
THE HODGE CONJECTURE FOR CM ABELIAN VARIETIES

POL VAN HOFTEN AND JACK SEMPLINER

Abstract. Following the recent work [Ope26], we give a proof of the Hodge
conjecture for CM abelian varieties.

1. Introduction

1.1. Overview. For a smooth projective variety X over C and an integer p ≥ 0
there is a cycle class map CHp(X) → H2p(X,Q) from the space of codimension p
cycles on X to the 2p-th Betti cohomology of X. This cycle class map lands in
Hdgp(X,Q) := H2p(X,Q)∩Hp,p(X,C), where Hp,p(X,C) ⊂ H2p(X,C) is part of the
Hodge decomposition. The Hodge conjecture for X asserts that the cycle class map
surjects onto Hdgp(X,Q) for all p, see e.g. [Del06], [Hod52]. The goal of this note
is to explain the following result of [Ope26].

Theorem I. If X is an abelian variety admitting complex multiplication, then the
Hodge conjecture holds for X.

For previous work on the Hodge conjecture for abelian varieties, see [Gor97]
and the references therein for a survey of work done up to 1997. For subsequent
work, see e.g. [Mil99a],[MZ99],[Abd02a],[Abd99],[Abd02b],[Haz03b],[Haz03a],
[Abd04],[Koi04],[Haz06],[RM08],[O’S11],[Abd12], [LPS13],[Abd15],[Abd16],[Mil20c],
[Anc21],[VV22],[vG22],[vG23],[Mar23], [Flo25], [Agu25],[Mar25], [vGR26], [FF26],
[Mar26] for an incomplete list.

Remark 1.1.1. By [Mil99b, Theorem 7.1], Theorem I implies the Tate conjecture
for abelian varieties over finite fields. Moreover, by [Mil02, Theorem 3.3], Theorem
I implies the Hodge standard conjecture for abelian varieties over finite fields. By
[Abd05, Main result], Theorem I implies the generalized Hodge conjecture for CM
abelian varieties (cf. [Haz03b, Theorem 8.3]).

1.2. Overview of the proof. The overall structure of our proof is the same as
that of [Ope26], see Section 1.3 for a more detailed comparison. It follows from
work of Hazama, [Haz03b], that it is enough to prove the conjecture in codimension
two, i.e., for p = 2.

Given a CM abelian variety A over C with CM by a CM algebra L, we can write
L = L1 × · · · × Ln as a product of CM fields. We now choose a Galois CM field
E ⊂ C containing Li for all i with totally real subfield F and c the nontrivial F -
automorphism of E. Let Σ = Hom(L,E) be the set of ring homomorphisms from

PvH is (partly) funded by the Dutch Research Council (NWO) under the grant VI.Veni.232.127.
1

h
e
x
a
g
o
n
:
2
6
1
0
.
0
0
2
5
9
v
1

https://hexagonmath.org/abs/2610.00259v1


2 POL VAN HOFTEN AND JACK SEMPLINER

L to E, equipped with its action of G = Gal(E/Q), and let Φ ⊂ Σ denote the CM
type of A. We may write

H1(A,E) =
⊕
s∈Σ

H1(A,E)s

as a direct sum (one-dimensional) of s-isotypic components. We may thus identify

Hr(A,E) =
⊕
∆

Hr(A,E)∆,

where ∆ runs over size r subsets of Σ. A result of Pohlmann, see [Poh68, Theorem
1] and [GU25, Theorem 3.1] for the nonsimple case, describes the Hodge classes as

Hdg2(A,Q)⊗ E =
⊕

∆⊂Σ,|∆|=4
∀g∈G|(g∆∩Φ)|=2

H4(A,E)∆.

For ∆ as above, we can thus ponder the ∆-part of the (codimension 2) Hodge
conjecture for A. A key new idea of [Ope26] is to give a separate argument for the
∆-part of the Hodge conjecture for each ∆.

1.2.1. Auxiliary abelian varieties with CM. Writing ∆ = (s1, s2, c ◦ s3, c ◦ s4), we
construct CM types Φ1, · · · ,Φ4 ⊂ Hom(E,E) for the CM field E, defined by

Φi := {g ∈ G = Hom(E,E) : g ◦ si ∈ Φ}.
Let B1, · · · , B4 be abelian varieties over C with CM by E and CM types Φ1, · · · ,Φ4,
and let B = B1 × · · · ×B4. This construction of the auxiliary CM abelian varieties
Bi is a special case of a construction occuring in Deligne’s famous proof that Hodge
cycles are absolute Hodge [DMOS82]; it also occurs in [And92] where it is used to
prove that every Hodge class on A is a sum of pullbacks of Weil classes on auxiliary
abelian varieties.

In [Ope26], the auxiliary abelian varieties Bi are used to make the elementary
observation that the ∆-part of the Hodge conjecture for A follows for the Hodge
conjecture for ⊗

i

H1(Bi, E)λi
⊂ H4(B,E),(1.2.1)

where λ = (λ1, λ2, λ3, λ4) = (Id, Id, c, c), see Lemma 2.3.2. The benefit of having
four CM abelian varieties instead of one, is that we now have an action of four copies
of E. We then have the following proposition.

Proposition 1.2.2. If there is a smooth projective surface S over C together with
maps of Q-Hodge structures

hi : H1(Bi,Q)→ H1(S,Q)

for i = 1, 2, 3, 4, and nonzero vectors αi ∈ H1(Bi, E)λi
such that

h1(α1) ∪ h2(α2) ∪ h3(α3) ∪ h4(α4) ̸= 0

then the line (1.2.1) lies in the image of the E-linear cycle class map
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To prove Proposition 1.2.2, we note that the hi induce a morphism h : S → B
and h∗[S] gives a cycle Z on B in dimension two which pairs nontrivially with
the line (1.2.1). Next, we use the action of E on Bi and the algebraicity of the
Künneth projectors for each Bi to get an idempotent endomorphism e of the E-linear
motive associated to B projecting onto the line (1.2.1). Then etZ is a cycle pairing
nontrivially with the line (1.2.1), and so by equality of homological and numerical
equivalence on B, there must be an E-linear algebraic cycle in codimension two
whose cycle class map spans (1.2.1).

1.2.3. Of course it is not at all clear how Proposition 1.2.2 is useful. Another key
idea of [Ope26] is to take for S a Picard modular surface associated to E. More
precisely, we take a Shimura variety associated to a Hermitian space V over E with
signature (2, 1) at the distinguished embedding E ⊂ C and (3, 0) at all other places.
The first cohomology of these two-dimensional Shimura varieties can be completely
understood using theta lifts, see Theorem 3.1.11, which we explain following [Liu21].
It turns out to be essentially immediate from this that the Hodge structures of CM
abelian varieties with CM by E appear in this first cohomology, see Corollary 3.1.13.

1.2.4. To carry out the cup product computation, we produce explicit cohomology
classes with complex coefficients. More precisely, the work of Bergeron–Millson–
Moeglin [BMM16] shows that the first cohomology of S is spanned by theta lifts,
see Proposition 4.1.8. Theorem I thus reduces to showing that there are theta lifts
whose cup-product is nonzero. To do this, we consider the fourfold cup-product as
a functional on a Schwartz space, and then argue that it is enough to show that this
functional is nonzero. This we finally do using the doubling method in Section 4.2.

Remark 1.2.5. We recently learned that Wei Zhang had discovered the rough
strategy followed in this paper and in [Ope26] many years ago, and also tried to use
this to prove the Hodge conjecture for CM abelian varieties. In particular, he had
already worked out how to show the non-vanishing of the pairing of an analogous
fourfold cup product of cohomological theta-series by a method not totally dissimilar
to the one employed in the proof of Theorem 4.0.2. The only ingredient that seems
to have been missing in his approach is the idea of considering the auxiliary CM
abelian varieties B1, · · · , B4.

1.3. Comparison to [Ope26]. Our proof of Theorem I is heavily inspired by the
proof given in [Ope26]. Nevertheless, we do not claim to understand (or even to
have read) the details of the arguments written in [Ope26]. The goal of this note
is to give a variant of the proofs in [Ope26] that relies as much as possible on the
written literature. This has the benefit of making the proofs shorter, and possibly
also easier to understand. To the best of the authors’ knowledge, the argument
for Theorem 4.0.2 is a departure from the argument for the analogous statement in
[Ope26]. We leave the task of a careful exegesis of the original proof to others.

