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ABSTRACT

We prove that for each r € {5,6,7}, there exist infinitely many elliptic curves over
Q, pairwise nonisomorphic over Q, whose Mordell-Weil rank over Q is exactly r.
Zywina recently proved the analogous statement for 0 < r < 4 over every number
field, and our proof follows his strategy. For each r, we give an explicit pair of
2-isogenous elliptic curves whose discriminants are, up to constants, products
of powers of twelve binary linear forms in two integer parameters. The families
are obtained from Zywina'’s curves of rank four, or from a related pair of curves,
by base change along a conic. Explicit rational points give lower bounds for
the images of the two descent maps. We specialize at parameters in a fixed
congruence class at which the twelve linear forms, divided by fixed constants,
take prime values. There, necessary local conditions in the descent become linear
equations over IF,, and their solution spaces have the same dimensions as the lower
bounds. The coefficients of these equations are determined by the congruence
class up to a single sign, and both values of this sign give the same bound. The
Green-Tao—Ziegler theorem on linear equations in primes then gives infinitely
many such specializations, with infinitely many j-invariants.
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SECTION 1

Introduction

1.1 Main result

Let E be an elliptic curve over Q. The Mordell-Weil theorem states that the group E(Q)
of rational points of E is finitely generated [31, 50]; see also [43, Theorem VIIL.6.7]. The
rank of this group is called the rank of E, and we denote it by rank E(Q). The rank is a
basic invariant of E, but it remains poorly understood. In particular, little is known about
which integers occur as the rank of infinitely many elliptic curves over Q. Here we count
curves up to isomorphism over Q, so that the twists of a single curve are counted only
once.
In this article, we establish that the integers five, six, and seven occur in this way.

Theorem 1.1. Foreachr € {5,6,7}, there exist infinitely many elliptic curves E over Q, pairwise
nonisomorphic over Q, such that rank E(Q) = r.

Two elliptic curves over Q are isomorphic over Q if and only if they have the same
j-invariant [43, Proposition II.1.4(b)]. Thus Theorem 1.1 states that for each r € {5,6,7},
infinitely many distinct j-invariants occur among the elliptic curves over Q of rank r. In
particular, these curves are not all twists of finitely many curves.

Each case of Theorem 1.1 comes from an explicit family. For each r, we fix twelve
binary linear forms L; = a;M + b;N (0 < i < 11) with integer coefficients, we set

F=1LoL1L,L3, H = L4L5LgLy, J = LgLgL1oL11,

and we fix nonzero integers A, B, and C such that A’F + 4BH = CJ identically in M and
N. For integers M and N with F(M,N)H (M, N)J(M,N) # 0, we consider the elliptic
curves

EmnN:y* =x>+ AFx* — BFHx,  Ejyy:y* = x> —2AFx* + CFJx, (1.1)

which are related by an isogeny of degree two whose kernel is generated by the point
(0,0). The identity A%F +4BH = CJ states that the discriminant of the quadratic poly-
nomial x?> + AFx — BFH equals CFJ]. The discriminant of Ey y is then 16B2CF3H?]
(Lemma 4.2), which is a constant times a product of powers of the twelve linear forms.
The family also comes with positive integers cy, ..., c11, a modulus W, a residue class
(My, Ng) modulo W, and an open cone K, C R%. We prove that if (M, N) = (Mo, Np)
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1 Introduction 1.2 Background 2

(mod W), (M,N) € K,, and the twelve numbers p; = L;(M, N)/c; are distinct primes
outside a fixed finite set, then rank Ej; y(Q) = 7; see Theorems 6.7, 7.8, and 8.9. Using
the Green-Tao-Ziegler theorem on linear equations in primes [16-18], we find infinitely
many such pairs (M, N), with infinitely many values of M/N. Since the j-invariant of
Eym N takes each value for at most twelve values of M/ N (Lemma 4.3), these curves have
infinitely many j-invariants. The main data of the three families are listed in Table 1.1.

r A B C (dg,dgp) W Section
5 1500 2700 57600 (3,4) 19984345920 6
6 70 784 1764 (4,4) 780373440 7
7 91205 33124 9 (5,4) 308403583488 8

Table 1.1. The three families. The integers A, B, and C satisfy A?F 4+ 4BH = CJ. The numbers dg
and dp/ are the dimensions of the images of the two descent maps at every specialization that we
use, so that rank Eyy N(Q) = dg +dp —2 = r, and W is the modulus of the congruence class.

1.2 Background

It is not known whether the ranks of elliptic curves over Q are bounded; see [33, §3] for
the history of this question. Earlier, it was often expected that they are unbounded. In
[33], Park, Poonen, Voight, and Wood proposed a heuristic which predicts the opposite:
for each 0 < r < 20, infinitely many elliptic curves over Q have rank 7, and only finitely
many have rank greater than 21. The ranks in Theorem 1.1 lie in the range where this
heuristic predicts infinitely many curves.

Curves of large rank are usually found among the specializations of an elliptic curve
over Q(t) with many independent sections. Mestre constructed elliptic curves over Q(t)
of rank at least 12 [30]. Elkies announced constructions of higher rank in his 2007 lectures
[13] and gave explicit formulas and proofs in [14, Theorems 1-3]: an elliptic K3 surface
over Q(f) of rank 17, quadratic base changes of this surface with rank at least 18, and a
base change over a curve of genus one with rank at least 19, which has infinitely many
rational fibers of rank at least 19. A specialization of the rank-17 surface is a curve over
Q with at least 28 independent rational points [14, Theorem 2].

For a nonisotrivial elliptic curve over Q(t), Silverman’s specialization theorem [42,
Theorem C, p. 208], also stated in [43, Theorem C.20.3], implies that the specialization
map on sections is injective at all but finitely many rational values of t. Hence all but
finitely many rational fibers have rank at least the rank over Q(t). Specialization yields
only lower bounds. For example, Dujella and Peral proved in [10, §3] that infinitely many
curves over Q induced by rational Diophantine triples have rank at least seven, and in
[11, §4] they constructed an elliptic curve over Q(u) with torsion subgroup Z /47 and
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rank exactly six. The rank of a fiber may exceed the generic rank, and to determine it
exactly one needs an upper bound as well, which in practice comes from descent. As
Zywina remarks in [55, §1], even with an elliptic curve of rank 18 over Q(t), it is unclear
how to find a fixed r > 18 such that infinitely many of its fibers have rank exactly r.

1.3 Exact ranks

For ranks zero and one, infinitely many curves over Q of exactly that rank, pairwise
nonisomorphic over @, have been known for some time. Mazur and Rubin proved the
rank-zero case over every number field [29, Corollary 1.11 and proof of Lemma 5.4]. Over
Q, the rank-one case follows, for example, from the theorem of Bhargava and Skinner
that a positive proportion of elliptic curves over Q have rank one [2].

An earlier use of prime values and 2-descent to preserve a generic rank is Zywina’s
nonisotrivial rank-zero surface with infinitely many rank-zero fibers [53, Theorem 1.2].

In [52], Zywina proved the corresponding statement for rank two.! His curves are
y? = x3 — 5(m + 16n?)x? + 4(m + 16n?) (m + 25n?)x, where m, m + 16n%, and m + 25n>
are primes congruent to 11 modulo 24. He bounds the rank from above by descent
through the rational 2-isogeny, with local computations at 2 and at the three primes, and
he obtains infinitely many such triples of primes from the theorem of Tao and Ziegler on
polynomial progressions in the primes [47, Theorem 1.3] (see also [48]). The rank-one
case over every number field was proved independently by Koymans and Pagano [26]
and by Zywina [54]. Savoie constructed infinitely many curves of rank two over Q(i), all
with j-invariant 1728 [37].

In [55, Theorem 1.1], Zywina proved that for every number field K and every 0 < r < 4,
there exist infinitely many elliptic curves over K of rank r, pairwise nonisomorphic over
K. For each r, he uses an explicit nonisotrivial elliptic curve of rank r over K(T) with
a point of order two, and he shows that infinitely many of its specializations have rank
r; we describe his method in Section 1.4. Our proof of Theorem 1.1 follows his strategy.
Over Q, Theorem 1.1 extends the range 0 < r < 4 of [55, Theorem 1.1] to r € {5,6,7}. We
do not consider other number fields.

Two recent results are close to Theorem 1.1. In [38, Theorem 1.1], Savoie proved that
for each r € {4,6}, there exist infinitely many elliptic curves over Q(i) of rank exactly
r, pairwise nonisomorphic over Q(i), not obtained by base change from Q, and all with
j-invariant 1728. His curves are quartic twists y?> = x° + bx. Their points come from
factorizations b = ef with e + f a square, the upper bounds come from descent through
the endomorphism 1 + i, and Kai’s theorem [23] on prime values of linear forms over

1Under the parity conjecture, earlier constructions of infinitely many curves over Q of rank
exactly two were given by Byeon and Jeong [4, Theorem 1.1] and by Jeong [22, Theorem 1.1].
These are twist families with constant j-invariant 0 or 1728.
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number fields supplies the specializations. Since the j-invariant is constant, all of these
curves are isomorphic over Q. Compared with Theorem 1.1, the ground field and the
notion of infinitude differ: our curves are defined over Q and have infinitely many j-
invariants. Both works use explicit points whose classes have prescribed prime supports,
and both express the local conditions in the descent through quadratic residue symbols.
Savoie uses the graph and matrix descriptions of Kling and Savoie [25, Theorem 5.2
of the cited preprint]. In his rank-six family, he reduces the pairwise symbols to one
undetermined sign and proves that both resulting Laplacians have the same kernel [38,
Lemmas 4.1-4.2]. In [28, Proposition 6.1], Lu constructed five independent sections over
the function field of a curve of genus one with infinitely many rational points, and
obtained infinitely many elliptic curves over Q, pairwise nonisomorphic over Q, of rank
at least five. As Lu notes, these results give lower bounds and do not determine the
ranks.

1.4 The method and its sources

We now describe the ingredients of the proof of Theorem 1.1 and their origins. Section 2
gives a more detailed overview.

Descent by a rational 2-isogeny. For a pair (M, N) with FH] # 0, let ¢: Eyyn — E}A,N
be the isogeny between the curves in (1.1), and let ¢ be its dual. The descent map
sends the identity of Ejy n(Q) to the trivial class in Q* /Q*?, the point (0,0) to the class
of —BFH, and every other point (x,y) to the class of x. It is a homomorphism with
kernel ¢(E); (Q)). The map 6 on Ej; (Q) is defined in the same way and has kernel
$(EmN(Q)). If dp and dpr denote the dimensions over [F, of the images of 6r and J/,
then rank Ep; N(Q) = dg + dpr — 2. Descent is the method by which Mordell and Weil
proved finite generation [31, 50]. The form of it that we use, for a rational 2-isogeny, is
classical. We follow Tate’s 1961 Haverford lectures as expanded in [44, §§3.4-3.6], together
with [43, Example X.4.8 and Proposition X.4.9] and [5, §14]. The rank formula in the form
above is [55, Lemma 3.1]; see also [44, §3.6].

We bound dg and dp/ from below by the classes of explicit rational points. For the
upper bounds, we use that for every place v of Q, the image of d¢(Ex n(Q)) in QX /QJ?
lies in the image of the local descent map on Ej; n(Qy), and similarly for EE\/I,N' These
are the local conditions that define the Selmer groups of ¢ and ¢ [43, §X.4]. We impose
only the conditions that we need, at finitely many places, and show that the resulting
upper bounds agree with the lower bounds.

Local conditions as linear equations. At the specializations we use, every class in the
image of g is represented by a product of —1, a few fixed primes, and some of the
primes p; that divide BFH (Lemma 3.6). Once we fix these generators, we may regard
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a class as a vector over I, and the local condition at a prime p; is a linear equation in
this vector whose coefficients are Legendre symbols modulo p;. The local conditions at
the fixed places are linear equations as well. Such matrices occur in Rédei’s arithmetic
treatment [34, §5 and p. 59, footnote 11] of the Rédei—-Reichardt formula for the 4-rank
of the narrow class group of a quadratic field [35]. For elliptic curves, Monsky gave
a binary-matrix description of full 2-descent for the congruent-number curves in his
appendix to [20, pp. 365-369, especially p. 366]. Feng used quadratic-residue graphs
and their binary Laplacians in descent by a 2-isogeny [15, §§2-3]. Xiong and Zaharescu
treated the Selmer groups of a 2-isogeny of these curves and of its dual in a similar way
[51, §3.1, Theorem 3], and Kane and Klagsbrun constructed the corresponding matrices
for a rational 2-isogeny and its dual in families of quadratic twists [24, §4]. In these
congruent-number and quadratic-twist treatments, the primes are the prime factors of a
twisting parameter, and the Legendre symbols among them vary with the parameter. In
our families, a congruence condition on (M, N) determines every entry of the matrices
as a function of a single undetermined sign, which we discuss below.

Prime values and descent. To control the primes of bad reduction of Ey; , we specialize
at pairs (M, N) where the twelve linear forms take prime values, up to the fixed factors
¢;. Prime values of polynomials have long been used for this purpose in the fibration
method. Colliot-Thélene and Sansuc used Schinzel’s Hypothesis H [39], which is a
conjecture, to study the Hasse principle and weak approximation on fibrations [7]; see
also [8]. Swinnerton-Dyer [46] introduced this approach for certain genus-one pencils
over Q whose Jacobians have full rational 2-torsion. Colliot-Thélene, Skorobogatov, and
Swinnerton-Dyer [9, Introduction] developed it further for suitable pencils over number
fields, choosing primes so as to control the 2-Selmer groups. These results assume
Hypothesis H and the finiteness of the relevant Tate-Shafarevich groups. Bender and
Swinnerton-Dyer [1, Theorems 1-2] extended this method to certain pencils of 2-coverings
whose generic Jacobians have exactly one nonzero rational 2-torsion point. Colliot-
Thélene [6, Theorems A-B and §1.4] recast their solubility criteria in terms of the vertical
Brauer—-Manin obstruction, using the Selmer groups of a 2-isogeny and its dual; these
results retain the same conjectural assumptions. Skorobogatov and Swinnerton-Dyer [45]
developed a version of this descent for certain Kummer surfaces which still assumes the
finiteness of the relevant Tate-Shafarevich groups but does not require Hypothesis H.
When the polynomials are linear forms in two variables, as they are for a fibration over
the projective line whose degenerate fibers lie over rational points, the Green-Tao-Ziegler
theorem can take the place of Hypothesis H. Browning, Matthiesen, and Skorobogatov
used additive combinatorics together with descent over Q to treat pencils of conics and
quadrics with rational degenerate fibers [3, Theorems 1.1-1.2]. Harpaz, Skorobogatov,
and Wittenberg adapted the fibration method over Q using simultaneous linear prime
values in [19], for suitable fibrations of this kind. Kai [23] extended the Green-Tao—
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Ziegler theorem to prime elements of number fields. Koymans and Pagano combine four
prime-valued linear forms, prescribed quadratic characters at fixed auxiliary primes, and
Hilbert reciprocity to control a twist’s Selmer group [26, §3, Theorems 3.3 and 3.5].

Linear equations in primes. Green and Tao [18] proved an asymptotic formula for the
number of integer points in a convex region at which a system of affine-linear forms of
finite complexity takes prime values, assuming two conjectures: the Mobius-nilsequences
conjecture and the inverse conjecture for the Gowers norms. The first was proved by
Green and Tao [16, Theorem 1.1], and the cases of the second that were not previously
known were proved by Green, Tao, and Ziegler [17, Theorem 1.3], whose later corrections
are recorded in the bibliography. We use this theorem for twelve affine-linear forms in
two variables with pairwise nonproportional linear parts. Such a system has complexity
at most ten by [18, Lemma 1.6], and Section 5 states the form of the theorem that we need.
It produces prime values at points of a prescribed congruence class and cone, provided
that there is no local obstruction, but it gives no control of the Legendre symbols among
the resulting primes.

Zywina’s strategy. In [55], Zywina starts from a nonisotrivial elliptic curve y> = x> +
ax® + bx over K(T) whose discriminant is a product of linear factors over K, so that
its bad fibers lie over finitely many points ¢ € K. Sections of this curve and of the
2-isogenous curve over K(T) bound the images of the descent maps from below at all
but finitely many specializations. He chooses a finite set S of primes of K containing the
denominators of the bad parameters, together with two auxiliary primes qi, q» outside
S. Kai’s theorem [23, Proposition 13.2] then provides S-integers m and n such that the
elements m — en are pairwise nonassociate prime elements of the ring of S'-integers,
where S’ = SU{q1, 92}, and (m, n) satisfies prescribed local conditions; he specializes
at t = m/n [55, Proposition 5.9]. Using local computations at these primes, auxiliary
primes, global reciprocity, and the Selmer ratio of the isogeny, Zywina shows that the
Selmer groups of the specialized isogenies are spanned by the classes of the sections. The
rank of the specialization then equals the rank over K(T).

The axiomatic form of this argument is [55, Theorem 4.1]. We write A for the set
of additive fibers, and M (respectively M) for the set of multiplicative fibers of type
I, on the first curve and I,; on the second (respectively the reverse). Besides conditions
on the bad fibers, Theorem 4.1 of [55] requires that the images of the two descent maps
over K(T) have dimensions at least | A| + |M| —1 and |A| + | M| — 1. These conditions
force the rank over K(T) to equal 2| A| + |[M| + |M'| — 4, which is the upper bound
deg N — 4 of Shioda [41, Corollary 2], where N is the conductor of the elliptic surface.
In characteristic zero, Shioda’s stronger bound rank E(K(T)) < degN —4 — 2p, [41,
Corollary 3, equation (1.13")] shows that equality in deg N’ — 4 forces the geometric genus
pg to be zero; see also [55, §2]. Zywina’s surfaces are rational elliptic surfaces with a



1 Introduction 1.4 The method and its sources 7

point of order two, whose rank is at most four by [32, Corollary 2.1]. For r = 4, he uses
the pair
Ez: y* = x> —70(T? — 25%)x? + 247%(T? — 11%)(T? — 25%)x,
El: y? = 2% 4 140(T? — 25%)x* + 22327%(T? — 25%)(T? — 39%)x
of [55, §6.5], whose six bad fibers lie over T = +11, +25, £39.

(1.2)

Conic base change. Our families arise by base change of degree two. For the rank-five
family, we start from the curve E/, in (1.2), and for the rank-six family from Ey. For the
rank-seven family, we start from a related 2-isogenous pair of the same form, with bad
fibers over T = +1, +v, +w for certain rational numbers v and w. In each case, the base
change is along a conic over which an additional point becomes rational; Section 2.7
explains how it produces the twelve forms L; and the identity A>F +4BH = CJ, and
Appendix B gives the details. Making a quadratic section rational by a base change
of degree two is a classical way to raise the rank of an elliptic surface; see Mestre’s
conic construction [30, §2.2] and Elkies’s discussion [13, Lecture III, p. 2003]. Dujella,
Kazalicki, and Peral describe the corresponding divisor and square conditions for models
y? = x3+ax?+ bx in [12, §1.1]. Salgado gives general results on new independent sections
from moving multisections [36, Corollary 4.3], and Loughran and Salgado develop this
method using conic bundles [27, §1.2 and Theorem 2.4]. In [11, §4], Dujella and Peral raise
the rank of an elliptic curve over Q(u) from four to six by imposing two conditions, each
of which defines a conic. Such a base change need not raise the rank. For the rank-seven
family, the point supplied directly by the conic has a square x-coordinate, so its class
under Jf is trivial, and the additional class comes from another point (Appendix B). For
this reason, the proofs do not use the construction. We verify the new classes directly at
every specialization, and Appendix B only explains where the families come from.

What is new. The proof of Theorem 1.1 differs from the maximal-rank argument of [55]
in the following ways.

* Three families. These are the families of Table 1.1, with their points, congruence classes,
and cones.

o Explicit matrices instead of the criterion of maximal rank. After the base change, each
family has twelve bad fibers: four additive fibers at the zeros of F, and eight multi-
plicative fibers at the zeros of H and ], which form the sets M and M’ respectively.
The number 2| A| + | M| + | M| — 4 is then 12, while the ranks we prove are 5, 6, and
7. Since infinitely many fibers of each family have rank r < 7, Silverman’s theorem
[42, Theorem C, p. 208] implies that the rank of the family over Q(M/N) is at most
r. Thus the families do not have maximal rank, and [55, Theorem 4.1] does not
apply. (The fiber types and K3 classification of these elliptic surfaces are proved in
Remark 4.5, using [40, 49].) Instead, for a fixed congruence class and cone, we write
the local conditions at 2, at 3, at one or two further fixed primes, at the real place, and
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at the twelve primes p; as the rows of explicit matrices over IF, with twelve or thirteen
columns. Their ranks show that the images of 6 and Jg are spanned by the classes
of explicit points. We display the matrices with labeled rows and columns, explain

each entry through tables of residues, and give rank certificates that can be checked
by hand.

* One free sign. The congruence class determines every entry of the matrices as a
function of the sign e = (N/pp), which it does not determine. When e changes sign,
every row coming from one of the primes p; changes by the same vector, and both
values of ¢ give the same upper bound (Lemma 4.17). The analytic input is therefore
used only to produce prime values in a congruence class and a cone, and we need
no condition on quadratic residue symbols among the growing primes. The related
one-sign reduction and common-kernel mechanism over Q(7) in [38, Lemmas 4.1-4.2]
is a precedent for this step.

* The ground field. The proof takes place over Q and uses the Green-Tao-Ziegler theorem
directly, instead of Kai’s extension to number fields.

The proof of Theorem 1.1 is unconditional. It does not use the finiteness of Tate—
Shafarevich groups, the parity conjecture, analytic ranks, or a specialization theorem:
both the upper and the lower bounds are proved directly at each prime specialization.

1.5 Computer verification

In Part II, we use finite arithmetic of the following kinds:

o the identity A%F +4BH = CJ, and the identities stating that the listed points lie on
the curves, which are homogeneous polynomial identities of degree at most twelve in
(M, N);

* the values of W, My, and Ny given by the Chinese remainder theorem;

* the factorizations of the coefficients b; and of the determinants a;b; — a;b;;

* the residues of the primes p; modulo small primes, and the Legendre symbols that
they determine;

e the ranks of matrices over IF, with twelve or thirteen columns.

We state each of these claims precisely, so that a reader can check it by hand or with
any computer algebra system. For instance, a homogeneous identity of degree at most
twelve in (M, N) holds if it holds at N = 1 for thirteen distinct values of M. For the
ranks, we display the matrices and give certificates in the form of triangular minors.
Appendix A describes the supplied scripts, which use exact arithmetic, and lists the
claims that they check. The uniform arguments, which apply to every pair (M, N) in an
infinite progression, and the analytic input are proved in the text and are not checked by
computer.
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1.6 Organization and notation

Section 2 gives an overview of the proof, including a dimension count for one of the
tamilies. Part I develops the general tools. Section 3 recalls descent by a rational 2-isogeny
over Q and over its completions, proves the rank formula (Lemma 3.5) and the local
lemmas that we need, and shows how local conditions become rows of a matrix over
F; (Lemma 3.10). Section 4 introduces twelve-form data (Definition 4.1) and their prime
specializations, computes the local images at the twelve primes p; and the Legendre
symbols among them, and proves the rank criterion of Proposition 4.18. Section 5 states
the Green-Tao—Ziegler theorem in the form that we use and proves Proposition 5.5, which
gives infinitely many prime specializations in a congruence class and a cone. Part II
treats the three families. Sections 6 to 8 prove Theorems 6.7, 7.8, and 8.9 by checking the
hypotheses of Propositions 4.18 and 5.5, and Section 9 deduces Theorem 1.1. Appendix A
describes the computer verification, and Appendix B explains how the three families
were found.

Throughout, for a field K of characteristic zero, we write K* /K*2 for the group of
squareclasses of K, which we regard as a vector space over [Fp, and [u] for the class of
u € K*. For a prime p, we write v, for the p-adic valuation on Q and on Qy, and we
set Qe = R. For an odd prime p and an integer z prime to p, we write (z/p) for the
Legendre symbol. At a prime specialization, for 0 < i < 11 and an integer z prime to
pi, we define A;(z) € F by (z/p;) = (—1)%(3), so that A;(zz') = A;(z) + Ai(2). We write
the free sign as ¢ = (N/pg) = (—1)" with # € [F,. The remaining notation, including
the curves E, g, the isogeny ¢ and its dual $, and the descent maps, is introduced in
Sections 3 and 4.



SECTION 2

Overview of the proof

In this section, we explain how the proof of Theorem 1.1 works. We describe the steps for
a general family of the form (1.1), in the order in which Part I carries them out, and in
Section 2.5 we follow them through the rank-six family. Precise statements and complete
proofs are given in Sections 3 to 8, and we point to them as we go. Nothing in this section
is used later.

The proof has three parts. Fix one of the three families. First, we bound the dimensions
dp and dp/ of the images of the two descent maps from below by the classes of explicit
rational points, at every pair (M, N) at which the twelve forms take prime values up to
tixed factors. Second, we bound them from above by local conditions at finitely many
places, provided that (M, N) also lies in a fixed congruence class and a fixed open cone.
Most of the work lies in this step. Third, we use the Green-Tao-Ziegler theorem to
produce infinitely many such pairs (M, N), and we show that the resulting curves have
infinitely many j-invariants.

2.1 The shape of the families

Recall the curves Ejys n and EE\/LN of (1.1). When (M, N) is fixed, we write E = Ej; ny and
E = ES\/I,N/ and

x=AF, B=-BFH, o =-2AF, p =CFJ

for their coefficients. Since a> — 48 = F(A%F + 4BH), the identity A’F +4BH = CJ
says exactly that B/ = a? — 4B, that is, that E’ is the curve y? = x> — 2ax? + (a? — 4B)x,
which is 2-isogenous to E (Lemma 4.2). Note that all four coefficients are constants times
products of the forms L;, and so is the discriminant 16B>CF>H?] of E. Every prime of
bad reduction of E therefore divides 2BC or one of the twelve values L;(M, N).

The twelve linear factors are what make the descent computable at infinitely many
pairs (M, N). Suppose that L;(M, N) = c¢;p; for 0 < i < 11, where the c; are fixed positive
integers and po, ..., p11 are distinct primes outside a fixed finite set S. Such a pair is
a prime specialization (Definition 4.6), and the p; are its moving primes. At a prime
specialization, each p; divides exactly one of the twelve values, and only to the first power
(Lemma 4.8). The moving primes grow with (M, N), but their number and the way in
which they divide the coefficients of the curves do not change. In the three families, c; is

10
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the largest divisor of L;(M, N) composed of the primes 2 and 3, which is the same for
all (M, N) in the congruence class that we choose below. In the rank-five and rank-six
tamilies, some cofactors must be larger than one. Indeed, the zero lines of the twelve
forms modulo 2 are all three lines of F3, and modulo 3 they are all four lines of 3. It
follows that for every pair (M, N), at least one of the values L;(M, N) is even, and at least
one is divisible by 3.

The forms come in three groups of four, according to whether L; divides F, H or J.
We write Ir = {0,1,2,3}, Iy = {4,5,6,7} and I; = {8,9,10,11} for the corresponding
sets of indices. At a prime specialization, a moving prime p; with i € Ir divides «,
and B’; a moving prime with i € Iy divides  but not « or p’; and a moving prime with
i € I; divides B’ but not « or B. The eight moving primes that divide  have indices in
Gg = Ir U Iy, and the eight that divide p’ have indices in G = Ir U I}. As we explain in
Section 2.3, the group of a moving prime decides the local condition that it imposes.

2.2 Descent and the lower bound

We use descent by the rational 2-isogeny ¢: E — E’ and its dual ¢. Recall from the
introduction that the descent map Jr sends a point (x,y) with x # 0 to the class [x] in
Q*/Q*?, the point T = (0,0) to [f], and the identity to [1]. It is a homomorphism with
kernel ¢(E'(Q)), and the map 5 on E’'(Q), defined in the same way, has kernel ¢(E(Q))
(Proposition 3.4). Writing dg and dg for the dimensions over IF, of the images, we have

rank EM,N(Q) =dp+dp —2

by Lemma 3.5. The proof of Theorem 1.1 reduces to computing dr and dr/ exactly, at
every prime specialization in a suitable infinite set. For the rank-six family, for example,
we must show that dp = dpy = 4.

