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Abstract

Let K be a field of characteristic zero and let P,Q € A;(K) satisfy [@, P] = 1. We prove that
P, Q generate A;(K) if either has mass at most six, meaning at most six nonzero homogeneous
components for the grading deg X = 1, degY = —1, with no degree bound on either element.
This extends the four-component theorem of Guccione, Guccione and Valqui. The proof combines
their Newton-polygon restrictions with a classification of polynomial pairs r, f satisfying an
associated scalar differential equation under the condition that r? has at most six monomial
terms. The scalar argument uses a two-dimensional Vandermonde kernel, Rolle’s theorem,
and a sign and parity obstruction. The scalar classification and the mass bound reduce the
crossing cases to a binomial-power face. We exclude that face using at most one Newton cut,
without a mass bound on the transformed pair. We also exclude a family of pure-power crossing
faces with prime outer exponent, without a mass bound. A seven-term scalar solution shows
that the scalar classification is sharp, although its associated Weyl face is excluded by the
pure-power theorem. Theorem 1.1 is formalized in Lean 4 and registered as Palomar entry
PALOMAR-2026-10-05-000006, version 2.
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1 Introduction

Let K be a field of characteristic zero. Write
A1(K)=K(X,Y)/(YX - XY — 1), U, V]=UV —-VU.

The rank-one Dixmier conjecture [D68] asks whether every pair with commutator one generates
A1(K). Equivalently, it asks whether every unital K-algebra endomorphism of A;(K) is an
automorphism: the assignments X +— P, Y +— @ define an endomorphism exactly when [Q, P] = 1;
generation is surjectivity, and simplicity of A;(K) ensures injectivity.

The three-variable Jacobian counterexamples described in [Ga26] and [T26], together with
the implication DC,, = JC,, in [BCW82] (see also [BK07, Introduction]), rule out the Dixmier
conjecture in ranks at least three: adjoining unchanged coordinates extends a three-variable
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counterexample to every higher dimension. This implication does not settle the rank-one question
studied here.

Give A;(K) the Z-grading determined by deg X = 1 and degY = —1. For the homogeneous
decomposition P =}, P;, put
m(P) =##{j : P; # 0}.

Following Bavula and Levandovskyy [BL20], we call m(P) the mass of P. It counts homogeneous
components, not monomials: one component may contain arbitrarily many Poincaré—Birkhoff-Witt
(PBW) monomials X*Y7.

A bound on mass restricts the graded support while allowing arbitrarily large polynomial
degrees. Bavula and Levandovskyy proved generation when both members have mass at most two
[BL20]. Han and Tan showed that mass at most two on one member suffices [HT24, Theorem 3.15].
Guccione, Guccione and Valqui raised the one-member bound to four [G24, Corollary 4.3]. We
extend that conclusion to six components.

Theorem 1.1. Let K be any field of characteristic zero and let P,Q € A1(K). If
Q,P]=1 and m(P) < 6,
then K(P,Q) = A;(K).

The conclusion also holds when m(Q) < 6, by applying the theorem to (Q, —P), since [-P, Q] =
1. Thus both members of a nongenerating pair with commutator one have mass at least seven. The
five-component case is included, and no bound is imposed on the degree of either member or the
mass of @), the mate of P.

Theorem 1.1 is formally proved in Lean 4 with Mathlib and registered as Palomar en-
try PALOMAR-2026-10-05-000006, version 2 [S26]. The checked proof uses only propext,
Classical.choice, and Quot.sound.

The proof uses the Newton configurations in [G24]. The main issue is the case of a face crossing
from positive to negative grade. The homogeneous companion condition alone cannot exclude every
five-component configuration: [G24, Remark 4.4] gives such a configuration. We classify the sparse
scalar solutions permitted by that condition and then exclude the remaining binomial-power face
using at most one Newton cut. Mass preservation is needed for the initial case reduction. Once the
face is fixed, the cut produces an endpoint forbidden by the published geometric restrictions; no
mass bound on the transformed pair is needed.

For a nonzero polynomial S, write ¢(.5) for its number of nonzero monomials. For a hypothetical
counterexample with mass at most six and a strict negative crossing in direction (p, —s), with coprime
integers p > s > 1, Lemma 5.1 reduces the leading symbol to pR?, where R = zr(w), w = x5y”,
and the homogeneous companion is F' = zy f(w). Here x,y are commuting variables recording the
PBW monomials X?Y7. The leading symbol is the sum of the terms on the corresponding Newton
face (Section 4), and x'y’ has grade i — j. With the Poisson convention of Section 4, the identity
{R, F} = R is precisely the equation below. The terms of R? have distinct grades 2 — (p — s)n, so
t(r?) < m(P). The scalar input is the following classification.



Theorem 1.2. Let p > s > 1 be integers. Suppose that r, f € Clw], that r is nonconstant with
r(0) = 1, and that

(p—s)wfr' —(f +pwf + 1)r=0. (1.1)
If t(r?) < 6, then there is a A € C* such that

p=2s+1, r=(1—-\w)? f= w—1. (1.2)
Thus r% has exactly five terms.

The geometric exclusion has a broader form that does not require a mass bound. Here a
counterexample pair means P,Q € A;(C) with [Q, P] = 1 and C(P,Q) # A;(C). The notation
£,,—s for the leading symbol is defined in Section 4.

Theorem 1.3 (pure-power face exclusion). Let ¢ > 2 and s > 0 be integers such that p =
(gs+1)/(q — 1) is an integer. Let p be prime and o, € C*. No counterexample pair has

Uy —s(P) = paP (1 + ax’y? )P, (1.3)
No mass or degree bound is imposed on either operator.

