
EXPLICIT POSITIVE LOWER DENSITY FOR THE COLLATZ CONJECTURE

KENNY LAU

Abstract. Lech Mazur proved that a positive proportion of integers n reach 1 under the Collatz
map in at most 10.46 log n steps. We give a quantitative refinement of his construction. For every
N , at least ⌊N/222163

⌋ odd positive integers n < N reach 1 within 10.46 log n ordinary steps and
3.4881 log n accelerated steps. We also obtain results for paths that include any prescribed integer
t not divisible by 3. AxiomProver was used to obtain and formalize this result in Lean.

1. Introduction

For a positive integer n, define the Collatz map T (n) with the rule

T (n) =
{
n/2, n even
3n+ 1, n odd

.

Conjecture 1.1 (Collatz). Every positive integer n reaches 1 under finitely many iterations of T .
For example, using the starting value 17 we obtain the orbit

17 → 52 → 26 → 13 → 40 → 20 → 10 → 5 → 16 → 8 → 4 → 2 → 1.
The Collatz map can be accelerated by focusing on only the odd values in an orbit. Given an

odd number n, the next step 3n+ 1 is even, and then we keep dividing by 2 until we reach an odd
value. In other words, the next odd number in the orbit after n is

S(n) := 3n+ 1
2a

where a = ord2(3n + 1) is the exponent in the highest power of 2 that divides 3n + 1. S here is
called the Syracuse map, or the accelerated Collatz map. For example, using the same starting
value 17, the accelerated orbit is now

17 → 13 → 5 → 1
which picks out precisely the odd numbers from the original unaccelerated orbit.

Our main result establishes an explicit positive density of starting values that reach 1, with
explicit control on number of steps:

Corollary 1.2. Let DA = 222163
. Then, for every N , at least ⌊N/DA⌋ odd starting values n < N

reach 1 within ⌊10.46 logn⌋ ordinary steps and ⌊3.4881 logn⌋ accelerated steps.
We obtain this as a corollary of a more general theorem, which we also prove in this paper:

Theorem 1.3. Let t be a positive integer not divisible by 3, and let c(t) = t−25/11D−1
A . Then, for

every N , at least ⌊c(t)N⌋ odd starting values n < N reach t within ⌊10.46 log(n/t)⌋ ordinary steps
using the Collatz map and reach the odd part of t within ⌊3.4881 log(n/t)⌋ accelerated steps using
the Syracuse map.
Remark 1.4. If t is additionally odd, i.e. gcd(t, 6) = 1, then we can replace “the odd part of t” with
just t.
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Remark 1.5. We require t to be not divisible by 3 because otherwise the only starting values that
reach t are 2kt, which has density 0.

As a corollary of the main result, we obtain a conditional theorem:

Corollary 1.6. If the Collatz conjecture holds for almost all positive integers, then it is universally
true. More precisely, if we have

lim
X→∞

#{1 ≤ n ≤ X | Collatz is true for n}
X

= 1,

then the Collatz Conjecture is true.

Proof. Assume that almost all starting values reach 1. Now let t be a starting value that does not
reach 1. If t is divisible by 3, then after consecutive even steps followed by one odd step, t will not
be divisible by 3. By the main theorem, a positive density of starting values reach t, which implies
they do not reach 1, and hence it is not true that almost all starting values reach 1. □

We briefly describe some historical notes about the Collatz conjecture. Krasikov and Lagarias
[5] proved that at least X0.84 integers below X reach 1, for sufficiently large X. Tao [9] proved
that, for any function f tending to infinity, for almost every starting value n, the Collatz orbit of
n eventually falls under f(n). Here “almost every” is in the sense of logarithmic density.

From Tao’s proof it follows that if t is sufficiently large then a positive logarithmic density, namely
1 −CT (log t)−ct , of starting values eventually reach some value below t. We remark that using the
proofs in this paper, the constants can be determined explicitly, but this is out of the scope of this
paper. Then Mazur [7] proved:

Theorem 1.7. There exist X0 and c > 0 with the property that for every X ≥ X0, at least cX
starting values n < X reach 1 within 10.46 logn steps.

The pair of constants (X0, c) is not explicitly specified in Mazur’s proof, but Appendix B recon-
structs their values to be

(X0, c) =
(
DM , D−1

M

)
, DM = 2222222173

. (1.1)

Mazur also proved [6] that, more generally, for any prescribed target t with 3 ∤ t, a positive
proportion of integers eventually reach t, without a bound on the number of steps. Shaik [8],
building on Mazur’s construction, obtains a positive proportion reaching 1 within c logn steps for
every c > 3/ log(4/3) ≈ 10.428.

The paper is organized as follows: Section 2 provides a summary of the main argument in
Sections 3–8. Then Sections 9–14 establishes a key Fourier bound, while Sections 15 and 16 provide
key estimates. Then Appendices A and B contain numerical computations, Appendix C produces
the formal Lean certificate, and Appendix D declares the AI usage in this paper.

2. Outline of the proof

We provide a high-level overview of the argument in this paper. Recall that we require 3 ∤ t
(Remark 1.5). We now further assume that:

t is odd (H1)

We will explain the minor modification to the argument for even t in Section 2.5.3.

2.1. Preliminaries. We outline some basic facts about the Collatz problem.
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2.1.1. The random model. Recall that the Syracuse map S, which is the accelerated Collatz map,
sends an odd number n to 3n+1

2a where a = ord2(3n+1). Given a random even number, there is a 1
2

chance that it is exactly divisible by 2 once, then a 1
4 chance that it is exactly divisible by 2 twice,

and so on. Therefore, a can be modeled by a geometric random variable A where P(A = a) = 2−a.
The average value of a is

E(A) =
∞∑

a=1
a2−a = 2.

2.1.2. The heuristic number of steps. Since the expected value of a is 2, heuristically the Syracuse
map is expected to send n to 3n+1

22 ≈ 3
4n. This means that n should reach 1 in about
log4/3(n) ≈ 3.476 logn

accelerated steps using the Syracuse map. Since each Syracuse application with a corresponds to
a + 1 ordinary steps using the Collatz map, and the expected value of a is 2, this means that n
should reach 1 in about

(2 + 1) log4/3(n) ≈ 10.428 logn
ordinary steps. More generally, if we want n to reach t instead, then heuristically that would take
3.476 log n

t accelerated steps and 10.428 log n
t ordinary steps.

2.2. First reduction: lower bound for total weight of words landing in a window. In
this section we explain the backward tree model and reduce the goal to obtaining a lower bound
for the total weight of the words that result in a starting value in the window [X, 32X).

2.2.1. Walking backwards. Instead of following the Syracuse map S forwards, we analyze the preim-
ages under S, in order to construct a large set of sources that will reach the given target t.

Suppose S(n′) = n for some odd n and n′. We know that for some a ∈ N>0 we have

n = 3n′ + 1
2a

,

which is equivalent to
n′ = 2an− 1

3 .

This parametrizes the solutions n′ given n in terms of a, provided the expression gives an integer.
The set of valid solutions depends on the residue class of n modulo 6. If n ≡ 1 (mod 6), then

the valid solutions are given by a = 2, 4, 6, · · · . For example,
S−1(7) = {9, 37, 149, 597, 2389, · · · }.

If n ≡ 5 (mod 6), then the valid solutions are given by a = 1, 3, 5, · · · . For example,
S−1(11) = {7, 29, 117, 469, 1877, · · · }.

Finally, if n ≡ 3 (mod 6) then there are no valid solutions.

2.2.2. Letters and words. Consider the Syracuse orbit 11 → 17 → 13 → 5 → 1. The values of a in
each step are (1, 2, 3, 4). So if we want to start from the target 1 and describe the path backwards
to reach the source 11, we would write w = (4, 3, 2, 1), which we call a word. Each component is
called a letter. The example word here has 4 letters.

As we have seen in Section 2.2.1, not all words correspond to valid integer-valued sources, but if
the resulting source is an integer, then all of the intermediate steps are integers (Remark 3.1).

2.2.3. Number of steps. Given a word w = (a1, · · · , ad), we define its degree to be
deg(w) := a1 + · · · + ad.

We also denote by |w| the length of the word, which is d. The constructed source then takes |w|
accelerated steps to reach the target t, and |w| + deg(w) ordinary steps (Section 3).
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2.2.4. Weight. A backward step dictated by the letter a causes the value to be multiplied by ap-
proximately 2a

3 . As a result, if we go backwards through the whole word w, then the value will
be multiplied by approximately 3−|w|2deg(w). For the example in Section 2.2.2, we verify that
11 ≈ 3−424+3+2+1 ≈ 12.642. In fact this will always be an overestimate.

We now define the weight of a word w to be
wt(w) := 3|w|2− deg(w),

which is the reciprocal of the previous value, so that the source is approximately the target divided
by wt(w). We always have

wt(w) ≤ t

s
where t is the target and s is the source.

2.2.5. Window and reduction. To obtain the bound in the main theorem, we consider the window
[X, 32X) and try to construct many sources that land in the window. If t is not part of a cycle,
then two different words cannot produce the same source (Lemma 3.3), so the problem reduces to
a count of words. We record this constraint as an explicit hypothesis:

t is not part of a cycle. (H2)
Given the target t and a valid word w with source s ∈ [X, 32X), we have wt(w) ≤ t

s ≤ t
X , which

implies
X

t
wt(w) ≤ 1.

Summing this over all valid words whose source lands in [X, 32X), we obtain that the count of such
words is at least X/t times the total weight βX(t) of these words, which is (3.3).

Therefore, the main theorem reduces to obtaining an (explicit) constant lower bound of βX(t),
with control over the lengths and degrees of the words, in view of Section 2.2.3.

2.3. A mixing lemma. In this section we explain an important lemma that relates to the stability
of the set of valid words across different lengths.

2.3.1. Residue and offset. Consider words of length 3, with target t. Say the word is (a1, a2, a3).
This word is valid iff the source is an integer, where we recall the source is given by

2a3 2a2 2a1 t−1
3 −1
3 − 1
3 = 2a1+a2+a3t− 2a2+a3 − 2a3 · 3 − 9

27 .

Noting that 2 is invertible modulo any power of 3, we conclude that this is an integer iff
t ≡ 2−a1 + 2−a1−a2 · 3 + 2−a1−a2−a3 · 9 (mod 27).

Generalizing this, we can define the offset off(w) of a word w = (a1, · · · , ad) to be
off(w) := 2−a1 + 2−a1−a2 · 3 + · · · + 2−a1−···−ad3d−1

so that w is valid iff t ≡ off(w) (mod 3|w|), which is Remark 3.1. Furthermore, given any q ∈ N,
we denote by offq(w) the residue of off(w) in Z/3qZ.

2.3.2. Residue density. Recall our probabilistic model where each letter is modeled by a random
variable A with P(A = a) = 2−a. We form random words W by combining independent letters. The
probability of a particular word being chosen is P(W = w) = 2− deg(w), so wt(w) = 3|w|P(W = w).

Consider the distribution of offd(W ) ∈ Z/3dZ, i.e. the residue of the offset of a random word.
Define the residue density ρd(y) := 3dP(offd(W ) = y) for y ∈ Z/3dZ. This value coincides with the
total weight of length-d words that are valid for t (see (3.5)):∑

w

wt(w) · 1offd(w)=t =
∑
w

3dP(W = w) · 1offd(w)=t = 3dP(offd(W ) = t) = ρd(t).
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2.3.3. Mixing. The residue density ρd depends on d and could differ wildly across different d. How-
ever, we have a fine-scale mixing lemma, in the sense of Tao [9], which states that for large enough
d, the residue density ρd is, on average over residues, well approximated by ρm for much smaller m.
More precisely,

3−d
∑

y∈Z/3dZ
|ρd(y) − ρm(y mod 3m)| ≤ 296m−1.45 logm

for any d ≥ m ≥ 280, and the same average is also at most 2365m−1.8693 logm. The first bound has
the smaller constant and is used for the propagation estimate below, and the second has the larger
exponent and is used for the census inequality. They come from two Fourier bounds with different
parameters. This is Proposition 4.1, proved in Section 4.

2.4. Constructing a large family of words. Recall we need a constant lower bound of the total
weight βX(t) of words whose source lands in [X, 32X), so we need a controlled way to construct
many such words to satisfy this constraint.

2.4.1. Growing the family generation by generation. We construct a family Lj of words generation
by generation (Section 5). L0 consists of only the empty word. At generation j, we take every word
in the previous generation, and extend it by every element of a yet to be constructed set FC(δj , Rj).
We then keep the words w that are valid for the target t and that additionally satisfy an unspecified
filter that among other things has the effect of forcing the inequality 0 ≤ off(w) ≤ 3

4 +2−8, whenever
j ≥ 29.

We choose Rj = 29 + ⌊j/56⌋ explicitly, but leave δj undefined here except that δ0 = 16544 and
it behaves like 16544 · 1.01j .

We now describe FC(δ,R), the set of first crossings with average length δ and allowed overshoot
R. For any word w = (a1, · · · , ad), draw the word-graph (i, degi(w)) where degi(w) := a1 + · · · +ai

is the partial degree. Then draw a straight line passing through (δ, 2δ) with slope log2(3) ≈
1.585. Chop each word off at the first crossing of the line, and keep the words with length in
(δ − ⌊3δ/5⌋, δ + ⌊3δ/5⌋] and overshoot ≤ R. Note that by the first crossing construction, these
words are prefix-disjoint, meaning no word is a prefix of any other word. Recall that the average
value of a letter is 2, so almost all words eventually cross the line, and the expected place of crossing
is (δ, 2δ), so these words have expected length approximately δ and expected degree approximately
2δ.

2.4.2. Weighted density. We define the weighted density Zj(t) at generation j (Section 5) to be

Zj(t) :=
∑

w∈Lj

wt(w)ρ⌊ 1
4 δj⌋(sw)

where sw is the source of the word w from target t. Recall the residue density ρ represents how
well words can continue from sw.

2.4.3. Terminal extension. We now construct a family Lj,X of words that will finally have sources
landing near X: take every word in Lj and add every extension in FCterm

X (w, δj , Rj) so that the
resulting word is valid, where FCterm is a slight modification of FC that among other things forces
the sources to be ≥ X.

We will use a notion of X being reachable from j, which we do not define here (see Section 5),
but it roughly means that X is not far away from a typical source of words in Lj .

2.4.4. Terminal weighted density. We then define the terminal weighted density Zterm
j,X (t) to be

Zterm
j,X (t) :=

∑
w∈Lj,X

wt(w)ρ⌊ 1
4 δj⌋(sw),

with a similar interpretation as the weighted density.
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2.5. Key estimates and the final proof. We now state several key estimates for the quantities
above that are proved in this paper (Section 6), and explain how they lead to a proof of the main
theorem.

2.5.1. Key estimates. The weighted density enjoys a propagation error bound from one generation
to the next. Precisely, for any j ≥ 9853, Proposition 6.1 and Corollary 6.2 state that

|Zj+1(t) − Zj(t)| ≤ 0.007584 · 0.990945j−9853 + 2−90 · 0.995j−9853. (2.1)
As a consequence, the sum of all these errors from generation 9853 onwards is less than 6/7
(Lemma 6.3), so it suffices that the main term at that generation exceeds 6/7 by a margin.

We indeed have a large enough main term. Precisely, let j0 := 9853 and d0 := 5 · 2160. This d0
is enough to dominate the subscript of every ρ that appears in the definition of Zj0 , so that Zj0 is
periodic with period 3d0 . Because of the filter, the words of Lj0 concentrate in one residue class
modulo 38, so we average over that class. The estimate we need is that the average value of Zj0(t)
across the residues t ≡ 6275 (mod 38) is greater than 13

15 , which is supplied by Proposition 6.7:
1

3d0−8

∑
t∈Z/3d0Z

t≡6275 (mod 38)

Zj0(t) > 13
15 . (2.2)

Now we bring X into the picture, and seek a large enough bound for X such that it is reachable
from some j that is large enough for the estimates below. Proposition 6.9 then tells us the following:

Let t ≥ 266176. Then every X ≥ 22352
t is reachable from some j ≥ 23000. (2.3)

This requires another hypothesis on t:
t ≥ 266176. (H3)

We now provide an estimate to connect the weighted density to the terminal weighted density.
Precisely, for j ≥ 23000 and X reachable from j, according to Proposition 6.11,

|Zterm
j,X (t) − Zj(t)| ≤ 2169 · 0.993j . (2.4)

And finally an inequality to connect the terminal weighted density to the total weight: for any
j and any X reachable from j, (6.13) provides us with the bound

Zterm
j,X (t) ≤ 2177t14/11βX(t) + 2−32. (2.5)

2.5.2. Final proof. We now combine the five estimates above. Firstly from the estimate on the
average weighted density (2.2), we know that there is some residue y0 ∈ Z/3d0Z with

Zj0(y0) > 13
15 ,

which leads to our final hypothesis on t:
t ≡ y0 (mod 3d0) (H4)

Now following the reachability estimate (2.3), we let X ≥ 22352
t, with j ≥ 23000 so that X is

reachable from j. This lets us use the estimate on propagation error (2.1), which tells us that the
errors from generation j0 onwards (Lemma 6.3) sum to less than 6

7 , so that we can obtain

Zj(t) > 2−28,

at which point the estimate on terminal weighted density (2.4) gives us
Zterm

j,X (t) > 2−29.

Now the inequality linking terminal weighted density with total weight (2.5) gives us

βX(t) > 2−207t−14/11,
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which we can substitute back into the reduction in Section 2.2.5 to obtain the count we desired,
namely that

#{s ∈ [X, 32X) maps to t} > 2−207t−25/11X,

subject to the hypotheses (H1), (H2), (H3), (H4). This is Proposition 7.1.

2.5.3. Discharging the hypotheses: choosing a seed. Recall the hypotheses require that t ≥ 266176 is
odd, t is not part of a cycle, and t has a specific residue modulo 3d0 . We now describe the process
of removing those hypotheses, which mirrors Proposition 7.3. Starting with an arbitrary t with
3 ∤ t, we will obtain a seed t1 that satisfies the hypotheses above, with some constraints between
the seed t1 and the original target t.

The seed t1 will be chosen from 2at−1
3 , so that t1 will reach t with only one odd step at the

beginning, and the rest of the steps will be the even step where the value is divided by 2. This
discharges t1 being odd (Hypothesis (H1)). If t is odd, then t1 will reach t in one Syracuse step;
otherwise t1 will still reach the odd part of t in one Syracuse step.

Valid choices of a that make t1 an integer will always be either all the even numbers or all the
odd numbers. By modular arithmetic, these choices of t1 meet every residue class modulo any
power of 3 (Lemma 7.2). This discharges the residue requirement (Hypothesis (H4)).

The bound requirement (Hypothesis (H3)) is discharged by simply choosing a larger a, which
leaves us with the requirement that t1 cannot be part of a cycle (Hypothesis (H2)), which is
discharged by choosing two potential candidates for t1. They both map to (the odd part of) t in
one step under the Syracuse map, so they cannot both be part of a cycle.

The resulting seed t1 can be bounded in terms of t using Proposition 7.3, which says that

t1 ≤ DAt.

2.5.4. Final proof for general t. Using Section 2.5.2 for the seed t1, we deduce that for X ≥ 22352
t1,

we have
#{s ∈ [X, 32X) maps to t1} > 2−207t

−25/11
1 X.

Translating this back to t, using the bound t1 ≤ DAt, gives us that for X ≥ DAt, we have

#{s ∈ [X, 32X) maps to t} ≥ t−25/11D−1
A X.

The exact version of this bound is Proposition 7.4. Note that there is some abuse of notation
here considering that DA is a triple exponential and hence absorbs many smaller operations. This
also covers replacing X with 1

32X to align with the main theorem counting numbers < X. For
X < DAt the count

⌊
t−25/11D−1

A X
⌋

in the main theorem is 0, so no lower bound on X is needed.

2.6. The bound for the number of steps. What remains is control on the length of the words
involved, as well as their degrees (Section 8). This follows from the construction since at each
generation we pick the words at their first crossing with the line, which puts constraints on their
expected lengths and degrees.

Recall that the heuristic number of steps is 3.476 log n
t accelerated steps and 10.428 log n

t ordinary
steps. The extra slack in the main theorem allows the bounds on step count to hold. We also use
the fact that the seed t1 is chosen to reach (the odd part of) the target t in one accelerated step,
which provides a simple bound for also the number of ordinary steps for this part.

3. Words and residue densities

This section makes the objects of Section 2 precise: valid words, their weights and offsets, the
reduction to a lower bound for the total weight, and the residue density with its branch transfers.
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A word w = (a1, . . . , ad) is a finite sequence of positive integers, of length |w| = d. It describes a
walk backwards along the Syracuse map S: each letter a picks the preimage (2an− 1)/3 of n under
S, as in Section 2.2.1. Starting from a positive odd n, the inverse trajectory of w is

x0 = n, xi = 2aixi−1 − 1
3 (1 ≤ i ≤ |w|).

The word is valid at n if all xi are positive odd integers. Then 3xi + 1 = 2aixi−1 with xi−1 odd, so
S(xi) = xi−1: the Collatz map T takes xi to xi−1 in one step x 7→ 3x + 1 followed by ai halvings.
Hence the source src(w, n) = x|w| reaches n in |w| accelerated steps and |w|+deg(w) ordinary steps,
where

degi(w) = a1 + · · · + ai, deg(w) = deg|w|(w),

wt(w) = 3|w|2− deg(w), off(w) =
|w|∑
i=1

3i−12− degi(w)

are the partial degrees, the degree, the weight and the offset of w. Iterating xi−1 = (3xi + 1)/2ai

gives the basic identity
n = wt(w) src(w, n) + off(w), (3.1)

which defines src(w, n) = (n− off(w))/wt(w) for every word. For a concatenation vw,

wt(vw) = wt(v) wt(w), off(vw) = off(v) + wt(v) off(w). (3.2)

For example, w = (3, 2) at n = 5 gives x1 = 13 and x2 = 17, and indeed 9
32 · 17 + 7

32 = 5.

Remark 3.1 (Validity is a congruence; cf. [7, Section 2], [9, Lemma 2.1]). A word w is valid at a
positive odd n if and only if n ≡ off(w) (mod 3|w|). Indeed 2deg(w) off(w) is an integer, so validity
and (3.1) give the congruence. Conversely, if it holds then x|w| is an integer; the forward relations
put every xi in Z[1/2] and the backward relations put it in Z[1/3], so every xi is an integer, odd
because 2aixi−1 − 1 is odd, and positive.

3.1. Distinct sources and the reduction. To count sources through the weights of their words,
distinct words must have distinct sources; this holds unless the target lies on a cycle. A positive
odd integer y is S-periodic if S◦j(y) = y for some j ≥ 1 (that is, y lies on a cycle of S), where f◦k

denotes the k-fold iterate of a map f .

Lemma 3.2 (Periodic points). Let y, y′ be positive odd integers.
(1) If y and y′ are S-periodic and S(y) = S(y′), then y = y′.
(2) If y is not S-periodic, then for every positive odd n there is at most one r ∈ N with S◦r(n) =

y.

Proof. For (1), let S◦j(y) = y and S◦j′(y′) = y′ with j, j′ ≥ 1; then r = jj′ satisfies S◦r(y) = y and
S◦r(y′) = y′, so y = S◦(r−1)(S(y)) = S◦(r−1)(S(y′)) = y′. For (2), if S◦r(n) = y = S◦r′(n) with
r < r′, then S◦(r′−r)(y) = y. □

Lemma 3.3 (Distinct sources). Let n be a positive odd integer that is not S-periodic. Then distinct
words valid at n have distinct sources.

Proof. Let w be valid at n with source s. Reading its inverse trajectory backwards from s, the value
before a value x′ is (3x′ + 1)/2a, where a is the letter between them, and this is an odd integer only
for a = ord2(3x′ + 1), where ordp(y) is the exponent of the prime p in y. So |w| and s determine w,
and S◦|w|(s) = n. By Lemma 3.2(2), s determines |w|. □
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For real X > 0 and a positive odd n, let βX(n) be the total weight of the words valid at n whose
source lies in [X, 32X). If n is not S-periodic, these sources are distinct by Lemma 3.3, and each
such word has wt(w) ≤ n/ src(w, n) ≤ n/X by (3.1), since off(w) ≥ 0. Hence

#{src(w, n) : w valid at n, src(w, n) ∈ [X, 32X)} ≥ X

n
βX(n). (3.3)

3.2. The random model and the residue density. By Remark 3.1, the total weight of the
words of length d valid at n depends only on n modulo 3d; the random model computes it as a
function on residues. Write Gd = Z/3dZ, call d its level, and write [x]d ∈ Gd for the reduction of
x ∈ Z[1/2]; a function on Gd is evaluated at such x through [x]d. Take independent letters with
P(ai = a) = 2−a for a ≥ 1, and call W the resulting random word; a word w occurs as a prefix of
W with probability 2− deg(w). Let the offset law µd be the probability mass function on Gd of the
offset residue [off(W≤d)]d of the first d letters, and put the residue density

ρd(y) = 3dµd(y). (3.4)
Write ⟨f⟩d = 3−d∑

y∈Gd
f(y) for f : Gd → C, and prd,m : Gd → Gm (m ≤ d) for reduction; then

⟨f ◦ prd,m⟩d = ⟨f⟩m and ⟨ρd⟩d = 1. Reduction modulo 3m sends µd to µm (projectivity). For d ≥ 1
the law lives on units, since off(W≤d) ≡ 2−a1 (mod 3). By Remark 3.1,∑

|w|=d

wt(w) 1[w valid at n] = ρd(n), (3.5)

where 1[E] is 1 if the statement E holds and 0 otherwise.
To average quantities such as ρk(src(w, n)) over the residue of n, we transport functions along

words as in [7, Section 2]. For a word w, the map σw : Gk → Gk+|w|, σw(y) = wt(w)y + off(w), is
well-defined and injective, since its linear coefficient is 3|w| times a unit. For f on Gk, the branch
transfer Twf on Gk+|w| equals wt(w)f(y) at σw(y) and zero off the image. By [7, Lemma 2.1],

⟨Twf⟩k+|w| = 2− deg(w)⟨f⟩k, ⟨|Twf |⟩k+|w| = 2− deg(w)⟨|f |⟩k. (3.6)
For positive odd n, Remark 3.1 and injectivity of σw give

(Twf)(n) =
{

wt(w)f(src(w, n)), w valid at n,
0, otherwise.

(3.7)

By (3.2), Twρk is 3k+|w| times the law of the offset residue of W≤k+|w| restricted to the event that
W begins with w.

4. Mixing

This section proves the mixing lemma of Section 2 (Proposition 4.1) from the Fourier bound
(4.2), and derives the transfer estimate used by propagation and by the terminal error (Lemma 4.8).
Here n denotes a level.

The Fourier bound is proved for two parameter sets, indexed by ι ∈ {o, b} (Table 1): the original
set o, whose larger exponent serves the terminal error and the census, and the bootstrap set b,
whose much smaller threshold serves propagation. Put

Ao = 21193
10000 , Ab = 17

10 , aι = Aι − 1
4 , n0 = 280, (4.1)

so ao = 18693
10000 and ab = 29

20 . Theorem 14.6, an explicit form of [9, Proposition 1.17] proved in
Sections 9–14, gives for each ι, every n ≥ 1 and every frequency ξ ∈ Gn prime to 3 the Fourier
bound

|µ̂n(ξ)| ≤
(DF (ι)

n

)Aι

, µ̂n(ξ) =
∑

y∈Gn

µn(y)e−2πiξy/3n
, (4.2)
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with DF (ι) and BF (ι) as in Definition A.5; by Lemma A.6(3), log2BF (o) < 325.7939550288 and
log2BF (b) < 88.1188851177. Mixing is proved first between levels whose ratio is at most 27

25
(Lemma 4.7) and then along a geometric chain of levels in ratio cch = 1079

1000 . The chain is summed
exactly by the mixing profile

Mι(x) = 18BF (ι)x−aι(cι log x+ dι) + sx−2 (x ≥ n0), (4.3)
where, with zι = caι

ch,

cι = 1
zι − 1 , dι = zι log cch

(zι − 1)2 , s = 15
c2

ch − 1
= 15000000

164241 .

Proposition 4.1 (Fine-scale mixing). Let ι ∈ {o,b}. For integers n0 ≤ m ≤ d,
⟨|ρd − ρm ◦ prd,m |⟩d ≤ Mι(m). (4.4)

The profile Mι is nonincreasing on [n0,∞), and for real x ≥ n0

Mo(x) ≤ 126BF (o)x−ao log x+ 105x−2 ≤ 2365x−ao log x, Mb(x) ≤ 296x−ab log x. (4.5)

4.1. Tail estimates. Mixing discards the random words whose partial degrees or offsets are atyp-
ical; two tail bounds control them. The first is a Chernoff bound for partial degrees.

Lemma 4.2 (Geometric tail). For real t < log 2 put Mgeo(t) = Eet(a1−2) = e−t/(2 − et). Then
0 ≤ log Mgeo(t) ≤ 8t2 for |t| ≤ 1/4, and log Mgeo(t) ≤ 9t2/8 for |t| ≤ 1/32. For integers d ≥ 1 and
real x ≥ 0,

P(| degd(W ) − 2d| ≥ x) ≤ 2 exp
(
− min{x2/(32d), x/8}

)
. (4.6)

Proof. The formula for Mgeo is a geometric series. Its logarithm has value and derivative zero at
0, and its second derivative 2et/(2 − et)2 is nonnegative and increasing, at most 6 on |t| ≤ 1/4 (as
e1/4 ≤ 4/3) and at most 496

225 <
9
4 on |t| ≤ 1/32 (as e1/32 ≤ 32/31); Taylor’s formula gives the bounds.

Since Eet(degd(W )−2d) = Mgeo(t)d, the Cramér–Chernoff method [1, Section 2.2] for ±(degd(W )−2d)
with t = min(x/(16d), 1/4) gives (4.6) (cf. [7, Section 3.1]). □

The second bounds the offset, which has a 1/x tail.

Lemma 4.3 (Offset tail). For every n ∈ N and real x ≥ 0, P(off(W≤n) ≥ x) ≤ 7/(x+ 2).

Proof. First, for real x ≥ 5,

3
∑
a≥1

2−a

2ax+ 5 ≤ 1
x+ 2 . (4.7)

Indeed 3·2−a

2ax+5 = 3·4−a

x − 15·4−a

x(2ax+5) ; summing with
∑

a 4−a = 1
3 and keeping the terms a = 1, 2 of the

subtracted series, it suffices that 2
x+2 ≤ 15(18x+25)

16(2x+5)(4x+5) , that is 15(18x+ 25)(x+ 2) − 32(2x+ 5)(4x+
5) = 14x2 − 45x− 50 ≥ 0, which holds for x ≥ 5.

Now induct on n. For n = 0 the offset is 0, and 1 ≤ 7/2. For x < 5 the bound exceeds 1. For x ≥ 5,
write W≤n = (a)v; then off(W≤n) = 2−a(1 + 3 off(v)), so the event is off(v) ≥ xa = (2ax− 1)/3 ≥ 0,
where v is a random word of length n− 1 independent of a. By the induction hypothesis and (4.7),
the probability is at most

∑
a 2−a 7

xa+2 = 21
∑

a
2−a

2ax+5 ≤ 7
x+2 . □

4.2. From the Fourier bound to mixing. For m ≤ n, let Avn,m average a function on each
fiber of prn,m, and put Oscn,m(f) =

∑
y |f(y) − Avn,m f(y)|. A frequency ξ ∈ Gn factors through

Gm if 3n−m | ξ. By projectivity, Avn,m µn = 3−nρm ◦ prn,m, so Oscn,m(µn) = ⟨|ρn − ρm ◦ prn,m |⟩n.
For m ≤ r ≤ n, Avn,m = Avn,m Avn,r and projectivity identifies Oscn,m(Avn,r µn) with Oscr,m(µr),
so the triangle inequality gives

Oscn,m(µn) ≤ Oscn,r(µn) + Oscr,m(µr). (4.8)
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For functions on Gn, ∥ · ∥1 and ∥ · ∥∞ are the unnormalized ℓ1 and supremum norms, and ∗ is
convolution in counting measure.

Lemma 4.4 (Convolution oscillation). Let 0 ≤ m ≤ n be integers and Λ ≥ 0. Suppose f, ψ are
complex-valued functions on Gn and |ψ̂(ξ)| ≤ Λ for all frequencies that do not factor through Gm.
Then

Oscn,m(f ∗ ψ)2 ≤ Λ23n
∑

y

|f(y)|2.

Proof. This is the computation of [9, (6.10)–(6.11)]. Fiber averaging keeps exactly the Fourier
coefficients at frequencies factoring through Gm, so Cauchy–Schwarz and Parseval give

∥f ∗ ψ − Avn,m(f ∗ ψ)∥2
1 ≤

∑
ξ not factoring through Gm

|f̂(ξ)ψ̂(ξ)|2 ≤ Λ23n
∑

y

|f(y)|2.

□

4.3. A fixed binary clock. Following [9, Section 6], we cut a random word of length n where its
partial degree first exceeds a height N with 2N+1 just above 3n. The part before the cut, the head,
has offset determined up to few collisions, and the part after it is a fresh random word, whose offset
law inherits the Fourier bound. Throughout this subsection n ≥ n0 and

N = ⌈n log2 3⌉ − 1, h =
⌈√

128n logn
⌉
, k− =

⌊
N+1

2 − h
⌋
, k+ =

⌈
N+1

2 + h
⌉
, j = ⌈2 log2 n⌉ .

(4.9)
From 1.58 < log2 3 < 1.585, logn ≥ 80 log 2 > 55 and the monotonicity of (logn)/n on [n0,∞) one
gets

64 logn ≤ h ≤ n

21600 , 0 < k−, 21600 k+ < 17119n+ 32400, j + 1 < 3 logn. (4.10)

Realize the letters a1, a2, . . . as the waiting times between the successes of independent fair bits,
so that the partial degrees are the positions of the successes. Expose the first N bits, and let D be
their number of successes, at positions s1 < · · · < sD. Each pattern of these bits has probability
2−N , D has the binomial law with parameters N and 1

2 , and given D = d the set {s1, . . . , sd} is
a uniform d-subset of {1, . . . , N}. For a set C = {s1 < · · · < sd} put O(C) =

∑
i≤d 3i−12−si ; so

O({s1, . . . , sD}) = off(W≤D). After the last exposed success the remaining waiting times are fresh
geometric variables, by memorylessness, so on D < n, by (3.2),

off(W≤n) = O({s1, . . . , sD}) + 3D2−N off(W ′
≤n−D), (4.11)

where W ′ is a random word independent of the exposed bits. Retaining k− ≤ D ≤ k+ − 1 means
that the partial degrees first exceed N at a letter in (k−, k+]; then D < n by (4.10). Split the head
offset into the shells I0 = [0, 1) and Ij = [2j−1, 2j), 1 ≤ j ≤ j, of lengths |I0| = 1 and |Ij | = 2j−1.
The slices are the events D = d, O({s1, . . . , sD}) ∈ Ij , for k− ≤ d ≤ k+ − 1 and 0 ≤ j ≤ j; they are
disjoint. The rest has probability at most

4n−16 + 7n−2. (4.12)
Indeed D < k− forces degk−(W ) ≥ N + 1 ≥ 2k− + 2h, and D ≥ k+ forces degk+(W ) ≤ N ≤ 2k+ −
2h−1; by (4.6) with x = 2h and k+ < n, whose exponent is at least min(h2/(8n), h/4) ≥ 16 logn by
(4.10), each has probability at most 2n−16. And O({s1, . . . , sD}) ≥ 2j ≥ n2 forces off(W≤n) ≥ n2,
of probability at most 7n−2 by Lemma 4.3.

For a slice let Γd,j be the measure on Gn of the residue of the head offset, Γd,j(y) = 2−N #{C :
|C| = d, O(C) ∈ Ij , [O(C)]n = y}, and let pd,j = ∥Γd,j∥1 and pd = P(D = d). By (4.11), the
restriction of µn to the slice is Γd,j ∗ Ld, where the tail law Ld is the law of 3d2−N [off(W ′

≤n−d)]n.

Lemma 4.5 (Head packing). For every slice, 3n∥Γd,j∥∞ < |Ij | + 2 and 3n∑
y Γd,j(y)2 ≤ (|Ij | +

2)pd,j.
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Proof. Distinct d-subsets C have distinct offsets O(C), since offsets determine words of a fixed
length [9, Lemma 6.2]. So the integers 2NO(C) in one slice are distinct and lie in an interval
of length 2N |Ij |, and at most 2N |Ij |3−n + 1 of them lie in one residue class modulo 3n. Hence
3nΓd,j(y) ≤ |Ij | + 3n2−N < |Ij | + 2, as 3n < 2N+1. The second bound follows by multiplying by
Γd,j(y) and summing. □

The shell of the head offset is controlled by a tail bound for the offset of a uniform random subset,
the conditional form of Lemma 4.3.

Lemma 4.6 (Offsets of random subsets). Let R be a uniform d-subset of {1, . . . , N ′}.
(1) If N ′ ≥ 2 and 100(d− 1) ≤ 51(N ′ − 1), then E

√
O(R) ≤ 40.

(2) If 3n ≤ 2N ′, |2d−N ′| ≤ 2h+ 4 and 0 < x ≤ 2n2, then P(O(R) ≥ x) < 8/x.

Proof. For (1), let p = (d − 1)/(N ′ − 1). For s ≤ N ′, given s ∈ R, the number Xs of elements of
R below s has factorial moments E

(Xs

k

)
=
(s−1

k

) (d−1)···(d−k)
(N ′−1)···(N ′−k) ≤

(s−1
k

)
pk, so E3Xs/2 ≤ (1 + (

√
3 −

1)p)s−1. By subadditivity of the square root,
√
O(R) ≤

∑
s∈R 3Xs/22−s/2, and P(s ∈ R) = d/N ′ ≤

1, so E
√
O(R) ≤ 2−1/2∑

s≥1 x
s−1 with x = 2−1/2(1 + (

√
3 − 1)p) ≤ 49+51

√
3

100
√

2 < 39
40 .