We obtain the lower bounds from explicit points. Each family has a few points on
E and on E’ whose coordinates are polynomials in M and N with rational coefficients
(Tables 6.3, 7.2, and 8.3). The x-coordinate of each point is a constant times a product
of four of the forms L;, and the condition that the point lies on the curve is an identity
between binary quartic forms, which a reader can check by comparing five coefficients (for
example, Lemma 7.1). At a prime specialization, the class of such a point is [¢[Tic 7 pjl,
where ¢ is a product of —1 and primes of S, and J is a set of four indices, which we
call its moving support. The class [B] of T has the moving support Gg. Note that the
exponent of p; in a class is its p;-adic valuation modulo 2, since the p; are distinct primes
outside S. To prove that the classes are independent, it suffices to order them so that each
has a moving prime that occurs in none of the later ones (Lemma 3.12); then no nontrivial
product of them is a square. Counting T and T’, we find kg independent classes in the
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image of 6r and kg in the image of dg/, where
(kg ker) = (3,4), (4,4), (5,4)

in the rank-five, rank-six and rank-seven families (Lemmas 6.2, 7.2, and 8.3). This implies
that dE > kE and dE’ > kE"

2.3 Upper bounds from local conditions

For the upper bound, we must exclude every class that does not come from the points.
Every class in 0 (E(Q)) is the class of a rational point. By Proposition 3.4, its image in
Q. /Qy? therefore lies in the image 6 ,(E(Qy)) of the local descent map, for every place
v. We use only finitely many of these conditions, and in order to make them the same for
all (M, N) in an infinite set, we replace the local images at the fixed places by subgroups
that contain them (see Remark 3.11 for how this compares with the Selmer group). It is
not clear in advance that these weaker conditions suffice. In the three families they do,
and they cut out exactly the span of the classes of the points.

To write the conditions as linear equations, we first fix finitely many classes that span
the image. By Lemma 3.6, every class in d¢(E(Q)) is represented by a squarefree divisor
of B, with a sign. At a prime specialization, the primes dividing B are the eight moving
primes p; with j € Gg and some primes of S. We fix an ordered list I'r consisting of —1
and of distinct primes of S, which contains every prime of S that divides f; the list I'/
is chosen in the same way. Let B = (I'g; pj (j € Gg)). By Lemma 4.8, the classes of the
ng = |Tg| 4 8 entries of Br are independent and span a subgroup that contains dg(E(Q)).
We may then regard every class in 6¢(E(Q)) as a vector w € [F5F of exponents, and each
local condition becomes a linear equation in w. Indeed, let U, be a subgroup of Q. / Q3?2
that contains the local image, and let f: Q. /Q}? — TF, be a linear map that vanishes on
U,. Evaluating f at the entries of Br gives a row vector r with r - w = 0 for every class w
in 6g(E(Q)) (Lemma 3.10). If Mg is a matrix of such rows, we conclude that

dg < ng —rank Mg.

When rank Mg = ng — kg, this upper bound matches the lower bound of Section 2.2, and
0p(E(Q)) is the span of the classes of the points (Corollary 3.13). The same construction
applies to E’, with B/, Gg/, a list T'ps and the basis Bg:.

We take rows at two kinds of places. At the moving primes, we determine the local
images from the valuations of the coefficients alone (Lemmas 3.8 and 4.9). Writing p = p;,
we have the following.
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i€ vp(a) vp(B) vp(B) JEp(E(Qp)) 5E’,p(EI(Qp))
Ir 1 1 v ALy {ALIET

Iy 0 1 0 not used {[1]}

Iy 0 0 1 {[1]} not used

At a prime p; with i € Ij, the condition on E says that every class in d¢(E(Q)) is a square
in Q,,. The entries of B are units at p;. The valuations are therefore even automatically,
and the condition says that the Legendre symbol modulo p; of the class is 1. In other
words, the row has the entry A;(g) at each constant ¢ € T’z and the entry A;(p;) at each
moving prime p;, where (z/p;) = (—1)%().

At a prime p; with i € I, a class lies in {[1], [8]} if and only if its Legendre symbol
modulo p;, after the factor p; is removed, equals that of /p; when the class has odd
valuation at p;, and equals 1 otherwise. The row has the same entries as before, except at
the column of p; itself, where the entry is the character A;(B/p;). With B = xe[icc, pj,
where «g is a constant, we have A;(8/p;) = Ai(kg) + Ljeg,\(iy Ai(p;). For the curve E/,
the roles of H and | are exchanged, since a’?> — 48’ = 16B. Altogether, each curve has
eight moving rows: four at the primes p; with i € Ir, and four at the primes p; with i € I;
for E, or i € Iy for E’ (Definition 4.10 and Lemma 4.11).

We obtain the other rows at the fixed places: 2, 3, one or two further primes of I'r or
I'r, and the real place. Here we bound the local images by going through the points of
E(Qy): the identity, the point T, the other points of order two (Lemma 3.7), and the points
with y # 0, sorted by the valuation of x. For most valuations of x, one term of the cubic
x> + ax? + Bx has strictly smallest valuation and determines the valuation and the leading
digits of the cubic (Lemma 3.1); in the remaining cases, the residues of the coefficients
decide. The condition that the cubic is the square y?> (Lemma 3.2) then restricts the class
of x. These arguments use only the relation f’ = a?> — 48 and the valuations and residues
of the coefficients at the fixed prime, modulo a small power of it. The congruence class of
(M, N) fixes these residues, and the fixed-place lemmas (Lemmas 6.5, 7.5, and 8.6) state
the resulting subgroups U, at the finite fixed places, which are the same for every pair in
the class.

At the real place, we use that all twelve forms are positive on the cone. We then have
&' < 0 < B/, and the cubic x> + a’x? + p’x is negative for x < 0. Every point of E’(R)
other than the identity has x > 0 or is the point T’, whose class [f'] is trivial. The local
image is trivial, which gives the row that records the sign. On E, the point T has the
negative class [f], and the real place gives no condition. At the finite fixed places, the
entry of a fixed row at the column of a moving prime p; depends only on the residue of
pj modulo 8 or modulo the fixed prime, which the congruence class also fixes. In the real
row, every moving prime is positive and therefore has entry 0.



2 Overview of the proof 2.4 Reciprocity and the free sign 14

2.4 Reciprocity and the free sign

We have seen that the fixed rows are the same at all prime specializations in the chosen
congruence class and cone. However, the moving rows consist of Legendre symbols
modulo the moving primes, and a priori these depend on (M, N). There are two kinds
of entries.

We first consider the entries A;(g) and A;(k,), for x € {E, E’'}, which are characters
of fixed integers. By quadratic reciprocity and its supplementary laws, such a character
depends only on the residues of p; modulo 8 and modulo the odd primes dividing the
integer (Lemma 4.13). The modulus W of the congruence class is divisible by a power
of 2 and by these odd primes, and the class fixes the residues of all the p; modulo them
(Tables 6.7, 7.6, and 8.8).

We now turn to the cross symbols A;(p;), with i # j, which are characters of one
moving prime modulo another. The residue computations above do not evaluate them.
The observation that makes them computable is that the moving primes are values of
linear forms in the same two variables. Any three of these forms are linearly dependent,
and reducing such a relation modulo one of the primes relates the other two. We have
M = ¢copy, since Ly = M. Reducing cjp; = a;M + b;N modulo py, we find ¢;p; = b;N
(mod po), which implies that

DG <)

Quadratic reciprocity then determines (po/pj). For i,j > 1, eliminating N between L; = 0
and L; modulo p;, we find b;L; = Aj;M (mod p;), where Aj; = a;b; — a;b;. This expresses
(pj/pi) as (po/ p;) times the character of a fixed integer (Lemma 4.12). Writing e = (—1)"
with € [Fp, we find
Ai(pj) = ij + 11,

where v;; € F; is computed from characters of fixed integers at pp and p;, which the
congruence class determines (Corollary 4.14). Only the pairs (7,j) that occur in the
rows need to be controlled. A pair with both indices in Iy, or both in I}, never occurs
(Remark 4.15), and the determinants A;; of these pairs need no condition. This is why
some primes of S, such as 131, 257, 409 and 2089 in the rank-five family, need not divide
W.

We conclude that at the prime specializations in the congruence class, the matrix M,
depends on (M, N) only through 1. We write it as M, (7). However, we have no means
of prescribing the sign €. It is a Legendre symbol modulo the growing prime py, and
the Green-Tao—Ziegler theorem produces prime values in a congruence class and a cone,
but it gives no control of the Legendre symbols among these primes. We must prove the
upper bound for both values of e.
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The way out is to observe how the matrix changes with 7. The fixed rows and the
entries of the moving rows in the constant columns do not involve 7. Each entry of a
moving row in a moving column j # i changes by 7. The entry in the column of p; is
Ai(k«) plus a sum of seven cross symbols, and it changes by 77 = 7 as well. In other
words, every moving row satisfies

ri (1) = 17 (0) + s,

where u, is the vector with entry 1 at the eight moving columns and 0 elsewhere.

Now suppose that there exists a set of rows of M, (0), containing an even number of
moving rows, such that u, is their sum. The same set of rows of M, (1) then also sums to
u,, because the extra copies of u, cancel in pairs. Then u, lies in both row spaces, and
since every row of one matrix is the corresponding row of the other, or that row plus
u,, the two matrices have the same row space (Lemma 4.17). In particular, they have
the same rank and the same kernel, and one rank computation covers both values of e.
The parity condition cannot be dropped: if a moving row of M, (0) were equal to u,, the
corresponding row of M, (1) would be zero. In five of the six cases (three families, two
curves), u, is the sum of some fixed rows and exactly two moving rows; for the curve E’
of the rank-five family, it is the sum of four moving rows (Lemmas 6.6, 7.7, and 8.8).

Proposition 4.18 collects these steps. Let P be a set of prime specializations on which
the fixed rows and the numbers A;(g), A;(x«) and 1;; are constant. The proposition states
that if, for both curves, the image of J, contains k, independent classes, rank M, (0) =
n, — ks, and u, has a representation as above, then d, = k, and rank E M,N(Q) = kg +
kg —2 atevery (M,N) € P.

2.5 An example: the rank-six family

We now follow these steps through the family of Section 7. Here A =70, B = 784 and
C = 1764, and the identity A?F 4+ 4BH = CJ is 196 times 25F + 16H = 9]. The forms
Lo=Mand L; = N have ¢ = ¢; =1, so that pp = M, p1 = N and ¢ = (p1/po). The lists
of constants are I'r =Ty = (—1,2,3,7), and the bases

BE = (_1/2/3/7/ PO/---/p7)/ BE’ = (_1/2/3/71 PO;---/P3/P8/---/P11)

have ng = np = 12 entries.

The points. Besides T, we use three points on each curve (Table 7.2). For example,
P, = (14H, 588Dy H) with Dy = M? + 30N? lies on E, because F + H = 126D3 (see (7.2)).
At a prime specialization, we have H = 2p4pspep7, and the class of P is [28p4pspepy]| =
[7p4pspep7]. The four classes on E are

Oe(T) = [~pop1---p7l, Oe(P1) = [7papspspr,
Oe(P2) = [—p1papaps, Op(P3) = [~7p1pspaps)-
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The prime pg occurs in the first class and in none of the others, p7 occurs in the second
class and in neither of the last two, pp occurs in the third class and not in the fourth,
and p3 occurs in the fourth. This triangular pattern shows that the four classes are
independent, and dr > 4. The same argument on E’ gives dps > 4 (Lemma 7.2).

The congruence class and the fixed rows. The congruence class Pg consists of the pairs
(M,N) = (My, Ny) modulo

W =20.34.5.7.11-17- 23 = 780373440,

and the cone K¢ is {29N < M < 31N, N > 0} (Section 7.3). By Lemma 7.5, every
(M, N) € Pg has the following properties: the image of J , lies in the subgroup generated
by [—1] and [5], whose classes have even valuation at 2; the image of g 3 is trivial; and
the image of dr 7 lies in {[1], [7]}. These bounds give four fixed rows of Mg(#): one at 2,
two at 3 (one for the valuation and one for the unit part), and one at 7. On E’, we obtain
two rows at 2, one at 7 and one at the real place. Each matrix has 4 4 8 = 12 rows.

A moving row. We compute the row of Mg () at the prime p. Since 10 € I}, the local
image of E at pyg is trivial, and the row consists of the characters A1y of the entries of BE.
By Table 7.6, every (M, N) € Pg has

pro=7 (mod 8), p1o =2 (mod 3), pro =6 (mod 7).

By the supplementary laws, we have (—1/p19) = —1 and (2/p19) = 1. Since 3, 7 and
p1o are congruent to 3 modulo 4, and 2 and 6 are not squares modulo 3 and 7, quadratic
reciprocity yields (3/p10) = —(p10/3) = 1 and (7/p10) = —(p10/7) = 1. The entries in
the constant columns —1,2,3,7 are 1,0, 0, 0.

For the cross symbols, we use the linear relations among the forms. Since L3 =
25M — 169N, L1g = M — 2N, ¢3 = 8 and ¢y = 3, we have

8]93 = 25p0 — 169]91, 3]910 = Po — 2]91.

Reducing the second relation modulo pg, we find 3p19 = —2p; (mod pp), which implies
that (p10/po) = (—6/po)e. On Ps, we have pp = 3 (mod 8) and pp =1 (mod 3). Then
(=1/po) = (2/po) = —1 and (3/po) = —(po/3) = —1, which gives (—6/py) = —1 and
(p10/po) = —e. As po and pyg are both congruent to 3 modulo 4, quadratic reciprocity
implies that (po/p10) = ¢, thatis, Ag(po) = 1.

Next, we reduce both relations modulo p19. The second becomes py = 2p; (mod pyg),
and since (2/p19) = 1, we have (p1/p10) = (po/p10) = ¢ thatis, Ajo(p1) = 7. Inserting
2p1 = po into the first relation, multiplied by 2, we find 16p3 = —119p¢ (mod p19), where
119 = 7-17. We computed (7/p10) = 1 above, and (17/p10) = (p10/17) = (16/17) =1,
since p1p = 16 (mod 17) by Table 7.6. Hence (p3/p10) = (—1/p10)e = —¢, that is,
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Ao(p3s) = 1+ 1. The other cross symbols are computed in the same way, from the
integers listed in Table 7.11 and the characters in Table 7.9, and Table 7.12 collects the
results. The row is

-1 23 7|po p1 P2 pP3s  Ps P5 Pe P7
)| 1 0007y n 7 145 147 5 1+7 7

For n = 0, it is the row at pjg of Table 7.13. Note that the row is orthogonal to the classes
of the points, for both values of #. For instance, its entries at 7 and at py, ..., p; sum to
0+ (1+#%)+n+ (1+n)+n=0inlF,. This says that 7pspspep7 is a square modulo p1g,
which must be so, since [7p4pspep7| is the class of the rational point P;.

The count. The matrix Mg (0) of Table 7.13 has twelve rows and twelve columns. By
Lemma 7.7, it has an 8 x 8 submatrix that becomes lower triangular with ones on the
diagonal after its rows and columns are reordered; the row at pjo supplies the diagonal
entry in the column of p;. This implies that rank Mg (0) > 8. The four classes of the
points lie in the kernel. Hence the rank is exactly 8, and the kernel is spanned by these
classes. The vector ug is the sum of the fixed row at 2 and the two moving rows at p;
and pg, and by Lemma 4.17, the matrix Mg(1) has the same kernel. We conclude that
dp = 4 and that g (E(Q)) is spanned by the four classes above. The same count on E’
yields dpr = 4, with up, the sum of the fixed row at 7 and the moving rows at p; and py.
By Lemma 3.5, we have

rankEMIN(Q) = dE +dE’ —2=4+4-2=6
at every prime specialization in Pg N K¢, which is the rank statement of Theorem 7.8.

The three families. Table 2.1 summarizes the same count for all three families. In each
case, the rank of M, (0) is the largest value that the points allow, namely n — k,, since
every row vanishes on the k, classes of the points.

Table 2.1. The dimension count in the three families of Sections 6 to 8. Here n = ng = ng is the
number of columns, “rows” is the number of fixed rows plus the eight moving rows, “rank” is
rank M, (0), and d, = n — rank M,.(0).

curve E curve E’

=

I'e=Tg n fixed places rows rank dp fixed places rows rank dp
(-1,2,3,5) 12 2,3,5 5+8 9 3 2,5,00 3+8 8 4

(-1,2,3,7) 12 2,3,7 448 8 4 2,7, 448 8 4
(-1,2,3,7,13) 13 2,3 448 8 5 2,713,0 64+8 9 4

N O G




2 Overview of the proof 2.6 Infinitely many prime specializations 18

2.6 Infinitely many prime specializations

We have explained why the rank statement holds at every prime specialization in P, N KC;,
and it remains to show that there are infinitely many of them. We write M = My + WX
and N = Ny + WY with (X,Y) € Z2. The twelve numbers p; = L;(M,N)/c; are the
values at (X,Y) of the affine-linear forms

Li(Mo, No) | W -
M+?(gix+biY), 0<i<11,

1 1

whose linear parts are pairwise linearly independent, since A;; # 0. The theorem of
Green and Tao on linear equations in primes [18], which is unconditional by [16, 17], is
an asymptotic formula for the sum of []; A(¢;(X,Y)) over the points (X, Y) of a dilated
convex region, where A is the von Mangoldt function (Theorem 5.1). Apart from the
weights and from the contribution of prime powers, which is negligible, this sum counts
the points at which all twelve forms take prime values. The main term is the area of the
region times a product of local factors, and it is positive if all the forms are positive on
the region and no prime g is a local obstruction.

We choose the congruence class in such a way that no prime is a local obstruction
(Lemma 5.4). For a prime g dividing W, each form ¢; is constant modulo ¢, and this
constant is prime to g by the choice of (M, Ny) and of the cofactors. For a prime g
not dividing W, there is an obstruction only if the zero lines of the twelve forms L;
modulo g cover all g + 1 lines through the origin of ]Fg. This cannot happen for g > 13,
since there are only twelve forms. In the three families, every prime q < 11 divides W,
except ¢ = 5 in the rank-seven family, which is checked directly. The points at which
two values coincide, or at which a value is a prime of S or a power of a prime with
exponent at least two, lie on comparatively few lines, and they contribute only to the
error term (Lemma 5.3). Finally, every form L; is positive on the cone K, (Lemmas 6.4,
7.4, and 8.5). Combining these facts, we obtain infinitely many prime specializations in
P, N K, (Proposition 5.5).

It remains to show that these curves represent infinitely many Q-isomorphism classes.
At a prime specialization, M and N are coprime. Each ratio M/ N therefore comes from
at most two prime specializations, and there are infinitely many ratios. The j-invariant of
Eis

gi(X/ Y) =

256(A2F + 3BH)?
B2CH?]

By Lemma 4.3, the numerator and the denominator are binary forms of degree 12 in
(M, N) without a common zero, so that each value of j is taken for at most twelve ratios
M/ N. The curves have infinitely many j-invariants, and they represent infinitely many
Q-isomorphism classes, because curves with distinct j-invariants are not isomorphic over
@. This proves the infinitude statements of Theorems 6.7, 7.8, and 8.9, and Section 9
deduces Theorem 1.1 from these three theorems.

J(EmN) =
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2.7 Where the families come from

Each family is a base change of a 2-isogenous pair over Q(t), along a conic z> = g(t)
that has rational points above each of the six bad parameters t = +e of the pair. The
starting pairs and earlier uses of this device are described in Section 1.4, and Appendix B
gives the details. When we parametrize the conic by M/N, the parameter ¢ becomes a
quotient of two binary quadratic forms. Each of the six factors t F e then pulls back to a
constant times a product of two of the forms L;, divided by the denominator. The three
factors t2 — ¢? pull back to constant multiples of F, H and ], divided by the square of
the denominator, and the linear relation among these three quadratic polynomials in ¢
becomes the identity A?F +4BH = CJ, up to a constant factor. Appendix B also relates
some of the points of each family to points of the starting pair or to points over the conic.



PART I

Descent and prime values



SECTION 3

Descent by a rational 2-isogeny

This section collects the facts about descent by a rational 2-isogeny that we use. For an
elliptic curve E, g: y?> = x3 + ax? + Bx, we define the descent maps (Definition 3.3) and
recall that they are homomorphisms whose kernels are the images of the two isogenies
(Proposition 3.4). The rank of E, g(Q) is determined by the dimensions of the images
of the two descent maps (Lemma 3.5). We bound these images from above in two ways:
globally, by the prime divisors of f (Lemma 3.6), and locally, at an odd prime where the
coefficients have one of two valuation patterns (Lemma 3.8). In Section 3.4, we write local
conditions as linear equations over IF, (Lemma 3.10) and record how explicit points give
matching lower bounds (Lemma 3.12 and Corollary 3.13).

Descent by a 2-isogeny is classical. We follow [43, Example X.4.8 and Proposition X.4.9]
and [44, Sections 3.4-3.6]. Zywina’s work [55, Section 3], whose strategy we follow, starts
from the same formalism. We include short proofs of the facts we use, so that every
upper bound in this paper can be checked line by line. The results of this section are
used in Section 4, where Lemma 3.8 gives the linear conditions at the twelve moving
primes, and in Sections 6 to 8, where the local conditions at the fixed places are proved
with Lemmas 3.1, 3.2, and 3.7.

3.1 Valuations and squareclasses

A place of Q is a prime p or oo, and Q. = R. Primes are positive. For a prime p, we
write v, for the p-adic valuation on Q,, normalized by v,(p) = 1, with v,(0) = +o0, and
Z; for the group of units of Z,. For a field K, the group K*/K %2 of squareclasses is a
vector space over [F,. We write its group law multiplicatively, call its elements classes,
and write [u] for the class of u € K*; linear independence and spans refer to this vector
space. For a place v, we let loc,: Q*/ Q*? — QX /Q}? be the homomorphism induced
by the inclusion Q C Q.

For an odd prime p and z € Z), we write (z/p) for the Legendre symbol of the
reduction of z modulo p, and we define x,(z) € F, by

(%) = (=10, (3.1)

Then x,(zw) = xp(z) + xp(w), and xp(z) depends only on z modulo p. We use x,(z)
mostly for integers z prime to p. After Lemma 3.2, we extend x, to Q.

21
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Lemma 3.1 (Dominant terms). Let p be a prime, and let z1, .. .,zm € Qp with zq # 0.
(a) If vp(z1) < vp(zk) for 2 <k < m, then vy(z1 + - - -+ zm) = vp(21).

(b) If h > 1 is an integer and vy(zy) > vp(z1) + h for 2 < k < m, then there exists t € Z,
such that zy + - - - + zyy = z1 (1 + p''t).

Proof. Under the hypothesis of (b), each quotient z;/z; with k > 2 has valuation at least
h. Thent = p~" Y-, 2,/ 21 lies in Zp,and zi + - 4z = z1(1 + p''t). The hypothesis of
(a) is the case h = 1 of (b), because valuations are integers. As 1 + pt is a unit, we obtain
Up(z1 4+ 2zm) = vp(z1). O

In the local computations of this paper, zy, ..., z; are the terms of the right side of a
Weierstrass equation. We then call z; the dominant term.

Lemma 3.2 (Squareclasses of Qp). Let p be a prime, and write u € Q as u = pFug with
k=vp(u) and ug € Z;.
(a) Let p be odd. Then u is a square if and only if k is even and x,(up) = 0. The map
[u] = (k mod 2, xp(u0)) is a well-defined isomorphism Q /Q;* — IF.
(b) Let p = 2. Then u is a square if and only if k is even and ug =1 (mod 8). Every class in
Q5 /Q5? is equal to [(—1)€12°25%] for exactly one (e, ea,e3) € TF3. For the class of u, we
have e; = k mod 2, and

(e1,e3) = (0,0), (1,1), (0,1), (1,0) accordingas upg=1,3,5, 7 (mod 8). (3.2)

(c) If pisoddand h > 1, or if p = 2 and h > 3, then every element of 1 + p"Z, is a square in
Qp.

The isomorphisms in (a) and (b) are the coordinates on Q; / Q;z that we use to write
local conditions, and we name them as follows. At p = 2, the coordinates of the class
of z € Q; are the bits e1(z), e2(z), e3(z) of (b). At an odd prime p, we write z € Q;; as
z = pkzo with zg € Z, and we set

Vp(z) = k mod 2, Xp(z) = xp(20), (3.3)

so that (zo/p) = (1)@, By (a), the map [z] — (vp(z), xp(2)) is an isomorphism
Q, /(Q;2 — IF2. At the real place, R* /IR*? = {[1], [—1]}, and the coordinate of the class
of z € R* is sgn(z) € Fp, which is 1 if z < 0 and 0 if z > 0. All these coordinates are
linear maps from the groups of squareclasses to IF,. We use the indexed symbols A; for
the characters at the moving primes p; of Section 4: A;(z) = xp,(z) for integers z prime
to p;.

Proof of Lemma 3.2. We begin with (a). The two conditions are necessary: a square w? has
even valuation 2v,(w), and its unit part is the square of the unit part of w. Conversely,
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it suffices to show that a unit ug with x,(u) = 0 is a square. This is Hensel’s lemma;
we recall the argument. Since x,(19) = 0, there exists z; € Z with z7 = uy (mod p).
Suppose that z, € Z, satisfies z3 = 1y (mod p"). There exists t € Z with 2z,t =
(g — z2)/p"™ (mod p), because 2z, is a unit, and we set z,,, 1 = z, + tp". Then

221 =22+ 2zutp" + Pp* =y (mod p"t). (3.4)

The sequence (z,) converges in Z, because z,1 — z; € p"Z,, and its limit is a square
root of ug. The map in (a) is a homomorphism, because valuations add and yx, is additive.
It vanishes on squares, and its kernel consists of squares by the criterion just proved. It
is surjective, because the classes of p and of a unit 1y with x, (o) = 1 map to (1,0) and
(0,1).

For (b), the two conditions are necessary because the square of an odd integer is 1
modulo 8. Conversely, let ug = 1 (mod 8), and let z3 = 1. If z,, is odd and z2 = ug
(mod 2") with n > 3, we set z,, ;1 = z, +¢2" ! with e € {0,1}. Since 2n —2 > n+ 1, we
have

Z2.1 =25 +e2"z, (mod 2", (3.5)

and exactly one choice of e gives z2 41 = up (mod 2"+1) because z, is odd and uy — z2 =
0 (mod 2"). The limit of (z,) is a square root of uy. The numbers (—1)“15% with
(e1,e3) = (0,0),(1,1),(0,1),(1,0) are 1, —5,5, —1, which are congruent to 1,3,5,7 modulo
8. Given u = 2Fug, we choose ¢; = k mod 2 and (ey,e3) by (3.2). Then u/((—1)%12%5¢%)
has even valuation and unit part congruent to 1 modulo 8, and it is a square by the
criterion just proved. If two triples give the same class, then the quotient (—1)%12425% is
a square. Its valuation shows that d, = 0, and the list of residues above then shows that
dy =d3;=0.

Finally, (c) follows from (a) and (b), since an element of 1 + pth is a unit congruent
to 1 modulo p (if p is odd and & > 1) or modulo 8 (if p = 2 and h > 3). O

3.2 Descent maps and the rank
Let K be a field of characteristic 0, and let a, B € K with B(a? — 4B) # 0. We write
Eyp: y? = 2+ ax? + Bx, T = (0,0). (3.6)

Since B # 0 and a? — 48 # 0, the cubic x(x? + ax + B) has three distinct roots. Then Euwp
is an elliptic curve, with origin O at infinity, and T is a point of order two; it is the only
point of E, g with x = 0. We set

o =20, B =a>—4p. (3.7)

Note that a'> — 4" = 16p. Then p(a’> — 4p') # 0, and E, g is again an elliptic curve. We
write E = E, g and E' = Ey g, and T’ = (0,0) and O’ for the corresponding points of E’;



3 Descent by a rational 2-isogeny 3.2 Descent maps and the rank 24

points of E’ are written (x,’). We define ¢: E — E’ and ¢: E' — E by ¢(O) = ¢(T) =
O, $(0') = $(T") = O, and

o(xy) = (x2+wx+/3, y(xz—ﬁ)>, b y) = (y’z y’(x’z—ﬁ’)> (3.8)

X x2 42’ 8x/?

for x # 0 and x’ # 0. Note that on E, the first coordinate x’ of ¢(x,y) is equal to y?/x>.
The identity

2 2 2 > - B)’
R O P 39

implies that x’(x'? — 2ax’ + ') is the square of the second coordinate y(x* — B)/x?, so ¢
maps E into E’. A parallel identity shows that ¢ maps E’ into E.

Definition 3.3 (Descent maps). Let K, «, B be as above. The descent map 5015 g Eyp(K) —
K* /K*? is defined by

Gp0) =[], 6p(T)=1[Bl,  dupl(x,y))=[x] forx#0. (3.10)

For o, B € Q, we write § = (5[?’/3 and, for a place v, 6, = (5‘%’3 For the curve E/ = Ey g1, We

write §' = (518 g and 5!; in particular &'(T') = [#?> — 4B]. When a curve has a name, such
as E, we also write 6g and g ;.

Proposition 3.4 (Descent via a 2-isogeny). Let K be a field of characteristic O, let «, f € K
with p(a* — 4P) # 0, and let E = E, g and E' = Ey g.
(a) The maps ¢: E(K) — E'(K) and ¢: E'(K) — E(K) are homomorphisms with kernels
{O, T} and {O',T'}, and ¢ o ¢ = [2] on E(K) and ¢ o ¢ = [2] on E'(K).
(b) The map (50{(/ g is a homomorphism with kernel $(E'(K)), and (501‘(,/ g is @ homomorphism with
kernel ¢(E(K)).
(c) Let K = Q. For every P € E(Q) and every place v, we have §,(P) = loc,(5(P)).