For p = q = 2, the face (1.3) is uR? with r as in (1.2) and o = —\. This is the specialization
required for Theorem 1.1. Section 5 proves the exclusion using at most one Newton cut.

The scalar proof is independent of the Weyl-algebra inputs. The equation forces a repeated
root and primitive exponent support (defined in Section 2). A root of multiplicity four in a square
with six monomial terms imposes four linear moment conditions on its coefficients, leaving a
two-dimensional Vandermonde kernel. A second such root forces real coefficients after rescaling,
with the two distinguished roots nonreal and conjugate. The values of wf’(w) prescribed by the
equation then rule out real roots of f, and therefore of r. Both degrees are even, contradicting
(p—s)degr — pdeg f =1 from Lemma 3.1. The remaining one-double-root case is governed by a
sign-preserving coefficient recurrence.

Zheglov [Z26] has proposed a proof of the unrestricted rank-one conjecture. The argument
here does not use that claim; its external structural inputs are stated in Section 4. The scalar
classification is an independent polynomial result.

Section 2 proves the sparse-root lemmas, and Section 3 proves Theorem 1.2. Sections 4 and 5 give
the Newton inputs and prove Theorem 1.1, ending with descent from C to any characteristic-zero
field. Section 6 discusses seven-term scalar solutions and other boundary examples, distinguishing
them from the pure-power face exclusion. Appendix A records two further coefficient-nonvanishing
results for scalar families; neither is needed for the main theorem.

Theorem 1.1 is formalized in Lean 4 [S26]; the verification note after Section 6 describes its
scope.

For the scalar and Newton arguments below we work over C and write A1 = A;(C). The final
step of the proof of Theorem 1.1 returns to the general field K.

Notation guide. The main notation and its defining sections are collected below.

Notation Meaning Section

XY zy Weyl generators; commuting variables 1, 4.1
recording PBW monomials



Notation Meaning Section

m(P) Number of nonzero homogeneous 1
components for grade i — j

t(.S) Number of nonzero monomials of a 1
polynomial S

d,e, L p — s,degr,deg f in the scalar proof 3

Upo(P), €y o (P) Maximum weight and leading symbol 4.1

stpo(P), enp o (P) Face endpoints with smallest and largest 4.1
y-exponent, for p > 0

Dir(P) Directions whose face contains at least two 4.1
monomials

2 Repeated roots of sparse polynomials

The mass estimate will ultimately count terms on a Newton face. We begin with the classical
multiplicity bound [Bri01, Lemma 1]; see also [M07, Lemma 1]. We include its short proof, then
identify the additional rigidity when a six-term polynomial has two roots of multiplicity four.

We say that a polynomial with nonzero constant coefficient has primitive exponent support
if the greatest common divisor of its positive exponents is one. Rescaling the variable by a nonzero
constant preserves this property and its number of terms.

Lemma 2.1. If a nonzero polynomial S has t terms, every nonzero root of S has multiplicity at
most t — 1.

Proof. Write S(w) = Y°!_; c;w™, with distinct nonnegative integers n; and ¢; # 0. At a nonzero
root « of multiplicity at least t, the first ¢ Euler derivatives, obtained by powers of the Euler
operator w d/dw, vanish, since each (wd/dw)’ is a linear combination of ordinary derivatives of
orders at most j, with polynomial coefficients:

t
Zcia”ing =0, 0<j<t.
i=1

The coefficient matrix is Vandermonde and invertible. This would force every ¢;a™ to be zero. [

Lemma 2.2. Let .
S(w):Zciw"i, O=ng<ni <---<ns,
=0
where all ¢; # 0, co = 1, and ged(nq,...,ns) = 1. If S has two distinct nonzero roots of multiplicity

at least four, these are its only such roots. After a nonzero scaling of the variable, S has real
coefficients and these two roots are nonreal conjugates on the unit circle.

Proof. Scale the first root to one, keeping the notation S. Set

Di = 1—[(77,Z — nj).
J#



The Euler derivatives of orders zero through three give

5
Y emf=0, 0<k<3. (2.1)
i=0
This system has a two-dimensional kernel. Lagrange interpolation gives
N )
k kLlj# J
=) ni— 0<k<4.

Comparing the coefficients of 2° yields
S E=0. 0<k<4
i=0
The vectors (D; '); and (n;D;'); are linearly independent and satisfy (2.1). Consequently

a+ bn;
D; ’

The value of a follows from ¢y = 1.

a=DyeR\{0}, beC. (2.2)

C; =

Let 8 # 1 be a second root of multiplicity at least four. The vector (¢;5"); satisfies the same
system and has zeroth coordinate one. Thus, for some d € C,

B (a+bn;) = a + dn,, 0<7<5. (2.3)
Suppose first that 7 = 2log |3| # 0. The real function
G(t) = e™|a + bt|* — |a + dt|*

vanishes at the six distinct real points n;. Rolle’s theorem, applied three times, implies that G”’
has at least three distinct zeros. On the other hand,

G"(t) = €™ (0 + 7)3|a + bt|?. (2.4)

The second factor is a nonzero polynomial of degree at most two: 0; + 7 is invertible on polynomials
when 7 # 0, and |a + bt|? has degree at most two and nonzero constant term a?. This contradiction
proves || = 1.

