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ORTHOGONAL CIRCLES AND A FIXED-DIMENSIONAL
SEPARATED-DISTANCE COUNTEREXAMPLE

JOHN TRIPODO

ABSTRACT. A finite set of points in Euclidean space is distance-separated if the lengths of any two
different unordered edges differ by at least one. Counting the distances shows that an n-point
distance-separated set has diameter at least (Z) ~ n?/2, and Erdds asked whether the diameter
must in fact be at least (1 — o(1))n?. Ho showed that the answer is no if the dimension may grow
with n. The first version of this paper then gave counterexamples with diameter below 0.74n? in a
single fixed dimension.

We give a fixed-dimensional counterexample with sharper explicit parameters: for every integer
n > 36354 there is a distance-separated n-point set in R¥'7* with diameter below (147/200)n? =
0.735n2. The finite conclusion has an accompanying Lean 4 proof, including minimum distance at
least one for distinct points and the actual set diameter bound.

As in the first version, this construction replaces each vertex of a large “macro” simplex by a
cluster of points. We use a standard Gram-deficit completion to arrange those clusters on circles in
mutually orthogonal planes. The new arrangement makes every distance between two clusters an
exact, explicit, increasing function of two “digits”, and it reduces the number of coordinates from
9m — 1 to 3m — 1 for m clusters. A single quadratic-residue ruler then controls both the distances
inside the clusters and the digits between them. The proof is self-contained apart from Bertrand’s
postulate.

1. INTRODUCTION

1.1. Separated distances and the counting bound. Let X be a finite set of points in a
Euclidean space RY. An edge of X is an unordered pair {x,y} of distinct points of X, and its length
is ||z — y||. We call X distance-separated if the lengths of any two different edges differ by at least
one:

(1.1) lllz =yl = Ju—"2]] >1 whenever {z,y} # {u,v} are edges of X.

In particular, the ('5') edge lengths are pairwise distinct.

How small can the diameter of such a set be? There is a simple lower bound. If | X| > 3, every
edge {z,y} has length at least one: pick a third point z; the edges {x, z} and {y, z} are different, so
by (1.1) and the triangle inequality

| X]
2

L< |z =2l = lly = 2ll| < llz =yl

Hence the sorted edge lengths (1 < ¢ < --- < £y, where N = (\)2(|), satisfy 1 > 1 and £y > 0+ 1,
so £, >t for every t. Taking t = N gives the counting bound

: [XTY _ (1 2
(1.2) diam X > < , = (5 — o(1))|X[%

On the real line the truth is twice as large: an n-point distance-separated subset of R has diameter
at least n? — 3n?/2 (Proposition 7.1 below). Erdés asked whether the same holds in every dimension,
that is, whether diam X > (1 — o(1))n? for every distance-separated n-point set X in any Euclidean
space; see Erd6s [1, Problem 20]. This is Erd6s Problem 670.
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Ho [3] showed that the answer is negative if the ambient dimension may grow with n: for infinitely
many n there are distance-separated n-point sets in R " of diameter (1 —1/7%+ o(1))n?. Ho
also gave the stronger proved asymptotic coefficient (7 + V72 —4)/(27) = 0.885589... for his
high-dimensional construction [3, Remark 10]. He pointed out that this leaves the question in a fized
dimension open [3, Remark 9]. The first version of this paper [4] constructed distance-separated
n-point sets in R*%%99 with diameter below 0.74n? for every n > 68000.

To state results in fixed dimension, define for d > 1 and n > 3

Ag(n) = inf{diam X : X C R% |X|=n, X is distance-separated}.

The infimum is over a nonempty class: for instance {1,2,4,...,2" '} C R is distance-separated,

since its differences 2° — 2% are distinct integers. Padding with zero coordinates embeds R? in

R4 so Ag(n) is nonincreasing in d. The counting bound gives Ay(n) > (3) for every d. The
fixed-dimensional question asks whether, for every fixed d,

Ag(n

lim inf a(n)

n—oo 2

> 1,

equivalently whether Ag(n) > (1 — o(1))n? as n — oo. That first construction disproved this in
one fixed dimension; the theorem below gives a smaller explicit dimension and coefficient for all
sufficiently large n.

1.2. Results. The finite result is an explicit improvement in both ambient dimension and diameter
coefficient over the first version of this paper.

Theorem 1.1 (A fixed-dimensional counterexample). For every integer n > 36354 there is a
distance-separated set X C R¥™ with | X| =n and

diam X < %n = 0.735n”.

1.3. The idea: a two-digit counter. Here is the construction in outline; Figures 1 and 2 illustrate
it. We build a set of n = mk points, arranged in m clusters of k points each. The number m of
clusters is fixed (it determines the dimension, 3m — 1), while the cluster size k grows with n.

The macro skeleton. Start with the M = (7)) consecutive target lengths

S(K+1), S(K+2), ..., S(K+M).

Here K is a large offset. The edges are numbered 1,..., M in colezicographic order (Figure 5). As
in the first version [4], a Gram estimate realizes the required macro vertices g4 in R™~!. Their

actual distances are shortened to ||ga — gp|| = /D% — 2p%, where Dap = K + {45 and p = R/S.
This shortening offsets the radius R of the circles and leaves the displayed consecutive values as the
cross-edge baselines.

Clusters. Replace each macro vertex Sqa by a cluster of k points x40, ...,24 -1 lying on a small
circle near Sqa. The set now has two kinds of edges: local edges, inside one cluster, whose lengths
are comparatively short; and cross edges, between two clusters A < B, whose lengths are close to
SDap, where Dyp = K + (label of the macro edge AB).

