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Abstract

Starting from the two trace functions p; = Tr(A) and py = Tr(A?) for semisimple A € GL2(C),
we develop the associated projective source geometry. The coordinate y = t2/d — 1 identifies the
adjoint character, and normalized Haar measure on a specified closed subgroup H C SO(3) pushes
forward to a probability measure vg. We describe this measure through harmonic multiplicities,
moments, and its Stieltjes transform, and prove that it determines H up to conjugacy within the
closed-subgroup class of SO(3).

A positive Abel kernel resums the projective character tower and gives a resolvent formula
whose endpoint limit recovers the mass of the identity atom. We give explicit Abel transforms for
the finite rotation groups and positive-dimensional benchmark sources, and derive a finite-image
Frobenius-prime Abel limit from Chebotarev. For central-jet interpolation, we prove two exact
degree laws: the cyclic-versus-torus minimum degree is max(n, M + 1), while the normalized
tetrahedral detector against .S; and A5 has minimum degree 3 for M = 1,2 and M + 2 for M > 3.
We also compute the integral image of the tetrahedral averaging functional, obtaining 27 for
every M > 2.

All results are stated with their hypotheses. The paper does not claim a general infinite-

spectrum Beyond Endoscopy trace formula or transfer of central-jet vanishing to orbital kernels.

1 Introduction
The starting point is the pair of trace functions on a semisimple matrix A € GLy(C),
p1=Tr(A),  pa=Tr(4%),

Together these recover the characteristic-polynomial state (t,d), where t = Tr(A) and d = det(A),

and hence the projective adjoint character
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The purpose of this paper is to study the compact-source geometry and polynomial-detector

complexity attached to this one-variable projective coordinate.

Relation to the companion paper. The companion paper, S. Schafer, Finite Analytic Characters
and Tannakian Source Reconstruction: A Finite Tensor—Quiver Framework for Beyond Endoscopy [1],
develops a finite-visible-spectrum analytic framework in which the two local trace channels p; and
po can be recovered under its stated separation, archimedean-isolation, and nonvanishing hypotheses.
That work addresses the analytic extraction and selection stage. The present paper takes the
resulting two-trace state as its algebraic starting point and studies what follows after projectivization:

the character ring, compact source measures, their resolvents, and exact central-jet source filters.

The papers are complementary but their claims are logically distinct. The central-jet degree laws
proved here are finite-dimensional algebraic statements and do not depend on the analytic realization
in the companion paper. Conversely, defining a trace measure vy from a specified compact group H
does not by itself show that finitely many analytic observations reconstruct that measure. Any such
arithmetic reconstruction requires additional hypotheses. The local Hecke recurrences below are

algebraic; the finite-image prime theorem later in the paper is a separate consequence of Chebotarev.

The architecture is

(p17p2) — <t7d) — Y,

H —— vg — Ry — source filters.

Here H C SO(3) is a separately specified closed subgroup, vy is the pushforward of normalized Haar
measure by the trace character, and Ry is its Stieltjes transform. A single observed local value y(A)

is not the full source measure.

Prior work and scope of novelty. General minimum-degree polynomial interpolation is es-
tablished; relevant work includes de Boor—Ron and Sauer, as well as Gasca—Sauer’s treatment of
minimal-degree spaces for bivariate Hermite interpolation [2-4|. Prescribed-zero interpolating filters
have also been studied in wavelet and refinable-function theory [5]. In a different finite-group charac-
ter setting, Nozawa and Uno study least-degree polynomials whose roots are the distinct nonidentity
values of specified group characters [6]. These works are important context, but they do not formulate
the source-average problem considered here: one seeks a polynomial in the ideal (y — 3)M Q[y] whose
normalized averages against specified compact-source measures equal a prescribed target vector. We
do not claim the general interpolation criterion or the classical Langlands polyhedral selectors as

new.

The principal contribution is the exact degree optimization for two particular systems of source
functionals: the cyclic-versus-torus law d¢, (M) = max(n, M + 1) and the tetrahedral law (degree
3 for M = 1,2 and M + 2 for M > 3). Their proofs provide matching upper and lower bounds
via explicit determinants and nonvanishing estimates valid over the full parameter ranges. The

roots-of-unity filtering and binomial alias expansions used in the cyclic argument are standard
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tools; the result claimed here is the exact optimal degree under the specified source-average and
central-jet constraints. We also compute the integral image of the tetrahedral averaging functional
and develop the positive Abel transform linking harmonic generating functions to source resolvents,
with an endpoint limit that recovers the identity atom. To the best of our knowledge, neither exact
source-specific degree law has previously been stated in the literature we have located; this priority
claim is limited to these functionals and constraints. Explicit source transforms and the finite-image

Frobenius-prime Abel limit provide context and arithmetic applications.

The paper is organized as follows. Section 2 develops the projective character algebra from
the two traces. Section 3 constructs the compact source measures, harmonic coordinates, Abel
transform, and rigidity theorem. Section 4 contains the central-jet interpolation criterion, both exact
degree laws, and the integral refinement. Section 5 presents the classical detectors and finite-image

arithmetic benchmark. Section 6 states the scope and remaining analytic limitations.

2 Projective character algebra from two traces
Let A € GLy(C) be semisimple with eigenvalues «, 5. Define
t:@+/3a d:OéB, pm:am—i_ﬁm

The characteristic polynomial is
X? —tX +d.

Cayley—Hamilton gives
A? =tA —dI,

SO

Pm+2 = tPmy1 — dpm-

In particular
P2 = t2 — 2d.

Consequently,

g Pip
2

Theorem 2.1 (Two-channel completeness). For semisimple A € GLo(C), the data (t,d), (p1,p2),
and the semisimple conjugacy class [Alss determine one another. Moreover, the character of every
finite-dimensional algebraic representation of GLo is a Laurent polynomial in t and d. In particular,
every symmetric-power character is a polynomial int and d. These characters are therefore determined

by p1, p2, with negative powers of d allowed for determinant twists of negative exponent.

Proof. The equivalence of (p1,p2) and (t,d) follows from ¢ = p; and the displayed determinant



Finite Projective Source Geometry for GLo October 2026

formula. The characteristic polynomial determines the semisimple conjugacy class. Every symmetric
polynomial in «, 8 lies in C[t, d|, while every algebraic irreducible representation of GLy has the form
Sym?(Std) ® det® with @ > 0 and b € Z. Tts character is therefore d° times a symmetric polynomial,
hence a Laurent polynomial in ¢, d. O

2.1 Symmetric powers

For m > 1, the Clebsch—Gordan identity

Std ® Sym™(Std) ~ Sym™*!(Std) & (Sym™ ! (Std) ® det)

gives
Xm+1 = tXm — dXm-1, xo=1, x1=t.
Therefore
[m/2] = 4
Xsymm (A4) = > (—d)f( ; )t’”‘%-
§=0

The finite formula follows by induction from the recurrence, using Pascal’s identity for binomial
coefficients. For the generating function, put C(u) = 3", < xsym™ (A)u™. Multiplying the recurrence
by powers of u and summing gives (1 — tu + du?)C(u) = 1, hence

1

C(u) =) Xsymm (A)u™ = PRt

m>0

At a maximal-level unramified place v, let
Sat(T,) = x1 + w2, Sat(Z,) = x122.

