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Abstract
We prove Milne’s rationality conjecture for reductions of Hodge classes on abelian varieties:

The cohomological realizations of such classes pair rationally with Lefschetz classes (that is,
classes in the algebra generated by divisor classes) in complementary codimension. The proof
proceeds by establishing a dichotomy for reductions of Weil classes (an expected consequence of
the rationality conjecture): Either they are orthogonal to all Lefschetz classes or are themselves
Lefschetz classes. The key new input are lifting results of Kisin–Zhou for Hodge-type Shimura
varieties. This is a cleaned up version of a preprint produced by OpenAI [OAI26:Milne]

1 The theorem and the argument

An abelian variety can acquire new divisors after good reduction. Milne’s rationality conjecture
asks whether a rational Hodge class on the original variety has rational intersection numbers with
these new divisors, with the same value in every cohomological realization. Here the relevant
intersections are with products of divisors of complementary codimension.

The key new input into the proof is provided by Kisin–Zhou’s lifting results for Hodge-type
Shimura varieties [KZ25, Section 2.2]. They allow one to change a characteristic-zero lift, after
moving within the isogeny class of its reduction, while retaining prescribed tensors. We use both
their CM lifting theorem and their construction of lifts realizing an admissible Hodge filtration.
These results make it possible to carry out the simultaneous-lifting strategy proposed by Milne
[Mil08, Question 10.6 and Proposition 10.7].

Fix Q ⊂ C, a prime p, and a p-adic place w of Q. Put

k = Fp, K0 = W (k)[1/p], Cw = Q̂p,

with compatible embeddings. Good reduction is understood after descent to a number field and
finite extension at w. If γ is a rational Hodge class, Deligne’s absolute-Hodge theorem and the
Blasius–Wintenberger comparison theorem give its specialized realizations γ0,v, for v = ℓ ≠ p and
v = p [Del82, Bla94, Moo98]. In the crystalline realization we extend coefficients from K0 to Cw.

Theorem 1.1 (Milne’s rationality conjecture). Let A/Q be an abelian variety of dimension d
with good reduction A0/k, and let

γ ∈ H2r(A(C),Q(r))

be a rational Hodge class. For every rational Lefschetz class δ of codimension d− r on A0, there is
q ∈ Q such that

Trv(γ0,v δv) = q (v = ℓ ̸= p or v = p).
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Here a rational Lefschetz class is a rational polynomial in divisor classes; Lefr(A0) denotes their
space modulo numerical equivalence. All traces have their cycle-class normalization.

Equivalently, there is a unique λγ ∈ Lefr(A0) such that, simultaneously in every realization,

γ0,v = (λγ)v + γ⊥
0,v, γ⊥

0,v ⊥ Lefd−r(A0).

Thus the Lefschetz projections of the specialized Hodge class are the realizations of one rational
class.

The proof reduces to a more concrete assertion about Weil classes. Let Z/Q have good reduction
Z0 and an action of a CM field E, with rkE H1(Z,Q) = 2s, balanced Hodge multiplicities (s, s) at
every embedding, and a polarization inducing complex conjugation on E. The associated space
W s
E(Z) consists of the rational classes whose components, after splitting E, lie in the determinant

lines of its eigenspaces; see Section 2.3. For γ ∈ W s
E(Z), either

Trv(γ0,v δv) = 0 for every complementary Lefschetz class and every v,

or there is a single z ∈ Lefs(Z0) whose realization is γ0,v for every v. Thus a nonzero Lefschetz
pairing forces the specialized Weil class itself to be a simultaneous rational Lefschetz class. This
proves a stronger form of the expected orthogonal decomposition first for reductions of Weil classes:
each such class lies entirely in one of the two summands. The reductions through CM and Weil
classes then establish rationality for arbitrary Hodge classes, and perfectness of the Lefschetz
pairing gives their general orthogonal decomposition.

The proof is organized by the reductions that lead to this dichotomy.

1. Pass to CM. Kisin–Zhou’s special-point lifting theorem, with a tensor-preserving marking
of the special fiber, expresses the specialization of γ as a rational pullback of a specialized
Hodge class on a CM abelian variety.

2. Pass to Weil classes. The Deligne–André–Milne reduction expresses a CM Hodge class as a
sum of rational pullbacks of balanced Weil classes. The desired pairing property is preserved
by these pullbacks.

3. Extract an endomorphism. Write θ for the polarization class and † for its Rosati involution.
A nonzero Lefschetz pairing produces an invertible u ∈ End0(Z0) satisfying

u† = u, ue = ēu (e ∈ E), Trv(γ0,vD
s
uθ

dimZ−2s) ̸= 0.

Here ē is CM conjugation and Du is the rational divisor corresponding to the symmetric
homomorphism obtained by composing the polarization with u.

