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Abstract

The notion of point density is widely used in geometry, probability, sampling theory,
computational science, and spatial statistics to describe the distribution of discrete point
sets. Although commonly interpreted as the number of points per unit volume, the con-
cept is often used without a unified measure-theoretic formulation, leading to ambiguities
between counting measures, empirical measures, sampling measures, intensity measures,
and density functions. This paper develops a unified measure-theoretic framework centered
on the concept of a point density measure, regarded as the intrinsic mathematical object
describing the spatial distribution of point density over a measurable space. Counting mea-
sures and empirical measures are considered as fundamental constructions associated with
discrete point sets, while point density functions arise only when the corresponding point
density measure is absolutely continuous with respect to a prescribed reference measure,
in which case they are obtained through the Radon–Nikodym theorem. The framework
clarifies the relationships among these measure-theoretic objects and provides a consistent
mathematical language for deterministic point configurations and probabilistic sampling
procedures. As an application, Bertrand’s paradox is reinterpreted within this framework
by viewing the classical sampling procedures as inducing different point density measures
on a common measurable parameter space. The resulting probability measures are obtained
by normalization of the corresponding point density measures, illustrating that the differing
probabilities arise from different choices of underlying measures rather than from an incon-
sistency in probability theory. The proposed framework provides a unified perspective on
point distributions with potential applications in geometric probability, stochastic geometry,
spatial statistics, computational geometry, sampling theory, image analysis, and point cloud
processing.

1 Introduction

The concept of density is fundamental throughout mathematics, physics, engineering, and prob-
ability theory. Mass density, charge density, probability density, and energy density describe the
distribution of physical or mathematical quantities relative to an underlying reference measure.
Within modern measure theory, these quantities are naturally represented by measures, while
density functions arise only when the corresponding measures are absolutely continuous with re-
spect to a chosen reference measure. The Radon–Nikodym theorem provides the mathematical
foundation for this representation by establishing the existence of a density function whenever
absolute continuity holds [11, 10, 3].

Discrete point sets occur naturally in numerous branches of mathematics and its applica-
tions. Examples include point clouds in computational geometry, sampling locations in nu-
merical analysis, particle systems in statistical mechanics, spatial point patterns in stochastic
geometry, sensor networks, astronomical catalogues, and image feature representations. The
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most immediate mathematical object associated with such configurations is the counting mea-
sure, which records the number of points contained in measurable subsets of the ambient space.
While the counting measure completely characterizes the point configuration, it does not di-
rectly describe the spatial distribution of point concentration in a form analogous to continuous
densities.

The phrase “point density” is frequently used informally to denote the number of points per
unit volume or per unit area. However, this interpretation depends upon the choice of reference
measure and often conflates several distinct mathematical objects, including counting measures,
empirical measures, sampling measures, intensity measures, and their associated density func-
tions. A unified measure-theoretic treatment clarifies these distinctions by separating intrinsic
measures from their representations as density functions.

The principal objective of this paper is to formulate a unified framework based on the notion
of a point density measure. The point density measure is treated as the primary mathematical
object describing the spatial distribution of point density over a measurable space. When-
ever the point density measure is absolutely continuous with respect to a prescribed reference
measure, the associated point density function is obtained as its Radon–Nikodym derivative.
This viewpoint is consistent with the general philosophy of measure theory, where measures are
intrinsic objects and density functions are coordinate-dependent representations.

Within this framework, we distinguish four related but mathematically different objects: the
counting measure associated with a discrete point set, the empirical measure obtained from finite
samples, the point density measure describing spatial point distribution, and the point density
function representing the point density measure relative to a chosen reference measure. Making
these distinctions explicit provides a common language for deterministic point configurations
and probabilistic sampling procedures.

An application of the framework is presented through Bertrand’s paradox, one of the clas-
sical problems in geometric probability. The paradox arises from the ambiguity of the phrase
“choose a chord uniformly at random.” Using point density measures, the different classical
constructions are interpreted as different measures defined on a common measurable parameter
space of geometric objects. The associated probability measures are then obtained by normal-
ization of the corresponding point density measures. This interpretation places the classical
constructions within a common measure-theoretic framework and illustrates the role of the
underlying measure in determining probability.

The framework developed in this paper is applicable beyond Bertrand’s paradox. Potential
applications include geometric probability, spatial statistics, stochastic geometry, computational
geometry, sampling theory, image analysis, point cloud processing, and other areas in which the
distribution of discrete points plays a central role.