For (2), put q = ⌈2048 logn⌉, and expose the membership of 1, . . . , q in R one by one. Each
conditional probability is at most (N ′/2 +h+ 2)/(N ′ − q), so every pattern of these q memberships
has probability at most 2−q(1+ q+2h+4

N ′−q )q < 100
99 2−q, the exponent q(q+2h+4)/(N ′ −q) being below

1
100 on n ≥ n0. Write O(R) = Oe + 3k2−qOf , where Oe collects the k elements of R at most q and
Of is the offset of the rest, shifted by q. For fair bits Oe is the offset of at most q letters of a random
word, so the pattern bound and Lemma 4.3 give P(Oe ≥ 99

100x) ≤ 100
99 · 7

99x/100 = 70000
9801x . Given the

exposed memberships, the rest of R is a uniform subset of q + 1, . . . , N ′ satisfying the hypothesis
of (1), so E

√
Of ≤ 40; the factorial moments of k give, as in (1), E(3k/22−q/2) ≤ (39/40)q ≤ n−256/5.

By Markov’s inequality and x ≤ 2n2, P(3k2−qOf ≥ x
100) ≤ 400n−256/5x−1/2 < 1

100x . Finally
70000
9801 + 1

100 < 8. □

Lemma 4.7 (Local mixing). Let ι ∈ {o,b} and let n0 ≤ m ≤ n be integers with 25n ≤ 27m. Then

Oscn,m(µn) ≤ Mloc
ι (n), Mloc

ι (x) = 18BF (ι)x−aι log x+ 15x−2.

Proof. Let ξ ∈ Gn not factor through Gm, of order 3s in Gn, so s ≥ m+ 1. The Fourier coefficient
of Ld at ξ is that of µn−d at 2−Nξ reduced into Gn−d, of order 3s−d; by projectivity it is µ̂s−d(ξ′)
for some ξ′ prime to 3. For d ≤ k+ − 1, (4.10) and m ≥ 25

27n give s− d > 2n
15 , so (4.2) bounds it by

(15DF (ι)/(2n))Aι = BF (ι)n−Aι . Lemmas 4.4 and 4.5 give

Oscn,m(Γd,j ∗ Ld) ≤ BF (ι)n−Aι

√
(|Ij | + 2)pd,j .

For k− ≤ d ≤ k+ − 1, N ≥ 3n
2 and |2d − N | ≤ 2h + 4, so Lemma 4.6(2) with x = 2j−1 ≤ 2n2

gives pd,j ≤ pdqj with q0 = 1 and qj = min(1, 24−j). The values
√

(|Ij | + 2)qj for j ≤ 4 are
√

3,
√

3, 2,
√

6,
√

10, with sum below 12, and for j ≥ 5 they are at most 3; as j ≥ 4, their sum
over j ≤ j is below 3j. With the weights ϖd = 1 + 4(d − N/2)2/N , whose mean under the
binomial law is 2, and

∑
d∈Zϖ

−1
d ≤ 2+ π

2
√
N (comparison with the integral), Cauchy–Schwarz gives

(
∑

d
√
pd)2 ≤ 4 + π

√
N < 4

√
n. Summing over the slices, the retained part of µn has oscillation at

most
BF (ι)n−Aι · 2n1/4 · 3j < 18BF (ι)n−aι logn,

by (4.10). Fiber averaging is an ℓ1 contraction, so the rest adds at most twice its probability,
8n−16 + 14n−2 ≤ 15n−2, by (4.12). □



EXPLICIT POSITIVE LOWER DENSITY FOR THE COLLATZ CONJECTURE 13

Proof of Proposition 4.1. Fix ι and write a = aι, c = cch, z = zι, c = cι, d = dι, M = Mι

and Mloc = Mloc
ι . As 1 ≤ a ≤ 2, 1 < z ≤ c2 < 2, so c ≥ 1, d > 0 and s ≥ 15; hence

Mloc ≤ M on [1,∞). For x ≥ n0, a log x ≥ 1, and then x−a log x is nonincreasing (its logarithmic
derivative is (1 − a log x)/x); so M and Mloc are nonincreasing on [n0,∞). Since (cx)−a = x−a/z,
log(cx) = log x+log c, (c+1)/z = c, ((c+1) log c+d)/z = d and (s+15)/c2 = s, the profile satisfies
the exact identity

M(cx) + Mloc(cx) = M(x) (x > 0).
We prove Oscn,m(µn) ≤ M(m) for n0 ≤ m ≤ n by induction on n − m; this is (4.4). Let q =
⌊27m/25⌋; as m ≥ 1000, q ≥ cm > m. If n ≤ q, Lemma 4.7 gives Oscn,m(µn) ≤ Mloc(n) ≤
Mloc(m) ≤ M(m). Otherwise (4.8) with r = q, the induction hypothesis for (n, q), Lemma 4.7 for
(q,m) and monotonicity give

Oscn,m(µn) ≤ M(q) + Mloc(q) ≤ M(cm) + Mloc(cm) = M(m).

For (4.5) let x ≥ n0, so log x ≥ 80 log 2 > 160
3 . For ι = o: the series log 1+y

1−y = 2
∑

k≥0 y
2k+1/(2k+

1) at y = 79
2079 and log(1 + y) ≤ y give 158

2079 ≤ log c ≤ 79
1000 , so ao log c ≥ 71

500 and zo ≥ 1 + 71
500 +

1
2( 71

500)2 > 23
20 . Hence co ≤ 20

3 , and since z/(z − 1)2 decreases for z > 1, do ≤ 79
1000 · 460

9 = 1817
450 . So

18(co log x+ do) ≤ 18
(20

3 + 3
160 · 1817

450
)

log x =
(
120 + 49059

36000
)

log x < 126 log x,

and s ≤ 105 as 15 · 106 ≤ 105 · 164241. Then x−2 ≤ x−ao ≤ x−ao log x and 126BF (o) + 105 <
2333 ≤ 2365. For ι = b: the same series and the partial sum of order 8 of the exponential series
give 0.076034686275 < log c < 0.076034686276 and zb > 1.116557504, hence cb < 8.5794562 and
db < 6.24902664; so cb log x+ db ≤ (cb + 3

160db) log x < 8.7 log x. With BF (b) < 288.12 < 1.09 · 288

and s < 92, Mb(x) ≤ (18 · 8.7 · 1.09 · 288 + 92)x−ab log x < 296x−ab log x. □

4.4. Transfer through a prefix-disjoint family. Each generation of Section 5 appends one word
from a family and then continues randomly; if the family captures almost all of the probability,
the residue density after the appended word is close to the residue density of the unconditioned
random word. For a finite family V of words write mass(V) =

∑
w∈V 2− deg(w) for its mass and call

1 − mass(V) its deficit. The family is prefix-disjoint if no word is a proper prefix of another; then
the events that W begins with w (w ∈ V) are disjoint and mass(V) ≤ 1. For k ∈ N and Q ≥ k+ |w|,
write Tw,Qρk = Tw(ρk ◦ prQ−|w|,k).

Lemma 4.8 (Finite transfer). Let ι ∈ {o, b} and d, k,m ∈ N, put Q = d+ k, and suppose k ≥ n0
and n0 ≤ m ≤ Q. If V is a finite prefix-disjoint family whose words have length at most d, then

⟨
∣∣∣∑
w∈V

Tw,Qρk − ρm ◦ prQ,m

∣∣∣⟩Q ≤ Mι(k) + Mι(m) + 1 − mass(V).

Proof. This is [7, (3.7)] in our normalization. Put A∗ =
∑

w∈V TwρQ−|w|. Since Q − |w| ≥ k, (4.4)
bounds ⟨|ρk ◦ prQ−|w|,k −ρQ−|w||⟩Q−|w| by Mι(k), and (3.6) multiplies it by 2− deg(w); summing, the
first sum differs from A∗ by at most mass(V)Mι(k) ≤ Mι(k) in mean. By (3.2) and the disjointness
of the events, A∗ is 3Q times the restriction of µQ to the event that W begins with a word of V,
so 0 ≤ A∗ ≤ ρQ and ⟨ρQ − A∗⟩Q = 1 − mass(V). Finally (4.4) bounds ⟨|ρQ − ρm ◦ prQ,m |⟩Q by
Mι(m). □

5. The family of words

This section constructs the families Lj and Lj,X of Section 2 and the weighted densities Zj and
Zterm

j,X . The estimates on scales, first-crossing families and the histogram are proved in Sections 15–
16.
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5.1. Scales and first crossings. Generation j appends to each word a block, a word of length
about the scale δj whose overshoot (defined below) is at most the cap Rj . With eδ = ⌈δ/100⌉, the
scales are δ0 = 16544 and δj+1 = δj + eδj

, and the caps are
Rj = 29 + ⌊j/56⌋ .

The first scale is large enough that the first block family is nearly complete (Lemma 15.8); the
increments make the sources of generation j exceed 16δj (Lemma 5.3); and the caps grow so that
the losses 2−(Rj+1) decay geometrically (15.1). Put g = 101/100; the scales grow geometrically
and linearly (Lemma 15.1(1)). The integer comparisons 10170 > 2 · 10070 and 10169 < 2 · 10069

give 1/70 < log2 g < 1/69. The levels are kj = ⌊δj/4⌋. Put RΣ =
∑

i<j(Ri + 3), suppressing
j; it bounds the spread of the sources of a generation (Lemma 16.1). Since Ri + 3 ≤ 32 + i/56,
RΣ + 1 ≤ 1 + 32j + j(j − 1)/112, and j2/82 exceeds the right side by j( 15

4592j − 3583
112 ) − 1, which is

positive for j ≥ 9853 (at j = 9853 the bracket is 223
1148). Hence

RΣ + 1 < j2

82 (j ≥ 9853). (5.1)

For an integer scale δ ≥ 256, put ℓδ = ⌊3δ/5⌋, dlo
δ = δ − ℓδ, dhi

δ = δ + ℓδ, and, with B0(n) =
⌈n log2 3⌉, the shift radius rδ = 2ℓδ −B0(ℓδ) − 2eδ. For an integer shift u define the line

Hδ,u(d) = 2δ +B0((d− δ)+) −B0((δ − d)+) + u− rδ,

where x+ = max(x, 0). For n ∈ N, n log2 3 ≤ B0(n) < n log2 3 + 1, and B0(n) = bitlen(3n) for
n ≥ 1, where the bit length bitlen(x) of x ∈ N is the least k ∈ N with x < 2k. Hence, for all integers
δ ≥ 256, u and d ≥ 0, ∣∣Hδ,u(d) −

(
2δ + (d− δ) log2 3 + u− rδ

)∣∣ < 1, (5.2)
so Hδ,rδ

is the line of Section 2 through (δ, 2δ) of slope log2 3, rounded to integers, and Hδ,u is that
line raised by u− rδ. A word w of length d and degree Hδ,u(d) + o has 2deg(w)3−d ≈ (4/3)δ2u−rδ+o:
by (3.1) it enlarges the source by a factor that does not depend on its length. The shift radius is
chosen so that, for every shift 0 ≤ u ≤ 2rδ, most random words cross the line at a length in (dlo

δ , d
hi
δ ]

(Lemma 15.7); blocks use u = rδ, the terminal extension all u ∈ [0, 2rδ].

Lemma 5.1 (Shift radius). For δ ≥ 256, 229
1000δ − 4 < rδ ≤ 23

100δ.

Proof. Since B0(ℓδ) ≥ ℓδ log2 3 ≥ 19
12ℓδ (as 312 > 219), ℓδ ≤ 3δ/5 and eδ ≥ δ/100, rδ ≤ 5

12 · 3δ
5 − δ

50 =
23δ
100 . Also B0(ℓδ) < ℓδ log2 3 + 1, 2 − log2 3 > 83

200 (Lemma A.1(1)), ℓδ ≥ 3δ/5 − 1 and eδ < δ/100 + 1
give

rδ >
83
200

(3δ
5 − 1

)
− 1 − δ

50 − 2 = 229
1000δ − 683

200 .

□

A word w belongs to the first-crossing family FCu(δ,R), where R ∈ N, if dlo
δ < |w| ≤ dhi

δ , its
partial degrees stay strictly below the line at lengths dlo

δ , . . . , |w| − 1 (so |w| is the first crossing),
and Hδ,u(|w|) ≤ deg(w) ≤ Hδ,u(|w|) + R. Its overshoot is deg(w) − Hδ,u(|w|) ∈ [0, R]. Such a
family is finite and prefix-disjoint (Lemma 15.2). The block family FC(δ,R), from which the blocks
are drawn, is the subfamily of the first crossings of Section 2, that is of FCrδ

(δ,R), with length in
[δ − ℓcδ, δ + ℓcδ] (the length restriction), where

ℓcδ = min
(⌈√

32δ ⌈log2 δ⌉
⌉
, ℓδ − 1

)
;

it narrows the length spread for the histogram estimate (5.8) and the step bounds at a deficit of
order δ−3/2 (Lemma 15.6). For δ ≥ 240,

20000 ℓcδ ≤ δ. (5.3)
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Indeed, with k = ⌊log2 δ⌋ ≥ 40, ⌈log2 δ⌉ ≤ k + 1, 2k ≤ δ and (k + 1)/2k nonincreasing,

ℓcδ
δ
<

√
32(k + 1)

2k
+ 1
δ

≤
√

1312
240 + 1

240 ≤ 1
20000 ,

the last being the rational comparison 1312/240 ≤ (1/20000 − 2−40)2.

Lemma 5.2 (Weight, offset and source of a first-crossing word). Let δ ≥ 256, u and R ≥ 0 be
integers, and let w ∈ FCu(δ,R). Then

(1) 2−R−1+rδ−u(3/4)δ < wt(w) < 21+rδ−u(3/4)δ;
(2) 0 < off(w) < 2δ;
(3) if u = rδ, then 16eδ wt(w) < 1

2 ;
(4) for every odd n ≥ 16δ,

2u−rδ−2(4/3)δn < src(w, n) < 2R+1+u−rδ (4/3)δn. (5.4)

Proof. For (1), wt(w) = 3|w|2− deg(w) and Hδ,u(|w|) ≤ deg(w) ≤ Hδ,u(|w|) +R; insert (5.2). For (2),
as in [7, proof of Proposition 3.1]: every summand of off(w) is positive and, since the letters are
at least 1, the ith summand is at most 3i−12−i; as |w| ≤ dhi

δ ≤ 8δ/5 and (3/2)8 < 25, 0 < off(w) <
(3/2)|w| < 2δ. For (3), eδ ≥ 3 and δ > 100(eδ − 1); the integer inequality 4100 > 4096 · 3100 says
(4/3)100 > 163, so (4/3)δ > 163(eδ−1) ≥ 4 · 16eδ , and with (1), 16eδ wt(w) < 1

4(4/3)δ · 2(3/4)δ = 1
2 .

For (4), which is [7, (3.5)] for general u, (2) gives 0 < off(w) < 2δ ≤ n/2, so wt(w) src(w, n) =
n− off(w) ∈ (n/2, n); insert (1). □

5.2. The selector and the family Lj. Consider the words w = v0 · · · vj−1 with vi ∈ FC(δi, Ri).
Since each FC(δi, Ri) is prefix-disjoint, such a word determines its blocks vi: if v0 · · · vj−1w =
v′

0 · · · v′
j−1w

′ with vi, v
′
i ∈ FC(δi, Ri), then one of v0, v

′
0 is a prefix of the other, so v0 = v′

0, and
cancelling and inducting gives vi = v′

i and w = w′. For i ≤ j write w<i = v0 · · · vi−1.
By (3.2), the offset of a long word is dominated by its first block, since later blocks enter with tiny

weights. The selector bounds the offset of the first block, which sharpens the histogram estimate
(5.8), and the offsets of the next 28 blocks, which are otherwise only bounded by 2δi : it retains w if

off(v0) ≤ 3
4 (j ≥ 1), off(vi) ≤ 2600 (0 < i < min(j, 29)). (5.5)

These words form the set L̄j of selected words; L̄0 consists of the empty word. The selector involves
only the first 29 blocks, so for j ≥ 29 every word of L̄j extended by a word of FC(δj , Rj) lies in
L̄j+1, and every word of L̄j has

0 ≤ off(w) ≤ 3
4 + 2−8 (5.6)

(Lemma 16.2). Lemma 6.6 shows that the selector keeps a large mass on a residue class of the first
eight letters.

For a positive odd integer t, let Lj = Lj(t) be the set of words of L̄j valid at t, and for w ∈ Lj

write sw = src(w, t) for its source; the empty word has sw = t. A prefix of a valid word is valid, so
w<i ∈ Li for w ∈ Lj and i ≤ j; the block vi is valid at sw<i , with source sw<i+1 from there, so by
(3.1)

sw<i+1 = sw<i − off(vi)
wt(vi)

(i < j). (5.7)

Lemma 5.3 (Growth of sources). Let t ≥ 1616544 be odd, j ∈ N and w ∈ Lj. For every i < j,

sw<i ≥ 16δi , 16eδisw<i < sw<i+1 ,
1
4(4/3)δisw<i ≤ sw<i+1 ≤ 2Ri+1(4/3)δisw<i .

In particular sw ≥ 16δj .
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Proof. We prove sw<i ≥ 16δi by induction on i; the case i = 0 is t ≥ 16δ0 . If sw<i ≥ 16δi , then
Lemma 5.2(2) gives 0 < off(vi) < 2δi ≤ sw<i/2, and by (5.7) and Lemma 5.2(3),

sw<i+1 >
sw<i

2 wt(vi)
> 16eδisw<i ≥ 16δi+eδi = 16δi+1 .

The third claim is (5.4) with u = rδi
and R = Ri. □

The weighted density is
Zj(t) =

∑
w∈Lj

wt(w)ρkj
(sw).

By (3.5), it weighs each word of Lj by the total weight of its valid continuations of length kj . The
histogram estimate (Proposition 16.5) says that the weighted sources do not concentrate on few
residues: for j ≥ 9853, 0 ≤ q ≤ 2δj , any f : Gq → R, and any subset of Lj ,∑

w

wt(w)|f(sw)| ≤ 344 j5/2gj/2⟨|f |⟩q. (5.8)

5.3. The terminal extension. To bring the sources into [X, 32X), each w ∈ Lj receives a last
word whose line is shifted according to sw. Let X > 0 be real. For an integer scale δ ≥ 256 and a
real n > 0, set, as in [7, Section 5],

X lo
δ (n) = (4/3)δn

4 · 2rδ
, Xhi

δ (n) = 22rδX lo
δ (n).

By (5.4), every v ∈ FCu(δ,R) and every odd n ≥ 16δ satisfy 2uX lo
δ (n) < src(v, n) < 2R+3+uX lo

δ (n).
The real X is reachable at generation j if X lo

δj
(sw) < X ≤ Xhi

δj
(sw) for every w ∈ Lj . For w ∈ Lj let

the terminal shift uw be the least integer u ≥ 0 with 2uX lo
δj

(sw) ≥ X. If X is reachable at j, then

X ≤ 2uwX lo
δj

(sw) < 2X, 0 ≤ uw ≤ 2rδj
.

For R ∈ N, let FCterm
X (w, δj , R) be the words v ∈ FCuw(δj , R) that are valid at sw and satisfy the

mask
2|v| ≤ Hδj ,uw(|v|) + ⌊δj/8⌋ , (5.9)

the terminal restriction of [7, (5.2)], which bounds the length of v by its degree and is used only
in Lemma 8.2(3). The terminal extension Lj,X consists of the words wv with w ∈ Lj and v ∈
FCterm

X (w, δj , Rj); its sources are at least X. Define the terminal weighted density and the terminal
weight, which uses only the cap 1 (the census in Section 6 reduces the cap Rj to 1),

Zterm
j,X (t) =

∑
w∈Lj

wt(w)
∑

v∈FCterm
X (w,δj ,Rj)

wt(v)ρkj
(src(v, sw)),

βterm
j,X (t) =

∑
w∈Lj

wt(w)
∑

v∈FCterm
X (w,δj ,1)

wt(v),

and let Srcj,X(t) be the set of sources src(v, sw) of the words wv, w ∈ Lj , v ∈ FCterm
X (w, δj , 1). If

t ≥ 1616544 and X is reachable at j, these sources lie in [X, 32X) [7, Lemma 6.1], since sw ≥ 16δj

(Lemma 5.3): the factor 2 comes from the rounding of uw, and the factor 16 from overshoot at most
1 and the slack 3 above. The words wv are valid at t and distinct, since v0 · · · vj−1v determines
v0, . . . , vj−1 and v as for the blocks of Lj ; so βterm

j,X (t) ≤ βX(t). If moreover t is not S-periodic, their
sources are distinct (Lemma 3.3) and wt(wv) ≤ t/X, so the argument of (3.3) gives

Xβterm
j,X (t) ≤ t# Srcj,X(t). (5.10)
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6. Key estimates

This section proves the key estimates of Section 2: propagation (Proposition 6.1, with the geomet-
ric form (6.5) and the tail Lemma 6.3), the average at generation j0 (Proposition 6.7), reachability
(Proposition 6.9), the terminal error (Proposition 6.11) and the census inequality (6.12) with its
short form (6.13). Apart from the average and the census, the arguments are Mazur’s [7, Proposi-
tion 3.1, Sections 4–6 and 8]. Throughout, t is a positive odd integer, and

j0 = 9853, Jc = 23000 : (6.1)
propagation runs from j0, and the count uses the generations j ≥ Jc.

6.1. Propagation. Passing from Zj to Zj+1 appends a block and moves the level from kj to kj+1;
the resulting transfer errors (Lemma 4.8) are summed over Lj by the histogram estimate. For
j ≥ j0 the level is large enough for Proposition 4.1 and the block family has small deficit:

kj ≥ max(n0, 212gj), 1 − mass(FC(δj , Rj)) ≤ 1
2g

−3j/2 + 2−29−j/56. (6.2)
The first bound is Lemma 15.1(2) and the second is Lemma 15.9. Define, with the bootstrap profile
Mb of (4.3),

Ej = 344 j5/2gj/2
(
2Mb(212gj) + 1

2g
−3j/2 + 2−29−j/56

)
. (6.3)

Proposition 6.1 (Propagation). For every j ≥ j0,
|Zj+1(t) − Zj(t)| ≤ Ej . (6.4)

Proof. This is [7, Proposition 3.1] with explicit constants. Put Q = dhi
δj

+ kj+1. Since δj+1 ≤
(51/50)δj , Q ≤ (8/5 + 51/200)δj < 2δj . Define on GQ

Dj =
∑

v∈FC(δj ,Rj)
Tv,Qρkj+1 − ρkj

◦ prQ,kj
.

Since j ≥ 29, the words of Lj+1 are exactly the words wv with w ∈ Lj and v ∈ FC(δj , Rj) valid at
sw, so (3.7) gives

Zj+1(t) − Zj(t) =
∑

w∈Lj

wt(w)Dj(sw).

Lemma 4.8 with ι = b at the levels kj+1, kj ≥ 212gj ≥ n0, the monotonicity of Mb and (6.2) bound
⟨|Dj |⟩Q by the bracket in (6.3). Apply (5.8). □

The majorant decays geometrically from j0 on.

Corollary 6.2 (Geometric form of propagation). For every j ≥ j0,

Ej ≤ 0.007584 · 0.990945 j−j0 + 2−90
(199

200
)j−j0

. (6.5)

Proof. Write a = ab = 29
20 and y = g1/22−1/56. Inserting (4.3) with x = 212gj , log x = 12 log 2 +

j log g, into (6.3) splits Ej into three parts. The first is

Emx
j = 36 · 344BF (b)2−12aj5/2g−(a− 1

2 )j(cb(12 log 2 + j log g) + db
)
.

The second, from sx−2 and 1
2g

−3j/2, is at most 344(s/223 + 1
2)j5/2g−j < 28j5/2g−j . The third is at

most 2−20j5/2yj , as 344 < 29. We bound each by a geometric sequence from j0; the bounds below
for the ratios of consecutive terms decrease in j, so it suffices to check them at j0.

The ratio Emx
j+1/E

mx
j is at most (1 + 1

j )7/2g−19/20, because the affine factor grows by at most the
factor 1 + 1

j . As 7
2 log(1 + 1

j0
) ≤ 7

19706 and log g > 0.009950330853168, this is at most e−9097/106
<

0.990945. Evaluating Emx
j0 with log2BF (b) < 88.1188851177, cb < 8.5794562, db < 6.24902664
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(proof of Proposition 4.1) and rational enclosures of log 2, log g and ex from partial sums of their
series gives Emx

j0 < 0.007583.
For the second part the ratio is (1 + 1

j )5/2 100
101 ≤ 0.990945, by the integer comparison (j0 + 1)5 ·

1016 ≤ j5
0 · 1000854452; and 28j

5/2
0 g−j0 < 28+34−140 < 10−6, by j5

0 < 268 and gj0 > 2140.
For the third part the ratio is (1 + 1

j )5/2y ≤ 199
200 , by the comparison of 56th powers (j0 + 1)140 ·

10128 ·20056 ≤ 2·j140
0 ·10028 ·19956. As y < 1, y56 = g28/2 and j0 ≥ 56·175, yj0 ≤ (g28/2)175 ≤ 2−104,

by 1014900 · 2104 ≤ 2175 · 1004900; so 2−20j
5/2
0 yj0 < 2−20+34−104 = 2−90. Adding the three geometric

bounds gives (6.5). □

Lemma 6.3 (Propagation tail).
∑

j≥j0 Ej <
7584
9055 + 2−82 < 0.8376 < 6

7 . Consequently, if Zj0(t) >
6
7 + 2−28, then Zj(t) > 2−28 for every j ≥ j0.

Proof. Sum the two geometric series of (6.5): 0.007584/(1−0.990945) = 7584
9055 and 2−90 ·200 < 2−82.

The consequence follows by summing (6.4) from j0 to j − 1. □

6.2. Average at generation j0. At generation j0 the words are short enough that Zj0(t) depends
only on t modulo 3d0 , where

d0 = 5 · 2160 ≥ 1668728 gj0 , (6.6)
by the integer comparison 1668728 · 101j0 ≤ 5 · 2160 · 100j0 . So 2162 < d0 and, as 317 · 5 < 1600,

4 + 317
200d0 < 2163. (6.7)

The mean of Zj0 on a residue class modulo 38 is the selected mass with a prescribed offset residue
of the first eight letters, which is computed through the joint law of the offset and that residue.

Lemma 6.4 (Period of Zj0). Every word of L̄j0 has length at most d0 − kj0. Consequently, as a
function of t, Zj0(t) depends only on t mod 3d0, and on Gd0

Zj0 =
∑

w∈L̄j0

Tw,d0ρkj0
.

Proof. Block i has length at most δi + ℓcδi
≤ 8

5δi, and at most 20001
20000δi if δi ≥ 240, by (5.3). By

Lemma 15.1(1), δi ≤ g−(i′−i)δi′ for i ≤ i′, so the scales below 240 sum to less than 240∑
k≥0 g

−k =
101 ·240, and all scales δi, i < j0, sum to less than 100δj0 . As δj0 ≥ 16544gj0 > 255 > 200 · 8

5 ·101 ·240

and kj0 ≤ δj0/4, the length plus kj0 is less than(1
4 + 100 · 20001

20000 + 1
200

)
δj0 = 20052

200 δj0 <
20052
200 · 16644 gj0 ≤ 1668728 gj0 ≤ d0.

For w ∈ L̄j0 , (3.7) shows that the term of w in the displayed sum, at a positive odd t, is
wt(w)ρkj0

(sw) if w is valid at t and zero otherwise, so the sum is Zj0(t). □

For integers D ≥ q ≥ 0, r ∈ Gq and real x, the joint law of the offset and the offset residue of
the first q letters is

FD,q(r, x) = P
(
off(W≤D) ≤ x, [off(W≤q)]q = r

)
. (6.8)

Lemma 6.5 (Joint law). For every D ≥ 8, FD,8([6275]8, 3
4) ≥ 617014680840434 · 2−62.

Proof. Conditioning on the first letter a and writing W = (a)W ′, (3.2) gives off(W≤D) = 2−a(1 +
3 off(W ′

≤D−1)), and for q ≥ 1, [off(W≤q)]q = r holds if and only if 3 | 2ar̃ − 1 and [off(W ′
≤q−1)]q−1

is the residue of (2ar̃ − 1)/3, where r̃ is any integer representing r. Hence

FD,q(r, x) =
∑

a≥1, 3|2ar̃−1
2−aFD−1,q−1

([2ar̃ − 1
3

]
q−1

,
2ax− 1

3
)
,
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and the level q = 0 satisfies the same recursion without the residue condition and FD,0(0, x) ≥
max(0, 1 − 7/(x + 2)) by Lemma 4.3. Lemma A.10 gives tables of integers, read as nonnegative
step functions of the offset on a finite grid, times 2−62: a nondecreasing one at level 0, at most the
maximum of 1 − 7/(x + 2) and the right side of the recursion evaluated on it, and ones at levels
1 ≤ q ≤ 8, at most the right side of the recursion evaluated on the tables of level q − 1. Induction
on D, using the monotonicity of FD,q in x, shows that the tables are below the joint laws for every
D; the entry of the level-8 table at ([6275]8, 3

4) is 617014680840434. □

Lemma 6.6 (Selected mass in a residue class). For every j ≥ 29, the mass of the words of L̄j

whose first eight letters have offset residue [6275]8 exceeds

m8 =
(617014680840434

262 − 1
20000000

)(199
200 − 2−592

)
.

Proof. Every block of scale δ0 has length greater than dlo
16544 = 6618 ≥ 8, so the offset residue of

the first eight letters is that of v0. The degree is additive under concatenation and the conditions
of (5.5) concern separate blocks, so the mass in question is m′

0
∏

0<i<j mi, where m′
0 is the mass of

the v ∈ FC(δ0, R0) with off(v) ≤ 3
4 and [off(v≤8)]8 = [6275]8, mi is the mass of the v ∈ FC(δi, Ri)

with off(v) ≤ 2600 for 0 < i < 29, and mi = mass(FC(δi, Ri)) for i ≥ 29. Offsets of prefixes increase,
and the events that W begins with a word of a prefix-disjoint family are disjoint. So if D = dhi

δ0
,

off(W≤D) ≤ 3
4 , [off(W≤8)]8 = [6275]8 and W begins with some v ∈ FC(δ0, R0), then v is counted

in m′
0; by Lemmas 6.5 and 15.8,

m′
0 ≥ FD,8([6275]8, 3

4) − (1 − mass(FC(δ0, R0))) > 617014680840434
262 − 1

20000000 .

Likewise Lemma 4.3 gives mi ≥ m̄i −ci with m̄i = mass(FC(δi, Ri)), ci = 7/(2600 +2) for 0 < i < 29
and ci = 0 otherwise. As 0 ≤ mi ≤ m̄i ≤ 1, telescoping gives

∏
0<i<j m̄i −

∏
0<i<j mi ≤

∑
i ci =

196/(2600 + 2) < 2−592, and
∏

0<i<j m̄i ≥
∏

i<j m̄i >
199
200 by Lemma 15.10. □

Proposition 6.7 (Average at generation j0). The mean of Zj0 over the residues y ∈ Gd0 with
y ≡ 6275 (mod 38) is at least 6561m8 >

13
15 + 2−28. In particular some y0 ∈ Gd0 has Zj0(y0) > 13

15 .

Proof. Let w ∈ L̄j0 , so |w| ≥ 8. By (3.2), wt(w) ≡ 0 and off(w) ≡ off(w≤8) (mod 38) in Z[1/2], so
the image of σw lies in the residue class of off(w≤8) modulo 38, and Tw,d0ρkj0

vanishes off it. By
(3.6) and ⟨ρk⟩k = 1, its sum over Gd0 is 3d02− deg(w). By Lemma 6.4, the sum of Zj0 over the class
of 6275 is therefore 3d0 times the mass in Lemma 6.6, which exceeds 3d0m8 as j0 ≥ 29. The class
has 3d0−8 elements, and 6561m8 − 13

15 − 2−28 > 0.0064 by Lemma A.10. □

6.3. Reachability. The generation-j ranges (X lo
δj

(sw), Xhi
δj

(sw)], w ∈ Lj , with lower ends X lo
δj

(sw)
and upper ends Xhi

δj
(sw), intersect in the set of X reachable at j; consecutive intersections overlap

and move to infinity. The overlap holds because the sources of Lj differ by a factor at most 2RΣ

(Lemma 16.1), which (5.1) bounds.
Lemma 6.8 (Consecutive generations overlap). Let t ≥ 1616544 be odd and j ≥ Jc. For all w′ ∈ Lj

and w ∈ Lj+1, X lo
δj+1

(sw) < Xhi
δj

(sw′).

Proof. Let k = ⌊j/70⌋ ≥ 328. By Lemma 15.1(1) and g70 > 2, δj ≥ 16544 · 2k ≥ 16544
(k

3
)

≥
148896k2, as (k − 1)(k − 2) ≥ 54k; and j < 71k, so 37

1000δj ≥ 5041k2 > j2. Also δj ≤ δj+1 ≤ 101
100δj +

1. Lemmas 5.3 and 16.1 give sw ≤ 2Rj+1(4/3)δjsw<j ≤ 2Rj+1+RΣ(4/3)δjsw′ . Since Xhi
δj

(sw′) =
2rδj (4/3)δjsw′/4, it suffices that (4/3)δj+12Rj+1+RΣ < 2rδj

+rδj+1 . The inequality 219 ≤ 312 gives
(4/3)δ ≤ 25δ/12, so (4/3)δj+1 ≤ 2505δj/1200+5/12. By Lemma 5.1, rδj

+ rδj+1 ≥ 458
1000δj − 8. As

458
1000 − 505

1200 = 223
6000 >

37
1000 , it suffices that Rj +RΣ+10 < 37

1000δj , and indeed, by (5.1), Rj +RΣ+10 <
38 + j

56 + j2

82 ≤ j2. □
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Proposition 6.9 (Reachability). Let t ≥ 1616544 be odd. Every real X ≥ 22352
t is reachable at

some generation j ≥ Jc.
Proof. We follow [7, Lemma 6.2] in the effective form of [7, Section 8.5]. Put gr(δ) = 2δ− ⌊19δ/12⌋,
l0 = 0 and lj+1 = lj + Rj + 1 + gr(δj) (cf. [7, Section 8.2]). The inequality 219 ≤ 312 gives
(4/3)δ ≤ 2gr(δ), so Lemma 5.3 and induction give sw ≤ 2lj t for w ∈ Lj . By Lemma 5.1 and
gr(δ) < 5δ

12 +1, Xhi
δ (n) = 2rδ (4/3)δn/4 ≤ 2rδ+gr(δ)−2n with rδ +gr(δ)−2 < 97δ

150 −1 < ⌊2δ/3⌋. Hence
every upper end at generation Jc is at most 2Bt, where B = lJc +⌊2δJc/3⌋. Using Rj +1 ≤ 30+j/56,
Lemma 15.1(1) and

∑
j<J g

j < 100gJ , with J = Jc,

B < 31J + J2

112 + 5
12 · 1664400 gJ + 11096 gJ < 230 + 220gJ .

As 101348 < 25 · 100348, g69 < 2 and J = 348 · 66 + 32, gJ < 2330 · 2, so B < 230 + 2351 ≤ 2352, and
every upper end at generation Jc is below X.

For i ≥ Jc and w ∈ Li, Lemma 5.3 gives sw ≥ 16δi , so Xhi
δi

(sw) ≥ 2δi → ∞. Let j ≥ Jc be
least such that every upper end at generation j is at least X. If j = Jc, then LJc is empty and
X is reachable vacuously. Otherwise some upper end at generation j − 1 ≥ Jc is below X, and by
Lemma 6.8 every lower end at generation j is below it, hence below X. □

6.4. The terminal error. The terminal extension appends to w words of FCuw(δj , Rj), a family
that depends on w only through its terminal shift; grouping Lj by shift reduces the terminal error
to transfer errors, at the cost of a factor equal to the number of shifts.
Lemma 6.10 (Few terminal shifts). Let t ≥ 1616544 be odd, j ≥ j0 and X > 0. Then the terminal
shifts uw, w ∈ Lj, take fewer than j2/82 values.
Proof. We follow [7, proof of Proposition 5.2]. Assume Lj ̸= ∅ and let wmin ∈ Lj have the least
source. Since X lo

δj
(n) is positive and linear in n, uw is nonincreasing in sw, so uw ≤ uwmin . By

Lemma 16.1, sw ≤ 2RΣswmin , so 2uw+RΣX lo
δj

(swmin) ≥ X and uwmin ≤ uw + RΣ. Thus all shifts lie
in a set of at most RΣ + 1 < j2/82 integers, by (5.1). □

Proposition 6.11 (Terminal error). Let t ≥ 1616544 be odd. For j ≥ j0 and every X reachable at
j,

|Zterm
j,X (t) − Zj(t)| ≤ Tj = 5j9/2gj/2

(
2Mo(212gj) + (232 + 229)g−6j + 2−29−j/56

)
,

and for j ≥ Jc
Tj ≤ 2169 · 0.993j ; (6.9)

in particular, for j ≥ Jc,
|Zterm

j,X (t) − Zj(t)| < 2−29. (6.10)

Proof. We follow [7, Proposition 5.2]. Put Q = dhi
δj

+ kj < 2δj , and group the words of Lj by their
terminal shift; by Lemma 6.10 there are fewer than j2/82 groups. For each shift 0 ≤ u ≤ 2rδj

define on GQ

Dterm
u =

∑
v∈FCu(δj ,Rj)

Tv,Qρkj
− ρkj

◦ prQ,kj
, D̃term

u =
∑

v∈FCu(δj ,Rj)
v fails (5.9)

Tv,Qρkj
.

