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Abstract

The Al gives a probabilistic proof of a uniform-denominator Pos-
itivstellensatz of Baldi-Sinn-Telek-Weigert for Laurent polynomials
whose induced homogeneous form is strictly positive on the nonneg-
ative part of a projective toric variety. Only this abstract was human-
written. Three classical tools from mathematical statistics and proba-
bility theory were used by the AI: the Barndorff-Nielsen completion
of discrete exponential families, sufficiency-based invariance under
exponential tilting following Halmos-Savage and Van Campenhout-
Cover, and the conditional limit theorem (equivalence of ensembles)
of Diaconis—Freedman.

1 Exponential Families on Lattice Configurations
and Toric Closures

Let A = {ay,...,am} C Z" be a non-empty finite set of lattice points, and
let P := conv(.A) C R" denote its convex support. For any non-empty
face F < P, we write Ar := ANF, so that F = conv(Af).

The general theory of natural exponential families generated by a car-
rier measure on R"” was systematically developed by Barndorff-Nielsen [2,
Chapter 8] and Brown [5, Chapter 1], and is surveyed from the perspective
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of graphical models and variational inference by Wainwright-Jordan [24,
Section 3]. We recall the standard definition following Brown [5, Chap-
ter 1].

Definition 1.1 (Brown [5, Chapter 1]). Let v be the counting measure on
the finite set A C Z". The natural exponential family E4 = {Py : 6 € R"}
generated by v with natural parameter 6 € IR" is the family of probability
distributions on .4 with probability mass function

Py(X =a):=exp({8,a) — A4x(0)), acA, (1)

where A 4(0) :=10gY c4 e'%) is the cumulant generating function (or log-
partition function). Under the multiplicative reparameterization t = ¢/ :=

(e%,...,ef0) € R ), wehave Py(X = a) =t/ L yea t*.

Because A is finite, the natural parameter space is @ = R", so £4 is
a full, regular exponential family in the sense of Brown [5, Chapter 1].
By Brown [5, Theorem 2.2], A 4 is real-analytic and convex on R”, and
its gradient and Hessian are the mean vector and covariance matrix of
X ~ P@I

1a(0) := VA4(0) = Ep,[X] = Z;\aPG(X = a),

Y4(0) := V2A4(8) = Covp,(X). ()

For each non-empty face F =< P, let V¢ := spang (Ar — ag) (for any fixed
ayg € Af) be the linear subspace parallel to the affine hull of F, of dimen-
sion dr := dim(F). By Brown [5, Proposition 1.4], the covariance operator
Y 4, (0) of the facial exponential family & 4, supported on AF restricts to a
strictly positive definite quadratic form on Vr for every 6 € R".

A foundational result in the theory of exponential families with finite
support describes the topological closure € 4 of £ 4 inside the probability
simplex A, 1 = {p € RE, : Yycu Pa = 1} together with the behavior of
the mean-value map y : Q — Ep[X]. The homeomorphism between the
parameter space of a log-linear model and the interior of its marginal poly-
tope originates in the classical theorem of Birch [4] and was established for
general regular exponential families by Barndorff-Nielsen [2, Theorem 9.1]



and Brown [5, Theorem 3.6]. The facial stratification of the boundary com-
pletion £ 4 was proved for finite support by Barndorff-Nielsen [2, The-
orem 9.2] (where & 4 is termed the aggregate exponential family; see also
Brown [5, Chapter 6], Csiszar-Matus [8], Geyer [13, Theorem 4], and Rauh—
Kahle-Ay [20]). In algebraic statistics, Geiger-Meek-Sturmfels [12, Theo-
rem 3.2] showed that £ 4 coincides with the nonnegative part (X 4)>o :=
X4 N A1 of the projective toric variety X4 C P™~!, under which the
mean-value map y is the algebraic moment map. We state the completion
theorem following the formulation of Barndorff-Nielsen [2, Theorem 9.2].