The paper is organized as follows. Section 2 introduces the motivation and defines point den-
sity measures together with their fundamental measure-theoretic properties. Section 3 discusses
the construction of point density measures from counting and empirical measures. Section 4
establishes the relationship between point density measures and probability measures. Section 5
develops the framework for geometric probability. Section 6 applies the theory to Bertrand’s
paradox. The final sections contain a discussion of the framework and concluding remarks.

2 Literature Survey

The mathematical foundations of measure theory were established through the work of Lebesgue,
Radon, and Nikodym, providing a unified framework for describing continuous and discrete dis-
tributions [15, 19, 17, 11, 10, 3]. The Radon–Nikodym theorem, in particular, forms one of the
central results of modern analysis by characterizing absolutely continuous measures through
measurable density functions relative to a prescribed reference measure.
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Measures associated with discrete point configurations have been studied extensively in prob-
ability theory, stochastic geometry, and spatial statistics. The counting measure provides the
natural mathematical representation of finite or countable point sets, while empirical measures
play a fundamental role in probability theory, statistics, and sampling theory as normalized
approximations of underlying probability distributions [2, 7, 22].

Spatial point processes have been developed extensively in stochastic geometry, where ran-
dom point configurations are described through random counting measures and their associated
intensity measures [5, 6, 4, 14]. Within this framework, the intensity function is interpreted
as the Radon–Nikodym derivative of the intensity measure whenever absolute continuity with
respect to the reference measure holds. These concepts provide the standard mathematical lan-
guage for describing expected point distributions generated by stochastic sampling procedures.

Geometric measure theory has further extended the role of measures in the study of geo-
metric structures, including Hausdorff measures, rectifiable sets, and fractal geometry [9, 16, 8].
These developments emphasize the viewpoint that measures constitute the primary geometric
objects, while densities are coordinate-dependent representations whenever suitable reference
measures exist.

The relationship between geometry and probability has also been studied through geomet-
ric probability, integral geometry, and stochastic geometry [20, 13, 21]. Among the classical
problems in this area, Bertrand’s paradox remains one of the best-known examples illustrat-
ing that the phrase “chosen at random” is mathematically incomplete unless an underlying
probability measure is specified. Numerous authors have analyzed the paradox using different
parameterizations, invariance principles, and probability measures [1, 12, 18].

Although these theories provide powerful mathematical tools for studying continuous mea-
sures, counting measures, empirical measures, and spatial point processes, the terminology
surrounding “point density” is often used informally across different disciplines. In particu-
lar, counting measures, empirical measures, intensity measures, sampling measures, and density
functions are frequently discussed without a unified measure-theoretic interpretation that clearly
distinguishes their respective mathematical roles.

The present paper adopts the viewpoint that the point density measure is the central object
describing the spatial distribution of point density. Counting measures and empirical measures
are interpreted as fundamental constructions associated with discrete point sets, while point
density functions arise only as Radon–Nikodym derivatives whenever absolute continuity with
respect to a reference measure holds. Within this framework, probability measures associated
with geometric sampling are obtained by normalization of point density measures. This perspec-
tive provides a unified measure-theoretic formulation connecting counting measures, empirical
measures, point density measures, and geometric probability, with Bertrand’s paradox serving
as a representative application.

3 Motivation

Measure theory provides a unified mathematical language for describing the distribution of
quantities over a measurable space. Classical examples include mass measures in continuum
mechanics, charge measures in electromagnetism, probability measures in probability theory,
and Hausdorff measures in geometric measure theory. In each case, the measure is regarded as
the primary mathematical object, while any associated density function is viewed as a repre-
sentation of the measure with respect to a chosen reference measure.

Discrete point sets arise naturally throughout mathematics and its applications. Exam-
ples include point clouds in computational geometry, sampling locations in numerical analysis,
particle configurations in statistical mechanics, sensor networks, astronomical catalogues, and
spatial point patterns in stochastic geometry. The most immediate mathematical object as-
sociated with such collections is the counting measure, which records the number of points
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contained in measurable subsets of the underlying space.
Although counting measures provide an exact description of point configurations, they do

not directly quantify the spatial concentration of points. In many applications one wishes to
describe not merely the number of points but their distribution relative to the geometry of the
ambient space. This naturally leads to the notion of a point density measure, which assigns to
each measurable region the amount of point density contained within that region.

