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THE POLYA-VINOGRADOV INEQUALITY WITH loglogg
FOR EVERY CHARACTER

DEEP BHATTACHARJEE ©® AND USHASHI BHATTACHARYA

ABSTRACT. Let x be a primitive Dirichlet character modulo ¢ > 3 and let M(x) be the
largest modulus of a partial sum Zn<z x(n). The Pdlya—Vinogradov inequality bounds
M(x) by a constant times /qlogg. Paley showed that V/qloglogq is the most that can be
hoped for, and Montgomery and Vaughan proved that this is the truth if the generalised
Riemann hypothesis holds. Without any hypothesis we prove that M(x) < C,/qlogloggq
for every primitive character x to every modulus q > 3, with an absolute constant C', and
that |L'/L(1,x)| < Cloglogq for every nonprincipal character. We also prove, from the
elementary bounds of Chebyshev alone, that for every € > 0 there is a constant C. such that
at most ¢° of the primitive characters modulo q have M(x) > C:\/qloglogq, and at most
q° of the nonprincipal characters have |L'/L(1,x)| > C:loglogq. The proof has two parts.
The first is a transfer theorem for a single character: if 0 < 1 is fized and the L-functions
of the twists xy of x by the characters ¥ of the moduli up to (log q)16 have no zero in the
rectangle Res > 0, |Ss| < 5¢%, then M(x) < Co+/qlogloggq. It is proved by a contour shift
for Riesz means of prime sums, a dissection of the circle into major and minor arcs, and
a weak form of the Montgomery—Vaughan bound for exponential sums with multiplicative
coefficients, which we prove with Selberg’s sieve as the only arithmetic input. The second
part counts the characters that fail the hypothesis of the transfer theorem by a zero-density
theorem in the manner of Ingham and Montgomery, which bounds the number of zeros of all
L-functions to a modulus in such a rectangle by a power of the modulus that tends to zero as
0 tends to one. The same transfer theorem shows that a zero-free half-plane Res > 0 for
all Dirichlet L-functions gives the bound for every character, and such a half-plane exists:
OpenAl has proved that every Dirichlet L-function, and every finite-order Hecke L-function
over Q(v/—3), has no zero with Res > 11/12, by a mean square of twisted Mébius sums over
the FEisenstein integers, two Poisson summations, the transformation of Kubota’s cubic theta
function and the quadratic large sieve. Their proof is reproduced in full in a second appendiz,
with credit to them, so that the paper is complete in itself: the zero-density theorem is proved
in the first appendix with explicit constants, and every statement of the paper is proved in
the text.

Note. The results of this paper were first made public on 15 October 2026, as release
v1.0.0 of the repository https://github.com/creelie/Breakthrough-problem
s-3 (concept DOI 10.5281/zenodo.23383715); later versions are archived on Zenodo
as 10.5281/zenodo.23563651, 10.5281/zenodo.23629139, 10.5281 /zenodo.23629649,
10.5281/zenodo.23637263 and 10.5281/zenodo.23638793. An earlier and incomplete
version of the paper appeared on Hexagon on 15 October 2026 as the preprint
hexagon:2610.00256, available at https://hexagonmath.org/2610.00256, and
was revised there on 21 October 2026. That version claimed the bound ,/qlogloggq
for every primitive character; it deduced it from a zero-free half-plane for all Dirichlet
L-functions announced in an unrefereed preprint of another group, which was cited
as an external input, and it had a short abstract. The second version, release v2.0.0
of the same repository, archived as 10.5281/zenodo.23671158, proved every statement
except that one in the paper, the zero-density theorem of Montgomery included, from
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Chebyshev’s bounds alone, and stated the bound for every character as a theorem
resting on the zero-free half-plane Re s > 7/8 of that preprint, whose machine-checked
proof the authors compiled and checked. In this version the paper is complete in
itself: Appendix B reproduces in full, with credit to OpenAl, their proof of the
zero-free half-plane Re s > 11/12 for all finite-order Hecke L-functions over Q(v/—3),
from which Theorem 1.5 follows by the transfer theorem, and the title states the
result for every character. The source of this revision is in release v3.0.0 of the
same repository, archived as 10.5281/zenodo.23672710, with programs that check the
explicit constants of the proofs, compute the sums of this paper for small moduli, and
contain the compiled Lean 4 proof of the half-plane Res > 7/8 as an independent
check.

1. INTRODUCTION

Let x be a primitive Dirichlet character modulo ¢ > 3 and put

M (x) = rggf];; x(n)|

The Pélya—Vinogradov inequality states that M(x) < /qloggq [6, Chapter 23].1 Paley proved
that the factor log ¢ cannot be replaced by anything smaller than loglogg: for infinitely
many primitive quadratic characters M(x) > ¢,/qloglogq [25]. Montgomery and Vaughan
proved the matching upper bound M(x) < ,/qlogloggq under the generalised Riemann
hypothesis [22]. Without hypothesis, Granville and Soundararajan lowered the exponent
of logq for characters of fixed odd order [10],2 and Bober, Goldmakher, Granville and
Koukoulopoulos determined the distribution of M(x)/(,/qloglogq) over the characters to a
prime modulus in the range where that ratio is at most loglog ¢ minus a large constant [4].

Montgomery and Vaughan use the Riemann hypothesis in one place: on the major arcs
of a circle method, for the prime sums of the characters x twisted by additive characters,
where ¢ runs over the characters of a small modulus r. What that step needs is a power
saving in these prime sums up to the height ¢, and a power saving follows from the absence
of zeros of L(s, x1) in a rectangle of fixed width to the left of the line Re s = 1 and of height
a power of ¢. Our first theorem makes this precise.

Theorem 1.1 (transfer theorem). Let 1/2 < 0 < 1. There is a constant Cy with the following
property. Let x be a primitive character modulo ¢ > 3, put M = [logq] and R = M'®, and
suppose that for every r < R and every character ¥ modulo r,

L(s,x¥) #0 for Res >0, |Ss| < 5¢°. (1.1)
Then M(x) < Cp/qlogloggq.

The number of zeros of all the L-functions to a modulus in such a rectangle is bounded by
a zero-density theorem of the kind first proved by Ingham and Montgomery, Theorem 2.3
below, which we prove in Appendix A: the bound is a power of the modulus whose exponent
tends to zero as 6 tends to one, times a power of the logarithm. Counting the characters x
for which (1.1) fails gives our main result.

Theorem 1.2. For every € > 0 there is a constant C. such that for every q > 3 the number
of primitive characters x modulo q with

M(x) > C:y/qloglogq

is at most ¢°.

IThe proof expands x in additive characters through the Gauss sum 7(¥), whose modulus is /g for primitive
X, and bounds the resulting geometric series trivially; Lemma 5.1 below is the same argument with the
harmonic sums kept.

2For a primitive character of odd order g they obtain M (x) < \/q(log q)1759/2+0<1) with d; =1 — £sin g,
and under the generalised Riemann hypothesis the same exponent of loglog g.
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For a prime ¢ there are ¢ — 2 primitive characters, so Theorem 1.2 gives the bound of
Montgomery and Vaughan for all but a vanishing proportion ¢°~! of them. We do not know
a reference for this statement. The results of Granville and Soundararajan and of Bober,
Goldmakher, Granville and Koukoulopoulos on the distribution of large character sums [10, 4]
are proved by a different method, through the structure of the characters with large sums,
and they bound the number of characters with M (x) above a given multiple of ,/qloglogq
only in the range of multiples below loglog ¢ minus a large constant; the complementary
range, which is the one of Theorem 1.2, is where the zero-density theorem enters.

The transfer theorem also shows what a zero-free half-plane gives.

Corollary 1.3. Let 1/2 < 0 < 1 and suppose that L(s,&) # 0 for Res > 0 for every
nonprincipal Dirichlet character £. Then M (x) < Cpy/qloglogq for every primitive character
x modulo q > 3, with the constant of Theorem 1.1.

Such a half-plane exists, with § = 11/12: it is Theorem B.1 of Appendix B, due to OpenAl,
and Theorem 1.5 below records what it gives.

The same zero-free rectangle controls the logarithmic derivative of L(s, x) at s = 1, and
here the rectangle needed is small: its height is a power of log g.

Theorem 1.4. For every € > 0 there is a constant C. such that for every g > 3 the number
of nonprincipal characters x modulo q with
!/

‘f(l,x)‘ > C.loglogq

is at most q°.

Theorems 1.1 to 1.4 are proved in this paper from Chebyshev’s bounds alone; the zero-
density theorem they use is proved in Appendix A. The bound for every character needs a
zero-free half-plane for all Dirichlet L-functions, and one is now known. OpenAl has proved
that every finite-order Hecke L-function over Q(v/—3) has no zero with Res > 11/12 [24];
by base change, Lx (s, x o N) = L(s, x)L(s, xx—3) for a Dirichlet character y, so no Dirichlet
L-function has a zero there either. The proof works with the Mobius function of the Eisenstein
integers: a zero to the right of the line Res = 11/12 would prevent a power saving in the
smoothed Mobius sums of the field, and that power saving is obtained from a mean square
over a family of such sums twisted by sextic residue symbols, which is estimated by two
applications of Poisson summation, the transformation of Kubota’s cubic theta function at
the cusps, Patterson’s formula for its Fourier coefficients and the quadratic large sieve over
number fields. Appendix B reproduces that proof in full, with credit to its authors, so that
the paper is complete in itself. The same group had earlier proved the weaker half-plane
Re s > 7/8 with a proof written in Lean 4 and checked by the Lean kernel against the Mathlib
library [23]; we compiled that proof from its source and ran the kernel check ourselves, and
the build, its axiom report and a Lean proof of the two bounds below from that input are in
the archive cited in the data availability section, as an independent check of the conclusion.

Theorem 1.5. Let 0 = 11/12, and let Cy and C5 be the constants of Theorem 1.1 and of
Proposition 7.1. Then M(x) < Cy /qloglogq for every primitive character x modulo q > 3,
and |L'/L(1,x)| < Csloglogq for every nonprincipal character x modulo q > 3.

Proof. By Theorem B.1, L(s,§) # 0 for Res > 11/12 for every nonprincipal Dirichlet
character £. The first bound is then Corollary 1.3 with § = 11/12. For the second, L(s, x) # 0
in the rectangle of Proposition 7.1, which gives the bound. 0

The constants of Theorem 1.5 are absolute. Since the half-plane Res > 7/8 of [23] is
wider, the same proof with § = 7/8 gives the two bounds with the smaller constants C7/g
and C5; the statement with § = 11/12 is the one whose proof is in this paper. Under
the generalised Riemann hypothesis the bound |L'/L(1,x)| < loglogg holds for every
nonprincipal character [18]. The constants C. of Theorems 1.2 and 1.4 tend to infinity as €
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tends to zero, since § = 1 — €/48 enters the proof through the width 1 — 6 of the zero-free
rectangle; in the proof they grow like a power of 1/¢. The exceptional characters are those
whose L-function, or one of whose twists by a character of small modulus, has a zero near
the line Res = 1 at a height at most 5¢2; the theorems say nothing about those characters,
and the Euler-Kronecker constant of Q((,), which is a sum over all the characters modulo ¢,
is not controlled by them.

The proof. Figure 1 shows how the parts fit together. Lemma 5.1 reduces M (x) to the
sums Y, g X(m)e(mfB)/m with H < ¢/2. On the major arcs, where [ is close to a fraction
with denominator at most R, the integers m with a large prime factor are written as pm/,
the additive character e(pmb/r) is expanded in the multiplicative characters ¢ modulo r,
and the prime sums of yv are bounded with a power saving by a contour shift for the Riesz
mean >, .. x¥(n)A(n)(1 — n/z), Proposition 3.7. The contour is a rectangle of height x?
and not a whole vertical strip, which is why the hypothesis (1.1) is a rectangle and not a
half-plane: on the line Re s = 2 the kernel 2°/(s(s + 1)) decays like |3s|~2, so the part of the
integral above the height 22 is bounded by a constant. On the minor arcs the sum is bounded
by Theorem 4.1, a weak form of the theorem of Montgomery and Vaughan on exponential
sums with multiplicative coefficients, whose proof needs only the spacing of the multiples of
[ and Selberg’s upper bound for prime pairs. The integers with only small prime factors are
few enough to be counted trivially. Section 6 counts the characters for which (1.1) fails: a
zero of L(s,x%) is a zero of the L-function of a character modulo gr, the map x — x¥ is
injective for fixed v, and Theorem 2.3 bounds the zeros of all the characters modulo gr with
r < R together. Section 7 proves Theorem 1.4 by the same contour shift, now crossing the
pole of L'/L(s+1,x)/(s(s+ 1)) at s = 0, whose residue is L'/L(1, x). Appendix B proves
the zero-free half-plane that Theorem 1.5 feeds into the transfer theorem; Figure 4 there
shows its parts. The counting arguments are of the same kind as the counts attached to finite
complexes and group actions in the authors’ earlier work [1, 2, 3].

The paper is organised as follows. Section 2 collects Chebyshev’s bounds, Selberg’s sieve
and the zero-density theorem. Section 3 bounds Riesz means of prime sums by a contour
shift in a rectangle. Section 4 proves the bound for exponential sums with multiplicative
coefficients. Section 5 proves Theorem 1.1, Section 6 proves Theorem 1.2 and Corollary 1.3,
and Section 7 proves Theorem 1.4.

2. PRELIMINARIES

Throughout, p and ¢ denote primes, A is the von Mangoldt function, 0(z) = 3° <, logp,
P(x) =3, <, A(n), e(x) = 2™ and ||z| is the distance from z to the nearest integer. We
write w(n) for the number of prime factors of n, Q(n) for the number of prime factors counted
with multiplicity, and P(n) for the largest prime factor of n > 2, with P(1) = 1. The letter ¢
is also used for the abscissa of a zero-free rectangle; the two uses are never close to each other.

Lemma 2.1. For x > 1 and integers N > 2,
(i) O(x) < xlog4;

(i) ¥(x) — 0(x) < 2y/xlogx and ¥(x) < 4x;
(iii) > p<N logp <log N + log4;
) 2
) 2

(iv) 2p<n < loglog N + 10;

(v n)<loga:+3

Proof. (i) It suffices to treat integers m > 1, and we use induction on m. The cases m = 1,2

n<x

are clear, and for even m > 2 we have §(m) = 0(m — 1). Let m = 2n + 1. The primes in
(n+1,2n + 1] divide (**'"), and 2(*"*") < 227! because (**1') and (2":11) are equal terms

of the binomial expansion of (14 1)2"*1. Hence §(2n+1) < 0(n+1)+nlogd < (2n+1)log 4.
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Theorem 1.2: M(y) < C./qloglogq Theorem 1.5: M(x) < Cyy12v/qloglog ¢ and
for all but ¢° of the primitive characters mod ¢ |L'/L(1, x)| < Csloglog q for every character
- ¥ ~
Theorem 1.1 (transfer): if no L(s, x¢), ¥ mod r < Theorem B.1 (Appendix B, OpenAl): no Dirichlet
has a zero in Res > 6, |Tm s| < 5¢°, > L-function has a zero with Res > 11/12;
then M(x) < Cy\/qloglogq Corollary 1.3 and Proposition 7.1 with #=11/12

- M e :
Lemma 5.1: M(x) < Vg (B+6) if Section 6: count the characters x for which some

| > x(m)e(mB)/m| < B for H < /2 twist x15 has a zero in the rectangle (Theorem 1.2)
m= i
Proposition 5.5: B = Cjloglog ¢ Theorem 2.3 (Appendix A): nonprincipal ¢ mod k together,
(major arcs, minor arcs, smooth m: Lemma 5.2) ZA LT, €) < 10"(kT) 0 =7 (log kT)°, o > 1L

AN .

Theorem 1.4: |[L'/L(1, x)| < C.loglogg

major arcs: minor arcs: . M
Lemma 5.4, Cor. 3.8, Theorem 4.1 for all but ¢° of the nonprincipal characters
Proposition 3.7 (bilinear forms,
(contour shift) sieve, Lemma 2.2)

Section 7, Prop. 7.1: residue of L'/L(s+1,x) z°/(s(s + 1))
at s = 0; the zero-free rectangle has helght
(logg)*/' ~® only

FIGURE 1. The structure of the proofs. The character sum is reduced to
the sums >, - X(m)e(mB3)/m, which are bounded on the major arcs by the
prime sums of the twists xt¢» (Proposition 3.7, Corollary 3.8, Lemma 5.4) and
on the minor arcs by Theorem 4.1. The zero-density theorem bounds the
number of characters for which the major-arc input fails.

(ii) We have h(x) — 0(x) = Yoy 0(z'/*), where only k < logz/log?2 contribute. Each
term is at most v/z log 4 by (i), so the sum is at most (log x/ log 2)\/z log4 = 2/ log x. Since
logz < /z, ¥(x) < (logd + 2)z < 4.

(iii) By Legendre’s formula and (i),

Nlog N > log N! > Z{ Jlogp>NZﬁ—Nlog4
p<n P <N
(iv) Let A(u) = Zp<u log p/p. Partial summation and (iii) give

NoA log 4 N 1 log 4
Zf )—i—/ (7u2)du31+og +/ ( + og2 )du,
o P log N 2 wulog”u log 2 2 \ulogu  wlog®u

and the integral is at most loglog N — loglog 2 + 2.

(v) The primes contribute at most log x + log 4 by (iii) applied to N = |z] (for < 2 the
sum is empty). The prime powers p* with k > 2 contribute at most >plogpd o p k=
> plogp/(p(p—1)). The primes p < 7 give log2/2+1log3/6 +log 5/20 +log 7/42 < 0.66, and
the primes p > 11 give at most 3,514 2,/p/(p(p—1)) < 23,51, 7" 32 <2 [ u=32du < 0.64,
since logp < 2,/p. The total is at most logz +log4 + 1.3 < logx + 3. O

We use Selberg’s upper bound sieve in the following form; for the method see [11, Chapter 3],
and we give the proof of the form we need.?

3The weights A\q are those of Selberg’s quadratic form, and the only feature used later is the bound |A4| < 1,
which makes the remainder term at most a sum of 3“¥|Ry| over d < y.
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Lemma 2.2. Let aq,...,ax be integers, P a squarefree integer, v a multiplicative function
with 0 < v(p) <1 forp| P, andy > 1. Ford| P put Rg=#{n < X :d|a,} —v(d)X, and
for U| P put g(I) =TIy v(p)/(1 — v(p)). Then

X
< . = < PR w(d) — .
#in<X:(an, P) =1} < 5+ 3R, 5= 3 9()
d|P P
d<y I=vy

Proof. Let D be the set of divisors d of P with d < ,/y, and let (A\j)4ep be real numbers
with Ay = 1. If (a,, P) = 1 then Y jcp gja, Ad = 1, and otherwise this sum is real, so

#{n: (@, P) =11 < 3 (X2 )\d)2

n<X Z\ED
=X Z Ady )‘d2y([d1a da]) + Z Ady Ads R[d1,d2}-
dl,dQED dl,dQGD

Write @) for the double sum in the first term. Since v is multiplicative and dy, ds are squarefree,
v([dy,ds]) = v(d1)v(ds)/v((dy,d2)). Let h be the multiplicative function on the divisors of P
with h(p) = 1/v(p) — 1 =1/g(p); then 1/v(m) = 37, h(l) for m | P, and

2
Q=2 HO(X dvd) =2 = Y awa),
I|P dle‘dD 1en Y dlelcflj

Mobius inversion gives Aqv(d) = > jep app(l/d)yi, so the condition A; = 1 reads
> iep (l)y; = 1. By Cauchy’s inequality

2
1< (2 ) (o) =es

leD

with equality for y; = p(l)g(l)/S. We make this choice, so that @ = 1/S. Then, writing
[ = de,

1 _ m(d)g(d) .
Ag = @5 l;u(l/d)u(l)g(l) (D) eED?X(;’C[):lg( ).
djl de<\/y

Since g(d)/v(d) = Tyl = v(@)™" = I + 9@) = Xpa9(f), we get [Aa| <
St > rla e 9(fe), and the products fe are distinct elements of D; hence [Aq] < 1. Finally

[dy,dy] < dydy <y, and every d | P is the least common multiple of at most 3*(9) pairs
(d1,ds2), so the second term is at most 3 g p <, 39| Ry|. O

For a Dirichlet character £ modulo k, real o and T' > 2 let

N(o,T,§) =#{p=p+iv: L(p,§) =0, B >0, || < T}

For o > 0 the zeros counted are those of the L-function of the primitive character inducing &,
since the Euler factors removed in passing from that character to £ vanish only on the line
Res = 0. The zero-density theorem we need is the following; it is proved in Appendix A,
with the constant written out.

Theorem 2.3. Let ¢ = 10'2. For every k > 3, every T > 2 and every o with 11/12 < o <1,

Y N(0,T,€) < co (kT)* ) (log kT)?, (2.1)
& mod k
E#&o

the sum running over the nonprincipal characters modulo k.
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Theorems 12.1 and 12.2 of [21] give the sum over all characters modulo k, principal
character included, with the bounds < (kT)3(1=9)/(2=9)(log kT)? for 1/2 < ¢ < 4/5 and
< (KT)?(1=9)/7(log kT)™ for 4/5 < ¢ < 1, with unspecified absolute constants; these are
stronger than (2.1) in the exponent of k7. We prove the weaker form (2.1) because its
constant is explicit and because the proof, which follows Ingham [16] and Montgomery, is
short enough to be given in full.* In the proof of Theorem 1.2 only the shape of (2.1) matters,
namely that the exponent of kT tends to zero with 1 — o.

