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Abstract

We show that excluding nested pairs can increase the number of vertices needed to
force a matching of one color, disproving a conjecture of Barat, Gyarfas and Téth. A
matching consists of edges with no shared endpoint. In a fixed vertex order, two edges are
nested if both endpoints of one lie between those of the other. For r colors and a target of
k edges, the classical theorem guarantees a matching of one color on (r — 1)(k — 1) + 2k
vertices when every pair is joined by an edge. For every r, k > 3, we construct a coloring
at this very threshold in which every such matching contains a nested pair. Thus the
nonnested threshold is larger by at least one vertex. Already with three colors, ten vertices
force three disjoint edges of one color, while our coloring makes every such triple contain a
nested pair. The self-contained proof combines endpoint counts with two edge recolorings
that obstruct the pairings allowed by the vertex order.
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1 Introduction

Take n vertices, join every pair by an edge, and color each edge with one of r colors. We seek
k edges of one color with no shared endpoint, a monochromatic matching. For fixed r and
k, there is a least number of vertices that guarantees such a matching in every coloring. We
ask whether this minimum still suffices when the vertices have a fixed order and nested pairs
are forbidden. We show, by explicit colorings, that the additional restriction can raise the
minimum.

With the vertices placed in the order 1,...,n, this is the ordered complete graph K,. A
matching with k£ edges uses 2k distinct vertices; selecting it leaves all other edges of the graph
in place. The vertex order stays fixed while the matching and its color may be chosen freely.

Write an edge {a, b} as ab when the endpoints are unambiguous, always with a < b. Two
disjoint edges ab and cd, with a < ¢, are nested if a < ¢ < d < b: both endpoints of cd
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lie between those of ab. The other possibilities are a < b < ¢ < d (separated edges) and
a < ¢ < b<d (crossing edges), as illustrated in Fig. 1. A matching is nonnested if it has no
nested pair. In the drawings, edges are arcs above the ordered vertices; crossings of these arcs
are allowed and do not create vertices.

(a) Separated b) Crossing ) Nested
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Figure 1: The order restriction on two disjoint edges. In (a) and (b), neither edge has both endpoints
between those of the other. In (c), the edge 23 lies inside 14. The drawings show only the selected
edges of a complete graph.

A matching that fails the order condition may coexist with a suitable matching in another
color. For example, on six vertices, let exactly the edges 16, 25 and 34 be red and all other
edges be blue. These three red edges form a matching in which every pair is nested, whereas
the blue matching {13,24,56} is nonnested. A counterexample must therefore prevent the
required nonnested matching in every color simultaneously.

Let RI(Q (k) be the least integer n for which every r-coloring of the ordered K,, contains a
monochromatic nonnested matching with k edges. Without the nonnesting condition, Cockayne
and Lorimer [4] proved that the corresponding threshold is

(r—1)(k—1) 4+ 2k. (1)

For three colors and three edges, this gives ten vertices: every three-coloring of K19 contains
a monochromatic three-edge matching. The nonnested threshold is therefore at least the
ordinary one.
Barédt, Gyarfas and Téth [2, Conjecture 4.1(i)] conjectured that the threshold remains
unchanged:
RU(k) = (r—1)(k—1) + 2k. (2)

This equality holds for two-edge matchings in any number of colors [2, Theorem 2.11], and for
three-edge matchings in two colors [2, Theorem 2.10]. These positive cases make the proposed
equality natural. The next theorem shows that three colors and three edges already permit a
counterexample, and that the failure persists throughout the larger parameter range.

Theorem 1.1. For every pair of integers r, k > 3, there is an r-coloring of the ordered complete
graph on (r — 1)(k — 1) 4+ 2k wvertices with no monochromatic nonnested matching with k edges.
Consequently,

RI(K) > (r—1)(k — 1) + 2k + 1. (3)

The proof is given in Sections 2—4. For r = k = 3, the construction colors Ky and gives

I(l?ﬁ) (3) > 11. At the ten vertices that force an ordinary monochromatic three-edge matching,

our coloring forces every such matching to contain a nested pair. Fig. 2 displays this coloring;
we use the same example throughout the proof.