By (3.7), Zterm
j,X (t) − Zj(t) =

∑
u

∑
w:uw=u wt(w)

(
Dterm

u − D̃term
u

)
(sw). Lemma 4.8 with ι = o at the

levels kj , kj and Lemma 15.7 give ⟨|Dterm
u |⟩Q ≤ 2Mo(kj) + 2116δ−6

j + 2−(Rj+1); also D̃term
u ≥ 0 and,

by (3.6), its mean is the mass of the words failing the mask, at most 2113δ−6
j by the same lemma.

Apply (5.8) to each group and sum over fewer than j2/82 shifts; as 344/82 < 5,

|Zterm
j,X (t) − Zj(t)| ≤ 5j9/2gj/2

(
2Mo(kj) + (2116 + 2113)δ−6

j + 2−(Rj+1)
)
.
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This is at most Tj : Mo(kj) ≤ Mo(212gj) by (6.2) and monotonicity, δj ≥ 214gj by Lemma 15.1(1),
and Rj + 1 ≥ 29 + j/56.

Let j ≥ Jc and xj = 212gj . By (4.5), Tj ≤ τ1(j) + τ2(j) + τ3(j) + τ4(j) with

τ1 = 1260 j9/2gj/2BF (o)x−ao
j log xj , τ2 = 1050 j9/2gj/2x−2

j ,

τ3 = 5(232 + 229)j9/2g−11j/2, τ4 = 5 · 2−29j9/2gj/22−j/56.

Each τi(j+1)/τi(j) is below 0.993. Indeed (1+1/j)9/2 ≤ (23001/23000)9/2; log xj+1/ log xj ≤ 1+1/j
since log xj ≥ j log g; and g1/2−ao < 100

101 , g−3/2 < 100
101 . So the four ratios are at most 100

101(23001
23000)11/2,

100
101(23001

23000)9/2, (100
101)11/2(23001

23000)9/2 and (101
100)1/22−1/56(23001

23000)9/2, and each is below 0.993; after raising
to the powers 2, 2, 2 and 56 these are comparisons of rationals. At j = Jc, with log2BF (o) <
325.7939550288 (Lemma A.6(3)), interval arithmetic gives τ1 < 2−65.35, τ2 < 2−444, τ3 < 2−1716

and τ4 < 2−207, so TJc < 2−65.3 < 2169 ·0.993Jc , the right side being above 2−64.1. Hence (6.9) holds
for every j ≥ Jc, and (6.10) follows from 2169 · 0.99323000 < 2−64. □

6.5. The census. The terminal weighted density weighs each source by ρkj
, which might be large

on a few residues; the census bounds it by the terminal weight, splitting ρkj
into a bounded part

at a lower level and a remainder Φ of small average, on which distinct sources cannot concentrate.
As in [7, Proposition 5.3], it is applied through the maps lifti(s) = 4is+ (4i − 1)/3, i ≥ 0.

Proposition 6.12 (Census). Let 0 ≤ m ≤ q be integers and let X ≥ 3q be real. Let S be a set of
integers in [X, 32X) with nonnegative weights υs ≤ t/X. Suppose w,Φ ≥ 0 on Gq, 0 ≤ w ≤ U on
Gm, and w ≤ w ◦ prq,m +Φ. Then∑

s∈S
υs

∑
i≥0

4−iw(lifti(s)) ≤ 4
3U

∑
s∈S

υs + 44t⟨Φ⟩q. (6.11)

Proof. The contribution from w is at most U
∑

s υs
∑

i≥0 4−i = 4
3U

∑
s υs. For each fixed i, lifti is a

permutation of Gq because 4i is a unit. Each residue class contains at most 31X/3q + 1 ≤ 33X/3q

integers of [X, 32X), since X ≥ 3q. As the elements of S are distinct and Φ ≥ 0,∑
s∈S

υsΦ(lifti(s)) ≤ t

X

33X
3q

∑
y∈Gq

Φ(y) = 33t⟨Φ⟩q.

Summing against 4−i gives 44t⟨Φ⟩q. This counting is that of [7, Proposition 5.3]. □

The bounded part is obtained by clipping the residue density: discarding the words of atypical
degree or large offset leaves a subdensity bounded by packing, at a cost that is small on average.

Lemma 6.13 (Finite clipping). Let n ≥ 3 and 1 ≤ m ≤ n be integers and B > 0 real. There is
ρ

m
: Gm → R with

0 ≤ ρ
m

≤ ρm, ρ
m

≤ B

2 , ⟨ρm − ρ
m

⟩m ≤ 2n−8 + 213√
n logn
B

.

Proof. Put ℓcl =
⌈√

256m logn
⌉

+ ⌈64 logn⌉, lcl = ⌈log2(8 · 3m/B)⌉ and xcl = B/(4(2ℓcl + 1)), and
let V be the set of words u of length m with | deg(u) − 2m| ≤ ℓcl, deg(u) ≥ lcl and off(u) ≤ xcl.
Let ρ

m
(y) = 3mP(W≤m ∈ V, [off(W≤m)]m = y), so 0 ≤ ρ

m
≤ ρm. Fix y and a degree l ≥ lcl. The

integers 2l off(u), for the words u ∈ V of degree l with offset residue y, are distinct, since offsets
determine words of a fixed length [9, Lemma 6.2], lie in [0, 2lxcl] and are congruent modulo 3m; so
there are at most 2lxcl3−m + 1 of them, each of probability 2−l. Summing over the at most 2ℓcl + 1
degrees l ≥ lcl,

ρ
m

(y) ≤ (2ℓcl + 1)xcl + 3m
∑
l≥lcl

2−l = B

4 + 2 · 3m2−lcl ≤ B

2 .
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The mean ⟨ρm − ρ
m

⟩m is the probability that W≤m /∈ V. By (4.6), whose exponent is at least
8 logn at x = ℓcl, P(| degm(W )−2m| > ℓcl) ≤ 2n−8. Next P(degm(W ) < lcl) ≤ 2lcl−1E2− degm(W ) =
2lcl−13−m < 8/B. By Lemma 4.3, P(off(W≤m) > xcl) < 7/xcl = 28(2ℓcl + 1)/B, and 2ℓcl + 1 <
32

√
n logn+ 128 logn+ 5 ≤ 165

√
n logn, as logn ≥ 1 and logn ≤

√
n logn. Finally 8 + 28 · 165 <

213. □

Let t ≥ 1616544 be odd and not S-periodic, let X be reachable at j, and let w ∈ Lj . A word
v ∈ FCterm

X (w, δj , Rj) with overshoot o gives, after subtracting 2i from its last letter, i = ⌊o/2⌋, a
word v′ ∈ FCterm

X (w, δj , 1) with the same length, the same earlier letters and the mask, and with
src(v, sw) = lifti(src(v′, sw)) and wt(v) = 4−i wt(v′), since adding 2 to the last letter turns a source
s′ into 4s′ + 1 [7, proof of Proposition 5.3]; and (v′, i) determines v. So Zterm

j,X (t) is at most the
left side of (6.11) for w = ρkj

, S = Srcj,X(t) and the weights υs = wt(wv′) ≤ t/X of the sources
s = src(v′, sw), whose total is βterm

j,X (t).
If Lj is empty, Zterm

j,X (t) = 0 and (6.12) below is trivial; otherwise reachability, sw ≥ 16δj and
rδj

≤ 3δj/10 give X > 16δj/(4 · 3δj ) > 3kj . Let n ≥ n0 be an integer and B > 0, and put
m = min(kj , n). Apply Proposition 6.12 with q = kj , w = ρ

m
of Lemma 6.13, U = B/2 and

Φ = (ρm − ρ
m

) ◦ prkj ,m +|ρkj
− ρm ◦ prkj ,m |, which is nonnegative with ρkj

≤ ρ
m

◦ prkj ,m +Φ. The
second term of Φ vanishes if kj ≤ n, and otherwise has mean at most Mo(n) ≤ 2365n−ao logn by
(4.4) and (4.5). Hence, for every integer n ≥ n0 and real B > 0,

Zterm
j,X (t) ≤ 2

3Bβ
term
j,X (t) + 44t

(
2n−8 + 213√

n logn
B

+ 2365n−ao logn
)
. (6.12)

With n and B chosen from t, the error term becomes negligible:
Zterm

j,X (t) ≤ 2177t14/11βterm
j,X (t) + 2−32. (6.13)

Indeed, write a = ao and f = 1 + log t, and take n = ⌈xt⌉ with xt = (2420tf)1/a ≥ 2420/a > n0,
and B = 252t

√
n logn. Then n < 2xt and logn ≤ log 2 + 1

a(420 log 2 + log t + log f) ≤ 256f, using
log f ≤ log t and 1 + 420

a < 256. So 2365n−a logn ≤ 2365+8−420/t, 2n−8 ≤ 2/x8
t ≤ 2−419/t and

213√
n logn/B = 2−39/t; and 44(2−47 + 2−419 + 2−39) < 2−32. Moreover√

n logn ≤ 2
9
2 + 210

a t
1

2a f
1
2 + 1

2a < 2117t
5000

18693 f
28693
37386 ,

and, as t1079/205623 ≥ 1 + 1079
205623 log t, f28693/37386 ≤ f ≤ 205623

1079 t1079/205623 < 28t1079/205623. Since
1 + 5000

18693 + 1079
205623 = 14

11 , B < 252+117+8t14/11, and (6.12) gives (6.13). Since βterm
j,X (t) ≤ βX(t), the

same bound holds with βX(t).

7. Proof of the main theorem

This section combines the key estimates into a count for a target t satisfying the hypotheses
of Section 2 (Proposition 7.1), chooses a seed that satisfies them (Proposition 7.3), and deduces
Theorem 1.3, using the step bounds of Section 8.

7.1. The count under the hypotheses.

Proposition 7.1 (Count under the hypotheses). Let t ≥ 1616544 be odd and not S-periodic, with
Zj0(t) > 6

7 + 2−28. Then every real X ≥ 22352
t is reachable at some generation j ≥ Jc, and at every

such j
βterm

j,X (t) > 2−207t−14/11, # Srcj,X(t) > 2−207t−25/11X. (7.1)

Proof. Proposition 6.9 gives j. As j ≥ Jc > j0, Lemma 6.3 gives Zj(t) > 2−28, and (6.10) gives
Zterm

j,X (t) > 2−28 − 2−29 = 2−29. By (6.13),

βterm
j,X (t) > (2−29 − 2−32)2−177t−14/11 = 7 · 2−209t−14/11 > 2−207t−14/11,
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and the second bound follows by (5.10). □

These hypotheses follow from (H1)–(H4): (H3) is t ≥ 266176 = 1616544, not being S-periodic is
(H2), and (H4) gives Zj0(t) = Zj0(y0) > 13

15 >
6
7 + 2−28 by Lemma 6.4, as 13

15 − 6
7 = 1

105 .

7.2. Choosing a seed. A general target need not satisfy the hypotheses of Proposition 7.1, so we
apply it to a seed t1 that does, chosen among the integers that reach the target in one odd step. Let
t be a positive integer with 3 ∤ t. As 266178 = 433089 ≡ 1 (mod 3), exactly one a◦ ∈ {66178, 66179}
has 2a◦

t ≡ 1 (mod 3), and the candidate seeds are the integers (2at − 1)/3 with a ≡ a◦ (mod 2)
and a ≥ a◦. They increase with a, and 3 · (2at− 1)/3 + 1 = 2at, so a candidate reaches t after one
odd step and a halvings.

Lemma 7.2 (Candidate residues). Let t′ be an integer with t′ ≡ 1 (mod 3), and let q, i0 ∈ N. Then
the integers (4it′ − 1)/3, i0 ≤ i < i0 + 3q, meet every residue class modulo 3q exactly once.

Proof. For t′ = 1 this is [7, Lemma 4.1]. First, ord3(4e − 1) = 1 + ord3(e) for every integer
e ≥ 1, by induction on ord3(e). If 3 ∤ e, then (4e − 1)/3 =

∑
i<e 4i ≡ e ̸≡ 0 (mod 3). If e = 3e′,

put x = 4e′ = 1 + 3z; then 4e − 1 = (x − 1)(x2 + x + 1) with x2 + x + 1 = 3 + 9z + 9z2, so
ord3(4e − 1) = ord3(4e′ − 1) + 1. Now let i0 ≤ i < i′ < i0 + 3q and e = i′ − i, so ord3(e) < q. The
difference of the two integers is 4it′(4e − 1)/3, and since 3 ∤ 4it′ its 3-adic order is ord3(e) < q. So
the 3q integers are pairwise incongruent modulo 3q. □

With DA as in Section 1, the integer comparison 3200 < 2317 and (6.7) give

log2DA = 22163
> 24+ 317

200 d0 > 16 · 3d0 . (7.2)

Proposition 7.3 (The seed). Let t be a positive integer with 3 ∤ t. There is a candidate seed
t1 = (2at− 1)/3 with a < 66180 + 4 · 3d0 that is odd, not S-periodic, satisfies

266176t < t1 < 25·3d0
t < DAt and Zj0(t1) > 13

15 ,

and reaches t in 1 + a ordinary steps; S(t1) is the odd part of t.

Proof. By Proposition 6.7 there is y0 ∈ Gd0 with Zj0(y0) > 13
15 . Apply Lemma 7.2 with t′ = 2a◦

t

and q = d0, once with i0 = 0 and once with i0 = 3d0 : this gives two candidate seeds (4it′ − 1)/3,
i < 2 · 3d0 , congruent to y0 modulo 3d0 , with a = a◦ + 2i ≤ 66177 + 4 · 3d0 . Each is odd, as
2at− 1 is odd, satisfies Zj0 = Zj0(y0) by Lemma 6.4, and lies between (266178t− 1)/3 > 266176t and
2at/3 < 25·3d0 t < DAt, as 66177 < 311 ≤ 3d0 and by (7.2). Since 3t1 + 1 = 2at, S(t1) is the odd
part of t, so the two candidates have the same image under S, and by Lemma 3.2(1) at most one
of them is S-periodic. □

7.3. General targets. Every integer that reaches the seed reaches t, so Proposition 7.1 for the
seed counts integers reaching t. Let t be a positive integer with 3 ∤ t, fix t1 as in Proposition 7.3.

Proposition 7.4. For every real X ≥ DAt, at least X/(t25/11DA) odd n < X reach t within
⌊10.46 log(n/t)⌋ ordinary steps and reach the odd part of t within ⌊3.4881 log(n/t)⌋ accelerated
steps.

Proof. As d0 ≥ 352, 2352 ≤ 2d0 < 3d0 , so (7.2) gives 5 + 2352 + 5 · 3d0 < 16 · 3d0 < log2DA and
212 + 125

11 3d0 < log2DA. Hence X/32 ≥ 22352+5·3d0 t > 22352
t1. The seed t1 is odd, not S-periodic,

at least 266176 = 1616544, and has Zj0(t1) > 13
15 >

6
7 + 2−28, so Proposition 7.1 applies to it at X/32:

at some j ≥ Jc with X/32 reachable,

# Srcj,X/32(t1) > 2−212t
−25/11
1 X > 2−212− 125

11 3d0
t−25/11X ≥ X

t25/11DA
.
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Every source in Srcj,X/32(t1) is odd, lies in [X/32, X), and satisfies both step bounds by Proposi-
tion 8.4. □

Proof of Theorem 1.3. Let c(t) be as in Section 1 and X > 0. If X ≥ DAt, Proposition 7.4 gives at
least c(t)X ≥ ⌊c(t)X⌋ odd n < X with both step bounds. If X < DAt, then c(t)X < t−14/11 ≤ 1,
so ⌊c(t)X⌋ = 0. □

8. The number of steps

This section proves the step bounds used in Proposition 7.4 (Proposition 8.4), following [7,
Section 7]: the steps beyond the heuristic log(s/t)/ log(4/3) of Section 2 are paid by the deviation
of the degree from twice the length, which the lines, the length restriction and the mask bound,
and by the steps from the seed to the target.

Throughout, t and t1 are as in Section 7.3; only t1 odd, 3t1 + 1 = 2at and t1 > 266176t are used.
For a generation j define, suppressing j,

δΣ =
∑
i≤j

δi, ℓcΣ =
∑
i<j

ℓcδi
, cstep = log

(
3 + 1

4096
)
, csrc = 28559

100000 .

cstep bounds each step log(3 + 1/y) of an inverse trajectory with values y ≥ 4096, and csrc is the
rate in Lemma 8.3. We use (2 − log2 3) log 2 = log(4/3) and

287682
106 < log 4

3 , log 2 < 347
500 <

7
10 , cstep − log 3 < 1

12288; (8.1)

the first two are Lemma A.1(3), and the last is log(1 + 1/12288) < 1/12288.
Lemma 8.1 (Scale sums). Let j ≥ Jc. Then (1) δj ≥ 240j, and hence 222(j + 1) ≤ δΣ; (2)
δj ≤ 16544 + δΣ/100 + j; and (3) 9000 ℓcΣ ≤ δΣ.

Proof. For (1), let k = ⌊j/70⌋ ≥ 328; by Lemma 15.1(1) and g70 > 2, δj ≥ 16544 · 2k ≥ 214+k, and
2k−26 ≥ 70(k + 1) > j by induction on k ≥ 328; so δj ≥ 240j and 222(j + 1) ≤ 223j ≤ δj ≤ δΣ. For
(2), eδ < δ/100 + 1, so

δj = 16544 +
∑
i<j

eδi
≤ 16544 + δΣ

100 + j.

For (3), as in [7, (7.1)], ℓcδ ≤ ℓδ ≤ δ, and 20000ℓcδ ≤ δ for δ ≥ 240 by (5.3). The scales below 240

sum to less than 101 · 240 (proof of Lemma 6.4), and the other terms contribute at most δΣ/20000.
By (1), δΣ ≥ δj ≥ 2342, hence 9000 ℓcΣ ≤ 9000 · 101 · 240 + 9

20δΣ ≤ δΣ, as 9000 · 101 · 240 < 260. □

Let j ≥ Jc, let X be reachable at j for the target t1, and let s ∈ Srcj,X(t1) be the source of
wv, with w = v0 · · · vj−1 ∈ Lj(t1) and v ∈ FCterm

X (w, δj , 1); we call s a counted source. The word
wv is valid at t1. Its inverse trajectory from t1 has one value after each number k = 0, 1, . . . , |wv|
of letters, the first being t1 and the last s; for i ≤ j the value after |w<i| letters is sw<i ≥ 16δi

(Lemma 5.3, as t1 > 1616544).
Lemma 8.2 (Inverse trajectory of a counted source). In this notation, (1) every value of the
inverse trajectory of wv is at least 4096; (2) deg(wv) log 2 ≤ log s − log t1 + |wv| cstep; and (3)
deg(wv) ≥ 2|wv| − (2 − log2 3)ℓcΣ − j − δj/8.

Proof. For (1), we follow [7, Section 7]. The first value is t1 > 266176. Let y be the value after
k letters, where either |w<i| < k ≤ |w<i+1| with i < j, or |w| < k ≤ |wv| and i = j. Then
S◦(k−|w<i|)(y) = sw<i , and S at most doubles every positive odd integer, so sw<i ≤ 2k−|w<i|y, where
k − |w<i| ≤ dhi

δi
≤ 8δi/5; hence y ≥ 16δi2−8δi/5 = 212δi/5 > 4096.

For (2), write wv = (a1, . . . , a|wv|). If y and y′ are the values after k and k − 1 letters, then
3y + 1 = 2aky′, so ak log 2 = log y − log y′ + log(3 + 1/y). Summing over k, the first two terms
telescope to log s− log t1, and by (1) each last term is at most cstep; this is [7, (7.4)].
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For (3), which is [7, (7.3)] with ℓcδ in place of his width, let i < j. By (5.2) with u = rδi
,

deg(vi) ≥ Hδi,rδi
(|vi|) > 2|vi| − (2 − log2 3)(|vi| − δi) − 1, and |vi| − δi ≤ ℓcδi

by the length restriction.
As 2 − log2 3 > 0, deg(vi) ≥ 2|vi| − (2 − log2 3)ℓcδi

− 1. For v, the first crossing and the mask (5.9)
give deg(v) ≥ Hδj ,uw(|v|) ≥ 2|v| − δj/8. Summing proves (3). □

Lemma 8.3 (Size of a counted source). Every s ∈ Srcj,X(t1) satisfies log(s/t) ≥ csrcδΣ.

Proof. This is [7, (7.2)] with this paper’s scales. Apply (5.4) to vi at sw<i ≥ 16δi with u = rδi
for

i < j, and to v at sw with u = uw ≥ 0: each word of scale δ multiplies the value by more than
2u−rδ−2(4/3)δ. Hence log(s/t) ≥ log(t1/t)+δΣ log 4

3 −(rδj
+2j+2) log 2. By Lemmas 5.1 and 8.1(2),

rδj
≤ 3

10δj ≤ 24816
5 + 3

1000δΣ + 3
10j, and 2j + 2 + 3

10j ≤ 26
10(j + 1). Since log(t1/t) > 66176 log 2 >

24816
5 log 2 and j + 1 ≤ δΣ/222 by Lemma 8.1(1),

log(s/t) ≥ δΣ
(
log 4

3 − log 2
( 3

1000 + 26
10 · 222

))
,

and by (8.1) the bracket exceeds 287682
106 − 347

500
( 3

1000 + 26
10·222

)
= 598945709

2097152000 = csrc + 501733
52428800000 . □

Proposition 8.4 (Step bounds). Let todd be the odd part of t. Each s ∈ Srcj,X(t1) reaches t within⌊
523
50 log(s/t)

⌋
ordinary steps and todd within

⌊
34881
10000 log(s/t)

⌋
accelerated steps.

Proof. As j ≥ Jc, Lemmas 8.1 and 8.3 apply. For the accelerated steps we follow the proof of
[7, Lemma 7.2]. Put cgain = 2 log 2 − cstep; by (8.1), log(4/3) − 1/12288 < cgain < log(4/3).
Lemma 8.2(2) and (3), multiplied out with (2 − log2 3) log 2 = log(4/3), give

cgain(|wv| + 1) ≤ log s− log t1 + cgain + log 4
3 ℓ

c
Σ +

(
j + δj

8
)

log 2.

By Lemma 8.1(3), log 4
3 ℓ

c
Σ ≤ log 4

3 δΣ/9000. By Lemma 8.1(2), j + δj/8 ≤ 2068 + δΣ
800 + 9

8j, and
by log 2 < 347/500 < 7/10 and Lemma 8.1(1), 9

8j log 2 < δΣ/106 and δΣ
800 log 2 < 7δΣ

8000 . Finally
cgain + 2068 log 2 < 2069 log 2 < log(t1/t). As 1/106 + 7/8000 = 219/250000, we obtain, as in [7,
(7.6)],

cgain(|wv| + 1) ≤ log(s/t) +
( log(4/3)

9000 + 219
250000

)
δΣ. (8.2)

Put cacc = 34881/10000, the constant of [7, (7.7)]. Since 0 ≤ δΣ ≤ log(s/t)/csrc, it suffices for
|wv| + 1 ≤ cacc log(s/t) that csrc + log(4/3)

9000 + 219
250000 ≤ csrccacccgain. Using cgain > log(4/3) − 1/12288

and log(4/3) > 287682/106, the right side minus the left side exceeds the rational residual(
csrccacc − 1

9000
)287682

106 − csrccacc
12288 − csrc − 219

250000 = 25365007801
192000000000000000 > 0. (8.3)

Hence |wv| + 1 ≤ cacc log(s/t). Since s reaches t1 in |wv| accelerated steps and S(t1) = todd, s
reaches todd within |wv| + 1 accelerated steps.

For the ordinary steps we follow the proof of [7, Lemma 7.3]. By Section 3, s reaches t1 in
|wv| + deg(wv) ordinary steps, and t1 reaches t in 1 + a more, where 3t1 + 1 = 2at; so s reaches t
within Nord = |wv| + 1 + deg(wv) + a ordinary steps. As t1 > 4096, a log 2 = log(3t1 + 1) − log t ≤
log t1 + cstep − log t, and adding Lemma 8.2(2) gives (deg(wv) + a) log 2 ≤ log(s/t) + (|wv| + 1)cstep.
With |wv| + 1 ≤ cacc log(s/t),

Nord log 2 ≤ (|wv| + 1)(log 2 + cstep) + log(s/t) ≤
(
cacc(log 2 + cstep) + 1

)
log(s/t).

It remains to prove the inequality [7, (7.9)],

cacc(log 2 + cstep) + 1 ≤ 523
50 log 2. (8.4)
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By (8.1) and Lemma A.1(1), cstep < (317/200) log 2 + 1/12288, so it suffices that(523
50 − 517

200cacc
)

log 2 ≥ cacc
12288 + 1.

The bracket is 2886523/2000000 > 0, and by log 2 > 693147180/109 (Lemma A.1(3)) the difference
of the two sides exceeds

693147180
109 · 2886523

2000000 − cacc
12288 − 1 = 43510569153

400000000000000 > 0.

Both step counts are integers, so both bounds may be floored. □

9. The Fourier bound: black points and triangles

This section and the next five prove the Fourier bound (4.2) for both indices ι ∈ {o, b} at once,
following Tao’s argument [9, Section 7] with explicit constants; the index enters only through the
parameters of Table 1. Section 11 bounds |µ̂n(ξ)| by the expected penalty of a random walk, which
gains a factor below 1 at the white points of Definition 9.2, and reduces its decay to a descent step
proved in three cases in Sections 12–14; Section 10 supplies the laws of the walk. Here we describe
the geometry of the points at which the character sum gains no cancellation: these black points
form disjoint triangles, every point bordering a triangle is white, and the angles of the points just
above a triangle are close to odd dyadic fractions. In Sections 9–14 the letter j denotes the first
coordinate of a point and J is as in Definition 9.1, and from Section 10 on b (also bk) denotes a
hold word and b a list of hold words; the generations, scales and families of Sections 5–7 do not
occur there.

Definition 9.1 (Standing conventions). From now on, n ≥ 1, J = ⌊n/2⌋, ξ ∈ Gn is a frequency
prime to 3, and ε = 37037/106 is the constant of Definition A.2. The objects defined below depend
on n and ξ; this dependence is suppressed from the notation.

The arguments of this section use only 0 < ε < 1/27, which holds as 27ε = 999999/106.

9.1. Points, angles, white and black points. In the character sum, the cancellation contributed
by the jth pair (a2j−1, a2j) of letters of the random word W is governed by the angle, defined next,
of the point (j,deg2j(W )) (see Lemma 11.1).

Definition 9.2 (Points and angles). A point is an element p = (j, l) of P = Z≥1 × Z; we write
j(p) = j and l(p) = l, the raw length and height of p, and add points coordinatewise. Points p ̸= v
are cardinal neighbours if |j(p)−j(v)|+ |l(p)− l(v)| = 1. For y ∈ Gn, let ỹ ∈ Z be the representative
of y with |ỹ| < 3n/2 (it is unique, as 3n is odd) and put sfr(y) = ỹ/3n, the signed fractional part.
The angle of p = (j, l) is

ϑ(p) = sfr
(
res(p)

)
, res(p) =

[
32(j−1)21−l]

n
ξ.

A point p is white if j(p) ≤ J and |ϑ(p)| > ε, and black if j(p) ≤ J and |ϑ(p)| ≤ ε. Points with
j(p) > J are neither.

Since the numerator of sfr(y) is the representative of least modulus,

y′ ∈ Z, y′ ≡ y, |y′| < 3n/2 =⇒ sfr(y) = y′

3n
; | sfr(ky)| ≤ k| sfr(y)| (k ∈ N), (9.1)

the second because k · 3n sfr(y) represents ky.
Moving a point one step right multiplies its residue by 9, and one step down by 2; the southeast

distance measures the resulting growth of the angle (Lemma 9.4).
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Definition 9.3 (Southeast distance and the constant λ). For points u, v with j(u) ≤ j(v) and
l(v) ≤ l(u) put the southeast distance

se(u, v) = (j(v) − j(u)) log 9 + (l(u) − l(v)) log 2,
so that ese(u,v) = 9j(v)−j(u)2l(u)−l(v) is a positive integer. Let λ = log 2/ log 9, the slope of the
hypotenuse of a triangle (Definition 9.9).

Lemma 9.4 (Southeast transport). Let u, v ∈ P with j(u) ≤ j(v) and l(v) ≤ l(u), and put
k = ese(u,v). Then res(v) = k res(u) and |ϑ(v)| ≤ k|ϑ(u)|. If moreover k|ϑ(u)| < 1/2, then
ϑ(v) = kϑ(u).

Proof. As in [9, (7.12)], 32(j(v)−1)21−l(v) = k · 32(j(u)−1)21−l(u) in Z[1/2]; apply [·]n and multiply by
ξ. The bound follows from the second part of (9.1), and the equality, as in [9, (7.18)], from its first
part with y′ = k · 3nϑ(u). □

Lemma 9.5 (Angles are bounded below). If j(p) ≤ J , then 3 n+1−2j(p)|ϑ(p)| ≥ 1/3; in particular
ϑ(p) ̸= 0.

Proof. This is the proof of [9, (7.16)] with ε replaced by |ϑ(p)|: for p = (j, l) and k = n+1−2j ≥ 1,
3k res(p) = 3n−1[21−l]nξ is represented by ±3n−1, so 1/3 = | sfr(3k res(p))| ≤ 3k|ϑ(p)| by (9.1). □

9.2. Angles of neighbouring points. The proof of [9, Lemma 7.4] assumes 0 < ε < 1/100; our
ε is larger, which is why we reprove its ingredients with explicit thresholds. The next lemma is a
quantitative form of the claims (ii) and (iii) of that proof, which concern points with |ϑ| ≤ 1/100:
it recovers the angle of a point exactly from the angles of two cardinal neighbours.

Lemma 9.6 (Quantitative claims (ii) and (iii)). Let p = (j, l) ∈ P and let ϑ̄1, ϑ̄2 be real numbers
with |ϑ(j, l − 1)| ≤ ϑ̄2. Each of the following implies 2ϑ(p) = ϑ(j, l − 1):

(ii) |ϑ(j + 1, l)| ≤ ϑ̄1 and 2ϑ̄1 + 9ϑ̄2 < 1;
(iii) j ≥ 2, |ϑ(j − 1, l)| ≤ ϑ̄1 and 18ϑ̄1 + ϑ̄2 < 1.

Proof. Write y2 = 3nϑ(j, l− 1); by Lemma 9.4 it represents 2 res(p). In each case ϑ̄1 ≥ 0, so ϑ̄2 < 1.
(ii) Let y1 = 3nϑ(j + 1, l), which represents 9 res(p). Then 2y1 − 9y2 ≡ 18 res(p) − 18 res(p) = 0

and |2y1 − 9y2| < 3n, so 2y1 = 9y2. The integer y1 − 4y2 represents 9 res(p) − 8 res(p) = res(p) and
equals y2/2, of modulus at most ϑ̄2 3n/2 < 3n/2. By (9.1), ϑ(p) = y2/(2 · 3n).

(iii) Let y3 = 3nϑ(j − 1, l), which represents res(j − 1, l); then res(p) = 9 res(j − 1, l) and y2
represents 18 res(j − 1, l). As before |18y3 − y2| < 3n forces y2 = 18y3, and 9y3 = y2/2 represents
res(p) with modulus less than 3n/2, so ϑ(p) = y2/(2 · 3n). □

Corollary 9.7 (Small angles along a row or column). Let (j, l) ∈ P and m ∈ N.
(a) If |ϑ(j + m, l)| ≤ ε and |ϑ(j + k, l − 1)| ≤ ε for 0 ≤ k < m, then |ϑ(j + k, l)| ≤ ε for

0 ≤ k ≤ m.
(b) If |ϑ(j, l)| ≤ ε and |ϑ(j + k, l − 1)| ≤ ε for 1 ≤ k ≤ m, then |ϑ(j + k, l)| ≤ ε for 0 ≤ k ≤ m.
(c) If |ϑ(j, l)| ≤ ε and |ϑ(j + 1, l + k)| ≤ ε for 1 ≤ k ≤ m, then |ϑ(j, l + k)| ≤ ε for 0 ≤ k ≤ m.

Proof. Take ϑ̄1 = ϑ̄2 = ε, so that 2ϑ̄1 + 9ϑ̄2 = 11ε < 1 and 18ϑ̄1 + ϑ̄2 = 19ε < 1. In (a), induct
downwards on k using Lemma 9.6(ii) at (j + k, l): |ϑ(j + k, l)| = |ϑ(j + k, l − 1)|/2 ≤ ε. In (b),
induct upwards on k using Lemma 9.6(iii) at (j + k, l), where j + k ≥ 2. In (c), induct on k using
Lemma 9.6(ii) at (j, l+k), whose right neighbour is (j+1, l+k) and lower neighbour (j, l+k−1). □

9.3. Column tops and canonical triangles. To make the decomposition of the black points
canonical, each black point is assigned the triangle whose corner is reached by moving up through
black points of its column as far as possible and then left through black points of that row, as in
the proof of [9, Lemma 7.4]. Moving up stops: if p = (j, l) is black, then (j, l + k) is white for
some 1 ≤ k ≤ 2n. Otherwise (j, l + k) is black for 0 ≤ k ≤ 2n, since j ≤ J . Moving down one
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step doubles the angle exactly, by Lemma 9.4 and 2ε < 1/2; hence |ϑ(p)| = 4n|ϑ(j, l + 2n)|. By
Lemma 9.5 and 3n+1−2j ≤ 3n−1 < 4n, this is at least 1/3 > ε, contradicting blackness of p. As
every point v with j(v) ≤ J is either black or white, the following objects are well defined.

Definition 9.8 (Column top, gap, row start). Let p = (j, l) be black. Its column top l∗(p) is
the unique l′′ ≥ l such that (j, l′) is black for l ≤ l′ ≤ l′′ and (j, l′′ + 1) is white. Its gap is
gap(p) = l∗(p) − l(p) ∈ N. Its row start j∗(p) is the unique j′ ∈ [1, j] such that (i, l∗(p)) is black for
j′ ≤ i ≤ j and either j′ = 1 or (j′ − 1, l∗(p)) is white.

Definition 9.9 (Triangles and the canonical family). A triangle is a triple ∆ = (j∆, l∆, S∆) ∈
Z≥1 × Z × R, with corner p∆ = (j∆, l∆) and size S∆. A point v lies in ∆, written v ∈ ∆, if

j(v) ≥ j∆, l(v) ≤ l∆, se(p∆, v) ≤ S∆.

The top edge of ∆ is the row l = l∆, and its left edge is the column j = j∆. For a black point p,
the canonical triangle is

∆(p) =
(
j∗(p), l∗(p), log ε

|ϑ(j∗(p), l∗(p))|
)
,

and the canonical family is T = {∆(p) : p black}.

Thus v ∈ ∆ means that v lies weakly southeast of the corner and weakly left of the hypotenuse
j − j∆ = λ(l − l∆) + S∆/ log 9. Membership is closed to the northwest: if v ∈ ∆ and j∆ ≤
j(v′) ≤ j(v), l(v) ≤ l(v′) ≤ l∆, then v′ ∈ ∆, since se(p∆, ·) decreases. Also every v ∈ ∆ satisfies
j(v) ≤ j∆ + S∆/ log 9.

Lemma 9.10 (Canonical triangles). Let p be black and ∆ = ∆(p). Then
(a) p∆ is black, |ϑ(p∆)| = εe−S∆ and S∆ ≥ 0;
(b) (the right-end bound)

j∆ + S∆/ log 9 ≤ n/2 + 1 − log(1/ε)/ log 9 < n/2 − 1/2 ≤ J ; (9.2)
(c) every v ∈ ∆ is black.

Proof. (a) The corner is black by Definition 9.8, so j∆ ≤ J , ϑ(p∆) ̸= 0 by Lemma 9.5, and the size
is defined by the stated formula; S∆ ≥ 0 as |ϑ(p∆)| ≤ ε.

(b) Lemma 9.5 gives log(1/|ϑ(p∆)|) ≤ (n+2−2j∆) log 3 = (n/2+1−j∆) log 9. Subtract log(1/ε)
to obtain the first inequality. The second follows from log(1/ε) > log 27 = 3

2 log 9, and the third
from J = ⌊n/2⌋.

(c) By Lemma 9.4 and (a), |ϑ(v)| ≤ ese(p∆,v)εe−S∆ ≤ ε. By (b), j(v) ≤ j∆+S∆/ log 9 < n/2−1/2,
so j(v) ≤ J . □

9.4. The neighbourhood of a triangle and the partition of the black points. The cardinal
neighbourhood of a triangle ∆ consists of the points not in ∆ that are cardinal neighbours of a point
of ∆. Tao’s claim (∗) in the proof of [9, Lemma 7.4] makes every point within distance 1

10 log 1
ε of

a triangle white, for small ε. The next lemma is its cardinal-neighbour case, proved for ε < 1/27
by Tao’s three cases.

Lemma 9.11 (White neighbourhood). Let p be black. Every point of the cardinal neighbourhood
of ∆(p) is white.

Proof. We follow the proof of claim (∗) in [9, Lemma 7.4], with distance 1 in place of 1
10 log 1

ε ; since
v below is itself black, Corollary 9.7 replaces Tao’s claims (i)–(iii) and weakly black points. Write
∆ = ∆(p), and let v /∈ ∆ be a cardinal neighbour of x ∈ ∆. As j(x) ≤ j∆ + S∆/ log 9 < J by
Lemma 9.10(b), j(v) ≤ J , so it suffices to show that v is not black. Recall j∆ ≤ j(p), that (i, l∆)
is black for j∆ ≤ i ≤ j(p), and that p′ = (j(p), l∆ + 1) is white. Tao’s three cases are exhaustive.
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Case 1: j(v) ≥ j∆, l(v) ≤ l∆. Then S∆ < se(p∆, v) ≤ S∆ + log 9, as a cardinal step
changes se(p∆, ·) by at most log 9. Since 9ε < 1/2, Lemma 9.4 and Lemma 9.10(a) give |ϑ(v)| =
εese(p∆,v)−S∆ > ε.

