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Abstract

Let X ⊂ Pn+1 be the complex Fermat variety of degree m ≥ 3 and even dimension
n = 2k, and let L(X) ⊆ Hn(X;Z) be the subgroup generated by the classes of its standard
k-dimensional linear subspaces. Degtyarev and Shimada conjectured that Hn(X;Z)/L(X) is
torsion free [DS, Conjecture 1.2]. We prove this conjecture for every degree m ≥ 3 in
every even dimension, modulo two topological results used by [DS]: Pham’s theorem on
the homology of the affine Fermat variety, and their intersection numbers. Its algebraic form
— the quotient Z[G]/(ψJ) of the group ring of [DS] is free abelian of rank m2k+1 −Qk(m)
— is proved with no topology, and it has been verified for every degree by a complete proof
in the proof assistant Lean 4 with the Mathlib library, with no gap and no axiom beyond the
three standard ones. The proof reduces the conjecture, prime by prime, to dimension counts
in truncated polynomial rings, proved by peeling off one variable at a time. Consequences:
the integral Hodge conjecture for X whenever m is prime, or m = 4, or m is prime to (n+1)!,
with the integral Hodge classes of middle degree generated by the standard linear subspaces
— in particular for the Fermat quartic of every even dimension; and the primitivity of the
sublattices spanned by the linear subspaces that [DS] exhibit on the partial Fermat varieties,
which [DS] proved conditionally on the conjecture. This work has not been refereed by a
human expert.

1. Introduction and main results

1.0 Summary of results

m ≥ 3 is the degree, n = 2k the dimension, N = 2k + 2, and Qk(m) = |ΓJ | is the number of
§1.2. «Lean» means that the statement is proved in Lean 4 with Mathlib, with no gap and no
axiom beyond propext, Classical.choice and Quot.sound (§14.8, [LC]).

Result What it says Range What it rests
on

Lean

Main
Theorem’
(§1.2)

R/(ψJ : J ∈ J ) is free abelian
of rank m2k+1 −Qk(m); the
same dimension over every field

every m ≥ 3,
k ≥ 1

nothing outside
this paper: the
upper bound is
[DS, Claim 4.3],
a count of
points re-proved
in Appendix B,
Step 6

yes, every
m ≥ 1, k ≥ 0
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Result What it says Range What it rests
on

Lean

Main
Theorem =
Conjecture
1.2 of [DS]
(§1.2)

H2k(X;Z)/L(X) is torsion
free, and
rankL(X) = Qk(m) + 1

every m ≥ 3,
k ≥ 0

Main Theorem’
and [DS,
Theorems
1.1(a), 1.4],
which
Appendix B
derives from
Pham’s
theorem [Ph]
and [DS,
Theorem 2.2]

the algebraic
form only

Corollary
H (§1.3, §12)

L(X) is primitive in Hdg(X)
with free quotient of rank
|B| −Qk(m); Hdg(X) = L(X)
iff m is prime, m = 4, or
gcd(m, (n+ 1)!) = 1, and then
the integral Hodge conjecture
holds for X

every m ≥ 3,
k ≥ 1

the Main
Theorem; the
classical facts
(H1)–(H3);
Aoki’s theorem
(H5) [Aok] (for
prime m and
m = 4, the
proofs (H4),
(H4’) given
here)

no

Corollary
W (§1.4,
§13)

the linear subspaces of [DS] on
the partial Fermat varieties
span primitive sublattices

every m ≥ 3,
0 ≤ s ≤ d

the Main
Theorem; part
(i) also the
transport
argument of
[DS, §4.6]

no

Theorem B
(§1.5, §5)

the count at the even box
q − 1, with equality and a free
quotient over Z

every odd
q ≥ 3, every
field, every k

— yes, except
the graded
refinement

Theorem C
(§7)

the bipartite counts, ≥;
equality over F̄p (Corollaries
7.8, 9.12)

every q ≥ 2,
fields with
C(q − 1, t) ̸= 0

— yes

Theorem O
(§1.5, §8)

the count at the odd box r,
with equality and a free
quotient over Z

every odd
r ≥ 3, every
field, every k

— yes, except
the graded
refinement

Theorem A
(§1.6, §10)

a different count; it does not
imply the conjecture; as a
count it is due to Kostant
(characteristic 0) and to [BRR]
(odd characteristic)

charF ̸= 2,
odd q

— (Appendix
A)

no

Corollary
10.8

at the odd box, sum and
intersection of the matching
ideals coincide

charF ̸= 2,
odd r

Theorems O
and A

no

Fact 11.2 the analogue of the Main
Theorem for subfamilies of
matchings is false

a computation — no

Everything in this table that is not marked «Lean» was read cold by readers other than its
writer (§14.6). No human expert has refereed this work. What we found in the literature, and
where we searched, is in §1.10.
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1.1 The conjecture

We follow [DS]. Let n = 2k with k ≥ 0, let m ≥ 3, and let X ⊂ Pn+1 be the Fermat variety
zm

0 + · · · + zm
n+1 = 0. All homology is with coefficients in Z.

• J is the set of partitions of the index set {0, 1, . . . , n + 1} into unordered pairs, written
J = [[j0, k0], . . . , [jk, kk]] with ji < ki and j0 < j1 < · · · < jk; in particular j0 = 0. There
are |J | = (2k + 1)!! of them.

• For J ∈ J and β = (β0, . . . , βk) with βm
i = −1, the standard k-space LJ,β ⊂ X is given

by zki
= βizji (i = 0, . . . , k).

• For ∅ ̸= K ⊆ J , LK(X) ⊆ Hn(X) is the subgroup generated by the classes [LJ,β] with
J ∈ K; L(X) := LJ (X).

Conjecture 1.2 of [DS]. The group Hn(X)/L(X) is torsion free.

For k = 1 the conjecture is a theorem of Degtyarev [De14]; for m prime to 6 it implies that the
Picard group of the Fermat surface is generated by its lines. For k ≥ 2 it has been confirmed
by computer for (n,m) = (4,m) with 3 ≤ m ≤ 12, and for (6, 3), (6, 4), (6, 5), (8, 3) [DS, §5].
Aljovin, Movasati and Villaflor [AMV] compared the lattice of linear cycles with the lattice of
Hodge cycles by computing elementary divisors, for the Fermat surfaces of degree 3 ≤ m ≤ 14
and the Fermat fourfolds of degree 3 ≤ m ≤ 6 [AMV, Table 1]. The conjecture is restated as
open in [De15, Conjecture 4.4]. Before the present work (versions 4 to 12 of this paper) we knew
of no proof for any k ≥ 2 beyond these cells; in particular it had not been decided for any odd
degree that is not a prime power when k ≥ 2 (the odd degrees in the table of [DS, §5] are prime
powers). As [DS, §1] point out, for prime m the rational Hodge classes of X are spanned by the
classes of the standard spaces, so that the conjecture would upgrade this to the integral Hodge
classes; §12 carries this out, for prime m and for more degrees.

1.2 The main theorem

Put N := 2k + 2 = n+ 2, and for m ≥ 3 let

Qk(m) := N ! · [xN ]I0(2x)(m−1)/2 (m odd),
Qk(m) := N ! · [xN ] cosh(x) · I0(2x)(m−2)/2 (m even),

I0(2x) =
∑
b≥0

x2b/(b!)2.

For every m, Qk(m) is the number |ΓJ | of [DS, Definition 1.3] (Lemma 2.2 for odd m, Lemma
9.1 for even m), so that rankL(X) = Qk(m) + 1 by Theorem 0(c) below. In the algebraic
statements of §1.5 and in §2–§7, Qk(q) is always taken at an odd q.

MAIN THEOREM. Let m ≥ 3 and k ≥ 0. Then H2k(X;Z)/L(X) is torsion free
for the Fermat variety X of degree m and dimension 2k. Equivalently, L(X) is a
primitive sublattice of H2k(X;Z), of rank Qk(m) + 1.

For k = 0 the statement is trivial: X is a set of m points and L(X) = H0(X). From now on
k ≥ 1 whenever topology is involved.
The Main Theorem has an algebraic form, which is proved here with no topology at all (Corollary
7.7 for odd m, Theorem 9.11 for even m). Let R := Z[t1, . . . , t2k+1]/(tm1 − 1, . . . , tm2k+1 − 1) be
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the integral group ring of G = (Z/m)2k+1 and let ψJ ∈ R be the generators of [DS], recalled in
§2.

MAIN THEOREM’ (algebraic form). Let m ≥ 3 and k ≥ 1. Then R/(ψJ : J ∈
J ) is a free abelian group of rank m2k+1 −Qk(m). Equivalently, dimFp Fp[G]/(ψ̄J :
J ∈ J ) = m2k+1 −Qk(m) for every prime p.

By [DS, Theorem 1.1(a)] (Theorem 0(a) below) the torsion of R/(ψJ : J ∈ J ) is that of
H2k(X;Z)/L(X), so Main Theorem’ implies the Main Theorem; the rank of L(X) is [DS,
Theorem 1.4]. These two statements are the only places where topology enters.
The proof has five parts.

• §2 (the translation). Using the results of [DS] collected in Theorem 0, torsion-freeness
at m is equivalent to a dimension count over Fp for each prime p|m (Proposition 2.1); for
m = q = pv the count is (S) dimFp(DJ : J ∈ J )C = Qk(q) (Proposition 2.5).

• §5 (odd prime powers). Theorem B below proves (S).

• §6–§7 (odd degrees that are not prime powers). For odd m = q ·r with q = pv, p ∤ r,
r > 1, the count at p splits over the colourings of the coordinates by r-th roots of unity
into a sum of products of block dimensions (Proposition 6.9). The blocks are instances of
Theorem 5.3 and bipartite ideals, whose count is Theorem C (§7).

• §8 (the odd box). Theorem O below: the count of Theorem B at an odd box, on a grid
with one zero. It is the root case of Theorem 8.11.

• §9 (even degrees). For m = 2v the ideal of leading forms of the ψ̄J in characteristic
2 contains the product of s1 · · · s2k+1 with the ideal of Theorem O for the box 2v − 1, an
isomorphic copy of it in another ring (Proposition 9.2). For the other even m the colour
reduction of §6 applies at every prime; the block of the colour −1 at an odd prime is the
ideal of Theorem O for the box pv, the block of the colour 1 at the prime 2 is the problem
for the degree 2v, and the pair blocks are bipartite ideals, at the prime 2 with an even box
(Theorem 9.11).

Sections 5–9 prove lower bounds for the dimensions of the ideals: Theorems 5.3, 7.6 and 8.11.
The matching upper bound is the inequality of Proposition 2.1, and it is algebraic too: it is
[DS, Claim 4.3] (Theorem 0(b)), a count of points by the Chinese remainder theorem over a
field of characteristic 0 (Appendix B, Step 6). So Main Theorem’ is proved without topology;
topology enters only through Theorem 0(a) and 0(c), which identify the torsion of R/(ψJ) with
that of H2k(X;Z)/L(X) and give the rank of L(X). Theorems 5.9 and 5.9’, §4, §10 and §11
are not on the path of the proof, and neither is the equality in Theorem O (Corollary 8.13): the
proof uses only its inequality ≥. Corollaries 7.8 and 9.12 are consequences of the proof. Main
Theorem’ has been proved again, for every degree, in the proof assistant Lean 4 (§14.8), and so
has Theorem O.
The cubic case q = 3 has a shorter proof with an explicit basis given by ballot paths (§4,
Theorem 4.1), and so has the box r = 3, which is all that the quartics need (§8.8, Theorem
8.15).

1.3 The integral Hodge conjecture

For a smooth complex projective variety Y , the integral Hodge conjecture in degree 2j asks
whether every class in H2j(Y ;Z) ∩ Hj,j(Y ) is the class of an algebraic cycle with integer coef-
ficients. It is false in general [AH], [Kol], and it remains open for many varieties for which the
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rational Hodge conjecture is known; for Fermat varieties it is the question studied in [AMV].
Write Hdg(X) ⊆ Hn(X;Z) for the group of integral Hodge classes of middle degree (§12.1).

COROLLARY H. Let m ≥ 3, k ≥ 1, and let X be the Fermat variety of degree m
and dimension 2k.

• (i) If m is prime, or m = 4, or every prime factor of m is at least 2k+ 3, then
Hdg(X) = L(X): every integral Hodge class of middle degree is an integral
linear combination of classes of standard k-spaces. In particular the integral
Hodge conjecture holds for X in every degree.

• (ii) For every m, L(X) is a primitive sublattice of Hdg(X) and Hdg(X)/L(X)
is free of rank |B| − Qk(m), where B is the set of Hodge characters of §12.1.
It is zero if and only if m is prime, or m = 4, or every prime factor of m is at
least 2k + 3.

For odd m, «every prime factor of m is at least 2k+ 3» is the same as the condition gcd(m, (n+
1)!) = 1 of [AMV, §1], which we use in the title. (Version 11 wrote gcd(m, (n + 2)!) = 1. It is
the same condition: a prime that divides n+ 2 = 2(k + 1) and m is at most k + 1, so it divides
(n+ 1)! as well.) For even m the only degree in (i) is m = 4: the integral Hodge conjecture
holds for the Fermat quartic of every even dimension, and its integral Hodge classes
of middle degree are generated by the standard linear subspaces. The proof is in §12.
It combines the Main Theorem with the classical description of the rational Hodge classes of
X by characters [SK], [Shi79], [Ran] ((H3) of §12.1), and with the determination, due to Aoki
[Aok, Theorem A], of the degrees in which every Hodge character is of pair type; for prime m
and for m = 4 we give short proofs of this last fact (§12.1, (H4) and (H4’)). The new input
is the primitivity of L(X). The classical fact that the rational Hodge classes of pair type are
spanned by linear subspaces [Ran, Theorem 4.9] is not used: over Z it follows from the Main
Theorem.
What was known. For k = 1 the integral Hodge conjecture is the Lefschetz (1, 1) theorem, and
(i) says that the lines generate the Néron–Severi group, which was known when gcd(m, 6) = 1
[SSvL], [De14], and classically for the cubic surface; for odd m these are exactly the degrees of
(i) at k = 1. For m = 4: at k = 1 it is the statement that the lines of the Fermat quartic surface
generate its Néron–Severi group, of rank 20, which is a result of Mizukami [Miz] (1975; [SSvL,
§3 and §6] record it, attribute it to Mizukami and Inose and give another proof; we have not
read [Miz]), and which also follows from [De14]; at k = 2 it was verified by computer in [AMV],
whose abstract states the integral Hodge conjecture for the quartic and quintic Fermat fourfolds;
at k = 2, 3 the primitivity of L(X) was confirmed by computer in [DS, §5], so that (i) already
followed there by the argument of §12.3. For m = 4 and k ≥ 4 it is new, to our knowledge.
For (k,m) = (2, 3) the integral Hodge conjecture itself follows from Voisin’s theorem on cubic
fourfolds [Voi, Theorem 2.11]; as [AMV, §1] note, the stronger statement Hdg(X) = L(X) does
not follow from it. The cells (2, 3) and (2, 5) were verified by computer in [AMV]. In each prime
cell where [DS, §5] confirmed the primitivity of L(X) by computer, namely (k,m) = (2, 3), (2,
5), (2, 7), (2, 11), (3, 3), (3, 5), (4, 3), (i) already followed from that computation and the classical
facts by the argument of §12.3; [AMV, §1] make this observation for the cells of their table.
The author had also verified the primitivity of L(X) by computer, before the present proof, in
the prime cells (k,m) = (2, 13), (2, 17), (2, 19), (3, 7), (4, 5), (5, 3) [Rep]; three of them, (2, 13),
(3, 7) and (5, 3), are re-run in §14.1. What is new, for k ≥ 2, is the uniform statement: the
quartics of dimension at least 8, every other cell with m prime, and every cell of (i) with m
not prime, for instance (k,m) = (2, 49), (2, 77), (3, 121), (3, 143); to our knowledge no cell of
(i) with m not prime and k ≥ 2 had been decided before. Part (ii) is new for k ≥ 2, to our
knowledge; for k = 1 it follows from [De14] and the rank |B| + 1 of (H3). Recent work on
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the rational Hodge conjecture for Fermat varieties is complementary to ours: Jumagulov [Jum]
gave a computer-assisted proof for the Fermat fourfolds of odd degree at most 199; Miranda,
Movasati, Rufino and Villaflor [MMRV] prove it for the Fermat varieties of every dimension and
every degree d < 65 other than 44, 51, 52, by reducing the lengths of Aoki’s exceptional tuples;
and Favero and Kelly [FK] prove it for the Fermat fourfold of degree 33, through an explicit
formula for Chern characters. These statements are rational; ours concern the lattice L(X) over
Z.

1.4 Partial Fermat varieties

Let 0 ≤ s ≤ d. Following [DS, §1], a partial Fermat variety is a smooth hypersurface
Ws ⊂ P 2d+1 given by f0(z0, z1) + f1(z2, z3) + · · · + fd(z2d, z2d+1) = 0, where the fi are binary
forms of degree m, f0 = · · · = fs = xm + ym, and fs+1, . . . , fd are generic, pairwise distinct and
distinct from xm + ym. [DS, §1] exhibit (2s+ 1)!! ·md+1 linear d-spaces on it.

COROLLARY W. Let m ≥ 3 and 0 ≤ s ≤ d.

• (i) The classes of the (2s+1)!! ·md+1 linear d-spaces of [DS, §1] on Ws generate
a primitive sublattice of H2d(Ws;Z).

• (ii) On the Fermat variety X of dimension 2d, let J (s, d) ⊆ J be the set of
matchings that contain the pairs {2i, 2i+ 1} for s < i ≤ d. Then LJ (s,d)(X) is
primitive in H2d(X;Z), of rank Qs(m)(m− 1)d−s + 1.

[DS, Corollary 1.7] states (i) under the assumption that Conjecture 1.2 holds for the Fermat
varieties of dimension 2s and degree m, and proves it for s = 0, 1; [De15, §4.2–§4.3] reduces (i)
and (ii) to the same assumption and proves them in the same cases (in [De15] the index is the
dimension 2s). The Main Theorem removes the assumption. The proof is in §13, where (ii) is
proved directly.

1.5 The algebraic statements

Let F be a field and q ≥ 3 odd. Put CF := F [y1, . . . , y2k+1]/(yq−1
1 , . . . , yq−1

2k+1) and define D(a, b)
and DJ as in the abstract: D is the polynomial of §2.3, which has integer coefficients.

THEOREM B. For every field F , every odd q ≥ 3 and every k ≥ 0,

dimF (DJ : J ∈ J ) · CF = Qk(q).

Moreover, with CZ := Z[y1, . . . , y2k+1]/(yq−1
1 , . . . , yq−1

2k+1), the group CZ/(DJ : J ∈
J )CZ is free abelian of rank (q − 1)2k+1 −Qk(q), and the dimension of each graded
piece of (DJ : J ∈ J )CF does not depend on F .

Theorem B is the root case of a more general statement about down-sets of partitions (Theorem
5.3 for ≥; Theorems 5.9 and 5.9’ for = and for the integral statement). Neither the topology nor
[DS] enters its proof; they enter only in the translation of §2. With Theorem B and Proposition
2.5, the Main Theorem follows for m = pv (Corollary 5.4).

The degrees that are not prime powers need a second count, in two sets of variables x1, . . . , xα

and z1, . . . , zβ with the box (xq
i , z

q
l ), for q = pv (p any prime; the box q is even when p = 2):

the balanced bipartite ideal Ibal
a , generated by ∏a

i=1(xi − zσ(i))q−1 over all σ ∈ Sa (α = β = a),
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and the phantom bipartite ideal Iph
a , generated by the same products over all bijections from

a of the a + 1 variables xi onto the zl (α = a + 1, β = a). Theorem C (§7) says that their
dimensions are at least the numbers of pairs (ξ, η) of tuples in a set of q elements, of lengths
(a, a) and (a+1, a), such that the multiset of η is equal to, respectively contained in, the multiset
of ξ. Over F̄p these are equalities (Corollaries 7.8 and 9.12), and the dimensions do depend on
the characteristic.

The even degrees need a third count, at an odd box. Let r ≥ 3 be odd, Dr(a, b) :=∑r−1
u=0(−1)uaubr−1−u = (ar + br)/(a+ b), and for J ∈ J let Dr,J be the product of the Dr(ya, yb)

over the pairs {a, b} of J that avoid 0.

THEOREM O (the odd box). For every field F , every odd r ≥ 3 and every
k ≥ 0,

dimF (Dr,J : J ∈ J ) · F [y1, . . . , y2k+1]/(yr
1, . . . , y

r
2k+1) =

N ! · [xN ] cosh(x) · I0(2x)(r−1)/2.

Moreover the quotient of Z[y1, . . . , y2k+1]/(yr
i ) by the ideal generated by the Dr,J is

a free abelian group.

The right-hand side is the number of N -tuples, in a set of r elements with an involution that has
one fixed point, which split into pairs of opposite entries; for r = m− 1 it is Qk(m) for the even
number m. Theorem O is the root case of Theorem 8.11, a statement about interlaced pairs of
down-sets of partitions. In characteristic p and for r = pv, Dr(a, b) = (a + b)r−1. Theorem O
was stated as an open problem in version 10 of this paper (there: problem 7 of §13), and proved
in version 11.

1.6 A different count: Theorem A

Write E := (e1, e3, . . . , e2k+1) ⊆ Fp[x0, . . . , x2k+1] for the ideal of the odd elementary symmetric
polynomials. Over an algebraic closure its zero set is the union of the linear spaces xa + xb = 0
({a, b} ∈ J), over all J ∈ J .

THEOREM A. Let F be a field of characteristic ̸= 2, let q ≥ 1 be odd and let
n ≥ 0. Then dimF F [x1, . . . , xn]/(e1, e3, e5, . . . ;xq

1, . . . , x
q
n) = n! · [yn]eyI0(2y)(q−1)/2.

With F = Fp, q = pv and n = N , Theorem A says that Ak(q) := dimFp[x0, . . . , x2k+1]/(E+(xq
i ))

equals the number Pk(q) of Fq-points of the union of the matching spaces (Corollary 10.1). This
is not the Main Theorem, and it does not imply it. Theorem A is a sum statement at
the odd box q on the grid with 0; the Main Theorem for m = q is equivalent to an intersection
statement at the even box q− 1 on the grid without 0 (Proposition 2.6), and §11 shows that the
two are independent for families of matchings. The numbers differ as well: P2(3) = 141 against
Q2(3) = 20. As a count, Theorem A is not new: in characteristic 0 it is a consequence of a
classical theorem of Kostant [Kos], and in odd characteristic of a proposition of Bezrukavnikov,
Riche and Rider [BRR] on modules with a good filtration, through the dictionary of Remark
10.4. The proof of Appendix A is elementary and independent of both.
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1.7 The idea of the proofs

Write the ideal of Theorem B as V ⊆ C2k+1 and the point set it should count as Z ⊆ T 2k+1,
T = F×

q . Peel off the variable y1: the ideal splits into q − 1 slices W0 ⊆ · · · ⊆ Wq−2, ideals in
the remaining variables, and the point set splits into q− 1 layers according to how many values
of the first coordinate complete a given tail. If every layer is the point set of an ideal contained
in the matching slice, induction on the number of variables gives dimV ≥ |Z|. To make this
work we enlarge the family: to every down-set Λ of partitions under weak dominance we attach
an ideal VΛ, generated by products of divided differences D and Vandermonde determinants ∆,
and a point set ZΛ, the tuples whose «unpaired part» has shape in Λ. Three facts then carry
the induction. The number of completions of a tail depends only on the shape µ of the tail (P1).
The q − 1 possible new shapes form a chain for weak dominance, so the completions in Λ are
an initial segment of the chain, and the layers are again down-sets (P2). And each generator of
a layer can be lifted to the right slice by one of three explicit constructions, with no room to
spare (P3). The full family of matchings enters only once, at the root: the down-set generated
by the partition (1) has as ideal exactly the ideal of all the DJ .

For m = q · r with q = pv, p ∤ r and r > 1, tm − 1 = ∏
ζ∈µr

(t− ζ)q over F̄p, so the group algebra
is a product of local rings, one for each colouring c of the coordinates by r-th roots of unity. On
the factor of c, the generator ψJ vanishes unless every pair of J has colours ζ, ζ−1; the surviving
generators are pure tensors along the colour classes, and the ideal is a tensor product of one
ideal per class of colour 1 and one per pair of inverse colours. The class of colour 1 is an instance
of Theorem 5.3. A pair of inverse colours becomes, after the change of variables x = ζ−1t − 1,
z = (ζt)−1 −1, a bipartite ideal, and the colour of the index 0, which is determined by the others,
decides whether it is balanced or phantom. The count of the points factors over the colourings
in the same way. For the bipartite ideals, the tail of a point now has two residues, one for each
set of variables, and its shape is a pair of partitions: adding a value to the x-side removes a box
from the z-residue, adds a box to the x-residue, or starts a new part, and these q options again
form a chain, now in the product of two weak dominance orders. The proof of Theorem B then
goes through with the box q in place of q − 1 and the binomial coefficients C(q − 1, t) ≡ (−1)t

in place of the signs of D.

For even m the same reduction applies at each prime, but two blocks are new. At an odd prime
the colour −1 is its own inverse, and after the substitution u = −t its block is the ideal generated
by the products of the (ya + yb)q−1 in the box (yq

i ). At the prime 2 the block of the colour 1 is
the problem for the degree 2v itself; there we replace each generator by its form of lowest degree
in the variables s = t+1, which is s1 · · · s2k+1 times a product of the polynomials ∑

w a
wbq−2−w,

and the ideal of the leading forms of an ideal has the same dimension as the ideal. Both are
instances of one statement, Theorem O: the count of Theorem B on a grid T with an odd number
r of values, one of which, 0, is its own opposite. A tuple may then have one unpaired zero, so
the shape of a tuple is a partition together with a mark δ ∈ {0, 1}, and the new coordinate has
one more option, the zero, which changes the mark. The r options still form a chain, provided
the set of shapes Λ is an interlaced pair: a down-set of unmarked shapes and a down-set of
marked shapes such that removing a box and switching the mark stays in Λ. The layers of
an interlaced pair are interlaced pairs. On the side of the ideals the unmarked shapes carry
the generators of §5, with the symmetric polynomial Dr in the place of the divided difference,
and a marked shape carries, in the place of its first Vandermonde determinant, the Pfaffian of
the antisymmetric polynomials Dr−1(yi, yj) bordered by a Vandermonde matrix. Of the seven
liftings of generators to slices, six are explicit, by expansions of Pfaffians; the seventh needs the
membership of the bordered Pfaffian in the ideal generated by the products of a Vandermonde
determinant and of polynomials Dr (Lemma 8.7). It follows from one fact: the generating
function ∑

σ ζ
σω2σ+1(a, b) of the antisymmetric polynomials that interpolate between Dr−1 and

the multiples of Dr is Ev(a) · Od(b) − Ev(b) · Od(a), a matrix of rank two. A rank-two update of
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a bordered Pfaffian (Lemma 8.8) then expresses the Pfaffian of Dr−1 through bordered Pfaffians
whose entries are multiples of Dr, and a Laplace expansion finishes the proof.

1.8 A note on the history

For several months the project that produced this paper took the count Ak(q) = Pk(q) of
Theorem A to be the algebraic form of Conjecture 1.2. Two earlier notes of the author, on the
cases k = 2 (The Sofa Theorem [Sofa]) and k = 3 (The Hammock Theorem [Ham]), were written
under that identification and stated that they established Conjecture 1.2 in those dimensions.
On 23 September 2026, re-deriving the reduction from the original [DS], we found that the
identification had never been proved, and that it is false for families of matchings (§11). The
conclusions of those notes about Conjecture 1.2 in dimensions 4 and 6 are nevertheless true: for
odd m they are the cases k = 2, 3 of the Main Theorem, proved here by a different route. Versions
4 and 5 of this paper proved the Main Theorem for odd prime powers and stated the colour
reduction for the degrees that are not prime powers as an open problem; the reduction and the
bipartite count (§6–§7), added in version 6, complete it. Version 8 added the machine-checked
proof of Main Theorem’ (§14.8), recorded that the repository [Rep] is public, stated the status of
the Double Ladder theorem more precisely (Remark 12.2), and added one clause to the proof of
Lemma 6.8; no statement and no proof of version 7 changed. Version 9 corrected the attribution
of Theorem A: in characteristic 0 it follows from a theorem of Kostant, which the earlier versions
did not cite (Remark 10.4). It also recorded that the Watermark and Double Ladder theorems
are now proved for every prime and verified in Lean [WDL] (Remark 12.2). Again no statement
and no proof changed. Version 10 corrects the attribution of Theorem A a second time: version
9 said that we knew no version of Kostant’s theorem in positive characteristic that gives the
count, and there is one, [BRR, Proposition 2.12], which we had not read (Remark 10.4(3)). It
also adds the reading of Theorem B in the same language (Proposition 10.5, Corollary 10.6,
Remark 10.7) and the equality for the ideals of Appendix A (Corollary A.17), restates problem
6 of §15 and adds problem 7. A supplementary note [Note], deposited with this version, presents
the dictionary on its own, with a statistic on walks that gives the Hilbert series of the ring of
Theorem A. No statement and no proof of the earlier versions changes. Version 11 proved the
conjecture for the even degrees, which version 10 listed as its first open problem, and with it
the odd box, which was its seventh: §8 (Theorem O) and §9 (Theorem 9.11) are new. Sections
8 to 14 of version 10 are now sections 10 to 16, with the same internal numbering (Proposition
8.5 of version 10 is Proposition 10.5 here, §12.8 is §14.8, and so on). §7 is now stated for every
integer q ≥ 2, because §9 uses it for q = 2v; its proofs are unchanged. The Main Theorem,
Main Theorem’ and Corollaries H and W are now stated for every m ≥ 3; for odd m they are
the statements of version 10. New in §10 and §12: Corollary 10.8 and (H4’). The even degrees
were found on 2 October 2026 by replacing the generators at m = 2v by their leading forms,
which had been measured to generate an ideal of the right dimension in seven cells, and then
proving the count for that ideal. Version 11 was not made public; every statement of it is in the
present version, and the two proofs of it that the present version replaces are described where
they stood (§8.5, Remark (4); Lemma 9.10). Version 12 (the present one) changes no statement
of a theorem, proposition or corollary of version 11, nor Lemma 8.7; the auxiliary results of
§8.5 are new (Lemma 8.7’, and a Lemma 8.8 and a Corollary 8.9 whose numbers version 11
used for other statements), and the properties of §8.3 are now stated over every commutative
ring (version 11: without 2-torsion). Main Theorem’ and Theorem O are now proved in Lean
4 for every degree (§14.8). Three proofs are printed in the form that was formalized, which is
shorter: Lemma 8.7 by a rank-two update of bordered Pfaffians, in place of the exterior algebra
with divided powers of version 11 (§8.5), which also gives the membership for other border sets
(Lemma 8.7’); the upper bound of Corollary 8.13 by a pairing of the box ring, so that §8 no
longer uses §10; and Lemma 9.10, without the injectivity of the map θ. The signs of §8.3 are
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given explicitly, and its properties are attributed to the classical sources. The version also adds
the summary of §1.0 and the literature of §1.10; incorporates the notes of the cold reading of the
printed text of version 11 (§14.6); corrects the place of Mizukami’s theorem (§1.3); and writes
the condition of the title in the form (n + 1)! of [AMV], which is the same condition as the
(n + 2)! of version 11. Before it was made public, every passage that is new in the writing of
version 12 was read cold, with the verdict «holds» (§14.6); its notes are incorporated, and one
of its observations extends Remark (2) of §8.5.

1.9 Notation

q is odd in §2–§6 and §10–§11. In §2, §6 and §11, p is an odd prime and q = pv. §5 is stated for
every odd q over an arbitrary field. §7 is stated for every integer q ≥ 2 over a field in which the
binomial coefficients C(q − 1, t) are non-zero, and is applied with q = pv for every prime p, 2
included. In §8, r is odd and the box is r. In §9, m is even, r is the odd box and r′ is the cofactor
that §6 calls r. The word «block» means a column block Bc of a pattern in §5, §7 and §8, and
a block of a colouring in §6 and §9; the letter R, with subscripts, denotes several rings (R of §2,
Rc of §6, RA,B of §7), each defined where it is used. Symbols introduced inside a section are
local to it (§6–§7 have their own local symbols), and Appendix A has its own symbols. Some
letters have two or three meanings in different places, each declared where it is used: θ is the
map of Lemma 8.12, of Lemma 9.10 and of Corollary 10.6 (the sign of the expansion (F4) is
written ϑ); N is 2k+ 2, and in §8.3 a finite ordered set of indices; R is the ring of §2, and in the
proof of Proposition 8.10 a product of Vandermonde determinants; σ is a shape in §8.2 and §8.6,
an index of the polynomials ω2σ+1 in §8.5, and a bijection in §6, §7 and §9.3; ζ is a colour in §6
and §9 and a formal variable in §8.5; η is eπi/m in Appendix B, and ηb are the signs of (F2) in
§8.3 and §8.6; ρ is a row in §8.2 and §8.6 and the generator ρJ of [DS] in Remark 2.5’; E is the
ideal of §1.6 and §10, an exponent set Eℓ in §8.5 and §8.6, and a border column in Lemma 8.8;
κ is a partition in the proof of Lemma 8.4 and the number (n− s)/2 in §8.5; H is the matrix of
Corollary 8.9, and H ′ a group in Lemma 9.10; S is a set of indices, the Pham cycle in Appendix
B and a polynomial ring in §11; and r is the odd box in §8 and §9, the cofactor in §6 (written
r′ in §9), and a row in §5.5.

symbol meaning first
use

J , J ,
(2k + 1)!!

perfect matchings of {0, . . . , 2k + 1}, written with j0 = 0 §1.1

N 2k + 2, the number of homogeneous coordinates §1.2
R, ψJ , ΓK the ring, the generators and the point set of [DS] §2
T , h F×

q (or any set of q − 1 elements with a fixed-point-free involution
u 7→ −u); h = (q − 1)/2 classes {u,−u}

§2.2

Qk(m) |ΓJ |: N ! · [xN ]I0(2x)(m−1)/2 for odd m, N ! · [xN ] cosh(x) · I0(2x)(m−2)/2

for even m
§1.2,
§9.1

B, C, Cm the box rings (yq
i ) and (yq−1

i ) §2.3,
§5

D(a, b), DJ ,
DP

divided differences and their products over pairs §2.3,
§5.2

∆(B) the Vandermonde determinant of an index set B §5.2
ν(M), λ(M) the number of negation pairs of a tuple, and the partition of its residue §3,

§5.2
Par(h)

m , ≼, St partitions allowed at m coordinates; weak dominance; sums of the t
largest parts

§5.2
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symbol meaning first
use

VΛ, ZΛ the ideal and the point set of a down-set Λ (§5.2); of a down-set of pairs
of partitions (§7.2)

§5.2,
§7.2

Wj(V ), FΛ(µ),
Λi

slices, completion counts, layers §5.1,
§5.4

gr(I) the ideal of top-degree forms of an ideal I §5.9
c, Cζ , µr a colouring of the coordinates, its colour classes, the r-th roots of unity §6
Ibal

a , Iph
a ,

Nbal, Nph

the bipartite ideals and their counts §6.5,
§6.6

BParq(α, β) pairs of partitions, with the product of weak dominance orders §7.2
r, h, T (in §8) an odd number r = 2h+ 1; a set T of r elements with an involution with

one fixed point 0
§8

D(a, b),
D−(a, b) (in
§8)

Dr(a, b), symmetric, and Dr−1(a, b), antisymmetric §8

Nr(n) n! · [xn]exI0(2x)(r−1)/2 §8, §10
Shm, (λ, δ),
Λ0, Λ1

shapes with a mark δ ∈ {0, 1}; the two components of a set of shapes;
interlaced pairs (Definition 8.2)

§8.2

Pf(N ; c),
PfE(N), Eℓ,
B0

bordered Pfaffians; the border exponents; the marked block of a pattern §8.3,
§8.4

ωs, Ev, Od,
Uℓ(N)

the antisymmetric polynomials of §8.5; the two columns of its key
identity; the ideal of the membership lemma

§8.5

r′, C−1, Ic,−1 the cofactor of q = pv in an even m; the class of the colour −1 and its
block

§9

E, Ak(q),
Pk(q)

odd symmetric ideal; the sum count and the point count of Theorem A §1.6,
§10

Cr, Dr(a, b),
Dr,J

the box ring (xr
i ) in 2s variables; the copairing and its products over a

matching (Proposition 10.5)
§10

V , e, Z, gt F [x]/(xq) with its form; multiplication by x; the centralizer of e in
SO(V ); the Cayley transform (Remark 10.4)

§10

m the degree of the Fermat variety (§1, §2, §6, §12, §13); in §5 and
Appendix A, the number of variables

—

A, B, |α| characters of the primitive cohomology; Hodge characters; the degree of
a character

§12

1.10 Literature and priority

Before this version we searched the literature for each result that we call new: the arXiv listings
and its index of titles and abstracts; Google Scholar and the open web; the papers that cite
[DS], through Semantic Scholar and OpenAlex; the publication lists of the authors of [DS];
MathOverflow; and GitHub, including Mathlib and DeepMind’s formal−conjectures repository,
for formalizations. The queries, their dates and their results are recorded in [Rep], record/
literature/. The sources that decide an attribution were read in the original; the others are
cited for the statement they make, and the list of references says which is which. What we
found:

• The even degrees. To the best of our knowledge, no proof of Conjecture 1.2 for an even
degree m ≥ 4 and k ≥ 1 had appeared before this paper, beyond the cells confirmed by
computer in [DS, §5] (and the case k = 1, which is [De14]). The conjecture is listed as
open in [De15, Conjecture 4.4].
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• The odd box. Over Q, Theorem O and Corollary 10.8 can be derived from Kostant’s
theorem and the first fundamental theorem of invariant theory for the orthogonal group
(Remark 10.7(2)); we did not find this derivation written. In positive characteristic we
did not find Theorem O, or the statement that the tensors Dr,J generate the invariants
of the centralizer of a regular unipotent element (Corollary 10.8 and Remark 10.7), in the
literature, in particular not in [BRR], [Ric] or [Liu]. To the best of our knowledge, both
are new in positive characteristic.

• Corollary H. The implication from the primitivity of L(X) to Hdg(X) = L(X) in the
degrees of (i) is the argument of [AMV, §1], with the degrees of Aoki’s theorem [Aok]; for
k = 1 the statement is known ([Miz], [SSvL], [De14]); for m = 4 and k = 2, 3, and in the
prime cells of [DS, §5], it already followed from computations (§1.3). For k ≥ 2 the uniform
statement — every prime m, the quartics of dimension at least 8, every non-prime m of
(i), and part (ii) — is, to the best of our knowledge, new.

• Corollary W. The implication «Conjecture 1.2 in dimension 2s =⇒ (i)» is [DS, Corollary
1.7]; what is new is that the hypothesis is now a theorem.

• Theorem A is due, as a count, to Kostant and to [BRR] (Remark 10.4); our contribution
there is the dictionary and an elementary proof.

• Pfaffians. The properties (i)–(iii), (F1)–(F4) and (F7) of §8.3 are classical; we cite [Knu]
and [Oka]. We did not find the rank-two update of Lemma 8.8 in the sources we read, and
we claim nothing for it: it is of the kind of the classical expansions of the Pfaffian of a sum
of two alternating matrices, which we have not traced to a source that we have read. Its
use to prove the membership lemma (Lemmas 8.7, 8.7’) is ours.

• Orbit harmonics. The lower bounds by degenerating the ideal of a finite set of points to
the ideal of its top-degree forms (Lemma 5.8’, Proposition A.5) are the classical method of
orbit harmonics (see [GP]).

• Formalization. We found no Pfaffian in Mathlib (the version used, tag v4.28.0); we
defined Pfaffians and bordered Pfaffians in our project. A separate partial formalization
of skew-symmetric matrices and Pfaffians exists outside Mathlib (Qsdd/Skewsymmetric on
GitHub). We found no formalization of results of the kind of [DS]; to the best of our
knowledge, §14.8 is the first machine-checked proof of a case of Conjecture 1.2.

• Related work on the rational Hodge conjecture: [Jum], [MMRV], [FK] (§1.3).

2. The translation: Conjecture 1.2 as a dimension count

This section is written from the original [DS] (arXiv:1405.4683v3, the latest version; J. Math.
Soc. Japan 68 (2016)), and uses its notation.

• R := Z[t1, . . . , tn+1]/(tm1 − 1, . . . , tmn+1 − 1), the group ring of G ∼= (Z/m)n+1, which acts on
X by multiplying the coordinates by m-th roots of unity. The variable t0 := (t1 · · · tn+1)−1

never enters below.

• φ(u) := um−1 + · · · + u+ 1.

• For J ∈ J : τJ := ∏k
i=0(tki

− 1) and ψJ := τJ ·
∏k

i=1 φ(tjitki
). Since j0 = 0, the pair

containing 0 contributes only the factor tk0 − 1.

• ΓK ⊆ µn+1
m [DS, Definition 1.3] is the set of (a1, . . . , an+1) with ai ̸= 1 for every i such that,

for some J ∈ K, ajiaki
= 1 for i = 1, . . . , k.
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We use four results of [DS], collected here.

THEOREM 0 [DS]. Let n = 2k ≥ 2, m ≥ 3, ∅ ̸= K ⊆ J , and AK := R/(ψJ : J ∈
K).

• (a) [DS, Theorem 1.1(a)] Tors(Hn(X)/LK(X)) ∼= Tors(AK).

• (b) [DS, Claim 4.3] If Kp is an algebraically closed field of characteristic p = 0
or p ∤ m, then dimKp(AK ⊗Kp) = mn+1 − |ΓK |.

• (c) [DS, Theorem 1.4] rankLK(X) = |ΓK | + 1.

• (d) [DS, Corollary 1.5] The order of the torsion of Hn(X)/LK(X) is divisible
only by primes dividing m.

Part (b) is algebraic: it is a count of points by the Chinese remainder theorem (Appendix B,
Step 6). Parts (c) and (d) follow from (a), (b) and the proof of (a) in a few lines. For the
reader who wants to check the only topological input, Appendix B gives a self-contained proof
of Theorem 0 modulo two results that we do not re-prove: Pham’s description of the homology
of the affine Fermat variety [Ph], and the intersection numbers of the standard spaces with the
Pham cycle [DS, Theorem 2.2].

2.1 Torsion as one dimension

Proposition 2.1. Let ∅ ̸= K ⊆ J . For every prime p, dimFp(AK ⊗ Fp) ≥ mn+1 − |ΓK |, and
Hn(X)/LK(X) is torsion free if and only if equality holds for every prime p dividing m. More
precisely, for each prime p, equality holds iff AK has no p-torsion, iff Hn(X)/LK(X) has no
p-torsion.

Proof. R is a free Z-module of rank mn+1 (basis tν , ν ∈ (Z/m)n+1), so AK is a finitely
generated abelian group; write AK

∼= Zρ ⊕
⊕

ℓ Tℓ with Tℓ a finite ℓ-group. Tensoring with Fp

gives dimFp(AK ⊗Fp) = ρ+ cp, where cp is the number of cyclic factors of Tp (since Z/ℓa ⊗Fp is
Fp for ℓ = p and 0 otherwise). By Theorem 0(b) with p = 0, ρ = dimC(AK ⊗C) = mn+1 −|ΓK |.
So the inequality holds, and equality at p means Tp = 0. (This part of the proof uses only
Theorem 0(b), which is algebraic.) By Theorem 0(a), Hn(X)/LK(X) is torsion free iff AK is;
by Theorem 0(d), only primes dividing m can occur. ■

From now on, until the end of §5, p is an odd prime, v ≥ 1 and m = q = pv (odd m that are not
prime powers are treated in §6–§7). Then only the prime p matters, and AK ⊗Fp = Fp[G]/(ψ̄J :
J ∈ K), where Fp[G] := Fp[t1, . . . , t2k+1]/(tqi − 1) and ψ̄J is the image of ψJ .

2.2 The count

Let T be a finite set of q − 1 elements with a fixed-point-free involution u 7→ −u (for instance
T = F×

q ). It has h := (q − 1)/2 orbits {u,−u}, which we call classes.

Lemma 2.2. For odd q, |ΓJ | = Qk(q). More precisely, |ΓJ | is the number of N -tuples in
µq \ {1} whose multiset is closed under inversion, and this is also the number of N -tuples in T
whose multiset is closed under the involution.

Proof. Let a = (a1, . . . , a2k+1) ∈ ΓJ and put a0 := (a1 · · · a2k+1)−1. The pairs {ji, ki}, i ≥ 1,
cover {1, . . . , 2k+ 1} \ {k0} and their products are 1, so ∏

i≥1 ai = ak0 and a0 = a−1
k0

̸= 1. Hence
a ∈ ΓJ iff the multiset {a0, . . . , a2k+1} ⊆ µq \ {1} splits into inverse pairs. Conversely, if an
N -tuple in µq \ {1} is closed under inversion, its product is 1, so it is determined by its last
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2k + 1 entries. Since q is odd, inversion has no fixed point on µq \ {1}, which splits into h pairs
{c, c−1}. By the exponential formula (the generating function of a product of labelled structures
is the product of the generating functions), each pair contributes the factor ∑

b x
2b/(b!)2 = I0(2x)

(choose b coordinates equal to c and b equal to c−1). This gives Qk(q), and the same computation
applies to T . ■

Lemma 2.2 and its proof hold for every odd m in place of q; §6, §12 and §13 use it in that form.
Likewise Lemma 2.3 below holds in any ring F [t]/((t− 1)q) with F ⊇ Fp a field and q = pv, and
Lemma 2.4(i) over any such field F ; this is how §6.4 uses them.

