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Abstract

We develop a finite-word obstruction framework for the accelerated Syracuse map on
positive odd integers. A finite valuation word determines an exact iterate formula and a
unique realization class modulo a power of two; compatible infinite prefixes define a natural
two-adic inverse-limit object together with least positive representatives. The first part
records the exact finite-word congruence machinery, finite-descent equivalence, terminal-
surplus identity, terminal-ceiling break criterion, bad-prefix windows, activated density
collapse, stabilization criterion, and strict-jump bookkeeping. The second part uses these
tools to isolate terminal obstruction classes for a hypothetical counterexample: a bounded
branch leading to a nontrivial accelerated cycle, and an unbounded eventual no-jump branch,
successively reduced through a chain of geometric and combinatorial normal forms to a
packet-surplus compensation target. The resulting reduction spine is lossless: Collatz follows
from exclusion of nontrivial accelerated cycles together with a packet-surplus, or stronger
record-ladder, compensation theorem for the unbounded branch. As a closed module, we
include a closed class-exclusion theorem showing that no eventually periodic infinite low-
surplus valuation chain is realized by a positive odd integer. On the bounded branch, we
further record, as an explicit unproved roadmap step, that the terminal-ceiling strict-jump
obstruction reduces to a single recurrent valuation-mismatch statement. This manuscript
proves the architecture stated in its theorems, propositions, lemmas, and corollaries; it states
the remaining terminal exclusions explicitly as problems, conjectures, or roadmap steps, and
does not claim a completed proof of the full Collatz conjecture.
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1 Introduction

The Collatz problem asks whether every positive integer eventually reaches 1 under

N/2, N=0 (mod 2),
1

Col(N) = {3N+ 1, N= (mod 2).

After deleting the forced even steps, the problem is equivalently studied on the positive odd
integers by the accelerated Syracuse map

3n+1

This paper attacks the obstruction side of the problem through finite valuation words. A
finite valuation word records the successive exponents of 2 removed in an accelerated orbit
segment. Such words carry exact arithmetic information: they determine finite-iterate formulas,
a unique residue class of realizing initial values, and height windows for prefixes that have not
yet descended below their starting value.

The purpose of the present paper is not to repackage the completed class-exclusion theorem of
the companion Paper A as a proof of Collatz. Its purpose is to build a self-contained finite-word
and terminal-obstruction framework for the remaining global problem. The paper identifies the
exact objects that a hypothetical counterexample must produce after the finite-word, ceiling,
least-representative, and scale-packet reductions have all been applied.

The main reduction principle is the following. A counterexample must be either a nontrivial
accelerated cycle or an unbounded terminal no-jump escape. The bounded case is represented

by an explicit cycle certificate
B

no = -
2Km — 3m’

attached to a periodic valuation word. The unbounded case is represented by an eventual no-
jump tail whose least representatives remain terminal-ceiling compatible and whose scale-packet
surplus escapes every finite bound. Thus the full closure problem is reduced to two terminal
fronts: exclusion of nontrivial accelerated cycles and exclusion of unbounded packet-compensating
no-jump tails.

Unconditional contributions
The unconditional parts proved in the paper are the following.
(i) Exact finite-iterate and congruence formulas for finite valuation words.

(ii) A finite-descent equivalence reducing Collatz to the assertion that every odd n > 1 has an
accelerated iterate below n.

(iii) A terminal-surplus identity rewriting descent as the exact renewal inequality

m—1

1

(iv) A terminal-ceiling identity rewriting one-step descent as the exact break condition

), 1),

am > logy <3
n

3



(v) Exact bad-prefix windows, activated density collapse, least-representative stabilization, and
strict-jump bookkeeping.

(vi) A strict-jump/no-jump trap showing that a true counterexample must eventually appear
as a non-fixed no-jump tail whose least representatives are terminal-ceiling compatible.

(vii) Deficit coding, dyadic scale-walk, scale-up block, scale-packet budget, record-ladder re-
ductions, an amplification split, suffix-stress pruning, and base-scale localization for the
unbounded terminal branch.

(viii) A lossless two-front reduction: Collatz follows from nontrivial cycle exclusion together
with a packet-surplus, or stronger record-ladder, compensation theorem on the unbounded
branch.

(ix) A closed class-exclusion module: no eventually periodic infinite low-surplus valuation chain
is realized by a positive odd integer.

What is not claimed

The paper does not claim a proof of the full Collatz conjecture. The remaining terminal fronts are
stated explicitly as problems, conjectures, or roadmap steps: exclusion of nontrivial accelerated
cycles, exclusion of arbitrary nonperiodic low-surplus realization beyond the closed eventually
periodic subclass, exclusion of post-activation singleton survivors, and packet-surplus compensa-
tion for the unbounded terminal branch. Conditional gateway theorems and propositions explain
how these targets would imply Collatz, but they are not used as established facts.

Organization

Sections 2 to 6 contain the bridge from Collatz to finite valuation words, terminal surplus, and
terminal ceiling inequalities. Sections 7 to 10 develop the finite-word window, density, and
inverse-limit theory. Sections 11 and 12 give the least-representative stabilization and strict-jump
mechanisms. Sections 13 to 18 treat the unbounded terminal branch and its packet/record-ladder
reductions. Section 19 gives the first amplification split of the escape front into multiplicative-
surplus and offset-dominance channels. Section 31 records the final dependency map, while
Sections 32 and 33 state the closed low-surplus class theorem and final status.

Status discipline

Every theorem, proposition, lemma, and corollary below is intended as an unconditional statement
unless explicitly introduced as part of a roadmap or conditional closure scheme. Every unproved
terminal assertion is labelled as a Problem, a Conjecture, or is explicitly flagged in the text
as a roadmap step. The manuscript should therefore be read as a finite-word reduction and
obstruction framework for the full problem, not as a completed proof of Collatz.

2 The accelerated Syracuse dynamics

Definition 2.1 (Accelerated Syracuse map). For n € O, define

3n+1
a(n) = 1»(3n + 1), Syr(n) := ETOR

The integer a(n) > 1 is called the valuation jump of n.



The basic iteration notation is
no =n, njr1 = Syr(n;), a; = a(n;) = 12(3n; + 1).
For m > 1 set
m—1
Km = Z a;, KO = 0.
§j=0
The word

Win(n) := (ag,a1,...,am-1)

is the length-m valuation word attached to the orbit segment starting at n.

3 Exact valuation-word normal form

Definition 3.1 (Offset polynomial attached to a valuation word). For a length-m valuation
word W = (ag, ..., am—1), define partial sums

Ki=ap+ -+ a1, Ky =0,

and define .
Bm(W) =Y 3m-1mipk,
i=0

Theorem 3.2 (Exact finite-iterate formula). Let n € O, and let n; = Syr’(n). Then for every
m>1,
- 3"n + By (Wm(n))
m QKm(”) '

Proof. For m = 1, the identity is exactly

_3n+1
ny = 9a0 )

with By = 1 and K7 = ag. Assume the formula holds for m. Then

3nm+1  3(3™n+ By,) +25m

Nm+1 =

2am 2Km+am
Thus
3"+ 4 (3By, + 25m)
nm+1 = e .
2 m+1

Since

m—1 ) m ]

3By, + 25 = Y " 3m ik pofm =N "3meigke = B,

i=0 i=0

the induction closes. O

Corollary 3.3 (Logarithmic form). For every m > 1,

B
log n,, = logn + mlog3 — K, log2 + log (1 + m) .

3mn
Equivalently,
Nim Bm
log— =mlog3 — Kplog2+log(1+— .
n 3Mn
Proof. Take logarithms in Theorem 3.2 and factor 3n from the numerator. O



4 Finite descent and equivalence to Collatz

This section isolates the exact bridge between the ordinary Collatz conjecture and the accelerated
finite-descent problem used in the rest of the paper.

Definition 4.1 (Finite descent property). The accelerated Syracuse map has the finite descent
property if for every odd integer n > 1 there exists an integer m > 1 such that

Syr™(n) < n.

Theorem 4.2 (Finite descent equivalence). The ordinary Collatz conjecture for positive integers
is equivalent to the finite descent property for Syr on positive odd integers.

Proof. Assume first the ordinary Collatz conjecture. Let n > 1 be odd. The ordinary Collatz
orbit of n reaches 1. Removing all intermediate even values gives the accelerated Syracuse orbit
on odd values. Hence Syr"(n) = 1 < n for some r > 1, and finite descent holds.

Conversely, assume finite descent. We prove by strong induction on odd positive integers
that every odd starting value reaches 1 under Syr. The claim is trivial for n = 1. Let n > 1 be
odd, and assume the claim for all smaller positive odd integers. By finite descent there is m > 1
such that

n' := Syr"(n) < n.

The value n’ is positive and odd, so it reaches 1 by the induction hypothesis. Therefore n reaches
1 under the accelerated map. Finally, every positive integer reaches an odd integer after finitely
many divisions by 2, and reinserting those deleted even steps gives the ordinary Collatz orbit.
Thus the ordinary Collatz conjecture follows. O

Definition 4.3 (Bad prefixes and terminally bad starts). Let n € O. A realized prefix of length
m is bad through level m if A
Syr!(n) >n  (1<j<m).

An odd integer n > 1 is terminally bad if
Syt(n) =n  (j=1).

Proposition 4.4 (Terminal badness is the obstruction to finite descent). The accelerated
Syracuse map has the finite descent property if and only if there is no terminally bad odd integer
n>1.

Proof. If finite descent holds, every odd n > 1 has an accelerated iterate below n, so no such n is
terminally bad. Conversely, if finite descent fails, then for some odd n > 1 one has Syr’(n) > n
for every j > 1. That n is terminally bad. O

Corollary 4.5 (Bad-path formulation). The Collatz conjecture is equivalent to the assertion
that there is no terminally bad odd integer n > 1.

Proof. Combine Theorem 4.2 with Proposition 4.4. O

Proposition 4.6 (Exact descent inequality). Let n € O, and let K,, = K,(n) and By, =
B,(Wi(n)) be attached to the first m accelerated steps of n. For every m > 1,

m

Syr™(n) <n <= 28m > 3my



Proof. By Theorem 3.2,

m B
Syr'™(n) = 3721#
Since n > 0 and 25 > 0,
3m B
Syr'"(n) < n <= %

— 3" + B,, < 2Kmn

m

e 2Km 5 gm 4
]

Corollary 4.7 (Logarithmic surplus criterion). For every m > 1, descent at level m is equivalent
to

B
K, —mlogy 3 > logy <1+3n$1>.

Proof. The displayed inequality is equivalent, by exponentiating base 2, to

2fm B

— > 1+ —.

3m 3Mn
Multiplying by 3™ gives exactly the inequality in Proposition 4.6; the reverse implication is the
same calculation in reverse. O

5 Terminal surplus closure module

The exact descent inequality contains the offset term By, /n. This section rewrites that offset as
a renewal sum of normalized surplus variables. The results are exact identities and conditional
reductions; they do not assert that the terminal inequalities must eventually break.

Definition 5.1 (Surplus sequence). For a realized orbit segment define
25m

o :=log, 3, Om = Ky —may, Ay =2 = Sm (m >0),

with Ky =0, so Ag = 1. Also put

m—1

Tm = Z AZ‘, T(_) =0.

1=
A level m > 1 is activated if A,, > 1, equivalently 25m > 3™,

Lemma 5.2 (Offset as a surplus sum). For every realized valuation prefix of length m,

By 1525 1%, Tw
3 3= 3 3= ! 3
Proof. Using the offset formula,
m—1
Bm — 3m71712K,
1=0

Dividing by 3™ gives
B, "loKi mloki

Gn = 2 g T3 g

1=0 =0

The remaining equalities are the definitions of A; and T},. O



Theorem 5.3 (Terminal-surplus descent identity). Let n > 1 be odd. For every m > 1,
T,
Syr""(n) <n <= A,>1+—.
3n
FEquivalently,

m—1
Syrm(n) <n <= 9oKm-mlog3 - q + i Z 9Ki—ilogy 3
3n =
Proof. By Proposition 4.6, descent at level m is equivalent to
B
2Km > gm 4 T
n

After division by 3™, this becomes

2Km B,

— > 14+ —.

3m + 3Mn
The left-hand side is A,,, and Lemma 5.2 gives B,,/(3™n) = T,,/(3n). This proves the first
equivalence. Expanding A,, and T}, proves the second. O

Corollary 5.4 (Terminal-surplus form of Collatz). The Collatz conjecture is equivalent to the
following statement: for every odd integer n > 1, there exists m > 1 such that

1 m—1
Ap(n) > 1+ — Z Ai(n).
3n i

Proof. Combine Theorem 4.2 and Theorem 5.3. O

Proposition 5.5 (Terminal-bad recurrence). Assume that n > 1 is odd and bad through level
m. Then, for every 0 < j < m,
T,
A; <1+ 2L,
it 3n
Consequently,

1
Ta<i+(145)T 0<i<m)
n

1\J
1+—) —1§.
(+3n> ]

1\J
A < [1+ —
j_(+3n)’

1
K;—jlog,3<jl 1+—.
j —J10829 > ] 0g2< +3n>
Proof. For J = 0, the displayed inequality is Ag=1<1. For 1 < j < m, badness through level
m gives Syr/(n) > n, so the strict descent inequality in Theorem 5.3 fails at level j. Hence
A; <1+1T;/(3n). Since Tj41 = T; + A;, the recurrence follows.
Put A =1+ 1/(3n). Induction from Tp = 0 gives

and, for0 <j<m+1,

T; <3n

In particular, for 0 < j <m,

and for 1 < j <m,

. N —1 )
Tp<1+A4+--+XN 1= 7 =SV ).

Substitution into 4; < 1+ T;/(3n) yields A; < M. Taking base-2 logarithms gives the final

inequality. O




Corollary 5.6 (Narrow surplus strip). If n > 1 is terminally bad, then every prefix satisfies

1
K, <mlogy, 3+ mlog, <1+ 3>.
n

Thus a terminally bad orbit remains in a narrow strip above the critical line K = mlog, 3.
Proof. Apply Proposition 5.5 at arbitrary depth. ]

Proposition 5.7 (First-activation bottleneck). Let n > 1 be terminally bad. Suppose 7 > 1 is
the first activated level, meaning that

A >1, A <1 (I1<i<T).

Then A; <1 for1 <i<T, and

.
K; -1l 1 1+— .
0< Tlogy 3 < ogg( +3n)

FEquivalently,

K, eZn (7'10g23,7'log23—i—log2 (14—37))
n

Proof. The lower bound is exactly A, > 1, since logy A; = K; — 7logy3. For 1 < i < 7,
non-activation gives 4; < 1. Equality would imply 2% = 3¢, impossible for i > 1, so 4; < 1.

Because Ag =1,
T—1

TT:ZA1'<T.
=0

Terminal badness at level 7, together with Proposition 5.5, gives

T T
A, <1+ T <14 —.
S +3n< +3n

Taking base-2 logarithms gives the claimed upper bound. O

Theorem 5.8 (Terminal obstruction split). Let n > 1 be an odd terminally bad starting value.
Ezactly one of the following alternatives occurs.

(i) No prefix is activated. Then the realized valuation sequence of n is an infinite low-surplus
chain positively realized by n.

(ii) A first activation time T exists. It satisfies Proposition 5.7. Moreover, for the bad-prefix
sets S(W) of Definition 8./,
#S(Wm(n)> =1

for every sufficiently large m, and the unique element is n.

Proof. The alternatives are mutually exclusive and exhaustive. If no activated level exists, every
finite realized prefix is low-surplus, and the same positive integer n realizes all prefixes. This
gives alternative (i).

If a first activation time 7 exists, then Proposition 5.7 applies. Since n is terminally bad, each
realized word W, (n) is bad through level m, so n € S(W,,(n)) for every m. After activation,
Theorem 9.7 gives #S(W,,(n)) < 1 for all sufficiently large m. Since n remains in every one of
these sets, the cardinality is exactly one and the unique survivor is n. This gives alternative

(ii). O



Problem 5.9 (Terminal-surplus closure problem). Prove that for every odd integer n > 1 there
exists m > 1 such that

1 m—1
Ap(n) > 1+ n i;o Ai(n).
By Corollary 5.4, this is exactly the finite-descent form of the Collatz conjecture.

Problem 5.10 (Activated singleton exclusion). Let n > 1 be odd and suppose that its
realized bad-prefix chain has a first activated level. Prove that the terminal-bad inequalities in
Proposition 5.5 cannot persist forever after that activation. Equivalently, prove that the eventual
singleton allowed by Theorem 5.8 is always eliminated by some deeper prefix.

Proposition 5.11 (Two-target gateway to Collatz). Assume both of the following statements.
(i) No infinite low-surplus valuation chain is positively realized by an odd integer n > 1.
(ii) No activated terminally bad singleton exists.

Then the Collatz conjecture holds.

Proof. If Collatz failed, Corollary 4.5 would give an odd terminally bad n > 1. Apply Theorem 5.8.
Alternative (i) contradicts assumption (i), and alternative (ii) contradicts assumption (ii).
Therefore no terminally bad n > 1 exists, and Collatz follows from Corollary 4.5. O

Remark 5.12 (Purpose of the terminal-surplus module). The unconditional content of this
section is the renewal identity, the terminal-bad envelope, the first-activation bottleneck, and the
obstruction split. A full proof still requires exclusion of arbitrary positive low-surplus realization
and exclusion of the activated singleton survivor.

6 Terminal ceiling break module

The terminal-surplus module is cumulative. The complementary local viewpoint is a one-step
height ceiling. We keep the real ceiling Iy, (n) separate from its integer floor Cy,(n): the break
criterion is real-valued, while admissible valuations are integral.

Definition 6.1 (Relative height and terminal ceilings). Let n > 1 be odd, and write
N 1= Syr™(n), Ry (n) ==

Define the real ceiling and integer ceiling by

L) i=logs (3R(m) + 3 ). Conln) = ().

n

The realized orbit of n is terminal-ceiling admissible through level M if
aj(n) < Cj(n)  (0<j < M).
It is terminal-ceiling admissible if the same condition holds for every j > 0.

Lemma 6.2 (Relative height from surplus). For every realized prefix of length m,

1 T
Rnn)=—(1+2"2).
() Am< +3n>

10



Proof. By Theorem 3.2 and Lemma 5.2,

3m B, 3m B, 1 T
Ry = S (14 B2) - L (1 Iy,

oKmp 2K 3mn 3n
0
Lemma 6.3 (Exact relative-height recurrence). For every m > 0,
3Rn(n) + 1
Rmia(n) = — G
Proof. Divide
_ 3ngy +1
Nm+1 = 2am(n)
by the initial value n. O

Theorem 6.4 (Terminal ceiling break criterion). For every odd n > 1 and every m > 0,
Syt (n) <n <= Rpii(n) <1l <= ann)>Tu(n).

FEquivalently,
1
Syt (n) <n <= an(n) > log, <3Rm(n) + n) .

Proof. The equivalence Syr™ ™ (n) < n <= R,,11(n) < 1 is the definition of R,,41. By
Lemma 6.3,

1
Ruii(n) <1 <= 3R,(n)+ - <20,
n
Taking base-2 logarithms gives a,,(n) > I';y(n). All implications are reversible. O

Corollary 6.5 (Terminal-bad ceiling rule). An odd integer n > 1 is terminally bad if and only
if, for every m >0,
am(n) < Tp(n).

Since am(n) is integral, this is equivalent to

(1) < Co(n) = {logg <3Rm(n) + i)J (m > 0).

Proof. Terminal badness is the assertion R,,4+1(n) > 1 for every m > 0. By Theorem 6.4, this is
equivalent to the failure of a,,(n) > I'y,(n) at every level. Hence ap,(n) < I'yy(n) for every m.
Because a,,(n) is an integer, this is equivalent to a,,(n) < Cp,(n). O

Corollary 6.6 (Terminal-ceiling form of Collatz). The Collatz conjecture is equivalent to the
following statement: for every odd integer n > 1, there exists m > 0 such that

am(n) > Tp(n).

Proof. By Theorem 6.4, the displayed inequality is equivalent to Syr™"!(n) < n. This is finite
descent, which is equivalent to the Collatz conjecture by Theorem 4.2. O

Proposition 6.7 (Height-band automaton). Let n > 1 be terminally bad and let k > 1. If

k 1 k+1 1
2—2+—n>

Rm(n)el 3", 3

then
am(n) < k.

11



In particular,

and
4 —

3
Proof. The height band is equivalent to

3=

< Rp(n) <

1
28 < 3R, (n) + — < 281,
n

Thus Cy,(n) = k. Since n is terminally bad, Corollary 6.5 gives am,(n) < k. In the lowest band,
every accelerated valuation is at least 1, and the ceiling gives a,,(n) < 1, hence a,,(n) = 1. The
second special case is the case k = 2. O

Proposition 6.8 (Forced growth in the lowest band). Let n > 1 be terminally bad. Suppose
that, for somem >0 and r > 1,

4—
3

3=

0<i<r).

Then
amti(n) =1 0<i<r),

Rnsr(n) + - = (2) (Rm(n) + 1) .

and

n

Consequently, a terminally bad orbit cannot remain in the lowest band forever.

Proof. By Proposition 6.7, the valuation is 1 throughout the stated block. If as(n) = 1, then

Lemma 6.3 gives

1

Rapa(n) + % =: <R5(n) + n) .

Iterating from s = m to s = m + r — 1 gives the displayed formula. The right-hand side grows
like (3/2)", while the lowest band has a fixed finite upper endpoint, so the orbit cannot remain
in that band forever. O

Problem 6.9 (No infinite terminal-ceiling-admissible orbit). Prove that there is no odd integer
n > 1 whose realized accelerated orbit satisfies

Ry (n)>1, am(n) < Cp(n) (m >0).
By Corollary 6.5, this is exactly the terminal-ceiling obstruction to finite descent.

Problem 6.10 (Terminal ceiling strict-jump target). Prove that every infinite extension
chain, different from the fixed chain generated by 1, whose sufficiently deep prefixes are least-
representative bad and terminal-ceiling compatible in the sense of Definition 12.2, has infinitely
many strict jumps

PWimni1) > pWa).

Equivalently, terminal-ceiling compatibility cannot be combined with eventual stabilization of
the least representatives at a positive odd integer n > 1.

Proposition 6.11 (Single-target gateway to Collatz). A positive solution of Problem 6.10
implies the Collatz conjecture.

12



Proof. If Collatz failed, Corollary 4.5 would give an odd terminally bad integer n > 1. Its
realized valuation prefixes form an infinite extension chain. By Corollary 6.5, the realized orbit
is terminal-ceiling admissible. After stabilization, Corollary 13.3 gives the least-representative
terminal-ceiling compatibility required in Problem 6.10.

Once M (W, (n)) > n, the least representative of the realization class containing n is exactly
n. Hence the realized chain has only finitely many strict jumps, contradicting Problem 6.10.
Therefore no terminally bad n > 1 exists, and Collatz follows from Corollary 4.5. O

Remark 6.12 (Role of the ceiling module). The terminal-surplus split separates low-surplus and
activated-singleton obstructions. The ceiling rule repackages both into one local obstruction:
a terminally bad orbit must keep every actual valuation below a moving height-dependent
ceiling. A universal strict-jump theorem for least-representative ceiling-compatible chains would
eliminate that obstruction.

7 Cycle obstruction

Theorem 7.1 (Arithmetic certificate for cycles). Suppose n € O belongs to a periodic orbit of
exact accelerated length m, with valuation word W = (ag, .. .,am—-1). Then

_ Ba(W)
- 2Km —gm”

In particular, a necessary condition for a positive cycle is
2fm ~ 3m

and
2Km _3m | B, (W).

Proof. A cycle based at n satisfies Syr”"(n) = n. Using Theorem 3.2,

_3"n+ By,
= —mn
Therefore
(25m —3™)n = By,.
Since B,,, > 0 and n > 0, one must have 257 > 3™ and the displayed formula follows. O

Remark 7.2 (Compatibility is essential). Finite realization of a word is not enough to produce a
cycle. In addition to the divisibility condition in Theorem 7.1, one must verify that the integer

_ _Ba(W)
- 2Km —3m

is positive, odd, integral, and realizes the cyclic valuation constraints
a; = 1/2(31’Lj + 1)

for every point along the orbit. This cycle compatibility condition is where word enumeration
becomes arithmetic rather than merely formal.