Case 2: j(v) ≥ j∆, l(v) > l∆. Then v = x + (0, 1) and l(x) = l∆; suppose v is black. If
j(v) < j(p), Corollary 9.7(b), started at v along the black points (j(v) +k, l∆), 1 ≤ k ≤ j(p) − j(v),
gives |ϑ(p′)| ≤ ε. If j(v) > j(p), the points (j(p) +k, l∆), 0 ≤ k < j(v) − j(p), lie in ∆ by northwest
closure from x and are black by Lemma 9.10(c), and Corollary 9.7(a), ending at v, gives the same.
If j(v) = j(p), then p′ = v. So p′ is black, as j(p′) ≤ J ; but it is white.

Case 3: j(v) < j∆. Then v = x − (1, 0), j∆ ≥ 2 and l(v) ≤ l∆, so v′ = (j∆ − 1, l∆) is white;
suppose v is black. The points (j∆, l(v) + k), 1 ≤ k ≤ l∆ − l(v), lie between x and p∆, hence in ∆,
and are black; Corollary 9.7(c), started at v, gives |ϑ(v′)| ≤ ε, so v′ is black, a contradiction. □

Lemma 9.12 (Membership and coherence). Let p be black. Then p ∈ ∆(p). If v ∈ ∆(p) is black,
then l∗(v) = l∗(p) and ∆(v) = ∆(p).

Proof. As in the last paragraph of the proof of [9, Lemma 7.4], with Lemma 9.11 in place of claim
(∗). Write ∆ = ∆(p). By Lemma 9.11, a black cardinal neighbour of a point of ∆ lies in ∆. The
corner lies in ∆ because S∆ ≥ 0. Walking right through the black points (i, l∆), j∆ ≤ i ≤ j(p), and
then down through the black points (j(p), l′), l(p) ≤ l′ ≤ l∆, every point lies in ∆; the last one is p.

Let v ∈ ∆ be black. By northwest closure and Lemma 9.10(c), the points (j(v), l′) with l(v) ≤
l′ ≤ l∆ are black. The point (j(v), l∆ + 1) is not in ∆ and is a cardinal neighbour of (j(v), l∆) ∈ ∆,
so it is white by Lemma 9.11. Hence l∗(v) = l∆ by Definition 9.8. Similarly the points (i, l∆),
j∆ ≤ i ≤ j(v), lie in ∆ and are black, and either j∆ = 1 or (j∆ − 1, l∆) is white, so j∗(v) = j∆. The
corners agree, and the size depends only on the corner. □

Proposition 9.13 (Partition of the black points). A point is black if and only if it lies in some
∆ ∈ T. Two members of T with a common point are equal.

Proof. A black p lies in ∆(p), and points of canonical triangles are black, by Lemmas 9.12 and 9.10(c).
If x ∈ ∆(p) ∩ ∆(p′), then x is black and Lemma 9.12 gives ∆(p) = ∆(x) = ∆(p′). □

9.5. Exit points above a triangle. In Section 12 a random walk leaves a triangle ∆ ∈ T from
a point p ∈ ∆ at height l∆ − l(p) below the top edge and first lands above that edge, at an exit
point (j(p) + r, l∆ + o) with r, o ≥ 1. When r is not too large, the exit point lies before the horizon
j = J and its angle is an odd dyadic fraction up to a small error, which the packet envelopes of
Lemma 11.5 turn into cancellation.

Lemma 9.14 (Exit points). For ω ∈ N put fω = ⌊(5ω + 16)/16⌋. Let ∆ ∈ T, p ∈ ∆ and
ω = l∆ − l(p), which is gap(p) by Lemmas 9.10(c) and 9.12, and let p̂ = (j(p), l∆).

(a) j(p) + r ≤ J for every integer 0 ≤ r ≤ fω.
(b) Let 1 ≤ r ≤ fω and o ≥ 1 be integers and e = (j(p) + r, l∆ + o). Then

ϑ(e) = m+ β

2o

for an odd integer m and a real β with |β| ≤ 9rε2−ω ≤ 9ε < 1
3 .

(c) 3nϑ(p̂) is an odd integer and |ϑ(p̂)| ≤ ε2−ω.

Proof. Since fω ≤ 1+5ω/16 and 95 ≤ 216, 9r ≤ 9fω ≤ 9 ·2ω for 0 ≤ r ≤ fω. Hence 3ε 9r ≤ 27ε 2ω <
2ω.

(a) Membership of p gives j(p) ≤ j∆ + S∆/ log 9 − λω, so Lemma 9.10(b) gives j(p) ≤ n/2 +
1 − log(1/ε)/ log 9 − λω. Taking logarithms in 9r < 2ω/(3ε) gives r < λω + log(1/ε)/ log 9 − 1/2.
Adding, 2(j(p) + r) < n+ 1, so j(p) + r ≤ J .
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(c) The point p̂ lies in ∆ by northwest closure; let N = 3nϑ(p̂). By Lemma 9.4, Lemma 9.10(a)
and S∆ ≥ (j(p) − j∆) log 9 + ω log 2,

|ϑ(p̂)| ≤ 9j(p)−j∆εe−S∆ ≤ ε2−ω.

The integer N is odd. Otherwise N/2 represents res(p̂ + (0, 1)), since res(p̂) = 2 res(p̂ + (0, 1)) by
Lemma 9.4 and 2 is invertible modulo 3n; as |N/2| < 3n/2, (9.1) gives |ϑ(p̂+(0, 1))| = |ϑ(p̂)|/2 ≤ ε/2.
But p̂+ (0, 1) /∈ ∆ is a cardinal neighbour of p̂ ∈ ∆, hence white by Lemma 9.11, a contradiction.

(b) By Lemma 9.4, the point (j(p) + r, l∆) has residue 9r res(p̂) = 2o res(e), so 2o3nϑ(e) =
9rN +m 3n for an integer m. Here 2o3nϑ(e) is even and 9rN and 3n are odd, so m is odd. Dividing
by 2o3n gives ϑ(e) = (m + β)/2o with β = 9rϑ(p̂), and |β| ≤ 9rε2−ω ≤ 9ε < 1/3 by (c), the first
paragraph and 27ε < 1. □

10. The renewal process

This section splits the raw letters (sums of consecutive pairs of letters) of a random word after
each raw letter 4 or 5, where [9, §7.3] splits after each raw letter 3; the pieces are independent, so
their hold points form a random walk with independent steps, the renewal process or hold walk of
Lemma 10.4, along which the penalty of Section 11 factorizes. In place of the local limit bounds of
[9, Lemmas 2.2, 7.6, 7.7], we prove exact laws, exponential moments and explicit tail bounds for it,
used in Sections 11–14.

Nothing here depends on n or ξ. Throughout, a1, a2, . . . are the independent random letters of
the random word W , and degi = degi(W ) are its partial degrees (Section 3), and

(N
k

)
= 0 unless

0 ≤ k ≤ N .

10.1. Raw letters and holds.

Definition 10.1 (Raw letters). The raw letters of a word are the pair sums ci = a2i−1 +a2i (i ≥ 1),
so that c1 + · · · + ck = deg2k (deg0 = 0). For c ∈ Z put q(c) = (c − 1)2−c if c ≥ 2 and q(c) = 0
otherwise. Since exactly c−1 pairs of positive integers have sum c, each of probability 2−c, the raw
letters are independent with law P(ci = c) = q(c). Below, a word of raw letters is a deterministic
word c = (c1, . . . , ck) ∈ Zk. For k ∈ N and l ∈ Z put

R(k, l) = P(deg2k = l) =
∑

c∈Zk, ci≥2
c1+···+ck=l

k∏
i=1

q(ci).

The raw letters 4 and 5 are called closing.

All exact formulas below come from one classical observation [3, Section VI.8]: the letters are
the waiting times between successes in a sequence of independent fair Bernoulli trials, so the set
A = {deg1, deg2, . . .} of success times contains each positive integer independently with probability
1/2, and |A ∩ [1, l]| is binomial with parameters l and 1/2.

Lemma 10.2 (Sums of raw letters). (1)
∑

c q(c) = 1, and
∑

c>m q(c) = (m+1)2−m for m ∈ N.
(2) R(0, l) = 1[l = 0]; for k ≥ 1, R(k, l) =

( l−1
2k−1

)
2−l if l ≥ 1 and R(k, l) = 0 if l ≤ 0.

(3)
∑

k≥1 R(k, l) = 1
4 for every integer l ≥ 2.

(4) For l, k ∈ N, P(deg2k ≤ l < deg2k+2) =
( l+1

2k+1
)
2−l.

Proof. The raw letters are almost surely finite, so
∑

c q(c) = 1, and c1 > m means |A ∩ [1,m]| ≤ 1,
of probability (1 + m)2−m. Part (2) is the negative binomial law [3, Section VI.8]: for k, l ≥ 1,
deg2k = l means l ∈ A and |A∩[1, l−1]| = 2k−1. Summing over k ≥ 1,

∑
k R(k, l) is the probability

that l ∈ A and |A ∩ [1, l − 1]| is odd, which is 1
2 · 1

2 when l − 1 ≥ 1. Finally deg2k ≤ l < deg2k+2
means |A ∩ [1, l]| ∈ {2k, 2k + 1}, of probability (

( l
2k

)
+
( l

2k+1
)
)2−l =

( l+1
2k+1

)
2−l. □
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We split the sequence of raw letters after each closing letter; the possible pieces are the hold
words below.

Definition 10.3 (Hold words). For (j, l) ∈ P, let Bj,l be the set of hold words b = (c1, . . . , cj) ∈ Zj

with all ci ≥ 2, with ci /∈ {4, 5} for i < j, with cj ∈ {4, 5}, and with c1 + · · · + cj = l; such a b
has length |b| = j and hold point pt(b) = (j, l), its raw length and height. Let B =

⋃
(j,l)∈P Bj,l, a

countable set. For a list b = (b1, . . . , bK) ∈ BK put ptk(b) = pt(b1) + · · · + pt(bk) for 0 ≤ k ≤ K,
so that pt0(b) = (0, 0) /∈ P and j(ptk(b)) ≥ k; the raw word of b is the concatenation b1b2 · · · bK .
For a word of raw letters c = (c1, . . . , ck) put q(c) =

∏k
i=1 q(ci), and for a list let q be q of its raw

word. Put

η(y) =
∑

b∈B: pt(b)=y

q(b) (y ∈ P), η⊗N (y) =
N∏

i=1
η(yi) (y ∈ PN ), (10.1)

with η⊗0 = 1, and ν45(r) = 5
16(11

16)r−1 for r ≥ 1, ν45(r) = 0 for r ≤ 0.

The pieces of the random raw letters are the random holds. A hold word is also called a hold.

Lemma 10.4 (Holds are independent). Almost surely infinitely many raw letters are closing. The
successive random holds are independent, each equal to a given hold word b with probability q(b).
Consequently:

(1) the hold points h1, h2, . . . are independent with law η, the hold law, so
∑

y∈P η(y) = 1 and
η⊗N is the law of (h1, . . . , hN );

(2) the raw length j(h1) of the first hold point has the law

P(j(h1) = r) =
∑

l

η(r, l) = ν45(r) (r ≥ 1); (10.2)

(3) each Bj,l is finite, and η(j, l) ̸= 0 implies l ≥ 2j + 2 ≥ 4;
(4) WN = h1 + · · · + hN , the hold walk, equals (i,deg2i), where i is the index of the N th closing

raw letter; it is ptN (b) for the list b of the first N random holds;
(5) for every K ∈ N,

∑
b∈BK q(b) = 1, and if 0 ≤ m ≤ K and c ∈ Zm, then

∑
b∈BK

q(b) 1[the raw word of b begins with c] =
m∏

i=1
q(ci). (10.3)

Proof. Each raw letter is closing with probability q(4) + q(5) = 3
16 + 1

8 = 5
16 , independently, so

almost surely infinitely many are. Since a hold word has exactly one closing letter, at its end,
the first N holds are given hold words b1, . . . , bN if and only if the raw letters begin with their
concatenation, an event of probability

∏N
i=1 q(bi). Summing q(b) over the hold words b of length r

factorizes as ( ∑
c/∈{4,5}

q(c)
)r−1(

q(4) + q(5)
)

=
(11

16

)r−1 5
16 = ν45(r),

by Lemma 10.2(1). Summing over r ≥ 1 gives
∑

b q(b) = 1, the sum running over all hold words,
so the holds are independent with law q on hold words. This proves (1) and (2). In (3), the raw
letters of a word in Bj,l lie in [2, l], and l ≥ 2(j − 1) + 4. Part (4) holds because the Nth hold ends
at the Nth closing letter. In (5), the first K random holds equal b with probability q(b), which
gives the total mass 1; their concatenation, the raw word of b, has length at least K ≥ m, so the
event in (10.3) is that the first m raw letters equal c, of probability

∏m
i=1 q(ci). □
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10.2. First passage over a height. The exit from a triangle in Section 9 is modelled by the first
time the hold walk, started at gap ω below the top edge, rises above that edge.

Definition 10.5 (First passage). Let ω ∈ N. The first-passage index Nω is the least N ≥ 1
with l(WN ) > ω. Since every l(hi) ≥ 4, it exists and Nω ≤ ⌊ω/4⌋ + 1. The first-passage law is
Fω(x) = P(WNω = x) for x ∈ Z×Z, where, as for points, j(x) and l(x) denote the coordinates of x.
Equivalently, call y ∈ PK a first-passage list over height ω if l(y1) + · · · + l(yk) ≤ ω for k < K and
l(y1) + · · · + l(yK) > ω; then Fω(x) is the sum of η⊗K(y) over K ≥ 1 and the first-passage lists y
with y1 + · · · + yK = x.

The first-passage overshoot over height ω is l(WNω ) − ω ≥ 1. The horizontal first-passage co-
ordinate over height ω is j(WNω ), and its law r 7→

∑
x: j(x)=r Fω(x) is the horizontal first-passage

law.

Lemma 10.6 (First-passage law). Let ω ∈ N.
(1) Fω is a probability on Z×Z, and Fω(x) ̸= 0 implies x ∈ P (that is, j(x) ≥ 1) and l(x) > ω.
(2) WNω = (i,deg2i) for the least index i with ci closing and deg2i > ω.

Proof. Part (1) holds since Nω is finite, j(WNω ) ≥ Nω ≥ 1, and l(WNω ) > ω. Part (2) follows
from Lemma 10.4(4): the points WN , N ≥ 1, are the points (i,deg2i) at the closing indices i, in
increasing order. □

10.3. Exponential moments. Chernoff bounds for sums of hold points need the exponential
moments of one hold point.

Definition 10.7. For real t and real X, y > 0 put
M45(t) =

∑
r≥1

ν45(r)etr = Eetj(h1), G(X, y) =
∑

(j,l)∈P
η(j, l)Xjyl = EXj(h1)yl(h1),

with values in [0,∞], and V(y) = G(1, y) = Eyl(h1).

Lemma 10.8 (Moments of one hold point). (1) If 11et < 16, then M45(t) = 5et/(16 − 11et) <
∞.

(2) If 0 ≤ t ≤ 1/1024, then M45(t) ≤ e13t/4.
(3) M45(1/16) ≤ 5/4.
(4) Let X > 0 and 0 < y < 2, and put Vnc(y) = y2

(2−y)2 − 3
16y

4 − 1
8y

5. If XVnc(y) < 1, then

G(X, y) =
X( 3

16y
4 + 1

8y
5)

1 −XVnc(y) < ∞.

(5) V(27/25) < 8.

Proof. Part (1) is a geometric series. For (2), e−t ≥ 1 − t gives 16e−t − 11 ≥ 5 − 16t > 0, so
M45(t) = 5/(16e−t −11), and it suffices that 5−16t ≥ 5e−13t/4. Since e−13t/4 ≤ 1− 13

4 t+ 1
2(13

4 t)2 for
t ≥ 0, the right side is at most 5 − 65

4 t+ 845
32 t2, which is at most 5 − 16t because t ≤ 1/1024 < 8/845.

For (3), e1/16 ≤ 16/15 by e−1/16 ≥ 15/16, and by (1) M45(t) = 5et/(16 − 11et) increases with et on
(0, 16/11), with value 5/4 at et = 16/15.

For (4), Xjyl =
∏j

i=1Xy
ci for b = (c1, . . . , cj) ∈ Bj,l, so the factorization in the proof of

Lemma 10.4 gives G(X, y) =
∑

j≥1(XVnc(y))j−1X( 3
16y

4 + 1
8y

5). Here
∑

c q(c)yc =
∑

c≥2(c −
1)(y/2)c = y2/(2 − y)2, so Vnc(y) is the sum of q(c)yc over c /∈ {4, 5}, a nonnegative number.
Sum the geometric series.

For (5), exact evaluation gives Vnc(27/25) = 77640184719/82656250000 < 1 and, by (4) with
X = 1, V(27/25) = 36266065281/5016065281 < 8. □

Lemma 10.9 (Sums of hold points). Let N ∈ N.
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(1) For real t, Eet(j(h1)+···+j(hN )) = M45(t)N in [0,∞].
(2) For real X, y > 0, an integer 0 ≤ u ≤ N and an event E determined by h1, . . . , hu,

E
[
1EX

j(WN )yl(WN )] = G(X, y)N−u E
[
1EX

j(Wu)yl(Wu)]
in [0,∞], with W0 = (0, 0) and 0 · ∞ = 0.

(3) For real m, P
(
m ≤ 10

∑
i≤N

j(hi)
)

≤ exp
(
N

2 − m
160

)
.

(4) For ω ∈ N and real t ≥ 0 with 11et < 16,
∑

x∈P Fω(x)etj(x) ≤ M45(t)ω+1 < ∞.

Proof. Parts (1) and (2) are independence (Lemma 10.4(1)): WN = Wu + hu+1 + · · · + hN , with
hu+1, . . . , hN independent of h1, . . . , hu. Part (3) is the exponential Markov inequality: the proba-
bility is at most e−m/160M45(1/16)N ; apply Lemma 10.8(3) and 5/4 < 1 + 1

2 + 1
8 ≤ e1/2. In (4) the

sum is Eetj(WNω ); since Nω ≤ ω+1 and t ≥ 0, tj(WNω ) ≤ t
∑

i≤ω+1 j(hi), so (1) and Lemma 10.8(1)
apply. □

10.4. First-passage overshoot. The first passage over a height does not overshoot it by much.

Lemma 10.10 (First-passage overshoot tail). For integers ω ≥ 64 and k ≥ 1,

∑
x: l(x)≥ω+k

Fω(x) < 9
(25

27

)k
.

Proof. Put W0 = (0, 0) and, for m ∈ Z, let u(m) =
∑

N≥0 P(l(WN ) = m) be the expected number
of N ≥ 0 with l(WN ) = m. By Lemma 10.4(4), the heights l(WN ), N ≥ 1, are the deg2i at the
closing indices i. Since ck+1 is independent of deg2k,

u(m) = 1[m = 0] +
∑
k≥0

(
q(4)R(k,m− 4) + q(5)R(k,m− 5)

)
.

By Lemma 10.2(2),(3),
∑

k≥0 R(k, l) is 1 at l = 0, is 1/4 for l ≥ 2, and vanishes otherwise. With
q(4) = 3/16 and q(5) = 1/8, for m ∈ N,

u(m) = 1[m = 0] + 3
161[m = 4] + 1

81[m = 5] + 3
641[m ≥ 6] + 1

321[m ≥ 7],

so u(m) ≤ 5
64 + 1[m = 0] + 3

161[m = 4] + 1
81[m = 5].

The left side of the claim is P(l(WNω ) ≥ ω+ k). On this event, N = Nω − 1 is the unique N ≥ 0
with l(WN ) ≤ ω and l(hN+1) ≥ ω + k − l(WN ); conversely, any such N equals Nω − 1. Since hN+1
is independent of WN , with y = 27/25,

P(l(WNω ) ≥ ω + k) =
ω∑

m=0
u(m)P(l(h1) ≥ ω + k −m) ≤ V(y)y−k

ω∑
m=0

u(m)ym−ω,

and
ω∑

m=0
u(m)ym−ω ≤ 5

64
∑
i≥0

y−i + y−ω
(

1 + 3
16y

4 + 1
8y

5
)

≤ 135
128 + 9

128 = 9
8 .

The last step uses the exact rational comparison (25/27)64 ·224805889/156250000 < 9/128 (the left
side is 0.0104 . . .), where 224805889/156250000 = 1+ 3

16y
4+ 1

8y
5. Lemma 10.8(5) gives V(y) < 8. □

10.5. The horizontal first-passage law. The horizontal first-passage law is a mixture of two
binomial rows (Lemma 10.13), whose tails give the horizontal tail of the first passage (Lemma 10.14).
We first bound binomial rows.
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Lemma 10.11 (Binomial bounds). For N ∈ N and k ∈ Z, (
(N

k

)
2−N )2 ≤ 2/(3N + 2); in particular

R(k, l) ≤ (2(3l − 1))−1/2 for all k ∈ N and integers l ≥ 1. For N ≥ 1 and real u ≥ 0,∑
|k−N/2|≥u

(
N

k

)
2−N ≤ 2e−2u2/N .

Proof. We have (3m+1)
((2m

m

)
4−m

)2 ≤ 1 by induction on m: it holds at m = 0, and
(2m+2

m+1
)
4−m−1 =(2m

m

)
4−m(2m+ 1)/(2m+ 2) with (3m+ 4)(2m+ 1)2 = 12m3 + 28m2 + 19m+ 4 ≤ (3m+ 1)(2m+ 2)2.

The largest coefficient of row N is the middle one. For N = 2m this gives the claim; for N = 2m+1,(2m+1
m

)
2−N =

(2m+2
m+1

)
4−m−1, whose square is at most 1/(3m+ 4) = 2/(3N + 5). By Lemma 10.2(2),

R(k, l) is 0 or 1
2
( l−1

2k−1
)
2−(l−1) ≤ 1

2(2/(3l − 1))1/2.
The last bound is Hoeffding’s inequality [4, Theorem 2] for a sum of N independent fair Bernoulli

variables, applied to each of the two tails. □

Definition 10.12 (Binomial masses). For l ∈ N and i ∈ Z put

pl(i) =
(
l + 1
2i+ 1

)
2−l, pcl

l (i) = 1
8

(
l − 1
2i− 1

)
2−l (l, i ≥ 1),

and pcl
l (i) = 0 otherwise.

By Lemma 10.2, pl(i) is the probability that deg2i ≤ l < deg2i+2, and for l ≥ 2, pcl
l (i) = q(5)R(i, l)

is the probability that deg2i = l and ci+1 = 5. Odd-index sums of binomial rows give
∑

i pl(i) = 1
and, for l ≥ 2,

∑
i pcl

l (i) = 1/32.

Lemma 10.13 (Exact horizontal first-passage law). Let ω ≥ 6 and r ≥ 1 be integers, and l = ω−4.
Then ∑

x: j(x)=r

Fω(x) = pcl
l (r − 1) +

r−2∑
k=0

(
pl(k) − pcl

l (k)
)
ν45(r − 1 − k).

Proof. By Lemma 10.6(2), the left side is P(i1 = r), where i1 = j(WNω ). Let i0 be the largest i ≥ 0
with deg2i ≤ l; then i0 < i1. Closing indices i ≤ i0 have deg2i ≤ l ≤ ω. If ci0+1 = 5 and deg2i0 = l,
then deg2i0+2 = ω+ 1 and i1 = i0 + 1. Otherwise a closing letter at i0 + 1 gives deg2i0+2 ≤ ω, while
every closing index i ≥ i0 + 2 has deg2i ≥ deg2i0+2 +4 > ω; so i1 is the first closing index after
i0 + 1. Therefore {i1 = r} is the disjoint union of {deg2r−2 = l, cr = 5}, of probability pcl

l (r − 1)
(zero for r = 1, since l ̸= 0), and, for 0 ≤ k ≤ r − 2, of the events(

{deg2k ≤ l < deg2k+2} \ {deg2k = l, ck+1 = 5}
)

∩ {ck+2, . . . , cr−1 not closing, cr closing}.

The two parts are independent, with probabilities pl(k) − pcl
l (k) and ν45(r − 1 − k). □

Lemma 10.14 (Horizontal tail of the first passage). For ω ∈ N and real u ≥ 2,

∑
x: |j(x)−ω/4|≥u

Fω(x) ≤


4e−u/256 if ω ≤ 5,

4 exp
(
− u2

2(ω − 4)
)

+ 2e−u/256 if ω ≥ 6.

Proof. Case 1. Suppose ω ≤ 5. A nonzero term has j(x) ≥ 1, so j(x) − ω/4 ≥ −1
4 > −u; hence

j(x) − ω/4 ≥ u and j(x) ≥ u. Markov’s inequality, Lemma 10.9(4) with exponent 1/16 and
Lemma 10.8(3) bound the left side by (5/4)ω+1e−u/16 ≤ (5/4)6e−u/16 ≤ 4e−u/256, as (5/4)6 =
15625/4096.

Case 2. Suppose ω ≥ 6. Put l = ω − 4 ≥ 2; then r − ω/4 = (r − 1) − l/4 for r = j(x). Let
J = {i ≥ 0 : |i − l/4| ≥ u/2}. By Pascal’s rule pl(i) = (

( l
2i

)
+
( l

2i+1
)
)2−l ≥ pcl

l (i). For i ∈ J
and i′ ∈ {2i, 2i + 1} we have |i′ − l/2| ≥ 2|i − l/4| − 1 ≥ u − 1 ≥ u/2, so Lemma 10.11 gives
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i∈J pl(i) ≤ 2e−u2/(2l). Sum Lemma 10.13 over the r with |(r − 1) − l/4| ≥ u. The pcl

l -part is at
most

∑
i∈J pl(i). In the remaining part, with k = r − 1 − i ≥ 1, |i + k − l/4| ≥ u forces i ∈ J or

k ≥ u/2, so it is at most

∑
i∈J

pl(i) +
∑

k≥u/2
ν45(k) ≤ 2e−u2/(2l) +

(11
16

)u/2−1
≤ 2e−u2/(2l) + 2e−u/256,

using log(16/11) ≥ 5/16. The total is at most 4e−u2/(2l) + 2e−u/256. □

11. The character sum and the weighted maxima

This section bounds |µ̂n(ξ)| by the expectation
∑

y η(y)Q(y) of the expected penalty Q (Proposi-
tion 11.13, used in Theorem 14.6), following [9, §§7.1, 7.3], but with cancellation at every raw letter
up to 16 (Lemma 11.2 and the paid rewards of Definition 11.6). It then introduces the weighted
maxima Qm, whose descent step Qm ≤ Qm−1 is proved in Sections 12–14.

The constants z = 133
3125 and κ = 3187

20000 are those of Definition A.2; κz = 423871
62500000 . Every series

below is indexed by a countable set and has nonnegative terms or converges absolutely, so it may
be rearranged and regrouped freely. For p ∈ P and k ∈ Z write p− (0, k) = (j(p), l(p) − k).

11.1. Pairing. Grouping the letters in pairs, as in [9, §7.1], bounds |µ̂n(ξ)| by an average of
products of the following factors, one for each raw letter ci at its point (i, c1 + · · · + ci). For an
integer t ≥ 1 and real θ, and for p ∈ P and an integer c, put

Φt(θ) = 1
t

∣∣∣t−1∑
a=0

e2πi(2a−1)θ
∣∣∣, φc(p) = Φc−1

(
ϑ(p)

)
(c ≥ 2), (11.1)

and φc(p) = 1 for c ≤ 1. By the triangle inequality, 0 ≤ φc(p) ≤ 1.

Lemma 11.1 (Pairing).

|µ̂n(ξ)| ≤
∑

c∈ZJ

J∏
i=1

q(ci)φci

(
i, c1 + · · · + ci

)
. (11.2)

Proof. Let e(y) = e−2πiξy/3n for y ∈ Gn, evaluated at elements of Z[1/2] after reduction (Section 3).
Then µ̂n(ξ) = Ee(off(W≤n)) is the sum of [9, (7.2)] for the character e, since the expression in
[9, (1.29)] is off(W≤n) letter for letter. Tao’s pair sums a2i−1 + a2i are the raw letters, with law
q (Definition 10.1), and given a2i−1 + a2i = c the letter a2i is uniform on {1, . . . , c − 1}. So, with
pi = (i, c1 + · · · + ci) and xi = 32(i−1)2−l(pi), [9, (7.4)–(7.5)] read

|µ̂n(ξ)| ≤
∑

c∈ZJ

J∏
i=1

q(ci) |f(xi, ci)|, f(x, c) = 1
c− 1

c−1∑
k=1

e
(
(2k + 3)x

)
,

where the terms with some ci ≤ 1 vanish. Since 2k + 3 = 5 + 2(2k−1 − 1) and e(2xi) = e−2πiϑ(pi)

(Definition 9.2), we have e((2k+3)xi) = e(5xi) e−2πi(2k−1−1)ϑ(pi). The sum over k of the last factors is
the complex conjugate of the sum in (11.1) with t = ci −1 and a = k−1, so |f(xi, ci)| = φci(pi). □

11.2. Cancellation at white points. At a white point the factors φ3, φ4, φ5 are bounded away
from 1.

Lemma 11.2 (White cancellation). If p ∈ P is white, then

φ3(p) < e−κz, φ4(p) < e−z, φ5(p) < e−z.
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Proof. Put x = π|ϑ(p)| ∈ (πε, π
2 ], a = e2ix and x◦ = 3.1415 ε = 232703471

2·109 . Replacing ϑ(p) by −ϑ(p)
conjugates the sum in (11.1), so φc(p) = 1

c−1
∣∣∑c−2

a=0 a
2a−1∣∣. Since π > 3.1415,

0 < x◦ < πε < x ≤ π

2 .

We use the Taylor bounds sin y ≥ y − y3/6 for y ≥ 0, cos y ≤ 1 − y2/2 + y4/24, and e−y ≥
1 − y + y2/2 − y3/6 for y ≥ 0. The exponents 2a − 1 in (11.1) are 0, 1, 3, 7 for a = 0, 1, 2, 3.

The raw letter 3. As in [9, Lemma 7.2], φ3(p) = 1
2 |1 + a| = cosx. As cos decreases on [0, π],

cosx < cosx◦ ≤ 1 − x2
◦/2 + x4

◦/24. The exact rational comparison

1 − x2
◦

2 + x4
◦

24 < 1 − κz + (κz)2

2 − (κz)3

6 ≤ e−κz

(decimal values 0.9932387 . . . and 0.9932410 . . .) proves the first bound.
The raw letter 4. Here φ4(p) = 1

3 |1 + a + a3|, and since |a| = 1,

|1 + a + a3|2 = 3 + 2 cos 2x+ 2 cos 4x+ 2 cos 6x = 9 − 4h(u), h(u) = 14u − 28u2 + 16u3,

by the multiple-angle formulas in u = sin2 x. As sin increases on [0, π
2 ], sin x > sin x◦ ≥ x◦ −x3

◦/6 >
0, so u > u◦ = (x◦ − x3

◦/6)2. If u ≤ 1
4 , then h is nondecreasing on [0, 1

4 ] (as h′(y) ≥ 14 − 56y), so
h(u) ≥ h(u◦). If u > 1

4 , then h(u)− 7
4u = 16u(u− 7

8)2 ≥ 0 gives h(u) > 7
16 . Exact rational arithmetic

gives u◦ <
1
4 , 18362

100000 < h(u◦) < 7
16 and

9 − 4 · 18362
100000 < 9

(
1 − 2z + 2z2 − 4

3z
3
)

≤ 9e−2z

(decimal values 8.26552 and 8.26559 . . .; the last step is the Taylor bound at y = 2z). In both cases
h(u) > 18362

100000 , hence 9φ4(p)2 = 9 − 4h(u) < 9e−2z.
The raw letter 5. By the triangle inequality and |1 + e2iy| = 2| cos y|,

φ5(p) = 1
4 |1 + a + a3 + a7| ≤ 1

4
(
|1 + a| + |1 + a4|

)
= 1

2
(
| cosx| + | cos 4x|

)
.

If x ≤ π
8 , then 4x◦ < 4x ≤ π

2 , so 0 ≤ cos 4x < cos 4x◦, and φ5(p) < 1 − (4x◦)2/4 + (4x◦)4/48,
which is less than 0.947. If π

8 < x < π
6 , then | cos 4x| < 1

2 and φ5(p) < 3
4 . If x ≥ π

6 , then
0 ≤ cosx ≤

√
3

2 < 87
100 and φ5(p) < 187

200 . All three bounds are below 1 − z = 2992
3125 ≤ e−z. □

11.3. Packets. A raw letter c ≥ 5 need not sit at a white point to cancel: a block of consecutive
terms of the sum defining φc(p) is the sum defining φ4 or φ5 at a point below p, and cancels if that
point is white or if its angle is near an odd dyadic fraction.

Lemma 11.3 (Disjoint packets). Let c ≥ 2 be an integer, θ real, and let S be a finite set of pairs
(k, t) ∈ N × Z≥1 with k + t ≤ c − 1 whose packets {k, k + 1, . . . , k + t − 1} are pairwise disjoint.
Then

(c− 1) Φc−1(θ) ≤ (c− 1) −
∑

(k,t)∈S

t+
∑

(k,t)∈S

tΦt(2kθ).

In particular (c− 1)φc(p) ≤ (c− 1) −
∑

(k,t)∈S t+
∑

(k,t)∈S t φt+1(p− (0, k)) for p ∈ P.

Proof. Split the sum (c − 1)Φc−1(θ) = |
∑c−2

a=0 e
2πi(2a−1)θ| into the packets of S and the remaining

c− 1 −
∑

S t terms, each of modulus 1, and apply the triangle inequality. For (k, t) ∈ S, 2k+a − 1 =
(2k − 1) + 2k(2a − 1), so the packet has modulus tΦt(2kθ). For the second claim take θ = ϑ(p):
ϑ(p− (0, k)) − 2kϑ(p) ∈ Z, since res(p− (0, k)) = 2k res(p) (Lemma 9.4), and Φt has period 1. □

The angles of exit points are odd dyadic fractions up to an error at most 1/3 (Lemma 9.14(b)).
At such angles Φt is bounded away from 1.
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Definition 11.4 (Packet envelope table). Let TU be the set of the 21 pairs (s, t) for which the
following table has an entry Us,t; each entry is an exact terminating decimal.

s\t 2 3 4 5 6 7
1 0.5 0.590 0.504
2 0.867 0.579 0.626
3 0.96593 0.800 0.535
4 0.992 0.94741 0.775
5 0.99786 0.98672 0.93963
6 0.999465 0.996672 0.984682 0.939
7 0.940
8 0.943

Lemma 11.5 (Packet envelopes). For every (s, t) ∈ TU , every odd integer m and every real β with
|β| ≤ 1

3 , Φt
(
(m+ β)/2s

)
≤ Us,t.

Proof. Expanding the square,
t2Φt(θ)2 = gt(θ) := t+ 2

∑
0≤i<j≤t−1

cos
(
2π(2j − 2i)θ

)
.

For (s, t) = (1, 2), Φ2(θ) = | cos(πθ)| and θ = (m + β)/2 lies within 1
6 of an odd multiple of 1

2 , so
Φ2(θ) ≤ cos π

3 = 1
2 . For the other 20 pairs we show gt < t2U2

s,t on the set of θ in question by a
finite computation in exact integer arithmetic. The function gt is even, 1-periodic, and Lipschitz
with constant Lt = 88

7
∑

i<j<t(2j − 2i), as π < 22
7 . Reducing m modulo 2s and replacing θ by −θ

if necessary, θ lies in a cell [(m′ − 1
3)/2s, (m′ + 1

3)/2s] with m′ odd and 1 ≤ m′ ≤ 2s−1. All points
used below are multiples of 1/(3 · 2s+20). At such a point the turn ϕ = (2j − 2i)θ of each cosine
is reduced to α = |ϕ −

⌊
ϕ+ 1

2

⌋
| ∈ [0, 1

2 ]; if α ≤ 1
4 , cos(2πϕ) is at most the Taylor polynomial of

degree 14 of cos at 2π0α, π0 = 3.141592654, plus 10−9, and if α > 1
4 , cos(2πϕ) = − cos(2π(1

2 − α))
is bounded in the same way; here 10−9 exceeds 2(8/5)16/16! + 1

2 |π− π0|, a bound for the Lagrange
remainder of Taylor’s formula plus the error from π0, since 2π0α ≤ 8/5 and |π − π0| < 5 · 10−10.
These upper bounds, rounded up to multiples of 2−64, give an upper bound for gt at the point. A
segment [θ0, θ1] is accepted if the larger of the bounds at its ends plus Lt(θ1 − θ0)/2 is less than
t2U2

s,t, which bounds gt on the segment; otherwise it is split at ⌊(N0 +N1)/2⌋ /Q, where θi = Ni/Q

and Q = 3 · 2s+20, and each part is treated in the same way. Starting from the cells and splitting at
most 20 times, every segment is accepted, for each of the 20 pairs; at most 831 segments are tested
per pair. □

11.4. Paid rewards and the penalty. The descent step needs the cancellation of every raw letter,
not only of the raw letters 3, 4, 5 at white points. The paid reward Rc(p) below records it: e−zRc(p)

bounds φc(p), with the bounds of Lemmas 11.2 and 11.3 as a floor and the actual value of φc(p),
capped at 2−16, for 3 ≤ c ≤ 16.
Definition 11.6 (Paid rewards). Let c be an integer and p ∈ P. A pair (k, t) ∈ N × {3, 4} with
k + t ≤ c − 1 is admissible if p − (0, k) is white, and the coverage Mc(p) is the largest value of∑

(k,t)∈S t over the sets S of admissible pairs with pairwise disjoint packets (with Mc(p) = 0 for
S = ∅). The baseline reward is

Rold
c (p) =



κ1[p white], c = 3,
1[p white], c = 4,
1[p white] + 18351

25000 1[p not white, p− (0, 1) white], c = 5,
Mc(p)
c−1

(
1 − z

2
)
, 6 ≤ c ≤ 16,

0 otherwise.
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The paid reward is Rc(p) = max
{
Rold

c (p),−z−1 log max(φc(p), 2−16)
}

if 3 ≤ c ≤ 16 and j(p) ≤ J ,
and Rc(p) = Rold

c (p) otherwise. The residual reward is Rres
c (p) = Rc(p) − 1[c ∈ {4, 5}] 1[p white].