1.4. Tool use and methodology. This article is entirely human written. That
said, we made extensive use of ChatGPT Pro during the preparation of this argu-
ment.
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We asked the model to give a version of the arguments in [Ope26, Section 2] that
relies on [Haz03b], and this formed the starting point of our Section 2. Moreover,
Lemma 2.3.2 and its proof were suggested to us by that model. We asked the
model for a more direct proof of [Ope26, Proposition 3.1], which lead our proof of
Theorem 2.3.4. When we asked the model for a reference to compute the first Betti
cohomology of Picard modular surfaces, it suggested [Liu21], and we wrote Section
3 without further assistance except for the proof of Lemma 3.1.5 and Corollary
3.1.13, which were also suggested to us by the model. Section 4 was written after
extensive back-and-forth with the model, in which the authors insisted that the
corresponding calculation in [Ope26] should be done instead using the doubling
method and recourse to the Siegel–Weil formula. In particular, Lemma 4.2.7 was
eventually output after this back and forth with the model, the current proof was
then worked out after a further extensive back and forth. The basic idea of varying
the test function as is carried out in Lemma 4.2.9 was also suggested by the model.
In addition we used the model in more quotidian ways: to proofread the document
and check the arguments once the paper was assembled, and to do a literature search
for the introduction.

1.5. Acknowledgments. We thank Yifeng Liu for very helpful discussions and
comments on a draft.

2. Reduction to codimension 2 and a surface statement

The goal of this section is to explain a reduction for the Hodge conjecture for
abelian varieties of CM type.

2.0.1. Recollections on the Hodge conjecture. For a smooth projective variety X over
C we let CH∗(X) denote the Q-linear Chow ring of cycles on X modulo rational
equivalence, with CHi(X) the codimension i cycles. We similarly let H∗(X,Q)
denote the rational Betti (or singular) cohomology ring of the topological space
X(C)an. This comes equipped with a Hodge decomposition

Hi(X,C) =
⊕
p+q=i

Hp,q(X,C).

There is a multiplicative cycle class map CH∗(X)→ H2∗(X,Q) which takes CHp(X)
to Hdgp(X,Q) := H2p(X,Q)∩Hp,p(X,C). We let Algp(X,Q) ⊂ Hdgp(X,Q) denote
the image of the cycle class map. The Hodge conjecture asserts that Algp(X,Q) =
Hdgp(X,Q), see e.g. [Del06], [Hod52].

2.1. Recollections on CM abelian varieties. We first recall some basics regard-
ing CM abelian varieties following [Mil20c, Section 1.2].

2.1.1. For abelian varieties A,B over a field k we will write Hom0(A,B) =
Hom(A,B) ⊗Z Q, where Hom denotes homomorphisms of abelian varieties over k.
If A = B we will denote this by End0(A).



THE HODGE CONJECTURE FOR CM ABELIAN VARIETIES 5

2.1.2. Let L be a CM algebra and let M be a field of characteristic zero. An abelian
variety with CM by L over M is a pair (A, ι), where A is an abelian variety over M
and ι is an injective ring homomorphism ι : L→ End0(A) such that 2 DimA = [L :
Q].

2.1.3. Given a CM abelian variety A over C with CM by a CM algebra L, we can
write L = L1×· · ·×Ln as a product of CM fields. We now choose a Galois CM field
E ⊂ C containing Li for all i. Let Σ = Hom(L,E) be the set of ring homomorphisms
from L to E, equipped with its action of G = Gal(E/Q). As explained in [Haz03b,
Section (4.A)], the CM abelian variety A gives rise to a CM type Φ ⊂ Σ such that
Σ = Φ

∐
ρΦ for a complex conjugation ρ.

2.1.4. We may write (where we are using singular cohomology with E coefficients)

H1(A,E) =
⊕
s∈Σ

H1(A,E)s

as a direct sum of s-isotypic components. Because A has CM by L, the space
H1(A,E)s is a one-dimensional E-vector space. Identifying

Hr(A,E) =
r∧

H1(A,E),
we may thus identify

Hr(A,E) =
⊕
∆

Hr(A,E)∆,

where ∆ runs over size r subsets of Σ and L× acts on Hr(A,E)∆ via
∏
s∈∆ s. We

may use this to describe the Hodge decomposition p+ q = r

Hp,q(A,E) :=
⊕
∆

|(∆∩Φ)|=p,|(∆∩Φ)|=q

Hr(A,E)∆.

2.1.5. A result of Pohlmann, see [Poh68, Theorem 1] and [GU25, Theorem 3.1] for
the nonsimple case, describes the Hodge classes

Hdgp(A,Q)⊗ E =
⊕
∆

H2p(A,E)∆,

where ∆ runs over subsets of Σ of size 2p with the property that for all g ∈ G we
have

|g∆ ∩ Φ| = p = |g∆ ∩ Φ|.
So in degree 4 we get

Hdg2(A,Q)⊗ E =
⊕

∆⊂Σ,|∆|=4
∀g∈G|(g∆∩Φ)|=2

H4(A,E)∆.(2.1.1)

For ∆ satisfying the condition of (2.1.1) as above, we say that the Hodge conjecture
holds for (A,∆) if H4(A,E)∆ is in the image of the cycle class map tensored with E.
Obviously the Hodge conjecture in codimension two for A follows from the Hodge
conjecture for (A,∆) for all ∆.
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2.2. Results of Hazama. We first recall the following result of Hazama [Haz03b].

Theorem 2.2.1. If the Hodge conjecture holds in codimension two for all CM
abelian varieties over C, then the Hodge conjecture holds for all CM abelian va-
rieties.

Proof. This is a special case of [Haz03b, Theorem 8.3], see also [Mil08, Theorem
8.5].1 □

Remark 2.2.2. In fact, Hazama’s result is much stronger. He defines for a Galois
CM field E of degree 2n with Galois group G, and a hyperplane arrangement AA(2n)
in Rn a CM abelian variety AA(2n)(G;E). Then [Haz03b, Theorem 8.3] states that
the Hodge conjecture for H4(AA(2n)(G;E)) for all G,E,AA(2n) implies the general-
ized Hodge conjecture for all CM abelian varieties.

2.2.3. We could now state a version of Theorem 2.2.1 in terms of the decomposition
(2.1.1), and this is exactly what [Ope26, Proposition 2.6] is.

2.3. A further reduction. We will now explain how to state [Ope26, Proposition
3.1] in our language.

2.3.1. Let A,L,E,G,Σ,Φ be as above, and choose ∆ ⊂ Σ of size 4 satisfying the
condition in (2.1.1). Write ∆ = (s1, s2, c ◦ s3, c ◦ s4) with s1, s2, s3, s4 ∈ Φ. First, we
associate to i = 1, · · · , 4 an abelian variety Bi which has CM by E (not by L!) and
whose CM type is given by

Φi := {g ∈ G = Hom(E,E) : g ◦ si ∈ Φ}.

Let B = B1 × · · · ×B4. Note that Id ∈ Φi for all i, while c ∈ Φi for all i. Moreover,
condition (2.1.1) for ∆ translates into the following identity of indicator functions
(this is the analogue of the relation v1 + v2 = v3 + v4 occuring in [Ope26])

1Φ1 − 1Φ1
+ 1Φ2 − 1Φ2

= 1Φ3 − 1Φ3
+ 1Φ4 − 1Φ4

.(2.3.1)

Define U(i) = H1(Bi,Q) for i = 1, · · · , 4 and let λ = (λ1, λ2, λ3, λ4) = (Id, Id, c, c).

Lemma 2.3.2. There is t ∈ Hom0(A,B) such that the pullback ⊗iU(i)E,λi
⊂

H4(B,E) is given by H4(A,E)∆ ⊂ H4(A,E). In particular if the E-vector space
⊗iU(i)E,λi

is contained in the image of the E-linear cycle class map, then the Hodge
conjecture holds for (A,∆).

Proof. For i = 1, · · · , 4, the morphism si : L → E factors through a simple factor
of L; let us call these factors Lji (they do not have to be distinct) and let us write
Σji = Hom(Lji , E). Each i determines an isogeny factor Aji of A, and we will
construct t by constructing ti ∈ Hom(Aji , Bi) for i = 1, · · · , 4.

1Note that [Haz03b, Lemmas 7.11, 7.12] are false as stated, but nonetheless [Haz03b, Theorem
7.13] is still true.
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The morphism ti is constructed as follows. After choosing an Lji-linear isomor-
phism H1(Aji ,Q) ≃ Lji and an E-linear isomorphism H1(Bi,Q) ≃ E, we consider
the map (induced by the trace map)

H1(Bi,Q) = E
TrE/si(Lji

)
−−−−−−−→ si(Lji)

s−1
i−−→ Lji = H1(Aji ,Q).

The lemma follows if we can show that a) this is a map of rational Hodge structures
and b) that this takes H1(Bi, E)g to H1(Aji , E)g◦si after extending scalars to E.
After extending scalars to E, we can identify the map with the E-linear map⊕

G

E →
⊕
Σji

E

which is the direct sum of the maps for s ∈ Σji⊕
g∈G
g◦si=s

E → E

given by (eg) 7→
∑
eg. Claim b) follows directly from this description, and Claim a)

follows from the definition of the CM type Φi. □

2.3.3. Finally, we can state a version of [Ope26, Proposition 3.1].

Theorem 2.3.4. If there is a smooth projective surface S over C together with maps
of Q-Hodge structures

hi : U(i)→ H1(S,Q)
for i = 1, 2, 3, 4, and nonzero vectors αi ∈ U(i)E,λi

such that
h1(α1) ∪ h2(α2) ∪ h3(α3) ∪ h4(α4) ̸= 0

then the Hodge conjecture holds for (A,∆).