13



8 Admissible valuation paths

Definition 8.1 (Finite valuation word). A finite word W = (ao, ..., am—1) is a valuation word
if each a; > 1. It is realized from n if

ve(3Syr! (n) + 1) =a; for j=0,1,...,m— 1.
For such a word write
KnW)i=ag+ - +am-1,  MW):=2K=0V+L

Theorem 8.2 (Exact congruence class for a finite word). Let W = (ag,...,am—1) be a finite
valuation word, and put K,, = ag+ -+ am—1. There is a unique odd residue class

r(W) (mod 2KmT1)

such that
Win(n) =W = n=r(W) (mod 2KmT1)

Consequently, W is realized by infinitely many positive odd integers, and as X — oo,

#n<X: neO, Wy(n)=W}= %—FO(D.
Proof. Write .
faly) =
For a terminal odd integer y = n,,, define recursively
nj = Ba,;(nj11), j=m-1,m-2,...,0.

The composition has the form
2Kmy — =, (W)
3m
for an integer =,,,(W) depending only on W. Since 2% is invertible modulo 3™, there is a unique
residue class of y (mod 3™) for which ny € Z. Restricting to odd y gives one class modulo 2 - 3™.
Replacing y by y + 2 - 3™t replaces ng by

ng =

ng + 28m+1¢,

Thus the realizations form a single residue class modulo 257! Choosing y sufficiently large
makes every intermediate n; positive. Then

3nj +1= 2aj’rlj+1,

and because n;41 is odd, the valuation at step j is exactly a;. Conversely, any realization of W
is obtained from the same inverse-branch composition with terminal value y = n,,, so it lies in

this residue class. The counting estimate is the standard count for a fixed residue class modulo
2Km+L, O

Corollary 8.3 (One-step extension criterion). Let W = (aog,...,am—1), let b > 1, and let
Wt = (ag,...,am-1,b). Among the integers realizing W, those realizing Wt form the unique
sub-class

n=r(W*') (mod 2Km+t+1)

inside the class r(W) (mod 25=+1) . Equivalently,

3" n 4 By (W) =25 (mod 25t
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Proof. This is Theorem 8.2 applied to the longer word. The displayed congruence says exactly
that the next quotient

374y 4 B (W)
9Km+b
is odd, hence that the next valuation is b. ]
Definition 8.4 (Bad-prefix realization set). Let W = (aq, ..., am—1) be a finite valuation word.
Define
ROW) :={n€ O : Wpy(n) =W}
and

SOW) :={n € R(W) : Syr’(n) > n for every 1 < j < m}.
Thus S(W) is the set of positive odd starting values for which W is realized and bad.

Theorem 8.5 (Exact bad-prefix set). Let W = (ag, . ..,am—1) be a finite valuation word. For
1 <j<m, let K; and B; denote the corresponding prefix data, and define

. B
UOV):= i o 5
2Ki>37
with U(W) = +oo if the indexing set is empty. Then
SW)={ne0:n=r(W) (mod 25*), n<UMW)}.

Let p(W) be the least positive odd representative of the residue class r(W) (mod M(W)). If
U(W) < 400, then
0, UMW) < p(W),

uw) — p(W)
MW)

#S(W) =

1+L J UWw) > p(W).

In particular,

uw)
MW)
Proof. By Theorem 8.2, n realizes W if and only if

n=r(W) (mod 25m*1),

£SOW) <1+

For such n, Theorem 3.2 gives ‘
: 3n + Bj
Syr] (n) = QT
The bad-prefix inequality Syr’/(n) > n is automatic when 2% < 37, while for 257 > 37 it is
equivalent to
<_Bi
n= 2K; _ 35"
The case 2%/ = 37 cannot occur for j > 1. Intersecting all such inequalities gives exactly
n < U(W). The exact count follows because the positive representatives in one residue class
modulo M (W) are precisely
p(W) +tM (W), t>0.

O
Remark 8.6 (Where compatibility actually enters). Theorems 8.2 and 8.5 and Corollary 8.3 give
finite-prefix rigidity, but they do not by themselves rule out an infinite chain of nested residue

classes and height windows. That global obstruction is the main limitation of the finite-word
results.
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9 Limitations and density after activation

The results above are finite-word results. They give exact congruence classes and height windows
for prescribed bad prefixes, but they do not by themselves exclude the possibility that one
odd integer realizes a compatible bad prefix at every length. The rest of the paper keeps only
the language needed to describe this limitation and then proves a closed exclusion theorem for
eventually periodic low-surplus chains.

Definition 9.1 (Infinite extension chain and candidate bad chain). An infinite extension chain
is a sequence

Wi < Wy < -+

where W, has length m and W,,, 11 extends W,,. It is a candidate bad chain if S(W,,) # ( for
every m. Put

Smi=SWm), My =251 ri=rWn),  Un:=UWn).
Lemma 9.2 (Nestedness). For every infinite extension chain,

Proof. If n € S,,+1, then n realizes W,,+1, hence realizes its prefix W,,. The bad inequalities

through time m + 1 include the bad inequalities through time m. Thus n € S,,,. O
Theorem 9.3 (Sharpened extension formula). Let Wt = (ag,...,am—1,b) be a one-step
extension of W = (ag,...,am-1). Define

Bm+1(W+)

’ 2Km+b > 3m+l’
H(W+) — 2Km+b _ 3m+1

+00, 2Km+b o gmtl

Then
MW =22M(W), UMW) =min{UW),HW™')},
and

SWH =SW)n{n:n=rW?%) (mod MWH)}n{n:n< HWT)}.

Proof. The modulus identity follows from K,,+1 = K,,+b. The residue refinement is Corollary 8.3.
The only new bad-prefix inequality is the one at time m + 1, and by Theorem 8.5 it is either
automatic when 25m+b < 3m+1 o equivalent to n < H(WY) when 2Km+0 > 3m+1 Intersecting
this new condition with the previous exact description of S() proves the formula. O

Definition 9.4 (Density parameter). For a finite valuation word W, define the extended
nonnegative density parameter

uw)
D(W) = .
For a one-step extension W+ of W, define
HOWT)
W) = .
Theorem 9.5 (Density recurrence). Let Wt = (ag,...,am—1,b) be a one-step extension of

W = (ag,.-.,am-1). Then
DOW) =27 min{D(W),QOW™1)}.

In particular,
DOW) <27 D(W).
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Proof. By Theorem 9.3,
UMW) = min{UW), HW")}

and
MW =2°M(W).

Dividing the first identity by the second gives the stated recurrence. The inequality follows
because min{D, Q} < D. O

Remark 9.6 (Why density is the first invariant to test). The recurrence shows that every extension
gains a factor 27 in the modulus. Once U (W) is finite, no compensation is possible: D contracts
at least by 27%. Thus the first remaining obstruction is not density decay after activation, but
activation itself, namely ruling out globally realized chains with U = 400 at every finite level.

Theorem 9.7 (Activated density collapse). Let (Wp,) be a candidate bad chain, not the fized-
point chain. Assume U(Wp,,) < 400 for some mg. Then

lim D(Wp,) = 0.

m— 00

In particular, there exists m such that D(W,,) < 1, hence
#SWh,) < 1.
This estimate alone does not determine whether such a singleton is possible.
Proof. For m > myg, apply Theorem 9.5 at each extension:
DWim+1) <27 D(Whp,).
Since every valuation a,, > 1,
DWy,) < 27m=m0) DO, ),

which tends to 0. If D(W,,) < 1, the bound

#SWn) <1+ D(Wy,)
implies #S(Wp,) < 1. O

Remark 9.8 (Remaining obstruction). The theorem leaves two separate obstructions. First,
a chain may remain low-surplus, with U(W,,,) = 400 at every finite level; this is the 2-adic
stabilization problem treated in the next sections. Second, even after activation, the density
argument alone leaves the possibility of one surviving starting value. The main unconditional
theorem of this paper addresses the first obstruction for the eventually periodic low-surplus
class.

10 Activation and 2-adic incompatibility

This section isolates the remaining U = 400 obstruction. It does not prove activation. Its
purpose is to make the obstruction exact: a terminally bad chain with no activated prefix is
precisely a positive integer realization of an infinite low-surplus valuation chain. Such a chain is
controlled by nested residue classes and hence by one 2-adic limit.

Definition 10.1 (Low-surplus prefix). A finite valuation word W, = (ao, ..., am—1) is called
low-surplus if, for every prefix length 1 < j < m,

2Kj<3j, Kj:a0+"‘+aj_1.

For an infinite chain, we use the separate tail notation (a;);>1; it is low-surplus if every finite
prefix is low-surplus in the preceding sense.
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Lemma 10.2 (Low-surplus prefixes have no height window). If W,, is low-surplus, then
U(Wnm) = +00. Moreover every positive integer in the exact residue class of Wy, is bad through
length m:

Syr/(n) > n (1<j<m).

Proof. For a realized prefix, Proposition 4.6 gives

: 3n + B,
Syr!(n) —n = T‘j—n
B (3j —2Kj)n+Bj
= o _

If W, is low-surplus, then 3/ — 2% > 0 for every j < m, and B; > 0. Hence the displayed
difference is positive for every positive n realizing the word. Since there is no prefix with
2Ki > 37 the defining minimum for U(W),,) is empty, so U(W,,) = +oo. O

Remark 10.3. Lemma 10.2 is the reason density collapse cannot begin before activation. While
U = 400, the parameter D = U/M has no finite size to shrink. The proof must instead rule out
infinite positive realization of low-surplus residue chains.

Proposition 10.4 (The 2-adic limit of an infinite valuation chain). Let W,, be the length-m
prefix of an infinite valuation chain. The exact finite-word classes are compatible:

PWmi1) = p(Wi)  (mod M(Wp,)).
Since M (W) = 28m+L s oo these classes determine a unique 2-adic integer
Too € Zs.

Proof. Compatibility follows because realizing the longer word implies realizing its prefix. The
moduli M (W,,) are powers of 2 tending to infinity, so the nested residue classes define a unique
element of the inverse limit Z. O

Proposition 10.5 (Positive realization equals eventual representative stabilization). An odd
positive integer n realizes the whole infinite chain if and only if

n=pWp) (mod M(W,,)) for every m.
Equivalently, n realizes the chain if and only if the least representatives eventually stabilize:
pWn) =n for all sufficiently large m.

Proof. The first statement is exactly the definition of realizing every finite valuation prefix. For
the second statement, suppose n realizes the chain. Since M (W,,) — oo, eventually M (Wp,) > n.
At every such level the least positive representative of the congruence class containing n must
be n itself. Conversely, if p(W,,) = n eventually, then n belongs to all sufficiently deep classes;
by nestedness it also belongs to every earlier finite class. O

Corollary 10.6 (Activation/incompatibility equivalence). A non-fized terminal bad path with
no activated prefix exists if and only if there is an infinite low-surplus valuation chain whose
2-adic limit roo is an odd positive integer n > 1.

Proof. If n > 1 gives a terminal bad path and no prefix is activated, its realized valuation
sequence is low-surplus. By Proposition 10.5, the associated 2-adic limit is the ordinary positive
integer n. Conversely, if a low-surplus chain has 2-adic limit equal to a positive odd integer
n > 1, then n realizes every finite prefix. By Lemma 10.2, all finite iterates along those prefixes
remain larger than n, giving a terminal bad path with no activated prefix. O
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Toy model: the all-one chain

The simplest low-surplus chain is
(1,1,1,...).

It is useful because the desired incompatibility mechanism can be proved completely.
Lemma 10.7 (All-one incompatibility). The all-one chain has finite residue classes
n=-1 (mod 2™

at length m. Hence its 2-adic limit is —1 € Zo, and it has no positive integer realization.

Proof. If every valuation up to level m equals 1, then the forced iterates satisfy

3\J
mr1=(5) @y ©<i<m)
The exact condition a; = 1 is n; = 3 (mod 4), equivalently 4 | n; + 1. Since 3/ is odd, this
condition is .

2012 | n 4 1.

For 0 < j < m — 1, the strongest condition is therefore 2! | n 4 1, i.e.

n=-1 (mod 2™").

Letting m — oo, the nested classes converge to —1 in Zs. No positive integer is congruent to —1
modulo 2™+ for every m. O

Diagnostic finite search

The following table is not used as proof. It records a small residue-lifting probe over low-surplus
finite words. The lesson is negative but important: low-surplus finite prefixes are abundant, and
least representatives can remain constant for long finite stretches. Thus a naive monotonicity
claim for p(W,,) is false.

m | #{low-surplus words} | least-representative word p M
1 1 (1) 3 4
2 2 (1,1) 7 8
3 3 (1,1,2) 7 32
4 7 (1,2,1,1) 27 64
8 173 (1,2,1,1,1,1,2,2) 27 4096
12 8045 | (1,2,1,1,1,1,2,2,1,2,1,1) | 27 | 131072

The row m = 12 already shows why finite compatibility alone cannot close the argument: a
fixed positive representative can survive many low-surplus levels. The missing theorem must
prove that such stabilization cannot persist forever for n > 1, not merely that finite low-surplus
prefixes are rigid.

Conjecture 10.8 (Low-surplus 2-adic incompatibility). Let (a;);>1 be an infinite low-surplus
valuation chain, and let ro, € Zs be the 2-adic limit of its nested exact residue classes. Then ry,
is not an odd positive integer n > 1.

Proposition 10.9 (Equivalent stabilization form). Conjecture 10.8 is equivalent to the following
statement: for every non-fived infinite low-surplus chain, the least representatives p(Wp,) are
not eventually constant at a positive value n > 1.

Proof. This is exactly Proposition 10.5 restricted to low-surplus chains. O
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Remark 10.10 (Scope of the conjecture). Conjecture 10.8 is a broader statement than the
unconditional class theorem proved below. It would rule out positive integer realization in the
entire low-surplus branch, but it would still leave the post-activation singleton issue outside the
scope of the present paper.

11 Stabilization and jump calculus

Four layers of the argument

The later obstruction theory uses four distinct objects, and we keep them separate.
(i) A realized orbit starts from a fixed positive odd integer n and has prefixes Wy, (n).
(ii

) A finite word W, is an abstract valuation prefix with one realization class modulo M (W,,).
(iii) An infinite extension chain is a nested sequence W; < Wh < --- of finite words.
)

(iv) The least-representative process studies the least positive odd representatives p(W,,) of
these nested classes.

A positive integer realization of an infinite chain is equivalent to eventual stabilization of the least
representatives. A strict jump is a change of this least representative under one-step refinement.

This section sharpens Conjecture 10.8. Along a fixed nested valuation chain, the least
representatives p(WW,,) are not arbitrary: they are nondecreasing, and every extension either
keeps the same representative or makes a strict jump by a positive multiple of the previous
modulus. Consequently low-surplus 2-adic incompatibility is equivalent to an infinite strict-jump
theorem.

For the length-m prefix W,,, put

o = logy 3, Om = ma — Kp,.
Thus W,, is low-surplus exactly when
5j >0 (1 < j < m)

Proposition 11.1 (Monotone jump decomposition). Let Wy,+1 be a one-step extension of Wy,
by the valuation b. Then there is a unique integer

tm €{0,1,...,20 — 1}

such that
P(Wm-i-l) = p(Wn) + th(Wm)-

In particular,
PWmt1) = p(Wh,).
The extension is a strict jump precisely when t,, > 0.
Proof. The longer realization class refines the shorter one, hence
PWini1) = p(Wi)  (mod M(Wn,)).

Also
M(Wni1) = 2°M(Wny),

and
1< p(Wm-i—l) < M(Wm—H)

Therefore p(Wi,+1) has the unique form
PWini1) = pWn) + t MWy, 0<t, <20 —1.

The monotonicity and strict-jump criterion are immediate. O
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Corollary 11.2 (Stabilization versus infinite jumps). For any infinite nested valuation chain,
the following are equivalent:

(i) the sequence p(Wp,) is eventually constant;
(ii) only finitely many strict jumps occur.

If infinitely many strict jumps occur, then p(Wy,) — 400, and the associated 2-adic limit is not
an ordinary positive integer.

Proof. By Proposition 11.1, p(W),,) is nondecreasing and changes value exactly at strict jumps.
Thus finitely many strict jumps are equivalent to eventual constancy. If strict jumps occur
infinitely often, then p(W,,) is an unbounded nondecreasing sequence of positive integers. An
ordinary positive integer n represented in the inverse limit would force p(W,,) = n for all
sufficiently large m, once M (W,,) > n. Hence an infinite-jump chain cannot have a positive
integer as its 2-adic limit. O

Remark 11.3. The useful monotonicity statement is therefore true but too weak: p(W,,) cannot
decrease. What is false, and contradicted by finite diagnostics such as the long survival of p = 27,
is any naive strict-growth claim at every level. The remaining question is eventual strict jumping
along every non-fixed low-surplus chain.

The no-jump criterion

For a finite word W,,, define

_ 3"p(Wh) + By,

I (W) = =

Thus @, (p(Wh)) = Syr™(p(Wn,)), because p(W,,) realizes Wi,.

Proposition 11.4 (No-jump criterion). Let Wy,+1 extend W, by the valuation b, and let t,, be
the jump parameter from Proposition 11.1. Put

b = xm(pWn)), vy, = va(3zp, +1).
Then
tm =0 <= b=1.

Equivalently, the least representative stays fixed under a one-step refinement exactly when the
prescribed next valuation agrees with the actual next Syracuse valuation of the current least
representative.

Proof. The number p(W,,) already realizes the prefix W,,. It realizes the extended word W, 11
exactly when the next valuation of its current iterate is b, namely when

vo (326, + 1) = b.

If this equality holds, then p(W,,) belongs to the refined realization class modulo M (W,,+1).
Since
0< p(Wm) < M(Wm) < M(Wm+1)a

it is the least positive representative of that refined class, so p(Wi+1) = p(Wh,) and t,, = 0.
Conversely, if t,, = 0, then p(W,,+1) = p(W,,). Hence the old least representative realizes the
extended word, forcing the displayed valuation equality. O
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Remark 11.5 (Explicit lifting form). The representatives in the old class modulo M (Wy,11) =
28 M (W) are
pWhi) +tM(Wy,),  0<t <2

After m accelerated steps this becomes
T (pWi)) + 2 - 3™t.
The extension valuation b selects the unique ¢ for which
2 (3(zm(pWm)) +2-3™Mt) +1) =b.

The no-jump case is t = 0, equivalently b = vo (32, (p(Wn)) + 1).

The low-surplus valuation ceiling
Lemma 11.6 (One-step low-surplus ceiling). Assume W,, is low-surplus, and put
Cm = [Om + .
A one-step extension by b > 1 remains low-surplus at the new level m + 1 if and only if
b<ep.
Proof. The new prefix remains low-surplus exactly when
Ky, +b< (m+1)a,

or equivalently
b<dm+a.

Since a = logy 3 is irrational, 0,, + @ = (m + 1)ae — K, is not an integer. Therefore, for integer
b, the strict inequality is equivalent to

b<|0m+a.

Corollary 11.7 (No-jump or forced-jump dichotomy). Let W,, be low-surplus, and set
U = 12(32m (p(Wh)) + 1) .
If vy > Cmy, then every low-surplus one-step extension of Wy, forces a strict jump:

PWms1) > p(Win)-
Following the no-jump extension instead activates the chain at level m + 1.

Proof. By Lemma 11.6, every low-surplus extension must choose a prescribed next valuation b
satisfying
b<cn.

If vy, > ¢, then every such low-surplus choice satisfies
b<cm < vm=1203m(pWn)) +1).

Thus b # vy, so Proposition 11.4 implies ¢, # 0. Hence every low-surplus extension is a strict
jump. The no-jump extension instead has b = v,,, > ¢, so it violates the low-surplus inequality
at level m + 1, i.e. it activates. O
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Equivalent strict-jump criterion

Theorem 11.8 (Equivalent strict-jump form). Conjecture 10.8 is equivalent to the following
statement:

FEvery non-fixed infinite low-surplus valuation chain has infinitely many strict jumps

PWit1) > p(Whn).

Proof. If infinitely many strict jumps occur, then by Corollary 11.2 the 2-adic limit is not an
ordinary positive integer. Conversely, if only finitely many strict jumps occur, then p(W,,) is
eventually constant at some positive odd integer n. That integer realizes every sufficiently deep
finite word, and hence every earlier prefix by nestedness. Since the chain is low-surplus, every
realized prefix is bad. The case n = 1 is impossible because Syrj(l) = 1 for all j, whereas
Lemma 10.2 gives Syr/(n) > n for positive realizations of low-surplus prefixes. Thus n > 1,
which is exactly the forbidden positive integer realization in Conjecture 10.8. O

Problem 11.9 (Valuation-ceiling diagnostic). Prove that a no-jump low-surplus tail cannot
persist forever. Equivalently, for every putative stabilized positive representative n > 1, prove
that at some finite level m the actual next valuation

v2(3Syr™(n) + 1)
exceeds the low-surplus ceiling
|mlogy 3 — Kin(n) + logy 3] .

By Corollary 11.7, such a level forces either activation of the actual orbit or a strict jump away
from n for every continuing low-surplus chain.

Problem 11.10 (Strict-jump diagnostic). Prove directly that every non-fixed infinite low-surplus
chain has infinitely many levels at which the prescribed next extension valuation b,, disagrees
with the actual next valuation of the current least representative:

b # 12(32m(pWm)) + 1) .
By Proposition 11.4, each such disagreement is exactly a strict jump of p(Wp,).

Diagnostics
Remark 11.11 (All-one chain). For the all-one chain (1,1,1,...), the representatives are
pWy) = 2mF1 1,

Thus every level is a strict jump, and the 2-adic limit is —1, not a positive integer. This is the
clean model for Theorem 11.8.
Remark 11.12 (The 27 diagnostic). The accelerated orbit of 27 shows why finite-level survival is

not enough. Its low-surplus actual valuation prefix survives through length 36, and once the
modulus exceeds 27 the least representative is stabilized at

p(Wn) =27

for a long finite interval. At the next level the actual valuation is 3, while the low-surplus
ceiling is 2. Therefore the actual no-jump continuation activates at level 37; any formal low-
surplus continuation must make a strict jump away from 27. This is exactly the finite valuation
contradiction one wants to force for every putative stabilized n > 1.

Remark 11.13 (Honest endpoint). Propositions 11.1 and 11.4, Lemma 11.6, and Theorem 11.8
are unconditional. What remains open is the infinite strict-jump theorem, or equivalently the
valuation-ceiling diagnostic in Problem 11.9. Density collapse still begins only after activation.
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12 Strict-jump forcing and no-jump traps

The jump calculus shows that positive integer realization is the same as eventual stabilization of
the least representatives. This section records the exact finite-word trap that a counterexample
to finite descent would have to generate. The statements below are local and unconditional; the
global no-eventual-no-jump assertion remains open.

Definition 12.1 (Least-representative bad prefix and no-jump streak). A finite valuation word
W is called least-representative bad if

p(W) € SW).

Equivalently, the least positive representative of its exact realization class realizes the word and
remains at least as large as its starting value throughout the prefix.
For an infinite extension chain (Wy,)m>1, a level m is called a no-jump level if

PWmt1) = p(W,).

A block [p, q) is a no-jump streak if every level m = p,p+1,...,q — 1 is a no-jump level. A tail
is eventually no-jump if all sufficiently large levels are no-jump levels.

Definition 12.2 (LR terminal-ceiling compatibility). Let W, be least-representative bad and
put
pm = p(W), zh, = Tm(pm), op, = 1a(3xh, +1).
Define the real and integer least-representative ceilings by
xz? 1
7 .= log, <3m + ) , ct .= 1TI*|.
Pm Pm

The no-jump continuation at level m is called least-representative terminal-ceiling compatible if
U < T,

equivalently if v, < CP . An eventual no-jump tail is terminal-ceiling compatible if this condition

holds at every sufficiently large no-jump level.

Lemma 12.3 (Ceiling rule for the no-jump branch). Let W,, be least-representative bad and
use the notation of Definition 12.2. Let

ORI 3xh, +1
m+1 ol
be the next iterate of the least representative along the no-jump branch. Then
vh < TP
if and only if
5657(1)2}—1 2 Pm-

FEquivalently, the actual no-jump continuation of the least representative satisfies the terminal-
ceiling rule exactly when its next iterate is still bad relative to pp,.

