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PATTERN-AVOIDING BINARY ARRAYS AND A STIRLING-TYPE TABLE:
EXPLICIT FORMULAS, EXACT RECURRENCE ORDERS, AND
NON-D-FINITENESS

YUNKUN SONG

ABSTRACT. Let ax(n) be the number of n x k binary arrays in which no row contains 001 or 010 and
no column contains 001 or 011 as three consecutive entries (OEIS A207123). Splitting the rows by
parity gives ax(n) = Ux([n/2]) Ux(|n/2]), where Ug(m) counts sequences in {0,...,m}"* in which
every three consecutive entries (a,b,c) satisfy b = ¢ or a > max(b, ¢); equivalently, Ux(m) counts
the multichains of length m in a subposet Ay of the Boolean lattice. We prove three main results.
First, for each m the minimal order of a linear recurrence in k is exactly 3m + 1, and a unique
factorization into blocks gives a positive double-sum formula for Ui (m) in terms of Stirling and
r-Stirling numbers. Second, the bivariate generating function is not D-finite, and every polynomial-
coefficient recurrence that holds on a quadrant is a left multiple of the defining four-term recurrence;
the same holds for an associated Stirling-type triangle N(k,q), and U is not Stirling-like in the
sense of Kauers. Third, the numerators hy(t) of 3, Uk(m)t™ = hi(t)/(1 —t)**!, analogues of the
Eulerian polynomials, have only simple real zeros; equivalently, the chain polynomials of the posets
Ay are real-rooted, and the rows of N are log-concave. We also determine all binomial shapes
with nonnegative parameters in which Ug(m) is a single sum, and show that the near-diagonal
entries N(k,k — d) are polynomials in k starting exactly at k = 2d + 2. The reduction, the exact
orders, the explicit formula, the non-D-finiteness, the description of the quadrant recurrences and
the near-diagonal theorem are formalized in Lean 4 with Mathlib.

1. INTRODUCTION

1.1. The arrays. Let ag(n) be the number of n x k matrices over {0, 1} such that, reading each
row from left to right, no three consecutive entries form 001 or 010, and, reading each column
from top to bottom, no three consecutive entries form 001 or 011. The table T'(n,k) = ag(n) is
OEIS A207123, contributed by R. H. Hardin, and its columns k = 3,...,7 are A207118-A207122
[23]. The OEIS records empirical linear recurrences for these columns and for the first rows; as of
October 2026 they are marked as empirical or conjectural.

The column condition states precisely that a 0 is never followed by a 1 two places further down.
Hence the odd-numbered rows and the even-numbered rows are weakly decreasing within each
column, and the two halves do not interact. Encoding each column of each half by its number of
ones (its height) translates the row condition into a condition on three consecutive heights. This
gives (Proposition 2.2)

(1) ax(n) = U([n/2]) Ur([n/2]),
where Uy(m) is the number of sequences (h1, ..., hy) € {0,...,m}¥ such that every triple (a,b,c) =
(hj, h]‘_H, ]’Lj+2) is good:

b=c or a>max(b,c).
Equivalently, Ug(m) counts the words of length k over the ordered alphabet {0,...,m} that avoid
the six consecutive patterns 112, 121, 123, 132, 213 and 231 (for patterns in words, see [15]). The
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column part of this argument uses the same elementary observation that C. Krause used in June
2026 to prove formulas for the related arrays A202093-A202099, whose rows and columns both
avoid 001 and 011 [18]; there the row condition also decouples, and the count is a product of
binomial coefficients. Our row condition does not decouple, and the entire difficulty lies in the
table Ug(m).

Table 1 shows a few values. The numbers Uy (1) count the binary words of length k that avoid
001 and 010. In OEIS terms, Ux(1) = A038718(k + 2), Us(m) = A084990(m + 1) and Us(m) =

A326247(m+2). The last identity holds because Us(m) = ("5 2)2 — 4(”5[2), the number of ordered
pairs of 2-element subsets of an (m+2)-element set that neither cross nor nest, which is the quantity
counted by A326247; we know no structural reason for this coincidence.

Km |0 1 2 3 4 5
0|1 1 1 1 1 1
1|1 2 3 4 5 6
2 |1 4 9 16 25 36
3 /1 6 17 36 65 106
4 |1 9 32 8 165 301
5 |1 14 64 192 457 938
6 |1 21 119 419 1136 2604
7 |1 31 214 873 2669 6778
8 |1 46 388 1837 6334 17802

TABLE 1. The numbers Ug(m) for 0 < k <8 and 0 < m < 5.

1.2. Main results. Let A, C {0,1}* be the set of binary words of length k that avoid 001 and
010, ordered componentwise. Then Uy (m) is the number of multichains of length m in Ay (Proposi-
tion 2.4), and the triangle N(k, ¢) and the polynomials hj, introduced below count chains in Ay and
are h-polynomials of order complexes; for the whole Boolean lattice {0, 1}* the same constructions
give (m+1)*, the numbers q!{’;} and the Eulerian polynomials (Remark 8.16). Accordingly, several
of our results parallel classical facts: the annihilator of the Stirling numbers {Z} is generated by
their triangular recurrence [13, Example 5], the Eulerian polynomials are real-rooted [3], and the
near-diagonals { kf 4} are polynomials in k [11]; compare Theorems C(3), D and F. Theorem C(4)
and the zeros of hy greater than 1 (Theorem D) show where the analogy ends.

Throughout, b;(z) = 1 — x — iz3,

Pr=]]b: Wmn=1+42>) jPi1 (Po1=1), Gum(z)=)Y U(m)a".
i=0 j=1 E>0
The starting point is the four-term recurrence (Lemma 2.5)
(2) Ur(m) = Up(m = 1) + Up—1(m) + mUp_3(m)  (k=1, m =>0)

with suitable boundary values.
The triangle N(k, q), the number of good words of length k that use exactly the letters 1,...,q,
plays for U the role that the numbers q!{g} of surjections play for powers (Remark 8.16 makes this
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precise):
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Our main results concern the structure of Uy (m) for fixed m (Theorems A and B), all recurrences
satisfied by U and by N (Theorem C), and the zeros of the polynomials hj, (Theorem D); Section 1.3
lists further results.

Theorem A (Exact recurrence order; Theorem 3.1). For every m > 0, G, = Wy, /Py and
ged(Wh,, Pr) = 1. Consequently the minimal order of a linear recurrence with constant coefficients
satisfied by (Ug(m)) k>0 is ezactly 3m+1, and its characteristic polynomial is (y—1) [[1%, (v —y*—i).

Theorem B (Positive explicit formula; Theorem 4.6). With Stirling numbers of the second kind
{7} and H(m,s,j) = hs(j,j + 1,...,m), which for 1 < j < m is the r-Stirling number {m;[s}j of
Broder [5],

B m+s)| (k+m—2s e (k—24+m—j—2s
o = " (35 >+;J§H(ma8,])< ST

Every term is a nonnegative integer with a combinatorial interpretation, and the formula admits a
refinement by the number of ascents.

Theorem C (Non-D-finiteness and all quadrant recurrences; Theorems 5.1, 5.4 and Corollary 5.7).

(1) F(z,t) = pm Uy(m)xkt™ satisfies no nonzero linear differential equation in x with poly-
nomial coefficients; hence F' is not D-finite.
(2) There is no nontrivial recurrence

> pav(k) Up—a(m —b) =0

a<A,b<B

with polynomial coefficients depending only on k that holds on a quadrant k > ko, m > my.
(3) In the Ore algebra C[k,m](X, E~) of backward shifts, the operators annihilating U on some
quadrant form exactly the left ideal generated by Ly =1 — E~1 — X — mX3. The space of
such operators with support in [0, A] x [0, B] and coefficients of total degree at most D has
dimension (A —2)BD(D +1)/2 when A>3, B> 1, D > 1, and 0 otherwise.
(4) Every nonzero such operator has three monomials whose exponent vectors span a lattice

triangle of normalized area at least 3. In particular U is not Stirling-like in the sense of
Kauers [13].

For the triangle, parts (1) and (2) also hold. The operators in C[k, ¢](X,Y’), where Y is the
backward shift in ¢, that annihilate N on some quadrant form the left ideal generated by Ly =
1—-X — XY —(¢g—1)X3(1 +Y)? the dimension in (3) becomes (A — 2)(B — 1)D(D + 1)/2 for
A>3, B>2 D>1 (Section 5 and Theorem B.1).

Theorem D (Real roots; Theorem 8.1, Corollaries 8.2 and 8.13). For k > 0 define the polynomial
hie by Y50 Ue(m)t™ = hy(t)/(1 — t)kL. All zeros of hy are real and simple; ezactly |k/3| of
them exceed 1, and the others are negative. Consequently N(k,q) > 0 for 1 < q <k, and every row
N(k,1),...,N(k,k) of the triangle is strictly log-concave, hence unimodal.

Since N (k,q) is the number of chains with ¢ — 1 elements in Ay with its least and greatest
elements removed (Remark 8.16), Theorem D is a real-rootedness result for chain polynomials, a
subject studied for several classes of posets in [2, 1, 4]; unlike in those results, for k > 3 the zeros
are not confined to [—1,0] (Remark 8.16).

Consecutive polynomials hi do not have interlacing zeros, so the usual inductive argument does
not apply to them directly. We work instead with the row polynomials > N (k,q)z9~1, which are
related to hy by the substitution ¢t = z/(1 + z), and show that four interlacing relations among
them propagate along the recurrence of V.
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1.3. Further results. Theorem 3.2 gives the first two terms of the asymptotics: for m > 1,
Ur(m) = empl, — crn1p"3 + O(7F) as k — oo, where py, is the real root of y* = y? + m, the
constants ¢,, > 0 are explicit, and 7, < pym—1.

By Corollary 3.4, the minimal order of a linear recurrence with constant coefficients for the k-th
column of A207123 is 4k; in particular, the empirical recurrences recorded in the OEIS for the

columns k = 3,...,7 hold for all n (Remark 3.5).

Theorem E (Obstructions to specific summation formulas; Theorems 6.1, 6.2, 6.3 and 6.5).

(1) Let m > 1 and let o, 8 > 0 be integers, not both 0. There are integers ¢, d, sy and kg > 0
and complex numbers A(s) independent of k such that

Un(m) =Y A(s) <k ;;J: d““’) for all k > ko

$>50

if and only if a+ B = 1. In particular there is no such single sum of the shape (o, f) = (2,1)
of the explicit formula.

(2) Let m > 2. For large k, Ui(m) is not the sum of two single sums of the shape (2,1); three
of them always suffice.

(3) For the number of sequences that end with an ascent, single sums of the shape (2,1) are
excluded for m > 2, and sums of two of them for m > 3.

Part (1) shows that statements of this kind must specify the shape: the shapes with o+ 3 =1,
for instance Newton’s forward difference series ) A(s) (];), are available for every sequence. None
of these statements rules out all shorter formulas.

Theorem F (Near-diagonal; Theorem 7.1). For every d > 0 there is a polynomial pg of degree 2d
with leading coefficient 2/(2¢d!) such that N(k,k —d) = pq(k) for all k > 2d+2, and N(2d+1,d +
1) # pa(2d 4+ 1). For example N(k,k —1) = k?> —k — 4 for k > 4.

1.4. Related work. Lipshitz [20] and Stanley [25] developed the theory of D-finite power series
(see Kauers’ book [14] for a modern account); Zeilberger [30] and Wilf-Zeilberger [29] developed the
holonomic approach to special function identities. Kauers [13] introduced Stirling-like sequences:
bivariate sequences whose annihilator is generated by a three-term operator whose two shift vectors
form a basis of Z?. His Example 5 shows that the annihilator of the Stirling numbers of the
second kind is exactly the left ideal generated by the triangular recurrence. The argument has
two steps: there is no recurrence in one variable only, and every annihilating operator reduces
modulo the generator to one in one variable. Our Theorem 5.4 follows the same outline for the
four-term operator L1, which is not of Stirling-like shape (Corollary 5.7). We work with polynomial
coefficients and annihilation on a quadrant, show that every annihilating operator with rational
coefficients is a left multiple of Ly as well (Corollary 5.5), and count the recurrences of bounded size.
Chyzak, Kauers and Salvy [6] show that the Stirling numbers are not 0-finite; Klazar [17] studies
Bell numbers and their relatives from the point of view of algebraic differential equations. The
r-Stirling numbers are due to Broder [5], and polynomiality of diagonals of Stirling-type triangles
goes back to Gessel and Stanley [11]. Real-rootedness and interlacing are standard tools for proving
log-concavity [26, 3, 10]; Harper [12] used the real-rootedness of the row polynomials of the Stirling
numbers to prove their asymptotic normality. The finite computation in Section 6.2 combines a
sieve modulo primes with Skolem’s p-adic method for exponential Diophantine equations (see [24]).

Kitaev, Mansour and Vella [16] studied pattern avoidance in binary matrices for two-dimensional
patterns (right-angled patterns with three cells and 2 x 2 patterns); here the forbidden patterns
are instead consecutive patterns of length three inside the rows and inside the columns. For arrays
avoiding finite sets of horizontal and vertical patterns, linear recurrences in one dimension for a
fixed size of the other exist by the transfer-matrix method [28, Section 4.7]; see also Theorem 2
of Dougherty-Bliss, Koutschan, Ter-Saakov and Zeilberger [8]. Dougherty-Bliss and Kauers [7]
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proved closed forms and D-finiteness results for a different family of Hardin’s arrays (king-move
arrays), and Dougherty-Bliss and Spahn [9] showed by the transfer-matrix method that, for a fixed
parameter and a fixed number of columns, the number of these arrays is eventually a polynomial
in the number of rows. We are not aware of previous work on the table Uy(m) itself.

What is new. The tools are standard: partial fractions and pole orders (Sections 3 and 5), the
outline of Kauers’ argument for the Stirling numbers (Section 5), residues, norms and Skolem’s
p-adic method (Section 6), and interlacing (Section 8). The contributions are the results for these
arrays and their formalization. Beyond direct applications of these tools, the proofs require the
block factorization of Section 4, a transfer of the description of all recurrences from U to the triangle
N, whose generator does not allow the reduction used for U (Appendix B), and a simultaneous
induction on four interlacing relations (Section 8).

1.5. Formal verification. The results listed in Section 9 are formalized in Lean 4 [19] with Mathlib
[22], starting from the definitions of ai(n) and U (m). The formal proofs use only the three standard
axioms. Lean checks proofs, not the faithfulness of formal statements to the statements in this
paper; Appendix A transcribes the definitions for readers to compare. The Lean development and
all verification scripts are in the public repository given under Data and code at the end of the
paper. Formal verification has precedent in this area: Mahboubi and Sibut-Pinote [21] formalized
Apéry’s proof of the irrationality of ((3) in Coq, verifying a posteriori the recurrences produced by
computer algebra.

1.6. Organization. Section 2 proves the reduction, the basic recurrence and the basic facts about
the triangle N. Section 3 treats the generating functions in k, the exact recurrence orders and the
asymptotics. Section 4 gives the block decomposition and the explicit formula. Section 5 estab-
lishes non-D-finiteness and describes all quadrant recurrences. Section 6 proves the obstructions
of Theorem E. Section 7 treats the near-diagonal, and Section 8 proves Theorem D. Section 9
describes the formalization, and Section 10 lists open problems. Appendix A transcribes the Lean
definitions, and Appendix B proves the description of the recurrences of N.

2. THE REDUCTION AND THE BASIC RECURRENCE

Definition 2.1. A triple (a,b,c) of integers is good if b = ¢ or a > max(b,c). For k,m > 0 let
Hi(m) be the set of h € {0,...,m}* such that (hj, hjt1,hji2) is good for 1 < j < k — 2, and let
Ur(m) = |Hxk(m)|. The elements of Hy(m) are called good sequences; an index i with h; < hj;q is
an ascent.

Thus Uy(0) = 1, Up(m) = 1, Ui(m) = m + 1 and Uz (m) = (m + 1)%.

Convention. In all summation formulas, (}) = 0 unless 0 < b < a (also when a < 0), and sums
over s or j run over the finitely many indices with a nonzero summand. This convention is needed:
the formulas below are false if generalized binomial coefficients are used for a < 0. When the upper
index is a polynomial variable, as in (mjl) regarded as a polynomial in m, we mean the polynomial

binomial coefficient.
Proposition 2.2 (Reduction). For all k,n >0, ax(n) = Uk([n/2]) Ux(|n/2]).

Proof. A column (eq,...,e,) contains 001 or 011 in three consecutive places if and only if e; = 0
and e;49 = 1 for some ¢. Thus the column condition states that e; > e;1o for all ¢. It couples
only rows of the same parity: the rows 1,3,5,... form, column by column, a weakly decreasing 0/1
matrix with [n/2] rows, and so do the rows 2,4, ... with |n/2] rows. The row condition concerns
each row separately.

A column-wise weakly decreasing 0/1 matrix with M rows is determined by its height vector h €
{0,..., M}* where hj is the number of ones in column j. Row 7 then reads ([r < hi],...,[r < hg]).
For three consecutive columns with heights (a, b, ¢), some row reads 001 if and only if ¢ > max(a, b)
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(take r = ¢), and some row reads 010 if and only if b > max(a,c) (take r = b). Neither pattern
occurs if and only if ¢ < max(a,b) and b < max(a,c). If b < ¢ the first inequality gives ¢ < a; if
b > ¢ the second gives b < a. Hence neither pattern occurs if and only if (a, b, ¢) is good. The two

halves are independent, giving the product. ]
Example 2.3. The 5 x 4 matrix

1 111

1 110

1 011

0110

1 011

is counted by a4(5). Its rows 1,3,5 have column heights (3,1, 3,3) and its rows 2,4 have column
heights (1,2,2,0); both height vectors are good, so they lie in H4(3) and H4(2). Conversely every
pair in H4(3) x H4(2) comes from exactly one matrix of this kind, and a4(5) = Us(3) Us(2) =
80 - 32 = 2560.