Part (a) is classical; see [44, Section 3.4] and [43, Example I11.4.5 and Theorem II1.4.8].

Part (b) is [44, Proposition 3.8] for K = Q; for general K, see [43, Example X.4.8 and
Proposition X.4.9] and [55, Section 3.1]. Since the upper bounds of this paper rest on (b)
and (c), we give their elementary proof.
Proof of Proposition 3.4(b) and (c). Throughout the proof, we write § = &, s and &' = d; .
We first show that § and ¢’ are homomorphisms, using the chord-and-tangent construction
of the group law [43, Section III.2, especially Proposition II1.2.2]. We then determine the
two kernels: we check that the images of the isogenies lie in them, and we write down a
preimage of every element of each kernel. Part (c) follows directly from the definitions.
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The homomorphism property. Since —(x,y) = (x,—y), =T = T and —O = O, we
have 6(—P) = 6(P) for every P. It therefore suffices to show that 6(P)s(Q)é(R) = [1]
whenever P+ Q + R = O. If one of the three points is O, the other two are negatives
of each other, and §(P)é(—P) = §(P)? = [1]. Otherwise, the line through P and Q (the
tangent line if P = Q) meets E at P, Q, R, counted with multiplicity. This line is not
vertical, since a vertical line through P meets E at —P and at O. We write it as y = mx + n.
The x-coordinates of P, Q, R are then the three roots, counted with multiplicity, of

3+ ax? + Bx — (mx+n)? = x4 (a — m?)x® + (B — 2mn)x — n?, (3.11)

whose product is n?. If n # 0, no root is 0. Then none of P, Q, R is T, and the product
of their classes is [n?] = [1]. If n = 0, the polynomial (3.11) is x(x? + (a — m?)x + B).
Since B # 0, the root 0 is simple, which implies that exactly one of P, Q, R is T. The
x-coordinates of the other two are the roots of x> + (« — m?)x + B, whose product is .
The product of the three classes is [B] - [8] = [1]. The same argument applies to ¢’, and
both maps are homomorphisms.

~

The kernel of 5. We first show that ¢(E'(K)) C kerd. We have ¢(0O’) = $(T') = O. If
x" # 0and vy’ # 0, then ¢(x',y’) has x-coordinate (y'/2x’)? # 0, whose class is trivial. If
x" # 0and y’ = 0, then ¢(x’,0) = T, and x’ is a root of x> — 2ax’ + B/, whose discriminant
is 16B. Then 168 = (2x’ —2«&)?, and §(T) = [B] = [1].

Conversely, let P € kerd. If P = O, then P = ¢(O’). If P = T, then B = s> with
s € K*, and the points (a + 2s,0) lie on E/, since (& 4-25)? — 2a(a 4= 25) + a? — 4s? = 0;
their x-coordinates are nonzero because their product is B/ # 0, and ¢(a £25,0) = T.
Finally, let P = (x,y) with x = s? and s € K*; here y may be 0. We set

2
x' = +2s%+ ?]/’ y' = 2sx'. (3.12)
Using y? = s° + as* + Bs?, we find

2

2, 2y 2 2yN V. A N
(a+252+ L) (a+2? =) = (@222 = = —4p=p.  (313)

This implies that x’ # 0 and that x’ + p//x’ = 2a + 4s?. Then

/
X3 —2ax"? 4 By’ = x"? (x’ — 20 + %) = 45" =12, (3.14)
and (x',y') € E'(K). By (3.8), the x-coordinate of ¢(x’,y’) is s> = x, and its y-coordinate
is

2sx/ (x> —pY s/, B s dy

e i) = =y (3.15)
where we used (3.13) to write x’ — p//x’ as the difference of the two factors on its left
side. We conclude that P = ¢(x/,y’), and that ker 6 = ¢(E'(K)).
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The kernel of ¢’. The argument is the same with the roles of the two curves exchanged.
We have ¢(O) = ¢(T) = O'. For x # 0 and y # 0, the x"-coordinate of ¢(x,y) is (v/x)>.
For x # 0 and y = 0, we have ¢(x,0) = T’; since x is a root of x?> + ax + B, we have
B’ = a? — 4B = (2x + a)?, which is a square. This proves that ¢(E(K)) C ker¢'.

Conversely, if ' (T') = [1], then B’ = s> with s € K*. The points ((—a £5)/2,0) lie on
E, their x-coordinates are nonzero because their product is , and both map to T'. Finally,
let (x',y") € E'(K) with x’ = s? and s € K*. We set

_ 1/ Y —
x—§<s —zx+;>, Y = sx. (3.16)
Using y'? = s® — 2as* + p/s?, we find
/ / 2
2 _ Y\N(2__YN_(2_2_Y" _ 2 o _
<s o+ S)(s o s) = (s*—u) 2 = B =4p. (3.17)
Then x # 0 and B/x = (s> —a —y'/s)/2, which implies that x + /x = s> — « and
x — B/x = y'/s. Using the first of these identities, we find x> + ax? + fx = x*(x + & +
B/x) = s*x*> = y?, and (x,y) € E(K). By (3.8) and the second identity, we have

P(x,y) = <Z—2, s<x — é)) = (s2,y) = (¥, ). (3.18)
Hence ker ¢’ = ¢(E(K)).

Compatibility with localization. Let K = Q, P € E(Q) and v a place. The point P is

also a point of E(Qy), and the formulas (3.10) for ¢ and ¢, are the same. The map loc,
sends [x] to the class of x in Q' /Q2?, which gives §,(P) = loc,(6(P)). O

Lemma 3.5 (Rank from the images of the two descent maps). Let a, B € Q with p(a® —
4B) # 0, let E = Ey g and E' = Ey g, and let

d = dimp, 6(E(Q)),  d' = dimg, &' (E'(Q)). (3.19)
Then rank E(Q) =d +d — 2.

The formula is [44, Section 3.6], where it is written as 2/"kE(Q) — #5(E(Q)) -
#5'(E'(Q))/4, and [55, Lemma 3.1]. It holds whether or not a®> — 48 is a square in
Q. In the families of Section 4, a? — 4p is not a square (Lemma 4.8), but the proof below
does not need this.

Proof. Let T = E(Q), I’ = E'(Q), r = rank E(Q), and let 2! be the order of I'[2]. Then
t € {1,2}, since T € T[2] and I'[2] has at most four elements. By Proposition 3.4(b),
the map ¢ induces an isomorphism I'/$(I") — §(I'), and ¢’ induces an isomorphism
I'/¢(T) — &'(I"). Comparing orders, we find

T:p@)] =24  [I':¢I)] =27 (3.20)
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Since ¢ o ¢ = [2], we have 2T' C ¢(I') C T, and [T : 2] = 24[H(T") : 2T].

We compute the second index. The homomorphism I'" — ¢(I"”) /2T that sends Q to the
coset of ¢(Q) is surjective. Its kernel consists of the points Q with $(Q) = 2P = ¢(¢(P))
for some P € T, that is, of the points of ¢(I') + {O’, T'}, by Proposition 3.4(a). We obtain

[¢(I") : 21 = [I": ¢(T') +{O', T'}] = 2%/ [¢(T) + {O', T'} : ¢(T)]. (3.21)

The last index is 1 if T' € ¢(T) and 2 otherwise. If ¢(P) = T’, then 2P = ¢(T') = O,
and P € T[2]. Conversely, ¢ maps I'[2] into ker ¢ = {O’, T'}, since ¢(¢(P)) = 2P, and its
kernel is {O, T}; the image ¢(I'[2]) has 2/~! elements. It follows that T' € ¢(T) if and
only if t = 2, and in both cases

[p(I") : 2T = 27 +1-2, (3.22)

By the Mordell-Weil theorem [43, Theorem VIIL.6.7], I' = Z" @ I'tors With I'tors finite.
For a finite abelian group U, the quotient U/2U and the subgroup U[2] have the same
order, which implies that [[" : 2I'] = 2" -2f. Combining the three displays, we obtain
prtt = pd . pd'H=2 which gives r = d 4 d’ — 2. O

3.3 Support and local images

Lemma 3.6 (Support of the global image). Let a, B € Z with B(a®> — 4B) # 0. Then every
class in 6(E, 3(Q)) is represented by a signed squarefree divisor of B. Equivalently, 6(E, (Q))
lies in the subgroup of Q* /Q*? spanned by [—1] and the classes of the primes dividing B.

This is [44, Proposition 3.8(c)].

Proof. The classes 6(O) = [1] and 6(T) = [B] have the required form. Let P = (x,y) with
x # 0, and let p be a prime not dividing B. It suffices to show that r = v, (x) is even, since
then removing square factors from x leaves a signed product of distinct primes dividing
B.

Suppose first that y = 0. Then x is a root of x> + ax + B. If r < 0, the term x? has
valuation 2r, smaller than v,(ax) > r and v,(B) > 0, and Lemma 3.1(a) implies that the
sum x2 + ax + B has valuation 27, so that it is not 0. If r > 0, the term f has valuation 0,
smaller than those of x* and ax, and again the sum is not 0. We conclude that r = 0.

Suppose now that y # 0. If r < 0, the term x° of x> 4+ ax? 4 Bx has valuation 3r,
smaller than v, (ax?) > 2r and v,(Bx) > r. By Lemma 3.1(a), we have 20, (y) = 3r, and r
is even. If r > 0, the term Bx has valuation r, smaller than v, (ax?) > 2r and v, (x%) = 3r,
and we find 2v,(y) = r. In all cases r is even. O

Lemma 3.7 (Points of order two). Let K be a field of characteristic 0, and let a, B € K with
B(a? —4B) # 0. The points of order two of E, g(K) are T and the points (xo,0) with xo € K a
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root of x> + ax + B. Points (xo,0) with xo # 0 exist if and only if «> — 4B is a square in K. In
that case there are exactly two of them, (xo,0) and (x1,0), with xo # x1 and xox1 = B, and their
classes are 5§ﬁ((xk,0)) = [xx]; in particular [xo][x1] = [B].

Proof. Recall that —(x,y) = (x, —y) on the model (3.6). A point P # O therefore satisfies
2P = O if and only if y = 0, that is, if and only if x(x> + ax + ) = 0. The root x = 0
gives T. The quadratic x? + ax + B has a root in K if and only if its discriminant a® — 48
is a square in K. Its two roots are then distinct because a? — 4B # 0, and both are nonzero
because their product is B # 0. Their classes are given by (3.10). O

The next lemma gives the local conditions at the moving primes of Section 4. Its first
part applies when p divides the coefficient « and divides 8 exactly once, and its second
part when a and B are units but p divides a> — 48 exactly once. The second part is the
case n = 1 of [55, Lemma 3.3(i)], applied after exchanging the two isogenous curves. We
give elementary valuation proofs of both parts.

Lemma 3.8 (Local images at odd primes). Let p be an odd prime, and let o, p € Z,.

(a) Ifvp(a) > 1and v,(B) = 1, then B(a? —4B) # 0 and (5,,(E,X,ﬁ(Qp)) ={[1], [B]}-

(b) Ifa, € Z)5 and vy(a® —4B) =1, then 6,(E, 5(Qp)) = {[1]}.

Qp

w,B

Proof. In both parts, we first show that v,(a? —4B) = 1. We deduce that E(Q,)[2] =
{O, T}, so that T is the only affine point of E = E, g over Q, with y = 0. We then treat
the points (x,y) with x # 0 and y # 0 according to the sign of r = v,(x). For such a
point, we have [y?] = [1] and y? = x® + ax? + Bx.

Here 5p =

Part (a). Since v,(a?) > 2 and v,(4f) = 1, Lemma 3.1(a) implies that v,(a* — 4p) = 1.
Then a? — 4B # 0, and B # 0. As vp(a? —4B) is odd, &> — 4f is not a square in Q, by
Lemma 3.2(a), and Lemma 3.7 shows that T is the only point of order two in E(Qy). The
points O and T have classes [1] and [B].

Let (x,y) € E(Qp) with x # 0, so that y # 0. If r < 0, then

vp(ax?) > 1+2r >3r+1,  v,(Bx) =1+7r>3r+1, (3.23)

and the term x° is dominant. By Lemma 3.1(b) with & = 1, we have y? = x3(1 + pt) with
t € Z,. The factor 1+ pt is a square by Lemma 3.2(c), and we find [x] = [x%] = [?] = [1].
If r > 1, then

vp(Bx) =147,  ovplax?) >1+2r> (14+7r)+1,  vp(x*) =3r> (1+7)+1, (3.24)

and Bx is the dominant term. By Lemma 3.1(b) and Lemma 3.2(c), we obtain Y =
Bx(1+ pt) with t € Z, and 1 + pt a square. This implies that [fx] = [1], that is, [x] = [B].
Every point therefore has class [1] or [B], and both classes occur.
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Part (b). Here v,(a? — 4B) = 1 by hypothesis, and as in part (a), T is the only affine
point of E(Q,) with y = 0. We first show that  is a square in Q,. Indeed, we have
xp(B) = xp(4B) = xp(a?) = 0, since 48 = #® (mod p) and a is a unit. As f is a unit,
Lemma 3.2(a) shows that 8 is a square, and 6,(0) = 6,(T) = [1].

Let (x,y) € E(Qp) withx # 0,so thaty # 0. If r < —1, then v, (ax?) = 2r > 3r+1and
vp(Bx) =r > 3r+ 1. As in part (a), Lemma 3.1(b) and Lemma 3.2(c) give y* = x>(1 + pt)
and [x] = [1]. If r > 1, then v, (Bx) = r, while v, (ax?) = 2r and v,(x>) = 3r are at least
r + 1. The same argument gives y> = Bx(1 + pt) and [x] = [B] = [1].

It remains to treat 7 = 0. Let D = a®> — 4B and z = x + a/2 € Zj, so that

y? = x (x* + ax + B) :x<zz—%>. (3.25)
If z is a unit, then vp(z2) =0 < 1 = v,(D/4), and by Lemma 3.1(b), we have z> — D/4 =
z>(1 + pt) with t € Z,. This is a square by Lemma 3.2(c), and (3.25) implies that
[x] = [1]. If z € pZ,, then v,(z*) > 2 > 1 = v,(D/4), and we have v,(z> — D/4) = 1
by Lemma 3.1(a). Since x is a unit, the right side of (3.25) then has valuation 1, which is
impossible for the square y2. Every point therefore has class [1]. O

3.4 Local conditions as linear equations

We now write the local conditions as linear equations over [F,. We also record the two
elementary facts that turn explicit points into lower bounds. Linear equations over IF,
whose coefficients are Legendre symbols are a standard tool in 2-descent: examples
include Monsky’s appendix to [20, pp. 365-369, especially p. 366] for full 2-descent
on the congruent-number curves, and for descent by a 2-isogeny they appear in [15,
Sections 2-3], [51, Section 3.1, Theorem 3] and [24, Section 4].

Definition 3.9 (Ambient bases and rows). Let a, 8 € Q with B(a?® —48) # 0, and let
E=E,p. Let B = (g1,...,8n) be alist of nonzero rational numbers. For w € [} we write

wig =[g" -8 € Q*/Q"?, (3.26)

and we call w a coordinate vector of this class. We say that B is an ambient basis for E
if the map w — [w] is injective and its image contains 6(E(Q)). Let v be a place of Q,
let U, C Q) /QJ? be a subgroup containing 5,(E(Q)), and let f: Q) /Qx? — F, be a
linear map that vanishes on U,. The row defined by (v, Uy, f) is the vector r € F} with
entries

ri=f(loco([g]), 1<j<n (3.27)

For r,w € F, we write r - w = 2]- riw;.
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Lemma 3.10 (Local conditions give upper bounds). In the setting of Definition 3.9, let r be
the row defined by (v, Uy, f). Then r - w = 0 for every w € IF} such that [w]p € 6(E(Q)). If,
moreover, B is an ambient basis for E and M is a matrix over IF, with n columns whose rows are
rows in the sense of Definition 3.9, possibly at different places, then the coordinate vectors of the
classes in 6(E(Q)) form a subspace of ker M, and

dimp, 6(E(Q)) < n —rank M. (3.28)

Proof. The map w — f(loc,([w]g)) is linear, because loc, and f are homomorphisms, and
by (3.27) it is equal to w — r - w. If [w]g = 6(P) with P € E(Q), then Proposition 3.4(c)
implies that loc,([w]g) = 6,(P) € Uy, and we obtain v -w = f(6,(P)) = 0. If B is an
ambient basis, the map w — [w]z identifies §(E(Q)) with a subspace of 5, which lies
in ker M by the first part. This proves (3.28), since dimker M = n — rank M. O

In practice, f is written in the coordinates named after Lemma 3.2. At an odd prime
p, a linear map on Q' / Q;z = IF3 is a combination of the valuation coordinate v, and the
character coordinate x, of (3.3). If U, = {[1]}, both coordinates vanish on U,. If U, =
{[1], [z]} with z = pzg and zg € Z}, then [z] has coordinates (vp(z), xp(2)) = (1, xp(20)),
and the linear map X, + xp(20) vp vanishes on U,. At p = 2, the coordinates are e, ey, €3
of Lemma 3.2(b), and at co the only nonzero linear map is the sign coordinate sgn, which
vanishes on U, = {[1]}.

Remark 3.11 (What the upper bounds measure). The classes in Q* /Q*? whose local-
ization lies in 6,(E(Qy)) for every place v form the Selmer group of the isogeny ¢ [43,
Section X.4], and 6(E(Q)) is contained in it. A matrix M as in Lemma 3.10 imposes condi-
tions at finitely many places only, with subgroups U, that may be larger than §,(E(Qy)).
Its kernel contains the coordinate vectors of the classes of this Selmer group that lie in
the span of 5. We use only the inclusion of §(E(Q)) in ker M. Together with explicit
points (Corollary 3.13), this determines §(E(Q)); no separate Selmer-group computation
is needed, and the finiteness of the Tate-Shafarevich group is not used.

Lemma 3.12 (A triangular criterion for independence). Let wy, ..., wy € IF]. Suppose that
there exist distinct indices ji,...,jx € {1,...,n} such that, for each s, the js-th entry of wy is
1 and the js-th entry of wy is O for every t > s. Then wy, ..., Wy are linearly independent. In
particular, if B is an ambient basis for E, the classes [w1]p, . .., [Wk]g are linearly independent.

Proof. Suppose that ), c;w; = 0 with ¢; € [Fp, and that ¢c; = -+ = ¢;_1 = 0 for some
s < k. Then ) -, cyw; = 0, and its js-th entry is c5, which gives ¢ = 0. By induction on s,
all ¢; vanish. The last statement holds because w — [w] is injective and linear. [

When g; is a prime g that divides none of the other entries of B, the j-th coordinate of
a class is its g-adic valuation modulo 2. In Sections 6 to 8, the indices j; in Lemma 3.12
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are such primes, and the lemma amounts to eliminating the coefficients of a relation one
at a time by their valuations at these primes.

Corollary 3.13 (Exact dimension). Let BB be an ambient basis for E = E, g with n entries, and
let M be a matrix whose rows are rows in the sense of Definition 3.9. Suppose that wi, ..., Wy €
IF% are linearly independent, that [ws|g € 6(E(Q)) for every s, and that rank M = n — k. Then
dimp, 6(E(Q)) = k, and 6(E(Q)) is the span of [w1]g, ..., [Wk]p. It consists of the classes
[w|g with w € ker M.

Proof. Let Vj be the span of wy, ..., wy, and let V; be the subspace of coordinate vectors
of the classes in §(E(Q)). Since 6(E(Q)) is a group, we have V) C V4, and Lemma 3.10
implies that V; C ker M. The dimensions of V) and ker M are both k, which implies that
Vo = Vi = kerM. [



SECTION 4

Families with twelve linear factors

In this section, we set up the framework shared by the three families of Sections 6 to 8
and prove once the steps that are common to them. A twelve-form datum (Definition 4.1)
consists of twelve binary linear forms and three integers A, B, C satisfying the iden-
tity A?F +4BH = C]J, where F, H, | are products of four of the forms each. For each
(M,N) € Z? with F(M,N)H(M,N)J(M,N) # 0, it gives a pair of 2-isogenous curves
Em,n and Ej; . In Section 4.1, we compute their basic invariants (Lemmas 4.2 and 4.3).
In Section 4.2, we introduce prime specializations, at which the twelve forms take prime
values up to fixed cofactors (Definition 4.6), show that a congruence condition on (M, N)
forces the divisibility ¢; | L;(M, N) and fixes the residues of the quotients (Lemma 4.7),
and determine the local images of the descent maps at these twelve primes (Lemma 4.9).
Section 4.3 turns these local images into linear conditions (Lemma 4.11). The coeffi-
cients of these conditions are quadratic characters, and Section 4.4 shows that quadratic
reciprocity determines them through fixed residues and a single sign ¢ (Lemma 4.12
and Corollary 4.14). Finally, Section 4.5 proves the rank criterion (Proposition 4.18),
which reduces the rank of Ey; n(Q) at all prime specializations in a given set to finitely
many checks, for both values of e.

This section uses the results of Section 3. Section 5 uses Definitions 4.1 and 4.6
and Lemmas 4.3 and 4.8 to produce infinitely many prime specializations, and Sections 6
to 8 verify the hypotheses of Proposition 4.18 for the three families.

4.1 Twelve-form data

Definition 4.1 (Twelve-form datum). A twelve-form datum ® consists of the following.

(a) Pairs (a;,b;) € Z? for 0 < i < 11, with gcd(a;, b;) = 1 for every i, (ag,by) = (1,0),
bi #Oforl <i< 11,andA1-]- :Elib]'—lljbi %Oforalli;«éj.
(b) Nonzero integers A, B, C such that

A’F +4BH = CJ (4.1)
in Z[M, N], where L; = a;M + b;N for 0 <i <11 and
F = LoL1LyL3, H = L4LsLgLy, J = LgLoLigL11. 4.2)
(c) Positive integers cy, .. ., c11, the cofactors, with min; ¢; = 1.

32
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(d) Two finite ordered lists I'r and I'r of nonzero integers.
For (M, N) € Z? with F(M,N)H(M,N)J(M,N) # 0, the curves of D are
2 N3 2 / A I 2
EmN:y® =x"+ AFx® — BFHx, Eyn:y” =x" —2AFx” + CF]x, (4.3)
where F, H, | are evaluated at (M, N).

Throughout this section, we fix a twelve-form datum ©. We write
Ir={0,1,23}, Iy ={4,5,6,7}, Iy =1{8,9,10,11}, (4.4)

so that F = [licy, Li, H = [liep, Li and | = [ic I L;. The moving index sets and the
opposite index sets of the two curves are

Gg=IrUly, Ggp = 1IrU I], O = I], Op = Iy. (4.5)

The symbol * stands for either E or E’. When (M, N) is fixed, we write E = Ej; y and
E = ES\/I,N/ and we write

x=AF, B=-BFH, & =-2AF, B =CIFJ (4.6)

for their coefficients, so that E = E, g and E = Ey g in the notation of (3.6). We let Jg,
Op be their descent maps (Definition 3.3), 6, 0 , the local descent maps, and

dE = dim]pz 5E(E(Q)), dE’ = dimlpz 5E1(EI(Q)) (47)

Condition (a) of Definition 4.1 says that the twelve forms are primitive and pairwise
nonproportional, so that their zeros are twelve distinct points of IP!. The cofactors and
the lists I'g, I'p/ are used only from Section 4.2 on.

Lemma 4.2 (Basic properties of the curves). Let (M, N) € Z? with FH]J # 0.
(a) We have o> — 4B = CF] = B’ and o> — 4B’ = 16B. In particular, E};  is the curve Ey g
of (3.7), and the maps ¢ and ¢ of (3.8) are the 2-isogenies between Epy N and Ejin-
(b) The discriminants of the models (4.3) are

A(Emn) = 16BCF°H?],  A(Eh;n) = —256BC2FHJ>. (4.8)

Both are nonzero, and Epg N and EE\/I,N are elliptic curves over Q.

(c) Let (My,Ny) = (AM,AN) € Z? with A € Q*. Then (x,y) — (A*x, A%y) is an isomor-
phism over Q from Ey N to Emy N, and from Ej y to Ejyy . It preserves the class [x] of
every point with x # 0.
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Proof. By (4.1), we have
w® —4p = A’F? 4 4BFH = F(A®F +4BH) = CF]J, (4.9)

and then a2 — 4B = 4a? — 4(a®> — 4B) = 16B. This proves (a). For a curve y?> =
x3 + ax? + bx, the standard formulas [43, Section I11.1] give

cs = 16(a*> —3b), A =16b*(a® — 4b). (4.10)

For Ep;n, we obtain A = 16p2%(a®> — 4B8) = 16B>F?H? - CFJ, and for EE\/I,N' we obtain
A =16p"%(a> — 4B') = 16C*F2J? - 16 = —256BC>F3HJ?. These are nonzero because B,
C and FHJ are nonzero. For (c), since each of F, H, | is homogeneous of degree four, the
coefficients of Ep, n, are Ata and A8B. Then

(A%)% — (A*x)? — At (A*x)? — ABB(A%x) = A2 (12 — ° — ax? — Bx), (4.11)
and the same computation applies to E’. Finally, [A*x] = [x]. O

Lemma 4.3 (The j-invariant). Let N and D be the binary forms of degree 12 given by
N =256(A%F +3BH)}, D = B>CH?/. (4.12)

(a) For (M,N) € Z? with FH] # 0, we have j(Ep n) = N (M, N)/D(M, N).

(b) The forms N and D have no common zero in P}(Q), and [M : N] — [N(M,N) :
D(M, N)] is a morphism P' — P! of degree 12. For every jo € Q, at most 12 points
[M : N] € PY(Q) with FH](M, N) # 0 satisfy j(EmN) = jo-

(c) Let @ C Z? be a set of pairs with FH] # 0 at every point of Q, such that the points [M : N
with (M, N) € Q are infinitely many. Then the curves Ey;n with (M,N) € Q lie in
infinitely many isomorphism classes over Q.

Proof. By (4.10), we have j = ¢3/A = 256(a®> — 3b)/(b*(a* — 4b)) for the curve y> =
x>+ ax? + bx. For Ejy N, we have a? — 38 = A?F? + 3BFH = F(A?F +3BH), * = B?F?H?
and a? — 4B = CF]. Inserting these into the formula for j, we obtain

(Eain) = 256F%(A’F +3BH)®  256(A’F +3BH)?
JEMN) = "2 CF] B2CH?J

(4.13)

This proves (a).

The zero of L; in IP(Q) is the point [b; : —a;], and these twelve points are distinct
because A;; # 0 for i # j. Since B, C # 0, the zeros of D are the zeros of L; withi € Iy U I}.
At a zero of L; with i € Iy, we have H = 0 and F # 0, which gives A’F +3BH = A%F #0.
At a zero of L; with i € Ij, we have | = 0 and H # 0, and (4.1) implies that A%F = —4BH,;
then A’F +3BH = —BH # 0. We conclude that A/ and D have no common zero. As both
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have degree 12, the map has degree 12. Let jy € Q. The form N — jyD is not zero, since
otherwise N would vanish at the zeros of D. As a nonzero binary form of degree 12, it
has at most 12 zeros in P'(Q). If FHJ(M, N) # 0 and j(Eypn) = jo, then D(M, N) # 0,
and (a) implies that (N — joD)(M, N) = 0. This proves (b).

For (c), two elliptic curves over Q are isomorphic if and only if they have the same
j-invariant [43, Proposition II1.1.4(b)]. If the curves Ep y with (M, N) € Q lay in finitely
many classes, then j(Ej;n) would take finitely many values on Q, and by (b) the points

[M : N] would be finitely many. O

Remark 4.4 (The j-invariants of the three families). For the data of Sections 6 to 8§,
Lemma 4.3(a) gives the following j-invariants; in the rank-seven family, 33124 = 1822.

Family (A, B,C) J(EMN)
4 (2500F +9H)3
Rank five  (1500,2700,57600) . ( H;L] >3
16 (25F + 12H
Rank six (70,784, 1764) 36 . %
Rank seven  (91205,33124,9) ?158624  (91205°F : 23] 1822H)°

For example, in the rank-five family A?F + 3BH = 900(2500F + 9H) and 256 -
9003 /(27007 - 57600) = 4/9.

Remark 4.5 (The associated elliptic surfaces). The homogeneous equations define Weier-
strass models over the projective parameter line, with coefficients « and § of degrees four
and eight. In either projective chart, the formulas in (4.10) give

cs(E) = 16F(A%F+3BH),  A(E) = 16B>CF°H?].

