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Finite quantum theta functions for skew-symmetrizable seeds

Qiyue Tang

Abstract

For integral compatible skew-symmetrizable seeds, finite quantum theta functions
form a bar-invariant, mutation-compatible basis of an algebra between the cluster and
upper cluster algebras. We prove parity, positivity of highest coefficients, valuative in-
dependence, and unit Newton vertex coefficients, with independence preserved by base
change. We obtain upper theta bases for large cluster complexes, reddening classes, and
Markov matrices and their one-way acyclic extensions. In mutation-acyclic classes, these
are also bases of the cluster algebra. Further results include freezing and specialization
criteria and a Chebyshev theta subalgebra in a mixed-sign extension.

AT use and scholarly credit

The results of this paper were developed through Al-assisted exploration, drawing on our
earlier work and the research materials collected for this project. The arguments underwent
multiple rounds of dialogue and review, and the manuscript was organized using the built-in
mathematical writing skill.

By posting this manuscript on this platform, I do not seek to assert ownership of the
results or claim priority. 1 welcome anyone interested in preparing a finished account or
checking the arguments; the eventual scholarly credit should go to those who undertake that
work.

1 Introduction

Broken lines associate formal Laurent series to tropical lattice points. To obtain a basis
of the upper cluster algebra, one must establish Laurent finiteness and finite theta expan-
sions of regular functions. Quantum coefficients may contain negative terms, so classical
specialization can shrink their support.

Let v be an indeterminate. Gross-Hacking—Keel-Kontsevich [5] construct classical theta
functions. Mandel’s refined scattering framework [7] and the skew-symmetrizable initial
diagrams discussed in [4, Remark 4.4] precede the construction used here. Davison-Mandel
prove coefficientwise quantum positivity for skew-symmetric cluster data. For general skew-
symmetrizable seeds, we use the ordering of Q(v) determined by the highest term. It permits
coefficients such as v —14v~2, whose Laurent coefficients are not all nonnegative. Nakanishi
[16, Theorem 5.10 and Corollary 5.12] proves nonpositivity for certain nonskew-symmetric
quantum cluster scattering diagrams.

Set R = Z[v*!] and K = Q(v). A seed with n > 1 mutable and f > 0 frozen variables
has exponent lattice M = Z"+f; write Mr = M ®7 R. For m € M, let X™ be its based
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quantum monomial and ©,, its broken-line theta series. The multiplication and broken-line
conventions are given in Section 2. Let Oq, C M consist of the labels whose theta series has
finitely many nonzero monomial coefficients in a seed chart. Bar fixes each X™, sends v to
v~ !, and reverses products. Define

Mg = EB RO,,.

meEOgn

A normalized cluster monomial is a based monomial in any seed with nonnegative mutable
exponents and arbitrary frozen exponents. Here A is the R-algebra generated by all mutable
cluster variables and the frozen variables and their inverses in the common skew field; U/ is
the intersection of all seed quantum tori in that skew field.

Theorem 1.1. For every integral compatible seed with positive diagonal skew-symmetrizer,
the theta series have coefficients in R, are invariant under bar, and are transported by quan-
tum seed mutation. Laurent finiteness is independent of the seed. The module Mg is an
algebra and

AC Mg CU.

Its structure constants have positive highest coefficient whenever nonzero. The set Ogy is
closed under addition and is saturated: km € Ogy for a positive integer k if and only if
m € Ogy.

For a nonzero finite Laurent polynomial f = > ;s f3X b with f, € K, set supp f = {b:
f» # 0} and Newt(f) = conv(supp f), where conv denotes the real convex hull in Mg. For a
real linear functional £ : Mr — R, set valy(f) = minpesupp 1 £(D).

Theorem 1.2. Fiz a seed. If J C Oy is finite and nonempty and ¢, € K \ {0}, then

Newt (Z cm@m> = conv U Newt(O,,).

meJ meJ

Every vertex of the polytope on the right belongs to the support of exactly one participating
theta function. Its coefficient in that theta function is one. For every nonzero commutative
unital ring S and homomorphism R — S, the specialized finite theta functions remain linearly
independent in the specialized based quantum torus. For each finite set of theta functions, the
matriz of their monomial coefficients has a triangular mazimal minor with diagonal entries
one.

Cheung-Magee—Mandel-Muller prove valuative independence and Newton vertex monic-
ity in [3, Theorems 3.8, 3.10 and 3.15]. Their Remark 1.3 extends these results to the
quantum setting covered by Davison—-Mandel positivity. Theorem 1.2 treats finite theta
functions for general compatible skew-symmetrizable seeds and gives coefficientwise base-
change independence on the fixed exponent lattice. Its proof follows the rational broken-line
and reverse-reconstruction approach, using ordered wall-action supports and finite local cer-
tificates.

For an exchange matrix B = (b;;), its directed graph has an arrow ¢ — j when b;; > 0. It
is acyclic when this graph has no directed cycle, and mutation-acyclic when some matrix in
its mutation class is acyclic. To define reddening, start with the auxiliary extended matrix
( }i ) and apply the same matrix mutations. The bottom block is its c-matrix, and its columns
are the c-vectors. A sequence is reddening when all final c-vectors are entrywise nonpositive;
it is green when every selected c-vector is entrywise nonnegative before its mutation. For
index sets I, F', Br denotes the submatrix with rows in /' and columns in I. Freezing F'
means retaining its variables but allowing mutation only in the complementary mutable set

1.



Theorem 1.3. 1. A reddening sequence gives finite support boxes for every theta label
and an R-basis of U. In a mutation-acyclic class this is also a basis of A.

2. The principal enlargement in Section 10 has a central frozen kernel, and quotienting
the enlarged algebras by the ideal generated by the central kernel monomials minus one
gives U and Mg, respectively.

3. Suppose the classical upper algebra has a basis of Laurent-polynomial theta functions
satisfying valuative independence and each basis label has a finite quantum theta func-
tion. Then these quantum theta functions form an R-basis of U, and each nonzero
summand in the expansion of a nonzero f € U has support in Newt(f).

4. These hypotheses hold for the Markov matriz with any compatible integral coefficient
realization. Thus Mo = U in that class, although it admits no reddening sequence.

5. Partition the mutable indices as I U F', with By > 0 entrywise and Brr acyclic.
All-label finiteness and the equality Mo = U each pass from the frozen core to the full
seed. In particular the connected Markov extensions of Section 12.4 have upper theta
bases.

6. If the cluster complex is large in the sense of Section 11.6, all theta labels are finite
and Mg =U.

Berenstein—Zelevinsky [2, Theorem 7.5] prove equality of the quantum cluster and upper
cluster algebras in mutation-acyclic classes, including skew-symmetrizable data. Equality
with the intermediate theta algebra then follows from Theorem 1.1. The reddening appli-
cation uses Qin’s criterion [9, Theorem 6.2.1(1)], and the Markov application uses Zhou’s
classical principal-coefficient basis [11, Theorem 5.1].

Gao [13, Chapter 3] develops skew-symmetrizable quantum theta functions and their
relation to quantum greedy bases. In Section 3.3, the term “finite type” is defined by
requiring the basis multipliers to take values from a pair of positive integers with product at
most three; Theorems 3.17 and 3.19 are stated in this multiplier-based setting.

Qin’s freezing operators identify theta functions on charge-coordinate faces and transfer
upper bases to frozen seeds under the hypotheses of [15, Theorems 5.2, 6.13 and 6.18]. In
the classical quiver-with-potential setting, Fei-Weyman [17, Corollary 2.13 and Theorem
2.14] establish source-sink and optimized-vertex extensions of cluster models under full-rank
and Noetherian hypotheses. Our unfreezing theorem transfers finite quantum theta upper
bases to one-way extensions over R, including the nonskew-symmetric Markov extensions of
Section 12.4.

The formal theta coefficients and finite structure constants satisfy parity formulas in
the original quantum parameter, including unequal symmetrizer entries (Theorem 3.5 and
Corollary 6.4). Integral specialization embeds the quantum upper algebra modulo v — 1 into
its classical counterpart; classical unfreezing gives an isomorphism for the upper-basis classes
above (Theorem 11.2 and Corollary 11.14).

2 Compatible lattices and scattering conventions

Let n > 1 and f > 0 be integers. Put N = Z™ and M = Z”*f, with standard bases
denoted by e; in the indicated lattice. Write m = (muput, mg) € M, where my,,, € Z™ and
me € 75 We write Mg = M ®7 R and Mg = M ®7z Q. A compatible datum consists of
integer matrices

B
p= <C> ZN—>M, A:—AT’ pTA:(D O), D:diag(dh“.’dn)’ dl > 0.



Here Bisnxn, Cis fxn,and Ais (n+f) x (n+ f). If pa = 0, then a”p" A = (a”D,0) = 0,
so a = 0. Thus p is injective. The identity p” Ap = DB makes DB skew-symmetric. The
sublattice pN may be nonsaturated. For an extended matrix p = (p;;), mutation gy at
1 <k <n is defined by

—Dij» t=korj=k,
Pij + [Pik)+ PRl — [kl +[—Drjl+ 1 # K, §#F,

(1k(p))ij = {

where [a]+ = max(a,0); on vectors and matrices this notation applies entrywise.
The based quantum torus is the free R-module

Te= @ RX™, — X7"X™ = pAtmm) xmem’,
meM

Here A(m,m') = mTAm’ and X; = X% for 1 < i < n+ f. For a commutative unital
R-algebra S, put T¢ = S ®pg Tgr, with the same based monomials and the image of v in its
multiplication law. For a seed s, subscripts s indicate its exponent lattice M, real span M, g,
charge map ps, compatible form Ay, and torus 7, r; write ©gy ¢ for its finite theta labels.
For a scalar localization L of R, write Uz, for the intersection of the seed tori 7y in the
common skew field; thus Ur = U. Bar is the Z-linear anti-involution v = v=1, X™m = X™,
For F = Y e X, define [X™]F = ¢, with value zero when m is absent. Products are
first expressed in the based monomials using the displayed multiplication rule.

Let P = N", including zero, and N* = P\{0}. For a € P set ht(a) =}, a;. For a series,
its support is again the set of exponents with nonzero coefficients. Formal series below have
support in a finite union of translates of pP. On a fixed translate b + pP, truncation at
height H retains the terms X*™P? with ht(a) < H. For a finite union, take these truncations
in each translate; their retained exponent sets are finite. Convergence on a fixed support set
means eventual agreement on every such truncation. Products are defined coefficientwise:
injectivity of p makes each coefficient a finite sum, since a fixed nonnegative charge has
finitely many decompositions in P.

Set G = M/pN, and give X" degree [m] € G and every scalar degree zero. Thus
Tr = @,eq Ty, where T, is the span of the monomials of degree 7. A finite union of
translated positive cones meets only finitely many G-classes.

Define, for a,b € N and m € M,

ve(m) = A(pa, m) = Zdiaimi, Q(a,b) = A(pa, pb) = a® DBb.

The map a — v, is injective. In particular, at a general point of a wall, all wall degrees with
the same supporting hyperplane lie on the same ray in .

Extend each v, linearly to Mg, and write v- = {Q € Mg : v,(Q) = 0}. For a primitive
charge a € N, a wall of charge ray R-ga has rational polyhedral support of codimension
one in Mg, contained in v} and a group element in 1+ XP*K[[XP?]]. For a wall element g,
write Ady(F) = gFg~!. A transverse path uses Ad, when v, decreases along the crossing,
and Ad;l when it increases. Both preserve the G-degree, since their exponent shifts lie in
pP. On a monomial X™, the favorable action is Ady, when v,(m) > 0 and Ad;1 when
vg(m) < 0. A wall is central when its support is a cone with vertex at the origin. Such
a wall is incoming when its support contains pa, and outgoing otherwise. For an affine
support, incoming means that translation by tpa preserves the support for every ¢t > 0;
equivalently, pa lies in its recession cone. A path-ordered product is the composition, in
crossing order, of the wall actions along a path transverse to the walls and disjoint from wall
boundaries and intersections of distinct supporting hyperplanes, computed at each height.



A diagram is consistent when this product is the identity around every such loop. Diagrams
are equivalent when their path-ordered products agree. They have finitely many nontrivial
walls at every bounded positive height. Boundaries of walls and intersections of distinct
supporting hyperplanes are called seams. Their codimension-two cells are joints. A joint is
parallel to a charge a if pa belongs to its tangent space, and perpendicular to that charge
otherwise. We use the rational existence and uniqueness theorem for scattering diagrams [4,
Theorem 2.13], or [7, Theorem 2.6], and endpoint transport [7, Theorem 2.14].
For independent indeterminates w, z, define ¥,,(z) € Q(w)[[z]] by

(—1)i+127
j(wl —w)

qu(’z) = exp Z

Jj=1

The initial wall of direction e; is the full hyperplane l/é with label W 4, (XP¢). The cluster
diagram is the consistent completion obtained by adding outgoing walls. An endpoint is
general if it lies outside all walls. It is lattice general if it lies outside every proper rational
linear hyperplane in Mg, as in [4, Section 3.1]. A general wall point lies in the relative
interior of a wall and outside the seams. A broken line ending at a point () is a continuous
piecewise affine path on (—oo, 0] with finitely many genuine bends, whose segment decorated
by ¢X™ has velocity —m. It begins with X™, avoids seams, and at a transverse wall crossing
selects one nonzero monomial from the wall action on its current decoration. Taking the
constant action term is allowed. For lattice-general ), the sum of final monomials over these
paths defines ©,, g; set ©g g = 1. At fixed height these sums are finite. At other general
endpoints, ©,, ¢ denotes the coefficientwise continuation constructed below. The positive
seed chamber is ; > 0 for 1 <7 < n. We omit () when it is fixed, and write ©;, for the
theta function in the positive chart of seed s. Each ©,, ¢ is homogeneous of degree [m] € G,
because every bend adds a charge in pP.

Lemma 2.1. The theta sums at lattice-general endpoints extend uniquely to all general
endpoints by local constancy at each finite charge height. The extension has support in
m + pP, coefficient one at X™, and satisfies endpoint transport.

Proof. First let @) be lattice general. Every seam of the central cluster diagram has rational
linear span V of codimension at least two. If the straight path @Q — tm, ¢ < 0, met that
seam, then @) € V + Rm, a proper rational subspace. This contradicts lattice generality. If
va(m) = 0, the path stays off v~ because v,(Q) # 0; all other wall crossings are transverse.
Selecting the constant action terms gives the straight contribution X”. Any genuine bend
adds a nonzero charge in P, so injectivity of p excludes another contribution to this exponent.
For m = 0, use the constant path.

Now let ) be any general endpoint and fix an integer height H > 0. Only finitely many
closed wall supports are nontrivial through height H. Choose an open ball By centered at
() disjoint from these supports, and a lattice-general point Qi € By. Such points are dense,
since the proper rational hyperplanes form a countable family. Define the coefficients through
height H at @ to be those of ©,, o,,. Endpoint transport for generic endpoints, [7, Theorem
2.14], makes them independent of Qp: a path in Bpy has identity wall product through
height H. The same argument in the intersection of two such balls proves independence of
the ball. Choose the balls nested as H increases. The truncations then agree at every lower
height and define a series supported in m + pP. Each coefficient, including the coefficient
one at X™, is inherited from a lattice-general endpoint.

For a path between general endpoints, fix a height and perturb its endpoints within their
corresponding balls to lattice-general points. The added short paths have identity products
at that height. Generic endpoint transport therefore gives the asserted transport identity



through that height. Passing through all heights proves the identity for the extended series.
The same local constancy determines every coeflicient, proving uniqueness. O

For an integer r > 0, the centered Gaussian polynomials are defined by

r—1 r
H(l +w ) = Z [7&] 2°.

=0 s=0 L%

For integers s, set [| =0 when s <0ors>r. Forr€Zand s >0, define

I:T:Iw’ TZO’

S

(—1)3[7”571]1”, r<0.

s

e |

Since U, (w?z) = (1 + wz)W,(2), the initial wall action is

Ad‘l’vdi (Xpei)(Xm) — Z Con, (5 ,Udi)Xm—‘rspei’ W
s>0

These coefficients belong to R and are bar invariant. The inverse action uses C_,,,.

3 Integral actions and mutation

3.1 Integral ray factorization

Let Gk be the group obtained by exponentiating the completed positive Lie algebra
[Toen+ KXP with commutator bracket [XP? XPb] = (vUab) — =ab)) xPla+h)  acting
by conjugation on the completed torus. The exponential and group products are taken
degreewise in positive height. Let G consist of those elements whose action coefficients on
every X™ lie in R. The identity term is required to be X™; every other term has positive
charge. Composition preserves Gr. Solving the identity g¢g~' = 1 one height at a time
proves that inversion also preserves it.

Lemma 3.1. Choose any total order on the positive rational rays of P. Fvery g € Gk
has a unique degreewise ordered factorization g =[], g, with g, € exp(]_[aem]w KXPoy, If
g € GR, all g, belong to Gr. If g commutes with bar, so do its ray factors.

Proof. Modulo height greater than one, each homogeneous component belongs to a unique
ray. Having determined factors below height h, compare their ordered product with g in
height h. The quotient is central in that truncation and splits uniquely by ray. This de-
termines the next coefficient and proves existence and uniqueness by induction. At a fixed
shift pa of height h, the coefficient of g(X™) is the coefficient of the factor on the ray of a,
plus products of coefficients of smaller heights from the other factors, with powers of v. No
other factor can contribute a single term of shift pa. Subtracting these integral terms gives
the height-h action coefficient of the ray factor in R. Applying bar and uniqueness proves
the last assertion. O

Proposition 3.2. The cluster diagram has a representative with integral, bar-compatible
wall actions. Its theta series have integral bar-invariant coefficients, leading term X™, and
classical specialization equal to the classical theta series.