Define
HO,'U =1, Hl,v =T, Herl,v = Tva,v - Zvafl,va m > 1.

The Satake map is an algebra homomorphism. The symmetric-power characters s, = xsymm (21, Z2)

satisfy so = 1, s1 = x1 + x2, and
Smt1 = (21 + 22)sm — (T122)Sm—1,

by the Clebsch-Gordan identity. The Satake transforms of H,, , satisfy the same recurrence and

initial data. Induction therefore gives

Sat(Hm,v) = XSym™ (CC] ) x?)‘
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Thus each fixed-index symmetric-power character is an explicit polynomial in the trace-state

coordinates ¢,d (or a Laurent polynomial when determinant twists are allowed).

The Hecke recursion above is an algebraic identity in the spherical Hecke algebra. Any assertion
that a global limiting functional realizes these characters analytically requires a separate theorem

with explicit spectral and nonvanishing hypotheses; it is not used below.

2.2 Projective collapse and the character algebra
The adjoint representation of GLs is
-1
Ad°(Std) ~ Sym?(Std) ® det .

Its character is

t2

Since d = (p? — p2)/2, this may also be written as

_ it
pi = p

Let G = PGLy(C). The irreducible algebraic representations of GLg that are trivial on its scalar

center are precisely

W, = Sym? (Std) ® d_ert, r>0.

They are the irreducible algebraic representations of G. The representation Wi is the adjoint

representation.

Theorem 2.2 (Projective character algebra). The Grothendieck ring of finite-dimensional algebraic
representations of PGLa(C) is

Ko(Rep® PGLy(C)) ~ Z[X],

where X corresponds to the class [W1]|. Under the character map this becomes

Ko(Rep™8 PGLy(C)) ~ Z[y],

where y = xw,. Consequently
Ko(Rep™8 PGL2(C)) ®z Q ~ Q[y).

Proof. The irreducible algebraic representations of GLo that act trivially on its scalar center are
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precisely the W,.. For r > 1, the Clebsch—Gordan rule gives
Wi@W, =W, 1 &@W, ®W,_1,

while W1 ® Wy ~ W;. Hence every W, is generated recursively by Wj. Under the character map,
[W1]™ has character y™, while the irreducible character P,(y) = xw, is monic of degree n. Thus the
powers of [W;] are linearly independent, so no nonzero polynomial in [W;] vanishes. Therefore the

representation ring is the polynomial ring Z[X] with X = [W;]. O

The character ring of finite-dimensional algebraic representations of PGLg over C is Cly]. For
GLg, the corresponding character ring is C[t,d,d~!]. The subring spanned by representations on
which the scalar center acts trivially consists exactly of those representations that descend to PGLq,

and it is isomorphic to Cly].

3 Compact source geometry, resolvents, and rigidity

3.1 Projective harmonic coordinates
Let H € SO(3) be closed. If g € SO(3) is a rotation through angle 6 € [0, 7], then
Tr(g) =1+ 2cosb.
For r > 0 write
W, = Sym?"(C?) ® det .

Under the compact identification PU(2) ~ SO(3), W, is the degree-r spherical-harmonic representa-

tion.

Proposition 3.1 (Harmonic character polynomials). For a rotation g through angle 0, the character
of Wy is

xw.(9) =142 cos(jb).
j=1

Writing
y=1+2cosb,

there is a monic polynomial P, € Zly] of degree r such that

and
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Proof. The weights of W, on a rotation through angle § are e~ ... e so its character is
D e e”9. Multiplying this sum by y = 1 + € + =% gives

yPr(y) = Pry1(y) + Pr(y) + Pr-1(y)

for r > 1, with Py = 1 and P; = y. This yields the recurrence. The recurrence also shows inductively

that P, is monic of degree r with integer coefficients. O

Definition 3.2. Let ug denote normalized Haar probability measure on H. For g € H, let

0(g) € [0,x] be its rotation angle. Define the trace source measure by

’VH = (Tr)upim, Tr(g) =1+ 2cosb(g),

so that suppry C [—1,3]. Equivalently, vy is the pushforward of the rotation-angle distribution
under 8 — 1+ 2cos#.

Define
he(H) = dim W1 my(H) = / y" dvi(y).
[_173]

The averaging operator [, W,(g) dug(g) is the projection onto WH, taking its trace gives the

compact-group averaging formula

o (H) = / Py (y) dvi (y).

Since P, is monic, the finite systems (hg,...,hy) and (mg,..., my) determine one another by

triangular linear transformations.

Define also

Then

eo = ho, e1=hy,

and
h, = e, + hq_o.

Thus the full e-sequence is equivalent to the full h-sequence, but the tail e, 7 > 2, alone loses the
initial datum h;. This loss accounts for the torus/normalizer ambiguity discussed below.
3.2 Positive commutant coordinates

Let
7w :SU(2) — SO(3)
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be the canonical double covering and set

Define

an(H) = dim Endﬁ(Sym”CQ).

This definition is canonical and does not depend on a choice of lift.

Clebsch—Gordan gives the following decomposition as an SU(2)-representation:
End(Sym"C?) ~ Sym"C? @ (Sym"C?)" ~ @W*Wr,
r=0

where 7*W, is the pullback of the SO(3)-representation W, along 7 : SU(2) — SO(3). Taking

H-invariants gives

an(H) = he(H).
r=0

The element —I € SU(2) acts by a scalar on Sym"C?, hence trivially by conjugation on its

endomorphism algebra; there is no parity ambiguity in a,.

3.3 Harmonic generating functions and the source resolvent

Theorem 3.3 (Harmonic/resolvent equivalence). Define

Ha@) =Y (), Ra(w) = [ 2240,

r>0

Then, for |q| <1,

i) = [ T ()

If

w=1+q+q ",

with the branch ¢ — 0 as w — oo, then

(Hu(a) = (w = q)Ru(w).|

Moreover, for |w| > 3,

Ry(w) = Z M

wn+1
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Proof. The recurrence for P, gives

144¢
ZP’V‘(y>qr: 2"
= 1-(y—-1)g+q

Integrating against vy gives the first identity. If w = 1+ ¢+ ¢~ then

1—(y—1)g+¢* =qw—y)

and

l+q ' =w—gq

which gives the second identity. For |w| > 3 the geometric expansion

(w—y) ' =w D) (y/w)"

n>0

converges uniformly on [—1, 3], giving the moment expansion. O

3.4 The positive Abel transform and the identity atom

For 0 < ¢ < 1, define

N2
Agy) = 1=

_ -1
TTwongre TS

and put
Aula) = [ Agly) dva (o).