Taking squared absolute values in (2.3) now shows that the two quadratic polynomials |a + bt|?
and |a + dt|? agree at six points, hence are identical. Since a is real and nonzero, their coefficients
give

Red = Reb, |d| = 1b].
Therefore d = b or d = b. If d = b, the nonzero coefficients in (2.2) imply % = 1 for every i. The
order of this root of unity divides every n;, hence their greatest common divisor one. Thus § =1,
a contradiction. It follows that d = b # b, so b is nonreal and

b¢ R, ¢t =7 (2.5)
Every further root of multiplicity at least four, distinct from one, would give the same right side in
(2.5). Division of the corresponding equalities and primitivity identify that root with 5.
Choose 1 with n? = 3 and |n| = 1. Equation (2.5) gives

oo =¢in” M = gn™.

Hence S(nw) has real coefficients. Its two distinguished roots are 1 and 77. They are nonreal, since
a real n on the unit circle would give g = 1. O



Lemma 2.3. A five-term polynomial with nonzero constant coefficient and primitive exponent
support has at most one nonzero root of multiplicity at least four.

Proof. Normalize its constant coefficient and one such root to one. The four Euler equations now
have a one-dimensional Vandermonde kernel. At another such root g, the vector (¢;5"); belongs
to the same kernel and has the same zeroth coordinate as (¢;);. Thus g™ = 1 for every support
exponent. Primitivity gives g = 1. O

3 The scalar rigidity theorem

For Lemma 3.1, assume only the polynomial and differential-equation hypotheses of Theorem 1.2;
no bound on ¢(r?) is needed. Put

0=p—s, e =degr, L =deg f.

The sparse-root lemmas control the number and position of double roots of r. The differential
equation supplies the complementary information: it prescribes the derivative of f at each root
and couples the two polynomial degrees by an integer identity. We first establish these facts.

Lemma 3.1. The following statements hold:

1. f(0)=-1,L>1, and
de =1+ pL, L <e. (3.1)

2. Root containment. FEvery root a of r is a simple root of f. If its multiplicity in r is j, then

af' (@) (85— p) = 1. (3.2)
A root v of f outside the roots of r satisfies
1f'(v) = —1/p. (3.3)

In particular, all roots of f are simple and nonzero.
3. For fized r, equation (1.1) has at most one solution f in C[[w]]. Both r and r? have primitive
exponent support.

Proof. Evaluation at zero gives f(0) = —1. A constant solution would therefore be f = —1, in
which case (1.1) would force 7/ = 0. Thus L > 1. Comparison of the coefficients of degree e + L
gives (3.1), and p > ¢ > 0 implies L < e.

Every root of r is nonzero. At a root « of multiplicity j, a nonzero value of f(«) would leave
an unmatched term of order j — 1 in (1.1). Thus f(a) = 0. A zero of f of order at least two would
leave the term —r unmatched at order j. Comparison at that order for a simple zero gives (3.2).
At a zero of f outside 7, direct substitution gives (3.3), which also proves simplicity there.

If a nonzero difference of two formal solutions starts with cw’, the lowest coefficient of the
homogeneous difference equation is —(1 + pj)c, which cannot vanish. This proves uniqueness.

Suppose r € ClwY] for an integer g > 1. For every g-th root of unity (, the polynomial
f(Cw) solves the same equation as f(w): the operator wd/dw commutes with scaling. Uniqueness
yields f € C[w9]. Then g divides both e and L, contradicting (3.1). Finally, if 72 € C[w?Y], then
r((w)? = r(w)?; their constant coefficients are both one, so r((w) = r(w). This would contradict
the primitivity of r. O



We now impose t(r?) < 6. Apply Lemma 2.1 to r%: a root of r of multiplicity j gives
2j +1 < t(r?) <6, s0 j < 2. There is at least one double root, since otherwise root containment in
Lemma 3.1 would give e < L. A double root of r has multiplicity four in 72, so Lemma 2.1 gives
t(r?) > 5.

Lemma 3.2. The polynomial r has exactly one double root.

Proof. If t(r?) = 5, Lemma 2.3 gives the conclusion.

Real form. Suppose ¢(r?) = 6 and that r has at least two double roots. Lemma 2.2 shows
that there are exactly two. After a scaling, r? has real coefficients and these roots are a nonreal
conjugate pair.

Apply the same scaling to r and f; equation (1.1) is unchanged. The normalized square root
r itself is real, since 72 = r? and both constant coefficients are one. The formal uniqueness in
Lemma 3.1 then makes f real as well.

Real-root signs. The two double roots of r are nonreal. A real root « of f therefore is either a
simple root of r or is not a root of r. Equation (3.2) with j = 1 and equation (3.3) give, respectively,

() =~1/s or ~vf'(v)=-1/p. (3.4)

Both are negative. But a real polynomial with f(0) = —1 and simple roots has v f/(v) > 0 at
the first root reached along either real ray from zero. Indeed, at the first positive root it crosses
from negative values with positive derivative; at the first negative root its derivative is negative.
Therefore f has no real roots. Root containment gives the same conclusion for r.
Parity. Both polynomials are real and have only nonreal roots, so e and L are even. This
contradicts the integer identity
(p—s)e—pL=1.