Proof. Use full ray factors in the usual joint induction. At a joint j where the diagram is
consistent below height h, the full local monodromy is in Gr. Factor it by Lemma 3.1,



and attach the required full ray factors, with the orientation prescribed by the loop, on the
outgoing supports j — R>opa. Only factors whose leading height is h are needed at this stage.

Walls are cylindrical in the frozen subspace. At a codimension-two joint the charges
annihilating its tangent space form a saturated rank-two sublattice. The restriction of € is
either zero, in which case all local actions commute, or nondegenerate, in which case pa is
transverse to the joint for every nonzero incident charge. Brackets have the sum charge and
vanish when € does. These are precisely the properties used in [5, Lemmas C.6-C.7].

A newly introduced wall passing through a new joint away from its boundary contributes
twice with inverse signs in height h. A side boundary of j — R>gpa is tangent to pa and
hence cannot be a perpendicular joint. Thus all perpendicular local products are trivial.
Comparing with the rational consistent diagram leaves central walls of height h. Their
labels glue across perpendicular facets; every remaining facet is parallel to their direction.
Such a polyhedral support contains its direction and is incoming. There is no new incoming
datum, so the residual diagram is empty. Bar is preserved by Lemma 3.1.

At a lattice-general endpoint, each genuine bend consumes positive height. At bounded
height there are finitely many walls, shifts, and bend sequences; a transverse sequence deter-
mines at most one path ending at (). A tangent segment selects only the constant term. Thus
the theta coefficients are finite sums of products of integral bar-invariant action coefficients.
Lemma 2.1 gives the unique zero-charge contribution X™ and extends these coefficient as-
sertions to every general endpoint.

The integral actions specialize at v = 1. On a ray they fix the kernel of its normal and
multiply a normal coordinate by a one-variable unit; hence their specialization lies in the
classical tropical-vertex group. The initial actions specialize to the classical initial actions.
Consistency and rational uniqueness identify the specialized diagram. Degreewise finite
broken-line sums commute with specialization at lattice-general endpoints. Applying the
same finite-height continuation to both diagrams gives the assertion at all general endpoints.

O

3.2 Transverse completion and the slab

Fix k and write z = X?°. The transverse degree of a charge a is } ;4 a;. Invert all
nonzero polynomials in z. Monomials normalize this Ore set by z — v2A(mPer) A choice
of representatives for M /Zpey, identifies the localized torus, as a vector space, with a direct
sum of copies of K (z).

Complete in positive transverse degree, allowing only finitely many integral ex-coordinates
at each fixed transverse degree in wall labels. Let G be the associated group; let G be its
subgroup with all original charge coordinates nonnegative. The group G embeds in both the

original completion and the transverse completion. Denote the slab action by S = Ady iy, (2)°

Lemma 3.3. The cluster diagram admits a representative in the transverse completion with
the pure ey, wall retained as a separate slab. Its other labels belong to é, and there are finitely
many nontrivial walls at bounded transverse degree. This representative is consistent on the
Ore-localized torus.

Proof. Let a; > 0 and let a lie off the e; axis. Formula (1) gives a finite polynomial for
S(XP%) when (Ba) > 0, and for S~1(XP%) when (Ba), < 0. All resulting charges remain
nonnegative. These are the favorable conjugations used at a slab joint.

Induct on transverse degree. At a general slab joint, the two possible oriented local prod-
ucts can be written g2Sg; S~ when (Ba);, > 0, and S~'g2S¢g; when (Ba), < 0. Insert the
ray correction on the opposite half-wall on the unconjugated side. The favorable conjugation
just established puts this correction in G and makes its e; support finite. When (Ba)p, =0
it commutes with the slab. Away from the slab, use the ordinary central joint correction.



At a perpendicular slab joint, all incident non-slab positive charges project to one positive
ray modulo Zey. Writing them as aey + fn with 8 > 0 shows that (Ba) = 5(Bn)x has one
common sign. Hence the chosen favorable conjugation works for the whole local product.
The new support lies on the negative side when (Ba), > 0 and on the positive side when
(Ba)y < 0, precisely the unconjugated side in the displayed loop words. Its intersection with
the slab is only its source joint, so it creates no further transverse slab joint. Away from the
slab the three-case perpendicular-joint argument of Proposition 3.2 applies.

Parallel joints require a separate comparison. Fix transverse height J and use the origi-
nal positive-charge completion, further truncated at original height H. Induct on H against
the rational consistent diagram. A first discrepancy is central at that original height; per-
pendicular products are trivial, so the facet-gluing argument of Proposition 3.2 makes any
residual support incoming, a contradiction. Letting H tend to infinity proves agreement
in this positive-charge completion. The transverse-positive subgroup embeds in it: at each
transverse height its eg support is finite. Thus the non-slab parallel products are trivial there
as well. At parallel slab joints, cancel the commuting slab and its inverse first.

For uniqueness in the transverse group, where negative e, charges are allowed, take
the first transverse height J of a discrepancy and minimize its finite polyhedral support,
separately for each charge a. If (Ba)r > 0, a discrepancy in the positive half-space can be
followed along +pa until its last exit from the finite union of outgoing cones. The exit remains
on that side and its central local loop would force the discrepancy to vanish, a contradiction.
Hence its support is in the negative half-space. For (Ba); < 0 it is in the positive half-space.
When (Ba)r = 0 these statements place it in the slab, impossible for a non-slab normal
with positive transverse charge. At a perpendicular slab joint, the remaining discrepancy
pieces consequently all lie on the unconjugated side of the favorable loop. Consistency then
makes their local discrepancy product trivial. The same last-exit argument now removes all
remaining pieces, proving uniqueness through J.

Taking the transverse limit gives the asserted representative. Products involving the slab
act on K (z); equality of their expansions is equality of these rational coefficients, since the
Laurent expansion of a rational function is injective. Thus consistency also holds on the
stated localized torus. This is the geometric construction of [5, Appendix C.2] with finite
Gaussian conjugations. O

3.3 Mutation and Laurent finiteness

For a matrix B, write By, . for row k and B, for column k. For mutation in direction £,
let £ be the identity on M except for column k, which is —ej, + [—pex|+, and let F' be the
identity on N except for row k, which is —el + [Bj.]+. Then

p' = EpF, A = ETAE, Tis(m) = m + [my] 4 pex.

A linear lattice map L acts on based series by L(Y,, cnX™) = 3, cn X1, fixing the
coefficients; for a piecewise linear map this convention applies to each linear piece. Both
and F are involutions; the quantum mutation pullback is S~'E. The piecewise linear map on
labels and endpoints is ETj. On a half-space containing @ its linear part is denoted ET}, g.
Since F is integral and invertible, EpN = p/ N, so E induces an isomorphism G — M /p'N.
Moreover,

ETy(m) — Em = [my)+ Epex, = [my]+p' Fer € p'N.

Thus tropical label transport carries degree [m] to degree [Em)].

Proposition 3.4. Theta series satisfy
BT, BT(@) = EThQ(Omq).
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For fized transverse charge (a;)izk, only finitely many values of ay occur in O, q. If a theta
function is finite in one positive seed chart, it is finite in every seed chart and belongs to U.

Proof. First take @ lattice general. The two linear pieces of ET} are invertible integral maps,
so ETi(Q) is lattice general as well. The linear shear 7(m) = m + mypej. is symplectic.
Writing S+4pe, = Ad\Pvdk (x*trery, the dilogarithm functional equation gives S_pe, = TSper -
Apply this identity to the slab representative of Lemma 3.3. On the two half-spaces, T
changes wall supports and labels by the corresponding linear maps; the identity identifies
their slab products. The resulting diagram has the mutated incoming walls, and rational
uniqueness identifies it with the mutated cluster diagram.

A broken line is transformed segment by segment. At the slab, a favorable action with
pairing » > 0 has indices 0 < j < r. The transformed bend index is r — j, and [;]U a4 =
[ri]} L4 Straight crossings are included as j = 0 or r. Away from the slab the linear maps
preserve the quantum pairing and the selected action coefficients. This is a bijection, also
after every finite truncation, and proves the displayed identity.

The coefficient identity extends to every general endpoint by Lemma 2.1. On a neigh-
borhood with fixed sign of @)k, the endpoint map is linear. The preimages of finitely many
target charge positions form a finite set, so the identity at any fixed target height follows
from a sufficiently high source truncation.

For slice finiteness, bound the transverse height by J. There are at most J non-slab
bends and at most J + 1 slab crossings. The kth mutable exponent on every segment is
bounded in absolute value by

|mg| + Jmax ({0} U {|bki| : i # k}),

since slab bends do not change that coordinate. Each slab action is a finite Gaussian with that
bound; at the other bends, the transverse construction supplies finite e; support. Finitely
many sequences and choices remain, with an e; bound independent of the endpoint. The
same bound therefore holds for the continued coefficients at general endpoints.

Suppose now that the original positive-chart theta is finite. Move the endpoint to the ad-
jacent seed chamber using the rational slab action. This preserves the finite set of transverse
charge positions, although it can a priori introduce infinitely many e terms. The series after
transport is a theta series, so slice finiteness makes each of these finitely many slices finite.
The mutation identity then gives a finite Laurent polynomial in the adjacent torus. Iterate
along any finite mutation sequence. The intersection of these tori is U. O

3.4 Parity of theta coefficients
Define the quadratic function gp p : N — Z/2Z by

qBﬁp(a) = Zd,a? + Z dibijaiaj (mod 2).

1<j

Its polarization is ¢g p(a + b) — ¢B,p(a) — q,p(b) = Q(a,b) modulo two: the diagonal cross
terms are even, and the remaining terms give a’ DBb since DB is skew-symmetric. We use
(—=1)¢ for the sign determined by e € Z/2Z. The following is the weighted version of the
parity property in [4, Proposition 3.11].

Theorem 3.5. Form € M, a € P and a general endpoint Q, put cim 0.0 (v) = [X™P?]O,, o.
Then
Cm,aQ(—v) = (*1)Va(m)+qB’D(a)Cm,a7Q(U)'



Proof. On the positive charge completion over K, define, for f € K and a € P,

I (F0)XP?) = f(—v)(=1)2:0() xP.

The polarization identity compensates for the sign acquired by v4®? under v — —v. Thus
# is a semilinear algebra involution preserving every charge and height truncation. In the
degree-je; term of the initial wall logarithm, parameter substitution gives the sign (—1)%7,
while gp p(jei) = d; j2 = d;j. Hence each initial wall element is fixed.

Apply # to every wall label, leaving its support unchanged. Path products are trans-
formed by this algebra involution, so the new diagram is consistent and has the same incom-
ing data and outgoing supports. Rational scattering uniqueness makes it equivalent to the
original diagram.

On series supported in m + p/N with the prescribed positive-cone bounds, define

I (f(0)XHPY) = f(—v)(—1) alm)Fampl@) xmiva g c N,

Injectivity of p makes the charge a unique. For charge series g,h and a series F' in this
exponent coset, direct multiplication gives

Im(gFh) = 7(9) fm(F) 7 (h).

For example, left multiplication by XP° has phase v(m) + Q(b, a), and
vp(m) 4+ Q(b, a) + veyp(m) + g p(a +b) = g p(b) + va(m) 4+ g p(a) (mod 2).

Right multiplication has phase —vp(m) + 2(a, b) and gives the same identity. Consequently
Im intertwines each wall action, including its inverse, with the action in the transformed
diagram.

For lattice-general @), since #,,(X™) = X, applying it to the decorations of a broken
line gives the corresponding decorations in the transformed diagram. The geometry and
nonzero term choices are unchanged. At total charge a, genuine bends consume at most
ht(a) steps and use only finitely many walls and shifts in that truncation. A transverse
decorated bend sequence is uniquely reconstructed backwards from @; a tangent crossing
contributes only the constant term. Thus the coefficient sum is finite, as in Proposition 3.2,
and ¢, carries the theta series to the theta series of the transformed diagram. Equivalence
of diagrams identifies the latter with ©,, . Comparing coefficients proves the formula. Each
continued coefficient at a general endpoint is a coefficient at a lattice-general endpoint at a
sufficiently high truncation, so the same parity identity holds there. Integrality follows from
Proposition 3.2. O

Proposition 3.6. For mutation at k, use the matrices E, F of Section 3 and fix a general
endpoint Q. Let o =1 when Qr >0 and 0 =0 when Qp <0, and fir m € M and a,b € N.
Write B’ for the mutable block of p' and V' for the pairing defined by the mutated compatible
datum. Set

m' = ETj(m), a' = Fa+ ([mg]+ — omy — o(Ba)g)ek.

Then, modulo two,

qp'.p(b) = qB,p(FD), Vi (m') + qpr p(a’) = va(m) + qB,p(a),

Hence the coefficient parity is preserved by the term transport of Proposition 3.4.
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Proof. The two quadratic functions in the first equality have polarization FT DBF = DB’.
At ey, both have value di. For i # k, Fe; = e; + [by;|+ek, so

g, p(Fei) = di + di ([bri] % — brilbril+) = di  (mod 2).

Their difference is linear and vanishes on the standard basis, proving the first equality.
Put t = o((Ba)k + my) — [mg]+, the change of the kth coordinate in Fa' = a + tey.
Compatibility and the first equality give

Vo (m') + ap,p(a’) — va(m) — g5,p(a)
= d,(tmg — [mg]+(Ba)g +t* — t(Ba);,) (mod 2).

For each o € {0, 1}, substitution reduces the parenthesis modulo two to [mg]+([mg]+—myg) =
0. Finally, subtract m’ from ET}, o(m+pa) and use p’ = EpF' to obtain the displayed charge
a. O

For a frozen exponent f, v,(f) = 0, so the parity formula is unchanged by m — m + f.
Changing the compatible form with p, D fixed also leaves v,(m) and gp p unchanged.

4 Two-wall factorization and the ordering at infinity

For a nonzero rational function c¢(v) € Q(v), let deg,, ¢ be its numerator degree minus its
denominator degree, and let lco, ¢ be the quotient of the leading coefficients. Set deg,, 0 =
—00. Write ¢ > 0 when lcs, ¢ > 0. Together with zero these elements form the positive
cone of an ordered field. Finite sums of positive elements cannot vanish. Multiplication by
any integral power of v preserves this order.

4.1 Framed Hall series

Let ¢ be a prime power, k = Fy, t = ,/q, and let C be an essentially small hereditary k-
linear length category with finite-dimensional Hom and Ext spaces. Suppose it has a positive
additive integer degree j(E) and finitely many isomorphism classes of bounded degree. Write

x(E, F) = dimy, Hom(E, F) — dimy, Ext!(E, F).

Assume for the moment that y is symmetric. Write [E] for the isomorphism class of an
object E. Let Fﬁ n count the subobjects of E isomorphic to N with quotient M, and use
the Hall product [M] « [N] =Yg ijj} ~IE]. For a formal variable z, define

X(E,E)
HE) = T ™ G = > 1)

The extension-counting identity

XE: |Aut E| | Aut M||Aut N|

shows that I is an algebra homomorphism. Without symmetry the same identity gives the

quantum phase tX(N-M)=x(M.N)_

11



Lemma 4.1. For each simple S, write End S = Fges. Suppose X\ € Z~o and es | Aj(S) for
every simple. There is an exact k-linear functor F to finite-dimensional vector spaces with
dim F\(E) = Aj(E). If Geny(FE) denotes vectors lying in no Fx(U) for a proper subobject
U, then
G(t*2) _ th(E,E)—AﬂE)\GenA(Eﬂzj(E) ©)
G(t=*2) & | Aut E)| ’
and each orbit count on the right is a nonnegative integer.

Proof. The category Ind(C) of filtered colimits of objects of C is a Grothendieck category
and has injective envelopes; see [6, Section 2, following Theorem 2.3]. Let Jg be the injective
envelope of S. Essentiality gives Hom(T, Jg) = 0 for a different simple 7', and Hom(S, Jg) =
End S. Writing [E : S] for the multiplicity of S in a composition series of E, exactness gives

dimy Hom(E, Jg) = eg[E : S].

Thus the direct sum of A\j(S)/eg copies of Hom(—, Jg)*, where * denotes the k-linear dual,
over simple isomorphism classes, is the required functor. At any fixed object only finitely
many summands are nonzero.

Exactness preserves finite intersections of subobjects. Each object has finitely many sub-
objects, by the bounded-degree and finite-Hom assumptions. A vector z € F)(F) therefore
has a unique minimal generating subobject. Consequently

V) = 37 | Geny(U))].
UCE
If g € Aut E fixes a generating vector, that vector belongs to Fy(ker(g — 1)), so g = 1.
The action on generating vectors is free. The corresponding identity in the completed Hall
algebra is

(Z[E]) * (Z!GGHA(E)HE]) => M PE]
(E] (E]
Applying I gives
G(2) Y | Genr(E)|I([E]) = G(t*2).
(E]

Substitute t~*z to obtain (2). O

If a rational wall series has these Hall realizations at unbounded prime powers, every
nonzero coefficient of its favorable action is >, 0: a nonzero rational function has only
finitely many zeros and poles, and its eventual sign on positive real arguments is its lead-
ing sign. Converting X2/ to based monomials supplies v~ giving the centered ratio

G(1v2)/G(v™2).

