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Every nonsquare integer not equal to —1 is
a primitive root modulo a positive lower density of primes

Manjul Bhargava

12 October 2026

Abstract

For every integer a that is neither a square nor —1, we prove that a positive lower density
of primes have a as a primitive root. More precisely, a zero-free half-plane Rs > 1 — 1/N
for all Dedekind zeta functions gives a lower proportion of at least ¢, /(N log N), with ¢, > 0
independent of N > 2. The theorem of Cureton and Thorner supplies N = 6000, so the
positive-proportion conclusion is unconditional. The proof uses the marked Type II estimates of
OpenAl to count primes p such that p — 1 is a small cofactor times one large prime. Allowing
the cofactor to vary supplies an additional factor of log z in the count. We give the counting and
sieve deductions in detail and explain the dependence on the zero-free width. The argument
gives a lower bound rather than the exact Artin density.

1 Introduction

The purpose of this article is to establish the following theorem:

Theorem 1. For any nonsquare integer a not equal to —1, the set of primes p such that a is a
primitive root modulo p has positive lower density in the primes.

For a prime p { a, write ord,(a) for the multiplicative order of @ modulo p. Thus a is a primitive
root modulo p if ordy(a) =p — 1. Put

P,(X)=#{p <X :pta, ordy(a) =p— 1}, No(z,2z) = P,(2x) — Py(x).

Then, in fact, we prove that for some 7, > 0, we have

P, (X
Ny(z,2z) > "l < for all sufficiently large x, lim inf (X) > ng > 0.

An integer a will be called admissible if it is neither a square nor —1. For such an admissible a,
Artin’s conjecture predicts

, p(n)
Py(X) ~ A(a) Li(X), A(a) EQE[KE(Cn,al/”) ;(g]:> 0.
The degrees in this formula include the familiar corrections arising from intersections of the fields.
Under the generalized Riemann hypothesis, Hooley [4] proved the predicted asymptotic.
However, we show that a fixed zero-free half-plane for Dedekind zeta functions suffices for a
positive-proportion result. Cureton and Thorner [1, Theorem 1.1] recently proved that, for every
number field K, the Dedekind zeta function (x(s) does not vanish in

1
o
s > 1 = 5000

Their theorem, along with the marked Type II estimates of OpenAl, enables us to prove Theorem 1.
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The infinitude of primes modulo which an admissible a is a primitive root was established in
OpenAT’s [2], where it was shown that the number of such primes less than z is >, log%' The
content of Theorem 1 is to show that the latter quantity can be improved to >, @, thus yielding
a positive lower density in the primes.

We keep the width of the zero-free half-plane as a parameter in order to make its effect on this
density explicit. Write QRH(V) for the assertion that every nontrivial zero of every Dedekind zeta
function has real part at most 1 — 1/N. Thus QRH(6000) is the theorem of Cureton and Thorner.
Throughout, N > 2 is fixed before x tends to infinity.

The main analytic tool is a marked replacement principle. The underlying Type II estimate
originates in OpenAl’s “The Poisson—Dirichlet law for prime predecessors” [3, Theorem 3.1]. The
form needed here is developed in [2, Section 10, especially Lemma 10.2 and Proposition 10.3]. The
“marks” are auxiliary prime divisors of the predecessor that are required to lie in prescribed intervals.
In the resulting weighted bilinear sums, the estimates permit a restriction on the prime factors of
one variable to be replaced by its expected density while retaining the required structure of the
predecessor. Section 3 states this consequence precisely and proves the deduction from the cited
estimates, including the uniformity needed for our enlarged family of cofactors. This is a separate
analytic input to the construction of candidate primes; the zero-free strip is used later to remove
failures of the primitive-root condition.

The quantitative form of the argument is as follows.

Theorem 2 (Dependence on the zero-free width). Fix an admissible integer a. There exists cq > 0,
independent of N, with the following property. For every fived N > 2, if QRH(N) holds, then

Ca x
No(2,22) > -

(z,22) Nlog N log x
for all sufficiently large x, with the threshold allowed to depend on a, N. After decreasing c, if

necessary, it follows that
.. . Pu(X) Ca
1 f > .
Xbeo m(X) = NlogN

Only the zeta functions of Q((y, al/9), for odd primes q, are needed from QRH(N).

We now describe the proof. This also indicates the purpose of each of the parameters introduced
below.
1. Reduce the problem to prime divisors of an index. The integer

N

ipla) = ordp(a)
equals one precisely when a is a primitive root. We choose one fixed progression of primes for which
a is a quadratic nonresidue. The index is then odd. For an odd prime g, the condition ¢ | iy(a)
is equivalent, away from ramification, to complete splitting of p in Q(¢g, al/ 7). These elementary
reductions are explained in Section 2.

2. Restrict the factorization of p — 1. The zero-free strip controls index divisors bounded by

a sufficiently small power of p. We also allow one very large prime factor, for which a different
argument is available. More precisely, for x < p < 2x, we seek primes of the form

p—1=crQ, ce{2,4}, r<z Q> 2" prime,

where every odd prime divisor of r exceeds a fixed cutoff Y. The cofactor cr = (p —1)/Q is simply
the small remaining factor after removing @Q; once the power of two c is fixed, we also refer to its



variable part 7 as the cofactor. Since r < z¢, the prime Q is at least a constant multiple of z'~¢.
Thus intermediate-sized prime factors are absent.

If a fails to be a primitive root at such a prime, some odd prime divisor of its index either divides
r or equals (. The first possibility involves only primes ¢ < x€, which the zero-free strip can handle.
In the second, ord,(a) divides er < 4z¢, so p divides one of the integers a’ — 1 with j < 42¢. The
product of their absolute values has too small a logarithm to have many distinct prime divisors
exceeding x. This gives a negligible exceptional set without applying the zero-free estimate at Q.