3. RIESZ MEANS OF PRIME SUMS

For an arithmetic function a and > 1 put

Sla;z) = a(n 1—2, S(&x) =S(ENx) = &(n 1——
(@e) =3 am(1-3).  SEw= 3 emam(1-3)
The weight 1 — n/x makes the Mellin kernel absolutely integrable, which keeps the contour
shift below free of truncation errors. The aim of this section is Proposition 3.7, which bounds
S(&;x) with a power saving when L(s, ) has no zero in a rectangle of height x? 4 2 to the
left of Res = 1.

Lemma 3.1. Let a: N — C satisfy >, |a(n)|n™7 < 0o foro > 1, and let F(s) =3, a(n)n™*
for Res > 1.

(i) ForRes>1,/ S(a;x)xSIda::(I;(j)).
2+Zt
(ii) For = >0, S(a; ) / F(2+1it) o t)(3+zt)dt

Proof. (i) For n > 1, [>°(1 — n/x)x_s_ldsc =n"°/s—n"°/(s+ 1) =n""/(s(s+1)). Since
Solan)| [Pz de = 0713, Ja(n)|n™7 < oo, the sum and the integral may be exchanged.

(ii) For y > 0 let k(y) = ﬁf(z) y® %. If y > 1, moving the line of integration to
Res = —U, with U > 2, picks up the residues 1 at s =0 and —1/y at s = —1. For each fixed
U, the horizontal integrals tend to zero as their height tends to infinity: their lengths are

fixed and the denominator is of order the square of that height. On the new vertical line,

—U+it -U
/oo |y i . dtgy_U/oo dt _m
—o |[(=U +it)(1 — U + it)] o (U=1)2+t2 U-1
This tends to zero for y > 1, including y = 1, so k(y) = 1 — 1/y there. For y < 1, shifting
instead to Res = U crosses no pole and leaves an integral bounded by 7y /U, which tends
to zero. As |s(s+1)|7! is integrable on Res = 2 and 3", |a(n)|n~2 < co, summation and
integration may be exchanged, and the right side equals Y, a(n)k(z/n) = S(a; x). O

Lemma 3.2. Let x be nonprincipal modulo q. For Res =0 > 0, |L(s,x)| < q|s|/o.

Proof. Put A(t) = >2,<; x(n); then |A(t)| < ¢, since the sum of x over a period vanishes,

and partial summation gives L(s,x) = s [{° A(t)t=*"1dt for ¢ > 0. Hence |L(s,x)| <
qls| [t dt = g|s|/o. O

Lemma 3.3. Let Ay = %Zz (=32 For every Dirichlet character x the series E(s) =
— S log(1 — x(€)¢=*) is holomorphic on Res > 1, () = L(s, x) there, and |E(s)| < Ag for
Res > 3/2. Moreover |L'/L(s, x)| <2 for Res > 2.

Proof. For Res > 1 we have |[y(£)(~%| < 1/2, and |log(1 — w)| < Yy |w*/k < 3|w]| for
|w| < 1/2: indeed, the terms with k > 2 have total at most |w|?/(2(1 — |w|)) < |w|/2. The
series therefore converges locally uniformly on Res > 1 and is bounded by Ay on Res > 3/2,

4Whether the zeros are counted in 0 < v < T or in |y| < T affects only the constant, since the zeros of
L(s, &) are the conjugates of the zeros of L(s,£) and the sum is over all characters modulo k.
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and the Euler product gives e = L. For Res > 2 the derivative E'(s) = — 3, x(n)A(n)n~*
has modulus at most >,,~,logn/ n?, and since log u/u? decreases for v > 2 this is at most
log2/4 + [5°loguu=2du =log2/4 + (1+1log2)/2 < 2. O
Lemma 3.4 (Borel-Carathéodory). Let h be holomorphic on a neighbourhood of the disc
|z—¢c| < R and let 0 <r < R. Then

2r
max [h() — o) < o max, Re(h(w) - h(o)).
Proof. Put g(z) = h(c+ z) — h(c) and A = max,,—g Re g(w). The mean of Reg over the
circle lw| = R is Reg(0) =0, s0 A > 0. If A =0, then Re g vanishes on the circle, hence on
the disc, and ¢ is an imaginary constant equal to g(0) = 0. Let A > 0. By the maximum
principle Reg < A on |z| < R, so |24 — g| > A there and ¢ = ¢g/(2A — ¢) is holomorphic.
Since |g|? — |24 — g|? = 4A(Reg — A) < 0, we have |¢| < 1, and ¢(0) = 0. Schwarz’s lemma
gives |¢(z)| < |z|/R, and from g = 2A¢/(1 + ¢) we get |g(2)| < 24|z|/(R — |z]). O

Lemma 3.5. Let 0 < § < 1/1000, 1/2 < a <1, t € R, and let x be nonprincipal modulo q
with L(s,x) # 0 for Res > a+20, |[Ss—t| < 2. Put K1 = (14+2A4)/(20%). Fora+85 <o <2,

L .
’f(a +it, )| < Kilog(24(3 + [1])?).

Proof. Let c=2+it, R=2—a—35,7=2—a— 66 and Ag = log(2q(3 + |t|)?) > log 18 > 1.
The disc |z — ¢| < 2 — a — 20 has radius at most 3/2, so it lies in the strip |3z —¢| < 2, and
on it Rez > a + 26; hence L(z, x) has no zero there and has a holomorphic logarithm h. On
|z —¢| < 1/2 both h and the function E of Lemma 3.3 are logarithms of L, so they differ by
a constant in 2miZ; we choose h = E there. Then |h(c)| < Ay.

If |z—c| < R,then Rez>a+35 >1/2and |z| < |c|+3/2 <4+ |t], so Lemma 3.2 gives
Reh(z) =log|L(z, x)| < log(2q(4+ |t|)) < Ap. Lemma 3.4 gives, for |z —¢c| <,
R2ﬁ - (Ap + Ap) < w7
asr <3/2and R—r = 30. Hence |h(z)| < Ag+ (Ao + Ap)/d < (1+2A40)Ag/d on |z —c| <.
For w = o +it with a+ 85 < 0 < 2 we have |w—c| =2—0 < r—24, so the circle |z —w| = 26
lies in |z —c| < r, and Cauchy’s estimate gives |L'/L(w, x)| = |F'(w)| < (14+240)Ao/(26%). O

Lemma 3.6. For¢q>1,t€R and s = o + it with o > 1/2,
log(2q(3 +[t))?) < 10log(q +2)(1 + [t)'/?,  |s(s+1)| = §(1 + [¢])*.

Proof. We have log(2q) < 2log(q + 2), and logy < 2y'/? with 3 + [t| < 4(1 + |t|) gives
log(3 + |t|) < 4(1 + |t|)V/?; the first bound follows from log(q + 2) > 1. For the second,
|s| > max(o,|t]) > (1 +t])/4 and |s + 1| > max(c + 1, [¢]) > (1 + [¢])/2. O

Proposition 3.7. Let 0 < § < 1/1000, 1/2 < a <1, and put K = 90K; + 6 with Ky as in
Lemma 3.5. Let x > 1 and let & be nonprincipal modulo k with L(s,§) # 0 for Res > a + 26,
|Ss| < 22 4 2. Then

h(z) = h(e)] <

15(6;2)] < K 2 log(k +2).
Proof. Put 0 = a + 83, T = 22 and
L x®
B(s) = — = (s,8) ——_
=160 o
For Res > 1, —L'/L(s,€) = >, &(n)A(n)n™*%, so Lemma 3.1(ii) gives 275(&;2) = [0, (2 +
it) dt. We split the integral at |t| =T
For [t| > T we use the line Res = 2 as it stands: |L'/L(2 + it,{)| < 2 by Lemma 3.3,
|22t = 2% and |s(s + 1)| > (1 + [¢])?/8 by Lemma 3.6, so

0o 2 2
(2 +it)| dt < 2 16z 3207 _ 59
|
[t|>T

gt =2 <32
v (1+1)2 1+7 ~
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For |t| < T we move the line of integration to Re s = o¢ inside the rectangle op < Res < 2,
|Ss| < T (Figure 2). The function @ is holomorphic on a neighbourhood of this rectangle,
since L(s, &) has no zero with Res > o9 > a + 20 and [Js| < T + 2, and s(s + 1) # 0 there.
By Cauchy’s theorem the integral of ® over the right side equals the integral over the left side
plus the integrals over the two horizontal sides, with the appropriate orientations. On the
rectangle, Lemma 3.5 applies at every point o + it, because the hypothesis gives L(s,&) # 0
for Res > a + 26 and |3s — t| < 2 when [¢t| < T, and with Lemma 3.6 it gives

|®(0 +it)| < 80K log(k+2)z°(1+ [t)) ™22 (0o <o <2, |t| <T).

Since [p(1 + [t])3/2dt = 4, the left side contributes at most 320K log(k + 2)x7°. Each
horizontal side has length 2 — o¢ < 3/2 and lies at height 7', so it contributes at most

3. 80K log(k +2) 22(1+T)7%? < 120K log(k + 2) 7' < 120K log(k + 2) z°°,

because z2(1 + z2)7%/2 < z~!. Adding the three contributions and the tail, and using
log(k+2) >1and 29 > 1,

27|S(&; )| < (560K + 32) 27° log(k + 2),
and (5607 + 32)/(27) < 90K + 6. O

no zero: Res > a + 24, i
Res=3 s|<x?
€s=3 o o Ims| <z +2 |
|
Ims=z? !
°
.
b 4
. Res=2
w L]
= % X
1 0 .
° Res=ay
v
]
.
°
* -
Ims=—z’ I
[ I
o | tail: [¢] > 22,
° : bounded by 32
T 1
0 1 2
Res

FIGURE 2. The contour shift in the proof of Proposition 3.7. The integral
over the line Re s = 2 is cut at the height 7" = 22; the part beyond is bounded
by the decay of the kernel, and the part within is moved to the line Re s = o
through the rectangle, which lies inside the region Res > a+ 26, [Ss| < 2242
where L(s, ) has no zero (dots: zeros outside that region; crosses: the poles
of the kernel at 0 and —1). Horizontal spacing is schematic.

Parameters. For 1/2 < 6 < 1 we fix once and for all

1 1-4
2000° 100

1—o0yg
4 )

0p = min( ), ag = max(%,@ — 269), o9 =ag+ 8y, My = (3.1)
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and we write Ky for the constant K of Proposition 3.7 with 6 = dy. Then 0 < dy < 1/1000,
1/2 < ap <1 and ag + 289 > 0, so that a character with no zero in Res > 6, |3s| < 2% + 2
satisfies the hypothesis of Proposition 3.7. Moreover

0 <op<1, l—0p>3(1-0), 1(1-0)<n <% (3.2)

Indeed, if ag = 0—20g then oy = 0+609 < 0+ 100(1—0), and if ap = 1/2 then 6§ < 1/2+4269 and
0p =1/2+88p < 1/2+8/2000, while 1 —6 < 1/2; in both cases 6 < 0g and 1 —gg > 2+(1—0).
The upper bound 7y < 1/8 follows from oy > 1/2.

Corollary 3.8. Let 1/2 < 6 < 1, with the parameters (3.1), and put C5 = 8Ky + 8/ny. Let
x> 1 and let & be nonprincipal modulo k with L(s,£) # 0 for Res > 0, |Ss| < 422 +2. Then:

(i) [S(&y)| < Kogy?®log(k +2) for 1 <y < 2x;
(i) [Zp<s &(p)logp| < Oy’ =" log(k + 2);
(iii) for integers 2 < A< B <z andy € R,

B log(k + 2)(2 + 27|v|B
> &) < 26 ( logx)él( h1B) (3.3)

A<p<B

Proof. Write o0 = 09, n = g and K = Kpy, so that 1 + 0 = 2 —4n. (i) For y < 2z we have
y? + 2 < 422 + 2, so Proposition 3.7 applies to .
(ii) Put T'(y) = yS(&y) = any £(m)A(n)(y —n) and h = 21727 so that 1 < h < x. Then

T(x+h)—T(@) =h> &n)AMn)+ > &mAR)(z+h—n),

n<z rz<n<z+h

and the last sum has at most h + 1 terms, each of modulus at most hlog(2z). With
IT(y)| < Ky'*7log(k + 2) for y < 2z, from (i), this gives

‘Z ¢ ‘ 2K (22)17 log(k + 2)

n<zx h

+ (h+1)log(2z).

Here (22)179 /h < 4?9~ 1420 = 421721 50 the first term is at most 8K 2!~ log(k+2). Since
n < 1/8 we have 1 < 2"/n, and logx = n~tloga” < a/n, so log(2x) < 1+ logx < 2z /7,
and the second term is at most 22727 . 227 /n = 42" /5. The prime powers p’ with j > 2
contribute at most ¢(z) — 0(x) < 2y/zlogx < 2z'/2+7/n < 22177 /n by Lemma 2.1(ii), since
n < 1/4. As log(k +2) > 1, (ii) follows with C3 = 8K + 8/n.
(iil) Let IM(u) = >=,<, §(p)logp and f(u) = e(uy)/logu. Partial summation gives

B
S €@etpy) = FBIB) — FANA) - [ TI(w)f () du
A<p<B A
and |f'(u)| < 27|y|/log A+ 1/(ulog®u) for u > A. By (ii), applied at every u < z, the right
side is at most C3B'""log(k + 2)(3 + 27|y|B)/ log A, which gives (3.3). O

4. EXPONENTIAL SUMS WITH MULTIPLICATIVE COEFFICIENTS

For M > 0 put wp(0) = M if ||0|| < 1/M and wys(0) = 1/||6|| otherwise; then 0 <
wpr(0) < M and wy(—0) = wpr(0).

Theorem 4.1. There is an absolute constant Cy with the following property. Let f be
completely multiplicative with |f(n)| < 1, let « € R, and let a,r be coprime integers with
r>1, la—a/r|<r2and2 < R<r<N/R. Then

N N(log N)?
|3 fn)etna)| < (o + S b

n<N
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Montgomery and Vaughan [22, Corollary 1] proved this for multiplicative f with
N(log R)*>?R~1/2 in place of N(log N)2R~/4. The proof below follows their approach, a
bilinear decomposition together with the spacing of the multiples of a and an upper bound
for prime pairs, with cruder estimates, which suffice for Theorem 1.1.

Lemma 4.2. Let a,r be coprime with r > 2 and |a — a/r| < r=2, and let H > 0 be an
integer.
(i) ||ka] > 1/(2r) for every integer k with 0 < |k| <r/2.
(ii) #{1 <h < H : ||ha| <t} < (4H/r + 1)(4rt + 1) for every t > 0.
(iii) For M > 0 and every integer K > 0 with M < 2K,

3 war(ha) (— +1)(8M +4r + 87K),
h<H

Z wyr (ha)? (—H + 1)(207“M + 3M?).
h<H

Proof. (i) Let z be the integer nearest to ka. Since 0 < |k| < r and (a,7) = 1, r { ka, so
|ka/r — z| > 1/r and ||ka|| > 1/r — |k| |a — a/r| > 1/(2r).

(ii) Let L = |r/2|, so L > r/4. For k in a block of L consecutive integers let y = ka — 2z,
with zj the integer nearest to ka. For k # k' in the block, 0 < |k — k| < L < r/2 and
Yk —yr = (k—K)a (mod 1), so |yx—yrr| > 1/(2r) by (i). Points of (—t, ) at mutual distances
at least 1/(2r) number at most 47t + 1, and [1, H] is covered by at most H/L+1 <4H/r+1
blocks.

(iii) If ||@]| > 1/M, let k > 1 be least with ||@| < 2¥/M; then k < K because ||0]| < 1/2 <
2K /M, and |0 > 25=1/M, so wy(0) < 2'7FM. Hence

K
wy (0 < MI[]|6]] < 1/M]+ (MY [llo] < 25/M]  (j=1,2).

k=1
Summing over & < H with (ii), the first sum is at most (4H /r+1) (4r+M+3" < (8r+2 7% M)
and the second at most (4H/r + 1)(4rM + M? 4+ 351 (16rM27F + AM?47F)). O

Lemma 4.3. Let ,a € R, U > 0, and let A, B, N be nonnegative integers with B < A+ U.

) X ace<n e(@d)] < wy(8).
(ii) For a finite set V' of positive integers and b: V — C,

ST bwetwn)| < X0 [b)] b)) we (0~ v')a).

A<u<B wveV v’ €V
uv<N

(iii) For M > 0 and an integer H > 0, Yjcp ey wu((m — m')a) < H(M +
23 h<m wy(ha)).

Proof. (i) If ||0]] < 1/U, the sum has at most U terms of modulus 1. Otherwise 6 ¢ Z, the
sum has modulus at most |e((B—A)0) —1|/|e(6) —1|, and |e(0) — 1| = 2| sin 7| > 4||0||, so the
modulus is at most 1/(2/|0])). (ii) Expanding the square gives 3=, ,,» b(v)b(v') 32, e(u(v —v")a),
where u runs over the integers of (4, min(B, N/v, N/v')], an interval of length at most U;
apply (i). (iii) For fixed m, the term m’' = m is wps(0) = M, and each h = |m —m/| € [1, H]
arises from at most two m/'. O

Lemma 4.4. Let C5 =1+ 4¢(3/2). For every completely multiplicative f with |f(n)| <1,
every a € R and every integer N > 1, the sum S = 3, -y f(n)e(na) satisfies

‘SlogN S logpflp) Y fm pma)‘§C5N.

p<N m<N/p
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Proof. Write S'log N = S1 + Sy with

Z f(n)e(na)logn, Z f(n)e(na)log(N/n).

n<N n<N

Then |S5| < Nlog N —log N! < N, since NV/N! < V. In S; write logn = > ajn A(d) and
n = dm; complete multiplicativity gives

= Z A(d) Z f(im)e(dma).

d<N mgN/d

The terms with d prime form the sum in the statement, and the others have modulus at most

NS logp 2Nzlﬂ < 4¢(3/2)N

P k>2

since logp < 2,/p. Il

Let G(h) = IIpnp/(p = 1),

Lemma 4.5. (i) For every integer X > 2 and every even h > 2,

400G (h)2X

3/5
(log X 2 1+ 3X3/5,

#{0<n< X :n and n+ h prime} <

(i) Ypex G(h)* < e®X for every X > 1.

Proof. (i) Apply Lemma 2.2 to a, = n(n+h), 0 < n < X, with y = X'/, 2 = |y|, P
the product of the primes p < z with p t h, and v(d) = 24 /d. Every p | P is odd, so
v(p) = 2/p < 1. For d | P the residues n with d | n(n + h) form 2°(4 classes modulo d
(namely n = 0 or —h (mod p) for each p | d, distinct as p 1 h), and each class contains between
X/d—1and X/d+ 1 of the integers 0 < n < X; hence |Ry| < 2¥(9). Since the prime factors
of d are at least 3, 3“’(d)|Rd| <6v@d < @2 < yz, and the error term is at most y3 = X3/5,

Let M be the set of m < ,/y whose prime factors divide P. Since v(p)/(1 —v(p)) =
Sksq v(p)F and v(m) = 2907 /m for these m, g(1) is the sum of 2™ /m over the m whose
set of prime factors is that of I. An m € M is counted in g(I) for I the product of its prime
factors, and [ < m < ,/y. Hence, with T(m) < 2Um) the number of divisors of m,

S >

meM meM

Let T = |y/*] and let B be the set of b < T that are prime to h; these b are odd. For
b, € B the product bb’ lies in M, and a given m is a product bb’ in at most 7(m) ways, so
S > (Xwen 1/b)2. If E is a set of primes and p ¢ F, every b < T prime to E is uniquely p*b’
with " prime to F'U {p}, so the sum of 1/b over the b < T prime to E is at most p/(p — 1)
times the same sum for F'U {p}. Adding the prime factors of h one at a time gives

1 1 _ log(T+1)

IEESRS Jie

=0 (h) b G(h)

As T +1 > y/* = XV we get S > (logX)?/(400G(Rh)?), that is, X/S <
400G (h)2X/(log X)2. Finally, if n < X and both n and n + h are prime, then n < z or
(n(n+ h),P) =1, so the count is at most z + 1+ X/S 4 3> < 400G (h)>X/(log X)? + 3X3/5.
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(i) For t = p—1 > 1, (t+1)> < (¢t + 31)t4, that is, (p/(p — 1))* < 1+ 30/p. Hence
G(h)* < 32,30¥(@ /d over the squarefree d | h, and

304 X 30
PETIE WL S SR (1
< Xexp(30 Z %) < eV X. |
n>2

Proof of Theorem 4.1. Let S be the sum in the theorem, L = log N and ¢ = [logy N |. Since
N >rR >4, we have L > 1. If £ < 64, then L < 64log2 < 45 and |S| < N < 45N/L. Let
now £ > 64, and put I = |logy /] +1 and J = £+ 1 —4I. Then 16/ > ¢, 1 < J < ¢ < 2L,
I<(<2L,2" <20, N <21 = 27167 and J?27/ < (¢ +1)22¢1¢~1 < 2N. By Lemma 4.4,
|S|L < C5N +|T1| +|T3|, where Ty and T are the parts of 3°, log p f(p) 3,<n/p f(m)e(pma)
with p < 27 and with p > 27.