The six-term case with at least two double roots is impossible. ]

Proof of Theorem 1.2. Scale the unique double root to one. Every other root of r is simple. Root
containment and L < e give

L=e—1, p=se+1, f= . (3.5)

Indeed, root containment first gives f = cr/(w — 1), and r(0) = 1, f(0) = —1 force ¢ = 1. The
degree identity (3.1) with L = e—1 gives p = se+1. Substitution in (1.1), followed by multiplication
by (w —1)2/r, yields

—sw(w— 1"+ ((p— Dw + 1)r = (w — 1)% (3.6)

Write r = 375, ujw’, with ug = 1. Its coefficients satisfy
(sj+1)u;+ s(e—j+1uj_1 = by, 1<j<e, (3.7)

where by = —2, by = 1, and b; = 0 for j > 3. In particular,

se+2 1—s(e—1)uy
=— < 0, =—"—>0.
P 2 25 + 1
For 3 < j < e, equation (3.7) gives
s(e—j+1)
Uj - - 7—1
sj+1



Hence (—1)7 u; > 0 for every j. All summands contributing to each coefficient of r2 have the same
sign. Each degree from zero to 2e occurs, with coefficient of sign (—1)7 in degree j, so

t(r?) = 2e + 1. (3.8)

The bound t(r?) < 6, together with e > 2, forces e = 2. Equations (3.5)—(3.7) give r = (1 — w)?,
f=w—1, and p = 2s + 1. Undoing the scaling proves (1.2). O

4 Newton faces and structural results

The scalar theorem will exclude the crossing faces in a published Newton classification. This section
states the exact structural inputs and fixes the conventions needed to apply them. All source result
numbers refer to the versioned arXiv texts specified in the bibliography.

4.1 Newton polygon and leading symbols

Write a Weyl operator in PBW order, with all powers of X to the left, as P = Zpinin. Its
support is the set of pairs (7, j) with p;; # 0. Its convex hull is the Newton polygon of P. We
use commuting variables x,y to record the PBW monomials. For an integer direction (p, o) with
ged(p,o) =1and p+ o0 >0, let

Vp,o(P) = max(pi + o), lyo(P) = Z pijxiyj.
P70 pi+0j=vp,o(P)

The (p, 0)-face is the part of the Newton polygon on the line pi + 0j = v, »(P); the polynomial
) +(P) records its support terms. Throughout, deg P = vy1(P) denotes total degree in the PBW
generators. An operator is subrectangular with vertex (a,b) if (a,b) belongs to its support and
its support is contained in [0, a] x [0, b].

For p > 0, the face’s starting and ending points, denoted st, »(P) and en, ,(P), are the support
points with smallest and largest y-exponent. We suppress the direction subscript when it is fixed.
A direction belongs to Dir(P) when this face contains at least two monomials. The grade of a point
(i,7) is i — j. A face is a strict crossing if its starting grade is positive and its ending grade is
negative. Figure 1 illustrates these definitions.

Grade count. Distinct monomials on a positive-sum face have distinct grades: the linear forms
pit + o7 and ¢ — j are independent. The number of terms on such a face of P is therefore at most
m(P). Here and below, a (p, 0)-homogeneous polynomial is supported on one weight line; this is
distinct from homogeneity for the grading ¢ — j.

Our Poisson convention is

{a,b} = ayby — azby,

which is the leading-bracket convention for [Y, X] = 1. When the leading Poisson bracket is nonzero,
it is the leading symbol of the commutator: ¢, ;([U, V]) = {£p+(U),€,+(V)} when the right side is
nonzero. Products of leading symbols multiply in every positive-sum direction.

Recall that a counterexample pair (P, Q) satisfies [Q, P] = 1 and C(P, Q) # A;. Changing
the sign of the mate reconciles this convention with the order [P, Q] = 1 used in [G24], without

changing the mass or leading support of P.
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Figure 1: An illustrative support with a strict crossing in direction (3, —1). The face lies on
3i — j = 6; its starting point has grade 2 and its ending point has grade —2. Dashed lines have
constant grade ¢ — j. The figure illustrates the definitions and makes no claim about the existence

of a Weyl mate.
4.2 Structural results of Guccione, Guccione and Valqui

Propositions 4.1-4.3 supply the homogeneous companion, the case reduction and the degree bound
used in Section 5. Section 4.3 states the cut and corner restrictions used to prove Theorem 1.3.

Proposition 4.1 (positivity and companion). For a counterexample pair, the maximum and
minimum grades of P have opposite signs, and v,,(P) > 0 in every positive-sum direction.
Moreover, in each such direction there are a nonzero homogeneous polynomial R, a scalar yu # 0,
an integer k > 2, and a homogeneous polynomial F' such that

lyo(P)=pR*,  v,,(F)=p+o, {RF}=R (4.1)
We call F' the homogeneous companion of R.

These are [G24, Propositions 1.2, 1.4 and 2.6]. They apply equally to the other member of a
counterexample pair.



Proposition 4.2 (case reduction). After at most the Fourier exchange X — Y, Y — —X, every
counterexample pair is in at least one of the following alternatives:

1. P has a strict crossing face with p > 0 and —p < o < 0.

2. m(P) > 10.

3. Its total-degree leading symbol is

(1 (P) = Ay — ax)*(y — Bz)",

B #0, a#(, u,v>1. (4.2)

This formulation is justified by the following source case analysis.

Derivation from the cited case analysis. We collect [G24, Remark 3.3, Proposition 4.1 and
the proof of Theorem 4.2]. Cases 1, 2 and 5 of [G24, Proposition 4.1] provide the strict crossing,
specifically its displayed condition (4.14). Cases 3 and 6 give the bound ten, Case 4 gives a bound
strictly greater than sixteen, and Case 7 has the form (4.2). The table matches each total-degree
symbol configuration to the source cases and the resulting alternative. An endpoint is axial if it
lies on a coordinate axis; the horizontal ending grade means the grade of en; o(P).