Proof. The inequality vf, < I'/ is equivalent to
3xh, +1
pm

QU <

Multiplying by pm and dividing by 2= gives
3xp, +1

QU

2 pma

which is the asserted inequality for :cggll. O
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Proposition 12.4 (No-jump bad-extension test). Let W,, be least-representative bad, and let

W,Sgll be the one-step extension of Wi, by the actual least-representative valuation

U = 12(32m(p(Win)) + 1).
Then Wf,?i_l is least-representative bad if and only if

xm(p(wm)) 1
pWm) T p<wm>> '

Equivalently, it is least-representative bad if and only if the no-jump continuation is least-
representative terminal-ceiling compatible. If the reverse strict inequality holds, then every
one-step extension Wi+1 of Wy, that is least-representative bad must be a strict jump:

PWmi1) > p(Win).

vh <log, (3

Proof. Because W, is least-representative bad, p,, := p(W,,) realizes W,, and satisfies the bad
inequalities up to time m. By Proposition 11.4, the extension by the actual valuation v#, is
exactly the no-jump extension, so its least representative is still p,,,. Therefore the longer word
is least-representative bad precisely when the new iterate

RON 3z (pm) + 1
m+1 — 21)7/;

is at least p,,. This is exactly Lemma 12.3.

If the reverse strict inequality holds, then the no-jump extension is not least-representative
bad. Any one-step extension with no strict jump must coincide with the no-jump extension by
Proposition 11.4. Hence every least-representative bad extension must have a strict jump. O

Proposition 12.5 (Eventual no-jump trap). Let (Wh,)m>1 be an infinite extension chain.
Suppose that for some mqg and some odd integer n > 1,

pW) =n  (m > my)

and Wy, is least-representative bad for every m > mqg. Then n realizes the whole chain and is
terminally bad: A
Syr’(n) >n (j>1).

Conversely, if an odd integer n > 1 is terminally bad and Wy, = Wy (n) is its realized valuation-
prefiz chain, then W, is least-representative bad, terminal-ceiling compatible in the sense of
Definition 12.2, and p(Wy,) = n for all sufficiently large m.

Proof. Assume first that the representatives stabilize at n and that all sufficiently long prefixes
are least-representative bad. Then n = p(W,,) realizes W,, for every m > my, and hence realizes
every finite prefix of the infinite chain. Since n € S(W,,) for every m > my, the inequalities

Syr/(n)>n  (1<j<m)

hold for arbitrarily large m. Therefore they hold for every j > 1, so n is terminally bad.
Conversely, let n > 1 be terminally bad. Its realized prefix W,,(n) satisfies n € S(Wy,(n))
for every m. Once M (W,,(n)) > n, Lemma 13.2 gives p(Wy,(n)) = n. Hence the prefixes are
least-representative bad for all sufficiently large m. The terminal-ceiling compatibility at those
levels is exactly Corollary 6.5 applied to the stabilized least representative. O

Proposition 12.6 (No-eventual-no-jump gateway). Assume that the fixed point chain generated
by n = 1 is the only infinite extension chain having a tail which is simultaneously no-jump,
least-representative bad, and terminal-ceiling compatible. Then the Collatz conjecture holds.
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Proof. If the Collatz conjecture failed, Corollary 4.5 would give an odd terminally bad integer
n > 1. Applying Proposition 12.5 to the realized valuation-prefix chain of n, we would obtain
a tail that is no-jump, least-representative bad, and terminal-ceiling compatible, stabilized at
n > 1. This is excluded by the hypothesis. Therefore no terminally bad odd integer n > 1 exists,
and Corollary 4.5 gives the Collatz conjecture. O

Problem 12.7 (Uniform no-jump streak bound). Prove that there exists an absolute constant
L > 1 such that every infinite extension chain which is not the fixed point chain of 1 and whose
prefixes are least-representative bad and terminal-ceiling compatible at all sufficiently large levels
has a strict jump in every block of L consecutive sufficiently large levels.

Proposition 12.8 (Uniform streak bound implies Collatz). A positive solution of Problem 12.7
implies the Collatz conjecture.

Proof. A terminally bad odd integer n > 1 would, by Proposition 12.5, produce an infinite chain
whose sufficiently deep prefixes are least-representative bad, terminal-ceiling compatible, and
whose least representatives are all equal to n. Such a tail has no strict jumps at all, hence contains
no strict jump in any block of length L. This contradicts the asserted uniform no-jump streak
bound. Therefore no terminally bad n > 1 exists, and Collatz follows from Corollary 4.5. [

Remark 12.9 (Why this is the next obstruction to attack). Proposition 12.4 gives a local forcing
rule: whenever the no-jump branch of a least-representative bad prefix breaks the terminal ceiling,
every continuing least-representative bad extension must jump. Proposition 12.5 then shows
that a true counterexample would have to avoid such forced jumps forever after the modulus
passes the counterexample itself. Thus the remaining proof-theoretic task may be expressed
without probabilistic language: prove that non-fixed least-representative bad, terminal-ceiling
compatible chains cannot have arbitrarily long no-jump tails.

Problem 12.10 (Height-dependent no-jump bound). A possible weaker route is to prove
a height-dependent version of Problem 12.7. Namely, for each finite terminal-ceiling band,
prove that there is a bound L(K) on the length of no-jump streaks whose least-representative
relative heights remain in that band, unless the chain is already the fixed point chain of 1. The
complementary unbounded-height branch would then have to be handled by the terminal-surplus
envelope in Proposition 5.5.

13 Terminal obstruction dichotomy and scale-sensitive no-jump
clocks

The uniform no-jump-streak target in Problem 12.7 is a deliberately strong sufficient condition.

The exact obstruction can be localized more sharply. For an actual starting value n, the least

representatives need not equal n at shallow levels; they must equal n only after the realization
modulus exceeds n. This motivates a scale-sensitive clock.

Definition 13.1 (First descent time, stabilization time, and post-stabilization clock). Let n > 1
be odd and put n,, = Syr"(n). Define the first descent time

7(n) :=inf{m >1:n,, <n} € NU{+oo}.
For the realized valuation prefix W, (n), define the stabilization time
o(n) :==1inf{m > 0: M(Wpn(n)) > n}, M(Wp(n)) = 2Kmm+1,

Since K,,(n) > m, the number o(n) is finite. If 7(n) < 400, define the post-stabilization bad
length
£(n) := max{0,7(n) —o(n)};

if 7(n) = +oo, set £(n) = +oo.
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Lemma 13.2 (Stabilization threshold). Let n > 1 be odd and let Wy, (n) be its realized valuation

prefix. If
MWpn(n)) > n,

then
p(War () = 1.

In particular, p(Wm(n)) =n for all m > o(n).

Proof. The integer n realizes Wy, (n), hence it lies in the exact realization class modulo
MWp(n)). If0 < n < M(Wy(n)), then no smaller positive integer can be congruent to
n modulo this modulus. Therefore n is the least positive representative of the class. ]

Corollary 13.3 (Post-stabilization no-jump tail for a terminally bad orbit). If an odd integer
n > 1 is terminally bad, then for every m > o(n)

p(Wm(n)) =n

and the realized prefix Wi, (n) is least-representative bad. Consequently the realized chain has an
eventual no-jump tail.

Proof. The equality of least representatives follows from Lemma 13.2. Since n is terminally bad,
it belongs to S(Wy,(n)) for every m, so after stabilization the least representative itself is bad.
The equality p(Wi,(n)) = n for all m > o(n) means that all later levels are no-jump levels. [

Proposition 13.4 (Exact post-stabilization clock). For an odd integer n > 1, the following are
equivalent:

(i) n is terminally bad;

(ii) the realized chain (Wi (n))m>1 is least-representative bad for all sufficiently large m and
has an eventual no-jump tail;

(ili) £(n) = +o0.

If 7(n) < 400, then £(n) is exactly the length of the realized no-jump bad tail after the stabilization
threshold and before first descent.

Proof. 1f n is terminally bad, then Corollary 13.3 proves the eventual least-representative bad
no-jump statement, and 7(n) = +o0, hence ¢(n) = +o00. Conversely, if the realized chain is
least-representative bad and no-jump from some level onward, the least representatives stabilize
at a positive odd integer. Since the chain is the realized chain of n, Lemma 13.2 gives that this
stable value is n. Least-representative badness at arbitrarily large levels then gives Syr’ (n) >n
for every j > 1, so n is terminally bad. The equivalence with ¢(n) = 400 is just the definition
of 7(n) and o(n). If 7(n) < 400, stabilization begins at o(n) and badness ends at 7(n), so the
stated length is max{0,7(n) —o(n)}. O

Theorem 13.5 (No-eventual-no-jump equivalence). The Collatz conjecture is equivalent to the
assertion that the fized point chain generated by 1 is the only infinite extension chain having an
eventually no-jump tail of least-representative bad prefixes.

Proof. The forward implication follows from Proposition 12.5: an eventually no-jump tail of
least-representative bad prefixes stabilized at some odd n > 1 would make n terminally bad,
contradicting finite descent. The only remaining stabilized positive value compatible with Collatz
is n = 1, the fixed point chain.

Conversely, if Collatz fails, Corollary 4.5 gives a terminally bad odd integer n > 1. By Corol-
lary 13.3, its realized valuation-prefix chain has an eventual no-jump tail of least-representative
bad prefixes, not generated by 1. This contradicts the asserted uniqueness. O
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Lemma 13.6 (Bounded terminally bad orbits are eventually periodic). Let n > 1 be an odd
terminally bad integer. If the accelerated orbit

Ny = Syr™(n)

is bounded above, then it is eventually periodic. Moreover the eventual periodic orbit is not the
fized point 1.

Proof. A bounded orbit in the positive odd integers visits only finitely many values. Since
Syr is deterministic, some value must repeat, and from the first repetition onward the orbit is
periodic. Because n is terminally bad and n > 1, every iterate satisfies n,,, > n > 1. Therefore
the eventual cycle cannot be the fixed point 1. O

Corollary 13.7 (Terminal obstruction dichotomy). If the Collatz conjecture fails, then at least
one of the following alternatives occurs:

(i) there exists a nontrivial accelerated cycle in the positive odd integers;
(ii) there exists an odd terminally bad integer n > 1 whose accelerated orbit is unbounded above.
Conwversely, either alternative contradicts the Collatz conjecture.

Proof. 1f Collatz fails, Corollary 4.5 gives a terminally bad odd integer n > 1. If its orbit is
bounded, Lemma 13.6 puts the orbit eventually on a nontrivial accelerated cycle. If its orbit
is unbounded, alternative (ii) holds. Conversely, a nontrivial cycle never reaches 1, and an
unbounded terminally bad orbit never descends below its starting value; either case violates
Collatz. O

Problem 13.8 (Unbounded terminal-ceiling branch). Exclude the second alternative in Corol-
lary 13.7. Equivalently, prove that no odd integer n > 1 can have an unbounded accelerated
orbit while satisfying the terminal ceiling rule

Syr™(n) 1 )

am(n) <log, (3n +— (m >0)

n
at every level. In terminal-surplus variables, the same obstruction is the existence of an
unbounded realized orbit satisfying

Ap(n) <1+ L Z Ai(n) (m>1).

Theorem 13.9 (Cycle-free plus unbounded-branch closure implies Collatz). Assume that there
are no nontrivial accelerated cycles in the positive odd integers and that Problem 13.8 has a
positive solution. Then the Collatz conjecture holds.

Proof. By Corollary 13.7, any failure of Collatz produces either a nontrivial accelerated cycle or
an unbounded terminally bad orbit. The two hypotheses exclude these alternatives. O

Remark 13.10 (Finite diagnostic for the scale-sensitive clock). The quantity ¢(n) is a diagnostic,
not a proof invariant by itself. Exact integer iteration gives the following values when £(n) is
maximized over odd 3 < n < X:

X | maximizer n | 7(n) | o(n) | £(n)
10° 27 37 3 34
103 703 51 7 44
104 703 51 7 44
10° 35655 8 | 10 | 75
106 381727 109 | 14 | 95
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The growth of these finite post-stabilization clocks suggests that a scale-free uniform streak
bound, while sufficient, is probably too strong to be the most natural route. The exact dichotomy
above points instead to two separate terminal tasks: the cycle certificate of Theorem 7.1 and
the unbounded branch in Problem 13.8.

14 Deficit coding for the unbounded terminal branch

The dichotomy of Corollary 13.7 leaves, after the cycle certificate, an unbounded terminally
bad orbit. This section rewrites that branch in a more discrete form. The key point is that a
terminally bad orbit does not merely stay below the moving terminal ceiling; the integer gap
between the ceiling and the actual valuation is exactly the dyadic height band reached at the
next step.

Definition 14.1 (Terminal ceiling, fractional ceiling factor, and deficit). Let n > 1 be an odd
terminally bad integer and put
_ Syr™(n) 1

Rp=22 vy 3R, +—.
n n

The terminal ceiling at level m is
Cry = [logy Yin | .

Since n is terminally bad, Corollary 6.5 gives a,, < C),. We define the under-ceiling deficit
dp, = Cyy — am, € Z>g

and the fractional ceiling factor
Yo

O, = 50 € [1,2).

Lemma 14.2 (Exact dyadic deficit identity). Let n > 1 be terminally bad. For every m > 0,
Rmg1 = 2%76,,,, 1<6, <2
Consequently
2%m < Ryyq < 24mHL dp = |logy Rims1] -

FEquivalently,
1
A, = {logQ <3Rm + n)J — |logy Rim+t1] -

Proof. By Lemma 6.3,
3Rn+1/n Yy
20m  2am’

Since Y, = 270, and d,,, = C,;, — @, this gives

Rm+1 -

Ry = 20m=amg, = 2dmg
The inequalities 1 < 0,, < 2 follow from the definition of C,, and therefore
2dm S Rerl < 2d7n+1.

Taking base-two logarithms and floors gives d,,, = |logy Ryn+1]. Substituting d,,, = Cp, — am
gives the final displayed identity. O

Corollary 14.3 (Unbounded height is unbounded deficit). For a terminally bad odd integer
n > 1, the following are equivalent:
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(i) the relative heights (Rpy)m>0 are unbounded;
(ii) the deficits (dwm)m>0 are unbounded.
More quantitatively, if d,, < D for all sufficiently large m, then
1< Ry, < 2P
for all sufficiently large m. Conversely, if Ry, < H for all sufficiently large m, then
dpm < logy H
for all sufficiently large m.

Proof. This is immediate from Lemma 14.2. The estimate
20" < Ry < 200

shows that bounded deficits give bounded future heights, and bounded future heights give
bounded floors d,;, = [logg Rp+1]. Since deleting finitely many initial terms does not affect
boundedness, the two conditions are equivalent. O

Corollary 14.4 (Cycle-free failure forces arbitrarily large deficits). Assume that there is no
nontrivial accelerated cycle in the positive odd integers. If the Collatz conjecture fails, then there
exists an odd terminally bad integer n > 1 whose under-ceiling deficits satisfy

sup d,, = +oo.
m>0
Proof. If Collatz fails, Corollary 13.7 gives either a nontrivial accelerated cycle or an unbounded

terminally bad orbit. The first alternative is excluded by hypothesis. Hence the second alternative
holds. By Corollary 14.3, its deficit sequence is unbounded. O

Lemma 14.5 (Large deficits are exactly large under-ceiling drops). Let n > 1 be terminally bad
and let D € Z>q. At level m, the following integer-threshold conditions are equivalent:

dm > D, am < Cp — D, Rm+1Z2D.

Specifically,
dpn>D <= an<Cp—D <= Ry >2>.

Moreover d,, = D if and only if
2P < Ry < 2P7L

Proof. The equivalence d,,, > D <~ a,, < C,, — D is just the definition d,, = C}, — a,,. The
equivalence with R,, 41 > 2P, and the exact band for d,,, = D, follow from Lemma 14.2. ]

Definition 14.6 (Least-representative deficit at a no-jump level). Let W, be least-representative
bad. Put

Pm ‘= p(Wm)a I = $m(pm)a Um = V2(3xm + 1)’

and
Tm

1
Rf = —, ch = {logQ <3Rﬁ1 + p)J .

m

If the actual no-jump extension is terminal-ceiling admissible, equivalently if v,, < C#%, , define
the least-representative deficit
b = Ch — vy,
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Lemma 14.7 (Least-representative deficit identity). In the setting of Definition 14.6, assume
that the actual no-jump extension is terminal-ceiling admissible. Let

(0) 3x;, +1
Tt = e

be the next iterate of the least representative under the no-jump branch. Then

dﬁ x(O) 1 dl)
2dm < TmAl o gdn+l
Pm

and hence

dﬁl — 10g2 m

Pm
Proof. The proof is identical to Lemma 14.2, with n, R,,, a,,, and R,,11 replaced by pp,, Rf,,
U, and x,(gll / Pm, respectively. O

Problem 14.8 (Unbounded-deficit no-jump obstruction). Prove that no infinite extension chain,
other than the fixed point chain of 1, can have all three properties below:

(i) its sufficiently long prefixes are least-representative bad;
(ii) it has an eventual no-jump tail;
(iii) along that tail, the least-representative deficits df, are unbounded.

Equivalently, rule out an eventual no-jump terminal-ceiling chain whose no-jump iterates enter
arbitrarily high dyadic height bands above their stabilized least representative.

Theorem 14.9 (Large-deficit gateway). Assume that there are no nontrivial accelerated cycles
in the positive odd integers and that Problem 14.8 has a positive solution. Then the Collatz
conjecture holds.

Proof. Assume that Collatz fails. By Corollary 4.5, there is a terminally bad odd integer
n > 1. If its accelerated orbit is bounded, then Lemma 13.6 gives a nontrivial accelerated cycle,
contrary to the first hypothesis. Hence its orbit is unbounded. By Corollary 13.3, the realized
prefix chain is least-representative bad and no-jump from the stabilization time onward. By
Corollary 14.3, the corresponding deficits are unbounded; after stabilization these are exactly
the least-representative deficits of Definition 14.6. This contradicts the positive solution of
Problem 14.8. Therefore no terminally bad n > 1 exists, and Corollary 4.5 proves the Collatz
conjecture. U

Remark 14.10 (Why deficit coding is useful). The unbounded branch in Problem 13.8 is still
open. The point of the present section is to replace the qualitative phrase “unbounded orbit”
by the integer statement “arbitrarily large under-ceiling deficits”. A terminal counterexample
cannot merely drift upward; after stabilization it must repeatedly choose valuations far below
the largest valuation allowed by the moving ceiling. This is a sharper target for strict-jump
forcing than the scale-free uniform streak bound of Problem 12.7.

15 Dyadic scale walk for large-deficit escape

The deficit identity of Lemma 14.2 shows that an unbounded terminal branch is the same as
an unbounded sequence of dyadic height exponents. This section extracts the exact integer
walk followed by those exponents. The payoff is that scale growth is possible only in one local
configuration: valuation one together with a high mantissa inside the current dyadic height
band.
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Definition 15.1 (Dyadic scale exponent and mantissa). Let n > 1 be terminally bad and put

_ Syr™(n)
-

Ry
Since R,, > 1, define

qm ‘= Llogz RmJ c Zzo, Nm = 2_qum S [1,2)

2_‘1m
Sm = |logy | 3m + .
n

Lemma 15.2 (The ceiling digit is binary). For every terminally bad odd integer n > 1 and
every m > 0,

The local ceiling digit is

sm € {1,2}.

Moreover
4—279m /n

Sm=2 <= nm> 3

Proof. Because 1 < 1, < 2, g, > 0, and n > 3, we have

—qm

1
<6+ - <8.

3 < 3nm
S SN+ 3

Thus the base-two logarithm lies in [logs 3,3), and its floor is either 1 or 2. The equality s, = 2

is exactly the condition
—Qdm

3Nm + >4

9

which is equivalent to the displayed lower bound for 7,,. O

Theorem 15.3 (Exact dyadic scale walk). Let n > 1 be terminally bad. With Gum, m, Sm as in
Definition 15.1, one has the exact recurrence

Am+1 = Gm + Sm — Gm.

Consequently
dm+1 S dm + 17

and the scale increases at level m if and only if
Gm+1=q¢m+1 <= an=1 and s, =2.

FEquivalently, scale increase occurs exactly at valuation-one levels satisfying

4—279m/n
T 2~

Proof. Write
Ry, = 29n,,.

Then

1 2—dm
3Ry + — =29 | 3y, + .
n n
Therefore the terminal ceiling is

1
Cy = {log2 (3Rm + n)J = @y + Sm-
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By Lemma 14.2,
gm+1 = |10gs Rypy1]| = dpm = Cpy — am.

Combining these identities gives

dm+1 = gm + Sm — Gm.

Since s,, < 2 and a,, > 1, this implies ¢, 11 < ¢ + 1. Equality holds exactly when s, = 2 and
amn = 1. The final condition follows from Lemma 15.2. ]

Corollary 15.4 (Unbounded scale requires infinitely many valuation-one high-mantissa levels).
Let n > 1 be terminally bad. If (Ry,) is unbounded, then there are infinitely many levels m for
which
4 —27m /p

3 .

Equivalently, an unbounded terminal branch must have infinitely many scale-up steps

am =1 and Nm >

dm+1 = Gm + 1.

Proof. By Corollary 14.3, unboundedness of (R,,) is equivalent to unboundedness of (gy,). If the
scale-up equality ¢m,+1 = ¢m + 1 occurred only finitely many times, then after the last such level
the sequence (gy,) could never increase, because Theorem 15.3 gives ¢n4+1 < ¢, + 1 and positive
increments are exactly scale-up steps. Hence (g,,) would be bounded above by its maximum
up to that last level. Therefore unboundedness forces infinitely many scale-up steps, and the
valuation-one high-mantissa characterization is Theorem 15.3. O

Corollary 15.5 (Cycle-free failure forces infinitely many scale-up events). Assume that there is
no nontrivial accelerated cycle in the positive odd integers. If the Collatz conjecture fails, then
there exists an odd terminally bad integer n > 1 with infinitely many levels satisfying

_ _Qm(n)
am(n) =1, m(n) > 22

3
Proof. By Corollary 14.4, cycle-free failure produces a terminally bad n > 1 with unbounded
deficits, equivalently unbounded heights. Apply Corollary 15.4. 0

Definition 15.6 (Least-representative scale walk). Let W, be least-representative bad and
use the notation of Definition 14.6. Assume the actual no-jump extension is terminal-ceiling
admissible. Put

dh = llogy Ry, | by =27 Rp,
where R, = x,/pm. Define
92—dm
sP = |logy | 312, + :
Pm
Finally let
(0)
,0 x 0 3xm + 1
inm = |logy el ) xfnzrl = mT
Pm 2vm

Lemma 15.7 (Least-representative scale recurrence). In the setting of Definition 15.6,
0
Srpn € {172}7 q1€1+1 =q£1+sﬁ1—vm.

Therefore the no-jump least-representative scale can increase at level m only when

Uy =1 and s =2
that s, only when
_9—am
n’rpn 2 423/[)771_
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Proof. This is the same calculation as Lemma 15.2 and Theorem 15.3, with n, R,,, a,, replaced
by pm, R, vm. Since 1 < nf < 2, ¢f, > 0, and p,, > 1, the inner factor lies in [3,7), so its
base-two floor is again either 1 or 2. The displayed equivalence is exactly the condition that this

floor be 2. The exact equality follows from

Tyry1 _ 3R, +1/pm

Pm 2vm

O

Problem 15.8 (Scale-up exclusion on eventual no-jump tails). Prove that no infinite extension
chain, other than the fixed point chain of 1, can have all of the following properties:

(i) its sufficiently long prefixes are least-representative bad;
(ii) it has an eventual no-jump tail;

(iii) along that tail, the least-representative scale walk has infinitely many scale-up levels,
equivalently infinitely many levels with

4— 27q£'l/pm
3 .

U =1, 77%2

Theorem 15.9 (Scale-up gateway). Assume that there are no nontrivial accelerated cycles in the
positive odd integers and that Problem 15.8 has a positive solution. Then the Collatz conjecture

holds.

Proof. Assume that Collatz fails. Since nontrivial accelerated cycles are excluded, Corollary 14.4
gives a terminally bad odd integer n > 1 with unbounded deficits. After the stabilization time
of Definition 13.1, its realized prefix chain is least-representative bad and no-jump, with least
representative equal to n. By Corollary 15.4, the corresponding scale walk has infinitely many
scale-up levels. This contradicts the asserted scale-up exclusion. Hence no terminally bad n > 1
exists, and Corollary 4.5 proves the Collatz conjecture. O

Remark 15.10 (What the scale walk adds). The unbounded-deficit target of Problem 14.8 asks
for the exclusion of arbitrarily high dyadic height bands along an eventual no-jump tail. The
scale-walk recurrence shows that such escape cannot be diffuse: the height exponent can rise
only by one at a time, and only at valuation-one high-mantissa levels. Thus the next proof front
is not an unrestricted unbounded-orbit problem; it is the exclusion of infinitely many realized
no-jump transitions through the upper third of dyadic bands with next valuation equal to one.

