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THE BANNAI-MUNEMASA-VENKOV LATTICE METHOD FOR
STRONGLY REGULAR GRAPHS: A UNIFORM DISCRIMINANT-FORM
CONDITION AND NEW NONEXISTENCE RESULTS

ANTON KOVAL

ABSTRACT. Bannai, Munemasa and Venkov, and later Nebe and Venkov, excluded tight spherical
designs — among them strongly regular graphs of a special kind — by studying the lattice spanned
by the design: they bound its discriminant group, pass to an even (over)lattice, and compare
Gauss sums by the Milgram—Braun formula. We extend this method to arbitrary strongly
regular graphs with integral eigenvalues. For an integral representation G = b(A — pI) + ¢J
that is positive semidefinite with even diagonal, an elementary identity for dual vectors ties
every class of the discriminant form of a maximal even overlattice to the class of a rescaled
sum of the vertex vectors. This gives a necessary condition on the parameters (v, k, A, 1) alone:
a finite quadratic module with a short list of properties must exist. Its simplest case applies
the textbook congruence det = (—1)*/2 (mod 4) for even lattices of odd determinant to the
centred representation. A sweep of Brouwer’s table (v < 1300) finds 70 complementary pairs of
parameter sets listed as open that fail the condition, among them (96, 35, 10, 14), the triangle-free
set (176,25,0,4) and (169,42, 5,12); the grade of evidence is given for each (hand proof, or exact
computation by at least two independent programs). No existing parameter set of the table fails
in any representation tested, real graphs satisfy every condition with their actual discriminant
forms, and the method gives short independent second proofs of the known nonexistence of
srg(75,32,10,16) and srg(289, 54,1,12). The simplest case also yields an infinite family: if g is
a power of a prime p = 1 (mod 4) and m is odd, there is no strongly regular graph with the
parameters ((127 m(g+1), —g+m?+3m, m(m + 1)) of the negative-Latin-square type NL,,(q).
This family, the parity case and the nonexistence of srg(169,42,5,12) are formalized in Lean 4
with Mathlib.
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1. INTRODUCTION

A strongly regular graph srg(v, k, A, 1) is a k-regular graph on v vertices, neither complete nor
empty, in which two adjacent vertices have exactly A common neighbours and two non-adjacent
vertices exactly p. Its adjacency matrix A satisfies A? = kI + AA + u(J — I — A); apart from k
(on 1) it has two eigenvalues r > s, the roots of 22 — (A — )z — (k — p), with multiplicities f and
g. The standard feasibility conditions [5, 8] are the integrality of f and g, the Krein conditions,
the absolute bound, the claw bound, the conditions for p € {1,2}, and, for conference graphs,
the condition that v be a sum of two squares; a few parameter sets have ad hoc proofs. None of
these is a condition on integral quadratic forms. Brouwer’s online table [7] lists every parameter
set with v < 1300 that survives the known conditions, with status “+” (a graph exists), “!”
(classified), “—” (known not to exist) or “?” (open).

The method and its origin. Lattices have accompanied strongly regular graphs since Cameron,
Goethals, Seidel and Shult [9] showed that smallest eigenvalue —2 forces a root lattice; Venkov
[26] connected spherical designs and lattices, and Koolen, Rehman and Yang [21] studied the
integrability of srg lattices for s > —3. The arithmetic of the discriminant group appears
in the language of p-ranks and Smith normal forms [4], [8, §9.4]: only primes dividing r — s
are interesting, which is the statement that the vertex lattice of a centred representation has
discriminant group supported on the primes of r — s and of the scaling.

The method used here is that of Bannai, Munemasa and Venkov [3], who proved the nonex-
istence of certain tight spherical 4-, 5- and 7-designs by studying the lattice generated by the
design: the design identities bound its determinant, an even sublattice or overlattice is formed,
and the Milgram—Braun formula excludes the remaining cases (for one dimension after gluing
to a unimodular lattice and comparing theta series). Nebe and Venkov [25] refined it with
Sylow-wise anisotropy and Gauss sums of the Sylow subgroups, excluding infinitely many di-
mensions. Tight 4-designs are strongly regular graphs, as [3] note; the case of dimension 46
there is srg(1127,486, 165, 243), which Brouwer’s table marks “—” with a reference to Makhnev.
Akiyama [2] recently used a maximal integral overlattice with anisotropic discriminant form,
followed by gluing and theta series, to exclude srg(266,45,0,9). With related lattice methods we
recently excluded the parameter sets (69,20,7,5) [14], (99,42,21,15) [15], (105, 52,21, 30) [16],
(154,72,26,40) [17], (162,69, 36,24) [18], (288, 105,52, 30) [19] and (405,132, 63, 33) [20]. Several
of these preprints use the same chain — vertex lattice, maximal even overlattice, Milgram’s
formula, gluing, theta series — for individual parameter sets.

Contribution. What we have not found in the literature, and claim here subject to the caveats
of Section 9, is:

(1) the dual-vector identity and the class y for an arbitrary representation G = b(A—pl)+cJ of
an arbitrary strongly regular graph with integral eigenvalues (Lemmas 2.2-2.4), turning
the first, genus-level step of the method into a uniform necessary condition on the
parameters (Theorem 3.1, Proposition 3.4);

(2) its simplest special case for the centred representation (Corollary 4.1), an application of
the textbook congruence for even lattices of odd determinant [11, 12], and its consequence
that no strongly regular graph has the parameters of NL,,(¢q) with ¢ a power of a prime
=1 (mod 4) and m odd (Corollary 4.2), which contains srg(289, 54,1,12) = NL3(17);

(3) a systematic sweep of Brouwer’s table, with the resulting nonexistence of the open
parameter sets of Table 1, each marked with its grade of evidence, and the controls of
Section 7.
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The condition uses no theta series, no gluing and no symmetry assumption. It is strictly weaker
than the full method: it does not exclude srg(1127,486,165,243), for which [3] needed more
(Section 8).

Organisation. Section 2 sets up the lattice, Section 3 proves the condition, Section 4 the parity
case, Section 5 gives hand proofs for (169,42, 5,12), (96,35, 10,14) and (176,25,0,4) and short
proofs for six further open sets and for two known cases, Section 6 lists every open parameter
set found to fail, Section 7 describes implementations and controls, Section 8 the limits — in
particular, the genus of the vertex lattice is not determined by the parameters (Remark 8.1) —
and Section 9 the literature check.

Verification. Besides the derivation, a blind adversarial audit and an independent review were
carried out (see the acknowledgements); each row of Table 1 is marked with the grade of evidence
it has. The parity corollary (Corollary 4.1), the nonexistence of srg(169,42,5,12) (Section 5) and
Corollary 4.2 are formalized in Lean 4 with Mathlib [27] (theorems Parity.srg_parity_paper,
Parity.no_srg_169_42_5_12 and Parity.no_srg_NL). The two nonexistence theorems start
from Mathlib’s definition SimpleGraph.IsSRGWith with no further hypotheses (eigenvalues,
Gram identity and lattice determinant are all derived), and use only the standard axioms
(propext, Classical.choice, Quot.sound); no sorry or native_decide. In the formal proof
the rank n is defined by nf = vv (the trace of G); its identification with the multiplicity of € is
true but not formalized, and not needed for any conclusion.

Conventions. A lattice is a free Z-module L C R? of full rank with the standard inner product
(-,-); 22 = (x,2); L is integral if (L,L) C Z and even if moreover 22 € 27 for all € L.
L# ={x € R?: (x,L) C Z}. For even L, the discriminant module D(L) = L# /L carries the
bilinear form b(Z,y) = (x,y) mod Z and the quadratic form ¢(z) = x? mod 2Z. The Gauss
sum of a finite quadratic module (D, q) is ¥(D) = Y ,cp €™4®); when |y(D)| = /[D] we write
v(D) = /| D] ™" PM(P)/8 and call ph(D) € Z/8 its phase (the Brown invariant). Representations
are written (p,b,c) for G = b(A — pI) + cJ.

2. SETUP

2.1. Representations and the vertex lattice.
Definition 2.1. Let I" be an srg(v, k, A, ) with integral restricted eigenvalues r > s, multiplicities
f (of r) and g (of s). A representation is a triple (p, b, c) of integers with p € {r, s} and b # 0;
let @ be the other restricted eigenvalue and n its multiplicity, and put

e="b(0—p), T =b(k—p)+ cv, v =c— bp.
It is admissible if e > 0, T' > 0 and v is even. It is centred if T = 0, and primitive if b = £1 and
T > 0.