External check. At k = 1, Q1(q) = 3(q − 1)(q − 2), so rankL(X) = 3(m − 1)(m − 2) + 1. For
m = 3 this is 7, the Picard number of the cubic surface, which is generated by its 27 lines. It
agrees with the constant-term description of rankL(X) in [DS, Remark 4.4].1

2.3 A coordinate in which the relations become linear

Lemma 2.3 (identities in characteristic p). In Fp[t]/(tq − 1) put y := t− t−1. Then:

• (i) Fp[t]/(tq − 1) = Fp[y]/(yq), and t 7→ t−1 becomes y 7→ −y;

• (ii) in Fp[tj , tk]/(tqj − 1, tqk − 1), tjtk − 1 = (unit) · (yj + yk);

• (iii) φ(u) = (u− 1)q−1 in Fp[u].

Proof. (i) tq − 1 = (t − 1)q in characteristic p, because q = pv; so t − 1 is nilpotent, and
the ring is local with maximal ideal (t − 1). The elements t and t + 1 = 2 + (t − 1) are
units, the second because 2 ∈ F×

p . Hence y = t−1(t − 1)(t + 1) is a unit times t − 1, so
yj ̸= 0 for j ≤ q − 1 and yq = (unit) · (t − 1)q = 0. The q elements 1, y, . . . , yq−1 lie in
successive powers of the maximal ideal and not in the next, so they are linearly independent;
the ring has dimension q, so it is Fp[y]/(yq). Inversion sends t − t−1 to t−1 − t = −y. (ii)
yj + yk = tj + tk − t−1

j − t−1
k = (tj + tk)(tjtk)−1(tjtk − 1), and tj + tk = 2 + (tj − 1) + (tk − 1) is

a unit. (iii) (u− 1)φ(u) = uq − 1 = (u− 1)q, and Fp[u] is a domain. ■

Write B := Fp[y1, . . . , y2k+1]/(yq
1, . . . , y

q
2k+1); by (i), Fp[G] ∼= B. Put

D(a, b) :=
q−2∑
u=0

(−1)uaubq−2−u = (bq−1 − aq−1)/(a+ b).

The second expression holds in Z[a, b] because q − 2 is odd. D is antisymmetric, D(b, a) =
−D(a, b), and at q = 3 it is D(a, b) = b− a.

Lemma 2.4 (identities in characteristic p). (i) (a+ b)q−1 · b = −ab ·D(a, b) in Fp[a, b]/(bq). (ii)
For every J ∈ J , ψ̄J = (unit) ·Y ·DJ in B, where Y := y1y2 · · · y2k+1 and DJ := ∏k

i=1D(yji , yki
)

is the product over the k pairs of J that do not contain 0.

Proof. (i) The sum (a+ b) ·
∑q−1

s=0(−1)sasbq−1−s telescopes to (−1)q−1aq + bq = aq + bq, which is
(a+ b)q in characteristic p. So (a+ b)q−1 = ∑q−1

s=0(−1)sasbq−1−s in the domain Fp[a, b]. Multiply
by b and drop bq: ∑q−1

s=1(−1)sasbq−s = −ab ·
∑q−2

u=0(−1)uaubq−2−u. (ii) By Lemma 2.3, up to
a unit, ψ̄J = ∏k

i=0 yki
·

∏k
i=1(yji + yki

)q−1. By (i), yki
(yji + yki

)q−1 = −yjiyki
D(yji , yki

) for
each i ≥ 1. The indices {k0} ∪

⋃
i≥1{ji, ki} are exactly {1, . . . , 2k + 1}, so the monomial factors

multiply to Y . ■

1The polynomials displayed in [DS, Remark 4.4] are, for odd m, the corresponding values of |ΓJ |, in accordance
with the constant-term description rank L(X) = 1 + |ΓJ | given there; this is how we quote them in §3.
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2.4 The sum form (S)

Let C := Fp[y1, . . . , y2k+1]/(yq−1
1 , . . . , yq−1

2k+1), of dimension (q − 1)2k+1.

Proposition 2.5 (the translation). Let q = pv, k ≥ 1 and ∅ ̸= K ⊆ J . Then
dimFp Fp[G]/(ψ̄J : J ∈ K) = q2k+1 − dimFp(DJ : J ∈ K)C, and

• dimFp(DJ : J ∈ K)C ≤ |ΓK | always;

• H2k(X)/LK(X) is torsion free iff dimFp(DJ : J ∈ K)C = |ΓK |.

In particular (K = J ), the Main Theorem at (k, q) is equivalent to

(S) dimFp(DJ : J ∈ J ) · C = Qk(q).

Proof. Multiplication by Y on B kills exactly the monomials having some exponent ≥ q − 1,
so its kernel is (yq−1

1 , . . . , yq−1
2k+1)B, and it induces an injective linear map C → B, f 7→ Y f .

By Lemma 2.4(ii), the ideal (ψ̄J : J ∈ K)B = (Y DJ : J ∈ K)B is the image of the ideal
(DJ : J ∈ K)C under this map, so the two have the same dimension. The two claims follow
from Proposition 2.1 and Lemma 2.2. ■

Remarks 2.5’. (1) The generators DJ all have degree k(q − 2). (2) What the topology is
needed for. The inequality dim(DJ)C ≤ Qk(q) can also be proved with no topology: it is part
of Theorem 5.9, and it also follows from Propositions 2.6 and 11.1. The inequality is also the
case p|m of Proposition 2.1, whose proof uses only Theorem 0(b), a Chinese-remainder count.
[DS] is needed only for two things: that equality in (S) is equivalent to torsion-freeness, and the
rank of L(X). (3) [DS, §5] formulate a computational criterion of the same kind in the ring
R̄ := Z[t1, . . . , tn+1]/(φ(t1), . . . , φ(tn+1)), through their Lemma 4.5 (ψJ = ±λρJ , λ = Π(ti −1)).
We do not use it.

2.5 An equivalent intersection form

Proposition 2.6. Let I ′
J := (yji + yki

: i = 1, . . . , k) and bk(r) := dimFp[y1, . . . ,
y2k+1]/⋂

J∈J (I ′
J + (yr

1, . . . , y
r
2k+1)). Then dim(DJ : J ∈ J )C = bk(q − 1), so (S) is equiv-

alent to bk(q − 1) = Qk(q). Eliminating x0 := −(y1 + · · · + y2k+1), bk(r) = dimFp[x0, . . . ,
x2k+1]/⋂

J∈J (IJ + (xr
0, . . . , x

r
2k+1)) with IJ := (xa + xb : {a, b} ∈ J).

Proof. On B put ⟨f, g⟩ := the coefficient of ∏
i y

q−1
i in fg. Then ⟨yα, yβ⟩ = 1 if α + β =

(q − 1, . . . , q − 1) and 0 otherwise, a permutation matrix, so the pairing is non-degenerate. For
an ideal I ⊆ B, ⟨f, gh⟩ = ⟨fg, h⟩ shows that f ∈ annB(I) iff f ⊥ I; hence dim annB(I) =
dimB − dim I, and annB(∑J IJ) = ⋂

J annB(IJ). So dim(ψ̄J : J)B = dimB/
⋂

J annB(ψ̄J),
which equals dim(DJ : J)C by the proof of Proposition 2.5. For a fixed J , the linear forms
w := yk0 , ui := yji +yki

, vi := yki
(i ≥ 1) form a basis of Fpy1 ⊕ · · · ⊕Fpy2k+1. Since ℓq = ∑

ciy
q
i

for every linear form ℓ = ∑
ciyi over Fp (Frobenius, and cq = c on Fp), the ideal (yq

i ) is also
generated by wq, uq

i , v
q
i . In these coordinates ψ̄J = (unit) · w ·

∏
i≥1 viu

q−1
i , a monomial times

a unit, whose annihilator in the box ring is the monomial ideal (wq−1) + (vq−1
i , ui : i ≥ 1).

Modulo ui one has yji ≡ −vi, so this ideal is I ′
J + (yq−1

1 , . . . , yq−1
2k+1). Finally yq

i ∈ (yq−1
i ), so

B/
⋂

J(. . . ) = Fp[y]/⋂
J(I ′

J + (yq−1
i )). For the last sentence, put σ := x0 + · · · + x2k+1 and

substitute yi = xi (i ≥ 1), x0 = −
∑
yi. Two facts are used. (1) Every IJ contains σ (it is the

sum of the generators xa + xb); by the correspondence between the ideals of S containing σ and
the ideals of S/(σ) ∼= Fp[y], the intersection of the ideals IJ + (xr

i ) maps onto the intersection
of their images. (2) Modulo IJ , x0 ≡ −xk0 , so xr

0 ∈ IJ + (xr
1, . . . , x

r
2k+1), and the image of

IJ + (xr
0, . . . , x

r
2k+1) is I ′

J + (yr
1, . . . , y

r
2k+1). ■
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By Matlis duality this form is equivalent to (S), not weaker: it is a restatement, not a reduction.
It is used in §11.

2.6 A worked example: the cubic surface, (k, q) = (1, 3)

Here n = 2, N = 4, and J has three matchings, [[0, 1], [2, 3]], [[0, 2], [1, 3]], [[0, 3], [1, 2]]. The
pairs avoiding 0 are (2, 3), (1, 3), (1, 2), and at q = 3, D(a, b) = b − a, so the generators are
y3 −y2, y3 −y1, y2 −y1 in C = F3[y1, y2, y3]/(y2

1, y
2
2, y

2
3), of dimension 8. The ideal they generate

has dimension 2 in degree 1 (two of the three are independent), 3 in degree 2 (y1(y2 −y1) = y1y2,
y1(y3 − y1) = y1y3, and y2(y3 − y1) = y2y3 − y1y2), and 1 in degree 3: in total 6. On the other
side, T = F×

3 = {1, 2}, and Γ′ (§3) consists of the tuples in T 3 with one negation pair, i.e. the
23 −2 = 6 non-constant tuples. So (S) holds, rankL(X) = 7, and dimF3[G]/(ψ̄J) = 33 −6 = 21.

3. The count

By Lemma 2.2, Qk(q) = N ! · [xN ]I0(2x)h with N = 2k + 2 counts the N -tuples in T whose
multiset is closed under the involution. In small cases:

• Q0(q) = q − 1;

• Q1(q) = 3(q − 1)(q − 2) (the coefficient of x4 in I0(2x)h is h/4 + h(h− 1)/2, times 4!);

• Qk(3) = C(2k + 2, k + 1) (here h = 1, and [x2k+2]I0(2x) = 1/((k + 1)!)2);

• Q2(q) = 15q3 − 90q2 + 175q − 100 and Q3(q) = 105q4 − 1050q3 + 3955q2 − 6335q + 3325,
the polynomials of [DS, Remark 4.4].

q \ k 1 2 3 4 5

3 6 20 70 252 924
5 36 400 4 900 63 504 853 776
7 90 1 860 44 730 1 172 556 32 496 156
9 168 5 120 190 120 7 939 008 357 713 664
11 270 10 900 551 950 32 232 060 2 070 891 900
13 396 19 920 1 281 420 96 807 312 8 175 770 064
25 1 656 182 400 26 926 200 4 890 642 624 1 038 711 332 736
27 1 950 234 260 37 849 630 7 550 855 676 1 767 675 505 596

(By the Main Theorem, for m = q, rankL(X) = Qk(q) + 1 and L(X) is primitive in every cell
of the table.)

The zero-free point set. For the proof we use a set of points of the same cardinality. For
a tuple M in T let ν(M) be the largest number of pairwise disjoint pairs of indices {a, b} with
yb = −ya, and put

Γ′ := {y ∈ T 2k+1 : ν(y) = k}.

Lemma 3.1. |Γ′| = Qk(q).

Proof. In each class {u,−u}, a tuple M has a entries equal to u and ā equal to −u; the
class contributes min(a, ā) disjoint negation pairs, and ν(M) is the sum of these contributions,
since negation pairs never leave a class. If ν(y) = k for y ∈ T 2k+1, then exactly one entry
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is left unpaired, with a value w. Appending −w gives an N -tuple closed under the involution.
Conversely, if an N -tuple is closed under the involution, deleting its last entry z leaves a (2k+1)-
tuple with ν = k whose unpaired value is −z, so the last entry is determined by the others. This
is a bijection onto the closed N -tuples, which number Qk(q) by Lemma 2.2. ■

4. Warm-up: the cubic case q = 3

For q = 3 the proof of §5 applies, but there is a shorter proof that also produces an explicit basis.
It works over every field; we write it over F3. Put n′ := 2k + 1. Then C = F3[y1, . . . , yn′ ]/(y2

i )
has the basis yU := ∏

i∈U yi, U ⊆ [n′] := {1, . . . , n′}, and D(a, b) = b−a, so DJ = ∏
(a,b)(yb −ya)

over the k pairs (a < b) of J not containing 0. Order the monomials lexicographically with
y1 > y2 > · · · > yn′ .

For U ⊆ [n′], read i = 1, . . . , n′ as a path: an up-step if i ∈ U , a down-step if i /∈ U . Let
h(i) := |U ∩ [i]| − |[i] \U |, and let U := {U : h(i) ≥ −1 for all i} (paths that never go below −1).

Theorem 4.1. For every k ≥ 0, dimF3(DJ : J ∈ J )C = C(2k + 2, k + 1) = Qk(3). The
lexicographic leading monomials of the ideal are exactly the yU , U ∈ U , and its graded ranks are
C(n′, u) −C(n′, u+ 2) in degree u = k, . . . , n′. Hence Conjecture 1.2 of [DS] holds for the cubic
Fermat variety of every even dimension.

Proof. (i) Leading monomials of certificate elements. For T ⊆ [n′] and J ∈ J with {0, c} ∈ J ,
the element yT · DJ is y[c∈T ]

c ·
∏

(a,b) fa,b, where fa,b = yb − ya if {a, b} ∩ T = ∅ («untouched»),
fa,b = yayb if a ∈ T ̸∋ b, fa,b = −yayb if b ∈ T ̸∋ a, and fa,b = 0 if {a, b} ⊆ T . The
factors involve disjoint sets of variables, so a non-zero yTDJ is a sum of 2#untouched distinct
squarefree monomials with coefficients ±1. The lexicographically largest one chooses −ya in
every untouched pair: two of these monomials first differ at the smaller element of a pair where
the choices differ, and that element is an a. So LM(yTDJ) = yU with coefficient ±1, where
U = {a : (a, b) untouched} ∪

⋃
touched{a, b} ∪ ({c} ∩ T ).

(ii) Every U ∈ U is reached. Match the steps greedily: each down-step i /∈ U is matched with the
nearest earlier unmatched up-step. A down-step stays unmatched exactly when the path reaches
a new minimum below 0 at it, so the number of unmatched down-steps is max(0,− mini h(i)) ≤ 1.

• If there is one unmatched down-step, call it c. The number of unmatched up-steps is then
|U | − (n′ − |U | − 1), which is even.

• If there is none, 2|U | − n′ up-steps are unmatched. This number is odd and ≥ −1, hence
≥ 1; let c be the largest unmatched up-step. An even number remain.

Pair the remaining unmatched up-steps consecutively into «full pairs». The matched pairs
(a < b), the full pairs and {0, c} form a matching J ∈ J . Let T consist of the smaller element
of each full pair, together with c if c ∈ U . Then every matched pair is untouched and every
full pair is touched exactly once, so by (i) LM(yTDJ) = ±yU . Conversely, if yU is a leading
monomial as in (i), then every element of [n′] \ U other than possibly c is the larger element b
of an untouched pair whose smaller element a lies in U . This injection shows that at most one
down-step is unmatched, so U ∈ U .

(iii) Counting. Paths of length n′ with u up-steps number C(n′, u). By reflecting the part after
the first visit to −2 (André’s reflection), those that visit −2 are in bijection with the paths with
n′ − u − 2 up-steps, of which there are C(n′, u + 2). For u ≤ k − 1 the endpoint 2u − n′ ≤ −3
forces a visit to −2. So #{U ∈ U : |U | = u} = C(n′, u) −C(n′, u+ 2) for u ≥ k and 0 otherwise.
The sum telescopes to C(n′, k) + C(n′, k + 1) = C(2k + 2, k + 1).
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(iv) Conclusion. Elements of a subspace with pairwise distinct leading monomials are linearly
independent, in any characteristic: the leading monomial of a non-trivial combination is the
largest leading monomial that occurs with a non-zero coefficient. Hence dim(DJ)C ≥ |U| =
C(2k + 2, k + 1) = Qk(3). Equality holds by Theorem 5.9 (or by Proposition 2.5), and it forces
the set of leading monomials of the ideal to be exactly {yU : U ∈ U}, which gives the graded
ranks. ■

Remarks 4.2. (1) The graded ranks C(n′, k + j) − C(n′, k + j + 2) are the ballot numbers
C(2k+2, k+1−j)(2j+1)/(k+2+j) (OEIS A039599). For k = 1, . . . , 6 they are 2, 3, 1 · 5, 9, 5, 1
· 14, 28, 20, 7, 1 · 42, 90, 75, 35, 9, 1 · 132, 297, 275, 154, 54, 11, 1 · 429, 1001, 1001, 637, 273, 77, 13, 1.
(2) The proof uses the full family: step (ii) needs matchings that are arbitrary. For a subfamily
the same argument only bounds the union of the leading-monomial sets, and at q = 3, k = 2
there are subfamilies for which the analogue of (S) fails (§11). (3) An alternative route, not
needed here. In the N -variable form of Proposition 2.6, the span of the generators at q = 3 is
spanned by the Specht polynomials of the two-row shape (k + 1, k) of S2k+1, and the degree-
(N − r) part of the ideal can be identified with the Specht module S(N−r,r), whose dimension
does not depend on the field [Jam]. We checked this identification at N = 4, 6, 8 (dimensions
6, 20, 70), but we have not written it out as a proof, and Theorem 4.1 does not depend on it.

5. The proof of Theorem B

Throughout this section, F is an arbitrary field, q ≥ 3 is odd, h = (q − 1)/2, and T is a set
of q − 1 elements with a fixed-point-free involution u 7→ −u (so T has h classes {u,−u}). For
m ≥ 0 put

Cm := F [y1, . . . , ym]/(yq−1
1 , . . . , yq−1

m ), so CF = C2k+1.

The field and the set T never interact: F carries the ideals, T carries the point sets, and the
two are compared only through dimensions and cardinalities. Every identity used is an identity
of polynomials with integer coefficients. The field reappears in §5.9, where we evaluate the
generators on a copy of T inside F .

The idea in one paragraph. Peeling off y1 splits an ideal V into q−1 nested slices, and a point
set Z into q − 1 nested layers (Lemma 5.1). If each layer is the point set of an ideal contained
in the corresponding slice, induction on m gives dimV ≥ |Z|. To make this possible we index
both sides by down-sets of partitions: VΛ is generated by products of divided differences and
Vandermonde determinants, and ZΛ is the set of tuples whose unpaired part has shape in Λ.
The number of values of y1 that complete a tail depends only on the shape µ of the tail (P1,
§5.4). The q − 1 shapes obtained from µ form a chain for weak dominance (§5.5), so the layers
are again down-sets (P2, §5.6). And each generator of a layer lifts to the right slice by one of
three explicit constructions (P3, §5.7).

5.1 Peeling one variable

Write Cm = Cm−1[y1]/(yq−1
1 ), where Cm−1 is the ring in y2, . . . , ym. For an ideal V ⊆ Cm and

0 ≤ j ≤ q − 2 put

V≤j := {f ∈ V : degy1 f ≤ j},

Wj(V ) := {[yj
1]f : f ∈ V≤j} ⊆ Cm−1.
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Lemma 5.1 (peeling; linear algebra and counting). (i) Wj(V ) is an ideal of Cm−1. (ii)
Wj(V ) ⊆ Wj+1(V ) for 0 ≤ j < q − 2. (iii) dimV = ∑q−2

j=0 dimWj(V ). (iv) For Z ⊆ Tm,
let F (M ′) := {y ∈ T : (y,M ′) ∈ Z} for M ′ ∈ Tm−1 and Z>i := {M ′ : |F (M ′)| > i}. Then
|Z| = Σq−2

i=0 |Z>i|.

Proof. (i) For g ∈ Cm−1 and f ∈ V≤j , gf ∈ V≤j and [yj
1](gf) = g · [yj

1]f . (ii) If f ∈ V≤j , then
y1f ∈ V≤j+1 and [yj+1

1 ](y1f) = [yj
1]f ; this uses yj+1

1 ̸= 0, i.e. j + 1 ≤ q − 2. (iii) The map
V≤j → Wj(V ), f 7→ [yj

1]f , is onto with kernel V≤j−1, and V = V≤q−2. (iv) |Z| = ΣM ′ |F (M ′)|.
Since |F (M ′)| ≤ q− 1, each M ′ lies in Z>i for exactly the |F (M ′)| values i = 0, . . . , |F (M ′)| − 1,
so Σi|Z>i| = ΣM ′ |F (M ′)|. ■

5.2 Partitions, residues and weak dominance

• Residue. Regard M ∈ Tm as a multiset of values. In each class {u,−u} let a, ā be
the multiplicities of u and −u in M . The class contributes min(a, ā) negation pairs, and
ν(M) = ∑

classes min(a, ā), since a negation pair lies inside one class and the classes are
disjoint. The residue keeps, in each class with a ̸= ā, |a− ā| copies of the majority value.

• λ(M) is the partition formed by the multiplicities of the residue. Distinct residual values
lie in distinct classes, so ℓ(λ(M)) ≤ h, and |λ(M)| = Σ|a− ā| = m− 2ν(M) ≡ m (mod 2).

• Par(h)
m := {λ : |λ| ≤ m, |λ| ≡ m (mod 2), ℓ(λ) ≤ h}. The cap ℓ(λ) ≤ h matters: for example

(1m) /∈ Par(h)
m when m > h. We write Parm when h is fixed.

• Weak dominance. For a partition λ let St(λ) be the sum of its t largest parts, padded
with zeros. Put λ ≼ µ iff St(λ) ≤ St(µ) for all t ≥ 1. The order is defined also between
partitions of different sizes; it is a partial order, not a total one ((2) and (1, 1, 1) are
incomparable).

• For a ≼-down-set Λ ⊆ Parm, ZΛ := {M ∈ Tm : λ(M) ∈ Λ}.

• Tight patterns. For λ ∈ Parm and an index set I with |I| = m, a tight pattern of
λ on I consists of p = (m − |λ|)/2 pairwise disjoint pairs P of elements of I, together
with pairwise disjoint blocks B1, . . . , Bλ1 with |Bc| = λ′

c (the column lengths of λ), which
partition the rest of I. Its product is DP ·

∏
c ∆(Bc), where DP := ∏

(a<b)∈P D(ya, yb) and,
for B = {b1 < · · · < br}, ∆(B) := det(ye−1

bc
)e,c=1..r = ∏

c<c′(ybc′ − ybc) (the Vandermonde
determinant, with ∆(∅) = ∆({b}) = 1).

• The blocks are indexed by the columns of λ. In the proof of Theorem 5.9 a row of λ carries
one value and a column carries pairwise distinct values.

• VΛ ⊆ Cm is the ideal generated by the products of all tight patterns on [m] of all λ ∈ Λ.
For m = 0 the empty product is 1.

Lemma 5.2 (the root; the only place where the full family enters). In Par2k+1,
Λ = {(1)} is a down-set, V(1) = (DJ : J ∈ J )C2k+1, and Z(1) = Γ′, so |Z(1)| = Qk(q).

Proof. If λ ≼ (1) then St(λ) ≤ 1 for all t, so |λ| ≤ 1; since |λ| is odd, λ = (1). A tight pattern of
(1) on [2k+ 1] consists of k disjoint pairs and one singleton block (with ∆ = 1), so its product is
DP for a set P of k disjoint pairs covering [2k+ 1] \ {c}. Adding the pair {0, c} gives a matching
J ∈ J , and every J arises in this way; since D is antisymmetric, DP = ±DJ . So V(1) contains
DJ for every matching J : this is where the whole family J is used, and a subfamily would give
a smaller ideal. Finally λ(M) = (1) iff ν(M) = k, so Z(1) = Γ′, and |Γ′| = Qk(q) by Lemma 3.1.
■
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5.3 The theorem

Theorem 5.3. For every field F , every odd q ≥ 3, every m ≥ 0 and every ≼-down-set Λ ⊆
Par(h)

m , dimF VΛ ≥ |ZΛ|.

Corollary 5.4. Theorem B holds, and so does (S) for every k ≥ 0 and every q = pv, p an odd
prime. Hence the Main Theorem for m = pv, p an odd prime.

Proof of the Corollary. By Lemma 5.2 and Theorem 5.3 with m = 2k + 1 and Λ = {(1)},
dimF (DJ : J ∈ J )CF ≥ |Γ′| = Qk(q). The equality clause and the integral statement of
Theorem B are Theorems 5.9 and 5.9’ below (with Lemma 5.2, which holds verbatim over Z);
for (S) the reverse inequality is also Proposition 2.5. Proposition 2.5 then turns (S) into the
Main Theorem. ■

The proof of Theorem 5.3 is by induction on m, with q fixed, and occupies §5.4–§5.8. We fix
m ≥ 1, a down-set Λ ⊆ Parm, and peel y1 (Lemma 5.1).

5.4 (P1) The fibres depend only on the residue partition

Take Z = ZΛ in Lemma 5.1(iv). Fix M ′ ∈ Tm−1 (indices 2, . . . ,m) with λ(M ′) = µ, residual
values u1, . . . , uℓ in distinct classes, and multiplicities µ1 ≥ · · · ≥ µℓ. Adding a value y for the
index 1 gives:

• y = −uj : the class of uj gains a negation pair, and λ(y,M ′) = µ − ej (one box removed
from row j, re-sorted);

• y = uj : λ(y,M ′) = µ+ ej ;

• y in one of the h − ℓ classes absent from the residue (where M ′ has equal multiplicities,
possibly 0 = 0): λ(y,M ′) = µ ⊔ 1 (a new part equal to 1). There are 2(h− ℓ) = q − 1 − 2ℓ
such y.

These are ℓ+ ℓ+ (q − 1 − 2ℓ) = q − 1 = |T | values. Hence |F (M ′)| = FΛ(µ), where

FΛ(µ) := #{j : µ− ej ∈ Λ} + #{j : µ+ ej ∈ Λ} + (q − 1 − 2ℓ) · [µ ⊔ 1 ∈ Λ],

which depends only on µ. So Z>i = ZΛi
with Λi := {µ ∈ Parm−1 : FΛ(µ) > i}. All the options

lie in Parm: their size is |µ| ± 1 ≤ m, with the parity of m, and µ ⊔ 1 only occurs when ℓ < h.

5.5 (Chain) The options form a chain

Let r̄j be the last row of µ of length µj , and rj the first. Removing a box from row j lowers the
last row of that length, and adding a box to row j raises the first one, so for all t ≥ 1:

St(µ− ej) = St(µ) − [t ≥ r̄j ], St(µ+ ej) = St(µ) + [t ≥ rj ],
St(µ ⊔ 1) = St(µ) + [t > ℓ].

List the L := q − 1 options by position p = 1, . . . , L:

µ− e1 ≼ µ− e2 ≼ · · · ≼ µ− eℓ ≼ µ ⊔ 1 = · · · = µ ⊔ 1 ≼ µ+ eℓ ≼ · · · ≼ µ+ e1
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with µ− ep at position p ≤ ℓ, the q− 1 − 2ℓ copies of µ⊔ 1 at positions ℓ < p ≤ L− ℓ, and µ+ ej

at position L+ 1 − j.
Lemma 5.5 (inequality of partitions). The options at positions 1, . . . , L are weakly increas-
ing for ≼. Consequently the options lying in Λ form an initial segment, and FΛ(µ) is the length
of that segment.

Proof. r̄j is non-decreasing in j (rows are sorted), so µ−ej ≼ µ−ej+1. Next, µ−eℓ ≼ µ ≼ µ⊔1.
Then µ ⊔ 1 ≼ µ+ eℓ, because rℓ ≤ ℓ < t whenever [t > ℓ] = 1. Finally rj is non-decreasing in j,
so µ+ ej+1 ≼ µ+ ej . Since Λ is a down-set, optp ∈ Λ implies optp′ ∈ Λ for all p′ ≤ p. ■

In particular the removals in Λ are µ− e1, . . . , µ− er for some r ≤ ℓ. Since rows of equal length
give equal partitions, the options at the positions of equal rows coincide, so r = 0 or r is the
last row of its length. The additions in Λ are µ+ ej for j0 ≤ j ≤ ℓ, with j0 (if it exists) the first
row of its length. Put ι := [µ ⊔ 1 ∈ Λ] (so ι = 0 when ℓ = h). If some addition lies in Λ, then
r = ℓ, and ι = 1 whenever ℓ < h; if ι = 1 then r = ℓ. Therefore

FΛ(µ) = r + (q − 1 − 2ℓ) · ι+ (ℓ− j0 + 1) · [j0 exists]. (5.1)

5.6 (P2) The layers are down-sets

Proposition 5.6 (inequality of partitions). If µ, µ̃ ∈ Parm−1 and µ ≼ µ̃, then optp(µ) ≼
optp(µ̃) for every position p. Hence FΛ(µ) ≥ FΛ(µ̃), and every Λi is a ≼-down-set of Parm−1.

The second sentence follows from the first: if optp(µ̃) ∈ Λ then optp(µ) ∈ Λ, so FΛ(µ̃) ≤ FΛ(µ),
and µ̃ ∈ Λi implies µ ∈ Λi. We prove the first sentence. Write ℓ = ℓ(µ), ℓ̃ = ℓ(µ̃), and mark
with a tilde the quantities of µ̃. Recall that |µ| ≡ |µ̃| (mod 2), since both lie in Parm−1. Two
facts are used throughout.

(T) If t ≥ 1 is tight, i.e. St(µ) = St(µ̃), then µt ≥ µ̃t (from St−1(µ) ≤ St−1(µ̃)) and µt+1 ≤ µ̃t+1
(from St+1(µ) ≤ St+1(µ̃)).

(G) Each comparison below has the form St(µ)+δ ≤ St(µ̃)+δ̃ with δ, δ̃ ∈ {−1, 0, 1}. If δ−δ̃ ≤ 1,
it can only fail at a tight t with δ = δ̃ + 1. The one place where δ − δ̃ = 2 is possible is
treated explicitly, in (d1).

The positions fall into seven cases. A removal of one partition is never compared with an addition
of the other, because ℓ+ ℓ̃ ≤ 2h = q − 1 leaves the middle positions of µ in between.

case positions option of
µ

option of
µ̃

only possible
failure

why it cannot occur

(a) p ≤ min(ℓ, ℓ̃) µ− ep µ̃− ep tight t, ˜̄rp ≤ t < r̄p forces Sp−1(µ̃) < Sp−1(µ)
(b) j ≤ min(ℓ, ℓ̃) µ+ ej µ̃+ ej tight t, rj ≤ t < r̃j forces Sj(µ̃) < Sj(µ)
(c) middle µ ⊔ 1 µ̃ ⊔ 1 ℓ < t ≤ ℓ̃ the rows ℓ+ 1, . . . , t of µ̃,

(5.2)
(d1) ℓ < p ≤ ℓ̃ µ ⊔ 1 µ̃− ep δ − δ̃ = 2 (5.2) and parity
(d2) ℓ < j ≤ ℓ̃ µ ⊔ 1 µ̃+ ej none (5.2)
(e1) ℓ̃ < p ≤ ℓ µ− ep µ̃ ⊔ 1 none chain µ− ep ≼ µ ≼ µ̃ ≼ µ̃⊔ 1
(e2) ℓ̃ < j ≤ ℓ µ+ ej µ̃ ⊔ 1 tight t ≤ ℓ̃ forces Sj(µ̃) < Sj(µ)

(a) Removal against removal, p ≤ min(ℓ, ℓ̃). We need St(µ)−[t ≥ r̄p] ≤ St(µ̃)−[t ≥ ˜̄rp]. The only
danger is a tight t with ˜̄rp ≤ t < r̄p. Then t ≥ p, and rows p, . . . , t+ 1 of µ all have length µp; in
particular µt = µt+1 = µp. Since t+ 1 > ˜̄rp, µ̃t+1 < µ̃p. By (T), µ̃t+1 ≥ µt+1 = µt ≥ µ̃t ≥ µ̃t+1,
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so µ̃t = µ̃t+1 = µp and µ̃p > µp. Hence St(µ̃) − Sp−1(µ̃) = ∑t
s=p µ̃s ≥ µ̃p + (t − p)µp >

(t− p+ 1)µp = St(µ) − Sp−1(µ). Since t is tight, Sp−1(µ̃) < Sp−1(µ), contradicting µ ≼ µ̃.

(b) Addition against addition, j ≤ min(ℓ, ℓ̃) (position L + 1 − j). We need St(µ) + [t ≥ rj ] ≤
St(µ̃) + [t ≥ r̃j ]. The only danger is a tight t with rj ≤ t < r̃j . Then t < r̃j ≤ j, so
µt = µt+1 = µj , and µ̃t > µ̃j because t lies before the first row of µ̃ of length µ̃j . By (T),
µ̃t+1 ≥ µt+1 = µj = µt ≥ µ̃t ≥ µ̃t+1, so µ̃t = µ̃t+1 = µj > µ̃j . Every µ̃s with s > t is at most
µj , and µ̃j < µj , so ∑j

s=t+1 µ̃s < (j − t)µj = ∑j
s=t+1 µs. With tightness at t, Sj(µ̃) < Sj(µ): a

contradiction.

(c) Middle against middle. We need St(µ) + [t > ℓ] ≤ St(µ̃) + [t > ℓ̃]. If ℓ ≥ ℓ̃ this is immediate.
If ℓ < ℓ̃ and ℓ < t ≤ ℓ̃, the rows ℓ+ 1, . . . , t of µ̃ are non-empty, so

St(µ̃) ≥ Sℓ(µ̃) + (t− ℓ) ≥ Sℓ(µ) + (t− ℓ) = |µ| + (t− ℓ) ≥ |µ| + 1 = St(µ) + 1. (5.2)

Layout of the positions. If ℓ = ℓ̃ only (a), (b), (c) occur. If ℓ < ℓ̃, positions ℓ+1, . . . , ℓ̃ compare a
middle option of µ with a removal of µ̃ (case d1), and positions L+1−j with ℓ < j ≤ ℓ̃ compare
a middle option of µ with an addition of µ̃ (case d2). These positions are middle positions of µ
because ℓ+ ℓ̃ ≤ 2h = L. If ℓ > ℓ̃, the roles are reversed (cases e1, e2).

(d1) ℓ < p ≤ ℓ̃: µ ⊔ 1 against µ̃− ep. We need St(µ) + [t > ℓ] ≤ St(µ̃) − [t ≥ ˜̄rp]. Here δ − δ̃ can
be 2, so we check every t.

• t ≤ ℓ: both brackets vanish, since ˜̄rp ≥ p > ℓ ≥ t.

• t ≥ ℓ̃: St(µ̃) = |µ̃| ≥ |µ| + (ℓ̃− ℓ) ≥ |µ| + 1 by (5.2) at t = ℓ̃; by parity |µ̃| ≥ |µ| + 2, which
suffices.

• ℓ+ 2 ≤ t < ℓ̃: St(µ̃) ≥ |µ| + (t− ℓ) ≥ |µ| + 2 by (5.2).

• t = ℓ + 1 < ℓ̃: if t < ˜̄rp, (5.2) suffices. If t ≥ ˜̄rp, then ˜̄rp = p = ℓ + 1 and we need
Sℓ+1(µ̃) ≥ |µ| + 2. If µ̃ℓ+1 ≥ 2 this holds, since Sℓ(µ̃) ≥ |µ|. If µ̃ℓ+1 = 1, then row ℓ+ 2 ≤ ℓ̃
of µ̃ also has length 1, so ˜̄rℓ+1 ≥ ℓ+ 2 > t, a contradiction.

(d2) ℓ < j ≤ ℓ̃: µ ⊔ 1 against µ̃+ ej. We need St(µ) + [t > ℓ] ≤ St(µ̃) + [t ≥ r̃j ]. For t ≤ ℓ this
is immediate. For ℓ < t ≤ ℓ̃ it follows from (5.2), and for t > ℓ̃ from |µ̃| ≥ |µ| + 1.

(e1) ℓ̃ < p ≤ ℓ: µ−ep against µ̃⊔1 (which exists because ℓ̃ < ℓ ≤ h). Here µ−ep ≼ µ ≼ µ̃ ≼ µ̃⊔1.

(e2) ℓ̃ < j ≤ ℓ: µ + ej against µ̃ ⊔ 1. We need St(µ) + [t ≥ rj ] ≤ St(µ̃) + [t > ℓ̃]. For t > ℓ̃

the right bracket is 1, so this is immediate. For t ≤ ℓ̃ with t ≥ rj we need strictness. Suppose
t is tight. Then rj ≤ t ≤ ℓ̃ < j, so µt = µt+1 = µj ≥ 1. By (T), µ̃t ≤ µt = µj , so µ̃s ≤ µj for
every s ≥ t. Moreover µ̃j = 0, since j > ℓ̃. Hence ∑j

s=t+1 µ̃s < (j − t)µj = ∑j
s=t+1 µs, and with

tightness Sj(µ̃) < Sj(µ), a contradiction.

The positions 1, . . . , L are covered by (a)–(e) exactly once: removals occupy positions ≤ ℓ or
≤ ℓ̃, additions the last ℓ or ℓ̃ positions, and the middle the rest. The degenerate cases ℓ = 0,
ℓ = h (no middle positions) and ℓ̃ = h are included. ■

5.7 (P3) Every tight pattern of a layer lies in the right slice

We need three identities of polynomials, all with integer coefficients, hence valid in Cm over any
field.

Lemma 5.7 (identities over Z). (i) For 0 ≤ t ≤ q − 2: [yq−2−t
1 ]D(y1, yb) = (−1)t+1yt

b. (ii)
Let S = {b1 < · · · < br} and εbc := (−1)r+c. Then

∑
b∈S εb∆(S \ b)yt

b = 0 for 0 ≤ t ≤ r− 2, and
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= ∆(S) for t = r − 1. (iii) If 1 /∈ B and |B| ≤ q − 2, then ∆(B ∪ {1}) = ∏
c∈B(yc − y1) · ∆(B)

has y1-degree |B| in Cm, with top coefficient (−1)|B|∆(B).

Proof. (i) The coefficient is (−1)q−2−tyt
b, and q − 2 is odd. (ii) The left side is the expansion,

along its last row, of the Vandermonde matrix of S with its last row (yr−1
b ) replaced by (yt

b).
For t ≤ r− 2 two rows coincide. (iii) This is the factorisation of the Vandermonde determinant;
y

|B|
1 ̸= 0 in Cm because |B| ≤ q − 2. ■

Proposition 5.8 (linear algebra). For every i ∈ {0, . . . , q − 2}: VΛi
⊆ Wq−2−i(VΛ). Here

VΛi
⊆ Cm−1 is built on the indices 2, . . . ,m.

Proof. Since Wq−2−i(VΛ) is an ideal (Lemma 5.1(i)), it suffices to treat a generator. Let µ ∈ Λi,
so Φ := FΛ(µ) ≥ i + 1, and let G be the product of a tight pattern of µ on {2, . . . ,m}, with
pairs P and column blocks Bc. By Lemma 5.1(ii) it is enough to show G ∈ Wj(VΛ) for some
j ≤ q − 1 − Φ: then j ≤ q − 2 − i. We use (5.1). Since Φ ≥ 1, at least one term of (5.1) is
non-zero, and we split into three cases, which are mutually exclusive by construction: (α) j0
exists; (β) j0 does not exist and ι = 1; (γ) neither, so that Φ = r ≥ 1. In case (β), ι = 1 forces
ℓ < h, since µ ⊔ 1 ∈ Parm requires ℓ(µ) + 1 ≤ h.

(α) j0 exists (λ := µ + ej0 ∈ Λ). The column c∗ := µj0 + 1 of µ has height j0 − 1, because
j0 is the first row of its length; let B := Bc∗ (possibly empty). Put the index 1 into B. The
result is a tight pattern of λ on [m]: column c∗ of λ has height j0, and the number of pairs
(m−|λ|)/2 = ((m−1)−|µ|)/2 is unchanged. Its product lies in VΛ, has y1-degree j0 −1, and by
Lemma 5.7(iii) its top y1-coefficient is ±G (note |B| = j0−1 ≤ h−1 ≤ q−2). So G ∈ Wj0−1(VΛ).
By (5.1), r = ℓ here. If ℓ < h, then ι = 1 and Φ = ℓ + (q − 1 − 2ℓ) + (ℓ − j0 + 1) = q − j0. If
ℓ = h, then q − 1 − 2ℓ = 0 and Φ = 2ℓ− j0 + 1 = q − j0. In both cases j0 − 1 = q − 1 − Φ.

(β) no j0, and ι = 1 (λ := µ⊔ 1 ∈ Λ, ℓ < h). Put the index 1 into the first column block B1, of
height ℓ; column 1 of λ has height ℓ+1, and the number of pairs is unchanged. The product has
y1-degree ℓ ≤ q − 2 and top coefficient ±G, so G ∈ Wℓ(VΛ). By (5.1), r = ℓ and Φ = q − 1 − ℓ,
i.e. ℓ = q − 1 − Φ. (For µ = ∅ the block is {1}, ∆ = 1, and the degree is 0.)

(γ) only removals (Φ = r ≥ 1, λ := µ− er ∈ Λ). The column µr of µ has height r, because r is
the last row of its length; call its block S, |S| = r, and write G = ∆(S) ·G′, where G′ involves
no index of S ∪ {1}. For b ∈ S, the pairs P ∪ {(1, b)} together with the blocks Bc (c ̸= µr) and
S \ {b} form a tight pattern of λ on [m]: column µr of λ has height r − 1, and the number of
pairs (m− |λ|)/2 = ((m− 1) − |µ|)/2 + 1 has grown by one. Hence

f :=
∑
b∈S

εb∆(S \ b)D(y1, yb)G′ ∈ VΛ.

By Lemma 5.7(i),(ii), [yq−2−t
1 ]f = (−1)t+1(∑b εb∆(S \ b)yt

b)G′. This vanishes for t ≤ r − 2 and
equals ±∆(S)G′ = ±G for t = r − 1. So degy1 f ≤ q − 1 − r, with top coefficient ±G, and
G ∈ Wq−1−r(VΛ) = Wq−1−Φ(VΛ). ■

The three constructions land exactly in the slice q−1−Φ, the largest index the proof can afford
(see Remark 5.10(2)).

5.8 The induction

Proof of Theorem 5.3. Induction on m, with F , q and T fixed.

• Base m = 0. Par0 = {∅}. If Λ = {∅}, then VΛ = C0 = F (the empty product) and
ZΛ = T 0 is one point: 1 ≥ 1. If Λ = ∅, both sides are 0.
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• Relabelling. A permutation of the index set sends every tight-pattern product to ±
another one, since D and ∆ are antisymmetric. Hence VΛ is invariant under relabelling,
and so is |ZΛ|. So the statement for m− 1 variables applies to the variables y2, . . . , ym.

• Step. Let m ≥ 1. By Lemma 5.1(iii), Proposition 5.8, the induction hypothesis, and
Lemma 5.1(iv),

dimVΛ =
q−2∑
i=0

dimWq−2−i(VΛ) ≥
q−2∑
i=0

dimVΛi
≥ Σq−2

i=0 |ZΛi
| = Σq−2

i=0 |Z>i| = |ZΛ|.

The induction hypothesis applies because each Λi is a down-set of Parm−1 (Proposition 5.6).
The identity ZΛi

= Z>i is §5.4. ■

5.9 Equality

For an ideal I ⊆ F [y1, . . . , ym] let gr(I) be the ideal of top-degree forms: its degree-d part
consists of 0 and the homogeneous parts of degree d of the elements of I of degree exactly d. (It
is an ideal: for f, g ∈ I of degree d, the form f top +gtop is 0 or (f +g)top, and yif

top = (yif)top.)

Lemma 5.8’ (top-degree forms). (i) If I ⊆ F [y] is generated by f1, . . . , fs, then gr(I) ⊇
(f top

1 , . . . , f top
s ). (ii) If dimF F [y]/I < ∞, then dimF F [y]/ gr(I) = dimF F [y]/I.

Proof. (i) fi ∈ I, so f top
i ∈ gr(I). (ii) Fix a degree-compatible monomial order. For f ̸= 0, the

leading monomial of f is that of f top. The ideal gr(I) is homogeneous, so each of its non-zero
elements g has gtop ∈ gr(I), and gtop = f top for some f ∈ I. Hence gr(I) and I have the same
monomial ideal of leading monomials, and by Macaulay’s basis theorem [CLO] the standard
monomials are a basis of both quotients. ■

(The initial ideal of I is a monomial ideal and contains the leading monomials of the fi, not the
fi; it is gr(I) that contains the forms themselves. Version 4 of this paper wrote «initial ideal»
for gr in the proofs of Theorem 5.9 and Proposition 11.1.)

Theorem 5.9. If charF does not divide q− 1, then dimF VΛ = |ZΛ| for every m ≥ 0 and every
≼-down-set Λ ⊆ Par(h)

m . In particular, for such F , equality holds in Theorem B (for every field,
see Theorem 5.9’), and dimFp(DJ : J ∈ J )C = Qk(q) for q = pv without any appeal to topology.

Proof. By Theorem 5.3 it suffices to prove ≤. The generators of VΛ have integer coefficients, so
dimF VΛ does not change under extension of the field, and we may assume that F contains the
group µq−1 of (q−1)-th roots of unity. Since charF ∤ q−1, the polynomial yq−1 −1 is separable,
|µq−1| = q − 1, and −1 ∈ µq−1 is not 1 (because q − 1 is even and charF ̸= 2). So we may take
T := µq−1 with the involution u 7→ −u, which has no fixed point.

Evaluation. For a, b ∈ T , the identity (a + b)D(a, b) = bq−1 − aq−1 = 0 shows D(a, b) = 0
unless b = −a, and D(a,−a) = ∑

u(−1)u(−1)q−2−uaq−2 = −(q − 1)aq−2 ̸= 0. A Vandermonde
determinant ∆(B) is non-zero at a point iff the values on B are pairwise distinct. So the product
of a tight pattern (P,B1, . . . , Bλ1) of λ is non-zero at M ∈ Tm iff every pair of P is a negation
pair of M and every block Bc carries pairwise distinct values.