Cross lengths as a two-digit number. The positions on the circles are chosen so that, for A < B,

(1.3) |zai — zpjl| = SDap + s°k fai + s f5j,

where s > 1 is a number slightly larger than one and the digits fao < fa1 <--- < fajy—1 are real
numbers that increase in steps of about one and span an interval of length less than k. Read (1.3)
as a two-digit counter (Figure 2). Increasing the fine digit j by one increases the length by about
s, slightly more than one. Increasing the coarse digit i by one increases it by about s?k, which is
more than the whole range, about sk, of the fine digit. So the k2 cross lengths between A and B
are separated and fill a block of width about s?k? around SD4p. Consecutive blocks are S apart,
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cluster 3 cluster 2
e K+6 4
scale by S,
replace vertices local edge
by clusters & (a chord)
K+4 K+3 ———> 5°
&
9 K+1 q 0 %
cluster 0 cluster 1
macro skeleton: m clusters of k points,
target labels K+1,..., K+M each on a small circle

FIGURE 1. A schematic picture with m = 4 clusters of k = 4 points; it is not to
scale. Left: the labels Dap = K +1,..., K + (%) occur in colexicographic order

(Figure 5). The actual macro distances are \/ D25 — 2(R/S)?, before scaling by S.
Right: each scaled macro vertex is replaced by k points on a circle of radius R. The
circles lie in mutually orthogonal planes, which is not visible in this planar drawing.
The radius is small compared with the macro-edge lengths SK, although R/S is
large for the chosen parameters.

and the choice S = s3k? leaves room between them. Finally, the local lengths lie far below all cross
lengths and are separated by a separate argument.
The diameter coefficient. The largest cross length is about

SO+ M)~ SR (K + T = (5 4 25 (i

For the finite theorem we take s = 9/8, m > 18177, and K = [m(m — 1)/64]. The resulting
leading coefficient is s®(1/2 4 1/64) = 24057/32768 < 147/200; the explicit finite margin absorbs
the lower-order terms (Section 6).

The difficulty, and how orthogonal circles remowve it. Write the points as x4; = Sqa + n4; with
small perturbations 74;. Then

lzai — zB;|1* = S*llga — aBlI* +25(g4 — a8, nai — nBs) + |4 — ns;ll°-

The middle term is linear in the perturbations and can produce the two digits. The last term,
however, contains the interaction —2(n4,,npB;), which depends on i and j jointly and spoils the digit
structure. We remove it completely: we put all the points of cluster A on a circle of a common
radius R, in a plane orthogonal to the planes of all other clusters. Then |n4; — ng;||* = 2R? is
a constant, which we absorb by slightly shortening the macro distances. Lemma 2.1 shows that
these mutually orthogonal circles cost only 2m extra coordinates, while allowing the prescribed
macro-space tilts when their complete direction matrix has operator norm at most R, which is what
creates the digits. The result is the ezact formula (Section 5)

(1.4) |xai — zpjl| = V2 + 20T,  v==SDap, T =skfai+sfp;.

This is not linear in T, and its deviation from v 4+ T is not bounded as k — oo. But it is a fixed
increasing function of 7', with derivative close to one, and that is all the counter needs (Remark 5.2).

Finally, the local lengths are chords of the circles, determined by differences of the angles. We
choose the angles from a quadratic-residue ruler in the spirit of Erd6s and Turédn [2], all of whose
differences are distinct integers. The same ruler, read through a sine, also supplies the digits f4;.
So one ruler serves both purposes.
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fine step j — j+1: carry (i,k—1) — (i+1,0):

length grows by > 75\ > 1 length grows by > 1
<> <> the k2 lengths
I R B I R B I R Lo e — sl
[ —— [ — [ E— — T T T in the order
S S S —

i=0 i=1 i=2 i=3 of (i, 7)
block width < 2Timax /T < s2k? /T |

g 11111 S 1 VIR (AT T M ———#—> length

local v=S(K+¢) v=S(K+{+1) v=_S(K+{+2)
lengths
gap > S — 2T max /7 > 1 gap > S — 2T max /7 > 1

FIGURE 2. Cross lengths form a two-digit counter (schematic, k = 4). Bottom: each
macro edge AB, with label £ = ¢4, contributes a block of k? cross lengths around
v = S(K + £); consecutive blocks are S = s3k? apart and do not overlap. All local
lengths lie below the first block. Top: inside one block the lengths, listed in the
lexicographic order of (i, 7), increase by more than one at every step, both at a fine
step (the fine digit j increases) and at a carry (the coarse digit i increases and j
resets to 0).

1.4. Changes from the first version. This revision retains the first version’s macro skeleton [4]:
the colexicographic labelling, the positive-definiteness estimates for its Gram matrix, and the
operator-norm bounds for the two families of “incidence” vectors F4, G4 attached to it (Lemma 3.1).
We reproduce the proofs in Section A so that the paper can be read independently. It also retains
the clustered quadratic-residue ruler, with its principal spacing made a free parameter.

What changes is the cluster geometry. Orthogonal-circle arrangements have classical precedents in
Lenz’s construction, as reported by Erdés [9]; the use of one tilted circle per macro vertex to encode
both local chords and cross digits is the present organization. The first version’s clusters use a
separate ruler circle, a quadratic correction, higher harmonics and an extra axis, for a total of 9m — 1
coordinates. A single circle per cluster, placed by Lemma 2.1, does the work of all of these and
needs 3m — 1 coordinates. The second observation is that one does not need a uniformly bounded
additive error in a linear approximation to a cross length; a two-sided bound on its derivative
suffices (Remark 5.2). This permits the explicit parameters below to satisfy the five separation and
geometry conditions with strict margins.

1.5. Organization and notation. Figure 3 shows how the pieces fit together. Section 2 proves
the orthogonal-circle completion and computes the cross distances it produces. Section 3 states
the macro input. Section 4 constructs the ruler and the digits. Section 5 assembles everything into
a finite criterion, Theorem 5.1: five inequalities between a handful of parameters which, if they
hold, give a distance-separated set of mk points in R3"~! for every k > 2. Section 6 chooses the
parameters and proves Theorem 1.1. Section 7 explains what the method does not give, and proves
the lower bound on the line. Section A proves the macro input.

Notation. Norms ||-|| and inner products (-,-) are Euclidean; ||-||op is the operator norm of a
matrix. We write eg, ..., en—1 for the standard basis of R™, indexed from zero. Given vectors
Vo,..., Vi1 € R", we also write V for the r X m matrix with columns V4 = Vey. For symmetric

matrices, P > () means that P — @ is positive semidefinite, and P[z] = 2T Pz is the associated
quadratic form. 1p equals 1 if the statement P is true and 0 otherwise. Capital letters A, B, J
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Lemma 2.1 Lemma 3.1 Lemma 4.1
orthogonal circles macro skeleton one ruler for chords
(Section 2) (first version; Section A) and digits (Section 4)

Theorem 5.1: finite criterion
conditions (C1)—(C5)
= mk points in R3™~1

!