The small primes. Let 0 < j < J, U = 2/, H = |[N/U]|, and for U < x < 2U let
B(z) = X <i em<n f(m)e(zma); the inner sum for a prime p € (U,2U] is B(p). By
Cauchy’s inequality, Lemma 4.3(ii), (iii) and Lemma 4.2(iii) with M = U, K = j,

> logp|B)| < (Ulog?(20)) Q)
U<p<l2U

where Q; = H(U+2(4H/r+1)(3U +4r+8rj)). Since HU < N, UQ; < TNU + (8+16j)Nr+
24N?/r + (32 + 645)N?/U, and log(2U) < j + 1. Summing over j < J with j +1 < J,

> jcg 217 <3272\ /(324 645)277 < 8(j +1)(3/4) and 3505 + 1)%(3/4)) = 112,
|Ty| < 3VTJVN2J + J>N\/24/r + 896N + J?V24.JNr.

Now J227 < 2N gives 3y/7JV N2/ < 12N; r > R > /R gives \/24/r < 5R~'/*; and rv/R <
rR < N gives v24JNr < 5JNR-Y* With J < 2L and L > 1, |T}| < 908N + 60L>NR~1/4,

The large primes. For p > 27 we have N/p < 16/, so the m in T lie in (0,167 — 1], the
union of the blocks (16! — 1,16'"! — 1] with 0 <4 < I. Fix i, let A =16 -1, U = 15- 16°
and X = | N/16%], and assume X > 1, the block being empty otherwise. Only the primes
p € (27, X] contribute, since p > X + 1 and m > 16° give pm > N. Let V be the set
of these primes, which are odd, and B(m) = > cy pm<n logp f(p)e(pma). The block is
> Acm<asy f(m)B(m), and by Cauchy’s inequality, Lemma 4.3(ii) and log p < X = log(X+1),
its square is at most UN?W, where

X
W = Z wy((p—p)a) = ]V|U+22wU(ha) #{peV:ip+heV}
p.p'EV h=1

The count vanishes for odd h, and for even h Lemma 4.5(i), applied to X + 1, bounds
it by 400G(h)%(X 4+ 1)A2 + 3(X + 1)3/5. By Cauchy’s inequality, Lemma 4.5(ii) and
Lemma 4.2(iii), 35« G(h)*wy (ha) < e®VXQY? with Q = (4X/r + 1)(20rU + 3U?), and
Shex wy(ha) < XU. Hence UN2W < A; +800e'Z + A3, where

A =UN2X, Z=U(X+1)VXQ"? Ay = 6UZNA(X +1)3/5X.

Let k = log(N+1) > X and T; = 4'k (N(2N)3/5)1/2, Since U2X = 225-16°(16°X) < 225-16'N
and X +1 < 2N, we get Ay < 22577 and A3 < 135077 < 37*T7?. With w = UX < 15N,
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X < N/16 and R<r < N/R,

48w
72 < AU X3Q = 32003 X 4 —2
;
_ 320 153 N4 N 48 - 154 N4 N 80 - 153N
= 16° R R
+180 - 15 - 16' N3,

+ 80rw? + 120w

and every coefficient is at most 40%, so Z'/2 < 40(N27* + 2N R~Y/* 4+ 2¢N3/4). The block is
therefore at most
15T; + 40V/800e15 (N27F + 2N R4 4 2IN%/4) 4 37T;
< Kp(N270 4+ NR™VA 4 2iN3/4 4 1),
with Kj, = 80v/800e!® 4 52. Summing over i < I,
Ty < Kp(2N + INR™Y4 4 2l N3/4 4 4l g(N(2N)3/5)1/2).

Here I < 2L3; 2! < 4L < 16NY4; 41 < 16L% and x < 2L; and logz < 1521 gives
L3(N(2N)3/5)1/2 < 2.153N. Hence |Tp| < K,(216018N + 2L3NR~/4).

Altogether |S|L < (C5 + 908 + 216018K;)N + (60 + 2K,)L3’NR~Y/*, and dividing by L
gives the theorem with C7 = 45 + C5 4+ 908 + 216018 K, + 60 + 2Ky, O

5. PROOF OF THEOREM 1.1
In this section x is a primitive character modulo ¢ > 3.

Lemma 5.1. Let B > 0 be such that |3, g x(m)e(mp)/m| < B for every integer H < q/2
and every B € R. Then |3, <, x(n)| < \/q (B +6) for every x > 0.

Proof. We may take x = T to be an integer. Let 7 = >, 04, X(a)e(a/q). Since x is
primitive, Y, x(a)e(an/q) = x(n)7 for every n, and summing the squares of the moduli of
these identities over n mod ¢ gives go(q) = |7|%¢(q), so |7| = /g. Summing over 1 <n < T,

R () T S Rk i

n<T o<ioizgs LT e=a/0)

where a runs over the integers with —¢/2 < a < ¢/2, a # 0. For 0 < [9] < 1/2 put
r(9) = (1 —e(—=9))"' — (27i9)~; then |1 — e(—19)| = 2|sin | > 4|9|. If 27|9| < 1, then
le(—9) — 1 + 27| < (2m9)? and |r(9)| < (279)2/(4]9] - 27|9|) < 3; otherwise |r(9)| <
1/(4]9]) + 1/(27w|9]) < 3. The terms with r(a/q) contribute at most 6g. Writing a = +m
with 1 < m < ¢/2, the remaining terms are ¢/(27i) times a combination, with coefficients of
modulus at most 1, of four sums }_, < X(m)e(mpB)/m with H < q/2, so they contribute at

most 2¢B/m. Dividing by |7| gives the claim. O
Lemma 5.2. ForY > 2 and H > 1,
1
Z ~ <elllogy.
n<H n
P(n)<Y

Proof. The sum is at most [,y (1 — 1/p)~1 < exp (X <y ﬁ), and Zp(ﬁ - %) < 1; apply
Lemma 2.1(iv). O

Lemma 5.3. Let 0 < r < q and let ¥ be a character modulo r. Then the character x1» modulo
qr is nonprincipal. Moreover, if x1, x2 are primitive characters modulo q with x1¢ = x21,
then x1 = X2-


https://orcid.org/0000-0003-0466-750X
https://orcid.org/0009-0002-2254-3914

POLYA-VINOGRADOV WITH loglogq FOR EVERY CHARACTER 15

Proof. Suppose 1 is principal, so that x(n) = (n) for every n prime to qr. Let d = (q,r)
and let n be prime to ¢ with n =1 (mod d). By the Chinese remainder theorem there is n’
prime to ¢r with n’ = n (mod ¢) and n’ =1 (mod ), and then y(n) = x(n') = (n') = 1.
So x is trivial on the units congruent to 1 modulo d, and is induced by a character modulo
d < r < g, which contradicts primitivity. For the second claim, x1(n) = x2(n) for every n
prime to ¢r, and for n prime to ¢ there is, again by the Chinese remainder theorem, an n’
prime to gr with n’ =n (mod ¢), so that x1(n) = x1(n') = x2(n’) = x2(n). O

Lemma 5.4. Let 1/2 < 6 < 1, with the parameters (3.1) and the constant Cs of Corollary 3.8,
and put Co = 2C5/ng. Let 0 <r < q,beZ, B €R, let Y > max(2,r) and t > 1 be integers,
and suppose that L(s, ) # 0 for Res > 0, |Ss| < 4t2 + 2 for every character 1) modulo r.

Then b log(gr +2) (2+ 2m|lt)t
rlog(qr m
‘ 2 X(n)e(n(; +6>)‘ <G = YnelogY

P(n)>Y

Proof. Write n = ng. Every n <t with P(n) > Y is uniquely n = pm with p = P(n) prime,
Y < p <t/mand P(m) < p, and then m < ¢t/Y. For such p we have p > r, so p { r,
and on the units modulo r the function u — e(umb/r) equals 3, cy1(u), the sum over the
characters ¢ modulo r, with |cy;| < 1. By Lemma 5.3 each x% is nonprincipal modulo gr,
and by hypothesis it satisfies the condition of Corollary 3.8 with x = t. Applying (3.3) to
¢ = xy with y =mp, A =max(Y,P(m)—1) and B = [t/m| <t (the inner sum is empty if
A > B) gives

DY X(n)e(n(i+ﬂ))‘§2C37“10g(qr+2)(2+27r‘6|t) 3 (i)l"c

n<t log ¥ m<t/Y
P(n)>Y

and Y,y m~ N < fOM u"tdu = M" /n, so the last sum is at most ¢/(nY™). O

Proposition 5.5. Let 1/2 < 0 < 1, with the parameters (3.1), the constant Cy of Theorem 4.1
and the constant Cy of Lemma 5. 4, and put Ag = [36/n9] and Cy = 1 + 501 + Co + 4e'l Ay.
Suppose that logq > 200, put M = [logq] and R = M'S, and suppose that (1.1) holds for
every 1 < R and every character ¢ modulo r. Then |3, <y x(m)e(mpB)/m| < Cyloglogq
for every integer H < q and every 8 € R.

Proof. Let L =1logq, n =1, A= Ag and Y = M. Since e//16 > (L/16)*/24 > L +1> M,
we have 2 < R < ¢, and R < Y since A > 288. Split the sum according to P(m) <Y
or P(m) > Y. By Lemma 5.2 the first part is at most e!!logY. For the second put
A(t) = Xn<t, Pny>y X(n)e(npB) and w(t) = 1/t—1/(t+1). Partial summation and [A(H)| < H

give
S MR iy > a
m<H 1<t<H
P(m)>Y

If t <Y, then A(t) = 0. Let t > Y and Q = |t/R] > 1. By Dirichlet’s theorem there are
coprime a,r with 1 <r < Q and |8 —a/r| <1/(r(Q+1)); then |5 —a/r|t < R (Figure 3). If
r < R, then r < ¢, and 4t? + 2 < 4¢® + 2 < 5¢° because t < H < g and ¢ > 3, so (1.1) gives
the hypothesis of Lemma 5.4 for this r; that lemma with b = a gives |A(t)| < C2kt, where
Rlog(qR +2)(2+ 27 R)

YnlogY ’
If r > R, then R <r <t/Rand |8 —a/r| <r~2, so Theorem 4.1 for f = x bounds the full
sum Y, <; x(n)e(nfB), and since logt < L, removing the W(t) = #{n < t: P(n) <Y} smooth
terms gives

k=

L? L?
[A(t)] < C4 +ip) +¥(1), P= D511 =
lot RY/ M
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Since tw(t) < 1/t and w(t) < 1/¢2,
1 1
> A <O Y St (Gt k) Y Y (),

1<t<H o<i<H U108 t<H 1<t<H

The first sum is at most 3+log L, the second at most 1+ L, and by partial summation the third
is at most 3=, <y pmy<y 1/n < elllogY Finally L < M < 2L gives p(1+ L) <2/M < 1;
log(gR +2) < 18M, 2+ 27R < 8M'6, Y = M7 > M3 and logY = Alog M > log M
give k(1 4+ L) < 288M34/(M36 log M) < 1; and logY = Alog M < 2Alog L, since log M <
log 2+1log L < 2log L. Collecting terms, the sum is at most 1+4C; +Cy+(Cy+4e!t A) log L <
(14+5C; + Cy +4e'tA)log L, as log L > 1. O

major arcs: 3 within R/t of a/r, r <R (red); minor arcs: the rest

Ll L

1 1 1 2 3
1 3 2 3 1

- B W e o@@ons 0N =

FIGURE 3. The dissection of R/Z in the proof of Proposition 5.5, drawn
for R = 4. Near a fraction a/r with » < R (major arcs) the sum A(t) is
controlled by the twisted prime sums of Corollary 3.8; elsewhere (minor arcs)
by Theorem 4.1. The heights only indicate that the major arcs carry the large
values.

Proof of Theorem 1.1. Put Cyp = max(Cy + 6, 207/loglog 3) with C4 as in Proposition 5.5.
If logg < 200, then every sum 3,y X(m)e(mf3)/m with H < g has modulus at most
14 logq < 201, and Lemma 5.1 gives

’Z ’ <207,/q < 2?0;3\/aloglogq
n<x

without any hypothesis. Let logqg > 200. The character x is primitive modulo ¢, and
it satisfies (1.1) for every r < R and % modulo r: the zeros of L(s, X)) are the complex
conjugates of the zeros of L(s, x¢), v is again a character modulo 7, and the rectangle in (1.1)
is symmetric about the real axis. Hence Proposition 5.5 applies to ¥, and Lemma 5.1 gives

‘ZX )<\[ (Cyloglogq + 6) < (Cy4 + 6),/qloglogq. O

n<x
6. THE EXCEPTIONAL CHARACTERS

Proof of Theorem 1.2. 1t suffices to treat 0 < € < 1, since for larger € the statement is weaker.
Put 0 =1 — /48, so that 47/48 < § < 1, and let Cy be the constant of Theorem 1.1. Let
q satisfy logg > 200, put L =logq, M = [L], R = M6, and let E, be the set of primitive
characters x modulo ¢ for which (1.1) fails for some r < R and some 9 modulo r. By
Theorem 1.1, every primitive x ¢ £, has M(x) < Cp,/qloglogg, so it remains to bound |E,|.

For x € E, choose r < R, ¢ modulo r and a zero p of L(s,x®) with Rep > 6 and
|Sp| < 5¢%. The character 1) is a character modulo qr, and p is counted in N (6, 5¢2, x¥).
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For fixed r and 1 the map y — X is injective by Lemma 5.3, so each term N(6,5¢2,¢), &
modulo g¢r, is charged by at most one x for each pair (r,1). Each xv is nonprincipal by the
same lemma. Hence, by Theorem 2.3 with & = ¢r > 3 and T = 5¢?, and since 6 > 11/12,

B <Y S 3 N,5¢%€) <o Y olr) (5¢°) 207 (log(5¢%r))°

r<R1 mod r £ mod qr r<R
§#80

< coR*(5¢°R)*/* (log(5¢°R))”.

Now M < L+1<2L,so R<2%L6 and (5R)"/* < (5-2'6)V/4L* < 2°L*; and log(5¢°R) <
log(5 - 216) + 3L + 161og(2L) < 20L, since L > 200. Therefore

1B, < ¢ 23720° L* g3/4, (6.1)

Since (log ¢)*q—¢/* — 0 as ¢ — oo, there is gy = qo(c) > 2% such that ¢y 237 20°(log ¢)*° <
¢/4 for ¢ > qo, and then |Eql < q¢°.

For 3 < ¢ < go no character is exceptional: every sum >, 5 x(m)e(mf3)/m with H <
g has modulus at most 1 + loggq, so Lemma 5.1 gives M(XS < (7T +1logqo)v/a < ((7+
log qo)/loglog 3),/qloglogq. The theorem holds with C. = max(Cy, (7 4 log qp)/loglog 3).

O
The bound (6.1) is where the exponent £ comes from: the zero-density theorem gives a
power ¢36(1=9) of the modulus, times a power of log ¢, and @ is chosen so that 36(1 —6) = 3¢/4.

Any zero-density theorem of the shape (2.1), with 12(1 — o) replaced by ¢(1 — o) for an
absolute ¢, gives the same conclusion with § = 1—¢/(4c); with the exponents of Montgomery’s
Theorem 12.2 one may take § =1 — ¢/8.

Proof of Corollary 1.3. Let x be primitive modulo ¢ > 3, r < R < g and v a character
modulo r. By Lemma 5.3 the character x1 is nonprincipal, so by hypothesis L(s, x¢) # 0
for Res > 6, and in particular (1.1) holds. Theorem 1.1 gives the claim. O

7. THE LOGARITHMIC DERIVATIVE AT s = 1
In this section x is a nonprincipal character modulo ¢ > 3, not necessarily primitive.

Proposition 7.1. Let 1/2 < 0 < 1, with the parameters (3.1), let Ky be the constant of
Lemma 3.5 with § = &g, and put

. 6
T = (og(q+2)"" " +2, 5=+ ) +99.

— s
If L(s,x) #0 for Res > 6, |Ss| < T1, then |L'/L(1, x)| < Cslogloggq.

1
1 429K, (1 +
— 09

Proof. Write 0 = gy, a = ag, § = dg, and put
z = (log(q + 2))1/(1_0), Ty = 22,

so that > 1, 2'79 = log(q + 2), and Ty + 2 < T by (3.2). Note that L(1,%x) # 0 by
hypothesis, since Re1 > 6.

Let a(n) = x(n)A(n)/n and F(z) = S(a;x) = <, X(n)A(n)n~"1(1 — n/z). The Dirichlet
series of a is —L'/L(s + 1, %), so Lemma 3.1(ii) gives 27 F(z) = [*_®(2 + it) dt with

/ s

B(s) = L+ 100

For |t| > Ty Lemmas 3.3 and 3.6 give |®(2 + it)| < 162%(1 + |t|) 72, so this part of the integral
has modulus at most 32z%/(1 + Tp) < 32.

Consider the rectangle 0 —1 < Res < 2, |Js| < Tp. On a neighbourhood of it the function
—L'/L(s + 1, x) is holomorphic except for a simple pole at s = 0 with residue 1 (the pole
of L(s+ 1, x) is excluded since x is nonprincipal): indeed Re(s + 1) > o > 6 by (3.2) and
IS(s+1)] < Ty < T1, so L(s+ 1,x) # 0 there except at s = 0, where L(1,x) # 0 as well,
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and the pole of —L'/L(s+ 1,x) at s = 0 is the pole of the kernel 1/(s(s + 1)). The pole
of the kernel at s = —1 lies outside the rectangle, since 0 — 1 > —1/2. Thus ® has in the
rectangle exactly one pole, a simple pole at s = 0 with residue —L'/L(1, x). By the residue
theorem the integral of ® over the right side of the rectangle equals —27 L'/ L(1, x) plus the
integral over the left side plus the integrals over the two horizontal sides, with the appropriate
orientations. Consequently

/

L
21| = (1,X)| < 27|F(@)| + 32 + fies + Tiop + Toottom: (7.1)

where the three I are the moduli of the integrals of ® over the left and horizontal sides.

By Lemma 2.1(v), |F(z)| < Y ,<; A(n)/n <logx + 3.

On the left side s = 0 — 1 + it with |t| < T. Lemma 3.5 applies to L'/L(c + it, x), since
a+ 85 = 0 < 2 and the hypothesis gives L(s,x) # 0 for Res > a+ 26 (as a + 26 > ) and
ISs — t] < 2 (as To + 2 < T1); with Lemma 3.6 it gives |L'/L(o + it, x)| < 10K log(q +
2)(1 + |t[)/2. Moreover |s| > max(1 — o, |t|) > (1 — o)(1 + [t])/2 and |s 4+ 1| = |o + it| >
max(1/2, [t]) > (1 + [t])/3, so |s(s + 1)| > (1 — o)(1 + |¢[)%/6. Hence

* 60K log(q + 2) 271 240K,
—0o (I=0o)(1+]t]) l—0o

by the choice of x.

On the horizontal sides s = ¢/ £ Ty with 0 —1 < ¢/ < 2, and Ty > 1. For ¢’ < 1
Lemmas 3.5 and 3.6 give |L'/L(s+1, x)| < 10K log(q+2)(1+Tp)"/?, and for ¢’ > 1 the same
bound holds by Lemma 3.3, since K1 > 1. Also |2°| < 22 and |s(s +1)| > T > (14 Tp)?%/4.
Each horizontal side has length at most 3, so

Tiops Thottom < 3-40K7 log(q+2) 22 (14Tp)~3/? < 120K, log(q+2) 2™+ = 120K,27° < 120K].
Inserting these bounds in (7.1) and dividing by 27,

39K log 1 2 1
! +39K1:0g0g(Q+)+39K1(1+10)+9.

1—0 1—0

‘Il/j(l,x)‘ <logzx+3+6+

Finally loglog(q + 2) < 6loglog g for ¢ > 3, since the ratio of the two sides decreases in ¢
and is below 5.1 at ¢ = 3, and 1 < 11loglog ¢ since loglog3 > 1/11. This gives the constant
Cs. O

Proof of Theorem 1.4. As before let 0 < e < 1,0 =1—¢/48, and let C5 and T} = (log(q +
2))192/¢ 12 be as in Proposition 7.1. Let E;, be the set of nonprincipal characters xy modulo
q for which L(s,x) has a zero with Res > 0 and |Ss| < T3. By Proposition 7.1 every
nonprincipal x ¢ Ej, satisfies |L'/L(1, x)| < Csloglogq, and by Theorem 2.3, as E;, contains
only nonprincipal characters and 8 > 11/12,

Ejl < 3 N(0,T1,€) < co(qTh)* (log qT1)°.
& mod ¢q
§#&o
Here Ty < 2(log(q + 2))19%, so T7/* < 2(log(q + 2))*, and log(qTy) < logq + 1 +
192¢~ ! loglog(q + 2). Hence |E}| < ¢°/*P-(log q) for a polynomial P., and there is ¢; = ¢;(¢)
with |Ey| < ¢° for ¢ > q1. For 3 < ¢ < ¢1 there are finitely many nonprincipal characters, each
with L(1, x) # 0 by Dirichlet’s theorem [6, Chapter 4], so |L'/L(1, x)|/loglog g is bounded
on them by a constant C’ depending on ¢; no character is exceptional there. The theorem
holds with C. = max(C5,C"). O

APPENDIX A. PROOF OF THE ZERO-DENSITY THEOREM

This appendix proves Theorem 2.3. The argument is the one of Ingham and Montgomery [16,
21]: a zero of L(s, x) makes a mollified Dirichlet polynomial, or a mollified integral of L, large
at that zero, and the mean values of these objects over all characters to the modulus and
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over the height are small. Every estimate below is proved with an explicit constant. The
exponent 12(1 — o) obtained is far from the best known, which is why the theorem is stated
for 11/12 < o < 1 only; the proofs of Theorems 1.2 and 1.4 use nothing more.