The matrix G = b(A — pI) + ¢J acts as T on 1, as e on the §-eigenspace Ey and as 0 on E,,.
For an admissible representation it is therefore positive semidefinite of rank d =n+1if T >0
and d = n if T = 0; its diagonal entries equal v and its off-diagonal entries are ¢ + b (adjacent)
or ¢ (non-adjacent). Write G = VTV with V a real d x v matrix whose columns vy, ..., v, span
R, and let L be the lattice they generate (it is discrete: a basis of R? among the v; generates a
full-rank integral sublattice Ly, and all v; lie in L# ). L is even because v is even. Put

N=) v =V1, (S,v;) =T, »? =T
7

Every integral overlattice of L lies between L and L#, which contains L with finite index; hence
maximal even overlattices exist. We fix one, M; thus L C M C M# C L#,
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2.2. The dual-vector identity. Put k = (T —e)/(vT) if T > 0 and B = (k —0)/v.

Lemma 2.2 (Dual-vector identity). Let (p,b,c) be admissible, v € L¥, z; = (x,v;) and 0 =
Yoizi = (x,X). Then z € Z¥ and

(1) if T >0: VVT =el + kX7, hence 3, z =ex’+ ko’ and ex =Y, zv; — KO %

(2) if T=0:2=0,VVT =el, hence > % —6x2, oc=0andex =73 ,zv; € L;

(3) Az =0z + Bol; in particular Bo € Z;

(4) Y22 =0 (mod 2).

Proof. z; € 7 since v; € L. The matrices VVT and VTV = G have the same nonzero eigenvalues.
If T >0, VVTE = VG1 = TY and VVT acts as e on -+ (the image of Ey), so VVT =
el + (T — e)LXT /%2, which is (1) since X2 = vT. Then Vz=VVTz and 2"z = 2TVV Tz give
the two identities. If T =0, ¥2 = 0, and G has the single nonzero eigenvalue e, so VVT = el.
For (3), z = VTx lies in the column space of G, which is R1 @ Ey (or Ey if T = 0); writing
z = (0/v)1 + zg gives Az = (ko /v)1 + 0zp = 0z + Bol, and Az — 0z is an integer vector. (4)
holds because z? = z; (mod 2). O

For tight designs the identities (1) and (4) specialise to the moment identities used in [3,
(7)-(9)]-
2.3. The class y. Assume T > 0. Let H be the set of integers h with
(1) BheZ, kh®eZ, rh*=h (mod2).
Lemma 2.3. H is a subgroup of Z.

Proof. (Supplied by the Codex review [10].) Clearly 0 € H and H = —H, since kh?> — (—h) =
(kh? — h) + 2h. Let hq,he € H. The first condition is additive. If the denominator of x divides
h? and h3 then, prime by prime, it divides hihz, so khihe € Z and k(h1 — hg)? € Z. Finally

#(h1 — ho)?* — (h1 — ha) = (kh3 — hy) + (kh3 — ha) — 2kh1hg + 2hy € 27Z. O

Let v > 0 be the generator of H; H # 0 because T' € H (proof of Lemma 2.4(1) below, applied
to w = v;). Equivalently, v = gcd{h € H : h | T}, which is how the implementations compute it.
Put

y=2X/v, Y =y =T/~ C = K2, ry = min{j > 1:j*Y € 27Z}.
Since v € H, C is an integer and C' = v (mod 2).

Lemma 2.4. Let (p,b,c) be admissible with T > 0.
(1) {(w, %) : w € M} = hoZ with hg € H and ho | T; hence 7y | ho and y € M.
(2) The class y € D(M) has order exactly ry, and q(y) =Y (mod 2).
(3) ry | C; consequently e D(M) C (y) and the exponent of D(M) divides er,.

Proof. (1) Let w € M and o = (w,¥). Since M C L#, Lemma 2.2 applies: Bo € Z; and since
w? is an even integer and e € Z, ko? = 22 —ew? € Z and ko? =Y 22 = o (mod 2). So every
value of o on M lies in H (in particular T' = (v;, ¥) € H), and so does the generator hg; hence
v | ho, and hg | T. Therefore (w,y) = o/v € Z for all w € M.

(2) If jy € M then j2Y = (jy)? € 2Z. Conversely, if j2Y € 27, then M + Zjy is integral (since
y € M# and (jy)? € Z) and even (since (w + tjy)? = w? + 2tj{w,y) + t252Y), so jy € M by
maximality.

(3) The proof that r, | C is the repair of a gap found by the Codex review [10]; the original
derivation asserted (3) without it. First, CY = kvT =T —e € Z. Let p be a prime and 7 = v,(Y').
Unpacking the definition of r, (j?Y € 2Z means 2v,(j) > —n for odd p and 2vs(j) > 1 — ), we
have v,(ry) = max(0, [-7/2]) for odd p and va(ry) = max(0, [(1 —m)/2]). If 7 > 1 (p =2) or
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m>0 (podd), pfry. If pis odd and m < 0, then vy(ry) = [—7/2] < —7 < v,(C), the last step
because CY € Z. If p =2 and 7 < 0, then va(ry) = [(1 — 7)/2] < —7 < v2(C). There remains
p =2, m =0, where va(ry) = 1 and we must show that C is even. Suppose C' is odd. Then 7 is
odd (C = v), and since Y = vT/~? is a 2-adic unit, v and T are odd; from T — e = CY, e is
even. But the trace of G is vv =T + ne, and vv is even because v is even, so ne = vv — T is
odd and e is odd, a contradiction. Hence r, | C.

Now let + € M# C L# and t = (z,y). Since ryy € M, ryt € Z. By Lemma 2.2(1),
ex =, 20, — Kyt - vy = ¥, 20, — (C/ry)(ryt) y, with Y- zv; € L € M and (C/ry)(ryt) € Z
Thus ez € (y), and eryz = 0. O

2.4. Finite quadratic modules. We use the following standard facts; see [24, 11, 23, 28].

(F1) (Anisotropy.) If M is a maximal even overlattice of L then D(M) is anisotropic: ¢(z) =0
only for £ = 0 (an isotropic class T # 0 gives the even overlattice M + Zx).

(F2) (Anisotropic modules.) An anisotropic finite quadratic module is the orthogonal sum of
its p-parts. For odd p the p-part is elementary abelian of rank at most 2. The 2-part has
order at most 8 and is one of 0, Z/2, (Z/2)?, (Z/2)3, Z/4, /A ® Z/2 with an anisotropic
quadratic form. (For p = 2 the implementations V1, V3, V4 of Section 7.1 enumerate
these by brute force and obtain the same list; for odd p they use the classification, V3
additionally filtering for anisotropy.)

(F3) (Gauss sums.) For odd p and q(x) = 2az?/p on Z/p, v = (%) epy/P With g, =1forp=1
and g, = i for p =3 (mod 4). Hence the phase of any module of odd order p/ with p =1
(mod 4) lies in {0,4}, and of a cyclic module of order p =3 (mod 4) in {2,6}. On Z/2,
q= % has phase 1 and ¢ = % phase 7. An anisotropic 2-elementary module on which ¢
takes only integral values (even type) is 0 or the plane v with ¢ = 1 on its three nonzero
elements, of phase 0 resp. 4.

(F4) (Milgram’s formula.) If M is an even positive definite lattice of rank d, then v(D(M)) =

[D(M)|e2™4/8 ie. ph(D(M)) = d (mod 8) [22, Appendix 4].

(F5) (Even lattices of odd determinant.) If L is even and det L is odd, then the rank n of L is

even and det L = (—1)"/? (mod 4).

Proof of (F5). Work over the 2-adic integers Zy, where det L is a unit. The Gram matrix modulo
2 is symmetric with zero diagonal and nonsingular, hence alternating and nondegenerate over Fa;

so n is even, and for a basis vector e; there is es with (e, e2) odd. The plane P = Zse; + Zaes

has Gram matrix (25 2'35) with 3 odd and determinant 4ad — 3% = —1 (mod 4), a unit; so

L ®7Zy =P 1 P+ with Pt again even and unimodular. By induction L ® Zs is an orthogonal
sum of n/2 planes of determinant = —1 (mod 4), and det L differs from the product of their
determinants by the square of a 2-adic unit, which is =1 (mod 8). t

3. THE OBSTRUCTION

Theorem 3.1. Let T" be an srg(v, k, \, u) with integral restricted eigenvalues and let (p,b,c) be
an admissible representation with T > 0, of rank d = n + 1. Then there is a finite quadratic
module (D, q), namely D = D(M) for a maximal even overlattice M of the vertex lattice, and an
element y € D such that

(i) D is anisotropic;

(ii) ph(D) = d (mod 8);

(ili) y has order ry and q(y) =Y (mod 2);

(iv) eD C (y), in particular exp D | ery;
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(v) (C) for every T € D there is a rational t = b(Z,y) (mod 1) such that vt € Z, Byt € Z,
and, for any rational representative Q of q(Z),

eQ+Ct? cZ and eQ + Ct?> =~t  (mod 2).

Consequently, if for some such representation no pair (D, y) satisfies (i)—(v), then no srg(v, k, \, i)
exists.

