
A universal group with thirteen relators

Abstract
We construct a finitely presented group with 13 relators that contains an isomorphic copy

of every finitely presented group. This improves Valiev’s bound of 21 relators for universal
groups. The proof combines Valiev’s construction, subgroup calculations of Kegel–Li–Ren, and
small-cancellation theory.

1 Introduction
A finitely presented group is universal if every finitely presented group embeds in it. Higman’s
embedding theorem implies the existence of such a group [5]. Boone–Collins obtained a universal
group with 26 defining relators [2], and Valiev reduced the number to 21 [12].

Theorem 1.1. There exists a universal group with a presentation on 2 generators and 13 relators.

An explicit presentation of this group is given in Section 7.1.
The improvement in Theorem 1.1 concerns the number of relators. By [4, Theorem IV], any

universal group embeds in a 2-generator universal group with the same number of defining relators;
adjoining free generators gives the same bound for any prescribed number of generators at least 2.

The construction of the universal group begins by embedding a fixed universal finitely presented
group in a group with 32 relators. Section 4 supplies Valiev’s coding and recognition results, which
Section 5 uses to construct this embedding. We reduce the count by exploiting the commutation
relations between the factors of an embedded direct product. The normal-form results recalled
in Section 2 allow us to verify that each enlargement preserves the original embedded copy and
therefore remains universal.

Reducing the number of relators

The cross-commutation relations form a rectangular array, indexed by generators of the two factors.
In Section 6, using the subgroup calculations of Kegel–Li–Ren [6], we realize a symmetry and
successive row and column shifts by HNN extensions. Conjugating retained relations recovers
other commutation relations, while the new conjugation equations allow us to eliminate generators.
This gives a presentation with 6 generators and 19 relators.

In Section 7, the final HNN extension conjugates one copy of a direct product of free groups of
ranks 2 and 3 onto another. The preceding symmetry supplies a commutation relation needed
for the first copy. To obtain the second, we use the small-cancellation construction of Section 3,
which prepares the initial embedding so that a later extension contains the required free subgroup
of rank 3. We prove both direct-product decompositions, so the correspondence between their
factor bases defines an isomorphism and the HNN embedding theorem applies.

Adjoining the conjugating generator adds 5 relations. We choose the isomorphism so that these
relations both make 5 old relators consequences of the relations we retain and allow us to solve for
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5 old generators. Deleting the old relators and eliminating those generators together with the 5
new relations leaves 2 generators and 14 relators. One further commutation relation follows from
the others, giving 13 relators.

Provenance. GPT-6 Astra found the proof presented here and drafted the manuscript under the
direction of Qiuyu Ren, who guided subsequent revisions. A Lean formalization of Theorem 1.1,
with verification instructions, is available in [11].

Acknowledgments. We thank Cameron Gordon for suggesting this problem and for helpful
correspondence.

2 Normal forms
Throughout, wg = g−1wg and [w, g] = w−1g−1wg. We write F(z1, . . . , zj) when the displayed
elements freely generate.

We recall the normal-form theorems for amalgamated products and HNN extensions [4, 7]. If
A is a common subgroup of B and C, then the factors embed in B ∗A C, and every nonempty
alternating product of elements of B \A and C \A is nontrivial.

For an HNN extension with baseB, stable letter t, and relations t−1at = ϕ(a) for an isomorphism
ϕ : A → A′ between subgroups of B, the base embeds. We call such an extension proper. A pinch
is a subword t−1at with a ∈ A or ta′t−1 with a′ ∈ A′. Britton’s lemma states that a word written
with base-group elements between successive stable letters is nontrivial if it contains a stable letter
and no pinch.

These theorems give two restriction principles. In the HNN extension above, if S ≤ B satisfies
ϕ(A ∩ S) = A′ ∩ S, then ⟨S, t⟩ has the exact HNN presentation with base S and associated
subgroups A ∩ S,A′ ∩ S, and meets B in S.

For amalgamated products, S ∗D T embeds in B ∗A C if S ≤ B, T ≤ C, and their intersections
with A both equal D under the identification. Both restriction principles follow because reduced
words in the smaller construction remain reduced in the larger one.

3 Preparing the input
A positive word contains no inverse letters; we allow the empty word. We prepare a 2-generator
group, called the input, whose positive relations define it as a monoid as well as a group. We also
require 3 specified elements to generate a free subgroup in the HNN extension below, after the
relations of this group have been imposed.

Proposition 3.1. Every finitely presented group K embeds in a group G = ⟨u1, u2 | RG⟩ with the
following properties.

(i) Both u1 and u2 have infinite order.