Reversing all rows (or all columns) is a bijection between our arrays and the arrays defined with
the opposite reading direction, so the reading convention does not affect the count.
Let Ay be the set of words in {0, 1}* avoiding 001 and 010, ordered componentwise.

Proposition 2.4. Ui(m) is the number of multichains x1 < xg < -+ < &y, in Ay, that is, the value
Z(Ag,m+ 1) of the zeta polynomial of Ay, in the normalization of [28, Section 3.12]. In particular
Uk(1) = [Ag].

Proof. By the proof of Proposition 2.2, a column-wise weakly decreasing 0/1 matrix with m rows
and & columns all of whose rows lie in Ay corresponds to an element of Hy(m), namely its height
vector. Reading the rows of such a matrix from the bottom up gives a multichain 1 < --- < 2,
in Ay, and each multichain arises in this way exactly once. O

Lemma 2.5 (Basic recurrence). For k> 1 and m > 0,
Uk(m) = Ug(m — 1) + Ug—1(m) + m Ug_3(m),
with the conventions Uy =1, U_1 =1, U_2 =0 and Up(—1) =0 for k > 1.

Proof. Classify h € Hy(m) by the first position ¢ at which the value m occurs. If m does not occur,
h € Hr(m —1). If ¢ = 1, every triple starting at position 1 is good because a = m > max(b, ¢),

s0 hg,...,hy is an arbitrary element of Hy_1(m). If i = 2, then hy < m (m choices). For k = 2
this gives m = mU_1(m) sequences. For k > 3 the triple (h1,m, h3) has a < b, so it is good
only if hg = m; after that the triples (m,m,-) and (m,-,-) are automatically good, and hy, ..., hy

is an arbitrary element of Hy_3(m). For k = 1 the case does not occur (mU_o = 0). If i > 3,
the triple (h;—2,h;—1,m) has b < ¢ and a < ¢, which is not good. The four cases are disjoint and
exhaustive. (|

2.1. The triangle N(k,q). Goodness depends only on = and >, so strictly increasing maps of the
alphabet preserve it. Hence the number of good words of length k& whose set of values is a given
g-element set of integers depends only on k and q. We denote it by N(k,q) and use the alphabet
{1,...,q}. Thus N(0,0) =1, N(k,0) =0 for k > 1, and N(k,q) = 0 unless 0 < ¢ < k. Table 2
shows the first rows. Remark 8.16 interprets N(k,q) as a number of chains in Ag.

Proposition 2.6. For k,m > 0,

b m—+1 a (q
0 Gum) = Nk (") N = o0 (1) v - )
where in the second formula Uy(—1) =1 and Ug(—1) =0 for k > 1.
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Proof. Grouping the words in Hy(m) by their set of values V' C {0,...,m} gives the first formula:
there are (m;rl) sets with |V| = ¢, and each contributes N (k, ¢) words. The first formula also holds
for m = —1 with the stated values of Ux(—1), because 3 N(k, q) (2) = N(k,0). Binomial inversion
of Uy(i —1) = >, N(k,q) (;) (1 > 0) gives the second formula. O
Proposition 2.7 (Triangular recurrence). For k > 3 and q > 1, with N taken to be 0 outside
0<q<k,

N(k,q)=N(k—=1,q—1)+N(k—1,q)+(¢—1)[N(k—3,¢—2)+2N(k—3,g— 1)+ N(k - 3,q)].
For k = 2 the recurrence holds for ¢ = 1 but not for ¢ = 2; the initial values are N(0,0) = 1
N(1,1)=1, N(2,1) =1, N(2,2) = 2.

)

Proof. Let w be a good word of length k& > 3 with value set {1,...,q}, and let ¢ be the first position
of the letter gq. As in the proof of Lemma 2.5, ¢ € {1,2}, and if ¢ = 2 then w3 = gq.

If i = 1, then w = qw’, where v’ is a good word whose set of values is {1,...,¢} or {1,...,¢—1}.
Conversely, for every such w’ the word qw’ is good, because its only new triple starts with ¢. This
gives N(k—1,q) + N(k—1,q — 1) words.

If i = 2, then w = aqqw” with 1 < a < ¢—1 and a good word w” of length k¥ — 3. Conversely
every such word is good, since its new triples are (a, q,q), (¢, ¢, w}) and (¢, w},w}). The word uses
all letters if and only if the set of values V of w” is one of {1,...,q}, {1,...,¢—1}, {1,...,q}\{a}
and {1,...,¢ — 1} \ {a}. By invariance under increasing maps, for each of the ¢ — 1 values of a
these give N(k —3,q), N(k—3,q—1), N(k—3,g—1) and N(k — 3,q — 2) words w”. Adding the
two cases gives the formula.

For k = 2 the word (1,2) has i = 2 but no third letter; it is not counted by the right-hand side,
which gives N(2,2) = 1 instead of 2. O

Corollary 2.8. N(k,k) =2 fork>2, N(k,k—1)=k?> —k —4 for k>4, and N(3,2) = 4.

Proof. For ¢ = k > 3 the recurrence reduces to N (k, k) = N(k—1,k—1), and N(2,2) = 2. (Directly:
a good word with k distinct letters satisfies wy, > wg > -+ > wi_1 and wy < wg_o, so the letter wy, is
lor2.) Forq=Fk—1>2itreads N(k,k—1) = N(k—1,k—2)+N(k—1,k—1)+(k—2)N(k—3,k—-3).
This gives N(3,2) =1+2+1=4and N(4,3) =4+ 2+ 2 = 8, and for £ > 5 the increment is
2+ 2(k — 2) = 2k — 2, which is the increment of k? — k — 4. O

Corollary 2.9. For every k > 0 there is a unique polynomial uy, € Q[m| with ug(m) = Ux(m) for
allm > 0. It has degree k, leading coefficient 2/k! for k > 2 (and 1 for k < 1), and up(—1) =0 for
E>1.

Proof. Take ug(m) =3, N(k,q) (mil) and use N(k,k) = 2 for k > 2, N(1,1) = N(0,0) = 1 and
N(k,0) = 0 for &k > 1. 0

3. GENERATING FUNCTIONS IN k, EXACT RECURRENCE ORDERS AND ASYMPTOTICS

Theorem 3.1. Let m > 0.

(1) (1 —2—ma?) Gy = Gt +ma? with G_1 = 1; hence G, = Wy /Pr.

(2) ged(W, Pry) = 1 in Q[z]. Since deg Py, = 3m + 1, degW,,, = 3m and P,,,(0) = 1, the
minimal order of a linear recurrence with constant coefficients satisfied by Uy(m) for all
large k is exzactly 3m + 1, with characteristic polynomial (y — 1) []%,(y> — y? — ).

(3) P, is squarefree. In particular all poles of Gy, are simple, and Gy, has a pole with nonzero
residue at every root of Py,.

Proof. (1) Multiply Lemma 2.5 by z* and sum over k > 1. Since U_3(m) = 0 and U_;(m) = 1,
the last term gives Zkzl mUy_3(m)z* = ma? + ma3G,,; the other terms give Gy, — 1, Gpog — 1
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K\¢|O01 2 3 4 5 6 7 8
0|1

1 {0 1

2 101 2

3 /01 4 2

4101 7 8 2

501 12 25 16 2

6 |01 19 59 65 26 2

710 1 29 124 199 139 38 2

8 |0 1 44 253 557 574 277 52 2

TABLE 2. The triangle N(k,q) for 0 < k < 8.

and G, (for m =0 use Ug(—1) =0 for k£ > 1 and G_; = 1). This is the first identity. The closed
form follows by induction on m, since Wi, = Wi—1 + ma?Py,—1 and Py, = by Pru_1.

(2) For j > i the polynomial b; divides Pj_1, so W, = W; (mod b;) for i < m. Let d € Z[x] be
a primitive irreducible common factor of W,,, and P,,. Then d divides some b; and hence W;. By
Gauss’s lemma d divides W; in Z[x], so d(1) divides W;(1) = 1; here Pj_1(1) = 0 for j > 1 because
bo = 1 — 2. This excludes d = by. For i > 1, b; has a rational root if and only if i = y?(y — 1) for
an integer y > 2 (rational root theorem applied to y3 — 42 — i), and then

bi=(1—yz)(1+ (y— Dz +y(y — 1)a?),

where the quadratic factor has discriminant —(y — 1)(3y + 1) < 0. The values at z = 1 of the
possible factors are b;(1) = —i, 1 —y and y2. The condition d(1) = 41 leaves only d = b; and
d =1—2z (from by). But W1 — by = x + 22 is coprime to by, and Wy(1/2) = 645/512 # 0.

The recurrence claim follows from the standard fact that the minimal order of a linear recurrence
satisfied by the coefficients of a rational function W/P in lowest terms with P(0) # 0 and deg W <
deg P is deg P; the characteristic polynomial is the reciprocal of P,.

(3) A common root of b; and b; (i # j) would satisfy (i — j)z® = 0, which is impossible since
b;(0) = 1. For i > 1 the reciprocal z3 — 22 — i of b; has discriminant —i(4 + 27i) # 0, and by is
linear. The last statement follows from (2). O

Theorem 3.2. For m > 1 let p,, be a real root of y3 — y> — m, and put py := 1.

(1) pm is the only real Toot, 1 = pyg < p1 < pa < ---, and the two non-real roots o, of
y® — v — m satisfy |0|? = pm(pm — 1), which increases with m, and |o|? < p2, ;.

(2) For every m > 0 there are nonzero numbers ayy, (o) such that Ux(m) =Y am(o)o® for all
k > 0, where o runs over the 3m + 1 roots of (y — 1) ]2 (y> — y*> —i). If o is a root of
v —y?—jwithl <j<m, oroc=1andj=0, then amy(o) = aj(o) (—a®)™ 7 /(m — j)!.

(3) Let co =1 and, form > 1, xy = 1/pm and

Grm—1(2m) + may, P

m
Cm = am(pm) T (1 + 3ma2,) m! (p2, 4+ 3m) ( - jz;j v

Then for m > 1
U(m) = cmply, — Cmflpqﬁrj +O0() (k — 00),

where 11 = /p1(p1 — 1) =~ 0.826 and 7, = max(pm,g, Pm(pm — 1)) < pm—1 form > 2.

Here m? = m(m —1)---(m —j +1).
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Proof. (1) The function f(y) = y> — y* — m is increasing on (—oo0, 0], decreasing on [0,2/3] and
increasing on [2/3,00), and f(0) = f(1) = —m < 0. Thus f has exactly one real root, and it exceeds
1. Since y* — y? is increasing on [1,00), p,, increases with m. The product of the roots is m, so
lo|*> = m/pm = pm(pm — 1), which increases with m. Finally p,p2, | > p3,_1 = p2,_1+m—1>m,
which is |o|? < p2,_;.

(2) By Theorem 3.1, G,, is a proper rational function (degW,, < deg P,,) whose poles are
the reciprocals of the 3m + 1 distinct roots listed, all simple and with nonzero residues. Hence
Gm = )., am(0)/(1 — ox) with a,,(0) # 0, which is the first claim. If 1/0 is a root of b; with
j < m, then by, (1/0) = bj(1/0) — (m — j)o =2 = —(m — j)o™3 £ 0, and Gy, = (G—1 + ma?) /b,
gives apm(0) = am—1(0) /by (1/0). Iterating gives the formula.

(3) At z,,, we have G, = ém/bm, where Gy, := Gp1 + ma? = Wi/ Pm—1 is holomorphic at
T, and b, (2,,) = —(1 + 3maz2,)). Comparing with o/(1 — ppz) = azm/(xm — ) gives the first

3, we have by(z,,) = (m — v)x3,, hence Pj_1(z,) = mlzy

expression for ¢,,. Since 1 — z,,, = mz
and Py, 1(zm) = m! 2™, and Wy, (z) = 1+ % mlx%{+2; this gives the second expression, which
is positive. By (1), pp, is the root of largest modulus; the second-largest modulus is attained only at
Pm—1, because the non-real roots of y3—y?—i for i < m have modulus at most v/ pm (pm — 1) < pm—_1;
and all other roots have modulus at most 7,,,. Finally, by (2), am(pm-1) = tm—1(pm-1) (—p3,_1) =

—cm,lpf’n_l; for m =1 thisis a1(1) = -1 = —copg. O

Remark 3.3. Consequently Ug(m)/(cmpk,) —1 = =k, 05, (14+0(1)) with 0,, = p_1/pm and kp, =
cm_lp%,fl/cm > (, and the rate 6,, cannot be improved. Numerically p; ~ 1.46557, ¢; ~ 2.20961,
co ~ 7.84112 and c3 ~ 28.97686; in fact c; = (10 + 15p1 + 17p?)/31. When p,, is an integer, that
ism=1y%(y—1) (m =4,18,48,...), the constant c,, is rational; for instance py = 2, ¢, = 215/2,
and Uy (4) = 2L22F — 3083 4+ 0(ph).

These statements concern fixed m; Theorem 3.2 gives no error bound that is uniform in m. By
the mean value theorem 1 — 6, ~ 1/(3m) as m — oo, and in the computed range 1 < m < 24
the constant k,, increases with m (k1 =~ 0.453, k4 =~ 1.745, ko4 =~ 9.869). The relative error
Up(m)/(cmpk) — 1 at k = 3m is about —0.36 for m = 2 and —0.996 for m = 24, and at k = 10m
about —0.05 and —0.41. Thus the leading term alone gives a good approximation only when k is
considerably larger than 3m; these figures are numerical observations, not a uniform estimate.

Corollary 3.4 (Columns of the original table). For fized k > 1 there are polynomials A, i € Q[n)
with deg A\, = 2k and deg uy = 2k — 2 such that ap(n) = A\g(n) + (=1)"uk(n) for alln > 0. The
generating function Y ar(n)z™ has reduced denominator (1 —z)?**1(1+z)%*~1; in particular, the
minimal order of a linear recurrence with constant coefficients for the k-th column of A207123 is

4k.

Proof. Let u = uy be the polynomial of Corollary 2.9, of degree k with leading coefficient ¢ # 0.
Put at(n) = u(n/2)? and a~(n) = u((n + 1)/2) u((n — 1)/2), polynomials in n of degree 2k. By
Proposition 2.2, ax(n) = a™(n) for even n and ax(n) = a~(n) for odd n, so ag(n) = Ag(n) +
(—1)"pux(n) with A\, = (et +a7)/2 and g = (a* — a~)/2. The leading coefficient of Ay is £2/4F.
With y = n/2 and h = 1/2, Taylor expansion gives

uly + h)uy — h) = u(y)® + h*(ud” —u?)(y) + Y _h*g(y),  degg, <2k — 2r,
r>2
and uu” — u'? has leading term ¢%(k(k — 1) — k:z)y%_2 = —k0?y?*=2 £ 0. Hence deg s, = 2k — 2.
For a polynomial f of degree e with leading coefficient ¢ one has > f(n)z" = A(z)/(1 — z)¢*!
with deg A < e and A(1) = elc # 0. Applying this to Ag, and to py with x replaced by —z, the
generating function of ay, is a proper rational function whose numerator over (1 —z)2¢T1(1 4 z)2k—1
does not vanish at x = £1. O
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Remark 3.5 (The OEIS entries). The existence of some linear recurrence for each column also fol-
lows from the general transfer-matrix argument of [8, Theorem 2]; the contribution of Corollary 3.4
is the exact order for every k. The empirical recurrences recorded in the OEIS for the columns
k =3,...,7 (A207118-A207122) have characteristic polynomial exactly (z — 1)2*+1(z 4+ 1)2F—1
so by Corollary 3.4 they hold for all n. For a fixed row n, the sequence k +— ag(n) is the prod-
uct of k — Ug([n/2]) and k — Ug(|n/2]), which satisfy recurrences of orders 3[n/2] + 1 and
3|n/2] 41 for all £ > 0 (Theorem 3.2(2)). Hence the product satisfies a recurrence of order at most
A, = (3[n/2] +1)(3[n/2] + 1), and a proposed recurrence with constant coefficients holds for all
large k as soon as it holds for A,, consecutive values in that range. Using this criterion, we checked
in exact arithmetic that the empirical recurrences recorded for the rows n = 2,...,7 (A207069,
A207070, A207124-A207127) hold for all k; by the Berlekamp-Massey algorithm their orders 10,
22, 28, 49, 55, 85 are minimal, and they are the numbers of distinct products of a characteristic
root of the first factor with one of the second. The entries A207069 and A207070 are titled with the
vertical rule 001/101 instead of 001/011; for two and three rows both rules give the same numbers
(trivially for two rows, and by exchanging the first two rows for three), and A207123 lists them as
its rows 2 and 3.

4. BLOCK DECOMPOSITION AND AN EXPLICIT FORMULA
Definition 4.1. For integers 0 < a < v define the blocks
Sy = [v], Tya = [a,v,0], E, .= [a,v],
and also Sp = [0]. The number v is the level of the block and a its valley.

