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Abstract

Starting from the two trace functions p1 = Tr(A) and p2 = Tr(A2) for semisimple A ∈ GL2(C),
we develop the associated projective source geometry. The coordinate y = t2/d− 1 identifies the
adjoint character, and normalized Haar measure on a specified closed subgroup H ⊂ SO(3) pushes
forward to a probability measure νH . We describe this measure through harmonic multiplicities,
moments, and its Stieltjes transform, and prove that it determines H up to conjugacy within the
closed-subgroup class of SO(3).

A positive Abel kernel resums the projective character tower and gives a resolvent formula
whose endpoint limit recovers the mass of the identity atom. We give explicit Abel transforms for
the finite rotation groups and positive-dimensional benchmark sources, and derive a finite-image
Frobenius-prime Abel limit from Chebotarev. For central-jet interpolation, we prove two exact
degree laws: the cyclic-versus-torus minimum degree is max(n,M + 1), while the normalized
tetrahedral detector against S4 and A5 has minimum degree 3 for M = 1, 2 and M +2 for M ≥ 3.
We also compute the integral image of the tetrahedral averaging functional, obtaining 2Z for
every M ≥ 2.

All results are stated with their hypotheses. The paper does not claim a general infinite-
spectrum Beyond Endoscopy trace formula or transfer of central-jet vanishing to orbital kernels.

1 Introduction

The starting point is the pair of trace functions on a semisimple matrix A ∈ GL2(C),

p1 = Tr(A), p2 = Tr(A2).

Together these recover the characteristic-polynomial state (t, d), where t = Tr(A) and d = det(A),
and hence the projective adjoint character

y =
t2

d
− 1.
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The purpose of this paper is to study the compact-source geometry and polynomial-detector
complexity attached to this one-variable projective coordinate.

Relation to the companion paper. The companion paper, S. Schafer, Finite Analytic Characters
and Tannakian Source Reconstruction: A Finite Tensor–Quiver Framework for Beyond Endoscopy [1],
develops a finite-visible-spectrum analytic framework in which the two local trace channels p1 and
p2 can be recovered under its stated separation, archimedean-isolation, and nonvanishing hypotheses.
That work addresses the analytic extraction and selection stage. The present paper takes the
resulting two-trace state as its algebraic starting point and studies what follows after projectivization:
the character ring, compact source measures, their resolvents, and exact central-jet source filters.

The papers are complementary but their claims are logically distinct. The central-jet degree laws
proved here are finite-dimensional algebraic statements and do not depend on the analytic realization
in the companion paper. Conversely, defining a trace measure νH from a specified compact group H

does not by itself show that finitely many analytic observations reconstruct that measure. Any such
arithmetic reconstruction requires additional hypotheses. The local Hecke recurrences below are
algebraic; the finite-image prime theorem later in the paper is a separate consequence of Chebotarev.

The architecture is
(p1, p2) −→ (t, d) −→ y,

H 7−→ νH −→ RH −→ source filters.

Here H ⊂ SO(3) is a separately specified closed subgroup, νH is the pushforward of normalized Haar
measure by the trace character, and RH is its Stieltjes transform. A single observed local value y(A)

is not the full source measure.

Prior work and scope of novelty. General minimum-degree polynomial interpolation is es-
tablished; relevant work includes de Boor–Ron and Sauer, as well as Gasca–Sauer’s treatment of
minimal-degree spaces for bivariate Hermite interpolation [2–4]. Prescribed-zero interpolating filters
have also been studied in wavelet and refinable-function theory [5]. In a different finite-group charac-
ter setting, Nozawa and Uno study least-degree polynomials whose roots are the distinct nonidentity
values of specified group characters [6]. These works are important context, but they do not formulate
the source-average problem considered here: one seeks a polynomial in the ideal (y− 3)MQ[y] whose
normalized averages against specified compact-source measures equal a prescribed target vector. We
do not claim the general interpolation criterion or the classical Langlands polyhedral selectors as
new.

The principal contribution is the exact degree optimization for two particular systems of source
functionals: the cyclic-versus-torus law dCn(M) = max(n,M + 1) and the tetrahedral law (degree
3 for M = 1, 2 and M + 2 for M ≥ 3). Their proofs provide matching upper and lower bounds
via explicit determinants and nonvanishing estimates valid over the full parameter ranges. The
roots-of-unity filtering and binomial alias expansions used in the cyclic argument are standard
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tools; the result claimed here is the exact optimal degree under the specified source-average and
central-jet constraints. We also compute the integral image of the tetrahedral averaging functional
and develop the positive Abel transform linking harmonic generating functions to source resolvents,
with an endpoint limit that recovers the identity atom. To the best of our knowledge, neither exact
source-specific degree law has previously been stated in the literature we have located; this priority
claim is limited to these functionals and constraints. Explicit source transforms and the finite-image
Frobenius-prime Abel limit provide context and arithmetic applications.

The paper is organized as follows. Section 2 develops the projective character algebra from
the two traces. Section 3 constructs the compact source measures, harmonic coordinates, Abel
transform, and rigidity theorem. Section 4 contains the central-jet interpolation criterion, both exact
degree laws, and the integral refinement. Section 5 presents the classical detectors and finite-image
arithmetic benchmark. Section 6 states the scope and remaining analytic limitations.

2 Projective character algebra from two traces

Let A ∈ GL2(C) be semisimple with eigenvalues α, β. Define

t = α+ β, d = αβ, pm = αm + βm.

The characteristic polynomial is
X2 − tX + d.

Cayley–Hamilton gives
A2 = tA− dI,

so
pm+2 = tpm+1 − dpm.

In particular
p2 = t2 − 2d.

Consequently,

d =
p21 − p2

2
.

Theorem 2.1 (Two-channel completeness). For semisimple A ∈ GL2(C), the data (t, d), (p1, p2),
and the semisimple conjugacy class [A]ss determine one another. Moreover, the character of every
finite-dimensional algebraic representation of GL2 is a Laurent polynomial in t and d. In particular,
every symmetric-power character is a polynomial in t and d. These characters are therefore determined
by p1, p2, with negative powers of d allowed for determinant twists of negative exponent.

Proof. The equivalence of (p1, p2) and (t, d) follows from t = p1 and the displayed determinant
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formula. The characteristic polynomial determines the semisimple conjugacy class. Every symmetric
polynomial in α, β lies in C[t, d], while every algebraic irreducible representation of GL2 has the form
Syma(Std)⊗ detb with a ≥ 0 and b ∈ Z. Its character is therefore db times a symmetric polynomial,
hence a Laurent polynomial in t, d.

2.1 Symmetric powers

For m ≥ 1, the Clebsch–Gordan identity

Std⊗ Symm(Std) ≃ Symm+1(Std)⊕
(
Symm−1(Std)⊗ det

)
gives

χm+1 = tχm − dχm−1, χ0 = 1, χ1 = t.

Therefore

χSymm(A) =

⌊m/2⌋∑
j=0

(−d)j
(
m− j

j

)
tm−2j .

The finite formula follows by induction from the recurrence, using Pascal’s identity for binomial
coefficients. For the generating function, put C(u) =

∑
m≥0 χSymm(A)um. Multiplying the recurrence

by powers of u and summing gives (1− tu+ du2)C(u) = 1, hence

C(u) =
∑
m≥0

χSymm(A)um =
1

1− tu+ du2
.

At a maximal-level unramified place v, let

Sat(Tv) = x1 + x2, Sat(Zv) = x1x2.

Define
H0,v = 1, H1,v = Tv, Hm+1,v = TvHm,v − ZvHm−1,v, m ≥ 1.