Proof. Assume without loss of generality that S is connected. By Lemma 2.3.2, it
suffices to prove that the one-dimensional E vector space⊗

i

U(i)E,λi
⊂ H4(B,E)

is in the image of the cycle class map tensored with E. By the Hodge conjecture for
homomorphisms of abelian varieties and the theory of the Albanese variety, there
are morphisms fi : S → Bi such that hi ·mi = f∗

i for some nonzero integer mi (this
is explained in [Ope26, Lemma 2.2]). Let f = (f1, · · · , f4) and for n = DimB, we
let Z = f∗[S] ∈ CHn−2(B). If x = α1 ⊗ α2 ⊗ α3 ⊗ α4, then the projection formula
tells us that ∫

B
Z ∪ x = m1h1(α1) ∪ · · · ∪m4h4(α4) ̸= 0,

showing that Z ̸= 0. Next, let ei be the idempotent element of E ⊗Q E ⊂
End0(Bi)⊗QE whose induced map on U(i)E = H1(Bi, E) is projection onto U(i)E,λi

.
Let pi = pi,1 be the Chow–Künneth idempotent inducing the projection H∗(Bi,Q)→
H1(Bi,Q); this is algebraic by [DM91, Main Theorem]. Then the composition eipi
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acts on cohomology by projection H∗(Bi, E)→ H1(Bi, E)→ U(i)E,λi
. We can now

consider e = ⊗ieipi, which induces the projection H4(B,E)→ ⊗iU(i)E,λi
.

Consider x = α1 ⊗ α2 ⊗ α3 ⊗ α4 and note that ex = x. Under the E-linear
intersection product

H2n−4(B,E)×H4(B,E)→ E

we have seen that Z pairs nontrivially with x = ex. This implies that etZ also
pairs nontrivially with x, and thus etH2n−4(B,E) is nonzero. It is moreover one-
dimensional since eH4(B,E) is. Now, because numerical and homological equiva-
lence agree for cycles on CM abelian varieties, see [Lie68], the pairing

Algn−2(B,E)×Alg2(B,E)→ E

is perfect. After applying the projector e and its transpose et, the pairing
et Algn−2(B,E)× eAlg2(B,E)→ E

is also perfect. Because et Algn−2(B,E) is nonzero and spanned by etZ, it fol-
lows that eAlg2(B,E) is nonzero and one-dimensional. Since eH4(B,E) is one-
dimensional, it follows that eAlg2(B,E) = eH4(B,E). Thus x = ex is in the image
of the E-linear cycle class map. □

3. Picard modular surfaces

To apply Theorem 2.3.4, we need to produce an algebraic surface S whose
H1(S,Q) contains the Hodge structures of CM abelian varieties with CM by a given
CM field E. Fortunately, for us, such surfaces are known to exist by work of Liu,
see [Liu21, Section 4], as we will explain below.

3.1. Picard modular surfaces and their Albanese varieties.

3.1.1. Let E be a CM field with totally real subfield F ̸= Q and fix an embedding
τ0 : E → C. Let V be a Hermitian E vector space of dimension 3 such that V has
signature (2, 1) at τ0

∣∣
F

and has signature (3, 0) at all other infinite places of F . Let
G = U(V ) be the algebraic group over F of isometries of V , and let H = ResF/Q G
equipped with its natural Shimura datum (H,Y). Note that the reflex field of (H,Y)
is equal to E = τ0(E) ⊂ C.

3.1.2. For K ⊂ H(Af ) a sufficiently small compact open subgroup, there is a
smooth projective algebraic surface ShK(H,Y) over SpecE, see e.g. [Liu21, Proposi-
tion C.5]. Being a Shimura variety, it will typically not be geometrically connected.
The goal of this section is to compute the rational Hodge structures occuring in
H1(ShK(H,Y)C,Q) up to isogeny. We observe that

H1
B(Sh(H,Y)C,C) := lim−→

K

H1
B(ShK(H,Y)C,C)

is equipped with a smooth action of H(Af ), which acts via isomorphisms of rational
Hodge structures. Our goal is now to compute this space, following [BMM16] and
[Liu21].
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3.1.3. Let A×
E denotes the ideles of E, a locally compact topological group con-

taining E×. Recall from [Liu21, Definition 4.1, Definition 4.3] that a conjugate
symplectic automorphic character of weight one is a continuous homomorphism

µ : E×\A×
E → C×

such that its restriction to A×
F is given by the quadratic character µE/F associated

to the quadratic extension E/F via global class field theory, and such that there is
a CM type Φµ of E such that for every τ ∈ Φµ we have that

µ
∣∣
E⊗τ,F R

is given by z 7→ |z|
z . We call Φµ the CM type of µ, which is unique. Associated to

Φµ is a reflex field M ′
µ ⊂ C, and a CM type Ψµ for M ′

µ. We let Mµ ⊂ C be as in
[Liu21, Definition 4.3], which is a number field containing M ′

µ.

3.1.4. Recall from [Liu21, Definition 4.11] that an adelic oscillator triple is a triple
(µ, ϵ, χ), where µ is a conjugate symplectic automorphic character of weight one,
where ϵ ∈

∏′
vfiniteE

−×
v /NEv/Fv

E×
v and where χ is an auxiliary character that will

not matter for our discussion. 2 We say that (µ, ϵ, χ) is admissible, see [Liu21,
Definition 4.12], if there is an e ∈ E× such that ec = −e and Im τ(e) < 0 for τ ∈ Φµ

with ϵ = (eNEv/Fv
E×
v )v.

Lemma 3.1.5. For each CM type Φ of E there is a conjugate symplectic automor-
phic character µ of weight one with Φµ = Φ and an admissible adelic oscillator triple
(µ, ϵ, χ).

Proof. Applying [CHT08, Lemma 4.1.4] with I = Φ, S = ∅, a = ∥ − ∥−1
F and with

mτ = −1, we get a character3

ψ : E×\A×
E → C×

such that, for NE/F : A×
E → A×

F the norm map, we have

ψ
∣∣
A×

F
◦NE/F = a ◦NE/F

and such that

ψ
∣∣
(E⊗R)× =

∏
τ∈I

τ−1 · (cτ)w+1.

for some w. In fact it follows from [CHT08, proof of Lemma 4.1.4] that w = −1 for
our a, which implies that for µ = ψ∥ − ∥1/2

E and for τ ∈ Φ we have(
µ
∣∣
E⊗τ,F R

)
(z) = |z|

z
.

2We only consider adelic oscillator triples with µ of weight one, whereas [Liu21, Definition 4.11]
allows for general µ.

3To be precise, we use (in the notation of [CHT08]) χ = a = ∥−∥−1
F . This notation unfortunately

conflicts with our notation.
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We now claim that µ is a conjugate symplectic automorphic character of weight one.
To show that the restriction of µ to A×

F is µE/F , we note that

(µ ◦NE/F )(x) = ψ(NE/F (x)) · ∥NE/F (x)∥1/2
E

= ∥NE/F (x)∥−1
F · ∥NE/F (x)∥F

= 1

so that µ
∣∣
A×

F
factors through F×\A×

F /NE/F (A×
E) ≃ Gal(E/F ) (see [Mil20a, The-

orem] for the last identification). Thus µ
∣∣
A×

F
is either trivial or equals µE/F , and

the former possibility can be excluded by examining the further restriction of µ to
(F ⊗ R)×.

To find a µ-admissible adelic oscillator triple for the given µ, we may take χ = 1,
and ϵ = (eNEv/Fv

E×
v )v for an element e ∈ E× satisfying (where c is the nontrivial

F -linear automorphisms of E).
ec = −e

∀τ ∈ Φµ Im τ(e) < 0.
This is clearly a µ-admissible adelic oscillator triple. The existence of such e is a
routine application of weak approximation. □

3.1.6. Associated to an adelic oscillator triple (µ, ϵ, χ) there is an admissible repre-
sentation ω(µ, ϵ, χ) of H(Af ). We have the following result, see [Liu21, Proposition
4.13]

Proposition 3.1.7. There is an isomorphism of H(Af )-representations

H1
B(Sh(H,Y)C,C) ∼−→

⊕
(µ,ϵ,χ)

ω(µ, ϵ, χ),

where the direct sums runs over admissible adelic oscillator triples (µ, ϵ, χ) with µ
of weight one.

3.1.8. We now study the Hodge structure on the cohomology. Let AK denote the
Albanese variety of ShK(H,Y) over the field E, in the sense of [Liu21, Definition
2.3]. Consider the pro-(abelian variety)

A∞ := lim←−
K

AK

over E together with its action of G(AF,f ).