4. Lift simultaneously. The common centralizer of E and u in the polarization similitude group
has symplectic factors with one common multiplier. Its isocrystal satisfies the standard
nonemptiness criterion for a balanced weakly admissible Hodge filtration. Kisin–Zhou’s
lifting construction realizes this filtration on an abelian variety, retaining both the Weil class
and u.

5. Use the Lefschetz pairing. Over C, the Weil-class space is an irreducible, multiplicity-one
representation of E×. The rational projector onto the Lefschetz algebra therefore acts on it
as either zero or the identity. The preserved nonzero pairing forces the latter. A rational
divisor expression on the lift then specializes in every realization.
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Section 2 carries out the CM and Weil reductions. Sections 3 and 4 construct the endomorphism
and a filtration preserving it; these are the ingredients that allow the second application of
Kisin–Zhou. Section 5 proves the dichotomy and the theorem. Appendix A gives the precise lifting
statements used in both applications, including the quasi-isogenies that identify the specialized
tensors.

1.1 Authorship

Most of this document was produced by ChatGPT Astra 6 via questions and feedback from
Keerthi Madapusi. Claude Opus 5.5 contributed part of the content of §4. Markdown file with
the entire ChatGPT log is available here: https://keerthimadapusi.com/assets/ai-notes/
milne-rationality/milne-rationality-chat.md

2 Reduction to balanced Weil classes

The two reductions in this section express a Hodge class as a sum of pullbacks from other
abelian varieties. We first record that rationality of its Lefschetz pairings is preserved by these
operations. Kisin–Zhou’s CM lifting theorem then reduces the problem to CM Hodge classes, and
the Deligne–André–Milne construction reduces these to Weil classes.

2.1 The rational Lefschetz algebra

For an abelian variety X/k, write Lefr(X) for the rational span of products of r divisor classes,
modulo numerical equivalence. Put kℓ = Qℓ for ℓ ≠ p and kp = Cw. Its cycle maps are injective and
identify Lefr(X)⊗Q kv with the divisor-generated subspaces of the corresponding cohomology. The
same statements hold in rational Betti cohomology for a complex abelian variety. The intersection
pairing

Lefr(X) × LefdimX−r(X) −→ Q

is perfect. Pullback, pushforward, and the Lefschetz operators preserve these subspaces [Mil99,
Section 5]. We call the realizations of a single element of Lefr(X) a simultaneous rational Lefschetz
class.

We work with rational homomorphisms of abelian varieties. If f ∈ Hom0(X,Y ) and Nf is an
actual homomorphism, then on cohomology of degree 2r,

f∗ = N−2r(Nf)∗. (1)

This convention is the same in every realization.

Definition 2.1. A tuple α = (αv)v of classes of codimension r on X has the rational pairing
property if, for every δ ∈ LefdimX−r(X), the values Trv(αvδv) are the images of a single rational
number.

Lemma 2.2. The rational pairing property is preserved by rational linear combinations and by
pullback along rational homomorphisms.

Proof. Only pullback requires explanation. First let f : X → Y be an actual homomorphism.
If δ ∈ LefdimX−r(X), then f∗δv belongs to the complementary Lefschetz subspace of Y in every
realization. Its coordinates in a rational basis are rational and independent of v: pairing with
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a rational dual basis computes them as the intersection numbers deg(δ f∗ϵ) on X. Thus f∗δ
is one simultaneous rational Lefschetz class. The projection formula proves the assertion for
f∗α. Equation (1) gives the assertion for rational f ; degrees outside the cohomological range are
zero.

Proposition 2.3 (Rationality and the orthogonal decomposition). Let α = (αv)v be a tuple of
classes of codimension r on an abelian variety X of dimension d. It has the rational pairing
property if and only if there is a unique λ ∈ Lefr(X) such that

αv = λv + α⊥
v , Trv(α⊥

v δv) = 0 for all δ ∈ Lefd−r(X)

in every realization. In this sense the decomposition into a Lefschetz part and an orthogonal part
is defined over Q and independent of the realization.

Proof. Perfectness identifies Lefr(X) with the rational dual of Lefd−r(X). If α has the pairing
property, its common rational functional on the latter space is represented by a unique λ ∈ Lefr(X).
Subtracting λv gives the asserted orthogonal remainder. Conversely such a decomposition computes
every pairing as the rational intersection number deg(λδ).

The projection is a formal consequence of rationality. The proof below first obtains its stronger,
pure form for specialized Weil classes: either their projection is zero, or it is the class itself. Rational
pullback preserves the pairing property, although it need not preserve this pure alternative. This
is why the final theorem asserts a decomposition for general Hodge classes.

2.2 Transport to a CM point

Kisin–Zhou’s CM lifting theorem lets us replace the original characteristic-zero lift while retaining
its Hodge tensors on the special fiber. We use it in the following form, allowing a power of the
original abelian variety.