The Satake map is an algebra homomorphism. The symmetric-power characters sm = χSymm(x1, x2)

satisfy s0 = 1, s1 = x1 + x2, and

sm+1 = (x1 + x2)sm − (x1x2)sm−1,

by the Clebsch–Gordan identity. The Satake transforms of Hm,v satisfy the same recurrence and
initial data. Induction therefore gives

Sat(Hm,v) = χSymm(x1, x2).
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Thus each fixed-index symmetric-power character is an explicit polynomial in the trace-state
coordinates t, d (or a Laurent polynomial when determinant twists are allowed).

The Hecke recursion above is an algebraic identity in the spherical Hecke algebra. Any assertion
that a global limiting functional realizes these characters analytically requires a separate theorem
with explicit spectral and nonvanishing hypotheses; it is not used below.

2.2 Projective collapse and the character algebra

The adjoint representation of GL2 is

Ad0(Std) ≃ Sym2(Std)⊗
−1
det .

Its character is

y = χAd0(A) =
t2

d
− 1.

Since d = (p21 − p2)/2, this may also be written as

y =
p21 + p2
p21 − p2

.

Let G = PGL2(C). The irreducible algebraic representations of GL2 that are trivial on its scalar
center are precisely

Wr = Sym2r(Std)⊗
−r
det, r ≥ 0.

They are the irreducible algebraic representations of G. The representation W1 is the adjoint
representation.

Theorem 2.2 (Projective character algebra). The Grothendieck ring of finite-dimensional algebraic
representations of PGL2(C) is

K0(Rep
alg PGL2(C)) ≃ Z[X],

where X corresponds to the class [W1]. Under the character map this becomes

K0(Rep
alg PGL2(C)) ≃ Z[y],

where y = χW1. Consequently

K0(Rep
alg PGL2(C))⊗Z Q ≃ Q[y].

Proof. The irreducible algebraic representations of GL2 that act trivially on its scalar center are
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precisely the Wr. For r ≥ 1, the Clebsch–Gordan rule gives

W1 ⊗Wr ≃ Wr+1 ⊕Wr ⊕Wr−1,

while W1 ⊗W0 ≃ W1. Hence every Wr is generated recursively by W1. Under the character map,
[W1]

n has character yn, while the irreducible character Pn(y) = χWn is monic of degree n. Thus the
powers of [W1] are linearly independent, so no nonzero polynomial in [W1] vanishes. Therefore the
representation ring is the polynomial ring Z[X] with X = [W1].

The character ring of finite-dimensional algebraic representations of PGL2 over C is C[y]. For
GL2, the corresponding character ring is C[t, d, d−1]. The subring spanned by representations on
which the scalar center acts trivially consists exactly of those representations that descend to PGL2,
and it is isomorphic to C[y].

3 Compact source geometry, resolvents, and rigidity

3.1 Projective harmonic coordinates

Let H ⊂ SO(3) be closed. If g ∈ SO(3) is a rotation through angle θ ∈ [0, π], then

Tr(g) = 1 + 2 cos θ.

For r ≥ 0 write

Wr = Sym2r(C2)⊗
−r
det .

Under the compact identification PU(2) ≃ SO(3), Wr is the degree-r spherical-harmonic representa-
tion.

Proposition 3.1 (Harmonic character polynomials). For a rotation g through angle θ, the character
of Wr is

χWr(g) = 1 + 2

r∑
j=1

cos(jθ).

Writing
y = 1 + 2 cos θ,

there is a monic polynomial Pr ∈ Z[y] of degree r such that

χWr = Pr(y),

and
Pr+1(y) = (y − 1)Pr(y)− Pr−1(y), P0 = 1, P1 = y.
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Proof. The weights of Wr on a rotation through angle θ are e−irθ, . . . , eirθ, so its character is∑r
j=−r e

ijθ. Multiplying this sum by y = 1 + eiθ + e−iθ gives

yPr(y) = Pr+1(y) + Pr(y) + Pr−1(y)

for r ≥ 1, with P0 = 1 and P1 = y. This yields the recurrence. The recurrence also shows inductively
that Pr is monic of degree r with integer coefficients.

Definition 3.2. Let µH denote normalized Haar probability measure on H. For g ∈ H, let
θ(g) ∈ [0, π] be its rotation angle. Define the trace source measure by

νH = (Tr)∗µH , Tr(g) = 1 + 2 cos θ(g),

so that supp νH ⊂ [−1, 3]. Equivalently, νH is the pushforward of the rotation-angle distribution
under θ 7→ 1 + 2 cos θ.

Define
hr(H) = dimWH

r , mr(H) =

∫
[−1,3]

yr dνH(y).

The averaging operator
∫
H Wr(g) dµH(g) is the projection onto WH

r ; taking its trace gives the
compact-group averaging formula

hr(H) =

∫
Pr(y) dνH(y).

Since Pr is monic, the finite systems (h0, . . . , hN ) and (m0, . . . ,mN ) determine one another by
triangular linear transformations.

Define also
er(H) = hr(H)− hr−2(H), h−1 = h−2 = 0.

Then
e0 = h0, e1 = h1,

and
hr = er + hr−2.

Thus the full e-sequence is equivalent to the full h-sequence, but the tail er, r ≥ 2, alone loses the
initial datum h1. This loss accounts for the torus/normalizer ambiguity discussed below.

3.2 Positive commutant coordinates

Let
π : SU(2) → SO(3)
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be the canonical double covering and set

H̃ = π−1(H).

Define
an(H) = dimEnd

H̃
(SymnC2).

This definition is canonical and does not depend on a choice of lift.

Clebsch–Gordan gives the following decomposition as an SU(2)-representation:

End(SymnC2) ≃ SymnC2 ⊗ (SymnC2)∨ ≃
n⊕

r=0

π∗Wr,

where π∗Wr is the pullback of the SO(3)-representation Wr along π : SU(2) → SO(3). Taking
H̃-invariants gives

an(H) =
n∑

r=0

hr(H).

The element −I ∈ SU(2) acts by a scalar on SymnC2, hence trivially by conjugation on its
endomorphism algebra; there is no parity ambiguity in an.

3.3 Harmonic generating functions and the source resolvent

Theorem 3.3 (Harmonic/resolvent equivalence). Define

HH(q) =
∑
r≥0

hr(H)qr, RH(w) =

∫
dνH(y)

w − y
.

Then, for |q| < 1,

HH(q) =

∫
1 + q

1− (y − 1)q + q2
dνH(y).

If
w = 1 + q + q−1,

with the branch q → 0 as w → ∞, then

HH(q) = (w − q)RH(w).

Moreover, for |w| > 3,

RH(w) =
∑
n≥0

mn(H)

wn+1
.
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Proof. The recurrence for Pr gives

∑
r≥0

Pr(y)q
r =

1 + q

1− (y − 1)q + q2
.

Integrating against νH gives the first identity. If w = 1 + q + q−1 then

1− (y − 1)q + q2 = q(w − y)

and
1 + q−1 = w − q,

which gives the second identity. For |w| > 3 the geometric expansion

(w − y)−1 = w−1
∑
n≥0

(y/w)n

converges uniformly on [−1, 3], giving the moment expansion.

3.4 The positive Abel transform and the identity atom

For 0 < q < 1, define

Aq(y) =
(1− q)2

1− (y − 1)q + q2
, w = 1 + q + q−1 > 3,

and put

AH(q) =

∫
Aq(y) dνH(y).

Since w − 3 = (1− q)2/q and w − y = [1− (y − 1)q + q2]/q, one has

Aq(y) =
w − 3

w − y
, AH(q) = (w − 3)RH(w) =

(1− q)2

1 + q
HH(q).

