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DENSE ALGEBRAIC LOCI OF HODGE CLASSES

DEEP BHATTACHARIJEE ® AND USHASHI BHATTACHARYA

ABSTRACT. We prove unconditionally that the Hodge conjecture is equivalent to two statements about
abelian varieties, that the locus on which either statement holds is dense in every family and is either
the whole family or a meagre set, that the real multiplications by /6 and by the cubic fields Q(&;)™ and
Q(&)™ are algebraic on explicit families of K3 surfaces, the cubic ones on the surfaces of Mumford
type whose quaternion algebra is ramified at two real places, and that the Hodge conjecture holds
on every power and every Hilbert scheme of points of the K3 surfaces of the one-dimensional Fricke
families of levels 5 and 1, which carry complex multiplication by Q(v/—5) and Q(v/—7). For each
of the two statements we build the object it needs next, a complex on a product of two Weil fourfolds
and a class on an abelian fourteenfold, prove what it does, and prove at which step it stops; among the
steps, every convolution of the Weil line bundles on Eg whose shifts lie in seven consecutive integers fails
the polarised criterion in eighteen of the twenty-eight arrangements of the shifts, an explicit curve of
genus four makes the Prym map of cyclic triple covers étale onto the Weil domain of Q(v/—3), and the
conjecture for a class is equivalent to the vanishing of the mass gap of a multiple of it plus a complete
intersection, which Kolldr’s hypersurfaces show cannot be dropped for integral classes. Both statements
remain open.
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1. INTRODUCTION

The Hodge conjecture asks that every rational cohomology class of type (p, p) on a smooth complex

projective variety be a rational combination of classes of algebraic subvarieties.'
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Hodge raised it in

TAn earlier preprint of the authors, Relative secant cycles and Hodge classes, Preprints.org (2026), doi:10.20944

1

/preprints202602.0462.v5 [9], claimed a proof of the Hodge conjecture that does not hold, and the present paper
replaces it. The secant variety Sec”(AY) contains A", so the cycle ZNAY of its Definition 3 is A" itself, whose Fourier—
Mukai transform is a skyscraper sheaf with no component in degree 2n, contrary to its Lemma 4. The Weil classes span
a 2-dimensional space on which K* acts by 7 — 72", while n” has character N(7)", contrary to its Propositions 1 and 2.
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the Hodge conjecture < (F2) A (F3')

v

the locus of either statement: dense, every CM point, all or meagre

— ———
(F3'): every Hodge class comes from abelian varieties (F2): the Hodge conjecture for abelian varieties
first case: real multiplication of K3 surfaces first case: Weil classes of a product of two fourfolds
v v
V6: chain of two quotients, 3 -2 product object on A x A’, Hankel rank 3
stops: V'N needs a map of degree N - stops: Ext of the secant sheaves
v [} v
V=5,V =7 Fricke isogenies, HC on all powers & CM point E;: all Ext groups explicit
stops: only multiquadratic fields 5 stops: ranks of Massey products
v o v
Q(¢) ™, Q(¢) " on Mumford type - sixfold link € on X x X x Zx
stops: other cubic fields, other algebras stops: algebraicity of ¢
v \4
proved: HC for §x S in the dihedral families, proved: what each object does and where it stops;
and for S, x S, and SA[Z] of Mumford type the defect survives maps, blow-ups, derived equivalences

FIGURE 1. The plan of the paper. The conjecture is equivalent to (F2) and (F3’) (The-
orem 1.1, Proposition 3.9); the locus of either statement is dense, contains every CM
point and is all or meagre (Section 4). For (F3’) the first class is the real multiplication
of K3 surfaces: the chain of quotients for v/6 (Theorem 5.5), the Fricke isogenies,
complex multiplications by Q(y/—5) and Q(v/—7) that settle every power (Theo-
rem 5.9), the cyclic cubic fields on the surfaces of Mumford type (Theorem 5.14),
and the steps at which each stops (Propositions 5.11 and 5.15). For (F2) the first class
is the Weil classes of a product of two fourfolds: the product object (Theorem 6.3,
stopping at Proposition 6.5), the point of complex multiplication (Lemma 6.8, Propo-
sition 6.11, stopping at Section 6.5) and the sixfold link (Theorem 6.45, stopping at
Section 6.13); the defect survives the operations of Proposition 8.2.

1950 [37]; Lefschetz had proved it for divisors [43]. It is known in a scattered family of cases and open
in general. This paper does three things. It proves that the conjecture is equivalent to two statements
about abelian varieties. It proves that the locus on which either statement is known has the same shape
in every family, dense and either everything or meagre, so that each statement asks that algebraicity
propagate from a dense set of special points to the whole family. And it builds, at the first class each
statement has to reach, an explicit object, proves what that object does, and names the step at which it
stops. The conjecture does not close here. What the paper adds is a complete account of where the two
remaining statements live, two new theorems on real multiplication, by Q(v/6) on K3 surfaces and
by the cyclic cubic fields Q(&7)" and Q(&o)™" on the surfaces of Mumford type, the second of which
closes the first two cases of the frontier of [19], and three constructions carried to the point where the
next step is a single stated question. Figure 1 draws this plan.

1.1. The two statements

Write HC for the Hodge conjecture for all smooth complex projective varieties and AB for its
restriction to abelian varieties. For a smooth projective variety X and an integer p let Hdg” (X) be the
Hodge classes of degree 2p, and let Ab”(X) C Hdg”(X) be the span of the classes I',y, where B runs
over the complex abelian varieties (the point included), v over the Hodge classes on B, and I" over the
algebraic correspondences from B to X. The two statements are

(F2) every Hodge class on every complex abelian variety is algebraic, in the form in which it first
appears in the closure computation of [19]: the Hodge classes of the smallest known instance, the

Its general case (Theorem 12) applies the Kuga—Satake construction outside Hodge structures of K3 type and assumes the
Kuga—Satake correspondence algebraic, which is open. Section 7 lists every point at which that preprint fails.
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exceptional classes on the square of a Mumford fourfold, are algebraic together with everything
that can be built from them;

(F3’) Hdg”(X) = Ab”(X) for every X and every p: every Hodge class is algebraic modulo the images,
under algebraic correspondences, of Hodge classes of abelian varieties.

Theorem 1.1 (Reduction). HC holds if and only if (F2) and (F3') both hold; (F2) is equivalent to AB,
and (F3') holds on every abelian variety, on every variety dominated by a product of curves or by an
abelian variety, and on every variety in degrees 2p with p € {0,1,dimX — 1,dimX }.

The content of the theorem is in the second sentence: (F2) is not a special case of the conjecture
for abelian varieties but the whole of it, carried by its hardest classes, and (F3’) is exactly what the
conjecture asks of the part of the cohomology of X that no abelian variety reaches. Section 3 proves
it and places the two statements in the closure graph of the known reductions, with the Lefschetz
standard conjecture, André’s motivated classes and the variational Hodge conjecture as the other nodes
(Fig. 2).

1.2. The shape of the known locus

For a smooth projective family 7: 2" — S and a flat Hodge class & let £(&) C S be the set of points
at which ¢ is algebraic.

Theorem 1.2 (Dichotomy and propagation).
(i) (&) is a countable union of Zariski closed subsets of S, and either (&) = S or £(&) is meagre.

(ii) (F2) holds if and only if, for every polarised abelian scheme and every flat Hodge class &,
algebraicity of & at one point of complex multiplication forces £(&) = S.

(iii) For the Weil classes of every CM field, every n > 2 and every discriminant, £(&) contains an
explicit point of complex multiplication and is dense.

(iv) (F3') holds for X in degree 2p if and only if a Hodge complement of the abelian part of H*" (X, Q)
carries no nonzero Hodge class.

So both statements have the same form. There is a dense set of points, the points of complex
multiplication, at which the class is known to be algebraic by explicit cycles; the locus of algebraicity
is a countable union of closed strata; and the conjecture is the statement that this union is not meagre.
Figure 3 draws it. Section 4 proves the theorem, after [19], whose argument we rewrite in the generality
needed here.

1.3. Constructions at the first class

The rest of the paper is constructive. At each statement we go to the first class that is not known
and build the object that would make it algebraic.

At (F3') the first class lives on powers of a K3 surface S with real multiplication: the transcendental

lattice T'(S)q is a vector space over a totally real field E = Endyae T (S)g, and the elements of E are
Hodge classes on S x S. Section 5 proves:
Theorem 1.3 (Chains of symplectic quotients). Let S be a projective K3 surface and e € E with
e =n € Q. If there is a chain of projective K3 surfaces S = Sy,S1,...,S, joined by dominant
rational maps or rational Hodge isometries whose degrees multiply to n modulo squares, then e is
algebraic on S x S. In particular, for every projective K3 surface S with Q(v/6) C E whose transcen-
dental space embeds in the invariant lattice of a symplectic automorphism of order three, the real
multiplication by \/6 is algebraic, the Hodge conjecture holds for S x S and S, and such surfaces
form two-dimensional families whose very general member has E = Q(\@) exactly.

Varesco [74] proved the case of a single quotient by a symplectic automorphism of prime order,
which gives v/2 and v/3; van Geemen and Schiitt [80] reach \/5, NERVA] through rational self-maps.
The chain adds v/6, the first composite value, with the lattice condition made explicit. A second
construction in Section 5 starts from the universal elliptic curve over the modular curves Xo(5) and
Xo(7): the Fricke involution lifts to an isogeny of degree 5 or 7 between the elliptic K3 surface over
the base and the one over its image, and on the quadratic twists of the two surfaces by the same
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pair of parameters it becomes a rational map of that degree between two K3 surfaces of the same
family. Lemma 5.8 determines the sign of the square of this map: the isogeny composed with itself
is [—N], and on the twists at a pair exchanged by the involution the map acts on the transcendental
lattice with square —N, a complex multiplication by Q(v/—5) or Q(y/—7), while on the two twists at
the fixed points of the involution, the surfaces of [80], its square is N and it is a real multiplication.
Theorem 5.9 shows that every member of the two families has that complex multiplication, algebraic
because it is the pullback of the isogeny, that its endomorphism field is a CM field, and that the Hodge
conjecture and (F3’) hold for every power and every Hilbert scheme of points of every member; the
archive counts points to show that the very general member has Picard number 16 and endomorphism
field exactly Q(y/—N). The method also shows exactly why it stops. Proposition 5.11 describes the
action of an arbitrary correspondence on the transcendental lattice: every component whose resolution
has geometric genus at most one acts as a similarity, with multiplier the product of the degrees of
its two projections, a composite returning to S is an element of E with rational square, and these
span only the multiquadratic subfield of E; a correspondence reaching anything else has a component
of geometric genus at least two and transcendental rank at least twice that of S. Proposition 5.12
shows that the correspondences cut out of finite groups acting on covers of S, which include the
graphs of the dihedral families of [80], produce only abelian fields, and Corollary 5.13 draws the
consequence that the Hodge conjecture holds on X x X for every member of those families. On the
higher powers of a K3 surface the Hodge classes are the elements of E and Varesco’s exceptional
classes [75]; Proposition 5.16 reduces the Hodge conjecture for all powers of the surfaces of Section 5
with totally real endomorphism field to the latter, and Proposition 5.17 proves (F3’) and the Hodge
conjecture on every power and every Hilbert scheme of points of a K3 surface of Kummer type over
@, the surfaces whose transcendental space embeds in Ué, with the condition made explicit on the
Hasse invariants at Picard numbers 17 and 18. Proposition 5.19 computes the transcendental spaces of
the Fricke surfaces, Ué @ (—1) & (—N), so that by Lombardo their Kuga—Satake varieties are fourth

powers of abelian fourfolds of Weil type for Q(y/—N) with discriminant one, and shows that at a
member with endomorphism field Q(v/—N) the fourfold splits into an elliptic curve with complex
multiplication by that field and a simple threefold. For the cubic field of the frontier case of [19] the
multiquadratic subfield is QQ and the field is not cyclic in general, so both constructions are blind to
it. A third is not. For the two cyclic cubic fields F = Q(&;)™ and Q({y)™ the quaternion algebra
over F ramified at exactly two real places is the even Clifford algebra of a two-dimensional dihedral
family of K3 surfaces of Picard number ten, and weak approximation in the norm-one group of that
algebra moves the period of the surface of Mumford type into the image of the family; Theorem 5.14
makes the real multiplication by F algebraic there, through Buskin’s theorem, and proves the Hodge
conjecture for S, x S, and for the Hilbert square of S;. Proposition 5.15 then says exactly what the
mechanism cannot reach: the algebras over these fields ramified at finite places, which no rank-twelve
family carries, the cyclic cubic fields of larger conductor, which no finite group acting on P! produces,
and the fields with Galois group S3. The frontier is every pair of a cubic field and a quaternion algebra
other than these two.

At (F2) the first class is a Weil class of a very general abelian 2n-fold of Weil type with n > 3, or the
exceptional class of a Mumford fourfold. For the Weil classes the tool is the polarised semiregularity
criterion of [19]: a perfect complex & whose Chern character is a nonzero multiple of a Weil class plus
a polynomial in the polarisation, with dimExt?(&’, &) equal to the lower bound (y) = (4 + p)n® —2n,
makes the Weil classes algebraic on every member with full Hodge group. Section 6 proves:

Theorem 1.4 (The product object). Let A, A’ be very general polarised abelian varieties of Weil type
for the same imaginary quadratic field, of dimensions 2m, 2m’, with algebraic Weil classes, and let
n=m+m'. There is a perfect complex & on A x A, a direct sum with shifts of exterior products
of secant sheaves and powers of the polarisations, whose Chern character has the polarised shape
with Hankel rank p = 3, so that r(y) = Tn? — 2n, and whose first-order Hodge locus is the whole
tangent space of the polarised Weil family. Every such direct sum has dimExt>(&,&) > r(7), and its
semiregularity map is not injective. The criterion can therefore be met at a product point only by a
convolution of these pieces with nonzero differentials.
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For the exceptional classes of a Mumford fourfold X we replace the K3 surface that carries their
transcendental part in [19] by an abelian sixfold Zx over the same Shimura curve, so that the whole
problem stays inside abelian varieties.

Theorem 1.5 (The sixfold link). Let X be a Mumford fourfold with cubic field F, let K = F (\/TS)
be a CM extension inside the quaternion algebra, and let Zg be the abelian sixfold of Shimura type
attached to K over the Shimura curve of X. The Hodge classes in H'(X) ® H'(X) ® H*(Zx) that
identify the two copies of the nine-dimensional representation T form a line over F, spanned by a
class €. If & is algebraic and K contains no imaginary quadratic field, the exceptional classes of
X x X are algebraic, and so is every Hodge class on every power of X. Conversely the algebraicity of
& is equivalent to the algebraicity of the exceptional classes together with one algebraic link from Zg
to a power of X.

Neither theorem closes (F2). Section 6 says what each needs next: for Theorem 1.4 the Ext algebra
of Markman’s secant sheaves, which no published result computes at a very general point, and which
Lemma 6.8 computes at the point ES of complex multiplication, where Proposition 6.11 shows that
no convolution with three powers of L meets the criterion, the thirty-two threefolds of Appendix A
included, Proposition 6.13 excludes by a count of isolated Ext blocks the pieces meeting along sur-
faces, and Proposition 6.14 excludes every convolution with a threefold piece outside every closed
chain of Ext blocks, among them those whose further pieces stay within one shift of the thirty-two,
Theorem 6.23 excludes, for every polarisation of Eg, every convolution of distinct threefolds and at
most five line bundles, the enumeration of Remark 6.25 those with six or seven and all but thirty-one
arrangements of eight, and Section 6.8 reads the support of an object meeting the criterion off the
obstruction class localised to that support: a threefold of nonzero multiplicity is cut by the rest of the
support in an ample divisor (Theorem 6.27), two threefolds meeting along a surface cannot carry the
object between them (Theorem 6.29), no object supported on the thirty-two threefolds of one fam-
ily has the polarised shape (Corollary 6.31), nor on all sixty-four of both families, by the relations
along each line of four threefolds (Theorem 6.33), and a smooth complete intersection meeting the
threefolds in curves cannot carry the rest (Proposition 6.35); what is left open there are the convolu-
tions with eight or more line bundles, with or without threefolds, decided by the products along their
chains; for Theorem 1.5 the algebraicity of one class in a mixed Kiinneth component of an abelian
fourteenfold, which no known theorem produces even at the points of complex multiplication.

Three further results of Section 6 sharpen the frontier of (F2). At the point Eg of [19, §18], Propo-
sition 6.37 excludes every convolution whose shifts form two adjacent pairs at any distance, and
Corollary 6.38 excludes every convolution whose shifts lie in seven consecutive integers in eighteen
of the twenty-eight arrangements; the computation of Remark 6.39 decides nine others and leaves one
open. Proposition 6.40 writes down a curve of genus four with a line bundle of order three at which
the period map of the cyclic triple covers is a local isomorphism onto the Weil domain of Q(v/—3)
at n = 3, so that the Weil classes of that domain are reached by the Prym varieties of an open set of
covers. Remark 6.41 records that over twelve cubic fields the count of [19, Prop. 19.47] excludes no
integral character at a sextic CM field. Section 8.3 turns to analytic constructions: the residues of Jaco-
bian determinants of complete intersections (Proposition 8.3) and mass-minimising integral currents
(Proposition 8.4), for which the conjecture on a class is exactly the vanishing of a mass gap after a
multiplication and the addition of a complete intersection, and Kollar’s hypersurfaces show that the
multiplication cannot be omitted.

1.4. What is proved and what is not

Table 4 in Section 8 lists every statement of the paper with its status. The reduction, the dichotomy,
Theorem 1.3 and the two constructions are proved. (F2) and (F3’) are open, and with them the conjec-
ture. We state this at the outset because the earlier preprint named in the footnote did not, and because
the value of the constructions lies in the precision of the question each one leaves.

Appendix B describes the machine checks: a Lean 4 file that verifies the closure graph, the char-
acter computation behind the footnote and the dimension counts of Section 6, with no axiom beyond
propositional extensionality; the Lean certificate of [19] on which the reduction rests; and programs in
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Python, Julia, C, C++ and shell that recompute every finite quantity used in the proofs. No statement
of the paper rests on a computation.

2. CONVENTIONS

Varieties are smooth, projective and connected over C unless said otherwise. Cohomology is sin-
gular cohomology with rational coefficients, H*(X) = H*(X,Q), with its Hodge structure. A Hodge
class of degree 2p is an element of H?”(X) N HP*”; their space is Hdg” (X). A class is algebraic if it is a
rational combination of fundamental classes of subvarieties of codimension p; by Fulton [30], intersec-
tion products, pull-backs and push-forwards along morphisms preserve algebraic classes. An algebraic
correspondence from Y to X is an algebraic class I on Y x X, acting by I',y = pry, ([['] Upryy). The
Hodge group Hg(V) of a rational Hodge structure V' is the smallest algebraic subgroup of GL(V) de-
fined over QQ whose real points contain the circle 2(U(1)); for a polarisable V it is reductive, the Hodge
classes in every tensor construction on V' are its invariants, and the Hodge group of a variety is that of
its total cohomology [27]. The Hodge conjecture for X is the statement that every Hodge class on X
is algebraic; HC is the conjecture for all varieties and AB for all abelian varieties.

For an abelian variety A of dimension g with H'(A) =V, the cohomology ring is A*V. An abelian
2n-fold A is of Weil type for the imaginary quadratic field K if K acts on A up to isogeny with V
a K-vector space of dimension 2z on which the two complex embeddings have equal multiplicity n
in H'. The Weil classes are the elements of /\%(”V C A*"V, a two-dimensional rational space of
Hodge classes of degree 2n [83]; K* acts on it by T — 72", and n¥, for 1) the class of a K-hermitian
polarisation, carries T +— Nk /Q(T)k . For the general CM field we follow [19]: a family of Weil type for
a CM field F of degree 2m with n > 2 and discriminant § has a connected polarised period domain Zp
of dimension 72, and its very general member has Hodge group SU(V, H) for the F-hermitian form H
of the polarisation.

A Mumford fourfold is a simple abelian fourfold X whose Hodge group is the Q-form of SL% given
by the norm-one group D! of a quaternion algebra D over a totally real cubic field F, split at one real
place and definite at the other two [54]. Its Hodge ring is generated by the polarisation and one class of
degree four that is not a polynomial in divisors, and X x X carries exceptional Hodge classes of degree
four that are not products of divisor classes and are not Weil classes of any quotient [56, 19]. We write
T = D° C D for the trace-zero part, a nine-dimensional F-line on which Hg(X) acts by conjugation;
T(—1) is a Hodge structure of K3 type with Hodge numbers (1,7, 1), and the exceptional classes of
X x X are the real multiplication by F on the copy of T(—1) inside H'(X) @ H!(X).

For a K3 surface S the transcendental lattice 7'(S) is the orthogonal complement of NS(S) in
H*(S,Z); T(S)q is an irreducible Hodge structure, and E = Endygq, T (S)q is a totally real field ora CM
field, acting by self-adjoint endomorphisms in the first case [84]. The K3 lattice is A = U> @ Eg(—1)?,
and Ag = A® Q. For a rational quadratic space W we use the discriminant d(W) € Q* /Q*? and the
Hasse invariants €,(W) = [, (ai,a;), of a diagonalisation (ai,...,ax), with (, ), the Hilbert sym-
bol; the classification of rational quadratic forms by rank, signature, discriminant and Hasse invariants,
and the existence theorem for prescribed local invariants, are Serre’s [69, Chap. IV].

Perfect complexes on A are objects of the bounded derived category of coherent sheaves; ch(&') €
H®(A) is the Chern character, additive on triangles, multiplicative on exterior products, with
ch(&[1]) = —ch(&). The semiregularity map o : Ext?(&,&) — @, H*2(A,Q9) is that of Buchweitz
and Flenner [17], after Bloch [18]; its injectivity implies that the Hodge locus of ch(&) coincides, near
the given point, with the locus where & deforms [17, 64].

Throughout, an assertion attributed to a reference is cited and not reproved; everything else is
proved in the text. The phrase “very general” means outside a countable union of proper closed
analytic subsets of the parameter space.

3. THE REDUCTION TO ABELIAN VARIETIES

3.1. The statement (F3') and the class .«7

Definition 3.1. For a variety X and p > 0 let Ab”(X) C H?P(X) be the span of the classes I,y of degree
2p, where B runs over the complex abelian varieties, the point included, y over Hdg*(B), and I" over
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the algebraic cycles on B x X with rational coefficients. The statement (F3') is: Hdg?” (X) = Ab”(X)
for every X and every p.

Each T',y is a Hodge class, since cup product with an algebraic class and push-forward along a
projection are morphisms of Hodge structures of the right bidegree; so Ab”(X) C Hdg”(X). Taking
B a point shows that Ab”(X) contains every algebraic class, and taking X abelian, B =X and I the
diagonal shows that (F3’) holds on every abelian variety.

Proposition 3.2. HC holds if and only if AB and (F3') both hold.

Proof. 1f HC holds then AB holds, and every Hodge class is algebraic, hence in Ab”(X). Conversely
let y € Hdg”(X). By (F3), y=Y ;iLj«Y; with ¥; a Hodge class on an abelian variety B, algebraic by
AB; then pry ;U [I'j] is algebraic on Bj x X and so is its push-forward to X. O

Proposition 3.3. Letr o7 be the class of varieties X such that H*(X) is spanned by classes I,y with B
abelian, T an algebraic cycle on B x X andy € H*(B).
(1) Every X € < satisfies (F3').

(ii) & contains the abelian varieties and the curves, and is closed under products and under images
of surjective morphisms. It contains every product of curves, every symmetric product of a curve,
and every variety dominated by a product of curves or by an abelian variety.

(iii) Every X of dimension d satisfies (F3') in the degrees 2p with p € {0,1,d — 1,d}. In particular
every variety of dimension at most three satisfies it in every degree.

Proof. (i) Let ¥ € Hdg(X) and write y = ¥ ;T'j.y; with y; € H*(B;). Each I'j. is a morphism of
Hodge structures, so after replacing y; by its component in the degree that I'j, sends to 2p we
may assume y; homogeneous. Let 7; be the projector of H*(B;) onto its Hodge classes along a
complement stable under the Hodge group, which exists because that group is reductive. Then
Y=Y, Tumy;+¥,;(1—m;)y;. The second sum is a Hodge class whose summands lie in im-
ages of Hodge complements of the invariants; the Hodge group of [[;B; X X acts on each term
through a representation without invariants, so each term, being a Hodge class, is zero. Hence
y=¥,;Tj(my;) € Ab(X).

(ii) The point, abelian varieties and curves are in .7 for a curve C, H® and H? come from the point
and H!(C) = H'(J(C)) by the Abel-Jacobi map. If X,Y € & then H*(X xY) = H*(X) ® H*(Y)
is spanned by exterior products of classes I,y XTI,y = ([' x I),(yXy') with B x B’ abelian. If
f: X — X'is surjective, then f, f* = deg(f) on H*(X’) after cutting X by hyperplanes to the dimension
of X' if needed, so every class of X’ is f, of a class of X, and f,I'\y = (['yoT),y with I's the graph of
f. The listed varieties follow: a symmetric product is the image of a product of curves, and a variety
dominated by a product of curves or an abelian variety is such an image.

(iii) Degrees 0 and 2d are spanned by the class of X and the class of a point. In degree 2 every
Hodge class is a divisor class by Lefschetz [43]. In degree 2d — 2, let 8 be a hyperplane class; the hard
Lefschetz theorem makes 89~2U: H*(X) — H??~2(X) an isomorphism of Hodge structures, so every
Hodge class of degree 2d — 2 is 892U « with o a Hodge class of degree 2, algebraic by Lefschetz; a
product of algebraic classes is algebraic. U

Part (iii) covers every variety of dimension at most three whatever its Hodge numbers, the Calabi—
Yau threefolds included, for which the Hodge numbers of the toric hypersurface families are tabulated
in [11]; the first open degree is the middle degree of a fourfold.

Proposition 3.4 (Fourfolds with few zero-cycles). Let X be a smooth projective fourfold whose group
of zero-cycles is supported on a threefold: CHy(Z)q — CHo(X)q is surjective for some closed Z C X
of dimension at most three. Every uniruled fourfold is such: a general point lies on a rational curve,
which meets an ample divisor D, so the point is rationally equivalent to a point of D, and the points
of a dense open set generate CHy(X). Then the Hodge conjecture holds for X in degree four, and X
satisfies (F3') in every degree.

Proof. Bloch and Srinivas prove, by the decomposition of the diagonal that the hypothesis provides,
that a fourfold whose zero-cycles are supported on a threefold satisfies the Hodge conjecture for cycles
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of codimension two [21, Thm. 1]. So Hdg?(X) = Alg?(X) C Ab*(X), the class of a cycle Z being I', 1
for the point and I = Z; the other degrees are Proposition 3.3(iii). (|

The uniruled fourfolds and the rationally connected fivefolds are treated in [19]; the proposition
names the hypothesis on zero-cycles behind the first of them.

3.2. The statement (F2)

For an abelian variety Y let R(Y) C H*(Y) be the Q-subalgebra generated by the divisor classes of Y
and by the pull-backs f*w of Weil classes w of abelian varieties B of Weil type along homomorphisms
f:Y — B. Every element of R(Y) is a Hodge class, and every Hodge class on an abelian variety of
dimension at most five lies in R(Y) [57].

Definition 3.5. The statement (F2) is: for every complex abelian variety Y, every Hodge class on Y
that does not lie in R(Y) is algebraic.

The classes in R(Y) are the ones the known theorems reach when they reach anything: divisor
classes by Lefschetz, Weil classes by Markman [49, 50, 51] on fourfolds of Weil type and by the
propagation results of [19] wherever they propagate. So (F2) is the conjecture for abelian varieties
with the known classes struck out. The next proposition says that striking them out removes nothing.

Setting 3.6. Let X be a Mumford fourfold, V = H'!(X) with its polarisation v, G = Hg(X) C Sp(V, v),
and ey € Hdg?(X x X) an exceptional class, a Hodge class of degree four that is not a polynomial in
divisor classes. Such classes exist [56];2 X is simple with End° (X)=Q[54].

Lemma 3.7. Let Y be an abelian variety. Let Yx C Y be the largest abelian subvariety isogenous to
a power of X and Y' the identity component of the intersection of the kernels of the homomorphisms
Y = X. Then Yy xY' — Y is an isogeny, Hom(X,Y’) = 0, and

H'(Y)=(VeQ)eH'(Y),  Q=Hom’(Yy,X),

the first summand embedded by v® f — f*v. Let Sp(V,y) act on H*(Y) = N*H'(Y) through the
factor V. Then every class of R(Y) is invariant under Sp(V,y), and for Y = X™ the invariants of
Sp(V,y) in H*(X™) are polynomials in divisor classes.

Proof. Poincaré reducibility gives ¥ ~ Yy x Y’ with Yy ~ X* and no factor X in Y’; since X is simple,
Hom(X,Y’) = Hom(Y’,X) = 0, and since End’(X) = Q, Q has dimension k and the displayed map is
an isomorphism. A homomorphism /: ¥ — Z of abelian varieties decomposes up to isogeny as hy x i/,
and h* actson H' as (1® (f + fohx)) @ h'™*, which commutes with the action of GL(V) on the factor
V. So pull-backs along homomorphisms, cup products and exterior products are GL(V )-equivariant,
and the classes invariant under Sp(V, y) form a subalgebra stable under pull-back. It remains to check
the generators of R(Y).

A divisor class on Y has Kiinneth components in A*(V ® Q), (V® Q) ® H'(Y') and A*H'(Y"),
each a Hodge class. The middle one is a homomorphism from Y to the dual of Yy, which is zero. The
first is a Hodge class on Yy, hence a G-invariant of A>(V ® Q) = SV @ A0 @ A*V ® §2Q. Since G
contains the Hodge group of a simple abelian fourfold whose only Hodge classes of degree two are
the divisor classes, (S2V)¢ = 0 and (A?V)® = Q; so the component lies in y ® S2Q, which Sp(V, )
fixes. The third component is fixed because GL(V') acts trivially on H'(Y").

For a Weil class, let B be of Weil type for K and f: Y — B. The field K acts on B ~ Bx x B through
End’(By) x End’(B’), because Hom(By,B') = 0; so it acts on Qg = Hom"(Bx,X) and on H'(B'),

ZMumford constructed [54] abelian fourfolds X whose Hodge group is a Q-form of SL% acting on H' (X), of dimension
eight, through the tensor product of the three two-dimensional representations; the form comes from a quaternion algebra
over a totally real cubic field F that is split at one real place and ramified at the other two, and the corestriction to Q of that
algebra is the matrix algebra, which is what makes the representation rational. Such an X is simple, has EndO(X )=Q, is
not of CM type, and its Hodge group is smaller than the full symplectic group although no endomorphism accounts for the
loss; its Shimura curve is compact. The exceptional classes of [56] live in degree four on X x X (equivalently in End of H'
as a Hodge structure of weight zero) and span the invariants of the Hodge group that are not generated by the polarisation,
and no one has proved them algebraic. The fourfold enters this paper because it is the smallest variety on which (F2) has an
unsettled instance that no CM point reaches directly.
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and the eigenspace of H!(B,Q) for an embedding o of K is V® Qp s ® H'(B',Q)s. A Weil class
lies in the sum over o of the top exterior powers of these eigenspaces, and A'"P(V ® Qp ¢ & W5) =
(detV)®dim@so ) (det Qp ) ®® @ det Ws, on which SL(V)) D Sp(V, y) acts trivially. Pulling back along
f preserves invariance.

For Y = X", H*(X™) = A" (V®Q™), and the invariants of Sp(V, y) in the tensor algebra of V are
spanned by complete contractions with y by the first fundamental theorem for the symplectic group
[34, Chap. 5]; a contraction of two factors of X™ is the pull-back of the class y € H*(X x X) along
the projection to those factors, a divisor class, and a contraction within one factor is y € H?(X). So
the invariants are polynomials in divisor classes. O

Theorem 3.8. (F2) implies AB, and is therefore equivalent to it.

Proof. AB contains (F2). Assume (F2). By Lemma 3.7 the exceptional class e is not invariant under
Sp(V, y), since it is not a polynomial in divisor classes; as Sp(V, y)(Q) is Zariski dense in Sp(V, y),
there is g € Sp(V, w)(Q) with geg # ep. Let 0 be an ample class on X x X, fixed by g by the lemma.

Let A be an abelian variety and 8 # 0 a Hodge class of degree 2p on A, and put Y = A x X x X.
The group Sp(V, y) acts on H*(Y) = H*(A) ® H*(X x X) diagonally, through the copies of V in both
factors; on H*(A) it acts through Ay and fixes B when B € R(A), but we need only that g(f ®ep) =
gB ®gep. If B e lay in R(Y) it would be fixed by g, so g8 ® gep = B ® ep, which forces gey € Qeo;
and g preserves the polarisation of X x X, hence the intersection form on H*(X x X) in which e has
nonzero square (the Hodge—Riemann relations on the primitive Hodge classes, after subtracting the
part of ep in & U H?, which is a polynomial in divisor classes and may be dropped from e, at the
start), so geg = +ep, and replacing g by g? if needed, gey = e, a contradiction. So B ®eg ¢ R(Y)
and (F2) makes it algebraic. In the same way eg U 6* ¢ R(X x X): otherwise (geo — ep) U 8% = 0, and
6*U: H*(X x X) — H'>(X x X) is injective by hard Lefschetz. So (F2) makes every Hodge class of
degree twelve on X x X algebraic.

The Hodge group of X x X is reductive, the Hodge classes of degrees four and twelve are its
invariants, and Poincaré duality is an equivariant perfect pairing between H* and H'?; so it restricts
to a perfect pairing between Hdg? and Hdg®, and there is a Hodge class ¢’ of degree twelve with
Jx«xeoUe =1. Then

B = pra. ((ﬁ ®e) U Pr;}xxe,)v
a push-forward of a product of algebraic classes, is algebraic. 0

Theorem 1.1 is Propositions 3.2, 3.3 and Theorem 3.8 together.

3.3. The closure graph

The paper [19] records the implications between the conjecture and the statements that have been
used to approach it: the Lefschetz standard conjecture (L) for all varieties, the conjecture (M) that
every Hodge class is motivated in André’s sense [5], the variational Hodge conjecture (V), the state-
ment (F3) that the conjecture holds for all varieties that are not abelian, and the two statements of this
paper.® The rules are listed in Table 1, each with the place where it is proved; the first two rows are
Propositions 3.2 and Theorem 3.8.

Proposition 3.9. Under the rules of Table 1 the closure of a set of statements contains HC if and only
if the set contains one of

3For a smooth projective variety X of dimension d with hyperplane class A, (L) asks that the inverse of the hard Lefschetz
isomorphism h?~2P: H?P(X,Q) — H*?~2P(X,Q) be induced by an algebraic cycle on X x X for every p; it is known for
abelian varieties, surfaces and the varieties whose cohomology is spanned by algebraic classes, and open for a general
threefold. A Hodge class is motivated in André’s sense when it is obtained from classes of algebraic cycles by cup products,
pull-backs, push-forwards and the inverse Lefschetz operators, on X and on the products X x Y; (M) asks that every Hodge
class be of this kind, which is weaker than the conjecture by exactly the use of the inverse Lefschetz operator. (V) asks that a
flat Hodge class in a smooth projective family be algebraic on every fibre once it is algebraic on one; Grothendieck observed
that (V) follows from the conjecture, and the converse is open. (F3) concerns the varieties that are not abelian and makes
no statement about abelian varieties at all; it is the complement, inside the conjecture, of (F2), and the pair (F2), (F3) is the
coarsest division of the conjecture that this paper refines.
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TABLE 1. The rule set. A rule with two premises needs both. The closure of a set of
statements under these rules, and the list of minimal sets whose closure contains HC,
are computed by hand in the text and checked in Lean (Appendix B).

premises conclusion proof
HC (F3), (F2), (F3'), AB, (M) definitions; [5]
(F3) HC [19, Prop. 20.33]
(F2) AB Theorem 3.8
AB (F2) definition
AB, (F3') HC Proposition 3.2
L), ™M) HC [5]; [19, Thm. 20.70]
L) AB [19, Thm. 20.70]
V) AB [19, Thm. 20.70]
{F3}, {L,M}, {L,F3'}, {V,F3'}, {F2,F3'}, {AB,F3'}, 3.1)

and these six sets are the minimal ones with this property.

Proof. Each listed set derives HC: {F3} by the second row; {L,M} by the sixth; the other four
through AB, which (F2), (L) and (V) each give, and the fifth row. For the converse, call a set closed
if it is stable under the rules. A closed set without HC contains no (F3), does not contain (L) and (M)
together, and, if it contains (F3’), contains none of AB, (F2), (L), (V), since each of these yields AB
and then HC. The maximal closed sets without HC are therefore

M; = {F2,AB,L,V},
M, = {F2,AB,V,M},
M; = {F3' M},

each of which is closed by inspection of the table. The closure of a set ¥ contains HC exactly when
¥ lies in none of the M;. If ¥ contains (F3) this holds. Otherwise ¥ needs an element outside M|, that
is (F3') or (M); one outside M,, that is (F3') or (L); and one outside M3, that is one of (F2), AB, (L),
(V). The minimal choices are (F3’) with one of (F2), AB, (L), (V), and (M) with (L). This gives the
six sets, and each is minimal because removing any element lands in some M;. The same computation
is carried out mechanically from the rule list in the Lean file of Appendix B, which returns these six
sets and no others. O

Figure 2 draws the graph. The two statements of this paper are the nodes marked in colour; every
route to HC other than (F3), which is HC itself, and (L)+(M) passes through (F3').

4. THE ALGEBRAIC LOCUS IN A FAMILY

Definition 4.1. Let 7: 2~ — S be a smooth projective morphism to a smooth connected complex
quasi-projective variety, and let & be a global section of R*”x,Q that is a Hodge class at one point.
The algebraic locus of £ is the set £(&) of s € S at which & € H?P(.2;) is algebraic.

By the theorem of the fixed part [25, 4], the flat sections of a polarisable variation form a sub-Hodge
structure, constant along S; so & is a Hodge class at every point once it is one somewhere.*

Lemma 4.2 (Dichotomy).

“The theorem says that for a polarisable variation of Hodge structure ¥ over a smooth connected quasi-projective base S,
the space H O(S, V') of global flat sections, which is the subspace of a fibre 5 fixed by the monodromy group, is a sub-Hodge
structure of 75, and the Hodge structure it carries does not depend on s. Deligne proved it for the variations Rfm,Q of a
smooth projective morphism, where it follows from the degeneration of the Leray spectral sequence and the weight filtration
of a smooth compactification; André proved it for every polarisable variation by showing that the connected monodromy
group is a normal subgroup of the derived group of the generic Mumford-Tate group. In the situation of the text the section
& is flat, so its value at one point is fixed by the monodromy; if that value has type (p,p) at one point, the sub-Hodge
structure of flat sections contains it as a Hodge class, and since that Hodge structure is the same at every point, & has type
(p, p) everywhere.
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The closure graph: HC < (F2) A (F3')

HC

F3

— 0"

F3'

AB

O Ov

FIGURE 2. The closure graph of Table 1. Grey arrows are rules with one premise; a
red fork joins the two premises of a rule that needs both. The coloured nodes are (F2)
and (F3').

(i) X(&) is a countable union of Zariski closed subsets of S.
(ii) Either (&) =S or £(&) is meagre in S*".
(iii) The following are equivalent: X(&) = S; (&) has an interior point; (&) is not meagre; & is
algebraic for the very general s. If (&) is dense they are equivalent to X(&) being closed.

