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Fractional DAG treewidth controls DAG treewidth:
profile reorientation and VC-dimension rounding®
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Abstract

For a nonempty finite graph, let F' be its fractional DAG treewidth, maximized over all
acyclic orientations. Its DAG treewidth is at most 160F In(16F). This answers the boundedness
question of Bressan, Lanzinger, and Roth. Reorienting the graph converts shattered source
profiles into projective-plane obstructions, which bound their VC dimension by 5F2. Classical
epsilon-net rounding then converts fractional bag covers to integral ones without changing the
decomposition.

1 Introduction

1.1 Background and the source problem

A source of a directed acyclic graph reaches a region that can be explored by following outgoing
edges. When the host graph has bounded outdegree, this makes sources useful units for organizing
a homomorphism-counting algorithm. A decomposition records which source-generated regions
must be coordinated at each step. Bressan’s DAG tree decompositions formalize this principle for
sparse-host pattern counting [2, Defs. 2, 3, 6 and Thm. 9]. Bressan, Lanzinger, and Roth express
the corresponding directed problem as a counting constraint-satisfaction problem whose exponent
is governed by fractional hypertreewidth [1, Sec. 3.4 and Thm. 42].

The two width notions measure how economically each decomposition bag can be covered. An
integral cover chooses source-reachability regions; a fractional cover may distribute unit coverage
among several sources. Write R(ﬁ ) for the hypergraph of these regions in an acyclic orientation H
of an undirected graph H. Following the comparison in [1, Sec. 3.4], this paper uses

dtw(H) = max htw(R(H)), fdtw(H) = max fhtw(R(H)),
HeAcyc(H) HeAcyc(H)

where htw denotes generalized hypertreewidth, with no additional condition on guards. Precise
definitions appear in Section 2. The maximum over orientations is essential: the comparison
concerns every acyclic orientation of the same underlying graph.

There is a notation distinction within the DAG-treewidth literature. The parameter dtw here is
the homomorphism parameter called 71 in [2, Def. 6]. That definition also introduces 72, maximizing
over vertex identifications, and 73, additionally maximizing over edge additions, for other counting
tasks. The present comparison is about 7 and its fractional analogue; it does not identify these
three parameters.

Bressan, Lanzinger, and Roth explicitly ask whether unbounded DAG treewidth and unbounded
fractional DAG treewidth are equivalent [1, Sec. 3.4, p. 10]. Equivalently:
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Question 1 ([1, Sec. 3.4]). For every graph class C, is

supdtw(H) < oo <= supfdtw(H) < co?
HeC HeC
For arbitrary hypergraphs, the analogous assertion is false. Grohe and Marx give a family with
fractional hypertreewidth at most two and unbounded generalized hypertreewidth [3, Example 4.2].
Thus a comparison between the two widths of one unrestricted hypergraph cannot settle Question 1.
A graph supplies an entire family of reachability hypergraphs, coupled by reorientations, and this
extra structure is what the proof uses.

1.2 Contribution

For every nonempty finite graph H, the main bound is
fdtw(H) < dtw(H) < 160 fdtw(H)? In(16 fdtw(H)).

Consequently, the integral and fractional parameters are bounded on exactly the same graph classes.
The proof has three parts.

1. The source profile of a vertex is the set of sources that reach it. Covering a bag by reachability
regions is equivalent to hitting its profiles (Lemma 4). Given a set @ of sources, Lemma 6
constructs another acyclic orientation of the same graph in which every relevant profile is
exactly its original trace on Q).

2. If many sources are shattered by the profile family, the reorientation exposes the lines of a finite
projective plane as exact profiles. Pairwise intersections force the associated vertices into one
decomposition bag, and a counting argument makes its fractional cover expensive (Lemma 7).
Writing F' = fdtw(H), Theorem 9 deduces VCdim(Az) < 5F? for every orientation.