Total-symbol configuration in
[G24, Remark 3.3]

Cases of [G24,
Proposition 4.1]

Applicable alternative

One monomial involving both
variables

A pure power of y

A pure power of x

One distinct nonzero root, both
axial endpoints

One distinct nonzero root, only
the starting endpoint axial
One distinct nonzero root, only
the ending endpoint axial

Two distinct nonzero roots

1

2,3

2, 3, after
Fourier exchange
4

5, 6, after
Fourier exchange
5,6

Fourier exchange gives a subrectangular
operator with negative horizontal ending
grade; strict crossing

Negative horizontal ending grade gives a
crossing; positive grade gives mass at
least ten

Fourier exchange reduces to the preceding
TOW

Mass at least seventeen

Fourier exchange reduces to the following
TOW

Negative horizontal ending grade gives a
crossing; positive grade gives mass at
least ten

Both endpoints are axial, giving (4.2)

The endpoint exclusions and the geometric identifications in these rows are part of the cited
source reduction. In particular, a zero endpoint grade is excluded there using [G13, Theorem 4.1(3)].
The Fourier exchange sends each grade to its negative and therefore preserves mass. We use no
other change of the polynomial pair in this case reduction.

Proposition 4.3 (degree bound). Every counterexample pair satisfies ged(deg P, deg @) > 15, and

hence deg P,deg @ > 16.

This follows from [G13, Corollary 7.4], since the quantity bounded there is the minimum degree

ged over all counterexample pairs.

10



4.3 The maximum-root cut and forbidden corner

We use the maximum-root cut and the forbidden corner in [G13, Propositions 5.3 and 5.6], with
the arXiv v3 numbering. Fix a positive integer [. The cut may introduce fractional powers of X, so
it takes place in

Ay = CIxY XYy d/dX).
An exact pair in this ring means a pair satisfying [Q, P] = 1.

For a direction (p,o) with p > 0, write st,,(P) = (ug,vo) and put z = x7%/?y. There is a
polynomial fp(z), with nonzero constant coefficient, such that ¢, ,(P) = 2"°y" fp(z). The cut
polynomial is 2" fp(z): equivalently, £, ,(P) = z%0+"0/Pz%0 fp(z). Choose a root \g of this
polynomial with maximum multiplicity M. With I’ = lem(l, p), the cut is the automorphism ¢ of
Ay fixing X/ and sending Y to Y + Ao X?/?. Write Py = ¢(P), Q4+ = ¢(Q). The source permits
Ao = 0 if zero has maximum multiplicity. Then ¢ is the identity, and the proposition still supplies
a lower shared direction. In our application vg = 0 and all roots of the cut polynomial are nonzero.

The cut theorem requires an exact pair, a shared direction (p, o) € Dir(P) N Dir(Q), positive
weights, vanishing leading bracket, nonintegral weight ratios in both orders, and negative ending
grades for both operators. It gives a new shared direction (p’,¢’) with p’ > 0 and o’/p’ < o/p,
preserving the commutator, positive weights and their ratio. The new ending point is

<u0 + (UO_pM)”, M) . (4.3)

For a polynomial starting pair, [ = 1 and the cut takes place in A,,.

The forbidden-corner statement says that, for an exact pair in A; with a direction (p,0) €
Dir(P)NDir(Q), positive weights, ¢ < 0, and reduced ratio v(Q)/v(P) = n/d with coprime n,d > 1,

one cannot have 1 1
g en(P) = (h() — Z, h()) y ho > 2. (4.4)

It does not require vanishing of the leading bracket at that direction. We apply at most one cut
and verify its hypotheses in Section 5.

5 Exclusion of crossing faces and proof of the main theorem

The negative-direction crossing of Lemma 5.1 and the horizontal crossing of Lemma 5.2 lead to
the same binomial-power face under the six-component bound. We first prove an exclusion for
a broader pure-power family; its specialization p = ¢ = 2 will close both cases. The remaining
Newton configurations are eliminated by their mass or degree bounds.

Proof of Theorem 1.3. After reducing the mate, we obtain the normalized endpoint (¢ — 1/p, q),
prohibited by (4.4): directly when s = 0, and after one Newton cut when s > 0.

Leading bracket. The parameter identity gives p —s = (s +1)/(¢ — 1) > 0 and ged(p, s) =1,
since every common divisor divides (¢ — 1)p — gs = 1. Put R = z(1 + az®y”)?, so the displayed
face is A = pRP of weight pp. Let B = £, _4(Q) and w = v, _4(Q) > 0, using Proposition 4.1. A
nonzero {B, A} would be the leading symbol of [Q, P], of weight pp + w — (p — s) > 0. Since the
commutator is one, {B, A} = 0.

Mate exponent. The weighted Euler identities are

prAy — syAy, = ppA, prB; — syB, = wB.

11



Combining them with A, B, = A, B, gives
ppAB, = wBA,, ppABy = wBA,.

Thus BPP/A“ is a nonzero constant in C(x,y). Comparison of irreducible-factor orders gives
pord; B =word, R for every irreducible polynomial 7. Because ord, R = 1, the number j = w/p
is a positive integer. The same comparisons give

B=vRI, v#0. (5.1)

Mate descent. While p | j, replace Q by Q — v/ /PpPilP The replacement is a polynomial
mate with the same commutator and generated subalgebra, so it remains a counterexample pair.
Its positive integer weight strictly decreases. Proposition 4.1 and the Euler argument apply to
each resulting counterexample pair, so the descent terminates with p { j. The possibility j = 1
is excluded by Proposition 4.1 applied to the mate: vR has z-adic order one and cannot be a
proper polynomial power. Thus j > 1; primality of p gives ged(j, p) = 1, so both weight ratios are
nonintegral.