Proof. (i) Fix a relatively ample line bundle on Z". For a Hilbert polynomial P the relative Hilbert
scheme Hilb” (2" /S) is projective over S [31], and the class of the fibre of the universal family in
H?P (%) is locally constant on each connected component of it, since a flat family of subschemes over
a connected base has locally constant cycle class. A rational combination }; a;[Z;] equal to &; is a point
of a fibre product [T¢ Hilb" (.2 /S), projective over S and with countably many connected components;
on each component the condition ¥ a;[Z;] = € is either empty or holds throughout, because both sides
are flat sections. So X(&) is the union, over the countably many tuples (P;,a;) and components, of
images of proper morphisms to S, each Zariski closed.

(i1) A countable union of proper Zariski closed subsets of an irreducible S has empty interior in §*",
and each is closed, so the union is meagre; if one of the closed sets is S itself, 2(£) = S.

(iii) By the Baire category theorem® $™" is not meagre in itself, so ¥(&) = S excludes meagreness,
and a set with an interior point is not meagre; by (ii) not meagre forces £(&) = S. The complement

SA subset of a topological space is meagre when it is a countable union of nowhere dense sets, that is, of sets whose
closure has empty interior. The Baire category theorem states that a complete metric space, or a locally compact Hausdortf
space, is not meagre in itself; a connected complex manifold such as $?" is locally compact, so the theorem applies to it.
A proper Zariski closed subset of an irreducible variety has empty interior in the analytic topology, because a holomorphic
function vanishing on an open set vanishes identically on a connected manifold; so a countable union of proper Zariski
closed subsets is meagre, and the alternative in (ii) is exactly whether one of the countably many closed strata of (i) is the
whole of S.
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of a countable union of proper closed subvarieties is the very general locus, so algebraicity at the very
general point means that one of the closed sets is all of S. A dense set that is also closed is S. g

Lemma 4.3 (Points of CM type are dense). Let G be a connected reductive group over Q, ug: U(1) —
Gr a homomorphism and 2 the orbit of uy under conjugation by G(R)*. The points u € 9 for which
u(U (1)) lies in the real points of a maximal torus of G defined over Q are dense in 9.

Proof. Letu; € 2 and W a neighbourhood of u;. A maximal torus 7} of Gy contains u; (U (1)), since
the centraliser of that compact torus is reductive and connected. Pick a regular element Y; in the Lie
algebra t; of 7T1. The map (g,Y) — Ad(g)Y from G(R)™ x t; to ggr is submersive at (1,Y;) because
gr = t1 ® [gr, Y1], so the image of a small neighbourhood N; x N, with NlulNl’l C W and N, made
of regular elements, contains an open set of gr, hence a rational point ¥ = Ad(g)Y’. The identity
component T of the centraliser of the rational regular semisimple Y is a maximal torus over Q with
Tp =gTig™ ", and u = guig~' € W has u(U(1)) C Tg. O

When G = Hg(A) and u is the Hodge cocharacter of an abelian variety A, the condition of the
lemma says that Hg(A) lies in a Q-torus, and then A is of CM type: a maximal Q-torus of GL(H'(A))
containing it is the unit group of a commutative semisimple algebra L of dimension 2dimA commuting
with Hg(A), and the commutant of Hg(A) is End’(A).

Proposition 4.4 (A family with a CM member through every Hodge class). Let Ay be an abelian
variety and y a Hodge class on it. There are a polarised abelian scheme n: &/ — S over a smooth
connected quasi-projective base, a flat section & of R’ m,Q, a point sy with s, = Ao and &g, =y, and
a point ¢ with <, of CM type, the points of CM type are dense in S.

Proof. Let G = Hg(Ay), let ug be the Hodge cocharacter of Ay and & its G(R) " -orbit. Every u € 9
defines a polarisable Hodge structure of weight one on H'(Ag) with Hodge group contained in G, so
an abelian variety A, up to isogeny; fixing the lattice H'(Ao,Z), the polarisation of Ay and a level
structure of level N > 3, the quotient S = I'\ Z by a neat congruence subgroup I' C G(Q) is a smooth
quasi-projective variety carrying a polarised abelian scheme with these fibres [54, 25]. The class 7y is
invariant under G, so it is a flat section & of R? 7, Q, and &;, = 7 at the image so of uy. By Lemma 4.3
the points of CM type are dense in &, hence in S. g

Theorem 4.5 ((F2) is propagation from CM points). The following are equivalent.
@) (F2).
(i) AB.
(iii) For every polarised abelian scheme ©: </ — S and every flat Hodge class &, algebraicity of &
at one point s forces L(£) = S.

(iv) The same for the points s of CM type.
(V) For every 7, & with & algebraic at a point ¢ of CM type, £(&) has an interior point.

Proof. (i) and (ii) are Theorem 3.8. If (ii) holds, & is a Hodge class at every ¢ by the theorem of the
fixed part and algebraic by (ii), so (iii) holds; (iv) is a case of (iii), and (iv) and (v) are equivalent by
Lemma 4.2(iii).

Assume (iv). Let ' be a CM field and n > 2. The family of abelian varieties of split Weil type for F
over its Shimura variety is a polarised abelian scheme on which the Weil classes are flat sections, and
by [19, Thm. 1.1(i)] they are algebraic at a member isogenous to a product of abelian varieties with
complex multiplication by F', a member of CM type; so by (iv) they are algebraic on every member,
and by pull-back along an F-linear isogeny on every abelian variety of split Weil type for F. By
André’s theorem, in the form Milne gives it [52, Thm. 1 and §5], every Hodge class on an abelian
variety of CM type is a sum of pull-backs, along homomorphisms, of Weil classes of abelian varieties
of split Weil type; so AB holds for every abelian variety of CM type. Now let A be any abelian variety
and y a Hodge class on it, and take 7, &, s, ¢ from Proposition 4.4. Then &, is algebraic, (iv) gives
(&) =S, and y = &, is algebraic. This is (ii). O
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Proposition 4.6 (The Weil classes). For every CM field F, every n > 2 and every discriminant, the
algebraic locus of the Weil classes in the polarised period domain Pr contains an explicit point of
CM type and is dense, and it is either Pr or meagre.

Proof. This is [19, Thm. 1.1], items (i) to (iii). The density is the Hecke orbit of the base point: the
group Gr(Q) of the unitary group of the hermitian form acts on % through F-linear isogenies that
preserve the polarisation up to a scalar, hence preserve the algebraicity of the Weil classes, and its
closure contains Gr(R)™, which acts transitively. The dichotomy is Lemma 4.2. O

Proposition 4.7 ((F3’) and the abelian part). Let Hazé’ (X) C H*?(X) be the sum of the images of all
maps T.: H*(B) — H?"(X) with B abelian and T an algebraic cycle on B x X. Then Hfé’(X) is a
sub-Hodge structure, Ab”(X) = Hdg” (X) ﬁHftf (X), and (F3') holds for X in degree 2p if and only if
a Hodge complement Tasz (X) of Hif (X) carries no nonzero Hodge class.

Proof. Each I, is a morphism of Hodge structures, so its image and the sum of finitely many images,
which is all of Hjtf’ (X) by dimension, are sub-Hodge structures. A Hodge class in Hazlf (X)is Y Tjuyj,
and the argument of Proposition 3.3(i) replaces each y; by a Hodge class; so Ab”(X) = Hdg”(X) N

Hif (X). A Hodge complement exists because the Hodge group is reductive, and the Hodge classes of

H?P (X) are the direct sum of those of the two summands, which gives the last assertion. O

Theorem 1.2 is Lemma 4.2, Theorem 4.5, Proposition 4.6 and Proposition 4.7. Figure 3 draws the
locus of Proposition 4.6.

Both statements are now of one shape. There is a dense set of points at which the class is algebraic
by an explicit cycle; the locus is a countable union of closed strata; the statement is that this union is
not meagre, that is, that algebraicity propagates from the dense set. The rest of the paper goes to the
first point where the propagation is not known and builds the object that would carry it.

5. CONSTRUCTIONS AT (F3’): REAL MULTIPLICATION ON K3 SURFACES

5.1. Where the first class is

Let S be a projective K3 surface, T = T'(S)g and E = Enduge7. The Hodge classes of S x S are
H°®H* H*® H° and Endyg H?(S) = End(NSg) @ E, since T is irreducible with no class of type
(1,1) and Hompge(T,NSq) = 0. The first two pieces and End(NSgq) are spanned by products of
divisor classes. So the Hodge conjecture for S x S is the algebraicity of E, and by Proposition 4.7 the
same classes decide (F3') for S x S once T is not reached from abelian varieties. When E is a CM field
it is spanned by its elements of norm one, which are Hodge isometries of 7" and algebraic by Buskin’s
theorem [22]; see [74, Rem. 2.16]. When E is totally real, the Rosati involution is the identity on it
[84], every e € E is self-adjoint for the intersection form ¢, and g(ex, ey) = g(e*x,y). The first class is
a real multiplication.

5.2. Chains of correspondences

Lemma 5.1. Let f: S --» §' be a dominant rational map of K3 surfaces of degree d and T'y the
closure of its graph. Then f, =Ty, and f* = F;* are morphisms of Hodge structures, f* maps T (S')g
isomorphically onto T (S)g with qs(f*a, f*b) = d qs(a,b), and f. = d (f*) "' on T(S)q.

Proof. The graph is an algebraic cycle, so both maps are induced by algebraic classes and are mor-
phisms of Hodge structures. Pull-back of a nowhere vanishing 2-form is a nonzero 2-form, so
F*(T(S")g) is a sub-Hodge structure of H?(S) that meets H>?(S); the smallest sub-Hodge structure
of H?(S) containing H>? is T(S)q, so f*T(S')g 2 T(S)g, and since T(S')q is irreducible and f* is
injective on it (f,.f* = d), equality of dimensions gives f*T(S")g = T(S)q. The projection formula
gives gs(f*a, f*b) = qs (fif"a,b) =dqs(a,b) and f.f* =d. O
Lemma 5.2. A Hodge isometry ¢ T(S)g — T(S')q is induced by an algebraic class on S x §'.

Proof. The spaces NS(S)g and NS(S')q are the orthogonal complements of T'(S)g and 7'(S")g in the
two copies of Ag, isometric to each other through @; by Witt’s cancellation theorem the complements
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Y r: dense, a countable union of closed strata,
either all of D,, ,, or meagre

FIGURE 3. The period domain %, ,, of a Weil family as a surface. The star is the CM
base point, the dots and curves are strata of the algebraic locus, dense by the Hecke
orbit. The locus is a countable union of closed strata; it is either the whole surface or
meagre.

are isometric, so @ extends to a Hodge isometry H?(S) — H?(S'), which is algebraic by Buskin’s
theorem [22] (see [38, Thm. 0.1]). The projector of H>(S) onto T(S)g along NS(S)q is algebraic,
being 1 minus the projector onto NS, which is a sum }}; j¢;; D; ® D; over a basis of divisor classes
with (c;;) the inverse Gram matrix; composing gives ¢ on T and zero on NS. 0

Theorem 5.3 (Chains). Let S be a projective K3 surface with E totally real and e € E with e* =n €
Q0. Suppose there are projective K3 surfaces S = Sy, S1,...,S, and, for each i, either a dominant
rational map S;_| --+ S; of degree n;, a dominant rational map S; --+ S;_1 of degree n;, or a Hodge
isometry T (Si—1)q = T(Si)q (and then n; = 1), such that
ITn?El =n (mod Q*?),
i
the sign being + for maps leaving S;_| and — for maps arriving at it. Then e is algebraic on § X S.

Proof. Composing along the chain the maps f, for maps leaving S;_;, f* for maps arriving, and
the classes of Lemma 5.2 for the isometries, gives an algebraic isomorphism ¢: 7'(S,)o — T(S)g
of Hodge structures with gs(9a, $b) = wgs,(a,b), where u = [[n*! by Lemma 5.1 (a map leaving
contributes f, = n;(f*)~!, of multiplier n;; a map arriving contributes f*, of multiplier #; in the other
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direction, that is ni’1 for the composite in the direction of ¢). Write u = nc? with ¢ € Q*. Since
e is self-adjoint with e? = n, it is a Hodge similarity of T(S)q of multiplier n. So y = (¢~ '¢)"'o
e: T(S)g — T(S,)q is a Hodge isometry, algebraic by Lemma 5.2, and e = (¢~'¢)) o y is a composite
of algebraic correspondences, hence algebraic on § X S. O

The case r = 1 with S --+ S| the quotient by a symplectic automorphism of prime order p is
Varesco’s theorem [74, Thm. 2.1], which gives e = /p and is used for p = 2,3. What a chain adds is
a composite multiplier.

5.3. Real multiplication by Q(1/6)

A symplectic automorphism of finite order on a K3 surface acts trivially on 7'(S), its quotient has
a K3 resolution Y [59] (for involutions and their quotients see also [16]), and T'(Y)g = T'(S)g(1/ord)
by Lemma 5.1. The invariant lattice of a symplectic involution is U> @ Eg(—2), and a K3 surface has
a symplectic involution exactly when Eg(—2) embeds primitively in its Néron—Severi lattice [53, 79].
The invariant lattice of a symplectic automorphism of order three is U & U (3)? @ A3, and such an
automorphism exists exactly when the Coxeter-Todd lattice K1, (—2) embeds primitively in the Néron—
Severi lattice [32, Thm. 4.1]. Put

V= (U8Es(-2), V= (UsUR) @43),,

of ranks 14 and 10 and signatures (3,11) and (3,7); over Q, U(3) = U and Eg(—2) = (—1)8 = (-2)8,
Varesco [74, Props. 2.5 and 2.11] shows that a projective K3 surface whose transcendental space
embeds isometrically in V, (resp. V3) is Hodge isometric to one with a symplectic involution (resp. a
symplectic automorphism of order three).

Lemma 5.4 (Embedding criterion). Let W and V be rational quadratic spaces with tkV —rkW > 3.
Then W embeds isometrically in V if and only if the signature of V dominates that of W in both signs.
In that case a complement W' exists withV =W & W',

Proof. Necessity is clear. For sufficiency put k = rkV —rkW > 3 and let (s;,s_) be the difference
of signatures, s +s_ = k. A quadratic space W’ of rank k and signature (s;,s_) with prescribed
discriminant d’ = d(V)d(W) and prescribed Hasse invariants €, exists provided the &, equal 1 for
almost all p, [1p<..€, = 1, and €., d’ match the signature [69, Chap. IV, Prop. 7], with no further
condition when k > 3. Take &, = €,(V)g,(W)(d(W),d'),,, the value forced by the formula &,(W ©
W) =¢g,(W)e,(W')(d(W),d(W')),. The product formula for these holds because it holds for V, for
W and for the Hilbert symbol. Then W & W’ and V have the same rank, signature, discriminant and
Hasse invariants at every place, so they are isometric by the Hasse-Minkowski theorem [69, Chap. IV,
Thm. 9], and W embeds in V. U

Theorem 5.5 (Two-dimensional families with algebraic real multiplication by Q(v/6)). Let S be a
projective K3 surface with Q(\@) C E whose transcendental space T =T (S)q embeds isometrically
inVj.

(i) V6 €Eis algebraic on S x S.

(ii) The Hodge conjecture, and (F3'), hold for S x S and for the Hilbert square S @,

(iii) Such surfaces exist in two-dimensional families, whose very general member has tkT = 8 and
E= Q(\f6) exactly. One such family is the one whose transcendental space is E* with the trace

form of gp = (=2,-2,—2++6,—14++/6) over E = Q(+/6).

Proof. (i) By [74, Prop. 2.11] S is Hodge isometric to a K3 surface S’ with a symplectic automorphism
o of order three, and by Lemma 5.2 the isometry is algebraic, so we may replace S by S’. Let ¥ be
the minimal resolution of §'/o and fi: §' --» Y the quotient map, of degree three, so that T'(Y)g =
T(1/3), of rank rk7 < 8 and signature (2,rk7 — 2): the rank is at most 8 because 7" embeds in V3
of rank 10 and signature (3,7) with a complement that must contain the remaining positive direction,
so the complement has rank at least two. Now 7' (Y )g has rank at most 8 and signature dominated by
(3,11), and 14 — 8 > 3, so by Lemma 5.4 it embeds in V,. By [74, Prop. 2.5] Y is Hodge isometric
to a K3 surface ¥’ with a symplectic involution t; let Z be the resolution of Y’ /1 and f>: Y’ --» Z the
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TABLE 2. Rational invariants used in Theorem 5.5(iii). Hasse invariants are +1 at
every prime not shown.

space rank signature d & & &
TZTI‘E/Q([E 8 (2,6) 10 +1 —1 +l
(1,-10) 2 (,1) —-10 41 41 +1
T®(l,—-10) 10 (3,7) -1 +1 -1 +1
V3 10 (3,7) -1 +1 -1 +1
%) 14 (3,11) -1 -1 +1 +1

quotient, of degree two. The chain S’ --+ Y = Y’ --» Z has multiplier 3-1-2 = 6, and Theorem 5.3
applies to e = /6 (Fig. 4).

(ii) By the first paragraph of this section it remains to make E algebraic. E contains Q(1/6), and
either E = Q(v/6) or E is a CM field: a totally real E has dimg 7 > 3, because the complex line
H?? lies in one eigenspace Ty ® C and H?20 in the same one, so that T, ® R has signature (2,%) and
dimg T > 3 follows from g being negative definite on the other eigenspaces together with 7 ® R having
exactly two positive directions; and [E : Q] -dimg T = rk T < 8 then forces [E : Q] < 2. If E = Q(V/6),
(i) suffices. If E is CM, it is spanned by its norm-one elements, Hodge isometries, algebraic by
Buskin’s theorem. So every Hodge class on S x S is algebraic, and (F3') follows. For S 2 the Chow
motive is a direct summand of twists of (S x §), i(S) and 1 [24], so every Hodge class on S is the
image under an algebraic correspondence of a Hodge class on S x § or S, and both statements follow.

(iii) Let E = Q(1/6) with real embeddings o, 6> (v/6 — £+/6), and let gr = (a1,a2,a3,a4) with
a,a; negative at both places and asz,a4 positive at o7, negative at 6». The Q-space T = E* with
the form Trg /g o ge has rank 8 and signature (2,2) + (0,4) = (2,6), and multiplication by V6 is
self-adjoint of square 6. For g = (—2,—2,—2++/6,—1+1/6) one computes d(T) = 10, & = 1,
& = —1, & =1 and g, = 1 otherwise, while V3 has d = -1, &, =1, &8=—-1, & =1, and T @
(1,—10) has the invariants of V3 at every place, so V3 = T & (1,—10) by Hasse-Minkowski, with a
complement containing a positive vector (Table 2; the Hilbert symbols are recomputed in the programs
of Appendix B). Embed V3 in Ag as the invariant lattice of an order-three symplectic action, with
orthogonal complement Kj,(—2), and let N C A be the primitive sublattice with Ng = T+ it contains
Ki>(—2) primitively and a positive class. The Hodge structures of K3 type on 7' for which /6 is a
Hodge endomorphism are the periods @ € P(75, ® C) with g(@) =0, g(@, @) > 0, where Ty, is the 0 -
eigenspace, of signature (2,2); this is a domain of dimension two [74, Prop. 2.3]. For each such o the
surjectivity of the period map gives a K3 surface S, with 7'(Se)g C T, projective because N contains
a positive class, carrying an order-three symplectic automorphism because Kj»(—2) C N primitively.
For o outside a countable union of proper closed analytic subsets, T(Sy)g = T and E = Q(v/6), by
the argument of [19, Thm. 22.9], which needs only dimg 7" > 3. Il

In Varesco’s families E is Q(v/2) or Q(v/3) [74, Thms. 2.9, 2.15]; van Geemen and Schiitt obtain
V2, /3, /7 from rational self-maps of elliptic K3 surfaces [80, §§6—7]; Bayer-Fluckiger, van Geemen
and Schiitt prove that families with real multiplication by any totally real E with [E : Q]dimg T < 21
exist, without algebraicity [23]. The lattice condition of Theorem 5.5 is a genuine restriction: among
the 165 sign-admissible diagonal forms gg with small coefficients, 98 embed in V3 and 67 do not
(Appendix B).

5.4. Isogenies of elliptic surfaces

Varesco’s quotients and the chains of Theorem 5.3 produce the square roots of the orders of sym-
plectic automorphisms, 2 and 3, and their products. A different source of similarities is a rational
self-map of a K3 surface, and the self-maps that exist in families come from isogenies of elliptic fibra-
tions: van Geemen and Schiitt obtain v/2 and /3 from isogenies of degree 2 and 3 in this way, and
for degrees 5 and 7 they give one surface each [80, §§6—7]. We show that the degrees 5 and 7 come in
one-dimensional families, that in the families the isogeny is a complex multiplication by Q(+/—5) or
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Theorem A for e = V/6: a chain of two symplectic quotients

multiplier 3-1-2=6=e¢?

FIGURE 4. The chain of Theorem 5.5: the quotient of S’ by a symplectic automor-
phism of order three, a Hodge isometry (algebraic by Buskin), and the quotient of Y’
by a Nikulin involution. The multipliers compose to 6.

Q(+/—7) and not a real one, the sign of its square being decided by how the twisting function behaves
under the Fricke involution, and that the families satisfy the Hodge conjecture on all their powers.

Let N € {5,7} and write N* for 125 when N = 5 and 49 when N = 7. The modular curve X,(N)
is rational, with Fricke’s coordinate ¢ in which the involution (E,C) ~ (E/C,E[N]/C) is w(t) = N*/t
[80, §7.6].6 The universal curve with a cyclic subgroup C; of order N over IP’} 18

&1 v =x>—27cq4(t) x — S4c6(1), (5.1)
with, for N =7,
ey = (£ 413t +49) (> + 5t + 1),
co = (12 + 13t +49) (t* + 14¢° + 631> +-70t — 7),
and for N =5,

cq = (1> 410t +5) (1> +22¢ 4 125),
co = (12 +4t — 1) (> + 22 +125)%.

The discriminant is 17287 (£ + 13t +49)? for N = 7 and 17281 (t> 422t + 125)3 for N = 5, of degree
5 and 7. So the relatively minimal model Ry of (5.1) over P} is a rational elliptic surface with fibres
of type I; att =0, Iy at t = oo, and at the two roots ey, e, of the quadratic factor, where c4 vanishes, of

OThe curve Xo(N) parametrises elliptic curves with a cyclic subgroup of order N; it has genus zero exactly for N < 10 and
N € {12,13,16,18,25}, and for N = 5 and N = 7 a coordinate is the Hauptmodul r = (r[(r)/n(NT))k withk=12/(N—1),
s0 k=3 for N =5 and k =2 for N = 7; this is why N¥ is 125 in one case and 49 in the other. The Fricke involution sends T to
—1/N7, which exchanges the two cusps 0 and e of X (N) and, on the moduli interpretation, replaces (E,C) by the quotient
E /C with the image of E[N] as its distinguished subgroup. Applying it twice gives E/E[N] = E, so it is an involution, and
in the coordinate ¢ it reads ¢ — N* /t because n(—1/7) = v/—itn(7) turns the quotient of eta functions into its reciprocal
up to the constant NK/2, squared to N* by the exponent.
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type Il for N =7 and Il for N = 5; the Euler numbers addupto 1+N+2-2=12and 1 +N+2-3=12.
The roots satisfy eje; = N¥, sow exchanges them and exchanges 0 with oo,

Lemma 5.6 (The Fricke isogeny over the function field). & /C; = &,,) over C(t).

Proof. The two curves have the same j-invariant, because w is the Fricke involution of Xy(N).
Two elliptic curves over C(z) with the same non-constant j-invariant differ by a quadratic twist
X € C(¢)*/C(¢)*?, and a twist ramified at a point of P! changes the Kodaira type of the fibre there,
exchanging I, with T}, I with IV* and III with III*. So it suffices to show that &; /C; has the same
fibre types as é"w(t), which are Iy at 0, I; at oo and II or III at ey, e;: then x is unramified on P!, hence
constant, hence trivial over C.

Att = 0 the fibre of & is I, the Tate curve G,,/g” over C((t)), whose only cyclic subgroup of order
N rational over C((¢)) is ty; the quotient G, /¢ is Iy. At e; the local monodromy M € SLy(Z) of &
has order 6 or 4 and irreducible characteristic polynomial; the isogeny is given on the period lattices by
amatrix A € M,(Z) with detA = N, and the monodromy of the quotient is M’ = AMA™!. The SL,(Z)-
classes with this characteristic polynomial are those of M and M~!, which are the types II and II*, or
III and IIT*. If M’ = gM~'g~! with g € SL,(Z), then B = g~ 'A conjugates M to M~!. All rational
matrices doing so form the coset By Q(M)*, where By = ((1) (1)) for M = ((1) t;A}[) has determinant —1
and the elements of the imaginary quadratic field Q(M) have positive norm; so detB < 0, against
detB = N. Hence the quotient has the type of M at ej,e;. At oo the j-invariant of the quotient has a
simple pole, so the fibre is I or I}, and the Euler numbers of the other fibres add up to 11; since the
total is 12 the fibre is I;. Ol

For p # qinP} letu,, = (t— p)(t —q), and let X, , be the elliptic K3 surface whose generic fibre is
the quadratic twist & ®@u,, 4: the twist multiplies c4 by u? and c¢ by u?, giving Weierstrass coefficients
of degrees 8 and 12, and adds two fibres of type Ij at p and g when these are not among 0,0, ey, e, by
Tate’s algorithm; the same bookkeeping of Weierstrass coefficients, fibre types and their resolutions
in higher dimension is carried out in [12]. For a double cover y: P} — P/ let Xy, be the relatively
minimal model of y*&.

Lemma 5.7.

(1) X, 4 has Picard number at least 16: its Néron—Severi lattice contains U & Ag @Di for N =T and
U®dAy @A% @Dﬁ for N =35. The same bound holds for Xy, whose fibres 21| + 21y, together
with four fibres of type Ill when N =5, and the pulled-back Mordell-Weil group of Ry, of rank
2, give rank at least 16 by the Shioda—Tate formula.

(i1) The fibrewise isogeny by C; is a dominant rational map of degree N

I Xpg = Xupywtg)y 1 Xy == Xuoy:
(iii) The deck involution of W times [—1] on the fibres is a symplectic involution 1 of Xy, and
the minimal resolution of Xy /1 is Xp, 4 with {p,q} the branch locus of y. Hence T (Xy)q =
T(X,.4)0(1/2) as in Lemma 5.1, and the two surfaces have the same Picard number.

Proof. (i) Shioda-Tate with the fibres listed, and for Xy, the Mordell-Weil rank 8 —6 = 2 of Ry. (ii)
By Lemma 5.6 the quotient of the generic fibre is &,;) @ up 4(t), and

i) = (=) (=) = Pty i 0 52)

a constant times a square times iy, (,) yu(q): SO (1) @ Up 4(t) = &1 @ Uy () w(q) (W(t)), Which is the
pull-back along the automorphism w of the base of the generic fibre of X,,(,) () pulling back along
an automorphism of the base gives an isomorphic surface. For Xy, (y*&")/C = y*(&/C) = y*w*&.
(iii) The quadratic twist by the function defining the double cover is the quotient of the base change
by the deck involution composed with [—1] on the fibres; the involution is symplectic with eight fixed
points, the 2-torsion of the two fibres over the ramification points, and the quotient’s resolution is the
twist. O
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Lemma 5.8 (The sign of the Fricke isogeny). Let ¢;: & — &, be an isogeny over C(t) with kernel
C;, which exists by Lemma 5.6 and is unique up to sign, and let @;(dx/y) = A(t)dx/y in the models
(5.1).

(i) @y o @ =[—N]on &, and A(t)A(w(t)) = —N.

(i) Let u € C(t) satisfy u(w(t)) = c(t)?u(t) with ¢ € C(t), let X be the elliptic K3 surface with
generic fibre & Qu, and let f: X --+ X be the fibrewise isogeny by C; followed by the isomor-
phism (x,y) — (c*x,c3y) from Ew() @ut) to &y @u(w(t)), the fibre of X over w(t). Then f*
acts on H*°(X) by a constant A with

N
O ew(0)
For u = (t — p)(t — N*/p) one has c(t)c(w(t)) = 1 and A> = —N; for u = t> — N¥ one has
c(t)e(w(t)) = —1 and A*> = N.

A?=—

Proof. (i) The composite is an endomorphism of & over C(¢) of degree N2. Since j is not constant,
Endc () (61) = Z, so the composite is [N] or [-N], and changing ¢ to —¢ does not change it. We
read off the sign on the upper half plane §). Let 7 — 7(7) be the quotient map ) — Xo(N). By
the moduli interpretation of Xo(N) the pair (&;(r),Cy(r)) is (C/(Z7 +Z),(1/N)), analytically in 7,
and the Fricke involution lifts to T — w(7) = —1/N7. The map f;(z) = z/7 carries ZT + Z into
Zw(t)+Z =7Z/Nt+Z,soitis an isogeny C/(Zt+Z) — C/(Zw(t) +Z), and its kernel 7(Zw(7) +
2)](Zt+Z)= (Z/N+7Z7)/(Zt+Z) is (1/N). Its composite with the map of the same form at w(7)
is fu(r)(fr(2)) = z/Tw(1) = —Nz. On the set ' of 7 with j(7) ¢ {0,1728} the automorphisms of &7
are +1, 50 ¢;(7) = €(7) fr with £(7) € {£1}; € is continuous because ¢ is, hence constant on £)’, which
is $) minus a discrete set and connected. So @0 @ = &’ fuw(z)© fr = [—N]on £, hence identically.
Pulling back dx/y along the composite gives A (#)A (w())dx/y on one side and —N dx/y on the other.

(ii) Over C(t)(y/u) the twist by u is the same change of coordinates (x,y) — (ux,u>/?y) on &
and on &), which multiplies dx/y by u~'/2 on both, so the twisted isogeny pulls dx/y back to
A(t)dx/y. The isomorphism (x,y) + (c?x,c’y) pulls dx/y back to c(t)~'dx/y, and the holomor-
phic two-form of X, which is dx/y A dt on the Weierstrass model, restricts to the fibre over w(r) as
dx/yNd(w(t)) =w(t)dx/y Ndt. Hence f*(dx/y ANdt) = A(t)dx/y Adt with A(r) = w'(t)A(t)/c(t).
The pull-back of a holomorphic two-form along a dominant rational map of K3 surfaces is holo-
morphic off the finitely many points of indeterminacy, hence everywhere, so f* preserves the line
H?>%(X) and A is a constant. Then A2 = A(t)A(w(t)) = w' ()W (w(t)) A() A (w(t))/c(t)c(w(t)), where
w ()W (w(t)) = (wow)/(¢) = 1 and A(t)A(w(t)) = —N by (i). For u = (t — p)(t — N*/p) equa-
tion (5.2) with ¢ = N*/p gives u(w(t)) = (N*/t*)u(t), so c(t) = N*/?/t for a fixed square root
N¥2, and c(t)c(w(t)) = N¥/tw(t) = 1. For u = 1> — N¥, u(w(t)) = N* /1> — Nk = —(N*/t?) u(r),
s0 ¢(t) = iN¥/?/t and c(t)c(w(1)) = —1. O

The archive [13] computes A itself: the kernel polynomial of ¢; is the factor of degree (N —1)/2
of the N-th division polynomial over Z|[t,x], Vélu’s formulas give the quotient curve, and the isomor-
phism to (5.1) at w(t) has A(1)?> = —? /25 for N = 5 and —+>/7 for N = 7, so that A(t)?A (w(t))? = N?
and A = —N on the pair twists directly; the program code/fricke_sign.py carries this out, and
the Lean file checks the polynomial identity it reduces to.

Theorem 5.9 (Fricke families). Let N € {5,7} and K = Q(v/—N). Let Ay be the family of surfaces
Xp =X, N yp for p ¢ {0,00,¢1,€, im} and By the family of surfaces Xy with ¢ branched over a
pair {b,N*/b}.
(i) Every member X has a dominant rational self-map f of degree N with f* € E = Endnq,T (X )q,
f*fe=N, (f*)*=—N and f. = —f*. So K C E, with /—N = % f* algebraic on X x X, and E
is a CM field.

(ii) The families are not isotrivial, and every member has kT (X) € {2,4,6}. At all but countably
many members E = K and the Hodge group of T (X) is the unitary group of the K-hermitian
form hoon T (X) with Trg joh = qx; at the others T (X ) is of CM type.
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(iii) For every member X and every n > 1 the Hodge conjecture holds for X" and for the Hilbert
scheme X" and (F3') holds there.

Van Geemen and Schiitt state that the Fricke parametrisations give one-dimensional families with
complex multiplication by Q(+/—5) and Q(v/—7), and give the details for the two surfaces at the fixed
points of w only [80, §7.6]; (i) and (ii) make their statement explicit, and (iii) is what the complex
multiplication gives.

Proof. (i) w exchanges p and N*/p, so Lemma 5.7(ii) gives f: X, --» X, the map of Lemma 5.8(ii)
foru = (t — p)(t —N*/p); for By, wo y has the same branch locus as y, so wo W = yo o for a Mobius
transformation ¢ and X,y = Xy.. The correspondence of a dominant rational map preserves NS and its
transpose does t0o, so it preserves 7 = NS+ and acts there as a morphism of Hodge structures, nonzero
since f*@ = A with A 7 0; on a resolution S of the graph with p; : S — X birational and p; of degree
N, both piT and p3T are irreducible sub-Hodge structures of H?(S) containing its unique (2,0)-line,
so they coincide, and f. f* = p2.pip1.p5 =N on T. The field E acts faithfully on the line H>(X), and
f* acts there by A with A> = —N by Lemma 5.8(ii); so (f*)> = =N in E, and f, = N(f*)~' = —f*.
For Xy, the generic fibre is &) over C(s), f is the fibrewise isogeny over &, and & is an involution:
in the coordinate s with s> = (t — b)/(t — N*/b) one computes (w(t) — b)/(w(t) — N*/b) = b /N*s?,
so o(s) = k/s with k¥ = b? /N¥; the argument of Lemma 5.8(ii) with ¢ = 1 and o in place of w gives
A2 =A(t)A(w(t)) 6’ (s)o’(o(s)) = —N. The adjoint of f* for gy is f. = —f*, so the involution of E
induced by gy is not the identity; by Zarhin’s theorem E is totally real or a CM field [84, Thm. 1.5.1],
soitis a CM field, and K = Q +Qf* C E. The class of the graph of f is algebraic, its action on H>(X)
is f* on T and an endomorphism of NS(X)q, which is a sum of algebraic classes of NS ® NS; so f*,
extended by zero on NS, is an algebraic class on X x X.

(i) The elliptic fibration of X), has labelled singular fibres I; at 0, Iy at o, II or III at e, e, and
I at p and N*/p. An isomorphism of elliptic fibrations induces a Mdbius transformation preserving
this configuration; the transformations preserving {0,} and {ej,e,} are r — At and ¢ — A/t with
Aey € {e1,e2}, and since e; +e3 # 0 and €2 # €3 they are the identity and w, which preserve {p, N*/p}.
So X, and X,y have isomorphic fibrations only when p’ € { p,N¥/p}. A K3 surface has finitely many
elliptic fibrations up to automorphisms [72], so the map p — [X,] to the moduli space has finite fibres
and the family is not isotrivial; by local Torelli its period map has uncountable image. By (i) 7(X)q
is a K-vector space, so its rank is even, and it is at most 6 by Lemma 5.7(i). It is also an E-vector
space, so [E : Q] divides rk7'(X); if E # K then [E : Q] € {4,6}, dimgT(X) =1 and T(X) is of CM
type. A Hodge structure of CM type on a sublattice of M is determined by its endomorphism field, a
subfield of the endomorphism algebra of the sublattice, and by an eigenline of that field, so the periods
of such members form a countable subset of the period domain of M~; the period map of the family is
a non-constant holomorphic map from a connected curve, its fibres over a countable set are countable,
so all but countably many members have E = K. There the Hodge group of 7'(X) is the unitary group
of the K-hermitian form / with Trg ,oh = gx by Zarhin’s theorem for CM fields [84, Thm. 2.3.1]. The
same holds for By by Lemma 5.7(iii).

(iii) By (i) E is a CM field containing K. If E = K then E = Q 4+ Qf™ is algebraic. Otherwise
every element of E of norm one to its maximal real subfield is a Hodge isometry of 7', extended by the
identity on NS to a Hodge isometry of H>(X,Q), algebraic by Buskin’s theorem [22]. The algebraic
classes form a Q-subalgebra E’ C E containing these elements; for x € E with ¥ #x and t; # 1, in Q it
contains (#; +x)/(t; + X), hence their quotient 1+ (r, — 1) /(#; + %), hence %; so E/ = E. In both cases
EndpgeH?(X) = End(NS) @ E is algebraic, and Hdg?(X x X) = EnduqH?(X) © H' @ H* © H* @ H°
since H' = H3 = 0, so the Hodge conjecture holds for X x X. For a K3 surface whose endomorphism
field is a CM field the Hodge classes in the tensor algebra of T are generated by those of 7 ® T, and
the Hodge conjecture holds for every power [75, Thm. 2.2, Cor. 2.3], [66, Prop. 5.2, Thm. 5.4]. It
passes to the Hilbert schemes X, whose motives are direct summands of motives of powers of X
[24], and (F3') on a variety follows from the Hodge conjecture on it. O

The surface of [80, §7.6] with real multiplication by /7 is the twist at {7, —7}, the two fixed points
of w, and the surface of [80, Prop. 7.7] is the twist at the fixed points +5+/5 for N = 5, which has Picard
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The family 2y, Ne {5,7}: twists at a pair exchanged by w

f, degree N: f*=+V —N on T(X,)

N¥/p
N*/

0 p el es P o
—e * * * * *~—
\ \ \\ ,/ U
\\ AN S Pl e /,
~ So S =" ,,/ JRd
\\\ SSseal e - /”

(t)=N"/t

FIGURE 5. The family 2y of Theorem 5.9. Over the Fricke coordinate ¢ of Xo(N) the
involution w(t) = N* /t exchanges the cusps 0, - and the elliptic points ey, e5; the twist
X, at a pair {p,N*/p} exchanged by w is carried to itself by the fibrewise isogeny f
of degree N, and f* is the complex multiplication by v/—N on the transcendental
lattice.

number 18 and complex multiplication as well: there u = t> — N¥, ¢(t)c(w(t)) = —1 and A?> = N by
Lemma 5.8(ii), so f* is the real multiplication by v/N. The families 2y are the twists at the pairs
exchanged by w, where c(t)c(w(t)) = 1 and A> = —N;; the two signs are the two values of the constant
by which the twisting function changes under w once the square factor N* /¢? is removed. The chains
of Theorem 5.3 apply to every member, and a member whose field E contained v/2, /3 or v/6 would
have that element algebraic as well; by Theorem 5.9(ii) such a member is of CM type, and we know
none.

Remark 5.10 (The Picard number). Theorem 5.9 does not say which of the three ranks the very
general member has. The archive decides it by counting points. The surface Xi, the twist at {1, N},
has a Weierstrass model over Z with good reduction at { = 11 for N =7 and at { =7 for N = 5, primes
split in K; the program code/fricke_picard.py counts its points over F,, i < 3, fibre by fibre,
subtracts the trace of Frobenius on the trivial lattice, and completes the characteristic polynomial of
Frobenius on the rank-six complement of the trivial lattice by the functional equation, whose sign
is fixed by the nonzero middle coefficient. The polynomials are x® —726x> + 11° for N = 7 and
18 + 61 + 56x* +392x% + 2744x% 4 14406x + 7° for N = 5; in the variable x// neither has a root of
unity among its roots, each is irreducible over QQ and splits over K into a cubic and its conjugate, as the
action of f* requires. By the Tate conjecture for K3 surfaces over finite fields, used in the same way
in [80, §71, p(X;) = 16, so the very general member of 2y and of By has p = 16, kT =6, E =K
with dimg 7 = 3, and its Hodge group is the unitary group of a hermitian form of signature (1,2) on
K3. At the primes inert in K, ¢ =5 for N =7 and ¢ = 11 for N = 5, the odd traces vanish, as they
must when Frobenius exchanges the two eigenspaces of f*. No statement of this section rests on this
computation.
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5.5. The reach of similarities

Every correspondence used so far acts on transcendental spaces as a Hodge similarity. The next
proposition says that this is not an accident of the examples but a property of every correspondence
whose components are small, and it measures what a correspondence must look like to act otherwise.