Proposition 2.4 (CM transport). Let A/Q have positive dimension and good reduction A0, and
let γ be a rational Hodge class on A. There are a positive integer n, a CM abelian variety C/Q
with good reduction, a quasi-isogeny a : An0 → C0, and a rational Hodge class κ on C such that

(a ◦ j)∗κ0,v = γ0,v for every v,

where j : A0 → An0 includes the first factor.

Proof. Use the Mumford–Tate Shimura datum of A and apply the CM alternative of Proposi-
tion A.1. The Hodge class is a tensor of that datum, with its Tate twist. The tensor-preserving
quasi-isogeny gives the required equality in every realization.

The power An allows the auxiliary Shimura construction in Appendix A; restriction to its first
factor recovers the class on A0.
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2.3 Balanced Weil classes

Let A/C be a polarized abelian variety of dimension g, with an action of a CM field E such that
Rosati induces complex conjugation on E. Suppose V = H1(A,Q) has rank 2s over E, where
s ≥ 1. Thus g = s[E : Q] ≥ 2s. Over a splitting field Ω of E, write Vτ for the eigenspace belonging
to an embedding τ : E ↪→ Ω. The Weil space is

W s
E(A)Ω =

⊕
τ :E↪→Ω

2s∧
V ∗
τ (s) ⊂ H2s(A,Ω(s)).

Each summand is extended by zero on the other eigenspaces. We say that A is of balanced Weil
type if its Hodge signatures are (s, s) at every embedding. In this case W s

E(A) consists of rational
Hodge classes.

2.4 From CM Hodge classes to Weil classes

We use the Deligne–André reduction in the following form; compare [And92] and [Mil20, Theorem 1].
A short account of the construction records why good reduction is preserved.

Proposition 2.5. Let C/Q be of CM type, with good reduction at the chosen place. Every rational
Hodge class κ of positive codimension r can be written

κ =
∑
i

f∗
i ηi,

where fi ∈ Hom0(C,Zi) and ηi is a rational Weil class on Zi. Each Zi has good reduction and an
action of a CM field Ei for which H1(Zi,Q) has rank 2r, all Hodge signatures are (r, r), and some
polarization induces conjugation on Ei. The equality specializes in every realization.

Proof. Choose a CM algebra E′ acting on C such that V = H1(C,Q) is free of rank one over E′, and
choose a finite Galois CM field F splitting E′. Write V ⊗F =

⊕
ρ∈S Vρ, where S = HomQ-alg(E′, F )

and each Vρ is a line. The components of
∧2r V ∗ are indexed by subsets ∆ ⊂ S of size 2r. If a

rational Hodge class has a nonzero component at ∆, then every Galois conjugate of ∆ contains
exactly r lines of each Hodge type.

In the isogeny category form C ⊗Q F , a power of C with the regular F -action. The algebra
E′ ⊗Q F =

∏
ρ∈S F acts on this power. Let e∆ be the idempotent supported on ∆ and let Z∆ be

its image. At an embedding τ : F ↪→ Q, the F -eigenspace of H1(Z∆) is⊕
ρ∈∆

Vτρ.

It therefore has dimension 2r and signature (r, r). Tensor a polarization on C with the positive
rational form (a, b) 7→ TrF/Q(ab̄) and restrict to Z∆. The resulting polarization induces conjugation
on F .

The map v 7→ e∆(v ⊗ 1) comes from a rational homomorphism f∆ : C → Z∆. Pullback of
the determinant line at the identity embedding of F is the component indexed by ∆; the other
embeddings give its conjugate components. Consequently the rational subspaces f∗

∆W
r
F (Z∆) span

the rational Hodge classes under consideration. The spanning assertion descends from F to Q,
since it is an inclusion of rational vector spaces.
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All the Z∆ are factors, up to isogeny, of powers of C. After descending the finitely many maps
to a common number field and extending the chosen place, these factors have good reduction
by the Néron–Ogg–Shafarevich criterion. The rational homomorphisms specialize after clearing
denominators. The comparison theorems and functoriality then specialize the displayed equality
with its original rational coefficients.

3 Weil classes and nonzero Lefschetz pairings

We first explain what a simultaneous lift of a Weil class and a divisor would achieve. In characteristic
zero, a Weil class with a nonzero Lefschetz pairing already belongs to the divisor algebra. We
then show that a nonzero pairing on the special fiber can be detected by a divisor associated with
an invertible, conjugate-linear endomorphism. Section 4 will lift this endomorphism together with
the Weil class.

3.1 A characteristic-zero observation

Lemma 3.1 (Weil classes and the Lefschetz projector). Let A/C have an E-action of rank 2s as
above. Then precisely one of the following holds:

W s
E(A) ⊂ Lefs(A), or W s

E(A) ⊥ Lefg−s(A).

In particular, a rational Weil class which has nonzero pairing with a complementary Lefschetz
class is itself Lefschetz.

Proof. The perfect intersection pairing on the rational Lefschetz algebra defines a rational projection

P : H2s(A,Q(s)) −→ Lefs(A), ⟨Pα, λ⟩ = ⟨α, λ⟩ (λ ∈ Lefg−s(A)).

