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THE POLYA-VINOGRADOV INEQUALITY WITH loglogq
DEEP BHATTACHARJEE AND USHASHI BHATTACHARYA

ABSTRACT. We prove unconditionally that every primitive Dirich-
let character x modulo ¢ > 3 has character sums of size at most
C,/qloglogq. Montgomery and Vaughan proved this bound under the
generalised Riemann hypothesis, and Paley showed that it is optimal.
The proof uses the zero-free half-plane Res > 7/8, which also gives
|L'/L(1, x)| < loglogq and two-sided bounds for the Euler—-Kronecker
constants of the cyclotomic fields Q((,).

1. INTRODUCTION

Let x be a primitive Dirichlet character modulo ¢ > 3. The Pdlya-
Vinogradov inequality states that !Zn<x X(n)| < /qlog ¢ uniformly in z.!
Paley proved that the factor log g cannot be replaced by anything smaller
than loglog ¢: for infinitely many primitive quadratic characters the max-
imum over x exceeds ¢,/qloglog q.2 Montgomery and Vaughan [2] proved
the upper bound ,/qloglogq under the generalised Riemann hypothesis.
Without hypothesis, Granville and Soundararajan lowered the exponent of
log q for characters of fixed odd order.®> We prove the bound of Montgomery
and Vaughan for every primitive character.

Theorem 1.1. There is an absolute constant C' such that for every primitive
character x modulo ¢ > 3 and every r > 1,

> x(m)| < Cyalogloga

n<lz

By Paley’s theorem, Theorem 1.1 is optimal up to the value of C. The
input that replaces the Riemann hypothesis is the following theorem.
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Theorem 1.2 ([3]). If x is a nonprincipal Dirichlet character, then
L(s,x) # 0 for Res > 7/8.

Theorem 1.2 is proved, and formalised in Lean 4, in [3]. It is the only
result we use without proof; everything else is proved below from first prin-
ciples, and the constants are effective.

Montgomery and Vaughan use the Riemann hypothesis in one place: on
the major arcs, for prime sums of the characters yi twisted by additive
characters, where 1 runs over the characters of a small modulus . A
power saving in these sums is enough there, and Theorem 1.2 provides one
(Corollary 3.8). On the minor arcs they use their unconditional bound
for exponential sums with multiplicative coefficients. A weaker form of it
suffices, and we prove that form in Section 4 with Selberg’s sieve as the only
arithmetic input. Figure 1 shows how the parts fit together.

zero-free half-plane
L(s,x) # 0 for Res > %

!

Riesz means of xyA
S(x;x) < 7 logg, o0 < 1

e

twisted prime sums

22, x¥(p) e(py)

Mellin transform

at s =

!

major arcs

minor arcs:

%(1,X)| < loglogq]

Selberg sieve
on 1+ mgq

—C'logqloglogq
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bilinear forms,
Selberg sieve

r<R

Fourier expansion
of 1[O.T] mod q

‘ > e X(m)e(mpB) /m ‘
< loglog q

e

n)| < Cy/qloglogq

[!anz X
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FIGURE 1. The structure of the proofs. The left branch
proves Theorem 1.1: the Fourier expansion of a character
sum reduces it to the sums ) _, x(m)e(m/f)/m, which are
bounded on the major arcs by the half-plane and on the mi-
nor arcs by bilinear forms and the sieve. The right branch
proves Theorem 1.3.

The same half-plane controls the logarithmic derivative of L(s, x) at s =
1. For a number field K write (x(s) = c_1(s —1)7' + ¢o + O(s — 1) near
s = 1; the Euler-Kronecker constant of K is yx = co/c_;. Let 7, be
the Euler-Kronecker constant of Q((;). For a prime ¢ the factorisation
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Catey) (8) = €(8) [T,y L(s:X), the product over the nonprincipal characters
modulo ¢, gives

(1) Ya=7+ ) %(Lx),

XFX0

where ~ is Euler’s constant.

Theorem 1.3. There is an absolute constant C' with the following proper-
ties.

(i) For every nonprincipal character x modulo q,

!

L
‘f(LX)‘ < C'loglogg.
(ii) For every prime ¢ > 3, —C'log qloglogq <7, < C'loggq.

Under the generalised Riemann hypothesis the bound (i) is classical, Thara
proved 7, < (2+0(1))log ¢ and Badzyan proved a lower bound of the order
of (ii);> Ford, Luca and Moree proved the two bounds of (ii) without hy-
pothesis for a set of primes ¢ of density one.® For all primes the best uncon-
ditional bound we know is |v,| <. ¢°, due to Ihara, Murty and Shimura [1].
The upper bound in (ii) needs only Chebyshev’s bound. The lower bound
needs an upper bound for the prime powers n < ¢'7 with n = 1 (mod q),
which we obtain from Selberg’s sieve applied in dyadic blocks (Lemma 6.3).

We have not found Theorem 1.1 or Theorem 1.3 among the consequences
of Theorem 1.2 drawn in [3] or in the work that followed it. The argu-
ments work, with other constants, whenever L(s,x) # 0 on Re s > 6 for all
nonprincipal x and some fixed 6 < 1.

The paper is organised as follows. Section 2 collects Chebyshev’s bounds
and Selberg’s sieve. Section 3 bounds Riesz means of YA by a contour
shift. Section 4 proves the bound for exponential sums with multiplicative
coefficients, Section 5 proves Theorem 1.1 and Section 6 proves Theorem 1.3.

. C. Washington, Introduction to Cyclotomic Fields, 2nd ed., Grad. Texts in
Math. 83, Springer, 1997, Theorem 4.3. All nonprincipal characters modulo a prime
are primitive.