The last equality follows from the harmonic/resolvent equivalence. This kernel is positive and
bounded by one on [−1, 3], because

1− (y − 1)q + q2 − (1− q)2 = q(3− y) ≥ 0.

For fixed y < 3, Aq(y) → 0 as q → 1−, whereas Aq(3) = 1. Therefore dominated convergence yields
the endpoint identity.

Theorem 3.4 (Stieltjes edge-atom formula). For every probability measure ν supported on [−1, 3],
with

Rν(w) =

∫
dν(y)

w − y
, w > 3,
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one has
lim
w↓3

(w − 3)Rν(w) = ν({3}).

Equivalently, for a compact source H ⊂ SO(3),

lim
q→1−

AH(q) = νH({3}).

This limit is |H|−1 when H is finite and is zero when H is infinite.

Proof. Write ν = aδ3 + ν0 with ν0({3}) = 0. Then

(w − 3)Rν(w) = a+ (w − 3)

∫
dν0(y)

w − y
.

The integrand (w − 3)/(w − y) lies in [0, 1] for y ∈ [−1, 3] and tends to zero for every y < 3.
Dominated convergence gives the limit a = ν({3}). For a compact source, y = 3 occurs only at
the identity. Haar probability has identity mass 1/|H| for finite H. If H is infinite, translation
invariance makes all singleton masses equal; a positive singleton mass would contradict total mass
one, so the identity mass is zero.

3.5 A local Hecke realization

At a maximal-level unramified place v, let Hm,v be defined by the symmetric-power Hecke recursion
in Section 2, and write Tv, Zv for the standard Hecke generators. Put

Ĥr,v = Z−r
v H2r,v, Sat(Ĥr,v) = Pr(y), y = T 2

vZ
−1
v − 1.

The character-generating identity therefore gives, as a formal power-series identity in the q-adic
completion Hv[Z

−1
v ][[q]] of the localized spherical Hecke algebra,

∑
r≥0

qrĤr,v =
1 + q

(1 + q)2 − qT 2
vZ

−1
v

.

This is a local algebraic realization of the harmonic generating function. It does not identify the
compact-source Cauchy transform with a global automorphic resolvent; that would require additional
analytic input.

3.6 Explicit source measures and rigidity

The trace-pushforward measures for the finite subgroups used below are explicit.
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For the cyclic group Cn (n ≥ 1) generated by a rotation through 2π/n,

νCn =
1

n

n−1∑
j=0

δ1+2 cos(2πj/n).

For the rotational dihedral group Dn of order 2n (n ≥ 2),

νDn =
1

2
νCn +

1

2
δ−1.

For the exceptional groups,

νA4 =
1

12
(δ3 + 3δ−1 + 8δ0),

νS4 =
1

24
(δ3 + 9δ−1 + 8δ0 + 6δ1),

νA5 =
1

60

(
δ3 + 15δ−1 + 20δ0 + 12δϕ + 12δϕ̄

)
,

where

ϕ =
1 +

√
5

2
, ϕ̄ =

1−
√
5

2
.

For these exceptional groups, the formulas follow by counting rotation angles. In A4 the angles are 0

once, π three times, and 2π/3 eight times. In S4 they are 0 once, π nine times, π/2 six times, and
2π/3 eight times. In A5 they are 0 once, π fifteen times, 2π/3 twenty times, and each of 2π/5 and
4π/5 twelve times. Applying y = 1 + 2 cos θ gives the displayed atoms and masses.

For the positive-dimensional closed subgroups, the trace-pushforward measures are as follows:

dνSO(2)

dy
=

1

π
√
(3− y)(y + 1)

,

νN(SO(2)) =
1

2
νSO(2) +

1

2
δ−1 ,

and
dνSO(3)

dy
=

1

2π

√
3− y

y + 1
.

The first and third formulas are Lebesgue densities on (−1, 3); the middle formula also records the
atom at −1. For SO(2), the angle folded to [0, π] is uniform with density 1/π. For normalized
Haar measure on SO(3), the angle density is 2

π sin2(θ/2) dθ. In both cases, the change of variables
y = 1 + 2 cos θ gives the displayed trace density.

Proposition 3.5 (Measure-resolvent equivalence). Let µ and η be probability measures supported on
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[−1, 3], and define

Rµ(w) =

∫
dµ(y)

w − y
, Rη(w) =

∫
dη(y)

w − y
.

Then Rµ = Rη if and only if µ = η. For any such probability measure µ, Rµ is rational if and only
if µ is finitely supported.

Proof. The expansion at infinity determines all moments, and polynomials are dense in the continuous
functions on [−1, 3], so equality of Cauchy transforms implies equality of measures. Suppose Rµ

is rational. It is holomorphic on C \ [−1, 3], so its rational continuation has no nonremovable
poles off [−1, 3]. On every open subinterval of (−1, 3) avoiding the finite pole set, the transform
extends holomorphically across the interval; Stieltjes inversion implies that the interval has µ-
measure zero. Thus µ is supported on the finite set of real poles. It is therefore atomic, and
Rµ(w) =

∑
a µ({a})/(w − a): each pole is simple and has residue µ({a}) ≥ 0. Conversely, a finite

atomic measure has a rational Cauchy transform.

3.7 Specialized subgroup identification in SO(3)

Theorem 3.6 (Principal source-rigidity theorem). Let H,K be closed subgroups of SO(3). Then

νH = νK ⇐⇒ H,K are conjugate in SO(3).

Moreover
RH rational ⇐⇒ νH finitely supported ⇐⇒ H finite.

Proof. It remains to identify the closed subgroup from its trace measure. A zero-dimensional closed
subgroup of the compact Lie group SO(3) is discrete and compact, hence finite. The classification
of finite rotation groups (see, for example, Wolf [7, Theorem 2.6.5]) gives the finite possibilities Cn

(n ≥ 1), Dn (n ≥ 2), A4, S4, and A5. For completeness, the positive-dimensional cases follow from the
Lie algebra. The Lie algebra of a closed subgroup is a Lie subalgebra of so3; under the identification
so3 ≃ R3 with bracket given by the cross product, there is no two-dimensional Lie subalgebra. Thus
a positive-dimensional proper closed subgroup has one-dimensional identity component, conjugate
to SO(2). The full subgroup normalizes its identity component, so it lies in NSO(3)(SO(2)), and
the quotient of this normalizer by SO(2) has order two. Hence the only possibilities are SO(2) and
NSO(3)(SO(2)). A three-dimensional Lie algebra gives an open subgroup of the connected group
SO(3), hence gives H = SO(3). Therefore the complete list up to conjugacy is

Cn (n ≥ 1), Dn (n ≥ 2), A4, S4, A5, SO(2), N(SO(2)), SO(3).

For a finite subgroup H,

νH({3}) = 1

|H|
,
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since the identity is the unique element with trace 3.

The mass at −1 is

νCn({−1}) =

0, n odd,

1/n, n even,

and

νDn({−1}) =

1/2, n odd,

1/2 + 1/(2n), n even.

For the exceptional groups, the masses at −1 are 1/4, 3/8, and 1/4 for A4, S4, and A5, respectively.
The atom at 3 determines the order of a finite subgroup. For an even order N ≥ 4, the cyclic group
CN and rotational dihedral group DN/2 have respective masses 1/N and either 1/2 or 1/2 + 1/N

at −1, so they are distinct; at order 2, only C2 occurs in the classification above. The only orders
at which an exceptional group can also occur are 12, 24, and 60. At those orders, the competing
cyclic/dihedral masses are respectively (1/12, 7/12), (1/24, 13/24), and (1/60, 31/60), distinct from
the exceptional masses 1/4, 3/8, and 1/4. At odd order only the cyclic possibility occurs. Thus the
mass at −1 distinguishes all finite types once the order is known.