4.2 Two-wall ray factors

Fix positive integers di,ds,e with d; | e and da | e, and use Q(a,b) = e(a1ba — azby).
Factor
w(a) increasing a
1

oy (X)W, (XOD) = [ GaXY), pula) = (3)

a

Here X°X? = v} X+t and a runs over the primitive nonzero vectors of N2, Thus (0,1)
comes first. Products and factorization are interpreted at each total height. Put

q(a) = dla% + dga% — eajas, 0(a) = ged(dyay, daas),

with the usual convention ged(r,0) = r for r > 0.
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Proposition 4.2. For \ € §(a)Zsq, every nonzero coefficient of Gq(v*2)/Ga(v™22) is pos-
itive at infinity. If Go =1+ 35 gjzj and g; # 0, then

deg,, gj = —j%q(a),  leaogj =1.

If g(a) > 0 and G, # 1, then q(a) = 6(a) and G4 = ¥ 5. If q(a) < 0, every nonzero
coefficient of log G, is positive at infinity.

Proof. Over Fy, take K; = F 4, and the (K3, K1)-bimodule A = Fie/l, where [ = lem(dy, d2).
Representations are maps A ®g, Vi — Va. The vertex-arrow exact sequence for Hom and
Ext gives heredity and Euler form

X(a, B) = dioy f1 + daca B2 — ey Ba.

The difference x (5, ) — x(«a, B) is Q(«, 5). Vertex vector-space Hall series are exactly the
two dilogarithms, because their degree-j coeflicients are

1dig® t—dig®
|GLj(Fya,)l [, (1 — t—2dih)

Every representation has subobject (0, V2) and quotient (V7,0), fixing the order on the left
of (3).

Use slope p, with semistability meaning that every nonzero subobject has slope at most
that of the object. Stability requires strict inequality for every nonzero proper subobject.
The unique Harder—Narasimhan filtration puts the highest slope subobject on the right in our
Hall convention. Its integrated factorization is precisely (3). The category C, of semistable
objects of slope p(a) is abelian and extension closed. It is hereditary: an ambient lift killing
a Yoneda two-extension has middle term an extension of same-slope objects, hence lies in C,.
It is a length category with positive degree j for dimension vector ja, and its Euler form is
symmetric. A stable object S of dimension ja has division endomorphism ring of degree g
over F,. Its action on every nonzero vertex space is faithful, so eg | jd;a; for both vertices,
and hence g | jé(a). Lemma 4.1 proves the action assertion. Rational factorization uses
only additions and multiplications of initial coefficients, so it has no poles at v = /¢ > 1.

The representation space of dimension ja is affine of dimension ej?ajas. Its geometric
semistable locus is open: each destabilizing dimension vector gives a closed incidence image
under a projective Grassmannian projection. To compare geometric and rational semista-
bility, split the species over an algebraic closure and give each split vertex the original slope
and rank weights divided by d;. The geometric Harder—Narasimhan filtration is unique and
Frobenius invariant, hence descends. Thus this open set counts exactly C,.

For a nonzero gj, choose a prime power ¢y at which it is nonzero. Along extensions
q= q{f with A =1 (mod [), the same species and nonempty semistable open set base change
correctly. This open set has qej2“1“2(1 + O(q™')) points, by the elementary polynomial zero
bound. Dividing by the two general linear groups and multiplying by ¢’ *q(a)/2 gives g;(/q) =
¢ *1@)/2(1 4 O(g™')). This proves its asserted rational degree and leading coefficient. The
set of nonzero degrees is additive, since direct sums preserve semistability and two nonzero
rational coefficients are simultaneously nonzero for all sufficiently large prime powers.

If g(a) > 0, then d(a) | g(a). For a stable constituent of dimension ja, heredity gives

j%q(a) = e5 — dimExt!(S, S) < eg < jo(a).

Thus j =1, ¢(a) =5 = d(a), and S is rigid. Two different stable objects of this dimension
would have zero Hom and positive Euler pairing, which is impossible. The category is
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therefore the direct-sum category of this unique simple, giving the dilogarithm. This holds
at all sufficiently large prime powers where the ray is nonzero and consequently as a rational
identity.

If g(a) < 0, all terms of a nontrivial partition j = j; + --- + js in the logarithm have
strictly smaller degree, since Y j? < j2. The leading term of g; survives; when g; = 0,
additivity of its support excludes such partitions altogether.

Finally suppose ¢(a) = 0 and both coordinates are positive. Set b = e/dy, ¢ = e/ds.
Rationality of a zero direction requires bc(bc — 4) to be a square. Writing » > 0 for the
integer square root gives (bc — 2 — r)(bc — 2 + r) = 4, which forces bc = 4. The cases
(b,c) = (2,2),(1,4),(4,1) have primitive zero directions (1,1),(1,2),(2,1). Stable objects
exist: use a nonzero arrow in the first case, a surjection from the larger field to a two-
dimensional space over the smaller field in the second, and the dual injection in the third.
The subobject slope criterion verifies stability directly. Direct sums give every j > 1. All g;
have degree zero and leading coefficient one, so the degree-zero leading series is (1 — z)~!.
Its logarithm has coefficient 1/5 > 0 at 2. O

4.3 Dilogarithm and exponential factors

For a charge u € Nt define dp(u) = ged,(d;u;). We shall use factors of the two forms
Ua(v"XPY), d € Zso, d]|dp(u), r €Z, exp(c(v) XP"), ¢ >4 0.

The charge u need not be primitive. An atomic factorization means a product of these
factors on a fixed ray, finite at every bounded height.

Lemma 4.3. Two such initial factors have a two-wall completion whose ray labels admit
atomic factorizations. Every new dilogarithm parameter divides the pairing of its charge with
every exponent of the original lattice.

Proof. When the pairing vanishes the factors commute. Otherwise order the two directions
so that their pairing is e > 0. For two dilogarithms with parameters d;, d2, Proposition 4.2
applies. Multiplying the two initial variables by v"* and v"? multiplies the coefficient of
degree j(ay,as) by v?(@1#71262) preserving all conclusions.

Write the two original charges as u, w. For each original coordinate ¢, apply to a species
representation the exact vector-space functor consisting of d;u;/d; copies of its first vertex
space and d;w;/dy copies of its second. These are nonnegative integers. The division en-
domorphism ring of the rigid simple acts on every nonzero resulting space. Its degree d(a)
therefore divides d;(aju; + agw;) for each i.

For the remaining cases consider series with all positive-degree coefficients nonzero, lead-
ing degree sj2 + ¢4, positive leading coefficient, and s > 0. Exponentials belong to this class
with s = 0. In the product of two such series the coefficient of (a,b) has leading degree

s1a% + s9b® + eab + 1a + lob.

For increments (a;, b;) on distinct increasing-slope rays, its excess over their reconstructed
product is
2 Z(slaiaj + s2b;bj + ebiaj) > 0.
1<j
Thus height induction in the ray factorization leaves the positive leading coefficient un-
changed. Every mixed ray has quadratic coefficient sja® + sob® + eab > 0, so its logarithm is
positive at infinity by the strict square inequality used above. This treats two exponentials.
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For a dilogarithm of parameter d followed by such a series, move the dilogarithm to the
right by conjugation. Write the second series as > ;> hpX brw - Here e/d € Zsg, and the
coefficient of (a,b) is

eb/d

, b>1, 0<a<eb/d,
a

- l

vd

of leading degree sb? +eab — da? 4 ra+¢b. For distinct increasing-slope increments the excess
degree is
2 Z(aj(ebi —da;) + Sbibj) > 0,
1<j

since a;/b; < a;j/b; < e/d. The finite band is closed under addition, so factorization stays
in it. With an exponential input, the interior rays have positive quadratic coefficient; the
upper boundary is exactly exp(c(v)v"¢/@XP(e/dutw) gince its extreme Gaussian coefficient
is one. The lower boundary is the original exponential. If the dilogarithm is second, move
it to the left using the favorable inverse action. The band is 0 < b < ea/d and the excess is
2Zi<j(bi(eaj — dbj) + saiaj) > 0. O

5 Positivity in arbitrary rank

The monoid lift and perturbation construction of [4, Sections 5.1-5.2 and Lemma 2.11]
reduces higher-valency joints to the two-wall factorizations of Lemma 4.3 by induction on
degree.

Denote the original charge lattice, symmetrizer and skew form by Ny, Dg and 5. An
auxiliary free positive lattice N carries a map p : N — Ny sending every positive generator
to a nonzero positive charge, with form (p*Q)(a,b) = Qo(pa, pb) for a,b € N. Divisibility
for a dilogarithm of working charge u always means d | dp,(pu). Working height is the sum
of coordinates in N. If distinct working charge rays have the same geometric normal, their
group elements commute. We separate their logarithms by working degree before applying
the argument and multiply them only after projection. The local two-dimensional model lies
in the effective normal quotient.

Lemma 5.1. A finite set of positive incoming factors may be replaced by independent positive
generators, preserving the original quantum coefficients, wall actions after projection, and
incoming and outgoing conditions. If their original heights are hj, a lifted charge a has
original height 3_; hja;.

Proof. 1f the old Hamiltonian lattice is L with form w, and the shifts are U; € L, set

E:L@G}Zej, m(z, Y bjej) =+ X bU;, @w=r"w.
J

Here &(z,y) = w(mz, my) for z,y € L. The positive working generators €; act by their inclu-
sions in L. Take inverse images of the initial wall hyperplanes. Since ker 7 is in the radical,
the rational scattering construction can be made cylindrical along it. Projection then pre-
serves codimension one, path products, and recession membership: a support saturated along
ker 7 contains a working direction in its recession cone exactly when its projected support
contains the projected direction. This verifies the saturation and surjectivity hypotheses of
[4, Lemma 2.11].

The rule X* — X™ is a homomorphism because the form is pulled back. Positive
external charges ensure that only finitely many lifted charges can contribute below a fixed old
height. Projection therefore respects completed products. Rational uniqueness identifies the
projected completion with the old one. Coincident rays are multiplied after projection. [
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Theorem 5.2. At every bounded height the cluster diagram has a representative whose
merged ray labels admit atomic factorizations. Every nonzero coefficient of a favorable wall
action and of a theta series is positive at infinity.

Proof. We prove the factorization assertion simultaneously for all auxiliary charge maps
and for central and generically translated initial diagrams. First apply Lemma 5.1 to make
the initial factors independent. At any finite truncation, generic translations of the initial
hyperplanes make each codimension-two joint lie on at most two initial walls. The associated
affine consistent diagram and its central asymptotic diagram have the same initial factors.
This is the coefficient-independent perturbation construction in [4, Section 5.2].

Induct on working height H. Height one is the initial diagram. Suppose the assertion
holds through H — 1 and take a finite subdivided representative through H. At a joint,
positive decompositions of incoming labels have at most two factors of height one: they are
the original independent initial factors. A ray whose leading height is at least two cannot
contain a height-one factor in a positive decomposition, because the first coefficients of all
factors have positive leading sign.

Consider a local completion with these positive incoming factors. Lift them to indepen-
dent generators of weights h;. A lifted charge of old height at most H using any h; > 2 has
lifted height at most H — 1. For each fixed lifted ray using such a generator, every charge on
that ray of old height at most H has working height at most H —1. The induction hypothesis
controls this truncated ray. The remaining coordinate face has at most two generators and
is controlled at all heights by Lemma 4.3. The span of charges using another coordinate is a
Lie ideal, so setting those coordinates to zero gives the group quotient for this face. Pushing
back proves that this local positive completion is positive through H.

Fix now a working charge w of height H. Pure height-H changes to incoming labels
are central modulo greater height. A change on any other direction travels straight and
cannot alter the coefficient of X™. If an outgoing piece on the ray of w is not positively
factorizable through H, its incoming piece on that same direction must also fail: otherwise
keep its positive factorization through H, replace all other incoming labels by their positive
factorizations through H — 1, and use the preceding local argument. The central changes on
other rays do not affect the chosen ray. For zero local pairing the factors commute.

Suppose a wall piece fails to admit a positive factorization through height H. From a
general point of that piece, move in the positive working shift direction of w. This ray avoids
the codimension-two skeleton within the wall and crosses finitely many transverse facets.
The preceding paragraph propagates the failure of factorization across each facet. Every
noninitial outgoing support is a translated closed rational polyhedral cone whose recession
cone does not contain this direction. Its intersection with the ray is bounded. After leaving
their finitely many bounded intersections, only initial full walls and the identity remain, all
positively factorizable. This is a contradiction. If the direction is radical in a local quotient,
its labels are unchanged across the joint; if it is entirely cylindrical, no new outgoing support
in that direction is possible. Taking the asymptotic diagram proves the central statement
and completes induction.

For a dilogarithm factor with positive pairing A, divisibility gives

\Ijvd (/U Z) j:() j Ud
For an exponential factor the ratio is exp(c(v)(v* —v~*)z). Both have positive leading signs.
Reverse favorable crossings give the same formula with the absolute pairing. Products and

finite coefficient sums preserve those signs. A fixed theta coefficient only uses a bounded-
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height diagram, so this proves its positivity. Invariance under equivalent representatives
identifies the coefficients obtained at different truncation heights. O

6 The finite theta algebra

The leading-term order is m =< m + pa for a € P. A series is m-pointed if its support
lies in m + pP and its coefficient at X™ is one. Pointed series are compatibly pointed across
seeds when their leading labels are related by the tropical mutation maps. Finite collections
of theta series are independent: choose a minimal label in this order, read its coefficient one,
and remove it. For infinite expansions, the support condition gives the following recursion.

Lemma 6.1. Fiz a general endpoint Q and a finite union S = Jj_ (m; + pP), with r > 1
and m; € M. Every formal series f with coefficients in R and support in S has a unique
coefficientwise expansion
f= Z mOm,Q, cm € R.
meS
On this fixed support set, the coefficient transformation and its inverse are continuous for
the height truncations.

Proof. Lemma 2.1 gives support in m + pP and coefficient one at X™ for every theta series

used here, including the continued values. Partition the translating vectors m; by their

classes in G. In one class choose a representative g € M and write m; = rog + pb;, with

bj € Z". Put b = 1o + p(min;(b;)1,...,min;j(b;),)T. Then the part of S in this class is

contained in b + pP. Injectivity of p identifies its exponent positions with b + pa, a € P.
Define the coefficients in increasing order of ht(a) by

Cbt+pa = [Xb+pa]f - Z Cb+pd[Xb+pa]@b+pd,Qa
deP, d<a
d#a
where d < a is coordinatewise. The sum is finite, and every d in it has smaller height. The
diagonal theta coefficient is one, so this recursion gives existence and uniqueness. If b+pa ¢ S,
then [X%*+P%] f = 0 and no predecessor b+pd € S can contribute, since S+pP = S. Induction
therefore gives c4p, = 0 outside S. Apply the recursion in each of the finitely many classes.
Both coefficient transformations through height H use only the finitely many input posi-
tions through that height. The common lower translate used above gives the same truncation
topology on S: each original translating vector differs from b by a fixed nonnegative charge,
and there are finitely many such vectors. This proves continuity. O

Lemma 6.2. Let J C M be finite and fit m € M. Define
H = max ({0} U {ht(a) : a € P, m —pa € J}).

Choose a point Q outside all proper rational linear hyperplanes and satisfying v, (Q)v,(m) > 0
whenever 0 < ht(a) < H and v,(m) # 0. Then

(XM €050 = cm,
jeJ

where ¢; € K for j € J and ¢y, =0 if m ¢ J. Such points exist in an open neighborhood of
m.
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Proof. Injectivity of p and finiteness of J make the set defining H finite. The strict conditions
hold at m and persist nearby. If a path from j ends with exponent m, its total bend charge
a satisfies m — pa = j, so every bend has height at most H. Its last genuine bend would
lie on the reverse ray @) + R>om. For a possible wall charge u, the value v,(Q) + sv,(m) is
never zero: its two terms have the same strict sign when v, (m) # 0, and the first is nonzero
otherwise. Thus no last bend exists. Only the straight path from m remains, with coefficient
one. When m = 0 use the constant path. ]

This scattering-atlas coefficient detection follows [5, Proposition 6.4(3)] and [8, Theorem
1]. Tts chart depends on the finite label set and target and may lie outside the cluster atlas.

Proposition 6.3. If ©,, and ©,, are finite, their product has a finite theta exrpansion with
coefficients in R and all output theta functions finite. Fach nonzero coefficient is positive at
infinity. Moreover, every output support is contained in the support of the product in a fixed
positive seed chart.

Proof. Lemma 6.1, applied to the support set m—+n+pP, gives a formal expansion with labels
m + n + pa, coefficients in R, and leading coefficient v*(™") . For a fixed output label, only
finitely many preceding labels can affect it. Apply Lemma 6.2 to this finite truncation and
use endpoint transport. Its expansion coefficient is a monomial coefficient of the product in
the detecting chart. By Theorem 5.2, it is zero or positive at infinity; quantum multiplication
adds only powers of v.

In the fixed seed chart, each nonzero output contributes its label monomial with its
nonzero expansion coefficient. All other contributions to that monomial also have positive
leading sign. Therefore the label lies in the finite support of the product. Only finitely many
output labels occur. The same noncancellation argument at every exponent shows that each
entire output support is contained in that finite support. Proposition 3.4 gives membership

inl. 0
Corollary 6.4. For finite theta functions, write the finite expansion from Proposition 6.3
as
OmOn = > a(V)Omintpa-
acP
Then

(=) = (=1)Amm)tva(mtn)tas pa) g ().