Here 18351
25000 = 3

4(1 − z
2).

Lemma 11.7 (Paid rewards). Let c be an integer and p ∈ P.
(1) Rc(p) ≥ Rold

c (p) ≥ 0 and Rres
c (p) ≥ 0; if j(p) > J , then Rc(p) = 0.

(2) φc(p) ≤ e−zRold
c (p) and φc(p) ≤ e−zRc(p).

(3) If 3 ≤ c ≤ 16 and j(p) ≤ J , then e−zRc(p) ≤ max(φc(p), 2−16).

Proof. (1) The first inequality holds by definition, and each case of Rold
c is nonnegative. If c ∈ {4, 5}

and p is white, then Rold
c (p) = 1, so Rres

c (p) ≥ 0; otherwise Rres
c (p) = Rc(p). If j(p) > J , no point

p− (0, k) is white, so Mc(p) = 0 and Rc(p) = Rold
c (p) = 0.

(2) The second bound follows from the first, since also φc(p) ≤ max(φc(p), 2−16) and y 7→ e−zy

decreases. For the first we may assume Rold
c (p) > 0, as φc ≤ 1. If c ∈ {3, 4, 5} and p is white,

apply Lemma 11.2. If c = 5, p is not white and p − (0, 1) is white, Lemma 11.3 with S = {(1, 3)}
and Lemma 11.2 give φ5(p) ≤ 1

4(1 + 3e−z) ≤ 1 − 3
4z(1 − z

2) ≤ e−zRold
5 (p), using e−z ≤ 1 − z + z2/2

and 1 − y ≤ e−y. If 6 ≤ c ≤ 16, take S attaining M = Mc(p); as t + 1 ∈ {4, 5} for (k, t) ∈ S,
Lemmas 11.3 and 11.2 give

φc(p) ≤ 1 − M

c− 1
(
1 − e−z) ≤ 1 − z

M

c− 1
(
1 − z

2
)

≤ e−zRold
c (p).

(3) By definition Rc(p) ≥ −z−1 log max(φc(p), 2−16). □

Definition 11.8 (White factor and penalty). For p ∈ P the white factor is w(p) = e−z if p is white,
and w(p) = 1 otherwise. For a word of raw letters c = (c1, . . . , cj) ∈ Zj , the penalty is

Pen(c) =
j∏

i=1
e−zRci (i, c1+···+ci) ∈ (0, 1].

11.5. Splitting the penalty into holds. Splitting the raw letters into holds turns the penalty
into a product along the hold walk: the white factors w at the hold points carry the reward 1[white]
of the closing letters, and the internal factor carries the residual rewards of all letters of a hold
(Lemma 11.10).

Definition 11.9 (Internal factors). For x ∈ N × Z and a hold b = (c1, . . . , c|b|) (Definition 10.3),
the internal factor is

I(x; b) =
|b|∏

i=1
e−zRres

ci
(x+(i, c1+···+ci)) ∈ (0, 1].

Lemma 11.10 (Penalty along holds). Let K ≥ J , let b ∈ BK , and let c be the first J raw letters
of its raw word. Then

Pen(c) =
K∏

k=1
w
(
ptk(b)

) K∏
k=1

I
(
ptk−1(b); bk).

Proof. For a hold b = (c1, . . . , cr) and x ∈ N×Z, the letters ci, i < r, are not closing, so Rres
ci

= Rci ,
while the closing letter sits at y = x+ pt(b), where w(y)e−zRres

cr
(y) = e−zRcr (y). Hence

w
(
x+ pt(b)

)
I(x; b) =

r∏
i=1

e−zRci (x+(i, c1+···+ci)).

The raw letters ck
1, . . . , ck

|bk| of bk occupy positions j(ptk−1(b)) + 1, . . . , j(ptk(b)) of the raw word,
and the sum of the raw letters of the raw word up to ck

i is l(ptk−1(b)) + ck
1 + · · · + ck

i . Hence, with
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x = ptk−1(b), the right side of the claim is
∏

i e
−zRc′

i
(i,c′

1+···+c′
i) over the entire raw word c′, whose

length is at least K ≥ J . The raw letters beyond position J have points of raw length greater than
J , where the rewards vanish (Lemma 11.7(1)), so their factors are 1. □

11.6. Reduction to the expected penalty. The character sum is bounded by the average
penalty of the hold walk (Proposition 11.13), the analogue of [9, (7.34)]. We truncate Tao’s in-
finite product after K holds, so that UK below is a sum over finite lists of holds, with no infinite
product of random factors.

Definition 11.11 (The expected penalty). For K ∈ N and p ∈ P let

UK(p) =
∑

b∈BK

q(b)
K∏

k=0
w
(
p+ ptk(b)

) K∏
k=1

I
(
p+ ptk−1(b); bk),

and call Q(p) = UJ(p) the expected penalty of a hold walk started at p, counting the white factor
at p itself.

Lemma 11.12 (Properties of the expected penalty). Let p ∈ P.
(1) 0 ≤ UK(p) ≤ 1 for all K, and UK(p) = Q(p) whenever j(p) + K ≥ J . If j(p) > J , then

Q(p) = 1.
(2) Q(p) = w(p)

∑
b∈B

q(b) I(p; b) Q
(
p+ pt(b)

)
.

(3) Q(p) ≤ w(p)
∑
y∈P

η(y) Q(p+ y).

Proof. Part (2) is the analogue of [9, (7.35)], with internal factors and truncated sums. All factors
in Definition 11.11 lie in (0, 1] and the lists have total mass 1 (Lemma 10.4(5)), so 0 ≤ UK ≤ 1.
Writing a list in BK+1 as (b,b′) with pti(b,b′) = pt(b) + pti−1(b′) for i ≥ 1 gives the one-step
identity

UK+1(p) = w(p)
∑
b∈B

q(b) I(p; b) UK

(
p+ pt(b)

)
. (11.3)

Splitting off the last hold instead shows that UK+1(p) = UK(p) when j(p) + K ≥ J : the new
factors w(p + ptK+1(b)) and I(p + ptK(b); bK+1) are evaluated at points of raw length at least
j(p) +K + 1 > J , which are not white and where the rewards vanish, so they equal 1, and the last
hold then sums to mass 1. By induction, UK(p) does not depend on K once j(p)+K ≥ J ; as K = J
qualifies, the common value is Q(p). If j(p) > J , the same reasoning makes every factor equal to
1, and Q(p) = 1. This proves (1). For (2), apply (11.3) with K = J , noting UJ+1(p) = Q(p) by (1).
For (3), drop I ≤ 1 in (2) and group the holds by their point using (10.1). □

Proposition 11.13 (Character sum and expected penalty).

|µ̂n(ξ)| ≤
∑
y∈P

η(y) Q(y). (11.4)

Proof. If J = 0, then Q(y) = 1 for every y ∈ P (Lemma 11.12(1)), so the right side is 1, while
|µ̂n(ξ)| ≤

∑
x µn(x) = 1.

Let J ≥ 1. By Lemma 11.7(2), φc(p) ≤ e−zRc(p) for every integer c and every p ∈ P, so (11.2)
gives

|µ̂n(ξ)| ≤
∑

c∈ZJ

J∏
i=1

q(ci) Pen(c).
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By (10.3) with m = K = J , the mass
∏

i q(ci) is the total mass of the lists b ∈ BJ whose raw word
begins with c. Summing over c first and applying Lemma 11.10, the right side becomes∑

b∈BJ

q(b)
J∏

k=1
w
(
ptk(b)

) J∏
k=1

I
(
ptk−1(b); bk).

Write b = (b1,b′) and y = pt(b1), so that ptk(b) = y + ptk−1(b′) for k ≥ 1. Summing over
b′ ∈ BJ−1 turns the summand into q(b1) I((0, 0); b1) UJ−1(y), by Definition 11.11. Since j(y) ≥ 1,
Lemma 11.12(1) gives UJ−1(y) = Q(y). Finally drop I ≤ 1 and group the holds b1 by their point,
using (10.1). □

11.7. Weighted maxima near the horizon. To show that Q(p) decays like a power of the
distance to the horizon j = J , we follow [9, (7.38)–(7.41)] and track the largest weighted value dA

J Q
within distance m of the horizon; a bound on it that does not grow with m is the decay we need.

Definition 11.14 (Weighted maxima). For p ∈ P let dJ(p) = max(J − j(p), 1), the distance to the
horizon j = J . For an integer m ≥ 1, a boundary point for m is a p ∈ P with j(p) + m = J . For
a real exponent A ≥ 0, suppressed from the notation, and an integer m ≥ 0, the weighted maxima
are

Qm = sup
{
dJ(p)A Q(p) : p ∈ P, j(p) ≥ J −m

}
.

Lemma 11.15 (Basic properties of the weighted maxima). Let A ≥ 0 and let m ≥ 0 be an integer.
(1) 0 ≤ Qm ≤ max(m, 1)A.
(2) If j(p) ≥ J −m, then dJ(p)A Q(p) ≤ Qm.

Proof. As in [9, (7.39)]: if j(p) ≥ J − m, then 1 ≤ dJ(p) ≤ max(m, 1) and 0 ≤ Q(p) ≤ 1
(Lemma 11.12(1)), and the set in Definition 11.14 contains the point (J + 1, 0). □

Lemma 11.16 (Boundary reduction). Let A ≥ 0 and let m ≥ 1 be an integer.
(1) If r ≥ 1 and j(p) +m = J + r, then Q(p) ≤ max(m− r, 1)−AQm−1.
(2) If Q(p) ≤ m−AQm−1 for every boundary point p for m, then Qm ≤ Qm−1.

Proof. As in [9, §7.4] (the bound opening Case 1, and the reduction of (7.40) to (7.41)), by
Lemma 11.15(2): in (1), j(p) ≥ J − (m − 1) and dJ(p) = max(m − r, 1); in (2), a point with
j(p) ≥ J −m either has j(p) ≥ J − (m− 1) or is a boundary point for m, where dJ(p) = m. □

For the index ι take A = Aι. By Lemma 11.16(2), the descent step Qm ≤ Qm−1 (Proposition 14.4)
reduces to the bound Q(p) ≤ m−AιQm−1 at every boundary point p for m, which is white or black
as j(p) < J . We prove it in three cases, with the Case-2 split sι of Table 1: Case 1, p is white;
Case 2, p is black with gap(p) ≤ sιm; and Case 3, p is black with gap(p) > sιm. Case 1 needs
one hold (Section 14); Cases 2 and 3 follow the hold walk through the trace of Section 12, and are
completed in Sections 14 and 13.

12. The trace

This section proves the explicit form of [9, Lemma 7.9] used in Case 3 (Section 13): from any
starting point, the average of the discounted reward e−z Rw at the (k + 1)st trace time is at most
( 77

100)k (Lemma 12.16). It rests on the bound 77
100 for one step of the entry kernel (Proposition 12.15).

At most gaps this bound comes from the reward collected at the first raw crossing of the top edge
of a triangle, whose angle is an odd dyadic fraction (Lemma 9.14); at six gaps it comes from finite
trees of raw prefixes. The same crossing bounds give the bound 1 − dpass for one passage at every
gap, used in Case 2 (Lemma 14.3). The discount rate of the trace is the cancellation z at a white
point (Lemma 11.2). All sums below have nonnegative terms and values in [0,∞] unless stated
otherwise, and are rearranged freely.
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12.1. Paths and rewards. A path follows the hold walk for a fixed number of holds. Its reward
adds the paid raw rewards Rc of Definition 11.6, which can be positive at black as well as white
points; each white closing point contributes at least 1.

Definition 12.1 (Paths and rewards). For a list b = (b1, . . . , bL) ∈ BL, L ∈ N, write |b| = L,
b[i,i′] = (bi, . . . , bi′), and ww′ for the concatenation of lists. The path of b from ō ∈ P is yu(ō,b) =
ō+ ptmin(u,L)(b), u ∈ N. The reward of a hold b = (c1, . . . , c|b|) at a point x is

rw(x, b) =
|b|∑

i=1
Rci

(
x+ (i, c1 + · · · + ci)

)
,

and the accumulated reward is Rw(ō,b;u) =
∑min(u,L)

i=1 rw(yi−1(ō,b), bi). The raw word of b is the
concatenation of its holds, of length M = j(ptL(b)); σi(b), 0 ≤ i ≤ M , denotes the sum of its first
i raw letters.

The raw letters of a hold other than its closing letter lie outside {4, 5}, so Definitions 11.8 and 11.9
give

w(x+ pt(b)) I(x; b) = e−z rw(x,b). (12.1)

Lemma 12.2 (Elementary properties). Let ō ∈ P, w ∈ BL1, w′ ∈ BL2 and b ∈ BL.
(1) For Ψ ≥ 0 on BL1 × BL2,∑

b∈BL1+L2

q(b)Ψ(b[1,L1],b[L1+1,L1+L2]) =
∑

w,w′

q(w)q(w′)Ψ(w,w′).

(2) yu(ō,ww′) = yu(ō,w) for u ≤ L1, yL1+u(ō,ww′) = yu(yL1(ō,w),w′) and Rw(ō,ww′;L1 +
u) = Rw(ō,w;L1) + Rw(yL1(ō,w),w′;u) for u ∈ N.

(3) For u ≤ u′, with yu = yu(ō,b) and k = min(u′, L) − min(u, L), we have j(yu′) − j(yu) ≥ k,
and l(yu′) − l(yu) ≥ 4k if q(b) ̸= 0.

(4) For L′ ∈ N, the masses of the lists in a prefix-disjoint set of lists of length at most L′ sum
to at most 1.

(5) For u ≤ L, Rw(ō,b;u) ≥ #{1 ≤ i ≤ u : yi(ō,b) white}, and u 7→ Rw(ō,b;u) is nondecreas-
ing.

(6) With c the raw word of b and M its length, Rw(ō,b;L) =
∑M

i=1Rci(ō+ (i, σi(b))).

Proof. (1) Concatenation is a bijection BL1 × BL2 → BL1+L2 and the mass is multiplicative. (2)
follows from ptL1+u(ww′) = ptL1(w) + ptu(w′). (3) Every hold point (j, l) has j ≥ 1, and l ≥ 4
if the hold has positive mass (Lemma 10.4(3)). (4) Extend every list w of the set by all lists of
length L′ − |w|; by (1) the extensions of w carry mass q(w), and the extensions of distinct lists are
disjoint subsets of BL′ , which has mass 1 (Lemma 10.4(5)). (5) Rewards are nonnegative, and the
closing letter of the ith hold sits at yi and has reward at least 1 there if yi is white (Definition 11.6).
(6) The ith raw letter of the kth hold has index q = j(ptk−1(b)) + i in the raw word, and the point
attached to it in Definition 12.1 is ō+ (q, σq(b)). □

12.2. Gaps and the trace times. The trace times mark the successive entries of a path into
triangles. Each new entry lies above the top edge of the triangle entered before, so between two
entries the path makes a full passage over that edge. A black point p lies in ∆(p) and l∆(p) = l∗(p)
(Lemma 9.12 and Definition 9.9), so its gap gap(p) = l∗(p)− l(p) ≥ 0 (Definition 9.8) is the distance
from p up to the top edge of ∆(p).

Call the path yu = yu(ō,b) of b ∈ BL complete if j(ō)+L > J . If yu is black on a complete path,
then u < L and j(ō) + u ≤ J , since otherwise j(yu) ≥ j(ō) + min(u, L) > J by Lemma 12.2(3). A
time u is a hit if yu is black.
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Definition 12.3 (Trace times). The trace times u1 < u2 < · · · of a complete path are defined
as follows: u1 is the least hit, if there is one; once ui is defined, ui+1 is the least hit u > ui with
l(yu) > l∗(yui), if there is one. Since hits are less than L, the sequence is finite.

For p ∈ P and a list w write pw = y|w|(p,w), and pb = p + pt(b) for a hold b. For ō ∈ P let
U(ō), the bridge lists, be the set of lists w of positive mass such that ōw is black and yu(ō,w) is not
black for u < |w|. For a black v let E(v), the entry lists, be the set of nonempty lists w of positive
mass such that vw is black with l(vw) > l∗(v), and no yu(v,w) with 1 ≤ u < |w| has these two
properties. Both sets are prefix-disjoint, and their lists w satisfy j(ō) + |w| ≤ j(ōw) ≤ J . The path
of a list agrees with the path of each of its prefixes up to the prefix’s length. So, for the complete
path of a list b ∈ BL of positive mass from ō, u1 exists and equals ũ if and only if ũ ≤ L and
b[1,ũ] ∈ U(ō); and if ō = v is black, then u1 = 0, and u2 exists and equals ũ if and only if 1 ≤ ũ ≤ L
and b[1,ũ] ∈ E(v).

Lemma 12.4 (Restart at a trace time). Let yu = yu(ō,b) be the complete path of b ∈ BL from ō.
Suppose ui = ũ exists, and let y′

u = yu(yũ,b[ũ+1,L]). Then j(yũ) + (L− ũ) > J , and for every k ≥ 1,
ui−1+k exists if and only if the kth trace time u′

k of y′ does, and then ui−1+k = ũ+ u′
k.

Proof. By Lemma 12.2(3),(2), j(yũ) ≥ j(ō) + ũ and y′
u = yũ+u. Since y′

0 = yũ is black, u′
1 = 0,

matching ui = ũ, and both sequences are continued by the same rule applied to the same points. □

12.3. One passage. Between two trace times the path climbs from a black point v above its
column top. For ω ∈ N let Πω be the set of nonempty lists f of positive mass with l(pti(f)) ≤ ω for
i < |f | and l(pt|f |(f)) > ω, that is, the lists whose hold points form a first-passage list over height
ω (Definition 10.5). Grouping lists by their hold points and using (10.1) gives, for Ψ ≥ 0,∑

f∈Πω

q(f) Ψ(pt|f |(f)) =
∑
x∈P

Fω(x)Ψ(x). (12.2)

In particular
∑

f∈Πω
q(f) = 1. The reward of a passage is bounded below at the place where its raw

word first exceeds ω.

Lemma 12.5 (First raw crossings). Let ω ∈ N. For integers c ≥ 2, 1 ≤ o ≤ c and r ≥ 1
let Xω(c, o, r) be the set of f ∈ Πω whose raw word has length at least r, rth raw letter c, and
σr(f) = ω + o.

(1) The sets Xω(c, o, r) partition Πω; for f ∈ Xω(c, o, r), r is the least index with σr(f) > ω, and
the position r lies in the last hold of f .

(2) For Ψ ≥ 0 on finite words,∑
f∈Xω(c,o,r)

q(f)Ψ(c(f)) = q(c)
∑

a

∑
s

q(a)q(s)Ψ(a c s),

where c(f) is the raw word, a runs over the words of r−1 raw letters with sum ω+o−c, and
s is empty if c ∈ {4, 5} and runs over the hold words if c /∈ {4, 5}. In particular the mass
of Xω(c, o, r) is q(c)R(r − 1, ω + o− c), and if c /∈ {4, 5} and H ∈ N, the lists of Xω(c, o, r)
whose raw word has length greater than r +H have mass q(c)R(r − 1, ω + o− c)(11

16)H .
(3) For v ∈ P and f ∈ Xω(c, o, r), Rw(v, f ; |f |) ≥ Rc(v + (r, ω + o)).

Proof. Raw letters of lists of positive mass are at least 2, so i 7→ σi(f) increases strictly, from 0 to
l(pt|f |(f)) > ω. If f ∈ Xω(c, o, r), then σr−1(f) = ω + o − c ≤ ω < σr(f), so r is the least index
with σr > ω; conversely that index r, its letter c and o = σr − ω ∈ [1, c] define a class containing f .
Every hold but the last ends at height at most ω, and the hold containing position r ends above ω,
so it is the last one. This proves (1). For (2), a word of raw letters whose last letter is closing is the
raw word of exactly one list of positive mass (cut after each closing letter), with mass the product
of the letter masses. By (1), the raw words of Xω(c, o, r) are exactly the words a c s described: if
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c is closing the word ends at r, and otherwise the letters after r up to the next closing letter form
a hold word. Summing over a gives R(r − 1, ω + o− c) (Definition 10.1), and the hold words have
total mass 1 and those with more than H raw letters, i.e. at least H nonclosing ones, have mass∑

N≥H(11
16)N 5

16 = (11
16)H . (3) follows from Lemma 12.2(6), since rewards are nonnegative. □

The angle at a crossing point within the exit width fω = ⌊(5ω + 16)/16⌋ is an odd dyadic fraction,
perturbed by at most 9rε2−ω (Lemma 9.14), and the raw-letter factor there is bounded by disjoint
packets of the sum (11.1), as in the proof of Lemma 11.5. For a raw letter c ≥ 3 write the factor
as Φc−1, so that φc(p) = Φc−1(ϑ(p)), and put

Φcap
c (θ) = max{Φc−1(θ), 2−16} (3 ≤ c ≤ 16), Φcap

c = 1 otherwise.

By Definition 11.6, e−zRc(p) ≤ Φcap
c (ϑ(p)) for every p with j(p) ≤ J . The function Φcap

c is even and
has period 1, as the frequencies 2a − 1 are integers.

Definition 12.6 (Packet gains). An envelope table is a finite set T of pairs (s, t) of integers s ≥ 1,
t ≥ 2 with numbers Vs,t ∈ [0, 1]. For 3 ≤ c ≤ 16 and 1 ≤ o ≤ c, a packet family for (c, o) is a set of
pairs (i, t) with i ≥ 0, i+ t ≤ c− 1 and (o− i, t) ∈ T , whose index sets {i, . . . , i+ t− 1} are pairwise
disjoint, and

ac,o[V ] = max
∑
(i,t)

t (1 − Vo−i,t)

over the packet families (computed by the downward recursion F (c − 1) = 0, F (i) = max({F (i +
1)} ∪ {t(1 − Vo−i,t) + F (i+ t)}), ac,o[V ] = F (0)). The packet gains are δc,o = ac,o[U ]/(c− 1), with
the table U of Lemma 11.5.

Lemma 12.7 (Packet families). Let V be an envelope table with Φt((m + β)/2s) ≤ Vs,t for every
(s, t) in it, every odd m and every real |β| ≤ β̄. Let 3 ≤ c ≤ 16, 1 ≤ o ≤ c, m odd, |β| ≤ β̄ and
θ ≡ (m+ β)/2o (mod 1). Then Φc−1(θ) ≤ 1 − ac,o[V ]/(c− 1). Moreover 0 ≤ δc,o ≤ 1

2 ; in particular
δ3,1 = 1

2 and δ4,1 = 41
100 .

Proof. Apply Lemma 11.3 to an optimal packet family, with Φt(2iθ) ≤ Vo−i,t as 2iθ ≡ (m+β)/2o−i.
The entries of U lie in [1

2 , 1], so each packet contributes at most t/2 and δc,o ≤ 1
2 ; the two values

are exact evaluations. □

Lemma 12.8 (Reward at an exit point). Let v be black, ω = gap(v), 1 ≤ r ≤ fω, 3 ≤ c ≤ 16
and 1 ≤ o ≤ c, and put y = v + (r, ω + o). Then j(y) ≤ J , ϑ(y) ≡ (m + β)/2o with m odd and
|β| ≤ 9rε2−ω < 1

3 , and
e−zRc(y) ≤ Φcap

c (ϑ(y)) ≤ 1 − δc,o.

Proof. Here y = (j(v) + r, l∆(v) + o), and Lemma 9.14(a),(b) give j(y) ≤ J and the localization.
Lemma 12.7 with V = U and β̄ = 1

3 (Lemma 11.5), and 2−16 < 1
2 ≤ 1 − δc,o, finish the proof. □

At a few gaps we need sharper bounds for single factors, obtained on finitely many cells.

Lemma 12.9 (Capped factors on cells).
(1) With aj = 2j − 1 and ℓc = 44

7(c−1)
∑c−2

j=0 |aj − a⌊(c−2)/2⌋| for 3 ≤ c ≤ 16 (ℓc = 0 otherwise),
|Φcap

c (θ) − Φcap
c (θ′)| ≤ ℓc|θ − θ′|.

(2) For rational θ let U c(θ) be the least k/108, k ∈ N, with (k/108)2 ≥ (c − 1)−2(c − 1 +
2
∑

i<j<c−1 cos+((aj − ai)θ)
)
, clipped to [1526

108 , 1], where cos+(x) is 1 if x ∈ Z and otherwise
the degree-24 Taylor polynomial of cos at 2π0τ , τ ∈ [−1

2 ,
1
2) the reduction of x modulo 1

and π0 = 3141592653589793/1015, plus (22/7)26/26! + 10−15 (possibly rounded up). Then
Φcap

c (θ) ≤ U c(θ).
(3) Φ2((m+ β)/2) ≤ 11

7 |β| for odd m and real β.
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(4) For every odd m and real |β| ≤ β̄, Φcap
c ((m+ β)/2o) < u for the five quadruples (c, o, β̄, u):

(4, 1, 1
24 ,

9
25), (5, 2, 1

24 ,
23
50), (6, 3, 1

24 ,
14
25), (7, 4, 1

24 ,
4
5), (4, 1, 1

12 ,
21
50).

Proof. (1) Multiplying the sum by e−2πia⌊(c−2)/2⌋θ does not change its modulus; the reverse triangle
inequality, |eix − eiy| ≤ |x − y| and 2π < 44

7 give the bound for Φc−1, and a maximum with a
constant preserves it. (2) (c − 1)2Φc−1(θ)2 = c − 1 + 2

∑
i<j cos(2π(aj − ai)θ). The standard

value π = 3.14159265358979323 . . . gives π0 < π < π0 + 10−15 < 22
7 ; cosine is 1-Lipschitz, and the

Lagrange remainder of the Taylor polynomial is at most (22/7)26/26!. Since 2−16 < 1526
108 and Φ ≤ 1,

the clipping is harmless. (3) Φ2(θ) = | cosπθ|, and | cos(π(m + β)/2)| = | sin(πβ/2)| ≤ π
2 |β|. (4)

By periodicity it suffices to take 1 ≤ m < 2o odd. Cut [−β̄, β̄] into 64 equal closed intervals; on
each, (1) and (2) at the midpoint bound the factor by U c(midpoint)+ ℓc2−oβ̄/64. Exact evaluation
at the 1024 cells gives the maxima 73783307

210000000 , 2527137353
5600000000 , 222172771

400000000 , 8752089581
14400000000 and 51834043

131250000 , in the
order listed, each below u. □

At gaps 12 and 19 every crossing index is so small that the perturbation is below 1
12 and 1

24 ,
and at every gap the raw letter 3 crossing with overshoot 1 is nearly a zero of Φ2. This sharpens
the packet coefficients as follows. For ω ∈ N put ςω = min{1,max{2−16, 11

7 ε9
fω 2−ω}}, let δrep

ω,3,1 =
max{1

2 , 1 − ςω}, δrep
12,4,1 = 29

50 , δrep
19,4,1 = 16

25 , and δrep
ω,c,o = δc,o otherwise, and define the crossing gain

D(ω) =
16∑

c=3
q(c)

c∑
o=1

δrep
ω,c,o

fω∑
r=1

R(r − 1, ω + o− c). (12.3)

Lemma 12.10 (Reward over one passage). Let v be black and ω = gap(v), and put S(v) =∑
f∈Πω

q(f)e−z Rw(v,f ;|f |). Then S(v) ≤ 1 − D(ω); if ω = 3, then S(v) ≤ 1 − 37
160 ; and for every ω,

S(v) ≤ 1 − dpass, dpass = 3661359
108 .

Proof. For a set I of triples (c, o, r) and numbers uc,o,r ∈ [0, 1] bounding e−z Rw on Xω(c, o, r),
Lemma 12.5(1),(2) give S(v) ≤ 1 −

∑
I(1 − uc,o,r)q(c)R(r − 1, ω + o− c), as the classes are disjoint

and e−z Rw ≤ 1. Take the triples with 3 ≤ c ≤ 16, 1 ≤ o ≤ c, 1 ≤ r ≤ fω and uc,o,r = 1 − δrep
ω,c,o.

By Lemma 12.5(3) and Lemma 12.8, e−z Rw ≤ Φcap
c (ϑ(y)) ≤ 1 − δc,o at y = v + (r, ω + o). For

(c, o) = (3, 1), Lemma 12.9(3) also gives Φcap
3 (ϑ(y)) ≤ ςω. For (c, o) = (4, 1) and ω = 12, 19, f12 = 4,

f19 = 6, and 94ε2−12 < 1
12 , 96ε2−19 < 1

24 , so Lemma 12.9(4) gives the factors 21
50 and 9

25 . This
proves S(v) ≤ 1 − D(ω). At ω = 3 take instead the four triples (c, c− 3, 1), 4 ≤ c ≤ 7: here f3 = 1,
|β| ≤ 9ε/8 < 1

24 , R(0, 0) = 1, and Lemma 12.9(4) gives S(v) ≤ 1− ( 3
16 · 16

25 + 1
8 · 27

50 + 5
64 · 11

25 + 3
64 · 1

5) =
1 − 37

160 .
For the last bound we show D(ω) ≥ dpass for ω ̸= 3, the case ω = 3 being 37

160 > dpass. Each
D(ω) is an explicit rational, as R(k, l) =

( l−1
2k−1

)
2−l for k, l ≥ 1 (Lemma 10.2). Exact evaluation

gives D(0) = 59987721
1638400000 ≥ dpass, D(1) = 832326661

6553600000 , D(6) = 108692439667
524288000000 , D(9) = 911532121133

4194304000000 ,
D(13) = 7713203895523

33554432000000 , D(16) = 195010696398427
858993459200000 , and, over the other 505 integers 2 ≤ ω ≤ 511, the

minimum D(15) = 61817834604121
268435456000000 . For ω ≥ 512: first, for 2 ≤ l ≤ ω,

∑fω
r=1 R(r−1, l) ≥ 1

4 − 25
2ω ≥ 231

1024 .
Indeed the full row sums to 1

4 (Lemma 10.2), and the omitted part is at most 1
2P(X ≥ 2fω − 1)

for X binomial with parameters l − 1, 1
2 , whose threshold exceeds the mean by at least ω−3

8 ≥ ω
10 ,

while VarX ≤ ω
4 ; apply Chebyshev’s inequality. Second, writing ω = 16k + s, 0 ≤ s < 16, k ≥ 32,

we have fω = 5k + 1 + ⌊5s/16⌋ and 9⌊5s/16⌋ ≤ 2s, so 9fω 2−ω ≤ 9(95/216)32 and ςω < 1
50 by exact

comparison. Hence

D(ω) ≥ 231
1024

( 16∑
c=3

q(c)
c∑

o=1
δc,o + 1

4
(49

50 − 1
2
))

= 231
1024

(15036545331
16384000000 + 3

25
)

= 3927606451461
16777216000000 ,

which exceeds dpass. □
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Lemma 12.11 (Entry lists split). Let v be black and ω = gap(v). The map (f ,w) 7→ fw is a
bijection from the pairs with f ∈ Πω and w ∈ U(vf ) onto E(v).

Proof. For a list b, l(yu(v,b)) > l∗(v) if and only if l(ptu(b)) > ω. Given b ∈ E(v), let k be the least
index with l(ptk(b)) > ω. Then f = b[1,k] is the only prefix of b in Πω, every yu(v,b) with u ≥ k
lies above l∗(v) (Lemma 12.2(3)), and the conditions defining E(v) say that b[k+1,|b|] ∈ U(yk(v,b)).
The same facts show that each fw lies in E(v). □

12.4. The entry kernel. For p ∈ P and a list w write qp(w) = q(w)e−z Rw(p,w;|w|). The entry
kernel acts on nonnegative functions on black points by

KΨ(v) =
∑

w∈E(v)
qv(w) Ψ(vw);

it is positive and homogeneous. The bridge mass of p ∈ P is Br(p) =
∑

w∈U(p) q
p(w) ≤ 1, by

Lemma 12.2(4). By Lemma 12.11 and Lemma 12.2(1),(2),

K1(v) =
∑

f∈Πgap(v)

qv(f) Br(vf ) ≤ S(v), (12.4)

with S(v) as in Lemma 12.10. Hence K1(v) ≤ 1−D(gap(v)) < 77
100 unless gap(v) ∈ {0, 1, 6, 9, 13, 16}

(for gap(v) = 3 use 37
160 > 23

100). At these six gaps a single crossing is not enough, and we follow
the raw word further: as long as a raw letter cannot end the entry, the path is continued, and each
factor read off along the way is paid.

Definition 12.12 (Entry trees). A policy is a set W of triples (r, h, c) of integers with c ≥ 2 and
h+ c bounded; the triple (r, h, c) means that the raw letter c at depth r and height h is continued.
A tree datum of height H is a pair (cut,W ) of a function cut : N → N and a policy such that
c ≤ cut(h) for (r, h, c) ∈ W , cut(0) ≤ min(16, H), and cut(h + c) ≤ 16, h + c + cut(h + c) ≤ H
for (r, h, c) ∈ W . For real X put ψr,h,c(X) = Φcap

c (9rX/2h+c) if 2 ≤ c ≤ cut(h) and ψr,h,c = 1
otherwise, and define the tree cost by downward recursion on h:

Fr,h(X) = 1 −
cut(h)∑
c=2

q(c)
[
1 − ψr,h,c(X)Gr,h,c(X)

]
,

with Gr,h,c = Fr+1,h+c if (r, h, c) ∈ W and Gr,h,c = 1 otherwise, and its Lipschitz constant Lr,h =
9r2−h∑cut(h)

c=3 q(c)ℓc2−c +
∑

(r,h,c)∈W q(c)Lr+1,h+c. For ω ∈ N, integers C,H ′,m and reals a ≤ b, the
white-test policy Wω,C,H′

m,a,b consists of the triples with 2 ≤ c ≤ C, h + c ≤ H ′ and either c /∈ {4, 5},
or h+ c ≤ ω, or

dist
(9r(2ωm+ a+b

2 )
2h+c

,Z
)

− 9r(b− a)
2h+c+1 > ε.

A policy is valid at a black point v if, for every (r, h, c) ∈ W with c ∈ {4, 5}, the point v+(r+1, h+c)
is white or l(v) + h+ c ≤ l∗(v). The root correction is Tω,k =

∑16
c=max(k,ω,2)+1 q(c)δc,c−ω.

Lemma 12.13 (Tree costs). Let v be black, ω = gap(v) and B ≥ 1.
(1) There are an odd m with 0 < m < 2B and a real α with |α| ≤ 9ε such that ϑ(v + (r, h)) ≡

9r−1(2ωm+ α)/2h (mod 1) for all r ≥ 1 and 0 ≤ h ≤ ω +B.
(2) If m,α are as in (1), H ′ ≤ ω +B and a ≤ α ≤ b, then Wω,C,H′

m,a,b is valid at v.
(3) If m,α are as in (1) with ω +B = H, and (cut,W ) is a tree datum of height H valid at v,

then K1(v) ≤ F0,0(2ωm+ α) − Tω,cut(0).
(4) 0 ≤ Fr,h ≤ 1 and |Fr,h(X) − Fr,h(X ′)| ≤ Lr,h|X −X ′|; Lr,h increases with W .
(5) For the cutoff cut0(h) = min{12, 17 −h} (h ≤ 17), W = W 0,12,14

m,a,b and every real X, F0,0(X)
is unchanged when (m, a, b,X) is replaced by (217 −m,−b,−a, 217 −X).
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Proof. (1) Let v̂ = (j(v), l∗(v)) and N = 3nϑ(v̂); by Lemma 9.14(c) with ∆ = ∆(v) and p = v, N
is odd and |N |/3n ≤ ε2−ω. Choose m with m3n ≡ −9N (mod 2B); it is odd. Put α = 9 · 2ωN/3n.
For y = v + (r, h), residue transport (Lemma 9.4) along the row and the column gives 2h res(y) =
9r2ω res(v̂), and the integer K = 9r−12ω(m3n + 9N)/2h satisfies 2hK ≡ 9r2ωN (mod 3n); since
2h is invertible modulo 3n, K represents res(y), and K/3n = 9r−1(2ωm + α)/2h. (2) If h + c ≤ ω
the point lies at height at most l∗(v). Otherwise, by (1) its angle is within 9r(b − a)/2h+c+1 of
9r(2ωm + a+b

2 )/2h+c modulo 1, so the test gives |ϑ| > ε and the point is white. (3) Let w ∈ E(v)
with raw word c. Follow c from the root: the edge (i−1, c1 + · · ·+ci−1, ci) is either in W or not. It
cannot be in W at the last position of c: a nonclosing letter does not end a hold, and by validity a
continued closing letter ends at a white point or at height at most l∗(v), so not at the end of an entry.
Hence c begins with exactly one leaf l, a word whose edges are continued except the last. Along l,
Rw(v,w; |w|) is at least the sum of the rewards at the points v+ (i, l1 + · · · + li) (Lemma 12.2(6));
these points have j ≤ J since the entry ends at a black point further right, and their heights are
at most H, so by (1) and Definition 11.6 their factors are at most ψi−1,l1+···+li−1,li

(2ωm+ α). The
entry lists beginning with l have mass at most

∏
i q(li) (extend them to raw length J and use (10.3)),

and, by induction on h, F0,0 is the sum over leaves of
∏

i q(li)ψi. Finally, for c > max(cut(0), ω, 2)
the one-letter leaf (c) has factor 1 in F0,0, while Lemma 12.8 with r = 1, o = c−ω bounds its factor
by 1 − δc,c−ω; this gives the correction Tω,cut(0). (4) By downward induction on h, using ψ ∈ [0, 1],∑

c q(c) = 1, |pg− p′g′| ≤ |p− p′| + |g− g′| for numbers in [0, 1], and (Lemma 12.9(1)) the constant
ℓc9r2−h−c of ψr,h,c. (5) All retained heights satisfy h+ c ≤ 17, so 9r(217 −X)/2h+c ≡ −9rX/2h+c;
the capped factors are even and 1-periodic, and dist(·,Z) is even, so the policies and the costs
coincide. □

Lemma 12.14 (The six special gaps). If v is black and gap(v) ∈ {0, 1, 6, 9, 13, 16}, then K1(v) <
77
100 .