Our construction starts with a blue graph described by Barat, Freschi and Téth [1,
Section 2.2, after Conjecture 2.6], which already avoids a nonnested k-edge matching. We
color every remaining edge red or green so that these two colors also avoid the target. A first
recoloring eliminates a red nonnested matching and creates a green one. A second recoloring
eliminates that green matching, and its position in the vertex order prevents it from restoring
a red nonnested target. The proof shows why these changes leave no alternative: endpoint



counts and the nonnesting condition restrict the possible endpoints, after which the order
forces their partners to appear in increasing order. All three color classes are verified in full
below.

Theorem 1.1 establishes a strict increase over the ordinary threshold; the exact larger value
remains open. It also refutes the universal assertion in Conjecture 2.8 of [2], which allows
different required matching sizes in the different colors and includes the equal-size setting of
our counterexamples. Our construction starts with three colors, leaving the two-color problem
outside its scope.

The author’s preprint [3] classifies the smallest edge sets whose deletion destroys every
nonnested perfect matching and constructs graphs exceeding the extremal bound conjectured
by Barat, Freschi and T6th. These questions concern the edges retained in a single ordered
graph. Here, all edges of the complete graph must be partitioned into color classes that
simultaneously avoid the target matching. The construction and proof are self-contained.

2 The three-color construction

We first build the counterexample for three colors, where Eq. (1) gives 4k — 2 vertices. Four
consecutive vertex blocks separate the roles of the colors. Almost every edge follows a rule
determined by its two blocks. The proof will restrict the possible endpoints of a target
matching, and two exceptional edges will obstruct the increasing pairings required in red and
green.

Fix k > 3 and partition the vertices into consecutive blocks

X<U<V<W |X|=V|=k—-1, |Ul=|W|=k.

Here X < U means that every vertex of X precedes every vertex of U, and similarly for the
other blocks. Write

U={u < <u}, V={v < - <wvp_1}, W ={w <--- <wg}.
Color all edges as follows:
1. Blue: every edge with an endpoint in X, and every edge with both endpoints in U.

2. Red: every edge from U to W except ujwi, every edge with both endpoints in W, and
the edge viwo.

3. Green: every remaining edge.

In particular, ujw; is green and vyws is red. Table 1 records the complete assignment by block
pair. It shows that the green edges are precisely ujw; together with all edges in UUV UW
having an endpoint in V', except for viws.

Table 1: The coloring by block pair. A diagonal entry concerns edges within one block. Every edge
involving X is blue. The only exceptions to a constant color between blocks are ujw; and viws.

X U \%4 W
X blue blue blue blue
U blue green red, except ujw; green
% green green, except viws red
w red




The blue graph has the form cited in the introduction: every pair of vertices in X U U is
blue, and each later vertex is joined in blue exactly to X. This is the single-color construction
of [1, Section 2.2 and Fig. 4]. The red and green assignment completes the coloring of the
entire graph. To see the purpose of the two exceptional edges, first make all edges from U to
W red and all edges from V to W green, keeping the other block rules. This initial coloring
contains the red nonnested matching wjws, ..., ugwg. Changing ujw; from red to green blocks
that matching and creates the green candidate

ujwi, V1W2, VW3, ..., Vp_1Wk-.

Changing viws from green to red blocks this second candidate and gives the final coloring in
Table 1. The proof in Section 3 shows that these two changes leave no alternative in either
color.

For k = 3, the blocks and exceptional edges are

X={1,2}, U={3,4,5}, V={6"7, W=1{80910},  ww =38, viwy=069.

Fig. 2 displays this coloring. Its matrix specifies every edge, while the arc drawing isolates the
two exceptions. We will use these same vertex labels when illustrating the proof.

(a) Ordered blocks and exceptional edges

- T~

// - \_'.\.';_
K4 PR N TS e

.l ,’ '\ \\

! 1 1 \
° ° ¢ ° ° ® ° ° ® °
1 2 3 4 5 6 9 10

— —_—
X U 1% w
-=-{3,8} = ujw;: green ----46,9} = vywq: red

(b) Complete coloring: the cell in row a, column b gives the color of {a,b}

larger endpoint b

a 2 3 456 7 8 9 10
1 BBBBBBIB B B
2 B BBBBBBB
3 BB GG[G]rR R
4 Bl@@|r|R|R
5 GGRRR
6 ¢ ¢[r]a
7 G G G
8 R R
9 R

B: blue R: red G: green. The boxes mark {3,8} and {6,9}.