Theorem 4.2 (Unique factorization). Concatenation is a bijection from the set of finite sequences
of blocks with weakly decreasing levels in {0, ..., m}, in which only the last block may be an E-block,
onto | J, Hi(m). Equivalently, as an identity of languages,

H(<m) =B}, - (H(<m-1)UEy,), By = {Sm}U{Tna:a<m}, Eyn={Enq.:a<m},
where H(< m) = |, Hr(m) and H(< —1) consists of the empty sequence.

Proof. Every concatenation is good. Let p be a position that is not a valley; its value v is the
level of its block. All later values are at most v: the remaining entries of the block equal v, later
blocks have level at most v, and valleys are below their levels. So every triple starting at p has
a > max(b,c). A triple starting at the valley of a T-block is (a, v, v), which is good. The valley of
an F-block is followed by only one entry.

Ezistence. Induct on the length. Let M = max h, first attained at position i. As in Lemma 2.5,
ie{1,2}. If i = 1, split off Sps. If i = 2 and k = 2, the sequence is Eysp,. If i =2 and k > 3, then
hz = M and we split off Tjs,. The remaining sequence is good and has maximum at most M.

Uniqueness. The level of the first block equals maxh. If h; = maxh the first block is Sp,;
otherwise it is a T- or an E-block, and an E-block can only be the last block. Finally, if a < v then
(a,v,c) is good only for ¢ = v, so a pair (a,v) that is not at the end must be completed to Ty, 4. O

Example 4.3. The good sequence (3,1,3,3,2,0,2,2,1,0,1) € H11(3) factors as
S3T3152T20 51 Erp = [3][1,3,3][2]]0,2,2][1] [0, 1].

Its three ascents start at the valleys 1, 0 and 0, and it ends with an ascent because its last block is
an F-block.

In general the ascents h; < h;4+1 of a good sequence occur exactly after the valleys, so the number
of ascents equals the number of T- and E-blocks, and a sequence ends with an ascent if and only
if its last block is an E-block.
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Theorem 4.4. Let Uy(m, s) be the number of h € Hy(m) with s ascents, write b, =1 —x —vyx®
in this theorem (so that b, becomes b,(x) at y = 1), and let Gy, (x,y) be the generating function
> ks Uk(m, s)zFys. Then G_q1 =1,

Gm—l + mny

G pu—
" l—z—myad’

1
equivalently Gm = = +y 2
Hv 0 b Z H

Proof. Translate Theorem 4.2: B}, contributes 1/(1 — 2 — myx?) (one single block, and m triple
blocks with one ascent each), E,, contributes myz?, and the sequences with maximum at most
m — 1 contribute G,,—1. Iterating the recurrence gives the second expression. ([l

For y = 1 this is a combinatorial proof of Theorem 3.1(1). The first term of the second expression
counts the sequences that do not end with an ascent, and the term with index j counts those that
end with an E-block of level j.

Lemma 4.5. Let H(m,s,j) = hs(j,j+1,...,m) be the complete homogeneous symmetric polyno-
mial of degree s evaluated at j,...,m, and H(m,—1,j) := 0. Then, for 0 < j <m,

m

1 L sy = s ("),

l—z—vyad n —3s

v=j
Moreover H(m,s,0) = H(m,s,1) = {m;:s}’ and for1 < j<m, H(m,s,j) = {mnts}j is the number
of partitions of {1,...,m+ s} into m blocks such that 1,...,j lie in distinct blocks.

Proof. With u = 23/(1 — x) we have 1 — z — vyz® = (1 — 2)(1 — vyu), hence

m 35
Hl—x—vy:c3 > H(ms,j) (1_x)m—j+1+s’
v=j s>0
and [z"] 2%*(1 —2)™M = ("*:ifjé\ffl). The variable 0 does not contribute to ks, and Y, {}2" =
2™/ T (1 —iz) gives H(m,s,1) = {"°}. The identification with r-Stirling numbers is Broder’s
generating function >, {" } 2t =2 L, (1 —i2) [5]. O

Theorem 4.6 (Explicit formula). With the binomial convention of Section 2, for all k,m > 0 (and
all s > 0 in the second formula),

Uk(m)zz{mﬂjs}<k+m 28>+Z ZHmS]( _ijtrg—_:ijs_ZS)?

s>0 j=1 s>0
m+s)| (k+m—2s k+m—j—2s
= H(m .
Ui(m, s) { m }< k—3s > Z] LJ )< k+1-3s )

Proof. By Theorem 4.4 and Lemma 4.5 with j = 0 and n = k, the coefficient of z¥y* in 1/ |

is {mnts}(ker_%). By Lemma 4.5 with n = k — 2 and s — 1 in place of s, the coefficient of z*y*

k—3s
inyaz?j/ va:j by is j H(m,s —1,7) (kJ,;TI_J?TSQS) This is the second formula. Summing over s and
replacing s by s+ 1 in the second part gives the first. O

The first summand counts the sequences that do not end with an ascent; for each s it is a single
product, and the following bijection explains this product. The factor j in the second summand
counts the choices of the valley of the final E-block of level j, the factor H(m,s,j) accounts for
the T-blocks before it, whose levels lie in [j, m], and the binomial coefficient counts the positions
of the single blocks.
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Proposition 4.7. Let k,m,s > 0. The good sequences of length k with values in {0,...,m} that
have exactly s ascents and do not end with an ascent are in explicit bijection with the pairs consisting
of a (k —3s)-element subset of {1,...,k+m —2s} and a partition of {1,...,m+ s} into m blocks.

Proof. By Theorem 4.2 such a sequence is a sequence of k — 3s single blocks and s triple blocks
with weakly decreasing levels in {0,...,m}. Encode it as a word in the letters S, T" and |: read the
blocks from left to right, starting at level m; write one bar for each unit by which the level drops
(also before the first block, if its level is below m), and add bars at the end until level 0 is reached.
The word has k — 3s letters .S, s letters T' and m bars, and the level of each block is the number of
bars to its right; conversely the word determines the levels. The positions of the letters .S form the
subset. Now number the m + s letters 7" and | from right to left by 1,...,m + s. Every bar opens
a new block of a set partition, and a letter T" whose block has valley a joins the block opened by
the (a + 1)-st bar from the right; this bar lies to the right of the letter because a is smaller than
its level. This gives a partition of {1,...,m + s} into m blocks. Conversely, given a partition into
m blocks, the block minima are the bars, and every other element is a letter 7" whose valley is one
less than the rank of its block when the blocks are ordered by their minima; this valley is smaller
than the number of bars to its right. (|

Example 4.8. For m = 1 we have {1?’} =1and H(1,s,1) =1, so Theorem 4.6 gives
k+1-2s k—2—2s
am =% ("UE) 2 (),
s>0 520
for instance Us(1) = (6 4+ 6) + (1 4+ 1) = 14, the number of binary words of length 5 that avoid 001
and 010.

Remark 4.9 (Other forms). Using the telescoping identity j23Q; = (1 — 2)Q; — Q;4+1 for Q; =
[T- b, (with y = 1) one obtains a single sum minus a double sum without the weights 7,

v=j ‘v
m+s|(k+1+m—2s = (k+m—7j—2s
) = " () S Y s (),

5>0 j=15>0 J

Partial fractions over the nodes 0,1,...,m give a formula with a single division: with v¢;(n) =
[ 1/bi = Yg<icnys ("77)i and ¢(n) = 0 for n <0,

m! Ug(m) = i(—l)mﬂ' <T> [wz(k +3m) + ij i (k + 3m — 35 — 2)}
i=0 Jj=1

If the Stirling-type numbers are expanded, all of these become triple sums. The last formula uses
only the sequences )y, . . . , ¥, which satisfy ¥;(0) = 1 and ¥;(n) = ¥;(n—1)+i1;(n—3) for n > 1.

5. NON-D-FINITENESS AND ALL QUADRANT RECURRENCES

Let F(x,t) = Ypms0 Us(m)aFt™ = 3 Gu(x)t™. Recall that f € Kl[[z,t]] is D-finite if

all partial derivatives 8;6? f span a finite-dimensional vector space over K(z,t) [20]. If f is D-
finite then, for each variable, f satisfies a nonzero linear differential equation in that variable with
polynomial coefficients.

Theorem 5.1.
(1) There are mo po,...,pr € Clz,t], not all zero, with ) p; 0%F = 0. In particular F is not
D-finite (over any subfield of C).
(2) There is no recurrence Y, 4 > p<pPab(k) Ug—a(m — b) = 0 with py, € C[K] not all zero
that holds for all k > ko, m > 7710 (here kg > A and mo > B, so that all indices are
nonnegative).
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Proof. (1) Suppose such an equation exists. Since C[[z,]] is a domain we may divide by a power
of t and assume that the polynomials pjo(x) := pj(z,0) are not all zero. Writing p; = >, pji(z)t,
the coefficient of t™ gives the identity of rational functions

SN pila) GY () =0,
i l

where we set G,, := 0 for n < 0, because F' = ) -, G,t™ (this is not the convention G_; =1
of Theorem 3.1). Let j* = max{j : pjo # 0}. The points ,, = 1/p,, are pairwise distinct
(Theorem 3.2), so we can choose m with pj«o(z.m,) # 0. At z,, we have b, (z,) = (m —v)z3, # 0 for
v # m, s0 Gp,_; is holomorphic at z,, for [ > 1, while G,, has a simple pole with nonzero residue

because W, () = 1+ Z;n:l J mIz2 ™ > 0. Hence G,(f:) has a pole of order exactly j* + 1 at z,,
and all other terms have poles of order at most 5*. This is a contradiction.

If I were D-finite, then F,0.F,... ,8gF would be linearly dependent over C(z,t) for some d,
and clearing denominators would give an equation excluded by (1).

(2) Multiply the recurrence by z¥t™ and sum over all k,m > 0, with U extended by 0 to negative
indices. With 9 = 20, the left-hand side becomes LF for the nonzero operator £ =} ; pap(¥) A
The coefficients of LF vanish on the quadrant. For each fixed m < mg the corresponding coefficient
series in x is rational, because each G, is rational; for each fixed k < kg the coefficient series in
t is rational, because Uy(m) is a polynomial in m (Corollary 2.9). Thus LF = R is a rational
function. If R = 0 we contradict (1). Otherwise (R0, — R;)L is a nonzero operator (the ring
of differential operators over C(z,t) is a domain) annihilating F', and clearing denominators again
contradicts (1). O

The basic recurrence (2) has coefficients depending only on m; it corresponds to the differential
equation (1 —x — t)F — 2%t 0,F = 1+ 2°t/(1 — t)? in t. D-finiteness would require such an
equation in every direction; part (1) shows that there is none in x, and part (2) is the corresponding
assertion for recurrences in k. The same statements hold for the triangle. By (3), >_, Up(m)t™ =
> g1 Nk, )t 1 (1 — )79 for k > 1, so N(z,y) = D kg N (k,q)xFyd satisfies 1 + tF(z,t) =
N (z,t/(1 —1t))/(1 —t). The substitution y = ¢/(1 — ¢) therefore turns a differential equation in z
for A/ into an inhomogeneous one for F' with polynomial right-hand side, which is excluded as in
the proof of part (2).

Remark 5.2. The generating function for sequences that do not end with an ascent is hypergeo-
metric in t. With A = (1 — z)/23 we have i — A = —b; /23, so (1 — \),, = (—1)"z 3" [[_, b;, and

therefore, in Q(z)[[t]],
m 1 t
£ )
m2>0

By Theorem 4.4, the coefficient of z¥t™ is the number of sequences in H(m) that do not end with
an ascent.

5.1. The ideal of quadrant recurrences. Let A = {f : N> = C}. For p € C[k,m] let p act by
multiplication, (pf)(k,m) = p(k,m)f(k,m), and let
(Xf)(k7m):f(k_17m)a (E_lf)(kam):f(kam_l)a

with f = 0 at negative indices. Let O C Endc(A) be the algebra generated by k, m, X and
E~!. We have Xk = (k—1)X, E~'m = (m — 1)E~!, and X commutes with m and with E~!.
Every element of O has a unique normal form Z(a’b) rap(k,m)X?E~% so O is the Ore algebra
Clk, m](X, E~1) acting faithfully. Define the support Supp(R) = {(a,b) : rqy # 0} and

Rel(U) ={R € O: (RU)(k,m) =0 for all k> ko, m > mg, for some kg, mq}.
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Lemma 2.5 says that L; = 1 — E7! — X — mX? € Rel(U): indeed (L1U)(k,m) = 0 for k > 3,
m > 1. A recurrence involving forward shifts becomes one of this form after left multiplication by
a suitable monomial X%E~°, that is, after evaluating it at (k — a,m — b).

Lemma 5.3. Let R = Zf:o ro(k,m)X® with r, € Clk,m]. If R € Rel(U), then R = 0.

Proof. Suppose R # 0 and RU vanishes for k& > kg, m > mg. Let D = max, degy, r, and write
ra(k,m) = Lo(m)kP + (lower terms in k); the £, € C[m] are not all zero. Choose m > mg with
3m+1> A and (bh(m),...,¢a(m)) # 0, and put Cy,(2) = Y, la(m)z®, a nonzero polynomial of
degree at most A. The series Sy, (7) = >~ o(RU)(k, m)z* is a polynomial, and, with 9 = z d/dx,

Sm(z) = Z rq(9,m)(zGn(2)).

Let z be a root of P,,. By Theorem 3.1, G, has a simple pole at z with a nonzero residue g, and
W (c/(x—2)) = (=1)jl27c(z — 2) 971+ O((& — 2)77). So the coefficient of (z — z) P~ in Sy, is
(-1)PD! 2P0 C,,(2), which must vanish. Hence C,, vanishes at the 3m + 1 distinct roots of P,
which is impossible. U

Theorem 5.4.
(1) Rel(U) =0 L;.
(2) For A,B,D > 0 let V(A, B, D) be the space of R € Rel(U) with Supp(R) C [0, A] x [0, B]
and all coefficients of total degree at most D. Then

D(D +1)

(A—2)B ifA>3, B>1, D>1,

dimV (A, B,D) =
0 otherwise.

If instead the degrees in k and m are bounded by Dy and D,,, the dimension is (A —
2)B(Dy + 1)Dyy, for A>3, B>1, Dy, > 1, and 0 otherwise.

Proof. (1) If @ € O has support in [0, A’] x [0, B’], then (QL1U)(k,m) is a combination of the
values (L1U)(k —a,m — b) with a < A’, b < B’, so it vanishes for k > A’ + 3, m > B’ + 1. Hence
OL, C Rel(U).

Conversely, every R € O can be written as R = QL1 + Ry with Q € O and Ry = ), 7q(k, m) X"
containing no E~!. Indeed, for a monomial with b > 1, the identity F~' =1 - X —mX?3 — L; and
the commutation rules give

C(ky m)XaE*b = C(k, m) [Xa o Xa+1 . (m — b+ 1)Xa+3} E*(b*l) o C(k, m)XaEi(bil)Llj

which lowers the power of E~! by one; induction on the highest power of E~! gives the claim. If
R € Rel(U), then Ry = R — QL1 € Rel(U), so Ry = 0 by Lemma 5.3, and R = QL.
(2) For Q = 5" q(a,b)X*E~" the normal form of QL; is

(4) r(a,b) = q(a,b) — q(a,b—1) —q(a —1,b) — (m — b) g(a — 3,b),

with ¢ = 0 at negative indices. Let Q # 0. If 8* is the largest b with ¢(-,b) # 0 and ¢(o/, 8*) # 0,
then r(o/, 8* + 1) = —q(a/, %) # 0. If o* is the largest a with ¢(a,-) # 0 and g(a*, ") # 0, then
r(a*+3,8") = —(m — f)q(a*,5") # 0. If e is the largest total degree of the coefficients of @
and [g(a,b)]e # 0 denotes a nonzero homogeneous part of degree e, then the homogeneous part of
degree e + 1 of r(a + 3,b) is —m[q(a, b)]e # 0. In particular right multiplication by L; is injective,
and QL1 € V(A, B, D) forces Supp(Q) C [0, A — 3] x [0, B — 1] and total degree at most D — 1;
conversely every such @ gives an element of V (A, B, D). Counting the monomials k'm/ X*E~?
witha <A—-3,b<B—1andi+j <D —1 gives the formula. For separate degree bounds, the
coefficient of the top power of k in QL4 is QLl, where Q # 0 collects the top k-coefficients of @,
so the k-degree does not change; the m-degree increases by exactly one by the argument just given
with m-degrees in place of total degrees. O
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Corollary 5.5.

(1) Let O(k,m) = C(k,m)(X, E~) be the Ore algebra with rational coefficients and the same
commutation rules; it contains O through the normal forms, but it does not act on A. Let
T=> 0 tap(k,m)X*E~" € O(k,m), and suppose that >ap tab(k; m)Ug_q(m — b) = 0 at
all points (k, m) of some quadrant at which all ty, are defined. Then T € O(k,m)L.

(2) O(k,m)L1NO = OL;.

Proof. (1) Shrink the quadrant so that all indices are nonnegative, let A € C[k, m] be a common
denominator of the ¢4, and put R = A?T € O. At a point of the quadrant where A # 0, all ¢,
are defined and (RU)(k,m) = A(k,m)? >aptav(k,m)Ug—q(m — b) = 0. Where A = 0, we have
(RU)(k,m) = A(k,m) (AT)U)(k,m) = 0, because AT € O. So R € Rel(U), hence R = QL
with Q € O by Theorem 5.4, and T' = A™2QL;.

