
ON LANDAU–SIEGEL ZEROS

BEN GREEN

1. Introduction

In this note we give a variant of the OpenAI proof [3] of no Landau-Siegel zeros. The proof was
obtained by a ‘vibemathing’ session with ChatGPT 6 Astra followed by rewriting the argument
myself. No human originality is claimed. The approach here has, arguably, two advantages over the
OpenAI one. First, it avoids the rather unnatural passage to a biquadratic field Q(

√
d,
√
2), and

instead works entirely in Q(
√
d). Second, it replaces the linear-algebraic interpolation argument

of that paper with a proof that some readers may find more natural and straightforward. While
both arguments compare archimedian and p-adic sizes of a certain determinant, the one in [3] is
specified by an algorithm, whereas the one considered here is explicit. We note that expositions of
the original OpenAI proof have already been given by Banks [1] and [2]. Both have their advantages;
Banks gives explicit constants, while Kerr’s argument is only 6 pages modulo a result of Masser.

Throughout the note, χ is a primitive, nonprincipal real Dirichlet character of sufficiently large
conductor q, given by χ(p) = (d | p) for some d, for all p ∤ q. C will be a sufficiently large multiple
of 3.

Theorem 1.1. Set X := qC . We have∑
p⩽X

χ(p)=−1

log p

p
⩽

3

4
logX +OC(1).

Note that the trivial bound for the LHS is essentially logX. That Theorem 1.1 implies that no
Landau-Siegel zero can exist is a standard piece of analytic number theory, described perfectly well
in [3].

2. Sketch of the proof

Throughout the note set K = Q(
√
d) and X = qC . We will also require the following parameters:

R = X, S = ⌊X/C⌋, N = X2/3. (2.1)

We first describe some row vectors vr,s ∈ KN3
. These will be given by

vr,s :=
(
∂jz(z

r(z′)s)|(z,z′)=Pi

)
1⩽i⩽N2,0⩽j<N

,

where the Pi ∈ C2 are the points (x + y
√
d, x − y

√
d), with x, y ∈ Z and 0 ⩽ x, y < N (listed in

some arbitrary order).
We will consider these vr,s for pairs (r, s) with 0 ⩽ r < R and 0 ⩽ s < S. Finally, consider the

gram matrix G, which is an (RS)× (RS) matrix with entries ⟨vr,s, vr′,s′⟩, all of which are (rational)

integers. Here, the inner product on KN3
extended coordinatewise from the pairing on K given by

⟨α, β⟩ = trK/Q(αβ), where the bar is complex conjugation.
We will prove the following three things about detG.

(1) detG ∈ Z>0;
(2) An (archimedean) upper bound for detG;
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(3) A lower bound for the p-adic valuation ep of detG, for primes p with p ⩽ X with χ(p) = −1.

Since detG ̸= 0, we have
∏

p p
ep ⩽ detG and this (followed by a short calculation) will lead to our

theorem.

3. The Gram matrix is nonsingular

Any Gram matrix is positive semi-definite, so the key part of (1) is to show that G is non-singular.
By standard linear algebra, this is equivalent to the rows vr,s being linearly independent. For this,
almost nothing specific is used about the points Pi as defined above, and indeed we will prove the
following general statement.

Lemma 3.1. Suppose we have points Pi := (zi, z
′
i), i = 1, . . . , n, in C2. Suppose that

(1) The z′i are pairwise distinct and
(2) The points Pi satisfy the following condition: for every non-zero polynomial F ∈ C[z, w],

#{i : F (Pi) = 0} ⩽ N degF, (3.1)

where degF is the total degree of F .

Consider, for any r, s ∈ Z⩾0, the vectors

vr,s :=
(
∂jz(z

r(z′)s)|(z,z′)=Pi

)
1⩽i⩽n,0⩽j<N

∈ CnN .

Suppose that

n >
2RS

N
+R+ S. (3.2)

Then the RS vectors vr,s, 0 ⩽ r < R, 0 ⩽ s < S, are linearly independent in CnN .

Before turning to the proof, we remark on how this applies to our particular set of points Pi,
namely the (x + y

√
d, x − y

√
d) with 0 ⩽ x, y < N (in some order). In this setting, item (1) is

obvious, while (2) is an immediate consequence of the Schwarz-Zippel lemma. Finally, the condition
(3.2) is satisfied with n = N2 by the choice of parameters (2.1).

Proof of Lemma 3.1. Suppose not. Then there is a polynomial F ∈ C[z, z′] of degree ⩽ (R,S) in
the variables z, z′ such that

(∂jzF )(Pi) = 0 for all i = 1, . . . , n and 0 ⩽ j < N. (3.3)

Factor

F (z, z′) = F0(z
′)

k∏
ℓ=1

Fℓ(z, z
′)

into irreducibles (not necessarily distinct) with dℓ := degz Fℓ > 0 for ℓ = 1, . . . , k. In particular,
each specialisation Fℓ(z, z

′
i) is not identically zero.

