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vorticity in L
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Abstract

For every finite p > 2, we construct one real compactly supported zero-circulation initial
vorticity in L'(R?)N LP(R?) whose unforced Navier—Stokes evolutions have two distinct strong
vanishing-viscosity accumulation paths. Both limits are renormalized unforced Euler solutions
with the same strong initial trace. The construction uses a fixed infinite concentric stack,
a smooth unstable fourfold profile, actual positive scalar envelopes, and a finite nonlinear
expansion retaining the interacting harmonic histories. Discounted source history is controlled
through the complete prospective receiver stop, and exact-cap normalization yields a depth-
uniform outgoing reset. Protected first crossings, phase degree and a sparse phase assignment
then separate the two limits. The analytical preliminaries, finite-sector spectral scope, source-
reference comparison and uniform parameter order are included in the proof.
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1 Introduction

The vanishing-viscosity approximation of an incompressible flow combines an existence procedure
with a selection question. For each positive viscosity the two-dimensional Navier—Stokes equation
has a unique global vorticity evolution from an integrable initial density. As viscosity tends to zero,
compactness can produce Euler solutions, and renormalization can upgrade weak convergence to
strong convergence. These facts do not by themselves determine whether all viscosities select the
same Euler path. The distinction is relevant when the initial vorticity lies in L!(R?) N LP(R?) for
a finite p > 2.
We study the unforced planar equation

Tt

O’ + (K xw") - Vw” = vAw", K(z) = S

The initial condition in our construction is fixed once and for all; only v varies. Zero circulation
is imposed to place its Biot—Savart velocity in the finite-energy class. The strong topology used
throughout is the sum norm on X, = L' N L?, and the Euler solutions have their strong initial
trace in this space. The definitions of distributional and renormalized solutions are collected in
Section 2.

1.1 Main result

Theorem 1.1 (Non-unique selection from one fixed datum). For every 2 < p < oo there exist
a real compactly supported wy € L'(R?) N LP(R?) with [gowo = 0, a finite time Ty > 0, two
sequences v, | 0 and v, | 0, and two distinct renormalized solutions w™,w™ of the unforced
FEuler equation such that

. Vi
wE € C([OnykXp)a Wi(o) = wo, 7}3{)10 ™™ — WiHC([o,Tf];Xp) =0.

Here WY is the unique unforced Navier—Stokes solution with viscosity v and the same initial con-
dition wo for every v > 0. Distinctness means that the two paths differ on [0,Tf]. Consequently
this fized-datum family does not converge as v | 0.

The theorem asserts non-unique accumulation points in a strong vorticity topology. It does not
assert that every Euler solution from this datum can be selected by viscosity, or prescribe the total
set of accumulation points. The velocity convergence along each of the displayed subsequences is
also strong in C([0,T¥]; L>°), by Lemma 2.6.

1.2 Background and analytical setting

The global integrable-vorticity Navier—Stokes theory used below is stated precisely in Proposi-
tion 2.4; its existence input is Gallay—Wayne [1, Theorem 2.2]. Smooth Euler evolution and the
Biot—Savart formulation are part of the classical planar theory; see Majda—Bertozzi [3]. We give
the kernel estimates and the comparison arguments needed by the construction, including the
low-frequency cancellation supplied by zero circulation.



The treatment of transported densities follows the renormalization framework of DiPerna—
Lions [2]. In the present range p > 2, the commutator estimates for the limiting total vorticity
and for bounded passive colours are proved directly, together with their endpoint traces. For
comparison, Ciampa—Crippa—Spirito [4, Theorem 3.2] prove strong convergence to an identified
renormalized inviscid limit under their stated approximation hypotheses. That theorem concerns
convergence to a limit already identified along the relevant family, and does not assert uniqueness
of selection. The fixed rough datum used here is handled by the self-contained compactness proof
in Theorem 2.12, rather than by an unstated application of that approximation theorem:.

The auxiliary tools in Section 2 are distinguished from the cascade estimates in the later
sections. In particular, compactness and uniqueness of a passive colour for a prescribed Euler
velocity are established analytical inputs. They do not imply uniqueness of the nonlinear Euler
path.

Relation to earlier nonuniqueness constructions. The two-interface unstable vortex un-
derlying our profile is already present in the work of Castro, Faraco, Mengual and Solera [5]; the
exact sign/rescaling is recorded in Section 3.1. Their work establishes forced Euler nonunique-
ness and constructs a smooth compact unstable vortex. The modal calculations needed here are
rederived for the chosen vorticity mollification. The spectral prototype is therefore an established
ingredient; the additional claim of this paper concerns the interacting unforced Navier—Stokes
cascade and one fixed initial datum.

Mengual [6] constructs nonunique bounded admissible velocity solutions from initial vorticity
in L' N LP, 2 < p < oo; this does not identify those solutions as strong Cy(L' N LP) vorticity
limits of Navier-Stokes. Brue-Colombo-Kumar [7] construct nonunique Euler solutions with
LP vorticity for some p > 1. Albritton—Colombo-Mescolini [8] construct nonunique vanishing-
viscosity limits for forced Euler with viscosity-dependent perturbations of the initial data. The
unforced equation, the same datum for every viscosity, and the strong finite-p > 2 topology in
Theorem 1.1 are separate assertions that require the actual cascade estimates below; none follows
from those earlier results.

1.3 Construction and proof strategy

The datum is an infinite concentric stack of copies of one smooth radial profile W with zero
circulation, perturbed by neutral fourfold seeds:

wo(z) = D A;[W(a/Ry) +a®y,(z/Ry)],  Aj=p"", Rj=¢" (1)
i1

The fixed parameters obey 8 > 1,0 < ¢ < 1 and 8¢%/P < 1. The series converges absolutely in Xp
and has one common compact support. Each seed has zero circulation and zero fourth complex
moment. Its phase is retained as a free circle parameter. The profile, smoothing length, scales,
amplitude and eventually all seed phases are fixed independently of viscosity.

The radial profile has a simple unstable pair in angular sectors +4. Its linear analysis is
modal. Every nonlinear approximation uses only a specified finite set of angular sectors and a
finite derivative hierarchy; the actual remainder is controlled by a scalar transport comparison
in X,,. No spectral claim about an infinite angular direct sum is needed. Finite expansions also
produce a canonical smooth ancient Euler orbit and all its finite jets. The same orbit is used at
every receiving scale.



For viscosity
vy = ¢*PANRY = (845,

scale N is the deepest selected source. Smaller scales form a diffusing packet. A signed fourth-
moment estimate makes its impulse smaller than the active seed. Larger scales remain inactive
while the selected source prepares. Their actual core and harmonic estimates are closed using
positive scalar envelopes for the complete interacting Navier—Stokes velocity. Thus the packet
force is estimated from the actual solution, rather than imposed as an external forcing assumption.

The main small exponents are explicit. We take 6 < K < 643/100, a = ¢ and § =
[log(1/q)]=*. The selected source reaches its first § cap in normalized time (K/o)log(1/q) to
leading order. Its fourth moment transmits an exterior field of order ¢% to the next larger colour.
A finite nonlinear recursion retains the actual harmonic coefficient histories. Normalization at the
receiver’s exact cap removes the incoming waveform from its outgoing finite jet, with a uniform
intrinsic remainder.

Source history is controlled in three pieces. Before its shrinking cap, a cap-relative exponen-
tial envelope controls the discounted past. From that cap to one fixed reference state, one-sided
comparison with the canonical orbit controls the short advance, without relating the reference
amplitude to a later expansion threshold. After reference time, positive-envelope moments and a
separate Gaussian estimate at the parent radius bound the discounted future up to the parent’s
provisional stop. An upper input bound is obtained before choosing the receiver’s stop constant.
Only after reaching a deterministic prospective cap horizon is the nonzero signed transfer coeffi-
cient used. This order avoids a circular use of a future coefficient to justify the interval on which
it is defined.

The actual stage estimates give uniformly protected first caps through an arbitrarily deep finite
descent. Protection comprises an early strict margin and a positive radial slope in a specified late
interval around the first crossing. It supplies continuity of the cap time and phase under seed
homotopies. At a fixed positive viscosity, scaling all other seeds down to zero leaves a degree-one
rotation in the selected seed phase. Homotopy invariance then makes the outer cap phase map
surjective.

Finally, phases are assigned at a sparse sequence of depths so that the outer cap phases
alternate between two separated values. The summable X, tail of the datum and continuous
dependence at each fixed positive viscosity preserve previously selected outputs. Strong com-
pactness gives a limit along each parity. If the two total Euler paths were equal, the unique
bounded passive outer colour transported by their common velocity would give the same first-cap
phase. The two selected phases exclude that possibility.

1.4 A guide to the objects in the construction

The following definitions provide a common set of coordinates for the construction. They refer
to the fixed datum in Theorem 1.1. The later sections prove the estimates associated with these
objects. All diagrams are schematic; in particular, their lengths do not represent the very small
geometric ratio q. The estimates are obtained by first choosing ¢ sufficiently small. After that
choice, ¢, o and § remain fixed along every vanishing-viscosity sequence in the main theorem.

The profile, its seeds, and the stack. Write B, := {z € R? : |x| < r} and choose a radial
unit-mass mollifier y. The two-level profile and its smooth version are

pi= 3/57 WO = _1Bp + P21B17 XE(.’E) = 672)((117/6), W= Xe * WO‘ (2)



The smoothing length € is chosen once in Section 3; it is then fixed. The negative inner disk and
positive outer annulus of Wy have opposite, equal total masses. The derivative of W is supported
in two thin collars. These collars carry the unstable angular-four eigenfunction.

W (r negative disk and positive annulus
4 radial values

" Y T

p<r<l

\
<

1

-2/5
p
— Wy (exact step)

— W (smoothing schematic) W’ and @y lie in the shaded collars;

w = 0.
R2

Figure 1: The fixed zero-circulation profile. The black radial graph is the exact unsmoothed
Wo; the blue transition is schematic because the mollifier determines its precise shape. The disk
picture displays the two constant regions before smoothing. The collars have widths of order €
and carry the derivative and the neutral seeds.

Let fe be the growing radial eigenfunction normalized in Section 3.1. The precise neutral seed
is

be := 271'/ 7 fo(r) dr,
0

Dy(r, ) :=2Re {em ( fo(r) — z:m> 641-@] _ (3)

Here b, # 0. The growing and stable contributions cancel in the initial fourth moment, while
the growing coefficient remains e?’. Thus neutrality is an exact moment condition, rather than
absence of an unstable component. The associated growing eigenvalue and its real and imaginary
parts are

A=A, o:=Rel >0, 7:=1Im ), A=o0 +iT.

With 8 > 1 fixed before ¢, the scale parameters are
Aj=p71 Ri=¢7, L:=log(l/q), a:=¢", §:=L"4 6 < K < 643/100. (4)
The physical initial colour and total initial vorticity are

wio(z) = A;[W(z/R)) + ay,(x/R))],  wo:= ) wjo. ()
Jj=1
The phases ¥; € R/(2nZ) are selected at the end of the construction and are then fixed for

all viscosities. Although A; grows, the supports shrink sufficiently fast: ||wjoll» < CAjRE/ " for
r =1,p. Lemma 3.1 justifies the infinite sum.



Actual colours and positive envelopes. For a prescribed velocity u” let the linear solution
operator be defined by

Ouf +div(u” f) = vAf,

f(0) = fo.

The velocity used here is always the actual total velocity u” = K * w”. Define
wj (t) = Sy (t)wjo,
PY(t) = St (8) [A; (W 2/ Ry)| + a|®y, (/R))])].

Consequently ]w;’ | < P/ and 3 ;w¥ = w”. A colour is one transported component of the inter-
acting solution. All colours share the same velocity; their positive envelopes supply mass and tail

w () fo = f(1), { (6)

(7)

bounds.
At a selected index NN, the older prefix and cold packet mean the following actual sums:

wey =Y wi, o wiyi= ) W, Uy =D P (8)
J<N >N >N
Scale N is the selected source. Its transmitted signal passes successively to N — 1, N —2,...,1,

moving towards larger radii. The packet w¥y is controlled by diffusion and signed-moment
estimates; PYy is used for absolute bounds. Figure 2 shows these roles.

One fixed datum.
Aj = BI~t, R; = ¢ o=k

wo =Y A [W(-/R;) + a®y,(-/Ry)].

Jj=1

transmission

to larger scales
Tet Viscosity chooses a depth.

VN (= qS/ZANR?V.

v .
i(v) = s = 628V,
]

selected colour N

receiver N — 1

S Activation descends in index.

N—N-1—-.-—1.
older colours j < N — 1 ) ]
In physical space the corresponding

radii increase: Ry < Ry_1 < --- < Rj.

Figure 2: The scale geometry for viscosity vy with N > 2. Each pair of solid rings indicates
the derivative and seed collars near pR; and R; for one scale. These are not disjoint vorticity
supports: the radial profiles occupy nested disks with overlapping constant cores, and all colours
interact through the same velocity. The picture is schematic and not to scale. Colours with
j > N form the deep diffusing packet; they are controlled collectively rather than discarded. The
seed phases in wy are fixed before the final vanishing-viscosity subsequences are extracted.

Physical time, local time, and rotation. Each colour has its own normalized clock. Define
sj = Ajtphys,  Yj = 2/ Ry,
w;i(s;,y) = A],—lw;’(sj/Aj,Rjy), )

Uj(sj,y) = (A;jR;) """ (s;/A;, Rjy), Kj(v) = YWk
45




Thus 0s,w; + div(Ujw;) = k;jAw;. For a receiver i and its child ¢ =i+ 1, s, = s; at the same
physical time. The viscosity selecting N is

vn = ¢ P ANRY, kj(vN) = ¢*? (BN, (10)

For j < N the normalized viscosity is at most ¢*/2. For j > N it increases geometrically with

depth. This separates the chosen source from the younger diffusing packet.
To specify the older-core rotating frame, let R;, be counterclockwise rotation through 7. The
scalar and vector pattern actions are, respectively,

(Tof)(x) := f(Ropaz),  (TeV)(x) := R_g/aV(Rg 4). (11)

They act on the whole function or field, rather than on one formal coefficient. The phase 6 rotates
a physical pattern through —60/4. Put

W (0 Ay ~
Q<j = 2() Z A7j, w](s,y) = wj(s, RQ<jsy)' (12)
I<j

For the chosen profile W(0) = —2/5. The nominal constant rotation is removed by this change
of coordinates; the actual harmonic remainders and density leaks are estimated in Section 5. In
a local stage the symbol w; denotes this rotating-frame colour after the frame has been declared.
At j =1 there is no older rotation.

The growing coordinate and the canonical reference. The bounded adjoint test of Lemma 4.7
defines

A= [ Ta@f@de, Bi)= [ Ff@de smain (19
The second integral is used only when [ |z|*|f(x)|dz < co. The first is defined for every f € L.
The two functionals have different roles: A locates and phases a cap; By supplies the exterior
forcing.

The canonical orbit is the single ancient Euler solution €, from Section 4, with a fixed
time and phase normalization A(t(0)) = 6ot > 0. Here dyf is fixed, whereas § = L™ is the
construction’s shrinking cap. Define its negative-time cap by

sq :=1nf{u <0 : [A(Qer(u))| > 0} (14)

The small ancient branch is the interval on which the protected growing coordinate has positive
radial derivative. For sufficiently small ¢ this definition gives s, < 0. If the actual child has exact
cap time 7., its matching phase and reference clock are

oit .— A(we(e))
© A(Qrer(sq))’ (15)

bref := Te — Sq; U = S¢ — tref, ty := tref/ﬁ-

Both numerator and denominator in the phase ratio have modulus §. Thus u = s, at the actual
small cap and u = 0 at its deterministic reference time. The latter is the time corresponding to
the reference comparison, rather than an assumed exact crossing of 0. by the actual colour. A
protected crossing version differs by the small time shift specified in the receiving proof.



The three source-history intervals. For a controlled child horizon U, > 0, the phase-aligned
history is

Byfu) = {34(T¢wc(tref +u), —ter <u < U, uy= O i(’l‘ﬁ— 4/5) (16)

0, otherwise,
This is the history denoted B, in Lemma 9.1. Its decomposition is
Ipast = [_tref; Sq]7 [advance = [3(170]7 Ifuture = [0; Uq] (17)

The past uses the cap-relative envelope, the advance uses comparison with the fixed ancient
segment, and the future uses moments and the parent-radius tail under the parent’s density stop.
Figure 3 distinguishes these three estimates. Zero extension defines the controlled history beyond
its endpoints; it makes no assertion about the actual solution there.

Controlled future

Discounted past Reference advance
—tet < u < s g < u <0 0=susl
Cap-relative expo- Exact-cap reset and Pogltlve H}Bomzr.lts
nential envelope one-sided comparison and p ar,en -ra. 1us
| | Gaussian tails
: i i > u
—tret Sq 0 Uq
actual child cap fixed canonical reference
[A(we(Te))| =6 A(Qret(0)) = Orer
oc+i(r—4/5
U =S¢ — tref, lret = Tc — Sq, MHB = —( [‘3 / )

The actual moment history By is zero outside [—tyer, Uq]. The com-
parison history Ba(Qref(u)) is defined for every u € R. Discounted
absolute errors are integrated with weight [e #8%| = e~ 7%/5,

Figure 3: The three pieces of the source-history argument, in the child’s translated canonical clock
s¢. The colour w, is expressed in its declared older-core rotating frame. Here s, is the canonical
shrinking-cap time and 7. is the actual child’s cap time; therefore the actual cap is at u = s,
while the reference is at w = 0. The endpoint U, is the end of a controlled prospective parent
interval. Zero extension beyond it does not describe the actual infinite-time future. Segment
lengths are schematic.

For comparison the canonical transform and transfer constant are

Frerpt) i= /R ™ By (Quer(w)) du,

iW(r)
4mrd

Y= A(FAE),  Fr) = 1

Ci = Vefref(lulﬁ) 7é 0.

Set F¢(0) := 0; the derivative of W, vanishes near zero. The transform is defined for 0 < Re 1 < o,
as proved in Section 4. The factor 8 in the receiver’s instantaneous forcing cancels with d¢t = du/f;

(r > 0),



there is no additional 8 in Cy. The receiver-frame reference phase and its gauged history are
¢c = ¢+ 4to/5 (mod 27), Be(u) := e By(u).

This includes the solid-core rotation change in Section 9; the remaining time-dependent factor in
receiver time is e%(t—10)/5,

Receiver density stop and coordinate cap. In receiver time t = s; define

e:=q° a(t) == ge?(t=to0) Wi, (t) == e,

Ts :=1inf{t > 0 : |Jw;(t) — W, (t)||x = Cs}, (19)

S* =0 tog ———,
q 4|C.]

Hy=to+S,+ Lo, H:=min(H,T).

Here C; is a finite trial constant, Lg is a fixed prospective half-width, and inf @ := 400. The
forcing amplitude ¢ differs from the fixed smoothing length € in (2). The density stop Ts concerns
an X norm. The first coordinate cap is instead

t; = inf{t > 0 : [A(w;(t))| = Y. (20)

Upper estimates on [0, H | first prove Ts > Hy. Only then is the completed retained forcing by
used to define
QA 1A —A(t—to)
Cyim LM A(@) - g/ e At—to /Tadj(a:)bj(t,x) VW () de| dt. (21)
0

Here ® is the receiver’s own seed and by is the finite retained actual foreign field defined in
Sections 8 and 9. The lower bound |Cy| > |C,|/2 then locates the cap, and the instantaneous
estimates protect its first occurrence. Figure 4 records this order. The positive radial slope is
required only in the protected late interval; the earlier interval has its own strict margin.

10



Define the prospective interval before proving transfer.
T, = inf{t > 0 : [Jwi(t) — W,,(t)]|lx = Cs0}, inf@ = 4o0.

5 .
S = gfl1ogm, Hy =ty +S; + Lo, H := min{HT.}.

!

Use upper bounds on [0, fAI]

Actual core control + absolute child-
history bound + finite coefficient recursion

== |lwi(t) — Wi, (O)|lx < Caalt), a(t) = gBeo(t—to),

!

Choose constants, then close the density stop.
Cy > max{1,2C,e7% /|C,|}; then take q small.
= Ts > H,: the whole prospective interval is reached.

|

Only now use the complete signed history.
Define C, by the full actual integral on [0, Hy] in (204).
Cq = &%Co+ o), |Gl = [C/2.

|

Protect the first coordinate cap and reset its state.

Early strict margin + positive radial slope in the late window
= |Awi(t))] = 6, i = to+ 57 + o(1).

Figure 4: Logical order of the actual receiver argument. Here i is the receiver, ¢ = ¢ 4+ 1 is its
child, ¢ is receiver time, ty is the child’s reference time in receiver units, w; is in its declared
older-core rotating frame, and Wy, (t) := e"tATV . The density stop T, and the coordinate cap
t; have different definitions. Upper input bounds close Ts before a signed lower bound on Cj is
used; thus the prospective interval is not justified by a coefficient that itself requires that interval.
The positive slope is asserted only in the protected late window.

The fixed observable and the two limiting paths. At the outer physical scale A} = Ry = 1,
define

a’(t) := /Tadj (x)wi (¢, z) dz,
7(a) := inf{t € [0,TY] : |a(t)| > ¢}, P(a) = a(r(a))/é.

(22)

The phase P is defined when the cap exists. For the homotopy in which the selected seed has
phase 6 and all other seeds are multiplied by r € [0, 1], define the initial data explicitly by

N {1, J=N, e {0, j=N,
! r, j#N, ! 19]'7 Jj#N, (23)
w0 (x) = 37 AW (x/Ry) + o€} @, o (@/R; )]

j>1

11



For N > 2, let wi} , be its unique Navier-Stokes solution and put

U = K Wi g Wiy g(t) = Sng 9(t) (W + ardy,].

Define the observable and its phase map by

anrg(t) = / Tas(@), ot 2) e, Py p(8) = Plans). (24)

The colour on the right is the actual outer colour of that homotopy’s initial stack. At r = 0,
covariance gives Py o(f) = ¢?Pno(0). At r = 1 the map still has degree one and is onto; this
topological conclusion supplies the chosen phases without asserting a pointwise rotation formula
for the fully interacting stack.

Finally define the target phases and selected sparse viscosities by

Ck — (_]_)k, ]//\k = ]ij’ 2 S Nl < NQ <L v (25)

The indices are chosen with the tail-continuity condition proved in Section 10, so that the final
fixed datum satisfies |P(a**) — (| < 27%. The quantitative bound for all phase changes at depths
j = mis

( B q2 /p)m— 1

1— Bq*/r (26)

2 —
Buan(m) i=2a | |20l FE + o],
Indeed &y = TyPg, so the triangle inequality and the two geometric sums bound the change
of the datum by A¢.n(m) — 0. At each already assigned depth, fixed positive viscosity and
protected-cap continuity give a radius r; > 0 for the desired tolerance 27%; (211) gives an explicit
definition. The next depth is chosen to satisfy the precise inequality

At (N < min r;.
tall( k—i—l) 1<i<k 2

Subsequences of its even and odd indices give wt and w™. The corresponding limiting first-cap
coordinates are +¢& and —4§, possibly at different times. Passive-colour uniqueness for a prescribed
limiting velocity then separates the total Euler paths. Figure 5 illustrates this last step.

12



protected-cap homotopy
0<r<i1

>

cap coordinate stays on |a| =0

r = O r = ].
,PN)O(Q) = eiGPN,Q(O) deg PN,l =1
degree one hence Py is onto

Choose sparse depths 2 < N7 < No < N3 < --- and assign their seed phases.
Each later freely variable datum tail is small enough
to preserve every earlier fixed-viscosity output.

VN, VN, VN3 VN,
I I I I >
P~ —1 P~+41 o P~ —1 P~+1
selected viscosities decrease: vy, | 0

odd subsequence even subsequence

limiting first-cap limiting first-cap
coordinate —§ coordinate +¢
Euler limit w™ Euler limit w™

The initial datum is the same along both subsequences. If the to-
tal Euler paths agreed, passive-colour uniqueness would give the
same first-cap observable, contradicting the two coordinates.

Figure 5: Phase shooting and the final sparse diagonal construction. For the homotopy da-
tum with the Nth seed phase 6 and all other seed amplitudes multiplied by r, let an,q(t) =
J Tagj (@)W .o (t @) dz, T := inf{t € [0,Ty] : lan0(t)| > 6}, and Pn,(0) == anr0(Tnr0)/0-
The circles depict degree, not a claimed pointwise formula for the map at » = 1. The signs below
the viscosity axis are final outputs within vanishing tolerances; limits have the exact signs. The
two limiting cap times need not coincide.

1.5 Logical dependencies and organization

Table 1 records the dependencies used in the final proof. Conditional estimates are applied only
after their actual hypotheses have been supplied. The passage from one prepared child to its
parent is separated from the final induction over the depth.

Section 2 collects the classical analytical inputs and proves the compactness and protected-
cap tools in the form used here. Sections 3 and 4 construct the fixed profile and canonical
orbit. Sections 5 and 6 control the actual surrounding colours. Section 7 proves the source
estimates. Sections 8 and 9 establish the nonlinear transmission step. Section 10 makes all
constants independent of depth and proves Theorem 1.1.

13



Result

Required inputs Role in the proof

Kernel, transport and
compactness (Section 2)
Profile and isolated
activation (Section 3)
Canonical orbit and signed
coupling (Section 4)

Cores, cold tails and inactive
prefix (Sections 5-6)

Source and reference history
(Section 7)

Finite forced recursion
(Section 8)

Actual receiving stage
(Section 9)

Uniform induction and phase
selection (Section 10)

Strong limits and recovery of
fixed passive colours

Fixed X, datum; bounded
Sobolev limiting velocity
Smooth fixed profile; finite
modal spectrum

Isolated activation and finite jets

and finite expansions

a nonzero transform
Actual scalar contractions and
positive envelopes
Prepared child; actual older
control; provisional parent stop
Actual finite harmonic histories
and derivative reserve
Prepared-child history and finite
recursion
Selected source; receiver;
compactness; passive uniqueness

small deep impulse
Uniform input norm and
reference reset

incoming waveform
Protected cap and invariant
outgoing preparation
Theorem 1.1

Table 1: Dep

endency map for the fixed-datum selection theorem.

1.6 Frequently used notation

Symbol Meaning

X, X L' N LP with sum norm; p > 2 fixed

K, Jx Planar Biot-Savart kernel; Jo =

wY, w; Total vorticity; its normalized actual scalar colour at depth j

Aj, Rj, kj Amplitude, radius and normalized viscosity v/ (AjRjz-)

W, We The fixed smoothed zero-circulation radial profile

Py, a Neutral fourfold seed of phase ¥; its amplitude ¢

A=o0+iT Unstable eigenvalue of the fixed profile, ¢ > 0

Piaq, B Angular average; entire moment f z™ f when absolutely integrable

To Scalar rotation f(r,¢ + 0/4)

Tagj, A Bounded growing adjoint test; A(f) = [ Taa;f

L,§ log(1/q) and its shrinking cap L~*

Qref; Sq Fixed canonical orbit; its exact -cap time

vn, Ty Viscosity selecting depth N; final common physical time

B, Ba Geometric amplitude ratio § > 1; Gaussian weight S¢ = 3/10

€, € Fixed profile smoothing length; receiver forcing scale ¢°

P!, Praa Positive transported envelope; angular averaging operator

Tey tref, to Child cap and reference times; reference time in receiver units
to = tref/ﬁ

T, H  t; Density stop; prospective receiver endpoint; first coordinate cap

Cy, Cy Canonical nonzero transfer; complete actual growing coefficient

M, N in Section 8

Finite coefficient and viscosity truncation orders; local N differs from
selected depth

Table 2: Notation used throughout. Local normalized clocks are declared when introduced.
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2 Preliminaries

2.1 Equations, solution classes, and symmetries

All spatial Lebesgue and Sobolev spaces are over R%. For 2 < p < oo set

X, =L 0L, Iflx, = I+ 1l

The notation X means X, with the exponent fixed in the statement. Vector norms use the
Euclidean pointwise norm. The norm on C([0,77]; X) is defined by

Iflleqo,rx) = sup [If(®)]x.
0<t<T

Its elements have strongly continuous representatives. The physical vorticity equation is

il
Ow” + div(u’w”) = vAw", u’ =K xw”, K(x):= 236’7|2, ot = (—ag,21).  (27)
|z
The velocity is divergence free, so its divergence-form drift agrees with u” - Vw” whenever the
latter expression is defined. Setting v = 0 gives the Euler vorticity equation.
A weak Euler solution with datum wy on [0,7] is w € L*([0,T]; X;), with v = K * w, such
that

[ [e@etu o)+ [0 =0 (pec(on <),

Its weak initial trace is the trace specified by this identity. It is renormalized if the same identity
holds with w, wp replaced by b(w), b(wp) for every b € C'(R) with bounded derivative and b(0) = 0.
Norm conservation is obtained by admissible truncations of powers; it is not part of the definition
of a weak solution. All weak and renormalized identities involving a prescribed interior or final
time use the time representatives established in their proofs.

Identify x with z = x1 4+ izs. For each integer m > 0 define

M(f) ::/|x\m|f(3:)\dx, B (f) ::/me(a:)dm when My (f) < oo.

Thus Mo(f) = ||f]l1 and By(f) is the circulation. An entire moment is used only after its
absolute moment has been established. For a fixed smooth compact radial cutoff y, the cut
moment [ x(|z|)z™ f(z)dx is defined for every f € L'. Write R,, for the counterclockwise planar
rotation through angle «, and define angular averaging by

1 2
(Pradf)($> = % 0 f(Rax) do.

The notations P,,q and a locally specified P denote this same operator. Fourfold symmetry means
f(Rz/2x) = f(x) almost everywhere.
The pattern rotation is the scalar action

('Tgf)(l’) = f(R9/41'), ('Tgf)(?”‘, 90) = f(r790+0/4>

It corresponds to physical rotation of the pattern through —6/4. For arbitrary functions 6 is a
real parameter; on the fourfold subspace the action is 2m-periodic and hence defines a phase-circle
action. Its vector action is the pushforward

(ToV')(z) := R_g/4V (Rg s).
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Both actions are isometries in the full-plane Lebesgue and Sobolev norms, commute with the
Laplacian, and satisfy

K« (Tof) =To(K = f),  To(V-Vf)=(TeV)-V(Tof)

These identities follow by change of variables and K(R,z) = Ry, K (). For every finite absolute
moment,

Bn(Tof) = e€™/B(f),  Bu(Tof) = € Bu(f).

In particular, a fourfold function has B,,(f) = 0 whenever m is not divisible by four and the
moment is defined.

2.2 Heat and Sobolev estimates

Lemma 2.1 (Heat estimates). For 7 > 0 define
Ho(z) = (drr)te WP/60) g f— H s f,  Syi=1
For exponents 1 <r < s < oo and each integer a > 0,
1D°S7 flls < Capryor /2= £,
In particular S; is a contraction in every L, and
IVS:fllx < CT 2| fllx-

If f,Af,...,ANTLf € L, then

For smooth compact profiles this also holds after taking any fixed number of derivatives or replac-
ing L by H*. If f is supported in F and dist(E,F) > d > 0, then

e

N
STf - Z FAlf

=0

N+1

T
< - AN-‘rl ,
< AT

r

112D°S: fllr < Car™2e”®/EDfll, (1 <7< 00).
At T = 0 the separated-support value is zero directly.

Proof. Scaling the Gaussian and applying Young’s convolution inequality give the first estimates.
Repeated integration of 0;5;f = S;Af gives the Taylor remainder

~N+1
N!

1
/ (1-s)NS, AN fds;
0

contraction gives its bound. In the off-diagonal estimate only |z — y| > d contributes. The L!
norm of the corresponding Gaussian derivative tail is at most C,7~%/ 2¢—d?/ (87) " after absorbing
its polynomial factor into half the exponential. Young’s inequality finishes the proof. O

Lemma 2.2 (Sobolev energy and Nash estimates). For every integer k > 3, H* ¢ WH™ and

1 gllzre < Cll fl el g -
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The Biot-Savart derivative satisfies |VK * g||gi < C||gllgs for every integer j > 0. For smooth
bounded v and g € H”,

> D% (w-Vg) —v- VD2 < Cr([Vollsolgllzzr + IV -1 Vglloc)-
|a|<k

If v is divergence free and 0,9 + v - Vg = kAg+ F, k > 0, its H* energy estimate follows by
pairing each differentiated equation with the corresponding derivative of g; the undifferentiated
transport has zero pairing and diffusion has nonpositive pairing. Finally, for g € L' N H?!,

lgllz < ClgllFIVgll3.

Proof. Fourier inversion and Cauchy—Schwarz give the stated embeddings; the integrability of
(1 + |£]?)7* for k > 1 also gives the Sobolev product bound by Fourier convolution. The multi-
plier of VK is bounded, so Plancherel gives its H’ estimate. Leibniz’s rule gives the transport
commutator. Its endpoint terms put one derivative in L and the other factor in L?; the inter-
mediate terms are bounded by Sobolev interpolation between these endpoints in dimension two.
Integration by parts gives the energy assertion, with expanding cutoffs justified by bounded v
and integrability of |D%g|?. For Nash’s inequality split the Fourier integral at radius p:

gl < CP?llgll} + Cp~2(Vgl3.
Optimizing p and squaring proves the last assertion; zero norms are handled by approximation.
O

2.3 Classical Euler continuation

Proposition 2.3 (Finite-Sobolev planar Euler evolution). Let k > 3 be an integer, and let wy be
real, compactly supported, in H*, and have zero circulation. Then there is a unique global Euler
solution in the finite-Sobolev class

w e C([0,00); H*) N C([0, 00); HF 1), u=K xw e C([0,00); H* 1) n C1([0,00); HY).

Its vorticity is transported by the volume-preserving classical flow, so its L™ norms, 1 < r < oo,
and its circulation are preserved. Its velocity energy is conserved. If suppwy C Bg,, then

[u@lloc < Vi suppw(t) C Broyve, V= C([lwollt + [lwolloo)-

All Sobolev norms in the statement are bounded on each finite time interval. Uniqueness here is
in the indicated finite-Sobolev class.

Proof. Compact support gives wg € L', and zero circulation gives ug € L? by Lemma 2.6. The
order-zero derivative multiplier in Lemma 2.2 then gives ug € H**1. The classical finite-Sobolev
local Euler construction is obtained by regularization and the energy commutator estimates; see

[3] for this standard local construction. For G(t) = ||u(t)|| gr+1, its velocity energy estimate is
d+
EG < Ckl|VullG.

Indeed, the divergence-free transport and pressure have zero energy pairing, and the commutator
estimate of Lemma 2.2 at order k -+ 1 bounds the remaining terms by Cy||Vu||sG?. In particular
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G' < CG? gives a local existence time controlled by G(0), and the same construction can restart
while G stays bounded. The difference of two such solutions satisfies the L? energy inequality
with coefficient ||Vu| oo, giving uniqueness.

The local solution has a C! spatial flow. Its Jacobian is one, and the scalar vorticity is
constant along trajectories. Thus m = [jwo||1 and M = ||wpl||c bound the same norms throughout
its existence interval. The near—far split of Biot—Savart gives ||u||oc < C(m + M) and hence the
displayed support bound.

We give the continuation estimate explicitly. The off-origin kernel of VK* has size C|y| =2
and zero angular mean; a possible local multiple of w contributes at most CM. For 0 < p < 1,
cancellation in the ball of radius p, the intermediate annuli, and the exterior region give

IVl < C([wlea2p™? + M(1 +1log(1/p)) +m).

Sobolev embedding bounds [w]1/2 by CxG. Take p = (2 + G)~2 to obtain
IVulloo < Cromor (14 1og(2 + G)).

Thus Y = log(2 + G) satisfies Y < Cj  ar(1 +Y). Its integrating-factor bound prevents finite-
time growth of G to infinity, so the local solution extends globally. The vorticity and velocity
equations give the asserted time-derivative regularity. Their strong Sobolev time continuity is
part of the local construction and is preserved under restart. ]

2.4 The classical viscous solution and its dependence on data

Proposition 2.4 (Planar Navier-Stokes inputs). For v > 0 and real wy € L', equation (27) has
a unique global mild solution in

C([0,00); L') N C((0, 00); L),
It preserves circulation and is smooth at positive times. For 1 <r < oo,
lo” @)l < Cr(wt)” D ol (2> 0).

Whenever wg € L", the solution also satisfies the L" contraction ||w”(t)|, < |lwollr. If wo € X,
then w” € C([0,00); Xp,), and on each finite interval the solution map is locally Lipschitz in X,
for this fized v. For wy € X, if additionally ug = K x wy € L?, its velocity satisfies

t
lu” ()13 +2V/0 IV ()13 ds < [luoll3-

For wg € X, and its bounded drift u”, a prescribed colour fo € L'NL", 1 <7r < oo, has a
unique mild path f € Cy(L* N L") solving

O f +div(u” f) = vAf, £(0) = fo.

It preserves its integral, its L' and L™ norms contract, and positivity and order are preserved, and
an initial L*° bound contracts as well. At fized viscosity these colour paths depend continuously
on their initial colours and on the total initial datum in the indicated norms.
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Proof. The global L' existence, uniqueness, positive-time L> continuity, circulation, and smooth-
ing estimate at viscosity one are Theorem 2.2 of Gallay—Wayne [1, Theorem 2.2]. To obtain
viscosity v, let  solve that equation with datum wg/v and set

w’(t,x) = vQ(vt, x), u’(t,z) = v(K = Q)(vt, x).

Substitution proves (27) and its asserted estimates. The mild equation is

w’(t) = Sprwy — /0 V- Sy—s) [(K xw”(s))w”(s)] ds.

Positive-time smoothness follows by heat bootstrap on intervals bounded away from zero.

For smooth approximations, multiply the scalar equation by the derivative of a convex regu-
larization of |s|" and use expanding cutoffs. Divergence freedom removes transport, and diffusion
is nonpositive. For 1 < r < oo this yields

v r dv(r —1 ! v r r
o @)l + = 91 ()72 ds < ol

Absolute-value regularizations give the L' contraction; the maximum principle, or passage 7 — 00,
gives the L® contraction. These estimates pass through initial-data approximation. The same
arguments give contraction and order preservation for the linear colour equation.

For X, data, Lemmas 2.6 and 2.1 make the mild equation a contraction on a bounded C; X,
ball for a sufficiently short interval. The scalar contractions prevent loss of this bound, giving
continuation and strong X, continuity from zero. If two paths lie in an X, ball of radius M, their
difference d(t) obeys, after a restart at any time a,

C,M [t
NS

Choose a length ¢ > 0 with 2C, M \/¢/v < 1/2. On each such interval the supremum of d is at
most 2d(a). Iteration over [0, 7] proves

d(t) < d(a) + (t —s)"'%d(s) ds.

supd(t) < Cp,r,md(0).
t<T

This is a fixed-viscosity estimate.
The linear colour mild equation has the same integrable heat-gradient kernel. If Y = L' N L",
two colour paths satisfy on a short restarted interval

) < dyla)+ % [0 52V 6) 4 Mylhun(s) = ua(o) ) s

where V' bounds the drifts and M bounds the second colour in Y. Iteration and the total-path
estimate prove the asserted colour continuity and well-posedness. The convex scalar calculation
justifies all its contractions and comparison statements by approximation.