(2) The reduction in the proof of Theorem 5.4(1) works over C(k, m) as well, so every element of
O(k,m) is of the form QL; + Ry with Rg free of E~!. This decomposition is unique: if QL; is free
of E=1, then @ = 0, since for Q # 0 the normal form of QL; has the nonzero term at (o', 3* + 1)
found in the proof of Theorem 5.4(2). If R € O lies in O(k,m)Ly, its decomposition in O is also
one in O(k, m), so its remainder vanishes and R € OLj. g

Part (1) is the analogue, for U and annihilation on a quadrant, of the description of the annihilator
of {}} with rational coefficients in [13, Example 5]. Part (2) uses only the fact that the coefficient
of E~1in L is a unit; for operators whose leading coefficient is not a unit, the contraction of the
rational left ideal can be strictly larger; see Zhang [31] for the univariate case.

Theorem 5.4 was also confirmed by exact linear algebra (ranks modulo large primes and exact
kernels over Q) for many boxes, using the values Ug(m) in the window 0 < k,m < 40. For the
triangle the analogous result holds: Rel(N) = O - Ly with Ly =1—-X — XY — (¢—1)X3(1+Y)?,
where Y shifts ¢, and the dimension in a box is (A—2)(B—1)D(D+1)/2for A>3, B>2,D >1
(Theorem B.1). The reduction used for U does not extend to the triangle, because the coefficient
—(¢—1)X? of Y2 in Ly is not a unit. The proof in Appendix B instead transports the problem
to U through the binomial transform, (ZL)N(k,q) = Uk(m — 1) for m > 1 by (3), and uses a
saturation lemma for the left factor 1 + Y.

5.2. U is not Stirling-like. For lattice points p, p’, p” write det(p, p’, p") = det(p’ — p, p” —p); its
absolute value is twice the area of the triangle.

Proposition 5.6. Let R € Rel(U), R # 0. Then Supp(R) contains three points po,p1,pe with
det(po,p1,p2) > 3. In particular | Supp(R)| > 3, and if Supp(R) C {qo,q1,q2} for some lattice
points 40,491,492, then |det(QO»Q1>Q2)| > 3.

Proof. By Theorem 5.4, R = QL; with @ # 0; let ¢ be the normal form of @, so that the normal
form r of R is given by (4). Let 3~ and 8% be the smallest and the largest second coordinate in
Supp(Q), let = and a™ be the smallest and the largest first coordinate in row 37, and choose

(o/, B7) € Supp(Q). Then
?”(Oé_,ﬂ_) = Q(O‘_7ﬁ_)a T(Oé+—|-3,6_) = _(m_/@_) q(Oﬁ_,B_)v ’I”(O/,ﬁ—’_—i-l) = —Q(Oé/,,@+),

all nonzero because C[k, m] is a domain. These three points give det = (o™ —a™+3)(8T -3~ +1) >
3. If Supp(R) € {qo,q1, g2}, these three points are a permutation of g, q1, g2 (their determinant is
nonzero, so they are distinct), and a permutation changes the determinant only by a sign. U

The three points are the vertices of a translate of the Newton triangle of Lq, with vertices
(0,0),(3,0),(0,1), stretched in both directions. This is the combinatorial content of the fact that
Newton polygons are additive under multiplication.
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Corollary 5.7. Let v; = (s;,t;) € Z2, i = 0,1,2, be pairwise distinct with |det(vo, v, va)| < 2,
let co,c1,co be rational functions of (k,m), not all zero, and let T = Z?:o ci(k,m) SVi, where
(86D £Y(k,m) = f(k+s,m+t). Then T does not annihilate U at all points of any quadrant where
its coefficients are defined. In particular U satisfies no recurrence with at most two terms, and U

is not Stirling-like in the sense of [13, Definition 3].

Proof. Suppose T annihilates U on a quadrant, away from the poles of the ¢;. Choose inte-
gers ¢ > max;s; and d > max;t; and evaluate the relation at (kK — ¢,m — d). Write ¢;(k —
¢,m —d) = ni(k,m)/A(k,m) with polynomials n; and a common denominator A. Then R’ =
S ni X% B~(d4) gatisfies (R'U)(k,m) = 0 on a quadrant wherever A(k,m) # 0, and R = A- R’
satisfies it everywhere on that quadrant. So R € Rel(U). The points (¢ — s;,d — t;) are pairwise
distinct, so the normal form of R has the coefficients A n;, not all zero; hence R # 0, and Supp(R)
is contained in the image of {(s;,t;)} under (s,t) — (¢ — s,d — t), which preserves |det|. This
contradicts Proposition 5.6. A Stirling-like sequence is annihilated by its three-term generator
u + v Sv2) — g SW1w2) wwhose shift points (0,0), (v1,vs), (wy,ws) are distinct with |det| = 1
because (v, vs), (w1, ws) form a basis of Z2. O

In particular, the results of [13] on Stirling-like sequences do not apply to U directly.

Remark 5.8. In [13, Section 2.2] sequences are functions on all of Z?, operators have rational
coefficients, and the annihilator of f consists of the operators Q with @ - f = 0; Kauers extends
{Z} and the other classical triangles to Z? so that their recurrences hold everywhere. If some
extension of U to Z? were Stirling-like, its three-term generator would annihilate that extension
at all points where its coefficients are defined. Write the shifts of the generator in the coordinates
(k,m) as (0,0), (s1,t1) and (s2,t2). On the quadrant k > max(0, —s;, —s2), m > max(0, —t1, —t2)
the generator reads only values at points of N2, where the extension agrees with U, so it would
annihilate U at all points of this quadrant where its coefficients are defined, which Corollary 5.7
excludes. Proposition 5.6 and Corollary 5.7 are formalized. In the formal version of the corollary
(Appendix A) the coefficients are written as n;/A with polynomials n; and A # 0, the relation
is assumed only at the points of a quadrant in Z? where A # 0, and U may be replaced by any
extension to Z?2; so the formal statement also covers the argument above. The choice of a common
denominator is also formalized, but not the step from [13, Definition 3] to the annihilation of an
extension by its three-term generator.

6. OBSTRUCTIONS TO SPECIFIC SUMMATION FORMULAS

The first summand of Theorem 4.6 is a single sum of products of a Stirling number and a
binomial coefficient, and the second is a double sum. In this section we show that Ug(m) itself
has no single-sum expression of this kind and determine all binomial shapes with nonnegative
parameters that do occur (Section 6.1). We also show that it is not a sum of two such single sums
for m > 2 (Section 6.2). These results exclude only specific classes of formulas: single sums of the
shapes with o + 8 = 1 exist for every sequence (Theorem 6.3), and whether the double sum of
Theorem 4.6 is shortest in some wider sense is open (Section 10).

6.1. Single-family sums.

Theorem 6.1. Let m > 1. There are no integers ¢, d and kg > 0 and complex numbers A(s)
(s € Z), independent of k, such that

k+c—2s
Ur(m) =" A(s) <m+s+d> for all k > k.
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Proof. Step 1: shape of the generating function. We use the binomial convention of Section 2; in
particular only s > —m — d contribute, and the sum over s is finite for each k. Let u = 23/(1 — z).

For n > 0,
Z kE+c—2s L xn—c+23
=
- n (1 _l.)nJrl’

and for n = m + s + d this equals 29u*+t" 19+ with ¢ = —2(m + d) — ¢ — 3, independent of s. The
right-hand side therefore sums, in C(()), to 29 A(u) with A(u) = 3,4 A(s)usT" o € Cl[u]].
It differs from G, only in finitely many coefficients, so

(5) Gm = 29A(u) + L(x)

for a Laurent polynomial L.

Step 2: A is rational. The series z is a root of T + uT — u, which is Eisenstein at the prime
u of C[[u]]; hence [C((u))(x) : C((u))] = 3 and 1,z,2? are linearly independent over C((u)). Now
A(u) = 279(Gp — L) lies in C(z) = C(u)[z], so A = a+ Bz + va? with «, 8,7 € C(u). Comparing
coordinates over C((u)) gives 8=~ =0, so A € C(u).

Step 3: residues on the fibre u = 1. The equation u(z) = 1 is equivalent to by (z) = 1—z—2% = 0,
so the fibre over u = 1 consists of the three roots &1, &3, &3 of by, which is irreducible over Q. Let
¢ be one of them. Then 1 — & = &3, hence b, () = (1 — w)&3, £b,(€) = —€ — 363 = 2¢€ — 3, and
u'(§) = 3 -20)/(1—¢? = (3—2¢)/¢* # 0. Moreover Pj_1(§) = 0 for j > 2, so Wy, (£) =
Wi(§) =1+&(1—¢) =¢£(1+¢) #0, and

P,(&) =618 I buw(6) = b1(&) €™ (1) (m — 1)1,

w#1
So Gy, has a simple pole at & with residue W,,(£)/P! (£), and
ey 148 & (32 _(=npma+geim?
e G T T VTS R T V R

On the other hand u—1 is a local coordinate at &, and L is holomorphic there. By (5), A has a simple
pole at v = 1, and Res;—¢ Gy = §9 Resy—1 AJu/(€). Hence 6 := (1 + &)™ with M =3m+2+g¢
takes the same value (—1)"(m—1)! Res,—1 A at the three roots. Since the three roots are conjugate
over , the characteristic polynomial of  over Q is (X — 6)3, so § € Q.

Step 4: a norm. Let f = X3+ X — 1, the monic minimal polynomial of £&. Then Nm(¢) =
—f(0) =1 and Nm(1 + ¢) = —f(—1) = 3, so §> = Nm(f) = 3, which has no rational solution. [J

For m = 0 the statement fails (Ux(0) = 1). The part of Ux(m) counting sequences that do not
end with an ascent is of the excluded form, with A(s) = {""*}; thus the sequences ending with an
ascent prevent a single-family representation. They cannot be written in this form either:

Theorem 6.2. Let U,I(m) be the number of h € Hy(m) with hx_1 < hy. For every m > 2 the
conclusion of Theorem 6.1 holds with Ug(m) replaced by U,I(m)

Proof. By Theorem 4.4 with y = 1, G, (z) := Yok U,I(m)a:k = Wy —1)/Pp = 22 >3/ 1w bo.
Steps 1 and 2 of the previous proof are unchanged. The fibre u = 1/i is the set of roots of b;. Let
1 <i < m and let n be a root of b;. Then 1 —n = in3, so

_2n-3 _3—2n

bv(n) = (Z - 0)7737 bi(??) - n ) ul(n) - i2774 :
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Only the terms with j <4 have a pole at 7, and [[;"; ., bu(n) = =9 (5 — ) (=1 (m — 4)!.
Put Wi =1+ Y0y jil a¥+2, s0 that Y5, jn* /(i — j)! = (Wi(n) — 1)/(i!n?). Then

(=)= (Wi(n) = 1) =58
(m — )il 32 '

Res;—, GI, - /(1) =

Take i = 2 < m. The polynomial by = 1 — 2 — 223 has no rational root, so it is irreducible over
Q, and as in Step 3 the quantity 6 = (Wa(n) — 1)n~ 3" 379 is rational. Now Wy — 1 = 225 + 428,
and 21® = 1 — 1 gives Wa(n) — 1 = 1°(4 — 2n), so = (4 — 2n)n" with n = 2 — 3m — g. The monic
minimal polynomial of 1 is X2 + X/2 — 1/2, so in Q(n) we have Nm(n) = 1/2 and Nm(4 — 2n) =
8 (23 +2/2 —1/2) = 68, hence Nm(#) = 17 - 227", But Nm(f) = 2 for rational #, and the 17-adic
valuation of a rational cube is divisible by 3. (]

For m =1, GI = 2%/by = 27 u/(1 — u) is of the excluded form, so the bound m > 2 is sharp.

The fibre argument also determines all binomial shapes with nonnegative parameters. Here
€ € (0,1) is the real root of by (so £ ~ 0.6823). We use that its minimal polynomial over Q is
X3 4+ X — 1, that Nm(€) = 1, that Q(€) is not a normal extension of Q (the other two roots of by
are not real), and that £V ¢ Q for every integer N # 0: if €Y = r € Q, then 7> = Nm(&)V =1, so
¢N =1, which is impossible.

Theorem 6.3. Let m > 1 and let o, 8 > 0 be integers, not both 0. There are integers ¢, d, so and
ko > 0 and complex numbers A(s) (s > sp), independent of k, such that

(6) Uk(m) = Z A(s) <k ;sc—i—_das> for all k > kg

)

if and only if a + B = 1.

Proof. For (a,8) = (0,1), Newton’s forward difference formula U (m) = Z];:o ASU.(m)‘O(I;) has
the form (6), and for (1,0) so has Ux(m) = Z};:o (Us(m) — Us—1(m)) (kgs), with U_1(m) = 0. Now
let a+ 3 > 2. The shape (2, 1) is Theorem 6.1: there the lower index is written m+ s+d, and terms
with a negative lower index vanish, so the lower limit sy makes no difference. So let («, 5) # (2, 1),
and suppose that (6) holds.

Step 1: generating functions. Terms with 8s + d < 0 vanish, so we may assume A(s) = 0 for
them; if 5 =0 and d < 0, then every term vanishes, which is impossible. For s+ d > 0,

kte—as\ p 4 —d-1,s z* o
;( Bs+d ):c =271 — ) v®, v—m.
Since v has z-adic valuation o+ 3, the right-hand side of (6) sums in C((z)) to z%¢(1—z)~41 A(v)
with A = 3, A(s)v® € C((v)), and Gy, = 2% ¢(1 — )~ 1 A(v) + L(x) for a Laurent polynomial L.

Step 2: A is rational. Let y = x if @ > 1, and y = x/(1 — ) if & = 0; in the second case
v =y®. Then C(z) = C(y), the series y has z-adic valuation 1, and y is a root of T8 — (1 —T)P,
respectively of 7% — v; this polynomial is monic of degree o +  and Eisenstein at v. Hence
C(z) = @KaJrﬁ C(v)y', and 1,9, .. .,y“*ﬂjl are linearly independent over C((v)), because their
valuations are distinct modulo a + 8. As A(v) = 2°~4(1 — 2)4*1(G,,, — L) lies in C(x), comparing
coordinates gives A € C(v).

Step 3: the fibre over v(€). The function G,, has a pole at £ (Theorem 3.1), and 24=¢(1 —x) =4~}
and L are holomorphic at &, so the rational function A has a pole at vg = v(€). Let n € C\ {0,1}
with v(n)) = vg. Since v is holomorphic and not constant near 1, A(v(z)) — co as & — 1, s0 G
has a pole at n, and b, (n) = 0 for some w with 1 < w < m (w = 0 is excluded because n # 1).
Since 1 — ¢ = €3, we have vy = £° with e = a — 2/3. For each shape, we now find a point of the fibre
{v =g} that violates this condition.
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Case o, 3 > 1 and e # 0. The fibre is the zero set of the monic polynomial () = x5 —£¢(1 —
x)P, and ¢(0) = —¢€¢, (1) = 1. Let 11, ...,Ma+p be the zeros of ¢, with multiplicity. Each of them
is a zero of some by, with w; > 1, that is, w; = (1 — n;)/n?, and therefore

Hwi — 30(1) s = ((_1)a+ﬁ+1£e)—3 — :I:§73e.
The left-hand side is a positive integer, in particular rational, but ¢3¢ ¢ Q.

Case =0 and a > 2. Here v = 2%, and n = £ with ¢ = ™/ lies in the fibre. If b, (£¢) = 0,
then, using &3 =1 — ¢, we get 1 — w3 = £(¢ — w¢®). If ¢ # w(3, this puts € in the abelian field
Q(¢), all of whose subfields are normal over Q, whereas Q(¢) is not. If ¢ = w(3, then w¢? =1, so
w =1 and ( = —1, and the equation reads 2 = 0.

Case a = 23 and B > 2. Here v = v’ with u = 23/(1 — z), and vo = 1. Let ¢ = €™/# and let
n be a zero of 3 — ((1 — z). Then n ¢ {0,1} and u(n) = ¢, so 7 lies in the fibre. But b,(n) = 0
means u(n) = 1/w, which is impossible, since ¢ # 1 has absolute value 1.

Case o = 0 and B > 2. With y = /(1 —x) we have vy = y(£)” = £728, so the fibre consists of the
points zc = /(€2 +() with ¢¥ = 1, none of which is 0 or 1. If B is even, then z_; = 1/(1—¢2) > 1,
but by, (xr) < 0 for x > 1. Let 3 be odd. Each z¢ is a zero of some by, so u(z¢) = 1/w; as
1 — 2 = &2/(€% + (), this reads we¢® = €2(€% + ¢)®. Taking the product over all ¢ and using
HCC =1 and H<(§2 +¢) = €% + 1, we obtain chC = x? with xy = €3F + 68 = (1 — &)8 4 &5,
So x? € Q, and since the cubic field Q(¢) has no quadratic subfield, y € Q. Then the polynomial
x(X) = (1 — X)# 4+ XP takes the same value at all roots of by. But 0 < x (&) < 267 < 2¢3 < 0.64,
whereas a non-real root & of by satisfies |€2]2 = 1/€ and 1—&; = &3, so that |x(&2)| = |&? |§§B+1] >
EB(EP —1) > £32(E2 — 1) > 38, O

Remark 6.4. Shapes with a < 0 are not covered by Theorem 6.3. If a + § = 1, for instance
(a, B) = (—1,2), then v has z-adic valuation 1, and every sequence again has a representation (6).
If « <0 and o+ B > 2, then v also vanishes at x = oo, so C(x) has degree § > a + 8 over C(v)
and the comparison of coordinates in Step 2 breaks down. We do not treat this case here.