(ii) The set RG is a finite list of positive words, and the monoid defined by RG = 1 is G.

(iii) The elements b, cbc−1, c3 freely generate in

R(G) =
〈
G, c, ℓ, b

∣∣∣ ub
1 = ℓ, ℓb = c, cb = u2

〉
∼=

〈
b, c

∣∣∣ RG(b2cb−2, b−1cb)
〉
. (3.1)
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The first presentation in (3.1) is a proper HNN extension of G ∗ ⟨c⟩ ∗ ⟨ℓ⟩. We call R(G) the
row group.

We recall the small-cancellation conventions used in the proof. In a free product, a syllable is a
nonidentity element of a free factor in reduced normal form, and |w| is the number of syllables of w.
A reduced word is weakly cyclically reduced if it has at most one syllable or its end syllables are not
mutual inverses. Symmetrization includes inverses and all weakly cyclically reduced conjugates.

A product is weakly reduced if no syllables cancel at the join, although the boundary syllables
may combine. A weak initial part of Q is a word p such that Q = pv is weakly reduced. A piece is
a common weak initial part of two distinct symmetrized relators. The condition C ′(1/6) requires
every piece to have length less than one sixth of the length of each of these relators. A part of a
word means a subword of a weakly cyclically reduced conjugate, as in [10, Definition 2.9].

Theorem 3.2 (Free-product small cancellation). For a symmetrized C ′(1/6) family with relator
lengths greater than 6, the free factors embed in the quotient. Every nonidentity weakly cyclically
reduced word in the normal closure has a common part with some symmetrized relator Q, and this
common part has length greater than |Q|/2.

For factor embedding see [8, §2.1, Theorem 2.1]; for the common-part statement see [10,
Fact 2.10]. A weakly cyclically reduced conjugate of a cyclically reduced alternating word is a
rotation with possibly one syllable split between its ends, so its length increases by at most 1 [10,
Observation 2.6].

Lemma 3.3. If the second-factor syllables in cyclically reduced alternating relators of length at
least 12 are globally distinct and none is the inverse of another, every piece has length at most 5.

Proof. A common weak initial part of length 6 contains an unchanged second-factor syllable away
from its endpoints. That syllable determines the relator, orientation, and position; its location
fixes the starting position, and the first syllable fixes any split. The two symmetrized relators
would therefore coincide.

Proof of Proposition 3.1. Write K = ⟨k1, . . . , kn | R1, . . . , Rs⟩ and set k0 = 1. Choose

αij = 3(120i+ j) + 1 (1 ≤ j ≤ 120), Wi(u, v) = uαi1vαi2 · · ·uαi,119vαi,120 (0 ≤ i ≤ n).

The exponents are positive, globally distinct, and congruent to 1 modulo 3. Define

G = (K ∗ ⟨u⟩ ∗ ⟨v⟩)/⟨⟨kiWi(u, v) : 0 ≤ i ≤ n⟩⟩. (3.2)

Here double angle brackets denote normal closure. Over (K ∗ ⟨u⟩) ∗ ⟨v⟩, each relator has cyclically
reduced length 120, and the v-syllables are distinct across all relators. Its first syllable kiu

αi1 is
nontrivial even when ki = 1. The symmetrized lengths are 120 or 121, and the piece bound 5 gives
C ′(1/6). Thus K ∗ ⟨u⟩ and ⟨v⟩ embed, preserving K and the infinite orders of u, v.

Using ki = W−1
i to eliminate k1, . . . , kn gives the finite presentation on u, v with relators

W0, Rj(W−1
1 , . . . ,W−1

n ) (1 ≤ j ≤ s). (3.3)

Write W0 = uU and choose a cyclic rotation vV of W0. In G we have uU = Uu = vV = V v = 1.
Replace inverse letters in (3.3) by the positive words U, V and include those 4 inverse relations.
Every element of the resulting monoid is invertible, and its group presentation is equivalent to
(3.3). This gives the required positive presentation, with u1 = u, u2 = v.
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The triples (u, ℓ, c) and (ℓ, c, v) freely generate in G ∗ ⟨c⟩ ∗ ⟨ℓ⟩, so the row extension is proper.
Its equations give u = b2cb−2, v = b−1cb, and ℓ = bcb−1, hence

R(G) = (K ∗ ⟨b⟩ ∗ ⟨c⟩)/⟨⟨kiWi(b2cb−2, b−1cb) : 0 ≤ i ≤ n⟩⟩. (3.4)

Over (K ∗ ⟨b⟩) ∗ ⟨c⟩, a cyclic conjugate of each relator is

cαi1b−3cαi2b3 · · · cαi,119b−3cαi,120(bkib
2). (3.5)

The last syllable is nontrivial, and equals b3 when ki = 1. The cyclically reduced length is 240.
The distinct c-powers again bound pieces by 5, while symmetrized lengths are 240 or 241.