Proposition 5.11 (Structure of the transcendental action). Let X, X' be projective K3 surfaces, T €
CH*(X x X")q, and yr: T(X)g — T(X')q the map induced on transcendental spaces by composing
the action of T with the orthogonal projections.

(1) 7vr is zero or an isomorphism of Hodge structures.

(i) If yr # 0 then a = y}yT lies in the maximal totally real subfield of E = Endpq,T (X)q and is
totally positive, and Yy is a similarity exactly when a € Q.

(iii) Let I be irreducible, S a resolution of its normalisation with projections p1, pa of degrees dy,d»
to X, X'. If piT(X)g = p5T(X')q inside H*(S,Q), then yr is a similarity of multiplier d\d,.
This holds whenever pg(S) < 1.

(iv) If T is irreducible and yr is not a similarity, then piT (X)o N p3T(X")g =0, so pe(S) > 2 and
the transcendental rank of S is at least twice that of X.

(V) The Q-algebra generated by the actions on T (X )q of all correspondences from X to itself whose
irreducible components either fail to dominate a factor or have py <1 is the multiquadratic
subfield E; C E generated by the square roots of the products dydy that occur. When [E : Q] is
odd it is Q.

Proof. (i) T(X)q is an irreducible Hodge structure [84], and the image of yr is a sub-Hodge structure
of H?(X"); if nonzero it contains the (2,0)-part, hence T'(X’)q, and ¥r is injective by irreducibility. (ii)
a is a Hodge endomorphism of 7 (X), so a € E, and it is self-adjoint, so it lies in the fixed field of the
adjoint involution, the maximal totally real subfield. The form ¢'(yx,yy) = g(x,ay) is a polarisation
of the Hodge structure 7'(X) up to sign on each real eigenspace of E, and comparison with ¢ gives
o(a) > 0 at every real place. A similarity of multiplier u has a = u. (iii) Both p;T are irreducible
sub-Hodge structures of H2(S) with a (2,0)-part; if pg(S) < 1 they share the unique (2,0)-line, so
they meet and coincide. When they coincide, ¥r = p2.p} = da( pﬁ)_1 pj on T, so p5yx = d, pjx; since
qs(pix, piy) = diq(x,y) and gs(p3¥', p5y') = dog'(¥',y"), this gives daq'(yx,vy) = qs(p5yx, p3yy) =
d3 qs(pix, pty) = d1d? q(x,y), thatis ¢/ (yx, yy) = did2 q(x,y). (iv) If the two subspaces met they would
coincide by irreducibility and (iii) would apply; so they are independent, their (2,0)-lines are distinct,
and their sum has rank 2rk 7(X) inside the transcendental part of H>(S). (v) A component that does
not dominate a factor acts through NS or through H° and H*, hence by zero on 7. The others act
by similarities by (iii), a composite of similarities returning to X is an element ® € E with ®'® ¢ Q,
and for totally real E this is ®* € Q; such elements generate E,. For a CM field E the elements with
®® € Q are the Q*-multiples of the norm-one elements, which generate E, so the statement is about
the totally real case, which is the one that matters for (F3’). An odd-degree field has E; = Q. O

The correspondences of Lemmas 5.1 and 5.2, the Fourier—Mukai kernels between a K3 surface and
its moduli spaces of sheaves, the rational Hodge isometries of hyper-Kéahler varieties of K3 ) type [48],
the Fricke isogenies of Theorem 5.9 and all their composites fall under (iii) or (v). A correspondence
that realises an element of a cubic field must therefore have a component whose resolution has p, > 2
and transcendental rank at least twice that of the surface. Such correspondences exist, and the only
ones we know come from finite groups.

Proposition 5.12 (Hecke correspondences). Let Z be a smooth projective surface with an action of a
finite group G, H < G a subgroup, and X a smooth projective surface with p,(X) = 1 birational to
Z/H; writemw: Z --+ X.
(i) For g € G the correspondence Ty = (Tt x Tr)[graph of g acts on H*(X,Q) as the Hecke operator
of the double coset HgH, and these operators span a Q-algebra isomorphic to a quotient of
EndcQ[G/H| acting by Hodge endomorphisms.
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(ii) Exactly one simple factor of this algebra acts nontrivially on H*°(X); it is a field, it preserves
T(X)q, and it embeds into E by algebraic correspondences. If H**(Z)% = 0 this factor is not
the one on which G acts trivially.

(iii) Every field obtained in this way is abelian over Q. In particular a totally real cubic field F
whose Galois closure has group S3 is realised by no correspondence built from a finite group
acting on a cover of X.

Proof. (i) Let Z — Z be an equivariant resolution and 7: Z — X the quotient by H followed by the res-
olution; then 7, 7* = |H| and m.h* = 7, for h € H, so I, acts as m.g*n* = (7*)~! oY hergu/mh* o
on H*(X,Q) = H*(Z,Q)H, the Hecke operator of HgH. The Hecke operators of (G,H) span
EndgQ[G/H], a semisimple algebra, and the action on H?(Z,Q) factors through it. (ii) The idempo-
tents of the simple factors are rational combinations of Hecke operators, so they are Hodge endomor-
phisms of H?(X); they sum to 1 and act on the line H>°(X) by 0 or 1, so exactly one of them, ey, acts
as 1. A simple factor with nonzero image in the commutative ring Endyg H 20(X) = C through a ring
homomorphism to a field is commutative, hence a field .74. For f € J#, f(T(X)g) is a sub-Hodge
structure of the transcendental part of H?(X); if f® # 0 it contains ®, hence T (X)q, and if fo =0
it has no (2,0)-part and lies in NSNT = 0. So % — Endyg,T (X)g = E is a homomorphism from
a field, injective. The factor on which G acts trivially fixes H*%(Z)% = H*"(Z/G), which is zero by
hypothesis, so it is not 7. (iii) The centres of the simple factors of End¢Q[G/H] are the character
fields Q(y;) of the irreducible constituents of Q[G/H]|, generated by sums of roots of unity, so each
lies in Q({g)) and is abelian; a commutative simple factor is its centre. A non-abelian cubic field is
not a subfield of an abelian field. g

For the dihedral group D, with n odd, H = (t) of order two and Z the elliptic surfaces &, of [80,
§4.7], the algebra Endp, Q[D,/H] is Q x [Tgjn,a>1 Q(&s) ™, and the factor acting on @ is Q({,)™; this
is the content of [80, §4.8], where the cycle I'; + ' induces §, + - ' The components of these
correspondences are birational to &, which has Pg = 2, as Proposition 5.11(iv) requires.

Corollary 5.13 (Squares of the dihedral families). Let X be an elliptic K3 surface of one of the families
of [80, Thm. 1.1], with real multiplication by F = Q(§,)" for n € {5,7,9,11}, and suppose E = F
or E is a CM field; the very general member has E = F. Then the Hodge conjecture holds for X x X,
and (F3') holds for X x X and X?.. This covers the cubic fields Q(&;)* and Q(&o)™ on families of
dimensions 3 and 2.

Proof. If E =F, E is algebraic by Proposition 5.12(ii) and [80, §4.8]; if E is CM, by Buskin’s theorem
as in Theorem 5.9(iii). The rest is as there. O

5.6. The cyclic cubic fields Q(&7)" and Q(&o)™

The dihedral families reach the cyclic cubic fields only on their own members. For each of the
two cubic fields they contain, F = Q(,)" with n € {7,9}, there is a two-dimensional family on a
transcendental lattice of rank twelve: for n = 9 the family of [80, §5.6], and for n = 7 the Dickson
deformation of the one-parameter family of Artebani, Sarti and Taki with Picard lattice U & Eg [8,
Ex. 6.1], which [80] do not use, their family for n = 7 being the three-dimensional one of Picard
number four. Two is the largest dimension a family with this real multiplication on a transcendental
space of rank twelve can have, and this maximality lets the cycle travel: every K3 surface of Mumford
type for F and for the quaternion algebra ramified only at infinity is a Hodge isometric image of a
member of the family, and Buskin’s theorem carries the cycle along the isometry. The result settles
the frontier case of Section 5.8 for these two fields and this algebra.

Write 8 = {,+ (., sothat F =Q(0), K =Q({,) = F(v/—8) with =8 = ({, — {7 1)?> = 6> —4, and
8 =4 — 62 is totally positive. For n = 7 one has 6% 4+ 6> —20 — 1 = 0 and the three real embeddings
send 0 to —1.802, —0.445 and 1.247; for n = 9 one has 6% —360 + 1 = 0 and the embeddings send
0 to —1.879, 0.347 and 1.532. Let p, be the prime dividing #; it is totally ramified in K, so it
lies under a single place of F, and K/Q is unramified outside p,. The prime 2 has order three in
(Z/n)* /[{£1} = Gal(F/Q), so it is inert in F. Let D be the quaternion algebra over F ramified
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Real multiplication by @(¢7)" or @({y)*: moving the surface of Mumford type into the dihedral family

X >
B oang (0,9€Q Q!

=

[S)]

. . . . U, image of the dihedral family
loci where an F-line N is algebraic

FIGURE 6. The proof of Theorem 5.14. The surface is the two-dimensional period
domain of the twelve-dimensional space Ty, with real multiplication by F = Q(&7)"
or Q(&y)™; the shaded patch is the image of the two-dimensional dihedral family, on
which the multiplication is algebraic. The curves are the loci on which an F-line N
becomes algebraic, and the surface of Mumford type is a point on one of them. The
rational isometries x — axg of the quaternion algebra are dense in the real group, so
one of them moves the point into the patch; Buskin’s theorem turns that isometry into
a cycle.

exactly at two real places and at no finite place. Put € = 0 for n =7 and € = —0 for n = 9; then &
is a unit positive at exactly one real place, and D.. = (—1,€)p: the symbol is ramified at the two real
places where € < 0, split at every odd finite place because both entries are units there, and split at the
one place above 2 by the parity of the number of ramified places. Its corestriction to @ is unramified
everywhere and split at infinity, hence is Mg(Q), so D is one of Mumford’s algebras and the fourfolds
of [54] exist for it. For u € F totally positive let g, be the quadratic form Trz o (1 trd(y?)) on the nine-
dimensional Q-space DY of elements of reduced trace zero, of signature (2,7); the surfaces S of [19,
Thm. 21.4] for the fourfolds of (F,D..) have T(S; )g = (D%, qy).

Theorem 5.14 (Real multiplication by Q({7)* and Q(&y)™ on the surfaces of Mumford type). Let
ne{7,9}, F=Q(§)" and D as above. Let S be a projective K3 surface such that T (S)q with
its intersection form is isometric to (Dg,qu) for some totally positive L € F, by an isometry under
which the multiplication by F on D%, acts on T(S)q by Hodge endomorphisms. Then E = F, the real
multiplication by F is induced by algebraic cycles on S x S, and the Hodge conjecture and (F3') hold
for SxSandS 2. This applies to every surface S, of a Mumford fourfold of (F, D), at every point of
its Shimura curve.

Proof. Step 1, the family for n =9. Let X — B be the two-dimensional family of [80, §5.6]: elliptic K3
surfaces with very general Picard lattice U @Agj deformations of the surfaces y> = x> + bx + ¢11° +
co with a non-symplectic automorphism ¢ of order nine, obtained by replacing #° by the Dickson
polynomial pg,(¢). The transcendental lattice T of a very general member has rank twelve and
discriminant group (Z/3)*, is a Z[{]-module of rank two through ¢*, and carries the flat action of
F through 6* + ¢*~!, which on every member of the family is induced by the cycle I'; +T"_; of [80,
§4.8] on a dihedral cover, as in Proposition 5.12. The period map of B has two-dimensional image [80,
§5.6].

TFamilies of K3 surfaces polarised by a fixed lattice also occur as the fibres of Calabi—Yau threefolds, the quartic and
quintic ones being studied in [10]; the chains of this section act on the fibres only, and the Hodge classes of such a total
space are not considered here.
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Step 1, the family for n = 7. The surfaces X, : y2 = x> 4+ bx+ ¢t + ¢¢ are the K3 surfaces of [8,
Ex. 6.1] with a = 0 there: o (x,y,7) = (x,y, §7¢) is a non-symplectic automorphism of order seven, the
fibration has a fibre of type II* at ¢ = oo and fourteen fibres of type Iy, and for very general b the Picard
lattice is the invariant lattice U @ Eg of &, with Ty = U? @ Eg(—1) [8, Table 3]. Replacing ¢’ by the
Dickson polynomial p7 ,(t) =17 — 7at® + 14a*t> — Ta’t gives the surfaces®

Xa: ¥ =5 +bx+c1pra(t) +co, (5.3)
where p7, is the Dickson polynomial with p7 (v +av~') = v’ +a’v"7;° these are the deformations
(4.4) of [80, Prop. 4.6] with n =7, @ = b and B(u) = cju+ co; by that proposition each X, is a
K3 surface on whose transcendental space F' acts by Hodge endomorphisms, induced by the cycle
I't +T"_1 on the D7-cover as before. The polynomial c¢p7, + co has degree seven, so at t = oo the
coefficients of the Weierstrass equation vanish to orders 8 and 5 and the fibre of type IT* survives;
hence Pic(X,) contains the unimodular lattice U & Eg of rank ten, and since the Picard number of a
very general member of a family is at most that of a very general member of any subfamily, here the
locus a =0, it equals U @ Eg(—1), with Ty = U? @ Eg(—1), unimodular of rank twelve. The parameters
(b,c1,co,a) modulo the scalings (x,y,¢) — (A%x, A3y, ut), which send a to a/u?, leave two, and the
image of the period map is two-dimensional: otherwise it is the closure of the one-dimensional image
of the locus a = 0, and a very general X, is isomorphic by the Torelli theorem to some X}, so carries
a non-symplectic automorphism ¢’ of order seven. Such a ¢’ has no invariant vector in 7p ® Q, so
its invariant lattice is Pic(X,); it fixes the class of a fibre and the class of the zero section O, hence
preserves the fibration and O, the only effective curve in its class, and it acts on the base with order
seven, since an automorphism over the identity of the base that fixes O is a group automorphism of the
fibres, of order dividing six. It fixes ¢ = oo, the only reducible fibre, so it acts by # — ¢+ 3 with { a
primitive seventh root of unity, and since the Weierstrass equation of a fibration with a chosen section
is unique up to (x,y) — (A2x,A3y), the polynomial ¢ = ¢ p7 4+ co satisfies c({t + B) = A°¢(¢). The
coefficients of 7, 1® and > give A = 1, B = 0 and 7ac;({> —1) =0, so a = 0. Thus the direction
a is not isotrivial and the image is two-dimensional. If £ D F then E has degree six or twelve and
dimg Tp ® Q < 2, which allows at most one modulus by the count of [80, §5.4]; so E = F on the very
general member.

In both cases the family is maximal: dimg 71, = 4 for T, = Tp ® Q, the period domain of Hodge
structures of K3 type on 71, with F acting by Hodge endomorphisms has dimension 4 —2 = 2, and the
period map has two-dimensional image in its quotient by the arithmetic group, so by the open mapping
theorem the image contains a nonempty open set U of one of the two components of that domain.

Step 2, the quadratic structure. Since the intersection form g of 7, is o-invariant there is a unique
hermitian form /4 on the two-dimensional K-space 71, with g = Trg /Qh, and a unique F-bilinear form

® = Trg/ph with ¢ = Trp o@. Diagonalise h = (hi,hy) with h; € F*. For x = u+vv/—§ one has
Trg /p (h1x%) = 2h1 (u* 4 81?), s0

@2 (1,8,h,h8),  h=hy/h, (5.4)

and (1,8,h,hd) is the reduced norm form of the quaternion algebra Q = (—8,—h1hy)p; thus
(T12,P) = (Q,2hinrd) as F-quadratic spaces. The signature of ¢ is (2,10) and splits over the three
real places of F as (2,2) at the place 61 whose eigenspace carries H> and (0,4) at the two others.
From (5.4), signature (2,2) at o} forces hjhy < O there, and (0,4) at 0,, 03 forces hy,hy < 0 there; so
Q is split at o7 and ramified at 0, and 03, and after exchanging 4| and s, we may take #; > 0 at o
and /; < O at the other two places.

8The Dickson polynomial p, 4 is the unique polynomial of degree n with p,, «(v+a/v) = V" + (a/v)"; for a # 0 the map
t > pna(t) from P! to itself is a cover of degree n with monodromy group the dihedral group D,, totally ramified over oo
[80, Lem. 4.3], since it is the quotient of v — v" + (a/v)", on which D,, acts by v+ {,v and v — a/v, by the involution. For
a = 0 itis the cyclic cover t — ". The identity pn.q(Ht) = U"p, 4,2 (t) follows from the defining equation with v replaced
by uv.

Explicitly P1.a(t) =17 —Tat> + 14a*t3 — Ta’t, the case n =7 of pyq(t) = Yi<n/2 % (";k) (—a)*t"=2; for a = 0 it is
17, so the family X, contains the surfaces X;.
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Step 3, Q = D... The lattice Ty is unimodular at every prime p # p,, and K/Q is ramified only at
Pn» so for a place v of F not above p, the ring Ok ® Z,, is a product of unramified extensions whose
trace forms are perfect, and the hermitian O ,-lattice Ty ® Z,, is unimodular for £; its determinant
hihy is therefore a unit of F, times a norm from K,. Units are norms from an unramified extension,
so (—8,—hihy), = 1 at every finite v { p,, including the place above 2. The ramification set of Q
has even cardinality, contains 0», 03 and is otherwise contained in the single place above p,; so that
place is unramified as well, and Q = D... As a check independent of this argument, the rational
invariants of Ty ® QQ, computed from the Picard lattice by Witt cancellation in the K3 lattice, and those
of Trpg(€nrdp,,) agree for both n: signature (2, 10), discriminant 1, Hasse invariant —1 at 2 and +1
at every odd prime, while the trace forms of the algebras over F' with the same real ramification and
ramification at finite places differ from them at 7 or 43 forn =7 and at 3 or 19 forn =9.

Step 4, the surfaces of Mumford type inside 7j,. For ny € Q* the F-line N = Fng has ®(ng,ng) =
2hinrd(ng), and its orthogonal complement is noQ°, with @ (ngy, ngy’) = —hynrd(no) trd(yy') for y,y’ €
Q% so (N*,®) = (DY, utrd) with u = —hnrd(ng), and N is negative definite exactly when g is totally
positive. By the Hasse—Schilling norm theorem [65, Thm. 33.15] the reduced norms of Q* are the
elements of F* positive at 6, and 03, and —h; is negative at ¢; and positive at the other two places,
so every totally positive 1 occurs. Given S as in the statement, choose ng with u = —hjnrd(ng) and
an F-linear isometry 7'(S)qg = né; the period @y of S becomes a point of the period domain of 77, at
which Fnyg is algebraic and F' acts by Hodge endomorphisms, because @y lies in the oj-eigenspace.
Replacing S by its complex conjugate, whose period is @y and for which the conclusion is equivalent,
we may take @y on the component containing U.

Step 5, moving the point. The group SO(®)(R) at the place o is (SLa(R) x SL,(R))/{+£1} acting
on Q®r.q, R = M,(R) by x — axg, and it acts transitively on each component of the two-dimensional
period domain. The group Q' x Q' of pairs of elements of reduced norm one is simply connected,
so by weak approximation [63, Thm. 7.8] its rational points are dense in its real points; hence there
are a,g € Q'(Q) with x — axg carrying @y into U. This map is an F-linear isometry of (Tj2,®), it
carries ng onto (angg)* with nrd(anog) = nrd(n), and it carries the Hodge structure of 7'(S) to the
Hodge structure on (angg)* determined by the image point, which is the period of a member Xj, of
the family. The rational classes of type (1, 1) in T}, at that period are exactly F - angg, since a rational
class orthogonal to the period decomposes into a component in the line and a component in (angg)*
that is a rational class of type (1,1) in a copy of T'(S), which has none. So T'(X})q = (anog)* with the
restricted action of F, and x — axg is a Hodge isometry ¢: T(S)g — T (X;)g that commutes with F'.

Step 6, the cycle. H?*(S,Q) and H?(X,,Q) are both isometric to Ag, so by Witt cancellation
NS(S)g = NS(X;)g, and ¢ extends to a rational Hodge isometry H?(S,Q) — H*(X,,Q), which is
algebraic by Buskin’s theorem [22]. The action of e € F on T(X,) is induced by the cycle of Step 1,
som, =@ om0 @ on T(S) is induced by a cycle on S x S. Since T(S) has rank nine and F C E, E
is F or a totally real field of degree nine with dimg T = 1, which [77] excludes; so E = F is algebraic,
and the Hodge conjecture for S x S and the rest follow as in Theorem 5.9(iii). (|

The next proposition says exactly which pairs (F, D) the mechanism reaches and where it stops.

Proposition 5.15 (What the dihedral mechanism reaches). Letn € {7,9} and F = Q(¢,)*.

(i) Let X be a K3 surface with a purely non-symplectic automorphism of order n € {7,9} whose
transcendental lattice has rank twelve and is unimodular at every prime other than p,. Then
(T(X)q,®) is isometric to (Dw,cnrd) for some ¢ € F*, and every surface of Mumford type
obtained from X or from a rational isometric image of X as in Step 4 has the algebra D... The
Mumford algebras over F ramified at two finite places are reached by no family of rank twelve
with such an automorphism.

(i) Let F = Q(&)" and let Tig = U? @ Ag @ Eg(—1) be the transcendental lattice of the three-
dimensional family of [80, §5.4], with its F-bilinear form ®¢ of dimension six. For every Mum-
ford algebra D over F and every totally positive A the space (D°, A trd) embeds F -isometrically
into (Tig @ Q,Pg), so the four-dimensional period domain of this family contains the Shimura
curve of the surfaces S, of every pair (F,D). The image of the family is a threefold in it, and
Step 5 would need a rational isometry carrying the period of S, into that threefold.
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(iii) A finite group acting on the base P' of an elliptic surface is cyclic, dihedral, tetrahedral, octa-
hedral or icosahedral, and the centres of the simple factors of its rational group algebra are the
fields Q(&y), Q(&n)™, Q(v=3), Q and Q(\/5). The only cubic fields among them are Q(&;)*
and Q({o)*, so the base change of elliptic surfaces along covers of P! reaches no cyclic cubic
field of conductor at least 13.

Proof. (1) Steps 2 and 3 of the theorem use only the order of the automorphism, the rank, the signature
and the unimodularity away from p,, so they apply to X and give ® = 2hnrdp_. A rational isome-
try preserves (7,®) up to the F-similarity class, which determines the algebra, and Step 4 exhibits
the orthogonal complement of every negative definite F-line as (D2, trd); an algebra D # D.. has
(D°, A trd) 2 (DY, wtrd) for all A, u, since the even Clifford algebra of the ternary form A trd is D.

(i) T1g ® Q is a three-dimensional hermitian K-space and ®¢ = 2(hy,h8,hy,h28,h3,h38) has sig-
nature (2,4) at o, and (0,6) at 62, 63, by the same count as in Step 2. The form g3 = A trd on D° has
signature (2, 1) at o7, where D is split, and (0, 3) at the two ramified places. The Witt class of ¢ — g3
is represented at every real place by a negative definite ternary form and at every finite place by a
ternary form, because a class of odd dimension has an anisotropic representative of dimension one
or three; these local ternary forms have the global discriminant d(®g)d(q3), Hasse invariants +1 at
almost every place and satisfying the product formula, since they are products of the invariants of ®¢
and g3 and of Hilbert symbols of their discriminants; so by [60, Thm. 72:1] there is a global ternary
form ¢ with these localisations, and ®¢ = g3 L ¢} by the Hasse-Minkowski theorem. The image
N of ¢} is a negative definite F-subspace of dimension three with N* = (D°, Atrd), and the Hodge
structures of K3 type on N with F acting form the Shimura curve of the S, of (F,D). The family has
three moduli [80, §5.4] in a domain of dimension 6 —2 = 4.

(iii) The list of finite subgroups of PGL,(C) is Klein’s. The simple factors of Q[G] have centres
the fields Q(y) generated by the values of the irreducible characters: Q(,,) for the cyclic group of
order m, Q(&,,)™ for the dihedral group of order 2m (its two-dimensional characters take the values
¢k 4 ¢-%), Q and Q(v/—3) for A4, Q for Sy, and Q and Q(+/5) for As. By Proposition 5.12(iii) the
correspondences cut out of the action act through these fields; Q(&,,) is never cubic, and Q(§,,)" is
cubic exactly for m € {7,9,14,18}, where it is Q(&7)* or Q(&) ™. O

For the fourfolds X of (F,D.) the theorem leaves (F2) where it was: by Theorem 6.45(v) their
exceptional classes are algebraic as soon as one algebraic cycle on S3 x X" acts nontrivially on 7'(S ),
and the real multiplication, now algebraic, supplies no such cycle.

5.7. Powers of K3 surfaces and Kummer type

The theorems of this section decide § x S and S/2. On the higher powers the Hodge classes are

described by Varesco [75, Thm. 2.16]. Let E be totally real, m = dimg 7', and for each real embedding
o of E let Vo =T ®g ¢ C, so that Tc = @, V. The line A" V5 C Tg’m is spanned by a class detVy
of type (m,m), and the span of the detV, over all o is defined over Q: itis AR T C AT C T®™, a
space of Hodge classes of dimension [E : Q] in H*"(S™), the exceptional classes. Varesco’s theorem
is that every Hodge class in the tensor algebra of T is obtained from the Hodge classes of T ® T,
which are the elements of E, and from the exceptional classes by tensor products, permutations of
the factors, linear combinations and contractions with gg. Each of these operations carries algebraic
classes on powers of S to algebraic classes: a tensor product is an exterior product, a permutation is the
pull-back along an automorphism of S¥, and the contraction of two factors is the push-forward along
the projection S — S¥=2 after cupping with the pull-back of the class of the diagonal of S x S, since

gs(a,b) = [, s(a®Db) U[Ag].
Proposition 5.16 (Hodge classes on the powers). Let S be a projective K3 surface with E totally real
and m = dimg T, so that m > 3 as in the proof of Theorem 5.5(ii).

(i) The Hodge conjecture holds for every power S" if and only if the elements of E are algebraic on
S x S and the exceptional classes Np T C H*"(S™) are algebraic. When E = Q, m = r =1k T
and the exceptional class is the determinant detT, which spans \'T C H* (S").
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Where the dihedral mechanism stops: finitely ramified algebras, the threefold in Dr,, and the fields of finite groups on P!

Mumford algebras D over F finite groups acting on P!

Dr,,, dimension four
i -+ Q)

\ | 2a | 2t

/N\ - oV
ramified at two real places, and at /

two places above a split prime p

il -» Q, o(Vs)

. . U, image of the family,
rank-twelve family, disc ® a square, . .
dimension three cubic only for D, Dy, Dy, Dis

Shimura curves of (F, D),
[6)) not known to meet U

(ii)

only D, is reached
(iii)

FIGURE 7. Where the dihedral mechanism stops, Proposition 5.15. (i) Over F =
Q(&7)" or Q(&o)™ the Mumford algebras are D., and the algebras D), ramified at two
real places and at two places above a split prime p; a rank-twelve family unimodular
away from p, has square discriminant and carries only D... (ii) The period domain
of the rank-eighteen family is four-dimensional, the image of the family is a three-
fold, and the Shimura curves of the surfaces of Mumford type for the other algebras
lie in the domain; whether the threefold meets them is the open transport condition.
(iii) The finite subgroups of PGL, acting on the base produce only Q(&,), Q(&,)™,
Q, Q(v/—3) and Q(+/5); a cubic field arises only from the dihedral groups D7, Do,
D14 and D]g.

(i1) For a surface of Theorems 5.5, 5.14 or Corollary 5.13 with E totally real, E is algebraic, and the
Hodge conjecture for all powers of S is equivalent to the algebraicity of Nf T, m =1k T /[E : Q):
m = 3 for the surfaces Sy of Theorem 5.14, with tkT = 9; m = 4 for the very general members
of the two-dimensional family of Theorem 5.14, with kT = 12.

Proof. (i) If the Hodge conjecture holds on all powers, both kinds of classes are algebraic, being
Hodge classes on S x S and on S™. Conversely, H%(S) = NS(S)g @ T, and H°(S), NS(S)g and H*(S)
are spanned by algebraic classes and are Tate twists of trivial Hodge structures. So a Hodge class
of H*(8") = Q" (H 0g NSq&T @H4) is a sum of exterior products of algebraic classes with Hodge
classes of the tensor powers T, k < n, pulled back along the projections of S” onto k of its factors. By
Varesco’s theorem and the remark preceding the proposition, the Hodge classes of 7% are algebraic
as soon as E and the exceptional classes are. When E = Q there is one embedding, Vs = T¢ and
AT =N'T.

(i) The theorems cited prove that E is algebraic; m = rk T /[E : Q] since T is an E-vector space.
The ranks are those of the nine-dimensional space DY, and of the lattice Ty in Step 1 of the proof of
Theorem 5.14. UJ

Proposition 5.17 (K3 surfaces of Kummer type over Q). Let S be a projective K3 surface, r =1k T,
let {ay,...,a,) be a diagonalisation of gs on T, d(T) = [];a; € Q* /Q*? its discriminant and €,(T) =
[1i<j(ai,a;), its Hasse invariant at the prime p. The following are equivalent.

(a) T embeds isometrically in Ué, the quadratic space H*(A,Q) of an abelian surface.

(b) There is a dominant rational map from S to a Kummer surface.

(c) r<3;orr=4and€,(T) = (—1,—1), at every prime p at which d(T) is a square in Q,; or

r=>5and €,(T) = (—1,—1), at every prime p.

Here (—1,—1), =1 for p odd and (—1,—1), = —1, so (c) asks for €,(T) = 1 at the odd primes
concerned and & (T) = —1. If (a)—(c) hold, then S lies in the class </ of Proposition 3.3, (F3') holds
for every power S", and the Hodge conjecture holds for every S" and every Hilbert scheme S".
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The equivalence of (a) and (b) is Ma’s theorem [46, Prop. 3.2], where (a) is also shown equivalent
to an embedding of lattices T'(S) < U?, and for a Kummer surface itself the Hodge conjecture on all
powers follows from that on the powers of the abelian surface [75, §0.2]. What is added here is the
form (c) of the condition, which reads it off the invariants of 7', and the passage from Ma’s rational
map to the class 7.

Proof. (a)<(c). The space V = Ué = (1,—1)3 has signature (3,3), discriminant —1 and Hasse in-
variants €,(V) = (—1, —1);’? = (—1,—-1),. By Witt’s theorem T embeds in V if and only if there is
a quadratic space W over Q with T @ W =V, and by the Hasse—-Minkowski theorem [69, Ch. IV,
Thm. 9] this is a condition on invariants: W must have dimension 6 — r, signature (1,5 —r), dis-
criminant d(W) = d(V)d(T)~! = —d(T) and, from &,(T & W) = €,(T)e,(W)(d(T),d(W)), with
(d(T),—d(T)), = 1, Hasse invariants €,(W) = (—1,—1),&,(T). The signature forces r —2 < 3. A
quadratic space over Q with prescribed dimension k, signature, discriminant and Hasse invariants ex-
ists if and only if the invariants satisfy the product formula, the real invariants are those of the signature,
and at every prime the local existence condition holds [69, Ch. IV, §2.3, Prop. 6, and §3.3, Prop. 7]; the
first two conditions hold here because they hold for 7 and for Vand T ROW @ R =V ® R, and the
local condition is empty for k > 3, is €,(W) = 1 at every p at whichd(W) = —1in Q; /(@;2 fork =2,
and is €,(W) =l atevery p fork=1. Withk=6—r,d(W) = —d(T) and €,(W) = (—1,—1),&,(T)
these are the three cases of (c).

(b) and the class «. Let f: S --» Km(A) be dominant. By Lemma 5.1, f* =I",, maps T(Km(A))q

onto T. Let B: A — A be the blow-up of the sixteen points of order two and 7: A — Km(A) the
quotient by the involution; Iy = (B x 7).[A] is an algebraic cycle on A x Km(A) with Ty, = 7%,
and H2(Km(A),Q) = m.B*H*(A,Q) ® @S, Q[E;] with E; the exceptional curves. Hence T C (I o
T4).H?*(A,Q), and H*(S) = NS(S)g ®T is spanned by this image and by divisor classes, while H°(S)
and H*(S) are spanned by the class of S and the class of a point. So S € .¢7, the point being the abelian
variety of dimension zero, S" € <7 and (F3’) holds on S" by Proposition 3.3. For the Hodge conjecture,
the proof of Proposition 3.3(i) writes a Hodge class of $" as };I';.y; with y; a Hodge class on one
of the abelian varieties spanning H* (S"), here the powers A* with k < n. The Hodge conjecture holds
for every product of surfaces with p, = 1 and g = 2 [66], in particular for AK, so every y ;» and with it
every Hodge class of $", is algebraic. The Chow motive of § " is a direct summand of a sum of Tate
twists of the motives (S), k < n [24], so every Hodge class of S is the image under an algebraic
correspondence of a Hodge class of some S*. U

Remark 5.18 (The powers left open). (i) At p(S) > 19 the condition (c) is empty and S has a Shioda—
Inose structure [53]. At p(S) = 17 or 18 it is a condition on the Hasse invariants, met by Ué @
(—2), by Ugp® (2,—2,-2) and by (2,2,—2,-2), and failed at p =2 and p = 3 by (2,2,—6,-6),
by (2,2,—2,—6,—6) and by (2,6,—2,—2,—2), the primes of failure coming in pairs by the product
formula; all six are transcendental lattices of K3 surfaces of Picard number 18 or 17 by [58] and the
surjectivity of the period map. For r <5 a totally real E is Q, since m > 3; so E is Q or a CM field, and
in the CM case the Hodge conjecture holds on all powers of S with or without (c) [66]. At p > 17 the
surfaces for which the Hodge conjecture on all powers is not decided by Propositions 5.16 and 5.17
are therefore those with E = Q and T failing (c), and for them the one class left is detT € H*"(S"),
r € {4,5}. For p < 16 no surface is of Kummer type.

(ii) The Fricke surfaces have complex multiplication by K = Q(v/—N) at every member, and
Theorem 5.9(iii) settles the Hodge conjecture on all their powers. Their transcendental spaces
Ué @ (—1) & (—N) (Proposition 5.19) have discriminant N, so they are neither of Kummer type nor
in the two families of Picard number 16 for which Varesco proves the Hodge conjecture on all pow-
ers from the algebraicity of the Kuga—Satake correspondence [75, Thm. 4.3, Exs. 4.4, 4.5], whose
transcendental spaces Ué ®(—2)? and Ué @ (—6) @ (—2) have discriminants 1 and 3 modulo squares;
they are settled by the complex multiplication instead. For each surface of Proposition 5.16(ii) the ex-
ceptional classes are Hodge classes of degree 2m on S™ reached by no correspondence of this section,
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all of which act on T ® T'; whether they are algebraic, and with it whether (F3) and the Hodge con-
jecture hold on §™, is open. The one construction known to produce such classes is the Kuga—Satake
correspondence, through which Varesco proves [75, Thm. 4.3].

Proposition 5.19 (The transcendental lattice and the Kuga—Satake variety of the Fricke surfaces). Let
N € {5,7}, K = Q(v/—N), let M be the trivial lattice U & Ay ® A} @ D3 or U & Ag ® D3 of the elliptic
fibration of the members of Uy, and let T = Mé C H*(X,Q), which is T(X)g when p(X) = 16.

(i) T = Ué @ (—1) ® (—=N) as a quadratic space over Q, so d(T) = N and the centre of the even
Clifford algebra C*(T) is K.

(ii) The Kuga—Satake variety of T is isogenous to B* for an abelian fourfold B of K-Weil type with
discriminant one. If p(X) = 16 and Endyg, T = K, then B is isogenous to Eg x B3, where Eg
is an elliptic curve with complex multiplication by K and B3 is a simple abelian threefold with
End(B3)q = K; in particular B is not simple.

Proof. (i) The root lattices are rationally diagonal: D, = {x € Z" : }_x; € 27} has index two in Z", so
D, ®Q = (1)", and Eg D Dg with index two gives Eg @ Q = (1)8; A, = {x € Z"*! : Y.x; = 0} is the
orthogonal complement of the vector (1,...,1) of normn+1,s0 (A, @ (n+1)) Q= (1)""1; and A} =
(2,2) = (1,1) by the vectors (1,1) and (1,—1) of Z>. Hence, with all forms taken positive definite,
Ay@A?oDID(1,5) =2 (1Y a(1)?a(1)¥a (1) = (1)'%andAg@Di® (1,7) = (1)7 @ (1)8@ (1) = (1)16
over Q. The K3 lattice is A = U @ Eg(—1)*, 50 Ag = U3 @ (—1)'°, while Mo ® U @ (—1,-N) =
Ué @ (—1)16 by the two isometries just written. Thus Mg & T = Ag = Mg ® (Ué ®(—1,—N)), and
Witt’s cancellation theorem gives T 22 Ug @ (—1) @ (—N). Its discriminant is (—1)*(—1)(~=N) =N,
and the centre of C*(T) is Q(1/(—1)3d(T)) = Q(v/—N). The program code/fricke_lattice.py
recomputes these isometries by the invariants of Hasse—-Minkowski.

(ii)) By Lombardo’s theorem [45, Thms. 6.2, 6.4], in the form of [75, Thm. 4.1], the Kuga—Satake
variety of a polarised Hodge structure of K3 type on Ué @ (a) @ (b) with a,b < 0 is isogenous to
B* for an abelian fourfold B of Q(v/—ab)-Weil type with discriminant one; here (a,b) = (—1,—N),
Q(v/—ab) = K and C*(T) = M4(K). Suppose p(X) = 16 and Endpge7 = K. By Zarhin’s theorem
[84, Thm. 2.3.1] the Hodge group of T is G = U(W,h), the unitary group of the hermitian form A
on the three-dimensional K-space W = T with Trg ,oh = q. Over C the two eigenspaces Wi, W5 of
K on T¢ have dimension three and are isotropic for g, since g(ax,y) = g(x,ay), so Tp = W ® W
and G¢c = GL(Ws) acting on W} by the dual representation. The Kuga—Satake Hodge structure on
H'(B,Q) is the lift of that of T along Spin(T) — SO(T) [77, §5], so the Hodge group of B is the
preimage G of G in Spin(T), and H'(B,C) = S* @S~ is the sum of the two half-spin representations
of Spin(7¢) = SL4, on which the two eigenspaces of the centre K of C*(T) are ST and S~. For
the isotropic decomposition Tz = W & W the spin representation is \* Ws ® (detWy) ™~ 172, with §*
the even and S~ the odd part. Restricted to Ge, St = (/\OW O AW, Ws) @ det™ 1/2 is the sum of the
character y = det™'/? and of the irreducible representation W5 ® det'/? of dimension three, and S~
(Wo ® N> Wo ) @det™ /2 is the sum of Wy @ det™'/? and of . The four summands are pairwise non-
isomorphic, the two characters being distinct and the two three-dimensional representations having
different weights, so they are the isotypic components of H'!(B,C) under the connected group GC
An automorphism of C over QQ carries an isotypic component to one of the same dimension, since
the representation is defined over Q; so Uc = ¥ ® x ! and Vo = ST @ S~ minus it are stable under
all of them and are the complexifications of Q-subspaces U, V with H!'(B,Q) = U @V. Both are
stable under G, hence sub-Hodge structures, and under K, which acts by scalars on S* and on ™. By
Poincaré reducibility B is isogenous to Ex x B3 with H! (Eg,Q) = U and H'(B3,Q) = V. The algebra
Endpge (U) ® C = End(x) ©End(x ") has dimension two and contains K, so End(Ex)g = K; likewise
Endpge (V) ® C has dimension two, so End(B3)g = K, a field, and Bj is simple; and Hom(Eg,B3) =0
since U and V share no isotypic component. O

Remark 5.20 (Real multiplication at the fixed points). Theorem 5.9(iii) decides every power of ev-
ery Fricke surface, so the Kuga—Satake variety of Proposition 5.19(ii) is not needed for them; the
proposition records what the splitting of 7" into the two eigenspaces of K does to the Kuga—Satake
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construction. For a very general Hodge structure of K3 type on Ué @ (—1) ® (—N), with endomor-
phism field Q, the fourfold B is simple with a definite quaternion algebra as endomorphism algebra
[77, Prop. 5.7]; the Fricke families lie in the locus of the four-dimensional period domain where the
endomorphism field is K, and there B splits. Real multiplication by /N appears on the two twists
at the fixed points of w, the surfaces of [80, §7.6, Prop. 7.7], where A2=N by Lemma 5.8(ii). A
family of K3 surfaces of transcendental rank six with real multiplication by v/5 or v/7 on which the
multiplication is algebraic is not known to us: the fixed points of w are two, so the fixed-point twists
are two surfaces, and Remark 5.22 says why the chains of Theorem 5.3 do not supply one.