6.2. Sums of two families. Let u = 23/(1 — z). By Step 1 of the proof of Theorem 6.1, a single
sum of the shape (2,1) that equals Uy (m) for all large k amounts to an identity G, = 29A(u)+ L(x)
with A € C((u)) and a Laurent polynomial L. Conversely, z9u® = xz9+35(1 — z)~* is a Laurent
polynomial for s < 0 and equals ), (k_i__QlS_l)a:k for s > 1, so every series 9 A(u) with A € C((u))
is, up to a Laurent polynomial, the generating function of a single sum of the shape (2,1). We call
29 A(u) a family. For example, the formula Uy (1) = 3 g (kti_lzs) +2 650 (F72725) of Example 4.8
is a sum of two families.

Theorem 6.5. Let m > 2. There are no integers gi, gz, series A1, Az € C((w)) and Laurent
polynomial L such that

G = 29 Aj(u) + 292 Ao(u) + L(x).
For m > 3 the same holds with G, replaced by Gjn.

By the remarks above, the first statement says equivalently that there are no integers c1, d1, co, do
and ky > 0 and complex numbers A;(s), Aa(s) such that

Ui(m) = 3" Ai(s) (’“ e 23) + 3 Ag(s) (k e 23) for all k > ko.

m-4+ s+ dp m—+ s+ ds

Taking A = 0 shows that the theorem includes Theorem 6.1 for m > 2 and Theorem 6.2 for m > 3,
with a different proof.
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Corollary 6.6. The least number of families whose sum differs from G, by a Laurent polynomial
is 1 form =20, 2 form =1 and 3 for m > 2. For GJ, it is 1 form =1, 2 form = 2 and 3 for
m > 3.

The proof of Theorem 6.5 has two parts: a necessary condition on each fibre u = 1/i that does
not involve m, and a finite computation showing that the conditions for i = 1,2 (and for i = 1,2,3
in the case of GT) are incompatible.

Lemma 6.7. Every f € C(x) can be written uniquely as f = ag + a1z + agx? with a, € C(u),
and 1,z,2° are linearly independent over C((u)); we call (ag,a1,as) the coordinates of f. The
coordinates eq of x9 lie in Clu,uY? for every g € Z, and the coordinates of Gy, and of G, have
the form c(u)/ TTi, (1 — vu) with ¢ € Clu,u™]3.

Proof. The first statement is Step 2 of the proof of Theorem 6.1. The relations 23 = u — ux

and 27! = (22 + u)/u give the second. Finally b, = (1 — z)(1 — vu) and (1 —z)~! = uz3, so
1/Py, = u™tg=3m=3 /T[™ (1 — vu), while W, and W,,, — 1 are polynomials in x. O

Fix ¢ > 1. The fibre u = 1/i is the set of zeros ny, 72,73 of b;; they are distinct, and u'(n;) # 0,
because v’ = x2(3 — 2z)/(1 — x)? and 0, 1, 3/2 are not zeros of b;. Let V be the Vandermonde
matrix with rows (1, 7;, 7]]2) If the coordinates a of f € C(x) are regular at u = 1/i, then (f(n;)); =
V a(1/i); if they have at most a simple pole there, with residue vector R, then (u’ (1) Resg=p, f )j =
VR, since u — 1/i is a local coordinate at each 7;.

Proposition 6.8. Suppose that G, = x9*Ai(u) + 292 As(u) + L(z) with integers gi,ge, series
Ay, Az € C((u)) and a Laurent polynomial L, and let 1 < i < m. Then

det <njgl, nP, u'(n;) Resy—y, Gm)j:1 by 0.

The same holds with G, replaced by Gh,.

Proof. Let a and ¢ be the coordinates of G, and of L. By the uniqueness of coordinates over
C((u)), a = Ajeg, + Aseg, + L. The cross product v = ey, X eg, lies in Clu,u 1] and is orthogonal
to eg, and egy,, so v-a = v-£, an element of Clu, u~1]. By Lemma 6.7, a has at most a simple pole at
u = 1/i; if R is its residue vector, it follows that v(1/i)-R = 0, that is, det(eg, (1/7), eg,(1/7), R) = 0.
Multiplying by V gives the claim. (|

For 1 < i < m and a zero n of b;, the computation in the proof of Theorem 6.2, together with
Win(n) = Wi(n), gives

(71)m—i+1 Wl(n) 77—3m—3
(m —i)lili2 ’

and the formula there for GJ, is the same with W; replaced by W; — 1.

(7) U/(ﬂ) Resx:n Gm =

Corollary 6.9. In the situation of Proposition 6.8, letb=gos— g1 and n =—-3m —3 — g1, and let
W =W, for G, respectively W = W; — 1 for Glh,. If b; is irreducible over Q and n is a zero of b;,
then 1, n° and W (n)n™ are linearly dependent over Q.

Proof. Divide the j-th row of the determinant by n]gl, and the third column by the rational factor
in (7); then the determinant of the rows (1, 77;?, W(Wj)ﬁjn) vanishes. Since the 7; are the conjugates

of 7, this matrix is V times the matrix of coordinates of 1, n°, W (n)n™ with respect to the basis
1,7,1? of Q(n), and V is invertible. O

The condition no longer involves m, and b and n are the same for all fibres, because the exponent
—3m — 3 in (7) does not depend on i. For i € {1,2,3} the cubic b; has no rational zero, so it is
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irreducible. In Q(n) we have n® = (1—n)/i and n~! = 1+in?, so the coordinates of n° and of W (n)n"
lie in Z[l /i]. Let Ji(n,b) € Z[1/i] be the determinant formed from their last two coordinates, for

W = W;, and JT(n b) the same for W = W; — 1. Since the coordinates of 1 are (1,0,0), the
condition of Corollary 6.9 is J;(n,b) = 0, respectively JZ-T(n, b) = 0.

Proposition 6.10. There is no (n,b) € Z? with b # 0 and J1(n,b) = Jo(n,b) = 0, and none with
b#0 and J] (n,b) = Jl(n,b) = JI(n,b) = 0.

Let ¢ be an odd prime that does not divide i. Then Z¢[n] = Z[x]/(b;) is a free Zy-module
with basis 1,7,7%, and 7 is a unit in it. Let P > 1 be such that n” = 1 (mod ¢Z[n]), and write
nt =1+ lu with p € Zy[n).

Lemma 6.11. (1) Ji(n,b) mod ¢ depends only on n mod P and b mod P.
(2) Let O(n) be the determinant formed from the last two coordinates of p and of W(n)n"
If b = PV with ' # 0, then J;(n,b) = b'0(O(n) + (k) for some k € Zg. In particular
Ji(n,b) # 0 whenever O(n) # 0 (mod {), a condition that depends only on n mod P.
The same holds for JiT.

Proof. (1) holds because n™ mod ¢ depends only on n mod P. For (2), the binomial series gives
n’ = (1+4p)¥ = > >0 ( )Eru’” also for b’ < 0: the series converges in Zg[n], and its sum is (1+£4)"

because (14 Y)%(1+Y)¢ = (14 Y)%"¢ in Z[[Y]] for all integers a, c and the substitution Y = £y is
continuous. The determinant is Zy-linear and continuous in its first argument and vanishes for the

element 1, so J;(n,b) = ZTZI (brl)ﬁ@r, where O, is formed from p” in place of u; thus ©; = ©(n).
For r > 2 the number (I;/)E"/(b’ﬁ) = (I:__ll)ﬁ’“_l/r has (-adic valuation at least 7 — 1 — vp(r) > 1,
since v¢(2) = 0 and v(r) < loggr <r — 2 for r > 3. O

fibre pairs (¢, P), with P the order of n modulo ¢
i=1 (3,8),(11,60), (13,168), (29,840), (2521, 2520)
i=2 (7,48), (17,72), (19,18), (41,280), (71,5040), (127, 126)
i=3 (13,84), (71,70)
TABLE 3. The certificate primes for Proposition 6.10. All orders divide 5040.

Proof of Proposition 6.10. Let M = 5040 = 2*.32.5.7, and use the primes of Table 3, where P is
the order of n in (Z¢[n]/€)*. For each certificate prime a computer tabulates, in Zs[n]/¢, the last
two coordinates of n° and of W (n)n™ for b,n € Z/PZ, and p mod ¢ from n* computed modulo ¢?;
all these computations use integer arithmetic. It then checks the following two finite statements.
(a) For every by € {1,...,M — 1} and every ng € Z/MZ, some prime of the fibres i = 1,2
satisfies J;(ng, bp) # 0 (mod /), and some prime of the fibres ¢ = 1, 2, 3 satisfies JiT(nU, bo) #
0 (mod ?).
(b) For every ng € Z/MZ, some prime of the fibres i = 1,2 satisfies ©(ng) # 0 (mod ¢) for
W = W;, and some prime of the fibres i = 1,2,3 does so for W = W; — 1.
In (a), there are M(M — 1) = 25,396,560 classes in each case. In (b), for W = W; the primes of
the fibre ¢ = 1 suffice: trying them in the order of the table, 3, 11, 13, 29 and 2521 are the first to
succeed for 3780, 1176, 72, 6 and 6 classes. For W = W; — 1 they fail exactly for ng € {2515,5035},
and there the primes 7 and 17 of the fibre ¢ = 2 succeed, respectively. The failure at ng = 5035 = —5
is unavoidable: W; — 1 = 5, so W (n)n~° =1 on the fibre i = 1, and the condition holds there for
n = —5 and every b.
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The script code/tableB/check b2.py of the repository performs these checks in about twenty
seconds and is part of verify_all.py. The certificate is not unique: separately written programs
found complete certificates with the moduli 32760, 55440 and 83160, using other primes.

Now let b # 0, and suppose that the conditions of the proposition hold at (n,b). If M t b, then
by (a) and Lemma 6.11(1) one of the determinants is nonzero modulo a certificate prime. If M | b,
then P | b for every certificate prime, and by (b) and Lemma 6.11(2) one of the determinants is
nonzero. In either case, we obtain a contradiction. ]

Proof of Theorem 6.5. If g1 = go, replace A1 by A + As, then go by g1 +1 and As by 0; so we may
assume b = g2 — g1 # 0. For m > 2, Corollary 6.9 with ¢ = 1,2 gives Ji(n,b) = Ja(n,b) = 0, and
for G, with m > 3 it gives JlT(n, b) = Jg(n, b) = J;(n, b) = 0, contradicting Proposition 6.10. [

Proof of Corollary 6.6. Three families always suffice: by Lemma 6.7, G,, = ag + a1z + as2? with
a, € C(u), and if ;" denotes the part of the expansion of a, at u = 0 with positive powers of u,
then G,, — Y, 2"a;" (u) is a Laurent polynomial, because 2"u¢ = 2" 73¢(1— )~ for e < 0. The same
holds for GJ,. Next, Go = 1/(1 — ) = z3u, and Gy is a sum of two families by the formula for
Uk(1), but not of one by Theorem 6.1; for m > 2 Theorem 6.5 applies. Finally GI =z /(1 —u),

and
1 2 z 4?2 2z 1y
ci- (5 + ) -
2 v ble +b2 (1—u)(1—2u) + 1—2u
is a sum of two families, but not of one by Theorem 6.2; for m > 3 Theorem 6.5 applies. O

7. THE NEAR-DIAGONAL OF THE TRIANGLE

For d € Z put D(k,d) = N(k,k—d), so that D(k,d) = 0 for d < 0. Proposition 2.7 with ¢ = k—d
reads

(8) D(k,d) = D(k—1,d)+D(k—1,d—1)+(k—d—1) [D(k—3,d—1)+2D(k—3, d—2)+D(k—3,d—3)]
for k>3 and k—d > 1.

Theorem 7.1. For every d > 0 there is a unique polynomial pg € Qlk] with D(k,d) = pa(k) for
all k> 2d + 2. It has degree 2d, and

2 _ —
Palk) = 5 (K = (402 = 3) K1 + O(k¥72) )
in particular its leading coefficient is twice that of {kﬁd}. The defect eq = D(+,d) — pq satisfies
d+2)!
a2d+1) = ()M d+1),  eq(2d) = (_1)d+1(;)7

so the threshold 2d + 2 is sharp for every d.

Proof. We argue by induction on d, with py = 0 and ey = 0 for d < 0. For d = 0, (8) reads
D(k,0) = D(k —1,0) for £ > 3, and D(2,0) = N(2,2) = 2; s0 pg = 2, ep(1) = D(1,0) —2 = —1
and ep(0) = D(0,0) — 2 = —1, as claimed.

Let d > 1 and put

Ry(k) = pa—1(k = 1)+ (k —d = 1) [pa_1(k — 3) + 2pa—2(k — 3) + pa_3(k — 3)].
For k >2d+3 wehave k —1>2(d—1)+2and k—3 > 2d > 2(d—1i)+ 2 for i = 1,2,3, so
by induction all terms on the right of (8) except D(k — 1,d) are given by the polynomials, and
D(k,d)— D(k—1,d) = Rq(k). Let pg be the polynomial with pg(k) = D(2d+2,d) + Z§:2d+3 R(i)
for integers k > 2d + 2. Then D(k,d) = pq(k) for k > 2d + 2, the polynomial is unique, and
pa(k) — pa(k — 1) = Ry4(k) holds identically.
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Leading coefficients. The polynomial R; has degree 2d — 1, and its leading term comes only
from (k —d — 1)pg_1(k — 3); the other terms have degree at most 2d — 2. Hence degp; = 2d and
2d lc(pg) = le(pg—1), which gives lc(pg) = 2/(2%d!).

Second coefficient. Write pg = cqk?® + célk:w_l + - and rq = ¢;/cq. The coefficient of k24-2 ip
pa(k) — pa(k — 1) is —(22d)cd + (2d — 1)c;. In Rg(k) only (k —d — 1)pg—1(k — 3) and pg—1(k — 1)
contribute to k24~2, namely ¢y —(7d—5)cq—1 and cq—1. Using cq—1 = 2d ¢q this gives (2d—1)rg =
2drq_1—12d*+11d, and 74 = —(4d*—3d) follows by induction from r; = —1 (indeed p; = k*—k—4).

Defects. Subtracting pg(k) — pa(k — 1) = Rq(k) from (8) gives, wherever (8) applies,

ed(kz) — ed(k — 1) = 6d,1(k — 1) + (li? —d— 1) [edfl(k‘ — 3) + Qed,Q(k} — 3) + ed,g(kz — 3)]

At k = 2d + 2 we have e4(2d + 2) = eg_1(2d + 1) = eq—2(2d — 1) = eq_3(2d — 1) = 0, so
ea2d+1) = —(d+1)eg_1(2d — 1) = —(d + 1)(=1)4d! = (1)1 (d +1)!. At k = 2d + 1 we have
eq—1(2d) = eq2(2d —2) = eq—3(2d — 2) =0, so

ea(2d) = eq(2d +1) — deg_1(2d —2) = (~=1)™1(d + 1)! — d (~1)¢ (d; DI (_1)d+1(d;2)!. 0

For example pg = 2, p1 = k*> —k — 4 (k > 4),

k* — 10k3 + 43k2 — 98k + 164
0 +34 98k + 16 (k> 6),

kS — 27k® + 331k* — 22253 4+ 8560k2 — 17392k + 11088

P2 =

Table 4 lists the values below the threshold for d < 3.

d k D(k,d) pa(k) ea(k)
01 1 2 -1
1 2 1 -2 3
1 3 4 2 2
2 3 1 17 -16
2 4 7 19 -12
2 5 25 31 -6
3 4 1 -114 115
3 5 12 -78 90
3 6 59 -1 60
3 7 199 175 24

TABLE 4. The values D(k,d) = N(k, k—d) below the threshold, d+1 < k < 2d+1,
compared with pg(k).

Proposition 7.2. For every d > 0, the Newton coefficients Alpg(2d +2), 0 < i < 2d, of pg at the
threshold are positive integers; the last one is 2(2d — 1)!l.

For example, for d = 2 they are 65, 74,64, 30, 6, that is, pa(6+n) = 65+ 74(7) +64(5) +30(3) +
6(%)-

Proof. They are integers because py takes integer values at integers, and the last one is (2d)!lc(pg) =
2(2d — 1)!!. To prove positivity, we use two facts about the expansion f(n) = >, fi (?) First, if
all fi > 0, then the coefficients of f(n +s) for s > 0 are >, f; (2) = f.by (") =32 ().
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Second, (a+n)f(n) has the coefficients (o +1) f; +1fi_1, because n(7) = (14+1)(,0) +1(}). In the
polynomial range, (8) gives, with k = 2d + 3 + n,

Apa(2d +2+n) = pa—1(2d + 2+ n) + (d + 2+ n) [pa—1(2d + n) + 2pg—2(2d + n) + pa—3(2d + n)].