Its kernel is the orthogonal complement of Lefg−s(A). Both its image and kernel are stable under
e∗ for e ∈ E×: the Lefschetz algebra is stable under rational endomorphisms, and the adjoint
of e∗ is deg(e)(e−1)∗. Thus P is E×-equivariant, and hence equivariant for the rational torus
ResE/Q Gm.

The weights of the Weil space are τ2s, one for each embedding of E. Each occurs with multiplicity
one in all of H2s(A,Q(s)): the corresponding weight space is exactly

∧2s V ∗
τ (s). Consequently

P preserves the Weil space. These weights form a single Galois orbit, so the Weil space is an
irreducible rational representation of this torus. The restriction of the idempotent P is therefore
either zero or the identity. This gives the two alternatives.

3.2 Finding the endomorphism that must lift

Let A0/Fp be the good reduction of a balanced Weil variety A, and put g = dimA. Write θ for its
polarization class and † for Rosati. For the eigenspace calculations below, fix one cohomological
realization and let V be its degree-one homology, the dual of H1. After splitting E, write Vξ for
its ξ-eigenspace and ψ for the polarization form on V . Set

U = {u ∈ End0(A0) : u† = u, ue = ēu for all e ∈ E}.

For t† = t, let Dt be the rational divisor whose alternating form is ψ(x, ty).
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Lemma 3.2 (Detection by an invertible endomorphism). Fix any of the cohomological realizations,
allowing the coefficient extension used for crystalline specialization. Suppose a specialized Weil
class γ0 has nonzero pairing with a complementary Lefschetz class. Then there is an invertible
u ∈ U such that

Tr
(
γ0D

s
uθ
g−2s) ̸= 0.

Proof. Hard Lefschetz on the divisor algebra gives

Lefg−s(A0) = θg−2s Lefs(A0).

The polarization identity expresses products of s rational divisor classes as rational linear combi-
nations of powers Ds. Hence there is a rational divisor Dt with Tr(γ0D

s
t θ
g−2s) ̸= 0.

After splitting E, let pξ be its eigenspace projectors. The operation

Π(t) =
∑
ξ

pξ̄tpξ

is Galois invariant, so defines a rational linear map on End0(A0). Since p†
ξ = pξ̄, it maps Rosati-fixed

endomorphisms to U . For x, y ∈ Vξ one has

ψ(x,Π(t)y) = ψ(x, ty).

Replacing Dt by DΠ(t) preserves the whole pairing. Indeed, a pure component of γ0 fills Vτ in
degree 2s. Polarization factors cannot then use Vτ or Vτ̄ , because ψ pairs those two spaces. All 2s
degrees on Vτ̄ must come from the s divisor factors; each factor therefore contributes exactly its
restriction to that eigenspace. Those restrictions are unchanged by Π.

Thus u = Π(t) ∈ U satisfies Tr(γ0D
s
uθ
g−2s) ̸= 0. At least one pure component contributes

nontrivially. For its conjugate embedding τ̄ , this forces Ds
u|Vτ̄ ̸= 0, so ψ(x, uy)|Vτ̄ is nondegenerate.

It remains to propagate invertibility from this eigenspace to all of them. Rosati positivity makes
u semisimple [Mil86, Theorem 17.3], so ker(u2) = ker(u). Thus v = u2, which commutes with
E, is invertible on Vτ̄ . Its E-characteristic polynomial belongs to E[T ]. Indeed, the rationality
of the ordinary characteristic polynomial of every rational endomorphism makes e 7→ Tr(evn) a
rational linear functional on E. The trace pairing expresses it uniquely as e 7→ TrE/Q(ean) for
some an ∈ E. After splitting E, this says Tr(vnξ ) = ξ(an); Newton identities give the asserted
characteristic polynomial. Its constant term has nonzero τ̄ -image and is therefore nonzero in E,
and under every embedding. Hence v, and consequently u, is invertible.

The characteristic-polynomial rationality used here includes crystalline cohomology: for an
integral endomorphism a, det(n − a | H1) = deg([n] − a) for all but finitely many integers n.
Interpolation gives the same rational polynomial in every realization; clearing denominators treats
rational endomorphisms [Mil99, Appendix, Proposition A.2].

4 Simultaneous lifting through a reductive subgroup

We now lift the Weil class together with the endomorphism u found in Lemma 3.2. The local
task is to choose a balanced Hodge filtration preserving E and u. Their centralizer has symplectic
derived factors and one similitude character, so the standard nonemptiness criterion supplies this
filtration. Kisin–Zhou’s lifting argument then realizes it on an abelian variety up to isogeny. Write
σ for the Frobenius of K0.
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4.1 The general lifting principle

For a connected reductive group H/Qp, write B(H) for its set of isocrystal classes. A geometric
conjugacy class {µH} of cocharacters defines the subset

B(H, {µH}) =
{
[bH ] : κH(bH) = µ♮H , νbH

⪯ µ⋄
H

}
.