Section 6: finite
parameter choice
= Theorem 1.1

FI1GURE 3. Logical structure of the paper.

index clusters (0 < A < m) and lower-case 7, j index points within a cluster (0 < i < k). Finally,
Hy,, = 771 1/ is the m-th harmonic number.

2. THE GEOMETRIC PRINCIPLE: ORTHOGONAL CIRCLES

We want to place one circle of radius R around each macro vertex. Each circle must tilt into the
macro space in a prescribed direction Uy, because the inner products of U with the macro edges
will produce the digits. At the same time the circles should lie in mutually orthogonal planes, so that
they do not interact. The following lemma shows that both requirements can be met with 2m extra
coordinates, provided the whole matrix of directions has operator norm at most R. The Gram-deficit
square root is the standard defect-operator completion for a contraction after rescaling [8]. The
quantitative input here is the bound on the complete direction matrix U.

Lemma 2.1 (Orthogonal-circle completion). Let R > 0, and let U be a real v x m matriz with
columns Uy, ..., Up—1 € R" and ||Ul|op < R. Put

W = (R*I,, —UTU)'?,
the positive semidefinite square root. For 0 < A <m and z € R define

(2.1) na(z) = (Uasinz, Wegsinz, Regcosz) € R"@R™ @ R™.
Then for all z,w € R,

(2.2) [na(2)| = R,

(2.3) (na(z),np(w)) =0 (A # B),
(24) Ina(2) = na(w)] = 2R |sin “5 ).

In words: ma traces a circle of radius R centred at the origin, and the m circle planes are mutually
orthogonal. Only r + 2m coordinates are used, however many points are later placed on each circle.

Proof. The matrix R?I,, — UTU is positive semidefinite because ||U|op < R, so W exists, and
UTU + WTW = R%I,,,. Put

as = (Ua, Wey, 0), ba = (0, 0, Reyn).
Then (as,ag) = (UTU + WIW)ap = R?14—p and (ba,bg) = R?14_p, while {a4,b5) = 0
for all A, B. Thus the 2m vectors a4,bs are pairwise orthogonal and all have norm R. Since
Na(z) = aasinz + by cos z, the curve 74 is a circle of radius R in the plane spanned by a4 and by,

and these planes are mutually orthogonal. The identities (2.2)—(2.4) follow at once; for the last one,
[74(2) — na(w)||* = 2R* — 2R? cos(z — w) = 4R%sin? 252, O
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(a)
T = ( { Sqa + Uy sin zy4; H We,sin z»; H Rey cos zy; D
macro space: m — 1 coordinates  completion: m coordinates m coordinates
(scaled macro vertex, tilted by U4)  (shared by all clusters) (one private axis per cluster)
direction b4
(b) T
points x 4; at angles o ° chord = 2R sin %
zai =0tas, |2ai] < a/2 g (a local length)
z
[,

° direction a4

centre Sqa
projections Rsinza; = ROfa;

(these give the digits)

FIGURE 4. (a) The 3m — 1 coordinates of a point. The first block carries the scaled
macro vertex and the tilt Ug; the other two blocks complete the circles so that
they become mutually orthogonal. Indeed, the 2m vectors aq = (Ua, We4,0) and
ba = (0,0, Rey) are pairwise orthogonal and have length R, and z4; = (S¢4,0,0) +
a4 sinzg; + bgcos zg,. (b) The circle of cluster A, in the plane of a4 and by (angles
exaggerated). The points use only a short arc, of angular width at most a < 1. Two
quantities are read off the same angles z4;: chords, which are the local lengths, and
projections onto the tilted direction a4, which produce the digits of the cross lengths.

Cross distances. Now choose macro vertices qo, ..., ¢n_1 € R" and a scale S > 0, and consider
points of the form
(25) TA; = (SQAa Oa 0) + nA(ZAi)-

For A # B, expanding ||z4; — zp;||? and using (2.2)-(2.3) gives the exact identity
(2.6) |xa;i — xBjH2 = S2||QA — qB||2 +2R? + 25(qa — qB,Uasin z4; — Upsin zp;).

depends only on A,B

The first two terms can be prescribed together: if the macro vertices are chosen with squared
distances shortened by 2(R/S)?, then these two terms add up to the desired squared macro length.
What remains is a term linear in sin z4; and sin zp;, with no interaction between them. No quadratic
or second-harmonic correction is needed.

3. THE MACRO SKELETON
The macro edges AB, 0 < A < B < m, are labelled in colexicographic order: first by the larger
endpoint B, then by the smaller endpoint A. Explicitly,
B
(3.1) EAB:<2>+A+1, Dip =K+ /4B (0< A< B<m),

and we put Dpy = Dap. The labels £4p run through 1,2,..., M exactly once, where M = (')
(Figure 5). The number K > 0 is an offset, and D4p is the length that the macro edge AB will
have, in units of S.
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A\B 1 2 3 4
' O 7 tap=(5)+A+1
= (5 :
P l S e
10 3 10

FiGurk 5. Colexicographic labels for m = 5. The edges are listed by increasing
larger endpoint B (one colour for each B), and then by increasing smaller endpoint
A. The target cross-edge baseline is D p = K + £ 2p; the realized macro distance is

\/ D45 — 2p?, where p = R/S. The target labels are K +1,..., K + (7).

The following lemma is the macro input. It says that the colex lengths, shortened as required by
(2.6), are realized by an honest simplex, and it controls two families of vectors attached to it.

Lemma 3.1 (Macro skeleton from the first version). Let m >4, K > 0 and p > 0 satisfy
(3.2) K >m, K > 16384H2,, p< K/4.
(i) There are affinely independent points qo, ..., qm—1 € R™1 with
(3.3) lga — apl> = D35 —2°  (A#B).
(ii) For each A there are unique vectors Fa,Ga € R™™! such that, for every J # A,

(3.4) (ga —q7,Fa) =Dajljca, (ga —q7,Ga) =Dajlysa.

