational arithmetic and in floating point of the identities of
Lemma 2, Appendix A, the Barta and Riccati computations of
Appendix B, the extremal values of Theorem A, the spectral
decomposition of Lemma 9, the Bessel sums of Lemma 10
and the coefficients of Lemma 32, and a Lean 4 certificate
(with Mathlib) of the finite and algebraic steps: the coefficient
formula and the positivity of Lemma 32, the binomial inequal-
ity used for it, the polynomial identities and sign of Propo-
sition 12, the derivative of the third Riccati barrier, and the
thresholds of Theorems E and F. The Lean files compile with
no sorry and depend only on the standard axioms propext,
Classical.choice and Quot.sound. The archive is on Zen-
odo, doi:10.5281/zenodo.23444338, where later versions are
listed, and the PDF of this paper is at https://github.c
om/creelie/4Y-M/blob/main/preprintYangMillsDo
brushinCeiling/YangMillsDobrushinCeiling.pdf.
Deep Bhattacharjee carried out the computations and the Lean,
Python and shell checks with AI assistance from Claude (An-
thropic); both authors approved the final text.
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Appendix A: The Hessian of a plaquette

1. The perturbed plaquette

Perturb every link variable along its geodesic, Qe(t) =
etXeQe. The plaquette variable becomes

Qp(t) = etXe1 Qe1 etXe2 Qe2 Q∗
e3

e−tXe3 Q∗
e4

e−tXe4 .

Move each exponential to the base point. Since Qe1etX =

etQe1 XQ∗
e1 Qe1 and Q∗

e3
e−tXe3 Q∗

e4
= Q∗

e3
Q∗

e4
e−tQe4 Xe3 Q∗

e4 , the
transported vectors of (4) give

Qp(t) = a(t)W b(t), a(t) = etY1etY2 , b(t) = e−tY3e−tY4 ,

with W = Qp. Now a(0) = b(0) = 1, a′(0) = Y1 +Y2, b′(0) =
−(Y3+Y4), a′′(0) =Y 2

1 +2Y1Y2+Y 2
2 and b′′(0) =Y 2

3 +2Y3Y4+

Y 2
4 , so

d2

dt2 Qp(t)
∣∣∣
t=0

= a′′(0)W +2a′(0)Wb′(0)+Wb′′(0).

Taking ReTr and using the cyclicity of the trace, ReTr(WY 2
i )=

ReTr(Y 2
i W ) and ReTr(WY3Y4) = ReTr(Y3Y4W ), gives (5).

2. The corner terms

Fix the plaquette p with base point x in the plane µ < ν . Its
four corners are the vertices x, x+ µ̂ , x+ ν̂ , x+ µ̂ + ν̂ , and at
each corner two of its links meet, one of direction µ and one of

direction ν . In |DyX |2 the end of a link at y enters with the sign
+ if the link leaves y and with the sign − if it arrives at y, an
arriving link (y− λ̂ ,λ ) being transported by Q∗

y−λ̂ ,λ
· Qy−λ̂ ,λ .

The cross term of the two ends at each corner is:

• at x, e1 and e4 both leave: 2⟨Xe1 ,Xe4⟩= 2⟨Y1,Y4⟩;

• at x+ µ̂ , e1 arrives and e2 leaves: −2⟨Xe2 ,Q
∗
e1

Xe1Qe1⟩ =
−2⟨Y2,Y1⟩, by invariance of the inner product under conju-
gation;

• at x + ν̂ , e4 arrives and e3 leaves: −2⟨Xe3 ,Q
∗
e4

Xe4Qe4⟩ =
−2⟨Y3,Y4⟩;

• at x+ µ̂ + ν̂ , e2 and e3 both arrive: 2⟨Q∗
e2

Xe2Qe2 ,Q
∗
e3

Xe3 Qe3⟩.
Since Xe2 = Q∗

e1
Y2Qe1 and Xe3 = Q∗

e4
Y3Qe4 , this equals

2⟨Y2,WY3W ∗⟩.

The sum is the corner form (7). Conversely every cross term of
∑y |DyX |2 between ends of two perpendicular directions µ ̸= ν

at a vertex y is one of these: the two ends determine a quadrant
of the plane µν at y, hence a unique plaquette with a corner at
y.

3. The diagonal blocks

Assume W = D = diag(w1, . . . ,wN), as in the proof of
Lemma 2, and expand every trace in matrix entries:

ReTr(YiYjW ) = Re∑
a,b
(Yi)ab(Yj)bawa,

ReTr(YiWYj) = Re∑
a,b
(Yi)abwb(Yj)ba.