The subgroup L0 = ⟨b, cbc−1, c3⟩ ≤ F(b, c) is represented by a directed 3-edge c-cycle on vertices
0, 1, 2, with b-loops only at 0, 1, based at 0. The first two c-edges form a spanning tree and give the
displayed free basis. Any 4 successive complete c-blocks of (3.5), with their 3 intervening b-blocks,
cannot be read in this graph: each c-block advances one vertex modulo 3, forcing a b-block at
vertex 2. For the inverse relator the same argument uses steps of −1.

0 1

2

c

cc

b b

Figure 1: The based labeled graph representing L0 = ⟨b, cbc−1, c3⟩; the base vertex is 0.

If a nontrivial element of L0 dies in the row quotient, cyclic reduction gives a nontrivial
closed-path label, possibly at a different vertex. Combining end syllables in the same factor
preserves this property. A one-syllable word cannot die because the factors embed. Otherwise
Theorem 3.2 gives a common part of at least 121 syllables in weakly cyclically reduced conjugates
of the closed-path label and of a row relator or its inverse. Only the end syllables can differ from
the corresponding cyclic rotations [10, Observation 2.6]. Removing 2 syllables at each end of the
common part therefore leaves at least 117 unchanged consecutive syllables of the row relator or its
inverse, all readable in the graph. Every first-factor syllable of the path label is a b-power, so the
exceptional syllable bkib

2 cannot occur in this interior if ki ̸= 1. If ki = 1, it is a nonzero b-power.
In either case the interior contains the forbidden 4 c-blocks. Thus L0 embeds in R(G).

4 The coding and simulator inputs
Fix G from Proposition 3.1. Let N be the positive words in u1, u2 representing 1 in G, equivalently
in its positive monoid presentation.

Theorem 4.1 (Classical 3-rule coding). There are positive words Ei, Fi (1 ≤ i ≤ 3), ḡ1, ḡ2, P on
s1, s2 with the following properties. In the semigroup

S = ⟨s1, s2 | Ei = Fi (1 ≤ i ≤ 3)⟩ ,

we have w ∈ N if and only if w(ḡ1, ḡ2)P =S P , for every positive word w in u1, u2. Here =S

denotes equality in S, and the 3 equations Ei = Fi are its rules. Every positive word v in s1, s2
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satisfying vP =S P is literally a concatenation of ḡ1, ḡ2. The datum can be chosen effectively, with
every rule side containing both letters and, for suitable integers N ≥ 3, ν ≥ 0,

ḡ1 = (s1s2)2s2
1s2s

N
1 , ḡ2 = (s1s2)2s3

1s2s
N−1
1 , (4.1)

P = (s1s2)2s4
1s2s

N−1
1 s2ν

2 . (4.2)

These are the recognition and literal-decoding properties stated in [12, §3, p. 208], from the
coding of [1, 2]; see also [9]. Every rule side contains both letters, as follows directly from the
Boone–Collins formulas [2, p. 2]: their two short rules are

s1s
2
2 = s2

2s1s2s1, s1s
2
2 = s2

2s
2
1, (4.3)

and both sides of the third rule contain s1s2. We use these coding words, chosen from G,
throughout.

In F(s1, s2) the codewords freely generate B0 = ⟨ḡ1, ḡ2⟩: they are distinct positive words of
equal length, so cannot be powers of a common root. Their common abelianization vector is
(N + 4, 3). Consequently

B0 ∩ z−1⟨sj⟩z = 1 (z ∈ F(s1, s2), j = 1, 2), (4.4)

since no nonzero power of either letter has abelianization on that line.

4.1 The structural input

Define the first two stages of Valiev’s auxiliary group, called the simulator, by

G0 =
〈
d, e, s1, s2

∣∣∣ s−1
j d4sj = d, s−1

j esj = e4 (j = 1, 2)
〉
, (4.5)

Gc =
〈
G0, c

∣∣∣ [c, sj ] = 1 (j = 1, 2), c−1Aic = Bi (1 ≤ i ≤ 3)
〉
, (4.6)

where Ai = diFie
i and Bi = diEie

i. The last 3 equations also read

d−icdiEi = Fie
ice−i (1 ≤ i ≤ 3). (4.7)

These are the presentations of Γ1,Γ2 in [6], with our input-dependent coding datum substituted.
Their Propositions 3.3–3.4 are Borisov’s normal-form statements for arbitrary nonempty positive
rule words: his original formulation allows M rules and any exponent α > M [3, §2, Assertions
IV–V, pp. 769–770]. Here M = 3 and α = 4.