3.1.9. Associated to a conjugate symplectic automorphic character of weight one µ
is a notion of a CM datum, see [Liu21, Definition 4.5], which is a tuple (Aµ, iµ, λµ, rµ).
It is not so important what the last two entries are, but Aµ is an abelian variety
over E and iµ : Mµ → End(Aµ)⊗Q is a CM structure with CM type determined by
Ψµ. By [Liu21, Proposition 4.6], CM data always exist and are, roughly speaking,
unique up to isogeny. In particular the isogeny class of Aµ is a well defined function
of µ.
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3.1.10. For a fixed conjugate symplectic automorphic character of weight one µ we
consider

Ω(µ) = Hom(A∞, Aµ)⊗Q,
where we are taking homomorphisms of group schemes over E. The field Mµ acts
on Aµ and H(Af ) acts on A∞, and so Ω(µ) is an Mµ-linear representation of H(Af ).
For every ϵ which is part of a µ-admissible adelic oscillator triple (µ, ϵ, χ), there is a
H(Af )-subrepresentation Ω(µ, ϵ) ⊂ Ω(µ), see [Liu21, Definition 4.19]. We have the
following result, see [Liu21, Theorem 4.18], recalling that Mµ is a subfield of C.

Theorem 3.1.11. There is an isomorphism

Ω(µ, ϵ)⊗Mµ C =
⊕
χ

ω(µ, ϵ, χ),

where the direct sum runs over those χ such that (µ, ϵ, χ) is an admissible adelic
oscillator triple.

3.1.12. Theorem 3.1.11 tells us which abelian varieties up to isogeny occur in A∞,
and thus in AK . Basechanging to C, this therefore tells us which Hodge structure
occur in H1

B(Sh(H,Y)C,C) and with which level. In particular, we can deduce

Corollary 3.1.13. Suppose that E is Galois. Given a CM abelian variety B over
C with CM by E, there is a surjective homomorphism A∞,C → B of group schemes.

Proof. Let Φ be the CM type of B. The CM type Φ is the extension from a primitive
CM type Φ0 on a subfield E0 ⊂ E, see [Mil20b, Proposition 1.9]. If B0 is an abelian
variety over C with CM by E0 and CM type Φ0, then B ∼ B

[E:E0]
0 , see [Mil20b,

Proof of Proposition 3.13]. On the other hand, for a CM type Φµ with reflex field
(M ′

µ,Ψµ), we have by construction that

Aµ,C ∼ (A′
µ,C)[Mµ:M ′

µ],

where A′
µ is an abelian variety with CM by M ′

µ and CM type Ψµ. To relate B0
and A′

µ, we need to relate (E0,Φ0) and (M ′
µ,Ψµ). Because E is Galois, by [Mil20b,

Example 1.19], we have (E0,Φ0) = (M ′
µ,Ψµ) if we choose Φµ = Φ−1 (here we

consider Φ ⊂ GalE and take its inverse as a subset of the group).
Now choose an adelic oscillator triple (µ, ϵ, χ) with Φµ = Φ−1. Then by Theorem

3.1.11 A∞ admits a nonzero map to Aµ. Since ω(µ, ϵ, χ) is infinite dimensional, it
in fact admits infinitely many linearly independent maps to Aµ. The group scheme
A∞,C therefore surjects onto any power of A′

µ,C. From the discussion above, it follows
that A∞,C surjects onto any power of A′

µ,C ∼ B0 and thus surjects onto B. □

4. Existence of classes with a nonzero cup product

4.0.1. Let A,L,E,G,Σ,Φ be as in Section 2, choose ∆ = {s1, s2, c ◦ s3, c ◦ s4} ⊂ Σ
satisfying the condition in (2.1.1) and define B1, · · · , B4 as in Section 2.3.1. Write
λ = (λ1, λ2, λ3, λ4) = (Id, Id, c, c) as before. Choose a Hermitian E vector space V
as above with the same signature conditions and define G and (H,Y) as before. We
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have the following theorem, which together with Theorem 2.3.4 and Theorem 2.2.1
implies Theorem I.

Theorem 4.0.2. There is a compact open subgroup K ⊂ H(Af ), morphisms hi :
H1(Bi,Q) → H1(ShK(H,Y)C,Q) of rational Hodge structures for i = 1, · · · , 4 and
classes αi ∈ H1(Bi, E)λi

for i = 1, · · · , 4 such that
h1(α1) ∪ h2(α2) ∪ h3(α3) ∪ h4(α4) ̸= 0.

Our proof of Theorem 4.0.2 relies crucially on a very special case of the results of
[BMM16], [Liu21] as we now explain.

4.1. Cohomological theta lifting. We will need to consider several integrals over
adelic class sets G(F )\G(AF ) where F is some number field and G is a connected al-
gebraic group, in all such cases we will take this integral with respect to a probability
measure on G(F )\G(AF ), which will always exist in the examples we consider.

4.1.1. Let V be our Hermitian space over E as above, and let v0 = τ0
∣∣
F

denote
the distinguished real place at which V has non-definite signature. We choose an
auxiliary one-dimensional skew-Hermitian space W over E, such that at the place
v0 it has signature (b, a). We equip W = V ⊗EW with the structure of a symplectic
space over F as in [BMM16, Section 7.1]. We choose a so-called polarization W =
X ⊕ Y , where X is a Lagrangian F -subspace in W and Y is a complementary
Lagrangian subspace. We consider the symplectic group Sp(W) over F and the
metaplectic cover

Mp(W)(AF )→ Sp(W)(AF ).

4.1.2. Let µE/F be as above. By Kudla’s splitting construction in [Kud94], in
the adelic formulation recalled in [Liu21, B.2], if we choose a pair of automorphic
splitting characters ν = (ν6, ν5) of A×

E such that νi
∣∣
A×

F
= µE/F , then we have a

homomorphism
ι̃ν : U(V )(AF )× U(W )(AF )→ Mp(W)(AF )

which lifts the natural map ι : U(V )(AF ) × U(W )(AF ) → Sp(W)(AF ). Note that
we follow the convention of [Liu21] for the ordering of ν = (ν6, ν5); we use ν6 for the
character νV and ν5 for the character νW as in [Liu21, §B.2].

4.1.3. For ψ = ψF the standard additive character of [Liu21, §1.7], we can form the
automorphic Weil representation ωψ of the metaplectic group, see [BMM16, §7.1].
Thus the metaplectic group Mp(W)(AF ) acts on the Schwartz space S(X(AF )), we
let S(X(AF )) denote the Schrödinger realization of the polynomial Fock space as
defined in [BMM16, §7.1], which is dense in S(X(AF )). We let (U(V )×U(W ))(AF )
act on S(X(AF )) via the embedding ι̃ν . We finally consider Sv0 = S(X(Fv0)) and

Sv0
∞ :=

⊗
v:F→R
v ̸=v0

S(X(Fv)),

and Sf = S(X(AF,f )).



THE HODGE CONJECTURE FOR CM ABELIAN VARIETIES 13

4.1.4. For each ϕ ∈ S(X(AF )), we can form the theta function

θψ,ν,ϕ(x) =
∑

ξ∈X(F )
ωψ(x)(ϕ)(ξ),

which is a function on Mp(W)(AF ). Pulling back along ι̃ν , we get a theta function

θψ,ν,ϕ

on U(V )(F )\U(V )(AF ) × U(W )(F )\U(W )(AF ). From now on, we will always as-
sume that ν6 is a conjugate symplectic automorphic character of weight one such
that the CM type Φν6 contains the distinguished embedding τ0 : E → C (that we
usually write as Id).

4.1.5. Letting h0 denote the Lie algebra of G = G ⊗F,v0 R = U(2, 1), we have
h0 = k0 ⊕ p0, where k0 is the Lie algebra of the maximal compact subgroup K∞ =
U(2) × U(1) of G.4 We denote by p the complexification of p0. Denote by (where
the notation ∧1,0 is explained in [BMM16, §1.2])

φ1,0 ∈ HomK∞(∧1,0p,Sv0)

the cocycle constructed in [BMM16, §5, specifically §5.6]. As in [BMM16, Section
8.6], we can think of φ1,0 as an element of[

Sv0 ⊗ Ω1,0
Y

]G(R)
.

For φ ∈ Sf , we then consider (where φ0 is as in [BMM16, §8.7])

ϕ = φ1,0 ⊗v (φ0)⊗ φ ∈
[
(Sv0 ⊗ Sv0

∞ ⊗ Sf )⊗ Ω1,0
Y

]H(R)
.

4.1.6. Now for g′ ∈ U(W )(AF ) we can consider the theta function

θψ,ν,ϕ(g, g′)

as a function of g. If ϕ is K-invariant for K ⊂ H(Af ) a compact open subgroup,
then as in [BMM16, §8.8], the function θψ,ν,ϕ(−, g′) can be interpreted as an element

θψ,ν,ϕ(−, g′) ∈ H0(ShK(H,Y)C,Ω
1,0
Y ).

Altogether, this defines a map

Θ1,0
ψ,ν : Sf × U(W )(F )\U(W )(A)→ lim−→

K

H0(ShK(H,Y)C,Ω
1,0
Y )

(ϕ, g′) 7→
(
g 7→ θψ,ν,ϕ(g, g′)

)
.