3. The classical epsilon-net method gives a transversal of size at most 32dC'In(16C) from a
fractional transversal of weight C' in VC dimension d (Theorem 11, with explicit constants
and proof). Applying it to the profiles of each bag proves Theorem 12 and the class-level
equivalence in Corollary 13.

The central point is the contrapositive of the second step. A complicated profile system cannot
remain fractionally inexpensive under all reorientations: some orientation exhibits a large fractional
obstruction. Once profile complexity is bounded, the rounding step is standard. Generalized
hypertreewidth permits guards to be chosen independently at different bags, so the tree and its
bags remain unchanged. Neither an equality between the two widths nor an optimal numerical
dependence on F' is asserted.

1.3 Related work

The combinatorial ingredients of the rounding argument are classical. The Sauer—Shelah bound
controls the number of traces of a set system [7, 8]; Haussler and Welzl use this bound and double
sampling to obtain small epsilon-nets [5]. Bronnimann and Goodrich develop the corresponding
algorithmic connection to set cover in finite VC dimension [6]. Theorem 11 supplies a finite weighted
formulation and constants for the present application, rather than a new epsilon-net principle.

In the hypertreewidth setting, Gottlob, Lanzinger, Pichler, and Razgon already use VC dimension
to bound integral covering numbers in terms of fractional covering numbers, then replace the guards
of a fractional decomposition while keeping its bags [4, proof of Thm. 7.8]. Their argument shows
why a suitable VC-dimension bound would suffice here. The additional structural step is to obtain
such a bound for source profiles from the maximum fractional width over all orientations, using
exact-profile reorientation and projective-plane incidence.



Finer counting exponents are studied by Paul-Pena and Seshadhri: for every fixed pattern with
at most nine vertices, they obtain O(n®/3) time on bounded-degeneracy hosts [10, Thm. 1.1]. This
is a quantitative algorithmic improvement for small patterns, whereas Question 1 concerns uniform
boundedness over graph classes of arbitrary pattern size.

Recent work by Komarath, Kumar, and Pareek studies constant-space pattern counting through
DAG treedepth, giving a homomorphism-counting algorithm whose exponent depends on that
parameter [9, Thm. 1]. This addresses a space constraint and a different decomposition parameter.
The present theorem is a structural comparison of the integral and fractional homomorphism
widths in [1, Sec. 3.4]; it does not itself give a complete complexity classification or an optimal
decomposition algorithm.

2 Reachability width and source profiles

2.1 Definitions

All graphs and hypergraphs are finite. Let H be an undirected graph and let Acyc(H) be the set
of orientations of all edges of H that produce a directed acyclic graph. For H € Acyc(H), write
S(H) for its sources and R (s) for the vertices reachable from s, including s itself.

Definition 2 (reachability hypergraph; [1, Def. 16]). The reachability hypergraph of an acyclic
orientation H is
R(H)= (V(H),{Rz(s) : s € S(H)}).

For a hypergraph H = (V, E) and X C V, let py(X) be the minimum number of hyperedges
whose union contains X. A fractional edge cover of X is a function v : E — [0, 00) such that

Y=l (veX),

esv
and p3,(X) is its minimum total weight.

Definition 3 ([1, Defs. 19-21]). A tree decomposition of H is a tree 7" with bags (By)icv () such
that

1. the bags cover V;
2. every hyperedge is contained in a bag;

3. for each v € V, the nodes t with v € B; induce a connected subtree of T'.

The generalized and fractional hypertreewidths are

htw(H) = min max py(By), thtw(H) = min max p3/(B).

(T,B) teV(T) (T.B) teV(T)
Define
dtw(H) = _max htw(R(H)),  fdtw(H)= _max fhtw(R(H)). (2.1)
HeAcyc(H) HeAcyc(H)

For the null graph, both quantities are zero under the empty decomposition convention.
For a fixed orientation H, associate to every vertex its source profile

o) ={s€ S(H):v e Rz(s)}. (2.2)

Every profile is nonempty: following incoming edges backward from v must terminate at a source
because the orientation is finite and acyclic. For X C V(H), let

A (X) ={oz():ve X},

viewed as a family of nonempty subsets of the ground set S (ﬁ ).