The twelve forms have distinct zeros. At the zeros of F, H and ], the orders of (¢4, A)
are (1,3), (0,2) and (0,1), respectively; at a zero of |, we use A’F +3BH = —BH.
These models are minimal because the discriminant orders are less than 12 [49, p. 40,
Remark 1]. Tate’s algorithm gives four fibers of type IlI, four of type I, and four of type
I; [49, p. 34]; see also [40, §4.5, Table 1]. For E’, the types at H and ] are interchanged.
There are no other singular fibers, and the minimal discriminant divisor has degree 24.
Thus the relatively minimal smooth elliptic surfaces have x(O) = 2. Over the base P!,
the canonical bundle formula and /' (©) = 0 then show that they are K3 surfaces [40,
Theorems 6.8 and 6.12 and §8.2].
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4.2 Prime specializations

Definition 4.6 (Prime specializations). Let S be a finite set of primes that contains every
prime dividing
1 11
6ABC][ci][Ibi T1 A (4.14)
i=0 =1 0<i<j<11
and every prime dividing an entry of 'z or .. A pair (M, N) € Z? is a prime specialization
of © (with respect to S) if ¢; divides L;(M, N) for 0 < i < 11 and the twelve numbers

pi=———", 0<i<11, (4.15)

are distinct primes, none of which lies in S.

In Sections 6 to 8, the divisibility ¢; | L;(M, N) and the residues of the numbers
Li(M,N)/c; come from a congruence condition on (M, N), through the following ele-
mentary fact.

Lemma 4.7 (Divisibility and residues on a congruence class). Let L = aM + bN with
a,b € Z, let W be a positive integer, and let (m,n) € Z2. Let c be a positive integer that divides
both Wy and L(m,n). Then every (M,N) € Z? with (M,N) = (m,n) (mod W) satisfies
c| L(M,N) and

L(M,N) _ L(m,n)

c

In particular, if q is a prime that divides Wy/c and does not divide L(m,n)/c, then
vy(L(M,N)) = vy(c).

(mod Wy/c). (4.16)

Proof. Since M —m and N — n are divisible by Wy, there exists s € Z such that L(M, N) =
L(m,n) + Wps. Dividing by ¢, we obtain
L(M,N) L(m,n) W

= —_— 417
c c * c 5 (4.17)

where both terms on the right are integers. This proves that ¢ divides L(M, N) and that
(4.16) holds. If g | Wo/c and g { L(m, n)/c, then (4.16) shows that L(M, N)/c is an integer
prime to g, which implies that v,(L(M, N)) = v,4(c). O

At a prime specialization, we write A; for the restriction of the character yx,, of (3.1) to
the integers prime to p;, so that (z/p;) = (—1)%(®) for such integers z. We set

ke=—-B]]c¢ kp=C ] ¢ (4.18)

The ambient list B, consists of the entries of I',, in their order, followed by the primes p;
with j € G,, in increasing order of j; its length is n, = |I',| + 8. We index the entries of
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a vector in F;* by the entries g of I',, which we call the constant columns, and by the
indices j € G,, which we call the moving columns. We let u, & IFZ* be the vector with
entry 0 at each constant column and 1 at each moving column.

Lemma 4.8 (Basic properties of prime specializations). Let (M, N) be a prime specialization.

(a) The product FH] is nonzero, and E = Ey n and E' = E},  are elliptic curves. Each p;
is odd, and it divides none of the integers A, B, C, ¢; (for all j), b; (for j > 1) and Aj (for
j # k), and no entry of I'r or T'p:.

(b) Forall i and j, the valuation vy, (L;) is 1ifi = jand 0 if i # j.

(c) The integers M and N are coprime, M = copo, and po 1 N.

(d) The valuation v,,(CF]) is 1. In particular, CF] = a® — 4B is not a square in Q, and
E(Q)[2] ={O,T}.

(e) The coefficients satisfy B = ke [ljcq, pj and B’ = xps [jec, Pj-

(f) If T« consists of —1 and distinct primes, then the classes of the entries of B, are linearly
independent in Q* / Q2.

(g) If T« contains —1 and every prime dividing k., then 6,(x(Q)) is contained in the span of
the classes of the entries of B,.

In particular, if Ty consists of —1 and distinct primes, including every prime dividing ., then
B, is an ambient basis for x in the sense of Definition 3.9.

Proof. We have L;(M, N) = c;p; # 0 for every i. Then FH] # 0, and Lemma 4.2(b) shows
that E and E’ are elliptic curves. The prime 2 divides (4.14) and lies in S, and each p; is
odd. The rest of (a) holds because p; ¢ S. For (b), we have L; = ¢;p; with p; " ¢j by (a),
and p; # p; for j #i.

For (c), let g be a prime dividing both M and N. Then g4 divides L; = c;p; for every
i. By Definition 4.1(c), there exists iy with ¢;, = 1, and then g = p;,. For i # i;, we have
q # pi, so that g divides c;; this contradicts (a) for the prime p;. Hence gcd(M, N) = 1.
Since (ag, bg) = (1,0), we have M = Ly = ¢opop, and then pg t N.

For (d), part (b) implies that v, (F) = 1 and v,,(J) = 0, and pg 1 C by (a). Then
0y, (CFJ) = 1is odd, and CF] is not a square in Q. By Lemma 4.2(a), CF] = a? — 4, and
Lemma 3.7 with K = Q shows that T is the only point of order two in E(Q).

Part (e) follows from L; = ¢;p; and the definitions (4.6) and (4.18). For (f), suppose
that a product of entries of B, is a square in Q. For j € G,, the prime p; divides no other
entry of By, by (a) and since the p; are distinct. The valuation at p; then shows that p;
occurs to an even power. The valuations at the primes of I', show the same for these
primes, and then the sign shows it for —1.

For (g), the coefficients &, B and a/, B/ are integers with B(a?> — 48) # 0 and B’ (a> —
4B') # 0. By Lemma 3.6, every class in dg(E(Q)) is the class of +1 times a product of
distinct primes dividing §, and by (e) these primes divide kg or are equal to p; with
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j € Gg. The same argument applies to E’ with g’ and x.. The final statement combines
(f) and (g). O

Lemma 4.9 (Local images at the moving primes). Let (M, N) be a prime specialization, let
0<i<11,andlet p = p;.

(a) Ifi € If, then Or,p(E(Qp)) = {[1], [B]} and 6p,(E'(Qp)) = {[1], [B']}-

(b) Ifi € I, then 0g,»(E(Qp)) = {[1]}.

(c) Ifi € Iy, then op ,(E'(Qp)) = {[1]}-

Proof. By Lemma 4.8(a) and (b), the prime p is odd and does not divide ABC. Further,
vp(F) = 1if i € Ir and v, (F) = 0 otherwise, and similarly for H with Iy and for | with
I;. By (4.6) and Lemma 4.2(a), the valuations of the coefficients are as follows.

ic vp(a) =vp(a’) vp(B) vp(B') Case of Lemma 3.8

Ir 1 1 1 (a) for E and for E’

Iy 0 0 1 (b) for E, since a> — 48 = B

Iy 0 1 0 (b) for E/, since a’?> — 48’ = 168

If i € Ir, then v,(a) > 1 and vy(B) = 1, and Lemma 3.8(a) shows that J¢ ,(E(Qp)) =
{[1], [B]}; the same holds for E’, with &/, B’ in place of w,B. If i € I}, then « and B are
units and v, (a? — 4B) = v,(B') = 1, and Lemma 3.8(b) gives (b). If i € Iy, then &’ and p’
are units and vy (a'> — 4p') = v,(16B) = 1, and (c) follows from Lemma 3.8(b). O

4.3 Rows at the moving primes

The following rows encode Lemma 4.9 in the coordinates of Lemma 3.2(a). By
Lemma 4.8(a) and (b), every integer to which we apply A; below is prime to p;.

Definition 4.10 (Moving rows). Let (M, N) be a prime specialization and * € {E, E'}.
For i € I, the moving row r} € IF5* has the entries

Ai(g) at each constant column g,
Ai(pj) at each moving column j € G, \ {i}, (4.19)
Ai(re) + Lieg,\ iy Ai(pj)  at the moving column 7.

For i € Oy, the moving row r; has entry A;(g) at each constant column g and entry A;(p;)
at each moving column j € G,.

Lemma 4.11 (Conditions at the moving primes). Let (M, N) be a prime specialization,
x € {E,E'} and i € Ir UO,. Then r* is a row for x and B, at the place p;, in the sense of
Definition 3.9. In particular, r¥ - w = 0 for every w € [Fy* such that [w]p, € 6.(x(Q)).
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Proof. Let p = p;. We use the coordinates [z] — (vp(2), xp(2)) of (3.3), so that [p*ug] —
(kmod 2, xp(uo)) for ug € Z;. Every entry of B, other than p; is a p-adic unit, and
its class has coordinates (0,1;(g)) or (0,A;(p;)); if p; is an entry of B, its class has
coordinates (1,0).

Leti € Ir, and take x = E; for x = E/, replace B and xg by B’ and xp. By Lemma 4.9(a),
the local image Jg,,(E(Qy)) is the subgroup U, = {[1], [8]}. By Lemma 4.8(e), we have
B = piw with w =« [Tjec,\ fiy pj @ p-adic unit. The class [B] has coordinates (1, /) with

h=MA(w) =Ai(ke) + ), Ai(py)- (4.20)
j€Ge\{i}

The linear map f(k, ¢) = £ + hk vanishes on U, = {(0,0), (1,h)}. Its values at the classes
of the entries of Bg are A;(g) at a constant column g, A;(p;) at a moving column j # i,
and h at the moving column i. These are the entries (4.19), and rlE is the row defined by
(P ir up/ f )

Leti € O4. Theni ¢ G,, and Lemma 4.9(b) (for x = E) or (c) (for x = E’) shows that
the local image at p is U, = {[1]}. The map f(k,£) = ¢ vanishes on U, and its values at
the entries of B, are the entries of ;. (The other coordinate k vanishes at every entry of
B, and gives the zero row.) The last statement of the lemma is Lemma 3.10. O

4.4 Reciprocity and the sign ¢

The entries of the moving rows are characters A;(g) and A;(x.) of fixed integers, and
characters A;(p;) of one moving prime at another. We now express the latter through
characters of fixed integers and the single sign

N

e = (—) — (1)1, €, (4.21)
pPo

which is defined at every prime specialization because pg { N (Lemma 4.8(c)). We use

quadratic reciprocity and its two supplementary laws [21, Chapter 5, Section 2, Theorem 1,

p- 53]. In the notation (3.1), they state that, for distinct odd primes p and g,

2

(1) =F=mod2,  x,(2) = Fo=mod2,

Xp(q) + xq(p) = xp(=1D)xq(—1).

(4.22)

The determinant elimination and one-sign reduction below are analogous to the
Gaussian reciprocity calculation in [38, Lemma 4.1].

Lemma 4.12 (Reciprocity for the prime values). Let (M, N) be a prime specialization, and let
e = (N/po).
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(a) For1 <i <11, the symbol (p;/po) is equal to (bic;/ po)e.
(b) For1 <i <11, we have (py/p;) = (—1)Po=DPi=1/4(p. / py).
(c) For distinct i,j with 1 <1i,j <11, we have b;L; = Aj;M (mod p;), and hence

0)-(=2)(2)
Pi pi pi

Proof. For (a), recall that M = copo (Lemma 4.8(c)). Reducing c;p; = a;M + b;N modulo py,
we find c;p; = b;N (mod pp). The integers c;, b; and N are prime to pg, by Lemma 4.8(a)
and (c). Taking Legendre symbols, we have (c;/po)(pi/po) = (bi/ po)e, and multiplying
by (c;/po) = (ci/po)~!, we obtain (a). Part (b) is quadratic reciprocity for the distinct
odd primes pg and p;.
For (c), we have a;M + b;N = ¢;p; =0 (mod p;), thatis, ;N = —a;M (mod p;). Then
biL]' = El]'biM + b](b,N) = (El]'bi — aib]')M = A]'iM (mod pz) (4.24)
Inserting L; = ¢jp; and M = copo, we obtain bicjp; = Ajicopo (mod p;). All factors are
prime to p; by Lemma 4.8(a), and taking Legendre symbols and multiplying by (b;c;/p;),
we find (4.23). O

The characters of fixed integers are determined by residues, by the following conse-
quence of (4.22).

Lemma 4.13 (Characters of fixed integers). Let z = (—1)72°], q/1 be a nonzero integer,
where o € {0,1}, e > 0, and q runs over the odd primes dividing z. Let p be an odd prime not
dividing z. Then

Xp(z) = oxp(=1) +exp(2) + ) fa(xg(p) + xp (=1 xq(=1)). (4.25)
q

In particular, x,(z) depends only on the residues of p modulo 8 and modulo the odd primes that
divide z to an odd power.

Proof. The map yx, is additive, and (4.22) gives x,(9) = x4(p) + xp(—1)x4(—1) for each
odd prime q # p. This proves (4.25). By (4.22), xp(—1) and x,(2) depend only on p
modulo 8, and x,(p) depends only on p modulo g. The terms with f; even vanish in
IFs. ]

At a prime specialization, we define the following bits. For 1 <i <11, let
0; = Ao(bici) + Ao(—1)Ai(—1). (4.26)
For distinct 7,j € {0,...,11}, let
/\o(b]'Cj) ifi = 0,
Yij = 4 0 ifj=0, (4.27)
/\i(C()C]'bZ'A]'i) +06; if l,] > 1,
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and for x € {E,E'} and i € I, let

vi=Milk)+ Y v (4.28)
jeG\{i}

Corollary 4.14 (The moving rows as functions of €). Let (M, N) be a prime specialization,
and let ¢ = (—1)" be as in (4.21). Then A;(pj) = vij + 1 for all distinct i,j € {0,...,11}. For
x € {E,E'} and i € Ir U O,, the moving row r} has entry A;(g) at each constant column g,
entry <y;j + 1 at each moving column j # i, and, if i € If, entry 7yj; + n at the moving column i.
In other words,

r¥ =17(0) + quy, (4.29)

1

where 17(0) € Fy* is the vector with entries Aj(g) at the constant columns, <y;; at the moving
columns j # i, and -y}; at the moving column i if i € If.

Proof. Let j > 1. Then Lemma 4.12(a) implies that Ag(p;) = Ao(bjc;) +1 = Yoj + 1. Let
i > 1. By Lemma 4.12(b) and (4.22), we have A;(po) = Ao(pi) + Ao(—1)A;(—1), which is
0; +n = vio + 1 by the case just treated. For distinct 7,j > 1, we find from (4.23) that

Ai(pj) = Ai(cocibidsji) + Ai(po) = Ai(cocibilji) +0; + 1 = vij + 17 (4.30)

This proves the first statement. The entries of r; at the moving columns j # i are
Ai(pj) = 7ij + 1, by Definition 4.10. For i € IF, the entry at the moving column i is

Ailk)+ Y (vij+n)=vi+7n=5+1, (4.31)
j€G i}

since G, has eight elements and contains i. The entries at the constant columns do not
involve 7. Since u, has entry 1 exactly at the moving columns, this proves (4.29). O

Remark 4.15 (Which characters must be controlled). The bits A;(g), A;i(xx), 8;, 7vij and 7};
are characters at pg or p; of the fixed integers —1, ¢ € Ty, k4, bjc; and coc;jb;Aj;, together
with the products Ag(—1)A;(—1). By Lemma 4.13, they are determined by the residues of
po, - - -, p11 modulo 8 and modulo the odd primes that divide one of these integers to an
odd power; in Sections 6 to 8, a congruence condition on (M, N) fixes the residues that
are needed. Only the pairs (i,j) withi € [rUO, and j € G, \ {i} occur in the moving
rows of x. For « = E, these pairs lie in I x I, Ir x Iy, I} X Ir or I} x Iy, and for x = E/,
they lie in Ir X I, Ir X I}, Iy X I or Iy X Ij. No pair with both indices in Iy, or both in
Ij, occurs. The determinants Aj; of such pairs do not enter any moving row, and an odd
prime that divides the integers above, for the pairs that occur, only to even powers needs
no congruence condition.

Remark 4.16 (The three families). The results of this section make no assumption on py
modulo 4 or on the form L;, and they apply to the three families without change. In
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the families of Sections 6 to 8, we have cp = 54, 1 and 18, and pg = 1,3 and 1 (mod 8),
respectively. Then Ag(—1) = 0 and 6; = Ag(b;c;) in the rank-five and rank-seven families,
while 6; = Ag(bic;) + Ai(—1) in the rank-six family. In the rank-six and rank-seven
families, Ly = N and ¢; = 1, so that p; = N and € = (p1/po).

4,5 The rank criterion

With the vectors 77(0) held fixed, Corollary 4.14 shows that changing ¢ adds the same
vector u, to every moving row. The following lemma gives a condition under which
this does not change the kernel. Its hypothesis cannot be omitted: a moving row equal
to u, becomes zero when 7 changes. A related common-kernel calculation for two
quadratic-residue Laplacians is given in [38, Lemma 4.2].

Lemma 4.17 (Both signs give the same kernel). Let M(0) and M(1) be matrices over IFp with
n columns, whose rows are indexed by the same set R = R¢ LI Ry, of fixed and moving rows. Write
rx(17) for the row of M(#) with index k. Suppose that there exists u € 4 such that ri.(1) = r,(0)
for k € R and ri(1) = r¢(0) + u for k € Ry, and that

u=Y_ r/(0) (4.32)

keK

for a set K C R such that KN Ry has an even number of elements. Then M(0) and M(1) have
the same row space. In particular, ker M(1) = ker M(0) and rank M(1) = rank M(0).

Proof. By the hypotheses, we have

Y (1) =Y 7(0) + [KNRm|u = u, (4.33)
kekK kek
since |[K N Ry | is even. Together with (4.32), this shows that u lies in the row spaces of
both matrices. Each row of M(1) is the corresponding row of M(0), or that row plus u,
and it lies in the row space of M(0). By symmetry, the two row spaces are equal. The
kernel of a matrix consists of the vectors w with - w = 0 for every r in its row space.
Hence the kernels are equal, and so are the ranks. O

We now define the matrices of the rank criterion. Let P be a set of prime specializa-
tions, and let x € {E, E’}. Suppose that we are given vectors f7,..., f;; € F,*, and that
the bits

)\,(g) (Z € IruUuQ0,, g€ 1"*), )\,‘(K*) (1 € Ip), Yij (Z € Ir Uy, ] € G, \ {Z}) (4.34)

take the same values at every (M, N) € P. Then the vectors r(0) of Corollary 4.14 are
the same at every (M, N) € P. For 5 € F,, we let M, (77) be the matrix with 7, columns
whose rows are

fi, oo fm., thenr(0) 4 nquy for i € Ir, then r;(0) + nu, fori € O, (4.35)
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with i increasing in each group. We call the first m, rows the fixed rows and the last eight
rows the moving rows of M, (). By Corollary 4.14, at a point of P with e = (—1)7, the
moving rows of M,(#) are the moving rows r} of Definition 4.10.

Proposition 4.18 (Rank criterion). Let ® be a twelve-form datum, let S be a set of primes as in
Definition 4.6, and let P be a set of prime specializations. Suppose that, for x = E and for x = E,
the list T'y consists of —1 and distinct primes, including every prime dividing ., and that the
following hold.

(i) Fixed rows. There exist vectors f5,..., fr. € Fy* such that, for every (M,N) € P, each
f is a row for xp N and By in the sense of Definition 3.9.

(ii) Constant characters. The bits (4.34) take the same values at every (M, N) € P. Let M, (0)
and M, (1) be the matrices (4.35).

(iii) Points. There exists an integer k. > 0 such that, for every (M,N) € P, the image
O+ (*Mm N (Q)) contains ky linearly independent classes.

(iv) Rank. We have rank M. (0) = n, — k,, and u, is the sum of a set of rows of M, (0) that
contains an even number of moving rows.

Then every (M, N) € P satisfies dg = kg, dpr = kg and
rank EM,N(Q) = kg + kg — 2. (4.36)

Moreover, 5, (xp N(Q)) consists of the classes [w]g, with w € ker M, (0).

Proof. Fix (M,N) € P and x € {E, E'}, and let 5 € F, be such that e = (—1)"7 at (M, N).
By Lemma 4.8, the list B, is an ambient basis for x. We first show that every row of M, ()
is a row in the sense of Definition 3.9 at (M, N). For the fixed rows, this is hypothesis
(i). By hypothesis (ii) and Corollary 4.14, the moving rows of M, (7) are the rows r*
of Definition 4.10 at (M, N), and these are rows by Lemma 4.11. By Lemma 3.10, the
coordinate vectors of the classes in J,(x(Q)) lie in ker M. (7).

The matrices M, (0) and M, (1) satisfy the hypotheses of Lemma 4.17, with u = u,,
by (4.35) and hypothesis (iv). This lemma implies that ker M, () = ker M, (0) and
rank M, (17) = n, — k. By hypothesis (iii), there are k, linearly independent classes in
0+(x(Q)), and their coordinate vectors are linearly independent. Applying Corollary 3.13
to M, (#), we find that d, = k, and that J,(x(Q)) consists of the classes [w|p, with
w € ker M, (17) = ker M,.(0). Finally, by Lemma 3.5, we have rank Ey; n(Q) = dg + dp —
2 =kp+kp —2. [

In Sections 6 to 8, hypothesis (i) is a lemma on the local images at the fixed places,
hypothesis (ii) follows from a congruence condition on (M, N) and Remark 4.15, hypoth-
esis (iii) is verified with explicit points and Lemma 3.12, and hypothesis (iv) is a finite
computation with a certificate that can be checked by hand. Since the criterion holds for
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both values of ¢, the prime specializations produced in Section 5 need not satisfy any
condition on (N/py).



SECTION 5

Linear equations in primes

The goal of this section is to prove Proposition 5.5. It states that a twelve-form datum
has infinitely many prime specializations in a given congruence class and a given open
cone, under conditions on the class and the cone that reduce to finite computations. The
analytic input is the theorem of Green and Tao on linear equations in primes [18], which
became unconditional through the work of Green and Tao [16] and of Green, Tao, and
Ziegler [17]. In Section 5.1, we state the form of this theorem that we use, Theorem 5.1,
and deduce it from the Main Theorem of [18]. In Section 5.2, we show that the main term
in Theorem 5.1 does not change when we count only the points at which the values of
the forms are distinct primes outside a finite set (Lemma 5.3). In Section 5.3, we compute
the local factors of the affine forms obtained from binary linear forms by restricting the
variables to a congruence class (Lemma 5.4). Section 5.4 combines these results. Apart
from the analytic input, the section uses only the notions of Section 4: twelve-form data
(Definition 4.1), prime specializations (Definition 4.6), and Lemmas 4.3 and 4.8. We use
Proposition 5.5 to prove the infinitude statements in Theorems 6.7, 7.8, and 8.9.

Simultaneous prime values of linear forms have been used before to choose special-
izations of families. Harpaz, Skorobogatov, and Wittenberg [19] adapted the fibration
method over Q by replacing Schinzel’s hypothesis with the theorem of Green, Tao, and
Ziegler. Their results concern suitable fibrations over the projective line whose degenerate
tibers lie over rational points, and [19, Theorem 1.1 and Proposition 1.2] are two-variable
statements of the kind we use. Zywina [55, Proposition 5.9] chose the specializations
in his construction of elliptic curves of prescribed rank over number fields with the
number-field version of this theorem due to Kai [23, Proposition 13.2]. Over Q, we can
use the theorem of Green, Tao, and Ziegler directly. We describe this history in more
detail in Section 1.

Notation. Throughout this section, the letter g4 denotes a prime; we reserve p; for the
prime values of a datum. We write A for the von Mangoldt function, so that A(n) = logg
if n = g* for a prime g and an integer k > 1, and A(n) = 0 otherwise; in particular,
A(n) = 0 for n < 0. An affine-linear form on Z? is a map ¢: Z?> — Z of the form
{(n) = (w,n) + £(0) with w € Z? and £(0) € Z. Its linear part is /(n) = (w,n), and
we extend /¢ and / to R? by the same formulas. For a set K C R? and R > 0, we write
RK = {Rx : x € K}, and when K is convex, we write area(K) for its Lebesgue measure.

45
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For affine-linear forms /4, ...,¢; and a prime ¢, the reductions of the ¢; modulo g are
functions on ng, and we define the local factor

t1 .
By = (q_il) ?#{n €F2: fi(n) #0for 1 <i<t}, (5.1)

This is the local factor of [18, (1.6)], written as a count: there, B, is the average over n €
(Z/92)* of T1; Azyqz(Li(n)), where Az oz (m) = q/(q—1) if gt m and Az gz (m) =0
otherwise.

5.1 The theorem of Green, Tao, and Ziegler

We use the theorem in the following form. It is a special case of the generalized Hardy—
Littlewood conjecture for systems of finite complexity [18, Conjecture 1.2], with two
variables, fixed forms, and a region on which all the forms are eventually positive. The
qualitative consequence [18, Corollary 1.9], whose two-variable case is [19, Theorem 1.1],
gives infinitely many points at which all the forms are prime. We need the asymptotic
form to show, in Section 5.2, that infinitely many of these points have distinct prime
values outside a given finite set.

Theorem 5.1 (Linear equations in primes). Let t > 2, and let {1, ..., ¢ be affine-linear forms
on Z* with linear parts ¢;(n) = (w;,n) such that det(w;, w;j) # 0 forall i # j. Let K C R? be
a nonempty bounded convex set whose closure K is contained in the open cone

C={xcR>:0(x)>0for1<i<t}

Then the following statements hold.
(1) The product & =[], Bq over all primes q converges. It is positive if By > O for all primes g,
and zero otherwise.
(2) As R — oo, we have

Y. liIA(Ei(n)) — area(K) G R? + o(R?), (5.2)
neRKNZ? i=1

where the term o(R?) depends on {1, ..., ¢ and K.

Proof. The asymptotic (5.2) is an instance of the Main Theorem of [18], whose two
conditional inputs are now theorems. We first bound the complexity of the system and
check these inputs. We then fix the scale at which we apply the Main Theorem, compute
the archimedean factor, and finally prove (1).
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Complexity. By [18, Definition 1.5], the system (¢j, ..., ¢;) has complexity at most s if,
for each i, the forms ¢; with j # i can be covered by s + 1 classes such that /; does not lie
in the affine-linear span of any of the classes. Fix i, and cover the t — 1 forms ¢; with j # i
by the singleton classes {/;}. If ¢; lay in the affine-linear span of {/;}, then /; would be
a rational multiple of ¢;, which contradicts det(w;, w;) # 0. This shows that the system
has complexity at most ¢ — 2, which is also the bound of [18, Lemma 1.6]: t minus the
dimension of the span of the linear parts. The same hypothesis implies that the forms
are nonconstant and that no two of them are rational multiples of each other, as required
in [18, Definition 1.1].

Let s = max(t —2,3). A system of complexity at most f — 2 also has complexity at
most s. The inverse conjecture GI(s) for the Gowers norm [18, Conjecture 8.3] holds
by [17, Theorem 1.3], since s > 3. The Mdobius and nilsequences conjecture MN(s) [18,
Conjecture 8.5] holds for every s by [16, Theorem 1.1] (see the remark that follows that
theorem). The Main Theorem of [18] then implies that [18, Conjecture 1.2] holds for our
system. For two variables, this conjecture states the following. We write w; = (w; 1, w;»),
and let N and L be positive integers such that

1

t
(Jwia| + [wial) + = Y 14:(0)] < L; (5.3)
—1 ;

the left side is the size of the system at scale N, defined in [18, (1.1)]. Then for every
convex set K’ C [~N, N]?, we have

t

Y, TIAWUn) =Beo(K)]Bg+o01L(N?), (5.4)
neK'NZ? i=1 q

where B (K') is the area of {x € K" : {;(x) > Ofor1 < i < t} [18, (1.4)], the B, are

the local factors (5.1), and the error term is at most p; (N )N? for a function P with

ptL(N) — 0as N — oo.

The scale. Fix a positive integer / such that K C [—h,h]?, and let L = Y, (|w; 1| + |wia| +
14;(0)|), which is a positive integer. For R > 1, let Ng = [hR]. Then RK C [—Ng, Ng]?,
and (5.3) holds with N = Ng because Ng > 1. We use (5.4) with N = Ni and K’ = RK.
Because N < 2hR, the error term is at most 4h%p; | (Ng)R?, which is 0(R?) as R — oo.
Note that the coefficients of the forms enter only through L, which does not depend on
R, and that they may be large.

The archimedean factor. Since K is compact and contained in the open cone C, the
number

§ = min min/,
1<i<t yek i(y)
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is positive. Let G = max; |¢;(0)|. For x = Ry with y € K, we have
Ei(x) = Rf,‘(y) + fi(O) > J0R — G, (5.5)

which is positive when R > G/J. For such R, all the forms are positive on RK, and
Beo(RK) = area(RK) = area(K)R?. Inserting this into (5.4), we obtain (5.2).