Y. Thara, On the Euler-Kronecker constants of global fields and primes with small
norms, in: Algebraic Geometry and Number Theory, Progr. Math. 253, Birkh&user,
2006, 407-451; A. 1. Badzyan, The Euler—Kronecker constant, Math. Notes 87 (2010),
31-42.

SK. Ford, F. Luca and P. Moree, Values of the Euler ¢-function not divisible by a
given odd prime, and the distribution of Euler—Kronecker constants for cyclotomic fields,
Math. Comp. 83 (2014), 1447-1476; see also P. Moree, Irregular behaviour of class
numbers and Euler—Kronecker constants of cyclotomic fields: the log log log devil at play,
in: Irregularities in the Distribution of Prime Numbers, Springer, 2018, 143-163.
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2. PRELIMINARIES

Throughout, p and ¢ denote primes, A is the von Mangoldt function,

0(x) =3, logp, ¥(x) =3, ., A(n), e(x) = 2™, and [|z| is the distance
from x to the nearest integer. We write w(n) for the number of prime factors
of n, 73(n) for the number of ordered factorisations n = abc, and P(n) for
the largest prime factor of n > 2, with P(1) = 1.

Lemma 2.1. For x > 1 and integers N > 2,
(i) 0(z) < xlogd,
ii) ¥(x) —0(z) < 2y/xlogx and Y () < 4z;
(111) Db 1o§p <log N + log 4,
) ZP<N— < loglog N + 10.

Proof. (i) It suffices to treat integers m > 1, and we use induction on m. The
cases m = 1,2 are clear, and for even m > 2 we have (m) = 6(m — 1). Let
= 2n+1. The primes in (n+1,2n+1] divide (***!), and 2(*"F') < 22+
because (2";1) and (2::11) are equal terms of the binomial expansion of
(1+1)**1. Hence 6(2n+1) < 0(n+1) + nlog4 < (2n+1)log4.

(i) We have ¢(z) — 0(x) = 35,5, 0(z" /¥), where only k < loga/log2
contribute. Each term is at most \/zlog4 by (i), so the sum is at most
(log x/log2)y/zlog4 = 2y/xlogz. Since logz < \/x, ¥(x) < (logd + 2)x <
4.

(iii) By Legendre’s formula and (i),

Nlog N > log N! > Z{ Jlogp> Nzﬁ — Nlog4.
p<N p<N
(iv) Let A(u) = > -, logp/p. Partial summation and (iii) give

1 AN NoA log 4 N log 4
Y o= ( )+/ ) du§1+&+/ ( + 5 Ydu,
P log N 5 ulog”u log 2 o \ulogu  wulog®u

and the integral is at most loglog N — loglog 2 + 2. 0

We use Selberg’s upper bound sieve in the following form.”

Lemma 2.2. Let aq,...,ax be integers, P a squarefree integer, v a multi-
plicative function with 0 < v(p) < 1 forp | P, andy > 1. Ford | P put
Re=#{n < X :d|a,} —v(d)X, and for I | P put g(I) = [[,,v(p)/(1 -

"For the method see H. Halberstam and H.-E. Richert, Sieve Methods, Academic Press,
1974, Chapter 3. We give the proof of the form we need.
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v(p)). Then

X
. o - w(d) _
#{nSX.(an,P)—1}§S+§ DRy, 5= g(l)
d|P P
d<y <y

Proof. Let D be the set of divisors d of P with d < \/y, and let (Aq)4ep
be real numbers with A; = 1. If (a,, P) = 1 then >, 4, A¢ = 1, and
otherwise this sum is real, so

#{n: (a,,P)=1} < Z (Z )\d)

n<X deD
dlan
- X E Ad1 AdQ dla d2 E )\dl )\dz [d1,d2]"
dy,d2€D dy,d2€D

Write @ for the double sum in the first term. Since v is multiplicative
and dy, dy are squarefree, v([dy, ds]) = v(dy)v(ds)/v((dy,ds)). Let h be the
multiplicative function on the divisors of P with h(p) = 1/v(p)—1 = 1/g(p);
then 1/v(m) = 3, h(l) for m | P, and

Q= Z h(l)(Z Aav(d ) Z yl Yy = Z Aav(d)

I|P deD 1ep 9 deD
1[d 1d
Mébius inversion gives Agv(d) = >2cp gy #(1/d)ys, so the condition A = 1
reads ) ;. p(l)y = 1. By Cauchy’s inequality

< (3 0) (Sath) = es

with equality for y; = p(l)g(l)/S. We make this choice, so that @ = 1/5.
Then, writing [ = de,

= s S HUDDa0) = D INRC]
djl

eeD, (e,d)=1
de<\/y

Since g(d)/v(d) =[], .a(1 —v(p))™" = IL,a(1 + 9(p)) = 254 9(f), We get
[Nl < S7137,422. 9(fe), and the products fe are distinct elements of D;
hence |Ay| < 1. Finally [dy,ds] < dids < y, and every d | P is the least
common multiple of at most 3“(¥ pairs (dy,ds), so the second term is at
most > yp <, 3@ Ry|. O
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3. RIESZ MEANS OF PRIME SUMS

For an arithmetic function a and x > 1 put
n
S(a;z) = 1—— S(y; (xA; 1——
(a; ) n§<ma(n)< x) (x; ) = S(xA; z) n§<x>< ( x)

The weight 1 — n/z makes the Mellin kernel absolutely integrable, which
keeps the contour shift below free of truncation errors. The aim of this
section is Proposition 3.7.