The terms with a = b involve only the diagonal entries (Yi)aa =
iyi, yi ∈ R. With wa = eiϕ they contribute −yiy j cosϕ to both
traces, so the diagonal part of fp is

−cosϕ

[
∑

i
y2

i +2y1y2 +2y3y4 −2(y1 + y2)(y3 + y4)
]

=−cosϕ s2,

with s = y1 + y2 − y3 − y4. The inner products ⟨Yi,Yj⟩ and
⟨Y2,WY3W ∗⟩ contribute yiy j and y2y3 (the phases cancel), so
the diagonal part of cp is 2y1y4 −2y1y2 +2y2y3 −2y3y4. Ex-
panding the squares,

(y1 + y3)
2 +(y2 + y4)

2 + s2

= 2∑
i

y2
i −

(
2y1y4 −2y1y2 +2y2y3 −2y3y4

)
,

and therefore the diagonal block of F = 2∑ |Yi|2 − fp − cp is
(y1 + y3)

2 +(y2 + y4)
2 +(1+ cosϕ)s2.

https://doi.org/10.5281/zenodo.23444338
https://github.com/creelie/4Y-M/blob/main/preprintYangMillsDobrushinCeiling/YangMillsDobrushinCeiling.pdf
https://github.com/creelie/4Y-M/blob/main/preprintYangMillsDobrushinCeiling/YangMillsDobrushinCeiling.pdf
https://github.com/creelie/4Y-M/blob/main/preprintYangMillsDobrushinCeiling/YangMillsDobrushinCeiling.pdf
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4. The pair blocks

Fix a ̸= b and put zi = (Yi)ab, so that (Yi)ba =−z̄i. The terms
of the traces at the positions (a,b) and (b,a) give

ReTr(YiYjW )→−Re(ziz̄ jwa + z̄iz jwb),

ReTr(YiWYj)→−Re(ziz̄ jwb + z̄iz jwa),

⟨Yi,Yj⟩ → 2Re(z̄iz j),

⟨Y2,WY3W ∗⟩ → 2Re(z̄2z3waw̄b),

and |Yi|2 contains 2|zi|2. Write wa = ei(χ+θ), wb = ei(χ−θ) and
m = cos χ . Collecting terms, the pair block of F is z∗M(m,θ)z
for the Hermitian matrix with diagonal entries 4+ 2mcosθ

and upper off-diagonal entries

M12 = M34 = 2+2me−iθ , M13 = M24 =−2meiθ ,

M14 =−2−2meiθ , M23 =−2e2iθ −2meiθ .

Only m = cos χ appears, not sin χ : in each term the two phases
enter through wa +wb = 2eiχ cosθ or through the real parts
of the combinations displayed.32 The matrix is affine in m,
and the substitution θ 7→ θ + π changes eiθ and cosθ into
their negatives while leaving e2iθ unchanged, so M(−1,θ) =
M(1,θ +π). Since m ∈ [−1,1],

M(m,θ) =
1+m

2
M(1,θ)+

1−m
2

M(1,θ +π),

and it suffices to show M(1,θ)≥ 0 for every θ .
Let ∆ = diag(1,eiθ/2,e−iθ ,e−iθ/2) and c = cos(θ/2). A

direct multiplication gives the real symmetric matrix

∆
∗M(1,θ)∆ =


2+4c2 4c −2 −4c

4c 2+4c2 −4c −2
−2 −4c 2+4c2 4c
−4c −2 4c 2+4c2

 ,

using 4 + 2cosθ = 2 + 4c2 and 2 + 2e−iθ = 4ce−iθ/2. Its
quadratic form in u ∈ C4 is

2c2(|u1 +u3|2 + |u2 +u4|2
)
+(1+ c)2|u1 +u2 −u3 −u4|2

+(1− c)2|u1 −u2 −u3 +u4|2,

as one checks by comparing coefficients: the diagonal coef-
ficient is 2c2 +(1+ c)2 +(1− c)2 = 2+ 4c2, the coefficient
of Re(ū1u2) is 2

[
(1+ c)2 − (1− c)2

]
= 8c, that of Re(ū1u3)

is 2
[
2c2 − (1 + c)2 − (1 − c)2

]
= −4, that of Re(ū1u4) is

2
[
−(1+ c)2 +(1− c)2

]
= −8c, and the others follow by the

symmetry (u1,u2,u3,u4) 7→ (u3,u4,u1,u2) with a sign. Every
pair block is therefore positive semidefinite.

32 One way to see that sin χ drops out is to note that replacing W by W̄ and
every Yi by Ȳi leaves F unchanged, since all the terms are real parts of traces,
and maps χ 7→ −χ , θ 7→ −θ together with z 7→ z̄. The explicit collection of
terms confirms that the coefficients depend on χ only through cos χ .

Appendix B: The single-link law of SU(2)

1. Barta’s inequality

Let ρ(θ) = sin2
θ eκ cosθ on (0,π), let V be a continuous

potential, and let

T =−ρ
−1

∂θ ρ ∂θ +V.