The positive-dimensional measures are pairwise distinct: νN(SO(2)) has an atom at −1, while the
other two have none; the density ratio of νSO(3) to νSO(2) is (3− y)/2, which is not constant. Thus
the measure distinguishes these three conjugacy classes. Each proper positive-dimensional closed
subgroup has identity component conjugate to SO(2), and SO(3) itself is the remaining case. Each of
these three groups has trace support [−1, 3], so its trace measure has infinite support. Finite groups
have finite trace support. The preceding proposition now gives the rationality criterion for RH .

3.8 Explicit Abel curves for the classified sources

The Abel transform can be evaluated directly from the atomic source measures. Put

b(q) =

(
1− q

1 + q

)2

, c(q) =
(1− q)2

1 + q + q2
.

Proposition 3.7 (Explicit Abel transforms). For cyclic and rotational dihedral groups one obtains

ACn(q) =
1− q

1 + q

1 + qn

1− qn
, ADn(q) =

1

2
ACn(q) +

1

2
b(q).

For the exceptional rotation groups, substituting the atomic measures gives

AA4(q) =
1

12

(
1 + 8c(q) + 3b(q)

)
,

AS4(q) =
1

24

(
1 + 9b(q) + 8c(q) + 6

(1− q)2

1 + q2

)
,
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AA5(q) =
1

60

(
1 + 15b(q) + 20c(q) + 12Aq(ϕ) + 12Aq(ϕ̄)

)
,

where ϕ = (1 +
√
5)/2 and ϕ̄ = (1−

√
5)/2. Simplifying these rational expressions, using ϕ+ ϕ̄ = 1

and ϕϕ̄ = −1, yields

AA4(q) =
1− q2 + q4

(1 + q)2(1 + q + q2)
,

AS4(q) =
1− q3 + q6

(1 + q)2(1 + q2)(1 + q + q2)
,

AA5(q) =
1 + q − q3 − q4 − q5 + q7 + q8

(1 + q)2(1 + q + q2)(1 + q + q2 + q3 + q4)
.

For the positive-dimensional closed subgroups, Wr has exactly one zero weight under SO(2), so
hr(SO(2)) = 1. In its normalizer, a representative of the nontrivial Weyl element exchanges the
two standard SU(2) weight vectors with one minus sign; on the zero-weight vector er1e

r
2 in Sym2r it

therefore acts by (−1)r. Thus hr(N(SO(2))) = 12|r. Finally, only W0 is trivial on all of SO(3), so
hr(SO(3)) = 1r=0. Consequently,

ASO(2)(q) =
1− q

1 + q
, AN(SO(2))(q) =

1− q

(1 + q)2
, ASO(3)(q) =

(1− q)2

1 + q
.

Proof. For a finite group, substitute the displayed atoms of νH into AH(q) =
∫
Aq dνH . For the

cyclic formula, use the absolutely convergent Fourier expansion

1− q2

1− 2q cos θ + q2
=

∑
m∈Z

q|m|eimθ.

Averaging at θ = 2πj/n retains exactly the terms with n | m, so the average is 1 + 2
∑

k≥1 q
kn =

(1 + qn)/(1− qn). Since Aq(1 + 2 cos θ) = 1−q
1+q

1−q2

1−2q cos θ+q2
, this gives the stated cyclic formula; the

dihedral formula follows from νDn = 1
2νCn + 1

2δ−1 and Aq(−1) = b(q). The exceptional formulas
follow by bringing the finite sums over their listed trace atoms to a common denominator. In the A5

calculation, the two nonrational denominators satisfy

(
1− (ϕ− 1)q + q2

)(
1− (ϕ̄− 1)q + q2

)
= 1 + q + q2 + q3 + q4,

so the resulting expression is rational over Q(q). For positive-dimensional groups, use AH(q) =
(1−q)2

1+q

∑
r≥0 hr(H)qr and the stated invariant multiplicities.

Remark 3.8. Because w = 1 + q + q−1 maps (0, 1) bijectively onto (3,∞), equality of Aµ(q) and
Aν(q) for every q ∈ (0, 1) implies equality of the corresponding Stieltjes transforms and hence µ = ν.
Thus the Abel curve is another complete coordinate description of the source measure. Rationality as
a function of q should not be confused with rationality of Rµ(w) as a function of w: the substitution

14
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w = 1 + q + q−1 is algebraic, and the Abel curves for positive-dimensional sources above are rational
in q even though their Stieltjes transforms are not rational in w.

Remark 3.9. The group-theoretic implication in Theorem 3.6 is specialized to SO(3) and uses
its closed-subgroup classification. The measure/resolvent equivalence itself is ordinary Stieltjes
theory. Related rigidity and compactness questions for character measures and dimension data
of compact-group subgroups are studied in [8–10]; the equivalence used here is the direct identity
hr(H) =

∫
Pr dνH together with the triangular character basis.

3.9 Finite atomic reconstruction by moments

The rigidity theorem identifies the source once its measure is known. We now give a complementary
finite-complexity result: for a measure with finitely many trace atoms, finitely many moments suffice,
with the required number governed by the number of distinct projective trace values.

Suppose

ν =

s∑
i=1

wiδyi , wi > 0, yi ∈ [−1, 3], yi ̸= yj (i ̸= j).

Let

mn =

s∑
i=1

wiy
n
i .

Define the Hankel matrices
HN = (mi+j)0≤i,j≤N .

Proposition 3.10 (Finite atomic source inversion). The rank satisfies rankHN = min(N + 1, s). If
the number s of distinct atoms is known, the moments

m0,m1, . . . ,m2s−1

determine the support points and masses uniquely.

Proof. Let VN be the (N + 1)× s matrix (yji ). Then

HN = VN diag(w1, . . . , ws)V
T
N .

Because D = diag(w1, . . . , ws) is positive definite, HN = VNDV T
N has rank rankVN . The Vander-

monde matrix VN has rank min(N +1, s): any square submatrix using the first min(N +1, s) powers
and that many distinct nodes is nonsingular. Hence

rankHN = min(N + 1, s).

15
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Write

Q(Y ) =

s∏
i=1

(Y − yi) = Y s + cs−1Y
s−1 + · · ·+ c0.

Then
mk+s + cs−1mk+s−1 + · · ·+ c0mk = 0.

For 0 ≤ k ≤ s− 1 this is a nonsingular linear system because

Hs−1 = Vs−1 diag(wi)V
T
s−1

is positive definite. Thus m0, . . . ,m2s−1 determine Q, hence its distinct roots yi and the support.
Once the support is known, the first s moment equations form a nonsingular Vandermonde system
for the weights wi, determining them uniquely.

The reconstruction above is a classical Prony-type method for finite atomic measures; see Plonka
and Tasche [11] for a survey. Here the relevant source complexity is the number s of distinct
projective trace values, not the dimension of the original two-dimensional representation. There
is no uniform finite moment cutoff that distinguishes every finite source: for any fixed N , every
polynomial of degree at most N has the same Cn-average and maximal-torus average whenever
n > N , because its Fourier frequencies are strictly smaller than n. Thus the first N moments of
sufficiently large cyclic sources agree with those of the maximal torus.

4 Central-jet interpolation and exact degree laws

The source-rigidity theorem identifies y = 3 as the identity-trace point; for a finite source, it is an
atom of mass 1/|H|. The resolvent viewpoint makes this point canonical. The remaining algebraic
question is source-preserving interpolation: how much vanishing can be imposed at y = 3 while
retaining prescribed averages against a selected family of source measures? General minimum-
degree interpolation and Hermite interpolation have a substantial literature [2–4]; prescribed-zero
interpolating filters have been studied in refinable-function theory [5]. Nozawa–Uno consider a
nearby but distinct finite-group character problem, involving least-degree polynomials with prescribed
nonidentity character values as roots [6]. The present problem instead imposes a central-jet ideal
constraint and prescribes values of a vector of normalized source-average functionals. We use the
general interpolation criterion as a tool, and make no novelty claim for the criterion itself; the
contribution claimed here is the exact degree calculation for the stated source functionals.