16 Scale-up blocks and compensation targets

The scale-walk recurrence in Theorem 15.3 says that the dyadic height exponent can increase
only by one, and only at a valuation-one high-mantissa level. The next useful question is whether
such increases can cluster indefinitely. The answer is no: no terminally bad orbit with starting
value greater than one can have three consecutive scale-up levels. This produces a block structure
and an exact balance identity for the unbounded branch.

Definition 16.1 (Scale-up levels, scale-loss, and blocks). Let n > 1 be terminally bad, and use
the notation of Definition 15.1. Put .
2_ m

Em 1=

n
A level m is called a scale-up level if

Gm+1 = gm + 1.
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By Theorem 15.3, this is equivalent to

4—en
5

am =1, Sm = 2, Nm =

A maximal consecutive interval of scale-up levels is called a scale-up block. For an interval
[M,N), define
Umn = #{m € [M,N) : gmi1 = gm + 1},

and define the total scale-loss by

N-1

Ly = Z (@m — Sm)+, ()4 := max{z, 0}.
m=M

Lemma 16.2 (Exact mantissa map). Let n > 1 be terminally bad. Then, for every m > 0,

_ 2_Qm
Mm+1 = 2 Sm(377m + 5m)7 Em = n
Thus —_—
€
8m=1:>77m+1=w,
and —
€
Sm:gjnmﬂz%‘

Proof. From R,, = 29"n,,,
1
3R, + n = 27" (30m + €m)-

The relative-height recurrence gives

29 (30 + €
Ry = 23 4 5]

By Theorem 15.3, ¢pm+1 = ¢m + Sm — am. Hence

29 (31 + €m)

— 9= Qdm RS +Sm—a
Nma1 =2 T R, 11 =2 (@m+sm—am) S

=27 (30 + Em)-
O

Lemma 16.3 (Double scale-up window). Let n > 1 be terminally bad and put £, = 279 /n. If
both m and m + 1 are scale-up levels, then

16 — 5e,,

Conversely, if
16 -5
m = Amy1 = 1 and Nm > D 9m

then m and m + 1 are scale-up levels.

Proof. 1f m is a scale-up level, then s,, =2, a,,, = 1, and ¢yu+1 = ¢m + 1. Therefore

2_qm+1 €m
I 1 = = —
m n 2

and, by Lemma 16.2,
3Mm + Em
Nm+1 = 4 .
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The next level m + 1 is a scale-up level only if s,,,+1 = 2, which is equivalent to

4—epmy1 4—en/2

> =
fIm+1 = 73 3

Substituting the formula for 0,41 gives

3Nm + em S 4—ep,/2

4 - 3 ’
which is equivalent to
16 — e,
This proves the necessary condition. Conversely, the displayed inequality implies in particular
4—¢
77m 2 3 m7

because 0 < &, < 1/3. Thus, if a,, = 1, level m is a scale-up level. The same calculation then
gives Ny+y1 > (4 — e /2)/3, and if a1 = 1, level m + 1 is also a scale-up level. O

Theorem 16.4 (No three consecutive scale-up levels). Let n > 1 be terminally bad. Then no
scale-up block has length greater than two. More precisely, if m and m + 1 are scale-up levels,
then

Smt2 = 1,
and therefore

Gm+3 < qm+2-

Proof. Assume that m and m + 1 are scale-up levels. Put ¢ = ¢,,. Then 0 < ¢ < 1/3,
Gma1 = ¢m + 1, and gmao = ¢ + 2. Applying Lemma 16.2 twice gives

~ 3Mmg1+€/2 Iy + 5e
Nm+2 = 1 = 6

Since 0, < 2,

18 4 5¢ < 18+5/3 59
16 — 16 48
On the other hand the high-mantissa threshold at level m + 2 is

NMm+2 <

d—empn _4d-e/d_4-1/12 47

3 3.~ 3 36
Since 59/48 < 47/36, level m + 2 is below the high-mantissa threshold. Hence s,,+2 = 1. The
scale recurrence then gives

m+3 = qm+2 T Sm42 — Gmt2 = my2 + 1 — ama2 < gme2,
because ap42 > 1. In particular, m + 2 cannot be a scale-up level. O

Corollary 16.5 (Scale-up block decomposition). Every scale-up block in a terminally bad orbit
with n > 1 has length either one or two. If the block has length two, then the immediately
following level is a non-increasing scale level.

Proof. This is exactly Theorem 16.4. A block has positive length by definition, cannot have
length three or more, and the final assertion is the inequality gm+3 < gmao after a double
block. O
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Proposition 16.6 (Exact scale-balance identity). Let n > 1 be terminally bad. For every
interval [M,N),
gN —qm = UmN — Lu N,

where Uy n and Ly N are defined in Definition 16.1. Consequently, if (gm) is unbounded, then
for every M
sup (UM,N — LM,N) = +4-00.
N>M
Proof. By Theorem 15.3,
N-1
gN —4M = Z (8m — am)-
m=M
Since s,, € {1,2} and a,, > 1, the quantity s,, — ay, is positive exactly when s, = 2 and a,, = 1,
in which case it equals 1. This is precisely the scale-up case. If s,;, — a;, < 0, then its negative
contribution is (@, — $m)+. Zero contributions occur when a,, = s,,,. Hence the sum decomposes
as

N-1
Z (8m — am) = UmNn — LuN-
m=M

If (¢n) is unbounded, then gy — gps is unbounded above as N — oo, and the final statement
follows from the identity. O

Problem 16.7 (Scale-compensation on terminal no-jump tails). Prove that every non-fixed least-
representative terminal-ceiling-compatible eventual no-jump tail satisfies a scale-compensation
bound: for some tail index M and some constant C' = C'(M), one has

UM,N_LM,NSC for all N > M.

Equivalently, along a non-fixed eventual no-jump tail, scale-loss events must compensate scale-up
blocks up to a bounded error.

Theorem 16.8 (Scale-compensation gateway). Assume that there are no nontrivial accelerated
cycles in the positive odd integers and that Problem 16.7 has a positive solution. Then the Collatz
conjecture holds.

Proof. Assume that Collatz fails. Since nontrivial accelerated cycles are excluded, Corollary 14.4
gives a terminally bad odd integer n > 1 with unbounded relative height, equivalently unbounded
(gm). After the stabilization time of Definition 13.1, its realized prefix chain is an eventual
no-jump tail of least-representative bad prefixes. By Proposition 16.6, for every tail index M
the quantity Upy,ny — Ly N is unbounded above as N — oo. This contradicts the asserted
scale-compensation bound. Therefore no terminally bad n > 1 exists, and Corollary 4.5 proves
the Collatz conjecture. O

Remark 16.9 (What remains after block arithmetic). The scale-up block theorem rules out
arbitrary clustering of the only events that can increase dyadic height. Therefore the remaining
unbounded branch is not merely an orbit that grows: it must contain infinitely many isolated
or double scale-up blocks whose cumulative contribution is not cancelled by scale-loss levels.
The next genuinely decisive step is to prove Problem 16.7, or a stronger local theorem forcing a
scale-loss event after every bounded number of scale-up blocks on a non-fixed no-jump tail.
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17 Scale packet budgets and valuation-one congruence filters

The scale-up block theorem leaves the following precise obstruction: a cycle-free counterexample
must have infinitely many isolated or double scale-up blocks whose positive contribution is not
cancelled by scale-loss levels. This section refines that statement into a signed budget and a
packet decomposition. The point is not yet to prove compensation, but to isolate the exact
arithmetic that any uncompensated unbounded branch must obey.

Definition 17.1 (High levels, low levels, and signed scale budget). Let n > 1 be terminally bad,
and use the notation of Definition 15.1. A level m is called high if s,, = 2, and low if s, = 1.
For an interval [M, N), define

Pyn:=#{me[M,N): sy =2, ap =1},

1 high
Ly = Z (am —1), Lj\zg,N = Z (am —2)+.
M<m<N M<m<N
sm=1 Sm=2
Thus Py, n counts valuation-one high-mantissa scale-up levels, while LI&WN and L}j/i[g]}i, measure
the loss below the neutral values a,, = s, in the low and high bands.

Proposition 17.2 (Signed scale budget). Let n > 1 be terminally bad. For every interval
[M,N), .

an — qu = Puy — Ly — Llj}g,th-
Consequently the scale-balance identity of Proposition 16.6 is equivalently the statement that

every positive scale contribution is a high valuation-one level and every negative contribution is
a low-band or high-band loss.

Proof. By Theorem 15.3,

N-1

gN — 4nm = Z (Sm _am>-

m=M
If s, =1, then s, — a;, = 1 — ay, = —(aym — 1), which contributes to Llj\‘}[“,’N. If s, = 2, then
Sm — am = 1 for a,, = 1, is zero for a,, = 2, and equals —(a,, — 2) for a,, > 3. These three
alternatives give respectively the count Py ny, no contribution, and the loss L}j}g?v. Summing
over [M, N) gives the formula. O

Corollary 17.3 (Cycle-free failure has unbounded signed surplus). Assume that there is no
nontrivial accelerated cycle in the positive odd integers. If Collatz fails, then there exists an odd
terminally bad integer n > 1 such that, for every tail index M,

sup (PM,N — Lﬁ\(}"fN — Lglﬁl\,) = +-00.
N>M

Proof. Under the hypotheses, Corollary 14.4 gives a terminally bad n > 1 with unbounded
dyadic scale (gy,). Applying Proposition 17.2 on [M, N) gives

_ glow _ gyhigh __ _
PM,N L]\/[,N LMyN—QN 4qm,

which is unbounded above as N — oo. O

Lemma 17.4 (Consecutive valuation-one congruence). Let x be a positive odd integer and define

3y +1
==

Ti(y) :

For an integer r > 1, the following are equivalent:
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(i) 13TV (z) + 1) =1 for every 0 < j < r;
(i) = —1 (mod 2"+1).
When these equivalent conditions hold,

3"(x+1)

27‘
Proof. First observe that 15(3y + 1) = 1 for odd y if and only if y = —1 (mod 4). If z = —1
(mod 27*1); then an induction using 71 (y) + 1 = 3(y + 1)/2 gives

3z 41)
= =0

T!(z) = ~1.

le(x)+1

for 0 < j < r. For j < r, the right side is divisible by 4, so T/(z) = —1 (mod 4) and the
valuation at that level is exactly one.

Conversely, assume the valuations are equal to one for 0 < j < r. Then each step is given
by T1, so the displayed formula for 77 (x) + 1 holds up to j = r. At j = r — 1, the condition
vo(3T7 Y () + 1) = 1 implies T] ! (z) = —1 (mod 4), hence T7 ! (z) 4 1 is divisible by 4. Since

_ 3z +1)
and 3" ! is odd, it follows that = + 1 is divisible by 2”1, This is the desired congruence. The
formula for 77 (x) follows from the same induction. O

Corollary 17.5 (Congruence filter for scale-up blocks). Let n > 1 be terminally bad, and let a
scale-up block begin at level m with length r. Then

Syr"™(n) = —1 (mod 2"11).
Since Theorem 16.4 gives r € {1,2}, every single scale-up block begins with
Syr"™(n) =3 (mod 4),
while every double scale-up block begins with
Syr™(n) =7 (mod 8).

Proof. A scale-up level has a,,, = 1 by Theorem 15.3. Hence a block of length r gives r consecutive
valuation-one levels starting at x = Syr™(n). Apply Lemma 17.4. The restriction r < 2 is
Theorem 16.4. O

Definition 17.6 (Scale packets). Let n > 1 be terminally bad. Suppose that scale-up blocks
begin at levels
bl<b2<b3<"',

with block lengths r; € {1,2}. The j-th scale packet is the interval
I := [bj, bj41)
when b;;1 exists. Its packet loss and packet surplus are
. 7low high —
Aj = Lb?,bj+1 + Lb;,gbj+1’ Qj =T = Aj.

For a finite sequence of packets set
K-1
Qg =Y Q.
j=J
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Proposition 17.7 (Exact packet budget). Let n > 1 be terminally bad and suppose that the
scale-up blocks are infinite. For all J < K,

T — Wy = LK.
In particular, if (gm) is unbounded, then for every J,

sup Qg = +oo.
K>J

Proof. The intervals [b;,bj11), J < j < K, partition [by, bk ). On each packet, the only positive
scale contributions are the r; scale-up levels in the initial block; all negative contributions are
exactly the low-band and high-band losses entering A;. Thus Proposition 17.2 gives

qu+1 - qu = 'I"j - A] = Q.]

Summing over J < j < K proves the identity. If (¢,,) is unbounded, then the scale at the later
block starts is unbounded, since scale can increase only at scale-up blocks. Hence g4, — qp,, and
therefore €1 i, is unbounded above. O

Problem 17.8 (Packet-surplus compensation). Prove that every non-fixed least-representative
terminal-ceiling-compatible eventual no-jump tail satisfies a packet-surplus bound: after some
packet index J, there is a constant C' = C(J) such that

Qr<C (K > J).

Equivalently, prove that the positive contribution of valuation-one high-mantissa scale-up blocks
is compensated, up to bounded error, by low-band and high-band scale losses on every non-fixed
eventual no-jump tail.

Theorem 17.9 (Packet-compensation gateway). Assume that there are no nontrivial accelerated
cycles in the positive odd integers and that Problem 17.8 has a positive solution. Then the Collatz
conjecture holds.

Proof. Assume that Collatz fails. Since nontrivial accelerated cycles are excluded, Corollary 15.5
gives a terminally bad odd integer n > 1 with infinitely many scale-up levels and unbounded
scale. After the stabilization time of Definition 13.1, the realized prefix chain is an eventual
no-jump tail of least-representative bad prefixes. By Proposition 17.7, every tail of scale packets
has unbounded partial packet surplus. This contradicts the asserted packet-surplus compensation
bound. Therefore no terminally bad positive odd integer exists, and Corollary 4.5 proves the
Collatz conjecture. O

Remark 17.10 (Why packet budgets are sharper than raw scale balance). Proposition 16.6
already records the identity qnv — qv = Up,nv — Lar,n. The packet budget keeps the same
information but aligns it with the geometry of the only possible upward events: blocks of one
or two valuation-one high-mantissa levels. The congruence filter Corollary 17.5 further shows
that these upward blocks must start in very specific residue classes, namely —1 (mod 4) or —1
(mod 8). The remaining terminal task is therefore not arbitrary growth control; it is the much
narrower problem of proving that an eventual no-jump tail cannot accumulate unbounded packet
surplus from these filtered scale-up blocks.
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18 Packet-compensation target and record-ladder reduction

The previous section reduces the unbounded escape front to packet surplus. This section
sharpens that target without claiming its solution. The goal is to replace the qualitative phrase
“unbounded packet surplus” by finite, checkable ladder intervals made only from explicitly
classified positive packets. All results in this section are unconditional; the last problem is the
remaining packet-compensation theorem in its most local form.

Definition 18.1 (Packet signs and dangerous packets). Let a terminally bad orbit have scale
packets II; as in Definition 17.6. A packet is called positive, neutral, or negative according as

Qj>0, szo, Qj<0.
A positive packet is also called dangerous. 1t is called strongly dangerous if Q; > 2.

Proposition 18.2 (Positive-packet classification). For every terminally bad orbit withn > 1, a
packet 11; is positive if and only if
Aj <7j.

Since rj € {1,2}, the only positive-packet possibilities are
(T]'7Aj) = (1’0)7 (2’0)7 (27 1)'
Moreover, a packet is strongly dangerous if and only if
(rj, A) = (2,0).
Proof. By Definition 17.6,
Qj = T’j — Aj.

Thus ©; > 0 is exactly A; < r;. By Corollary 16.5, the block length satisfies r; € {1,2}, and
by definition A; is a nonnegative integer. The listed triples are therefore the only possibilities

with r; — A; > 0. Finally, 2; > 2 can occur only when 7; = 2 and A; = 0, and in that case
Q; =2. O

Corollary 18.3 (Loss-sparse form of positive packets). Every positive packet is loss-sparse in

the following precise sense.

(i) If rj =1, then positivity forces Aj = 0. Hence every low level in II; has ap, =1, and every
high non-scale-up level in II; has a,, < 2.

(i) If rj = 2, then positivity forces A; € {0,1}. Thus the whole packet contains at most one
unit of scale loss.

Proof. This is Proposition 18.2 together with the definition

Aj= Lijbwl + Lbj7bj+1'

The loss L'° is a sum of the nonnegative terms a,, — 1 over low levels s,, = 1, while L"8" is a
sum of the nonnegative terms (a,, — 2)4 over high levels s,, = 2. Therefore A; = 0 is exactly
the absence of all these loss units, and A; < 1 allows at most one such unit. O

Definition 18.4 (Packet partial sums and ladder intervals). Fix a packet tail starting at index
J. For K > J, set
SJ(K) = QJ’K, SJ(J) = 0.

A packet interval [U, V), with J < U <V, is called a positive ladder interval if
QU,T>0 (U<T§V).

Its height is Qg y .
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Lemma 18.5 (Record-ladder extraction). Let (€2;);>7 be any integer packet-surplus sequence.
If

sup Qjx = +00,
K>J

then for every integer H > 1 there exists a positive ladder interval [U,V') with
Quy > H.
Proof. Write S(K) = Q. Since S(K) is unbounded above, choose V' > J such that
S(V)>H+ J;njjrSlVS(T).

Let U be the last index in [J, V') at which the minimum of S(T') over J < T <V is attained.
Then S(T') > S(U) for every U < T <V, by the choice of the last minimum. Hence

Qur=8(T)-SU)>0 (U<T<V),
so [U,V) is a positive ladder interval. Also

Qv = S(V) = SU) 2 S(V) ~ min S(T) > H.

Since the left side is an integer, it is at least H. O

Corollary 18.6 (Unbounded escape contains arbitrarily high ladders). Let n > 1 be an
unbounded terminal no-jump escape. Then on every sufficiently late packet tail and for every
H > 1, there is a positive ladder interval of packet height at least H.

Proof. Since the escape is unbounded, the dyadic scales g, = |logy Ry, | are unbounded. Scale
can increase only at scale-up blocks by Theorem 15.3, so the scale-up blocks are infinite. By the
exact packet budget Proposition 17.7, every sufficiently late packet tail has unbounded partial
packet surplus. Apply Lemma 18.5 to that tail. O

Proposition 18.7 (Ladder intervals are built from dangerous packets). Every positive ladder
interval contains at least one dangerous packet. More quantitatively, if [U,V') is a positive ladder

interval of height H, then
V-1

Z max(§2;,0) > H,
j=U
and each positive summand is one of the three cases listed in Proposition 18.2.

Proof. The identity
V-1
Quy = Z Q;
j=U

implies
V-1
H < QU,V < Z maX(Qj,O).
j=U
Thus at least one positive summand occurs whenever H > 1. The classification of each positive
summand is Proposition 18.2. ]

Problem 18.8 (Record-ladder compensation). Prove that every non-fixed least-representative
terminal-ceiling-compatible eventual no-jump tail has a uniform ladder-height bound: after some
packet index J, there exists a constant C' = C(J) such that every positive ladder interval [U, V)
with U > J satisfies

Quy <C.

Equivalently, prove that arbitrarily high positive record-packet ladders force either a strict jump,
a one-step ceiling break, or entry into the fixed tail of 1.
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Theorem 18.9 (Record-ladder compensation implies packet compensation). For a fized non-
fixed least-representative terminal-ceiling-compatible eventual no-jump tail, a positive solution of
Problem 18.8 implies the packet-surplus bound in Problem 17.8.

Proof. Assume record-ladder compensation. Then there are a packet index J and a constant C'
such that every positive ladder interval [U, V') with U > J has height at most C. Suppose, for
contradiction, that the packet-surplus bound fails on the tail starting at J. Then

sup 0y g = +oo.

K>J
By Lemma 18.5, for every H > 1 there is a positive ladder interval [U, V') with U > J and height
at least H. Choosing H > C contradicts the record-ladder bound. Therefore €2; i is bounded
above on the tail, which is the desired packet-surplus compensation. O

Corollary 18.10 (Failure of packet compensation produces arbitrarily high ladders). If packet-
surplus compensation fails on a packet tail J, then that tail contains positive ladder intervals of
arbitrarily large height.

Proof. Failure on the tail J means

sup Qg = +oo.
K>J

The conclusion is exactly Lemma 18.5. O

Theorem 18.11 (Record-ladder closure gateway). Assume that there are no nontrivial acceler-
ated cycles in the positive odd integers and that Problem 18.8 has a positive solution. Then the
Collatz conjecture holds.

Proof. By Theorem 18.9, record-ladder compensation implies packet-surplus compensation on
every non-fixed eventual no-jump tail. Then Theorem 17.9 applies, and gives the Collatz
conjecture. O

Remark 18.12 (Why this is the next reduction target). The packet problem is now reduced to a
finite local obstruction: exclude arbitrarily high positive ladder intervals made from loss-sparse
packets of the three types

(r,A) = (1,0), (2,0), (2,1).

This is strictly sharper than controlling all packets at once. A future proof can focus on these
record ladders and try to show that their repeated occurrence is incompatible with eventual
no-jump least representatives, terminal ceilings, and the congruence filters —1 (mod 4) and —1
(mod 8) from Corollary 17.5.

19 Amplification splitting on positive record ladders

The packet and record-ladder reductions isolate the unbounded escape front, but Problem 18.8
is still a compensation problem. This section makes the next attack more explicit. Every high
positive record ladder must amplify the orbit by a large factor. The exact finite-word formula
then shows that this amplification has only two possible sources: either the ladder word has
large multiplicative surplus, or the finite-word offset dominates the base point at the start of the
ladder. This does not close the escape front, but it splits the remaining task into two precise
channels.
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Definition 19.1 (Ladder block data). Let n > 1 be an unbounded terminal no-jump escape,
and let [U, V') be a packet interval with scale-up block starts by < by. Put

by —1
tyy == by — by, Kyy = Y am,
m=by
and let
Luyv = (Qby s QGhyt1s- - - Gby—1)

be the finite valuation word read along the ladder. Define

By = Be, . (Luy)

Finally, define the multiplicative surplus and the normalized offset dominance of the ladder by

By
Myy = lyylog,3 — Kyyv,  Opy :=log, [ =2V
A% vy logy A% vy = logy (2 KU’”%)

Lemma 19.2 (Exact amplification identity for a ladder). Let n > 1 be an unbounded terminal
no-jump escape and let [U, V') be a positive ladder interval of packet height

H:=Quyv =q, — q, > 0.

Then n
oH-1 _ My 9H+1
Ny,
and, with the notation of Definition 19.1,
ny, 30V By

Ty, 2Ku.v QKU,anU .

Proof. By Definition 15.1,

n
Therefore
oy _ Ry, — 9y —aby v _ oH v

Ny, Ry Moy Moy

Since 1 <1, < 2 and 1 < 1, < 2, the displayed two-sided bound follows.
For the second identity, apply the exact finite-iterate formula Theorem 3.2 to the orbit
segment starting at ng, and having valuation word L. This gives

_ 3"V, + Byy
v 9Kuy,v

Ty

Dividing by ny,, proves the identity. O

Corollary 19.3 (High-ladder dichotomy). Let [U,V) be a positive ladder interval of height H.
Then at least one of the following two alternatives holds:

MU,V >H — 2,

or
Oyy > H —2.

FEquivalently,
H <2+ max{My,v,Ov,v}.

44



Proof. By Lemma 19.2,

S By S gH-1

K K
2Ku,v 2 U,vnbU

If both summands were at most 272, their sum would be at most 2F/~1, a contradiction. Hence
at least one summand is strictly larger than 272, Taking base-two logarithms gives the two
alternatives and the final equivalent bound. ]

Definition 19.4 (Two escape channels). A positive ladder interval is called multiplicative-
dominant if
Myy > H — 2,

and offset-dominant if

Oyy > H —2.
Thus Corollary 19.3 says that every high positive ladder lies in at least one of these two channels.
Proposition 19.5 (Unbounded escape forces an unbounded channel). If an unbounded terminal

no-jump escape exists, then for every integer Hy > 1 there is a positive ladder interval [U, V') of
height H > Hy for which at least one of the two inequalities

Myy > H — 2, Oyyv >H -2
holds. In particular, along such an escape, the quantity
max{Myyv,Ouyv}
is unbounded on positive ladder intervals.

Proof. By Corollary 18.6, every sufficiently late packet tail contains positive ladder intervals
of arbitrarily large height. Applying Corollary 19.3 to each of those ladders gives the asserted
channel alternative. Since their heights are unbounded and H < 2 + max{My y,Opy }, the
maximum is also unbounded. O

Problem 19.6 (Multiplicative ladder bound). Prove that every non-fixed least-representative
terminal-ceiling-compatible eventual no-jump tail has an eventual upper bound on multiplicative
surplus over positive ladder intervals: there are a packet index J and a constant C; such that
every positive ladder interval [U, V) with U > J satisfies

Myyv < Cyr.