2.2 Cover—transversal duality

For a family F of subsets of a finite ground set, a transversal is a set meeting every member of F.
Write 7(F) for the minimum transversal size. A fractional transversal assigns nonnegative weights
x, to ground elements so that > ,cp x4 > 1 for every R € F; its minimum total weight is 7*(F).

Lemma 4. For every X C V(H),
Py (X) =T(Az(X)), g (X) =T (Az(X)). (2.3)

Proof. The reachability hyperedges are uniquely indexed by sources. Indeed, if s # s’ are sources,
then s € R5(s), whereas s ¢ R (s'), because a nontrivial path ending at s would give s an incoming
edge.

A source set T C S (ﬁ ) indexes reachability edges covering X exactly when, for every v € X
some s € T reaches v. By (2.2), this is equivalent to T'N o ;(v) # @ for every v € X, which is the
transversal condition.

Likewise, source weights (s) fractionally cover X exactly when

Z ve > 1 (v eX).

s€oz(v)

These are the fractional-transversal constraints with the same objective ) s, proving both
equalities. ]

3 Reorientation and profile complexity

3.1 Cliques forced into decomposition bags

The primal graph of a hypergraph has the same vertex set, with two vertices adjacent when some
hyperedge contains both.

Lemma 5 (subtree Helly argument). Fvery clique in the primal graph of a hypergraph is contained
in a bag of every tree decomposition of that hypergraph.

Proof. Let (T, (By)) be a tree decomposition and let K be a primal clique. For v € K, the nodes
T,={teV(T):v € B}

form a nonempty connected subtree. If u,v € K, a hyperedge contains both and is itself contained
in a bag, so T, N T, # @.

For completeness, root T'. In each T}, select the node nearest the root, and choose T,, whose
selected node a,, has maximum depth. For any v, choose x € T, N T,,,. The selected nodes a,, a,,
both lie on the root—z path; maximality of the depth of a,, puts a, between a, and x. Since T,
is connected and contains a,, z, it contains a,,. Hence a,, € (,ex Tv, and the bag B, contains
K. O

3.2 Exact profile restriction

The following lemma is the step that has no counterpart for one unrelated hypergraph. It uses a
second acyclic orientation of the same underlying graph.

Lemma 6 (profile restriction by reorientation). Let H be an acyclic orientation of H, let Q C S(ﬁ),
and put
U= Rgz(a), W=V(H)\U.
qe@

There is an acyclic orientation ﬁQ of H such that
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1. Ho[U] = H[U;
every edge between U and W points from U to W,
the sources of ﬁQ i U are exactly Q;

no source in W reaches a vertex of U;

AR NI

for every v e U,
O'H’Q(U) =o5(v)NQ. (3.1)

Proof. Retain every orientation inside U, orient H[W] acyclically according to any total order on
W, and direct every cut edge from U to W. There is no directed cycle within either side, and a
cycle crossing the cut could not return from W to U. Thus ﬁQ is acyclic.

Every ¢ € QQ remains a source: it had no incoming edge in H , and all cut edges now point
outward. If u € U \ Q, some ¢ € @ has a directed path to u in H. That entire path lies in U, so its
retained last edge is incoming at u. Hence the sources in U are exactly ). The cut orientation
prevents every directed path from W into U, proving the fourth assertion.

Fix ¢ € @Q and v € U. Every old ¢-to-v path lies in U and is retained. Conversely, a new ¢-to-v
path cannot leave U, because it could not return, and the orientation in U is unchanged. Thus ¢
reaches v in the new orientation exactly when it did in the old one. Together with the description
of all new sources that can reach U, this proves (3.1). O

3.3 An incidence obstruction

Recall that a set @Q is shattered by a family F if {RNQ : R € F} = 29. The VC dimension
VCdim(F) is the largest size of a shattered set.