Throughout, k > 3, T' > 2, x runs over the nonprincipal characters modulo %k, and

L =log(kT) > log6, o1 =2, X = kT, Y = (kT)3,
and o satisfies 11/12 < o < 1. Note that £ > 1.79, Y > 216 and 0 — 07 > 1/12.
A.l. Lemmas.

Lemma A.1. Let x be nonprincipal modulo k, let N > 1 be an integer and Res = o > 0.
Then

0= Y xmn~ + Ex(s0. B0l < k(1 2N
n<N
Proof. Put A(t) =>",,<; x(n), so that |A(t)| < k because the sum of y over a period vanishes.
For Re s > 1 partial summation gives 3°,o y X(n)n™% = —A(N)N~% + s [ A(t)t =571 dt; the
right side is holomorphic for o > 0 and bounded by kN~7 + |s|kN~7 /o there, and so is the
analytic continuation of the left side, since L(s, x) is entire.’ U

Lemma A.2. Let x be nonprincipal modulo k and t € R. The number of zeros p = 8+ iy of
L(s,x) with 8> 3/4 and |y —t| < 1/2, counted with multiplicity, is at most 71og(8k(|t| +4)).

Proof. Let ¢ = 2+it. Jensen’s formula [27, Theorem 15.18] for L(s, x) on the disc [s—¢| < 7/4
reads

7/4 1 2 7

log|L(c,x)|+ > log LI f/ log|L(c + 7€, x)| do,
lp—cl 27 Jo 4

|p—c|<7/4

the sum running over the zeros in the open disc with multiplicity. A zero with g > 3/4 and
|y —t] <1/2 has |p—c|? < (5/4)? + (1/2)? = 29/16 < 9/4, so it lies in the disc |p — c| < 3/2
and contributes at least log(7/6) to the sum. On the circle |s — ¢| = 7/4 we have Res > 1/4
and |s| < |t| + 4, so |L(s,x)| < 4k(|t| + 4) by Lemma 3.2. At ¢ the Euler product gives
[L(e, )| =TI, 11 = x()p~|~" > TI,(1 +p2)" = ¢(4)/¢(2) = 7*/15 > 1/2. Hence the
number of zeros in question is at most (log(4k([t| +4)) 4 log2)/log(7/6) < 7log(8k(|t| + 4)),
as 1/1og(7/6) < 6.49. O

Lemma A.3. Letk>1,T">1, N >1 and let by, ...,by be complex numbers. Then

> / Z bux(n)n =4 it < (43N +22kT") > |bal?,
T/

x mod k n<N

the sum on the left running over all characters modulo k.

Proof. Let K(t) = max(0,1 — |t|/(2T")), so that K > 1/2 on [-T",T’] and its Fourier
transform is
S L ’
et sin(77€) \ 2 . 2
_ /_OO K(t)e't dt = 2T’(T7,€> < 27" min(1, (T°€)~2),
which is nonnegative.® Writing S, (¢) for the inner sum, the integral on the left is at most
2 [ K(t)|Sy(t)|*dt, and

| K@IsOPdt = X bubix(m)x(m) (log(n/m).

mn<N

5The continuation of Zn<N x(n)n~° is itself, and that of L(s, x) is given by the same partial summation
from n =1, as in the proof of Lemma 3.2.
6For a triangle of half-width a and height 1 the transform is a(sin(af/Q)/(a§/2))2; here a = 27".
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Summing over the characters, -, x(m)x(n) equals p(k) if m =n (mod k) and (mn, k) =1
and 0 otherwise. Since K > 0 and |bybp| < (|bm|? + |bn|?)/2, the total is at most

) > lbwl* Y K(log(n/m)).

m<N n<N
n=m (k)
Fix m. The integers n = m (mod k) with |log(n/m)| < 1/T" lie in an interval of length
m(e/T — e Ty < 2m(e/T" — 1) < AN/T', since e* —1 < (e — 1)z < 2z for 0 < z < 1;
there are at most 4N/(kT") + 1 of them, and each has K < 2T". For j > 1, the n = m
(mod k) with j/T" < |log(n/m)| < (j + 1)/T" lie in two intervals, (me?/T", meU+t1)/T’] and
[me=U+D/T" 'me=i/T"); the first is empty unless mel/T" < N, in which case its length is at
most N(e'/7" — 1) < 2N/T’, and the second has length at most 2m/T" < 2N/T". So there
are at most 4N/(kT") + 2 such n, each with K < 277/52. Altogether

21.2N

! ’ /
B m§ (k)K (log(n/m)) < 2T (W +2)(1 +jz>; 72) <oT (ﬁ +2) 2,65 < 1067,
and the lemma follows on multiplying by 2¢p(k) < 2k. 0

Lemma A.4. For X > 1 and U > 1, with 7x(n) = #{d < X : d | n},
Z x(n)? < U(1 +log X)3.

n<U
In particular }Zd|n,d§X p(d)| < 7x(n), and Tx(n) < d(n) < 2y/n.
Proof. Expanding the square, the sum is
Y #{n<U:ldido]|n}<U
dy,d2<X di,d2<X

Writing g = (d1, d2), d; = ge;, thisisat most U Y- - g_l(zegx/g 6_1)2 < U(1+log X)3. The
bound d(n) < 2/n holds because the divisors pair off as d <+ n/d with min(d,n/d) < y/n. O

(dy,d>)
didy

Lemma A.5. Let f be holomorphic on a neighbourhood of the closed disc |z — zg| < r. Then

Gl < g [ ek,

Proof. For 0 < p < r the mean of f over the circle |z — zo| = p is f(20). Multiplying by p
and integrating over 0 < p < r gives f(z0)7?/2 = (2m)~! [[ fdA, so f(zo) is the mean of f
over the disc, and the claim is the Cauchy—Schwarz inequality. 0

Lemma A.6. For u> 0 and ¢ > 0 put

1 c+1i00
O(u) = — ey d—w
271 Je—ico w
The integral does not depend on ¢, and (i) |®(u)| < e~ (08W*/4/(\/Tlogu) for u > 1; (ii)
|®(u) — 1| < e~ 08W*/4/( /x| logul) for 0 < u < 1; (iii) |®(u)| < 2 for every u > 0.

. 2 2_ .2 . .
Proof. On the line Rew = ¢ we have |[e""| = e“ %", w = ¢+ iv, so the integral converges

absolutely, and by Cauchy’s theorem it does not change when ¢ > 0 is moved, the integrand
being holomorphic for Rew > 0 and tending to zero as |Sw| — oo uniformly in bounded

vertical strips. Moving the line to Rew = —c¢ < 0 crosses the simple pole at w = 0, of residue
1, so
1 [mefico o dw
P(u) =14+ — YTV — > 0). Al
(u) =1+ 21 /_c_ioo e w (e ) (A1)

Now |u%| = u~Rew and |ev”| = e(Rew)?—v* and fe_“2dv = /m. Foru > 1 take ¢ = (logu)/2
in the definition: then u¢e®” = ¢~¢* = ¢~(lo8w)?*/4 and |w| > ¢, which gives (i). For u < 1 take
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¢ =|logu|/2 in (A.1): then u®® = e~ and (ii) follows in the same way. For (iii), if u > 1
take ¢ = 1/2 in the definition: u=¢ < 1, e = e¥/4 and 1/|w| < 2 give |®(u)| < '/4//7 < 0.73;
if u <1 take c=1/2in (A.1) and get |[®(u) — 1] < 0.73. O

For X > 1 and a character xy modulo k put

Mx(s,x) = Y pld)x(d)d™,  a(n) = > u(d),
d<X dln
d<X
so that a(l) = 1, a(n) = 0 for 1 < n < X, |a(n)] < 7x(n), and L(s,x)Mx(s,x) =
Yo a(n)x(n)n=® for Res > 1.

Lemma A.7. Let x be nonprincipal modulo k, X, Y > 1,0< o0y <1, and let p =+ iy be
a zero of L(s,x) with o1 < < 1. Then
dw

1 0176+ioo 5
> alw)x(mn* e(n/v) = 5 - | L(p+w, x)Mx(p+w,y) Y¥e” 22
et 21t Joy—B—ico w

and the series on the left converges absolutely.

Proof. Take ¢ =2 — 8 > 0 in the definition of ®(n/Y") and sum over n; the double integral
converges absolutely because Re(p + w) = 2 and |a(n)| < d(n) < 24/n, so the sum and the
integral may be exchanged and the left side equals (2mi)~! JRew=2_p L(p +w, x)Mx (p +

w, x)Ywe“’2 dw/w. The integrand is holomorphic in the strip o1 — f < Rew < 2 — 3 except
for the simple pole at w = 0, whose residue L(p, x) Mx (p, x) vanishes; on horizontal segments

Sw = £V it is bounded by e4=V? times a polynomial in V', by Lemma 3.2 and the trivial
bound for M, so the line may be moved to Rew = o1 — . O

A.2. The proof. Let x be nonprincipal modulo k& and let Z be a set of zeros p = 5 + i~y of
L(s,x) with 8 > ¢ and |y| < T whose ordinates are pairwise at distance at least 1; we call
such a set 1-spaced.

Step 1: reduction to 1-spaced sets. For j € Z let I; = (j — 1/2,j + 1/2]. If I; contains an
ordinate of a zero counted by N (o, T, x), choose one such zero p;; the chosen zeros with j
even form a 1-spaced set, and so do those with j odd, since ordinates in I; and I; o differ by
more than 1. By Lemma A.2, applied with ¢t = j and 8 > ¢ > 3/4, each I; with |j| < T+1/2
holds at most 7log(8k(T + 5)) zeros. Hence

N(o,T,x) < 141og(8k(T + 5)) max |1Z] < 42£m§x |Z|, (A.2)

the maximum over 1-spaced sets, because 8(T + 5) < 287" and log 28 < 1.87L.
Step 2: the two classes. Let Z be 1-spaced and p € Z. By Lemma A.7 with 01 = 5/6
(note > o > 01),
(L/Y)+ Y almx(mn Pe(n/Y)+ ) a(n)x(nnfe(n/Y)=1(p),  (A:3)
X<n<Y? n>Y?2
where I(p) is the integral of that lemma. By Lemma A.6(ii) and Y > 216, |®(1/Y)| >
1— e (8Y)*/4/( /TlogY) > 1/2. For n > Y2 we have log(n/Y) > logY’, so Lemma A.6(i)
gives |®(n/Y)| < (Y/n)108Y)/4/(\/mlogY), and with |a(n)| < 2v/n, > 11/12, the third

sum in (A.3) has modulus at most

7/6—(log Y) /4
Ly(lng)M /OO 512 (oY) /4 g 2 Y /6—(logY)/ _1
VrlogY Y2 VrlogY (logY)/4—7/12 — 8’

the last step because the middle expression decreases in Y and is below 0.11 at Y = 216.7
Consequently every p € Z is of class I, |[Yx o <y2 a(n)x(n)n=P®(n/Y)| > 1/4, or of class II,

[1(p)] = 1/8.

"The summand decreases in n, so the sum over n > Y? is at most the integral from Y?2.
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Step 3: class I. Split (X, Y?] into the blocks (U, 2U] with U = 27X, j > 0, the last block
cut at Y?2; there are at most 2log(Y?)/log2 + 1 < 4logY blocks. For a class I zero some
block has |Dy(p)| > 1/(161ogY’), where

Dy(s) = > a(n)®(n/Y)x(n)n"",
U<n<min(2U,Y2)

a Dirichlet polynomial whose coefficients do not depend on p. Fix U and put r = 1/(2log(2U)),
so that » < 1/4. The discs |s — p| < r, p € Z, are disjoint and lie in the rectangle
o—r<Res<1+r |Ss| <T' withT' =T+ 1/2, so Lemma A.5 gives

4(log2U)? (7 (T ,
S 1u(P < WE2 [ Dy (et infdi
peZ m o—r J-=T'
For fixed x in that range, n=2* < n=29(2U)* = en=2° < eU % for n < 2U, so by
Lemmas A.3 and A.4 and |®| < 2,

T/
Z/ | Dy (x + it)|*dt < (86U + 22kT") - 4e U 27 - 2U (1 + log X ).
T
X

The z-range has length 1 — o + 2r < 7/12. With 7" < 5T/4 and U > X = kT we have
(86U + 22kT")U'%7 < 114max(kT X727, U%727) < 114(kT)">(1=9) because 2 — 20 <
12(1 — o) and U < Y2 = (kT)%. Also log(2U) < log(2Y?) < 6.4L£ and 1 + log X < 1.56L.
Therefore

2
S>3 Dulp))? < A64L) 112 e 2114 (1.56L)3 (kT)'2(1=9) < 3.10° £5(kT)'2(1=9),

T

X pEZy
The class I zeros attached to the block U number at most (16logY)? = (48£)2 times this,
and there are at most 4logY = 12L blocks, so

S #{p € 2, of class I} < 10" L8 (kT)12(1~). (A.4)
X
Step 4: class II. Write F(s) = L(s, x)Mx (s, x). For p of class II, with w = o1 — 5 + v,
we have —1/6 < Rew < —1/12, so [¢®’| < '/36e=v" |w|~! < 12 and YRe™ < Y1-9; thus

12¢1/36
<

o
< I(p)| < yol—"/ e~ |F (o1 + iy + )| do

2 S
0o
< 27_[_1/4Yglfa (/

o0

col

1/2
e |F o1 + iy + iv)Pdv)
by the Cauchy—Schwarz inequality. Squaring and summing over the class II zeros of Z,
oo
#{p € Z of class I} < 454Y2(@179) / |F(oy + i) w(tydt, — w(t)=Y e
o =
Since the ordinates are 1-spaced, at most one of them lies in each interval [t+j—1/2,t+j+1/2),
sow(t) <1+23754 e~ 1/2* < 3. Let Ty = T+4L. For |t| > T the distances |t —v| exceed
u = [t| =T > 4L and at most one lies in each [u + j,u +j+ 1), so w(t) < 325 e~ (wti)? <
1.4e7**; and |F (o1 + it)] < Sk(t) + 1) - 6X'/6 by Lemma 3.2 and dod<x d=5/6 < 6X1/9,
Hence, using (u+ T + 1)% < 2u? + 8¢%4, [ u2e " du < ae™®" and [ e du < e~ /(2a)
fora > 1,

/ |F (o1 + it)Pw(t) dt < 2-52k2X /3 . 1.4(8L + €2£)e 165" < 292 ¢13£/3-166% < 1
‘t|>T2
On [t| < Ty apply Lemma A.1 with N = [(kT2)?]: |En(o1 + it,x)| < k(1 + %(Tg +

1) (kT) =% < 2.3(kT2)"2/3 < 1, as kTy > 27. So |F|? < 2|PyMx|? + 2|Mx|? with Py(s) =
> nen X(n)n~%. By Lemma A.3, > f_TZT2 |Mx (01 +it, x)[?dt < (43X +22kT2) Y 4 x d=—5/3 <
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163 kT5. The product PyMx is >, «nx dmx(m)m™* with |by,| < 7x(m); cut it into the
blocks m € (U,2U], U =27, 0<j < J, 2/ < NX < 2(kT3)?, so that J + 1 < 11£ (we use
Lo = log(kT>) < 2L, since Ty < 3LT and log(3L) < £). By the Cauchy—Schwarz inequality
|[PxMx|* < (J +1)X;|Bj|?, and for each block, by Lemmas A.3 and A .4,

T>
Z/ |Bj(o, + it)[2dt < (86U + 22KT5)U~5/3 . 2U(1 + log X)?
x /T2

< 2(1+1log X)3(86 - 1.26 + 22)kTs < 103L3 kT,

using U3 < (2(kT»)%)'/3 < 1.26 kTy. Collecting,

Ts
Z/ |F(oy 4 it)|?dt < 2(11£)%* - 103L3kTy + 2 - 163 kT, < 2.5 - 10° £ kT,
x 7T

and with k75 < 3L kT and Y?2(01-9) = (kT)5-67

> " #{p € 2, of class II} < 454(3-2.5-10°L> - 3L KT + k) (KT)*%7 < 1.1-10° £ (kT)0—).
X
(A.5)

Step 5: conclusion. By (A.2), (A.4) and (A.5), choosing for each x a 1-spaced set of largest
size,

3" N(o,T,x) < 42£(10"°£8 + 1.1 - 10°£5) (kT) 2= < 10" (kT)" 2 =) (log kT)°,
X7X0

which is Theorem 2.3.

APPENDIX B. THE ZERO-FREE HALF-PLANE Res > 11/12

This appendix proves the zero-free half-plane that Theorem 1.5 uses, so that the paper is
complete in itself. The theorem and its proof are due to OpenAl [24]: the argument below is
their argument, reproduced step by step in our notation, with the published results it rests
on cited at the places where they enter and with the computations that the preprint leaves
to the reader written out.® We claim no originality for anything in this appendix.

Theorem B.1 (OpenAl). Let K = Q(v/—3). Every finite-order Hecke L-function over K
has no zero in the half-plane Res > 11/12. In particular every Dirichlet L-function, the
Riemann zeta function included, has no zero with Res > 11/12.

The strategy is the following. A zero of Ly (s,v) with Res > 11/12 would prevent a power
saving D'/12+¢ in the smoothed Méobius sums 3 p(n)v(n)W (Nn/D) of the field, by a Mellin
transform argument of Littlewood’s kind. That power saving is extracted from a mean square
over a family of such sums twisted by sextic residue symbols yn(u), u € O, because the
twist by u = p® differs from the untwisted sum by O(D/Np) only. The mean square over u is
opened by Poisson summation; the Gauss sums that appear absorb the Mébius function and
become cubic Gauss sums, which are Fourier coefficients of Kubota’s cubic theta function.
The automorphy of that theta function turns the sextic twists into quadratic ones, to which
the quadratic large sieve of Goldmakher and Louvel applies; the cube factors that the theta
function carries are removed by Mobius inversion, and the sums that this leaves are of the

8Two preprints of OpenAl prove such a half-plane. The first [23] proves Res > 7/8 and is written in
Lean 4; its kernel check is the one recorded in the data availability section. The second [24] isolates the weaker
half-plane Re s > 11/12, which is an intermediate step of the first, and gives it a proof of ordinary length; it is
this second proof that we reproduce. The transfer theorem gives Theorem 1.5 from either half-plane, with a
different constant, so the choice of the shorter proof costs nothing but the constant.
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original kind at smaller scales, so that a finite iteration closes the argument.? Figure 4 shows
the parts.

over Q(v/—3) with Res > 11/12

i

Pfoposition B.2 (mean square): Y | ¥ su(n)u(n)ya (w)W(Nn/D)[* < D0+ ;

T
Mellin inversion (B.2) turns the saving into the half-plane

/

‘ Theorem B.1: no zero of a finite-order Hecke L-function ’

Poisson summation with excluded ) f Reduction to the dual mean square
primes (Lemma B.4) and the Gauss £, (Proposition B.7) and the
sum identities (Lemma B.3): the canonical induction (Proposition B.8):
Moébius sums become cubic Gauss sums a finite iteration at smaller scales
Cube reduction (Lemma B.10) and Transfer (Proposition B.11): two more
Proposition B.9: the completed sums Poisson summations (Lemmas B.18 to B.20)
T(X;k, f) are bounded on average return to sums of the original kind,
over k by D(H+ H’Nf/X) losing only a divisor function

7
Kubota's cubic theta

function: automernh quadratic large sieve smooth weights: separation
' NOrpAay, (Goldmakher and of variables and the
Patterson coefficients, ; g
Louvel, Lemma B.16) recombination of row
the fixed ray class d A K s (L B.21
transformation an Equare ge(i 7rows erne s].3 (2 ;rm]j;aisS .
(B.12 to B.15, §B.14) (Lemma B.17) to B.23, §B.15)

The argument of OpenAl, Appendix B; the arrows point from a result to the result that uses it.

FI1GURE 4. The structure of the proof of Theorem B.1. The half-plane follows
from the mean-square estimate of Proposition B.2, which is proved by Poisson
summation, the canonical induction of Proposition B.8 and the transfer of
Proposition B.11; the cubic theta function and the quadratic large sieve enter
through Proposition B.9.

B.1. Notation. Write O = O = Z[w] with w = ¢*™/3, and N(a) = aa = |a|? for a € K,
N(a) = #(0O/a) for a nonzero ideal. The ring O is Euclidean, so every ideal is principal.
An element is primary if it is congruent to 1 modulo 3; since the six units represent the six
invertible classes modulo 3, an ideal prime to 3 has a unique primary generator, and we write
w(n), v(n) and so on for the values at the ideal (n). Put A = 1+ 2w, so that (\) is the prime
above 3 and A\? is a unit times 3. For a primary prime p { 6 and p { u, (u/p)g is the sixth
root of unity congruent to «(N?=1/6 modulo p, and (u/p)s = 0 for p | u; this is extended
multiplicatively in the denominator to

u .
) = (%) (n primary, (n,6) = 1),
with x1 = 1, including at u = 0. The quadratic and cubic symbols are x3 and x2.1° Define
the additive character

e(2) = exp(4miIm 2/+/3) (z €C),

9The sketch is that of [24, §2]. The role of the cubic theta function goes back to the work of Heath-Brown
and Patterson on Kummer sums [14], and the completion by cubes and its inversion to Dunn and Radziwill [8];
the iteration is the admissible-exponent method of Heath-Brown’s quadratic large sieve [12].