Support. Suppose such a product is non-zero at M . Let M ′ be the multiset of the |λ| values of M
outside P , and ν ′ its multiplicity partition. A value occurs at most once in each column block,
so the t most frequent values of M ′ occupy at most min(t, λ′

c) places of column c; summing over
c, St(ν ′) ≤

∑
c min(t, λ′

c) = St(λ), so ν ′ ≼ λ. The pairs of P do not change the residue, and
passing from M ′ to its residue replaces, in each class, the two multiplicities a, ā by one part
|a− ā| ≤ max(a, ā); so the parts of λ(M) are bounded, one by one, by distinct parts of ν′, and
λ(M) ≼ ν ′. Hence λ(M) ≼ λ, and if λ ∈ Λ then M ∈ ZΛ. So the union Σ of the supports of
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the generators of VΛ is contained in ZΛ. (It is in fact equal: for M ∈ ZΛ, take ν(M) disjoint
negation pairs of M and put the residue into the columns of λ(M), one value per row.)

Degeneration. Let g1, . . . , gs be the generators of VΛ, viewed as homogeneous polynomials in
F [y1, . . . , ym], and put I := (g1, . . . , gs)+(yq−1

1 −1, . . . , yq−1
m −1). Since yq−1 −1 = ∏

u∈T (y−u),
the Chinese remainder theorem gives F [y]/(yq−1

i − 1) ∼= F T m , the ring of functions on Tm. In
a finite product of fields, the ideal generated by some functions consists of the functions that
vanish outside the union of their supports. So I is the ideal of the functions vanishing on Tm \Σ,
and dimF F [y]/I = (q − 1)m − |Σ|. The top-degree form of gi is gi and that of yq−1

i − 1 is yq−1
i .

So, by Lemma 5.8’(i), I ′ := (g1, . . . , gs) + (yq−1
1 , . . . , yq−1

m ) ⊆ gr(I), and by Lemma 5.8’(ii)

dimF Cm/VΛ = dimF F [y]/I ′ ≥ dimF F [y]/ gr(I) = dimF F [y]/I = (q − 1)m − |Σ|,

that is, dimF VΛ ≤ |Σ| ≤ |ZΛ|. ■

Complement (the associated graded ring). Assume, as in the proof, that charF ∤ q − 1 and
µq−1 ⊆ F , and read VΛ + (yq−1

i ) as the ideal (gi) + (yq−1
i ) of F [y1, . . . , ym]. In the situation

of the proof, Theorem 5.3 turns every inequality into an equality: Σ = ZΛ and I ′ = gr(I). So
VΛ + (yq−1

1 , . . . , yq−1
m ) is the ideal of top-degree forms of the ideal of the finite set Tm \ ZΛ ⊆

µm
q−1, and Cm/VΛ is the associated graded ring of the ring of functions on Tm \ ZΛ, for the

degree filtration. In other words, the tight-pattern products give a complete description of this
associated graded ring. This is the same kind of statement as the Garsia–Procesi and Tanisaki
descriptions of the associated graded rings of orbits [GP], [Ta], here for a new family of point
sets, indexed by down-sets of partitions under weak dominance.

Theorem 5.9’ (equality in every characteristic; freeness over Z). For every field F ,
every odd q ≥ 3, every m ≥ 0 and every ≼-down-set Λ ⊆ Par(h)

m , dimF VΛ = |ZΛ|. Moreover,
let VΛ,Z be the ideal of Cm,Z := Z[y1, . . . , ym]/(yq−1

1 , . . . , yq−1
m ) generated by the tight-pattern

products of the elements of Λ. Then Cm,Z/VΛ,Z is a free abelian group of rank (q − 1)m − |ZΛ|,
each of its graded pieces is free, and the dimension over F of each graded piece of VΛ does not
depend on F .

Proof. The ring Cm,Z is free of rank (q − 1)m on the monomials, and VΛ,Z is homogeneous, so
M := Cm,Z/VΛ,Z = ⊕

dMd with each Md a finitely generated abelian group. The image of VΛ,Z

in Cm,Z ⊗F = Cm generates VΛ (the generators have integer coefficients), so by right exactness
of ⊗, Cm/VΛ ∼= M ⊗ F , degree by degree. Write Md

∼= Zρd ⊕ (finite). Then dimF (Md ⊗ F ) =
ρd + cd(F ), where cd(F ) is the number of cyclic factors of order divisible by charF in the
finite part (cd(F ) = 0 if charF = 0). With F = Q, where Theorem 5.9 applies because 0
does not divide q − 1, ∑

d ρd = dimQCm,Q/VΛ,Q = (q − 1)m − |ZΛ|. So for every field F ,
dimF Cm/VΛ ≥ (q − 1)m − |ZΛ|, that is, dimF VΛ ≤ |ZΛ|, and Theorem 5.3 gives equality.
Equality forces cd(F ) = 0 for every d. Taking F = Fp for every prime p, no Md has torsion, so
M is free and dimF (Cm/VΛ)d = ρd for every F . ■

Remark 5.10. (1) Where the full family enters. Only at the root, Lemma 5.2. The down-set
closure of {(1)} then carries the symmetry of J through every layer. §11 shows that no argument
valid for all subfamilies can exist. (2) No slack. In Proposition 5.8 the slice q− 1 −F cannot be
lowered: replacing it by q − 2 − F makes the statement false (§14, negative controls). (3) The
characteristic. Theorem 5.3 and, by Theorem 5.9’, equality hold over every field. Theorem 5.9 is
needed only over Q. The earlier measurements of equality with charF |q− 1 (§14) are instances
of Theorem 5.9’. (4) Leading monomials. In the computed cells, the degree-lexicographic leading
monomials of (DJ)C are the reflection e 7→ (q− 2) − e of the lexicographic standard monomials
of Γ′ in the sense of [CM] (§14). By the Complement to Theorem 5.9, the Hilbert function part
of this statement holds in general: the graded dimensions of Cm/VΛ are those of the degree
filtration on the functions on Tm \ ZΛ.
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5.10 A worked example: (q, m) = (9, 4)

Here h = 4, T has 8 elements, and Par(4)
4 = {∅, (2), (1, 1), (4), (3, 1), (2, 2), (2, 1, 1), (1, 1, 1, 1)}

has ten down-sets. Take Λ := {∅, (1, 1), (2)}, the down-set generated by (2). The tails have
m − 1 = 3 coordinates, with shapes in Par3 = {(1), (3), (2, 1), (1, 1, 1)}, and |Z(1)| = 168,
|Z(3)| = 8, |Z(2,1)| = 144, |Z(1,1,1)| = 192 (total 83 = 512).

tail shape
µ

its chain (positions 1 . . . 8) options in
Λ

FΛ(µ) case of Prop.
5.8

slice
q − 1 −
Φ

(1) ∅ · (1, 1) × 6 · (2) all 8 (α), j0 = 1 0
(3) (2) · (3, 1) × 6 · (4) first 1 (γ), r = 1 7
(2, 1) (1, 1) · (2) · (2, 1, 1) × 4 · (2, 2) · (3, 1) first two 2 (γ), r = 2 6
(1, 1, 1) (1, 1) × 3 · (1, 1, 1, 1) × 2 · (2, 1, 1) × 3 first three 3 (γ), r = 3 5

So Λ0 = Par3, Λ1 = {(1), (2, 1), (1, 1, 1)}, Λ2 = {(1), (1, 1, 1)}, and Λi = {(1)} for 3 ≤ i ≤ 7: all
down-sets, as P2 says. Lemma 5.1(iv) gives |ZΛ| = 512 + 504 + 360 + 5 · 168 = 2216, and the
computed dimension of VΛ is 2216 (§14). For the down-set {∅, (1, 1)} the tail (1) has F = 7 (the
addition (2) is missing) and falls into case (β), with slice ℓ = 1 = q − 1 − F ; there |ZΛ| = 1896.
Case (β) needs a middle option in Λ and no addition, which is why it does not occur for the
first down-set.

6. Odd degrees that are not prime powers: the colour reduction

In this section m ≥ 3 is odd and p is a prime dividing m (the even degrees are treated in §9,
which uses the lemmas of this section). Write m = q · r with q = pv, v ≥ 1, and p ∤ r; so r is
odd, and r = 1 is the case treated in §2–§5. Put F := F̄p, n = 2k with k ≥ 1, N = n+ 2,

F [G] := F [t1, . . . , tn+1]/(tm1 − 1, . . . , tmn+1 − 1),
I := (ψ̄J : J ∈ J ) · F [G],

where ψ̄J denotes the image of ψJ in F [G] (in §2 it denoted the image in Fp[G]; the ideal of
F [G] it generates is the extension of that ideal).
By Proposition 2.1, dimFp Fp[G]/(ψ̄J : J ∈ J ) ≥ mn+1 − |ΓJ | for every p, with equality
at every p|m if and only if Hn(X)/L(X) is torsion free. The ψ̄J have coefficients in Fp, so
(ψ̄J)F [G] = (ψ̄J)Fp[G] ⊗Fp F , and dimensions do not change under this extension of the field;
so

dimF I ≤ |ΓJ |, (6.1)

and the Main Theorem at m is equivalent to dimF I ≥ |ΓJ | for every prime p|m. This
section reduces that inequality to an inequality for one family of ideals in two sets of variables,
the bipartite ideals; §7 proves it. All tensor products are over F , and a «unit» is an invertible
element of the ring in which the statement is made. The idea is that F [G] is a product of local
rings indexed by the ways of colouring the coordinates with r-th roots of unity; on each factor
the generators ψ̄J either vanish or become pure tensors, and the pure tensors split along the
colour classes.
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6.1 The splitting

Lemma 6.1 (splitting). Put Rc := ⊗n+1
i=1 F [ti]/((ti − ci)q) for c = (c1, . . . , cn+1) ∈ µn+1

r ,
where µr ⊆ F× is the group of r-th roots of unity. Then the product of the quotient maps
πc : F [G] → Rc is an isomorphism F [G] ∼=

∏
c∈µn+1

r
Rc, and for every ideal I ′ ⊆ F [G], dimF I

′ =∑
c dimF πc(I ′), where πc(I ′) is the ideal of Rc generated by the images of any set of generators

of I ′.

Proof. In characteristic p, (tr −1)q = tm −1. The polynomial tr −1 is separable, since r ̸= 0 in F ,
so tr − 1 = ∏

ζ∈µr
(t− ζ) with r distinct roots, and tm − 1 = ∏

ζ(t− ζ)q. The ideals ((t− ζ)q) are
pairwise comaximal, and the Chinese remainder theorem gives F [t]/(tm−1) ∼=

∏
ζ F [t]/((t−ζ)q).

Now F [G] is the tensor product of the n + 1 one-variable rings, and the tensor product over a
field distributes over finite products of algebras. In a finite product of rings every ideal is the
product of its images, which are generated by the images of its generators; dimensions add. ■

6.2 Which generators survive

Fix c ∈ µn+1
r and put c0 := (c1 · · · cn+1)−1, so that ∏n+1

i=0 ci = 1. In Rc every ti − ci is nilpotent,
with (ti − ci)q = 0.

Lemma 6.2. (i) For 1 ≤ i ≤ n+1: if ci ̸= 1, then ti −1 is a unit of Rc; if ci = 1, it is nilpotent.
(ii) Let 1 ≤ j < l ≤ n+ 1 and u := tjtl ∈ Rc. If cjcl ̸= 1, then φ(u) = 0 in Rc. If cjcl = 1, then
φ(u) = (unit) · (u− 1)q−1. (iii) If some pair {ji, ki} of J , i ≥ 1, has cjicki

̸= 1, then πc(ψ̄J) = 0.
If cjicki

= 1 for i = 1, . . . , k, then also c0ck0 = 1, and

πc(ψ̄J) = (unit) · (tk0 − 1) ·
k∏

i=1
(tki

− 1)(tjitki
− 1)q−1. (6.2)

Proof. (i) ti − 1 = (ci − 1) + (ti − ci), a non-zero constant plus a nilpotent if ci ̸= 1. (ii) In F [u],
(u − 1)φ(u) = um − 1 = ∏

ξ∈µr
(u − ξ)q, so φ(u) = (u − 1)q−1 ·

∏
ξ ̸=1(u − ξ)q. In Rc, tqj = cq

j

and tql = cq
l (Frobenius), so (u − cjcl)q = 0. If ξ0 := cjcl ̸= 1, then ξ0 ∈ µr \ {1} and the factor

(u− ξ0)q vanishes. If cjcl = 1, then u− 1 is nilpotent and each u− ξ = (1− ξ)+ (u− 1), ξ ̸= 1, is
a unit. (iii) The first sentence follows from (ii). For the second, 1 = ∏n+1

i=0 ci = c0ck0 ·
∏

i≥1 cjicki
;

then apply (ii) to each factor φ(tjitki
). ■

6.3 Colour classes and the tensor decomposition

For ζ ∈ µr put Cζ := {i ∈ {0, . . . , n + 1} : ci = ζ} (the index 0 carries the colour c0). Since
r is odd, ζ ̸= ζ−1 for ζ ̸= 1, and µr \ {1} splits into (r − 1)/2 pairs {ζ, ζ−1}; fix a set Rr of
representatives. The sets C1 and Cζ ∪ Cζ−1 (ζ ∈ Rr) partition {0, . . . , n + 1}; we call them the
blocks of c. We say that J ∈ J is compatible with c if cacb = 1 for every pair {a, b} of J ; by
Lemma 6.2(iii) this means cjicki

= 1 for i = 1, . . . , k, and πc(ψ̄J) = 0 unless J is compatible.

Lemma 6.3. A pair {a, b} has cacb = 1 iff {a, b} ⊆ C1, or {a, b} meets both Cζ and Cζ−1 for
some ζ ∈ Rr. Hence J is compatible with c iff it consists of a perfect matching P of C1 and,
for each ζ ∈ Rr, of the pairs of a bijection σζ : Cζ → Cζ−1; and every such choice (P, (σζ)) is a
compatible matching (it is a perfect matching of {0, . . . , n + 1}, hence an element of J : this is
where the full family is used, cf. Remark 6.10(3)). A compatible matching exists iff |C1| is even
and |Cζ | = |Cζ−1 | for every ζ; we then call c a compatible colouring. ■

Group the tensor factors of Rc by blocks: Rc = Rc,1 ⊗ ⊗ζ∈RrRc,ζ , where Rc,1 :=
⊗i∈C1\{0}F [ti]/((ti − 1)q) and Rc,ζ := ⊗i∈(Cζ∪Cζ−1 )\{0}F [ti]/((ti − ci)q) (an empty tensor product
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is F ; the variable t0 does not exist). Each factor of (6.2) involves the variables of one pair of J ,
and a pair of a compatible J lies in one block; the factor of the pair {0, k0} is tk0 − 1, which lies
in the block of k0. So, for a compatible J = (P, (σζ)),

πc(ψ̄J) = (unit) · gP ⊗ ⊗ζ∈Rrgσζ
,

where gP ∈ Rc,1 and gσζ
∈ Rc,ζ are the products of the factors of (6.2) belonging to the pairs of

P and of σζ (an empty product is 1; the unit of (6.2) is absorbed into one of them, and units
do not change the ideals below). Put Ic,1 := (gP : P ) and Ic,ζ := (gσ : σ), the ideals generated
over all perfect matchings P of C1 and all bijections σ : Cζ → Cζ−1 .

Lemma 6.4 (tensor products of ideals). Let R,R′ be finite-dimensional commutative F -
algebras and I = (gα), I ′ = (g′

β) ideals. Then the ideal of R ⊗ R′ generated by the gα ⊗ g′
β is

I ⊗ I ′, and dim(I ⊗ I ′) = dim I · dim I ′.

Proof. I ⊗ I ′ is an ideal of R ⊗ R′ (pure tensors span, and (r ⊗ r′)(x ⊗ x′) = rx ⊗ r′x′), and
it contains the gα ⊗ g′

β. Conversely, for x = ∑
α rαgα ∈ I and x′ = ∑

β r
′
βg

′
β ∈ I ′, x ⊗ x′ =∑

α,β(rα ⊗ r′
β)(gα ⊗ g′

β). A basis of I tensored with a basis of I ′ is a basis of I ⊗ I ′. ■

Proposition 6.5 (tensor decomposition). If c is not compatible, πc(I) = 0. If c is compati-
ble, πc(I) = Ic,1 ⊗ ⊗ζ∈RrIc,ζ and dim πc(I) = dim Ic,1 ·

∏
ζ dim Ic,ζ .

Proof. Units do not change the ideal generated, so by Lemmas 6.2 and 6.3 πc(I) is generated
by the pure tensors gP ⊗ ⊗ζgσζ

, over all independent choices of P and (σζ). Apply Lemma 6.4
repeatedly. ■

6.4 The block of colour 1

In F [t]/((t − 1)q) put y := t − t−1. Lemma 2.3 holds verbatim here: its proof uses only
(t−1)q = 0, q = pv and 2 ∈ F×. So Rc,1 = F [yi : i ∈ C1 \{0}]/(yq

i ), with yi = (unit) · (ti −1) and
titl − 1 = (unit) · (yi + yl). By Lemma 2.4(i), for a pair {i < l} ⊆ C1 \ {0}, (tl − 1)(titl − 1)q−1 =
(unit) · yiyl · D(yi, yl); if 0 ∈ C1, the pair {0, k0} contributes tk0 − 1 = (unit) · yk0 . The indices
in these monomial factors are the elements of C1 \ {0}, each once, so gP = (unit) · Y1 ·DP with
Y1 := ∏

i∈C1\0 yi and DP the product of the D(yi, yl) over the pairs of P avoiding 0. By the
argument of Proposition 2.5 (the kernel of multiplication by Y1 on Rc,1 is exactly (yq−1

i : i ∈
C1 \ 0), so f 7→ Y1f induces an injective map from the quotient C(C1 \ 0) into Rc,1),

dim Ic,1 = dimF (DP : P ) · C(C1 \ 0),
C(S) := F [yi : i ∈ S]/(yq−1

i : i ∈ S).

Let N1(c) be the number of tuples (wi)i∈C1\0 ∈ (µq \ {1})C1\0 such that, with w0 := (Πwi)−1 if
0 ∈ C1, the multiset {wi : i ∈ C1} lies in µq \ {1} and is closed under inversion. (For |C1| even
the condition w0 ̸= 1 is automatic: otherwise the other |C1| − 1 entries, an odd number, would
form a multiset in µq \ {1} closed under the fixed-point-free inversion.)

Lemma 6.6. dim Ic,1 ≥ N1(c).

Proof. If |C1| is odd, both sides are 0: there is no perfect matching, and a multiset closed under
the fixed-point-free inversion of µq \ {1} has even size. Let |C1| = 2k′.

• If 0 ∈ C1, relabel C1\{0} increasingly as {1, . . . , 2k′−1}. Write Jj for the set J in dimension
2j. The perfect matchings P of C1 are the matchings J ∈ Jk′−1, and DP = ±DJ . So

28



dim Ic,1 = dim(DJ : J ∈ Jk′−1)C2k′−1 ≥ Qk′−1(q) by Lemma 5.2 and Theorem 5.3 (over
every field, here F ). By Lemma 2.2 (whose proof uses only that q is odd), N1(c) = Qk′−1(q).
(For k′ = 1 both sides are q − 1.)

• If 0 /∈ C1, relabel C1 as {1, . . . , 2k′}. In Par(h)
2k′ the set {∅} is a down-set, since λ ≼ ∅ forces

λ = ∅. A tight pattern of ∅ on [2k′] has k′ pairs and no blocks: it is a perfect matching
P , with product DP . So (DP : P )C2k′ = V{∅}, and Theorem 5.3 gives dim ≥ |Z{∅}|,
the number of 2k′-tuples in T whose multiset is closed under the involution. A bijection
µq \ {1} → T carrying inversion to u 7→ −u (both are sets of q − 1 elements with a fixed-
point-free involution) identifies this number with N1(c). (For k′ = 0, Ic,1 = Rc,1 = F and
N1(c) = 1.) ■

6.5 The pair blocks

Fix ζ ∈ Rr, and put A := Cζ , B := Cζ−1 , A∗ := A \ {0}, B∗ := B \ {0}. For i ∈ A∗ put
xi := ζ−1ti − 1, and for l ∈ B∗ put zl := (ζtl)−1 − 1.
Lemma 6.7. (i) Rc,ζ = F [xi(i ∈ A∗), zl(l ∈ B∗)]/(xq

i , z
q
l ). (ii) For i ∈ A∗, l ∈ B∗: titl − 1 =

(unit) · (xi − zl). (iii) Let α := |A∗| and β := |B∗| (the numbers of x- and z-variables, as
in §7), and relabel A∗ = {1, . . . , α}, B∗ = {1, . . . , β}. If 0 /∈ A ∪ B and α = β =: a, then
Ic,ζ

∼= Ibal
a := (∏a

i=1(xi − zσ(i))q−1 : σ ∈ Sa). If 0 ∈ B and α = β + 1, then Ic,ζ
∼= Iph

β , where
Iph

a := (∏i̸=i0(xi −zσ(i))q−1 : i0 ∈ [a+1], σ : [a+1]\{i0} → [a] bijective); if 0 ∈ A and β = α+1,
then Ic,ζ

∼= Iph
α , after exchanging the names x and z. In all other cases Ic,ζ = 0.

Proof. (i) xi = ζ−1(ti − ζ) is a unit multiple of the generator of the maximal ideal of the local
ring F [ti]/((ti − ζ)q), so xq

i = 0 and 1, xi, . . . , x
q−1
i is a basis. Similarly εl := ζtl − 1 is nilpotent

with εq
l = 0, and zl = (1 + εl)−1 − 1 = −εl(1 + εl)−1 is a unit multiple of εl. (ii) ti = ζ(1 + xi)

and tl = ζ−1(1 + zl)−1, so titl − 1 = (xi − zl)(1 + zl)−1. (iii) Every ts − 1 with s ∈ A∗ ∪B∗ is a
unit (Lemma 6.2(i)), since cs ̸= 1. By (6.2) and (ii), the factor of a pair {i, l}, i ∈ A∗, l ∈ B∗,
is (unit) · (xi − zl)q−1, and the factor of the pair {0, k0} is a unit. If 0 /∈ A ∪ B, the bijections
A → B are the σ ∈ Sa, a = α = β. If 0 ∈ B, a bijection σ : A → B sends exactly one i0 ∈ A
to 0, and the other pairs give the product over i ̸= i0. If 0 ∈ A, the same holds with the roles
of A and B exchanged; since (x − z)q−1 = ±(z − x)q−1 and a sign does not change the ideal
generated, exchanging the names of the variables carries this ideal onto Iph

a . (Here q is odd and
the sign is +; §9 uses the same argument with an even q.) If |A| ̸= |B|, there is no bijection.
(For α = β = 0, Ibal

0 = (1) is the ring F ; for β = 0 in the second case, Iph
0 = (1) is the ring

F [x1]/(xq
1); and in the third case with α = 0, for instance Cζ = {0} and Cζ−1 = {l}, it is the ring

F [z1]/(zq
1), of dimension q.) ■

6.6 The count factors in the same way

Let Ω be a set of q elements. For a ≥ 0 put

Nbal(a, q) := #{(ξ, η) ∈ Ωa × Ωa : the multisets of ξ and η are equal} =∑
c1+···+cq=a

(a!/(c1! · · · cq!))2,

Nph(a, q) := #{(ξ, η) ∈ Ωa+1 × Ωa : the multiset of η is contained in that of ξ}.

Lemma 6.8. |ΓJ | = ∑
cN1(c) ·

∏
ζ∈Rr

Nζ(c), the sum over the compatible colourings, where
Nζ(c) := Nbal(α, q) in the first case of Lemma 6.7(iii) and Nζ(c) := Nph(min(α, β), q) in the
other two (α, β as there).
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Proof. By the first paragraph of the proof of Lemma 2.2 (which uses nothing about m), ΓJ
is the set of g = (g1, . . . , gn+1) ∈ µn+1

m such that, with g0 := (g1 · · · gn+1)−1, all gi ̸= 1 and
the multiset {g0, . . . , gn+1} splits into inverse pairs; since m is odd, inversion has no fixed point
on µm \ {1}, and «splits into inverse pairs» means «closed under inversion». Here µm ⊂ C is
the group of complex m-th roots of unity (the rest of §6 works over F̄p). As gcd(q, r) = 1,
µm = µq ×µr; write gi = ciwi with ci ∈ µr, wi ∈ µq (i = 0, . . . , n+1). Then c0 = (c1 · · · cn+1)−1,
w0 = (w1 · · ·wn+1)−1, gigl = 1 iff cicl = 1 and wiwl = 1, and gi ̸= 1 iff (ci, wi) ̸= (1, 1). If
g ∈ ΓJ , its pairing into inverse pairs is a matching compatible with c := (c1, . . . , cn+1), so c is
a compatible colouring. Fix a compatible c. By Lemma 6.3, a tuple g with colouring c lies in
ΓJ iff (1) the multiset {wi : i ∈ C1} lies in µq \ {1} and is closed under inversion, and (2) for
each ζ ∈ Rr the multiset {wi : i ∈ Cζ} equals the multiset {w−1

l : l ∈ Cζ−1}. (Condition (2)
allows the value wi = 1, rightly: for i ∈ Cζ ∪ Cζ−1 one has gi ̸= 1 whatever wi is, since ci ̸= 1.)
Each condition involves the wi of one block. The only coupling between blocks is w0: every
block that satisfies its condition and does not contain 0 has Πwi = 1 over its indices, so, when
all these blocks satisfy their conditions, w0 = (∏i∈K\0wi)−1 for the block K ∋ 0, a function of
the wi of K alone. Conversely, given w-values on each block that satisfy its condition, where
for the block K ∋ 0 the value w0 is computed from that block alone, the blocks not containing
0 have product 1, so this value is the true (w1 · · ·wn+1)−1 and the assembled tuple lies in ΓJ .
Hence the count over c is the product of the block counts. (For a compatible c, exactly one of
the three cases of Lemma 6.7(iii) holds for each ζ.) The block C1 gives N1(c), and a balanced
pair block gives Nbal(α, q) (Ω = µq, ξ := (wi)i∈Cζ

, η := (w−1
l )l∈Cζ−1 ). For a pair block with

0 ∈ Cζ−1 , let ξ be the wi on Cζ (β + 1 of them) and η the w−1
l on Cζ−1 \ 0; the condition says

multiset(ξ) = multiset(η) ∪ {w−1
0 }, with w−1

0 = Πξ · (Πη)−1. If multiset(η) ⊆ multiset(ξ), the
difference is one element ξ∗ and Πξ · (Πη)−1 = ξ∗, so the condition holds; conversely it implies
multiset(η) ⊆ multiset(ξ). So this block gives Nph(β, q), and so does the case 0 ∈ Cζ , by the
symmetry ξ ↔ η, w 7→ w−1. ■

6.7 The reduction

Proposition 6.9 (colour reduction). Let k ≥ 1, let m = q · r be odd, q = pv, p ∤ r, and
suppose that dimF I

bal
a ≥ Nbal(a, q) and dimF I

ph
a ≥ Nph(a, q) for every a ≥ 0, where F = F̄p.

Then dimFp Fp[G]/(ψ̄J : J ∈ J ) = mn+1 − |ΓJ |, so Hn(X)/L(X) has no p-torsion.

Proof. By Lemma 6.1, Proposition 6.5, Lemmas 6.6 and 6.7 and the hypothesis, dimF I =∑
c dim πc(I) ≥

∑
cN1(c) ·

∏
ζ Nζ(c), the sum over the compatible colourings, and this is |ΓJ | by

Lemma 6.8. With (6.1), dimF I = |ΓJ |, and the per-prime clause of Proposition 2.1 concludes.
■

Remarks 6.10. (1) Only the inequality ≥ is needed on each block; the reverse inequality is
global, (6.1). (2) For r = 1 there is one colouring, C1 = {0, . . . , n + 1}, and Proposition 6.9
is Corollary 5.4. (3) For a subfamily K ⊊ J the splitting of Lemma 6.1 still holds, but the
matchings of K compatible with c are no longer a product set, and Proposition 6.5 fails; this is
consistent with §11. (4) The splitting of Lemma 6.1 over Fp, with two factors per variable (the
(t − 1)-primary part and the rest), was used earlier by the author as a memory-saving device
for machine computations of these ranks, and to prove that any torsion is confined to one block
[Rep, The Localization Theorem, The Block Decomposition]. Proposition 6.9 refines it over F̄p

to one factor per colouring and identifies every factor.

Example 6.11 (k = 1, m = 15). Here N = 4, J has three matchings, and Q1(15) = 3 ·14 ·13 =
546. The compatible colourings, grouped by the shape of their blocks, contribute as follows (i, l, s
are indices other than 0; Q0(q) = q − 1):
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blocks of the colouring p = 3 (q = 3, r = 5):
colourings × product

p = 5 (q = 5, r = 3):
colourings × product

C1 = {0, 1, 2, 3} 1 ×Q1(3) = 6 1 ×Q1(5) = 36
C1 = {0, i}, and one balanced block
1 + 1

12 ×Q0(3) ·Nbal(1, 3) =
12 × 6

6×Q0(5)·Nbal(1, 5) = 6×20

C1 = {i, l}, and a phantom block {0}
against {s}

12 ×Q0(3) ·Nph(0, 3) =
12 × 6

6×Q0(5)·Nph(0, 5) = 6×20

C1 = ∅, and one phantom block 2 + 2
containing 0

12 ×Nph(1, 3) = 12 × 15 6 ×Nph(1, 5) = 6 × 45

C1 = ∅, a balanced block 1 + 1 and a
phantom block {0} against {s}

24 ×Nbal(1, 3) ·Nph(0, 3) =
24 × 9

none (µ3 has one pair of
inverse colours)

total 61 colourings, 546 19 colourings, 546

At both primes the sum is Q1(15), as Lemma 6.8 says; the literal computation of §14.3 gives
the same 546. (At k = 1 the Main Theorem is Degtyarev’s theorem [De14]; the example only
shows the bookkeeping.)

7. The bipartite count

This section proves the hypothesis of Proposition 6.9, and so completes the proof of the Main
Theorem for odd m. The method is that of §5, with two changes: the box is q instead of q − 1,
and the single partition of §5 is replaced by a pair of partitions, one for each of the two sets of
variables. Throughout, q ≥ 2 is an integer, odd or even, and F is a field in which the binomial
coefficients C(q − 1, t), 0 ≤ t ≤ q − 1, are non-zero: for instance charF = 0, or charF = p
and q = pv for a prime p, the prime 2 included (then C(q − 1, t) ≡ (−1)t (mod p), because
(1 + u)q−1 = (1 + uq)(1 + u)−1 in Fp[[u]]). The parity of q plays no role in this section: q enters
only as the size of the box and of the set Ω, and the field only through the binomial coefficients,
in case (γ) of Proposition 7.5. (Versions 6 to 10 of this paper stated the section for odd q, which
is what §6 needs; §9 needs it for q = 2v in characteristic 2. The proofs are unchanged.) Let Ω
be a set of q elements. For finite index sets A and B put α := |A|, β := |B| and

RA,B := F [xi(i ∈ A), zl(l ∈ B)]/(xq
i , z

q
l ).

(The symbols A, B, RA,B are local to this section.) Points are pairs (ξ, η) ∈ ΩA × ΩB.

THEOREM C (the bipartite count). For every a ≥ 0:
dimF I

bal
a ≥ Nbal(a, q) and dimF I

ph
a ≥ Nph(a, q) = Nbal(a+ 1, q),

where Ibal
a ⊆ R[a],[a] and Iph

a ⊆ R[a+1],[a] are the ideals of Lemma 6.7(iii) and Nbal,
Nph are the counts of §6.6.

Theorem C is the root case of Theorem 7.6 below. With Proposition 6.9 it gives the Main
Theorem for m not a prime power (Corollary 7.7). Over F̄p both inequalities are equalities
(Corollary 7.8); in characteristic 0 they are strict in general (Remarks 7.9).

7.1 Peeling with the box q

Write RA,B = RA\{i1},B[w]/(wq) with w := xi1 for some i1 ∈ A. For an ideal V ⊆ RA,B and
0 ≤ j ≤ q − 1 put V≤j := {f ∈ V : degw f ≤ j} and Wj(V ) := {[wj ]f : f ∈ V≤j} ⊆ RA\{i1},B.
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Lemma 7.1 (peeling). (i) Wj(V ) is an ideal. (ii) Wj(V ) ⊆ Wj+1(V ) for 0 ≤ j < q − 1. (iii)
dimV = ∑q−1

j=0 dimWj(V ). (iv) For Z ⊆ ΩA × ΩB and a tail M ′ (the coordinates other than i1)
let F (M ′) := {u ∈ Ω : (u,M ′) ∈ Z} and Z>i := {M ′ : |F (M ′)| > i}; then |Z| = Σq−1

i=0 |Z>i|.

Proof. As for Lemma 5.1, with q in place of q − 1: in (ii) one uses wj+1 ̸= 0, i.e. j + 1 ≤ q − 1,
and in (iv) |F (M ′)| ≤ q. ■

7.2 Pairs of partitions and the bipartite down-set family

We use the partial sums St and the weak dominance order ≼ of §5.2 (defined also between
partitions of different sizes), and the rows r̄j , rj of §5.5.

• Residue shape. For (ξ, η), let X and Y be the multisets of values of ξ and η. Let R+ keep,
for each value u with multX(u) > multY (u), the difference multX(u) − multY (u) of copies
of u, and let R− be defined symmetrically. The shape of (ξ, η) is λ(ξ, η) := (λ+, λ−),
the multiplicity partitions of R+ and R−. Their supports are disjoint subsets of Ω, so
ℓ(λ+) + ℓ(λ−) ≤ q; moreover |λ+| − |λ−| = α− β and |λ+| + |λ−| ≤ α+ β.

• BParq(α, β) is the set of pairs (λ+, λ−) of partitions with |λ+|− |λ−| = α−β, |λ+|+ |λ−| ≤
α + β and ℓ(λ+) + ℓ(λ−) ≤ q. It is ordered by the product order: (λ+, λ−) ≼ (µ+, µ−) iff
λ+ ≼ µ+ and λ− ≼ µ−. Every element of BParq(α, β) is the shape of some point (give the
ℓ(λ+) + ℓ(λ−) ≤ q rows pairwise distinct values and the pairs arbitrary values); this is not
used below.

• For a ≼-down-set Λ ⊆ BParq(α, β) put ZΛ := {(ξ, η) ∈ ΩA × ΩB : λ(ξ, η) ∈ Λ}.

• Tight patterns. A tight pattern of λ = (λ+, λ−) ∈ BParq(α, β) on (A,B) consists of a
set P of α− |λ+| = β − |λ−| pairwise disjoint pairs (i, l) ∈ A×B, of blocks B+

1 , . . . , B
+
λ+,1

partitioning A\A(P ) with |B+
c | = (λ+)′

c, and of blocks B−
1 , . . . , B

−
λ−,1

partitioning B\B(P )
with |B−

c | = (λ−)′
c. Its product is

∏
(i,l)∈P

(xi − zl)q−1 ·
∏

c

∆(xB+
c

) ·
∏

c

∆(zB−
c

),

with ∆ the Vandermonde determinant of §5.2.

• VΛ ⊆ RA,B is the ideal generated by the products of all tight patterns on (A,B) of all
elements of Λ. For α = β = 0 the empty product is 1.

Lemma 7.2 (the roots). (i) {(∅, ∅)} is a down-set of BParq(a, a), V{(∅,∅)} = Ibal
a , and

|Z{(∅,∅)}| = Nbal(a, q). (ii) {((1), ∅)} is a down-set of BParq(a + 1, a), V{((1),∅)} = Iph
a , and

|Z{((1),∅)}| = Nph(a, q). (iii) Nph(a, q) = Nbal(a+ 1, q).

Proof. (i) λ± ≼ ∅ forces λ± = ∅. A tight pattern of (∅, ∅) is a perfect matching of A with B,
i.e. a bijection σ, with product ∏

i(xi − zσ(i))q−1; and the shape is (∅, ∅) iff X = Y . (ii) In
BParq(a+ 1, a), |λ+| = |λ−| + 1; λ− ≼ ∅ forces λ− = ∅ and then λ+ ≼ (1) with |λ+| = 1 forces
λ+ = (1). A tight pattern has a pairs and one x-block of size 1 (with ∆ = 1), so its product
is a generator of Iph

a , and every generator arises. The shape is ((1), ∅) iff Y ⊆ X. (iii) Given
(ξ, η) ∈ Ωa+1 × Ωa with Y ⊆ X, append to η the one element of X − Y ; given a balanced point
in Ωa+1 × Ωa+1, delete the last coordinate of η. These maps are mutually inverse. ■

For instance, Nbal(a, 3) = 3, 15, 93, 639, 4653 and Nbal(2, q) = 15, 45, 91, 153, 231 for a = 1, . . . , 5
and q = 3, 5, 7, 9, 11.
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Lemma 7.2’ (§5.5 and §5.6 for arbitrary partitions). Let λ ≼ λ̃ be partitions of arbitrary
sizes and lengths. Then the identities of §5.5, the chain of Lemma 5.5 for the removals and the
additions, (T) of §5.6, the inequality (5.2) of §5.6 (if ℓ(λ) < t ≤ ℓ(λ̃), then St(λ̃) ≥ |λ|+(t−ℓ(λ)))
and the comparisons (a), (b), (c), (e2) of §5.6, recalled in the proof of Proposition 7.4, hold for
λ and λ̃.

Proof. The identities of §5.5 and the chain are statements about one partition. The proofs of
(T), (5.2), (a), (b), (c) and (e2) in §5.6 compare the partial sums St of the two partitions term
by term and use only λ ≼ λ̃. In §5.6 the parity of |µ| is used only in case (d1), and the cap
ℓ ≤ h only in the layout of the positions and in case (e1); none of these is borrowed here. ■

7.3 (P1) Fibres and (Chain)

Fix a down-set Λ ⊆ BParq(α, β) with α ≥ 1, and peel w = xi1 . Let M ′ be a tail with shape
µ = (µ+, µ−) ∈ BParq(α − 1, β), residual values u1, . . . , uℓ+ of R+ (uj with multiplicity µ+,j)
and v1, . . . , vℓ− of R−. Adding the value u at the index i1 changes the shape as follows:

• u = vj : (µ+, µ− − ej) (one box removed from row j of µ−, re-sorted);

• u = uj : (µ+ + ej , µ−);

• u any of the q− ℓ+ − ℓ− other values (the values whose multiplicities in the two coordinate
sets of the tail agree, possibly 0 = 0): (µ+ ⊔ 1, µ−).

These are q = |Ω| values, and every resulting shape lies in BParq(α, β): one value is added to
the x-side, and a middle value exists only when ℓ+ + ℓ− < q, which gives ℓ(µ+ ⊔ 1) + ℓ(µ−) ≤ q.
List them by position p = 1, . . . , q: optp(µ) := (µ+, µ− − ep) for p ≤ ℓ−; (µ+ ⊔ 1, µ−) for
ℓ− < p ≤ q − ℓ+ (the middle positions); (µ+ + eq+1−p, µ−) for p > q − ℓ+. Hence |F (M ′)| =
FΛ(µ) := #{p : optp(µ) ∈ Λ}, and Z>i = ZΛi

with Λi := {µ ∈ BParq(α− 1, β) : FΛ(µ) > i}.

Lemma 7.3 (chain). opt1(µ) ≼ opt2(µ) ≼ · · · ≼ optq(µ). Hence the options lying in Λ form
an initial segment, of length FΛ(µ), and

FΛ(µ) = r + (q − ℓ+ − ℓ−) · ι+ (ℓ+ − j0 + 1) · [j0 exists], (7.1)

where r = 0 or r is the last row of µ− of its length (the removals in Λ are those at positions
≤ r), ι := [(µ+ ⊔ 1, µ−) ∈ Λ] (ι := 0 if ℓ+ + ℓ− = q), and j0, if it exists, is the first row of µ+
of its length such that (µ+ + ej , µ−) ∈ Λ exactly for j0 ≤ j ≤ ℓ+. If j0 exists, then r = ℓ−, and
either ι = 1 or ℓ+ + ℓ− = q; if ι = 1, then r = ℓ−.

Proof. By the identities of §5.5 (Lemma 7.2’), µ− − e1 ≼ · · · ≼ µ− − eℓ− ≼ µ− and µ+ ≼
µ+ ⊔1 ≼ µ+ +eℓ+ ≼ · · · ≼ µ+ +e1. Along the removals the first component is µ+, and along the
middle and the additions the second component is µ−; so in the product order the list is weakly
increasing, including the step from the last removal to the first middle or addition option. Since
Λ is a down-set, the options in Λ form an initial segment. Rows of equal length give equal
options, which gives the description of r and j0. ■

In particular, with Φ := FΛ(µ): Φ = q − j0 + 1 if j0 exists, Φ = q − ℓ+ if j0 does not exist and
ι = 1, and Φ = r otherwise.

7.4 (P2) The layers are down-sets

Proposition 7.4 (inequality of pairs of partitions). If µ, µ̃ ∈ BParq(α − 1, β) and µ ≼ µ̃,
then optp(µ) ≼ optp(µ̃) for every p. Hence FΛ(µ) ≥ FΛ(µ̃) and every Λi is a down-set.
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Proof. The second sentence follows from the first as in Proposition 5.6. Write ℓ± := ℓ(µ±),
ℓ̃± := ℓ(µ̃±). Since |µ+| − |µ−| = |µ̃+| − |µ̃−|, any strict inequality |µ̃−| > |µ−| gives |µ̃+| > |µ+|.
We use (T) of §5.6 and the inequality (5.2) (Lemma 7.2’): if λ ≼ λ̃ and ℓ(λ) < t ≤ ℓ(λ̃), then
St(λ̃) ≥ |λ| + (t− ℓ(λ)). We also use four comparisons of §5.6, valid for arbitrary partitions by
Lemma 7.2’: (a) λ−ep ≼ λ̃−ep for p ≤ min(ℓ(λ), ℓ(λ̃)); (b) λ+ej ≼ λ̃+ej for j ≤ min(ℓ(λ), ℓ(λ̃));
(c) λ ⊔ 1 ≼ λ̃ ⊔ 1; (e2) λ + ej ≼ λ̃ ⊔ 1 for ℓ(λ̃) < j ≤ ℓ(λ). Each position p is a removal (R),
a middle position (M) or an addition (A) for µ, and likewise for µ̃, which gives nine cases; put
j := q + 1 − p when p is an addition.

case the position p is option of µ option of µ̃ used

RR a removal for both (µ+, µ−−ep) (µ̃+, µ̃− − ep) µ+ ≼ µ̃+; (a)
AA an addition for both (µ++ej , µ−) (µ̃+ + ej , µ̃−) (b); µ− ≼ µ̃−

MM middle for both (µ+ ⊔ 1, µ−) (µ̃+ ⊔ 1, µ̃−) (c); µ− ≼ µ̃−

RM,
RA

a removal for µ (µ+, µ−−ep) middle or
addition

the chain through µ ≼ µ̃

AM an addition for µ, middle
for µ̃

(µ++ej , µ−) (µ̃+ ⊔ 1, µ̃−) (e2); µ− ≼ µ̃−

MA middle for µ, an addition
for µ̃

(µ+ ⊔ 1, µ−) (µ̃+ + ej , µ̃−) dominance, (5.2), sizes;
µ− ≼ µ̃−

MR middle for µ, a removal for
µ̃

(µ+ ⊔ 1, µ−) (µ̃+, µ̃− − ep) (5.2) and the transfer of
sizes

AR an addition for µ, a
removal for µ̃

(µ++ej , µ−) (µ̃+, µ̃− − ep) (T), (5.2) and the transfer
of sizes

The «transfer of sizes» is the one genuinely bipartite step: since |µ+| − |µ−| = |µ̃+| − |µ̃−|, a
strict inequality on the z-side gives one on the x-side.

• RR (p ≤ min(ℓ−, ℓ̃−)): first components µ+ ≼ µ̃+; second components by (a).

• AA (j ≤ min(ℓ+, ℓ̃+)): (b), and µ− ≼ µ̃−.

• MM: (c), and µ− ≼ µ̃−.

• RM: (µ+, µ− − ep) ≼ µ ≼ µ̃ ≼ (µ̃+ ⊔ 1, µ̃−).

• RA: (µ+, µ− − ep) ≼ µ ≼ µ̃ ≼ (µ̃+ + ej , µ̃−).

• AM (j ≤ ℓ+ and ℓ̃+ < j): (e2), and µ− ≼ µ̃−.

• MA (p middle for µ, so j > ℓ+; addition for µ̃, so j ≤ ℓ̃+): we need µ+ ⊔ 1 ≼ µ̃+ + ej . For
t ≤ ℓ+, St(µ+ ⊔1) = St(µ+) ≤ St(µ̃+) ≤ St(µ̃+ +ej). For ℓ+ < t ≤ ℓ̃+, St(µ̃+) ≥ |µ+|+1 =
St(µ+ ⊔ 1) by (5.2). For t > ℓ̃+ ≥ j ≥ rj(µ̃+), St(µ̃+ + ej) = |µ̃+| + 1 ≥ |µ+| + 1. The
second components are µ− ≼ µ̃−.

• MR (pmiddle for µ, so p > ℓ−; removal for µ̃, so p ≤ ℓ̃−): by (5.2) at t = ℓ̃−, |µ̃−| ≥ |µ−|+1,
hence |µ̃+| ≥ |µ+| + 1. First components: µ+ ⊔ 1 ≼ µ̃+: for t ≤ ℓ+ this is dominance; for
t > ℓ+ we need St(µ̃+) ≥ |µ+| + 1, which holds by (5.2) if t < ℓ̃+ and by |µ̃+| ≥ |µ+| + 1
if t ≥ ℓ̃+. Second components: µ− ≼ µ̃− − ep: for t < r̄p(µ̃−) this is dominance; for
t ≥ r̄p(µ̃−) ≥ p > ℓ−, St(µ−) = |µ−|, while the rows ℓ− + 1, . . . , p of µ̃− are non-empty, so
St(µ̃−) ≥ Sℓ−(µ̃−) + 1 ≥ |µ−| + 1.