In the proof of their Lemma 3.5, the only additional property of the rule words is that every
Ei and Fi contains both s1 and s2: this gives the intersections with ⟨d, e, sj⟩ stated in the next
lemma. This property holds by Theorem 4.1. No other property of the coding datum enters these
subgroup proofs. Consequently their Propositions 3.3–3.4, Lemma 3.5, and Corollaries 3.6–3.7
apply to the datum chosen from each input G.

Lemma 4.2 ([6, Propositions 3.3–3.4, Lemma 3.5]). The displayed lists freely generate

Uc = ⟨s1, s2, A1, A2, A3⟩, Vc = ⟨s1, s2, B1, B2, B3⟩.

For Jj = ⟨d, e, sj⟩ ≤ G0, their intersections with Jj are ⟨sj⟩, and their intersections with F(d, e)
are trivial.
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Corollary 4.3 ([6, Corollaries 3.6–3.7]). In Gc, the subgroup on c, d, e is free and meets G0 in
F(d, e). For j = 1, 2, the subgroup Dj = ⟨d, e, c, sj⟩ has the exact presentation〈

d, e, c, sj

∣∣∣ s−1
j d4sj = d, s−1

j esj = e4, [c, sj ] = 1
〉
,

and Dj ∩G0 = Jj.

The normal forms in Gc also give Dj ∩ F(s1, s2) = ⟨sj⟩. Adjoin stable letters f, q, k that
centralize the indicated subgroups:

L = ⟨Gc, f, q | [f, c] = [f, d] = [q, c] = [q, e] = 1⟩ , (4.8)

t = qf, T = PqP−1f = Ptf−1P−1f, D = ⟨c, d, T ⟩,

K = ⟨L, k | [k, c] = [k, d] = [k, T ] = 1⟩ . (4.9)

All these extensions are proper. The resulting Valiev simulator has 8 generators and 16 relators
[12, §4, pp. 208–209]; its base is Borisov’s construction [3].

Lemma 4.4. The subgroup F4 = ⟨s1, s2, f, q⟩ is free on these elements, and F4 ∩Gc = F(s1, s2).

Proof. The subgroup F(s1, s2) meets ⟨c, d⟩ and ⟨c, e⟩ trivially. Restricting successively the f and q
extensions therefore adjoins two free factors and preserves the stated base intersection.

4.2 Recognition

The recognition theorem detects the words representing 1 in G through intersections of subgroups
of K. In K, set

x0 = k−1fk, x1 = f−1s1f, x2 = f−1s2f, x3 = Pt,

A = ⟨ḡ1, ḡ2, x1, x2, x3⟩, B = ⟨ḡ1, ḡ2, f, T ⟩, V = ⟨x0, x1, x2, x3⟩.

For positive w = w(u1, u2) write w̄ = w(ḡ1, ḡ2) and

∆(w) = w̄Tf−1w̄−1f = w̄x3f
−1(w̄P )−1f. (4.10)

Theorem 4.5 (Valiev’s recognition theorem). The subgroup V is free on x0, x1, x2, x3, and

D ∩ A = D ∩ B = E , E = ⟨∆(w) : w ∈ N ⟩. (4.11)

Equation (4.11) is [12, Lemma 5.1, pp. 209–210]. The freeness of V is stated in [12, Lemma
8.1(a), pp. 211–212] for its image in a later extension of the same simulator, and therefore holds
already in K. In particular,

∆(w)k = ∆(w) (w ∈ N ). (4.12)

Lemma 4.6. The displayed generators freely generate A,B. Moreover,

C := ⟨A, k−1Bk⟩ ∼= A ∗E k
−1Bk, C ∩ L = A.

The element c centralizes V .

Proof. In F4, the code subgroup and f−1F(s1, s2)f form a free product. Replacing q by x3 = Pqf
gives the asserted basis of A; replacing it by T = PqP−1f gives that of B. A k-pinch between the
two factors occurs precisely in their intersections with D, both equal to E . Britton’s lemma gives
the amalgam and base intersection. The last assertion follows from the commutations of c with
s1, s2, f, q, k.
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5 Attaching the input
Attach G to K by making it commute with the free subgroup V :

M = K ∗V (V ×G). (5.1)

Both G and K embed in M , whose presentation adds just the 8 commutations

[ui, xj ] = 1 (i = 1, 2; 0 ≤ j ≤ 3). (5.2)

Let ρ : M → K be the retraction killing G. Define ψ on the two factors of C by

ψ(ḡi) = ḡifuif
−1, ψ(xj) = xj (j = 1, 2, 3), ψ|k−1Bk = id.