Figure 2: The three-color counterexample on ten vertices, with block sizes 2,3,2,3. In (a), only the
two exceptional edges are drawn; their endpoints alternate, 3 < 6 < 8 < 9, so they cross without nesting.
The braces identify the vertex blocks. In (b), all 45 edge colors are recorded, including edges absent
from (a). For example, row 3, column 8 is the boxed green entry. The cell letters and line patterns
preserve the information without color.



3 Why each color avoids the matching

The verification uses the same observation twice: when a nonnested matching pairs all vertices
of one ordered list with all vertices of a later list, the partners must appear in increasing order.
After proving this observation, we rule out blue by counting endpoints and rule out red and
green by locating a required edge of the wrong color. Each argument applies to arbitrary
k> 3.

Lemma 3.1 (Increasing partners). Let p1 < -+ < pm < q1 < -+ - < ¢ be 2m distinct ordered

vertices. The only nonnested matching that pairs every p; with a vertex of {q1,...,qm} is
p14q1, P2q92, .-, PmQm-
Proof. Such a matching has the form p;qy(;), where 7 is a permutation of 1,...,m. If i <j

but 7 (i) > 7(j), then
Di < Dj < qn(G) < qr(i)s

so these two edges are nested. Avoiding every such pair forces m(1) < --- < m(m), hence
(i) = i for all i. Conversely, in the displayed matching any two edges cross, so no pair is
nested. O

For example, pairing {3,4,5} with {8,9,10} in a nonnested way forces 38, 49 and {5, 10}.
Changing the last two partners to obtain {4,10} and 59 puts the latter edge inside the former.
This is the order constraint that the two exceptions in the construction exploit.

3.1 Blue: too few vertices remain

A Dblue edge from X to V U W surrounds every edge inside U. A nonnested matching cannot
use both types. Counting endpoints first forces an edge inside U; the order restriction then
confines the entire matching to X U U. That set has one fewer vertex than a k-edge matching
needs.

Suppose that there were a blue nonnested matching M with k£ edges. Since |X| =k —1
and the edges of M have disjoint endpoints, at most & — 1 of them can meet X. At least one
edge of M must therefore have both endpoints in U, because those are the only blue edges
avoiding X.

Every edge from X to V U W has this edge inside it: the block order is X < U <V < W.
Such an edge cannot also belong to the nonnested matching M. All edges of M must
consequently have their endpoints in X UU. But | X UU| = 2k — 1, whereas M needs 2k
distinct endpoints, a contradiction. In the ten-vertex example, the same argument confines a
proposed three-edge blue matching to vertices 1,...,5.

3.2 Red: every vertex of W must be used

Every red edge meets W, whose size is exactly k. A red matching with k& edges would therefore
have to use one vertex of W per edge and use all of W. This leaves two cases for the left
endpoints, according to whether v; is selected. The increasing-partners lemma rules out both
possibilities.

Indeed, suppose that M is a red nonnested matching with k edges. The endpoint count
just described excludes every edge internal to W: one such edge would use two vertices of W,
leaving too few for the other £ — 1 edges. Thus M pairs k distinct vertices of U U {v;} with
all of W. All these possible left endpoints precede W.

If v1 is not used, then all k left endpoints lie in U, and hence every vertex of U is used.
Lemma 3.1 forces u;w; for each 4. In particular, it forces ujw;, which is green. This excludes
the first case.



If vy is used, then it is the largest left endpoint, because U < V. Lemma 3.1 requires it to
be paired with wyg. Its only red neighbor in W, however, is wo. The two vertices are distinct
since k > 3, so this case is also impossible. This proves that red has no nonnested k-edge
matching. Fig. 3 illustrates both obstructions when k = 3.

(a) All left endpoints are in U
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Figure 3: The two red cases for k = 3. In (a), pairing all of U with all of W without nesting forces
the green edge {3,8}. In (b), the left endpoints 4,5, 6 illustrate a candidate using v; = 6. Its required
last partner is 10, and {6, 10} is green; the only red edge from 6 is {6,9}. The same obstruction holds
for every choice of two vertices from U. Red edges are dashed and green edges are dash-dotted.

3.3 Green: one forced edge determines the rest

All green edges except ujw; meet the set V', which has only k — 1 vertices. A green matching
with k edges must therefore include ujw;. We identify the green edges that can coexist with
it, then apply the increasing-partners lemma to the remaining vertices.