10Fqp j an integer, xg, means the jth power on (O/(p))* extended by zero on the multiples of p; in particular
X5(z) = 1,4,, which is not the constant 1. This convention matters in the theta transformation of Section B.14.
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which is trivial on O and, for primary squarefree n prime to 6 and an integer j, the normalised
Gauss sums

vi(n) = Xn(z)e(x/n a(n) = - B.1
j rm%n /n), (n) (B.1)
For j = —1 the character is x,. We use 1¢ for the indicator of a condition, v, for the exponent
of a prime, 74iv(b) for the number of ideal divisors of (b), and radt for the product of the
distinct prime divisors of t.

The notation f < g means |f| < Cg with an absolute constant unless subscripts list
the parameters the constant may depend on; f < g means f < g < f. A dyadic range is
R < Na < 2R. Throughout, D > 2 is the norm scale of the original M&bius sum and all other

scales are bounded by fixed powers of D; we write
A< B if A< DB for every ¢ > 0,

uniformly in the varying parameters, the constant depending also on the fixed data of
each statement. For a compact interval I C (0,00) and a smooth W supported in I,
[Wlles(ry = maxj<ysup; [WU)|; for functions of several variables all partial derivatives of
total order at most J are taken. A star on a sum restricts the index to squarefree primary
elements, prime to the finite set .S of primes fixed in the next section.

Finally, the ray class group modulo an ideal m is the group of fractional ideals prime to m
modulo the principal ideals with a generator congruent to 1 modulo m; a ray class character
is a character of this finite group, and the ray class of an element prime to m is the class of
the ideal it generates.

B.2. From the mean-square estimate to the zero-free half-plane. Fix a finite-order
Hecke character v of K, extended by zero to the ideals not prime to its conductor, and a
finite set .S of prime ideals containing the primes above 2 and 3 and the primes dividing the
conductor of v. Write (a,S) = 1 if no prime of S divides a. For W € C¢°((0,00);C) and
u € O define the family

Y wn)v(n)xn(u)W(Nn/D), (B.2)
(n,9)=1
where n runs over the ideals prime to S, represented by their primary generators. The

untwisted sum is A; (D). The whole appendix is devoted to the following estimate.

Proposition B.2. For every fired 0 < ¥ < 1/10 and € > 0 there is an integer k = k(v¥,¢) > 1
such that for every compact interval I C (0,00), every smooth W supported in I and every
D >2,

. 2
> AuD)P <usroe (max W) DT (B.3)
0<Nu< D1+ 0=js<k
u<

The proposition is proved in Section B.9. We first deduce the theorem from it.

Proof of Theorem B.1 from Proposition B.2. Fix 0 < ¢ < 1/10 and put H = D'V v =
H'/6. For a prime ideal p ¢ S with Y/2 < Np <Y let p be its primary generator. Then
Xn(P®) = 1y, s0 A1(D) and Aye(D) differ only in the terms with p | n:

[A1(D) = Aps(D)| < [[Wloo #{n: (n,5) =1, p[n, Nn < D} <w D/Y.
By Landau’s prime ideal theorem [20] there are J < Y/logY such primes, and their sixth

powers are distinct rows u of norm at most H.!' Apply (B.3) with the loss £/2 and use

111 a mean square we call the variable of the outer sum the row and the variable of the inner sum the
column; in (B.3) these are u and n.
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logY <. D/

2 D2
DI <= Y 4D+ 0w (55)
J Y
Y/2<Np<Y
(.5)=1 (B.4)
D2+19+€ D2
<Ly, S, W,0,¢ — 4 vz _ D11/6+519/6+a + D5/3_’9/3-

Hence Ay(D) < D'/12+59/124¢  For g requested exponent loss choose 9 and then e small,
and rename the total loss e:

Ay(D) <, 5we D12+, (B.5)

Suppose now that Lx (s, v) has a zero ¢ with Re p > 11/12. Take 0 # ¢ € C°((1,2)), ¢ > 0,
and W(y) =y~ ?¢(y). With W(s) = [;° W (y)y* dy/y we have W(o) = [ ¢(y) dy/y > 0. The

function

Moy (s) = /0 °° Al(D)D*S%

is holomorphic for Res > 11/12, because (B.5) controls the integral at infinity and A;(D)
vanishes for small D by the compact support of W. For Res > 1 termwise integration gives
— n)v(n W(s _
M) =) 3 MU — o L(s) = (o) TLO = vlo)Ne ).
(n,5)=1 K\8:V pes

By Hecke’s continuation theorem [15] and the identity theorem, L3 (s, v) My (s) = W (s) on
Res > 11/12. The omitted Euler factors do not vanish there, so at s = g the left side is 0
and the right side is W (o) > 0, a contradiction.

For a Dirichlet character x, let x_3 be the nontrivial character modulo 3. Quadratic base
change gives, up to Euler factors without zeros in Re s > 0,

Lk (s,x oN) = L(s,x)L(s, xx-3),

so the Hecke statement excludes zeros of either factor off s = 1; at s = 1 a zero of one factor
could only cancel a pole of the other when x is principal, and then it would be a zero of
L(1, x—3), which is positive by Dirichlet’s theorem [6, Chapters 4 and 6]. O

B.3. The arithmetic identities. Poisson summation in the row variable will produce the
Gauss sums (B.1), and the identities of this section convert the Mobius coefficients into the
cubic coefficients

ag(n) = a(n)ya(n)é(n) (n squarefree primary, (n,S) =1), (B.6)

where £ is a ray class character of a fixed modulus. That modulus is chosen once and for
all: supported on S, divisible by the conductor of v, and large enough that every reciprocity
factor below depends only on the ray class; a function on the ray class group is then a finite
linear combination of characters £ by orthogonality, which is how v and the factors G, R
below are absorbed into the twist &.

Lemma B.3. On the fized ray class group there are a function G with values in the unit circle
and a symmetric {£1}-valued bicharacter R, that is, R(a,b) = R(b,a) and R is multiplicative
in each argument, with the following properties. For primary a,b,n prime to S with (a,b) =1
and n squarefree,

Xb(a) = R(av b)Xa(b)a G(ab) = G(Q)G(b)R(aﬂ b)? (B7)
2(n)? = p(n)a(n), 71 (n)y2(n) = p(n)a(n)G(n), (B.8)
G(n) = xn(4)13(n), Y1(n)y-1(n) = Xn(—1). (B.9)
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Consequently, for such n and for coprime squarefree a,b,

a(n)ya(n)n(n) = pn)G(n), (B.10)
p(n)y-1(n) = xa(=1)G(n) ""a(n)ra(n), (B.11)

ag(ab) = ag(a)ag(b)xb(a)4, (B.12)
Ya(~1)T@GB)R(a,b) = Glba), (B.13)

where the identity for G(ab
n (B.13) is taken there.

extends to all classes of the ray class group and the quotient

Proof. The Gauss—Jacobi relations (B.8). Set G(n) = xn(4)v3(n) for squarefree n; that it
factors through the ray class group is shown below. Fix a primary prime p ¢ S and, for
characters A, B of (O/(p))* extended by zero, the Jacobi sum J(A, B) =37, 1,04, A(z)B(1—
x). The substitution v = 22 — 1 shows that 4z(1 —x) = y has 1 + X;’)(l — y) solutions x
modulo p, so

Xp(4)J (Xp: Xp) pr4:v1—x pr A+x0 =) = T(xp x)-

The Gauss-Jacobi identity v1y3/74 = J(Xp, Xp) /+/Np (see [17, (3.18)]) and the same identity

for J(xp, xp) give
2

n(P)sp) 71(p)
wlp) o(4) Y2(p)

For j # 0 (mod 6) one has v;(p)y—;(p) = xp(—1)7; with j = 2 this is v2(p)ya(p) = 1, as x is
cubic. Cancelling 71 (p) and rearranging,

7 (P)72(p) = Xp(H)73(p)72(D)°.

It remains to evaluate v2(p)® = 72(p)?/74(p) = J(XZQ,, X%)/\/Np. Put ¢ = Np. The Jacobi sum
lies in O and has norm ¢. Reducing modulo p and expanding the binomial,

-1)/3
_ _ —1 q—
Xp?Xp Zm 31 ]._l' 3 Z < e g )/3>Z$31+€EO (mod p),

since each exponent (q —1)/3 + ¢ lies strictly between 0 and ¢ — 1. So J(x32, x2) is a unit
times p. Write Xg(z(l — 1)) = wl* for x # 0,1; the product of all (1 —x) is 1,50 3. j, =0
(mod 3), and since (w — 1)? generates (3),

JOG2) =Y wr=@-2)+w-1) Y jz.=-1 (mod 3).
70,1 z#0,1

With p =1 (mod 3) this fixes the unit: J(x2,x2) = —p, s0 72(p)> = —a(p). The Chinese
remainder theorem extends both prime identities to squarefree n, one sign —1 for each prime
factor giving p(n).!2

The identity (B.12). For coprime squarefree primary a,b prime to S, ~2(ab) =
y2(a)y2(b)xa(b)?xs(a)?, and cubic reciprocity gives x.(b)> = xp(a)?; multiplying by
a(ab)t(ab) gives (B.12).

Reciprocity (B.7) and the first identity of (B.9). For ¢ € O prime to 2 we show

Fouaa(c) = e 7 37 e(lﬂ/c):% S e(—ey?/d). (B.14)

x mod ¢ y mod 20

12The Chinese remainder theorem gives v, (ab) = v;(a)v; (b)xa(b)? xs(a)’ for coprime a, b; for j = 2 cubic
reciprocity makes the two symbols equal, and for the products of two sums with j + j° = 0 the symbols cancel.
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Apply Poisson summation over z € O to e(22/ 0)6_7”7‘2'2, 1n > 0. The Fourier transform of
this product is

%e—mewlZ/@rwe(_cy? Jdr), =1+ 3N/ 16.
Divide both sides by the Gaussian mass ), e~ ml? < n~!. Replacing ry by 1 on the Fourier
side changes it by O.(n? >y ly|2e=Cenlvl*) = O,(1), which is O.(n) after the division. Group
the original sum modulo ¢ and the Fourier sum modulo 20 and let | 0 to get (B.14). For
¢ =a+ bw it reads
I quad(a + bw) = %(1 + 47 44T 507,

50 I'quad(c) depends only on ¢ modulo 40 and is invariant under multiplication by squares of
(O/40)*; on the four square classes 1, —1, A\, =\ it takes the values 1, 1,7, —i. Hence

Fquad(CICQ)
Fquad(cl)rquad(CQ)’
R((=1)N, (=1)9A") = (=) H9+0 (e, f,9,h € {0,1}),

is a symmetric bicharacter on these classes. For a prime p every y has 1+ X;(y) square roots,
so grouping by y = 22 and using >y e(y/p) = 0 gives I'quaa(p) = 73(p), and the Chinese
remainder theorem extends this to squarefree n. With cubic reciprocity this identifies R with
the quotient xp(a)/xq(b) for coprime primary a,b. Since x.(4) = (—2/c)3 = (¢/(—2))3 is a
character modulo 2, the function G(c) = xc(4)I'quad(c) factors through the fixed ray class
group and satisfies (B.7), with R(c, ¢) = xc(—1).

The quotient (B.13). In the ray class group the multiplicativity of G gives G(a™!) =
Xa(=1)G(a), and then G(ba™!) = G(b)G(a HR(b,a™!) = xa(=1)G(a)G(b)R(a,b) by the
symmetry and multiplicativity of R.

The conversions. The second identity of (B.9) is the inverse-character Gauss identity.
Multiplying the second identity of (B.8) by a(n) gives (B.10), and combining it with y1y_1 =
Xn(—1) gives (B.11). O

R(Cl, CQ) =

Under Poisson summation, (B.11) converts the Mobius coefficients into a¢(n), up to fixed
ray class factors, and (B.10) converts them back.

B.4. Poisson summation with excluded primes. The row sums to which Poisson
summation is applied carry a coprimality condition, and we record the formula with that
condition included, so that its effect on the frequencies and on the normalisation is visible.
In quotients and Gauss sums every ideal is represented by a fixed generator, primary when
the ideal is prime to 3.

Lemma B.4. Let H > 0, let v be a nonzero ideal, let ®(Nk/H) be a smooth radial Schwartz
weight on O, and let x be a primitive character of (O/m)*, viewed as a function on O by
reduction modulo m and extension by zero. Write v(x) = Nm~1/2% x(z)e(z/m) for
its normalised Gauss sum. Then

> RLegae /1) = 2T 52 MOMD e may

keO djrad ¢ heO

where ®(|w|?) = ff(c (|z1*)e(—zw) dx dy, the measure giving O covolume one. If x is

nonprincipal then X(O) = 0 and the zero frequency contributes nothing; for the principal
primitive character (m = 1) the zero frequency contributes H®(0) [T, (1 — Np~1).

Proof. Inclusion—exclusion and k = df give

ZX Lho—1®(NEk/H) = > u(d ZX (Hljéd)

dlrad ¢
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Apply Poisson summation on the lattice O in ¢, on the residue classes modulo m, at the scale
H/Nd [17, Theorem 4.5]; the finite Fourier transform of a primitive character is v Nmy(x)x (h)
for every h [17, (3.12)], which gives (B.15). The statements about the zero frequency follow
by summing u(d)/Nd over d | rad . O

B.5. The dual mean square.

Definition B.5. Let H, X, F > 0 be the norm scales of the row k € O, the column n and
an auxiliary index f. For a ray class character £ and a smooth compactly supported W on
(0,00) the dual mean square is

* 2
E(H, X, F;€, W) X = > Y Z e xa(B)xa (/)W (Nn/X)|. (B.16)
F<Nf<2F 0<NE<H (n,S)=
(f.9)=
The twist x,,(f)* will arise from the common factors of two columns; note that x,(f)*
enforces (n, f) = 1 since x,(f) = 0 otherwise. Write & for the same expression with the
further restriction (n,t) = 1 on the column. The restriction is removed at the cost of a divisor
factor, without changing the row range or the product X F.

Lemma B.6. Let ry be the product of the primes dividing v outside S. For H,X >0, F > 1
and smooth compactly supported W,

X pNde, w). (B.17)

E(H, X, F; &, W) < Taiv(ro) Zg( "Nd’

dlro

Proof. Let Ci(X;k, f) be the inner column sum of &. Inclusion—exclusion over d | ro, the
substitution n = dm and (B.12) give

Ce(Xik, ) =Y uld) D27 ag(n)xn(k)xn ()W (Nn/X)

dlro (n S)=1

dn
> uld)ag(d)xalk)xa(f)* CL(X/Nd; k, df),
d|ro
(d,f):l

because Y,(d)* enforces (m,d) = 1 and combines with x,,(f)* into xm(df)?*, while the
terms with (d, f) # 1 vanish. Each coefficient in front of C; has modulus at most one.
Cauchy—Schwarz in d gives the factor 74iy(ro), and enlarging the injective image f — df to
the whole squarefree range FNd < N(df) < 2FNd gives the terms on the right of (B.17); the
normalisation is unchanged since (X/Nd)(FNd) = XF. O

B.6. Reduction to the dual mean square.
Proposition B.7. Fiz 0 <9 < 1/10 and put H = D'+, For each fized C > 1 and all real
B, F > 1 consider the ranges
D CD? D
X=— < — XF=—. B.1
BF’ O<H_HBQ’ B (B.18)
Suppose that for every e > 0 there is an integer J = J(¥,¢) > 1 such that, for every compact
interval I C (0,00) and every smooth W supported in I,
EM, X, F; 6, W) <y 51,009, HW”CJ DeXF. (B.19)
Then Proposition B.2 holds.

Proof. Write I = [ag,bp] and N = N. Choose a nonnegative radial Schwartz weight ®
with @ > 1 on [0,1] and supp® C [0,Cs] for a fixed Cp > 0.} Tt suffices to prove

13Such a weight is the square of a real radial Schwartz function with compactly supported Fourier transform,
rescaled; its Fourier transform is then a convolution of compactly supported functions and is itself compactly
supported.
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Mp K HWHCJ, HDs# for some J' = J'(¢,¢), where

LY aW@/H)| Y umpmxaW N/, (B.20)

uGO (n,9)=1
since the left side of (B.3) is at most DM p.
Ezpanding the square. Conjugate the inner sum, expand, and put g = (n1,n2), n; = g2;;

the squarefree indices satisfy (21, 22) = (2122,9) = 1 and xn, (W) Xny (1) = L(y,g)=1 Xz (U)X 2, (1)
The character x = Xz, Xz, is primitive modulo z; 22, so Lemma B.4 with the exclusion g gives

Hu(e)x HN(h)
Z(I) (u,g)=1X (1) = Z \/2172 ( )N(Zl)N(Z2))‘

(B.21)
The zero frequency occurs only for z; = z9 = 1 and contributes
H -
Z=590) Y [WN(@)/DPI(1- —) <o H|[W2.

(9,5)=1 plg
All h # 0 are retained, including those with z; = z9 = 1. L
Converting the coefficients. Expand the fixed ray class function v(t)G(t™1) = D¢ ce§().
The Chinese remainder theorem and (B.11), (B.13) give!*

p(z1)p(z2)v(21)v(22)7 (X Xze) = D Ceae(21)ae(22). (B.22)
¢

Put Wy(z) = 2~ /2W (z). Substituting (B.22) into (B.21), with the factor 1/D of (B.20),
MD—Z:ZC§Sg, IMp — Z] <<m?X\S§\,
3
the sum over ¢ being finite and fixed. Fix £. Using x.(e) = x.(€?),

Se= X Z“ DS 3" ael)ac)e (hede (he)

g e h#0 21,22
l9 7 (z1,22)=1
(2122,9)=1

Nlos s N~ HN(h
XWo((lg)l))WO( (19)2)) (N(e)N(ZE)])V(ZQ)):

where starred variables are squarefree, primary and prime to S, and h, k range over nonzero

elements of O. We must show |S¢| < HWHCJ/ )HD‘E.
Removing the coprimality of the columns. Insert 1., .,)—1 = Zv\zl7v|22 p(v) and put
zj = vmj. By (B.12) the common factor satisfies ac(vm) = ag(v)ag(m)xm(v)* and

|a5(v)xv(he5)|2 = 1(v7h):1, with (v,e) = 1. Thus

p(e)p(v)N (g —
R E Z TN () PSS atmagtm)
elg h+#0 mi,ms2
(9,) 1 (hyw)=1(m1mz,gv)=1

N(gvmq) N(gvma)\ = HN(h)
gD : )WO( gD 2) (N(e)N(v)2N(m1)N(m2))’

with no restriction (mq,mg) = 1 left. Make the bijective change of variables

b:g/ea f=ev, k=eh; e:(fak)a U:f/€7 g = be, h:k/e

X Xy (he5v4)xm2 (hedvt) Wy (

1By the Chinese remainder theorem the Gauss sum factors as v(Xz; X=2) = 7—1(21)71 (22) X271 (22) X 22 (21)-
Convert pu(z1)y-1(21) by (B.11) and u(z2)71(22) by (B.10). The ray class factors then collect, by (B.13) with
t=z125 ", into Xz, (=1)G(21) " G (22)R (21, 22)v(21)v(22), which equals v(t)G(t™1).
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Then b, f are coprime and squarefree, k # 0 is arbitrary, gv = bf, he’v* = kf*, u(e)u(v) =
pu(f) and N(g)/N(e) = N(b), so

Se =y X HONBY X aclm)aclmz o, (f Vs )

k£0  m1,m2

(b, )=1 (mama,b)=1
N(bfm N(bfma)\ = HN(k
% WO( (D 1))WO( (D 2))¢(N(f)2N(m(1))N(m2))' (B.23)

The characters enforce (mj, f) = 1, so only the exclusion (m;,b) = 1 is displayed. The
supports give N(b)N(f) < boD and 0 < N (k) < Ceb3D?/(HN (b)?).

Dyadic ranges and the smooth weights. Partition B < N(b) < 2B and F < N(f) < 2F
dyadically, write Sg.p p for the corresponding part of (B.23), and put

D C1.0D>
X=—2, H="2

BE’ = HB2 C]7q> :maX(2,Cq>b(2)),

which satisfy (B.18). In the variables z; = N(m;)/X the coupled weight is

lC[Lf’k(l‘l, 562) == WQ(T’J/‘l)Wo(’I“QTQ) (/I\)(:L‘1$2>,
N(B)N(S) HN (k)
r=—pr <L = N(pxe =

and for every integer ¢ > 0 these kernels satisfy supy, ¢ . [IKCo, 1.k [lca([ag /4,00)2) <1,8.9 HWHZCQ(I)
For U € C(1,), I, = [ao/8, 2by], put

Su(b, fk) = 3 agn)xn(k)xa () UN(n)/X).
(n,S)=1
(n,b)=1

The shifts (X, F) — (X/N(d), FN(d)) preserve (B.18), so Lemma B.6 and the hypothe-
sis (B.19) with J = J(9,e/4) give

ZISU (b, [, k))> = XF Egy(H, X, F;6,U)

gXmeMEZﬂHpWNMLFNwﬁQU%KDW%XFPMW@UW
d|b

the divisor factor being absorbed in D*/* since N (b) <; D. Now Lemma B.22 below turns a
mean-square bound for every common test function U into a bound for the quadratic form
with the row-dependent kernel Ky r 1, at the cost of the C?’+4 norm of the kernel. Apply
it for each fixed b with row index (f, k), coefficient u(f)1(sp)—=1 and kernel Ky s 1; the larger
row range 0 < N (k) < H only adds rows whose kernel vanishes. With ¢ = 2J + 4,

* HN(b
Sespl € DPWIE,, SO HNO)

B<N(b)<2B

(XF)?