3. Let the cofactor vary. We allow many possible values of the small remaining factor r. In the
averaged sieve count, the normalization for a given 7 is on the scale z/(rlog? ). Thus the relevant
size of the family is its weighted reciprocal sum, rather than just its cardinality. Using only a very
thin family would give too few candidate primes. We enlarge the cofactor to r = srg. The factor
s is supported on the auxiliary prime intervals required by marked replacement. The factor rq is
squarefree, has all its prime divisors between Y and 2¢/%, and satisfies

1
ro < a2, Z*ST.
alro ¢
The reciprocal sum of these cofactors is

1 _elogx

~ 7o " logY ’

With the marked parameters fixed, this supplies the desired extra factor of log « in the total weighted
reciprocal mass. It offsets one of the two logarithms in the prime-pair normalization and gives a
count on the scale x/log x, sufficient for a positive proportion of primes. The lower bound is proved
for the whole family together; no prime-pair lower bound for each fixed r is required. The restriction
involving 7 ensures that the enlarged cofactors change the local sieve products by only a factor
1+ O(7). Sections 4 and 6 prove these assertions by Euler products and elementary inequalities.
4. Count the candidate primes. We first count all integers d = cr@ + 1 with the required
structure: @ is already prime, but d need not be. Bombieri—Vinogradov gives enough distribution in
progressions to sieve out small prime factors of d. For a surviving composite, write d = mn, where
n is its least prime factor. Marked replacement permits us to estimate the roughness condition on
m, meaning the absence of small prime divisors, while preserving the prescribed factorization of
mn — 1. We can then subtract according to n, with the terms governed by Buchstab’s elementary
differential-delay equation. The composites still left have two prime factors near /x; a separate
two-variable upper sieve bounds their contribution. It is the marked Type II input that makes this
subtraction possible; distribution in progressions alone would not justify the prime-pair lower bound.

Sections 5-9 yield

HC(2;Y) > Ay

“logY log x’
where A, > 0 is independent of €, Y, N.

5. Remowe the failures of the primitive-root condition. The splitting bound proved from the
smoothed explicit formula in Section 10 gives

C T xl—l/N—&—e
<2r:q|i < _Sa o (.
Y}q;me#{x <p<2z:q|ipla)} < Yoz log + gz

The constant C, is independent of N. The failures coming from ¢ = @ number O, (x?¢/log ). Both
error terms are negligible once € < 1/N and 2¢ < 1.



6. Choose the parameters. The sieve parameters and the number of auxiliary prime intervals
can all be fixed in terms of a, before € and N enter. The final lower bound is therefore

Age —C, Y +0(1)) T

Na 72 2 Pu——
(z,22) ( logY log

Take ¢ = 6,/N, with 6, > 0 sufficiently small, and then Y <, N. This proves Theorem 2, and
N = 6000 gives Theorem 1. Section 12 explains why optimizing this final expression gives the order
1/(Nlog N), while leaving open the best bound obtainable from a given zero-free width.

The elementary parts of the proof are given in full. We use Bombieri—Vinogradov, a standard
block form of Brun’s sieve, and the smoothed Dedekind explicit formula, together with the marked
replacement proposition deduced from the cited analytic estimates. In particular, the paper does
not claim an elementary proof of the analytic replacement principle. The accompanying Lean
development verifies the positive-proportion argument from explicit statements of these cited and
classical inputs; its scope is described at the end of Section 12.

Notation. All letters described as primes range over positive rational primes. A dyadic interval is
an interval of the form [T, 27). We write L = logz, use natural logarithms, and put P~ (1) = co.
The notation U <, V means U < C,V for a constant depending only on a; U <, V means both
inequalities. Unless stated otherwise, the parameters are fixed before  — oo; constants in an o(1)
or in a threshold for x may depend on these fixed parameters.

2 The index and a fixed progression

We begin with the two elementary facts that explain the shape of the construction. Since F; is
cyclic, for a prime ¢ | p — 1 one has

qlipla) = aPV/7 =1 (mod p).

If (a/p) = —1, Euler’s criterion shows that 2 { i,(a). For odd ¢, the two conditions p =1 (mod q)
and a®?~1/4 = 1 (mod p) say that X? — @ has all its roots in [F,. For p 1 agq, this is equivalent to
complete splitting in

K, = QG 0.

This is the splitting criterion in [2, Lemma 2.3]. We will use it only at the final step.

We next choose a progression on which a is a quadratic nonresidue, meaning that its reduction
is not a square modulo the prime. The predecessor will have a fixed power of two.

Choose M, ¢, u, depending only on a, such that

-1 M
8| M, ce{24), (wM)=1, clu—1, (“ ,):1, (1)
c ¢
and every prime p = u (mod M) has (a/p) = —1. For completeness, take M = 811¢ja, ¢ oda ¥

and write a = dgt? with dy # 1 signed squarefree. Require u # 0,1 (mod ¢) at odd ¢ | M, and
umod 8 € {3,5,7}. If an odd j > 5 divides dy, both quadratic signs occur among the nonzero
residues other than 1 modulo j; reciprocity allows that sign to be chosen last. If there is no such j,
the following choices work, taking u = 2 (mod 3) whenever 3 | M:

dy |-1 2 -2 3 -3 6 —6
umod8| 3 3 75 5 3 T




Use the Chinese remainder theorem, choosing the representative 0 < u < M. Take ¢ =2 for u = 3,7
(mod 8), and ¢ = 4 for u =5 (mod 8). This proves (1) and the required quadratic sign, as in [2,
Lemma 2.4].

Throughout the argument M stays fixed. The later cutoff Y is kept separate from M, so all
estimates involving this progression have a fixed modulus. Put My = M/c, and fix 0 < ¥ < 1,
smooth and compactly supported in (1,2), with [ ¥ > 0.