Lemma 3.1. Let a: N — C satisfy Y, |a(n)|n™7 < oo for o > 1, and let
F(s)=>,a(n)n™* for Res > 1.

o F
(i) For Res > 1, /1 S(a;z)x ™ Hdr = N f)l)
- 1 00 ) I’2+Zt p
(ii) Forxz >0, S(a;z) = %/_OOF(Q—FN?) CESDICERT) t

In other words the following square commutes, and (ii) inverts its right
column on the line Res = 2:

a Riesz mean , S(CL, )
Dirichlet series J/Mellin transform
F(s)
F - >
XSG s(s+1)

Proof. (i) For n > 1, [F(1 — n/z)z~" 'z = n™*/s —n*/(s + 1) =
n~*/(s(s +1)). Since Y, |a(n)| [Tz 7 e = o'y Ja(n)|n™7 < oo,

the sum and the integral may be exchanged.
(ii) For y > 0 let k(y) = ﬁf(z) y* =L If y > 1, moving the line of

s(s+1)
integration to Res = —U and letting U — oo picks up the residues 1 at
s =0and —1/y at s = —1, so k(y) = 1 — 1/y; if y < 1, moving it to

the right gives k(y) = 0. As |s(s + 1)|7! is integrable on Res = 2 and
3. la(n)|n™? < oo, summation and integration may be exchanged, and the

right side equals ) a(n)k(xz/n) = S(a; x). O
Lemma 3.2. Let x be nonprincipal modulo q. For Res =0 >0, |L(s, x)| <
qls|/o.

Proof. Put A(t) = 3~ _, x(n); then |A(t)| < ¢, and partial summation gives
L(s,x) = Sfloo A(t)t=*~1dt for o > 0. Hence |L(s, x)| < qs] f1oo o1 —

qls|/o. 0
Lemma 3.3. Let A, = 2 D (=32 For every Dirichlet character y the
series E(s) = —Y,log(1 — x(£)¢=*) is holomorphic on Res > 1, ef®) =
L(s,x) there, and |E(s)| < Ay for Res > 3/2.
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Proof. For Res > 1 we have |x(£)¢~%| < 1/2, and |log(l — w)| <
S lwlF/k < 2|w| for |w| < 1/2. The series therefore converges locally
uniformly on Res > 1 and is bounded by Ay on Res > 3/2, and the Euler
product gives e¥ = L. O

Lemma 3.4 (Borel-Carathéodory). Let h be holomorphic on a neighbour-
hood of the disc |z —c¢| < R and let 0 <r < R. Then

max |h() — h(0) < o max Re(hw) — h(c).
Proof. Put g(2) = h(c+ z) — h(c) and A = max,|=r Re g(w). The mean of
Re g over the circle |{w| = R is Reg(0) =0, s0 A > 0. If A =0, then Reg
vanishes on the circle, hence on the disc, and ¢ is an imaginary constant
equal to g(0) = 0. Let A > 0. By the maximum principle Reg < A on
|z] < R, so |2A — g| > A there and ¢ = ¢g/(2A — g¢) is holomorphic. Since
lg|> — |24 — g|*> = 4A(Reg — A) < 0, we have |¢] < 1, and ¢(0) = 0.
Schwarz’s lemma gives |¢(z)| < |z|/R, and from g = 2A4¢/(1 + ¢) we get
19(2)] < 24[2]/(R — |2]). .

Lemma 3.5. Let 0 < § < 1/1000, 1/2 < a < 1, and let x be nonprincipal
modulo q¢ with L(s,x) # 0 for Res > a+20. Put K; = (1 + 2A4,)/(26?).
Fora+8 <o<2andteR,

/

~(o it )| < Kilog(24(3 + [t))?).
Proof. Let ¢ = 2+it, R = 2—a—30, r = 2—a—66 and Ay = log(2q(3+[t])?) >
log 18 > 1. On the disc |z —¢| < 2—a—2) we have Re z > a+24, so L(z, x)
has no zero there and has a holomorphic logarithm h. On |z — ¢| < 1/2
both h and the function F of Lemma 3.3 are logarithms of L, so they differ
by a constant in 2mwiZ; we choose h = E there. Then |h(c)| < A,.

If |z—¢| <R,then Rez>a+30>1/2and |z| < || +3/2 <4+ |t], so
Lemma 3.2 gives Re h(z) = log|L(z, x)| < log(2¢(4+t])) < Ag. Lemma 3.4
gives, for |z — | <r,

2r AO —|—A0
Ao+ Ap) <
R— 7"( 0+ ) < 5

asr < 3/2and R—r = 3J. Hence |h(z)] < Ao+ (Ao+Ao)/d < (142A0)No/
on |z —c¢| <r. For w =0+ it with a + 85 < ¢ < 2 we have |w — ¢| =
2 — 0 <r —26, so the circle |z — w| = 2§ lies in |z — ¢| < r, and Cauchy’s
estimate gives |L'/L(w, x)| = |W/(w)| < (1 + 2A0)Ao/(25?). O

|h(z) = h(c)] <

Lemma 3.6. Forq>1,t€ R and s = o + it with o > 1/2,

log(29(3 + [t])%) < 10log(q+2)(L+ [¢)'%,  Is(s+ 1) > (1 + [¢))*.
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Proof. We have log(2q) < 2log(q + 2), and logy < 2y'/2 with 3 + |t| <
4(1 + [t|) gives log(3 + [t]) < 4(1 + [t])/?; the first bound follows from
log(q +2) > 1. For the second, |s| > max(c, |t|) > (1 + |t|)/4 and |s + 1] >
max(o + 1, |t]) > (1 + |t])/2. O

Proposition 3.7. Let 0 < 6 < 1/1000. There is K = K(0) such that the
following holds. Let 1/2 < a < 1 and let x be nonprincipal modulo q with
L(s,x) #0 for Res > a+ 26. Then for x > 1,

[S(x; 2)| < K 2" log(q + 2).