The singular product. Let D = [];.;det(w;, w;), which is a nonzero integer, and let q
be a prime with g { D and g > 2t. Then w; # 0 (mod g) for every i, since otherwise g
would divide det(w;, w;) for j # i. We see that the zero set Z; C ]F% of ¢; modulo g is an
affine line, with g points. For i # j, the lines Z; and Z; meet in exactly one point, because
det(w;, wj) # 0 (mod g). By inclusion and exclusion, truncated after the second term,

we have t
t
2 ‘ iL—Jl l

By (5.1), we have B; = (1 —1/9)"*(1 —q2|U; Zi|), and the previous display implies that

(1—%>_t<1—$)§5q§(1—%>_t<1—§+%). (5.6)

For the lower bound, we use (1—1/4) " > (1+1/9)"! > 1+1t/g,and find B, > 1 —?/4*
For the upper bound, we use —log(1 —u) < u + wfor0<u<1/2and 1+ < ¢, and
find

<tq.

t ot ot 2 2
ﬁqéexP<§+q—2—5+ﬁ) SeXp(?> §1+?,
where in the second step we used t > 2, and in the last step e? <1+ 2v for 0 < v < 1.
Combining the two bounds, we find that |8, — 1| < 212/ q2 < 1/2. This is the estimate
By =1+ 0(g72) of [18, Lemma 1.3], with explicit constants. Using |log(1 + x)| < 2|x|
for |x| < 1/2, we obtain |logB,| < 4t*/¢4*. Because Y, q % < oo, the product of the
Bg over the primes g { D with g > 2t converges absolutely to a positive number. The
remaining factors are finitely many nonnegative numbers. This proves (1) and completes
the proof. O

Remark 5.2. In Theorem 5.1, we fix the forms and the set K, and the error term depends
on them. In Section 5.4, the linear coefficients of the forms contain the factors W/c;,
which are large in our applications, but they do not depend on R. No uniformity in the
coefficients is needed.

Kai [23, Theorem 12.1] proved an analogue of (5.4) over number fields, with an error
term O(N?(log N)~4). For the field Q and the ideal Z, his weight at an integer m is
A(|m|), which agrees with A(m) at the values m = /;(n) with n € RK and R > G/,
since these values are positive by (5.5). His local factors are those of (5.1), since the
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residue of the Riemann zeta function at 1 is 1. His hypothesis that /; restricted to ker fj
has finite cokernel holds because det(w;, w;) # 0: the image of ker Ej N Z? under /; is
a nonzero subgroup of Z. His theorem, applied with N = Ny and the region RK, also
gives (5.2).

5.2 Distinct prime values

The sum in (5.2) also counts points at which some /;(n) is a power of a prime with
exponent at least two, points at which two forms take the same value, and points at
which a form takes a value in a given finite set. We now show that these points, which
lie on few lines, do not contribute to the main term.

Lemma 5.3 (Distinct prime values). Assume the hypotheses of Theorem 5.1, let S be a finite set
of primes, and let A be a finite set of lines in R?. For R > 1, let N'(R) be the set of n € RK N Z?
such that ¢1(n), ..., ¢i(n) are t distinct primes not in S and n lies on no line of A. Then, as
R — oo,

t
Y. JIA((n)) = area(K) & R* + o(R?). (5.7)
neN(R) i=1
If moreover area(K) > 0 and B, > 0 for all primes q, then there exists c > 0 such that
IN(R)| > cR?*(log R)™* for all sufficiently large R. In particular, for every Ry > 1, the set
Ursr, NV (R) is infinite.

Proof. Let £(R) and X/(R) denote the left sides of (5.2) and (5.7). By Theorem 5.1, it
suffices to show that Z(R) — X/(R) = o(R?).
We keep the notation /1, Ny, 6, and G of the proof of Theorem 5.1, and set

0=0G 2i(y).
+ max max i(y)

Note that ® > § > 0. Let R > max(1,G/4,2/0), so that ®R > 2, and let n € RKN 72
By (5.5), every ¢;(n) is a positive integer, and ¢;(n) < ®R. Using A(m) < logm for m > 1,
we find that every term of £(R) is at most (log ®R)".

A point n contributes to £(R) but not to X/(R) only if A(¢;(n)) > 0 for every i and
one of the following holds:

(i) ¢;(n) = ¢* for some i, some prime g, and some k > 2;

(ii) ¢;(n) = ¢;(n) for some i < j;
(iii) ¢;(n) € S for some i;
(iv) n lies on a line of A.
Indeed, if A(¢;(n)) > 0, then ¢;(n) is a power of a prime, and it is a prime if (i) fails; if
(ii)-(iv) fail as well, then n € A/(R).
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Each of these conditions places n on one of a finite set of lines. Since w; # 0, every
set {¢; = m} with m € Z is a line. In case (i), n lies on the line {¢; = g}, where
7* < ®R. Only the exponents k < log,(®R) occur, and for each of them there are at most
(®R)/* < (OR)'/2 primes g. Altogether, there are at most t+(®R)!/2log,(®R) such lines.
In case (ii), n lies on the set {{; — £; = 0}, which is a line because w; and w; are linearly
independent; there are (}) such lines. In case (iii), n lies on one of the ¢S] lines {¢; = g}
with ¢ € S, and in case (iv), on one of the |.A| lines of A. A line {x € R? : ajx; +axx, = b}
with (a1, az) # (0,0) contains at most 2N + 1 points of [—Ng, Ng]> N Z2: if ay # 0, then
x1 determines x,, and otherwise x; = b/aj is fixed. Since RK C [—Ng, Ng]?, we obtain

t

0 <%(R) —Z/(R) < (2Ng +1) (t(®R)1/Z log,(OR) + (2

) + t|S| + |.A|)(log®R)t.
The right side is O(R3/?(log R)**1) = 0(R?), because Nx < 2hR. This proves (5.7).

Now assume that area(K) > 0 and that B; > 0 for all primes q. Then & > 0 by
Theorem 5.1, and (5.7) implies that ¥/(R) > area(K)&R?/2 for all large R. Each term of
¥/(R) is at most (log OR)!, and log ®R < 2log R for R > ©. We conclude that

area(K) G R? _ area(K)& R?
> >
NV (R)] 2 2(log®R)t —  2t+1  (logR)!

for all large R. Since |N'(R)| — oo, the last claim follows. O

5.3 Local factors in a congruence class

We now compute the local factors of the forms that arise from a datum. Let t > 2,
let (a;,b;)) € Z?> for 0 < i < t—1Dbe primitive vectors, that is, ged(a;, b;) = 1, and let
Li(M,N) = a;M + b;N. In Section 5.4, we take for them the twelve forms of a datum. We
write Aj; = a;b; — a;b;. Let o, ..., c;—1 and W be positive integers, and let (Mo, Np) € Z2.

For a prime g, let Z;(q) = {(m,n) € ]F% :a;m+ bn = 0}. Since (a;, b;) is primitive, it is
nonzero modulo ¢, and Z;(q) is a line through the origin of ]F%. Recall that IF% has exactly
g + 1 lines through the origin, and that two nonzero vectors span the same line if and
only if their determinant vanishes. In particular, Z;(q) = Z;(q) if and only if g [ A;;. We
let d; be the number of distinct lines among Zy(q), ..., Z;—1(q).

Lemma 5.4 (Local factors in a congruence class). With the notation above, assume that

(i) every prime dividing cocy - - - ¢;—q divides W, and vy(W) > vy(c;) for every prime q | W
and every i;
(ii) ¢; | Li(Mo, No) and ged (L;i(Mo, No)/ci, W) = 1 for every i.
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Then c; | W for every i, and

6(X,Y) = Li(Mo + WX" No + WY) = £;(0) + ﬁ(alX +b;Y), 4:(0) = Li(M_Wf
Ci Ci Ci 58
are affine-linear forms on Z2. Their local factors (5.1) are as follows.
(a) If g | W, then By = (9/(q —1))".
(b) If g1 W, then
ﬁq:<qz1)f(q—1)(z]j1—dq). 5.9)

In particular, B; > 0if q | Worq > t. If gt W, then B; > 0 if and only if there exists
(m,n) € ]F% with [T; Li(m,n) # 0. If 4 WTTi<j Ajj, then dg = t.

Proof. By (i), every prime g dividing c; divides W and satisfies v,(c;) < v,(W). This
implies that ¢; | W. We have L;(My+ WX, Ny + WY) = L;(My, Np) + W(a;X + b;Y),
which gives the second equality in (5.8). Its coefficients ¢;(0), Wa;/c;, and Wb;/c; are
integers by (ii) and ¢; | W.

Primes dividing W. Let g | W. By (i), we have v,(W/c;) > 1, and (5.8) implies that
;(X,Y) = ¢;(0) (mod q) for all (X,Y). Also, g 1 ¢;(0) by (ii). Every point of ]F% is

therefore counted in (5.1), and we have B, = (q/(q —1))".

Primes not dividing W. Let g { W. Then (i) implies that q { ¢; for all i. The map (X,Y) —
(Mo + WX, No + WY) is a bijection of F2, and ¢;(X,Y) = ¢; 'Li(My + WX, No + WY)
(mod gq). We find that the count in (5.1) equals the number of points of lF% outside
Zo(q) U ---UZi_1(q). Distinct lines through the origin meet only at the origin, and each
of them contains g — 1 nonzero points. The union therefore has 1+ d,(g — 1) points, and
its complement has
' = 1—dg(qg—1) = (9= 1)(q+1~dy)

points. Inserting this count into (5.1) gives (5.9).

It remains to prove the last three claims. If g { W and g > £, then g+ 1 —d; >
q+1—t > 1, and we have B; > 0 by (5.9). For g { W, the count of points outside the
union is positive if and only if some (m,n) € IF% satisfies []; L;(m,n) # 0. Finally, if g
divides no A;j, then the lines Z;(q) are pairwise distinct, and d; = ¢. O

When d; = t, we see from (5.9) that B, = (q/(q —1))""1(1 — (t — 1)/q), which is
1+ 0O(g~2), in accordance with (5.6).

5.4 Prime specializations of a twelve-form datum

We now return to a twelve-form datum © (Definition 4.1), with forms L; = a;M + b;N
and cofactors ¢; for 0 < i < 11, and to a finite set S of primes as in Definition 4.6. In
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Sections 6 to 8, we apply the next proposition to a congruence class (My, Nyp) modulo
W chosen with the Chinese remainder theorem and to a cone K on which the twelve
forms are positive. By an open convex cone, we mean an open convex subset of R? that
is closed under multiplication by positive real numbers.

Proposition 5.5 (Infinitely many prime specializations). Let © be a twelve-form datum with
forms Ly, ..., Lyj and cofactors cy, . ..,c11, and let S be a finite set of primes as in Definition 4.6.
Let W be a positive integer, let (Mg, No) € Z?, and let K< C IR? be a nonempty open convex cone.
Assume that

(a) every prime dividing cocy - - - c11 divides W; vg(W) > v,(c;) for all primes q | W and all i;
and C; | Li(Mo, N()) and ng (Li(M(), No)/Ci, W) = 1f07’ all i,‘
(b) for every prime q < 11 with q f W, there exists (m,n) € IF5 such that 1L, Li(m,n) #0;
(c) Li(x) >0 forallx € Kand 0 <i < 11.
Then there exist infinitely many prime specializations (M, N) € KC with M = My and N = Ny

(mod W). Every such pair satisfies gcd(M, N) = 1 and N # 0. The ratios M/ N of these pairs
take infinitely many values, and so do the j-invariants j(Ep N)-

Proof. We use Theorem 5.1 and Lemma 5.3 for the forms /y, ..., ¢11 of (5.8), with t = 12.
We first check that their linear parts are pairwise independent and that their local factors
are positive. We then choose a convex set Ky whose large dilates correspond to pairs in
IC, and deduce the claims about prime specializations, ratios, and j-invariants.

The forms. Hypothesis (a) consists of the conditions (i) and (ii) of Lemma 5.4 for the
forms Ly, ..., L1;, whose coefficient vectors are primitive by Definition 4.1. That lemma
shows that the ¢; are affine-linear forms with w; = (W/c¢;)(a;, b;), and for i # j we have

1 #0,

det(w;, w;) = o
e

because A;; # 0 by Definition 4.1.

Local factors. Let q be a prime. If g | W, then B; > 0 by Lemma 5.4(a). If 4 { W and
q <11, then B; > 0 by hypothesis (b) and Lemma 5.4. If g { W and g > 13, then 8; > 0
by Lemma 5.4, since q > t: each L; vanishes modulo g on a single line through the origin,
and twelve lines cannot exhaust the g4 + 1 > 14 lines of ]F%. By Theorem 5.1, we have
S > 0.

The region. Since K is open and nonempty, there exist xg € KL and r > 0 such that the
closed disk of radius 2r about xj is contained in K. Let Ky be the closed disk of radius
r about xg. Then Kj is compact and convex, and area(Ky) = r? > 0. By (c), we have
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2:(x) = (W/c;)Li(x) > 0 for x € Ko. In other words, Ky is contained in the cone C of
Theorem 5.1. For R > 0 and n = (X, Y) € RKj, we have

(Mo + WX, Ny + WY) = WR(Rfln + (WR) ™ (M, N0)>. (5.10)

Let Ry = max (1, (Mo, No)|/(Wr)), where | - | is the Euclidean norm. Let R > R;. The
point R~!n lies in Ky, and the shift (WR)~!(My, Ny) has norm at most r. The point in
parentheses in (5.10) therefore lies in the disk of radius 2r about xp, which is contained in
K. As K is a cone and WR > 0, the pair (Mg + WX, Ny + WY) lies in K as well.

Prime specializations. By the last two paragraphs, Lemma 5.3 applies to /y, ..., {11, the
set Ko, the set S, and A = @. We obtain infinitely many n = (X,Y) € 72, each in RK,
for some R > Ry, such that {y(n),...,¢11(n) are twelve distinct primes not in S. For
each such n, let (M,N) = (My + WX, Ny + WY). Then M = My and N = Ny (mod W),
and (M,N) € K by the previous paragraph. By (5.8), we have L;(M,N) = c;j{;(n) for
all i. This shows that ¢; | L;(M,N) and that the numbers L;(M,N)/c; = ¢;(n) are
twelve distinct primes not in S, that is, (M, N) is a prime specialization in the sense of
Definition 4.6. Distinct points n give distinct pairs (M, N), which proves the first claim.

Ratios and j-invariants. By Lemma 4.8, every prime specialization (M, N) satisfies
gcd(M,N) = 1 and po t N, so that N # 0. A rational number has exactly two repre-
sentations m/n with m,n € Z and ged(m,n) = 1. It follows that infinitely many such
pairs give infinitely many ratios M/N. By Lemma 4.3, j(Ej; ) depends only on M/N,
and each value of j occurs for at most twelve ratios. If the j(Ey ) took only k values,
at most 12k ratios would occur. Therefore the j-invariants take infinitely many values,
which completes the proof. O

Remark 5.6. By Lemma 5.4, hypothesis (b) says that dq < gq for every prime g < 11 with
gt W. As we saw in the proof, larger primes need no check. At g = 11, the check
is needed even when 11 divides no A;;. For example, the twelve forms M + iN with
0 < i <10 and N have pairwise determinants in {+1,...,£10}, but their zero sets
modulo 11 are all twelve lines of IF%l, and Lemma 5.4 gives f1; = 0 when 11 { W. In the
three families, every prime g < 11 divides W, except g = 5 in the rank-seven family.

Remark 5.7. Elliptic curves that are isomorphic over Q have the same j-invariant [43,
Proposition III.1.4(b)]. Hence the curves Ej; n at the prime specializations of Proposi-
tion 5.5 represent infinitely many Q-isomorphism classes.
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The three families



SECTION 6

The rank-five family

In this section, we prove Theorem 6.7. It states that the twelve-form datum D5 defined
below has infinitely many prime specializations in a fixed congruence class and a fixed
cone, that the curve Ej; y has rank exactly five at each of them, and that these curves
represent infinitely many isomorphism classes over Q. The proof consists of checking the
hypotheses of Proposition 4.18 and Proposition 5.5 for ©5. We do not repeat the general
arguments of Sections 3 to 5; instead, we give the data of the family together with the
tables needed to recompute every entry of the matrices by hand. Theorem 6.7 is used in
Section 9 to prove Theorem 1.1 for r = 5.

The family is a base change, along a conic, of a rank-four family of Zywina [55, §6.5].
We explain this origin in Appendix B.1.

The section is organized as follows. In Section 6.1, we define D5, the set S, and the
bases Br and Bg. In Section 6.2, we exhibit three points on E and four points on E’
whose classes are independent at every prime specialization (Lemmas 6.1 and 6.2). In
Section 6.3, we fix the congruence class and the cone, and we compute the residues of the
primes p; (Lemmas 6.3 and 6.4). Section 6.4 bounds the local images at 2, 3, 5 and the real
place (Lemma 6.5), and Section 6.5 computes the quadratic characters that enter the rows
at the twelve primes p;. In Section 6.6, we display the matrices Mg (0) and Mg/(0) and
certify their ranks (Lemma 6.6). Section 6.7 proves Theorem 6.7. Finally, in Section 6.8, we
use the dual isogeny to write down five independent points of Ey; ny(Q) (Proposition 6.9);
this is not needed for Theorem 6.7.

6.1 The datum

Let L; = a;M + b;N for 0 < i < 11, with the coefficients a;, b; and the cofactors c; given in
Table 6.1. As in Section 4, we set Ir = {0,1,2,3}, Iy = {4,5,6,7}, I; = {8,9,10,11}, and

F=LoL1LL3, H = L4lLsLgL7, J = LgLoL1oL11.

Expanding the products, we find the coefficients of F, H and ] listed in the first three
rows of Table 6.4 below. Comparing the five coefficients, we obtain the identity

625F + 3H = 16]. (6.1)

55
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Table 6.1. The linear forms L; = a;M + b;N of the rank-five family, the quartic to which each
belongs, and the cofactors c;.

0 1 2 3 4 5 6 7 8 9 10 11
group F F F F H H H H ] ] ] ]

1

0

22 9 143 -55 3 138 55 99 5 32 55
-1 -2 155 62 -1 —-31 64 62 —-1 31 —12
Ci 54 1 8 1 8 1 1 2 4 1 1 6

For example, the coefficients of M* give 625 - 28314 — 3 - 1252350 = 13939200 = 16 - 871200.
We set
A = 1500, B = 2700, C = 57600. (6.2)

Since A? = 3600 - 625, 4B = 3600 - 3 and C = 3600 - 16, multiplying (6.1) by 3600 gives
A?F +4BH = C]J. The curves of Definition 4.1 are

E=Eyn: y* = x> +1500F x*> — 2700FH x,

6.3
E' = Ejyn: ¥* = x*> — 3000F x* 4 57600F] x. (63)

In the notation of Section 3, we have « = 1500F, § = —2700FH, «’ = —3000F and
B’ = a®? — 4B = 57600F]. We write T = (0,0) € Eand T' = (0,0) € E'.

The coefficient vectors (a;, b;) in Table 6.1 are primitive, (ag,bg) = (1,0), and b; # 0
for i > 1. The sixty-six determinants A;; = a;b; — a;b; are factored in Table 6.2; none of
them vanishes. The cofactors are positive and c¢; = 1. The forms L;, the constants (6.2),
the cofactors c; and the constant lists

Tg=Tp =(-1,2,3,5) (6.4)

therefore form a twelve-form datum in the sense of Definition 4.1, which we denote by
Ds.
We define
s =1{2,3,57,11,13,17,19,31,41,131, 257,409,2089}. (6.5)

By Table 6.2, S is exactly the set of primes dividing some A;;. The other integers in
Definition 4.6, and the entries of the lists (6.4), have prime factors in {2,3,5,31}: we have
A=2%2.3.5,B=22.3%.52,C =28.32.52, every c; divides 2% - 3%, and

(bi,...,b11) = (-1, =2,5-31,2-31, -1, =31, 2%,2-31, —1, 31, —22-3).

We conclude that S satisfies the conditions of Definition 4.6. Throughout this section, a
prime specialization is a prime specialization of ©5 with respect to this set 5. At a prime
specialization we write p; = L;(M, N)/c; and

T = PoP1P2P3s TTH = PaP5P6P7, T) = pgpPop1oPit, (6.6)
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Table 6.2. The determinants Ajj = aib]- — a]-bz- for 0 <i < j <11, factored.
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so that F = 4327tp, H = 167y and | = 247, since cocicac3 = 432, cycs5c6c7 = 16 and
CgC9C10C11 — 24.

The moving index sets are Gg = IrU Iy = {0,...,7} and Gp = Ir U}, and the
ordered bases are

BE - (_1/ 2/ 3/ 51 PO/ Plr le P3; P4/ PS/ p61 P7)z

(6.7)
BE’ — (_1/ 2/ 3/ 5/ pO/ pll P2; p3/ P8/ p9/ Pl()/ Pll)
We have ng = ng; = 12. The constants of Definition 4.10 are
kg =—B [ ] ¢j = —2700 - 6912 = —43207,
i€G
St ) 6.8)
kg = C [ ¢j =57600-10368 = 2 - 172807,
jEGE/
so that [xg] = [—1] and [kg/] = [2]. Since kg and kg have no prime factors other than 2,

3 and 5, each of the lists (6.4) consists of —1 and distinct primes, including every prime
dividing g and xg. By Lemma 4.8, at every prime specialization, Bg and B/ are ambient
bases for E and E’ in the sense of Definition 3.9, and E(Q)[2] = {O, T}.

6.2 Rational points and the lower bound
We use the binary quadratic forms

D = —165M? — 226 MN + 62N?, D, = —8745M? — 5440MN + 1550N?,

6.9
V = —7755M? — 3187 MN -+ 1240N?, (69)

and the two combinations
2D — 55D = —8415M? + 1550 MN — 310N?,
3Dy + 65D = —36960M? — 31010 MN -+ 8680N?2.

The forms D and D; come from the parametrization of a conic (see Appendix B.1).
Table 6.3 lists five points; for each, the table gives the abscissa x and the ratio y/x.

Lemma 6.1 (Points). For every (M, N) € Z? with FH] # 0, the points Py, P, of Table 6.3 lie
in Ep; n(Q), and the points Q1, Qa, Q3 lie in EMN(Q).

Proof. Consider a curve y> = x> + ax? + Bx and a pair (x,y) with y = px. Then

In each of the five cases, B/ x is a polynomial in M and N, and it suffices to check that p? =
x +a + B/x as polynomials. For P;, we have p = —24D, x = —150F and /x = 18H, and
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Table 6.3. Points on E and E’. The ordinate is y = x - (y/x).

point  x y/x

Py € E —150F —24D

P,eE PLyLsl¢l;  §(2D; —55D)
Qi1 €E 24] 12D

Q; € E' 120LoLiLgly  $(3Dy + 65D)
Qs € B 0L LrIgLyy 3V

the condition reads 576D? = 1350F + 18H. For P,, we have B/x = —13230 LyL1L4Ls5, and
after multiplication by 49 the condition becomes the second identity in (6.10) below. For
the points on E’, we have p’/x = 2400F, 480L,L3L19L11 and 1764LyL3LoL11, respectively.
After dividing by 18, 1, 24, 1 and 1, and multiplying by 1, 49, 1, 49 and 49, respectively,
the five conditions become
32D? = 75F + H,
64(2D; — 55D)% = 10L,LsL¢L7 + 73500F — 648270LoL1L4Ls,
6D? = ] — 25F, (6.10)
36(3D; + 65D)? = 5880LgL1LgLg — 147000F + 23520L,L3L10L11,
4V? = 1600L; LyLgL1o — 147000F + 86436LoL3LoL11.

Both sides of each line are binary quartic forms, and each line amounts to five equalities
between integers, which follow from Table 6.4. For instance, the coefficients of M?* in the
tirst line are 32 - 27225 = 871200 and 75 - 28314 — 1252350 = 871200. O

Next, we compute the classes of these points and of the 2-torsion points T and T’
at a prime specialization. By Definition 3.3, we have 6¢(T) = [B], 6g/(T’) = [B'], and
0p(P) = [x(P)] for the other points. We substitute L; = c;p; and remove square factors
from the constants. For example,

B = —2700FH = —2700 - 432 - 16 ity = —4320% mtprry,
2
%L2L3L6L7 = % 16 pap3pep7 = 10(%) pP2P3P6P7-

Table 6.5 lists all seven classes, and (6.11) gives their coordinate vectors in the bases (6.7).
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Table 6.4. Coefficients of the binary quartic forms in (6.1) and (6.10), in the monomials M*, M>N,
M?N?, MN3, N*.

6.2 Rational points and the lower bound

form M* M3N M2N? MN?3 N*
F 28314 23111 —7929 310 0
H —1252350 653235 1574387 —920018 123008
J 871200 1025255 —14529 —160394 23064
D? 27225 74580 30616 —28024 3844
(2D; — 55D)? 70812225  —26086500 7619800 —961000 96100
(3D1 +65D)% 1366041600 2292259200 319994500 —538333600 75342400
v? 60140025 49430370 —9075431 —7903760 1537600
LoL1L4Ls —3630 5467 —1605 62 0
LoL3LeLy 9768330 17589759 2997535 —4409626 615040
LoL1LgLo 10890 4147 —1575 62 0
LoLsLigLyq 2265120 3651967 440625 —822058 115320
L1LyLgLyg 627264 832590 119083 —91760 3844
LoLsLoL1y 39325 26180 —16109 1860 0

60

Table 6.5. Classes of the points at a prime specialization. The class is [¢]]; pj|, where g is the
constant and j runs over the moving support.

point  class constant after L; = ¢;p; g moving support
Te€E [-2700FH] —2700 - 6912 = —4320? -1 0,1,23,45,67
Py € E [-150F] —150- 432 = —2 - 1807 -2 0,123

P, e E [10LpL3L¢L;] 10-16 =10 - 42 10 2,3,6,7

T' € E'  [57600F]] 57600 - 10368 = 2172802 2 0,1,2,3,8,9,10,11
Q1 € E [24]] 24 .24 = 242 1 8,9,10,11

Q2 € E' [120LgL1LgLy] 120-216 =5 - 722 5 0,1,89

Qs € E'' [L1LpLgLyp] 32 =242 2 1,2,8,10
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In coordinates, the classes are

010001,1,0,1,0,1,0).

vi = 6e(T) = (1,0,0,0, 1,1,1,1, 1,1,1,1),
v, = 6p(Py) = (1,1,0,0,1,1,1,1, 0,0,0,0),
vz = o0p(P,) = (0,1,0,1,0,0,1,1,0,0,1,1),

wi = 0p/(T") = (0,1,0,0,1,1,1,1, 1,1,1,1), (6.11)
wy = 6p(Q1) = (0,0,0,0,0,0,0,0,1,1,1,1),
w3 = 6p(Q2) = (0,0,0,1,1,1,0,0, 1,1,0,0),
)= ( )

wy = 0p/(Q3

Lemma 6.2 (Lower bound). At every prime specialization, the classes v1, vy, v3 are independent
elements of 5p(E(Q)), and the classes w1, Wy, w3, Wy are independent elements of ép/(E'(Q)).
In particular, dg > 3 and dgr > 4.

Proof. At a prime specialization, we have FH] # 0 by Lemma 4.8, and Lemma 6.1 implies
that the points of Table 6.3 are rational points. Their classes, and those of T and T! lie
in 6 (E(Q)) and g/ (E'(Q)), and they are given by (6.11). By Lemma 3.12, it suffices to
tind suitable columns. On E, we take the columns py, po, ps for vy, v, v3: the vector v;
has entry 1 at ps, where v, and v3 vanish; v, has entry 1 at pp, where v3 vanishes; and
v3 has entry 1 at pg. On E/, the columns p3, p11, po, p2 for wi, wp, w3, wy have the same
property, as one reads off from (6.11). O

6.3 The congruence class and the real cone

We impose the congruences in Table 6.6. The moduli are pairwise coprime, and their
product is
W=20.3".5.7-11-17-19 - 31 = 19984345920.

By the Chinese remainder theorem, the congruences are equivalent to
M = M,, N=Ny (mod W), My = 6555660534, No = —1. (6.12)

One checks directly that My = 54 (mod 2°-3*-5) (note 2°-3*.5 = 25920 and 54 = 4
(mod 5)), and that My = 3,5,4,18,14 modulo 7,11,17,19, 31, respectively. We write Ps
for the set of (M, N) € Z? satisfying (6.12).

Table 6.6. The congruences defining Ps.

modulus 26 3* 5 7 11 17 19 31

M mod 54 54 4 3 5 4 18 14
N mod -1 -1 -1 -1 -1 -1 -1 -1
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Lemma 6.3 (Residues on the progression). Let (M, N) € Ps. For every i, the cofactor c;

divides L;(M, N), and the integer p; = L;(M, N)/c; satisfies the congruences of Table 6.7. In
particular, every p; is prime to W, and FH] # 0.