If ψ > 0 is smooth on (0,π) with ρψ2 = O(sin4
θ) at the end

points and T ψ ≥ λ0ψ , then∫
(|h′|2 +V h2)ρ dθ ≥ λ0

∫
h2

ρ dθ

for every smooth h vanishing to first order at 0 and π . Indeed,
writing h = ψu and integrating by parts, the boundary terms
ρψψ ′u2 vanish and∫

(|h′|2 +V h2)ρ =
∫

ρψ
2|u′|2 +

∫ T ψ

ψ
h2

ρ ≥ λ0

∫
h2

ρ.

This is the inequality of Barta [13] in the form of a ground
state transformation.

2. The computations of Lemma 4

The generator of the reversible diffusion of νb on S3 is L =
∆S3 +κ∇x1 ·∇. In the polar angle θ from e1 the round metric
is dθ 2 + sin2

θ gS2 , so ∆S3 = ∂ 2
θ
+2cotθ ∂θ + sin−2

θ ∆S2 , and
∇x1 ·∇ = −sinθ ∂θ . On h(θ)Yℓ with a spherical harmonic
Yℓ of degree ℓ on S2 the operator acts as Lℓ = ∂ 2

θ
+ b∂θ −

ℓ(ℓ+1)sin−2
θ , b= 2cotθ −κ sinθ = ρ ′/ρ , so −Lℓ = T with

V = ℓ(ℓ+1)sin−2
θ .

Degree ℓ ≥ 1. Take ψ = sinθ eaκ cosθ . Then ψ ′/ψ =
cotθ −aκ sinθ and ψ ′′/ψ = (ψ ′/ψ)2 +(ψ ′/ψ)′, and a short
computation gives

−L1ψ

ψ
= 3+(1+5a)κ cosθ −a(1+a)κ2 sin2

θ .

For a = − 1
5 this is 3 + 4

25 κ2 sin2
θ ≥ 3. Since V = ℓ(ℓ+

1)sin−2
θ ≥ 2sin−2

θ for ℓ≥ 1, Barta’s inequality gives −Lℓ ≥
3 on every sector with ℓ≥ 1.

Degree ℓ= 0. Let g(θ) be a zonal eigenfunction, −L0g =
λg, g not constant, so that g′(0) = g′(π) = 0. Differentiating
g′′+bg′ =−λg gives, for h = g′,

−
(
h′′+bh′

)
−b′h = λh, −b′ =

2
sin2

θ
+κ cosθ ,

so h is an eigenfunction of T with V = 2sin−2
θ +κ cosθ , with

eigenvalue λ , and h ̸≡ 0 vanishes at both ends. With the same
ψ ,

T ψ

ψ
= 3+(2+5a)κ cosθ −a(1+a)κ2 sin2

θ ,

which for a = − 2
5 is 3+ 6

25 κ2 sin2
θ ≥ 3. Barta’s inequality

applied to h gives λ ≥ 3. Together with the case ℓ≥ 1 every
nonzero eigenvalue of −L is at least 3, which is Lemma 4;
the spectrum is discrete because S3 is compact and the drift is
smooth.
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3. Moments

The density of t = x1 under νb is proportional to (1 −
t2)1/2eκt . For every smooth φ on [−1,1],

d
dt

[
(1− t2)3/2eκt

]
= (1− t2)1/2eκt(

κ(1− t2)−3t
)
,

and integration by parts gives E[φ ′(t)(1− t2)] = E
[
φ(t)

(
3t −

κ(1−t2)
)]

. With φ = 1 this is κE(1−x2
1) = 3Ex1, the identity

of Lemma 5(i). With φ = tk it gives the recursion

mk+2 = mk −
k+3

κ
mk+1 +

k
κ

mk−1, mk = Exk
1,

from m0 = 1 and m1 = A; all polynomial moments of νb are
rational in κ and A(κ).33

4. The Riccati barriers

By Lemma 5(i), A solves A′ = F (κ,A) := 1−A2 −3A/κ

on (0,∞), and A(κ) = κ

4 − κ3

96 +O(κ5) from the series of I1

and I2. Let s =
√

κ2 +4, u =
√

κ2 +9, φ− = κ/(2+ s) and
φ+ = κ/(1+u). Direct differentiation gives

φ
′
−−F (κ,φ−) =− κ2

s(s+2)2 ≤ 0,

φ
′
+−F (κ,φ+) =

(u−3)2

u(1+u)2 ≥ 0,

and φ± = κ

4 +O(κ3).34 The comparison is singular at 0 be-
cause of the term 3A/κ , and we carry it out with an integrating
factor. Let D = A−φ−. Then

D′ = F (κ,A)−F (κ,φ−)−
(
φ
′
−−F (κ,φ−)

)
=−

(
A+φ−+

3
κ

)
D+R,

with R = κ2/(s(s+2)2)≥ 0. Put µ(κ) = κ3 exp
∫

κ

0 (A+φ−).
Then (µD)′ = µR ≥ 0, and µD = O(κ6) → 0 as κ → 0, so
µD ≥ 0 and A ≥ φ−. The same argument with D = φ+−A and
R = (u−3)2/(u(1+u)2) gives A ≤ φ+. This is Lemma 5(ii).