(iii) The (m — 1) x m matrices F' and G with these columns satisfy

(3.5) [Fllop < 24VEK +m,  ||Gllop < 60VK + m.

This is the first version’s macro input [4, Lemmas 2-3]; a complete proof in the present notation
is given in Section A. Part (ii) is immediate from (i): the m — 1 vectors g4 — g5 (J # A) form a
basis of R™~1. The substance is part (iii). Note that it bounds the whole matrices F and G, not
just their individual columns. This is essential, because Lemma 2.1 needs a bound on the operator
norm of the whole matrix U.

The vector F'y “sees” only the macro edges from A down to smaller vertices, and G 4 only those
from A up to larger vertices. In a cross edge between clusters A < B, we shall let the smaller
endpoint carry the coarse digit and the larger one the fine digit. Accordingly, given s > 1, a cluster
size k and an angular scale 6 > 0, we set

s

(3.6) Ugy (FA—I—Sk‘GA) (0< A< m).

0
Then for A < B the definitions (3.4) give the two projections

sk s
(3.7) (ga — qB,Ua) = - Dap (coarse), (g —qa,Up) = 7 Dap (fine).

Since sk > 1, the bounds (3.5) give

< 84s%k/K +m

(3.8) 1U]lop < %(24 +60sk)VE +m ;
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0 52 106 162
Yyoi | } } }
0 60 105 169
i | % % %
lagd =1 lag § =2 lag 6 =3
o w | |
i T T ; T T ; : T f difference
0 34 51 68 85 102 119 136 153 170

FiGURE 6. The ruler of Lemma 4.1 for m = 2 clusters of k = 4 points, with L = 3
and p = 17. Top: the marks yo; (blue) and y;; (red). Bottom: all 2(3) =12
differences ya; — ya;. A difference with lag 6 = j — ¢ lies in the shaded window from
(Lo — 1)p to (Ld + 1)p. Inside a window, the quadratic residues keep all differences
apart, even across the two clusters.

4. ONE RULER FOR LOCAL LENGTHS AND DIGITS

The angles on the circles come from the following ruler. It is a quadratic-residue construction of
Erd6s—Turan type [2], with a linear term depending on the cluster as in the first version [4]. For an
integer u we write [u], for the least nonnegative residue of u modulo p.

Lemma 4.1 (Clustered ruler). Let m,k > 2 and L > 3 be integers, and let p be a prime with
2mk < p < 4mk. Define the integers

(4.1) yai = Lpi + [+ 2kAi]l, (0<A<m, 0<i<k).

Then the differences ya; — yai, taken over all clusters A and all 0 < i < j < k, are positive and
pairwise distinct. Moreover, with

1 k—r YAi
4.2 =1-= h = far = 2AT
( ) oY L ) 2 ) Ai Lp )
the normalized positions t4; satisfy
k
(4.3) tail < h < 5 tair1 —tai > K, tar—1 —tao <k — K.

So each row t49 < -+ < t4k—1 is an almost evenly spaced sequence, with steps between x = 1-1/L
and 1+ 1/L, inside [—h, h]; but all the differences of the underlying integers, across all clusters, are
distinct (Figure 6). Taking L large makes the spacing nearly uniform.

Proof. Fix a lag 1 < ¢ < k and write ga;s = ya,i+s — ya; for 0 < i < k — . The residue parts of
Ya,it+s and ya; lie in [0,p), and (i +0)® + 2kA(i + &) — i? — 2kAi = §(2i + & + 2kA), so

(4.4) (L6 —1)p < gais < (L6 + 1)p, Gais =0(2i+ 0 +2kA) (mod p).

In particular every difference is positive. Differences with different lags lie in disjoint windows, since
L > 2. For a fixed lag, the integers 2i + § + 2kA lie in [1,2mk) C [1,p), and they are pairwise
distinet: 20+ 0 +2kA = 2i' + § + 2k A’ forces i —i' = k(A" — A), and as |i —i'| < k this gives A = A’
and ¢ = 4/. Since 0 < § < p, multiplication by ¢ is injective modulo p, so the residues of the g4;5 are
pairwise distinct as well. This proves that all differences are distinct.

For the bounds, 0 <y4; < Lp(k—1)+p—1,500<ygu;/(Lp) <k —1+4+1/L =k — k = 2h; this
gives |ta;| < h. The consecutive differences satisfy gai1/(Lp) > (L —1)/L = k by (4.4), and the
total range is less than 2h = k — k. O

By Bertrand’s postulate (for every integer N > 2 there is a prime p with N < p < 2N), a prime
as in Lemma 4.1 exists. We now turn the positions ¢ 4; into angles and digits. Fix 0 < a < 1, which
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TABLE 1. The parameters of Theorem 5.1 and the finite choice used to prove
Theorem 1.1 in Section 6.

role finite choice
m  number of clusters; dimension 3m — 1 18177 < m < 27265
k  points per cluster any k > 2
K offset of the macro lengths Dap = K + {ap [m(m —1)/64]
s slack factor, s > 1; scale S = s3k? 9/8
a angular width of each cluster; § = a/k 49/100
L spacing factor of the ruler 12
C radius constant; radius R = Cmk? 101

derived: k=1-1/L, y=1-d*/8, A=ry, M= (%), p=R/S=Cm/s?

will be the angular width of every cluster, and put

. (01 1
(4.5) 0 = g, 2Ai = Ot aq, fai = A sin AZ), y=1- af, A = K.

k 6 0
The angle z4; places the point x4, on its circle, and f4; is its digit. Since [t4;] < h < k/2, all angles
satisfy |z4i| < a/2 < 1/2. On this range the function ¢t — sin(ft)/60 has derivative cos(6t) € [y, 1],
because cosu > 1 — u?/2. By the mean value theorem, (4.3) becomes

(4.6) | fail < h, Jaiv1 — fai > A fak—1— fao <k — k.

So the digits of each cluster increase in steps larger than A\ (a number slightly below one) and span
an interval shorter than k. Since the angles themselves come from the ruler, there is no separate
local geometry to fit into the construction.