3 The marked replacement principle

The following input is the only part of the argument specific to the marked construction. We state
it in the form needed here. Its role is to let us sieve one factor of a product without losing the
condition imposed on the predecessor of that product.
Set
=logz, W =exp(L®?), V(y) = H(l —1/0).
<y

Choose a fixed positive integer K, and fixed numbers 0.1 < a1 < -+ < ax < 0.2. Let

P; = {¢ prime : eI < ¢ < 7Y, Vi=
{tp <<t} z;/

We call these the marked prime groups. They are disjoint for large z, and V; = log2 + o(1). For
a positive integer h, put hp = [[pe,p, ¢v¢(M) | the part of h supported on the marked primes, and

define
K h)21 Wz(h)
wi(hy=#{eP;: LR},  W(h H : (2)
The factor w;(h) counts the choices of a marked prime in the group, while 21—wi(h) limits the weight
of integers with many such prime divisors. A factor with w; = 0 is zero. For large z,

0 < W(h) < Bg (3)

with a constant depending only on K: for an integer j > 1, the factor j2' 77 is at most one, and the
V; are bounded away from zero.

A positive integer is called z-rough if it has no prime factor at most z. The density of rough
integers is described by Buchstab’s function wp: wp(u) = 1/u for 1 < u < 2, and (uwp(u))’ =
wp(u —1) for u > 2. For s >~ > 0, write

D"/(S) = ’7_1"‘-}3(8/’7)’ R'Y(m) = 1P—(m)>a:“/7 B’Y(m) = ZW P=(m)>W- (4)

This is the same density as that defined by the prime-product integrals in [2, (10.11)]. Indeed,
writing those terms as D, ;, one has

1 1 1 dt; )
Dy1(s) = 3 D, j(s) = il / (1<i<j) PR S H Tz (7>2).
Z t <s—vy 1<) i< Tt

The sum over j is locally finite. By symmetry among the j prime factors, multiplication by s cancels
one denominator and gives

1 dt;
D) = G /tzzw a<ien 115

st
Z<]~tz§5 v 1<J



Differentiating and summing gives (sD,(s))" = D(s—) for s > 27, with sD,(s) =1 for v < s < 27.
Rescaling Buchstab’s defining equation therefore identifies the two densities, interval by interval.
This also gives their joint continuity on compact subsets of s > v > 0.

Proposition 3 (Uniform marked replacement, MR). Fiz a modulus M, a reduced residue u, a
smooth function ¥ compactly supported in (1,2), and fixred numbers

5 >0, D<y<s_ <sy <.

For K sufficiently large in terms of these data and the comparison constants below, the following
holds. If H,,, H, > 2?, H,,H, = = with fized comparison constants, and the full m-dyad has
logarithmic exponents in [s_, s], then

Z (Ry(m) — By(m))bp1,p=u (M)\Il(mn/:c)Fm(mn —1)W(mn -1) < x L6, (5)
Hn$z€<12Hn

Here I C [H,,,2H,,) is any interval, |by| < 1 is supported on W -rough integers, and
[Fo(h)| <1, Fy(th) =Fy(h) (h>1, L€|JPy). (6)

The estimate has one implied constant and one threshold for x, simultaneously for all permitted
dyads, functions Fy, intervals, and coefficients in the fixed exponent window. Thus it also applies to
a family of dyads growing with x. The required lower bound on K is independent of F, and of the
particular a;. Constants and thresholds may depend on the fixed band exponents.

Deduction from the cited estimates. We use [2, Lemma 10.2 and Proposition 10.3], with damping
parameter 1/2. These results allow every bounded invariant selector F, uniformly over its choice.
Proposition 10.3 supplies the rough-factor discrepancy R, — B,, including real power twists mi.
We explain how to add the progression and the smooth weight, following the proof of [2, Lemma
12.1].

Since (u, M) = 1, character orthogonality gives
1 _
QO(M) A mod M

Here a Dirichlet character is extended by zero on integers not coprime to its modulus. To separate
the smooth weight, put

~ 1 4
— i t\ —ivt dt.
o) =5 [ v
Fourier inversion yields

U (mn/x) :/RlZ(v)xfwmwnw dv.

The function 12 decreases faster than every negative power of 1+ |v|.
For each character A and |v| < L, apply the coefficient criterion of [2, Lemma 10.2], with C' = 2
and D, = 6, to

= 11 (m)m™ X(m)(Ry(m) — B, (m)), B = bpn™A(n).

Both sequences are supported on W-rough integers and have absolute value at most L? for large x.
The character-transform estimates required by that criterion are verified in the proof of [2, Proposi-
tion 10.3], for every fixed logarithmic modulus range, frequency range, and desired saving. Multipli-
cation by the fixed character \ preserves them: a character y of modulus k¥ < L4 becomes Ay, of



modulus lem(M, k) < LAT! for large x. The factor m™, with |v| < L, shifts a tested frequency by
at most L; increasing its fixed logarithmic range by one absorbs this shift. The criterion therefore
bounds the inner marked sum by O(xL~9), uniformly in \,v and F}.

Integrating over |v| < L preserves this bound because [ |¢)(v)| dv is finite. On the remaining
tail the coefficient bounds and (3) give the sufficient crude bound O (zL?); rapid decay makes its
integral O g a(zL~") for every fixed A. Summing over the finitely many characters proves (5).

Finally, the source estimate is uniform over all permitted F,. In the proof of its Lemma 10.2,
invariance removes the selected marked primes from the argument of F, and Cauchy—Schwarz then
removes the remaining bounded factor containing F),. Thus the number of groups and the analytic
constants do not depend on the particular selector. Independence of the required K from the band
exponents is also part of the cited estimate.