By induction, the coefficients of pg_1(2d + n) in this basis are positive up to index 2d — 2, and
those of the other polynomials in the bracket, taken at points at or beyond their thresholds, are
nonnegative. By the two facts, the coefficients of the right-hand side are positive up to index 2d—1.
These are the numbers Alpy(2d +2), 1 < i < 2d. Finally A%y(2d +2) = D(2d + 2,d) > 0, since
the word (d+2,d+1,...,2,1,1,...,1) of length 2d + 2 is good and uses all letters 1,...,d+2. O

Two natural strengthenings fail, showing that positivity in small cases should not be extrapolated.
In the expansion in the variable k — 2d — 1, the coefficients of py are positive for d < 46, but each
pqg with 47 < d < 57 has a negative coefficient. The Newton coefficients at the point 2d + 1 are
not all positive either: pg(2d +1) = D(2d +1,d) — (—1)4T1(d + 1)! is negative for every odd d with
69 < d < 101. Both statements were obtained by exact computation.

8. REAL ROOTS OF THE ROWS OF THE TRIANGLE

For k > 1 let ng(z) = 2221 N(k,q)z7! be the row polynomial of the triangle N, and define
polynomials hg (k > 0) by

hu(t
Z U (m)t™ = (1 _ki)l)c—i—l

m>0
(they are not to be confused with the entries h; of a sequence). Since ), - (m(jl)tm =t9-1/(1 —
)4+ for ¢ > 1 and N(k,0) = 0 for k > 1, Proposition 2.6 gives, for k > 1,

k

(9) hi(t) = ZN(k,q) tq_l(l—t)k_qa ng(z) = (1+Z)k_1 hk(lj—z)’

g=1

while hg = 1. The only good words with values in {1} are constant, so N(k,1) = 1; together
with Corollary 2.8 this shows that nj has degree k — 1 and ng(0) = 1. For example ng = 1 + 2z,
ny = 1+4z + 222 hy = 1+ 2t — ¢ and hy = 1 + 4t — 3t%; the coefficients of hj need not be
nonnegative.

Theorem 8.1. For every k > 1 all zeros of ny are real, and all of them except possibly —1 are
simple. Consequently, for every k > 0 all zeros of hy are real and simple.

Corollary 8.2. For every k > 1 the numbers N (k,1),..., N(k, k) are positive and satisfy N (k,q)? >
N(k,q—1)N(k,q+1) for 2 < q<k—1. In particular the row N(k,1),..., N(k,k) is unimodal.

Proof. A real zero of a nonzero polynomial with nonnegative coefficients is < 0. By Theorem 8.1
and ng(0) = 1, ng is therefore a positive multiple of a product of factors z + r with » > 0, and all
its coefficients N (k, 1),..., N(k, k) are positive. By Newton’s inequalities (see [26]), the coefficients
of a polynomial Z;l:o ajz) with only real zeros satisfy aJQ- > aj1a;41(1+1/5)(1 +1/(d — j)) for
1<j<d-1 Withaj =N(k,j+1)>0and d=Fk — 1 this gives the strict inequalities, and a
positive log-concave sequence is unimodal. O

In the variable ¢ the zeros of consecutive h; do not interlace. For example, the zeros of hg are
1+ +/2 and those of hy are (2+ \ﬁ)/?), which lie on the real line in the order hs, hy, hy, hy. The
proof below works with nj instead. The substitution ¢ = z/(1 + z) maps (—1,0) onto (—o0,0) and
(—00,—1) onto (1,00), and sends z = —1 to t = oo; the zeros —1 £ 1/2/2 of n3 and the zeros —1,
(=3 £V7)/2 of ng = (14 2)(1 + 62 + 222) do interlace.
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8.1. Interlacing. All polynomials in this subsection are real and nonzero. A polynomial is real-
rooted if all its zeros are real; nonzero constants are real-rooted.

Definition 8.3. Let f and g be real-rooted, with zeros a; < --- < a, and b; < --- < b, listed
with multiplicity. We write ¢ < f if either n’ = n and by < a1 < by < as < --- < b, < ay, or
n=n—landa <by<ay<---<bp_1<ap.

Thus the zeros alternate, and the largest one is a zero of f. Equivalently, g <« f if and only if
for every real x the number of zeros of f in (r,00) exceeds the number of zeros of g in (z,00) by
0 or 1, with zeros counted with multiplicity. Indeed, these counts can be read off from the chain
of inequalities, and if a link p < ¢ of the chain fails, then x = ¢ violates the condition. Comparing
x = « with x slightly smaller than «, we see that if ¢ < f and « is a simple zero of f with g(«) # 0,
then f and g have equally many zeros larger than «; so if moreover both leading coefficients are
positive, g(«) and f’(«) have the same sign. Let H = {z € C : Imz > 0}. The following facts are
standard (see [10, 3], whose conventions differ slightly from ours); we include proofs to keep the
argument self-contained.

Lemma 8.4. If p is real-rooted, then g < f if and only if pg < pf.

Proof. 1t suffices to treat p = z — r. Multiplying f and g by z — r adds 1 to both counts in the
characterization above when x < r and changes neither count when x > r, so the condition holds
for pf, pg if and only if it holds for f,g. O

Lemma 8.5. Let f be real-rooted, and let 1c(f) > 0 and lc(g) > 0.

(1) If degg < deg f, then g < f if and only if Im(g(z)/f(2)) <0 for all z € H.

(2) Ifdeg f < degg < degf+1, then f < g if and only ifIm(g(z)/f(z)) >0 forall z€ H.
In both cases the condition on H implies that g is real-rooted.

Proof. Dividing f and ¢ by their greatest common divisor, normalized to have positive leading
coefficient, changes neither g/ f nor, by Lemma 8.4, the relations ¢ < f and f < g; the divisor is
real-rooted because it divides f. Thus we may assume that f and g are coprime. Let n = deg f.

(1) Suppose g < f. A multiple zero of f would also be a zero of g, so the zeros a1 < -+ < a,
of f are simple, and by the remark after the definition g(a;)/f’(c;) > 0. Hence

n
g ¢ S  g(a)
(10) 7 C+;z—ai’ c>0, ¢ f,<ai)>0’
where ¢ = lc(g)/le(f) if degg = n and ¢ = 0 otherwise, and Im(g/f) = —Im 2>, ¢;|z — ;|72 < 0
on H.

Conversely, suppose that Im(g/f) < 0 on H. Let a be a zero of f of multiplicity L. Since
g(a) # 0, near o we have g/f = y(z — a) (1 4+ O(z — )) with real v # 0, and for z = a + ee?
the imaginary part is —ye Fsin(Lf) + O(e'~1). If L > 2, then sin(L#) takes both signs on (0, 7),
which is impossible; so L = 1, and then v > 0. Hence (10) holds with ¢ > 0 and ¢; > 0. On each
interval (o, a;4+1) the function g/ f decreases from +o0o to —oo, so it has a zero there; if ¢ > 0, it
decreases from ¢ to —oco on (—oo, ) and has one more zero there; and on (ay,00) it decreases
from 400 to ¢ > 0 and has no zero. This gives n — 1 + [¢ > 0] real zeros of g. Since ¢ > 0 exactly
when deg g = n, and otherwise deg g > n — 1 by this count, these are all the zeros of g, and they
interlace as required.

(2) If f < g, then (1) with f and g exchanged gives Im(f/g) < 0 on H, and Im(g/f) =
—lg/f1>Im(f/g). Conversely, if Im(g/f) > 0 on H, the argument of (1) shows that the zeros
a; < -+ < ap of f are simple and that g/f = az +b+ ), e;/(2 — o;) with e; < 0, where
a=1c(g)/le(f) ifdegg=n+1,and a =0 and b = lc(g)/lc(f) > 0 if degg = n. Now g/ f increases
from —oo to +00 on each (a;, aj+1); on (ay,,00) it increases from —oo to +oo if @ > 0, and to b > 0
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if a = 0; and if a > 0, it increases from —oo to 400 on (—oo, o). This gives deg g real zeros of g,
and they interlace as required. ([l

Lemma 8.6. Let f, g, h have positive leading coefficients, and let f be real-rooted. If g < f and
h< f,theng+h<<f. If f<gand f <h, then f < g+ h.

Proof. The imaginary parts add, while deg(g+h) = max(deg g, deg h) satisfies the degree condition
of Lemma 8.5. U

Throughout the rest of this section, all polynomials have nonnegative coefficients, so the zeros
of real-rooted ones lie in (—o0, 0].

Lemma 8.7. Let f and g be real-rooted.
(1) f<Q+2)f, and f'< [ ifdeg f > 1.
(2) If g < f, then [ < zg.
(3) If g < f and degg > 1, then ¢ < f'.

Proof. (1) We have Im((1 + 2)f/f) =Imz > 0on H, and f'/f =3, u;/(z — «;), the sum over
the distinct zeros o; with multiplicities p, has negative imaginary part on H. Apply Lemma 8.5.

(2) After removing the common factor, (10) gives g/f = ¢+ >, ¢i/(z — ;) with ¢,¢; > 0 and
a; < 0. Since z¢;/(z — ;) = ¢; + i/ (z — a;), we get Im(zg/f) =Imz (¢ = Y, ciovi|z — 5| 72) >0
on H. As degzg € {deg f,deg f + 1}, Lemma 8.5(2) applies.

(3) Let w € H. If f(z0) +wg(z0) = 0 for some zy € H, then f(z9) # 0 and g(z0)/f(z0) = —1/w €
H, which contradicts Lemma 8.5(1). As w ¢ R, the polynomial f + wg has degree deg f, so all its
zeros lie in the closed lower half-plane, and by the Gauss—Lucas theorem so do those of f’ + wg'.
The polynomial f’ is real-rooted by Rolle’s theorem, so f’(z9) # 0 and ¢'(z0)/f'(20) # —1/w for
2o € H. Since —1/w runs through all of H, we get Im(¢’/f’) < 0 on H, and Lemma 8.5(1) gives
g < f. O

For a polynomial p put

(1+ Z)Qp)/
142
Lemma 8.8. Let p, f, g be real-rooted.

Dp=(1+z)p +2p= , Tp==zDp, Up=(1+2)Tp.

(1) Dp, Tp and Vp are real-rooted, of degrees degp, degp + 1 and degp + 2.

(2) Ifg< f, then Tg < T f and Yg < U f.

(3) (1+ Z)P < Tp.

(4) T((1+2)p) = (1+2)(Tp + 2p).

Proof. (1) The polynomial ((1+2)2?p)’ is real-rooted by Rolle’s theorem and divisible by 1+ z, so Dp
is real-rooted; the rest is clear. (2) By Lemmas 8.4 and 8.7(3), g < f implies (1+2)%g < (1+2)2f,
then (14 2)Dg < (14 z)Df, and then Dg < D f; multiplying by z and by z(1+ z) gives the claim.
(3) With @ = (1 + 2)?p, Lemma 8.7(1) gives Q' < Q, that is, (1 + 2)Dp < (1 +2) - (1 + 2)p; so
Dp < (14z)p by Lemma 8.4, and (1+2)p < 2Dp by Lemma 8.7(2). (4) is a direct computation. [
8.2. The proof.

Lemma 8.9. Fork >4, np=(1+z)ng_1 + ¥Yng_s=(1+2) (nk_1 + Tnk_g).

Proof. Multiply the recurrence of Proposition 2.7 by 2¢~! and sum over ¢ > 1. Since N(k—1,0) =
N(k —3,0) =0, the first two terms give zng_1 +ng—1. With p=ny_3 and zp’ =3 (¢ — 1) N(k —
3,q)297%, the three terms in the bracket give 22(zp’ + 2p), 22(zp’ + p) and zp’, whose sum is
2(1+2)% +22(1+ 2)p = Up. O

For k = 3 one has n3 = (1 4 z)ng + z instead.
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Proposition 8.10. For every k > 3,
(o) ng—1 < ng, (Br) e < Ty, (6k) i < Uny_s, (er) ¥ng—2 < Ty,
and (a2) and (B2) hold as well. In particular every ny is real-rooted.

Proof. The polynomials needed for k < 3 are ny = 1, np = 1 + 2z, n3 = 1 +4z + 222, Tny = 2z,
Tng = 22(2+32), Uny = 22(1+2) and Tng = 22(22+1)(22+3), with the zeros —1/2; —14+/2/2; 0;
—2/3,0; —1,0; and —3/2,—1/2,0. Since —1—+/2/2 < -3/2 < -1 < —2/3 < —1/2 < —1+/2/2 <
0, the relations (a2), (52), (a3), (83), (d3) and (e3) hold.

Let k > 3, and assume (ax—1), (Br—-1), (o), (Bk), (o) and (ex). Put A = ng, B = ni_; and
C = ng_s. They are real-rooted, so Lemma 8.8 applies to them, and ng1 = (1 4+ 2)A + UC =
(14 2)(A+TC) by Lemma 8.9. The degrees below always satisfy the conditions of Lemma 8.6.

(ag+1) A< (14 2)A by Lemma 8.7(1), and A < VC by (dx); add.

(Bi+1) (14+2)A < TA by Lemma 8.8(3), and VC <« T A by (gg); add.

(0x+1) By Lemma 8.4 it suffices to show A+ T7C < TB. Here A< TBis (f;), and TC < TB
follows from (ax—1) by Lemma 8.8(2); add.

(ek+1) By Lemma 8.8(4),

Tnge1 =VA+2(1+2)A+ (1 +2)T?C+2(1+2)TC.

First, ¥B <« VA by () and Lemma 8.8(2). For the other three terms we cancel the factor
1+ z (Lemma 8.4): TB < zA follows from () by Lemma 8.7(2); TB < T(TC) follows
from (8;—1) by Lemma 8.8(2); and 7B <« 2T C follows from 7TC <« T B by Lemma 8.7(2).
So UB is related by < to each of the four terms; add.

This proves the four relations for k£ + 1, and the induction continues. O

Proposition 8.11. For every j > 2 the polynomials nj and nj_1 have no common zero other than
—1. Hence every zero of ny other than —1 is simple.

Proof. Suppose the first claim fails, and let j be minimal such that n; and n;_; have a common
zero a« # —1. Then o # 0, since n;(0) = 1. The cases j < 4 are excluded directly: n; = 1;
n3(—1/2) = —1/2; and ngy = (1 + z)(ns + 2z) does not vanish at the zeros of ng. So j > 5, and
Lemma 8.9 for n; and for n;_; gives

Tnj-s(a) =0,  njo(a)+Tnja(a)=0.

Let f =Tnj_3. Then nj_o < f by (fj—2), and Tn;_s < f by (oj—3) and Lemma 8.8(2).

If o« is a simple zero of f, the remark after the definition of < gives nj_s(c)f'(er) > 0 and
Tnj—a(a)f (a) > 0. The two values sum to 0, so n;_2(a) = 0, which contradicts the minimality of
Jj-

If a is a multiple zero of f = 2Dn;_3, then, as a ¢ {0,—1}, it is a multiple zero of Q' =
(1 + 2z)Dnj_3, where @ = (1 + 2)?n;_3. The zeros of @' that are not zeros of the real-rooted
polynomial @ are simple, because Q’'/Q is strictly decreasing between consecutive zeros of Q). So «
is a zero of ) of multiplicity at least 3, hence a multiple zero of n;_3, and (a;_3) forces nj_4(a) = 0,
again contradicting the minimality of j.

Finally, if a # —1 were a multiple zero of ny with k& > 2, then (ay) would force niy_1(a) =0. O

Proof of Theorem 8.1. For k < 1 there is nothing to prove, since ny = hg = hy = 1. For k > 2,
Propositions 8.10 and 8.11 give ny = 2(1 4 2)*[[;_,(z — ;) with a+r = k — 1 and distinct real
numbers z; # —1; the leading coefficient is N (k, k) = 2. By (9),

hi(t) = (1 —t)F! ”’“(ﬁ) = 2H((1 + zi)t — z),

whose zeros z;/(1 + z;) are real and distinct. O
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To locate the zeros of hy, we need the multiplicity of the zero —1 of ng.

Lemma 8.12. For k > 1 write ny, = (1 + 2)*my, with my(—1) # 0, and put Ay = my(—1). Then
ar, = [k/3] — 1, and N, has the sign (—1)¥/3) if k # 2 (mod 3) and the sign (—1)F/3+1 jf k= 2
(mod 3). Consequently deg hy = |2k/3], and the leading coefficient of hy, has the sign (—1)L*/3],

The lemma is also formalized in Lean, with a different proof: lemma minusone combines
rootMultiplicity nrowPoly, natDegree hpoly and leadingCoeff hpoly_sign with the identity
i = (—1)de8h% 1c(hy,) proved at the end of the proof below.

Proof. For p = (1 + z)"m we have Tp = z(1 4 2)%((a 4+ 2)m + (1 + z)m'). The claims hold for
k < 3, where (ak, \p) = (0,1),(0,—1),(0,—1). Let k& > 4, assume the claims for smaller indices,
and put @ = ag_3. Then ng_1 +Tng_3 = (14 2)*B with a polynomial B, and n; = (14 2)*"!B by
Lemma 8.9. If £ Z1 (mod 3), then ax_1 = a+1, so that B(—1) = —(a+2)A\x_3 #0. If k =3b+1,
then ap_1 = a and B(—1) = A\y_1 — (a+2)\k_3, where A1 = Agp and —A\;_3 = —A3p_2 both have
the sign (—1)°, so again B(—1) # 0. In both cases a; = a + 1 and \;, = B(—1), and the sign of A\
is as claimed.

Let r = k—1—a; = [2k/3], and write my, = 3, ;27 , a polynomial of degree r. By (9), hy(t) =
(1—t)my(t/(1—1)) = > pitd (1 — )77, whose coefficient of ¢" is > pi (=1 = (=1)" A # 0.
So deghy = r, and the three residue classes of £ modulo 3 determine the sign of the leading
coefficient. O

Corollary 8.13. For k > 1, exactly |k/3] zeros of hy, lie in (1,00), the other |(k+1)/3] zeros are
negative, and the coefficient sequence of hy has exactly |k/3| changes of sign.