Under the additional finite-energy assumption, mollify ug and its vorticity together. Smooth
finite-energy solutions satisfy the velocity energy identity by divergence freedom and integration
by parts. Their uniform L? bound and dissipation pass to the mild solution by weak lower
semicontinuity, using the already established initial-data continuity. This proves the stated energy
inequality. O
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For a countable decomposition wo = 37, fi,0 with >, || f0l/x, < oo, define every colour by the
linear equation with the actual common velocity v”. Contraction gives absolute convergence of
> fiin C([0,T]; X;). Its sum solves that same linear equation with datum wp, so linear unique-
ness gives > ; fi = w”. These are the actual colours used in the interaction estimates. Positive
envelopes are defined by the same linear equation with nonnegative initial data; comparison gives
| fil < Py when P(0) = |fiol-

2.5 Scalar comparison

Lemma 2.5 (Scalar and positive-majorant comparison). Let v be smooth and divergence free,
with at most linear growth: |v(t,x)| < C(t)(1 + |z|), where C is integrable on the time interval.
A smooth solution of

Oz + div(vz) = KAz + F, k>0,

satisfies, whenever z € L°L" and F € L} L™,

t
2@ < ll2(a)llr +/ [E(s)]lrds,  1<7r<o0.

These estimates and positivity extend to the standard mild viscous solutions by approrimation. If
P solves the same scalar equation with datum |z(a)| and source |F|, then |z| < P. Consequently,
for X = X,,, an error equation with source —(K * z) - VW, + R satisfies

Izl x < [=(a)llx + /at(CpIIVW*(S)IIXHZ(S)IIX +[[R(s)]x) ds.

For a finite nonnegative system, suppose

t
.%'Z(t) < bz-e/\t +/0 e/\(tis) Zkij(s)xj(s) + Fz<8> dS,
J

with b, Fy, kij > 0, locally integrable coefficients, and continuous x; > 0. If Y = (A + K)Y + F,
Y(0) =0b, then x <Y. For fized weights p; > 0, put r(s) = max; >, kij(s)p;/pi- Then

. . t ,
max zi(t) < e)‘ch: " max bi + / e)‘(tfsﬂfst " max M ds.
2 P 0 PP

Proof. Convex regularization gives the local inequality d¢|z| + div(v|z|) < kAlz| + |F|. On a

cutoff annulus of radius R > 1, the drift flux for |z|" is at most C,C(t) f|m|>R |z(t,x)|". Its time

integral tends to zero by dominated convergence. Thus expanding cutoffs give the global L'
estimate and positive envelope comparison even with this linear growth. Regularized powers and
Holder’s inequality give the finite-r estimates. For r = oo, use the maximum principle with a
barrier €A(t)(1+ |z|?), choosing the positive factor A to dominate the integrable drift growth and
diffusion, and then send € | 0. Sum the estimates at r = 1,p and use Lemma 2.6 for the error-
equation conclusion. For the nonnegative system, iterate its Volterra inequality. The remainder
after n iterations tends to zero on bounded time intervals by the factorial bound for an iterated
integrable kernel. The resulting positive series is the solution Y. Its weighted maximum obeys the
scalar inequality with coefficient A +7(s); the integrating-factor formula gives the last bound. [
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For completeness, a divergence-free drift with the same at-most-linear growth gives its stan-
dard viscous scalar evolution the L' — L* bound C/(k(t — a)), & > 0. The L? energy identity
and Nash’s inequality give L' — L? norm C/+/k(t —a). The backward adjoint has the same
estimate because its drift is also divergence free. Duality gives L? — L°; composition at the
midpoint proves the claim. Initial-data approximation justifies it for the mild colour paths used
here.

2.6 Physical and local colour normalization

Let wy (tphys, ~) denote a physical colour transported and diffused by the common total velocity
u”. At vorticity amplitude A; > 0 and length R; > 0, define

S5 1= Ajtphys> Yy = J;/R]v wj(sjvy) = Aj_lw;/(S]/Ajv Rjy)7

Uj(sj,y) == (A;R)) "’ (s;/Aj, Ryy), Ky =
The normalized colour satisfies
8Sjwj + diVy(ijj) = /{jAywj.

The self-induced part of U; is K *wj; its other parts are all foreign colours expressed in this same
O]

receiving frame. If w;”’ is colour [ in its own frame, its expression in frame j is
() A oA L
w,” (s5,y) = A—jwl (Ajsj, Ey .

Thus its own clock is s; = (A;/A;)s;. Translated clocks s; = Aj(tphys — t«) have the same
diffusivity. At corresponding times the norm, velocity, and moment scalings are
2 2
[l = AR wlles K+ oo = AR K+ wjlloe,  Bun(w}) = A RY? B (wy).
The last equality is asserted only when the absolute moment is finite. Statements in a local

frame use these normalized quantities; field bounds in physical variables include their displayed
amplitude and length factors.

Lemma 2.6 (The velocity estimates used below). Let p > 2, a = 1 — 2/p, and w € L'(R?*) N
LP(R?). Then

K wljoo + 1K wllp < Cp(wlly + [lwllp),  [Kxwlea < Cpllwllp, — [VE *wlp < Cpllwlp.

If w has compact support and zero integral, then K x w € L2.

Proof. For the supremum norm split K at radius one: its near part is in L? since p’ < 2, and
its far part is bounded. For the LP norm the near part is in L' and the far part is in LP; apply
Young’s inequality. For a velocity difference at points a distance d apart, the two radius-2d disks
contribute at most Cpllw||,d®. On their complement use |K(z — 2) — K(y — 2)| < Cd|z — 2|72
and Holder’s inequality; the same power d follows.

We recall a direct proof of the derivative bound to specify the analytic input. Each component
T of VK« has a Fourier multiplier bounded in absolute value, and hence is bounded on L? by
Plancherel. Its off-origin kernel satisfies |t(x)| < C|x|72, |Vt(z)| < Clz|~® and has zero angular
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average; a possible multiple of the identity is harmless. For f € L' N L? decompose at height A
into g + > bg using maximal dyadic squares with average of |f| larger than A. The squares are
disjoint, and

lole <40 gl <1/ SIQIS U/ [bo =0, 3 Il < 2I1h.

The L? bound controls the level set of T'g by C||f|l1/A. Cancellation and the kernel derivative
estimate give

Tho(x dx</ b W) — o — e dedy < Cllballs.
Ly ot < [ o)l [, e =)t — cq)ldrdy < Clll

The last inner integral is bounded by Cly — cg| f&?@) r~3rdr. This proves weak type (1,1),
first for finite sums and then by their L? convergence. Splitting f above and below a height

proportional to A consequently gives
N m?] .
|f|>eA |fl<eA

Integration against sA*~'d\, with 1 < s < 2, and Fubini bound the L* norm: the two integrals
produce finite factors (s — 1)~! and (2 — s)~!. The adjoint has the same bounds, so duality
with s = p’ proves the required LP estimate. Density identifies the result with the distributional
derivative of K * w.

{ITf > <C

Finally, compact support gives a finite first absolute moment. At low frequencies zero circula-
tion implies |@(¢)| < |€] [ |z||w(z)| dz. At high frequencies use w € L?, which follows by interpo-
lation between L! and LP. The Fourier multiplier i¢1/|¢|? and Plancherel prove K xw € L2, [

2.7 A fixed passive colour is determined by the total Euler path

The next result allows signed smooth colours as well as indicator colours. It therefore does not
require a patch reference profile.

Proposition 2.7 (Recovery of fixed passive colours). Let u be bounded and divergence free on
[0,T] x R2, with u € L'([0, T; VVl(l)Cp) for some p > 1. For each compactly supported fo € L' N L>®
there is at most one distributional solution of

Of +div(uf) =0,  f(0) = fo,

in L= ([0, T); L' N L>®) with its weak initial trace. Bvery such solution is renormalized and has a
representative in C([0,T); L' N L?); its L' and L* norms are conserved.

Suppose that the bounded measurable drifts u, are divergence free, u, — u uniformly on
[0,T] x R?, sup,, ||un]lcc <V, and v,, — 0, with 0 < v, < 1. Let f, € C([0,T];L' N L?*) N
L*>([0,T7; L*°) solve

Orfr + div(un frn) = vaAfn, fn(0) = fo,

in the weak sense, with the L', L?, and L™ contraction bounds at every time. Then the transport
limit f is unique and
fn— f i C([0,T]; L' N L?).

This includes transported colours with v, = 0 under the same continuity, weak-equation, and
contraction hypotheses.
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Proof. We first prove renormalization, including the prescribed trace. The transport equation
and the uniform L? bound give a weakly continuous L? representative: compact smooth pairings
are absolutely continuous in time, and density extends their continuity to all L? tests. Its values
at every time retain the L' and L bounds, by approaching that time through bounded slices,
taking weak limits on finite balls, and then enlarging the balls.

Renormalization at the prescribed trace. Extend the solution to —1 <t < 0 by f(t) = fo
and the drift by u(¢) = 0. The weak initial-trace identity gives

O f +div(af) =0 on (-1,T) x R2.

Thus there is no distributional jump at zero, and the extended drift has the same boundedness,
divergence, and local Sobolev properties. For a spatial mollifier, write f. = f xn.. Its equation is

Of +T- V=, rlta) = [ Vnly)- [t o) — altz — )t~ y)dy.

On a compact spatial set the difference-quotient estimate bounds its L' norm by

ClIva@)pllf @)l

on a slightly larger set. To see this, express the velocity difference as the integral of its gradi-
ent along the segment and apply Holder’s inequality. Approximate the drift by divergence-free
spatial convolutions in L%Wllo’f. For a smooth approximating drift, divergence freedom allows
subtraction of f(t, x) inside the commutator integral. Translation continuity of thhen gives con-
vergence to zero in local L%@,. The difference-quotient bound controls the drift-approximation
error. Consequently r. — 0 locally in L',

For B € C! with bounded derivative, the chain rule for the mollified equation and the com-
mutator convergence give

oB(f) + div(aB(f)) = 0.
This identity has the prescribed renormalized trace §(fp) at zero: its compact smooth pairings
have continuous representatives, and on negative times they equal their pairings with 5(fo).
There are also renormalized traces at every prescribed time. Indeed, for each fixed € the mollified
equation is absolutely continuous in time in local spatial norms. Integrate its renormalized
equation between any fixed s,t € [0,7]. At both endpoints spatial approximate identities give
f=(s) = f(s) and f-(t) — f(t) strongly in L? on finite balls; the Lipschitz function 3 passes those
endpoint terms in local L'. The commutator error tends to zero. This proves the renormalized
identity between every such pair of times, including the endpoints.
For 5(0) = 0, expanding spatial cutoffs yield

[p@n =[50 ©<t<T),

because the flux error is at most C|ulcoR|8||oo sup; || f(t)||1 times the length of the time
interval. Choose a bounded-derivative extension of s? from the bounded range of f to obtain
conservation of || f(t)||2. Using v's% + €2 —e€ and sending € | 0 gives conservation of || f(¢)|1. Apply
the same square argument to the difference of two solutions with zero weak initial trace to prove
uniqueness. Weak L? continuity and conservation of the square norm give strong L? continuity
at every time.
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Renormalization by absolute value also gives finite propagation. If supp fo C Bg, and ||u|lec <
V, test the equation for |f| against a smooth nondecreasing function ¢ (|z| — Ry — Vt) which
vanishes for nonpositive arguments. Its material derivative is nonpositive. Expanding spatial
cutoffs justify this bounded exterior test using |f| € L$°L'. The initial pairing is zero, so the
nonnegative pairing remains zero. Letting the transition width of ¥ tend to zero proves

supp f(t) C Bryyve 0<t<T).

Local L' continuity follows from strong L? continuity, and this common support ball gives con-
tinuity in global L!.
For the approximating sequence, the weak equation gives for compact smooth ¢

C?t/sofn

The contraction bounds, a countable dense set of L? tests, and this equicontinuity give weak L?
convergence uniformly in time along a subsequence. The limit has the L' and L* bounds by
local lower semicontinuity. Uniform convergence of the drifts and v, — 0 pass the weak equation
to Oy f + div(uf) = 0 with initial trace fy. Uniqueness identifies every subsequential limit.
Suppose uniform strong L? convergence fails, and select bad times t,, — ¢. Uniform weak
convergence gives fy,(t,) — f(t) in L?, while contraction and renormalization imply

lim sup || fu(tn)ll2 < [ foll2 = [1£()ll2-

< 1ol (VIIVelloo + 1A]loo)-

Uniform convexity of L? gives strong convergence to f(t), and strong time continuity of f con-
tradicts the choice of the times. Thus convergence is uniform strongly in L2.

For the L' upgrade set m = || fo||1 and choose a fixed ball Br containing the support of f(t)
for all t < T. Conservation of the limiting L' norm and contraction of the approximating norms

give
/BE falt)] < m—/BR ()] < /B Fult) = D

Consequently
sup || fo(t) = f(0)ll1 < 2[Br["?sup || fu(t) = f(1)]|2 — 0.
t<T t<T

The assumed strong continuity of the approximating paths makes these uniform estimates con-
vergence in the asserted Cy spaces. O

For p > 2, Lemma 2.6 gives the useful bound
1K hlloo < Cp(l[Allr + [IAllp) : (28)

strong convergence of total vorticity paths in Cy(L' N LP) therefore implies uniform convergence of
their velocities. Whenever the limiting velocities have the Sobolev regularity in Proposition 2.7,
that proposition applies to every fixed bounded compactly supported initial colour. Equal total
Euler paths then have equal recovered fixed colours.

Fix finitely many bounded compactly supported initial colours fi,..., fi0, complex coeffi-
cients ¢;, and complex tests ¢, € CZ(R?), where the function and its derivatives through order
two are bounded. These choices define the one fixed functional

k
w®) =Y a [ @) filu)t,w) do. (29)
=1
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Expanding spatial cutoffs in the weak equation justify these bounded noncompact tests: the new
drift and diffusion errors are bounded by C||fo||1(V/R + v/R + v/R?) and vanish. In particular

;t/i/)zfz

Thus the observable is uniformly Lipschitz for bounded drifts and 0 < v < 1, and strong C;L!
convergence makes its pairings converge uniformly. Proposition 2.7 therefore makes it continuous
under the strong total-path convergence specified above. For degree shooting we use tests with
the covariance

< ol (VIVilloe + v | Ah]loo).-

Pi(Ryaz) = e "y (),
where R is the planar rotation matrix. This includes a fixed bounded adjoint-coordinate test and
the compact moment tests 1;(z) = ®;(z) = x;(|z|)z* with fixed smooth radial compact cutoffs.
These compact tests cover one smooth outer colour or several patch colours. To recover uncut
fourth moments in an Euler limit, choose their cutoffs equal to one on the common support ball
supplied by finite propagation.
2.8 Protected first caps and phase shooting

We use the first crossing of one fixed observable. Its continuity is controlled by a strict early
margin and a positive radial slope in a fixed neighbourhood of that crossing.

Lemma 2.8 (Continuity of a protected first-cap phase). Fiz T,6,c,e,h, L > 0, with 2e < T. Let
a:[0,T] — C be L-Lipschitz, and define

7(a) ;= inf{t € [0,T] : |a(t)| > d}, Pl(a) :=a(r(a))/d,
where the infimum of the empty set is +00 and P is defined when the cap exists. Suppose
@O <5-h  e<r@)<T—e
la(t)| <d—h (0<t<7(a)—e),
la(t)| —la(s)] = c(t—3s) (1(a) —e<s<t<rT(a)+e).
For any continuous b : [0,T] — C with € = |la — b|lc < min(h/2,ce/4), its first cap exists and
|7(a) — 7(b)] < 2¢/e, |P(a) — P(b)] <6 (1 +2L/c)e.

Families satisfying the displayed conditions with common constants retain those conditions under
uniform convergence. Hence P is continuous on this protected class. The lower-slope assertion
is confined to the displayed interval around the first crossing.

Proof. Continuity and the strict initial margin give |a(7(a))| = 6. If ¢ = 0 the conclusions
are immediate. Suppose € > 0. Before 7(a) — e the strict margin excludes a cap of b. On
[T(a) — e, T(a)], the radial lower-slope inequality gives

la(t)| <0 —c(r(a) —1).

Thus b cannot cap before 7(a) — 2¢/c. At 7(a) + 2¢/c its modulus is at least § + ¢, so it has
capped by that time. Both comparison times lie inside the protected interval and inside [0, T].
This proves the time estimate. Both first-cap values have modulus ¢, and

la(7(a)) = b(7(b))| < Li7(a) = 7(b)] + [la = blloo
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proves the phase estimate.

For a uniformly convergent protected sequence, extract a convergent subsequence of cap times.
The common Lipschitz bound, early margin, and integrated radial lower-slope inequality pass to
the limit; for interval endpoints first pass on strict interior intervals and then use continuity. The
limiting time has modulus ¢, every earlier time has strictly smaller modulus, and it is the first cap.
The limiting path satisfies the same protection conditions. This applies to every subsequence,
giving the closure and continuity assertions. O

Corollary 2.9 (Separation of total inviscid paths). Consider one fized total initial datum and
fixed bounded compactly supported initial colours. On both subsequences use the same initial
colours fio, coefficients ¢, tests |y, and cap level 6, so that (29) defines one common functional.
Suppose two Navier-Stokes subsequences converge strongly in Cy(L' N LP), p > 2, their limits
satisfy the wvelocity regularity of Proposition 2.7, and the approximating observables have first
caps protected by common constants on [0,T]. If the two limiting first-cap phases of this common
functional differ, the total Fuler paths differ. The cap times may differ.

Proof. Proposition 2.7 and Lemma 2.8 pass the fixed colours, observable paths, and first-cap
phases to the limit. Equal total paths would have equal velocities and recovered colours, hence
equal observable paths and first-cap phases. This contradicts the assumed phase separation. [

Proposition 2.10 (Conditional degree shooting). Fiz v > 0 and an active index N > 2. Suppose
a continuous coloured initial-data family is indexed by (r,0) € [0,1] xSt the active seed at N has
phase 0, and all other seed amplitudes are multiplied by r. Assume the total and passive-colour
solution paths at this viscosity depend continuously on these parameters. Use fixed coefficients,
tests 1y € CF satisfying Yi1(Rgaz) = e~y (x), and cap level in (29), and assume the observable
paths have first caps protected by common constants from Lemma 2.8.

At r = 0, assume the full coloured initial datum at phase 0 is the spatial rotation through
angle —0/4 of the datum at phase zero. This covariance holds when only the active seed rotates
and all background profiles and other initial colours are radial. Then the output first-cap phase
map at r =1 is surjective onto S*.

Proof. The first-cap phase map is continuous by Lemma 2.8. Rotational covariance of the full
equation and the fixed tests give

apo(t) = eago(t), P(ao0) = Plaoyp).

Its degree is one. To see directly that degree is invariant along the homotopy, lift its continuous
argument on [0,1] x [0,27]. The endpoint difference is 2wd(r) for an integer d(r); continuity
makes this integer constant. A circle map omitting a point has a periodic continuous argument
and degree zero. The map at r = 1 therefore cannot omit a point. O

Fixed-positive-viscosity continuity follows from the mild equations. In X = L' N L?, p > 2,
(28) makes (K * w)w locally Lipschitz on bounded X balls. If two total paths are bounded there
by M, their difference satisfies

C,M [t
Vv o Jo

Take short intervals on which the integral coefficient is at most 1/2 and iterate to obtain continuity
for each fixed v. The passive mild equation has the same heat-gradient kernel; its additional source

d(t) < d(0) + (t —s)"1/%d(s) ds.
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is bounded by the uniform drift difference times the bounded colour norm. It gives continuity of
colours in Cy(L' N L?) when their initial data vary in L' N L2. For indicator colours, continuity in
symmetric-difference measure of the initial domains supplies precisely this initial-data continuity.
Uniform cap protection across the homotopy remains a substantive coupled PDE hypothesis.

Proposition 2.11 (Conditional sparse-phase construction). Fiz p > 2 and Bg¥P < 1. Let a
family of infinitely seeded, zero-circulation compact initial data be indexed by a phase at every
depth. Assume its defining series has a summable bound in X = L' N LP uniform in all phases,
that changing only the phase at depth N changes the datum by at most ny — 0 uniformly in
the other phases, and that depths N > 2 leave the fixed outer initial colours unchanged. Fiz the
coefficients, tests, and cap level of one outer observable (29) throughout the family.

Suppose vy | 0, and at every depth N > 2, for every choice of the other phases, Proposi-
tion 2.10 applies at vy with common cap-protection constants on [0,T]. Suppose also that for
each datum in the family its Navier—Stokes paths are relatively compact in C([0,T]; X) as v ] 0,
and every limit satisfies the velocity hypothesis of Proposition 2.7. Then one single datum in this
family has two distinct vanishing-viscosity accumulation paths on [0,T].

Proof. Start with default phases at all depths. At step k, choose a new depth N > Ni_1, N > 2,
with vy, <wvn, ,/2 when k> 1, and

NN, < 2_k min(larlv cee ,’I"k_l),

where at & = 1 the minimum is 1. Shoot its phase to give first-cap output (—1)* at VN, , and call
the resulting datum g;. Fixed-positive-viscosity continuity gives r; > 0 such that an admissible
datum within r; of g, changes that output by less than 1/4. All later admissible phase choices
have protected caps by the common hypothesis.

The summable changes give a limit g, € X. Each coordinate is changed at most once, and
uniform absolute convergence of the defining series identifies the limit with the resulting phase
sequence in the assumed family. For every k,

900 — grllx < 27 g < 1.
>k

Thus its selected-viscosity output lies within 1/4 of (—1)’“. Relative compactness supplies a
limiting path along each parity. Colour convergence and protected-cap continuity put their first-
cap phases in the disjoint closed 1/4-neighbourhoods of +1 and —1. Corollary 2.9 makes the
total paths different. Circulation passes by strong L' convergence. Compact support follows
from membership of g, in the assumed compact-data phase family; a common support ball, as
in the scaled stack construction, also gives it directly. O

The proposition is conditional on uniform cap protection and phase shooting for the actual
coupled system. Every intermediate datum retains the complete infinite background, and com-
pactness alone supplies no cap or phase-shooting estimate.

2.9 Compactness for one fixed compact zero-circulation datum

We prove the strong compactness used in phase separation for one fixed initial datum. The
Navier-Stokes inputs are its global solution, strongly continuous vorticity paths, the L' and LP
contraction bounds, and the finite-energy inequality. They follow from smooth approximation of
the datum and do not require uniqueness of its Euler evolution.
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Theorem 2.12 (Strong vanishing-viscosity precompactness). Let 2 < p < oo and let one fized
real initial vorticity satisfy

wo € L' N LP, suppwo C Br,, /woz().

For every sequence vy, | 0, the unforced planar Navier—Stokes vorticities with this datum have a
subsequence converging strongly in C ([0, T]; L*NLP) for each fived T. Every limit is a renormalized
Euler solution with initial vorticity wg. Its velocity is bounded and belongs to L°°([0,T]; WP).
At every time its vorticity preserves its L' and LP norms and circulation, and

suppw(t) C Brorve, V= Cp(llwollr + [[wollp)-

In particular the compactness and Sobolev-velocity hypotheses for fixed-colour first-cap separation
hold for this class.

Proof. Set m = ||wol|1, P = ||wollp, and E = || K * wp||2, finite by Lemma 2.6. Discarding finitely
many indices ensures 0 < v, < 1. Vorticity contraction and the kinetic-energy inequality give

lwn@®lr <m, Nwn@)llp <P, un@)ll2 B, flun()]loo <V, V =Cp(m+P). (30)

Lemma 2.6 also bounds [uy(t)]ce, ||un(t)|lp, and [|[Vu,(t)||p, where o =1 —2/p > 0.

Local wvelocity compactness. Project the velocity equation onto divergence-free fields. The
projection has a bounded matrix Fourier multiplier and is bounded on every H®. Since |u, ®
un|l2 < VE, the equation implies

|0sun | g2 < CE(V +1).

For a spatial mollifier 7, 0 < h < 1, its H? norm is at most Ch™3 in two dimensions. Spatial
Holder continuity and H2-H? duality therefore give

[tn(t) = un(s)|loo < Ch* + Ch 2|t — s|.

Take h = [t —s|/ ) for [t—s| < 1. Arzela-Ascoli on compact cylinders and diagonal extraction
give

U, — u locally uniformly on [0, 7] x R?.
The limiting field is bounded and divergence free. Weak passage of the global velocity and

gradient bounds yields v € LW 1P,
Weak vorticity compactness. For compact smooth ¢, the scalar equation gives

d/w
at | 7o

A countable dense set of compact smooth tests in L¥', the uniform L? bound, and Arzela—Ascoli
produce a weakly continuous LP path w with

<m(V[[Velloo + [[A¢llso)-

sup
t<T

/go(wn(t) - w(t))’ —0 for every ¢ € L¥ (31)

It has w(0) = wp. At every time its L' norm is at most m, by lower semicontinuity on finite
balls and then enlargement. Local uniform convergence of u, and weak convergence of w, pass
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the drift product in compact smooth tests. The diffusion term is bounded by v, P||A¢||,y and
vanishes. Thus
Oww + div(uw) = 0, w(0) = wp.

We will identify ©u = K * w after obtaining strong convergence.
Renormalization and endpoint traces. Spatial mollification gives

Orwe +u - Vwe =1,

where divergence freedom allows the expression

re(t,x) = /Vna(y) ult, z) —u(t, = y)llwt,z —y) —w(t, z)]dy.
Sobolev difference quotients and Holder’s inequality yield

e (®)llp/2 < CVu®)llp Sup lw(t,- —y) —w(®)]p:
Yy|se

Translation continuity and dominated convergence imply r. — 0 in L}Lg/ 2, hence locally in
space-time L' because p/2 > 1. For each C' function 3 with bounded derivative the chain rule
for the mollified equation therefore passes to

OB (w) + div(up(w)) = 0.

This equation has the renormalized trace S(w(t)) at every prescribed time ¢, including zero.
Indeed, the spatially mollified weakly continuous path has

Owe = — div(ne * (uw)), [0wellpeerp < [Vnel[LV P.

For each fixed ¢ > 0, it therefore has a Lipschitz LP representative. This representative agrees
at every time with 7. * w(t): the two agree almost everywhere in time and are both weakly
continuous. Integrate its mollified chain-rule identity between any fixed s,t. At each endpoint
the spatial approximate-identity property gives we(s) — w(s) and w.(t) — w(t) strongly in LP.
The Lipschitz function 3 passes these endpoint terms in local L', and the commutator error
vanishes. This proves the renormalized identity with the indicated traces between every pair of
times.

For 5(0) = 0, use cutoffs equal to one on Bg and vanishing outside Bygr. Their flux error is
at most CTVm||f||o/R. Sending R — oo gives

/ﬁ(w(t)) Z/ﬁ(wo) 0<t<T).
To recover the LP norm use the convex tangent truncations

|sIP, |s| < M,

o) = {pMp‘l\S\ —(p—1)MP, [s| > M.

They are C! with bounded derivative, nonnegative, and increasing to |s|P: on |s| > M their
derivative in M is p(p — 1)MP~%(|s| — M) > 0. Monotone convergence proves

lw@llp = llwoll,  (0<E<T). (32)
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The functions vs? + €2 — € followed by € | 0 give conservation of |w(¢)||;. Taking S(s) = s gives
conservation of circulation.

The renormalized equation for |w| gives finite propagation exactly by an exterior test ¢ (|z| —
Ry—V't) with nonnegative derivative and zero initial pairing. Its material derivative is nonpositive,
and its bounded exterior test is justified by expanding cutoffs and the global L' bound. Sending
the transition width to zero yields suppw(t) C Br,+v: at every time.

Uniform strong convergence. For p > 2, Clarkson’s inequality reads

Hf +9] Hf g’ Hfllp +lglly

2

Weak time continuity and the constant norm (32) imply w € C¢LP by this inequality and lower
semicontinuity. If uniform strong LP convergence failed, choose bad times ¢,, — ¢t. Equation (31)
gives wy(t,) — w(t), while contraction gives

lim sup [|wn (t) |, < P = |lw(t)]]p-
n

The same inequality gives strong convergence to w(t); continuity of w contradicts the bad times.
Thus convergence is strong in CyLP.

Choose R > Ry + VT. The conserved limiting L' norm and the approximating contraction
imply the tail estimate

/% lwn ()] < m/BR Jwn ()] < /BR |wn (t) — w(t)]. (33)

Consequently
sup [lwn (t) = w(®)[[1 < 2| Br|'~ P sup |wa(t) = w(t)], — 0.
t<T t<T

The common support ball also makes the limiting path continuous in L'. This proves strong
convergence in Cy(L' N LP).

Finally Lemma 2.6 gives uniform global convergence u,, = K % w, — K % w. The previously
obtained local limit is therefore u = K *w. The transport equation is the Euler vorticity equation,
with all the stated regularity and conservation properties. For one subsequence on all finite
windows, perform the extractions on T'=1,2,... and take a diagonal subsequence. O

Corollary 2.13. For the compact zero-circulation initial-data class of Theorem 2.12, the relative
compactness as v | 0 and Sobolev-velocity assumptions in Proposition 2.11 hold automatically.
The remaining substantive hypotheses are uniform protected caps and phase shooting for the actual
coupled system.

3 The fixed profile, datum and isolated activation

Lemma 3.1 (Admissibility of a fixed infinite smooth stack). Let W be a fized real smooth com-
pactly supported radial density with zero integral, and let ®y be a bounded smooth family with
common compact support, zero integral, and By(®g) = 0. Suppose @y is fourfold symmetric. Fiz
a>0,A = At R; = Rig’ ', and A\,R1 >0, 3>1,0<q <1, and B¢*? < 1, where
2 < p < o0o. For any phases 0;, the single datum

= S AW (a/Ry) + o, (2/R;)]
j>1
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converges absolutely in L'NLP, has compact support and zero circulation, and satisfies By(wo) = 0.

Changing only phase Oy changes its L' N LP norm by at most CaAN(R%V + Ri{p), which tends
to zero.

Proof. For either summand its L" norm is at most CAjRJQ-/ " uniformly in phase, for r = 1,p.
The geometric ratio is less than one for both norms. All supports are in a common ball. Integral
and phase claims follow by absolute convergence. The absolute fourth moment of each summand
is bounded by C’AjRg; this series converges since 8¢% < 1. Radial symmetry gives By(W) = 0,
so termwise integration proves the whole-moment assertion. ]

3.1 An isolated nonlinear active stage for a fixed smooth profile

This section proves the nonlinear activation estimate for one isolated annulus with a fixed smooth
radial profile. The smoothing length is independent of viscosity and of the small parameter below.

Theorem 3.2 (Isolated smooth activation). There ezist a real, radial, compactly supported C*>
vorticity We, with zero circulation, a number A\¢ = o + i1 with o > 0, and a nonzero complex
number be, with the following property. For every 2 < p < oo and K, > 0 there is gg > 0 such
that the conclusions below hold for 0 < q < qo. Put

_ 1 )
L, =1log(1/q), aq:qK*, Kq:q?’/Q, 6q:Lq4, H,= —log 1.

Oe¢ ay

There is a 2mw-periodic family of smooth real seeds @y, supported in two fized annular collars, such
that

/cp,g —0,  By(®g) =0, Pyliz) = By(a).

Let w?’ be the unforced Navier—Stokes solution with viscosity kq and initial vorticity We + ag®@y.
Then, uniformly in ¢ € R,

sup [[w?(t) — e AW pinpe < O, (34)
0<t<H,
Hq
| @ 1) = et AW dt < O, (35)
0
B4(Wq’19(Hq)) = 5qei(ﬁ+T€Hq)be + 0(q)- (36)
Here || fllpinee = [Ifllh + || fllps all fourth absolute moments in (36) are finite. In particular,

(36) is a statement about the whole moment, rather than only a compactly tested moment. The
constants depend on the fized profile, p and K, but not on q or 9.

The logarithmic cap satisfies H,y/d, — 0. In the fixed-data construction, ¢ and hence this
positive cap are subsequently fixed.
3.1.1 The fixed profile and its positive angular spectrum

Fix p? = 3/5 and choose a nonnegative, radial, radially decreasing y € C°(B;) with integral
one. Define
p = 3/5, Wy = —1Bp+,02131,

Xe(z) := 672)((1'/6), We := xe * Wo.

31



The two-interface prototype is the sign/rescaling of the vortex in Castro, Faraco, Mengual and
Solera, [5, Section 3, equations (38)-(42)]: with 71 = p, ro = 1 and ¢ = (1 — p?)/p? = 2/3, their
w satisfies the exact identities

W = C].Bp - lBl\Bp7 WQ = —p21I).

We rederive the modal calculation for the present normalization. Our planar vorticity convolution
is distinct from their velocity-profile regularization in Section 4. The convolution is smooth,
radial, supported in Biy. and has zero integral. It is constant on B,_.. Choose €, < (1 — p)/4
and subsequently 0 < € < €,. The limits below refer first to the mollified family as € | 0. After the
spectral and moment limits here and the transfer-coefficient limits in Lemma 4.8 and the interior-
field calculation following it have been checked, choose one sufficiently small e satisfying all their
nonvanishing and spectral conclusions, and retain that choice for every later finite expansion and
derivative order. Its radial derivative has the form

o0
W!(r) = Dp@(r)—pQDLe(r), Dqe >0, suppD,, C [a—€, a+e], /0 Dg(r)dr =1. (37)

To verify the sign, express the radial decreasing mollifier by its superlevel disks. The area of
intersection of two disks is nonincreasing in their center separation: along each line parallel to their
displacement, the overlap of the two interval sections is nonincreasing. Layer-cake integration
gives radial monotonicity of the disk convolution. Its value is one at the origin and zero at infinity,
giving the displayed derivative mass. The support assertion follows because the convolution is
exactly constant at points whose distance to the disk boundary exceeds e.

Set

Qc(r) =172 /OT sWe(s) ds.

On the two derivative collars, respectively,

Qe(r) =Qo(ri) +O(e),  (ri,m2) = (p, 1), (Qo(r1), Qo(r2)) = (=1/5,0). (38)

Indeed disk translation changes its L' norm by at most a constant times the translation length.
Thus ||[We — Woll1 < Ce, where Wy = —1p, + p*1p,. The radial circulation formula, on radii
bounded away from zero, gives |Q — Q| < Ce. The piecewise smooth € is Lipschitz there.
Direct integration gives the interface values.

For a positive angular mode m > 1 use the convention f(r)e'™. Put

1 o¢]

)ma Yi(r) =—— B (1, 8) f(s)sds.

2m Jo

min(r, s)

hm(r,s) = (

max(r, s)

The function wfeime solves A1) = fe'™? is regular at the origin and decays at infinity. This
follows either by solving the radial second-order equation on each side of r = s, or by checking
the derivative jump 1/s of the displayed Green kernel. Since u, = —ima)¢/r, the frozen Euler
linearization at W, is

Lof = —imQcf + imp W, /r. (39)

For m = 0 the linearization is zero: two radial vorticities have tangential velocities and do not
advect one another. Negative sectors are the complex conjugates of the positive sectors. From this
point onward all angular sectors belong to 4Z. No spectral assertion is made for other symmetry
classes.
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Lemma 3.3 (The fixed smooth unstable pair). There are g > 0 and n > 0 such that, for every
0<e<ey, 0<n <o /4 and the following modal conclusions hold. For each m € 4N and each
integer k > 0, realize (39) as a bounded operator on H*(I), using the Green potential of the zero
extension from a fized interval I € (0,00) containing both derivative collars strictly in its interior.
The only spectral value of any of these individual operators with real part greater than n is the
algebraically simple m = 4 eigenvalue A\ = o¢ + i7.. Its radial eigenfunction f. is smooth and
supported in the two derivative collars. For megative sectors use the conjugate operators; their
only spectral value with real part greater than n is A\ in sector m = —4. The radial generator is
zero. Moreover
Ae — p°/2+3i/10 ase 0.

For each fized finite set S C 47 and integer k > 0, let Xy 5 = @nes H¥(I) and let Lg be its
bounded direct-sum generator. Its propagator has the decomposition

s = P+ P+ Ris(t), IRes(Olxsoxis < Crse™, 20, (40)

The growing terms are included only if their sectors are present. The constants may depend on
€, k,S. Smooth inputs supported in the fixed derivative collars remain supported in the union of
those two collars. No assertion is made about the spectrum or propagator of an infinite angular
direct sum.

Proof. Fix 0 < n < p°/8 before the angular cutoff is chosen. First consider an eigenvalue \ in
an individual sector with 8\ > 0. The eigenvalue equation forces f = 0 off the derivative collars
and gives

imap(r)
A+ imQe(r)

There is no division by W/ here. In the Hilbert space L?(|W/|dr) the equation for g is

fr)yrdr = g(r)W(r)dr,  g(r)=

Ag = —imSeg — %/hm(r, s)g(s)W.(s)ds.

Each same-collar block is skew-adjoint, since the sign of W/ is constant there and hy,(r, s) is real
and symmetric. Angular multiplication is also skew-adjoint. The two opposite-collar blocks have
operator norms at most their Hilbert—Schmidt norms, bounded by

Cal’, ar = (p+e)/(1—e) <1,

because their two weighted masses are 1 and p? and their kernels are bounded by a”. Conse-

quently
R < Cal". (41)

This fixes a finite angular cutoff in any half-plane A > n > 0, independently of e.
For one of the finitely many positive sectors, eliminate f to obtain the equation on the two
collars

Wis)¥(s)
/h r.s) Hlmm jds = TO)(r). (42)

Work first in the sup-norm space of continuous functions on the two collars. Let P evaluate at
r1,7r2 and let E extend a vector to constants on the two collars, so PE = I. The receiving-radius
derivative of the kernel is bounded there for fixed m. Hence

(I = EP)T:(N)| < Ce
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uniformly on compact subsets of R\ > . For ¢ = Ep 4+ w, Pw = 0, solve the w equation by an
analytic Neumann series. The remaining two-dimensional equation has a determinant converging
uniformly on these compact sets to the determinant of

i thm(ri,rj) 2
i = 5 YAV ZE ) = _1, .
pi=g Ej >\+ZmQO(Tj)pJ (c1,c2) = (—1,p%)

The sign follows from Wg = — 3" ¢;d,,. Using interface variables f(r)rdr = > ¢ir2q;6,., this
equation is equivalent to the matrix eigenvalue problem

i (2m/5-1 pm

For m = 4 its roots are £p°/2 + 3i/10, both simple. For m = 8,12, ... they are imaginary, since
the real-matrix discriminant is

2
<2(m5— 4)) _ 4p2m+2 > 0.

At m = 8 the first term is 64/25 and the second is 4(3/5)? < 1; thereafter the first increases
and the second decreases. Large |A| gives no omitted roots: once |A| > Cy,, the operator in (42)
has norm less than one, uniformly in €, because the denominator then has size comparable with
|A]. Uniform determinant convergence and Rouché’s theorem therefore give one simple root near
the growing m = 4 root and no other roots in R\ > 7. Combined with (41), this proves the
claimed positive spectrum for all sufficiently small €. By the growing-root limit, decrease ¢y so
that 4n < o, throughout 0 < € < ¢g. The chosen 7 is unchanged in this step.

We give the operator-domain and multiplicity details needed for the propagator claim. Choose
a closed interval I € (0,00) containing both collars strictly in its interior. On H*(I) define ¢ by
the Green integral against the zero extension of f from I. This extension need not be globally H*:
multiplication of the potential by W/ restricts output strictly inside I. The radial elliptic equation,
or direct differentiation of its Green kernel, gives two local derivatives. Thus the coupling in (39)
is compact on H*(I) and the angular multiplier is bounded there. The angular multiplication
operator has purely imaginary spectrum: off its value range the inverse is multiplication by
(A +imf) L. The compact-operator Fredholm alternative consequently reduces all spectrum in
RA > 0 to eigenfunctions. The equation bootstraps such eigenfunctions to smoothness and forces
their support into the collars, so the roots already found are exactly the positive spectrum on
every H*(I).