Problem 19.7 (Offset-dominance ladder bound). Prove that every non-fixed least-representative
terminal-ceiling-compatible eventual no-jump tail has an eventual upper bound on normalized
offset dominance over positive ladder intervals: there are a packet index J and a constant Cp
such that every positive ladder interval [U, V') with U > J satisfies

Ouy < Co.

Theorem 19.8 (Two-channel compensation criterion). For a fized non-fized least-representative
terminal-ceiling-compatible eventual no-jump tail, positive solutions of Problem 19.6 and Prob-
lem 19.7 imply record-ladder compensation Problem 18.8 for that tail, and hence packet-surplus
compensation for that tail.

Proof. Let J be chosen after both channel bounds hold, and put C' := 2 + max{Cys,Cp}. For
any positive ladder interval [U, V) with U > J, Corollary 19.3 gives

H<2+ maX{Mav, OU,V} <C.

Thus all positive ladder intervals on the tail have uniformly bounded height, which is exactly the
record-ladder compensation statement. Packet-surplus compensation follows from Theorem 18.9.
O
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Theorem 19.9 (Two-channel escape-front gateway). Assume that there are no montrivial
accelerated cycles in the positive odd integers and that Problems 19.6 and 19.7 have positive
solutions for every non-fixed least-representative terminal-ceiling-compatible eventual no-jump
tail. Then the Collatz conjecture holds.

Proof. The two channel bounds imply record-ladder compensation on every non-fixed eventual
no-jump tail by Theorem 19.8. Hence Theorem 18.11 applies and gives the Collatz conjecture. [

Remark 19.10 (What the split achieves). The unbounded branch is no longer a single opaque
packet-compensation problem. A hypothetical escape must generate arbitrarily high positive
record ladders, and each such ladder must be explained by either a large multiplicative surplus
of its finite valuation word or a large offset term relative to its initial value. Thus the next exact
targets are Problems 19.6 and 19.7.

20 Offset dominance as right-edge suffix stress

The previous section splits every sufficiently high positive record ladder into one of two channels.
This section attacks the offset channel. The point is that By is not an opaque error term:
after normalization by ZKUvanU, it is an exact soft maximum of multiplicative surpluses of
suffixes ending at the right edge of the ladder. Thus offset dominance can occur only if a hidden
right-edge suffix has sufficiently large multiplicative surplus relative to the starting value of the
ladder.

Definition 20.1 (Right-edge suffix surplus). Let [U, V') be a positive ladder interval with ladder
word

Luyv = (aby s Qy+1s---50by—1)

of length £ = fy; . For 0 < j </, set
7j—1
1%
KMV =Y ape0, K§V =0,
t=0

so that KZU’V = Kyy. For 0 <i <{—1, define the right-edge suffiz surplus
, Uuv uyv
My = (L —1i)logy3 — (K, — K;).

Finally put
* suf
= max Xijiv.
vy = max | sivy

Lemma 20.2 (Exact suffix expansion of the normalized offset). For every positive ladder interval

[U,V),
lyv—1
BU’V = 1 Ui QZ?L?IE,V
2KU,anU 3nbU P ’
Equivalently,

EU‘vfl .
Oy,v = log, Z o¥ivv | — logy (314, ).
i=0
Proof. By the definition of the finite-word offset,
/-1

. UV
BUJ/ = Z 3671712[(1' .
1=0
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Dividing by QKEU’anU gives

-1
Byy 1 t-1—ig— (K =KV
——=—>_3 2~ (K, i),
KU’V n

2% my, bu ;=0

Since
gt—1—ig— (K -KV) _ lg(f—i) logy 3— (K" —K;"Y)
3 b}
the first formula follows from Definition 20.1. Taking base-two logarithms gives the formula for
OUy. O

Corollary 20.3 (Soft-maximum offset bounds). For every positive ladder interval [U, V),
Xy —logy(3ny,) < Ovv < Xy + logy luy — log, (3, ).
Proof. For any finite set of real numbers s;,

max s; < log, (Z 25i> < maxs; + logy N,
7 B 7

7

where N is the number of terms. Apply this with s; = Ef;uUfy and N = fyy, then use
Lemma 20.2. O

Corollary 20.4 (Offset dominance forces hidden suffix surplus). Let [U, V) be an offset-dominant
positive ladder interval of height H = qy,, — qp,,. Then there exists 0 < i < fyy — 1 such that

Zf;}iv > H — 2+ logy(3ny,, ) — logy luv.
In particular, since ny, > 2%v | there exists such a suffiz with
2?;‘5,1/ > qp, — 2 +logy 3 —logy ly v
Proof. Offset dominance means Oy, > H — 2. The upper bound in Corollary 20.3 gives
H —2 <Xy +logy by,v — logy(3ns,,),

which proves the first assertion by the definition of 2’{]7‘/. For the second assertion, use ny, > 2%v
and H + gy, = qp, - O

Definition 20.5 (Offset suffix-stress). The upper offset suffiz-stress of a positive ladder interval
is

‘f]ffv = E*U,V +log, Ly — logy (314, )-

Thus Corollary 20.3 gives the unconditional estimate
OU,V < 60Uf7fv-

Problem 20.6 (Right-edge suffix-stress bound). Prove that every non-fixed least-representative
terminal-ceiling-compatible eventual no-jump tail has an eventual upper bound on offset suffix-
stress over positive ladder intervals: there are a packet index J and a constant C's such that
every positive ladder interval [U, V) with U > J satisfies

ff

Equivalently, one must prevent the right-edge suffix surplus maximum from keeping pace with
log, np,, up to the logarithmic length allowance log, £y .
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Proposition 20.7 (Suffix-stress bound implies offset-dominance bound). For any fized non-fized
least-representative terminal-ceiling-compatible eventual no-jump tail, a positive solution of
Problem 20.6 implies the offset-dominance ladder bound Problem 19.7 for that tail.

Proof. If G?Jffv < Cg eventually on positive ladders, then Definition 20.5 gives
Ouyv < &, < Cg

for all sufficiently late positive ladder intervals. This is exactly Problem 19.7, with Cp = Cgs. O

Proposition 20.8 (Length-moderate suffix control kills offset dominance). Let [U,V') range
over sufficiently late positive ladder intervals of a fixed non-fized least-representative terminal-
ceiling-compatible eventual no-jump tail. Assume that there are constants A € R, Cr, > 1, and
0<6 <1 such that

luy < Crng,

and
Yoy < (1—0)loggny, + A

for all such ladders. Then the offset-dominance bound holds, quantitatively,
Opyv < A+logy, Cr, — log, 3.
Proof. By Corollary 20.3,
Ouvy < Xpy +logy byv — logy(3ny, ).
Using the two assumptions gives
Ovyv < (1 —0)logyny, + A+ logy CL, + 0logy np, — logy 3 — logy 4,
which simplifies to the asserted bound. O

Proposition 20.9 (Suffix-stress escape-front gateway). Assume that there are no nontrivial
accelerated cycles in the positive odd integers, that Problem 19.6 has a positive solution for
every non-fized least-representative terminal-ceiling-compatible eventual no-jump tail, and that
Problem 20.6 has a positive solution for every such tail. Then the Collatz conjecture holds.

Proof. By Proposition 20.7, the right-edge suffix-stress bound gives the offset-dominance ladder
bound. The multiplicative ladder bound and the offset-dominance ladder bound then imply
the two-channel compensation criterion Theorem 19.8. The two-channel escape-front gateway
Theorem 19.9 gives the Collatz conjecture under cycle exclusion. O

Remark 20.10 (What the offset attack achieves). The offset channel has been converted into a
precise suffix-stress problem. A large normalized offset is possible only when a right-edge suffix
of the same ladder carries enough multiplicative surplus to overcome the current starting size
Np,,» Up to the harmless soft-maximum allowance log, £r71,. Thus offset dominance is not a third
independent mechanism; it is hidden multiplicative surplus occurring inside the right edge of the

ladder.
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21 Direct suffix-stress pruning by logarithmic shallow returns

The suffix-stress formulation still contains a maximum over all right-edge suffixes. This section
attacks that maximum directly. A large right-edge suffix surplus cannot be hidden at arbitrary
scale: the same suffix produces a large ordinary amplification from its own starting point to the
right edge of the ladder. Comparing this amplification with dyadic height bands forces the suffix
to begin at logarithmically small scale, relative to the length of the ladder, whenever the ladder
is offset-dominant. Thus the offset channel is reduced to a new and more geometric obstruction:
high positive record ladders with an internal logarithmically shallow return.

Definition 21.1 (Right-edge suffix scale gap). Let [U, V') be a positive ladder interval of length
{=Vlyy. For 0 <i</{¢—1, put
ti=by+1i

and define the scale gap from the suffix start to the right edge by
Giuv = Qby — G-
We say that the suffix start ¢; is logarithmically shallow for the ladder [U, V) if
qt; <logy lyy + 3 —logy 3.

Lemma 21.2 (Suffix surplus is bounded by suffix scale gain). For every positive ladder interval
[U,V) and every right-edge suffix start t; = by + 1,

Sy < Giuy + 1.

Proof. Let r = {yy — 1 and
suf L uU,v U\v
HUA R Kf - KZ .

The exact finite-word formula applied to the suffix from ¢; to by gives

r suf
Npy, 3 Bivv
- suf suf )
nti QKS}%],V 2K:;‘i],Vnt_
K3

where Bf.‘(‘]fv > ( is the offset of the suffix word. Hence

T
n, f
My o 3Ty
su
Tog; 2Ki;U,V

On the other hand, by the dyadic scale decomposition n,,/n = 2%n,, with 1 <n,, < 2,

My by, —t; by < 9Giu v+l
i, Nt
suf
Combining the two strict inequalities gives PAIIATPS 2Giuv+l hence the claim. O

Theorem 21.3 (Offset dominance forces a logarithmically shallow suffix). Let [U,V) be an
offset-dominant positive ladder interval of height

H= dby — oy -

Then [U, V') contains a logarithmically shallow right-edge suffix start. More precisely, there exists
0 <i<{lyy —1 such that
qt; <logy lyy + 3 —logy 3.
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Proof. By Corollary 20.4, there exists 0 <1 < {yyy — 1 such that
Z%,v >H -2+ logQ(SnbU) — log2 gU,V-
Since np, > 2%v, this implies
SS9y > H — 2+ logy 3 + i, — logy fuy .
By Lemma 21.2,
S <@y~ +1=H+ gy —qy, + 1.

Combining the last two inequalities and cancelling H + ¢qp,, gives
-2+ 10g2 3— 10g2 EU,V <1l- qt;»

which is equivalent to
qt; < logy lyy + 3 —logy 3.

Thus the suffix start is logarithmically shallow. O

Corollary 21.4 (Deep ladders are not offset-dominant). Let [U, V') be a positive ladder interval.
If every right-edge suffix start t; = by +14, 0 <1 < Lyy — 1, satisfies

qt; > logy byy + 3 — logy 3,
then [U,V) is not offset-dominant.

Proof. This is the contrapositive of Theorem 21.3. O

Problem 21.5 (Logarithmic shallow-return obstruction). Prove that every non-fixed least-
representative terminal-ceiling-compatible eventual no-jump tail has an eventual height bound
for positive ladder intervals which contain a logarithmically shallow right-edge suffix start.
Equivalently, prove that there are a packet index J and a constant Cg, such that every positive
ladder interval [U,V) with U > J and

Qoy+i < logy lyy + 3 —logy 3

for some 0 < i < {7y — 1 satisfies
qbv - qu S Csh-

Proposition 21.6 (Multiplicative bound plus shallow-return obstruction closes the unbounded
front). For a fized non-fized least-representative terminal-ceiling-compatible eventual no-jump
tail, assume the multiplicative ladder bound Problem 19.6 and the logarithmic shallow-return
obstruction Problem 21.5. Then record-ladder compensation Problem 18.8 holds for that tail,
and hence packet-surplus compensation holds for that tail.

Proof. Let J be chosen so that both assumptions hold after packet index J, and let Cjs and
Csh be the corresponding constants. Consider a positive ladder interval [U, V') with U > J, and
put H = qp, — qp, - If

H > 2+ Cyy,

then the multiplicative alternative in Corollary 19.3 is impossible, because My < Chs. Therefore
[U,V) must be offset-dominant. By Theorem 21.3, the ladder contains a logarithmically shallow
right-edge suffix start. The shallow-return obstruction then gives H < Cy,. Hence every
sufficiently late positive ladder has

H < max{2+ Cu,Cqp}.

This is exactly record-ladder compensation. Packet-surplus compensation follows from Theo-
rem 18.9. O
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Proposition 21.7 (Shallow-return escape-front gateway). Assume that there are no nontrivial
accelerated cycles in the positive odd integers, that Problem 19.6 has a positive solution for
every non-fized least-representative terminal-ceiling-compatible eventual no-jump tail, and that
Problem 21.5 has a positive solution for every such tail. Then the Collatz conjecture holds.

Proof. By Proposition 21.6, the two unbounded-front assumptions imply packet-surplus compen-
sation on every non-fixed eventual no-jump tail. The two-front closure theorem Theorem 31.12
then applies under cycle exclusion and gives the Collatz conjecture. O

Remark 21.8 (What this pruning step achieves). The right-edge suffix-stress target is sharpened
into a scale-geometric target. Offset dominance cannot persist on high record ladders whose
interior stays deep in dyadic scale. A high offset-dominant ladder must contain a suffix start
at scale only logarithmic in the ladder length. Therefore the offset channel has been reduced
to a shallow-return obstruction: repeated high record gains would have to be accompanied by
recurrent logarithmic resets inside the same ladders.

22 Base-scale localization of shallow returns

The logarithmic shallow-return obstruction in Section 21 can be sharpened once the packet-ladder
geometry is used. A positive packet ladder is not merely a pair of endpoint scales: by definition
every intermediate packet endpoint is above the ladder base. Since scale-up events occur only at
packet beginnings and the remainder of a packet is non-increasing in scale, the whole interior
of a positive ladder stays above its base scale. Consequently the shallow suffix forced by offset
dominance cannot be a hidden deep internal dip. It forces the base scale of the ladder itself to
be logarithmic in the ladder length. Equivalently, an offset-dominant ladder beginning at scale
b, must have length exponential in gy, .

Lemma 22.1 (Packet floor between scale-up blocks). Let n > 1 be terminally bad, and let
[bj,bj11) be one scale packet. Then for every level m € [bj, bji1],

Gm = min{qu ’ qu+1}'

Proof. Let the initial scale-up block of the packet have length r; € {1,2}. On this block the
scale increases by one at each level, so

Gm = q;  (bj <m < bj+r1j).

After the initial block and before the next packet begins there are no scale-up levels, by the
definition of bj;1 as the next scale-up block start. Hence Theorem 15.3 gives

Gm+1 < Gm

throughout the remaining part of the packet. Therefore, for b; + r; < m < bj41, the scale is
bounded below by its value at the right endpoint b;;1. Combining the two subintervals gives
the asserted minimum bound. O

Corollary 22.2 (Interior floor of a positive ladder). Let [U,V) be a positive ladder interval.
Then every level in its underlying orbit interval satisfies

Im > Qo (by <m < by).
Proof. For each packet [b;,bj11) with U < j <V, positivity of the ladder means
Wy — @y = Qur >0 (U<T<V).
Thus g5, > gp, and gy, ,, > qp, for every U < j < V. Applying Lemma 22.1 on each packet

therefore gives g, > qp, throughout [by, by]. O
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Theorem 22.3 (Offset dominance localizes at the ladder base). Let [U, V') be an offset-dominant
positive ladder interval of length {7y = by — by. Then

Gy < logy Ly + 3 —logs 3.
FEquivalently, 5
lyy > 3 2%y |
Proof. By Theorem 21.3, offset dominance gives a right-edge suffix start ¢; = by + ¢ such that
qr; <logy lyyv + 3 —logy 3.

By the interior floor of a positive ladder, Corollary 22.2; we also have

qti Z qu'
The first displayed inequality therefore holds with gy, in place of ¢;,. Exponentiating gives

8

2By < 23*log2 3€UV =
’ 3

lyy,

which is the equivalent length-cost form. O
Corollary 22.4 (High-base ladders are not offset-dominant unless exponentially long). Let
[U,V) be a positive ladder interval. If

KU,V < 22‘11)[]7

then [U, V') is not offset-dominant.
Proof. This is the contrapositive of Theorem 22.3. O

Problem 22.5 (Base-start obstruction). Prove that every non-fixed least-representative terminal-
ceiling-compatible eventual no-jump tail has an eventual height bound for positive ladder intervals
whose base scale is logarithmic in their length. Equivalently, prove that there are a packet index
J and a constant Ch,se such that every positive ladder interval [U, V') with U > J and

qu < 10g2 £U7V + 3 — 10g2 3

satisfies
by — by < Cbase‘

Proposition 22.6 (Base-start obstruction implies shallow-return obstruction). For a fized non-
fixed least-representative terminal-ceiling-compatible eventual no-jump tail, a positive solution of
Problem 22.5 implies the logarithmic shallow-return obstruction Problem 21.5.

Proof. Let [U, V) be a positive ladder interval containing a logarithmically shallow right-edge
suffix start ¢;. Then
qt; < logy lyy + 3 —logy 3.

By Corollary 22.2, g, < ¢, Hence
Qb <logy Ly + 3 —logy 3.

The base-start obstruction therefore bounds the height of every sufficiently late shallow-return
ladder, which is exactly Problem 21.5. O
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Proposition 22.7 (Multiplicative bound plus base-start obstruction closes the unbounded
front). For a fized non-fized least-representative terminal-ceiling-compatible eventual no-jump tail,
assume the multiplicative ladder bound Problem 19.6 and the base-start obstruction Problem 22.5.
Then record-ladder compensation Problem 18.8 holds for that tail, and hence packet-surplus
compensation holds for that tail.

Proof. Let J be chosen so that both assumptions hold after packet index J, and let Cj; and
Chase be the corresponding constants. Let [U, V') be a positive ladder interval with U > J, and
put

H=q, —a,-

If H > 2+ C)y, the multiplicative alternative in Corollary 19.3 is impossible. Hence [U,V) is
offset-dominant. By Theorem 22.3, it satisfies the base-start condition

Qo < logy Lyy + 3 — logy 3.

The base-start obstruction then gives H < Cpase. Thus every sufficiently late positive ladder
satisfies
H< max{2 + Cwy, Cbase}-

This is record-ladder compensation, and packet-surplus compensation follows from Theorem 18.9.
O

Proposition 22.8 (Base-start escape-front gateway). Assume that there are no nontrivial
accelerated cycles in the positive odd integers, that Problem 19.6 has a positive solution for
every non-fized least-representative terminal-ceiling-compatible eventual no-jump tail, and that
Problem 22.5 has a positive solution for every such tail. Then the Collatz conjecture holds.

Proof. By Proposition 22.7, the two unbounded-front assumptions imply packet-surplus compen-
sation on every non-fixed eventual no-jump tail. The two-front closure theorem Theorem 31.12
then applies under cycle exclusion and gives the Collatz conjecture. O

Remark 22.9 (What the base-scale localization achieves). The logarithmic shallow-return target
no longer allows a hidden deep dip inside a positive record ladder. Positivity of the ladder
and the packet structure force the whole interior to stay above the ladder base. Therefore an
offset-dominant ladder must begin at scale only logarithmic in its own length, or equivalently it
must pay an exponential length cost in its base scale. The unbounded escape front is thereby
sharpened from an internal shallow-return problem to a base-start length-cost problem.

23 Exponential length-cost and base-start splitting

The base-scale localization theorem turns offset dominance into an exponential length cost: an
offset-dominant positive ladder beginning at dyadic base scale g, must have length at least a
fixed multiple of 2%v . This section attacks the resulting base-start obstruction. The new point
is that such an exponential length cost cannot remain amorphous. It must appear in one of two
concrete ways: either the ladder contains very many packet beginnings and hence very many
filtered scale-up blocks, or one of its packets is itself a very long scale-up-free interval. Thus the
base-start front splits into a “many filtered starts” channel and a “long quiet packet” channel.

Definition 23.1 (Base-length ratio and packet lengths). Let [U, V') be a positive ladder interval.
Its base-length ratio is
AU,V = EU,V 2 Py

For U < j <V, write
Aj = bjy1—bj
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for the length of the j-th scale packet. Thus

V-1
oy =Y A
j=U

We call [U,V) base-long if
3

Ayy > 3’
or equivalently ¢y > (3/8)2%u .

Proposition 23.2 (Base-start condition equals base-long condition). For a positive ladder
interval [U, V), the base-start inequality

qu < 10g2 £U7V + 3 - 10g2 3

s equivalent to the base-long condition
3
EU,V > g 2%y |

Proof. The displayed base-start inequality is equivalent to
8
3
which is exactly £r7y > (3/8)2%v. O

2qu < 23*10%2 3€U,V = EU,V7

Lemma 23.3 (Packet-start base scales diverge on unbounded escapes). Let n > 1 be an
unbounded terminal no-jump escape. Then

Qv — OO

along the packet starts.

Proof. Suppose not. Then for some integer B there are infinitely many packet starts b; with
q; < B. Since
nbj = ’I’LQij 776]-» 1< 77bj < 2a

all these values lie in the finite set of positive odd integers below 28+1n. Two of them must
therefore be equal. The accelerated Syracuse map is deterministic, so equality at two different
times makes the subsequent orbit periodic and hence bounded. This contradicts the assumed
unboundedness. O

Theorem 23.4 (Failure of base-start obstruction produces high-base base-long ladders). Let
a fixed non-fized least-representative terminal-ceiling-compatible eventual no-jump tail be an
unbounded terminal no-jump escape. If the base-start obstruction Problem 22.5 fails for this tail,
then there are positive ladder intervals [Uy, V), with U, — oo, such that

QbUr — 0, QbVT - quT — 0,

and

3
EUTWV’I‘ > g 2quT °

Proof. Failure of Problem 22.5 gives, for arbitrarily large height bounds and arbitrarily late
packet indices, positive ladder intervals satisfying the base-start inequality and having unbounded
height. By Proposition 23.2, these intervals are base-long. Since the tail is an unbounded terminal
no-jump escape, Lemma 23.3 shows that, after passing to a later subsequence, their base scales
gy, tend to infinity. O
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Lemma 23.5 (Square-root splitting of the exponential length cost). Let [U,V') be a base-long
positive ladder interval and put

Q = qy,-

Then at least one of the following two alternatives holds:
V—U>292

or

Proof. If both alternatives failed, then V — U < 29/2 and Aj < (3/8)29/2 for every U < j < V.
Hence

V-1
3
— < _ < 29Q
tyy Z Aj<(V=U) Urgfgvkg = 82 )
Jj=U
contradicting base-longness. O

Problem 23.6 (Many-packet base-long obstruction). Prove that every non-fixed eventual
no-jump tail satisfying the least-representative and terminal-ceiling conditions has an eventual
height bound for base-long positive ladders with many packet starts. Equivalently, prove that
there are a packet index J and a constant Cany such that every positive ladder interval [U, V)
with U > J,

3
lpy > 22" and  V-U> 2y /2,

satisfies
dby — by < Cmany-

Problem 23.7 (Long-packet base-long obstruction). Prove that every non-fixed eventual no-
jump tail satisfying the least-representative and terminal-ceiling conditions has an eventual
height bound for base-long positive ladders containing a very long quiet packet. Equivalently,

prove that there are a packet index J and a constant Cquier such that every positive ladder
interval [U, V) with U > J,

3 3., 1
lyy > §2qu and Urgjagv Aj > §2qu/ ,

satisfies
dby — by < C(quiet-

Proposition 23.8 (The two length-cost channels imply base-start obstruction). For a fized
non-fized least-representative terminal-ceiling-compatible eventual no-jump tail, positive solutions
of Problems 23.6 and 23.7 imply the base-start obstruction Problem 22.5 for that tail.

Proof. Choose J large enough so that both asserted channel bounds hold after packet index .J,
and put
C:= maX{Cmanw Cquiet}-

Let [U,V) be a positive ladder interval with U > J satisfying the base-start inequality. By
Proposition 23.2, it is base-long. Applying Lemma 23.5, either it has many packet starts or it
contains a very long quiet packet. The corresponding channel bound gives

qbv - qu S C

This is precisely the base-start obstruction. O

95



Theorem 23.9 (Length-cost splitting closes the base-start front). For a fized non-fized least-
representative terminal-ceiling-compatible eventual no-jump tail, assume the multiplicative ladder
bound Problem 19.6, the many-packet base-long obstruction Problem 25.6, and the long-packet
base-long obstruction Problem 23.7. Then record-ladder compensation Problem 18.8 holds for
that tail, and hence packet-surplus compensation holds for that tail.