5. A FINITE CRITERION

We now assemble the construction. All the numerical requirements are collected into five
inequalities, (C1)—(C5), on six inputs m, L, s, a, C, K, summarized in Table 1. The tolerance 7 is
determined by these inputs. Since k occurs in none of the inequalities, one feasible choice works for
every cluster size k > 2.

Theorem 5.1 (Finite criterion). Let m > 4 and L > 3 be integers, and let s > 1, 0 < a < 1,
C, K > 0 be real numbers. With x,v,\, M as in Table 1, define the slope tolerance

(5.1) S 1_3,(K1+1) € (0,1).
Suppose that

(C1) TSA > 1,

(C2) K > max{m, 16384H2},
(C3) K >4Cm/s3,

(Ca) om > R

a
(C5) Cay > 4L.
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Then for every integer k > 2 there is a distance-separated set of mk distinct points in R3™~1 with
diameter at most

2
(5.2) [$*(K + M) + ;7] k2.

The definition (5.1) makes the cross-length slope budget an identity. The local-versus-cross
guard follows automatically: by (C3), sK > 4Cm. Also (C5), L > 3, a < 1 and v < 1 give
Cm > Ca > 12. Hence (4 — a)Cm > 3Cm > 36 > 1, and therefore

(5.3) sSK >4Cm > Cam + 1.

The conditions have the following roles in the proof:

e (C1): a fine step increases the cross length by more than one;

e (C2), (C3): Lemma 3.1 applies with the shortening p = R/S required by (2.6); (C3) also puts
cross lengths above local lengths;

e (C4): the radius R is at least ||U||op, so that Lemma 2.1 applies;

e (C5): chords of the circles grow by more than one per unit of the ruler.

Proof. Fix k > 2. We construct the points and then compare the lengths of all pairs of edges: local

with local, cross with cross, and local with cross.

Step 1: construction. Set

_R_Cm 4
S s3 7 k

By (C2) and (C3), Lemma 3.1 applies with this p. Take its macro vertices g4 € R™~! and the
vectors Ua from (3.6). By (3.8) and (C4),

845%kvK 8452

[Ullop < Y2 228 R k2 < Ok = R,
a/k a

so Lemma 2.1 applies with r = m — 1. Take the ruler of Lemma 4.1 and the angles z4; = 0t 4; of

(4.5), and define, as in (2.5),

(5.5) za; = (Sqa+ Uasinzg;, Weasinza, Reacosza;) € R™ ! o R™ @ R™,

where W = (R2I,, — UTU)Y? (Figure 4 (a)). These points lie in R3™~1,
Step 2: local edges. Let A be a cluster and ¢ < j. By (2.4), the local length is a chord:

R 6

w = o(ya; — yai), where ¢(g) = 2Rsin ﬁ
Thus every local length, in every cluster, is the value of one fixed function ¢ at the corresponding
ruler difference g = ya; — yai, which is a positive integer with g/(Lp) < k. For 0 < g < Lpk we

have 0g/(2Lp) < a/2, so
RO 0 RO Camk C
o(g) = 20 o5 09 BOY  Camky _ Cay
Lp 2Lp Lp L-4mk 4L
using RO = Camk, p < 4mk and (C5). By Lemma 4.1, distinct local edges have distinct integer
differences g, even when they lie in different clusters. Hence, by the mean value theorem, any two
local lengths differ by more than one. Likewise every local length is at least ¢(1) > ¢(0) +1 = 1.
Since 2sin(u/2) < u, the local lengths are also bounded above:

(5.7) |za; — zail| < R (245 — 2ai) < ROk = Camk?.

(5.4) S = 53k, R = Cmk?, p

(5.6) lza; — xai|| = 2R sin

> 1,

Step 3: an exact formula for cross lengths. Let A < B, and put
(5.8) v =.58Dag, Taigj = s°k fai + s f;.
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In (2.6), the shortened metric (3.3) with p = R/S gives S?|/qa — qp|* + 2R?* = S?2D% 5 = v?, and
the projections (3.7) give

2L
25(qa — qB,Uasinza; — Upsin zpj) = 25D B (87 sin z4; + gsinsz) = 2vTiBj.
Therefore
(5.9) |z a;i — B}l = ®u(TaiBj), where @, (T) = Vv2+ 2vT.

We now bound the digit sum and the slope of ®,. Note first that (C1) implies sk > s\ > 1/7 > 1

and s > 1/7, because A < k < 1. By (4.6), |Tu;Bj| < Tmax, where

s(sk+1)(k — k)
2 )

Every macro length satisfies Dap > K + 1, so v > vy = S(K + 1). Hence, for |T| < Tipax and by

(5.1),

(5.10)  Tax = s(sk + 1)h = W max = 5°k? — s(sk — 1)k — sk < s2k%

2|T| - s2k? _ 1 <1_ .2
v $3k2(K+1)  s(K+1) — ’
In particular v + 20T > 0. Since ®(T) = (1 +27/v)~Y/2? and 1 4 2T /v € [72,2 — 72], we obtain

Tmax
T

1
(5.11) F<OLT) < - and [@,(T) | < (IT] < o).
T

For the lower bound on the slope we used 2 — 72 < 772, which is equivalent to (1 — 72)? > 0; the
second bound follows from the first since ¢, (0) = v.

Step 4: cross lengths are separated. List the cross edges as in Figure 2: first by the label £4p5 of the
macro edge, and within each macro edge by (7, j) in lexicographic order. We show that each length
in this list exceeds the previous one by more than one. Three kinds of steps occur.

Fine step: (i,7) — (4,5 +1). By (4.6), T increases by s(fp j+1 — fB;j) > sA. Since v is unchanged,
(5.11) shows that the length increases by more than 7sA > 1, by (C1).

Carry: (i,k —1) — (i +1,0). By (4.6), T increases by

$%k (faisr — fai) — s (fBr—1 — fBo) > s°kX — s(k — k) = s[(s\ — 1)k + K] > sk,

So the length increases by more than 7sk > 7sA > 1.

