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EXPLICIT POSITIVE LOWER DENSITY FOR THE COLLATZ CONJECTURE

KENNY LAU

ABSTRACT. Lech Mazur proved that a positive proportion of integers n reach 1 under the Collatz
map in at most 10.46 logn steps. We give a quantitative refinement of his construction. For every

163
N, at least |_N/222 | odd positive integers n < N reach 1 within 10.46 logn ordinary steps and
3.4881logn accelerated steps. We also obtain results for paths that include any prescribed integer
t not divisible by 3. AxiomProver was used to obtain and formalize this result in Lean.

1. INTRODUCTION

For a positive integer n, define the Collatz map T'(n) with the rule

T(n) = n/2, n even
3n+1, nodd

Conjecture 1.1 (Collatz). Fvery positive integer n reaches 1 under finitely many iterations of T
For example, using the starting value 17 we obtain the orbit
17—-52—-26—+13—-+40—-20-10—-5—-16—-8—=4—=2— 1.

The Collatz map can be accelerated by focusing on only the odd values in an orbit. Given an
odd number n, the next step 3n + 1 is even, and then we keep dividing by 2 until we reach an odd
value. In other words, the next odd number in the orbit after n is

3n+1
S(n) := 5a
where a = orda(3n + 1) is the exponent in the highest power of 2 that divides 3n + 1. S here is
called the Syracuse map, or the accelerated Collatz map. For example, using the same starting
value 17, the accelerated orbit is now

1713 —>5—>1

which picks out precisely the odd numbers from the original unaccelerated orbit.
Our main result establishes an explicit positive density of starting values that reach 1, with
explicit control on number of steps:

163
Corollary 1.2. Let Dy = 22" Then, for every N, at least |[N/D 4| odd starting values n < N
reach 1 within [10.46logn| ordinary steps and |3.4881logn| accelerated steps.

We obtain this as a corollary of a more general theorem, which we also prove in this paper:

Theorem 1.3. Let t be a positive integer not divisible by 3, and let c(t) = t_25/11DA71. Then, for
every N, at least |c(t)N| odd starting values n < N reach t within |10.46 log(n/t)| ordinary steps
using the Collatz map and reach the odd part of t within |3.48811og(n/t)| accelerated steps using
the Syracuse map.

Remark 1.4. If t is additionally odd, i.e. ged(t,6) = 1, then we can replace “the odd part of ¢” with
just t.
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Remark 1.5. We require t to be not divisible by 3 because otherwise the only starting values that
reach t are 2¥¢, which has density 0.

As a corollary of the main result, we obtain a conditional theorem:

Corollary 1.6. If the Collatz conjecture holds for almost all positive integers, then it is universally
true. More precisely, if we have

y #{1 <n < X | Collatz is true for n} 1
im =
X—00 X ’

then the Collatz Conjecture is true.

Proof. Assume that almost all starting values reach 1. Now let ¢ be a starting value that does not
reach 1. If ¢ is divisible by 3, then after consecutive even steps followed by one odd step, ¢ will not
be divisible by 3. By the main theorem, a positive density of starting values reach ¢, which implies
they do not reach 1, and hence it is not true that almost all starting values reach 1. (]

We briefly describe some historical notes about the Collatz conjecture. Krasikov and Lagarias
[5] proved that at least X% integers below X reach 1, for sufficiently large X. Tao [9] proved
that, for any function f tending to infinity, for almost every starting value n, the Collatz orbit of
n eventually falls under f(n). Here “almost every” is in the sense of logarithmic density.

From Tao’s proof it follows that if ¢ is sufficiently large then a positive logarithmic density, namely
1 — Cpr(logt)~—“, of starting values eventually reach some value below t. We remark that using the
proofs in this paper, the constants can be determined explicitly, but this is out of the scope of this
paper. Then Mazur [7] proved:

Theorem 1.7. There exist Xo and ¢ > 0 with the property that for every X > Xg, at least cX
starting values n < X reach 1 within 10.46 logn steps.

The pair of constants (X, ¢) is not explicitly specified in Mazur’s proof, but Appendix B recon-
structs their values to be

2173
22
(Xo,0) = (Dar, D3} ), Dar = 2% . (L.1)

Mazur also proved [6] that, more generally, for any prescribed target ¢ with 3 1 ¢, a positive
proportion of integers eventually reach ¢, without a bound on the number of steps. Shaik [§],
building on Mazur’s construction, obtains a positive proportion reaching 1 within clogn steps for
every ¢ > 3/log(4/3) ~ 10.428.

The paper is organized as follows: Section 2 provides a summary of the main argument in
Sections 3-8. Then Sections 9-14 establishes a key Fourier bound, while Sections 15 and 16 provide
key estimates. Then Appendices A and B contain numerical computations, Appendix C produces
the formal Lean certificate, and Appendix D declares the Al usage in this paper.

2. OUTLINE OF THE PROOF

We provide a high-level overview of the argument in this paper. Recall that we require 3 1 ¢
(Remark 1.5). We now further assume that:

t is odd (H1)

We will explain the minor modification to the argument for even ¢ in Section 2.5.3.

2.1. Preliminaries. We outline some basic facts about the Collatz problem.
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2.1.1. The random model. Recall that the Syracuse map S, which is the accelerated Collatz map,
sends an odd number n to 3’;# where a = orda(3n+1). Given a random even number, there is a %
chance that it is exactly divisible by 2 once, then a % chance that it is exactly divisible by 2 twice,
and so on. Therefore, a can be modeled by a geometric random variable A where P(A =a) =27%.

The average value of a is

[e.9]

E(A) =) a27%=2.

a=1

2.1.2. The heuristic number of steps. Since the expected value of a is 2, heuristically the Syracuse

map is expected to send n to 3’5'2"1 ~ %n. This means that n should reach 1 in about

logy/3(n) ~ 3.476log n

accelerated steps using the Syracuse map. Since each Syracuse application with a corresponds to
a + 1 ordinary steps using the Collatz map, and the expected value of a is 2, this means that n
should reach 1 in about

(2 +1)logy/3(n) ~ 10.428logn
ordinary steps. More generally, if we want n to reach t instead, then heuristically that would take
3.476log 7 accelerated steps and 10.428log % ordinary steps.

2.2. First reduction: lower bound for total weight of words landing in a window. In
this section we explain the backward tree model and reduce the goal to obtaining a lower bound
for the total weight of the words that result in a starting value in the window [X, 32X).

2.2.1. Walking backwards. Instead of following the Syracuse map S forwards, we analyze the preim-
ages under S, in order to construct a large set of sources that will reach the given target t.
Suppose S(n') = n for some odd n and n’. We know that for some a € N5 we have

3n' +1
=0
which is equivalent to
, 2'n—1
n = .
3

This parametrizes the solutions n’ given n in terms of a, provided the expression gives an integer.
The set of valid solutions depends on the residue class of n modulo 6. If n = 1 (mod 6), then

the valid solutions are given by a = 2,4,6,---. For example,
S7Y(7) = {9,37,149, 597, 2389, - - - }.
If n =5 (mod 6), then the valid solutions are given by a =1, 3,5, ---. For example,

S1(11) = {7,29,117,469, 1877, - - - }.
Finally, if n =3 (mod 6) then there are no valid solutions.

2.2.2. Letters and words. Consider the Syracuse orbit 11 — 17 — 13 — 5 — 1. The values of a in
each step are (1,2,3,4). So if we want to start from the target 1 and describe the path backwards
to reach the source 11, we would write w = (4,3,2,1), which we call a word. Each component is
called a letter. The example word here has 4 letters.

As we have seen in Section 2.2.1, not all words correspond to valid integer-valued sources, but if
the resulting source is an integer, then all of the intermediate steps are integers (Remark 3.1).

2.2.3. Number of steps. Given a word w = (aq,--- ,aq), we define its degree to be
deg(w) :==ay + -+ + aq.

We also denote by |w]| the length of the word, which is d. The constructed source then takes |w|
accelerated steps to reach the target ¢, and |w| + deg(w) ordinary steps (Section 3).
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2.2.4. Weight. A backward step dictated by the letter a causes the value to be multiplied by ap-
proximately % As a result, if we go backwards through the whole word w, then the value will

be multiplied by approximately 3~1%l2dee(@)  For the example in Section 2.2.2, we verify that
11 ~ 374243+2+1 ~ 12.642. In fact this will always be an overestimate.
We now define the weight of a word w to be
wt(w) := 3|w|2_deg(w),
which is the reciprocal of the previous value, so that the source is approximately the target divided
by wt(w). We always have

wt(w) <

®w | <+

where t is the target and s is the source.

2.2.5. Window and reduction. To obtain the bound in the main theorem, we consider the window
[X,32X) and try to construct many sources that land in the window. If ¢ is not part of a cycle,
then two different words cannot produce the same source (Lemma 3.3), so the problem reduces to
a count of words. We record this constraint as an explicit hypothesis:

t is not part of a cycle. (H2)
Given the target t and a valid word w with source s € [X, 32X), we have wt(w) < £ < &, which
implies
X
Summing this over all valid words whose source lands in [X, 32X ), we obtain that the count of such
words is at least X/t times the total weight Sx(¢) of these words, which is (3.3).

Therefore, the main theorem reduces to obtaining an (explicit) constant lower bound of Sx(t),
with control over the lengths and degrees of the words, in view of Section 2.2.3.

2.3. A mixing lemma. In this section we explain an important lemma that relates to the stability
of the set of valid words across different lengths.

2.3.1. Residue and offset. Consider words of length 3, with target t. Say the word is (aq, a9, as).
This word is valid iff the source is an integer, where we recall the source is given by
2y 2227
3 pu—
3 27
Noting that 2 is invertible modulo any power of 3, we conclude that this is an integer iff
t=2"%427M792.3427UT®279 .9 (mod 27).

2 —1 gutaxtasy_ gartas _9a3.3_ 9

Generalizing this, we can define the offset off (w) of a word w = (a1, -+ ,aq) to be
off(w) ;=274 427072 .3 4 ... 4 9 u——adgd-l

so that w is valid iff ¢ = off(w) (mod 3/*!), which is Remark 3.1. Furthermore, given any ¢ € N,
we denote by off,(w) the residue of off(w) in Z/39Z.

2.3.2. Residue density. Recall our probabilistic model where each letter is modeled by a random
variable A with P(A = a) = 27%. We form random words W by combining independent letters. The
probability of a particular word being chosen is P(W = w) = 2~ 98®) 5o wt(w) = 3M*IP(W = w).

Consider the distribution of off4(W) € Z/39Z, i.e. the residue of the offset of a random word.
Define the residue density pq(y) := 3%P(off4(W) = y) for y € Z/3%Z. This value coincides with the
total weight of length-d words that are valid for ¢ (see (3.5)):

D Wt (W)  Lofryw)=t = P 3PW = w) - Logr,(w)=t = 3" P(offa(W) = t) = pa(t).

w
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2.3.3. Mizing. The residue density p; depends on d and could differ wildly across different d. How-
ever, we have a fine-scale mizing lemma, in the sense of Tao [9], which states that for large enough
d, the residue density pgq is, on average over residues, well approximated by p,, for much smaller m.
More precisely,
37 > 1pa(y) — pm(y mod 3™)| < 2%%m ™1 logm
y€e€Z/347

for any d > m > 289, and the same average is also at most 2369118693 Jog . The first bound has
the smaller constant and is used for the propagation estimate below, and the second has the larger
exponent and is used for the census inequality. They come from two Fourier bounds with different
parameters. This is Proposition 4.1, proved in Section 4.

2.4. Constructing a large family of words. Recall we need a constant lower bound of the total
weight Sx(t) of words whose source lands in [X,32X), so we need a controlled way to construct
many such words to satisfy this constraint.

2.4.1. Growing the family generation by generation. We construct a family L; of words generation
by generation (Section 5). Lg consists of only the empty word. At generation j, we take every word
in the previous generation, and extend it by every element of a yet to be constructed set FC(4;, R;).
We then keep the words w that are valid for the target ¢ and that additionally satisfy an unspecified
filter that among other things has the effect of forcing the inequality 0 < off (w) < %—1—2*8, whenever
j > 29.

We choose R; =29 + |j/56| explicitly, but leave ¢; undefined here except that dy = 16544 and
it behaves like 16544 - 1.017.

We now describe FC(d, R), the set of first crossings with average length § and allowed overshoot
R. For any word w = (aq,--- ,aq), draw the word-graph (i, deg;(w)) where deg,(w) :=a; +---+a;
is the partial degree. Then draw a straight line passing through (4,26) with slope log,(3) =~
1.585. Chop each word off at the first crossing of the line, and keep the words with length in
(6 —[36/5],0 + |36/5]] and overshoot < R. Note that by the first crossing construction, these
words are prefix-disjoint, meaning no word is a prefix of any other word. Recall that the average
value of a letter is 2, so almost all words eventually cross the line, and the expected place of crossing
is (0,20), so these words have expected length approximately ¢ and expected degree approximately
26.

2.4.2. Weighted density. We define the weighted density Z;(t) at generation j (Section 5) to be
Z)(t) = Y wh(w)pps (su)
'UJGLj

where s,, is the source of the word w from target ¢. Recall the residue density p represents how
well words can continue from s,,.

2.4.3. Terminal extension. We now construct a family L; x of words that will finally have sources
landing near X: take every word in L; and add every extension in FC¥™ (w,d;, R;) so that the
resulting word is valid, where FC'*™ is a slight modification of FC that among other things forces
the sources to be > X.

We will use a notion of X being reachable from j, which we do not define here (see Section 5),
but it roughly means that X is not far away from a typical source of words in L;.

2.4.4. Terminal weighted density. We then define the terminal weighted density Z;f’)r(m(t) to be
U)GL]‘,X

with a similar interpretation as the weighted density.
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2.5. Key estimates and the final proof. We now state several key estimates for the quantities
above that are proved in this paper (Section 6), and explain how they lead to a proof of the main
theorem.

2.5.1. Key estimates. The weighted density enjoys a propagation error bound from one generation
to the next. Precisely, for any j > 9853, Proposition 6.1 and Corollary 6.2 state that

1 Zj+1(t) — Z;(t)] < 0.007584 - 0.9909457 9853 4 2790 . . 995/ ~9853, (2.1)

As a consequence, the sum of all these errors from generation 9853 onwards is less than 6/7
(Lemma 6.3), so it suffices that the main term at that generation exceeds 6/7 by a margin.

We indeed have a large enough main term. Precisely, let jo := 9853 and dg := 5 - 2190, This dy
is enough to dominate the subscript of every p that appears in the definition of Z;;, so that Zj; is
periodic with period 3%. Because of the filter, the words of Lj, concentrate in one residue class
modulo 3%, so we average over that class. The estimate we need is that the average value of Zj, (1)

across the residues ¢t = 6275 (mod 3%) is greater than %, which is supplied by Proposition 6.7:
1 13
T > Zj,(t) > = (2.2)

teZ/3%7
t=6275 (mod 3%)

Now we bring X into the picture, and seek a large enough bound for X such that it is reachable
from some j that is large enough for the estimates below. Proposition 6.9 then tells us the following:

Let t > 206176 Then every X > 22352t is reachable from some j > 23000. (2.3)

This requires another hypothesis on t:

We now provide an estimate to connect the weighted density to the terminal weighted density.
Precisely, for 5 > 23000 and X reachable from j, according to Proposition 6.11,

| Z30 (1) — Z;(t)] < 217 0.9937. (2.4)

And finally an inequality to connect the terminal weighted density to the total weight: for any
j and any X reachable from j, (6.13) provides us with the bound

2 (t) < QTG (1) 4 2732, (2.5)

2.5.2. Final proof. We now combine the five estimates above. Firstly from the estimate on the
average weighted density (2.2), we know that there is some residue yo € Z/3%7Z with

13
7, —
Jo (yO) > 157
which leads to our final hypothesis on ¢:
t=yo (mod 3%) (H4)

Now following the reachability estimate (2.3), we let X > 22"t with j > 23000 so that X is
reachable from j. This lets us use the estimate on propagation error (2.1), which tells us that the
errors from generation jp onwards (Lemma 6.3) sum to less than g, so that we can obtain

Zi(t) > 278,
at which point the estimate on terminal weighted density (2.4) gives us
Z}-f}}m(t) >27%,
Now the inequality linking terminal weighted density with total weight (2.5) gives us
ﬁX(t) > 2_207t_14/11,
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which we can substitute back into the reduction in Section 2.2.5 to obtain the count we desired,
namely that

#{s € [X,32X) maps to t} > 27207t725/11X’

subject to the hypotheses (H1), (H2), (H3), (H4). This is Proposition 7.1.

2.5.3. Discharging the hypotheses: choosing a seed. Recall the hypotheses require that ¢ > 266176 jg
odd, t is not part of a cycle, and ¢ has a specific residue modulo 3%. We now describe the process
of removing those hypotheses, which mirrors Proposition 7.3. Starting with an arbitrary ¢ with
3 1t, we will obtain a seed t; that satisfies the hypotheses above, with some constraints between
the seed ¢; and the original target ¢.

The seed t; will be chosen from QG?;l, so that t; will reach ¢t with only one odd step at the
beginning, and the rest of the steps will be the even step where the value is divided by 2. This
discharges t; being odd (Hypothesis (H1)). If ¢ is odd, then ¢; will reach ¢ in one Syracuse step;
otherwise t; will still reach the odd part of ¢ in one Syracuse step.

Valid choices of a that make ¢; an integer will always be either all the even numbers or all the
odd numbers. By modular arithmetic, these choices of ¢; meet every residue class modulo any
power of 3 (Lemma 7.2). This discharges the residue requirement (Hypothesis (H4)).

The bound requirement (Hypothesis (H3)) is discharged by simply choosing a larger a, which
leaves us with the requirement that ¢; cannot be part of a cycle (Hypothesis (H2)), which is
discharged by choosing two potential candidates for ¢;. They both map to (the odd part of) ¢ in
one step under the Syracuse map, so they cannot both be part of a cycle.

The resulting seed t; can be bounded in terms of ¢ using Proposition 7.3, which says that

t1 < Dgt.

2.5.4. Final proof for general t. Using Section 2.5.2 for the seed t1, we deduce that for X > 22352751,
we have

#{s € [X,32X) maps to t1} > 27207751725/11)(.
Translating this back to ¢, using the bound ¢; < Dyt, gives us that for X > D 4t, we have

#{s € [X,32X) maps to t} > t_25/11D21X.

The exact version of this bound is Proposition 7.4. Note that there is some abuse of notation
here considering that D4 is a triple exponential and hence absorbs many smaller operations. This
also covers replacing X with 3%X to align with the main theorem counting numbers < X. For

X < Dyt the count {t_%/HDZlXJ in the main theorem is 0, so no lower bound on X is needed.

2.6. The bound for the number of steps. What remains is control on the length of the words
involved, as well as their degrees (Section 8). This follows from the construction since at each
generation we pick the words at their first crossing with the line, which puts constraints on their
expected lengths and degrees.

Recall that the heuristic number of steps is 3.476 log % accelerated steps and 10.428 log % ordinary
steps. The extra slack in the main theorem allows the bounds on step count to hold. We also use
the fact that the seed t; is chosen to reach (the odd part of) the target ¢ in one accelerated step,
which provides a simple bound for also the number of ordinary steps for this part.

3. WORDS AND RESIDUE DENSITIES

This section makes the objects of Section 2 precise: valid words, their weights and offsets, the
reduction to a lower bound for the total weight, and the residue density with its branch transfers.



8 KENNY LAU

A word w = (a1, ...,aq) is a finite sequence of positive integers, of length |w| = d. It describes a
walk backwards along the Syracuse map S: each letter a picks the preimage (2°n —1)/3 of n under
S, as in Section 2.2.1. Starting from a positive odd n, the inverse trajectory of w is

. 2(“.%,'_1 -1
B 3

The word is valid at n if all z; are positive odd integers. Then 3z; + 1 = 2%x;_ with z;_1 odd, so
S(x;) = x;—1: the Collatz map T takes x; to x;—1 in one step z — 3z + 1 followed by a; halvings.
Hence the source src(w, n) = x|, reaches n in [w| accelerated steps and |w|+deg(w) ordinary steps,
where

To =N, T; (1 <i<|wl|).

deg;(w) = a1 +---+a;,  deg(w) = deg,(w),

|w|

wt(w) = 3lvlg=des) - off () = 3 gi-Tg - desiw)
=1

are the partial degrees, the degree, the weight and the offset of w. Iterating z;—1 = (3x; + 1)/2%
gives the basic identity

n = wt(w) sre(w, n) + off (w), (3.1)
which defines src(w,n) = (n — off(w))/ wt(w) for every word. For a concatenation vw,
wt(vw) = wt(v) wt(w), off(vw) = off (v) + wt(v) off (w). (3.2)
For example, w = (3,2) at n = 5 gives 1 = 13 and 25 = 17, and indeed 3% 17+ 3—72 = 5.

Remark 3.1 (Validity is a congruence; cf. [7, Section 2], [9, Lemma 2.1]). A word w is valid at a
positive odd n if and only if n = off(w) (mod 3*!). Indeed 29¢&(*) off (w) is an integer, so validity
and (3.1) give the congruence. Conversely, if it holds then ), is an integer; the forward relations
put every x; in Z[1/2] and the backward relations put it in Z[1/3], so every z; is an integer, odd
because 2%z;_1 — 1 is odd, and positive.

3.1. Distinct sources and the reduction. To count sources through the weights of their words,
distinct words must have distinct sources; this holds unless the target lies on a cycle. A positive
odd integer y is S-periodic if S°(y) = y for some j > 1 (that is, y lies on a cycle of S), where f°F
denotes the k-fold iterate of a map f.

Lemma 3.2 (Periodic points). Let y,y’ be positive odd integers.
(1) If y and y' are S-periodic and S(y) = S(y'), theny =y'.
(2) Ify is not S-periodic, then for every positive odd n there is at most one r € N with S°"(n) =
Y.

Proof. For (1), let S%(y) =y and S°'(y') = 3/ with j,5' > 1; then r = jj/ satisfies S (y) = y and
S°(y') = o/, so y = S°UTV(S(y)) = SUTN(S(y)) = . For (2), if S (n) = y = S (n) with
r <1/, then S°0"~7) (y) =v. O

Lemma 3.3 (Distinct sources). Let n be a positive odd integer that is not S-periodic. Then distinct
words valid at n have distinct sources.

Proof. Let w be valid at n with source s. Reading its inverse trajectory backwards from s, the value
before a value 2’ is (32 +1)/2%, where a is the letter between them, and this is an odd integer only
for a = orda(3z" 4+ 1), where ord,(y) is the exponent of the prime p in y. So |w| and s determine w,
and S°%|(s) = n. By Lemma 3.2(2), s determines |w|. O
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For real X > 0 and a positive odd n, let Sx(n) be the total weight of the words valid at n whose
source lies in [X,32X). If n is not S-periodic, these sources are distinct by Lemma 3.3, and each
such word has wt(w) < n/src(w,n) < n/X by (3.1), since off (w) > 0. Hence

#{src(w,n) : w valid at n, src(w,n) € [X,32X)} > %,@’X(n). (3.3)

3.2. The random model and the residue density. By Remark 3.1, the total weight of the
words of length d valid at n depends only on n modulo 3%; the random model computes it as a
function on residues. Write Gq = Z/3%7Z, call d its level, and write [z]q € G4 for the reduction of
x € Z[1/2]; a function on G4 is evaluated at such = through [z];. Take independent letters with
P(a; = a) = 27% for a > 1, and call W the resulting random word; a word w occurs as a prefix of
W with probability 2~ 98 Let the offset law 1q be the probability mass function on G4 of the
offset residue [off(W<4)]q4 of the first d letters, and put the residue density

pa(y) = 3naly). (3.4)

Write (f)q = 379 >oyec, f(y) for f:Gqg — C, and pry,, : G4 = Gy (m < d) for reduction; then
(foprgm)d = (f)m and (pg)qa = 1. Reduction modulo 3™ sends pq to pm (projectivity). For d > 1
the law lives on units, since off(W<4) =27 (mod 3). By Remark 3.1,

Z wt(w) 1w valid at n] = pg(n), (3.5)
|w|=d
where 1[E] is 1 if the statement E holds and 0 otherwise.

To average quantities such as pg(src(w,n)) over the residue of n, we transport functions along
words as in [7, Section 2. For a word w, the map oy, : Gk — Gpyjuw|, Ow(y) = wt(w)y + off (w), is
well-defined and injective, since its linear coefficient is 3/%! times a unit. For f on Gy, the branch
transfer Ty f on Gy equals wt(w)f(y) at 0w (y) and zero off the image. By [7, Lemma 2.1],

(Tl kot =27 ¥ Py (T D) = 27 ¥ f D (3.6)

For positive odd n, Remark 3.1 and injectivity of o,, give

(Twf)(n) = {

wt(w) f(sre(w,n)), w valid at n,
. (3.7)
0, otherwise.

By (3.2), Twpx is 35+l times the law of the offset residue of W<t restricted to the event that
W begins with w.

4. MIXING

This section proves the mixing lemma of Section 2 (Proposition 4.1) from the Fourier bound
(4.2), and derives the transfer estimate used by propagation and by the terminal error (Lemma 4.8).
Here n denotes a level.

The Fourier bound is proved for two parameter sets, indexed by ¢ € {0,b} (Table 1): the original
set o, whose larger exponent serves the terminal error and the census, and the bootstrap set b,
whose much smaller threshold serves propagation. Put

21193 17 1
° = 70000’ PTi0 MT ATy T ’ (4.1)
S0 @y = igggg and ap, = %. Theorem 14.6, an explicit form of [9, Proposition 1.17] proved in
Sections 9-14, gives for each ¢, every n > 1 and every frequency £ € G, prime to 3 the Fourier
bound ()34
~ DF L L —~ _ s n
O < (F52) 70 Anl©) = X paly)e > (4.2)

yeGnp
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with Dp(t) and Bp(e) as in Definition A.5; by Lemma A.6(3), logy Br(o) < 325.7939550288 and
logy, Br(b) < 88.1188851177. Mixing is proved first between levels whose ratio is at most 5=
(Lemma 4.7) and then along a geometric chain of levels in ratio ¢, = %ggg The chain is summed
exactly by the mizing profile

M, (z) = 18Bp ()~ " (¢, logz +0,) + s> (x > np), (4.3)
where, with 3, = ¢,
1 3. log ccn 15 15000000
cl, — ) DL == PRI 5 = P — .
51 G, — 1) 2 —1 164241

Proposition 4.1 (Fine-scale mixing). Let ¢ € {o,b}. For integers no < m < d,
(lpa = pm © Pram [)a < M, (m). (4.4)

The profile M, is nonincreasing on [ng, o0), and for real x > ny
M, () < 126Br(0)z~% logx + 105272 < 23% 7% Jog z, My, () < 2%27% log . (4.5)

4.1. Tail estimates. Mixing discards the random words whose partial degrees or offsets are atyp-
ical; two tail bounds control them. The first is a Chernoff bound for partial degrees.

Lemma 4.2 (Geometric tail). For real t < log2 put Mgeo(t) = Eet®172) = ¢7t/(2 — €!). Then
0 < log Mgeo(t) < 8t for |t| < 1/4, and log Mgeo(t) < 9t2/8 for |t| < 1/32. For integers d > 1 and
real x > 0,

P(|degy(W) — 2d| > z) < 2exp (—min{z?/(32d), 2/8}) . (4.6)

Proof. The formula for Mg, is a geometric series. Its logarithm has value and derivative zero at

0, and its second derivative 26*/ (2 — e!)? is nonnegative and increasing, at most 6 on [t| < 1/4 (as

el/* < 4/3) and at most < 4 on [t| < 1/32 (as €'/32 < 32/31); Taylor’s formula gives the bounds.

Since Eet(dega(W)=2d) — M, ()¢, the Cramér-Chernoff method [1, Section 2.2] for +(deg, (W) — 2d)

with t = min(z/(16d),1/4) gives (4.6) (cf. [7, Section 3.1]). O
The second bounds the offset, which has a 1/ tail.

Lemma 4.3 (Offset tail). For every n € N and real x > 0, P(off(W<,,) > ) < 7/(x + 2).

Proof. First, for real x > 5,
2—¢ 1
3 < .
P R

(4.7)

Indeed 2‘9;2:5 = 3";7(1 — w(lgai+a5), surnnnng with > ,47¢ = % and keeping the terms a = 1,2 of the

subtracted series, it suffices that x+2 < %, that is 15(18z 4+ 25)(x +2) — 32(2x 4+ 5)(4x +

5) = 142? — 452 — 50 > 0, which holds for = > 5.

Now induct on n. For n = 0 the offset is 0, and 1 < 7/2. For 2 < 5 the bound exceeds 1. For z > 5,
write W<, = (a)v; then off(W<,,) = 27%(1+ 3 off (v)), so the event is off (v) > z, = (22 —1)/3 > 0,
where v is a random word of length n — 1 independent of a. By the induction hypothesis and (4.7),

the probability is at most >, 2~ “gc =21 N, 52 Ziz75 = :ch2' U

4.2. From the Fourier bound to mixing. For m < n, let Av,,,, average a function on each
fiber of pr,, ,,, and put Oscnm(f) = 2, [f(¥) — Avim f(y)|. A frequency & € G, factors through
Gy, if 377 | §. By projectivity, Avym tin = 37" pm © Py s 50 OSCrm(tn) = {|pn — Pm © Py m [)n-
For m <r <mn, Av, », = Avy, 1, Avy,, and projectivity identifies Oscp m(Avy,, p1n) With Oscy (7)),
so the triangle inequality gives

Oscrm (pn) < Oscpr(tin) + Oscrm (7). (4.8)
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For functions on Gy, || - ||1 and || - ||« are the unnormalized ¢! and supremum norms, and * is
convolution in counting measure.

Lemma 4.4 (Convolution oscillation). Let 0 < m < n be integers and A > 0. Suppose f,1 are

complez-valued functions on G, and |1Z(§)\ < A for all frequencies that do not factor through G,.
Then

Oscnm(f *1)* < AZ3" Y |£(y) .
Yy

Proof. This is the computation of [9, (6.10)—(6.11)]. Fiber averaging keeps exactly the Fourier
coefficients at frequencies factoring through G,,, so Cauchy—Schwarz and Parseval give

I1f % — Avpm (f * 9)[) < > IFEODE)P < A% S |f(y)]*-
Y

£ not factoring through Gy,
(|

4.3. A fixed binary clock. Following [9, Section 6], we cut a random word of length n where its
partial degree first exceeds a height N with 2V*! just above 3™. The part before the cut, the head,
has offset determined up to few collisions, and the part after it is a fresh random word, whose offset
law inherits the Fourier bound. Throughout this subsection n > ng and

N = [nlog,3] =1, h=[V128nlogn|, k =|¥L—h|, ky=[¥L+h|, j=[2log,n].
(4.9)
From 1.58 < logy 3 < 1.585, logn > 80log 2 > 55 and the monotonicity of (logn)/n on [ng, c0) one
gets
64logn < h < 721200, 0<k_, 21600 k5 < 17119 n + 32400, i+ 1<3logn. (4.10)
Realize the letters aj, as, ... as the waiting times between the successes of independent fair bits,
so that the partial degrees are the positions of the successes. Expose the first N bits, and let D be
their number of successes, at positions s; < --- < sp. Each pattern of these bits has probability
2N D has the binomial law with parameters N and %, and given D = d the set {s1,...,s4} is
a uniform d-subset of {1,...,N}. For a set C = {s1 < --- < sq} put O(C) = Y ;437127 so

O({s1,...,sp}) = off(W<p). After the last exposed success the remaining waiting times are fresh
geometric variables, by memorylessness, so on D < n, by (3.2),
off(Wey,) = O({s1,...,sp}) + 3727V off(WZ,,_p), (4.11)

where W’ is a random word independent of the exposed bits. Retaining k_ < D < ky — 1 means
that the partial degrees first exceed N at a letter in (k_, k4]; then D < n by (4.10). Split the head
offset into the shells Ip = [0,1) and I; = [2771,27), 1 < j <j, of lengths |[y| = 1 and |I;| = 2771
The slices are the events D = d, O({s1,...,sp}) € I, for k- <d < ky —1and 0 < j <j; they are
disjoint. The rest has probability at most
4n=16 472, (4.12)

Indeed D < k_ forces degy, (W) > N +1 > 2k_ +2h, and D > k forces deg;,, (W) < N <2k —
2h—1; by (4.6) with x = 2h and k; < n, whose exponent is at least min(h?/(8n), h/4) > 16logn by
(4.10), each has probability at most 2n16. And O({s1,...,sp}) > 2 > n? forces off (W) > n?,
of probability at most 7n~2 by Lemma 4.3.