Proof. Use the involutions _#,, defined in the proof of Theorem 3.5. For input charges
b,c € P, polarization gives

vp(m) + q,0(b) + ve(n) + ¢B,p(c) + A(m + pb,n + pc)
= A(m,n) + vpre(m+n) +gppb+c) (mod 2).

Thus _Zpm4n(©mOn) = (—1)A(m’”)@m®n. Theorem 3.5 and the same polarization identity
give
/ern(@ernera) = (_1)Va(m+n)+qB’D(a)@ernera-

Apply Zinin to the finite expansion and compare its independent theta coordinates. O

Proposition 6.5. For subsets S, T C My, write kS = {ks:s € S} and S+T ={s+t:
se€ S, teT}. Ata fized endpoint Q outside every proper rational linear hyperplane, and
for every positive integer k,

k supp ©,, C supp O, C supp O, + - -+ +supp O,,, .

k times
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In particular Newt(Og,,) = kNewt(©,,) whenever O, is finite, and Og, is an additive
saturated submonoid of M.

Proof. At a general wall point with primitive charge u € N, let H(z) be the merged ray label,
z = XP and § = ged;(dsu;). For A\, pu € 6Z~o put Ax(z) = H(v*z)/H(v™*z). Cancellation
of the middle factors gives

Ayiu(2) = AN(F2) A, (v™22). (4)

For a series in z, let supp, be the set of powers with nonzero coefficients. All nonzero coef-
ficients have positive leading sign, hence supp, Ags = supp, As + - - - + supp, As. Stretching

k times
the slopes of a broken line by k, keeping its geometric image, multiplies each selected bend

by k and is permitted by this support identity. The resulting contribution cannot cancel.
This proves the first inclusion.

The formal expansion of ©F has coefficient one at ©y,,: the total leading charge is
zero and A(m,m) = 0. For each output charge a, endpoint transport preserves the charge
filtration, and only the finitely many labels km + pb with 0 < b < a can affect its coeffi-
cient. Apply Lemma 6.2 to these labels at its detecting endpoint. The coefficient is then
a monomial coefficient of the transported product, hence is zero or positive at infinity by
Theorem 5.2. Transport back to (). The nonnegative leading signs prevent cancellation of
any support term of O, in the product, proving the second inclusion. The two inclusions
imply scaling of convex hulls and equivalence of finiteness for m and km. Additivity follows
from Proposition 6.3, since its leading output is O, 4p,. O

Corollary 6.6. For a seed s, let €5 consist of all finite nonnegative real linear combinations
of labels in Oy s. Then
Cs N Mg = Gﬁn’s.

For seeds s,t, let ¢ys : Myr — Mg be the tropical map along a mutation sequence from s
to t. Then ¢ satisfies ¢is(€s) = 6.

Proof. If an integral m lies in the cone generated by finitely many finite labels, the rational
linear system expressing m as their nonnegative combination has a rational solution. Clearing
denominators and using additivity gives km € Ogy, s for some positive integer k. Saturation
gives m € Ofp .

For = € %, intersect a finitely generated rational cone containing x and generated by
finite labels with a closed rational linearity cone of ¢;s containing x. This intersection is a
rational polyhedral cone. Scale its finitely many rational generators to lattice points; the
first assertion makes them finite labels. Their images are finite by mutation compatibility.
Linearity on this cone gives ¢us(2) € 6;. Apply the same argument to the inverse map. [

Corollary 6.7. Let My C M consist of the exponents with zero mutable coordinates. For
f € Mfr;
Omif = U—A(ﬁm)Xf@m — U—A(m,f)@me‘

In particular Og, + My = Ogn.

Proof. Compatibility gives A(pa, f) = 0 for every charge a. If v(¢) is a broken line, replace
it by y(t) —tf and add f to every segment exponent. Wall supports are cylindrical in frozen
directions, so this preserves crossing times, endpoint, and action coeflicients. The charge
coefficients of the two theta series agree. Since A(f,pa) = 0, based-monomial multiplication
supplies exactly the displayed phases. Multiplication by a monomial preserves finiteness. [J
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Proof of Theorem 1.1. Integrality, bar invariance, and mutation transport were established
in Section 3. Propositions 6.3 and 6.5 give the algebra and label assertions. To include A, take
m; > 0 for all mutable indices. Suppose a path has successive genuine bend charges a1, ..., aq.
After the first bend it lies in v,, < 0. If its previous segment lies in Vay+-ta;_q <0, the next
bend point also has v,; = 0. On the following segment the cumulative normal has derivative

Va1+~~~+a]- (—m — p(a1 +---+ CL])> = _Va1+--~+aj (m) < 0.

Thus the last segment cannot reach the positive chamber. A tangent first segment cannot
select a nonconstant action term. Only the straight path remains, so ©,, o = X™. The same
statement in every seed, using Proposition 3.4, identifies normalized cluster monomials and
frozen units with finite theta functions. These generate A. O

7 Valuative independence

Fix a seed and a lattice-general endpoint (). In this section and Section 8, supports are
evaluated at this same @Q; finiteness here means finiteness at ). At a general wall point y,
let u be the primitive charge in N, and let 6 = ged;(d;ju;). In particular v, (M) = 6Z and
vu(pu) = 0. If Hy(z) is the merged ray label at y, put A, \(z) = Hy(v*2)/H,(vz) for
A € 0Z~g, and set

Sy =supp, A, 5 C N, Cy = convg(Sy/0).

Here convg denotes finite rational convex combinations. The set Cy is [0, L,] N Q with
L, = max S, /0 if bounded, and Q>¢ otherwise. It includes zero.

A rational broken line has segment exponents in Mg and velocity equal to minus the
segment exponent. At a transverse crossing at y, its incoming and outgoing exponents x, x’
satisfy

' =z + |vu(z)|cpu, ce Cy. (5)

It has finitely many genuine bends and avoids seams. A crossing with ¢ = 0 may be inserted
as a record. Its shear is

T = I+ sgn(vy(z))cpu @ vy, T =1 —sgn(vu(z))cpu @ vy.

Here I is the identity on Mg, sgn is the sign of a nonzero real number, and (pu ® v,)(b) =
vy (b)pu for b € Mg. Since v, (pu) = 0, the shear fixes the supporting hyperplane pointwise
and has determinant one.

Lemma 7.1. For m € M, the final exponents of rational broken lines with initial exponent
m and endpoint Q) are exactly

U k! supp Okm,Q-
k>1

If ©,, is finite, their convex hull is Newt(0O,,), and every real linear functional attains its
minimum on this set.

Proof. At bend 14, let y; be the crossing point, ¢; € Cy, its bend parameter, x; the incoming
exponent, and wu; the primitive charge. Put v; = v, and §; = ged;(d;(u;);). Choose a finite
expression d;¢; = Ej a;jsij, with a;; € Q>o, si; € Sy, and Z]- a;; = 1. Choose a common
k > 0 making all kz; integral and all

_ Klvi(zi)|

N;
d;

; Niaij
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integers. The identity k|v;(zi)[c; = 3°;(Niaij)si; expresses this increment as a sum of N;
members of S,,. Equation (4) permits this actual bend. Reparameterizing the path by
t — kt gives an actual broken line from km. Ordered positivity prevents cancellation of its
final term. Conversely, divide all exponents of an actual path from km by k. Each selected
integer in supp Ay is a sum of N members of S, so the divided rule is (5). This proves
the equality. Proposition 6.5 gives the convex-hull assertion. The finite support for k =1 is
included and attains every minimum. O

Lemma 7.2. For a general wall point y and a finite subset F' C S, there is a relative
neighborhood W in its hyperplane such that F C S, for every general y' € W. Finite
rational broken-line records with fixed initial exponent and endpoint vary continuously with
their rational bend parameters while transversality, time order, and membership in the chosen
relative neighborhoods persist.

Proof. Choose a height at least sht(u) for every s € F. In that finite diagram the merged
truncated action is constant on the relative open cell containing . Its nonzero coefficients
therefore persist in a smaller relative neighborhood. Higher walls cannot change them.

For the continuity assertion, let v; = 1,,, be the normal of the ith recorded wall, where
u; is its primitive charge. Let T71,...,T, be the recorded rational shears, P; = T;--- T} and
Py = I. Unfolding gives the line P~1Q — tm. The crossing times and points are

(P PQ)

. . P -1 _ ¢
i = Vz'(jji—lm) , qi = Pz—l(Pr Q tzm)' (6)

The nonzero denominators, strict inequalities t; < --- < ¢, < 0, and the required locations
are open conditions. Formula (6) is continuous wherever they hold.

These rational records avoid the seams of the full diagram for lattice-general Q. At a
transverse hyperplane, the crossing-point map in (6) is a surjective rational map of rank
rank M — 1 onto that hyperplane. The preimage of any rational codimension-two seam
span is a proper rational subspace. The same projection argument applies to an unrecorded
crossing on any segment. A segment contained in a wall would itself require a proper rational
linear condition on (). There are countably many such conditions. The chosen @) avoids all
of them. Additional wall crossings select the constant term. O

Fix a real functional ¢. Transport it backwards along a recorded path: just after bend
iitis 4; =LoT,---T;y1. Call a crossing taut if its parameter minimizes ¢;(z + |1y, (z)|cpu)
over ¢ € Cy.

Lemma 7.3. A rational path attaining the minimum of £ among all rational paths with its
initial exponent and endpoint is taut at every transverse crossing, including those where it
does not bend.

Proof. If a crossing fails, insert it as a zero-bend record if necessary, and choose a rational
¢ € Cy giving a smaller value. Choose finite support certificates for all existing parameters
and for ¢. Lemma 7.2 provides relative neighborhoods preserving them. Replace the selected
parameter by (1 — 7)c + 7¢ for a sufficiently small positive rational 7, leaving all other
parameters and crossing signs fixed. Reconstruct the path from (6), keeping m and @ fixed.
All open conditions persist, and the combined finite certificates make the new parameters
legal. The full-diagram seam condition also persists by lattice generality and rationality of
the new record.

The earlier exponent is unchanged, as are all later shears. Hence the change of final value
is exactly

Tlvi(x) (¢ = ) (T - - - Tiyapus) <0,
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contradicting minimality. The full cocycle identity and preserved finite certificates justify
the bends after clearing denominators. O

Lemma 7.4. Suppose {(w) # 0 for every 0 # w € Mg. Two minimal rational paths with
endpoint () and the same final exponent have the same initial exponent and the same genuine
bend record.

Proof. At a reverse crossing, the outgoing exponent b determines |v,(x)| = |1y (b)|. The
transported functional remains nonzero on nonzero rational vectors because the shears are
invertible and rational. Thus minimization has a unique parameter: zero if ¢;(pu) > 0, and
L, if ¢;(pu) < 0 and Cj is bounded. If it is unbounded in the latter case, no minimum
exists, so that state cannot occur on a minimal path. The incoming exponent is uniquely
b — |vu(b)|cpu.

The two paths have the same final straight segment. Compare the finite union of their
genuine bends, starting from ). At the first possible difference they meet the same wall
with the same outgoing exponent and future functional. The other path, even if straight
there, must be taut. The unique parameter forces equality. Repeating over the finite union
proves the claim. A zero final exponent forces all exponents to be zero by invertibility of the
shears. O

Proof of the Newton assertion in Theorem 1.2. First take ¢ as in Lemma 7.4. Each finite
theta support has a unique minimal exponent. A path contributing it is minimal among ra-
tional paths by Lemma 7.1. Two distinct labels cannot have equal minimum values: gener-
icity would make their minimal exponents equal, and Lemma 7.4 would make the labels
equal. A finite combination therefore has a unique theta summand supplying its smallest
term, irrespective of the signs of its nonzero coeflicients. This proves

valy (Z cm@m) = mniln valy(O,,).

Both sides are minima of finitely many linear functions and hence continuous in ¢. Such
generic functionals are dense, so the equality holds for every real £. Convex separation gives
the asserted Newton equality. Choosing a generic £ in the interior of a vertex normal cone
also proves unique ownership of every joint vertex. O

Corollary 7.5. For every convex set Py C Mg,

(K ®p Mg) Nspang{X®:a€ PBhNM} = @ KO,,.
meEBg,
supp ©,, C Py
The spans consist of finite sums. If Py is bounded, the right side has finitely many labels.
Any collection of linear valuation lower bounds holds for a finite theta combination exactly
when it holds for every nonzero summand.

Proof. The Newton equality puts every participating support inside the convex hull of the
support of the sum. A bounded set has finitely many lattice points, and each theta contains
its label. The valuation assertion follows from the minimum identity. O

8 Vertex coefficients and base change

Lemma 8.1. At a general wall point y, write u for its primitive charge, § = ged,(d;u;),
and Ay = Ay . Suppose the basic-pairing action As(z) is a polynomial of degree L. It is a
finite product of Gaussian dilogarithm actions, has coefficients in N[v*'], and has leading z
coefficient one. The same leading-coefficient assertion holds for Aps, h > 1.
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Proof. For L = 0 the action is one. For L > 0, choose the atomic representative of Theo-
rem 5.2 through charge height 2L ht(u). On the ray, its factors are W, 4(v'2*), with d | k6,
or exp(cz¥) with ¢ >4, 0. Their actions are respectively

ké/d
Z vt [ké/d] 2k exp(c(v)(vk‘S — v*k‘s)zk).
=0 I Ly

Discard factors with £ > 2L. A remaining k& > L would give a nonzero coefficient above L
and at most 2L, impossible by noncancellation. Thus k£ < L. An exponential factor would
give such a coefficient at the smallest multiple of k above L, which is at most L + k < 2L.
It too is impossible. Any remaining Gaussian factor of degree greater than L gives the same
contradiction. Finally, if their degrees sum to more than L, the first partial sum exceeding L
is at most 2L, and taking these top terms gives another forbidden nonzero coefficient. Hence
their entire product has degree at most L. It agrees with A5 through 2L, so the polynomial
equality is exact.

Its leading coefficient is a monomial v¢ with integer coefficient one. The wall action
commutes with bar by Proposition 3.2. Since ¢ € v, (M), this applies to Ay itself, and forces
v® = v~ hence e = 0. Iterating (4) gives

h-1
Aps(2) = [ As(u"=1720%2),
=0

h—1 .
Its leading phase is o 20 (h=1=20) 1. ]

Proposition 8.2. Every vertex coefficient of a finite theta function is one. If b is a vertex
of conv,,, 2o Newt(On,) for a finite combination 3~ ¢;,Om, then (XS em®m = cm, for its
UNLqUEe OWNEr my.

Proof. Choose a generic functional in the interior of the vertex’s minimum normal cone;
this cone has nonempty interior even for a lower-dimensional polytope. Every path to the
vertex is rationally minimal. Lemmas 7.3 and 7.4 show that there is exactly one merged-wall
bend record. At each crossing its parameter is zero or the finite right endpoint of Cy. The
former selects coefficient one. The latter means S, is bounded, so Lemma 8.1 applies and
its maximal action coefficient is also one. The product of these based action coefficients is
one. Unique vertex ownership, proved in Section 7, gives the final assertion. 0

Proposition 8.3. For a finite nonempty set J C Ogy, let £ = ,,c;supp Or,. The matriz
([X11Om)be.mes has a unit triangular square minor of size |J|. Consequently the map

S®r Mo — Tg

is injective for every monzero commutative unital R-algebra S, where the based monomial
lattice is unchanged. A finite nonzero combination over S has Newton polytope equal to the
convex hull of the Newton polytopes of its nonzero summands after specialization.

Proof. Choose a vertex of the joint polytope. Its row has entry one in its unique owner
column and zero in every other column. Remove that column and choose a vertex of the
remaining joint polytope. Repeat. Chosen rows are distinct, since an earlier row vanishes in
every remaining column. In this order the selected square matrix is triangular with diagonal
ones. It remains invertible after every base change, proving finite and hence arbitrary direct-
sum independence. Vertex coefficients of each theta remain one, so its polytope does not
shrink. A joint vertex still has only its unique owner’s nonzero scalar as coefficient, which
remains nonzero even if S has zero divisors. Thus the combination’s joint vertices survive.
All other terms lie in their convex hull. O
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Propositions 8.2 and 8.3 complete Theorem 1.2. In particular, for a finite theta function
the quantum and classical Newton polytopes agree.

8.1 The ordered scattering cone

Let RSy = {0} U{a € R :lca > 0}. In Mg, require every scattering-chart coefficient
of an element to lie in this set. Lemma 6.2 and Theorem 5.2 give exactly

D EXOm

meeﬁn

This cone has no nonzero additively indecomposable element: every nonzero f splits as
v=1f + (1 — v~ 1) f, with both summands nonzero in the cone.

Proposition 8.4. In the bar-invariant part of the ordered scattering cone, the additively
indecomposable nonzero elements are exactly the finite theta functions. They do not in
general generate that cone additively.