Since w —3 = (1 —¢)?/qg and w —y = [1 — (y — 1)q + ¢*]/q, one has

w— _ )2
Ay(y) = w_l?; ) An(q) = (w —3)Ry(w) = (11 +qq)

Hpu(q).

The last equality follows from the harmonic/resolvent equivalence. This kernel is positive and

bounded by one on [—1, 3], because

1—(y—1)g+¢ —(1—q)*=q(B3-y) >0.

For fixed y < 3, A;4(y) — 0 as ¢ — 17, whereas A,4(3) = 1. Therefore dominated convergence yields
the endpoint identity.

Theorem 3.4 (Stieltjes edge-atom formula). For every probability measure v supported on [—1, 3],
with
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one has

li(w = 3)R, (w) = v({3})

Equivalently, for a compact source H C SO(3),

lim Ag(q) = vy ({3}).

q—1-

This limit is |H|~' when H is finite and is zero when H is infinite.
Proof. Write v = ads + v with 19({3}) = 0. Then

dvo(y)
w—y

(w—3)Ry,(w) :a+(w—3)/

The integrand (w — 3)/(w — y) lies in [0,1] for y € [—1,3] and tends to zero for every y < 3.
Dominated convergence gives the limit a = v({3}). For a compact source, y = 3 occurs only at
the identity. Haar probability has identity mass 1/|H| for finite H. If H is infinite, translation
invariance makes all singleton masses equal; a positive singleton mass would contradict total mass

one, so the identity mass is zero. O

3.5 A local Hecke realization

At a maximal-level unramified place v, let H,,, be defined by the symmetric-power Hecke recursion

in Section 2, and write T, Z, for the standard Hecke generators. Put
Hyy =2, Hoyy,  Sat(H.,) =P (y), y=T22Z"—1.

The character-generating identity therefore gives, as a formal power-series identity in the g-adic

completion H,[Z, !][[q]] of the localized spherical Hecke algebra,

~ 1+¢
¢ H, = —.
; (e -T2y

This is a local algebraic realization of the harmonic generating function. It does not identify the
compact-source Cauchy transform with a global automorphic resolvent; that would require additional

analytic input.

3.6 Explicit source measures and rigidity

The trace-pushforward measures for the finite subgroups used below are explicit.

10
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For the cyclic group C,, (n > 1) generated by a rotation through 27 /n,

n—1

1
ve, = E z; 51+2 cos(2mj/n)-
]:

For the rotational dihedral group D,, of order 2n (n > 2),

1 +15
vp, = =V —0_1.
D, 2Cn 2 1

For the exceptional groups,

1
VA, = E(ég + 3(5_1 + 850),

1
Vs, = ﬂ(ég +96_1 + 8y + 651),

1
vas = o (03 41501 + 2080 + 1204 + 1265) ,

where
1++5 — 1-+5
5 9T

For these exceptional groups, the formulas follow by counting rotation angles. In A4 the angles are 0

o=

once, 7 three times, and 27/3 eight times. In Sy they are 0 once, 7 nine times, 7/2 six times, and
27/3 eight times. In As they are 0 once, 7 fifteen times, 27/3 twenty times, and each of 27/5 and
47 /5 twelve times. Applying y = 1 + 2 cos @ gives the displayed atoms and masses.

For the positive-dimensional closed subgroups, the trace-pushforward measures are as follows:

dvso2) 1

dy /By y+1)|

1 1
VN($O(2)) = 5¥s0(2) T 5571 :

and

dvsosy 1 [3—y
dy — 2r\y+1]

The first and third formulas are Lebesgue densities on (—1,3); the middle formula also records the
atom at —1. For SO(2), the angle folded to [0, 7] is uniform with density 1/7. For normalized
Haar measure on SO(3), the angle density is 2 sin(#/2) df. In both cases, the change of variables

y =1+ 2cosf gives the displayed trace density.

Proposition 3.5 (Measure-resolvent equivalence). Let u and n be probability measures supported on

11
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[—1,3], and define ] .
Ry (w) :/wﬂfy; Ry (w) :/wﬁiy;

Then R, = Ry, if and only if p =n. For any such probability measure p, R,, is rational if and only
if p is finitely supported.

Proof. The expansion at infinity determines all moments, and polynomials are dense in the continuous
functions on [—1, 3], so equality of Cauchy transforms implies equality of measures. Suppose R,
is rational. It is holomorphic on C \ [—1,3], so its rational continuation has no nonremovable
poles off [—1,3]. On every open subinterval of (—1,3) avoiding the finite pole set, the transform
extends holomorphically across the interval; Stieltjes inversion implies that the interval has p-
measure zero. Thus p is supported on the finite set of real poles. It is therefore atomic, and
R,(w) =), pn({a})/(w — a): each pole is simple and has residue p({a}) > 0. Conversely, a finite

atomic measure has a rational Cauchy transform. O

3.7 Specialized subgroup identification in SO(3)

Theorem 3.6 (Principal source-rigidity theorem). Let H, K be closed subgroups of SO(3). Then

’I/H =vg <= H,K are conjugate in SO(3).‘

Moreover

’RH rational <= vy finitely supported <— H ﬁm'te.‘

Proof. Tt remains to identify the closed subgroup from its trace measure. A zero-dimensional closed
subgroup of the compact Lie group SO(3) is discrete and compact, hence finite. The classification
of finite rotation groups (see, for example, Wolf |7, Theorem 2.6.5]) gives the finite possibilities Cy,
(n>1), Dy (n>2), Ay, Sy, and As. For completeness, the positive-dimensional cases follow from the
Lie algebra. The Lie algebra of a closed subgroup is a Lie subalgebra of so3; under the identification
so3 ~ R3 with bracket given by the cross product, there is no two-dimensional Lie subalgebra. Thus
a positive-dimensional proper closed subgroup has one-dimensional identity component, conjugate
to SO(2). The full subgroup normalizes its identity component, so it lies in Ngo(3)(SO(2)), and
the quotient of this normalizer by SO(2) has order two. Hence the only possibilities are SO(2) and
Nso(3)(SO(2)). A three-dimensional Lie algebra gives an open subgroup of the connected group
SO(3), hence gives H = SO(3). Therefore the complete list up to conjugacy is

Co(n>1), Dn(n>2), A Si As, SO(2), N(SO(2)), SO(3).

For a finite subgroup H,
1
vi({3}) = T

12
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since the identity is the unique element with trace 3.