For (iv) let s =
√

κ2 +25/4 and φ♭ = κ/( 3
2 + s). Since

s2 − 9
4 = κ2 +4, the same differentiation gives

φ
′
♭−F (κ,φ♭) =−

5(s− 5
2 )

2s( 3
2 + s)2

≤ 0,

33 For instance m2 = 1 − 3A/κ , m3 = A − 3/κ + 12A/κ2 and m4 = m2 −
5m3/κ +2A/κ . The joint moments with x2,x3,x4 follow from exchange-
ability: E[φ(x1)x2

2] =
1
3E[φ(x1)(1− x2

1)].
34 For the first identity write φ− = (s−2)/κ , which follows from s2 −4 = κ2;

then φ ′
− = (κ2/s−s+2)/κ2 and 1−φ 2

−−3φ−/κ = (κ2 −(s−2)2 −3(s−
2))/κ2, and the difference simplifies with s2 = κ2 +4. The second is the
same computation with φ+ = κ(u− 1)/(u2 − 1) = κ(u− 1)/(κ2 + 8) in
place of φ− and u2 = κ2 + 9 in place of s2 = κ2 + 4. After clearing the
denominator κ2(1+u)2 the numerator becomes κ2(u−3)2/u, which is the
stated residual.

so φ♭ is a subsolution, and φ♭ =
κ

4 − κ3

80 +O(κ5).35 Hence A−
φ♭ =

κ3

480 +O(κ5), and the integrating-factor argument above,

with D=A−φ♭, R= 5(s−5/2)
2s(3/2+s)2 ≥ 0 and µ = κ3 exp

∫
κ

0 (A+φ♭),

gives µD = O(κ6) at 0, (µD)′ = µR ≥ 0, and so A ≥ φ♭. Since
3
2 +

√
κ2 +25/4 < 2+

√
κ2 +4 for κ > 0, this improves the

lower bound of (ii).

Appendix C: The weighted coupling

We prove Lemma 3. Let Q,Q′ be two fields such that for
every link Q′

e is not in the cut locus of Qe, which is the situation
in (9), and let γe : [0,1] → G be the minimal geodesic from
Qe to Q′

e, of constant speed ρe. The product γ(τ) = (γe(τ))e
is a geodesic of the product manifold, with velocity V (τ) =
(γ̇e(τ))e and |Ve|= ρe.

Step 1: an integral identity. Let V (e) be the vector field
along γ that equals γ̇e at the link e and vanishes elsewhere. It is
parallel along γ , because each γ̇e is parallel along the geodesic
γe and the Levi-Civita connection of a product is the product
connection. Hence

d
dτ

⟨∇S(γ(τ)),V (e)(τ)⟩= HessS
(
V (τ),V (e)(τ)

)
,

and integrating from 0 to 1, with ⟨∇S,V (e)⟩= ρe⟨∇S, γ̇e/ρe⟩,

ρe
(
⟨∇S, γ̂e⟩(Q′)−⟨∇S, γ̂e⟩(Q)

)
=

∫ 1

0
HessS

(
V,V (e))dτ,

(C1)
where γ̂e = γ̇e/ρe is the unit tangent written γ̇e in (9).

Step 2: symmetrisation. Multiply (C1) by we and sum over e.
The sum converges absolutely, because ρe ≤ π

√
2 is bounded,

∑e we < ∞, and the Hessian is a sum of finite-range blocks.
Write He f for the block of HessS between the links e and f .
Then

∑
e

we HessS(V,V (e)) = ∑
e, f

w f He f (Ve,Vf )

= ∑
e, f

we +w f

2
He f (Ve,Vf ),

the second equality by the symmetry He f (Ve,Vf )=H f e(Vf ,Ve).
Put Ye = w1/2

e Ve, so that |Y |2 = ∑e weρ2
e < ∞. With r = we/w f ,

we +w f

2√wew f
=

r1/2 + r−1/2

2
= 1+

1
2
(
r1/4 − r−1/4)2

,

and therefore

∑
e

we HessS(V,V (e)) = HessS(Y,Y )+B,

35 With φ♭ = κ(s − 3
2 )/(κ

2 + 4) one has φ ′
♭ = ( 3

2 s + 25
4 )/(s( 3

2 + s)2), us-
ing ds/dκ = κ/s; and F (κ,φ♭) = 1− φ 2

♭ − 3/( 3
2 + s). Clearing the de-

nominator s( 3
2 + s)2 and replacing κ2 by s2 − 25

4 leaves − 5
2 s + 25

4 in
the numerator, which is the stated residual. The expansion follows from
s = 5

2 +
κ2

5 +O(κ4).
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with B = ∑e̸= f He f (Ye,Yf ) · 1
2 (r

1/4 − r−1/4)2, the diagonal
terms e = f having r = 1.