To check algebraic simplicity independently of a sup-norm determinant, start on Xq = L?(I).
Write Af = —imQcf, Cf = ¥¢|collars and By = imW/y/r. Then L,, = A+ BC and T, =
C(\ — A)~'B. Off the imaginary multiplier range, the resolvent identity is

A=Lp) ==+ A=A BU-T)tch-4)~L. (43)

Here C : Xy — C(collars) is bounded by its elliptic gain, and B : C(collars) — X is bounded.
The invertible complementary Schur factor and the simple two-by-two determinant zero imply a
rank-one simple pole in (43). The residue is nonzero, since an eigenfunction exists. On X} =
HF (I) the resolvent equation and its radial elliptic bootstrap give, locally uniformly for A off the
imaginary multiplier range,

ol < Crlllf e + 0ll2m), (A= Lm)v = f.
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The X} resolvent is the restriction of the X resolvent; the simple pole has no higher-order
singularity by this estimate and has the same nonzero smooth one-dimensional range. This proves
algebraic simplicity on every space used below. The m = —4 conclusion follows by conjugation;
m = 0 is the identity propagator.

After removing the growing Riesz projections, the remaining bounded generator has spectral
bound at most 7. More precisely, put Q = I — Py — P_, Y =ran@Q, and L. = Lg|y, omitting
projections whose sectors are absent. The Riesz decomposition gives o(L.) C {z < n}. Choose
B > ||L||+2n+1 and let T be the positively oriented boundary of {z : —B < Rz < 27, |Sz| < B}.
Its boundary lies in the resolvent set: the right edge is strictly to the right of the spectrum, and
all other edges lie outside the operator-norm disk. Thus
UMY o

0

Mp = supll(z — L)Y < o0, [leteq] < I £>0.
zel 2

Here the exponential on Y is followed by its natural inclusion in Xj ¢. The contour formula
follows from the norm-convergent resolvent series on a larger circle and Cauchy’s theorem. The
continuous spectrum on the imaginary axis is enclosed by I'; the contour never crosses it. This
argument uses a bounded generator on the fixed finite-sector space, rather than a spectral-growth
assertion for an unbounded generator. Its constants may depend on €, k,.S. The finitely many
sectors and derivative orders give (40). Coefficients initially smooth and supported in the collars
remain so under this propagator: multiplication preserves that support and the coupling has
smooth output flat at the collar endpoints. This proves the lemma. ]

3.1.2 An exactly neutral smooth seed

Normalize the growing radial eigenfunction f. so that its first collar mass tends to ¢;rf = —p?.
The finite-dimensional reduction then implies
fe(r)rdr — —p25p —ip>y.
Indeed its interface vector tends to (1, —ip), the growing eigenvector of My. Define
oo
be 1= 271'/ 75 fo(r) dr. (44)
0

The weak convergence on the two compact collars gives
be — 2m(—p® —ip®) £ 0.

Consequently b, # 0 for every sufficiently small e. This condition is included in the final fixed
choice of the smoothing length. Since L4 is ¢ times a real operator, f. is an eigenfunction of £4

with eigenvalue —\, = —o, + i7.. Define the real seed
i bew—7=\ a0 :
Dy(r,0) :=e (fg(r) — = €(r)) e*"” 4+ complex conjugate. (45)

Its circulation is zero and its only initial sectors are 4. For the convention By = [ z}w, angular
integration gives By(f(r)e*®) = 2r [ r®f(r) dr. Therefore By(®y) = 0 exactly, while the growing
coefficient is €’”. The stable coefficient has modulus one.
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3.1.3 The finite seed—viscosity expansion

For the rest of the proof abbreviate the fixed profile to W, and write 0 = o, 7 = 7, W, (t) =
e"AW and U, = K * W,,. The latter is an exact radial heat solution. Put X = L' N L? with the
sum norm. Splitting the Biot—Savart convolution at radius one gives

K * glloe < Cpllgllx- (46)

On the near part use Holder and |z|~' € L¥'(B;), which holds because p’ < 2. On the far part
use its bounded kernel and the L' norm. This estimate requires no zero-circulation assumption.

The frozen full linear operator is Lf = —(K « W) -V f — (K * f) - VIW. Its sectors are those
n (39). Choose integers M, N > 1, to be fixed below, and construct

M N
Japp = Z Z ajﬁgfj,ﬁa Wapp = Wi + fapp- (47)
j=1¢=0

Set f1,0(0) = ®y and all other initial coefficients zero. With W, (t) = t"A"W/r!, solve the
triangular recursion

¢
(0 — L) fje = Liz1AFjm1 = Y (K« W) - Vfjomy + (K * fip—r) - VW]
r=1
- Z (K * fj1,€1) : Vf]é,fz' (48)
Jit+72=J, j1,g221

O +lo=F¢

Every right-hand side uses earlier coefficients in the order j + ¢. They are smooth and supported
in the fixed collars: Laplacians preserve the support of smooth flat functions; A"W, r» > 1, has
that support; and every advective factor differentiates such a supported function. The linear
source is supported where W’ is supported. Each coefficient has zero circulation, because each
forcing is a Laplacian or divergence of an integrable vector field. Its frequencies belong to 47 and
satisfy |m| < 4j.

Lemma 3.4 (Coefficient bounds and seeded residual). For every finite derivative order k, the
finitely many coefficients in (48) satisfy

I1f50(0) | e < Cipe®™, (49)
£l e < Cjop(1+ )Pl (>0. (50)

There is a finite D, enlarged as needed, such that if a(t) = ae’ < &y <1 on [0, H] and k(1 +
H)D < c, the residual

Rapp - 8twapp + (K * wapp) : Vwapp - /iAwapp

satisfies
| Rapp ()| x < C’[a(t)M'H + N1+ t)Da(t)] (51)

All constants are uniform in ¥.

Proof. The first coefficient is the exact growing-plus-decaying solution from (45). For j > 2,
¢ = 0, induction and Sobolev multiplication bound its forcing by Ce/°t. Convolution against the
growing exponent o, or the remaining exponent 277 < o, is bounded by a constant times e/t
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because jo—o > o. This proves (49) with no polynomial factor. For positive ¢ the same induction
applies, with finite polynomial losses from W,.(t) and possible resonance with the first growing
mode. This proves (50). Derivative loss causes no infinite iteration: the coefficient set is finite
and the profile is smooth in every order. At each induction step apply the preceding coefficient
estimates in a sufficiently higher fixed order and the propagator lemma in the requested order.
Compact support and zero circulation also control K * f and its needed derivatives, including low
frequencies. More explicitly |f(€)| < C|¢| near zero, from its zero mass and finite first absolute
moment, while the high-frequency multiplier has order minus one.

Expand the radial heat base only in its couplings to fapp. The integral Taylor formula and

heat contraction in L', LP give
N
Gn(t) == Wi(t) = > &"Wi(t), IGN ) |lx + [VGN ()| x < CrNTHNTL
r=0

Its residual couplings obey
I(E % G) - V fapp + (K * fapp) - VG| x < O (L +1)Pa(t)

by (46) and the coefficient bounds. These are the only noncompact factors. Every other coefficient
is supported in one fixed bounded set, where its high Sobolev norms control the required L', L?
product norms. The recursion cancels exactly all monomials with 1 < 57 < M, 0 < /¢ < N. Terms
of seed order j > M are bounded by Ca™*1: the pure-seed bounds contain no time polynomial,
and each positive-viscosity polynomial is absorbed after enlarging D and using (1 + H)P < c.
Terms of viscosity order ¢ > N, including the diffusion of f; n, have the second bound in (51);
a’ < a for a < 1 absorbs their higher seed powers. Crucially the exact radial heat base is part of
(47), so no residual term without a seed factor occurs. Finally rotations of (45) change only unit
complex phases; all bounds are uniform in . O

3.1.4 Nonlinear closure in the actual vorticity norm

Let w™ be the NS solution from W + a®y and put ( = w" — wapp. Its exact equation, with zero
initial data, is

0i(+ (K *w") - V(= KA( — (K () - Vwapp — Rapp- (52)

Kato’s inequality gives its L! estimate, and multiplication by |([P~2( gives its LP estimate; trans-
port disappears by divergence freedom and diffusion is nonpositive in both inequalities. Using
(46) and adding gives

d+

S5 160 < Cpllwuppllx I + [ Rappllx- (5)
These inequalities follow first with smooth convex regularizations of the norm and compact cutoffs,
then by their limits. All solutions here are smooth at positive time, have finite X norm, and are
continuous in that norm at time zero, so the integrated inequality starts at zero. No derivative
bound on the actual NS vorticity enters its coefficient.

We choose parameters without circular dependence. Fix

Cr=Cp(IVW]x +1), 1 =(Ci/o—1)y,

before choosing expansion orders. Choose M with (M + 1)o > Cy and N with

3
SV +1) > Kary, (54)
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Construct the finite coefficients, then fix a cap threshold dy using the pure-seed coefficients alone
and reduce the positive-viscosity threshold so that ||V fapp|lx < 1 whenever a < dp and x(1+H)P
is sufficiently small. This is possible by the finite coefficient bounds: make the pure-seed gradient
at most 1/2 by the cap choice, and the finitely many positive-viscosity contributions at most 1/2
by the later viscosity threshold. Thus a later increase of N need not reduce a previously fixed
pure-seed cap. The exact heat gradient obeys ||[VW,|x < ||[VW]|x, so C is the already fixed
exponent in (53). The coefficient constants affect only the later cap threshold; they do not change
the previous choice of M, N.

Convolving (51) against e©1(:=)

gives the all-time estimate
1€ x < Ca®MF + CrNT(1 4 )P a(t)el o)+, (55)

The first integral has denominator (M + 1)o —C; > 0. For the second use a bound by e™#x(C1.0)t
and an additional polynomial factor if the two exponents coincide. At H = o~ !log(d/a) this
yields

ICUD[x < COMF 4+ CrMFH L+ H)PF18(6 /)™, (56)

For the theorem’s parameters, (54) implies that the second bound is o(d,): a strict positive power
of ¢ beats every fixed power of log(1/q). Also k(1 + H,)Y — 0, §, — 0, and ay,/d; — 0.
The coefficient estimates and (55) therefore prove (34), including uniformity through the entire
interval. They also give the actual nonradial density bound

(I = Praq)w™()||1 < Ca(t) + Ca(t)M + CulNTL(1 + t)PHa(t)eC17o)+, (57)

Indeed radial averaging contracts L', and the heat base is radial. This estimate concerns the
actual density; it is not inferred from a contour coordinate.
Similarly (46), the coefficient bounds and (55) imply

H
/ | K * (W — W) |loo dt < C + CEMTL 4 CrNTL1 + HYPTL5(5 /). (58)
0

To integrate the approximate terms use fOH a(t)? dt < §7/(jo). The error terms grow at a fixed
positive exponential rate; their nondecreasing polynomial factor can be evaluated at H, so there
is no additional factor H. This proves (35).

3.1.5 Whole-moment control and the cap

We verify the tails needed to remove the moment cutoff. Write u" = U,; +v", with U, tangential,
and By = fOH |[v"]|oc dt. By (58), Br, = O(d,). Let d(x) = /1 + |z[?. Then |Vd| <1, Ad < 2,
and U, - Vd = 0. Kato’s inequality with e’ gives, for every A > 0,

/eAd("”) |w*(t, )| dz < mexp{Ady + ABy + 26Mt + KAt} (59)

where m = [|w"(0)||; and dy = v/1+ (1 + €)2. No initial exponential tail is presupposed beyond
compact support. To justify the unbounded test use

e)\d

Fuld) =g

It has F} < AFp and F} < A2Fy; therefore AFL(d) < (A2 42)\)FL(d). For fixed L add a compact
cutoff and let its radius tend to infinity. Finite mass and bounded drift make the cutoff errors
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vanish. Gronwall then gives (59) uniformly in L, and monotone convergence removes L. The
drift is bounded here by (46) and the scalar L', LP contractions.

Choose a fixed R > 1+ € with dg — do > 2¢, > 0. For small ¢, By, < ¢x/2 and k,Hy; — 0.
Exponential Markov and optimization of (59) give

(ds — Cl() — BH — 2/<ct)2
4kt

/ ]w“(t,m)]dx<mexp{— }, s>R, O0<t<H.
|z|>s

At t = 0 the exterior tail vanishes by the initial support. Integrating this mass bound in s gives

sup / 2w (¢, 2)| da < Ce™¢/ (atla), (60)
|z|>R

0<t<H,

For example the weighted tail equals R* times the mass tail plus 4 [ B s3 times the lower-radius
mass tail. The displayed Gaussian estimate bounds both terms after reducing c. This also proves
finiteness of the required absolute moments.

Let £ be a smooth radial cutoff equal to one on Br and supported in Bryi. Every formal
nonradial coefficient is supported in Bp; the exact heat base pairs to zero with both z* and £z*,

since it is radial. At the cap the first coefficient has growing moment
aerHeVp = §eil0+TeH)y,

€

and stable moment of size Ca?/d. The remaining pure-seed coefficients have compactly tested
moment O(§?); positive-viscosity coefficients have moment O(x(1+ H)P4). The actual error pairs
against £z* with bound [|€2*]|so[|C(H)]|1. Using (56) and (60) proves

|By(w"(H)) — 6 +7Mp | < C§% + Ca?/6 + Cr(1 + H)P 5 + CsMH!
+ CrN Y1+ H)PHL(8 /o)™ 4 Ceme/ (v,

For 6 = 4,4, every bound divided by d, tends to zero. This proves (36) and completes the theorem.
Remark 3.5 (Scaling and scope). Let A, R > 0 and set

war(t,z) = A (At,z/R), WX g(t,z) = A" W,)(z/R), v =rAR%.

Homogeneity of Biot-Savart gives K * wa r(t,z) = AR(K * w??)(At,z/R), so the physical cap
time is H,/A. For 1 <r < oo, change of variables gives

lwoa,m(t) = WA g(8)]lr = AR |8 (At) — e M AW,
Thus the separate density bounds are CAR?d, in L' and CAR?/ Py, in LP, and their sum is

sup [wa,r(t) = W4 g(D)l|inge < CA(R® + R*/P)5,.
0<t<H,/A

The cap moment and integrated perturbation velocity satisfy

Ba(wa r(Hy/A)) = ARS6,e/ 0+ 7eHp 4 o(ARSS,),

Hq/A H,
/ [ K * (wa,r(t) = WA R(t))|loo dt = R/ | K = (wq’ﬁ(s) — e”qSAW6)|]oods < CRY,.
0 0

All constants are independent of A, R. These are isolated-colour estimates. Coupled use also
requires bounds for the foreign-colour terms in the coefficient and error equations.
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4 The canonical ancient orbit and signed coupling

4.1 The canonical ancient profile of the isolated smooth activation

We retain the fixed profile, eigenvalue and seeds constructed in Section 3.1. Abbreviate them
toW =W, A=0+4+i1t = A, b = b # 0, and $y. In this section the cap § > 0 is fixed and
sufficiently small. It does not decrease with the vanishing parameter. An additional Sobolev
estimate permits identification of a unique isolated ancient profile. This identification requires no
convergence of an infinite formal series. Here § specifies the ancient growing amplitude and the
linear preparation level. It does not assert that s = 0 is the exact first hitting time of | A(2s)| = ¢;
at that time A(Qs(0)) = 6 + O(6?).

Theorem 4.1 (The isolated ancient limit). Fiz an integer k > 3 and 2 < p < oco. There exists
0« > 0 such that, for 0 < § < 6, there is a real quarter-turn invariant FEuler solution Qs(s) on
—00 < § < 00, with zero circulation, having the following properties. For every fized K, > 0, put

ag = ¢, Kg = ¢/%, H, = o log(§/ay), ¥, = —TH,.

Let w? be the isolated Navier—Stokes solution with viscosity rq and initial vorticity W + oy, .
For every J < oo and every 0 < e < k,

Wi(Hy+-) — Qs in C([~J,0); L' N LP) and in C([~J,0; H*°) asql 0. (61)

The parameter 6, and the limiting profile can be chosen independently of K,; the threshold for
small ¢ may depend on K,. On s < 0, Qj is supported in one fized ball and has a uniform H*
bound. Its whole fourth harmonic moment satisfies

By(Qs(s)) = 6be™® + O(5%€*7%) (s <0). (62)

For s > 0 it satisfies
|B4(Qs(s))| < Cs(1 + s)™. (63)

These assertions concern the isolated annulus.

4.1.1 A high Sobolev error estimate without derivative loss

Fix once and for all a radius R > 1 + € with a positive gap in d(z) = /1 + |z]?, for example
R = 3+e¢. This radius and the corresponding compact-support norm constants are fixed before the
energy exponent or expansion orders. The later cap smallness condition will make the integrated
perturbation drift smaller than this fixed gap. For this proof let

gllz, = llgllx + gl -

The finite expansion from (47) and (48) can be constructed in every finite derivative order. In
particular, the residual estimate holds in Zj. A useful version separates its pure-seed constant
from constants depending on the viscosity order:

| Rapp ()] 2, < [Crr+Crrnk(14)Pla(t) T +Cp veN T (14)Pa(t), a(t) = ae’ < 1. (64)

Here C}; is independent of N. To verify the additional norm and this separation, the pure-
seed products are estimated by their compactly supported coefficient Sobolev bounds. Every
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other omitted seed-order product contains at least one positive power of k, and its finite time
polynomial is incorporated in D. The noncompact heat remainder products are

The heat Taylor formula gives
|K * GN |l + [VGN1 + [|[VGN || ge < ChNFLNJrltNJrl.

For the first term use heat Taylor on the smooth initial velocity K « W and contraction of each
bounded derivative. For the other terms use heat contraction on VAN in L' and H*. The
coefficient bounds give [|[K * fappllyyrce + |V fappllt + |V fappllgr < Cal(t) after the positive-
viscosity threshold is made small. Leibniz’s rule proves the claimed seeded remainder in both
norms.

Let ¢ = w" — wapp and uapp = K * w,pp. Rewriting (52) gives

0 + tapp - VC+ (K % () - V(= kKAC — (K % () - Vwapp — Rapp- (65)

We record the estimates that avoid a quasilinear derivative loss. Sobolev embedding and the
near—far kernel split give, for k > 3,

K *glloe < Cr(llgllt + gl zx) (66)
IVK x gllgi < Cillglgs,  5=0. (67)

The second is Plancherel’s theorem for a bounded order-zero Fourier multiplier. In particular
IVE * glloe < Cillgl s

For each integer derivative order up to k, the undifferentiated transport term has zero energy
pairing. The commutator with (K * () - V is bounded by

Cr (IVE * Cllo €l + [V lloo I VE # Cllgge—1) < Cll¢] 7

This commutator inequality follows from Leibniz’s rule: the endpoint terms put the first derivative
in L> and the last derivative in L?, and the intermediate terms follow by Sobolev interpolation
in dimension two. The embeddings for both displayed endpoint terms hold because k£ > 2. No
derivative beyond order k of ¢ occurs. Similarly,

k
I %) Taaple < € (IVenpollge + 3 ¥l ) Lz
Jj=1

For the term where no derivative lands on K *(, use (66); for every term with a positive number of
such derivatives use (67) in L? and put the corresponding derivative of the smooth approximation
in L. The H* transport estimate with Uapp Uses only its fixed Wk bounds. Its coefficients
are bounded, independently of «, k, H, by fixed norms of W plus one, once the approximate
perturbation is made small in the finitely many required norms.

Together with Kato’s L! inequality this gives, for Y = ||(]| z,,

dty
dt

Diffusion has a nonpositive energy contribution. The constant Cj, can be fixed before M, N: the
pure-seed approximation is made small by choosing its cap after M, and each positive-viscosity
coefficient is made small by choosing its viscosity threshold after V.

< CpY + CiY? + ||Rappllz,,  Y(0) =0. (68)

41



Set Ej, = 2C}%, increasing it if necessary to dominate Cy,(||VW/{|p1qz» + 1) and the compact-
support L' N LP stability constant used below. Choose one finite M with

(M +1)o > Ej. (69)

After its pure-seed coefficients are known, choose d, > 0 small enough for all their required norms
and their pure-seed remainder. For each subsequently prescribed K, choose N so that, with
ri = (Ep/o — 1)+,
3(N+1) > K,ry. (70)
The N-dependent coefficients are controlled by decreasing the threshold for ¢, not by changing
8+ In particular arrange Ciyy nk(1+ H)P < 1in (64). On a bootstrap interval Y < 1, (68) now
gives
Y(t) < C’Ma(t)MH + CM7NK?N+1(1 + t)D+1a(t)€(Ek_U)+t. (71)

At the cap, the second term is
Cune™ 1+ H)PHS5(6/a)™ = o(1)

in the prescribed polynomial window. The first is smaller than 1/2 after reducing d,. Continuity
contradicts a first bootstrap exit, so the estimate holds through the full cap interval. It also
yields a uniform H* bound for the actual vorticity. This bound is obtained from the actual error
equation, rather than assumed from the formal approximation.

4.1.2 Finite homological coefficients and compactness

For a real angle 6 define the rotation

(’Taf)(rv 90) = f(?“, p+ ‘9/4)a Liot = L — (’7’/4)8¢

It acts isometrically on every radial or full-plane Sobolev norm, commutes with the radial lin-
earization, and respects Biot-Savart advection. The pure-seed coefficient f;o with seed phase
zero has a limit

e 7Ty fi0(t) — Fj in every finite H™ as t — oc. (72)

72(715)

For j =1 the decaying part is O(e after this normalization, so

Fy = f.(r)e*™ + complex conjugate.
For j > 2, put g; = e 77"T_; fj0. Its equation is
Oigj = (Lrot — jo)gj — >, (K %g5) - Vg,
Jit+j2=j

On its finite set of sectors, the homogeneous propagator decays at least as Ce~U—17t by (40).
Induction, the coefficient bounds, and dominated convergence in Duhamel’s integral prove (72)
and the finite homological relations

Fj=—(jo— L)' D, (KxFy) -VF;,,  2<j<M. (73)
Jitje=j
The inverse is the integral of the exponentially decaying propagator. All these functions are

smooth and supported in the fixed collars. Only the finitely many sectors in 47 with |m| < 4M
are used. No all-mode Sobolev spectral-growth assertion is needed.
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Define the fixed polynomial ancient profile

M
Py(s) =W+ > 8T F;,  s<0. (74)
j=1

For the phase ¥, = —7Hg, (72) shows that every pure-seed term of the cap-shifted approximation
converges to the corresponding term in (74). The positive-viscosity terms tend to zero because
tig(1+ Hy)P — 0, while efe(Hat8)A) — W, For each fixed s < 0, (71) gives the asymptotic error
C(6e7%)M+1 since its viscosity remainder tends to zero by (70).

We justify actual compactness separately. The kernel bound and (71), integrated as in (58),
give

/OH" 1K s (w9() — Wi, (£))[loo dt < Car + o(1).

Choose 6, so this is less than the positive radial gap fixed before the expansion orders. The
exponential Kato proof of (60), with this fixed cap and the already fixed radius R, gives

sup / |2 w(t, 2)| de < Ce™¢/ (Ratla), (75)
0<t<H, J|z|>R

Initial velocities have uniformly bounded finite energy, since the initial vorticities are compactly
supported and have zero circulation. The NS velocity energy inequality and the uniform vorticity
H* bound therefore bound the velocities in H**1. The equation bounds dyw? uniformly in H*~2
on the cap interval.

On each shifted interval [—J, 0], Rellich compactness and interpolation give local compactness
in C(H*~¢). The tail bound and the uniform H”, hence L™, bound give global L? tightness.
Interpolation applied to a smooth exterior cutoff then gives global H*~¢ tightness; the cutoff is
chosen outside the same fixed Bgr. Thus compactness holds globally in that norm. The mass
tail gives global L' tightness, and local convergence plus uniform L*> bounds gives compactness
in C(L' N LP) for every finite p. A diagonal subsequence over .J gives an ancient Euler solution:
the transport term passes by the stated strong convergence, and k;Aw? — 0 on every compact
shifted interval. The solution is supported in Br on s < 0, since the right side of (75) tends to
Zero.

By lower semicontinuity of the H* norm and the strong L' convergence, every such limit
satisfies, for all s <0,

12(s) = Par(s)llz, < Car(de”) M (76)

One may first take rational times; continuity in the weaker compactness norm and weak H*
continuity extend the bound to every time.

4.1.3 Uniqueness of the ancient subsequential limit

We use a norm in which no extra derivative of a comparison orbit is required. If 1, are two
ancient subsequential limits, their compact supports and uniform H* bounds imply a uniform
bound for ||V, z1nze- Indeed compact support controls the L! norm by the L? derivative norm,
and H”, k > 3, controls every finite LP derivative norm. Their perturbations from W are small
in these norms after reducing J,, so the stability coefficient is bounded by the fixed constant
dominated by Ej above.

For D = Q7 — Q9 the exact Euler equation is
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The same Kato and LP argument as (53) gives, for so < s1 <0,
ID(s1)llrrze < €10 D(s0)l[ L1z
Both limits have the same polynomial (74). Using (76) at so = —7T yields
ID(0)]|1npe < Card™ e IMFDT=EIT s g

The same comparison with any fixed endpoint s; < 0 proves equality throughout the ancient
interval. The strict inequality (69) uses one finite M only. Thus every subsequence has the same
limit, proving the full convergence in (61). Repeating the argument for any different K, gives
the same limit; only its permissible viscosity expansion order and small-g threshold change.

For clarity, a direct H* difference stability estimate would require an H**! bound on the
comparison vorticity because it differentiates (K *D)-Vs k times. The L'NLP comparison above
deliberately avoids this extra hypothesis. The high Sobolev estimate is used for compactness and
for the available first derivatives.

4.1.4 Forward extension and the whole-moment asymptotics

The ancient construction initially gives compactly supported H* vorticity at zero and finite-
energy velocity in H*+1, with k& > 3, and preserves zero circulation by strong L' convergence.
Lemma 2.3 therefore extends this same solution uniquely to every s > 0, with H* vorticity and
H**1 velocity on each fixed interval. This first extension uses only the finite order k; the all-order
regularity of the fixed orbit is proved separately below. Its conserved L! and LP norms and (46)
give a time-independent velocity bound V.

The bounded velocity transports its support into Bryys. Consequently

/I$I4IQJ(87$)| dz < [|Qs(0)[L(R+Vs)t  (s>0),

which proves (63). On s < 0, its support is in the fixed Bg. Pairing (76) with z* is therefore
bounded by its L' error times R*. The first homological coefficient has moment b, rotation
multiplies it by e™*, and every higher term is O(62€2°). This proves (62) and completes the
theorem.

Corollary 4.2 (Every fixed source window, including after the cap). For the isolated family in
Theorem 4.1, every fized J < oo satisfies

WI(Hy+-) — Qs in C([~J,J]; L' N LP),

s |Ba(w!(Hq + 5)) = Ba(25(s))| — 0.

Write By(s) = Ba(w9(Hy + s)) and Bs(s) = B4(Qs5(s)). For fited 0 < S,U < 0o and a € R, its
source moment therefore satisfies

U
/ 79| B, (s) — Bs(s)|ds — 0.
S

Proof. The negative window follows from (61) and (75). On 0 < s < J, let (4(s) = w9(Hy + s) —
Qs(s). Its exact equation is

0sCq + (K xwI(Hg+ s)) - V(= kgAly — (K * (g) - VQ5 + kg AQs.
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The global Euler extension has bounded H* norm and compact support on this fixed interval.
Since k > 3, its second derivatives belong to H', which embeds in every finite LP in dimension
two; compact support also bounds their L' norms. Thus [|[VQs]l11qzr + |1AQs]|1iae < Cy.
Kato’s inequality, the L? inequality and (46) give

sup HCq(S)”leLP < BC‘JJ(HCq(O)HleLP =+ CJ"Qq) — 0.
0<s<J

No actual NS derivative bound is used in this comparison.

We remove the moment cutoff separately. Scalar norm contraction gives one uniform post-cap
velocity bound V. Choose a fixed radius R’ > R + VJ + d, also enclosing the Euler support on
[0, J], with d > 0. The positive post-cap propagator has a forward diffusion with |X; — y| <
VJ + \/2kq|Bs|. For |y| < R, its terminal fourth moment outside Bp is at most Cye¢//%a by
Gaussian endpoint moments. For unrestricted y its full fourth moment is at most C(1 + |y|*).
The positive domination of the signed solution by the propagation of |w(H,)| therefore gives

sup / &AW (H, + 5,2)| dz < Ce/ma + CJ/ (1+ |y (Hy, )| dy — 0
0<s<J J|z|>R’ ly|>R

by (75). A compact radial cutoff of z#, the just-proved L' convergence, and this tail prove uniform
whole-moment convergence. On a fixed weighted time window the weight is bounded, so its final
assertion follows by integration. O

Corollary 4.3 (A nonzero bilateral discounted moment). Define

f&(Z) = /Oo €_ZSB4(Q(;(S))ds,

—0o0
It is analytic and is not identically zero on 0 < Rz < o. More precisely it extends meromorphically
to 0 < RNz < 20 as

Fo(2) = 30 +Gi(2), (77)

where G is analytic on that larger strip. For every fized real c, the exceptional set

{8>1:Fs5((c —ic)/B) =0}

is discrete in (1,00). In particular one can select arbitrarily large  outside it, including for
c=1/2.

Proof. The negative-time estimate (62) and the positive-time polynomial bound give absolute,
locally uniform convergence on 0 < Rz < o, including after any fixed number of z derivatives.
Subtract the leading negative-time exponential. Its integral is

—oo A—z

The remaining negative-time integral is analytic for Rz < 20, and the positive-time integral
is analytic for ®z > 0. This proves (77). Its pole at z = A has nonzero coefficient, so the
transform cannot be identically zero on the smaller strip. Its zeros there are isolated. The curve
B+ (o —ic)/f is nonconstant, lies in that strip for > 1, and has no interior accumulation of
its zeros. Any terminal interval of large § contains values outside the zero set, proving the last
assertion. Accumulation as § — oo is possible at the boundary z = 0 and is not excluded or
needed. O
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Corollary 4.4 (Changing the canonical cap). If 0 < &' < < §, and so = o~ 1og(d'/§), then
Qi (s) = TorsyQs(s +50) (=00 <s<o0),  Fy(z)=elFT%Fs(2).

Thus the zero set of the transform is independent of the canonical cap. At z = (o —ic)/f its
modulus scales by (8 /5)'/P.

Proof. The time-translated and rotated orbit has the polynomial (74) with ¢ replaced by §’, since
de?%0 = §'. Tt has the same order-M + 1 remainder. The ancient uniqueness argument therefore
identifies it with €25 on negative times, and forward Euler uniqueness extends the identity to every
time. Rotation 7Ty multiplies B, by €. Substituting v = s + s¢ into the absolutely convergent
bilateral transform gives the stated exponential factor, which never vanishes. Its modulus at the
displayed point is e7s0/B, ]

Corollary 4.5 (All finite regularity orders and finite jets of one orbit). The already fixed orbit
Qs belongs to every finite spatial Sobolev order at every time. For each integer £ > k,

sup [[Q25(s)| p1nme < o0,
s<0

and its H' norm is bounded on each fized positive-time interval. In particular its vorticity is
spatially C*°. For each fixed J > 1 and integer r > 0, the homological coefficients Fi,..., Fy
satisfy, for some s;, <0 and Cj, < oo,

J
Qs(s) — W — Z 5jej”57;SFj < OJ7T((S€US)J+1, s < Sy (78)
Jj=1 LiNnHT"

The coefficients are given by (73) for each finite target degree, and are independent of the larger
cutoff used to construct them. All intersection norms here are sum norms.

Proof. Fix an integer ¢ > k. Repeat the finite-coefficient and actual-error construction above
in order ¢, with amplitude d§; smaller than é and both the original and the order-¢ permissible
thresholds. The profile and smoothing length remain fixed. Choose any fixed K, > 0. The exact
Navier—Stokes family used in this construction, with cap shift H, = o~ log(6,/ o) and seed phase
—T1H,, is precisely the isolated family already identified by Theorem 4.1 at amplitude d,. Its full
L' N LP limit is unique. The order-¢ construction therefore gives the same s, and a uniform H ¢
bound on negative times. Lemma 2.3 yields its H¢ bounds on every fixed positive-time interval.
Let sy = 0~ 'log(dy/) < 0. Corollary 4.4 and forward uniqueness give

Qs,(v) = T_75,25(v + 5¢) (—o0 < v < 00).

For s < s, use the negative-time bound on Qg,(s — s7). For s, < s < 0 use its positive-time
bound on 0 < v < —sy. Rotation is an isometry, so these two bounds give the asserted uniform
order-¢ bound for the same 5 on s < 0. Translating fixed positive intervals gives its remaining
bounds. Their constants may depend on ¢,9. Since £ is arbitrary, Sobolev embedding proves
spatial smoothness. No intersection of infinitely many small-amplitude thresholds is used.

For the finite jet, fix J,r and choose ¢ > max{k,r + 1,3}. Choose a finite expansion degree
M > J large enough that (M + 1)o > Ey, and choose a sufficiently small §; < ¢ for this finite
construction. The same isolated family and uniqueness again identify its limit with €s,. The
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pure-seed triangular recursion gives the same F1, ..., F; independently of M; passing its finite
expansion and actual-error estimate to the limit gives

J
Qs,(v) =W — Z 5Zej0”7;vFj < Oy (6ee”?)7 v <0.
Jj=1 LiNnHr
Indeed the error has degree M + 1, and the finitely many discarded degrees J + 1,..., M have
the displayed degree-J 4+ 1 bound. Translate by s, and rotate by 7s,. The amplitude identity
60e7(5750) = 57 and addition of the rotation phases give (78) for s < sy. The constant and onset
time may depend on the finite target orders. This argument proves each finite jet and does not
assume convergence of an infinite formal series. O

Remark 4.6 (Scope). The profile and source transform in this section belong to the isolated
annulus. Their use in a coupled receiver requires the foreign-colour and weighted source-history
estimates in addition to this isolated limit.

4.2 The smooth receiver’s protected coordinate and transfer coefficient

Throughout this section W = W, is the one fixed profile of Section 3.1, A = o + i7 its growing
fourth-sector eigenvalue, and fy = f. its normalized radial eigenfunction. All angular conventions
are unchanged.

Lemma 4.7 (A global growing-coordinate test). There is a smooth bounded complex test
Togj(z) = a(r)e 4%

whose derivatives of every fixed order are bounded, such that
Alg) = [ Tg@g@)de, AU D) =1, AT =0

and A(Lg) = MA(g) for smooth integrable perturbations for which the pairings are defined. Near
the origin T,q; is a constant multiple of Z4; outside a fived ball it is a constant multiple of z2.
In particular, AT,q; is compactly supported away from the origin.

Proof. On a fixed radial interval containing the derivative collars, the rank-one Riesz projection in
the positive fourth sector has form P,g = f¢(g) with ¢(fy) =1 and ¢(L49) = M(g). Represent
this continuous L? functional by a bilinear density 2ma(r)r dr; complex conjugation is included
in the representing density rather than in the pairing. Substitution of (39) gives
y oo

A+ 4i€(s))als) = —5 | a(r)Wl(r)ha(r, ) dr. (79)
On the collars, the radial Green equation and this nonvanishing denominator bootstrap a to
smoothness. Extend it to every s > 0 by the right side of (79) divided by its denominator. This
agrees with the original density where W' is supported, so it still satisfies the equation everywhere.
Integration of the Green kernel and Fubini then verify the global eigenfunctional identity.

For s smaller than every derivative collar, the numerator is a constant times s* and €. is the
constant core angular velocity —1/5. Thus a(s) = Cs? there and T,q; = Cz*. Beyond the profile
support the numerator is a constant times s~% and Q. = 0 by zero circulation. Thus a(s) =C" s™4
and Thq; = C’z~*. These two extensions are harmonic; on the remaining fixed annulus the test is
smooth. This proves all the regularity and Laplacian assertions. Normalize by 27 [afirdr = 1.
Since the stable eigenvalue is —\ # ), the eigenfunctional identity annihilates its eigenfunction.
The angular test kills every sector other than +4. O
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Lemma 4.8 (Exact inverse-quintic forcing coefficient). Let a source w be real, integrable, sup-
ported in Bpr,, quarter-turn symmetric and of zero circulation. For each integer m > 0 used
below, write

Ba(w) = [ ")y, [ ") dy < .

These absolute moments are finite for this compactly supported source. At points in the exterior
region |z| > Ry its complex velocity is

i = Ba(w
U(z) = %; ;fgil). (80)

For every finite L > 1, its remainder after degree 4L satisfies

. L
! Bu(w) 1 / AL+4
U(z) — — < d 31
(2) 27 ; 741 272|145 (1 — (Rs/|2])%) |yl lw(y)|dy. (81)
The first term forces the receiver’s positive fourth vorticity sector by ByF.(r)e*®, where
iW/!(r)
Fe(r):= - 47;7“5 '

Its growing projection is v By, with v. = A(F.e*?). For the mollified family before the smoothing

length is fized,
-6

; _ -1
e 0= #0 (elo). (82)

Proof. In complex notation Biot-Savart is U(z) = 5= [(z — y) 'w(y)dy. For |z| > Ry, the
geometric series converges uniformly in y on the source support and absolutely after integration.
Quarter-turn symmetry gives B, = (—i)"B,,, eliminating every degree not divisible by four;
zero circulation eliminates By. This proves (80). Summing the absolute values of the remaining
degrees and using |y| < Rs proves (81). The exterior expansion is not used in an inner hole of an
annular support. For its first term,

ZB4 410

ur = R(U) = 45 ©

+ complex conjugate.
The linearized forcing is —u, W', giving Fr.

We check nonvanishing without assuming an adjoint convergence theorem. The inhomoge-
neous resolvent Schur reduction in the proof of Lemma 3.3 applies to this forcing. Its natural
radial measure has limit

ic
)rdr — .
Z 47rr O

Thus in interface variables its forcing vector tends to h = (i/(47p%),i/(4r)). The growing dual
of My, normalized on (1, —ip), is £o(q) = (q1 + ig2/p)/2. Its pairing with h is vp in (82). More
explicitly, on a small fixed contour around the growing root the inhomogeneous Schur equations
converge uniformly to (z — My)qg = h. Integrating their resolvent in z gives convergence of
the rank-one projected forcing coefficient. The eigenfunction normalization agrees with that in
Section 3.1. This proves the limit and nonvanishing for all sufficiently small e. This condition is
included in the final fixed choice of the smoothing length. O
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The direction of this interaction matters. A smaller source acts on the larger receiver by the
inverse-quintic exterior field above. A larger annulus acts in its interior through a cubic harmonic
field. They are different coefficients and cannot be interchanged.

For comparison, an exterior annulus’s interior harmonic field U(z) = c3z% has positive fourth
radial coefficient ¢3r3/2. Its frozen-base forcing is —c3r3W'/2, with growing projection v°Ucs.
The same resolvent limit gives

7 — (p* +i/p) /4 # 0.
Indeed its interface forcing vector is (p?/2,1/2), paired against the same growing dual. Thus
older cubic fields can genuinely seed the growing coordinate; their size must be bounded, rather
than discarded by symmetry. All the required spectral and nonvanishing conditions now hold
for every sufficiently small smoothing length. Fix once one e for which Lemma 3.3 holds and

be, Ve, 72" are nonzero, and retain it in every later finite expansion and Sobolev order.