Proof. Put o9 = a + 89 and
L/( ) .,L.S
—(s,x) —.
LYY s+
For Res > 1, —L'/L(s,x) = >_,x(n)A(n)n"*, so Lemma 3.1(ii) gives
S(x;x) = o [ ®(2+it) dt. The function @ is holomorphic on oy < Res < 2,
and by Lemmas 3.5 and 3.6,
(0 +it)| < 80K log(q+2) (1 +[t)) ™2 (09 <0 < 2).
This tends to 0 as [t| — oo uniformly in o, so Cauchy’s theorem on the rect-

angles [0, 2] X [T, T], T — 0o, moves the integral to Re s = g (Figure 2).
Since [, (1+ [t])73/2dt = 4, we get |S(x; )| < 122%1270log(q + 2). O

O(s) = —

_7
0-78

t |
7 // 4 " ’U
.,// L(SvX)?éO
T ROS:(T[]

criticalsfr/ip
—1 0 1 1 2

FIGURE 2. The contour shift in the proof of Proposition 3.7.
The zeros of L(s, x) lie in the strip 0 < Re s < 7/8 (dots), the
kernel 2°/(s(s + 1)) has poles at 0 and —1 (crosses), and the
line of integration moves from Res = 2 to Res = o0q inside
the zero-free half-plane.

From now on fix § = 1/2000 and a = 7/8 — 1/1000, so that a + 2§ = 7/8

and . 3
= 0= — + —
(o) CL‘|—8 8+ 1000,
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and let K be the constant of Proposition 3.7 for this 6. By Theorem 1.2,
Proposition 3.7 applies to every nonprincipal character.

Corollary 3.8. There is an absolute constant C5 such that for every non-
principal character & modulo k:
(i) |S(& )| < Kaoolog(k + 2) for x> 1;
(ii) ’Zpgzﬁ(p) 10gp| < O3 Nog(k 4 2) for x > 1;
(iii) for integers 2 < A < B and v € R,

19/20 ], -
(2) ‘ > §(p)€(m)‘ <20, B 1g(k1—(:g211(2+2 B)

A<p<B
Proof. (i) is Proposition 3.7. For (ii) put T'(y) = yS(§;y), that is, T'(y) =
anyf(n)A(n)(y —mn), and let 0 < h < z. Then

T(x+h)—T(x)=hY En)An)+ > &m)An)(z+h—n),

n<x z<n<xz+h

and the last sum has at most h+1 terms, each of modulus at most hlog(2z).
With |T(y)| < Ky'*7° log(k + 2) this gives
2K (2z)o0 log(k + 2)
D emam| <=

+ (h + 1) log(2z).
n<lx

Take h = z*7/%0. Since 1+ ¢ —47/50 < 19/20 and log(2z) < 1+ 100"/,
the right side is at most (8K + 202)2'%?°log(k + 2). The prime powers
contribute at most ¥(x) — 0(z) < 2y/xlogz < 2002'%/?° by Lemma 2.1(ii),
and (ii) follows with C3 = 8K + 402.

(ili) Let (u) = >_ ., &§(p) logp and f(u) = e(uy)/logu. Partial summa-
tion gives
B

S €lplelr) = FBIB) - FANA) - [ 1w () d
A<p<B A
and |f'(u)| < 27|y|/log A+ 1/(ulog®u) for u > A. By (ii) the right side is
at most C3B'"? log(k + 2)(3 + 27 |y|B)/log A, which gives (2). O

4. EXPONENTIAL SUMS WITH MULTIPLICATIVE COEFFICIENTS

For M > 0 put wy(0) = M if ||0]] < 1/M and wy(0) = 1/|0|| otherwise;
then 0 < wp(0) < M and wy(—60) = war(6).

Theorem 4.1. There is an absolute constant Cy with the following property.
Let f be completely multiplicative with | f(n)| < 1, let « € R, and let a,r be
coprime integers with r > 1, |a —a/r| <r 2 and 2 < R <r < N/R. Then

‘Z J(n ‘ = Cl(logN * N(ﬁg/iv)Z)




10 DEEP BHATTACHARJEE AND USHASHI BHATTACHARYA

Montgomery and Vaughan [2, Corollary 1] proved this for multiplicative f
with N(log R)*2R~'/2 in place of N(log N)2R~'/*. The proof below follows
their approach, a bilinear decomposition together with the spacing of the
multiples of a and an upper bound for prime pairs, with cruder estimates,
which suffice for Theorem 1.1.

Lemma 4.2. Let a,r be coprime with r > 2 and |a — a/r| < r72, and let
H >0 be an integer.
(i) ||kal| > 1/(2r) for every integer k with 0 < |k| < r/2.
(i) #{1 <h < H:||lha| <t} < (4H/r +1)(4rt + 1) for every t > 0.
(iii) For M > 0 and every integer K > 0 with M < 2K

S wy(ha) < (% + 1) (3M + 4r + 8rK),

h<H

Z wyr (ha)? < (% + 1> (20rM + 3M?).

h<H

Proof. (i) Let z be the integer nearest to ka. Since 0 < |k| < r and
(a,7) =1,71ka,so|ka/r—z| > 1/rand ||ka| > 1/r—|k| |a—a/r| > 1/(2r).

(ii) Let L = |r/2], so L > r/4. For k in a block of L consecutive integers
let y. = ka — z, with z; the integer nearest to ka. For k # k' in the block,
0< |k—FK|<L<r/2and yp—yp = (k—K)a (mod 1), so |yr—yw| > 1/(2r)
by (i). Points of (—t,t) at mutual distances at least 1/(2r) number at most
drt + 1, and [1, H| is covered by at most H/L + 1 < 4H/r + 1 blocks.