The mass at —1 is

0, modd,
ve,({—1}) =

1/n, n even,

and
1/2, n odd,

1/2+1/(2n), n even.

vp,({-1}) =

For the exceptional groups, the masses at —1 are 1/4, 3/8, and 1/4 for A4, Sy, and As, respectively.
The atom at 3 determines the order of a finite subgroup. For an even order N > 4, the cyclic group
Cn and rotational dihedral group Dy, have respective masses 1/N and either 1/2 or 1/2+1/N
at —1, so they are distinct; at order 2, only C5 occurs in the classification above. The only orders
at which an exceptional group can also occur are 12, 24, and 60. At those orders, the competing
cyclic/dihedral masses are respectively (1/12,7/12), (1/24,13/24), and (1/60, 31/60), distinct from
the exceptional masses 1/4, 3/8, and 1/4. At odd order only the cyclic possibility occurs. Thus the

mass at —1 distinguishes all finite types once the order is known.

The positive-dimensional measures are pairwise distinct: vy (so(2)) has an atom at —1, while the
other two have none; the density ratio of vgo(3) to vgo(2) is (3 — y)/2, which is not constant. Thus
the measure distinguishes these three conjugacy classes. Each proper positive-dimensional closed
subgroup has identity component conjugate to SO(2), and SO(3) itself is the remaining case. Each of
these three groups has trace support [—1, 3], so its trace measure has infinite support. Finite groups

have finite trace support. The preceding proposition now gives the rationality criterion for Ry. O

3.8 Explicit Abel curves for the classified sources

The Abel transform can be evaluated directly from the atomic source measures. Put

b(q) = (1_(1)27 clg) = =2 — 4"

l1+4q T4+

Proposition 3.7 (Explicit Abel transforms). For cyclic and rotational dihedral groups one obtains

_l—ql+q"
Cl4ql—gn

Ac, (q)

[ An(@) = A6, (0) + 5h(a)

For the exceptional rotation groups, substituting the atomic measures gives

A, 0) = 15 (14 8ea) +35(0)),

_ 2
Asi(0) = g (1 9000) + scla) + 6 T8

13
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,4%(@::é%(1+15Mq)+20dq)+12AA¢)+12AA$D,

where ¢ = (1++/5)/2 and ¢ = (1 —\/5)/2. Simplifying these rational expressions, using ¢ + ¢ = 1
and ¢ = —1, yields

1-¢*+q*
An) = TR er )
1—g*+¢°
A = ,
() = TP A0 0+ &)
l4¢g-@—¢* -+ + ¢
AA5(C]) =

1+¢21+q+)A+q++3+q*)

For the positive-dimensional closed subgroups, W, has ezxactly one zero weight under SO(2), so
hr(SO(2)) = 1. In its normalizer, a representative of the nontrivial Weyl element exchanges the
two standard SU(2) weight vectors with one minus sign; on the zero-weight vector ejeh in Sym?" it
therefore acts by (—1)". Thus h,(N(SO(2))) = 1g),. Finally, only Wy is trivial on all of SO(3), so
h(SO(3)) = 1,—¢. Consequently,

1—gq 1—gq
Aso@)(@) = — | Ansoen) (@) = 3 | Aso)(q) =

(1—q)?
1+¢ (14 q)? '

1+4+g¢

Proof. For a finite group, substitute the displayed atoms of vy into Ag(q) = [ Agdvy. For the

cyclic formula, use the absolutely convergent Fourier expansion

1-— q2 _ Z q|m|eim9'
1—2gcosf + ¢2 =,

Averaging at ¢ = 27j/n retains exactly the terms with n | m, so the average is 1 +23 -, ¢ =
(I14+4¢")/(1 —4q"). Since Ay(1+2cosh) = %ﬁ, this gives the stated cyclic formula; the
dihedral formula follows from vp, = fvc, + 301 and Ag(—1) = b(q). The exceptional formulas
follow by bringing the finite sums over their listed trace atoms to a common denominator. In the As

calculation, the two nonrational denominators satisfy

(I=(¢-1g+*) (1= (6—1g+¢) =1+q+¢*+¢*+d",

so the resulting expression is rational over Q(¢q). For positive-dimensional groups, use Ag(q) =

% > p>0 e (H)q" and the stated invariant multiplicities. O

Remark 3.8. Because w =1+ q+ ¢! maps (0,1) bijectively onto (3,00), equality of A,(q) and
A, (q) for every q € (0,1) implies equality of the corresponding Stieltjes transforms and hence p = v.
Thus the Abel curve is another complete coordinate description of the source measure. Rationality as

a function of q should not be confused with rationality of R, (w) as a function of w: the substitution

14
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w=14q+q ! is algebraic, and the Abel curves for positive-dimensional sources above are rational

in q even though their Stieltjes transforms are not rational in w.

Remark 3.9. The group-theoretic implication in Theorem 3.6 is specialized to SO(3) and uses
its closed-subgroup classification. The measure/resolvent equivalence itself is ordinary Stieltjes
theory. Related rigidity and compactness questions for character measures and dimension data
of compact-group subgroups are studied in [8-10]; the equivalence used here is the direct identity

hy(H) = [ P, dvy together with the triangular character basis.

3.9 Finite atomic reconstruction by moments

The rigidity theorem identifies the source once its measure is known. We now give a complementary
finite-complexity result: for a measure with finitely many trace atoms, finitely many moments suffice,

with the required number governed by the number of distinct projective trace values.

Suppose
=1

Let
S
my, = Z w;y;'
=1
Define the Hankel matrices
Hy = (mi+j)o<ij<N-

Proposition 3.10 (Finite atomic source inversion). The rank satisfies rank Hy = min(N + 1, s). If

the number s of distinct atoms is known, the moments

[0, M1, - M1 |

determine the support points and masses uniquely.
Proof. Let Vi be the (N + 1) x s matrix (yf) Then
Hy = Vy diag(wy, ..., ws) V.

Because D = diag(wy, ..., ws) is positive definite, Hy = VNDVJE'; has rank rank V. The Vander-
monde matrix V has rank min(N + 1, s): any square submatrix using the first min(N + 1, s) powers

and that many distinct nodes is nonsingular. Hence

rank Hy = min(N + 1, s).

15
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Write

S

Q(Y) = H(Y — yl) =Y+ cs_lys_l + -+ co.
=1
Then

Mpys + Cs—1Mpys—1 + -+ - + comy, = 0.

For 0 < k < s — 1 this is a nonsingular linear system because
H, 1 = Vi diag(wy) V",

is positive definite. Thus my, ..., mos_1 determine ), hence its distinct roots y; and the support.
Once the support is known, the first s moment equations form a nonsingular Vandermonde system

for the weights w;, determining them uniquely. O

The reconstruction above is a classical Prony-type method for finite atomic measures; see Plonka
and Tasche [11] for a survey. Here the relevant source complexity is the number s of distinct
projective trace values, not the dimension of the original two-dimensional representation. There
is no uniform finite moment cutoff that distinguishes every finite source: for any fixed N, every
polynomial of degree at most N has the same Cj-average and maximal-torus average whenever
n > N, because its Fourier frequencies are strictly smaller than n. Thus the first N moments of

sufficiently large cyclic sources agree with those of the maximal torus.