Proof. For a tree datum and a cell [a, b] we bound F0,0 by node values: if fc ≥ ψr,h,c and gc ≥ Gr,h,c

(with gc ≥ 1 unless the edge is continued), then Fr,h ≤ 1 −
∑

c q(c)(1 − fcgc), because ψ,G ∈ [0, 1]
(Lemma 12.13(4)).

Gap 0. Lemma 12.13(1) with B = 17 gives an odd m < 217 and |α| ≤ 9ε < 1
3 . Take cut0(h) =

min{12, 17 − h} for h ≤ 17 and W = W 0,12,14
m,a,b ; every triple of W has c ≤ 12 and h + c ≤ 14, so

(cut0,W ) is a tree datum of height 17, valid at v by Lemma 12.13(2). By Lemma 12.13(3), it suffices
to find a ≤ α ≤ b in [−1

3 ,
1
3 ] with F0,0(m+α) < 77

100 +T0,12, where T0,12 =
∑16

c=13 q(c)δc,c = 1197
13107200 .

By Lemma 12.13(5) we may assume m < 216 (replace (m,α) by (217 − m,−α)). This is a finite
computation. The odd integers are split into 84 residue classes m0 + 2kZ, k ≤ 17, obtained
from 1 + 2Z by repeated halving; four of them contain no m < 216. The cells are the dyadic
subintervals [ p−1

3·2d ,
p+1
3·2d ] of [−1

3 ,
1
3 ]. For a class, a cell and every triple with h + c ≤ k, the white

test of Definition 12.12 and the factor ψr,h,c(m + β), up to the Lipschitz term ℓc9r2−h−c times
the half-width (Lemma 12.9(1)), depend only on the class and the cell. Bound each factor by its
value at the midpoint, computed from rigorous enclosures of the units e2πi2jq (a degree-17 Taylor
polynomial at a rational multiple of π, followed by repeated squaring, all with error bounds on
the scale 2−60), plus the Lipschitz term; treat edges with h + c > k or a failed white test as not
continued; and compute the node values from depth 8 down to the root, rounding upward. A cell
is accepted if the root value is below 77

100 + T0,12, and otherwise replaced by its two halves. The
computation, in exact integer arithmetic, accepts 211 cells of depth at most 6 for the 80 classes,
covering [−1

3 ,
1
3 ] for each class, with least margin greater than 2.26 · 10−4.

Gaps 1, 6, 9, 13, 16. Let p = 4 for ω ∈ {1, 6, 9} and p = 1 for ω ∈ {13, 16}. Lemma 12.13(1)
with B = p + 8 gives m < 2p+8 and α. Take the constant cutoff 8 and W = Wω,8,ω+p

m,a,b , a tree
datum of height ω + p+ 8, valid at v. The root corrections are T1,8 = 4595457

1310720000 , T6,8 = 13575489
1638400000 ,

T9,8 = 800801
204800000 , T13,8 = 697807

3276800000 and T16,8 = 0. For each odd m < 2p+8, start from [−1
3 ,

1
3 ]
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(from its halves if ω ∈ {6, 9}, from its quarters if ω ∈ {13, 16}); on a cell with half-width δ and
midpoint u, bound F0,0(2ωm+u) by node values with the factors computed from the cosine formula
of Lemma 12.9(2) (a degree-14 Taylor polynomial at 2π · 3141592654

109 , error at most 10−9), and add
Λδ, where Λ bounds L0,0 for the policy of all triples with c ≤ 8, h + c ≤ ω + p, which contains
W (Lemma 12.13(4)). Accept the cell if the result is below 77

100 + Tω,8, and otherwise halve it.
The computation accepts 2204, 4096, 4112, 1024 and 1054 pairs of a value of m and a cell for
ω = 1, 6, 9, 13, 16, with least margin greater than 1.39 · 10−5 (at ω = 16). □

Proposition 12.15 (The entry kernel). For every black point v and every k ∈ N, K1(v) ≤ 77
100 and

Kk1(v) ≤ ( 77
100)k.

Proof. The first bound is Lemma 12.14 at the six special gaps, and (12.4) with Lemma 12.10
elsewhere: 37

160 , 61817834604121
268435456000000 and 3927606451461

16777216000000 all exceed 23
100 . The powers follow by induction, as

K is positive and homogeneous. □

12.5. Accumulated rewards at the trace times. For b ∈ BL whose path from ō is complete
and k ∈ N, put Zk+1(ō,b) = e−z Rw(ō,b;uk+1) if uk+1 exists, and Zk+1(ō,b) = 0 otherwise.
Lemma 12.16 (Explicit form of Tao’s Lemma 7.9). Let ō ∈ P and L ∈ N with j(ō)+L > J . Then

(1) if ō = v is black, then
∑

b∈BL q(b)Zk+1(v,b) = Kk1(v) for every k ∈ N;
(2) for every k ∈ N,

∑
b∈BL q(b)Zk+1(ō,b) ≤ ( 77

100)k.
Proof. (1) We induct on k, for all black v and all L with j(v) + L > J at once. For k = 0, u1 = 0,
Z1 = 1 and the total mass is 1. For the step, the description of u2, Lemma 12.4 with i = 2 and
Lemma 12.2(2) give, for b of positive mass,

Zk+2(v,b) =
L∑

u=1
1[b[1,u] ∈ E(v)] e−z Rw(v,b[1,u];u) Zk+1(yu(v,b),b[u+1,L]),

with at most one nonzero term. Split b at u by Lemma 12.2(1). For w ∈ E(v), vw is black,
j(vw) + L − |w| > J and |w| ≤ J − j(v) < L, so the induction hypothesis evaluates the sum over
the remainder as Kk1(vw), and the total is Kk+11(v).

(2) In the same way, the description of u1 and Lemma 12.4 with i = 1 give∑
b

q(b)Zk+1(ō,b) =
∑

w∈U(ō)
qō(w)

∑
w′∈BL−|w|

q(w′)Zk+1(ōw,w′),

and (1), Proposition 12.15 and Br(ō) ≤ 1 conclude. □

13. Boundary points far below the top edge

This section proves Case 3 of the descent step (Section 11) for each index ι ∈ {o,b}: the boundary
point p for m is black and lies at gap gap(p) > sιm below the top edge of its triangle (Lemma 13.26).
Following Tao [9, Case 3 of Proposition 7.8 and Lemma 7.10], we continue the hold walk after its
first passage above the top edge, keeping the reward paid during that passage. Outside rare events,
a low reward forces many trace times on a fixed schedule (Lemma 13.3), which Lemma 12.16
makes unlikely; the main rare event, a visit to a large triangle, is bounded by a packing estimate
(Lemma 13.19). The paid first passage has mass less than qmass = 38177

125000 (Lemma 13.13), and for
ι = b the last trace factors are replaced by stopped stages (Lemma 13.22).

Throughout, ι is fixed and Q, Qm are formed with the exponent Aι; we put λ0 = λ − 1
4 ; then

5
16 ≤ λ < 8

25 and 1
λ < 158497

50000 < 127
40 (exact comparisons 95 ≤ 216, 225 < 98, 950000 < 2158497). The

schedule constants Tι, rι, p0(ι), αι, Hι are those of Table 1, the size factors Ki(ι) are those of
Definition A.2, and pi, Si, Pι, Vι are those of Definition A.3; we drop the index ι from Ki, pi and
Si. For u ∈ N let i(u) be the least i ≤ rι with u ≤ pi (i(u) = rι if u > prι), and put

βι(u) = Si(u), hι(u) = ⌈αιβι(u)⌉ +Hι, gι(u) = u+ hι(u) + Tι + 1.
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Since Ki+1 ≥ 268 and 268αι ≥ 1, Si ≤ Si+1; so βι, hι and gι are nondecreasing, βι(u) = Si

for pi−1 < u ≤ pi (p−1 = −1), and gι(pi) = pi+1. Also Tι + 1 = p0, and Vι ≥ 218 and Ωι ≥
max(234, 512Vι) by Lemma A.4.

13.1. The fresh law and the Case 3 events. In Case 3 the path is restarted at a boundary
point p ∈ P after a first passage over height ω ∈ N; the law Fω dominates the paid first passage of
Section 13.4 and serves for tail and packing bounds.

Definition 13.1 (Fresh law). The atoms are the pairs a = (x,b) with x ∈ P and b = (b1, . . . , bJ) ∈
BJ . The fresh law is Pp,ω(a) = Fω(x)q(b), and Pp,ω(Q) =

∑
a∈Q Pp,ω(a). The fresh path and its

accumulated reward are yp
u(a) = yu(p+ x,b) and Rwp

u(a) = Rw(p+ x,b;u).

By Lemmas 10.6(1) and 10.4(5), Pp,ω is a probability, and every fresh path is complete. Splitting
b after k ≤ J holds and grouping by hold points (Lemma 12.2(1), (10.1)) gives, for Ψ ≥ 0,∑

a

Pp,ω(a)Ψ
(
x, (pt(b1), . . . ,pt(bk))

)
=
∑

x

Fω(x)
∑

h∈Pk

η⊗k(h)Ψ(x,h). (13.1)

Definition 13.2 (Case 3 events). For p ∈ P and m ∈ N let

Lowp = {a : Rwp
Pι−1(a) ≤ Tι}, Badp

m = {a : 400 (j(yp
Pι

(a)) − j(p)) ≥ 317m},

Clr =
{
a :

u+hι(u)∑
i=u+1

l(pt(bi)) ≤ 13
9 βι(u) for some u with u+ hι(u) ≤ Pι − 1

}
.

An atom has an oversize hit at time u ≤ Pι − 1 if yp
u(a) ∈ ∆ for some ∆ ∈ T with S∆ ≥ βι(u).

Off Badp
m the advance j(yp

Pι
) − j(p) stays below 317

400m, so the factor max(m − ·, 1)−Aι of the
boundary reduction stays comparable to m−Aι ; without oversize hits and slow clearing the path
climbs out of every triangle it enters on schedule.

13.2. The trace times come on schedule.

Lemma 13.3 (The trace times come on schedule). Let p ∈ P, m ∈ N with j(p) +m = J , Pι ≤ J ,
and let a = (x,b) ∈ Lowp \ Badp

m with q(b) ̸= 0; write yu = yp
u(a).

(1) j(yu) ≤ J for u ≤ Pι, and every set of Tι + 1 consecutive times in [1, Pι − 1] contains a hit.
In particular u1 ≤ p0.

(2) Let q ≤ prι be a hit with gι(q) ≤ Pι − 1 and no oversize hit at q, and suppose a /∈ Clr. Then
there is a hit c with q < c ≤ gι(q) and l(yc) > l∗(yq).

(3) If a /∈ Clr, 0 ≤ k ≤ rι and a has no oversize hit at a time u ≤ pk−1, then the fresh path has
at least k + 1 trace times and ui ≤ pi−1 for 1 ≤ i ≤ k + 1.

Proof. (1) As a /∈ Badp
m, j(yPι) < j(p) +m = J , and j(yu) increases with u. By Lemma 12.2(5) the

number of white points among y1, . . . , yPι−1 is at most Rwp
Pι−1(a) ≤ Tι, so a run of Tι + 1 times

contains a point which is not white, hence black. As Tι + 1 = p0 ≤ Pι − 1, u1 ≤ p0.
(2) Let ∆ = ∆(yq); then yq ∈ ∆, l∆ = l∗(yq) and S∆ < βι(q). Membership gives gap(yq) log 2 ≤

S∆, and log 2 > 9
13 , so gap(yq) < 13

9 βι(q). As a /∈ Clr and q+hι(q) ≤ Pι−1 ≤ J , l(yq+hι(q))−l(yq) >
13
9 βι(q), so l(yu) > l∗(yq) for u ≥ q + hι(q) (Lemma 12.2(3)). By (1) the run [q + hι(q) + 1, gι(q)]

contains a hit.
(3) By induction on i: (1) gives u1 ≤ p0, and if ui ≤ pi−1 with i ≤ k, then gι(ui) ≤ gι(pi−1) =

pi ≤ Pι − 1 and there is no oversize hit at ui, so (2) gives ui+1 ≤ pi. □

Lemma 13.4 (Discounted mass at the trace times). Let p ∈ P, k ∈ N, ϕ ≥ 0 on P, D ⊆ P,
and let S be a set of atoms (x,b) with x ∈ D whose fresh path has at least k + 1 trace times, with
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uk+1 ≤ Pι − 1. Then ∑
(x,b)∈S

ϕ(x)q(b)e−z Rwp
Pι−1(x,b) ≤

( 77
100

)k ∑
x∈D

ϕ(x).

Proof. As the accumulated reward is nondecreasing, e−z Rwp
Pι−1 ≤ Zk+1(p+ x,b). Enlarge S to all

atoms with x ∈ D and apply Lemma 12.16(2) with L = J . □

Lemma 13.5 (Slow clearing is rare). Let p ∈ P, ω ∈ N and Pι ≤ J . Then Pp,ω(Clr) ≤ Ecl
ι , with

Ecl
ι as in Definition 13.23.

Proof. Put y = ycl
ι , v = vcl

ι (Definition 13.14). Fix u with u+ h ≤ Pι − 1, h = hι(u), Y = 13
9 βι(u).

By (13.1) the atoms with
∑u+h

i=u+1 l(pt(bi)) ≤ Y have mass at most
∑

h∈Ph η⊗h(h)1[
∑
l(hi) ≤ Y ] ≤

y−Y V(y)h ≤ yvh−Y , by Lemma 13.15(3). If pi−1 < u ≤ pi, then βι(u) = Si and hι(u) = hι(pi),
so vh − Y = ti/(1 − y) with ti = tcl

i (ι) > 0, and log y ≤ −(1 − y) gives yvh−Y ≤ e−ti ≤ 1/P80(ti)
(Lemma A.1(4)). The admissible u in the block (pi−1, pi] ([0, p0] for i = 0) are those with u ≤
Pι − 1 − hι(pi), and their number is ncl

i (ι). Sum over the blocks. □

13.3. Row geometry of triangles. For a triangle ∆ and l ∈ Z put tip∆ = l∆ − S∆/ log 2 and
row∆(l) = j∆ + λ(l − tip∆), the height at which the hypotenuse meets the left edge and the right
end of row l. After a first passage over height ω the fresh path lies a little above the top edge of
∆, about ω/4 to the right, while the rows of ∆ widen by λω over that height. Making explicit the
geometric steps of the proof of [9, Lemma 7.10], we show that large triangles met there have tips
at or above l∆ and corners in well-separated columns.

Lemma 13.6 (Rows of a triangle). Let ∆ be a triangle and (j, l) ∈ P with l ≤ l∆. Then (j, l) ∈ ∆ if
and only if j∆ ≤ j ≤ row∆(l). Every (j, l) ∈ ∆ satisfies l ≥ tip∆ and (j−j∆) log 9 ≤ (l−tip∆) log 2.

Proof. Since S∆ − (l∆ − l) log 2 = (l − tip∆) log 2, the third membership condition reads, as in [9,
(7.65)], (j − j∆) log 9 ≤ (l − tip∆) log 2, that is, j ≤ row∆(l). With j ≥ j∆ it forces l ≥ tip∆. □

Lemma 13.7 (Tips of nearby triangles). Let ∆ ̸= ∆′ be members of T, p ∈ ∆ and ω = gap(p). Let
(j, l) ∈ ∆′ with l∆ ≤ l ≤ l∆ +W and |j−(j(p)+ω/4)| ≤ Y , where W,Y ≥ 0 and Y +λW +1 ≤ ωλ0.
Then tip∆′ ≥ l∆.

Proof. Suppose tip∆′ < l∆; as in the proof of [9, Lemma 7.10], we find a point in both triangles,
contradicting Proposition 9.13. Put ȷ̄ = row∆′(l∆) > j∆′ . By Lemma 13.6, j ≤ row∆′(l) ≤ ȷ̄+ λW .
Let j′ = min(j, ⌊ȷ̄⌋); then j∆′ ≤ j′ ≤ ȷ̄, 0 ≤ j−j′ ≤ λW+1, and (j′, l∆) ∈ ∆′ as l∆ ≤ l ≤ l∆′ . On the
other hand λ0 ≤ 1

4 , so Y +λW+1 ≤ ω/4; hence j′ ≥ j(p) ≥ j∆ and j′ ≤ j(p)+(1
4 +λ0)ω = j(p)+λω.

Multiplying by log 9 and using the membership of p, (j′ −j∆) log 9 ≤ (j(p)−j∆) log 9+ω log 2 ≤ S∆,
so (j′, l∆) ∈ ∆ as well. □

For ∆ ∈ T and reals S and W ≥ 0, the anchor set Anc(∆,S,W ) ⊆ Z consists of the j∆′ of the
∆′ ∈ T with S∆′ ≥ S and l∆ ≤ tip∆′ ≤ l∆ +W .

Lemma 13.8 (Anchors are separated). Let ∆ ∈ T, and let W ≥ 0 and S > 0 be reals with
A = banS −W − 1 > 0. Distinct elements ζ < ζ ′ of Anc(∆,S,W ) satisfy ζ ′ − ζ > λA.

Proof. Let ∆′,∆′′ define ζ and ζ ′; they are distinct. As in the proof of [9, Lemma 7.10], we
compare their rows at the height l̂ = l∆ + ⌊S/ log 2⌋. Since ban < 1/ log 2 (Lemma 13.15(4)),
⌊S/ log 2⌋ > S/ log 2 − 1 > W , so tip∆′ , tip∆′′ ≤ l∆ + W < l̂ and l∆′ = tip∆′ +S∆′/ log 2 ≥ l̂,
and likewise for ∆′′. By Lemma 13.6, (ζ ′, l̂) ∈ ∆′′; if ζ ′ ≤ row∆′(l̂), then (ζ ′, l̂) ∈ ∆′ as well,
contradicting Proposition 9.13. Hence ζ ′ − ζ > λ(l̂ − tip∆′) ≥ λ(S/ log 2 − 1 −W ) > λA. □
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13.4. The paid first passage. In Tao’s argument the reward of the first passage above the top
edge is discarded. We keep it: the first passage then has total mass less than qmass at large gaps
(Lemma 13.13), which pays for most of the budget. For v ∈ P put H(v) = Q(v)/w(v), and for a
black point e with ω = gap(e) define the paid first passage

F̃e(x) =
∑

f∈Πω : pt|f |(f)=x

q(f)e−z Rw(e,f ;|f |), P̃e(x,b) = F̃e(x)q(b).

As rewards are nonnegative, 0 ≤ F̃e ≤ Fω by (12.2), so P̃e ≤ Pe,ω.

Lemma 13.9 (Paid continuation). Let e be black and 1 ≤ L ≤ J . Then

Q(e) ≤
∑

a

P̃e(a) e−z Rwe
L−1(a) Q(ye

L(a)).

Proof. By Lemma 11.12(2) and (12.1), H(v) =
∑

b q(b)e−z rw(v,b)H(v + pt(b)) for every v ∈ P, and
iterating, H(v) =

∑
b∈BK q(b)e−z Rw(v,b;K)H(vb) (Lemma 12.2(1),(2)). Apply the one-step identity

at e and expand only the lists whose holds all end at height at most l(e) +ω; after ⌊ω/4⌋ + 1 steps
none remain (Lemma 12.2(3)), and the expanded terms are exactly the lists of Πω. As e is black,
w(e) = 1, so Q(e) =

∑
x F̃e(x)H(e+ x). For o = e+ x, the iterated identity with K = L and (12.1)

for the last hold give H(o) ≤
∑

b∈BL q(b)e−z Rw(o,b;L−1)Q(ob), as I ≤ 1. Extending b to J holds
changes neither factor (Lemma 12.2(1),(2)). □

13.5. The paid mass of a long first passage. A first passage over a long gap ω first crosses
height ω at a raw letter c, raw index r and overshoot o (Lemma 12.5). For r ≤ ⌊9ω/32⌋ the angles
at the crossing point and at the following raw positions of the same hold, up to height 17 above the
top edge, are determined by seventeen bits of the column-top residue up to a perturbation below
10−6; the paid factors there are bounded by cost tables which are periodic in r, and averaging them
against the rows of raw-prefix masses gives the bound qmass.

Lemma 13.10 (Narrow envelopes). Let U ′ be the envelope table with U ′
1,2 = 2−16 and the other

entries
s\t 2 3 4 5 6 7
1 .333340 .500010
2 .707108 .333337 .353560
3 .923880 .577352 .461943
4 .980786 .883638 .604555
5 .995185 .970239 .867542
6 .998796 .992518 .965743 .864601
7 .868067
8 .874299

Then Φt((b + β)/2s) ≤ U ′
s,t for every (s, t) in U ′, every odd b and every real |β| ≤ 10−6. Put

δ′
c,o = min{ac,o[U ′]/(c− 1), 1 − 2−16}; then Φcap

c ((b+ β)/2o) ≤ 1 − δ′
c,o for 3 ≤ c ≤ 16, 1 ≤ o ≤ c.

Proof. For (1, 2), Φ2((b + β)/2) = | sin(πβ/2)| ≤ 11
7 · 10−6 < 2−16. For the other pairs let f =

Φ2
t ; then |f ′| ≤ 4π

t2
∑

i<j<t(2j − 2i) < Ls,t = 13
t2
∑

i<j<t(2j − 2i), so f((b + β)/2s) ≤ f(b/2s) +
Ls,t10−6/2s. Bounding f at the finitely many centres b/2s, 1 ≤ b < 2s odd, by the cosine bounds
of Lemma 12.9(2), the 20 exact comparisons with (U ′

s,t)2 hold; the smallest margin is at (2, 4),
where f(1

4) = 1
8 and 1

8 + 13·23
16 · 10−6

4 < 0.3535602. The second claim follows from Lemma 12.7, as
Φcap

c = 2−16 when Φc−1 < 2−16. □

Lemma 13.11 (Rows and residues). Let l ≥ 2 and put Rl(r) = R(r − 1, l) for r ≥ 1, so Rl(1) = 0,
Rl(r) =

( l−1
2r−3

)
2−l for r ≥ 2 and

∑
r Rl(r) = 1

4 .
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(1) If ω ≥ 680 and ω − 127 ≤ l ≤ ω, then
∑

r>⌊9ω/32⌋ Rl(r) ≤ e−2ω/289, which is at most 37/ω
for ω ≥ 1129.

(2) 9214 ≡ 1 (mod 217), and every odd M is ≡ 9as (mod 217) for some 0 ≤ a < 214 and
s ∈ {1, 3, 5, 7}, s ≡ M (mod 8).

(3) For L = 214 and f : N → [0, 1] of period L,
∑

r Rl(r)f(r) ≥ 1
4L

∑
a<L f(a) − 8192e−(l−1)/229.

(4) Let f : N → [0, 1] have period L ≥ 1, mean µ, and range D = maxk≤LQ(k) − mink≤LQ(k),
Q(k) =

∑
j<k(f(j) − µ). Then |

∑u+t−1
k=u f(k) − tµ| ≤ D for all u, t ∈ N, and for a ∈ N,∑

r≥1
Rl(r)f(r + a) ≥ µ

4 − D√
2(3l − 1)

.

If moreover N ≥ 1, d ≥ N , Z ⊆ Z has pairwise distances at least d and V = {ζ + i : ζ ∈
Z, 0 ≤ i < N}, then∑

r∈V
Rl(r)f(r + a) ≤ (µN +D)

((
1 + N − 2

d
) 1√

2(3l − 1)
+ 1

4d
)
.

Proof. (1) The omitted part is at most 1
2P(X ≥ 2 ⌊9ω/32⌋ − 1) for X binomial with parameters

l − 1, 1
2 ; the threshold exceeds the mean by at least ω

16 − 5
2 ≥ ω

17 , and Hoeffding’s inequality
(Lemma 10.11) gives 2e−2ω/289. Then ey ≥ y2/2 gives the second bound. (2) By induction, 2j+3

exactly divides 92j − 1; so 9 has order 214 modulo 217, and its powers times s are the 214 residues
≡ s (mod 8). (3) r ≡ a (mod L) if and only if 2r − 3 ≡ 2a − 3 (mod 2L), so the mass of a class
is 1

2P(X ≡ 2a− 3 (mod 215)), and by orthogonality of the characters of Z/215 and | cos(πk/m)| ≤
cos(π/m) ≤ e−2/m2 this is within 1

2e
−(l−1)/229 of 1/(4L); sum over the classes. (4) Q(k+L) = Q(k),

so the interval sum is Q(u + t) − Q(u). The binomial coefficients are unimodal, so every level
set {Rl ≥ v}, v > 0, is an interval of integers, and Rl =

∑
i(vi − vi−1)1Ii over the distinct values

0 = v0 < v1 < · · · ; here
∑

i(vi − vi−1)|Ii| = 1
4 and

∑
i(vi − vi−1) = max Rl ≤ (2(3l − 1))−1/2

(Lemma 10.11). Apply the interval bound on each Ii. For the second inequality, an interval of k
integers meets at most 1 + (k +N − 2)/d of the blocks of V, and each intersection carries at most
µN +D. □

For the cost tables, the retained factors along the final hold are bounded as follows. For h ≥ 1
and real X define, by downward recursion, the future cost cfh(X) = 1 for h ≥ 15 and, for h ≤ 14,

cfh(X) = 1 −
17−h∑
d=2

q(d)
[
1 − Φcap

d

( X

2h+d

)
·
{

cfh+d(9X) d /∈ {4, 5}, h+ d ≤ 15,
1 otherwise,

]
,

with Lipschitz constant Lh = 2−h∑17−h
d=3 q(d)ℓd2−d +9

∑
d/∈{4,5}, d≤15−h q(d)Lh+d (Lh = 0 for h ≥ 15);

put xcc,o(X) = Φcap
c (X/2o) for c ∈ {4, 5} and xcc,o(X) = Φcap

c (X/2o)cfo(9X) otherwise. Let cf+
h (X)

be defined by the same recursion for integers X with Φcap replaced by U (Lemma 12.9(2), cosine
bounds rounded up on the mesh 10−18) and each value rounded up on the mesh 10−8. For 2 ≤ c ≤ 16,
1 ≤ o ≤ c and odd m, the cost table ctc,o(m) is the least of: 1; if c ≥ 3, 1 − δ′

c,o and U c(m/2o) +⌈
108 · 10−6ℓc2−o

⌉
10−8; and, if c /∈ {4, 5},

⌈
108U c(m/2o)cf+

o (9m)
⌉

10−8 +
⌈
102(ℓc2−o + 9Lo)

⌉
10−8.

All arguments of U are multiples of 2−17, so ctc,o(m) depends only on m mod 217. For s ∈ {1, 3, 5, 7}
let µc,o,s and rgc,o,s be the mean and the range, in the sense of Lemma 13.11(4), of the sequence
k 7→ ctc,o(9ks) of period 214, and put

Sh
s =

16∑
c=2

q(c)
c∑

o=1
(1 − µc,o,s), Dh

s =
16∑

c=2
q(c)

c∑
o=1

rgc,o,s.

Lemma 13.12 (Cost of an early crossing).
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(1) Let e be black with ω = gap(e) ≥ 224, let ê = (j(e), l∗(e)) and N = 3nϑ(ê), and let M0 be
odd with 217 | 3nM0 +N . For 2 ≤ c ≤ 16, 1 ≤ o ≤ c and 1 ≤ r ≤ ⌊9ω/32⌋,∑

f∈Xω(c,o,r)
q(f)e−z Rw(e,f ;|f |) ≤ q(c)R(r − 1, ω + o− c) ctc,o(9rM0).

(2) The aggregates are

(Sh
s ,Dh

s ) =


(149160843578876007

53687091200000000 ,
90751350494755481
21474836480000000

)
, s ∈ {1, 7},(319022353342658719

107374182400000000 ,
258514465939645767
53687091200000000

)
, s ∈ {3, 5}.

Proof. (1) By Lemma 9.14(c), N is odd and |ϑ(ê)| ≤ ε2−ω. Residue transport as in Lemma 12.13(1)
gives ϑ(j(e)+s′, l∗(e)+h) ≡ 9s′(M0 +ϑ(ê))/2h for s′ ≥ 0, 0 ≤ h ≤ 17. Put x = 9r(M0 +ϑ(ê)); then
|9rϑ(ê)| ≤ 216r/5ε2−ω < 2−ω/10 < 10−6. By Lemma 12.5(2), a list of Xω(c, o, r) has raw word a c s.
The crossing point e+(r, ω+o) and the points of the next raw letters s1, s2, . . . up to height 15 above
l∗(e) (at most seven of them, as raw letters are at least 2) lie within raw index ⌊9ω/32⌋+7 ≤ fω of e,
hence have j ≤ J (Lemma 9.14). Their factors are therefore at most Φcap

c (x/2o), Φcap
s1 (9x/2o+s1), . . . ,

the last retained one being at height at most 17. Discarding the other rewards and summing over s
with the hold-word masses gives, by induction on the height, at most q(c)R(r− 1, ω+ o− c)xcc,o(x).
It remains to show xcc,o(m + β) ≤ ctc,o(m) for m = 9rM0 and |β| ≤ 10−6. The value 1 and the
packet value hold by Lemma 13.10; the direct value by Lemma 12.9(1),(2); and the joint value
because xcc,o is a product of two [0, 1]-valued factors with Lipschitz constants ℓc2−o and 9Lo (by
induction, as in Lemma 12.13(4)), and cfh ≤ cf+

h (by induction).
(2) This is a finite computation in exact rational arithmetic. The cosine bounds are needed only at

the 216 +1 turns j/217, 0 ≤ j ≤ 216; the arrays cf+
h , 14 ≥ h ≥ 1, on the 216 odd residues modulo 217

are computed in decreasing order of h; then the 135 tables ctc,o on the odd residues (131050 distinct
direct values and 8126464 distinct joint values), and the 540 orbit sequences ctc,o(9ks mod 217),
k < 214, which give µc,o,s, rgc,o,s and the four pairs displayed. □

Lemma 13.13 (Paid mass of a long first passage). Let e be black and ω = gap(e). If ω ≥ 234, then∑
x F̃e(x) < qmass = 38177

125000 . If ω ≥ 4096, then
∑

x F̃e(x) < b∗ (Definition A.2).

Proof. Choose M0 as in Lemma 13.12(1) and s, a with M0 ≡ 9as (mod 217) (Lemma 13.11(2)), and
put r̄ = ⌊9ω/32⌋. By Lemma 12.5, the classes Xω(c, o, r) partition Πω with masses q(c)R(r− 1, ω+
o − c) of total 1. Bounding the discount by 1 outside 2 ≤ c ≤ 16, r ≤ r̄, and by Lemma 13.12(1)
there, ∑

x

F̃e(x) ≤ 1 −
16∑

c=2
q(c)

c∑
o=1

r̄∑
r=1

R(r − 1, lc,o)
(
1 − ctc,o(9r+as)

)
, lc,o = ω + o− c.

Each row l = lc,o lies in [ω − 15, ω]. If ω ≥ 234, Lemma 13.11(3),(1) bound each inner sum
below by 1

4(1 − µc,o,s) − E with E = 8192(3
8)31 + 37/234 (as e−(l−1)/229 ≤ e−31 < (3

8)31), so, with∑16
c=2 c q(c) = 65459

16384 ≤ 4, ∑
x

F̃e(x) ≤ 1 − Sh
s

4 + 4E <
38177
125000

by Lemma 13.12(2) and exact arithmetic. If ω ≥ 4096, Lemma 13.11(4) (with f(k) = 1 − ctc,o(9ks),
of mean 1 − µc,o,s and range rgc,o,s) and (1) give instead∑

x

F̃e(x) ≤ 1 − Sh
s

4 + Dh
s√

2(3ω − 46)
+ 65459

16384e
−2ω/289 ≤ 1 − Sh

s

4 + Dh
s

156 + 65459
16384 · 240 ,

using 2(3ω − 46) ≥ 1562 and e28 > 240; the right side is 0.33250 . . . for s ∈ {1, 7} and 0.28808 . . .
for s ∈ {3, 5}, both below b∗. □
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13.6. Deviations, the initial filter and the packing estimate. Outside a small deviation event
the first passage and the next holds stay close to their typical displacements, so a visit to a large
triangle pins the column of the first passage near an anchor (Lemma 13.17), and the anchors are
sparse. The allowances below are affine in the number v of holds; their slopes are chosen so that the
generating functions of Lemma 13.15(3) control the deviations along the whole schedule at once.

Definition 13.14 (Case 3 allowances). For each index the allowances are Xo
ι , X l

ι(v) = X l
ι(0)+sv

ι v,
Xd

ι (v) = Xd
ι (0) + sd

ι v/4 and Wι(v) = Xo
ι +X l

ι(v), with the following constants:
ι Xo

ι X l
ι(0) sv

ι yv
ι Xd

ι (0) sd
ι

o 194 1503 6579
500

169
168 131 257

2000
b 182 1174 1653

125
144
143 102 383

2500

ι bd
ι Hpk

ι ycl
ι vcl

ι

o 51
50 35 8191

8192
1279
100

b 43
42 33 255

256
25
2

The common constants are ban = 12500000000
8664339757 , qpack = 1527079

5000000 and Γpk = 2113
500 . For 0 ≤ i < rι

put Ai = banSi − Wι(pi) − 1, Bi = 2Xd
ι (pi) + 8

25Wι(pi) + 1, Ci = 127
40 (2Xd

ι (pi) + 1) + Wι(pi) and
ri = 127

40 (Bi +Hpk
ι )/Ai.

Lemma 13.15 (Gates for the allowances).
(1) If v < Vι and ω ≥ Ωι, then ω

32 +Xd
ι (v) + 1

4X
l
ι(v) + λWι(v) + 1 ≤ ωλ0.

(2) For 0 ≤ i < rι, Ai > 0 and Bi +Hpk
ι ≤ 5

16Ai.
(3) V(ycl

ι ) < (ycl
ι )vcl

ι , G(1, yv
ι ) < (yv

ι )sv
ι , and G((bd

ι )4ς , (bd
ι )−ς) < (bd

ι )sd
ι for ς = ±1; and vcl

ι αι >
13
9 .

(4) ban < 1/ log 2.

Proof. (1) The allowances increase with v, λ < 8
25 and λ0 ≥ 1

16 , so the left side is at most ω
32 +8Vι ≤

3ω
64 provided Xd

ι (V ) + 1
4X

l
ι(V ) + 8

25Wι(V ) + 1 ≤ 8V at V = Vι; this affine inequality holds as
Vι ≥ 218, and Ωι ≥ 512Vι (Lemma A.4); so the left side is at most ω

16 ≤ ωλ0. (2) is an exact
evaluation at the rι schedule positions. (3) By Lemma 10.8(4) these generating functions are
explicit rationals: V(8191

8192) = 6187886789300271379243896831
6197558195857188412641546239 , V(255

256) = 178454632614069375
187461831868810367 , G(1, 169

168) =
9577713826824949
8858255458075381 , G(1, 144

143) = 97132784504832
88581797925983 , and G at the four drift-free points is 106892500

106627249 , 393435063
392435263

(ι = o), 45463572
45304601 , 164732957

164140421 (ι = b). Raising to the denominators of the exponents turns each claim
into an exact integer comparison. Finally 1279

100 · 113
1000 − 13

9 = 743
900000 and 25

2 · 3
25 − 13

9 = 1
18 . (4)∑

j≤25 x
j/j! > 2 at x = 1/ban, so e1/ban > 2. □

For ω ∈ N and v ≤ J , the deviation event Devω,v is the set of atoms (x,b) with l(x) − ω ≥ Xo
ι ,

or |j(x) − ω/4| ≥ ω/32, or
∑

k≤v l(pt(bk)) ≥ X l
ι(v), or max1≤u≤v |

∑
k≤u(4j − l)(pt(bk))| ≥ 4Xd

ι (v).
The fresh deviation event Devfr is the set of atoms for which some 1 ≤ u ≤ min(Vι − 1, J) has∑

k≤u l(pt(bk)) ≥ X l
ι(u) or |

∑
k≤u(4j − l)(pt(bk))| ≥ 4Xd

ι (u). For p ∈ P and real S, the large-
triangle event Bigp

v,S is the set of atoms with yp
u(a) ∈ ∆ for some u ≤ v and ∆ ∈ T with S∆ ≥ S.

Lemma 13.16 (Mass of the deviation events). Let p ∈ P and ω ∈ N. If ω ≥ 232, the atoms with
l(x) − ω ≥ Xo

ι or |j(x) − ω/4| ≥ ω/32 have Pp,ω-mass at most 9(25
27)Xo

ι + (2ω)−1/2. For every ω,
Pp,ω(Devfr) ≤ (yv

ι )−Xl
ι(0) + 2(bd

ι )−4Xd
ι (0).