Here Γ = Gal(Qp/Qp), κH(bH) is the Kottwitz invariant in the coinvariants π1(H)Γ of the algebraic
fundamental group, and µ♮H is the image of µH in this group. The dominant Newton point is
νbH

, and µ⋄
H is the Galois average of the dominant representative of {µH}. We say that a filtered

isocrystal with tensors has finite local-field descent if it comes by scalar extension from such data
over L0 ⊂ L, where L/Qp is finite and L0 is its maximal unramified subfield.

Proposition 4.1 (Lifting additional tensors). Let H ↪→ G be connected reductive groups over Qp.
Suppose a G-isocrystal represented by [b] ∈ B(G) has a specified reduction to [bH ] ∈ B(H). Let
{µH} map to the desired G-conjugacy class {µ}, and assume

[bH ] ∈ B(H, {µH}).

Over a finite extension of K0 there is a weakly admissible filtered isocrystal with H-structure,
underlying isocrystal bH , and Hodge type {µH}. Extending its structure group gives a filtered lift
of b of type {µ}.

If the isocrystal and tensor data descend to a finite unramified extension of Qp, the filtration
can be chosen with finite local-field descent. The resulting filtered isocrystal is then admissible.

Proof. The weakly admissible period domain

F(H, bH , {µH})wa

is nonempty by [DOR10, Theorem 9.5.10], or [RV14, Proposition 3.1]. A classical point is defined
over a finite extension of K0 and gives the required filtration. If the tensors have finite descent,
the constrained flag variety is defined over a finite extension of Qp. Its Qp-points are dense in its
Cw-points. Since the weakly admissible locus is open, such a point can be chosen in the weakly
admissible locus. It is defined over a finite extension L/Qp. Weak admissibility restricts to the
descended Frobenius subobjects over L0, and [CF00, Theorem A] makes the descended filtered
isocrystal admissible. Scalar extension gives the assertion over K0L.

Tensors fixed by H become filtered morphisms, so endomorphisms defining H preserve the
resulting filtration. We next identify the centralizer of E and u and check this nonemptiness
criterion for its isocrystal.

4.2 The symplectic centralizer

We apply Proposition 4.1 to the centralizer of the endomorphisms we want to lift. Let A0/Fp have
an action of a CM field E and a polarization whose Rosati involution induces complex conjugation
on E. Put

D = H1
cris(A0/W (Fp))[1/p], rankE⊗K0 D = 2s.

Write β for the pairing on D dual to the homological polarization, with values in the isocrystal
line of slope one. Suppose that u ∈ End0(A0) is invertible and satisfies

u† = u, ue = ēu (e ∈ E). (2)

8
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All these data descend to a finite field.

Lemma 4.2 (The centralizer of E and u). There is a Qp-space (Vp, ψp) with E ⊗ Qp and u
actions whose scalar extension to K0 is isomorphic to (D,β,E, u) after forgetting Frobenius and
trivializing the pairing line. For

H = ZGSpE(Vp,ψp)(u),

the group H is connected reductive. For suitable positive integers ma, its geometric form is

HQp
≃

{
(ga) ∈

∏
a

GSp2ma
: c(ga) is independent of a

}
. (3)

In particular,
Hder

Qp
≃

∏
a

Sp2ma
, Hab ≃ Gm, π1(H)Γ ≃ Z,

with the last two identifications induced by the common multiplier.

Proof. Positivity of Rosati makes left multiplication by u self-adjoint for a positive definite trace
pairing on End0(A0) ⊗ R [Mil86, Theorem 17.3]; hence u and u2 are semisimple. Over an algebraic
closure, decompose D simultaneously by the E-embeddings and the eigenvalues of u2:

D =
⊕
τ,z

Mτ,z.

The operator u identifies Mτ,z with Mτ̄ ,z. On Mτ,z the form

Bτ,z(x, y) = β(x, uy)

is alternating and nondegenerate. Thus dimMτ,z = 2mτ,z. An automorphism commuting with
E, u is determined by its action on one member of each conjugate pair; preserving β up to one
scalar is exactly the common-similitude condition for these symplectic forms. This proves the
geometric group description.

The Qp-model is standard linear algebra for the algebraic endomorphism algebra S = Q[E, u]
with its Rosati involution. Its factors are quaternion algebras with orthogonal involution over the
factors of Q[E+, u2], where E+ is the maximal totally real subfield of E. The rational character
of its cohomological realization and the even symplectic multiplicities above give the required
alternating S ⊗ Qp-module, by the usual description of modules over algebras with involution.
Since the data have finite descent, the identification over K0 may also be chosen with finite descent.

Finally the kernel of the common multiplier in (3) is a product of simply connected symplectic
groups. It is the derived group, and the multiplier identifies the abelianization with Gm.