5.8. Where this stops

The frontier case of (F3') in [19, Thm. 21.4 and Rem. 21.5] is a K3 surface S, of Picard number
13 with T(S3 ) = 7, the nine-dimensional representation of a Mumford fourfold, and E = F a totally
real cubic field, which may have Galois group S3. Theorem 5.14 settles it for the two cyclic fields F' =
Q(&7)" and Q(&o)™ with the algebra D..; the frontier is now S, for every other pair (F,D): for these
two fields with the algebras ramified at two finite places, for the cyclic cubic fields of conductor at least
13, and for every field that is not cyclic. There, by Proposition 5.11(v), no composite of similarities
reaches F,'° so Theorem 5.3, the Fricke isogenies and every correspondence of the kinds listed are
blind to it; by Proposition 5.11(iv) a correspondence that does reach it has an irreducible component
whose resolution has p, > 2, transcendental rank at least 18 and b, > 31; and by Proposition 5.12(iii)
that component is not the graph of an element of a finite group acting on a cover of S; when F is
not cyclic. When F is cyclic the dihedral families are the natural source, as van Geemen observed for
Q(&)™ [77, Rem. 7.9]; Theorem 5.14 is the statement that for the two fields of conductor 7 and 9
and the algebra D., the source actually reaches S, , and Proposition 5.15 says that it reaches nothing
else. The only correspondences of this size that we know to act on a transcendental space of K3
type are the dihedral ones, which give abelian fields, and the Kuga—Satake correspondence into the
cohomology of an abelian variety of dimension 27, whose algebraicity is open [26, 76]; in Section 6 we
replace its abelian variety by a sixfold and show what the replacement does and does not give. Within
quadratic fields the method reaches v/d for d € {2,3,6} in families, and the Fricke isogenies give
complex multiplication by Q(v/—5) and Q(v/—7) on one-dimensional families, where Theorem 5.9
settles the Hodge conjecture on every power; real multiplication by v/5 and /7 is algebraic on the
two surfaces of [80] and on no family known to us (Remark 5.20); for Q(1/10), Q(+/14) and the other
composite discriminants no family is known on which the chain of Theorem 5.3 can be started. On
the powers beyond the square, Proposition 5.16 reduces the Hodge conjecture for every surface of this
section with totally real endomorphism field to its exceptional classes, Proposition 5.17 settles it with
(F3’) for the surfaces of Kummer type over Q, Theorem 5.9 settles it for every member of the Fricke
families, and Remark 5.18 records what is left.

Proposition 5.21 (Chains of symplectic quotients reach exactly v/2, v/3, V/6). Let S be a projective
K3 surface whose endomorphism field E is totally real and different from Q, and let S = S, ..., S, be
a chain as in Theorem 5.3 in which every rational map is the quotient by a finite group of symplectic
automorphisms. Then no degree n; is divisible by 5 or by 7, every n; divides a power of 24, and the
multiplier Hniil lies in {1,2,3,6} modulo squares. In particular no such chain makes V10, \/ﬁ
V15 or \/21 algebraic, and the surfaces with real multiplication by these fields are not reached by
Theorem 5.3 in this form.

1OReaching F means producing, by algebraic correspondences from S to itself, Hodge endomorphisms of T'(S} )q that
generate the cubic field E = F, which is what (F3') asks of this surface, since the class of a generator of F in H*(S;, x ;)
is a Hodge class reached from no abelian variety as long as it is not algebraic. The correspondences built in this section, and
every correspondence whose components have geometric genus at most one, act on 7'(S ) as similarities, and a composite
of similarities is a similarity; by Proposition 5.11(ii) a similarity lies in @ when [E : Q] is odd, so it generates nothing. The
correspondences coming from finite group actions act through abelian fields by Proposition 5.12(iii), and a cubic field whose
Galois closure has group S3 is not abelian. The two propositions together say what a correspondence realising ' must look
like: an irreducible component with p, > 2 and transcendental rank at least eighteen, not arising from a finite group; no
construction in the literature produces one.
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Proof. Along the chain the transcendental spaces are isomorphic up to scaling of the form, by
Lemma 5.1 and Lemma 5.2, so every S; has the same transcendental rank ¢ and the same endo-
morphism field E as S. By Zarhin [84, Thms. 2.2.1 and 2.3.1] the Hodge group of T'(S)q is the
group of E-linear special isometries of the E-quadratic space W with T'(S)q = Trg /oW, of dimension
m=t/[E: Q] over E. If m <2 this group is a torus, the Hodge structure 7'(S)q is of CM type, and its
endomorphism field is a CM field of degree ¢ containing E properly [23, Lemma 11.1 and Rem. 12.3];
som>3andt>3[E:Q|>6.

Let G be a finite group of symplectic automorphisms of a K3 surface X and Qg C NS(X) its
coinvariant lattice, negative definite because G fixes the transcendental lattice and an ample class. If 5
divides |G|, then G contains an element of order five, whose coinvariant lattice has rank 16 [59, § 5]
and lies in Qg, so rk Qg > 16; if 7 divides |G| the same argument with the rank 18 of an element of
order seven gives rk Q¢ > 18. The transcendental lattice 7'(X) lies in Q& C H*(X,Z), which has rank
22 —rk Q¢ < 6 and signature (3,19 —rkQg), and T (X) has signature (2,1k7(X) —2); sortkT(X) <5
when 5 divides |G| and rk7'(X) < 3 when 7 does. Every symplectic automorphism of finite order has
order at most eight [59], so if some n; = |G;| is not of the form 243" then 5 or 7 divides it, the source
of that quotient has transcendental rank at most five, and so has S; this contradicts t > 6. Hence every
n; is of the form 243, and the multiplier is 293P modulo squares, that is 1, 2, 3 or 6. A multiplier n
makes only e with e? = n algebraic, which gives the list. O

Remark 5.22. The proposition settles the lattice question of whether a chain S — Y <+ S’ through
a symplectic involution and a symplectic automorphism of order five, of multiplier 2/5 = 10, can
start on a surface with real multiplication by Q(1/10): it cannot, since S’ would have transcendental
rank at most five and real multiplication by a real quadratic field needs rank at least six. The same
bound shows that the surfaces of transcendental rank at most five with a symplectic automorphism of
order five or seven have endomorphism field Q or a CM field; in the CM case the Hodge group is a
torus and the chain closes only through the complex multiplication itself. Real multiplication by /10,
/14 or any field outside {Q(v/2),Q(+v/3),Q(+/5),Q(v/6),Q(v/7)}, and by /5 or /7 beyond the two
surfaces of [80], therefore needs a correspondence that is not a composite of symplectic quotients,
Hodge isometries and fibrewise isogenies, and none is known to us.

6. CONSTRUCTIONS AT (F2)

The first classes (F2) has to reach are the Weil classes of a very general abelian 2n-fold of Weil type
with n > 3, and the exceptional classes of a Mumford fourfold. We build an object at each.

6.1. The polarised semiregularity criterion

Let A be a very general member of the polarised family &, , of abelian 2n-folds of Weil type for
an imaginary quadratic field K, with polarisation class 6 and Weil plane W(A). Then Hdg"(A) =
Q[6]®W(A) and W(A) -0 =0[19, Thm. 4.14]. A class y € H®"(A) has the polarised shape if

2n
Y=No+ Y 6", N#0,0#0cW(A), Q.
k=0
Its Hankel rank p € {0, 1,2,3} is the rank of the Hankel matrix of the sequence (k!¢ ) capped at three;
it is the number of distinct exponentials ¢*® needed to write the polynomial part when that number is
at most two, and 3 otherwise.'!

''The Hankel matrix of a sequence (@ )x>o has entries a;1j. If a; is a sum ¥; ljblj‘» of m terms with distinct b; and
nonzero A;, the matrix factors as VT diag(A;)V with V the Vandermonde matrix of the b;, so its rank is m; conversely a
sequence whose Hankel matrix has finite rank m satisfies a linear recurrence of order m and is a sum of m exponentials with
polynomial coefficients. For the polynomial part ¥, c; 6% of a Chern character, writing it as ¥ A jebf9 means klcy =Y ;A jb’;,
so the number of exponentials needed is the Hankel rank of (k!cy), provided the degree 2n allows the recurrence to be read
off, which it does for m < 2; the cap at three records that the criterion of Theorem 6.1 does not distinguish further.
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() = (4 + p)n® — 2n: the rank the criterion demands

FIGURE 8. The lower bound r(y) = (4+p)n® —2n of Theorem 6.1 for 2 < n < 6 and
Hankel rank p = 1,2, 3. The two labelled bars are the product cases of Theorem 6.3.

Theorem 6.1 (The polarised criterion [19]). Let & be a perfect complex on A with ch(&) = v of
polarised shape and Hankel rank p. Then

dimExt*(&,&) > r(y) = (44 p)n*> —2n,

and if equality holds the semiregularity map'? of & is injective, & deforms with A along the whole of
D, and the Weil classes are algebraic on every member of the family with full Hodge group. If some
cx O with 1 <k < 2n— 1, the first-order Hodge locus of v in H' (A, Ty) is the tangent space of Dy
of dimension n*. A perfect complex whose Chern character is exactly a multiple of a Weil class does
not exist on a very general member, so the polynomial part is forced.

The number 7(7) is the rank of the contraction HT?(A) — H*(A), & + & Ly, on the Hochschild
cohomology HT? = @ pig—2HY (A, A\ Ty), of dimension (42"); its kernel is the annihilator Ann(7y),
which meets H' (A, Ty) in the first-order Hodge locus. The semiregularity map o¢ of a perfect complex
composes with the characteristic map eve : HT? — Ext?(&, &), & — E JAt(&), to the contraction into
ch(&); this is how the lower bound arises, and it is the form in which the criterion is used below.
Figure 8 shows r(7); the two values that matter below are r =57 atn =3, p =3 and r = 104 at n = 4,
p = 3. On the product Eg of six copies of the elliptic curve C/Z]i] every twisted complex of line
bundles has dimExt> > 69 > 57 [19, Thm. 18.35]; the criterion is not met there by any such object.

ZFor a perfect complex & on a smooth projective variety the semiregularity map of Buchweitz and Flenner [17] is the
linear map o : Ext*(&,&) — [, HI"! (x,Q%") sending & to the trace of & oexp(—At(&)), where At(&) € Ext!(£,6 ®
Q,l() is the Atiyah class; it generalises Bloch’s map for a subvariety [18], which is the case of the structure sheaf of the
subvariety. Its value is that the obstruction to deforming & along a first-order deformation of X lies in Extz(é” ,&) and is
sent by O to the obstruction to keeping ch(&’) of Hodge type; so when O is injective, & deforms wherever its Chern
character stays a Hodge class, and the Chern character of the deformed complex is algebraic there. The dimension count of
the theorem is the arithmetic of this statement: the rank of G is at least the rank of the contraction into ch(&’), so dim Ext?
is at least r(7y), and equality forces injectivity.
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6.2. The Weil plane of a product

Lemma 6.2. Let A, A’ be of Weil type for the same field K, of dimensions 2m, 2m’, with the diagonal
K-action on A x A'. Then W(A x A’) is a two-dimensional rational subspace of the four-dimensional
space W(A) @W (A") CH*(Ax A'), n=m+m', and every rational w € W(A x A') is ¥; ;a;; 0; ® w;
with a;j € Q for rational bases (@), (@}) of W(A), W(A').

Proof. Over C, H'(Ax A’) =V @V’ splits into eigenspaces Vo @V, of K, and A% of the sum is
spanned by detV, @detV/ and detV_ ®detV’; these lie in the span of the four products 0+ ® /. of
the eigenvectors of W(A) ® C and W(A") @ C. Both W(A x A") and W (A) @ W (A’) are defined over Q,
so the inclusion holds over Q. The explicit formulais [19, Eq. (36)]: @ (AxA’) = 0, @ 0] —d 0, @ @}

for K = Q(v/—d). O
6.3. An object with the polarised Chern character

Theorem 6.3 (The product object). Let A, A’ be very general in their polarised Weil families, with
ample classes 04, 041, 0 = 04 + 0,1, and suppose that W (A) and W (A") are algebraic. Then there is a
perfect complex & on A x A', a finite direct sum with shifts of exterior products

FEXG,, FRL* L'RG, L'®LY,
with F}, G’j coherent sheaves on A, A’ and L, L' the ample bundles, such that

2n
ch(€)=Nw+ Y ab*, N#0,0£weW(AxA),
k=0
has the polarised shape with Hankel rank p = 3, so that r(ch&) = Tn> — 2n, and the first-order Hodge
locus of ch(&) in H' (A x A’,T) is the tangent space of Dy.n.

The hypotheses hold in the two open cases nearest to the known ones: A, A’ very general Weil
fourfolds of trivial discriminant, where Markman proves the Weil classes algebraic [49, 50], so that
A x A’ is an eightfold with n = 4; and A such a fourfold and A’ = B a Weil surface of any discriminant d,
whose Weil plane is of type (1, 1) and algebraic by Lefschetz, so that A x B is a sixfold of discriminant
d with n = 3.

Proof. Since Hdg"(A) = Q[64] ® W(A), algebraic classes on A are rational combinations of Chern
characters of coherent sheaves, and the Chern character of a coherent sheaf is a Hodge class, the
algebraicity of W(A) gives coherent sheaves Fj, F» with ch(F;) = N;w; + pi(64), N; # 0, for a basis
(a1, @) of W(A); likewise G}, G, on A" with ch(G)) = N}’ + p(6x). Fix 0 #w € W(A x A’)
rational, w =} a;;®; ® w} by Lemma 6.2, and a common denominator M of the numbers Ma;;/(N;N ;),
so that these are integers. Negative multiplicities are realised by the shift [1], which changes the sign
of ch.
Step 1. & = @, ;(FiX G’].)@Mau/ (NiN}) has, by multiplicativity,

ch(&y) =Mw+) 0, ®q(04) + ) q;(64) @ 0+, (6.1)
i J

with ¢/, ¢; polynomials and s € Q[64] ® Q[64/].

Step 2. The classes e¥% = ch(L'¥), k = 0,...,2m’, form a basis of Q[OAI]/(Gj,mIH): the matrix
(k//j!)jx has determinant [;(1/,!) times the Vandermonde determinant of 0,1,...,2m’, which is
nonzero. Write ¢} = Y, bie*% and add (F, XL’ k)®_bek/ Ni| after enlarging M to clear denominators;
this removes ; ® ¢} and adds only terms p;(64) ® €%, which lie in Q[84] ® Q[6y]. Symmetrically
remove ¢; ® @; with summands L'K G’

Step 3. The classes /%% = ch(L! K L'¥) form a basis of Q[64]/(0:" ™) ® Q[GA/]/(G/_%W“) by
the same determinant, so the remaining part in Q[64] ® Q[64/] is cancelled by line bundles with integer
multiplicities and shifts. Finally add (LXK L')®¥, k =0, 1,2, with generic nonzero multiplicities u;. The
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D,..» near a product point: 4 (resp. 8) mixed
directions obstruct every FX G’

mixed directions, n? —4m? — m'?

>

T(product locus), m? +m'?

Ax A’

FIGURE 9. The domain %, near a product point A x A’. The curve is the product
locus, whose tangent space has dimension m? + m'?; the 2mm’ mixed directions ob-
struct every exterior product F X G, and only the combined object of Theorem 6.3
has the full tangent space as first-order Hodge locus.

result is
2

ch(&) =Mw+ ) yek®,
k=0
a polarised shape whose polynomial part is a sum of three distinct exponentials with nonzero coef-
ficients. Three exponentials are not one of the shapes of Hankel rank at most two, so p = 3; and
some ¢x with 1 <k <2n— 1 is nonzero, so the first-order Hodge locus is the tangent space of %, , by
Theorem 6.1. U

The construction was carried out in the exterior-algebra model of H*(A x A’) for (m,m’) = (2,1)
and (2,2): the cross terms of ch(&p) vanish, nothing is left outside W (A x A”) & Q[0] after Steps 2
and 3, the Hankel rank is 3, and the first-order Hodge locus has dimension 9, resp. 16, equal to n?
(Appendix B).

6.4. What a direct sum cannot do

The tangent space of Z, , at a product point contains the tangent space of the product locus Z,, ,, x
Dt > Of dimension m? +m'?, and n? — m* — m'* = 2mm’ mixed directions. In the same model, each
exterior product F )X G’ of sheaves of polarised shape has first-order Hodge locus inside 7%, equal
to the tangent space of the product locus: all 2mm’ mixed directions obstruct it, four for A x B and
eight for A x A’ (Fig. 9). The object & of Theorem 6.3 has the whole tangent space as its first-order
locus because its Chern character is a single polarised class and not a product. Semiregularity is a
different matter.

Proposition 6.4 (Direct sums are never semiregular).

(1) Let & = @y & be a direct sum of at least two nonzero complexes. Then the semiregularity map
Og vanishes on @y Ext?(6;,8)). So o is injective only if Ext*(&, &) = 0 for all k # 1.
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(ii) For every direct-sum realisation & of Theorem 6.3, G¢ is not injective and dimExt*(&,&) >
r(ché&).
Proof. (i) The semiregularity map of Buchweitz and Flenner is built from the traces & tr(é o
At(& )1’) of compositions with powers of the Atiyah class [17, Sect. 4]. The Atiyah class of a di-
rect sum is block diagonal, so for £ in an off-diagonal block Ext?(&,&}) the composition & o At(&)P
is off-diagonal, and the trace of an off-diagonal block is zero.

(i) The summands of & include Fy K L'* and F; X L' for two exponents k < [, because Step 2 of
the proof uses every power L'* with 0 < k < 2m’ (the exponentials form a basis and ¢} is a nonzero
polynomial of positive degree for a sheaf of polarised shape, which has p; of positive degree by
Theorem 6.1). By the Kiinneth formula

Ext*(F RL'*, A RL) D Ex(F, F) @ HO(A', L"), (6.2)
and dimExt?(F;,F;) > r(chF;) > 12 by Theorem 6.1 on the fourfold A (n = 2, p > 0), while H°
of an ample bundle is nonzero. So an off-diagonal block is nonzero, os has a kernel by (i), and
dimExt>(&,&) > r because equality would force injectivity. O

Proposition 6.5 (Convolutions). Let & be a one-sided twisted complex on pieces Py, . .., Py with shifts
sS4, ordered so that the differential § = (8up)a<p Oap € Ext'TSa=0(P, B,), is strictly upper triangular;
let y = ch(&) = La(—1)"ch(P,)

(i) The semiregularity map Cg; vanishes on every class of Ext2(£5,c§5) represented by a strictly
upper triangular cocycle. So the criterion holds for &s only if every strictly upper triangular
cocycle of degree two is a coboundary.

(i1) Suppose no term of the twisted differential carries a class of degree one into a diagonal block
Ext*(P:,P.). Let v € Ty, have a nonzero mixed component. If some piece P =X XY has
kY c1(X) /04 #1kX c1(Y)/Ou, then eve,(v) # 0 and O;(evs, (v)) = O: the criterion fails.

(iii) Suppose the pieces split into two nonempty groups with Ext*(P,, B,) = 0 in both directions for a,
b in different groups. Then & = &' © & is the direct sum of the convolutions of the groups, and
the criterion holds for &g only if every v € T 9, , annihilates ch(&") and ch(&") separately.

Proof. (i) The components of 0, (&) are the traces tr(§ o At(&5)?7)/p! [17, Sect. 4]. In the harmonic
model of a twisted complex the Atiyah class is represented by [V, d+ 6| with V the direct sum of
the Chern connections of the pieces; it is block upper triangular with diagonal blocks At(P,) and
off-diagonal blocks V&,,. The homotopy transfer & — Y, (—h[8, -]1)*E that produces the chain-level
representative of & raises or preserves the block position b — a, so a strictly upper triangular cocycle
has a strictly upper triangular representative. The product of an upper triangular block matrix with
a strictly upper triangular one is strictly upper triangular, and its trace, the sum of the traces of its
diagonal blocks, is zero. The trace is a chain map for d + [§, -] by cyclicity, so the vanishing holds in
cohomology. Since O oev, is contraction into ¥, of rank r(y), the kernel of o, contains the image
of the strictly upper triangular classes and dimExt?> > r(y) + dim(that image).

(ii) The Atiyah class of X XY is At(X) ® 14 1®At(Y), so the diagonal component of ev ¢, (v) at P is
voAt(P), with trace vach; (P). Write v=vs+vy +z®d +7 @d withva € T Dy, var € T Doy, 2 €
HO'(A),d € H(Ty), 7 € H*'(A"), d € H°(Ty). Since v kills 8 = 84 + 6, and v4 104 = v4 104 = 0,
we have v10y = —v.0y = —7 A (d16y), nonzero when d # 0 because 6y is nondegenerate and 7' A is
injective on H%!(A); the case d = 0, d’ # 0 is symmetric. On a very general member c1(X) and ¢;(Y)
are multiples of the polarisations, so v_ch; (P) = (kY ¢(X)/64 —1tkX ¢;(Y)/64) v264 # O under the
hypothesis on P. Under the assumption on the differential, the diagonal components of a class in
Ext*(&5,85) are well defined, so evg, (v) # 0, while o, (evg, (v)) = vy = 0 because v is tangent to
the Hodge locus of 7.

(iii) With no Ext groups between the groups there are no components of § between them, so the
twisted complex is block diagonal,

Ext?(&5,85) = Ext* (&, &) @ Ext?(&", &),

6.3
dimExt*(&5,&5) > dimHT? — dim (Ann(ché&”) N Ann(ché™)), (©)
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with 6g, = 04 @ Ogr; the inequality holds because for each summand the contraction into its Chern
character factors through ev and &, so that dimExt?(&”,&”) is at least the rank of & — & .ch&”, and
likewise for &”. Here r(y) = dimHT? — dim Ann(y) with Ann(y) = T %, . Equality dimExt* = r(y)
forces the common annihilator to be all of 7%, . O

For the pieces of Theorem 6.3 the splitting in (iii) that one would like to use separates the pieces
F; XY carrying a secant sheaf on A from the pieces L' X ¥’. Two statements settle what that splitting
gives. The first computes the annihilator of the secant pieces by hand; the second shows that the
splitting is never available.

Theorem 6.6 (The annihilator of the secant pieces). Let &' be the sum, with the multiplicities and
shifts of Theorem 6.3, of the pieces F; X G'; and F; XL’ k. Then

M
Ch((g)/) :MW‘FZﬁPi(GA)@Ri, Ri:Zaij(l)}, (6.4)
i Vi J

!/

where (a;j) is the matrix of w in the bases (o;), () and is invertible, and the annihilator of

J
ch(&") in T Dy is the tangent space T Doy BT Dy y of the product locus, of dimension m? +m'.
If Ext*(F,,L") = 0 for every power L' among the pieces, every convolution &5 of the pieces has

dimExt?(&5,85) > r(y) + 2mm', which is 61 at n =3 and 120 at n = 4.

Proof. Steps 1 and 2 of Theorem 6.3 add and subtract, for each i, the classes

Z M aijj

7 NiVj

where g; =Y. ;(a;;/N})p;; the difference is ch(F;) @ R;, and summing over i with ch(F;) = N;®; + pi(6a)

gives (6.4), the terms o; ® R; adding up to Mw by the definition of a. By Lemma 6.2 w = x 04 ® o/ +

XTo_ ® o' with x # 0, a tensor of rank two, so a is invertible and R, R, form a basis of the Weil plane
of A.

Write V = H'(A,C) = V, ®V_ for the eigenspaces of K, @, = detVy, and V[, @/, for their ana-
logues on A’. A tangent vector v € H'(T4,4/) acts on cohomology as a derivation and decomposes
as v =va + vy + p+ ' with vy € H%'(A) ® H(Ty), vy its analogue on A’, and the mixed parts
p € HOYA) @ HY(Ty), u' € H*Y(A') @ H(Ty). Let v € T%,,. The three Kiinneth components
of v vanish separately: va_64 = 0, v410’ =0 and .0’ + u’ .6, = 0. Contraction into a nonde-
generate form is an isomorphism from H°(T) onto H%!, so u + u.6’ and p' — u’.6, are injec-
tive into H*'(A) ® H*!(A’), and p = 0 exactly when p’ = 0. Next, vi(@; ® ®},) = 0. The term
(vauwy) ® @' has no component in A>"V. ®A2m/V4, because that component is the trace of v4 on
V. and v, sends Vi’o into Vf’l and kills VE’I; it lies in A"V, @ V_ ® AzmIVJ’r, while the other three
terms lie in A"V, @ A2~/ @ V', in A*"~ 'V, @ A?"V! @V’ and in A"V, @ V_ @ A>" V!,
four distinct weight spaces for GL(V,.) x GL(V_) x GL(V{) x GL(V"). Hence vou®, = 0, and in the
same way v40_ = 0 and vy a0/, = 0. A vector of T %, with vanishing mixed part therefore lies in
T Dun ® T Dy e, and conversely every such sum kills 6 and the Weil plane; the dimension m? + m'?
is that of the two Weil families [83].

Now let v € T, have u # 0. It kills Mw; v, kills p;(64) and va kills R;; so vach(&”) = (u+
uHaYy OA‘ @ R®, where p; = chikﬂj and R®) = Y (Mcy/N;)R;. Write 4 =Yz, ®d, and p’ =
Y., 2. ®@d;. The contraction of 0¥ @ R against ' is kY 05! (d;204) @ (2, AR®)), of Kiinneth bidegree
(2k — 1,2m’ 4+ 1), and against u it is Y;(z5 A 05) @ (d..RW), of bidegree (2k + 1,2m’ — 1). These
bidegrees are pairwise distinct over all k and both types, so every term vanishes on its own. Some R%)
is nonzero, since pi, po are not both zero and R;, R, are a basis. For R = O'a)jr +6w with 6 #0
the map 7/ — Z/ AR is injective on H%!(A'), because Z A @, =7 A/ and Z N =7, AN lie
in independent weight spaces and vanish only with z; dually @’ — d’ R is injective on H(Ty). If
the nonzero R has k > 1, hard Lefschetz makes 9}{_1 injective on H 1(A), sincek—1<2m-—1, so
the p’-term vanishes only if Y (d;104) ® Z, = 0, that is 4’ = 0, and then p = 0. If kK = 0 the y-term

M
ch(F)ch(G’) and ﬁch(F,-)®q§,
i
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is (id® (- JR©))(u), which vanishes only if g = 0. Either way the mixed part is zero, against the
assumption.

The bound is Proposition 6.5(iii): the common annihilator of ché” and ch&” in T %, , lies in that of
ch&”’, so dimExt> > dimHT? —m? —m> = r(y)+n> —m?> —m'>, and n = m +m'. d

Proposition 6.7 (Secant and line-bundle pieces are never orthogonal). For every realisation of Theo-
rem 6.3 there are an index i and a power L' among the pieces with x (F, L ) #0. Hence Ext* (F,-,Ll )#0
and Ext* (L', F;) # 0, and the hypothesis of the last sentence of Theorem 6.6 fails.

Proof. The Todd class of A is 1, ;64 = 0 and [0f = 24, so Riemann—Roch gives x(F;,L') =
S pi(=64)e'® = P(I) with

Pi(1) = ciol* —4ci P + 12¢1% — 24c¢31 + 24ci, (6.5)

a nonzero polynomial because p; # 0. Expand p; = ¥, bye'%, 0 <1 < 4, modulo 912, which is possible
since the five exponentials span Q[64]/(63), and call the set S; of [ with by # O the support of p;.
Then P;(s) = Y5, b (s — 1)*. If P; vanished on all of S; with |S;| > 2, the vector (b;)cs. would lie in

the kernel of the symmetric matrix ((s —1 )4) That matrix is nonsingular: for two elements its

s,leS;”
determinant is — (s — )8, for three it is 2[](s —)*, for the five four-element subsets of {0, ...,4} it is
29952, 1032192, 6054912, 1032192, 29952, and for the whole set it is 7962624. So a support with at
least two elements contains some ! with P;(1) # 0.

Step 2 of Theorem 6.3 uses the pieces L' X G/, for every I in the support of g; = Y;(Ma;;/N;) pi, and

the last step uses L¥ I L'* for three values of k whose net multiplicities are nonzero. If p; and p, are
independent, ¢; and g, span the same plane because a is invertible, so the union of their supports is
S1USy; if pp is a multiple of py, both g; are multiples of p;, not both zero, with the same support.
In either case every [ € S} US, gives a piece L' X G’ If |S1] > 2 or [S2] > 2 we are done. Otherwise
pi = bie"® with b; # 0. If I; # I then L K G/, is a piece and Py (L) = bi (b —1)* #0. If [, =, =1
the residue of Steps 1 to 3 lies in /% @ Q[6'], so at least two of the three final exponents k differ from
I, and P,(k) = b;(k —)* # 0. The vanishing of Ext*(F;,L!) would force y(F;,L') = 0; Serre duality
gives Ext*(L!, F;) # 0 as well. O

Theorem 6.6 is therefore a conditional statement whose condition never holds: Proposition 6.5(iii)
cannot be applied to the splitting between secant pieces and line-bundle pieces, and no bound on
dimExt? of a convolution follows from the Chern characters alone. The hypothesis of part (ii) can fail
with line bundles only. The cone of a section of L' ) L'¥ ¥, viewed as a map L' IL'* — L' KL'¥ with
k' > k, is a twisted complex of two pieces in which the Serre dual of the section, a class of degree
one, enters the diagonal block of the piece L' X L'%; the only terms that can enter a diagonal block of a
line-bundle piece are of this form, with the same power on A. Part (ii) applies to every piece L K L'¥
with [ # k whose block receives no such term, which is how Step 3 of Theorem 6.3 uses it.

6.5. Where the product object stops

Every test that depends on ch(&’) alone is passed: polarised shape, N # 0, Hankel rank 3, first-order
Hodge locus equal to 7%, ,, lower bound 57 or 104. The criterion then asks for dimExtz(éa &) =r,
Proposition 6.4 shows that no direct sum achieves it, and Proposition 6.5 says what a convolution
of the same pieces must do: kill every strictly upper triangular class of degree two, carry classes of
degree one from the lower triangle into the diagonal blocks of every piece with mismatched slopes,
and, since by Proposition 6.7 the secant pieces and the line-bundle pieces are never orthogonal, carry
classes between the two groups in a way that cancels the mixed directions, which by Theorem 6.6 the
secant pieces alone leave uncancelled. All three demands are statements about the groups Ext*(F, F,),
Ext*(F;, L), Ext*(L,F;) and their analogues on A’. Those groups are not computed in [49, 50, 51],
where the only object with known Ext groups on a very general Weil fourfold of trivial discriminant is
the twisted transform ®(F X F") with dimExt* = 1,8,18,8, 1, whose Brauer class is half the Poincaré
class and which therefore cannot be mixed with untwisted line bundles; and we have not computed
them. Riemann-Roch fixes y(F;,L') = P(I) and the Kiinneth formula fixes everything on the line-
bundle side, so the unknown is exactly the thirteen graded groups Ext*(F;, F;) and Ext*(F;,L!). This
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is the exact stopping point: the polarised criterion at a product point is a finite question about the Ext
algebra of the secant sheaves, and Proposition 6.5 lists what the answer must contain for the route to
stay open. The analogous question on Eg, for line bundles, closed negatively with dimExt> > 69 [19,
Thm. 18.35]; that is an analogy and not a proof of the answer here.

At a point of complex multiplication the thirteen groups are known. We record them, since they
turn the stopping point into a statement about one explicit variety.

Lemma 6.8 (The Ext groups at a point of complex multiplication). Let K = Q(i), Eo = C/ZJi], and
let Ay = Eg carry the K-action by i on three factors and by —i on the other three; it is a member of
D33 for every discriminant, since the K-hermitian forms Y. ;<3 a;jzjw; — Y j~3a;2;w; with a; > 0 are
polarisations of every discriminant class. Let L be ample on Ay with class 0, let Z,Z' C Ay be abelian
subvarieties of dimension three with ZN\Z' finite, and put Xz = (0|7)?/6, a positive integer.

(1) Every Hodge class on Ag is a polynomial in divisor classes, and every product of three divisor
classes is a rational combination of classes |Z] of abelian threefolds. The Weil classes are such
combinations, and no Weil class is a multiple of a single [Z]. For every Z, ch(0z) = [Z] and
ch(0z @ L) = [Z] .

(i) Ext*(07@L, 07 @ LP) = 0 for k # 3, and dimExt® = [ZNZ'| = (Z-Z), for all a,b.

(iii) The groups Ext*(0, @ L%, 07 @ L) are given by (6.6) below, with N =2 ﬁg. For a = b it has
dimension (2) and the characteristic map HT?(Ag) — Ext? is onto; for b > a it lives in degrees
0 to 3, of dimension (i) (b—a)yz; for b < a in degrees 3 to 6, of dimension (ki3) (a—b)*yz.

(iv) For b > a, Ext*(0; L%, L") is concentrated in degree 3 and Ext*(L*, 07 @ L) in degree 0, both
of dimension (b —a)> xz; for b < a the first is concentrated in degree 6 and the second in degree
3, both of dimension (a—b)* xz; for a = b the dimensions are (k 3 3) and (2)

(v) For b > a, Ext*(L* L") = H*(Ag,L"~%) is concentrated in degree 0, of dimension (b —
a)®6°/720; for b < a in degree 6; for a = b it is H*(0y,), of dimension (2)

Proof. (i) The Hodge group of A is the norm-one torus K' acting by zon V, and Z on V_, so over C
the Hodge classes of degree 2k are A\*V, @ AfV_, which is spanned by the products of k elements of
V, ®V_ =Hdg? (Ap)c; since Hdg’? = NSq by Lefschetz, the Q-span of the products of k divisor classes

has full dimension (2)2. The classes £*[0], f € Hom(ES, Ey) = Z[i]®, are the rank-one hermitian forms
vi' and span NSg. For fi, f2, f3 independent over K the map f = (fi, f2, f3): Ao — Eg is a surjective
homomorphism, hence flat, and £7[0] £5[0] £5[0] = £*[0] = [f~'(0)] is a positive multiple of the class
of the abelian threefold ker(f)°; for dependent f; the product is zero. A Weil class w satisfies w6 = 0,
while [Z]0 = i.(6|z) # 0 because (8|z)? > 0. Since Z is a translate of a subgroup, N7 is trivial and
td(Nz) = 1, so Grothendieck-Riemann—Roch gives ch(i,&7) = i,(1) = [Z] and ch(07 @ L) = [Z]e®.

(ii) Since dimZNZ’' = 0 and the tangent spaces are translation invariant, T & Ty = Ty, at every
point of ZNZ', so Z and Z' are locally transverse complete intersections and ZNZ' is reduced. In local
coordinates with Z = {x; = x, =x3 =0} and Z’' = {y; = y, = y3 = 0}, the Koszul resolution of &
gives &xt*(0y,04) as the cohomology of the Koszul complex of x1,x,,x3 on Oy, a regular sequence
there; so &xt* =0 for k # 3 and &xt3 = Oynp. The local-to-global spectral sequence has one row,
H*3(zNZ',0), and twisting by line bundles does not change a sheaf on a finite reduced scheme; the
intersection number equals |Z N Z'| by transversality.

(iii) Let m: Ag — Ag/Z be the quotient. The normal bundle Nz is the restriction of the trivial
bundle 7*7}, /7, so it extends to all of Ao, and by the theorem of Arinkin and Célddraru [6] the derived
restriction i*i, 07 is formal, i*i, 07 = @, \P Nj [p]. Hence

Ext"(07®LY, 0, @ L") = Exty (i*i.07,1L"%|z) = €@ HY(Z,L" “|z) @ A’ Nz. (6.6)
ptq=k

For a = b the dimension is ¥, ,_ ((3]) ([3,) = (%); for b # a the cohomology of L*~?|7 on the abelian

threefold Z sits in degree 0 or 3 according to the sign of b — a, with dimension |b — a|? )z by Riemann—
Roch, which gives the two ranges of degrees and their dimensions. The characteristic map sends
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H?(0y,) onto H?(07) by restriction, H' (Ty,) = H'(0) @ Ty onto H' (0'7) ® Nz through the quotient
To — Nz, and HO(A*Ty,) = A\* Ty onto A*Nz,; all three are surjective, the first because H*(Ag) —
H*(Z) is onto for an abelian subvariety.

(iv) By Grothendieck duality for the regular embedding, whose relative dualising sheaf detN is
trivial, and by adjunction,

Ext* (0@ L%, L) = H* 3 (Z,L"7|7),
Ext" (L%, 07 L") = H*(Z,L"“|z).
On Z the cohomology of an ample bundle is concentrated in degree O and that of an anti-ample one in
degree 3, of dimension )y = 3 /6 by Riemann-Roch, and ¢ (L™|7)* = m?(6|z)3; for m = 0 one gets
H*(Oy).
(v) is the same statement on Ag, with x (L™) = m®6°/720. O

Lemma 6.9 (Threefolds that meet along a positive-dimensional set). Let Z,Z' C A be distinct abelian
threefolds, let W = ZNZ', of dimension d € {0,1,2}, and put c =3 —d and m = b —a.

d

(i) Hom(0z,07) =0, and Ext1(O7,0y) = ﬁ‘gj’*") for c < q <3, zero otherwise.

(ii) Extk(ﬁZ@)L“,ﬁz/ ®LP) =0 unless ¢ <k <3 whenm >0, 3 <k <3+d when m <0, and
¢ <k <3+4dwhenm=0. In particular the group vanishes in degrees k <2 when m < 0, and
Ext! # 0 only when d = 2 and m > 0, where Ext' = HO(W,L"|y).

(iii) For the threefolds Zy, Zyi of Appendix A, d is the number of indices j with {; = J’ W is the
product of the shared curves with Hcﬁé;/{ — CJ’|2 points, and for d =2 and m = 0, dimExt' =

|& — &/ |? € {2,4}, I being the index at which they differ.

Proof. (i) W is a closed subgroup scheme of Ay, reduced in characteristic zero, so a disjoint union of
translates of an abelian variety of dimension d, and it is nonempty since Z and Z’ contain the origin.
At a point of W choose translation-invariant linear coordinates in which Z = {x; =x, = x3 = 0}. The
restrictions of x1,x,x3 to Z' are linear forms cutting out W, of codimension c¢ in Z’; after a linear
change xp,...,x. restrict to a regular sequence on Z' with zero locus W and x..1,...,x3 restrict to
zero. The Koszul resolution of & computes &xt4(0z, 0) as the cohomology of the Koszul complex
of these restrictions on &, the tensor product of the Koszul complex of the regular sequence, with

cohomology Oy in degree ¢, and of d complexes O RN Oy; so Ext1 = NT¢(0F). Since ¢ > 1,
Hom = 0.