(iii) If [|0]| > 1/M, let k > 1 be least with ||0|| < 2¥/M; then k < K
because 0] < 1/2 < 2K/M, and ||0]] > 281/M, so wy(0) < 27FM,
Hence

K
war(0) < MI(l6)] < 1/M]+ ) @7FM)Y (9] < 28/M) (j=1,2).
k=1

Summing over i < H with (ii), the first sum is at most (4H/r + 1)(4r +
M+, (8r+2""FM)) and the second at most (4H/r + 1) (4rM + M?+
> st (167 M27F + 4MP47F)). O

Lemma 4.3. Let 0, € R, U > 0, and let A, B, N be nonnegative integers
with B< A+ U.

i) ’ZA<9:§B 6@9)‘ < wy(0).
(ii) For a finite set V' of positive integers and b : V — C,

Z ’Z b(v)e(uva) ‘ Z b(v)] |b(v")| wy ((v —0')a).

A<u<B wveV v €V
uv<N
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(iii) For M > 0 and an integer H > 0, 3, gwu((m —m')a) <
H(M+2%,_ywy(ha)).

Proof. (i) If ||| < 1/U, the sum has at most U terms of modulus 1. Oth-
erwise 0 ¢ 7, the sum has modulus at most |e((B — A)#) — 1|/|e(8) — 1],
and |e(f) — 1| = 2|sin7f| > 4||0||, so the modulus is at most 1/(2]|0]|). (ii)
Expanding the square gives > . b(v (') 32, e(u(v — v')a), where u runs
over the integers of (A, min(B, N /v, N/v')], an interval of length at most
U; apply (i). (iii) For fixed m, the term m' = m is wy(0) = M, and each
h = |m —m/| € [1, H] arises from at most two m/. O

Lemma 4.4. Let C5 = 1+ 4((3/2). For every completely multiplicative
f with |f(n)] < 1, every a € R and every integer N > 1, the sum S =

anN f(n)e(na) satisfies
(51ogN S logpf(p) S f(m)e(pma)| < CsN.

p<N m<N/p

Proof. Write SlogN = Sy + S, with Sy = )Y _y f(n)e(na)logn and
Sy = «n f(n)e(na)log(N/n). Then |S;| < Nlog N —log NI < N, since
NN/N! < eN. In S write logn = >dn AMd) and n = dm; complete mul-
tiplicativity gives >,y A(d) f(d) 3=,,<n/a f(m)e(dma). The terms with d
prime form the sum in the statement, and the others have modulus at most

N, D s logp/p* < 2N >, logp/p® < 4C(3/2)N, since logp < 2,/p. O
Let G(n) = T2/ (0~ 1)
Lemma 4.5. (i) For every integer X > 2 and every even h > 2,

400 G(h)2X

3/5
log X)? +3X3/5,

#{0<n< X :n andn+ h prime} <

(il) Yopex G(h)* < ®X for every X > 1.

Proof. (i) Apply Lemma 2.2 to a,, = n(n +h), 0 < n < X, with y = X/%,
z = |y|, P the product of the primes p < z with p t h, and v(d) = 2*@ /d.
Every p | P is odd, so v(p) = 2/p < 1. For d | P the residues n with
d | n(n + h) form 2°@ classes modulo d (namely n = 0 or —A (mod p) for
each p | d, distinct as p t h), and each class contains between X/d — 1 and
X/d + 1 of the integers 0 < n < X; hence |Ry| < 2¢@. Since the prime
factors of d are at least 3, 3“(d)|Rd\ <@ < 2 < y?, and the error term is
at most y* = X3/5.

Let M be the set of m < /y whose prime factors divide P. Since

v(p)/(1 = v(p)) = Xysyv(p)* and v(m) = 290" /m for these m, g(1) is
the sum of 2% /m over the m whose set of prime factors is that of [.
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An m € M is counted in g(I) for [ the product of its prime factors, and
I <m < /y. Hence, with 7(m) < 292(m) the number of divisors of m,

s> zi;m)

meM meM

Let T = |y"/*] and let B be the set of b < T that are prime to h; these b
are odd. For b,0' € B the product bV’ lies in M, and a given m is a product
bb' in at most T(m) ways, so S > (3, p 1/b)2. If £ is a set of primes and
p & E, every b < T prime to E is uniquely p*¥ with & prime to E U {p},
so the sum of 1/b over the b < T prime to E is at most p/(p — 1) times the
same sum for £ U {p}. Adding the prime factors of h one at a time gives

Z > 1 > log(T + 1)‘
G b G(h)
bep 0 b<T

As T +1 >yt = XV we get S > (log X)?/(400G(h)?), that is, X/S <
400G (h)*>X/(log X)?. Finally, if n < X and n,n + h are prime, then n <
z or (n(n + h),P) = 1, so the count is at most z + 1 + X/S + y> <
400G (h)?X/(log X )? + 3X3/°,

(ii) For t =p—1>1, (t+1)° < (t+31)t%, that is, (p/(p—1))* < 1+430/p.
Hence G(h)* < ,30¢@ /d over the squarefree d | h, and

. 5,304 X 30
DGt < Y udP = gxn(1+p—2)

h<X d<X p

Proof of Theorem 4.1. Let S = Y _y f(n)e(na), L = log N and ( =
|logy N|. Since N >rR >4, L > 1. If ¢ < 64, then L < 64log2 < 45 and
|S| < N <45N/L. Let £ > 64, I = |logy /| +1and J ={¢+1—41. Then
160 >0 1< J<U<2L I<(<2L, 2" <20, N <27 =2716" and
J227 < (04 1)22%1~* < 2N. By Lemma 4.4, |S|L < OsN + |Ty| + |T3|,
where 71 and Ty are the parts of > logp f(p) >_,.<n, f(m)e(pma) with
p < 27 and with p > 27.