The proof below does not use the size of b; the implementation V1 and the hand proofs use
only primitive representations (b = 1), and rescaled ones enter only through Proposition 3.4.

Proof. (i) is (F1), (ii) is (F4), (iii) is Lemma 2.4(2) and (iv) is Lemma 2.4(3). For (v), choose a
lift z € M# of z and put ¢t = (x,9); then t = b(Z,%) (mod 1) and o = (x,%) = 4t is an integer
(Lemma 2.2), with Bo € Z by Lemma 2.2(3). By Lemma 2.2(1),(4), ex? + Ct? = e2? + rko? =
>, 22 is an integer congruent to o = vt modulo 2. Finally 2% = Q + 2j for some integer j, and
e-2j € 27, so x? may be replaced by any representative Q. O

Remark 3.2. One representation with no admissible pair suffices: (i)—(v) are necessary conditions
for each representation separately. Different representations of the same graph give different
lattices, and a parameter set can pass the test in one representation and fail it in another; the
implementations of Section 7.1 test several.

Remark 3.3. In (v) the choice of lift matters only through ¢ modulo the values (w,y), w € M,
which are integers; the implementations test all ¢ = b(Z,y) (mod 1) in a full period of the
conditions, which is finite.

3.1. A weaker form. The following form drops the class ¥ but applies to every admissible
representation, including rescaled (|b| > 1) and centred ones; it is what the implementation V3
of Section 7.1 tests. For an admissible representation let S C Q/27Z be the set of values

2

7z — A
T (r>0, 2 (T=00-0)

over all integers Z,0 with Z = o (mod 2) and Bo € Z.

Proposition 3.4. Let (p,b,c) be admissible of rank d. Then D = D(M) is anisotropic, ph(D) = d
(mod 8), and q(z) € S for every x € D.

Proof. Anisotropy and the phase are (F1), (F4). For x € M# C L¥, Lemma 2.2 gives 22 =
(Y22 — ko?)/e (resp. 3 22/e) with Z =3 22 = 0 and Bo € Z. O

Lemma 3.5 (Odd representations). Let (p, b, c) satisfy e >0 and T > 0, but with v odd; let L
and d be as above, let Lo = {x € L : x? € 2Z}, and let M be a mazimal even overlattice of Ly.
(a) Lo is an even sublattice of index 2 in L, of rank d, and Lo C M C M#* C L#.
(b) Forz € L# and z; = (z,v;), either z € Z¥ (and then x € L¥ ) or z € (3 + Z)".
(c) In both cases the identities of Lemma 2.2(1)—-(3) hold: ¥, 22 = e x® + ko? (resp. = ex?
with o =0 if T = 0) and Az = 0z + Bol. In the half-integral case 20 € 7, 20 = v
(mod 2), 2Bo € Z with 2Bo =k — 6 (mod 2), and 43, 2? = v (mod 8).
(d) Consequently D(M) is anisotropic, ph(D(M)) = d (mod 8), and q(Z) € SU Syy for
every &, where S is as in Proposition 3.4 and Sy 5 is the set of values (Z — ko?)/e (resp.
Z/e with o =0 if T = 0) over rationals Z,c with 20 € 7, 20 = v (mod 2), 2Bo € Z,
2Bo =k —6 (mod 2), 4Z € Z, 4Z = v (mod 8).
(e) If T'=0 then vv is even; so a centred odd representation has v even.
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Proof. (a) Since (z+y)? = 22 +y*+2(z, y), the map = — 2? mod 2 is a homomorphism L — Z/2;
it is onto because viz = v is odd, so its kernel Ly has index 2. A subgroup of finite index in a
lattice spans the same real space (here 2L C Ly C L), so Ly is again a lattice of rank d. Lg is
even by definition, and every integral overlattice of L lies in LO#. (b) v; —v; € Lo (its norm is
2v — 2Gyj) and 2v; € Lo, so z; — zj € Z and 2z; € Z. Hence all z; lie in one coset of Z in %Z:
either every z; is an integer or every z; is in % + Z; no mixed case occurs. If z is integral, x pairs
integrally with the generators v; of L, so € L#. (c) The proof of Lemma 2.2(1)—(3) uses only
z € R and z = VTz. In the half-integral case put w; = 2z;, all odd. Then 20 = Yo wi = v
2(Az = 02); = 3 ;wj — 0w, = k — 0 (mod 2) (a sum of k odd numbers), and this equals
2Bo; and 43, 22 = Y, w? = v (mod 8) since odd squares are = 1 (mod 8). (d) Anisotropy
and the phase are (F1), (F4) for M, of rank d. For x € M#* C L# apply (b), (c) and solve
the identity for 22; the integral case gives S as in Proposition 3.4. (e) 1TG1 = vT = 0, and
]_TG]_Z’UI/—FQZ,L-<J-GZ‘J'. U

The decider V3 uses, in the half-integral case, the weaker condition v | 20(k —6) (i.e. 2Bo € Z)
without the congruence 2Bo = k — 0; it therefore tests a superset of S'U S} /5, and its exclusions
remain sound (the referee checked the code against this lemma). Every row of Table 1 is
excluded by some implementation in an even representation; for (96,35, 10, 14), (105, 40, 15, 15),
(112,36, 10,12), (133, 32,6, 8) and (456, 195, 74, 90) the exclusion by V3 uses an odd representation,
so the second implementation in their grade rests on Lemma 3.5.

4. THE PARITY COROLLARY

Corollary 4.1. Let T be an srg(v, k, \, ) with integral restricted eigenvalues, p € {r,s}, 0 the
other one, n the multiplicity of 6. Put
v b(k — p)
=——— b= 0 — =—-——" =c—b {=all—pl|

a ng(U,k—p)’ a’sgn( p)7 c v ) 4 c p? CL‘ p’
If v is even and { is odd, then n is even and (—1)™? = A (mod 4) for some positive integer A
all of whose prime factors divide €. In particular, if every prime factor of £ is =1 (mod 4), then
n=0 (mod 4).

Proof. (p,b,c) is admissible and centred: e = ¢ > 0, T' = 0, and v is even. The vertex lattice L is
even of rank n, and by Lemma 2.2(2) (L7 C L, so |L*#/L| = det L divides ¢". Apply (F5) with
A = det L; here A > 0 because the Gram matrix of a basis of L is positive definite. (The sign

matters: a negative determinant —13/ = —1 (mod 4) would not contradict (F5) at n = 126.)
The same argument applies verbatim to any centred representation, i.e. to any integer b # 0 with
b(@ —p)>0,c=—blk—p)/veEZand v=c—Dbpeven, with £ =0b(0 — p). O

No overlattice, no Gauss sum and no computation beyond the parameters is needed. The
congruence (F5) is textbook ([11, Ch. 15], [12, Prop. 1]); its unimodular special case (an even
unimodular lattice has rank divisible by 8) is the step by which [3, Thm. 4.3] and [25, Thm. 3.3]
exclude tight designs. The corollary is the case of Proposition 3.4 (centred, T'= 0) in which the
lattice L itself already has odd determinant; it is the case in which Milgram’s formula is applied
to L itself: when all primes of ¢ are =1 (mod 4) the Gauss sum of D(L) is real and Milgram
gives exactly n =0 (mod 4); for primes = 3 (mod 4) Milgram contains more information than
(F5), which we do not use here.

Corollary 4.2 (Negative-Latin-square parameters). Let ¢ = p¢ with p =1 (mod 4) prime, and
let m be odd. There is no strongly reqular graph with the parameters of NL,(q),

(¢%, m(g+1), —g+m?*+3m, m(m+1)).
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Proof. The restricted eigenvalues are r = m and s = m — ¢ (their sum is A — p = 2m — ¢, their
product —(k — u) = —m(qg —m)), and the multiplicity of s is ¢ = m(¢+1) (from k+ fr+gs =0
and f + g = ¢> — 1). Take the centred representation with p=7r=m, 0 =s=m —q, b= —q,
¢ = m, that is
G =q(mI —A)+md.

Then T = —q(k —m) +mq?> =0, e = £ = b(§ — p) = ¢, whose only prime is p = 1 (mod 4),
and v = ¢ —bp = m(qg+ 1) is even. By Corollary 4.1 (in the form for an arbitrary centred
representation stated in its proof), n = g = m(¢+1) =0 (mod 4). But ¢ =1 (mod 4) gives
g+ 1 =2 (mod4), and m is odd, so n = 2 (mod 4), a contradiction. No passage to the
complement and no condition on p | m or p | m + 1 is needed. D

The range 1 < m < ¢ — 2 matters only for the parameter set to be feasible at all (for other
m the parameters are not those of a graph); it plays no role in the proof. Bondarenko and
Radchenko’s (289,54,1,12) is NL3(17), and 14 of the 21 pairs of Remark 4.3 are instances
(all those with v € {169,289, 625,841}; out/milgram_paper/nl_check.txt). The corollary is
consistent with the known graphs: Paley(q?) has the parameters of NL(g—1)/2(q) with (¢ —1)/2
even, and Latin-square parameters LS,,(¢q) have n = m(¢ — 1) =0 (mod 4).