Definition 4.1. For the trace-pushforward measure νH , write

LH(P ) =

∫
P (y) dνH(y).

16
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For M ≥ 1, let
JQ
M = (y − 3)MQ[y].

For the tetrahedral detector define

FM = {P ∈ Q[y] : P ∈ JQ
M , LA4(P ) = 1, LS4(P ) = 0, LA5(P ) = 0}.

Theorem 4.2 (Central-jet interpolation criterion). Let µ1, . . . , µk be finite positive Borel measures
supported on a common compact interval containing 3. Put

JC
M = (y − 3)MC[y], L = (L1, . . . , Lk) : J

C
M −→ Ck, Li(P ) =

∫
P (y) dµi(y).

Then
L(JC

M ) = Ck

if and only if the only coefficient vector c = (c1, . . . , ck) ∈ Ck for which

ηc =

k∑
i=1

ciµi

is supported on {3} is c = 0. Equivalently, the restricted measures µ1|R\{3}, . . . , µk|R\{3} are linearly
independent.

Proof. A vector c = (ci) annihilates L(JC
M ) precisely when∫

(y − 3)Mq(y) dηc(y) = 0

for every polynomial q, where ηc =
∑

i ciµi. Thus every polynomial moment of the compactly
supported complex measure (y − 3)Mηc vanishes. By density of polynomials in the continuous
functions on the common compact support, (y − 3)Mηc = 0, so ηc is supported on {3}. Conversely,
any such coefficient vector annihilates L(JC

M ). The image is all of Ck exactly when this annihilator
is zero.

For the three source measures used here, the restrictions to [−1, 3] \ {3} are linearly independent.
Indeed, the atoms at ϕ and ϕ̄ force the A5 coefficient in any linear combination supported at 3 to
vanish. The atom at 1 then forces the S4 coefficient to vanish, and the atom at 0 forces the A4

coefficient to vanish. The criterion therefore gives surjectivity over C for every M .

For a subfield K ⊂ C, write JK
M = (y − 3)MK[y]. If every moment entry Li((y − 3)M+j), for

j ≥ 0, lies in K and the complexified map is surjective, then some finite k × k moment minor
is nonzero and belongs to K. Hence L(JK

M ) = Kk. For the present polyhedral source measures,
integrating any polynomial in Q[y] gives a rational number: the irrational trace atoms for A5 occur
in Galois-conjugate pairs with equal masses. Thus the interpolation is solvable over Q.

17
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If the k × k moment minor formed from degrees M, . . . ,M + k − 1 is nonzero, it gives a filter
of degree at most M + k − 1. For the tetrahedral detector, ∆M is this minor when k = 3; the
augmented determinant below tests whether the target (1, 0, 0) can be attained by a polynomial of
degree at most M + 1.

4.1 An exact cyclic degree law

Let T = SO(2) ⊂ SO(3) be a maximal torus, and for n ≥ 2 let Cn be the cyclic subgroup generated
by a rotation through 2π/n. Put u = 3− y. For an integer M ≥ 0, define

κM =

(
2M

M

)
, αM (n) =

1

n

n−1∑
j=0

(
2− 2 cos

2πj

n

)M

, ηM (n) =
αM (n)− κM

2
.

For u(θ) = 2− 2 cos θ = (1− eiθ)(1− e−iθ), the binomial expansion is

u(θ)M =

M∑
a=−M

(−1)a
(

2M

M − a

)
eiaθ.

Averaging over θ = 2πj/n annihilates all terms unless n | a, while averaging over the full circle keeps
only a = 0. Thus LT (u

M ) = κM and, with out-of-range binomial coefficients interpreted as zero,

αM (n) = κM + 2
∑
k≥1

(−1)nk
(

2M

M − kn

)
.

Set
∆n,M = κMηM+1(n)− κM+1ηM (n).

Lemma 4.3 (Cyclic determinant nonvanishing). For every n ≥ 2 and M ≥ n− 1,

sgn(∆n,M ) = (−1)n.

In particular, ∆n,M ̸= 0 in this range.

Proof. At M = n − 1 one has ηM (n) = 0 and ηn(n) = (−1)n, so ∆n,n−1 = (−1)nκn−1. Suppose
M ≥ n and write

Ba(M) =

(
2M

M − a

)
, cM =

κM+1

κM
= 4− 2

M + 1
.

If n is even, every term in ηM (n) =
∑

k≥1Bkn(M) is nonnegative. For each fixed a ≥ 1 with a ≤ M ,

Ba(M + 1)/κM+1

Ba(M)/κM
=

(M + 1)2

(M + 1)2 − a2
> 1.

Any new alias entering at M + 1 is positive. Hence ηM+1/κM+1 > ηM/κM , and ∆n,M > 0.
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Suppose n is odd. Put

UM = −ηM (n) =
∑
k≥1

(−1)k+1Bkn(M).

It suffices to show UM+1 − cMUM > 0. With m = M + 1, for each existing offset a ≤ M set

Ta(M) = Ba(M + 1)− cMBa(M) = Ba(M)cM
a2

m2 − a2
> 0.

For every integer a with 1 ≤ a < M , a direct quotient calculation gives

Ta+1(M)

Ta(M)
=

m− a

m+ a+ 1

(a+ 1)2

a2
< 1 ⇐⇒ m < a(a+ 1).

The restriction a < M ensures that the adjacent-offset quotient is valid. First assume m < n(n+ 1).
Since m < a(a + 1) for every integer a ≥ n, each adjacent ratio needed to compare the existing
sampled terms Tn, T2n, T3n, . . . is strictly less than one. These sampled terms therefore strictly
decrease in magnitude. If n ∤ m, the required increment is a finite alternating sum beginning with
a positive term and having decreasing magnitudes, hence is positive. If m = kn, a new alias of
magnitude one enters. For k = 1 the assertion follows from Un−1 = 0 and Un = 1. For odd k > 1

the new alias is positive. For even k ≥ 2, the preceding alternating sum ends with +T(k−1)n and is
at least that term. At m = kn,

T(k−1)n(kn− 1) =

(
2kn− 2

n− 1

)(
4− 2

kn

)
(k − 1)2

2k − 1
> 1,

so the new negative unit term cannot change the sign. Thus UM+1 − cMUM > 0 in this first range,
giving ∆n,M < 0.

It remains to consider m ≥ n(n+ 1). Write AM = αM (n). For odd n, the largest sampled value
of 2− 2 cos(2πj/n) is

a∗ = 2 + 2 cos(π/n) = 4− 4 sin2(π/(2n)),

so the ratio AM+1/AM is a weighted average of the sampled values, with weights proportional to
their nonnegative Mth powers, and is therefore at most a∗. The elementary inequality sinx ≥ 2x/π

on [0, π/2] gives sin(π/(2n)) ≥ 1/n, so one has

1

2 sin2(π/(2n))
≤ n2

2
< n(n+ 1) ≤ m.

Consequently cM = 4− 2/m > a∗ and AM+1/AM < cM . Using ηM = (AM − κM )/2 gives

∆n,M =
1

2

(
κMAM+1 − κM+1AM

)
< 0.