For a slice let I'y; be the measure on G, of the residue of the head offset, I'y ;(y) = 27V#{C :
IC| = d, OC) € I;, [O(C)], =y}, and let pg; = |Ta;lli and pg = P(D = d). By (4.11), the
restriction of u, to the slice is I'y j * L4, where the tail law L4 is the law of 3d2_N[0ﬁ’(W’<n_d)]n.

Lemma 4.5 (Head packing). For every slice, 3"||[Tqjlloc < |Ij| +2 and 3", Tq;(y)* < (|I;| +
2)Pdj-
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Proof. Distinct d-subsets C have distinct offsets O(C), since offsets determine words of a fixed
length [9, Lemma 6.2]. So the integers 2VO(C) in one slice are distinct and lie in an interval
of length 2V|I;|, and at most 2V[I;[37 + 1 of them lie in one residue class modulo 3". Hence
3T, (y) < || +3"27N < |I;]| + 2, as 3" < 2NF1. The second bound follows by multiplying by
I'qj(y) and summing. O

The shell of the head offset is controlled by a tail bound for the offset of a uniform random subset,
the conditional form of Lemma 4.3.

Lemma 4.6 (Offsets of random subsets). Let R be a uniform d-subset of {1,...,N'}.

(1) If N' > 2 and 100(d — 1) < 51(N’ — 1), then E\/O(R) < 40.
(2) If 3n <2N', |2d — N'| < 2h +4 and 0 < x < 2n?, then P(O(R) > ) < 8/x.

Proof. For (1), let p=(d—1)/(N'—1). For s < N’, given s € R, the number X, of elements of
R below s has factorial moments E(),(j) = (521)% < (Sgl)pk, so E3%/2 < (14 (V3 —
1)p)*~t. By subadditivity of the square root, v/O(R) < Y ,cr 3%/2275/2 and P(s € R) = d/N’ <
1,50 E\JO(R) <2712 % o o7 withr =2712(1+ (V3 —1)p) < % <3

For (2), put ¢ = [2048logn]|, and expose the membership of 1,...,¢ in R one by one. Each
conditional probability is at most (N'/2+h+2)/(N’ —q), so every pattern of these ¢ memberships
has probability at most 279(1+ %)q < 490274, the exponent g(q+2h+4)/(N’—gq) being below

ﬁ on n > ng. Write O(R) = O, + 382790y, where O, collects the £ elements of R at most ¢ and
O is the offset of the rest, shifted by ¢. For fair bits O, is the offset of at most ¢ letters of a random
99 7 70000

word, so the pattern bound and Lemma 4.3 give P(O > 1557) < % " 5927100 — 9801z Given the

exposed memberships, the rest of R is a uniform subset of ¢ + 1,..., N’ satisfying the hypothesis
of (1), so Ey/Of < 40; the factorial moments of £ give, as in (1), E(3%/22-9/2) < (39/40)7 < n=256/5,

By Markov’s inequality and z < 2n?%, P(3'2710; > %) < 400n~256/5=1/2 < ﬁ. Finally

70000 | 1
9so1 T 100 < & O

Lemma 4.7 (Local mixing). Let ¢ € {o,b} and let ng < m < n be integers with 25n < 27m. Then
O8Chm (pn) < MM (n), M (2) = 18Bp (1)~ logx + 1522,

Proof. Let £ € G, not factor through G,,, of order 3° in G,,, so s > m + 1. The Fourier coefficient
of L4 at & is that of p,_g at 27V¢ reduced into G,,_g, of order 3°~%; by projectivity it is fis_q(¢)
for some ¢’ prime to 3. For d < ky — 1, (4.10) and m > %n give s —d > %L, so (4.2) bounds it by
(15D5(1)/(2n))* = Bp(1)n=". Lemmas 4.4 and 4.5 give

Oscnm(Taj * Lq) < Br()n™ /(L] + 2)pa;-

For k- <d <ky—1, N >3 and |2d — N| < 2h + 4, so Lemma 4.6(2) with 2 = 2771 < 2n?
gives pg; < paq; with ¢o = 1 and ¢; = min(1,2477). The values (I1;1 +2)g; for j < 4 are
V3,4/3,2,1/6,1/10, with sum below 12, and for j > 5 they are at most 3; as j > 4, their sum
over j < j is below 3j. With the weights wy = 1 + 4(d — N/2)?/N, whose mean under the
binomial law is 2, and " ;¢ w;l < 2+%\/N (comparison with the integral), Cauchy—Schwarz gives

(X yvPa)? <4+ 7N < 4y/n. Summing over the slices, the retained part of p, has oscillation at
most

Bp()n=4 - 2n'/* . 3§ < 18 Bp(1)n~% logn,

by (4.10). Fiber averaging is an ¢! contraction, so the rest adds at most twice its probability,
8n~16 + 14n=2 < 15n72, by (4.12). O
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Proof of Proposition 4.1. Fix ¢+ and write ¢ = a,, ¢ = Cehy 3 = 3., € = ¢, 0 = 0,, M = IM,
andﬁﬁloc:mﬂoc. As1 <a <2 1 <3< <2 s0¢>1,0>0ands > 15; hence
omlec < 9 on [1,00). For = > ng, alogz > 1, and then z~%logz is nonincreasing (its logarithmic
derivative is (1 — alogz)/x); so M and M'°C are nonincreasing on [ng, 00). Since (cx)~% = 79/3,
log(cx) = logxz+loge, (¢+1)/3 =¢, ((¢+1)logc+0)/3 =0 and (s +15)/c® = s, the profile satisfies
the exact identity

M(cx) + MO (cx) = M(x) (x > 0).
We prove Oscy, m(pn) < M(m) for ng < m < n by induction on n — m; this is (4.4). Let ¢
127m/25]; as m > 1000, ¢ > em > m. If n < ¢, Lemma 4.7 gives Oscpm(itn) < 9M¢(n)
oMo (m) < M(m). Otherwise (4.8) with r = ¢, the induction hypothesis for (n,q), Lemma 4.7 f
(¢, m) and monotonicity give

O m (pn) < M(q) +M(g) < M(em) + M(em) = M(m).

For (4.5) let T > nyg, so logz > 801log 2 > 160 . For « = o: the series log }+y =2 0y2k+1/(2k+
1) at y = m and log(1 + %) < y give o m g loge < 1000, S0 aploge > 0 and 30 > 1+ 500 +
3(#5)% > 2. Hence ¢, < 2, and since 3/(3 — 1)? decreases for 3 > 1, 9, < 7095 - 250 = 81T g

20 3 1817)1 49059

3 160 450 36000
and 5 < 105 as 15 - 10% < 105 - 164241. Then 72 < 7% < x % logx and 126Br(0) + 105 <
2333 < 2365 For , = b: the same series and the partial sum of order 8 of the exponential series
give 0.076034686275 < logc < 0.076034686276 and 31, > 1.116557504, hence ¢, < 8.5794562 and
1, < 6.24902664; so cp, logz + 0, < (cp + 1250b) logz < 8.7log z. With Bp(b) < 28812 < 1.09 - 28
and 5 < 92, My, (7) < (18- 8.7-1.09 - 288 4+ 92)z~% log x < 2%~ % log z. O

SN Il

18(¢o logx 4+ 0,) < 18( (120 + ) logz < 126log z,

4.4. Transfer through a prefix-disjoint family. Each generation of Section 5 appends one word
from a family and then continues randomly; if the family captures almost all of the probability,
the residue density after the appended word is close to the residue density of the unconditioned
random word. For a finite family V of words write mass(V) = 3¢y, 2~ 98(®) for its mass and call
1 — mass(V) its deficit. The family is prefiz-disjoint if no word is a proper prefix of another; then
the events that W begins with w (w € V) are disjoint and mass()) < 1. For k € Nand @ > k+ |w|,

write Ty.gpr = Tw(prk © pl‘Q—|w\,k)'

Lemma 4.8 (Finite transfer). Let ¢ € {o,b} and d,k,m € N, put Q = d + k, and suppose k > ng
and ng < m < Q. IfV is a finite prefix-disjoint family whose words have length at most d, then

<’ Z Tw,QPk — Pm © per‘)Q <M, (k) + M, (m) + 1 — mass(V).
wey
Proof. This is [7, (3.7)] in our normalization. Put A* = 3> ) Twpg—|w|- Since @ — |w| > k, (4.4)
bounds (|px © Pro_jw| k —PQ—|w|)@—jw| Py D.(k), and (3.6) multiplies it by 2~ deg(w). symming, the
first sum differs from A* by at most mass(V)9M, (k) < 9, (k) in mean. By (3.2) and the disjointness
of the events, A* is 39 times the restriction of pq to the event that W begins with a word of V,
so 0 < A* < pg and (pg — A%)g = 1 — mass(V). Finally (4.4) bounds (|pg — pm © Prg.m )q by
M, (m). O

5. THE FAMILY OF WORDS

This section constructs the families L; and L; x of Section 2 and the weighted densities Z; and
Z]t-’e)r(m. The estimates on scales, first-crossing families and the histogram are proved in Sections 15—
16.
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5.1. Scales and first crossings. Generation j appends to each word a block, a word of length
about the scale 0; whose overshoot (defined below) is at most the cap R;. With es = [§/100], the
scales are §p = 16544 and d;j41 = d; + es,, and the caps are

R; =29+ |7/56] .

The first scale is large enough that the first block family is nearly complete (Lemma 15.8); the
increments make the sources of generation j exceed 16% (Lemma 5.3); and the caps grow so that
the losses 2~ %+ decay geometrically (15.1). Put g = 101/100; the scales grow geometrically
and linearly (Lemma 15.1(1)). The integer comparisons 1017 > 21007 and 101%° < 2 -100%°
give 1/70 < logy g < 1/69. The levels are k;j = [0;/4]. Put Ry = 3, _;(R; + 3), suppressing
J; it bounds the spread of the sources of a generation (Lemma 16.1). Since R; +3 < 32+ i/56,

Ry +1<1+32j+7(j—1)/112, and j2/82 exceeds the right side by j(5i257 3583) — 1, which is
positive for j > 9853 (at j = 9853 the bracket is 1212438) Hence
2
Rz+1<é§ (j > 9853). (5.1)

For an integer scale 6 > 256, put 5 = [36/5], d};o =0 — L, d?i = § + {5, and, with By(n) =
[nlog, 3], the shift radius rs = 2¢s — Bo({5) — 2e5. For an integer shift u define the line
Hsu(d) =26 + Bo((d — 6)+) — Bo((0 — d)4) +u — 73,
where 4 = max(z,0). For n € N, nlogy3 < By(n) < nlogy3 + 1, and By(n) = bitlen(3") for
n > 1, where the bit length bitlen(x) of z € N is the least k € N with 2 < 2*. Hence, for all integers
6 > 256, u and d > 0,
|Hsu(d) — (26 4 (d —6)logy 3 +u —15)| < 1, (5.2)
so Hs,, is the line of Section 2 through (4, 26) of slope logy 3, rounded to integers, and Hs,, is that
line raised by u — r5. A word w of length d and degree Hy,, (d) + o has 24°8()3d ~ (4/3)02u=Ts+o,
by (3.1) it enlarges the source by a factor that does not depend on its length. The shift radius is

chosen so that, for every shift 0 < u < 2rs, most random words cross the line at a length in (dy, d]
(Lemma 15.7); blocks use u = s, the terminal extension all u € [0, 275].

Lemma 5.1 (Shift radius). For § > 256, %(5 —4<rs < 120306

Proof. Since By({s) > lslogy 3 > 19£5 (as 3'2 > 219), 5 < 35/5 and es > §/100, rs < % . %5 — % =
%gg Also By(l5) < €5logy3+1,2—1logy3 > 25 (Lemma A.1(1)), £5 > 36/5—1 and e5 < /100 + 1
give

83 /30 0 229 683

Py - CA |  ay B

200 ( ) 50 1000 200
]
A word w belongs to the first-crossing family FC, (5, R), where R € N, if di° < |w| < db its
partial degrees stay strictly below the line at lengths d¥°, ..., |w| — 1 (so |w]| is the first crossmg),

and Hs,(Jw|) < deg(w) < Hj,(|lw|) + R. Its overshoot is deg(w) — Hs(|w]) € [0,R]. Such a
family is finite and prefix-disjoint (Lemma 15.2). The block family FC(d, R), from which the blocks
are drawn, is the subfamily of the first crossings of Section 2, that is of FC,, (9, R), with length in
[0 — €5,6 + L5] (the length restriction), where

l§ = min ({ 324 [log, (ﬂ-‘ s — 1) ;

it narrows the length spread for the histogram estimate (5.8) and the step bounds at a deficit of
order §=3/2 (Lemma 15.6). For § > 240,

20000 4§ < 6. (5.3)
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Indeed, with k = |logy 6] > 40, [log, 0] < k +1, 2¥ < § and (k + 1)/2* nonincreasing,

0 [320k+1) 1 _ /1312+L< 1
5 ok 5 =V 240 T 240 = 20000’

the last being the rational comparison 1312/20 < (1/20000 — 2749)2,

Lemma 5.2 (Weight, offset and source of a first-crossing word). Let 6 > 256, u and R > 0 be
integers, and let w € FCy (6, R). Then

(1) 27 B14rs—w(3/4)0 < wt(w) < 214767%(3/4)°;

(2) 0 < off(w) < 29;

(3) if u=rs, then 16% wt(w) < 3;

(4) for every odd n > 16°,

2u77572(4/3)°n < src(w,n) < 281U (4/3)0p, (5.4)

Proof. For (1), wt(w) = 3*I274¢¢(®) and H;,(|w|) < deg(w) < Hs,(Jw|) + R; insert (5.2). For (2),
as in [7, proof of Proposition 3.1]: every summand of off (w) is positive and, since the letters are
at least 1, the ith summand is at most 3771277 as |w| < d¥ < 85/5 and (3/2)% < 2°, 0 < off(w) <
(3/2)ll < 2%, For (3), es > 3 and § > 100(es — 1); the integer inequality 4'°° > 4096 - 3190 says
(4/3)100 > 163, s0 (4/3)% > 163(%—Y > 4.16%, and with (1), 16% wt(w) < 1(4/3)7 - 2(3/4)? =
For (4), which is [7, (3.5)] for general u, (2) gives 0 < off(w) < 2° < n/2, so wt(w)src(w,n)
n — off (w) € (n/2,n); insert (1).

O Il e

5.2. The selector and the family L;. Consider the words w = vg---v;—1 with v; € FC(;, R;).
Since each FC(d;, R;) is prefix-disjoint, such a word determines its blocks v;: if vg---vj_jw =
vp -+ - vj_yw' with v, v € FC(0;, R;), then one of g, vy is a prefix of the other, so vy = vj, and
cancelling and inducting gives v; = v7’; and w = w’. For ¢ < j write we; = vg - - v;_1.

By (3.2), the offset of a long word is dominated by its first block, since later blocks enter with tiny
weights. The selector bounds the offset of the first block, which sharpens the histogram estimate

(5.8), and the offsets of the next 28 blocks, which are otherwise only bounded by 2%: it retains w if
off(vg) <2 (j>1),  off(v;) <2°°° (0 < i < min(j,29)). (5.5)

These words form the set Ej of selected words; Lo consists of the empty word. The selector involves
only the first 29 blocks, so for j > 29 every word of L; extended by a word of FC(6;, Rj) lies in
L1, and every word of L; has

0 <off(w) <3+278 (5.6)
(Lemma 16.2). Lemma 6.6 shows that the selector keeps a large mass on a residue class of the first
eight letters. -

For a positive odd integer ¢, let L; = L;(t) be the set of words of L; valid at ¢, and for w € L;
write s, = src(w, t) for its source; the empty word has s,, = t. A prefix of a valid word is valid, so
we; € L; for w € Lj and i < j; the block v; is valid at s,,_;, with source s,,_,,, from there, so by
(3.1)

Sw.; — off (v;)

Sweipr = W (i < j). (5.7)

Lemma 5.3 (Growth of sources). Let t > 16'9** be odd, j € N and w € L;. For everyi < j,
Swe; = 165ia 16 Swep < Sweiprs %(4/3)6i3w<i < Sweitr < 2Ri+1(4/3)§i3w<¢'

In particular s, > 16% .
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Proof. We prove s,,_, > 16% by induction on 4; the case i = 0 is t > 16%. If Swe; = 16%, then
Lemma 5.2(2) gives 0 < off(v;) < 2% < s,,_,/2, and by (5.7) and Lemma 5.2(3),

Swe; es. dites. oi
S . > >16518 - > 16% 51—16”'1.
’LU<Z+1 2 t(’[)l) Wi =

The third claim is (5.4) with v = rs, and R = R;. O

The weighted density is
Zi() = Y whw)pi, (s0).
wELj

By (3.5), it weighs each word of L; by the total weight of its valid continuations of length k;. The
histogram estimate (Proposition 16.5) says that the weighted sources do not concentrate on few
residues: for j > 9853, 0 < ¢ < 26;, any f : G4 — R, and any subset of Lj,

Zm )F (s0)] < 344 557267/ 2(| £ (5.8)

5.3. The terminal extension. To bring the sources into [X,32X), each w € L; receives a last
word whose line is shifted according to s,. Let X > 0 be real. For an integer scale § > 256 and a
real n > 0, set, as in [7, Section 5],

(4/3)°n
4.975
By (5.4), every v € FC,(d, R) and every odd n > 16° satisfy 24X °(n) < src(v,n) < 28F3+uxlo(n).
The real X is reachable at generation j if Xé‘;(sw) <X < Xglji(sw) for every w € L;. For w € Lj let
the terminal shift u, be the least integer u > 0 with 2“X};‘J’,(sw) > X. If X is reachable at j, then

X3 (n) = X3i(n) = 2°70 X (n).

X <2 XP(s0) <2X, 0 <uy < 2.

For R € N, let FC'¢"™(w, §;, R) be the words v € FC,, (§;, R) that are valid at s,, and satisfy the
mask

2Jv| < Hp; o, (0]) +19;/8 (5.9)

the terminal restriction of [7, (5.2)], which bounds the length of v by its degree and is used only
in Lemma 8.2(3). The terminal extension L; x consists of the words wv with w € L; and v €
FC¥™ (w, 6, R;); its sources are at least X. Define the terminal weighted density and the terminal
weight, which uses only the cap 1 (the census in Section 6 reduces the cap R; to 1),

zeme) = 3 wi(w) 3 wt(v) g, (s1¢(v, 50)),

weLj veFC™ (w,0;,R;)
R0 = X wiw) 30 wi(),
weLj veFCY™ (w,65,1)

and let Src; x (t) be the set of sources src(v, s,,) of the words wv, w € Lj, v € FC{™(w, §;,1). If
t > 16195 and X is reachable at j, these sources lie in [X,32X) [7, Lemma 6.1], since s, > 16%
(Lemma 5.3): the factor 2 comes from the rounding of u,,, and the factor 16 from overshoot at most
1 and the slack 3 above. The words wv are valid at ¢t and distinct, since vg - --v;—jv determines
0, - - ., vj—1 and v as for the blocks of L;; so ﬁjt-ff(m (t) < Bx(t). If moreover ¢ is not S-periodic, their
sources are distinct (Lemma 3.3) and wt(wv) < t/X, so the argument of (3.3) gives

X B () < t# Srej x (¢). (5.10)
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6. KEY ESTIMATES

This section proves the key estimates of Section 2: propagation (Proposition 6.1, with the geomet-
ric form (6.5) and the tail Lemma 6.3), the average at generation jy (Proposition 6.7), reachability
(Proposition 6.9), the terminal error (Proposition 6.11) and the census inequality (6.12) with its
short form (6.13). Apart from the average and the census, the arguments are Mazur’s [7, Proposi-
tion 3.1, Sections 4-6 and 8]. Throughout, ¢ is a positive odd integer, and

Jo = 9853, Je = 23000 : (6.1)
propagation runs from jp, and the count uses the generations j > J..

6.1. Propagation. Passing from Z; to Z;,1 appends a block and moves the level from k; to kj;1;
the resulting transfer errors (Lemma 4.8) are summed over L; by the histogram estimate. For
7 > jo the level is large enough for Proposition 4.1 and the block family has small deficit:

k; > max(ng, 2%¢%), 1 — mass(FC(d;, R;)) < %g_?’j/Q 4+ 272973/56, (6.2)

The first bound is Lemma 15.1(2) and the second is Lemma 15.9. Define, with the bootstrap profile
My, of (4.3),

Ej = 34457/267/ (200, (2'2g7) + g 7%/% 4 272079/56), (6.3)

Proposition 6.1 (Propagation). For every j > jo,
[ Zja(t) — Z;(8)| < Ej. (6.4)

Proof. This is [7, Proposition 3.1] with explicit constants. Put @ = dg‘]i_ + kjy1. Since 641 <
(51/50)d;, @ < (8/5+ 51/200)6; < 26;. Define on Gg

Dj - Z 7;7ka]'+1 - pkj o pl“Qch .
veFC(d;,R;)

Since j > 29, the words of Lj;1 are exactly the words wv with w € L; and v € FC(d;, R;) valid at
Sw, 80 (3.7) gives
Zina(t) = Zj(t) = Y wt(w)Dj(su).
wELj
Lemma 4.8 with ¢ = b at the levels k; 1, k; > 21247 > ng, the monotonicity of My, and (6.2) bound
(|Dj|)q by the bracket in (6.3). Apply (5.8). O

The majorant decays geometrically from jy on.

Corollary 6.2 (Geometric form of propagation). For every j > jo,

199)j—jo. (6.5)

E; < 0.007584 - 0.9909457 90 4 2—90(%
Proof. Write a = ap, = 3—8 and y = ¢'/2271/56 Inserting (4.3) with = = 2'2¢7, logz = 12log2 +
jlogg, into (6.3) splits £ into three parts. The first is

E™ = 36 - 344 Bp(b)27 124724~ (=) (¢}, (121og 2 + j log g) + 0p).

The second, from sz~2 and %g_3j/2, is at most 344(s/2% + %)j5/29—j < 2845/2¢=J The third is at
most 2-2055/2yJ as 344 < 29. We bound each by a geometric sequence from jo; the bounds below
for the ratios of consecutive terms decrease in j, so it suffices to check them at jg.

The ratio EJY /E7™ is at most (1 + %)7/ 24=19/20 pecause the affine factor grows by at most the
factor 1+ 5. As Tlog(1 + +) < T and log g > 0.009950330853168, this is at most e~9097/10° <

— 19706
0.990945. Evaluating Ej™ with log, Br(b) < 88.1188851177, ¢, < 8.5794562, d, < 6.24902664
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(proof of Proposition 4.1) and rational enclosures of log2, log g and e* from partial sums of their
series gives £ < 0.007583.

For the second part the ratio is (1 + )5/2 %8(1) < 0.990945, by the integer comparison (jo + 1)° -

106 < 55 - 1000854452; and 2% / g0 < 28434710 1076 by 55 < 268 and glo > 2140,

For the third part the ratio is (1 + )5/20 < %38, by the comparison of 5§th powers (jo + 1)
101%8.200° < 2-5440.100%8-199%5. As t) < 1,9% = ¢28/2 and jy > 56-175, ylo < (g28/2)17 < 27104,
by 1014990 . 2104 < 9175 . 14900, 55 2720 5/ plo < 2720+34-104 — 9=90 " Adding the three geometric
bounds gives (6.5). O

Lemma 6.3 (Propagation tail). >>,~; FEj < %?)‘51 +2782 < 0.8376 < g. Consequently, if Zj,(t) >
g + 2728 then Z;(t) > 2728 for every j > jo.

Proof. Sum the two geometric series of (6.5): 0.007584/(1 —0.990945) = gg§§ and 2790.200 < 2782,

The consequence follows by summing (6.4) from jy to j — 1. O

6.2. Average at generation jy. At generation jy the words are short enough that Z;,(t) depends
only on t modulo 3%, where

do = 5-21%0 > 1668728 g%, (6.6)
by the integer comparison 1668728 - 10170 < 5.2160. 100/, So 262 < dy and, as 317 -5 < 1600,
44 Hldy < 219, (6.7)

The mean of Z;, on a residue class modulo 3% is the selected mass with a prescribed offset residue
of the first eight letters, which is computed through the joint law of the offset and that residue.

Lemma 6.4 (Period of Zj,). Every word of Ejo has length at most do — kj,. Consequently, as a
function of t, Z;,(t) depends only on t mod 3%, and on Gy,

Ziy =Y TwdoPhs,-
wef/]-
Proof. Block i has lengtl} aﬁ most §; + £ < 8(5 and at most 388865 if 5 > 240, by (5.3). By
Lemma 15.1(1), §; < g~ @~ for i <4, so the scales below 240 sum to less than 240 > k>0 g k=
101-2%0, and all scales d;, i < jo, sum to less than 1008;,. As d;, > 1654470 > 2°5 > 200- % -101-2%0
and kj, < dj,/4, the length plus kj, is less than

1 20001 1 20052 20052 . .
24100 200 4 2 s = 200% 2002 16644 g7 < 1668728 670 < dy.
(4 + 20000 200) jo = 7300 %0 < 200 g- = g© =do

For w € I}jo, (3.7) shows that the term of w in the displayed sum, at a positive odd t, is
wt(w)pr;, (Sw) if w is valid at ¢ and zero otherwise, so the sum is Zj (). O

For integers D > q > 0, r € G4 and real z, the joint law of the offset and the offset residue of
the first ¢ letters is

Fpg(r,z) =Ploff(Wep) < z, [off(Weg)]q = 7). (6.8)
Lemma 6.5 (Joint law). For every D > 8, Fpg([6275]s,2) > 617014680840434 - 2762,

Proof. Conditioning on the first letter a and writing W = (a)W’, (3.2) gives off(W<p) = 27%(1 +
3off(Wlp 1)), and for ¢ > 1, [off(W<y)], = 7 holds if and only if 3 | 297 — 1 and [off(WZ,_;)]4—1

is the residue of (2% — 1)/3, where 7 is any integer representing r. Hence

Fpgra)= > 2 Fpoga(|= ;

297 —1 200 — 1
a>1, 32971 }q 1 )’
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and the level ¢ = 0 satisfies the same recursion without the residue condition and Fp(0,z) >
max(0,1 — 7/(z 4+ 2)) by Lemma 4.3. Lemma A.10 gives tables of integers, read as nonnegative
step functions of the offset on a finite grid, times 27%2: a nondecreasing one at level 0, at most the
maximum of 1 — 7/(xz + 2) and the right side of the recursion evaluated on it, and ones at levels
1 < ¢ <8, at most the right side of the recursion evaluated on the tables of level ¢ — 1. Induction
on D, using the monotonicity of Fp 4 in =, shows that the tables are below the joint laws for every
D; the entry of the level-8 table at ([6275]s, 3) is 617014680840434. O

Lemma 6.6 (Selected mass in a residue class). For every j > 29, the mass of the words of f)j
whose first eight letters have offset residue [6275]g exceeds
617014680840434 1 199 509
ms = ( 262 ~ 50000 (o6 2 )

Proof. Every block of scale dy has length greater than d\%s,, = 6618 > 8, so the offset residue of
the first eight letters is that of vyg. The degree is additive under concatenation and the conditions
of (5.5) concern separate blocks, so the mass in question is mg [y, ; mi, where mg is the mass of
the v € FC(8o, Ro) with off(v) < 3 and [off (v<g)]s = [6275]s, m; is the mass of the v € FC(6;, R;)
with off (v) < 269 for 0 < i < 29, and m; = mass(FC(6;, R;)) for i > 29. Offsets of prefixes increase,
and the events that W begins with a word of a prefix-disjoint family are disjoint. So if D = dlg(i),
off(W<D) < 2, Joff(W<s)]s = [6275]s and W begins with some v € FC(dy, Ry), then v is counted
in my(; by Lemmas 6.5 and 15.8,

617014680840434 1
262 ~ 20000000

Likewise Lemma 4.3 gives m; > m; —¢; with m; = mass(FC(d;, R;)), ¢; = 7/(25°°+2) for 0 < i < 29
and ¢; = 0 otherwise. As 0 < m; <m; <1, telescoplng gives H0<1<] m; — H0<Z<] m; < >,¢ =
196/(20%0 + 2) < 27992 and [o<icjmi > Ilic;mi > 20 9 by Lemma 15.10. O
Proposition 6.7 (Average at generation jo). The mean of Zj, over the residues y € Gq, with
y = 6275 (mod 3%) is at least 6561mg > 12 + 2728 In particular some yo € Gq, has Zj,(yo) > 12.
Proof. Let w € Lj,, so |w| > 8. By (3.2), wt(w) = 0 and off(w) = off(w<s) (mod 3%) in Z[1/2], so
the image of oy, lies in the residue class of off (w<g) modulo 3%, and Ty 4, Pk;, vanishes off it. By
(3.6) and (pg)r = 1, its sum over Gy, is 3902~ deg(w) By Lemma 6.4, the sum of Zj, over the class

of 6275 is therefore 3% times the mass in Lemma 6.6, which exceeds 3%mg as Jo = 29. The class
has 3%0~% elements, and 6561mg — 12 — 272% > 0.0064 by Lemma A.10. O

m( > Fpg([6275]s, 3) — (1 — mass(FC(dy, Ro))) >

6.3. Reachability. The generation-j ranges (X};?(sw),ng(sw)], w € Lj, with lower ends Xé?(sw)
and upper ends X (?ji(sw), intersect in the set of X reachable at j; consecutive intersections overlap

and move to infinity. The overlap holds because the sources of L; differ by a factor at most 2Rs
(Lemma 16.1), which (5.1) bounds.

Lemma 6.8 (Consecutive generations overlap). Let t > 164 be odd and j > J.. For allw' € L;
and w € Lji1, X}S?H(sw) < ngi(sw/).

Proof. Let k = |j/70] > 328. By Lemma 15.1(1) and ¢" > 2, §; > 16544 - 2% > 16544(F) >
148896k2, as (k — 1)(k — 2) > 54k; and j < 71k, so 1o550; > 5041K2 > j%. Also §; < 841 < %805 +
1. Lemmas 5.3 and 16.1 give s, < 28i*1(4/3)%s,,_ < 2Ri+t1+R=(4/3)%s,,. Since de( ) =
2" (4/3)5isw//4, it suffices that (4/3)%+128t1+8s < 97 7941 The inequality 219 < 312 gives
(115/83) 5%5 255/1222% so (4/3) 1< 95059;/120045/12 By Temma 5.1, s, + 15, > joed; — 8. As
1000 ~ 1200 = 6000 1000, it suffices that R;+Rx+10 < 10006J, and indeed, by (5.1), Rj+Rx+10 <

i2
38+ &+ L < j O
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Proposition 6.9 (Reachability). Let t > 16194 be odd. Every real X > 92t is reachable at
some generation j > J..

Proof. We follow [7, Lemma 6.2] in the effective form of [7, Section 8.5]. Put gr(d) =25 —[196/12],
lp = 0 and ljx1 = I; + R; + 1 4 gr(8;) (cf. [7, Section 8.2]). The inequality 2! < 32 gives
(4/3)° < 28'0) 50 Lemma 5.3 and induction give s, < 24t for w € L;. By Lemma 5.1 and
gr(d) < % +1, XPi(n) = 275(4/3)%n/4 < 275+e"0)=2p with 5+ gr(6) —2 < % —1<[2§/3]. Hence
every upper end at generation J, is at most 28¢, where B = [;_+[26,./3]. Using R;+1 < 30+ /56,
Lemma 15.1(1) and 3, ; ¢/ < 100g”, with J = Je,

2

J2 5
B<3U+ o+ 45 1664400 g7 + 11096 g7 < 230 + 22047,

As 101318 < 2°-100%%%, g% < 2 and J = 348 - 66 + 32, g7 < 2% .2, s0 B < 2%0 4 2351 <2352 and
every upper end at generation J. is below X.

For i > J, and w € L;, Lemma 5.3 gives s, > 16%, so X(l;l_i(sw) > 2% — 0o, Let j > J. be
least such that every upper end at generation j is at least X. If j = J., then L;_is empty and
X is reachable vacuously. Otherwise some upper end at generation j — 1 > J, is below X, and by
Lemma 6.8 every lower end at generation j is below it, hence below X. (]

6.4. The terminal error. The terminal extension appends to w words of FC,,, (65, R;), a family
that depends on w only through its terminal shift; grouping L; by shift reduces the terminal error
to transfer errors, at the cost of a factor equal to the number of shifts.