Lemma 4.9 (Duhamel coefficient for a child source). Let A. = BA,, R. = qR,, and use receiver
time s = A,t. Suppose, in a frame removing all common solid rotation, that the source’s normal-
ized fourth moment is B(u), with child time uw = s — s.. The receiver core has angular velocity
— A, /5; this rotates the child’s moment by e¥5/5 in the receiver frame. The ideal linear growing
receiver coefficient obeys

d'(s) = Aa(s) + Bg5v.e* /P B(Bs — s.).

For the response with no independent growing coefficient at s = —o0,
Bs—su i(t—4/5
67)\8&(8) _ qG,YEe*H/BS*/ e*#ﬁuB(u) du, pp = 0-4_2(7/—6/) (83)
—0o0

This integral exists whenever B(u) = O(e”")

8> 1.

at —oo and has polynomial growth at +oo, provided

Proof. The dimensional fourth moment is A.RSB. Dividing the child velocity by A,R, leaves
the factor 3¢5, so Lemma 4.8 gives the forcing magnitude. Rotation through angle Q¢ multiplies
By by e % The parent constant core has vorticity —2A, /5, hence angular velocity —A4, /5,
which gives the factor /5. Multiplication by the integrating factor e=** and the substitution
u = s — s, give (83). Its negative tail has exponential exponent o — o/ > 0; its positive tail
has discount o/ > 0. O

Lemma 4.10 (A nonzero bilateral source transform from an ancient orbit). Suppose a global
Euler source trajectory has a fourth moment B(u) with

B(u) = cbee™ 4+ 0(e*%)  (u — —o0), c#0,
and |B(u)| < C(1+u)?* for u > 0. Define

F(z) = / e *“B(u) du, 0<Rz<o.
R

Then F is analytic and not identically zero. For every finite interval [By, By + 1] C (1,00) there
is a choice of B in that interval such that F(ug) # 0.

Proof. The two explicit bounds give absolute locally uniform convergence of the integral and of
all complex derivatives, proving analyticity. Split at zero and subtract the leading negative-time

asymptotic. It gives
cbe

A—z

F(z) = +G(z2), 0 <Rz <o,
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where G is analytic in 0 < Rz < 20: the remainder on the negative half-line has rate 20, and the
positive half-line has polynomial growth. Thus its meromorphic extension has a nonremovable
simple pole at z = A. In particular it cannot vanish identically on the original strip. The analytic
nonconstant curve 3 +— g lies inside that strip for real 5 > 1. If the transform vanished along any
real interval, its zeros would have an interior accumulation point and the identity theorem would
force identical vanishing. Its zeros along the displayed compact interval are therefore discrete,
and a nonzero choice exists. O

The canonical ancient Euler orbit of Theorem 4.1 has precisely this negative-time estimate. It
comes from the high-Sobolev construction and not merely from the isolated X-norm cap theorem.
Its positive-time moment bound is elementary once a compactly supported bounded-vorticity
orbit exists: L', LP conservation bounds its velocity by (46), its support radius grows at most lin-
early, and its fourth absolute moment is therefore polynomial of degree at most four. Lemma 4.10
isolates the precise ancient-orbit input needed for the noncancellation assertion.

Lemma 4.11 (Quantitative window and source errors). Let 3 > 1 be fized, p = pg, and S,U > 0.
Suppose F (1) # 0 and the source satisfies the bounds of Lemma 4.10. Define the truncation budget

U

Ey = ’f(u) — /_S e " B(u)dul.

It satisfies
By < Ce 0795 4 Cg(1+ U)te R,

Replacing the moment on that window by B has budget
U ~
Frop = [ _e™™B(w) ~ B(w)] du.
-S

Set Q = ¢O|ye|le=7%+/B. If the three budgets satisfy
Eu < 3 F(Wl,  Brep < 31F (W), laol < 3QIF (1),

then adding the independent old growing coefficient ag to the modified source response leaves a
growing coefficient of modulus greater than Q|F(u)|/4. If s, = o~ 'log(d/a) and both old and
child seed amplitudes have size o = ¢**, the old-seed condition is algebraically feasible when

K.(1-1/8) > 6.

Here 0 < 6 < 1 is fized or decreases logarithmically in 1/q; the remaining source and transfer
constants are fized.

Proof. Put a = Ru = o/B € (0,0). The negative tail is bounded by Ce™ (=95 /(o — a). For
the positive tail, substitute v = U + v and use (1 + U +v)* < (1 + U)4(1 + v)* for U,v > 0.
The integral of e~ (1 + v)* is finite, giving the asserted positive-tail bound. The negative and
positive tails together constitute the single budget Ei,. By the triangle inequality,

U -
‘ [ e Bl du| = |F@)| = B — Bup > 3IF (1)
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Equation (83) multiplies this transform by a factor of modulus @. A further triangle inequality
subtracting |ag| leaves a modulus greater than Q|F(u)|/4. Finally e=7%+/8 = (a/§)Y/#, so

Y K(-1B)-651/8
(ajo)7 1 -

under the stated power inequality. Fixed logarithmic cap factors do not alter this strict inequality.
O

4.2.1 Exact heat shielding and the remaining coupled terms

The neutral seed (45) has only sectors +4 and By = 0. Its velocity is zero outside Biie: in
the exterior angular Green formula its coefficient is exactly its fourth moment. Thus its velocity
Ve = K % &y is smooth and compactly supported. Heat commutes with Biot—Savart, so a
passive physical seed of amplitude Aa and radius r has exterior heat velocity bounded, for
|z] > R > 2(1+ €)r, by

e/ A AarVy(-/r)](x)| < CAar exp[—cR?/(vt)]. (84)

Indeed convolution integrates a bounded function supported in that ball, and the Gaussian mass
at distance at least R/2 has the displayed bound. No damping estimate of a conserved harmonic
moment is invoked. The bound concerns a passive heat evolution; its nonlinear moment generation
is an additional term.

For precision, the actual foreign-colour equation yields an exact protected-coordinate identity.
Suppose a receiver colour w solves

wy + (K *xw+b) - Vw = kAw, divb =0,

and put f = w — Wy. Remove any common rigid rotation first. Testing with Lemma 4.7 gives

LA = M) ~ [ T W a4 £, (35)
where the exact error is the sum of
/{/ATadjfdx, — /Tadj (Ks (W, —=W))-Vf+(K=x*f) V(W,—W)]dz,
/f(K * f) - VT, dx, /fb - VT, dz, - /Tadjb V(W —W)dz.

There is no derivative of the actual f after integrating its transport terms by parts. Smooth heat
Taylor and (46) give

£(0] < Clr(1 +Ollx + 115 + [ 1AMV Tl do + | [ Tuah (W= W)da. (s0)

For the term with V f, integration by parts bounds it by ||VZ.gjllco || I * (Wi — W)|lsol| f||1; the
other heat term uses ||V(W,—W)||1 = O(kt). The quadratic self term uses (46). If b = Q(t)Jx isa
rigid rotation, its base forcing vanishes and its perturbation contribution is exactly —4iQ(¢).A(f);
it can be removed by its integrating phase.

Equation (85) identifies the estimates required for coupled use. On the receiver collars one
must approximate b by the inverse-quintic child field of Lemma 4.8; its projected error is bounded
by the collar sup error times ||T,q; VW ||1. One must also control the two weighted foreign terms in
(86) and prove a nonlinear density bound for this actual colour. The canonical source transform
must be approximated in the weighted norm of Lemma 4.11, including its post-cap history. The
actual foreign-colour estimates and weighted source-history control are additional inputs to a
coupled receiver argument.
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4.2.2 A nonlinear receiver theorem for the concrete canonical input

The following theorem uses the moment of the canonical isolated Euler orbit and realizes its
exterior harmonic field through a prescribed smooth divergence-free extension. Its equation has
this auxiliary drift; the source and receiver are not asserted here to solve a jointly unforced system.

Fix an ancient orbit s, from Theorem 4.1, with fixed small 6. > 0, and put B(u) =
By(92s,(u)). Choose 8 > 1 for which

C. = 7eF(ug) # 0.

Such a choice is possible in every sufficiently large fixed interval by Lemma 4.10. Take a smooth
radial cutoff {y equal to zero near the origin and equal to one on and outside the two receiver
derivative collars. For ¢ € C set

CO r . Y
We(r,0) =— 167('("/“)4 (ce 4 ce=41Y), V. =Viv,.
This is a smooth real divergence-free field with every fixed spatial derivative bounded by a con-
stant times |c|. On the receiver collars it agrees exactly with the inverse-quintic field of a source
moment c.

Theorem 4.12 (Transmission for a prescribed canonical harmonic input). Fiz K, > 0 such that
K,(1—-1/B) > 6. For small q put

_ 1 )
a=q" gg=q" 0, =[log(1/q)]!, to=—-log=, S,=—log

C
de. . H,=to+ S,
o "« o " eqlCy] ¢ 0T

For 0 < k < ¢*/% define the prescribed foreign drift
by(t, ) = BeqV cait—10)/5 p(B(1—ty)) (%) 0<t<H,
Let w? solve the coloured equation

D’ + (K xu +by) - Vo' = du?,  w?(0) = W + ado,

Then uniformly in 0 < r < ¢>/2,

sup ||wi(t) — e”tAWHX < Cdy,
0<t<H,

A(w(Hq)) = 8,¢" T8 4 o(5,),
By(w(Hyg)) = be5qei(TSQ+argC*) + 0(q).

The whole fourth moment is finite. Multiplying the source moment in by by a fived unit complex
phase multiplies the leading cap phase by the same phase; all bounds are uniform in that phase.

Proof. For completeness, the positive-viscosity solution with this prescribed drift exists on the
whole displayed window. On a short interval its mild equation is a contraction in C;(L' N LP):
the heat-gradient estimate is | Ve ||z - < C(kt)~'/2, the Biot-Savart map sends X to L,
and b, is bounded there. Scalar convex-energy estimates give the L', LP contractions and hence
a time-uniform velocity bound. Iterating the local construction prevents finite-time loss of the
mild solution. Smoothing follows by the same mild equation from the smooth spatial coefficients.
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This argument uses only bounded drift on the finite window, not the conclusion of the theorem.
Use s =t — tp and write by = ¢4b1(s). The ancient and future moment bounds give

Ciefos, 5 <0,

b <
1o1(8)lles < {Cj(1 )t s>0.

In particular this is bounded by C;e?® for all s, and its growing-mode weighted time integral is
finite, uniformly in the initial time —tg. The first seed-order coefficient solves

(O — L)g10 = —bi(t — to) - VW, 91,0(0) = (a/gq)Po.

Its growing coordinate is

S

M Algo) = Lo a [ By au
Eq —Bto
The first term tends to zero in modulus because K,(1 —1/8) > 6. The integral tends to F(ug)
as tg,s — oo. Thus its growing coefficient tends to Ci. The complementary propagator has
exponent 2n < o; integrating its ancient exponential forcing and its future polynomial forcing
gives a complementary bound Ce?"s for s > 0. For s < 0 the whole first coefficient is bounded
by Ce?%. Indeed its forcing has ancient rate o > o and (a/e,)e’™ is bounded. All bounds are
uniform in q.

Expand in €, and  exactly as in (47), replacing « there by €4. In the recursion add —b1-Vg;_1 ¢
for 5 > 2 and add —b; - VW, for j = 1. The initial first coefficient is the one above and the
other initial coefficients vanish. The support and finite angular-sector properties are unchanged.
Induction gives pure-seed bounds C'e/?® and positive-viscosity bounds C(1 4 ¢)”e/?%, uniformly
in to: the first coefficient has just been estimated, and for j > 2 the external forcing is at most
Ce?5eli=1)75  Jeaving the same nonresonant gap jo — o. Positive-viscosity resonances produce
only the finite absolute-time polynomial. Consequently the residual estimate (51) holds with

a(t) = g7, a(0) = ¢*HESTEa(Hy) = 64/|C.|.

The residual contains no forcing-free term: the exact heat base is retained, and by - V of its heat
Taylor remainder has the seed factor ;. Its bound is CkVF1(1 +¢)Pa(t) by the displayed input
estimate.

The prescribed drift is identical in the actual and approximate equations, so it disappears
from the transport part of their Kato comparison. Choose M using the fixed exponent C4 as
before, and choose N with

g(NH) > (6+ K./B)r1.

The exact same X error calculation yields Ca**! plus a viscosity remainder o(8,) at the cap. It

is uniform for x < ¢3/2. The higher pure-seed terms contribute 0(53) and the positive-viscosity
correctors contribute O(k(1 + H,)P§,). The complementary first-coefficient response at S is
quQ”Sq = 0(d,). Its growing response gives exactly the asserted protected-coordinate cap. These
estimates also give the density bound.

For the whole moment, the integrated self-perturbation velocity is O(d,) as in (58). The
additional prescribed drift has integral at most Cq®(1 + H,)® = o(d,), by its ancient and future
bounds. The radial exponential Kato tail argument therefore applies unchanged. All formal
coefficients are supported in the fixed collars, and the leading growing coefficient has moment b.
The complementary, nonlinear and viscosity errors estimated above, followed by the Gaussian
tail bound, prove the whole-moment cap. This completes the proof. ]

93



For coupled use of Theorem 4.12, the actual Biot—Savart field must satisfy bounds for the
harmonic remainder, core leakage and feedback. Over a logarithmic stage, a finite harmonic
expansion must be carried to an order whose omitted remainder beats the comparison exponent.
The exterior remainder in (81) records the spatial estimate; the time-dependent coupled estimates
are additional requirements.

5 Actual cores, localization and the cold packet

5.1 Actual viscous outer cores and the local harmonic field

This section proves a conditional estimate for the actual coloured Navier—Stokes evolution. Its
nonradial-density hypothesis is explicit; it is not deduced from material contours or from named
unstable coordinates. We identify © = (z1,22) with z = 21 + iz9 and identify a velocity with
u1 + tuy. Thus

K(z) = — Jz =iz.

onz’

Let P denote circular averaging. For f € L' N L™, splitting the Biot-Savart integral at distance

d and optimizing d gives
1K * flloo < OV N oo (87)

Indeed the near integral is at most C'd || f||,, and the far integral is at most C' || f||, /d.

Lemma 5.1 (Fourfold growth at the origin). If f € LY(R?) N L>®(R?) is invariant under z — iz,
then

[+ f(2)] < 401l I2]-

The numerical constant is independent of support, mass, scale and viscosity. Neither zero circu-
lation nor regularity of f is required.

Proof. Put M = || f||,, and r = |z| > 0. Split the convolution into |y| < 2r and |y| > 2r. The
near contribution is at most

M
2

/ |¢|7td¢ = 3Mr.
I¢|<3r

The far region is invariant under quarter turns. Averaging its kernel using the symmetry of f

gives the exact identity
1 23: T
1= (kg gt

For |y| > 2r its modulus is at most (16/15)r3|y|~. The entire infinite tail satisfies

o0 M
/ ‘f(gi)‘ dy <27 M s3ds = %
ly|>2r |y\ 2r 4r

The far contribution is therefore at most (2/15)Mr, and the sum is at most (47/15)Mr < 4Mr.
All changes of variables are legitimate: the original convolution is absolutely convergent by the
local integrability of |y|~! and f € L' N L. At 2z = 0 the same rotational averaging gives zero
directly. O
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Lemma 5.2 (Exit controlled only by radial drift). Let a diffusion satisfy
dXs =v(s, Xs)ds + vV2r dBs, Xo ==,

and let o be its first exit from By, where |x| < b. Suppose, before exit,

T
W)yl SV O<lyl<tl,  Vzo. D= [ V(ds<b-lal

Then

P(oc <T) < 2exp (—W) . (88)

There is no bound on the tangential component of v.

Proof. For A\ > 0 set ¢(y) = cosh(A]y|). Its even power series shows that it is smooth at zero. In
dimension two,

A¢ = X2 cosh(\r) + %sinh()\r) < 202, v-Vo <AV (s)p,

using sinh a < acosha for a > 0. Therefore It6’s formula shows that

e—2u>\2(s/\a)—>\ fOSAG V(r) dTgb(Xs/\o)

is a nonnegative supermartingale. Stopping at 1" gives

cosh(A[z) suneriap “\(b—|z|— 2
Plo < < A L2y + <9 (b—|z|—D)+2vA T
(0<T) cosh(Ab) = e

Choose A = (b — |z| — D)/(4vT). The stopped calculation remains valid for bounded drifts
smooth for positive times: stop first before their time endpoint and then pass to that endpoint.
No approximation of a radial drift bound is used. O

Consider real, fourfold symmetric colours solving

Oyw; + u” - Vw; = vAwy, u = K x Z wy, (89)
!

with geometric scales
A= Allglila Ry = qul717 1 < Bumin < B < Bmax, q< iu Bq < %

Assume
lwi (0], < CoAiRY, [wi(0)[| oo < CoAr. (90)

In the countable case assume that the initial series converges absolutely in L' N LP, p > 2, and
use its mild Navier—Stokes solution and the associated linear coloured evolutions. The common
velocity is bounded and smooth for positive times. Norm contraction identifies its vorticity
with the sum of the colours, and (87) implies uniform convergence of the velocity series because
YL AR < oo.

Fix an index i, a window T'= H/A;, and

v

AR

K; =
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Suppose that for some fixed ag > 0 every [ < i has an initial constant core,
wl(O) =C on BaoRl7 |Cl‘ S C()Al. (91)
Write hy = (I — P)w; and impose the actual density hypothesis

sup ||y(t)||, <SAR?  (1<i), 0<d<l. (92)
0<t<T

No nonradial hypothesis is imposed on [ > 1.
The scalar stochastic representation used below is

wi(t, z) = E[w; (0, Xy)], dXs = —u"(t — s, Xs)ds + V2r dBs, Xy ==. (93)

Its sign is verified by applying It6’s formula to w;(t—s, X;): the drift is —0yw;—u”-Vw;+vAw; = 0.
For completeness, first stop at ¢ — e, where the coefficients are smooth. Boundedness of the
drift gives a continuous limiting process at t. Its transition densities away from starting time
are bounded by C/[vs]. This bound follows by L' contraction, the Nash inequality |f]3 <
Cl f||f IV f ||§, the L? energy identity, and the corresponding adjoint estimate, composed at the
midpoint. Thus w;(e) — w;(0) in L' suffices to pass to the endpoint in expectation. Approxima-
tion of the bounded initial colour in L' by continuous functions also justifies evaluation at the
limiting endpoint. This verifies (93) for the actual colours without smoothing an asserted radial
bound.

Proposition 5.3 (Uniform persistence of actual constant cores). Consider the finite or countable
coloured evolution and geometric scales specified above, with v, H > 0. Assume (90), (91), and
(92) on [0,T], where T = H/A;. There is C > 1, depending only on Cy, ag, Bmin; Bmax, with the
following property. Set

5q? Bq 9 ao(B—1)
D=vi * = 1o = -
\[+ﬂ—q2+1—ﬁq’ “ T 512 c 16CH
If
CHD < % ACyeexad/ (i) < % (94)

then, with a = ao/2, for 1 <i and 0 <t <T,
_ 2 P2
lwi(®) = cill oo (B, 5,) < 4CoAre cxadR}/(vt) (95)

All constants are independent of i, viscosity, and the number of colours.

Proof. The maximum principle gives |||, < 2CoA;. The radial average induces a purely tan-
gential velocity, so (87) and (92) imply

(K wy) - e, < ||K *hyll, <CVEAR, (1<)

Every unrestricted inner colour has || K * wy||,, < CApRy, whence

S IE # willy, < CARI ﬂqﬁ .
k>l —Pa

(96)
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Temporarily assume that all probe-core defects satisfy
[wk = ckll oo (B,p, ) < €A
For k <l and |z| < agRy, one has |z| < aRy/2. Decompose the older colour into
wy = cleaRk + (wk. — ck)lBaRk + wk1R2\BaRk'

The first term gives exactly (ci/2)Jz. The second gives a velocity bounded by CeAg|z| by
Lemma 5.1. The radial part of the third has zero velocity inside the disk. Its remaining density
is hylg2\ g, Ry whose L' norm is at most §A;R%. Its exterior series starts at degree three, so

| K * (wkle\BaRk)(zﬂ < C6A|2)?/R2. (97)

Here and below the density is evaluated at its actual viscous time. Summing the self, inner and
older bounds gives

(1 2) - en] < CALR, <D+ ; = 1) (2] < agRy, 1 < i). (98)
We used the geometric sums
A A 2 A
Z?ggﬁéﬁz 2’ ZAkgﬁ_ll'
k<t 'k 1 q k<l

Fix C large enough for (98).

On a bootstrap interval with € < ¢,, the integrated radial drift in the backward representation
is at most agR;/8, because ;T < H and (94) controls both terms. Start at |z| < agR;/2 and
stop on exiting By, g,. If the backward path does not exit, its endpoint belongs to the initial
constant core. The possible discrepancy outside it is at most 2CyA;. Lemma 5.2 therefore gives

(3aoRz/8)2>

lwi(t,x) — ¢;| < 4ChA; exp <— ™"

which is (95). Subtracting ¢; is legitimate: a constant is itself a bounded scalar solution, and
bounded stochastic representation does not require its integrability.
Even for a countable total family, ¢ is fixed and the bootstrap variable is the finite maximum

|wi(t) = cill oo (5
) L aORl/2)
Ei(t) :== max 4, .

It is continuous for positive time. To initialize it without any bootstrap assumption, put U =
supg<i<r ||’ (t)|l o < 00. Whenever Ut < agR;/4, the radial exit lemma with drift bound U gives

Ei(t) < 4CoeBRI/A28v) o (41 0).

This initialization interval may depend on %; no uniform interval is needed. If F; first attained e,
the conditional estimate (95), applied up to that first crossing, together with R; > R;, t < H/A;,
and (94) would instead bound it by €, /2. This closes the bootstrap. The finite maximum adds no
dependence on i to the quantitative estimate. Countably many inner colours enter only through
the uniformly convergent velocity series in (96); no countable supremum of probe defects or
passage from finite-colour evolutions is used. O
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Proposition 5.4 (Harmonic exterior field and actual density leak). Under Proposition 5.3, set

1
bi:ZK*wly Qz‘: QZCZ’ HZ':ZK*(U)[].RQ\BGRZ), Li:ZK*((wl_Cl)lBaRl)'

1<i 1<i 1<i 1<i

For |z| < aR;/2 one has the exact decomposition

bi(t,z) = Qi Jz+ Hi(t,z) + L;(t, z). (99)

The field H; is divergence free and curl free on Byg,, and
|H;(t, z)| < CoA|z|?/ R, |DH;(t,2)| < CA;|z>/R2, (100)
|Li(t, 2)] < CAzec=0/(5iH) |4 (101)

The cubic coefficient of H; is exactly

ealt) = — -3 /|y|>alel§;y)dy, (102)

With () = [ (t)lly /(ART),

AZ i—1
le3(t)| < C’? > (@®/B) ™ i—m(t) < COA;/ R}, (103)
7 m=0
Furthermore,
|Hi(t, 2) — c34(t)2°| < C6A;|2|"/ RS, (104)
|D(H;(t,z) — 037i(t)23)| < C’5Ai\z|6/R§. (105)

The derivative denotes the real spatial Jacobian. No derivative bound on L; is asserted.

Proof. The constant disks induce (¢;/2).Jz in the specified region, proving (99). Exterior densities
induce curl free velocities away from their supports, and all Biot—Savart velocities are divergence
free. Radial averaging commutes with radial truncation, and an exterior radial density induces
zero velocity inside its truncation radius. Consequently, on this region,

? — hl(t7 y)
Hi(t,z) = Ton Z Z Z4m+3/ —imra W

1<i m>0 ly[>aR; Y

The inverse radial moment is zero, so this gives exactly (102). The coefficient integral is at most

l[7ully
(aR)*

This proves (103).

The series and its first spatial derivatives converge uniformly on |z| < aR;/2. Indeed each
series ratio is at most 1/16, and the derivative majorant adds only the factor 4m + 3. Thus,
for each colour, its harmonic field and derivative are bounded by C64,|z|3/R? and C§A|z|?/R?,
respectively. Removing m = 0 gives C64;|z|7/R¢ and C§A;|2(%/RS. Summing uses

Z ﬁ < Az’/ R?

=R T 1-4Y/B
These prove (100), (104), and (105). Finally Lemma 5.1, (95), and >°,<; Ay < A;8/(8 — 1) prove
(101). O
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1/4

Scope for the localized tail problem. If R, =x;"" R; < aR;/2, then throughout Bg,,

|bi — Qi Jz| < CA;|2]2/R2 + C Aje o8/ (i) |5

The integrated linear-leak coefficient is at most CH e—ea0/(kiH)  The actual density leak is
therefore quantified; no material hole has been retained by assumption. The harmonic derivative
estimate (100) is available for a coupled transfer or energy calculation, while the core leak has
only the growth estimate (101). The parameter margins are compatible with H =< log(1/q) and
ki = ¢*/% if \/0H is sufficiently small. This compatibility does not prove (92); obtaining that
hypothesis and controlling the coupled inner aggregate over its whole receiver window remain
separate nonlinear tasks. In particular no fixed-data nonunique vanishing-viscosity theorem is
concluded here.

5.2 A quantitative parabolic localization estimate

The next estimate concerns an actual convection—diffusion equation, and gives a quantitative
substitute for compact material support. Its local cubic drift hypothesis must still be verified for
a coupled Navier—Stokes cascade.

Lemma 5.5 (Localized tail exit). Let f solve
Wf+U-Vf=vAf,  Ut,z)=Qt)z"+V(t,z)+btz), divU =0,
on 0 <t <T, with || f(0)|l; <m and supp f(0) C B,. Suppose

IV ()]l < Com(vt)~'12,
b(t,z)| < Llxz|  for all x,
b(t, )| < Cslz|® + £(t)|x| for |z| < R..

Assume £ > 0, Q is integrable, and
T m
r<R.4,  C4RT +/ (<t CooViT < RS
0

There are absolute ¢, C > 0 such that

su / |f(t,x)|de < Cme el
y ~ X — .
P || >R P vT

t<T

For each fixed integer k > 0 there are constants ¢, Cy > 0 such that

R
/ @[5 £(T, )| da < CrmeCET RY exp (_c ) |
ol>R. Ee

provided additionally vvI < cR.. The conclusion holds for smooth drifts and for limits for

which the parabolic solution and the corresponding diffusion representation are obtained by smooth
approximation.
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Proof. Kato’s inequality bounds |f| by the positive scalar solution from |f(0)|. Normalize this
initial mass and represent the positive solution by the diffusion

dX; = U(t, Xt) dt +V2v dB;.

A time-dependent rotation removes 2(t)x"; the rotated Brownian motion remains standard and
all norm assumptions are unchanged. Let o be the first exit from Bpg,. Before that exit, deter-
ministic Gronwall applied to the integral stochastic equation gives

t
sup | X,| < OB ¢
s<tAo

r+ QCQT\/I/»t—i- \/21/sup|le .

14 s<t

The stated margins imply that o < T requires supg<p |Bs| > c¢R./+/v. The coordinate reflection
bound for planar Brownian motion yields

cR?
Pe<T)<C -—.
(c<T)< eXp< VT)
An endpoint outside Bp, requires this exit, proving the mass bound.
For the moment assertion, condition at ¢. The remaining drift has linear growth bounded
by L|z| plus ||V (t)|,. Its integrated bounded contribution is at most 2Cy(m/v)vVvT < R, /4.
Gronwall and Brownian moments therefore give, uniformly in the exit time,

E[| X" | Fo] < Che® " RE on {0 < T}.

Multiply by the indicator of this event and use its probability bound. Finally restore the initial
mass, which is at most m. ]
1/4

i

For a receiver with k; = v/(A;R?) and stage duration T = H/A;, the choice R, = &
gives

R;

R? 1 1275 -

= CsR2T < Caiw)/*H if C5 < C Az R2.
i

A global bound L < CA; costs only e“* independent of depth. The exponential exit factor

dominates that cost as ; | 0 for logarithmic stage lengths. This parameter calculation does not

verify the required local cubic hypothesis for the actual foreign field.

5.3 Nonlinear inner-tail suppression through a receiver window

The estimate in this section is conditional on quantitative information about the actual foreign
velocity. It closes a longer-time nonlinear subproblem than the isolated-tail and first-diffusion-
time estimates. It does not establish the required nonradial-density bound for the active and
older outer colours.

Write J(z1,22) = (—z2,21), 2 = 21 + ix9, and

K@) =5 Bl = [ 7f0) e

B 27|z |2’ R2

A scalar is fourfold symmetric if f(Jz) = f(x); a vector field has the corresponding covariance if
b(t,Jx) = Jb(t,x). Constants denoted by C can change from line to line.
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5.3.1 A Gaussian-energy estimate for a globally weak foreign field

Proposition 5.6 (Weak foreign field through a finite window). There are universal constants
¢, o, C > 0 with the following property. Let p > 2, and let fo € L' N LP be real, fourfold
symmetric, supported in B, and satisfy

[h=0 Bif=0  m=lfl,.

Suppose b is divergence free, has fourfold covariance, and, after removal of a time-dependent solid
rotation, satisfies

[b(s, )| < L(s)lzl,  [b(s, )| <d|z, (14 8)l(s) < Ao
Let f solve
Osf+ (K f+0b)-Vf=Af.
For S > 2, assume the displayed hypotheses on 0 < s < S —1 and

mSY%\/1+1ogS < c. (106)

Then
sup [ Bu(f(s))| < C [m2S7/P(1 4 log ) + mdS™ /] (107)
0<s<5—1
The constants are independent of a decomposition of the datum into smaller scales. The assertion
holds for smooth drifts and for the parabolic limits obtained by approximation with the stated
bounds.

Proof. Scalar contraction and the divergence-free Nash estimate give

Il <m, 1)l <Cm/s, K % f(s)llo < Cm/Vs.

The last estimate follows by splitting Biot—Savart at a radius and optimizing. Take sy = 1/100.
The positive scalar solution from |fy| dominates |f|. Its diffusion representation, after removing
solid rotation, obeys

|X,| < e |14+ Cmy/s+V2sup|Ba||  (0<s<s0).
a<s

The Gaussian exponential moment of the Brownian supremum is finite at this fixed small time.
Define the Gaussian weight parameter by

Ba = 3/10.

It follows that
/65G|$|2/(1+50)|f(50,x)| dz < Cm.

Multiplication by the Nash L> bound gives a weighted L? norm O(m). Fixed polynomial absolute
moments are O(m) on [0, so]. The exact harmonic-moment equation and symmetrization of self-
advection therefore yield

|Ba(f(s0))] < C(m?* + md). (108)
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For clarity, the self contribution is bounded by Cm [ |z|?|f|, because |22 — 43|/|z — y| < C(|2|* +
ly|?); the foreign contribution is bounded by d [|z|5|f|. These bounds also prove the result
directly if the final time is smaller than sg.

For s > sp put

T=log(l+s), y=z/V1+s, w(r,y)=14s)f(s,z), E(r,y)=V1+sb(s,vV1+sy).

Then
wr =Lw— (K xw+ E) - Vuw, C:A—l—%y-V—i—l,

with |E| < A(7)|y|, A < Ao, and |E| < a(7)|y|3, where a(7) = de®". Let
2 2 2
Fp, = Heﬁmm ﬂ“’”w Dg, = Heﬁmm /QV“’HQ'

Before using the full Gaussian weight, we establish membership in its energy space. Put 79 =
log(1 + sg) and, for R > 1, set

Pr(t) = i Or(t) = PR(t) = R’ (y) = ePe®rlyl) _ 12
R R2+t7 R R (R2+t)27 PR\Y e s 9R pR w.

These weights are bounded and smooth, 0 < 0z < 1, and pr 1 ePalyl® | The short-time exponential
moment and Nash bound proved above give [ prw(79)? < Cm?, uniformly in R. For each bounded
weight, spatial cutoffs and integration by parts give the exact identity

(w, Lw)pr, = = IVgrll5 + 5 lgrlls — o / yP0r(y1*) (5 — Babr(y*)gr dy.

Here the second derivatives of log pr cancel after substituting w = p}}l/ 2 gr. With cg, = Bg(1/2—
Ba) > 0, the last term is at most —cg,, [ \y|293g%. The divergence-free advection contributes

/BG/(K*U)"‘E)‘Z/GRQIZ% dy.

For 7 > 79, the Nash estimate and the similarity change give ||K x w||,, < Csym. The foreign
contribution is at most BgAo [ |y|*0rg%, while Young’s inequality gives

C
B |1 s wl, [ 1olongh < L [ lyPongh + Coe IK = wlX lgrl.

Choose \g so that BgAo < cg, /4. It follows that, with constants independent of R,

d 2 2 Cp 2
5 lgal3 < = gl — 2 [ 10rgh + €1+ m) gnl

Gronwall gives a uniform bound on every fixed finite time interval. Monotone convergence and
weak lower semicontinuity show that Fj,, is finite there, and that V(ePelvl*/2p) and |y|efelvl/2qy
are square integrable in space-time. Thus Dg, is locally integrable in time. The transformed
equation has its time derivative in the dual of the space with norm |gll, + [|Vglly + |llylglls:
the linear drift and resulting quadratic potential define bounded bilinear forms on that space.
The resulting energy identity supplies the continuous weighted-L? representative. Cutoffs in the
now integrable full weight justify the identities and energy inequalities below. This preliminary
argument uses no oscillator gap for the bounded weights.
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Writing g = ePalyl?/2y gives the exact identities

2 2 2
(w, Lw) g, = % l9ll3 = Vallz — Ba(1/2 = Ba) ylgll3 -
2 2 2
Dgg, = |Vylls + B& lllylgllz + 28 llgll3 -

For ag, = \/Ba(1/2 — Bc), completing squares in 3 [|0;g + agGng||§ proves

V6

Mg = 9913+ Ba(1/2 = 50) llnlgl3 2 2asq gl = 2 gl

Moreover D, < 3Hg,: one can first bound it by 3Hg, + 2 || gl|3 and then use the last inequality.

Splitting Hga,, into 5 Ha, + 2 Hp, yields

(w, Lw)pg < —25Daq + 55 F5,- (109)

Here 5 — 5%
The Hardy—Littlewood—Sobolev estimate and Gaussian weighted Holder give

1 47 V6 1
— 5 < 5
25

1K wlly < Cllwlly/s < Cag Fe-

The two-dimensional Gagliardo—Nirenberg inequality gives

1/2 1/2
lgll, < C gl 1V gll5.

Since |||ylglls + [[Vally < Cs,/Dgag, self-advection contributes at most
3/2 3/4
CF,BG DﬁG < CpgFa Dag

to the weighted energy. The foreign contribution is fg [ F - yeﬁG|y|2w2, bounded by Cg,ADg,.
Thus, while Fjg,, is sufficiently small,

112 1 1 2
2(Fie)" < =100 D86 + 25 F -
The initial weighted norm and a continuity bootstrap using (106) prove
log S
Fa. (1) < Cme™/, / Dp,, (r) dr < Cm25%/%. (110)
log(1+s0)

Let P be angular averaging, G = Pw, and h = (I — P)w. Every ordinary moment of h of
degree at most three vanishes: angular averaging removes radial moments, and fourfold symmetry
removes all other moments in these degrees. In

2
X =12/t dy),  H=|hlx,  Dn=|Vhl%,
one consequently has
Dy, > 3H?. (111)

Indeed L is self-adjoint in X, and its Hermite basis is 0*G, with G = (4%)_16_‘74'2/ 4 and eigenvalue
—|a|/2. Orthogonality to degrees at most three is equivalent to the stated ordinary-moment can-

cellations, because the corresponding dual Hermite polynomials span these polynomial degrees.
Expansion in this basis gives (h, Lh)x < —2H?; since the left side is —Dj+H?, (111) follows. This
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elementary Hermite expansion also follows from the tensor one-dimensional harmonic-oscillator
factorization.

Angular averaging is orthogonal for all the radial weights used here, and commutes with L.
Writing V, = K * a, the angular equation is

hy = Lh — (I — P)div[Vgh + Vi,G + Vyh + EG + Eh).

The radial field Vi; is tangential, so its weighted energy contribution is zero. The h—h and
E-h contributions are bounded by CHDj;, and CADy. Put Dg = ||[VG|% < Dp,. Weighted
integration by parts, unweighted HLS, and GN give

[(h, — div(ViG)) x| < CHF/?D{* D}/* < 0Dy, + C,H?F3, D",
The strict Gaussian margin Sg — 1/4 = 1/20 absorbs cubic multiplication:
Hely‘Z/SEGH2 < Ca(r)Fga,-

Consequently the E—G contribution is bounded by nDy, + Cna(T)2F§G. Take n and the bootstrap
constants sufficiently small. Using (111) yields
(H?) < —2H? 4 CF3, DY’ H? + Ca(7)*F3,.

By (110) and Cauchy-Schwarz,

/F/@GDEV/2 dr < Cm?8%/%°\/1+ log S < Cc2.

Variation of constants therefore gives
H(r) < Cm [e7197/10 4 ge?17/%5). (112)

Factors depending on the fixed initial time are absorbed in C.

Finally By(f(s)) = €?" B4(w(7)). Harmonicity cancels diffusion, and differentiating e” cancels
the dilation term. Radial self-advection vanishes. HLS and Gaussian weighted Holder show that

d T 27
DB~ )| < CE B H + alr) )

Substitution of (110) and (112), followed by integration, gives a first term Cm?28Y/25+1/10(1 4
log S) and remaining terms at most CmdS19%/?5 using m < 1. Together with (108), this proves
the proposition.

The bounded-weight argument and the subsequent uniform estimates also justify passage from
smooth data and drifts to the stated parabolic limits. No initial L° norm enters a constant. [J

5.3.2 Comparison with the actual local foreign field

Proposition 5.7 (Local harmonic field and a rough small leak). Let v,r,T, R, > 0, R, > 4r,
and p > 2. Let fo € L' N LP be real, fourfold symmetric, supported in B, and satisfy [ fo = 0
and By(fo) = 0. Put M = || fol|,, and let f solve on [0,T]

e+ (K« f+b)-Vf=vAf.
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After removal of a solid rotation, suppose b is divergence free, has fourfold covariance, and admits,
on Bag,, the decomposition

b="by+e, lb(t,z)| < L|z| globally,
|bu(t, 2)| < Calzf®, | Dbn(t, )| < Csla/?, (113)
le(t, )| < eL|z|.

where by, is divergence free with fourfold covariance and 0 < e < 1. All bounds hold on 0 <t < T.
Its streamfunction is defined on Bog, . Assume

CsRT +eLT <1 C(M/v)VvT < R,/8, VT < cR.. (114)

Take a fized radial cutoff of that streamfunction, equal to one in Br, and zero outside Bapg,, and
denote its velocity by b. Let g solve the same self-consistent equation as f, with foreign field b
and the same initial datum. Set ¢ = CC3R2. If M/v and £(r? /v +T) are sufficiently small, then

sup | Ba(f(t)) = Ba(g(t))| < CMRECHT [eL(T +r\/T/v)

t<T
+ (14 LRoy [ T/v)e /0], (115)

No derivative bound on the leak e is required. The assertion holds for smooth drifts and for
parabolic limits obtained by approximation with the stated bounds.

Proof. Choose the streamfunction 1y, zero at the origin. Integration along radial segments gives
|Yn(x)] < CCs|z[*. A streamfunction cutoff gives

bl <CCslaf’, Bl <l |DB|_<e

It is divergence free, has fourfold covariance, and equals by in Bg,. A second useful bound is
b(x)| < CL|z|: from e < 1 and (113), |by| < 2L|z| on Bag,, so |[¢n| < CL|z|? there, and cutoff
derivatives preserve this linear growth. Thus this bound does not require C3R? < L.