Remark 4.3 (Which rows it covers). The hypotheses force a and |# — p| to be odd, but not v:
for T'(9) = srg(36,14,7,4) and p= —2 one has a =9, G = 9(A+2I) — 4J, v = 14, £ = 63, and
(F5) holds (det L = 3'4, rank 8, computed by the referee). All exclusions below have odd v. In
Brouwer’s table (v < 1300, snapshot of 8 October 2026; script out/milgram_paper/parity_
scan.py, output parity_scan.txt) the corollary fails for exactly 20 open complementary pairs

and for one pair marked “—”, and for no row marked “+” or “!” (1096 such rows with integral
eigenvalues, counted per orientation). The killed open pairs are:
ev = p*> with r —s = p p € {13,17,29}, ¢ = p% (169,42,5,12),

(169,70, 27,30), (289,90, 23, 30), (289,126, 53,56), and the five pairs (841, k, A\, u) with
k € {150,210, 270, 330,390};
o (€ {53 5%} (375,154,53,70), (375,170, 85,70), (875,184, 33,40), and (625, k, A, i) with
k € {130, 182,234,286},
o (=5-13: (235,52,9,12); £ = 13%: (507,44, 1,4); £ =52 -17: (391,140, 39, 56); £ = 13- 29:
(871,348,137,140).
The pair marked “—7 is (289, 54,1, 12), whose nonexistence is a theorem of Bondarenko and
Radchenko [6]: with p = s = —14 one gets a = 17, G = 17(A + 14I) — 4J, v = 234, £ = 17% and
n = f =234=2 (mod 4). Bondarenko and Radchenko proved it by a different route (Euclidean
representation, vertex-transitivity, an Fs-structure on the vertex set, and a Diophantine equation),
so the three lines above are an independent second proof; they are also a consistency check of
the corollary.
In the first family (v = p?, r —s =p, p =1 (mod 4)) the corollary demands n = 0 (mod 4);
Latin-square-type parameters LS,,(p), with n = m(p — 1), satisfy this automatically, which is
consistent with their existence.

5. WORKED PROOFS

5.1. srg(169,42,5,12). The eigenvalues are r = 3, s = —10 (roots of 22 + 7z — 30), with f = 126,
g =42. Take p =s=—10: k — p =52, ged(169,52) = 13, a = 13,

G = 13(A + 101) — 4.J.

On 1 it acts by 13-52 —-4-169 = 0, on E, by 13 -13 = 169, on E; by 0; its diagonal is
v =130—4 = 126, even. So the vertex lattice is even of rank n = f = 126 with 169L# C L, hence
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det L = 137 for some j, and 137 =1 # (—1)% (mod 4), contradicting (F5). No srg(169,42,5,12)
exists. (The other centred representation, G = 13(31 — A) + 3.J of rank g = 42 = 2 (mod 4),
gives the same contradiction. The original derivation used instead the representation A’ + 41 of
the complement srg(169, 126,95, 90), of rank 43, with v = 130, Y = %, ry = 10, C' = 90, where
the phases of the 2-, 5- and 13-parts force ph(D) € {1,5} # 3; Codex’s implementation confirms
that representation independently.)

5.2. srg(96,35,10,14). This row carries the comment “pg(5,6,2)?” in Brouwer’s table. Pass
to the complement srg(96, 60, 38, 36), with eigenvalues r = 6, s = —4 (roots of x? — 2z — 24),
f = 32, g = 63, and take the primitive representation G = A + 41, i.e. (p,b,c) = (—4,1,0):
e =10, T =64, v =4, d = 33. Directly G? = 10G + 36.J. Then

o9 s _ 9
96 64_1024’ S 96 16
For h € H: {%h € Z forces 16 | h; + 1024 € 7 forces 32 | h; for h = 32u, 2 1024 =9l =h=0
(mod 2) forces u even. The only divisor of 64 in H is 64, so v = 64,
96-64 3 9642
y=3/64, Y="_-2 g, -2 @ C= — 36.

642 2’ 1024
Exponent. For x € M7* with t = (x,) € %Z, Lemma 2.2 gives 10z = Y zv; — 36ty =
> ziv; — 18(2t)y, and 2y € M (Lemma 2.4(2)), so 10D = 0: D = Dy & D5 with both parts
elementary abelian, and y € Ds.

The 2-part. b(y,y) =Y mod 1 = % is a unit, so Dy = () L . For & € y- N Dy we have
t € Z, and (C) reads 10Q + 36t = 64t = 0 (mod 2), so 10Q € 27Z, i.e. Q € %Z. Since 2z = 0,
Qe %Z; hence Q € Z, so = N Dy is anisotropic of even type, of phase 0 or 4 by (F3). (3) with
q = 3 has phase 7. So ph(D>) € {3, 7}.

The 5-part has phase 0 or 4 by (F3). Hence ph(D) € {3,7}, whereas d =33 =1 (mod 8): (ii)
fails. No srg(96,35,10,14) exists.

The same conclusion holds in every representation of either orientation that the implementation
V1 tested (Table 1); the blind auditor’s weaker decider admits 4 modules, among them (1), in
this representation (it does not use y; out/milgram_paper/rerun_v3.tsv, line “(96, 60, 38, 36)
R a=1 ¢=0") and excludes the row through the odd representation A’ +4I + J =3I — A+ 2J
instead (Lemma 3.5).

5.3. srg(176,25,0,4). Pass to the complement srg(176, 150, 128,126), eigenvalues r = 6, s = —4,
f=5b¢g= 120 and take G = A+ 41: e =10, T = 154, V—4, d = 56; G? = 10G + 126J. Here
k= e = O with 1694 =2-7-11%, and B = 144 = 2. For h € H: 11| h and 1694 | 9h%,

176
so 154 | h; h = 154 satisfies the parity condition (k- 1542 = 126). Thus
176 8
")/—].54, Y—ﬁ—?, Ty—?, C =126.

By Lemma 2.4(3), 10D C (y) = Z/7 and exp D | 70, so D = Dy & D5 & Dy. Multiplication
by 10 is bijective on D7, so D7 = 10D7 C (y), i.e. D7 = (y) with ¢(y) = % =2- %; as (%) =1
and 7 = 3 (mod 4), its phase is 2. On Dy (elementary, orthogonal to y) ¢t € Z and (C) gives
10Q = 154t = 0 (mod 2), so as before Q € Z and ph(D2) € {0,4}; ph(Ds) € {0,4}. Hence
ph(D) € {2,6}, whereas d = 56 = 0. No srg(176,25,0,4) exists.
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5.4. Six further sets. The same computation, with the constants checked by three implemen-

tations (V1, V4, and V5 of Section 7.1; Table 1):

. srg(616 205, 90 57), r=37,s=—-4,G=A+4l: e=41, T =209, d = 56, Kk = T?ng’
=209,Y = 19, ry =19, C =57. exp D | 41 - 19; 41 is invertible on D19, so D19 = ()
Wlth q(y) = 15 = 2 3% of phase 2; ph(Dy1) € {0,4}. So ph(D) € {2,6} # 0.

e srg(300, 26, 4 2) r—6 s=—-4,G=A+4I: e=10, T = 30, d:118,/-$—450,B— 55
v=30,Y =10,7, =1 (y € M), C =2. Then 10D = 0; on D3, (C) gives 10Q +2t? = 30¢
(mod 2) with ¢t € Z, so Q € Z and ph(Ds) € {0,4}; ph(Ds) € {0,4}; d = 6.

e 51g(430,39,8,3), 71 =9, s = -4, G=A+4l: e =13, T =43, d =130, £ = 125,
Y =10, ry =1. Then 13D =0, 13 =1 (mod 4), ph(D) € {0,4}, whereas d = 2.

e s1g(690,318,121,168), via the complement srg(690, 371,220, 175) with r = 49, s = —4,
G=A+4I: e=53,T=375,d=46, k = 55=, B= 1,7 =75,Y =46, r, = 1. Then
53D =0, 53 =1 (mod 4), ph(D) € {0,4}, whereas d = 6.

o srg(508,247,126,114), r = 19, s = -7, f = 127, G = A+ 7T+, ie. (p,b c) (—7,1,1):
e =26, T =762, v =8 d= 128 r = 22 (48387 = 3.127%), B = L. For h € H:
381 | h and h = 381 fails the parity condition (kh? = 276), h = 762 passes, so 7 = 762,
Y = , ry =3, C =1104. expD | er, = 2-3-13; 26 is invertible on the elementary
group D3, so D3 = 26D3 C (y), i.e. D3 = (y) with ¢(y) =  of phase 2; ph(D13) € {0,4};
on the elementary Dy | 4, t € Z and (C) gives 26Q + 1104t? = 762t, i.e. 26Q € 2Z, so
Q € Z and ph(D3) € {0,4}. So ph(D) € {2,6}, whereas d = 0.