The small primes. Let 0 < j < J, U = 2/, H = |N/U], and for
U<z <2U let B(w) = ). i amen f(m)e(zma); the inner sum for a
prime p € (U,2U] is B(p). By Cauchy’s inequality, Lemma 4.3(ii), (iii) and
Lemma 4.2(iii) with M =U, K = j,

S logp|Bo)| < (Ulog2(20))2Q12,

U<p<2U
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where Q; = H(U + 2(4H/r 4+ 1)(3U + 4r 4 8rj)). Since HU < N, UQ; <
TNU + (8 4+ 16)Nr + 24N?/r 4+ (32 + 645)N?/U, and log(2U) < j + 1.
Summing over j < J with j+1 < J, 3., 272 <3272, /(32 + 645)277 <
8(j +1)(3/4) and 37, (j + 1)*(3/4) = 112,

IT1| < 3V7JVN2/ + J2N+/24/r 4+ 896N + J*V/24JNr.

Now J?27 < 2N gives 3v/7JV N2/ < 12N; r > R > /R gives \/24/r <
5R™'% and rv/R < rR < N gives V24JNr < 5JNR~Y4 With J < 2L
and L > 1, |T1| < 908N + 60L3NR™Y/4,

The large primes. For p > 27 we have N/p < 16, so the m in Ty lie
in (0,16" — 1], the union of the blocks (16" — 1,16 — 1] with 0 < i < I.
Fix i, let A=16'—1,U = 15- 16 and X = |N/16'], and assume X > 1,
the block being empty otherwise. Only the primes p € (27, X] contribute,
since p > X + 1 and m > 16" give pm > N. Let V be the set of these
primes, which are odd, and B(m) = > . . ylogp f(p)e(pma). The
block is ) 4.« asir f(m)B(m), and by Cauchy’s inequality, Lemma 4.3(ii)
and logp < XA = log(X + 1), its square is at most UN*W, where

X
W = Z wy((p—pa) =|V|U + ZZwU(ha)#{p eVip+heV}
pp'eV h=1

The count vanishes for odd h, and for even h Lemma 4.5(i), applied to X +1,
bounds it by 400G(h)?(X + 1)A~2 + 3(X + 1)3/°. By Cauchy’s inequality,
Lemma 4.5(ii) and Lemma 4.2(iii), 3°, -y G(h)?wy(ha) < eV XQY? with
Q = (4X/r +1)(20rU + 3U?), and 3, -y wy(ha) < XU. Hence UNW <
Ay +800ePZ + As, where -

A =UNX,  Z=UX+1D)VXQY?:  A;=06U (X +1)*°X.

Let £ = log(N + 1) > X and T; = 4°x (N(2N)*®)/2. Since U%X = 225 -
16°(16°'X) < 225-16'N and X + 1 < 2N, we get A; < 22577 and A3 <
135077 < 37*T?. With w =UX < 15N, X < N/16' and R <r < N/R,

48w*

+ 80rw? + 120w?

7% <AU?X3Q = 320w X +
.
_ 320 153 N* N 48 - 154 N* N 80 - 15°N*
- 16¢ R R
+ 180 - 15% - 16" N3,

and every coefficient is at most 40%, so Z1/2 < 40(N27+2N R™Y/4 421 N3/4),
The block is therefore at most

15T; + 40V/800e!® (N27% + 2N R4 4 2! N3/4) 4 37T,
< Ky(N27'+ NR™V4 4 2IN3/4 4+ T),
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with Kj = 80v/800e5 + 52. Summing over ¢ < I,
Ty| < Ky (2N + INR™Y 4 2T NS/ 4 4l (N (2N)7)1/2)

Here I < 2L3; 2! < 4L < 16NY* 4 < 16L? and k < 2L; and logz <
152115 gives L3(N(2N)3/°)1/2 < 2. 153N. Hence |T| < K,(216018N +
2L3NR™Y4).

Altogether |S|L < (Cs + 908 + 216018 K,) N + (60 + 2K,) L’ NR~'/4 and
dividing by L gives the theorem with C; = 45+ C5 + 908 + 216018 K, + 60 +
2K, O

5. PROOF OF THEOREM 1.1

In this section x is a primitive character modulo ¢ > 3.

Lemma 5.1. Let B > 0 be such that ’ngH X(m)e(mB)/m| < B for every

integer H < q/2 and every 8 € R. Then |3, x(n)| < \/q(B +6) for
every x > 0. -

Proof. We may take z = T to be an integer. Let 7= 3", 4. X(a)e(a/q).
Since  is primitive, Y _x(a)e(an/q) = x(n)7 for every n, and summing the
squares of the moduli of these identities over n mod q gives qo(q) = |7]%¢(q),
so |7| = /q. Summing over 1 <n < T,

= Y Ot

n<T 0<|a|<q/2 1- e(_a/q)

where a runs over the integers with —¢/2 < a < ¢/2, a # 0. For 0 < |0] <
1/2 put r(0) = (1—e(—0))~t — (2mif)~!; then |1 —e(—0)| = 2|sinwd| > 4/6].
If 2m|6] < 1, then |e(—0) — 1 + 2mif| < (276)? and |r(9)| < (276)?/(4]6] -
27]0|) < 3; otherwise |r(0)] < 1/(4]0]) + 1/(2xr|0|) < 3. The terms with
r(a/q) contribute at most 6g. Writing a = +m with 1 < m < ¢/2, the
remaining terms are ¢/(2mi) times a combination, with coefficients of mod-
ulus at most 1, of four sums ) _, x(m)e(mB)/m with H < ¢/2, so they
contribute at most 2¢B/7. Dividing by |7| gives the claim. O

Lemma 5.2. ForY > 2 and H > 1,

1
Z — <e'llogY.
n

n<H

P(n)<y
Proof. The sum is at most Hpgy(l —1/p)t < exp(ngy p%l), and
Zp<;ﬁ — }l)) < 1; apply Lemma 2.1(iv). [
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Lemma 5.3. There is an absolute constant Cy such that for 0 < r < g,
beZ, 5 eR, integers Y > max(2,7) and t > 1,

‘ Z: x(n)e(nG + /@))‘ <0y Tlog(qr;u?o(li;y%‘mt)t-

P(77LJ>Y
Proof. Every n < t with P(n) > Y is uniquely n = pm with p = P(n)
prime, Y < p < t/m and P(m) < p, and then m < ¢/Y. For such p we

have p > r, so p{ r, and on the units modulo r the function u +— e(umb/r)
equals > cytb(u), the sum over the characters ¢ modulo r, with |cy| < 1.