This completes the odd-n case.
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Theorem 4.4 (Cyclic central-jet degree law). For every n ≥ 2 and M ≥ 1, the least degree of a
polynomial P ∈ (y − 3)MQ[y] satisfying

LT (P ) = 0, (LCn − LT )(P ) = 1

is
dCn(M) = max(n,M + 1).

Proof. The averages LCn and LT agree on every polynomial of degree less than n, since a degree-d
polynomial in y = 1 + 2 cos θ has Fourier frequencies at most d. Thus degP ≥ n. Also, a nonzero
polynomial in (y−3)MQ[y] of degree at most M is a scalar multiple of (3−y)M , whose torus average
is nonzero; hence degP ≥ M + 1.

If M < n, the polynomial

P (y) =
(−1)n

2
un − (−1)nκn

2κM
uM

has degree n, lies in the jet ideal, and has torus average zero because LT (u
j) = κj . Moreover,

LCn(u
n)−LT (u

n) = 2(−1)n, while LCn(u
M )−LT (u

M ) = 0; hence (LCn −LT )(P ) = 1. This attains
the lower bound n = max(n,M + 1).

If M ≥ n, restrict the two constraints to the span of uM , uM+1. The determinant of the resulting
two-by-two matrix is a nonzero scalar multiple of ∆n,M , which is nonzero by the lemma. Thus a
solution of degree at most M + 1 exists. The lower bound is M + 1, proving the claim. All matrix
entries are rational, so the solution can be chosen in Q[y].

4.2 The exact tetrahedral degree law

Set

x = y − 3, ρ =
5 +

√
5

2
, σ =

5−
√
5

2
.

The nonidentity support values in the x-coordinate are

A4 : −4,−3, S4 : −4,−3,−2, A5 : −4,−3,−ρ,−σ,

with masses
A4 :

1

4
,
2

3
, S4 :

3

8
,
1

3
,
1

4
, A5 :

1

4
,
1

3
,
1

5
,
1

5
.
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Consequently, for each integer n ≥ 1,

LA4(x
n) =

(−4)n

4
+

2(−3)n

3
,

LS4(x
n) =

3(−4)n

8
+

(−3)n

3
+

(−2)n

4
,

LA5(x
n) =

(−4)n

4
+

(−3)n

3
+

(−ρ)n + (−σ)n

5
.

Substituting these source moments into the determinants below and expanding gives the stated
formulas. One can make the expansion completely explicit using the Vandermonde identity: if a, b, c
are selected nonidentity support points from A4, S4, A5, respectively, with their corresponding masses
wA4(a), wS4(b), wA5(c), then

∆M =
∑
a,b,c

wA4(a)wS4(b)wA5(c)(abc)
M (b− a)(c− a)(c− b),

where each sum ranges over that source’s nonzero x-support. The identity atoms x = 0 contribute
zero because M ≥ 1. Grouping the remaining triples by their product abc gives the following
complete list of nonzero aggregate coefficients:

abc −24 −12σ −12ρ −8σ −8ρ −6σ −6ρ

coefficient 1
24 −

√
5+2
30

√
5−2
30

1+
√
5

80
1−

√
5

80
1
30

1
30

This list yields the displayed closed formula for ∆M term by term.

For P = xMq(x) with deg q ≤ 2, let

MM =
(
LH(xM+j)

)
H=A4,S4,A5

0≤j≤2
.

Then

∆M = detMM =
(−24)M

24
−

√
5 + 2

30
(−12σ)M +

√
5− 2

30
(−12ρ)M

+
1 +

√
5

80
(−8σ)M +

1−
√
5

80
(−8ρ)M +

(−6σ)M + (−6ρ)M

30
.

At M = 3, exact evaluation gives ∆3 = −616. For M ≥ 4 write (−1)M∆M = AM −BM −CM +DM ,
where

AM =

√
5− 2

30
(12ρ)M , BM =

√
5 + 2

30
(12σ)M , CM =

√
5− 1

80
(8ρ)M ,

where the nonnegative remainder is explicitly

DM =
24M

24
+

1 +
√
5

80
(8σ)M +

(6σ)M + (6ρ)M

30
> 0.

Then BM/AM is decreasing in M and at M = 4 equals (3−
√
5)/2 < 1, while CM/AM is decreasing
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and at M = 4 equals 2/9 + 2
√
5/27. Hence

BM + CM

AM
≤ 31

18
− 23

√
5

54
< 1, M ≥ 4,

The last strict inequality is equivalent to 39 < 23
√
5, which follows by squaring the positive sides.

Hence (−1)M∆M > 0 for all M ≥ 4. Thus ∆M ̸= 0 for every M ≥ 3, and a quotient polynomial
q of degree at most 2 suffices. The matrix entries are rational, since ρ+ σ = 5 and ρσ = 5 imply
(−ρ)n + (−σ)n ∈ Q; hence the solution obtained by Cramer’s rule has coefficients in Q.

To exclude quotient polynomials q of degree at most 1, define the augmented determinant

ΓM = det

LA4(x
M ) LA4(x

M+1) 1

LS4(x
M ) LS4(x

M+1) 0

LA5(x
M ) LA5(x

M+1) 0

 .

Expanding along the final column gives

ΓM = LS4(x
M )LA5(x

M+1)− LS4(x
M+1)LA5(x

M ).

Equivalently, using the nonidentity supports and masses, it is
∑

b,cwS4(b)wA5(c)(bc)
M (c− b). Group-

ing by bc gives the coefficient list

bc 12 6 8 2ρ 2σ 3ρ 3σ 4ρ 4σ

coefficient 1
24 − 1

12 −1
8 −1+

√
5

40

√
5−1
40 −

√
5−1
30

1+
√
5

30
9(3−

√
5)

240
9(3+

√
5)

240

which expands to the following formula:

ΓM =
10 12M − 20 6M − 30 8M

240
− 6(1 +

√
5)(2ρ)M

240
− 8(

√
5− 1)(3ρ)M

240

+
9(3−

√
5)(4ρ)M

240
+

6(
√
5− 1)(2σ)M

240
+

8(1 +
√
5)(3σ)M

240

+
9(3 +

√
5)(4σ)M

240
.

Direct calculation gives
Γ3 = 35, Γ4 = 924, Γ5 = 17149.

For M ≥ 5, define the ratio of the absolute values of all negative terms to the positive (4ρ)M term by

RM =
20 6M + 30 8M + 6(1 +

√
5)(2ρ)M + 8(

√
5− 1)(3ρ)M

9(3−
√
5)(4ρ)M

.

At M = 5, this ratio is

R5 =
3351

1280
− 5517

√
5

6400
<

7

10
,
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and each constituent ratio decreases thereafter because

6

4ρ
< 1,

8

4ρ
< 1,

3ρ

4ρ
=

3

4
,

2ρ

4ρ
=

1

2
.

The bound at M = 5 is strict because it is equivalent to 12275 < 5517
√
5, again verified by squaring

positive sides. Since each constituent ratio decreases with M , the total ratio remains below 7/10

for every M ≥ 5. Thus ΓM > 0 for every M ≥ 5, while the displayed exact values cover M = 3, 4.
Hence no quotient polynomial of degree at most 1 can attain the target for any M ≥ 3.

Theorem 4.5 (Exact tetrahedral central-jet degree). For the A4 detector on the source family
{A4, S4, A5},

min
P∈FM

degP =

3, M = 1, 2,

M + 2, M ≥ 3.