Lemma 7. Suppose Az(V(H)) shatters Q C S(ﬁ) Let L be a nonempty family of distinct
nonempty subsets of QQ such that every two members intersect. Suppose every q € @Q belongs to at
most A members of L. Then

L
fdtw(H) > u (3.2)
A
Proof. For each L € L, shattering supplies a vertex vy, such that aﬁ(vL) N @ = L. Distinct traces

require distinct vertices. Since L # &, every vy, belongs to the region U in Lemma 6. In the
resulting orientation Hy,

UH'Q ('UL) =L. (3.3)
Let K = {v : L € L£}. For distinct L, L', choose ¢ € L N L. The reachability edge RﬁQ(q)

contains vy, vy, so K is a clique in the primal graph of R(ﬁQ) Lemma 5 forces K into a bag of
every tree decomposition.
Let (7s),¢ S(io) be a fractional reachability-edge cover of such a bag. By (3.3), the constraint

at vy, is
Z’)’q > 1.
qeL

Summing over L € L gives

L[< D vg=> dege(@)rg <A > s

LeL geL qeQ seS(ﬁQ)

Every decomposition therefore has a bag of fractional cover cost at least |£|/A. Hence

7 £l
thtw(R(Hg)) = N

Maximizing over orientations proves (3.2). O



Ezample 8 (the Fano-plane witness). Suppose a profile family shatters seven sources. Identify them
with the points of the projective plane over Fo. Its seven lines are three-element sets; every two
lines intersect, and every point lies on three lines. Lemma 7, after reorientation, produces seven
exact-profile vertices forming a primal clique and gives

fdtw(H) > g

Thus even though the profiles were initially only specified by their traces on seven sources, the
all-orientations maximum converts their finite geometry into an unavoidable fractional-width
obstruction.

3.4 Bounding profile VC dimension
Theorem 9. Let H be nonempty and put F = fdtw(H). For every He Acyc(H),

VCdim (A5 (V(H))) < 5E2. (3.4)

Proof. First F' > 1. Every acyclic orientation of a nonempty graph has a source, hence a nonempty
reachability edge. Every decomposition has a bag containing that edge, and a fractional cover of a
nonempty bag has cost at least one.
Fix H , and write
d= VCdim(.AH(V(H))).

If d <2, then d < 5 < 5F2.
If 3 < d < 6, take three points ¢1, g2, g3 of a shattered source set and use

L={{q, e} {0, a3} {9 ¢}}

The sets are pairwise intersecting and every point has incidence two. Lemma 7 gives F' > 3/2, so

4
d§6<z5§5F2.

It remains to consider d > 7. For t > 1, put N; = t?> +t + 1, and choose the largest power of
two t such that N; < d. This exists because Ny = 7. By maximality,

d < Nog = 4t> + 2t + 1,

and integrality gives d < 4t% 4 2t.

Use the projective plane over the field Fy, which exists because t is a power of two. Its
points are one-dimensional subspaces of F;. Each contains t — 1 nonzero vectors, so there are
(t3 —1)/(t — 1) = N; points. Its lines are two-dimensional subspaces. Each is the kernel of a
nonzero linear functional, unique up to a nonzero scalar, giving N; lines as well. Two such subspaces
intersect in positive dimension, so every two lines meet. For a point P, lines through P correspond
to one-dimensional subspaces of the two-dimensional quotient F3/P; there are (t2—1)/(t—1) = t+1
of them. Select N; points from a shattered source set and apply Lemma 7 to the line family. It
gives

Since t > 2, one has 2t < t2, and therefore
d < 4t% + 2t < 5t < 5F2.

This proves (3.4) in every case. O



4 Weighted epsilon-net rounding

We now prove the required set-cover rounding estimate. The constants are kept explicit because
they propagate directly to the main theorem.