4 Central-jet interpolation and exact degree laws

The source-rigidity theorem identifies y = 3 as the identity-trace point; for a finite source, it is an
atom of mass 1/|H|. The resolvent viewpoint makes this point canonical. The remaining algebraic
question is source-preserving interpolation: how much vanishing can be imposed at y = 3 while
retaining prescribed averages against a selected family of source measures? General minimum-
degree interpolation and Hermite interpolation have a substantial literature [2-4]; prescribed-zero
interpolating filters have been studied in refinable-function theory [5]. Nozawa—Uno consider a
nearby but distinct finite-group character problem, involving least-degree polynomials with prescribed
nonidentity character values as roots [6]. The present problem instead imposes a central-jet ideal
constraint and prescribes values of a vector of normalized source-average functionals. We use the
general interpolation criterion as a tool, and make no novelty claim for the criterion itself; the

contribution claimed here is the exact degree calculation for the stated source functionals.

Definition 4.1. For the trace-pushforward measure vy, write

Lu(P) = / P(y) dvir(y).
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For M > 1, let
I =(y—-3)MQly

For the tetrahedral detector define
Fu = {PE Q[y] P e JQ? LA4(P) =1, L54(P) =0, LA5(P) :0}'

Theorem 4.2 (Central-jet interpolation criterion). Let p1, ..., u be finite positive Borel measures

supported on a common compact interval containing 3. Put
IG=-9YCl L= LI — O L(P) = [ PO duty)

Then

L(J§;) = C*

if and only if the only coefficient vector ¢ = (c1,...,c;) € CF for which

k
Tle = Z Cibi
1=1

is supported on {3} is ¢ = 0. Equivalently, the restricted measures ji1|r\(3}, - - - » k|r\(3} are linearly

independent.

Proof. A vector ¢ = (c;) annihilates L(J}) precisely when

/@@MMMWMMZO

for every polynomial ¢, where . = >, ¢;ut;. Thus every polynomial moment of the compactly
supported complex measure (y — 3)Mp,. vanishes. By density of polynomials in the continuous
functions on the common compact support, (y — 3)M ne = 0, so 7. is supported on {3}. Conversely,
any such coefficient vector annihilates L(JA(;[). The image is all of C* exactly when this annihilator

is zero. ]

For the three source measures used here, the restrictions to [—1,3] \ {3} are linearly independent.
Indeed, the atoms at ¢ and ¢ force the As coefficient in any linear combination supported at 3 to
vanish. The atom at 1 then forces the S; coefficient to vanish, and the atom at 0 forces the Ay

coefficient to vanish. The criterion therefore gives surjectivity over C for every M.

For a subfield K C C, write J& = (y — 3)MK][y]. If every moment entry L;((y — 3)M*7), for
j >0, lies in K and the complexified map is surjective, then some finite k x & moment minor
is nonzero and belongs to K. Hence L(J ﬁ) = K*. For the present polyhedral source measures,
integrating any polynomial in Q[y] gives a rational number: the irrational trace atoms for Az occur

in Galois-conjugate pairs with equal masses. Thus the interpolation is solvable over Q.
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If the k x k moment minor formed from degrees M, ..., M + k — 1 is nonzero, it gives a filter
of degree at most M + k — 1. For the tetrahedral detector, Ay is this minor when k& = 3; the
augmented determinant below tests whether the target (1,0,0) can be attained by a polynomial of

degree at most M + 1.

4.1 An exact cyclic degree law

Let "= SO(2) C SO(3) be a maximal torus, and for n > 2 let C,, be the cyclic subgroup generated
by a rotation through 27 /n. Put w =3 — y. For an integer M > 0, define
2M 1 omi \ M ap(n) — Ky
o= (0 ) awln =23 (2-2eos ) L gy = M

Jj=0

For u(f) =2 —2cosf = (1 — €9)(1 — e7"), the binomial expansion is

w(O)M = ﬁ: (-1)@(MQMG> iaf

Averaging over § = 27j/n annihilates all terms unless n | a, while averaging over the full circle keeps

only a = 0. Thus L7(u™) = k) and, with out-of-range binomial coefficients interpreted as zero,

ann) = g + 231 ().

Set

Ap v = Epnv1(n) — Ky (n).

Lemma 4.3 (Cyclic determinant nonvanishing). For everyn > 2 and M >n — 1,

sgn(Ap pr) = (—1)".

In particular, A, v # 0 in this range.
Proof. At M = n — 1 one has ny(n) = 0 and n,(n) = (=1)", so Ap -1 = (—1)"Kp—1. Suppose

M > n and write
2M KM—+1 2
B,(M) = — My )
«(M) <M—a>’ M= e M+1

If n is even, every term in nas(n) = D3~ Bin(M) is nonnegative. For each fixed a > 1 with a < M,

Bo(M +1)/kp41 (M +1)? -
Bo(M)/kyy (M +1)2—a2 " 7

Any new alias entering at M + 1 is positive. Hence nary1/6nm+1 > nar/km, and Ay ar > 0.
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Suppose n is odd. Put

Unt = —nar(n) =Y (=1 ' By (M).
k>1

It suffices to show Upri1 — eprUpns > 0. With m = M + 1, for each existing offset a < M set

a2

To(M) = Bo(M + 1) — earBa(M) = Bo(M)err—;

—— > 0.
m?2 — a?

For every integer a with 1 < a < M, a direct quotient calculation gives

Tor1(M) m—a (a+1)>?
= <1 <~ < 1).
T,(M) m+a+tl a2 m <afa+1)

The restriction a < M ensures that the adjacent-offset quotient is valid. First assume m < n(n + 1).
Since m < a(a + 1) for every integer a > n, each adjacent ratio needed to compare the existing
sampled terms T,,, Toy,, T3, ... is strictly less than one. These sampled terms therefore strictly
decrease in magnitude. If n tm, the required increment is a finite alternating sum beginning with
a positive term and having decreasing magnitudes, hence is positive. If m = kn, a new alias of
magnitude one enters. For k = 1 the assertion follows from U,_; =0 and U, = 1. For odd k > 1
the new alias is positive. For even k > 2, the preceding alternating sum ends with +7(;_1), and is
at least that term. At m = kn,

2kn — 2 2\ (k—1)2
Te-nlbn = 1) = ( w1 ) <4_Im>2k—1>1’

so the new negative unit term cannot change the sign. Thus Upsy1 — cprUps > 0 in this first range,
giving A, pr < 0.

It remains to consider m > n(n + 1). Write Ajy; = apr(n). For odd n, the largest sampled value
of 2 — 2cos(2mj/n) is
ax = 2+ 2cos(m/n) = 4 — 4sin®(r/(2n)),

so the ratio Apry1/An is a weighted average of the sampled values, with weights proportional to
their nonnegative Mth powers, and is therefore at most a.. The elementary inequality sinz > 2z /7

on [0, 7/2] gives sin(w/(2n)) > 1/n, so one has

1 n?

m§?<n(n+l)§m.