For the reduced mate, the six hypotheses of [G13, Proposition 5.3] are explicit:

Source hypothesis Verification

(a) Exact relation (@, P] = 1, preserved by mate subtraction

(b) Shared direction Both leading symbols are nonmonomial powers of R

(¢) Positive weights v(P)=pp>0,v(Q)=3jp>0

(d) Zero leading bracket  The preceding weight and Euler argument

(e) Both ratios J,p>1and ged(j,p) =1

nonintegral

(f) Negative ending Endpoints (p + pgs, pgp), (j + j7gs, jqp) have grades —pp, —jp, since
grades g(p—s)=p+1

Horizontal direction. If s = 0, then (¢ — 1)p = 1, hence ¢ = 2 and p = 1. The original ending
point of P is (p,2p). Apply (4.4) directly in .41, with direction (1,0), reduced denominator d = p
and height hg = 2. The normalized endpoint is (1,2), a contradiction. No cut is needed.

Negative direction. Suppose s > 0. With cut coordinate z = 2°/y, the univariate cut
polynomial is p(1 + az”)P4. All its roots are nonzero and have multiplicity pg. Formula (4.3),
applied to starting point (p,0), gives

bgs :
eny o (Py) = sty _s(Py) = <p—|— p,pq) in A,.

By [G13, Proposition 5.3(1), (3), (4), (6)], the new shared direction has p’ > 0 and o’/p’ < —s/p < 0.
The corner hypotheses are therefore satisfied:

Corner hypothesis Verification after the cut
Exact pair in A; [ = p; the cut preserves [Q4, Py] =1
Shared direction and [G13, Proposition 5.3(1), (3), (4)]

positive weights
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Corner hypothesis Verification after the cut

Nonpositive second o'lpf < —s/p<0andp >0
coordinate of the direction

Reduced ratio, both n/d = j/p, with j,p > 1 coprime
entries greater than one

Prohibited endpoint Height hy = ¢ > 2, as computed below

Since (¢ — 1)p = ¢s + 1, normalization by the actual reduced denominator p gives

1 qs 1
7enP/»0"(P+) = <1+,Q) = (q_aQ> ;
p p p

contrary to (4.4). O

The prime hypothesis is used to obtain the reduced denominator p. For a composite outer
exponent, a surviving mate exponent can have a common factor, or make the reciprocal ratio
integral; the same corner argument then need not apply. In particular, Theorem 1.3 does not assert
an exclusion for every pure-power face. Its case p = ¢ = 2, s = 1 excludes the configuration in [G24,
Remark 4.4].

Lemma 5.1 (negative crossing). A counterezample pair with m(P) < 6 has no strict crossing in a
direction (p, —s) with coprime integers p > s > 1.

Proof. Proposition 4.1 and the starting grade give
l,_s(P) = uR", R=a%r(w), w=2z%", k>2, a>b>0.

The integral points on the weight line differ by multiples of (s, p); extracting its first monomial
gives this form. The face has at least two monomials, so r is nonconstant. Absorbing its nonzero
constant coefficient into the scalar normalizes r(0) = 1. Every nonnegative integral solution of
pi — sj = p — s has the form (7,5) = (14 sn,1+ pn), n > 0. Thus the homogeneous companion in
(4.1) is F = zyf(w).

Put H=a—b, W = pa — sb, and § = p — s. The equation {R, F'} = R becomes

Swfr' — (Hf + Wwf' +1)r = 0. (5.2)

Here f(0) = —1/H. If f were constant, (5.2) would give dw fr’ = 0, contradicting the nonconstancy
of r. With e = degr and L = deg f, degree comparison gives de = H + W L. Every root of r is a
simple root of f, by the same local order comparison as in Lemma 3.1. If M is the largest root
multiplicity of r, then

e< ML, M>e/L>W/é>a.

The final inequality follows from W/§ = a + s(a — b)/d > a, since a > b, s > 0, and § > 0.

A root of 7* of multiplicity kM, together with Lemma 2.1 and the grade count of Section 4,
yields
6 >m(P) >t(r*) > kM +1>k(a+1) + 1.

Therefore k = 2, a =1, b= 0, and M = 2. Equation (5.2) is now (1.1), with ¢(r?) < 6. Theorem 1.2
gives 7 = (1 — Aw)? and p = 25+ 1. The face is therefore (1.3) with p = ¢ = 2 and a = —),
excluded by Theorem 1.3. O
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Lemma 5.2 (horizontal crossing). A counterexample pair with m(P) < 6 has no strict crossing in
direction (1,0).

Proof. Proposition 4.1 gives

lio(P) = u(xg()*,  F==zf(y), fd—af'g=y (5.3)

Here g, f € C[y], with g # 0, and k > 2. The crossing condition is ordg g < a < degg, so a > 1 and
g is nonconstant. At a root 8 of g of multiplicity j, local order comparison gives a simple root of f
and

(J—a)f(B) =1 (5.4)
In particular, no root of g has multiplicity a.

A constant f = ¢ would give ¢¢’ = g, which is impossible for a nonzero polynomial g. If
deg f = 1, all roots of g lie at its single root and have total multiplicity degg > a. If deg f > 2,
degree comparison in (5.3) gives deg g = adeg f; root containment then gives a root of multiplicity
at least a, hence at least a + 1 by (5.4). Such a root is nonzero because ordy g < a.