• AR (p addition for µ, so j ≤ ℓ+; removal for µ̃, so p ≤ ℓ̃−): since ℓ+ + ℓ− ≤ q and
ℓ̃+ + ℓ̃− ≤ q, we have ℓ− ≤ q− ℓ+ < p and ℓ̃+ ≤ q− p = j− 1. Second components: exactly
as in MR, µ− ≼ µ̃− − ep and |µ̃−| ≥ |µ−| + 1, so |µ̃+| ≥ |µ+| + 1. First components: we
need St(µ+) + [t ≥ rj(µ+)] ≤ St(µ̃+). This is dominance for t < rj(µ+), and it follows
from |µ̃+| ≥ |µ+| + 1 for t ≥ ℓ̃+. It remains to show St(µ+) < St(µ̃+) for rj(µ+) ≤ t < ℓ̃+.
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Suppose t is tight. The rows rj(µ+), . . . , j of µ+ have the same length c := µ+,j ≥ 1, and
t < t+1 ≤ ℓ̃+ ≤ j−1, so µ+,t = µ+,t+1 = c. By (T), c = µ+,t ≥ µ̃+,t ≥ µ̃+,t+1 ≥ µ+,t+1 = c,
so every row of µ̃+ after the t-th has length ≤ c. As µ̃+ has only ℓ̃+ ≤ j − 1 rows,
Sj(µ̃+) ≤ St(µ+) + (j − 1 − t)c < St(µ+) + (j − t)c = Sj(µ+), contradicting µ+ ≼ µ̃+.

For each of µ and µ̃ the three types partition {1, . . . , q}, so the nine cases cover every position.
■

7.5 (P3) Every tight pattern of a layer lies in the right slice

Proposition 7.5. For every i ∈ {0, . . . , q − 1}, VΛi
⊆ Wq−1−i(VΛ), where VΛi

⊆ RA\{i1},B.

Proof. It suffices to treat a generator G: the product of a tight pattern (P, (B+
c ), (B−

c )) of some
µ ∈ Λi, so that Φ := FΛ(µ) ≥ i+ 1. By Lemma 7.1(ii) it is enough to find f ∈ VΛ with degw f ≤
q − Φ and [wq−Φ]f = ±κ ·G for a non-zero constant κ; then G ∈ Wq−Φ(VΛ) ⊆ Wq−1−i(VΛ). By
(7.1) exactly one of the following holds.

• (α) j0 exists and λ := (µ+ + ej0 , µ−) ∈ Λ, Φ = q − j0 + 1. The column c∗ := µ+,j0 + 1
of µ+ has height j0 − 1, because j0 is the first row of its length; let S := B+

c∗ (if j0 = 1,
c∗ is a new column and S = ∅). Putting i1 into S gives a tight pattern of λ: column c∗

of λ+ has height j0, and the number of pairs α − |λ+| = (α − 1) − |µ+| is unchanged. Its
product lies in VΛ; by the factorisation ∆(xS∪i1) = ±

∏
s∈S(w−xs) · ∆(xS) it has w-degree

|S| = j0 − 1 = q − Φ ≤ q − 1 (so w|S| ̸= 0 in the box) and top coefficient ±G.

• (β) j0 does not exist, ι = 1, λ := (µ+ ⊔ 1, µ−) ∈ Λ, Φ = q − ℓ+. Put i1 into B+
1 , of

height ℓ+ (empty if µ+ = ∅): this is a tight pattern of λ, whose product has w-degree
ℓ+ = q − Φ ≤ q − 1 (a middle value exists, so ℓ+ < q) and top coefficient ±G.

• (γ) j0 does not exist, ι = 0, and Φ = r ≥ 1, λ := (µ+, µ− − er) ∈ Λ. The column
c0 := µ−,r of µ− has height r, because r is the last row of its length; let S := B−

c0 and write
G = ∆(zS) · G′. For b ∈ S, the pairs P ∪ {(i1, b)}, the blocks B+

c , the blocks B−
c (c ̸= c0)

and S \ {b} form a tight pattern of λ: column c0 of λ− has height r − 1, and the number
of pairs grows by one, as α− |λ+| = ((α− 1) − |µ+|) + 1. So, with the signs εb of Lemma
5.7(ii),

f :=
∑
b∈S

εb∆(zS\b) · (w − zb)q−1 ·G′ ∈ VΛ.

Expanding, [wq−1−t]f = C(q − 1, t)(−1)t · (∑b∈S εb∆(zS\b)zt
b) ·G′, which is 0 for t ≤ r − 2 and

±C(q − 1, r − 1) ·G for t = r − 1, by Lemma 5.7(ii) (an identity over Z, valid in RA\{i1},B). So
degw f ≤ q − r = q − Φ, and the top coefficient is ±C(q − 1, r − 1) ·G with C(q − 1, r − 1) ̸= 0
in F (here r ≤ ℓ− ≤ q). ■

The three constructions land exactly in the slice q−Φ, and in general the slice cannot be lowered:
the statement with Wq−2−i in place of Wq−1−i fails at the cells of §14.4, for some generators G.

7.6 The induction

Theorem 7.6 (bipartite down-set theorem). For all α, β ≥ 0 and every ≼-down-set Λ ⊆
BParq(α, β), dimF VΛ ≥ |ZΛ|.

Proof. Induction on α + β. Base: BParq(0, 0) = {(∅, ∅)}; for Λ = ∅ both sides are 0, and
for Λ = {(∅, ∅)}, VΛ = F and ZΛ is one point. Symmetry: the isomorphism RA,B

∼= RB,A
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that exchanges the names x and z carries tight-pattern products of (λ+, λ−) on (A,B) to tight-
pattern products of (λ−, λ+) on (B,A) (as (x− z)q−1 = (−1)q−1(z− x)q−1, and a sign does not
change the ideal), and (ξ, η) 7→ (η, ξ) exchanges λ+ and λ−. A relabelling of A or B changes
each product by a sign and preserves |ZΛ|. So we may assume α ≥ 1 and peel any x-variable.
Step: by Lemma 7.1(iii), Proposition 7.5, the induction hypothesis (each Λi is a down-set of
BParq(α− 1, β) by Proposition 7.4), §7.3 and Lemma 7.1(iv),

dimVΛ = ∑q−1
i=0 dimWq−1−i(VΛ) ≥

∑q−1
i=0 dimVΛi

≥ Σq−1
i=0 |ZΛi

| = Σq−1
i=0 |Z>i| = |ZΛ|. ■

Proof of Theorem C. Lemma 7.2 and Theorem 7.6. ■

7.7 Consequences

Corollary 7.7 (Main Theorem’ and the Main Theorem, odd degrees). For odd m ≥ 3,
Main Theorem’ holds, and Conjecture 1.2 of [DS] holds in every even dimension.

Proof. Let m be odd and k ≥ 1. For every prime p|m, dimFp Fp[G]/(ψ̄J : J ∈ J ) = mn+1 −|ΓJ |:
for m = pv by Corollary 5.4 and Proposition 2.5; otherwise by Proposition 6.9, whose hypothesis
is Theorem C over F = F̄p, q = pv. For p ∤ m the same equality is Theorem 0(b) with Kp = F̄p.
The rank of R/(ψJ : J ∈ J ) is mn+1 − |ΓJ | (Theorem 0(b) with p = 0), and |ΓJ | = Qk(m)
(Lemma 2.2, valid for odd m); so R/(ψJ : J ∈ J ) has no torsion, which is Main Theorem’. No
step of this uses topology. With Theorem 0(a) (Proposition 2.1) it gives the Main Theorem; for
k = 0 the Main Theorem is trivial. ■

Corollary 7.8 (equality over F̄p). Let q = pv with p odd. Then dimF̄p
Ibal

a = Nbal(a, q) and
dimF̄p

Iph
a = Nph(a, q) for every a ≥ 0. (For p = 2 see Corollary 9.12.)

Proof. For a = 0, Ibal
0 = F and Iph

0 = F [x1]/(xq
1) have dimensions 1 = Nbal(0, q) and q =

Nph(0, q). Let a ≥ 1, choose an odd prime r ̸= p and put m := qr and n := 2a, so that k = a ≥ 1
and (6.1) applies. Colour a coordinates by a primitive r-th root ζ, a coordinates by ζ−1, and one
coordinate s by 1; then c0 = 1, the block C1 = {0, s} contributes dim Ic,1 = q−1 = N1(c), and the
pair block contributes dim Ibal

a . If dim Ibal
a > Nbal(a, q), this colouring has dim πc(I) > N1(c) ·

Nbal(a, q), while every other compatible colouring has dim πc(I) ≥ N1(c) ·
∏

ζ Nζ(c) (Proposition
6.5, Lemmas 6.6 and 6.7, and Theorem C for every a ≤ n). Summing, dimF I > |ΓJ | by Lemma
6.8, contradicting (6.1). For Iph

a , take n := 2a, colour a+ 1 coordinates by ζ and a coordinates
by ζ−1; then c0 = ζ−1, C1 = ∅, and the only block is Iph

a . ■

Remarks 7.9. (1) Corollary 7.8 is an algebraic statement with an algebraic proof: the upper
bound (6.1) is Theorem 0(b), a Chinese-remainder count. The proof is global, through the sum
over the colourings of F [G]; we do not know a direct proof of ≤ on one block: the evaluation
argument of Theorem 5.9 fails, because (x − z)q−1 vanishes at x = z rather than off it. (2)
In characteristic 0 the inequalities of Theorem C are strict in general: dimQ((x − z)2) = 4 >
3 = Nbal(1, 3) in Q[x, z]/(x3, z3), and dimQ I

bal
2 = 24 > 15 at q = 3 (§14). So, unlike Theorem

5.9’, in these cells (where Corollary 7.8 gives dimF3 I
bal
a = Nbal(a, 3) < dimQ I

bal
a ) the quotient

of the integral box ring by the bipartite ideal has 3-torsion: the bipartite ideals are genuinely
of characteristic p. (3) By Lemma 7.2(iii) the phantom and balanced counts are related. On
the ideal side, if σ ∈ Sa+1 and i0 := σ−1(a + 1), the generator ∏

i(xi − zσ(i))q−1 of Ibal
a+1 has

za+1-degree q − 1, with top coefficient the generator of Iph
a indexed by (i0, σ|), so the top slice

Wq−1(Ibal
a+1) (peeling za+1, that is, Lemma 7.1 with the names x and z exchanged, as in the

symmetry step of Theorem 7.6) contains Iph
a . With Corollary 7.8, Wj(Ibal

a+1) = 0 for j < q − 1,
and f 7→ [zq−1

a+1]f is an isomorphism of graded vector spaces Ibal
a+1 → Iph

a of degree −(q − 1) over
F̄p.
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8. The odd box: Theorem O

Theorem B is a count at the even box q − 1, on a grid without zero. The even degrees need
the same count at an odd box, on a grid with one zero. This is problem 7 of version 10 of this
paper; this section proves it. Throughout the section, r = 2h+ 1 ≥ 3 is odd, F is an arbitrary
field, and

Cm := F [y1, . . . , ym]/(yr
1, . . . , y

r
m)

(in this section the box is r; in §5 the ring Cm had the box q − 1). T is a set of r elements
with an involution u 7→ −u that has exactly one fixed point, written 0; so T \ {0} consists of h
classes {u,−u}. As in §5, the field carries the ideals and T carries the point sets, and the two
are compared only through dimensions and cardinalities. Put

D(a, b) :=
r−1∑
u=0

(−1)uaubr−1−u,

D−(a, b) :=
r−2∑
u=0

(−1)uaubr−2−u,

two polynomials with integer coefficients: D is the Dr of Proposition 10.5, and D− is the D of
§2.3 for the odd number q = r. For a matching J ∈ J , DJ := ΠD(ya, yb), the product over the
k pairs of J that avoid 0; and, as in §10,

Nr(n) := n! · [xn]ex · I0(2x)h,

the number of n-tuples in T in which, for every class {u,−u}, the values u and −u occur equally
often (the zeros are free). For even n the number of zeros of such a tuple is even, and ex may
be replaced by cosh x.

THEOREM O (the odd box). For every field F , every odd r ≥ 3 and every
k ≥ 0,

dimF (DJ : J ∈ J ) · C2k+1 = Nr(2k + 2).

Moreover the quotient of Z[y1, . . . , y2k+1]/(yr
i ) by the ideal generated by the DJ is a

free abelian group, and the dimension of each graded piece of (DJ : J ∈ J )C2k+1
does not depend on F .

For k = 0 the ideal is the whole ring F [y1]/(yr
1), of dimension r = Nr(2). The inequality ≥ is the

root case of Theorem 8.11 below, a statement about a family of ideals indexed by «interlaced
pairs» of down-sets, proved by peeling one variable as in §5. The inequality ≤ is elementary
(Corollary 8.13). The plan is that of §5, with two changes. First, a point may have one unpaired
zero, so a shape is a partition together with a mark δ ∈ {0, 1}, and the down-sets of §5 become
pairs of down-sets that must be interlaced. Second, the generators attached to a marked shape
are not products of divided differences and Vandermonde determinants any more: one of their
factors is a bordered Pfaffian, and the place of Lemma 5.7(ii) is taken, in one of the seven
cases, by a membership lemma (Lemma 8.7), which is proved by a rank-two update of bordered
Pfaffians (§8.5).
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8.1 Elementary identities and peeling

In Z[a, b]:

• (8.1) D(b, a) = D(a, b) and D−(b, a) = −D−(a, b) (substitute w = r − 1 − u, respectively
w = r − 2 − u; r − 1 is even and r − 2 is odd).

• (8.2) D(a, b) = br−1 − a ·D−(a, b). (Indeed −a ·D−(a, b) = ∑r−1
w=1(−1)wawbr−1−w.)

• (8.3) (a+ b) ·D(a, b) = ar + br and (a+ b) ·D−(a, b) = br−1 − ar−1 (telescoping).

• (8.4) For 0 ≤ u ≤ r− 1, the coefficient of ar−1−u in D(a, b) is (−1)ubu. For 0 ≤ u ≤ r− 2,
the coefficient of ar−2−u in D−(a, b) is −(−1)ubu.

For a set P of pairwise disjoint pairs of indices, DP := ∏
(a,b)∈P D(ya, yb); by (8.1) it does not

depend on the order inside the pairs. For a finite set S of indices, ∆(S) is the Vandermonde
determinant of §5.2 (∆(∅) = ∆({s}) = 1).

Peeling. Write Cm = Cm−1[y1]/(yr
1), with Cm−1 in the variables y2, . . . , ym. For an ideal

V ⊆ Cm and 0 ≤ j ≤ r − 1 put Wj(V ) := {[yj
1]f : f ∈ V, degy1 f ≤ j}. By Lemma 7.1 (with

one set of variables, the box r and Ω = T ): Wj(V ) is an ideal of Cm−1, Wj(V ) ⊆ Wj+1(V ),
dimV = ∑r−1

j=0 dimWj(V ), and for Z ⊆ Tm, with Z>i the set of the tails M ′ ∈ Tm−1 that have
more than i completions in Z, |Z| = Σr−1

i=0 |Z>i|.

8.2 Points: shapes, interlaced pairs, layers

Shapes. Let Pn := Par(h)
n , the set of partitions λ with at most h parts, |λ| ≤ n and |λ| ≡

n (mod 2) (§5.2; Pn = ∅ for n < 0). For M ∈ Tm: in each class with multiplicities a, ā keep the
number |a − ā|; λ(M) is the partition formed by the non-zero ones, and δ(M) ∈ {0, 1} is the
parity of the number of entries of M equal to 0. The shape of M is (λ(M), δ(M)). Since m is
twice the number of disjoint pairs {u,−u}, {0, 0} of M plus |λ(M)| + δ(M), the shape lies in

Shm := {(λ, 0) : λ ∈ Pm} ∪ {(λ, 1) : λ ∈ Pm−1}.

We call δ the mark; a shape (λ, 1) is marked. ≼, λ − ej , λ + ej , λ ⊔ 1 and ℓ = ℓ(λ) are as
in §5.2 and §5.4. A row of a partition is a labelled part: lowering or raising two different rows
commutes, so (λ− ei) − ej = (λ− ej) − ei, and so on, as partitions.

Lemma 8.1 (options; this is (P1)). Let M ′ ∈ Tm−1 have shape (µ, δ), ℓ = ℓ(µ), with residual
values u1, . . . , uℓ (uj of multiplicity µj). The r values y ∈ T give the following shapes of (y,M ′):

• y = −uj: (µ− ej , δ); y = uj: (µ+ ej , δ) (j = 1, . . . , ℓ);

• y ̸= 0 in one of the h− ℓ classes absent from the residue: (µ ⊔ 1, δ) (2(h− ℓ) = r − 1 − 2ℓ
values);

• y = 0: (µ, 1 − δ).

All of them lie in Shm.

Proof. For y ̸= 0 this is §5.4; a new zero changes the parity of the number of zeros and nothing
else. The count is 2ℓ + 2(h − ℓ) + 1 = r. For the last sentence: if δ = 0 then µ ∈ Pm−1, so
µ± ej , µ ⊔ 1 ∈ Pm (the last one exists only if ℓ < h) and (µ, 1) ∈ Shm; if δ = 1 then µ ∈ Pm−2,
so µ± ej , µ ⊔ 1 ∈ Pm−1 and µ ∈ Pm. ■
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For Λ ⊆ Shm put Λ0 := {λ : (λ, 0) ∈ Λ} ⊆ Pm, Λ1 := {λ : (λ, 1) ∈ Λ} ⊆ Pm−1 and ZΛ := {M ∈
Tm : the shape of M lies in Λ}. For σ = (µ, δ) ∈ Shm−1 let FΛ(σ) be the number of y ∈ T such
that the shape of (y,M ′) lies in Λ, for any M ′ of shape σ; it is well defined by Lemma 8.1, and

FΛ(µ, δ) = F ∗
Λδ (µ) + [µ ∈ Λ1−δ], (8.5)

F ∗
Λ′(µ) := #{j : µ− ej ∈ Λ′} + #{j : µ+ ej ∈ Λ′} + (r − 1 − 2ℓ) · [µ ⊔ 1 ∈ Λ′].

Here F ∗
Λ′ is exactly the function FΛ′ of §5.4 for the odd number q = r (there T has q− 1 = r− 1

elements and h classes).

Definition 8.2. Λ ⊆ Shm is an interlaced pair if

• (D1) Λ0 is a ≼-down-set of Pm and Λ1 is a ≼-down-set of Pm−1;

• (D2) if (ν, δ) ∈ Λ and 1 ≤ j ≤ ℓ(ν), then (ν − ej , 1 − δ) ∈ Λ.

((ν − ej , 1 − δ) is a shape of level m: its size has the required parity.) In words: removing one
box from a shape of Λ and switching the mark stays in Λ. On points, (D2) says: replacing one
unpaired non-zero value by 0 stays in ZΛ.

Lemma 8.3 (chain). Let Λ be an interlaced pair of level m and (µ, δ) ∈ Shm−1, ℓ = ℓ(µ). List
the r options of Lemma 8.1 as

(µ− e1, δ), . . . , (µ− eℓ, δ); (µ, 1 − δ); (µ⊔ 1, δ)[r− 1 − 2ℓ times]; (µ+ eℓ, δ), . . . , (µ+ e1, δ).

Then the options lying in Λ form an initial segment of this list, of length FΛ(µ, δ).

Proof. Among the removals, among the additions, and from the middle option to the additions,
this is Lemma 5.5 applied to the down-set Λδ: µ−ej ≼ µ−ej+1, µ⊔1 ≼ µ+eℓ and µ+ej+1 ≼ µ+ej .
If (µ, 1 − δ) ∈ Λ, then by (D2) every (µ − ej , δ) ∈ Λ. If (µ ⊔ 1, δ) ∈ Λ, then by (D2), removing
the new row, (µ, 1 − δ) ∈ Λ. If (µ + ej , δ) ∈ Λ, then by (D2), removing the box just added,
(µ, 1 − δ) ∈ Λ. ■

As in §5.5, rows of equal length give equal options. So the removals in Λ are those of the rows
1, . . . , ρ, where ρ = 0 or ρ is the last row of its length, and the additions in Λ are those of the
rows j0, . . . , ℓ, where j0 is the first row of its length.

Lemma 8.4 (layers; this is (P2)). Let Λ be an interlaced pair of level m ≥ 1, and for
0 ≤ i ≤ r − 1 let Λi := {σ ∈ Shm−1 : FΛ(σ) > i}. Then Λi is an interlaced pair of level m− 1,
and (ZΛ)>i = ZΛi

.

Proof. The last assertion is Lemma 8.1.

(D1). Let µ ≼ µ̃ in Pm−1. By Proposition 5.6 (for q = r, the down-set Λ0 ⊆ Par(h)
m , tails in

Par(h)
m−1), F ∗

Λ0(µ) ≥ F ∗
Λ0(µ̃); and [µ ∈ Λ1] ≥ [µ̃ ∈ Λ1] because Λ1 is a down-set of Pm−1. By

(8.5), FΛ(µ, 0) ≥ FΛ(µ̃, 0). In the same way, for µ ≼ µ̃ in Pm−2: Proposition 5.6 for the down-set
Λ1 ⊆ Par(h)

m−1, with tails in Par(h)
m−2, gives F ∗

Λ1(µ) ≥ F ∗
Λ1(µ̃), and [µ ∈ Λ0] ≥ [µ̃ ∈ Λ0] because

Pm−2 ⊆ Pm and Λ0 is a down-set of Pm; so FΛ(µ, 1) ≥ FΛ(µ̃, 1). Hence both components of Λi

are down-sets.

(D2). Let (ν, δ) ∈ Shm−1, 1 ≤ j ≤ ℓ := ℓ(ν), ν ′ := ν − ej , and write A := Λδ, A′ := Λ1−δ. We
must show FΛ(ν ′, 1 − δ) ≥ FΛ(ν, δ), that is, by (8.5),

F ∗
A′(ν ′) + [ν ′ ∈ A] ≥ F ∗

A(ν) + [ν ∈ A′].

39



By (D2) for Λ: if a partition κ lies in A, then κ minus a box in any of its rows lies in A′; and
symmetrically with A and A′ exchanged.
Case νj ≥ 2. The rows of ν′ are the rows of ν, with the same labels. If ν− ei ∈ A, lower the row
j (it is still non-empty, also when i = j): (ν − ei) − ej = ν ′ − ei ∈ A′. If ν + ei ∈ A, lower the
row j: (ν + ei) − ej = ν ′ + ei ∈ A′. If ν ⊔ 1 ∈ A, lower the row j: ν ′ ⊔ 1 ∈ A′; and ℓ(ν′) = ℓ, so
the middle options of ν and ν ′ have the same multiplicity. So F ∗

A′(ν ′) ≥ F ∗
A(ν). Finally ν ∈ A′

implies ν ′ = ν − ej ∈ A.
Case νj = 1. Then ν′ has the rows of ν other than j, ℓ(ν ′) = ℓ − 1, and ν ′ ⊔ 1 = ν. For
i ̸= j: ν − ei ∈ A implies ν′ − ei ∈ A′, and ν + ei ∈ A implies ν′ + ei ∈ A′, as before. The
removal of the row j of ν is ν′, and [ν − ej ∈ A] = [ν ′ ∈ A]. What remains on the right is
(r− 1 − 2ℓ)[ν ⊔ 1 ∈ A] + [ν+ ej ∈ A] + [ν ∈ A′], and what remains on the left is the middle term
of ν ′, namely (r − 1 − 2(ℓ − 1))[ν ′ ⊔ 1 ∈ A′] = (r + 1 − 2ℓ)[ν ∈ A′]. If ν ∈ A′, the right-hand
remainder is at most (r − 1 − 2ℓ) + 1 + 1. If ν /∈ A′, it is 0: ν ⊔ 1 ∈ A would give, removing the
new row, ν ∈ A′; and ν + ej ∈ A would give, removing the box just added, ν ∈ A′. ■

Lemma 8.5 (the root; the only place where the full family enters). For m = 2k + 1,
Λroot := {((1), 0), (∅, 1)} is an interlaced pair, and |ZΛroot | = Nr(2k + 2). For m = 2k + 2,
{(∅, 0)} is an interlaced pair, and |Z{(∅,0)}| = Nr(2k + 2).
Proof. {(1)} is a down-set of P2k+1 (Lemma 5.2), {∅} is a down-set of P2k and of P2k+2, and
(1) − e1 = ∅. ZΛroot is the set of the (2k + 1)-tuples with exactly one unpaired value, zero or
not. Appending the opposite of that value is a bijection onto the set of the (2k+ 2)-tuples that
split into pairs {u,−u} and {0, 0}: the inverse deletes the last entry. The latter set is Z{(∅,0)}
at level 2k + 2, and it has Nr(2k + 2) elements. ■

8.3 Bordered Pfaffians

Let A = (axy) be an alternating matrix (axx = 0, ayx = −axy) over a commutative ring, indexed
by a totally ordered finite set X, and write px ∈ {0, 1, 2, . . . } for the position of x ∈ X, counted
from 0. The Pfaffian of A is Pf(A) := ∑

π sgn(π) ·
∏

{x<y}∈π axy, the sum over the perfect
matchings π of X, where sgn(π) is the sign of the permutation that lists the pairs of π one after
the other, each pair in increasing order (it does not depend on the order of the pairs, and it is
(−1) to the number of crossings of π). So Pf(A) = 1 for X = ∅ and Pf(A) = 0 for |X| odd.
Three properties follow from the definition ([Knu, (0.1)], [Oka, (2.1)]); (i) and (iii) are classical
[Knu, (0.4), (2.0)], [Oka, (2.3), (2.4)], and (ii), for two distinct indices with equal rows, is proved
below in every commutative ring:

• (i) a simultaneous permutation of rows and columns multiplies Pf by the sign of the per-
mutation;

• (ii) if two indices x ̸= x′ have equal rows, then Pf(A) = 0: exchanging x and x′ is an
involution of the matchings that do not pair them, which changes the sign and keeps the
product, and a matching that pairs them has the factor axx′ = ax′x′ = 0;

• (iii) for a fixed index x, Pf(A) = ∑
z ̸=x ε(x, z) · axz · Pf(Ax,z), where Ax,z is A without the

indices x, z, and ε(x, z) = (−1)px+pz+1 if x < z, ε(x, z) = (−1)px+pz if z < x. In particular
Pf is additive in the row-and-column of x.

None of them needs a division or a hypothesis on 2-torsion: they hold over every commutative
ring, characteristic 2 included. All the rings below are polynomial rings over Z and their
quotients, and the identities are proved there and then reduced to any field.
Definition. Let a be an alternating matrix indexed by a finite ordered set N of n indices, and
c = (c1, . . . , cs) a list of «border columns», each a function from N to the ring. Pf(a; c) is the
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Pfaffian of the alternating matrix indexed by N ⊔ {1, . . . , s} (first N , then the borders) whose
block on N is a, whose entry in the row of i ∈ N and the column of the border k is ck(i), and
whose block on the borders is 0. For a set N of indices of variables, aN := (D−(yi, yj))i,j∈N

(alternating, by (8.1)), Pf(N ; c) := Pf(aN ; c), and, for a finite set E = {e1 < · · · < es} of
exponents, PfE(N) := Pf(N ; ye1 , . . . , yes), where ye is the column i 7→ ye

i .

In (F1)–(F7), n = |N |, s is the number of borders, and a(b) is a without the index b, the columns
being restricted to N \ b.

(F1) Pf(a; c) changes sign under a transposition of two indices of N together with the corre-
sponding entries of the borders, and under a transposition of two border columns (by (i)).

(F2) Pf(a; c) is additive and homogeneous in each border column, and it vanishes if two border
columns are equal (by (iii) and (ii)). Expanding along the last border: Pf(a; c1, . . . , cs) =∑

b∈N ηb · cs(b) · Pf(a(b); c1, . . . , cs−1) with ηb := (−1)n+s+pb .

(F3) If n = s, then Pf(a; c) = (−1)s(s−1)/2 · det(ck(i))i∈N,k≤s (rows indexed by N in its order);
it does not depend on a. In particular Pf{0,1,...,s−1}(N) = (−1)s(s−1)/2 · ∆(N) for |N | = s.
(A matching with a non-zero product pairs every border with an element of N , so it is a
bijection from N to the borders.)

(F4) Expansion along an index x ∈ N . Split the row-and-column of x into its entries against
N \ x and its entries against the borders. By (iii),

Pf(a; c) = ϑ · Pf(a(x); c, ax) +
s∑

k=1
(−1)px+n+k · ck(x) · Pf(a(x); c without ck),

ϑ := (−1)px+n+s,

where ax is the border column b 7→ axb on N \ x; for a = aN it is D−(yx, ·), the column
b 7→ D−(yx, yb). (In the first part, x is moved to the last place and becomes a border.)

(F5) By (8.4) and (F2), for a set E of exponents:

Pf(N ′; yE , D−(yx, ·)) = −
r−2∑
u=0

(−1)uyr−2−u
x · Pf(N ′; yE , yu),

Pf(N ′; yE , D(yx, ·)) =
r−1∑
u=0

(−1)uyr−1−u
x · Pf(N ′; yE , yu),

and Pf(N ′; yE , yu) = 0 if u ∈ E, while it is (−1)#{e∈E:e>u} · PfE∪{u}(N ′) if u /∈ E. By
(8.2), Pf(N ′; yE , D(yx, ·)) = Pf(N ′; yE , yr−1) − yx · Pf(N ′; yE , D−(yx, ·)).

(F6) (Lemma 5.7(ii).) For S = {b1 < · · · < bρ} and εbc := (−1)ρ+c: ∑
b∈S εb∆(S \ b)yu

b is 0 for
0 ≤ u ≤ ρ− 2 and ∆(S) for u = ρ− 1.

(F7) Laplace. For an alternating matrix a on N and n = s+ 2κ,

Pf(a; c) = (−1)s(s−1)/2 ·
∑

S⊆N,|S|=s

sgn(S) · det(ck(i))i∈S,k≤s · Pf(a|N\S),

where sgn(S) = (−1)
∑

i∈S
pi−s(s−1)/2 is the sign of the shuffle that puts S before N \S, and

a|N\S is the restriction of a. This is the case of [Oka, Proposition 2.3] in which the block
on the borders is 0. (A matching with a non-zero product consists of a bijection from a
subset S of N onto the borders and of a perfect matching of N \ S.)
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The signs in (iii) and (F2)–(F7) are those of the Lean proof (§14.8); only their form matters
below, except where the text says otherwise.

8.4 Patterns and the ideals VΛ

For a partition λ, λ′
c is the length of its c-th column (λ′

1 = ℓ(λ)). For ℓ ≥ 0 put

E0 := {r − 1}, Eℓ := {0, 1, . . . , ℓ− 2} for ℓ ≥ 1 (so E1 = ∅).

Definition 8.6 (patterns). Let I be a set of m indices and (λ, δ) ∈ Shm, ℓ = ℓ(λ).

• δ = 0: a pattern consists of a set P of (m−|λ|)/2 pairwise disjoint pairs of I and of pairwise
disjoint blocks B1, . . . , Bλ1 with |Bc| = λ′

c covering the rest. Its product is DP ·
∏

c ∆(Bc).
(These are the tight patterns of §5.2, with D in the place of the divided difference of §2.3.)

• δ = 1: a pattern consists of a set P of pairwise disjoint pairs, of pairwise disjoint blocks
B2, . . . , Bλ1 with |Bc| = λ′

c, and of a marked block B0 with |B0| = ℓ + 1 + 2t for some
t ≥ 0, which together partition I. Its product is DP · PfEℓ

(B0) ·
∏

c≥2 ∆(Bc).

On the side of the points, the marked block carries the unpaired zero, the ℓ values of the first
column of λ, and t «absorbed» pairs. (Some of these products are 0, by §8.5, Remark (2); this
does no harm.) The sizes are consistent: a pattern of (λ, 1) uses 2|P | + (|λ| − ℓ) + (ℓ + 1 + 2t)
indices, so |P | + t = (m− 1 − |λ|)/2, an integer because λ ∈ Pm−1; and the matrix of PfEℓ

(B0)
has (ℓ+ 1 + 2t) + |Eℓ| indices, an even number in both cases.

For Λ ⊆ Shm, VΛ ⊆ Cm is the ideal generated by the products of all the patterns on {1, . . . ,m}
of all the shapes of Λ. All these products have integer coefficients. A permutation of the indices
maps every product to ± a product of a pattern of the same shape (by (8.1), (F1) and the
antisymmetry of ∆), so VΛ is stable under relabelling.

Examples. (∅, 1) on one index: yr−1. (∅, 1) on three indices: yr−1
c D(ya, yb) (t = 0) and

Pf{r−1}({1, 2, 3}) = ±(yr−1
3 D−(y1, y2) − yr−1

2 D−(y1, y3) + yr−1
1 D−(y2, y3)) (t = 1). ((1), 1) on

two indices: D−(y1, y2). ((1, 1), 1) on three indices: ±(D−(y1, y2) −D−(y1, y3) +D−(y2, y3)).

8.5 The membership lemma

Lemma 8.7. Let ℓ ≥ 0, t ≥ 0, and let B0 be a set of ℓ+ 1 + 2t indices. In Z[yi : i ∈ B0]/(yr
i ),

PfEℓ
(B0) ∈ Uℓ(B0) := (∆(S) ·DQ : S ⊆ B0, |S| = ℓ+ 1, Q a perfect matching of B0 \ S).

We prove a more general statement, in which the borders are arbitrary powers. For a finite set
N of indices, Uℓ(N) is defined in the same way, with |S| = ℓ+ 1.

Lemma 8.7’ (the membership lemma, any exponents). Let N be a set of n indices, t ≥ 0,
and e1, . . . , es ≥ 0 any exponents. In Z[yi : i ∈ N ]/(yr

i ):

• (a) if n = s+ 2(t+ 1), then Pf(N ; ye1 , . . . , yes) ∈ Us+1(N);

• (b) if n = s+ 1 + 2t, then Pf(N ; ye1 , . . . , yes , yr−1) ∈ Us(N).

Lemma 8.7 is the case s = ℓ − 1, (e1, . . . , es) = (0, 1, . . . , ℓ − 2) of (a) for ℓ ≥ 1, and the case
s = 0 of (b) for ℓ = 0. The proof takes the rest of this subsection; the symbols ωs, Ev, Od, Wσ,
H and the variable ζ are local to it.
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(a) Three polynomials. For odd s, 1 ≤ s ≤ 2r − 3, put ωs(a, b) := ∑(−1)uaubs−u, the sum
over the u with 0 ≤ u ≤ r−1 and 0 ≤ s−u ≤ r−1. The set of these u is stable under u 7→ s−u,
which exchanges the terms of ωs(a, b) and of ωs(b, a) and changes the sign (−1)u, because s is
odd; so ωs(b, a) = −ωs(a, b), and ωs(a, a) = 0 (the terms u and s− u ̸= u cancel; no division by
2 is involved).

• ωr−2 = D− (for s = r − 2 the conditions are 0 ≤ u ≤ r − 2).

• For odd i, 1 ≤ i ≤ r − 2: ωr−1+i(a, b) = bi · D(a, b) modulo (ar, br). (In biD(a, b) =∑
u(−1)uaubr−1−u+i the terms with u < i have b-exponent at least r; the others are the

terms of ωr−1+i.)

• In Z[a, b][ζ], with Ev(a) := ∑h
α=0 ζ

αa2α and Od(a) := ∑h−1
β=0 ζ

βa2β+1:

2h−1∑
σ=0

ζσω2σ+1(a, b) = Ev(a) · Od(b) − Ev(b) · Od(a). (8.6)

Indeed, in ω2σ+1(a, b) the terms with u = 2α even have b-exponent 2β + 1 with α+ β = σ,
and the sign +; the terms with u = 2β+ 1 odd have b-exponent 2α, and the sign −. Every
pair (α, β) with 0 ≤ α ≤ h, 0 ≤ β ≤ h− 1 occurs exactly once, with σ = α+ β.

So the matrix (∑σ ζ
σω2σ+1(yi, yj))i,j has rank two: it is Ev · OdT − Od · EvT for the columns

Ev = (Ev(yi))i and Od = (Od(yi))i. This is the one fact behind the lemma.
Lemma 8.8 (two operations on bordered Pfaffians). Let a be an alternating matrix on
N , c = (c1, . . . , cs) border columns, and E,O two more columns, over a commutative ring.

• (i) (border shift) For every function λ on N and every k ≤ s: Pf(a′; c) = Pf(a; c), where
a′

ij := aij + λick(j) − λjck(i).

• (ii) (rank-two update) Pf(a+ E ·OT −O · ET ; c) = Pf(a; c) − Pf(a; c, E,O).

Proof. We use one elementary operation: for two indices x ̸= w of an alternating matrix A and
an element λ, adding λ times the row of x to the row of w, and λ times the column of x to the
column of w, does not change Pf(A). Indeed, by the additivity of (iii) in the row-and-column of
w, the Pfaffian changes by λ · Pf(A′′), where A′′ is A with the row and the column of w replaced
by those of x (and A′′

ww = 0); the rows of w and x in A′′ are equal, so Pf(A′′) = 0 by (ii).
(i) In the bordered matrix of (a; c), the row of the border k is −ck on N and 0 on the borders.
For each w ∈ N , add −λw times the row and the column of the border k to those of w: the
entry (w, j), j ∈ N , becomes awj + λwck(j), the entry (i, w) becomes aiw − λwck(i), and the
border columns do not change. After all w the matrix is the bordered matrix of (a′; c).
(ii) Let Xθ be the bordered matrix of (a; c, E,O) with the entry θ in the row of the border E
and the column of the border O (and −θ in the symmetric place). Expanding along the index
O by (iii), the only term that contains θ is the one of z = E, with ε(O,E) = −1 (the borders
E and O are the last two indices), and it is θ · Pf(a; c); so Pf(Xθ) = Pf(a; c, E,O) + θ · Pf(a; c).
Now take θ = 1 and, for each w ∈ N , add Ew times the row and the column of O to those of
w. The row of O is −O on N , 0 on the borders of c and −1 at E; so the block on N becomes
a − E · OT + O · ET , the entry of w in the column of E becomes Ew − Ew = 0, and nothing
else changes. Then the row of E is 0 except for the entry 1 at O; for each w ∈ N , adding
−Ow times the row and the column of E to those of w clears the column of O on N . The final
matrix is the bordered matrix of (a−E ·OT +O ·ET ; c) together with the block [[0, 1], [−1, 0]]
on the last two indices, and its Pfaffian, expanded along O, is Pf(a−E ·OT +O ·ET ; c). Hence
Pf(a − E · OT + O · ET ; c) = Pf(a; c) + Pf(a; c, E,O); replacing O by −O and using (F2) gives
(ii). ■
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There is no sign that depends on n or s. Two more facts follow at once from the definition of
the Pfaffian as a sum over matchings, in which a matching with a non-zero product uses one
entry of each border and κ := (n− s)/2 entries of a: (homogeneity) Pf(τ · a; c) = τκ · Pf(a; c)
for every scalar τ ; and (top coefficients) if a and c have entries in a polynomial ring A[ζ],
those of a of degree at most d and those of the border ck of degree at most dk, then Pf(a; c) has
degree at most κd+ ∑

k dk in ζ, and its coefficient there is Pf(atop; ctop), the bordered Pfaffian
of the coefficients of the degrees d and dk.
Corollary 8.9 (the closed forms). Let A be a commutative ring, yi ∈ A (i ∈ N), Wσ :=
(ω2σ+1(yi, yj))i,j∈N , H := ∑h−1

τ=0 ζ
τWh+τ over A[ζ], and Ev, Od the columns of (8.6) at the yi.

For border columns c = (c1, . . . , cs) over A:

• (a) if n = s + 2(t + 1), then Pf(N ; c) = (−1)t+1 · [ζh−1−t] Pf(H; c,Ev,Od) for t ≤ h − 1,
and Pf(N ; c) = 0 for t ≥ h;

• (b) if n = s + 1 + 2t, then Pf(N ; c, yr−1) = (−1)t · [ζh−t] Pf(H; c,Ev) for t ≤ h, and
Pf(N ; c, yr−1) = 0 for t > h.

Proof. Put L := ∑h−1
σ=0 ζ

σWσ. By (8.6), L + ζhH = Ev · OdT − Od · EvT , entry by entry. The
entries of L have degree at most h − 1 in ζ, with top coefficient Wh−1 = aN . (a) By Lemma
8.8(ii) with a := −ζhH and homogeneity,

Pf(L; c) = Pf(−ζhH; c) − Pf(−ζhH; c,Ev,Od) = (−ζh)t+1 · Pf(H; c) − (−ζh)t · Pf(H; c,Ev,Od).

Take the coefficient of ζ(h−1)(t+1): on the left it is Pf(aN ; c) = Pf(N ; c), by the top coefficients;
the first term on the right is a multiple of ζh(t+1), so it contributes 0; the second contributes
(−1)t+1 · [ζh−1−t] Pf(H; c,Ev,Od) if ht ≤ (h − 1)(t + 1), i.e. t ≤ h − 1, and 0 otherwise. (b)
By Lemma 8.8(i), applied to a := −ζhH, the last border Ev and λ := − Od, Pf(−ζhH; c,Ev) =
Pf(−ζhH + Ev · OdT − Od · EvT ; c,Ev) = Pf(L; c,Ev); and Pf(−ζhH; c,Ev) = (−ζh)t · Pf(H;
c,Ev). The border Ev has degree h with top coefficient y2h = yr−1; take the coefficient of
ζ(h−1)t+h: on the left it is Pf(N ; c, yr−1), and on the right (−1)t · [ζh−t] Pf(H; c,Ev) if t ≤ h,
and 0 otherwise. ■

Proof of Lemma 8.7’. Work in A := Z[yi : i ∈ N ]/(yr
i ). Since 2(h+ τ) + 1 = (r − 1) + (2τ + 1),

the second item of (a) gives Hij = ∑
τ ζ

τy2τ+1
j D(yi, yj) = D(yi, yj) · Od(yj) in A[ζ]. By the

definition of the Pfaffian as a sum over matchings, Pf(H|N ′) therefore lies, for every subset N ′,
in the ideal of A[ζ] generated by the products DQ, Q a perfect matching of N ′. (a) Expand
Pf(H; ye1 , . . . , yes ,Ev,Od) by (F7). Its s + 2 borders are values Pk(yi) of polynomials Pk ∈
Z[ζ][T ] in one variable; so for each S ⊆ N with |S| = s + 2, det(Pk(yi))i∈S is an alternating
polynomial in the variables yi, i ∈ S, and hence a multiple of ∆(S) in Z[ζ][yi : i ∈ S]. So
every coefficient of every power of ζ in Pf(H; ye1 , . . . , yes ,Ev,Od) is a combination of products
∆(S) ·DQ, with |S| = s+ 2 and Q a perfect matching of N \S: it lies in Us+1(N). By Corollary
8.9(a), so does Pf(N ; ye1 , . . . , yes). (b) The same with the s + 1 borders ye1 , . . . , yes ,Ev and
Corollary 8.9(b). ■

Remarks. (1) The smallest non-trivial case of Lemma 8.7, (ℓ, t) = (0, 1), says yr−1
3 D−(y1,

y2)−yr−1
2 D−(y1, y3)+yr−1

1 D−(y2, y3) ∈ (D(y1, y2), D(y1, y3), D(y2, y3)); for r = 3 it reads ∆(y1,
y2, y3) = y1D(y1, y2) − y1D(y1, y3) + y2D(y2, y3) modulo the cubes. (2) Some patterns are zero.
By Corollary 8.9, PfEℓ

(B0) = 0 when ℓ ≥ 1 and ℓ + t ≥ h + 1, and when ℓ = 0 and t > h. For
ℓ = 1 the first condition is t ≥ h. For ℓ ≥ 2, expand the bordered Pfaffian of Corollary 8.9(a) by
multilinearity in its last two border columns: the coefficient of ζα in Ev is y2α and that of ζβ in
Od is y2β+1; a term in which one of them is a border ye, e ≤ ℓ−2, has two equal border columns
and vanishes (F2), and every other term has degree at least ⌈(ℓ− 1)/2⌉ + ⌈(ℓ− 2)/2⌉ = ℓ− 1 in
ζ, which exceeds h − 1 − t. (The case ℓ = 2, t = h − 1 was found by the cold reader of §14.6.)
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These conditions are sufficient; we do not claim that they list all zero patterns. Such patterns of
Definition 8.6 contribute nothing, and do no harm. (3) The border yr−1 in (b) cannot in general
be replaced by another power: at r = 5, n = 3, Pf(N ; y2) does not lie in U0(N) (§14.9). (In
the cells tried by the cold reader, the replacement never broke the membership at r = 3.) (4)
Version 11 proved Lemma 8.7 in the exterior algebra on a free module with basis v0, . . . , vr−1,
with divided powers of 2-forms, by showing that the divided powers γn of the generating 2-form
vanish for n ≥ 2 and by a recursion. In that language our (8.6) says that the generating function
of the 2-forms of the ωs is the product of two 1-forms, and our Lemma 8.8(ii) corresponds to
the formula γκ(φ+E ∧O) = γκ(φ) + γκ−1(φ) ∧E ∧O for the divided powers γκ of a 2-form φ
and two 1-forms E, O. The proof printed here is the one that was formalized (§14.8); it uses
no exterior algebra, no divided powers and no torsion-freeness, and it proves Lemma 8.7’, the
statement for other border sets that problem 7(c) of version 11 asked for.

8.6 (P3) Every pattern of a layer lies in the right slice

Proposition 8.10. Let Λ be an interlaced pair of level m ≥ 1 and 0 ≤ i ≤ r − 1. Then
VΛi

⊆ Wr−1−i(VΛ), where VΛi
⊆ Cm−1 is built on the indices 2, . . . ,m.