Consequently cpr =4 —2/m > a, and Apry1 /Ay < epr. Using nar = (Apr — kar) /2 gives

This completes the odd-n case. O
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Theorem 4.4 (Cyclic central-jet degree law). For every n > 2 and M > 1, the least degree of a
polynomial P € (y — 3)MQy| satisfying

Lp(P) =0, (Lc, — L7)(P) =1

18

|dg, (M) = max(n, M +1). |

Proof. The averages L¢, and L agree on every polynomial of degree less than n, since a degree-d
polynomial in y = 1 + 2 cos# has Fourier frequencies at most d. Thus deg P > n. Also, a nonzero
)M

polynomial in (y —3)MQ[y] of degree at most M is a scalar multiple of (3 —y)*, whose torus average

is nonzero; hence deg P > M + 1.

If M < n, the polynomial

= (=1)"kn
P(y) = "
has degree n, lies in the jet ideal, and has torus average zero because Ly (u’) = kj. Moreover,
Le, (u™) — Ly(u™) = 2(—1)", while L¢, (u™) — Ly (u™) = 0; hence (L¢, — L7)(P) = 1. This attains
the lower bound n = max(n, M + 1).

If M > n, restrict the two constraints to the span of u™, ¢+1

. The determinant of the resulting
two-by-two matrix is a nonzero scalar multiple of A, 37, which is nonzero by the lemma. Thus a
solution of degree at most M + 1 exists. The lower bound is M + 1, proving the claim. All matrix

entries are rational, so the solution can be chosen in Q[y]. O

4.2 The exact tetrahedral degree law

Set

The nonidentity support values in the z-coordinate are
Ay —4,-3, Sy —4,-3,-2, As: —4,-3,—p, —0,

with masses
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Consequently, for each integer n > 1,

LA4(xn) _ (_j)n + 2(_33)71’
Loy = HCH" I (2
Latany = " OO ot o)

Substituting these source moments into the determinants below and expanding gives the stated
formulas. One can make the expansion completely explicit using the Vandermonde identity: if a, b, ¢
are selected nonidentity support points from A4, S4, A5, respectively, with their corresponding masses

wa,(a),ws, (b), wa,(c), then

Ayt = 3 wa, (@)ws, (b)way (c)(abe) (b — a)(c — a)(c — b),

a,b,c

where each sum ranges over that source’s nonzero x-support. The identity atoms x = 0 contribute
zero because M > 1. Grouping the remaining triples by their product abc gives the following

complete list of nonzero aggregate coefficients:

abe | -24 120 —12p 80 -8p —6o —6p
. 1 V542 /6—2 1+v5 1-/5 1 1
Coeﬂimem‘ 24 T30 30 80 g0 30 30

This list yields the displayed closed formula for Ajs term by term.
For P = 2Mq(x) with degq < 2, let

My = (LH(xM+j))H=A4,S4,A5 :

0<j<2
Then Mo Y
(—24) 542 M 5—2 M
Ay =det My = — —12 —12
M = det My o 30 (—120)™ + 30 (—12p)
1++/5 1-+/5 —60)M + (—6p)M
+ f(—SU)M + f(—Sp)M + ( U) ( P) )
80 80 30
At M = 3, exact evaluation gives Az = —616. For M > 4 write (—1)M Ay = Ay — By — Cas + Dy,
where Y Y Y
5—2 542 5—1
Ay = 1200, By = 1200, Oy = 8\ M
where the nonnegative remainder is explicitly
UM 14V5, L (60)M + (6)M
Dy = — .
M= o4 s (o) 30 >0

Then Bjs/Ay is decreasing in M and at M = 4 equals (3 — v/5)/2 < 1, while Cps/Ay is decreasing
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and at M = 4 equals 2/9 + 21/5/27. Hence

Bu+Cyn _ 31 23V5
_ < — - —— <1 M >4
Ay 18 54 =%
The last strict inequality is equivalent to 39 < 23v/5, which follows by squaring the positive sides.
Hence (—1)MAjps > 0 for all M > 4. Thus Ay # 0 for every M > 3, and a quotient polynomial
q of degree at most 2 suffices. The matrix entries are rational, since p + o = 5 and po = 5 imply
(—=p)" + (—0)™ € Q; hence the solution obtained by Cramer’s rule has coefficients in Q.

To exclude quotient polynomials ¢ of degree at most 1, define the augmented determinant

LA4(mM) LA4(CUM+1) 1
Ly =det | Lg,(#M)  Lg, (M) 0
LA5(:UM) LA5(xM+1) 0

Expanding along the final column gives
I'nr=Ls, (xM)LAs ($M+1) — Lg, (xM+1)LA5 ($M)

Equivalently, using the nonidentity supports and masses, it is Y, . wsg, (b)wa;(c)(be)™ (c —b). Group-
ing by bc gives the coefficient list

be |12 6 8 2 2 3p 30 4p do
: 1 1 1 1+v5 /61 V-1 14v5 938—v5)  9(3+V5)
coefficient ‘ 24 T12 T8 T 40 0 30 = 240 240

which expands to the following formula:

Ty — 1012M —206™ —308M  6(1+V5)(20)M  8(v5—-1)(3p)M

240 240 240
93 —vB)4p)™  6(v5—1)(20)M  8(1+ v5)(30)M
* 240 * 240 * 240
9(3 4+ v5)(40)M
240

Direct calculation gives
I's = 35, 'y =924, I's = 17149.

For M > 5, define the ratio of the absolute values of all negative terms to the positive (4p)™ term by

_206M +308M +6(1+v5)(2p) +8(V5 — 1)(3p)"

R
9(3 — V/5)(4p)M
At M =5, this ratio is

3351 B5ITVH T

~ 1280 6400 " 10

Rs
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and each constituent ratio decreases thereafter because

6 2 1

7<]_’ §<1’ 37p:§’ 7p:,'

4p 4p 4p 47 4p 2
The bound at M = 5 is strict because it is equivalent to 12275 < 5517v/5, again verified by squaring
positive sides. Since each constituent ratio decreases with M, the total ratio remains below 7/10
for every M > 5. Thus I'jy > 0 for every M > 5, while the displayed exact values cover M = 3, 4.

Hence no quotient polynomial of degree at most 1 can attain the target for any M > 3.

Theorem 4.5 (Exact tetrahedral central-jet degree). For the Ay detector on the source family
{A47 547 A5};

) 3, M =1,2
min deg P =
PeFm M+2, M>3.