Proof. By Proposition 23.8, the two length-cost channel bounds imply the base-start obstruction.
The result then follows from Proposition 22.7. 0

Proposition 23.10 (Length-splitting escape-front gateway). Assume that there are no nontrivial
accelerated cycles in the positive odd integers, that Problem 19.6 has a positive solution for
every non-fized least-representative terminal-ceiling-compatible eventual no-jump tail, and that
Problems 23.6 and 23.7 have positive solutions for every such tail. Then the Collatz conjecture

holds.

Proof. By Theorem 23.9, the unbounded terminal front satisfies packet-surplus compensation
on every non-fixed eventual no-jump tail. Under cycle exclusion, the two-front closure theorem
Theorem 31.12 gives the Collatz conjecture. O

Remark 23.11 (What the exponential length-cost attack achieves). The base-start obstruction
has been split into two visibly narrower mechanisms. A high offset-dominant ladder must
be base-long. A base-long ladder must either contain exponentially many packet starts, each
beginning at one of the filtered scale-up configurations, or contain an exponentially long quiet
packet with no new scale-up start. Thus the remaining base-start front is no longer a single length
inequality; it is the disjunction of a many-filtered-starts obstruction and a long-quiet-packet
obstruction.

24 Long quiet packets and neutral-core pruning

The previous section splits the base-start front into a many-packet channel and a long-quiet-
packet channel. The latter is more local: inside one scale packet, after the initial scale-up
block, no further scale-up level occurs until the next packet begins. Hence the dyadic scale walk
on the quiet part has non-positive drift. This section records the exact consequence. A long
quiet packet can survive inside a positive ladder only in one of two ways: either it consumes
a pre-existing positive height reserve, or it contains a long loss-free neutral core. Thus the
long-packet obstruction is reduced to a bounded-reserve neutral core problem.

Definition 24.1 (Quiet core, reserve, and core losses). Let II; = [bj, bj41) be a scale packet
with initial scale-up block length r; € {1,2}. Its quiet core is

Qj = lej,dj),  ¢i=bitri dji= b,
and its quiet-core length is
My = dj—Cj:)\j—’l"j.
For a packet ladder interval [U, V) and U < j < V, define the height reserve before packet j by
huj == Quj = a; — qby-

On a quiet core put
Om = G, — Sm, (¢; <m < dj).

A subinterval I C Q; is called a loss-free neutral core if d,, = 0 for every m € I.
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Lemma 24.2 (Non-positive drift on a quiet core). Let n > 1 be terminally bad and let I1; be
one of its scale packets. For every m € Q;,

dm+1 — dm = —om < 0.

Moreover
dj—1
Aj= ) Om,
m=c;

and for c; <t < dj,

t—1
qt = qc; — Z 5m

m=c;
In particular

Qo = Qo; + 15 — Ay
Proof. The levels bj,b; 4+ 1,...,b; +r; — 1 are precisely the initial scale-up block, so each of
them raises the scale by one. Hence

qu = qu + rj'
By definition of b1, no level in [¢j,d;) is a scale-up level. The exact scale-walk formula
Theorem 15.3 gives
gm+1 — gm = Sm — Om.
Since no positive increment occurs on the quiet core, one has a, > Sm, SO ¢me1 — @m =
—(@m — Sm) = =0, < 0. Summing gives the displayed formula for ¢;. The packet loss A; is
the sum of the low-band losses a,, — 1 on levels with s,, = 1 and the high-band losses a,,, — 2

on levels with s, = 2. On the quiet core this is exactly > d,,, and the initial scale-up block
contributes no loss. Taking ¢t = d; = bj;1 gives the final identity. O

Proposition 24.3 (Reserve-loss alternative for a long quiet packet). Let [U, V) be a positive
ladder interval and let j € [U, V). Fiz an integer A > 0. Then one of the following alternatives
holds:

(i) huy; > A, in which case [U, j) is already a positive ladder prefiz of height greater than A
whenever j > U;

(ii) hyy; < A, in which case
Aj<A+1.

Consequently, in the second case the quiet core Q; contains a loss-free neutral subinterval of
length at least
pi—(A+1)
A+2

Proof. If hyrj > A, then for every U < T' < j, positivity of [U, V) gives Qu 7 > 0. Thus [U, j) is
a positive ladder prefix, with height ht;; > A, provided j > U.
Assume now that hy; < A. Positivity at the next packet endpoint gives

0< QU,j—',—l = hUJ' + Qj = hUJ' +7r;— Aj.
All terms are integers, and r; < 2. Hence
Aj §hU7j+T'j—1 < A+1.

The number of loss levels in the quiet core is at most A;, since each loss level contributes at least
one unit to » d,, = A;j. Removing at most A+ 1 loss levels from an interval of length 11, leaves at
most A+2 loss-free neutral gaps. One of those gaps has length at least (p; —(A+1))/(A+2). O
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Lemma 24.4 (The finite neutral automaton). On a loss-free neutral core one has

dm+1 = Gm, am = sm € {1,2}.
Write L for a low-neutral level (Sp,, am) = (1,1), and H for a high-neutral level (Sp, am) = (2,2).
Then a loss-free neutral core contains no word LL and no word HHHH.
Proof. Loss-free neutrality means d,, = 0, hence a,, = sp,. By Lemma 15.2, s,,, € {1,2}, and
the scale is constant. If level m is low-neutral, then

3Nm + €m 3
Ml = =5 > 3
Since the next high threshold is at most 4/3, the next ceiling digit is $;,+1 = 2. Thus LL is
impossible.
For high-neutral levels one has

3MNm + € 274m 1
NIm+1 = m4 m7 O0<em= " Sg
Starting from 7, < 2, three consecutive high-neutral steps give
199 11

< — .
m+3 = {99 < 9
But the high threshold is always at least (4 — 1/3)/3 = 11/9. Therefore after three consecutive
high-neutral levels the next ceiling digit must be 1, and HH H H is impossible. O

Definition 24.5 (Bounded-reserve neutral-core obstruction). A non-fixed least-representative
terminal-ceiling-compatible eventual no-jump tail is said to satisfy the bounded-reserve neutral-
core obstruction if, for every integer A > 0, there are a packet index Jy, a length bound N4,
and a height bound C4 such that the following never occurs after J4: a positive ladder interval
[U,V) with U > Jy, height Qpy > Cya, and a packet j € [U,V) satisfying

huj < A
whose quiet core contains a loss-free neutral subinterval of length at least N4.

Problem 24.6 (Neutral-core pruning). Prove that every non-fixed least-representative terminal-
ceiling-compatible eventual no-jump tail satisfies the bounded-reserve neutral-core obstruction
of Definition 24.5.

Theorem 24.7 (Long-packet pruning reduction). Fiz a non-fized least-representative terminal-
ceiling-compatible eventual no-jump tail and assume Problem 24.6 for this tail. Then a failure
of the long-packet base-long obstruction can occur only through arbitrarily high positive ladders
whose first very long packet is preceded by an arbitrarily large positive height reserve.

Proof. Suppose the long-packet base-long obstruction fails, and choose positive ladder intervals
of unbounded height containing packets with p; — co. Fix A > 0. If infinitely many of these long
packets satisfy hy; < A, then Proposition 24.3 extracts loss-free neutral cores of length tending
to infinity inside positive ladders of unbounded height and bounded reserve. This contradicts
Problem 24.6. Hence, for each fixed A, all sufficiently long packets occurring in sufficiently
high counter-ladders must satisfy hy; > A. Equivalently, the first very long packet in such a
ladder is preceded by a positive height reserve which tends to infinity along the counterexample
sequence. ]

Remark 24.8 (What the long-packet attack achieves). A long quiet packet cannot itself create
height: after its initial scale-up block its core has non-positive drift. If it has substantial loss, it
must spend height already accumulated before the packet begins. If it does not have substantial
loss, then it contains a long loss-free neutral core, and such cores are forced into the finite
symbolic automaton excluding LL and HH HH. Thus the long-packet channel is reduced to a
sharper local problem: exclude long bounded-reserve neutral cores, or else prove that every long
packet appears only after a large earlier positive ladder has already been formed.

o8



25 Bounded-reserve neutral cores and rotation-window reduc-
tion

The preceding section reduces the long-quiet-packet channel to the local problem of excluding
arbitrarily long loss-free neutral cores with bounded ladder reserve. This section makes that target
more rigid. On a loss-free neutral core the dyadic scale exponent is constant, so the mantissa
dynamics is an exact small perturbation of the rigid rotation by logy 3 on the unit logarithmic
circle. Moreover, under cycle exclusion, any such neutral core has uniformly bounded total
perturbation budget. Thus the bounded-reserve neutral-core front is no longer an unrestricted
finite-automaton problem; it is a cycle-free rotation-window problem.

Definition 25.1 (Neutral logarithmic coordinate and perturbation budget). Let I = [r,r + N)
be a loss-free neutral subinterval of a quiet core. Since a,, = s, on I, the scale walk gives
Gm+1 = G@m. We write this constant scale as

Qr = gm (r<m<r+N),

and put

9—Qr
Ym = 10gy m € [0, 1), er = —

The neutral perturbation budget of I is

N2—Qr
—

E(I) = Ney =

Lemma 25.2 (Exact logarithmic recurrence on a neutral core). Let I = [r,r + N) be a loss-free
neutral subinterval. For everyr < m <r+ N, define

£ = log, (1 + 51) .

3Mm
Then .
I
< —
0<&m= 3In2’
and

Ym+1 = Ym T IOgQ 3 —sm +&m.

Equivalently, if
r4+t—1 r4+t—1

Et = Z é-m) St = Z Sm
then for 0 <t < N,

E
Yr+t = Yr +tlogy 3 — St + Ei, 0<Et§L'
3In2
Proof. On a loss-free neutral core one has ¢, = @, hence ¢,, = 279" /n = ;. The exact

mantissa map Lemma 16.2 gives
—s —s €I
M1 = 27" (30 + €1) = 27" 30, (1 * ) '
3Nm

Taking base-two logarithms gives the displayed recurrence. Since 7,,, > 1, the elementary bound
logy(1 +u) <wu/In2 for u > 0 gives
€1 €1
< < .
bm < 3NmIn2 ~ 3In2

Summing over [r,r + t) gives the formula for y,;; and the cumulative perturbation bound. [
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Proposition 25.3 (Finite-state bound for a cycle-free neutral core). Assume that the positive
odd orbit under consideration contains no nontrivial accelerated cycle. Let I = [r,r + N) be a
loss-free neutral subinterval with constant scale Q. Then

N < n2@1,

Consequently
E(I) < 1.

Proof. For every r < m < r + N one has ¢, = @1, hence
Ny, = MR, = n2QI77m

with 1 < n,,, < 2. Therefore all states n,, in the neutral core lie among the positive odd integers

in the interval
[nQQI’ nQQH—l)'

There are at most 7297 such odd integers. If N > n297, then the N + 1 states

Npy Mp41y -+ -3 M4 N

would contain a repetition. The accelerated Syracuse map is deterministic, so such a repetition
gives an accelerated cycle. Since the whole orbit is terminally bad and starts above 1, this
cycle is nontrivial, contradicting the hypothesis. Hence N < n2%7. Multiplying by 279! /n gives
E(I) < 1. O

Corollary 25.4 (Uniform rotation-window shadowing under cycle exclusion). Assume that the
orbit contains no nontrivial accelerated cycle. FEvery loss-free neutral subinterval I satisfies

0< E; < 0 <t<|I)),

1
3Iln2
with By as in Lemma 25.2. Thus every cycle-free loss-free neutral core is a uniformly bounded
positive-error shadow of the rigid logarithmic rotation

y—y+logy3 (mod 1).
Proof. This follows immediately from Lemma 25.2 and Proposition 25.3. O

Definition 25.5 (Cycle-free rotation-window obstruction). A non-fixed least-representative
terminal-ceiling-compatible eventual no-jump tail is said to satisfy the cycle-free rotation-window
obstruction if, for every integer A > 0, there are a packet index J4, a length bound N4, and a
height bound C4 such that the following never occurs after J4: a positive ladder interval [U, V)
of height Qp 1y > C4 and a packet j € [U, V) with hy; < A, whose quiet core contains a loss-free
neutral subinterval I of length at least N4 and satisfying

)< 1.

Problem 25.6 (Rotation-window pruning). Prove that every non-fixed least-representative
terminal-ceiling-compatible eventual no-jump tail with no nontrivial accelerated cycle satisfies
the cycle-free rotation-window obstruction of Definition 25.5.

Theorem 25.7 (Rotation-window pruning implies bounded-reserve neutral-core pruning). Fiz
a non-fized least-representative terminal-ceiling-compatible eventual no-jump tail and assume
that its positive odd orbit contains no nontrivial accelerated cycle. If Problem 25.6 holds for this
tail, then the bounded-reserve neutral-core obstruction Definition 24.5 holds for this tail.
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Proof. Suppose the bounded-reserve neutral-core obstruction fails for some reserve bound A.
Then there are positive ladders of unbounded height, occurring arbitrarily far out in the tail,
with packets whose reserve satisfies hy; < A and whose quiet cores contain loss-free neutral
subintervals of arbitrarily large length. By Proposition 25.3, every such neutral subinterval
satisfies £(I) < 1. This is exactly a failure of the cycle-free rotation-window obstruction,
contradicting Problem 25.6. O

Remark 25.8 (Neutral-core reduction). The finite neutral automaton of Lemma 24.4 alone cannot
be expected to bound neutral cores: long aperiodic words are not excluded merely by forbidding
LL and HHHH. The additional information is dynamical. A loss-free neutral core is an exact
finite window of the logarithmic rotation by log, 3, with a one-sided perturbation whose total
size is bounded under cycle exclusion. Therefore the next terminal object is not an arbitrary

binary word, but a bounded-error rotation window embedded inside a bounded-reserve positive
ladder.

Problem 25.9 (Large-reserve recycling). Close the complementary branch left by Theorem 24.7:
prove that, in a non-fixed least-representative terminal-ceiling-compatible eventual no-jump
tail, arbitrarily high positive ladders cannot have their first very long quiet packet preceded
by arbitrarily large positive height reserve without forcing either a record-ladder compensation
bound or a strict jump.

Remark 25.10 (Current status of the long-packet front). The long-packet channel is now split
into two sharper pieces. Bounded-reserve long neutral cores are reduced by Theorems 25.7,
27.6 and 28.10 to the rotation-window pruning problem. The remaining complementary case is
large-reserve recycling: if every very long packet begins only after a large positive ladder reserve
has already been accumulated, then that reserve must be shown to recycle into compensation,
descent, or a strict jump. No final closure of this complementary branch is claimed here.

26 Rotation-window balance and resonance-corridor pruning

The preceding section reduces bounded-reserve neutral cores to cycle-free rotation windows. This
section extracts the next layer of structure. A loss-free neutral core is not merely a bounded-error
orbit of an irrational rotation; its binary neutral word has a rigid prefix-balance law. Moreover,
continued-fraction denominators of the rotation number force a dichotomy: either a long neutral
window contains a genuine near-return subwindow, or the corresponding endpoints are trapped
in narrow boundary corridors of the logarithmic circle. Thus rotation-window pruning is reduced
to two sharper fronts: linear near-return pruning and boundary-corridor pruning.
Throughout this section we put

a:=logy3—1¢€(0,1).

Thus the neutral logarithmic recurrence of Lemma 25.2 is the rotation by o on R/Z, with a
positive perturbation.

Definition 26.1 (Neutral counts and rotation discrepancy). Let I = [r,7 + N) be a loss-free
neutral subinterval. For 0 <t < N, define

Hi(t)=#{r<m<r+tisnm=2}  Li(t):=#{r<m<r+t:s, =1}
Thus L;(t) + Hy(t) = t, and

r+t—1
Sy = Z Sm :t—I—H[(t).

m=r
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The rotation discrepancy of the first ¢ neutral steps is
Ag(t) := Hy(t) — at.
For a subwindow J = [a,a +t) C I, we analogously write H;(t) and A;(t).

Lemma 26.2 (Exact prefix-balance identity). Let I = [r,7+N) be a loss-free neutral subinterval.
With E; as in Lemma 25.2, one has

Hl(t)_at:yr_yr+t+Et (OStSN)

Consequently, if the orbit has no nontrivial accelerated cycle, then

1
Hi(t) —at| <14+ —— <t < N).
i) —at| S 1450 (0t N)
The same estimate holds for every subwindow J C I.
Proof. By Lemma 25.2,
Yr4t = Yr +tlogy 3 — Sp + E.

Since logy 3 =1+ «a and Sy =t + H/(t), this becomes
Yr+t = Yr + ot — H[(t) + Et.

Rearranging gives the identity. Since 0 < y,, y,4¢ < 1, the first term on the right is bounded in
absolute value by 1. Under cycle exclusion, Corollary 25.4 gives 0 < E; < 1/(3In2). Applying
the same argument after restarting the neutral recurrence at any subwindow gives the final
assertion. 0

Corollary 26.3 (Uniform two-sided balance of neutral words). Assume cycle exclusion. There
is an absolute constant

Dy =1
0 * 3o

such that every loss-free neutral subwindow J satisfies
|H;(t) —at| <Dy (0<t<|J)).

Equivalently, the number of high neutral letters H in every neutral subwindow is forced to follow
the irrational slope o with uniformly bounded discrepancy.

Proof. This is Lemma 26.2 applied to all subwindows. ]

Definition 26.4 (Continued-fraction return data). Let

Dk
= >
a (k>0)

be the convergents of the continued fraction of o = logy 3 — 1, with dy > 1, and put
O = |ldrallr/z-

If I =[r,r+ N) is a loss-free neutral subinterval of constant scale @, define the effective return
width

Lemma 26.5 (Continued-fraction return or boundary corridor). Let I = [r,r+ N) be a loss-free
neutral subinterval, and let k be such that d, < N and ©(I) < 1/4. For every start a with
r<a<r+4+ N —dg, at least one of the following alternatives holds:
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(i) linear near-return:
|ya—‘rd;C - ya| < @k(1)5

(ii) upper-to-lower boundary crossing:
Yo =1 =0k(I),  Yara, < Or(l);
(iii) lower-to-upper boundary crossing:
Ya < Op(I), Yatd, > 1 — Or(I).
Proof. Apply Lemma 25.2 to the subwindow [a, a + di]. There is an integer M, such that

Ya+d, — Ya = dpo — M, + Ea,ka

where

de_QI
O< B, . < —.
< Hok = 3nln2

Since 6, = |[|[dxa||g/z, the right-hand side differs from an integer by at most ©y(/). But
Ya+d, — Ya € (—1,1). Because O(I) < 1/4, the only possibilities are that this difference lies
within ©(I) of 0, 1, or —1. Being within O () of 0 gives (i). Being within (/) of —1 forces
Yo > 1 —0Oy(I) and yg+q, < Ox(I), giving (ii). Being within O (1) of 1 gives (iii). O

Definition 26.6 (Resonant and boundary-corridor neutral windows). Let I = [r,7 + N) be a
loss-free neutral subinterval, and let k satisfy dp < N and ©y(I) < 1/4. A start a € [r,r+ N —dy]
is called k-resonant if alternative (i) of Lemma 26.5 holds. It is called k-boundary if alternative
(i) or (iii) holds.

The window [ is called k-resonance-dominated if it contains a k-resonant start. It is called
k-boundary-dominated if every admissible start a € [r,r + N — dj] is k-boundary.

Problem 26.7 (Linear near-return pruning). Prove that, in a non-fixed least-representative
terminal-ceiling-compatible cycle-free eventual no-jump tail, arbitrarily high bounded-reserve
positive ladders cannot contain arbitrarily long loss-free neutral cores with effective continued-
fraction denominators dj, for which the neutral core is k-resonance-dominated.

Problem 26.8 (Boundary-corridor pruning). Prove that, in a non-fixed least-representative
terminal-ceiling-compatible cycle-free eventual no-jump tail, arbitrarily high bounded-reserve
positive ladders cannot contain arbitrarily long loss-free neutral cores with effective continued-
fraction denominators dj for which the neutral core is k-boundary-dominated.

Theorem 26.9 (Rotation-window pruning via resonance-corridor splitting). Fiz a non-fized least-
representative terminal-ceiling-compatible eventual no-jump tail with no nontrivial accelerated
cycle. Suppose that the linear near-return pruning problem Problem 26.7 and the boundary-
corridor pruning problem Problem 26.8 hold for this tail. Then the cycle-free rotation-window
obstruction Definition 25.5 holds for this tail.

Proof. Assume that the cycle-free rotation-window obstruction fails. Then there is a fixed reserve
bound A and arbitrarily late positive ladders of unbounded height containing packets of reserve
at most A, whose quiet cores contain loss-free neutral subintervals I = [r,r + N) of arbitrarily
large length with £(I) < 1.

Choose any continued-fraction denominator dy, < N with ©(I) < 1/4. For all sufficiently
long such windows, at least one such k exists unless the window lies entirely below the finite
initial range of continued-fraction denominators; that exceptional case is absorbed by increasing
the length bound in Definition 25.5. By Lemma 26.5, every admissible dy-start is resonant
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or boundary. If at least one start is resonant, then the windows violate Problem 26.7. If no
start is resonant, then every admissible start is boundary, so the windows violate Problem 26.8.
Either alternative contradicts the two assumed pruning statements. Hence the rotation-window
obstruction holds. O

Remark 26.10 (What the rotation front has become). The rotation-window front is now split
into two visibly sharper objects. The linear near-return branch asks one to rule out long neutral
cores containing a continued-fraction return of the logarithmic rotation. The boundary-corridor
branch asks one to rule out the complementary possibility that all such returns are absorbed by
repeated visits to the endpoints of the logarithmic band. Thus a long bounded-reserve neutral
core is no longer treated as an arbitrary long binary word or even as a generic rotation shadow;
it must be either resonant or boundary-dominated at a continued-fraction scale.

27 Boundary-corridor pruning by one-step middle escape

The resonance-corridor split of the preceding section leaves the boundary branch as the more
rigid alternative. This section proves a selected-scale form of boundary-corridor pruning. The
point is local: a neutral point lying near either endpoint of the logarithmic band cannot remain
near an endpoint for one more neutral step. It is immediately pushed into the middle of the band.
Consequently a long neutral window cannot be boundary-dominated at any continued-fraction
scale whose effective corridor width is sufficiently small.

Throughout this section we keep the notation

a:=logy3—1¢€(0,1)

from Section 26, and we define the absolute corridor constant
L .
Fa 1= 7 min{a, 1 — a}.

For a width 0 < 6 < 1/2, write
By :=[0,0]U[1—6,1)

for the boundary corridor and

My :=(0,1-10)
for the middle band.

Lemma 27.1 (One-step escape from a boundary corridor). Let I = [r,7 + N) be a loss-free
neutral subinterval and let 0 < 0 < kqo. Suppose that, for some m € [r,r + N),

Em < 0
in the logarithmic recurrence of Lemma 25.2. If
Ym € BBu

then
Ym+1 € MG'

In particular, two consecutive neutral vertices cannot both lie in By.

Proof. On a loss-free neutral core the only neutral letters are

L= (sm,am) = (1,1), H = (sm,am) = (2,2),
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and
Ym4+1 = Ym + 10g2 3— 8Sm + gm

First assume 0 < y,,, < 0. If s,,, = 2, then
Ym+l =Ym +a—1+&, <a—1+20 <0,

because 20 < 1 — a.. This is impossible since y,,+1 € [0,1). Hence s, = 1, and then

Ym+1 = Ym +a+Em.

Thus
Ym+1 Z a > 07

and also
Ymy1 < a+20 <1 -6,

since 360 < 1 — a. Hence y,,41 € My.
Now assume 1 — 0 < y,, < 1. If s,, = 1, then

Yntl =Ym+1+a—-14+&,>14+a—0>1,
because 6 < «. This is impossible. Hence s, = 2, and

ym+1:ym+a_1+£m-

Therefore
Ymt+1 > —0 >0,

because 20 < «, while
Ymrl < a+0<1—0,

because 20 < 1 — a. Again y,,+1 € My. The final statement follows immediately. O

Lemma 27.2 (Small effective continued-fraction scales). There are constants 0 < n, < 1/2
and Ny > 1, depending only on «, with the following property. Let I = [r,r + N) be a loss-free
neutral subinterval with

g(I) <1,

and suppose N > N,. Then there is a continued-fraction denominator dj for o such that
dr, < naN, Or(I) < Kaq.
In particular, di, < N — 1 for all sufficiently large N.
Proof. Choose
2 4

For each sufficiently large N, let di be the largest continued-fraction denominator with di < n,N.
Since the denominators tend to infinity, this choice is possible and k — oo as N — oco. Hence

. {1 3In2 }
0 < M < min —Ra (-

ok = |ldrallg/z — 0.