Proof. Bar invariance of a finite combination is equivalent to bar invariance of every coeffi-
cient, by theta independence. The scalar semiring is therefore {0}U{a € Z[v+v~!] : les a >
0}. Its only nonzero additive indecomposable is 1. A nonconstant member decomposes as
1+ (a — 1), since subtraction of the constant does not change the positive highest term.
A constant is a positive integer and is indecomposable only when it is one. Conversely a
sum of nonconstant positive-leading bar-invariant polynomials cannot be the constant one:
their highest degrees cannot cancel. Independence now gives the asserted indecomposables.
For example (v + v~1)©,, is in the cone but cannot be a finite sum of theta functions with
nonnegative integral multiplicities. O

8.2 Formal series with a finite valuation bound

For a nonzero formal series f and a real linear functional £ on Mg, define
valg(f) = inf{£(b) : [X°]f #0} e RU{—00},  valy(0) = +o0.

Every nonzero coefficient has valuation zero. For an R-algebra A, the notation ©,;9 ®r A
below means applying R — A to each monomial coefficient. Lemma 6.1 holds over A: its
recursion divides only by the diagonal coefficient one.

Lemma 8.5. Let Q be lattice general and let A : Mg — R be a real linear functional nonzero
on every nonzero vector of Mg. If A attains a minimum on supp ©,, ¢, the coefficient at its
unique minimum exponent is one. If two theta functions attain the same minimum exponent,
and that exponent minimizes A on both supports, their labels are equal.

Proof. Proposition 6.5 and the clearing-denominators proof of Lemma 7.1 give

conv U k=t supp Okm,@ = convsupp O, o
k>1

without boundedness of the support. An actual path to an attained minimum therefore
minimizes A among rational paths. Lemmas 7.3 and 7.4 give its unique merged-wall bend
record and the assertion about labels. At each bend, the minimizing parameter is zero or a
finite right endpoint of Cy. Its coefficient is one in the first case, and Lemma 8.1 gives one
in the second. Multiplication of these based action coeflicients proves the claim. O
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Theorem 8.6. Fiz a lattice-general endpoint Q, a finite union S = J;_, (b;+pP) withr > 1
and b; € M, a nonempty set J C S, and a real linear functional £ : Mg — R. Let A be a
nonzero commutative unital R-algebra and c; € A\ {0} for j € J. If

— inf val,(©; R
el jl.reljvae( Q) €R,

where the valuations on the right are taken before base change, then the coefficientwise sum

is defined and

valy Z Cj(@j,Q KRR A) = Q.
jeJ
In particular a finite quantum valuation of a single theta function is preserved by every such
base change.

Proof. Every exponent in S has finitely many predecessors in S, by the coset decomposition
in Lemma 6.1. This proves local finiteness of the sum and its nonvanishing by triangular
independence. Choose a real functional h with h(pe;) > 0 for all i and h(w) # 0 for every
0 # w € Mg. The first conditions define a nonempty open cone, since p is injective, and the
latter exclude countably many proper hyperplanes. Put

7 = min h(pe;) > 0, Hy = min h(b;), E= U supp ©; 0.
(3 K3
Jj€J

For x = b, +pa € EF and € > 0,
(¢ +e€h)(xz) > a+ eHy + enht(a).

Thus each sublevel set in F is finite. Outside a countable set of positive €, the functional
{ + €h is nonzero on all nonzero rational vectors. Its minimum on F has one theta owner by
Lemma 8.5, and that theta coefficient is one. The corresponding coefficient in the sum is its
nonzero c;, even if A has zero divisors. Hence the minimum of ¢ 4 eh on the support of the
sum equals its minimum on E.

For any nonempty subset £’ C F with ¢ = infg £ € R, one has

g+ eHy < ig/f(f + eh) < l(xs) + eh(xs), l(xs) < q+9,

where x5 € E' is fixed before letting € tend to zero. Taking this limit and then 6 | 0 proves
convergence to g. Apply this to E and to the nonempty support of the sum. The latter
has ¢ bounded below by a and bounded above at any chosen support point. Their equal
perturbed minima therefore have equal limits. O

9 Support certificates and reddening sequences

For a mutation at k, let o = 1 if the current endpoint coordinate @ > 0, and o = 0 if it
is negative. Direct subtraction of the transformed label from the transformed final exponent
in Proposition 3.4 gives

a' = Jko(B)a+ ([mily — omy)ey, (7)

Here Jj, »(B) is the n x n matrix equal to the identity off row k, with entries —1 at (k, k)
and [bg;]+ — oby; at (k,j) for j # k. The frozen rows enter the exponent identity, while the
charge recurrence depends only on the mutable matrix.
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Proposition 9.1. Choose finitely many mutation words along which all selected endpoint
coordinates are nonzero. For a word w, let a,, be the transported charge. Iterating (7) defines
an integer matriz A,, and an integer offset by,(m) by ay = Aya + by(m). If nonnegative
rational weights satisfy
- Z )\w,ieiTAw = 77T> n; > 0,
w,?

then every support charge obeys

0<a; < \‘Zw,i >‘w7i(bw(m))iJ.

nj
For a fixed finite family W of words, such weights exist if and only if
{a € R, : Aya >0 for every w € W} = {0}.

There exists some finite family W with such weights if and only if the same cone, with
inequalities for all admissible finite words, is zero. All words use the same chosen endpoint
and its successive transforms.

Proof. Actual transport preserves each nonzero coefficient and the target positive charge
condition, so a, > 0. Weighted addition gives the bound. For fixed W, a certificate forces
its cone to vanish. Conversely, finite-dimensional separation, equivalently the alternative
theorem for linear inequalities, gives a nonnegative combination of the rows of the A,, and
the coordinate rows that is strictly negative. Dropping the nonnegative coordinate rows pre-
serves strict negativity. Rational approximation of the positive weights, with zero weights
fixed, gives the required rational certificate. For the all-word assertion, intersect all homo-
geneous conditions with the compact simplex a > 0, > a; = 1. If the intersection is empty,
compactness gives a finite subfamily with empty intersection. Apply the fixed-family result
to it. 0

For one mutation from the positive chamber, (7) yields

ar, < [=mp)y + Y [~bril ai. (8)
ik
If B is acyclic, H = [—B| is nilpotent after ordering its vertices. Iterating a < [—mmut|+ +

Ha gives the finite bound
0<a<(I+H-+ -+ H")[—mmut)+.

For the sharper reddening bound, suppose a mutation word takes r to s with auxiliary
principal e-matrix C"(s) = —P, where P is the permutation matrix defined by Pe; = e, ;)
for a permutation o of {1,...,n}. Let ¢ : My — M, be the tropical label map along the
inverse word, and L its integral linear piece on the positive chamber of s.

Lemma 9.2. For each m € M; there is a vector b(m) € Z", computable by (7), such that
Lps = —p, P, Lm — ¢(m) = p,b(m).
The mutable block of L is —P and DP = PD.

Proof. On nonnegative mutable labels the theta functions are cluster monomials. Their
degrees add under normalized multiplication, so ¢ is linear on the positive chamber with
mutable columns the full g-vectors and frozen columns the identity columns. In this para-
graph let G denote the mutable block of L. Tropical duality gives GT DC"(s) = D; see
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[9, Theorem 2.2.6 and Proposition 2.3.3]. With C"(s) = —P this gives G = —D~1PD.
Its nonzero entries have absolute values d;/d,;. They are positive integers whose product
along each permutation cycle is one. Hence all are one, proving DP = PD and G = —P.

The exponent recurrence gives Lps = p, A for an integral product of J matrices, and L
is symplectic. Compatibility then yields

(D 0)=pI'A;=AT(D 0)L=(—ATDP 0),
so A = —P. Summing the integral affine offsets in (7) gives the second equality. ]

Theorem 9.3. Put ds(m) = P~'b(m). Then ds(m) € N* and

e = Z tm.a(v) X ™TPO tma(V) € R, timo = tma,m) = 1.
0<a<ds(m)

All labels are finite, and these theta functions are an R-basis of U. If the mutation class is
acyclic at some seed, A =U.

Proof. A term of charge a transports to a term with charge b(m) — Pa at endpoint ¢(Q)
in the r diagram. At this endpoint the theta series has nonnegative charges. Hence 0 <
a < P7'b(m). The initial term gives b(m) > 0. The target theta’s leading term pulls back
to the corner a = P~1b(m), with coefficient one. This proves finiteness and the two corner
assertions.

Proposition 3.4 now gives upper-algebra membership and compatible pointedness at every
seed. In Qin’s notation take ¢*/2 = v, p* = p, and the dominance order ¢’ = g + pa. Full
rank follows from compatibility, and the reddening word gives injective reachability. Thus
[9, Theorem 6.2.1(1), referring to Theorem 1.2.1(1)] applies. In the mutation-acyclic case,
[2, Theorem 7.5] gives A =U. O

The corner m + psds(m) = L™1¢(m) is a bijective function of m. The support box and
its occupied far corner show that ds is independent of the chosen opposing word. It is integer
piecewise linear, homogeneous, and unchanged by frozen translation.

Proposition 9.4. In the situation of Theorem 9.3, every nonzero output of ©,,0, has label
g =m+ n+ psa satisfying

a>0, a+ds(g) < ds(m) +ds(n).

The function dg is componentwise subadditive, and its continuous piecewise linear extension
to Mg g is convex.
b

Proof. The product is supported in the rectangle of charges from zero to ds(m) + ds(n).
Proposition 6.3 puts the entire support of each output, including both its corners, inside that
rectangle. Its leading label gives a > 0, and its far corner gives the second inequality. The
output g = m+mn occurs, so ds(m+n) < ds(m)+ds(n). Positive homogeneity and continuous
piecewise linearity extend this inequality to real arguments and imply convexity. O

9.1 Finite expansions after freezing

Let I C{1,...,n} and F = {1,...,n} \ I. Write @,In’Q for the theta series obtained by
retaining only the initial walls indexed by I, on the same exponent lattice M and at the same
endpoint ). Reordering the mutable coordinates as I, F' makes the restricted columns py
compatible with A, with diagonal D; = diag(d;);c;. Put P = {a € P : a = 0 for k € F}.
On series supported in m + pP, let m,, ; retain just the coefficients at exponents in m + pF.
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Lemma 9.5. For every label m and lattice-general endpoint @,
Wm’[@m7Q = 67{”/7@

Proof. The charge spaces indexed by P \ P; form a closed Lie ideal: adding a nonnegative
charge cannot remove a positive coordinate outside I. The quotient of the completed positive-
charge Lie algebra retains exactly the initial factors indexed by I. At each height its path
products remain consistent, so scattering uniqueness identifies the quotient with the diagram
for I. A broken line of total charge in P; has every bend charge in P;. Consequently taking
this quotient commutes with its finite coefficient sum at each height, proving the identity.
This is the charge-face mechanism of [15, Lemma 5.1 and Theorem 5.2], here applied with
the individual parameters v%. ]

Theorem 9.6. Suppose Q is lattice general and
I
Omo =D ¢950Q
JjeJ
is a finite coefficientwise identity with J C M finite, distinct labels, nonzero c; € K, and

every participating ©; g Laurent finite. Then @fn,Q = O, this series is Laurent finite,
and the expansion consists of the single term with label m and coefficient one.

Proof. For any minimal label u of J in the positive-charge order, the coefficient at X* on
the right is ¢, # 0. Thus u € m + pP. Every label of J lies above a minimal label, so
J € m+ pP. Comparing the coefficient at X now forces m € J and ¢,, = 1. In particular
O, is one of the finite participants.
Define
li(z) = — Z di ' A(w, er,) (x € Mg).
keF
Compatibility gives £;(pe;) = 0 for i € I and —1 for ¢ € F. Hence Valgl(@me) =/lr(m). If

O, differs from @me, Lemma 9.5 supplies an actual nonzero coefficient at m + pa with
ZkGF ayp > 0. Then

valy, (Om,q) < £1(m) = valy, (G){mQ) = rjnel? valy, (0;0),

contradicting m € J. The last equality is finite valuative independence at (). Finally pointed
independence removes all other coefficients. ]

Theorem 9.6 is the finite-participant counterpart of the classical extension statements
in [3, Theorems 3.14 and 4.12]. The quantum comparison in [19, Lemma 6.12] assumes
nonnegative specialized expansion coefficients.

Corollary 9.7. The same-label conclusion holds for an infinite coefficientwise expansion
with labels in a finite union of translates of pP, provided the participating quantum theta
functions have a uniform finite lower bound for valy,. It also holds if such an identity is
given only after base change to a nonzero commutative unital R-algebra, under the same
bound on the original quantum series. If the original participating quantum series are all
Laurent finite and the expansion is finite, the common series is Laurent finite.

Proof. Apply the unique triangular recursion of Lemma 6.1 in a finite union of cones con-
taining the labels and m + pP. The pointed left side forces all coordinates outside m + pP
to be zero and its m coordinate to be one. Theorem 8.6, with the bound taken before base
change, replaces the last minimum identity in the preceding proof by an infimum identity.
An actual nonzero off-face coefficient of the original ©,, g would give the same strict con-
tradiction. The face identity proves equality of the original series. Triangular independence
over the coefficient ring proves the assertion about the expansion. O
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Corollary 9.8. In the positive seed chart, suppose @fn € Ay, where Ay is the cluster algebra
with mutation restricted to I. There exists fo € NI such that every f € N with f > fy
coordinatewise satisfies

Omif =0OL,  =v 2 UmxIQl = m+ f €64
Here vectors in N¥' have zero coordinates outside F'.

Proof. Choose a finite cluster-word expression for ©! . Every cluster variable obtained by
mutation in [ is the same variable in the full seed. For k € F'| compatibility gives A(ex, pra) =
0, so X} quantum commutes with each old cluster variable. Move its inverses to the left
in each word, absorbing the scalar powers of v into the coefficient. This gives a finite
expression ), 1y, X“U,, where r, € R, ¢, € zr , and Uy, is a word in full cluster generators
and original frozen inverses. Choose (fo)r = max(0,max,(—(cy)x)). Then X/OL € A
for every f > fo. Frozen translation in the seed with mutable set I gives the displayed
normalization. Theorem 1.1 supplies a finite expansion in full finite theta functions, and
Theorem 9.6 identifies its label. ]

9.2 Finiteness under unfreezing

Partition the mutable indices as I LI F, where F' is nonempty, and let s denote the seed
obtained by freezing F. Its exponent lattice remains M; its charge lattice is Z!, with charge
map py given by the columns indexed by I. Write pr for the remaining columns. Subscripts
I and F on vectors denote their corresponding coordinate subvectors. Assume

Brr >0 entrywise, Br F is acyclic. (9)

Put H = [-Bp ]+ and define, for each label m,

|F|—1 '
7=0

The matrix H becomes strictly triangular after ordering F, so HI¥l = 0 and (id —H)t(m) =
[=mrl.

Lemma 9.9. Every support charge of ©F, satisfies 0 < ap < t(m). If mp > 0, then
fr
e;, =07,
as formal series in the same based monomials.

Proof. For k € F, equation (8) and Br > 0 give

ar < [=mils + Y [=brjlea;.
JEF

Iteration of ap < [-mp]y+ + Har through |F| steps gives the bound.
When mp > 0, the bound gives arp = 0 for every support charge. Lemma 9.5 identifies
fr
this zero- F'-charge part with ©7, , proving the equality. O

Theorem 9.10. Assume (9). For a label m, define

g™ = —ex + [—perly (k€ F), b=m — Z t(m)g ™.
kEF
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If @gﬁ is finite, then ©3 is finite. Writing
Ay = {a; € N : [xbtrrarj@s™ £ 0},

one has
supp ©;, € {m + pras + prar : ay € Ay, 0 < ap <t(m)}. (10)

Consequently, if every frozen theta label is finite, every theta label of s is finite.
Proof. The F-coordinate columns of ¢¥) form H — id. Thus

bp =mp + (id—H)t(m) = [mp|4+.

Lemma 9.9 identifies ©F with the finite frozen function. For each k € F, the one-step cluster

variable is “ “
k k
@;(k) - X9 X 9" tpek

Fix an order on F' and multiply ©; by (@Z(k))tk(m) in that order. Its leading exponent is m,
with coefficient a power of v. Iterating Proposition 6.3 gives a finite theta expansion whose
leading output is ©;,. Ordered noncancellation puts its entire support in the support of this
product. The first factor contributes a charge in A;, and the kth power contributes between
zero and ti(m) copies of eg. This proves (10) and finiteness. O

10 Central coefficient quotients and pairing twists

Define the principal enlargement
MY =Z)eZp o7, pta=(Ba.a.0), (g.hz2)=(9,Ch+z), A*(a,b) = Alpa,ob).

The subscripts name the coordinate blocks. Then ¢p™ = p and (p*)TA* = (D,0,0). The
kernel
Ko ={(0,h,—Ch):heZ"}

consists of central frozen exponents. Superscript + on a torus, algebra, or theta function
refers to this enlarged seed. The based-monomial map ®(X m+) = X¥"" is a torus algebra
surjection. Along a fixed translated positive cone it is injective on exponent positions,
because p is injective. Pullback of wall supports and their actions therefore identifies every
fixed-label theta coefficient and its finiteness on the two sides. This follows either directly by
lifting broken lines modulo the cylindrical kernel or by the saturated projection in Lemma 5.1.