Step 3: the two estimates. Theorem A applies to
the square-summable vector Y and gives |HessS(Y,Y )| =
N|β ||HessS0(Y,Y )| ≤ 4dN|β ||Y |2. In B only links e ̸= f
in a common plaquette contribute, and two distinct links
lie in at most one common plaquette. Their mixed term
in fp is one of 2ReTr(YiYjW ), −2ReTr(YiWYj), and since
|Tr(XYW )| ≤ |X ||Y | for unitary W , the bilinear form satisfies
|He f (Ye,Yf )| ≤ N|β ||Ye||Yf | for each of the two orders. The
end points of such links have graph distances to the origin that
differ by at most one, so r ∈ [a−1,a] and 1

2 (r
1/4 − r−1/4)2 ≤

(
√

a−1)2/(2
√

a). Every link has 6(d−1) neighbours in com-
mon plaquettes, so

|B| ≤ N|β | (
√

a−1)2

2
√

a ∑
e̸= f

|Ye||Yf |

≤ 3(d −1)N|β | (
√

a−1)2
√

a
|Y |2,

by |Ye||Yf | ≤ 1
2 (|Ye|2 + |Yf |2). Integrating over τ , and using

that |Y |2 = ∑e weρ2
e does not depend on τ , gives

∑
e

weρe
(
⟨∇S, γ̂e⟩(Q′)−⟨∇S, γ̂e⟩(Q)

)
≤
(
CRic −Ka

)
∑
e

weρ
2
e ,

which is Lemma 3. The constant of Shen, Zhu and Zhu [100,
Sec. 5] arises if the weighted sum is estimated link by link
with (1); the gain comes from estimating the whole quadratic
form HessS(Y,Y ) with Theorem A and paying only for the
commutator of the weights.

Appendix D: A Kantorovich–Dobrushin comparison

Let Ω = (S3)E with the chordal metric δ on each factor, of
diameter 2, and let γe(· | ω) be the single-link conditional laws
of the SU(2) Wilson theory. Let Cee′ be the coefficients of the
proof of Theorem E, α < 1 their maximal row and column
sum, and |e− e′| the Euclidean distance of link midpoints;
links in a common plaquette have |e− e′| ≤ 1. Fix λ > 0 with
θ := αeλ < 1.

Lemma 28. Let S ⊂ E be finite, possibly empty, and let µ1,µ2
be probability measures on Ω that are invariant under the
resampling γe of every link e /∈ S. Let T ⊂ E \S be finite and
wb = e−λ dist(b,T ). There is a coupling π of µ1,µ2 such that
ρ(b) = Eπ δ (σb,σ

′
b) satisfies

∑
b/∈S

wbρ(b)≤ 2θ

1−θ
∑
z∈S

wz.

In particular ∑b∈T ρ(b)≤ 2θ

1−θ
|S|e−λ dist(S,T ), and if S = /0 then

µ1 = µ2.

Proof. A minimal coupling. The set of couplings of µ1 and µ2
is weakly compact, and Ψ(π) = ∑b wbEπ δ (σb,σ

′
b) is weakly

continuous, since δ is continuous and bounded and ∑b wb < ∞.
Let π∗ be a minimiser and ρ its link distances.

Resampling one link. Fix e /∈ S. By [105, Cor. 5.22] there
is a measurable map assigning to each pair (ω,ω ′) an optimal
coupling of γe(· | ω) and γe(· | ω ′) for δ . Sample (σ ,σ ′)∼ π∗

and replace the pair (σe,σ
′
e) by a sample of that coupling; since

both µi are γe-invariant, the result is again a coupling of µ1,µ2,
and only the link e changes. Changing the finitely many links
that enter γe one at a time and using the triangle inequality for
W1,

W1
(
γe(· | σ),γe(· | σ

′)
)
≤ ∑

e′
Cee′δ (σe′ ,σ

′
e′).

Minimality of π∗ therefore gives ρ(e)≤∑e′ Cee′ρ(e′) for every
e /∈ S.

Summation. Multiply by we and sum over e /∈ S. Where
Cee′ ̸= 0 the links are in a common plaquette, so dist(e,T )≥
dist(e′,T )−1 and we ≤ eλ we′ . With the column sums bounded
by α ,

∑
e/∈S

weρ(e)≤ eλ
∑
e′

we′ρ(e
′)∑

e
Cee′

≤ θ

[
∑

e′ /∈S
we′ρ(e

′)+∑
z∈S

wzρ(z)
]
.