We first verify the velocity-gradient estimate needed for comparison. Normalize r = v = 1
and write m = M /v; the cutoff growth and Lipschitz constant are normalized in the same way.
Nash gives

lg®lle < Om/t,  ug(®)ll < Om/VE uy= K xg.

For My(t) = [|z|F|g(t,z)| dz, Kato’s inequality gives

My < 4m + Cmt ™2 \/mMy + 20My,
M} < 16My + Cmt = 2m A0 4 a0y,

Since M3(0), M4(0) < m, a continuity bootstrap gives
My(t) < Cm(1+1t),  My(t) < Cm(l+1t)?

when m and ¢(1 4+ T') are small. On these trial bounds the integrated self terms are respectively
O(m?(1+1t)) and O(m?(1 +t)?); ¢T < 1 absorbs the foreign terms. Hence

lzg@®)|l, < CmvVI+t,  |zg®)|l, < Cmt~>4V/1T+1.
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The second follows from ||zg|; < |lg]|, Ma.
With H; the heat kernel, scaling and the smooth kernels’ exterior decay give

VK * Hy||, <Ot
IVK s div Hyl|, <Ct%72, VK s« div Hylly < Ct™ 2, | VK x div Hy||y )5 < Ct™/%.

For the nonlinear differentiated kernel the tail is O(|x|~2), so the last three norms are finite before
scaling. The self flux uyg has L' norm Cm?2t=1/2 and L* norm Cm?2t—3/2. Split the heat-mild
time integral at ¢/2, using the kernel’s L> norm first and its L' norm second; its contribution
to Vug is Cm?/t. The foreign flux has L! norm C¢m+/1+t and L* norm Ctmt=3/*\/T+t. Use
the kernel’s L norm first and its L*/3 norm second. This contribution is

Ctmt~Y2/T 1+t < Om/t,
because ¢(1 + T') is small. The initial heat contribution is Cm/t. Undoing normalization proves
Vg (B)ll, < COM/W) . (116)
Put §=f—g,v=K 0, and F = (b—b)f. Then
0 — vAS + (uy +b)-Vi+v-Vg=—divF
Let 1) be a streamfunction of §. Testing in H~! gives
SUl3) + v 1813 < (IVugll + | DB ) I0ll3 + ol 11l - (117)

Here v - Vi = 0. Thus the term v - Vg vanishes when paired with ¢, and the same identity
replaces uy = ug + v by ugy in the other self transport term. Integration by parts bounds that
term by || Vugl| |v]|5. The identical calculation applies to b. The circulation of § is zero, and its
polynomial moments are finite, so v € L? and these tests are justified by approximation.

Both solutions converge to their common datum in L' N LP as ¢t | 0. Interpolation, using
p > 2, therefore gives ||6(t)||, — 0. Their first absolute moments are uniformly bounded near
zero by the Kato moment estimates and the linear-growth bounds. Since [§ =0,

36,91 < I¢] [ 1al16(t,2)] da.

In the Fourier identity ||v]|§ = C [ |€]72]6(t,€)|? d€, the part with |¢] < a is O(a2) uniformly near
zero. The part with |¢] > a is at most Ca=2||§(t)||3. First taking ¢ | 0 and then a | 0 proves
[o(®)l, 0.

The true coefficient in (117) is integrable at time zero, although the upper bound (116) is
singular there. Indeed gg € LP, p > 2, gives from the same mild formula

Vug(t)||. < Co(t~V/P +£1/2-1/P) g <t <.
g o)

The constant may depend on the actual initial L” norm and on the bounded cutoff drift. The
kernel norms are Ct1/7 and Ct1/2-1/P in LP; the latter time singularity is integrable, and
(ug + b)g has bounded LP norm near zero by contraction and the initial L'-LP Biot-Savart
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bound. Together with the initial trace just proved, this starts the integrating factor in (117) from
v(0) = 0. Only after writing its source integral do we use (116) on [s, t], obtaining

ool < [ @/)M @ |Rs)], ds (118)

Common smooth approximations have bounded initial LP norms, so no arbitrary initial term at
a positive time is discarded in this argument.
The localization estimate, applied at each time s < T, gives

/ 22 f(s,2)| dz < CMeCLs R2e—cR/(9),
|z|> R

The cutoff field and the actual field have global growth C'L|xz|. Combining this tail estimate with
Nash yields

H(b _g)flwzlzR*HQ < CLMf%eCLse—ch/(w)'

Inside Bpr, the difference of drifts is exactly e. A weighted Kato estimate gives [ |z|?|f(s)] <
CM(r? + vs)e®ls. Consequently

r2 + VSeCLs

ef Lot < CeLbty|—~

Substitute these bounds into (118). Since CM/v < 1/4, integration of s~1/2~CM/¥ is legitimate,
and yields, uniformly for t < T,

lo(t)]l, < CMeCET {eL(T +r\/T/v) + LR [T/ e—ch/@T)} . (119)

The bounded factor e/T is absorbed into C'.
For a radial cutoff y, equal to one in Bgr, and zero outside Bap_,

< CR{|[v]l, -

|V(x.2Y)||, < CRY, ‘/x*é"‘é

Both f and g satisfy the localized exit estimate, with the margins (114). Their exterior absolute
fourth moments are at most C M R1eCLTe=R2/(T) - Combining this with (119) proves (115). O

5.3.3 Physical normalization, the available power margin, and scope

Set
m=M/v, d=CCsrt/v, S =2+ vT/r%

To supply the full time interval required by Proposition 5.6, extend the cutoff comparison field b
by zero on (T,T + r%/v] and continue its solution g there. This extension preserves divergence,
fourfold covariance, and the cubic and linear growth bounds. It is a bounded measurable-in-
time, spatially Lipschitz drift and is covered by the parabolic approximation formulation. On the
original interval the normalized weak-field coefficient is £yorm = (/)¢ and satisfies

(14 8)lnorm(s) < E(TQ/V +7),
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and it is zero afterwards. Consequently the same smallness hypothesis supplies the normalized
drift through s = .S — 1; the comparison on [0, 7] is unchanged. The space-time change z = ry,
t =7r2s/v,and f(t,z) = vr=2F(s,y) gives these quantities exactly; moreover By(f) = vriBy(F).
Applying Proposition 5.6 to the cutoff-field solution and Proposition 5.7 to the actual solution
gives

4| M 7/50 Cart 102/25
sup [By(f(t))| < CMr 75 (l—i-logS’)—i-TS
t<T

+ CMRLECET [eL(T + 1\/T/v) + (1 + LRoAJT/v)e= /D], (120)

This requires (106) and the small normalized linear-growth bound of the cutoff field in addition
to the local hypotheses. No cutoff has been applied to the actual nonlinear solution.

For this geometric cascade budget fix § and Cy > 0, assume 0 < § < land 1 < H <
Cplog(1/q), and take a receiver (A;, R;) with

r=qR;, M < CBA¢*R?, %:A22:q3/2, T=H/A;, R, = k'/*R;.

Suppose the actual outer-colour estimates furnish
L<CA;, C3<C8A;/R?, €< Ceo/(xH),
Then m = O(8q"/?), d = O(5¢°/?), and S = O(q~'/?H). Dividing the first line of (120) by A;RY

gives
0(62q643/100H7/50(1 +log S) + 55q323/50H102/Q5> . (121)

The powers are 6.43 and 6.46. The localization terms are smaller than every g-power for loga-
rithmic H, since

R? 1

P e 2 =
- mm O(H),  C3R*T = O(v/rH).

The remaining tail margins follow from
(/v +1) = O(lg"* + ¢*/*H]) ,

W = 0(Bq"*VH), \/}?T = ¢*/*VH,

mSY?\/T+1log S = O(5q12/25H1/25\/1 + log S) .

Also 7/R. = ¢°/® and LT = O(He‘c/(q3/2H)). All these quantities tend to zero uniformly in the
stated horizon range. Writing L, = log(1/q¢), the two terms of (121) are bounded by

Cﬁ2q643/100L27/50 I Cﬁéq323/50L§02/25 — o(¢®),

uniformly for 0 < 0 <1and 1 < H < CgL,. A fixed prefactor in the support radius changes
only the constants.

The actual outer-core argument supplies the required harmonic-plus-leak hypothesis condi-
tionally on the density bound

sup ||(I — P)w(t)||; < JAR}, 1<i.
t<T
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Its harmonic exterior multipole series can be differentiated to give | Dby, (x)| < CCs|x|? throughout
Bop, when this disk lies strictly inside the constant-core probe region; the exponentially small core
density defect contributes the rough leak. When these inputs are obtained from Proposition 5.3,
its core margins (94) must also hold. Thus the present section closes full-window nonlinear inner-
tail suppression under this explicit outer-density input. It does not prove that input for the active
colour and older seeds, a signed outward transfer, or distinct vanishing-viscosity accumulation
paths. The zero initial fourth moment used here is the one of the prescribed initial inner stack:
termwise integration is justified by ), AZR? < 00. A restart from a later state retains its actual
fourth moment. If only By(fo) = 0 is dropped while all other hypotheses of Proposition 5.6 remain
in force, the same proof adds |B4(fo)| to (107). A noncompact restarted state additionally requires
a separate Gaussian-space entry estimate.

Remark 5.8 (Selected-cutoff scope). The displayed ¢543 and ¢%46 budget uses x; = ¢*/? at the
selected cutoff level. At later, larger receivers the same physical viscosity has a smaller normalized
value; their aggregate of smaller colours includes the intended active child. The budget is not
an erasure estimate for that entire aggregate at every later stage. After a source leaves its small
cap neighbourhood, its constant-core probe on a canonical source window requires a separate
comparison; it is not a consequence of the small-density hypothesis over that post-cap window.

6 The actual inactive prefix

6.1 Fixed seeds: separate initial and forced prefix contributions

The following scalar comparison separates the common initial seeds from the forced response. Its
coupling inequality is a hypothesis.

Lemma 6.1 (Two prefix norms). Let 8 > 4,0<q< 1,8 >0,b>0, and A; = B!, Fix
a receiving index j > 2. Suppose mnonnegative continuous functions x;, 1 < i < j, satisfy, on
0<6<S,

0
z:(0) < Mbet? + M/o eo(0=5) (Z Kiyr(s) + fz(8)> ds, do=72 ; 77, (122)
I<j

where M,C,0 > 0, n,m« > 0, f; > 0 are integrable, and the nonnegative matriz K obeys

15 ,2(i—1) -
Kii < Cr./B, Ky < C/Bl oy l = ‘
CBlIg8U=0 <1<

Assume Bq® < 1. Define
Bq¢° /B
rg=— [ T«+ +
b 5( 1—B¢5 " 1-¢2/B

Then x; < h; + p;, where the initial contribution satisfies

>7 AB =X+ Mrp.

max hi(0) < Mbes?. (123)
1<j
For D > § with Dq® < f, put w; = (Dg®)/~" and
C B D¢®
-y * ) = M .
rp 6<T +D—B+B—Dq8 )\P )\0—1— rp
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The forced contribution satisfies

. 0 .
P(#) := max pi6) < M/ AP0~ max Jils) ds. (124)
W; 0

i<j i<j  w;

All constants are independent of j. One can choose n,r, small, then D large and ¢ small, so both
Ap and \p are strictly smaller than o /2.

Proof. The row sums of K are bounded by rg: for [ = ¢ 4+ d the inner coefficient is at most
CB7(Bq5)%, and for | = i — d the outer coefficient is at most C37~7(¢?/B)?%. Use B9 < 1/8 and
sum the geometric series.

Solve the positive comparison system

Y' = (Nl +MK)Y +Mf,  Y(0)=Mbl.

Iteration of (122), or its integral comparison principle, gives x < Y. The variation-of-constants
formula splits Y = h + p, with

6
h = €(>\O]+MK)9Mb1, p= M/ 6()\0[+MK)(0_S)f(S) ds.
0

The unweighted maximum norm gives (123). For the weighted maximum norm, the inner row
acquires (8/D)% and the outer row acquires (Dg®/3)?. Their geometric sums give rp and hence
(124). Since A is close to /8 < o/4, first make the diagonal term small. Increasing D makes
the remaining g-independent term in rp small; subsequently decreasing ¢ makes all other terms
small. O

Corollary 6.2 (The fixed-seed baseline is small in its actual field). Assume the hypotheses of
Lemma 6.1, with A\g < A < 0/2, in the clock § = Ajt. Suppose H > 0 and the completed cap
clocks satisfy

N-1
Tin<S/AN+H> A, N>j  S>HB/B-1).

m=j

Let 0 < 6 < 6, where §, < oo is fized, and put b = Se~ 7. Then through T; N the initial
contribution is bounded uniformly by

B = Mée (@28,

Its normalized inward feedback on the receiver j is at most

2
CZﬁi—jqﬂj—i)hi < CB q /5

2 et (125)

The forced contribution has feedback at most
Dq*/p
1—-Dg¢*/B

In particular, for a fired ho > 0 and H = hglog(1/q) one can take S = Cylog(1/q) so that B =
O(q%) and its feedback is O(q®), with constants independent of depth and uniform for 0 < § < d,.

CP
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Proof. Writing a = 87~V € (0, 1] gives

AT Ny < Sa+ iﬂ(l —a) <S.

B—1
Apply (123). The actual inward row in (125) is a geometric series with ratio ¢?/3. For p; < w; P its
ratio is Dg®/3. Choose a fixed Cy > hof3/(8—1) with Co(o— ) > 6. Then B < M§,q¢0(0*) =
O(¢%), and its receiving-field row adds a factor O(¢?). If Dg8 < 1, the local chart bound follows
from x; < B + w; P < B + Dq°P whenever the latter quantity is below r,. ]

For the coloured Navier-Stokes evolution, the spatial ¢> and ¢% rows and the forced term must
be estimated separately; see Proposition 6.4 and Section 6.3.

Remark 6.3 (A generic smooth-profile self rate). The same positive-matrix proof works with
Ao = /B for any fixed v > 0. Choose 8 > 4v/0, then choose the foreign-row parameters so
Mrp and Mrp are less than o/4 — v/f. For a differential inequality whose diagonal rate is
at most y3°7, use v/B as its common upper bound. Thus a fixed-profile Kato rate can be
used independently of the unstable eigenvalue. The transform selection in Lemma 4.10 permits
choosing a good # in any fixed sufficiently large interval, so this parameter change causes no
conflict with the isolated source transform.

6.2 Actual inactive densities and a large amplitude ratio

Fix the smooth radial reference W and p > 2. The inactive comparison uses the actual coloured
Navier—Stokes equation without differentiating an inactive colour. Its fixed-profile transport-
stability rate is made small in the receiver clock by choosing the amplitude ratio sufficiently
large. The first two closure corollaries assume an explicit packet bound; Section 6.3 derives a
bound from the actual packet.

Let P denote angular averaging. Use

A=A B0 Ry = Ri¢" !,
Gult,) = Ay [ AW (/R
G=w —Gj, hy = (I - P)w = (I - P)¢.

For any density v put

||U||Xl qulQ l lz/pa J)l() ||Cl( )HXZ

Assume the initial colours are real, fourfold symmetric, have zero circulation, are supported in
B, r,, equal a constant in B, g,, and satisfy

lwi(0)]|; < CoAyRY, [wi(0)]| oo < CoAy

Here ag, cg, Cy are fixed. For the smooth seeded family these facts follow from the fixed compact
derivative collars. The series of colours is absolutely convergent in L' N L”, and B¢ < 1, so its
common velocity and coloured evolution are well defined as before.

Choose a fixed dimensionless annulus A and d, > 0 such that

dist(supp VW, R%\ A) > d,.
Set A; = R A. Choose ¢ afterwards so that these annuli lie inside the older constant-core probes

and are separated from the small receiver truncation balls used below.
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Proposition 6.4 (Stopped inactive row with explicit parabolic errors). There are constants
~v,C,c > 0, depending only on the fired smooth profile, p, and the displayed initial prefactors,
with the following property. Fiz j > 2 and

14

AR

T < S/A;, Kj = §q3/2, 1 <8< Crlog(l/q).

Stop at the first time any i < j reaches x; = 6. Assume 3 >4,0<q<1, fg<1/2,0<0<1,
x;(0) < ¢ fori < j, q sufficiently small, and

CS(Vs + Bg) < c. (126)

In the clock 0 = Ajt, every inactive i < j obeys

dtz; - . o
o <A+ OY BIPa + CY B e + fi(60) + By, (127)
1<i i<I<j
where
1
fi(0) = — 1y, ZK*hl -VG; att:G/Aj
4 1> X
is the actual current/deep nonradial forcing. With
oS Cq—2m
em = Ce " exp|— ) m > 1,
/ijS
one can take
E; = C’[B—kek + Z B "er + Z B8k e, 4 ¢, Z B_’”qk_r]. (128)
r>k 1<r<k 1<r<k

The sums may be enlarged to infinite sums of nonnegative terms. No small nonradial-density
assumption is imposed on colours l > j.

Proof. The exact radial heat profile is an isolated Navier—Stokes solution. For the actual common
velocity u, subtraction gives

(8t—|—u-V—yA)<i_—[K*QA—ZK*@U; - VG;. (129)

I

Every radial foreign velocity is tangential and annihilates VG, so the foreign fields on the right
can be replaced by K x h;. In particular diffusion produces no separate angular source. If every
initial colour equals its radial reference G;(0), then {; = h; = 0 solves the comparison system
with the prescribed initial data. For arbitrary radial initial colours the common velocity remains
tangential, and

hi(t) =0, Gi(t) = "2 (wi(0) — G(0)).

This difference is radial and need not vanish. In the all-radial zero-seed member of the reference
family the colours equal their references.

The scaled Biot-Savart split gives ||K * (|, < CpA;iR;x;. Heat contraction of the fixed
reference gradient in L' and LP, and the scalar Kato inequalities, bound the self term by vyA;x;.
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For example v can be chosen as a constant multiple of Cy,(|[VW |, +|[[VW]|)). No derivative of ¢;
enters this estimate; the actual nonlinear transport term disappears from the norm inequalities.

We verify the localized foreign-field estimates under the stop. For any fixed index [, the global
radial component obeys

u(t, z) - er| < CA|z| + CARB. (130)

Indeed every radial average has tangential velocity. For k < [, the fourfold origin-growth bound
gives |K x hi(x)| < C||hi| o |z| < CAglz|, and Y,y A < CA;. For k > 1 use | K xwgl|,, <
CALRy and >, Ap Ry < CAR;Bq. The same estimate holds for only the foreign radial field.
The constants in these sums are uniform for 5 > 4 and fq < 1/2.

Apply the actual outer-core bootstrap to the stopped finite prefix [ < j — 1. Its nonradial-
density hypothesis follows from ||ly]|; < 24;Rfx; < 254, R?. All colours k > j enter that
bootstrap through the unrestricted, convergent velocity sum ;. ; A;Ry. The parameter margin
(126) and small ¢ therefore give the individual core estimate

[wi() = eill oo (B,5,) < C Age R0, a=ap/2. (131)

The bootstrap error threshold is of order S™!; its improvement follows from ;S < 1 just as
in the outer-core proof. Retaining the individual radius in that proof, rather than its maximum
over [, gives (131).

Fix ¢ > ¢g. On B,,p, the own nonradial velocity is bounded by CVSAR;. Older constant
cores contribute only rotation; their harmonic remainders contribute C§A;R;¢?/3 and their core
leaks are exponentially small. All inner velocities contribute at most C A;R;3q. Choose ¢ so that
this ball is strictly inside every older core probe disk. By (126), the integrated radial drift is less
than a fixed fraction of (¢ — cg) R;. The radial exit estimate for the positive scalar evolution from
[wi(0)] gives

/ lwi(t, z)| de < CAZR?e_CRlQ/(”t). (132)
|x‘>02Rl
For its post-exit fourth moment use ¢(x) = (R? + |z|?)2. Equation (130) gives u - Vo < C A9,

while vA¢ < CvR;?¢. Conditioning at exit from B,g, consequently gives E[p(X;) | Fexit] <
CR?eC(AlJ“’ /ROT < C’Rflecs . Multiplication by the exit probability proves

[ et o) de < CARpeCSe R, (133)
‘x|>62Rl

Angular averaging preserves radial integrals. Inside B, g, use ||h||; < 24, R?z; outside use (133).
It follows that

/ 4Ry (t, )| dz < CARS[xy(t) + ej_1]. (134)

For an inner colour ¢ < I < j, take a fixed small » > 0 such that B, g, is inside the initial
constant disk of colour i and cpq < /4. In this ball the radial velocity estimate based on index i
has the same small integrated bound: the own nonradial term is C'v/d 4;R;, older remainders are
controlled by (131), and all inner colours enter by C'A;R;3q. Starting the Ith positive colour in
BeyR,, radial exit from B, g, therefore gives

/| g )] de < C A RZ R/, (135)
T|>nly
This receiver-radius estimate is essential.
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On A;, for | < i, split h; into its core and exterior. Equation (131) bounds the core density by
C’Alefchz/(”t); the origin-growth estimate bounds its velocity by CA;\:U|67€R12/(”). The exterior
part has mass at most 2A1R12wl and a fourfold inverse-moment expansion starting at degree three.
Thus

| K« hy(x) - e

)

< CAP " Vay + ej). (136)

For i < [ < j, truncate h; at radius nR;. Every radial truncation has zero circulation because
Ph; = 0, and fourfold symmetry cancels harmonic moments of degrees one to three. Its exterior
field is bounded by CR;® [ |y[*|hi(y)| dy. For the remaining density use (135), |||, < CA,
and Biot—Savart interpolation. This gives

| K« hy(x) - e
R;

The fixed exponent c¢ in e,, has been reduced to absorb square roots and polynomial factors.
Away from A;, VG, is the Gaussian convolution of the compactly supported reference gradient.
The fixed margin d.R; gives, with 7, = vt/R?, scaled L' and LP tails after multiplication by
|x| + R; bounded by Ce—d2/7i The Gaussian kernel has this decay whenever its argument is at
least d,R;; integration and fixed polynomial weights are absorbed by decreasing c¢. The foreign
version of (130) consequently bounds the total omitted forcing by C'A;ej_;. Combining this with

the self estimate, (136), (137), and the explicitly retained f; proves (127)—(128). O

< CA[ {qﬁ(lii) (xl + 63;1) + qliiej_,} . (137)

Corollary 6.5 (Inactive density closure under packet history). Let o > 0 be the growth rate of the
fized smooth reference. Choose (B sufficiently large that v/ < o /4, then a fivzed D > 3 sufficiently
large, then q sufficiently small. Set w; = (Dq®)7=" and b = de=°. Assume x;(0) < Mb, and the
packet-history bound
Ao fi(s)
sup / e*P0=9) max 227 4s < C,6, (138)
GSAJT 0 1<] w;

where Ap < o /2 is the weighted comparison rate below. Take S = Colog(1/q), with Co sufficiently
large and fized. Fix a finite Ls > 0 and choose the cap so that

¢" <d(g) <1, OS(\/é(q) + Ba) < c. (139)

All constants and exponents are fixed before q is decreased. Then the stopped solution remains
strictly below its stopping threshold:

zi(t) < B+ w; [CC’*d + o(qK)] < 6/4, B < Mée—(0=2B)S

for everyi < j andt <T. Here K is any fized prescribed power, the error in the forced weighted
norm is also 0(6¢°®), and the constants are independent of depth. Alternatively, the lower bound
in (139) may be replaced by the direct relative-error condition

n(q)Se’ ™ = 0(3(q)q),  nlg) = sup (ﬁ;#-

(140)
The conclusion is conditional on (138).
Proof. Bound each self coefficient in (127) by Ao = /8. This replaces, rather than identifies
with, the earlier sharp spectral rate (o 4 €)/5. The unweighted off-diagonal row sum is at most
ry— C| B N 7%/
Bl1-8¢ 1-4¢*/B
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The row sum in the forced weights w; is at most

C[,@’ Dq81_

rp=— +
B|D-pB B-Dg
Thus A\p = A\g+7rp and A\p = A\g+7p are both below ¢/2 in the prescribed parameter order. The
positive comparison equation splits exactly into initial, packet, and parabolic-error contributions.
Its initial part is bounded by Mbe*BY  giving the stated B.

For the explicit error put

(@) -

1(g) = sup e

m>1 (BDg®)™

This is smaller than every power of ¢, uniformly when #; < ¢3/2 and S = O(log(1/q)). Indeed
successive ratios in this supremum are less than 1/2 for small ¢, and its first term has Gaussian
exponent of order ¢~7/2/S. A direct summation of the four terms of (128) gives

Dqg® 1 Bq

—DF T +

Ek:
< + .
Cnlg) |1 D—-1 1-p8q

sup <
k>1 (Dg®)F

For example the third sum becomes D% 3" . 87"¢ e, < n(q)D~* 3, D". The fourth uses
Y orek Bg" " < B7FBq/(1 — Bq). Its weighted convolution is therefore at most

Hg(q) :== Cn(q)Se*S = o(qY) for every fixed L > 0.
Choose L > Ls + 6. Then (139) gives

Hea(q) _ olg")

5(q)qd — qlet6 —0

Thus the error is 0(6¢°) in the forced weighted norm. Under the alternative (140), this relative
bound holds directly.

The positive-matrix variation of constants and (138) yield the asserted bound. Choose Co
so Oz(c — Ag) > 6; then B < 6¢°. Finally max;<; w; = Dq®, so small ¢ makes the complete
right side less than ¢/4, contradicting a first stopping time. The estimate bounds the comparison
error; radial data have no angular forcing by (129). O

Corollary 6.6 (A static packet bound suffices for inactive density). For the inactive-density
conclusion alone, the packet-history hypothesis (138) may be replaced by

(0
Sup max M < C,0.
0<AT 1<i W

Fiz Cy > 6/0. Choose B, D, and then q, so that
CQ(J — )\B) > 6, Codp < 1.

With S = Cqlog(1/q) and the cap condition (139), or the alternative relative condition (140)
together with the radial margin, the actual inactive densities remain below 6 /4. Their normalized
tnward nonradial velocity on the current receiver’s fixed collars is

0(6Sg*= ) + o(d¢%) = o(6¢").

The static packet bound is an explicit input. The packet estimate in Section 6.3 closes the inactive
stop directly, without requiring this static input to be O(J).
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Proof. The stated parameter choices are possible since Ag, A\p can be made arbitrarily small by
taking the fixed 8, D large and then ¢ small. The packet contribution to the forced weighted
norm is at most CC,6Se*PS. Thus

z; < B+ (Dgb) " [C’C'*(SSq_CQ)‘P + o(qK)} .

The baseline B = 0(6¢%) and the nearest forced bound C§S¢®~“2*# are both below the stopping
threshold. The parabolic errors are o(6¢®) in the forced weighted norm by the preceding relative-
error calculation, so they are below the stopping threshold as well. For the inward field use the
actual older-core multipole estimate:

S piigiiz, < B < cc*asq—CWDiq8 +o(q").
i<y C oA A-De

The error field is at most O(¢®)Hg = 0(6¢°%), and CoAp < 1 makes the principal packet term
0(6¢%). O

6.3 An actual packet bound closes the inactive density stop

All colours in this section are the actual scalar colours of the common unforced Navier—Stokes
velocity. Use the notation and fixed profile hypotheses of Proposition 6.4. In addition choose ¢
so small that 8¢¥P < 1/2.

Let S(t, s) be the positive scalar transport—diffusion propagator for that common velocity and
put

Pi(t) = S(t,0) (3 [w(0)]), vy = w.

1>j 125

The symbol P; here denotes a positive envelope, not angular averaging. The initial sum is in
L' N LP and is supported in B, R, Positivity and monotone convergence imply

2
Sl < Pi(t), Bl <CARE, |IP) < CARP.
1>j

The positive aggregate is used only in L' N LP. The actual packet velocity is controlled by the
individual colour contractions.

Lemma 6.7 (Actual packet moments). For every fized integer n > 2, with § = Ajt and k; =
v/(AjR3), one has

/ (R2 + [of2)"2Pj(t, 2) o < Co AjRI2(1+ 0 + \[1;0)"en0/8. (141)
Constants are independent of j, depth, viscosity and all seed phases. The moment bound holds
without the inactive stop.

Proof. Write u = u; + u>;. Individual colour contractions and Biot-Savart interpolation give

lusjlloe < C Y ARy < CAjR;.
1>

The fourfold origin-growth inequality applied to each older colour yields |u<;(x)| < CAj|z|/B for
B > 4. The constants in these two sums are uniform for 5 > 4 and fq < 1/2. Thus the actual
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radial drift is bounded by L|z| 4+ V, with L = CA;/f and V = CA;R;. Tangential rotation does
not affect radial weights.

The positive scalar propagator preserves mass. Let M = [ P;(0) = [ P;(t) and Q, = [(R5 +
|m|2)"/ 2P;. Differentiation of the weight, positivity, and Hélder with respect to P; dx give

Q. < CoLQ, + CuVMY/mQ=D/n 4 ¢y 2/nQn=2)/n,
If M = 0 there is nothing to prove. Otherwise Y = (Q,/M)"/™ satisfies Y > R; and
Y' < CuLY +C,V + Cur /Y.

A supersolution is eC”Lt(CnRj +C,Vt+Cp\/vt), after enlarging Cp,: the derivative of the square-
root term controls C,v/Y for t > 0. The initial support bounds Y'(0) by C,R;, proving the
claim. To justify the moment calculation without assuming moments in advance, start with a
finite truncation of the positive initial aggregate. The common velocity is bounded on the physical
window, so its positive diffusion representation gives finite moments. Apply the displayed uniform
calculation and pass monotonically to the full positive datum. Equivalently one may use truncated

radial weights. The constants in the refined estimate use only L,V above, not the crude global
drift bound. O

Proposition 6.8 (Actual force on a stopped inactive prefix). Under the stopped hypotheses and
parameter margins of Proposition 6.4, set

M(S) = (14 S+ /k;8)eCs5/8,

For everyi < j, k=37 —1, and 0 < 0 < A;T < S, the actual packet force in that proposition
obeys

fi(0) < Cq®* M(S) + CqF exp

—2k
cpq
- . 142
e ] (142)

In particular, for the weights w; = (Dq®)~% with fized D > 1,

sup max fil) < CM(S) + €(q),

O<A;T <i W

where ¢(q) is smaller than every fived power of q, uniformly for r; < ¢*? and S = O(log(1/q)).

Proof. Let h>; = (I—P)v;, where P again denotes angular averaging. Its fourth absolute moment
is bounded by twice that of P;. Choose a fixed n > 0 so that B, g, is inside the constant core probe
of colour 4, and is separated from A;. On this ball the own radial field is bounded by Cv/dA4;R;,
the older fields by their actual core/harmonic bounds, and all inner fields by C'A; R;3q. The stop
and its radial margin therefore give a displacement strictly smaller than nR;/2 up to T. Every
positive packet constituent starts in Be,r; C Byg,/4- The radial exit estimate consequently gives

/ Pj(t,z)dx < CAjRj?e*CR?/(Vt)‘
|z|>nR;

This estimate uses the unrestricted convergent inner velocity sum, not a small-density assumption
on the packet.
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Radial truncation of h>; has zero circulation and vanishing harmonic moments of degrees one
to three. Its field on .4; is therefore bounded by CR;® [ |x|*|h>;|. For the exterior leakage use
the last exit estimate and the LP contraction of P;. The elementary kernel split gives, for p > 2,

_p=2 _p
1K * flloo < CpllFIE7 7 1A

Indeed the near integral is at most C,d'~2/? | £1l,,, and the far integral at most C'[| f||; /d; optimize
d. Angular averaging preserves radial tail masses and contracts LP. Thus the leaked nonradial
packet has velocity at most C’AjRje*Cpr /Wt Combining this with the fourth moment and
the uniform scaled heat-gradient bound on G; proves (142): the force normalization is velocity
divided by A;R;.

After division by wj, the first term is at most CD~*M(S). The second is at most

CD—kq—Ske—cpq*Qk/(an) _

For small ¢ successive such terms decrease, and the first is smaller than every g-power because
#;S < ¢*2Clog(1/q). This proves the weighted assertion. O

Corollary 6.9 (Unconditional stopped inactive closure). Fiz K > 6 and any fized Cy > 6/0.
Suppose x;(0) < Mq" for every i < j. Choose 3 sufficiently large, then D sufficiently large, and
then q sufficiently small so that

Codp <K —6,  Co(Ap+Cy/B) <1,  Bg*/P <1/2.
Use a comparison-row horizon constant at least Cy. Put

S =Cylog(1/q), &= (log(1/q)™"
For every T' < S/A; with k; < ¢*/? the actual older densities satisfy

zi(t) < MgK= 28 1 C(Dg®) 7 8(1 4 §)1ePrTCi/DS L o(¢K) < §/4. (143)

The core persistence conclusion and the harmonic older-field estimates hold on this window, with
the packet force supplied by Proposition 6.8. On the current colour’s fized collars, the normalized
older inward nonradial field is

O(qK+2—Cz)\B) +0 (S(l + S)4q8_c2()\P+C4//6)> + o(q™).
These statements control magnitudes; they give no nonzero signed impulse.

Proof. Use the positive comparison matrix from the proof of Corollary 6.5. Its initial unweighted
part is bounded by M¢®e*59. Tts packet part is bounded in the forced weights by CSM(S)e*P +
o(qK ), using Proposition 6.8. The parabolic error sum is the same sum as in that corollary. The
cap 6 = (log(1/q))~* satisfies ¢* < § for every fixed Ls > 0 once ¢ is small, so its error is also
0(6¢%). Since 1;S < 1, this proves (143). Write a = Co(Ap + C4/B) < 1. The nearest forced
density is bounded by C'Dq¢®~?S(1 + S)*, and the initial term has exponent K — Colp > 6.
Their sum and the Gaussian error are o(d), giving the strict /4 improvement. The radial margin
holds since Sv§ = O((log(1/¢))~!) and SBg — 0. A first stopping time is thus impossible.
Finally sum the actual older core harmonic row ), j 173 q20 =g, the initial and packet parts
give the two displayed field powers. The choices of 3, D are possible because Ag, Ap, C4/[3 can be
made arbitrarily small in this parameter order. This closes the density stop and the older-field
magnitude estimates. A signed transfer or protected active cap requires additional information.

O
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7 Actual source activation and discounted history

7.1 A global weighted foreign-field estimate for the adjoint error

The following estimate controls an exact foreign pairing in the scalar growing-coordinate equation.
It does not assume that the foreign velocity is uniformly small throughout the plane in the current
colour’s units.

Let T}qj be the smooth growing adjoint test from Section 4.2. Only its already proved bounds

|V Taai(y)] < Cmin{ly[?, ly|~°}

are used here, with the usual bounded extension across |y| = 1. Normalize a current colour to
(Aj,Rj) = (1,1). Let b be the actual sum of all foreign fields, after subtracting the constant
rotation {1;Jy of the older cores.

Lemma 7.1 (Global weighted foreign field). Assume the actual older core/harmonic conclusions
of Propositions 5.8 and 5.4, with older nonradial density parameter § < 1 and normalized core
defect at most . Assume 8 > 4, Bq < 1/2, and q is small enough that the current unit ball is
inside every older probe core. Then

(144)

S +q¢* +¢
sup [b(y)| [V Ty (v)] < © <5q y AT TE)

g

Consequently, for every f € L',

5 2 4
J 11100 VTl < € (ﬁq+ ‘”;*) 171 -

All constants are independent of the current index and packet depth.

Proof. The younger fields have global norm at most C' 37 ;(A4;/A;)(Ri/R;) < CBq by the indi-
vidual colour contractions. Multiplication by the bounded VT,4; gives their term.

On |y| < a/(2q), the actual older harmonic/core-leak decomposition, with the rigid rotation
removed, gives

5q? €
b<j(y)| < C?Iyl3 + CB\yI-

The geometric sums are ¢2/(3 — ¢?) for the cubic coefficient and 1/(8 — 1) for the core leak. For
ly| < 1, multiplying this bound by C|y|® gives at most C(6¢*> +¢)/B. For 1 < |y| < a/(2q) use
Cly|=®, giving the same bound.

On the complementary region, the individual fourfold origin-growth bound gives |}, K *
wi(y)| < Cly|/B in current units. The subtracted constant rotation has the same bound, since
its coefficient is at most C37,_; Aj/A; < C/B. Thus [b;|[VTag| < Cly|=*/B < Cq*/3 there.
This uses the sum of older amplitudes, which is finite and uniformly bounded in current units;
the sum of older velocity maxima in current units would not give a depth-uniform estimate and
is not used. Combining the regions proves the result. O

Corollary 7.2 (A harmless linear scalar loss). Suppose on an actual stage of length H <
Colog(1/q) its perturbation satisfies || f(t)||y < Ca(t), where a(t) = a(0)e’", and the preceding
lemma holds uniformly. Write

85 +q* + ¢
Xq=0<ﬁq+q; :
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Then the exact foreign cross-advection pairing in the growing-coordinate identity contributes at
most CxqH to the error divided by the growing envelope at any time in the stage. If 5 is fized,
0 <1 and € is superpolynomially small, this loss tends to zero uniformly in depth.

Proof. The scalar identity and variation of constants weight the pairing at time ¢ by e?(5=%),
The lemma bounds it by Cxga(t). Division by a(s) cancels the exponential envelope, leaving
Cxqs < CxqH. O

This is a linear loss, not a quadratic error in f. The foreign radial-base forcing and its heat-
profile correction must still be estimated separately on the derivative collars, with their actual
retained coefficients. The corollary proves neither a signed lower bound nor the density envelope
assumed in its statement. It removes the need for an unjustified global foreign-field bound of
order a(t) in this one scalar term.

7.2 Actual postcap source moments under a stopped-parent core

The following proposition is a conditional estimate for an actual scalar colour in the common
Navier—Stokes velocity. It requires the displayed actual parent-core and positive cap-envelope
hypotheses. It does not assume that the signed colour has already been identified with a canonical
Euler profile. In particular, it supplies a uniformly integrable future history, not convergence or
noncancellation of that history.

Use dimensionless child coordinates, and let f solve

auf—f-v(u,y)Vf:/iAf, OSUSU7

where v is the actual common velocity expressed in these coordinates. Let P be its positive scalar
evolution with P(0) = Py > |f(0)|. Then positivity gives |f(u)| < P(u). A rigid rotation of the
coordinates may be made at any time; all assumptions and conclusions below concern radial
quantities and are unaffected by it.

Proposition 7.3 (Discounted actual future-tail estimate). Fiz §,0,Co,Cq,Cyq > 0. Suppose
R>8 Hy>1,0<k<1,M=[PFPy>0, and

Ja+ )Pty ay < conr, (145)
coR?
/ (1+[y))* Po(y) dy < CoM exp l— s ] (146)
ly|>R/4 KkHy
for a fixed co > 0. Assume the actual radial drift satisfies
[v(u,y) - er| < aly| + D (lyl < R), (147)
[o(u, y) - e| < aoly| + D (y € R?), (148)
where
0<a<Ci/B, 0<ag <C,/B, 0<D <y
There is a fized constant Cy depending only on the displayed constants such that, if
eW(R/A+ DU) < R/2, C.5<0/4, (149)
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then, for every 0 < u < U,
/ ly[*P(u,y) dy < CM(1 +u + /ru)*e*/8 4 &, (150)

where one can take

2
_ C.U/B 4 ___CR
E=CMe (1+R+U+/k(Hy+U)) expl W 0)

The constants C,c > 0 depend only on the fixed constants and cy. For every 0 < J < U and
every real measurable phase 9(u),

U
/ o—0u/B
J

In particular the same bound controls any complex moment integral with weight e ** and Re u =

a/pB.