Lemma 6.10 (Few terminal shifts). Let t > 161944 be odd, j > jo and X > 0. Then the terminal
shifts uw, w € Lj, take fewer than 32/82 wvalues.

Proof. We follow [7, proof of Proposition 5.2]. Assume L; # () and let wmin € L; have the least
source. Since X};‘;(n) is positive and linear in n, u, is nonincreasing in Sy, so Uy < Uy,,,.- BY
Lemma 16.1, s,, < 25, . so 2“w+REX3;§?(swmin) > X and uy,,, < uy + Ry. Thus all shifts lie

in a set of at most Ry + 1 < j2/82 integers, by (5.1). O
Proposition 6.11 (Terminal error). Let t > 1654 be odd. For j > jo and every X reachable at
Js

ZE5 (1) = Z5(0)] < Ty = 579712 (200 (21297) + (2%2 4 22%) g~ 4 272979/%6)
and for j > J.

T; < 2'99.0.9937; (6.9)
in particular, for j > Jg,
| ZS () — Z5(t)] < 277, (6.10)

Proof. We follow [7, Proposition 5.2]. Put Q = d?; + k; < 205, and group the words of L; by their

terminal shift; by Lemma 6.10 there are fewer than j2/82 groups. For each shift 0 < u < 215,
define on Gg

D™= Y To@pk —proPiQr,  Di™= Y Toqpk
’UGFCu((Sj,Rj) UEFCu(éj,Rj)
v fails (5.9)

By (3.7), Zi%™(t) — Zj(t) = X0 Xwunymu WHw) (D™ — Dre™) (s,,). Lemma 4.8 with ¢ = o at the
levels k;, k;j and Lemma 15.7 give (|DE™ ) < 29, (k;) + 21165;6 4 27 (Bi+D): also D™ > () and,
by (3.6), its mean is the mass of the words failing the mask, at most 21135;6 by the same lemma.
Apply (5.8) to each group and sum over fewer than j2/82 shifts; as 344/82 < 5,

| Z85m (t) — Z;(t)] < 559%¢7/ (29310(kj) + (2116 4 2113576 ¢ 2—<Rf+1>).
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This is at most Tj: M, (k;) < My (212g7) by (6.2) and monotonicity, §; > 214¢7 by Lemma 15.1(1),
and Rj +1>29+j/56.
Let j > Je and z; = 2'2¢7. By (4.5), Tj < 71(j) + 72(j) + 73(j) + 74(j) with

= 1260j9/2gj/2BF(o)xj_“° logzj, 5 =1050;92¢7/ 222

Each 7 (j+1)/7:(j )1s below 0.993. Indeed (1—1—1/])9/2 (23001/23000)%/2; log 41/ logz; < 141/

since log z; > jlog g; and gl < 100 Lg3? < }8(1) So the four ratios are at most }89(33885)11/2,

%8?(%388(1])9/2 (%8?)11/2(33885)9/2 and (101)1/22 1/56(2380(1))9/2 and each is below 0.993; after raising
to the powers 2, 2, 2 and 56 these are comparisons of rationals. At j = J., with log, Br(o) <
325.7939550288 (Lemma A.6(3)), interval arithmetic gives 7 < 270535 7y < 27444 7y < 9-1716
and 74 < 27207 50 T, < 27653 < 2169.0.9937¢ the right side being above 27641, Hence (6.9) holds
for every j > J., and (6.10) follows from 269 . 0.99323000 < 2—64, O

6.5. The census. The terminal weighted density weighs each source by py,, which might be large
on a few residues; the census bounds it by the terminal weight, splitting py, into a bounded part
at a lower level and a remainder ® of small average, on which distinct sources cannot concentrate.
As in [7, Proposition 5.3], it is applied through the maps lift;(s) = 4’s + (4 — 1)/3, i > 0.

Proposition 6.12 (Census). Let 0 < m < ¢ be integers and let X > 39 be real. Let S be a set of
integers in [X,32X) with nonnegative weights vs < t/X. Suppose ro,® >0 on G4, 0 <w < U on
Gm, and o <wopr, ,, +®. Then

i s 4
ZUSZ4 “ro(lift;(s)) < gUZUS + 44t(®),,. (6.11)
sES i>0 seS
Proof. The contribution from tv is at most U >, vs > ;5 470 = %U > s Us. For each fixed ¢, lift; is a

permutation of Gy because 4° is a unit. Each residue class contains at most 31X/37 + 1 < 33X/3¢
integers of [X,32X), since X > 3%. As the elements of S are distinct and ® > 0,

t 33X

ift;(s)) < — —— =
> v @(lifti(s)) < < o O y) = 33{2)q.
seS yeGy
Summing against 4% gives 44¢(®),. This counting is that of [7, Proposition 5.3]. O

The bounded part is obtained by clipping the residue density: discarding the words of atypical
degree or large offset leaves a subdensity bounded by packing, at a cost that is small on average.

Lemma 6.13 (Finite clipping). Let n > 3 and 1 < m < n be integers and B > 0 real. There is
[ Gy — R with

13 /7o
0<p,, < Pm, gmsg n8+%.
Proof. Put £ = [\/256mlogn| + [641logn], lq = [logy(8-3™/B)] and zq = B/(4(2(q + 1)), and
let V be the set of words u of length m with |deg(u) — 2m| < £, deg(u) > lq and off (u) < z.
Let p (y) = 3"P(W<m € V, [off(W<in)]lm =), 50 0 <p < pp. Fix y and a degree I > lq. The
integers 2! off (u), for the words u € V of degree | with offset residue y, are distinct, since offsets
determine words of a fixed length [9, Lemma 6.2], lie in [0, 2/2] and are congruent modulo 3™; so
there are at most 2'243™™ + 1 of them, each of probability 27!, Summing over the at most 2{, + 1
degrees [ > 1,

B B
—1 _ _lc
p, (y) < (2la + 1)z + 3™ l>§l 2= T2 3met < o
Zlcl



22 KENNY LAU

The mean (pm, — p, )m is the probability that W<, ¢ V. By (4.6), whose exponent is at least
8logn at x = Ly, P(| deg,, (W) —2m| > £q) < 2n~8. Next P(deg,,, (W) < lq) < 2k~ 1E2~ degn(W) —
2la=13=m < 8/B. By Lemma 4.3, P(off( W<p) > za) < 7/2q = 28(20q + 1)/B, and 20y + 1 <
32y/nlogn + 128logn + 5 < 165y/nlogn, as logn > 1 and logn < v/nlogn. Finally 8 + 28 - 165 <
213, O

Let t > 166544 be odd and not S-periodic, let X be reachable at j, and let w € L;. A word
v € FC¥™(w,d;, Rj) with overshoot o gives, after subtracting 2i from its last letter, i = [0/2], a
word v € FC¢™ (w, §;,1) with the same length, the same earlier letters and the mask, and with
src(v, 5,,) = lift;(sre(v’, sy)) and wt(v) = 4~ ¢ wt(v'), since adding 2 to the last letter turns a source
s into 4s' + 1 [7, proof of Proposition 5.3]; and (v’,7) determines v. So Z;Sr(m(t) is at most the
left side of (6.11) for o = py;, S = Src; x(t) and the weights vy = wt(wv') < /X of the sources
s = src(v', s,), whose total is S1%"(t).

If L; is empty, Z;%¢"(t) = 0 and (6.12) below is trivial; otherwise reachability, s, > 16% and
rs, < 36;/10 give X > 16% /(4 - 3%) > 3%. Let n > no be an integer and B > 0, and put
m = min(k;,n). Apply Proposition 6.12 with ¢ = k;, o = p,, of Lemma 6.13, U = B/2 and
® = (pm —p,,) © Pri;m +|Pk; — Pm © Prg; m |, which is nonnegative with py; < p opry, ,, +®. The
second term of ® vanishes if k; < n, and otherwise has mean at most M, (n) < 23%5n7% logn by
(4.4) and (4.5). Hence, for every integer n > ng and real B > 0,

2 213/n1
Zi (1) < SBAR() + a4t (207" + % + 2% 7% logn ). (6.12)
With n and B chosen from ¢, the error term becomes negligible:
Zi (t) < 2V glepm (1) 4 2752, (6.13)

Indeed, write a = a, and f = 1 + logt, and take n = [x;] with z; = (2420¢f)1/e > 2420/ > pg
and B = 2°2t/nlogn. Then n < 2z, and logn < log2 + 1(4201log2 + logt + log f) < 2567, using
logf < logt and 1+ 220 < 256. So 23%n~?logn < 2365+8-420/1 2p=8 < 2/28 < 27419/t and
213 /nlogn/B = 273 /t; and 44(2747 4+ 27419 4 2739) < 2732 Moreover

9,210 1 1,1 5000 28693
vnlogn < 25+Tt%f§+ﬂ < 2117t18693f37386,

1079/205623 1079 28693/37386 205623 11079,/205623 8,1079/205623  q;
and, as t > 1+ 555653 logt, f <fF< Tt < 2°t . Since

1+ 2000 4 A0 — . B < 252FHTHEA/L "and (6.12) gives (6.13). Since e (t) < Bx(t), the

same bound holds with Sx (t).

7. PROOF OF THE MAIN THEOREM

This section combines the key estimates into a count for a target t satisfying the hypotheses
of Section 2 (Proposition 7.1), chooses a seed that satisfies them (Proposition 7.3), and deduces
Theorem 1.3, using the step bounds of Section 8.

7.1. The count under the hypotheses.

Proposition 7.1 (Count under the hypotheses). Let t > 16154 be odd and not S-periodic, with
Zj, (t) > $+2_28. Then every real X > 224 is reachable at some generation j > J., and at every
such j

tean () > 27207 S x (t) > 2720 /X (7.1)

Proof. Proposition 6.9 gives j. As j > J. > jo, Lemma 6.3 gives Z;(t) > 2728, and (6.10) gives
Z5(t) > 2728 — 2729 = 2729, By (6.13),

glem(p) > (2729 — 2_32)2_17715_14/11 — 7.97209,14/11  9—207,~14/11
s )
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and the second bound follows by (5.10). O

These hypotheses follow from (H1)-(H4): (H3) is ¢ > 266176 = 1616544 not being S-periodic is

(H2), and (H4) gives Zj,(t) = Zj,(yo) > % > g + 2728 by Lemma 6.4, as % — g = ﬁ.

7.2. Choosing a seed. A general target need not satisfy the hypotheses of Proposition 7.1, so we
apply it to a seed t; that does, chosen among the integers that reach the target in one odd step. Let
t be a positive integer with 3 {¢. As 206178 = 433089 = 1 (mod 3), exactly one a° € {66178,66179}
has 2%°t = 1 (mod 3), and the candidate seeds are the integers (2°t — 1)/3 with a = a° (mod 2)
and a > a°. They increase with a, and 3 - (2% — 1)/3 4+ 1 = 2%, so a candidate reaches t after one
odd step and a halvings.

Lemma 7.2 (Candidate residues). Lett' be an integer witht' =1 (mod 3), and let g,i9 € N. Then
the integers (4't' — 1)/3, ig < i < ig + 39, meet every residue class modulo 3% exactly once.

Proof. For ' = 1 this is [7, Lemma 4.1]. First, ords(4® — 1) = 1 + ordz(e) for every integer
e > 1, by induction on ords(e). If 3 1 e, then (4 —1)/3 =3, . 4" = e # 0 (mod 3). If e = 3¢,
put = 4° = 1432 then 4 — 1 = (z — 1)z + 2+ 1) with 22 + 2 + 1 = 3 + 92 + 922, so
ords(4¢ — 1) = ord3(4¢ — 1) + 1. Now let ig < i < i’ < ig+ 3% and e = i’ — i, so ords(e) < ¢. The
difference of the two integers is 4°¢/(4¢ — 1)/3, and since 3 { 4%’ its 3-adic order is ords(e) < ¢. So
the 37 integers are pairwise incongruent modulo 39. O

With D4 as in Section 1, the integer comparison 32°° < 2317 and (6.7) give
log, Dy = 22'% > 243500 > 16 3% (7.2)
Proposition 7.3 (The seed). Let t be a positive integer with 3 1 t. There is a candidate seed
t1 = (29 — 1)/3 with a < 66180 + 4 - 3% that is odd, not S-periodic, satisfies
266176 < 4, < 2534 < Dut and  Zj(t)) > %
and reaches t in 1+ a ordinary steps; S(t1) is the odd part of t.

Proof. By Proposition 6.7 there is yo € Gg, with Zj,(yo) > % Apply Lemma 7.2 with ¢/ = 2%°¢
and ¢ = dy, once with ig = 0 and once with ig = 39: this gives two candidate seeds (4°t' — 1)/3,
i < 2-3%, congruent to yy modulo 3%, with a = a° + 2i < 66177 + 4 - 3%. Each is odd, as
29t — 1 is odd, satisfies Z;, = Zj,(yo) by Lemma 6.4, and lies between (266178t —1)/3 > 2661764 and
20¢/3 < 2534 < Dyt as 66177 < 311 < 39 and by (7.2). Since 3t; + 1 = 29¢, S(t1) is the odd
part of ¢, so the two candidates have the same image under S, and by Lemma 3.2(1) at most one
of them is S-periodic. O

7.3. General targets. Every integer that reaches the seed reaches ¢, so Proposition 7.1 for the
seed counts integers reaching t. Let t be a positive integer with 3 1 ¢, fix ¢; as in Proposition 7.3.

Proposition 7.4. For every real X > Dat, at least X/(t**/"'Dy) odd n < X reach t within
|10.46 log(n/t)| ordinary steps and reach the odd part of t within |3.4881log(n/t)| accelerated
steps.

Proof. As dy > 352, 232 < 240 < 3% 50 (7.2) gives 54 2%2 4 5.3% < 16 - 3% < log, D4 and
212 + %Sdo < logy D4. Hence X/32 > 923 45:3%04 2271, The seed t; is odd, not S-periodic,
at least 206176 = 1616544 " and has Z;,(t1) > % > g + 2728 5o Proposition 7.1 applies to it at X/32:
at some j > J. with X/32 reachable,

—25/11

—212 —212—1253do,_95/11 X
#SerVX/?)Q(tl) > 2 tl X >2 11 Ot / X > m
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Every source in Src; x/32(t1) is odd, lies in [X/32, X), and satisfies both step bounds by Proposi-
tion 8.4. ]

Proof of Theorem 1.3. Let ¢(t) be as in Section 1 and X > 0. If X > Dyt, Proposition 7.4 gives at
least c(t)X > |c¢(t)X ]| odd n < X with both step bounds. If X < Dt, then ¢(t)X < t~14/1 <1,
so |e()X ]| =0. O

8. THE NUMBER OF STEPS

This section proves the step bounds used in Proposition 7.4 (Proposition 8.4), following [7,
Section 7]: the steps beyond the heuristic log(s/t)/log(4/3) of Section 2 are paid by the deviation
of the degree from twice the length, which the lines, the length restriction and the mask bound,
and by the steps from the seed to the target.

Throughout, ¢t and ¢; are as in Section 7.3; only ¢; odd, 3t; + 1 = 2% and t; > 26176¢ are used.
For a generation j define, suppressing 7,

1
5 =Y b, %:ZESH Cstep:lOg(3+M
1<j 1<j

) - 28559
' ¢ 100000

Cstep bounds each step log(3 4+ 1/y) of an inverse trajectory with values y > 4096, and cg. is the

rate in Lemma 8.3. We use (2 — log, 3) log 2 = log(4/3) and
m<loé lo 2<y<l c —logd < ———;
106 &3 825500 S 100 e T 982 T9ogg

the first two are Lemma A.1(3), and the last is log(1 + 1/12288) < 1,/12288.

Lemma 8.1 (Scale sums). Let j > Jo. Then (1) 6; > 240, and hence 22(j + 1) < 6x; (2)
§; < 16544 + 85,/100 + j; and (3) 9000 £5, < b

Proof. For (1), let k = [j/70] > 328; by Lemma 15.1(1) and g7 > 2, §; > 16544 - 28 > 214+k and

2k=26 > 70(k + 1) > j by induction on k > 328; so §; > 2405 and 222(j + 1) < 22%j < §; < 6x. For
(2), e5 < 0/100 + 1, so

(8.1)

oy
0; = 16544 < 16544 + — + 7.
j + g es, < + 100+
For (3), as in [7, (7.1)], £§ < €5 < 4, and 2000045 < § for § > 20 by (5.3). The scales below 210
sum to less than 101 - 24 (proof of Lemma 6.4), and the other terms contribute at most &x/20000.
By (1), 6y, > §; > 2342, hence 9000 £5, < 9000 - 101 - 210 + 265 < by, as 9000 - 101 - 240 < 260, [

Let j > J., let X be reachable at j for the target ¢, and let s € Src; x(t1) be the source of
wv, with w = vg---vj_1 € Lj(t1) and v € FC™(w,§;,1); we call s a counted source. The word
wo is valid at ¢1. Its inverse trajectory from t; has one value after each number £ = 0,1,..., |wv]
of letters, the first being ¢; and the last s; for ¢ < j the value after |w<;| letters is s,_;, > 16%
(Lemma 5.3, as t; > 1616944),

Lemma 8.2 (Inverse trajectory of a counted source). In this notation, (1) every value of the
inverse trajectory of wv is at least 4096; (2) deg(wv)log2 < logs — logt; + |wv| cstep; and (3)
deg(wv) > 2|wv| — (2 — log, 3)05, — j — 0;/8.

Proof. For (1), we follow [7, Section 7]. The first value is t; > 296176, Let y be the value after
k letters, where either |w<;| < k < |weiy1| with @ < j, or |w| < k < |wv| and @ = j. Then
So(k*‘w“')(y) = Sw.,;, and S at most doubles every positive odd integer, so s,,_, < ok—lw<ily where
k—|we| < df;lj < 86;/5; hence y > 16%9:2-8%i/5 — 2120i/5 - 4(96.

For (2), write wv = (a1,...,ap|). If y and y’ are the values after & and k — 1 letters, then
3y + 1 = 2%y so axlog2 = logy — logy’ + log(3 + 1/y). Summing over k, the first two terms
telescope to logs —logty, and by (1) each last term is at most cgep; this is [7, (7.4)].
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For (3), which is [7, (7.3)] with £§ in place of his width, let ¢ < j. By (5.2) with u = rg,,
deg(v;) > Hs, rs (0i]) > 2|vi] — (2—log2 3)(Jvil — d;) — 1, and ]v,\ d; < L5, by the length restriction.
As 2 —log,y 3 >ZO, deg(vi) > 2|vi| — (2 —logy 3)¢5. — 1. For v, the first crossing and the mask (5.9)
give deg(v) > Hs; u,, (|v]) > 2|v| — d;/8. Summing proves (3). O

Lemma 8.3 (Size of a counted source). Every s € Src; x(t1) satisfies log(s/t) > csres.

Proof. This is [7, (7.2)] with this paper’s scales. Apply (5.4) to v; at s,_, > 16% with u = rg, for
1 < j, and to v at s, with u = u,, > 0: each Word of scale & multiplies the value by more than
2“_7"5_2(4/3) Hence log(s/t) > log(t/t) +dx log 4 3 —(rs;, +2j+2)log2. By Lemmas 5.1 and 8.1(2),

<3 505 < 24816 + 100052 + 10], and 25 + 2 + 10] < %(j +1). Since log(t1/t) > 66176log2 >
24816 log2 and j +1 < 6%/2%2 by Lemma 8.1(1),

3 26
log(s/t) > dn <logf - log2<m + 10 222)),
287682 347 598945709 501733
and by (8.1) the bracket exceeds =G5 — 555 (1000 + 10 222) = 2097152000 — Csre T 53428800000 - O

Proposition 8.4 (Step bounds). Let toqq be the odd part of t. Each s € Src; x(t1) reaches t within

{% log(s/t)J ordinary steps and toqq within Héggé log(s/t)J accelerated steps.

Proof. As j > J., Lemmas 8.1 and 8.3 apply. For the accelerated steps we follow the proof of
[7, Lemma 7.2]. Put cgin = 21log2 — cstep; by (8.1), log(4/3) — 1/12288 < cgain < log(4/3).
Lemma 8.2(2) and (3), multiplied out with (2 — log, 3) log 2 = log(4/3), give

d;
Cgain(Jwv| + 1) <log s — logt + Cgain + log = g% + <] 4 ) log 2.

By Lemma 8.1(3), log 5 £5, < log 3 d5/9000. By‘LmnnmJ81() j+—5/8<i2068+-&m—+8j,and
by log2 < 347/500 < 7/10 and Lemma 8.1(1), jlog2 < 0x/10% and 800 log2 < 873020' Finally
Cgain + 2068log 2 < 20691og2 < log(t1/t). As 1/106 + 7/8000 = 219/250000, we obtain, as in [7,
(7.6)],

log(4/3) 219
Cgain(’uw’ + 1) < log(s/t) - ( 9000 + 25000())6 .

Put cace = 34881/10000, the constant of [7, (7.7)]. Since 0 < oy, < log(s/t)/cse, it suffices for
lwv| + 1 < caec log(s/t) that cge + 1058‘363’ + 252010900 < CsreCaccCaain- USING Cgain > log(4/3) —1/12288
and log(4/3) > 287682/10°, the right side minus the left side exceeds the rational residual

1 )287682 CsrcCacce 219 25365007801

— — Care — = > 0. 8.3
9000/ 106 12288 7250000  192000000000000000 (8.3)

Hence |wv| + 1 < caec log(s/t). Since s reaches ¢; in |wv| accelerated steps and S(t1) = todd, S
reaches t,qq within |wv| + 1 accelerated steps.

For the ordinary steps we follow the proof of [7, Lemma 7.3]. By Section 3, s reaches t; in
|wv| + deg(wv) ordinary steps, and t; reaches ¢ in 1 4 a more, where 3t; + 1 = 2%¢; so s reaches ¢
within Nyq = |wv| + 1 + deg(wv) 4+ a ordinary steps. As t; > 4096, alog2 = log(3t; + 1) — logt <
log t1 + cstep — log t, and adding Lemma 8.2(2) gives (deg(wv) + a)log 2 < log(s/t) + (|wv| + 1)cstep-
With |wo| + 1 < caec log(s/t),

(8.2)

(csrc Cacc —

Noralog2 < (Jwv| 4+ 1)(log 2 + cstep) + 10g(8/t) < (Cacc(log 2 + cstep) + 1) log(s/t).
It remains to prove the inequality [7, (7.9)],
0923

Cacc(10g 2 + csep) +1 < 50 log 2. (8.4)
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By (8.1) and Lemma A.1(1), cstep < (317/200) log 2 + 1/12288, so it suffices that
523 517 Cacc
280 22l ) log2 >
(56"~ 300°%<) 82 = 555

The bracket is 2886523/2000000 > 0, and by log2 > 693147180/10° (Lemma A.1(3)) the difference
of the two sides exceeds
693147180 _ 2886523  Cacc 1 43510569153
109 2000000 12288 400000000000000

Both step counts are integers, so both bounds may be floored. O

+ 1

> 0.

9. THE FOURIER BOUND: BLACK POINTS AND TRIANGLES

This section and the next five prove the Fourier bound (4.2) for both indices ¢ € {o,b} at once,
following Tao’s argument [9, Section 7] with explicit constants; the index enters only through the
parameters of Table 1. Section 11 bounds |fi,,(§)| by the expected penalty of a random walk, which
gains a factor below 1 at the white points of Definition 9.2, and reduces its decay to a descent step
proved in three cases in Sections 12-14; Section 10 supplies the laws of the walk. Here we describe
the geometry of the points at which the character sum gains no cancellation: these black points
form disjoint triangles, every point bordering a triangle is white, and the angles of the points just
above a triangle are close to odd dyadic fractions. In Sections 9-14 the letter j denotes the first
coordinate of a point and J is as in Definition 9.1, and from Section 10 on b (also b*) denotes a
hold word and b a list of hold words; the generations, scales and families of Sections 5-7 do not
occur there.

Definition 9.1 (Standing conventions). From now on, n > 1, J = [n/2], £ € G,, is a frequency
prime to 3, and £ = 37037/10° is the constant of Definition A.2. The objects defined below depend
on n and &; this dependence is suppressed from the notation.

The arguments of this section use only 0 < & < 1/27, which holds as 27 = 999999/10°.

9.1. Points, angles, white and black points. In the character sum, the cancellation contributed
by the jth pair (a;j—1,as;) of letters of the random word W is governed by the angle, defined next,
of the point (j,degy;(W)) (see Lemma 11.1).

Definition 9.2 (Points and angles). A point is an element p = (j,l) of P = Z>; X Z; we write
j(p) = j and I(p) = [, the raw length and height of p, and add points coordinatewise. Points p # v
are cardinal neighbours if |j(p) —j(v)|+|l(p) —l(v)| = 1. For y € Gy, let § € Z be the representative
of y with |g] < 3™/2 (it is unique, as 3" is odd) and put sfr(y) = 3/3", the signed fractional part.
The angle of p = (j4,1) is

¥(p) = sfr(res(p)), res(p) = [32(j71)21*l]n§.
A point p is white if j(p) < J and |[9(p)| > ¢, and black if j(p) < J and |[J(p)| < e. Points with
j(p) > J are neither.

Since the numerator of sfr(y) is the representative of least modulus,

/

v ez y=y [y <3"/2 = sfr(y) = ?%; |sfr(ky)| < klsfr(y)| (ke€N),  (9.1)

the second because k - 3" sfr(y) represents ky.
Moving a point one step right multiplies its residue by 9, and one step down by 2; the southeast
distance measures the resulting growth of the angle (Lemma 9.4).
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Definition 9.3 (Southeast distance and the constant \). For points w,v with j(u) < j(v) and
[(v) < l(u) put the southeast distance

se(u, v) = (j(v) = j(u))log 9 + (I(u) — I(v))log 2,
so that ese(wv) = 9i(W)=i(w)ol(w)=l(v) is 5 positive integer. Let A = log 2/1og9, the slope of the
hypotenuse of a triangle (Definition 9.9).

Lemma 9.4 (Southeast transport). Let u,v € P with j(u) < j(v) and l(v) < l(u), and put
E = eV Then res(v) = kres(u) and |9(v)| < k[9(u)|. If moreover k|9(u)| < 1/2, then
I(v) = kd(u).

Proof. As in [9, (7.12)], 320(@)=121=lv) — k. 320(w)=1)21=Uw) in 7[1/2]; apply [-],, and multiply by
€. The bound follows from the second part of (9.1), and the equality, as in [9, (7.18)], from its first

part with ¢ = k- 3"0(u). O
Lemma 9.5 (Angles are bounded below). If j(p) < J, then 3"1=21®)|9(p)| > 1/3; in particular
J(p) # 0.

Proof. This is the proof of [9, (7.16)] with e replaced by |¢(p)|: for p = (j,]) and k =n+1—-25 > 1,
3k res(p) = 3" 1[217],,€ is represented by 43771 so 1/3 = |sfr(3F res(p))| < 3*|9(p)| by (9.1). O

9.2. Angles of neighbouring points. The proof of [9, Lemma 7.4] assumes 0 < ¢ < 1/100; our
¢ is larger, which is why we reprove its ingredients with explicit thresholds. The next lemma is a
quantitative form of the claims (ii) and (iii) of that proof, which concern points with |9 < 1/100:
it recovers the angle of a point exactly from the angles of two cardinal neighbours.

Lemma 9.6 (Quantitative claims (ii) and (iii)). Let p = (j,1) € P and let 91,0 be real numbers
with |0(j,1 — 1)| < ¥a. Each of the following implies 20(p) = 9(j,1 — 1):

(i) [9(j +1,0)| < V1 and 201 + 995 < 1;

(iii) j > 2, [9(j — 1,0)| < 91 and 1801 + I3 < 1.

Proof. Write yo = 3™9(j,1 — 1); by Lemma 9.4 it represents 2res(p). In each case 91 > 0, so ¥J3 < 1.
(ii) Let y1 = 3™9(j + 1,1), which represents 9res(p). Then 2y; — 9ys = 18res(p) — 18res(p) =0
and [2y; — 9y2| < 3", so 2y; = 9y2. The integer y; — 4y2 represents 9res(p) — 8res(p) = res(p) and
equals y2/2, of modulus at most 92 3"/2 < 3"/2. By (9.1), 9(p) = y2/(2 - 3").
(iii) Let y3 = 3™9(j — 1,1), which represents res(j — 1,1); then res(p) = 9res(j — 1,1) and y
represents 18tes(j — 1,1). As before |18ys — y2| < 3™ forces y2 = 18ys, and 9ys = y2/2 represents
res(p) with modulus less than 3"/2, so 9(p) = y2/(2 - 3"). O

Corollary 9.7 (Small angles along a row or column). Let (j,1) € P and m € N.
(@) If |9(j + m, )| < e and |9(j + k,l — 1) < e for 0 < k < m, then |9(j + k,1)| < & for
0<k<m.
(b) If |9(4,0)| < e and |9(j + k,l —1)| <& for 1 <k <m, then |9(j + k,1)| <& for 0 <k <m.
(c) If 95, D)| <e and |9(j+ 1,1+ k)| <€ for 1 <k <m, then |9(j,l + k)| <e for0 <k <m.

Proof. Take 91 = U9 = €, so that 201 + 995 = 11e < 1 and 1891 + 5 = 19¢ < 1. In (a), induct
downwards on k using Lemma 9.6(ii) at (j + k,0): [9(j + &k, )| = |9(j + k,l —1)|/2 < e. In (b),
induct upwards on k using Lemma 9.6(iii) at (j + k,[), where j + k > 2. In (c), induct on k using
Lemma 9.6(ii) at (j,l+k), whose right neighbour is (j+1,+k) and lower neighbour (j,l+k—1). O

9.3. Column tops and canonical triangles. To make the decomposition of the black points
canonical, each black point is assigned the triangle whose corner is reached by moving up through
black points of its column as far as possible and then left through black points of that row, as in
the proof of [9, Lemma 7.4]. Moving up stops: if p = (j,1) is black, then (j,1 + k) is white for
some 1 < k < 2n. Otherwise (4,1 + k) is black for 0 < k < 2n, since j < J. Moving down one
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step doubles the angle exactly, by Lemma 9.4 and 2¢ < 1/2; hence [J(p)| = 4"[9(j,1 + 2n)|. By
Lemma 9.5 and 377172 < 37~ < 4" this is at least 1/3 > ¢, contradicting blackness of p. As
every point v with j(v) < J is either black or white, the following objects are well defined.

Definition 9.8 (Column top, gap, row start). Let p = (4,1) be black. Its column top l.(p) is
the unique !” > [ such that (j,1") is black for I < I’ < 1" and (j,I” + 1) is white. Its gap is
gap(p) = l(p) — l(p) € N. Tts row start j.(p) is the unique j' € [1, j] such that (¢, l.(p)) is black for
j' <i < jand either 7' =1 or (j —1,l.(p)) is white.

Definition 9.9 (Triangles and the canonical family). A t¢riangle is a triple A = (ja,la,SA) €
Z>1 x Z x R, with corner pa = (ja,la) and size Sa. A point v lies in A, written v € A, if

Jj(v) > ja, l(v) < la, se(pa,v) < Sa.

The top edge of A is the row | = [a, and its left edge is the column j = ja. For a black point p,
the canonical triangle is

A@p) = (s ), L(p), log

and the canonical family is T = {A(p) : p black}.

195 (p), l*(p))\)’

Thus v € A means that v lies weakly southeast of the corner and weakly left of the hypotenuse
J—7Jda = Ml = 1Ia) + Sa/log9. Membership is closed to the northwest: if v € A and ja <
Jj") < jw), l(v) < 1(v') < la, then v/ € A, since se(pa,-) decreases. Also every v € A satisfies
j(v) < ja + Sa/log9.

Lemma 9.10 (Canonical triangles). Let p be black and A = A(p). Then

(a) pa is black, [9(pa)| = ce™2 and Sx > 0;
(b) (the right-end bound)

Jja +Sa/log9 <n/2+1—1log(1/e)/log9 < n/2 —1/2 < J; (9.2)
(c) every v € A is black.

Proof. (a) The corner is black by Definition 9.8, so ja < J, #(pa) # 0 by Lemma 9.5, and the size
is defined by the stated formula; Sa > 0 as [9(pa)] < e.

(b) Lemma 9.5 gives log(1/[9(pa)]) < (n4+2—2ja)log3 = (n/2+1—ja)log9. Subtract log(1/¢)
to obtain the first inequality. The second follows from log(1/e) > log27 = %log 9, and the third
from J = [n/2].