Let d′ℓ be the z′-degree of Fℓ for 0 ⩽ ℓ ⩽ k. Clearly

k∑
ℓ=1

dℓ ⩽ R,
k∑

ℓ=0

d′ℓ ⩽ S. (3.4)

We use some basic facts about resultants, for details of which the reader may consult Appendix
??. In particular we have

ordz=zi Fℓ(z, z
′
i) ⩽ 1 + ordz′=z′i

Resz(Fℓ, ∂zFℓ). (3.5)
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Here, Res denotes a resultant; for the definition and a justification of the inequality just used, see
Appendix A and Lemma A.1 respectively. Summing over i gives

n∑
i=1

ordz=zi Fℓ(z, z
′
i) ⩽ N(dℓ + d′ℓ) + 2dℓd

′
ℓ (3.6)

for each ℓ; here we used that the number of i for which Fℓ(zi, z
′
i) = 0 is bounded above by N(dℓ+d

′
ℓ)

(which is assumption (2)) together with the fact that the degree of the resultant is ⩽ 2dℓd
′
ℓ, which

is (A.1).
Remove from {1, . . . , n} the indices for which F0(z

′
i) = 0; there are at most d′0 of these. For the

remaining indices i, F (z, z′i) is not identically zero and so by (3.3) it has a zero of multiplicity at
least N at z = zi. We thus have

N(n− d′0) ⩽
k∑

ℓ=1

n∑
i=1

ordz=zi Fℓ(z, z
′
i) ⩽

k∑
ℓ=1

(
N(dℓ + d′ℓ) + 2dℓd

′
ℓ

)
⩽ N(R+ S − d′0) + 2RS,

where the final step follows using using (3.4) and the crude bound
∑k

ℓ=1 dℓd
′
ℓ ⩽

(∑k
ℓ=1 dℓ

)(∑k
ℓ=1 d

′
ℓ

)
.

This gives n ⩽ 2RS
N +R+ S, which is contrary to the assumption (3.2). The result is proved. □

4. Archimedean bound

In this section we give an upper bound on detG. For this we use the Hadamard bound

detG ⩽
∏
r,s

∥vr,s∥22. (4.1)

If 0 ⩽ x, y < N then |x ± y
√
d| ⩽ N(1 +

√
|d|) ⩽ 2N

√
q, and so each entry of the row vr,s is

bounded in size by RN (2N
√
q)r+s where the R comes from the z-derivatives. Thus

∥vr,s∥2 ≪ N3/2RN (2N
√
q)r+s.

By Hadamard’s inequality,

log detG ⩽ 3RS logN + 2NRS logR+RS(R+ S) log(2N
√
q)

= RS(R+ S) log(2N
√
q) +O(X3), (4.2)

where for the last step we used the choice of parameters (2.1). This is the required upper bound.

5. p-adic bound

We now show that if χ(p) = −1 then a large power of p divides detG. Let ep denote the exponent
of the largest power of p dividing detG.

Lemma 5.1. Let p be an odd prime with χ(p) = −1. Then

ep ⩾ 2
∑

0⩽r<R
0⩽s<S

min
(
⌊r
p
⌋, S − 1− s

)
.

Proof. Order the rows vr,s so that (r′, s′) ≺ (r, s) if r′ < r; the precise order does not matter.

Now the key observation is that if ψ(z, z′) := zp − z′ then ψ(P ) ∈ pZ[
√
d] for any P = (x +

y
√
d, x− y

√
d), x, y ∈ Z, and in particular for P = Pi. This is just the Frobenius relation that

(
√
d)p = d(p−1)/2

√
d ≡ −

√
d (mod pZ[

√
d]),

which implies that

(x+ y
√
d)p ≡ x− y

√
d (mod pZ[

√
d]).
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Fix, for now, r and s. Recall that the elements of row vr,s are ∂jz
(
zr(z′)s

)
|(z,z′)=Pi

, for 1 ⩽ i ⩽ N2

and 0 ⩽ j < N . Set

h = hr,s := min
(
⌊r
p
⌋, S − 1− s

)
. (5.1)

We now consider the new row ṽr,s in which the entries are ∂jz
(
zr−phψ(z, z′)h(z′)s

)
|(z,z′)=Pi

.
We claim two things:

(1) Every element of ṽr,s lies in phZ[
√
d];

(2) ṽr,s = vr,s + linear combination of vr′,s′ with (r′, s′) ≺ (r, s).

Item (1) follows from repeated applications of the product rule and the fact that ψ(Pi) ∈ pZ[
√
d],

noting that all z-derivatives of ψ (of order at least 1) take values in pZ[
√
d] on all of Z[

√
d]×Z[

√
d].

For (2), first consider the case j = 0 where there is no derivative. Then by binomial expansion
we have

zr−ph(zp − z′)h(z′)s = zr(z′)s +

h∑
i=1

(−1)i
(
h

i

)
zr−pi(z′)i+s.

Thus (after considering derivatives) we in fact have

ṽr,s = vr,s +
h∑

i=1

(−1)i
(
h

i

)
vr−pi,i+s.

Note that, by the choice (5.1) of h, all the pairs (r−pi, i+s) do lie in {0, 1, . . . , R−1}×{0, 1, . . . , S−
1}, and clearly (r − pi, s+ i) ≺ (r, s). This establishes (2).