o stg(1072,391,150,138), r = 23, s = —11, f = 335, G=A+11I+7] ic (,o,b ¢) =
(—11,1,1): e = 34, T = 1474, v = 12, d = 336, & = gos (49379 = 11-672), B = 2,
v = 737 (737 | h for h € H, and s - 7372 = 495 is odd like 737), Y = ijf, ry = 11,

C = 495. expD | 2-11-17; as before Dy; = (g) with q(y) = 2 = 2. & (11) — 1,

v =43,

==
phase 2; ph(D17) € {0,4}; on Do, 34Q + 495t = 737t with t € Z gives 34Q € 27, Q € Z,
ph(D3) € {0,4}. So ph(D) € {2,6}, whereas d = 0.
The last two rows are not excluded by V3 (Section 7.1), which does not use y: there the trivial
module (M unimodular, possible since d = 0 (mod 8)) and several others pass Proposition 3.4;
it is condition (iii) — an element of order r, = 3 resp. 11 must exist — together with (iv), which
pins the r,-part to (y), that excludes them. The programs V1, V4 and V5 also exclude the
second primitive representation (19, —1,1) resp. (23, —1,1) (Table 1); that case is not written
out here.

5.5. Two known cases. srg(75,32,10,16) (Azarija-Marc [1]: star complements and an ex-
haustive computer search). Here r = 2, s = —8, f = 56, g = 18. Take (p,b,c) = (2,—1 2)
G=2I-A+2J: e=10,T=-30+150=120, v =4, d =g+ 1 =19, kK = =% = 5o,
B = % = 1%. For h € H: 15| h and 900 | 11h2 give 30 | h; h = 30 fails the parity condition
(k- 302 = 11 odd, 30 even) and h = 60 satisfies it (x - 60 = 44). So v = 60, Y = 75&)%0 =3,
ry =2, C =44. As for (96,35, 10,14): 10z = —22(2t)y (mod M) with 2y € M, so 10D =0; y
splits off Dy with ¢(y) = g = %, phase 1; on - N Do, (C) gives 10Q + 44t> =60t =0, so Q € Z
and the phase is 0 or 4; D5 has phase 0 or 4. Hence ph(D) € {1,5}, whereas d = 19 = 3 (mod 8).
This is a computer-free second proof. (V1 excludes the row in all six representations it tried, V3
in the centred representation 5(21 — A) + 2.J.)

srg(289,54,1,12) (Bondarenko-Radchenko [6]): Remark 4.3.
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6. ALL ROWS EXCLUDED

Table 1 lists every open complementary pair of Brouwer’s table that failed the condition in at
least one representation, by any implementation of Section 7.1. Data cut-off: 9 October 2026,
18:00 CEST; table snapshot of 8 October 2026 (v < 1300). The V1 scan is complete: all 1402
open complementary pairs with integral eigenvalues, both sides (2804 representations), with the
227 representations that timed out at 90s re-run at 900s (out/milgram_final/coverage.txt).
It excludes 70 pairs; 1318 pairs admit a module on both sides, and 14 pairs admit one on one side
while the other side is still undecided after 900s (listed in Section 8). No other implementation
excludes a pair that V1 does not.

Of the 70 pairs, 28 are proved by hand in this paper (Section 5 or Corollary 4.1 — the parity
rows need only the arithmetic shown in the last column), and 42 rest on exhaustive finite
computations by at least two independent programs, namely (105,40, 15,15), (112, 36, 10, 12),
(120, 34,8,10), (120, 35,10, 10), (133,32,6,8), (209, 52,15,12), (352,26,0,2), (391, 182,93,77),
(441,190,89,76), (456,130,24,42), (456,195,74,90), (494,85,12,15), (507,138,49,33),
(507,240,106, 120), (508,234,100,114), (560,247,102,114), (630,68,1,8), (664,170,24,50),
(690, 260,94,100), (715,272,102,104), (721,220,69,66), (732,238,92,70), (741,260,91,91),
(750,210,55,60), (750,214,63,60), (760,252,82,84), (780,246,76,78), (780,247,78,78),
(780, 369, 158, 189), (836,375, 190, 150), (875,304, 78,120), (931, 180, 29, 36), (1026,451,212, 187),
(1140, 391,126, 138), (1148,481,210,195), (1183,192, 26, 32), (1190, 492,202, 204),
(1190, 493,204, 204), (1236, 195,34, 30), (1248,203,22, 35), (1276,204, 14, 36), (1288, 195, 26, 30).
No pair rests on one program only. Every (row, representation) pair that V1 excludes (151 in all)
was re-decided by V4 and by V5: 151 agreements, no disagreement, no timeout; so every C2
row is excluded by V1, V4 and V5 alike, and some also by V3. Codex’s own table run (review
C35, out/codex/c35/table_results.json) ran V4 on both orientations of the 48 rows of the
previous version of this table: 81 representations without admissible module, 15 timeouts, none
admissible. Every pair in the table has status “?” in the snapshot of 8 October 2026; the
snapshot of 9 October held in the repository covers only v < 750, and agrees there.

A “C” grade means: an exact enumeration of all finite quadratic modules allowed by (F2) on
the relevant primes found none satisfying the conditions; there is no certificate beyond rerunning
the enumeration. Timeouts are never counted as exclusions; where an implementation timed out
on some representation of a row, the row is listed on the strength of the representations that
were decided.



Table 1: Open complementary pairs of Brouwer’s table (v < 1300) that fail the condition, in Brouwer’s layout:
the first line of a pair is (v, k, A\, u) with 2k < v and its eigenvalues rf, s9, the second line the complement.
Representations (p,b,c)q mean G = b(A — pI) + ¢J on the first orientation, of rank d (a representation of the
complement is converted by (p,b,c) — (—1 — p, —=b,c 4+ b)). Columns V1-V5: representations without admissible
module / representations decided (timeouts excluded); V2 is a cross-check only. P: Corollary 4.1 fails. Grade (gr.):
H = hand proof in this paper (all H rows are also excluded by at least one program); C2 = excluded by at least
two of the independent programs V1, V3, V4, V5; C1 = by one of them only. For H rows the first representation
is the one used in the proof, followed by the programs that also exclude it.

v kA u rf s V1 V2 V3 V4 V5 P gr. representations reason

96 35 10 14 3% 7% 6/6 4/4 1/9 4/4 4/4 — H proof (3,—1,1)33 [V1,V4,V5] ph € {3,7} vs d = 33 (§5)
60 38 36 632 4% V3 (3,-1,2)33

105 40 15 15 5% 5% 6/6 4/4 1/8 4/4 4/4 — C2 V1 (=5,1,1)4 no admissible module
64 38 40 4% 6% V3 (5,—1,2)s7

112 36 10 12 4% 6% 6/6 4/4 1/9 4/4 4/4 — C2 V1 (4,—1,2) no admissible module
75 50 50 5% 583 V3 (4,—1,1)49

120 34 8 10 4% 6% 6/6 2/2 2/10 2/2 2/2 — C2 V1 (4,—1,2)s no admissible module
8 60 60 5°1 5% V3 (—6,1,0)69

120 35 10 10 5% 5% 6/6 2/2 2/9 2/2 2/2 - (C2 V1 (=5,1,1)57 no admissible module
84 58 60 4% -6 V3 (=5,1,0)s57

133 32 6 8 4%  —6°¢ 6/6 2/2 1/8 2/2 2/2 — C2 V1 (4,-1,2)s7 no admissible module
100 75 75 5°¢ 576 V3 (=6,1,1)77

169 42 5 12 3% 10" 6/6 2/2 6/8 2/2 2/2 yes H proof (—10,13, —4)126 [V3,P] parity, £ = 13%, n = 126 (§5)
126 95 90 92 4! V1 (3,-1,1)43

169 70 27 30 5% 80 6/6 2/2 4/8 2/2 2/2 yes H proof (5,—13,5)70 [V3,P] parity, £ = 169, n = 98
98 57 56 70 —6% V1 (5,-1,1)n

176 25 0 4 320 7% g/6 2/2 1/10 2/2 2/2 - H proof (3,—1,1)s6 [V1,V4,V5] ph € {2,6} vs d = 56 (§5)
150 128 126  6°° —4120 V3 (=7,1,1)121

200 52 15 12 8% 5132 /6 2/2 1/8 2/2 2/2 — C2 V1 (=5,1,1)7r no admissible module
156 115 120 4132 976 V3 (8,—1,2)133