Now each θψ,ν,ϕ(−, g′) is in fact a closed (1, 0)-form, see [BMM16, Lemmas 5.7 and
5.13]. Thus we can consider the induced map

[Θ1,0
ψ,ν ] : Sf × U(W )(F )\U(W )(A)→ lim−→

K

H1,0(ShK(H,Y)C,C).

4The notation G here should not be confused with the use of G = Hom(E, E) in Section 2.
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For f ∈ L2(U(W )(F )\U(W )(AF )) we also consider the integrated θ map

Θ1,0
ψ,ν,f : Sf → lim−→

K

H0(ShK(H,Y)C,Ω
1,0
Y ).

and its cohomological realization [Θ1,0
ψ,ν,f ]. We remark that U(W ) ≃ U(1) so that

U(W )(F )\U(W )(A) is compact.

4.1.7. Our goal is now to understand the image of [Θ1,0
ψ,ν,f ]. We recall the theta

transfer notation ΘV
ψ,ν,W from [BMM16, §7.3]. Given an automorphic representation

π ⊂ L2(U(W )(F )\U(W )(AF )) of U(W )(AF ) we consider the subspace

ΘV
ψ,ν,W (π) ⊂ C∞(G(F )\G(AF ),C)

generated by the functions

g 7→
∫
U(W )(F )\U(W )(AF )

θψ,ν,ϕ(g, g′)f(g′)dg′

as f runs over all vectors in π and as ϕ varies over S(X(AF )). It is explained in
[Liu21, Proof of Proposition 4.13, last paragraph], that for every admissible adelic
oscillator triple (µ, ϵ, χ) there is a skew-Hermitian space W over E of dimension one,
an automorphic character π of U(W )(A) such that (where A(1, 0) is as in [BMM16,
§6.7])

ΘV
ψ,(µ,ν5),W (π) ≃ A(1, 0)⊗ ω(µ, ϵ, χ)

for some automorphic character ν5. Moreover, (W,π) is unique up to isomorphism
and W has signature (0, 1) at v0 (see the proof of [BMM16, Theorem 9.1]). Finally,
we note that we can use the same ν5 for different (µ, ϵ, χ) since changing ν5 just
amounts to twisting π by a character. So let us fix ν5 from now on.

Proposition 4.1.8. Consider an admissible adelic oscillator triple (µ, ϵ, χ) with
corresponding skew-Hermitian space W of signature (0, 1) and let ν = (µ, ν5) and
π be as above. If Φµ = Φ−1

i with Φi as in Section 4.0.1, then for every f ∈ π the
image of [Θ1,0

ψ,ν,f ] is contained in the image of the realization map

Hom0(A∞,C, Bi)⊗Q H1(Bi,C)Id → lim−→
K

H1,0(ShK(H,Y)C,C).

Furthermore, there exists f ∈ π such that [Θ1,0
ψ,ν,f ] is nonzero.

Proof. This is a direct consequence of [BMM16, Theorem 9.1] and its proof. To
elaborate, it is established there that the subspace spanned by the images of [Θ1,0

ψ,ν,f ]
as we vary over all (W, ν) and all f is surjective onto H1,0(Sh(H,Y)C,C). Since
ΘV
ψ,(µ,ν5),W (π) ≃ A(1, 0)⊗ ω(µ, ϵ, χ) and (W,π) is unique with this property, we see

that [Θ1,0
ψ,ν,f ] must land in ω(µ, ϵ, χ), and moreover we can find f ∈ π for which

[Θ1,0
ψ,ν,f ] is nonzero.
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For the first claim, we recall Ω(µ) = Hom0(A∞, Aµ), and recall that Mµ ⊂ C. If
we consider the realization map

Ω(µ)⊗Mµ H
1(Aµ,C)Id → lim−→

K

H1,0(ShK(H,Y)C,C),

then this has image
⊕

ϵ,χ ω(µ, ϵ, χ) by the proof of [Liu21, Theorem 4.18], where
the direct sum runs over all ϵ, χ such that (µ, ϵ, χ) is a µ-admissible adelic oscillator
triple. Now as in the proof of Corollary 3.1.13 we have

Hom0(A∞,C, Aµ,C) = Hom0(A∞,C, A
′
µ,C)⊗M ′

µ
Mµ,

and so the natural evaluation map
Hom0(A∞,C, A

′
µ,C)⊗M ′

µ
H1(A′

µ,C,C)Id → lim−→
K

H1,0(ShK(H,Y)C,C).

has image containing
⊕

ϵ,χ ω(µ, ϵ, χ). Similarly Hom0(A∞,C, Bi) ⊗E C =
Hom0(A∞,C, A

′
µ,C)⊗M ′

µ
C as the proof of Corollary 3.1.13. Therefore, the realization

map of the lemma indeed contains
⊕

ϵ,χ ω(µ, ϵ, χ) in its image. □

4.2. A doubling identity. For i = 1, . . . , 4 we let Wi denote the unitary space
isomorphic to E with CM type given by Φ−1

i , where Φi is the CM type of Bi as in
Section 4.0.1. For each i = 1, 2, 3 we choose a conjugate symplectic automorphic
character of weight one

µi : A×
E/E

× → C×

with CM type given by Φ−1
i ; this is possible by Lemma 3.1.5. We choose µ4 so that

µ1µ2 = µ3µ4, and note that µ4 is a conjugate symplectic automorphic character of
weight one and CM type Φ−1

4 by (2.3.1). For now we fix d a nonzero element of E
such that dc = −d. For e = da, a ∈ F×, we can consider the skew-Hermitian line
associated to the element e.
Lemma 4.2.1. We may choose the skew-Hermitian lines Wi = E ·ei such that there
is an F -rational isometry

Ψ : W1 ⊥W2
∼−→W3 ⊥W4

and the such that the corresponding tuples (µi, ϵi, χi) is a µi-admissible adelic oscil-
lator triple as in Section 3.1.4.
Proof. Weak approximation allows us to choose e1, e2 with the right signs at infinity.
Then the condition µ1µ2 = µ3µ4 forces the angular part of the character µ3 to
match with either that of µ1 or µ2 at each place above infinity. So we can choose
e3 ∈ (W1 ⊥ W2)(E) close enough to either e1 or e2 depending on the place using
weak approximation, so that the signs agree with those of µ3. Finally we can just
take W4 = W⊥

3 . □

4.2.2. Now we fix skew-Hermitian spaces W1, · · · ,W4 satisfying the conclusion of
Lemma 4.2.1 and an F -rational isometry Ψ, define Wi = V ⊗E Wi as a symplectic
space and choose polarizations Wi = Xi ⊕ Yi as in Section 4.1. We define W =
W1 ⊥ W2 which we identify using Ψ with W3 ⊥ W4 and W = V ⊗E W , and
X = X1 ⊕X2, Y = Y1 ⊕ Y2.
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4.2.3. We let −W denote the skew Hermitian space which is isomorphic to W
but with the skew-Hermitian form −ΨW . We define the skew-Hermitian space
W□ := W ⊥ −W , and after tensoring V ⊗E W□ we obtain a symplectic F -vector
space S as in [BMM16, Section 7.1]. Taking the diagonal W∆ and anti-diagonal
W∇ totally isotropic E-subspaces of W□, we get an F -polarization

S =
(
V ⊗E W∆

)
⊕
(
V ⊗E W∇

)
.

4.2.4. From now on, we will take ψ to be as above, and take νi = (µi, ν5) to form
our oscillator representations. Fixing a basis for W∇ we obtain an identification
V 2(AE) ≃ (V ⊗ W∇)(AF ), and thus a Weil representation ω of G × U(W□) on
S(V 2(AE)) with splitting character (1, ν5).

Remark 4.2.5. Since we take the splitting characters µi to be unitary, and the
Weil representation ω−W to be the conjugate of ωW , the oscillator representation of
G(AF ) on S(V (AE)2) arises simply from the diagonal pullback action on Schwartz
functions, as the splitting characters cancel. In addition, the doubling intertwiner
below will intertwine the diagonal action of G(AF ) on the Schrödinger models. These
are small but crucial ways in which we use the hypothesis that µ1µ2 = µ3µ4 in the
proof of Theorem 4.0.2.

As in the discussion of [Li92, §2] on Rallis’ method, there is an intertwiner

δ : S(X(AF )2)→ S((V ⊗W∇)(AF )),

given by

δ(Φ)((x, y), (−x,−y)) =
∫
X(AF )

ψ(2⟨u, y⟩)Φ(u+ x, u− x) du,

and this doubling intertwiner is equivariant for the actions of the metaplectic group
Mp(S)(AF ). It will be quite important later that under this identification we have,
also as in [Li92, §2],

δ(ϕ1 ⊗ ϕ̄2)(0) = ⟨ϕ1, ϕ2⟩.

For the benefit of the reader, we recall a standard result in the theory of doubling
integrals which we will invoke below.