Proof. By the proof of Theorem 8.1, the zeros of hy are the numbers z; /(1 + z;), where z; runs over
the zeros of ny other than —1. The zeros z; < —1 give zeros in (1,00), and the zeros z; € (—1,0)
give negative zeros. Let v; be the number of zeros of ny in (—oo, —1). Since degny = degng_1 + 1,
the relation (o) and the characterization of < show that the number of zeros of ny in (—oo, —1)
exceeds that of ny_; by 0 or 1, and likewise for (—oo, —1]. For £k =1 (mod 3) the multiplicity of
—1 increases by one (Lemma 8.12), which forces v, = v}_;. The leading coefficient 2 [, (1 + 2;) of
hi has the sign (—1)"*, so v, = |k/3] (mod 2) by Lemma 8.12, which forces v, = v4_; for k = 2
and vy = vp_1 + 1 for £k = 0 (mod 3). With 4 = 0 this gives v, = |k/3], and the remaining
deghy — v, = [2k/3] — |k/3] = [(k + 1)/3] zeros are negative. Finally hi(0) = 1, and for a
polynomial with only real zeros Descartes’ rule of signs is exact, so the number of sign changes is
the number v, of positive zeros. ]

Corollary 8.14. Let X be the number of distinct values of a word chosen uniformly at random
among the ni(1) good words of length k whose set of values is {1,...,q} for some q. Then (X} —
EX})/+/Var Xy, converges in distribution to the standard normal distribution as k — oc.

Proof. The probability generating function z ng(z)/ng(1) of Xj has only real zeros, all of them < 0,
so X —1is a sum of £ — 1 independent Bernoulli variables, one for each zero —r of n;, with success
probability 1/(147). The ax = [k/3] — 1 variables corresponding to the zero —1 have variance 1/4
each, so Var X}, > ([k/3] —1)/4 — oo. Since the summands are bounded, the Lindeberg—Feller
theorem gives the claim, as in Harper’s argument [12]. O

Corollary 8.15. Let k > 1 and let uy, be the polynomial of Corollary 2.9. Then ux(—j) = 0 for
1 <4 <Tk/3], and up(—Tk/3] — 1) = (=1)Flc(hy) # 0.

Proof. Let s = deg hy, = |2k/3] (Lemma 8.12), so that k — s = [k/3], and write hg(t) = > ;_, it
For m > 0 we have [t"]t}(1 — )71 = (m_k“Lk), where for 0 < m < ¢ both sides vanish because
i < k. Hence ug(m) =>"7 ;¢ (m_kark) as polynomials in m, with polynomial binomial coefficients.

For an integer j > 1, (kflifj) is the product of the k consecutive integers 1 — ¢ — j,...,k—i —j
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divided by k!; it vanishes if i +j < k and equals (—1)¥ if i +j = k + 1. For j < k — s all terms

vanish, and for j = k — s + 1 only the term with ¢ = s remains, which is (—1)"c;. O

Remark 8.16 (Chains and Eulerian polynomials). Let £ > 1,1let 0 = (0,...,0) and 1 = (1,...,1)
be the least and the greatest element of Ay, and put Ay = Ay \ {0,1}. For w € {1,...,¢}" and
1<r<qlety = ([wg>r],...,[wg >r]). By the proof of Proposition 2.2, applied to the heights
w; — 1, the word w is good if and only if y1,...,y,—1 € Ag; moreover, w uses every letter 1,...,q if
and only if 1 >y > --- > y,-1 > 0, and w is recovered from the y, as w; =1+ |{r: (y,); = 1}|.
Hence N(k,q) is the number of chains with ¢ — 1 elements in Ay, so ny is the chain polynomial
of Ay, and by (9) the polynomial hy(t) = (1 — )" Ini(t/(1 —t)) is the h-polynomial of the order
complex of Ay, a simplicial complex of dimension k — 2. For the Boolean lattice {0,1}* in place
of Aj, the same constructions give (m + 1)*, the numbers q!{zC } of ordered set partitions, and the

Eulerian polynomials A(t), which satisfy Y o (m + 1)Ft™ = A (¢)/(1 — t)**+! [28, Section 1.4].
This is the precise form of the analogy stated in the introduction. In this language, Theorem 8.1
says that the chain polynomial of Aj is real-rooted, as the Eulerian polynomials are [3]; real-
rootedness of chain polynomials has been studied for several other classes of posets [2, 1, 4]. By
Corollary 8.13, hy, has a negative coefficient for k > 3, so the order complex of A, is not Cohen—
Macaulay for k > 3 [27, Chapter II]. If the h-polynomial h of an order complex of dimension d — 1
has nonnegative coeflicients, as it does for Cohen—Macaulay posets, then the chain polynomial
f(2) = (14 2)?h(2/(1+ 2)) has no zeros in (—oo, —1), since h > 0 on (1, 00); the general results of
[4] on TN-posets and P-positive posets also place all zeros in [—1,0]. By the proof of Corollary 8.13,
n has exactly |k/3] zeros in (—oo, —1), so for k > 3 Theorem 8.1 does not follow from results of
this kind.

9. FORMAL VERIFICATION

The Lean 4 development (Lean v4.34.1, Mathlib for the same version) consists of 80 files that
start from the definitions of ai(n) (as a number of matrices) and of Ui(m) (as a number of lists).
The main formal statements are listed in Tables 5 and 6.

The development also formalizes several auxiliary results that are not stated in this paper.
The command #print axioms reports only propext, Classical.choice and Quot.sound, and an
exhaustive scan of all 6235 declarations of the development finds no other axiom.

The following are not formalized: the explicit form of the bijection of Proposition 4.7 (the formal
version compares the two cardinalities); the construction of O(k,m) itself (the formal version of
Corollary 5.5 describes O(k, m)L; by normal forms and (4)); the step in Remark 5.8 from Kauers’
definition to the annihilation of an extension of U by a three-term operator; Section 6.2; and
the last two sentences of Remark 6.4. Lemma 8.5 is formalized, but the other formal proofs in
Section 8 write g < f as g = c¢f + > ,wq f/(z — a) with ¢,w, > 0 instead of using it, and the
formal proof of Corollary 8.14 estimates the characteristic functions directly instead of citing the
Lindeberg—Feller theorem. The three OEIS identities of Section 1, U (1) = A038718(k+2), Us(m) =
A084990(m + 1) and Ug(m) = A326247(m + 2), are formalized, with the entries defined as in the
OEIS and the agreement of these definitions with the OEIS checked only by AI (U_one_eq_A038718,
U_three_eq_A084990, A326247 eq U _four).

The basic definitions that carry the meaning of the formal statements are transcribed in Appen-
dix A: good triples and U (lists of length & with entries at most m); the row and column rules for
matrices; D-finiteness (following Lipshitz, with the field K (x,t) realized inside the fraction field of
K[[z]][[t]]); the operators X, E~1 with the convention that negative indices give 0; and Rel(U) as
annihilation on some quadrant. The author has compared these definitions with the statements in
this paper; the checklist used for the comparison is in the notes folder of the repository. Further
definitions used by some entries of Tables 5 and 6, for instance those of the blocks, of ¢, and 7,,,
of the value of a rational function at a point, of g < f (by the characterization after its definition),
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Result

Lean names

Propositions 2.2, 2.4
Lemma 2.5
Propositions 2.6, 2.7
Corollaries 2.8, 2.9

Theorem 3.1
Theorem 3.2(1)
Theorem 3.2(2)

Theorem 3.2(3)
Remark 3.3

Corollary 3.4, Remark 3.5

Theorem 4.2
Theorem 4.4, Lemma 4.5

Proposition 4.7

Theorem 4.6, Remark 4.9
Theorem 5.1

Remark 5.2

Theorem 5.4

Corollary 5.5

Theorem B.1
Proposition 5.6

Corollary 5.7

Section 6.1, other proof

Theorem 7.1, Proposition 7.2
Table 4, p2, ps

a_eq, U_eqmultichains, card_Lam

lemmal, lemmal_one, lemmal_two, U_zero_left, U.zero_right
U_eq_sum_N, N_inv, N_tri, N_.init, N_tri_fails_at_two

N_diag, N_subdiag, existsUnique_upoly, natDegree_upoly,
leadingCoeff _upoly_eq, upoly_eval _neg_one

G_rec, Pmul G, isCoprime_W_P, min_order, order_lower_bound,
squarefree Ppoly, simple_root_Ppoly

existsUnique_rho, one_lt_rho, rho_strictMono, normSq_eq_of_root,
rho_mul_rho_sub_one_strictMono, normSq_lt_rho_pred_sq,
norm_lt_rho_of_root, root_P_min

thm_asym_two, alpha_unique, alpha_eq

thm_asym_three, cm_zero, U_asymp_bound

tendsto_ratio, rate_not_improvable, cm_one, rho_int_iff, cm_four,
U_four_asymp, tendsto_one_sub_theta; numerical values:
rho_one_approx, cm_one_approx, cm_two_approx, cm_three_approx,
kappa_one_approx, kappa_four_approx, kappa_twentyfour_approx,
kappa_increasing, relerr_two_six, relerr_two_twenty,
relerr_twentyfour_seventytwo, relerr_twentyfour_twoforty
T1.9, parity_min order, oeis_A207118-0eis_A207122, row_rec,
row_rec_of_consecutive, aAlt_two, aAlt_three, 0oeis_A207069,
0eis_A207070, oeis_A207124—0eis_A207127,
row_min_order_two-row_min_order_seven,
card_row_products_two—card row_products_seven

blocks_bijOn, asc_concatBlk

Gxy-zero, Gxy_rec, Gxy_prod, coef_formula_xy,
lemma_coef_partitions, stirlingSecond_eq_partCount

NAs_eq-g, NAs_explicit, prop_-bijection

U_explicit, Us_explicit, U_F3, U_F4

not_isDFinite FK, no_x_ODE_poly, no_k_only._recurrence; for N:
not_isDFinite NKser, no k_only recurrence_N

P_mul _NAser, remark_1F1

RelU_eq, RelU_iff mem_span, finrank relU_tot, finrank relU_gr
saturated_one_rat, saturated_two_rat; with denominators cleared:
mul mem_ideal_of _vanish, mem_ideal_of mul mem_ideal

RelN_eq, RelN_iff mem_span, finrank relN_tot, finrank relN_gr
relU_support_det, relU_card_support,
not_mem_relU_of_support_subset

not_annihilate three_terms_rat, not_annihilate_two_terms_rat,
not_annihilate_kauers_rat; with denominators cleared:
not_annihilate_three_terms, not_annihilate_two_terms,
not_annihilate_kauers

thm_S, thm_Spart, thm_shapes, substU_coords_unique,
single_sum_cross, shape_fibre_x, shape_fibre_y, no_common_value,
no_common_value_b2, NA_single_sum, NUp_one_single_sum,
shape_sum_one

T4_1, T4_1_threshold, T4.2_3

ndPoly_two, ndPoly_three, table_exc

TABLE 5. Formalized results: Sections 2—7.

of the law of X}, in Corollary 8.14, of chains in Aj; and of the sums in Section 6.1, are documented
in the Lean files and have so far been compared with the paper only by Al

10. OPEN PROBLEMS

(1) Shorter formulas. Find a meaningful class of formulas in which the double sum of Theo-
rem 4.6 is provably shortest.
(2) The triangle. Find a single or short double sum for N(k, q).
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Result

Lean names

Lemmas 8.4-8.7

Lemmas 8.8, 8.9

Propositions 8.10, 8.11, Theorem 8.1

Corollary 8.2
Lemma 8.12
Corollary 8.13
Corollary 8.14

Corollary 8.15

Remark 8.16, except citations

interlaces mul_iff, lemma_il_pick_one, lemma_il_pick_two,
Interlaces.add left, Interlaces.add right,

interlaces _X_sub_Cmul, interlaces_derivative, Interlaces.X mul,
interlaces_derivative_of_interlaces

lemma_il _T_one, Interlaces.opTz, Interlaces.opPsiz,
interlaces_one_add_X_mul_opTz, opTz_one_add_X_mul, nR_rec
prop_four_relations, alpha_two, beta_two, nR_no_common_root,
count_roots nR_le_one, realRooted nR, separable_hpoly,
thm_realroots

cor_logconcave, prod_X_add_C_coeff _props,

unimodal_of _pos_logconcave

lemma minusone, lemma minusone_sign,

rootMultiplicity nrowPoly_ceil, natDegree_hpoly,

leadingCoeff hpoly_sign

cor_hk_signs, nBelow nR, signVariations_add_comp neg X_le
cor_clt, charFun_cltLaw_eq_prod, bernoulli_factor_bound, cltVar_ge
upoly_eval_neg_eq-zero, upoly_eval neg ne_zero,

leadingCoeff _hpoly_eq

N_eqnumChainsBar, nR_eq_chainPoly, hpoly_eq_-hPoly_orderComplex,
no_root_lt_neg_one, hpoly_exists_coeff neg

TABLE 6. Formalized results: Section 8.

(3) Other zeros. By Corollary 8.15, uy, vanishes at —1,..., —[k/3]; show that it has no other
negative integer zeros. A computer search for k£ < 300 (scripts in the repository) found no
further negative integer zeros.

(4) Signs of hy,. The coefficient sequence of hj, changes sign exactly | k/3] times (Corollary 8.13).
Describe where the sign changes occur. Computations for ¢ < 579 (scripts in the repository)
suggest that for each i the coefficient of ¢ in hy, is positive for all large k, and that the least
k from which it remains positive grows like a*i with o* ~ 9.6085.
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APPENDIX A. THE LEAN DEFINITIONS

The formal development is in the folder 1lean/A207123 of the repository given under Data and
code. We transcribe the definitions that carry the meaning of the main formal statements of Sec-
tion 9, and some of these statements, from the files Basic.lean, Reduction.lean, DFinite.lean,
NonDFinite.lean, OreRel.lean, NotStirlinglLike.lean and ThreeTerm.lean. Unicode sym-
bols in the source are typeset as mathematical symbols, and comments and proofs are omitted.
Auxiliary definitions used in other statements of Tables 5 and 6 (for instance the Lean versions
of b;, Py, Wy, and p,,, and of the spaces in Theorem 5.4(2)) are in the same folder; the script
code/main_extra/lean statements.py lists all definitions and statements.

Good sequences.
def Good (abc : N) : Prop :=b=cV (b<aAc<a)

def Legal : List N — Prop
| a::b::c::t=>GoodabcAlLegal (b :: c :: t)
| _ => True

def seqs (m : N) : N — Finset (List N)
| o => {[1}

| k + 1 => (Finset.range (m + 1)) .biUnion fun a => (seqs m k).image (List.cons a)
def L (km : N) : Finset (List N) := (seqs m k).filter Legal
def U ((km:N) : N := (L km.card
def NW (k q : N) : Finset (List N) := (L k q).filter fun 1 => 1.toFinset = Icc 1 g

def N (k q : N) : N := (NW k q).card

The head of a list is h1, so a is the earliest entry of a triple. The lemma mem_seqs states that seqs
m k consists of the lists of length k with entries at most m; L k m is the set Hi(m), and N k q
counts the good lists of length k whose set of values is {1,...,¢}.

The arrays.
abbrev Mat (n k : N) := Fin n — Fin k — Bool

def RowRule {n k : N} (M : Mat n k) : Prop :=
V(@ :Finn) (j:N) (bh:j+2<k),
- (M i (j, by omega) = false A M i (j + 1, by omega) = false
AMi(j+ 2, h) =true) A
- (M 1i (j, by omega) = false A M i (j + 1, by omega) = true
AMi(j+ 2, h)= false)

def ColRule {n k : N} (M : Mat n k) : Prop :=
V(G :Fink) 1 :N) (Q:1i+2<n),
- (M (i, by omega) j = false A M (i + 1, by omega) j = false

AM{(i+ 2, h) j=true) A
- (M (i, by omega) j = false A M (i + 1, by omega) j = true
AM({1+ 2, h) j=true)

noncomputable def a (kn : N) : N :=
Fintype.card {M : Mat n k // RowRule M A ColRule M}

theorem a_eq (kn : N) : akn=Uk ((n+1)/2) Uk (n/ 2
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Here true stands for 1, M i j is the entry in row i and column j, and (n + 1) / 2 andn / 2
are [n/2] and |n/2].

D-finiteness.

abbrev PS2 := PowerSeries (PowerSeries K)

noncomputable def dXK (f : PS2 K) : PS2 K :=
PowerSeries.mk fun m => PowerSeries.derivative (R := K) (PowerSeries.coeff m f)

noncomputable def dTK (f : PS2 K) : PS2 K :=
PowerSeries.derivative (R := PowerSeries K) f

noncomputable def ratFn : Subfield (FractionRing (PS2 K)) :=
Subfield.closure
(Set.range fun p => algebraMap (PS2 K) (FractionRing (PS2 K)) (polyToPS2 K p))

def IsDFinite (f : PS2 K) : Prop :=
FiniteDimensional (ratFn K) (Submodule.span (ratFn K) (Set.range fun ij : Nx N =>
algebraMap (PS2 K) (FractionRing (PS2 K)) ((dXK K)~[ij.1] ((dTK K)~[ij.2] £))))

noncomputable def FK : PS2 K :=
PowerSeries.mk fun m => PowerSeries.mk fun k => (U k m : K)

theorem not_isDFinite_FK {K : Typex*} [Field K] (o : K —+* C) : - IsDFinite K (FK K)
The outer variable of PS2 K is ¢ and the inner one is x; polyToPS2 is the embedding of K|z,t],

and the lemmas mem ratFn_iff and isFractionRing ratFn identify ratFn K with K (z,¢). The
identification of K[[x]][[t]] with K[[z,¢]] is standard but is not formalized.