(ii) The local-to-global spectral sequence has EY = HP(W,&xt4 @ L™ |yw) with 0 < p < d and
¢ < g < 3. On each component of W the bundle L™ |y is ample for m > 0, with cohomology in degree
0 only, anti-ample for m < 0, with cohomology in degree d only, and trivial for m = 0. This gives the
three ranges. For k = 1 the only possible term is EY!', nonzero only when ¢ =1 and m > 0, and it

survives to E., because E,’ 0= =Ey 0o,
(iii) In the coordinates of Append1x A, Zy ={uj+Ev;=0, j=1,2,3}; ashared index gives a form
vanishing on Z¢/, and an index with {; # / gives the form (; — &} )v j on Zgr, whose zero locus in Ce

has [{; — ¢ j’|2 points by Lemma A.1(ii). So W is as stated, and Ext! = H*(W, Oy ) has dimension the
number of components of W. O

Theorem 6.1 applies at Ay with the same number r = 57: the rank of the contraction of HT? into
ch(¢&) is invariant under SU(V, H)(R), which fixes the Weil classes and 6 and acts transitively on Zs 3,
so it is the rank computed at a very general point, and the argument of Buchweitz and Flenner is local
on the base. An object & with dimEth(é” ,&) =57 at Ap would therefore deform along all of 73 3 and
prove the Weil classes algebraic on every member with full Hodge group. By (i) every Chern character
of polarised shape is realised at Ao by a convolution of pieces 0’7, ® L*[s,] and L*[¢], with at least two
subvariety pieces, since w is not a multiple of one [Z], and at least three powers of L, since the Hankel
rank is three; by (ii) to (v) every group between two pieces is known. Appendix A writes the classes,
the intersection numbers and every dimension of the lemma in coordinates for the threefolds that are
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products of elliptic curves of the three Weil surfaces, and exhibits the signed sum of thirty-two of them
equal to 32(a + &). What the lemma decides is how the diagonal classes can disappear.

Proposition 6.10 (No cancellation in two steps). Let & be a convolution of pieces Fy[s,| of the types of
Lemma 6.8, whose threefolds meet pairwise in finite sets, and no two of which are isomorphic sheaves
placed at shifts differing by at most one. A class of Ext*(F,, F,) is cancelled in the spectral sequence of
the convolution only through a closed chain a = ag,ay, . .., an = a of pieces with Ext’ (Fy . Fy) #0
and Y ; ki = m, and no such chain has m = 2. The chains with m = 3 are exactly those through three
twists k < k' < k" of one threefold, 07 @ L¥[s] = Oz Q L¥ [s+1] = O Q LF [s + 2] — 07 @ L¥]s),
with degrees 0,0,3. Hence every cancellation among the diagonal classes of degree two is a Massey
product of length at least three.

Proof. The Maurer—Cartan components of the twisted complex and the class 1) whose differential is
computed all have total degree one, that is, a component in Ext*(F,, F},) has k+s, — s, = 1. A product
of m such components along a closed chain lands in Ext%—"*2(F, F,), since the shifts cancel around
the chain and the m-fold product lowers the degree by m — 2; so it reaches degree two exactly when
Y ki = m. For m = 2 both components have degree at most two. Between two pieces that are not
isomorphic sheaves, Lemma 6.8 gives the degrees: 3 and 3 between &’z and 0; 0 to 3 one way and
3 to 6 the other between two twists of one &z; 3 and 3 between ¢z @ L and L’ with a < b, 6 and 0
with a > b, and 3 to 6 against O to 3 for a = b; 0 and 6 between two powers of L. In every case the
two degrees add up to at least three. Between two copies of one sheaf at shifts s, s” the two degrees
are 1 — s’ + s and 1 — s+ ', which are both at most two only when |s — 5’| < 1, the case excluded. For
m = 3 the edges of degree at most two are, by the same list, the edges that raise the twist and the edges
L* — 07 ® L*; a closed chain cannot consist of them alone, so one edge has degree at least three and
the other two have degree zero. Two edges of degree zero from a line bundle lead to a power of L or
to a subvariety piece of strictly larger twist, from which every edge back to the line bundle has degree
six; from €7 @ L they lead only to € @ L¥" with k” > k through an intermediate twist k', and the
edge back has degree three, through H°> (Z,Lk_ku |7) ® A Nz. These are the chains displayed, and their
three groups are nonzero.

g

For line-bundle pieces alone the same bookkeeping holds on Ef, and there the Massey products
of length four are the ones that act, with the result dimExt> > 69 [19, Thm. 18.35]. With subvariety
pieces and three powers of L no closed chain of any length exists, and the criterion fails for a reason
that involves no product at all.

Proposition 6.11 (Convolutions with three line bundles fail). Let & be a convolution at Ay of pieces
Oz, @ L*[s,] and L' [t,] in which no sheaf occurs twice, the threefolds Z, are pairwise distinct, there
are at most three line bundles, and Bxt' (07, @ L*, 07, @ L*) = 0 whenever s, = s. Suppose ch(&)
has the polarised shape. Then no term of the twisted differential carries a class of total degree one
into a diagonal block, and
dimExt*(&,&) > r(ché) :

the criterion fails for &. The hypothesis on Ext' holds when the threefolds meet pairwise in finite
sets, and for the thirty-two threefolds Z; of Appendix A placed at one twist with shifts of the parity of

616G

Proof. Step 1, no closed chain. As in the proof of Proposition 6.10, a term of the differential landing
in a diagonal block runs along a closed chain ag,ay,...,a, = ag of pieces with a nonzero component
in ExtYi(F,,_,,F,.), ki = 1+45,_, — Sa., so that Y;k; = m; the pieces of the chain are distinct, because
the differential is strictly upper triangular in the one-sided order. We show that no such chain exists.
Between two distinct threefold pieces Hom = 0 by Lemma 6.9(i), and a component of degree one
needs s, = 55, which the hypothesis excludes; so every edge between two threefold pieces has degree
at least two. By Lemma 6.8(iv) and (v), an edge L' — 07 ® L* has degree 0 when k > I, 3 when
k <1 and 0 to 3 when k = [, so a degree at most one forces k > [; an edge 07 ® L¥ — L' has degree
3 when [ >k, 6 when [ < k and 3 to 6 when / = k, so a degree at most four forces / > k; and an
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edge between two line bundles has degree O when it raises the twist and 6 when it lowers it. A chain
of threefold pieces alone has Y ;k; > 2m > m. Otherwise the chain visits ¢ < 3 line-bundle pieces;
between consecutive visits it either passes directly, by an edge that raises the twist (# such edges in
all) or lowers it (w in all), or runs through r > 1 threefold pieces, entered with degree e and left with
degree x; let R be the number of runs. Then R+u+w =/¢, m = £+ Y ns 7> @ run contributes at least
e+x+2(r—1)toY,;k;, and so
Zki—m > Z (e+x+r—3)+5w—u,
i runs

where each bracket is atleast 0+3+1—3 = 1. If w > 1 thenu </—R—w <2 — R and the right side
isatleast R+5—(2—R) > 0. If w =0 then u = { — R < 3 — R and the right side is at least 2R — 3, so
R <1; R=01is a cycle of edges that all raise the twist, which cannot close; and for R = 1 the single
bracket must equal u, so r <2 and e+x < 5—r, that is (e,x) € {(0,3),(0,4),(1,3)} for r =1 and
(e,x) = (0,3) for r = 2. In both cases the run enters the first threefold, of twist k, from L with k > 1,
leaves the last one, of twist &, for L with I/ > k', and returns from L' tol! by u > 1 edges that raise
the twist, so I’ < [ and k' < k. For r = 1 this reads k < k. For r = 2 the internal edge goes from the
twist k to the strictly smaller twist kX’ and has degree two, which Lemma 6.9(ii) forbids. So there is no
closed chain.

Step 2, the class eve(v). By Step 1 the diagonal components of a class in Ext>(&£,&) are well
defined, as in Proposition 6.5(ii), and for v € H'(Ag,Ty,) the diagonal components of eve(v) are the
classes evg, (v) = vuAt(F,) of the pieces, the Atiyah class of the twisted complex being block upper
triangular with diagonal blocks At(F,). For a piece F = 07 ® L* the semiregularity map sends evy (v)
to vuch(F) = va[Z] + kvi([Z]6) + - - -, whose component of lowest degree is vJ[Z]. There is at least
one threefold piece, since the Weil component of ch(&) is nonzero and powers of L contribute none.
Step 3 gives v € T 73 3 with v_[Z,] # 0 for such a piece, so eve(v) # 0; and o (eve(v)) =vach(&£) =0,
because T Z; 3 annihilates 8 and the Weil plane. So ¢ has a nonzero kernel, while its rank is at least
the rank r(ch&) of 65 oeve; hence dimExt?(&,&) > r(ch&) + 1.

Step 3, no [Z] is annihilated by T %3 3. The tangent space T %53 C H' (Ao, Ts,) = Hom(V10 vO1)
consists of the K-linear maps that are skew for the polarisation; it is the part g~ 1! of the Lie algebra g
of SU(V,H) in the Hodge structure that Ay induces on it, and the contraction v on H*(Ag) = A"V is
the derivation by which g¢ acts. Suppose v1[Z] =0 forall v € g~ Since [Z] is real it is annihilated by
the conjugate space g'-~! as well, and g~ ! @ g/ !, the off-diagonal blocks of s[(V, ©V_), generates
gc = sle; so [Z] is invariant under the connected group SU(V, H), in particular under its rational points.
Every g € SU(V,H)(Q) C GLk(V) = End®(4¢)* is a quasi-isogeny of Ag, because Ey has complex
multiplication by K; for an integer n with ¢ = ng an isogeny, ¢*[Z] = [Z] gives ¢.[Z] = ¢, ¢*[Z] =
deg(@)[Z], so the class of the abelian threefold ¢(Z), whose tangent space is g Tz, is a positive multiple
of [Z]. The group SU(V,H)(C) = SL¢(C) acts transitively on the three-dimensional subspaces of V.,
which determine the K-subspaces of V, the condition g7, N7, = 0 is Zariski open and nonempty in
g, and SU(V,H)(Q) is Zariski dense in the connected group SU(V,H) [20, Cor. 18.3]. So some g
makes Z N @(Z) finite; it contains the origin, and (Z- ¢(Z)) = |ZN@(Z)| > 1 by Lemma 6.8(ii). But
(Z-¢(Z)) is a positive multiple of [Z]?, and [Z]? is a multiple of f*([0]?) = O for the map f: Ag — E;
of Lemma 6.8(i), since [0]> = 0 on Eg . This contradiction proves the claim, and the proposition.

For the last sentence of the statement: when the threefolds meet in finite sets every group between
two of them sits in degree three by Lemma 6.8(ii); and two of the Z; at the same shift have the same

value of &;$ &3, hence differ in at least two coordinates, so d < 1 and Ext' = 0 by Lemma 6.9(i). [

Proposition 6.11 settles the configuration that Appendix A writes down, the thirty-two threefolds Z¢
at one twist with three powers of L: no convolution of these thirty-five pieces meets the criterion. By
Lemma 6.8(i) every object meeting the criterion at Ay is a convolution of pieces 7 ® L¥[s] and L'[t],
so what remains are the convolutions with four or more line bundles, with a sheaf at two shifts, with
a threefold at several twists, or with two threefold pieces at the same shift meeting along an abelian
surface, as two of the Z; with two equal coordinates do. Closed chains exist among them. With the
threefolds at twist O and the line bundles of positive twist, every edge from a line bundle into a threefold
piece and every edge out of one has degree three, so the shortest closed chain through a threefold piece
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runs through five line bundles at five consecutive shifts, L' [c —2] — L?[6 — 1] — LB[6] — L*[c +
1] = L5[c+2] — O7z[c] — L"[o —2] with 0 < [; < --- <5 and degrees 0,0,0,0,3,3; one threefold
at three twists carries the chain of Proposition 6.10; and two pieces 07, ® LK[s], Oz, ® LK[s] with two
equal coordinates carry the chain of length two with degrees 1, 1, through the groups H*(W, Oy) of
Lemma 6.9(iii). The question at the stopping point is whether the diagonal components (eVpa (v))a,
v € T P53, lie in the image of the products along such chains; the Hodge locus of the obstruction, the
only other way the criterion could fail, is settled by Theorem 6.1 itself. The next subsection answers
the question twice without computing a product: by counting the blocks that no chain reaches, and by
observing that one threefold piece outside every closed chain decides it.

6.6. Counting the remaining configurations at Eg

The four kinds of convolution left open by Proposition 6.11 can be tested by a bound that uses no
product at all. Fix pieces F, with shifts s, and a minimal A.-model of their full subcategory, so that
Hom*®(&,&) for a convolution & of the F, is the direct sum of the blocks Ext*(F,, F},) placed in total
degree k + s, — 54, with the differential x — Y, ;mp14+1(0,...,8,x,8,...,8) built from the twisting
cochain 8, whose components lie in the blocks of total degree one. Call a block Ext*(F,, F},) of total
degree two isolated when no block of total degree one maps to it and it maps to no block of total
degree three along such a term: that is, there is no chaina — --- — a’ and ' — - -- — b of pieces with
every step a nonzero block of total degree one and (a',b") # (a,b) carrying a block of total degree one,
and no such chaind’ — --- — a, b — --- — b’ with (d’,b’) carrying a block of total degree three.

Lemma 6.12 (Isolated blocks). For every twisting cochain & on the pieces F,, the isolated blocks of
total degree two inject into Ext*(&,&); so dimExt*(&, &) is at least the sum of their dimensions.

Proof. An element of an isolated block is a cycle, since every term of its differential lands in a block
of total degree three reached from it along a chain of components of &, and there is none; and it is
not a boundary, since every term of the differential of a class of total degree one lands in a block
reached from that class along such a chain, and none reaches an isolated block. The blocks are direct
summands, so the cycles of the isolated blocks meet the boundaries only in zero. 0

The bound depends only on the Ext groups of Lemmas 6.8 and 6.9 and on the shifts, not on 9, so it
can be computed over all configurations of a family at once. We did this for the configurations of the
four kinds within a window of twists 1 to 4 and shifts —3 to 3 around the thirty-five pieces, keeping
those whose Chern character has the polarised shape, and recorded for each the sums C',C?,C? of the
block dimensions in total degrees one to three, the Euler characteristic C2 — C' — C? and the isolated
blocks (Table 3). The programs are in the archive of the Data availability section.'?

Proposition 6.13 (What counting decides). At Ag = ES, with the pieces of Appendix A:

(i) For the thirty-five pieces of Proposition 6.11 with the three line bundles at any shifts in the
window, diimExt?(&, &) > 2605 for every twisting cochain, by isolated blocks alone.
(i) Adding to them a threefold Z¢1 meeting Z along an abelian surface, at the shift of Z¢ and at

a neighbouring shift so that the Chern character keeps the polarised shape, gives dimExt> >
5325: the configuration of two threefold pieces at the same shift meeting along a surface fails
for every twisting cochain.

(iii) Adding one further copy of a threefold at a second shift within the window never gives the
polarised shape.

3The configurations (a), (c) and (d) of Table 3 and the quotient chains of Proposition 5.21 are the candidates C1, C2,
C3 and C7 in the record of Anaxia, the construction engine of the BLLM project [14], run on the stopping points of this
paper. The engine encodes those stopping points as typed targets, builds candidate objects from the pieces of Appendix A
and the Ext dimensions of Lemmas 6.8 and 6.9, computes for each the Chern character exactly and the two bounds of this
subsection, discards the candidates that a finite check refutes, keeping a record of the number that stopped each one, and
proposes the survivors; the test of Proposition 6.14 and the enumeration of Remark 6.25 were first run on its graph of the
blocks of total degree one, the latter as its record C8. The engine proposes and does not decide: every statement of this paper
is decided by the proofs in the text and by the exact programs of Appendix B, which recompute its tables independently.
Release 3.0.5 of the engine is the GitHub release given in [14]; the library for the pieces of Eg is in the development branch
of its repository (pull request 20, 19 October 2026).
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TABLE 3. The isolated-block bound of Lemma 6.12 over the configurations at Ag =
Eg. “Polarised” counts the configurations of the family in the window whose Chern
character has the polarised shape; “least” is the smallest bound among them, with the
configuration attaining it. The criterion needs dim Ext> = 57.

family (least bound attained at) polarised least
thirty-five pieces, LY 17 I3 at shifts 0,0,0 1 7213
the same at shifts 2,3,4 or —3,—-2,—1 2 2605
(a) four line bundles (L' [—2], L2[—1], L3[0], L*[1)) 2401 0
(b) one threefold at a second shift 0

(c) one threefold at three twists (Z(y 1 1 ®L! at [—1], [0] and ®L? at [1], [2]) 432 0
(d) a second threefold meeting Z; along a surface, at the shift of Z, and a neighbouring 6 5325
one (Z(; ;1) at [0], [1])

(iv) For four line bundles and for one threefold at three twists the isolated blocks are 0 at the
configurations of Table 3 and the Euler characteristic is negative throughout the window: the
bound decides nothing there.

Proof. (1), (il) and (iv) are Lemma 6.12 applied to the block dimensions of Lemmas 6.8 and 6.9,
enumerated over the window; (iii) is the enumeration of Chern characters, since a second copy of ﬁ’ZC
at a shift of the other parity changes the Weil component by 4-2[Z,], which no choice of line bundles
compensates. U

Proposition 6.13 closes the configuration (d) of two threefolds at one shift and every placement of
the thirty-five pieces. For the configurations (a) and (c) the bound is silent, and a different argument
decides them: it suffices that one threefold piece lies outside every closed chain. The configuration
(a) with more line bundles is decided in Section 6.7, by hand up to five and by the enumeration of the
archive up to seven.

Let I" be the directed graph whose vertices are the pieces F, and which has an edge a — b, for a # b,
when the block of total degree one, Ext! ™<= (F,, F}), is nonzero. The chains of Lemma 6.12 are its
paths, a closed chain in the sense of Proposition 6.10 is one of its directed cycles, and the components
of every twisting cochain § sit on its edges. Call a piece chain-free when it lies on no directed cycle
of I'; this is a property of the pieces and their shifts alone.

Proposition 6.14 (A piece outside every closed chain). Let & be a convolution at Ay of pieces Uz, @
Lka[s,] and L' [t,] whose Chern character has the polarised shape, and suppose that some threefold
piece F, = Oz, @ L%s,) is chain-free. Then, for every twisting cochain §,

dimExt*(&,&) > r(ch&)+1,
and the criterion fails for &.

Proof. Let 1 € Hom!(&,&) have components 7y, in the blocks of total degree one, and
consider the component of its differential in the block Ext*(F,,F,). It is a sum of terms
Mptg+1(0,...,0,Mpe,8,...,8) with p+¢g > 1, and such a term is nonzero only if its arguments are
composable and run from F, back to F,: the p components of § on one side of 7, along edges
of I' from a to b, the ¢ components on the other side along edges from ¢ to a, and 1y, # 0. If
b = c, the p+ g > 1 components of & form a closed walk of positive length, which is impossible
because 0 is strictly upper triangular in the one-sided order. If b # ¢, then b — c is an edge of T,
anda— --- —b—c— -+ — ais aclosed walk through a with at least two edges, whose consecu-
tive vertices are distinct; its first return to a, with repeated vertices shortcut, is a directed cycle of I
through a. Since F; is chain-free, no term survives: the differential of every element of total degree
one has zero component in Ext?(F,, F,). Hence the map 7, : Ext*(&,&) — Ext*(F,, F,) that reads off
the component of a cocycle in that block is well defined on cohomology.

As in the proof of Proposition 6.5(ii), the Atiyah class of the twisted complex is block upper tri-
angular with diagonal blocks At(Fp), and the homotopy transfer to the minimal model only raises
the block position, so it preserves the diagonal blocks of an upper triangular element; hence for
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v € H' (Ao, Ty,) the class eve(v) satisfies 7, (eve (v)) = evi, (v) = voAL(F,). By Step 3 of the proof of
Proposition 6.11 there is v € T %3 3 with vJ[Z,] # 0, and then evg, (v) # 0, because the semiregularity
map of F, sends it to vuch(F,), whose component of lowest degree is vi[Z,]. So evg(v) # 0, while
os(eve(v)) =vach(&) =0, since T 75 3 annihilates 6 and the Weil plane. The kernel of 6 is nonzero
and its rank is at least r(ch&’), the rank of 0 o evg; the bound follows, and equality in Theorem 6.1 is
excluded. O

Corollary 6.15 (Configurations with a chain-free piece). Let & be a convolution at Ag whose Chern
character has the polarised shape and whose pieces are the thirty-two threefolds ﬁzg of Appendix A at

twist 0, at the shifts s and s+ 1 of the parity of {1683, together with further pieces, line bundles L'[t]
and threefolds 07 & LF [t], all of positive twist. The criterion fails for &, for every twisting cochain, in
each of the following cases.

(1) The further pieces are at most four line bundles, of pairwise distinct twists: then I has no
directed cycle.
(i1) Every further piece sits at a shift at most s+ ?2: then no edge of I ends at a piece of shift s+ 1,
and the sixteen pieces there are chain-free.
(iii) The further pieces are at most five line bundles, at any shifts: then a cycle through a piece at
shift ¢ needs five line bundles at the shifts 6 —2,...,0 +2, and the sixteen pieces at one of the
two shifts are chain-free.

Both bounds are sharp: L!'[s + 3] enters every piece at shift s+ 1, and six line bundles L' [s —
2],...,LIs[s+3] with 0 < Iy < --- < I put each of the thirty-two pieces on a cycle of length six.

Proof. Along a directed cycle ag,ay,...,a, = ag of I' write k; = 1 +5,, , — 54, for the degree of the
block on the edge a;—; — a;; the shifts cancel around the cycle, so } ;k; = m. The degrees available
on the edges are read off from Lemmas 6.8 and 6.9. Two of the thirty-two pieces at one shift have
the same value of §; {3, hence differ in at least two coordinates, so d < 1 and the degrees between
them are 2 and 3; as Hom = 0 between distinct threefolds and a degree one would need equal shifts,
every edge between two of the thirty-two has degree at least 2. An edge from a line bundle of positive
twist into a piece of twist 0 has degree 3, and so has an edge from a piece of twist O into a line bundle
of positive twist; an edge into a piece of twist 0 from a threefold piece of positive twist has degree at
least 3; an edge between two line bundles has degree O when it raises the twist, 6 when it lowers it,
and 1+ —1' > 0 between two copies of one line bundle at shifts # and 7. Parts (i) and (iii) use of the
thirty-two pieces only that they have one twist, pairwise distinct threefolds and no Ext' at equal shifts,
as in Proposition 6.11.

(i) A cycle among pieces of twist 0 alone has };k; > 2m, so a cycle visits £’ > 1 line-bundle pieces,
¢ < 4. Between two consecutive visits it either runs through r > 1 pieces of twist 0, entered and left
with degree 3 and with r — 1 internal edges of degree at least 2, which contributes at least 2r 44 to
Y.; ki and r to m, or it passes directly along an edge that raises the twist, # such edges in all, or lowers
it, w in all. With R runs, R+ u+w = ¢ and

0=Y ki—m > Y (r+4)+6w—{ > 4R+5w—u.
l runs
If R > 1 this gives u >4 and ¢/ > 5. If R = 0 it gives w = 0, and a cycle whose edges all raise the twist
does not close. So I" has no cycle; every threefold piece is chain-free, there is one, and Proposition 6.14
applies.

(ii) An edge u — v into a piece v at shift s+ 1 has degree 1 +s, — (s+ 1) = s, — 5, at most 2 when
s, < s+ 2. No line bundle and no threefold piece of positive twist has an edge of degree at most 2 into
a piece of twist 0, and an edge into v from one of the thirty-two would have degree O or 1, which do
not occur. So no edge ends at v.

(ii1) Let a cycle pass through a piece v of twist 0 at shift ¢, and let g count its direct edges between
two copies of one line bundle, so that R+ u+w+¢g = ¢ <5 and, the g edges contributing at least 0,
0>4R+5w—u—q as in (i). Since R > 1, this forces R=1, w =0, u+q =4, £’ = 5 and equality
throughout: the only run is v itself, and the four direct edges have degree 0, so each raises the shift
by one, while the two edges of degree 3 at v lower it by two. The five line-bundle pieces therefore sit
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at the shifts o — 2,...,0 + 2, one at each, with twists that do not decrease along the shifts. Five line
bundles occupy at most five shifts, and the five shifts around s differ from the five around s+ 1; so the
pieces at one of the two shifts are chain-free.

For the sharpness, Ext®(L/, 0z.) # 0 is the edge L'[s+3] — Oz, [s+1]; and the six line bundles

carry the cycle Ll [s —2] — --- — L5[s +2] — Oz.[s] — L"[s — 2] through every piece at shift s and
the cycle L2[s — 1] — -~ — Lls[s+3] — Oz [s+1]— L"[s— 1] through every piece at shift s+ 1, each
edge being one of the nonzero groups listed. U

Remark 6.16 (The configurations of Table 3). Corollary 6.15(i) covers the configuration (a) of the
table, (ii) covers (c), whose further twists sit at shifts at most 2 = s+ 2, and (iii) covers every config-
uration of the thirty-two pieces with at most five line bundles. The programs of the archive rebuild I
from the dimensions of Lemmas 6.8 and 6.9 and find, in the window of the table, no cycle in any of
the 2401 configurations of (a); at least fifteen chain-free threefold pieces in each of the 3024 configu-
rations of (¢) with further twists 1 < k < k' < 3, twenty-two at the configuration of the table; no edge
into the sixteen pieces at shift 1 from the thirty-two or from the 1560 pieces of positive twist at shifts
—3 to 2, while L![3] and Oz ® L'[3] do enter; in each of the 28812 configurations of four or five
line bundles of twists 1 to 5 at shifts —3 to 3 one class of sixteen pieces chain-free, the other class,
when it lies on cycles, having line bundles at its five shifts; and with L'[—2],...,L%[3] every piece on a
cycle. The Lean file checks the counts 32 and 22 of chain-free pieces at the configurations (a) and (c)
of the table, the absence of entering edges from the line bundles L! to L* and the twists 1 to 3 of the
sixty-four threefolds Z; at shifts —3 to 2, the entering edges at shift 3 and the six-cycles. No statement
above rests on these computations.

6.7. Chains through line bundles

Corollary 6.15 needs the threefolds at one twist and the further pieces of positive twist, and it stops
at five line bundles because six of them put every threefold piece on a cycle. This subsection removes
both restrictions. It allows the threefolds any twists and any shifts, it works for every polarisation of
Ap and hence at every discriminant, and in place of the absence of cycles it uses a property of the
cycles that the Maurer—Cartan equation of the twisted complex forces. By hand this excludes every
convolution of distinct threefolds and at most five line bundles; the enumeration of Remark 6.25, a
computation of the archive, extends the exclusion to six and seven line bundles and to all but thirty-
one arrangements of eight. The next subsection turns from counting pieces to the support of any object
meeting the criterion.

Setting 6.17 (Threefolds and line bundles at Ay). Throughout this subsection & = &% is a convolution
at Ag = E§, in the sense of Proposition 6.5, of threefold pieces Oz, ®L*[s¢], § € p3, and line-bundle

pieces Ll [t;] such that (S1) each threefold Z¢ occurs in at most one piece, (S2) the exponents /; are
pairwise distinct, and (S3) two threefold pieces at one shift differ in at least two coordinates of &, so
that Ext! = 0 between them by Lemma 6.9(ii) and (iii). The twists k¢, /; and the shifts are arbitrary
integers. For h € Z9 let 6, = ¥ ;(hja; + h3.;b;) be the class of the hermitian form of Lemma 6.8
with coefficients A, so that 6(; 1) = 6 is the class of L, let &, be the family Z5 3 of the discriminant
of 6;,, which contains (A, 6;,), and suppose that ch(&’) has the polarised shape with respect to 6j:
ch(&) = No + Y, cx0F with N # 0 and 0 # @ € W. The Weil plane W of (A.4) does not depend on #.

Theorem 6.1 applies at (Ag, 6,) with r = 57 for every h, by the argument given before Proposi-
tion 6.10 with SU(V, Hj,) in place of SU(V,H): the group fixes W and 6, and acts transitively on Zj,.
The tangent space T %, C H ! (Ao, T,) consists of the K-linear maps skew for 6y; it annihilates 6, and
W, and Step 3 of the proof of Proposition 6.11 holds for it word for word, SU(V, H,)(Q) being again
a group of quasi-isogenies of Ay Zariski dense in SU(V,H,,): for every abelian threefold Z there is
v € T, with vJ[Z] # 0. Suppose now that the criterion holds for &, that is dim Ext?(&, &) = 57. Then
O is injective, and for every v € T 2, the class eve (v) € Ext?(&, &), which 6 sends to vach(&£) =0,
vanishes. Everything below draws consequences from this vanishing.

Let I" be the graph of Section 6.6 on the pieces F, of &, and let I's C I be the subgraph of the edges
a — b on which the component §,;, is nonzero. Since § is strictly upper triangular in the one-sided
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order, I's has no directed cycle, and its walks are paths. The twisted complex lives over the minimal A.-
model of the pieces, whose underlying graded space is @, , Ext"(F,, F;,) with the block Ext*(F,, F},)
in total degree k + s, — s,. The cochain § satisfies the Maurer—Cartan equation Y'y~, m(§,...,0) =
0, and the differential of the twisted complex is D(n) =¥, ;>0Mp14+1(0,...,8,1,8,...,8) with p
components of § before 1 and ¢ after it. A term of either sum is nonzero only if its arguments are
composable: along a path of I's for the Maurer—Cartan equation, and, for a term of D(n),, with the
argument 7, along a path of I'g from a to b, the edge b — c of T, and a path of I's from c to d.

Lemma 6.18 (The cocycle of a tangent vector). Forv € H' (Ao, Ty,) the class eve(v) is represented in
the minimal model by a cocycle c(v) whose component in the diagonal block Ext*(F,, F,) is evp, (v) =
vJAt(F,) and whose component in a block (a,c) with a # ¢ is a sum of terms each of which is a
composite along a path of Us from a to c. In particular ¢(v) 4. = 0 when Us has no path from a to c.

Proof. As in the proof of Proposition 6.5(i), the Atiyah class of the twisted complex is represented in
the harmonic model by [V, d 4 8], block upper triangular with diagonal blocks At(F,) and off-diagonal
blocks V&5, which vanish off the edges of I's; so vJ[V, d + &] has diagonal blocks v_At(F,) and off-
diagonal blocks on the edges of I's only. The homotopy transfer & +— ¥, (—h[8, -])*& to the minimal
model composes each block of & with components of & on either side, the homotopy / acting block
by block; so every term of the component (a, c) of the transferred cocycle is a composite of one block
of v1[V,d + 8], sitting on a vertex or an edge of I's, with components of & along edges of I's leading
from a to it and from it to c. For a = c only the term with k = 0 occurs, since a composite of k > 1
components of 0 from a back to a would be a cycle of I's. U

Call a directed cycle of I effective for § when exactly one of its edges lies outside I's.

Proposition 6.19 (Every threefold piece lies on an effective cycle). Suppose & = &5 meets the crite-
rion. Then for every v € T D), there is N of total degree one with D(1) = c(v), and for every piece
Fy

CVFa(V) = Zmp+q+1 (6, cuey 67 Nbe, 6, ceey 5),
the sum running over the effective cyclesa — --- — b — c — --- — a of I through a, with b — c the
edge outside s and p, q the numbers of edges before and after it. In particular every threefold piece
lies on an effective cycle whose edge outside I's carries a nonzero component of 1.

Proof. The class eve(v) vanishes, so its representative ¢(v) of Lemma 6.18 is a coboundary D(n).
The diagonal component D(1 )4, is the sum of the terms mp444+1(6,..., My, ...,0) whose arguments
are composable from a to a: a path of I'g from a to b, the edge b — ¢ with 1. # 0, and a path of I's
from ¢ to a. If b = ¢ the term is m; (1,,) = 0 when p = ¢ = 0, and otherwise its components of 0 form
a cycle of I's; so b # ¢. The two paths are increasing in the one-sided order, so they meet only in a;
the edge b — c is not in I', as otherwise I's would contain a cycle; and the walk is a directed cycle of
I" with exactly one edge outside I's. By Lemma 6.18 the left side is ¢(v)4, = evg, (v). For a threefold
piece choose v € T %), with vi[Z,] # 0; then evg, (v) # 0, as in the proof of Proposition 6.14, so some
term of the sum is nonzero. |

Lemma 6.20 (Two rules). Let a = Lla[t], b = L"[t + 1] and ¢ = L"t + 2| be line-bundle pieces of &
with I, < I, < I, so that a — b — c is a path of T whose edges carry sections, 8,, € H*(L»') and
Ope € HO(Llcflb).
(1) The path a — b — c is not the only path of Ts from a to c: either & vanishes on one of its two
edges, or I's has another path from a to c.

(ii) Suppose a — b — c is the only path of T from a to ¢, let v € T 9y, and let 1 satisfy D(n) = c(v).
Ifﬁbc =0 75 Oup then Npe = 0, and lf(sab =0+# Ope then Nap» = 0.

Proof. (i) The component (a,c) of the Maurer—Cartan equation is the sum, over the paths of I's from
a to ¢, of the products my(9,...,d) along them. If a — b — ¢ were the only such path it would read
my(Oap,Opc) = 0, and my on sections is their product, which is nonzero for two nonzero sections of
line bundles on the integral variety Ag.



48 DEEP BHATTACHARIJEE ® AND USHASHI BHATTACHARYA

(i) A term of D(1N),. runs along a walk of I" from a to ¢ made of a path of I'g, one edge carrying
N and a path of I's. If the walk repeats a vertex, the repetition is a vertex common to the two paths
of I's, and shortcutting it leaves a path of ' from a to c; under the hypothesis this pathisa — b — ¢
with both components nonzero, which is excluded in either case. So every term runs along a path of
I" from a to c, that is along a — b — ¢, and D(1) e = £m2(8ap, Moe) £ M2 (Nup, Ope). The right side
¢(v)qc vanishes by Lemma 6.18, since I's has no path from a to c. When 8. = 0 # J, this gives
8uMpbe = 0, the product of the nonzero section 8, with 1, € Ext’ (Ll L) = HO (L"), so npe. = 0;
the other case is the same with the roles exchanged. O

Lemma 6.21 (Both parities occur). Grade H*(Ao,C) by 73, giving dz j and dZ3 j the weight e; and
dzj, dz3 j the weight —ej. Then aj, b;, 0 and every 6), have weight 0, c; has weight 2e;, ¢; has weight
—2e;j, W lies in the weights +2(e1 +e3 +e3), and the weight-zero part of [Z¢] is Xo = [1;(a; +b;) for
every §. Consequently Y s (—1)*¢ = 0 over the threefold pieces of & : there are threefold pieces at even
shifts and at odd shifts.

Proof. The weights are read off from (A.1), (A.2) and (A.4), and in [Z;] =[1;(a;+b; + {jc; + §;¢))
a product of one term from each factor has weight zero only if it takes a; or b; from every factor,
the e; being independent. The part of ch(&) in H® is ¥r (—1)% [Z;] + P63 with P = Y,(—1)I3 /6, by
Lemma 6.8(i), and it equals N® + ¢3 6}?. Taking the parts of weight zero, with Q = Y - (—1),

0Xo + P6° = 36}

The squarefree cubic monomials in aj,b1,...,as,bs are linearly independent. The coefficient of
ajbjar, j # k, is 0 in Xp, 6 in 63 and 6hjh3 jhy in 63, so P = c3hjhs jhi, and likewise P =
c3hjhsy jhsii. If c3 # 0 these equations, over all j # k, give hy = h3y and hihy = hohs = h3he,
so all six i equal one value & and P = c3h3; if ¢3 = 0 then P = 0. The coefficient of ajazas is 1 in Xp,
6in 63 and 6h hahs in 9,13, s0 Q+ 6P = 6¢3h 1 hyhs, which equals 6P in both cases. Hence Q = 0. There
is a threefold piece, since N@ # 0 and the line bundles contribute nothing to the Weil component; so
there are pieces of both parities. U

The edges of I" between line-bundle pieces are of two kinds, by Lemma 6.8(v): an up edge L![s] —
L"[s+1] with [ < I', of degree 0, and a down edge L![s] — L' [s— 5] with [ > I, of degree 6; in general
an edge of degree k joins the shifts s and s — (k — 1). By Lemma 6.8(iv) an edge L' — €7 ® L* has
degree O when k > I, 3 when k < [ and 0 to 3 when k = [, an edge 0, ® L¥ — L has degree 3 when
[ >k, 6 when [ < k and 3 to 6 when [ = k, and by Lemma 6.9(ii) and (S3) an edge between two
threefold pieces has degree at least 2, and at least 3 when it lowers the twist. A run is a maximal path
of I through threefold pieces from a line-bundle piece L[s] to a line-bundle piece L' [s — B]; its excess
is B, and it is decreasing when I’ < I.

Lemma 6.22 (The shape of a cycle). Let C be a directed cycle of T through a threefold piece, with ¢
line-bundle pieces, R > 1 runs, u up edges and w down edges, so that { = R+ u+w.

(1) A run through r threefold pieces has excess at least r, with equality only when the twists do not
decrease along it. A decreasing run has excess at least 3, with equality only for L' — 0, @ L¥ —
% QLK — L' with K <!I' <1<k and degrees 0,3,3, whose two threefold pieces have the
parity of shift of L'
(ii) u =Y uns B +5w. If £ <7 then w = 0, exactly one run is decreasing, and £ > 2R + 2.
(iii) If £ < 5 then R = 1: the line-bundle pieces of C sit at { consecutive shifts, joined by up edges
in the order of their exponents, and the run leads from the highest back to the lowest. If { = 4

the run is the one of (i) with excess 3, and both its threefold pieces have the parity of the lowest
shift.

Proof. (1) An edge of degree k lowers the shift by k — 1. Along a run the entering edge has degree
e > 0, the r — 1 internal edges have degree at least 2 and the leaving edge has degree x > 3, so the
excess is at least —1 4 (r — 1) +2 = r, with equality only for e = 0, internal degrees 2 and x = 3, that
isl <k <--- <k, <! for the twists. Let I’ < I. With r = 1 the excess (¢ — 1) + (x — 1) is at least 4:
e=0forcesk>1>1',hence x=6;e =3 gives 2+ (x—1) >4; and e € {1,2} forces k =1 > ', hence
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x = 6. With r =2 and degrees e,d,x the excess e +d +x — 3 equals 3 only for (e,d,x) = (0,3,3):
e = 0 forces k; > [ > I’, and then either ky > k; >1', sox =6, or ko < k1, so d > 3 and x > 3, with
x = 3 exactly when k, < [’; e = 3 gives at least 3+2+3; e = 1 forces k; =/, and then ky > [ > I’ gives
x = 6 while kp < k; gives d > 3, each at least 7; e = 2 gives at least 2+ 2 + 3. With r > 3 the excess
is at least » + 1 > 4. Along the run with (e,d,x) = (0,3,3) from L' at shift s the shifts are s+ 1, s — 1
and s — 3.

(i1) The shifts return to their value around C: each up edge adds 1, each down edge subtracts 5
and each run subtracts its excess. Each run has excess at least 1, so { = R+u+w=R+Y B +6w >
2R+ 6w, and w > 1 forces £ > 8. Let w = (. The exponents also return to their value, and the
up edges raise them, so some run is decreasing. With D > 1 decreasing runs, of excess at least 3,
({=R+YB>R+3D+(R—D)=2R+2D;sol <7 forcesD=1,and ¢ >2R+2.