Suppose that M were a green nonnested matching with k edges. The preceding count
forces ujw; € M. Every other green edge meets V', so consider the possible location of its
other endpoint. An edge internal to V' is nested inside ujw;. An edge from U to V either
shares the endpoint uy or is nested inside ujw;. An edge from V to w; shares the endpoint
wi. None of these can belong to M.

The only remaining possibility is an edge from V to {wg,...,w;}. Both sets have k — 1
vertices. To supply the other k£ — 1 edges of M, the matching must use every vertex of both
sets. Lemma 3.1 therefore forces

nwz, V2W3, ..., Vg-1Wk.

The first of these edges is red, giving the required contradiction. This proves that green
also avoids a nonnested k-edge matching, and completes the verification of the three-color
construction.

Fig. 4 makes the final step explicit for £ = 3. After choosing the green edge 38, the other two
edges of a proposed green nonnested matching must pair {6,7} with {9, 10}. There are just two
ways to pair these sets. The increasing pairing uses the red edge 69; the alternative uses only
green edges but nests 79 inside {6,10}. Thus Fig. 4(b) exhibits an ordinary monochromatic
matching of the size guaranteed by the classical theorem, while the proof rules out every
nonnested one. For larger k, the increasing-partners lemma gives the same obstruction without
enumerating pairings.



(a) Nonnested, with two colors
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Figure 4: The two ways to pair {6, 7} with {9,10} after selecting the forced edge {3,8}. The proof
shows that these are the remaining endpoint sets for a proposed green nonnested matching. In (a),
the increasing pairing is nonnested and uses two colors, since {6,9} is red. In (b), all three edges are
green, and {7,9} is nested inside {6,10}. This ordinary monochromatic matching illustrates the extra
restriction that fails. Red edges are dashed and green edges are dash-dotted.

4 Adding more colors

The three-color construction contains the entire order obstruction. To obtain any larger number
of colors, we place additional blocks before it, giving each block its own new color. Every edge
of a new color will meet a set of only k — 1 vertices, which rules out a k-edge matching in that
color even without an order restriction.

Proof of Theorem 1.1. For r = 3, Sections 2 and 3 give the required coloring on 4k — 2 vertices.
For r > 3, place r — 3 new blocks before this graph, in the order

Di< - <D, 3<X<U<V<W, |D;| =k — 1.

Give each D; a distinct new color, called color . If an edge has an endpoint in at least one of
the blocks D;, color it by the first such block in the order. This includes edges internal to a
block and edges joining two different new blocks. Preserve the original blue, red and green
coloring on X UU UV UW.

Every edge of color ¢ has an endpoint in D;. Since a matching uses each vertex at most
once, a matching in that color has at most k£ — 1 edges. The original three colors occur only in
the final 4k — 2 vertices, where Section 3 excludes a nonnested k-edge matching in each color.
The enlarged coloring consequently avoids the target in all r colors. Its number of vertices is

(r=3)(k—1)+ 4k —2) = (r —1)(k — 1) + 2k.

A coloring avoiding the target at this order makes the least order that forces it strictly larger,
proving Eq. (3). O

Fig. 5 shows one step of the extension. Repeating it » — 3 times gives the construction just
proved. A new color can have many edges, since its block is joined to all existing vertices, but
its matchings are limited by the k& — 1 endpoints in that block. This is exactly the increase in
the proposed threshold per added color.
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Figure 5: One step in adding colors. A new block D of k — 1 vertices is placed before the existing
coloring. Every edge with an endpoint in D, including edges inside D, receives the new color. A
matching in that color has at most &k — 1 edges. Repeating this step r — 3 times extends the three-color
counterexample to r colors.

5 Conclusion

The construction shows that avoiding nesting changes the multicolor matching Ramsey problem
for every r, k > 3. At the exact order that forces an ordinary monochromatic k-edge matching,
our coloring still avoids a nonnested one. Its three-color core isolates the reason: disjointness
forces whole sets of vertices to be used, and nonnesting then forces an increasing pairing that
encounters an edge of another color. The additional blocks extend this obstruction to every
larger number of colors.

The resulting lower bound refutes the proposed equality uniformly in both parameters.

(r)

Determining the exact value of Ryy (k) remains a separate problem, beginning with the three-
color, three-edge case for which our construction gives Rgﬁ) (3) > 11. More generally, it is
natural to ask how large the difference from the ordinary threshold can be. The two-color
conjecture also remains beyond this construction: the argument uses the third color to place

the two obstructions in different classes.
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