(c) By Lemma 9.4 and (a), [0(v)| < e*Pa)ee=5a < e, By (b), j(v) < ja+Sa/log9 < n/2—1/2,
so j(v) < J. O

9.4. The neighbourhood of a triangle and the partition of the black points. The cardinal
neighbourhood of a triangle A consists of the points not in A that are cardinal neighbours of a point
of A. Tao’s claim (x) in the proof of [9, Lemma 7.4] makes every point within distance 75 log 1 of
a triangle white, for small . The next lemma is its cardinal-neighbour case, proved for ¢ < 1/27
by Tao’s three cases.

Lemma 9.11 (White neighbourhood). Let p be black. Every point of the cardinal neighbourhood
of A(p) is white.

Proof. We follow the proof of claim (%) in [9, Lemma 7.4], with distance 1 in place of % log é; since
v below is itself black, Corollary 9.7 replaces Tao’s claims (i)—(iii) and weakly black points. Write
A = A(p), and let v ¢ A be a cardinal neighbour of x € A. As j(x) < ja + Sa/log9 < J by
Lemma 9.10(b), j(v) < J, so it suffices to show that v is not black. Recall jo < j(p), that (i,1a)
is black for jo <i < j(p), and that p’ = (j(p),la + 1) is white. Tao’s three cases are exhaustive.
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Case 1: j(v) > ja, l(v) < lan. Then Sa < se(pa,v) < Sa + log9, as a cardinal step
changes se(pa,-) by at most log9. Since 9¢ < 1/2, Lemma 9.4 and Lemma 9.10(a) give |J(v)| =
2,_:ese(pA,v)fSA > e,

Case 2: j(v) > ja, l(v) > In. Then v = z + (0,1) and I(z) = [a; suppose v is black. If
j(v) < j(p), Corollary 9.7(b), started at v along the black points (j(v)+k,la), 1 <k < j(p)—j(v),
gives |9(p')| <e. If j(v) > j(p), the points (j(p) +k,la), 0 < k < j(v) — j(p), lie in A by northwest
closure from z and are black by Lemma 9.10(c), and Corollary 9.7(a), ending at v, gives the same.
If j(v) = j(p), then p’ = v. So p’ is black, as j(p’) < J; but it is white.

Case 3: j(v) < ja. Then v = z — (1,0), jo > 2 and I(v) < la, s0 v' = (ja — 1,1a) is white;
suppose v is black. The points (ja,l(v) + k), 1 <k <lIx —I(v), lie between x and pa, hence in A,
and are black; Corollary 9.7(c), started at v, gives |#(v')| < e, so v’ is black, a contradiction. [

Lemma 9.12 (Membership and coherence). Let p be black. Then p € A(p). If v € A(p) is black,
then 1.(v) = li(p) and A(v) = A(p).

Proof. As in the last paragraph of the proof of [9, Lemma 7.4], with Lemma 9.11 in place of claim
(). Write A = A(p). By Lemma 9.11, a black cardinal neighbour of a point of A lies in A. The
corner lies in A because Sp > 0. Walking right through the black points (7,1a), ja < i < j(p), and
then down through the black points (j(p),!'), l(p) < I’ <, every point lies in A; the last one is p.

Let v € A be black. By northwest closure and Lemma 9.10(c), the points (j(v),") with I(v) <
I <l are black. The point (j(v),la + 1) is not in A and is a cardinal neighbour of (j(v),la) € A,
so it is white by Lemma 9.11. Hence [,(v) = Ia by Definition 9.8. Similarly the points (7,la),
ja <i < j(v), lie in A and are black, and either jo =1 or (ja —1,1la) is white, so j.(v) = ja. The
corners agree, and the size depends only on the corner. O

Proposition 9.13 (Partition of the black points). A point is black if and only if it lies in some
A € XT. Two members of T with a common point are equal.

Proof. A black p lies in A(p), and points of canonical triangles are black, by Lemmas 9.12 and 9.10(c).
If z € A(p) N A(p'), then x is black and Lemma 9.12 gives A(p) = A(x) = A(p). O

9.5. Exit points above a triangle. In Section 12 a random walk leaves a triangle A € ¥ from
a point p € A at height [n — I(p) below the top edge and first lands above that edge, at an exit
point (j(p)+r,la + 0) with r,;0 > 1. When r is not too large, the exit point lies before the horizon
j = J and its angle is an odd dyadic fraction up to a small error, which the packet envelopes of
Lemma 11.5 turn into cancellation.

Lemma 9.14 (Exit points). For w € N put f, = [(bw+16)/16]. Let A € T, p € A and
w=Ia —l(p), which is gap(p) by Lemmas 9.10(c) and 9.12, and let p = (j(p),la).

(a) j(p) +r < J for every integer 0 < r < f,,.

(b) Let 1 <r < f, and o > 1 be integers and e = (j(p) +r, In + 0). Then
m+ 3

20

for an odd integer m and a real B with || < 97e27% < 9e < %

(c) 3™I(p) is an odd integer and [9(p)| < e27%.

d(e) =

Proof. Since f,, < 1+5w/16 and 9° < 216 9r < 9l <9. 2% for0<r < fuw. Hence 3¢ 9" < 27 2% <
24,

(a) Membership of p gives j(p) < ja + Sa/log9 — Aw, so Lemma 9.10(b) gives j(p) < n/2 +
1 —log(1/e)/log9 — A\w. Taking logarithms in 9" < 2¥/(3¢) gives 7 < Aw + log(1/¢)/log9 — 1/2.
Adding, 2(j(p) +7) <n+1,s0 j(p)+r < J.
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(c) The point p lies in A by northwest closure; let N = 3™9(p). By Lemma 9.4, Lemma 9.10(a)
and Sa > (j(p) — ja)log9 +wlog?2,

[0(p)| < QI (P)—dage=5a < c27w,

The integer N is odd. Otherwise N/2 represents res(p + (0,1)), since res(p) = 2res(p + (0,1)) by
Lemma 9.4 and 2 is invertible modulo 3"; as |[N/2| < 3™/2, (9.1) gives |9(p+(0,1))| = |9(p)|/2 < &/2.
But p+ (0,1) ¢ A is a cardinal neighbour of p € A, hence white by Lemma 9.11, a contradiction.

(b) By Lemma 9.4, the point (j(p) + r,la) has residue 9" res(p) = 2°res(e), so 2°3"¥(e) =
9" N +m 3™ for an integer m. Here 2°3"™(e) is even and 9" N and 3" are odd, so m is odd. Dividing
by 2°3" gives ¥(e) = (m + ()/2° with 8 = 9"9(p), and |3] < 9727 < 9 < 1/3 by (c), the first
paragraph and 27¢ < 1. O

10. THE RENEWAL PROCESS

This section splits the raw letters (sums of consecutive pairs of letters) of a random word after
each raw letter 4 or 5, where [9, §7.3] splits after each raw letter 3; the pieces are independent, so
their hold points form a random walk with independent steps, the remewal process or hold walk of
Lemma 10.4, along which the penalty of Section 11 factorizes. In place of the local limit bounds of
[9, Lemmas 2.2, 7.6, 7.7], we prove exact laws, exponential moments and explicit tail bounds for it,
used in Sections 11-14.

Nothing here depends on n or £&. Throughout, a1, as, ... are the independent random letters of
the Zandom word W, and deg; = deg; (W) are its partial degrees (Section 3), and (],Z ) = 0 unless
0<k<N.

10.1. Raw letters and holds.

Definition 10.1 (Raw letters). The raw letters of a word are the pair sums ¢; = ag;—1 +ag; (i > 1),
so that ¢; + -+ - + ¢ = degy, (degyg = 0). For ¢ € Z put q(c) = (¢ —1)27¢if ¢ > 2 and q(c) = 0
otherwise. Since exactly ¢ — 1 pairs of positive integers have sum ¢, each of probability 27¢ the raw
letters are independent with law P(¢; = ¢) = q(c). Below, a word of raw letters is a deterministic
word ¢ = (c1,...,c) € ZF. For k € Nand | € Z put

k
R(k,1) =P(degy, =1) = > [Jalci)
cezk, ¢;>2 1=1
c1+-+cp=l

The raw letters 4 and 5 are called closing.

All exact formulas below come from one classical observation [3, Section VL.8|: the letters are
the waiting times between successes in a sequence of independent fair Bernoulli trials, so the set
A = {deg;,degy, ...} of success times contains each positive integer independently with probability
1/2, and |AN[1,[]| is binomial with parameters [ and 1/2.

Lemma 10.2 (Sums of raw letters). (1) >cq(c) =1, and Y.<, q(c) = (m+1)27"™ form € N.
(2) R0,0) = 1[1 = 0); for k > 1, R(k,1) = (L ")27" if 1 > 1 and R(k,1) = 0 if | < 0.
(3) 2k>1 Rk, 1) = 1 for every integer | > 2.

(4) For 1,k € N, P(degyy, <1 < degypya) = (5571)27"-

Proof. The raw letters are almost surely finite, so Y. q(c) = 1, and ¢; > m means |AN[1,m]| <1,
of probability (1 +m)2~"™. Part (2) is the negative binomial law [3, Section VL8|: for k,I > 1,
degy, = I means ! € Aand |AN[1,]—1]| = 2k—1. Summing over k > 1, >, R(k, 1) is the probability

that | € A and |AN[1,] —1]| is odd, which is 3 - 3 when I — 1 > 1. Finally degy, < < degyy4s

means |A N [1,1]| € {2k, 2k + 1}, of probability ((,}) + (%ﬁrl))Q_l = <2l];:_11)2—l. O
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We split the sequence of raw letters after each closing letter; the possible pieces are the hold
words below.

Definition 10.3 (Hold words). For (j,1) € P, let 8B, be the set of hold words b = (c1, ..., c;) € Z
with all ¢; > 2, with ¢; ¢ {4,5} for i < j, with ¢; € {4,5}, and with ¢; +---+c¢; =[; such a b
has length [b| = j and hold point pt(b) = (j,1), its raw length and height. Let B = U, yep Bjis a
countable set. For a list b = (b',...,b%) € B put pt,(b) = pt(b!) +--- + pt(b¥) for 0 < k < K,
so that pty(b) = (0,0) ¢ P and j(pt,(b)) > k; the raw word of b is the concatenation b'b? - - b,

For a word of raw letters ¢ = (c1,...,cx) put q(c) = [T, q(c;), and for a list let q be q of its raw
word. Put
N
)= > ab) weP), 0*Ny)=][Inw) yeP), (10.1)
beB: pt(b)=y =1

with n®0 =1, and vas(r) = 2 (15)" ! for r > 1, vs5(r) = 0 for r < 0.

The pieces of the random raw letters are the random holds. A hold word is also called a hold.

Lemma 10.4 (Holds are independent). Almost surely infinitely many raw letters are closing. The
successive random holds are independent, each equal to a given hold word b with probability q(b).
Consequently:

(1) the hold points hy, ha, ... are independent with law 7, the hold law, so 3> cpn(y) =1 and
n®N s the law of (hy,...,hy);
(2) the raw length j(h1) of the first hold point has the law

P(j(hi) =7) =Y n(r,l) = vas(r) (r>1); (10.2)
I

(3) each Bj, is finite, and n(j,1) # 0 implies | > 2j + 2 > 4;

(4) Wy =h1+---+hy, the hold walk, equals (i,degs;), where i is the index of the Nth closing
raw letter; it is pty(b) for the list b of the first N random holds;

(5) for every K € N, Y pcqr q(b) =1, and if 0 <m < K and c € Z™, then

m
Z q(b) 1[the raw word of b begins with c| = H q(ci). (10.3)

beBK i=1
Proof. Each raw letter is closing with probability q(4) + q(5) = 1% + % = %, independently, so
almost surely infinitely many are. Since a hold word has exactly one closing letter, at its end,
the first N holds are given hold words b',...,b" if and only if the raw letters begin with their
concatenation, an event of probability [T, q(b"). Summing q(b) over the hold words b of length r

factorizes as

(3 al0) " (ot +at5) = (Y7 2 <),

by Lemma 10.2(1). Summing over r > 1 gives Y, q(b) = 1, the sum running over all hold words,
so the holds are independent with law q on hold words. This proves (1) and (2). In (3), the raw
letters of a word in B, lie in [2,[], and | > 2(j — 1) +4. Part (4) holds because the Nth hold ends
at the Nth closing letter. In (5), the first K random holds equal b with probability q(b), which
gives the total mass 1; their concatenation, the raw word of b, has length at least K > m, so the
event in (10.3) is that the first m raw letters equal ¢, of probability [T~ q(c;). O
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10.2. First passage over a height. The exit from a triangle in Section 9 is modelled by the first
time the hold walk, started at gap w below the top edge, rises above that edge.

Definition 10.5 (First passage). Let w € N. The first-passage index N, is the least N > 1
with [(Wy) > w. Since every I(h;) > 4, it exists and N, < |w/4] + 1. The first-passage law is
Fu(z) =P(Wy, = z) for z € Z x Z, where, as for points, j(x) and [(z) denote the coordinates of x.
Equivalently, call y € PX a first-passage list over height w if I(y1) + -+ +1(yx) < w for k < K and
I(y1) + -+ l(yx) > w; then F(x) is the sum of n®X (y) over K > 1 and the first-passage lists y
with y1 + -+ yx = x.

The first-passage overshoot over height w is I(Wy,) —w > 1. The horizontal first-passage co-
ordinate over height w is j(Wny, ), and its law r — 32, ;- Fu(2) is the horizontal first-passage
law.

Lemma 10.6 (First-passage law). Let w € N.
(1) Fy is a probability on Z X Z, and Fy,(x) # 0 implies x € P (that is, j(z) > 1) and l(x) > w.
(2) Wy, = (i,degy;) for the least index i with ¢; closing and degy; > w.

Proof. Part (1) holds since N, is finite, j(Wy,) > N, > 1, and [(Wy,) > w. Part (2) follows

from Lemma 10.4(4): the points Wy, N > 1, are the points (i, degy;) at the closing indices 4, in
increasing order. ([

10.3. Exponential moments. Chernoff bounds for sums of hold points need the exponential
moments of one hold point.

Definition 10.7. For real t and real X,y > 0 put
Mys(t) = D was(r)e” =BV, G(X,y) = 37 0(j,) X7y = ExIMylth),
r>1 (5,h)eP
with values in [0, 00], and V(y) = G(1,y) = Ey!(h),
Lemma 10.8 (Moments of one hold point). (1) If 11! < 16, then Mys(t) = 5e'/(16 — 11et) <
00

(2) If 0 < t < 1/1024, then Mys(t) < e!3/4,
(3) Mys5(1/16) < 5/4.

(4) Let X >0 and 0 < y < 2, and put Vuc(y) = ﬁ — 2yt — L5 If XVie(y) < 1, then
X(igy* + 59°)
G(X,y) = —16Y T8 )
( y) 1 _XVnc(y)

(5) V(27/25) < 8.

Proof. Part (1) is a geometric series. For (2), e™* > 1 — t gives 16e™' — 11 > 5 — 16t > 0, so
Mys(t) = 5/(16e~t —11), and it suffices that 5 — 16t > 5e~ 134, Since e~ 1344 < 1 — B+ 1(L24)2 for
t > 0, the right side is at most 5 — %’ht %’9, which is at most 5 — 16t because t < 1/1024 < 8/845.
For (3), e!/16 < 16/15 by e~1/16 > 15/16, and by (1) Mys(t) = 5e'/(16 — 11¢') increases with e' on
(0,16/11), with value 5/4 at e' = 16/15.

For (4), X7y! = g:l Xy® for b = (c1,...,¢5) € Bj;, so the factorization in the proof of
Lemma 104 gives G(X,y) = Y51 (XVac(y)) ' X (35y" + §°). Here 3.q(c)y® = Lesole —
D(y/2)¢ = 42/(2 — y)?, 80 Vie(y) is the sum of q(c)y® over ¢ ¢ {4,5}, a nonnegative number.
Sum the geometric series.

For (5), exact evaluation gives Vyo(27/25) = 77640184719/82656250000 < 1 and, by (4) with
X =1, V(27/25) = 36266065281 /5016065281 < 8. O

Lemma 10.9 (Sums of hold points). Let N € N.
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(1) For real t, EetUh)+-+i(hn) — Mys(0)N in [0, oo].
(2) For real X,y > 0, an integer 0 < u < N and an event E determined by hy, ... hy,

E[lEXj(WN)yl(WN)] = G(X, y)N—uE[lEXj(Wu)yl(Wu)]
in [0, 00], with Wy = (0,0) and 0 - oo = 0.
(3) For real m P(m <10 Z j(hi)) < exp <N - m).
’ T = - 2 160
(4) For w € N and real t > 0 with 11e' < 16, 3, cp Fu(2)e¥®) < Myz(£)9+! < oo.

Proof. Parts (1) and (2) are independence (Lemma 10.4(1)): Wy = Wy, + hyy1 + -+ + hy, with
hy+1,...,hy independent of hy,... h,. Part (3) is the exponential Markov inequality: the proba-
bility is at most e~™/160My5(1/16)~; apply Lemma 10.8(3) and 5/4 < 1 + 1 +3 <el/2 In (4) the
sum is Ee W) since N, <w+1and t > 0, tj(Wy,) < ;<41 5(hi), so (1) and Lemma 10.8(1)
apply. O

10.4. First-passage overshoot. The first passage over a height does not overshoot it by much.

Lemma 10.10 (First-passage overshoot tail). For integers w > 64 and k > 1,
25

k
> Fu(a) <9<> .
z: l(z)>w+k 27
Proof. Put Wy = (0,0) and, for m € Z, let u(m) = >y~ P(I(Wx) = m) be the expected number
of N > 0 with {(Wy) = m. By Lemma 10.4(4), the heights [(Wy), N > 1, are the deg,,; at the
closing indices i. Since ci11 is independent of degy;,

u(m) =1[m = 0] + Z(q(él)R(k,m —4) + q(5)R(k,m — 5)).
k>0
By Lemma 10.2(2),(3), > "j>o R(k,1) is 1 at [ = 0, is 1/4 for I > 2, and vanishes otherwise. With
q(4) = 3/16 and q(5) = 1/8, for m € N,

u(m) =1[m = 0]+ 21[m = 4]+ $1[m = 5] + Z1[m > 6] + H1[m > 7],
sou(m) < & 4+ 1[m=0]+ Z1[m = 4] + §1[m = 5.
The left side of the claim is P(I(Wy,,) > w + k). On this event, N = N, — 1 is the unique N > 0

with {((Wy) < w and I(hyy1) > w+ k — [(Wy); conversely, any such N equals N, — 1. Since hy41
is independent of Wy, with y = 27/25,

PU(Wx,) > w+k) = > u(m)P(I(h1) >w+k—m) < V(y)y ™ > u(m)y™~,
m=0 m=0
and
- e D i W 3 4 1 5> 135 9 9
< — — - <4 — ==
D ulmy™ < > vy (Hmy t8Y )= 128 T128 T 8

m=0 >0

The last step uses the exact rational comparison (25/27)%4 - 224805889/156250000 < 9/128 (the left
side is 0.0104. . .), where 224805889/156250000 = 1+ x4+ %y°. Lemma 10.8(5) gives V(y) < 8. [

10.5. The horizontal first-passage law. The horizontal first-passage law is a mixture of two
binomial rows (Lemma 10.13), whose tails give the horizontal tail of the first passage (Lemma 10.14).
We first bound binomial rows.
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Lemma 10.11 (Binomial bounds). For N € N and k € Z, ((],Z) NY2 < 2/(3N +2); in particular
R(k,1) < (2(31 — 1))"Y2 for all k € N and integers | > 1. For N > 1 and real u > 0,

Z (27) 9N < 920 /N
lk—N/2|>u

Proof. We have (3m+1) ((2;1") 4_m)2 < 1 by induction on m: it holds at m = 0, and (2;;‘:12) 4—m=1 —
(*™M47™(2m +1)/(2m+2) with (3m+4)(2m+1)? = 12m> +28m? + 19m +4 < (3m + 1)(2m +2)2.
The largest coefficient of row NNV is the middle one. For N = 2m this gives the claim; for N = 2m+1,
(FmHh)o=N — (2m2y4-m=1 whose square is at most 1/(3m +4) = 2/(3N 4 5). By Lemma 10.2(2),

m m+1
R(k,1) is 0 or & (- 11)2—@—1 < 1(2/(31—1))V/2.

The last bound is Hoeffding’s inequality [4, Theorem 2| for a sum of N independent fair Bernoulli
variables, applied to each of the two tails. O

Definition 10.12 (Binomial masses). For [ € N and i € Z put

, 1+1). ao L1=1\._, .
= = — >

and p§l(i) = 0 otherwise.

By Lemma 10.2, p; (i) is the probability that degy; < I < degy; o, and for I > 2, ps'(i) = q(5)R(i, )
is the probability that degy; = and ¢;+1 = 5. Odd-index sums of binomial rows give >, p;(i) = 1
and, for I > 2, 3", psl(i) = 1/32.

Lemma 10.13 (Exact horizontal first-passage law). Let w > 6 and r > 1 be integers, and | = w—4.
Then

Z F()_plr_l +Zpl —Pl )V45(7"—1—k).
z: j(z
Proof. By Lemma 10.6( ) the left side is P(¢; = r), where i1 = j(Wx, ). Let ig be the largest i > 0
with degy; < [; then ig < 1. Closing indices i < ip have degy; <1 < w. If ¢;41 = 5 and degy;, =1,
then degy; 1o = w+1 and iy =ig+1. Otherwise a closing letter at ig + 1 gives degy; o < w, while
every closing index i > ig + 2 has degy; > degy; o +4 > w; so 41 is the first closing index after
io + 1. Therefore {i; = 7} is the disjoint union of {degy,_, = I, ¢, = 5}, of probability p§!(r — 1)
(zero for r = 1, since [ # 0), and, for 0 < k < r — 2, of the events

({degyy, <1 < degopyo} \ {degor =1, crr1 =5}) N {ckt2,...,cr—1 not closing, ¢, closing}.
The two parts are independent, with probabilities p;(k) — p§'(k) and vys(r — 1 — k). O
Lemma 10.14 (Horizontal tail of the first passage). For w € N and real u > 2,

4o~/ 256 if w <5,

Z Fw ($) S U2

—u /256 .
z: [j(z)—w/4|>u 46XP(_m) +2e7% if w> 6.

Proof. Case 1. Suppose w < 5. A nonzero term has j(z) > 1, so j(z) —w/4 > —% > —u; hence
jx) —w/4 > wand j(z) > u. Markov’s inequality, Lemma 10.9(4) with exponent 1/16 and
Lemma 10.8(3) bound the left side by (5/4)“tle%/16 < (5/4)6e=%/16 < 4e=u/256 a5 (5/4)0 =
15625/4096.

Case 2. Suppose w > 6. Put | = w —4 > 2; then r —w/4 = (r — 1) — /4 for r = j(z). Let
J =1{i>0:i—1/4 > u/2}. By Pascal’s rule p;(i) = ((4,) + (22+1))2 > pdl(i). Forie J
and i/ € {2,2i + 1} we have i/ — /2| > 2|i — /4] —1 > u—1 > u/2, so Lemma 10.11 gives
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Yiegpi(i) < 2¢=*/(2)  Sum Lemma 10.13 over the r with |(r — 1) — [/4] > u. The psl-part is at
most Y ;e 7 pi(i). In the remaining part, with k =r —1—4 > 1, [i + k — /4] > u forces i € J or
k > u/2, so it is at most

11 u/2—1
Sopi)+ Y vas(k) < 2e7/ 4 (16) < 2e7 /() 4 9pmu/256,
eJ k>u/2

using log(16/11) > 5/16. The total is at most 4e~%*/(2) 4 9¢—u/256, O

11. THE CHARACTER SUM AND THE WEIGHTED MAXIMA

This section bounds [fin(£)| by the expectation 3, 7(y)Q(y) of the expected penalty Q (Proposi-
tion 11.13, used in Theorem 14.6), following [9, §§7.1, 7.3], but with cancellation at every raw letter
up to 16 (Lemma 11.2 and the paid rewards of Definition 11.6). It then introduces the weighted
maxima Q,,, whose descent step Q,, < Q,n_1 is proved in Sections 12-14.

The constants z = % and Kk = 230108070 are those of Definition A.2; Kz = 63?33&1]0. Every series
below is indexed by a countable set and has nonnegative terms or converges absolutely, so it may
be rearranged and regrouped freely. For p € P and k € Z write p — (0, k) = (j(p),l(p) — k).

11.1. Pairing. Grouping the letters in pairs, as in [9, §7.1], bounds |i,(§)| by an average of
products of the following factors, one for each raw letter c; at its point (i,c; + --- + ¢;). For an
integer ¢t > 1 and real 8, and for p € P and an integer ¢, put

t—1
B(0) = 3T T () =@ (0p) (22, (11.)
a=0

and p.(p) = 1 for ¢ < 1. By the triangle inequality, 0 < p.(p) < 1.

Lemma 11.1 (Pairing).

J
(O < > ] ale) @e, (i 1+ -+ ci). (11.2)

cezZd =1

Proof. Let e(y) = e~ 2™€¥/3" for y € G,,, evaluated at elements of Z[1/2] after reduction (Section 3).
Then i, (&) = Ee(off(W<,,)) is the sum of [9, (7.2)] for the character e, since the expression in
[9, (1.29)] is off(W<y,) letter for letter. Tao’s pair sums ag;—1 + ag; are the raw letters, with law
q (Definition 10.1), and given ag;—1 + ag; = ¢ the letter ag; is uniform on {1,...,c¢ — 1}. So, with
pi=(i,c1 + - +¢;) and z; = 320-D27UP:) [9 (7.4)(7.5)] read

J c—1
@< Y TlaelfGnell.  flro= =S e((2"+3)),
cezd i=1 k=1

where the terms with some ¢; < 1 vanish. Since 2F +3 = 5+ 2(2F"1 — 1) and e(2x;) = e 279
(Definition 9.2), we have e((2¥+3)z;) = e(5x;) e~2m@ 1 =D9() | The sum over k of the last factors is
the complex conjugate of the sum in (11.1) witht = ¢;—1and a = k—1, so | f(z4, ¢i)| = @e,(pi). O

11.2. Cancellation at white points. At a white point the factors 3, ¢4, 5 are bounded away
from 1.

Lemma 11.2 (White cancellation). If p € P is white, then

Rz

w3(p) < e, wa(p) <e™ %, ws5(p) <e

—z
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Proof. Put z = nt|d(p)| € (me, 5], a = * and xo = 3.1415¢ %035171 Replacing ¥(p) by —9(p)

conjugates the sum in (11.1), so ¢.(p) = 215|353 a® 71| Since 7 > 3.1415,

c—1

O<azo<me<a<

2o

We use the Taylor bounds siny > y — 43/6 for y > 0, cosy < 1 —4%/2 + y*/24, and e™¥ >
1—y+y%/2—143/6 for y > 0. The exponents 2¢ — 1 in (11.1) are 0,1,3,7 for a = 0,1, 2, 3.
The raw letter 3. As in [9, Lemma 7.2], p3(p) = 1[1 4+ a| = cosz. As cos decreases on [0, 7],
cosT < cosTo < 1 —x2/2 + z2/24. The exact rational comparison
2 4 2 3
x5 (kz) (kz) _
1o %o gk e A
2 T S 6 ¢
(decimal values 0.9932387 ... and 0.9932410...) proves the first bound.
The raw letter 4. Here p4(p) = %|1+ a+ a3|, and since [a| = 1,

1+ a+a’? =3+ 2cos2z + 2cosdx +2cosb6x = 9 — 4h(u),  h(u) = 1du — 28u® 4 1603,

by the multiple-angle formulas in u = sin® z. As sin increases on [0, 2], sinz > sinzo > zo —23/6 >
0,50 u > U = (zo — x3/6)?. If u < I, then b is nondecreasing on [0, 1] (as b'(y) > 14 — 56y), so
h(u) > h(uo) Ifu> 1 then h(u) — Tu = 16u(u— 1) > 0 gives h(u) > L. Exact rational arithmetic
gives uo < 1, 1m0 < fh(u,) < 4 and

18362
100000
(decimal values 8.26552 and 8.26559 . . .; the last step is the Taylor bound at y = 2z). In both cases
b(u) > o392 hence 9p4(p)* = 9 — 4h(u) < 9e~ % _

The raw letter 5. By the triangle inequality and |1 + €?¥| = 2| cos ],

e5(p) =l +a+a’+a’| < H([1+a| + |1+ a'|) = 1 (| cosz| + | cos 4z]).

If # < %, then 4z, < 4z < Z, 50 0 < cosdaw < cosda,, and ¢5(p) < 1 — (4a5)%/4 + (4x,)* /48,
which is less than 0947. If ” < x < I, then |cosdz| < 3 and ¢5(p) < 3. If 2 > Z, then
0<cosz < \f < 2% and @5(p ) < 38T All three bounds are below 1 — z = 2992 < ¢=%, O

11.3. Packets. A raw letter ¢ > 5 need not sit at a white point to cancel: a block of consecutive
terms of the sum defining . (p) is the sum defining ¢4 or 5 at a point below p, and cancels if that
point is white or if its angle is near an odd dyadic fraction.

Lemma 11.3 (Disjoint packets). Let ¢ > 2 be an integer, 0 real, and let S be a finite set of pairs
(k,t) € N x Z>1 with k+t < ¢ — 1 whose packets {k,k+ 1,...,k+t— 1} are pairwise disjoint.
Then
(=1 P@e1(0) < (c—1)— Y t+ > td(2%0).
(kt)es (k,t)es

In particular (¢ — 1) pc(p) < (¢ —1) = X epest + X pest prr1(p — (0,k)) forp e P.

Proof. Split the sum (¢ — 1)®._1(0) = | 2.¢22 22" =19 into the packets of S and the remaining
c—1—> gt terms, each of modulus 1, and apply the triangle inequality. For (k,t) € S, 2+ — 1 =
(2% — 1) + 2%(2% — 1), so the packet has modulus t®;(2¥0). For the second claim take § = ¥(p):
I(p — (0,k)) — 2¥9(p) € Z, since res(p — (0, k)) = 2¥ res(p) (Lemma 9.4), and @, has period 1. O

The angles of exit points are odd dyadic fractions up to an error at most 1/3 (Lemma 9.14(b)).
At such angles &, is bounded away from 1.
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Definition 11.4 (Packet envelope table). Let Ty be the set of the 21 pairs (s,t) for which the
following table has an entry Us,; each entry is an exact terminating decimal.

s\t | 2 3 4 5 6 7
105 0590  0.504

2 10867 0579  0.626

3 1096593 0.800  0.535

410992 094741 0.775

5 1099786 0.98672  0.93963

6 |0.999465 0.996672 0.984682 0.939

7 0.940

8 0.943

Lemma 11.5 (Packet envelopes). For every (s,t) € Ty, every odd integer m and every real B with
18] < 3. Pe((m+8)/2°) < Usy.

Proof. Expanding the square,
P0(0)° = ge(0) =t +2 > cos(2m(2/ —2°)0).
0<i<j<t—1
For (s,t) = (1,2), ®2(0) = | cos(nf)| and 6 = (m + B3)/2 lies within # of an odd multiple of 3,

Py(0) < cos§ = % For the other 20 pairs we show ¢; < t2U2t on the set of # in question by a

finite computation 1n exact integer arithmetic. The function g; is even, 1-periodic, and Lipschitz
with constant L; = 7 85, <jct(2 =2, as < 2 Reducing m modulo 2° and replacing § by —6

if necessary, 0 lies in a cell [(m’ — 1)/2%, (m/ )/25] with m/ odd and 1 < m/ < 2571, All points
used below are multiples of 1/(3 - 25+20) At such a point the turn ¢ = (27 — 29)0 of each cosine
is reduced to o = |¢p — {d) + %J | €0, }; if a < 7, L cos(2m¢) is at most the Taylor polynomial of

degree 14 of cos at 2wy, mo = 3.141592654, plus 1079, and if o > %, cos(2mg) = — cos(27r(% —a))
is bounded in the same way; here 1072 exceeds 2(8/5)16/16! + 3|7 — 7|, a bound for the Lagrange
remainder of Taylor’s formula plus the error from 7, since 2mpar < 8/5 and |1 — mo| < 5 - 10710,
These upper bounds, rounded up to multiples of 2764, give an upper bound for g; at the point. A
segment [0y, 0] is accepted if the larger of the bounds at its ends plus Ly (61 — 0y)/2 is less than
t2U2,, which bounds g; on the segment; otherwise it is split at [(No 4+ N1)/2] /Q, where 6; = N;/Q
and Q = 3-2°720 and each part is treated in the same way. Starting from the cells and splitting at
most 20 times, every segment is accepted, for each of the 20 pairs; at most 831 segments are tested
per pair. ([l

11.4. Paid rewards and the penalty. The descent step needs the cancellation of every raw letter,
not only of the raw letters 3, 4, 5 at white points. The paid reward R.(p) below records it: e ?#e()
bounds ¢.(p), with the bounds of Lemmas 11.2 and 11.3 as a floor and the actual value of ¢.(p),
capped at 2716, for 3 < ¢ < 16.