The terminology “point density” is often used informally to denote the number of points per
unit volume. However, from the viewpoint of measure theory, the primary object should be the
corresponding measure rather than its coordinate representation. Only when the point density
measure is absolutely continuous with respect to a prescribed reference measure does there
exist a Radon–Nikodym derivative, referred to in this paper as the Point Density Function.
Consequently, the Point Density Measure is the intrinsic mathematical object, whereas the
Point Density Function depends upon the chosen reference measure.

This viewpoint parallels the standard treatment of probability theory. Probability measures
are fundamental, whereas probability density functions exist only under appropriate regularity
assumptions. Likewise, the Point Density Measure provides an intrinsic description of the
spatial distribution of points, while the associated Point Density Function serves as one possible
representation whenever absolute continuity holds.

The objective of this paper is therefore to formulate Point Density Measures within the
framework of modern measure theory, to distinguish them from counting measures and empirical
measures, and to demonstrate how they provide a natural language for geometric probability.
As an illustration of this framework, Bertrand’s paradox is revisited by showing that different
sampling procedures correspond to different Point Density Measures defined on a common
measurable parameter space.

4 Point Density Measures

This section introduces the fundamental mathematical object studied in this paper. For state-
ments involving compact sets, assume that Ω is locally compact and Hausdorff and that B =
B(Ω) is its Borel σ-algebra. Measures called Radon below are Borel, regular, and finite on
compact sets. When the Radon–Nikodym theorem is used, the measures in question are also
assumed σ-finite. A locally finite Radon measure on a σ-compact locally compact Hausdorff
space is σ-finite; otherwise σ-finiteness is stated separately.

4.1 Point Density Measures

The principal object of this paper is the Point Density Measure.

Definition 4.1 (Point Density Measure). Let Ω be a locally compact Hausdorff space and let
B = B(Ω). A Point Density Measure is a positive Radon measure

Λ : B → [0,∞]

that assigns to every Borel set A ∈ B the amount of point density contained in A.
That is,

A 7−→ Λ(A)

is countably additive and satisfies

Λ(K) < ∞

for every compact subset K ⊂ Ω.
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The Point Density Measure is regarded as the intrinsic mathematical object describing
the spatial distribution of points. Unlike density functions, it is defined independently of any
reference measure.

4.2 Basic Properties

As a positive locally finite measure, every Point Density Measure satisfies the following proper-
ties.

Proposition 4.2. Let Λ be a Point Density Measure.
Then

1. Λ(∅) = 0.

2. If

A ⊆ B,

then

Λ(A) ≤ Λ(B).

3. For every countable collection of pairwise disjoint measurable sets,

{An}∞n=1,

one has

Λ

( ∞⋃
n=1

An

)
=

∞∑
n=1

Λ(An).

4. If

K ⊂ Ω

is compact,

then

Λ(K) < ∞.

Proof. These are the defining properties of a locally finite positive measure.

4.3 Examples

The following examples illustrate Point Density Measures.

Example 1. Counting Measure. For a finite or countable set X ⊂ Ω, its counting measure
ν(A) = #(A ∩X) is a Borel measure. It is a Point Density Measure in the above Radon sense
only if X is locally finite, meaning that every compact subset of Ω meets X in finitely many
points. Countability alone does not suffice: in R with its usual topology, X = {1/n : n ≥ 1}
is countable but has infinitely many points in the compact set [0, 1], so its counting measure is
not locally finite. (A finite set is always locally finite.)
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Example 2. Empirical Measure. For a finite sample

XN = {x1, . . . , xN},

the empirical measure

µ̂N =
1

N

N∑
i=1

δxi

is a normalized Point Density Measure.

Example 3. Intensity Measure. For a spatial point process,
the intensity measure

Λ(A) = E[ν(A)]

is a Point Density Measure whenever it is locally finite.

4.4 Point Density Functions

Point Density Measures are primary mathematical objects.
Density functions arise only relative to a chosen reference measure.

Definition 4.3 (Point Density Function). Let

Λ

be a Point Density Measure.
Suppose

Λ ≪ µ.

Then the Radon–Nikodym theorem guarantees the existence of a measurable function

ρ =
dΛ

dµ

satisfying

Λ(A) =

∫
A
ρ(x) dµ(x)

for every measurable set

A.

The function

ρ

is called the Point Density Function associated with Λ.

Consequently,
the Point Density Function is not an intrinsic object; it depends upon the chosen reference

measure.
The Point Density Measure, however, is independent of coordinates and reference measures

and therefore serves as the primary object of study throughout this paper.
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5 Construction of Point Density Measures

In this section we describe how Point Density Measures arise naturally from discrete point sets
through empirical averaging and probabilistic sampling. This construction distinguishes the
intrinsic Point Density Measure from the underlying counting measure associated with a finite
or countable point configuration.