Proof. The general central-jet criterion shows nonemptiness for every M. For M > 3, the nonvanish-
ing of Ay gives a solution with degq < 2, hence deg P < M + 2. The nonvanishing of I"j; proves
that no solution with degq < 1 exists, hence deg P > M + 2. For M = 1, direct evaluation gives
Ly(z) = —3 and Ly (2?) = 10 for each H € {Ay, Ss, A5}. Hence every polynomial x(a + bz) has
the same value —3a + 10b on all three sources and cannot realize the target (1,0,0). For M = 2,
every polynomial of degree below 3 in J2Q is a scalar multiple of 22, whose three source values are
all 10; it too cannot realize (1,0,0). The displayed filters F}, F» attain degree 3. O

Convenient minimal filters are

[Fi(y) = y(y+2)(y—3),]

Fy(y) = %(y -3)%(2y+1),

(y — 3)3(5y? + 25y + 12)

Fs(y) = —
5(y) %8 :
_ (y— 3)%(924y? + 2567y + 1132)
Fy(y) = 28424 ’
(y — 3)>(1559y2 + 3306y + 1336)
Fs(y) = —
5(y) 111216 ’

(y — 3)6(278135y2 + 512579y + 193568)

Fy = .
6(y) 52217024

Direct substitution into the three finite source measures verifies
(Lay, Ls,, Lag)(Far) = (1,0,0)
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for each displayed M =1,...,6.

4.3 Integral refinement of the tetrahedral theorem

The rational central-jet theorem has an arithmetic refinement. Since
Ko(Rep™® PGLy(C)) ~ Z[y),

it is natural to ask whether the same filters can be chosen integrally. The theorem below computes

the image of the single A4-functional; it does not compute the full joint image in Z3.
Let
If = (y = 3)MZ[y].
For P = (y — 3)Mq, q € Z[y], the A4 functional is

La,(P) = %P(—l) + %P(O).

Hence
La,(P) = (=)™ (4™ Tq(=1) +2- 3% 1¢(0)) .

Since g(—1) and ¢(0) can be prescribed independently by an integral linear polynomial, computing

the image reduces to finding the ideal generated by 4~1 and 2-3M~1.

Theorem 4.6 (Integral central-jet index). For every M > 1,

7 Z, M=1,
La,(Jpyp) =
22, M > 2.
Consequently
7 0, M =1,
Z/La,(Jhp) ~
Z/2Z, M >2.

Proof. The displayed formula shows that the image is contained in the ideal generated by 4M—1

and 2 - 3M~1 Their ged is 1 for M = 1 and 2 for M > 2. Since ¢(—1) and ¢(0) can be prescribed
independently, both ideals are attained. O

Thus, for M > 2, no integral virtual character belonging to JAZ4 realizes the normalized detector.
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5 Classical detectors and finite-image arithmetic

5.1 The positive Fejér detector

Because the source measure determines the subgroup in this setting, the commutant coordinates
provide a complementary positive detector. The normalized squared-character kernel is bounded
by 1 and converges pointwise to 0 away from the identity. Its Haar average therefore detects the
mass of the identity, separating finite sources from positive-dimensional ones without requiring the

exceptional-subgroup classification.

Theorem 5.1 (Fejér source detector). Let H C SO(3) be closed, and let g € SO(3) be a rotation
through angle 0. For 0 < 0 <,

N . 2
_(sin((N +1)8/2)

At § = 0, the right-hand side is interpreted by continuity and equals (N + 1)2. Consequently

s = [ (o) dunto)
where
. 2

If H is finite then

lim 7aN(H) —i
Nooo (N +1)2  |H|

If H 1is infinite and closed, then

. an(H)
NNz

For nontrivial finite H, if Onin denotes the smallest positive rotation angle in H, then

an(H) 1| _ |H| -1
(N+1)2  |H|| ~ |H|(N +1)2si0?(0unin/2)

Proof. The weight expansion gives the character identity explicitly:
N 2

N N
> xwi(g) = Y (N+1—[i]e? = > e
r=0 j=0

j=-N
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which equals the displayed sine quotient by the finite geometric-series formula (with its continuous

value at # = 0). Since

an(H) = dimEndg(SymNCZ) = /ﬁ [Xsym™ 2 (u)|2duﬁ(u),

Haar averaging gives the commutant dimension. The Clebsch—Gordan decomposition

N
Sym¥C? @ (Sym" C?)" ~ @ W,

shows that the integrand descends through m : H — H as Zivz o Xw, (9); the pushforward of
normalized Haar measure on H is normalized Haar measure on H. This yields the displayed formula.
The kernel is bounded between 0 and 1, equals 1 at the identity, and tends to 0 pointwise away from
it.
For finite H,
il >

ONAVT ® (0

(N + 1 |H | =
The identity contributes 1/|H|. Each other element contributes at most

1 < 1
(N +1)2sin?(0(h)/2) — (N + 1)2sin?(Omin/2)’

which gives the error bound. If H is infinite, Haar measure has no atoms: translation invariance
makes every singleton have the same mass, and a positive singleton mass would force the compact
group to be finite. Dominated convergence then gives the zero limit. The trivial group is immediate
from ay = (N + 1)2. O

This detector has a structural role: it is positive and bounded, and it does not presuppose a
classification into Ay, Sy, As or into cyclic and dihedral families. For finite H, its limit is the mass
1/|H| at the identity; for infinite closed H, the limit is zero. The signed Langlands coordinates can
then be applied after the finite branch has been isolated.

5.2 Classical signed filters and the polyhedral fingerprint

The signed selectors are best understood as a coordinate realization of the same source measure. They
do not add a second source theory: they extract particular low-degree finite-difference coordinates

after the positive source object has been identified.

For r > 2 define
E,=W,—-W,_s.
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Then
er(H) = dim EY = h.(H) — h,_o(H)

in the virtual representation ring. On a maximal-level unramified place, the corresponding Hecke

function is obtained from the ordinary symmetric-power recursion. For clarity, write

Xm(A) = XSym™(Std) (A)

For a determinant-one lift A € SLy(C), the character specializes to

XE, (4) = x2r(4) = xor—a(4). |

For a general semisimple A € GL2(C) with d = det(A), its scalar-invariant expression is

XE, (A) = d"x2,(A) — d” "D xo,_4(A).

For determinant-one parameters,

E3 = x6 — X2, Ey = x8 — xa, Eg = x12 — Xs-

These are the classical Langlands selectors; see Part I, §1.3 of Langlands [12]. The point here is to
recover them as low-degree finite-difference coordinates on the one-variable source geometry, not to

claim them as new results.

For clarity, the table can be computed directly from the rotation-angle class counts. Set

_ sin((2r + 1)7/3) B
es(r) = sin(r/3) calr) =

sin((2r + 1) /4)
sin(r/4) 7

sin((2r + 1)mw/5)
sin(m/5) ’

sin(2(2r + 1)x/5)
sin(27/5)

6571(7“) = C5’2(7“) =
Averaging the character xy, (6) = sin((r + 1)6)/sin(6/2) over the listed rotation classes gives

2r + 1+ 3(—1)" + 8cs(r)

hr(A4) — 12 P

2r +149(—1)" + 6¢4(r) + 8cg(r
ho(Se) = (1) +Ger) + 8aalr)

2r + 14 15(=1)" + 20c3(r) + 12¢5 1 (1) + 12¢5 2(r)
hT‘(A5) = :

60
For SO(3), h,(SO(3)) = 0 for r > 0 and ho(SO(3)) = 1. Subtracting h,_s from h, at r = 3,4,6

gives the table below. For the four-source family

{SO(3), A4, S4, A5},
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we have
| B3 By Eg
SO(3), 0 0 0
Ay 1 1 1
Sy 0O 1 o0
Ag 0 0 1
Thus

T4, = Ej, Is, = Eq — E3, I4; = E¢ — E3, Iso) =1— E4 — Eg + Es.