235 52 9 12 5™ 8% 5/5 2/2 3/8 2/2 2/2 yes H proof (5,—5,1)94 [V3,P] parity, £ = 65, n = 94
182 141 140  79* —6MO V1 (5,—1,1)0s

280 90 23 30 5'% —12° 3/3 2/2 3/8 2/2 2/2 yes H proof (5,—17,5)90 [V3,P] parity, £ = 289, n = 198
198 137 132 11%°° —¢'® V1 (5,—1,1)01

145
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v k A rf s9 V1 V2 V3 V4 V5 P gr. representations reason

289 126 53 56 7'%? —10'%° 2/2 2/2 7/8 2/2 2/2 yes H proof (7,—17,7)126 [V3,P] parity, £ = 289, n = 162
162 91 90 9'2¢ _gl62 V1 (7,—1,1)127

300 26 4 2 67 —4'2 9/2 1/1 2/10 2/2 2/2 - H proof (—4,1,0)11s [V1,V3,V4,V5] ph € {0,4} vs d = 118 (§5.4)
273 248 252 318 717

352 26 0 2 428 ¢ 9/2 1/1 1/10 2/2 2/2 - C2 VI (4,-1,2)1u no admissible module
325 300 300 5'3 5208 V3 (—6,1,0)209

375 154 53 70 4398 _21%6 2/2 - 2/8 2/2 2/2 yes H proof (4,—5,2)es [V3,P] parity, £ = 125, n = 66
220 135 120 206 5308 V1 (4,-1,2)67

375 170 85 70 20% 5% 2/2 2/2 2/8 2/2 2/2 yes H proof (20, —5,2)306 [V3,P] parity, £ = 125, n = 306
204 103 120 4306 _21%8 V1 (=5,1,1)69

391 140 39 56 432 _—21%% 2/2 - 1/8 2/2 2/2 yes H proof (—21,17,—7)322 [V3,P] parity, £ = 425, n = 322
250 165 150 20% 5322 V1 (4, —1,2)69

391 182 93 77 21% 532 9/2 2/2 1/8 2/2 2/2 - C2 VI (=5,1,1)6 no admissible module
208 102 120 4322 9268 V3 (21,17, 7)322

430 39 8 3 99 430 9/9 2/2 5/9 2/2 2/2 — H proof (—4,1,0)130 [V1,V3,V4,V5] ph € {0,4} vs d = 130 (§5.4)
390 353 360 3%%° —10'*

441 190 89 76 19%®  —6%*2 2/2 2/2 2/8 2/2 2/2 - (C2 VI (—6,1,0)9 no admissible module
250 135 150 5%*2  —20% V3 (—6,1,0)99

456 130 24 42 4380 9297 1/1 - 2/10 1/1 1/1 - C2 VI (-22,1,0)3s: no admissible module
325 236 220 217° 5380 V3 (—22,1,0)381

456 195 74 90 530 —21% 2/2 2/2 1/9 2/2 2/2 - C2 VI (5,—1,1)e no admissible module
260 154 140 209 —639° V3 (—21,1,0)361

494 85 12 15 7 —10*® 2/2 - 4/9 2/2 2/2 - C2 V1 (7,—1,1)209 no admissible module
408 337 336 9208 g5 V3 (7,—1,1)209

507 44 1 4 5308 8198 9/9 92/ 3/8 2/2 2/2 yes H proof (5,—13,1)19s [V3,P] parity, £ = 169, n = 198
462 421 420 7Y% %08 V1 (5,—1,1)199

507 138 49 33 21°2 5% 2/2 2/2 1/8 2/2 2/2 - C2 V1 (-=5,1,1)e3 no admissible module
368 262 280 411 2292 V3 (21,-13,3)414

507 240 106 120 6%%° —20'% 2/2 2/2 3/8 2/2 2/2 - C2 V1 (6,—1,2)127 no admissible module
266 145 133 1926 7380 V3 (6,—13,6)126
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v k A rf s9 V1 V2 V3 V4 V5 P gr. representations reason

508 234 100 114 6%' —20'% 1/1 - 2/10 1/1 1/1 - C2 V1 (-20,1,0)3s2 no admissible module
273 152 140 19'%¢ 7381 V3 (6,—1,2)127

508 247 126 114 1927 7389 2/2 2/2 0/9 2/2 2/2 — H proof (=7,1,1)128 [V1,V4,V5] ph € {2,6} vs d = 128 (§5.4)
260 126 140 63%0 —20'%7

560 247 102 114 739 —19'%° 2/2 1/1 1/9 2/2 2/2 - C2 V1 (7,—1,1)ie no admissible module
312 178 168 1860  _g399 V3 (7,-1,1)161

616 205 90 57 37°° 4% 2/ 2/9 2/2 2/2 — H proof (—4,1,0)ss [V1,V4,V5] ph € {2,6} vs d = 56 (§5.4)
410 261 296 3°60 _385° V3 (37, —1,1)s61

625 130 15 30 5%* —20'%0 2/2 2/2 4/8 2/2 2/2 yes H proof (5,—5,1)130 [V3,P] parity, £ = 625, n = 494
494 393 380 19'3° g1 V1 (5,—1,1)131

625 182 45 56 T7*? —18'2 2/2 - 6/8 2/2 2/2 yes H proof (7,—25,7)1s2 [V3,P] parity, £ = 625, n = 442
442 315 306 17'82 g2 V1 (7,-1,1)183

625 234 83 90 9%° —16%* 2/2 2/2 6/8 2/2 2/2 yes H proof (9,—25,9)234 [V3,P] parity, £ = 125, n = 390
390 245 240 1523 —10%%° V1 (9, —1,1)235

625 286 129 132 113%%® 148 2/2 2/2 3/8 2/2 2/2 yes H proof (11,—25,11)ss6 [V3,P] parity, £ = 625, n = 338
338 183 182 13286 _12338 V1 (11, —1,1)287

630 68 1 8 50 _12'8 9/2 2/2 5/9 2/2 2/2 — C2 VI1(5,—1,1)100 no admissible module
561 500 495 11'%9 -0 V3 (5,—10,1)1s9

664 170 24 50 4% _30% 2/2 2/2 1/10 2/2 2/2 - C2 VI (4,-1,2)s4 no admissible module
493 372 348 2933 5580 V3 (—30,1,0)s81

690 260 94 100 10** —16%" 1/1 - 1/9 1/1 1/1 - C2 VI (-16,1,0)a15 no admissible module
429 268 264 15275 —11%H4 V3 (—16,5, —2)a14

690 318 121 168 3% 50" 2/2 1/1 4/9 2/2 2/2 - H proof (3,—1,1)4 [V1,V3,V4,V5) ph € {0,4} vs d = 46 (§5.4)
371 220 175 49% 454

715 272 102 104 1257% 1434 2/2 - 1/8 2/2 2/2 - C2 V1 (12,—1,2)su no admissible module
442 273 273 13%40 133%™ V3 (—14,5,—2)374

721 220 69 66 14%°% —11*'2 2/2 - 2/8 2/2 2/2 - C2 V1 (=11,1,1)309 no admissible module
500 345 350 10*'2 —15%08 V3 (—11,1,1)309

732 238 92 70 28" 6% 2/2 - 1/10 2/2 2/2 -~ C2 V1 (—6,1,0)123 no admissible module
493 324 348 5599 _99!22 V3 (=6,1,0)123




v k A rf s9 V1 V2 V3 V4 V5 P gr. representations reason

741 260 91 91 13%6°9 13380 2/2 — 1/8 2/2 2/2 - C2 V1 (-13,1,1)361 no admissible module
480 310 312 12380 —143%° V3 (13, —1,2)3s1

750 210 55 60 10"t —15%%% 2/2 - 3/9 2/2 2/2 - C2 V1 (10,—1,2)309 no admissible module
539 388 385 1439 114! V3 (10, —1,2)309

750 214 63 60 1432 —11*2® 2/2 2/2 3/9 2/2 2/2 - C2 V1 (=11,1,1)322 no admissible module
535 380 385 10%%% 1532 V3 (—11,10, —3)321

760 252 82 84 12%9 _—14%%° 2/2 - - 2/2 2/2 - C2 V1 (12,-1,2)361 no admissible module
507 338 338 13360 1339 V4 (12, -1,2)361

780 246 76 78 12*9 14369 2/2 2/2 2/10 2/2 2/2 - C2 V1 (12,—1,2)s70 no admissible module
533 364 364 13%69 13410 V3 (12, —1,2)370

780 247 78 78 13%° —13%9 2/2 - - 2/2 2/2 - C2 V1 (=13,1,1)ss: no admissible module
532 362 364 12399 14380 V4 (=13,1,1)3s1

780 369 158 189 575 —36'°* 2/2 1/1 2/9 2/2 2/2 - C2 V1 (5,—1,1)10s no admissible module
410 229 200 35'0%  —g%7° V3 (5,—1,1)105