Theorem 1.2 (Barndorff-Nielsen [2, Theorem 9.2]). Let £ 4 be the natural
exponential family generated by the counting measure on the finite set A C Z"
with convex support P = conv(.A), and for each non-empty face F < P, let € 4,
be the natural exponential family generated by the counting measure on Ap =
AN F. Define the aggregate exponential family

Eai= || € C Ay (3)
F=<P

Then:

(i) & 4 is the closure of € 4 in the space of probability measures on A under the
weak (equivalently, total variation) topology, and hence is compact.

(ii) For each non-empty face F < P, the mean-value map ur : £ 4, — relint(F)
given by P g — Ep, ,[X] is a homeomorphism (and a real-analytic diffeo-
morphism when parameterized by 0 € Vr).

(iii) The extended mean-value map

u:E 4 — P =conv(A), Qr— Ep[X] =) Q(a)a, (4
acA

is a bijection and a homeomorphism of compact topological spaces.



2 Probabilistic Representation of A-Copositivity
and Toric Multipliers

For any integer m > 1and u € Z", we denote by m - A := {aM) + ... +
am . g o glm) ¢ A} the m-fold Minkowski sum of A, and by

Win(u) := [t"] < Y t‘z> =#{(@D,...,amy e A" aW ... 4alm =y}

acA
®)
the number of m-step lattice walks with steps in A ending at u. Clearly
Wiu(u) > 0 if and only if u € m - A. Similarly, for each non-empty face
F < P, we write Wy, p(u) := #{(a(l),. . .,a(’“)) € AY - al) .. 4 glm) =
ut.

Lemma 2.1 (Facial Walk Restriction). Let F < P be a non-empty face and let
m > 1. Then (m - A) "mF = m - A, and for every u € m - Ap,

Wi (1) = Wy, p(1). (6)

Proof. Since F is a face of P = conv(.A), there exist an inward-pointing
normal vector vp € R" and a scalar Ar € R such that (vp,a) = Ar
for all a € Ar and (vp,a) > Ap foralla € A\ Af. For any m-tuple
(a®,...,am) € A" with sum u = }”:1 al), we have

m .

(or,u) =Y (vp,a’)) > mAp,
j=1

with equality (which holds if and only if u € mF) if and only if (v, al)y =
Ap foreveryj=1,...,m,ie, al) e Ap for all j. Thus every m-step walk
in A summing to u € mF uses solely steps in Ar. O

Fix k € N and let f(t) = Yperacpt’ € R[t7Y,... t51] be a Lau-
rent polynomial whose support is contained in k - A. For each face F <
P, let fe(t) := Yper. 4, cpt” denote the facial truncation of f to kF (anal-
ogous to the facial sub-polynomials on the simplex studied by Castle—
Powers—Reznick [6] and Dickinson-Povh [10]). Following Baldi-Sinn-
Telek—-Weigert [1, Section 2.2], f is strictly A-copositive if the homogeneous
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form induced by f is strictly positive on the nonnegative projective toric
variety (X 4)>o. By the facial characterization in Baldi-Sinn-Telek-Weigert[1,
Proposition 2.7], f is strictly A-copositive if and only if f¢(¢) > 0 for every
non-empty face F < P and every t € RY,.
Define the normalized coefficient observable g : k- A — R by
b

Lemma 2.2 (Unconditional Gibbs Expectation and Uniform Positivity).
For any probability measure Q € € 4, let X1, ..., Xy be independent and identi-
cally distributed (i.i.d.) random vectors with law Q, and set Sy := X1 + - - - +
X €k- A

(i) If Q= Prg € Ey4, foraface F < Pand 0 € R" (with t = €°), then

Ep,,lg(s0) = — 78 ®

(EaEAF ta)k

(ii) The Laurent polynomial f is strictly A-copositive if and only if there exists
a constant 5 > 0 such that

inf Eqlg(S¢)] = 6 > 0. ©)
Qe&y
Proof. (i) Under Pg?g, any k-tuple (a(l),. .., a(k)) € A’fg withsum b € k- Ar
has probability £/ (¥, 4, t*)*. Summing over all Wy (b) such k-tuples
gives Pp,  (Sx = b) = Wi p(b)t"/(Tse 4, 1)F. By Lemma 2.1, Wi p(b) =
Wi (b) for all b € k - Ar, whence
¢ Wir(D)t'  Tpeap cot” fe(t)