Proof. Wr−1−i(VΛ) is an ideal, so it suffices to treat a generator: let σ = (µ, δ) ∈ Λi, ℓ = ℓ(µ),
Φ := FΛ(σ) ≥ i + 1, and let G be the product of a pattern of σ on {2, . . . ,m}. Since the
slices are nested and r − Φ ≤ r − 1 − i, it is enough to find f ∈ VΛ with degy1 f ≤ r − Φ and
[yr−Φ

1 ]f = ±G, or to show otherwise that G ∈ Wr−Φ(VΛ). Write G = DP · ∆(B1) · R if δ = 0
and G = DP · PfEℓ

(B0) · R if δ = 1, where R := ∏
c≥2 ∆(Bc). By Lemma 8.3 the options in Λ

are an initial segment of the chain, of length Φ; we split according to the last one.
(A) The last option in Λ is an addition. Let j0 be the smallest j with (µ+ ej , δ) ∈ Λ; it is
the first row of its length, and Φ = ℓ+ 1 + (r − 1 − 2ℓ) + (ℓ− j0 + 1) = r − j0 + 1. The column
c∗ := µj0 + 1 ≥ 2 of µ has height j0 − 1; put the index 1 into its block Bc∗ (a new block if c∗

is a new column). This is a pattern of (µ + ej0 , δ): the number of pairs is unchanged, and for
δ = 1 the first column, hence ℓ, Eℓ and the marked block, are untouched because c∗ ≥ 2. By
the factorisation ∆(B ∪ {1}) = ±

∏
c∈B(yc − y1) · ∆(B) of the Vandermonde determinant, its

product is ±G ·
∏

c∈Bc∗ (yc − y1): its y1-degree is j0 − 1 = r − Φ (and yj0−1
1 ̸= 0 in the box, as

j0 − 1 < r), and its top coefficient is ±G.
(M) The last option in Λ is the middle one (so ℓ < h and Φ = ℓ+ 1 + (r− 1 − 2ℓ) = r− ℓ).

• δ = 0: put the index 1 into B1 (of height ℓ): a pattern of (µ ⊔ 1, 0), whose product has
y1-degree ℓ = r − Φ and top coefficient ±G.

• δ = 1: here (µ ⊔ 1, 1) ∈ Λ and (µ, 0) ∈ Λ (the zero option precedes the middle one). Put
E+ := Eℓ+1 = {0, . . . , ℓ− 1} and

f := (y1 · PfE+(B0 ∪ {1}) + ϑ · Pf(B0; yE+
, D(y1, ·))) ·DP ·R,

with ϑ = ±1 the sign of (F4) for N = B0 ∪ {1}, x = 1. f ∈ VΛ. PfE+(B0 ∪ {1}) ·DP ·R is
the product of a pattern of (µ ⊔ 1, 1): its marked block B0 ∪ {1} has size (ℓ+ 1) + 1 + 2t,
its borders are Eℓ+1, and the columns c ≥ 2 and the pairs are those of µ. By (F2), Pf(B0;
yE+

, D(y1, ·)) = ∑
b∈B0 ηbD(y1, yb) · PfE+(B0 \ b). If t ≥ 1, D(y1, yb) · PfE+(B0 \ b) ·DP ·R

is the product of a pattern of (µ⊔ 1, 1) with marked block B0 \ b (of size (ℓ+ 2) + 2(t− 1))
and pairs P ∪ {(1, b)}. If t = 0, then |B0 \ b| = ℓ = |E+| and PfE+(B0 \ b) = ±∆(B0 \ b)
by (F3), so it is ± the product of a pattern of (µ, 0): first block B0 \ b, pairs P ∪ {(1, b)}.
Degree. By (F4), PfE+(B0 ∪ {1}) = ϑ · Pf(B0; yE+

, D−(y1, ·)) + Σe∈E+ ± ye
1 PfE+\e(B0),

and by (F5), Pf(B0; yE+
, D(y1, ·)) = Pf(B0; yE+

, yr−1) − y1 Pf(B0; yE+
, D−(y1, ·)). So the

two terms with D−(y1, ·) cancel, whatever the value of ϑ:
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f/(DPR) = Σe∈E+ ± ye+1
1 PfE+\e(B0) + ϑ · Pf(B0; yE+

, yr−1).

The last term does not contain y1. If ℓ ≥ 1, the y1-degree is ℓ, with top coefficient
± PfE+\{ℓ−1}(B0) = ± PfEℓ

(B0). If ℓ = 0, then E+ = ∅ and f/(DPR) = ϑ · Pf{r−1}(B0) =
± PfE0(B0). In both cases degy1 f = ℓ = r − Φ and the top coefficient is ±G.

(Z) The last option in Λ is the zero option (Φ = ℓ+ 1).

• δ = 0: here (µ, 1) ∈ Λ. If ℓ = 0, f := yr−1
1 · G is the product of a pattern of (∅, 1)

with marked block {1} (Pf{r−1}({1}) = yr−1
1 ), of y1-degree r − 1 = r − Φ. If ℓ ≥ 1,

f := PfEℓ
(B1 ∪{1}) ·DP ·R is the product of a pattern of (µ, 1) with marked block B1 ∪{1}

(of size ℓ+ 1, so t = 0). By (F4) and (F5),

PfEℓ
(B1 ∪ {1}) = ∓

r−2∑
u=0

(−1)uyr−2−u
1 Pf(B1; yEℓ , yu) + Σe∈Eℓ

± ye
1 PfEℓ\e(B1).

Pf(B1; yEℓ , yu) = 0 for u ≤ ℓ − 2, and for u = ℓ − 1 it is ± Pf{0,...,ℓ−1}(B1) = ±∆(B1) by
(F3). So the first sum has y1-degree r−2− (ℓ−1) = r− ℓ−1, with top coefficient ±∆(B1);
the second has y1-degree at most ℓ−2 < r−ℓ−1 (as ℓ ≤ h). So degy1 f = r−ℓ−1 = r−Φ,
with top coefficient ±G.

• δ = 1: here (µ, 0) ∈ Λ. For S ⊆ B0 with |S| = ℓ + 1 and a perfect matching Q of B0 \ S
put, with the signs of (F6),

fS,Q :=
∑
b∈S

εb∆(S \ b) ·D(y1, yb) ·DQ ·DP ·R.

Each summand is the product of a pattern of (µ, 0): first block S \ b (of size ℓ), blocks Bc

(c ≥ 2), pairs P ∪ Q ∪ {(1, b)} (their number is |P | + t + 1 = (m − |µ|)/2). So fS,Q ∈ VΛ.
By (8.4) and (F6), [yr−1−u

1 ]fS,Q = (−1)u(∑b εb∆(S \ b)yu
b ) ·DQDPR vanishes for u ≤ ℓ− 1

and is ±∆(S) · DQ · DPR for u = ℓ. Hence ∆(S)DQ · DPR ∈ Wr−1−ℓ(VΛ) for all S,Q.
As Wr−1−ℓ(VΛ) is an ideal, it contains the image of Uℓ(B0) in Cm−1 times DPR, and by
Lemma 8.7 — a membership over Z, which therefore holds for the images in Cm−1 over
every field — it contains PfEℓ

(B0) ·DPR = G. And r − 1 − ℓ = r − Φ.

(R) The last option in Λ is a removal. Then the removals in Λ are those of the rows
1, . . . , ρ, with ρ ≥ 1 the last row of its length, and Φ = ρ.

• δ = 0, or δ = 1 and µρ ≥ 2: the column c0 := µρ of µ has height ρ, and its block S := Bc0

is an ordinary block (c0 ≥ 2 if δ = 1). Write G = ∆(S) ·G′. As in case (γ) of Proposition
5.8, f := ∑

b∈S εb∆(S \ b) ·D(y1, yb) ·G′ is a sum of products of patterns of (µ−eρ, δ) (pairs
P ∪ {(1, b)}, the block of the column c0 replaced by S \ b; for δ = 1 the first column, hence
the marked block, is unchanged). By (8.4) and (F6), [yr−1−u

1 ]f vanishes for u ≤ ρ− 2 and
is ±G for u = ρ− 1: degy1 f = r − ρ = r − Φ.

• δ = 1 and µρ = 1: then ρ = ℓ. Put E′ := Eℓ−1 and f := PfE′(B0 ∪ {1}) ·DP ·R. It is the
product of a pattern of (µ − eℓ, 1): the first column of µ − eℓ has ℓ − 1 rows, the marked
block B0 ∪ {1} has size ((ℓ− 1) + 1) + 2(t+ 1), and the other columns are those of µ. By
(F4) and (F5),

PfE′(B0 ∪ {1}) = ∓
r−2∑
u=0

(−1)uyr−2−u
1 Pf(B0; yE′

, yu) + Σe∈E′ ± ye
1 PfE′\e(B0).
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If ℓ ≥ 2: E′ = {0, . . . , ℓ − 3}; the first sum vanishes for u ≤ ℓ − 3, and for u = ℓ − 2
it gives ±yr−ℓ

1 PfEℓ
(B0); the second sum has y1-degree at most ℓ − 3 < r − ℓ. If ℓ = 1:

E′ = {r− 1}; the first sum has y1-degree at most r− 2, and the second is ±yr−1
1 Pf∅(B0) =

±yr−1
1 PfE1(B0). In both cases degy1 f = r − ℓ = r − Φ, with top coefficient ±G.

The four kinds of last option exhaust Φ ≥ 1. ■

In every case the construction lands exactly in the slice r − Φ. The absorbed pairs (t ≥ 1) are
produced by the second case of (R): a removal that empties the first column of a marked tail
turns a pair D outside the marked block into a pair D− inside it.

8.7 The theorem

Theorem 8.11 (interlaced down-set theorem). For every field F , every odd r ≥ 3, every
m ≥ 0 and every interlaced pair Λ ⊆ Shm, dimF VΛ ≥ |ZΛ|.

Proof. Induction on m. For m = 0, Sh0 = {(∅, 0)}: if Λ = ∅ both sides are 0; otherwise VΛ = F
(the empty product) and ZΛ is one point. Let m ≥ 1. By the peeling lemma, Proposition 8.10,
the induction hypothesis applied to the interlaced pairs Λi (Lemma 8.4; VΛi

is stable under
relabelling, so the variables y2, . . . , ym may be used), and Lemma 8.4 again,

dimVΛ = ∑r−1
i=0 dimWr−1−i(VΛ) ≥

∑
i dimVΛi

≥ Σi|ZΛi
| = Σi|(ZΛ)>i| = |ZΛ|. ■

Proof of Theorem O, the inequality ≥. Take m = 2k + 1 and Λ = Λroot (Lemma 8.5). The
patterns of ((1), 0) consist of k disjoint pairs and one block of one element; their products
are the DP , that is, the DJ , J ∈ J (D is symmetric). The patterns of (∅, 1) have products
Pf{r−1}(B0) · DP ′ with |B0| = 1 + 2t; by Lemma 8.7 with ℓ = 0 (a membership over Z, hence
also in C2k+1 over every field), Pf{r−1}(B0) lies in the ideal generated by the DQ, Q a perfect
matching of B0 minus one index (here ∆(S) = 1, as |S| = 1); since |Q| + |P ′| = t+ (k − t) = k,
the product lies in (DJ : J ∈ J ). Hence VΛroot = (DJ : J ∈ J ) · C2k+1, and Theorem 8.11 gives
dim ≥ |ZΛroot | = Nr(2k + 2). ■

Lemma 8.12 (the two forms). Let N = 2k + 2, write the variables as x0, y1, . . . , y2k+1,
and put M := ∑

P DP · CN , the sum over the perfect matchings P of the N variables (the
ideal V{(∅,0)} of level N). Then θ : M → C2k+1, f 7→ [xr−1

0 ]f , is injective, and its image is
(DJ : J ∈ J )C2k+1.

Proof. By (8.3), (xa + xb) · D(xa, xb) = 0 in the box, so every DP is killed by e1 = x0 + s,
s := ∑

i yi (sum over the pairs of P ). Write f = ∑r−1
u=0 x

u
0fu with fu ∈ C2k+1; comparing the

coefficients of xu
0 in x0f = −sf gives fu−1 = −sfu for u ≥ 1. So f is determined by fr−1,

and θ is injective. If k0 is the partner of 0 in P , the coefficient of xr−1
0 in D(x0, yk0) is 1, so

θ(DP · g) = DJ · g for g ∈ C2k+1, where J is P read as a matching of {0, . . . , 2k + 1}. Moreover
x0 ·DP = −yk0DP , so M = ∑

P DP · C2k+1. Hence θ(M) = (DJ : J ∈ J )C2k+1. ■

(The same proof works for every r ≥ 2, with (−1)r−1 in the place of 1; for the even box it is the
proof of Corollary 10.6(i).)

Corollary 8.13 (equality; freeness over Z). For every field F , every odd r ≥ 3 and every
k ≥ 0: dimF

∑
P DP · C2k+2 = Nr(2k + 2) and dimF (DJ : J ∈ J ) · C2k+1 = Nr(2k + 2). Both

quotients of the integral box rings are free abelian groups, and the dimensions of the graded pieces
of the two ideals do not depend on F . In particular Theorem O holds.

Proof. By Lemma 8.12 the two dimensions are equal, and each is at least Nr(2k + 2): the
second by the part of Theorem O already proved, the first by Theorem 8.11 for the interlaced
pair {(∅, 0)} of level 2k + 2 (Lemma 8.5), whose patterns are the perfect matchings. For the
upper bound, let first F = Q and T := {−h, . . . , h} ⊂ Q, and put IP := (xa + xb : {a, b} ∈ P )

47



and M := ∑
P DP · CN . On CN let ⟨f, g⟩ be the coefficient of ∏

i x
r−1
i in fg; as in the proof

of Proposition 2.6 the pairing is perfect, so dimV + dimV ⊥ = dimCN for every subspace V ,
and the annihilator of an ideal is contained in its orthogonal. By (8.3), (xa + xb) · D(xa, xb) =
0 in the box, so IP · CN annihilates DP , and ⋂

P IP · CN annihilates M. Hence dim M ≤
dimCN − dim ⋂

P IP · CN = dimQ[x]/⋂
P (IP + (xr

i )). Let Γ ⊆ TN be the set of the points of⋃
P V (IP ) in TN , that is, the set of the N -tuples that split into pairs {u,−u}; |Γ| = Nr(N).

With g(x) := ∏
u∈T (x − u), an odd monic polynomial of degree r, the ideal of the finite set

V (IP ) ∩ TN is IP + (g(xi) : i), and its ideal of top-degree forms is IP + (xr
i ) (it contains it, and

both quotients have dimension rk+1; Lemma 5.8’). Since I(Γ) = ⋂
P I(V (IP ) ∩ TN ) and gr of

an intersection is contained in the intersection of the gr’s, gr(I(Γ)) ⊆
⋂

P (IP + (xr
i )), whence

dimQ[x]/⋂
P (IP + (xr

i )) ≤ dimQ[x]/ gr(I(Γ)) = |Γ|. So dimQ
∑

P DP · CN ≤ Nr(N). Over an
arbitrary field F , the ideal ∑

P DP ·CN is spanned by the images of the vectors DP · xα, which
have integer coordinates, and the rank of an integer matrix over F is at most its rank over Q.
This gives the two equalities over every field. The integral statement follows as in the proof
of Theorem 5.9’: the quotient M of the integral box ring by the ideal generated by the DP

(respectively the DJ) is a graded, finitely generated abelian group, M ⊗ F is the quotient over
F , and the dimension of M ⊗F is the same for F = Q and for every F = Fp; so no graded piece
of M has torsion. ■

Remarks 8.14. (1) Where the full family enters. Only at the root (Lemma 8.5 and the proof
of Theorem O), as in §5. With one matching removed the dimension drops in every cell we
computed, also in characteristic 2 (§14.9). (2) No slack. In Proposition 8.10 the slice r − 1 − i
cannot be lowered: with r− 2 − i the containment fails in every cell tested (§14.9). (3) Equality
for every interlaced pair is measured, not proved: dimVΛ = |ZΛ| held for every interlaced pair of
every cell computed, and for pairs of down-sets that satisfy (D1) but not (D2) the two numbers
differ (§14.9). (4) The marked shapes are needed. Without the bordered Pfaffians — with the
patterns t = 0 only — the equality of (3) fails for 15 of the 163 interlaced pairs of the auditor’s
run (§14.9): the absorbed pairs are part of the ideal. (5) Characteristic. Unlike the bipartite
ideals of §7, the ideals VΛ of this section are defined over Z, and Theorem 8.11 holds over every
field with no condition; in particular over F2, which is where §9 uses it for the degrees 2v.

8.8 The case r = 3, without Pfaffians

For r = 3 (h = 1) the theory collapses to a family with one parameter, and every step is a one-
line identity. This gives a proof of Theorem O at r = 3 that uses nothing from §8.2–§8.7; with
§9 it suffices for the degrees m = 4, 6 and 12. Here T = {−1, 0, 1}, Cm = F [y1, . . . , ym]/(y3

i )
and D(a, b) = a2 − ab + b2. The shape of M ∈ Tm is determined by j(M) := |

∑
iMi| (the

mark is the parity of m− j), and the interlaced pairs are the sets {j ≤ J}. For 0 ≤ J ≤ m put
Z

(m)
J := {M ∈ {−1, 0, 1}m : |

∑
Mi| ≤ J}, and define an ideal I(m,J) ⊆ Cm as follows, where

P , P+, P ′ denote sets of pairwise disjoint pairs of indices and a, b, c distinct indices outside
them:

• if J ≡ m (mod 2): I(m,J) := (DP : |P | = (m− J)/2);

• if J ̸≡ m (mod 2) and J ≥ 1: I(m,J) := ((yb − ya) · DP : |P | = (m − 1 − J)/2; DP + :
|P+| = (m+ 1 − J)/2);

• if J = 0 and m is odd: I(m, 0) := (y2
c · DP : P a perfect matching of the other indices;

∆(ya, yb, yc) ·DP ′ : P ′ a perfect matching of the other indices).

Theorem 8.15. dimF I(m,J) ≥ |Z(m)
J | for every field F and all 0 ≤ J ≤ m. In particular

I(2k+ 1, 1) is the ideal generated by the DJ , J ∈ J , in C2k+1, and |Z(2k+1)
1 | = N3(2k+ 2): this

is Theorem O, ≥, at r = 3.
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Proof. Induction on m; I(0, 0) = F . For J = m the ideal is the unit ideal and Z is everything.
A tail with |Σ| = j′ has 3 completions in Z

(m)
J if j′ ≤ J − 1, 2 if j′ = J ≥ 1, 1 if j′ = J + 1

or j′ = J = 0, and none otherwise. So |Z(m)
J | = |Z(m−1)

J+1 | + |Z(m−1)
J | + |Z(m−1)

J−1 | for J ≥ 1, and
|Z(m)

0 | = |Z(m−1)
1 | (with Z

(m−1)
J everything and I(m − 1, J) the unit ideal for J ≥ m − 1). By

peeling and induction it suffices to show, for the slices of I(m,J):

W2 ⊇ I(m− 1, J + 1), W1 ⊇ I(m− 1, J), W0 ⊇ I(m− 1, J − 1) for J ≥ 1; W2 ⊇ I(m− 1, 1) for
J = 0.

Write D(1, b) for D(y1, yb) = y2
1 − y1yb + y2

b ; the sets of pairs below lie in {2, . . . ,m}, and «free»
means an index of {2, . . . ,m} outside them.

Case I: J ≡ m, 1 ≤ J ≤ m− 2, p := (m− J)/2 ≥ 1; I(m,J) = (DP : |P | = p).

• W2 ⊇ I(m− 1, J + 1) = (DP ′ : |P ′| = p− 1): there are J + 1 ≥ 2 free indices; for a free b,
D(1, b) ·DP ′ ∈ I(m,J) has y2

1-coefficient DP ′ .

• W1 ⊇ I(m−1, J) = ((yb−ya)DP ′ : |P ′| = p−1; DP ′′ : |P ′′| = p): (D(1, b)−D(1, a))·DP ′ =
(−y1(yb − ya) + y2

b − y2
a) ·DP ′ ∈ I(m,J); and DP ′′ ∈ I(m,J) does not contain y1.

• W0 ⊇ I(m− 1, J − 1) = (DP ′′ : |P ′′| = p): these are generators of I(m,J) without y1.

Case II: J ̸≡ m, 1 ≤ J ≤ m − 1, p := (m − 1 − J)/2; I(m,J) = ((yb − ya)DP : |P | = p;
DP + : |P+| = p+ 1).

• W2 ⊇ I(m−1, J+1). If p = 0 this is the unit ideal, and D(1, b) ∈ I(m,J) has y2
1-coefficient

1. If p ≥ 1 its generators are (yb − ya)DP ′ (|P ′| = p− 1) and DP (|P | = p); there is a free
index c besides a, b in the first case and a free b in the second, and D(1, c)(yb − ya)DP ′ ,
D(1, b)DP lie in I(m,J) with y2

1-coefficients the generators.

• W1 ⊇ I(m− 1, J) = (DP : |P | = p): for a free b, (yb − y1) ·DP ∈ I(m,J) has y1-coefficient
−DP .

• W0 ⊇ I(m− 1, J − 1). If J ≥ 2, its generators (yb − ya)DP (|P | = p), DP + (|P+| = p+ 1)
are generators of I(m,J) without y1. If J = 1 (m even), it is I(m − 1, 0) = (y2

cDP ,
∆(ya, yb, yc)DP ′), and

y2
c = y1 · (yc − y1) +D(1, c),

∆(ya, yb, yc) = D(1, a)(yc − yb) −D(1, b)(yc − ya) +D(1, c)(yb − ya)

(in the second identity the coefficients of y2
1 and of y1 cancel, and the constant term is

y2
a(yc − yb) − y2

b (yc − ya) + y2
c (yb − ya) = ∆(ya, yb, yc)). So y2

cDP and ∆ ·DP ′ lie in I(m, 1)
and do not contain y1.

Case III: J = 0. If m is even, I(m, 0) = (DP + : P+ a perfect matching) and I(m − 1, 1) =
(DP ′ : |P ′| = (m− 2)/2): with the free index b, D(1, b)DP ′ has y2

1-coefficient DP ′ . If m is odd,
I(m − 1, 1) = ((yb − ya)DP ′ ; DP +) with P+ a perfect matching of {2, . . . ,m} and P ′ one of
{2, . . . ,m} \ {a, b}: y2

1 ·DP + ∈ I(m, 0), and ∆(y1, ya, yb) ·DP ′ = (ya − y1)(yb − y1)(yb − ya)DP ′ ∈
I(m, 0) has y2

1-coefficient (yb − ya)DP ′ .

For the last sentence of the theorem: the DP with |P | = k in 2k + 1 variables are the DJ ; and
deleting the last entry is a bijection from the (2k+ 2)-tuples in {−1, 0, 1} of sum 0 onto Z(2k+1)

1 .
■
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8.9 A worked example: r = 3, k = 1

Here m = 3, the three generators are D(y2, y3), D(y1, y3), D(y1, y2) in F [y1, y2, y3]/(y3
i ), a

ring of dimension 27, and N3(4) = 19: the 4-tuples in {−1, 0, 1} of sum 0 number 1 + 12 +
6. The root is Λ = {((1), 0), (∅, 1)}. The tails have two coordinates, with shapes in Sh2 =
{(∅, 0), ((2), 0), ((1), 1)}, and |Z(∅,0)| = 3, |Z((2),0)| = 2, |Z((1),1)| = 4 (total 9).

tail shape its chain (positions 1, 2, 3) options in
Λ

FΛ case of Prop.
8.10

slice
r − Φ

(∅, 0) (∅, 1) · ((1), 0) · ((1), 0) all 3 (M), δ = 0 0
((1), 1) (∅, 1) · ((1), 0) · ((2), 1) first two 2 (Z), δ = 1 1
((2), 0) ((1), 0) · ((2), 1) · ((3), 0) first 1 (R) 2

So Λ0 = Sh2, Λ1 = {(∅, 0), ((1), 1)} and Λ2 = {(∅, 0)}, all interlaced, and |ZΛ| = 9 + 7 + 3 = 19.
On the side of the ideal: W0 ∋ D(y2, y3) (the generator of VΛ2); W1 contains y3 −y2, from D(y1,
y2) − D(y1, y3) = −y1(y2 − y3) + y2

2 − y2
3, which is the case (Z) with B0 = {2, 3}, ℓ = 1, t = 0;

and W2 ∋ 1, from D(y1, y2). The dimensions of the three slices are 3, 7 and 9.

9. Even degrees

In this section m ≥ 4 is even, k ≥ 1, n = 2k and N = n+2, except in §9.2, which also allows the
degree 2 and k ≥ 0 (Lemma 9.10 uses it in that generality). Nothing in §2.1 or in Appendix B
uses the parity of m: Theorem 0 and Proposition 2.1 hold for every m ≥ 3, and [DS] themselves
compute even cells ([DS, Remark 4.4] and [DS, §5]). So, as for odd m, the conjecture at (k,m)
is the equality dimFp(ψ̄J : J ∈ J )Fp[G] = |ΓJ | for every prime p dividing m, and ≤ always
holds. What changes is everything after §2.1. Inversion on µm \ {1} now has the fixed point −1,
so the count is different (§9.1). At the prime 2, the element 2 is not a unit and the coordinate
y = t − t−1 of Lemma 2.3 does not exist: for m = 2v we pass to the ideal of leading forms,
which contains s1 · · · s2k+1 times the ideal of Theorem O for the box 2v − 1 in characteristic 2,
an isomorphic copy of it in another ring (§9.2). For the other even degrees the colour reduction
of §6 applies at each prime (§9.3), with two new kinds of block: at an odd prime the cofactor
is even, the colour −1 is its own inverse, and its block is the ideal of Theorem O for the box pv

(§9.4); at the prime 2 the block of colour 1 is the problem for the degree 2v again, and the pair
blocks are bipartite ideals with an even box.

In this section the letter r is the odd box of §8, and the cofactor of a prime power in m, which
§6 calls r, is written r′. The count Nr(n) of §8 makes sense for r = 1 (h = 0): N1(n) = 1, the
only tuple being (0, . . . , 0); it is used in that sense in §9.2 and §9.4.

9.1 The count

Lemma 9.1. For every m ≥ 3, ΓJ is in bijection with the set of N -tuples in µm \ {1} that can
be split into pairs of mutually inverse entries. For even m their number is

|ΓJ | = Nm−1(N) = N ! · [xN ] cosh(x) · I0(2x)(m−2)/2.

Proof. The first paragraph of the proof of Lemma 2.2 uses nothing about m: for a ∈ ΓJ , with
a matching J , put a0 := (a1 · · · an+1)−1; then a0 = a−1

k0
̸= 1, and every pair of J is a pair of

inverse entries of (a0, . . . , an+1). Conversely a tuple that splits into inverse pairs has product 1,
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so its entry at 0 is determined by the others, which lie in ΓJ through the same matching. For
even m, inversion on µm \ {1} has the single fixed point −1 and (m − 2)/2 orbits {c, c−1}. A
tuple splits into inverse pairs if and only if, for every orbit, c and c−1 occur equally often, and
−1 occurs an even number of times. Each orbit contributes the exponential generating function
I0(2x), and the value −1 contributes cosh x. A bijection µm \ {1} → T that carries inversion
to u 7→ −u and −1 to 0 (with r = m − 1) identifies these tuples with the tuples counted by
Nm−1(N) in §8. ■

We extend the notation of §1.2: for even m, Qk(m) := Nm−1(2k + 2). So Qk(m) = |ΓJ | for
every m ≥ 3. The first values are

m \ k 1 2 3 4 5

4 19 141 1 107 8 953 73 789
6 61 1 001 18 733 375 745 7 858 225
8 127 3 301 103 279 3 595 177 133 789 789
10 217 7 761 345 465 17 605 249 980 612 161
12 331 15 101 876 331 59 415 961 4 481 629 021
16 631 41 301 3 529 863 361 612 105 42 214 788 925

For k = 1, Q1(m) = 3m2 − 9m + 7, and the values for k = 2, 3 are those of the polynomials
displayed in [DS, Remark 4.4] for even m (with their δm = 1); for instance 141, 1001 and 1107
at (n,m) = (4, 4), (4, 6), (6, 4). For m = 4 the numbers are the central trinomial coefficients, the
constant terms of (x+ 1 + x−1)2k+2. In general, for even m the rank Qk(m) + 1 of L(X) is one
more than the count Nm−1(2k + 2) of Theorem A at the odd number m− 1 (§10).

9.2 Degree 2v: leading forms

Let q = 2v with v ≥ 1, k ≥ 0, and let F be a field of characteristic 2. Put si := ti + 1. Since
tq − 1 = (t+ 1)q,

F [G] = F [t1, . . . , t2k+1]/(tqi − 1) = F [s1, . . . , s2k+1]/(sq
i ) =: B,

a graded ring. Let I := (ψ̄J : J ∈ J )B, where ψ̄J is the image of the generator ψJ of §2 for the
degree m = q.
Proposition 9.2. dimF I ≥ Nq−1(2k + 2). Hence, for v ≥ 2 and k ≥ 1, dimF2(ψ̄J : J ∈
J )F2[G] = |ΓJ |, and H2k(X;Z)/L(X) is torsion free for the Fermat variety of degree 2v and
dimension 2k.

Proof. The ψ̄J have coefficients in F2, so the dimension does not depend on F ; let F = F2.
Step 1: the generators. In F2[u], (u + 1)φ(u) = uq + 1 = (u + 1)q, so φ(u) = (u + 1)q−1. For
u = tjtl, u+ 1 = (1 + sj)(1 + sl) + 1 = sj + sl + sjsl. So

ψ̄J =
k∏

i=0
ski

·
k∏

i=1
(sji + ski

+ sjiski
)q−1,

and, as a polynomial, its homogeneous component of lowest degree is LJ := ∏k
i=0 ski

·
∏k

i=1(sji +
ski

)q−1, of degree (k + 1) + k(q − 1).
Step 2: leading forms. For 0 ̸= f ∈ B let in(f) be its homogeneous component of lowest degree,
and let in(I) be the span of the in(f), 0 ̸= f ∈ I. Let I≥d be the set of the elements of I with

51



no component of degree less than d. The map I≥d → Bd that takes the component of degree
d has kernel I≥d+1, and its image is in(I) ∩ Bd. Summing over d, dim in(I) = dim I. Moreover
in(I) is an ideal: for a monomial x and f ∈ I, x · in(f) is 0 or in(xf). Since the ideal (sq

i ) is
homogeneous, the image of LJ in B is 0 or in(ψ̄J). Hence

dim I = dim in(I) ≥ dim(LJ : J ∈ J )B.

Step 3: the odd box. Put r := q − 1. In F2[a, b], (a + b) ·
∑q−1

u=0 a
ubq−1−u = aq + bq = (a + b)q,

so (a + b)q−1 = ∑q−1
u=0 a

ubq−1−u. Multiply by b and drop bq: b(a + b)q−1 = ab ·
∑q−2

w=0 a
wbq−2−w

in F2[a, b]/(bq), and the last sum is the polynomial D(a, b) = Dr(a, b) of §8 over F2, where the
signs disappear. The indices k0 and ji, ki (i ≥ 1) are 1, . . . , 2k+ 1, each once; so LJ = Y ·DJ in
B, with Y := s1 · · · s2k+1 and DJ := ∏k

i=1D(sji , ski
). Multiplication by Y on B kills exactly the

monomials with some exponent at least q − 1, so it induces an injective map F2[s]/(sr
i ) → B,

which carries the ideal (DJ : J ∈ J ) · F2[s]/(sr
i ) onto (LJ : J ∈ J )B. The former is the ideal of

Theorem O at (k, r, F2).

Conclusion. If q ≥ 4, then r = 2v − 1 ≥ 3 is odd and Theorem O gives dim(LJ)B ≥ Nr(2k+ 2).
If q = 2, then r = 1, LJ = Y ̸= 0 for every J , and dim(LJ)B = 1 = N1(2k + 2). With
Step 2 this is the inequality. For k ≥ 1 and m = q ≥ 4, Proposition 2.1 and Lemma 9.1 give
dim I ≤ |ΓJ | = Nq−1(2k + 2), so there is equality at the only prime dividing m. ■

Remarks 9.3. (1) The proof shows more: in(I) = (LJ : J ∈ J )B. The generators ψ̄J are a
standard basis of I for the filtration by the order of vanishing, in the sense that their leading
forms generate the ideal of leading forms. (2) The inequality of Step 2 is where information could
be lost; Theorem O says that none is. The statement «dimF2(DJ) · F2[s]/(sr

i ) ≥ Nr(2k + 2) for
r = 2v − 1» is, on its face, stronger than the conjecture at (k, 2v): it is the conjecture together
with (1). (3) For q = 2, ψ̄J = Y for every J (in Step 1, sl(sj + sl + sjsl) = sjsl, because s2

l = 0),
and I is the socle of B.

9.3 The colour reduction for an even degree

Let p be a prime dividing m, and write m = q · r′ with q = pv and p ∤ r′. Put F := F̄p,
F [G] := F [t1, . . . , tn+1]/(tmi − 1) and I := (ψ̄J : J ∈ J )F [G], as in §6. By Proposition 2.1 and
Lemma 9.1, exactly as in §6,

dimF I ≤ |ΓJ | = Qk(m), (9.1)

and the conjecture at (k,m) is equivalent to dimF I ≥ Qk(m) for every prime p dividing m.

Lemma 9.4 (splitting and survival, for every prime). Lemmas 6.1 and 6.2 hold as stated,
with r′ in the place of r, for every prime p dividing m and every m ≥ 3.

Proof. The proof of Lemma 6.1 uses that (tr′ − 1)q = tm − 1 in characteristic p and that
tr

′ − 1 is separable, because r′ ̸= 0 in F . The proof of Lemma 6.2 uses the factorisation
(u− 1)φ(u) = ∏

ξ∈µr′ (u− ξ)q in F [u] and the Frobenius identity (tjtl − cjcl)q = tqjt
q
l − cq

jc
q
l = 0

in Rc. Neither uses the parity of p, of q or of r′. ■

Blocks (this replaces Lemma 6.3, which uses that the cofactor is odd). Fix a colouring c ∈ µn+1
r′ ,

with c0 := (c1 · · · cn+1)−1 and the colour classes Cζ ⊆ {0, . . . , n+ 1}. The colours equal to their
inverses are 1 and, when r′ is even (so p is odd), −1. The other colours split into pairs {ζ, ζ−1};
fix a set R of representatives. The blocks of c are C1, C−1 (empty if r′ is odd) and the sets
Cζ ∪ Cζ−1 , ζ ∈ R. A pair {a, b} has cacb = 1 if and only if it lies in C1, or it lies in C−1, or it
meets both Cζ and Cζ−1 for some ζ ∈ R. So the matchings compatible with c are the choices
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of a perfect matching P1 of C1, a perfect matching P−1 of C−1 and a bijection σζ : Cζ → Cζ−1

for each ζ ∈ R, made independently; every such choice is an element of J (this is where the
full family is used), and c is compatible if |C1| and |C−1| are even and |Cζ | = |Cζ−1 | for every ζ.
Group the tensor factors of Rc accordingly, Rc = Rc,1 ⊗Rc,−1 ⊗ ⊗ζ∈RRc,ζ , and define gP1 , gP−1 ,
gσζ

and the ideals Ic,1, Ic,−1, Ic,ζ as in §6.3: the products of the factors of (6.2) that belong to
the pairs of one block, and the ideals they generate.

Lemma 9.5 (tensor decomposition). If c is not compatible, πc(I) = 0. If c is compatible,
πc(I) = Ic,1 ⊗Ic,−1 ⊗⊗ζ∈RIc,ζ , and its dimension is the product of the dimensions of the factors.

Proof. As for Proposition 6.5: by (6.2) the image of a compatible ψ̄J is a unit times a pure
tensor along the blocks, the choices in the blocks are independent, and Lemma 6.4 applies. ■

Lemma 9.6 (the count factors). For a compatible colouring c let N1(c) be the number of
tuples (wi)i∈C1 in µq \ {1} that split into inverse pairs, N−1(c) the number of tuples (wi)i∈C−1 in
µq that split into inverse pairs, and Nζ(c) := Nbal(|Cζ |, q) (§6.6). Then

Qk(m) = |ΓJ | =
∑

c

N1(c) ·N−1(c) ·
∏
ζ∈R

Nζ(c),

the sum over the compatible colourings. Moreover: N1(c) = (2k′)! · [x2k′ ]I0(2x)(q−1)/2 if p is
odd and N1(c) = Nq−1(2k′) if p = 2, where |C1| = 2k′; N−1(c) = Nq(|C−1|); and Nbal(a, q) =
Nph(a− 1, q) for a ≥ 1.

Proof. Work with the complex roots of unity, as in Lemma 6.8, and fix an isomorphism of groups
between the complex r′-th roots of unity and those of F ; it preserves 1, −1 and inversion, hence
the blocks of a colouring and their sizes. µm = µr′ × µq, gi = ciwi for i = 0, . . . , n+ 1; gagb = 1
iff cacb = 1 and wawb = 1; and gi ̸= 1 iff (ci, wi) ̸= (1, 1). By Lemma 9.1, ΓJ is in bijection with
the N -tuples (g0, . . . , gn+1) in µm \ {1} that split into inverse pairs, and the colours of such a
tuple are (c0, c) with c0 = (c1 · · · cn+1)−1. A matching that splits the tuple is compatible with
c, so each of its pairs lies in one block; hence the tuple splits if and only if its restriction to each
block does. On C1: gi = wi, and the condition is that (wi) lies in µq \ {1} and splits into inverse
pairs. On C−1: gi = −wi, which is never 1 because q is odd, and gigl = wiwl; the condition is
that (wi) splits into inverse pairs in µq. On Cζ ∪ Cζ−1 : every gi ̸= 1, a splitting is a bijection
σ : Cζ → Cζ−1 with wσ(i) = w−1

i , and one exists if and only if the multiset of the wi, i ∈ Cζ ,
equals the multiset of the w−1

l , l ∈ Cζ−1 : this is Nbal(|Cζ |, q). The conditions concern disjoint
sets of coordinates, so the count is the product. The closed forms: on µq \ {1} inversion has no
fixed point if q is odd (Lemma 2.2) and one fixed point if q is even (Lemma 9.1); on µq, q odd,
it has the single fixed point 1, which gives Nq; and Nbal(a, q) = Nph(a− 1, q) is Lemma 7.2(iii).
■

(In this count the index 0 is a coordinate like the others. On the side of the ideals it is not:
the variable t0 does not exist, and the block that contains 0 has one variable less. This is the
difference between the balanced and the phantom bipartite ideals, between the two cases of
Lemma 6.6, and between the two forms of Lemma 8.12.)

9.4 The blocks

Lemma 9.7 (pair blocks). For every prime p|m and every ζ ∈ R, with a := |Cζ | = |Cζ−1 |:
Ic,ζ

∼= Ibal
a if 0 /∈ Cζ ∪ Cζ−1, and Ic,ζ

∼= Iph
a−1 otherwise, with the box q = pv. In both cases

dimF Ic,ζ ≥ Nζ(c).

Proof. Lemma 6.7 and its proof hold for every prime p and every r′: they use only cs ̸= 1 for the
indices s of the block, and, in the case 0 ∈ Cζ , the equality of the ideals generated by (x− z)q−1
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and by (z−x)q−1, which holds for every q. The inequality is Theorem C for the box q = pv over
F = F̄p; its hypothesis holds for every prime p, 2 included, because C(q− 1, t) ≡ (−1)t (mod p).
For p = 2 this is Theorem C at an even box. ■

Lemma 9.8 (the block of colour 1 at an odd prime). If p is odd, dimF Ic,1 ≥ N1(c).
Proof. This is Lemma 6.6: §6.4 uses only (ti − 1)q = 0, q = pv and 2 ∈ F×. The number N1(c)
of §6.4 is the one of Lemma 9.6: if 0 /∈ C1 the two definitions coincide, and if 0 ∈ C1 a tuple
(wi)i∈C1 that splits into inverse pairs has product 1, so its entry w0 is the one that §6.4 computes
from the others, and deleting it is a bijection between the two sets of tuples. ■

Lemma 9.9 (the block of colour −1). Let p be odd, r′ even and |C−1| = 2a. Then
dimF Ic,−1 ≥ Nq(2a) = N−1(c). More precisely, in suitable coordinates yi with Rc,−1 = F [yi :
i ∈ C−1 \ {0}]/(yq

i ): if 0 ∈ C−1, Ic,−1 is the ideal (DJ : J ∈ J ) of Theorem O for the box r = q
in 2a− 1 variables; if 0 /∈ C−1, it is the ideal

∑
P DP · C2a of Lemma 8.12.

Proof. For i ∈ C−1 \ {0} put ui := −ti. In Rc, (ui − 1)q = −(ti + 1)q = 0, because q is odd.
So Lemma 2.3 applies to ui (it needs (u − 1)q = 0, q = pv and 2 ∈ F×): with yi := ui − u−1

i ,
the factor of i is F [yi]/(yq

i ), and titl − 1 = uiul − 1 = (unit) · (yi + yl). Moreover ti − 1 =
−(ui + 1) = −(2 + (ui − 1)) is a unit. So in (6.2) a pair {i < l} ⊆ C−1 \ {0} contributes a
unit times (yi + yl)q−1, and the pair {0, k0}, if 0 ∈ C−1, contributes a unit. In characteristic p,
(a + b)q−1 = ∑

u(−1)uaubq−1−u (proof of Lemma 2.4(i)), which is the polynomial D(a, b) of §8
for r = q. Hence gP is a unit times the product of the D(yi, yl) over the pairs of P that avoid
0. If 0 ∈ C−1, the perfect matchings of C−1 are the matchings J ∈ J of dimension 2(a − 1),
and Theorem O gives dim ≥ Nq(2a). If 0 /∈ C−1, the ideal is V{(∅,0)} of level 2a, and Theorem
8.11 with Lemma 8.5 gives the same bound. (For a = 0 the block is empty, the ideal is F and
Nq(0) = 1.) ■

Lemma 9.10 (the block of colour 1 at the prime 2). Let p = 2 and |C1| = 2k′. Then
dimF Ic,1 ≥ Nq−1(2k′) = N1(c).
Proof. Here q = 2v, Rc,1 = F [ti : i ∈ C1 \ {0}]/(tqi − 1), a group algebra, and for u = titl in it,
(u− 1)q−1 = φq(u) := 1 + u+ · · · + uq−1 (in F [u], (u− 1)φq(u) = uq − 1 = (u− 1)q). For k′ = 0
the block is empty and both sides are 1.
0 ∈ C1. By (6.2), gP = (unit) · (tk0 − 1) · Π(tl − 1)φq(titl), the product over the pairs {i < l}
of P that avoid 0, where k0 is the partner of 0. After the increasing relabelling of C1 \ {0} as
{1, . . . , 2k′ − 1}, these are exactly the generators ψ̄J of §2 for the degree q and the dimension
2(k′ − 1). So Ic,1 is the ideal of Proposition 9.2 at (k′ − 1, q) over F , and that proposition gives
dim ≥ Nq−1(2k′).
0 /∈ C1. Now gP = ∏

{i<l}∈P (tl − 1)φq(titl), over the perfect matchings P of the 2k′ ≥ 2 indices
of C1; let M be the ideal they generate. Let i1 := min C1, let H ′ be the group on the other
indices, and write each f ∈ Rc,1 as f = ∑

j∈Z/q t
j
i1
fj with fj ∈ F [H ′]. The map θ : M → F [H ′],

f 7→ f0, is F [H ′]-linear. If {i1, l} ∈ P , the coefficient of t0i1 in φq(ti1tl) is 1, and no other factor
of gP contains ti1 ; so θ(gP ) = (tl − 1) · Π(tl′ − 1)φq(ti′tl′), the product over the other pairs:
the generator of the previous case, with i1 in the role of 0. So θ(M) contains the ideal of the
previous case in 2k′ − 1 variables, and dim M ≥ dim θ(M) ≥ Nq−1(2k′). ■

(Version 11 proved in addition that θ is injective on M. No conclusion uses it: the equality
block by block is Corollary 9.12(i), which follows from the inequalities alone. The proof printed
here is the one that was formalized, §14.8.)

9.5 The theorem

Theorem 9.11 (even degrees). Let m ≥ 4 be even and k ≥ 1. Then dimFp Fp[G]/(ψ̄J :
J ∈ J ) = m2k+1 − Qk(m) for every prime p; the group R/(ψJ : J ∈ J ) is free abelian of rank
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m2k+1 −Qk(m); and H2k(X;Z)/L(X) is torsion free for the Fermat variety X of degree m and
dimension 2k.

Proof. Let p be a prime dividing m, m = q · r′ as in §9.3. By Lemma 9.4 (Lemma 6.1), Lemma
9.5, Lemmas 9.7–9.10 and Lemma 9.6,

dimF I =
∑

c

dim πc(I) =
∑

c

dim Ic,1 · dim Ic,−1 ·
∏
ζ

dim Ic,ζ ≥
∑

c

N1(c) ·N−1(c) ·
∏
ζ

Nζ(c) =

Qk(m),

the sums over the compatible colourings: the block of colour 1 is Lemma 9.8 if p is odd and
Lemma 9.10 if p = 2; the block of colour −1 (present only if p is odd) is Lemma 9.9; the pair
blocks are Lemma 9.7. (If r′ = 1, that is, m = 2v, there is one colouring, and the inequality is
Proposition 9.2.) With (9.1), dimF I = Qk(m), and dimensions do not change from Fp to F .
For p ∤ m the equality of the statement is Theorem 0(b). So R/(ψJ : J ∈ J ), whose rank is
m2k+1 −Qk(m) by Theorem 0(b) at p = 0, has no p-torsion for any prime p: it is free. No step
of this uses topology. Theorem 0(a) then gives the last assertion. ■

With Corollary 7.7, this proves the Main Theorem and Main Theorem’ of §1.2 for every m ≥ 3.