836 375 190 150 45 579 2/2 2/2 1/9 2/2 2/2 - C2 V1 (=5,1,1)m no admissible module
460 234 276 479 —467° V3 (=5,1,1)77

841 150 11 30 550 —24'° 92/2 - 3/8 2/2 2/2 yes H proof (5,—29,5)150 [V3,P] parity, £ = 841, n = 690
690 569 552 23'%0 g% V1 (5,—1,1)15

841 210 41 56 750 22210 9/9 _ 5/8 2/2 2/2 yes H proof (7,—29,7)210 [V3,P] parity, £ = 841, n = 630
630 475 462 21%10 8630 V1 (7,-1,1)2n1

841 270 79 90 9°7° —20*° 2/2 - 6/8 2/2 2/2 yes H proof (9,—29,9)a70 [V3,P] parity, £ = 841, n = 570
570 389 380 19*™ —10°7 V1 (9, —1,1)271

841 330 125 132 11°'° —18%° 2/2 - 5/8 2/2 2/2 yes H proof (11,—29,11)330 [V3,P] parity, £ = 841, n = 510
510 311 306 1733 —125%0 V1 (11, -1,1)331

841 390 179 182 13*° 163 2/2 - 4/8 2/2 2/2 yes H proof (13, —29,13)300 [V3,P] parity, £ = 841, n = 450
450 241 240 15390 —14%%0 V1 (13, -1, 1)301

871 348 137 140 13*%® 162 2/2 - 3/8 2/2 2/2 yes H proof (13,—13,5)402 [V3,P] parity, £ = 377, n = 402
522 313 312 1502 14468 V1 (13, —1,1)403

875 184 33 40 952 162 2/2 2/2 5/8 2/2 2/2 yes H proof (9, —5,1)322 [V3,P] parity, £ = 125, n = 322
690 545 540 15°22 1052 V1 (9, —1,1)323
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875 304 78 120 4™ —467% 2/2 2/2 1/8 2/2 2/2 C2 V1 (4,-1,2)77 no admissible module
570 385 345 4570 57 V3 (—46,5, —2)70s

931 180 29 36 95 1632 2/2 - - 2/2 2/2 C2 V1 (9,-1,1)343 no admissible module
750 605 600 15%*2 —10°%8 V4 (9, —1,1)343

1026 451 212 187 3318 886 9/9 . 2/2 2/ C2 V1 (—8,1,0)190 no admissible module
574 309 336 7836 _34'%° V4 (—8,1,0)190

1072 391 150 138 23%% —117%6 2/2 - 0/9 2/2 2/2 H proof (—11,1,1)336 [V1,V4,V5] ph € {2,6} vs d = 336 (§5.4)
680 426 440 10736 24335

1140 391 126 138 1179 —23%80 2/2 - - 2/2 2/2 C2 V1 (11,—1,1)381 no admissible module
748 494 484 22380 12759 V4 (11, -1, 1)381

1148 481 210 195 26°%® —11%° 1/1 - - 1/1 1/1 C2 V1 (=11,1,1)329 no admissible module
666 379 396 10%1° 27328 V4 (—11,1,1)329

1183 192 26 32 107%° —16%2 2/2 - - 2/2 2/2 C2 V1 (10, —1,2)463 no admissible module
990 829 825 15%2 11720 V4 (10, —1,2)463

1190 492 202 204 16°' —18°7* 2/2 - - 2/2 2/2 C2 V1 (16, —1,2)s75 no admissible module
697 408 408 17°7% —17%1° V4 (16, —1,2)s75

1190 493 204 204 1758 17599 9/9 - - 2/2 2/2 C2 V1 (=17,1,1)s81 no admissible module
696 406 408 16509 —18580 V4 (—17,1,1)s81

1236 195 34 30 15°%% —117* 2/2 - - 2/2 2/2 C2 V1 (=11,1,1)s16 no admissible module
1040 874 880 10™° —16°'° V4 (—11,1,1)s516

1248 203 22 35 8% 213! 9/9 - - 2/2 2/2 C2 V1 (8,-1,2)352 no admissible module
1044 875 864 20%51 989 V4 (8,—1,2)352

1276 204 14 36 6'9% —28%' 1/1 - - 1/1 1/1 C2 V1 (-28,1,0)1045 no admissible module
1071 902 882 2731 _7io4d V4 (—28,1,0)1045

1288 195 26 30 117 —15°2 1/1 - - 1/1 1/1 C2 V1 (11,-1,1)s553 no admissible module
1092 926 924 14°°2 12735 V4 (11, —1,1)s53
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7. IMPLEMENTATIONS AND CONTROLS

7.1. Implementations.

Vi1

V2

V3

V4

V5

P

scripts/s4lat_milgram.py (derivation lane). Theorem 3.1 for primitive representations,
with (iv) weakened to exp D | er,; enumerates all anisotropic modules supported on the
primes of er,, exact isometry classes, no order cap. Driven over the table by scripts/
s4lat_allopen.py (one orientation per complementary pair, the smallest admissible
c on each side, 90s per representation; a timeout is recorded and never counted as an
exclusion).

scripts/ideas_2026_09_27/lattice_route_survey.py, an older classifier inherited
from earlier work (order cap 20000, no test of (iv)); used only as a cross-check of V1’s
exclusions (out/s4lat/kills_all_xcheck.txt).
scripts/audit_milgram_fable_decider.py, written blind by the auditing session be-
fore it read the derivation. Proposition 3.4 on 8-10 standard representations per row
(centred, primitive, b = +2; odd ones via Lemma 3.5); it does not use .
scripts/codex_audit_milgram.py (Codex review), standard library only, imports noth-
ing from V1-V3. Theorem 3.1 with the weaker, unconditionally valid exponent bound
e-den(C) - r}; run on the seven rows of Section 5 (one or two representations each) in
the review, and for this version, unchanged, on every (row, representation) pair that
V1 excludes (driver scripts/milgram_final_v4.py, output out/milgram_final/v4_
kills.tsv, 1800s per representation).

scripts/milgram_final_ycheck.py, written for the final scan in a separate Claude
session without reading or importing V1-V4. Theorem 3.1 for primitive representations, in
two modes: with (iv) in full (eD C (y), tested element by element) and with (iv) weakened
toexp D | ery (exactly what V1 tests); p-parts as in (F2), the 2-part by brute force over all
quadratic forms on the six groups, odd parts from the classification; Gauss sums evaluated
numerically and required to be normalised. Run on every pair that V1 excludes in the
weak mode (so a V5 exclusion is at least as strong as V1’s), and on every representation of
the existing-row control in the full mode (out/milgram_final/ycheck_kills_exp.tsv,
ycheck_known_full.tsv).

out/milgram_paper/parity_scan.py: Corollary 4.1 on every row.

V1, V5 and P were written by Claude sessions (in separate sessions), V3 by a Fable session
working blind, V4 by Codex (see the acknowledgements); V1 and V2 share an author lane, so V2
is not counted as independent. V5 is counted as independent of V1 (separate session, no shared
code), but it shares the model family of V1; every C2 row of Table 1 is also confirmed by V3 or
V4 unless stated otherwise.

7.2. Controls. All counts below were read from the cited logs on 9 October 2026 (cut-off 18:00
CEST); the V3 scan of the open rows is given as a snapshot at that cut-off.

(1)

Real graphs, actual lattices. The blind audit [13] built 254 strongly regular graphs (158
parameter sets including complements: triangular, lattice and Latin-square graphs, Paley
graphs up to 169, generalized quadrangles, polar and affine polar graphs, Steiner-system
block graphs, and sporadic graphs up to McLaughlin), computed in PARI/GP [29] the
vertex lattice, a maximal even overlattice M and D(M) for 8-10 standard representations
each, and checked anisotropy, the Milgram phase and the norm set of Proposition 3.4:
1304 records, 0 violations (out/audit_milgram_fable/compare_run2.txt). The class
y of Lemma 2.4 was checked on the actual M in 560 records with 7" > 0 and even
L:ye M#, ~|(M,%) and ordjj = ry in every record, 0 violations (scripts/audit_
milgram_fable_check_y.py, rerun, output out/milgram_paper/check_y_rerun.txt;



18

ANTON KOVAL

also reproduced by the referee). Independently, the derivation lane checked 112 (graph,
representation) pairs on 28 graphs against every condition of Theorem 3.1, including (iv)
and (C) on every class: 0 violations (out/s4lat/realcheck.log).