Ep,,[g(Sk)] = = B '
PF’Q [g( k)] bE%F Wk(b) (ZEIGAF ta)k (ZHEAF tﬂ)k (Z“GAF t”)k

(i) Since A is finite, the map Q — Eg[g(Sk)] = L0, _sb)ear g(aM) +
o+ ak) ]_[;‘:1 Q(a)) is a polynomial in the probabilities (Q(a))e4 and

is therefore continuous on & 4. By Theorem 1.2(i) and part (i), fr(f) > 0 for
all F X Pand t € R if and only if Eg[g(S¢)] > O forall Q € € 4, which

>
by the compactness of £ 4 in Theorem 1.2(i) is equivalent to (9). O
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We now connect the coefficients of the toric multiplier (Y ¢ 4 t*)Nf(t)
to conditioning on a sufficient statistic. By the classical factorization cri-
terion for sufficient statistics due to Halmos-Savage [14, Theorem 1] (see
also Lehmann-Romano [16, Theorem 2.7.1]), the sample sum Sy, = Zil\i J{k X;
is a minimal sufficient statistic for the natural parameter 6 of the expo-
nential family € 4. As exploited in the exponential tilting method of Ess-
cher [11], Van Campenhout—Cover [23, Equation (9)], and Diaconis-Freedman [9,
Section 2], conditioning an i.i.d. sample from Py on Sy = -y eliminates 6
and reduces to the uniform microcanonical distribution over lattice trajec-
tories summing to 7.

Lemma 2.3 (Microcanonical Conditional Representation of Toric Multipli-
ers). Let N € N, and let Xy, ..., XNk be i.i.d. random vectors taking values in
Awithlaw Py € E4. Set Spy = X1+ -+ X for1 <m < N +k.

(i) Forevery vy € (N +k) - A, the conditional distribution of (X1, ..., Xn1k)
given Sy = 7 is independent of 0 € R" and is the uniform discrete dis-
tribution on the set of trajectories {(x1,..., xn ) € ANTK YNty =
7}

(ii) For every v € (N+k)- Aandb € k- A, the conditional distribution of
Sk given Sy = 7y satisfies

Wi (D)W (y — b)

Wi (7)
Pp,(Sn+k— Sk =7 — D)
= Pp,(Sx =b)—*
R G

P(Sx=Db|Sntk=7) =

, (10)

and the coefficient of t7 in (C,c 4 t°)N f () satisfies the exact identity

] ((Zaca Y £(1)

WNJrk(')’) =E [g(Sk) ‘ SNtk = 'ﬂ . (11)

Proof. Under Pg9 (NTE) the joint probability mass function of (X3, ..., Xn.ik)
at (x1,...,xXn4k) € AN+HE g

Pp, (X1 = x1,. .., XNtk = XN4k) = exp(<(9 Nilkxl> (N —i—k)AA(G))



which depends on (x1, ..., Xn.1x) only through Zfi J{k x;. Thus all Wy 41 (7y)
trajectories in ANk summing to oy have equal conditional probability 1/ Wy ()
regardless of 0, proving (i). Partitioning the N + k steps into the first
k steps summing to b and the last N steps summing to v — b gives the
first equality in (10), while evaluating the conditional probability under

pyYINTH) gives the second equality. Finally, expanding (Y ,c 4 t*)Nf(t) =

0
(ZMGN.A WN(u)tu) (Zbek/l Cbtb) yields

[t7] ((ZaeA t”)Nf(t)> B ¢, Wi(b)Wn(y —b)
WN—I—k(’)’) B bek-A Wk(b) WN—I—k(’)’)
=E[g(Sk) | Snek =] O