5.1 Counting Measures

Let X = {xi}i∈I ⊂ Ω be a finite or countable point set. Its associated counting measure is

ν(A) = #(A ∩X), A ∈ B.

Equivalently,

ν =
∑
i∈I

δxi .

The counting measure records the exact number of points contained in each measurable
subset.

If X is locally finite, this counting measure is Radon in the present proper separable metric
setting. In particular, for Lebesgue measure on Rd, counting measure on a countable set is
singular and has no Radon–Nikodym density with respect to Lebesgue measure. More generally,
a Radon–Nikodym derivative is asserted only when ν ≪ µ and both measures are σ-finite.

5.2 Empirical Measures

Given

XN = {x1, . . . , xN},

the empirical measure is

µ̂N =
1

N

N∑
i=1

δxi .

The empirical measure is a probability measure describing the relative distribution of the
sample.

5.3 Construction of the Point Density Measure

The empirical measure describes relative frequencies. To define a local averaging construction
without undefined ratios, impose the following hypotheses: (Ω, d) is a proper separable metric
space (closed bounded sets are compact), B is its Borel σ-algebra, and µ is a Radon Borel
measure with full support. Fix r > 0. Properness and local finiteness imply 0 < µ(Br(x)) < ∞
for every x: the ball is relatively compact, and full support gives it positive measure. For the
finite empirical probability measure µ̂N = N−1

∑N
i=1 δxi , the map x 7→ µ̂N (Br(x)) is Borel

measurable because each condition d(x, xi) < r defines an open set. Thus the ratio below is a
well-defined measurable function.

For every Borel set A, define

ρr(x) =
µ̂N (Br(x))

µ(Br(x))
, Πr(A) =

∫
A
ρr(x) dµ(x).

This defines a measure absolutely continuous with respect to µ. It is locally finite: if K is
compact, finitely many balls Br/2(zj) cover K. For each x ∈ K, some j has d(x, zj) < r/2,
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so Br/2(zj) ⊂ Br(x). Therefore µ(Br(x)) is bounded below on K by the positive number
minj µ(Br/2(zj)). Since the empirical measure is at most one, ρr is bounded on K; also µ(K) <
∞. Hence Πr(K) < ∞. The measure Πr = ρrµ is Radon, and its Radon–Nikodym derivative
with respect to µ is ρr. These hypotheses ensure both local finiteness and the positive finite
ball measures required by the construction. Without full support a ball may have zero measure;
without properness (or a direct finite-ball assumption) it may have infinite measure, and the
ratio need not be defined.

6 Fundamental Properties of Point Density Measures

This section establishes the basic structural properties satisfied by Point Density Measures.
These properties follow from the axioms of measure theory and justify treating Point Density
Measures as intrinsic geometric objects.

6.1 Positivity

Proposition 6.1. Let Λ be a Point Density Measure.
Then

Λ(A) ≥ 0

for every measurable set

A ∈ B.

Proof. Since Λ is a positive measure, non-negativity follows directly from the definition of a
measure.

6.2 Monotonicity

Proposition 6.2. If

A ⊆ B,

then

Λ(A) ≤ Λ(B).

Proof. Observe that

B = A ∪ (B \A),

where the two sets are disjoint.
Hence,

Λ(B) = Λ(A) + Λ(B \A) ≥ Λ(A).
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6.3 Finite Additivity

Proposition 6.3. If

A ∩B = ∅,

then

Λ(A ∪B) = Λ(A) + Λ(B).

Proof. This follows immediately from the finite additivity of measures.

6.4 Countable Additivity

Theorem 6.4. Let

{An}∞n=1

be pairwise disjoint measurable sets.
Then

Λ

( ∞⋃
n=1

An

)
=

∞∑
n=1

Λ(An).

Proof. This is precisely the countable additivity axiom satisfied by every locally finite measure.

6.5 Continuity from Below

Theorem 6.5. Suppose

A1 ⊆ A2 ⊆ · · · .
Then

Λ

( ∞⋃
n=1

An

)
= lim

n→∞
Λ(An).

Proof. The result follows from the continuity of positive measures.

6.6 Continuity from Above

Theorem 6.6. Suppose

A1 ⊇ A2 ⊇ · · ·
and

Λ(A1) < ∞.