The grade count of Section 4 therefore gives k(a + 1) + 1 < 6, forcing k = 2 and a = 1. Also
g(0) # 0, since ordy g < a = 1. Lemma 2.1 bounds all root multiplicities of g by two, and (5.4)
excludes simple roots. Write ¢ = ch? with h squarefree, and write f = hx by root containment.
Equation (5.3) reduces to

kh' — he' = 1. (5.5)

Equation (5.5) ensures that x is nonzero and is not a scalar multiple of h. If degh # degk, the
degree of the left side is degh + degx — 1, so, since h is nonconstant, degh = 1 and degx = 0.
If the degrees are equal, subtract a scalar multiple of h from k. The new k is nonzero and has
smaller degree; equation (5.5) is unchanged, so the unequal-degree argument applies. In either case
degh = 1, so g = ch? has a single double root. Thus g = ¢/(1 + ay)?, da # 0. The leading face is
(1.3) with p = ¢ = 2 and s = 0, again excluded by Theorem 1.3. O

Proof of Theorem 1.1. First take K = C. Suppose that a counterexample pair has m(P) < 6.
Apply Proposition 4.2, using the mass-preserving Fourier exchange if necessary. For its crossing
alternative, o < 0 gives p > s = —o > 1, covered by Lemma 5.1; if ¢ = 0, coprimality forces
(p,0) = (1,0), covered by Lemma 5.2. Its mass bound ten is incompatible with the hypothesis.

It remains to consider (4.2). Put D = deg P = u + v. Proposition 4.3 gives D > 16. The
polynomial (z — a)"(z — )" has a nonzero root of multiplicity at least [D/2], and so has at least
[D/2] +1 > 9 terms by Lemma 2.1. These are distinct grades on the total-degree face. Hence
m(P) > 9, the final contradiction.

All cases are excluded over C.

Now let K be any characteristic-zero field and let P, () satisfy the hypotheses of the theorem.
Let Ky be the subfield of K generated over Q by their finitely many coefficients. This finitely
generated field embeds in C: map a finite transcendence basis to algebraically independent complex
numbers and extend the embedding across the remaining finite algebraic extension. Identify Ky
with its image under this embedding. The embedded operators have the same masses and satisfy
the same commutator relation. The complex case just proved makes each of X,Y a complex linear
combination of finitely many words in the embedded P, Q).

Fix the words appearing in such an expression for X and expand them in the PBW basis.
Equating the coefficients to those of X is a finite linear system over K. Its coefficient and
augmented matrix ranks are unchanged on extending scalars to C. Solvability over C therefore
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implies solvability over Ky, so X € Ko(P, Q). The same argument applies to Y. Returning through
the coefficient embedding and extending scalars from Ky to K proves the conclusion. O

6 The boundary of the scalar classification

Several elementary examples delimit the scalar argument. First,
(p,S):(Q,l), T:(l_w)gv f:w_l

satisfies (1.1) and has #(r?) = 7. Thus Theorem 1.2 cannot be extended to seven terms with
the same conclusion. Nevertheless, Theorem 1.3 with p = 2,g = 3,s = 1, = —1 excludes the
associated face pz?(1 — 2y?)® from any counterexample pair. The scalar equation alone misses this
geometric obstruction.

With seven terms, the equal-modulus conclusion of Lemma 2.2 fails. The polynomial

(1+vV=3w+w*)*=1+4vV-3w — 14w? — 21w?
— 14w’ +4v/=3w" + w®

has two roots of multiplicity four with different absolute values.

Primitivity is essential: (1 —w?®)%(1 + 2w?)? has six terms and three roots of multiplicity four.
The differential equation excludes this imprimitive possibility through (3.1) and formal uniqueness.

Integrality also enters the scalar theorem: with (p, s) = (5/2, 1), the polynomials r = (1 + w?)?
and f = —(1 4+ w?) satisfy (1.1). Here r has two double roots, at w = i and w = —i, a possibility
excluded by Theorem 1.2 for integer parameters. The seven-term example proves sharpness of
the scalar classification, not optimality of the six-component generation theorem. The pure-power
exclusion disposes of this particular face, but does not classify all seven-component configurations.
Appendix A records two scalar families for which the coefficient method remains effective.

Formal verification. The Lean development [S26] realizes the Weyl algebra as polynomial
differential operators, proves its equivalence with the generators-and-relations presentation, and
identifies mass with the number of occupied PBW grades. The six inputs are the opposite-grade and
homogeneous-companion conclusions of Proposition 4.1, the case reduction of Proposition 4.2, the
degree bound of Proposition 4.3, the maximum-root cut followed by the corner exclusion, and the
polynomial corner exclusion (4.4). They are proved within the development; the exported theorem
has no hypothesis assuming those inputs. The declaration Dixmier.Palomar .massSixGeneration
passed comparison with the reference Lean statement and the Lean, nanoda and con-ron kernel checks
in the official verification recorded in [S26]. The permitted axioms are propext, Classical.choice,
and Quot.sound. The formalization is registered as Palomar entry PALOMAR-2026-10-05-000006,
version 2; its versioned source and verification record are given in [S26].

A Coefficient nonvanishing in two scalar families

The sign induction in Section 3 forces coefficient nonvanishing in two further scalar families.
Proposition A.2 treats polynomials with no simple roots and one additional root of the companion.
Proposition A.3 treats three double roots and two simple roots, with no additional companion
roots. Both give exact monomial counts for every positive integer power. Neither is needed for
Theorem 1.1. Throughout this appendix, r, f satisfy (1.1), 7(0) = 1, and p > s > 1 are integers.
Assume that every root of r has multiplicity at most two, with at least one double root.
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Proposition A.1 (factor equation). There are squarefree pairwise coprime polynomials A, B, C,
normalized by A(0) = B(0) =1, C(0) = —1, such that

r= AB? f=ABC.