Table 6.7. Residues of p; = L;(M, N)/¢; modulo g, for (M, N) € Ps.

g\i 0 1 2 3 4 5 6 7 8 9 10 11
8 1 5 5 7 &5 3 3 &5 1 7 1 1
3 11 1 1 2 1 1 1 1 1 2 2
5 14 1 2 1 3 3 3 1 1 2 2
7 2 4 1 1 4 3 4 5 1 2 2 5
1 66 1 10 10 6 5 6 1 1 4 8 2
17 7 4 9 9 3 13 5 10 7 4 12 16
19 13 17 11 6 11 17 7 7 12 15 13 15
31 6 30 16 18 20 12 10 12 21 9 14 27

Proof. We begin with the moduli 8, 3 and 5. Since My = 54 (mod 25920), Ny = —1 and
25920 = 26.3%.5 divides W, every (M, N) € Ps satisfies (M, N) = (54, —1) (mod 25920).
The values L;(54, —1) = 54a; — b; are

54, 1189, 488, 7567, —3032, 163, 7483, 2906, 5284, 271, 1697, 2982,
and their quotients by c; are the integers
1, 1189, 61, 7567, —379, 163, 7483, 1453, 1321, 271, 1697, 497. (6.13)

Each ¢; divides 23 - 33. Hence c; divides 25920, and 25920/¢; is an integer divisible by
23.3.5 = 120. By Lemma 4.7 with Wy = 25920 and (m,n) = (54, —1), the cofactor c;
divides L;(M, N), and p; is congruent modulo 25920/ c;, and hence modulo 120, to the
i-th integer in (6.13). Reducing (6.13) modulo 8, 3 and 5 gives the first three rows of
Table 6.7. All entries in these rows are nonzero. We note that the integer of index 4 in
(6.13) is negative: the residues of p4 are those of —379, not those of 379 (for instance,
—379 =5 and 379 = 3 (mod 8)).

Now let g € {7,11,17,19,31}. Then q { ¢;, and by (6.12) we have (M, N) = (4, —1)
(mod q), where r, = 3,5,4, 18, 14, respectively. We obtain

pi = (ajirg — b;) cl._1 (mod q),
which gives the remaining rows of Table 6.7. For example, for ¢ = 7 and i = 4, we have
(—55-3—62)-871 = (—227)-1 = 4 (mod 7). All entries are nonzero, which implies
that every p; is prime to W. Then L;(M, N) # 0 for every i, and FH] # 0. N
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The cone is
Ks={(MN)eR*: M>0, BM <N < m}. (6.14)
It is an open convex cone.

Lemma 6.4 (Positivity on the cone). Every L; is positive on Ks. In particular, F, H and | are
positive on Ks.

Proof. Let (M,N) € Ks and t = N/M, so that 19/20 < + < 11/10. Then L; = M(a; + b;t),
and Lo = M > 0. If b; > 0O, then a; 4 b;jt > 0 if and only if t > —a;/b;; the largest of
these thresholds is —a4/bsy = 55/62 < 19/20. If b; < 0, then a; + b;t > 0 if and only if
t < a;/|b;|; the smallest of these thresholds is as/|bs| = 3 > 11/10. Hence a; + b;t > 0 for
every 1. [

The proof shows that the twelve forms are positive exactly when M > 0 and 55/62 <
N/M < 3. We note that (54, —1) and (M, Ny) are not in Ks; this does not matter,
because Lemma 6.3 concerns residues only.

6.4 Local conditions at the fixed places

We now bound the local images at the places 2, 3, 5 and co. Recall from Definition 3.3
that Jf , denotes the local descent map on E(Qy).

Lemma 6.5 (Local images at the fixed places). Let (M, N) € Ps. Then FH] # 0, and the
local images satisfy the inclusions in Table 6.8, at the places 2, 3 and 5. If moreover (M, N) € Ks,
then they also satisfy the inclusions in the last line of Table 6.8.

Table 6.8. Upper bounds for the local images at the fixed places.

§E,U(E(QU)) 5E',U(E/(QU))

c {21y <Al =1, 2], [=2]}
c {1y € Q;/Q;?

c {051y <Al [5}
co CR*/R** C {[1]}

91 W N | T

The entries Q3 / Q;Z and R* /IR*? impose no condition; we list them for completeness.
The proof below uses the parameters at the finite places only through the residues of
the numbers L;(M, N)/c; modulo 8, 3 and 5. By Lemma 4.7, applied with Wy = 25920
to the values at (54, —1), these residues are already fixed when M = 54 and N = —1
(mod 25920), so the bounds at 2, 3 and 5 hold for all such pairs. We use them only on
Ps.
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Proof. The proof has five parts: the prime 2 for E and for E’, the prime 3 for E, the prime
5 for both curves, and the real place for E’. In each part, we first rescale the curve. We
then treat the points of the local curve in turn: the point at infinity O, the point T (or T'),
the other points with y = 0, whose existence we decide with Lemma 3.7, and the points
with y # 0, sorted by the valuation of x. The descent class of O is always [1].

Preliminaries. By Lemma 6.3, we have FH] # 0, and F = 432y, H = 167y, | =
247y, where 71, 71y, 71; are the products (6.6) of integers with the residues of Table 6.7.
Multiplying these residues, we find

(tg, Ty, 17) = (7,1,7)  (mod 8),
(7'[1?, TH, 7'(}) = (1,2,1) (mod 3), (6.15)
(rtp, g, 117) = (3,2,4)  (mod 5).

These residues are the same for all (M, N) € Ps, and they are the only properties of
(M, N) that we use at 2, 3 and 5. A change of coordinates x = A%%, y = A3 with A € Q*
divides the coefficients of x> and x by A% and A%, and it multiplies x by a square. It
therefore does not change the descent class of any point, including the class [B] of T.
For a point with 7 # 0, the right side of the rescaled equation is the square 72, and we
use Lemma 3.2: an element of Q, is a square only if its valuation is even and its unit
part is congruent to 1 (mod 8) (if p = 2) or to a square modulo p (if p is odd). We
use Lemma 3.1(a) for valuations, and Lemma 3.1(b) for unit parts: if the other terms
have valuation at least & more than the dominant term, then the unit part of the sum is
congruent to that of the dominant term modulo p".

The prime 2, curve E. Let F = 16F,, H = 16H; and | = 8],, where F, = 277y, Hy = 7ty
and J, = 37; are odd. By (6.15), we have F, =5, Hy =1 and J, =5 (mod 8). We set

xy = 375F,, B2 = —675F,H>, Bh = 225F,],,
sothatap =3, o =1 and B, =1 (mod 8). The identity (6.1) implies that 1875F + 9H =
3(625F +3H) = 48], which gives

75F
té—ﬁpz%ﬁﬂ&65+9ﬂﬁ:—%%OW&LH%D=2%5]:8%. (6.16)

The change of coordinates x = 16%, y = 647 transforms E into
7 =31, (%) =% +4mP +4po%,

since 1500F /16 = 1500F, = 4, and —2700FH /16* = —2700F,Hy = 4p;.

The point T has class [4B2] = [B2] = [1], since B =1 (mod 8). By Lemma 3.7, points
(%0,0) with % # 0 exist only if (4a3)?> — 168, = 16(&% — B2) = 128p) is a square in Q,.
By (6.16), this number has odd valuation 7, and there are no such points.
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Now let (X, ) be a point with 7 # 0, and let ¥ = 2"u with r = v,(%) and u € ZJ'. The
three terms of ¢(X) have valuations 37, 2r + 2 and r + 2.

o If r < 0, then #° is the only term of least valuation, and v,(g(%)) = 3r. Since this
valuation is even, we have r < —2. The other two terms then have valuation at least
3r + 4, and the unit part of ¢(%) is congruent to u> = u (mod 8). Since g(%) is a
square, we have # =1 (mod 8) and [%] = [1].

o If r =0, then (%) = u(u?+4(aou+ By)), where ayu + B, is even. Then g(%) = u® = u
(mod 8), which implies that u =1 (mod 8) and [%] = [1].

o If r > 2, then 4p,% is the only term of least valuation, and r is even. For r = 2, we
have g(4u) = 16u (,82 + 4u(ay + u)), where «» + u is even. For even r > 4, the other
two terms have valuation at least (v 4+ 2) + 4. In both cases the unit part of ¢(%) is
congruent to fou = u (mod 8), and we find u =1 (mod 8) and [¥] = [1].

e If r =1, then (6.16) implies that

g(2u) = 8u(u® + 2aou + Bo) = 8u((u + az)* — 8p5).

If u=3o0r7 (mod 8), then u +ay =2 (mod 4), and (u + a»)? has valuation 2. By
Lemma 3.1, the bracket also has valuation 2, and v,(g(%)) = 5 is odd, a contradiction.
Ifu=>5 (mod 8), then8 | u+ay and (u+ ay)? € 2°Z5. The bracket is then —8p), times
an element of 1+ 8Z;, and the unit part of ¢(X) is congruent to —up), =3 (mod 8),
which is not a square. The remaining case u =1 (mod 8) gives [¥] = [2u] = [2].

This shows that dr»(E(Q2)) C {[1], [2]}.

The prime 2, curve E’. The change of coordinates x = 64%, y = 512 transforms E’ into
P=g®), )= 2mP 8,

since —3000F /64 = —750F, = —2a, and 57600F] /64> = 1800F, ], = 8B5.

The point T' has class [8f)] = [2], since f, =1 (mod 8). By (6.16), the discriminant of
X2 —20p% + 8, is 4a3 — 32, = 4B,,and B = 1 (mod 8) is a square in Q,. By Lemma 3.7,
there are two points (¥1,0) and (%,0) with %1%, # 0. Their abscissas are ay £ s, where
s?> = B, and we choose the sign of s with s =1 (mod 4). Then ay —s =2 (mod 4), and
(ap — s)(ax +s) = 8B, has valuation 3. We obtain oy —s = 2uq and ap + s = 4up with
uy, up € Z5, and these satisfy ujuy = 5, = 1 and uj +2uy = ap = 3 (mod 8). Since
u? =1 (mod 8), the first congruence implies that 1y = 11 (mod 8), and the second then
reads 3u; = 3 (mod 8), thatis, u1 = up =1 (mod 8). The two points have the classes
[2uq] = [2] and [4uy] = [1].

Now let (%, /) be a point with i # 0, and let ¥ = 2"u with r = v,(%) and u € Z5. The
three terms of ¢/(%) have valuations 3r, 2r + 1 and r + 3.
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e If r <0, then # is the only term of least valuation, and as before r < —2. The other
two terms have valuation at least 37 + 3, and the unit part of ¢'(%) is congruent to u
(mod 8). We find u =1 (mod 8) and [%] = [1].

o If r =0, then ¢’ (u) = u — 2apu® + 8B5u = u — 6 (mod 8), where we used u? = 1 and
20y = 6 (mod 8). This is a square only if u =7 (mod 8), which gives [¥] = [—1].

e If r > 3, then 8,3’29? is the only term of least valuation, and r is odd. For r = 3, we have
¢’ (8u) = 64u(Bh — 20ou + 8u?), whose unit part is congruent to u(1 —6u) = u —6
(mod 8); this implies that u =7 (mod 8) and [%] = [8-7] = [—2]. For odd r > 5, the
other two terms have valuation at least ( + 3) + 3, the unit part of g'(%) is congruent
to pou = u (mod 8), and we find u =1 (mod 8) and [%] = [2].

e [fr=1o0rr =2, then

¢ (2u) = 2%ugi(u), g1(u)=u®—ayu+2p85,
§'(4u) = Bugs(u), galu) = 2% — aou +

Since u? =1,y =3 and B, =1 (mod 8), we have g1(u) = g2(u) =3 — 3u (mod 8).
If u =5 (mod 8), then ¢;(u) = ¢g2(u) =4 (mod 8) have valuation 2, and v,(g'(%))
is 5 or 7, which is odd. If u = 3 (mod 8), then g;(u) = 2 (mod 8). In that case
gi(u) = 2w with w = 1 (mod 4), and the unit part uw of ¢'(%) is congruent to 3
(mod 4); it is not a square. Only the residues of u, a, and ), modulo 8 enter this
argument, and it applies to every u in the residue class and every parameter in Ps.
The remaining residues u = 1,7 (mod 8) give [%] € {[£2], [+1]}.

Altogether, every point of E'(Q;) has one of the classes [1], [—1], [2], [-2], which proves
the inclusion for E’ at 2.

The prime 3, curve E. We have F = 27F; with F3 = 167t =1 (mod 3), and H = 167ty =
2 (mod 3) by (6.15). The change of coordinates x = 9%, y = 277 transforms E into

7 =h(%), (&) =% +93%> +9B3%, a3 =500F;, B3 = —100FH,

where a3 = 2 and B3 = 1 (mod 3). The point T has class [983] = [1], since B3 is a unit
congruent to a square modulo 3. The discriminant of &> + 9a3¥ + 983 is 9(93 — 4B3),
and 923 — 483 = 2 (mod 3) is not a square modulo 3. By Lemma 3.7, there are no points
(f(), O) with %y # 0.
Let (%,7) be a point with § # 0, and let ¥ = 3"u with r = v3(%) and u € ZJ. The
three terms of k(%) have valuations 3r, 2r 4+ 2 and r + 2.
e If r <0, then # is the only term of least valuation, and the other two terms have
valuation at least 3r + 2. We find that r is even and that the unit part of k(%) is
congruent to > = u (mod 3). This implies that u = 1 (mod 3) and [%] = [1].
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o If r > 2, then 9B3% is the only term of least valuation, and the other two terms have
valuation at least (r +2) + 2. As before, r is even and the unit part of #(X) is congruent
to Bsu = u (mod 3), which gives [¥] = [1].

o If r =1, then h(3u) = 27u(u? + 3azu + B3), and the bracket is congruent to 1+ 1 =2
(mod 3). Then v3(h(%)) = 3 is odd, a contradiction.

Every point of E(Q3) has class [1], and d¢3(E(Q3)) = {[1]}.

The prime 5. By (6.15), F, H and ] are units at 5, with F =432-3 =1, H =16-2 =2 and
J=24-4=1 (mod 5). For either curve, we denote its coefficients by 125a5 and 258s5:
for E, we have a5 = 12F and 5 = —108FH =4 (mod 5), and for E’, we have a5 = —24F
and s = 2304F] =4 (mod 5). Both curves have the form

y? = k(x), k(x) = x° + 125a5x% 4 25B5x, a5 € Zs, Ps=4 (mod5).

The point (0,0) has class [2585] = [1], since 4 is a square modulo 5. The discrimi-
nant 25(625a2 — 4f5) is 25 times a unit congruent to 4 (mod 5), and it is a square. By
Lemma 3.7, there are two points (xo,0) with xy # 0. Let (x(,0) be one of them, and let
r = v5(xp). If r < 0, the term x% is the only term of least valuation in x% + 125a5x0 + 2585,
and if r > 2, the term 2585 is; in both cases Lemma 3.1 shows that the sum is not zero.
The only possibility is r = 1, that is, xop = 5u with u € ZZ and u* 4 25asu + B5 = 0,
which gives u> = —B5 =1 (mod 5). Then u = +1 is a square modulo 5, and [xo] = [5].

Let (x,y) be a point with y # 0, and let x = 5"u with r = v5(x) and u € ZZ2. The
three terms of k(x) have valuations 37, at least 2r + 3, and r + 2.

e If r < 0, then x® is the only term of least valuation, and the unit part of k(x) is
congruent to > (mod 5). We find that r is even and that u is a square modulo 5, and
[x] = 1.

o If r > 2, then 25B5x is the only term of least valuation, and the unit part of k(x) is
congruent to 4u (mod 5). Again r is even and u is a square modulo 5, and [x] = [1].

o If r =1, then k(5u) = 125u(u® + Bs + 25asu). If u # £1 (mod 5), then u? = 4, the
bracket is congruent to 3 (mod 5), and vs(k(x)) = 3 is odd, a contradiction. If u = +1
(mod 5), then u is a square and [x]| = [5].

We conclude that 6g5(E(Qs)) and 0 5(E'(Qs)) are contained in {[1], [5]}.

The real place, curve E'. Let (M,N) € Ks. By Lemma 6.4, we have F,H,] > 0. The
point T’ has class [57600F]] = [1]. The discriminant of x> — 3000Fx + 57600F] is 168 =
—43200FH < 0, and there are no other real points with y = 0. If (x, y) is a real point with
y # 0and x < 0, then x2 — 3000Fx +57600F] > 0 and y*> = x(x% — 3000Fx + 57600F]) < 0,
which is impossible. Every point with y # 0 therefore has x > 0, and dr' o (E'(R)) = {[1]}.
This completes the proof. O
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We now turn the inclusions of Lemma 6.5 into rows in the sense of Definition 3.9.
We use the coordinates of Section 3.1: a class in Q5 / QZXZ has coordinates (e1, €3, e3) with
respect to [—1], [2], [5], a class in Q; / Q;Z for odd g has the valuation coordinate v,; and
the character coordinate x, of (3.3), and in R* /R*? we use the sign coordinate sgn. Let
U, be the subgroup in the row of Table 6.8 for the place v. The linear maps vanishing
on U, = {[1], 2]} (for E) are spanned by e; and e3; on Uy = {[£1], [£2]} (for E’), by e3;
on Uz = {[1]}, by x3 and v3; on Us = {[1], [5]}, by x5; and on Us = {[1]}, by sgn. The
rows defined by these triples (v, Uy, f) are the five fixed rows ff,..., fE for E and the
three fixed rows flE/, sz/, ffl for E’ in Table 6.9, in the notation of Proposition 4.18. By
(3.27), their entries are the values of these coordinates at the entries of B and Br/. At
the constants —1,2, 3,5, the values follow from 3 =3 (mod 8), 5 =5 (mod 8) and the
Legendre symbols modulo 3 and 5. At pj, the entries of the rows at the finite places
depend only on the residues of p; modulo 8, 3 and 5 in Table 6.7, and the entries of the
real row ffl are zero at every prime specialization, since the p; are positive. The fixed
rows are therefore the same at every prime specialization in Ps.

Table 6.9. The fixed rows, as functions of the basis elements. The last column gives the entry at p;
in terms of the residues of p;.

row place coordinate —1 2 3 5 entryatp;

E 2 er 1 01 0 1ifp;=3,7 (mod 8)
E 2 e3 0 0 1 1 1ifp;=3,5(mod 8)
E 3 X3 1 10 1 1ifp;=2 (mod 3)
E 3 V3 0 0100

£ 5 X5 0 1 1 0 1ifp;=2,3 (mod>5)
Eo2 e3 0 0 1 1 1lifp;=35 (mod 8)
o5 X5 0 1 1 0 1lifp;=23 (mod5)
P o sgn 1 0000

6.5 Characters at the moving primes

The moving rows are given by Definition 4.10: they are the rows rF with i € Ip U] for E,
and the rows riE/ with i € Ir U Iy for E’. By Corollary 4.14, the entries of these rows are
the constant characters A;(g) with ¢ € Tg = I'p, the bits v;; + 7 at the moving columns
j # i, and, for i € I, the diagonal entries 7 + 7, where 0;, 7ij and 7v;; are defined in
(4.26), (4.27) and (4.28), and ¢ = (N/pg) = (—1)"7. We now compute these bits from the
residues in Table 6.7 and check that they are the same at all prime specializations in Ps.
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Constant characters. We write 0; = A;(—1). By (422), 0; = 1 if and only if
pi = 3 (mod4), and A;(2) = 1 if and only if p; = 3,5 (mod 8). For an odd
prime q # p;, we have A;(q) = x4(pi) + oixq(—1) by Lemma 4.13. We see that
Ai(g) is determined by the residue of p; modulo 4 and by ¢;, and that the correc-
tion o; enters only when g = 3 (mod 4). The nonzero squares modulo 7, 11, 17, 19
and 31 are {1,2,4}, {1,3,4,5,9}, {1,2,4,8,9,13,15,16}, {1,4,5,6,7,9,11,16,17} and
{1,2,4,5,7,8,9,10,14,16,18,19,20,25,28}. Applying these rules to Table 6.7, we find
the entries of Table 6.10. The rows for —1,2,3,5 give the entries of the moving rows in
the constant columns; the other rows are used for the bits +y;; below.

Table 6.10. The constant characters A;(g), where (g/p;) = (—1)%(8).

g\i 0 1 2 3 45 6 7 8 9 10 11
-1 00 01011001 0 O
2 0110111100 O0 O
3 0001111001 1 1
5 0001011100 1 1
7 0001001101 0 1
1 101 0110001 1 1
17 1 0 0 01 01 110 1 O
9 1001 011010 1 1
31. 11010011110 1

Cross symbols. By Table 6.7, we have pyp = 1 (mod 8) on Ps, and Ap(—1) = 0. Then
(4.26) and (4.27) read

0; = Ao(bici),  710;=0;,  vo=06;,  vij=M(Ky)+6 (i,j>1), (6.17)
where Kj; = cocjbjAj; = 54 c;b;(a;b; — a;b;). The numbers b;c; have the square-free parts
~1, -1,5-31, 31, -1, -31,2,2-31, -1, 31, -2 (i=1,...,11),
and since Ag(—1) = Ag(2) = Ap(5) = 0 and Ap(31) = 1 by Table 6.10, we find
61,...,61) = (0,0,1,1,0,1,0,1,0,1,0). (6.18)

By Remark 4.15, the bits v;; are needed for i € Ir and every j # i, and for the pairs
with one index in Iy and the other in I;. In Table 6.11, we list the square-free part s;;
of Kj; for every needed pair with 1 < i < j, together with Ai(Ki]-), which is the sum of
the entries of Table 6.10 in column i over the prime factors of s;; (and over —1 if s;; < 0).
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For example, for (i,j) = (1,3), we have A1(2) + A1(3) + A1(11) + A1(17) + A1(19) =
1+0+0+0+0=1. For1 <i <j, the bit 7;; can be computed in the same way from
Kj;, but it is quicker to use reciprocity. At a prime specialization, Corollary 4.14 and (4.22)
show that ;; + 1 = Ai(p;) = Ai(p;) + 0i0; = 7ij + 11 + 030}, and we obtain

Vji = Yij T 0i0, (6.19)

and 0;0; = 1 only when i,j € {3,5,6,9}. Combining (6.17), (6.18), Table 6.11 and (6.19),
we obtain the bits 1;; of Table 6.12.

Table 6.11. The square-free parts s;; of K;; = 54 cjbi(ajbi - a,'bj) for the needed pairs 1 <i < j, and
the characters A;(Kj;) = A;(sij).

(i) sij Aj (i,]) sij Aj (i,7) sij Aj
(1,2) —3-5-7 0 (28) 7 0 (411) 5-11-31 1
(1,3) 2-3-11-17-19 1 (2,9) 3 0 (58) 2:5-19 1
(1,4) 3-7-11-17 0 (2,10) 3-7 0 (59) 3 1
(1,5) —2-3-19 1 (2,11) 1 0 (510) 2-3-5 1
(1,6) —=3-17 0 (34 -5-11-17 0 (511) 19 1
(1,7) 3-7-11-19 0 (35 3:5-19-31 0 (68 2-5 0
(1,8) 2-3-7-11-19 1 (3,6) 2-3-5-17 0 (69) 2-3-17-31 0
(1,9) —-2-3-17 1 (3,7 -5-11-19-31 0 (6,10) 3-5-17 1
(1,10) 7-17 0 (3,8 2-3-5-11-19 1 (6,11) 31 1
(1,11) —11-19 0 (39) 5-17-31 0 (7,8) 3.7-11-19 1
(2,3) 3 0 (310) 2-3-5-17 0 (79 2-5 0
(2,4) 237 1 (311) 5-11-19-31 1 (7,10) 2-3-7 0
(2,5) -1 0 (48) 3-7-11 0 (7,11) 5-11-19 1
(2,6) —1 0 (49) 5-17-31 1

(2,7) 3-7 0 (410) 3-7-17 0

For example, 13 = )Ll(KB) 4+6;=14+0=1,and y31 = Y13+ 0103 = 1.

Primes outside the modulus. By Lemma 4.13, the characters in Tables 6.10 and 6.11
depend only on the residues of the p; modulo 8 and modulo the odd primes
3,5,7,11,17,19,31, which are fixed on Ps. Six primes of S do not divide W: 13, 41,
131, 257, 409 and 2089. By Table 6.2, they divide only Ayg, Asy, Az = 412, Agy, Aus, Ago
and Aqp11. Except for Ay, these belong to pairs of two indices in I or two in I, which
enter no row by Remark 4.15, and Ay3 is a square. The square-free parts in Table 6.11
have prime factors in {2,3,5,7,11,17,19,31} only, as the table shows. Every character in
this section is therefore the same for all prime specializations in Ps. The only quantity
that is not determined by the congruence class is 7.
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Table 6.12. The constants v;; with A;(p;) = 7i; + 7. Row i, column j. A dash marks a pair that
enters no row.

i\j 01 23456789 10 11
o - 0011010101 O
1 0 - 01010011 0 O
2 00 -010O0O0O0O0O0 O
3 1 10 111101 1 0
4 1 0 1 1 - --101 0
5 010 0 - - -11 1 1
6 1 0 0 0 - - - 11 0 O
7 0001 - - - 1 0 0 1
8 11 001111 - - -
9 01 00 OO0 O0 0 - - -
1010011100 - - -
1 0 0 000101 - - -

6.6 The matrices and the upper bound

We now assemble the rows. The matrix Mg(7) has the fixed rows f1 ,o f5 of Table 6.9,

followed by the moving rows rg,rf,rf,rg (at pis i € Ir) and r8,r9,r10, ”11 (at Pis i € Ij).

The matrix Mg/(7) has the fixed rows f1 , f2 , ff , followed by the moving rows rg ,e rgl
and rf/,. ey r;E/. The columns are indexed by the bases (6.7).

By Corollary 4.14 and Section 6.5, the entries of a moving row r; are as follows. In the
constant columns —1,2,3,5, they are the entries of Table 6.10 in column i. In a moving
column p; with j # i, the entry is ;; + 17, with 7;; from Table 6.12. For i € If, the entry in

the column p; is 7} + 1, where

vi=Alk)+ Y v Ailke) = A1), Aike) = Ai(2),
G}
by (4.28) and (6.8). Table 6.13 evaluates these sums.

The resulting matrices at # = 0 are displayed in Tables 6.14 and 6.15. A vertical and a
horizontal rule separate the block of moving rows and moving columns. When 77 = 1,
that is, when ¢ = —1, every entry of this block changes, and no other entry changes: the
tixed rows do not depend on 7, and neither do the entries of the moving rows in the
columns —1,2,3,5. In accordance with Corollary 4.14, we have
rfn) = rf0) +qug,  rf () = 1f (0) + qu,

(6.20)
ug = up = (0,0,0,0,1,1,1,1,1,1,1,1),
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Table 6.13. The diagonal bits 4% and 7£’ of the moving rows.

curve E curve E’
i M1 Tieaoun i Y AR Tiegam v v
0 0 3 1 0 3 1
1 0 2 0 1 3 0
2 0 1 1 1 0 1
3 1 6 1 0 4 0

where r7(17) denotes the moving row of M, (7) at p;, and ug = up is the indicator vector
of the eight moving columns. The row codes that the verification scripts use for these
matrices are listed in Appendix A.

Table 6.14. The matrix Mg(0).

-1 2 3 5|\po p1 P2 P3 P4+ P5 Pe P7

E (2e)| 1 01 0[{0 0 0 1 0 1 1 0
f (2e)|{0 01 1/0 1 1 0 1 1 1 1
F Gx»)|1 1010 0 0 0 1 0 0 O
E Bw))0 0100 0 0 0 0 0O 0 O
E Gxs)) 0 110/0 0 0 1 0 1 1 1
r5(0) Po 0O 00O0O[/1 0 O 1 1 0 1 0
rE(0) p1 0O 100/0 0 0 1 0 1 0 0
r5(0) P2 0 1.00/0 0 1 0 1 0 0 0
r£(0) 3 1 01 1/1 1 0o 1 1 1 1 1
rE(0) ps 0O 00O0O/1 1 0 O 1 1 1 1
r5(0) ) 1 010/0 1 0 O 0O O O O
rE(0)  po O 011/1 0 0 1 1 1 0 0
rE(0) pu | O 01 1[0 0 0 0 0 1 0 1

Lemma 6.6 (Rank certificates). The matrices of Tables 6.14 and 6.15 have the following proper-
ties.

(a) rank Mg (0) = 9 and rank Mg/ (0) = 8. The kernel of Mg(0) is spanned by vy, vy, v, and
the kernel of Mp/(0) is spanned by w1, wy, w3, Wy (see (6.11)).
(b) We have
w=ﬁ+ﬁ+ém +75(0),

)+
, 6.21
g = rE (0) + 15'(0) + rE (0) + r£'(0). (©21
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Table 6.15. The matrix Mg/ (0).

-1 2 3 5|po p1 P2 pP3 pPs P9 Pio Pl
F (2e) |0 0110 1 1 0 0 0 0 0
Y Gxs) |0 1100 0 0 1 0 0 1 1
P (co,sgn)| 1 0000 0 0O 0O 0 O 0 0
rE'(0) P o 000[1 0 0 1 1 0 1 o0
rF'(0) i 0o 1000 0 0 1 1 1 0 0
rE (0) P2 0 100/ 0 0 1 0 0 0 0 0
rE'(0) 3 1 0111 1 0 0 0 1 1 o0
rE'(0) Py 0 1101 0 1 1 1 0 1 0
rE'(0) ps 1 1110 1 0 0 1 1 1 1
rE'(0) D6 1 1111 0 0 0 1 1 0 0
rF (0) py 0o 101{0 0 0 1 1 0 0 1

In particular, ug is the sum of a set of rows of Mg(0) containing two moving rows, and ug:
is the sum of a set of rows of Mp/(0) containing four moving rows.