FEvery existing row. V1 on all 557 complementary pairs of the table with status “+”
or “!” and integral eigenvalues (v < 1300, both sides): 1114 representations, 1043
decided, 71 timeouts at 90s, 0 exclusions (out/s4lat/allopen_known.tsv). V3 on all
458 existing rows with v < 400 (each orientation counted): 4034 representations, 0
exclusions (brouwer_scan_existing.tsv). V4 on 112 existing rows: 222 representations
admissible, 2 timeouts, 0 exclusions (out/codex/c31/controls.json). P on all 1096
existing rows (each orientation counted) with v < 1300: 0 exclusions. V5 (full mode, all
of (i)—(v)) on the same 1114 representations as V1: 1114 admissible, 0 timeouts at 300,
0 exclusions (out/milgram_final/ycheck_known_full.tsv).

A recent construction. srg(85,30,11,10) (Hancock, status “+” since 2026, smallest
eigenvalue —4) and its complement: V1 finds exactly one admissible module in each
of the 12 primitive representations tried, V3 accepts all 16 standard representations
(out/milgram_paper/controls_known.txt, out/audit_milgram_fable/control_85_
30.txt); the audit reports that V4 accepted the 4 representations it was run on (no log
of that run is archived).

Known nonexistence. srg(75,32,10,16) fails in all 12 primitive representations V1 tried
(both orientations) and in the centred representation for V3; srg(289, 54,1, 12) fails in
5 of 5 for V1, 3 of 8 for V3, and fails P. The known nonexistent rows (49, 16, 3,6),
(57,14,1,4), (95,40, 12,20), (96, 38,10, 18) and (1127,486, 165, 243) are not excluded: V3
accepts every standard representation of both orientations of the first four (out/milgram_
paper/control_unreproduced_v3.txt); for the last see Section 9. The condition is not
a complete test.

8. LiMITS

Remark 8.1 (The genus is not a parameter invariant). The test asks whether some finite quadratic

module satisfies (i)—(v); it never assumes that the parameters determine D(M). They do not. The
generalized quadrangles W (3) and Q(4, 3) are both srg(40, 12,2, 4); in the same representation G =
A+4I (rank 25) the blind audit computed D(M) = (3) (det M = 2) for W (3) and D(M) of order
72, with invariants Z/6 ©7Z/6 & Z/2, for Q(4,3) (out/audit_milgram_fable/truth/W_3.jsonl,
Q4_3.jsonl). Pairs related by Seidel or Godsil-McKay switching (e.g. T'(8) and the Chang
graphs) do not show this, because switching preserves the rational class of the eigenspace. Any
argument that pins |D(M)|, the Hasse invariants or the genus from the parameters alone is
therefore unsound; the implementations only test existence.

e Representations. Only finitely many representations are tested per row. A row that passes

in every tested representation is not thereby shown to pass the condition; conversely a
single failing representation suffices (Remark 3.2).

Scan coverage. The V1 scan of the open rows is complete (Section 6), but 14
open pairs are undecided on one side after 900s (the other side admits a mod-
ule):  (381,114,29,36), (676,150,23,36), (736,350,162,170), (775,288,98,112),
(868, 408, 182, 200), (931,390,173, 156), (946, 243, 60, 63), (981, 340,115,119),
(993,310,89,100),  (993,352,131,121), (1036,405,138,171),  (1055,186,17,36),
(1156, 567,258,297), (1208,459,150,189). Only the smallest admissible ¢ is tested on
each side, and V3’s scan of open rows covers only v < 750 (it had reached v = 639 at the
cut-off). Further exclusions in other representations are therefore possible.



THE BMV LATTICE METHOD FOR STRONGLY REGULAR GRAPHS 19

e Strength. The test is genus-level. Where admissible modules exist (e.g. srg(88,27,6,9),
srg(99, 14, 1,2), srg(162, 21,0, 3), each with a unique admissible module in its smallest
representation) it says nothing; it also misses srg(1127,486, 165,243), which the full
method of [3] excludes (Section 9); and the theta-series refinements of [14, 16, 17] were
found too weak at smallest eigenvalue —4 (derivation notes, docs/s4lat_2026_10_08.md,
§§3-6).

o Computer-assisted rows. The C2 rows of Table 1 rest on exhaustive finite enumerations
repeated by at least two independent programs; no row of the current table rests on one
program only, but no certificate other than rerunning the enumeration exists.

9. NOVELTY

This section summarises a literature search made on 9 October 2026 (docs/novelty_milgram_
obstruction_2026_10_09.md). It is a web and library search; it did not include MathSciNet
citation searches forward from [3, 25] or the Russian-language literature (in particular the
Makhnev school).

The method is not new. Taking the lattice spanned by a Euclidean representation of a
two-distance set, bounding its discriminant group by the design identities, passing to an even
sublattice or overlattice, requiring anisotropy and comparing Gauss sums via the Milgram—Braun
formula, with 2-adic congruences for characteristic vectors, is the method of Bannai, Munemasa
and Venkov [3] (who credit Martinet for one case) and of Nebe and Venkov [25], developed for
tight spherical designs; tight 4-designs are strongly regular graphs. Akiyama [2] used the step
“maximal integral overlattice = anisotropic discriminant form, killed by an explicit exponent” for
srg(266,45,0,9) (an unrefereed preprint). The finite-quadratic-form facts are classical [24, 11, 22];
the parity congruence (F5) is textbook [11, 12].

What appears to be new. (a) The dual-vector identity with the class y for an arbitrary
integral representation b(A — pI) + ¢J (centred and non-centred, rescaled, and odd via the even
sublattice) of an arbitrary strongly regular graph with integral eigenvalues, and the resulting
uniform condition on the parameters; (b) the application of (F5) to the centred representation
(Corollary 4.1) and the resulting exclusion of all NL,,(q) parameter sets with g a power of a prime
p=1 (mod 4) and m odd (Corollary 4.2); (c) the sweep of Brouwer’s table and the exclusions of
Table 1. The feasibility conditions collected by Brouwer and van Lint [5] and by Brouwer and
Van Maldeghem [8] contain no lattice, genus or Gauss-sum condition (the only quadratic-form
condition is the sum-of-two-squares condition for conference graphs), Brouwer’s reference list
contains none of [3, 25], and every open row of Table 1 carries a bare “?” (or a comment about an
associated partial geometry) with no feasibility reason. Searches for (176,25,0,4), (169, 42,5,12)
and pg(5, 6,2) found no exclusion.

Reproductions. Both known cases of Section 5.5 were proved by non-lattice methods —
srg(75,32,10,16) by star complements and computer search [1], srg(289, 54, 1,12) by a Euclidean
representation, an Fs-structure and a Diophantine equation [6] — so the proofs here are indepen-
dent second proofs by a different method, not restatements. Conversely, srg(1127,486,165,243),
excluded in the table with a reference to Makhnev and, as the tight 4-design in dimension 46,
also by [3], is not excluded by our condition: V1 finds 16 admissible modules in the representa-
tion A 4 41 of the complement (1127, 640,396, 320) (rank 47) and V3 accepts all 16 standard
representations of both orientations (out/milgram_paper/control_1127_v3.txt); [3] needed
gluing and theta series for it.

Further checks. A specialist in lattices and spherical designs may know whether the general
dual-vector identity and the y refinement appear elsewhere; a citation-forward search on [3, 25]
and a search of the Russian-language literature would settle this. The rows of Table 1 and the
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two reproductions of Section 5.5 can be checked against Brouwer’s table and by rerunning the
deciders from the data archive.
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This work was done with substantial assistance from Al systems. They are not authors; the
author is responsible for all content. Claude (Anthropic), working in the author’s repository
under the author’s direction, produced the derivation, the hand proofs of Section 5 (in their
original form), the implementations V1 and the table scans, and drafted this text, including
Corollary 4.1 in the general form stated here and its scan. A separate Claude session on a different
model family (Fable) carried out a blind adversarial audit: it re-derived the obstruction from
first principles before reading the derivation, wrote the decider V3, computed actual discriminant
forms of 254 real graphs, and found the W (3)/Q(4, 3) example of Remark 8.1. Codex (OpenAlI’s
coding agent) independently reviewed the uniform lemma and the two main hand proofs, found
the missing step in Lemma 2.4(3) and supplied its repair, and wrote V4. A further Fable session
made the literature check of Section 9. The author coordinated the sessions. No step rests on
the judgement of an Al system: every claim is either proved in the text or is an exact finite
computation that can be rerun.

DATA AVAILABILITY

The Lean 4 formalization of Section 4 is at https://github.com/tonykoval/
srg-parity-lean. The scripts, scan outputs and notes cited by path are deposited with this
preprint on Zenodo in the data archive milgram_obstruction_data.zip (repository-relative
paths as cited; the archive’s README lists its contents and how to rerun the deciders). The
table of Section 6 is regenerated by out/milgram_paper/make_table.py from the scan outputs
(out/s4lat/allopen_open_x*.tsv, out/milgram_final/) together with compile_kills.py,
rerun_rows.py, v3_parity_rows.py and parity_scan.py; the controls are listed in Section 7.
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