The character xt¢» modulo ¢r is nonprincipal. Otherwise y(n) = ¢ (n) for
every n prime to gqr. Let d = (¢q,r) and let n be prime to ¢ with n = 1
(mod d). By the Chinese remainder theorem there is n’ prime to ¢r with
n' =n (mod ¢) and n’ = 1 (mod r), and then x(n) = x(n') = ¥(n') = 1.
So x is trivial on the units congruent to 1 modulo d, and is induced by a
character modulo d < r < ¢, which contradicts primitivity.

Applying (2) to & = x¢ with v = mf, A = max(Y,P(m) — 1) and

= |t/m] (the inner sum is empty if A > B) gives

‘ 2. x(n)e(n(§+ﬁ>)‘ < o0y 108lar +2)2 + 27|]t) 3 <%>19/207

logY My

P(7:J>Y
and Y, ), m~1920 < 20M'/2°. Hence Cy = 40C5 will do. O

Proposition 5.4. There is an absolute constant Cy such that if log g > 200,
then !Zm<H X(m)e(mﬁ)/m‘ < Cyloglogq for every integer H < q and
every 3 € R.

Proof. Let L =logq, M = [L], R = M and Y = M™. Since /6 >
(L/16)*/24 > L+ 1 > M, we have 2 < R < g and R < Y. Split the sum
according to P(m) <Y or P(m) > Y. By Lemma 5.2 the first part is
at most e''logY". For the second put A(t) = 35, piysy X(n)e(nf) and
w(t) =1/t — 1/(t + 1). Partial summation and |A(H)| < H give

‘ZX m5)<1+2m ()] w(b).

m<H 1<t<H

P(m)>Y
If t <Y, then A(t) = 0. Let t > Y and @ = |[t/R] > 1. By Dirichlet’s
theorem there are coprime a,r with 1 <r < Q and |f—a/r| < 1/(r(Q+1));
then |5 —a/r|t < R (Figure 3). If r < R, then Lemma 5.3 with b = a gives
|A(t)] < Cokt, where

Rlog(qR+2)(2+ 27 R)

L —
Y1/20]og Y
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If r > R, then R<r <t/Rand |3—a/r| <r 2% so Theorem 4.1 for f = x
bounds the full sum > _, x(n)e(nB), and since logt < L, removing the
U(t) =#{n <t:P(n) <Y} smooth terms gives
t > L2
A@t)| < (— t) U(t), e
’ ()’—Cl logt+p+ () p R1/4 M4

Since tw(t) < 1/t and w(t) < 1/t2,

> Ol <0 Y g+ Gt G Y g+ 3 ¥

1<t<H 2<t<H t<H 1<t<H

The first sum is at most 3 4 log L., the second at most 1 + L, and by
partial summation the third is at most Y-, poy<y 1/n < e''logY. Fi-
nally L < M < 2L gives p(1 + L) < 2/M < 1; log(qR + 2) < 18M,
2427 R < 8M' Y1/20 = M35 and log Y = 7001log M > 700 give k(1+ L) <
288M31 /(700M*) < 1; and logY = 700log M < 1400log L. Collect-
ing terms, the sum is at most 1 + 4C; + Cy + (2800e'* + Cy)log L <
(2800e' + 1 + 5C; + Cy) log L. O

major arcs, r < R:
[ twisted prime sums and
the half-plane Re s > %

minor arcs, R <r <t/R:
bilinear forms and
the Selberg sieve

BER/Z

FIGURE 3. The dissection of R/Z in the proof of Proposi-
tion 5.4, drawn for R = 4. Near a fraction a/r with r < R
(major arcs) the sum A(t) is controlled by the twisted prime
sums of Corollary 3.8; elsewhere (minor arcs) by Theorem 4.1.
The heights only indicate that the major arcs carry the large
values.

Proof of Theorem 1.1. The character y is primitive modulo ¢. If logq >
200, then Proposition 5.4 for y and Lemma 5.1 give

‘ZX < V/q(Cyloglogq+6) < (Cy +6)y/qloglogg.

n<x
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If log ¢ < 200, then every sum >  _. x(m)e(mf)/m with H < ¢ has mod-
ulus at most 1 + log g < 201, and Lemma 5.1 gives

207
<2077 < loglog q. 0
‘Zx(n)) < 074 < 575 valoglogg

n<z
6. THE LOGARITHMIC DERIVATIVE AT s =1
Recall that op = 7/8+3/1000 and that K is the constant of Corollary 3.8.

Lemma 6.1. For every nonprincipal character x modulo q,
L * S(x;t)
——(1,x) =2 - dt
7 (LX) /1 5 dt,

and the integral converges absolutely.

Proof. By Lemma 3.1(i) with a = yA, for real s > 1,
e L 1

Sttt tdt = —— —.

| stn ) 5
As s — 17 the left side tends to [ S(x;t)t~2dt by dominated convergence,
since |S(x;t)| < Kt? log(q + 2) and oy < 1. The function L(s, x) is entire
and does not vanish at s = 1 by Theorem 1.2, so the right side tends to
Proof of Theorem 1.3(i). Let x be nonprincipal modulo ¢, so ¢ > 3, and put

Y = (log(g+2))"""" > 1. Since |S(x; 1)| < ¢(t) < 4t by Lemma 2.1(ii),
Lemma 6.1 gives

/°° po0-2 gy 8loglog(q +2) + QK.