Lemma 10 (pullbacks and random equipartitions). Let F have VC dimension at most d on a
finite ground set, and let z1, ..., z, be ground elements, with repetitions allowed. Then the family
on labeled positions

F.={{i€n]:z€R}:ReF}

has VC dimension at most d.
Moreover, if A C [2s] has size k, and I is a uniformly random s-element subset of [2s|, then

(25—k)
Pr(INA=0)= (21) <27k (4.1)
when k <'s, and the probability is zero when k > s.

Proof. If a position set J were shattered by F,, two positions in J could not carry the same ground
element: every trace would contain either both or neither. Thus ¢ — z; is injective on J, and
shattering J implies that {z; : i € J} is shattered by F. Hence |J| < d.

For the probability statement, I avoids A exactly when all of its elements are chosen among the
2s — k positions outside A. If k < s,

(2s—k) k—1 s — ] k—1 1
S — < N 27](?
s = 15— <11
(%) jm0 28 =7 7 ;552
If k > s, fewer than s positions remain outside A, so the probability is zero. ]

Theorem 11 (fractional transversals in bounded VC dimension). Let F be a nonempty family of
nonempty subsets of a finite ground set. Put

d=VCdim(F), C =r"(F).
Ifd=0, then 7(F)=1. If d > 1, then
7(F) < 32dC' In(160). (4.2)

Proof. Suppose first that d = 0. Choose R € F and a € R. If some member of F omitted a, the
traces on {a} would contain both {a} and &, shattering that singleton. Thus every range contains
a, and 7(F) = 1.

Now assume d > 1. We first establish a weighted epsilon-net estimate. Let u be a probability
distribution on the ground set, let 0 < ¢ < 1, and put

s = [16d="" In(16/2) | . (4.3)

Take two independent ordered samples S, T, each consisting of s independent draws from u. Let E
be the event that S misses a range R with u(R) > €. For each realization in F, select one such R.
The number of positions of T falling in R has binomial mean at least es. More explicitly, if X is
binomial with parameters s, p, and m = sp, then Markov’s inequality gives

PI“(X < m/2) < 2m/2E[2—X] _ 2m/2(1 _p/2)s < 6—(1—1n2)m/2 < e—m/S’

using In2 < 3/4. Here p = u(R) > ¢, so

Pr <|Tﬂ R| < 6;) < exp(—es/8) < —. (4.4)

| =
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Let E' be the event that a range is missed by S and occupies at least es/2 positions of T.
Conditioning on S and using (4.4) gives

Pr(E) < 2Pr(E). (4.5)

Equivalently, draw 2s labeled positions from g, and then choose a uniformly random set of s
positions for S, leaving the rest for 7. Lemma 10 shows that the trace family on these positions
has VC dimension at most d, even when sampled elements repeat. By the Sauer—Shelah bound
[7, 8], in the trace form of [5, Lemma 3.1], the number of distinct traces is at most

d (25
> < Z) < (2es/d)%. (4.6)
=0

For the second inequality, put n = 2s and ¢t = d/n < 1. Then

d d
: 7 ) (4
=0 =0

which gives S% (1) < (en/d)?.
Fix a trace occupying k > es/2 positions. By (4.1), the probability that S misses it is at most
2~k < 27¢5/2_ A union bound over (4.6), followed by (4.5), yields

Pr(E) < 2(2es/d)?275/2, (4.7)
Set L =1In(16/¢). Since L > In 16, the definition of s gives s < 17dL/e. Hence
2es/d < 34eL/e < 6L(16/¢).

For L > In16 > 2, the function 2L — In(6L) has positive derivative and its value at L = 2 is
4 —1n12 > 0. Thus In(6L) < 2L, which implies

(2es/d)? < exp(3dL).

Also es > 16dL, so
2755/2 < exp(—8(In2)dL).

The right side of (4.7) is therefore at most
2exp(—(8In2 —3)dL) < 1.