(iii) £ < 5 gives R =1 by (ii), and u = ¢ — 1: the line-bundle pieces form a chain of £ — 1 up edges,
each raising the shift by one and the exponent, closed by one run from the last to the first, which is
decreasing. For ¢ = 4 the run has excess u = 3, so it is the run of (i), and the parity of its threefold
pieces is that of its exit, the lowest line bundle. U

Theorem 6.23 (Convolutions with at most five line bundles fail). In the Setting 6.17, if & has at most
five line-bundle pieces then dim Extz(@@ ,&) > 58: the criterion fails for &, for every twisting cochain,
for every twist of the threefolds and for every polarisation 6.

Proof. Suppose the criterion holds. By Lemma 6.21 there are threefold pieces of both parities of
shift, and by Proposition 6.19 each lies on an effective cycle carrying a nonzero component of 1, in
particular on a directed cycle of I'. A cycle through a threefold piece has at least four line-bundle
pieces by Lemma 6.22(ii), so with at most three there is none. Let there be four or five, Ly,...,L, in
the order of their exponents.

With four, every cycle through a threefold piece uses all four, at consecutive shifts in the order of
the exponents, and its threefold pieces have the parity of the lowest shift, by Lemma 6.22(iii); so the
threefold pieces on cycles have one parity, and a threefold piece of the other parity lies on no cycle.

With five, a cycle through a threefold piece has four or five line bundles, at consecutive shifts in
the order of the exponents. If the five are not at five consecutive shifts in that order, no cycle uses all
five, and two cycles of four, omitting L,, and L,, with m # m’, have the same lowest shift: the three
line bundles common to both occupy three of four consecutive shifts in each; if these are consecutive,
x,x+ 1,x+ 2, the omitted bundles sit at x — 1 or at x4 3, and at the same one of the two, since L,, at
x—1 and L,y at x4 3 would put the five at five consecutive shifts in the order of the exponents; and if
they leave a gap, both omitted bundles fill it. So again the threefold pieces on cycles have one parity,
and a threefold piece of the other parity lies on no cycle.

It remains to treat L; at the shift 6 —3+i,i=1,...,5. The cycles through threefold pieces are Cs
through all five, Ci234 and Cy34s, each a chain of up edges followed by one run. The only path of I"
from L; to L;y» is L; — L;11 — L;;2: a path leaving the chain of up edges enters a run, which ends
at least three shifts below its start, at L; or Ly, and from there the up edges lead only through line
bundles already visited. By Lemma 6.20(i) applied to the three triples,  vanishes on one of the edges
Ly — Ly, Ly — L3, on one of Ly — L3, L3 — L4, and on one of L3 — L4, Ly — Ls. An effective cycle
has exactly one edge outside I's5. So Cs, with two such edges, is not effective; Cj234 is effective only
when its edge outside I's is L, — L3, and then &), # 0, so that 17,3 = 0 by Lemma 6.20(ii); and Cy345
is effective only when that edge is L3 — Ly, with 6,3 # 0, so that 1134 = 0. No effective cycle carries a
nonzero component of 1 on its edge outside I's.

Each case contradicts Proposition 6.19. So the criterion fails, and since Theorem 6.1 gives
dimExt?> > 57 with equality excluded, dimExt? > 58. O

Lemma 6.24 (The shifts along a cycle form an interval). The shifts of the line-bundle pieces along
a directed cycle of T, or along a path of I between two line-bundle pieces the second of which is at
the higher shift, take every value between their least and their greatest. Hence, if the shifts of the
line-bundle pieces of & do not form an interval of integers, the line bundles split along a gap into two
groups such that every cycle of T through a threefold piece, and every path a — b — ¢ of Lemma 6.20,
has its line bundles in one group.
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Proof. Between consecutive line-bundle pieces of a cycle or a path the shift rises by exactly 1, along
an up edge, or falls, along a down edge or a run; from the least shift to the greatest it therefore passes
through every intermediate value. The three line bundles of Lemma 6.20 are at three consecutive
shifts. O

Remark 6.25 (Six, seven and eight line bundles). The rules used in the proof of Theorem 6.23 depend
on the shifts of the line bundles and the order of their exponents alone. The program of the archive
described in Appendix B runs through every arrangement of n < 8 line bundles whose shifts form an
interval, builds the graph of up edges, down edges and runs, admitting every excess and every parity
of threefold shift that the degrees of Lemmas 6.8 and 6.9 allow for a run, and, for every set of up
edges on which 0 is taken to vanish that Lemma 6.20(i) admits, records the parities of the threefold
pieces on the cycles with at most one edge in that set whose edge in the set is not forced to carry
n = 0 by Lemma 6.20(ii). Runs and down edges are taken to carry nonzero components, and the
condition that the edge outside I'§ point downwards in the one-sided order is dropped; both choices
enlarge the set of cycles counted, so an arrangement for which no choice reaches both parities is one
for which Proposition 6.19 and Lemma 6.21 exclude every twisting cochain. The counts are: 75
arrangements of four line bundles and 541 of five, none reaching a parity; 4683 of six and 47293 of
seven, of which 4 and 140 reach one parity and none both; and 545835 of eight, of which 31 reach
both. By Lemma 6.24 an arrangement whose shifts do not form an interval splits into arrangements
of fewer line bundles, each contributing the parities it reaches, and with at most eight line bundles
at most one part has six or more, so at most one parity is reached. Hence, in the Setting 6.17, every
convolution with at most seven line-bundle pieces fails the criterion for every polarisation 6, and so
does every convolution with eight line bundles outside the thirty-one arrangements; those have their
eight line bundles at four to seven consecutive shifts with at most three at one shift, the simplest being
L[0],L>[1],L5[2],L"[3],L’5[3], L's[4],L"7[5],L’s[6] with [; < --- < I3. These two statements are the
output of the enumeration and rest on it; Theorem 6.23 rests on nothing computed.

6.8. The support of an object meeting the criterion

The results of this subsection do not count pieces. They start from one consequence of the cri-
terion and read off where an object meeting it can be supported.'* Let & be a perfect complex
on Ap whose Chern character has the polarised shape with respect to 6, and which meets the crite-
rion, dimExt?(&,&) = 57, so that o is injective. For v € T %), the obstruction obg(v) = vIAL(&) €
Ext?>(&, &) to deforming & along v is sent by 6 to vach(&) [17], which vanishes because T 2}, anni-
hilates 6, and W; so

obg(v) =0 for every v € T Z),. (6.7)
Everything below is drawn from (6.7). The open subsets U C A are Zariski open; inside the proofs we
pass to the analytic spaces, which changes no Ext group and no Atiyah class on the projective Ag [68],
and the cohomology with supports and the Chern characters with supports are those of the analytic
spaces. For a closed subset Z of an open U we write Hz(U,F) and 7%/ (F) for the cohomology
and the local cohomology sheaves with supports in Z [35]. Two facts are used throughout: if Z is a
submanifold of codimension ¢ and F is locally free then 7 (F) = 0 for g # ¢ (depth below c, the
Cech complex of ¢ local equations above ¢), so that Hy *(U,F) = HP(U, 5§ (F)); and if C C Z is
closed of codimension at least ¢ + 1 then 2 (5 (F)) = 0, because this sheaf embeds into 5 (F),
which vanishes. So a section of .77 (F) that vanishes outside C vanishes.

For the threefolds we use the coordinates of Appendix A. Fix { € /.Lf and 7' = Z;. The linear forms
= Zm + §nz3m on the universal cover cut out the lift of 7'; their differentials dn,,, and the dz,, for
m < 3, are translation-invariant forms on Ag and together a frame of QAO. On a tubular neighbourhood

N of T the n,, themselves are single-valued, and 7(z) =z—Y,, Conttm (2)34m retracts N onto T with

14The statements of this subsection on the supports of threefold pieces, Theorems 6.29, Proposition 6.30, Corollary 6.31,
Proposition 6.35 and Proposition 6.36, were first found, with their proofs and the exact checks of Appendix B, by release
3.1.0 of Anaxia, the construction engine of the BLLM project [15], run on the stopping points of this paper; the general
form of the locality theorem, Theorem 6.27, followed in the repository of the engine. The engine proposes; every statement
is decided by the proofs below.


https://orcid.org/0000-0003-0466-750X
https://orcid.org/0009-0002-2254-3914

DENSE ALGEBRAIC LOCI OF HODGE CLASSES 51

ZmO T = Z,; the pair (n, 1) identifies N with T x D3, and a holomorphic function on V x (D*)3, for V C
T open and D* the punctured disc, is a Laurent series in ny,n;,n3 whose coefficients are holomorphic
on V. The local cohomology .7 (&) is computed by the Cech complex of the cover of N \ T by the
three open sets {n,, # 0}, all of whose intersections are Stein; so on 7 the sheaf %(©) is the sheaf
of Laurent tails Y, j, ->1 &abe 1] ‘15 bn; ¢ with gupe € Or, and 7 (F) = 77 (0) QF for F locally free.
The part of f%”f(ﬁ) annihilated by the ideal I is O - [1/n1nan3]. We write pr: f%”f(ﬁ) — O for
the map sending the class of Y gup.n,“ny b n; ¢ to gi11, a morphism of sheaves of vector spaces on
T with pr(g[1/ninans)) = g|r for g holomorphic near T, extended coefficientwise to 77 (Q9) in
the frame above. For a coherent sheaf G on U supported in 7 its multiplicity ur(G) is the length
of G at the generic point of T, the sum over k > 0 of the ranks of the &7-modules I;G/I%“G; and
pr(&ly) =L, (—1)7ur(HY(&|y)) when every HY(&'|y) is supported in T'.

Lemma 6.26 (The Chern character with supports). Let U be open, Z C U closed, and ¥ a perfect
complex on U whose cohomology sheaves are supported in Z.

(i) The trace R om(.F ,.F) — Oy factors through a unique morphism tr : R om(F ,.F) —
RTz0y. Setting chZ (F) = tr? (At(.F)¥) /k! € HE(U,QF) defines classes that forget to chy (F),
are compatible with restriction to open subsets and with enlarging Z, are additive in exact
triangles, and satisfy

1
vach?, |(F) = Etrz(ob(,oz(v) o A(F)X) € Hy (U, QY

for v € H'(U,Ty), where obz(v) = voAt(F). In particular obz(v) = 0 implies
voach?, | (F) =0 for every k.
(ii) For T = Z; and every open U meeting T the class [T] := chl (Orry) in HO(U, 53 (Q3)) is

T =c [dnl ANdny /\dn3}

ninan3
with one constant ¢ # 0, the same for all sixty-four threefolds.
(iii) If the cohomology sheaves of .F are supported in T N\U then chl (F) = ur (F)[T]. If they
are supported in a union Z of threefolds T; of the sixty-four, any two meeting in dimension at
most two, then ch (F) = ¥, ur,(F)[T}|z, where [T}z is the image of [T;] in H3(U,Q3).

Proof. (i) Let j: U\Z — U. In the triangle RIz0 — & — Rj.0y\z the third term receives
no nonzero morphism from a complex K whose cohomology sheaves are supported in Z, since
Hom(K,Rj.Oy\z) = Hom(K|\z, Oy z) = 0; so Hom(K,R['z0) — Hom(K, O) is bijective. The
complex R om(.7,.F) has cohomology supported in Z, which gives tr? and its uniqueness; the
same bijection applied to the sources .7 " ® .% @ QF transports every identity of the trace to tr: its
compatibility with restriction to open subsets, with the morphism RI'z — RI' for Z C Z/, its additiv-
ity in triangles, and its graded cyclicity. The Atiyah class At(.%#) € Ext!(Z,.#Z @ Q') is compatible
with restriction and with triangles, so the classes chf have the listed properties, and cyclicity applied
to the k+ 1 factors of tr (At*H1) gives votr? (AtFH!) = (k+ 1)t ((vaAt) o AtF), which is the displayed
identity.

(ii) The trace is Oy -linear and At(Or)3 is a morphism between &7-modules, so [T] is annihilated
by Ir on every open subset and is a section of Orny [1/n1n2n3] ® Q3. By the compatibility with
restriction it suffices to take U = Ag, where the coefficients are holomorphic functions on the compact
connected 7', hence constants: [T] = Y., g4[1/ninns] @, with g, € C and ®, running through the
wedge products of three elements of the frame dny,dn;,dns,dz;,dz;,dzz. For 0 < A < 1 the map
05.(z) =2— (1 = A) L, &urtin(2) 93 is a biholomorphism of N onto a smaller tubular neighbourhood
of T, fixes T pointwise, and satisfies n,, o @3 = Any,, zm © @) = zn and ¢, Or = Or. The Atiyah
class, the trace and the local cohomology are natural under biholomorphisms onto open subsets, and
a section of #7 (Q?) is determined by its restriction to any neighbourhood of T’ so @; [T] = [T]. If
®, contains a of the dn,,, then @; multiplies g,[1/n1n2n3] @, by A973; 50 go = 0 unless a = 3, and
[T| = c[dny Ndny Adns/ninyns]. The automorphisms z34,, — i“"z34, Of Ag permute the sixty-four
threefolds transitively and carry the forms n,,, dn,, of one to those of another, so ¢ does not depend on
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¢. Forgetting supports sends [T] to ch3(07) € H3(Ag,Q?), which is the class of T by the Riemann—
Roch theorem for the embedding of T [30, Ch. 15] (the Chern character defined by the Atiyah class is
the usual one on the projective Ag [17]); and [Z§]93 =48 #0by Lemma A.1, so ¢ # 0.

(iii) Both identities are between sections of a sheaf, so they may be checked locally on U and, by
the second fact recalled above, off a closed subset of codimension at least four. For the first, ch}
is additive and .% is an iterated extension of its shifted cohomology sheaves, so let G be a coherent
sheaf supported in T'; near a point of 7 some I;G vanishes, and G is an iterated extension of the
Or-modules G, = I§ G/ Ii“G, of ranks ry with Y, rx = tr(G). Each Gy is locally free of rank r; off
a proper closed analytic subset of T, where it is locally &7 and chl(Gy) = r[T] by additivity and
(i1). For the second, let C be the union of the pairwise intersections of the 7;, of codimension at least
four. On U \ C the T; are disjoint, R['z = @;RI'7; by the Mayer—Vietoris triangle for supports, and
F = RIz2¥# = @,RI'1,.7, a sum of perfect complexes with cohomology supported in the 7;, whose
multiplicities along 7; are those of .%; so there chf(.%#) = ¥, ur.(.%)[T;]z by additivity and the first
identity. U

Theorem 6.27 (Locality). Let & be as above, let T = Z¢, and let U C Ay be open with TNU # 0,
every cohomology sheaf of & |y supported in T, and ur(&|y) # 0. Then the union S of the components
of T\ U of codimension one in T is a nonempty ample divisor on T. In particular, if T is an irreducible
component of the support of & along which & has nonzero multiplicity, then the other components of
the support cut T in a set whose divisorial part is a nonempty ample divisor.

The case of a shifted line bundle on 7 NU is the case Uy = 1 with one cohomology sheaf.

Proof. Letv € T),. Since T is a subgroup, its normal bundle is O @ Ny with Ny = ToAy/ToT, and
we write k7 (v) € H' (T, Or) ® Ny for the image of v under H'(A¢, Ty,) — H' (T, Ts,|7) — H'(T,Nr),
and k7 (v),, € H' (T, Or) for its image under dn,,: Ny — C; on a cover of Ay by open sets U, with v
represented by vector fields v, the class k7 (v),, is represented by the functions dn,, (v )|7. By (6.7)
and Lemma 6.26(1), (iii),
0=v.ch? (&|y) = ur(&|y) vaT]

in H}(U,Q%) = H'(T NU, 7 (Q?)). The right-hand side is represented by the cocycle v, J[T] =
C[(Vl dny N\ dnsy — vodny Ndns + vsdny A dnz)/n1n2n3] with v, = dnm(vab), and pr sends it to
c(xr(v)1dny ANdny — kr(v)adny Adns + kr(v)3dny Adny) restricted to TNU. As ur(&|y)c # 0,
every Kr(v), restricts to zero on T NU; the dn,, are a basis of Ny, so kr(v) lies in the kernel of the
restriction H' (T, 07) @ Ny — H' (T NU, Or) ® Ny, for every v € T ),

We compute that kernel. Let C be the union of the components of 7'\ U of codimension at least
twoin 7, so that TNU = (T'\ S) \ C. Since T is smooth, Or has depth at least two along C, the local
cohomology HL(T \ S, &) vanishes, and H!'(T \ S,0) — H (T NU, 0) is injective; so the kernel is
that of H'(T,0) — H'(T \ S, 0'), which is zero when S = 0. Let S # 0, let H C T be the connected
component of the stabiliser {x € T : S +x = S}, an abelian subvariety, and let g: T — T’ = T /H.
Each component of S is H-invariant, H being connected, so S = ¢g~!(S’) for the divisor §' = ¢(S) of
T’, whose stabiliser is the finite group of components of the stabiliser of S; hence S’ is ample [55, §6,
Application 1] and 7"\ §' is affine. By Poincaré reducibility there is an abelian subvariety H' C T with
H x H — T an isogeny, and the composite H x H' — T — T is the projection to H’' followed by the
isogeny H' — T'. So the preimage of T\ S in H x H' is H x U’ with U’ C H’ the preimage of the
affine 7'\ S’ under a finite map, which is affine. Pullback along the finite étale map H x U’ — T'\ S
is injective on H' (&), since composed with the trace it is multiplication by the degree, and by the
Kiinneth formula and H' (U’, 0) = 0,

H'(HxU',0)=H'(H,0)H(U',0).
The composite H! (T, 0) — H'(H x U’, 0) factors through H'(H x H',0) = H' (H,0)® H' (H', 0),
an isomorphism for the isogeny, followed by the restriction to H x U’, which is injective on the first
summand and zero on the second. So the kernel is the second summand, which is ¢*H!(T’,0): the

classes of the invariant (0, 1)-forms on 7 vanishing on the tangent space of H. Hence xr(v)(i) =0
for every v € T %), and every u € ToH, where H = T when S = 0.
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Finally we compute k7 (v) in the coordinates of Appendix A. Write v = Y ; vixdZ; ® 0}, so that v
replaces dz; by Y, vixdZz;. The K-linear maps have v, # 0 only when one of &,/ is at most 3 and the
other at least 4, and

va6, = é Z (hvie — lyvig) dzi NdZ;
k<l
vanishes exactly when h;vy, = hyvy, for all k < [; so T Zj, is the nine-dimensional space of the v with
Vagm,j = Ynj and vj34m = (h34m/hj)Yy; for j,m < 3,Y any complex 3 x 3 matrix, and the other
entries zero. The threefold T = Z; is {zj+ {jz3+; =0, j=1,2,3}, with tangent space spanned by

= {;d; — d3;; and normal space Ny with basis f;,, = [03m), so that [d,] = Coufn- The class &7 (v )
is that of the invariant form Y, ;v dZ|r ® [9)], and on w; = CJ 83+], where dZ;(w;) = CJ and

3

r(0)05) = 3 (G =22 B )

m=1
LetO0#u=Yju;w; € ToT with u, # 0, choose b # a, and let Y have the entry Y,;, = 1 and all others
0. Then

r (@) = & (mf — 2 1fy) 20

So ToH = 0: S is nonempty, H is trivial, S = S has ﬁnlte stablhser, and S is ample. U

Theorem 6.27 says where the rest of the support must cut a threefold of nonzero multiplicity; the
next results say where it can lie. Fix  with {1803 = +1,let T = Zg, fix j € {1,2,3} with {j,k,/} =
{1,2,3}, and let £) be { with the sign of the j-th coordinate changed, 7’ = Z¢ (. On the j-th factor
B; the curves Cy, and C_; meet in the set P; of the four points of order two of Cy, ( (128 ]|2 4 by
Lemma A.l), so

S:=TNT' =P;xC¢ xCg

is a disjoint union of four surfaces, and Z = T UT’ is cut out near S by njn’j = nx = n; = 0, where
n; = zj— §jza1j is the j-th linear form of 7'. For y € Cy x Cy, let T'y = C¢; x {_y} CTand I =
C_¢, x {y} CT'; each meets S in the four points P; x {y}. On C¢, one has z3; = —;z;, so nj|r, = 2z,
is a coordinate vanishing at the four points and dn;-]ry = 2dz; is a nonzero invariant form; on C_,
likewise n;|r = 2z; and dnj|r, = 2dz;.
Lemma 6.28 (The curves through the four points). Lety = (yx,y1) € Cg, x Cg, with y & Cg for & # &
and y; ¢ Cg for & #£ ), which excludes finitely many values of each coordinate. The threefolds Z,
& € u3, meeting Ty or I, are those with & = § and & = §;; among the thirty-two with §583 = +1
they are T and T' alone.

Proof. Zg NIy = (C¢, NCy;) x ({3} NCg) x ({1} NC¢); the first factor contains the origin, and
Yk € Cg, for & # {; only for the finitely many y; € Cg, NCg,. The same holds for F’ The condition

& =G &=, §16283 = £1 leaves & = (. O

Theorem 6.29 (Two threefolds meeting along a surface). Let & be as above and let U C Ag be open
such that every cohomology sheaf of &|y is supported in Z =T UT' and Ty U F; C U for general
y € Cg, X Cy,. Then ur(&ly) = ur(Ely) =
Proof. Let = ur(&|y) and ' = ug(&|y), so that by Lemma 6.26(iii)

chf(€v) = u[Tlz+ w12
Let v € T, be the vector whose matrix Y, in the notation of the proof of Theorem 6.27, is Ej, the

matrix with the single entry Y;x = 1. By (6.7) and Lemma 6.26(i) the class v.ch%(&)|y) vanishes in
H3(U,Q?). The Mayer—Vietoris sequence for supports

H{(U,Q%) — H}(U,Q%) & Hf«(U,Q%) — Hy (U, Q%)
is exact, so some s € HSA'(U ,Q?) maps to the pair

(wva[T], £u'va[T)).
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Near S the forms dn;,dn’;,dny,dn;,dzy, dz; are a frame of Q!, the functions n;, n';, ng, g are transverse
coordinates to S, and the coordinates zz,z; of T restrict to coordinates on each component of S; as S is
smooth of codimension four, Hy(U,Q?) = HY(SNU, 5;*(Q?)), and s is a Laurent tail
_ —a /B 5
§ = Z Caﬁyg n j n j
a,p.y,6>1

n;Ynf
in each coefficient of the frame of Q2, the Capys holomorphic functions on SNU. The map
H(U,Q?) — H}(U,Q%) = HY(T NU, 77 (Q?)) forgets the support: since R['s = R[GRI7 it is the
connecting map of 0 — 7 (Q%) — j, 7 (Q?)|p\s — A (A7 (Q?)) — 0, which sends the tail s,
read as a section over (T NU) \ S of 77 (Q?) whose coefficients have poles along S, to its class. Ap-
plying pr to that class gives the class in H' (T NU, Or) of the principal parts Y i1 n/;B along S,
and symmetrically for 7" with ¥, cq111 n;“.

We compare the coefficients of dnj Adn;. In vi[T'] this coefficient is zero, because [T'] =
clan’; Ndm Ndny /n';gmy] contains no dnj; in vo[T] it is ¢ [dng(v) /njmeny], and pr sends pv[T] to
Fpckr (v)i. Let cqpys be the coefficients of dnj Adn; in s. Restricting to the curve I ’y C U,y general,
the 7’ side gives that the class of the principal parts Y, cq111(p) n;“ at the four points p € P; x {y}
vanishes in H' (1";7 0); by Serre duality its pairing with the holomorphic form dn j|1—/v , the sum of the
residues Zp ci111(p), is zero. Restricting to " y C U, the T side gives that the class of the principal parts
Yscip(p) n;_ﬁ equals e kr(v)i|r, in H'(Ty, €). Pair both with dn';|r,. With the normalisation
in which a class represented by a Dolbeault form ¢ pairs with @ to (277i) ! [ ¢ A @, a class given by
principal parts g, pairs to },Res,(g,®) up to a sign independent of the class; so the left side pairs
to £Y,cii11(p) = 0. The class k7 (v); is represented by the invariant form Y., (v + Giv3yxp) dZ| 7,
since dni(dk) = 1, dni(d34x) = C and dny kills the other dy,; on I'y only dZ; and dZ3,; = —{;dz;
survive, and the entries of v for Y = Ej; are vy 3; = h3y/h and v j = 0 among those that occur,
o)

h3yj _
kr (V)ilr, = —¢; hﬂ dzjlr,,
k
1 Cihss
— | x Adn', = =225 | gz ANdz; #0.
2m‘/ry Ty = == e, u?

Hence p = 0. The coefficients of dn’; Adn; give y’ = 0 in the same way, with the roles of 7" and 7"
exchanged: there v_[T] has coefficient zero, the restriction to I'y paired with dn’; gives Y., ¢}, (p) =0
for the coefficients ¢’ of that component, and on I';, where dZ3,; = {;dZ;, the class KT/(V)k\r;, =
Ci(h34j/h)dz; pairs with dn; to a nonzero number. O

Proposition 6.30 (Where the rest of the support lies). Let & be as above, let §; ;83 = +1, and suppose
that T =Zy lies in the support of & with ur(&|u, ) # 0, where Ur is the complement of the components
of the support other than T. Then for each j € {1,2,3} there is an irreducible component R; of the
support of & of dimension at least three, not one of the thirty-two threefolds Zg with 158 = +1,
which meets I'yU F’y Joreveryy € Ce, X Cy; and RjN (T UT') has an irreducible component that maps
onto C¢, X Cy,.

Proof. Let R be the union of the components of the support not contained in 7 UT’ and U = A \
R. Then every cohomology sheaf of &|y is supported in 7 UT" and ur(&|y) = ur(&ly,) # 0, so
by Theorem 6.29 the curves I'y U F; are not contained in U for general y: the closed set RN (T U
T') projects onto a dense, hence the whole, subset of Cg, x C¢, under the proper projection (zx,z;).
Some irreducible component R; of R then has R; N (7 UT’) projecting onto C¢, X Cy,, so one of its
components does, and R; meets every I', UT",. If dimR; <2 then R; = R; (T UT') C TUT’, which
is excluded; so dimR; > 3. By Lemma 6.28 no Z; with ;&3 = £1 other than T and T’ meets I', or
[, for general y. O

Corollary 6.31 (Objects supported on the thirty-two threefolds). No perfect complex & on Ay whose
support lies in the union of the thirty-two threefolds Zg, £16,83 = +1, has a Chern character of
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polarised shape with respect to some 0), and meets the criterion. In particular no convolution of
pieces ﬁzé ® LX[s] over these threefolds, at any twists and shifts, does so; the same holds for the
thirty-two threefolds with £1&,&3 = +i.

Proof. Suppose & has polarised shape and meets the criterion. For each & with &£ &3 = +1 and
each j, let U be the complement of the thirty threefolds other than Z; and Z ;. Every cohomology
sheaf of &|y is supported in Zg UZ; (), and T’y UT"}, C U for general y by Lemma 6.28; so z, (&) =0
by Theorem 6.29. Two distinct threefolds meet in dimension at most two, so Lemma 6.26(iii) with
U = A and Z the union of the thirty-two gives ch% (&) = Y.e Mz, (&)[Ze]z = 0, and forgetting supports,
ch3(&) = 0. But ch3(&) = No +¢367 with N # 0, and @ € W and 6 are linearly independent, W
having the weights +2(e; + e +¢3) and 6,3 weight zero (Lemma 6.21). A convolution of pieces over
the threefolds is supported in their union. The automorphism z4 — iz4 of Ag preserves 0, every 6, and
W, and exchanges the two families of thirty-two threefolds. O

Corollary 6.31 treats one family at a time; the threefolds of both families together need one more
relation, read off from a line of four of them. Fix j € {1,2,3} with {j,k,l} = {1,2,3} and &, & € 4.
For a € py let T, = Z, with x; = a, x; = &, x; = &;; two of the four lie in each family. Let C, =
{zj+az31; =0} CBj,let Q =J,C,, adivisor on Bj, and let [T = Cg, x C¢, C B’ = By, x By, a surface,
so that Ag = Bj x B’ and

Z:=|JT,=0xIL
aclly
Two of the T, meet in (C,NCp) x I, a union of surfaces, so Lemma 6.26(iii) applies to Z. The divisor
Q is ample: the connected component H of its stabiliser {x € B; : Q +x = Q} is an abelian subvariety
which, being connected, leaves each C, invariant, so H C C; NC;, a finite set, and Q has finite stabiliser
[55, §6, Application 1]. Hence B; \ Q is affine.

Lemma 6.32 (The four threefolds through a surface). Let & be as above and let U C Ag be open such
that every cohomology sheaf of & |y is supported in Z and Q x {y} C U for general y € IL. Then the
multiplicities 1, = Uz, (&|y) satisfy

Z,ua:O, Za.ua:Q

aciy acty
that is, U, = ma® for one integer m: W = U_y = —lU; = —M_;. In particular, if one of the four
threefolds carries no cohomology sheaf of & |y, none of them has nonzero multiplicity.

Proof. Letng = zj+azz j, ng = zx + Exz34x, i = 21+ &z341 and f =[], ng, so that near Z the set Z is
cut out by f =ny =n; =0, a regular sequence, Q = {f =0} in Bj and I = {ny =n; =0} in B'. As
for one threefold, the pair (ng,n;) and the retraction along d5, ds1; identify a tubular neighbourhood
of ITin B’ with IT x D?, and the local cohomology %”; (F) of alocally free sheaf F, computed by the
Cech complex of the cover of the complement of Z by { f # 0}, {ny # 0}, {n; # 0}, is the sheaf on Z
of Laurent tails }.g > gﬁyn;ﬁ nfy whose coefficients gg, are sections of %”Ql (F): over W x V, with
W C Bjand V C IT open and Stein, a coefficient is a section of F on (W \ Q) x V modulo the sections
on W x V. In particular # (F) C j’le (F), and [T,] = c[dn, Ndng Adn; /nangng]z has the single tail
n; 'n; ! with coefficient ¢ [dn,/n,] Adny A\ dny, where [dng/n,) € H (Ca,%a (Q}gj)) is the class of the
form dn, /n, with a pole along C,.

Letv € T 9, have the matrix Y = Ejy, as in the proof of Theorem 6.29: then v replaces dz3, ; by dzx
and dzy by (h3j/hi)dZ34; and kills the other dz,, so dn,(v) = adZy, dng(v) = (h34j/hi) dZ34j and
dn;(v) = 0. By (6.7) and Lemma 6.26(1), (iii),

0= V_IChg(éa|U) = Zua voi[T,]z

- CZ [adzk dni Ndn; — (h3+j/hk) dzzqjdng Ndmn
N P Ha ngnin; z
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in H}(U,Q2) = HY(ZNU, 5 (Q?%)), the classes of the invariant (0, 1)-forms dZ, dZ34; in H' (U, 0)
acting by cup product. The decomposition Q} = 92 (Q1 X Q},) ® Q32 into locally free summands
splits the local cohomology; dny A dn; lies in the th1rd summand and dn, A dny in the second, so the
second summand of the identity reads

dng, Ndn;

(251 UZ““ [ NgNyng }Z =0

in H! (Zﬂ U, %023 (Q}gj X Q};,)) . Reading off the coefficient of dn; nk_lnl_l in the frame dny,dn;,dzy,dz;
of Q}, is a morphism of sheaves of vector spaces 57 (91]3, XQp) — %”é (Ql];j) X O on Z, linear over

the functions pulled back from Bj; restricting to Q x {y} C ZNU for general y, where the (0, 1)-form
dZz3 j restricts to the same form on B, gives

[dZ34 ;] U Z/Ja [dnq/nq] =0

in Hl(Q,c%”Ql(Qllgj)) = Hé(Bj,Q}gj). Since B;\ Q is affine, H'(B;\ Q,Q') = 0, and the exact se-
quence H'(B;\ Q,Q') — H}(B;, Q') — H*(B;,Q") shows that forgetting the support is injective on
Hé (B;,Q); it is compatible with the cup product by H'(B;, &). The argument of Lemma 6.26(ii) in
codimension one, with the scaling z+— z— (1 —A)an,(z)ds; of B, which fixes C,, multiplies n, by 4
and preserves z;, shows that ch{*(0¢,) = c1[dna/ng) in H(C,, 72 (Q!)) with a constant 1, the same
for the four curves since z3 j — iz34; permutes them and carries n, to n;,, and ¢ # 0 since forgetting
the support gives ch; (O¢,) = [C,] # 0. So the image of [dn,/n,] in H'(B;, Q") is ¢ '[C,], and

[dz UL MG =0 in H2(B;,Q") = H'(8)).

By Lemma A.1(i) with (u,v) = (zj,23+;) [Ca] = £(dzj +adz3y ;) A(dZj+adzs ), so
[Ca AdZ3yj = £(dzj+adzzyj) AdZj AdZayj,

and the invariant forms dz; AdZ; AdZ3j and dz3 j AdZ; NdZ3 j are linearly independent in H 12(B i)
Their coefficients Y, 4, and ¥, apl, vanish. Separating real and imaginary parts of the second relation
gives iy = p_; and y; = pi_;, and the first then gives i; = —;; so U, = Mia?, and if some 1, vanishes
all do. O

Theorem 6.33 (Objects supported on the sixty-four threefolds). No perfect complex & on Ay whose
support lies in the union of the sixty-four threefolds Z,, x € ,Ltf, has a Chern character of polarised
shape with respect to some 6y, and meets the criterion. In particular no convolution of pieces Uz, ®
LF [s] over threefolds of both families, at any twists and shifts, does so.

Proof. Suppose & has polarised shape and meets the criterion, and write u, = uz (&£). Fix j and
(&, &) as above and let U be the complement of the sixty threefolds Zy with (x},x)) # (&, &). Every
cohomology sheaf of &|y is supported in Z = |J, T, and ug, (&'|y) = Uy for xj = a, the generic point
of T, lying in U. For y = (yt,y;) € IT with y; ¢ C¢ for § # & and y; ¢ C¢ for § # &;, which excludes
finitely many values of each coordinate, Zy N (Q x {y}) = (Cx; NO) x ({m}NCy) x ({y}NCy) is

empty unless (x,x)) = (&,&); so Q x {y} C U for general y, and Lemma 6.32 gives that ,th/x5
does not depend on x; when xi,x; are fixed. This holds for j =1,2,3, so [,Lx/ (¥3x3x2) = /o (x)? is
independent of each coordinate of x separately, hence constant: u, = m & (x)? for one integer m. Two
distinct threefolds meet in dimension at most two, so Lemma 6.26(iii) with U = Ag and Z the union of

the sixty-four, followed by forgetting supports and (A.5) with m = 2 there, gives
3
chi(&) =Y w(z]=m Y o’S(w)=m[][%,;=0.
X OE Uy j=1

But ch3(&) = No + ¢3 9,3 # 0, as in the proof of Corollary 6.31. A convolution of pieces over the
threefolds is supported in their union. (|
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The theorem contains Corollary 6.31, since a complex supported on one family has t, = 0 on the
other, hence m = 0; the corollary is kept for its proof, which localises to two threefolds and is what
Proposition 6.30 uses. The relations of Lemma 6.32 hold along every line of four threefolds in the
support, whatever else the support contains, as long as the rest of the support misses Q x {y} for
general y.

Theorem 6.33 removes every convolution built from threefold pieces alone, of one family or of
both, at any twists and shifts; it leaves the convolutions whose support reaches outside the sixty-four
threefolds. For these the next two results say what the rest of the support can be. By (A.4) the
Weil class is @ = (p+ gi)a + (p — gi)@& with p,q € Q; for x € i let o(x) = x1x2x3 and c(x) =
(x1,x3,x3) € {£1}>. The fibres of c are the eight orbits of the group {+1}° acting on y by sign
changes; 0(x)* =[] c(x);, so the four orbits with [];c; = 1 make up the family ¢ = =1 and the other
four the family o = +i.

Lemma 6.34 (The four orbits). Let v: 3 — Q satisfy ¥, Vi[Z:] = No modulo 6,H*(Ag,C). Then for
every c € {£1}3

Np/4 ci=1
Y v {V/4  The=t
(e —iNg/4, [Tjcj=—1.
So if Np # 0 each orbit of the family 6 = £1 carries an x with v, # 0, and if Ng # 0 each orbit of the
Jamily o = +i does.

Proof. For € € {#1}? let X =[1;(c;if&; =1, ¢;if &; = —1), of weight 2€; X, spans the part of
H(Ao,C) of that weight, H*(Ag,C) has no class of weight &2¢, and ), has weight zero, so the
component of weight 2¢ of 6,H* is zero and o = X1y, 0=X1-1-1)- In[Z] =T];(a; +b;+
Xjcj+x;C;) the coefficient of Xe is [Te;—1 % [1e,=—1x; = 0(x) He,—:lfi = 0(x)[Ig,=1 ¢(x);, as x‘} =1.
Writing W = ¥(x)—c Vx0 (x), the coefficient of X in Y, Vi[Z,] is Yo Wexe(c) with xe(c) =TIlg—1¢)
and the x are the eight characters of {£1}. The hypothesis says that this coefficient is N(p + i)
for € = (1,1,1), N(p — gi) for € = (—1,—1,—1) and O otherwise. Fourier inversion gives 8W, =
N(p+gqi)cicaes + N(p — gi), which is the claim. O

Proposition 6.35 (A smooth complete intersection cannot carry the rest). Let & be as above and
suppose that its support lies in Y U UG(X):il Z,, where Y C Aq is a smooth complete intersection of
dimension d <5 of divisors in the linear systems |L;"| of powers of the polarisation Ly. Then:

(i) Np #£ 0, and every orbit of the family 6 = +1 contains a threefold Z, Y along which & has
nonzero multiplicity.

(ii) If Y meets every Z, in dimension at most one, then & does not exist: no such complex has
polarised shape and meets the criterion.

Proof. (i) Let Yj,...,Y, be the divisors, c = 6 —d > 1. Each Ag \ Y; is affine and smooth, as is every
intersection of them, so has vanishing homology above degree six [7]; the Mayer—Vietoris spectral
sequence of the cover of A \ Y by these ¢ open sets gives H,; (Ao \Y) = 0 for ¢ > 5+, and Lefschetz
duality H9(Ao,Y) 2 Hya—4(Ao\ Y) gives H1(Ao,Y) = 0 for ¢ <d. So H**7%(A(,Q) — H**~%(Y,Q) is
onto, as 2d — 6 < d. For ) € H*%(A) the projection formula gives i.i*n = nU[Y] = ([];m;) 65N,
50 i, H*4=6(Y) C 6,H*(A¢). Now let £ =Y UJ,¢; Zs, I the set of x with 6(x) = +1 and Z, C Supp &,
Z. ¢ Y. By the Riemann—Roch theorem for singular varieties [30, Ch. 18], applied to the cohomology
sheaves of &, which are coherent sheaves on infinitesimal neighbourhoods of X, the class ch3(&’) €
H(Ap,Q) is the image of a class T € A3(X)q (the Todd class of Ag being 1). The localisation sequence
A3(Y) = A3(X) = A3(E2\Y) — 0 is exact, A3(X\Y) is free on the classes of the three-dimensional
components Z, \ Y, x € I, and the component of 7 there is Y s Uz (&)[Z, \ Y], the top-dimensional
part of the Riemann—Roch class of a sheaf being its cycle. Hence
chy(&) = Y pz &)z € i, H* °(Y) C 6,H*(Ao),

xel
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and ch3(&) = No + ¢367 with 67 € 6,H*. Lemma 6.34 applies to v, = iz (&) for x € I and v, =0
otherwise: since Vv vanishes on the family ¢ = +i, N¢ =0, so Np # 0 as No # 0, and each orbit of
the family 6 = £1 contains x € [ with uz (&) #0.