Then

Λ

( ∞⋂
n=1

An

)
= lim

n→∞
Λ(An).

Proof. This is the standard continuity-from-above theorem for finite positive measures.
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6.7 Absolute Continuity

The Point Density Measure is an intrinsic measure and therefore exists independently of any
reference measure.

Only under the additional assumption

Λ ≪ µ

does the Radon–Nikodym theorem guarantee the existence of a Point Density Function

ρ =
dΛ

dµ
.

Consequently,

Λ(A) =

∫
A
ρ dµ.

The Point Density Function is therefore a representation of the Point Density Measure
relative to the chosen reference measure.

6.8 Summary

The preceding results demonstrate that Point Density Measures possess all the structural prop-
erties of locally finite positive measures. Their representation by Point Density Functions is
not intrinsic but depends on the existence of absolute continuity with respect to a prescribed
reference measure. This distinction is fundamental throughout the remainder of the paper and
underlies the applications developed in the subsequent sections.

7 Point Density Measures and Geometric Probability

The principal objective of this section is to demonstrate how Point Density Measures naturally
generate probability measures on geometric parameter spaces. This establishes the connection
between the abstract measure-theoretic framework developed in the preceding sections and
applications in geometric probability.

7.1 Geometric Parameter Spaces

Let

(Ω,B)

be a measurable space whose elements represent geometric objects.
Typical examples include

• points,

• line segments,

• curves,

• chords of a circle,

• polygons,

• surfaces,

• higher-dimensional geometric objects.
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Suppose

Λ

is a Point Density Measure on

(Ω,B).
The quantity

Λ(A)

represents the amount of point density assigned to the measurable family of geometric objects

A ⊆ Ω.

7.2 Normalization

If

0 < Λ(Ω) < ∞,

then

P (A) =
Λ(A)

Λ(Ω)

defines a probability measure on

(Ω,B).

Proposition 7.1. The normalized Point Density Measure

P (A) =
Λ(A)

Λ(Ω)

is a probability measure.

Proof. Since

Λ

is nonnegative,

P (A) ≥ 0.

Furthermore,

P (Ω) =
Λ(Ω)

Λ(Ω)
= 1.

Finally,
countable additivity follows directly from the countable additivity of

Λ.

Hence

P

is a probability measure.
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7.3 Point Density Functions

Suppose

Λ ≪ µ,

where

µ

is a reference measure.
Then

ρ =
dΛ

dµ

exists.
Consequently,

P (A) =

∫
A
ρ(x) dµ(x)∫

Ω
ρ(x) dµ(x)

.

Thus,
probability is obtained by normalizing the Point Density Measure.

7.4 Interpretation

The preceding construction shows that Point Density Measures occupy an intermediate position
between geometric objects and probability theory.

The geometric object determines the measurable parameter space,
the Point Density Measure describes the spatial distribution assigned to that space,
and normalization produces the corresponding probability measure.
Consequently,
different Point Density Measures defined on the same parameter space produce different

probability measures.
This observation forms the mathematical foundation of the application to Bertrand’s para-

dox presented in the next section.

8 Application to Bertrand’s Paradox

Bertrand’s paradox is one of the classical examples in geometric probability illustrating that
the phrase “choose a geometric object uniformly at random” is mathematically incomplete
unless the underlying probability measure is specified. The Point Density Measure framework
developed in the preceding sections provides a unified measure-theoretic setting in which the
classical constructions may be interpreted.

8.1 The Parameter Space of Chords

Let

Ω = {all chords of a circle}

denote the set of all unoriented chords of a circle of radius R.
The collection of measurable subsets of
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Ω

forms a measurable space

(Ω,B).

A Point Density Measure

Λ

assigns to every measurable family of chords a nonnegative quantity

Λ(A), A ∈ B.

Whenever

0 < Λ(Ω) < ∞,

the normalized measure

P (A) =
Λ(A)

Λ(Ω)

defines a probability measure on the parameter space.

8.2 Different Sampling Procedures

The three classical constructions considered by Bertrand correspond to three different sampling
procedures.

Each sampling procedure induces a Point Density Measure

Λi, i = 1, 2, 3,

defined on the same measurable space of chords.
Normalization therefore produces three probability measures

Pi(A) =
Λi(A)

Λi(Ω)
, i = 1, 2, 3.

Although the measurable space remains unchanged, the Point Density Measures are differ-
ent, and consequently the induced probability measures are generally distinct.