Definition 11.6 (Paid rewards). Let ¢ be an integer and p € P. A pair (k,t) € N x {3,4} with
k41t < c—11is admissible if p — (0,k) is white, and the coverage M.(p) is the largest value of
P (kpes t over the sets S of admissible pairs with pairwise disjoint packets (with M.(p) = 0 for
S =0). The baseline reward is

k 1[p white], c=3,
1[p white], c =4,
R (p) = < 1[p white] + + 38331 1[p not white, p — (0,1) white], ¢=15,
M (1-9), 6 < c< 16,
0 otherwise.
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The paid reward is R.(p) = max{R%4(p), —z 1 logmax(p.(p),2716)} if 3 < ¢ < 16 and j(p) < J,
and R.(p) = R%(p) otherwise. The residual reward is R:(p) = R.(p) — 1[c € {4,5}] 1[p white].

18351 _ 3(1 _ z)

Here 35550 = 1

Lemma 11.7 (Paid rewards). Let ¢ be an integer and p € P.
(1) Re(p) > ROld( ) >0 and R'*(p) > 0; if j(p) > J, then R.(p) =0
(2) e(p) < e 20 and o (p) < e=*Fe),
(3) If 3< ¢ <16 and j(p) < J, then e~ 1) < max(p.(p),2719).

Proof. (1) The first inequality holds by definition, and each case of R is nonnegative. If ¢ € {4,5}
and p is white, then R%4(p) = 1, so R™**(p) > 0; otherwise R:*(p) = R.(p). If j(p) > J, no point

— (0, k) is white, so M.(p) = 0 and R.(p) = R%(p) = 0.

(2) The second bound follows from the first, since also @.(p) < max(p.(p),27'6) and y — e=*¥
decreases. For the first we may assume R%4(p) > 0, as . < 1. If ¢ € {3,4,5} and p is white,
apply Lemma 11.2. If ¢ = 5, p is not white and p (0,1) is white, Lemma 11.3 with S = {(1,3)}
and Lemma 11.2 give p5(p) < (1 +3e7%) <1—22(1—3) < e*B8(P) using e7* < 1— 2 + 222
and 1 —y < e ¥ If 6 <c <16, take S attalnlng M = M.(p); as t +1 € {4,5} for (k,t) € S,
Lemmas 11.3 and 11.2 give

pe(p) <1— l(l —e ) <1—2 M (1 —_ f) < o #RMW),
1

c—1 2/ =
(3) By definition R.(p) > —z~!log max(y.(p),271°). O
Definition 11.8 (White factor and penalty). For p € P the white factor is w(p) = e™* if p is white,
and w(p) = 1 otherwise. For a word of raw letters ¢ = (c1,...,c;) € Z7, the penalty is

Pen(c He #he; (1 ertte) ¢ (0, 1].
=1

11.5. Splitting the penalty into holds. Splitting the raw letters into holds turns the penalty
into a product along the hold walk: the white factors w at the hold points carry the reward 1[white]
of the closing letters, and the internal factor carries the residual rewards of all letters of a hold
(Lemma 11.10).

Definition 11.9 (Internal factors). For 2 € N x Z and a hold b = (cy,...,cp)) (Definition 10.3),
the internal factor is
|b]
|(l‘;b) — Heszgis(m+(i,c1+--.+c¢)) c (07 1]_
i=1
Lemma 11.10 (Penalty along holds). Let K > J, let b € BX | and let c be the first J raw letters
of its raw word. Then

K K
Pen(c H w(pty (b H (pt_1(b); b¥).
Proof. For a hold b = (cq,...,c¢,) and x € N xZ, the letters ¢;, i < r, are not closing, so Re® = R,

—2RES(y) _ p—#Rep(y)

while the closing letter sits at y = x + pt(b), where w(y)e . Hence

r

w(z + pt(b)) I(z;b) = H o #Re; (x+(i, 14 +ei))
i=1

The raw letters c¥, ... ’Clkb’“l of b* occupy positions j(pt,_;(b)) +1,...,5(pty(b)) of the raw word,
and the sum of the raw letters of the raw word up to c¥ is I(pt;_;(b)) +c¥ +--- + c¥. Hence, with
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. . . —zR (i,c)++c] .
x = pty_,(b), the right side of the claim is [[; e ey lber “) over the entire raw word ¢, whose

length is at least K > J. The raw letters beyond position J have points of raw length greater than
J, where the rewards vanish (Lemma 11.7(1)), so their factors are 1. O

11.6. Reduction to the expected penalty. The character sum is bounded by the average
penalty of the hold walk (Proposition 11.13), the analogue of [9, (7.34)]. We truncate Tao’s in-
finite product after K holds, so that Ux below is a sum over finite lists of holds, with no infinite
product of random factors.

Definition 11.11 (The expected penalty). For K € N and p € P let

K K

> a) [ wlp+pty(®) [] 1(p+ pty_1(b); b*),

beBK k=0 k=1

and call Q(p) = Uy(p) the expected penalty of a hold walk started at p, counting the white factor
at p itself.

Lemma 11.12 (Properties of the expected penalty). Let p € P.
(1) 0 < Ug(p) <1 for all K, and Uk (p) = Q(p) whenever j(p) + K > J. If j(p) > J, then

Q(p) =1.
(2) Q(p) =w(p) > a(b)I(p;b) Q(p + pt(b)).
beB
3) Q () Y ny)Qp +y)-
yeP

Proof. Part (2) is the analogue of [9, (7.35)], with internal factors and truncated sums. All factors
in Definition 11.11 lie in (0, 1] and the lists have total mass 1 (Lemma 10.4(5)), so 0 < Ug < 1.
Writing a list in BX+! as (b,b’) with pt,;(b,b’) = pt(b) + pt,_;(b’) for i > 1 gives the one-step
identity

Urca(p) = w(p) 3 a(b) 15 5) Urc (p + pt(5). (11.3)

be®B

Splitting off the last hold instead shows that Uxy1(p) = Ug(p) when j(p) + K > J: the new
factors w(p + ptr1(b)) and I(p + pt(b);bET1) are evaluated at points of raw length at least
j(p)+ K +1 > J, which are not white and where the rewards vanish, so they equal 1, and the last
hold then sums to mass 1. By induction, Ug (p) does not depend on K once j(p)+ K > J;as K = J
qualifies, the common value is Q(p). If j(p) > J, the same reasoning makes every factor equal to
1, and Q(p) = 1. This proves (1). For (2), apply (11.3) with K = J, noting U;+1(p) = Q(p) by (1).
For (3), drop | <1 in (2) and group the holds by their point using (10.1). O

Proposition 11.13 (Character sum and expected penalty).

()] <~ nly) Qy). (11.4)
yeP
Proof. If J = 0, then Q(y) = 1 for every y € P (Lemma 11.12(1)), so the right side is 1, while

[1in (&) < Xog pn(z) = 1.
Let J > 1. By Lemma 11.7(2), ¢.(p) < e *<() for every integer ¢ and every p € P, so (11.2)
gives

J
in(©)] < Y. [l alei) Pen(c)

ez’ i=1
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By (10.3) with m = K = J, the mass [, q(c;) is the total mass of the lists b € B whose raw word
begins with ¢. Summing over c first and applying Lemma 11.10, the right side becomes

J J
Z q(b) H w(pty (b)) H I(pty,_y (b); b).
beB/ k=1 k=1

Write b = (b',b) and y = pt(b'), so that pty(b) = y + pt;_1(b’) for k > 1. Summing over
b’ € B/~ turns the summand into q(b*)1((0,0); ) U;_1(y), by Definition 11.11. Since j(y) > 1,
Lemma 11.12(1) gives U;_1(y) = Q(y). Finally drop | < 1 and group the holds b' by their point,
using (10.1). O

11.7. Weighted maxima near the horizon. To show that Q(p) decays like a power of the
distance to the horizon j = J, we follow [9, (7.38)—(7.41)] and track the largest weighted value d4Q
within distance m of the horizon; a bound on it that does not grow with m is the decay we need.

Definition 11.14 (Weighted maxima). For p € P let d;(p) = max(J — j(p), 1), the distance to the
horizon j = J. For an integer m > 1, a boundary point for m is a p € P with j(p) + m = J. For
a real exponent A > 0, suppressed from the notation, and an integer m > 0, the weighted mazima
are

Qm = sup{ds(p)* Qp): pP, j(p) >J —m}.
Lemma 11.15 (Basic properties of the weighted maxima). Let A > 0 and let m > 0 be an integer.
(1) 0 < Qpn < max(m,1)4.
(2) If j(p) = J —m, then d;(p)* Q(p) < Q.

Proof. As in [9, (7.39)]: if j(p) > J —m, then 1 < d;(p) < max(m,1) and 0 < Q(p) < 1
(Lemma 11.12(1)), and the set in Definition 11.14 contains the point (J + 1,0). O

Lemma 11.16 (Boundary reduction). Let A > 0 and let m > 1 be an integer.
(1) If r > 1 and j(p) +m = J +r, then Q(p) < max(m —r,1) 4 Qp_1.
(2) If Q(p) < m™AQun_1 for every boundary point p for m, then Qum < Qum_1.

Proof. As in [9, §7.4] (the bound opening Case 1, and the reduction of (7.40) to (7.41)), by
Lemma 11.15(2): in (1), j(p) > J — (m — 1) and dj(p) = max(m — r,1); in (2), a point with
j(p) > J —m either has j(p) > J — (m — 1) or is a boundary point for m, where d;(p) =m. O

For the index ¢ take A = A,. By Lemma 11.16(2), the descent step Q;, < Qu,—1 (Proposition 14.4)
reduces to the bound Q(p) < m~4Q,,_1 at every boundary point p for m, which is white or black
as j(p) < J. We prove it in three cases, with the Case-2 split s, of Table 1: Case 1, p is white;
Case 2, p is black with gap(p) < s,m; and Case 3, p is black with gap(p) > s,m. Case 1 needs
one hold (Section 14); Cases 2 and 3 follow the hold walk through the trace of Section 12, and are
completed in Sections 14 and 13.

12. THE TRACE

This section proves the explicit form of [9, Lemma 7.9] used in Case 3 (Section 13): from any
starting point, the average of the discounted reward e *®" at the (k + 1)st trace time is at most
(155)" (Lemma 12.16). It rests on the bound ;55 for one step of the entry kernel (Proposition 12.15).
At most gaps this bound comes from the reward collected at the first raw crossing of the top edge
of a triangle, whose angle is an odd dyadic fraction (Lemma 9.14); at six gaps it comes from finite
trees of raw prefixes. The same crossing bounds give the bound 1 — dpas for one passage at every
gap, used in Case 2 (Lemma 14.3). The discount rate of the trace is the cancellation z at a white
point (Lemma 11.2). All sums below have nonnegative terms and values in [0, oo] unless stated

otherwise, and are rearranged freely.
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12.1. Paths and rewards. A path follows the hold walk for a fixed number of holds. Its reward
adds the paid raw rewards R, of Definition 11.6, which can be positive at black as well as white
points; each white closing point contributes at least 1.

Definition 12.1 (Paths and rewards). For a list b = (b!,...,b") € B L € N, write |b| = L,
by = ..., b"), and ww’ for the concatenation of lists. The path of b from 6 € P is y, (0, b) =
0 + Ptmin(u,)(P), w € N. The reward of a hold b = (c1,...,cp) at a point z is

[ol

rw(x,b) = ZRCi(x + (i,c1 + -+ ¢i)),
i=1

)rw(yi,l(é, b),b"). The raw word of b is the

and the accumulated reward is Rw(o,b;u) = 3,0 (u,L
); 0i(b), 0 <i < M, denotes the sum of its first

in

=1

concatenation of its holds, of length M = j(pt (b)
i raw letters.

The raw letters of a hold other than its closing letter lie outside {4, 5}, so Definitions 11.8 and 11.9
give
w(z + pt(b)) I(z;b) = e ™V (@0), (12.1)

Lemma 12.2 (Elementary properties). Let 6 € P, w € B w' € B2 and b € BL.
(1) For ¥ >0 on B x Blz,

Z Cl(b)‘l’(b[l,Ll]ab[L1+1,L1+L2]) = Z q(w)q(w')U(w, w').

beBLlit+lz w,w’

(2) yu(o, WW,) = yu(0,w) foru < Ly, YL1+u(6, WW,) = yu(yLl (o, W)awl) and Rw(o, ww'; Ly +
u) = Rw(o,w; L1) + Rw(yr, (0,w),w';u) for u € N.

(3) For u </, with y, = yu(0,b) and k = min(v', L) — min(u, L), we have j(y.) — j(yu) >k,
and l(Yu’) - l(Yu) > 4k if q(b) 7& 0.

(4) For L' € N, the masses of the lists in a prefiz-disjoint set of lists of length at most L' sum
to at most 1.

(5) Foru < L, Rw(o,b;u) > #{1 <i < wu:y;(o,b) white}, and u — Rw(0o,b;u) is nondecreas-
ing.

(6) With c the raw word of b and M its length, Rw(o,b; L) = "M Rc, (6 + (i, 04(b))).

Proof. (1) Concatenation is a bijection Bt x B2 — BL1+L2 and the mass is multiplicative. (2)
follows from pty, ., (ww') = pty, (w) + pt,(w’). (3) Every hold point (j,I) has j > 1, and | > 4
if the hold has positive mass (Lemma 10.4(3)). (4) Extend every list w of the set by all lists of
length L' — |w|; by (1) the extensions of w carry mass q(w), and the extensions of distinct lists are
disjoint subsets of B, which has mass 1 (Lemma 10.4(5)). (5) Rewards are nonnegative, and the
closing letter of the ith hold sits at y; and has reward at least 1 there if y; is white (Definition 11.6).
(6) The ith raw letter of the kth hold has index ¢ = j(pt;_;(b)) + ¢ in the raw word, and the point
attached to it in Definition 12.1 is 0 + (g, 04(b)). O

12.2. Gaps and the trace times. The trace times mark the successive entries of a path into
triangles. Each new entry lies above the top edge of the triangle entered before, so between two
entries the path makes a full passage over that edge. A black point p lies in A(p) and Iz = l«(p)
(Lemma 9.12 and Definition 9.9), so its gap gap(p) = l.(p) —I(p) > 0 (Definition 9.8) is the distance
from p up to the top edge of A(p).

Call the path y,, = y,(0,b) of b € B% complete if j(6)+ L > J. If y, is black on a complete path,
then v < L and j(0) +u < J, since otherwise j(y,) > j(0) + min(u, L) > J by Lemma 12.2(3). A
time u is a hit if y, is black.
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Definition 12.3 (Trace times). The trace times u; < uz < --- of a complete path are defined
as follows: wj is the least hit, if there is one; once u; is defined, ;41 is the least hit v > w; with
I(yu) > li(yu,;), if there is one. Since hits are less than L, the sequence is finite.

For p € P and a list w write pw = yjw|(p, W), and p, = p + pt(b) for a hold b. For 0 € P let
U(0), the bridge lists, be the set of lists w of positive mass such that oy is black and y, (0, w) is not
black for v < |w|. For a black v let £(v), the entry lists, be the set of nonempty lists w of positive
mass such that vy, is black with I(vyw) > l«(v), and no y,(v,w) with 1 < u < |w| has these two
properties. Both sets are prefix-disjoint, and their lists w satisfy j(0) + |w| < j(ow) < J. The path
of a list agrees with the path of each of its prefixes up to the prefix’s length. So, for the complete
path of a list b € B of positive mass from 6, u; exists and equals @ if and only if @ < L and
b4 € U(0); and if 0 = v is black, then u; = 0, and uy exists and equals % if and only if 1 <@ < L
and b[l,ﬂ] S g(U)

Lemma 12.4 (Restart at a trace time). Let y, = y,(0,b) be the complete path of b € B from o.
Suppose u; = exists, and let y,, = yu(ya, bat1,r])- Then j(ya) + (L —a) > J, and for every k > 1,
Wi—1+% exists if and only if the kth trace time u), of y' does, and then w;_i4y = U + uj,.

Proof. By Lemma 12.2(3),(2), j(ya) > j7(0) + @ and y,, = yga4y. Since y; = yg is black, uj = 0,
matching u; = %, and both sequences are continued by the same rule applied to the same points. [J

12.3. One passage. Between two trace times the path climbs from a black point v above its
column top. For w € N let I, be the set of nonempty lists f of positive mass with I(pt;(f)) < w for
i < |f| and I(pt}g (f)) > w, that is, the lists whose hold points form a first-passage list over height
w (Definition 10.5). Grouping lists by their hold points and using (10.1) gives, for ¥ > 0,

S ) Upte (£) = 3 Fu (@)U (). (12.2)
fell, zeP
In particular Y J¢cqp q(f) = 1. The reward of a passage is bounded below at the place where its raw
word first exceeds w.

Lemma 12.5 (First raw crossings). Let w € N. For integers ¢ > 2, 1 < o < candr > 1
let X,(c,o0,7) be the set of £ € 1, whose raw word has length at least r, rth raw letter ¢, and
or(f) =w+o.
(1) The sets X, (c,0,7) partition I1,; for £ € X,(c,o0,r), r is the least index with o, (f) > w, and
the position r lies in the last hold of f.
(2) For ¥ >0 on finite words,

> af)¥(c(f) =q(c) Y > ala)ls)¥(acs),

feX,(c,o,r)

where c(f) is the raw word, a runs over the words of r —1 raw letters with sum w+o0—c¢, and
s is empty if ¢ € {4,5} and runs over the hold words if ¢ ¢ {4,5}. In particular the mass
of X,(c,0,7) is q(c)R(r — l,w+o0—c¢), and if c ¢ {4,5} and H € N, the lists of X, (c,0,T)
whose raw word has length greater than r + H have mass q(c)R(r — 1,w + o0 — ¢) ().

1
(3) Forve P and f € X,(c,0,7), Rw(v,£;|f]) > Re(v+ (r,w + 0)).

Proof. Raw letters of lists of positive mass are at least 2, so ¢ — o;(f) increases strictly, from 0 to
Uptyg(£)) > w. If £ € Xy(c,0,7), then o,1(f) = w+0—c < w < oy(f), so r is the least index
with o, > w; conversely that index r, its letter ¢ and 0 = 0, — w € [1, ¢] define a class containing f.
Every hold but the last ends at height at most w, and the hold containing position r ends above w,
so it is the last one. This proves (1). For (2), a word of raw letters whose last letter is closing is the
raw word of exactly one list of positive mass (cut after each closing letter), with mass the product
of the letter masses. By (1), the raw words of X,,(c,0,r) are exactly the words a cs described: if
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¢ is closing the word ends at r, and otherwise the letters after r up to the next closing letter form
a hold word. Summing over a gives R(r — 1,w + 0 — ¢) (Definition 10.1), and the hold words have
total mass 1 and those with more than H raw letters, i.e. at least H nonclosing ones, have mass

ZNzH(%)N% = (). (3) follows from Lemma 12.2(6), since rewards are nonnegative. O

The angle at a crossing point within the exit width f, = | (5w + 16)/16] is an odd dyadic fraction,
perturbed by at most 9"¢27“ (Lemma 9.14), and the raw-letter factor there is bounded by disjoint
packets of the sum (11.1), as in the proof of Lemma 11.5. For a raw letter ¢ > 3 write the factor
as ®._1, so that p.(p) = Pe—1(9(p)), and put

PP (9) = max{P._1(0),271} (3 << 16), ®P = 1 otherwise.

By Definition 11.6, e=*%<(P) < P (9(p)) for every p with j(p) < J. The function ®P is even and
has period 1, as the frequencies 2% — 1 are integers.

Definition 12.6 (Packet gains). An envelope table is a finite set T" of pairs (s,t) of integers s > 1,
t > 2 with numbers V;; € [0,1]. For 3 <¢ <16 and 1 < o < ¢, a packet family for (c,o0) is a set of
pairs (i,t) with ¢ > 0,3+t < c—1and (0—1,t) € T, whose index sets {,...,i+¢—1} are pairwise
disjoint, and

aco —maxg t — ozt

over the packet families (computed by the downward recursion F(c — 1) =0, F(i) = max({F(i +
DIU{t(1 = Vooit) + F(i+1)}), acolV] = F(0)). The packet gains are d., = aco[U]/(c — 1), with
the table U of Lemma 11.5.

Lemma 12.7 (Packet families). Let V' be an envelope table with ®:((m + 3)/2°%) < Vi, for every
(s,t) in it, every odd m and every real |B] < 5. Let 3 < ¢ < 16,1 <0< ¢, m odd, |3| < B and
0= (m+p)/2° (mod 1). Then ®._1(0) <1—aco[V]/(c—1). Moreover 0 < ., < 5; in particular

1 41
5371 =3 and (5471 = 100"

1
27

Proof. Apply Lemma 11.3 to an optimal packet family, with ®;(20) < V,_;; as 20 = (m+ 3)/2°7".
The entries of U lie in [4, 1], so each packet contributes at most ¢/2 and ¢, < 3; the two values
are exact evaluations. O
Lemma 12.8 (Reward at an exit point). Let v be black, w = gap(v), 1 < r < f,, 3 < ¢ < 16
and 1 <o <e¢, and put y = v+ (r,w +0). Then j(y) < J, Iy) = (m + [)/2° with m odd and
B8] <97e27% < 1, and

e~ #Rel®) < OPP(I(y)) <1 - de,0

Proof. Here y = (j(v) + r,la(w) + 0), and Lemma 9.14(a),(b) give j(y) < J and the localization.
Lemma 12.7 with V = U and 3 = 1 (Lemma 11.5), and 271 < 1 <1 — 4., finish the proof. [

At a few gaps we need sharper bounds for single factors, obtained on finitely many cells.

Lemma 12.9 (Capped factors on cells).
(1) With a; =2/ — 1 and (. = (341) “2laj — a(e—2)/2|| for 3 < e <16 (€. = 0 otherwise),
| PP (0) — PP (0)] < Lelf — 6').
(2) For rational 0 let U.(0) be the least k/10%, k € N, with (k/10%)?2 > (¢ —1)72(c — 1 +
(

23 cjce 1 cost((a; — a;)0)), clipped to [1232,1], where cos™(x) is 1 if x € Z and otherwise

the degree-24 Taylor polynomial of cos at 2moT, T € [—5, 5) the reduction of © modulo 1
and Ty = 3141592653589793/10', plus (22/7)?° /26! + 107> (possibly rounded up). Then
OP(0) < Ue(0).

(3) @2((m+ B)/2) < 2|B| for odd m and real 3.
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(4) For every odd m and real | 3] < B, @Cap((m + 5)/20) <u for the five quadruples (c,0,3,u):
(4,1, 57, 55), (5:2,51. 5). (6,3.55,35). (74,35, 5), (4.1, 35, %5)-

Proof. (1) Multiplying the sum by e~ 2™%L(-2)/ 219 does not change its modulus; the reverse triangle
inequality, |ei* — €| < |z — y| and 27 < 44 give the bound for ®. 1, and a maximum with a
constant preserves it. (2) (¢ — 1)2®,_ (19)2 =c—-1+2%, eos(27r(a] a;)f). The standard
value m = 3.14159265358979323 . .. gives 19 < 7 < mo + 1071° < 22; cosine is 1-Lipschitz, and the
Lagrange remainder of the Taylor polynomial is at most (22/7)25/ 26‘ Since 2716 < 115—0286 and & < 1,
the clipping is harmless. (3) ®2(6) = |cos70|, and |cos(m(m + B)/2)| = |sin(73/2)| < F|B]. (4)
By periodicity it suffices to take 1 < m < 2° odd. Cut [—ﬂ_, B] into 64 equal closed intervals; on
each, (1) and (2) at the midpoint bound the factor by U.(midpoint) 4 £,27°3/64. Exact evaluation

: .. 73783307 2527137353 222172771 8752089581 51834043
at the 1024 cells gives the maxima 375560000, 5600000000° 200000000° 14400000000 1 131250000 I the
order listed, each below w.

At gaps 12 and 19 every crossing index is so small that the perturbation is below ﬁ and 2 1)

and at every gap the raw letter 3 crossing with overshoot 1 is nearly a zero of ®5. This sharpens
the packet coefficients as follows. For w € N put ¢, = min{1, max{2716, 1£9/=27}} et 0,51 =

max{3,1— <}, 01541 = 25, O1941 = 30, and 85 | = 4., otherwise, and define the crossing gain
C S
:Zq(C)Z(S;GIC’OZR(T—1,w+0—c). (12.3)
c=3 o=1 r=1

Lemma 12.10 (Reward over one passage). Let v be black and w gap( ), and put S(v) =
Seer, 9(F)e = BY@EED - Then S(v) <1 - D(w); if w =3, then S(v) <1 - and for every w,
3661359

108 -
Proof. For a set I of triples (c,0,7) and numbers uc,, € [0,1] bounding e *®" on X, (c,0,r),
Lemma 12.5(1),(2) give S(v) <1 —>;(1 —ucor)q(c)R(r —1,w + 0 — ¢), as the classes are disjoint
and e #BY < 1. Take the triples with 3 < ¢ <16, 1 <o <¢, 1 <r < f, and uco,r = 1 — 55;3712’0.
By Lemma 12.5(3) and Lemma 12.8, e *B% < ®%P(Y(y)) < 1 —d., at y = v + (r,w + 0). For
(¢,0) = (3,1), Lemma 12.9(3) also gives @5 (J(y)) < ¢,. For (c,0) = (4,1) and w = 12,19, f12 =4,
fig = 6, and 92712 < %, 962719 < i, so Lemma 12.9(4) gives the factors 2 % and 5=. This
proves S(v) < 1 — D(w). At w = 3 take instead the four triples (¢, c — 3 1) 4<c<T here f3 =1,
18] < 95/8 < 4, R(0,0) = 1, and Lemma 12.9(4) gives S(v) < 1— (& -6 41.274 5 114 3 1) _
1— 37

Fégothe last bound we show D(w) > dpass for w # 3, the case w = 3 being 1670 > dpass- Fach

D(w) is an explicit rational, as R(k,1) = (;;_',)27 for k,0 > 1 (Lemma 10.2). Exact evaluation

160 ;

S(”) < 1- dpas57 dpass =

: _ 59987721 _ 832326661 _ 108692439667 _ 911532121133
glves D(Ogn;m%ggggggooo 2 dpassl’%o1(0162)6?584625%53600000’ D(6) = s3isso00000° P(9) = 1194304000000
D(13) = 33554432000000° D(16) = 858993459200000° and over the other 505 lntegers 2 S w < 511 the
. _ 61817834604121 125 - 231
minimum D(15) = gpmemansess . For w > 512: first, for 2 <1 < w, Zr:l R(r—1,1) > 1—5> > {551-

Indeed the full row sums to i (Lemma 10.2), and the omitted part is at most 1]P’(X > 2f, — 1)
for X binomial with parameters [ — 1, 2, whose threshold exceeds the mean by at least “g= 3> w 10
while Var X < 7; apply Chebyshev’s inequality. Second, writing w = 16k + 5, 0 < 5 < 16 k > 32,
we have f,, = 5k 4+ 1 + |[55/16] and 9L53/16) < 25 50 9fw2« < 9(95/216)32 and ¢, < = by exact
comparison. Hence

231 /8 1 231 /15036545331 3 3927606451461
D(w) > —— 0 ——Z)) = 2 =
(@) = 1024 <cz: Z cot g ( 2)) 1024 <16384000000 * 25) 16777216000000°

which exceeds dpass. O
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Lemma 12.11 (Entry lists split). Let v be black and w = gap(v). The map (f,w) — fw is a
bijection from the pairs with £ € I1,, and w € U(vg) onto E(v).

Proof. For alist b, l(y,(v,b)) > l.(v) if and only if I(pt, (b)) > w. Given b € £(v), let k be the least
index with I(ptj (b)) > w. Then f = by 4 is the only prefix of b in I, every y,(v,b) with u > k
lies above I, (v) (Lemma 12.2(3)), and the conditions defining €(v) say that by b € U(yr(v,b)).
The same facts show that each fw lies in £(v). O

12.4. The entry kernel. For p € P and a list w write qP(w) = q(w)e *BY@WIWD  The entry
kernel acts on nonnegative functions on black points by

KU(v)= > q"(w) ¥(ow);
weé(v)

it is positive and homogeneous. The bridge mass of p € P is Br(p) = Xy 9P(W) < 1, by
Lemma 12.2(4). By Lemma 12.11 and Lemma 12.2(1),(2),

Ki(v)= > q"(f)Br(ve) < S(v), (12.4)
fellgap(v)
with S(v) as in Lemma 12.10. Hence K1(v) < 1—D(gap(v)) < 105 unless gap(v) € {0,1,6,9,13,16}

(for gap(v) = 3 use % > %). At these six gaps a single crossing is not enough, and we follow

the raw word further: as long as a raw letter cannot end the entry, the path is continued, and each
factor read off along the way is paid.

Definition 12.12 (Entry trees). A policy is a set W of triples (r, h,c) of integers with ¢ > 2 and
h + ¢ bounded; the triple (r, h, c) means that the raw letter ¢ at depth r and height h is continued.
A tree datum of height H is a pair (cut, W) of a function cut : N — N and a policy such that
¢ < cut(h) for (r,h,c) € W, cut(0) < min(16, H), and cut(h+¢) < 16, h+c+cut(h+c¢) < H
for (r,h,c) € W. For real X put 1, o(X) = ®BP(9"X/2"¢) if 2 < ¢ < cut(h) and ¥, 4. = 1
otherwise, and define the tree cost by downward recursion on h:

cut(h

)
Fr,h(X) =1- Z q(C) [1 - ¢r,h,c(X)GT,h,c(X)]7
c=2

with Gy pc = Fri1pte if (r,h,c) € W and G . = 1 otherwise, and its Lipschitz constant L, =
gro—h Zgi%(h) A(e)le2™+ X hcyew 9(€) L1 hte- For w € N, integers C, H', m and reals a < b, the
white-test policy W;;gfll consists of the triples with 2 < ¢ < C, h+ ¢ < H' and either ¢ ¢ {4,5},
or h+c<w,or
_97(29m + ofb) 9"(b — a)
dlSt(T,Z> — W > €

A policy is valid at a black point v if, for every (r, h,c) € W with ¢ € {4, 5}, the point v+ (r+1, h+c¢)
is white or {(v) + h + ¢ < l,(v). The root correction is T,, , = Z}:gmax(kyw,z)ﬂ q(¢)de,c—w-

Lemma 12.13 (Tree costs). Let v be black, w = gap(v) and B > 1.

(1) There are an odd m with 0 < m < 28 and a real o with |a| < 9 such that 9(v + (r,h)) =
9"~ 1(2¥m + a)/2" (mod 1) for allr > 1 and 0 < h < w + B.

(2) If my« are as in (1), H <w+ B and a < a < b, then Wg’g’f/ is valid at v.

(3) If m,« are as in (1) with w+ B = H, and (cut,W) is a tree datum of height H valid at v,
then K].(U) < F()’()(me + Oé) - Tw7cut(0)'

(4) 0< Frp <1 and |Fop(X) — Fop(X')| < Ly p| X — X'|; Ly, increases with W.