Proof. The first-passage overshoot tail (Lemma 10.10, valid for ω ≥ 64) bounds the first condition
by 9(25

27)Xo
ι . The horizontal tail of the first passage (Lemma 10.14, with u = ω/32 ≥ 2) bounds the

second by 4e−(ω/32)2/(2(ω−4)) + 2e−ω/8192 ≤ 6e−ω/8192, and with x = ω/8192 ≥ 219, e2x ≥ 2x2 ≥
220x > 72 · 8192x, that is, 36e−2x < (2ω)−1.
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For the second claim we use an affine barrier : for reals X, y > 0, T > 0, Λ ≥ G(X, y) and N ∈ N,
the η⊗N -mass of the h ∈ PN with Xj(h1+···+hu)yl(h1+···+hu) ≥ TΛu for some u ≤ N is at most
1/T . Indeed, split by the least such u; on that event the weight Xjyl/(TGu) of the first u points
is at least 1, and the tilted measures η⊗u(h)Xjyl/G(X, y)u of these disjoint events, extended to N
points, sum to at most 1. By (13.1) the event depends only on the first min(Vι − 1, J) hold points.
For the vertical part, l ≥ X l

ι(u) if and only if (yv)l ≥ (yv)Xl(0)((yv)sv)u; apply the barrier with
X = 1, T = (yv)Xl(0) and Lemma 13.15(3). For the drift-free part, ς(4j − l) ≥ 4Xd

ι (u) if and only
if ((bd)4ς)j((bd)−ς)l ≥ (bd)4Xd(0)((bd)sd)u; apply the barrier for ς = ±1. □

For p ∈ ∆ ∈ T, v ∈ N and real S, the anchor columns are

Kv,S =
{
ζ − j(p) + i : ζ ∈ Anc(∆, S,Wι(v)), −Xd

ι (v) − 1
4X

l
ι(v) < i < λXo

ι + λ0X
l
ι(v) +Xd

ι (v)
}
.

Lemma 13.17 (Outside the deviation event, large triangles sit at anchors). Let p ∈ ∆ ∈ T,
ω = gap(p), v ≤ J and S real, and assume ω

32 +Xd
ι (v) + 1

4X
l
ι(v) + λWι(v) + 1 ≤ ωλ0. If an atom

a = (x,b) of positive Pp,ω-mass lies in Bigp
v,S but not in Devω,v, then j(x) ∈ Kv,S.

Proof. We follow [9, (7.63)–(7.66)]. Choose u ≤ v and ∆′ with S∆′ ≥ S and (j, l) = yp
u(a) ∈

∆′; put ju =
∑

k≤u j(pt(bk)) and lu =
∑

k≤u l(pt(bk)). Outside Devω,v, 0 < l(x) − ω < Xo,
0 ≤ lu < X l(v), |j(x) − ω/4| < ω/32 and |ju − lu/4| < Xd(v). Hence 0 < l − l∆ < W (v) and
|j − (j(p) + ω/4)| < Y = ω

32 +Xd(v) + 1
4X

l(v), so ∆′ ̸= ∆, and Lemma 13.7 gives tip∆′ ≥ l∆; also
tip∆′ ≤ l < l∆ + W (v), so ζ = j∆′ is an anchor. Lemma 13.6 gives 0 ≤ j − ζ ≤ λ((l(x) − ω) + lu).
With i = j(x) + j(p) − ζ = (j − ζ) − ju, i > −Xd(v) − 1

4X
l(v) and i < λXo + λ0X

l(v) +Xd(v), as
λ = 1

4 + λ0. □

Packing needs a filter on the first passage: its crossing letter is at most 128, its crossing index
at most ⌊9ω/32⌋, and its final hold has at most Hpk

ι raw letters after the crossing. Let Bin
ω be the

set of f ∈ Πω violating this, and for a black e let Fgd
e be F̃e with the sum restricted to Πω \ Bin

ω .

Lemma 13.18 (The filtered first passage). Let ω ≥ 12500000.

(1) The lists of Bin
ω have total mass at most (11

16)Hpk
ι + 2161

2127 + 148
ω .

(2) Let e be black with gap(e) = ω ≥ 234, n ∈ N, B > n and d ≥ B + Hpk
ι real, Z ⊆ Z with

pairwise distances at least d, and U = {ζ + i : ζ ∈ Z, 0 ≤ i < n}. Then, with H = Hpk
ι ,∑

r∈U

∑
ℓ

Fgd
e (r, ℓ) ≤ qpack(B +H) + Γpk/4

d + 49
120 · (4qpack(B +H) + Γpk)(1 + (B +H)/d)√

ω
.

Proof. (1) By Lemma 12.5(2), the long final holds have mass at most (11
16)H . For c > 128,∑

o≤c

∑
r R(r − 1, ω + o − c) ≤ 1 + c

4 , and
∑

c>128 q(c)(1 + c
4) = 1282+7·128+8

4·2128 = 2161
2127 , by the closed

forms
∑

c>k q(c) = (k + 1)2−k and
∑

c>k c q(c) = (k2 + 3k + 4)2−k. For c ≤ 128 the rows lie in
[ω − 127, ω], and Lemma 13.11(1) and

∑
c c q(c) = 4 give 148/ω.

(2) We may assume n ≥ 1. A list counted on the left lies in a class Xω(c, o, r) with c ≤ 128,
r ≤ ⌊9ω/32⌋ and raw length in [r, r + H]; its raw length is its column, so r lies in V = {ζ ′ + i :
ζ ′ ∈ Z −H, 0 ≤ i < N}, N = n +H < B +H ≤ d. With M0, s, a as in the proof of Lemma 13.13,
Lemma 13.12(1) for c ≤ 16 and the trivial bound for 17 ≤ c ≤ 128 reduce the left side to rows,
and Lemma 13.11(4) (with f ≡ 1 for c ≥ 17) bounds the row of (c, o) by q(c)ϱ(µc,o,sN + rgc,o,s),
where ϱ = 49

120
√

ω
(1 + N−2

d ) + 1
4d , since (2(3l − 1))−1/2 ≤ 49

120
√

ω
for l ≥ ω − 127. Summing, the

left side is at most ϱ((4 − Sh
s )N + Dh

s ). By Lemma 13.12(2), Sh
s − 4 + 4qpack > 0 and Dh

s −
(H + 1)(Sh

s − 4 + 4qpack) < Γpk for both values of H (exact comparisons), so for N ≥ H + 1,
(4 − Sh

s )N + Dh
s ≤ 4qpackN + Γpk ≤ 4qpack(B +H) + Γpk. Expanding ϱ gives the claim. □
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Lemma 13.19 (Filtered mass of the anchor columns). Let p ∈ ∆ ∈ T be black with ω = gap(p) ≥
234, 0 ≤ i < rι, v = pi and S = Si. Then∑

r∈Kv,S

∑
ℓ

Fgd
p (r, ℓ) ≤

qpackCi + 127
40 (Hpk

ι qpack + Γpk/4)
Ai

+ 49
120 · (4qpack(Bi +Hpk

ι ) + Γpk)(1 + ri)√
ω

.

Proof. The range of i in the definition of Kv,S is an open interval of length 2Xd(v) + λW (v), so
Kv,S is a union of blocks of n < B := 2Xd(v) + λW (v) + 1 ≤ Bi consecutive integers starting at
points of pairwise distance greater than d = λAi (Lemma 13.8, with Ai > 0 by Lemma 13.15(2)).
As λ ≥ 5

16 , B +H ≤ Bi +H ≤ 5
16Ai ≤ d. Apply Lemma 13.18(2), and use (B +H)/λ ≤ Ci + 127

40 H

and (B +H)/(λAi) ≤ ri, as 1/λ < 127
40 . □

13.7. Stopped stages for the bootstrap index. For ι = b the trace factors of the last two
schedule intervals are replaced by the mass of stopped stages. From a black point, a stage follows
complete entries until either one departure from a point of gap at least 4096 has completed its
entry, or 5 departures from smaller gaps have. An entry from a gap of at least 4096 has paid mass
less than b∗ (Lemma 13.13, via (12.4)), every entry has paid mass at most 77

100 , and ( 77
100)5 < b∗, so

a stage has mass at most b∗.

Definition 13.20 (Stopped stages). For k ∈ N and 1 ≤ t ≤ 5 let nx(k, t;ω) = (k − 1, 5) if
ω ≥ 4096 or t = 1, and nx(k, t;ω) = (k, t − 1) otherwise. For black v define M0,t(v) = 1 and,
for k ≥ 1, Mk,t(v) =

∑
w∈E(v) q

v(w)Mnx(k,t;gap(v))(vw). For a complete path with trace times
u1 < · · · < uν define the stage end se0,t(i) = i and, for k ≥ 1, sek,t(i) = ∞ if i > ν and
sek,t(i) = senx(k,t;gap(yui ))(i + 1) otherwise; and put Zst

k (ō,b) = e
−z Rw(ō,b;usek,5(1)) if sek,5(1) ≤ ν,

and 0 otherwise.

Lemma 13.21 (Mass of stopped stages).
(1) For black v and k ∈ N, Mk,5(v) ≤ bk

∗.
(2) For ō ∈ P and L with j(ō) + L > J ,

∑
b∈BL q(b)Zst

k (ō,b) ≤ bk
∗.

(3) In the setting of Lemma 13.4, if every atom of S satisfies sek,5(1) ≤ ν and usek,5(1) ≤ Pι − 1
for its fresh path, the factor ( 77

100)k may be replaced by bk
∗.

Proof. (1) We show Mk,t ≤ max(b∗, ( 77
100)t)bk−1

∗ for k ≥ 1. If gap(v) ≥ 4096, then K1(v) ≤
S(v) =

∑
x F̃v(x) < b∗ by (12.4) and Lemma 13.13; otherwise K1(v) ≤ 77

100 (Proposition 12.15).
Induction on (k, t) in the lexicographic order gives the claim, and ( 77

100)5 = 2706784157
1010 < b∗. (2) As

in Lemma 12.16: the stage end indices shift with the trace times under the restart of Lemma 12.4,
so from a black origin the sum equals Mk,5(v) (induction on (k, t)), and from any origin it is at
most Br(ō) maxv Mk,5(v). (3) follows from (2) as Lemma 13.4 follows from Lemma 12.16. □

Lemma 13.22 (Stages are completed on schedule). Let ι = b and hst = 1024+Tb +1 = 1193, and
put t0 = p0 = 169 and ts+1 = max(ts +5hst, gb(ts +4hst)); then (t0, t1, t2) = (169, 503672, 63696221).
Let p,m, a be as in Lemma 13.3 with a /∈ Clr, let k ∈ {1, 2}, and suppose that a has no oversize hit
at a time u ≤ pk. Then sek,5(1) ≤ ν and usek,5(1) ≤ tk ≤ pk+1.

Proof. The values follow from p0 = 169, p1 = 15486, p2 = 514217, p3 = 63701994 (Lemma A.4),
gb(4941) = 4941+498562+169 and gb(508444) = 508444+63187608+169. If ui is a hit of gap less
than 4096 with ui +hst ≤ Pb −1, then a next trace time exists with ui+1 ≤ ui +hst: after 1024 holds
the path lies at least 4096 above yui , hence above l∗(yui) (Lemma 12.2(3)), and Lemma 13.3(1) gives
a hit in the next Tb+1 times. If the gap is at least 4096, ui ≤ pk and gb(ui) ≤ Pb−1, Lemma 13.3(2)
gives ui+1 ≤ gb(ui). By induction on s ≤ k, the sth stage ends at a trace time at most ts: within a
stage at most four small-gap steps occur before the last one, each adding at most hst, and the last
step adds at most hst or ends by gb of a time at most ts+4hst. The departures of the sth stage occur
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by time ts−1 + 4hst, which is at most pk because t0 + 4hst = 4941 ≤ p1 and t1 + 4hst = 508444 ≤ p2;
and t1 = 503672 ≤ p2, t2 = 63696221 ≤ p3 = Pb − 1. □

13.8. The assembly.

Definition 13.23 (Case 3 error). Put ei = ei(ι) and H = Hpk
ι , and

Πad
ι =

∑
i<rι

ei
qpackCi + 127

40 (Hqpack + Γpk/4)
Ai

,

Esq
ι = Ω−1/2

ι

( 49
120

∑
i<rι

ei
(
4qpack(Bi +H) + Γpk

)
(1 + ri) + 1

)
,

Ein
ι = 9

(25
27
)Xo

ι +
(11

16
)H

+ 2161
2127 + 148

Ωι
, Edv

ι = (yv
ι )−Xl

ι(0) + 2(bd
ι )−4Xd

ι (0),

Ecl
ι =

rι∑
i=0

ncl
i

P80(tcl
i )
,

where P80(t) =
∑

j≤80 t
j/j!, tcl

i = (1 − ycl
ι )(vcl

ι hι(pi) − 13
9 Si) > 0 and ncl

i = max(0,min(pi, Pι − 1 −
hι(pi)) − pi−1) (p−1 = −1). The Case 3 error is

Eι = Πad
ι + qmasserι + Esq

ι + Ein
ι + qmass(Edv

ι + Ecl
ι ).

Lemma 13.24 (Case 3 low-reward bound). Let p ∈ ∆ ∈ T, ω = gap(p) > sιm, m ≥ Dsc(ι),
j(p) +m = J and Pι ≤ J . Then ∑

a∈Lowp\Badp
m

P̃p(a)e−z Rwp
Pι−1(a) ≤ Eι.

Proof. By Lemma A.6(2), sιm ≥ Ωι, so ω ≥ Ωι ≥ max(234, 512Vι) (Lemma A.4). Rewards are
nonnegative, so all discounts lie in (0, 1]. Write X for the left side.

Filter. The part of X carried by F̃p − Fgd
p is at most (11

16)H + 2161
2127 + 148

Ωι
(Lemma 13.18(1)). For

the rest,
∑

x Fgd
p (x) < qmass (Lemma 13.13) and Fgd

p ≤ Fω.
Deviations. The atoms with l(x) −ω ≥ Xo or |j(x) −ω/4| ≥ ω/32 contribute at most 9(25

27)Xo +
(2ω)−1/2 (Lemma 13.16). Membership in Devfr ∪ Clr depends only on b, so these atoms contribute
at most qmass(Edv

ι + Ecl
ι ) (Lemmas 13.16 and 13.5).

The remaining atoms. Let L′ be the remaining atoms of positive mass. Split them into L′
A,

those with no oversize hit at a time u ≤ prι−1, and, for i < rι, L′
i, those whose first oversize hit

u0 has pi−1 < u0 ≤ pi. On L′
A, Lemma 13.3(3) with k = rι and Lemma 13.4 give the contribution

at most qmass( 77
100)rι = qmasserι if ι = o; if ι = b, Lemmas 13.22 (with k = 2) and 13.21(3) give

qmassb
2
∗ = qmasse3. An atom of L′

i lies in Bigp
pi,Si

and outside Devω,pi (as pi < Vι and the allowances
increase), and Lemma 13.15(1) gives the margin hypothesis of Lemma 13.17; so j(x) ∈ Kpi,Si . Its
fresh path has i + 1 trace times by time pi (Lemma 13.3(3)), and, for ι = b and i = 2, one stage
by time p2 (Lemma 13.22, k = 1). So Lemma 13.4 or Lemma 13.21(3), with D = Kpi,Si × Z, and
Lemma 13.19 bound the contribution of L′

i by ei times the bound of Lemma 13.19. Summing, and
using (2ω)−1/2 ≤ Ω−1/2

ι and ω−1/2 ≤ Ω−1/2
ι , gives X ≤ Eι. □

Lemma 13.25 (Outer horizontal tail). Let p ∈ P, ω ∈ N, and let m ≥ Dbad(ι) be an integer with
Pι ≤ J and ω log 2 ≤ m log 9. Then mAιPp,ω(Badp

m) < 1
8000 .

Proof. As in [9, proof of (7.54)], we split the advance between the first passage and the next Pι

holds. Badp
m is contained in {j(x) ≥ 158499

200000m} ∪ {j(ptPι
(b)) ≥ m

200000}, as 317
400 = 158500

200000 . Since
ω ≤ m log 9/ log 2 < 158497

50000 m, on the first event j(x) −ω/4 ≥ u = m/100000 > 2, and Lemma 10.14
bounds its mass by 4e−u2/(2(ω−4)) + 2e−u/256 ≤ 6e−m/236 (or by 4e−u/256 if ω ≤ 5), because
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25600000 < 236 and 2(ω − 4) · 1010 < 63398800000m ≤ 236m. On the second, Lemma 10.9(3),
applied through (13.1) with threshold 10 ⌈m/200000⌉, gives ePι/2−m/3200000. Now m ≥ Dbad(ι) =
221(Pι + 64), so Pι/2 ≤ m/222 − 32, and m ≥ 243 by Lemma A.6(1). With x = m/243 ≥ 1,
logm < 43 + x − 1, so Aι logm ≤ 5

2 logm < 105 + 5
2x ≤ 128x − 13 = m/236 − 13; hence

mAι6e−m/236
< 6e−13 < e−10, and mAιePι/2−m/3200000 < em/236+m/222−32−m/3200000 < e−32, as

2−36 + 2−22 < 1
3200000 . Finally e10 > 2e9 > 16000 (Lemma A.1(4)), so the sum is less than

2e−10 < 1
8000 . □

Lemma 13.26 (Case 3 of the descent step). Let m be an integer with D∗(ι) ≤ m ≤ J , let p ∈ P
with j(p) +m = J , and suppose p ∈ ∆ ∈ T with gap(p) > sιm. Then Q(p) ≤ m−AιQm−1.

Proof. We follow [9, (7.52)–(7.56)], with 317
400m in place of 0.9m and an explicit error budget. Write

A = Aι and ω = gap(p). By Lemma A.6(2), Pι ≤ m ≤ J . The right-end bound (9.2) and the
membership of p give ω log 2 ≤ S∆ − (j(p) − j∆) log 9 < (J − j(p)) log 9 = m log 9.

Lemma 13.9 with L = Pι gives Q(p) ≤
∑

a P̃p(a)e−z Rwp
Pι−1(a)Q(yp

Pι
(a)). For an atom of positive

mass, Adv(a) = j(yp
Pι

(a)) − j(p) ≥ 1 and j(yp
Pι

(a)) +m = J + Adv(a), so the boundary reduction
(Lemma 11.16(1)) gives Q(yp

Pι
(a)) ≤ max(m−Adv(a), 1)−AQm−1. This factor is at most mA ·m−A;

outside Badp
m, m− Adv(a) > 83

400m, so it is less than (400/83)Am−A < ccont(ι)m−A (Lemma A.9);
outside Lowp as well, e−z Rw(400/83)A < e−zTι(400/83)A < 1/PW (ι) (Lemma A.9). Let t, b and l

be the P̃p-masses of all atoms, of Badp
m and of Lowp \ Badp

m, and X the left side of Lemma 13.24;
so t < qmass (Lemma 13.13) and X ≤ l. With c = ccont(ι) and w = 1/PW (ι) ∈ (0, 1),

Q(p) ≤ m−AQm−1
(
mAb+ cX + w(t− b− l)

)
≤ m−AQm−1

(
mAb+ qmassw + (c− w)X

)
.

Since P̃p ≤ Pp,ω, Lemma 13.25 gives mAb < 1
8000 , and Lemma 13.24 gives X ≤ Eι. So the bracket

is less than
1

8000 + qmass
PW (ι) +

(
ccont(ι) − 1

PW (ι)
)
Eι,

which is at most the error budget (A.2), less than 1 by Lemma A.9(3). □

14. The white and near-top cases and the Fourier bound

This section proves Cases 1 and 2 of the descent step (Section 11) for each index ι ∈ {o, b}:
the boundary point p for m is white, or black with gap(p) ≤ sιm. With Case 3 (Lemma 13.26)
this gives the descent step beyond the threshold D∗(ι), from which (4.2) follows. As in Section 13,
Qm is formed with an exponent A stated in each lemma, and χ = 63

2500 and z are the constants of
Appendix A.1.

14.1. Envelope factors. To average the bound of Lemma 11.16(1) over the hold law, we dominate
max(m− r, 1)−A by m−A times the envelope factor etmr (compare [9, (7.42)]), whose average is an
exponential moment; here, for an integer m ≥ 1 and A ≥ 0,

tm = 4A(1 + logm)
m

. (14.1)

Lemma 14.1 (Envelope bound). Let 0 ≤ A ≤ 5
2 , and let m ≥ 2 and r ≥ 1 be integers. Then

max(m− r, 1)−A ≤ m−Aetmr, (14.2)

and (m− r)−A ≤ m−Ae2Ar/m if 2r ≤ m. If m ≥ 240, then tm ≤ χ/32 ≤ 1/1024 and∑
r≥1

ν45(r) max(m− r, 1)−A ≤ M45(tm)m−A ≤ eχ/2m−A. (14.3)
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Proof. If 2r ≤ m, then (1 − r/m)(1 + 2r/m) ≥ 1 gives (m− r)−A ≤ m−Ae2Ar/m, and 2A/m ≤ tm.
If 2r > m, then max(m − r, 1)−A ≤ 1 = m−AeA log m and A logm ≤ tmr. If m ≥ 240, then
logm ≤

√
m gives tm ≤ 8A/

√
m ≤ χ/32, because (256A/χ)2 ≤ (256 · 5

2 · 2500
63 )2 < 230; and

χ/32 < 1/1024. Summing (14.2) against ν45 gives the first inequality of (14.3), and Lemma 10.8(2)
gives M45(tm) ≤ e13tm/4 ≤ eχ/2. □

14.2. The white case. At a white boundary point the closing letter at p carries the factor e−z,
which outweighs the cost eχ/2 of averaging the envelope factor over one hold.

Lemma 14.2 (White boundary points). Let 0 ≤ A ≤ 5
2 , let m ≥ 240 be an integer, and let p ∈ P

be white with j(p) +m = J . Then

Q(p) ≤ e−z+χ/2m−AQm−1 ≤ m−AQm−1.

Proof. We follow [9, (7.43)]. The second inequality holds as χ/2 = 63
5000 < z. By Lemma 11.12(3)

and w(p) = e−z, Q(p) ≤ e−z ∑
y η(y)Q(p+y). Every y ∈ P has j(y) ≥ 1 and j(p+y)+m = J+j(y),

so Lemma 11.16(1) gives Q(p+ y) ≤ max(m− j(y), 1)−AQm−1. Grouping by r = j(y) with (10.2)
and using (14.3) gives the claim. □

14.3. The near-top case. Tao’s Case 2 halts the hold walk at its first passage over the top edge
and uses the reward of the exit points. We instead continue Q through the paid first passage and
one further hold. The first passage then has mass less than qmass at large gaps and at most 1−dpass
at every gap, while its horizontal advance is about ω/4 ≤ sιm/4; so the loss (m/(m − advance))A

of the boundary reduction is paid by the mass.

Lemma 14.3 (Black boundary points near the top). Let ι ∈ {o,b}, let 0 ≤ A ≤ Aι, let m ≥ 242

be an integer, and let p be black with j(p) +m = J and ω = gap(p) ≤ sιm. Then

Q(p) ≤ 1999
2000m

−AQm−1.

Proof. Lemma 13.9 with L = 1 gives Q(p) ≤
∑

a P̃p(a)Q(yp
1(a)). For an atom a = (x,b) of positive

mass put R = j(x) ≥ 1 and U = j(pt(b1)) ≥ 1; then j(yp
1(a))+m = J+R+U , and Lemma 11.16(1)

gives Q(p) ≤ m−AQm−1Z with

Z =
∑

a

P̃p(a)θ(a)A, θ(a) = m

max(m−R− U, 1) ∈ [1,m].

Put u = m/4096 and let G be the set of atoms with R ≤ ω/4 + u and U ≤ u.
The exceptional atoms. By (13.1), the horizontal tail of the first passage (Lemma 10.14, with

u ≥ 2) bounds the Pp,ω-mass of {R > ω/4+u} by 4e−u/256 if ω ≤ 5 and by 4e−u2/(2(ω−4)) +2e−u/256

otherwise; as 2(ω − 4) ≤ 4m, both are at most 6e−m/226 . The mass of {U > u} is (11
16)⌊u⌋ ≤

16
11e

−5u/16 < 2e−m/226 . As P̃p ≤ Pp,ω and θA ≤ m3 (Aι < 3), the contribution of the complement of
G to Z is less than 8m3e−m/226 . With x = m/242 ≥ 1, em/226 = e215xe215x ≥ 232768 · (215x)3

6 , so this
is less than 6 · 2129−45−32768 < 2−100.

Large gaps. On G, R + U ≤ ω/4 + m/2048 ≤ ( sι
4 + 1

2048)m, so θ(a) ≤ 2048/(2047 − 512sι). If
ω ≥ 234, the total mass of P̃p is

∑
x F̃p(x) < qmass = 38177

125000 (Lemma 13.13), and the contribution of
G is less than 999

1000 by Lemma A.7, since A ≤ Aι and θ ≥ 1.
Small gaps. If ω < 234, then ω/4 < 232 ≤ m/1024, so on G, R+ U < 3m

2048 and θ(a) < 2048
2045 . The

total mass of P̃p is at most 1 − dpass = 96338641
108 (Lemma 12.10), and the contribution of G is less

than 97
100 by Lemma A.7. In both cases Z < 999

1000 + 2−100 < 1999
2000 , and Qm−1 ≥ 0. □
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14.4. The descent step and the Fourier bound.

Proposition 14.4 (Descent). Let ι ∈ {o,b} and form Qm with A = Aι. For every integer m with
D∗(ι) ≤ m ≤ J , Qm ≤ Qm−1.

Proof. By Definition A.5, m ≥ Dsc(ι) and m ≥ Dbad(ι), which is at least 243 by Lemma A.6(1).
By Lemma 11.16(2) it suffices to prove Q(p) ≤ m−AιQm−1 for every p ∈ P with j(p) +m = J . Fix
such a point.

Case 1. p is white. Apply Lemma 14.2.
Otherwise p is black, because j(p) ≤ J , so it lies in some ∆ ∈ T by Proposition 9.13.
Case 2. gap(p) ≤ sιm. Apply Lemma 14.3 with A = Aι.
Case 3. gap(p) > sιm. Apply Lemma 13.26. □

Lemma 14.5 (An inverse moment of the first hold). For 1 < A ≤ 5
2 and every integer J ≥ 224,∑

r≥1 ν45(r) max(J − r, 1)−A ≤ (J − 7
2)−A.

Proof. Put t = 32A
31J ≤ 1

1024 . For r ≤ J/32, − log(1 − r/J) ≤ 32r
31J , so max(J − r, 1)−A ≤ J−Aetr,

and these terms sum to at most J−AM45(t) ≤ J−Ae104A/(31J) (Lemma 10.8(2)). The terms with
r > J/32 are at most (11

16)⌊J/32⌋ ≤ e−J/256, and J3e−J/256 < 1
8J for J ≥ 224, as log J ≤

√
J . Since

7
2 − 104

31 = 9
62 and 9A

62 > 1
8 , e104A/(31J) + 1

8J < e7A/(2J) ≤ (1 − 7
2J )−A. □

Theorem 14.6 (The Fourier bound). For each ι ∈ {o, b}, every integer n ≥ 1 and every frequency
ξ ∈ Gn prime to 3,

|µ̂n(ξ)| ≤
(DF (ι)

n

)Aι

.

This is (4.2).

Proof. Write A = Aι, D∗ = D∗(ι) and DF = DF (ι) = 2D∗ + 6, so 1 < A ≤ 5
2 and D∗ ≥ 243. If

n ≤ DF , then |µ̂n(ξ)| ≤ 1 ≤ (DF /n)A. Let n > DF , so J ≥ (n − 1)/2 > D∗ + 5
2 and J ≥ D∗ + 3.

Form Q and Qm for (n, ξ) with the exponent A. Then Qm ≤ (D∗ −1)A for 0 ≤ m ≤ J , by induction
on m: for m ≤ D∗ −1 by Lemma 11.15(1), and for m ≥ D∗ by Proposition 14.4. So Lemma 11.15(2)
with m = J gives Q(y) ≤ (D∗ − 1)AdJ(y)−A for every y ∈ P, where dJ(y) = max(J − j(y), 1). By
Proposition 11.13, grouping by r = j(y) with (10.2), and Lemma 14.5,

|µ̂n(ξ)| ≤
∑

y

η(y)Q(y) ≤ (D∗ − 1)A
∑
r≥1

ν45(r) max(J − r, 1)−A ≤
( D∗ − 1
J − 7/2

)A
.

Finally n ≤ 2J + 1 gives DF (J − 7
2) − n(D∗ − 1) ≥ (2D∗ + 6)(J − 7

2) − (2J + 1)(D∗ − 1) =
8(J −D∗) − 20 ≥ 4, so D∗−1

J−7/2 <
DF
n . □

15. Estimates for the first-crossing families

This section proves the facts about scales and first-crossing families used in Sections 5–8: the
growth of scales and levels (Lemma 15.1), prefix-disjointness (Lemma 15.2), the deficit of the
first block family (Lemma 15.8), the deficits of the first-crossing families at every shift and their
mask failure (Lemma 15.7), and the decay and the products of the deficits of the block families
(Lemmas 15.9 and 15.10).

15.1. Scales and levels. The deficit bounds need linear and geometric growth of the scales, the
selector needs δ29, and propagation needs the levels kj = ⌊δj/4⌋ to reach the mixing gate n0 = 280

of Proposition 4.1.

Lemma 15.1 (Scales and levels).
(1) For all i, j ∈ N, gjδi ≤ δi+j, δj ≥ 16544 + 166j and 16544gj ≤ δj < 16644gj. Moreover

δ29 = 22095.
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(2) For every j ∈ N, kj ≥ 212gj; for j ≥ 9853, kj ≥ max(n0, 212gj).

Proof. For (1), eδ = ⌈δ/100⌉ satisfies δ/100 ≤ eδ ≤ (δ + 99)/100, and eδ ≥ 166 for δ ≥ 16544.
Hence δm+1 ≥ gδm and δm+1 ≥ δm + 166 for every m, and induction gives the first two bounds and,
with δ0 = 16544, the lower bound 16544gj . For the upper bound, δj + 100 ≤ 16644gj by induction:
it is an equality at j = 0, and δj+1 + 100 ≤ δj + (δj + 99)/100 + 100 < g(δj + 100). Running the
integer recurrence 29 steps from 16544 gives δ29.

For (2), kj > δj/4 − 1 ≥ 4136gj − 1 ≥ 212gj as gj ≥ 1. The integer comparison 10170 > 2 · 10070

gives g70 > 2, so for j ≥ 9853 ≥ 70 · 140, 212gj ≥ 212g9800 > 2152 > n0. □

15.2. The line and the families. The transfer of Section 4 needs finite prefix-disjoint families;
the first lemma shows that the first-crossing families are such.

Lemma 15.2 (Structure of the families). Let δ ≥ 256, u and R ≥ 0 be integers. The line is
nondecreasing: Hδ,u(d) ≤ Hδ,u(d + 1) for integers d ≥ 0. The family FCu(δ,R) is finite and
prefix-disjoint, hence so is each of its subfamilies, in particular FC(δ,R) ⊆ FCrδ

(δ,R).

Proof. The line is nondecreasing since B0 and (d − δ)+ are nondecreasing and (δ − d)+ is nonin-
creasing in d. Words of FCu(δ,R) have length at most dhi

δ and letters at most maxd≤dhi
δ
Hδ,u(d)+R,

so the family is finite. Suppose w ∈ FCu(δ,R) of length d is a proper prefix of w′ ∈ FCu(δ,R).
Since dlo

δ < d < |w′|, the definition for w′ gives deg(w) = degd(w′) < Hδ,u(d), while the definition
for w gives deg(w) ≥ Hδ,u(d). □

All deficit estimates below rest on one decomposition of the random word W = (a1, a2, . . .) of
Section 3 and its partial degrees degi(W ). For integers δ ≥ 256 and u, provided degdlo

δ
(W ) <

Hδ,u(dlo
δ ) and some d with dlo

δ < d ≤ dhi
δ satisfies degd(W ) ≥ Hδ,u(d), call the least such d the first

crossing d̂ of W . Then for every R ∈ N and every length d, W≤d ∈ FCu(δ,R) if and only if d = d̂

and degd̂(W ) ≤ Hδ,u(d̂) +R.

Lemma 15.3 (Covering the deficit). Let δ ≥ 256, u, R ≥ 0 be integers, and let dlo
δ < d′ ≤ d′′ ≤ dhi

δ .
Let V consist of the words of FCu(δ,R) with length in [d′, d′′]. Then

1 − mass(V) ≤ P(degi(W ) ≥ Hδ,u(i) for some dlo
δ ≤ i < d′) + P(degd′′(W ) < Hδ,u(d′′)) + 2−(R+1).

Proof. We follow [7, proof of (3.6)]. As V is prefix-disjoint, the events that W begins with w ∈ V
are disjoint (Section 4), so mass(V) is the probability that some prefix of W lies in V. If neither of
the first two events occurs, the first crossing exists and lies in [d′, d′′], so W has a prefix in V unless
the event O occurs that degd̂(W ) > Hδ,u(d̂)+R. Fix dlo

δ < d ≤ dhi
δ and a word (a1, . . . , ad−1) whose

partial degrees at lengths dlo
δ , . . . , d − 1 lie below the line; its degree l satisfies l < Hδ,u(d − 1) ≤

Hδ,u(d) by Lemma 15.2. Given that W begins with this word, d̂ = d is the event ad ≥ Hδ,u(d)−l ≥ 1,
and O adds ad ≥ Hδ,u(d)−l+R+1. For the geometric law, P(a1 ≥ c+R+1) = 2−(R+1)P(a1 ≥ c) for
c ≥ 1. Summing over the disjoint pairs (d, prefix) gives P(O) = 2−(R+1)P(d̂ exists) ≤ 2−(R+1). □

15.3. Tail bounds for partial degrees. The two events of Lemma 15.3 are deviations of a partial
degree from twice its length. The sub-Gaussian form of the next lemma serves all scales; its exact
form, with an explicit tilt, gives the sharper bound needed for the first block (Lemma 15.8).

Lemma 15.4 (Maximal inequality). Let d ≥ 1 be an integer and x > 0 real.
(1) If 4x/(9d) ≤ 1/32, then

P
(

max
1≤i≤d

(degi(W ) − 2i) ≥ x
)

≤ e−2x2/(9d), P(degd(W ) − 2d ≤ −x) ≤ e−2x2/(9d).
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(2) If 0 < θ < 1, then

P
(

max
1≤i≤d

(degi(W ) − 2i) ≥ x
)

≤ (1 + θ)−x

(1 − θ2)d
, P(degd(W ) − 2d ≤ −x) ≤ (1 − θ)x

(1 − θ2)d
.

Proof. For 0 < y < 2 the geometric series gives Eya1−2 = 1/(y(2 − y)) ≥ 1. If y ≥ 1, the
process (ydegi(W )−2i)i≤d is therefore a nonnegative submartingale, and Doob’s maximal inequality
[2, Theorem 4.4.2] gives yxP(maxi≤d(degi(W ) − 2i) ≥ x) ≤ Eydegd(W )−2d = (y(2 − y))−d. If y ≤ 1,
Markov’s inequality gives P(degd(W ) − 2d ≤ −x) ≤ yx(y(2 − y))−d. Part (2) is the case y = 1 ± θ.
For (1) take y = e±t with t = 4x/(9d): then (y(2 − y))−1 = Mgeo(±t) ≤ e9t2/8 by Lemma 4.2, and
−tx+ 9dt2/8 = −2x2/(9d). □

15.4. Deficits of first-crossing families. Lemma 15.3 is applied to the block families through
central length ranges (Lemmas 15.5, 15.6 and 15.8) and to every shift 0 ≤ u ≤ 2rδ, as the terminal
extension needs (Lemma 15.7).
Lemma 15.5 (Central length ranges). Let δ ≥ 256, R ≥ 0 and y be integers with 1000 ≤ y ≤ δ/8,
and let Vy consist of the words of FCrδ

(δ,R) with length in [δ − y, δ + y]. Then

1 − mass(Vy) ≤ 2 exp
(
−2(207y/500)2

9(δ + y)
)

+ 2−(R+1).

Proof. Put x = 207y/500. Since y ≤ δ/8 < 3δ/5 − 1 ≤ ℓδ, Lemma 15.3 applies with d′ = δ − y,
d′′ = δ + y. The shift cancels: Hδ,rδ

(i) = 2δ + B0((i − δ)+) − B0((δ − i)+). If dlo
δ ≤ i < δ − y and

degi(W ) ≥ Hδ,rδ
(i), then

degi(W ) − 2i ≥ 2(δ − i) −B0(δ − i) > (2 − log2 3)(δ − i) − 1 > 83
200y − 1 ≥ x,

by B0(n) < n log2 3+1 (Section 5), 2− log2 3 > 83
200 (Lemma A.1(1)) and ( 83

200 − 207
500)y = y/1000 ≥ 1.

If degδ+y(W ) < Hδ,rδ
(δ + y) = 2δ + B0(y), then degδ+y(W ) − 2(δ + y) < B0(y) − 2y < 1 − (2 −

log2 3)y < −x. Also 4x/(9(δ + y)) ≤ 4·207
9·500·8 <

1
32 . Lemma 15.4(1) with d = δ + y bounds the two

events of Lemma 15.3 by e−2x2/(9(δ+y)) each. □

Lemma 15.6 (Deficit of the block families). Let δ ≥ 16544 and R ≥ 0 be integers. Then

1 − mass(FC(δ,R)) ≤ 2 exp
(
−529

106 (δ − 14)
)

+ 2δ−3/2 + 2−(R+1).

Proof. Put ysq =
⌈√

32δ ⌈log2 δ⌉
⌉
, ylin = ⌊δ/8⌋ and y = min(ysq, ylin). As ⌊3δ/5⌋ − 1 > δ/8 ≥ ylin,

y ≤ ℓcδ, so FC(δ,R) = Vℓc
δ

⊇ Vy in the notation of Lemma 15.5. Also ylin ≥ 2068 and y2
sq ≥

32·16544·15 > 10002, so 1000 ≤ y ≤ δ/8, and Lemma 15.5 gives 1−mass(FC(δ,R)) ≤ 2e−x+2−(R+1)

with x = cwy
2/(δ + y) and cw = 2(207/500)2/9 = 4761/125000.