Theorem 4.3 (A filtration preserving E and u). Under (2), there is a finite extension K/K0 and
a weakly admissible filtration on D ⊗K0 K, with finite local-field descent, such that its subspace
L = Fil1 is E- and u-stable, is Lagrangian for β, and satisfies

dimLτ = s

at every embedding of E, after extending scalars to split E.

9
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Proof. Choose the Qp-model of Lemma 4.2 and write Frobenius as bσ. It commutes with E, u
and scales the pairing by p, so b ∈ H(K0) and c(b) = p.

Let {µH} be the class which is Siegel on each factor in (3): its weights are 1ma , 0ma and its
common multiplier is t. This geometric class is Galois invariant. The multiplier detects its entire
Kottwitz invariant, and hence

κH(b) = 1 = µ♮H .

Every slope of D lies in [0, 1]. On each symplectic factor the Newton weights have the form

a1, . . . , am, 1 − am, . . . , 1 − a1, 1 ≥ a1 ≥ · · · ≥ am ≥ 1
2 .

Thus
∑j
i=1 ai ≤ j for 1 ≤ j ≤ m, which is exactly the dominance inequality below the Siegel

cocharacter in type Cm. Consequently

νb ⪯ µ⋄
H = µH , [b] ∈ B(H, {µH}).

Proposition 4.1 now supplies the filtration. Its defining cocharacter commutes with E, u, and the
weight-one space is Lagrangian. Since

∑
zmτ,z = s, it has dimension s in each E-eigenspace.

Finally, a symplectic similitude on Mτ,z has determinant cmτ,z . Therefore every element of H
satisfies

det
E

(g) = c(g)s. (4)

Thus the cocharacter fixes the Tate-twisted Weil tensors and has the balanced multiplicities
required for a lift of Weil type.

4.3 From the filtration to a marked abelian lift

We now use Kisin–Zhou to realize the filtration on an abelian variety, while preserving the Weil
class and the endomorphism. The quasi-isogeny in the following statement specifies how their
specializations are identified with the original data.

Corollary 4.4 (Simultaneous lifting of the Weil class and the divisor). Let A/Q be a polarized
abelian variety of balanced Weil type for E, with good reduction A0. Suppose an invertible
u ∈ End0(A0) satisfies (2). For every rational Weil class γ ∈ W s

E(A), there exist an abelian variety
C over a local characteristic-zero field, a quasi-isogeny f0 : A0 −→ C0, and a rational Weil class
γ̃ ∈ W s

E(C) such that:

1. the E-action, the transported polarization, and f0uf
−1
0 lift to C;

2. f∗
0 γ̃0 = γ0 simultaneously in all the realizations under consideration;

3. the rational divisor Du lifts through f0 to a rational divisor D̃u on C.

Hodge classes on C are interpreted through a complex embedding; their indicated specializations
are supplied by the canonical tensors of the Shimura construction.

Proof. To retain the Weil class, we use the following group on rational Betti homology:

GW = {g ∈ GSpE(H1(A), ψ) : det
E

(g) = c(g)s}.

Here ψ is the polarization form and c its similitude character. The filtration orbit determined by
A consists of the E-stable Lagrangians having dimension s in every eigenspace. The kernel of the

10
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multiplier in GW is geometrically a product of SL2s, and its real adjoint factors have signature
(s, s); hence the given Hodge homomorphism defines a Shimura datum of Hodge type. Each
rational Weil class, with its Tate twist, is a GW -invariant tensor.

Theorem 4.3 gives an admissible filtration in this orbit. Apply the prescribed-filtration alternative
of Proposition A.1. We obtain B, a quasi-isogeny a : An0 → B0, and a rational Hodge class κ with

(aj)∗κ0 = γ0, a∗ Fil1H1
dR(B) = L⊕n,

where j includes the first factor.
Let pr1 : An0 → A0 be the first projection. The rational projector R0 = aj pr1 a

−1 cuts out the
first factor through the marking. The operators acting by E and u on this factor and by zero
on the others also transport to rational endomorphisms of B0. They all preserve the filtration
and therefore lift uniquely to rational endomorphisms of B, by the usual Grothendieck–Messing
lifting criterion.1 Uniqueness preserves their algebraic relations. Let C be the image of the lifted
projector, in the isogeny category. The marking aj identifies A0 with C0 up to isogeny and gives
f0. Restrict κ to C to obtain γ̃. Its specializations are those of γ under this marking. It is a Weil
class: the determinant summand is defined functorially from the E-action, and this condition can
be checked in crystalline cohomology and carried back through comparison.

The polarization homomorphism is filtered because L is Lagrangian, and u is filtered because
uL = L. The polarization therefore lifts; its rational divisor class is ample since its specialization
is ample. Their composite, the symmetric homomorphism defining Du, also satisfies the lifting
criterion and yields D̃u. This proves all assertions with the required marking.