L Y 4 dt
~q, ‘<2 2 Lok 9
)| < [' = +2Klog(a+2) | -

As g+2 < ¢?, loglog(q+2) < log2+loglog ¢, and since loglog ¢ > loglog 3 >
0 the right side is at most C'loglogq. U

For the lower bound in Theorem 1.3(ii) we need to control the prime
powers n < ¢*7 with n =1 (mod ¢). We count them in dyadic blocks with
Selberg’s sieve.

Lemma 6.2. Let g be prime, let M > 1 be an integer and let 1 < z < q.
The number of m with M < m < 2M for which 1+ mq is a prime power is
at most

+ 2(1 +log 2)* + z.

log 2

Proof. If 1+mgq = p* with p < z, then p* € (Mq,2Mq), and for each prime
p at most one power of p lies in this interval, since p*** > 2p*. These m
number at most z. If p > z, then 1 4+ mgq has no prime factor up to z, and
we apply Lemma 2.2 to the M integers a,, = 1+ mq, M < m < 2M, with
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P the product of the primes up to z, v(d) = 1/d and y = z. Every prime
p < z differs from ¢, so for d | P the condition d | 1 + mgq fixes m in one
residue class modulo d, and |Rq| < 1. Here g(I) = [],,(p — 1)~!, which is
the sum of 1/n over the n whose set of prime factors is that of [. Every
n < /z has all its prime factors at most z and the product of its distinct
prime factors is at most /z, so

1 _ logz
S = > - > )
> 9D =) ~ 2
1P n<yz
I<Vz

For squarefree d, 3°(Y = 73(d), and > a<.T3(d) = #{(a,b,¢) : abc < 2} <
Z(Zagz 1/(1)2 < 2(1 +log )% Lemma 2.2 therefore bounds the number of
these m by 2M/log z + z(1 + log 2)?. O

Lemma 6.3. There is an absolute constant Cy such that for every prime
q=3,
Z M e logqloglogq'
n q
1<n§q17
n=1 (mod q)

Proof. Write n = 1+ mgq with 1 < m < ¢'% and let J = [161log, q] + 1,
so that 27 > ¢'% and J < 25logq. We split the range of m into the blocks
29 <m <271 0 < j < J (Figure 4), and let N; be the number of m in
the j-th block with 1+ mg a prime power. We claim N; < 393-27/(j +1).
For j < 32 this holds trivially. For j > 32 apply Lemma 6.2 with M = 27
and z = 2% u = j/32 > 1. Since 2/ < 27 < 2¢'%, we have z < 21/32¢'/2 < ¢.
Then 2M/logz = 64 - 27 /(jlog2) <96 -27/(j + 1), and since log z < u,

997 .24 997 .92i
141 2 < 2%(2 2 < <
d(l+loge)’+2<2"2+u)" < o5 - < 1

because (2 + u)?(32u + 1) < 9u? - 33u = 297u> and u® < 23“. This proves
the claim.

A term of the j-th block has A(n) < log(1+2/"q) < (j+2)log2 + log q
and n > 27q, so the block contributes at most

393
(7 +1)g
Summing over j < J and using >, _;1/(j +1) <1+logJ, J < 25logg
and log J < 4 4 loglogq, the sum in the lemma is at most 32—3(35 log g +

Y

‘ 393 log q
+2)log2 +1 <—(21 924 - )
((j +2)log2+1logq) < ;\2log2+ =

5log q + log qlog log q). Since loglog g > loglog3 > 1/11, this is at most
Colog gqloglog q/q with Cy = 393 - 441. O
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A

log q
j+1

block 27 <2 =1+ mg:

<m
A( ) _C log ¢
Xn: ” §5(210g2+].+1)

2log2

0 1 2 3 5 9 13
0<j<J=~16log,q

FI1GURE 4. The dyadic blocks in the proof of Lemma 6.3.
The block 2/ < m < 27*! contributes a constant part, of total
size < J < logq, and a part of size log ¢/(j + 1), whose total
is < log glog J. The second part produces the factor loglog q.

Proof of Theorem 1.3(ii). Let ¢ > 3 be prime and put c(n) = >_ _ x(n),
the sum over the nonprincipal characters modulo ¢q. By orthogonality ¢(n) =
(¢g—1)1n =1 (mod q)] — 1[g 1 n]. Put

=Y Stah =Y cmAm(1-5). 1= /1°° :1;(215) "

X7X0 n<t

By Lemma 6.1, > L(1,x) = —2I, so by (1) it suffices to show
—C'logq < I < Clogqloglogg.

By Corollary 3.8(i), |T(t)] < ¢Klog(q + 2)t°. Let Y = ¢'". Since
17(09 — 1) < —2 and log(q + 2) < g,

op—1
‘/ dt‘ qKlog(¢+2) Y7 SKlog(q%—Z)S K .
1— o9 q(1 — o9) 1— o0y

For the lower bound, ¢(n) > —1 gives —=T'(t) < ¥(t) < 4t, so

Y
4dt K K
—[S/ — + = 68logq + .
1 t 1—0'0 1—0'0

For the upper bound, ¢(n) < (¢ —1)1[n =1 (mod q)] gives

/IYTg)dtém_l) > A()/ (1—%)%

n<Y
n=1 (mod q)
g1 (n)
2 Z n’
1<n<q'?
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which is at most % log qloglog ¢ by Lemma 6.3. Hence

C
]g—ologqloglogq+ ;
2 1—0'0

and both bounds follow since log g > 1 and loglogq > 1/11. ([
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