The freeness of A ensures that the assignment on its generators defines a homomorphism. Since
fuif

−1 commutes with s1, s2 by (5.2), this homomorphism sends w̄ to w̄fw(u1, u2)f−1. For w ∈ N
this is w̄, and the expression for ∆(w) in the A-basis is fixed. The factor maps thus agree on E .
They define ψ : C → M , which is injective because ρψ is the original inclusion. Put C′ = ψ(C).

Adjoin ℓ implementing this isomorphism, with 2 equations

ḡiℓ = ℓḡifuif
−1 (i = 1, 2) (5.3)

and the 7 commutations of ℓ with

x0, x1, x2, x3, k−1ḡ1k, k
−1ḡ2k, k

−1Tk. (5.4)

The extension is proper. The recognition theorem lets us derive the input relators from these
relations, removing the dependence of the relator count on G.

Lemma 5.1. Every defining relator of G follows from the simulator relations, the cross-
commutations (5.2), and the attaching relations. The commutation of ℓ with the last word in (5.4)
is also redundant.

Proof. Omit all input relators and let w be one of them. The fixed simulator still satisfies (4.12),
since its coding words and rules were chosen from the input presentation. The expression k−1∆(w)k
is fixed by ℓ. On the other hand, conjugating the A expression in (4.10) by ℓ gives

w̄fw(u1, u2)f−1x3f
−1(w̄P )−1f.

The suffix x3f
−1(w̄P )−1f is fixed, being a word in x1, x2, x3. Comparing with ∆(w) = k−1∆(w)k

and cancelling gives w(u1, u2) = 1 without using any input relator.
Finally, k−1Tk = T = x3P (x1, x2)−1 is already fixed by ℓ.

After these deletions the group, denoted N , still contains G and has 11 generators and
16 + 8 + 9 − 1 = 32 relators.

Lemma 5.2. In N , the subgroup U = ⟨c, u1, u2, ℓ⟩ is ⟨c⟩ ∗G ∗ ⟨ℓ⟩, and ⟨U, V ⟩ = U × V .

Proof. The c-exponent map K → Z vanishes on C and V , so each meets ⟨c⟩ trivially. Amalgam
normal forms give ⟨c,G⟩ = ⟨c⟩ ∗G and ⟨c,G⟩ ∩ K = ⟨c⟩. Hence ⟨c,G⟩ ∩ C = 1. Its intersection with
C′ is also trivial: ρ maps it into ⟨c⟩ ∩ C, and ρ is injective on C′. Restriction of the ℓ extension
therefore adds the free factor ⟨ℓ⟩. An element of U ∩ V must then lie in ⟨c,G⟩ ∩ K = ⟨c⟩, hence is
trivial. The defining relations give [U, V ] = 1, so ⟨U, V ⟩ ∼= U × V .

We view the commutations between the generators of U and V as a grid, with rows c, u1, u2, ℓ
and columns x0, x1, x2, x3. Each entry is the commutation of its row and column generators. The
next extensions use conjugation to recover several entries from a single row or column.
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6 The positive symmetry and the 19-relator host
We extend a symmetry of the subgroups associated with s1 and s2 across the attachment. The
new letter h will satisfy [d, h2] = 1, a relation needed for the final HNN extension in Section 7.

Put E0 = f−1ef , Q0 = f−1qf , and

H− = ⟨d,E0, c, f, x1⟩, H+ = ⟨d,E0, c,Q0, x2⟩.

The symmetry will exchange d and E0 without inversion; this is the meaning of “positive.”

Lemma 6.1. These groups have the exact presentations

H− ∼=
〈
d,E0, c, f, x1

∣∣∣ x−1
1 d4x1 = d, x−1

1 E0x1 = E4
0 , [c, x1] = [c, f ] = [d, f ] = 1

〉
,

H+ ∼=
〈
d,E0, c,Q0, x2

∣∣∣ x−1
2 d4x2 = d, x−1

2 E0x2 = E4
0 , [c, x2] = [c,Q0] = [E0, Q0] = 1

〉
,

and
C ∩H− = V ∩H− = ⟨x1⟩, C ∩H+ = V ∩H+ = ⟨x2⟩. (6.1)

Proof. Restrict the f extension to D1 and conjugate by f to obtain H−. For H+, restrict the
independent q extension to D2 and conjugate by f . The letters f and q centralize c, d and
c, e, respectively; thus Corollary 4.3 and the HNN restriction principle in Section 2 give the
presentations. The same restrictions and Dj ∩ F(s1, s2) = ⟨sj⟩ give

H− ∩ F4 = ⟨s1, f⟩, H+ ∩ F4 = f−1⟨s2, q⟩f.