Recurrences whose coefficients depend only on k.
theorem no_k_only_recurrence (A B kO m0 : N) (p : N - N — C[X])
(hp: 3a <A, I3b <B,pab#0
- Vkm kO <k >m0<m-—>A<k—+>B<m—
> a € range (A + 1), > b € range (B + 1),
(pableval (k : C) *x U (kk-a) m-Db) : C) =0

Quadrant recurrences.

abbrev Arr := N - N — C
abbrev Coef := Polynomial (Polynomial C)

theorem mulOp_apply (p : Coef) (f : Arr) (km : N)

mulOp p f km = p.evalEval (k : C) (m : C) * £ k m
theorem opX_apply (f : Arr) (km : N)

opX f km = if k = 0 then O else f (k - 1) m
theorem opEinv_apply (f : Arr) (km : N)

opEinv f k m = if m = O then O else f k (m - 1)

noncomputable def OU : Subalgebra C (Module.End C Arr) :=
Algebra.adjoin C {mulOp cK, mulOp cM, opX, opEinv}

noncomputable def L1 : Module.End C Arr := 1 - opEinv - opX - mulOp cM * opX ~ 3
noncomputable def Uarr : Arr := fun km => (Ukm : C)

def VanishOn (f : Arr) (ki1 ml : N) : Prop :=V km, k1 <k »>ml <m > fkm=0
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def RelU : Set (Module.End C Arr) :=
{RI R€0UATkOm : N, VanishOn (R Uarr) kO mO}

theorem RelU_eq : RelU = {R | 3 Q € OU, R = Q * L1}

In Coef the inner variable is k and the outer one is m; cK and cM are the coefficients k and m.
The theorems exists _normal form and normal form unique show that every element of OU has a
unique normal form 3 r.(k,m)X*E?, so that 0U is the Ore algebra O acting faithfully.

Supports.

def det2 (pqr : NxN) : Z :=
((q-1 : Z2) -p.1) * ((r.2 : Z) -p.2) - ((q.2 : Z) - p.2) * ((x.1 : Z) - p.1)

theorem relU_support_det {R : Module.End C Arr} (hR : R € RelU) (hRO : R # 0)
{r : NxN — 0 Coef} (hr : R = normOp r)
3 p0 € r.support, 3 pl € r.support, 3 p2 € r.support, 3 < det2 pO pl p2

theorem not_mem_relU_of_support_subset {r : NxN — 0 Coef} (hr : r # 0)
{p0 p1 p2 : Nx N} (hs : r.support C {p0, pil, p2})
(hdet : |det2 p0 pl p2| < 2) : normOp r ¢ RelU

Here normOp r is the operator Z(%b)r(a, b)X*E~? with finitely supported coefficients. Corol-

lary 5.7 is formalized in ThreeTerm.lean as follows: f is an arbitrary extension of U to ZQ,
v; = (s;,t;), the coefficients are n;/A, and p.evalEval x y is the value at (z,y) of a polyno-
mial p in (k,m).
theorem not_annihilate_three_terms (f : Z — Z — C)
(hf : Vkm: N, fkm=7Ukm)
{v0 v1 v2 : ZxZ} (h01 : vO # v1) (h02 : vO # v2) (hl12 : vl # v2)
(hdet : |(vl.1 - v0.1) * (v2.2 - v0.2) - (v1.2 - v0.2) * (v2.1 - v0.1)| < 2)
{n0 n1 n2 A : Coef} (hn : n0 # 0 V nl # 0 V n2 # 0)
(hA : A #0) (X0 m0 : Z) :
- Vkm:Z, k0<k »>m0 <m — A.evalEval (k : C) (m : C) # 0 —
n0.evalEval (k : C) (m : C) * £ (k + v0.1) (m + v0.2)
+ nl.evalEval (k : C) (m : C) * f (k + v1.1) (m + v1.2)
+ n2.evalEval (k : C) (m : C) * £ (k + v2.1) (m + v2.2) =0

APPENDIX B. THE RECURRENCES OF THE TRIANGLE

We prove the description of Rel(NV) stated after Corollary 5.5. We keep the notation of Section 5,
write Y = E~!, and regard the triangle as the element N € A, (k,q) — N(k,q), with N(k,q) =0
for ¢ > k. Since all functions below lie in the same space A, the operator of multiplication by the
second coordinate is always written m; thus

Ly=1-X-XY —(m—-1DX31+Y)?

is the operator of Section 5 with g renamed m. As for U, Rel(N) is the set of R € O such that RN
vanishes on some quadrant, and for A, B, D > 0 we let Vi (A, B, D) be the space of R € Rel(N)
with Supp(R) C [0, A] x [0, B] and all coefficients of total degree at most D.

Theorem B.1.

(1) Rel(N) = O Ly.
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(2) For A,B,D >0,

D(D+1)
2

0 otherwise.

(A—2)(B-1) ifA>3 B>2 D>1,

dim Vy (A, B, D) =

If instead the degrees in k and m are bounded by Dy, and D,,, the dimension is (A —2)(B —
1)(Dg +1)D,y, for A>3, B> 2, Dy, > 1, and 0 otherwise.

The inclusion OLy C Rel(N) follows as in the proof of Theorem 5.4(1), because (LyN)(k,m) =
0 for k > 3, m > 1 by Proposition 2.7. For the converse, we transfer the problem to U. Let

P km) =3 (Z‘)f(km, Vo1-v

q=0

and for (k1,m1) € N? let 1(ky,m,) € A be the indicator function of the point (k1,m1). The maps
P, V and 1 4+ Y are injective, since for fixed k they are triangular in m with diagonal entries 1; V
and 1+Y lie in O, while P does not. By Proposition 2.6, (PN)(k,m) = Ug(m —1) for m > 1, and
(PN)(k,0) = N(k,0) is 1 for £ = 0 and 0 otherwise; that is,

(11) PN =YU + 1.

Lemma B.2. The following identities of linear maps of A hold for all a > 0; here p € C[k,m] and
p+(k,m) =p(k,m=+1).

(1) P and V commute with X and with k, and ¥V commutes with Y.

(2) VPY =YP; hence VP(1+Y) =P and V*P(1+Y)* =P.

(3) Pm mVP.

(4) Vp= (p—p-)+p-V. In particular Vin = 1+ (m —1)V, and V*mV = ((m —a)V +a) V.
(5) mV“P V“P( (1+Y) - aY).

(6) YL1 = LY and LiP = VPLy, where Ly =1 —Y — X — (m — 1)X3.

Proof. (1) P and Y act on the second coordinate only, with coefficients that do not depend on k,
andV=1-Y.
(2) We have (PY f)(k,m) = >_ > (qu)f(k, q). For m > 1, Pascal’s rule gives

(VPY ) (k) = 2;0[({;}1) (0w =X (") st = P,

q=>0

and for m = 0 both sides vanish. Then VP(1+Y) = VP +YP = P, and V*"P(1 + V) =
VHVP1+Y))(1+Y)*=V*P(l+Y)™

(3) The summation variable ¢ in P is the second coordinate of f. Since q(’;) = m(
form>1

Ponn) ) = o) st =m S [(7) = (" )] 10 = m (TP ),

q

m—1

g—1 ), we get

and for m = 0 both sides vanish.

(4) Since f(k,—1) =0,
(V(pf))(k, ) p(k,m)f( ’ ) p(k,m - 1)f(k’m - 1)

= (p —p-)(k,m) f(k,m) +p_(k,m) (Vf)(k,m).
For p = m — a this gives V(m —a) =1+ (m —a — 1)V, and the last identity follows by induction
=((m-a—-1)V+a+1)Verl

on a: VHmV =V ((m - a)V +a)V°
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(5) We proceed by induction on a. For a = 0, (2) and (3) give mP = mVP(1+Y) =Pm(1+Y).
By (4) with p=m + 1, mV = V(m + 1) — 1; using the case a and V*P = VT P(1 +7Y),

mVHP = VmVeP + VP — VP = VI P(m(1+Y) —aY +1— (1+Y)),
which is the case a + 1.

(6) Ym = (m —1)Y gives YL = Y = Y2 — XY — (m — 1)X3Y = LY. By (3) and (4),
VP(m —1) = VmVP — VP = (m — 1)V?P, so by (1) and (2)

VP (m—-1D)X*14+Y) = (m—-1)X*V*P(1+Y)? = (m—1)XP.
Together with VPXY = XY P this gives VPLy = VP - XVP - XYP — (m—1) X3P = LiP. O

Lemma B.3. Let T € O.

(1) For every ¢ > 0 there are j > 0 and M € O such that VIPT = MVP.
(2) For every a > 0 there are ¢ > 0 and M € O such that TV*P = V°PM.

Proof. (1) Let T be the set of T € O for which the statement holds for every c¢. By Lemma B.2, T
contains the constants, k and X (take j = cand M =T), m (take j = cand M = (m — )V + ¢,
since VPm = VemVP), and Y (take j = c+ 1 and M =Y, since VH'PY = VYP = YV°P).
If Ty, Ty € T, then Ty + Ty € T: from V#PT, = M;V°P we get VIAT2P(Ty + 1) = (Vi2M; +
VI M)VEP. Also T1Ts € T: choose j2, My with V22PTy = My VP and then j;, My with V/APT) =
M,V72P; then VI'PT\ Ty = M M>VeP. Hence T = O.

(2) The argument is analogous. For the constants, k and X take ¢ = a and M = T; for m
take ¢ = a and M = m(1 +Y) —aY (Lemma B.2(5)); for Y take c = a+ 1 and M =Y, since
YVeP = VY P = VHIPY. If T,VYP = V4PM; for i = 1,2, then by Lemma B.2(2)

(Ty + To)V*P = VAT2P((1+ V)M + (14 YY) M,),
and if ThbV*P = V2PM, and T\ V2P = VAPM,, then T/ ToVP = VAP M, Mo. 0

Lemma B.4. Let g € A andn,ky > 0. If g(k,q) =0 for allk > ko, ¢ > n, then (V"Pg)(k,m) =0
for all k > kg, m > n.

Proof. Fix k > ko. Then (Pg)(k,m) = ¢(m) for all m > 0, where ¢(z) = > _, g(k,q) (‘5) is a
polynomial of degree less than n; here (2) =x(zx—1)--- (x—q+1)/q! vanishes at z = 0,...,q—1. For
m > n no negative index occurs, so (V"Pg)(k,m) = 31 1(=1)"("})¢(m — i) is the n-th backward
difference of ¢ at m, which vanishes because deg ¢ < n. 0

Lemma B.5. Let M € O. If M(PN) vanishes on some quadrant, then M € OL,.

Proof. 1f Supp(M) C [0, A] x [0, B], then (M1gg))(k,m) = 0 unless £ < A and m < B. Hence,
by (11), (MY)U = M(PN) — M1y vanishes on a quadrant, so MY € Rel(U) = OL; by
Theorem 5.4. Write MY = QL;, and split the normal form of Q as Q = Q'Y + R, where
R =75, re(k,m)X* collects the monomials free of Y. By Lemma B.2(6), MY = Q'L\Y + RLy,
that is,
(M — QL)Y = RL,.

Right multiplication by ¥ maps a normal form 3" pep XY to 3 pap XY+ so the left-hand side
has no monomial free of Y. The monomials of RL; = R(1 — X — mX?) — RY free of Y form
o Ta(X®— X9 —mXoT3); if R # 0 and ag is the least a with r, # 0, their coefficient of X is
rqo 7 0. Hence R =0, so (M — Q’El)Y =0, and M = Q'L because right multiplication by Y is
injective. O

Lemma B.6. Let L€ O. If (1+Y)L € OLy, then L € OLy.
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Proof. Every S € O can be written as S = (14 Y)S; + R with S; € O and R free of Y since
Ypi = pY for p € Clk, m],

pXYb = (14Y)p Xyt —p, xoyb-! (b>1),

and induction on the degree in Y gives the claim. Write (14+Y)L = SLy and decompose S in this
way; then

RLN:(1+Y)T, T=L-51LyeO.
Suppose that R = > rq(k,m)X* # 0, let ag be the least a with r, # 0, let ki,m; > 0, and
put f = 1, m,).- The generators of O map functions with finite support to functions with finite
support, so ¢ = T'f has finite support, and for every k

S DML+ Y)g)(kym) = > (1) g(k,m) + > (=1)"g(k,m —1) =0.

m>0 m>0 m2>1
On the other hand, X f, XY f and X3(1+Y)?f vanish at all points with k < ki, so (Lnx f)(k,m) =
f(k,m) for k < ky. Since (RLnf)(k,m) =), ro(k,m)(Lnf)(k —a,m) and ki + ap — a < ky for
a > ap, we get (RLnf)(k1 + ag,m) = 74, (k1 + ap, m1) for m = my and (RLy f)(k1 + ap,m) =0
for m # m;. Comparing the alternating sums over m at k = k1 + ag gives 74, (k1 +ag,m1) = 0. As

ki,m1 > 0 are arbitrary, the polynomial r,, vanishes on (ap + N) x N, so 74, = 0, a contradiction.
Hence R=0, (14+Y)L=(1+Y)S1Ly, and L = S1Ly because 1+ Y is injective. O

Proof of Theorem B.1. (1) We have seen that OLy C Rel(N). Let L € Rel(N), say (LN)(k,q) =0
for k > ko, ¢ > qo. By Lemma B.3(1) with ¢ = 0 there are 5 > 0 and M € O with V/PL = MP.
Put n = go + j. Then VOM(PN) = V*P(LN) vanishes for k > ko, m > n by Lemma B.4, so
VM = QL for some Q € O by Lemma B.5. By Lemma B.2(6),

V'"PL =VOMP =QL,P = QVPLy.

By Lemma B.3(2) with a = 1 there are ¢ > 0 and M’ € O with QVP = V“PM’'. Using
Lemma B.2(2) on both sides,

V" P(1+Y)°L = V"PL = VPM'Ly = V""“P(1+Y)"M'Ly.

Since V and P are injective, (1+Y)°L = (1+Y)"M'Ly € OLy, and c applications of Lemma B.6
give L € OLy.

(2) For Q = 3" q(a, b)) X°Y?, the relation Y*m = (m — b)Y® shows that the normal form of QL
is

2
2 . .
o) =ala,t) ~ala = 1.5 = a(a = 1.0-1) = 3 (2 = 1=+ ) ata = 3.0 ),
j=0

with ¢ = 0 at negative indices. Let Q # 0. If 8* is the largest b with ¢(-,b) # 0 and ¢(o/, 8*) # 0,
then r(a/ 4+ 3,8 +2) = —(m — 1 — %) q(a/, 8*) # 0. If o* is the largest a with ¢(a,-) # 0 and
B’ is the largest b with g(a*,b) # 0, then r(a* + 3,8 +2) = —(m —1— 3)q(a*,8') #0. If e
is the largest total degree of the coefficients of @, choose a such that some ¢(a,b) has a nonzero
homogeneous part [¢(a,b)]. of degree e, and let by be the largest such b; the homogeneous part of
degree e + 1 of r(a + 3,b) is —m >, (3) [q(a,b — j)]e, so that of r(a + 3,by + 2) is —m[q(a, bo)]e #
0. In particular right multiplication by Ly is injective, and QLy € Vn(A, B, D) if and only if
Supp(Q) C [0,A — 3] x [0, B — 2] and all coefficients of ) have total degree at most D — 1; the
converse holds because Supp(Ly) C [0, 3] x [0,2] and the coefficients of Ly have degree at most 1.
By (1), Vi (A, B, D) consists of these Q Ly, and counting the monomials k'm? XY ? with a < A—3,
b<B-2andi+j<D-—1gives the formula. For separate degree bounds, argue as in the proof
of Theorem 5.4(2): the coefficients of Ly and the commutation rule Y’m = (m — b)Y? do not
involve k, so the coefficient of the top power of k in QL is QLN, where Q = 0 collects the top
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k-coefficients of @; and the degree in m increases by exactly one, by the argument just given with
degrees in m in place of total degrees. ([l

The proof above is a written version of the formal proof (RelN_eq, finrank relN tot and
finrank relN_gr in the files OreRelN.lean and OreDim.lean); some lemmas are organized differ-
ently there. For instance, the formal proof of Lemma B.5 evaluates operators at indicator functions
of points instead of comparing normal forms. The identities of Lemma B.2 are also checked by
exact computation on random integer arrays (script code/main_extra/check_appendix_relN.py).

STATEMENT ON THE USE OF Al TOOLS

For most proofs, the author supplied the mathematical ideas and proof strategies, the Al de-
veloped these into detailed arguments and proof drafts, and the author reviewed the resulting
proofs.

DATA AND CODE

The verification scripts (414 automated checks, mostly in exact arithmetic; the high-precision
numerical ones are labelled), a script that recomputes every number printed in this paper from the
definitions (apart from the computations quoted in Section 10, which have their own scripts), the
Lean development and the notes are available at

https://github.com/r5x8ksva-del/a207123-explicit-formulas.
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