The same uniformity holds over the dyads in the fixed exponent window. Proposition 10.3
supplies one character-transform constant and one threshold throughout this window, for each fixed
range and saving. In the proof of Lemma 10.2, the auxiliary accuracies and then K are chosen
before these transform bounds are invoked. The resulting error constant and threshold therefore
apply simultaneously to every active dyad. This common threshold is essential when the number of
dyads grows with . O

The selector in Section 5 satisfies (6), including when ¢ | h. The uniformity just proved therefore
applies to our enlarged cofactor family and allows the same K to work for every fixed N.

For intuition, R, is an exact roughness condition. The weight B, imposes only the much
weaker condition of being W-rough, and multiplies it by the ratio of the two expected densities.
Proposition 3 says that this replacement is valid inside the displayed marked sum. Its proof uses
the cited marked Type II estimates and does not use QRH(N).

4 A cofactor with a large reciprocal sum

The sieve normalization for a cofactor r is on the scale x/(rL?). We therefore seek a family for
which > 1/r has size L; the prime-pair lower bound will be proved only after summing over this
family. The next lemma constructs such a family while keeping its sieve factors close to those of a
fixed cofactor.

The constants €, 7 > 0 will be small, with € < 0.01; Y > 3 will be large. All are fixed before x

tends to infinity. Put
R = xe/Q’ 7 — Q?E/S — R1/4.

Let R, consist of squarefree positive integers ro with
1
<R, qlro=Y<q<Z q¢|JP, ngf. (7)
i qlro

The integer 1 is permitted. Define

Hoy= > —.

ro€ER 7o
Lemma 4. For Y sufficiently large in terms of T, and then x sufficiently large,

el
logY"’

Hy =g



The comparison constants can be chosen independently of Y, e, T, within the stated restrictions; the
threshold for x can depend on all of them. If s ranges over integers supported on the marked prime
groups, then

W) <x e TTE (>0 fived). (9)

Jp::ZMXKl, Jp > 1, >

s s>zt

In particular, for the unique decomposition r = srg with these disjoint prime supports,

w L
J = 3 ) _ gty sw —2 (10)
ST logY
s supported on the groups

r0o€ER

and W
> (s) < Hye (/LK (11)

e STO
Sro>xT

Proof. First omit the bounds on the size of g and on the sum of reciprocals of its prime divisors.
The harmonic mass is

log Z
H= T (+1/q) =k posn.
Y<q<Z 08
q¢UiPi

Mertens’ product estimate gives constants independent of Y > 3; deleting the K groups costs only a
factor depending on K. Under the probability measure assigning a squarefree product mass 1/(Hrg),
the events ¢ | ro are independent, with probabilities 1/(¢ + 1). Therefore

Elogro < (1+0(1))log Z, EZ Z L;J'

q\ro n>y

Markov’s inequality removes at most 1/4 + o(1) for 7o > R, and at most 1/(7|Y|) for the other
restriction. With Y > 10/7, a fixed positive fraction of H remains. This proves (8).

For the marked mass, define E;(t) = [[sep, (1 +t/(£ —1)). Summing over all positive exponents
of each prime gives
K E1 /2

H

Products consisting of exactly one prime to exponent one from each group contribute 1. The upper
bound follows from this Euler product. For the tail, put v = L™ . Since ¢’ < e? at each group
prime, 3", W(s)/s'7? < 1, using (3) and the geometric series at each prime. Rankin’s inequality
proves (9). Finally ro < /2, so srg > ¢ implies s > 2¢/2. This proves (10)—(11). O

5 Counting the integers before sieving

We now encode the desired predecessor factorization in a weight on integers d. At this stage d need
not be prime. It is the large factor Q@ of d — 1 that is prime, so distribution in progressions follows
from the usual theorems about rational primes.

A selector is simply a function taking the values zero and one. Define, for every h > 1,

Fx(h) = 1{h/h7>:c7"0Q for some r0€ERz, Q>z0-9 prime}» (12)



and
w(d) = Lgzy ¥ (d/x)Fe(d = 1)W(d = 1),  Xo =) w(d). (13)
d>2
For every group prime ¢, (¢h)p = Chp, even if £ | h. Hence F,(¢h) = F,(h), exactly as MR requires.
On the support of w, write d = c¢sroQ + 1 = cr@ + 1. The representation is unique: s = (d —1)p;
a prime @Q > 2% cannot divide rg, and two such primes cannot divide (d — 1)/c < 2z. All prime
divisors of ry are at most Z < z%°. Thus

r < g0t W(d—1) =W(s), 0 <w(d) < Bk (14)
for large x. We always take Y larger than the prime divisors of M, so (r, M) = 1.
Let t, = W(s) when r = srq is permitted, and zero otherwise. Define

A= ) Y((erQ+ 1)/ a).
Q>z%9 prime
crQ+1=u (M)

Then Xy =3, t. A, and Y. t,/r = J. The contribution from r > z¢ is, by A4, < x/r,
OK ($H0€_(6/2)L17QK) . (15)

It is negligible relative to JL ™4, for every fixed A.
We shall also need a lower bound relative to the full harmonic mass J. Since J = JpHy > Hy,
(11) implies

Jege = b ok (Hoe*@/?)“’”() > % (16)

,
r<z¢

for all sufficiently large x. The factor 1/2 is independent of K, although the threshold may depend

on it. The restriction r < x€ is imposed only when estimating this tail; it is not inserted into F},

since doing so would destroy marked-prime invariance.