Case ylin ≤ ysq. Then y = ylin ≥ (δ − 7)/8. As x increases with y > 0,

x ≥ cw
(δ − 7)2

8(9δ − 7) ≥ cw
72(δ − 14) = 529

106 (δ − 14),

since 9(δ − 7)2 − (δ − 14)(9δ − 7) = 7δ + 343 > 0.
Case ysq < ylin. Then δ + y ≤ 9δ/8 and y2 ≥ 32δ log2 δ, so x ≥ 256cw

9 log2 δ ≥ 3
2 log δ, because

256cw
9 = 16928

15625 >
3
2 · 347

500 >
3
2 log 2 (Lemma A.1(3)). Hence 2e−x ≤ 2δ−3/2. □

Lemma 15.7 (First-crossing families and the mask). Let δ ≥ 256, R ≥ 0 and 0 ≤ u ≤ 2rδ be
integers. Then

1 − mass(FCu(δ,R)) ≤ 2116δ−6 + 2−(R+1),

mass({w ∈ FCu(δ,R) : 2|w| > Hδ,u(|w|) + ⌊δ/8⌋}) ≤ 2113δ−6;
the words of the second set are those failing the mask (5.9) at scale δ and shift u.
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Proof. We follow [7, proofs of Proposition 5.2 and Lemma 5.1], with smaller constants. Apply
Lemma 15.3 with d′ = dlo

δ + 1, d′′ = dhi
δ . From δ − dlo

δ = dhi
δ − δ = ℓδ, the definition of rδ and

0 ≤ u ≤ 2rδ,
Hδ,u(dlo

δ ) ≥ 2dlo
δ + 2eδ, Hδ,u(dhi

δ ) ≤ 2dhi
δ − 2eδ.

So both events of Lemma 15.3 lie in {| degi(W ) − 2i| ≥ 2eδ} for i = dlo
δ and i = dhi

δ , respectively.
As eδ ≥ δ/100 and i ≤ 2δ, the exponent in (4.6) is at least δ/160000. The bound e−δ/160000 ≤
6! (δ/160000)−6 then gives 1−mass(FCu(δ,R)) ≤ 4 ·6! ·1600006δ−6 +2−(R+1), with 4 ·6! ·1600006 <
2116.

For the mask, let V be the set of failing words; it is prefix-disjoint. If w ∈ V has length d, its prefix
of length d−1 ≥ dlo

δ has degree at most Hδ,u(d−1)−1 ≤ Hδ,u(d)−1 ≤ 2d−⌊δ/8⌋−2, so degd−1(W )−
2(d−1) ≤ − ⌊δ/8⌋ ≤ −δ/16 if W begins with w. Hence mass(V) ≤

∑dhi
δ −1

i=dlo
δ

P(| degi(W )−2i| ≥ δ/16).
There are at most 2δ terms, each at most 2e−δ/16384 by (4.6), and e−δ/16384 ≤ 7! (δ/16384)−7 gives
mass(V) ≤ 4 · 7! · 163847δ−6 < 2113δ−6. □

The average at generation j0 (Section 6) needs the first block family far more precisely than
Lemma 15.6 gives; the exact tilts of Lemma 15.4(2) provide it.

Lemma 15.8 (The first block family). 1 − mass(FC(δ0, R0)) < 1/20000000.

Proof. Here δ = δ0 = 16544 and R0 = 29, so ℓδ = 9926, dlo
δ = 6618 and ⌈log2 δ⌉ = 15; as

28172 < 32 · 16544 · 15 ≤ 28182, ℓcδ = 2818, and FC(δ, 29) consists of the words of FCrδ
(δ, 29) with

length in [13726, 19362]. Apply Lemma 15.3 with d′ = 13726 and d′′ = 19362; the shift cancels as
in the proof of Lemma 15.5.

If 6618 ≤ i < 13726 and degi(W ) ≥ Hδ,rδ
(i), then m = δ − i ≥ 2819 and degi(W ) − 2i ≥

2m−B0(m) > 83
200m− 1 > 1168, so the integer degi(W ) − 2i is at least 1169. Lemma 15.4(2) with

d = 13725 and θ = 1
24 , and 1 + s ≤ es, bound the first event of Lemma 15.3 by(24

25
)1169(576

575
)13725

≤ exp
(
−1169

25 + 13725
575

)
= e−13162/575 < e−22.

If deg19362(W ) < Hδ,rδ
(19362) = 2δ + B0(2818), then deg19362(W ) − 2 · 19362 ≤ B0(2818) − 5637,

and B0(2818)−5636 < 1− 83
200 ·2818 < −1168, so deg19362(W )−2 ·19362 ≤ −1170. Lemma 15.4(2)

with d = 19362 and θ = 1
32 bounds the second event by(31

32
)1170(1024

1023
)19362

≤ exp
(
−1170

32 + 19362
1023

)
= e−96221/5456 < e−35/2.

By Lemma A.1(4) with k = 60 and k = 50, e22 > 3·109 and e35/2 > 39·106, and 1
3·109 + 1

39·106 +2−30 =
2200586851

81788928000000000 <
1

20000000 . □

15.5. Deficits along the scale sequence. At the scales δj , Lemma 15.6 gives the decay of the
block deficits used for propagation and the lower bound on products of block masses used in
Lemma 6.6. The cap terms satisfy

2−(Rj+1) ≤ 2−292−j/56 (j ∈ N), (15.1)
since Rj + 1 = 30 + ⌊j/56⌋ ≥ 29 + (j + 1)/56.

Lemma 15.9 (Decay of the block deficits). For every j ∈ N, 1 − mass(FC(δj , Rj)) ≤ 1
2g

−3j/2 +
2−292−j/56.

Proof. Put c = 529/106. By Lemma 15.1, δj − 14 ≥ 16530 + 166j, and 166c > 3
200 ≥ 3

2 log g as
log g < 1

100 ; with e16530c ≥ 1 + 16530c > 8 this gives 2e−c(δj−14) ≤ 1
4g

−3j/2. Also δj ≥ 16544gj gives
2δ−3/2

j ≤ 2 · 16544−3/2g−3j/2 ≤ 1
4g

−3j/2. Lemma 15.6 and (15.1) conclude. □
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Lemma 15.10 (Products of block masses). For all integers 0 ≤ j1 ≤ j2,∏
j1≤j<j2

mass(FC(δj , Rj)) > 199
200 .

Proof. All factors lie in [0, 1] (Lemma 15.2), so the product is at least 1−
∑

j≥0(1−mass(FC(δj , Rj))).
We bound the three sums arising from Lemma 15.6. With c = 529/106, δj − 14 ≥ 16530 + 166j
gives

∑
j 2e−c(δj−14) ≤ 2e−16530c/(1 − e−166c), where 1 − e−166c ≥ 166c − (166c)2/2 > 83

1000 and
e16530c > 6275 (Lemma A.1(4) with k = 40). Next δj ≥ 16544gj , 165443 ≥ 21270002 and 1 −
g−3/2 ≥ 1 − g−1 = 1

101 give
∑

j 2δ−3/2
j ≤ 202

2127000 . Each value of ⌊j/56⌋ occurs 56 times, so∑
j 2−(Rj+1) ≤ 56 · 2−29. Finally

2
6275 · 1000

83 + 202
2127000 + 56

229 <
1

200 . □

16. Sources and the histogram estimate

This section proves the spread of the sources (Lemma 16.1), used in Lemmas 6.10 and 6.8, and
the histogram estimate (5.8) (Proposition 16.5) used in Section 6. The arguments are those of [7,
proof of Proposition 3.1], made explicit.

16.1. Sources.

Lemma 16.1 (Spread of the sources). Let t ≥ 1616544 be odd and j ∈ N. For all w,w′ ∈ Lj,

sw′ ≤ 2RΣsw.

Proof. Multiplying the bounds of Lemma 5.3 over i < j, starting from sw<0 = sw′
<0

= t, gives
sw ≥ t

∏
i<j

1
4(4/3)δi and sw′ ≤ t

∏
i<j 2Ri+1(4/3)δi . Divide. □

16.2. Offsets of selected words. The selector pins down the offset of every selected word of at
least 29 blocks; this places the sources of the words of one length and degree in a short interval
(Lemma 16.3).

Lemma 16.2 (Offsets of selected words). Let j ≥ 29 and w = v0 · · · vj−1 ∈ L̄j. Then 0 < off(w) ≤
3
4 + 2−8.

Proof. For 29 ≤ i ≤ j put oi = off(vi · · · vj−1), so oj = 0 and oi = off(vi) + wt(vi)oi+1 ≥ 0 for i < j

by (3.2). By Lemma 5.2, off(vi) < 2δi and wt(vi) < 16−eδi . If oi+1 ≤ 2δi+1+1, then, as eδi
≥ 1 and

δi+1 = δi + eδi
,

oi ≤ 2δi + 16−eδi · 2δi+eδi
+1 = 2δi + 2δi+1−3eδi ≤ 2δi+1.

Downward induction from i = j gives 0 ≤ o29 ≤ 2δ29+1. By (3.2),

off(w) = off(v0) +
∑

0<i<29
wt(w<i) off(vi) + wt(w<29)o29,

with all terms nonnegative and the first positive. Since
∑

l<i eδl
= δi − δ0 ≥ 166i (Lemma 15.1),

wt(w<i) < 16−166i. With (5.5), the middle sum is at most
∑

i≥1 2600−664i < 2−63, and, as δ29 −δ0 =
5551, the last term is less than 16−5551222096 = 2−108. Hence off(w) < 3

4 + 2−62. □
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16.3. The histogram estimate. The histogram estimate (5.8) follows from a uniform bound on
the histogram of Lj = Lj(t) at level q, defined for a positive odd integer t, integers j, q ≥ 0 and
y ∈ Gq by

Ξj,q(t; y) =
∑

w∈Lj

[sw]q=y

wt(w).

It is bounded by splitting according to the length and the degree of w. Words with the same
pair share their weight, their sources are distinct, and by Lemma 16.2 those sources lie in a short
interval.

Lemma 16.3 (Words of one length and degree). Let t be a positive odd integer, j ≥ 9853, 0 ≤ q ≤
2δj, y ∈ Gq, and d, l ∈ Z. Then

3q
∑

w∈Lj , |w|=d, deg(w)=l
[sw]q=y

wt(w) < 97
128 .

Proof. All words w in the sum have the same weight wt(w) = 3d · 2−l, and t = wt(w)sw + off(w)
by (3.1). Lemma 16.2 places sw = (t − off(w))/wt(w) in an interval of length (3

4 + 2−8) wt(w)−1.
A word valid at t is determined by its length and its source (proof of Lemma 3.3), so the sources
in the sum are distinct integers congruent to y modulo 3q in this interval; there are at most
(3

4 + 2−8) wt(w)−13−q + 1 of them. The left side is therefore at most 3
4 + 2−8 + 3q wt(w).

By Lemma 5.2, wt(vi) < 16−eδi for every block vi of w, and
∑

i<j eδi
= δj − δ0, so wt(w) <

1616544−δj . With 3q ≤ 9δj and 16 · 95 < 165,

3q wt(w) < 266176(9/16)δj ≤ 266176−4⌊δj/5⌋ ≤ 2−1255536,

using δj ≥ 16544 + 166 · 9853 = 1652142 (Lemma 15.1). Since 3
4 + 2−8 + 2−8 = 97

128 , the lemma
follows. □

Lemma 16.4 (Lengths and degrees of words). Let t be a positive odd integer and j ≥ 9853.
(1) The lengths |w|, w ∈ Lj, take at most 2

∑
i<j ℓ

c
δi

+ 1 < 37170
√
j gj/2 values.

(2) For each length, the degrees deg(w), w ∈ Lj, take fewer than RΣ values.

Proof. For (1), every block vi of w has length in [δi − ℓcδi
, δi + ℓcδi

] by the length restriction, so |w| is
one of the 2

∑
i<j ℓ

c
δi

+ 1 integers within
∑

i<j ℓ
c
δi

of
∑

i<j δi. By Lemma 15.1, δi < 16644gi < 215gi,
so log2 δi < 15 + i/69 (as log2 g < 1/69), and for i < j, ⌈log2 δi⌉ < 16 + j/69 ≤ j/62 because
7j ≥ 68448. With 32 · 16644 · 104 ≤ 62 · 92692,

ℓcδi
<
√

32δi ⌈log2 δi⌉ + 1 < 9269
100

√
j gi/2 + 1 (i < j).

The integer comparison 100 · 4032 < 101 · 4012 gives g1/2 − 1 > 2/401, hence
∑

i<j g
i/2 < 401

2 gj/2.
The binomial theorem gives gj ≥

(j
4
)
100−4 ≥ 49j, as (j − 1)(j − 2)(j − 3) ≥ 24 · 49 · 108; thus

2j + 1 ≤ 3j ≤ 3
7
√
j gj/2, and

2
∑
i<j

ℓcδi
+ 1 <

(3716869
100 + 3

7
)√

j gj/2 < 37170
√
j gj/2.

For (2), the inequalities Hδ,rδ
(|v|) ≤ deg(v) ≤ Hδ,rδ

(|v|) +R for v ∈ FC(δ,R) and (5.2) give

2δ + (|v| − δ) log2 3 − 1 < deg(v) < 2δ + (|v| − δ) log2 3 + 1 +R.

Summing over the blocks vi ∈ FC(δi, Ri) of w, with
∑

i |vi| = d, places deg(w) in an open interval,
depending only on d, of integer length

∑
i<j(Ri + 2) < RΣ; it contains fewer than RΣ integers. □
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Proposition 16.5 (Histogram estimate). Let t be a positive odd integer, j ≥ 9853 and 0 ≤ q ≤ 2δj.
Then

3qΞj,q(t; y) < 344j5/2gj/2 (y ∈ Gq).
Consequently (5.8) holds for every f : Gq → R and every subset of Lj.
Proof. Split the sum defining Ξj,q(t; y) according to the pair (|w|, deg(w)). By Lemma 16.4 and
(5.1), fewer than 37170

√
j gj/2 · j2/82 pairs occur, and by Lemma 16.3 each contributes less than

97
1283−q; and 97·37170

128·82 = 1802745
5248 < 344. For (5.8), group a subset of Lj by the residue y = [sw]q; since

weights are nonnegative,∑
w

wt(w)|f(sw)| ≤
∑

y∈Gq

Ξj,q(t; y)|f(y)| ≤ max
y

(
3qΞj,q(t; y)

)
⟨|f |⟩q. □

Appendix A. Numerical constants and finite checks

This appendix defines the constants of the Fourier argument for both indices ι ∈ {o,b} and
records the finite computations behind the numerical claims. Apart from the standard values
stated in Lemma A.1, every claim is an exact computation: finite decimals denote exact rational
numbers, all integer arithmetic is exact, a ceiling ⌈x/y⌉ of a quotient of positive integers is evaluated
as ⌊(x+ y − 1)/y⌋, and a value written with “. . .” is a truncation shown for orientation only.
Lemma A.1 (Elementary bounds).

(1) log2 3 < 317/200.
(2) For real y ≥ 1 and integer N ≥ 1, with r = (y − 1)/(y + 1),

2
N−1∑
j=0

r2j+1

2j + 1 ≤ log y ≤ 2
N−1∑
j=0

r2j+1

2j + 1 + 2r2N+1

(2N + 1)(1 − r2) . (A.1)

(3) 693147180/109 < log 2 < 347/500 and log(4/3) > 287682/106.
(4) For real x ≥ 0 and k ∈ N,

∑k
j=0 x

j/j! ≤ ex. In particular e9 > 8000.
Proof. Parts (1) and (3), and the numerical claim in (4), follow from the standard values log2 3 =
1.58496 . . ., log 2 = 0.6931471805 . . ., log(4/3) = 0.2876820724 . . . and e9 = 8103.08 . . .. Part (2)
is the series log y = 2

∑
j≥0 r

2j+1/(2j + 1), valid as 0 ≤ r < 1 and (1 + r)/(1 − r) = y; its tail
after N terms lies between 0 and 2

2N+1
∑

k≥0 r
2N+1+2k = 2r2N+1

(2N+1)(1−r2) . Part (4) holds because the
exponential series has nonnegative terms. □

A.1. The Fourier parameters and the threshold D∗. The Fourier bound (4.2) is proved twice
by one argument, for the original index o and the bootstrap index b; the two parameter sets differ
in the constants of Table 1. This subsection defines them, the trace schedule built from them and
the threshold D∗(ι) above which the descent step holds, and proves their numerical properties.
Definition A.2 (Fourier parameters). The constants common to both indices are

ε = 37037
106 , z = 133

3125 , κ = 3187
20000 , χ = 63

2500 , b∗ = 333407
106 , ℓcont = 157263

100000 .

The constants depending on ι are listed in Table 1, where Vι is defined in Definition A.3. The size
factors are

(K0(ι), . . . ,Krι(ι)) =
{

(4638, 1622, 1253, 971, 754, 587, 458, 359, 292, 230, 230), ι = o,
(718, 268, 1024, 230), ι = b.

Definition A.3 (Trace schedule). The schedule positions are p0 = p0(ι) and
pi+1 = pi + ⌈αιSi⌉ +Hι + Tι + 1, Si = Ki(ι)(pi + 1) (0 ≤ i < rι),

with Srι = Krι(ι)(prι + 1). Put Pι = prι + 1 and Vι = prι−1 + 1.
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Table 1. The constants of the two Fourier parameter sets.

quantity ι = o ι = b
exponent Aι; aι = Aι − 1

4
21193
10000 ; 18693

10000
17
10 ; 29

20
Case-2 split sι

3
2 2

reward bound Tι; first position p0(ι) = Tι + 1 192; 193 168; 169
schedule length rι 10 3
window height Hι; slope αι 10100; 113

1000 500; 3
25

event coefficients ei(ι), 0 ≤ i ≤ rι ( 77
100)i 1, 77

100 , b∗, b
2
∗

far-gap scale RΩ(ι) ⌈1231Vo/4⌉ 45Vb
far-gap threshold Ωι RΩ(o)2 RΩ(b)2

continuation factor ccont(ι) 14009206687631
500000000000

7245014059
500000000

prefactor bound: log2BF (ι) < 325.7939550288 88.1188851177

Lemma A.4 (The trace schedule). The positions are
i pi, ι = o pi, ι = b
0 193 169
1 112161 15486
2 20680179 514217
3 2948776479 63701994
4 326497388488
5 28144727892821
6 1895012673761891
7 99969498591645143
8 4155432147958923993
9 141268071302011590393

10 17140454471732661035095372255
so 218 ≤ Vι < Pι < 294 and Pι ≥ 222. Moreover

RΩ(o) = 43475248943194066943754, RΩ(b) = 23139810,
Ωo = 1890097270672696834631662319882702018199612516, Ωb = 535450806836100;

both Ωι are divisible by 6, and Ωι ≥ max(234, 512Vι).
Proof. The table is the recurrence evaluated in integer arithmetic; it gives Vι, Pι and RΩ(ι) (for
o, 1231Vo = 4 · 43475248943194066943753 + 2), and the bounds are integer comparisons. Finally
RΩ(ι) ≥ Vι ≥ 218 gives Ωι ≥ 218RΩ(ι) ≥ max(234, 512Vι). □

Definition A.5 (Thresholds). For ι ∈ {o, b} put
Dbad(ι) = 221(Pι + 64), Dsc(ι) = 2 + Pι + ⌈Ωι/sι⌉ , D∗(ι) = max(Dbad(ι), Dsc(ι)),

the Fourier threshold DF (ι) = 2D∗(ι) + 6, and BF (ι) = (15
2 DF (ι))Aι .

Case 3 of the descent step needs m ≥ Dbad(ι) for its bad advance and m ≥ Dsc(ι) for its horizon
Pι and its gaps ω > sιm ≥ Ωι (Section 13); the near-top case needs m ≥ 242.
Lemma A.6 (The thresholds).

(1) D∗(ι) = Dsc(ι) ≥ 247 and Dbad(ι) ≥ 243, with Dbad(o) < 2116, Dbad(b) = 133592900435968
and

Dsc(o) = 1260064847115131240228229351654462380561780602, Dsc(b) = 267725467120047.
Hence

DF (o) = 2520129694230262480456458703308924761123561210, DF (b) = 535450934240100.
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(2) Every real m ≥ Dsc(ι) satisfies Pι ≤ m and sιm ≥ Ωι.
(3) The prefactors satisfy

325.7939550287 < log2BF (o) < 325.7939550288, 88.1188851176 < log2BF (b) < 88.1188851177.

In particular BF (o) < 2349.

Proof. For (1), Ωι/sι is an integer, so Dsc(ι) = 2 + Pι + 2Ωι/3 for o and 2 + Pι + Ωι/2 for b; the
values and the comparisons are integer computations from Lemma A.4, and Dbad(ι) ≥ 221Pι ≥ 243.
Part (2) follows from Dsc(ι) ≥ Pι and Dsc(ι) ≥ Ωι/sι. For (3), write 15

2 DF (ι) = 2eu with e ∈ N
and 1 ≤ u < 2 (e = 153 for o, e = 51 for b). Then log2BF (ι) = Aι(e log 2 + log u)/ log 2, and (A.1)
with N = 80 for log 2 and log u, the lower bounds in the numerator and the upper bound for log 2
in the denominator (and conversely), gives rational enclosures of width below 10−20 that lie in the
stated intervals. □

The near-top case (Section 14) bounds the paid mass of a first passage over the top edge, times
an inverse power of the remaining distance to the horizon; it closes by four integer comparisons.

Lemma A.7 (Numerical facts for Case 2). The following integer comparisons hold:

(38177 · 1000)10000204821193 < (125000 · 999)10000127921193,

9633864110000204821193 < (97 · 106)10000204521193,

(38177 · 1000)10204817 < (125000 · 999)10102317, 9633864110204817 < (97 · 106)10204517.

Equivalently, with fι = (2047 − 512sι)/2048, that is fo = 1279
2048 and fb = 1023

2048 , and bs = 2045
2048 ,

38177
125000f

−Aι
ι <

999
1000 ,

96338641
108 b−Aι

s <
97
100 .

Proof. Raise the second set of inequalities to the power 10000 (for o) or 10 (for b) and clear
denominators. □

A.2. The error budget. This subsection defines the error budget (A.2) of Case 3 and shows that
it is less than 1 for both indices. It bounds the Case 3 error Eι of Definition 13.23 after rounding
each of its pieces upward.

Definition A.8 (Error budget). Put xW (ι) = zTι − Aιℓcont and PW (ι) =
∑20

j=0 xW (ι)j/j!. With
the notation of Definition 13.23, let Π+

ι be Πad
ι with each of its rι terms rounded up to a multiple

of 10−16, let Ecl,+
ι be Ecl

ι with each of its terms rounded up to a multiple of 10−24, and let Uo
ι , Uv

ι ,
Ud

ι be 9(25
27)Xo

ι , (yv
ι )−Xl

ι(0) and 2(bd
ι )−4Xd

ι (0) rounded up to multiples of 10−20. The error budget is

Bι = 1
8000 + qmass

PW (ι) +
(
ccont(ι) − 1

PW (ι)
)
E+

ι , (A.2)

where

E+
ι = Π+

ι + qmasserι(ι) + Esq
ι + Uo

ι +
(11

16
)Hpk

ι

+ 2161
2127 + 148

Ωι
+ qmass

(
Uv

ι + Ud
ι + Ecl,+

ι

)
≥ Eι.

In order, the terms of Bι pay for the bad advance, the paid mass outside the low-reward event,
and, through the continuation factor, the packing, the trace survival, the square-root deviations,
the overshoot deviation, the common initial exception, and the vertical and drift-free deviations
and the clearing of the paid mass.

Lemma A.9 (The budget closes). For both indices:
(1) (400/83)Aι < ccont(ι) and e−zTι(400/83)Aι < 1/PW (ι) < 1.
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(2) The rounded quantities are

Π+
o = 117855141445251

1016 , Π+
b = 172936863842033

1016 ,

Ecl,+
o = 25092942460067403877

1024 , Ecl,+
b = 12788

1024 ,

1020(Uo
o , U

v
o , U

d
o ) = (295143990568991, 13370061336019939, 6230745211954701),

1020(Uo
b , U

v
b , U

d
b ) = (743222777209534, 27986092430721741, 13539748627993287).

(3) 0.019300993707926 < 1 − Bo < 0.019300993707927 and 0.002435391461730 < 1 − Bb <
0.002435391461731. In particular Bι < 1.

Proof. For (1), raising to the power 10000 (for o) or 10 (for b) turns the first claim into an integer
comparison, for o

40021193 · 50000000000010000 < 8321193 · 1400920668763110000.

Lemma A.1(4) with k = 20 gives eℓcont ≥ 4.819306 . . . > 400/83 = 4.819277 . . ., so (400/83)Aι <

eAιℓcont ; and xW (o) = 4838645241
109 > 0, xW (b) = 4476609

106 > 0 give 1 < PW (ι) ≤ exW (ι), whence the
second claim. Part (2) is Definition 13.23 evaluated with Lemma A.4 in rational arithmetic; for
instance Uo

o is checked by 9 · 25194 · 1020 ≤ 295143990568991 · 27194 < 9 · 25194 · 1020 + 27194. In Ecl
ι

the counts ncl
rι

vanish, and all other terms except those with i ≤ 1 (for o) and i = 0 (for b) round
to 10−24. For (3), Bι is an explicit rational number; in it PW (o) = 126.298 . . ., Esq

o = 0.000686 . . .,
PW (b) = 87.935 . . . and Esq

b = 0.01726 . . ., and the stated bounds are rational comparisons. □

A.3. The joint-law tables. The average at generation 9853 (Section 6) bounds below the joint
law of the offset of the random word and the residue modulo 38 of the offset of its first eight letters
by exact integer tables, and combines it with Lemmas 15.8 and 15.10. This subsection records the
tables and the final comparison.

The offset grid is ξk = nk/512 for 0 ≤ k ≤ 6198, with nk = k for k ≤ 4096 and n4096+m =⌊
4096(65/64)m + 1

2

⌋
for 1 ≤ m ≤ 2102; it increases, and ξ384 = 3

4 . For y ≥ 0 let ix(y) be the
largest k ≤ 6198 with ξk ≤ y; put yk,a = (2aξk − 1)/3 and F−(x) = max(0, 1 − 7/(x+ 2)), a lower
bound for FD,0(0, x), every D, by Lemma 4.3. For a table T = (T(k))k≤6198 of integers let cT(k, a)
be 0 if yk,a < 0,

⌊
2−a

⌊
262F−(yk,a)

⌋⌋
if yk,a > ξ6198, and ⌊2−aT(ix(yk,a))⌋ otherwise. For tables

Yq(r, k), 1 ≤ q ≤ 8, r ∈ Gq, k ≤ 6198, and 1 ≤ a ≤ 60 let cjt
q (r, k, a) be 0 unless 3 | 2ar − 1 (with

0 ≤ r < 3q); otherwise it is cY0(k, a) if q = 1, and for q ≥ 2 it is
⌊
2−aYq−1(2ar−1

3 mod 3q−1, ix(yk,a))
⌋

if 0 ≤ yk,a ≤ ξ6198 and 0 otherwise.

Lemma A.10 (The joint-law tables). There are integer tables Y0, . . . , Y8 with

Y0(0) ≤ Y0(1) ≤ · · · ≤ Y0(6198) ≤
⌊
262F−(ξ6198)

⌋
, Y0(k) ≤ max

(⌊
262F−(ξk)

⌋
,

60∑
a=1

cY0(k, a)
)
,

Yq(r, k) ≤
60∑

a=1
cjt

q (r, k, a) (1 ≤ q ≤ 8), Y8(6275, 384) = 617014680840434.

Moreover, with m8 as in Lemma 6.6, 6561m8 − 13
15 − 2−28 > 0.0064.

Proof. The table Y0 is the stationary point, reached after 724 sweeps, of the iteration

Y
(0)

0 (k) =
⌊
262F−(ξk)

⌋
, Y

(s+1)
0 (k) = max

l≤k
max

(
Y

(s)
0 (l),

60∑
a=1

c
Y

(s)
0

(l, a)
)
;

its entries include Y0(384) = 997765252056324269 and Y0(6198) = 4611686018427359570, which is⌊
262F−(ξ6198)

⌋
. For q ≥ 1 the table Yq vanishes outside the reachable pairs: Y8 = {(6275, 384)},
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and Yq−1 consists of the pairs (2ar−1
3 mod 3q−1, ix(yk,a)) with (r, k) ∈ Yq, a ≤ 60, 3 | 2ar − 1

and 0 ≤ yk,a ≤ ξ6198. On Yq, Yq(r, k) is the sum in its defining inequality, computed for q =
1, . . . , 8 in turn. The sets Y8, . . . ,Y1 have 1, 26, 243, 1564, 5830, 9719, 8465, 4568 elements, of which
1, 16, 145, 907, 3502, 6076, 5504, 3043 carry a nonzero value. All quantities are integers: with p =
2ank − 512, yk,a < 0 means p < 0, yk,a > ξ6198 means p > 3n6198, ix(yk,a) is the largest k′

with 3nk′ ≤ p, and
⌊
262F−(x)

⌋
=
⌊
262(n− 2560)/(n+ 1024)

⌋
for x = n/512 ≥ 5. The defining

inequalities are checked entry by entry; how the tables are produced plays no role. The last claim
is a rational comparison; the difference is 0.006438 . . .. □

A.4. Reproducing the finite checks. Every finite claim above is an integer or rational compu-
tation that a reader can repeat in any language with exact integers, in the following order.

(1) Scales. Iterate δj+1 = δj + ⌈δj/100⌉ from 16544; this gives δ29.
(2) Fourier schedules and thresholds. For each index, iterate the schedule of Definition A.3 from

the constants of Table 1, then form RΩ(ι), Ωι, Dbad(ι), Dsc(ι), D∗(ι) and DF (ι); compare
with Lemmas A.4 and A.6.

(3) Logarithms. Evaluate the two sides of (A.1) with N = 80 as rationals for Lemma A.6(3),
and bound exponentials below by the partial sums of Lemma A.1(4).

(4) Budgets. Evaluate Definition 13.23 and (A.2) with the stated upward roundings at 10−16,
10−20 and 10−24, and compare 1 − Bι with the bounds of Lemma A.9.

(5) Powers. Check the integer comparisons of Lemmas A.7 and A.9(1) directly; the largest
involve integers of fewer than 600000 bits.

(6) Tables. Compute the grid, the stationary table Y0 and the tables Yq on the reachable sets
as described in the proof of Lemma A.10, then check every defining inequality.

Appendix B. Extracting tower bounds from Mazur’s constants

This appendix proves (1.1): Mazur’s theorem holds with (X0, c) = (DM , D−1
M ), where DM =

2222222173

. Mazur proves it with the density constant cM and cutoff XM defined in [7, Section 8];
we show 1/cM < DM and XM < DM , using only their arithmetic definitions, and neither modify
Mazur’s construction nor verify its analytic inputs.

Mazur’s quantities carry the subscript M: his E∗, T∗, R∗ − 1, g, P∗, Dsc, Dexp, D∗ and C of [7,
§8.1] are aM, TM, rM, gM, pM, Dsc,M, Dexp,M, D∗,M and CM, and his b, F , N , Nt, β(j), q, M , m, J ,
E(j), B, c and X0 of [7, (8.1)–(8.6)] are b0,M, FM, N∗,M, Nt,M, bj,M, q∗,M, MM, m∗,M, J∗,M, lj,M,
Bht,M, cM and XM. His density constant and cutoff play the roles of the internal density cint and
internal cutoff Xint. Symbols without the subscript keep their meaning here.

Write aM = 2170, TM = 64090 23aM , and
rM = 64090 24aM + 24586 2aM ,

pM = g◦rM
M (TM), gM(u) = u+ 10 · 298304(u+ 1)3 + 1 + TM.

For u ≥ TM, u3 < gM(u) < 2100000u3. Iterating the logarithmic inequality and summing the
geometric series gives

3rM < log2 pM < 3rM(log2 TM + 50000) < 4aM 3rM . (B.1)
The last inequality uses log2 64090 < 16 and aM > 50016.

Let CM = 2(640 · 6409 · D∗,M)6409 + 2 + 2481 be Mazur’s mixing constant, where D∗,M is the
maximum of his thresholds. By (B.1), log2 pM > 3rM > 24aM . His thresholds other than Dsc,M and
Dexp,M are less than 26aM+42 + 239pM < p2

M. The degree-nine term of Dsc,M is at most 2294921p9
M,

so p10
M ≤ Dsc,M < p10

M + 2294922p9
M < p11

M , and

log2Dexp,M = 8192 · 6409 23aM < 23aM+26 < 2rM < 3rM < log2 pM.
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Hence p10
M ≤ D∗,M < p11

M . As 640 · 6409 < 222 and 6409 · 11 < 217, it follows that 64090 log2 pM <
log2CM < 2 + 6409(22 + 11 log2 pM) < 217 log2 pM, and (B.1) gives

3rM < log2CM < 220aM 3rM , log2CM > 4 · 280 + 1000. (B.2)

Put b0,M = 280. The next parameters [7, (8.1)–(8.2)] are

FM = 2467b0,M·16b0,M(CM+1), N∗,M = 20000(⌈log2 FM⌉+64), Nt,M = 20000(⌈log2(21FM)⌉+96).

Since log2 FM = 547 + 4b0,M + log2(CM + 1),

20000 log2CM ≤ N∗,M < 40000 log2CM, Nt,M < 40000 log2CM.

The recurrence bj+1,M = bj,M + ⌊bj,M/100⌋ gives bj,M ≤ 280+j . Unfolding the definition [7, (8.3)–
(8.4)] of q∗,M yields

q∗,M =
⌊
bN∗,M,M/4

⌋
+

∑
i<N∗,M

(bi,M + ⌊3bi,M/5⌋) , N∗,M ≤ q∗,M ≤ (2N∗,M + 1)bN∗,M,M.

Consequently log2 q∗,M < 2N∗,M < 100000 log2CM. Write

MM = 42b0,M+1+3q∗,M
, log2 MM = 4b0,M + 2 + 2 · 3q∗,M , m∗,M =

⌊
(88MMCM)1/6

⌋
+ 1.

Then

1000 log2CM < log2 MM < 3 · 3q∗,M , m∗,M ≤ 100MMCM, log2m∗,M < 2 log2 MM. (B.3)

B.1. Mazur’s density constant. We bound the iterated logarithms of 1/cM. By [7, (8.6)], cM =
3/(256MM · 2m∗,M). Thus log2(1/cM) = m∗,M + log2 MM + 8 − log2 3 < 128MMCM. We obtain

log◦2
2 (1/cM) < 2 log2 MM, log◦3

2 (1/cM) < 2q∗,M,

log◦4
2 (1/cM) < 1 + log2 q∗,M < 100001 log2CM.

Here log2(2 log2 MM) < log2 6 + q∗,M log2 3 < 2q∗,M, since q∗,M ≥ N∗,M > 100. Taking another
logarithm and using (B.2) gives

log◦5
2 (1/cM) < log◦2

2 (CM) + 17 < rM log2 3 + 207. (B.4)

B.2. Mazur’s cutoff. We bound the iterated logarithms of XM in the same way. Mazur defines
[7, (8.4)–(8.6)]

J∗,M = max
(
N∗,M +Nt,M, 200(⌈log2m∗,M⌉ − 78)+, 20 · 109),

l0,M = 0, lj+1,M = lj,M + 17 + ⌊j/100⌋ + 2bj,M − ⌊19bj,M/12⌋ ,

Bht,M = lJ∗,M,M +
⌊
2bJ∗,M,M/3

⌋
,

and XM = 32(2Bht,MMM + 1). Equations (B.2)–(B.3) imply J∗,M < 1000 log2 MM. Using mono-
tonicity of j 7→ bj,M and the upper bound 2bj,M for the last two terms of the recurrence,

Bht,M ≤ 4(J∗,M + 17)2bJ∗,M,M,

log2Bht,M ≤ 82 + 2 log2(J∗,M + 17) + J∗,M < 4J∗,M < 4000 log2 MM.

For XM this gives

log2(XM) < 16 +Bht,M + log2 MM < 24096 log2 MM , log◦2
2 (XM) < 4096 log2 MM,

log◦3
2 (XM) < 12 + log◦2

2 (MM) < 2q∗,M.

The last inequality uses log2 MM < 3 · 3q∗,M , log2 3 < 8/5, and q∗,M > 100. Hence log◦4
2 (XM) <

100001 log2CM, and the same fifth-logarithm bound (B.4) holds for XM.
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B.3. Counting the iterated logarithms. It remains to count the logarithms. For either Y =
1/cM or Y = XM, the preceding bounds give

log◦5
2 (Y ) < 2rM + 207 < 24aM+17.

Indeed 2rM = 128180 24aM +49172 2aM , and 49172 2aM +207 < 2892 24aM , where 128180+2892 = 217.
Therefore

log◦6
2 (Y ) < 4aM + 17 = 2172 + 17 < 2173, log◦7

2 (Y ) < 173.
Since Y > MM and q∗,M > 100, the iterated logarithms log◦i

2 (Y ) with i ≤ 6 are positive, so
exponentiating seven times gives 1/cM < DM and XM < DM . A larger cutoff and a smaller density
constant preserve Mazur’s theorem, so it holds with the cutoff DM > XM and the density constant
1/DM < cM. This proves (1.1).

Appendix C. AxiomProver Lean certificate

This paper was written using human-AI collaboration with AxiomProver. AxiomProver is an
AI system for mathematical research through formal proof, currently under development at Axiom
Math.

The explicit positive lower density established in Theorem 1.3, which is the main result in
this paper, has been formalized with AxiomProver in Lean. The repository contains the formal
statements, proofs, and instructions for checking the certificate:

https://github.com/AxiomMath/CollatzPositiveDensity
The human-written challenge file gives the definitions and hypotheses. The solution proves the
stated targets. The repository reports successful verification with the Lean comparator.

Appendix D. AI declaration

This project was born out of our goal to formalize Mazur’s paper, with the intent of improving
the estimates. With this stated goal, AxiomProver autonomously produced the mathematics in this
paper and formalized it in Lean. Although this paper was written with AI assistance, the human
author is accountable for the statements and conclusions in the introduction, and summarized the
main argument in Section 2 to facilitate human understanding.
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