Macro step: from the last pair of the macro edge with label £ to the first pair of the macro edge

with label £ + 1. Here v increases by exactly S. By (5.11), all lengths of one macro edge lie within
Tax/T of its v, so the length increases by at least S — 2T pax/7. Using (5.10),

2T hax 1 -1
(5.12) s_ﬂ:g(s_,)kuM“ﬁM’
T T T T

since all three terms are positive and the last one exceeds one.
Consecutive cross lengths in the list therefore differ by more than one, and so do any two cross
lengths.
Step 5: local versus cross lengths, and the diameter. By (5.11), (5.10) and s > 1/7, every cross
length is at least
2 ]{2

T,
Vo — “ S B(K 4 1)k2 - 2
T T

1
27
the last step by (5.3). By (5.7), this exceeds every local length by more than k% > 1. Together
with Steps 2 and 4, this proves that the set is distance-separated; as all lengths are positive, its
mk points are distinct. Finally, the largest macro length is D4p = K 4+ M, and the cross lengths
dominate the local ones, so by (5.11) and (5.10)

= SKE 4+ 82 (s = o= )k > KR > (Cam + 1)R,

Tmax 2
diam{z;} < S(K + M) + < [$(K + M) + ;W O
T T
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—~
~
S~—
X
KA
= Vv
=
o0
]
<
2 shaded: departure from the
g linear approximation, = T2/1/

0
digit sum T'

FIGURE 7. The cross length ®,(T) = 12 4+ 2T as a function of the digit sum T,
with the range of T'/v greatly exaggerated (in the construction, |T'|/v < 1/(2s(K+1))).
The curve departs from the line v + T' (shaded) by an amount that grows without
bound as k — oco. This does not matter: the proof only uses that ®, is increasing
with slope in [7,1/7]. Equally spaced digit sums (orange) are therefore sent to lengths
(blue) whose spacings change by a factor of at most 1/7, so separated digit sums
give separated lengths.

Remark 5.2 (A derivative bound replaces an additive approximation). Expanding (5.9) gives
®,(T) = v+ T+ O(T?/v). Here T is of order k? and so is v (for fixed m), so the error term
is of order k2 and is not bounded as k — o0o; a linear approximation to the cross lengths would
therefore be useless. The proof never uses one. Within one macro edge it compares values of the
same increasing function ®,,, and only the slope bounds (5.11) matter (Figure 7). Between different
macro edges, a gap of order k2 is available. This is what removes the quadratic correction terms of
the original construction.

6. A CONCRETE CHOICE OF PARAMETERS

We verify Theorem 5.1 for every m > 18177 with

9 49 m(m — 1)
z - L =12 =101, K=|———"]|.
8 7 100 , O =101, { 64 1

These simple rational values reduce the radius budget while retaining strict margins in every
condition. They give k = 11/12, v = 77599/80000 and A = 853589/960000.

Preliminary bounds. Grouping the terms of Higi77 into the dyadic blocks [2f,2¢+1), each of which
contributes at most one, gives Higi77 < 16 < 18177/1100. Since Hy,y1 = Hp +1/(m + 1) and
1/(m+1) <1/1100, induction on m gives

(6.1) 5=

m
H, < — > 181 .
m = 1700 (m > 18177)
From m(m —1)/64 < K <m(m —1)/64 + 1 we also get
m? m(m — 1) m \2
2 K > 284 K < — K> —— 72 >1 4 —— ) .
(6.2) > 9841m, +m< e > e 2 1638 (1100)

The first holds since m — 1 > 18176 = 64 - 284. The second reduces to m2 > 3969m + 4032, and the
third to (m — 1)/m > 64 - 16384/1100%; both follow at m = 18177 and remain true as m increases.
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For a convenient rational lower bound on the derived tolerance, put 7. = 9999/10000. By
K > 284m and m > 18177,

1 8 19999 )
= T,

S(K +1) = 46460421 ~ 100000000~ 7=’
The five conditions.
Cl) 7sA > TusA =1+ 725268883300 > 1.
C2) K >284m > m, and K > 16384(m/1100)? > 16384 H2, by (6.2).

(C1)
(C2)
(C3) 4C/s3 = 206848/729 = 284 — 188/729 < 284, so K > 284m > 4Cm/s>.
(C4)
(C5) G

SO T > Tk.

C4 By (6.2), 845 VEK+m< 53% m < 28m < 101m = C'm.

Ch

37451
= 1+ 354000000 > 1-

The dzameter. Put ¢, = s3(33/64) = 24057/32768. Since K < M/32+ 1 and M = m(m —1)/2,
the bound (5.2) gives, for all m > 18177 and k > 2, a distance-separated set X of mk points in
R3™~1 with

(6.3) diam X < [exm(m — 1) + s° + s2/(27,)]k? < cu(mk)?.

The last comparison holds already for m > 4, since 4c, — (53 4 52/(27,)) = 8008623/9101312 > 0.
This keeps the leading coefficient visible instead of replacing it by the looser 147/200 finite-set cap.

Proof of Theorem 1.1. Given n > 36354, put

=l =T

Writing n = 18177k 4+ b with 0 < b < 18177, we have k > 2 and m = 18177 + [b/k], and hence

18177 < m < 18177 + [18176/2] = 27265, n<mk<n+k < (1 +

18177)”‘

Take the mk-point set given by (6.3), keep any n of its points, and pad with zero coordinates up
to dimension 3 - 27265 — 1 = 81794. Passing to a subset preserves (1.1) and cannot increase the
diameter. Therefore

18178)2 2 _ 220816318833 n2 < 147 2. 0

diam X < ¢, (~o-12 bt —
lama < ¢ (18177 = 300740452352~ 200 "

7. WHAT THE METHOD DOES NOT GIVE

The completion lemma holds in every Euclidean space, but using it has a dimension cost: it
consumes m mutually orthogonal circle planes, in addition to at most m — 1 macro directions.
The explicit theorem uses m < 27265, so this mechanism does not produce a counterexample in a
prescribed low dimension.

In fact, within this construction the dependence on m cannot be removed by a change of
coordinates. If each cluster has at least three points, the differences of points in cluster A span
the plane of its circle (three distinct points of a circle are never collinear). These m planes are
mutually orthogonal, so the affine span of the whole configuration has dimension at least 2m. This
is a limitation of the present mechanism, not an impossibility theorem for other constructions.