Proposition 4.2.6. Let Φ = ϕ1⊗ϕ2 ∈ S(X(AF ))⊗S(X(AF )) ⊂ S(X(AF )2), then∑
x∈(V⊗EW∇)(F )

δ(Φ)(x) =
∑

y∈X(F )2

Φ(y).

Proof. This is, for instance, a special case (in his notation u′
1 = u′

2 = 1) of the last
claim of [Liu14, Lemma 5.3]. The proof is a standard application of adelic Poisson
summation. □

We first prove a general fact about diagonal periods.



THE HODGE CONJECTURE FOR CM ABELIAN VARIETIES 17

Lemma 4.2.7. Let Φ∞ ∈ S(V (E∞)2) satisfy Φ∞(0, 0) ̸= 0. Then we may define
the functional

IΦ∞ : S(V (AE,f )2)→ C
by

IΦ∞(Φf ) =
∫

G(F )\G(AF )

∑
x∈V (E)2

ω(g)(Φ∞ ⊗ Φf )(x) dg,

here by abuse of notation we also denote the obvious pullback action of G on
S(V 2(AE)) by ω(g). This functional is nonzero.

Proof. We pick a Φf such that Φf (0, 0) = 1, and denote Φ = Φ∞ · Φf . We define
the theta integral

T (h) :=
∫

G(F )\G(AF )

∑
x∈V (E)2

ω(g, h)(Φ∞ ⊗ Φf )(x) dg,

where here h ∈ U(W□)(AF ). Picking B ⊂ U(W□) a stabilizer of a complete
isotropic flag, and letting N denote its unipotent radical, we will show that the
constant term along B satisfies

TN (1) =
∫
N(F )\N(AF )

T (n) dn = Φ∞(0, 0) · Φf (0, 0) = Φ∞(0, 0).

We can write W□ = Ey1 ⊕ Ey2 ⊕ Ey∗
2 ⊕ Ey∗

1 and take H1 = U(Ey2 ⊕ Ey∗
2). Now

using [GQT14, Proposition 7.2] we can compute this integral in stages. First taking
the constant term along the maximal parabolic P1 which stabilizes the line E · y1
with unipotent radical N1, we obtain

TN1(a, h′) =
∫
N1(F )\N1(AF )

T (n1h) dn1 = χ(a)·|a|3/2
E ·

∫
G(F )\G(AF )

∑
x∈V (E)

(ω1(g, h′)Φ1)(x) dg

where h = (a, h′) ∈ A×
E ×H1(AF ) is an element of the Levi of P1, and the function

Φ1 ∈ S(V (AE)) is simply Φ1(x) = Φ(0, x), and χ is a character which will play no
role in the proof. If we let a = 1 we find that∫

N1(F )\N1(AF )
T (n1 · (1, h′)) dn1 =

∫
G(F )\G(AF )

∑
x∈V (E)

(ω1(g, h′)Φ1)(x) dg =: T1(h′).

Now we are reduced to the smaller unitary group H1, and we can apply [GQT14,
Proposition 7.2] to the maximal parabolic P2, the stabilizer of E · y2 in H1 (which
has unipotent radical N2), to obtain∫

N2(F )\N2(AF )
T1(n2) dn2 =

∫
G(F )\G(AF )

Φ(0, 0) dg = Φ(0, 0).

Since N = N1 ⋊N2 we have established the claimed result that TN (1) = Φ(0, 0) =
Φ∞(0, 0). On the other hand, by the discussion in [GQT14, §3.1] and our assumption
that F ̸= Q and thus that V is definite at at least one infinite place (and thus G is
anisotropic over F ), the original integral converges and the function T is a smooth
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automorphic function on U(W□), in particular if γ ∈ N(F ), hf ∈ U(W□)(AF,f ) we
see that

T (γ∞, hf ) = T (1, γ−1
f hf ).

But then on the other hand if the claimed functional vanished identically in Φf ,
then by equivariance under hf ∈ U(W□)(AF,f ) we would have T (γ∞, hf ) =
T (1, γ−1

f hf ) = 0 for any such hf , and any γ ∈ N(F ). But by weak approxima-
tion N(F ) ⊂ N(F∞) is dense, so this would imply that T vanishes identically on
N(AF ), which would contradict our constant term calculation. □

4.2.8. Proof of Theorem 4.0.2. In this proof, when suppressing the second argument
of an unintegrated cohomological theta map, we denote Θ1,0

ψ,ν(φ) := Θ1,0
ψ,ν(φ, 1). Using

Proposition 4.1.8, it will turn out to suffice to find finite Schwartz functions φi ∈
S(Xi(AF,f ))K , where each Xi is a Lagrangian subspace of Wi, such that the integral∫

ShK(H,Y)
Θ1,0
ψ,ν1

(φ1) ∧Θ1,0
ψ,ν2

(φ2) ∧Θ1,0
ψ,ν3

(φ3) ∧Θ1,0
ψ,ν4

(φ4).

is nonzero, but we put this aside for now. At infinity, we can fix a H(R)-invariant
volume form η on the symmetric space Y, which we take to be normalized. If
c1, c2, c3, c4 are the cocycles at infinity provided in the theta lifting of [BMM16,
Proof of Theorem 9.1], then

c1 ∧ c2 ∧ c̄3 ∧ c̄4 ∈ (Sv0(X1)⊗ Sv0(X2)⊗ Sv0(−X3)⊗ Sv0(−X4)⊗ ∧4p∗)K∞ ,

in particular c1∧c2∧ c̄3∧ c̄4 = ϕv0⊗η for some ϕv0 ∈
⊗2

i=1 Sv0(Xi)⊗
⊗4

i=3 Sv0(−Xi).

Given Ψ as in Lemma 4.2.1, we can pick a corresponding unitary intertwiner
I0 : S((−X3 ⊥ −X4)(AF )) ∼−→ S((−X1 ⊥ −X2)(AF )),

which is unique up to unit scalar, and which we always normalize to preserve the
theta distribution. We can thus define a doubling intertwiner

δ∞ : ((
2⊗
i=1
Sv0(Xi)⊗

4⊗
i=3
Sv0(−Xi))⊗ ∧4p∗)→ S(V (Eτ0)2)⊗ ∧4p∗

by the formula δ∞(ϕ∞ ⊗ η) = δ∞,Ψ(ϕ∞) ⊗ η. Here δ∞,Ψ is the usual doubling
intertwiner

δ∞ : S((X1 ⊥ X2)(AF ))⊗ S((−X1 ⊥ −X2)(AF ))→ S(V (AE)2)
composed with I0 and the inclusion S(−X3) ⊗ S(−X4) → S(−X3 ⊥ −X4) in the
second factor.

Extending this to the finite places and definite infinite places is unproblematic,
so we get a map

δ :
( 2⊗
i=1
S(Xi(AF ))⊗

4⊗
i=3
S(−Xi(AF ))⊗ ∧4p∗

)K∞

−→ (S(V (AE)2)⊗ ∧4p∗)K∞ .

We let ϕ∞ denote the tensor product of ϕv0 with
⊗

v|∞,v ̸=v0 ϕv,i and ϕv,i is a Gaussian
if i = 1, 2 or its conjugate if i = 3, 4. Now applying Proposition 4.2.6, we let
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g = (g∞, gf ) ∈ H(A), and z = g∞ · z0 is a point on the locally symmetric space
associated to (H,Y) where z0 is a chosen basepoint then. If we let

Φ := δ(ϕ∞ ⊗ φ1 ⊗ φ2 ⊗ φ3 ⊗ φ4) .
Then(

Θ1,0
ψ,ν1

(φ1) ∧Θ1,0
ψ,ν2

(φ2) ∧Θ1,0
ψ,ν3

(φ3) ∧Θ1,0
ψ,ν4

(φ4)
)
(z, gf ) =

 ∑
x∈V (E)2

(ω(g)Φ)(x)

 ηz
=

 ∑
x∈V (E)2

Φ(g−1x)

 ηz.
Where in the last line we use the content of Remark 4.2.5. We note that FΦ(g) :=(∑

x∈V (E)2 Φ(g−1x)
)

is invariant under K∞ ×K, so we find that∫
ShK(H,Y)

FΦ · η = C

∫
H(Q)\H(A)

FΦ(g) dg

where the constant C is the product of the reciprocals of the masses of the compact
subgroup K∞ with respect to a Haar measure compatible with η and the probability
measure on G(F )\G(AF ), and K with respect to the Haar measure on G(AF,f ).