Proof. All statements can first be proved for the actual smooth positive-time Navier—Stokes ve-
locity and then by approximation. Its positive scalar representation is the diffusion with drift v
and covariance 2kI. For radial estimates a predictable rotation eliminates the tangential compo-
nent of its drift: if ¥;, = O, Xy, then the martingale [ O, dB,, is again a planar Brownian motion
and Y, | = | X,|. Equivalently one may use the radial exit estimate proved above. The local drift
bound and Gronwall give, up to the first exit time 7z from Bg,

. (151)

6700 B, (f(w)| du < G M(1 + 7)) 1 D (152)
(o2

sup | X| < e
s<UATR

| Xo| + Du + V2K sup ]BS|] .

s<u

The stopped process is kept at its exit point in this inequality. For |Xo| < R/4, (149) and the
Brownian supremum tail therefore imply

Pr(rg <U) < C s (153)
Yoo =T =R eI

For U = 0 this means zero exit probability. The predictable rotation can be regularized at the
origin; for a smooth fourfold Navier—Stokes drift v(0) = 0 and its tangential angular speed is
locally bounded, so removal of that regularization causes no difficulty. No angular drift bound
enters the constants.

Split Py into its restrictions to Br/4 and its complement. On unexited trajectories of the first
part, the path bound and the fourth moment of the Brownian supremum give

By [(1+ [Xul) Lirpnup] < Ce™ (14 [Xo|)' + (Du)* + (5u)?]
Integration against the initial positive density and (145) bound this contribution by the first term

of (150), after enlarging C..
The global radial bound also gives, conditionally from any starting time s and point x,

E[(1+ |Xu)* | Xy = ] < Ce™ 0 [(1 4 [e)* + (D(u— 8))* + ((u - 5))?].
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This follows from the same radial rotation and Gronwall argument, now using ag. Conditional
application at 7, where |X;,| = R, and (153) bound all exited trajectories of the first initial

part by ,
CMe“V/B(1 4+ R+ U + VkU)1e e/ U),

For the second initial part, the global conditional bound and (146) give at most
OMe“VIB(1 4+ U + Vil )te o/ (xHo),

Reducing ¢ and combining these estimates gives (151), and hence (150). This proves in particular
that the entire fourth moment of f is well defined.

Since |f| < P, one has |By(f)| < [|y|/*P. The cap-smallness condition in (149) makes its
discounted first term bounded by

CM(1 + u)te 371/ (48),

because x < 1. Integrating from J to infinity yields Cg ,M (1 + J Yie=ol /(28) " The constant-error
term integrates to at most (8/0)€. Unit complex phases do not change any absolute value,
proving (152). O

Corollary 7.4 (Uniform scale margin for an actual source). Fiz all profile constants and a fized
finite B. Let ¢ 1 0 and assume

R=cp/q, U<CyBlog(l/q),  Hy<Cplog(l/q), r<¢*?  §=/[log(1/q)]™%,

with the preceding proposition’s explicit actual drift and cap-envelope hypotheses. For small g,
the margins in that proposition hold, and £/M is smaller than every fized power of q, uniformly
in viscosity, depth and seed phases. The actual discounted source histories then have uniformly
integrable future tails:

U
/ =P By(f(u))| du < Cp g M(1+ J)'e™"/ D) 4 M o(¢")
J

for any fized prescribed K > 0.
Proof. Here aU = O(dlog(1/q)) — 0 and DU/R = O(qlog(1/q)) — 0, so the displacement

margin holds. The exponential in (151) has an exponent bounded above by

cq~T/?

log(1/q)’
whereas its remaining factors are bounded by a fixed power of ¢~! times a fixed power of log(1/q).
This proves the superpolynomial error estimate, uniformly for every smaller k. The discounted
estimate follows from the proposition. O

Remark 7.5 (How the actual drift hypotheses arise). For a child colour at scale (A4;, R;), its own
field and all descendant fields have normalized velocity bounded by a fixed D, by individual
L', L> contractions and s Al < CAjR;. The global older fourfold fields obey a radial
bound C|y|/f. Inside a fixed fraction of the parent’s protected constant core, the stopped actual
older densities and their harmonic/core-leak estimate give instead a radial bound Cély|/3, after
the rigid rotation has been removed and exponentially small leaks have been absorbed into that
coefficient. These facts supply (147)—(148) when that stopped core estimate is available. The
positive cap-envelope moment and parent-radius leak (145)—(146) remain explicit inputs here.
They must be obtained from the actual preparation-stage localization; they are not consequences
of a signed cap-coordinate estimate alone.
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7.3 The actual deepest selected source

We retain the fixed smooth profile W, its unstable eigenvalue A = ¢ + i, its normalized growing
coordinate A, and its neutral seeds ®y. All colours below solve the scalar equation with the same
actual unforced Navier—Stokes velocity.

Lemma 7.6 (Weighted off-diagonal Nash estimate). Let S(t, s) be the positive scalar propagator
for the actual divergence-free Navier—Stokes velocity u, or its rigidly rotating frame, and diffusion
coefficient k > 0 in two dimensions. Let ¢ be a fized bounded smooth function satisfying |Vo| < 1,
|A¢| < Cy. Suppose |u- V| <V (t), where V>0, and put D(t,s) = fst V. For £ >0 one has

€S (t, s)e™ || 1 foo < exp((D(t, s) + k% (t — 8) + Cygrl(t — 5)). (154)

_¢
K(t —s)
If a positive datum of mass M is supported where ¢ = 0, while ¢ = dy > 0 on a set E, and
D(t,0) < do/4, then, provided kt is sufficiently small,

cM
[168(t,0) folloo < ==~/ 1pS(t,0)folls < CMe™/0,

The constants do not depend on a bound for the tangential velocity or on derivatives of u.

Proof. For F = e'®f, direct conjugation gives the drift u + 2k¢V¢ and zeroth-order coefficient
lu - Vo + kl|V o> — klAg.

Integration of its positive equation bounds its L' growth by Ay = ¢V + k? 4+ Cyrl. In the
L? energy identity half the drift divergence cancels the Laplacian term, so its growth coefficient

t
is at most Ay = ¢V + k2. Apply the planar Nash inequality to e~ J. MNP its L' norm does
not increase, and its L? dissipation is at least x||VF||3 after the same scalar integrating factor.

Solving the resulting scalar differential inequality gives the L' — L? bound C[x(t — )]~/ 2efst At
The adjoint calculation has the same bounds, with the signs of v and ¢ reversed. Composition at
the midpoint proves (154). The L' bound before Nash is M exp(¢D + kf*t + Cyrlt). Multiply
both bounds by e~ and optimize ¢ > 0. Since D < dy /4 and kt is small, this proves the last
assertions. The energy calculations can first start at positive time and use smooth data. For the
actual initial L' N LP vorticity, p > 2, the physical velocity is bounded by the Biot-Savart split; its
rotating-frame addition is tangential to radial cutoff boundaries. Thus the integrations by parts
are justified by cutoff limits. Their estimates use only V', not that possibly large velocity bound.
Truncating the positive initial datum and passing monotonically gives the L' version, with the
same constants. The vorticity generating v may have either sign: divergence freedom is the only
property of that velocity used in these energy identities. For any signed transported aggregate
g, scalar positivity gives |g| < S(¢,0)|g(0)|, or domination by the sum of the absolute initial
colours. That latter positive datum need only be in L'; no summed initial L> norm appears in
any step. ]

Choose once and for all

643
K< — K 1.
6< K < 100’ Cy > K/o+

Use the actual packet estimate to choose 3, D so large that

eg = Codp < K — 6, GP:CQ()\P+C4/B)<min{1,8—K}. (155)
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Here the comparison rates are those of Corollary 6.9; they tend to zero in its stated parameter
order. Choose ¢ sufficiently small after these fixed choices. In particular 3¢*? < 1/2 and

Bq < 1/2.

Theorem 7.7 (Actual selected-source activation and protected first cap). Let A; = A;871,
R, =Ri¢" !, and

wy (0, ) = A [W(z/Ry) + ¢ @y, (z/Ry)], 0<m <1

Fiz any j > 1, impose n; = 1, and set v = q3/2AjR32-. The phases and all other amplitudes are
arbitrary. Let w; be the actual scalar colours of the common unforced Navier—Stokes solution.
Normalize the jth source to radius and amplitude one, and remove the rigid rotation
W (0) Ay
Q=527
I<j *J
Denote its normalized, rotated vorticity by w;(t) and put f; = w; — eMAW, k= ¢32, o = ¢,
a(t) = ae’. Fiz one sufficiently large finite expansion order M, with M > Cyw /o if a reference-
state reset is required below. There are constants B, d, > 0, allowed to depend on this finite order
and independent of j and all phases, such that through H, = o~ !log(d./a),

H,
15Ollx < Baft), [ 1K « £yOllt < OB, (156)

The first hitting time t; of |A(f;)| = &4, 64 = (log(1/q))~%, is well defined and protected: in a
fixed neighbourhood of that crossing, almost everywhere,

d
MU 0)] = 0dq/2.

It obeys
t; = o log(dy/a) + O(8, + ¢7(1 + log(1/q))")

for some v > 0 and finite Dy.
For that fized finite M, let s4 be the exact o4 cap on one fized canonical reference orbit. Choose
¢; so that A(Ty, et (5q)) = A(fj(t5)). Then the full vorticity state satisfies

0 (t5) — Tg; Rret (5¢) | x < CMééWH + Crq" (1 +log(1/q))PM s, + Crt;. (157)

The last, radial term is the explicit difference between the eract Navier—Stokes heat base and the
Euler base. It is not a seeded error. One can choose M > Cyw /o, where Cy is the one-sided X
comparison constant of a fized small ancient segment. All fized positive-envelope moments at t;
are bounded uniformly; outside one fized ball they are smaller than every q-power. This theorem
concerns the deepest source selected by diffusion. It does not assert inductive transmission to all
larger receiving annuli.

Proof. The initial series converges absolutely in L' N LP. Individual scalar contractions give
Jwilly < CARE, lwilloo < CA; and hence Yy || K * wi]loo < CA;jR;fBq. These are actual-colour
bounds and require no hypothesis on the deep colours’ nonradial densities.

Work in the normalized rotating frame. Let Cy bound the fixed autonomous first coeflicient
in X divided by €, and fix B > 4(Cg + 1) now. All later field estimates use this fixed B; their
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constants may depend on it. Stop provisionally when || f;(¢)||x = Ba(t). The terminal cap J, is a
provisional small number, to be fixed after the finite expansion orders, before the final choice of
q. By Corollary 6.9, all larger colours already obey their unconditional inactive-density estimate
through S = Cylog(1/q); their cores and harmonic estimates hold there. Their nonrotational
field on any fixed source collar is, in every fixed spatial derivative norm,

O(q"**72) + O(¢* " (1 + 8)°) + o(¢") (158)

for every fixed P. Derivatives here are taken only on the harmonic part; the core leak has no
asserted derivative bound and is included in the last velocity remainder.

The stopped source core persists directly, without a source-core hypothesis in the bootstrap.
Write its own velocity exactly as K x eM2W + K x fj; the first term is tangential everywhere
and the second is bounded by C'Ba(t). Larger cores have already been proved independently by
the inactive-prefix result. Their harmonic and leaked nonrotational contributions on the fixed
source-core disk have integral tending to zero by (158). Every smaller velocity contributes at
most Cfq. Thus the integral of the absolute radial drift on that disk is at most

CBd./o + CBqS + o(1).

Choose d, and then ¢ so this is less than ag/8. In the exact backward representation the sign of
the drift is reversed, but the same absolute radial bound holds. Starting in B/, and stopping
on exit from the initial constant core B, gives

1@;(8) = W (0) o<, ,,) < Ce™ )

by the radial exit lemma and the individual colour maximum principle. Consequently, in the
source core all foreign fields acting on the aggregate g = ;- ; w; are harmonic plus a rough
exponentially small leak; after rotation their cubic constant is at most C'Bd,.. Their global
growth is C|z|, uniformly in j.

The aggregate g has mass norm M, < CBq?, initial support in Bgy, zero circulation and zero

initial By. Apply the already proved full nonlinear cold-tail estimate with r = Cq, R, = x*/* and
window S. Its margins hold since My/k = O(Bq'/?), kS — 0, and CBd,\/kS — 0. Tt yields
sup |Ba(g(t))| < Cq®*¥/10(1 + 5)"1. (159)

t<H,

Every constant in this stopped calculation is independent of j.

For completeness, higher moments require no signed cancellation. Nash for the positive pas-
sive envelope gives | K * g(t)||cc < CM,/\/kt. Inside Bapg,, foreign radial drift is bounded by
(CBO.R2 + €(t))|z|. Tts integrated linear-growth coefficient tends to zero. The elementary radial
moment calculation, or the integrating-factor diffusion comparison, therefore gives for each fixed
integer n > 2, before exit,

[l lg(t,2) i < Cuddy(a -+ VS + My/5/m)"
The last displacement is smaller than v/xS since M,/k — 0. Radial exit from Bpg, has probability

Ce—cR2/ (58) " because both integrated self displacement and the cubic displacement are small
compared with R,. After exit the global foreign linear growth and integrable self displacement
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amplify a fixed moment by at most C,e“S, absorbed by that probability. Thus the whole-
moment bound is

sup /\x!"[g(t,:c)] dz < Cpg? 34 (1 + 5)"2 4 o(¢h). (160)
t<H,

In particular Bs(g) = O(¢®(1 + S)*). Using only the absolute fourth moment instead of (159)
would fail, since its available power is merely ¢°.

There is also an exponentially small actual density leak on the source collars. Choose in
Lemma 7.6 a fixed radial ¢ which rises from zero to dy entirely inside the protected source core,
and is constant thereafter. On the support of its derivative the integrated radial drift is at most
CBd.+CBqS+0(1) < dy/4. Apply that lemma to the actual positive envelope of g, not to a new
Navier—Stokes solution. It bounds its mass and L norm beyond the rise by C’Mge_c/ (51) and
CMg(/ft)*le*C/ (5t) " Kernel interpolation makes the corresponding leaked velocity smaller than
every g-power through S.

Take finitely many ACTUAL coefficients of the old interior harmonic series and of the cold
exterior multipole series, retaining degrees 3,7, ... and 4,8, .. ., respectively. Extend their stream-
functions by fixed smooth radial cutoffs, vanishing near zero and outside one fixed ball, so the
fields agree on a broad annulus containing both derivative collars. The result b,pp, is real, smooth,
divergence free and has a fixed finite set of sectors. For every finite derivative order required below,

bapp ()l cox < gqae”, gg < Cq(1+ S)Pz, (161)
||b - bappHLoo (collars) < qua (162)

where 79 > 0. Indeed one may take any number smaller than
min{643/100 - K, 8 — K —ep, 2 —ep} > 0.

The fourth cold coefficient uses (159); the higher coefficients use (160); the old coefficients use
(158). Retaining enough moments makes the remainder exponent P arbitrarily large: the next
cold moment has power 2 4+ 3n/4, while old Taylor remainders gain arbitrarily many factors of
q. All density/core leaks are superalgebraic. This step is valid for each fixed finite P, k and does
not assert a derivative bound for a rough leak.

Expand the receiving/source colour in «,x as in the isolated proof, adding the ACTUAL
coefficient functions by = bapp/a to the triangular recursion. Explicitly, in addition to the right-
hand side of (48), add

~Lyne1b1(t) - VIVe() — L>ab1(t) - Vgm—1.4(1), Wo(t) = t*Afw/e.

Here ¢1(0) = Py, and all other initial coeflicients vanish. Their dependence on this actual run
does not require analyticity in either parameter: by(t) is one fixed coefficient function for that
run, and the recursion cancels the actual equation algebraically.

We make the finite derivative hierarchy explicit. Fix an integer r > 4 and estimate coefficient
(m, £) at Sobolev order

Ao =1+2(M —m)+2(N — 1), 1<m< M, 0<{<N.

The Laplacian input (m, £ — 1) has two more assigned derivatives. Every heat coupling (m, ¢ —s),
s > 1, has at least two more; each nonlinear input has strictly smaller seed order and therefore
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at least two more assigned derivatives, sufficient for its one differentiated factor. The external
differentiated input (m — 1, £) also has two more. Use the already established C* bounds for by
up to the finite maximum assigned order, and smoothness of W up to that order plus the finitely
many heat Laplacians. The finite-sector propagator acts at each of these assigned orders without
radial derivative loss: base transport is angular multiplication on each sector. In two dimensions
H d > 4, is an algebra; on the fixed coefficient support, zero circulation and the Fourier low-
frequency estimate give ||K * g||ga < Cqllg||ga. These facts prove all coefficient estimates by
induction in m + ¢. There is no infinite derivative iteration and no regularity assumption on a
rough actual core leak. Coefficients remain smooth, supported in the fixed collars, and of zero
circulation, since every forcing is a Laplacian or the divergence of a compactly supported flux. If
the retained input stream frequencies are at most 4Ny, coefficient (m,¢) has frequencies at most
4mNy; thus only one fixed finite frequency set is used throughout this hierarchy.

The first coefficient differs from the isolated coefficient by Ce,(1 + t)e’", by the sharp finite-
sector semigroup. For orders m > 2, the forcing has exponent mo and the gap mo — o > 0;
induction bounds the coefficient differences by C,e4(1+ 5)e™?t. The finite coefficient bounds are
uniform since £,5 — 0. Positive-viscosity terms have only finite time polynomials. The source
factor is retained in the heat Taylor remainder.

Use the ACTUAL foreign drift in the transport part of the comparison between the actual
source and this expansion. It cancels from the Kato norm calculation. The additional residual is
(b—bapp) - Vwapp. All nonheat coefficient gradients have compact collar support, so (162) controls
them. Away from a broad collar annulus the exact heat gradient is Gaussian; its product with
the foreign radial field is uniform because |b-e,.| < C(|z|+ Bq) globally, by origin growth for old
colours and the unrestricted deep velocity sum. Thus the residual obeys

IR|[x < Ca™* + CkNtL1 + t)Pa+ O + o(¢™),

where P’ can also be arbitrarily large. The Kato coefficient is the same fixed C = Cp(||VIW| x+1)
as before, after a small terminal cap. For clarity the parameter choices and bootstrap improvement
can be made in the following order. Fix Cj before the expansion orders. Choose (M + 1)o > (1,
then N with

S(N+1)> K(Ci/o—1)4 +1, P > Kmax{1,C/o} + 1,

then choose the finite harmonic truncation and derivative hierarchy above. Use the B > 4(Cp+1)
fixed at the start of the density bootstrap. The finite pure-coefficient bounds are uniform when
gq(1 + 5) is small. Choose J, sufficiently small that the summed higher pure coefficients are
at most Ba/32, the pure gradient sum is at most 1/2, the pure residual comparison is at most
Ba/32, and the stopped source core has its fixed radial margin. All remaining constants are
finite and fixed. Now choose ¢ small so the forced first-coefficient correction, positive-viscosity
sums and comparisons, spatial mismatch comparison, and remaining gradients are each within
their respective Ba/32 or gradient-1/2 budgets. In particular ||Vwapp|x < [[VW]x + 1, so the
coeflicient is precisely the previously fixed C. The explicit comparison error is bounded by

CaM*1 4 C/iNH(l + t)D+1a(t)e(Cl_”)+t + CqP(l + t)eclt + o(qpleclt),

uniformly through H.. Dividing by a(t), the second term is bounded by C’q%(]er)_K(Cl/"_l)Jr (14
S)P+1: the third by CgP’~Kmax{1.C1/o}(1 4 §). Both tend to zero, with explicit positive powers.
Choose P’ large enough for the last superalgebraic term. The approximate density and compar-
ison error sum to less than Ba/2. Continuity of || fj||x/a therefore rules out its first stop and
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proves (156). The core and cold-tail estimates held on that sole provisional density stop and were
obtained before its improvement. Therefore no conditional source-density input remains.

The autonomous pure coefficients approach their universal ancient homological coefficients
at an exponential rate. To check the rate, use the rotating generator L,o; of the ancient-profile
construction and normalize coefficient m by its factor €™t and the common angular rotation.
The first normalized coefficient differs from its growing limit by O(e~2°%). For m > 2 its equation
is

Fp(t) = (Lrot — mo) Fip(t) — Z (K 5 Fiy (1)) - VEmy (8).

mi1+mao=m

The finite-sector propagator of the first operator decays at least as Ce~ (™~ Tts limiting con-
stant is the unique homological resolvent coefficient. Subtract that constant; the differentiated-
input hierarchy above controls the forcing difference. Induction gives a bound C,,e~¢, with any
fixed 0 < ¢ < o, in all the finitely required orders. Taking ¢ = o /2 turns its cap-time remainder
into a positive g-power times a finite logarithmic loss. The above actual-input coefficient differ-
ence is O(g,5), so at a cap with linear amplitude §, the actual source is the universal ancient
polynomial up to
Crdy™ + Crrq (1 + S)PM 4,

This displayed bound concerns f; relative to the radial heat base. For the full vorticity state used
in (157), one must additionally use the exact heat identity

le" s 2W = Wiix < stl| AW |x.

It gives the explicit unseeded radial term Cxt; in that equation. The radial heat term has zero
protected coordinate, so it does not alter the first-cap phase or the coordinate crossing estimate
below. The protected scalar identity has quadratic self error O(a?), heat error O(k(1 + t)a) and
projected base forcing O(gqa). Its other foreign error is small: on a fixed ball the old field is
(158), the cold global velocity is O(5q), and outside that ball the source’s positive envelope has
Gaussian tails. It follows that near a = §, its radial crossing derivative is at least 0d,/2 for small
q. More explicitly the same expansion and comparison, using that the protected test kills the
stable first coefficient, give on preparation

JA(f; (1) — ae™ieM| < Ca(t)[a(t) +,(1+S) + ¢ (14 5)P].

For a(t) < 2§, this estimate excludes any cap before the indicated small neighbourhood of the
linear crossing. Within that neighbourhood the positive radial derivative gives one crossing. This
proves protection and the time estimate. Matching the canonical exact coordinate removes its
amplitude and phase bias; local invertibility of the canonical radial coordinate proves (157).
Finally, the integrated radial drift on any fixed ball surrounding the initial source support is at
most CBd, + CBqS + o(1), small compared with a fixed boundary gap. Forward radial exit of its
actual positive passive envelope is therefore bounded by Ce¢/(51)  After exit, the uniform global
radial growth amplifies each fixed moment by at most C,e“"S, absorbed by that probability.
This proves the cap-time positive-envelope assertions and completes the theorem. ]

The universal finite polynomial above is a jet of the same canonical orbit for every finite order,
by Theorem 4.5. Its finite-order constants and its range of small amplitudes may depend on that
order; no infinite formal series is used.
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Lemma 7.8 (Actual cap-to-reference comparison and two-scale envelope reset). Fix the pro-
file, p > 2, and one sufficiently small canonical ancient segment before choosing the later finite
expansion orders. On this segment fix a reference orbit with A(Qyer(0)) = dper > 0 and write

A(Qref (u)) = Crefe)\u + O<€2au)7 Aref = ‘Cref’-

Fiz Cy < Cy, the parameter margins of Corollary 6.9, and Bq*/P,Bq < 1/2. Put L = log(1/q),
§ = L4, and let sq < 0 be the reference orbit’s exact d-cap time. Normalize an actual child
colour of index j > 2 to unit amplitude and radius and remove the solid rotation of its older cores.
All actual colours here belong to the geometric stack of Lemma 3.1, with o = ¢, A; = g1,
R, = ¢ ', and the allowed seed phases and amplitude reductions. The clock and parameter
margins stipulated above are those of Corollary 6.9 in these child units. Suppose 0 < k < ¢*/2,
its actual cap time is T < CoL, and, in the exact-coordinate phase gauge,

[@(t) — AW x < Cpagide? ™) (0<t<T), (163)
[0(7) = Qret (59) | x < Eq. (164)

Here Chast s fized independently of depth. Assume
0 "(Eq+q) — 0, r=Cw/o,

where Cyy > 0 is a fized one-sided X comparison exponent on the chosen canonical segment. Set
tret =T — Sq-

The actual older-field and descendant hypotheses needed on the advance follow from Corol-
lary 6.9, Proposition 5.4, and the individual scalar contractions. Consequently

sup ||W(T +v) — Qref(sqg+0)|| x —i—/ ! |W(T 4+ v) = Qet(5q + ) || x dv < C6 " (Ey+q). (165)
0<v<—s4 0

There is no hypothesis comparing et with a terminal finite-expansion amplitude. If
5T YB(E, + q) — 0, (166)

the actual signed fourth-moment history on [sq,0] converges to the canonical history in the
weighted absolute norm with weight e=7%/8.

For sufficiently small fized d.o and subsequently small q, the actual positive envelope of the
child, and that of its entire source/deep packet, have uniformly bounded moments of every fixed
order at tyer. They have superalgebraic moment tails outside one fixed ball. More strongly, choose
a fized cr > 0 so R = cr/q lies in a fized fraction of the parent’s protected core. If P(t) denotes
either positive envelope and M = [ P(0), then for every fixed integer n > 2,

cnR?
KCQL

/| |>R/4(1 + ‘y|)np(trefa y) dy < Cp,M exp [_ . (167)
Yy

In particular, for either positive envelope, the sizth-moment bound gives the explicit fourth-
moment tightness estimate

Ce M,
sup / |y‘4p(trefu y) dy < % — 0 (Rcut — OO), (168)
7, allowed seeds ly|>Reus Rcut

P child or source/deep envelope
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where Reyy > 0 is an independent cutoff radius and Msup := SUD; aiiowed seeds, p J P(0) < 00 is the
common normalized envelope-mass bound, with the same two envelope choices as in the displayed
supremum. The fized-radius and parent-radius Gaussian estimates are separate assertions; (168)
does not replace the stronger parent-radius estimate. All constants are independent of depth and
of fized trial past/reset constants; the threshold for ¢ may depend on those trial constants.

Proof. The canonical first jet and exact-cap monotonicity give
sq =0 11og(8/aet) + O(6), —sq = O(log L). (169)

Thus twes + J < CoL for every fixed J and small ¢. The canonical support and its H* bounds on
the fixed negative segment are supplied by Theorem 4.1. With k£ > 3 they give fixed X bounds
for both V.t and AQ,ef, as in the proof of Corollary 4.2.

We verify the actual foreign-field input independently of (163) after 7. Write

ep=Codp <K —6, ep=Cy(Ap+Cy/B) < 1.

Corollary 6.9 protects every older core and its harmonic field through the full child-clock inter-
val [0, CoL], without an active-child density assumption. On any fixed child ball, its weighted
harmonic row and the core-leak decomposition give, after removing the solid rotation,

b<jlloo < C{g" 278 + ¢*~¢P (1 + CoL)°} + o(q").

The decomposition holds on the entire older probe core by (99)—(101); every fixed child ball lies
there for small ¢. Individual colour L', L> contractions give the unrestricted descendant bound
6>l < CPBq, as in Lemma 6.7. Therefore on the canonical support

[blloc < pq = C{Bq+ ¢ 275 + ¢* P (1 + C5L)°} + o(¢") = O(q). (170)

In particular neither an actual child-core hypothesis nor a continuation of the finite-expansion
envelope is used here.
Set ((v) = W(T + v) — Qret(sq + v) and E(v) = ||((v)||x. Its exact equation is

OC+ (Kxw+b) -V(=RA(— (K *x(+b) VQet + KAQ et
The actual foreign field stays in divergence-free transport. Lemma 2.5 and (46) imply
E'(v) < CwEW) + Cpg + k).

Hence E(v) < Ce®WV(E, + q), and integration of this exponential, using Cy > 0 and (169),
proves (165). This proof never uses a derivative of the actual colour or of a rough density leak.

We next reset the positive envelopes at a fixed radius. Choose a fixed ball enclosing their
original support with a fixed radial margin. Before the cap, (163) and (46) bound the child’s
integrated nonradial speed by CCpastd. On the advance, the radial component of its own velocity
is at most

[ (Qret (w) = Wlloo + CpE(u = 5q).

The fixed canonical negative envelope, which follows from its first finite jet in (76), gives

0
/ K # (et (1) — W)[|oo dtt < Cltrer = O(Sret).
Sq
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The comparison contribution tends to zero by (165). Older nonrotational fields contribute o(1)
and descendants contribute C'3gCoL = o(1). The resulting absolute radial displacement is

O(Cpastd) + O(Gret) + 0(1).

Fix 0, sufficiently small for the prescribed margin, and then choose ¢ for the fixed trial constants.
The radial exit estimate of Lemma 5.2 gives the fixed-radius Gaussian exit bound. Conditional
global moment growth, using (130), multiplies it by at most C,e“"“2L(1 + CoL)*, which is
absorbed by its Gaussian. Thus all fixed envelope moments are bounded and their fixed-radius
moment tails are smaller than every prescribed ¢-power. The packet has bounded initial mass
and the same fixed initial support by the positive-envelope construction preceding Lemma 6.7; it
uses the same actual common drift, so the argument applies without a summed initial L* norm.

For completeness, the parent-radius estimate is proved directly, rather than deduced from the
fixed-radius tail. Choose cr so Bp is inside a fixed fraction of the parent’s older probe core. The
actual older harmonic and leak estimates give there

€

Gl <aglyl,  ag<Co/5+ o(q").
The child’s own and descendant signed velocities have total speed at most a fixed D, by the
individual contractions and the convergent sum of A;R;. The full actual radial drift on Bpg is
therefore bounded by a4|y| + D. Outside this ball its unrestricted radial bound is C|y|/5+ D, as
in Lemma 6.7.

Let H = t,ef < CoL and enclose the original packet support in the fixed Bpg,, . Since a,H =
o(1) and DH = O(L) < R,

6 2
lbej -] < c%|y|3+c

¢* (R, + DH) < R/8

for small g. Run the radial diffusion calculation at radius R/4. After predictable removal of
tangential drift, its Brownian supremum must exceed a fixed multiple of R/+/k to exit. Thus

Pr{rp/, < H} < Cexp[—cR*/(kH)].

Condition at that exit and use the unrestricted global radial bound. The same moment calculation
as in the proof of Proposition 7.3 gives

/| LA W) P(H,y) dy < CoMeCHIP(1 4+ R+ H + ViH)"e /M),
y|>R/4

Its prefactor is a fixed power of ¢~! times a fixed logarithmic power, whereas R?/(kCyL) >
cq /2 /L. Reducing the Gaussian exponent constant proves (167). Truncation of the positive
initial packet and monotone passage justify the calculation when that initial packet has no finite
L*>* norm. For either envelope, the already proved sixth-moment bound implies (168), since
|y|41{\y|>Rcut} < Rgu%:’y|6

Finally, cut the fourth moment off at the fixed reset radius. Its difference is bounded by the
cutoff norm times E, plus superalgebraic tails. Since e=7%/# < C§=1/% on [s4,0], (165) gives

0
/ eiou/B|Bactual(U) - B4(Qref(u))| du < Céiril/B(Eq + Q) + O(qp)'

Sq

This proves the weighted assertion under (166). O
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Remark 7.9 (The outer source). When j = 1, the older field is empty. The comparison and
fixed-radius reset in Lemma 7.8 remain valid with that term zero. No parent-radius handoff is
needed at the outermost scale; the R = cr/q estimate is asserted only for j > 2.

Corollary 7.10 (Actual reference-state reset and fixed source windows). Choose the order in
Theorem 7.7 with M > Cy /o, and normalize one sufficiently small canonical reference state in
time and phase so that

At (0)) = bref > 0, A( et (5)) = crege™ + 0(e27%) (s — —o0).

Write ayet = |Cref|; then ayer = Oref +O(02), but the two parameters are not identified. Let s; < 0
be the exact canonical hitting time of |A| = 0, on Qyer, and remove the actual source’s constant
phase so that its first-cap coordinate equals A(Qret(Sq)). Put Ly = —sq and tyes = tj + Ly. For

every fized J < oo, after the same phase and rigid-rotation removal,
Wi(tret + ) — Qe in C([—J, J); L' N LP),

uniformly in cascade depth and all other seed phases. Whole fourth moments converge uni-
formly on each such window. At t.es the actual source’s positive passive envelope, and the positive
envelope of its entire source/deep packet, have all fired moments bounded uniformly and have
superalgebraic moment tails outside one fized ball. In particular no power of loglog(1/q) is lost
in this reference-time moment reset.

Proof. Theorem 7.7 is used only through its shrinking exact cap t;. Its full-state reset, including
the radial heat-base defect, gives

Ey < Oy ™Mt 4 Oyg? (1 + CoL)PM§ + Crit.

Its preparation envelope supplies (163) with a fixed Cpast. The choice M > Cy /o makes 0" (E,+
q) — 0, so Lemma 7.8 (with its empty-older-prefix variant when j = 1) proves convergence at the
fixed reference and on every fixed earlier reference window, together with both positive-envelope
resets. It is immaterial whether the selected source’s terminal finite-expansion amplitude exceeds
5ref'

The clock lies inside the required inactive horizon directly. Indeed the selected-source cap
clock and (169) give

K 1
tret =15 — Sq = ;L + - log aref + o(1).

The choice Cy > K /o + 1 therefore places every fixed reference window inside [0, CoL] for small
g. On a fixed later window the canonical Euler support and its X gradient/Laplacian bounds
depend only on that window. The independently available actual older-field bound and descen-
dant velocity sum still apply there. The same one-sided comparison extends convergence to
([, J]; X).

To remove the fourth-moment cutoff on such a later window, the child and descendant total
velocity is uniformly bounded by scalar contractions. On a sufficiently large fixed ball the actual
older radial field is small; the initial reference envelope has the fixed-radius Gaussian tail just
proved. Radial exit and the unrestricted global moment bound give uniform fourth-moment
tightness on that fixed window. Strong L' convergence on a cutoff ball then proves uniform
whole-fourth-moment convergence. This completes the corollary without extending the selected-
source expansion envelope beyond its proved endpoint. O
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Lemma 7.11 (Gaussian handoff at the parent radius). Fiz any j > 2 and any viscosity with
normalized value 0 < k < ¢*/2 at this child. The child may have been activated by its incoming
packet; it need not be the deepest source selected by diffusion. Use only the common geometric
initial colour bounds and constant cores, and assume every actual larger nonradial density is at
most 8, A1 R} through a normalized horizon 0 < H < Cylog(1/q). Let Fj(t) be the actual positive
scalar envelope transported from the absolute value of the normalized source datum. The same
conclusion holds for the positive envelope of the entire source/deep packet, transported from the
sum of its initial absolute colours. At every prepared cap or reference handoff time 0 <t < H,
there is a fived ro > 0 such that, for every fized integer n > 0,

(171)

-2
/ (1+|z|")Fj(t,z) dx < Cy exp l_ Cnq ] .
|z|>r0/q

kH

This estimates positive-envelope leakage at the parent radius independently of any fixed-radius cap
reset.

Proof. Take ry/q strictly inside the parent’s protected core, for example 1o = ag/4. The actual
larger cores follow from the stipulated density stop by applying the outer-core proposition at
the parent index. Its horizon in parent units is H/S = O(log(1/q)), its normalized viscosity
is g%k < Bq7/?, and its radial margin tends to zero because (H/B)\/d, = O(1/log(1/q)) and
gH — 0. Thus no selected-source cold-tail theorem or child small-density assumption is being
invoked in this handoff lemma. The actual old core and harmonic decomposition gives on this
disk a radial bound Cd4|z|/f + €(t)|x|, with superalgebraic leak integral. The own source and
all smaller velocities together are at most C, by the convergent individual scalar L', L> bounds.
Consequently the radial displacement bound for exit from this disk is at most

CH + (Cé,H/B + superalgebraic error)r/q.

Since H < ¢! and 6,H = o(1), this is less than a fixed fraction of its radius. The ini-
tial source support has fixed radius. The radial exit lemma bounds its exit probability by
C exp[—cq~2/(kH)]. Globally all older colours satisfy the origin-growth bound |u<;(z)| < C|z|/B,
while the source/deep packet velocity is bounded by C. Conditioning at exit therefore bounds
its later fixed moment by C,q ™e“#/8 Both this polynomial prefactor and the fixed g-power
from H = O(log(1/q)) are absorbed by reducing the constant in the exit exponential. Positivity
of the actual envelope and its fixed initial mass complete (171). O

Proposition 7.12 (Actual positive source history before the parent cap). Start the source history
at the fized reference reset of Corollary 7.10. The same statement applies to any other actual
source colour having the same scalar contractions and the following uniform reference-envelope
bounds: for every fixed integer n > 4,

/(1 + )" Po(y) dy < CuM, M = /pO’

with constants independent of q and depth. For the prepared geometric children these bounds are
supplied by Lemma 7.8. Their separate Gaussian parent-radius handoff is also available and is
used in the logarithmically shrinking-cap application below. The present general future-moment
bound uses all the displayed fixred moments; a fourth moment bound alone is not assumed to supply
them. On a following interval 0 < u < U, < CpBlog(1/q) assume that every larger colour is still
in its actual nonradial stop ||(I — P)w|1 < §AR?, and that its actual constant core persists on
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the appropriate probe disk with the Gaussian defect estimate. These are explicit hypotheses for
this following interval; the preceding selected-source theorem alone does mot establish the whole
parent interval. Assume the normalized viscosity satisfies 0 < k < ¢3/2. For sufficiently small
fixed 6 > 0 one has

‘B4(@j(tref + u))’ < C(l + u)4605U/18 + O(QP)’

for every fixed P, uniformly in depth. Choose § additionally so C6 < o/2. Then this is an
integrable uniform positive-history bound under the receiving discount e~ 7%/P.

Proof. On the disk |z| < ag/(4q) the actual old harmonic series gives |boq - €| < Cd|z|/+€(t)|z].
Indeed the series is bounded by €6 Y .-, B7%¢%|2|3, and ¢?|z|? is bounded on this disk. The
core leak has superalgebraic time integral. At every time the source’s own velocity is bounded
by C, while the sum of all smaller velocities is bounded by CfB¢q, without any nonradial stop.
Thus actual radial drift there is at most C(1 + Bq) + (Cd/B + €(t))|z|. For its actual positive
passive envelope use the weight (1 + |z|?)2. Tts diffusion contribution is at most Ck(1 + |z|?),
its additive-drift contribution at most C(1 + |2|?)®/2, and its linear-drift contribution at most
Co(1 + |2]?)?/3. Holder and scalar Gronwall for the fourth root give the displayed polynomial
times weak exponential bound before exit.

Write R = cg/q, L = log(1/q), and let U < CyfL. On Bpg use |v-e,| < aly| + D, with
a = C,6/B after absorbing the Gaussian core leak, while globally use |v - e;| < agly| + D with
ag < Cy/B and D < Cy. Choose the fixed ¢ sufficiently small that

0:=C,Cyb<t 40,6 <%.

The first condition gives e®¥ < ¢~% Put b = Re~ %V and split the initial positive envelope at

Teut = b/8. Then 7ey; > cq~ 0 — 0o, and DU < b/8 for small q.

For paths beginning in B,_,, let X, be the actual diffusion and set Y, = e7**X,,. Its radial
drift, until X exits Bpg, is at most De™® and its diffusion coefficient is v/2rke™ . If X exits
Bpgr by U, then Y has already exited Bjp; until this latter exit the local drift hypothesis applies
because | X, | = e®|Y,| < R. Applying the cosh test from Lemma 5.2, using only the upper radial
bound, gives

2 2 ,—2aU
Pr{rgr <U} < 2exp [—ZZ] = 2exp [—CR:U] .

Indeed the test generator is bounded by [2ke 2% \? + De~% )] cosh(\|Y]), and the exit gap is at
least b — reyy — DU > 3b/4. No tangential drift bound is used. At U = 0 the exit probability is
ZETO.