HB%*(XF)?

< DPW G5

= DWW |Gy H, (B.24)
since XF = D/B and there are O(B) ideals b in the range. Summing the O((log D)?)
nonempty dyadic ranges bounds S¢, summing over the finite set of { and adding Z bounds
Mp, and multiplying by D gives (B.3); the derivative order depends only on ¢ and e. [
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B.7. The completed sums and the two inputs. Put ¥ = X F. The dual mean square is
bounded by the following proposition, whose proof occupies Sections B.7 to B.13.

Proposition B.8. Fiz k > 0 and Cy > 1, and suppose that

H, X, F > 1, Y= XF < D%, H<ETD". (B.25)
For every € > 0 there is an integer J = J(k,Cop,e) > 1 such that
g(Ha Xa F; 57 W) <<I,V,S,F\?,C(),€ HW”%](I)D‘EZ (B26)

for every compact interval I C (0,00) and every smooth W supported in I.

The completed sums. Let ¥ be a completely multiplicative function on the ideals prime to
3, vanishing on the ideals divisible by a prime of S, and write ¥(n) = ¥((n)) for primary n.
Define

* a(n)y2(n)¥(n) a(b) 3\Il(b)3 3
T(X; ) = Vi(NnNb° /X)), Vely) = W (y),
(X;0) (R’ES)_I Z(EEI)(?)) N Nb ( /X) () = VyW(y)
b,S)=1

B.27
where n is squarefree and b is any primary element prime to S. The index b suppligs th(z
cubes that occur in the Fourier expansion of the cubic theta function, and the b = 1 part is
X-1/2 Z*nww(n)\ll(n)W(Nn/X). For a ray class character &, a nonzero row k € O and
a squarefree primary f prime to S put

Ui (n) = E)xn(k)xn(f)? for (n,8) =1, Wi(n) =0 otherwise, T(X;k,f)=T(X;¥}),
(B.28)
so that the b = 1 part of T(X;k, f) is X ~'/2 times the column sum of (B.16).
The completed mean-square estimate. The theta transformation turns the sextic twists of
U into quadratic characters, and the quadratic large sieve then gives the following estimate,
proved in Section B.12.

Proposition B.9. Fiz e >0, Cy > 1 and a character & of the fized ray class group. There is
J =J(e,Cp) > 1 such that
H2N
S Tk P €reseco DIW I (H+ ) (.20)
O<NEk<H
whenever 1 < H, X,Nf < D, for f squarefree primary with (f,S) = 1, W smooth and
supported in a compact I C (0,00), and T as in (B.28).

Cube inversion. Set )
. X X
o = mm(X, W) Ly = — (B.30)
Lemma B.10. Fiz Cy > 1 and ¢ > 0, and suppose 1 < H,X,F < D and H < ¥ = XF.

There is an integer J = J(g,Co) > 1 such that
E(H, X, P16, W) <1502 D (SIWI[Es ) + _oswp o E(H Ly Fi, W) (B31)

=1 (3), (b,5)=1
Nb>He, Lp>1

for every compact I C (0,00) and W € C°(I). An empty supremum is zero, and it is empty
when H? < X.

Proof. Write N = N and I = [u,v]. Complete multiplicativity, including at the zeros of ¥y,
gives the Md&bius inversion

a(h) Wy (h)?
N(h)

X2 Y aemxatbxa WV X) = 3 A T(X/N (k. f) -

(n,S)=1 (h,8)=1
(B.32)


https://orcid.org/0000-0003-0466-750X
https://orcid.org/0009-0002-2254-3914

POLYA-VINOGRADOV WITH loglogq FOR EVERY CHARACTER 33

after substituting (B.27) the coefficient of the total cube index b contains 3=, u(h) = 1p—y.'?
Split the right side into Pinort(k, f), the terms with N(h) < H., and Pong(k, f), the

rest, and let Egort, Elong be the corresponding mean squares F -1 Z* s S P2, Weighted

Cauchy—Schwarz for each k, f and Proposition B.9, with the exponent €/4 and the range
Co + 1 (since N(f) < 2D0), give

1 1 1 *
gshort < ( Z W) Z W? Z Z ‘ (X/N(h)g,k',f)|2
N(h)<H, N(h)<H. N(f)<2F O<N(k)<H
(£.5)= (B.33)
H2

< D W 2y (H+ ) < DE W20,
where X/N (h)? > 1, the reciprocal norm sum is a logarithm, and the last step uses H < %
and H? < X2/H?. If H. < 1 the short sum is empty.

In the long part expand T by (B.27) with the cube index ¢, put b = he, and note that the
pairs giving b are the (h,b/h) with h | b, N(h) > H., and that ¥;(b)* = £(b)*xs(k)>1( 5)=1
This gives

b, k)3 1
> Bo(b, f)xu(k)

_ * ae(n)Xn " 4
Pong(k, f) = PO 0 m(;) ¢ ()X (k) Xu(f)*W (N (n) / Ly)
N(b)>H.
Bolb, f) = aB) €0 1o pymr S walh)
NG

with |Bo(b, f)| < Taiv(b); the indices are primary and prime to S, b need not be squarefree,
and the support of W restricts to N(b)? < vX. Weighted Cauchy-Schwarz gives

o< (Y Oy T ey pew),

He<N(b)<(vX)/3 N©) He<N(b)<(vX)'/3 N ()
(b,5)=1 (6,9)=1

and the reciprocal divisor sum is < log?(2 + X), because N(b)<r Tdiv(D) /N (b) is at most
(XCN(o<r 1/N(c))? < log?(2R). If Ly < 1 the column sum is empty unless L, > 1/v, and
then it has Or(1) terms, so E(H, Ly, F;6, W) <1 (H/Ly)|W % <1 Z[[W|%. Absorb the
logarithms in D® and use & < 2Emort + 28iong. If H? < X then H, = X'/3 and N(b) > H,
forces Ly < 1, so the supremum is empty. O

The transfer estimate. Fix a nonnegative radial Schwartz weight ® with ® > 1 on [0, 1]
and supp ® C [0, C’q>] as in the proof of Proposition B.7. For fixed H, L, F, £ put

2
AW LF > Z@Nk/%\z ag(n)xn(K)xa(F)'W(Nn/L)|",  (B.34)
F<Nf<2F keO =1
(f,9)=1

so that E(H, L, F;&, W) < A(W). In the next proposition ¥ is an independent target scale;
it will be applied at the column scale L with ¥ = X F.

Proposition B.11. Assume 1 < H, L, F,% < D and max{H, LF} <X, for a fired Cy > 1.
For every integer m > 0 and every € > 0,

5(H’,X’,F’;€’,U))

A(W) < DEEW |2z (1 + sup =

(B.35)

15The weight wy (b) = (b) Uy (b)? is completely multiplicative, so wg (h)ws (b/h) = wy(b) even when h and
b/h share prime factors, which is what makes the inversion exact; compare [17, (1.18)] and [8, (8.2)]. One
cannot simply discard the terms b # 1 of T', because the contributions of different b can cancel.
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where the supremum is over the family (B.16) with ¥’ = X'F', H', X', F' > 1,
/
'< E, s < ﬂ;
YF D)D)
and, for I = [u,v], test functions U € CZ(I'), I' = [u/16,4v], with |Ul|cmy < 1; an empty
supremum is zero. The implied constant depends on m,Cy,e,I,v, S and the fixed ray class
group.

M Y <UL, (B.36)

The proposition is proved in Section B.13.
B.8. Proof of Proposition B.8.

Proof. Fix k > 0 and Cy > 1. We prove by induction on j > 0 that the proposition holds
under the further restriction H < D%, with a derivative order J = J(j,x,Cp,¢) and an
implied constant depending also on j; the derivative order is independent of I, which is what
allows the induction hypothesis to be applied on the enlarged interval of the transfer estimate.

For 7 = 0 we have H < 1. The support of W restricts n to the O;(X) ideals with
Nn € [uX,vX], the factors ag(n), xn(k), Xn(f)* have modulus at most one, so each
inner sum is O7(X||W||); there are O(F') choices of f and O(H) of k, whence £ <
(FH/XF)(X||[W|loo)? = HX W% < Z|WA, as H < 1 < F. This is the case j = 0 with
J=1.

Suppose the assertion holds for j, fix € > 0, and let m be the derivative order supplied by
the induction hypothesis with the exponent £/3. For H < DUt apply Lemma B.10 with
the exponent ¢/3. If its supremum is nonempty then #2 > X and H3 = X?/H?2. For each b
init, 1 < Ly < X and ¥ > max{H, LyF'}, so Proposition B.11 applies at the column scale L,
with the derivative order m and the exponent /3, and it bounds £(H, Ly, F'; £, W) < A(W).
For any parameters H', X', F’ in its supremum, (B.36) and Nb > H, give

ML, M ACE :
/ et i 2K JK
W< SE = s < HE) <P D
/
E<E<D*", Y <Ly <¥ < D,

DDV
Each of these mean squares is therefore covered by the induction hypothesis, on the interval
[u/16,4v] with a weight of C™ norm at most one, which gives E(H', X' F';¢'\U) /Y <«
D#/3 with the permitted dependence on I. Substituting into (B.35) gives, uniformly in
b, E(H, Ly, F;6, W) < D25/32||W||%4m+12(1), and substituting this into (B.31) gives the

remaining factor D#/3. Take J at least 4m+12 and at least the order required by Lemma B.10;
then E(H, X, F; ¢, W) < DEEHWHZCJ(I), with J depending only on j, k, Cy, €. If the supremum
is empty the bound follows from the lemma alone. This completes the induction, and
j = [Co/K] covers every H < ¥ < D016 O

B.9. Proof of Proposition B.2.

Proof. Fix 0 <9 <1/10 and H = D'*”. The ranges (B.18) give

CcD'Y D
H< =0 S=XF=_, %<<D—19.

For large D, Proposition B.8 applies with x = 9/2 and Cy = 2. If X < 1 a nonempty
support forces X > 1 and counting gives £ < H||[W||2, < Z||[W|%; if H < 1 the sum is

o

empty. So (B.19) holds with a derivative order depending only on ¢, e, and Proposition B.7
gives (B.3); bounded D is covered by counting. O

16The contraction is the point of the whole construction: each passage through the cube inversion and the
transfer estimate divides the row range by at least D?* while keeping the ratio /X, so that after O(Co/k)
steps the row range is at most 1 and trivial counting finishes. This is the admissible-exponent induction of [12,
Lemma 8 and §8], [13, Lemma 9]; see also [9, Theorem 4.1].
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B.10. The cubic theta function and its transformation. We now express the completed
sum T'(X;k, f) through the Fourier coefficients of Kubota’s cubic theta function, whose
automorphy will give a transformation formula for it. Write (z,v) € C x Ry( for the
coordinates of upper half-space, and use the theta function in the normalisation of Dunn and
Radziwilt [8, §5.1, (5.6)]:

5/2
0(z,v) = 3 w3+ > T(0) vKy j3(4nlelv) exp(2mi(Cz + 1z)), (B.37)

N30
(40

where K 3 is the modified Bessel function of the second kind and 7(¢) is the coefficient
sequence given explicitly in [8, (5.7)-(5.8)] from Patterson’s calculation [26, Theorem 8.1].}7

For primary n, b with n squarefree and (nb, 6) = 1 write cg(nb®) for the coefficient of 6 at the
index A~3nb3; Patterson’s formula, as recorded in [8, (5.7)], is

co(nb?) = 35/21b] Xu (02 72 (). (B.33)

Define ¢i(n) = xn(\)?¥(n) for primary n prime to S and ¢i(n) = 0 otherwise, and the
twisted series

Ok(z,v) = > 7(=0) pp(AN*0) vE; j3(4m|l|v) exp(2mi(Cz + [z)), (B.39)

eX30
00

whose coefficients are those of §, namely 7(—¢) ¢) at £, multiplied by #r(A3F). Choose ¢ € O\ {0}
such that ¢y, is periodic modulo (¢) and put ¢g(h) = N¢~1S, g Pr(n)e(—=hn/q).

Lemma B.12. With these definitions,

b3
TGk ) = oy e 3 el a(uyw ()Y,
n (Z%uglge_free (B40)
= Y gbk 0(z + A2h/q,v).
heO/(q

Proof. By (B.38) and complete multiplicativity, cg(nb®)¢y(nb®) = 3%/2|b|ya(n) ¥ (n) Wy (b)3,
and a(nb3) = a(n)a(b)B; substitution into (B.27) with Vi(y) = fW( )
identity. For the second, finite Fourier inversion gives ¢p(n) = 33, ¢r(h)e(nh/q) and

S, @e(h) = ¢p(0) = 0; multiplying the ¢th Fourier mode by e(\3¢h/q) translates z by
A2h/q, and the second identity cancels the constant terms of the translates. O

gives the first

The local factors. For a primary prime p ¢ S, j € {0,...,5} and x € O define

Xp(l‘)_j_27 j 7é 07 4)
pr]'(l‘) = Np71/2<_1 + Np 1p|:1:)7 .7 = 47 (B41)
Np /2y (z) 72, j=0.

The case that matters most is By 1(x) = x,(7)?, a quadratic character. For the weight Vi
of (B.27) put Vi(s) = [5° Vi(x)x® dz/x, write J(o for the integral up the line Ret = o, and
define the transformed weight

1 N L(7/6 +)T'(5/6 +t) /(2m)4x\
Vi) =5 /(O)V*(—t) F(7/67t)r(5/67t)( 5 )t (x>0). (B.42)

17The theta function is the residue at its first pole of Kubota’s cubic metaplectic Eisenstein series on
SL2(C) [19]; Patterson computed its Fourier coefficients and found cubic Gauss sums at the squarefree indices.
Everything we use about it is the coefficient formula (B.38), the automorphy under the congruence subgroup
I'(3) with Kubota’s character x, the invariance under SL2(Z) and under the translations by Z + 30, and the
cusp expansions (B.44), all taken from [8] and [26].
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The dual sums use the Fourier coefficients of 6 at three cusps. With the representatives

Yo =1, T+ = (1 0)7 V- = (12 O) (B.43)

w 1 w1

acting on upper half-space, define d,(¢), o € {0,+, —}, by the expansions [8, (5.9), (5.15)]
_ 5/2 _
0(vo(2,v)) = 3710:01)2/3 + Z do () vE s3(4r|l|v) exp (2mi(Lz + £2)), (B.44)
0£LEN—2O

so that do(¢) = 7(—¢) with 7 extended by zero outside A=2O, and cy(nb®) = do(A~3nb3). The
formulas for the three sequences are (B.67) and (B.68) below.

We state the transformation for a general product of local twists. Fix a ray class character
with conductor supported on S and let Wy be its extension by zero at the primes of S; let
P be a finite set of primes outside S, represented by primary generators, with exponents
0 < jp <5, and put ¥(n) = ¥o(n) [[ep X7 (n) for primary n. In the transformed sums, A
ranges over the subsets with {p : j, # 0} C A C P; the primes of A are called active, the
others inactive, so only primes with j, = 0 can be inactive. For such A and ¢y € O\ {0}

write ¢ = ¢o [[pc 4 P-
Proposition B.13. The sum T(X;¥) of (B.27) is a sum of Oy, s(2/P) terms of the form

dOall) s (NEX
C — ==Y\ || Bpj,(A) V5 :
o#g—w VN{ pgat " ( Ne? )

with |C| Kw,,s 1, where the triples (d,, co) belong to a fized finite family depending only on
Uy, S: de{dy,dy,d_}, co € O\ {0}, and ¢ is a unit-modulus additive character of O.

To average over the row we need the data to be chosen consistently as the row varies. Fix
a finite set Pgy of primary primes outside S with exponents j,, and for ky primary, squarefree
and prime to S[[,ep,, p put

\Ilko(n) = \Ilo(n) H X%p(n) H Xp(n)a A=A U {p p ‘ kO}a

PEPax p‘ ko

(B.45)

where Agy ranges over the subsets with {p € P : jp # 0} C Asx C Phy; every prime dividing
ko is active since its exponent is 1.

Lemma B.14 (uniformity in the twist). For the family Yy, the summands of Proposition B.13
may be indexed by (h, Agx) with h in a fived finite set depending only on Wy, S, zero coefficients
allowed, and for each index the triple (d, 1), co) depends on ko only through its ray class modulo
a fixed ideal supported on S.

Lemma B.15. For each d € {dy,d,d_} the coefficient d(¢) vanishes unless
0 = ul"nb, u€ O, meZ, m>—4, n,b primary, n squarefree, (B.46)

and then |d(0)| < 27-3™/6|b|. For A > 0, integers j > 0 and Vi supported in a fived compact
I C (0,00) there is J = J(A,j) with

(20, V()| <ar 1Viller min(z'/4, 274) (x > 0). (B.47)
Proposition B.13 and the two lemmas are proved in Section B.14.
B.11. The quadratic large sieve.

Lemma B.16. Let H,U > 1 and let (n) be complex coefficients on squarefree primary n
with Nn < U. For every ¢ > 0,

* 2
oY B <se UFH+U) Y IB), (B.4s)
k=1 (3), (k,S)=1 n=1 (3), n squarefree n
NE<H Nn=<U

the star restricting k to squarefree primary elements.
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Proof. This is the quadratic large sieve of Goldmakher and Louvel over number fields |9,
Theorem 1.1], a generalisation of Heath-Brown’s [12], after fixing the product of the prime
factors of n in S and finitely many ray classes. To match their hypotheses, let e, € {0,1}
according as Nk = 1,3 (mod 4) and let k) be the nontrivial character modulo A; the character
x — (x/k)2k)(x)% is trivial on the units and has primitive conductor kA°*. Classes modulo
240 fix the supplementary characters and the reciprocity factors, and for coprime k1, ks in
the same class the product character has conductor kiks; these are the hypotheses of [9,
Definition 1 and §2].'® O

B.12. Squarefree rows and the proof of Proposition B.9. Write N = N. In (B.28)
allow any g € O\ {0} in place of f, so Wy(n) = &(n)xn(k)xn(g)* with the zero extension
at S retained. Choose generators of the prime ideals, primary away from 3, and extend
multiplicatively to all ideals. We first bound the squarefree rows.

Lemma B.17. For every e > 0 and Cy > 1 there is J = J(e,Cy) > 1 such that

H2N
Y. T(Xsuos, 9)P <reseco D°IWIE () (7{ + X(g))
0<N(s)<H
s squarefree
for 1 <H,X,N(g) < D, ug € O, every compact I C (0,00) and W € C(I), the sum
running over the chosen generators of the squarefree ideals, including those meeting S.

(B.49)

Proof. By homogeneity assume |[W||cs ) <1 with J chosen below. Write s = tko with ¢ the

product of the primes p | s that divide g or lie in S; then kg is squarefree, primary, prime to
g and to S, and N (ko) < Ho := H/N(t). Fix t and discard empty ranges, so Ho > 1. For a
coefficient function A(n,b), a scale Y > 0 and an integer m > —4 put

_ A, D)X (n0)* 4 (3™ N (n) N (b)*H3

n squarefree

We shall show, after partitioning kg into fixed ray classes, that
T(X;uotko, g) = Z Z cum(ko) S m[Avm, Yol (ko)
LEL m>—4

where 7 is independent of ko, |Z| < 1, |¢,m(ko)| < 1, A, is independent of kg, and for some
a,Y, >0

M
X
all column restrictions are included by extending A, ,, by zero.

The transformed terms. Put k = uptko and P = {p ¢ S : p | kg}. Sextic reciprocity (B.7)
gives

Ui(n) = Wo(n) [[ (). jp=vp(k) + duy(g) (mod 6), 0<j,<5  (B52)
peEP

Aym(n,b)| < a,,  a2<1, Y, < —2N(t)?N(g); (B.51)

where even for j, = 0 the factor x)(n) = 1,, keeps the zero extension at p | kg, and

Wy contains £, the factors at S, the unit factors and n — R(n,Hp¢Sp”P(k)). The fourth
power at g contributes no reciprocity sign and the factors at S depend only on exponents
modulo six, so Vg ranges over a fixed finite family. In the notation of Lemma B.14 take
Pix ={p ¢ S :p|tg},soP =PuU{p:p|ko} with the exponents on Pgy fixed by t,g.
Partitioning k¢ into fixed ray classes fixes ¥y and, by the lemma, the data d, ), ¢y of each
transformed term.

1814 is here that the passage from sextic to quadratic twists pays: the large sieve for quadratic characters has
the factor H+ U, while the general higher-order large sieve of Blomer, Goldmakher and Louvel [5, Theorem 1.3]
carries the additional term (HU)?/%, which would not give the mean-square estimate needed.
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Fix one transformed term, with active primes Agy away from ko, and put c. = co [[,c 4, D5
so ¢ = c,ko in (B.45). Write £ = uA™nb? as in (B.46). Every prime p | ko has j, = 1, so

By 1 (uX™Hnb?) = xp(uX™ )Py (nb)?, (B.53)
because the exponent —1 — 2 = 3 (mod 6) and x,(b)? = x,(b)?, also for p | b by the zero

extension. The coefficient bound and the decay of Lemma B.15 make the transformed series
absolutely convergent, so its terms may be regrouped. Set

d(uX"nb?)a(uNnb?) ) (uN™T4nb3)
3m/6,/N (b) ’

Aym(n,b) = |Aym(n,b)| < 27.