All sums are finite, and ρ(z) ≤ 2 on S; rearranging gives the
first claim. On T the weights equal 1, and wz ≤ e−λ dist(S,T ) for
z ∈ S. If S = /0 then ρ ≡ 0, so π∗ is supported on the diagonal
and µ1 = µ2.

Corollary 29. In the range of Theorem E there is exactly one
Gibbs measure µ , and for a local function F with support
SF that is LF -Lipschitz in each link variable, and a bounded
measurable H with finite support SH disjoint from SF ,

|Covµ(F,H)| ≤ ∥H∥∞LF
2θ

1−θ
|SH |e−λ dist(SF ,SH ).

Proof. Gibbs measures are invariant under every γe, so the case
S = /0 of Lemma 28 gives uniqueness, and Gibbs measures
exist by compactness. Let µu = µ(· | σSH = u) be a regular
conditional probability [69, Ch. 3]; for µ-almost every u it is
invariant under γe for every e /∈ SH , because the conditional
law of σe given everything else is γe and does not depend on
how σSH was fixed. Writing Covµ(F,H) =

∫
H(u)

[
µu(F)−∫

µu′(F)µ(du′)
]
µ(du),

|Covµ(F,H)| ≤ ∥H∥∞ esssup
u,u′

|µu(F)−µ
u′(F)|.

Apply Lemma 28 to µu,µu′ with S= SH and T = SF : |µu(F)−
µu′(F)| ≤ LF ∑b∈SF ρ(b), and the second claim of the lemma
completes the proof.

The decay of Theorem E is Corollary 29; the rate λ can be
any number below − logα .
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Appendix E: Two-dimensional estimates

1. Total variation under a bounded change of density

Lemma 30. Let P,P′ be probability measures with dP′/dP =
eφ/EPeφ , where φ has oscillation at most s. Then ∥P −
P′∥TV ≤ tanh(s/4), and the bound is attained.

Proof. We may assume 0 ≤ φ ≤ s. For an event A with
P(A) = x put p = EP[eφ ;A] ∈ [x,esx] and q = EP[eφ ;Ac] ∈
[1− x,es(1− x)]. Then P′(A) = p/(p+q) increases in p and
decreases in q, so

P′(A)−P(A)≤ esx
esx+1− x

− x =: g(x).

The derivative g′(x) = es/(1+ x(es −1))2 −1 vanishes at 1+
x(es −1) = es/2, that is x = 1/(es/2 +1), where g = x(es/2 −
1) = tanh(s/4). The value is attained for φ = s1A with this
P(A).

If Pi has density proportional to ρgi with gi ∈ [1− ε,1+
ε], then log(g1/g2) has oscillation at most 2 log 1+ε

1−ε
, and

Lemma 30 gives ∥P1 − P2∥TV ≤ ε . The weaker bound
2ε/(1− ε2) used in the proof of Proposition 21 follows di-
rectly: with ci =

∫
ρgi ∈ [(1− ε)c,(1+ ε)c], c =

∫
ρ , one has

|g1/c1 −g2/c2| ≤ 1
c

( 1+ε

1−ε
− 1−ε

1+ε

)
= 4ε

c(1−ε2)
, and the total vari-

ation is half the L1 norm.

2. The character expansion

On SU(2) write U with eigenvalues e±iϑ , so that TrU =
2cosϑ , the Haar measure of class functions is 2

π
sin2

ϑ dϑ ,
and the character of spin j is χ j = sin((2 j+1)ϑ)/sinϑ . The
coefficient of χ j in w(U) = eβ cosϑ is

2
π

∫
π

0
eβ cosϑ sin((2 j+1)ϑ)sinϑ dϑ

= I2 j(β )− I2 j+2(β ) =
2(2 j+1)

β
I2 j+1(β ),

by 2sinAsinB = cos(A − B) − cos(A + B), the integral
1
π

∫
π

0 eβ cosϑ cos(nϑ)dϑ = In(β ) and the recurrence In−1 −
In+1 = 2n

x In [106, Sec. 3.71]. So c0 =
∫

w = 2I1(β )/β and
f = w/c0 = ∑ j(2 j+1)a jχ j with a j = I2 j+1(β )/I1(β )∈ (0,1)
for j ≥ 1

2 , since In(β ) decreases in n for β > 0. Schur
orthogonality gives χ j ∗ χk = δ jkχ j/(2 j + 1), hence f ∗m =
∑ j(2 j+1)am

j χ j. Since |χ j| ≤ 2 j+1 with equality at U = 1,

εm = sup
U

| f ∗m(U)−1|= ∑
j≥1/2

(2 j+1)2am
j

≤ am−1
1/2 ∑

j≥1/2
(2 j+1)2a j,

which is finite because In(β )≤ (β/2)neβ/n!, and tends to zero
geometrically in m.