(ii) Take x from (i), T = Z,. The multiplicity of & along T on the complement of the other com-
ponents equals Lz (&) # 0, so Proposition 6.30 gives a component R; of the support, of dimension at
least three and not among the thirty-two threefolds, hence contained in Y, such that Ry N (Z, UZ 1))
contains a surface. But Y N (Z,UZ (1)) has dimension at most one. |

The hypotheses of Proposition 6.35(ii) hold, for instance, when the rest of the support is a smooth
curve or a smooth surface cut out by divisors of the polarisation and meeting the threefolds in finitely
many points; the smooth divisors ¥ meet every Z, in a surface and are only constrained by (i) and by
Theorem 6.27. When the support is large the localised obstruction says nothing at all:

Proposition 6.36 (Where the localised obstruction stops). Let & be as above and suppose that its
support contains an ample effective divisor Y. Then mchfﬂ (&|y) =0foreveryv €T Dy, everyk >0,
every open U C A and every closed Z C U containing the support of &|y. In particular a convolution
of line-bundle pieces L' [t;] and threefold pieces with ¥ ;(—1)" # 0 has support Ag, and the criterion
for it is decided by its products alone.

Proof. Let ¥ be the support of & and X = Ao\ Y, an affine variety, so that H'(X,Tx) = 0 and
H*1(X,Q%) =0 for k > 0. The restriction of v to X vanishes, so the image of vichf, (&) under

HET2(A0,QF) — H’g@,z (X,QF), which is v|x _nchf}: (&|x), vanishes; by the exact sequence

Hy 2 (40,Q°) — Hy 2 (A0, @) — HEY (X, Q)

the class vachl, | (&) comes from a class b € Hy 72(Ag, QF). The sequence
Hk+l(X,Qk) *}H]YH—Z(AO,Q]{) *)H]H—Z(AO,Q]{)

shows that b is determined by its image in H**2(A, Q¥), which is vachy;1(£) =0. Sov.chl, | (&) =0,
and its restriction to U, followed by the enlargement of supports from XNU to Z, is v_nch% H(&lu). A
complex of rank };(—1)" # 0 has a cohomology sheaf of positive rank, whose support is Ay. g

What remains at Eg. By Theorem 6.33 every convolution of threefold pieces fails, of one family
or of both, at any twists and shifts, which covers the threefolds at several twists of Setting 6.17;
Theorem 6.23 and Remark 6.25 cover the convolutions with at most seven line bundles, and eight line
bundles outside thirty-one arrangements. Left are the convolutions with eight line bundles in those
thirty-one arrangements or with nine or more line bundles, with or without threefold pieces at any
twists. For a convolution of line bundles the support is Ag when Y ;(—1)"% # 0, which happens for
eight of the thirty-one arrangements, where the rank is +2; there Proposition 6.36 says that only the
products decide. For the other twenty-three the rank is zero and the support is a proper closed subset
containing every threefold piece; Theorem 6.27 and Propositions 6.30 and 6.35 constrain it, and the
products decide the rest. The products along the chains of Proposition 6.10 and along the cycles
through the line bundles are computable in the theta-function model of [19, §18], where the fourfold
products of line-bundle pieces at distance at least two were found to give dimExt*> > 69; we have not
computed them, and (F2) at Eg stands or falls with them.

6.9. Seven consecutive shifts at Eg

At n = 4 the same route was taken in [19, §18] on E§, Eq = C/Z][i], with the 128 line bundles Lg,
e uff , [1¢ = +1, whose signed Chern characters add up to a multiple of the Weil class, and three
multiples My, M>,Mj of the polarisation; the criterion asks for dimExt? (E,E) = 104. In the setting
of [19, Lemma 18.36] the pieces of one parity, [[{ = €, have shifts of one parity and the pieces of
the other parity have shifts of the other, and [19, Cor. 18.48] excludes every convolution whose 128
shifts lie in six consecutive integers. We extend this to seven. The groups used below are the groups
HX(W,V) between two pieces in the harmonic model of the convolution [19, Lemma 18.24], as in
[19, Thm. 18.37 and Lemma 18.39]: for pieces W, V that differ in exactly three coordinates and have
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dw = dy + 1, the groups .73 (W, V), of total dimension 640 over the 28 ratios W /V of this kind, are
reached by no coboundary, and a term of dr on them passes through a piece at the shift dy + 1, dy + 2,
dV —1lor dV —2.

Proposition 6.37 (Two separated adjacent pairs). Let E be a convolution as in [19, Lemma 18.36],
let g > 4, and suppose that the shifts of the pieces L take exactly the four values s, s — 1, s — g and
s —g — 1. Then for every order, every choice of the shifts of the M; and every placement of the t;,
dim Ext? (E,E) > 640, and E does not meet the polarised criterion.

Proof. Let P, Q, R, T be the sets of pieces at the shifts s, s — 1, s — g, s — g — 1; all four are nonempty.
Two shifts that differ by one belong to pieces of opposite parity, so P and Q have opposite parities, and
so do R and T'; P and R have the same parity when g is even and opposite parities when g is odd. Let
W and V differ in exactly three coordinates with dyy =dy +1. Then W € Pand V € Q, or W € R and
V € T, since these are the only pairs of occupied shifts at distance one. A term of dg on J#3(W,V)
passes through a piece at one of the shifts s+ 1, s+2,5s—2,s—3whenW € P,ands—g+1,5s—g+2,
s—g—2,5s—g—3 when W € R. Since g > 4 none of these is among s, s— 1, s—g, s—g— 1, so no
term acts and the groups .73 (W, V) inject into Ext?(E, E).

Let I" be the group of ratios of two pieces, of order 128, acting simply transitively on the pieces,
and let S3 C I' be the 28 ratios that move exactly three coordinates, with the weight given by the
dimensions of the groups .%#; every ratio in S3 changes the parity. Put X = PUT if g is even and
X =PUR f g is odd. In both cases X is a union of one set of each parity, and its complement is the
union of the other two. The edges of the Cayley graph of (I, S3) join pieces of opposite parity, so the
edges between X and its complement join P to Q and R to 7', and these are exactly the pairs (W,V)
above. Hence the dimensions of the surviving groups add up to the weight of the cut of X. The set X
is neither empty nor everything, and the proof of [19, Prop. 18.47] shows, through [19, Lemma 18.40],
that every such cut weighs at least 640. 0

For g =4 this is [19, Prop. 18.47]. Together with the results of [19, §18] it settles most arrangements
in seven consecutive integers.

Corollary 6.38 (Seven consecutive shifts). Let E be a convolution as in [19, Lemma 18.36] whose
128 pieces Ly have their shifts in {s,s —1,...,5s —6}. Let U C {s,s —2,5 —4,5s —6} and U' C {s —
1,5 — 3,5 — 5} be the values taken by the two parities. Then dimExt*(E,E) > 640 for every order,
every choice of the shifts of the M; and every placement of the t;, except possibly when U is one of

{s,s—2,5—6}, {s,s—4,5—6}, {s,s—2,5—4,5—6},

U’ is one of
{s—1}, {s—3}, {s-5}, {s—1,s—5},
and (U,U’) is neither ({s,s — 2,5 —6},{s —5}) nor ({s,s —4,s —6},{s —1}).

Proof. If the shifts do not take both values s and s — 6 they lie in six consecutive integers and [19,
Cor. 18.48] applies; so s,s—6 € U. If U’ contains two values two apart itis {s—1,s—3}, {s —3,5—5}
or {s—1,5s—3,5—5}, and [19, Thm. 18.41] applies to the parity at U’ for every U. Otherwise U’ is
{s—1} {s—=3} {s—=5}or {s—1,s—5}. Let U = {s,s—6}. For U' = {s— 3} the two parities
sit at s —3 and at s —3 43, and [19, Thm. 18.42] gives dimExt* > 67584. For U’ = {s — 1}, [19,
Prop. 18.43] with y = s — 1 applies, since the pieces at y+ 1 = s exist and no piece has the shift
s—2ors+2; for U' = {s— 5} its second form with y = s — 5 applies, since the pieces at s — 6 exist
and no piece has the shift s —4 or s —8. For U’ = {s — 1,5 — 5} the shifts take exactly the values
s, s—1, s—5, s—6, and Proposition 6.37 applies with g = 5. The same two applications of [19,
Prop. 18.43] settle U = {s,s — 4,5 — 6} with U’ = {s — 1}, where no piece has the shift s —2 or s +2,
and U = {s,5s — 2,5 — 6} with U’ = {5 — 5}, where no piece has the shift s —4 or s — 8. O

Remark 6.39 (Nine of the ten remaining arrangements). Nine of the ten arrangements left by Corol-
lary 6.38 were decided by computation, which no statement of this paper uses. For each arrangement
and each distribution of the 64 pieces of each parity over its values, a lower bound for dim Extz(E ,E)
was obtained as the sum of three families of surviving groups: the groups .#* at spread two between
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pieces of one parity on the 13 ratios of [19, Lemma 18.39(ii)], bounded below by the cut bound of [19,
Lemma 18.40]; the groups .73 between adjacent shifts, less what the terms into %> and % can
remove; and the groups 7 at spread three, on which dg vanishes [19, Lemma 18.39(iii)], less what
the coboundaries can reach. The dimension carried by each set of edges between the sets of pieces
at two shifts was bounded by the per-piece degrees, by the cut bounds and by the expander mixing
lemma for the weighted Cayley graphs of I', with the largest nontrivial eigenvalue of each weighting,
and the sum was minimised by linear programming, solved in double precision, for every distribution.
Over eleven of the twelve arrangements of the statement, with the 1953 or 39711 distributions of the
parity with three or four values and the 1 or 63 of the other, the least bound obtained is 125.8, against
104 required. ForU = {s,5s—2,5s—4,s—6}and U’ = {s— 1,5 — 5} the bound is below 104 for 585753
of the 2501793 distributions and vanishes for some of them, so the method decides nothing there and
that arrangement remains open. The program is in the archive [13]. So every convolution whose 128
shifts lie in seven consecutive integers fails, by hand in eighteen of the twenty-eight arrangements and
by the computation in nine others, except possibly in the arrangement just named; Proposition 6.37
settles the separated pairs at every distance.

6.10. Weil sixfolds from cyclic triple covers of curves of genus four

Abelian covers of curves give explicit Weil families, and for most of them the image of the moduli
of the covers in I is meagre by a dimension count [19, Prop. 23.13(iii)]. The one boundary case is
that of étale cyclic covers of degree ¢ € {3,4,6} of curves of genus four, where the moduli of the covers
and ZF, F = Q(&;), n = 3, both have dimension nine, and the image is open if the multiplication map

tn: H(Kpon)@H (Kg@n ™) — HO(K5?) (6.8)

is surjective at one point [19, Prop. 23.13(iv)]. For £ = 3 the Prym map of these covers is generically
finite, by Faber [28], and surjectivity of U, at a general point follows. We exhibit an explicit point at
which (i, is an isomorphism.

Proposition 6.40 (An explicit cover). For A € C\ {0,1} let By, C P! x P! be the curve x* +y> +1+
Ax3y? =0, in affine coordinates x, y, and n = O(1, —1)]5,.
(i) By, is a smooth curve of genus four with Kg, = 0'(1,1)|,.
(i1) M has order exactly three.
(iii) H*(K ®n) and H*(K @ n~") are spanned by 1,x,x* and by 1,y,y?, and Un is an isomorphism.
(iv) The period map of the étale cyclic triple covers of curves of genus four, with values in the domain
Dr of (Q(v/—3),3)-Weil type that contains the x-part of H' of the cover C; — By, defined by n,
is a local isomorphism at (B ,m). Its image contains an open subset of D, and the Weil classes
are algebraic on every member of Pr as soon as they are algebraic on the abelian sixfolds
Hy (G;) for the covers C; of a non-meagre subset of a neighbourhood of (B ,n).

Proof. (i) In bihomogeneous coordinates the curve is F = x3y3 +x3y3 +x3yg + Ax3y7, of bidegree (3,3).
In the chart xo = yo = 1 the partial derivatives are 3x*(1 4 Ay*) and 3y*(1+ Ax?). At a singular point
with x = 0 the equation gives y* = —1 and then 9, F = 3y? # 0; similarly y 0. Sox* =y* = —1/4, and
the equation becomes 1 — 1 /A = 0, excluded. The equation is symmetric in x and y; the substitution
(x,y) = (1/x',A~'/3y"), after multiplication by x’?, carries it to the same form in x’,y’ with A replaced
by 1/A; and the substitution (x,y) = (A~/3/x’, A=1/3 /y/), after multiplication by Ax3y’3, carries it to
itself. So the other three charts reduce to the first. By adjunction Kz = (Kpi . p1 +B)|g = O(1,1)|p, of
degree (1,1)-(3,3) =6=2g—2,s0 g =4.

(ii) Let D, and Dy, be the intersections of B with the lines x = oo and y = co. At x = oo the equation
reads 1+ Ay* = 0, so Dy consists of three points (co,c) with ¢> = —1/4, and at each of them u = 1 /x
is a local parameter, since the derivative of 1 +u’y® +u® + Ay’ in y is 3A¢? # 0; along B, 1 + 1y =
—u?(1+y?), s0 ¢ =y*+1/A vanishes to order three there. Its other zeros would have y* = —1/A and
x # oo, hence x* (14 Ay*) = 0= 1+, which forces A = 1. Its poles are at Dy, three points at each of
which 1/y is a local parameter by the same computation, of order three. So div¢ = 3D, —3D,, and
since D, € |€0(1,0)|p| and Dy € |0(0,1)|p], n®* = Op. If n were trivial, D, would lie in |0(1,0)].
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From 0 — 0(—2,-3) — €(1,0) — 03(1,0) = 0and H(0(—2,-3)) = H'(0(—2,-3)) = 0 by the
Kiinneth formula, every section of &(1,0) is a + bx, so every divisor in that system is a fibre x = ¢ of
B. The three points of D, have Xr=-1 /A, three distinct values of x, so D, is not such a fibre.

(iii) K®n = 0(2,0)|p and K@ n~! = ¢(0,2)|p. The kernels &(—1,—3) and &(—3,—1) of the
restrictions have no cohomology in degrees 0 and 1, again by the Kiinneth formula, so restriction gives
H(K®@n)=H(P' xP',0(2,0)), spanned by 1,x,x*, and H*(K@n~') = H°(£(0,2)), spanned by
1,y,5*. The product of the two is H%(€/(2,2)), of dimension nine, and py, is its restriction to B,
with values in H%(0(2,2)) = H°(K®?), of dimension 3g — 3 = 9. The kernel of the restriction is
HO(0(—1,-1)) =0, so yy is injective between spaces of dimension nine, hence an isomorphism.

(iv) By [19, Prop. 23.13(i), (ii)] the x-part H, of H'(C;,Q), for a character x of order three,
is a polarised Hodge structure with an action of Q(v/—3) whose two eigenspaces have dimension
2g¢ —2 =6, with 10 of the y-eigenspace equal to 41°(K ® 17) = 3 for the appropriate sign of 1, so it is
of (Q(v/—3),3)-Weil type. By Griffiths’ description of the differential of the period map [82, Ch. 10],
as in the proof of [19, Prop. 23.13(iv)], the transpose of the differential at (B;,n) is u, after Serre
duality. Both sides have dimension nine, so by (iii) the differential is an isomorphism and the period
map is a local isomorphism there; its image contains an open set Q@ C Zr. A local biholomorphism
sends a non-meagre subset of a neighbourhood to a non-meagre subset of €, so under the hypothesis
of the last assertion the algebraic locus of the Weil classes in ZF is not meagre, and by Lemma 4.2 it
is all of Zr. O

The curve By is a cyclic cover of P! x P! in disguise: it is invariant under u32 acting on x and y, and
its quotient is the line X +Y + 1 +AXY = 0 in the coordinates X = x>, Y =y3. For /=4 and / =6
the same argument needs a curve of genus four with a line bundle of order four or six for which iy, is
surjective, and we have not found one.

6.11. Integral characters at sextic CM fields

For a sextic CM field F = Fy(\/—¢q), with Fy totally real cubic and g € Fj totally positive, [19,
Prop. 19.47] gives a count that would exclude a minimal object for the polarised criterion whose
character has a component v in the flat secant space S(0,g) with x(v,v) above an explicit threshold,
and [19, Prop. 19.49] shows that the condition of the count holds whenever x (v,v) < —26, computes
x(v,v) = —8(Nm(q)c§ + Tr(Nm(q)g ' f?) + Tr(gg?) + ¢3) on the rational points v(co, f,g,c3), and
exhibits integral points with y = —32 forg = 1.

Remark 6.41 (No exclusion over twelve cubic fields). For the twelve totally real cubic fields of
discriminant 49, 81, 148, 169, 229, 257, 316, 321, 361, 404, 469, 473, whose rings of integers are
generated by one element, and for ¢ = 1 and ¢ = k+ a with « the generator and k& the least integer
making g totally positive, the lattice of integral points of S(0,q) was computed exactly, in the model
of [19, Prop. 19.49], with the Gram matrix of —) /8, which is integral. No nonzero integral point has
—x < 24, and since ) € 8Z on the lattice, every nonzero integral point has y < —32 and meets the
condition of [19, Prop. 19.47(iii)]. For g = 1 the least value —) = 32 is attained by four points of shape
N,, = 2, r* =30, » = 40; for g = k+ «a it is 32 for the discriminants 49, 81 and 288, 384, 912, 352,
480, 600, 960, 544, 2400, 1208 for the other ten. So over these fields the count of [19, Prop. 19.47]
excludes no integral character of a minimal object, and the route through it is closed there. This is a
computation of the archive [13], and nothing in the paper depends on it.

6.12. The exceptional classes of a Mumford fourfold

Keep Setting 3.6 and write y for the polarisation formon V, 7 = DY, g3 (x,y) = Trp o (A trd(xy)) for
A € F, and m, for multiplication by a € F on T. The copy Tx (—1) CV @V, x> ((v,w) — y(xv,w)),
is symmetric and carries the form induced by ¥ ® y, equal to —4trd(xy) summed over the three real
places, that is ¢; up to the scalar —4. The exceptional classes of X x X are the elements m,, a € F\ Q,
of EndegTX(—l) = F [19, Prop. 21.2], and in [19, Thm. 21.4] their algebraicity is derived from the
Kuga—Satake class of a K3 surface S with 7'(S; )g = (T, ¢, ). We replace S, by an abelian variety.
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Setting 6.42 (The sixfold Zg). Let K = F (\/—76 ) € D be a CM quadratic extension of F inside D, 6 €
F totally positive; every maximal commutative CM subfield of D is of this form since D is definite at
two real places. Let D carry the left action of G = D! and the right action of the torus K! = ker(Ng / F)-
Over Q, D = D| ® D, ® D5 with D; = V; @ W,, V; the standard representation of the i-th factor of G
and W, = x; @ xi_l that of the i-th factor of K. Fix a point  of the Shimura curve C of X, with Hodge
cocharacter (y nontrivial only at the split place o3, and let uz = u’u”, with p’ the action of py by
left multiplication and " the cocharacter of K' of weight i% on xlil, xzil and 0 on )@il. Then D¢

has type (1,0) on Vi x1, Vax2, V31’0W3 and (0, 1) on the complements, so D carries a rational Hodge
structure of weight one with 2% = 6 and Hodge group inside G-K'. For ¢ € K with ¢ = —c put
Ve(x,y) = Trg jgtrd(Xyc). The abelian sixfold Zx = Zx, is the one with H'(Zx) = D and polarisation
v, for ¢ in the cone where V. is positive; over a finite cover of C these form an abelian scheme [70],
and we use only the fibre at 7.

Lemma 6.43. . is alternating, invariant under left multiplication by D' and right multiplication by
K', and the y,, ¢ € K with ¢ = —c, fill the three-dimensional space of all G x K'-invariant alternating
forms on D. Hence NS(Zk)q has dimension three.

Proof. The reduced trace is invariant under conjugation and cyclic, so Y.(y,x) = Trtrd(yxc) =
Trtrd(¢xy) = Trtrd(Xy¢), and y, is alternating exactly when ¢ = —c. For g with nrd(g) = 1,
trd(gxgyc) = trd(¥ggyc) = trd(¥yc). Fork € K', trd(xkykc) = trd(kxykc) = trd(Xykck) = trd(¥yc)
because K is commutative and kk = 1. Over Q the invariant alternating forms live in the three sum-
mands /\2(V,- ® VV[)GXK] =A\Vi® (%iX,-_l ), one dimension each, and the cross terms D; ® D; carry
the nontrivial characters )Ciil xjj-“; so the space has dimension 3 = dimg K, which the y fill since
¢ — Y, is injective. Hodge classes of degree two are the invariant alternating forms, as the Hodge
group lies in G- K and the invariants of G- K are the three forms, which are of type (1,1). O

Lemma 6.44 (Where T sits in Zg).
(i) The K'-invariants of /\ZD,- form a four-dimensional space: S*V; ® /\2 Wi, the adjoint represen-
tation of sl(V;), and A’V ®1. The sum Ty of the three adjoint pieces is defined over Q, is
a sub-Hodge structure of H*(Zx), and is isomorphic, as a Hodge structure with G-action, to
Tx(—1).
(1) The form induced on /\2D by y, restricts on Tz to q.2, up to a rational scalar independent of the
place; here ¢* = —Nk/r(c) = —f28 € F forc = fv/—=4.

Proof. (i) N2(Vi@W;) = S2V; @ A>W; ® \?V; @ S?W;; the torus acts trivially on A2 W, = x,'xfl and on
one summand of SZW; = %12 S1P sz- The cross terms carry nontrivial characters. The Galois group
permutes the places, so 77 is defined over Q; as a G-representation it is the adjoint representation 7.
The cocharacter 1" acts trivially on K!'-invariants and the centre acts on A% D with weight two, so the
Hodge structure on T7 is the one induced by the adjoint action of u’, twisted to weight two; this is the
recipe that gives Ty (—1) at the same point .

(i) By Schur’s lemma the induced form is, on each irreducible 7;, a multiple of trd(xy). In the split
model at the place i the element ¢ acts on D; by 6;(c)diag(1,—1), whose square is 6;(c?); the multiple
is 0;(c)? times a rational constant that is the same at every place, since the computation in the weight
basis is identical at the three places. The sum over the places is g up to that constant. UJ

Theorem 6.45 (The sixfold link). Let & be a nonzero element of Hompge (Tx (—1),T7) C H*(X x X x
Zk).
(i) Hompge(Tx(—1),7z) = F -1 for the identification 1 of Lemma 6.44, so & = m, o1 for a unique
e € F*. The G x K'-invariant classes of degree four on X x X x Zx have dimension 26, and &
and Wy @ NS(Zx) are the only ones in the Kiinneth component H' (X) ® H' (X) ® H*(Zg).
(i) If € is algebraic, then ETE, the composite with the adjoint for the Lefschetz pairing on X x X
and the intersection pairing on Zg, is an algebraic endomorphism of Tx (—1) equal to Mg (o) With
ale) = ke’ € F, k € Q*.
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The sixfold link over the Shimura curve

f: Me OL: Tx(—l) — TZ

X Xi 2Kt

0

C

& e HY (X))o HY(X)® H*(Zk) (green), flat along C

FIGURE 10. The sixfold link. Two copies of the Mumford fourfold X, and the sixfold
Zk s sit over the same point ¢ of the Shimura curve C; the class & in the mixed Kiinneth
component identifies the two copies of T and is flat along C.

(iii) If a(e) ¢ Q, the exceptional classes of X x X are algebraic at t, hence at every point of C, and
so is every Hodge class on every power of X.

(iv) a(e) ¢ Q for every e € F* if and only if K contains no imaginary quadratic field. If K = F -k
with k = Q(v/—d) and ¢ = f/—d, then a(e) € Q exactly for e € Qf .

(v) Conversely, if the exceptional classes are algebraic and some algebraic cycle on X" X Zg acts
nonzero on Ty, then every & is algebraic.

Proof. (1) Both sides are the irreducible G-representation 7' with Endyg, = F [19, Prop. 21.2], so
Homyg, = F'1. The count is the dimension of the kernel of the six raising and lowering operators
of sl3 on the torus-weight-zero part of A*(V @V @ D), computed by Kiinneth type: (1,1,2) gives
3+ 3, the line F1 and y @ NS(Zx); (2,2,0) gives 4 = Q@ F, the Hodge classes of X x X in H?> ® H?;
(0,0,4) gives 6 = S>°NS(Zx); (2,0,2) and (0,2,2) give 3 each; and (4,0,0), (0,4,0), (3,1,0), (1,3,0)
one each, products of divisor classes. The sum is 26. The Hodge group of the product lies in G- K",
so 26 bounds the Hodge classes from above; equality is not needed.

(ii) The adjoint of a correspondence for the Lefschetz pairing on H?(X x X) and the polarised
intersection pairing on Zg is the transposed cycle composed with cup products with powers of the
polarisations and the inverse Lefschetz isomorphism, which is algebraic on an abelian variety [40, §2];
so ETE is algebraic. By Lemma 6.44, Tx(—1) carries —4q; and Ty carries a rational multiple of g2,
and for & = m,, g2 (mex,m.y) = Tr(c?etrd(xy)) = q1(c?e?x,y), s0 ETE = kmap.

(iii) An irrational a € F generates the cubic field, so every my, b € F, is a polynomial in ETE,
algebraic on Tx(—1). Compose with the product map w: H*(X x X) D Tx(—1) — H*(X) and its
adjoint, both built from y, the diagonal and 6 and hence algebraic [19, Lem. 21.3]: the composite
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po(my®1)ou' acts on the primitive part U of H>(X) by the element v(Trb — b)/2 of F, irrational
when b is. With the identity and the projector onto Q6 this generates Q x F = EndegH2 (X), so
by [19, Prop. 21.2] the exceptional classes are algebraic. The class & is flat along C and so are the
exceptional classes, so by Lemma 4.2 algebraicity at one point of the curve C gives it on a countable
set or everywhere; and [19, Cor. 20.30] shows that algebraicity at one point of C gives it at every point,
and then every Hodge class on every power of X is algebraic [19, Thm. 21.7].

(iv) a(e) = ke? f2§ is rational iff €228 € Q. If =8 ¢ Q*(F*)? then & ¢ Q*(F*)? and €225 € Q
is impossible. If —§ = —dg? with d € Q*, g € F*, then with ¢ = f\/—d one gets a(e) = ke’ f2d,
rational iff (ef)? € Q iff ef € Q, a cubic field having no irrational element with rational square. And
—8 € Q*(F*)? exactly when K O Q(v/—d) for some d.

(v) By [19, Thm. 21.7] the Hodge conjecture holds for all powers of X once the exceptional classes
are algebraic. A cycle on X" x Zg acting nonzero on the irreducible 77 carries it isomorphically onto
a summand of H?*(X")(k — 1); projecting onto that summand and composing with an isomorphism
to Tx(—1) € H*(X x X), a Hodge class on X"*2 and algebraic, gives an algebraic nonzero element
of Hompge (77, Tx(—1)) = F; composing with the algebraic m, gives every element of that line, and
transposing gives every &. O

Proposition 6.46 (Hyper-Kéhler carriers give +£1). Let Y, ...,Y,, be projective hyper-Kdhler varieties
of K3 type whose transcendental spaces are Hodge isometric to (T, r iq2;), rj € Q*, A; € F totally
positive. Every composite of rational Hodge isometries between them that returns to Y; acts on T by
+1, and every composite of Hodge similarities by an element of Q.

Proof. A Hodge isometry (7,r;q,) — (T, rqy,) is a Hodge endomorphism of 7', hence m, for some
a € F, and it is an isometry iff r;A; = rAa®. A composite returning to j is m, with a> = 1, and a
composite of similarities is m, with a> € Q, which in a cubic field forces a € Q. The isometries are
algebraic by [22, 48], which is why the statement matters: they realise m,, between Sj and S, ,-> and
between their moduli spaces of sheaves, but every return is trivial. (|

6.13. Where the link stops

Theorem 6.45 replaces the Kuga—Satake variety of [19, Thm. 21.4], of dimension 27, by an abelian
sixfold over the same curve, and it replaces the irrationality that had to be extracted from anticommut-
ing Clifford blocks by the arithmetic of K: for every K that is not a compositum F - k every link closes
the target. Its logical status is the same as the Kuga—Satake link: by (v) it is equivalent to the target
together with one algebraic link, not a reduction to something smaller.

The missing step is the algebraicity of one class & € H*(X x X x Zg). It is exceptional: its compo-
nent in V ® V is the nine-dimensional 7', not a multiple of y, so it is not invariant under Sp(V) and
not in the Lefschetz algebra of X x X x Zx (Lemma 3.7); the theorems that prove the conjecture when
the Hodge ring is generated by divisors do not apply, and no Weil class of Zg or of X x X is involved.
At the points of complex multiplication of C the class &. is a Hodge class on a CM abelian variety in a
mixed Kiinneth component between X x X, and Zg . with Hom(X,,Zx ) = 0, so it is not a pull-back
from one factor nor a product of lower-degree Hodge classes, and the generation theorems for CM
abelian varieties do not reach it either. Unlike the Kuga—Satake class, the link is therefore not known
even at the countably many special points. This is the price of staying inside abelian varieties, and it
is the exact statement that (F2) needs at its smallest instance.

7. WHERE THE EARLIER ATTEMPT FAILS

The preprint [9] of the two authors claimed the conjecture in full. We record here each point at
which it fails, so that the present paper can be read as its replacement and not as a continuation.
Numbers refer to that preprint.

The secant cycle (Definition 3, Lemma 4). For an abelian 2n-fold A of Weil type the preprint takes
¥ = Sec”(A"), the closure of the union of the (n — 1)-planes spanned by 7 points of AV in a projective
embedding, and the cycle Zy = XN AY, asserted to have codimension n. Every point of AV lies on
such a plane, so AV C ¥ and Zy = A": the intersection is not proper. The sheaf Ox|4v is O4v, whose
Fourier—Mukai transform is the skyscraper sheaf at the origin shifted by —2n, with Chern character
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Hodge classes of a very general Weil 2n-fold, n = 3:
n" and the Weil line carry different characters

n*: character N(7)"
Weil line: character 7"

w2

w1

0
2 4

§)
deg Pee

8 10 1 n"
2%

FIGURE 11. The Hodge classes of a very general abelian sixfold of Weil type and the
characters of K* on them: n* carries N(7)¥, the Weil plane carries 72". An eigenclass
for N" in degree 2n is a multiple of n".

the class of a point. So chy =0 for 1 <k < 2n, contrary to Lemma 4, and Proposition 2 has nothing to
identify with a Weil class.

The polarisation (Definition 3). The polarisation is taken principal, so x (L) = 1 and the embedding is
into P%; the dimension count needs x (L) = 2n? + 2n. A principal polarisation is never very ample.
The dimension of the Weil space (Proposition 1). detg H'(A) is a two-dimensional Q-space of Hodge
classes [83], so at a very general point Hdg"(A) = Qn" @ W (A) has dimension three, not two.

The eigencharacter (Lemmas 1, 2, Proposition 2, Theorem 4). Equation (1) of the preprint gives 7°1 =
N(t)n for T € K*, so n" has character N(7)", while Proposition 2 asserts character 1. The group K*
acts on W(A) = A#*H'(A) by 7 — 7%, which differs from N(7)" = (t%)" unless (7/%)" = 1; so
the Weil classes are not in the N"-eigenspace, and an N"-eigenclass of degree 27 is a multiple of n”
(Fig. 11). The scaling of the secant sheaf by d" under an isogeny of degree d (Lemma 1) is asserted
without proof.

Step 4 of Theorem 4. The points of a Shimura variety with smaller Mumford—Tate group are the points
of proper special subvarieties, most of which are not of CM type; and Pohlmann’s theorem [62] covers
the CM types whose Hodge ring is generated by divisors, not all CM abelian varieties.

The reduction to Weil classes (Theorem 3, Section 5). Moonen and Zarhin describe every Hodge class
as a polynomial in divisor classes and Weil classes of isogeny factors in dimension at most five [57],
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and the description is not known beyond; simple CM abelian varieties can carry Weil classes [83, 71];
and not every factor of type IV is of Weil type.
Theorem 12. The Kuga—Satake construction exists for Hodge structures of K3 type, with h*0 = 1
[42, 26]; Theorem 12 applies it to arbitrary primitive classes. Its algebraicity, credited there to Deligne,
is open: Deligne proved that the correspondence is absolutely Hodge [27], and its algebraicity is
known only in special families [76, 74]. Since the case split of Section 1.4 rests on this step for the
classes of coniveau zero, it is incomplete.

None of these points is repaired here. The present paper does not use secant cycles, the eigencharac-
ter argument or the Kuga—Satake construction outside K3 type, and it claims no case of the conjecture
that is not proved in Sections 3 to 6.

8. WHAT IS PROVED AND WHAT IS OPEN

Table 4 lists the statements. Three remarks on what the table says.

The two open statements are not independent problems that happen to add up to the conjecture; they
are two halves of one phenomenon. Both say that the algebraic locus of a flat Hodge class, a countable
union of closed strata through a dense set of points of complex multiplication, is not meagre. For (F2)
the dense set is supplied by explicit cycles at CM points and the first instance is a single class on an
abelian fourteenfold or a single Ext group on an eightfold; for (F3’) the dense set is supplied by the K3
surfaces with complex multiplication and by the chains of Section 5, and the first instance is a cubic
real multiplication on one K3 surface of Picard number 13, which Theorem 5.14 supplies for the fields
Q(&)" and Q(&y)™ with the algebra ramified at two real places, and which stays open for every other
pair of a cubic field and an algebra.

Each construction of this paper ends at a question with a definite answer. Whether some convolution
of the pieces of Theorem 6.3 has dimExt> = 57 is a finite computation in the Ext algebra of two
sheaves on a fourfold; at the point Eg of complex multiplication every group entering it is written
down in Lemma 6.8, Proposition 6.11 answers it in the negative for every convolution with three
powers of L, Proposition 6.13 answers it in the negative for two threefolds at one shift and for every
placement of the thirty-five pieces, Proposition 6.14 with Corollary 6.15 for every further piece of
positive twist within one shift of the thirty-two, Theorem 6.23 for at most five line bundles at any twists
and every polarisation, the enumeration of Remark 6.25 for six and seven and for eight outside thirty-
one arrangements, Corollary 6.31 and Theorem 6.33 for every convolution of threefold pieces, of one
family or of both, at any twists and shifts, and for the configurations left, eight or more line bundles
with or without threefolds, it is the rank of the products along the chains of Proposition 6.10 and along
the cycles through the line bundles, the support of the object being constrained by Theorem 6.27 and
Propositions 6.30 and 6.35. Whether the link & is algebraic is a question about one Hodge class on one
abelian variety, equivalent by Theorem 6.45(v) to the exceptional classes together with one more cycle.
Whether a correspondence acting on 7' (S, ) otherwise than by a similarity exists is a question about
one K3 surface; for F = Q(&7)* or Q(&o)™ and D = D., Theorem 5.14 answers it, and for every other
pair (F,D) it is open, with Proposition 5.15 marking the three places where the present mechanism
fails. A negative answer to the first closes that route, as the analogous question on Eg closed; a positive
answer to any of them proves the corresponding statement at its first instance.

8.1. Specialisation, degeneration and blow-ups

Three devices are often proposed for passing from the members where a class is known to be
algebraic to the others, and we record exactly what each one proves.

Proposition 8.1. Let w: 2" — B be a smooth projective family over an irreducible base and & a flat
Hodge class on its fibres.

() If & is algebraic at the generic point of a curve C C B then it is algebraic at every point of
C. The converse implication, from one point of C to its generic point, holds when &, is the
Chern character of a perfect complex whose semiregularity map is injective, and in no greater
generality is it known.
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TABLE 4. Every statement of the paper with its status. “Proved” means proved in the
text from the cited results; “open” means not proved here or elsewhere to our knowl-

edge.

statement where status what it needs
HC < (F2) A (F3') Thm. 1.1  proved -
(F3') for fourfolds with zero-cycles on a threefold Prop. 3.4  proved from [21] -
(F2) < AB Thm. 3.8  proved -
six minimal sufficient sets Prop. 3.9  proved, checked in Lean -
dichotomy of the algebraic locus Lem.4.2 proved -
(F2) as propagation from CM points Thm. 4.5 proved -
Weil loci dense with CM base point Prop. 4.6  proved in [19] -
chains make e with ¢* € Q algebraic Thm. 5.3  proved a chain of the right multiplier
symplectic chains reach exactly v/2,/3,/6 Prop. 5.21 proved -
/6 algebraic on two-dimensional families Thm. 5.5 proved -
/=5, v/—=7 algebraic on one-dimensional families Thm. 5.9 proved -
HC on all powers and Hilbert schemes of the Fricke surfaces Thm. 5.9 proved -
similarities act by multipliers d;d; Prop. 5.11 proved -
finite-group correspondences give abelian E Prop. 5.12 proved -
HC for X x X, X in the dihedral families Cor. 5.13  proved -
(F3) for S, F = Q(&7) T or Q(&o) ™, D = Do Thm. 5.14 proved -
where the dihedral mechanism stops Prop. 5.15 proved -
(F3') for S, other cubic F or other D Sect. 5.8 open a non-similarity correspondence
Hodge classes on all powers of S: E and AZ T Prop. 5.16 proved from [75] -
K3 surfaces of Kummer type over Q: (F3’) and HC on all powers  Prop. 5.17 proved -
Fricke Kuga—Satake fourfold: B ~ Ex X B3 Prop. 5.19 proved -

& T for the other surfaces of Sect. 5 Rem. 5.18 open acycle on S™
(F3') in general - open -
product object of polarised shape Thm. 6.3  proved -
direct sums never semiregular Prop. 6.4  proved -
annihilator of the secant pieces is the product locus Thm. 6.6  proved -
secant and line-bundle pieces orthogonal Prop. 6.7  false for every realisation —
(P2') at a product point Sect. 6.5  open Ext* of secant sheaves
the Ext groups at the CM point Eg Lem. 6.8  proved -
no two-step cancellation of diagonal classes Prop. 6.10 proved -
three line bundles at Eg Prop. 6.11 proved, fail -
isolated Ext blocks at Eg Prop. 6.13 proved, fail -
a threefold piece outside every closed chain Prop. 6.14 proved, fail -
further pieces within one shift of the thirty-two Cor. 6.15 proved, fail -
at most five line bundles, any twists, every polarisation Thm. 6.23 proved, fail -
six or seven line bundles; eight outside thirty-one cases Rem. 6.25 enumeration, fail -
the rest of the support cuts a threefold in an ample divisor Thm. 6.27 proved -
two threefolds meeting along a surface carry nothing Thm. 6.29 proved -
objects on the thirty-two threefolds of one family Cor. 6.31  proved, fail -
objects on the sixty-four threefolds of both families Thm. 6.33 proved, fail -
a smooth complete intersection cannot carry the rest Prop. 6.35 proved, fail -
an ample divisor in the support empties the localised obstruction Prop. 6.36 proved -
(P2) at Eg: eight or more line bundles, with or without threefolds  Sect. 6.8  open the chain products
Eg: shifts in seven consecutive integers Cor. 6.38 18 of 28 proved -
an étale Prym map of triple covers at genus four Prop. 6.40 proved -
sextic CM fields: the count excludes nothing Rem. 6.41 enumeration -
sixfold link = exceptional classes Thm. 6.45 proved -
algebraicity of the link & Sect. 6.13  open acycleon X x X x Zg
dominant maps, blow-ups, derived equivalences preserve the defect Prop. 8.2  proved -
residues of complete intersections Prop. 8.3  proved rational residues
HC for « as a vanishing mass gap Prop. 8.4  proved -
exceptional classes of X x X - open -
(F2) in general - open -
the Hodge conjecture - open (F2) and (F3)
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The defect § = dim Hdg/Alg never drops: blow-up, domination, derived equivalence, degeneration

5(X) +46(2) 6(¥) = 6(X)
3(X) 6(X) L,00(X)  Z,er(X)  6(Xy)
I I I I I class lost
> (@) > > >
E—~7
blow-up dominating map derived equivalence degeneration
X=BIzX =X Y= X D(X)~D(X") X~ X

FIGURE 12. Where the defect goes under surgery. A blow-up along Z carries the
Hodge classes of X to X and adds those of Z, so the quotient Hdg/Alg grows by the
defect of the centre; a dominating map ¥ — X carries the defect of X into Y; a Fourier—
Mukai equivalence permutes degrees and preserves the total defect; a degeneration to
Xo loses the class only in the special fibre, from which no cycle lifts.