The transformed term is then

” m+4\3 AU,m(nab)Xko(nb)g
C(kO)ueZoX mzZ4XkO( Y n,b§(3) 3m/3/N(n) N(b)

n squarefree

3mN(n)N(b)3X)

) m+4,13 f
X H BPJ;D(U’)\ nb )V*( N(c)2N (k)2

peAﬁx

|C(ko)| < 1.

The representation of ¢ is unique, since away from A the prime exponents of ¢ are 3v,(b) or
1 + 3v,(b). Apart from the quadratic character and the weight, the dependence on ky is a
bounded scalar.

The active primes away from ko. Fix u,m and let p € Agx, ¢ = N(p). For j, = 4 the local
factor is By 4(uA™nb?) = —¢71/2 + q1/21p|n + ql/lem,p“,. Let A®)(n,b) contain all the
other local factors and set A®™) (n,b) = 1MnA(7’) (pn,b), AP (n b) = 1MnA(p)(n,pb). The
substitutions n = pn/ and b = pb’ give the exact identity

Fm[AP) By s(uA™ ), Y (ko) = —¢ 2 Sn[AP), Y] (ko)
+ Xko (p)3ym [A(}%n)’ qYKkO) + q_l/QXko (p)3ym[A(p7b)v Y/q](k0)7

where in the second term p{ n’ preserves squarefreeness, in the third p{ n is kept and ¥’ is
unrestricted at p, both extracted phases have modulus one, and the factors ¢'/2 cancel against
VN (pn') or leave ¢~'/? after the division by N(pb'). Let a track a bound |A(n,b)| < 27a
and Y the scale in (B.50); before inserting the active primes, a = 1 and Y = N(cp)?H3/X.
Each active prime contributes ¢> to the squared conductor norm, and with this factor the
updates are

(GQ,QQY), jp ¢ {0?4}7
(@ Y) — { (a®/q.¢%Y), jp =0,
(a*/q,¢°Y), (a*,qY), (a*/q,Y/q), jp =4

So a® never increases. If p | t and p ¢ S then jj, is odd and a?Y costs at most N(p)%; if p| g
and p 1t the cost is N(p) for j, = 0,4 and N(p)? for j, = 2, which needs v,(g) > 2. Hence

H?)N() N(g)
b .

2.

2y « 1 + 1IN H N(p)r®@ <
plt
pES zﬁt p§35
Reindexing at distinct primes preserves the form and the zero extensions. By Lemma B.14,
the transformed terms, the units and the at most three choices at each p € Agx with j, =4
form an index set whose size is divisor-bounded in tg, meaning bounded by Crqiy (tg)A for
fixed C, A, hence <. N(tg)¢. This is the representation announced, with (B.51).
The mean square of one prepared sum. Fix ¢« and abbreviate a = a,, Y =Y, Ap, = A, m;
the local updates give Y < D with C; = C1(Cp). Split b into B < N(b) < 2B and n by a
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smooth dyadic partition V(N (n)/U), U, B > 1, with uniformly bounded cutoffs, and write
for this part

b)3
Fipho) =3 S M E k)
B<N(b)<2B

n n3
R =y sy vy v

3™ N (n)N(b)3H2
Y N (ko)2 )

n squarefree

Put z, = 3mUB?/Y and fix a decay exponent A > 0. With m, U, B,Y fixed, Lemma B.21,
applied in the single variable N(n)/U, separates the weight from the column:

il = [t ds, Guati) = 5 A 0 vy 0y
N(n)<U

bk (3)] <r,a (1+2) (1 + [s]) 72,

(B.54)
since the scale R of (B.79) is 3"UN (b)3H2/(Y N (ko)?) > 2z, and Lemma B.15 supplies the
derivative bounds, independently of b, kg, U, B, m. Since ZN(n)XU N(n)~! < 1, Lemma B.16
gives, for any o > 0, Z*N(ko)<7-to 1G5 (ko) > <50 a*(HoU)?(Ho + U). Weighted Cauchy—

Schwarz in the Mellin integral (Lemma B.23) with the common majorant of (B.54), and then
in b Wlth ZBSN(b)<QB N(b)_l < 1, giVe

Z* I miv8(ko) | <r.5.4.0 a237 23 (HU) (Ho + U)(1 + 2) 24, (B.55)
N(ko)<Ho

Since m > —4 we have U < 81Y z,, so HoU < DCO+01(1 + 2z4). Choose 0 < ¢ <1 small in
terms of €1 > 0 and Cp, take A = 3, and take square roots:

: 1/2 _
> |=7m;U,B(kO)|2> < aD*37™3(\/Ho + VU) (1 +3"UB%/Y) .
N(ko)<Ho

The dyadic sums converge: for dyadic U, B > 1 and Z > 0, ZU73(1+UB3/Z)_2 < log?(2+2)
and >y p VU(1 +UB?/Z)"% < v/Z. The triangle inequality in ¢?(ky) and the geometric
sum over m > —4 give

S Y umlk) Fnldan, YIko)|[ ) < aD® (VR log22 4+ ) + V).

N(ko)<Ho m>—4
Combining the divisor-bounded choices of ¢ with (B.51),

' 2N(t)2N 2
Z \T(X;uotko,g)P < IIlLaxaf(Ho +Y) < Ho+ w <H—+ HX@

N(ko)<Ho

Sum over the fixed ray classes and over the divisor-bounded choices ¢ | rad(g[],cs¥),
choosing €1 and the other small losses in terms of €. The weight estimates use a fixed number
J = J(e,Cp) of derivatives, and homogeneity restores |[W ||, (N O

Proof of Proposition B.9. Write k = ugsv? uniquely with s squarefree and s, v among the
chosen generators, no condition (s,v) = 1 imposed. Since 8 = 2 (mod 6), with the zero
exctensions, n(11050%)n (f)! = (1105 xn(f2), 50 T(X;ugsv?, f) = T(X; ugs, fo?). Apply
Lemma B.17 with the row bound H/N(v)? and g = fv?, where N(g) < HN(f) < D>, so
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with 2Cy in place of Cp:

Yo ITXGENDP= D> > > |T(X;ugs, f07)
0<N(k)<H ug€O0X N(v)2<H N(s)<H/N(v)?
s squarefree

H2N 1
< DAW Iy (1 + ) 5 ¥

and the last sum is (x(2) < oo. O

B.13. Proof of the transfer proposition. Throughout this section H, L, F, ¥, & satisfy
the hypotheses of Proposition B.11, ® and Cg are the weight and support bound fixed
before (B.34), N = N, I = [u,v] and I, = [u/2,2v]. The proof applies Poisson summation
twice. The first application turns the Gauss-sum coefficients a¢ into Mobius coefficients and
produces a mean square of the shape (B.34) with the roles of rows and columns exchanged;
the second turns the Mobius coefficients back into Gauss-sum coefficients and returns to
the family (B.16), with a row range at most HL/(XF). The enlargement by the factor
Y/(LF) > 1 in the intermediate mean square is what makes the second step land in the
required ranges.!® All ideal indices are prime to S and are represented by their primary
generators; a star on a sum additionally requires squarefreeness; the variables k, h, y range
over O.
First application of Poisson summation. For squarefree coprime C,t and d | C' put

L L HN(O) . _ ZLFN(d)
~ N(O)N(t)’ 4= N(d)L2F’ Cd = N (C)?
where ¢; > max(1,4Cgv?) is fixed, and retain only ¢ > 1/(2v). For U € C(I,) and a
character £; of the fixed ray class group define

py(n) ( )51( ) an(y)Xn(C)4Xn(d>v PC’dt Z/v Z py )/E

(B.56)
the notation p, suppressing the dependence on C,d,t 51, and the nonnegative form

¢, (U) = > ZdeZq) )/ Ye.a) | Poa(y; U (B.57)
C,t squarefree  d|C
(Ct,9)=1, (C;t)=1
N(C)N(t)<2vL
The outer sums are finite and the sum over y converges absolutely; Yo 4 may be smaller than
1.

Lemma B.18. Fiz an integer j > 0 and 9 > 0. If M > 0 satisfies Q¢, (U) < MHUHQCJ-(I*)
for every U € C°(1,) and every &, then A(W) < D°0(X + M)HWH%%H(I).

Proof. Expand the square in (B.34) and write n; = Cu; with C' = (n1,n2), so that (uq,uz) =
(ujug,C) = 1. The row character iS X, Xuy, Primitive modulo ujug, with the extra restriction
(k,C) = 1. Lemma B.4 introduces d | C and a frequency h. The zero frequency requires
u1 = uo = 1, so its contribution Z satisfies

H
Zl< 1 X SIWINO)/DE < HIWE,
F<N(f)<2F C

For the other frequencies, the Chinese remainder theorem, (B.10) and (B.13) give the paired
identity

ag (u1)ag (uz) Y (Xuy Xaz) = plu) po(uz) (€G) (uruy ). (B.58)

19This is the mechanism behind the second inequality of (B.36): the new ratio H'/X’ equals H/(SFR)
for a dyadic R > 1, so it never exceeds the old ratio #/X. The induction of Section B.8 needs exactly this
monotonicity.
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Expand (§G)(2) = ¢, e, &1(2) on the fixed ray class group, insert 1y, uy)=1 = > sjuy, t|us #4(t)
and put u; = tx;; squarefreeness imposes (z;,t) = 1 but no condition ($1,$2) = 1 remains.
The factors at C,t cancel against their conjugates, leaving u(d)u(t) and the restrictions
(f,Ct) = (h,t) = 1. Thus

2=ty Y Sudutwcs ¥ 2
&1

C.t squarefree  d|C F<N(f)<2F h#0, (ht)=1
(Ct,9)=1, (C,t)=1 (£,Ct)=1  N(h)<Cpv?L*>N(d)/(HN(C)?)
N(C)N(t)<2vL

< 3 e et (), 2,

T1,T2
where, for every jo > 0,
'HN(h)N(C)Q)
L2N(d)21Z2
sup [|#all o 12y <o W 120 1)

2y

Hi(21,22) = (2122) 7AW (20)W (22)B(

Here x,,(C)* supplies (z;,C) = 1, the other zeros are supplied by pj, s2(x;), and the range
of h comes from the support of ®. For fixed C,d,t the map (f,h) — y = hf? has

divisor-bounded multiplicity, and since ¥/(LF) > 1 its nonzero image satisfies N(y) <
40V L2F2N (d)/(HN(C)?) < Yo 4. As @ > 1 on [0,1] and @ > 0,

ZZdeDPm (hf%5U)P < Qe (U) < MU 8y,

Cit d|C

with the ranges above on the left. Lemma B.22, applied to the displayed expression for
A(W) — Z with the kernel bound, gives |A(W) — Z| <« DEO/ZMHWH%QJ-H(I); together with
H < 3 this proves the lemma, the divisor losses being allocated within eg. Il

Second application of Poisson summation. Let C,t be coprime squarefree primary elements
prime to S, d | C, & a character of the ray class group, ¢,Y > 0 arbitrary scales and
U e C°(1,) with I, = [a,b] C (0, oo) Put

Z M nt) 1Xn( )Xn(C)4Xn(d)U(N<n)/£)v

. (B.59)

M=% ®(N(y)/Y)|Py)?
yeO
so that P(y) = Pca(y;U) with the scale £ now arbitrary. Put Up(z) = x~V/2U(x) and
expand £1(2)G(z7 1) = > ¢ cer€’(2) on the fixed ray class group. On the transformed side g is
the common divisor of the original columns, e | g comes from the row exclusion, w removes
the remaining coprimality condition and h is the nonzero Fourier frequency: g, w range over
squarefree primary elements prime to S, e over the divisors of g and h over O \ {0}, subject
to
C¢b2£2N (6)
(gv Ct) - (wagCth) - 17 N(gw) S bga N(h’) S Wa
conditions which make tg/e and Cew coprime and squarefree. For each such choice and each
¢’ the new column scale, coefficient and coupled weight are

X' =

N(gw)’ a*(n) = af’(”)1(n,tg/e):1Xn(d6h)xn(C’ew)‘*,
VNN () (00

N(e)Pxyzy

Define also Z = YEIS(O) Z*(970t5)21 |U(N(g)/0)|?TI [L,,(1 — N(p)™).

Ji’(a:l,xg) = Uo(.rl)Uo(xz)EI\)(
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Lemma B.19 (second Poisson identity). With these index ranges, and a star on mi,ng
restricting each index separately to squarefree primary elements,

Y p(e)pu(w)ce N(g) * -
M=2z+ 3, > d(m)di(na) ,
g,e,w,h,&’ N(e)ﬁ (n1n2,5)=1 ( X! X! (B.ﬁl)
2] <10 YE|U| %

Proof. Expand the square, put g = (n1,n2) and n; = gz;. The nonzero terms satisfy (21, 22) =

(2122, 9Ct) = (g,C't) = 1 and Xn, (¥)Xn, (Z/) = 1(y,g)=1Xz1 (y)XZQ (y) Apply Lemma B.4 to
this character with exclusion g and divisor e | g. Its zero frequency occurs exactly when
z1 = z9 = 1 and gives Z, whose bound follows by counting g. For the nonzero frequencies,
(B.11), (B.13) and the Chinese remainder theorem give

pu(z1) p(22)€1 (21)€1 (22) Y (o X)) = D Ceraer(21)agr (22),
1
and moreover x.(dh)x.(e)x.(C)* = x.(deh)x.(Ce)* and

U(N(gz1)/0)U(N(gz2)/t) _ N(g),, (N(gz1) N(g22)
}wzl)N(ZQ)Q T UO( zl)UO( 0 )

Hence

Yp(e
M Z ZCg/ Z Z (e z Z agx(zl)agl(ZQ)
& (g,Ct)=1 elg h;éOzl(,zg, (zldz)g) 1
2122,9Ct

X Xz (deh) Xz, (deh) Xz, (Ce) x, (Ce)?
N(gz)N\ . /N(gza) ~ YN(h)
x s i =) iQ )q’(N(e)N(zl)N(zz))'

Insert 1z, .p)=1 = D w|z;, w]z (W) and put z; = wn;, with (w, gCt) = 1. By (B.12) and the
zero-extended characters,

ag/(wn) = ag(w)ag (n)xn(w)!  ((w,n) =1),  |ag(w)xw(deh)xw(Ce)*|? = 1y p)=1,
l(n,gC’tw):1Xn(deh)Xn(Cew)4 = 1(n,tg/e):1X7L(deh)xn(cew)4>
so that
Y N(g —_
M-Z=%e X% HOMWNG) S S dt(m)ai(m)
1z elg Ne) h#0 (ning,S)=1
(9,.Ct)= ( ,QCt) 1 (h,w)=1

N(gwny) N(gwna)\ ~ Y N(h)
—_— P
x Uo(=5) Uo (=) (N(e)N(w)2N(n1)N(n2))’
with no remaining condition (nj,n2) = 1. The column support gives N(gw) < bf and

N(z122) < b*2/N(g)?, so the support of ® imposes the stated bound on N(h); substitut-
ing (B.60) gives (B.61), with finitely many terms. O

Lemma B.20. Let I = [u,v], I, = [u/2,2v], m > 0 an integer and Sy, the supremum
n (B.35), over test functions supported in I' = [u/16,4v] with C™(I") norm at most one, an
empty supremum being zero. Then for every eg > 0 and U € C°(1,),

Q¢ (U) < DOE(1+ Spn) U | B2z, -

Proof. Apply Lemma B.19 with input length ¢, row scale Y 4, the same C,d,t and the
character £1; h is now the Fourier variable of the sum over y. The nonzero output has
squarefree g, w, e | g, (g,Ct) = (w, gCth) = 1, and with

r=tg/e, f' = Cew, k' = deh
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the pair r, f’ is coprime and squarefree and af(n) = ag (n)1(n,7‘):1XTL(kI)XTL(f/)4~ Writing
X, for the individual column scale X’ of (B.60), the length, the coefficient and the Fourier
parameter simplify to

X! ¢ _ L w. YeaN(g) _ erBN(r)
"T N@N@w) T N@ONG) T Nee T
YoaN(h)N(9)?  ¢;SFN(K)N(r)?
N (e)¢? B HL '
The coupled kernel is therefore
B ————= ¢;SFN(K)N(r)? o N
g (1, 22) = o) Uo(@)®(Z= =),y = Nng) /X,
and its nonzero support requires N(r)N(f") < 2vL and
4Cyv*  HL HL

/
0<NF) = == SFNGE S SENG
since Cg(2v)?/c; < 1.

For fixed r, f', k" all preimages are obtained by choosing ¢ | r, f/ = Cew with e | ¥/,
(w, k') =1 and d | (C, k'), and setting g = e(r/t), h = k’/(de); the factorisation f' = Cew
is disjoint and squarefree. All preimages have the same kernel, since Ctgw = rf’ and the
Fourier parameter depends only on 7, k', so the support restrictions discard only zero kernels.
The choices t | 7 contribute 7q;y (7). At a prime p | f’ the choices p | C, p | e, p | w contribute
(14 1) — Lpjer — Ly = Ly to the sum of p(e)u(w) over the preimages, the two choices
inside the first term being p{d and p | d.?° Let Z be the total zero-frequency contribution,
the sum of the terms Z of Lemma B.19 with the weights wc 4 and the ranges of (B.57).
Regrouping before taking absolute values,

Qn(U) - 2= 72z ZCE’ Z N(r)7aiv(r) Z
& r,f' squarefree k'#0
(r,f)=1 f1E
% —_ N(n1) N(ng)
X Z aﬁ(nl)aﬁ(nZ)%j’,k’( X(/) , X(/) )
ni,n2
Fix dyadic ranges R < N(r) < 2R and F' < N(f’) < 2F' and put
L L HL
X' = — Y=XF == = ——.
RF"’ R’ # Y FR?

Retain only the r for which a nonzero term occurs in these ranges. Since f’ | k/, each such
r satisfies F/ < N(f') < N(K') < HL/(SFN(r)?); in particular H' > 1, and for every j | ,
using H < 3,
1 2

X DEN()”  FE (B.62)
N(j) — HRN(j) — H
Moreover 1 < X'/Xj < 4. The rescaled kernels K, pr p/(x1,22) = Jr g 1 (p1, px2), p =
X'/ X{, have support in [u/8,2v]? C int(I’?) and satisfy, over the retained indices of the
block,

2
sup [|Cr. g k| czm+a(r2y <o mee U G2mea )y,
by the Schwartz bounds for ®. The common parameters satisfy exactly
H’ H H HL
e=es<w, Y<IL  H<.
! YFR b)) XF
2OSO the sum over preimages vanishes unless f’ | k', and then it equals Taiv(r): the signs of the two Poisson

summations cancel the Mobius factors introduced by the coprimality conditions. This is why the transfer loses
only a divisor function.
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Fix 6 > 0. For each retained r enlarge the f’, k' ranges by positivity, keeping the set of r
fixed. Lemma B.6 then gives, for V € C°(I'),

> S e wmvivm/xf

FI<SN(f')<2F' 0<N(k')<H' n

=YE,(H X', F';¢,V)

<5 DO (X2 SV [Gm 11y -

the removal of the exclusion replaces (X', F') by (X'/N(j), F'N(j)), j | v, preserving H' and

¥, and (B.62) gives X'/N(j) > 1 and F'N(j) > 1, so every resulting mean square lies in the

defining supremum. There are O(R) ideals r in the dyadic range. Lemma B.22 with row

index (r, f', k'), the preceding mean-square bound and the uniform kernel bound show that
the block contributes at most

YR

DZ(SF

because (XR/L?)R(L/R)? = ¥. Finally, the zero-frequency bound of Lemma B.19 gives

R(E/)QSmHUH%Qm-«—AL(I*) - DQ(SESmHUH%Qm_H;(I*),

Zl<re UI% Y > woaYoal
N(Ct)<2vL d|C

Taiv(C) 1 5 2
<5 DU S Y = <L DS||U|%
C N(C) N(t)<2vL N(t)

which uses only Yo 4 > 0. Sum the Oy, ¢, (log?(2D)) dyadic blocks and the finite set of
characters, and take 6 = g¢/4. O

Proof of Proposition B.11. Lemma B.20, with the loss D/4, supplies the hypothesis of
Lemma B.18 with j = 2m + 4 and with M < D/*%(1 + S,,); that lemma with the
same loss gives A(W) < D¥/?%(1 + Sm)||W||204m+12(1), which is (B.35). O

B.14. The theta transformation with fixed ray class twists. We prove Proposition B.13,
Lemma B.14 and Lemma B.15. The argument is the theta-transformation method of Dunn
and Radziwill [8, §5 and Appendix A], which extends Patterson [26] and Yoshimoto [28];
what is added is the treatment of the fixed ray class twists, in which the residue hy below
need not be prime to the modulus, and the uniformity statements. We use the setting
preceding the proposition: ¥y and S are fixed, P is the varying finite set of primes outside
S and j, are the exponents of their character factors in ¥. Character powers follow the
zero-extension convention of the footnote in Section B.1, so that Xg(a:) = 1,4,, also when
we write x,(z)’. Write w = (z,v) for a point of upper half-space, 6 for the function (B.37),
and é(z) = exp(2mi(z + z)) for the additive character of the Fourier expansions, so that

e(z) = é(z/N).