Corollary 9.12. (i) In the proof of Theorem 9.11 every block has exactly the dimension of its
count: dim Ic,1 = N1(c), dim Ic,−1 = N−1(c) and dim Ic,ζ = Nζ(c) for every compatible colouring
c. (ii) For q = 2v, v ≥ 1, and every a ≥ 0: dimF̄2

Ibal
a = Nbal(a, q) and dimF̄2

Iph
a = Nph(a, q).

So Corollary 7.8 holds for p = 2 as well.

Proof. (i) The sum of the products of the dimensions equals the sum of the products of the
counts, each dimension is at least its count, and every count of a compatible colouring is positive.
(ii) For a = 0 see the proof of Corollary 7.8. For a ≥ 1 take m := 3q, p = 2, r′ = 3, n := 2a,
and ζ a primitive cube root of unity. Colour a coordinates by ζ, a by ζ−1 and one coordinate s
by 1: then c0 = 1, C1 = {0, s}, and the pair block is Ibal

a . Colour a + 1 coordinates by ζ and a
by ζ−1: then c0 = ζ−1, C1 = ∅, and the only block is Iph

a . Apply (i). ■

9.6 Two examples

Example 9.13 (quartics). For m = 4 the only prime is 2, q = 4, and r = 3: the proof
is Proposition 9.2 and the elementary Theorem 8.15 over F2; no Pfaffian and no colouring is
involved. At k = 1: B = F2[s1, s2, s3]/(s4

i ), the three leading forms are s1s2s3 · (s2
a + sasb + s2

b),
and the ideal generated by the three polynomials s2

a+sasb+s2
b in F2[s1, s2, s3]/(s3

i ) has dimension
19 = N3(4) (§8.9). So rankL(X) = 20, the Picard number of the Fermat quartic surface. In
general, for the Fermat quartic of dimension 2k, L(X) is primitive of rank one more than the
central trinomial coefficient of 2k + 2: 20, 142, 1108, 8954, . . . .

Example 9.14 (k = 1, m = 6). Here N = 4, Q1(6) = 61, and both kinds of prime occur. At
p = 3 (q = 3, r′ = 2) the colours are ±1, all 8 colourings are compatible, and there are no pair
blocks. At p = 2 (q = 2, r′ = 3) the colours are the cube roots of unity, 19 of the 27 colourings
are compatible, and every block of colour 1 contributes 1 (Remark 9.3(3)).

p = 3: sizes
(|C1|, |C−1|)

colourings × N1 ·N−1 p = 2: sizes
(|C1|, |Cζ |, |Cζ−1 |)

colourings × N1 ·Nζ

(4, 0) 1 × 6 · 1 (4, 0, 0) 1 × 1 · 1
(2, 2) 6 × 2 · 3 (2, 1, 1) 12 × 1 · 2
(0, 4) 1 × 1 · 19 (0, 2, 2) 6 × 1 · 6
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p = 3: sizes
(|C1|, |C−1|)

colourings × N1 ·N−1 p = 2: sizes
(|C1|, |Cζ |, |Cζ−1 |)

colourings × N1 ·Nζ

total 6 + 36 + 19 = 61 total 1 + 24 + 36 = 61

At p = 3 the blocks of colour 1 are instances of Theorem B at q = 3 (Q1(3) = 6, Q0(3) = 2) and
the blocks of colour −1 are instances of Theorem O at r = 3 (N3(2) = 3, N3(4) = 19). At p = 2
the pair blocks are bipartite ideals with the box 2 (Nbal(1, 2) = 2, Nbal(2, 2) = 6). (At k = 1
the theorem is Degtyarev’s [De14]; the example only shows the bookkeeping.)

Remarks 9.15. (1) What each degree uses. Form = 4: Theorem 8.15 over F2. Form ≡ 2 (mod 4):
at the prime 2, Theorem C at the box 2 and Remark 9.3(3); at the odd primes p, Theorems B
and C at pv and Theorem O at r = pv. For m = 6 and m = 12 every box that occurs is 2, 3 or
4, and the proof uses, of §8, only §8.8. The bordered Pfaffians are first needed at m = 8 (r = 7)
and m = 10 (r = 5). (2) The list of boxes. Theorem 9.11 uses Theorem O — or, in Lemma
9.9 when 0 /∈ C−1, Theorem 8.11 at the second root {(∅, 0)} — exactly at the boxes r = pv in
characteristic p, for the odd primes p with pv ∥ m, and r = 2v − 1 in characteristic 2, if 2v ∥ m
with v ≥ 2. (3) Subfamilies. As in §6, the proof uses the product structure of the compatible
matchings (Lemma 9.5) and the roots of Lemma 8.5 and Lemma 7.2, which need the full family
J ; and with one matching removed the dimension of the ideal of Theorem O drops, also over
F2 (§14.9).

10. A different count: Theorem A

For a finite set L of variables over a field F and an odd q ≥ 1, put Iq(L) := (ej(L) : j odd)+(xq :
x ∈ L) and

Nq(n) := n! · [yn]eyI0(2y)(q−1)/2.

Theorem A. Let F be a field with charF ̸= 2, let q ≥ 1 be odd, and let |L| = n. Then
dimF F [L]/Iq(L) = Nq(n).

The proof is in Appendix A. The lower bound degenerates the ideal of an explicit finite set of
points. The upper bound is an induction on n over a family of ideals Kµ(L) indexed by partitions
µ; the ideals are built from the coefficients of one generating function, and each inductive step
shifts one index in that function. The proof uses the characteristic only through 2 ∈ F×, and it
uses no relation between q and charF .

Corollary 10.1. Let p be an odd prime and q = pv. For every k ≥ 0, Ak(q) := dimFp[x0,
. . . , x2k+1]/(E + (xq

0, . . . , x
q
2k+1)) = Pk(q), where Pk(q) is the number of points of F 2k+2

q at
which every odd elementary symmetric polynomial vanishes, i.e. the number of Fq-points of⋃

J∈J V (IJ).

Corollary 10.2. For every odd q and every n, the finitely generated abelian group M :=
Z[x1, . . . , xn]/(ej : j odd;xq

i ) has rank Nq(n), and its torsion subgroup is a 2-group.

Remarks 10.3. (1) In characteristic 2 the statement fails: at n = 4 the dimensions are
21, 65, 133, 225 for q = 3, 5, 7, 9, against Nq(4) = 19, 61, 127, 217. (2) For q = 3 and all k,
Corollary 10.1 was known earlier through Steinberg modules and tilting theory [Jan, II.4.16],
[Mat, Theorem 1(1)], [DCP, Theorems 5.6–5.7]; for k ≤ 4 and all q = 3v it was known through
case-by-case arguments in earlier notes of this project. Theorem A contains all of these, in every
characteristic ̸= 2 and for every odd q. As a count, however, Theorem A is not new:
it follows from a theorem of Kostant in characteristic 0 and from a proposition of
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Bezrukavnikov, Riche and Rider in odd characteristic (Remark 10.4). (3) Theorem
A is not used anywhere in the proof of the Main Theorem, and it does not imply
it (§11).

Remark 10.4 (the centralizer of a regular unipotent element; as a count, Theorem
A is not new). Let q = 2h + 1 ≥ 3, so that h = (q − 1)/2 as in §1.9. In this remark and in
Remark 10.7 the letters G, T , W , K, ℓ and u have the meaning that they have in the sources
quoted, not that of §2 and §11; Z is the centralizer defined in (1).

(1) A dictionary. Let F be a field of characteristic ̸= 2, and let V := F [x]/(xq) with the bilinear
form ⟨xa, xb⟩ := (−1)a if a + b = q − 1, and 0 otherwise. The form is nondegenerate, and it is
symmetric because a+b is even. Multiplication by x, which we call e, satisfies ⟨eu, v⟩ = −⟨u, ev⟩,
and it is nilpotent with a single Jordan block. An endomorphism of V that commutes with e is
a polynomial f(e), and f(e) preserves the form exactly when f(e)f(−e) = 1; the constant term
of this identity gives f(0) = ±1, so the determinant of f(e) is f(0)q = f(0). So the centralizer
of e in SO(V ) ∼= SO2h+1 is the commutative unipotent group

Z := {f(e) : f(e)f(−e) = 1, f(0) = 1}.

For t ∈ F the Cayley transform gt := (1 + te)(1 − te)−1 lies in Z, and for t ̸= 0 it has a single
Jordan block: it is a regular unipotent element of SO(V ), and Z is its centralizer. The ring
F [L]/(xq : x ∈ L) is V ⊗n, and f(e) ∈ Z acts on it as multiplication by ∏

x∈L f(x). In particular
gt acts as E(t)/E(−t), where E(t) := ∏

x∈L(1 + tx) = ∑
j ej(L)tj . Since E(t) − E(−t) =

2 ∑
j odd ej(L)tj and E(−t) is invertible, the elements E(t)/E(−t) − 1 lie in the ideal (ej(L) :

j odd), and when F is infinite they generate it (they are polynomials in t whose coefficients
generate it). For a general f(e) ∈ Z put φ := 1+f ; then φ(0) = 2 is a unit, f(x) = φ(x)/φ(−x),
and ∏

x f(x) − 1 = (H − H−)/H− with H := ∏
x φ(x) and H− := ∏

x φ(−x). Here H − H− is
twice the sum of the homogeneous components of odd degree of the symmetric polynomial H,
and a symmetric polynomial of odd degree lies in (ej(L) : j odd). Hence, for F infinite,

F [L]/Iq(L) = V ⊗n/⟨(g − 1)v : g ∈ Z, v ∈ V ⊗n⟩,

the coinvariants of the centralizer of a regular unipotent element on the n-th tensor power of
the vector representation of SO2h+1. The hypothesis that F is infinite cannot be dropped: over
F3 the coinvariants of the finite group Z have dimension 9, 27 and 19 at (q, n) = (3, 3), (3, 4)
and (5, 3), against 7, 19 and 13 for the ring (§14.5). Over a finite field the statement holds
for the centralizer as an algebraic group, that is, after extension of scalars to an infinite field.
Since V ⊗n is isomorphic to its dual as a representation of Z, the space of coinvariants has the
dimension of the invariants (V ⊗n)Z . In characteristic 0 the invariants of Z are those of its Lie
algebra, which has basis e, e3, . . . , e2h−1; ej acts as multiplication by the power sum pj(L), and
(pj(L) : j odd) = (ej(L) : j odd) by Newton’s identities.

(2) Characteristic 0: Kostant’s theorem. Let G be a connected semisimple group over C and W
a finite-dimensional rational G-module whose weights lie in the root lattice. Then x 7→ dimW gx

is constant on the regular elements of g [Kos]; we quote the statement from [Gin, Proposition
4.2]. At a regular semisimple x the centralizer gx is a Cartan subalgebra, and W gx is the zero
weight space of W . The weights of V are 0,±ε1, . . . ,±εh, which span the root lattice of so2h+1.
So dim(V ⊗n)ge is the dimension of the zero weight space of V ⊗n: the number of closed walks of
length n on the lattice Zh with steps 0,±εi, which is Nq(n). So in characteristic 0, Theorem
A follows from Kostant’s theorem and (1).

(3) Odd characteristic: a proposition of Bezrukavnikov, Riche and Rider. Let K be an al-
gebraically closed field of characteristic ℓ, and let G be a connected reductive group over K
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with simply connected derived subgroup, such that ℓ is good for G and X∗(T )/ZR has no
ℓ-torsion (T a maximal torus, R the roots). Then [BRR, Proposition 2.12]: for every finite-
dimensional G-module W which admits a good filtration and every regular unipotent element
u ∈ G, dimWZG(u) = dimW T . We read this statement and its proof in the arXiv version of
4 July 2024; the proof rests on the vanishing theorem and the good filtration of [KLT]. Take
G = Spin2h+1 and ℓ odd. Then ℓ is good for G (the only bad prime of type Bh, h ≥ 2, is 2,
and type A1 has none), and X∗(T )/ZR ∼= Z/2, so the hypotheses hold. The vector represen-
tation V is the Weyl module of highest weight ε1; it is simple for ℓ ̸= 2, hence tilting ([BRR,
proof of Lemma 2.13] for h ≥ 2; for h = 1, G = SL2 and V is the Weyl module of highest
weight 2), and a tensor product of modules with a good filtration has a good filtration [Jan,
II.4.21], [Mat]. The group scheme ZG(u) is smooth [BRR, Proposition 2.2], so its invariants are
those of its group of K-points. The centre of G acts trivially on V , and the image of ZG(u)
in SO(V ) is the centralizer of the image of u: if g ∈ SO(V ) commutes with it, a lift g̃ satis-
fies g̃ug̃−1 = ±u, and −u is not unipotent. Finally (V ⊗n)T is the zero weight space. So for
F = K, dimF [L]/Iq(L) = dim(V ⊗n)Z = Nq(n); the dimension does not change under extension
of scalars, so the same holds over every field of odd characteristic. So in odd characteristic,
too, Theorem A follows from the literature, through (1): from [BRR, Proposition
2.12]. Corollary 10.2 then follows as in Appendix A.8. Version 9 of this paper said: «we do not
know a version of Kostant’s theorem in positive characteristic that gives this». There is one;
we had not read it. The count of Theorem A should be credited to Kostant in characteristic 0
and to [BRR] in odd characteristic. (Logically, the case of characteristic 0 also follows from the
case of one odd prime p: the ring over Q is M ⊗ Q for the abelian group M of Corollary 10.2,
so its dimension is at most that of M ⊗ Fp, and Proposition A.5 gives the lower bound. We
keep the reference to Kostant, whose theorem is the origin of the statement.) A related paper,
[Ric], extends Kostant’s results on the centralizers of regular elements to positive characteristic
and to integral coefficients; it describes the centralizer group scheme, and we did not find the
count in it (we read its introduction and §2.2, and searched its source). We have not found the
dictionary (1), or the statement of Theorem A for this ring, in the literature. For q = 3 the
statement is the one recalled in Remark 10.3(2).

(4) What Appendix A contributes. The proof of Appendix A is a second, independent proof of
the count. It is elementary and self-contained: it uses no algebraic groups, no good filtrations
and no Frobenius splitting, only 2 ∈ F×. It also gives slightly more than the count: to every
partition µ with at most h parts, read as the dominant weight ∑

µiεi, it attaches an explicit ideal
Kµ(L), with K∅(L) = Iq(L), such that dimF [L]/Kµ(L) is the multiplicity Nµ(n) of the weight
µ in V ⊗n (Theorem A.15 and Corollary A.17; computed independently at 178 cells, §14.5), and
each row of Kµ(L∪ z) is the ideal of the corresponding neighbouring weight (Theorem A.12 and
Corollary A.17). The lower bound (Proposition A.5) is the classical method of degenerating the
ideal of a finite set of points (the «orbit harmonics» of [GP]).

(5) Computed, not claimed. In the 27 cells (q, n) that we computed (3 ≤ q ≤ 13, n ≤ 9), the
Hilbert series of F [L]/Iq(L) is ∑

λ cλ ·tmnm0
λ(t−1), where λ runs over the irreducible constituents

Vλ of V ⊗n in characteristic 0, cλ is the multiplicity, and m0
λ is Lusztig’s t-analogue of the zero

weight multiplicity [Lus]; in 56 cases the same holds for the graded character of the symmetric
group (pairs of a cell with q ∈ {3, 5}, n ≤ 6 and a cycle type), with the multiplicity spaces in
place of the cλ. In characteristic 0 this is what the theory of generalized exponents and of the
Brylinski–Kostant filtration predicts [Bry]; for tilting modules in good characteristic see [Liu].
Of these sources we have read only the introduction of [Liu], and we record the statement as a
computation (§14.5).

(6) Even q. For even q the form of (1) is alternating, and the same dictionary holds with
Sp(V ) ∼= Spq: the centralizer of the regular unipotent element g1 is {±1}×Z, and −1 acts on V ⊗n

as (−1)n. The group Spq is simply connected, every odd prime is good for it, X∗(T )/ZR ∼= Z/2,
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and V is a simple Weyl module in every characteristic. So for even n and every field of
characteristic ̸= 2, [Kos] and [BRR, Proposition 2.12] give

dimF [x1, . . . , xn]/(e1, e3, . . . ;xq
1, . . . , x

q
n) = n! · [yn]I0(2y)q/2,

the number of closed walks of length n on the lattice Zq/2 with steps ±εi. (In characteristic
0 the reference to [Kos] can again be avoided: the dimension over Q is at most the dimension
over F3, and Proposition 10.5(iii) with Corollary 10.6(i), applied to the odd number q+ 1, gives
the lower bound.) Version 9 listed this as an open problem; for even n it is a consequence of
the literature. For odd n the zero weight space is 0 and the proposition says nothing about the
invariants of Z alone. In 8 cells (q, n) with q ∈ {2, 4, 6, 8}, of both parities of n, the dimension
in characteristics 3, 5 and 7 equals the dimension in characteristic 0, and for odd n it is the
number of such walks from 0 to ε1; in characteristic 2 it is larger in all 8 cells. The case of odd
n is not proved (§15).

Proposition 10.5 (the invariant copairing). Let F be a field, r ≥ 2, N = 2s ≥ 2, and Cr :=
F [x1, . . . , xN ]/(xr

1, . . . , x
r
N ). Put Dr(a, b) := ∑r−1

u=0(−1)uaubr−1−u, and for a perfect matching J
of {1, . . . , N} put Dr,J := ∏

{a<b}∈J Dr(xa, xb) and IJ := (xa + xb : {a, b} ∈ J). Then:

• (i) (xa + xb) ·Dr(xa, xb) = 0 in Cr, and annCr (Dr,J) = IJCr;

• (ii) dimF
∑

J Dr,JCr = dimF F [x1, . . . , xN ]/⋂
J(IJ + (xr

i ));

• (iii) ej · Dr,J = 0 for every odd j. So
∑

J Dr,JCr ⊆ annCr (ej : j odd), and
dimF

∑
J Dr,JCr ≤ dimF F [x1, . . . , xN ]/((ej : j odd) + (xr

i )).

Proof. (i) The product (a + b) ·
∑

u(−1)uaubr−1−u telescopes to br + (−1)r−1ar, which is 0 in
the box. In F [a, b]/(ar, br), multiplication by Dr(a, b) therefore factors through the quotient
by (a + b), which is F [b]/(br), of dimension r. The elements Dr(a, b) · bi, 0 ≤ i ≤ r − 1, are
non-zero (the term u = r − 1 survives) and homogeneous of different degrees, so the image
has dimension at least r. Hence the annihilator of Dr(a, b) is exactly (a + b). The ring Cr is
the tensor product, over the pairs of J , of such rings, and Dr,J is the tensor product of the
elements Dr; the kernel of a tensor product of linear maps is the sum of the kernels in each
factor, which gives ann(Dr,J) = IJCr. (ii) Let ⟨f, g⟩ be the coefficient of ∏

i x
r−1
i in fg; as in

the proof of Proposition 2.6, the pairing is non-degenerate, dim ann(I) = dimCr − dim I for
every ideal I, and the annihilator of a sum of ideals is the intersection of their annihilators.
So dim ∑

J Dr,JCr = dimCr − dim ⋂
J IJCr. (iii) By (i), xaDr,J = −xbDr,J for each pair,

so ∏
i(1 + xit) · Dr,J = ∏

{a<b}∈J(1 − x2
bt

2) · Dr,J , which is even in t. The last inequality is
dim ann(I) = dimCr − dim I for I = (ej : j odd)Cr. ■

Corollary 10.6 (Theorem B at 2k+ 2 variables; both ends of the sandwich). Let q ≥ 3
be odd, k ≥ 0, N = 2k + 2, and r = q − 1.

• (i) For every field F , dimF
∑

J Dq−1,JCq−1 = Qk(q).

• (ii) Modulo [BRR, Proposition 2.12]: if charF ̸= 2, then
∑

J Dq−1,JCq−1 = annCq−1(ej :
j odd), ⋂

J(IJ + (xq−1
i )) = (ej : j odd) + (xq−1

i ), and dimF F [x1, . . . , xN ]/((ej : j odd) +
(xq−1

i )) = Qk(q). So both inequalities of Proposition 11.1 are equalities.

Proof. (i) Write the variables as x0, y1, . . . , y2k+1, and let C be the ring of Theorem B in the yi.
Every element f of M := ∑

J Dq−1,JCq−1 is killed by e1 = x0 + σ, σ := ∑
i yi, by Proposition

10.5(iii). Write f = ∑r−1
u=0 x

u
0fu with fu ∈ C; comparing the coefficients of xu

0 in x0f = −σf gives
fu−1 = −σfu for u ≥ 1. So f is determined by fr−1, and the linear map θ : M → C, f 7→ fr−1,
is injective. If k0 is the partner of 0 in J , the coefficient of xr−1

0 in Dq−1(x0, yk0) is (−1)r−1,
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so θ(Dq−1,J · g) = ±DJ · g for g ∈ C, with DJ as in §2.3. Moreover x0 · Dq−1,J = −yk0Dq−1,J ,
so M = ∑

J Dq−1,JC. Hence θ(M) = (DJ : J ∈ J )C, and dim M = Qk(q) by Theorem B.
(ii) By Proposition 10.5(iii) and (i), M is a subspace of ann(ej : j odd), of dimension Qk(q);
so dimF [x]/((ej : j odd) + (xq−1

i )) ≥ Qk(q) over every field. If charF is odd, this dimension
is N ! · [yN ]I0(2y)(q−1)/2 = Qk(q) by Remark 10.4(6), which rests on [BRR, Proposition 2.12].
If charF = 0, the ring is obtained by extension of scalars from the finitely generated abelian
group Z[x]/((ej : j odd) + (xq−1

i )), so its dimension is the rank of this group, which is at
most the dimension of its reduction modulo 3, that is, Qk(q); so [Kos] is not needed. In both
cases M and ann(ej : j odd) have the same dimension, so they are equal. Taking annihilators,⋂

J IJCq−1 = (ej : j odd)Cq−1. ■

Remark 10.7 (what this says). (1) Invariant tensors. Let Vr := F [x]/(xr) with the form
⟨xa, xb⟩ = (−1)a[a + b = r − 1], which is symmetric for odd r and alternating for even r.
Then Dr(a, b) = ∑

u x
u ⊗ (−1)uxr−1−u is the element of Vr ⊗ Vr dual to the form, so every Dr,J

is a tensor of V ⊗N
r invariant under the whole group of isometries (Spr for even r, Or for odd r).

The ring Cr acts on V ⊗N
r through the N commuting copies of e, one in each factor. In these

terms, Corollary 10.6 reads: Theorem B says that the invariant tensors Dq−1,J of Spq−1
generate, under the commuting copies of a regular nilpotent element, a space of the
dimension of the zero weight space of V ⊗(2k+2), over every field; in characteristic ̸= 2,
and modulo [BRR, Proposition 2.12], that space is the whole space of invariants of
the centralizer of a regular unipotent element (of the centralizer as an algebraic group;
equivalently, over an infinite field). By Proposition 2.5 and Theorem 0, for degree pv and k ≥ 1,
Conjecture 1.2 of [DS] is equivalent to the first half of this statement (the dimension count)
over Fp, for Sppv−1. We did not find this formulation in the literature, and we do not know
whether Theorem B in odd characteristic can be derived from the theory of modules with a
good filtration.

(2) Characteristic 0. There the equality ∑
J Dr,JCr = annCr (ej : j odd) can be derived from

classical invariant theory, for both parities of r and even N . We give the argument as a sketch;
we have not read its sources in the original, and nothing in this paper uses it. Let G be SOr

for odd r and Spr for even r, with Lie algebra g, and let W := V ⊗N
r . By Kostant’s theorem the

evaluation at a regular nilpotent e maps the G-equivariant polynomial maps g → W onto the
invariants WGe of the centralizer of e in G [Kos]. These are the invariants of ge: for SOr the
group Ge is connected, and for Spr it is the product of {±1} and a connected group, and −1
acts trivially on W because N is even. By the first fundamental theorem, the equivariant maps
g → W of degree d are spanned by the complete contractions of V ⊗N

r ⊗ g⊗d with the form (for
odd r, Or = {±1} × SOr, and −1 acts trivially on this tensor power, whose degree N + 2d is
even; so the invariants of SOr in it are those of Or). Evaluated at e, a contraction is a product,
over the pairs {a, b} of some matching, of elements xj

a · Dr(xa, xb), times traces of powers of e,
which vanish. Over the rationals the dimension of ∑

J Dr,JCr is therefore that of the zero weight
space; for even r this agrees with Theorem B over Q.

(3) The odd box. For odd r the corresponding statement is Theorem O, proved in §8:
dimF

∑
J Dr,JCr = Nr(N) over every field (Corollary 8.13). Version 10 of this paper stated

it as an open problem. With Theorem A it gives the equality of the two ideals in characteristic
̸= 2 (Corollary 10.8). In characteristic 2 the two ideals differ: their colengths are 19 and 21 at
(r,N) = (3, 4). The statement cannot follow from Theorem A by an argument that is valid for
subfamilies of matchings: for 14 of the 15 matchings at r = 3, k = 2, over F3, the sum count is
141, the number of points, and the intersection count is 140 (computed in the earlier notes of
this project [Rep]; recomputed in §14.9).

Corollary 10.8 (the odd box; both ends of the sandwich). Let r ≥ 3 be odd, k ≥ 0,
N = 2k + 2, and let F be a field of characteristic ̸= 2. Then, in the notation of Proposition
10.5,
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∑
J Dr,JCr = annCr (ej : j odd) and

⋂
J(IJ + (xr

i )) = (ej : j odd) + (xr
i ),

and both quotients F [x1, . . . , xN ]/⋂
J(IJ + (xr

i )) and F [x1, . . . , xN ]/((ej : j odd) + (xr
i ))

have dimension Nr(N). In particular, for an odd prime p and q = pv: dimFp[x0, . . . ,
x2k+1]/⋂

J∈J (IJ + (xq
i )) = Pk(q) = Ak(q).

Proof. By Proposition 10.5(iii), ∑
J Dr,JCr ⊆ annCr (ej : j odd), and the dimension of the

right-hand side is dimF [x]/((ej : j odd) + (xr
i )) = Nr(N) by Theorem A. By Corollary 8.13

the left-hand side has dimension Nr(N) too; so they are equal. Take annihilators in Cr, with
the pairing of the proof of Proposition 10.5(ii), for which dim ann(I) = dimCr − dim I, so that
ann(ann(I)) = I for every ideal I: by Proposition 10.5(i), ann(∑J Dr,JCr) = ⋂

J IJCr, and
ann(ann((ej : j odd)Cr)) = (ej : j odd)Cr. The last sentence is the case F = Fp, r = q, with
Corollary 10.1. ■

Unlike Corollary 10.6(ii), this does not depend on [BRR]: Theorem A is proved in Appendix A.
In the language of Remarks 10.4 and 10.7(1): for odd r and charF ̸= 2, the tensors Dr,J , which
are invariant under the orthogonal group of the form on Vr, generate, under the commuting
copies of a regular nilpotent element, the whole space of invariants of the centralizer of a regular
unipotent element of SOr in V ⊗N

r (of the centralizer as an algebraic group; equivalently, over an
infinite field). And the two counts of §1.6 and §11.1, the sum count Ak(q) and the intersection
count at the odd box, do coincide for the full family of matchings; they are both different from
Conjecture 1.2 at the degree q, which lives at the even box q − 1 (§11), and they are the count
of Conjecture 1.2 at the even degree q + 1 (Lemma 9.1).

11. Why the full family is needed

11.1 Two counts

Let p be an odd prime, q = pv, S := Fp[x0, . . . , x2k+1], N = 2k+2 and IJ := (xa+xb : {a, b} ∈ J).
The ideal E vanishes on ⋃

J V (IJ): a point lies there iff its multiset of coordinates is closed under
negation iff ∏

i(1 + xit) is even in t (unique factorisation in F̄p[t]). By Proposition 2.6, (S) says

bk(q − 1) := dimS/
⋂

J∈J
(IJ + (xq−1

i )) = Qk(q),

an intersection at the even box q− 1, counting the points of the union of the matching spaces
on the zero-free grid TN . Corollary 10.1 says dimS/(E + (xq

i )) = Pk(q), a sum at the odd
box q, counting points on the grid with 0.

Proposition 11.1 (the sandwich). bk(q − 1) ≤ Qk(q) ≤ dimS/(E + (xq−1
i )).

Proof. Dimensions do not change under extension of scalars, so we may work over Fq. Let
Γ ⊆ TN be the set of zero-free points of ⋃

J V (IJ); |Γ| = Qk(q) by Lemma 2.2, and S/I(Γ)
has dimension |Γ|. We use Lemma 5.8’ (with N variables). The ideal I ′′ := E + (xq−1

i − 1) is
contained in I(Γ), and gr(I ′′) ⊇ E+(xq−1

i ) because E is homogeneous; so dimS/(E+(xq−1
i )) ≥

dimS/ gr(I ′′) = dimS/I ′′ ≥ |Γ|, the right-hand inequality. For each J , the ideal of the finite
set V (IJ) ∩ TN is IJ + (xq−1

i − 1): modulo IJ one free variable per pair remains, and xq−1 − 1
is separable with roots exactly T . Its gr contains IJ + (xq−1

i ), and is equal to it, since both
quotients have dimension (q−1)k+1. Finally I(Γ) = ⋂

J I(V (IJ)∩TN ), and gr of an intersection
is contained in the intersection of the gr’s, so gr(I(Γ)) ⊆

⋂
J(IJ + (xq−1

i )), which gives the
left-hand inequality. ■
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So the Main Theorem is the left equality. It is not a consequence of Corollary 10.1, which is
an equality of the right-hand kind at a different box. The right-hand inequality is in fact an
equality too: it is the analogue of Theorem A at the even box q − 1, which follows from [BRR,
Proposition 2.12] (Remark 10.4(6)). So the two ideals ⋂

J(IJ + (xq−1
i )) and E + (xq−1

i ) coincide
(Corollary 10.6(ii)). This does not make the Main Theorem a consequence of a count of the
kind of Theorem A: the count gives the right-hand equality only, and the equality of the two
ideals is what the Main Theorem adds to it.

11.2 A counterexample for subfamilies

Proposition 2.1 and Proposition 2.5 hold for every non-empty K ⊆ J . So, for a subfamily,
LK(X) is primitive iff dim(DJ : J ∈ K)C = |ΓK |.

Fact 11.2 (computed; not used in any proof). Let q = 9, k = 2, and let K := J \
{[[0, 1], [2, 3], [4, 5]], [[0, 2], [1, 5], [3, 4]]} (13 of the 15 matchings). Then dim(DJ : J ∈ K)C =
4730 < 4736 = |ΓK |. So H4(X)/LK(X) has 3-torsion for the Fermat fourfold of degree 9. For
the same K, the sum-type count holds: with EK := ⋂

J∈K IJ , dimS/(EK + (x9
i )) = 7089, which

is the number of F9-points of
⋃

J∈K V (IJ).

The value 4730 was obtained by four independent routes (§14): the literal form of [DS] in the
ring F3[G] (dimF3[G]/(ψ̄J : J ∈ K) = 54319 = 95 −4730, against 95 −|ΓK | = 54313), the y-form
of §2, the intersection form of Proposition 2.6, and an engine written separately (a kernel basis
D · yi

a per pair, exact rank modulo 3 degree by degree). |ΓK | = 4736 was obtained by direct
enumeration.

At q = 3, k = 2, the analogue of (S) fails for 800 of the 32767 non-empty subfamilies (worst
deficit 2, e.g. 18 < 20), while every subfamily satisfies ≤. So 3-torsion for subfamilies occurs
already for the cubic fourfold.

Consequences.

• Any argument that proves the analogue of (S) for every subfamily proves a false statement.
A proof of the Main Theorem must use a property of the full family J ; in §5 this prop-
erty enters at the root (Lemma 5.2), and in §6–§7 through the product structure of the
compatible matchings (Proposition 6.5) and the roots of Lemma 7.2.

• A = P cannot imply the Main Theorem through any argument that is valid for subfamilies.

• This is the natural first guess, and it is the error described in §1.8.

12. The integral Hodge conjecture

In this section k ≥ 1, n = 2k, m ≥ 3, and X ⊂ Pn+1 is the Fermat variety of degree m.

12.1 Classical facts

(H1) Integral cohomology. H∗(X;Z) is torsion free and vanishes in odd degrees. By the
Lefschetz hyperplane theorem [Mil, §7], H2j(X;Z) = Z · hj for 2j < n, where h is the
hyperplane class, and H2l(X;Z) → H2l(Pn+1;Z) ∼= Z is an isomorphism for 2l < n.

(H2) Hodge classes. Through Poincaré duality we call a class in Hn(X;Z) a Hodge class if its
dual lies in Hk,k(X), and write Hdg(X) ⊆ Hn(X;Z) for the group of Hodge classes. It is
the set of integral classes on which every class of F k+1Hn(X,C) integrates to zero, so it is
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a primitive subgroup. The class of an algebraic subvariety of dimension k is a Hodge class,
so L(X) ⊆ Hdg(X). The class PX of Appendix B, Step 3 (the dual of hk) is a Hodge class,
and Hn(X;Q) = Hn

prim(X;Q) ⊕Q · hk.

(H3) Characters [SK], [Shi79], [Ran, Proposition 1.7]. Let A be the set of α = (a0, . . . ,
an+1) ∈ (Z/m \ {0})n+2 with a0 + · · · + an+1 = 0, and for α ∈ A put |α| := ∑

i⟨ai⟩/m,
where ⟨a⟩ ∈ {1, . . . ,m − 1} is the representative of a. Under the action of µn+2

m on the
coordinates, Hn

prim(X;C) = ⊕
α∈A V (α) with every V (α) of dimension one, and (Hk,k(X)∩

Hn
prim(X;Q)) ⊗ C = ⊕

α∈B V (α), where B := {α ∈ A : |tα| = k + 1 for every t ∈ (Z/m)×}
is the set of Hodge characters. So rank Hdg(X) = |B| + 1. An element α ∈ A is of pair
type if the multiset {a0, . . . , an+1} splits into pairs {a,−a}; we write D ⊆ A for the set of
these.

(H4) Prime degree [Ran, Proposition 1.8(i)], based on [KO]. If m is prime, every Hodge
character is of pair type. We include a short proof, so that (H4) does not depend on [Ran]
or [KO].

• (H4’) Degree 4. If m = 4, every Hodge character is of pair type. The proof is three lines,
given below; it is also the case m = 4 of (H5).

(H5) Aoki’s theorem [Aok, Theorem A, p. 24]. B = D if and only if m is a prime or 4,
or every prime divisor of m is greater than n+ 2. (Aoki’s sets An

m, Bn
m, Dn

m [Aok, §0] are
the sets A, B, D above, with ai ∈ {1, . . . ,m− 1} and ∑

ai ≡ 0 (mod m); the proof of his
Theorem A is in [Aok, §7], pp. 41–43, and the erratum [Aok] concerns only his Theorem
B.) For odd m and even n, «greater than n+ 2» means «at least 2k+ 3». For even m and
n ≥ 2, the conditions hold only for m = 4.

Proof of (H4). Let m = p and α ∈ B, and for c ∈ F×
p let N(c) be the number of i with

ai = c. Then |tα| = ∑
cN(c)⟨tc⟩/p = k + 1 for every t ∈ F×

p . Let χ be an odd character of
F×

p , that is, χ(−1) = −1. Multiply by χ(t) and sum over t. The constant contributes 0, and
the substitution u = tc gives B1,χ ·

∑
cN(c)χ̄(c) = 0, where B1,χ = (1/p) ∑p−1

u=1 χ(u)u. An odd
character is non-principal, hence primitive with conductor p since p is prime; so B1,χ ̸= 0, by the
classical formula L(1, χ̄) = πiτ(χ̄)B1,χ/p together with L(1, χ̄) ̸= 0 [Was, Theorem 4.9]. Hence∑

cN(c)χ̄(c) = 0 for every odd χ. The function f(c) = N(c) − N(−c) is odd, so ∑
c f(c)χ̄(c)

equals 2 ∑
cN(c)χ̄(c) = 0 for odd χ, and vanishes trivially for even χ. By Fourier inversion on

F×
p , f = 0. Since p is odd, c ̸= −c, and the entries split into pairs {c,−c}. ■ (We also checked

numerically that B1,χ ̸= 0 for all 2090 odd characters of the odd primes p < 200.)

Proof of (H4’). Let m = 4, α ∈ B, and let N(c) be the number of i with ai = c, for c = 1, 2, 3.
Then N(1)+N(2)+N(3) = 2k+2 and |α| = (N(1)+2N(2)+3N(3))/4 = k+1. Subtracting twice
the first equation from four times the second, N(3) − N(1) = 0. Then N(2) = 2k + 2 − 2N(1)
is even. So the entries split into pairs {1, 3} and {2, 2}. ■

12.2 Pair-type characters

Lemma 12.1. (i) Every pair-type α ∈ A is a Hodge character: D ⊆ B. (ii) |D| = Qk(m).

Proof. (i) For t ∈ (Z/m)× and a ̸= 0, ta ̸= 0 and ⟨ta⟩ + ⟨−ta⟩ = m. Summing over the k + 1
pairs, |tα| = k + 1. (ii) Identify Z/m with µm by a 7→ e2πia/m. The pair-type elements of A
become the N -tuples in µm \ {1} that split into pairs of inverse entries; the condition ∑

ai = 0
is then automatic. By Lemma 2.2 for odd m and Lemma 9.1 for even m, there are Qk(m) of
them. ■
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12.3 Proof of Corollary H

By (H3), (H2), Theorem 0(c) and Lemmas 2.2, 9.1 and 12.1, rank Hdg(X) = |B| + 1 and
rankL(X) = |ΓJ | + 1 = |D| + 1, with L(X) ⊆ Hdg(X) and D ⊆ B.

(ii). Hdg(X)/L(X) is a subgroup of Hn(X;Z)/L(X), which is finitely generated and torsion
free by the Main Theorem; so Hdg(X)/L(X) is free, of rank |B| − |D| = |B| −Qk(m). It is zero
iff B = D, which by (H5) happens iff m is prime, or m = 4, or every prime factor of m is at
least 2k+ 3. (For prime m and for m = 4, (H4) and (H4’) give B = D without appeal to [Aok].)

(i). Under the hypothesis of (i), Hdg(X) = L(X) by (ii). (Only the primitivity of L(X)
is used here; that Hdg(X) is primitive is not needed.) For the other degrees, by (H1) (the
Lefschetz hyperplane theorem) and Poincaré duality: odd degrees vanish; for 2j < n, H2j(X;Z)
is generated by hj , the class of the intersection of X with j general hyperplanes; for 2j > n,
H2j(X;Z) ∼= H2l(X;Z) ∼= Z with l = n − j < k, and it is generated by the class of any linear
subspace P l ⊆ X, whose image in H2l(Pn+1;Z) is a generator. Such subspaces exist, since X
contains the k-spaces LJ,β. So every integral Hodge class of X, in every degree, is the class of
an algebraic cycle with integer coefficients. ■

Remark 12.2. (1) Under the hypothesis of (i), Corollary H says more than the integral Hodge
conjecture for X: the integral Hodge classes of middle degree are generated by the (2k+1)!!·mk+1

standard k-spaces alone. (2) In the same degrees, the elementary divisors and the discriminant
of the lattice of integral Hodge classes of middle degree, computed in [AMV] for small (n,m),
are those of the lattice generated by the standard spaces. For k = 1 and m = p ≥ 5 prime,
closed forms are given by the author’s Watermark and Double Ladder theorems [WDL], which
are cited and not proved here (both are proved for every such prime and verified in Lean
4 in [WDL]; they have not been refereed): | disc | = p3(p−3)2 , and the discriminant group is
(Z/p)3p2−24p+59 × (Z/p2)3p−16 for p ≥ 7 and (Z/5)10 × Z/25 for p = 5. They agree with the
surface rows m = 5, 7, 11, 13 of [AMV, Table 1]. For k ≥ 2 and m = p prime, the sequel note
[WED] gives a formula for | disc Hdg(X)| through the Hilbert function of the ring of Theorem
A at the even box p − 1, modulo [BRR, Proposition 2.12] (without it, as a lower bound); the
elementary divisors are open (§15).

Remark 12.3 (the degrees excluded by (i)). When m is neither prime nor 4 and has a
prime factor p ≤ 2k + 1, Corollary H(ii) says that L(X) is a primitive sublattice of Hdg(X)
of corank |B| − Qk(m) > 0, so the standard linear cycles do not generate the integral Hodge
classes, and other algebraic cycles would be needed (for k = 1 they exist, by the Lefschetz (1, 1)
theorem); we do not claim that any particular construction supplies them. Counting B directly
(§14), |B|−Qk(m) is 48, 2880 and 152880 for m = 9 and k = 1, 2, 3; it is 192 for (k,m) = (1, 27),
624 for (1, 81), 288 for (1, 15), 432 for (1, 21), 528 for (1, 45), 2880 for (2, 25), 4320 for (2, 35)
and 45360 for (2, 15); and it is 0 for (k,m) = (1, 25), (1, 35), (1, 49), (1, 55), (1, 77), (1, 121), as
(H5) predicts. For even m: |B|−Qk(m) is 24, 750 and 19432 for m = 6 and k = 1, 2, 3; 48, 2580
and 116592 for m = 8; 144 and 12120 for m = 10 and k = 1, 2; 312 and 37890 for m = 12; and
it is 0 for m = 4 and k ≤ 5, as (H4’) says. (At k = 1 the ranks |B| + 1 are 20, 86, 176, 362, 644
for m = 4, 6, 8, 10, 12, the Picard numbers of these Fermat surfaces.) For m = 9 the count has
a closed form.

Lemma 12.4 (m = 9). For m = 9 and every k ≥ 1, |B| = C(2k + 2, k + 1)3. Hence
Hdg(X)/L(X) is free of rank C(2k + 2, k + 1)3 − Qk(9) (48, 2880, 152880, 8064000 for k =
1, 2, 3, 4).

Proof. Since (Z/9)× = {±1,±2,±4} and ⟨−x⟩ = 9 − ⟨x⟩, the condition |tα| = k+ 1 for t implies
it for −t, and α ∈ A is a Hodge character iff ∑

i δ(ai) = 0, where δ(a) := (2⟨a⟩ − 9, 2⟨2a⟩ − 9,
2⟨4a⟩ − 9) ∈ Z3 (note ∑

i 9 = 9N = 18(k + 1)). Let s(a) ∈ {±1}3 be the vector of signs of
δ(a). Then δ(1) = (−7,−5,−1), δ(2) = (−5,−1, 7), δ(4) = (−1, 7, 5), δ(3) = (−3, 3,−3), and
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δ(−a) = −δ(a); so a 7→ s(a) is a bijection from Z/9 \ {0} onto {±1}3, and δ(a) = M · s(a)
for the matrix M with rows (4, 2, 1), (−1, 4, 2), (−2,−1, 4) (check on a = 1, 2, 4, 3, then use
δ(−a) = −δ(a)). As detM = 81 ̸= 0, ∑

i δ(ai) = 0 iff ∑
i s(ai) = 0 in Z3, i.e. iff each of the

three coordinates of the sign vectors is balanced over the N entries. The condition ∑
ai = 0

follows from Σ⟨ai⟩ = 9(k + 1). So |B| is the number of N -tuples of sign vectors with three
balanced coordinates, C(N,N/2)3. ■

(The direct counts 216, 8000, 343000 at k = 1, 2, 3 suggested the lemma; the direct count at
k = 4, 16003008 = 2523, agrees with it, §14.)

13. Partial Fermat varieties

In this section m ≥ 3 and 0 ≤ s ≤ d. We prove Corollary W of §1.4. For d = 0 both statements
are trivial (X and W0 are sets of m points), so let d ≥ 1.

Proof of Corollary W(ii). Let X be the Fermat variety of dimension 2d, R =
Z[t1, . . . , t2d+1]/(tmi − 1), and K := J (s, d). A matching J ∈ K is J = J ′ ⊔ {{2i, 2i + 1} : s <
i ≤ d} with J ′ a matching of {0, . . . , 2s+ 1}, and J ′ 7→ J is a bijection from J in dimension 2s
onto K. By §2,

ψJ = ψJ ′ ·
d∏

i=s+1
gi, gi := (t2i+1 − 1) · φ(t2it2i+1),

where ψJ ′ is the generator of [DS] in dimension 2s, a polynomial in t1, . . . , t2s+1. Let p be a
prime and F := Fp. The ring R ⊗ F is the tensor product of F [t1, . . . , t2s+1]/(tmi − 1) and the
rings F [t2i, t2i+1]/(tm2i − 1, tm2i+1 − 1), i > s. By Lemma 6.4 (which holds over any field), the
ideal generated by the ψ̄J , J ∈ K, is I2s ⊗ ⊗i>s(ḡi), where I2s is the ideal of Conjecture 1.2 in
dimension 2s, and its dimension is the product of the dimensions. In F [t2i, t2i+1]/(tm − 1), put
u := t2it2i+1; the ring is F [u, t2i+1]/(um − 1, tm2i+1 − 1), and ḡi = (t2i+1 − 1) · φ(u). The ideal
(φ(u)) of F [u]/(um − 1) is the line spanned by φ(u), since uφ(u) = φ(u); the ideal (t − 1) of
F [t]/(tm − 1) has dimension m − 1. By Lemma 6.4 again, dim(ḡi) = m − 1, over every field.
Hence

dimFp(ψ̄J : J ∈ K) = dimFp I2s · (m− 1)d−s.