3 Equivalence of Ensembles and the Proof of The-
orem A

The asymptotic convergence of the conditional distribution of the first
k coordinates (Xj,..., X;) given the sufficient statistic Sp; = 7' to the
ii.d. canonical exponential family distribution P(;X(),ky /M) is known in sta-
tistical mechanics and information theory as the equivalence of ensembles

or the Gibbs conditioning principle. Pointwise versions of this principle

were proved by Martin-Lof [17], Van Campenhout-Cover [23, Theorem 1],
Csiszér [7], and Zabell [25] by combining exponential tilting with the mul-
tivariate local central limit theorem for lattice random vectors established

by Rvaceva [21], Petrov [18], Spitzer [22, Proposition P9, p. 75], and Bhattacharya-—
Ranga Rao [3, Theorem 22.1]. A quantitative version holding uniformly

over compact subsets of the interior of the mean space in total variation
distance ||y — v||py = supg |i(E) — v(E)| was established by Diaconis—
Freedman [9, Theorem 1.1 and Proposition 2.6]. We state the theorem of
Diaconis-Freedman [9, Theorem 1.1] specialized to the facial exponential
family £ 4,.

Theorem 3.1 (Diaconis—-Freedman [9, Theorem 1.1]). Let F < P be a non-
empty face, and let K C relint(F) be a compact subset. For integers 1 < k < M
and o' € M - Ap, let Qr 1 x denote the conditional distribution of (Xy,..., Xk)



given Syr = ' under the exponential family & 4,. Then there exists a constant
Ck < oo, depending only on Ar and K, such that for all M > k and all v €
M - Ap satisfying v' /M € K,

k

®k
HQF'W‘ ~ Peaymy HTV = CKM’ (12)
where 8(v' /M) := up'(y'/M) € V is the unique parameter in Vr satisfying
IEPF,H(’Y'/M) [(Xa] ='/M.

We now prove the toric extension of the theorem of Pélya [19] and
the Laurent polyhedral theorem of Handelman [15], stated as Theorem A
in the introduction and as Theorem 3.6 in the text of Baldi-Sinn-Telek-
Weigert [1].

Theorem 3.2 (Baldi-Sinn-Telek-Weigert [1, Theorem 3.6]). Let A = {ay,...,an} C
Z" be a finite set and k € N. Let f = Y e cpt’ be a Laurent polynomial
with support contained in k - A. Then f is strictly A-copositive if and only if
there exists N € IN such that ()} ,c 4 t”)N f has only nonnegative coefficients

and Newt((ZaeA t“)Nf) = conv((N + k) - A). Moreover, if f is strictly
A-copositive, then for N € IN large enough, every monomial with exponent in
(N +k) - Aappears in (Cpe 4 t7)N f with strictly positive coefficient.

Proof. The “if” direction is immediate: if hn(t) := (C,c 4 t*)N f(t) has non-
negative coefficients and Newt(hy) = conv((N +k)-A) = (N +k)P,
then for every non-empty face F < P, the facial truncation (hy)p(t) =
(Caea, )N fr(t) is a non-zero Laurent polynomial with nonnegative co-
efficients, so fr(t) > 0 forall t € R% .

For the “only if” direction and the “moreover” statement, assume that
f is strictly A-copositive. By Lemma 2.2(ii), 0 := infyz, Eq[g(Sk)] > 0.
By Lemma 2.3(ii), to prove that every monomial with exponent ¢y € (N +
k) - A appears in (Y,c 4 t*)Nf(t) with strictly positive coefficient for all
sufficiently large N, it suffices to show that there exists Ny € IN such that

)
i E|g(Sk) | S =5 >=>0 forall N > Nj. 13
e A PO [ S =0] 25 >0 forall N2 Ro- (13

Suppose, for the sake of contradiction, that (13) fails. Then there exist a
strictly increasing sequence of positive integers N; — oo and a sequence of
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lattice points y; € (N; + k) - A such that

) .
IE[g(Sk) | SNtk = 7i] < 5 forallj > 1. (14)
Since p; := % € P = conv(A) and P is compact, after passing to a

subsequence we may assume that

lim p; = peo € P.