Let G̃ be the Gram matrix formed by the ṽr,s. Due to the lower triangular nature of the relation

(2), we have det G̃ = detG.

By (1) and the definition of the Gram matrix, ph+h′ | G̃(r,s),(r′,s′), where h = hr,s and h
′ := hr′,s′ ,

as defined in (5.1). We may extract a phr,s from the (r, s)-column of G̃, and phr′,s′ from the

(r′, s′)-row, and thus obtain that det G̃ is divisible by p2
∑

r,s hr,s . This concludes the proof. □

6. Completion of the proof

All that remains is to compare (4.1) with the information in Lemma 5.1. Since, in the notation
of Lemma 5.1, we have log detG =

∑
p ep log p, we immediately obtain∑

p⩽X
χ(p)=−1

log p
∑
r,s

min
(
⌊r
p
⌋, S − 1− s

)
⩽

1

2
RS(R+ S) log(2N

√
q) +O(X3). (6.1)

By use of the inequality
∑

0⩽s<S min(k, S− s− 1) ⩾ Sk− k2 (taking k = ⌊r/p⌋ for each p) one can
show that the LHS is

⩾ S
∑
p⩽X

χ(p)=−1

log p
∑

0⩽r<R

⌊r
p
⌋ −O(X3).

The error in replacing ⌊r/p⌋ by r/p is O(RS
∑

p⩽X log p) = O(X3), so this is

⩾ S
∑
p⩽X

χ(p)=−1

log p
∑

0⩽r<R

r

p
−O(X3) =

1

2
SR2

∑
p:χ(p)=−1

log p

p
−O(X3).
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Substituting in to (6.1) and recalling that R = X, S = X/C, N = X2/3 and q = X1/C , we obtain∑
p⩽X

χ(p)=−1

log p

p
⩽

(
1 +

1

C

)(2
3
+

1

2C

)
logX +OC(1).

Recalling that C is sufficiently large, Theorem 1.1 follows.

Appendix A. Resultants

We collect basic facts about resultants. First, let k be a field and let f, g ∈ k[z] be polynomials
in some indeterminate z, of degrees d, e respectively. Consider the map

Φ : k[z]<e ⊕ k[z]<d → k[z]<d+e

given by Φ(P,Q) := fP + gQ. The matrix of this linear map with respect to the descending
monomial bases of the respective vector spaces (that is,

{(ze−1, 0), · · · (z, 0), (1, 0), (0, zd−1), (0, zd−2), . . . , (0, 1)}
on the left, and {zd+e−1, zd+e−2, . . . , 1} on the right) is called the Sylvester matrix, and its determi-
nant is defined to be Resz(f, g); this is just an element of k. A well-known fact is that Resz(f, g) = 0
if and only if f, g have a non-constant common factor.

In the main part of the note we apply this construction with k = C(z′), with f ∈ C[z, z′] ⊂ k[z]
some irreducible polynomial with degree (d, d′), d > 0, and with g = ∂zf . Consider the resultant
Resz(f, ∂zf). By construction, this is a polynomial in z′, and it is non-zero since f is irreducible,
and hence has no common factor with ∂zf .

Resz(f, ∂zf) is given by a (2d− 1)× (2d− 1) determinant, each of whose entries is a polynomial
in z′ of degree ⩽ d′, so (crudely)

degz′ Resz(f, ∂zf) ⩽ 2dd′. (A.1)

Now we prove the key fact used in the main text, (3.5).

Lemma A.1. With the setup as above, suppose that for some fixed z′0 we have that f(z, z′0) is not
identically zero, and has a root of multiplicity µ ⩾ 1 at some z = z0. Then

ordz=z0 f(z, z
′
0) ⩽ 1 + ordz′=z′0

Resz(f, ∂zf).

Proof. The assumption implies that both f(z, z′0) and ∂zf(z, z
′
0) are divisible by (z − z0)

µ−1, and
so every polynomial in imΦ is divisible by (z − z0)

µ−1 when we specialize to z′ = z′0. Therefore,
dim imΦ|z′=z′0

⩽ (2d− 1)− (µ− 1) = 2d− µ.

Thus, if we write S(z′) for the Sylvester matrix, rk(S(z′0)) ⩽ 2d − µ. Therefore there are µ − 1
linearly independent vectors u1, . . . , uµ−1 ∈ C2d−1 such that uTi S(z

′
0) = 0. Complete to a basis

u1, . . . , u2d−1 of C2d−1, and let U be the matrix formed from the uTi . Thus the first µ − 1 rows
of US(z′0) are zero. Consider now US(z′), which is a matrix whose entries are polynomials in z′.
By what we just said, the first µ − 1 rows of US(z′) are divisible by z′ − z′0, and so det(US(z′))
is divisible by (z′ − z′0)

µ−1. Since Resz(f, ∂zf) = detS(z′) = (detU)−1 det(US(z′)), we have
ordz′=z′0

Resz(f, ∂zf) ⩾ µ− 1 and the result follows. □
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