There is, however, a genuine obstruction in one dimension: there, the coefficient 1 conjectured by
Erdés is correct. The following short proof does not require the points to be integers.

Proposition 7.1 (The line). Every distance-separated set X C R with | X| =n > 4 satisfies
diam X > n? — 3n3/2,

In particular liminf, .o A1(n)/n? > 1.
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Proof. Write X = {z1 < --- < zp}, let D = x,, — x1, and put w = |y/n]. Consider the short lengths
Tiyj —x; with 1 < j <wand 1 <¢<n —j. There are

Q=) (n—j)=wn-—

=1

w(w + 1)
2

of them. They are pairwise separated by at least one and are all at least one (as in (1.2)), so their
sum is at least 1+2+---+Q =Q(Q + 1)/2.

On the other hand, each length ;1 ; — x; is a sum of j consecutive gaps x411 — x4, and for fixed j
each gap occurs in at most j of these sums. So the lengths with a fixed j add up to at most 7D, and
all short lengths add up to at most (1 + -+ +w)D = w(w + 1)D/2. Comparing the two bounds,

QRQ+1) w w412 n?

> > e - 1).

_w(w—l—l)_w—i—l(n 2 )_n w+1 n(w+1)
Finally\/ﬁ<w+1§\/ﬁ—l—l,soDzn2—n3/2—n3/2—n2n2—3n3/2. d

For d > 2 the present argument leaves open the exact asymptotic behaviour of Ag(n)/n?, the
least dimension in which the conjectured lower bound fails, and in particular the planar case.
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ATTRIBUTION AND VERIFICATION SCOPE

The colex metric, its quantitative Gram reserves, and the fine and coarse incidence families
F4,G 4 come from the first version of this paper [4]. Its clustered quadratic-residue ruler is retained
with a free principal spacing parameter. The orthogonal-circle organization, the use of a single
ruler for both local lengths and digits, and the derivative-based comparison of cross lengths are
the modifications developed in this paper. The positive-semidefinite completion itself is elementary
linear algebra.

This manuscript was developed with substantial Al assistance in mathematical exploration, proof
engineering, source comparison, and writing. An Al-generated simplification of the construction
and readability rewrite informed the revised construction and presentation, with permission to
use it. The finite theorem stated here was checked in Lean 4 at the finite-proof source pin below.
These checks do not constitute independent human proof or priority review. The concrete finite
conclusion of Theorem 1.1 has a Lean 4 proof in the accompanying source bundle (public source
commit £1604c3), under the exact declaration pass5_fixed_dimension_erdos_670. It certifies
an injective configuration, minimum distinct-point distance at least one, separation of genuinely
distinct unordered edges, and the actual set diameter bound. Sixteen new source modules passed a
fresh trust-zero replay, and a scoped build passed with cached upstream imports. Neither the Lean
check nor this manuscript is an independent specialist proof or priority review. The supplementary
rational and small-model checks alone are not proof certificates.

APPENDIX A. PROOF OF THE MACRO INPUT

We prove Lemma 3.1, following the first version’s macro estimates [4, Lemmas 2-3]. None of the
cluster geometry of the main text is used here. The plan is as follows.
(1) Compute the Gram matrix I' of the increments q; — gj—1 that the colex distances would require
(Section A.1).
(2) Show that I" is dominated by its tridiagonal part, and that this part contains two “reserves”
of positivity: one large enough to pay for the shortening by 2p?, and one diagonal reserve
(Section A.2). This proves part (i).


https://github.com/jjtripodo-lgtm/erdos-670-fixed-dimension/tree/f1604c368efce996a9af4d46f581e676e49054f5/lean
https://github.com/jjtripodo-lgtm/erdos-670-fixed-dimension/blob/f1604c368efce996a9af4d46f581e676e49054f5/lean/Erdos488/Geometry/SeparatedDistances/FixedDimension/Pass5FixedDimension670.lean
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(3) Use the diagonal reserve to bound the vectors F4, G 4 all at once, through their projections on
the increments (Section A.3). This proves part (iii).

Throughout, m > 4 and K, p satisfy (3.2). Since H,,, > 1, the harmonic gate implies K > 16384 > 10,
as used below. Vectors z € R™~! are indexed z1,...,Zm_1, and ey (0 < A < m) denotes the
standard basis of R™.

A.1. The increment Gram matrix. Let 0 be the (m — 1) X m matrix whose j-th row is eJT_l - e]T

(1 < j < m). For a symmetric m x m matrix D with zero diagonal, the matrix —%8D8T is
the Gram matrix that the increments must have: if points g satisfy ||ga — ¢g||> = Dap, then
(¢ — Qi—1,45 — ¢j—1) = (—%8D8T)ij, by the polarization identity. This is Schoenberg’s Euclidean-
distance criterion in consecutive-increment coordinates [5, Theorem 1].
Let D have entries D% off the diagonal, put T' = —%aDaT, and write
Dj:Dij:K—F](];_l) (1§j<m)

for the lengths of the consecutive macro edges. Since D;_1 41 = Dj+jand D;;1 =D;+j+1, a
direct computation gives

(A1) ;= DJQ-, Tjj+1=—cj, where ¢; =3(D;+ 1%+ 5.

If ¢ < j — 2, the four lengths D;_1 j_1,D;_1j,D;j—1,D;; have the form o, 8, + 1,5 + 1 with
B —a = j—1, and therefore I';; = —(j — 1). In other words, I';; = —(max{4,j} — 1) whenever
li — 4] > 2.