These are exact indicators on the restricted four-class family {SO(3), A4, S4, A5}. They do not
classify arbitrary closed subgroups: sufficiently large cyclic and dihedral groups can have the
same three displayed selector values as SO(3), and the torus SO(2) and its normalizer also have
E3 = E4 = Eg = 0. More generally, the finite-difference map h, +— h, — h,_o loses the initial datum

h1, which explains the torus/normalizer ambiguity in the full e,-tail.

5.3 Finite-image arithmetic benchmark

For finite-image projective Galois representations, the source coordinates have an exact arithmetic

realization. For r > 2 write E, = W, — W,._5 for the virtual character used below.

Let F' be a number field, and let p : Gp — GL3(C) be continuous with projectivization
p: Gp — PGLy(C) of finite image. By the classical classification of finite subgroups of PGLy(C),
every such subgroup is conjugate to one of the cyclic, dihedral, tetrahedral, octahedral, or icosahedral
rotation groups; see Beauville [13]. In particular, it is conjugate into the compact subgroup
PU(2) ~ SO(3). After conjugating the image, write H = p(Gr) C SO(3). For fixed r > 2, the

virtual character E, is a bounded class function on H.

Theorem 5.2 (Finite-image filtered-prime theorem). Let P denote the finite places of F unramified
wm p. Then

1
lim > (log Nv)E,(p(Frob,)) = dim W — dim W7 ,.

X—o00
veP
Nv<X

Moreover, the sum of all prime-power terms with exponent at least two satisfies

> (log Nv)E,(p(Frob,)*) = O(X'/?1log X).

veEP, k>2
(Nv)k<Xx

Consequently, adding these terms to the numerator does not change the limit.

Proof. The Chebotarev prime-ideal theorem in logarithmically weighted form (see, for example,
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Serre [14]) gives the average of a bounded class function on the finite projective image as its uniform

average over H. Hence the limit equals
E.(
] H‘ 2

which is exactly the multiplicity of the trivial representation in the virtual representation E,.. For the
prime-power estimate, let 7x(Y") count prime ideals of norm at most Y. The prime ideal theorem
gives Tp(Y) = Op(Y/logY) for Y > 3. Thus the number of pairs (v, k) with & > 2 and (Nv)F < X

is
Yoo X =ap(XV) + Y ap(XYR)
2<k<logy, X 3<k<logy, X
= Op(VX /log X) 4+ Op(X/31log X)
= Or(VX).

Here the terms with & > 3 are bounded using 7 (Y) = Op(Y), and there are O(log X) such
exponents. Since E, is bounded on the finite image and each weight satisfies log Nv < log X, the
total contribution is Op(X/2log X) = o(X). O

Corollary 5.3. If a finite projective source has already been shown not to be cyclic or dihedral, then
it is conjugate to one of Ay, Sy, or As. The three weighted prime averages attached to Es, E4, and
Eg identify its class exactly. The SO(3) row in the preceding table is an infinite closed source and is

not covered by the finite-image hypothesis of Theorem 5.2.

Proof. By the classification of finite subgroups of SO(3), a finite group that is neither cyclic nor
rotational dihedral is one of Ay, Sy, As. The displayed selector table assigns the three classes the
distinct vectors (1,1,1), (0,1,0), and (0,0, 1), respectively. The prime-average theorem identifies
each coordinate with the corresponding weighted Frobenius average. The SO(3) row is not a finite

source, so it is outside the theorem’s hypotheses. O

Corollary 5.4 (Finite-image prime Abel limit). Under the hypotheses of Theorem 5.2, for every
fired g € (0,1),

Jim S (0 Nv) 4, (xaa(p(Froby)) = An(a) = (w  3) Rir(w).
veP

Nv<X

Proof. For y € [—-1,3],

1—q
A = g q P P.(y) <2r+1.
Q( 1 q = ’ T( )|

The series converges uniformly on [—1,3]. For each fixed r, the same Chebotarev argument as in

Theorem 5.2, applied directly to the character P, = xw,, gives the limiting prime average h,(H).
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The tail is bounded by a constant times ) _ »(2r 4 1)¢", uniformly in the prime cutoff because
X715 vo<x log Nv is bounded. Passing first to the prime limit for a finite sum and then sending

R — oo yields
(1-g)?

S el = [ Ag(w) dvin(y) = Anta).

r>0

O

This is a finite-image arithmetic benchmark, not an automorphic Beyond Endoscopy theorem. It

gives a rigorous test case for any future analytic realization of these source filters.

6 Scope of the results

The central-jet statements are algebraic statements in the projective character coordinate: for
A =t/(2V/d) and y = 4)? — 1, divisibility by (y — 3)M is exactly divisibility by (A2 — 1) after
substitution. This does not assert the same vanishing for an orbital integral or a global trace-formula
kernel. In Jacquet—Zagier-type frameworks, local orbital integrals are weighted shell sums with
test-dependent coefficients, and the post-Poisson formula uses integrated quantities indexed by
arithmetic and Poisson variables; see Warade [15] for a related treatment. Establishing a transfer
requires a separately defined transformation and analytic estimates justifying the relevant summation

and limit operations; no such transfer is proved here.

The arithmetic result in this paper is the finite-projective-image prime theorem and its positive
Abel corollary. We do not claim that the limiting source measure exists for every automorphic
representation, that all balanced symmetric-power L-functions have the required pole interpretation,
or that the global trace-formula aggregate equals an individual representation’s prime statistic.

Those are separate questions requiring additional hypotheses and analytic arguments.

7 Conclusion

The projective character coordinate gives a common algebraic language for source measures, harmonic
multiplicities, resolvents, and source filters. The positive Abel transform provides a bounded resolvent
observable and detects the identity atom at the endpoint. The source-rigidity theorem and explicit
transforms describe the closed subgroup geometry in SO(3), while Chebotarev supplies a finite-image
arithmetic realization. The two exact central-jet degree laws quantify the complexity of cyclic
and tetrahedral source separation; the integral refinement identifies the parity obstruction for the
normalized tetrahedral detector. These results give an algebraic and finite-image framework for
projective source measures and source filters, without asserting a general Beyond Endoscopy transfer
theorem. In relation to the companion paper [1], the present work develops the downstream projective

and source-filtering layer; it neither replaces the companion paper’s conditional analytic extraction
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nor assumes that extraction in the proofs of the two degree laws.
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