Berenstein—Zelevinsky [2, Theorem 5.1 and Lemmas 5.4-5.5] give the following
adjacent-torus description. For mutation at k, let 7 be the adjacent torus and set
Xj = X—evtl-pels 4 x—extlperl+ Then

n
Sk=TaNThr=RXZ (i #k), X, X1),  Ur=[) Sk (11)
k=1
Here R() denotes the generated subalgebra of the common skew field. Every element of Sk
has a unique finite Poincaré-Birkhoff-Witt (PBW) expression
co+ > (aXp+ (X)), coerd €T g (12)
r>0 ’
where T  is the torus generated by all variables other than X. Coefficients are placed on
the left. These statements remain valid after scalar localization. Each adjacent algebra Sy is
G-graded: the generators XijEl are homogeneous, and the two exponents of X, differ by pey.
Taking homogeneous components in the finite intersection therefore makes Ur a G-graded
subalgebra. The finite theta algebra is graded by deg ©,, = [m].
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Theorem 10.1. The map ® induces
UT/(XF—1:k€ Ky ~U, ME/(XF—1: Kk € Ky) ~ Me.
Moreover Mg =UT if and only if Mg =U.
Proof. Put Gt = M*/ptN. Injectivity of p gives the exact sequence
0— Ky— Gt — G —0.

Define 7, for a € G* by the same degree convention as 7,. For any a € G mapping to
v € G, the map ® : T;- — T, is an R-module isomorphism: choosing a representative a™
identifies the exponents on the two sides as a™ 4+ p™b and pa™ + pb, respectively, with b € Z".

The exchange variable requires a frozen correction. Let ar, = —eg + Y, <, [—bix]+ €, with
zero frozen component, and t, = (0,[—Ce]s). In the target it is X%t 4 Xottetrer,
In the source the exchange variable has exponents aZ = (@k,mut,0,0) and a;: +prep. If
tr = (0,0, [—Cek]+), its corrected lift is

~ g~
U—A+(tk,ak )thX]/:r

Its two terms acquire the same phase because A(tg,per) = 0. Its image is exactly Xj. All
other generators also lift, so ®(S;") = Sk.

For f € S, NT,, express it as a finite sum of homogeneous generator words and lift these
words. Multiply each lift by its unique central kernel monomial to bring its degree to a.
The result lies in S,j N7, and maps to f. By the torus isomorphism in that degree this lift
is unique, independently of the expression and of k. It therefore belongs to every S,j when
f € U. Equation (11) proves surjectivity on upper algebras.

Choose one degree lift a(vy) for each . A finite kernel element can be written F =
o XFy s, with F, o € utn 7:@). Its zero image implies ), F, . = 0 by degreewise
injectivity. Thus F'= 3" (X" —1)F, ., proving the stated kernel.

Fixed-label coefficient correspondence gives (I)(@:;ﬁr) = O+ and equivalence of finite-
ness. Central frozen translation gives @:Trﬁ e =X "@:ﬁ. The same degreewise argument
proves the quotient for Mg. If Mg = U, lift each finite homogeneous theta expansion
uniquely to a chosen degree a to obtain Mg = UT. The opposite implication follows by
quotienting. ]

Proposition 10.2. For fized p, D, changing the compatible form preserves all theta coef-
ficients and upper-algebra generation, under the based-monomial identification. More pre-
cisely, the change is a G-graded cocycle twist. Consequently

Mo(p,A) =U(p,A) = MZ™(B,D)=U""(B,D),

where the right side uses pP"'™ = (?) and APT = <]% _7DDB>. All-label finiteness is also

equivalent on the two sides.

Proof. Let I denote the coefficientwise identification of their based monomials. For two
forms write A = A’ — A. Then p?’ A = Ap = 0, so it descends to an integral skew form on
G, automatically zero on torsion. If F, H have degrees «y,n, their based-monomial images
satisfy

I(F)I(H) = v20[(FH).

The exchange generators are homogeneous, so (11) identifies the upper algebras as modules
with this twisted product. Wall brackets use only A(pa,pb), and wall actions only A(pa,m);
neither changes. Thus all theta coefficients agree.
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On the principal enlargement compare A* with

0 —-D 0
A*=|D —DB 0
0 0 0

Their difference is such a twist. For AS* the z variables are central and absent from the walls.
Taking the common direct-sum decomposition by z exponent in every seed shows that both
U and Mg are obtained from their standard principal versions by adjoining these Laurent
variables. Combine this with Theorem 10.1. O

Corollary 10.3. For fized B, D, the coefficient of charge a in ©y ) depends only on g € Z"
and a € N", independently of the frozen label h € Zf and compatible realization (C, A). In
particular there is a subset F'(B,D) C Z"™ such that

Ofn(B,C,A) = F(B,D) x Z7.
Replacing D by a positive integer multiple preserves this set.

Proof. Corollary 6.7 preserves charge coefficients under frozen translation. The coefficient
correspondence in Theorem 10.1 is injective on the charge positions of each fixed label.
Proposition 10.2 identifies those coefficients with the standard principal ones. In the standard
principal model, replacing D by rD substitutes v" for v in every coefficient. This substitution
is injective on R, so it preserves the nonzero charge positions. O

11 Theta bases of upper cluster algebras

Lemma 11.1. If a finite combination ), c ; ¢m©Om, with ¢y, € K, has all monomial coeffi-
citents in R, then all ¢, € R.

Proof. Choose a minimal label of the finite set J in the positive-charge order. Its coefficient
is precisely its scalar ¢, since its leading coeflicient is one. Subtract this integral multiple
and repeat. The process has |J| steps. O

11.1 Integral specialization

Write 7, 17 for the classical Laurent ring over Z in seed s, with variables x; obtained
from the quantum seed variables at v = 1 and monomials ™ = H?Ilf z;" for m € M. Set
Ua,z = Ng Ts,c1,z in the common classical fraction field. We write 6,, for the classical theta
function obtained by coefficientwise specialization v = 1. Geiss—Leclerc—Schréer prove the
upper-algebra specialization injection over a characteristic-zero field in [18, Proposition 3.5
and Corollary 3.6].

Theorem 11.2. For every seed s, coefficientwise specialization gives
Z/{Rﬁ(v—l)’n,R: (U—l)UR, UR/(U—l)UR‘—>UcLz.

Proof. For two adjacent seed tori, use the finite expression (12). Its existence can be read by
the degree of X}, in the skew Laurent ring over the fraction field of TE p° Donnegative degrees
come from the original torus and negative degrees from powers of X;. The latter have degree
—1, and both exchange variables belong to both tori. Different degrees give uniqueness.
Modulo v — 1, the ring TE p Pecomes an integer Laurent domain. The term (X})" has
xi-degree —r, with a nonzero classical exchange-polynomial factor. Hence a PBW expression
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whose initial monomial coefficients vanish modulo v — 1 has every PBW coefficient divisible
by v — 1. Dividing those coefficients gives

(Ts, g N Tor) N (v=1)Tsr = (v—=1)(Ts,r N Ts,R)

for adjacent s, s’.

If F=(v—1)H € Ur with H € T, g, this equality puts H in each successive torus along
any finite mutation path. Thus H € Ug. The same PBW expressions identify the reductions
of F' in adjacent charts as one classical rational function, since the exchange polynomials
remain nonzero. Following paths shows that this reduction belongs to every 7. z. The
kernel equality proves injectivity. O

Lemma 11.3. Let J C M. Suppose {0; : j € J} is a basis of the classical upper algebra
over Q, and every 0; is an integer Laurent polynomial in every seed with unit leading term
z7 and other exponents in j+p(P\{0}). Then it is a Z-basis of Ua 7. If{©; : j € J} is also
an R-basis of Ur and specializes to this basis, the map in Theorem 11.2 is an isomorphism.

Proof. Expand an integer upper-algebra element in the given rational basis. In the finite set
of participating labels, a minimal label in the positive-charge order receives no contribution
from another label. Its monomial coefficient is its basis coordinate and is integral. Subtract
that integer multiple and repeat. This gives a finite integer expansion, and independence is
inherited from the rational basis. For the final assertion, lift every integer basis expansion
using the same coefficients; injectivity is Theorem 11.2. O

11.2 Frozen denominators and the specialization image

Let T,) € M be the labels of classical theta functions that are Laurent polynomials in

every seed, and put
Ma= P Zbn, B= P Zbm.
meTg meEOBgy

Let Aq 7z be the integer algebra generated by all classical cluster variables and the original
frozen variables and their inverses. With My as in Corollary 6.7, put Cg = Z[z" : u € My,
the original frozen Laurent ring. Classical finite theta multiplication makes M, an algebra;
Ofn C Ty by specialization.

Proposition 11.4. Coefficientwise specialization induces an algebra isomorphism
Meo/(v —1)Me ~ B, Aaz C B.

After choosing one representative of each frozen translation orbit, there is a Cg-module
isomorphism
Mcl/B >~ @ Cfr.
[m]€(Ta\Osin) /Mt
Thus B is a Cg-module direct summand of M. For f € Mg and 0 # h € Cy, the condition
hf € B implies f € B.

Proof. A finite specialized theta relation is zero only when all its coordinates are zero, by the
minimal-label argument. Hence )" r,,(v)©,, specializes to zero exactly when every r,,(1) = 0,
equivalently when every r,, is divisible by v — 1 in R. Proposition 6.3 gives the algebra
assertion. Every classical cluster generator lifts to its quantum counterpart; lifting the
finitely many words of a classical cluster expression, in any fixed order, proves the inclusion
of AC],Z*
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Corollary 6.7 and its specialization give 0,1+, = x"6,,. Both label sets are unions of
free Mp-orbits. Choose orbit representatives for T¢j, using the same representatives for the
subset Og,. Pointed independence gives the corresponding direct sums of copies of Cy,. Their
quotient is the displayed free module. Since Cf. is a domain, multiplication by any nonzero
frozen coefficient is injective on this quotient. O

Corollary 11.5. If m € M and a nonzero h € Cy, satisfy the coefficientwise identity h6,, €
Az, then m € Ogy. In particular this holds if 0, is classical Laurent finite and belongs to
FI'aC(Ofr) Ry, ACI,Z-

Proof. Write h = ) cpbyx" with E C Mp, finite and b, # 0. Proposition 11.4 writes ho,,
as a finite combination of 6; with j € Og,. Its other expression is >, cp bubm+y. Finite
pointed independence, valid also for formal theta series, forces every m + u to occur among
the finite quantum labels. Frozen translation gives m € Og,. The last assertion follows by
clearing the finitely many frozen denominators. O

11.3 Finite support and specialization

Let 0 = Q[vil](v_l), a discrete valuation ring with uniformizer m# = v — 1, fraction field
K, and residue field Q. For finite E C M write Wg(L) = @,cp LX* when L = K, 0,Q.
When L = Q, the map R — Q sends v to one. Let U, be the classical upper algebra over Q
for the same extended matrix. Write Si(L) = Tr, N Ty 1, for scalar localizations L of R.

Theorem 11.6. For every finite E C M,
dimK(L{K N WE(K)) < dim@(ud N WE(Q))

Proof. Reduce the PBW expression (12) modulo 7. Terms X have positive X, degree
r; terms (X)" have degree —r, with a nonzero exchange-polynomial factor in the other
variables. The classical Laurent ring is a domain. Hence this expression is still linearly
independent over 7  after reduction. If an element of Sy(&) has every initial monomial
coeflicient divisible By m, all its PBW coefficients are divisible by «. Thus

Sp(O)N7Te = S(0), U NTTe = mle.

The second equality uses the finite intersection (11). Scalar localization commutes with that
finite intersection by clearing finitely many scalar denominators.

Put Vg = Ux N WEg(K) and Ly = Vg N Wg(0). If f € Lg, finitely many adjacent
expressions let us multiply by 7% to obtain an element of U,;. Repeated saturation then
gives f € Up. The module L is a full finite free lattice in Vg and LgN7Wg(0) = nLg. Its
reduction therefore injects into Wg(Q) with dimension dimg Vg. Since its elements belong
to every quantum torus over &, reduction gives the same classical rational function in every
classical torus; exchange polynomials remain nonzero. Its image lies in U, proving the
inequality:. O

Theorem 11.7. Suppose Uy has a basis {6; : j € J} of Laurent-polynomial theta functions
satisfying valuative independence for finite combinations. Suppose the quantum theta func-
tion ©; s finite for each j € J. Then these quantum theta functions form an R-basis of Ugr,

and Mg = Ugr. Every nonzero summand in the theta expansion of f € Ur has support in
Newt(f).

Proof. Proposition 3.2 identifies the specialization of ©; with ;. Every vertex coefficient of
©; is one by Proposition 8.2, so all its vertices survive specialization. Consequently

Newt(@j) = Newt(ﬁj).
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For a bounded rational polytope Fy, set £ = PyN M and
J(Po) ={j € J:suppb; C Py}

This set is finite because every theta contains its label. The classical basis and valuative
independence give
UiNWEe(@Q) = @ Q.

JEJ(Po)

The Newton equality places the corresponding quantum functions in Wg(K). They belong
to Uk by Proposition 3.4 and are independent by their leading terms. Theorem 11.6 gives

|J(Po)| < dimg (Ux NWEg(K)) < dimgUa NWE(Q)) = |J(Fo)|.

Thus they form a basis of the quantum window. For nonzero f € Ug, take Py = Newt(f)
and apply Lemma 11.1 to its finite expansion. This gives coefficients in R and the required
support inclusion. The zero element has the empty expansion. Since Mg C Ur and the
displayed basis lies in Mg, the two algebras coincide. ]

For skew-symmetric cluster data, the positive quantum coefficients and classical special-
ization of [4, Theorems 1.1-1.2 and Appendix A] give finite quantum lifts of the finite classical
theta functions. Classical valuative independence is supplied by [3, Theorems 3.8 and 3.10];
for principal coeflicients the finite-support situation uses its unspecialized version, and finite
frozen translations retain the full lattice. Theorem 11.7 therefore transfers a classical theta
basis to the quantum upper algebra in this setting.

Specialization can remove an infinite tail from a formal wall action. For example, the
wall series . )

H(z):l_v z’ H(z_)z) _ (1—2) _
1—wz Hw=1z) (1 —=0v22)(1—-v"22)
gives an action with infinitely many nonconstant coeflicients, each bar invariant and with
positive leading coeflicient, whose specialization is one. Parity imposes an additional divisi-
bility condition on coefficients that vanish at v = 1.

Lemma 11.8. If ¢ € R satisfies c(v™1) = ¢(v), c(—v) = £c(v) and ¢(1) = 0, then (v—v~1)?
divides c in R.

Proof. An even bar-invariant Laurent polynomial has the form P(v? +v~2), with P € Z[T.
An odd one has the form (v +v~1)P(v? +v72): this follows by induction from

(’U2 + ,U—Q)(UT + U—'r) _ (UT—I-Q + ,U—7'—2> + (,U'r—2 + ,U2—7')

for odd 7 > 1. In both cases ¢(1) = 0 gives P(2) = 0. The factor theorem and v? +v2 -2 =
(v —v~1)2 prove the claim. O

11.4 Computing theta expansions

Under the hypotheses of Theorem 11.7, take 0 # f € Ugr, put Py = Newt(f) and choose
a rational linear functional h on Mg with h(pe;) = 1 for every i; this exists because p is
injective. Set

Ny = krg}g}g h(z) — min h(az)—‘ .

For every candidate label m € Py N M, compute the theta series to charge height Ny,
retain its terms in Py, and test the resulting finite polynomial in all adjacent algebras using
(12). Precisely the labels whose entire theta is supported in Py pass this test. Indeed, the
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truncation contains every possible support term in that window. If it is in U, the window
basis from Theorem 11.7 expresses it using full theta functions supported there. Triangular
independence of the truncated coefficient columns, each with its distinct unit leading term
in Py, then identifies it with the theta of the candidate label. Finally solve the finite unit
triangular system.

11.5 Upper bases under unfreezing

Work first in the standard principal realization

B 0 -D
__m2n _ _
M-z, p_@, A_<D _DB),

Write z; = X and y; = X+, For J C {1,...,n}, let Ur(J) and Mg(J) be the upper
and finite theta algebras obtained by allowing mutation only in J. Write @b‘] for the theta
function with label b in this restricted seed. All these algebras lie in the original skew field.

Theorem 11.9. Let k ¢ J and suppose By j > 0 entrywise. If Mg(J) =URr(J), then
Me(J U{k}) =Ur(J U {k}).

For a nonzero Laurent polynomial f, let vi(f) be its minimum initial xy, exponent, and set
v(0) = +00. Each nonzero element f of the latter upper algebra has a finite integral theta
expansion obtained in at most max (0, —v(f)) steps of strict pole-order descent.

Proof. The initial z; commute. Define the exchange monomials
A - H xg—bikh’ C = H :L"Ebik]wL‘
ik ik

Skew-symmetrizability and By, ; > 0 imply By, < 0. Thus C involves only frozen x; and is
a unit in Ugr(J); A is a product of initial cluster variables and also belongs to Ur(J). Both
commute with z; and y;. In the based normalization,

TRy = v My, wp = ap (A+v % Cyy), zhar = A+ v Cyy.

For a positive integer ¢, put
t ‘ )
Pt(yk) — H (yk + U*(ijl)dkAcfl) — dekt Cit((ll‘;c)t:l,‘z. (13)
j=1

The second equality follows by commuting x; through the exchange factors. This polynomial
is monic of degree t in yg.

Assign degree one to y, and degree zero to every other initial variable. The row corre-
sponding to y; in the principal coefficient block vanishes in columns J, and remains zero
under mutations in J. Every resulting cluster variable therefore has y; degree zero. If T2 is
the degree-zero subring of such a seed torus, that torus is

Tlisrl @) = yray;

Here the skew Laurent notation means yra = 7(a)yg, with coefficients on the left. Conjuga-
tion by the frozen unit y; preserves every 7. The common degree decomposition gives

E=NT, Ur(J) = Elyif; 7). (14)
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Indeed, membership of a finite Laurent sum in each seed torus is equivalent to membership
of each of its degree components. We have A,C,C~! € E.