Proof. The general central-jet criterion shows nonemptiness for every M . For M ≥ 3, the nonvanish-
ing of ∆M gives a solution with deg q ≤ 2, hence degP ≤ M + 2. The nonvanishing of ΓM proves
that no solution with deg q ≤ 1 exists, hence degP ≥ M + 2. For M = 1, direct evaluation gives
LH(x) = −3 and LH(x2) = 10 for each H ∈ {A4, S4, A5}. Hence every polynomial x(a+ bx) has
the same value −3a+ 10b on all three sources and cannot realize the target (1, 0, 0). For M = 2,
every polynomial of degree below 3 in JQ

2 is a scalar multiple of x2, whose three source values are
all 10; it too cannot realize (1, 0, 0). The displayed filters F1, F2 attain degree 3.

Convenient minimal filters are

F1(y) = y(y + 2)(y − 3),

F2(y) =
1

2
(y − 3)2(2y + 1),

F3(y) = −(y − 3)3(5y2 + 25y + 12)

88
,

F4(y) =
(y − 3)4(924y2 + 2567y + 1132)

28424
,

F5(y) = −(y − 3)5(1559y2 + 3306y + 1336)

111216
,

F6(y) =
(y − 3)6(278135y2 + 512579y + 193568)

52217024
.

Direct substitution into the three finite source measures verifies

(LA4 , LS4 , LA5)(FM ) = (1, 0, 0)
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for each displayed M = 1, . . . , 6.

4.3 Integral refinement of the tetrahedral theorem

The rational central-jet theorem has an arithmetic refinement. Since

K0(Rep
alg PGL2(C)) ≃ Z[y],

it is natural to ask whether the same filters can be chosen integrally. The theorem below computes
the image of the single A4-functional; it does not compute the full joint image in Z3.

Let
JZ
M = (y − 3)MZ[y].

For P = (y − 3)Mq, q ∈ Z[y], the A4 functional is

LA4(P ) =
1

4
P (−1) +

2

3
P (0).

Hence
LA4(P ) = (−1)M

(
4M−1q(−1) + 2 · 3M−1q(0)

)
.

Since q(−1) and q(0) can be prescribed independently by an integral linear polynomial, computing
the image reduces to finding the ideal generated by 4M−1 and 2 · 3M−1.

Theorem 4.6 (Integral central-jet index). For every M ≥ 1,

LA4(J
Z
M ) =

Z, M = 1,

2Z, M ≥ 2.

Consequently

Z/LA4(J
Z
M ) ≃

0, M = 1,

Z/2Z, M ≥ 2.

Proof. The displayed formula shows that the image is contained in the ideal generated by 4M−1

and 2 · 3M−1. Their gcd is 1 for M = 1 and 2 for M ≥ 2. Since q(−1) and q(0) can be prescribed
independently, both ideals are attained.

Thus, for M ≥ 2, no integral virtual character belonging to JZ
M realizes the normalized detector.
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5 Classical detectors and finite-image arithmetic

5.1 The positive Fejér detector

Because the source measure determines the subgroup in this setting, the commutant coordinates
provide a complementary positive detector. The normalized squared-character kernel is bounded
by 1 and converges pointwise to 0 away from the identity. Its Haar average therefore detects the
mass of the identity, separating finite sources from positive-dimensional ones without requiring the
exceptional-subgroup classification.

Theorem 5.1 (Fejér source detector). Let H ⊂ SO(3) be closed, and let g ∈ SO(3) be a rotation
through angle θ. For 0 < θ ≤ π,

N∑
r=0

χWr(g) =

(
sin((N + 1)θ/2)

sin(θ/2)

)2

.

At θ = 0, the right-hand side is interpreted by continuity and equals (N + 1)2. Consequently

aN (H)

(N + 1)2
=

∫
H
ΦN (θ(g)) dµH(g),

where

ΦN (θ) =
1

(N + 1)2

(
sin((N + 1)θ/2)

sin(θ/2)

)2

(0 < θ ≤ π), ΦN (0) := 1, 0 ≤ ΦN ≤ 1.

If H is finite then

lim
N→∞

aN (H)

(N + 1)2
=

1

|H|
.

If H is infinite and closed, then

lim
N→∞

aN (H)

(N + 1)2
= 0.

For nontrivial finite H, if θmin denotes the smallest positive rotation angle in H, then∣∣∣∣ aN (H)

(N + 1)2
− 1

|H|

∣∣∣∣ ≤ |H| − 1

|H|(N + 1)2 sin2(θmin/2)
.

Proof. The weight expansion gives the character identity explicitly:

N∑
r=0

χWr(g) =
N∑

j=−N

(N + 1− |j|)eijθ =

∣∣∣∣∣∣
N∑
j=0

eijθ

∣∣∣∣∣∣
2

,
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which equals the displayed sine quotient by the finite geometric-series formula (with its continuous
value at θ = 0). Since

aN (H) = dimEnd
H̃
(SymNC2) =

∫
H̃
|χSymNC2(u)|2 dµH̃

(u),

Haar averaging gives the commutant dimension. The Clebsch–Gordan decomposition

SymNC2 ⊗ (SymNC2)∨ ≃
N⊕
r=0

π∗Wr

shows that the integrand descends through π : H̃ → H as
∑N

r=0 χWr(g); the pushforward of
normalized Haar measure on H̃ is normalized Haar measure on H. This yields the displayed formula.
The kernel is bounded between 0 and 1, equals 1 at the identity, and tends to 0 pointwise away from
it.

For finite H,
aN (H)

(N + 1)2
=

1

|H|
∑
h∈H

ΦN (θ(h)).

The identity contributes 1/|H|. Each other element contributes at most

1

(N + 1)2 sin2(θ(h)/2)
≤ 1

(N + 1)2 sin2(θmin/2)
,

which gives the error bound. If H is infinite, Haar measure has no atoms: translation invariance
makes every singleton have the same mass, and a positive singleton mass would force the compact
group to be finite. Dominated convergence then gives the zero limit. The trivial group is immediate
from aN = (N + 1)2.

This detector has a structural role: it is positive and bounded, and it does not presuppose a
classification into A4, S4, A5 or into cyclic and dihedral families. For finite H, its limit is the mass
1/|H| at the identity; for infinite closed H, the limit is zero. The signed Langlands coordinates can
then be applied after the finite branch has been isolated.

5.2 Classical signed filters and the polyhedral fingerprint

The signed selectors are best understood as a coordinate realization of the same source measure. They
do not add a second source theory: they extract particular low-degree finite-difference coordinates
after the positive source object has been identified.

For r ≥ 2 define
Er = Wr −Wr−2.
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Then
er(H) = dimEH

r = hr(H)− hr−2(H)

in the virtual representation ring. On a maximal-level unramified place, the corresponding Hecke
function is obtained from the ordinary symmetric-power recursion. For clarity, write

χm(A) = χSymm(Std)(A).

For a determinant-one lift A ∈ SL2(C), the character specializes to

χEr(A) = χ2r(A)− χ2r−4(A).

For a general semisimple A ∈ GL2(C) with d = det(A), its scalar-invariant expression is

χEr(A) = d−rχ2r(A)− d−(r−2)χ2r−4(A).

For determinant-one parameters,

E3 = χ6 − χ2, E4 = χ8 − χ4, E6 = χ12 − χ8.

These are the classical Langlands selectors; see Part I, §1.3 of Langlands [12]. The point here is to
recover them as low-degree finite-difference coordinates on the one-variable source geometry, not to
claim them as new results.

For clarity, the table can be computed directly from the rotation-angle class counts. Set

c3(r) =
sin((2r + 1)π/3)

sin(π/3)
, c4(r) =

sin((2r + 1)π/4)

sin(π/4)
,

c5,1(r) =
sin((2r + 1)π/5)

sin(π/5)
, c5,2(r) =

sin(2(2r + 1)π/5)

sin(2π/5)
.