Lemma 5. Suppose 0 < ¢ < k < 0.01, and put D = z'/27%/2. For an odd squarefree ¢, let A (0)
include the additional condition ¢ | cr@Q + 1, and put

1o mm)=1
L) = =20 = E.(0) = A.(0) — g, (0)A,.
9r(6) = =2 (0) = 4:(0) = g:(0)
For every fized A >0,
Z tr Z | Er(6)] <A,M, 6 wJ L (17)
r<z¢ <D

¢ odd, squarefree

Moreover
xzJ

fa

with comparison constants independent of K,Y,T,¢€, k.

Xo =,

Proof. For r < x¢ the lower cutoff on () is automatic. The progression is the reduced class

Q=(u—-1)/c) rt (mod My).



If (¢,Mr) > 1, both A,(¢) and g¢,(¢) vanish. Otherwise the condition on ¢ combines with it into a
reduced class modulo Mpf. The prime variable has scale T' < z/(cr). Take n = (k — €)/4. Then

(1—e)(1/2—n)—(1/2—=K/2)=(k—€)(1 +€)/4 > 0.

Consequently Myl < T2 throughout the required range, for large z. The Bombieri-Vinogradov
theorem, with its maximum over reduced residue classes, and partial summation give

4 PN o Y(y)
2 O oyl < e = G - e

The smoothing has bounded total variation independently of r. The term ¢ = 1 evaluates A,;
replacing I,./o(My) by A, in the other terms costs at most a factor O(L), since Y, p1/p(¢) < L.
Increase A’, multiply by t,, and sum to obtain (17). Finally I <y x/(rL), uniformly for e < 0.01.
The fixed-modulus prime number theorem, with partial summation, gives

I,
©(Mo)

simultaneously throughout this range. Indeed the prime scale is at least #°%°/c, which tends to
infinity uniformly in r, and the finitely many reduced classes modulo My have a common error
bound. Multiplying by ¢,, summing, and using (16) gives comparison with zJ/L, with constants
independent of K, Y, 7, ¢, k. The tail (15) is o(xJ/L), proving (18). O

dy.

A, =

4 (I) T (<)
(0] —_— = _— T T
MY\ oL MY T -7

Only the two-sided comparison (18) is needed. Since r can be a fixed power of x, we retain
log(z/r) in the integral I,; it is comparable to L, but its ratio to L need not tend to one.

6 The effect of the cofactor on the sieve

For a fixed r, sieving e¢r@ + 1 by an odd prime ¢t Mr removes a proportion 1/(£ — 1) of the reduced
residue classes of Q. If ¢ | r, it removes nothing. Thus enlarging r increases the surviving local
product. The reciprocal-sum restriction makes this increase uniformly small.

Write

1 . Vul(y)
Vi (y) = I I (1 - > , Sy = lim > 0. (19)
2<(<y -1 y—=oo V(y)
aM

For s < 2011 supported on the marked primes,

1 .
3~ <0110 = o(1).
L|s ¢

Together with (7), this gives >y, 1/¢ < 7+ o(1) < 27 for every fixed 7 > 0 and all sufficiently

0.11

large . Hence, uniformly for contributing » < z°-** and all y,

V() < [ (1= g:(0) < e Var(y). (20)
2<t<ly

Indeed deleting the factor at a prime dividing r multiplies the product by (1 — 1/(£ —1))~!, whose
logarithm is at most 10/ for odd £. Set E, = ¢?°7. This slightly looser fixed factor absorbs the
marked-prime contribution and is the bound used in the formalization. We retain it in the upper
bounds and choose 7 small enough at the end of the sieve subtraction.

10



7 Subtracting according to the least prime factor

The argument in this section is an inclusion-exclusion calculation in two stages. We first count
integers having no small prime factor. We then subtract those whose least prime factor lies below
z1/27%_ Marked replacement makes the second count accessible.

The elementary sieve input. We use the classical block form of Brun’s sieve. If the intersections
of bad conditions at squarefree ¢ have mass X'g(¢) + E(¢), with g multiplicative, 0 < g(p) < 1 — npo,
and >, <2 g(p) < Cp, then an even depth H, sufficiently large in terms of 1y, Cy, gives

S:X’H<1—g<p>><1+o<e—H>>+o( ) |E<f>|). (21)

p<z (<zAH+2

Only products of sieving primes occur in the remainder. For H = 2, the corresponding upper
bound has an implied constant depending only on 19, Cy and remainder range ¢ < z'°. These
two parameters can be fixed absolutely in our applications. We use the bounded-coefficient form
recorded in [2, Lemma 11.1]. Its constants are uniform when H grows. Standard Mertens and
Buchstab estimates also give

1/2 dt e 1B

; Dy(1 - 75)7 = Dy(1) — 1, Dy(1) < 7

(14 Cyeca/b) (22)

for sufficiently small fixed b > 0. The identity has a direct proof. Substitute w = 1/t on its left. The
result is

/:/wa(u —1)du = [uwB(u)];/b = Dyp(1) — 1,

by the defining differential equation and 2wp(2) = 1. The inequality is the standard rapid convergence
of Buchstab’s function to e™"®. Thus the large rough-number terms cancel, leaving the one-prime
contribution 1.

The initial lower sieve. Assume henceforth e < b < 0.01. Apply (21) at each r < z¢, with
z=21" g=g, and H =2|1/(40b)|. For small b, 24H+2 < 202420 < D 0 (17) controls all errors.
Use the lower inequality in (20), and absorb (15). There are absolute Cs, ¢s > 0 such that

SyXo | e E
= >
Sh > w(d) > 17 { 5

(1— Cse /b + 0(1)} . (23)
P~ (d)>xb

After enlarging Cy, one may take c¢; = 1/20, since H > 1/(20b) — 2. The constant Cs and an upper
bound by > 0 on the permitted values of b are fixed before €,Y, 7 and the marked groups. The
vanishing error and the threshold for z may depend on these later choices. This allows us to choose
b before the zero-free width enters the argument.