Proof. For (a), we exhibit minors that are lower triangular with ones on the diagonal.
In Table 6.16, we display the submatrix of Mg (0) formed by the rows f£, fE, r£(0), fE,
rE(0), £, 5(0), ¥5(0), rE(0) and the columns 3, —1, 2, p7, 5, pa, po, p1, p2, in these
orders, and the submatrix of Mg/(0) formed by the rows f3E/, rg/(O), rf/(O), r;(O), rf/(O),
rg/(O), 73’5/(0), r;E/(O) and the columns —1, py, 2, p2, 3, 5, p1, p11- Each entry can be read off
from Tables 6.14 and 6.15. Both submatrices have ones on the diagonal and zeros above
it, and their determinants are 1. This implies that rank Mg(0) > 9 and rank M/ (0) > 8.

Next, the vectors vy, vy, v3 are orthogonal to every row of Mg(0), and wy, ..., wy are
orthogonal to every row of Mp/(0); this is a direct check of 13 -3 4 11 -4 = 83 scalar
products over IF,. For example, r£(0) and v, both have the entry 1 exactly in the columns
—1,po,p1,p3, 80 r5(0) - va = 1+1+1+1 = 0. These vectors are independent by the
proof of Lemma 6.2, and the kernels have dimensions at least 3 and 4. We find that
rank Mg(0) < 9 and rankMg/(0) < 8, which together with the previous paragraph
proves (a).

For (b), we add the rows column by column. On E, the four rows f3E, f, 75(0), r_f(O)
have the entries (1,1,0,1), (0,0,1,0), (0,1,0,0) and (1,0,1,1) in the columns —1,2,3,5,
which add to zero. In the columns py, ..., p7, the entries of ff and ff are zero except
for f3E at py, and the entries of rE(O) + rg(O) are (1,1,1,1,0,1,1,1); adding ff gives all
ones. On E’, the rows rf/(O), rfl(O), r5E/(O), réEl(O) have the entries (0,1,0,0), (0,1,0,0),
(1,1,1,1) and (1,1,1,1) in the columns —1,2,3,5, which add to zero, and their sum in



6 The rank-five family

the moving columns is

(0,0,0,1,1,1,0,0) + (0,0,1,0,0,0,0,0)
+(0,1,0,0,1,1,1,1) + (1,0,0,0,1,1,0,0) = (1,1,1,1,1,1,1,1).

This proves (6.21).

Table 6.16. Lower-triangular minors with unit diagonal of Mg(0) (top) and Mg/(0) (bottom).
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Theorem 6.7 (Exact rank five). Let (M, N) € Ps N K5 be a prime specialization of D5 with
respect to the set S of (6.5). Then rank Ey; n(Q) = 5. Moreover, there exist infinitely many
such (M, N), and the curves Epg n obtained from them represent infinitely many Q-isomorphism

classes.
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Proof. We first prove the rank statement with Proposition 4.18, and then the infinitude
statements with Proposition 5.5.

The rank. Let P be the set of prime specializations in P5 N Ks. We apply Proposition 4.18
to the datum D5, the set S of (6.5) and the set P. As noted at the end of Section 6.1, the
lists I'r and I'rs consist of —1 and distinct primes, including every prime dividing xg and
kpr. We check the four hypotheses.

(i) By Lemma 6.5, the vectors flE, .. ,fSE and fE/, ZE/, f/ of Table 6.9 are rows for Ejy; N
and Ej, \ at every (M, N) € P, in the sense of Definition 3.9. They do not depend
on (M, N), because their entries depend only on the residues of the p; modulo 8, 3
and 5, which are the same for all (M, N) € P by Lemma 6.3.

(ii) By Section 6.5, the bits (4.34), namely A;(g) for g € T, A;(xx) and 1, are given by
Tables 6.10 and 6.12, and they are the same for all (M, N) € P. The matrices Mg(7)
and Mg/(77) of (4.35) are given by Tables 6.14 and 6.15 and (6.20).

(iii) By Lemma 6.2, the image ¢ (E(Q)) contains the three independent classes v1, vy, v3,
and 0/ (E'(Q)) contains the four independent classes wy, ..., wy, at every (M, N) €
P. We take kr = 3 and kg = 4.

(iv) By Lemma 6.6, we have rank Mg(0) = 9 = ng — kg and rank Mg/ (0) = 8 = np —
kg, and up and ugp are sums of rows of Mg(0) and of Mp/(0), respectively, each
containing an even number of moving rows.

Proposition 4.18 implies that every (M, N) € P has dr = 3, dp = 4 and
rankEM,N(Q) =dp+dpg —2=05.

Infinitude. We check the hypotheses of Proposition 5.5 for W, (Mo, Ny) and Ks. For
hypothesis (a), the primes dividing cg - - - ¢11 are 2 and 3, which divide W. Every c; divides
23.3%, and v2(W) = 6, v3(W) = 4, so v,(W) > v,(c;) for g = 2,3; for the other primes
q | W, we have v,(c;) = 0 < 1 = v,(W). Since (My, Nyp) € Ps, Lemma 6.3 shows that
¢i | Li(Mp, Np) and that L;(My, Np)/c; is prime to W. Hypothesis (b) is empty, because
every prime g < 11 divides W. Hypothesis (c) is Lemma 6.4. Proposition 5.5 now gives
infinitely many prime specializations (M, N) € Ks with M = Mp and N = Ny (mod W),
and it shows that the j-invariants j(Ep;n) of these curves take infinitely many values.
Curves with distinct j-invariants are not isomorphic over Q (Remark 5.7). This completes
the proof. O

Remark 6.8. The j-invariant of Ey y is §(2500F + 9H)3/(H?]), by Remark 4.4. In the
proof of Theorem 6.7, we did not need to examine the primes g { W at which the zero
lines of two of the forms L; coincide modulo g, because d; < 12 < g + 1 for every such g
(see Lemma 5.4). For the record, by Table 6.2, these primes are 13, 41, 131, 257, 409 and
2089. The pairs of forms whose zero lines coincide modulo these primes are {L4, L¢} and



6 The rank-five family 6.8 Five independent points on E 76

{Ls, L7} modulo 13; {Ly, L3} and {L¢, Ly} modulo 41; and {L4, L5}, {Ls, L7}, {Ls, Lo}
and {Ljo, L11} modulo 131, 257, 409 and 2089, respectively. Hence di3 = dsy; = 10 and
dy = 11 for the other four primes.

6.8 Five independent points on E

The proof of Theorem 6.7 uses points on both curves. Using the dual isogeny ¢: E' — E,
we now write down five independent points on E itself. By (3.8), for a point (x,y’) of E’
with ¥’ # 0 and p = y'/x/, we have

o) = (fm $0-5)) = (5 5(-5) e

Proposition 6.9 (Five independent points). Let (M, N) be as in Theorem 6.7. Then the points

(—150F, 3600DF),
<4—0 LoLsLeLy, 831,136l (2D, —55D)>,

(36D?, 36D(] — 100F)), (6.23)
( 23Dy +65D)%, (3D, + 65D) (LoL1LsLg — 4L2L3L10L11)>,

P,
Q1)
Q2)
$(Qs)

of Ep n(Q) are independent.

(%V2 515V (400L1LoLsLp — 21609LoLaLoLay) )

Proof. We first check the formulas. For the three points (x’,1') = Q1,Q, Q3, Table 6.3
and B’ = 57600F] give

Qi1: p=12D, x' — p'/x' = 24] — 2400F,
Q: p= §(3D1 +65D), x'—p'/x' =120LgL1LgLo —480L,L3L19L11,
Qs: p=2V, x' — B /x' =01 L,LgL1g — 1764LgL3LoL1s.

Inserting these values into (6.22) gives (6.23), where in the last line we used 1764 - 49/4 =
216009.

By the proof of Theorem 6.7, we have dg = 3 and dpy = 4. The classes in (6.11) are
independent by Lemma 6.2, and since there are three of them on E and four on E’, they
form bases of 6p(E(Q)) and §z/(E'(Q)). By Proposition 3.4, the kernel of o is $(E'(Q))
and the kernel of g/ is $(E(Q)), and we obtain

E(Q) = @(E/(Q)) + <T/ Pl/ P2>/ E,(Q) = (P(E(Q)) + <T// Ql/ QZ/ Q3>

Applying ¢ to the second equality, and using ¢ o ¢ = [2] and ¢(T’) = O (Proposition 3.4),
we find ¢(E'(Q)) = 2E(Q) + ($(Q1), $(Q2), $(Q3)). Inserting this into the first equality,
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we find E(Q) = G + 2E(Q), where G is the subgroup generated by T and the five points
(6.23). By the Mordell-Weil theorem [43, Theorem VIIL6.7], the quotient E(Q)/G is
a finitely generated abelian group, and it equals twice itself. If E(Q)/G = Z" & T
with 7 finite, then (Z/2Z)" & T /2T = 0, which implies that m = 0. The group
E(Q)/G is therefore finite, and G has rank rank E(Q) = 5. Since T has finite order, the
subgroup generated by the five points (6.23) also has rank five, and the five points are
independent. O

The abscissas of the three points ¢(Qy) are the squares (6D)?, (3(3D; + 65D)/7)? and
(V/7)2, as they must be, since $(E'(Q)) is the kernel of J.



SECTION 7

The rank-six family

The goal of this section is to prove Theorem 7.8, which states that every prime specializa-
tion of the datum D¢ defined below that lies in a progression Pg and a real cone K¢ gives
an elliptic curve over Q of rank exactly six, and that these curves represent infinitely
many Q-isomorphism classes. The proof consists of checking the hypotheses of two
general results. The rank comes from Proposition 4.18, which requires four points on
each of the two curves, local conditions at the fixed places 2, 3, 7 and oo, the quadratic
characters at the moving primes, and the ranks of two 12 x 12 matrices over [F,. The
infinitude comes from Proposition 5.5. Besides these two propositions, we use the lemmas
of Sections 3 and 4, cited where they enter. Theorem 7.8 is used in Section 9 for the
case r = 6 of Theorem 1.1. Appendix B.2 explains how the family was obtained from a
rank-four surface of Zywina [55, §6.5].

The section is organized as follows. In Section 7.1, we define the datum and the two
curves and fix the set S and the bases. Section 7.2 gives three points on each curve besides
(0,0) and proves that the four resulting classes on each side are independent. Section 7.3
defines Py and K4 and computes the residues of the primes p; on Pg. Section 7.4 proves
the local conditions at the fixed places, and Section 7.5 computes the characters at the
moving primes. In Section 7.6, we assemble the two matrices and show that they have
rank eight. Section 7.7 contains the proof of Theorem 7.8.

Throughout this section, E = Ey; y and E' = EE\A,N are the curves of Dg, given in (7.5)
below, and T and T are their points (0,0). We write

« = 70F, B = —784FH, a' = —140F, B = 1764F],

so that E = E, g and E = Ey g in the notation of Section 3. The index sets Ir, Iy, I,
Gg, Gpr are those of Section 4, and for a prime specialization (M, N) we write p; =
LZ‘(M, N) /Cz'-

7.1 The datum

The twelve linear forms are L; = a;M + b;N, with the coefficients a;, b; and the cofactors
¢; listed in Table 7.1. As in Section 4, we set F = LgL1LyL3, H = L4lLsL¢ly and | =

78
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LgLgL1pLy1. Multiplying out these products, we have

F = 4225M°3N — 9811 M2N? — 126750 MN?,
H = 126 M* — 4225 M3N + 17371M?N? 4 126750 M N> + 113400N*, (7.1)
J = 224M* + 4225 M3N + 3629M?>N? — 126750 MN? + 201600N*.

Let Dy = M? + 30N?, so that D = M* + 60M>N? + 900N*. Comparing coefficients in
(7.1), we find
F+H=126D3, ]—F =224D (7.2)

Using (7.2) twice, we have 25F + 16H = 9F + 16(F + H) = 9F 4+ 2016D3 = 9(F + 224D3),
that is,
25F +16H = 9. (7.3)

Table 7.1. The linear forms L; = a;M + b;N of D¢, their groups, the factorizations of the b;, and
the cofactors c;.

i group a; b; b, factored ¢;
0 F 1 0 1
1 F 0 11 1
2 F 169 750 2-3.5° 1
3 F 25 —169 —13? 8
4 H 1 —27 -3 2
5 H 7 20 22.5 1
6 H 2 -21 -3.7 1
7 H 9 10 2-5 1
8 ] 1 15 3-5 8
9 ] 7 64 20 27
10 ] 1 -2 -2 3
11 ] 32 —-105 —-3-5.7 1

We define D¢ to be the twelve-form datum (Definition 4.1) with the forms and cofactors
of Table 7.1, the constants

A =70, B =784, C = 1764,

and the lists Tr = T'pr = (—1,2,3,7). We check the conditions of Definition 4.1. We have
(a0,bo) = (1,0), each pair (a;, b;) is primitive, b; # 0 for i > 1, and min;c; = 1. The
identity A2F + 4BH = CJ, that is, 4900F + 3136H = 1764], is 196 times (7.3). Finally,

every determinant A;; = a;b; — a;b; with i # j is nonzero. To see this, note that Ay; = b;
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and that the determinants Aj; with 1 <i < jand {i,j} contained in neither Iy nor I; are
factored in Table 7.11 below. The remaining twelve determinants are

Ays =Ne7=11-19, Ayg=3-11, Ayy=11-23, Ase= —11-17,
As7=—-2-5-11, Agg = D11 = —41, Agi10=—17, (7.4)
Ag11=—3%-5-13, Agjg=—2-3-13, A9y = —117-23.

The curves of D¢ are
E: y*> = x°+70Fx*> —784FHx,  E': y* = x> — 140Fx? + 1764F]x. (7.5)

By Lemma 4.2, we have g’ = a? — 4f; this means that E’ is the curve 2-isogenous to E
considered in Section 3. The discriminant of E is 168%p" = 214327 F3H2].
We take
S =12,3,57,11,13,17,19,23,41}. (7.6)

We note that S satisfies the requirement of Definition 4.6: we have 6ABC = 28335 . 7°,
the cofactors are products of 2 and 3, the b; have their prime factors in {2,3,5,7,13}
by Table 7.1, and the determinants have their prime factors in S by (7.4) and Table 7.11.
The primes in I'r UT' are 2, 3 and 7. In fact S is exactly the set of primes dividing
6ABCT;ci[1i>1 bi [Tic; Aij- Throughout this section, prime specializations of D¢ are
taken with respect to this set S.

The ambient bases of Section 4 are

Be=(-12,3,7 po,pr,---,p7),  Be =(=1,237 po,p1,p2 s ps P9, P10, p11),
(7.7)
so that ng = npr = 12. The cofactors of Table 7.1 satisfy [];c;, ¢; = 8, [licp, ¢i = 2 and
Hiel, c; = 648 = 2334, Inserting L; = c;p;, we find

F = 8pop1p2ps, H = 2p4pspsp7, J = 648 pspopiopi1, (7.8)
and the constants of Definition 4.10 are
kp = —784-16 = —112%,  xp = 1764 - 8 - 648 = 3024°. (7.9)

The primes dividing xr and xp belong to {2,3,7}, and I'r = I'ps consists of —1 and the
distinct primes 2, 3, 7. By Lemma 4.8, at every prime specialization of D¢ the lists B and
Bp: are ambient bases for E and E’ in the sense of Definition 3.9, and E(Q)[2] = {O, T}.
Since the prime 3 divides neither kg nor j, the entry 3 of I'r is not needed for Bg to
contain dg (E(Q)) in its span. It does no harm: the local condition at 3 forces its coefficient
to vanish (see the fixed row f£, defined at 3 by the coordinate v3, in Table 7.13).



7 The rank-six family 7.2 Rational points and the lower bound 81

7.2 Rational points and the lower bound
Besides Dy = M? + 30N?, we use the quadratic forms

D; = 25M? — 338 MNN — 750N?, D, = 52M? + 375MN — 975N?,

7.10
D3 = 39M? — 500MN + 4550N?2. (7.10)

Table 7.2 defines three points on each curve. For each point, it gives the x-coordinate and
the ratio y/x.

Table 7.2. Three points on E and three points on E’. The y-coordinate is the product of the last
two columns.

curve point x y/x
E P, 14H 42Dy
E b, —2L1LyL4L5 3(3D1 + 65D0)
E Py —175L1L3L4L¢ (21/5)D,
E'  Q; 14F —168Dy
E' Q2 2LgL3LigL1q 8(2D1 — 55Dy)

E Qs (18/25)LoLyLsLy  (8/5)Ds

Lemma 7.1 (Rational points). Let (M, N) € Z? with FH] # 0. Then Py, P,, P; € E(Q) and
Q1,Q2,Q3 € E'(Q), and each of these six points has nonzero x-coordinate.

Proof. Every x-coordinate in Table 7.2 is a nonzero constant times a product of four of
the forms L;; it does not vanish when FHJ # 0. A point (x,y) with x # 0 and y = xr lies
on E if and only if P=x+a+ B/x, and it lies on E’ if and only if r=x+a+ B'/x.
For each point of the table, x divides § (respectively p') in Q[M, N]. For example, for P;

we have
B —784FH 112

x  —175L1L3L4L¢ 25
After we multiply by 25 for P; and Q3, the six conditions become the following identities
between binary quartic forms:

LoLyLsLy.

Py) 1764D% = 14F + 14H,
) 9(3Dq +65Dg)? = —2L1LyL4Ls + 70F +392LgL3LgLy,
) 441D3 = —4375L1L3L4Le + 1750F + 112LgLyLsLy, 711)
1) 28224D3 = —126F + 126], '
) 64(2D; —55Dq)? = 2LgL3L19L1; — 140F + 882L1LyLgLo,
)

64D3 = 18LgLyLgL1; — 3500F + 61250L1 L3LoL1g.
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The identities for P; and Qq are 14 and 126 times the two identities in (7.2). We check each
identity in (7.11) by expanding both sides and comparing the coefficients of M*, M>N,
M?N?, MN? and N*%; Table 7.3 lists the common values. This completes the proof. [

Table 7.3. The coefficients of M*, M®N, M2N2, MN?3, N*, in this order, common to both sides of
each identity in (7.11).

point M* M3N M?ZN? MN? N4
P 1764 0 105840 0 1587600
P, 176400 —2555280 8497764 5475600 810000
Py 1192464 17199000 17298225 —322481250 419225625
Q1 28224 0 1693440 0 25401600
Q 1600 432640 31262464 272563200 635040000

Q3 97344 —2496000 38713600 —291200000 1324960000

At a prime specialization, we compute the classes of these points by inserting L; = ¢;p;
and (7.8). We collect the results in Table 7.4.

Table 7.4. The classes of T, P;, P», P3 under 0¢ and of T, Q1, Q2, Q3 under dp at a prime specializa-
tion. The second column is § or p’ for T and T’ and the x-coordinate otherwise.

point x (or B, B') in terms of the p; class moving support

T —784FH —1122 popy - - - p7 [—pop1 - - p7] 0,1,...,7

Py 14H 227 papspep7 [7papspe P7] 4,5,6,7

P, —2L1L,L4Ls —22 p1papaps [—p1p2paps) 1,2,4,5

P3 —175L1L3L4L6 —202 . 7}’)1}73}74]76 [ 7P1P3P4P6] 1, 3, 4,6

T' 1764F] 30242 pop1papsps - p11 [popipapsps - pu] 0,1,2,3,8,9,10,11
Q1 14F 427 pop1p2ps [7pop1p2ps] 0,1,2,3

Q2 2LgL3LipL1y 42 -3 popsprop11 [3popspiopi1] 0,3,10,11

[

Qs (18/25)LoLyLsLyy (12/5)% popapspii pop2pspii] 0,2,8,11

Lemma 7.2 (Independent classes). Let (M, N) be a prime specialization of D¢. Then the
classes 8¢ (T), 6g(Py), Op(P2), 0p(P3) and 5g/(T'), g/ (Q1), 0/ (Q2), 0p/(Q3) are those listed in
Table 7.4, and the four classes on each side are independent. In particular, dg > 4 and dp > 4.

Proof. By Definition 3.3, we have 0g(T) = [B] and 6p/(T') = [B'], and every other
point is sent to the class of its x-coordinate, which is nonzero by Lemma 7.1. Insert-
ing L; = c;p; and (7.8), we obtain the third column of Table 7.4. For example, P; has
x = —175L1L3L4Le = —175 - cyc3cace p1p3paps = —2800 p1p3paps, and 2800 = 20% - 7.
Removing the square factor gives the class in the fourth column.



7 The rank-six family 7.3 The congruence class and the real cone 83

Since the p; are distinct primes outside S, the coordinate of each class at the column
p; of B or B/ is 1 if j belongs to its moving support and 0 otherwise. The coordinates
of the four classes on E at the columns py, p7, p2, p3, and those of the four classes on E’ at
the columns py, p1, p3, p2, are

Po P7 P2 P3 po p1 p3 p2
e(T) [1 1 1 1 (T [1 1 1 1
se(P) 0O 1 0 0 sp(Q)]0 1 1 1
op(P)| 0 0 1 O opr(Q2)] 0 0 1 0
se(P)| 0 0 0 1 6e/(Q3)| 0 0 0 1

Both arrays are upper triangular with ones on the diagonal, and Lemma 3.12 implies that
the four classes on each side are independent. Since they are classes of points of E(Q)
and E'(Q) (Lemma 7.1), we have dg > 4 and dp > 4. O

7.3 The congruence class and the real cone

We impose the congruences of Table 7.5. The moduli are pairwise coprime, and their
product is
W =20.3%.5.7.11-17- 23 = 780373440.

By the Chinese remainder theorem, the congruences of Table 7.5 hold if and only if
(M,N) = (M, Ny) (mod W), where

My = 416513683, Ny = 91046603. (7.12)

We define the progression and the cone

Po={(M,N) €Z*: M= Myand N= Ny (mod W)},

7.13
Ke={(M,N) € R®: N>0and 29N < M < 3IN}. (7.13)

Equivalently, Ps consists of the pairs (Mg + WX, Ng + WY) with (X,Y) € Z2.

Table 7.5. The congruences defining Ps.

modulus 64 8 5 7 11 17 23

Mmod modulus 19 19 3 5 3 15 13
N mod modulus 11 11 3 4 10 9 22

Lemma 7.3 (Residues on the progression). Let (M, N) € Ps. Then c; divides L;(M, N) for
every i, and the integers p; = L;(M, N)/c; satisfy the congruences of Table 7.6 modulo 8, 3, 5,
7,11, 17 and 23. In particular, every p; is prime to W, we have vy(L;(M,N)) = va(c;) and
v3(L;(M, N)) = vs(c;) for every i, and FH] # 0.
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Table 7.6. The values L;(19,11) and L;(19,11)/¢;, and the residues of p; = L;(M,N)/c; for
(M,N) € P¢ (Lemma 7.3).

~.

L;(19,11) L;(19,11)/¢; p; mod 8 mod3 mod5 mod7 modll mod17 mod23

0 19 19 3 1 3 5 3 15 13
1 11 11 3 2 3 4 10 9 22
2 11461 11461 5 1 2 2 10 3 21
3 —1384 —173 3 1 1 2 3 14 10
4 —278 —139 5 2 1 1 4 5 20
5 353 353 1 2 1 3 1 13

6 —193 —193 7 2 3 3 5 11 1
7 281 281 1 2 2 1 6 4 15
8 184 23 7 2 1 2 4 6 17
9 837 31 7 1 4 3 9 12 1
10 -3 -1 7 2 4 6 9 16 5
11 —547 —547 5 2 1 6 3 11 15

Proof. We begin with the primes 2 and 3. Note that My = 19 and Ny = 11 modulo 2°
and modulo 3%, which implies that (M, N) = (19,11) (mod 2°3%). We read off from
the second and third columns of Table 7.6 that L;(19,11)/c¢; is an integer prime to 6.
By Table 7.1, every ¢; divides 2333, hence 293%, and 2°3%/¢; is divisible by 2% -3. By
Lemma 4.7 with Wy = 2°3* and (m,n) = (19,11), the cofactor c; divides L;(M, N), and
pi = L;i(19,11)/¢; modulo 263%/¢;, and hence modulo 8 and modulo 3; this gives the
columns for 8 and 3. The integer p; is then prime to 6, and v,(L;(M,N)) = v2(c;),
v3(Li(M, N)) = v3(c;).

Next, let g € {5,7,11,17,23}. Every c; is invertible modulo g, and Table 7.5 prescribes
(M,N) modulo gq. We find that p; = ¢; *(a;M + b;N) (mod q) is determined by the
prescribed residues, which gives the remaining columns of Table 7.6. All entries of the
table are nonzero, which shows that p; is prime to every prime divisor of W. Finally,
Li(M,N) = cjp; # 0 for every i, and FH]J # 0. ]

Several of the quotients L;(19,11)/c; are negative, and their residues must be com-
puted with the sign. For example, L3(19,11)/8 = —173 = 3 (mod 8), whereas 173 =5
(mod 8). The pair (19,11) represents only the classes modulo 2% and 3%, and it does not
lie in K¢. At the points of Pg N K4 the p; are positive and have the residues of Table 7.6.

Lemma 7.4 (Positivity on the cone). Every form L; is positive on K¢. In particular, F, H and
] are positive on Ke.
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Proof. For N > 0, we have L;/N = a;t + b; with t = M/ N, which is an affine function of
t. Its values at the endpoints t = 29 and t = 31 are

i ‘ 01 2 3 4 5 6 7 8 9 10 11
t=29129 1 5651 556 2 223 37 271 44 267 27 823
t=31|31 1 5989 606 4 237 41 289 46 281 29 887

All of these values are positive. An affine function that is positive at both endpoints of
an interval is positive on the whole interval. Then a;t +b; > 0 for 29 < t < 31, and
L; = N(a;jt + b;) > 0 on K. [

Among the forms with a; # 0, the largest root —b;/a; is 27, from Ly = M — 27N, and
L; = N. All forms are therefore positive whenever N > 0 and M > 27N, and the cone
K lies inside this region.

7.4 Local conditions at the fixed places

We now prove the local conditions at the fixed places 2, 3, 7 and oo and derive the fixed
rows of the matrices of Section 7.6. We use the coordinates on Q. /Q? of Section 3.1.
At 2, every class is [(—1)%12%5%] for a unique (e1,ez,e3) € F3, and an odd unit w has
(e1,e3) = (0,0),(1,1),(0,1),(1,0) according as w = 1,3,5,7 (mod 8). At an odd prime g,
we write a class as [7*w] with w a g-adic unit and use the coordinates v, (7*w) = k mod 2
and x,(7"w) = x,(w) of (3.3), where (w/q) = (—1)%(®), At co, we use the sign coordinate
sgn, which is 1 on [—1] and 0 on [1].

Lemma 7.5 (Local images at the fixed places). Let (M, N) € Pg. Then FH] # 0, and

Je2(E(Q2)) € ([-1],[5]), dp2(E'(Q2)) € {[1], [5]3,
0e3(E(Qs)) = {[1]},
0e7(E(Q7)) C{[1 171}, op7(E'(Q7)) € {11, [21]}.

If moreover (M, N) € K, then 6 o(E'(R)) = {[1]}.
We use no condition at 3 on E’ and no condition at o on E.

Proof. We have FH] # 0 by Lemma 7.3. We first compute the valuations and unit residues
of the four coefficients «, B, &/, B’ on Ps. We then treat the places 2, 3, 7 and oo in turn. At
each place we consider the point O, the point (0,0), the other points with y = 0, and the
points with y # 0, the last according to the valuation of x.
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The coefficients. Let mr = pop1p2ps, TH = papspep7 and 717 = pgpopiopi1, where
pi = Li(M, N)/c; are the integers of Lemma 7.3. The computation leading to (7.8) applies
to every (M,N) € Ps and gives F = 87, H = 27y and | = 6487;. Multiplying the
residues of Table 7.6, we find

nF=3, nmy=2 ;=6 (mod7).

We have « = 5607, B = —12544npmry, o' = —11207rr and B’ = 91445767tp 1), where
560 = 24.5.7,12544 = 2872,1120 = 2° - 5- 7 and 9144576 = 283972, Inserting the residues
above, we obtain Table 7.7. Together with &’ = —2a and B’ = a? — 4p, these are the only
properties of the coefficients that we use below, and by Lemma 7.3 they hold for every

(M,N) € Pe.