By the Main Theorem in dimension 2s and Proposition 2.1, dimFp I2s = |Γ(2s)
J | = Qs(m) for

every prime p dividing m (for s = 0, I0 = (t1 − 1) has dimension m − 1 = Q0(m) directly).
On the other hand |ΓK | = Qs(m)(m − 1)d−s: by [DS, Definition 1.3], a tuple (a1, . . . , a2d+1)
lies in ΓK iff (a1, . . . , a2s+1) ∈ Γ(2s)

J and each pair (a2i, a2i+1), i > s, is (a, a−1) with a ̸= 1.
So dimFp(ψ̄J : J ∈ K) = |ΓK | at every p|m, and by Proposition 2.1 (which holds for every
non-empty K ⊆ J ) H2d(X)/LK(X) is torsion free. Its rank is |ΓK | + 1 by Theorem 0(c). ■

Proof of Corollary W(i). Consider the family of hypersurfaces f0(z0, z1)+ · · ·+fd(z2d, z2d+1) = 0
with f0 = · · · = fs = xm + ym and fs+1, . . . , fd binary forms of degree m without repeated
factors. By Euler’s identity its members are smooth; its parameter space is the complement of a
discriminant hypersurface in an affine space, hence connected; it contains X (all fi = xm + ym)
and Ws; and along it the m roots of each fi, i > s, move continuously. The path must stay
in this subfamily: the spaces LJ,β whose first 2s + 2 coordinates are paired by a matching
other than {0, 1}, . . . , {2s, 2s + 1} involve f0, . . . , fs and need not deform if these forms move.
By [DS, §4.6], along such a path from the Fermat variety X to Ws, the subspaces LJ,β with
J ∈ J (s, d) deform to the d-spaces of Ws, and parallel transport (constant with respect to
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the Gauss–Manin connection) carries LJ (s,d)(X) onto the subgroup of H2d(Ws;Z) generated by
these d-spaces; transport preserves rank and primitivity. So (i) follows from (ii), with the same
rank Qs(m)(m − 1)d−s + 1. ([DS, §4.6] reach the same point through the module M̄Js(2d) =
M̄J (2s)(2s) ⊗Z S̄(s, d) of their Theorem 1.1(d), which is free «if and only if Conjecture 1.2 holds
for Fermat varieties of dimension 2s».) ■

Remarks 13.1. (1) We have read the argument of [DS, §4.6] in the original and made the
choice of the path explicit, but we have not re-derived the transport statement (the continuity
of the family of subspaces and the invariance of primitivity under parallel transport), on which
Corollary W(i) depends; part (ii) is proved above from Theorem 0, Proposition 2.1, Lemma
6.4 and the Main Theorem. (2) The rank in (ii), Qs(m)(m − 1)d−s + 1, was also checked by
enumerating ΓK from [DS, Definition 1.3] at m = 3, 5 and d ≤ 3 (14 cells; the enumeration is in
the repository [Rep]). (3) We make no claim about the Hodge classes of Ws: its rational Hodge
classes are not computed here, so Corollary W is a primitivity statement only.

14. Verification record

No step of the proofs of the Main Theorem, Theorem B, Theorem C, Theorem O or Theorem
A uses a computer. The computations below are corroboration: a proof that has never been
confronted with data has not been tested. Every run was made inside a memory and time
watchdog. All engines and logs are in the repository [Rep]. Main Theorem’ and Theorem O
have, in addition, been verified by a proof assistant for every degree (§14.8). The computations
for the odd box and the even degrees are in §14.9.

14.1 Direct computations of (S)

(k, q), field Qk(q) graded ranks of (DJ)C from degree
k(q − 2)

independent engines

(1, 3), F3 6 2, 3, 1 5 (sum form; literal
t-form; y-form;
intersection form;
rank engine)

(2, 3), F3 20 5, 9, 5, 1 5
(3, 3), F3 70 14, 28, 20, 7, 1 6
(4, 3), F3 252 42, 90, 75, 35, 9, 1 4
(5, 3), F3 924 132, 297, 275, 154, 54, 11, 1 4
(6, 3), F3 3 432 429, 1001, 1001, 637, 273, 77, 13, 1 3
(1, 9), F3 168 3, 6, 9, 12, 15, 18, 20, 21, 18, 15, 12,

9, 6, 3, 1
5

(2, 9), F3 5 120 15, 45, 90, 150, 224, 310, 395, 470,
515, 530, 516, 475, 411, 329, 245, 170,
110, 65, 34, 15, 5, 1

5

(1, 27), F3 1 950 3, 6, . . . , 72, 74, 75, 72, . . . , 3, 1 4
(3, 9), F3 190 120 — 1
(1, 5), F5 36 — 3, and the literal

form of [DS]
(2, 5), F5 400 — 3, and the literal

form of [DS]
(3, 5), F5 4 900 — 3
(1, 25), F5 1 656 — 3
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(k, q), field Qk(q) graded ranks of (DJ)C from degree
k(q − 2)

independent engines

(2, 25), F5 182 400 — 1
(1, 125), F5 45 756 — 1
(1, 7), F7 90 — 3, and the literal

form of [DS]
(2, 7), F7 1 860 — 3
(1, 49), F7 6 768 — 2
(3, 7), F7 44 730 — 1
(2, 11), F11 10 900 — 1
(2, 13), F13 19 920 — 1

The literal form of [DS] (the ring Fp[t]/(tqi −1) modulo the ψ̄J) gives q2k+1 −Qk(q): 21, 223, 2117
at (1, 3), (2, 3), (3, 3) over F3, and 89, 2725, 253 at (1, 5), (2, 5), (1, 7) over F5, F5, F7. The cell
(2, 25) is the Fermat fourfold of degree 25, which lies outside the range computed in [DS]. The
cell (3, 9) was computed in May 2026, four months before the proof existed, as the F3-rank
190120 of the generators ρJ of [DS, §5] in their ring R̄ = F3[t1, . . . , t7]/(φ(ti)); in the same line
of work, the cell (5, 3) gave 1124 = 211 − 924 for the quotient of R̄. Equality was also measured
over fields whose characteristic is not the one attached to q: at q = 5 over F3 and q = 9 over
F5, which Theorem 5.9 covers, and at q = 7 over F3, where 3|q − 1; these are instances of
Theorem 5.9’. Over Z, the integer Smith normal form of the literal ring AJ = R/(ψJ) has no
torsion and rank q2k+1 −Qk(q) at five cells, and the quotient CZ/VΛ,Z of Theorem 5.9’ is free of
rank (q − 1)m − |ZΛ| at the root for (k, q) = (1, 5), (1, 7), (2, 3), (1, 9) and for every down-set at
(q,m) = (5, 3), (7, 3), (9, 3), (5, 4). For composite odd q (Theorem B is a statement about every
odd q), it was confirmed at k = 1 for q = 15, 21, 45 over several fields. The degrees m of the
Main Theorem that are not prime powers are treated in §14.3.

14.2 The ingredients of §5

• Every down-set, pure combinatorics. All ≼-down-sets of Parm (not a sample) at
(q,m) = (3; 4, 6, 8, 12), (9; 3, . . . , 11), (27; 4, 5, 8, 9), (81; 4, 7), (243; 6), up to 940 down-sets
per cell: P1, P2 and P3 hold, with 0 failures. The counts #{M : λ(M) = λ} were obtained
by a class-by-class recursion, a route different from the fibres, with the check Σλ = (q−1)m.
P1 and (5.1) were also checked by brute force over all tails at seven cells up to (27, 4) (238257
tests), and P2 on all comparable pairs with h up to 60 and m ≤ 12.

• Every down-set, algebra. dimVΛ = |ZΛ| for every down-set at (q,m) = (3, 4), (3, 5),
(3, 6), (9, 2), (9, 3), (9, 4) over F3 (at (9, 4): 0, 168, 1896, 2216, 2280, 2600, 3752, 3896, 4088,
4096), at (27, 3) and (81, 2), and at q = 5 and q = 7 over F3, F5, F7. The membership of
every generator of every layer in its slice (Proposition 5.8) was checked at (3, 3), (9, 3), (9,
4), (27, 2), (27, 3), (81, 2).

• Theorem 5.9, its two ingredients. The evaluation of D on T × T over F5, F7 and F9,
and the support statement (a non-zero pattern of λ at M forces λ(M) ≼ λ, and the pattern
of λ(M) is non-zero at M) on every M ∈ Tm for (q,m) = (5, 3), (5, 4), (7, 3), (9, 3), (9, 4):
0 failures.

• Theorem 5.9’. dimVΛ = |ZΛ| for every down-set at (q, p,m) = (5, 2, 3), (5, 2, 4), (7, 2,
3), (7, 3, 3), (7, 2, 4), (9, 2, 3), all with p|q − 1 (34 down-sets, 0 failures); a second reader
measured equality at 42 (cell, characteristic) pairs with charF |q−1. The graded dimensions
of (DJ)CF at (q, 2k + 1) = (5, 3), (7, 3), (5, 5) coincide for charF = 2, 3, 5, 7, 10007 (totals
36, 90, 400).
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• Hodge characters (§12). The sets B were counted by enumerating multisets at 19
cells (m,n), and again, with a separate program, at the cells of Remark 12.3. For the ten
cells with m prime — (3, 2), (5, 2), (7, 2), (3, 4), (5, 4), (7, 4), (11, 4), (3, 6), (5, 6), (3, 8) — |B|
equals the number of pair-type characters, Qk(m). For prime powers the numbers are those
of Remark 12.3, and no pair-type character failed to be a Hodge character (Lemma 12.1(i)).
At (k,m) = (1, 35), (1, 55), (1, 77), and at the prime cells (k,m) = (3, 7), (3, 11), (2, 13),
|B| = Qk(m), and at (1, 15), (1, 21), (1, 45), (2, 15), (2, 35), |B| > Qk(m), as (H5) predicts.
For m = 9 the direct counts are 216, 8000, 343000, 16003008 for k = 1, . . . , 4 (Lemma 12.4).

• Negative controls, which fire as they should. Counting one copy of µ ⊔ 1 per empty
class instead of two gives 27 failures of P1 and 61 of P2 at (9, 6). Tightening P3 by one
slice gives 604 failures at (9, 7) and fails at every tested cell with m ≥ 2. In characteristic
2, Theorem A fails in 8 of 12 cells.

• The cubic case. The ballot basis of Theorem 4.1 was recomputed as the set of lexico-
graphic leading monomials for k ≤ 7 (certificate) and k ≤ 6 (echelon form), and the Specht
identification of Remark 4.2(3) at N = 4, 6, 8.

14.3 Degrees that are not prime powers

Two engines were used, written separately: the constructor’s (numpy, incremental echelon forms)
and the auditor’s (Singular). The auditor’s predictions were computed from the closed forms
and recorded before each run.

• The literal ring of [DS], k = 1. dimFp Fp[t1, t2, t3]/(tmi − 1, ψ̄J) = m3 − Q1(m) at
m = 15, 21, 33, 35, 39, 45, 55, each over both primes dividing m (14 runs), and at m = 15, 21
over F3, F5, F31 and F3, F7, F43 by the other engine. At k = 1 this is Degtyarev’s theorem
[De14]; the runs check our conventions for ψJ at composite m.

• The Fermat fourfolds of degree 15 and 21. For every colouring c ∈ µ5
r the ideal

generated by the images of the literal generators ψJ in Rc was computed directly, over
a field containing µr; this uses only Lemma 6.1. At (k,m) = (2, 15) the sum over the
colourings is 32900 = Q2(15) both at p = 3 (over F81, 3125 colourings, 1001 with non-zero
image) and at p = 5 (over F25, 243 colourings, 141 with non-zero image). At (2, 21) it is
102800 = Q2(21) at p = 3 (over F729, 16807 colourings, 3301 with non-zero image) and at
p = 7 (over F7, 243 colourings, 141 with non-zero image). So H4(X;Z)/L(X) is torsion
free for these two fourfolds, independently of §6–§7. They lie outside the range of [DS,
§5]. The author’s earlier computations [Rep] had decided the characteristic-5 half of the
degree-15 fourfold and had stopped on the characteristic-3 half at a memory limit. At
k = 1 the colourings with non-zero image are exactly the compatible colourings (61 and 19
at m = 15, 19 at (21, 7)).

• The ingredients of §6. Lemma 6.8 (the count factors) was checked by enumerating ΓJ
at (m,n) = (15, 2), (21, 2), (45, 2), (15, 4) against the sums of products of block counts, for
both primes of each m (8 sums), and Proposition 6.5 with Lemmas 6.6–6.7 by computing
every block ideal directly at (15; 3, 5) and (21; 3, 7), k = 1: incompatible colourings give
the zero ideal, and each compatible colouring gives exactly its block count.

• Main Theorem’ at k = 1, every characteristic. In the literal ring Fp[t1, t2, t3]/(tmi −1),
the quotient by the ψ̄J has dimension m3 −Q1(m) for m = 3, 5, 7, 9 over F2 and over primes
dividing and not dividing m (12 cells, a third engine).

• Controls. The literal engine gives 5120 = Q2(9) at (k,m) = (2, 9), and it detects torsion
when there is torsion: for the subfamily of Fact 11.2 it gives 4730 < 4736 = |ΓK |.
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• Corollary W(ii). In the literal ring at (d, s) = (2, 1), with the three matchings containing
{4, 5}, the ideal has dimension 144 = Q1(5) · 4 at m = 5 and 1344 = Q1(9) · 8 at m = 9,
the values of §13.

14.4 The bipartite count

• The roots (Theorem C). Over Fp, dim Ibal
a = Nbal(a, q) at the 18 cells (a,

q) = (1, 3), . . . , (5, 3), (2, 5), (3, 5), (4, 5), (2, 7), (3, 7), (2, 9), (3, 9), (2, 11), (2, 13), (1, 25), (2,
25), (1, 27), (2, 27), and dim Iph

a = Nph(a, q) at the 14 cells (1, 3), . . . , (4, 3), (1, 5), (2, 5), (3,
5), (2, 7), (1, 9), (2, 9), (2, 11), (2, 13), (1, 25), (1, 27); for instance dim Ibal

5 = dim Iph
4 = 4653

at q = 3, dim Ibal
4 = 7885 at q = 5, and dim Iph

2 = 11713 at q = 13. Twelve of these cells
are new to this record, and their values were predicted before they were computed. In the
9 pairs measured, the graded ranks of Iph

a and Ibal
a+1 coincide after a shift of q − 1 (Remark

7.9(3)).

• Theorem 7.6, every down-set. dimVΛ = |ZΛ| for every down-set Λ ⊆ BParq(α, β)
(equality, not only ≥) at the 18 cells (α, β, q) = (1, 1, 3), (2, 1, 3), (2, 2, 3), (3, 2, 3), (3, 3, 3),
(4, 3, 3), (4, 4, 3), (5, 4, 3), (2, 1, 5), (2, 2, 5), (3, 2, 5), (3, 3, 5), (2, 1, 7), (2, 2, 7), (2, 2, 9), (3, 1,
9), (3, 2, 9), (2, 2, 25): 220 down-sets, 0 failures (auditor’s engine; the constructor’s engine,
run separately, reported equality for 142 down-sets at 11 cells).

• (P1), (Chain), (P2). The chain property and the membership of the options in
BParq(α, β) for every tail shape, and Proposition 7.4 on every comparable pair of tail
shapes, at 16 cells up to (8, 7, 5), (6, 6, 9), (7, 5, 27) and (3, 3, 81) (up to 7214 comparable
pairs); (P1) by brute force over every tail at 8 cells up to (2, 2, 27) (19683 tails): 0 failures.

• (P3). Every generator of every layer lies in its slice (Proposition 7.5), 3428 memberships
at 7 cells. Negative control: lowering the slice by one gives 17, 58 and 10 failures at (3, 2, 3),
(3, 3, 3) and (2, 2, 5).

• The characteristic. In characteristic 0, dim Ibal
a = 4, 24, 169 for a = 1, 2, 3 at q = 3

(against 3, 15, 93), dim Iph
a = 18, 126 for a = 1, 2 (against 15, 93), and dim Ibal

2 =
129, 416, 1025 at q = 5, 7, 9 (against 45, 91, 153): Theorem C holds with strict inequal-
ity (Remark 7.9(2)).

• The full family is needed. With a single bijection instead of all of S2, the ideal at
(a, q) = (2, 3) has dimension 9 < 15.

14.5 Theorem A

dimFp[L]/Kµ(L) = Nµ(n) at 178 cells; Theorem A in characteristics 0, 3, 5, 7, 11 for n = 2, 4, 6
and q = 3, 5, 7, 9 (60 of 60 cells); the row inclusions of Theorem A.12 as ideal memberships at 7
parents; the case bookkeeping of Theorem A.12 for all µ with |µ| ≤ 14 at q = 3, 9, 27, 81 (1673721
objects); the identities of Lemmas A.8–A.10 exactly at 166 random instances; and two negative
controls (Remark A.14). For Remark 10.4(5)–(6): the Hilbert series against Lusztig’s t-analogues
at 27 cells and the graded characters of the symmetric group at 56 cycle types (q = 3, 5, n ≤ 6);
the even-q rings at 8 cells in characteristics 0, 3, 5, 7 (equal dimensions) and 2 (larger in all 8).
For Corollary 10.6 and Remark 10.7(3): dim ∑

J Dr,JCr against the number of closed walks at
13 cells (r,N) — r ∈ {3, 5, 7, 9} and r ∈ {2, 4, 6}, N ∈ {2, 4, 6} — in characteristics 3, 5, 7, 32003
(50 of 50, with (5, 6) in characteristics 3 and 5 only) and at 9 cells in characteristic 2 (9 of 9).
One run of the first engine was stopped by the memory guard at the cell (5, 6) and rerun with
a corrected engine. For the last sentences of Remark 10.4(1): the coinvariants of the group
of Fp-points of the centralizer at (p, q, n) = (3, 3, 3), (3, 3, 4), (3, 5, 3) (9, 27, 19 against 7, 19, 13),
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computed by the cold reader and again by the author with separate code; at (5, 3, 3) and (5, 5, 3)
the two numbers agree. Engines and logs: [Rep], engines/theorem-a-kostant/.

14.6 Independent readings, and their limits

The proofs of §2, §5 and Appendix A were checked in a first pass, then re-derived cold, step by
step, by a separate reader with its own code, before this paper was written. An earlier version
of this paper (for m = 3v) was then read cold by three further readers, independently, each with
a list of attacks and its own engines. None found a fatal error, a gap or a mathematical error;
all their findings were of presentation, and they are incorporated here. One of them audited the
proofs inside [DS] of the results collected in Theorem 0, from the source of arXiv:1405.4683v3,
and found them sound for every m ≥ 3 and every even n ≥ 2; the Picard number of the cubic
surface independently confirms the signs of [DS, Theorem 2.2] (with 1 + t in place of 1 − t in ψJ

the rank at (n,m) = (2, 3) would be 20, not 7).

The version for odd prime powers was read cold by a further reader of the same system and,
for the first time, by AI systems of two other providers (ChatGPT, OpenAI; Gemini, Google).
None found a fatal error. Two of them found, independently, that one sentence in the proof
of Theorem 5.9, and the same phrase twice in the proof of Proposition 11.1, was literally false:
an initial ideal is a monomial ideal and does not contain the non-monomial generators. One
classified this as a gap and the other as an error of wording, and both gave the argument used
here (Lemma 5.8’). Two readers also pointed out Theorem 5.9’ and Corollary H. ChatGPT then
read the Hodge part of the version with Corollary H (§1.3, §8 and §11 there) and found one
error, a novelty claim contradicted by the cells of [DS, §5]; it is corrected here (§1.3).

The part of this version on the degrees that are not prime powers (§6–§7) was constructed by
one instance of the same system, with its own engines, and then audited cold by another, which
re-derived every step, including the nine cases of Proposition 7.4 and the three constructions of
Proposition 7.5, compared the colour reduction with the author’s earlier block decomposition
[Rep], and ran separate engines with predictions recorded before the runs (§14.3–§14.4). The new
sections (§6, §7, §12, §13) were then read cold by a further instance, which re-derived them and
recomputed the counts with its own code; it found no fatal error, no gap and no mathematical
error, and its findings of presentation are incorporated. A further cold reader then read the
whole of §6, §7, §12, §13 and the chain of the Main Theorem, with eleven section-referees and
adversarial verifiers of its own. It recomputed the Fermat fourfolds of degree 15 and 21 at both
primes from the literal generators of [DS], colouring by colouring, and checked Theorem 7.6 at
117 down-sets of 11 cells and Theorem C at 10 new root cells. It found no fatal error and no gap
in the proofs; one error of self-description (the upper bound of Proposition 2.1 is algebraic, which
is now stated in §1.2 as Main Theorem’); one sentence missing in the deformation argument of
Corollary W(i), now supplied; and items of presentation, incorporated. ChatGPT (OpenAI)
then read the previous version (v7) cold, attacking the new parts with its own computations
and with the source of [DS]. It found no fatal error, no gap and no mathematical error; its one
point of presentation is incorporated here (the proof of Lemma 6.8).

Version 11: the odd box and the even degrees (§8–§9). They were found and proved
on 2 October 2026 by one instance of the system (the constructor), working alone in one session
from a written mission, with its own engines. The mission had been written by the auditing
instance, which had first measured, in seven cells with m = 2v, that the leading forms of the
generators span an ideal of the right dimension, and, in eighteen cells, that the count at the
odd box holds. The two documents of the constructor were then audited cold by the auditing
instance: every step of what is now §8 and §9 was written again in its own words and marked,
the translation was re-read in the original of [DS] for even m, §7 was re-read with an even q,
and gates were run with code of its own (§14.9). It found no error and no gap, and four points
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of presentation. The documents were then read cold by a third instance, which had only those
two documents, version 10 of this paper and the source of [DS], and no access to the work of the
other two. It wrote its verdict item by item (29 items) before running any computation, and
then made 19 logged runs with its own code, with 14 predictions recorded in advance (§14.9).
Its verdict was «holds», with no error and no gap, and 17 points of presentation, which are
incorporated here; among them: that §7 should be stated for every q, so that the even box is
a case of the theorem and not a re-reading of its proof; the labelling of the rows in the proof
of Lemma 8.4; and the observation that Lemma 8.7 holds for more border sets than it states.
Two of its own negative controls did not behave as it had predicted — one was badly conceived,
and the other could not fire and was replaced by one that does — and it says so. Its session
record shows that it used no other agent and opened nothing outside its folder. The auditing
instance graded the report, checked eight of its hand computations and repeated six of its runs
with its scripts, with identical output. The text of §8 and §9 printed here was written by the
auditing instance from those documents and readings, and it differs from them in notation and
in three places of substance: the upper bound of Theorem O is proved here without Theorem A
(Corollary 8.13); the count of §9 treats the index 0 as an ordinary coordinate (Lemma 9.6), which
removes the per-colouring upper bound that the constructor had proved with p-adic integers;
and Corollary 10.8 is new. The limits of this part of the record: the three instances are of
the same system; the cold reader computed no cell of the literal ring of [DS] beyond those already
known; the printed text of §8–§9, as distinct from the documents it was written from, was at
first re-read and gated by its writer only (§14.9, last item; it was then read cold, see the next
paragraph); and nothing in §8–§9 was formalized (it now is, §14.8). The documents, the audit,
the report of the cold reader, its grading and all the code are in [Rep], record/even-degrees/.

The printed text of version 11, and version 12. The printed text of version 11 was read
cold on 2 October 2026 by a further instance of the same system, which had the paper, the
original of [DS] and the pages of [Aok] that it needed, and nothing else. It wrote its verdict
item by item before running anything (37 items: §1, §2, Appendix B, §5, §6, all of §7, §8 and
§9, Corollary 10.8, §12, §13 and §16), re-derived every step of the chain for even m by hand,
and made logged runs with its own code, among them the dimension of the literal ideal of [DS]
in 16 cells (k,m, p) with p|m. Its verdict was «holds», with no error and no gap; its 18 notes of
presentation and three observations (some patterns are zero; the border of Lemma 8.7 for ℓ = 0;
the odd-box formula at an even box) are incorporated in this version. It did not read Appendix
A or §4, did not re-prove the topology or (H1)–(H3), and did not open the pdf; Corollary 10.8
is in its reading «holds, given Theorem A». Its session record shows that it used no other agent
and opened nothing outside its folder. The auditing instance graded the report, checked its hand
computations and repeated six of its runs with its scripts, with identical output. The changes
of version 12. Version 12 is new in the writing in these places: the proof of §8.5 (Lemmas
8.7’, 8.8 and Corollary 8.9); the upper bound of Corollary 8.13; the proof of Lemma 9.10 in the
case 0 /∈ C1; the proof of property (ii) and the explicit signs of §8.3; the base change in case (Z)
of Proposition 8.10; the proofs of Lemmas 6.7(iii) and 9.8; and §1.0, §1.8–§1.10, §14.8, §14.9
and §16. Before the version was made public, these passages were read cold on 4 October 2026
by a further instance of the same system, which had the paper, version 11 for comparison and
the originals of [DS], [Knu], [Oka], [MMRV] and [FK], and nothing else. It re-derived by hand
every sign of §8.3 and §8.5, the proof of Lemma 8.7’ (with the Vandermonde divisibility over
Z[ζ][y]), the upper bound of Corollary 8.13 step by step, the short route of Lemma 9.10 and
the equivalence of the two forms of the degree condition, and made eleven logged runs with its
own code, among them the proof of Lemma 8.7’ run as an explicit certificate over Z in 33 cells,
and Corollary 8.13 over five fields with the intersection computed independently. Its verdict was
«holds», with no error and no gap; its 17 notes of presentation are incorporated in this version,
and its one mathematical observation (a further zero pattern) is part of §8.5, Remark (2), which
the auditing instance generalized and checked with its own code. It did not read §3, §4, the
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proofs of §5–§7, §10, §11 or the appendices, and could not read the Lean project; it states that
it launched no other agent, and every file it produced is in its own folder. The auditing instance
graded the report, checked every line it cites and repeated five of its runs with its scripts, with
identical output. Reports, gradings and code: [Rep], record/cold-readings/.

The limits of this record must be stated plainly.

• All these readers are AI systems (Claude, Anthropic, for all but four readings; Chat-
GPT for three of them and Gemini for one; see the note at the end). They worked sepa-
rately and without access to each other’s code, but they are not independent in the way
that different human experts are.

• No human expert has refereed this work.

• Pham’s theorem [Ph] is not re-proved here, and neither are the intersection numbers
[DS, Theorem 2.2]; Appendix B reduces Theorem 0 to these two results.

• The numbering of [DS] was checked against arXiv:1405.4683v3, not against the printed
version.

• Versions 9 and 10. The new material of versions 9 and 10 (Remark 10.4, Proposition
10.5, Corollary 10.6 and Remark 10.7) and the supplementary note [Note] were read cold
on 1 October 2026 by a separate instance of the same system, working alone and with
its own code. Its verdict was «holds», with one gap (the inequality of Remark 10.7(3)
in characteristic 2, repaired there), three errors (a false sentence in the sketch of Remark
10.7(2); the hypothesis of [Gin, Proposition 4.2], which is stated for semisimple groups; one
imprecise identification in the note) and thirteen points of presentation. One of these was an
under-claim, which became Corollary A.17; another was the observation that the dictionary
of Remark 10.4(1) fails for the points of the centralizer over a finite field. All the findings
are incorporated, with the texts and the arguments that the reader proposed; in particular
the argument of Corollary A.17 is the reader’s. The reader re-derived Proposition 10.5 and
Corollary 10.6 by hand, checked them at 14 cells in characteristics 2, 3, 5 and 1000003, and
checked the quotation and the hypotheses of [BRR, Proposition 2.12] against the arXiv
source; it did not re-audit §2–§7 or the proofs of Appendix A, which the earlier readings
covered. Report, grading and code: [Rep], record/cold-readings/12_internal-reader_
on-v10/. Kostant’s theorem is quoted from [Gin, Proposition 4.2]; [Kos] was not read in
the original. [BRR, §2.1–§2.6] and the introduction and §2.2 of [Ric] were read in the arXiv
sources; [KLT], [Bry] and [Lus] were not read.

• The Lean proof covers Main Theorem’ and Theorem O (§14.8), for every degree;
it does not cover the topology, Theorem A or Corollaries H and W. Its proofs were written
by an AI system and are checked by the Lean kernel; that the Lean statements say what
the paper says is an audit, set out line by line in [LC, §1.2–§1.3], which a reader can repeat
on about fifteen short definitions for Main Theorem’ and seventeen more for Theorem O,
printed in [LC, §1.2–§1.4]. Version 2 of the certificate was read cold on 4 October 2026,
before this version was made public, by a further instance of the same system, which had
the certificate, this paper, the original of [DS], the pieces and the compiled Lean project,
and nothing else. It printed the final statement and its definitions from the compiled project
and compared them with this paper and with [DS], evaluated Qk(m) in the kernel against
a direct count of ΓJ , re-elaborated five files of the chain from their sources, recounted
every number of the certificate, followed the chain of the final theorem in the sources, and
re-submitted to the Lean kernel, from the compiled files, every one of the 4 669 project
declarations on which the final theorem and Theorem O depend, with a negative control. Its
verdict was «HOLDS AS FAR AS I CAN CHECK»; its findings concerned the certificate,
not the proofs, and are incorporated in it. Report, grading and code: [Rep], record/
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cold-readings/17_internal-reader_on-lean-certificate-v2/.

14.7 A referee’s guide

The joints deserve attention in this order.

1. Proposition 5.6 (P2) and Proposition 7.4, the only case analyses in the proof that are
not one-line identities. A sceptical reader should try long, very uneven partitions at q = 3
(h = 1) and q = 9 (h = 4), where lengths hit the cap ℓ ≤ h, and, for Proposition 7.4, the
cases AR and MR, where a removal of one pair of partitions is compared with an option
of another kind.

2. The translation (§2): the conventions of [DS] (j0 = 0, the variable t0 never appears,
N = 2k + 2) and Lemma 2.4.

3. The colour reduction (§6): Proposition 6.5 (the surviving generators are pure tensors;
this is where the full family is used, as Lemma 5.2 is in §5) and Lemma 6.8, where the
index 0 couples the blocks only through w0; and Corollary 7.8, whose proof passes through
the sum over the colourings.

4. The coverage formulas (5.1) and (7.1), and Propositions 5.8 and 7.5, which have
no slack (Remark 5.10(2), §14.4).

5. Theorem 0 and Appendix B. Only Theorem 0(a), (c) and (d) are topological; Theorem
0(b), which carries every upper bound of the paper, is a Chinese-remainder count.

6. Corollary H: the classical input (H3) and Aoki’s theorem (H5) of §12.1, which are quoted
and not re-proved here; (H4) is proved in §12.1.

7. The odd box (§8): Lemma 8.4, part (D2), in the case νj = 1; Lemma 8.7’: the identity
(8.6), the two operations of Lemma 8.8 and the powers of ζ in Corollary 8.9 (all of them
checked in Lean, §14.8); and, in Proposition 8.10, the case (M) with δ = 1, where two
Pfaffians are combined so that the terms with D−(y1, ·) cancel, and the case (Z) with
δ = 1, where Lemma 8.7 is used.

8. The even degrees (§9): Step 2 of Proposition 9.2 (the leading forms); §7 read with an
even q (the only use of the field is C(q−1, r−1) ̸= 0 in case (γ) of Proposition 7.5); Lemma
9.9 (the substitution u = −t) and Lemma 9.10 (the map θ); and Lemma 9.6, where the
index 0 is a coordinate of the count but not of the ideals.

14.8 A machine-checked proof of Main Theorem’ and of Theorem O

Main Theorem’ has been proved, for every degree, in the proof assistant Lean 4 [dMU] with the
Mathlib library [Mlib]; the certificate is [LC]. The final theorem, EvenAll.mainTheorem', states:
for every m ≥ 1 and every k ≥ 0, R/(ψJ : J ∈ J ) is a free abelian group of rank m2k+1 −Qk(m),
and for every field F , dimF F [G]/(ψ̄J : J ∈ J ) = m2k+1 − Qk(m) and dimF (ψ̄J : J ∈ J ) =
Qk(m). This is slightly more general than Main Theorem’ as stated in §1.2 (m ≥ 3, k ≥ 1, prime
fields). In Lean, Qk(m) is defined by the formulas of §1.2, with the parity split, and lemmas
identify it with the numbers of tuples of Lemmas 2.2 and 9.1 and with |ΓJ |. Theorem O is proved
with equality over every field and with the freeness over Z (OddEquality.D1, OddEquality.D2_
DJ; for the ideal M of Lemma 8.12, OddEquality.D2_M).

• What was formalized. For odd m (version 1 of the certificate, 29 September 2026):
Lemma 2.2 and the translation of §2 in its local form (Lemmas 2.3, 2.4 and Proposition
2.5); Theorem 5.3 and the induction of §5; the colour reduction of §6; Theorems 7.6 and
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C; and the upper bound [DS, Claim 4.3] (Theorem 0(b), Appendix B, Step 6), which is
algebraic. For every degree, in twenty further pieces: §7 for every box q ≥ 2, and at q = pv

in characteristic p, 2 included; Lemma 9.1 and the upper bound for even m; all of §8 —
the shapes and interlaced pairs, Lemmas 8.3–8.5, the Pfaffians and bordered Pfaffians of
§8.3 over any commutative ring with the signs given there, Lemmas 8.7, 8.7’ and 8.8 and
Corollary 8.9 in the form printed in §8.5, Definition 8.6, the seven cases of Proposition 8.10,
Theorem 8.11, Theorem O, Lemma 8.12 in the direction used and Corollary 8.13 — and all
of §9, with Lemmas 9.4–9.10 for every prime and every cofactor. Theorem 4.1, Theorems
5.9 and 5.9’, Corollaries 7.8 and 9.12, Theorem 8.15 and the equality in Theorem O were
formalized too, although Main Theorem’ does not need them.

• How. The Lean proofs were written by the AI system Aristotle (Harmonic), in 49 pieces
(29 for the odd degrees, 20 for the rest), each a short text written from this paper. Every
returned module that holds a theorem was compiled again on the author’s machine (the two
modules of numeric checks, and the two files that only import them, exceed the memory
cap of the local builds; they contain no theorem used elsewhere, [LC, §2 item 4]) (Lean v4.
28.0, Mathlib at the tag v4.28.0) and audited against the paper before the next piece was
sent: the difference with the previous project (no piece changed a file of an earlier one), a
search for forbidden constructs, the build, the statements as Lean prints them, and their
axioms. Before a piece was sent, its statements were tested by exact computation, with
negative controls (33731 checks for the twenty pieces of the even degrees, with no failure).

• Result. 233 files, 41243 lines, 1859 theorems and lemmas. There is no sorry, admit,
native_decide or added axiom, and every main theorem depends only on the axioms
propext, Classical.choice and Quot.sound. A rebuild from source on the author’s
machine compiled 229 of the 233 modules; the other four — two modules of numeric checks,
whose evaluation by the kernel needs more memory than the cap of the local builds, and
the two modules that only import them — compiled, as Aristotle reports, on its machines
(this was not checked on the author’s machine), and no theorem used elsewhere is in them.
A program that collects the declarations used by the final theorem finds 4412 of them, in
180 of the 233 modules.

• What is not formalized. Theorem 0(a), (c) and (d): the topology of [DS] that iden-
tifies the torsion of R/(ψJ) with that of H2k(X;Z)/L(X) and gives the rank of L(X).
Mathlib has no singular homology of complex Fermat varieties. So the Main Theorem, as
a statement about homology, is machine-checked only in its algebraic form. Theorem A,
Corollaries H and W, §11, the graded refinements of Theorems B and O, and the compu-
tations of §14.1–§14.5 and §14.9 are not formalized either.

• Where. The certificate [LC] (read cold before release, §14.6) gives the Lean statements
and definitions verbatim, compares them with this paper line by line, and lists the trust
base, the data of every piece and how to reproduce the build. The Lean project, the pieces,
the checks and every log are in [Rep], folder lean/.

14.9 The odd box and the even degrees

Three sets of engines were used, written separately and without access to each other: the
constructor’s, the auditor’s (with Singular for the literal ring) and the cold reader’s. In the last
two, the predictions were recorded before the runs. None of these computations is used in a
proof.

• Theorem O at the root. dim(DJ)C2k+1 = Nr(2k + 2) at (k, r) = (1, 3), . . . , (1, 11),
(2, 3), . . . , (2, 9), (3, 3) over F2; at (1, 3), (2, 3), (3, 3), (1, 5), (2, 5), (1, 9), (2, 9) over F3; at
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(1, 5), (2, 5) over F5 and (1, 7), (2, 7) over F7; and at (k, r, p) = (4, 3, 2), (3, 5, 2), (2, 15, 2),
(2, 11, 11), predicted before the run (constructor). The cold reader recomputed (2, 7, 2),
(2, 7, 7), (1, 15, 2), (1, 25, 5), (1, 27, 3), (1, 13, 13): 3301, 3301, 631, 1801, 2107, 469. With
one matching removed the dimension drops: 15 < 19, 140 < 141, 45 < 61, 976 < 1001,
91 < 127, 153 < 217, 231 < 331 at (k, r) = (1, 3), (2, 3), (1, 5), (2, 5), (1, 7), (1, 9), (1, 11).

• Theorem 8.11, every interlaced pair. With VΛ built from Definition 8.6 (the Pfaffian
from its definition) and ZΛ counted point by point: dimVΛ = |ZΛ| for all 163 interlaced
pairs of 26 cells (r,m, p) with r ≤ 9 and m ≤ 6 (auditor), and for the 133 interlaced pairs
of 18 cells (r,m) = (3, 1 . . . 7), (5, 1 . . . 5), (7, 1 . . . 4), (9, 3), (11, 3), in 400 triples of a pair,
a cell and a characteristic among 2, 3, 5, 7, 101 (cold reader). Without the marked patterns
with absorbed pairs (t ≥ 1) the dimension falls below |ZΛ| in 15 of the 163. For every pair
of down-sets that satisfies (D1) but not (D2), in every cell, dimVΛ > |ZΛ| and the chain of
Lemma 8.3 breaks (for instance 19 against 12 for {((1), 0)} at (r,m) = (3, 3)).

• Lemmas 8.3 and 8.4. In the same cells: the number of completions of a tail depends
only on its shape and is given by (8.5); the options in Λ form an initial segment; every
layer is an interlaced pair; Σi|ZΛi

| = |ZΛ|. No failure.

• Proposition 8.10. With the slices computed from the ideal itself (elimination ordered
by the degree in y1): every pattern product of every layer lies in its slice, 12530 member-
ships (auditor) and 1849 containments VΛi

⊆ Wr−1−i(VΛ) (cold reader), with no failure;
moreover dimWr−1−i(VΛ) = |ZΛi

| in every case. With the slice lowered by one, 540 of
1327 containments fail, in every cell. The seven constructions of the proof, as written, were
checked on every pattern of every tail shape of every interlaced pair (membership in VΛ,
degree in y1, top coefficient): 2513 cases in 19 cells (r,m, p) with r ≤ 9, m ≤ 5 (constructor)
and 3595 cases in 13 cells (r,m) (cold reader), with no failure, every one of the seven cases
occurring (359 in the case (M) with δ = 1, of which 96 with absorbed pairs; 235 in the case
(Z) with δ = 1; 31 in the second case of (R)); with deliberately wrong border sets the top
coefficient is wrong in 49 cases of 49.

• Lemma 8.7. The membership, with the Pfaffian computed from its definition, over
Fp for p = 2, 3, 5, 7, 101: at r = 3, (ℓ, t) = (0, 1); r = 5: (0, 1), (1, 1), (0, 2); r = 7:
(0, 1), (1, 1), (2, 1), (0, 2); r = 9: (0, 1), (1, 1) (50 memberships, cold reader; 17 instances,
auditor; 46, constructor). With the generators of one set S removed the membership fails
in every case. The identities of the exterior-algebra proof of version 11 were checked with
exact integers for r = 3, 5, 7, 9, 11. The proof printed in §8.5 was checked, before it was
sent to Lean, with exact integer arithmetic: the rank-two update and the closed forms
of Corollary 8.9 (1718 checks), and Lemma 8.7’ with the explicit certificate that its proof
produces, in 70 cells with r = 3, . . . , 11 and up to six variables (840 checks), with controls
that fail as they should. The cold reader of the printed text of version 11 found that for
ℓ = 0, t = 1 and r = 5 the border y2 in place of yr−1 gives a Pfaffian outside U0(N) (§8.5,
Remark (3)).

• Theorem 8.15. dim I(m,J) = |Z(m)
J | for all 0 ≤ J ≤ m and 1 ≤ m ≤ 7 over F2, F3, F101

(35 ideals; three engines), with every slice containment of the proof. With the signs of D
removed, the dimensions are 18 and 138 instead of 19 and 141 over F3.

• §7 at an even box. dimVΛ = |ZΛ| at every down-set of BParq(α, β) over F2 for q = 2
(nine cells, up to α + β = 6), q = 4 (four cells) and q = 8 (two cells): 51 down-sets of 51
(auditor); the cold reader found equality at every down-set of its cells over F2 (q = 2, 4, 8),
and dim VΛ ≥ |ZΛ|, strict at the roots (58 > 28, 174 > 66), for q = 4 over F5 and q = 6
over F7, where the binomial coefficients are non-zero (22 cells in all). The constructor had
measured the roots at 15 cells over F2. In two fields where a binomial coefficient vanishes
(q = 4 over F3, q = 6 over F2) the inequality held as well (§15, problem 7). With one
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bijection, or all but one, instead of all, the dimension falls below the count (4 < 6, 16 < 28,
232 < 256, 64 < 120).

• The counts. |ΓJ | from [DS, Definition 1.3], the number of tuples that split into inverse
pairs, the formula of Lemma 9.1 and the polynomials of [DS, Remark 4.4] agree at (k,m)
= (1, 4), (1, 6), . . . , (1, 14), (2, 4), (2, 6), (2, 8), (3, 4). Forbidding the value −1 gives the
numbers Qk(m− 1) instead.

• The colour reduction for even m, from the literal generators of [DS]. For every
colouring, the ideal generated in Rc by the images of the ψJ was computed and compared
with the product of block counts of Lemma 9.6; the sums were compared with Qk(m).
No mismatch: at the prime 2, (k,m) = (1, 6), (2, 6), (1, 12), (2, 12), (1, 14), (2, 14), (1, 20),
(1, 24); at an odd prime, (k,m, p) = (1, 6, 3), (2, 6, 3), (3, 6, 3), (1, 10, 5), (2, 10, 5), (1, 12, 3),
(2, 12, 3), (1, 14, 7), (1, 18, 3), (1, 20, 5), (1, 30, 5), (1, 42, 7). In the colouring «all −1» the di-
mension is Nq(2k+ 2), and in the colouring «all 1» at the prime 2 it is Nq−1(2k+ 2). Both
kinds of block of colour 1 of Lemma 9.10 occur and agree; at q = 2 every block of colour 1
has dimension 1.

• Cells of Conjecture 1.2 that are not in [DS, §5], in the literal ring. By the splitting
of Lemma 6.1 and Gröbner bases, at every prime dividing m, with no use of Theorem O or
of the block theory: (n,m) = (4, 14): 26041; (4, 18): 61601; (4, 20): 87661; (4, 28): 263901;
(4, 30): 329561; (6, 12): 876331 (auditor); and (6, 6): 18733 (constructor). In each, the
dimension of the ideal equals Qk(m) at each prime.

• Hodge characters for even m (§12): |B| and |D| were counted by enumerat-
ing multisets at (k,m) = (1 . . . 5, 4), (1 . . . 3, 6), (1 . . . 3, 8), (1, 10), (2, 10), (1, 12), (2, 12),
(1, 14), (1, 16), (1, 18), (1, 20); in each, |D| = Qk(m), and |B| = |D| exactly for m = 4.

• What was not done. No cell of the literal ring for a pure power of 2 outside [DS, §5]
(the runs at (n,m) = (4, 16) and (8, 4) were stopped by the memory guard). The family
runs of Theorem 8.11 stop at r = 11 and at seven variables. As a membership, Lemma 8.7
was tested by machine over prime fields only; its proof was run as an explicit certificate
over Z in small cells (the bullet «Lemma 8.7» above, and the cold reading of §14.6), and
over Z it is proved in Lean (§14.8).

• The printed text. After §8–§10 were written in their present form, the statements that
are new in the writing were computed again from the text, with a separate script (34 checks,
no failure): the slices 3, 7, 9 of §8.9, in characteristics 2, 3, 5; Lemma 8.12 and Corollary 8.13
(the two dimensions, the injectivity of θ and its image) at (k, r) = (1, 3), (2, 3), (1, 5) in char-
acteristics 2, 3, 5; Corollary 10.8, as two equalities of ideals, at (r,N) = (3, 4), (3, 6), (5, 4)
in characteristics 3, 5, 7, and in characteristic 2 the colengths 19, 141, 61 of the intersection
against 21, 183, 65 of the ideal of the odd elementary symmetric polynomials; at r = 3,
k = 2, for each of the 15 matchings removed, the dimension 140 in characteristics 2
and 3, and (Singular) the sum count 141 over F3 (Remark 10.7(3)); Proposition 9.2 at
(k, q) = (1, 4), (2, 4), (1, 8): the formula of Step 1, in(ψ̄J) = LJ = Y · DJ , and the equal-
ity of the Hilbert functions of in(I) and of (LJ)B (3, 6, 6, 3, 1; 15, 36, 40, 29, 15, 5, 1; 3, 6,
9, 12, 15, 18, 18, 15, 12, 9, 6, 3, 1); and the tables of §9.1 and of Example 9.14, the latter by
enumeration.

• The printed text of version 12. The statements that are new in the writing of version
12 were computed again from the printed text in the same way, with a separate script (4831
checks, no failure): the explicit signs of (iii), (F2), (F3), (F4) and (F7), and property (ii),
on random integer matrices with up to eight indices; (8.1)–(8.4) and (F5) at r = 3, 5, 7;
(8.6), the two items of (a) and the antisymmetry of ωs for h = 1, . . . , 4; Lemma 8.8 (i) and
(ii), with a control (the opposite sign in (ii) fails); Corollary 8.9 (a) and (b) for h = 1, 2 and
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n ≤ 5, as identities over Z[ζ]; Lemma 8.7’ as a membership over F10007, in 25 cells with
r = 3, 5, 7, 9 and up to six variables (16 of them with a non-zero Pfaffian); Remark (2) in
eight cells where the Pfaffian is identically 0, among them (r, ℓ, t) = (5, 2, 1), (7, 2, 2), (7, 3,
1), with four controls where it is not; Remark (3); and, for k ≤ 11 and 3 ≤ m < 400, the
equality of the conditions gcd(m, (n+ 1)!) = 1 and gcd(m, (n+ 2)!) = 1 of §1.3.