Indeed, In2 > 1/2, d > 1, and L > In 16 bound this expression by 2~ < 1/8. Some realization of
S meets every range of measure at least €. Removing repeated points gives such an epsilon-net of
size at most s.

Return to fractional transversals. Let (z,) be an optimal fractional transversal. Since F is
nonempty and its members are nonempty,

C:ZazaZL

Define p(a) = x,/C. Every R € F satisfies
1 1
R ==Y a,> =
i) =5 2 202 G

Apply the weighted epsilon-net estimate with e = 1/C. It gives a transversal of size at most

[16dC In(16C)] < 32dC In(16C),

where the last inequality follows because 16dC In(16C") > 1. This proves (4.2). O



5 The integral-width bound

We first note why bagwise rounding uses precisely the width notion in the source. A hypergraph
tree decomposition is equivalent to a tree decomposition of its primal graph. One direction is
immediate. In the other direction, the vertices of a hyperedge form a primal clique, so Lemma 5
places the whole hyperedge in a bag. For a fixed bag, a minimum integral guard family is exactly
an edge cover of that bag, and a minimum fractional guard is exactly a fractional edge cover.
Generalized hypertreewidth imposes no condition coupling guards at different nodes. It is therefore
valid to retain one tree and all its bags while rounding their covers independently.

Theorem 12. For every nonempty finite graph H, if F = fdtw(H), then
dtw(H) < 160F3In(16F). (5.1)
For the null graph, dtw(H) = fdtw(H) = 0.

Proof. Assume H is nonempty, so F' > 1. Fix an arbitrary He Acyc(H), and let n > 0. Choose a
tree decomposition (7', (By)) of R(H) having fractional width at most

—

thtw(R(H)) +n < F +n. (5.2)
Fix a nonempty bag B; and put
Then 1 < C; < F + 1. By Lemma 4,
Cy = 7 (Agz(By)).

Let d; = VCdim(Az(Bt)). A subfamily cannot have larger VC dimension than the full profile
family, so Theorem 9 gives
di < 5F2. (5.3)

If d; = 0, Theorem 11 gives integral cover number one. If d; > 1, the same theorem and
Lemma 4 give

Pri)(Bt) = 7(Ag(Bt))
S 32dt0t 111(16Ct)
< 160F%(F + 1) In(16(F +n)). (5.4)

The final expression exceeds one, so it also covers the case d; = 0; empty bags have cover number
Zero.

Thus the same tree and the same bags form an integral generalized hypertree decomposition of
width at most the last expression in (5.4). Therefore

htw(R(H)) < 160F>(F + ) In(16(F + 7).

Letting n tend to zero gives
htw(R(H)) < 160F3 In(16F).

Since H was arbitrary, maximizing over all acyclic orientations proves (5.1). O
Corollary 13 (boundedness equivalence). For every finite graph H,
fdtw(H) < dtw(H).

If H is nonempty, then
dtw(H) < 160 fdtw(H)> In(16 fdtw(H)).



Consequently, define
g(0) =0,  g(k) = [160K*In(16k)| (k> 1).

Then
dtw(H) < g([fdtw(H)])

for every finite graph H, and Question 1 has an affirmative answer.

Proof. Every integral edge cover is a fractional edge cover, so fhtw(H) < htw(H) for every hy-
pergraph H. Taking maxima in (2.1) gives the first inequality. The second is Theorem 12. The
function = — 22In(162) is increasing for x > 1, which gives the integer-valued bound using g.
Applying the two pointwise inequalities uniformly over a graph class proves both directions of the
boundedness equivalence. ]

6 Concluding remarks

The exponent and constant in the bound leave room for improvement. One question is how tightly
fractional DAG treewidth controls the VC dimension of source profiles; another is whether the
resulting width comparison can avoid some of the loss from general-purpose rounding. Algo-
rithmic set-cover methods such as [6] address the local rounding step, but constructing suitable
decompositions and handling the maximum over orientations require additional work. An optimal
decomposition algorithm does not follow from the boundedness theorem.
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