The upshot of this discussion is that, we can identify the integral of the cup-
product of our theta series, up to a nonzero scalar and considered as a functional on
S(V (AE,f )2) via the doubling intertwiner, with a functional of the form studied in
Lemma 4.2.7. The following lemma will provide us with the conditions under which
we can show the desired nonvanishing hypothesis in Lemma 4.2.7.
Lemma 4.2.9. There exists an F -rational isometry Ψ : W1 ⊥ W2

∼−→ W3 ⊥ W4
such that under the doubling map δ∞,Ψ(ϕ∞) = Φ∞ is nonvanishing at 0.
Proof. In general, the set of F -rational isometries between two such skew-Hermitian
spaces is a torsor for U(W1 ⊥ W2), and we know that this torsor is split by the
choice of the Wi as in Lemma 4.2.1. If we fix an isometry Ψ∞,spl over F ⊗ R such
that Ψ∞,spl preserves the splitting at each place, i.e. at each place maps W1 to
W3 or W4, and W2 the other factor, then the doubled function identifies with a
nonzero multiple of the Kudla–Millson form δ∞,Ψ∞,spl(ϕ∞ ⊗ η)(0) = D · φ2,2(0) by
[BMM16, Proposition 5.17(5), Proposition C.10], which is nonvanishing by [Ber06,
Proposition 3.6, Theorem 3.7(3)]. The term D includes the contributions from other
infinite places which, since Ψ∞,spl preserves the splitting, just contribute a product
of L2-norms of Gaussians. Now use real approximation for U(W1 ⊥ W2) to find
a rational isometry Ψ such that Ψ∞ is very close to Ψ∞,spl. The doubling map
associated with this isometry δ∞,Ψ(ϕ1 ⊗ ϕ2)(0) can be shown to have a continuous
dependence on Ψ∞, as we now explain.

Indeed, backing up a bit if W ′ is a skew-Hermitian space, X ′ is a Lagrangian
of V ⊗E W ′ and Ψ∞,0 : W ′ → −W is an isometry, then if ϕ1 ∈ S(X(F∞)), ϕ2 ∈
S(X ′(F∞)) we can define a corresponding unitary intertwiner

I0 : S(X ′(F∞)) ∼−→ S(−X(F∞))
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of Schwartz spaces, unique up to a unit scalar. Let δ∞ denote the standard doubling
map. By equation 4.2.4

Φ∞,Ψ∞,0(0) = δ∞(ϕ1 ⊗ I0(ϕ2)(0) = ⟨ϕ1, I0(ϕ2)⟩.

If we switch to Ψ∞ = k ·Ψ∞,0 for some k ∈ U(−W ), we can normalize the resulting
unitary intertwiner

I ′ : S(X ′(F∞)) ∼−→ S(−X(F∞))
to be I ′ = ω−W (k) · I0 Then

Φ∞,Ψ∞(0) = δ∞(ϕ1 ⊗ I ′(ϕ2))(0) = ⟨ϕ1, ωW (k) · I0(ϕ2)⟩,

using the identification ω−W (k) · φ = ωW (k) ·φ for φ ∈ S(−X(F∞)). So the desired
continuity of Φ∞,Ψ∞(0) in Ψ∞ follows from (strong) continuity for the oscillator
representation ωW . □

Lemma 4.2.7 tells us that for Φ = Φ∞⊗Φf for some Φf , the integral in equation
4.2.8 is nonvanishing. On the other hand δ−1

f (Φf ) =
∑
i,j,k,l φi ⊗ φj ⊗ φk ⊗ φl, so

there must be some pure tensor for which the integral is nonvanishing as well, by
linearity. This in hand, we must deduce that the conclusion of Theorem 4.0.2 is
true. We make the following elementary deduction.

Lemma 4.2.10. Let Θ1,0
ψ,ν be the cohomological theta lift constructed in Subsection

4.1.6 corresponding to a pair (µ,W ) where W is a one-dimensional skew-Hermitian
space. Let φf be a finite Schwartz function, then there are finitely many automorphic
characters {χ1, . . . , χn} of the torus U(W ) such that

Θ1,0
ψ,ν(φf , t) =

n∑
i=1

χi(t) · θχi

where the θχ ∈ H0(ShK(H,Y)C,Ω
1,0
Y ).

Proof. As a consequence of [BMM16, Proposition 5.17(8)] applied in our special
case, and the definition of φa,b in [BMM16, §5.8], we find that φ1,0 transforms under
a character χv0 under the action of U(W )(Fv0). The same is clearly also true for
the Gaussian factor φ0 [BMM16, §8.7]. We refer to by χ∞ the product of these
characters, which defines a character of U(W )(F∞). On the other hand φf is fixed
under the action of some open compact Kf ⊂ U(W )(Af ). So we find that the
Fourier support of the function

Θ1,0
ψ,ν(φf ,−)

on U(W )(F )\U(W )(AF ) must be supported on the set of automorphic characters
of U(W )(AF ) such that χ|Kf

= 1 and χ|U(W )(F∞) = χ∞, which defines a finite set
since

U(W )(F )\U(W )(AF,f )/Kf

is finite. □
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As a result of the above Lemma, we see that

Θ1,0
ψ,ν(φf , 1) =

n∑
i=1

θχi

where the θχi are Fourier coefficients of Θ1,0
ψ,ν , which are of course integrated theta

classes as defined in Section 4.1.6. Applying this to the above nonvanishing state-
ment, and using that (

∑
i αi) ∪ (

∑
j βj) ̸= 0 implies that αi ∪ βj ̸= 0 for some pair

(i, j), we see that there are fi ∈ χ−1
i such that∫

Θ1,0
ψ,ν1,f1

(φ1) ∧Θ1,0
ψ,ν2,f2

(φ2) ∧Θ1,0
ψ,ν3,f3

(φ3) ∧Θ1,0
ψ,ν4,f4

(φ4) ̸= 0.

At this point we have essentially proved the result, indeed with (µi,Wi) fixed,
if the Fourier component associated to some character χi is nonzero and fi ∈ χ−1

i ,
then the corresponding classes Θ1,0

ψ,νi,fi
(φi) are integrated theta lifts whose associated

representation is ω(µi, ϵi, κi) for ϵi determined by Wi, and κi determined by χi. By
Proposition 4.1.8 each of the classes Θ1,0

ψ,νi,fi
(φi) for i = 1, 2, Θ1,0

ψ,νi,fi
(φi) for i = 3, 4

arise from a linear combination of classes in the image of H1(Bi, E)λi
, applying

the same trick as was used in the previous paragraph we obtain the statement of
Theorem 4.0.2. □

References

[Abd99] Salman Abdulali, Abelian varieties of type III and the Hodge conjecture,
Internat. J. Math. 10 (1999), no. 6, 667–675. MR 1715177 1

[Abd02a] , Hodge structures on abelian varieties of type III, Ann. of Math.
(2) 155 (2002), no. 3, 915–928. MR 1923969 1

[Abd02b] , Hodge structures on abelian varieties of type III, Ann. of Math.
(2) 155 (2002), no. 3, 915–928. MR 1923969 1

[Abd04] , Hodge structures on abelian varieties of type IV, Math. Z. 246
(2004), no. 1-2, 203–212. MR 2031453 1

[Abd05] , Hodge structures of CM-type, J. Ramanujan Math. Soc. 20
(2005), no. 2, 155–162. MR 2169094 1

[Abd12] , Tate twists of Hodge structures arising from abelian varieties
of type IV, J. Pure Appl. Algebra 216 (2012), no. 5, 1164–1170.
MR 2875335 1

[Abd15] , Hodge structures associated to SU(p, 1), Comm. Algebra 43
(2015), no. 10, 4209–4220. MR 3366570 1

[Abd16] , Tate twists of Hodge structures arising from abelian varieties,
Recent advances in Hodge theory, London Math. Soc. Lecture Note
Ser., vol. 427, Cambridge Univ. Press, Cambridge, 2016, pp. 292–307.
MR 3409879 1

[Agu25] Thomas Agugliaro, Standard conjecture of Hodge type for powers of
abelian varieties, arxiv 2510.21562, 2025. 1

[Anc21] Giuseppe Ancona, Standard conjectures for abelian fourfolds, Invent.
Math. 223 (2021), no. 1, 149–212. MR 4199442 1

https://arxiv.org/abs/2510.21562


22 POL VAN HOFTEN AND JACK SEMPLINER

[And92] Yves André, Une remarque à propos des cycles de Hodge de type CM,
Séminaire de Théorie des Nombres, Paris, 1989–90, Progr. Math., vol.
102, Birkhäuser Boston, Boston, MA, 1992, pp. 1–7. MR 1476724 2

[Ber06] N. Bergeron, Produits dans la cohomologie des variétés arithmétiques :
quelques calculs sur les séries thêta, arxiv 0612447, 2006. 19

[BMM16] Nicolas Bergeron, John Millson, and Colette Moeglin, The Hodge conjec-
ture and arithmetic quotients of complex balls, Acta Math. 216 (2016),
no. 1, 1–125. MR 3508219 3, 8, 12, 13, 14, 16, 18, 19, 20

[CHT08] Laurent Clozel, Michael Harris, and Richard Taylor, Automorphy for
some l-adic lifts of automorphic mod l Galois representations, Publ.
Math. Inst. Hautes Études Sci. (2008), no. 108, 1–181. MR 2470687
9

[Del06] Pierre Deligne, The Hodge conjecture, The millennium prize problems,
Clay Math. Inst., Cambridge, MA, 2006, pp. 45–53. MR 2238273 1, 4