Since C∩L = A ⊂ F4, the remaining intersections are free-group calculations. By (4.4), A∩⟨s1, f⟩ =
⟨x1⟩. For the second, replace f in a free basis of F4 by a0 = fPq; then

fAf−1 = ⟨s1, s2, a0, q
−1(P−1B0P )q⟩.

The intersection P−1B0P ∩ ⟨s2⟩ = 1 implies that this group meets ⟨s2, q⟩ in ⟨s2⟩. This gives the C
intersections. The V intersections follow from V ⊂ C and x1, x2 ∈ V .

The positive assignment

d 7→ E0, E0 7→ d, c 7→ c, f 7→ Q0, x1 7→ x−1
2 (6.2)

is an isomorphism H− → H+. It sends the two power relations to x2E
4
0x

−1
2 = E0 and x2dx

−1
2 = d4,

equivalent to the target relations, and transports the commutations. The reverse assignment is its
inverse.

Lemma 6.2. The map (6.2) extends, fixing G, ℓ, to an isomorphism ⟨H−, G, ℓ⟩ → ⟨H+, G, ℓ⟩.
These subgroups meet U × V in U × ⟨x1⟩ and U × ⟨x2⟩, respectively.

Proof. By (6.1), adjoining G in the amalgam adds exactly the commutations [ui, x1] or [ui, x2].
The resulting subgroups meet K in H±, hence meet C in the indicated cyclic subgroups. Their
intersections with C′ are the same: apply ρ, which is injective on C′, and use that ψ fixes x1, x2.
Restriction of the ℓ extension therefore adds exactly [ℓ, x1] or [ℓ, x2], so the map extends.

The retraction ρ : M → K extends to ρ̂ : N → K by ℓ 7→ 1, since ρψ is the inclusion of C. Put
S± = ⟨H±, G, ℓ⟩. Then ρ̂(S±) = H± and ρ̂ fixes V . If uv ∈ S± ∩ (U × V ), with u ∈ U and v ∈ V ,
then U ≤ S± gives v ∈ S±. Thus v = ρ̂(v) ∈ H± ∩ V , which is ⟨x1⟩ or ⟨x2⟩ by (6.1). The reverse
inclusions follow from the generators.
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Adjoin h implementing this isomorphism, with 8 equations

dh = E0, Eh
0 = d, ch = c, fh = Q0, xh

1 = x−1
2 ,

uh
1 = u1, uh

2 = u2, ℓh = ℓ.
(6.3)

Conjugating the retained source relations recovers 8 old ones: the two s2 power relations, [c, s2],
[c, q], [e, q], the two [ui, x2], and [ℓ, x2]. Delete these and eliminate e, s2, q using

e = fh−1dhf−1, s2 = fh−1x−1
1 hf−1,

q = fh−1fhf−1, t = fh−1fh.
(6.4)

The remaining equation Eh
0 = d is

[d, h2] = 1. (6.5)

This leaves 9 generators and 32 + 8 − 8 − 3 = 29 relators. By the intersection statement in
Lemma 6.2, restriction to the grid gives

⟨U, V, h⟩ ∼= U ×
〈
x0, x1, x2, x3, h

∣∣∣ xh
1 = x−1

2

〉
∼= U × F(x0, x1, h, x3), (6.6)

and its intersection with N is U × V .

6.1 Column and row shifts

Restore [c, x3] = 1, which follows from the commutations of c with s1, f, h and (6.4). Of the
resulting 30 relators, 18 can equivalently be written

[z, v] = 1 (z ∈ {c, u1, u2, ℓ}, v ∈ {x0, x1, h, x3}),
[c, k] = [d, f ] = 1.

(6.7)

For example, [c, x0] and [c, k] recover [c, f ], after which [c, x1] recovers [c, s1].
Adjoin a fixing U and satisfying

xa
0 = x1, xa

1 = h, ha = x3. (6.8)

The source and target are U × F(x0, x1, h) and U × F(x1, h, x3) inside (6.6), so this extension is
proper. Retaining the x0 column and the 4 new commutations with a recovers the other 12 grid
entries. The first two shifts eliminate the actual generators s1, h; the third remains as Pt = xa3

0 .
The count is 30 + 7 − 12 − 2 = 23, on 8 generators. Restriction to the grid gives

⟨U, a, x0⟩ ∼= U × F(a, x0), (6.9)

since the 3 column symbols x1, h, x3 can be eliminated from this subgroup presentation. Only s1
and h were eliminated from the presentation of the whole group; x1, x3 were word abbreviations
there.