5 The Weil dichotomy and the main theorem

The simultaneous lift of Section 4 allows us to apply the characteristic-zero Lefschetz projector to
a specialized Weil class with nonzero pairing. This gives the dichotomy from which the rationality
theorem follows.

Theorem 5.1 (The specialized Weil dichotomy). Let γ be a rational Weil class on a balanced Weil
variety A/Q with good reduction A0. Either all complementary Lefschetz pairings of γ0 vanish in
every realization, or γ0 is a simultaneous rational Lefschetz class.

Proof. Put g = dimA and let θ be the specialized polarization. If some pairing is nonzero in some
realization, choose u by Lemma 3.2. Apply Corollary 4.4 to γ, E, u, and the polarization. It
supplies, up to isogeny, an abelian lift B with a rational Weil class η and rational divisors D,Θ
whose specializations pull back to γ0, Du, θ, respectively, under the specified special-fiber marking.
All these compatibilities hold simultaneously in the realizations under consideration.

Choose a complex realization of B. Compatibility with the chosen nonzero specialized pairing
gives

Tr(ηDsΘg−2s) ̸= 0.

Lemma 3.1 implies that η is a rational Lefschetz class. Write it as a rational polynomial in divisor
classes on B. The same identity specializes in every realization, because its terms are absolute
Hodge classes. Pulling back by the special-fiber marking expresses γ0 as one rational polynomial
in divisors on A0, simultaneously in all realizations.

1In the isogeny category, use Drinfeld’s lifting modulo p2 [Kat81, Lemma 1.1.3], followed by Grothendieck–Messing
and formal existence; see [Ill15, Section 4.2].
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For these specialized Weil classes, the rational Lefschetz projection of Proposition 2.3 is thus
either zero or the class itself.
Remark 5.2 (The uniform form). The dichotomy can also be stated uniformly for the entire Weil
space, using the endomorphism space U defined in Section 3.2. If U has no invertible element,
Lemma 3.2 makes every pairing vanish. If U has an invertible element, fix any rational Weil
class and apply Corollary 4.4 using this element. Its divisor on the lift is nondegenerate on every
E-eigenspace, so DsΘg−2s has nonzero pairing with at least one determinant line. It therefore pairs
nontrivially with the rational Weil space. Lemma 3.1 puts that entire space in the Lefschetz algebra.
Transport and specialization give the uniform second alternative for the original specialized Weil
classes.

5.1 Deduction of the rationality theorem

Proof of Theorem 1.1. Classes of codimension zero or top codimension have the assertion by
the cycle normalization of the trace. In the other degrees, apply the CM transport theorem,
Proposition 2.4, to obtain a CM abelian variety C/Q, a rational Hodge class κ on C, and a rational
homomorphism of special fibers f0 : A0 → C0 such that

γ0,v = f∗
0κ0,v for every v.

Proposition 2.5 expresses κ as a sum of rational pullbacks of balanced Weil classes. For each
such class, the dichotomy of Theorem 5.1 gives the rational pairing property: in the orthogonal
branch every value is zero; in the other branch every value is the degree of one rational divisor
intersection. Lemma 2.2 preserves this property through both reductions and proves the pairing
assertion. Proposition 2.3 then gives the unique common rational Lefschetz projection and the
orthogonal decomposition asserted in Theorem 1.1.

6 Consequences for specialization

6.1 A theory of rational Tate classes

Milne’s theory of rational Tate classes asks for rational structures on Tate cohomology that are
compatible across realizations and with the usual cycle operations. The rationality theorem
supplies such a structure containing the reductions of Hodge classes.

Let S0 be the class of k-varieties whose connected components are products of abelian varieties
and projective spaces. By [Mil09, Theorem 4.5], the CM case of Theorem 1.1 gives a good theory
R of rational Tate classes on S0. Its realization maps are injective, it is stable under pullback,
and it contains the specializations of rational Hodge classes on CM abelian varieties. The same
specialization property holds without the CM hypothesis.

Corollary 6.1. For every A/Q with good reduction A0 and every rational Hodge class γ of
codimension r, there is a unique ργ ∈ Rr(A0) such that

(ργ)ℓ = γ0,ℓ (ℓ ̸= p), (ργ)p ⊗ 1 = γ0,p.

Proof. For the unit and top-degree classes use their rational algebraic representatives. Otherwise
CM transport gives γ0 = f∗

0κ0 with κ a CM Hodge class. The goodness axiom supplies ρκ ∈ Rr(C0).
Choose N > 0 with Nf0 an actual homomorphism and set

ργ = N−2r(Nf0)∗ρκ.

12
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Functoriality gives all the required components; injectivity of any one realization gives uniqueness.

6.2 Algebraic specialization under the CM Hodge conjecture

Corollary 6.2. Assume that every rational Hodge class on a CM abelian variety is algebraic.
Under the hypotheses of Theorem 1.1, there is a single zγ ∈ CHr(A0)Q such that

clℓ(zγ) = γ0,ℓ (ℓ ̸= p), clcris(zγ) ⊗ 1 = γ0,p.