[DM91] Christopher Deninger and Jacob Murre, Motivic decomposition of
abelian schemes and the Fourier transform, J. Reine Angew. Math. 422
(1991), 201–219. MR 1133323 7

[DMOS82] Pierre Deligne, James S. Milne, Arthur Ogus, and Kuang-yen Shih,
Hodge cycles, motives, and Shimura varieties, Lecture Notes in Math-
ematics, vol. 900, Springer-Verlag, Berlin-New York, 1982. MR 654325
2

[FF26] Salvatore Floccari and Lie Fu, The Hodge conjecture for Weil fourfolds
with discriminant 1 via singular OG6-varieties, arxiv 2504.13607, 2026.
1

[Flo25] Salvatore Floccari, K3 surfaces associated with varieties of generalized
Kummer type, 2501.02315, 2025. 1

[Gor97] B. Brent Gordon, A Survey of the Hodge Conjecture for Abelian Vari-
eties, https://arxiv.org/abs/alg-geom/9709030, 1997. 1

[GQT14] Wee Teck Gan, Yannan Qiu, and Shuichiro Takeda, The regularized
Siegel–Weil formula (the second term identity) and the Rallis inner prod-
uct formula, Inventiones mathematicae 198 (2014), no. 3, 739–831. 17

[GU25] Ziyang Gao and Emmanuel Ullmo, Hodge cycles and quadratic relations
between holomorphic periods on CM abelian varieties, arxiv 2411.12249,
2025. 2, 5

[Haz03a] Fumio Hazama, Hodge cycles on abelian varieties with complex multipli-
cation by cyclic CM-fields, J. Math. Sci. Univ. Tokyo 10 (2003), no. 4,
581–598. MR 2037760 1

[Haz03b] , On the general Hodge conjecture for abelian varieties of CM-
type, Publ. Res. Inst. Math. Sci. 39 (2003), no. 4, 625–655. MR 2025458
1, 4, 5, 6

[Haz06] , Discrete tomography and the Hodge conjecture for certain
abelian varieties of CM-type, Proc. Japan Acad. Ser. A Math. Sci. 82
(2006), no. 3, 25–29. MR 2214769 1

https://arxiv.org/abs/math/0612447
https://arxiv.org/abs/2504.13607
https://arxiv.org/abs/2501.02315
https://arxiv.org/abs/alg-geom/9709030
https://arxiv.org/abs/2411.12249


THE HODGE CONJECTURE FOR CM ABELIAN VARIETIES 23

[Hod52] W. V. D. Hodge, The topological invariants of algebraic varieties, Pro-
ceedings of the International Congress of Mathematicians, Cambridge,
Mass., 1950, vol. 1, Amer. Math. Soc., Providence, RI, 1952, pp. 182–
192. MR 46075 1, 4

[Koi04] Kenji Koike, Algebraicity of some Weil Hodge classes, Canad. Math.
Bull. 47 (2004), no. 4, 566–572. MR 2099754 1

[Kud94] Stephen S. Kudla, Splitting metaplectic covers of dual reductive pairs,
Israel Journal of Mathematics 87 (1994), no. 1-3, 361–401. 12

[Li92] Jian-Shu Li, Non-vanishing theorems for the cohomology of certain arith-
metic quotients, Journal für die reine und angewandte Mathematik 428
(1992), 177–217. 16

[Lie68] David I. Lieberman, Numerical and homological equivalence of alge-
braic cycles on Hodge manifolds, Amer. J. Math. 90 (1968), 366–374.
MR 230336 8

[Liu14] Yifeng Liu, Relative trace formulae toward Bessel and Fourier-Jacobi
periods on unitary groups, Manuscripta Math. 145 (2014), no. 1-2, 1–
69. MR 3244725 16

[Liu21] , Fourier-Jacobi cycles and arithmetic relative trace formula (with
an appendix by Chao Li and Yihang Zhu), Camb. J. Math. 9 (2021),
no. 1, 1–147, Appendix by Chao Li and Yihang Zhu. MR 4325259 3, 4,
8, 9, 10, 11, 12, 14, 15

[LPS13] G. Lombardo, C. Peters, and M. Schütt, Abelian fourfolds of Weil type
and certain K3 double planes, Rend. Semin. Mat. Univ. Politec. Torino
71 (2013), no. 3-4, 339–383. MR 3506391 1

[Mar23] Eyal Markman, The monodromy of generalized Kummer varieties and
algebraic cycles on their intermediate Jacobians, J. Eur. Math. Soc.
(JEMS) 25 (2023), no. 1, 231–321. MR 4556784 1

[Mar25] Eyal Markman, Cycles on abelian 2n-folds of Weil type from secant
sheaves on abelian n-folds, arxiv 2502.03415, 2025. 1

[Mar26] , Secant sheaves and Weil classes on abelian varieties, arxiv
2509.23403, 2026. 1

[Mil99a] J. S. Milne, Lefschetz classes on abelian varieties, Duke Math. J. 96
(1999), no. 3, 639–675. MR 1671217 1

[Mil99b] , Lefschetz motives and the Tate conjecture, Compositio Math.
117 (1999), no. 1, 45–76. MR 1692999 1

[Mil02] , Polarizations and Grothendieck’s standard conjectures, Ann. of
Math. (2) 155 (2002), no. 2, 599–610. MR 1906596 1

[Mil08] , The tate conjecture over finite fields (AIM talk), https://www.
jmilne.org/math/articles/2007e.pdf, 2008, Notes for a talk at the
American Institute of Mathematics, version 2.2, May 7, 2008. 6

[Mil20a] , Class field theory, 2020, Course notes, version 4.03, August 6,
2020. 10

[Mil20b] , Complex multiplication, 2020, Course notes, version 0.10, July
14, 2020. 11

https://arxiv.org/abs/2502.03415
https://arxiv.org/abs/2509.23403
https://arxiv.org/abs/2509.23403
https://www.jmilne.org/math/articles/2007e.pdf
https://www.jmilne.org/math/articles/2007e.pdf


24 POL VAN HOFTEN AND JACK SEMPLINER

[Mil20c] James S. Milne, Hodge classes on abelian varieties, https://arxiv.
org/abs/2010.08857, 2020. 1, 4

[MZ99] B. J. J. Moonen and Yu. G. Zarhin, Hodge classes on abelian varieties
of low dimension, Math. Ann. 315 (1999), no. 4, 711–733. MR 1731466
1

[Ope26] OpenAI, The rational Hodge conjecture for CM
abelian varieties, OpenAI Math Release preprint
github.com/openai/math/blob/main/preprints/, 2026. 1, 2, 3, 4,
6, 7

[O’S11] Peter O’Sullivan, Algebraic cycles on an abelian variety, J. Reine Angew.
Math. 654 (2011), 1–81. MR 2795752 1

[Poh68] Henry Pohlmann, Algebraic cycles on abelian varieties of complex mul-
tiplication type, Ann. of Math. (2) 88 (1968), 161–180. MR 228500 2,
5

[RM08] José J. Ramón Marí, On the Hodge conjecture for products of certain
surfaces, Collect. Math. 59 (2008), no. 1, 1–26. MR 2384535 1

[vG22] Bert van Geemen, Weil classes and decomposable abelian fourfolds,
SIGMA Symmetry Integrability Geom. Methods Appl. 18 (2022), Paper
No. 097, 18. MR 4520685 1

[vG23] , Fourfolds of Weil type and the spinor map, Expo. Math. 41
(2023), no. 2, 418–447. MR 4602848 1

[vGR26] Bert van Geemen and Antonio Rapagnetta, Hyperkähler sixfolds, abelian
fourfolds of Weil type and a Hodge class, 2607.18341, 2026. 1

[VV22] M. Varesco and C. Voisin, Hyper-Kähler manifolds of generalized Kum-
mer type and the Kuga-Satake correspondence, Milan J. Math. 90 (2022),
no. 2, 433–444. MR 4516498 1

School of Mathematical Sciences, Zhejiang University, 866 Yuhangtang Rd,
Hangzhou, 310058, P. R. China

Email address: pvhoften@zju.edu.cn

Mathematical Sciences Building, 520 Portola Plaza, Los Angeles, CA 90095, United
States of America

Email address: jsempliner@math.ucla.edu

https://arxiv.org/abs/2010.08857
https://arxiv.org/abs/2010.08857
https://github.com/openai/math/blob/main/preprints/The-rational-Hodge-conjecture-for-CM-abelian-varieties-October-6-2026/paper.pdf
https://arxiv.org/abs/2607.18341

	1. Introduction
	1.1. Overview
	1.2. Overview of the proof
	1.3. Comparison to [Ope26]
	1.4. Tool use and methodology
	1.5. Acknowledgments

	2. Reduction to codimension 2 and a surface statement
	2.1. Recollections on CM abelian varieties
	2.2. Results of Hazama
	2.3. A further reduction

	3. Picard modular surfaces
	3.1. Picard modular surfaces and their Albanese varieties

	4. Existence of classes with a nonzero cup product
	4.1. Cohomological theta lifting
	4.2. A doubling identity

	References