Here B records the double roots, A the simple roots, and C' the roots of f that do not occur in r.
Put
a=degA, D=degB, c=degC, h=p—2s.

Then h is a positive integer and
wC(hAB' — sA'B) — AB(pwC' + C) = 1, hD = sa + pc+ 1. (A.1)

Proof. Root containment and simplicity of the roots of f follow from Lemma 3.1. They give
the stated factorization, with the normalization fixed by the constant coefficients. Set e = degr,
L =deg f, 6 = p— s. Root multiplicities at most two give e < 2L. Since de = 1 + pL, it follows
that (p — 2s)L > 1, so h > 0. Substituting the factorization in (1.1) and canceling AB? gives the
first identity in (A.1). Its leading coefficient, or equivalently e = a + 2D and L = a + D + ¢ in the
degree identity, gives the second. O

Proposition A.2 (no simple root and one root of f outside r, all degrees). Suppose the hypotheses
of Proposition A.1 hold with A=1, D > 2, and c=1. Then h > 1, and after scaling C = w — 1,
the coefficients B = Z,?:O bow™ satisfy

h(D—n+1)

bp=1 b, = —
0 ’ hn —1

Consequently, for every integer k > 1,
t(r*) =2Dk+1, r=B%
In particular no member of this family has t(r?) =17.

Proof. The degree equation gives hD = p 4+ 1. Scaling is permitted because the linear coefficient of
(' is nonzero. The scalar equation is

hw(w—1)B' = ((p+1)w—1)B = 1.

Its degree-n coefficient gives the displayed recurrence. When h = 1, the degree-one equation is
0 = —D, impossible since D > 2. In the present integer parameter domain h > 0, therefore h > 1.
Every recurrence multiplier is strictly negative. Thus (—1)"b, > 0 for all 0 < n < D. All products
contributing to a coefficient of B2* have the same sign, and every degree from zero to 2Dk occurs.
Hence no coefficient can cancel. This proves the assertion for arbitrary D and k. O

Proposition A.3 (three double roots and two simple roots, every slope). Suppose the hypotheses
of Proposition A.1 hold with (D, a,c) = (3,2,0). Then after scaling, A and B have strictly positive
coefficients. For every integer k > 1, t(r*¥) = 8k + 1. In particular t(r?) = 17, so the case
(D,a,c) = (3,2,0) cannot occur under the additional bound t(r?) < 7, for any admissible integer
pair p > s > 1.
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Proof. The degree equation gives 2s + 1 = 3h. Write A = 1 + uw + vw? = 27,2:0 a;w', C' = —1, and
B =33 _ byw™, with bg =1 and v # 0. If h =1, then s = 1, p = 3, and (A.1) becomes

—w(AB'— A'B)+ AB—-1=0.
Its coefficients of degrees one through four are
2u, biu — by + 3v, 2b1v — 2bs, bov — bsu.

The first three equations give u = 0, by = 3v, and b3 = bjv. The fourth then gives 3v? = 0, a
contradiction. Thus h > 1. The coeflicient recurrence is
min(n,2)
(hn — 1)b, = Z (1+ si— h(n —1))ajby—;.
i=1
If u = 0, all odd coefficients through degree three vanish, contrary to deg B = 3. Normalize u = 1.
The first three equations give

p _ 3ht1
YT o(h—1)

b 12h(h — 1)v + 3k + 4h + 1

27 4(h—1)(2h — 1) ’

by — (Pt D(@R(Oh = 5)u— (h—1)(3h +1))

8(h—1)(2h —1)(3h —1)
The remaining coefficient equations give the residual w*¢y(v)/(16(2h — 1)), where
bn(v) = 48h*v* — 24h(h + 1)v + 3h? + 4h + 1.

Its discriminant is 384h%(h + 1) > 0, and its two roots are positive. To prove b3 > 0 for both roots,
put

T:(h—l)(Sh—i—l) y :u
4h(9h —5) T 4k
Here v, is the vertex coordinate, and
_ 3h*+43h—2 ~ 2(2h—1)(3h 4 1)3

> 0.

Ve — T =

>0, =
21(9h — 5) én(7) (9h — 5)2
Since the upward-opening quadratic has two distinct real roots, these inequalities put 7 strictly

below its smaller root. Hence v > 7, so b3 > 0; the displayed formulas also give by,bs > 0. All
coefficients of A, B are positive, and their powers have a nonzero coefficient in every degree.  [J

For D > 2, Proposition A.2 gives t(r?) = 4D + 1 > 9, while Proposition A.3 gives t(r?) = 17.
Thus both factor families are excluded whenever the relevant face has at most seven terms. The
first exclusion is uniform in root degree, and the second is uniform in the slope parameters for the
stated factor degrees.

These term counts also give mass bounds when a positive-sum face has the specified form
lp—s(P) = pz"y"r(z*y")F,
where u,v are nonnegative integers, k& > 2 is an integer, pu # 0, and r, f satisfy (1.1) and the
respective proposition’s hypotheses. The grade count of Section 4 gives m(P) > 2Dk+1 > 4D+1 > 9

in Proposition A.2, and m(P) > 8k 4+ 1 > 17 in Proposition A.3. The face form and normalized
scalar equation are hypotheses in these conclusions.

For more general factors, complex coefficients can permit cancellation. A scalar solution alone
does not determine whether a polynomial Weyl mate exists.
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