Next adjoin b fixing a, x0 and satisfying

ub
1 = ℓ, ℓb = c, cb = u2. (6.10)

The row triples are free in U = ⟨c⟩ ∗ G ∗ ⟨ℓ⟩, and their products with F(a, x0) are the exact
associated subgroups. This is again proper. Eliminate ℓ, u1, u2 by

ℓ = bcb−1, u1 = b2cb−2, u2 = b−1cb. (6.11)
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Since a, x0 commute with b, c, they also commute with the displayed words for ℓ, u1, u2. Deleting
these 6 commutations leaves 23 + 5 − 6 − 3 = 19 relators on c, d, f, k, a, b. Call this host B+

19, and
put x = x0.

Both associated subgroups lie in (6.9), with b acting identically on the column factor. Restriction
therefore gives the embedded product

⟨U, b, a, x⟩ ∼= R(G) × F(a, x). (6.12)

The row relations are exactly those of (3.1).

6.2 The 19-relator presentation

For reference, the word abbreviations in B+
19 are

x = k−1fk, x1 = a−1xa, h = a−2xa2,

s1 = fx1f
−1, s2 = fh−1x−1

1 hf−1, e = fh−1dhf−1,

t = fh−1fh, ℓ = bcb−1, u1 = b2cb−2, u2 = b−1cb.

(6.13)

The coding words are evaluated at s1, s2, and T = Ptf−1P−1f . The 12 core equations are

d4s1 = s1d, es1 = s1e
4,

d−icdiEi = Fie
ice−i (i = 1, 2, 3),

[T, k] = 1,
ḡiℓ = ℓḡifuif

−1 (i = 1, 2),
[ℓ, k−1ḡik] = 1 (i = 1, 2),

[d, h2] = 1, P t = a−3xa3.

(6.14)

The other 7 are
[c, f ] = [d, f ] = [c, k] = [d, k] = [c, a] = [a, b] = [b, x] = 1. (6.15)

Here we have replaced the retained [c, x] by [c, f ], using [c, k] and x = k−1fk.

7 Compression to 13 relators
Write Fj for a free group of rank j. We exhibit two copies of F2 × F3 to serve as the source and
target of an HNN extension. The source uses the relation [d, h2] = 1; the target uses the free triple
b, cbc−1, c3 in R(G) supplied by Proposition 3.1.

Lemma 7.1. The host B+
19 contains the exact product

⟨c, d, f, k, h2⟩ = F(c, d) × F(f, k, h2).

Proof. The pair c, d is free by Corollary 4.3, and commutes with f, k, h2 by (6.15), (6.5), and
ch = c.

We next show that f, k, h2 freely generate. In the group obtained after adjoining h, before the
a, b extensions, take the quotient killing c, d, s1, u1, u2, ℓ. The definitions then kill e, s2 and the
coding words, leaving exactly

Q =
〈
f, h, k

∣∣∣ [k, ffh] = 1
〉
.
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First consider the intersection needed to restrict this centralizer extension. In F(f, h), the subgroup
of words with even exponent sum in h has free basis (f, fh, h2). The exponent-sum map in the
basis element fh vanishes on ⟨f, h2⟩ but is nonzero on every nontrivial power of ffh. Hence

⟨f, h2⟩ ∩ ⟨ffh⟩ = 1.

Now apply the HNN restriction principle to the extension defining Q: because the associated
subgroup has trivial intersection with ⟨f, h2⟩, the subgroup ⟨f, h2, k⟩ is the free product ⟨f, h2⟩∗⟨k⟩
and is therefore free on f, h2, k.

Finally, the quotient map above kills ⟨c, d⟩ and is injective on ⟨f, k, h2⟩. The two factors
therefore have trivial intersection; since they commute, they generate the displayed direct product.
The subsequent proper extensions preserve it.

Set
B = cbc−1, A = Bc3B−1, C = b. (7.1)

The triple (b, B, c3) is free in R(G) by preparation. Permuting its basis and conjugating c3 by B
gives the basis (A,B,C). Thus (6.12) contains

⟨a, x,A,B,C⟩ = F(a, x) × F(A,B,C). (7.2)

Adjoin r with
cr = a, dr = x, f r = A, kr = B, (h2)r = b. (7.3)

The source and target bases define an isomorphism, so this HNN extension is proper and contains
B+

19.