15. Open problems

1. Equality for every interlaced pair. Prove dimVΛ = |ZΛ| for every interlaced pair Λ of
Theorem 8.11 (it is proved at the two roots, Corollary 8.13, and measured in every cell we
computed, §14.9), and describe Cm/VΛ as an associated graded ring, as in the Complement
to Theorem 5.9. The evaluation argument of Theorem 5.9 does not apply as it stands: on
a grid with 0 the polynomial Dr(a, b) does not vanish off the pairs b = −a. (In version 10
this item was «Even degrees»; it is now Theorem 9.11.)

2. The remaining integral Hodge classes. When m is neither prime nor 4 and has a
prime factor at most 2k + 1, find generators of Hdg(X) beyond L(X). By Corollary H(ii)
the missing part is a free group of rank |B| −Qk(m) (Remark 12.3, Lemma 12.4), and the
integral question is whether algebraic cycles fill it. For k = 1 they do, by the Lefschetz
(1, 1) theorem; the question is for k ≥ 2. The rational Hodge conjecture for these X is
known in many cases [Shi79], [Aok], [Jum].

3. Elementary divisors. For m = p prime and k ≥ 2, compute the elementary divisors of
Hdg(X) = L(X); [AMV, Table 1] gives the data for small cells. For k = 1 they are the
author’s Watermark and Double Ladder theorems [WDL]; for k ≥ 2, the discriminant is
given by the sequel note [WED], modulo [BRR, Proposition 2.12] (Remark 12.2).

4. A direct proof of Corollary 7.8. Prove dimF̄p
Ibal

a ≤ Nbal(a, q) on the bipartite block
itself, without passing through the sum over the colourings of §6; since the dimension over Q
is larger (Remark 7.9(2)), such a proof must use the characteristic. Equality dimVΛ = |ZΛ|
for every down-set of Theorem 7.6, measured at every down-set we tested (§14.4) and never
contradicted, would give it.

5. Representation theory. The Specht module route at q = 3 (Remark 4.2(3)), and more
generally a representation-theoretic description of the rings Cm/VΛ (Complement to The-
orem 5.9) and of the bipartite quotients.

6. Theorem A for even q and odd n. Prove that for every field of characteristic ̸= 2, every
even q and every odd n, dimF [x1, . . . , xn]/(e1, e3, . . . ;xq

1, . . . , x
q
n) is the number of walks

of length n on the lattice Zq/2 with steps ±εi from 0 to ε1. For even n the corresponding
statement (closed walks) follows from [BRR, Proposition 2.12] (Remark 10.4(6)); for odd
n the weights are not in the root lattice, and the statement is computed in a few cells only.
The proof of Theorem A uses the value 0 of the grid, which an even q does not have.

7. Around the odd box. Problem 7 of version 10 is Theorem O. What remains: (a) derive
Theorem B and Theorem O in positive characteristic from the theory of modules with a
good filtration, as [BRR] derive the count of Theorem A; (b) Theorem C over an arbitrary
field: in the cells where a binomial coefficient C(q− 1, t) vanishes that we computed (q = 4
over F3, q = 6 over F2), the inequality of Theorem 7.6 still holds at every down-set, although
the proof of Proposition 7.5 does not apply (§14.9); (c) Lemma 8.7’ gives the membership
for any exponents in its case (a), and in its case (b) with the border yr−1, which cannot be
dropped (§8.5, Remark (3)): describe all the border sets for which it holds.

8. What is not formalized. Main Theorem’ and Theorem O are formalized for every degree
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(§14.8; this was problem 8 of version 11). Formalize the topology of Theorem 0 (Mathlib
has no singular homology of complex Fermat varieties), Theorem A, Corollaries H and W,
and the graded refinements of Theorems B and O.

9. The leading forms. By Remark 9.3(1) the generators ψ̄J at m = 2v are a standard basis
for the order filtration. Is the same true of the generators at an odd prime power, for the
filtration by the powers of the augmentation ideal, and does it give a proof of Theorem B
that avoids the coordinate y = t− t−1?

16. Exact status

• PROVED, with no topology: Main Theorem’ — for every m ≥ 3 and every k ≥ 1, the
group R/(ψJ : J ∈ J ) of [DS] is free abelian of rank m2k+1 − Qk(m). For odd m it uses
§5–§7; for even m, §6 (Lemmas 6.1, 6.2, 6.4 and 6.7, at every prime, the prime 2 included),
§7, §8, §9 and, at the odd primes, §5; in both cases [DS, Claim 4.3], a Chinese-remainder
count re-proved in Appendix B, Step 6.

• MACHINE-CHECKED in Lean 4 with Mathlib (§14.8), for every degree: Main
Theorem’, for every m ≥ 1 and every k ≥ 0, over Z and over every field; and Theorem O,
with equality over every field and the freeness over Z. No sorry, and no axiom beyond
propext, Classical.choice, Quot.sound. Not formalized: the topology of Theorem 0(a),
(c) and (d), Theorem A, Corollaries H and W, and the graded refinements of Theorems B
and O.

• PROVED, modulo Pham’s theorem [Ph] and the intersection numbers [DS,
Theorem 2.2]: the Main Theorem, i.e. Conjecture 1.2 of Degtyarev–Shimada for the
Fermat varieties of every degree m ≥ 3 and every even dimension. Through Theorem 0
it uses [DS, Theorem 1.1(a), Claim 4.3, Theorem 1.4, Corollary 1.5], which Appendix B
re-derives from those two results and classical topology, for every m ≥ 3.

• PROVED, modulo in addition the standard topological facts (H1)–(H2), the
classical description of Hodge classes (H3) [SK], [Shi79], [Ran], and Aoki’s
theorem (H5) [Aok] (for prime m and for m = 4, (H4) and (H4’) replace (H5);
the proof of (H4) uses the formula for B1,χ and Dirichlet’s theorem L(1, χ) ̸= 0
[Was]): Corollary H — for every m ≥ 3, L(X) is a primitive sublattice of Hdg(X) with
free quotient of rank |B| − Qk(m), and the integral Hodge conjecture holds for X when
m is prime, or m = 4, or every prime factor of m is at least 2k + 3. In the prime cells
computed in [DS, §5], in the cells (k,m) = (2, 4), (3, 4) computed there, and in the cell
(2, 4) of [AMV], it was already known (§1.3).

• PROVED, modulo the same two results as the Main Theorem: Corollary W(ii),
for every m ≥ 3, and, modulo in addition the transport argument of [DS, §4.6], Corollary
W(i).

• PROVED: Theorem B (the dimension count, with equality over every field and for every
odd q, and the freeness over Z), Theorems 5.3, 5.9 and 5.9’, Theorem 4.1; the colour
reduction (Proposition 6.9); Theorem C and Theorem 7.6, for every integer q ≥ 2 and
every field in which the binomial coefficients C(q−1, t) are non-zero; Corollary 7.8; Lemma
12.4.

• PROVED: Theorem O (the count at the odd box, with equality over every field and for
every odd r ≥ 3, and the freeness over Z), Theorem 8.11, Lemmas 8.7 and 8.7’, Theorem
8.15; Proposition 9.2, Theorem 9.11 and Corollary 9.12 (in Proposition 9.2 and Theorem
9.11, the last clause, that H2k(X;Z)/L(X) is torsion free, is modulo the same two results
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as the Main Theorem).

• PROVED: Theorem A, for every field of characteristic ̸= 2, every odd q and every n, with
Corollaries 10.1 and 10.2. It is a different statement from the Main Theorem. As a count
it is not new: it follows from Kostant’s theorem [Kos] in characteristic 0 and from [BRR,
Proposition 2.12] in odd characteristic, through the dictionary of Remark 10.4. What this
paper adds is that dictionary and the elementary proof of Appendix A, with its ideals Kµ

and the equality dimF [L]/Kµ(L) = Nµ(n) for every µ (Corollary A.17).

• PROVED: Proposition 10.5 and Corollary 10.6(i) (Theorem B in 2k+2 variables); Corol-
lary 10.8 (at every odd box and in characteristic ̸= 2, the intersection of the matching
ideals and the ideal of the odd elementary symmetric polynomials coincide; it uses Theo-
rem O and Theorem A, and not [BRR]). PROVED, modulo [BRR, Proposition 2.12]:
Corollary 10.6(ii) (the same at the even box q − 1), and the analogue of Theorem A for
even q and even n (Remark 10.4(6)).

• CITED, NOT PROVED HERE: the author’s Watermark and Double Ladder theorems
(the case k = 1 of problem 3 of §15), proved for every prime m ≥ 5 and verified in Lean 4
in [WDL] (Remark 12.2).

• MEASURED, NOT CLAIMED: the leading-monomial description of Remark 5.10(4)
outside q = 3; the Specht-module route of Remark 4.2(3); equality dim VΛ = |ZΛ| in
Theorem 7.6 for down-sets other than the roots, and in Theorem 8.11 for interlaced pairs
other than the two roots; the inequality of Theorem 7.6 in fields where a binomial coefficient
C(q − 1, t) vanishes; the Hilbert series of the ring of Theorem A as a sum of Lusztig’s t-
analogues (Remark 10.4(5)); the analogue of Theorem A for even q and odd n (Remark
10.4(6)).

• COMPUTED EXACTLY (finite enumerations, §14): the counts of Hodge charac-
ters of Remark 12.3; the cells of §14.9.

• FALSE: the analogue of the Main Theorem for arbitrary subfamilies K ⊆ J (Fact 11.2);
the identification «Conjecture 1.2 at the degree q ⇐⇒ Ak(q) = Pk(q)»; the equality
Hdg(X) = L(X) for m neither prime nor 4 with a prime factor at most 2k + 1 (Corollary
H(ii)).

• OPEN: the problems of §15.

• READ COLD, for the even degrees: the documents of the proof, twice, by the auditing
instance and by a separate cold reader, with separate code; the printed text of version 11,
by a further cold reader, «holds» (§14.6). The passages that are new in the writing of this
version (§14.6) — among them the proof of §8.5, the upper bound of Corollary 8.13 and
the proof of Lemma 9.10 — are checked by the Lean kernel and were read cold before the
version was made public: «holds».

• NOT YET REFEREED by a human expert.

Acknowledgements and use of AI

The mathematics of this paper was developed with extensive use of Claude, an AI system made
by Anthropic, working under the author’s direction in separate roles: instances that proposed
and wrote proofs, instances that re-derived them cold and ran their own checks, and instances
that read the finished text as referees. The previous versions were also read by AI systems of two

79



other providers (ChatGPT, OpenAI; Gemini, Google). The degrees that are not prime powers
(§6–§7) were constructed by one instance and audited cold by another. The even degrees and
the odd box (§8–§9) were constructed by one instance in a single session, from a mission written
by an auditing instance that had first measured the leading-form inequality of §9.2 in seven
cells; they were then audited cold by that auditing instance, step by step and with its own code,
and read cold by a third instance, which had no access to the work of the other two (§14.6).
The printed text of version 11 was read cold by a further instance (§14.6). The Lean 4 proofs
of Main Theorem’ and of Theorem O (§14.8) were written by Aristotle, an AI system made by
Harmonic, from pieces written from this paper, and were compiled and audited on the author’s
machine. The author directed the project and takes responsibility for the content.

The work took more than two and a half months. It went through several hundred written
working sessions, recorded more than three hundred unsuccessful routes together with the rea-
son each one failed, and produced more than two hundred standalone write-ups of intermediate
results. The full record — the engines and their logs, the audits and the cold readings, the dead
routes, and the history of the project — is public at github.com/tretoef-estrella/chaise-
longue-theorem [Rep]. Every result of the author on which this paper relies or which it cites
— the earlier block decomposition quoted in §6, the Watermark and Double Ladder theorems
quoted in §12, and the computer verdicts quoted in §1.3 and §14 — is deposited in that reposi-
tory, together with every engine and log behind §14 and the Lean project of §14.8. The sequel
note [WED], cited in Remark 12.2 and §15, is deposited at Zenodo and in the repository of the
Watermark theorem, and a copy is in [Rep].

Appendix A. Proof of Theorem A

This appendix is independent of §2–§5. Its symbols are local: here L is a finite set of variables,
A and B are subsets of L, C is a set of field elements (Lemma A.4), J is an ideal (Proposition
A.5), Ra(G) are the «rows» of Lemma A.6, Kµ(L) are ideals, and Θ is a generating function (it
has nothing to do with ΓK of [DS]).

A.0 Conventions

• F is a field with 2 ∈ F×, q ≥ 1 is odd, and h = (q − 1)/2.

• For X ⊆ L, EX(t) := ∏
x∈X(1 + xt) and ej(X) := [tj ]EX(t), so e0 = 1 and ej = 0 for j < 0

or j > |X|. Iq(L) := (ej(L) : j odd) + boxL with boxL := (xq : x ∈ L).

• [tD] of a power series is 0 when D < 0.

• Id(2y) := ∑
b≥0 y

2b+d/(b!(b+ d)!) for d ≥ 0, and Nq(n) := n! · [yn]eyI0(2y)h.

• A partition is a finite multiset of positive integers µ1 ≥ · · · ≥ µℓ, with ℓ = ℓ(µ) and
|µ| = Σµi. For w ≥ 0, βw(µ) := ∑

i max(µi − w, 0) (the number of boxes of the Young
diagram to the right of column w), and cw(µ) := βw(µ) −βw+1(µ) = #{i : µi ≥ w+ 1}. So
β0(µ) = |µ|, c0(µ) = ℓ(µ), and cw(µ) ≤ ℓ(µ) for all w.

Strategy. Adjoin one variable z to L. Every ideal G of F [L∪z] containing zq has q rows R0(G) ⊆
· · · ⊆ Rq−1(G), and dimF [L ∪ z]/G = ∑

a dimF [L]/Ra(G) (Lemma A.6). The count satisfies
the matching recursion Nµ(n+ 1) = ∑

aNchilda(µ)(n) (Lemma A.3), which is the derivative of a
product of Bessel functions. So it suffices to attach to each µ an ideal Kµ(L) with K∅(L) = Iq(L)
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such that every row of Kµ(L∪ z) contains the ideal of the corresponding child (Theorem A.12).
The ideals come from one generating function Θ, and adjoining z to one of three sets shifts an
index of Θ in a controlled way (Lemma A.8). This is the same peeling idea as §5.1, with the
box q in place of q − 1.

A.1 The count and the dictionary

For a partition µ with ℓ(µ) ≤ h, put Fµ(y) := ey ·
∏ℓ

i=1 Iµi(2y) · I0(2y)h−ℓ and Nµ(n) :=
n! · [yn]Fµ(y), so that Nq(n) = N∅(n).
Lemma A.1. For d ≥ 1, (d/dy)Id(2y) = Id−1(2y) + Id+1(2y), and (d/dy)I0(2y) = 2I1(2y).
Proof. Termwise, with (2b+ d) = b+ (b+ d):∑

b

(2b+ d)y2b+d−1/(b!(b+ d)!) =
∑
b≥1

y2b+d−1/((b− 1)!(b+ d)!) +
∑

b

y2b+d−1/(b!(b+ d− 1)!).

The first sum is Id+1(2y) (substitute b 7→ b+ 1). The second is Id−1(2y) if d ≥ 1, and for d = 0
it is again I1(2y). ■

Definition A.2 (the dictionary). Let ℓ = ℓ(µ) ≤ h. For a ∈ {0, . . . , q − 1}, childa(µ) is the
partition:

• lower, 0 ≤ a ≤ ℓ − 1: µ with one copy of µa+1 replaced by µa+1 − 1; parts are lowered
largest first, and a part 0 is deleted;

• value-0, a = ℓ: µ;

• new-class, ℓ+ 1 ≤ a ≤ q − ℓ− 1: µ ∪ (1);

• raise, a = q− j with 1 ≤ j ≤ ℓ: µ with one copy of µj replaced by µj + 1; row q− 1 raises
the largest part.

New-class rows exist iff ℓ + 1 ≤ q − ℓ − 1, i.e. iff ℓ + 1 ≤ h. Hence every child has at most h
parts.
Lemma A.3. Nµ(0) = [µ = ∅], and Nµ(n+ 1) = ∑q−1

a=0Nchilda(µ)(n) for every n ≥ 0.

Proof. The first claim holds because Fµ(0) = [µ = ∅]. For the second, Nµ(n + 1) = n! · [yn]F ′
µ.

By the product rule and Lemma A.1, F ′
µ is a sum of:

• Fµ, from ey;

• for each i, F of µ with µi replaced by µi − 1, plus F of µ with µi replaced by µi + 1 (a part
0 is a factor I0);

• 2(h− ℓ) copies of Fµ∪(1), from Ih−ℓ
0 .

These are exactly the ℓ+ 1 + 2(h− ℓ) + ℓ = q children of Definition A.2. ■

Lemma A.4. Let C be a set of q elements of a field of characteristic ̸= 2 with 0 ∈ C = −C.
Then Nq(n) is the number of c ∈ Cn such that #{i : ci = v} = #{i : ci = −v} for every
v ∈ C \ {0}.

Proof. C \ {0} splits into h pairs {v,−v} with v ̸= −v. By the exponential formula:

• the zero coordinates contribute the factor ey;

• each pair with b coordinates equal to v and b equal to −v contributes ∑
b y

2b/(b!·b!) = I0(2y).
■
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A.2 The lower bound

Proposition A.5. dimF F [L]/Iq(L) ≥ Nq(|L|).

Proof.

Reduction to a large field. Let F ′ be an infinite extension of F . The dimension is unchanged by
extension of scalars, because F ′[L]/Iq(L)F ′[L] = (F [L]/Iq(L)) ⊗F F ′. Choose c1, . . . , ch ∈ F ′×

with ci ̸= ±cj for i ̸= j, and put C := {0,±c1, . . . ,±ch}. These are q distinct elements, since
c ̸= −c for c ̸= 0.

A radical ideal with the right count. Let f(x) := ∏
c∈C(x− c) and J := (ej(L) : j odd) + (f(x) :

x ∈ L).

• By the Chinese remainder theorem, F ′[L]/(f(x) : x ∈ L) ∼= F ′CL

, a product of copies of
F ′.

• Every quotient of a finite product of fields by an ideal is the product over a subset of the
factors. Hence F ′[L]/J ∼= F ′Z , where Z is the set of c ∈ CL at which every odd ej vanishes.

• For such c, all odd ej(c) vanish iff ∏
x(1 + cxt) is an even polynomial, i.e. ∏

x(1 + cxt) =∏
x(1 − cxt).

• By unique factorisation in F ′[t], this holds iff the multiset {cx ̸= 0} is closed under negation.

• So dimF ′[L]/J = |Z| = Nq(n) by Lemma A.4.

Degeneration. Let in(J) be the span of the top-degree forms of the elements of J .

• (ej : j odd) ⊆ in(J), since the ej are homogeneous.

• xq ∈ in(J), since xq is the top form of f(x).

Hence Iq(L) ⊆ in(J). For a degree-compatible monomial order, LM(g) = LM(top(g)). Moreover,
for fixed d the non-zero top forms of degree-d elements of J form, with 0, a vector space.
So LM(J) = LM(in(J)), and by Macaulay’s basis theorem dimF ′[L]/ in(J) = dimF ′[L]/J .
Therefore

dimF ′[L]/Iq(L) ≥ dimF ′[L]/ in(J) = Nq(n). ■

A.3 Rows

Lemma A.6. Let z /∈ L, and let G ⊆ F [L ∪ z] be an ideal with zq ∈ G. For 0 ≤ a ≤ q − 1 put

Ra(G) := {f ∈ F [L] : zaf ∈ G+ za+1F [L ∪ z]}.

Then:

• each Ra(G) is an ideal of F [L];

• Ra(G) ⊆ Ra+1(G);

• dimF F [L ∪ z]/G = ∑q−1
a=0 dimF F [L]/Ra(G), in N ∪ {∞}.

Proof.

• Ideal: Ra(G) is an additive group, and for g ∈ F [L] we have zagf = g · zaf .
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• Monotone: multiplying zaf ∈ G+ (za+1) by z gives za+1f ∈ G+ (za+2).

• Dimension: put Ga := G + zaF [L ∪ z]. Then G0 = F [L ∪ z] and Gq = G. The map
F [L] → Ga/Ga+1, f 7→ zaf , is surjective because zaF [L∪ z] = zaF [L] + za+1F [L∪ z], and
its kernel is Ra(G). Summing over a gives the formula. ■

A.4 The generating function

Fix disjoint A,B ⊆ L. Put:

• P := L \ (A ∪B);

• r := |A|;

• w := |B| − |A|, the imbalance.

For a ∈ A let φa(t) := (1 − at)/(1 + at) = 1 + ∑
i≥1 2(−1)iaiti.

Definition A.7. For s ∈ Z, let DL(A,B; s) := r(q − 1) + |P | + 1 − s and

Θs
L(A;B) := [tDL(A,B;s)]EP (−t) ·

∏
a∈A

φa(t) ∈ F [L].

We call s the level.
Remark. With HA;B(t) := ∏

a∈A(1 + at)−1 ∏
b∈B(1 − bt)−1 one has EL(−t)HA;B(t) =

EP (−t) ∏
a∈A φa(t): the factors of B cancel. So B enters Θ only through P , that is, through

the degree D.
Lemma A.8 (the three moves, and vanishing). Let z /∈ L and L+ := L∪ {z}. For disjoint
A,B ⊆ L and s ∈ Z:

(P) Θs
L+(A;B) = Θs−1

L (A;B) − z · Θs
L(A;B);

(B) Θs
L+(A;B ∪ {z}) = Θs

L(A;B);

(A) Θs
L+(A ∪ {z};B) = Θs−q+1

L (A;B) + ∑
i≥1 2(−1)izi · Θs−q+1+i

L (A;B), a finite sum;

(V) if s ≤ 0, then Θs
L(A;B) ∈ boxA, and Θs

L(A;B) = 0 if A = ∅.

Proof.

(P) In L+, z lies in the set P+ = P∪{z}, and EP +(−t) = EP (−t)(1−zt). Since DL+(A,B; s) =
DL(A,B; s− 1) and DL+(A,B; s) − 1 = DL(A,B; s), the identity follows.

(B) Neither P nor D changes.

(A) One more factor φz(t), and DL+(A ∪ z,B; s) = DL(A,B; s) + (q − 1). The coefficient of
ziti in φz is 1 for i = 0 and 2(−1)i for i ≥ 1. Finally, level u of (A;B) in L has degree
DL(A,B; s) + (q − 1) − i exactly when u = s− q + 1 + i.

(V) Θs
L(A;B) = ∑

p(−1)pep(P ) · [tD−p] ∏
A φa. The coefficient of tm in ∏

A φa is homogeneous
of degree m in the r letters of A. For s ≤ 0 every p ≤ |P | gives D − p ≥ r(q − 1) + 1. So
every monomial has some exponent ≥ q when r ≥ 1, and [tD−p]1 = 0 when r = 0. ■

Lemma A.9 (descent). For a ≥ 0:

za · Θs
L(A;B) = Θs−a

L+ (A;B ∪ {z}) −
a∑

i=1
zi−1 · Θs−a+i

L+ (A;B).
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Proof. The case a = 0 is (B). By (P) and (B), z · Θs
L(A;B) = Θs−1

L+ (A;B ∪ z) − Θs
L+(A;B), and

applying (B) again to the first term gives zΘs
L = Θs−1

L (A;B) − Θs
L+(A;B). Hence

zaΘs
L = za−1Θs−1

L (A;B) − za−1Θs
L+(A;B),

and the formula follows by induction on a. ■

Lemma A.10 (the odd identity). Let |A| = |B| = r, let c ∈ Z, M := DL(A,B; c), and
hm := [tm]HA;B(t). For every ℓ ≥ 0,

zℓ+1Θc+1
L (A;B) ≡ Ω − 1

2 · zℓ · ((−1)M Θc
L(B;A) − Θc

L(A;B)) mod zℓ+2F [L+],

where Ω := zℓ ∑
j odd ej(L+)hM−j − zℓ+1 ∑

j odd ej(L+)hM−1−j lies in (ej(L+) : j odd).

Proof. Put αm := [tm]EL(t)HA;B(t) and βm := [tm]EL(−t)HA;B(t). By definition and the
Remark after Definition A.7, βM = Θc

L(A;B) and βM−1 = Θc+1
L (A;B).

Next, EL(t)HA;B(t) = EP (t) ∏
B(1 + bt)/(1 − bt), which at t = −u is EL(−u)HB;A(u). Since

|A| = |B|, the degree M corresponds to the same level c for (B;A), so αM = (−1)M Θc
L(B;A).

Let Xm := [tm]O(t)HA;B(t) with O(t) := ∑
j odd ej(L+)tj = 1

2(EL+(t) − EL+(−t)), so that
Ω = zℓXM − zℓ+1XM−1. From EL+(±t) = EL(±t)(1 ± zt):

Xm = 1
2(αm + zαm−1 − βm + zβm−1).

Hence

Ω = 1
2z

ℓ(αM − βM ) + zℓ+1βM−1 − 1
2z

ℓ+2(αM−2 + βM−2).

Rearranging gives the claim. ■

A.5 The ideals

Definition A.11. For a partition µ with ℓ(µ) ≤ h and a finite set L,

Kµ(L) := Iq(L) + (Θs
L(A;B) : A,B ⊆ L disjoint, w = |B| − |A| ≥ 0, 1 ≤ s ≤ βw(µ)).

Remarks.

1. K∅(L) = Iq(L), since βw(∅) = 0.

2. If µ ̸= ∅ and L = ∅, then Θ1
∅(∅; ∅) = [t0]1 = 1, so Kµ(∅) = F .

3. For A = ∅, the generators are ±e|S|+1−s(S) with S = L \B, allowed for s ≤ βn−|S|(µ). For
S ⊊ L this is Tanisaki’s rule for the partition µ∪ (1n−|µ|) of n [Ta], [GP]; for S = L it adds
the ej(L) with j ≥ n− |µ| + 1.

4. The case s = 1, A ̸= ∅ gives ±2r(∏A a
q−1) ·

∏
P x modulo box.

5. The generators with A ̸= ∅ and higher s are not suggested by Tanisaki’s rule. They were
first found by computation, as the corrections needed for µ = (1, 1), (1, 1, 1) and (2, 2), and
the generating function Θ organises them.
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A.6 The row inclusions

Theorem A.12. Let µ be a partition with ℓ := ℓ(µ) ≤ h, L a finite set, z /∈ L and K+ :=
Kµ(L ∪ z). For every a ∈ {0, . . . , q − 1}:

Ra(K+) ⊇ Kchilda(µ)(L).

Lemma A.13. Let A,B ⊆ L be disjoint with w := |B| − |A| ≥ 0.

• (i) If s ≥ 1 and s+ 1 ≤ βw(µ), then Θs
L(A;B) ∈ R0(K+).

• (ii) If s ∈ Z, s ≤ βw(µ), a ≥ 0 and s− a ≤ βw+1(µ), then za · Θs
L(A;B) ∈ K+. (For s ≤ 0

this holds already by (V).)

• (iii) Iq(L) ⊆ R0(K+).

Proof.

• (i) Θs+1
L+ (A;B) is a generator of K+: its imbalance is w and its level s + 1 ≤ βw(µ). By

(P) it equals Θs
L(A;B) − zΘs+1

L (A;B).

• (ii) Use Lemma A.9.

– The first term has imbalance w + 1 and level s− a ≤ βw+1(µ).

– The terms of the sum have imbalance w and levels in [s− a+ 1, s] ⊆ (−∞, βw(µ)].

– Each term is a generator of K+ if its level is ≥ 1, and lies in box by (V) otherwise.

• (iii) ej(L) = ej(L+) − z · ej−1(L), and xq ∈ K+ for x ∈ L. ■

Proof of Theorem A.12. By Lemma A.6 the rows increase, so it suffices to place every generator
of Kchilda(µ)(L) in the row a assigned by the dictionary (or in an earlier row). Generators from
Iq(L) are handled by (iii). So consider a child generator Θs

L(A;B) with w = |B| − |A| ≥ 0 and
1 ≤ s ≤ βw(child). Recall βw − βw+1 = cw ≤ ℓ.

Lower, 0 ≤ a ≤ ℓ− 1. Here βw(child) = βw(µ) − [µa+1 > w].

• If µa+1 > w, then s+ 1 ≤ βw(µ), and (i) applies.

• If µa+1 ≤ w, then all parts > w are among µ1, . . . , µa (parts are ordered decreasingly), so
cw(µ) ≤ a. Hence s− a ≤ βw(µ) − cw(µ) = βw+1(µ), and (ii) gives zaΘs

L ∈ K+.

Value-0, a = ℓ. Here s ≤ βw(µ) and s− ℓ ≤ βw(µ) − cw(µ) = βw+1(µ), so (ii) applies.

New-class, ℓ+ 1 ≤ a ≤ q − ℓ− 1. Here βw(µ ∪ (1)) = βw(µ) + [w = 0].

• Every generator other than (w, s) = (0, |µ| + 1) is a generator of Kµ(L), hence lies in row
ℓ ⊆ row a by the value-0 case.

• For w = 0 (so |A| = |B|) and s = |µ| + 1, apply Lemma A.10 with c = |µ|:

– Ω ∈ K+;

– by (ii) with a = ℓ, both zℓΘ|µ|
L (A;B) and zℓΘ|µ|

L (B;A) lie in K+. The pairs (A;B)
and (B;A) have imbalance 0; |µ| = β0(µ); and |µ| − ℓ = β0 − c0 = β1(µ).

– Hence zℓ+1Θ|µ|+1
L (A;B) ∈ K+ + (zℓ+2), i.e. the generator lies in Rℓ+1 ⊆ Ra.
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Raise, a = q − j, 1 ≤ j ≤ ℓ. Here βw(child) = βw(µ) + [µj ≥ w], and q − j ≥ q − ℓ ≥ ℓ + 1
because 2ℓ ≤ q − 1.

• Old levels, s ≤ βw(µ): s− (q − j) ≤ βw(µ) − ℓ− 1 < βw+1(µ), so (ii) applies.

• New level at w = 0, s = |µ| + 1: the new-class argument places it in Rℓ+1 ⊆ Rq−j .

• New level at w ≥ 1 (only when µj ≥ w): s = t := βw(µ) + 1. Put s′ := βw−1(µ) and
consider Π := Θs′

L+(A ∪ {z};B).

– Π has imbalance w− 1 ≥ 0 and level s′ ≥ cw−1(µ) ≥ j ≥ 1, so it is a generator of K+.

– By (A), Π = ∑
i≥0 κiz

iΘui
L (A;B), with ui := s′ − q + 1 + i, κ0 = 1 and κi = 2(−1)i

for i ≥ 1, all units.

– Put i∗ := q−cw−1(µ). Then ui∗ = βw(µ)+1 = t, and i∗ ≤ q−j because µ1, . . . , µj ≥ w
gives cw−1(µ) ≥ j.

– For i < i∗: ui ≤ βw(µ), and ui − i = s′ −q+1 = βw+1(µ)+cw(µ)+cw−1(µ)− (q−1) ≤
βw+1(µ), since cw + cw−1 ≤ 2ℓ ≤ q − 1. So ziΘui

L (A;B) ∈ K+ by (ii), or lies in box if
ui ≤ 0. (This includes i = 0, which matters when s′ ≥ q.)

– Therefore κi∗z
i∗Θt

L(A;B) ∈ K+ +(zi∗+1). Since κi∗ is a unit, Θt
L(A;B) ∈ Ri∗ ⊆ Rq−j .

■

Remark A.14 (the order of the lower rows is used). The lower case uses «largest part first».
With the opposite order, the inclusion fails already for µ = (3, 1), q = 9, |L| = 5: 65 generators
of the child (3) lie outside row 0. The count of Lemma A.3 does not see the order; the inclusions
do.

A.7 Proof of Theorem A

Theorem A.15. For every n ≥ 0, every set L of n variables and every partition µ with ℓ(µ) ≤ h:
dimF F [L]/Kµ(L) ≤ Nµ(n).

Proof. Induction on n.

Base, n = 0. F [∅] = F . For µ = ∅, K∅(∅) = 0 and N∅(0) = 1. For µ ̸= ∅, Kµ(∅) = F (Remark
2 after Definition A.11) and Nµ(0) = 0.

Step. Let |L| = n and z /∈ L. Then zq ∈ Kµ(L ∪ z), and:

dimF [L ∪ z]/Kµ(L ∪ z) =
q−1∑
a=0

dimF [L]/Ra(Kµ(L ∪ z)) (Lemma A.6)

≤
∑

a

dimF [L]/Kchilda(µ)(L) (Theorem A.12)

≤
∑

a

Nchilda(µ)(n) (induction; every child has ≤ h parts)

= Nµ(n+ 1) (Lemma A.3). ■

Proof of Theorem A. Take µ = ∅ in Theorem A.15: K∅(L) = Iq(L), so dimF [L]/Iq(L) ≤ Nq(n).
Combine with Proposition A.5. ■
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A.8 Proofs of Corollaries 10.1 and 10.2

Corollary 10.1. Take F = Fp, q = pv, n = 2k + 2. Then Ak(q) = Nq(2k + 2) by Theorem A.
Also Nq(2k + 2) = Pk(q): in the proof of Proposition A.5 with F ′ = F̄p and the set of values
C = Fq ⊂ F ′, the set Z is {x ∈ F 2k+2

q : ej(x) = 0, j odd}. ■

Corollary 10.2. M is spanned by the monomials with exponents < q, so it is finitely generated.
Write M ∼= Zρ ⊕ T with T finite. For a field F , M ⊗ F ∼= F [L]/Iq(L), by right exactness of ⊗.
So:

• ρ = dimQ = Nq(n);

• for an odd prime p, dimFp = ρ+ (number of cyclic p-primary summands of T ) = Nq(n).

Hence T has no odd primary part. ■

Remark A.16. In characteristic 2 the statement fails, and the proof uses 1
2 in exactly one place

(Lemma A.10). The measured dimensions at n = 4 are 21, 65, 133, 225 for q = 3, 5, 7, 9, against
Nq(4) = 19, 61, 127, 217.

A.9 Equality for every partition

Corollary A.17. For every partition µ with ℓ(µ) ≤ h, every finite set L and every z /∈ L:

• dimF F [L]/Kµ(L) = Nµ(|L|);

• Ra(Kµ(L ∪ z)) = Kchilda(µ)(L) for every a ∈ {0, . . . , q − 1}.

Proof. Let P (µ) be the statement «dimF F [L]/Kµ(L) = Nµ(|L|) for every finite set L». P (∅)
is Theorem A. Suppose P (µ), and let |L| = n and z /∈ L. In the chain of the proof of Theorem
A.15,

dimF [L ∪ z]/Kµ(L ∪ z) =
∑

a

dimF [L]/Ra(Kµ(L ∪ z)) ≤
∑

a

dimF [L]/Kchilda(µ)(L) ≤∑
a

Nchilda(µ)(n) = Nµ(n+ 1),

the two ends are equal by P (µ), and all the numbers are finite. The first inequality is a sum of
the inequalities dimF [L]/Ra ≤ dimF [L]/Kchilda(µ)(L) given by the inclusions of Theorem A.12,
and the second is a sum of the inequalities of Theorem A.15; so each of them is an equality.
Hence dimF [L]/Kchilda(µ)(L) = Nchilda(µ)(n) for every a and every L, which is P (childa(µ)),
and Ra(Kµ(L∪z)) = Kchilda(µ)(L), because one ideal contains the other and they have the same
finite codimension. So P (µ) implies P (ν) for every child ν of µ, and the second claim for µ.

It remains to see that every partition ν ̸= ∅ with ℓ(ν) ≤ h is a child of a partition µ with
ℓ(µ) ≤ h and |µ| = |ν| − 1; then P (ν) follows by induction on |ν|. Let µ be ν with its smallest
part lowered by 1 (and deleted if it becomes 0). If the smallest part of ν is 1, then ν = µ∪(1) and
ℓ(µ) + 1 = ℓ(ν) ≤ h, so ν is a new-class child of µ (Definition A.2). Otherwise ℓ(µ) = ℓ(ν) =: ℓ
and ν is µ with µℓ replaced by µℓ + 1: the raise child a = q − ℓ. ■

So the ideals Kµ(L) are graded models of all the weight spaces of V ⊗n, and the q rows of
Kµ(L∪ z) are exactly the ideals of the q neighbouring weights. We proved Theorem A.15 as an
upper bound, which is all that Theorem A needs; that the bound is an equality was pointed out
by the cold reader of this version (§14.6).
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Appendix B. Theorem 0, modulo Pham’s theorem and the inter-
section numbers

This appendix proves Theorem 0 for n = 2k ≥ 2, m ≥ 3 and ∅ ̸= K ⊆ J . It follows [DS, §4]
closely, with every step written out. We use, without proof:

(T1) Classical topology [Mil, §7]. H∗(X) and H∗(Y0) are torsion free, where Y0 := X∩{z0 =
0} is the Fermat hypersurface of dimension n−1 in Pn; the intersection form ⟨, ⟩ onHn(X) is
unimodular; and by the Lefschetz hyperplane theorem Hj(Y0) → Hj(Pn) is an isomorphism
for j < n − 1. We also use three standard facts: the Gysin map Hn(X) → Hn−2(Y0)
sends the class of a cycle meeting Y0 transversally to the class of the intersection; two
complex submanifolds of complementary dimension meeting transversally in one point have
intersection number +1; and the action of G by holomorphic automorphisms preserves the
intersection form and is compatible with Poincaré–Lefschetz duality [DS, §2].

(T2) Pham’s theorem [Ph], [DS, Theorem 2.1]. Let S be the Pham cycle of [DS, §2], an
n-sphere in X \ Y0, and let G act on Hn(X \ Y0). The map R → Hn(X \ Y0), 1 7→ [S], is
surjective.

(T3) The intersection numbers [DS, Theorem 2.2]. Fix η := eπi/m, and put s(η) := 1,
s(η−1) := −1, and s(β) := 0 for the other m-th roots β of −1. Then ⟨LJ,β, S⟩ = sgn(σJ) ·∏k

i=0 s(βi), where σJ is the permutation (0, 1, . . . , n+ 1) 7→ (j0, k0, . . . , jk, kk).

The group G, generated by γi : zi 7→ ζzi (ζ := e2πi/m, i = 1, . . . , n+1), acts on X by holomorphic
automorphisms; we identify R with its group ring through ti 7→ γi. For an R-module M put
M∨ := HomZ(M,Z) with the contragredient action (g · φ)(x) = φ(g−1x).

Step 1 (the Pham image is primitive, of corank 1). Let V := Im(Hn(X \Y0) → Hn(X)).
The cohomology sequence of the pair (X,Y0), with Poincaré–Lefschetz duality, gives an exact
sequence of R-modules Hn(X\Y0) → Hn(X) → Hn−2(Y0) [DS, §2]. The second map is the Gysin
map, which sends the class of a cycle meeting Y0 transversally to the class of the intersection.
By (T1), Hn−2(Y0) ∼= Hn−2(Pn) ∼= Z (note n − 2 < n − 1), so Hn(X)/V embeds in Z: V is
primitive. The map Hn(X) → Z is non-zero: a standard space LJ,β meets Y0 transversally
in the linear (k − 1)-space LJ,β ∩ {z0 = 0} (on LJ,β, zk0 = β0z0, and z0 is a non-zero linear
form). The intersection is transverse: at a point x, with H := {z0 = 0}, TxY0 = TxX ∩ TxH, so
TxLJ,β ∩TxY0 = TxLJ,β ∩TxH, of dimension k− 1. Its class generates Hn−2(Y0), since its image
in Hn−2(Pn) is the class of a linear (k − 1)-space. Hence rank V = rankHn(X) − 1. By (T2),
R → V , 1 7→ [S], is surjective.

Step 2 (duals of surjections). On R put [tν , tν′ ] := δν,ν′ (ν, ν ′ ∈ (Z/m)n+1). This form
is unimodular and G-invariant, so x 7→ [x, ·] is an isomorphism R ∼= R∨ of R-modules. Let
f : R → M be a surjective homomorphism of R-modules. Then f∨ : M∨ → R∨ ∼= R is injective,
its image is the ideal Ker(f)⊥ := {x ∈ R : [x, y] = 0 for all y ∈ Ker f}, and R/Ker(f)⊥ is
torsion free.2 Indeed, an element of the image vanishes on Ker f ; conversely, if x ∈ Ker(f)⊥,
then [x, ·] vanishes on Ker f and factors through R/Ker f ∼= M , so it lies in the image. Finally,
if cx ∈ Ker(f)⊥ with 0 ̸= c ∈ Z, then c[x, y] = 0 for y ∈ Ker f , so x ∈ Ker(f)⊥.

Apply this to the surjection f : R → V of Step 1. We obtain an ideal V ∨ ⊆ R with R/V ∨

torsion free. Explicitly, the composite Hn(X) ∼= Hn(X)∨ → V ∨ ⊆ R, where the first map is
the (G-invariant) intersection form and the second is restriction, sends τ to the element rτ with
[rτ , t

ν ] = ⟨τ, f(tν)⟩, that is
2As stated in [DS, §4.2], this description of the image of f∨ requires the additional hypothesis that M/ Im f

be torsion free (for instance, f surjective); this hypothesis holds in the case where [DS] apply it, the surjection of
Step 1, so the result we use is not affected.
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rτ =
∑

ν∈(Z/m)n+1

⟨τ, γν [S]⟩tν .

Step 3 (the kernel is generated by the class of a linear section, which lies in LK). The
restriction Hn(X)∨ → V ∨ is surjective, because V is a direct summand of Hn(X) (a primitive
subgroup of a free group); so Hn(X) → V ∨ is surjective with kernel V ⊥ (orthogonal for ⟨, ⟩),
which is primitive of rank 1. Let PX := [X ∩ Λ] for a linear subspace Λ ⊂ Pn+1 of dimension
k + 1 meeting X properly; this class does not depend on Λ, since [X ∩ Λ] = hk ∩ [X] whenever
the intersection is proper. Taking Λ ⊂ {z0 = 0} shows PX ⊥ V , since every class of V is carried
by a cycle in X \ Y0. And ⟨PX , [L]⟩ = 1 for a standard space L, since PX is the k-th power of
the hyperplane class cut on X and L is a linear space of dimension k. So PX is primitive and
V ⊥ = Z · PX . Now fix J ∈ K and β with βm = −1, and let ΛJ := {zki

= βzji : i = 1, . . . , k},
of dimension k + 1. On ΛJ one has zm

ji
+ zm

ki
= 0 for i ≥ 1, so X ∩ ΛJ = {zm

0 + zm
k0

= 0} ∩ ΛJ ,
the reduced union of the m standard spaces LJ,(β0,β,...,β), βm

0 = −1. Hence PX ∈ LK(X), and
therefore

Hn(X)/LK(X) ∼= V ∨/L′
K , rankLK(X) = rankL′

K + 1,

where L′
K ⊆ V ∨ ⊆ R is the image of LK(X). Since the maps are R-linear and LK(X) is an

R-submodule, L′
K is an ideal of R.

Step 4 (the image of LJ is generated by ψJ). For ν ∈ (Z/m)n+1 write γν := Πγνi
i and

put ν0 := 0. Since γν multiplies zi by ζνi , one has (γν)−1(LJ,β) = LJ,β′ with β′
i = ζνji

−νkiβi.
For fixed J these translates exhaust all β (choose νji = 0 and adjust νki

), so L{J}(X) is the
R-module generated by [LJ,η], η := (η, . . . , η). By Step 2 and (T3), its image is ψ′

J := ∑
ν aνt

ν

with

aν = ⟨LJ,η, γ
ν [S]⟩ = ⟨(γν)−1LJ,η, S⟩ = sgn(σJ) ·

k∏
i=0

e(νki
− νji),

where e(c) := s(ζ−cη), that is e(0) = 1, e(1) = −1 (because ζ−1η = η−1), and e(c) = 0
otherwise. The indices k0 and ji, ki (i ≥ 1) are 1, . . . , n + 1, each once, so the sum factorises,
and ∑

c e(c)tc = 1 − t and ∑
c,c′ e(c′ − c)tcjtc

′
k = (1 − tk) ∑

c(tjtk)c = (1 − tk)φ(tjtk) give

ψ′
J = sgn(σJ) · (1 − tk0) ·

k∏
i=1

(1 − tki
)φ(tjitki

) = ±ψJ .

Hence L′
K = (ψJ : J ∈ K).

Step 5 (torsion transfer): Theorem 0(a). The exact sequence 0 → V ∨/L′
K → R/L′

K →
R/V ∨ → 0 has a torsion-free cokernel, so every torsion element of R/L′

K lies in V ∨/L′
K , and the

torsion subgroups of V ∨/L′
K and R/L′

K = AK coincide. With Step 3, Tors(Hn(X)/LK(X)) ∼=
Tors(AK).

Step 6: Theorem 0(b)–(d). (b) If charKp = p with p = 0 or p ∤ m, then tm − 1 is separable
over Kp, so R ⊗ Kp

∼= Kµn+1
m

p is the ring of functions on µn+1
m , and AK ⊗ Kp is the ring of

functions on the common zeros of the ψJ , J ∈ K. For b ∈ µm, φ(b) = m ̸= 0 if b = 1 and
φ(b) = 0 otherwise. So ψJ(a) ̸= 0 iff aki

̸= 1 for all i and ajiaki
= 1 for i ≥ 1; since then

aji = a−1
ki

̸= 1, this says exactly a ∈ ΓJ . Hence dim(AK ⊗ Kp) = mn+1 − |ΓK |. (c) By Step 3
and (b) with p = 0, rankLK(X) = rankL′

K + 1 = (mn+1 − rankAK) + 1 = |ΓK | + 1. (d) For
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p ∤ m, (b) with Kp = F̄p gives dimFp(AK ⊗ Fp) = rankAK , so AK has no p-torsion, and by (a)
neither has Hn(X)/LK(X). ■
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