The stopped fourth-moment calculation gives, for the unexited part,

/ ly|*P(u,y) dy < CM(1 + u+ v/ru)el™  before adding exited and initially exterior paths.

This follows by testing (1+ |y|?)? and taking the fourth root; the initial fourth moment is at most
C4M. Conditional global moment growth after exit gives a remainder bounded by

CR26_2aU]
- 35 )

CMeY/B(1 4+ R+ U + VkU)* exp [— i
K

where C; depends only on the global growth and additive speed. This is smaller than Mq* for
every fixed P > 0: with k < ¢%/2, its Gaussian exponent has size at least ¢g~7/212¢ /L, and all its
other factors are fixed powers of ¢~! and L.
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For the initially exterior part, the nth reset moment gives

/| ) Rly) dy < CuMr Y
Yy >Teut

Propagating this part with the global radial bound costs at most CeCol/B (1 +U)* For any
prescribed P, choose one finite n such that (1 —6)(n—4) > P+C{Cy + 1. The resulting exterior
contribution is Mo(q"). Thus, uniformly on 0 < u < U,

/ ly|*P(u,y) dy < CM (1 4 u)*e* /P + Mo(q").

The second cap-smallness condition makes this bound integrable under e=?%/#, with uniformly
vanishing discounted future tails. This proves the stated generic future-history estimate. In the
actual application § = d4, the strict displacement margin of Proposition 7.3 also holds, and its
sharper Gaussian-error estimate is used by Lemma 9.1.

O

Remark 7.13 (The core part of a stopped parent environment). If every larger colour is stopped at
the sharper density level 6, = (log(1/¢))~%, the core hypothesis in Proposition 7.12 follows from
the already proved outer-core proposition, applied at the parent index. Its total time horizon
in parent units is O(log(1/q)), its normalized viscosity is f¢*x < Bq"/?, and its radial margin
is O(log(1/q)+/d4 + Bqlog(1/q)) = o(1). Thus only the actual parent/larger density stop is a
substantive input in this usual logarithmic window; a separate post-cap small-density assumption
on the source is unnecessary.

Corollary 7.14 (The actual whole-history source transform). Use the fized reference gauge of
Corollary 7.10 and the actual post-reference environment of Proposition 7.12. Assume also Uy, —
oo. Extend the actual source moment by zero before its physical initial time and after U,. Then,

with pg = (o +i(1 —4/5)]/8,
/ e—MBuBaCtuaLref(u) du — / e_ruﬂuB4(Qref(u)) du,
R R

uniformly in depth and all other seed phases. The same conclusion holds for the weighted absolute
difference of the two moment functions. The actual history is used only through Uy; the zero
extension is a definition of the truncated history, not a claim about later actual dynamics. If the
canonical transform is nonzero at the chosen 3, the actual one is nonzero for all sufficiently small
q, with a uniform lower bound in this fived reference gauge.

Proof. On the preparation interval, the actual source norm envelope and fixed-radius Gaussian
tails imply |Bs(w;(t))] < Cae’. The exact reference shift satisfies ae'ret = azer(1 + 0(1)). Thus
the actual reference moment is bounded by Ce* for v < 0, including the part between the
shrinking cap and the reference state. Its tail outside the fixed source radius is superalgebraic
and smaller than «, so it is included in that same envelope. The post-reference bound gives
C(1+ u)4605“/ B for u > 0 up to its endpoint, with superalgebraic errors uniformly on a loga-
rithmic horizon. The canonical moment has the corresponding negative exponential and positive
polynomial bounds. Since f > 1 and Cd < 0/2, both are integrable under e~7u/B. The extra
superalgebraic errors times the whole logarithmic horizon and its possible fixed g-power amplifi-
cation still tend to zero. The fixed-window whole-moment convergence now proves the weighted
absolute-difference assertion by truncating at [—.J, J], first choosing J and then ¢. This gives the
transform assertion and its nonzero conclusion. O
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Remark 7.15 (Why the fixed reference gauge matters). If the transform is instead centred at the
shrinking exact cap, the time and phase shift multiplies both actual and canonical transforms by
the same factor whose modulus is comparable to (d,/ aref)'/?. The absolute lower bound then
shrinks by that factor, while the relative transform error remains small. Using the fixed reference
state as the receiving force origin avoids that artificially shrinking coefficient. Merely comparing
a fixed window around the shrinking cap would omit the later nonlinear source pulse.

Remark 7.16 (The reference inputs in the invariant class). For the inductive reset write
Eq < C’rcs‘set6]w—~_1 + qXLD‘

The fixed choice M + 1 > Cy /o + 2 implies (166), including the extra factor 1 + |s,4| used
in Proposition 9.2. For each fixed trial reset constant the reference comparison error and its
integrated radial contribution tend to zero. The reference and its localization radius are fixed
before that later finite order.

The reference past before its small cap has weighted norm at most C'Cpast6 1-1/8 1n small-cap
time v < 0, this follows from the envelope Cpasde”” and the factor e~ osa/B — 0(5_1/5). The
advance has fixed canonical history norm plus the vanishing error just proved.

At reference time (167), with n = 4, supplies (146) with Hy = CoL, while the fixed-radius
moment reset supplies (145). Under the current parent’s protected-core stop, its actual older
harmonic/leak field satisfies (147); its unrestricted origin-growth bound gives (148); the child’s
own and descendant velocity sum gives the fixed D. Thus Proposition 7.3 supplies the prospective
future history without an assumed signed source waveform.

The upper history prefactor can be chosen independently of a fixed trial parent stop. In the
proof of that proposition the local stop constant occurs in eCCsterd4/8 while the prefactor uses
only the reset moment and D. On u < CyBL, this factor is at most two after choosing ¢ for
the fixed trial stop; its discounted exponent is at most —ou/(253). Conditional global moment
growth in the Gaussian error uses the unrestricted bound, independently of that stop. The
future weighted norm is consequently bounded by a fixed reference constant. Hence, for the finite
derivative orders selected before the class constants,

Minput < Mref + C’Cfpaust(;l_l/ﬁ + 0(1)7

where M,of may depend on those finite orders, fixed stream cutoffs, profile, reference, clocks, and
B, but not on trial past/reset/stop constants or depth. Orders can be chosen using the already
fixed comparison exponents, then their input constant computed, then the output class constants
fixed, and finally ¢ decreased.

Fixed-window comparison and the two discounted tails also give uniform o(1) closeness of the
signed transform to the fixed canonical transform. This provides its nonzero lower bound once
the full prospective receiver interval is reached; the independent upper input bound is available
on every shorter stop. These are the reference and handoff inputs needed by Proposition 10.1.

8 Finite nonlinear expansions for retained actual forcing

8.1 Finite actual forcing: density closure and exact-cap reset

A finite expansion with the actual foreign-field coefficients gives an actual density envelope and
an exact-cap state reset. The recursion uses those coefficients as measurable functions of time.
A nonzero growing coefficient and pointwise bounds on the protected late window supply the
first-cap conclusion.
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8.1.1 Spaces, operators and the derivative reserve

Let C be the union of the two closed derivative collars of the fixed smooth radial profile W. Choose
a closed radial interval I € (0,00) containing these collars in its interior. For an integer J > 1,
let E7 denote the real finite angular-sector space of functions supported in C whose sectors are
m € 4Z, |m| < 4Jj, with radial coefficients in H"(I). More explicitly, with the fixed smoothing
length e, set

C:={x:||lz|—p| <e}U{z:|lz]—1] <€}, M :={m e 4Z : |m| < 4Jj}.

Then the space and its norm are

B} :={f<x>= S b2} E < by, € HY(I), supp f C C, freal},

mGMj

1l = % Mol

meM;

Each h,, is extended by zero outside I, and f(0) := 0. The support condition makes h,, vanish
off the two collar intervals. On these supported finite-sector functions it is equivalent to the
full-plane H™ norm, with constants depending on I, J, j,r. Initially and in every recursion below
the functions are smooth, flat at the collar endpoints, and have zero integral. The coefficient
equations therefore use a common closed supported subspace on each finite Sobolev level; there
is no assertion of an unrestricted all-angular-mode spectral estimate.
Write
Lf=—(K«W)-Vf—(Kxf)-VW,  Q(f,g):= (K f)-Vq.

The inherited finite-sector spectral lemma gives
L =eMP, + MNP+ R(E), ROy < Coe®, 2p<o, A=o+ir.  (172)

This is used only in one of the finitely many spaces E7. The growing eigenfunction FYy lies in
sector +4 and is normalized by A(F;) = 1; its real conjugate lies in sector —4. The global test
defining A selects sector +4. For the pattern rotation set

(Tof)(r,0) = f(r,p+0/4), Liot = L — (7/4)d,.

For vector fields its definition is the pushforward 79V (z) = R_g,4V (Rg/4z), where R is the planar
rotation matrix. Equivalently its polar components are shifted by 6/4. This gives K * (Topf) =
To(K x f) and Tp[V - Vf] = (TeV) - V(Tof). This rotation is applied to the entire function,
separately in every angular sector. It is not replaced by the scalar factor e~ on an order-j
coefficient. The operators commute, and rotations are isometries in radial Sobolev norms. Thus
ellrot < C'et and the growing real space has eigenvalue o.

Fix truncation orders M, N > 1 and a desired final Sobolev order k. The letter N in this
finite recursion is the viscosity truncation order; it is distinct from the depth selected by vy in
the global cascade. Set

k. := max{4, k}, rie = ke +2(M — j) + 2(N — ), R:=k.+2M +2N +3. (173)

The reserve is explicit. A diffusion source uses g; 1, whose order exceeds r;, by two. A quadratic
or foreign-advection source uses a coefficient with strictly smaller seed order, whose order exceeds
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the requested order by at least two. A heat-interaction source uses g; ¢—,, again with at least two
additional derivatives. All profile derivatives used below are fixed derivatives of W; W is smooth
in every finite order.

For zero-integral functions supported in one fixed ball,

K fllgrivgey < Cellfllgrs NQU O ar < Collfllgr g, 722 (174)

~

To check the first low-frequency estimate, compact support and zero mass give | f(§)| < C|¢] | fll4
for [¢] < 1. The Biot-Savart multiplier has order —1, so it is bounded there by this cancellation
and is of order —1 at high frequency. Plancherel proves the first estimate. For the second,
H7"(R?) is an algebra for r > 1, and Vg € H"; multiplication and the first estimate prove the
assertion. On the supported spaces H** also controls all the L', LP product norms and the two
extra derivatives in residual Laplacians. These elementary bounds justify, rather than hide, every
transport derivative in the finite induction.

8.1.2 The finite recursion and its exact residual

Put X = L' N LP, p > 2, with its sum norm. In a scale family write L = log(1/q), 6 = L~*, with
0 < ¢ < 1; all error exponents y > 0 are fixed before ¢ is decreased. Splitting Biot—Savart at
radius one gives || K * f|| < Cp||fllx- Let 0 < H <o00,t>0,a>0,e>0,0<k <1, and

tT
si=t—tg, a(t)=ee’T) W) :=eMPW,  W(t):= SATW.

Let B(t, ) be real and divergence free, spatially C*° for almost every time, and locally integrable
in time with values in every fixed finite C™ norm. Only its C¥ norm is used in the quantitative
bounds. This qualitative regularity is automatic for the finite smooth stream basis with actual
moment coefficients. Its polar velocity components have finitely many angular sectors m € 47,
|m| < 4J. Define the retained field by

by(t,z) :==eB(t, z).
Assume

H
o —o(t—
Lt @y < Ao, D)= O BOllr. [ DO < Bo (175)

where ® € E'° is a real smooth zero-integral seed. The bounded constants Ao, By are the input
ball; no pointwise upper bound on D is imposed.
Define the initial coefficients by

910(0) = (a/E)(I)7 gjf(o) =0 ((.77€> 7é (170))

For 1 <7< M,0</{<N, the coefficients are defined successively by the following initial-value
problems:

¢
(0r — L)gje = Li>10gj0-1 — Y [(K « Wy) - Vgjo—y + (K % gjo—y) - VIV;]

r=1

+ ) Q(Gjrt15 Gjats) — 1j=1B - VWi — 1j>9B - Vg; 1. (176)
Jit+jg2=jJ, j1,j2=>1
l1+lo=F
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Every coefficient on the right precedes (j,¢) in the ordering by j + ¢. The angular sectors are
at most 4J7j. All outputs are supported in C: Laplacians preserve the support of smooth flat
functions; AW with r > 1 has this support; and every advective term differentiates a supported
function. Each forcing has zero integral by divergence freedom or the Laplacian identity. The
bounded finite-sector generator and Duhamel therefore construct a unique smooth coefficient,
absolutely continuous in time in every required lower Sobolev order. Measurable time coefficients
are sufficient.
Define

M N
F(t) =YY "elrgju(t),  wapp = Wi+ F.
j=14=0

Figure 6 summarizes the finite coefficient array and its derivative reserve.

930 4{ 931 }—{ 932 } A finite coefficient array.
\ 1<j<M, 0<{<N.

M N
F(t) = Zgjnégjg(t).
Ty i=1 ¢=0

} Wapp () 1= Wi (t) + F(t).

<
Il

seed/forcing order j —»
Q
a
9
=
9
N

g10 —»{ g11 }—»{ 912

Derivative reserve.

viscosity order £ — rje = ke +2(M — j) +2(N — ).

horizontal edges include Ag; 1 Each decrease of one index supplies

two derivatives for a source term in the
next equation.

Figure 6: Bookkeeping for the finite nonlinear recursion (176). The drawn 3 x 3 corner is illus-
trative; the actual orders M, N are finite and chosen in the parameter selection. Here j is the
coefficient order, rather than a physical scale index; N is the local viscosity truncation order,
rather than the selected depth. Blue nodes have viscosity order zero, while orange nodes have
positive viscosity order. Arrows show representative dependencies; quadratic terms also use all
partitions j1 + jo = j, {1 + f2 = ¢ in the displayed recursion. Every source coefficient precedes its
output in j + £. The proof controls the actual remainder after truncation and does not require
convergence of an infinite power series.

The recursion is an algebraic identity at the given run’s B, k. Dependence of B on the actual
solution and on x does not change that identity.

Lemma 8.1 (Coefficients and finite residual). Under (175), with the reserve (173),
lgj0()ll gm0 < CE7 Nlgze()llgrse < O+ W™, dje=20(j +¢), £=1.  (177)

The constants depend on the fized finite orders and input ball, not on ty, H, e, k or the particular
waveform. One may take dgr = AN(M + N)+ N +3. Ifa <1 and x(1 + H)® < ¢, the residual
in the retained field satisfies

|0wapp + (K * Wapp + €B) - VWapp — kA Wapp||x < Cla™ T+ kN1 + )R a] (1+ D(t)). (178)
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Proof. For g9, (172) and the weighted initial bound show that its homogeneous contribution is
at most C'e?®. Its forcing convolution is at most

t

t
C’/O e?t=r) |B(r)||or dr = Ce"s/o D(r)dr.
The reserve supplies its requested derivatives. Suppose preceding coefficients have the claimed
bounds. A quadratic pure-seed source has size Ce?”("~%) in the requested Sobolev order, by
(174). For j > 2 its convolution has the gap (j — 1)o, so its bound is Ce/?® with no polynomial.
A pure external-advection source has size C’ej"(r_to)D(r); dividing its convolution by €77 leaves
C f —U=De(t=r) D(r)dr < CBy. This proves the pure-seed estimate.

For positive viscosity order, the heat terms carry (1+r)" from W,, the diffusion term has the
preceding polynomial, and the quadratic terms add their two polynomial degrees. A convolution
at j = 1 can add at most one degree; for j > 2 the strict gap adds none. The choice djy = 2((j+¢)
dominates all these degrees:

djp > dje1+1, djg>r+dje—r+1, djpg>dj_10, djp>dje +djy,.

The second inequality is used for » > 1 and £ > r; the third for j > 2; the last for the displayed
quadratic indices. For the direct BVW), term its degree £ is smaller. The weighted D convolution
adds no degree beyond the preceding factor. This proves (177) by the finite induction, using
precisely the reserve already specified.

For completeness we give the residual identity. Put Gy = W, — 27{\/:0 k"W, and Q.h =
—[(K *«W,)Vh+ (K * h)VW,]. Write Q¢h for the same expression with Gy replacing W,.. After
cancellation of the retained monomials the residual is exactly

M
J _ i N+1 j AL+r
R = = kNt Agin — > R Qrgje
Jj=1 1<j<M, 0<U<N, 1<r<N
l4+r>N
1452 1+
- Z e QQ(gjlfugjzfz)

1<51,52<M, 0<ly,Lo<N
j1+ja>M or £1+La>N

N
+eMN KB Vgue+eB - VGy — QGF. (179)
=0

Here juxtaposition with a gradient means a dot product. The exact radial heat base has zero
residual on its own. The integral heat Taylor formula gives

IGNllx +IIVGN] x < O N+ N+

Use the Biot-Savart X bound and (177) to estimate QQgF. Every remaining factor in (179),
other than the heat remainder, is supported on the fixed collars. Pure terms with seed order
exceeding M are Ca™*1; their pure coefficient bounds have no polynomial. A positive viscosity
power multiplied by any of the finitely many polynomial factors is absorbed by increasing dgr
and requiring x(1 4+ H)% < ¢. Terms with viscosity order exceeding N are Cx™N*1(1 4 t)&a,

since a/ < a. The external top-seed term uses || B|| = €¢?*D and is Ca*1D. The external heat
remainder is CxNt1(1 4 t)9RaD. This proves (178), including all viscosity terms and without
assuming a pointwise bound on D. O
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8.1.3 Comparison with the actual foreign velocity

Suppose the actual colour solves
Ow + (K xw +b) - Vw = kAw, w(0) =W + ad.

The actual b is divergence free; it may depend on the entire interacting solution. Assume the
usual positive-time smoothness and C; X initial trace, sufficient for the scalar Kato inequalities.
A removed rigid rotation is allowed. Let U be a fixed annular neighbourhood of C, separated
from its complement by a positive radial heat-gradient gap. Assume

sup[b— byl < mg,  [b(t) - er] < Cy(1+ Ja]), (180)
zeUd

with fixed C%. The second is used only against the exact radial heat gradient outside U. No
derivative of b is assumed. The stream extensions giving B agree with the retained harmonics on
U. These are exactly the collar omission and actual global radial-growth inputs supplied by the
packet /core estimates.

Lemma 8.2 (Actual density comparison). Fiz C; = Cp(||VW/||x + 1) before choosing M, N, J.
Choose (M + 1)o > Cy. There is a later threshold a, > 0 such that if a(t) < a. and the finite
viscosity smallness conditions hold, then ||Vwapp|| v gives the fized exponent Cy and

Hw _ wapp”x < CaM+! + CEN+1(1 + t)dR+1ae(C1—a)+t

+ Cmy(1 4 1)eC1t + C(1 + H)eC H (1 4 ge?H)eme/ (1), (181)
The last Gaussian term is understood as zero at H = 0. Consequently in a scale family

e=q", oty < 0L, H < CygL, k<47, mngPLdm,
r,y,x >0, 0 >0, 0< Cqg < 0.
if
7<N+1)>CH(01—U)++X, P>7’+9+CH(01—U)++X, (182)

then
[w — Wappllx < Ca ™ + CqXL%a, lw— Wyl < Ca. (183)

These estimates require no nonzero transmission coefficient.

Proof. The finite coefficient bounds make the pure perturbation gradient at most 1/2 after choos-
ing a, sufficiently small. Choose the later viscosity threshold so the remaining finite gradients are
at most 1/2. Heat contracts ||[VW]||y. This yields the already fixed C1; the coefficient constants
change thresholds, not that exponent. For 2 = w — wapp, the exact equation is

(O + (K xw+b) -V — kA)z = —(K % 2) - Vwapp — R7 — (b—by) - Vawapp.

The actual foreign field is part of divergence-free transport and cancels from the L', L? norm
inequalities. The Biot—Savart X bound gives

(12llx)" < Callzllx + | RY|| 4+ 116 = bs) - Vewappll -

The initial error is zero. Smooth norm regularizations and compact cutoffs justify the integrated
inequality from time zero.
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On U the mismatch is at most C'mgy(1+a). Outside it, VF = 0 and the weighted radial heat-
gradient norm is Ce=¢ (%) after decreasing ¢ to absorb fixed polynomial heat factors. The actual
radial-growth bound and ||b;||, < aD therefore bound the omitted force by C(1 + aD)e/ ().
Convolve with e©1(:=?) For the top pure residual, division by a(t)M*1 leaves

/t e~ |MFDo=Cil(E=v) (1 4 D(v))dv < [(M + 1)o — C1]™" + By.
0

For the viscous residual, division by a(t) leaves at most C(1 + t)4=+1e(C1=9)+¢(1 4 By). The
constant collar mismatch gives C'mg(1 + t)e“1t. The Gaussian force uses [ D < By and mono-
tonicity of its exponential, proving (181) after enlarging its harmless prefactor. In the scale
family, a(0) > ¢"*? and (182) makes both non-Gaussian errors relative to a(t) positive powers
of ¢ times fixed logarithms. The Gaussian dominates all these fixed power losses uniformly for

smaller viscosities. Finally the finite coefficient sum has norm Ca and the error has the same
bound, proving (183). O

Corollary 8.3 (Upper continuation to a prospective endpoint). Work in the setting of Lemma 8.2,
including its actual colour equation, initial condition w(0) = W + a®, regularity and finite-
recursion hypotheses. Fiz the profile, finite orders and input constants Ay, By. Let L =log(1/q),
§=L*% a(t) = ¢Be?t=1) oty < gL, Hy < CoL, k < ¢° and a(Hy) = Eyd, where Ey > 0 is
fized. Assume (M + 1)o > Cy and

3(N+1)>CQ(C'1—U)++X, P>6+€0+CQ(01—U)++X
for some x > 0. For a trial Cs > 1 define
T :=inf{t > 0: [Jw(t) — Wi(t)||x = Csd}, inf @ := +o0.

Suppose ||w(0) — Wlx < Cs6 and, on every [0, H] with H < min(Ts, Hy), the actual retained
field and collar mismatch satisfy (175) and all the finite comparison hypotheses with these same
Ao, By, a fized radial-growth constant, and mg < g L. Their later q threshold may depend on
the fized trial Cs. Then the comparison constant C, can be computed independently of Cs. If
Cs > 2C, Ey, subsequently small q gives

Ts > Hy, lw(t) — We(t)||x < Caalt) (0<t<Hy).
No signed transmission-coefficient lower bound is assumed.

Proof. The fixed endpoint relation gives a(H4) — 0. All finite viscosity smallness conditions also
hold for sufficiently small g. Lemma 8.2 thus applies on every shorter stopped interval, with one
C, depending only on the fixed input ball and finite orders. Since a is increasing, it gives

lw(t) — We(t)||x < CoEod < Cs6/2 (t < min(Ts, Hy)).

Continuity contradicts the defining equality if Ty < H,;. Consequently the full prospective interval
is reached and the same comparison bound holds on it. ]
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8.1.4 A normalized finite polynomial loses the forcing waveform

Extend B by zero after H, and put S = H —tg. Suppose the decomposition holds on —tg < s < 5,
with the following future bound for s > 0:

Bty + s) = B™"(s) + E(s),
HBmam H <Cp(l+s)reh, 0<h<h, <o,

S
| e 1B on ds <, (184)
—to

The main and remainder are finite-sector fields of the same class as B and are zero-extended after
S. Before s = 0 only the total weighted bound (175) is used; no past convergence hypothesis is
needed for the coefficient reset. Define the full first-order growing amplitude

)\toA +/ At=t0) A(~B(t) - VW) dL. (185)

It includes every retained input and the initial seed. It equals the infinite-future growing ampli-
tude of the zero-extended first coefficient. It is not replaced by a canonical target coefficient.
Let F1(C)=CF;+ + CFy, and, for j > 2, define

Fj(C) = —=(jo = Lrot) ™" DY (K Fu(C)) - VF(C). (186)
a+b=j

The inverse is the convergent integral of the finite-sector semigroup e!(£rt=3%) Tt is not a formal
inverse. All coefficients are smooth, supported in C, of zero mass, and belong to sectors 4n with

[n| < j and n = j modulo two. Induction proves that they are real polynomials of total degree j
in C, C, and that F;(C) = |C|! Targ ¢ Fj(1) for C # 0.

Lemma 8.4 (Finite coefficient memory loss). Under (175) and (184), for any fired 0 < d <
min(o — 21,0 — hy), the pure coefficients obey

He_jasTfngjo(to +s) — Fj(Cq)H < Ci(1+s) e % 4+ Cjny, 0<s<S. (187)

HTi0 —

The constants depend only on the fized finite orders, input ball, future envelope, and the strict rate
gap. They do not depend on the waveform, preparation length, or an incoming canonical-profile
error. No lower bound on |Cy| is required for this coefficient statement.

Proof. The coefficient bounds imply that every normalized coefficient at s = 0 is uniformly
bounded in its reserved order. Write hj(s) = e /75T _.5go(to + s). For j = 1 the growing
component is F;(C(s)), where the partial integral in (185) defines C(s). Its missing main future
tail has norm at most C(1 4 s)%e~(®~h)s; its missing remainder has norm at most C7,. Its
complementary component has propagator decay e~ (0=2m)s after normalization. Its main forcing
has bound C/(1+ s)% e~ (7= in this frame. Duhamel convolution of these two decays is bounded
by C(1 4+ s)%e~9 for the stated strictly smaller d. The remainder convolution is bounded by
C [ie 7" |E()||or dv < Cng. This proves the first case.
For j > 2 the normalized equation is exactly

hy = (Lrot — jo)hj — Y (K % hq) - Vhy — e 7 (T_rsB(to + 5)) - Vhj_1.
a+b=j
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Its homogeneous propagator decays as Ce~U~17s by (172). Subtract (186). Each quadratic
difference has at least one lower difference, and its other factor is uniformly bounded in the
needed reserved order. The reserve supplies one extra derivative in that lower factor, so (174)
applies without loss. By induction these terms are bounded by C(1 + s)%e=9 + Cnq in the
target order. The direct main external term is C(1 4 s)% e~ (?=")5: its remainder has weighted
time norm at most Cn,. Duhamel and (j — 1)o > d yield the same bound for the normalized
difference, including the decaying bounded initial value at zero. Increasing a finite polynomial
degree handles a possible convolution polynomial. This proves the finite induction and (187). O

8.1.5 Exact protected-coordinate matching

Define the real Banach-valued polynomial

M
PM(Z):W—I—ZFj(z), z € C.
j=1
Its protected coordinate is Ws(z) = A(Pam(z)). It is a real polynomial in z,Zz, is rotation

equivariant, Wy (e?2) = W y/(2), and DW¥,(0) is the identity on R2. In particular it has the
form z[1+ O(|z|)]; the parity actually eliminates its quadratic term, but that stronger fact is not
needed.

Lemma 8.5 (Exact polynomial and ancient cap gauge). There is a fized p > 0 such that ¥ s has a
unique inverse on |C| < p, with inverse derivative uniformly bounded. Suppose ||[v — P (2)||x < e,
2| < p, and A(v) = 6e” with 0 < § < p. Then for z, = W} (5e'),

|z — 2| < Ce, lv —Par(ze)|| x < Ce. (188)
For the inherited canonical ancient orbit, Corollary 4.5 supplies every fized finite jet

HQref(u) - 7)M(Crefe>\u)HX < CM|Cref6)\u|M+17 u << 07 Cref 7£ 0.

If us is its small exact cap, the rotation ¢ matching its protected coordinate exactly to 5e* satisfies
lv = To et (us)]| y < Cle+ SMAL, (189)

Proof. Choose 2p so small that sup|,|<y, [|[DWar(2) — I|| < 1/4. The integral mean-value formula
then gives the quantitative inverse estimate |,/ (2) — Wy (2")] > (3/4)]|z — 2’| in that ball. The
inverse function theorem, or its contraction proof applied to z = ( — [¥ps(z) — z], supplies the
inverse on a smaller ball. Since A is bounded on X, the state error bounds the coordinate error
by Ce, and the inverse estimate proves the first bound in (188). The derivative of Py is bounded
on this fixed ball, so the second follows.

At the canonical exact cap, its jet remainder is O(6™*1) because |cyere?*| < §. The same
inverse estimate changes its linear asymptotic parameter to the unique parameter matching its
full protected coordinate, with error O(6M*1). Rotation equivariance makes that parameter,
after the exact coordinate-matching rotation, precisely z.. The polynomial and ancient-state
errors therefore add to the bound (189). Matching only the linear parameter would instead leave
a lower-order error; it is not used here. ]
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8.1.6 State reset and the separate instantaneous cap condition

Combine the lemmas in a scale family with 5, < ¢*#L yg > 0, and 0 < ¢, < |C,| < C*.
Define

6 =L

o
Sq = o llog )
e|Cql
and assume the prospective interval contains to + [S; — Lo, Sy + Lo|, where Ly is fixed. At a time
in that window put z(t) = Ee’\(t*tO)Cq. The coefficient memory estimate, the positive-viscosity
correctors, the comparison bound, and |W,, — W||, < CkH give

lo(t) = Par(z() |y < COMH 4 gL, (190)

for some fixed x, > 0. Indeed S, = (r/o)L + O(log L), so the intrinsic memory transient is
a positive power of ¢ times fixed logarithms. The other errors have the strict powers already
stated. The exponent Yy, is independent of an incoming canonical state error: that error may
change the waveform and Cy, but is not used in the memory estimate. Exact coordinate matching
by Lemma 8.5 then gives the same order of ancient-state reset at any exact cap in this window.

A weighted time norm alone does not supply a crossing slope. For a protected first-cap con-
clusion, impose the following separate pointwise actual-field bounds on the late window whenever

36/4 < |A(w)| < 56/4, writing f = w — W
‘/Tadjb . VW‘ + / |f’ |b| |VTadj‘ + ‘/Tadjb . V(WH - W) < pq(Sv Pq — 0. (191)

These are instantaneous hypotheses, not consequences of (175). In the actual receiver application
they follow, respectively, from the absolute packet moments and older collar bounds, the global
weighted adjoint lemma, and the weighted smooth heat-profile estimate with the global radial-
growth bound. These pointwise criteria are checked separately in the receiver application.

Corollary 8.6 (Protected actual first cap). Assume the preceding scale-family bounds, the nonzero
coefficient bound, (191), and a sufficiently wide prospective interval. Then for small q there is a
unique first crossing |A(w(ty))| = 0. It lies in the fized late window and satisfies

d
tg =to +Sq + o(1), a].A(w)] >00/2 a.e. for36/4 <|A(w)| < 55/4 in that window.
The upper slope is Cd almost everywhere, and its exact-cap state satisfies
[w0(te) = To, Quer ()| < COMH 4 1,

where the canonical coordinate and actual coordinate are matched exactly. Any continuous family
of actual solutions satisfying these uniform bounds has continuous cap times and phases.

Proof. The all-time density bound and boundedness of A give |A(w)| < Ca(t). Choose Lg so
large that Ce=7L0/c, < 1/4. Then no cap occurs for t —tg < S, — Lo. In the fixed late window
(190) and the polynomial coordinate yield A(w) = 2(t) + O(3?) + o() uniformly. The moduli at
the window endpoints straddle §, so continuity gives a crossing. The adjoint identity proved in
Section 4.2, with (183) and (191), gives

A = A+ Ey, |E4| < C6% 4 pyd + Cr(1+ H)S.
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The last term tends to zero relative to . The coordinate is absolutely continuous. Its modulus
derivative exists almost everywhere and equals o|A| + Re(AFE4)/|A|. On the stated level interval
it is at least 306/4 — C9% — o(J) > 0§/2. The upper bound follows from the same identity. Let
Cspeed be its fixed upper-speed constant. For all sufficiently small ¢, the crossing lies in the middle
half of the late window. Choose

dcap = min{L0/47 (SCspeed)il}-

On [ty — deap, tq + deap] the radius stays in the level band: before a first exit its change is at
most Cypeedddeap < 0/8, whereas exit requires a change of 6/4. The almost-everywhere lower
slope integrates on this entire interval. At earlier times the envelope margin applies or the radius
is below 3d/4; a previous return from a larger radius would require a downward band crossing.
Thus for each fixed d € (0, dcap) there is the explicit uniform precap margin

sup |A(w(t))| < —min{d/4, 0od/2}.
0<t<tq—d

A second crossing within the protected window would require a downward passage through this
level interval, contradicted by the strictly positive slope. The endpoint estimate also gives t, —
(to +S4) = o(1). Apply the exact-gauge lemma to (190) at this crossing. Finally a uniform
early margin, common crossing slope, and uniform convergence of the continuous coordinate
under solution parameters prove continuity of the first hit; its nonzero coordinate makes its
circle-valued phase continuous. O

The finite density and reset estimates use upper field-history bounds. The protected first-cap
corollary additionally uses a nonzero C; and (191).

9 Transmission to an actual receiver

9.1 An actual receiver and the loss of source memory

The receiving step starts from the child preparation envelope and its phase-matched exact-cap
state. The finite expansion is applied to the actual harmonic coefficients of the coloured Navier—
Stokes evolution.

Write L = log(1/q), 6 = L™, a = ¢/, where K > 6, and fix the smooth reference W, its
protected coordinate A, its growing eigenvalue A = o +i7, and its canonical ancient orbit Qef :=
Qs,..- The reference amplitude 6, > 0 is fixed, sufficiently small, independently of g. After
one fixed time translation and rotation, normalize the canonical orbit so A(€s,.,(0)) = dre > 0.
The bilateral transform is multiplied by a nonzero factor by this normalization; its nonvanishing
selection is therefore unchanged. Choose a fixed § in a sufficiently large interval so that

Cy = Ve /R e_'uﬂuB4(Q6ref (U)) du 7& 0, KB = [U + Z(T - 4/5)]/6
All choices below are made before q.

9.1.1 Discounted histories of an arbitrary prepared actual child

The following conditional history estimate applies to a child prepared by an incoming packet. It
uses its preparation envelope and exact-cap reset independently of the receiving-stage conclusion.
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Lemma 9.1 (Prepared-child reference history). Fiz the smooth profile, its all-order canonical
reference orbit, § > 1, logarithmic clock constants and finite spatial derivative orders. Write
L =log(1/q), 6 = L™ and pg = [0 +i(t — 4/5)]/B. Assume the actual colours belong to the
geometric stack of Lemma 3.1, with the clock and parameter margins of Corollary 6.9 in child
units. Use child units, with all older constant rotations removed. Let the actual child w. have
normalized viscosity ke < ¢*'%, an exact cap time 7. satisfying coL < 7. < CoL, and the common
geometric initial colour bounds. Suppose, for fized finite trial constants Cpast, Creset > 0,

ch(t) - eHCtAWHX § Cpast5eg(t_7—c), 0 § t § Te-

Let s; < 0 be the canonical exact d-cap time, and match the constant phase ¢ exactly in the
protected coordinate. Suppose

||71¢wc(Tc) - Qref(sq)”X < Eq’ Eq = Creset5M+1 + qXLD7 x >0,

and
§~W/o=B(1 4 15, [EBy + q(1 + |s4)] — 0. (192)

Here Cyy is the fived one-sided comparison constant on the small canonical ancient segment. The
sufficient fized choice M +1 > Cy /o + 2 has strict slack in this condition.

Put trer = 7. — 84. On the interval ending at this reference time, assume the actual inactive-
prefiz estimates and the geometric preparation localization hypotheses of Lemma 7.8, with strict
clock slack. On the following prospective interval assume the actual parent/larger constant-core
and harmonic conclusions on the provisional parent density stop ||w; — Wy,||x < Csd, where
Cs > 0 is fized and finite. In particular the child’s older radial drift in o fixed fraction of the
parent core has coefficient at most C(1 + Cs)d/3. Use the Gaussian parent-radius handoff of
Lemma 7.11 at tres. Let the following child horizon satisfy

0< U, < CyBL.

The complete age and parent-unit horizon are assumed to lie in the fived logarithmic windows of
the cited inactive/core estimates.

For every such shorter stopped interval the absolute differentiated main-input history is bounded
by one fixed ball independent of the trial constants, after a later q threshold depending on those
constants. If the complete prospective interval has been reached and U, — oo, define

By(T-pwe(tret + 1)), —tret < u < Uy,

0, otherwise.

By(u) := {

Then
/ =8| By(u) — Ba(Quet(w))] du — 0. (193)
R

Consequently its complex discounted transform converges to the full canonical transform at pg.
For clarity, By is the actual physical history truncated at the controlled prospective endpoint
and zero-extended thereafter. The canonical history in (193) is defined on the entire real line.
No estimate for the genuine actual infinite-time future after parent density/core control has ended
s asserted or needed.
The quantifiers are as follows. The fixed profile, reference, B, clocks and finite spatial orders
determine the input ball first. For each fized finite triple (Cpast, Creset; Cs) satisfying the stated
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preparation/reset assumptions, there is a later q threshold. Within that class every estimate and
convergence above is uniform in depth, source phase and allowed nondistinguished seed homo-
topies. The threshold need not be uniform over unbounded trial constants. Thus the constants
may be selected once from the finite-forcing output bounds and then one common q chosen, without
multiplying an inherited input constant at every descending stage.

Proof. Write Ly = —s,. The canonical exact-cap asymptotic gives
Ly =0(logL), e o%/f <5 1/5

All phases below have already been removed by 7_4. Rigid rotations preserve every radial
positive-envelope estimate.

Localization before the reference. On the preparation interval the child’s own nonradial radial
velocity has time integral at most C'Cpastd. The descendant velocity contributes at most C'3qCyL.
The actual older nonrotational harmonic field and core leaks on a fixed child ball are smaller, by
Corollary 6.9. For any fixed trial Cpas; these displacements tend to zero. The initial support and
a fixed radial margin therefore give, at every preparation time, positive-envelope Gaussian tails
outside one fixed ball. Conditional global origin-growth estimates control every fixed post-exit
moment; their fixed g-power amplification is absorbed by the Gaussian. The exact radial heat
base has the corresponding Gaussian moment tails. These conclusions use the actual positive
scalar envelope and the common drift, not a gradient of the actual child.

On the cap-to-reference segment, Lemma 7.8 gives the one-sided X comparison with the
phase-matched canonical ancient solution

sup || T-pwe(Te +v) = Qret(5q + ) || x < C(S_CW/U[Eq +q(1+ Lg)]. (194)
0<v<L,
Indeed the canonical segment has fixed derivative bounds and fixed compact support. On that
support the descendant field is O(fq), the actual larger nonrotational field tends to zero with
a strict positive ¢ power, and k. < ¢3/2. The comparison forcing is therefore O(q) with fixed
parameters. Gronwall over L, costs at most C6~Cw/?  No derivative of an actual moment
coefficient or actual colour occurs.

The canonical nonradial radial displacement on this segment is O(dyef); the comparison error
contributes o(1) by (192). Choose the fixed reference amplitude inside the fixed radial mar-
gin. Together with the descendant and older-field contributions, this gives the same fixed-radius
positive-envelope moment reset at the reference. In particular no factor loglog(1/q) is introduced
into its moment constants. The separate parent-radius handoff gives the Gaussian exterior-tail
input required by Proposition 7.3; fixed-radius tightness alone is not used as a substitute for that
input.