First suppose h € Ug(J) and vi(h) > 0. For a finite theta function of the frozen seed, its
support has exponents b+ pja, a > 0. Thus By ; > 0 and its leading coefficient one give

ve(07) = by..

Expand h in its finite R-basis of frozen theta functions. Valuative independence shows that
every participating b has by > 0. Lemma 9.9, applied to the single added vertex, identifies
these functions with theta functions for J U {k}. Consequently

help(d), v(h)>0 = heMe(JUIK)). (15)

Take f € Ur(J U{k}) C Ur(J). Right multiplication by a sufficiently large power of y
makes f polynomial in yj and preserves v (f). Suppose vi(f) = —t < 0. Monic left division
in Elyg; 7] gives

f=PQ + Ry, degyk Ry < t.

Here deg,, is the largest exponent with nonzero coefficient, with deg, 0 = —oo. A highest
term a,y; is removed by subtracting Ptr_t(as)y;z*t. These operations take place in E and
require only addition and multiplication. The coefficients of P; have initial x; degree zero,
and 7 scales initial based monomials by powers of v. Hence

ve(Q), vk(Re) > —t.

Perform the same monic division in the initial skew Laurent ring in the generators other
than y, with y, adjoined polynomially. Decompose its coefficients by their initial x; degree.
Fach coefficient of P, has x; degree zero, and 7 preserves xj degree. Thus every subtraction
in the division preserves the homogeneous degree, and taking an x; component commutes
with the remainder map.

The adjacent k-mutated Laurent expansion has the form

f= Z(ﬂ?k)jaj,
J

where each a; is Laurent in the other initial generators and has xj degree zero. The nonzero
summands have distinct z; degrees —j. Therefore the largest occurring j is ¢, and the lowest
component is (x})'a;. By (13) it equals

P (vd’“th,;tCtat).

The parenthesized expression is initially Laurent in y;. Its lowest y; degree is nonnegative:
otherwise multiplication by the nonzero constant coefficient of P, would leave a nonzero
negative-degree term, contradicting polynomiality of the component of f. Thus its monic-
division remainder is zero. Commutation of the remainder map with the ambient homoge-
neous projection gives

I/k(Rt) > —t.

Now set h = v~dt* C~'z} Q. This element belongs to Ugr(.J), since C and zj are frozen
units there, and has vi(h) > 0. Equation (15) gives h € Mg(J U {k}). Since C commutes
with 2, equation (13) yields

PQ = (z})th € Mo(JU{E}).

It follows that Ry = f — (x},)'h remains in Ur(J U{k}) and has smaller pole order. Induction
terminates after at most ¢ steps, with (15) handling the final remainder. Right multiplication
by the original compensating power of yk_l finishes the expansion of the original f. O
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Corollary 11.10. Suppose B > 0 and Brr is acyclic. If the frozen core has Mg = U
for one compatible realization with symmetrizer Dy, then the full matriz has Mg = U for
every compatible realization with symmetrizer D.

Proof. First use the standard principal realization of the full matrix, freezing F. Proposi-
tion 10.2 and Theorem 10.1, applied to the core matrix and Dy, give its theta upper basis
in this induced compatible realization. Order F' = {ki,...,ks} so that by, > 0 for i < j.
Theorem 11.9 applies successively with mutable sets I, I U {k1}, and so on. This proves
the equality for the full standard principal seed. Apply Proposition 10.2 and Theorem 10.1
again, now to the full matrix and D, to obtain every compatible realization. O

11.6 Large cluster complexes

In a fixed seed chart of the standard principal realization, project the labels of normalized
cluster monomials to their mutable coordinates Z™. We say that the cluster complex is large
when these projected labels are contained in no closed half-space {g : ¢(g) > 0} for a nonzero
real linear functional ¢. This is the condition of [5, Definition 8.27], expressed in the seed
basis for the label lattice. The projection sends a principal cluster-monomial label to its
usual g-vector: both are obtained from the initial exponent by the same tropical mutation
maps. The full principal labels include every frozen translate of each such label.

Corollary 11.11. If the cluster complex is large, every quantum theta label is finite and the
theta functions form an R-basis of U for every compatible realization of the same B, D.

Proof. Consider first the full principal label lattice M = Z?". A functional nonnegative on
all cluster-monomial labels and their frozen translates must vanish on the frozen subspace,
because both signs of each frozen unit occur. It then descends to a functional on the mutable
label space. Largeness implies that this functional is zero.

For each functional on the unit sphere in Mg, choose a cluster-monomial label on which it
is negative. These strict inequalities give an open cover of the sphere. Compactness provides
finitely many labels g1, ..., g; with the same property. Their finitely generated cone is closed
and has zero dual cone, hence equals M. For any m € M, the rational system »_; \;g; = m,
Ai > 0, has a nonnegative rational solution. Clearing denominators gives km = >, n;g; with
k > 0 and n; > 0 integral. Cluster monomials are finite theta functions, so additivity and
saturation of finite labels imply m € Ogy,.

Under the projection from the principal label lattice to the mutable label lattice, the
classical cluster complex is the inverse image of the original one, as in the proof of [5, Propo-
sition 8.28]. That proposition supplies the classical full theta basis of U, for this principal
A-type object. The functions are defined over Q; their basis property descends to Q by finite
coefficient comparison in each unique expansion. The finite valuative independence used in
Theorem 11.7 is given by [3, Theorems 3.8 and 3.10]. The finiteness just proved verifies the
quantum-lift hypothesis, so Theorem 11.7 gives the principal quantum upper basis. Propo-
sition 10.2 and Theorem 10.1 transfer the result to the other compatible realizations. ]

11.7 Classical integral bases under unfreezing

In the standard principal model, write x;,y; for the classical initial variables. For J C
{1,...,n} and b € M, write 6] for the classical theta function with label b and mutation
restricted to J. Let U 7(J) be the integer classical upper algebra with mutation restricted to
J, and let Mg 7(J) be the Z-span of its finite classical theta functions. Classical finite theta
multiplication [5] makes the latter an algebra. We use finite classical valuative independence
over Q from [3, Theorems 3.8 and 3.10]. Define v (f) as the least initial x;, exponent of a
nonzero Laurent polynomial and set v (0) = +o0.
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Theorem 11.12. Ifk ¢ J, By ;> 0 entrywise and Mo z(J) = Uaz(J), then

Md,z(J @] {k}) = Ucl,Z(J U {k})

Every nonzero f € Uqz(J U {k}) has an integral theta expansion obtained in at most
max (0, —vk(f)) strict pole-order reductions.

Proof. Define

A — H xz[—bik]-ﬁ—’ C = H $£bik]+, xh = %;1(14 + Oy
i#k i#£k

Skew-symmetrizability gives B < 0, so C uses only frozen variables of the core and is a
unit there. The principal row of y, has zero entries in columns J and remains zero under
mutations in J. Consequently all resulting cluster variables have yi-degree zero. If 7;(,)c1,Z is
the degree-zero subring of the corresponding Laurent ring, its common degree decomposition
gives

E=T22 Uaz(J) = Elyif], A,C,C7' e E.

The intersections here range over mutations in J.

For a core theta function 957 , its exponents lie in b + p;N7. The sign hypothesis and
unit leading term give vg(6)) = by. If h € Uaz(J) has v (h) > 0, its finite integer theta
expansion therefore uses only labels b, > 0, by valuative independence applied over Q.
For such labels the full classical theta function equals the core function. Indeed, the one-
step charge inequality (8) gives ap < [—bg]+ = 0, and the zero-k-charge quotient removes
precisely the kth initial wall. These are the coefficientwise classical specializations of the
support bound and frozen-face identity in Lemma 9.9; the identities hold through every
fixed height. Thus h € Mg z(J U {k}).

Now take f € Ua z(J U{k}). Multiply by a power of y;, to make f polynomial in yy; this
leaves vy (f) unchanged. If v (f) = —t < 0, divide in E[yx] by the monic polynomial

Pi(ye) = (yp + AC™Y = C 7" ap) ek,  f=PQ+ Ry, deg, Ry <t

Every coefficient of P, has initial x;-degree zero. Each subtraction in monic division therefore
preserves the lower bound —¢, so v (Q), vi(R:) > —t.

In the adjacent torus write f = Ej(xz,)jaj, where a; is Laurent in the other initial
variables. The nonzero summands have distinct xi-degrees —j. The lowest component is
consequently (z})ta; = Pux;'Cla;. The quotient on the right is polynomial in yy: if it
had a negative lowest power, multiplication by the nonzero constant term (AC~!)! of P,
would preserve that power in the integer Laurent domain, contradicting polynomiality of
this component of f.

Performing the same monic division in the initial Laurent coefficient ring commutes with
taking an xp-degree component, because the coefficients of P; have degree zero. The degree-
—t remainder is therefore zero, and vg(R;) > —t. Set h = C~'zl Q. Both C and zj are core
units, so h € Ug z(J), and vi(h) > 0. The first part of the proof gives

PQ = (x?c)th € Mdyz(J U {k})

Hence R; remains in the full upper algebra with strictly smaller pole order. Induction,
followed by multiplication by the compensating power of y,;l, gives a finite integer theta
expansion. Classical theta independence makes these functions a basis. ]
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Lemma 11.13. For the principal enlargement and map ¢ of Section 10, the monomial map
®(z™") = 2™ induces
U;’Z/(lﬁ —1:k € Ko) U z.

The property that the finite classical theta functions form an integer upper-algebra basis
passes in both directions between these two realizations.

Proof. Full column rank holds in every seed. By [1, Proposition 1.8, Corollary 1.9 and
Lemma 4.1], the classical upper algebra is the finite intersection of the adjacent algebras
over Z. In that argument the exchange binomials are coprime in the integer Laurent ring:
full rank excludes proportional columns, and their unit coefficients have no common integer
prime factor.

Use the exact sequence 0 — Ky — Gt — G — 0 from Theorem 10.1. Choose a
degree @ € GT over v € G and a representative a™ € M™ of a. The monomial map
is an integer-module isomorphism of the two torus components, since their exponents are
parametrized by the same b € N as a® + p™b and ¢(a™) + pb. Each adjacent generator lifts:
the exchange variable uses the frozen correction z(0:0=Cerl+) from that theorem. Lift a finite
sum of homogeneous generator words and move each word to degree « by its unique kernel
monomial. Uniqueness in the torus component makes this lift independent of the adjacent
chart. It therefore lies in their intersection.

For the kernel, group a finite zero-image sum by target degree and move its terms to one
chosen source degree. Their images sum to zero, so their lifts sum to zero by the component
isomorphism. Subtracting these zero sums writes the original element as a sum of (" —1)F,
with k € Ky and F; € Z/ICIZ. This proves the quotient statement.

Fixed-label theta correspondence and frozen translation are the coefficientwise classical
versions of Theorem 10.1. Each label in a target degree has a unique lift to a prescribed
source degree, because op™ = p and p is injective. Thus finite homogeneous theta expansions
transfer in both directions through the component isomorphism. Their coefficients remain
integers, and independence follows from their unit leading terms. O

Corollary 11.14. For reddening classes, large cluster complexes, the Markov matriz, and
their successive one-way acyclic extensions satisfying (9), every compatible coefficient real-
ization has

Ur/(v — 1)UR ~ U z.

Proof. In a reddening class, Theorem 9.3 gives finite quantum theta functions for all labels,
with integral classical specializations in every seed. Their leading coeflicients remain one,
and Proposition 3.4 supplies compatible pointedness. Compatibility makes p full rank, and
the reddening word gives injective reachability. The classical criterion [9, Theorem 1.2.1(1)],
with charge map p and order ¢’ = g + pa, therefore gives an integer classical basis indexed
by all labels.

For a large cluster complex, [5, Proposition 8.28] gives the principal classical basis used in
Corollary 11.11. For the Markov matrix, use [11, Theorem 5.1]. These functions are integral
by Proposition 3.2; Lemma 11.3 descends the rational bases to Z. Lemma 11.13 trans-
fers them to each compatible realization. Extra frozen variables absent from the exchange
columns are handled by their independent Laurent degrees.

For an extension I UF', order F' = {k1,...,ks} so that bk, > 0 for i < j. In the standard
principal realization, apply Theorem 11.12 successively, starting with the frozen core; its basis
is supplied by Lemma 11.13 applied to the core matrix. All classical labels remain finite: the
construction in Theorem 9.10 uses a finite core theta function and powers of one-step cluster
variables with leading product label m. Classical positive theta multiplication puts the
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support of its leading output 6,, inside that finite product. This verifies all-label finiteness
at each step. Lemma 11.13 then gives every compatible realization.

On the quantum side the corresponding bases, also indexed by all labels, are given by
Theorem 9.3, Corollary 11.11, the Markov argument in Section 12.3, and Theorem 9.10 with
Corollary 11.10. Their classical specializations have the same labels. Lemma 11.3 proves the
isomorphism. O

12 Low-rank applications

12.1 Non-cluster families in rank three

Consider principal coefficients and the standard compatible form for

0 -2 0
B=|1 0 -1|, D=diag(1,2,1).
0 2 0

The matrix is connected, skew-symmetrizable, singular, and acyclic. For
m, = (r,0,—7;0,0,0), r € L>1,
the acyclic bound gives
supp O, € {m, +pa:0<a < (2r,rr)}.

These are not cluster-monomial labels. To verify this, use the acyclic valued representation

description [10, Theorem 7.3 and Corollaries 7.4-7.5]. With H = [-B]4, a cluster monomial

has mutable leading degree (H — I)d + s, where d is a rigid representation dimension vector,

s > 0 records initial-variable factors, and s;d; = 0. In the quotient-dimension convention

for the cluster character, the leading degree is (H — I')d. The counting-polynomial result for

rigid representations in the same reference gives this formula over the formal parameter v.
Here (H — I)(1,1,1)T = (1,0, —1)". The assumed label would force

d=r(1,1,)T + (I - H) s

The inverse is I + H + H? > 0 with diagonal ones. If any s; > 0 then d; > 0, a contradiction.
Thus s = 0, but the Euler quadratic form at (1,1, 1) is zero, whereas a nonzero rigid object
has Euler value dim End > 0.

Likewise, for

1 0
B=|-2 0 3|, D=diag(2,1,3), m,=(-r0,r;0,0,0),
0

the support box is 0 < a < (r,2r,2r). The same calculation forces rigid dimension r(1,2,1),
whose Euler value is —r2, again impossible. After mutation at vertex two the matrix is

0o -1 3
B.=2 0 =3
-2 1 0

For endpoint anchor (11,17,23) the words 21,23, 31, executed left to right, have rows

el Ay) = (=1,0,0), el Ay =1(0,-1,2), elAz = (5,0,-3).
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Their weighted sum with weights 6,1,1 is (—1,—1,—1). All selected second-step endpoint
coordinates are positive: after the first step they are read from (11, —17,40) or (80,17, —23).
Formula (7) gives offsets r,0,0 on these rows for m,. Thus the cyclic-chart support satisfies

100
a1 + az + a3 < 6r. The mutated original principal coefficient block is <8 —01 :I))’ the charge

bound also applies to a new principal realization at this seed.

12.2 A rank-four class with no acyclic seed

Take

0 2 -1 -1
-2 0 1 1

2 -2 0 0]’
2 -2 0 0

BO) = D = diag(2,2,1,1),

with initial principal coefficients at seed r. The mutation class, up to relabeling, is closed on
the following additional representatives:

0 0 1 -1 0 0 -1 1
w_|0 0o -1 1 @_ [0 0 -1 1
b 2 2 0 o P 2 2 0 -2

2 -2 0 0 2 -2 2 0

In the table, (j,7) means uy(B®)q = BT(rj()a) (b)} permutation strings list the four images.

Nk |1 2 3 4

0 |(0,2134) (0,2134) (1,1234) (1,1243)
1| (2,1234) (2,1243) (0,1234) (0,2134)
2 | (1,1234) (1,1243) (2,1243) (2,1243)

Each identity follows by the matrix mutation formula, and all permutations preserve D.
Each representative contains a directed cycle: respectively 1231, 13241, and 1431. Mutation
commutes with relabeling, so induction on arbitrary word length proves that no seed is
acyclic.

Nevertheless the word (3,2, 1,3,4,2,1,4) is green and ends at B(?) with principal c-matrix
—1I. Its successive selected c-columns are

e3, €2, €1+ 2e3, e1 +e3, ex +e4, e+ 2ey4, €1, e4.

These columns are nonnegative and nonzero. At the final seed s, ps = (Bf i)) and the inverse

positive-chamber map is L = diag(—1, ). Thus Theorem 9.3 gives an upper theta basis in
this non-mutation-acyclic class.