For every complementary rational algebraic cycle y, all the corresponding traces equal deg(zγ · y) ∈
Q.

Proof. Use CM transport to write γ0 = f∗
0κ0. By the assumed CM Hodge conjecture, κ is

represented by a rational cycle Z on C. The representative can be taken over Q: a complex
representative spreads in a Hilbert scheme of C, and specialization to an algebraic point on the
same connected component preserves its Betti class. Specializing at the chosen place gives one
cycle Z0 whose realizations are κ0. If h = Nf0 is an actual homomorphism, then

zγ = N−2rh∗Z0

has the required realizations. Here we use the usual Chow pullback for a map between smooth
varieties. Compatibility with intersection and trace gives the last assertion.

A The two applications of Kisin–Zhou

The proof uses Kisin–Zhou’s results in two ways: to pass to a CM lift in Section 2, and to realize
a chosen admissible Hodge filtration in Section 4. In each case we need a quasi-isogeny identifying
the specialization of the original Hodge class with that of the lifted class. The following proposition
records both conclusions.

Proposition A.1 (Marked transport). Let A/Q be a positive-dimensional polarized abelian
variety with good reduction A0. Put V = H1(A(C),Q) and write ψ for its polarization form.
Suppose (G,X) ↪→ (GSp(V, ψ), XSiegel) is a Hodge embedding containing the Hodge point of A. Let
γ ∈ H2r(A(C),Q(r)) be a rational G-invariant tensor. There exist n ≥ 1, an abelian variety B
in characteristic zero with good reduction, a rational Hodge class κ on B, and a quasi-isogeny
a : An0 → B0 such that

(aj)∗κ0,v = γ0,v for every v, (5)

where j : A0 → An0 includes the first factor. One may require either:

(i) B/Q is CM;

(ii) for a specified weakly admissible filtration F on DA = H1
cris(A0/W (k))[1/p] in the original

G-filtration orbit,
a∗ Fil1H1

dR(B/K) = (F 1)⊕n (6)

over a finite extension K/K0. Here the filtered isocrystal and its tensors are assumed to
descend to a finite extension L/Qp, with underlying isocrystal over its maximal unramified
subfield L0.

13
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In (ii), Betti classes are interpreted through a complex embedding. Their specializations are those
of the canonical Shimura tensors. The assertion holds simultaneously for a finite family of classes
γ.

Proof. The group GQp need not be quasi-split, as required for the form of Kisin–Zhou’s lifting
theorem used here. We first arrange this hypothesis by restriction of scalars. Choose a totally real
field P whose completions at p split GQp , and set

J =
(
ResP/QGP

)
×

ResP/Q Gm

Gm,

where the last map is diagonal. Thus J is the restriction of scalars with one common similitude
multiplier, and JQp is quasi-split. The trace polarization and diagonal Hodge homomorphism give
its Hodge-type datum. By [KZ25, Propositions 5.3.8 and 2.1.9], it admits the strongly admissible
integral model needed for their lifting results, including at p = 2, with Hodge representation

W ≃ (V ⊗Q P )⊕m.

Put n = m[P : Q]. At the diagonal Hodge point the corresponding abelian variety C admits a
quasi-isogeny f : An → C. After finite extension this point extends to the integral model; write x
for its reduction and f0 : An0 → Cx for the specialized quasi-isogeny.

Choose a basis of P beginning with 1, so the first factor of An maps to v 7→ (v ⊗ 1, 0, . . . , 0) in
W . Extend the alternating form underlying γ by the normalized trace

η = [P : Q]−1 TrP/Q(γP ) ◦ pr⊗2r
1 .

With its Tate twist, this is a rational J-invariant tensor, and j∗f∗ηC = γ. Use the polarization to
remove the Tate twist and include the resulting tensor among the structure tensors.

For (i), [KZ25, Theorem 2.2.7] gives a CM lift B of a point in the tensor isogeny class of x,
with marking b : Cx → B0.

For (ii), transport F⊕n to Dx using f0. The diagonal map G → J puts it in the required
cocharacter orbit; finite descent and Colmez–Fontaine make it admissible [CF00]. The realization
argument in the proof of [KZ25, Theorem 2.2.7, p. 14] applies to this filtration: the affine
Deligne–Lusztig map of their Theorem 2.2.5 supplies the point in the isogeny class, and their
Proposition 2.2.3 supplies its lift. Thus we obtain B and a marking b : Cx → B0 with the prescribed
filtration.

In both cases the marking preserves the structure tensors in every realization. Set a = bf0, and
let λ ∈ Q× be the polarization multiplier of b. Tensor compatibility gives (aj)∗ηB,0,v = λrγ0,v, so
κ = λ−rηB gives (5) in every realization.
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