(5) For the cutoff cut®(h) = min{12,17—h} (h < 17), W = ng’}a%;)lzl and every real X, Fyo(X)

is unchanged when (m,a,b, X) is replaced by (2'7 —m, —b, —a,2'7 — X).
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Proof. (1) Let © = (j(v),l«(v)) and N = 3"9(0); by Lemma 9.14(c) with A = A(v) and p = v, N
is odd and |N|/3" < £27%. Choose m with m3" = —9N (mod 27); it is odd. Put o = 9-2“N/3".
For y = v + (r, h), residue transport (Lemma 9.4) along the row and the column gives 2" res(y) =
972% res(?), and the integer K = 9"712¥(m3" 4 9N)/2" satisfies 2" K = 972“N (mod 3"); since
2" is invertible modulo 3", K represents res(y), and K/3" = 9"} (2*m 4+ «a)/2". (2) If h+c < w
the point lies at height at most l.(v). Otherwise, by (1) its angle is within 9"(b — a)/2"+¢*+! of
9"(2“m + “TH’)/ZHC modulo 1, so the test gives |¢| > ¢ and the point is white. (3) Let w € £(v)
with raw word c. Follow ¢ from the root: the edge (i —1,¢1+---+c¢;—1,¢;) is either in W or not. It
cannot be in W at the last position of c: a nonclosing letter does not end a hold, and by validity a
continued closing letter ends at a white point or at height at most L. (v), so not at the end of an entry.
Hence ¢ begins with exactly one leaf 1, a word whose edges are continued except the last. Along I,
Rw(v, w;|w]|) is at least the sum of the rewards at the points v+ (i,1; +--- +1;) (Lemma 12.2(6));
these points have j < J since the entry ends at a black point further right, and their heights are
at most H, so by (1) and Definition 11.6 their factors are at most ¥;_11,4...41,_, 1,(2“m + «). The
entry lists beginning with 1 have mass at most [, q(1;) (extend them to raw length J and use (10.3)),
and, by induction on h, Fyg is the sum over leaves of []; q(1;)v;. Finally, for ¢ > max(cut(0),w,2)
the one-letter leaf (c) has factor 1 in Fp o, while Lemma 12.8 with » = 1, 0 = ¢ —w bounds its factor
by 1 — 0¢,c—w; this gives the correction Tj, cug(0).- (4) By downward induction on h, using ¢ € [0, 1],
Yoeale) =1, |pg—p'd'| < |p—p'|+ |9 — ¢'| for numbers in [0, 1], and (Lemma 12.9(1)) the constant
0:9727"=¢ of b, p, .. (5) All retained heights satisfy h + ¢ < 17, so 97(217 — X)) /2hte = —9r x /2,
the capped factors are even and 1-periodic, and dist(-,Z) is even, so the policies and the costs

coincide. O
Lemma 12.14 (The six special gaps). If v is black and gap(v) € {0,1,6,9,13,16}, then K1(v) <
77

m-

Proof. For a tree datum and a cell [a, b] we bound Fy o by node values: if f. > . p, . and gc > Gy p.c
(with g. > 1 unless the edge is continued), then F,;, <1 —3_.q(c)(1 — fcg.), because ¥, G € [0, 1]
(Lemma 12.13(4)).

Gap 0. Lemma 12.13(1) with B = 17 gives an odd m < 2'7 and |a| < 9¢ < % Take cut’(h) =

min{12,17 — h} for h < 17 and W = woizid, every triple of W has ¢ < 12 and h + ¢ < 14, so

m,a,b

(cut®, W) is a tree datum of height 17, valid at v by Lemma 12.13(2). By Lemma 12.13(3), it suffices
tofinda <a<bin [—%, %] with Fyo(m+a) < % + 10,12, where Tp 12 = Zigm q(c)dec = %.
By Lemma 12.13(5) we may assume m < 2!6 (replace (m,a) by (2! — m, —a)). This is a finite
computation. The odd integers are split into 84 residue classes mg + 2FZ, k < 17, obtained
from 1 4 2Z by repeated halving; four of them contain no m < 2'6. The cells are the dyadic
subintervals [é%, %] of [—,1]. For a class, a cell and every triple with h + ¢ < k, the white
test of Definition 12.12 and the factor v, .(m + ), up to the Lipschitz term 0.9727"=¢ times
the half-width (Lemma 12.9(1)), depend only on the class and the cell. Bound each factor by its
value at the midpoint, computed from rigorous enclosures of the units e?™?’4 (a degree-17 Taylor
polynomial at a rational multiple of =, followed by repeated squaring, all with error bounds on
the scale 2790), plus the Lipschitz term; treat edges with h + ¢ > k or a failed white test as not
continued; and compute the node values from depth 8 down to the root, rounding upward. A cell
is accepted if the root value is below % + 70,12, and otherwise replaced by its two halves. The
computation, in exact integer arithmetic, accepts 211 cells of depth at most 6 for the 80 classes,
covering [—%, %] for each class, with least margin greater than 2.26 - 1074

Gaps 1,6,9,13,16. Let p = 4 for w € {1,6,9} and p = 1 for w € {13,16}. Lemma 12.13(1)

with B = p + 8 gives m < 2P*® and a. Take the constant cutoff 8 and W = Ww,S,erp? a tree

m,a,b
. . . _ 4595457 _ 13575489
datum ofggggégﬁt w+p+8, \gl?lg) 7at v. The root corrections are 77 g = 13107%%)00, Tss = 638400000
_ — — P 11
Tos = 5018000000 1138 = 3576800000 and T168 = 0. For each odd m < 2P*®, start from [—3, 3]
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(from its halves if w € {6,9}, from its quarters if w € {13,16}); on a cell with half-width ¢ and
midpoint u, bound Fp o(2“m+wu) by node values with the factors computed from the cosine formula
of Lemma 12.9(2) (a degree-14 Taylor polynomial at 2 - %, error at most 107?), and add
Ad, where A bounds Lo for the policy of all triples with ¢ < 8 h + ¢ < w + p, which contains
W (Lemma 12.13(4)). Accept the cell if the result is below o= + T, 5, and otherwise halve it.

The computation accepts 2204, 4096, 4112, 1024 and 1054 palrs of a value of m and a cell for

w=1,6,9,13,16, with least margin greater than 1.39-107° (at w = 16). d
Proposition 12.15 (The entry kernel). For every black point v and every k € N, K1(v) < 17070 and
K*1(v) < (155)"-

Proof. The first bound is Lemma 12.14 at the six special gaps, and (12.4) with Lemma 12.10

. 37 61817834604121 3927606451461 23 . .
els.ewher.e.. 160> 268435456000000 A4 T67o16000000 Al exceed 2 100 The powers follow by induction, as
K is positive and homogeneous. O

12.5. Accumulated rewards at the trace times. For b € B whose path from o is complete
and k € N, put Z;41(0,b) = e ?RW(@Puk1) if o) 1 exists, and Z;41(0,b) = 0 otherwise.

Lemma 12.16 (Explicit form of Tao’s Lemma 7.9). Let 0 € P and L € N with j(0)+L > J. Then
(1) if 0 = v is black, then Y peqr 4(b)Z11(v, b) = KE1(v) for every k € N;
(2) for every k € N, > pcqpr q(b)Z41(0,b) < (%)k.

Proof. (1) We induct on k, for all black v and all L with j(v) + L > J at once. For k =0, u; =0,
Z1 = 1 and the total mass is 1. For the step, the description of uy, Lemma 12.4 with ¢ = 2 and
Lemma 12.2(2) give, for b of positive mass,

Zk+2 U, b Z 1 b[l u] € g( )} ~ = Rw(v.bp i) Zit1 (yu(vv b)v b[u—i—l,L])a

with at most one nonzero term. Split b at v by Lemma 12.2(1). For w € &£(v), vw is black,
jlvw)+ L —|w| > J and |w| < J — j(v) < L, so the induction hypothesis evaluates the sum over
the remainder as K¥1(vy,), and the total is KF¥11(v).

(2) In the same way, the description of u; and Lemma 12.4 with i = 1 give

> ab)Zrg(o,b) = > g% > a(W) 2kt (0w, W),
b

wel (o) W’E%L_h”‘
and (1), Proposition 12.15 and Br(o) < 1 conclude. O

13. BOUNDARY POINTS FAR BELOW THE TOP EDGE

This section proves Case 3 of the descent step (Section 11) for each index ¢ € {o,b}: the boundary
point p for m is black and lies at gap gap(p) > s,m below the top edge of its triangle (Lemma 13.26).
Following Tao [9, Case 3 of Proposition 7.8 and Lemma 7.10], we continue the hold walk after its
first passage above the top edge, keeping the reward paid during that passage. Outside rare events,
a low reward forces many trace times on a fixed schedule (Lemma 13.3), which Lemma 12.16
makes unlikely; the main rare event, a visit to a large triangle, is bounded by a packing estimate
(Lemma 13.19). The paid first passage has mass less than quass = 13285107070 (Lemma 13.13), and for
t =D the last trace factors are replaced by stopped stages (Lemma 13.22).

Throughout L is fixed and Q, Q,, are formed with the exponent A,; we put A\g = A — %; then

S A< 2— and 5 < 15508510907 < 14207 (exact comparisons 9° < 216, 225 < 98 50000 ~ 9158497 = T
schedule constants 7T, r,, po(t), oy, H, are those of Table 1, the size factors K;(¢) are those of
Definition A.2, and p;, S;, P,, V, are those of Definition A.3; we drop the index ¢ from K;, p; and

S;. For u € N let i(u) be the least ¢ < r, with u < p; (i(u) =r, if u > p, ), and put
Bu(u) = zu)7 h.(u) = [a.B.(u)] + H,, g.(u) =u+h(u) + T, + 1.
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Since K11 > 268 and 268a, > 1, S; < Sit1; so (8, h, and g, are nondecreasing, 5,(u) =
for pi1 < u < p; (p-1 = —1), and g,(p;) = pir1. Also T, +1 = po, and V, > 2 and Q,
max(234,512V,) by Lemma A.4.

S;
>

13.1. The fresh law and the Case 3 events. In Case 3 the path is restarted at a boundary
point p € P after a first passage over height w € N; the law F, dominates the paid first passage of
Section 13.4 and serves for tail and packing bounds.

Definition 13.1 (Fresh law). The atoms are the pairs a = (z,b) with z € P and b = (b!,...,b7) €
B7. The fresh law is Pp,(a) = Fu,(2)q(b), and Py, (Q) = Y 4co Ppw(a). The fresh path and its
accumulated reward are y?(a) = y,(p + z,b) and Rw? (a) = Rw(p + =, b; u).

By Lemmas 10.6(1) and 10.4(5), P, is a probability, and every fresh path is complete. Splitting
b after k£ < J holds and grouping by hold points (Lemma 12.2(1), (10.1)) gives, for ¥ > 0,

> Ppw(@)¥(z, (pt(0), ..., pt(b") = D _Fulx) Y 7" (h)¥(z,h). (13.1)
a x hepk
Definition 13.2 (Case 3 events). For p € P and m € N let
Low? = {a: Rw),_,(a) <T,},  Bad, = {a: 400 (j(y}, (a)) — j(p)) > 317m},
uth, (u)

; 1
Clr = {a : Z I(pt(b")) < ESQ(U) for some u with u + h,(u) < P, — 1}.
i=u+1

An atom has an oversize hit at time v < P, — 1 if yP(a) € A for some A € T with Sn > S, (u).

Off Bad}, the advance j(yp,) — j(p) stays below 3Im, so the factor max(m — -, 1)~ of the
boundary reduction stays comparable to m~4+; without oversize hits and slow clearing the path

climbs out of every triangle it enters on schedule.

13.2. The trace times come on schedule.

Lemma 13.3 (The trace times come on schedule). Let p € P, m € N with j(p) + m=J, P, < J,
and let a = (z,b) € Low? \ Bad?, with q(b) # 0; write y, = y£(a).
(1) j(yu) < J foru < P,, and every set of T, + 1 consecutive times in [1, P, — 1] contains a hit.
In particular vy < pg.
(2) Let g < py, be a hit with g,(q¢) < P, — 1 and no oversize hit at q, and suppose a ¢ Clr. Then
there is a hit ¢ with ¢ < ¢ < g,(q) and [(ye) > 1«(yq)-
(3) If a ¢ Clr, 0 < k <1, and a has no oversize hit at a time u < px_1, then the fresh path has
at least k + 1 trace times and u; < p;_q for 1 <i<k+1.

Proof. (1) As a ¢ Bad?,, j(yp,) < j(p)+m = J, and j(y,) increases with u. By Lemma 12.2(5) the
number of white points among y1,...,yp,—1 is at most RW%L_l(a) < T,,s0oarun of T, + 1 times
contains a point which is not white, hence black. As T, + 1 =py < P, — 1, u1 < po.

(2) Let A = A(yq); then y, € A, Ian = l.(yq) and Sa < B.(q). Membership gives gap(y,)log2 <
Sa,andlog2 > %, so gap(y,) < 2/.,(¢). Asa ¢ Clrand g+h,(q) < P,—1< J, UWYgth.(q) —1(yq) >
$8,(q), s0 U(yu) > Li(yq) for u > g+ h,(q) (Lemma 12.2(3)). By (1) the run [g + h,(q) + 1,9.(q)]
contains a hit.

(3) By induction on i: (1) gives u; < pg, and if u; < p;—1 with ¢ < k, then g,(u;) < g.(pi—1) =
p; < P, — 1 and there is no oversize hit at u;, so (2) gives u;11 < p;. O

Lemma 13.4 (Discounted mass at the trace times). Let p € P, k € N, ¢ > 0 on P, D C P,
and let S be a set of atoms (x,b) with x € D whose fresh path has at least k + 1 trace times, with
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ugr1 < P, —1. Then

> slatble MR < ()55 o)

(z,b)eS z€D

Proof. As the accumulated reward is nondecreasing, e~ Rw, 1 < Zp41(p+ z,b). Enlarge S to all
atoms with € D and apply Lemma 12.16(2) with L = J. O

Lemma 13.5 (Slow clearing is rare). Letp € P, w € N and P, < J. Then P, (Clr) < EY, with
EY as in Definition 15.23.

Proof. Put y =y, v = v (Definition 13.14). Fix u with u + h < P, — 1, h = h,(u), Y = @3 L (u
By (13.1) the atoms with ZZ“JFQ?_H (pt(b?)) <Y have mass at most > pepn 1" (h)1[X I(h;) < Y]

yYV(y)h < y*"Y | by Lemma 13.15(3). If p;_1 < u < p;, then B,(u) = S; and h, ( ) = h,(pi
sovh —Y =t;/(1 —y) with t; = t§}(1) > 0, and logy < —(1 — y) gives y*" Y < et < 1/Ps(t;
(Lemma A.1(4)). The admissible w in the block (pi—1,pi] ([0,po] for i = 0) are those with u
P, — 1 — h,(pi), and their number is n$!(1). Sum over the blocks.

D|A~ v|/\.v

13.3. Row geometry of triangles. For a triangle A and [ € Z put tipp = Ian — Sa/log2 and
rowa (1) = ja + A(l — tipa), the height at which the hypotenuse meets the left edge and the right
end of row [. After a first passage over height w the fresh path lies a little above the top edge of
A, about w/4 to the right, while the rows of A widen by Aw over that height. Making explicit the
geometric steps of the proof of [9, Lemma 7.10], we show that large triangles met there have tips
at or above [o and corners in well-separated columns.

Lemma 13.6 (Rows of a triangle). Let A be a triangle and (j,1) € P withl <Ix. Then (j,1) € A if
and only if ja < j <rowa(l). Every (j,1) € A satisfies | > tipp and (j—ja)log9 < (I—tipp)log 2.

Proof. Since Sx — (Ian —1)log2 = (I — tipa ) log 2, the third membership condition reads, as in [9,
(7.65)], (7 —ja)log9 < (I — tipa) log 2, that is, j < rowa(l). With j > ja it forces | > tipa. O

Lemma 13.7 (Tips of nearby triangles). Let A # A’ be members of T, p € A and w = gap(p). Let
(7,) € A with In <I<IA+W and |j—(j(p)+w/4)| <Y, where W)Y >0 and Y + AW +1 < wg.
Then tipar > Ia.

Proof. Suppose tipas < la; as in the proof of [9, Lemma 7.10], we find a point in both triangles,
contradicting Proposition 9.13. Put 7 = rowas(Ia) > jas. By Lemma 13.6, j < rowa/(l) < 7+ AW.
Let j/ = min(j, |7]); then jar < 5/ < 7,0 < j—j5 < AW+1, and (j/,1a) € A’ aslp <1 <lIas. Onthe
other hand A\g < 1,0 Y +AW+1 < w/4; hence j' > j(p) > ja and j' < j(p)+ (5 +Xo)w = j(p)+Iw.
Multiplying by log 9 and using the membership of p, (7' —ja)log9 < (j(p) —ja)log9+wlog?2 < Sa,
so (j',1a) € A as well. O

For A € T and reals S and W > 0, the anchor set Anc(A,S, W) C Z consists of the jas of the
A’ € T with Sas > S and I < tipas < Ia + W.

Lemma 13.8 (Anchors are separated). Let A € T, and let W > 0 and S > 0 be reals with
A =0,,S — W — 1> 0. Distinct elements { < ' of Anc(A,S, W) satisfy (' —( > MA.

Proof. Let A’, A" define ¢ and (’; they are distinct. As in the proof of [9, Lemma 7.10], w

compare their rows at the height [ = In + |S/log2|. Since ban < 1/log2 (Lemma 13.15(4 ))
1S/log2] > S/log2 —1 > W, so tipas,tipar < In + W < [ and Iar = tipas +S5ar/log2 > 1,
and likewise for A”. By Lemma 13.6, (¢',]) € A”; if ¢/ < rowas(l), then (¢',1) € A’ as well,
contradicting Proposition 9.13. Hence ¢’ — ¢ > Al — tipa/) > M(S/log2 — 1 — W) > MA. O
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13.4. The paid first passage. In Tao’s argument the reward of the first passage above the top
edge is discarded. We keep it: the first passage then has total mass less than qumass at large gaps
(Lemma 13.13), which pays for most of the budget. For v € P put H(v) = Q(v)/w(v), and for a
black point e with w = gap(e) define the paid first passage

Fe(a) = o a()emWEHD Bo(e,b) = Fe(x)a(b).

As rewards are nonnegative, 0 < F.<F, by (12.2), so P, < Pe ..

Lemma 13.9 (Paid continuation). Let e be black and 1 < L < J. Then
Qe) < > Pe(a) e ™ Q(yf (a)).

Proof. By Lemma 11.12(2) and (12.1), H(v) = 33, q(b)e *"™ @ H(v + pt(b)) for every v € P, and
iterating, H(v) = Ypeqx q(b)e * FV@PEIH(y) (Lemma 12.2(1),(2)). Apply the one-step identity
at e and expand only the lists whose holds all end at height at most [(e) + w; after |w/4| + 1 steps
none remain (Lemma 12.2(3)), and the expanded terms are exactly the lists of II,,. As e is black,
w(e) =1, s0 Q(e) = 32, Fe(x)H(e + z). For o = e + x, the iterated identity with K = L and (12.1)
for the last hold give H(0) < Y peqr q(b)e *B¥@PL=DQ(g) as | < 1. Extending b to J holds
changes neither factor (Lemma 12.2(1),(2)). O

13.5. The paid mass of a long first passage. A first passage over a long gap w first crosses
height w at a raw letter ¢, raw index r and overshoot o (Lemma 12.5). For r < |9w/32] the angles
at the crossing point and at the following raw positions of the same hold, up to height 17 above the
top edge, are determined by seventeen bits of the column-top residue up to a perturbation below
107%; the paid factors there are bounded by cost tables which are periodic in r, and averaging them
against the rows of raw-prefix masses gives the bound g ass.

Lemma 13.10 (Narrow envelopes). Let U’ be the envelope table with Uj 5 = 2716 and the other

entries
s\t 2 3 4 5 6 7

1 333340 .500010
2 |.707108 .333337 .353560
3 1.923880 .577352 .461943
4 1.980786 .883638 .604555
5 [.995185 .970239 .867542
6
7
8
)

998796 1992518 965743 .864601
.868067
.874299

Then ®((b+ 3)/2°) < UL, for every (s,t) in U', every odd b and every real |5] < 1075. Put
8, o = min{ac,o[U']/(c —1),1 = 2710} then ®PP((b+ )/2°) <1 -4, for3<c<16,1<o0<c.

Proof. For (1,2), ®2((b+ B8)/2) = |sin(7B3/2)] < ¥ 1075 < 2716 For the other pairs let f =
87; then [f/] < % ¥, (2 — %) < Loy = B399 — 20), 50 f(b+ 8)/2) < F(b/2) +
Ls:107¢/25. Bounding f at the finitely many centres b/2°, 1 < b < 2° odd, by the cosine bounds
of Lemma 12.9(2), the 20 exact comparisons with (U, ;)* hold; the smallest margin is at (2,4),

where f(§) = § and £ + 1322 104_6 < 0.353560%. The second claim follows from Lemma 12.7, as

$oP = 2716 when ®,_, < 2716, O
Lemma 13.11 (Rows and residues). Let [ > 2 and put R;(r) = R(r — 1,1) forr > 1, so R/(1) =0,

Ri(r) = (4 4)27 forr >2 and 3, Ry(r) = L.




EXPLICIT POSITIVE LOWER DENSITY FOR THE COLLATZ CONJECTURE 51

(1) If w > 680 and w — 127 <1 < w, then 3=, |g,/32) Ri(r) < e~ 2/289 which is at most 37 /w
for w > 1129.

(2) 92 = 1 (mod 2'7), and every odd M is = 9%s (mod 2'7) for some 0 < a < 2 and
s€{1,3,5,7}, s= M (mod 8).

(3) For L =2 and f: N — [0,1] of period L, 3, Ri(r)f(r) > 2= Y, f(a) — 8192¢~(=1)/2%

(4) Let f : N — [0, 1] have period L > 1, mean p, and range D = maxy<y, Q(k) — ming<y, Q(k),
Q(k) = 2, (f(4) — p). Then ]Z“+t Yf(k) — tu| < D for all u,t € N, and for a € N,

7 D
Ri(r)f(r+a) > = - ———.
72 4 23l —-1)

If moreover N > 1,d > N, Z C 7 has pairwise distances at least d and V = {(+i:( €
Z,0 <i< N}, then

N -2 1 1
Z Rl (/,LN + D) + — ).
= (( d ) 231 —1) 4d)
Proof. (1) The omitted part is at most $P(X > 2 |9w/32] — 1) for X binomial with parameters
I —1, 5, the threshold exceeds the mean by at least {5 — % > 17, and Hoeffding’s inequality

(Lemma 10.11) gives 2¢=2%/289. Then e¥ > y2/2 gives the second bound. (2) By induction, 273
exactly divides 9 — 1; so 9 has order 2'4 modulo 2!, and its powers times s are the 2'4 residues
= s (mod 8). (3) r =a (mod L) if and only if 2r — 3 = 2a — 3 (mod 2L), so the mass of a class
is iP(X = 2a — 3 (mod 2'%)), and by orthogonality of the characters of Z/2'5 and | cos(mk/m)| <
cos(m/m) < e~2/™* this is within 56*(1*1)/229 of 1/(4L); sum over the classes. (4) Q(k+L) = Q(k),
so the interval sum is Q(u + t) — Q(u). The binomial coefficients are unimodal, so every level
set {R; > v}, v > 0, is an interval of integers, and R; = Y ,(v; — v;—1)1;, over the distinct values
0 =vyg <vy < - here Yi(vi — vim1)|L] = 7 and Y ;(v; — v;—1) = maxR; < (2(3] — 1))~1/2
(Lemma 10.11). Apply the interval bound on each I;. For the second inequality, an interval of k
integers meets at most 1 + (kK + N — 2)/d of the blocks of V, and each intersection carries at most
uN + D. O

For the cost tables, the retained factors along the final hold are bounded as follows. For h > 1
and real X define, by downward recursion, the future cost cfp(X) =1 for h > 15 and, for h < 14,

17—h ca X f 9X) d 4,5}, h+d <15,
ofp(X) =1- % a(d) [1 - p<2h+d) , {C n+d(9X) d ¢ {4,5} < }7
d=2

with Lipschitz constant Ly, = 27" 3217 3h q(d)€42=4+9 >dg 4,5}, d<15—h A(d)Lpya (Lp = 0 for h > 15);
put xco(X) = ®P(X/29) for ¢ € {4,5} and xc.o(X) = ®EP(X/2°)cf,(9X) otherwise. Let cf;f (X)
be defined by the same recursion for integers X with ®P replaced by U (Lemma 12.9(2), cosine
bounds rounded up on the mesh 10~18) and each value rounded up on the mesh 1078, For 2 < ¢ < 16,
1 < o0 < cand odd m, the cost table ct.o(m) is the least of: 1; if ¢ > 3, 1 — d;, and U.(m/2%) +
[108 - 10754:279] 10°%; and, if ¢ ¢ {4,5}, [105Te(m/2°)cf (9m)] 1075 + [102(€,27° + 9L,)] 10,
All arguments of U are multiples of 2717, so ct ,(m) depends only on m mod 2'7. For s € {1,3,5,7}
let fico,s and rg., ; be the mean and the range, in the sense of Lemma 13.11(4), of the sequence

1 otherwise,

k + cteo(9%s) of period 24, and put
c 16 c
Z q Z #c,o,s), DS = Z q(C) Z I'8co,s°
o=1 c=2 o=1

Lemma 13.12 (Cost of an early crossing).
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(1) Let e be black with w = gap(e) > 224, let é = (j(e),l(e)) and N = 3"9(é), and let My be
odd with 217 | 3"My + N. For2<c¢<16,1<o<cand1<r <|9w/32],

ST q(f)e = BVEHD < g(o)R(r — 1w + 0 — ) et (9" Mo).
feX,(c,o,r)

(2) The aggregates are

53687091200000000 * 21474836480000000 /

(319022353342658719 258514465939645767) = {3 5}
107374182400000000° 53687091200000000 /° I

(149160843578876007 90751350494755481) c {1 7}
(Sh, D)

Proof. (1) By Lemma 9.14(c), N is odd and [9(é)| < £27“. Residue transport as in Lemma 12.13(1)
gives 9(j(e)+ ', l.(e)+h) = 95 (My+9(e))/2" for &' > 0,0 < h < 17. Put 2 = 9" (Mo +9(8)); then
1979(é)| < 2167/5227w < 27w/10 < 1076, By Lemma 12.5(2), a list of X,,(c, 0,7) has raw word acs.
The crossing point e+ (r, w+o0) and the points of the next raw letters sy, s2, ... up to height 15 above
l«(e) (at most seven of them, as raw letters are at least 2) lie within raw index |9w/32|+7 < f,, of e,
hence have j < J (Lemma 9.14). Their factors are therefore at most ®%P(x/2°), g,P (9z/20F51), ...
the last retained one being at height at most 17. Discarding the other rewards and summing over s
with the hold-word masses gives, by induction on the height, at most q(c)R(r — 1,w + 0 — ¢)xc¢o(z).
It remains to show xc.o(m + ) < cteo(m) for m = 9"My and |3] < 1076, The value 1 and the
packet value hold by Lemma 13.10; the direct value by Lemma 12.9(1),(2); and the joint value
because xc., is a product of two [0, 1]-valued factors with Lipschitz constants £.27° and 9L, (by
induction, as in Lemma 12.13(4)), and cfy, < cf; (by induction).

(2) This is a finite computation in exact rational arithmetic. The cosine bounds are needed only at
the 216 41 turns j/2'7, 0 < j < 216; the arrays cf;, 14 > h > 1, on the 2'¢ odd residues modulo 27
are computed in decreasing order of h; then the 135 tables ct., on the odd residues (131050 distinct
direct values and 8126464 distinct joint values), and the 540 orbit sequences ct.,(9¥s mod 217),
k < 2, which give Heo,s5 T8c0s and the four pairs displayed. (I

Lemma 13.13 (Paid mass of a long first passage) Let e be black and w = gap(e). If w > 23*, then
S Fe(®) < Qumass = 13285107070 If w > 4096, then Y, Fe(x) < b, (Definition A.2).

Proof. Choose My as in Lemma 13.12(1) and s, a with My = 9%s (mod 2!7) (Lemma 13.11(2)), and
put 7 = |9w/32|. By Lemma 12.5, the classes X,,(c, o, r) partition II, with masses q(¢)R(r — 1,w +
o — ¢) of total 1. Bounding the discount by 1 outside 2 < ¢ < 16, r < 7, and by Lemma 13.12(1)
there,

ZF ) < I—Zq ZZR(T— Lileo) (1 = cteo(971%s)), leo=w+o0—c

o=1r=1
Each row | = I., lies in [w — 15,w]. If w > 23 Lemma 13.11(3),(1) bound each inner sum
below by L(1 — f10,5) — B with E = 8192(2)3! + 37/23* (as e=(=1/2* < 731 < (2)31), 50, with
I cale) = 58 < 4, h
~ S 38177
F <1--—"+44E<
%: e} 1=+ 125000

by Lemma 13.12(2) and exact arithmetic. If w > 4096, Lemma 13.11(4) (with f(k) = 1 — ct.,(9%s),
of mean 1 — p. 0 and range rg,, ;) and (1) give instead

h DY 65459 DY 65459
Z 1 20w —16) | 16384° = 156 16384 290"

using 2(3w — 46) > 1562 and €2® > 240; the right side is 0.33250... for s € {1,7} and 0.28808...
for s € {3,5}, both below b,. O

Ss
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13.6. Deviations, the initial filter and the packing estimate. Outside a small deviation event
the first passage and the next holds stay close to their typical displacements, so a visit to a large
triangle pins the column of the first passage near an anchor (Lemma 13.17), and the anchors are
sparse. The allowances below are affine in the number v of holds; their slopes are chosen so that the
generating functions of Lemma 13.15(3) control the deviations along the whole schedule at once.

Definition 13.14 (Case 3 allowances). For each index the allowances are X2, X!(v) = X}(0) +s)v,
Xd(v) = X4(0) + sdv/4 and W, (v) = X° + X!(v), with the following constants:

c| Xp X10) sy oy X10) s

L L

0]194 1503 &M 169 37 27

500 168 2000
b|182 1174 183 1 102 28
HPE !
o} 35 02 oo
b 33 & 2
The common constants are b,, = %, Qpack = % and ' = %. For 0 <7< r,

put A; = banS; — Wipi) — 1, Bi = 2X3(pi) + s Wi(pi) + 1, G = F(2X3(pi) + 1) + Wi(ps) and
ri = 12 (B; + HP¥)/A;.
Lemma 13.15 (Gates for the allowances).

(1) Ifv<V, and w > Q,, then & + X3 (v) + X} (v) + AW, (v) + 1 < wo.

(2) For0<i<r, A; >0 and B; + HP* < 2A,.

(3) V() < (¥, G(1,yY) < ()%, and G((bH)*, (b)) < (b)) for ¢ = £1; and v¥'a, >
13

3
(4) ban < 1/log 2.

Proof. (1) The allowances increase with v, A < % and \g > %, so the left side is at most 55 +8V, <

3 provided X3 (V) + 1 X(V) + W, (V) +1 < 8V at V = V,; this affine inequality holds as
V, > 2" and Q, > 512V, (Lemma A.4); so the left side is at most % < wXg. (2) is an exact
evaluation at the r, schedule positions. (3) By Lemma 10.8(4) these generating functions are
o A eiSf st V) © MR, S0
sess2s5a580753s1 C(Ls 143) = ssssrrorozsosss and G at the four drift-free points is {55579, 502135263
(L =o0), i?égiggi %gﬂigzgi (¢ = b). Raising to the denominators of the exponents turns each claim

1279 U3 13 _ T3 ;g 2.3 13 _ 1 (g

into an exact integer comparison. Finally 555 * 75566 — 5 = 900000 % — % = is

s /51> 2 at & = 1/byy, so et/ban > 2, ([l
Z]§25 J

For w € N and v < J, the deviation event Dev,, , is the set of atoms (z,b) with [(z) —w > X7,
or [j(z) — w/4| > w/32, or Yp<, Upt(DF)) > X(v), or maxicu<y | Ypcu (45 — D(PEDF))] > 4X1(v).
The fresh deviation event Dev' is the set of atoms for which some 1 < u < min(V, — 1,.J) has
S ey Lpt(0F)) > XN (u) or | Se, (45 — D(pt(b*))| > 4X3(u). For p € P and real S, the large-
triangle event Big} s is the set of atoms with y?(a) € A for some u < v and A € T with Sx > S.

Lemma 13.16 (Mass of the deviation events). Let p € P and w € N. If w > 232, the atoms with
l(z) —w > X2 or|j(z) — w/4] > w/32 have Py ,-mass at most 9(32)™" + (2w)~Y/2. For every w,
Ppa(Devt) < ()0 + 2(b) X0,

Proof. The first-passage overshoot tail (Lemma 10.10, valid for w > 64) bounds the first condition

by 9(22)X”. The horizontal tail of the first passage (Lemma 10.14, with u = w/32 > 2) bounds the

second by 4o (@/32)?/(2(w—4)) + 2e~w/8192 < 66_‘“/8192, and with z = w/8192 > 219, e > 242 >
2202 > 72 - 8192z, that is, 36e~2% < (2w)~ .
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For the second claim we use an affine barrier: for reals X,y > 0,7 > 0, A > G(X,y) and N € N,
the n®N-mass of the h € PN with X7t thu)yi(hatthe) > AU for some u < N is at most
1/T. Indeed, split by the least such u; on that event the weight X7y'/(TG") of the first u points
is at least 1, and the tilted measures n®%(h)X7y'/G(X,y)" of these disjoint events, extended to N
points, sum to at most 1. By (13.1) the event depends only on the first min(V, — 1, J) hold points.
For the vertical part, | > X!(u) if and only if (y¥)! > (y*)X ©((y*)$"); apply the barrier with
X =1,T= (") and Lemma 13.15(3). For the drift-free part, ¢(4j — ) > 4X4(u) if and only
if ((6)4)I((p4) =) > (644X O ((9)s")u; apply the barrier for ¢ = =+1. O

Forpe A €%, veNand real S, the anchor columns are
Kos ={C—jp) +i: ¢ € Anc(A,S,W,(v), —X[(v) = 1X,(v) <i < AXP + X X,(v) + X (v)}.