]—0
Since P = | |p<prelint(F), there is a unique non-empty face F < P such
that jio, € relint(F).

Choose an inward-pointing normal vector vr € R"” and scalar Ar € R
for the face F as in Lemma 2.1, and define the nonnegative facial discrep-
ancy Yr(a) := (v, a) — Ap fora € A. Then ¢p(a) = 0 for alla € A, while
if A\ Ar # @, then 5jr := min,c 4\ 4, Yr(a) > 0. (If A\ Ar = @, then
F = P and M; = 0 below.)

For each j > 1, consider the random walk (Xj,.. -/XNj+k) e ANtk
conditioned on Sy, = ;. Let o := {i € {1,...,Nj +k} : X; & Ap} be
the random set of indices of off-face steps, let M; := |I¢| be its cardinality,
and let U; := } ;¢ . X; be the sum of the off-face steps. On the conditioning
event {Sy;+x = 7;}, we have the deterministic inequality

Nj+k
nEM; < ; Yr(X;) = (vr,7;) — (N +k)Ar = (Nj + k) ((vg, 1) — A).

Since y; — poo € F and (v, pieo) = AF, the deterministic upper bound

max — N]+k

m :
/ Ul

((vr, pj) = Ap) =o(Nj)  (j — ) (15)

satisfies 0 < M; < m{"® and U] < M maxge 4 lall = o(Nj) for every
trajectory in {SNjJrk =7}

Let E; := {ly N {1,...,k} = @} be the event that the first k steps
X1,..., X all lie in Ap. Because the uniform conditional distribution on
{§ Nj+k = 7/} is exchangeable (invariant under permutations of the N; + k
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coordinates, as noted in Diaconis—Freedman [9, Section 1]), the conditional
probability of E7 satisfies

k
P(Ej | Snjk = 7j) < ;IP(X:‘ ¢ Ar | Snik = 7))

_ KE[M; | Sni+k = 7l _ kmP ™ e

N]‘—i—k _Nj—f—k

> 0. (16)

On the event Ej, further condition on the pair (g, U;). Given (I, U;)
with Lo C {k+1,...,Nj+k} and |[og| = m < m™, the remaining
M; := N; +k — m random variables (X;)¢ , (which include Xj, ..., X)
are conditionally a uniform random walk of length M} on Ar conditioned
on their sum being

’Y; ::’)/]'—U]'EM]{-.AF,
so the conditional law of (Xj,..., X)) given (SN]-+k = 7, Ej, Iogg, Uj) is
precisely Q.. Moreover, uniformly over all possible realizations of
o

(Lott, Uj) on {Sn. 1k = 7}, the empirical mean ]/t;. = 'y;./M]’. satisfies

‘u/‘: ’)/]'—U]' _ “l/l]'—u]'/(Nj—f-k) j—o0

> Hoo € relint(F).

Consequently, fixing a compact neighborhood K C relint(F) of pie, we
have y;- € K for every realization of (I, Uj) whenever j is sufficiently
large. Applying Theorem 3.1 of Diaconis-Freedman [9, Theorem 1.1] on
Ap, we obtain, uniformly over all realizations of (I, Uj) on Ej,

(5050 | St = 71 By Lo U] — B, [5(50)
< 2||g]leo QF,yJ/.,k - P]?(I;(H;) v (17)
2lgleCik o -

= N+ k= mr

where ||g||eo := maxpex. 4 |g(b)| < oo. By the continuity of ' — 6(y') =
y?(]/) in Theorem 1.2(ii), EPF@(;&) [g(Sk)] — Epe g0 [¢(Sk)] uniformly as
i
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j — oo. Combining this with IP(E]? | SNi+k = 7j) — 0 from (16) and the
law of total expectation yields

lim IE[g(Sk) ‘ SNj+k = ’Yj] - IEPF,G(

j—o0 Moo

(501 =9,

which contradicts (14). Finally, since every coefficient of (Y, 4 t*)™ f(¢) on
(N +k) - A is strictly positive for N > N, its support equals (N + k) - A
and its Newton polytope equals conv((N + k) - A). O
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