3. Disk integration

Proof of Lemma 20. We use the lemma only for rectangles,
and prove it for them. Order the plaquettes of the rectangle
D row by row, from left to right, and let Di be the union of
the first i. Each Di is a staircase, hence a topological disk, and
pi+1 meets Di along a path γ of one or two consecutive links
(its left side, its lower side, or both, which meet at a corner).
We show by induction that integrating ∏p⊂Di w(Up) over the
interior links of Di gives ci

0 f ∗i(hol∂Di); f is a class function,
so the base point of the holonomy does not matter. For i = 1
there is nothing to integrate. In the step, write ∂Di = γ ·β and
∂ pi+1 = γ−1 ·η , with holonomies ΓB and Γ−1H, where Γ is
the product of the link variables of γ . The new interior links
are those of γ , and the integrand depends on them only through
Γ. If γ has two links, Γ =Ue1Ue2 is Haar distributed for each
fixed Ue1 . In both cases the integral over the links of γ is

ci+1
0

∫
f ∗i(ΓB) f (Γ−1H)dΓ = ci+1

0 f ∗(i+1)(BH),

and BH is the holonomy of ∂Di+1 = β ·η .

Appendix F: The sharp quarter

This appendix proves the auxiliary statements used in Sec. V
for Theorem 7. Throughout, I j = I j(κ) with κ > 0, and I− j = I j
for integers j. We use the series

Iν(κ) = ∑
i≥0

(κ/2)2i+ν

i!(i+ν)!
,

the integral I j(κ) = π−1 ∫ π

0 eκ cosθ cos jθ dθ , the Fourier series
eκ cosθ = ∑ j∈Z I jei jθ and the recurrences

I j−1 − I j+1 =
2 j
κ

I j, I′j = I j+1 +
j
κ

I j, (F1)

all of which are in Watson’s treatise [106], §§3.7, 3.71,
2.22. All series below converge absolutely, because 0 < I j ≤
(κ/2) jeκ/ j!.

1. Zonal harmonics

Under σ the coordinate x1 has the density 2
π
(1− t2)1/2 on

[−1,1], the area of the two-sphere {x1 = t} being proportional
to 1− t2 and its normal speed to (1− t2)−1/2. The Chebyshev
polynomials Un(cosθ) = sin((n+1)θ)/sinθ satisfy∫

UnUm dσ =
2
π

∫
π

0
sin((n+1)θ)sin((m+1)θ)dθ = δnm,

and Un =C(1)
n is the Gegenbauer polynomial of index 4−2

2 = 1,
so Un(⟨y,x⟩) is the zonal harmonic of degree n on S3 with pole
y: |x|nUn(⟨y,x⟩/|x|) is a harmonic polynomial on R4 [102],
Ch. IV, §2.
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Lemma 31. eκt = 2
κ ∑n≥0(n+ 1)In+1(κ)Un(t) in L2

( 2
π
(1−

t2)1/2dt
)
, and uniformly on [−1,1].

Proof. With t = cosθ and 2sinθ sin((n + 1)θ) = cosnθ −
cos(n+2)θ , the n-th coefficient is

2
π

∫
π

0
eκ cosθ sin((n+1)θ)sinθ dθ = In − In+2

=
2(n+1)

κ
In+1,

by (F1). Since |Un| ≤ n+ 1 and In+1 decays factorially, the
series converges uniformly.

2. Proof of Lemma 10

Let F(θ) = eκ cosθ = ∑ j I jei jθ . Then

F ′(θ) =−κ sinθ F(θ) = ∑
j

i jI jei jθ ,

and Parseval’s formula gives

∑
j∈Z

j2I2
j =

κ2

2π

∫ 2π

0
sin2

θ e2κ cosθ dθ

=
κ2

2
(
I0(2κ)− I2(2κ)

)
=

κ

2
I1(2κ),

the last step by (F1) at the argument 2κ . Halving gives the first
identity. The coefficient of eiθ in F2 = e2κ cosθ is I1(2κ) =
∑ j∈Z I jI1− j, and the terms with j ≤ 0 repeat those with j ≥ 1;
this is the third identity.

For the second, jI j =
κ

2 (I j−1 − I j+1) by (F1), so

∑
j≥1

j3I2
j =

κ2

4 ∑
j≥1

j
(
I2

j−1 + I2
j+1 −2I j−1I j+1

)
.

Shifting indices, ∑ j≥1 j(I2
j−1 + I2

j+1) = I2
0 +∑m≥1 2mI2

m, and
∑m≥1 2mI2

m = κ ∑m≥1(Im−1Im − ImIm+1) = κI0I1 by telescop-
ing. For the mixed term write j = 1

2 (( j − 1)+ ( j + 1)) and
apply (F1) to ( j−1)I j−1 and to ( j+1)I j+1, which is legitimate
at j = 1 because I−1 = I1:

jI j−1I j+1 =
κ

4
[
(I j−1I j − I jI j+1)

+(I j−2I j+1 − I j−1I j+2)
]
.