Lemma 13.17 (Outside the deviation event, large triangles sit at anchors). Let p € A € T,
w = gap(p), v < J and S real, and assume & + X3 (v) + 31X} (v) + AW, (v) + 1 < wAo. If an atom
a = (z,b) of positive Py, ,,-mass lies in Bigﬁ,s but not in Dev,,,, then j(z) € ICys.

Proof. We follow [9, (7.63)—(7.66)]. Choose u < v and A’ with Sx» > S and (j,1) = yE(a) €
A put ju = ey i(pt(dF)) and 1, = 3o, U(pt(6F)). Outside Devy,, 0 < I(z) —w < X°,
0<l, < X'(v), |j(z) — w/4] < w/32 and [j, — l./4| < X9(v). Hence 0 < [ —In < W(v) and
i —((p) +w/4)| <Y = & + XYv) + 1X'(v), so A’ # A, and Lemma 13.7 gives tipp, > la; also
tipar <1 <Ia + W(v), so ¢ = jas is an anchor. Lemma 13.6 gives 0 < j — ¢ < A((I(z) —w) + ly).
With i = j(z) +j(p) == (j — () —ju, i > —Xv) = X' (v) and i < AX° + Ao X'(v) + X4(v), as
A=1+X. O

Packing needs a filter on the first passage: its crossing letter is at most 128, its crossing index
at most |9w/32], and its final hold has at most HPX raw letters after the crossing. Let B® be the
set of f € I1,, violating this, and for a black e let F& be F. with the sum restricted to II,, \ Bi.
Lemma 13.18 (The filtered first passage). Let w > 12500000.

(1) The lists of B have total mass at most (%)H'?k + 55 + 1:1}—8.
(2) Let e be black with gap(e) = w > 23, n € N, B > n and d > B + HPX real, Z C 7 with
pairwise distances at least d, and U = {C +i:( € Z,0 <i < n}. Then, with H = HPX,

ed Gpack(B+ H) + T'pi/4 49 (49pack(B+ H) + ') (1 + (B + H)/d)
E E F&%(r,0) < 4+ — .
L d 120 Ja

Proof. (1) By Lemma 12.5(2), the long final holds have mass at most (3)#. For ¢ > 128,
S oce Sr RO = Twto0—c) S 1+ ¢, and Youpogq(e)(1 + &) = 285HT12848 — 261 4y the closed
forms Yo pq(c) = (k+ 1)27% and Y. cq(e) = (k* + 3k + 4)27%. For ¢ < 128 the rows lie in
[w— 127, w], and Lemma 13.11(1) and Y, cq(c) = 4 give 148/w.

(2) We may assume n > 1. A list counted on the left lies in a class &, (c,0,r) with ¢ < 128,
r < |9w/32] and raw length in [r,r + H]; its raw length is its column, so r lies in V = {{’ +i :
('eZ—-H0<i<N}, N=n+H<B+ H <d. With My, s,a as in the proof of Lemma 13.13,
Lemma 13.12(1) for ¢ < 16 and the trivial bound for 17 < ¢ < 128 reduce the left side to rows,
and Lemma 13.11(4) (with f = 1 for ¢ > 17) bounds the row of (c,0) by q(c)o(tic,0,sN + 18.,5);

where o = ﬁ(l + ¥52) + L since (2(31 — 1))7Y2 < 1261?/(; for | > w — 127. Summing, the
left side is at most o((4 — S2)N + D). By Lemma 13.12(2), S — 4 + 4qpack > 0 and D! —
(H 4+ 1)(S? — 4 + 4qpack) < Tpx for both values of H (exact comparisons), so for N > H + 1,

(4 — SHYN + D! < 4qpack N + pk < 4qpack(B + H) + I'pk. Expanding o gives the claim. O




EXPLICIT POSITIVE LOWER DENSITY FOR THE COLLATZ CONJECTURE 55

Lemma 13.19 (Filtered mass of the anchor columns). Let p € A € ¥ be black with w = gap(p) >
234 0<i<r,v=p; andS=S;. Then
Z Z ng(T f) qpackC + 127 (Hpkqpack + Fpk/4) + ﬁ . (4qpack(Bi + Hka) + Fpk)(l + ri)
p D A; 120 N '

TG’CMS y4

Proof. The range of i in the definition of K, s is an open interval of length 2X4(v) + AW (v), so
Ky is a union of blocks of n < B := 2X9%(v) + AW (v) + 1 < B; consecutive integers starting at
points of pairwise distance greater than d = AA; (Lemma 13.8, with A; > 0 by Lemma 13.15(2)).

AsA> 2, B+ H<B;+H < ZA; <d. Apply Lemma 13.18(2), and use (B + H)/A < C; + 2T H
and (B+ H)/(MA;) <1y, as 1/>\< a1, O

13.7. Stopped stages for the bootstrap index. For ¢« = b the trace factors of the last two
schedule intervals are replaced by the mass of stopped stages. From a black point, a stage follows
complete entries until either one departure from a point of gap at least 4096 has completed its
entry, or 5 departures from smaller gaps have. An entry from a gap of at least 4096 has paid mass
less than b, (Lemma 13.13, via (12.4)), every entry has paid mass at most 17070, and (100) < by, so
a stage has mass at most b..

Definition 13.20 (Stopped stages). For £ € N and 1 < t < 5 let nx(k,t;w) = (k — 1,5) if
w > 4096 or t = 1, and nx(k,t;w) = (k,t — 1) otherwise. For black v define Mg (v) = 1 and,
for k > 1, Mgi(v) = Xwesw) 9° (W) Mux(k,tigap(v)) (Vw).  For a complete path with trace times
up < --- < u, define the stage end sep;(i) = i and, for k& > 1, sep (i) = oo if ¢ > v and
se,t(1) = Seux(k tigap(ya,)) (¢ T 1) otherwise; and put Z(0,b) = ¢ 7T Obtse s) 4 sep5(1) < v,
and 0 otherwise.

Lemma 13.21 (Mass of stopped stages).

(1) For black v and k € N, My, 5(v) < bk.

(2) For 6 € P and L with j(6) + L > J, Y penr 4(b) 2540, b) < b¥.

(3) In the setting of Lemma 13.4, if every atom of S satisfies se 5(1) < v and u
for its fresh path, the factor (100) may be replaced by b¥.

1y <k -1

sek,g]

Proof. (1) We show My, < max(bs, (155))bE~! for k& > 1. If gap(v) > 4096, then K1(v) <

=>. Fo(z) < by by (12.4) and Lemma 13.13; otherwise K1(v) < 7= (Proposition 12.15).
100

Inductlon on (k,t) in the lexicographic order gives the claim, and (100)5 = % < by. (2) As

in Lemma 12.16: the stage end indices shift with the trace times under the restart of Lemma 12.4,
so from a black origin the sum equals Mj, 5(v) (induction on (k,t)), and from any origin it is at
most Br(0) max, My, 5(v). (3) follows from (2) as Lemma 13.4 follows from Lemma 12.16. O

Lemma 13.22 (Stages are completed on schedule). Let . =b and h** = 1024+ Ty, +1 = 1193, and
put tg = po = 169 and tsy1 = max(ts+5h°, gy (ts +4h%Y)); then (to, t1,t2) = (169,503672,63696221).
Let p,m,a be as in Lemma 13.3 with a ¢ Clr, let k € {1,2}, and suppose that a has no oversize hit
at a time u < p. Then sex5(1) < v and uge, (1) <t < pr1-

Proof. The values follow from py = 169, p1 = 15486, po = 514217, ps = 63701994 (Lemma A.4),
gp(4941) = 4941 4498562+ 169 and g1,(508444) = 508444 + 63187608 + 169. If u; is a hit of gap less
than 4096 with u; +h%* < P, —1, then a next trace time exists with ;11 < u; +h%%: after 1024 holds
the path lies at least 4096 above y,,;, hence above I, (y,,) (Lemma 12.2(3)), and Lemma 13.3(1) gives
a hit in the next T}, +1 times. If the gap is at least 4096, u; < pi and gp(u;) < P,—1, Lemma 13.3(2)
gives u;+1 < gp(u;). By induction on s < k, the sth stage ends at a trace time at most t;: within a
stage at most four small-gap steps occur before the last one, each adding at most A%, and the last
step adds at most h% or ends by gy, of a time at most t;+4h%t. The departures of the sth stage occur
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by time t;_1 +4h%", which is at most pj, because tg + 4~ = 4941 < p; and t; +4h%* = 508444 < po;
and t; = 503672 < po, to = 63696221 < p3 = B, — 1. ]

13.8. The assembly.
Definition 13.23 (Case 3 error). Put ¢; = ¢;(¢) and H = HP¥, and

Had o Z elqpackci + %(quack + Fpk/4)
L - (2

: A; ’
1<r,
_ 49
Equ = QL 1/2(50 Z ei(4qpack(Bi + H) + Fpk)(l + I‘i) + 1),
i<r,
: 25\ X7 11\H 2161 148 1 d
in __ a9 it Il dv _ ¢, v\—X,(0) d\—4X2(0)
ES = 9(27) <16) 9127 + Q,° EX = (y)) +2(b;) )
1 TZ ng!
o
= Pro(t5)

where Pyo(t) = 3 <50t/ /4!, t§' = (1 — y&) (v by (pi) — 1.5;) > 0 and n!' = max(0, min(p;, P, — 1 —
h.(pi)) — pi—1) (p—1 = —1). The Case 3 error is

£ =T0 + Qumasser, + Ef% + B + Gmass (B + E).

Lemma 13.24 (Case 3 low-reward bound). Let p € A € T, w = gap(p) > s;m, m > Dy (1),
jp)+m=J and P, < J. Then

S Bl <,

a€Low?\Bad},

Proof. By Lemma A.6(2), s,m > Q,, so w > Q, > max(23*,512V,) (Lemma A.4). Rewards are
nonnegative, so all discounts lie in (0,1]. Write X for the left side.

Filter. The part of X carried by F, — Fed is at most ({5) + 3158 + % (Lemma 13.18(1)). For
the rest, > F%d(m) < Qmass (Lemma 13.13) and F%d < F,.

Deviations. The atoms with [(z) —w > X° or |j(z) — w/4| > w/32 contribute at most 9(3—?))(0 +
(2w)~1/2 (Lemma 13.16). Membership in Dev'™ U Clr depends only on b, so these atoms contribute
at most qmass(FY 4+ EY) (Lemmas 13.16 and 13.5).

The remaining atoms. Let L' be the remaining atoms of positive mass. Split them into £y,
those with no oversize hit at a time u < p,,_1, and, for i < r,, £, those whose first oversize hit
ugp has p;—1 < uop < p;. On Ly, Lemma 13.3(3) with k¥ = r, and Lemma 13.4 give the contribution
at most qmass(%)” = Qmasstr, if ¢ = 0; if © = b, Lemmas 13.22 (with £ = 2) and 13.21(3) give
QmassD? = Qmasse3- An atom of £ lies in Bigﬁi, s, and outside Devy, j, (as p; <V, and the allowances
increase), and Lemma 13.15(1) gives the margin hypothesis of Lemma 13.17; so j(z) € p, s,. Its
fresh path has ¢ + 1 trace times by time p; (Lemma 13.3(3)), and, for « = b and ¢ = 2, one stage
by time py (Lemma 13.22, k = 1). So Lemma 13.4 or Lemma 13.21(3), with D = ), 5, X Z, and
Lemma 13.19 bound the contribution of £} by e; times the bound of Lemma 13.19. Summing, and

using (2cu)_1/2 < Qfl/Q and w12 < Qf1/2, gives X < €,. O

Lemma 13.25 (Outer horizontal tail). Let p € P, w € N, and let m > Dy,q(t) be an integer with

P, < J and wlog2 < mlog9. Then m™ P, ,(Bad?,) < g5 -

Proof. As in [9, proof of (7.54)], we split the advance between the first passage and the next P,

holds. Bad?, is contained in {j(z) > 325399 m} U {j(ptp, (b)) > somss), as o60 = 138909 Since
w <mlog9/log2 < 28T, on the first event j(z) —w/4 > u = m/100000 > 2, and Lemma 10.14

bounds its mass by de *"/(2@=4) 4 2¢=u/256 < Ge=m/2* (op by 4e7u/256 if < 5), because
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25600000 < 230 and 2(w — 4) - 1019 < 63398800000m < 23m. On the second, Lemma 10.9(3),
applied through (13.1) with threshold 10 [1m,/200000], gives e!+/2=7/3200000 " Now m > Dpaq(t) =
224(P, + 64), so P,/2 < m/2??2 — 32, and m > 2% by Lemma A6(1). With z = m/2% > 1,
logm < 434+ x — 1, so A, logm < 5logm < 105 + 2 sz < 128z — 13 = m/230 — 13; hence
mAige—m/2% < Ge 13 <« 10 ., and m AL gP./2—m /3200000 em/2%0+m /22 —32—m /3200000 < e 32’ as
2736 1 2722 < W(l)()()()‘ Finally e!® > 2¢% > 16000 (Lemma A.1(4)), so the sum is less than

—10 1

Lemma 13.26 (Case 3 of the descent step). Let m be an integer with D.(v) < m < J, let p € P
with j(p) + m = J, and suppose p € A € T with gap(p) > s,;m. Then Q(p) < m™ 4 Qu_1

Proof. We follow [9, (7.52)—(7.56)], with Z(l)gm in place of 0.9m and an explicit error budget. Write
A = A, and w = gap(p). By Lemma A.6(2), P, < m < J. The right-end bound (9.2) and the
membership of p give wlog2 < Sx — (j(p) — ja)log9 < (J — j(p))log9 = mlog9.

Lemma 13.9 with L = P, gives Q(p) < Y, Iﬁ’p(a)e_szzfj’L—l(a)Q(y% (a)). For an atom of positive
mass, Adv(a) = j(yp (a)) —j(p) > 1 and j(yp (a)) +m = J + Adv(a), so the boundary reduction
(Lemma 11.16(1)) gives Q(y}, (a )) < max(m — Adv(a), 1)"*Q,,_1. This factor is at most m*-m=4;
outside Bad?,, m — Adv(a) > #m, so it is less than (400/83) A < Ceont(t)m ™4 (Lemma A.9);
outside Low? as well, e *®%(400/83)4 < e7*7:(400/83)4 < 1/Py (1) (Lemma A.9). Let ¢, b and
be the Iﬁ’p—masses of all atoms, of Bad? and of Low” \ Bad?,, and X the left side of Lemma 13.24;
80 t < Qmass (Lemma 13.13) and X < [I. With ¢ = ceont(¢) and w = 1/Py(¢) € (0, 1),

Qp) <m Q-1 (mb+ X +w(t —b—1)) <m AQum-1(m + qmassw + (¢ — w) X).

Since Iﬁ’p < Py, Lemma 13.25 gives mAab < ﬁ, and Lemma 13.24 gives X < &,. So the bracket
is less than

1 qmass 1
con - gLa
8000 BPw (o) (ceom (@) PW(L))
which is at most the error budget (A.2), less than 1 by Lemma A.9(3). O

14. THE WHITE AND NEAR-TOP CASES AND THE FOURIER BOUND

This section proves Cases 1 and 2 of the descent step (Section 11) for each index ¢ € {o,b}:
the boundary point p for m is white, or black with gap(p) < s,m. With Case 3 (Lemma 13.26)
this gives the descent step beyond the threshold D,(¢), from which (4.2) follows. As in Section 13,
Q. is formed with an exponent A stated in each lemma, and y = % and z are the constants of
Appendix A.1.

14.1. Envelope factors. To average the bound of Lemma 11.16(1) over the hold law, we dominate
max(m —r,1)~4 by m~4 times the envelope factor et (compare [9, (7.42)]), whose average is an
exponential moment; here, for an integer m > 1 and A > 0,

T 4A(1 + logm) (14.1)
m

Lemma 14.1 (Envelope bound). Let 0 < A < 3, and let m > 2 and r > 1 be integers. Then
max(m — r, 1) < m~ et (14.2)
and (m — r)_A < m—Ag2Ar/m if 2r <m. If m > 240 then t,, < x/32 <1/1024 and

Z vgs(r) max(m — 7, 1) ™4 < Mys (ty) m™4 < eX/2m=4. (14.3)
r>1
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Proof. If 2r < m, then (1 —r/m)(1 4+ 2r/m) > 1 gives (m — )~ < m=4e?47/™ and 24/m < t,,.
If 27 > m, then max(m — r,1)"4 < 1 = m~4e41%8™ and Alogm < t,r. If m > 2% then
logm < /m gives t,, < 8A/y/m < x/32, because (2564/x)? < (256 - 3 - %)2 < 230 and
X/32 < 1/1024. Summing (14.2) against v45 gives the first inequality of (14.3), and Lemma 10.8(2)
gives Mys(t,) < el3tm/4 < ox/2, O
14.2. The white case. At a white boundary point the closing letter at p carries the factor e™7,
which outweighs the cost eX/2 of averaging the envelope factor over one hold.

Lemma 14.2 (White boundary points). Let 0 < A < %, let m > 240 be an integer, and let p € P
be white with j(p) +m = J. Then

Q(p) < e "X 2m=AQu 1 < m Q1.

Proof. We follow [9, (7.43)]. The second inequality holds as x/2 = 53 < z. By Lemma 11.12(3)
and w(p) =e %, Q(p) < e * >, n(y)Q(p+y). Everyy € P has j(y) > 1 and j(p+y)+m = J+j(y),
so Lemma 11.16(1) gives Q(p + y) < max(m — j(y), 1) 4Q,,_1. Grouping by r = j(y) with (10.2)
and using (14.3) gives the claim. O

14.3. The near-top case. Tao’s Case 2 halts the hold walk at its first passage over the top edge
and uses the reward of the exit points. We instead continue Q through the paid first passage and
one further hold. The first passage then has mass less than qmagss at large gaps and at most 1 — dpass
at every gap, while its horizontal advance is about w/4 < s,m/4; so the loss (m/(m — advance))*
of the boundary reduction is paid by the mass.

Lemma 14.3 (Black boundary points near the top). Let ¢ € {o,b}, let 0 < A < A,, let m > 242
be an integer, and let p be black with j(p) + m = J and w = gap(p) < s,m. Then

Proof. Lemma 13.9 with L =1 gives Q(p) < >, Iﬁ’p(a)Q(yf(a)). For an atom a = (z, b) of positive
mass put R = j(z) > 1and U = j(pt(b')) > 1; then j(y](a))+m = J+R+U, and Lemma 11.16(1)
gives Q(p) < m~AQ,,_1Z with

7 =Y P,a)b(a)?,  Oa) = —r _mR —q € Ll

Put u = m/4096 and let G be the set of atoms with R < w/4 4+ u and U < u.

The exceptional atoms. By (13.1), the horizontal tail of the first passage (Lemma 10.14, with
u > 2) bounds the P, ,-mass of {R > w/4+u} by 4e~%/?%6 if w < 5 and by 4w/ (2w=4)) 4 9p—u/256
otherwise; as 2(w — 4) < 4m, both are at most 6¢~™/2. The mass of {U > u} is (%)L“J <
%6_5“/16 < 2e7™/?° . As Iﬁ’p <P, and 64 < m? (A, < 3), the contribution of the complement of
G to Z is less than 8m3e~m/2*° | With z = m/242 >1, em/2% = 210w 210 > 232768 @, so this
is less than 6 . 2129—45=32768  9—100,

Large gaps. On G, R+ U < w/4~—|— m/2048 < (% + sd)m, so 0(a) < 2048/(2047 — 512s,). If
w > 234 the total mass of P, is 3, Fp(2) < dmass = 13285107070 (Lemma 13.13), and the contribution of
G is less than 1909090 by Lemma A.7, since A < A, and 6 > 1.

Small gaps. If w < 234, then w/4 < 232 <m/1024,s0 on G, R+ U < 22 and 6(a) < 81? The
total mass of IP’p is at most 1 — dpass = 96338641 (Lemma 12.10), and the contribution of G is less

108

than % by Lemma A.7. In both cases Z < 190%90 + 2100 %ggg, and Q,,—1 > 0. O
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14.4. The descent step and the Fourier bound.

Proposition 14.4 (Descent). Let ¢ € {o,b} and form Q,, with A = A,. For every integer m with
D*([,) S m S J7 Qm S Qm—l'

Proof. By Definition A.5, m > Dg. (1) and m > Dypaq(e), which is at least 2*3 by Lemma A.6(1).
By Lemma 11.16(2) it suffices to prove Q(p) < m~4Q,,_1 for every p € P with j(p) +m = J. Fix
such a point.

Case 1. p is white. Apply Lemma 14.2.

Otherwise p is black, because j(p) < J, so it lies in some A € T by Proposition 9.13.

Case 2. gap(p) <s,m. Apply Lemma 14.3 with A = A,.

Case 3. gap(p) > s,m. Apply Lemma 13.26. O

Lemma 14.5 (An inverse moment of the first hold). For 1 < A < % and every integer J > 224,
o>t vy5(r) max(J — r, 1)*A < (J - %)*A.

Proof. Put t = ?’ﬁ‘f} < o5 For r < J/32, —log(l —r/J) < 25 so max(J —r, 1)~ < J~4e',
and these terms sum to at most J~ AMys(t) < J~4e!944/BGL) (Lemma 10.8(2)). The terms with
r>J/32 are at most (11)U/32J < e /256 and J3e—7/256 < % for J > 224 as logJ < v/J. Since

7 _ 104 _ 62 and 9 17 e1044/(31J) 4 % < €TA/2)) < 1- %)_A' 0

2~ 31
Theorem 14.6 (The Fourier bound). For each ¢ € {0,b}, every integer n > 1 and every frequency
& € Gy, prime to 3,

DF(L)>A'

n

o) < (
This is (4.2).

Proof. Write A = A,, D,, = D,(1) and Dp = Dp(1) = 2D, + 6,501 < A < 5 and D, > 2%, If
n < Dp, then |, (§)| <1 < (Dp/n)?. Let n > Dp,s0 J > (n—1)/2> D, + 5 and J > D, + 3.
Form Q and Q, for (n, &) with the exponent A. Then Q,, < (D, — l)A for 0 < m < J, by induction
on m: form < D,—1 by Lemma 11.15(1), and for m > D, by Proposition 14.4. So Lemma 11.15(2)
with m = J gives Q(y) < (D, — 1)4d;(y)~4 for every y € P, where d;(y) = max(J — j(y),1). By
Proposition 11.13, grouping by r = j(y) with (10.2), and Lemma 14.5,

D, —1
O1< 3 naw) < )Y vas(r) max(J —r 1) < (7 /2)
r>1
Finally n < 2J + 1 gives Dp(J — 2) —n(D, — 1) > (2D, +6)(J — ) — (2J + 1)(D, — 1) =
8(J — Di) — 20 > 4, so P < BE. O

15. ESTIMATES FOR THE FIRST-CROSSING FAMILIES

This section proves the facts about scales and first-crossing families used in Sections 5-8: the
growth of scales and levels (Lemma 15.1), prefix-disjointness (Lemma 15.2), the deficit of the
first block family (Lemma 15.8), the deficits of the first-crossing families at every shift and their
mask failure (Lemma 15.7), and the decay and the products of the deficits of the block families
(Lemmas 15.9 and 15.10).

15.1. Scales and levels. The deficit bounds need linear and geometric growth of the scales, the
selector needs do9, and propagation needs the levels k; = |0,/4] to reach the mixing gate ng = 280
of Proposition 4.1.

Lemma 15.1 (Scales and levels).
(1) For alli,j € N, ¢76; < 8;1j, 0; > 16544 + 1665 and 16544¢7 < §; < 16644g’. Moreover
b9 = 22095.
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(2) For every j € N, k; > 2'2g7; for j > 9853, k; > max(no, 2'%¢7).

Proof. For (1), es = [0/100] satisfies 6/100 < e; < (6 + 99)/100, and es > 166 for § > 16544.
Hence 9,41 > gy, and dy11 > 6y + 166 for every m, and induction gives the first two bounds and,
with 89 = 16544, the lower bound 16544¢7. For the upper bound, 05 +100 < 16644¢7 by induction:
it is an equality at j = 0, and ;41 + 100 < 6; + (9; + 99)/100 + 100 < g(d; 4+ 100). Running the
integer recurrence 29 steps from 16544 gives dag.

For (2), k;j > §;/4 —1 > 4136¢7 — 1 > 2'2¢/ as ¢ > 1. The integer comparison 1017 > 21007
gives g™ > 2, so for j > 9853 > 70 - 140, 2'2¢g7 > 21249800 5 9152 . O

15.2. The line and the families. The transfer of Section 4 needs finite prefix-disjoint families;
the first lemma shows that the first-crossing families are such.

Lemma 15.2 (Structure of the families). Let 6 > 256, u and R > 0 be integers. The line is
nondecreasing: Hs,(d) < Hs,(d + 1) for integers d > 0. The family FC, (6, R) is finite and
prefiz-disjoint, hence so is each of its subfamilies, in particular FC(0, R) C FC,, (0, R).

Proof. The line is nondecreasing since By and (d — 0)4 are nondecreasing and (0 — d)4 is nonin-
creasing in d. Words of FC,, (6, R) have length at most d and letters at most MAX g ghi Hs,(d)+ R,
so the family is finite. Suppose w € FC,(d, R) of length d is a proper prefix of w’ € FC, (0, R).
Since d¥ < d < |w’|, the definition for w’ gives deg(w) = degy(w') < Hs,,(d), while the definition
for w gives deg(w) > Hs,,(d). O

All deficit estimates below rest on one decomposition of the random word W = (a1, as,...) of
Section 3 and its partial degrees deg;(1/). For integers § > 256 and wu, provided degd%o(W) <
Hs,(d¥) and some d with di¢ < d < d¥ satisfies degy(W) > Hs,(d), call the least such d the first
crossing d of W. Then for every R € N and every length d, Weq € FC,(6, R) if and only if d = d

A

and deg;(W) < Hs,(d) + R.

Lemma 15.3 (Covering the deficit). Let & > 256, u, R > 0 be integers, and let dgo <d <d"< dlgi.
Let V consist of the words of FC, (9, R) with length in [d',d"]. Then

1 —mass(V) < P(deg; (W) > H;, (i) for some d¥ <i < d') +P(degy, (W) < Hs,(d")) + 2~ E+D,

Proof. We follow [7, proof of (3.6)]. As V is prefix-disjoint, the events that W begins with w € V
are disjoint (Section 4), so mass()) is the probability that some prefix of W lies in V. If neither of
the first two events occurs, the first crossing exists and lies in [d’, d”], so W has a prefix in V unless
the event O occurs that deg (W) > H57u(ci) +R. Fix df < d < d¥ and a word (ay,...,aq—1) whose
partial degrees at lengths d¥°,...,d — 1 lie below the line; its degree I satisfies | < Hsu(d—1) <
Hs,(d) by Lemma 15.2. Given that W begins with this word, d = d is the event ag > Hs,(d)—1>1,
and O adds ag > Hs,,(d)—I+R+1. For the geometric law, P(a; > c+R+1) = 2-F+DP(a; > ¢) for
¢ > 1. Summing over the disjoint pairs (d, prefix) gives P(0Q) = 2~ (BTDP(d exists) < 2-(F+D_ [

15.3. Tail bounds for partial degrees. The two events of Lemma 15.3 are deviations of a partial
degree from twice its length. The sub-Gaussian form of the next lemma serves all scales; its exact
form, with an explicit tilt, gives the sharper bound needed for the first block (Lemma 15.8).

Lemma 15.4 (Maximal inequality). Let d > 1 be an integer and x > 0 real.
(1) If 42/(9d) < 1/32, then

P((max (deg; (W) — 20) 2 o) < /00, P(degy(W) - 2d < —z) < =2/,



EXPLICIT POSITIVE LOWER DENSITY FOR THE COLLATZ CONJECTURE 61
(2) If0 <6 <1, then

—x x
P(lrg%xd(degi(W) —2i) > ac) < ((11t99)2)d’ P(deg (W) —2d < —z) < ((11_902)(1'
Proof. For 0 < y < 2 the geometric series gives Ey®~2 = 1/(y(2 —y)) > 1. If y > 1, the
process (ydegi(w)_%)igd is therefore a nonnegative submartingale, and Doob’s maximal inequality
[2, Theorem 4.4.2] gives y®P(max;<g(deg;(W) — 2i) > z) < Eyd8aW)=2d — (y(2 — y))~d. Tf y < 1,
Markov’s inequality gives P(deg,(W) —2d < —z) < y®(y(2 — y))~% Part (2) is the case y = 1 £ 6.
For (1) take y = e*! with t = 42/(9d): then (y(2 — y)) ™ = Mgeo(£t) < ¢*?/8 by Lemma 4.2, and
—tz + 9dt?/8 = —22%/(9d). O

15.4. Deficits of first-crossing families. Lemma 15.3 is applied to the block families through
central length ranges (Lemmas 15.5, 15.6 and 15.8) and to every shift 0 < u < 27, as the terminal
extension needs (Lemma 15.7).

Lemma 15.5 (Central length ranges). Let § > 256, R > 0 and y be integers with 1000 <y < §/8,
and let Vy consist of the words of FC,;(d, R) with length in [6 —y,6 +y]. Then

2(2079/500)2) 9~ (R+1)
906 +y)

Proof. Put x = 207y/500. Since y < §/8 < 35/5 — 1 < 45, Lemma 15.3 applies with d' = 6 — y,
d" = § +y. The shift cancels: Hs,,(i) = 25 + Bo((i — 0)+) — Bo((d —i)4). If df <i < —y and
deg;,(W) > Hj (i), then

deg;(W) —2i > 2(6 — i) — Bo(6 — i) > (2 —1logy3)(6 —i) — 1> Sy — 1>z,

by By(n) < nlogy 3+1 (Section 5), 2—logy 3 > == (Lemma A.1(1)) and (45 — 230)y = /1000 > 1.
If degsy (W) < Hs ;s (6 +y) = 26 + Bo(y), then degsy, (W) —2(6 +y) < Bo(y) —2y <1-(2—
logy 3)y < —z. Also 4z/(9(5 + y)) < somele < 2. Lemma 15.4(1) with d = 6 + y bounds the two
events of Lemma 15.3 by e~22"/(90+9)) each. O

Lemma 15.6 (Deficit of the block families). Let 6 > 16544 and R > 0 be integers. Then
529
106

1 —mass(V,) < 2exp(—

1 —mass(FC(4, R)) < 2exp(

Proof. Put ysq = [\/WW, Yiin = [0/8] and y = min(ysq, Yiin)- As [36/5] —1 > 0/8 > yiin,
y < {5, so FC(§,R) = Vie 2 Vy in the notation of Lemma 15.5. Also y;, > 2068 and ygq >
32-16544-15 > 10002, so 1000 < y < §/8, and Lemma 15.5 gives 1 —mass(FC(8, R)) < 2e*+42~(A+1)
with x = cyy?/ (8 +y) and ¢y, = 2(207/500)2/9 = 4761/125000.

Case Yiin < Ysq. Then y = yjin > (§ — 7)/8. As x increases with y > 0,

(6—72 _ cy 529
> coo S Wis gy = 2295~ 14),
X2 g5 1) = 12l )= 50— 14
since 9(§ — 7)2 — (6 — 14)(96 — 7) = 76 + 343 > 0.
Case Ysq < Yiin- Then & +y < 95/8 and y? > 325 log, J, so x > % logy 0 > %log 4, because

200cw — 20928 3. 34T > 3]og2 (Lemma A.1(3)). Hence 2™ < 2073/2, O

Lemma 15.7 (First-crossing families and the mask). Let 6 > 256, R > 0 and 0 < u < 2rs be
integers. Then

(0 14)) +2573/% 4 2~ (R4,

1 — mass(FC, (0, R)) < 2116576 4 o= (R+1),
mass({w € FC, (3, R) : 2jw| > Hs,(Jw|) + [5/8]}) < 2M3676;
the words of the second set are those failing the mask (5.9) at scale § and shift u.
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Proof. We follow [7, proofs of Proposition 5.2 and Lemma 5.1], with smaller constants. Apply
Lemma 15.3 with &' = df + 1, d" = d¥. From § — df = d¥ — § = {5, the definition of rs; and
0 <u<2rs,
Hyo(d¥) > 2d¥ 4 2e5,  Hs,(dM) < 2d57 — 2¢5.