A prime divisor in a prescribed interval. Next fix b <y <+ <1/2— k. At r < z°, any
prime 27 < n < 27 is coprime to Mr. Conditioning on n | d, the local main mass is A,/(n — 1).
Sieve the remaining prime factors of d up to W, with H = 2[(log L)?]. The remainder moduli are

nf S $1/2—Hw4H+2 — xl/?—ﬁ-ﬁ-o(l) < D.

11



The map (n, ) — nt is injective, since n is its only prime divisor exceeding W. Thus the summed
error uses (17) once, without multiplicity weights. From (20) and Mertens’ theorem,

> Y w(d) < E-SuXoV(W){log(v' /) +o(1)}. (24)
w”<n§x'yl n|d
n prime P~ (d)>W
The tail » > ¢ remains negligible: for x > 2, each d < 2z has at most 2/b distinct prime divisors
greater than . Its contribution is therefore at most 2/b times (15), which is o(XoV (W)). Thus
the number of conditioning primes introduces no growing multiplicity into the tail estimate.

The subtraction. Put U = 3 p- (4> 1/2-+ w(d). For a fixed bin (v,7'] € (b,1/2 — ], any d
whose least prime factor lies in that bin is counted by

T,y = Z Z w(mn).

x7<n§x"/ P=(m)>xY
n prime

Use the half-open dyadic partition, so that each pair (m,n) belongs to exactly one box. There are
O(L) relevant boxes; both factors have scale at least %2, and the full m-dyads have exponents
in [1/2 4 k/2,1 — b/2]. Proposition 3, with § = b/2, replaces R,(m) by B(m), at total cost
O(xL~=°) = o(Xo/L). The disjoint boxes let us combine the replaced main terms before applying
(24); the factor O(L) is paid only in the replacement errors. On the product support, logm/L =
1 —logn/L+ O(1/L). By continuity of D, and then (24),

E-SyXo
Ty < TT {

sup D (1—1)log(v'/7) + o<1>} . (25)

y<t<y!

Choose a sufficiently fine fixed partition of [b,1/2 — k]. The sum of the expressions in braces, without
o(1), is at most Dy(1) — 1+ 1/20, by (22) and uniform continuity. Subtraction gives

LU, e B

> (1— Cye™/%) — E-(Dy(1) — 1 +1/20) + o(1). (26)
Sy Xo b
Choose b so small that
ef’YE _ /b _ /b
T(C’se €%+ Cge %) < 1/10, (27)
and then 7 < 0.01 so small that
(Er — 1)(Dp(1) + 1) < 1/10. (28)
It follows that
Us. > (3/4+0(1)) SpXo/ L. (29)

The choices of b and 7 involve no zero-free width. The loss from the enlarged cofactor is O(7/b),
which is made small by choosing 7 after b.

8 Removing the remaining semiprimes

After the preceding subtraction, every surviving composite has its prime factors near the square
root of x. We show that their total contribution tends to zero with x. The constant in this estimate

12



must be independent of the number K of marks; this permits s to be chosen before K. A composite
contributing to Uy, for k < 0.01, has exactly two prime factors counted with multiplicity. Each
lies between z'/27% and 221/2t%. Their ordered pairs are covered by at most Cqyaa(xL + 1) dyadic
boxes B = [M1,2M1) X [MQ,QMQ), with

.%'/4 < M1M2 < 2.%', [Mlv 2Ml) C [330-467330-54] (30)
for large x.

Lemma 6. For any such bor,

Z w(mn) < C1XoV(W)?, (31)
(m,n)eB
P~ (m)>W, P~ (n)>W
where Cy depends at most on M, WV, uniformly for T < 0.01, and is independent of K,Y, €, b, k.

Proof. Fix r < 2% and write k = cr. A contributing pair satisfies mn = 1 (mod k), and
(mn —1)/k = Q > 2% is prime. At each odd prime j < 2/ = 29992 j { ¢r, forbid mn =1 (mod j);
if 7 < W, also forbid mn =0 (mod j). There are respectively j — 1 and 2j — 1 such pairs modulo j,
and the conditions are disjoint. For a squarefree product ¢ of these primes, put

p0) = [1G -1+ 2 = Dlzw),  g(f) = p(0)/.
jle

Since the sieving primes are coprime to k = cr, the Chinese remainder theorem applies. There are
(k) pairs of residues modulo k satisfying mn = 1 (mod k). Counting the pairs in each residue
class of the box gives main mass X’g(¢), where X’ = M Msp(k)/k?, and error

IE(0)] < o(k)p(f) (Ml];M? + 1) < d(0)*(My + My +10).

Here d(¢) is the divisor function. Since Y-, d(£)? < T'log3(2T), summing to (2/)'0 = 2092 gives

Z |E()] < (2% + 729N L3 = o((x/r)L710)

(<002

uniformly for 7 < 2911, The local densities satisfy g(j) < 7/9, g(j) < 3/j. For 5 < W the remaining
factor is

1= (3 -2)/" = (1 =1/’ =1/ = 1));
for W < j <2z itis

1= =1/ =1 =1/HA+1/(GE - 1)
The correction products are bounded. Omitting primes dividing r costs at most exp(Ct + o(1)), by
the same reciprocal-sum bound as in (20). The H = 2 upper sieve therefore bounds the pairs at

this r b
’ O((z/r)V(W)?V ().