Averaging the character χWr(θ) = sin((r + 1
2)θ)/ sin(θ/2) over the listed rotation classes gives

hr(A4) =
2r + 1 + 3(−1)r + 8c3(r)

12
,

hr(S4) =
2r + 1 + 9(−1)r + 6c4(r) + 8c3(r)

24
,

hr(A5) =
2r + 1 + 15(−1)r + 20c3(r) + 12c5,1(r) + 12c5,2(r)

60
.

For SO(3), hr(SO(3)) = 0 for r > 0 and h0(SO(3)) = 1. Subtracting hr−2 from hr at r = 3, 4, 6

gives the table below. For the four-source family

{SO(3), A4, S4, A5},

27



Finite Projective Source Geometry for GL2 October 2026

we have
E3 E4 E6

SO(3) 0 0 0

A4 1 1 1

S4 0 1 0

A5 0 0 1

Thus

IA4 = E3, IS4 = E4 − E3, IA5 = E6 − E3, ISO(3) = 1− E4 − E6 + E3.

These are exact indicators on the restricted four-class family {SO(3), A4, S4, A5}. They do not
classify arbitrary closed subgroups: sufficiently large cyclic and dihedral groups can have the
same three displayed selector values as SO(3), and the torus SO(2) and its normalizer also have
E3 = E4 = E6 = 0. More generally, the finite-difference map hr 7→ hr − hr−2 loses the initial datum
h1, which explains the torus/normalizer ambiguity in the full er-tail.

5.3 Finite-image arithmetic benchmark

For finite-image projective Galois representations, the source coordinates have an exact arithmetic
realization. For r ≥ 2 write Er = Wr −Wr−2 for the virtual character used below.

Let F be a number field, and let ρ : GF → GL2(C) be continuous with projectivization
ρ̄ : GF → PGL2(C) of finite image. By the classical classification of finite subgroups of PGL2(C),
every such subgroup is conjugate to one of the cyclic, dihedral, tetrahedral, octahedral, or icosahedral
rotation groups; see Beauville [13]. In particular, it is conjugate into the compact subgroup
PU(2) ≃ SO(3). After conjugating the image, write H = ρ̄(GF ) ⊂ SO(3). For fixed r ≥ 2, the
virtual character Er is a bounded class function on H.

Theorem 5.2 (Finite-image filtered-prime theorem). Let P denote the finite places of F unramified
in ρ̄. Then

lim
X→∞

1

X

∑
v∈P

Nv≤X

(logNv)Er(ρ̄(Frobv)) = dimWH
r − dimWH

r−2.

Moreover, the sum of all prime-power terms with exponent at least two satisfies∑
v∈P, k≥2
(Nv)k≤X

(logNv)Er(ρ̄(Frobv)
k) = O(X1/2 logX).

Consequently, adding these terms to the numerator does not change the limit.

Proof. The Chebotarev prime-ideal theorem in logarithmically weighted form (see, for example,
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Serre [14]) gives the average of a bounded class function on the finite projective image as its uniform
average over H. Hence the limit equals

1

|H|
∑
h∈H

Er(h),

which is exactly the multiplicity of the trivial representation in the virtual representation Er. For the
prime-power estimate, let πF (Y ) count prime ideals of norm at most Y . The prime ideal theorem
gives πF (Y ) = OF (Y/ log Y ) for Y ≥ 3. Thus the number of pairs (v, k) with k ≥ 2 and (Nv)k ≤ X

is ∑
2≤k≤log2 X

πF (X
1/k) = πF (X

1/2) +
∑

3≤k≤log2 X

πF (X
1/k)

= OF (
√
X/ logX) +OF (X

1/3 logX)

= OF (
√
X).

Here the terms with k ≥ 3 are bounded using πF (Y ) = OF (Y ), and there are O(logX) such
exponents. Since Er is bounded on the finite image and each weight satisfies logNv ≤ logX, the
total contribution is OF (X

1/2 logX) = o(X).

Corollary 5.3. If a finite projective source has already been shown not to be cyclic or dihedral, then
it is conjugate to one of A4, S4, or A5. The three weighted prime averages attached to E3, E4, and
E6 identify its class exactly. The SO(3) row in the preceding table is an infinite closed source and is
not covered by the finite-image hypothesis of Theorem 5.2.

Proof. By the classification of finite subgroups of SO(3), a finite group that is neither cyclic nor
rotational dihedral is one of A4, S4, A5. The displayed selector table assigns the three classes the
distinct vectors (1, 1, 1), (0, 1, 0), and (0, 0, 1), respectively. The prime-average theorem identifies
each coordinate with the corresponding weighted Frobenius average. The SO(3) row is not a finite
source, so it is outside the theorem’s hypotheses.

Corollary 5.4 (Finite-image prime Abel limit). Under the hypotheses of Theorem 5.2, for every
fixed q ∈ (0, 1),

lim
X→∞

1

X

∑
v∈P

Nv≤X

(logNv)Aq

(
χAd(ρ̄(Frobv))

)
= AH(q) = (w − 3)RH(w).

Proof. For y ∈ [−1, 3],

Aq(y) =
(1− q)2

1 + q

∑
r≥0

qrPr(y), |Pr(y)| ≤ 2r + 1.

The series converges uniformly on [−1, 3]. For each fixed r, the same Chebotarev argument as in
Theorem 5.2, applied directly to the character Pr = χWr , gives the limiting prime average hr(H).
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The tail is bounded by a constant times
∑

r>R(2r + 1)qr, uniformly in the prime cutoff because
X−1

∑
Nv≤X logNv is bounded. Passing first to the prime limit for a finite sum and then sending

R → ∞ yields
(1− q)2

1 + q

∑
r≥0

qrhr(H) =

∫
Aq(y) dνH(y) = AH(q).

This is a finite-image arithmetic benchmark, not an automorphic Beyond Endoscopy theorem. It
gives a rigorous test case for any future analytic realization of these source filters.

6 Scope of the results

The central-jet statements are algebraic statements in the projective character coordinate: for
λ = t/(2

√
d) and y = 4λ2 − 1, divisibility by (y − 3)M is exactly divisibility by (λ2 − 1)M after

substitution. This does not assert the same vanishing for an orbital integral or a global trace-formula
kernel. In Jacquet–Zagier-type frameworks, local orbital integrals are weighted shell sums with
test-dependent coefficients, and the post-Poisson formula uses integrated quantities indexed by
arithmetic and Poisson variables; see Warade [15] for a related treatment. Establishing a transfer
requires a separately defined transformation and analytic estimates justifying the relevant summation
and limit operations; no such transfer is proved here.

The arithmetic result in this paper is the finite-projective-image prime theorem and its positive
Abel corollary. We do not claim that the limiting source measure exists for every automorphic
representation, that all balanced symmetric-power L-functions have the required pole interpretation,
or that the global trace-formula aggregate equals an individual representation’s prime statistic.
Those are separate questions requiring additional hypotheses and analytic arguments.

7 Conclusion

The projective character coordinate gives a common algebraic language for source measures, harmonic
multiplicities, resolvents, and source filters. The positive Abel transform provides a bounded resolvent
observable and detects the identity atom at the endpoint. The source-rigidity theorem and explicit
transforms describe the closed subgroup geometry in SO(3), while Chebotarev supplies a finite-image
arithmetic realization. The two exact central-jet degree laws quantify the complexity of cyclic
and tetrahedral source separation; the integral refinement identifies the parity obstruction for the
normalized tetrahedral detector. These results give an algebraic and finite-image framework for
projective source measures and source filters, without asserting a general Beyond Endoscopy transfer
theorem. In relation to the companion paper [1], the present work develops the downstream projective
and source-filtering layer; it neither replaces the companion paper’s conditional analytic extraction
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nor assumes that extraction in the proofs of the two degree laws.
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