Both brackets telescope, to I0I1 and to I−1I2 = I1I2, so
∑ j≥1 jI j−1I j+1 =

κ

4 (I0I1 + I1I2). Altogether

∑
j≥1

j3I2
j =

κ2

4

(
I2
0 +

κ

2
I1(I0 − I2)

)
=

κ2

4
(
I2
0 + I2

1
)
.

3. The coefficients of D

Lemma 32. Write D(κ) = ∑n≥0 Dnκ2n for the function
of (18). Then D0 = D1 = 0, and for m ≥ 1

Dm+1 =
Nm

4m m!(m+1)!(m+1)(m+2)
,

with Nm =
(2m

m

)(
4(2m+1)+(m−1)(m+1)(m+2)

)
−4m(m+

1)(m+2). Moreover Nm = 0 for m ≤ 2 and Nm > 0 for m ≥ 3.

Proof. The coefficients. Multiplying the series of I0 and I1 and
collecting powers,

I2
0 = ∑

m≥0
αmκ

2m, I2
1 = ∑

m≥0
βmκ

2m+2,

κI1(2κ) = ∑
m≥0

κ2m+2

m!(m+1)!
,

where

αm =
1

4m

m

∑
i=0

1
i!2(m− i)!2 ,

βm =
1

4m+1

m

∑
i=0

1
i!(i+1)!(m− i)!(m− i+1)!

.

By Vandermonde’s identity, ∑i
(m

i

)2
=
(2m

m

)
and ∑i

(m
i

)(m+2
i+1

)
=(2m+2

m+1

)
, so

αm =

(2m
m

)
4m m!2 , βm =

(2m+2
m+1

)
4m+1m!(m+2)!

.

The coefficient of κ2m+2 in D is Dm+1 = 8βm+2βm−1−αm−
1/(m!(m+ 1)!), with β−1 = 0; for m = 0 it is 8

4 − 1− 1 = 0,
and D0 = 0 because every term of D is O(κ2). For m ≥ 1
put ∆ = 4m m!(m+ 1)!(m+ 1)(m+ 2) and b =

(2m
m

)
. With(2m+2

m+1

)
= 2(2m+1)

m+1 b,

8βm =
4(2m+1)b

∆
, αm =

(m+1)2(m+2)b
∆

,

2βm−1 =
2m(m+1)(m+2)b

∆
,

1
m!(m+1)!

=
4m(m+1)(m+2)

∆
,

and 2m− (m+1) = m−1 gives Dm+1 = Nm/∆.
The sign. Directly, N0 = N1 = N2 = 0 (2−2, 24−24, 192−

192), N3 = 80, N4 = 1140 and N5 = 10416. For m ≥ 6 we first
show 16m ≤ 4m

(2m
m

)2
for m ≥ 1 by induction: it is an equality

at m = 1, and (m+1)
(2m+2

m+1

)
= 2(2m+1)

(2m
m

)
gives

4(m+1)
(

2m+2
m+1

)2

=
16(2m+1)2

m+1

(
2m
m

)2

≥ 16(2m+1)2

4m(m+1)
16m ≥ 16m+1.

Since (m−1)2 ≥ 4m for m≥ 6, it follows that
(2m

m

)2
(m−1)2 ≥

16m, that is
(2m

m

)
(m−1)≥ 4m, and

Nm =
((2m

m

)
(m−1)−4m

)
(m+1)(m+2)

+4(2m+1)
(

2m
m

)
> 0.
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4. Monotonicity of Bessel ratios

Lemma 33. For n ≥ 1 and κ > 0, In+2(κ)/In+1(κ) ≤
I2(κ)/I1(κ).

Proof. We use a lemma of Biernacki and Krzyż [22]: if f =
∑a jx j and g = ∑b jx j have positive coefficients and a j/b j is
nonincreasing in j, then f/g is nonincreasing on x > 0. Indeed

f ′g− f g′ = ∑
i, j
(i− j)aib jxi+ j−1

=
1
2 ∑

i, j
(i− j)bib j

(ai

bi
−

a j

b j

)
xi+ j−1 ≤ 0.

Take x = κ2, f = In+1(κ)/κn+1 and g = I1(κ)/κ . Then
a j/b j = 2−n( j+1)!/( j+n+1)! decreases in j, so In+1/(κ

nI1)
is nonincreasing in κ . Its logarithmic derivative is, by the sec-
ond recurrence of (F1),

n+1
κ

+
In+2

In+1
− n

κ
− 1

κ
− I2

I1

=
In+2

In+1
− I2

I1
≤ 0.
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