(ii) Let X be the blow-up of a smooth projective variety X along a smooth closed subvariety Z of
codimension c. Then Hdgh(X)/Alg*(X) = Hdg" (X)/Algk (X) @ @ Hdg" () /Alg"(Z). In
particular the Hodge conjecture for X is equivalent to the Hodge conjecture for X and for Z, and
no sequence of blow-ups and blow-downs reduces the defect of a variety.

(iii) For the Weil classes of 9y, and the exceptional class of a Mumford fourfold, every degeneration
to a fibre with a semistable model on which the limit class is algebraic has its lift to the generic
fibre as its missing step, and for the Mumford fourfold no degeneration keeping the class of

Hodge type exists, since the Hodge locus of the class is a compact Shimura curve.

Proof. (i) Specialisation of cycles along a curve [30, Ch. 20] sends an algebraic cycle on the generic
fibre to one on each special fibre with the same flat cohomology class; this is the direction used by
Schoen’s degeneration and by Proposition 4.6. In the other direction the algebraic locus is a countable
union of closed sets by Lemma 4.2, and a point in one stratum says nothing about the stratum being
the whole base; the one proved lift is the semiregularity theorem of Bloch, Buchweitz and Flenner
[18, 17], which is the content of Theorem 6.1. (ii) Manin’s decomposition of the motive of a blow-
up [44], h(X) = h(X) © @ h(Z)(—i), is realised by the algebraic correspondences 7* and j. o p* o
(powers of the relative hyperplane class), which are compatible with Hodge classes and with algebraic
classes; so both the Hodge classes and the algebraic classes of X decompose accordingly, and the
quotients add. A birational map between smooth projective varieties factors through blow-ups and
blow-downs along smooth centres only in special cases, but every birational map is dominated by a
sequence of blow-ups, and (ii) shows that the defect of the top variety is at least that of the bottom
one, so the defect cannot be removed on the way. (iii) A flat class has a limit in the limit mixed Hodge
structure of a semistable fibre, and on a totally degenerate fibre the graded pieces are combinatorial
and every class is algebraic on the components; the return to the generic fibre is the lift of (i), with the
same unproved step. For a Mumford fourfold the Hodge locus of the exceptional class is the compact
Shimura curve of [19, Thm. 21.7], which has no boundary, so no fibre at which the class is still of
Hodge type degenerates. 0

8.2. Dominating maps, birational models and derived equivalences

Write 67 (X) = dimHdg” (X ) — dim Alg? (X) for the defect of the conjecture in degree 2p, 81 (X) =
dimHdg”(X) — dim Ab”(X) for the defect of (F3'), and §(X) = ¥, 67(X). The conjecture for X is
0(X) = 0. The following proposition records how the surgeries of birational geometry move these
numbers; Figure 12 draws it.

Proposition 8.2 (Defects under surgery). Let X, Y be smooth complex projective varieties.
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() If f: Y — X is surjective and generically finite, then 87(Y) > 67(X) and 8} (Y) > &% (X) for
every p. In particular no blow-up along a singular centre, weighted blow-up, resolution of a
modification or finite cover of X has a smaller defect than X.

(i) If X and Y are birational, then 8*(X) = 82(Y) and §47(X) = §71(Y), d = dimX; for 3 <
p <d —2 the difference 8 (X) — 87(Y) is a signed sum of defects 8"~/ (Z), j > 1, of smooth
projective varieties Z of dimension less than d.

(iii) If T € CH"(X xY)q induces an isomorphism from H*(X,Q) onto H*(Y,Q) whose inverse is
induced by a cycle, for instance the kernel of an equivalence between the derived categories of
X and ¥, then §(X) = 0(Y) and 8,p(X) = S (Y).

(iv) Let & — A be a projective family, smooth over the punctured disc, with a flat Hodge class &
on the smooth fibres that is algebraic on a crepant resolution X of the special fibre Xy, or on the
components of a semistable model of Xo. Then & is algebraic on X; for t # 0 if and only if the
specialisation H*"(Xo) — H*?(X,) sends an algebraic class to an algebraic class, which is the
statement (V) for the family; the monodromy plays no role, since it fixes &.

Proof. (i) f,.f* is multiplication by the degree, so f* is an injective morphism of Hodge structures
and f*Hdg?(X) C Hdg”(Y). If f*o is algebraic then so is deg(f)a = f.f*a; hence Alg’(Y)N
f Hdg?(X) = f*AlgP(X) and f* embeds Hdg” (X)/Alg?(X) into Hdg”(Y)/Alg? (Y). For Ab the same
argument applies because f; of a class I,y reached from an abelian variety is (I's oI")..y, reached from
the same one. The coarse space of a weighted blow-up has quotient singularities and f, f* = id with
rational coefficients, so the argument is unchanged there.

(i) By weak factorisation [3] a birational map between smooth projective varieties is a composite
of blow-ups and blow-downs along smooth centres with smooth projective intermediate varieties, and
Proposition 8.1(ii) gives the change of 67 at each step as j:Z?;% 8774(Z). For p = 2 the terms are
8'(Z) and 8°(Z), which vanish by the Lefschetz (1,1) theorem; for p = d — 1 they are §7~!/(Z)
with dimZ < d — 2, hence 89(Z) with ¢ > dimZ — 1 after j > 1, and these vanish by hard Lefschetz
and Lefschetz (1,1) on Z.

(iii) By the projection formula I, sends €, Hdg” (X) into €, Hdg” (Y), since [I] is a sum of classes
of type (i,i) and cup product and push-forward are morphisms of Hodge structures up to Tate twists;
it sends algebraic classes to algebraic classes because [I'] Upry[Z] is the class of a cycle and the push-
forward of a cycle is a cycle; and it sends Ab to Ab by composing correspondences. The inverse does
the same in the other direction, so the two total quotients are isomorphic. The kernel of a Fourier—
Mukai equivalence and the kernel of its inverse are cycles by Mukai’s and Orlov’s description of the
inverse functor [61], which is the equivalence with kernel the dual of the original one shifted by the
dimension.

(iv) & is monodromy invariant, so by the local invariant cycle theorem it is the specialisation of a
class in H?7(X,), which pulls back to X or to the components of the semistable model; the hypothesis
says that the pulled back class is algebraic there, and push-forward keeps it algebraic on Xy. Cycles
specialise from the generic fibre to the special fibre [30, Ch. 20] and not the other way, so the remaining
step is exactly the one in the statement. If the limit cycle on Xy lifts to the family, its restriction to X;
has class &; conversely if & is algebraic the specialisation of a representing cycle is a cycle on Xy with
class the limit of &, and the specialisation map sends that class to &. The vanishing cycles, on which
the monodromy acts, are orthogonal to the invariant part, and & is invariant, so no condition on them
enters. O

Items (i) to (iii) say that every surgery available in birational and derived geometry carries the defect
of X into its output as long as the open class survives there, and loses the class only in outputs of lower
dimension, the centres, where it has become a defect of those varieties. Both open statements of this
paper sit in degree four, (F2) for the Weil classes and the exceptional classes, (F3') for the classes
of H*(S x §) on a K3 surface, and in degree four the defect is a strict birational invariant by (ii) and
a derived invariant by (iii); so the open classes are present, and not algebraic, on every birational
model and every Fourier—Mukai partner of the varieties that carry them. Item (iv) is the reason that
degenerations to products of elliptic curves, where every Hodge class is algebraic [57], do not close
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(F2): the class returns to the smooth fibre only through (V). Flows of K&hler metrics change no
complex structure between their surgeries, and the surgeries themselves are the contractions and flips
of the minimal model programme, covered by (i) and (ii); the surgery of Perelman has no counterpart
for Hodge structures, since it cuts a manifold along spheres and a Hodge structure has no local pieces
to cut.

The devices therefore relocate the two open statements without weakening them. The one true
reduction in shape is Theorem 4.5: the whole of (F2) is equivalent to a lift from CM points along
polarised abelian schemes, and the lift along each scheme is a question about one semiregular object
at one point.

8.3. Residues and mass-minimising currents

Two analytic descriptions of algebraic classes are exact, and we record what each reduces the con-
jecture to. The first is Griffiths’ residue calculus on hypersurfaces [33]. For a smooth hypersur-
face X = {F =0} C P"*! of even dimension n = 2m and degree d, with Jacobian ring R(F) and
Q =Y,(~1)ixidxo A...dx;- - Adxy.1, the residues of the forms PQ/F4*! identify H"-%9(X) with

prim
R(F) (g 1)d—n—2-

Proposition 8.3 (Residues of complete intersections). Let X = {F = 0} be as above, and suppose that

F= Z;"jll figiwithZ = {fi = -+ = finr1 = 0} a complete intersection of codimension m+ 1 in P!

whose ideal is generated by the f;.
(i) Let 6 be the hyperplane class and Jy the Jacobian determinant of (f1,81,. .., fm+1,8m+1), @
polynomial of degree (m+1)(d —2). Then

degZ m! (JHQ )mm
= S

m
0" =7 s\ Fwrt

z]=— y

[81, Thm. 1.1].

(ii) Let J(F) C R(F)(ny1)(a—2) be the span of the classes of the determinants Jy over all such de-
compositions of F. If the rational span of the residues of J(F) and 6™ contains Hdg" (X)), the
Hodge conjecture holds for X.

Proof. (i) is the cited theorem; the degree of the determinant is Y ;(deg f; + degg;) — (n+2) = (m+
1)d —2m —2. (ii) By (i) every residue of an element of J(F') is a rational combination of 6™ and of
classes of complete intersections in X, so it is algebraic. The Hodge conjecture for a hypersurface
holds outside the middle degree by the Lefschetz hyperplane theorem, and in the middle degree it is
the statement that Hdg” (X)) consists of algebraic classes. |

The proposition replaces a cycle by a polynomial, and the open step becomes the statement that
the polynomials of J(F) have enough rational residues. Deciding whether a given element of R(F)
has a rational residue requires its periods, so the residue calculus moves the conjecture from cycles to
transcendental numbers without closing it. On a Fermat hypersurface Z,-xfi = the linear subspaces cut
out by x; = §ixiv1, Cl.d = —1, are of this form, since x‘zli —|—x§i .1 factors into linear forms; whether their
residues and those of the other decompositions exhaust Hdg” (X) is again a question about periods.

The second description uses currents and is the analogue for cycles of the flows of geometric anal-
ysis. Let X be a smooth complex projective variety of dimension N, 4 an ample class with Kéhler
form @, and 0 < p <N. For B € Hyy_p)(X,Z) let M(f3) be the infimum of the masses of the integral
currents in 3, put vol(B) = [g o™ ~P/(N — p)!, and call g(B) = M(B) — vol(B) the gap of B. We
identify H (X, Z) with Hyy_,)(X,Z) by Poincaré duality.

Proposition 8.4 (Mass-minimising currents).
(i) Every class B contains an integral current of mass M(B), and g(B) > 0, with equality if and
only if B is the class of an effective algebraic cycle with integer coefficients.
(ii) Let o € H*’(X,7). The image of a in H**(X,Q) is algebraic if and only if g(ect +kh?) = 0 for
some integers e > 1 and k > 0.
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(iii) There are X and o with g(a+kh?) > 0 for every k > 0 although g(ea.) = 0 for some e > 1: for
a very general hypersurface X C P* of degree D divisible by (? for an integer £ > 1 prime to 6,
p =2, and the generator o of H*(X, 7).

Proof. (i) By the compactness theorem of Federer and Fleming [29] the integral currents in  of mass
at most M () + 1 form a compact set for the flat topology, and mass is lower semicontinuous, so the
infimum is attained. For an integral current T in 3, Wirtinger’s inequality, that @V~ /(N — p)! has
comass one with equality exactly on the complex (N — p)-planes with their canonical orientation, gives
M(T) > T (o"7/(N— p)!) = vol(B), the last value depending only on f because @ is closed [36].
If equality holds, T is calibrated by @V =7 /(N — p)!, hence a closed positive current of bidimension
(N — p,N — p) [36], and by King’s theorem [39] a closed positive integral current of that bidimension
is Y;n;[Vi] with n; positive integers and V; irreducible analytic subvarieties, which are algebraic by
Chow’s theorem. Conversely, for an effective cycle Z =) n;V; the tangent planes of the smooth locus
of each V; are complex, so the current [Z] has mass vol([Z]) and g([Z]) = 0.

(ii) If g(eot+kh?”) = 0, then eot + kh” is the class of an effective cycle by (i), and & = ([Z] —kh”) /e
in H%7(X,Q). Conversely let « be rationally algebraic, so that egct — [ZF] + [Z7] is a torsion class for
an integer ey > 1 and effective cycles Z*; multiplying by its order, eat = [Z] —[Z7] in H*?(X,7Z).
Write Z~ = Y, ¢;V;. For r large the ideal sheaf of each V; twisted by &'(rh) is globally generated, so p
general members of |rh| containing V; meet in a complete intersection ¥; of codimension p containing
Vi, and [Y;] = rPh?; the cycle Z! of ¥; minus V; is effective. Then ea + Y, c;irPh? = [ZT + Y, ¢iZl],
effective, and (i) gives g =0 with k =Y, ¢;r?.

(iii) By the Lefschetz hyperplane theorem H*(X,Z) = Zo with Jyoa-h=1,and h* = Da, the class
of a complete intersection, so g(Da) = 0. By Kolldr’s theorem [41], in the form of [73, Thm. 2], every
curve on X has degree divisible by £. The class o + kh? has degree 1 -+ kD, prime to 4, so it is not the
class of an effective cycle, and g(o + kh?) > 0 by (i). O

The analytic part of the variational approach is therefore complete. A minimiser exists in every class
without any flow, so a mass-decreasing flow of a cycle, with whatever surgeries along its singularities,
can at best reach it; what such a flow cannot provide is the equality case, and the equality case is the
whole conjecture: by (ii) the Hodge conjecture for a class « is the vanishing of the gap of eo + kh”
for one pair (e, k). Part (iii) shows that the multiplier e cannot be omitted, since integral minimisers
of a class that is rationally algebraic need not be calibrated for any k, and so no argument by integral
currents alone, including one modelled on Ricci flow with surgery, proves the conjecture without
passing to rational coefficients. For the Weil classes of Z, , and the exceptional classes of a Mumford
fourfold the gap of ea + kh” is not known to vanish for any (e, k).

Nothing in the paper assumes an open statement, and no section depends on a computation that is
not also proved by hand in the text. The machine checks of Appendix B recompute the finite quantities;
they do not carry any proof.

APPENDIX A. THE POINT OF COMPLEX MULTIPLICATION IN COORDINATES

This appendix works out, in coordinates, the objects of Lemma 6.8 and Proposition 6.10 on Ag = Eg :
the Hodge ring, the Weil plane, an explicit family of abelian threefolds whose classes combine to the
Weil class, their intersection numbers, and the dimensions of every Ext group between the pieces built
from them.

A.1. The forms and the Hodge ring

Write z1, ... ., z6 for the coordinates of Ag = ES, Eg = C/Z]i], group the factors into the three surfaces
B; = E} with coordinates (z;,z3+;), j = 1,2,3, and let K = Q(i) act by i on zj,22,z3 and by —i on
<4,35,%6- Put . .

aj = +dzj \Ndz;, bj=5dzijNdZ3.j,
i= 29 _] _] 2 j _] (A1)
Cj:%de/\dZS+j, Cj:éd23+j/\d2j.
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TABLE 5. The Ext groups between two pieces at Ag = ES, from Lemma 6.8; m =
b —a, xz = 8 for the threefolds Zs.

from to degrees k  dimExtf
OzL8 OgL° 0,...,6 (‘,33): 1,6,15,20,15,6,1
O7L" 071, m>0 0,...3 (;)8m’
O7L° 071, m<0 3,...,6  (°;)8|m]?
O7L% Oplb 3 (Z2-7') € {8,16,32,64}
Oz [P,m>0 3 8m’
OzL% [P,m<0 6 8|m|3
Oy1¢ ¢ 3.6 (23)
L 0z, m>0 0 8m’
L Ozl m<0 3 8|m|3
L 0Lt 0.....3 ()
LY L’ m>0 0 mo
L* Ibm<o 6 Im|®
L L 0,....6 (9
(b) closed chains over the twelve pieces
(a) degrees k with Ext*(Fp, Fo) #0 10* 4 i
J < (Fr o) 24 alt degree 3: HEE two pieces
threle twists of orl @ three pieces
103 o |
0 i
£ i
g 2 :
= [} 1
: § sy
« 3 3 i
2 i
= i
10! 3 p
degree 2 needsi
100 3 ki =m}

T T
0 2 4 6 8 1012 14 16 18
total Ext degree k; + ... + k,, of a closed chain

FIGURE 13. The degrees of the Ext groups between the twelve pieces 0,LF, O, L*,
L¥, k=0,...,3, of Table 5. Left: the degrees in which Ext*(#p, %) is nonzero,
coloured by the least one; degree zero occurs only from a lower twist to a higher one
and from L to 0;L“. Right: the number of closed chains of two and of three distinct
pieces by total degree, on a logarithmic scale; no two-piece chain has total degree
below three, and the three-piece chains of total degree three are those of Proposi-
tion 6.10.

In the real coordinates z; = x; +iy; one has a; = dx; Adyj, the volume form of the j-th factor, of

integral one over C/Z[i],"” and ¢; = §(dx; Adys1; —dyj Adxsij) + 5 (dxj Ndxsij+dy; Adyss ), so

that the real and imaginary parts of c; are rational classes and ¢; is the complex conjugate of c¢;. All
four forms have type (1, 1). The polarisation is

o—Y b 0° = 6laibiazbrazb ° A2

—];(aj-i- i) = 6laibiarbrazbs, ol (A.2)

15The fundamental domain of Z[i] is the unit square, so [g dxAdy = 1; this normalisation makes every form in (A.1)
integral on the lattice Z[i]%, and all intersection numbers below are integers computed as integrals of top forms.
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(b) two twists of one Z (c) closed chains, k< k' <k”

30 4 b—a=0 M b—a=1 M b—a=-1

(a) the curves C; =ker(u+ (v) in B;

S
N

o

5 Ext® /0+0+3=3\ Ext°
N

) a product

& into Ext

E

s

—

Ext3 :HS(Z’Lk—I.'”‘Z)

> +[Z]=32+a)

GGG==+1

two pieces: k| + k, > 3, nothing in Ext?

FIGURE 14. The point Eg of complex multiplication. Left: the three Weil surfaces
B; = Eg and the four elliptic curves Cy in each, kernels of u + {v; a threefold Z,
picks one curve in each surface, and the 32 threefolds with {; ;{3 = +1, signed by
that product, add up to 32(o + @&). Middle: the dimensions of Ext*(6; ® L, 6, @ L?)
by degree for b —a = 0 (the (2) ), b—a =1 (degrees 0 to 3) and b —a = —1 (degrees
3 to 6). Right: the closed chains of Proposition 6.10; every two-step chain has total
degree at least three, and the shortest chains reaching degree two run through three
twists of one threefold with degrees 0,0, 3.

the principal polarisation of the product; the hermitian forms }" ;3 a’jzjvT/ X3 a}z ;w; of Lemma 6.8
with all @; = 1 give 0 itself.
The Hodge group of Ay is the circle acting by z on H'? and by 7 on H*!, so the Hodge classes of

degree 2k are exactly the rational classes of type (k, k), of dimension (2)2:
dimHdg*(Aq) = 1, 36, 225, 400, 225, 36,1 (k=0,...,6). (A.3)
In degree two these are the 36 hermitian forms on Z[i]®, the Picard number of Eg. The K-eigenspaces
of H'(Ag,C) are spanned by dz1,dz»,dz3,dZ%4,dZs,dZ (eigenvalue i) and by their conjugates, so the
Weil plane W = A% H' (A, K) C H®(Ao, Q) is spanned over C by
Qa = cicac3 o< dz1dzydzs dZ4dZ5dZe and O = C1CyC3, (A4
and over Q by o + @ and i(a — &). The relation W6 = 0 is visible term by term: c;a; contains dz;
twice and c;b; contains dZ3 j twice, so ¢ (ax + by) = 0 for each k, since o already contains dz; and
dzz .
A.2. The elliptic curves C; and the threefolds Z,
For § € py = {1,i,—1,—i} let Cy C B; be the kernel of (u,v) > u+ v, an elliptic curve isomorphic
to Eo, and for § = (£1,82,83) € 3 let Zy = Cy, x Cg, x Cr, C Ao, an abelian threefold.
Lemma A.l. () [C¢l=a;+b;+ Ccj+¢¢c;in H*(B)), and Z¢] =T1;(C¢ |-
(i) (C¢-Cp) =18~ ') €{0,2,4} on Bj; Z;NZg is finite exactly when §; # & for all j, and then
ZeNZp| =T1;16— §jI* € {8,16,32,64}.
(iii) 9|Zg has degree two on each factor, (G\Zg)3 =48 and yz, = 8; in particular [Z¢]6 # 0.
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(iv) Writing S(@) = Y.¢,¢,¢,—0lZ¢] for © € i,

3
o"S(w)=||Tn;, Tnj= {"MCel,
L os@=T%  Tu= L £"le s

Tnj=4(aj+bj), 4cj, 0,4¢; form=0,1,2,3 (mod 4),
and therefore

SH-=S-1)=Y Z]- Y [Z]=32(a+a). (A.6)
6166=1 6168G=-1
Proof. (i) Cy is the fibre over 0 of the surjective homomorphism f;: B; — Eo, w = u+{v, so [C¢] =
££10] with [0] = 4dw Ad¥, and

dw ANdw = (du+ & dv) A(di+ C dv)
= duNdii+dvAdi+ {duNdv+ { dv A di,

which is the formula. A product of subvarieties of the factors has the product class.

(ii) On B; the only nonzero products of two of the four forms are a;b; and c;C; = ¢jc; = —a;b;
(reorder dudvdvdii to —dudiidvdy), and [ ajb; = 1. Hence [C¢][Cp] =2 ¢ = ¢ = [ = {1~
Directly: a point of C; NCys has (§ — ¢')v = 0, so v runs over the kernel of { — ¢’ on Ey, of order
|€ —¢'|%, and u = — v is then determined. The statement for Z follows factor by factor.

(i) Je,(aj+bj) = [p,(aj+bj)[Cc] = 2, since ajcj, a;c;, bjcj, bjc; all repeat a differential. So
0]z, = 2(p1 + p2 + p3) with p; the point class of the j-th factor, (6[2&3 =31-8=48, and yxz, =
48/6 =8.

(iv) The left side of (A.5) is ¥ (18283)"I1;[C¢;], which factors as the product of the three sums
Tp,j; these are read off from (i), using Y¢¢,, ™ = 4 or 0 according as 4 | m or not. Then S(1) —

S(—=1) =3 L@+ 0*)S(w) = (1,71, +11;T3,;) = 3(64a +64a). O

Equation (A.6) is the analogue, with abelian threefolds in place of line bundles, of the signed sum
of the 32 line bundles on Eg in [19, Prop. 18.21]: the 32 threefolds Z, with {; ;{3 = +1, taken with
the sign &} £, 3, have classes adding up to 32 times the real Weil class. Together with three powers
of L this is a Chern character of polarised shape and Hankel rank three at Ag, and by Lemma 6.8(1) it
is one of the shapes a convolution must realise. Two of these threefolds with {; = ¢ ]’ for one or two
indices j meet along a curve or a surface, so Lemma 6.8(ii) does not apply to them and Lemma 6.9
gives their groups; Proposition 6.11 shows that no convolution of these thirty-five pieces meets the
criterion. Figure 14 draws the curves, the dimensions of the Ext groups and the chains.

A.3. The dimensions in Lemma 6.8

For the threefolds Z = Z; the numbers of Lemma 6.8 are explicit. Table 5 lists, for every pair of
piece types, the degrees k in which Ext* is nonzero and its dimension; here m = b — a is the difference
of the twists, xz = 8, Z' = Zy with {; # £/ forall j, and (Z-Z') =[1;|¢; — &jI*.

Each row of the table restates the corresponding item of Lemma 6.8, with y (L™|z) = m’xz = 8m?
from (iii) above and (L") = m®0°/720 = m® from (A.2). Two features of the table drive Proposi-
tion 6.10. Every group between two pieces of different twist is concentrated in degree 0, in degree 3
or 6, or in the range 0 to 3 for two twists of one threefold; and a group in degree at most two between
distinct pieces occurs only from a lower twist to a higher one, or from L* to &7L*. The bookkeeping of
the proposition is then the following count. A closed chain of m pieces whose edges have Ext degrees
ki,... ky carries an m-fold product into Ext=%~""*2 of the first piece. For m = 2 the table gives, for
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each unordered pair of distinct piece types, the two degrees and their sum:

(OzL4, O LP) 3+3 =6,
(OzL¢,07L"), b>a (0t03)+(3t06) >3,
(OzL4, L"), b >a 3+3 =6, A7
(0714 L), b < a 6-+0 =6, (A7)
(OzL*,L%) (3to6)+(0t03) >3,
(L2, LP) 0+6 =6,

so no two-step product reaches degree two. For m = 3 the sum must be 3 with two edges of degree zero,
and the table leaves exactly the ascending chains G7LF — G,LF — O,LF", k < k' < K", closed by the
degree-three edge H>(Z,LF"*"|;), of dimension 8(k” — k). The program code/cm_point_ext.py
enumerates the chains of two and three pieces over four twists and two threefolds and confirms both
statements, together with the identities of Lemma A.1. Figure 13 shows the table as the matrix of
the twelve pieces, and the distribution of the total degree over every closed chain of two and of three
distinct pieces: the two-piece chains begin at total degree three, and the twenty-four ordered three-
piece chains of total degree three are the eight ascending triples of twists of one threefold, each read
from its three starting pieces.

APPENDIX B. MACHINE CHECKS

Every finite quantity used in the proofs is recomputed by programs in the archive [13], and the
combinatorial and arithmetic statements among them are also proved in Lean 4. No statement proved
in the text rests on these checks; the enumerations of Proposition 6.13 and Remarks 6.25, 6.39 and
6.41 are their output and are stated as such, and the rest guard against slips in the hand computations.
Lean. The file 1ean/HodgeClosure.lean (Lean 4.24.0, no Mathlib) contains sixty-two theorems.
Section 1 encodes the eight statements and the rule set of Table 1 as data, computes closures by
iteration, and proves by evaluation that the closures of {F2,F3'}, {F3}, {L,M}, {L,F3’} and {V,F3'}
contain HC, that the closures of {F2}, {F3'}, {L}, {M}, {V}, {AB}, {L,V} and {M,F3'} do not,
and that the list of minimal sufficient sets, computed from the rule set alone, has exactly six members,
those of Proposition 3.9. Section 2 works in Z[v/—d] and proves that the hermitian form 1 transforms
under 7 by N(7), that the norm is multiplicative, that 1 is not K *-invariant, and that the characters
N(7)" and 72" differ at explicit T (Section 7). Section 3 proves the dimension counts of Section 6:
3n<n?forn>4,m?+m? < (m+m')? for m,m' > 1 with 2mm’ mixed directions, the values r = 57
and 104 of the lower bound, and the Hodge class count 26 of Theorem 6.45(i) as a sum of Kiinneth
contributions. Section 4 proves the polynomial identities behind the Fricke families of Section 5.4:
3 —c2 = 17281 (¢> + 13t +49)? at level 7 and 17281 (> +22¢ + 125)? at level 5, by exact arithmetic
on coefficient lists, together with the root products 72 and 5°, the Euler numbers 12 and 24, the Shioda—
Tate counts giving Picard number at least 16, the transcendental rank 6, the dimensions (n+ 1)/2 of
the dihedral Hecke algebras, and the polynomial identity behind the sign of Lemma 5.8: with A’, B’
the Vélu coefficients of the quotient of (5.1) by C;, computed from the kernel polynomial by Newton’s
identities on coefficient lists, and A(¢) = t*A(N¥/t), B(t) = t°B(N*/t), the identity N*"'B'/A+A'B = 0
holds at both levels, which is A (¢)> = —2/N*~!, Section 5 proves the Dickson identities p7(t+¢~ ') =
t"+177 and po(t +1t~') =1° +1~° behind the families of Theorem 5.14, that 2 has order three in
(Z/7)*/£1 and in (Z/9)*/ £ 1, so that 2 is inert in both cubic fields, and the sign pattern of the
conjugates of O at the three real places. Section 6 proves the finite statements of Appendix A: the
binomial identity ¥, (Z) (kiq) = (2), the intersection numbers (Cy - Cy) = |§ —¢'|* and 6 -C; =2
in the basis of the (1,1)-forms of B; with the pairing a;jb; = 1, c;¢c; = —1, the twisted sums T, ;,
the identity S(1) —S(—1) = 32(a + &) as an equality of the 64 coefficients of the triple products
over Z[i], the counts 48, 8, 75 and 18 with the Euler characteristics, and the two chain statements of
Proposition 6.10 over the twelve pieces of Appendix A.3, each by decide. Section 7 encodes the
pieces of Table 3 and the Ext dimensions of Lemmas 6.8 and 6.9, and proves that the isolated blocks
of Lemma 6.12 sum to 7213, 2605, 2605, 0, 0 and 5325 at the six configurations named in the table;
the reachability relation along blocks of total degree one is supplied as a certificate, which the kernel
checks to be reflexive, to contain every such block and to be closed under one more step, before the
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sum is evaluated by decide +kernel. From the same certified relation it proves that the configurations
(a) and (c) of the table have 32 and 22 threefold pieces outside every directed cycle of the graph I" of
Section 6.6; and, by evaluating the Ext dimensions on every pair, that no edge of I" enters a piece at
shift 1 from the thirty-two pieces or from the pieces 0z, QLNt], C epd, 1<k<3,and L'[t], 1 <[ <4,
with —3 <t <2, that L'[3], L*[3] and Oz ®L'[3] do enter, and that L'[—2],. .., L°[3] put each of the
thirty-two pieces on a cycle of length six. Every theorem is checked by #print axioms: fifty-two use
no axiom, the two inequalities proved with the arithmetic tactic use propext and Quot . sound, and the
six isolated-block counts and the two chain-free counts of Section 7 use propext; native_decide is
not used.

The Lean certificate of [19], HodgeObstruction.lean (Lean 4.34.0, four hundred and nine theo-
rems, each axiom-free or depending on propext only), carries the finite computations of that paper;
it is cited and not repeated here. The reduction of Section 3 uses only the hand-proved parts of [19].
Python. code/sqrt6_chain.py (sympy) implements Hilbert symbols and Hasse invariants ex-
actly, verifies the product formula on random pairs, classifies Ug, Eg(—1)g and the invariant lat-
tices, reproduces Varesco’s embedding results for v/2 and /3 as controls, searches the 165 sign-
admissible small forms gg over Q(\@) (98 embed in V3, 67 do not), exhibits the complements
(1,—10) and (1,—1,—1,—1,—3,-30), and checks both orders of the chain: twenty-five checks.
code/fricke_families.py computes the fibre types, Euler numbers and Picard bounds of the
Fricke curves and their twists at levels 5 and 7, checks numerically that the roots of j(¢) = j(7)
are carried by ¢ — N¥/t to the j-invariants of the N-isogenous curves, verifies the twist identity
p.q(W(1)) = Pqiy(p) (g (1) /1%, the Mdbius transformations preserving the labelled points, the em-
bedding of every rank-six form of signature (2,4) in V, and V3 after any scaling, and the Hecke
algebras of (D,, (7)) for n =5,7,9,11: forty-one checks. code/product_object.py builds the
exterior-algebra model of H*(A x A”) for (m,m’) = (2,1),(2,2), the tangent space of Z,, and of the
product locus, the first-order Hodge loci of the exterior products and of the object of Theorem 6.3, the
Vandermonde determinant, the vanishing of the cross terms, and the Hankel rank and r(7y) of the final
class; code/convolution_checks.py computes in the same model the rank of v i— v_64 on T, p,
the contraction ranks of ch(&”) and ch(&”) in Proposition 6.5(iii), and the trace of an upper triangular
times a strictly upper triangular block matrix. In these two programs ranks are computed in floating
point with a relative tolerance of 10~ and agree with the closed formulas. code/sixfold_link.py
checks the alternation and invariances of Y., the decomposition of the K Uinvariants, the ratio of
the induced forms at the three places, the symmetry of Tx(—1), the count 26 and the weight sup-
port of £; code/link_weights.py computes the Hodge classes of degree four on X x X X Zg
under the three groups of Section 6.13 and the vanishing of Hom(X,,Zk ) at the compositum CM
point. code/zeta9_invariants.py computes the rank, signature, discriminant and Hasse invari-
ants of the trace form Trz g (—6nrd) on the quaternion algebra (—1,—8)r, F = Q({o)™, and of the
transcendental lattice of the dihedral family of Theorem 5.14 for n = 9, and checks that they agree
while three contrasting algebras fail; code/zeta7_invariants.py does the same for n = 7, with
(=1,0)r, F = Q(&;)™, the lattice U> @ Eg(—1) and the competing algebras ramified at 7 or 43, and
checks the Dickson identity of (5.3); code/annihilator_exact.py verifies in exact arithmetic
over Q(v/=3), at (m,m') = (2,1) and (2,2), the formula (6.4) and the dimension m? 4 m'?> of the
annihilator in Theorem 6.6, component by component; code/riemann_roch_pieces.py com-
putes the polynomial (6.5) and the thirty-one supports of Proposition 6.7; code/cm_point_ext.py
checks Lemma 6.8 and Proposition 6.10: the identity ¥ ((31) (2) = (%), the Koszul cohomology of a
transverse intersection in exact arithmetic, the Euler characteristics of the twisted groups, the enumer-
ation of the closed chains of two and three pieces with their degrees, and the identities of Lemma A.1
in the exterior algebra of the twelve real one-forms of EJ; code/cm_point_counts.py enumer-
ates the configurations of Table 3, computes their Chern characters exactly in the Hodge ring of
Eg, and recomputes for each the sums C 1.C2,C3, the Euler characteristic and the isolated blocks
of Lemma 6.12; code/cm_point_chains.py builds the graph I of Section 6.6 from the same dimen-
sions, finds its directed cycles through the strongly connected components, and checks the statements
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of Remark 6.16 together with the absence of closed chains among the thirty-five pieces of Proposi-
tion 6.11. code/line_bundle_chains.py builds, for every arrangement of the shifts of n < 8 line
bundles forming an interval, the graph of up, down and run edges, with a run table derived from the
degrees of Lemmas 6.8 and 6.9, applies the rules of Proposition 6.19 and Lemma 6.20 over every set
of vanishing up edges, and reports the counts of Remark 6.25, with the ranks };(—1)" of the thirty-one
arrangements of eight: five checks. code/threefold_supports.py checks the exact arithmetic of
Section 6.8: the entries of the vectors of T, and the restrictions &7 (v)|r,, Kr(v)k|r;, of Theorem 6.29
for every ¢ and every pair j # k, the four points of C¢; NC_¢, and the coordinates n[r, =n il =2z,
the threefolds meeting a general I'y (Lemma 6.28), the coefficients o/(x) ]~ ¢(x); of X in [Z] and
the Fourier inversion of Lemma 6.34, the vanishing of 6,X, and the absence of the weights +2¢&
from H*(Ap), and for Lemma 6.32 and Theorem 6.33 the values dn,(v), dng(v), dn(v) at Y = Ej,
the classes [C,] A dZ3; and the two relations they impose, the solutions u, = ma?* of the relations,
the intersection numbers Q- C, = 8 and Q? = 32 and the finiteness of C; NC;, the threefolds meeting
Q x {y} for general y, the passage from the relations along the lines to i, = m & (x)?, and the vanishing
Y. 6(x)?[Z,] = 0: sixteen checks. code/kummer_type.py implements the Hasse invariants and the
criterion (c) of Proposition 5.17, compares it on fourteen quadratic spaces of ranks four and five with a
direct search for a complement W with T W = Ué by the invariants of Hasse—Minkowski, computes

the discriminants of Ué, of the transcendental spaces of the Fricke surfaces and of the two families
of [75], names the primes at which the failing examples of Remark 5.18 fail, and counts the spaces
of ranks four and five with coefficients in +{1,2,3,5,6,10,15,30} that meet the condition (1084 of
1296 and 1304 of 4320). code/fricke_sign.py (sympy) computes the N-th division polynomial of
(5.1) over Z]t,x], isolates the factor of degree (N — 1)/2 that is the kernel polynomial of C;, applies
Vélu’s formulas, checks that the quotient has the j-invariant of &), computes A(t)? = —*/25 and
—12 /7, the products A (t)A(w(t)) = &N with the sign fixed by the analytic model of Lemma 5.8, the
twist constants c(¢)c(w(t)) = 1 and —1 and the resulting A> = —N and N, the identity checked in
Lean, and the composite f,,7) © fr = [~N] with kernel (1/N) in the analytic model: thirty-two checks.
code/fricke_picard.py counts the points of X; over F,, i <3, for =11 atlevel 7 and £ =7 at
level 5, in exact arithmetic with Zech logarithms, forms the traces of Frobenius on the rank-six com-
plement of the trivial lattice, completes the characteristic polynomial by Newton’s identities and the
functional equation, checks that the sign of the functional equation is determined, that the polynomial
has integer coefficients, is irreducible over Q, splits over Q(v/—N) into a cubic and its conjugate and
has no cyclotomic factor after the normalisation x — ¢x, that the odd traces vanish at the inert primes
5 and 11, and that the same counts on the rational surfaces Ry give the traces of a rational elliptic
surface: twelve checks. code/fricke_lattice.py recomputes, by the same invariants, the rational
isometries A, ® (n+ 1) = (1)""1, Dy = (1)*, A7 22 (1)?, Eg = (1) of the proof of Proposition 5.19(i),
the isometries 7" = Ué @ (—1)@® (—N) for N = 5,7 both by cancellation and from the invariants of
the K3 lattice and of M, the pairs (a,b) with Ué @ (a,b) = T in a box, the signed discriminant —N,
and the dimension count of the Hodge groups: twenty-one checks. code/closure_graph.py
recomputes the closures and the minimal sets, and code/bypass_checks.py the Horn closure
with the facts of the literature on abelian varieties adjoined and the blow-up bookkeeping of Propo-
sition 8.1(ii). code/cover_boundary.py (sympy) checks the smoothness of B), the divisor of
y3 + 1/A, the nontriviality of N and the rank nine of the multiplication map of Proposition 6.40.
code/sextic_cubic_fields.py, with code/sextic_lattice.py from the archive of [19],
computes in exact arithmetic the lattices of integral points of S(0,q) of Remark 6.41 over the twelve
cubic fields, their Gram matrices and their short vectors. code/efour_seven.py (numpy, scipy) re-
computes exactly the weights and the largest nontrivial character sums of the weighted Cayley graphs
of Section 6.9 and runs the linear programs of Remark 6.39 over every distribution of the pieces in the
twelve arrangements, in double precision.

Julia, C, C++ and shell. code/closure_graph. j1, code/closure_graph.c and code/closure
_graph. cpp recompute the closures of all 256 subsets of the eight statements and the six minimal
sets by three independent implementations of the fixed-point iteration; code/eigencharacter. jl
recomputes the characters of Section 7 in exact integer arithmetic, and code/hilbert. c the Hilbert
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symbols and the invariants of Table 2; code/run_all.sh runs every program and the Lean file and
prints a line per check. The expected outputs are recorded in code/EXPECTED . md.
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