Lemma 7.2. Retaining [c, a], [a, b], [b, x], the 5 old relators [c, f ], [c, k], [d, f ], [d, k], [d, h2] are
redundant.

Proof. We recover the 5 relations in three successive stages. First, a centralizes b, c, and therefore
centralizes the words A,B. Pulling back [a,A] = [a,B] = 1 through (7.3) gives [c, f ] = [c, k] = 1.

These two recovered relations and x = k−1fk give [c, x] = 1. Together with the retained
relation [b, x] = 1, this shows that x centralizes both A and B. Pulling back [x,A] = [x,B] = 1
now gives [d, f ] = [d, k] = 1.

Finally, pulling back [x, b] = 1 gives [d, h2] = 1. Thus each relation is recovered before it is
used in the next stage.

Lemma 7.3. The 5 equations (7.3) eliminate the generators a, b, k, f, d.

Proof. The identity x = k−1fk gives xr = AB = c3. Since a = cr and h = xa2 , the last equation
becomes

b = (h2)r = ((xr)2)(ar)2 = (c6)(c2)r2
. (7.4)

This is a word in c, r alone. We may therefore eliminate in the order

a = cr, b = (c6)(c2)r2
, k = rBr−1, f = rBc3B−1r−1, d = r2c3r−2.

Conversely these definitions give k−1fk = rc3r−1 = x, and recover cr = a, dr = x, f r = A, kr = B.
Equation (7.4) recovers (h2)r = b. Thus the 5 equations allow 5 Tietze eliminations, without using
any commutation relations. The resulting presentation has 2 generators and 19 + 5 − 5 − 5 = 14
relators.
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Lemma 7.4. After these eliminations, [a, b] = 1 follows from [c, a] = 1.

Proof. Write ci = cri . The retained relation and its r-conjugate give [c0, c1] = [c1, c2] = 1. Hence
a = c1 commutes with b = c−2

2 c6
0c

2
2.

The use of [a, b] in Lemma 7.2 is noncircular: it was retained then, and its independent
derivation uses definitions obtained without it. Deleting it now preserves the group and leaves 13
relators.

7.1 The final presentation

The only presentation generators are c, r. Define the following words in order:

a = r−1cr, J = r−2c2r2, b = J−1c6J,

B = cbc−1, k = rBr−1, f = rBc3B−1r−1,

x = rc3r−1, d = r2c3r−2.

(7.5)

Then set
x1 = a−1xa, h = a−2xa2, s1 = fx1f

−1,

s2 = fh−1x−1
1 hf−1, e = fh−1dhf−1, t = fh−1fh,

ℓ = bcb−1, u1 = b2cb−2, u2 = b−1cb.

(7.6)

Evaluate the coding words of Theorem 4.1 at s1, s2 and put T = Ptf−1P−1f . The 13 equations
are

Number Defining equation

1 d4s1 = s1d

2 es1 = s1e
4

3–5 d−icdiEi = Fie
ice−i (i = 1, 2, 3)

6 [T, k] = 1
7–8 ḡiℓ = ℓḡifuif

−1 (i = 1, 2)
9–10 [ℓ, k−1ḡik] = 1 (i = 1, 2)
11 Pt = a−3xa3

12 [c, a] = 1
13 [b, x] = 1

The complete count is recorded below; word abbreviations are never counted as generators.
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Stage Generators Relators

Simulator 8 16
Input attached; input relators removed 11 32
Positive symmetry and eliminations 9 29
Restore the redundant grid entry 9 30
Column compression 8 23
Row compression 6 19
Add the final HNN extension 7 24
Recover and delete 5 old relations 7 19
Eliminate 5 generator/definition pairs 2 14
Delete [a, b] 2 13

Proof of Theorem 1.1. Choose a universal finitely presented group K∗ using Higman’s embedding
theorem [5]. Applying the construction with K = K∗ gives a group UK∗ and embeddings

K∗ ↪→ G ↪→ M ↪→ N ↪→ B+
19 ↪→ UK∗ .

The Tietze transformations above give the displayed 2-generator, 13-relator presentation of UK∗ .
Explicitly, the generator ki of K∗ is sent to Wi(u1, u2)−1, followed by the ordered substitutions
(7.5)–(7.6).

Since UK∗ contains the universal group K∗, it is universal.

The input relations enter the coding words, but are recovered and deleted in Lemma 5.1. They
affect the lengths of the final words, without adding any equations to the 13-relator table.
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