The negative history. Let u =t — t.ef. For u < s, angular symmetry gives By(e®tAW) = 0.
Inside the fixed preparation ball the whole-moment pairing is bounded by a fixed multiple of the
perturbation L' norm. Outside it use the preceding Gaussian positive-envelope and heat tails.
Thus

|By()] < CCpast 070 4 Gy(u),  —tyer < u < s,

where the Gaussian remainder is superpolynomial on the logarithmic preparation horizon. Its
weighted integral is still superpolynomial: the earliest negative endpoint has size O(L), so the
discount costs only a fixed power of ¢~!, whereas k. < ¢*/2. The main term has the explicit
bound

< CCpast0 VP — 0.

s —osq/B
T _—ou/B o(u—sq) < CChastde” 7%
/—tref ‘ CCpast(Se Vs 0(1 — 1/6)
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The canonical moment on (—o0, s4] has the same vanishing discounted bound, since it is O(e”").
Therefore the weighted absolute difference on the entire pre-small-cap interval tends to zero. This
calculation replaces the selected-source identity involving cetref.

On [sq, 0], the fixed-radius localization converts (194) into a whole fourth-moment difference
with the same bound plus Gaussian errors. Since

0
/ e P du < C5TVP(1 + L),

Sq

its weighted absolute difference tends to zero by (192). The negative canonical history on this
segment has one fixed discounted norm. This proves a negative-history input bound consisting
of a fixed reference majorant, CCpast(Sl*l/ A and a vanishing reset contribution.

The controlled future. At reference the positive-envelope mass and fourth moment have fixed
majorants. The own and descendant velocities have a fixed bounded sum by the individual scalar
contractions and the convergent geometric velocity series. The older global radial drift is at most
Cly|/B; inside the parent probe core its coefficient is C(1 4+ C5)d/8, with Gaussian leaks. The
parent-radius handoff supplies its initial exterior Gaussian tail. Keep the local radial coefficient
a = C(1 + Cs)d/p explicit in the proof of Proposition 7.3. Its unexited fourth moment has
a prefactor determined only by the initial envelope moments and fixed source and descendant
velocity bound, and a factor e***. All stop-dependent constants in the exited part are absorbed
by its Gaussian after a later g threshold. The proposition and Corollary 7.4 thus yield on every
shorter stopped interval

|Bq(u)| <C(+ U)460(1+Cs)5u/ﬂ + O(QP)a 0<u<Uy,

for every fixed P. The prefactor is fixed by the reference-envelope majorants and bounded source
and descendant speed. It does not multiply Cs. For each fixed trial Cy, a later threshold makes

C(1+Cy)CydL <log2,  C(1+Cy)s < o/2.

Consequently the future absolute discounted input is bounded by a fixed multiple of [;* e~ou/B (1+
u)* du, and its tail from .J is bounded by

Coo(1+T)e "D 4 o(q").

The errors remain negligible under all logarithmic-window and fixed g-power losses. Spatial
differentiation of a retained fourth-harmonic stream field differentiates only its fixed smooth
spatial basis, so the same argument supplies every fixed spatial derivative input norm. Together
with the negative-history estimates, this gives a fixed input ball independent of the trial constants
after their later thresholds. It is an upper bound only and requires neither a nonzero signed
transform nor completion of a shorter density stop.

Once the complete prospective interval is available, every fixed window [0, J] lies within it for
small ¢q. From (194), the actual reference state converges to the canonical reference state in X.
On each such following window the canonical derivatives are bounded, viscosity tends to zero, and
the actual older nonrotational and descendant fields on fixed support tend to zero. The same one-
sided comparison therefore gives convergence in C([0, J]; X ). Positive-envelope radial localization
on this fixed window, followed by conditional moment growth, gives uniformly vanishing fourth-
moment tails outside a sufficiently large fixed ball. Whole fourth moments consequently converge
on the window. All constants are uniform over the fixed prepared class.
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The canonical positive history has its polynomial discounted tail. Truncate at J, apply fixed-
window whole-moment convergence, and then let J — oo, using the uniform future tail just
established. Combining this with the two negative-history pieces proves (193). The complex
transform conclusion follows because |e #8%| = ¢=7%/8,

Every estimate used geometric normalized mass, amplitude or velocity sums, fixed spatial
orders and the common clocks. Its thresholds depend on the fixed trial constants, not on depth
or phase. Selecting those constants once and then taking the minimum of the finitely many
thresholds yields the stated invariant-class quantifiers. If the force origin is instead chosen at the
actual protected crossing of the fixed reference level, the same comparison and canonical positive
slope change its time and constant phase only by o(1); this preserves the history and transform
conclusions. O

Proposition 9.2 (Actual receiving-stage implication). Consider actual colours w; at scales A; =
A8, Ry = Rigt ™Y, in the common unforced Navier—Stokes velocity. Their initial conditions
are the fixed smooth seeded profiles constructed in Section 3.1, with all seed amplitudes at most
a; every colour is real, fourfold symmetric and has zero circulation. Fix a receiving index i and
its immediate child ¢ = i + 1. Work in receiver units and remove the common solid rotation of
all older cores. Assume k. < ¢*/? and hence k; = Bq*re < Bq7/2.

The inductive child hypothesis is as follows. In child units it has an exact first cap 1., with

|A(we(Te))| = 0,
ol <7< CoL,  [|we(t) - e“CmWHX < Chast0e” ™) O<t<m),  (195)
inf [10e(7e) — To s (50) [ < Creserd™ ! + L7, (196)

where Chpast, Creset are fized finite trial constants, and sq < 0 is the canonical exact-cap time
|A(Qs,.:(5¢))| = 0; the phase in (196) is chosen in the same exact protected-coordinate gauge. Here
X > 0 is fired. Choose the fized finite order M so that M +1 > Cy /o + 2, where Cyy is the one-
sided cap-to-reference comparison constant. Then (192) holds and controls the discounted history
through the advance. The positive scalar envelope transported from |w.(0)| has at 1. uniformly
bounded moments of each fized order and Gaussian tails outside a fixed ball, as supplied by the
preparation localization lemma. All these constants are uniform in depth and in the allowed seed
homotopies.

Choose fized Cy,Cy with Co > Cy > max(K/o,6/0), then B,D sufficiently large so that
Co > 68/[o(B — 1)], the unconditional inactive closure holds and

€o = CQU/ﬁ <K -6, (A< K —6, CQ(/\P + C4/ﬁ) <1, ¢< 1/2. (197)

For small q, the actual receiver has a unique protected first cap |A(w;(t;))| = 9, with
t; =to+ o 'log 0 +o(1)
. — Lo g )
' q%|Cs|

where ty is the child’s fixed-reference time in receiver units. The reference phase ¢. used below
is measured in the receiver’s frame at ty. If 0. is its phase in the child’s frame with all older
rotations removed, then ¢. = 0. + 4ty/5 modulo 2: the parent core rotation is —1/5 in receiver
time. Thus the source field has factor e¥(t—10)/5¢i®e rqther than counting the reference rotation
a second time. It obeys an exponential preparation envelope

Hwi(t) - e“itAWHX < Ogbet=10) (0 <t <ty). (198)
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In its exact-cap phase gauge its state satisfies
lwi(ti) = Tg: Qe (s) I x < COMF 4+ gL, (199)

for some fized X' > 0,D' < oo. The exponent X' depends only on the fized stage parameters,
and may be chosen independently of the incoming reset exponent x. Advancing this cap to the
fized reference preserves an upper clock bound CoL, for small q. At the cap, and whenever the
coordinate lies in [30/4,56 /4] within its protected late window,

d
S AGi)] = 05/2

The corresponding upper derivative bound is C'§. The positive receiver envelope has uniformly
bounded fixzed moments and Gaussian tails at the cap. The cap time and phase are continuous
under all allowed seed homotopies. If the child’s reference phase is ¢., then the receiver cap phase
is ¢ + arg Cy + 7S + o(1), uniformly, where Sy = o~ log[d/(¢°|Cy|)].

Proof. Let Cs > 1 be a fixed finite trial density-stop constant and put
Ts :=inf{t > 0 : [Jw;(t) — W, (t)|| x = Csd}, inf @ = +o0.

For small ¢ the initial density is O(¢”) < Cs6. While the child is current, Corollary 6.9 bounds
the receiver independently of a signed child transfer. Its logarithmic horizon contains the child
cap and its short reference advance by the strict clock slack. Lemma 7.8 therefore supplies the
fixed-reference state, phase and positive-envelope moment reset before Ts. In receiver units,

to < C()L/,B + O(logL).

A shift to the child’s actual protected crossing of the fixed reference level changes this time and
phase by o(1) and preserves these inputs. Fix a prospective half-width Ly > 0, to be enlarged
below, and define

J

S* = o tog ———,
¢°|Cy]

v Hy =ty + S, + Lo, H := min(H,,T}).

For small g, Hy < CoL. Corollary 6.9 controls all older colours on [0, H ]. The receiver’s nonra-
dial mass is at most 2Cs0 in normalized units, so its actual constant core follows from Proposi-
tion 5.3: CoL+\/Csd — 0 and C3LBq — 0 for every fixed trial Ci. The associated harmonic and
Gaussian-leak estimates hold on this entire density-stopped interval, including any portion after
a hypothetical coordinate crossing.

Upper child-history bounds on shorter stops. Apply Lemma 9.1 with Ug = ﬁ(ﬁ —t9) < Cyf5L.
The parent-radius Gaussian handoff supplies its initial exterior tail. In child units the own and
descendant velocities have a fixed bounded sum, the global older radial drift is at most Cly|/83,
and inside a fixed fraction of the parent core it is at most C(1 + Cs)d|y|/5 plus Gaussian leaks.
These bounds persist to H because they require the density stop rather than a coordinate-cap
restriction. The lemma gives

[Bo(u)] < C(L+u)'eCOFCIE L o(qP), 0<u<U,

for every fixed P, with the prefactor determined by the fixed reference moments and bounded
source and descendant velocities, independently of Cs. For each fixed trial C, a later g threshold
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makes C'(1 + C5)C20L < log2 and C(1+ Cs)d < o/2. Hence the future discounted input is in a
fixed ball independently of the trial constant. The pre-small-cap contribution is O(C’pastél_l/ By,
and the weighted reset contribution tends to zero by (192). These upper bounds hold on ev-
ery shorter density-stopped interval; no signed-transform lower bound or completion of the full
interval has yet been used.

All other actual harmonic coefficients. In receiver units the inner packet has total mass
O(Bq?), LP norm O(Bq¢?*/?), and global velocity at most C3q. Inside the protected receiving
core the older/current radial remainder has bound C(1 + Cj)ér?® plus Gaussian leakage. Radial
moment comparison and exit at a fixed core radius give, for every fixed n,

/ | |inner packet(t, )| dz < CoBg™2(1 + H)™ + o(¢")  (0<t<H<H).  (200)

Indeed its radial moment root is bounded, before exit, by CeCn(1+Cs)t [q+ Bat+/kKit]; ki < Bq"/?
makes the square-root term smaller than ¢ up to logarithms. At exit the probability is e~/ (kiHl)
and the global radial growth amplifies each fixed moment by only e“»| which is absorbed by this
Gaussian. This calculation uses the positive aggregate, not its nonexistent summed L bound.

The descendants below the immediate child have mass O(8¢?) in child units. The child’s
preparation envelope traps their positive aggregate in a fixed child ball up to its reference time;
afterwards their fourth moment is bounded by

Cﬁq2(1+u)4ec(1+05)5“/5~|—0(qP).

Thus their fourth moment adds only
O(¢*~ L")

to the weighted child-reference transform. The factor ¢~ comes from the finite negative-history
endpoint, whose source clock is at most CoL + O(log L); its receiving discount is /3. This
argument controls the actual entire descendant packet and does not assert a separate small-
density bound for its colours.

Retain exterior harmonics 4, 8, ..., 4J of the inner packet and interior harmonics 3,7, ...,4J —
1 of the older colours. Use their actual time coefficients, and fixed smooth stream cutoffs agreeing
on the derivative collars; call the resulting global field ;. The leading child fourth harmonic gives
the first-order coordinate forcing

Bt/ B (B(t — t)).

For each finite k, all retained higher inner harmonics have weighted C* norm, divided by ¢, at
most C;¢*~“ LP by (200). The unconditional inactive theorem bounds the actual older harmonics

on these collars by
O(qK T2 CAn) 4 O(g*~ PPt/ D),

After source recentering, their weighted norm divided by ¢® is o(1) by (197). The own initial
seed contributes only O(¢ =6~ LP) to the first growing coefficient. All these strict powers are
uniform in depth.

For the collar density leak, the inner positive aggregate has Gaussian L' tail outside a fixed
protected radius and conserved finite L norm. Biot—Savart interpolation therefore gives a Gaus-
sian velocity leak, despite its infinite sum of initial L*>° amplitudes. Older leaks have the individual
core estimates. The omitted harmonic remainder is O(¢g*/*6LP) for the inner packet, and gains
arbitrarily many g-powers for the older Taylor series. Choose J so large that, writing P = 4J 46,

P>6+4+¢+C3(C1—0)r +x1
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for a fixed x; > 0; older omission orders are chosen to meet the same inequality. This is a
relative envelope requirement, not only an absolute endpoint error bound: the first envelope
is a(0) = ¢fe=% > ¢St =P and a ¢ forcing error divided by a(t) amplifies by at most
e(C1=9)+C2L  The fixed-profile Kato exponent C; is selected before J.

The actual nonlinear density bootstrap. Set ¢ = ¢ s =t —tg and a(t) = ce?®. Choose the
finite orders first. The main child history and fixed stream basis determine a fixed derivative
input ball. For every fixed triple (Cpast, Creset; Cs) the preceding estimates place the actual input
in this same ball after a later ¢ threshold. Thus for every spatial derivative order needed in the
finite recursion,

H
/ e=1e=o=10) [[b ()| o dt < C. (201)
0

This bound holds for every H < H and follows from Lemma 9.1 for the main harmonic and the
strict power estimates for all other harmonics. Spatial differentiation acts on the fixed stream
basis and leaves the actual time coefficients undifferentiated.

Apply Lemmas 8.1 and 8.2 to this actual run. In their notation take ¢ = ¢5, r = 6, 6 = ¢,
Cy =Cyand v = 3: k; < f¢7/2 < ¢3 for small q. For each retained coefficient use the explicit
reserve rj; = ki +2(M — j) + 2(N —{) and R = k, + 2M + 2N + 3, with k, = 4 for the X
conclusion. The finite stream field has polar sectors at most 4.J; its order-j coefficients therefore
have sectors at most 4Jj. The seed bound in (175) follows from ¢ ~6e% ||®|| ;;r,, = o(1). The
other input bound is exactly (201) for this finite derivative order R. Actual harmonics agree on
the fixed broad annulus U, with omission m, < qP LP; Gaussian density leaks can be absorbed
in that bound. The actual global radial bound is |b-e,| < C(|z| + B¢), uniformly in depth.
Choose (M + 1)o > C; and a finite N so that 3(N + 1) > C2(C1 — o)+ + x2. The harmonic
order was chosen to satisfy P > 6 4 €p + C2(C1 — o)+ + x2. These are precisely the relative-error
inequalities (182). The coefficient recursion including every viscosity term is (176); its exact
cancelled residual is (179), not a pointwise assumed forcing remainder. The actual foreign field
stays in the divergence-free error transport. Consequently (183) gives

wi — wapplly < Ca(t)™* + @2LPa(t),  lwi — Wil < Caa(?). (202)

No signed growing-coefficient lower bound is used in this application.

The constant C, is computed in the fixed input ball, before choosing Cs. Enlarge the fixed Ly
so that its half-width meets the early-margin requirement of Corollary 8.6, using the coefficient
target lower bound |Cy|/2. Then choose

Cs > max{1,2C,eL0/|C,}.

Only afterwards decrease g to validate the input estimates and core margins for this fixed choice,
as well as the fixed child preparation and reset constants. Since a(H;) = de*0/|C.|, (202)
gives ||w; — Wi,||x < Cs0/2 throughout [0, H]. Continuity excludes Ty < H,. Thus the full
deterministic prospective interval has been reached using upper input bounds alone, precisely as
in Corollary 8.3 with Ey = 710 /|C,|.

The complete actual child history and growing amplitude. Now Sty — oo and Uy = S(H4 —
to) — oo. Extend the actual phase-measured child moment B.(u) by zero outside [—fSto, U].
Lemma 9.1 proves weighted absolute convergence on this complete interval and therefore

/Re_“/B“Bc(u) du = €' Fret(pg) + 0(1). (203)
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The zero extension is only of the controlled finite history; no estimate of the actual infinite future
after Hy is used. Extend the retained field b; by zero after H,, and define its full actual first
growing amplitude by
H

C, = gem A(®) — é /0 T e A—to) { / Thaibs(t) - VW dz| dt. (204)
This includes the own seed and every retained actual older, descendant and higher-sector input.
Equivalently it is lims oo e **A(g10(s + to)) for this zero-extended first coefficient. Retained
sectors other than +4 have zero direct growing projection, but remain in its full spatial coefficient
and in the nonlinear recursion. Its difference from the actual main-child discounted transform is
O(¢¥*LP) for some fixed x4 > 0, by the preceding power estimates. The main-child transform
converges to the canonical value by (203); that convergence is only o(1) here, since the finite
ancient-truncation error may be logarithmic. Hence

C, = €'%C, + o(1), |Cq| > |C4]/2.

Universal coefficient reset. Use Lemma 8.4 with main field equal to the actual immediate-child
fourth harmonic. Its post-reference Cf norm is C(1 4 s)*e€1+C5)% 5o h, = ¢/2 is admissible
for the final small ¢q. Every other retained field has weighted remainder norm 7, < ¢** LP by the
preceding strict power estimates. The pattern rotation is the vector pushforward/scalar rotation
of Section 8.1; all angular sectors are rotated separately. The full coefficient in (204) equals
(185), with the field zero-extended at H. Choose a fixed 0 < d < min(o — 21, 0/2). Lemma 8.4
proves, with the explicit derivative reserve, convergence to Fj(Cy) for each pure coefficient. At
s = 5,+0(1) < L its transient is a positive g-power. The actual main waveform need not be close
to a canonical waveform for this statement: only its finite input ball and future envelope are used.
Its canonical closeness was used for the lower bound on C,. Formula (190), with the positive-
viscosity correctors and ||W,, — W/ < Cr;H, gives a state error CdM+! 4 X' LP" against the
universal polynomial. Lemma 8.5 matches its full protected coordinate by the two-real-variable
inverse, and identifies the matching all-finite-jet ancient state. This proves (199) once the exact
first cap is found. Neither the incoming waveform error nor an incoming reset exponent enters
this intrinsic transient exponent.

Protected first crossing. The global density envelope excludes a cap before Hy — 2Lg for
the fixed Lo chosen above. In the ensuing fixed window the settled first growing coordinate is
ee?*C, + O(a?) + o(a). The polynomial future tail and the small weighted remainders make the
error uniform there. Its moduli at the two ends straddle 0. The actual adjoint-coordinate identity
gives, when the coordinate is in [35/4, 56 /4] within this protected late window,

A = MA+ O(6?) + 0(9).

For the instantaneous radial-base forcing, use (200), not merely the weighted history: the collar
field is O(q®LP”) plus the small older field. For the exact foreign cross-advection pairing use
Lemma 7.1:

o 2+ 4‘|'<°:core
STl < g1y =ol0). xq = (0 2 .

B

This uses the global test weight and the actual older cores; it requires no claim that the receiver’s
own heat-base defect is Gaussian in its core. The heat-profile foreign correction is O(k;H),
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using the global radial bound on b and the weighted smooth heat Taylor bound. It is o(d); the
remaining heat errors and the quadratic self error have the stated orders too. Thus the three
separate pointwise criteria of (191) hold with p, — 0. Corollary 8.6, applied with half-width Lo/2,
proves the protected first crossing and its lower and upper slopes. Its center uses |Cy|; replacing
that by |C\| changes the center by o(1). Consequently this narrower window is contained in the
controlled prospective interval for small ¢; no forcing beyond H is used. This gives the asserted
time and phase asymptotics. Uniqueness of recrossing is asserted in the protected window; no
later Euler or Navier—Stokes return to the level is excluded.

For the universal polynomial, let a = |z| denote the radius of its parameter in the growing
phase gauge. Its coordinate modulus is R(a) = a[14+O(a)]. dR/da = 1+0O(a) > 0. Since ¢’ = oa,
its time derivative is dR/dt = oa[l + O(a)]. Matching the actual first coordinate therefore selects
its time/amplitude and phase gauges uniquely; the matching error has the same orders as (199).
This step uses the exact cap, rather than identifying it with the linear preparation time.

Finally, (198) gives integrated receiver nonradial drift O(9); the younger global velocity gives
O(BqH), and the older field is smaller. The positive receiver envelope has Gaussian tails outside
a fixed ball and bounded fixed moments at the cap by the radial exit lemma and global moment
growth. The same uniform preparation and crossing estimates hold under the stated homotopies.
Positive-viscosity continuous dependence, followed by the strictly positive crossing slope, proves
cap-time and cap-phase continuity. Its own cap clock is [6/0 + Cy/S|L + O(log L) < CyL; the
additional reference advance is only O(log L), so the same strict clock margin remains. The lower
clock bound persists since ¢; > (6/0)L — O(log L). This completes the actual receiving-stage
implication. O

10 Uniform descent and fixed-datum phase selection

10.1 Uniform constants, the descending induction, and phase selection

We record the constant selection explicitly. An assertion that every finite stage has some finite
constant would not suffice for the construction below. In this section the selected seed has
amplitude exactly «; other seed amplitudes may lie in [0, a].

Proposition 10.1 (A common invariant class of actual stages). Fiz p > 2, the smooth profile
and a sufficiently small fized reference orbit, normalized once by a time shift and rotation so that
A(Qef(0)) = 0t > 0. There are choices of K € (6,643/100), fized 8 > 1, ¢ > 0, and constants
Chast, Cresets R0, co, Co, C2 > 0, all independent of the selected index N, such that the following
holds. Puta = ¢, § = (log(1/q))™*, A; =B, Rj = ¢, and vy = q3/2ANR%V. For arbitrary
seed phases and amplitudes in [0, ], with the Nth amplitude exactly o, every actual colour j =
N,N —1,...,1 has a protected first cap. For the selected viscosity, k; = q3/2(,6’q2)N_j < ¢ for
every j < N. In its normalized older-core rotating frame, its cap time 7; from the physical initial
time obeys

colog(1/q) < 15 < Cylog(l/q) < Calog(1/q),

and its preparation satisfies
ij(t) — e”]'tAWHX < Cpast5e"(t_7j), 0<t <.

Its state in its exact-cap gauge lies within Cresetd™ T + ¢X(log(1/q))? of the corresponding state
on Qyet, for fized finite M, x > 0, D < oco. The positive envelope is localized uniformly throughout
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preparation and at its fived-reference time. Its fired moments and fized-radius Gaussian tails
have common bounds; for j > 2 the separate parent-radius Gaussian tails also have common
bounds. The first caps have common protection constants at each fixed physical scale and depend
continuously on the seed parameters.

Proof. Choose K, for example K = 31/5. The generic profile constants, including a one-sided
X comparison exponent Cyy uniform on a fixed small ancient segment and the finite residual
exponent (1, are fixed first. Fix a small reference on that segment; the finite expansion orders
are selected below after the clock and amplitude ratios, and before the invariant class constants.
The later advance from the shrinking actual cap to this reference uses one-sided comparison;
it does not require the selected source’s terminal expansion amplitude to exceed the reference
amplitude. Choose fixed clocks Cp > K/o and Cy > max{Cp, K/o + 1} with strict slack. Fix

0 < cp < min{K/0,6/0}.

Choose a sufficiently large interval for 5 so that throughout it

66 K
— < (Y, K>6+4+—-—0, €p := Cyo /B < min{K — 6,1/2}.
o1 51 / { /2}
The unweighted inactive rate is made small by this large amplitude ratio. After selecting 5 as
below, choose the fixed finite inactive weight Dy, (distinct from a later logarithmic power D) so
that the weighted inactive rate and its remaining geometric rows satisfy

Coip < K — 6, Co(Ap +Cy/pB) < 1.

Their residual off-diagonal smallness is supplied by the later choice of ¢, as in Corollary 6.9. The
bilateral canonical transform is analytic and not identically zero, so a [ in this interval can be
chosen with C, # 0. The preceding finite weight choice gives the required weighted-row smallness;
the large B controls the unweighted rate. All these parameters are fixed before ¢.

Fix a broad localization ball Bg, containing the initial profile and small ancient segment with
a fixed radial margin. We verify that a common input class, rather than an inherited arbitrary
constant, feeds the finite receiving recursion. Suppose provisionally that a child is in a trial
class with past-envelope constant Cpast and cap-reset constant Creset- Its own nonradial velocity
integrates to at most CCpastd before its cap. The younger velocity contributes C8gC3log(1/q),
and the older harmonic remainder is smaller. For any fixed trial constant these vanish as ¢ |
0. The radial exit argument therefore gives the same localization ball and moment constants,
independent of this trial constant, once ¢ is small. This holds at every preparation time, since
the integrated radial drift up to that time has the same bound. For the stronger parent-radius
tail, run a separate exit argument at radius ¢/q in source units. The older stopped-core radial
coefficient there is C'9/3, and the source and descendants have bounded total speed. Their age
is O(log(1/q)), so the deterministic radial displacement is much smaller than ¢~!. The exit
probability is C exp[—cqg™2/(k;C2log(1/q))]. Conditional global moment growth adds only fixed
powers of ¢~'; the same Gaussian, with reduced exponent constant, controls the parent-radius
weighted tails.

Let s, be the reference orbit’s exact J-cap time. Advancing to the fixed reference state takes
—s4 = O(loglog(1/q)). On this segment canonical nonradial velocity integrates to O(dyef), and
the actual comparison error has integral tending to zero if M is large enough. Choose d,ef small
within the fixed radial margin. A second positive-envelope localization at the reference state
hence gives the same fixed radius and universal moment constants, without a factor loglog(1/q).
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In the reference source clock, the pre-small-cap contribution to the weighted forcing norm is
at most

CChastd P, (205)

Indeed the past envelope is Cpastde”” in small-cap coordinates v < 0, while the reference discount
contributes e~7%/# = O(6§=1/#). The cap-to-reference segment is bounded by the fixed ancient
envelope and the vanishing forward-comparison error. The positive reference history is bounded
by Lemma 9.1 on the entire prospective interval through min(Hy,Ts), including the part after
an attained coordinate cap. Here Ty is the trial density stop of Proposition 9.2. Its moment
prefactor is universal: the trial-stop factor e“C+9%/8 is at most two on u < CoBL after a later
decrease of ¢ for each fixed Cs. The controlled history is zero extended at its prospective endpoint;
no uncontrolled future is used. Consequently every needed spatially differentiated forcing norm
is bounded by an explicit trial-dependent error. To specify the finite input ball, let R and r1g be
the derivative orders in (173), set € := ¢%, a(t) := ee’(t=t0) and define, on any shorter prospective
interval [0, H],

H
Mg (H) = max{je“fw@um, | e bs0) o dt}. (206)
0

The CF norm also bounds every lower derivative order. Put
r:=Cw/o, by :=—s4=0(logL), e = Co)Apg, ep = Co(Ap+ Cy/PB),

Nin = 2 min{2 — e, 4 — €0, K —4—ep —€0,2 —ep — €9, K —6 — g} > 0. (207)

These are respectively the descendant, higher inner harmonic, two older harmonic, and own-seed
powers in the actual receiving-stage proof. Gaussian tails are smaller than any prescribed power.
Define

Eaiv(q; Creset) 1= CO VB (1 4 0,) [Creset 6 + ¢XLP + q(1 4 ¢,)],

- (208)
Ein(Q; Cpasta Creset) = C’Cpastélil/ﬁ + Eadv(Q; Creset) + anm Ldm-

Here din, < oo is a common logarithmic power for the finitely many retained spatial derivatives.
Lemma 9.1, especially (194), and the strict-power bounds preceding (201) give

Minput (H) < Myt + Ein(Q§ Cpasta Creset)a H < min(H+7 Ts)‘ (209)

The constant M;s depends only on the fixed reference/profile, radius, ratios, clocks and finite
derivative orders, not on trial constants or depth. Its positive-future majorant is uniform after
the later threshold for the fixed Cs stated above. For each fixed trial class the displayed error
tends to zero: M+1>r+2and > 1give M+1—r—1/8 > 1, so even 5M+1_’”_1/ﬁ(1—|—€q) — 0;
the remaining terms have positive powers of § or ¢ against fixed logarithmic factors. Once that
full prospective interval has been reached, the main signed transform is uniformly within o(1) of
e C,; fixed-window comparison followed by the two discounted tails proves this uniformly on
the trial class. Thus |Cy| > |C,|/2 once a sufficiently long prospective receiving interval has been
reached. The upper input bound, which is valid on any shorter stop, is used first to reach that
interval.

Select all finite expansion orders before computing the class constants. Choose M + 1 >
Cw/o+2and (M + 1)o > Cy; choose enough actual harmonic terms and viscosity orders that
their generic residual losses are smaller than the entire growing envelope on 0 < ¢t < Cylog(1/q).
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In particular the omitted harmonic power P satisfies P > 6 + Cy0/8 + Co(Cy1 — o)+ + 1 for the
receiving stage, and the analogous selected-source inequality with a(0) = ¢®. There are only
finitely many required derivatives and sectors.

Compute finite-expansion bounds using the fixed input ball Miypu < Mrer + 1. Choose
Chast larger than twice the resulting cap-relative envelope constant, divided by the fixed lower
growing coefficient, and larger than twice the selected-source past constant. The output past
envelope will then improve this same Chagt ball when (209) places the actual forcing in that fixed
input ball. The fixed comparison and coefficient bounds give a finite output cap-reset constant
independent of the incoming reset error: the source waveform changes Cj, which exact-cap time
and phase normalization remove; the universal coefficient reset has only intrinsic positive-g-power
transients. Choose Cieset larger than twice this output constant and the selected-source constant.
Compute C,, Lo in the same fixed input ball and choose once Cs > max{1,2C,e?L0/|C,|}, as in
Corollary 8.3.

Choose a common positive exponent y smaller than the intrinsic base and receiving exponents
and take a common finite logarithmic power. No input reset exponent is successively lost. For
these now fixed constants, choose ¢ so that Ej, < 1, the future exponential is at most two,
the receiver density inequality improves to Cs0/2, and all core, harmonic, geometric and clock
inequalities are strict. Absorb the finitely many intrinsic ¢X° L0 output bounds into ¢XL” by
choosing 0 < x < xo and, if needed, a larger fixed D and a later threshold. All thresholds are
uniform in depth and phase, so their finite minimum is one choice of ¢ for every selected N. This
constructs the invariant class without a depth-dependent parameter diagonal.

Choice, in order Constraints and dependencies

Profile and reference Fix W, A\, Cy, C; and a small §,ef on the canonical segment.

Ratios, clocks and weight  Fix K, Cy, Cs, ¢g, B, Dy, with C, # 0 and the strict clock and
inactive inequalities above; fix the localization margin.

Finite orders Fix M +1>r+2, (M +1)o > C, and viscosity/harmonic orders
satisfying (182); hence fix R and the input ball.

Output and trial Compute output constants in M;er + 1; choose Cpast, Creset With

constants factor-two slack, then Ly, Cs and common y, D as above.

One small ¢ Require Ej, < 1, strict density improvement, all Gaussian/core and

clock margins, and S¢?/?, Bq < 1/2. Thresholds may depend on the
fixed trials, never on depth or phases.

Table 3: The finite constant-selection order for the invariant actual-stage class.

Theorem 7.7 gives the actual base j = N in this invariant class. Its normalized cap clock is
(K/o)log(1/q) + O(loglog(1/q)). Assume the class holds for j + 1. Proposition 9.2, with the
common input ball just established, supplies it for j. The receiving normalized clock from the
physical initial time obeys

< 5 2 og(1/q) + Ologlog(1/2)).
The geometric sum and strict clock slack keep it below Cpylog(1/q) after a final decrease of
g. The receiving growth interval gives a common positive lower clock ¢glog(1/q). All core,
tail, moment and inactive estimates therefore stay inside their Co windows, including the short
reference advance. Descending induction proves the assertions for every finite N with the same
constants. Only finite older prefixes are stopped; all infinite younger packets were controlled by
their convergent mass, LP and velocity sums.
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Finally decrease ¢ so that Bg?/P < 1/2 and g < 1/2. Then the datum series and every
required geometric sum converge, and Sq¢? < 1 gives the selected viscosities decreasing to zero.

The estimates hold throughout a fixed late interval on both sides of each prospective cap
and give a strict early margin and an integrated positive radial slope on that late interval. The
quantitative first-cap lemma yields common protection constants. At the outer physical scale
they give fixed common numbers e, h, ¢, Lons > 0 in Lemma 2.8. More explicitly, reduce the
selected-source and receiver protection windows to one common d¢,, > 0 and choose

e = dcap/2, c:=0d/2, h :=min{d/4, ce},

using Corollary 8.6 and Theorem 7.7. The upper scalar derivative gives a common Lipschitz
bound Lgps. Indeed the fourfold origin-growth bound of Lemma 5.1 and the individual descen-
dant velocity sum give normalized total speed C'(1 + |y|), uniformly in depth; the global adjoint
test has bounded (1 + |y|)|VTaqj(y)| and bounded AT,q;. The scalar coordinate identity and the
common normalized colour mass therefore give this same L. at every active scale. For the nor-
malized observable at any other fixed physical scale, its clock is multiplied by A;, so the constants
are explicitly e; := e/Aj, hj := h, ¢j := Ajc and Lgpsj := AjLops. Positive-viscosity continu-
ous dependence and the protected crossing imply continuous cap times and phases under seed
homotopies. All estimates were uniform in those phases and in all nondistinguished amplitude
reductions. O

Proposition 10.2 (Surjective outer phase for each selected viscosity). With the preceding fized
parameters, fit N > 2, all phases except the Nth, and put all seed amplitudes equal to . The
map taking O € R/(2wZ) to the unit phase of the outer colour at its first cap for viscosity vy is
continuous and surjective.

Proof. Multiply every seed except the distinguished Nth seed by r € [0, 1]. The invariant actual-
stage proposition applies throughout this homotopy. At r = 0 the initial datum is the radial stack
plus just that seed. Rotational covariance of the unforced equation and its colour equations shows
that changing its phase rotates the entire solution, leaves the cap time unchanged and rotates the
outer cap coordinate once. Thus the outer phase map has degree one (with an immaterial sign if
the opposite rotation convention is used). Common protected caps give a continuous circle-valued
homotopy as r goes to one. Its degree stays nonzero, and a continuous circle map of nonzero
degree is surjective. For completeness, a map omitting a point factors through the circle minus
that point, an interval, and is homotopic to a constant; it has degree zero. This proves the last
assertion without a differentiability assumption. O

10.1.1 Proof of the non-unique-selection theorem

Proof of Theorem 1.1. Use the fixed parameters in Proposition 10.1. All actual seeds will have
the same fixed amplitude a. Set the outer seed phase to zero and provisionally every other phase
to zero. The compact admissible stack lemma gives all required norm, support and circulation
properties for every phase choice. Choose Ty > C3log(1/q) plus the common outer protection
window. Let

a’(t) :== /Tadj (x)w] (t,z) dx

be the bounded smooth adjoint observable of the outer passive colour. There is no older-core
rotation at this outer scale. This is one fixed bounded C? test with angular-four covariance,
allowed in (29). Pairing convergence follows from | [ Togi(fn— f)| < || Tadj|loo |l fn — f||1. The scalar
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identity for this noncompact test is obtained using expanding cutoffs; its bounded derivatives and
the bounded physical velocity make all cutoff errors tend to zero. The invariant stage theorem
gives cap times in one compact subinterval of (O,Tf), a common precap margin and common
positive radial slope near the first crossing of radius . The observable is uniformly Lipschitz,
since its scalar equation gives

(@) < flwr(O)y [lu”lo IV Tagilloo + v AT ajll0 )

The velocity bound is uniform by the fixed-data L', LP contractions and the kernel split, and
vy < 1 after choosing ¢ small.

We choose sparse indices 2 < N1 < N < --- tending to infinity and their phases successively.
To make the assignments explicit, let 8, denote the phase chosen at the kth step and define

0 J=Ng
20 —o W :z{ b ’ AW (JR) +ad (/R (210)
7 9D £ N, ; 7

At the kth step keep all earlier assigned phases and vary only ¥y, . Proposition 10.2 permits its
outer cap phase to be exactly +1 for even k, and —1 for odd k. Changing a phase at depth IV
changes the initial L! N LP norm by at most Ca Ay (R%; + R?V/p ) — 0. Choose each next index so
far out that all subsequent tail phase changes alter every earlier selected-viscosity outer observable
by less than the desired summable tolerance. This is possible by continuous dependence at each
fixed positive viscosity and absolute convergence of the remaining initial tail. In detail, after
step k there are finitely many positive viscosities and continuity radii; choose Nji1 so that the
norm of the entire freely variable tail is below all those radii. The fixed smooth outer colour is
the same in every datum. Its scalar continuity follows from the fixed-viscosity mild equation.
For two velocities, put h for their outer-colour difference and v for their velocity difference. The
heat-kernel gradient estimate gives, for r = 1,2,

IO, < O [ = )2l IR, + ) ()],

Volterra comparison gives uniform colour continuity at fixed v > 0 from uniform velocity con-
tinuity; no actual colour gradient is assumed. At step k choose a continuity radius rp > 0 at
that step’s assigned datum, for its selected viscosity and target accuracy 27*. Here is one precise
definition of that radius. For a phase vector 8 = (6;);>1 with 6; = 0, let a”[0] be the outer
observable for the stack wp[@] defined by (5). In formulas,

)= [ Tula) [Stoiq (VO +ado)](2) dz, (6] = K =]6],
where the total solution on the right has datum wg[@]. Put

1
=g sup{r € (0,1] : for every 6 with 6; = 0,
lewol8] — i x <7 = (211)

P(a"Ve[0]) — P(aNe [9F)])] < 277},

Fixed-viscosity continuity and cap protection show that this set contains an interval (0, r,] with
re > 0. Its defining property is monotone under decreasing r, so the half-supremum is positive
and has the displayed property. The explicit geometric bound Ay,j from (26) permits the choice

Atail(Nk—i-l) < min ;.
i<k
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Require the worst-case norm of every variable phase tail starting at Ni41 to be below min;<y, ;.
Protected first-cap continuity then gives the stated phase tolerances. Tolerances may be chosen
so the kth final cap phase differs from its target by at most 2%,

Every coordinate is changed at most once. Thus the final phases and datum are explicitly

93 = lim 97, wy = S0 AW/ Ry) + a®p () Ry)).

k—o0 =1

The geometric tail bound gives convergence of the assigned data to this single datum in X,,.
No viscosity-dependent initial datum is used. The selected viscosities vy, = >/ (5q2)Nk_1 tend
to zero. The fixed-data compactness theorem yields subsequences of the even and odd selected
solutions converging strongly in C([0, T¢]; L' N L?) to Euler solutions w™ and w™. Their velocities
converge strongly, and the passive-colour theorem identifies the limits of w} as the unique bounded
transport colour with the fixed initial outer density, determined by the total Euler path. Thus
their observables converge uniformly on [0, T%].

Extract also convergent cap times. Common precap protection and radial slope ensure each
limiting time is the first crossing of radius ¢ for its limiting observable: before the common cap
window there is a strict margin, and inside it the integrated radial lower slope excludes an earlier
crossing. The limiting cap coordinates are respectively +6 and —§. If w™ = w™, uniqueness
of the bounded passive colour in that total velocity gives the same observable. It would then
have the same first cap time and coordinate, contradicting these two values. Therefore the
total Euler paths differ. The compactness theorem already gives their strong initial trace and
renormalization, completing the proof. ]
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