A.2. Two reserves of positivity. Split I' = B — N, where the band B keeps the diagonal and the

two neighbouring diagonals of I", and the far part N has entries max{i, j} — 1 for |[i — j| > 2 and
zero otherwise. Completing squares in —2c¢jx ;11 gives

m—2 m—1
(A2) Blz] = Y ¢j(aj — 2j41)° + D ajaf + emo1p,
=1 =1

where ¢,,—1 is given by the same formula as the other ¢;, a; = DJQ- —¢j — cj—1 with ¢g = 0, and
explicitly

K? . A .
04127—2, a = —4, 043‘:(]—2)1(4‘5—] —-2j (J=3).
The band dominates a diagonal form. Define Q = diag(wy,...,wm-1) by
K? Kj+j5®
pu— —_ — 3 o e— > .
wi=wy =g W) 5~ W=3)

We claim B = . The terms of (A.2) involving only x1, x5 are ¢i(u —v)? + aju? — 4v?, with u = 2,
v = x9. Since ¢, 1 > K2/4 and (u —v)? +u? > (u?® +v?)/3,

2 2 2 K? 2 2 2 K? 2 2
c1(u—v)" +au” —4v Zﬁ(u +v%) —4dv Zﬂ(u +v%)
for K > 10. For j > 3 we have a; > wj, because

24(j — wj) = (235 — 48) K + 115° — 2457 — 48,

which is positive at j = 3 (it equals 21K — 63), and has both terms nonnegative for j > 4. All
remaining terms of (A.2) are nonnegative.
The far part is small. Put o9 = 3_; wj_l and o2 =3, jij_l. For K > 10,
48  24H,, 29H,, 120

UOSE‘F K < K U2§ﬁ+24Hm§26Hm-
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With by = 3=, [2;] and by = 37, j|o;| we have N[z
Cauchy—Schwarz gives b3 < 0Q[z] and b? < 0912

| <32, max{s, j}|z[|z;] < 2bob1, while weighted
x]. Therefore

—_—

V754
(A.3) Nl < 27002 0le] < Y Olr] < 300 < 3Blal,
using K > 16384H2, (so that v/29 - 26 H,,, /v K < v/754/128) and 754 < 1024. Hence
I~ iB.

First reserve: a path energy. Let 11 be the quadratic form
m—2
O[z] = Diat + ) Di(xj — xj11)* + Dy _yap, -
j=1

In (A.2), bound —4x3 > —8x7 — 8(z2 — x1)*. Since oy — 8 > Di/4, ¢; —8 > D}/4, ¢; > D7 /4 for
all j, and a; > 0 for j > 3, this proves
(A.4) B = 11L

Second reserve: a diagonal. For every j,
diag(D%v s 7D72nfl)

36(K +m)

For j = 1,2 the first inequality is immediate. For j > 3, use D; < K + j? < (K +m)j to get the
stronger bound D3 < (K + j?)(K +m)j = (K +m)(Kj + j°).

Paying for the shortening. Shortening every squared distance by 2p? replaces D by D,, with

entries D% 5 — 2p? off the diagonal. Since the rows of d sum to zero, the new increment Gram
matrix is

(A.5) DJQ- < 36(K + m)wj, hence B>=Q >

I,=-10D,0" =T - p?99".

Now 907 [z] = 22 + > (@ — xj41)? + a2, <T[z]/K?, because every D;j > K. As p < K /4, the
subtraction costs at most I1/16 < B/4, by (A.4). Combining this with I' = B/2 and the two reserves,
diag(D?,...,D2,_,)
A6 I,=iB=LII=0, T,= Dot me]
(A-6) pZaP =3 % L S T K )
Here IT > 0 because IT = K209 and 0 has full row rank.

Proof of part (i). Since I', = 0, we may write I', = VTV for an invertible (m — 1) x (m — 1)
matrix V with columns vy,...,v,—1 (for instance, by Cholesky factorization). Put go = 0 and
ga=v1+---+va. For A< B let uap = ZJB:A_H ej € R™1: then 0Tusp = es — ep, and so

las — qall* = Tpluap] = —1(ea —ep) ' Dylea — ep) = Dip — 2p°.

The increments v; = g; — gj—1 are linearly independent, so the points g4 are affinely independent.

A.3. Bounding all projections at once. Let Y,...,Y;,_1 € R™! be vectors, and record their
projections on the increments in the (m — 1) X m matrix

Zia= (g5 — qj-1,Ya), thatis, Z=V'Y.
As V is invertible, Z determines Y, and Y'Y = ZT(VTV)"1Z = ZTI‘;lZ. Writing P =
diag(D1, ..., Dm—1), the second inequality in (A.6) gives F;l =< 144(K +m)P~2, and hence
(A7) 1Y llop < 12VE +m |[P™Z|op.

So it suffices to show that the projection matrices of F and G, normalized by P~!, have bounded
operator norm.
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Taking consecutive differences of the defining equations (3.4) (with the convention that the
right-hand sides vanish for J = A) gives, for 1 <j <mand 0 < A <m,

Zfy=Djlazj — 1asj,

ZG =—Djlajy—(j— 1) 1acj1.
For example, for A > j we get ZfA = Dj_1.4 — Dja = —1, because the colex labels of {j — 1, A}
and {j, A} differ by one. The columns Fj and G,,—1 vanish. Delete them, and index the remaining

columns by 1,...,m — 1 (column A of Z¥  and column A — 1 of Z%, become column A). The two
projection matrices become

Zﬁne =P - E+a Zcoarse - _(P + E—)a
where (E+)ij = 1i<j and (Ef)ij = (Z — 1)]—j<i-
For the first matrix, the Frobenius norm gives ||P71E4||op < m/K < 1, as all entries of P'E
are at most 1/K. For the second,

1 1—1 2
0< (P E_)i = D Lici < S ljci
since D; > i(i 4+ 1)/2. The finite Hardy matrix H;; = i ~11,,; has operator norm at most 2 by the
weighted Schur test [6, 7]. For completeness, take the weights w; = §71/2; by comparison with
integrals,
wj Wy
1<t 1>)

For any real vector z, Cauchy—Schwarz with these weights then gives

2 ng xz
Z(Z Hijl‘j) < Z(Z Hijwj) (Z Hij73> < Z L Z 2wiH;; < 42:6]2
i i TR A A j
A matrix with nonnegative entries bounded by those of 2H has operator norm at most 2||H||op
(apply it to |z]), so ||P7IE_[|op < 4.

Thus [P Znellop < 2 and [P  Zeoarsellop < 5, and (A.7) gives ||F|op < 24vK +m and
|Gllop < 60V K + m; restoring the zero columns does not change the norms. This proves (3.5) and
completes the proof of Lemma 3.1. ]
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