We may discard the progression and bound ¥ by 1 for this upper bound. Multiply by %, sum, and
use V(2/) < L' and (18). This gives (31), without introducing the pointwise bound B-. O
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In the range (30), Ro.4(m) is exactly the prime indicator and Dga(s) = 1/s. Use marked
replacement first in the m-variable and then in the n-variable, with 8 = b/2, s_ = 0.46,
s+ = 0.54, interchanging m,n for the second application, to replace both prime indicators by
1p-(m)>w/(V(W)logm) and its n-analogue. The companion coefficients are bounded by 1 for
large z, and are W-rough. By (31), the resulting mass in one box is at most (0.46)~2Cy Xo/L>.
Thus for a constant C depending only on M, V¥,

ST w(d) < Colk+ L7 Xo/L + o(Xo/L). (32)
d composite
P~ (d)>z1/2—%

All replacements together cost O(zL~°). Prime squares are included; counting other semiprimes
twice is harmless.

9 Fixing the sieve parameters and counting candidates

The order of choices is important both for the proof and for its dependence on N. We first make all
choices that can be made using a alone.

1. Fix M, c,u, ¥, hence Sy, and take the constant Cy in (32) uniformly for 0 < 7 < 0.01.
2. Choose 0 < k < 0.01 so that Car < Sps/8.

3. Choose 0 < b < min(bg,0.01) small enough for (27), using the constants fixed before e. Then
choose 0 < 7 < 0.01 satisfying (28), and fix the finite partition used in (26).

4. Choose K large enough for the finitely many applications of marked replacement, and fix the
band exponents, for example a; = 0.1 +0.13/(K + 1).

These choices are independent of €, Y, N. Indeed, the first set of replacement parameters consists of
B=b/2,  veb1/2—rl,  [s_.ss] = [1/24 /2,1 b/2]

with only the finitely many selected values of v. The second set has v = 0.4, [s_, s1| = [0.46,0.54],
and the same 3. Neither set involves €. The selector does involve ¢, Y, but Proposition 3 is uniform
over that selector.

Put €, = min(k,b)/10, and now allow any fixed 0 < € < ¢,. Choose Y > Y, where the fixed
constant Y, exceeds 10/7, the prime divisors of M, and the Kummer cutoff Qy(a) and exceptional
primes identified in the next section. Equations (29) and (32) give

1
> w(d) > SSuXo/L
d prime

for all sufficiently large x. Remove the negligible contribution with r > z¢, and use w(d) < Bg.
Equations (10) and (18) now show that

€ x
Y)> Ap———
#C(l‘7 ) - alOgYL’ (33)
where A, > 0 is independent of €, Y, N. The threshold for z may depend on €,Y".
Every candidate has
p=u (mod M), p—1=crQ, r<zf Q> z" prime, (34)

and every odd prime divisor of r exceeds Y. The marked primes exceed any fixed Y once z is
sufficiently large. The factor € in (33), previously absorbed into the constant, is the dependence we
shall need.
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10 The consequence of the zero-free strip

We now use a zero-free half-plane for the first time. The theorem of Cureton and Thorner [1,
Theorem 1.1] supplies the width 6 = 1/6000 for every number field. We retain a general 6 below:
the following bound is uniform in the number field and in the width of the strip. That second
uniformity is what keeps the final constant independent of N.

Lemma 7. Let 0 < § < 1/2. Suppose K/Q is Galois, of degree n and discriminant D, and its
nontrivial zeta zeros have real part at most 1 —§. Then

1-6
log |D
#{x < p <2x:p splits completely in K} < % + xL ( Og|n K| + 1) ) (35)

The implied constant is absolute; in particular it is independent of both K and §.

Proof. Choose a fixed nonnegative smooth function f, supported in (1/2,3), with f > 1 on [1,2],

and write o
:/ fstat.
0

For an integral ideal a, let Ax(a) =log Np if a is a positive power of a prime ideal p, and let it be
zero otherwise. The smoothed Dedekind explicit formula gives

ZAK f(Na/z) =zf(1 Za:pf ) + Og(nlog(2x)).

The last term is harmless for our upper bound. The uniform zero count
Ng(T) < (T +1)(log | D | + nlog(T + 3))

and the rapid decay of f(a +it), uniformly for 0 <o <1, imply 3°, |f(p)\ < log |Dg|+n. The
zero sum is therefore Oy (x'~%(log |Df| +n)). Since 1 —§ > 1/2, the remainder is absorbed with
a constant independent of §. Each completely split prime = < p < 2x contributes at least nlogz,
and all other coefficients on the left are nonnegative. Division proves (35). Zeros on the boundary
Rs =1 — ¢ are allowed throughout. O

The Kummer fields. Let h, be the greatest common divisor of the prime valuations of |a|. For
odd g { he, X9—a is irreducible, the pure field has degree ¢, and this is coprime to [Q((,) : Q] = ¢—1.
Thus

[Kq: Q] =q(qg—1).
The discriminant of the pure field divides the polynomial discriminant, whose absolute value
is ¢?]a|?"!; the cyclotomic discriminant has absolute value ¢?2. The compositum discriminant

inequality therefore gives .
1Dr,| < (¢%al"™H)" (¢"2)".

Taking logarithms and dividing by the degree gives

log |D 1 1
M < (2— ) log g + <1— ) log |al
q(q —1) q—1 q

< 2log q + log |al.

(36)

The degree and discriminant bounds are also recorded in [2, Lemma 9.1, (9.1)] for all sufficiently
large prime q. Write Qo(a) for the fixed cutoff in that cited statement. To retain precisely its
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quantifiers, as in the formalization, include Qo(a) and the prime divisors of h, in the choice of Y,
and take Y > Y,. This choice depends only on a, not on 4. Lemma 7 now gives, uniformly for
q > Y, that

x 2170 log(2q)
B,(x) .= #{x < p < 2z : p splits completely in K,} <, + . 37
Since > <rlogq < T and 3 .y 1/(q(¢ — 1)) < 1/(Y logY’), summing (37) yields
Co 1—6+e
< — .
> By@) < g p + Oule D) (38)

Y <qg<laxe

All sums here are over primes. The constant C, and the implied constant are independent of §. For
each fixed € < §, the error is o(x/L).