For all sufficiently large IV, we therefore have

1
(Sk < Z/ia.
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Using £(1) = N2791/n < 1, we get

d2~ Q1 < o 1

3nn2 — 32 4"
Thus 0
dp2= %1
=296 - :
Orll) =0+ 5 g < gfa <o
The inequality dr < N — 1 follows from dj < n,N and 7, < 1/2, after increasing N, if
necessary. O

Theorem 27.3 (Small-width boundary-corridor pruning). Let I = [r,r + N) be a loss-free
neutral subinterval, and let k satisfy

dk<N, @k(1)<f£a.
Then I is not k-boundary-dominated.

Proof. Put 6§ = O(I). Since di < N, the starts r and r + 1 are both admissible for the
dp-windows in I. Suppose, for contradiction, that I is k-boundary-dominated. Then every
admissible start is k-boundary. In particular, the start r is boundary, so

yr € By.
The one-step perturbation satisfies
2—Qr
& < 395 <Ol =6,
because di > 1. By Lemma 27.1,
Yry1 € My.

But r + 1 is also an admissible start and the window is assumed k-boundary-dominated, so y,11
must lie in By. This contradiction proves the theorem. ]

Corollary 27.4 (Boundary branch removed at selected effective scales). Let I; = [r;,r; + N;)
be any sequence of loss-free neutral subintervals with

Nj-)OO, 5(Ij)§1.

After passing to sufficiently large j, there are continued-fraction denominators dy; < noN; such
that
@kj (Ij) < Ka,

and none of the windows I; is k;-boundary-dominated.

Proof. The existence of di, is Lemma 27.2. The exclusion of kj-boundary domination is
Theorem 27.3. 0

Problem 27.5 (Selected-scale linear near-return pruning). Prove that, in a non-fixed least-
representative terminal-ceiling-compatible cycle-free eventual no-jump tail, arbitrarily high
bounded-reserve positive ladders cannot contain arbitrarily long loss-free neutral cores which are
kj-resonance-dominated at the selected effective scales supplied by Lemma 27.2.

Theorem 27.6 (Rotation-window pruning after boundary-corridor pruning). Fiz a non-fized
least-representative terminal-ceiling-compatible eventual no-jump tail with no nontrivial acceler-
ated cycle. If the selected-scale linear near-return pruning problem Problem 27.5 holds for this
tail, then the cycle-free rotation-window obstruction Definition 25.5 holds for this tail.
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Proof. Assume that the cycle-free rotation-window obstruction fails. Then, as in the proof
of Theorem 26.9, there are arbitrarily late positive ladders of unbounded height containing
bounded-reserve packets whose quiet cores contain loss-free neutral subintervals

IjZ[Tj,Tj-i-Nj), Nj—>oo, S(Ij)gl.

Choose the selected denominators dy, from Lemma 27.2. By Lemma 26.5, every admissi-
ble di;-start is either resonant or boundary. By Corollary 27.4, the windows cannot be k;-
boundary-dominated. Hence each sufficiently long I; contains a kj;-resonant start. This violates
Problem 27.5. Therefore the rotation-window obstruction holds. O

Remark 27.7 (What has been gained). The boundary-corridor branch is not merely renamed. At
the selected effective continued-fraction scales it is eliminated by a one-step local fact: boundary
points are immediately ejected into the middle band. Thus the rotation-window front is sharpened
again. After cycle exclusion and bounded perturbation, a long bounded-reserve neutral core
must now produce a selected-scale linear near-return; the boundary-corridor alternative no longer
survives at the scale needed for the reduction.

28 Selected-scale linear near-returns and copy-switch splitting

The previous section removes the boundary-corridor branch at selected effective continued-
fraction scales. Consequently a sufficiently long cycle-free neutral window must contain many
selected-scale linear near-returns. This section makes that remaining front more concrete. A
selected near-return almost preserves the logarithmic coordinate. Therefore, except when the
starting point lies close to the neutral switching threshold, it copies the neutral letter after one
selected return length. The selected-scale linear near-return problem is thereby split into two
sharper alternatives: frequent visits to a thin switching corridor, or a large periodic-copy mesh
at the selected denominator.

Throughout the section, let I = [r,7 + N) be a loss-free neutral subinterval of constant scale
Q1, perturbation parameter e; = 2797 /n, and logarithmic coordinates y,, as in Definition 25.1.
For a continued-fraction denominator dp < NV, put

0u(I) == O4(I).

We write
AL(I)={a:r<a<r+ N —d;—1}

for the interior selected starts, so that both neutral letters s, and s,44, are defined.

Definition 28.1 (Neutral switching threshold). On a loss-free neutral subinterval I, define

4—6[
T[2:10g2< 3 >

For a width 8 > 0, the associated switching corridor is

Cr(0):={y€][0,1): |y — 7] <0}.

Lemma 28.2 (Exact neutral switching rule). Let I = [r,7 + N) be loss-free neutral. For every
r<m<r+N,

Sm=1 < ymn <T], Sm =2 <=  Yn > TI.
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Proof. By the exact mantissa map, the scale digit s,,, is determined by whether
3Mm + €1

lies in [2,4) or in [4,8). Since 1 <, < 2 and €7 > 0, only the values s, = 1 and s, = 2 can
occur on a neutral step. Thus

4—¢
Sm=2 <<= 3Imter>4d = > 31

Taking base-two logarithms gives the asserted threshold rule. O

Lemma 28.3 (Boundary starts are isolated). Let I = [r,r + N) be loss-free neutral, and let k
satisfy
dp < N —1, ®k<I)<K/a-

Then two consecutive starts in A3 (I) cannot both be k-boundary starts.

Proof. Put § = ©,(I). If a € A3 (I) is k-boundary, then by Definition 26.6 and Lemma 26.5 one
has

Ya € By.
Moreover
92—Qr
fa € 395 S Ok(I) = 0.
Since 0 < Kk, Lemma 27.1 gives
Ya+1 € M.
But a k-boundary start must begin in By. Hence a + 1 cannot be k-boundary. O

Corollary 28.4 (Selected-scale resonance density). Let I = [r,r + N) be loss-free neutral and
let k satisfy
dp, < N —1, @k(I)</€a.

Then at least one half, up to an endpoint error, of the interior selected starts are k-resonant.
More precisely, if
Mi(I) = |AY(D)| = N — d,

then the number of k-resonant starts in A3 (1) is at least
Ly -1
2" ’

Proof. For every admissible selected start, Lemma 26.5 says that the start is either k-resonant
or k-boundary. By Lemma 28.3, the boundary starts in the ordered set A7 (I) are isolated, and
therefore there are at most My (I)/2 + 1 of them. The displayed lower bound for resonant starts
follows. O

Lemma 28.5 (A selected near-return copies the neutral letter off the switching corridor). Let
I =[r,r+ N) be loss-free neutral. Let a € A} (I) be a k-resonant start and put 0 = O(I). If

Ya ¢ CI(H)a

then

Sa+d, = Sa-
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Proof. Since a is k-resonant,
|ya—i-d;C - ya| <.
If yo < 71 — 0, then y41q, < 77. By Lemma 28.2, both letters are L-letters, so s, = sq44, = 1. If

Ya > 71 + 0, then Y44, > 77, and both letters are H-letters, so s, = 5,44, = 2. These are the
only possibilities when y, ¢ Cr(6). O

Definition 28.6 (Switching hits and selected copy starts). For a loss-free neutral subinterval I
and selected denominator dj, put

Swi(I) := #{a € AL(I) : ya € C1(Ok(1))},

and
Copy,. (1) := #{a € AL(I) : Sq+d, = Sa}-

Theorem 28.7 (Selected near-return copy-switch splitting). Let I = [r,r + N) be a loss-free
neutral subinterval, and let k satisfy

dp, <N —1, Or(I) < Kq-

Set My(I) = N — dy. Then at least one of the following alternatives holds:

SWk(I) > iMk(I) — 1,

or
1
COPYk(I) > ZMkz(I) - L

Proof. By Corollary 28.4, at least My ([)/2 — 1 starts in AR (/) are k-resonant. Split these
resonant starts according to whether they lie in the switching corridor C;(O(I)). If at least
My(I)/4 — 1 of them lie in the switching corridor, the first alternative holds. Otherwise at least
M (I)/4 — 1 resonant starts lie outside the switching corridor, and each of those is a copy start
by Lemma 28.5. This is the second alternative. O

Problem 28.8 (Selected switching-corridor density pruning). Prove that, in a non-fixed least-
representative terminal-ceiling-compatible cycle-free eventual no-jump tail, arbitrarily high
bounded-reserve positive ladders cannot contain arbitrarily long loss-free neutral cores I; with
selected denominators dy; < 14|l;| such that

1
Swi,; (1)) = (1] = dx;) = 1.

Problem 28.9 (Selected copy-mesh pruning). Prove that, in a non-fixed least-representative
terminal-ceiling-compatible cycle-free eventual no-jump tail, arbitrarily high bounded-reserve pos-
itive ladders cannot contain arbitrarily long loss-free neutral cores I; with selected denominators
dr; < nallj| such that

1
Copyy, (1j) = Z(|Ij| —dy;) — 1.

Equivalently, a long bounded-reserve neutral core cannot contain a positive density of selected
denominator shifts which copy the neutral letter.

Theorem 28.10 (Selected-scale linear near-return pruning via copy-switch splitting). Fiz a
non-fized least-representative terminal-ceiling-compatible eventual no-jump tail with no nontrivial
accelerated cycle. If the selected switching-corridor density pruning problem Problem 28.8 and
the selected copy-mesh pruning problem Problem 28.9 hold for this tail, then the selected-scale
linear near-return pruning problem Problem 27.5 holds for this tail.
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Proof. Assume that Problem 27.5 fails. Then there are arbitrarily high bounded-reserve positive
ladders containing loss-free neutral cores I; = [r;,r; + N;) with N; — oo, together with the
selected effective denominators supplied by Lemma 27.2. For all sufficiently large j, these
denominators satisfy

dkj <Nj—1, @kj(fj) < Kq-

Applying Theorem 28.7 to each I}, one obtains either switching-corridor density along an infinite
subsequence or selected copy-mesh density along an infinite subsequence. The first alternative
contradicts Problem 28.8; the second contradicts Problem 28.9. Hence the selected-scale linear
near-return pruning problem holds. O

Remark 28.11 (What the selected-scale front has become). The selected-scale linear near-return
front is no longer a black-box resonance condition. At the selected effective denominators,
boundary starts are isolated; therefore resonant starts have positive density. Each resonant start
either lies near the switching threshold or copies the neutral letter after one selected return
length. Thus the remaining rotation front is reduced to two very concrete symbolic targets:
prune dense threshold visits, or prune dense selected-period copy meshes.

29 Selected switching-corridor density pruning via thin-interval
discrepancy

The previous section reduces the selected-scale linear near-return front to two symbolic alter-
natives: dense selected switching-threshold visits, or a dense selected copy mesh. This section
sharpens the switching branch. A switching corridor is simply a thin interval around the neutral
threshold 77. Thus the remaining switching problem is an interval-occupancy problem for the per-
turbed irrational rotation governing a loss-free neutral core. We isolate that interval-occupancy
statement as a separate pruning target and show that it is already strong enough to eliminate
the selected switching-density branch, because the selected corridor width is uniformly smaller
than one quarter.

Throughout the section, let I = [r,r + N) be a loss-free neutral subinterval with selected
denominator d < N — 1, selected effective width ©4(I) < k4, and interior selected starts A7 (1)
as in Section 28. Put

My (I) := [Ap(D)] = N — dy.
Recall that
Swi (1) = #{a € A1) : yu € Cr(O1(1))}

is exactly the selected switching-corridor occupancy count.

Definition 29.1 (Selected thin-interval discrepancy pruning). We say that selected thin-interval
discrepancy pruning holds if there is an absolute constant C,, > 0, depending only on o = logy 3—1,
such that for every bounded-reserve loss-free neutral subinterval I appearing inside a positive
ladder of a non-fixed least-representative terminal-ceiling-compatible cycle-free eventual no-jump
tail, and for every selected denominator dj with ©x(I) < k4, one has

Swi(I) < 205 (1) Mi(I) + Ca.

In words: selected visits to the switching corridor are bounded by the interval length 204 (1)
times the selected sample size, up to a uniform additive discrepancy.

Lemma 29.2 (Uniform one-quarter gap at selected scales). Let

1 1 1
da ::Z—Qmazz—imin{a,l—a}.
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Then 6o > 0. In particular, whenever O(I) < Kq,
20i(1) < 260 = = — 00 < —.
Proof. Since
a=1logy,3—1¢€(0,1)
and numerically « =~ 0.5849625, one has
min{a,1 —a} =1—a ~ 0.4150375.

Hence 1 1

2K = 3 min{a, 1 — a} = 0.2075187 < T
Thus 6, = i — 2Kq > 0, and the displayed bound follows immediately from O (I) < k4. O

Theorem 29.3 (Thin-interval discrepancy implies selected switching pruning). Fiz a non-
fized least-representative terminal-ceiling-compatible eventual no-jump tail with no nontrivial
accelerated cycle. If the selected thin- interval discrepancy pruning problem Definition 29.1 holds
for this tail, then the selected switching-corridor density pruning problem Problem 28.8 also holds
for this tail.

Proof. Assume that Problem 28.8 fails. Then there are arbitrarily high bounded-reserve positive
ladders containing loss-free neutral cores I; with selected denominators dy; < 74|/;| such that

1
47 Fi

If selected thin-interval discrepancy pruning holds, then for each 7,

1
Swi, (1) = Z(Uﬂ —dy;) —1=

Swy,; (Ij) < 20y, (1;) My, (1) + Cq.

By Lemma 29.2,

1
for some fixed ., > 0. Therefore
1
Sw, (1) < (§ = 6 ) My, (1) + Ca

Comparing with the lower bound gives
504Mkj (IJ) <C,+1.

Hence the selected sample sizes My, (I;) = |Ij| — dj, are uniformly bounded. Since di; < 14|}
with 0 < 7o < 1, this forces |I;]| itself to be uniformly bounded, contradicting the assumption
that the selected switching-density front appears along arbitrarily long loss-free neutral cores.
Thus the selected switching-corridor density pruning problem holds. O

Problem 29.4 (Selected switching-corridor discrepancy bound). Prove the selected thin-interval
discrepancy pruning estimate of Definition 29.1. Equivalently, show that on every bounded-
reserve loss-free neutral core, the perturbed logarithmic rotation visits the selected switching
corridor with frequency at most the corridor length 204 (1), up to a uniform additive error.

Theorem 29.5 (Selected switching branch pruned by discrepancy plus copy pruning). Fiz a
non-fixed least-representative terminal-ceiling-compatible eventual no-jump tail with no nontrivial
accelerated cycle. If the selected switching-corridor discrepancy bound Problem 29.4 and the
selected copy-mesh pruning problem Problem 28.9 hold for this tail, then the selected-scale linear
near-return pruning problem Problem 27.5 holds for this tail.
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Proof. By Theorem 29.3, the selected switching-corridor discrepancy bound implies the selected
switching-corridor density pruning problem. Therefore the hypotheses of Theorem 28.10 are
satisfied, and that theorem yields selected-scale linear near-return pruning. O

Remark 29.6 (What remains of the switching branch). The switching branch is no longer a
free-standing symbolic obstruction. It has been reduced to a thin-interval discrepancy problem
for the perturbed rotation y,+1 = ym + @ + &, (mod 1). Because the selected corridor width is
strictly less than one quarter, any uniform discrepancy estimate of the form

#{m < M iy € J} < |JIM + O0a(1)

for the selected threshold interval J = C;(©(I)) is already strong enough to prune the entire
switching-density front.

30 Deep selected-scale block discrepancy for switching corridors

The preceding section reduces dense switching-corridor visits to a thin-interval discrepancy
statement. This section attacks that statement directly at continued-fraction block scales.
The point is that a selected denominator dj is not merely a return length: over each block
of dj, consecutive neutral starts, the unperturbed rotation by a has Denjoy—Koksma interval
discrepancy O(1). The perturbation is one-sided and has a controlled block budget. Therefore a
sufficiently deep selected denominator forces switching-corridor occupancy strictly below the
bad density threshold 1/4.
We keep the notation of Section 29. Put

_ dk2*Q1
~ 3nln2’

Ag(T) :

Thus
Or(I) = [ldralr/z + Ax(T).

Definition 30.1 (Deep selected denominator). Let

. (ko 1
6%, := min {;, 64} .
A selected denominator di < N for a loss-free neutral window [ is called deep if
(1) < 6.

Lemma 30.2 (Block perturbation envelope). Let I = [r,r + N) be loss-free neutral, and let
B =lu,u+dg) CI. For0<t<dy,

Yutt = Yu +ta+e; (mod 1), 0 <e <Ag(I).

Consequently, if J C R/Z is an interval and y,1¢ € J, then the unperturbed point y, + ta lies in
the Ay (I)-neighbourhood J+2+(1),

Proof. On a loss-free neutral window the logarithmic coordinate satisfies

2—Qr
ym+1:ym+a+§m (mOd 1)7 O§§m§3nln2-
Summing from u to u +¢ — 1 gives
utt—1 -Q -Qr
27&1 2
= <t <d = Ar(I).
°t mz::u Sm < 3nIn2 ~ 3nln2 k()
The interval-neighbourhood conclusion is immediate. O
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Lemma 30.3 (Denjoy—Koksma block bound for intervals). Let dj be a continued-fraction
denominator for a = logy 3 — 1. For any interval J C R/Z, any starting point z, and any block
of length dy,

#{0<t<dp:z+taecJ} <dglJ|+2

Proof. Apply the Denjoy—Koksma inequality to the bounded-variation function
f=1,-1J]
over the denominator dg. Since the total variation of 1; on the circle is at most 2, one has

di—1
Z 1J(Z+ta) —dk‘J’ < 2.
t=0
The displayed upper bound follows. ]

Proposition 30.4 (Deep selected switching block bound). Let I = [r,r + N) be loss-free neutral
and let d, < N be a deep selected denominator. Let J = Cr(©Ok(I)). For every complete block
B=lu,u+dy)ClI,

#{m € B :yy, € J} <40,(I)dy, + 2.

In particular, since d is deep,

1
#{mGB:ymGJ}SEdk%-Z

Proof. The interval J has length 204 (7). By Lemma 30.2, each perturbed visit to J gives an
unperturbed visit to JT2+() whose length is at most

205 (1) + 2Ak(1) < 404(1),
because Ay (I) < ©,(I). Applying Lemma 30.3 to J+2+() gives
#{m e By, € J} <40,(I)d; + 2.
If dj, is deep, then O (I) < 1/64, and hence 40 (1) < 1/16. O

Theorem 30.5 (Deep selected scales prune switching density). Let I = [r,r + N) be loss-free
neutral, let di, < noN be a deep selected denominator with 0 < no < 1, and set

My(I) = N — dy.

Then

Swi(I) < — My (I) + On (Mk(l) + dk) :

<
— 16 dp

Consequently, along any sequence of loss-free neutral cores for which

dy.
Nj = o0,  dy, =00,  dy <nadVj, %—w,
J

deep selected denominators are incompatible with the bad switching-density lower bound

1
Sij (I]) > EM/C] (I]) — 1.
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Proof. Tile the selected-start interval by complete blocks of length dj, leaving at most two
incomplete end pieces of total length O(dy). On each complete block, Proposition 30.4 gives at
most 1

—di + 2

T
switching hits. With O(Mj(I)/dy) complete blocks, this yields

Swi(I) < — Mi(I) + O(M'“(I) + dk> .
16 dy,
The constants are absolute, hence depend at most on « through the fixed choice of selected
scales.
Under the displayed asymptotic assumptions, the error term is o(Mjy; (1;)). Thus the upper
density tends to at most 1/16, whereas the bad switching-density alternative requires density at
least 1/4, up to a negligible endpoint error. This is a contradiction for all sufficiently large j. [

Problem 30.6 (Deep selected-scale availability). Prove that every counterexample sequence
to selected switching-corridor density pruning contains, after passing to a subsequence, deep
selected denominators dj; satisfying

d.
dkj — 00, dkj < T]aNj, Fj — 0.
Theorem 30.7 (Switching-density pruning from deep-scale availability). Fiz a non-fized least-
representative terminal-ceiling-compatible eventual no-jump tail with no nontrivial accelerated
cycle. If the deep selected-scale availability problem Problem 30.6 holds for this tail, then the
selected switching-corridor density pruning problem Problem 28.8 holds for this tail.

Proof. Assume selected switching-corridor density pruning fails. By Problem 30.6, pass to a
subsequence with deep selected denominators satisfying the asymptotic hypotheses of Theo-
rem 30.5. That theorem rules out the required switching density along the subsequence, a
contradiction. O

Remark 30.8 (What has been proved at the discrepancy front). The selected switching-corridor
discrepancy problem is now reduced to one specific scale-selection issue. Once a genuinely deep
selected denominator is available with dy — oo and di = o(N), the Denjoy—Koksma block
estimate and the one-sided perturbation envelope force switching density below the threshold
1/4. Thus the remaining obstruction is not interval discrepancy itself, but the possibility that
all effective selected denominators stay too shallow or too close to the full window length.

31 A lossless reduction spine toward unconditional closure

The preceding sections produce several equivalent or sufficient terminal formulations. This
section consolidates them into a single reduction spine. No new completion of the Collatz
conjecture is claimed here. The purpose is to state the shortest remaining route in theorem-level
form: one bounded/cyclic front and one unbounded/packet front, now sharpened by record-
ladder, two-channel, suffix-stress, logarithmic shallow-return, base-start length-cost, exponential
length-splitting, long-quiet-packet neutral-core, cycle-free rotation-window, resonance-corridor,
selected-scale boundary-pruning, selected copy-switch targets, thin-interval switching-discrepancy
targets, and deep selected-scale block-discrepancy targets.
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31.1 The two terminal fronts

Definition 31.1 (Unbounded terminal no-jump escape). An unbounded terminal no-jump escape
is a positive odd integer n > 1 such that, with n,, = Syr™(n),

Ny, >N (m >0),
sup Ny, = +00,
m

and, after the stabilization time o(n) of Definition 13.1, the associated least representatives
satisfy
pWm(n)) =n  (m = o(n)).

Equivalently, it is an unbounded terminally bad orbit whose finite valuation prefixes form an
eventual no-jump tail of least-representative bad prefixes.

Theorem 31.2 (Lossless two-front reduction). The finite-descent form of the Collatz conjecture
s equivalent to the conjunction of the following two assertions:

(i) there are no nontrivial accelerated cycles in the positive odd integers;
(ii) there are no unbounded terminal no-jump escapes.

Proof. Assume first the finite-descent form of Collatz. Then every positive odd n > 1 has some
iterate below n. A nontrivial accelerated cycle is impossible, since the minimum element of
such a cycle would never descend below itself. An unbounded terminal no-jump escape is also
impossible by definition.

Conversely, suppose that finite descent fails. Then Corollary 4.5 gives a terminally bad
positive odd integer n > 1, so n,, > n for all m. If the orbit (n,,) is bounded, then it takes only
finitely many positive odd values and hence is eventually periodic. Since it never falls below
n > 1, its eventual period is not the fixed point 1. This gives a nontrivial accelerated cycle.

If the orbit is unbounded, then the modulus M (W,(n)) tends to infinity because K, > m.
Hence there is a stabilization time o(n) with M (W,,(n)) > n for all m > o(n). By Lemma 13.2,
the least representative of the realized prefix is then exactly n, so the prefix chain is eventual
no-jump. Therefore n is an unbounded terminal no-jump escape. Thus failure of finite descent
implies one of the two listed obstructions. This proves the equivalence. ]

Remark 31.3 (Why this is the manuscript’s actual reduction spine). Theorem 31.2 is the point
at which the reduction becomes lossless. The paper no longer asks vaguely for a proof that all
orbits reach 1. It asks for two explicit exclusions: the finite cycle certificate of Section 7, and
the unbounded terminal no-jump escape governed by the ceiling, deficit, scale-walk, scale-up,
and packet-budget modules.