Proof of Proposition B.13 and Lemmas B.14 and B.15. Finite Fourier expansion. Define
p(n) = Xn()\)2\I/0(n).for n = 1 (mod 3) prime to S and ¢(n) = 0 otherwise, and for

U(n) = Wo(n) [Tpep X7 (n) put

Oulzv) = > T(O6(N0 ([T xgr (°0) ) vk s (4| tv)é(e2), (B.63)
LeNT30 peEP
040

which recovers Oy of (B.39) when ¥ = W;. Choose once and for all a nonzero L € O
with prime divisors in S, divisible by the conductor of ¥q, by every prime of S and by
sufficiently high powers of the primes above 2 and 3. The supplementary law of cubic
reciprocity for A [8, (1.5)], which evaluates x,(\)? = (\/n)3, makes ¢ periodic modulo L.
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Put ¢(ho) = N(L) ' Y, wod 1, &(x)e(—hoa /L) for hg € O/(L), so |¢(hg)| < 1. For p € P and

0 <j <5 expand xj, on O/(p) in additive characters,

Cp,j(hp)=sz Yo oxdWe(=hpy/p),  xp@) = D Cpjlhpe(hpa/p).  (B.64)
y mod p hp,eO/(p)

Multiplying over p € P and evaluating at x = A3/ turns each additive character into a shift
of 0: writing h = (ho, (hp)pep),

Ou(z,0) =) cr(h)8(z +zp,0), 2n = /\2(% + ]ZD) cr(h) = ¢(ho) I Gy, (hp)-
h peEP peEP
(B.65)
Indeed, expanding the fixed factor ¢ as well, the finite Fourier expansions identify
all nonzero Fourier coefficients, and the constant terms of the translates cancel be-

cause Y pcr(h) = ¢(0)I], Xﬁ,”(O) = 0. For j # 0 (mod 6) the change y — —y gives

N(p) ™2 52y mod p Xo (U e(=y/p) = Xp(=1)77;(p) with |7;(p)| = 1; substituting y = h'u for
hy # 0, using orthogonality for h, = 0, j # 0, and summing the additive character over the
nonzero residues for j = 0,

N(p) 2 xp (=175 (0)xp(hp) 7, G #0, hy #0,
0, j#0, hp =0,
_N(p>717 .7 = 07 hp 7& 07
1-N(p), j=0, hy=0.
Call A(h) = {p € P : hy # 0} the set of active primes of h. By (B.66), cp(h) # 0 forces

{p: jp # 0} C A(h), so only primes with j, = 0 can be inactive, as the proposition asserts.
Put r = [I,c 4(n) P and let ¢o be the reduced denominator of A2ho/L. At each active prime

Cp,j(hp) = (B.66)

vp(A%h,/p) = —1 while v,(zp, — A%h,/p) > 0, so p cannot cancel from the denominator, and
at the primes dividing L all the terms )\th /p are integral. Hence the reduced denominator
of zp is ¢ = cor up to a unit, also when (hg, L) # 1. The expansion (B.65) thus writes Oy as
O, (2/P1) groups of translates, indexed by hg € O/(L) and the active set A, each group with
a common reduced denominator ¢ = ¢y J[,c 4 p up to a unit.

Reduced denominators and cusp coefficients. Each translate 8(z + zp,v) is now expressed
through one of the three cusp expansions (B.44). The representatives 7o, v4,v— of (B.43)
are 71,710, 719 in the numbering of [8, §5.1], which follows [26, Table II]. Set M = A2L%.
Since (p, M) = 1 for active p, the Chinese remainder theorem lets us choose representatives
hy, € O with h, = 0 (mod M 2); changing a representative modulo p changes 2z, by an
element of A\20 = 30, under which @ is periodic. To track the dependence on the primes of
r, restrict r to a residue class modulo M?. For fixed hg, active set and residue class write
zp, = a/c in lowest terms, with a =1 (mod 3) if A | ¢ and ¢ =1 (mod 3) otherwise. Since
a= Nec(ho/L + > plr hp/P), these choices fix the residue of a modulo Mcy. As (a,c) =1 and
(r,M) = 1, choose &' € O with aé’ = 1 (mod ¢?«(M)) for ¢ | ¢y, & = 0 (mod ¢*«(M)) for
q| M, qtco, and ad’ =1 (mod r), and put

51 b
b= = (0 ) esL)

C

so that b, = 0 (mod ¢¥s™)) for q | ¢ and by = —c¢~! (mod ¢"«M)) for q | M, q t co. To
choose the cusp expansion at a/c put

I, 3¢,

(1)>’ U/\(C) = 1’ ug € {)‘7 _)‘}7 up = ¢ (mOd 3)7
(%), (6N =1, up=a (mod3),
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with ug in the last case taken from a fixed set of representatives modulo 3, and put g; = gH !,
so g =¢g1H and g1 = I (mod 3), as in [8, §5.1]. The invariances 6(yw) = 8(w) for v € SLa(Z)
and 0(z +t,v) = 6(z,v) for t € Z + 30 reduce §( Hw) to one of the three functions 0(y,w),
o € {0, —,+}: translating by w or —w and then inverting gives the representatives labelled —
and + [8, (5.9)—(5.15), Appendix A]. Write t,(¢) for the coefficient of vK j3(47|¢|v)é(¢z) in
0(7,w) and let 71,72 : A=O0 \ {0} — C be the sequences of [8, (5.13), (5.14)]. Patterson’s
cusp calculation [26, Theorem 8.1 and Table III] gives

to(0) =7(),  t_(0) =W (W20)EW),  ti(l) = wm(wl)é(), (B.67)
and complex conjugation changes the frequency ¢ to —¢, so in the normalisation (B.44)
de(l) = ts(—1), o€ {0,+,—}. (B.68)

For indices £ = uA\™nb> as in (B.46) the explicit formulas give |to(¢)| < 3*/2+2|p| for m = 3k—4,
k> 1, and [to(£)] < 3F/245/2)p| for m = 3k — 3, k > 0, while the m = —4 coefficients of t.
have magnitude at most 9|b|; in each case the bound is at most 27-3™/6|b|, and the coefficients
vanish outside the indices (B.46).2! This proves the coefficient assertions of Lemma B.15. For
the chosen H, with ¢ the corresponding index,

352 y
O 0) = S Lot + 30 do(OuK j3(dalflo)é(c)
0£LEN10
The local character transformation. The factorisation g = g1 H lets us apply the automorphy
law (g1w) = k(g1)0(w), K(g1) = (c1/a1)3 for g1 = (“ %) =T (mod 3), where r is Kubota’s

c1 di

cubic character [8, (5.4), (5.6)]. For the translated theta function,
0(z+a/c,v) = k(1) 0(Hg= ' (z + a/c,v)),
¢ A+ [2?) N(e)(v? + [22) /7
so at z = 0 the term of index £ in the expansion of §( Hw) acquires the phase é(—¢'¢/c). We
claim

g (z+ajec,v) = (—

(co/a)s(a/r)s, 30,
k(1) = § (—uo/(a — uobg))s ((co/uo)/a)s (a/r)s, walc) =1, (B.70)
(a/co)s(a/r)s, (e, \) = 1.
This follows from the determinant equation and cubic reciprocity: for vy(c) = 1 the needed
congruences are a(c — ugd’) = —ug (mod a — ugby) and bye = —1 (mod a); for (¢, \) =1 the
congruence —bgc =1 —ad’ =1 (mod 9) removes the supplementary factors and reciprocity
at the remaining primes gives (8'/(—bgc))s = 1. The factors other than (a/r)s depend only
on the fixed residues at the primes of S, so x(g1) = Ko(a/r)s = ko L, xp(a)? with |kg| =1
fixed once hg, the active set and r mod M? are fixed.
Fix hop and the active set, so that ¢ = cor is fixed while the nonzero residues h, vary, and
put Do = A3cg. For each active p define in O/(p)

-1
ap = Ne/p, ep = —((Ne/p)ay) ™,
the inverse existing because r is squarefree and p { Aco; the expression for a gives a = oph,
(mod p). For a dual index £ € A0 the additive form of the Chinese remainder theorem
yields

é(—=8't/c) = (A0 [ elephy "N e/p),  (AY) = e(—dgr—*A\*¢/Dy), &y = &' mod Dy,

plr

(B.71)

21At the index A~3nb® with n squarefree the coefficient is 35/2|b| times a Gauss sum of modulus one,
by (B.38), so the bound 27 - 3™/5|b| is attained up to the constant at m = —3. The growth |b| in the cube part
is the reason for the factor N(b)™! in the completed sums (B.28), which makes the cube variable harmless.
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where &), and 7~ mod Dy are fixed by the choices above, so ¥ ranges over a fixed finite family
of additive characters of O. We claim the local transformation identity

Z Cpﬁj(hp)Xp(a)_ze(fph;1>‘4€/p) = Xp(Up)_zwp,ij,j(/\4€)a

hp#0
Xp (=175 (P)v42(P)xp(ep) 772 5 # 0,4, (B.72)
Wp,j = 74(])), ,7 = 47
—72(P)xp(ep) 2, J = 0 active,
with By ; as in (B.41), the indices of 7;(p) read modulo six, and |w, ;| = 1 in each case.

To prove it combine (B.66), the conjugate of (B.70) and (B.71); the substitution y = h;l
changes the character exponent by x,(hy) 7 xp(a) ™2 = xp(0p) 2xp(y) 2. For j # 0,4 the
character X%H is nontrivial and its Gauss sum gives the first case of B, ;. For j = 4
it is trivial on the nonzero residues and, after rescaling by €, # 0, >, 4 e(A\ly/p) =
—1 4+ N(p)1 e For active j = 0 the coefficient —N(p)~! combines with a cubic Gauss
sum to give By o(A*0) = N(p)~1/2x,(A\*0)~2, the unit factors going into w,o. An inactive
prime has j = 0 and contributes only the scalar 1 — N(p)~!. Consequently, for fixed hg
and A, combining the coefficients d,(¢) of 0(H(z,v)) with the sums over h, # 0 gives
do (€)(A0) TTea Bp,j, (X1€) up to a scalar independent, of £: these are the arithmetic factors
of (B.45), and B, 1(A*) = x,(A*¢)3 is the quadratic factor of (B.53).22

The archimedean transform. For Re s > 1 introduce the Dirichlet series attached to (B.27),

T(S; \IJ) = ( Z* M’VQ(H)‘IJ(H)N(H)_S>( Z wS\Ij(b)3N(b)—3s+l/2)7
n=1 (3) b=1 (3)
(n,9)=1 (b,9)=1

so that Mellin inversion gives

T(X; ) = — /(U)ﬁ(s—;)T(s,q/)Xs—l/st (o> 1), (B.73)

T 2mi

and (B.40), with ¥ in place of Uy, identifies these coefficients with those of ©y after insertion
of a(nb3). For z = x + iy use 0z = (0, + i0y)/2. Differentiation in z supplies a factor £ in
each Fourier mode, which with the factor |¢|~! from the Bessel integral produces the angular

factor a(¥). Define, for Res > 1,
)= [ 0:00(z0)
For each nonzero mode, 0:¢(£z) = 2mil ¢(£z) and, by the Mellin integral of K37, (10.43.19)],
225710 (s + 1/3)T'(s + 2/3)
(4rfef)zs+1

For Res > 1 the coefficient bounds and (B.74) show that the sum of the integrals of the
absolute values is finite, so the differentiated series may be integrated term by term. For

¢ = X\73nb? the phase and scale simplify to ia(f)[¢| 2% = 27%a(n) a(b) 3N(n)*SN(b)*3s, and
with (B.38)

v d.
z2=0

/ VB Ky (A |f]w) dv = (Res >0).  (B.74)
0

3%/2 21
J(s) = T((27r)2
We show that J is entire and use (B.75) to continue 7 (s, ¥). Write (2/,v') = g~ (2 +a/c,v);
differentiating (B.69) at z = 0 gives 92//0z = —(cv)™2 and 92//0z = Ov'/0z = 0, so
the derivative in cusp coordinates is —(cv)~20,,, with no height derivative. The defining

) T(s +1/3)0(s + 2/3) T (s, 0). (B.75)

22This is the arithmetic heart of the method: a row twist Xp of order six at an active prime is turned by
the Fourier expansion and the Kubota multiplier into the twist X;B = Xf; of order two on the dual side, to
which the quadratic large sieve applies. The cubic part of the symbol is absorbed by the automorphy of 6.
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series (B.63) controls v — oo; for v — 0 use (B.69) and the cusp expansions (B.44), in
which the horizontal derivative removes the constant mode, the remaining modes decaying
exponentially in the transformed height 1/(N(c)v) — co. Thus J is entire, and so is T (s, ¥)
after division by the gamma factors.

For the term indexed by h write cp, 9}, 91,5, Hp for the choices above, oy, for the cusp
index of Hp, and define the cusp Mellin transform

&) = [ 040z )

Substituting v + (N(cp)v)~! in each translated term of J(s) and using (B.69) gives the
functional equation

v do.
z=—0} /ch

2

J(s) == cr(R)r(gin) alen) N(en)' ">y (1 - ), (B.76)
h

and the cusp coefficients with (B.74) give, for Res > 1,

il(s+1/3)T'(s+2/3) Z do,, (0)a(£)

Ti(s) = 4(2m)% N(£)®

e(—0pl/ch). (B.77)

0ALEN4O

The series 7 (s, V) converges absolutely for Res > 1, and the series of (B.77) at 1 — s
converges absolutely for Re s < 0; the functional equation and Stirling’s formula [17, §5.A.4]
give polynomial bounds in | Im s| for 7 (s, ¥) on both sides of the strip 0 < Res < 1, splitting
the integral of J at v = 1 gives finite order, and Phragmén—Lindelof [17, Theorem 5.53] gives
the same bound inside the strip (compare [8, Propositions 5.1-5.2]). With the rapid decay
of V, on vertical lines this justifies moving the contour of (B.73) to Res < 0, no pole being
crossed; setting t = % — s gives a line Ret > 1/2 on which the dual series converges absolutely.
For fixed hy and active set, insert (B.77) into (B.76) and use (B.72) to sum over the nonzero
hp. After the normalisation (B.75), the scalar of (B.45) for this group is
1 ~ 1
C=-ga@ o T[ 0-No)™) T xlop) 2wpsn 101 < o1

p inactive p active

Dividing (B.75) by its gamma factors and setting ¢ = % — s produces the gamma quotient
of (B.42); its numerator has its first pole at ¢ = —5/6 and its reciprocal denominator is entire,
so no pole lies between Ret > 1/2 and Ret = 0, and the decay of V. with Stirling’s formula
allows the kernel contour to be shifted to Ret = 0. This gives V¥ evaluated at N(£)X /N(c)?
and, with (B.72), the dual sum (B.45).

Uniformity. For the family W, of Lemma B.14, fix hg, the factors of ¥ other than xy,
and the active or inactive choices at their primes. Every prime dividing kg has exponent 1
and is active, so r = ko [[,c 4, P: r/ko is fixed, and fixing kg mod M? fixes r mod M?2. The
choices of H, ¢y and the residues in (B.71) are then fixed in each such class, so d = d,, ¥
and cg depend on kg exactly as asserted.

The weight. The first numerator pole of the gamma quotient in (B.42) is at t = —5/6.
Shift the kernel contour to Ret = —1/4 for 0 < = < 1, which gives the factor z'/4, and to
Ret = A for x > 1, which gives z~4; each application of z0, introduces a factor —t, and
Stirling’s formula on —1/4 < Ret < A gives, for A >0, j > 0,

(20, VE(2)| <y min{a/*, (14+2)""} sup /(1 + [ul) ATV (0 + iu)| du.
—A<n<1/4/R
When V, is supported in a fixed compact I C (0,00), repeated integration by parts in the
Mellin transform gives rapid decay in |u| uniformly in —A <n < 1/4, so for J = J(A4, j) large
enough the supremum is <4 ;1 [|Vil|cv(p)- This is (B.47), and it completes the proof of the
three statements: T(X;¥) is a sum of Oy, 5(2/7!) dual sums with |C| < 1/81, the asserted
dependence of (d, v, cp), and the support, coefficient and weight bounds just established. [
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B.15. Separating variables in smooth weights. The last ingredients are three lemmas
on smooth weights: the separation of variables by Mellin inversion, the passage from mean
squares with a common test function to kernels depending on the row, and the recombination
of separated sums.

Lemma B.21. Fiz a box T = 1) x --- X I of compact intervals in (0,00). Every K €
C((0,00)%) supported in I has a representation

d .
Kx)= [ o) ] eV dt (25> 0), (B.78)
R X
7=1
and for J > 0 and every even integer ¢ > J + d, [pa [b(t)|(1 + [t])7 dt <z,5q.4 |Kllco(z)-

Proof. Take the Fourier transform in logarithmic coordinates,
b(t) = (2m) ¢ d/C(eyl, o Y)Y gy
R
Fourier inversion gives (B.78). Since the intervals are fixed and bounded away from zero, the
C% norm in logarithmic coordinates is bounded by a constant times ||K||ca(z), and applying
(1 — Ay)?/? under the integral gives |b(t)| <z 4.4 (1 + [t]) Il ca(z) for even g > 0. Multiply
by (14 [t])7 and integrate. O

In the applications the weight has the form Kr(x) = H;-lzl Wi(z;)F(R]], xjj) with R > 0,
fixed real exponents a;, W; € C2°((0,00)) supported in I, and F' € C*°((0,00)) with

|F|laq = max sup(l+u)?|(udy)™F(u)| < oo (A>0, ¢ €Z>p).
’ 0<m=<q >0 -

On the fixed box the argument of F' is comparable to R, so the chain rule and the pointwise
bound of the proof give coefficients br with, for A > 0 and even ¢ > 0,

d
br(t)] < (1+ R)“AA+[6) " Fllaq [T IWjlla,), (B.79)
j=1
and hence, for J > 0 and even ¢ > J + d,
d
/Rd br(E)(1+[t)7 dt < (14 R) " Fllaq [T IWjlloa,), (B.80)
j=1

the constants depending only on A, J,q,d, the intervals and the exponents: separation
preserves the decay in R at the cost of finitely many derivatives.

Lemma B.22. Fiz compact intervals I C int I, in (0,00) and an integer m > 0. Let
Sir(U) =3 ,0air(n)U(xjrn), §=1,2, j.n >0, be two families of finite sums over a finite
set of Tows r with nonnegative weights w,, and suppose ., w,|S;(U)* < MjHUH%m(]*) for
every U € C°(I,.). Then for |e,| < w, and smooth kernels KC, supported in 12,
‘Z e Y arr(n1)az, (n2)Ko(T10ny s B2,mmy) | K11 m VM1 Ma sup 1K | comta(rzy.  (B.81)
r T

ni,n2

Proof. Choose a real V € C°(I,) equal to one on I and put Uy(x) = V(x)z®. Apply (B.78)
to each K, with d = 2, replace the second Mellin variable by its negative and multiply
by V(z)V(y), which is one on the support: K,(z,y) = [ br(s,t)Us(x)Us(y)dsdt with
sup, |b,(s,t)| <14 sup, [[ICr||ca(r2y (1 + [s| + [¢]) 77 for even g. The hypothesis applies to each
Ur with [|Utl|em(r,) <1,1.,m (1 + [t[)™. Taking the common bound for b, before integrating
and applying Cauchy—Schwarz in r bounds the left side of (B.81) by a constant times

My Ma sup, [|[ICr|| a2y Jra (1 + [s)™ (1 + [¢))™(1 + |s| + [¢]) "9 ds dt, and ¢ = 2m + 4 makes
the integral converge. O
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Lemma B.23. Let r,t range over finite sets, d > 1, w, > 0, and let measurable coefficients
satisfy |c, ()] < b,(t) with M =37, [pa b.(t) dt < oo. Then for measurable F, +(r), whenever
the right side is finite,

S w3 / cor(O)F,e(r) dt| < MY / bu(t) 3w g ()2 dt, (B.82)

and the same holds for finite sums in place of the integrals.

Proof. For fixed r, weighted Cauchy—Schwarz gives

‘Z/CL,TFLJ(T) dt‘z < MZ/MFW)F dt;

multiply by w, and sum. O

B.16. Conclusion. The chain is now closed. Lemma B.17 and Proposition B.9 rest on the
theta transformation of Section B.14, the quadratic large sieve of Section B.11 and the weight
lemmas of Section B.15; Proposition B.11 rests on the two Poisson summations of Section B.13;
Proposition B.8 follows from these by the induction of Section B.8; Proposition B.2 follows
in Section B.9; and Section B.2 deduces Theorem B.1 from Proposition B.2. Every input
not proved here is a published theorem cited at the place where it is used: Patterson’s
computation of the Fourier coefficients of the cubic theta function [26], the transformation
formulas of Dunn and Radziwill [8], the quadratic large sieve of Goldmakher and Louvel [9],
Landau’s prime ideal theorem [20], Hecke’s analytic continuation of the L-functions of the
field [15], and the standard facts on Gauss sums, Stirling’s formula and Phragmén-Lindel6f
from [17]. Applied with # = 11/12 to the Dirichlet L-functions L(s, xt) of Corollary 1.3,
Theorem B.1 gives Theorem 1.5.
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