For a label with mutable coordinates x = (x1, x2, x3,x4), write d;(x) for the ith compo-
nent of ds(m); the frozen coordinates do not affect it. The coordinate bounds of the support
box are

dy(z) = max{0, —x1, —x1 — 3, —T1 — Tg4, —T1 — T3 — T4,
— 1 — 2:L’2 — I3 — X4, —2%1 — 2.732 — I3 — 1’4},
da(z) = max{0, —x9, —2x1 — X9, —2x1 — T3 — T3, —2T1 — To — T4,
— 2.%1 — Ty — I3 — T4, —2.%‘1 — 21‘2 — T3 — .%'4},
ds3(z) = max{0, —x3, —2x9 — x3, —2x1 — 29 — T3, —2x1 — 2T2 — 223},

dy(z) = max{0, —x4, —2w9 — x4, —221 — 229 — T4, —2x1 — 2T2 — 224 }.
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Apply (7) along (4,1,2,4,3,1,2,3) on all 2° sign branches. Seventy-two branches have strict
rational witnesses. On each of the other 184 branches a nonzero nonnegative combination
of the strict sign rows is zero, proving infeasibility. On each feasible branch, the active
gradient minus every displayed competing gradient is a nonnegative rational combination
of its sign rows. The 1440 resulting equalities prove the maxima on the closures of the
branches; continuity covers their boundaries. The companion certificate lists these rational
vectors and verifies the equalities after reconstructing each mutation branch. For example
x = (—r,0,0,0) gives ds = 2r(1,1,1,1) for every r > 0.

12.3 The Markov matrix

Let
0o -2 2
B=] 2 0 -2
-2 2 0

Every positive diagonal skew-symmetrizer is D = dI. For every compatible integral p = (g)
and A, all theta labels are finite and their theta functions form an R-basis of U.

Indeed, Zhou [11, Theorem 5.1] proves the full classical theta-basis statement for the
principal-coefficient cluster variety of the once-punctured torus. His row pairing matrix is
BT in our column convention, so its principal model is the one used here. Davison-Mandel
positivity identifies the full quantum and classical supports in the standard principal model
for d = 1; replacing the formal parameter by v? gives every positive d. Theorem 11.7, with
classical valuative independence from [3], gives its quantum upper basis. Proposition 10.2
and Theorem 10.1 transfer it to every compatible realization.

There is no reddening sequence. Every principal matrix in the mutation history is B or
—B. By sign coherence, if the selected c-column has sign ¢, the column-sum update is

ch» = ZC]' + 1 -2+ Z[f:‘bkj]Jr Cp = ch'
J J J

i#k

It remains (1,1, I)T from the initial identity matrix. A terminal matrix with all columns
nonpositive is therefore impossible. In the standard principal model the degree assigning
one to mutable variables and zero to frozen variables is also preserved by mutation. A
global monomial is an element of the upper algebra that is a monomial in some seed. Every
global monomial has nonnegative mutable exponents in that seed: a negative exponent
would require a Laurent unit to be divisible by a nonunit adjacent exchange polynomial.
Its degree is consequently nonnegative. The enough-global-monomials condition requires,
at every nonzero tropical point, a global monomial with negative tropical value; see [4,
Definition 4.17]. At the tropical point defined by this degree, the value of a monomial is its
degree. Hence the condition fails for this principal-coefficient cluster variety.
A compatible nonsaturated example has one frozen variable:

0 -2 2 0 -1 1 -2
2 0 -2 O
P=1_9 o o |’ 111 0 -2

1 1 1 2 2 2 0

Here pT A = (61,0) and the Smith invariants are (1,2,6), so M/pN ~Z & 7Z/2 & Z/6.
For arbitrary compatible Markov data, take e; with zero frozen part and list charges

ag = 000, a1 = 100, ay = 101, az = 102, ay = 112, a5 = 122, ag = 222,
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where each three-digit string denotes its coordinate triple. Then

Oy = 3 Xty (of Tl (Xt g xmertpony (16)
j€{0,1,3,5,6}

Zhou’s negative-basic theta formula gives these seven classical support positions, and the
quantum support is the same. On a slice of kth exponent —r < 0, use a formal variable z
to record increments by peg in its based-monomial coefficient sequence. Membership in Si
requires this Laurent polynomial in z to be divisible by

H (1 + v(r+1—2s)dz)‘

s=1

This follows by expanding (X})" in based monomials; multiplying by an exponent with kth
coordinate zero gives the same phase in all orbit positions. For the seven positions, the
negative slices are {ag,a1} and {as,a6} at k = 1,7 = 1, {a3,a4,a5} at k = 2,7 = 2, and
{a1,a2,a3} at k = 3,r = 2. Writing ¢; = [X~“17P%]O_,,, the coefficients must satisfy

Cp = C1 = C3 = C5 = Cgp, Cy = (Ud + ’U_d)cl, Cqp = (Ud + ’U_d)Cg.

Conversely these conditions put the polynomial in every Si. There is exactly one with ¢g = 1,
proving (16). In the four-variable example it reads

@—61 — X(*L0,0,0) + X(7172’7271) + (’UG _|_ ’U76)X(1’077272) + X(3»72’7273)
+ (08 4070 X (17204) 4 x(-1-225) 4 x(-1.006)

12.4 One-way Markov extensions

Write By for the preceding Markov matrix. For an integer » > 2 and a nonzero column
c € N3, define

B —rc .
B,.= ( cé\fl 0 > , D, . = diag(1,1,1,7).

The matrices B,.. are connected, skew-symmetrizable, and not skew-symmetric. A compat-
ible principal realization is

. B,.. A (O ~D,.
I4 ’ Dr,c _Dr,cBr,c .

Corollary 12.1. For every compatible realization with symmetrizer D, ., all theta labels
for B, are finite and their theta functions form an R-basis of U. For each label m, every
support charge satisfies

3
0 <ay < [—maly, 0<a; < ZZ[rcj[—m4}+ -mjl+ (1 <40<3). (17)
i=1

The matriz B, . admits no reddening sequence and is not mutation-acyclic.

Proof. Direct multiplication gives p? A = (D,..,0). Freeze vertex four. The core is a com-
patible Markov seed with symmetrizer I3 and additional frozen coeflicients, so all its theta
labels are finite by the Markov result above. Equation (9) holds with F' = {4} and H = 0.
Theorem 9.10 gives finiteness, and Corollary 11.10 gives the upper basis. For the support
bound, t4(m) = [-m4]+ and the core coordinates are

bi = m; — rci[—m4]+ (1 S /) S 3).
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Each negative basic Markov theta function has charges with every coordinate at most two,
by (16) and cyclic permutation. Positive basic theta functions and frozen monomials have
charge zero. A product of these functions with leading label b therefore has core charge
coordinates at most 23;[—b;]+. Proposition 6.3 places the entire support of ©; in this
product. Equation (10) gives the stated box.

Cao—Li [12, Lemma 4.9] prove that existence of a green-to-red sequence for a skew-
symmetrizable matrix passes to its principal submatrices. This is the valued version of
the scattering deletion and projection argument in [14, Section 5.1]. The Markov principal
submatrix has no such sequence, so B, . has no reddening sequence. Since mutation-acyclic
matrices admit reddening sequences, it is not mutation-acyclic. O

The bound gives charge height at most
3
6> [rejl=maly —myly + [=mals.
j=1

For r =2, ¢ = e1, and m = —ey, this is 13. Put I = {1,2,3} and let p; be the corresponding
columns of the full extended matrix. For ¢ = e; and h € Z>(, Lemma 9.9 gives

_ —e1+heat

O i thes = Z X —ertheatpra
a€{000,100,102,122,222}
+ (’U + v—l)(X—e1+he4+p1(101) +X—e1+he4+p1(112)).

The three-digit strings denote charges in the Markov core. The core symmetrizer is I3, which
gives the parameter v in these coefficients.

Proposition 12.2. For By, with standard principal coefficients, let eq, ..., eg be the stan-
dard basis of the exponent lattice, so ys = X°. Let ©L ey e the seven-term Markov theta
function for the seed obtained by freezing vertex four, embedded in the same based quantum
torus. Then

O o, = X4 X eates (@l )2

—e1

The right side has 26 nonzero based-monomial terms.

Proof. Equation (17) places the support in the 250 charge positions 0 < aj,ag,a3 < 4,
0 < a4 < 1. The charge-face quotient in Lemma 9.9 makes its a4 = 0 part equal to X %,
because the frozen label has zero mutable core coordinates. Membership in each adjacent
torus imposes the centered Gaussian divisibility conditions used in (16).

These conditions form a linear system over R in the 250 charge coefficients. The accom-
panying exact certificate constructs this system directly from By ., and D = diag(1,1,1,2).
It verifies all 90 nontrivial Laurent-polynomial remainder tests for the displayed candidate.
After specialization v = 2 over Figggoo3, the homogeneous system, including the fixed zero-
charge face, has column rank 250. Since its entries are Laurent polynomials and 2 is nonzero
in that field, a nonzero specialized maximal minor proves full column rank over Q(v). Thus
there is at most one candidate in the stated box with the required face and adjacent divisi-
bilities. The theta function satisfies these conditions, which identifies the candidate.

To obtain the compact expression, expand the seven-term core formula by based-
monomial multiplication using the original eight-dimensional A. The square has 25 terms.
The vector —e4 +eg pairs to zero with —2e; and every pra, and pey = —2e; +eg. Multiplying
this square on the left by X ~¢47¢s therefore puts these terms on the charge face as = 1, with
their unchanged coefficients. Adding X ¢ gives exactly the verified 26-term candidate. [J
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Supplementary data. The companion archive quantum_theta_supplement_20261012.
zip, supplied with this manuscript, contains the 26-term coefficient table at spanning/
incoming/theta_minus_e4.json, the divisibility and uniqueness check spanning/
incoming/verify_explicit.py, and the multiplication check spanning/check_compact_
formula.py. Its README.md gives the commands and explains the certificate’s dependence
on the support bound, frozen face and mutation results used in Proposition 12.2. The
archive also contains the rational rank-four support certificate and its checker.
For comparison with Proposition 9.1, every elementary Markov charge map satisfies

Jko(£By)1 =1, 1=(1,1,1)7,

because the changed coordinate is —1 42 = 1. Since every mutated matrix is +Bjs, one has
Awl =1 for every word. The transported leading term has charge b,,(m) > 0. Hence all
vectors t1, t € N, satisfy every word constraint A,a + b, (m) > 0. Even the full collection of
these constraints is unbounded, although the theta functions are finite.

Proof of Theorem 1.3. The first assertion is Theorem 9.3, the second is Theorem 10.1, and
the third is Theorem 11.7. The Markov calculation and transfer in Section 12 prove the fourth
assertion, including the absence of a reddening sequence. Theorem 9.10 and Corollaries 11.10
and 12.1 give the fifth assertion. Corollary 11.11 gives the sixth. O

12.5 A mixed-sign extension and its Chebyshev subalgebra
Consider the compatible seed on M = Z® given by

3 .
1 1 0 3 ) DO—dlag(1717273)7 D = 4Dy,
1 -1 =2 0

(B A_ (0 —2D
P=1\og, ) ~\2py —-DyB/"

Direct multiplication gives p? A = (D, 0). Freeze indices 3,4, retaining I = {1,2}. The block
By = (_11 31) has mixed signs. Moreover

$(pe1 + pes) = (1,—1,0,0;1,1,0,0) € M \ pN,

since its bottom coordinates would force charge (1/2,1/2,0,0). Write p; = pe; in this
subsection, and set

mo = (—1,1,0,0;0,0,0,0), m=mg+ez+es, n=2m+p+p2=1(0,0,2,2;2,2,0,0).
For commuting indeterminates U, V', define T (U, V') € Z[U, V] for k > 0 by
To =2, Th=U, Tor1 =UTpe = VT (E>1).
Proposition 12.3. Put F = 0,, and Z = X". Then
F=X™4 X™rp . xmtpite: — x1 X! 78 XmP2) FZ = ZF,

where X/ is the variable obtained by one mutation at i in the initial full seed. For integers
b>0and k> 1,
®bn:Zba @km—i-bn :Zb,ﬁc(Fv Z)'
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These theta functions form an R-basis of the polynomial subalgebra R[F, Z] ~ R[U,V]. Writ-
ing Hyp = Opmy for k,b >0, their multiplication is

Hitopte + Hig—p) ptetmin(ke)s K # 4,

HypHy,c = Hgpie, HypyHy . = {
‘ ‘ ‘ Hogpye +2Ho pretk, k=1t

for k0 >1 and b,c > 0. No Hyy with k > 0 is a normalized cluster monomial.

Proof. We first determine @ﬂw. For any nonzero support charge (a1, az2), the mutations (1, 2)
transform it successively into (1—ay,a2) and (1—a1,1—asz) by Proposition 3.4. At a positive
endpoint with first coordinates (g1, g2), the corresponding endpoint coordinates are (—q1, ¢2)
and (—¢q1,—@2), so each mutated coordinate is positive before its mutation. Nonnegativity
of transformed charges implies 0 < a1, a0 < 1.

Charge zero contributes one. Charge e; has a single bend at wall 1 with Gaussian
coefficient one; its bend point in the first two coordinates is (0,¢2 — ¢1). Charge ey cannot
occur, because its final exponent has first two coordinates (1,1) and its reverse ray stays
in the positive quadrant. For charge e; 4 eo, a single bend has zero initial pairing and is
impossible. A last bend at wall 1 is also impossible, since the final first coordinate is positive.
The remaining order, wall 1 followed by wall 2, has bend points (0, —q1 — g2) and (g1 + g2, 0),
with both Gaussian coefficients one. Thus

G{no — X™o0 1 x™motp1 . xymotpitpe

The walls are cylindrical in the other coordinates; those coordinates are uniquely recovered
from the endpoint and the segment exponents. Lattice generality excludes seams. Frozen
translation in the seed with mutable set I gives the same three coefficients at label m.

The one-step exchange variables have exponents

g1 =(-1,2,1,0;0,0,0,0), g2 =(0,—1,0,1;0,0,0,0), X! = X9 4 X9+Pi,

The four pairing values are

A(g1, 92) Agi,g2+p2) |\ _ (0 =8
A(g1 +p1,92) Alg1 + 1,92 +p2) 0 0/
Since g1 + g2 = m and m + p2 = (1,1,2,0;0,2,0,0) has nonnegative mutable coordinates,
the asserted expression for F first proves ©! € A. Theorem 9.6 then identifies it with ©,,.

For all multiples of m, use the quantum Kronecker identity of [19, Example 5.8], together
with the coefficient comparison in [19, Definition 6.6 and Lemma 6.7]. After interchanging

its two mutable indices and setting Anig = —A and t = v~1, its source data have
0 2 00
-2 0 00
my = (_1717070)7 Pix = (07_27171)7 Dox = (2707_17_1)7 A* - 0 00 0
0 0 00

Writing psx = (p1« Dax), we have pl' A, = (415,0) and 2m, + p1« + pa« = 0. The parameter
change inverts the initial dilogarithm, while the change of pairing reverses its crossing ex-
ponent; the resulting action agrees with ours. Both old mutable multipliers are four, so the
similarity comparison introduces no further parameter rescaling. Its conclusion is equality
of the charge coefficients of @im and Og,,, for every k > 1.

For a = (a1, az) € Z2, write pa = aip; + azps, and use the analogous convention for p.a.
For charges a,b € Z? and integers i, j, compatibility gives

A(zm + pa, jm + pb) = 4i(bl — bg) — 4j(a1 - (12) + 8(a1b2 — agbl).
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The same formula holds with m,p, A replaced by mu,p., As. Also A(n,m) = A(n,p1) =
A(n,p2) = 0. Consequently

xnx(k=Dm+pa _ x(k+1)m+p(a+(1,1))

In the source the corresponding shift is zero. Comparing coeflicients in the source Chebyshev
identity therefore gives

©h, = F* =27,  FO, =001y + 200, 1y, (k>2).

This proves @im =Ti(F,Z) for k > 1. Since F, Z € A, each right side has a finite full-theta
expansion. Theorem 9.6 identifies its full label. In the seed with mutable set I, n is frozen
and has zero pairing with this family, so the same argument applies to ZbG)im. For k = 0,
ZY is an initial cluster monomial and Hyp = Zb whereas To = 2.

For independent commuting indeterminates u,w, the substitution U = v + w, V = ww
is injective and one has T5(U,V) = uF + w” for k > 1. This proves all displayed product
identities. The labels km + bn are distinct because m,n are linearly independent. Pointed
independence and the fact that 7 is monic in U prove the basis and polynomial-algebra
assertions. Finally,

HPy = Hogop + 2Ho 241

A normalized cluster monomial squares to the normalized monomial with doubled label in
its seed. Homogeneity of tropical mutation transports that doubled label to 2km + 2bn,
contradicting this identity over R. O

The unshifted @fno is not in the full upper algebra. Its initial X3-degrees are 0,—1,0;
the unique negative layer has a unit monomial coefficient. The adjacent-torus divisibility
condition would require this unit to be divisible by the nonunit exchange binomial at 3. The
same obstruction applies to every nonnegative shift in directions 3,4 whose third coordinate

is zero. Corollary 9.8 gives equality with the full theta for every shift at least e3 + e4.

13 Further questions

Does Mg = U hold for every integral compatible skew-symmetrizable seed? Proposi-
tion 10.2 reduces the question to standard principal coefficients. Theorem 11.7 applies when
a classical theta basis has finite quantum lifts. Theorem 11.9 applies to one-way extensions
of a quantum theta upper basis. For mixed-sign couplings, its exchange monomial C' can
contain mutable variables and need not be invertible in the frozen-core upper algebra, so the
monic division requires a different argument.

A second problem is to characterize Og, from the mutation data. It is the set of lattice
points in its conical hull by Corollary 6.6. The Markov example shows that the finite-word
inequalities of Proposition 9.1 need not bound the support even when every theta label is
finite.
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