11 Completing the proof and choosing the zero-free width

Let p be a candidate prime. Its index i,(a) is odd, by the chosen progression. If it exceeds one,
choose an odd prime q | i,(a). Since p — 1 = cr@, there are just two cases.

If g | r, then Y < g < z¢. Here p > g and p 1 a, so the ramification exclusions in the splitting
criterion hold. The index criterion from Section 2 identifies p as a completely split prime of K.
Equation (38) bounds all candidates lost in this case.

If ¢ = @, then ordy(a) | cr < 42°¢. Therefore p divides the nonzero integer

H la? —1].

1< <4z

The logarithm of this product is O, (2¢), because log |a/ — 1| <, j. Every distinct prime divisor
exceeding x contributes at least log x to this logarithm. There are consequently at most O, (z2¢/L)
such primes. This is o(z/L) if 2e < 1.

Combining the candidate lower bound with these two subtractions gives

Ny (2, 22) > (‘“lo_gg/y + 0(1)) 2 (e<d 2 <) (39)

Here A,, C, are positive constants independent of €, Y, d, once the sieve parameters have been fixed
as in Section 9.
Choose a positive 6, so small that 6, < min(k,b,1)/10, and put

1 ) 4C,
5:N’ e:Na, Yzmax(Ya,Aaz>.
Then € < §, 2¢ < 1, and C,/Y < Aze/4. Moreover Y <, N for N > 2, and hence logY =<, log N.
For sufficiently large z, (39) yields

Age x

Na(@,20) 2 5100V T > Nlog Nlogz'
This proves the dyadic assertion of Theorem 2. Applying it to (X/2, X] and using the prime number
theorem gives the stated positive lower relative density, after adjusting the constant. Finally, [1,
Theorem 1.1] permits N = 6000, which proves Theorem 1.

Notice the order of quantifiers: the same constant depending on a works for every fixed N, but
x must then exceed a threshold depending on a, N. We claim no uniform bound for that threshold
when N grows with x.
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12 The density bound and its limits

There are three distinct questions: the lower bound furnished by this construction, the optimal
consequence of a prescribed zero-free strip, and the exact Artin density.
For the present construction, fix the sieve parameters and examine the coefficient

Age —C, Y
fe(Y) = T logy

To make it positive, one needs Y > C,/(Aq€e). Thus, as € — 0, its positive values are at most a
constant multiple of €/log(1/¢). Conversely, taking Y to be a sufficiently large constant multiple of
1/e gives that order. Differentiating shows that the optimizing value satisfies

Y = Z:le(logY +1).
It has size e !log(1/¢); this improves the constant in the guaranteed bound, but does not change
its order. When using the zero-free width 1/N, the splitting error requires ¢ < 1/N, and the order
obtained from this final balance is 1/(N log N).

This is an optimization of the displayed lower bound, with the other sieve parameters fixed. It
is not an upper bound on what could follow from QRH(N), and it does not show that a different
argument cannot do better. The constant ¢, is not evaluated numerically here: in particular, the
marked replacement input does not specify here a numerical choice of K.

With Proposition 3 supplied by the cited marked Type II estimates, the theorem takes the form

Pu(X) 1
H(N) = liminf . .
QRH(N) VN 7 (X)) T Niog N

The theorem of Cureton and Thorner [1, Theorem 1.1} establishes the premise for N' = 6000, giving
the unconditional positive-proportion result. The implication for a general N records how the lower
bound changes with any available zero-free width; it does not assert that every stronger zero-free
region is known.
There is no substantive difference between writing log N and log(2/N) in this lower bound. For
N > 2,
log N <log(2N) < 2log N.

Thus either formulation implies the other after changing the constant by at most a factor of two. In
particular, that constant can still be chosen independently of N.

For comparison, N = 2 is a special case: the functional equation reflects every nontrivial zero
across Rs = 1/2, so QRH(2) is the generalized Riemann hypothesis. Hooley’s theorem then gives
the full density A(a), without using marked replacement.

For substantially wider strips, classical arguments also give a positive proportion without using
marked replacement. Hooley’s refinement, discussed by Murty [6], applies when the zero-free width
is greater than 1/(2e). In particular it covers integer N = 3,4, 5. This historical result gives positive
proportion, rather than the full Artin density; it should be distinguished from the small-width
quantitative argument developed here.

Finally, finite inclusion-exclusion and Chebotarev give the unconditional upper bound

lim su PQ(X)
Yooma, 7(X)

< Aa).
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Here extend the notation to Ky = Q(v/a). For any fixed y, apart from the finitely many ramified
primes, every primitive-root prime avoids complete splitting in all K, with ¢ < y, including ¢ = 2.
The density of primes avoiding this finite list is

Z p(n)

al/n) )
o RGna™) T
Letting y — oo gives the assertion by absolute convergence. Our argument supplies a positive
lower bound using a restricted family of predecessors. It does not show that all remaining primes
contribute the amount needed to reach this upper bound.

Formal verification. The accompanying Lean development verifies the positive-proportion
argument from explicitly stated versions of the cited results and the classical analytic inputs. In
particular, the candidate-prime estimate, the cofactor tails and full-mass comparison, the Buchstab
subtraction, the semiprime bound, the Kummer splitting estimate, and the final parameter choice
are proved within the development. None of these intermediate estimates is left as an additional
input to the final theorem. That theorem gives ¢, /(N log N), with ¢, > 0 chosen before N, and its
specialization at N = 6000.

The accepted source theorems themselves remain explicit hypotheses of the formal theorem:;
their proofs have not been formalized here. Thus Lean checks the deduction from those statements.
Matching the formal hypotheses to the cited mathematical results is a separate source check. The
development records these hypotheses and their references, and its completed build has no proof
placeholders or added global axioms.
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