Proposition 31.4 (Dependency map for the two-front reduction). The two-front reduction uses
only the following unconditional inputs.

(i) Theorem 4.2 and Proposition 4.4: failure of Collatz is equivalent to a terminally bad odd
value n > 1.

(ii) Theorem 7.1: a bounded terminally bad orbit is eventually periodic and therefore contains
a nontrivial accelerated cycle.

(iii) Lemma 13.2: an unbounded terminally bad orbit has an eventual no-jump least-representative
tail after the modulus exceeds n.

(iv) Corollaries 6.5 and 14.3, Theorems 15.3 and 16.4, and Proposition 17.7: the unbounded
no-jump tail has unbounded deficits, infinitely many valuation-one high-mantissa scale-up
events, scale-up blocks of length at most two, and unbounded packet surplus.
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Thus the only open inputs needed for a complete closure through this spine are the cycle front
Problem 31.6 and the packet compensation front Problem 31.11, with the stronger record-ladder
front Problem 18.8 giving a sufficient local form.

Proof. Ttems (i)—(iv) are exactly the cited unconditional results, listed in the order in which they

are used in Theorem 31.2 and Proposition 31.5. The final sentence follows from Theorem 31.12.
O

31.2 Normal form of the unbounded front

Proposition 31.5 (Unbounded escape normal form). Let n > 1 be an unbounded terminal
no-jump escape. Then, on its eventual no-jump tail, the following properties hold.

(i) The terminal ceiling rule holds at every level:

1
am < {logg (3Rm + )J .
n

(ii) The under-ceiling deficits are unbounded:

sup d,, = +o0.
m

(iii) The dyadic scales are unbounded:

sup ¢y, = +00.
m

(iv) There are infinitely many valuation-one high-mantissa scale-up levels:

(v) No scale-up block has length greater than two.

(vi) For every packet tail index J,

sup {2 g = +00.

K>J
Proof. The terminal ceiling rule is Corollary 6.5. Since the orbit is unbounded, the relative heights
R,, = nyn/n are unbounded. Hence Corollary 14.3 gives unbounded deficits, while the definition
dm = |logy Ry, | in Definition 15.1 gives unbounded dyadic scale. The scale-walk identity of
Theorem 15.3 shows that scale can increase only when a,, = 1 and s, = 2, so unbounded
scale forces infinitely many such levels. The no-three-scale-ups theorem Theorem 16.4 gives the
block-length bound. Finally, Proposition 17.7 identifies packet surplus with scale increase at
packet starts, and therefore every packet tail has unbounded positive partial surplus. ]

Problem 31.6 (Cycle front). Prove that no nontrivial finite valuation word W = (ag, ..., Gm—_1)
gives a positive odd accelerated cycle. Equivalently, prove that the cycle certificate

_ Ba(W)
Y T

never produces a positive odd integer realizing W as its own periodic valuation word, except for
the fixed point 1.
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31.3 Connection to the classical continued-fraction bound

The cycle certificate of Theorem 7.1 identifies any hypothetical nontrivial cycle with a finite
valuation word W = (ay, . . ., apm—1) for which

Byn(W)

10T 9K —3m

is a positive odd integer, where K,, = ag+ -+ + a;m—1 and ng is (without loss of generality) the
least element of the cycle. This is exactly the situation studied by the classical continued-fraction
approach to Collatz cycles, which we now import as a cited external result rather than re-derive.

Lemma 31.7 (Eliahou-Simons—de Weger—Hercher criterion; cited). Let o :=logy 3, and for a
positive integer R let p(R)/q(R) denote the fraction of least denominator among the convergents
(and intermediate fractions) of the continued fraction expansion of o satisfying

p(R) ( 1 )
a< ———=<logy(3+—=].
g®) = TR
If a nontrivial positive Collatz cycle exists with least element ng > R, accelerated length m, and
total valuation K,, = ag + -+ -+ am—1, then

Kpn>p(R),  m2>q(R).

Equivalently, the pair (K,,,m) attached to any nontrivial cycle in Theorem 7.1 cannot be a
“smaller” rational approximation to o than p(R)/q(R).

Source. This is the sharp form of Eliahou’s diophantine-approximation argument [14], in the
least-denominator formulation of Simons and de Weger [15] and Hungerbiihler [17] (Theorem 2
there), and sharpened further via Baker’s theorem on linear forms in logarithms by Hercher [16].
We do not re-derive the inequality here; we only translate its conclusion into the notation of
Theorem 7.1. O

Corollary 31.8 (Quantitative obstruction at the current verified range). Take R = 27!, the
largest range for which the Collatz conjecture has been computationally verified with no cycle
found, established by Barina [12]. Computing the continued fraction expansion of o =logy 3 to
200 decimal digits of precision and searching convergents for the least-denominator criterion of
Lemma 31.7 gives, as the unique minimal solution,

p(2™) = 217976794617, (27 = 137528045 312.

(The previous convergent, with denominator 6586818670, fails the criterion at R = 271+ this
was checked by exact rational arithmetic on the continued fraction convergents, not by floating
point.) Hence, by Lemma 31.7, no nontrivial cycle compatible with Theorem 7.1 can have

Ky, < 217976794617 or m < 137528045 312,

and the total unaccelerated Collatz length of any such cycle, m + Ky, is at least 355504 839 929.
These values agree exactly with the current literature record [18], confirming that Lemma 31.7

together with the Barina range [12] reproduces the sharpest bound presently known on any solution
of Problem 31.6.

Remark 31.9 (No new record available yet). Angeltveit [13] describes an algorithm that would
make verifying n < 272 or beyond computationally feasible, and states explicitly that a concrete
new verified range N > 72 is left as “future work.” It reports no completed verification beyond
Bafina’s 27 [12]. Consequently Corollary 31.8 currently represents the sharpest quantitative
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form of the obstruction to Problem 31.6 available from the verified-range route; it should be
revisited if Angeltveit or others publish a concrete new N. (For reference, the next convergent
above «a after p(2™)/q(2™") has denominator 5409 303 924 479 and numerator 8573 543 875 303;
it would become the operative bound only once a verified range R large enough to defeat it is
established.)

Remark 31.10 (What this does, and does not, resolve). Lemma 31.7 and Corollary 31.8 do not
solve Problem 31.6: they are a conditional lower bound on (K,,, m), not a proof that no valid
(W, ng) pair exists. Problem 31.6 remains open, and closing it unconditionally requires either (i)
an unconditional lower bound on partial quotients of the continued fraction of logy 3 (currently
unavailable; would follow from an effective irrationality measure sharper than what is known, cf.
Baker—Wiistholz-type bounds used by Hercher [16]), or (ii) an entirely different argument that
rules out the divisibility condition 25m — 3™ | B,, (W) of Theorem 7.1 directly, independent of
the size of m. What this subsection adds is a citation-complete link between Problem 31.6 and
the established 30-year chain of results on this exact problem [14, 15, 17, 16], which the present
manuscript did not previously reference.

Problem 31.11 (Escape-front compensation). Prove that every least-representative terminal-
ceiling-compatible eventual no-jump tail, different from the fixed tail of 1, has bounded packet
surplus on each sufficiently late tail: for some packet index J and constant C = C(J),

Qr<C (K > J).

Equivalently, prove that valuation-one high-mantissa scale-up packets cannot accumulate un-
bounded positive surplus without forcing either a strict jump or a descent.

Theorem 31.12 (Two-front closure theorem). A positive solution of Problem 31.6 and Prob-
lem 31.11 implies the Collatz conjecture.

Proof. By Problem 31.6, the first obstruction in Theorem 31.2 is absent. If the second obstruction
existed, Proposition 31.5 would give unbounded packet surplus on every sufficiently late packet
tail. This contradicts Problem 31.11. Hence both obstructions in Theorem 31.2 are absent,
so the finite-descent form of Collatz holds. By Theorem 4.2, this is equivalent to the Collatz
conjecture. ]

31.4 Quantitative task for the escape front

The escape front is now a finite-word compensation problem. The following sharper statement
is the most useful next target because it converts an unbounded qualitative obstruction into a
quantitative inequality.

Problem 31.13 (Packet loss lower bound). For every least-representative terminal-ceiling-
compatible eventual no-jump tail different from the fixed tail of 1, prove a bound of the following
form. There exist a packet index J, a constant C', and a nonnegative correction functional F x

such that
K-1

K-1
YA r—C+Ex  (K>J).
j=J j=J
In particular, it would suffice to prove

K-1

j=J

Remark 31.14 (Research protocol after the reduction-spine theorem). The remaining work
should not introduce new terminology unless it proves force toward Problem 31.6 or toward
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one of the unbounded-front targets. On the cycle front, the exact certificate ng = By, /(25m —
3™) is the object to attack. On the escape front, the hierarchy of targets is now: packet
compensation Problem 31.11, record-ladder compensation Problem 18.8, the two-channel bounds
Problems 19.6 and 19.7, the offset suffix-stress target Problem 20.6, the logarithmic shallow-
return target Problem 21.5, the base-start length target Problem 22.5, the length-cost split
targets Problems 23.6 and 23.7, and the neutral rotation-window target Problem 25.6, its
resonance-corridor split Problems 26.7 and 26.8, the selected-scale boundary-pruning reduction
Theorem 27.6, and large-reserve recycling Problem 25.9. A successful proof of either a direct
strict-jump theorem for unbounded deficits or one complete chain through these unbounded-front
bounds would remove the unbounded terminal branch; a successful cycle exclusion would remove
the bounded branch.

The reduction architecture developed above still leaves several open fronts. Among them,
the terminal-ceiling strict-jump front admits a particularly short closure chain. We record that
chain here in order to isolate the single decisive unresolved statement.

31.5 A five-step strict-jump roadmap

The steps below are recorded as a roadmap, not as new theorems of this manuscript; only the
deductions explicitly marked unconditional are proved earlier in the paper and merely re-cited
here for self-containedness. The one step that is not proved anywhere in this manuscript is stated
as an open problem, in the same status as Problems 6.10 and 31.6 elsewhere in this paper,
precisely so that it cannot be mistaken for an established lemma. Every other step is either a
direct citation of an already-proved result or an immediate corollary of one. No statement in this
subsection is used later as an unproved input to any unconditional theorem of the manuscript.

Lemma 31.15 (Ceiling-to-no-jump normalization; unconditional). Assume that the Collatz
conjecture fails. Then there exists a non-fixed infinite extension chain

Wi <Wy <.

such that, for all sufficiently large m, the prefix Wiy, is least-representative bad and terminal-
ceiling compatible in the sense of Definition 12.2. Moreover, the least positive representatives
p(Wh) are eventually constant if and only if the chain has only finitely many strict jumps.

Proof. This is exactly the forward direction already carried out inside the proof of Proposi-
tion 6.11: a terminally bad starting value (Corollary 4.5) gives a realized infinite bad chain;
Corollary 6.5 transfers badness into ceiling compatibility; and Corollary 13.3 identifies positive
realization with eventual constancy of the least representatives. The finite-versus-infinite strict-
jump equivalence is the monotone jump decomposition of Proposition 11.1. This lemma adds no
content beyond Proposition 6.11’s own proof; it is isolated here only so the present chain can be
read independently of that proof. O

Lemma 31.16 (Low-band recurrence obstruction; unconditional). Let
Wi <Wy <.

be a non-fized infinite extension chain whose sufficiently deep prefizes are least-representative bad
and terminal-ceiling compatible. If the associated least-representative tail is eventually no-jump,
then the relative-height process cannot remain forever in the lowest terminal-ceiling band. In
particular, higher ceiling bands must be visited infinitely often.

Proof. This is exactly Proposition 6.8 (forced growth in the lowest band), already proved above:
repeated valuation 1 forces multiplicative growth of the relative height, so the orbit cannot
remain in the lowest band forever. This lemma is a restatement of Proposition 6.8 in the
eventual-no-jump vocabulary used by the rest of this subsection; it adds no new content. O
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Problem 31.17 (Recurrent ceiling mismatch). Let
Wi <Wy <

be a non-fixed infinite extension chain whose sufficiently deep prefixes are least-representative bad
and terminal-ceiling compatible. Assume that the least-representative tail is eventually no-jump.
Prove that there exist infinitely many indices m such that the actual next accelerated valuation
of the current least representative is strictly larger than the maximal valuation compatible with
continuing the same no-jump obstruction regime.

Remark 31.18. This is the one step in the present roadmap that is not proved anywhere in this
manuscript. A proof would need to show that eventual no-jump transport is incompatible with
the recurrent terminal-ceiling constraints forced by Lemma 31.16 on a non-fixed bad chain; no
such argument is given here.

Lemma 31.19 (Mismatch forces strict jump; unconditional). At every index m for which the
valuation mismatch of Problem 31.17 occurs, the extension

s a strict jump. Equivalently,
pWins1) > p(Wn).

Proof. This is the direct contrapositive of Proposition 11.4: the no-jump extension is exactly
the case b = vf, (prescribed valuation equals actual valuation); a mismatch means b # v, and
Proposition 11.4 then forces t,, # 0, i.e. a strict jump. O

Remark 31.20 (What a positive solution of Problem 31.17 would give). If Problem 31.17 were
proved, then by Lemma 31.19 every chain covered by Problem 31.17 would have infinitely many
strict jumps, and so could not be eventually no-jump. Combined with Lemma 31.15, this is
verbatim a positive solution of Problem 6.10 stated earlier in this paper (Section 7) — we record
no separate “lemma” for this step, since it would only restate Problem 6.10 itself under a new
name.

Proposition 31.21 (Conditional closure via the ceiling-mismatch problem). A positive so-
lution of Problem 31.17 would resolve Problem 6.10, and hence, by the already-established
Proposition 6.11, would establish the Collatz conjecture.

Proof. By Lemma 31.15, any failure of the Collatz conjecture would produce a non-fixed
infinite extension chain that is least-representative bad, terminal-ceiling compatible, and, after
stabilization, eventually no-jump. Remark 31.20 shows that a positive solution of Problem 31.17
rules out exactly this possibility, which is a positive solution of Problem 6.10. The conclusion
then follows from Proposition 6.11, already proved above, without any further argument. [

Remark 31.22 (Decisive closure point). The only genuinely unresolved step in this subsection
is Problem 31.17, stated deliberately as a problem rather than a lemma. Lemmas 31.15
and 31.16 restate content already proved earlier in this manuscript (respectively, part of the
proof of Proposition 6.11 and Proposition 6.8) and add nothing beyond that; Lemma 31.19
is an immediate corollary of Proposition 11.4; and Remark 31.20 is a direct restatement
of Problem 6.10 itself. The only new mathematical object introduced in this subsection is
Problem 31.17. Proposition 31.21 is a conditional proposition, not a new theorem: it introduces
no claim toward Collatz beyond what Proposition 6.11 already establishes, given a solution
of Problem 31.17. Thus this subsection’s sole contribution is to isolate Problem 31.17 as the
precise, self-contained target that would close the terminal-ceiling strict-jump front.
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32 Eventually periodic low-surplus class theorem

The theorem in this section is the closed module isolated separately as Paper A [1]. It is included
here to keep the reduction framework self-contained.

This section gives a completed class-exclusion theorem inside the low-surplus branch. The
class is defined purely by valuation pattern: eventually periodic infinite low-surplus chains. The
proof does not use a conjectural terminal step.

Why infinitely many ones are not immediate

A tempting question is whether strict-jump incompatibility holds for every non-fixed infinite
low-surplus chain containing infinitely many valuations equal to 1. This remains natural, but it
does not follow directly from the current local machinery.

Indeed, if

a = log, 3, Om = ma — Ky,

then by Lemma 11.6 a low-surplus one-step extension by b must satisfy
b < [om+ .

For every low-surplus prefix, d,, > 0, hence
[0m + o) > 1.

Thus the valuation b = 1 never violates the low-surplus ceiling. Recurrent 1’s force strict jumps
only when they disagree with the actual next valuation of the current least representative. This is
why the all-one chain is a useful model but does not, by itself, prove the full infinitely-many-ones
theorem.

Definition 32.1 (Eventually periodic valuation chain). An infinite valuation chain (a;);>; is
eventually periodic if there are integers mg > 0 and p > 1, and a block

P = (by,...,bp),
such that
Amo+-kp+r = by (k >0,1<r< P)-

Write
L:=bi+-+b.
For the period block P, define its offset
p .
Bp :223P—12Li—1, Li=by+---+b;, Lg:=0.
i=1

The period map attached to P is

_3p$+Bp

Fp(l’) oL

Lemma 32.2 (A low-surplus periodic tail has expanding real multiplier). If an eventually
periodic chain is low-surplus, then its period block satisfies

ol < 3p.
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Proof. Along the periodic tail, the deficit
Om = ma — K,

changes by
pa — L

after each full period. Since the whole infinite chain is low-surplus, d,, > 0 for all sufficiently
large m. If pa — L < 0, repeated periods would eventually make §,, negative. If pa — L = 0,
then o = L/p would be rational, impossible because log, 3 is irrational. Hence pa — L > 0,
which is equivalent to 2F < 3P. ]

Lemma 32.3 (The periodic tail fixed point is negative). Assume 2% < 3P. The affine period
map

3Px + Bp
Fp(z) = —5p—
has the unique fized point
rp = 2L — 3p7

and this number is negative.

Proof. Solving Fp(z) = x gives
3Px + Bp = 2L.%',
hence
Bp

=0 ap

Every summand in Bp is positive, so Bp > 0, while 2/ — 37 < 0 by assumption. Therefore
zp < 0. ]

Lemma 32.4 (Tail realization forces an ordinary period-map fixed point). Let P> be a purely
periodic valuation chain with period block P. If a positive odd integer y realizes P, then

Fp(y) =y
as ordinary integers. FEquivalently,
(2L — 37)y = Bp.

Proof. Let Py, be the length-m prefix of P> and let K,,(Pp,) be its total valuation sum. Since
y realizes P, it realizes every finite prefix P,,. In particular,

y=p(Ppn) (mod 28mPm)F1y (1 > 1),
Since y realizes the first full period block P, the exact finite-iterate formula gives

_3py+Bp

Syr?(y) = Fp(y) = —or

and this is an ordinary positive odd integer. After removing the first period block, the remaining
valuation tail is again P*°. Therefore Fp(y) = Syr”(y) also realizes every finite prefix P,,, so

Fp(y) = p(Pp)  (mod 25mPmty (> 1),
Consequently
Fp(y) =y (mod 2KmPmItly  (m > 1),
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Because every valuation in P*° is at least 1, one has K,,(Pn,) > m, and hence K,,(Py,) — oo.
Therefore the ordinary integer Fp(y) — y is divisible by arbitrarily large powers of 2. Hence
Fp(y) —y =0 in Z. Substituting the formula for Fp gives

3%y + Bp = 2"y,

or equivalently
(2% — 3P)y = Bp.

O

Theorem 32.5 (Eventually periodic low-surplus exclusion). No eventually periodic infinite
low-surplus valuation chain is realized by a positive odd integer.

Proof. Suppose, for contradiction, that a positive odd integer n realizes such a chain. Let mg be
the start of the periodic tail, and put

y = Syr"(n).

Since the original chain is realized from n and periodicity starts at myg, the shifted value y is a
positive odd integer realizing the purely periodic tail P*°.
By Lemma 32.4, y is an ordinary fixed point of the period map:

(2% — 3P)y = Bp.

By Lemmas 32.2 and 32.3,
Bp

Vo <

contradicting y > 0. Thus no positive odd integer realizes the chain. O

Corollary 32.6 (Strict jumps for eventually periodic low-surplus chains). Every eventually
periodic infinite low-surplus valuation chain has infinitely many strict jumps of its least repre-
sentatives p(Wh,). Consequently its 2-adic limit is not a positive odd integer.

Proof. By Theorem 32.5, the chain has no positive integer realization. By Proposition 10.5,
eventual constancy of p(W,) is equivalent to positive realization of the chain. Therefore p(Wi,)
cannot be eventually constant. Since the representatives are nondecreasing and change exactly
at strict jumps by Proposition 11.1, strict jumps must occur infinitely often. O

Remark 32.7 (Relation to the all-one toy model). The all-one chain is the special case P = (1).
Thenp=1, L =1, Bp =1, and
1
S
P93
Thus the earlier all-one incompatibility is exactly the period-one instance of Theorem 32.5.

Remark 32.8 (Why this is a completed theorem). The class is defined purely by valuation pattern;
the proof uses finite-word congruence, the 2-adic inverse limit, and the low-surplus inequality;
and there is no exceptional set or conjectural terminal step. The theorem does not prove the
infinitely-many-ones question, but it gives a nontrivial closed class-exclusion result inside the
same mechanism.

33 Proved results and remaining questions

This final section records the status of the manuscript as a reduction paper.
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Unconditional results proved here

(i)

(ii)
(iii)

(iv)

(v)

(vi)
(vii)

(viii)

(ix)

(x)

(xi)

(xii)

(xiii)

The exact finite-iterate formula, exact descent inequality, and finite-descent equivalence to
Collatz.

The exact realization class and bad-prefix window for every finite valuation word.

Activated density collapse: once a finite ceiling appears, continuing bad-prefix windows
have normalized density tending to zero and eventually contain at most one candidate.

The inverse-limit and least-representative calculus: positive realization is equivalent to
eventual stabilization, while infinitely many strict jumps exclude positive realization.

The terminal-surplus identity, terminal-bad recurrence, narrow surplus strip, and first-
activation bottleneck.

The terminal-ceiling break criterion, integer ceiling rule, and height-band automaton.

The no-jump trap: an eventual no-jump tail of least-representative bad prefixes is exactly
the finite-word form of a terminally bad positive realization.

The terminal obstruction dichotomy: a counterexample must be either a nontrivial acceler-
ated cycle or an unbounded terminally bad orbit.

Deficit coding and scale mechanics for the unbounded branch: unbounded height is equiva-
lent to unbounded under-ceiling deficits; the dyadic scale walk increases only at valuation-
one high-mantissa levels; no three scale-up levels are consecutive; and packet budgets and
record-ladder extraction encode the remaining positive scale surplus.

The reduction-spine theorem: Collatz follows from cycle exclusion together with packet-
surplus compensation.

The amplification split of high record ladders into multiplicative and offset-dominance
channels, the suffix-stress expansion reducing offset dominance to right-edge suffix surplus,
and the logarithmic shallow-return pruning theorem for offset-dominant ladders.

The base-scale localization, exponential length-cost split, long-quiet-packet neutral-core re-
duction, rotation-window balance theorem, resonance-corridor split, selected-scale boundary-
corridor pruning by one-step middle escape, and selected near-return copy-switch splitting.

The closed class theorem: no eventually periodic infinite low-surplus valuation chain is
realized by a positive odd integer.

Open fronts not proved here

(i)

Cycle front. Exclude all nontrivial accelerated cycles satisfying the certificate in Theo-
rem 7.1.

Low-surplus front. Exclude arbitrary nonperiodic positive realizations of infinite low-
surplus chains; the eventually periodic subclass is closed in Theorem 32.5.

Post-activation singleton front. After activation, density collapse leaves at most one
candidate; excluding that candidate remains open.

Unbounded escape front. Prove the packet-surplus compensation target Problem 31.11,
the stronger record-ladder target Problem 18.8, the two-channel targets Problems 19.6
and 19.7, the suffix-stress target Problem 20.6, the logarithmic shallow-return target
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Problem 21.5, the selected-scale linear-return target Problem 27.5, the selected switching-
corridor target Problem 28.8, the selected copy-mesh target Problem 28.9, or the large-
reserve recycling target Problem 25.9; alternatively prove any theorem forcing strict jumps
or descent along unbounded terminal no-jump tails.

Final dependency

The clean final dependency is

cycle exclusion
+ one of the packet, record-ladder, two-channel,
suffix-stress, shallow-return, selected-scale rotation, or copy-switch targets
— finite descent for every odd n > 1
= Collatz.

The first implication is given by Theorems 19.9, 25.7, 27.6, 28.10 and 31.12 and Propositions 20.9,
21.7, 22.8 and 23.10, depending on which sufficient unbounded-front target is used; the second is
Theorem 4.2. The present manuscript proves the reduction architecture, the amplification, suffix-
stress, length-cost, neutral-core, rotation-window, resonance-corridor, selected-scale boundary-
pruning, and selected copy-switch reductions, and the eventually periodic low-surplus class
theorem, but it does not prove the cycle front, the large-reserve recycling front, the selected
switching-corridor density front, the selected copy-mesh front, or the unbounded-front terminal
bound and therefore does not claim a full proof of the Collatz conjecture.
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