So both events of Lemma 15.3 lie in {| deg;(W) — 2i| > 2es} for i = di° and i = d¥, respectively.
As es > 6/100 and i < 26, the exponent in (4.6) is at least §/160000. The bound e~9/160000 <
6! (6/160000)~6 then gives 1 —mass(FCy (8, R)) < 4-6!-16000065 6 + 2= (A+1) "with 4.6!-160000° <
2116.

For the mask, let V be the set of failing words; it is prefix-disjoint. If w € V has length d, its prefix
of length d—1 > dYf has degree at most Hs ,,(d—1)—1 < Hs,(d)—1 < 2d—[§/8] —2, so degy_; (W) —

hi_

2(d—1) < —[6/8] < —46/16 if W begins with w. Hence mass(V) < Ejid}; P(| deg;(W)—2i| > §/16).
There are at most 26 terms, each at most 2¢~%/16384 by (4.6), and e~9/16384 < 71(5/16384) " gives
mass(V) < 4-7!- 163847576 < 213576, O

The average at generation jp (Section 6) needs the first block family far more precisely than
Lemma 15.6 gives; the exact tilts of Lemma 15.4(2) provide it.

Lemma 15.8 (The first block family). 1 — mass(FC(dg, Ro)) < 1/20000000.

Proof. Here § = &y = 16544 and Ry = 29, so f; = 9926, d¥ = 6618 and [log,d] = 15; as
28177 < 32-16544 - 15 < 28182, ¢5 = 2818, and FC(4, 29) consists of the words of FC,,(6,29) with
length in [13726,19362]. Apply Lemma 15.3 with d’ = 13726 and d” = 19362; the shift cancels as
in the proof of Lemma 15.5.

If 6618 < i < 13726 and deg;(W) > Hs,;(i), then m = § —4 > 2819 and deg;(W) — 2i >
2m — By(m) > ssm — 1 > 1168, so the integer deg;(W) — 2i is at least 1169. Lemma 15.4(2) with

d=13725 and 0 = 2—14, and 1+ s < e, bound the first event of Lemma 15.3 by

24 1169 /576 13725 1169 | 13725\ _isigayss oo
Gs) Gm) <ol + 55 ) =¢ e
If deg19362(W) < H(S,T‘(;(19362) =20 + B0(2818), then deg19362(W) —2-19362 < BO(2818> — 5637,
and B(2818) — 5636 < 1 — 52 2818 < —1168, 50 deg gys(W) — 2-19362 < —1170. Lemma 15.4(2)

with d = 19362 and 6 = % bounds the second event by

3141170 , 1024 19362 1170 19362 06221/5456 _ 352
_ < R _ — < .
(32) (1023> = eXp( 32 1023 ) € ¢
By Lemma A.1(4) with k = 60 and k = 50, ¢*? > 3-10° and €%/2 > 39.10°, and 3455+ 55555 +2 " =
2200586851 1 O

81788928000000000 < 20000000 -

15.5. Deficits along the scale sequence. At the scales J;, Lemma 15.6 gives the decay of the
block deficits used for propagation and the lower bound on products of block masses used in
Lemma 6.6. The cap terms satisfy

9~ (Bi+l) < 9=299=3/5%6  (j e N), (15.1)
since Rj +1 =304 [j/56] > 29+ (j +1)/56.
Lemma 15.9 (Decay of the block deficits). For every j € N, 1 — mass(FC(d;, R;)) < 3g7%9/% +
9—299—j/56_
Proof. Put ¢ = 529/10°. By Lemma 15.1, 0; — 14 > 16530 + 1667, and 166¢c > % > %logg as
logg < 1(1)—0; with €16530¢ > 1 4 16530¢ > 8 this gives 2e <% —14) < ig_3j/2. Also §; > 1654497 gives
25;3/2 < 2165447327312 < %g’3j/2. Lemma 15.6 and (15.1) conclude. O
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Lemma 15.10 (Products of block masses). For all integers 0 < j; < jo,

199

FC(0;, R; —,
H mass(FC(d;, R;)) > 500

J155<j2
Proof. All factors lie in [0, 1] (Lemma 15.2), so the product is at least 1—3" ;5o (1—mass(FC(d;, R;)))-

We bound the three sums arising from Lemma 15.6. With ¢ = 529/10°, 0; — 14 > 16530 + 1667
gives >, 2e000i=14) < 2716930 /(1 — ¢=166¢) where 1 — e719%¢ > 166¢ — (166¢)%/2 > 33 and

1000
e10930¢ > 6275 (Lemma A.1(4) with k = 40). Next §; > 16544¢7, 165443 > 2127000% and 1 —
g 32 >1-g1 = 1 give > 26;3/2 < 522 Each value of |j/56] occurs 56 times, so

> 27 < 562729, Finally

2 1000+ 202 +@<i
6275 83 2127000 2% " 200°

16. SOURCES AND THE HISTOGRAM ESTIMATE

This section proves the spread of the sources (Lemma 16.1), used in Lemmas 6.10 and 6.8, and
the histogram estimate (5.8) (Proposition 16.5) used in Section 6. The arguments are those of [7,
proof of Proposition 3.1], made explicit.

16.1. Sources.

Lemma 16.1 (Spread of the sources). Let t > 1654 be odd and j € N. For all w,w' € L;,
Sw! < 2R28w.

Proof. Multiplying the bounds of Lemma 5.3 over ¢ < j, starting from s,,_, = Swly = t, gives
sw > t1];<;1(4/3)% and s,y < t[];; 2%"1(4/3)%. Divide. O

16.2. Offsets of selected words. The selector pins down the offset of every selected word of at
least 29 blocks; this places the sources of the words of one length and degree in a short interval
(Lemma 16.3).

Lemma 16.2 (Offsets of selected words). Let j > 29 and w = vg---vj_1 € L;. Then 0 < off(w) <
3, 9-8

g+27°.

4

Proof. For 29 <i < j put 0; = off (v; - - - vj_1), so 0; = 0 and 0; = off (v;) + wt(v;)0;41 > 0 for i < j
by (3.2). By Lemma 5.2, off (v;) < 2% and wt(v;) < 167%:. If 0;41 < 2%+ 71 then, as es5, > 1 and
diy1 = 0; + eg,,

0; < 90i + 167 - 9dites;+1 _ 9d; + 90i+1-3es, < 90i+1

Downward induction from 7 = j gives 0 < 099 < 2020+1 By (3.2),

off (w) = off (vg) + Z wt(we;) off (v;) + wt(w<a9)029,
0<i<29

with all terms nonnegative and the first positive. Since };_;e5 = §; — dg > 1667 (Lemma 15.1),
wt(w<;) < 16719 With (5.5), the middle sum is at most Y-, 2090704 < 2763 "and, as dag — dp =
5551, the last term is less than 167555122209 — 2108 Hence off(w) < 2 4 2762 O



64 KENNY LAU

16.3. The histogram estimate. The histogram estimate (5.8) follows from a uniform bound on
the histogram of L; = L;(t) at level g, defined for a positive odd integer ¢, integers j,q > 0 and
y € G4 by
Eiqtiy) = Z wt(w).

weL;

[swlg=y
It is bounded by splitting according to the length and the degree of w. Words with the same
pair share their weight, their sources are distinct, and by Lemma 16.2 those sources lie in a short
interval.

Lemma 16.3 (Words of one length and degree). Let t be a positive odd integer, j > 9853, 0 < g <
205, y € Gy, and d,l € Z. Then

97
31 Z wt(w) < 128"
weLj, |lwl=d, deg(w)=l
[swlq=y

Proof. All words w in the sum have the same weight wt(w) = 3¢ - 27!, and t = wt(w)s,, + off (w)
by (3.1). Lemma 16.2 places s, = (t — off(w))/ wt(w) in an interval of length (3 + 278) wt(w)~!.
A word valid at t is determined by its length and its source (proof of Lemma 3.3), so the sources
in the sum are distinct integers congruent to y modulo 37 in this interval; there are at most
(2 +278) wt(w)"!1377+ 1 of them. The left side is therefore at most 2 + 278 + 37 wt(w).

By Lemma 5.2, wt(v;) < 16~ for every block v; of w, and 37, ;es, = d; — do, so wt(w) <
1616544=9; - With 37 < 9% and 16 - 9° < 16°,

3wt (w) < 206176(9/16)% < 260176-413;/5] < 9=1255536

using 0; > 16544 + 166 - 9853 = 1652142 (Lemma 15.1). Since 3 + 278 4+ 278 = 2L the lemma

follows. .
Lemma 16.4 (Lengths and degrees of words). Let t be a positive odd integer and j > 9853.

(1) The lengths |w|, w € Lj, take at most 23, ;b5 +1 < 37170v/7 ¢7/? values.
(2) For each length, the degrees deg(w), w € Lj, take fewer than Ry, values.

Proof. For (1), every block v; of w has length in [§; — €5 , 0; + £§.] by the length restriction, so |w] is
one of the 23, £§5 +1 integers within 3, ;5. of 3>, ; 6;. By Lemma 15.1, ¢; < 16644g" < 2154,

so logy d; < 15 +i/69 (as logy g < 1/69), and for ¢ < j, [logyd;] < 16 + j/69 < j/62 because
7j > 68448. With 32 - 16644 - 10* < 62 - 92692,

9269 :
05 < \/320; [logy 6] + 1 < Wﬂglﬂ +1 (i< j).
The integer comparison 100 - 4'032 < 101 - 4012 gives ¢*/2 — 1 > 2/401, hence i<y g% < %gjﬂ.
The binomial theorem gives ¢/ > (1)100™* > 495, as (j — 1)(j — 2)(j — 3) > 24 - 49 - 10%; thus
2j +1<3j < 3/jg'? and
3716869

< 3 . -
2;j£6i+1<(100+7)\/39]/2<37170\6g]/2_

For (2), the inequalities Hj . (|v]) < deg(v) < Hs,5(|v]) + R for v € FC(4, R) and (5.2) give
20 + (Jv| — 0)logy 3 — 1 < deg(v) < 25 + (Jv| — 0)logy 3+ 1+ R.

Summing over the blocks v; € FC(d;, R;) of w, with >, |v;| = d, places deg(w) in an open interval,
depending only on d, of integer length 37, ;(R; +2) < Ry; it contains fewer than Ry integers. [
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Proposition 16.5 (Histogram estimate). Let t be a positive odd integer, j > 9853 and 0 < g < 26;.
Then

392, ,(t;y) < 344552672 (y € G,).
Consequently (5.8) holds for every f: G4 — R and every subset of L;.

Proof. Split the sum defining =; ,(¢;y) according to the pair (Jw|,deg(w)). By Lemma 16.4 and
(5.1), fewer than 37170+/7 g?/2 - j2/82 pairs occur, and by Lemma 16.3 each contributes less than
7 379; and 2037170 — 1802745 344 For (5.8), group a subset of L; by the residue y = [sy]4; since

128 12882 5248

weights are nonnegative,
D_wtw)lf(sw)l < D Ejq(t)F ()] < max(372;4(t))(|f])g- O
w yeGy

APPENDIX A. NUMERICAL CONSTANTS AND FINITE CHECKS

This appendix defines the constants of the Fourier argument for both indices ¢ € {o,b} and
records the finite computations behind the numerical claims. Apart from the standard values
stated in Lemma A.1, every claim is an exact computation: finite decimals denote exact rational
numbers, all integer arithmetic is exact, a ceiling [x/y] of a quotient of positive integers is evaluated
as |(x+y—1)/y|, and a value written with “...” is a truncation shown for orientation only.

Lemma A.1 (Elementary bounds).

(1) log, 3 < 317/200.
(2) For real y > 1 and integer N > 1, with r = (y — 1)/(y + 1),

N-1 2541 N=1  2j41 5 2N+
= =2 . Al
§2j+1_ogy_ §2j+1+(2]v+1)(1_r2) (A1)

(3) 693147180/10° < log2 < 347/500 and log(4/3) > 287682/10°.
4) Forreal > 0 and k € N, S3K_ 29 /1 < e®. In particular ¢ > 8000.
7=0

Proof. Parts (1) and (3), and the numerical claim in (4), follow from the standard values log, 3 =
1.58496. . ., log2 = 0.6931471805. . ., log(4/3) = 0.2876820724... and €? = 8103.08.... Part (2)
is the series logy = 23 ;507%™ /(2j + 1), valid as 0 < 7 < 1 and (14 7)/(1 —r) = y; its tail

after N terms lies between 0 and ﬁ >k>0 p2NFI42E — % Part (4) holds because the

exponential series has nonnegative terms. O
A.1. The Fourier parameters and the threshold D,. The Fourier bound (4.2) is proved twice
by one argument, for the original index o and the bootstrap index b; the two parameter sets differ

in the constants of Table 1. This subsection defines them, the trace schedule built from them and
the threshold D, (¢) above which the descent step holds, and proves their numerical properties.
Definition A.2 (Fourier parameters). The constants common to both indices are
37037 133 3187 63 333407 157263
108 0“7 31250 T 200000 T 25000 T 106 0 ™ T 100000°
The constants depending on ¢ are listed in Table 1, where V, is defined in Definition A.3. The size
factors are

(Ko(e),..., Ky (1) = {

(4638, 1622, 1253, 971, 754, 587, 458, 359, 292, 230, 239) |, = o,
(718,268, 1024, 239), L=h.

Definition A.3 (Trace schedule). The schedule positions are py = po(¢) and
piv1 =pi+ S|+ H +T,+1,  Si=K)pi+1) (0<i<n),
with S, = K, (¢)(pr, +1). Put P, =p, +1land V, =p,,_1 + 1.
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TABLE 1. The constants of the two Fourier parameter sets.

quantity L=o0 t=Db
exponent A,; a, = A, — % ié%; % %; %
Case-2 split s, 5 2

reward bound 7,; first position po(¢) =7, +1 192; 193 168; 169
schedule length r, 10 3

window height H,; slope «, 10100; % 500; 23—5
event coefficients ¢;(¢), 0 <i <, (%)i 1, %, by, b2
far-gap scale Rqo(t) [1231V,/4] 45V,
far-gap threshold Q, Rq(0)? Rq(b)?

continuation factor ceont(t)

prefactor bound: logy Bp(i) <

14009206687631

7245014059

500000000000

Lemma A.4 (The trace schedule). The positions are

500000000

325.7939550288 88.1188851177

pi, L =0

pi, t=Db

193

112161
20680179
2948776479

169
15486
514217
63701994

326497388488

28144727892821
1895012673761891
99969498591645143
4155432147958923993
141268071302011590393
17140454471732661035095372255

50 218 <V, < P, < 2% and P, > 2%2. Moreover

R (o) = 43475248943194066943754, Rq(b) = 23139810,
Q, = 1890097270672696834631662319882702018199612516, Qp = 535450806836100;

both 2, are divisible by 6, and ©, > max(234,512V,).

—_
O © 00O Ui W O .

Proof. The table is the recurrence evaluated in integer arithmetic; it gives V,, P, and Rq(¢) (for
o, 1231V, = 4 - 43475248943194066943753 + 2), and the bounds are integer comparisons. Finally
Ra(t) >V, > 218 gives Q, > 28R (1) > max(234,512V,). O
Definition A.5 (Thresholds). For ¢ € {o,b} put

Diaa(t) = 221(P, + 64), Dec(t) =2+ P, + [Q/s,], D, (¢) = max(Dpad(t), Dsc(1)),
the Fourier threshold Dp(1) = 2D, (1) 4+ 6, and Bp(1) = (2Dp (1))

Case 3 of the descent step needs m > Dy,q(¢) for its bad advance and m > Dg.(¢) for its horizon
P, and its gaps w > s,m > €, (Section 13); the near-top case needs m > 242,

Lemma A.6 (The thresholds).

(1) Dy(t) = Dgc(t) > 247 and Dypaa(t) > 243 with Dyaa(0) < 2116 Dyada(b) = 133592900435968
and

Dgc(0) = 1260064847115131240228229351654462380561780602,
Hence
Dp(0) = 2520129694230262480456458703308924761123561210,

Dg.(b) = 267725467120047.

Dp(b) = 535450934240100.
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(2) Every real m > Dy (1) satisfies P, < m and s,m > €,.
(3) The prefactors satisfy
325.7939550287 < logy Br(0) < 325.7939550288, 88.1188851176 < logy Br(b) < 88.1188851177.
In particular Bp(o) < 2349,

Proof. For (1), Q,/s, is an integer, so Dg.(t) = 2+ P, +29Q,/3 for o and 2+ P, 4+ Q,/2 for b; the
values and the comparisons are integer computations from Lemma A.4, and Dyaq(t) > 221p > 943,
Part (2) follows from Dy (1) > P, and Ds(t) > €,/s,. For (3), write £2Dp (1) = 2°u with e € N
and 1 <u < 2 (e =153 for o, e = 51 for b). Then log, Br(t) = A,(elog2 +logu)/log2, and (A.1)
with N = 80 for log2 and log u, the lower bounds in the numerator and the upper bound for log 2
in the denominator (and conversely), gives rational enclosures of width below 10720 that lie in the
stated intervals. OJ

The near-top case (Section 14) bounds the paid mass of a first passage over the top edge, times
an inverse power of the remaining distance to the horizon; it closes by four integer comparisons.

Lemma A.7 (Numerical facts for Case 2). The following integer comparisons hold:

(38177 - 1000) 19902048213 < (125000 - 999)'0%0127921193
9633864110000204821193 < (97 . 106)10000904521193
(38177 -1000)'92048'" < (125000 - 999)'°1023'7,  96338641'°2048'7 < (97 - 10°)'2045'",

Equivalently, with f, = (2047 — 512s,)/2048, that is f, = % and fy = %, and by = %,

38177 FA < 999 96338641b_AL < 97

1250007 1000’ 108 s 100°
Proof. Raise the second set of inequalities to the power 10000 (for o) or 10 (for b) and clear
denominators. O

A.2. The error budget. This subsection defines the error budget (A.2) of Case 3 and shows that
it is less than 1 for both indices. It bounds the Case 3 error &, of Definition 13.23 after rounding
each of its pieces upward.

Definition A.8 (Error budget). Put zyw (¢) = 27, — A lcont and Py (1) = 2?0:0 rw () /5!, With
the notation of Definition 13.23, let I} be T1*¢ with each of its 7, terms rounded up to a multiple
of 10716, let ES"* be E! with each of its terms rounded up to a multiple of 10724, and let U?, U},
Ud be 9(%)%, (yZ’)_X“O) and 2(6?)_4)(51(0) rounded up to multiples of 10720, The error budget is

Qmass 1 +
L= con - ) A2
5= 5000 T Py (ceom (@) PW(L))S (A-2)

where

11\ HP 2161 148 d |
EF =TI + dumasser, (1) + B} + U + (E) 9127 + 0, + Amass (U + UL + E; ,+) = &

In order, the terms of B, pay for the bad advance, the paid mass outside the low-reward event,
and, through the continuation factor, the packing, the trace survival, the square-root deviations,
the overshoot deviation, the common initial exception, and the vertical and drift-free deviations
and the clearing of the paid mass.

Lemma A.9 (The budget closes). For both indices:
(1) (400/83)4 < ceont(t) and e=*T+(400/83)4 < 1/Py (1) < 1.
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(2) The rounded quantities are
4 117855141445251 + 172936863842033
o = 1016 - = 1016 ’
e+ _ 25002042460067403877 oy _ 12788
o 1024 ’ b T e
1020(U3, ul, Ug) = (295143990568991, 13370061336019939, 6230745211954701),

102(U2, Uy, UR) = (743222777209534, 27986092430721741, 13539748627993287).

(3) 0.019300993707926 < 1 — B, < 0.019300993707927 and 0.002435391461730 < 1 — B}, <
0.002435391461731. In particular B, < 1.

Proof. For (1), raising to the power 10000 (for o) or 10 (for b) turns the first claim into an integer
comparison, for o

400°'1% . 500000000000 < 837119 . 14009206687631'°°%.

Lemma A.1(4) with k = 20 gives efeont > 4.819306... > 400/83 = 4.819277..., so (400/83)* <
eAbeont: and (o) = % >0, zw(b) = % > 0 give 1 < Py () < W) whence the
second claim. Part (2) is Definition 13.23 evaluated with Lemma A.4 in rational arithmetic; for
instance U2 is checked by 9 -25'94. 1020 < 295143990568991 - 27194 < 9.25194. 1020 4 27194 In E¢
the counts ng vanish, and all other terms except those with i < 1 (for o) and i = 0 (for b) round
to 1072%. For (3), B, is an explicit rational number; in it Py (o) = 126.298. .., ES9 = 0.000686 . . .,

Py (b) =87.935... and Eliq = 0.01726. .., and the stated bounds are rational comparisons. ]

A.3. The joint-law tables. The average at generation 9853 (Section 6) bounds below the joint
law of the offset of the random word and the residue modulo 3% of the offset of its first eight letters
by exact integer tables, and combines it with Lemmas 15.8 and 15.10. This subsection records the
tables and the final comparison.

The offset grid is & = ny/512 for 0 < k < 6198, with ny = k for £ < 4096 and n4096+m =
{4096(65/64)’” + %J for 1 < m < 2102; it increases, and &334 = 2. For y > 0 let ix(y) be the
largest k < 6198 with & < y; put yi, = (2% — 1)/3 and F~(x) = max(0,1 — 7/(x + 2)), a lower
bound for Fp (0, ), every D, by Lemma 4.3. For a table T = (T(k))r<6198 of integers let c1(k, a)
be 0 if ypo < 0, [27%|22F~ (yra)]| if Yk > Eo108, and |279T(ix(ykq))| otherwise. For tables
Yy (r,k), 1 <q<8,reGy k<6198 and 1 < a < 60 let c{f(r,k,a) be 0 unless 3 | 2% — 1 (with

0 <r < 39); otherwise it is ¢y, (k,a) if ¢ = 1, and for ¢ > 2 it is {2_“ q_1(2a7;1 mod 3q_1,ix(yk’a))J

if 0 < yro < 6198 and 0 otherwise.
Lemma A.10 (The joint-law tables). There are integer tables Yy, ..., Ys with

60
Yo(0) < Yo(1) < -+ < Yp(6198) < |22F (Sros) |, Yo(k) < max([22F (&) |, > exy (k. 0)),
a=1

60
Yo(r k) <> d'rka) (1<q<38), Y3(6275,384) = 617014680840434.
a=1
Moreover, with mg as in Lemma 6.6, 6561mg — % — 2728 > 0.0064.
Proof. The table Yy is the stationary point, reached after 724 sweeps, of the iteration
<k

60
YO(O)(k) = PGQF_ ({k)J , YO(SH)(k) = max maX(YO(S)(l)7 Z CYo(s)(l’ a));
a=1

its entries include Yp(384) = 997765252056324269 and Y((6198) = 4611686018427359570, which is
|262F~(&6198)|. For ¢ > 1 the table Y, vanishes outside the reachable pairs: Vs = {(6275,384)},
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and Y,—1 consists of the pairs (25 mod 397!, ix(yk,)) with (r,k) € Vg, a < 60, 3 | 297 — 1
and 0 < yr o < &er9s. On Y, Yy(r, k) is the sum in its defining inequality, computed for ¢ =
1,...,8 in turn. The sets )k, ...,V have 1,26,243, 1564, 5830,9719, 8465, 4568 elements, of which
1,16, 145,907, 3502, 6076, 5504, 3043 carry a nonzero value. All quantities are integers: with p =
290y, — 512, yro < 0 means p < 0, Yrq > o108 means p > 3neigs, iX(Yr,) is the largest &’
with 3ng < p, and [202F~(z)| = [25%(n — 2560)/(n + 1024)| for x = n/512 > 5. The defining
inequalities are checked entry by entry; how the tables are produced plays no role. The last claim
is a rational comparison; the difference is 0.006438. . .. ]

A.4. Reproducing the finite checks. Every finite claim above is an integer or rational compu-
tation that a reader can repeat in any language with exact integers, in the following order.
(1) Scales. Tterate §;41 = 0; + [9;/100] from 16544; this gives dag.
(2) Fourier schedules and thresholds. For each index, iterate the schedule of Definition A.3 from
the constants of Table 1, then form Rq(¢), €2, Dpad(t), Dsc(t), D«(¢) and Dp(t); compare
with Lemmas A.4 and A.6.
(3) Logarithms. Evaluate the two sides of (A.1) with N = 80 as rationals for Lemma A.6(3),
and bound exponentials below by the partial sums of Lemma A.1(4).
(4) Budgets. Evaluate Definition 13.23 and (A.2) with the stated upward roundings at 10716,
10720 and 1024, and compare 1 — B, with the bounds of Lemma A.9.
(5) Powers. Check the integer comparisons of Lemmas A.7 and A.9(1) directly; the largest
involve integers of fewer than 600000 bits.
(6) Tables. Compute the grid, the stationary table Yy and the tables Y, on the reachable sets
as described in the proof of Lemma A.10, then check every defining inequality.

APPENDIX B. EXTRACTING TOWER BOUNDS FROM MAZUR’S CONSTANTS
This appendix proves (1.1): Mazur’s theorem holds with (Xo,¢) = (D, Dy}'), where Dy =
222173
2222 . Mazur proves it with the density constant ¢y and cutoff Xy; defined in [7, Section 8];
we show 1/ey < Dy and Xy < Dy, using only their arithmetic definitions, and neither modify
Mazur’s construction nor verify its analytic inputs.

Mazur’s quantities carry the subscript M: his E,, Ty, R« — 1, g, Px, Dsc, Dexp, D« and C of [7,
§81] are aymj, TM, ™M, 9M, PM, DSC,M7 Dexp,Ma D*,M and CM7 and his bv Fa Na Nt7 ﬁ(])a q, Ma m, Ja
E(j), B, ¢ and Xy of [7, (8.1)-(8.6)] are bonm, Fn, Num, NeM, biM, @M, M, man, JoMs L,
Byt M, em and Xy. His density constant and cutoff play the roles of the internal density ciny and
internal cutoff Xju¢. Symbols without the subscript keep their meaning here.

Write ay = 2170, Ty = 64090 232 | and

ryv = 64090 219M 4 24586 29M
pv = o™ (Tv),  gmlu) = u+ 102930 (u + 1)3 + 1 + Ty

For u > Ty, u? < gu(u) < 210090043 Tterating the logarithmic inequality and summing the
geometric series gives

3™ < logs pum < 3™ (logy T + 50000) < 4apg 3™. (B.1)
The last inequality uses log, 64090 < 16 and ap > 50016.

Let Cyi = 2(640 - 6409 - D*J\/I)MO9 + 2 4+ 281 he Mazur’s mixing constant, where D, is the
maximum of his thresholds. By (B.1), logy py > 3™ > 24am - His thresholds other than Dge v and
Deyp o are less than gbanm+42 4 239\ < pﬁ,[. The degree-nine term of Dg v is at most 2294921]3%/[,
50 pA} < Dac < pyf + 2279922p}) < pyf, and

1085 Dexpm = 8192 - 6409 23M < 230MF20 < 9™ < 3™ < Jog, pyy.
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Hence pi? < D.m < pif. As 640 - 6409 < 222 and 6409 - 11 < 217 it follows that 64090 logy py <
logy Oy < 2 + 6409(22 + 111ogs par) < 217 log, par, and (B.1) gives

3™ < logy Oy < 2%0ap 3™, logy Oy > 4 - 250 4 1000. (B.2)

Put by = 289, The next parameters [7, (8.1)—(8.2)] are
Fap = 2%7bg \- 16903 (Cy+1), Ny = 20000([logy Fag]+64),  Nya = 20000( [logy (21 Fyp)]+96).
Since logy Fi = 547 + 4bgm + logy (Cy + 1),
20000logy Crp < Ny g < 400001ogy Chp, Ny < 40000 logs Cay.

The recurrence bjr1m = bjm + [bjm/100] gives bjv < 28047 Unfolding the definition [7, (8.3)-
(8.4)] of g\ yields

QM = [bN*,M,M/ﬁlJ + > (im+ [8im/5)), Nem < gem < (2Nan + )b, M-
i<N*,M

Consequently logs g, m < 2N, v < 100000 logy Chyp. Write

My = 42b0’M+1+3q*’M7 logo Myt = 4bont + 2+ 2 - 3%M, My M = {(88MMCM)1/6J + 1.
Then

1000 logy Cr < logg My < 3 - 3%M ma v < 100MyCh, logy mu v < 2logy My (B.3)

B.1. Mazur’s density constant. We bound the iterated logarithms of 1/cy;. By [7, (8.6)], em =
3/(256 My - 2m=M). Thus logy(1/em) = mas v + logy My + 8 —logy 3 < 128 MyCyi. We obtain

log%Q(l/cM) < 2logy My, logg?’(l/cM) < 2G5 M
log3*(1/en) < 1+ logy gu < 100001 logy Chy.

Here logy(2logy M) < logy 6 + g« mloge 3 < 2¢, M, since gon > Niom > 100. Taking another
logarithm and using (B.2) gives

log5®(1/enm) < logd?(Ca) + 17 < rylogy 3 + 207. (B.4)

B.2. Mazur’s cutoff. We bound the iterated logarithms of Xyt in the same way. Mazur defines
[7, (8.4)—(8.6)]
Jear = max (Ny a1 + Ny, 200([logy ma ] — 78) 4+, 20 - 107),
lom=0, Lipm=Lm+17+ |7/100] + 2bjm — L19bj,M/12J ,
Brgym = Ly, M+ ij*,M,M/BJ ;

and Xy = 32(2BmM My + 1), Equations (B.2)—(B.3) imply J.um < 1000logy Myy. Using mono-
tonicity of j — bjy and the upper bound 2b;\ for the last two terms of the recurrence,

Brem < 4(Jem + 17)2bJ*)M,M7
logy Bhem < 82 4 21ogy(Jum + 17) 4+ Junm < 4Jxm < 4000 logy My
For Xy this gives
10gs (X 1) < 16 + By + logy My < 2409610e2Mat 16092 ( ) 1) < 4096 logy My,
logs?(Xn) < 12 4 logg? (M) < 2¢u M-

The last inequality uses logy My < 3 - 3%M, log, 3 < 8/5, and g« > 100. Hence logs* (X)) <
100001 log, Chp, and the same fifth-logarithm bound (B.4) holds for Xy;.
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B.3. Counting the iterated logarithms. It remains to count the logarithms. For either ¥ =
1/epm or Y = Xy, the preceding bounds give

logs®(Y) < 2ry + 207 < 2%am+iT,

Indeed 21y = 128180 24%M 449172 2%M | and 49172 29M 4207 < 2892 2% | where 12818042892 = 217,
Therefore
loggf (V) < dap + 17 =212 +17 < 21, 1og"(V) < 173.

Since Y > My and g,y > 100, the iterated logarithms logs’(Y') with i < 6 are positive, so
exponentiating seven times gives 1 /ey < Dy and Xy < Djy. A larger cutoff and a smaller density
constant preserve Mazur’s theorem, so it holds with the cutoff Dj; > Xy and the density constant
1/Dyps < eym. This proves (1.1).

APPENDIX C. AXIOMPROVER LEAN CERTIFICATE

This paper was written using human-Al collaboration with AxiomProver. AxiomProver is an
AT system for mathematical research through formal proof, currently under development at Axiom
Math.

The explicit positive lower density established in Theorem 1.3, which is the main result in
this paper, has been formalized with AxiomProver in Lean. The repository contains the formal
statements, proofs, and instructions for checking the certificate:

https://github.com/AxiomMath/CollatzPositiveDensity

The human-written challenge file gives the definitions and hypotheses. The solution proves the
stated targets. The repository reports successful verification with the Lean comparator.

APPENDIX D. Al DECLARATION

This project was born out of our goal to formalize Mazur’s paper, with the intent of improving
the estimates. With this stated goal, AxiomProver autonomously produced the mathematics in this
paper and formalized it in Lean. Although this paper was written with Al assistance, the human
author is accountable for the statements and conclusions in the introduction, and summarized the
main argument in Section 2 to facilitate human understanding.
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