8.3 Measure-Theoretic Interpretation

Suppose

A ⊆ Ω

denotes the family of chords whose lengths exceed the side length of the inscribed equilateral
triangle.

The probability assigned to this event depends upon the Point Density Measure used to
describe the sampling procedure,

Pi(A) =
Λi(A)

Λi(Ω)
.

Thus the numerical probability is determined jointly by
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1. the measurable parameter space,

2. the Point Density Measure,

3. the induced probability measure.

Consequently,
different sampling procedures naturally produce different probabilities, even though the

underlying geometric object space is identical.

8.4 Discussion

From the perspective of Point Density Measures, the various classical answers to Bertrand’s
problem correspond to different normalized measures defined on the same measurable parameter
space.

The apparent paradox therefore arises not from an inconsistency in probability theory but
from comparing probabilities generated by different Point Density Measures.

The framework developed in this paper emphasizes that a geometric object space alone does
not determine a unique probability distribution. Additional information specifying the Point
Density Measure is required to construct the associated probability measure.

This interpretation places the classical treatments of Bertrand’s paradox within a common
measure-theoretic framework and illustrates how Point Density Measures provide a natural
bridge between geometry and probability.

9 Discussion

The measure-theoretic formulation developed in this paper separates four closely related but
mathematically distinct objects:

1. the counting measure,

2. the empirical measure,

3. the point density measure,

4. the point density function.

Each object serves a different mathematical purpose.
The counting measure records the exact locations of discrete points.
The empirical measure normalizes these counts to produce a probability measure associated

with a finite sample.
The point density measure provides an intrinsic measure-theoretic description of the spatial

distribution of point density.
Whenever absolute continuity with respect to a reference measure holds, the correspond-

ing point density function is obtained as the Radon–Nikodym derivative of the point density
measure.

This hierarchy clarifies terminology that is frequently used interchangeably in applications.
In particular, the point density function should be regarded as a representation of the point
density measure rather than as the primary mathematical object.

The framework also illustrates the relationship between geometry and probability. A ge-
ometric parameter space alone does not determine a probability distribution. A probability
measure is obtained only after specifying an appropriate point density measure and, when fi-
nite, normalizing it. Consequently, different choices of point density measure on the same
geometric parameter space naturally produce different probability measures.

14



Although Bertrand’s paradox serves as the motivating application in this paper, the frame-
work is applicable much more broadly. Possible areas of application include deterministic point
clouds, computational geometry, spatial statistics, stochastic geometry, sampling theory, image
analysis, computer vision, numerical discretization, and particle-based simulations. In each of
these settings, the point density measure provides a common measure-theoretic language for
describing the spatial distribution of points independently of any particular coordinate repre-
sentation.

Finally, the distinction between point density measures and point density functions em-
phasizes an important principle of measure theory: measures are intrinsic geometric objects,
whereas density functions depend upon the choice of reference measure. This viewpoint places
point density within the same conceptual framework as probability measures, Radon measures,
and Hausdorff measures.

10 Conclusion

This paper has presented a unified measure-theoretic framework for point density measures.
Beginning with counting measures and empirical measures, we introduced point density mea-
sures as intrinsic measure-theoretic objects describing the spatial distribution of point density.
When absolute continuity with respect to a reference measure holds, the associated point density
function arises naturally through the Radon–Nikodym theorem.

The framework distinguishes clearly between counting measures, empirical measures, point
density measures, and point density functions, thereby providing a consistent mathematical
language for describing point distributions. This distinction clarifies the role of density functions
as representations of measures rather than intrinsic geometric objects.

As an application, Bertrand’s paradox was interpreted within this common measure-theoretic
framework. The analysis shows that different sampling procedures correspond to different point
density measures on a common measurable parameter space, and consequently induce different
probability measures. Viewed from this perspective, the apparent ambiguity arises from the
choice of measure rather than from any inconsistency in probability theory.

The framework developed here is intended to provide a common foundation for the study
of point distributions in geometry, probability, stochastic processes, computational geometry,
and related fields. Future work may investigate additional analytical properties of point density
measures, their approximation from finite data, and their applications to deterministic and
stochastic models.
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Mathematicae 15 (1930), 131–179.

[18] Stephen Portnoy, Bertrand’s paradox revisited, Statistical Science 30 (2015), no. 2, 251–267.

[19] Johann Radon, Theorie und anwendungen der absolut additiven mengenfunktionen,
Sitzungsberichte der Kaiserlichen Akademie der Wissenschaften Wien 122 (1913), 1295–
1438.
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