Table 7.7. Valuations of the coefficients at 2, 3, 7, and their unit parts z p*UP(Z) modulo 8, 3, 7, for
(M ,N ) € Pe.

coefficient v, unit mod8 wv3 unit mod3 vy unit mod?7

x = 70F 4 5 0 1 1 2
B=—-784FH 8 3 0 1 2 4
o« = —140F 5 3 0 1 1 3
p' = 1764F] 8 5 6 1 2 2

The prime 2, curve E. The change of variables x = 2%%, y = 2% is a bijection from the
affine points of E(Q;) to those of

P =2 4@+ Pk,  w=2"ta, Pp=27%8,

and [x] = [%] since 2* is a square. Using Table 7.7, we see that a and B, are 2-adic
units with a =5 and By = 3 (mod 8). The point O has class [1], and ég(T) = [B] =
[B2] = [3] = [—5]. The discriminant of ¥ + ax¥ + B2 is 3 — 4B = 2788, which is a unit

congruent to 5 modulo 8 and hence not a square in Q, by Lemma 3.2(b). By Lemma 3.7,
E has no other point with y = 0. Now let (%,7) be a point such that 7 # 0, and let
r = vy(%). If r < 0, the term &> has strictly smaller valuation than a,%* and B,%, since
3r < 2r < r. Lemma 3.1(a) implies that v, (%) = 3r, and since v, (#?) is even, r is even. If
r > 0, the term B, % has the strictly smallest valuation r; as before, r is even. If r = 0, then
r is even. In every case [¥] has e, = 0, which shows that dr2(E(Q2)) C ([—1], [5]).
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The prime 2, curve E’. The same change of variables transforms E’ into
=% 2 +py%,  Pr=27F =a;—4ps,

and we have B}, = 5 (mod 8) by Table 7.7. The point O has class [1], and dg/»(T") =
[B5] = [5]. The discriminant of 2 — 2ay% + B is 4a3 — 4B}, = 16B,, whose class [B2] = [3]
is not trivial. By Lemma 3.7, there is no other point with i = 0. Let (%, #) be a point with
7 # 0, and write ¥ = 2"w with w a unit. Recall from Lemma 3.2(b) that a unit of Z, is a
square in Q, if and only if it is congruent to 1 modulo 8.

Suppose that r < 0. The valuations of 3, —2a,%2 and p,% are 3r, 1+ 2r and , and
3r is the strictly smallest. By Lemma 3.1(a), we have v,(#?) = 37, which implies that
r is even, and r < —2. The other two terms then have valuations 1 + 2r > 3r + 3 and
r > 3r +4, and by Lemma 3.1(b) with i = 3 we have §* = ¥3(1 + 8t) with t € Z,. The
factor 1 + 8t is a square by Lemma 3.2(c). Then #° is a square, and [%] = [#%] = [1].

Suppose that r > 0. Now B has the strictly smallest valuation r, and as before r is
even, so that r > 2. The other two terms have valuations 1 +2r > r+ 3 and 3r > r + 4,
and Lemma 3.1(b) gives 7> = p,%(1 + 8t) with t € Z,. We see that p,% is a square, and
%] = 8] = [5]

Suppose that r = 0, so that ¥ = w. Since B, = a5 — 485, we have

22008 4+ Bh = (w —ap)* — 4By = 4((70;&2)2 —ﬁz>,

where (w — ap)/2 belongs to Z; because w and a; are odd. If w = 3 (mod 4), then
w—wapy = 2 (mod 4), because ay; = 1 (mod 4). Then (w — ay)/2 is odd, its square is
congruent to 1 modulo 8, and the bracket is congruent to 1 —3 = 6 (mod 8) and has
valuation one. It follows that 7> = w(#? — 2a,% + B5) has valuation three, which is
impossible. Therefore w = 1 (mod 4), thatis, w = 1 or 5 (mod 8), and [%] = [w] €
{nl, Bl

Combining the three cases with the classes of O and T’, we obtain J/ »(E'(Q2)) C

(1], 3]}

The prime 3, curve E. By Table 7.7, « and B are 3-adic units witha = g =
B’ = 3% with a unit w’ =1 (mod 3). The point O has class [1], and 5 3
since B is a unit congruent to 1 modulo 3 (Lemma 3.2(a)). Let (x,y) € E
such that x # 0, and let r = v3(x).

If r < 0, the term x® has valuation 3, and the other two terms have valuations 2r
and r, which are at least 3r + 1. By Lemma 3.1(b), we have y?> = x3(1 + 3t) with t € Z.
Then y # 0, and r is even because v;3(y?) = 3r is even. The factor 1 + 3t is a square by
Lemma 3.2(c), and [x] = [x®] = [1]. If r > 0, the term Bx has valuation r, and the other
two have valuations 2r and 37, which are at least r + 1. As before, y # 0, r is even, and
y?> = Bx(1+ 3t); then Bx is a square, and [x] = [8] = [1]. If r = 0 and x = 1 (mod 3),

1 (mod 3), and
(T) = [pl = 1],
(Q3) be a point
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then [x] = [1]. If r =0 and x =2 (mod 3), then x> +ax + B=4+2+1=1 (mod 3),
and x> + ax? + Bx = 2 (mod 3) is a unit that is not a square; there is no point with such
an x.

The discriminant a? — 48 = B’ = 3%’ is a square in Q3. By Lemma 3.7, the curve E
has two points (xp,0) and (x1,0) with xox; = B. The case analysis above shows that a
point with x #2 0 and y = 0O has r = 0 and x = 1 (mod 3), and these two points have
class [1]. We conclude that dr3(E(Q3)) = {[1]}.

The prime 7. Let (a.,B+) be (a,B) or (a/,B), so that y*> = x> + a,x?> + B.x is E or E.
Using Table 7.7, we find that v7(a,) = 1, v7(B4) = 2, and

(‘%,i—é) = (2,4) on E, (“—;,i—;) = (3,2) on E'  (mod 7).
The nonzero squares modulo 7 are 1, 2 and 4. The point O has class [1], and [B,] =
[B./49] = [1], since B./49 is a unit congruent to a nonzero square. Let (x,y) be a point
such that x # 0, and let r = v;(x). The three terms x3, a,x? and B+«x have valuations 3r,
2r+1and r+2.

If r <0, then 2r + 1 and r + 2 are at least 3r + 1. Using Lemma 3.1(b), we may write
y?> = x3(1 + 7t) with t € Z7. Then y # 0, the valuation 3r of y? is even, and r is even. We

also have [x] = [x%] = [1], because 1 + 7t is a square (Lemma 3.2(c)). If r > 2, then 3r and
2r + 1 are at least (r +2) + 1, and Lemma 3.1(b) gives y> = B.x(1 + 7t) with t € Z;. As
before, y # 0, r is even, and [x| = [B.] = [1].

If r = 1, write x = 7w with w a unit. Then

y? = Pwh,(w), h(w) = w? + Dew+ P- € Zy.
7 49
If hy(w) were a unit, then y # 0 and v;(y?) = 3, which is impossible. Hence h,(w) = 0
(mod 7), both when y # 0 and when y = 0. Modulo 7, we have h,(w) = w? + 2w + 4 =
(w—1)(w —4) on E and h,(w) = w? +3w+2 = (w+1)(w +2) on E’. On E, the residue
of w is 1 or 4, which is a square; then [x| = [7w] = [7]. On E’, the residue of w is 5 or 6,
which is not a square modulo 7; then [w]| = [3] and [x] = [21].

The points with y = 0 and x # 0 have r = 1, since y # 0 in the other cases; they
are covered by the last paragraph. By Lemma 3.7, such points exist on both curves:
the discriminants are f’ = 49 - (B//49) on E and 168 = 49 - (165/49) on E’, and the
units f'/49 = 2 and 168/49 = 16-4 = 1 are squares modulo 7. We conclude that

de7(E(Q7)) € {[1], [7]} and g7 (E'(Q7)) < {[1], [21]}.

The real place, curve E’. Let (M, N) € K. Then F, H and | are positive by Lemma 7.4,
so that ' = —140F < 0 and B’ = 1764F] > 0. For x < 0, the three terms x>, a’x? and B'x
are negative, and E’(R) has no point with x < 0. The points O and T’ have classes [1]
and '] = [1], and therefore dp o (E'(R)) = {[1]}. This completes the proof. O
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The fixed rows. In the coordinates above, the subgroups of Lemma 7.5 are

([~1],[5]) = {e2 = 0}, {[1],[5]} = {e1 =e2 =0} inQ}/Q5%,
{[1]} = {vs =x3 =0} in Q} /Q5?,
{1, 71} = {x7 = 0}, {[1], 21]} = {x7 +v7 =0} inQ;/Q;?
{[1]} = {sgn =0} in R* /R*?,

where we used that [21] = [7-3] has v = 1 and x7 = 1. By Lemma 3.10, the following
linear maps give rows for ég(E(Q)) and ég/(E'(Q)), which we name as in Proposition 4.18:
on E, the fixed rows fE, f£, fE, fE are given by the linear map e; at 2, the linear maps
x3 and v3 at 3, and 7 at 7; on E’, the fixed rows flE/, 215” ff/, ff, are given by the linear
maps e; and e; at 2, x7 + v7 at 7, and sgn at co. To write the rows, we evaluate each linear
map at the local coordinates of the basis elements. Table 7.8 lists these coordinates for —1,
2,3 and 7. For the moving basis elements p; with (M, N) € Ps N K, we have e1(p;) = 1
if and only if p; = 3 (mod 4), e2(p;) = v3(pj) = v7(p;) = sgn(p;) =0, x3(p;) = 1 if and
only if p; = 2 (mod 3), and x7(p;) = 1 if and only if p; = 3,5,6 (mod 7). Since these
values depend only on the residues of Table 7.6, the fixed rows are the same at every
point of Pg N K¢. They are the first four rows of Tables 7.13 and 7.14.

Table 7.8. Local coordinates of the constant basis elements.

Q> Q3 Q7 R

e1 e e3 V3 X3 V7 X7 sgh
-1 1 0 0 0 1 0 1 1
2 O 1 0 0 1 0 O 0
3 1 0 1 1 0 0 1 0
7 1 0 0 0 O 1 o0 0

7.5 Characters at the moving primes

Fix a prime specialization (M, N) of ©4 with (M, N) € Ps. We compute the characters
Ai(z) that enter the moving rows of Lemma 4.11. Recall that A;(z) € F; is defined
by (z/p;) = (=1)%) for z prime to p;. Since (ap,by) = (1,0), (a1, b1) = (0,1) and
co = c1 = 1, we have pg = M and p; = N. As in Lemma 4.12, we define 17 € [F, by

here ¢ # 0 because p; # po.
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Constant characters. By Lemma 4.13, that is, by quadratic reciprocity and its supplemen-
tary laws (4.22), we have, for every odd prime q # p;,

Ai(=1) =1[p; = 3 (mod 4)], Ai(2) = 1[p; = £3 (mod 8)],

7.14
Ai(g) = 1[p; mod ¢ is a nonsquare] + 1[g = 3 (mod 4)] A;(—1). 7.14)

Combined with Table 7.6, these rules give Table 7.9 for g4 € {3,5,7,11,17,23}. For
checking the table, the nonzero squares modulo these primes are

3:1; 5: 1,4 7:1,2,4; 11: 1,3,4,5,9;
17: 1,2,4,8,9,13,15,16; 23:1,2,3,4,6,8,9,12,13,16,18.

We write 0; = A;(—1); this is the first row of Table 7.9.

Table 7.9. The characters A;(g) for the constants g that occur in the rows.

g\i 01 2 3 4 5 6 7 8 9 10 11
-1 1101001011 1 O
21 111100O0O0O0O0 1
31001110101 0 1
5 1110001100 O0 O
7 0101010010 0 1
1 101 1 001111 1 O
70011101011 0 1
23 1 010101101 0 1

Cross symbols. By Corollary 4.14, we have A;(p;) = v;; + 1 for all distinct 7,j, with
the constants 7;; of (4.26) and (4.27). Recall from Table 7.6 that po = 3 (mod 4), that is,
Ao(—1) = 1. Since ¢y = 1, these constants are

0 = Ao(bjcj), vjo =0 = Ao(bjey) +o; (= 1),

- . (7.15)
Yij = /\1(sz) +0;, where Kl‘]‘ = Cjbl'A]'i (Z,] >1,i# ])

For 1 <i < j, we compute v;; from (7.15). The reverse constant follows from quadratic
reciprocity: by (4.22), A;(p;) = Ai(p;) + 00}, which gives

Vi = vij oo (1<i<j). (7.16)

In this way, we only need to factor the constants Kj; with i < j. By Remark 4.15, the
moving rows involve 7;; only for i # j with {i,j} contained in neither I nor I;. We list
Ao(bjcj) and 6; in Table 7.10, and v;; for the needed pairs with 1 < i < j in Table 7.11;
Table 7.12 collects all the constants.
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The constants bjc; and K;; in Tables 7.10 and 7.11 are a square times their squarefree
part sf, and A; of a constant equals A; of its squarefree part. Every squarefree part listed
is £1 times a product of primes in {2,3,5,7,11,17,23}, and its character is the sum of the
corresponding entries of Table 7.9. The primes 13, 19 and 41 of S, which do not divide W,
occur in these constants only to even powers: 132 divides b3 and A,;, while every other
determinant divisible by 13, 19 or 41 belongs to a pair inside Iy or inside Ij by (7.4), and
such pairs do not occur. No congruence modulo 13, 19 or 41 is needed.

Table 7.10. The constants b;c;, their squarefree parts, and the bits yo; = Ao(bic;), 0; = A;(—1) and
Yio = 0; = Ao(bici) + 03

i bic; factored sf(bjc;) Ao(bic;) o; 6;
1 1 1 1 0 1 1
2 750 2-3.5° 30 1 0 1
3 —1352 —23.132 -2 0 1 1
4 —54 —2.33 -6 1 0 1
5 20 22.5 5 1 0 1
6 —21 -3.7 -21 0 1 1
7 10 2-5 10 0 0 0
8 120 23-3-5 30 1 1 0
9 1728 26.33 3 1 1 0
10 -6 —-2-3 —6 1 1 0
11 -105 —-3-5-7 —105 1 0 1

Lemma 7.6 (Characters at the moving primes). Let (M,N) € Pg be a prime special-
ization of D¢, and define n by (N/po) = (—1)1. Then A;(g) is given by Table 7.9 for
g €1{-1,2,3,5,7,11,17,23}, and Ai(pj) = 7ij + n with y;; given by Table 7.12, for all i # j
with {i,j} contained in neither Iy nor Ij. In particular, the characters A;(g) and the constants
7ij are the same for all prime specializations of D¢ in Pe, and the characters A;(p;) depend on the
specialization only through 7.

Proof. The first claim follows from (7.14) and Table 7.6. For the second, we have A;(p;) =
7ij + 1 by Corollary 4.14, and the constants 1;; are given by (7.15) and (7.16). In these
formulas, Ag(bjc;) and A;(K;;) are computed from the squarefree parts in Tables 7.10
and 7.11 and the characters in Table 7.9. For example, for (i,j) = (2,3) we have sf(Ky3) =
5865 = 3-5-17-23. This gives Ay(Ky3) =0+1+1+1=1and 73 =1+ 6, =0, and
(7.16) gives 3 = 723 + 0203 = 0. All these numbers depend only on the residues in
Table 7.6, which are the same at every point of Ps. O
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Table 7.11. For the pairs 1 < i < j that occur in the rows: the determinant Aj; = a;b;

7.5 Characters at the moving primes

factor c;b;, the squarefree part of K;; = c;b;Aj;, the bit A;(Kj;), and v;; = A;(Kjj) + 6;.
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— aib]-, the

(i,j) A cibi st Aioyip o (i,]) A ¢ibi sf Ai i
(1,2) 132 1 10 1 (3,7) —7-11-23 —169 1771 0 1
(1,3) 5? 8 21 0 (3,8) —2°-17 —1352 17 1 0
(1,4) 1 2 21 0 (3,9) —112.23  —4563 69 1 0
(1,5) 7 1 71 0 (310 -7-17 -507 357 1 0
(1,6) 2 1 21 0 (311) —112.23 —169 23 0 1
(1,7) 3? 1 10 1 (4,8) —2-3.7 —-216 70 1
(1,8) 1 8 21 0 (4,9) —11-23 -729 253 1 0
(1,9) 27 211 0 (4100 —5° —81 101
(1,10) 1 3 30 1 (411) -3-11-23 —27 253 1 0
(1,11) 2° 1 210 (5,8) —5-17 160 34 0 1
(2,3) 112-17-23 6000 5865 1 0 (5,9) —22.7-11 540 —1155 0 1
(2,4) 3-7-11-23 1500 8855 1 0  (5,10) 2-17 60 510 1 0
(2,5) 2-5-11-17 750 561 0 1  (511) 5%-11 20 11 0 1
(2,6) 3%-11-17 750 1870 0 1 (6,8) —3-17 -168 238 1 0
(2,7) 22.5-11-23 750 1518 1 0 (6,9) —5%-11 —567 77 1 0
(2,8) —-3:5-7-17 6000 —119 1 0  (6,10) —17 —-63 119 1 0
(2,9) —2-112-23 20250 —115 0 1  (6,11) —2-3-7-11 —21 22 1 0
(2,10) 26-17 2250 170 1 0 (7,8) —5° 80 —-10 0
(2,11) 3-5-112-23 750 46 0 1 (7,9) —2-11-23 270 —3795 0 0
(3,4) 2-11-23 —338 -253 0 1  (7,10) 22-7 30 210 0 O
(3,5) —3%2-11-17 -169 187 0 1  (7,11) 5-11-23 10 506 0 0
(3,6) 11-17 -169 —187 1 0
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Table 7.12. The constants 7;;, defined by A;(p;) = 7ij + 7. Row i, column j. A dot marks a pair
inside Iy or inside Ij, which does not occur in the rows.

i\j 01 23 456 7 8 9 10 11
0O 010110011 1 1
1 1«1 000O01O0O0 1 O
2 11« 0011001 0 1
3110 110100 0 1
4 1 0 0 1 = 1 0 1 O
5 1 01 1 * 1 1 0 1
6 1 1 1 1 * 0 0 0 O
7 0101 .- - - %x 00 0 O
§ 01 01 1 1 1 0 =

9 011101120 *

10 0 0 01 1 010 *

1 101 1 0 1 0 O *

7.6 The matrices and the upper bound

We now assemble the matrices Mg (77) and Mg/(77) of (4.35). We index the columns by the
bases (7.7). The first four rows are the fixed rows of Section 7.4. The remaining eight rows
are the moving rows r£(0) + qug for i € Ir and then i € I, respectively rlE'(O) + nup
for i € Ir and then i € Iy. By Corollary 4.14, the entries of r7(0) are as follows: at a
constant column g € {—1,2,3,7}, the entry is A;(g), from Table 7.9; at a moving column
j # i, it is 7ij, from Table 7.12; and for i € If, the entry at the moving column i is
’)’Z- = Ai(Ky) + ZjGG*\{i} Yij, as in (4.28). Using (7.9), we find Ai(kg) = Ai(—1) = 0; and
Ai(kg) = 0. The diagonal constants are

i | Cieaa\(i} Vi % Vi | Siec,\{i} Vij vE
0 3 1 0 5 1
1 3 1 0 3 1
2 4 0 O 4 0
3 5 1 0 3 1

Tables 7.13 and 7.14 display Mg(0) and Mg/ (0). Recall from (4.35) that M, (1) is obtained
by adding the vector ur = up = (0,0,0,0,1,1,1,1,1,1,1,1) to each of the eight moving
rows; that is, the entries of a moving row in a moving column are complemented, and
all other entries are unchanged. The row codes used by the certificate are listed in
Appendix A.
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Table 7.13. The matrix Mg(0). The rows above the rule are the fixed rows fFf, with the place
and the linear map that define them; the rows below are the moving rows r£(0) at py, ..., p3 and
ps, ..., p11. The entries that lie both in a moving row and in one of the columns py, ..., p7 are
those at # = 0; for 7 = 1 each of them is replaced by 1 minus its value, and all other entries are
unchanged.

1237 po p1 p2 P3 P4 P5 Pe D7
E (2e) 0100 00 0000 0 0
P Gxs) 1100 0 1 0 0 1 1 1 1
E (3uw) 0010 000 O0O0O0 0 O
E
F @Zx) 1010 1 0 0 0 0 1 1 0
rEO) pp 1 110 00 1 0 1 1 00
£(0)  pm 11701 1 0 1 0 0 0 0 1
0 p 0 100 1 1 0 0 0 1 1 0
/O ps 1 111 1 1 00 1 1 0 1
rE@ ps 1001 0 1 0 1 1 1 1 0
r5(0) o 1 010 0 1 1 1 0 1 1 0
rE(O) po 1000 000 1 10 10
rE(0) pn 0 111 1 01 10 1 00

Table 7.14. The matrix Mg (0), with the conventions of Table 7.13. The moving rows r¥ (0) are at
po,...,p3 and py, ..., py, and the moving columns are py, ..., p3, ps, ..., p11-

-1 237 po p1 p2 P3 P8 P9 Pio P11

E (2,e1) 1011 110111 1 0

F (2,e) 0100 0 0 0 0 0 0 0 0

P Zx7+w) 1011 1 0 0 0 0 1 1 1

fE (co,sgn) 1 000 0 0 0 0 0 0 0 O
r§ (0) P 1110 1 0 1 0 1 1 1 1
rE'(0) 1 1101 1 1 1 000 1 0
rE'(0) P2 0100 1 1 0 0 0 1 0 1
rF (0) p3 1111 110100 0 1
rE'(0) Py 0110 1 0 0 1 1 0 1 0
rE'(0) ps 0011 1 01111 0 1
rE (0) Pe 1 000 1 1 1 100 0 0
rE (0) p7 0010 01 01 00 0 0
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Lemma 7.7 (Rank of the matrices). The matrices Mg (0) and Mp/(0) of Tables 7.13 and 7.14
have rank 8. Moreover,

ug = fr +r1(0)+r5(0),  wup =f5 +r (0)+r; (0). (7.17)
Each of these two sums contains exactly two moving rows.
Proof. The two sums are computed directly from Tables 7.13 and 7.14:

rows of Mg(0)

-1 2 3 7|po p1 P2 P3 Pa P5 Pe P7
FElo 100/0 0 00 0 0 0 O
FO]1 1011 0 1 0 0 0 0 1
)1 0010 1 0 1 1 1 1 0
sum [0 0001 1 1 1 1 1 1 1
rows of Mp/(0)

-1 2 3 7|po p1 P2 P3 P8 P9 Pio Pu
Fl1 o111 0 00 01 1 1
Fo]1 1011 11 0 0 0 1 0
@] 0o 1101 0 0 1 1 0 1 0
sum |0 00 O/1 1 1 1 1 1 1 1

To bound the ranks from below, we exhibit an 8 x 8 submatrix of each matrix that

becomes lower triangular with ones on the diagonal after reordering its rows and columns.
In Mg(0), take the rows fF, fE, fE, +5(0), rE(0), £, rE,(0), r£(0) and the columns 2, 3,
Po, P2, P1, P7, P3, 7, in these orders. In Mg:(0), take the rows fF, fF, rE'(0), F'(0), rE'(0),
rf/(O), flE/, f3E’ and the columns 2, —1, p, 7, 3, ps, po, p11, in these orders. Reading the

entries off Tables 7.13 and 7.14, we find the two submatrices

2 3 po p2 p1 p7 p3 7 / 2 =1 pp 7 3 pg po pu
ET100 0 0 0 00 >, (1.0 0000 0 0
Elo10 0 0 0 00 Flo 1 0000 0 0
Flo11 0 0 0 00 0o 1 100 0 0 0
rEO)[1 10 1.0 0 00 FOof1 11100 0 0
E 101 0 1 0 0 0 rE©lo 0 001 0 0 0
Fl1100 0 1 1 00 FOJ1 0 0011 0 0
r5(0)00 0 0 0 0 10 FlJlo 1 0111 1 0
rf0)joo 0 0 1 0 1 1 Plo 1 0110 1 1

Both are lower triangular with ones on the diagonal, and they have determinant 1 over
IF». This implies that both matrices have rank at least 8.
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To bound the ranks from above, consider the coordinate vectors of the four classes of
Lemma 7.2 in the bases (7.7):

=1 2 3 7|\po p1 p2 P3 Ps P5 Pe P7
oge(y {1 o001 1 1 1 1 1 1 1
og(P,){ O 00O 10 0O O O 1 1 1 1
og(PB)| 1 0000 1 1 0 1 1 0 O
oe(P3)| 1 00 1/0 1 0 1 1 0 1 O

-1 2 3 7|po p1 P2 pP3 P8 P9 Pio P
(T O 00O0O0O/1T 1 1 1 1 1 1 1
op(Q1)] O OO1Tf1T 1 1 1 0 0 0 O
op(@Q)l 0 01 0/1T 0 0 1 0 O 1 1
op(Q3)] O 0O O[T 0O 1 0 1 0 0 1

We check directly that each of these vectors has zero dot product with every row of
the corresponding matrix in Tables 7.13 and 7.14. The four vectors on each side are
independent by Lemma 7.2. This implies that the kernel of each matrix has dimension at
least 4, and each rank is at most 12 — 4 = 8. This completes the proof. O

Since every moving support in Table 7.4 has four or eight elements, each class vector
also has zero dot product with u,, and hence with every row of M, (1). Together with
Lemmas 4.17 and 7.7, this shows that the kernel of M, () is spanned by the four class
vectors for both values of 1. The proof of Theorem 7.8 does not need this, but it is a
useful check on the tables: an error in an entry of a row would typically make one of
these dot products nonzero.

7.7 Exact rank and infinitude

Theorem 7.8 (Exact rank six). Let (M, N) € Ps N K¢ be a prime specialization of D¢ with
respect to the set S of (7.6). Then rank Ey; n(Q) = 6. Moreover, there exist infinitely many
such (M, N), and the curves Ejy N obtained from them represent infinitely many Q-isomorphism
classes.

Proof. We prove the rank statement with Proposition 4.18, and then the infinitude state-
ments with Proposition 5.5.

The rank. Let P be the set of prime specializations of D¢ that lie in Ps N K. We apply
Proposition 4.18 to the datum D¢, the set S of (7.6) and the set P, with ng = np = 12
and kg = kg = 4. The lists ' = I'p = (—1,2,3,7) consist of —1 and distinct primes,
including every prime dividing kg = —287% and xp = 283972, We check the four
hypotheses.
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(i) Fixed rows. Let ff,..., ff and flE/, . .,ff/ be the first four rows of Tables 7.13 and 7.14.
By Lemma 7.5 and the discussion of the fixed rows after it, at every (M, N) € P each
of them is the row defined, in the sense of Definition 3.9, by a place v € {2,3,7,00},
the subgroup U, of Lemma 7.5, and one of the listed linear maps.

(ii) Constant characters. By Lemma 7.6, the bits A;(g) with ¢ € {—1,2,3,7} and 1;; are the
same at every (M, N) € P, and so are A;(xg) = 0; and A;(kp) = 0. In other words,
the bits (4.34) are constant on P, and the matrices Mg(0) and Mg/(0) of (4.35) are
those of Tables 7.13 and 7.14.

(iii) Points. By Lemmas 7.1 and 7.2, at every (M,N) € P the image Jg(E(Q)) con-
tains the four independent classes of T, Py, P», P3, and 0/ (E'(Q)) contains the four
independent classes of T’, Q1, Q2, Q3.

(iv) Rank. By Lemma 7.7, rank Mg(0) = rankMpg/(0) = 8 = 12 — 4, and ug and up
are sums of rows of Mg(0) and Mp/(0), respectively, in each of which exactly two
moving rows occur.

By Proposition 4.18, every (M, N) € Phasdr =dp =4 andrankEyn(Q) =4+4—-2=
6. The last statement of Proposition 4.18 also shows that é¢(E(Q)) and 6 (E'(Q)) are
spanned by the four classes of Table 7.4 on the respective sides.

Infinitude. We check the hypotheses of Proposition 5.5 for W, the pair (My, Ny) of (7.12),
and the cone Kg. For (a), the primes dividing cocy - - - ¢11 are 2 and 3, which divide W.
Every ¢; divides 2° - 3%, while v,(W) = 6 and v3(W) = 4, and we have v5(W) > v,(c;)
for g = 2,3; for the other primes q | W, we have v,(c;) = 0 < 1 = v5(W). Applying
Lemma 7.3 to (Mo, Ny) € Pe, we find that ¢; | L;(My, Np) and that L;(My, Np)/c; is prime
to W. Hypothesis (b) is empty, because every prime q < 11 divides W. Hypothesis
(c) is Lemma 7.4. By Proposition 5.5, there exist infinitely many prime specializations
(M,N) € K¢ with M = Mp and N = Ny (mod W), that is, infinitely many elements of
P, and their j-invariants j(Ey;n) take infinitely many values. Each of these curves has
rank six by the first part. Curves with distinct j-invariants are not isomorphic over Q
(Remark 5.7). This completes the proof. O

Remark 7.9. By Remark 4.4, we have j(Ey n) = (16/9)(25F + 12H)3/(H?]); here A%F +
3BH = 196(25F + 12H) and B?C = 144 - 196%. The primes of S that do not divide W are
13, 19 and 41; Proposition 5.5 needs no check at them. For comparison with Lemma 5.4,
the twelve forms define 8 distinct lines through the origin in IF3; (the zero lines of the
pairs {0,3}, {1,2}, {8,11}, {9,10} coincide), 10 in ]F%9 (the pairs {4,5}, {6,7}), and 10
in IF; (the pairs {8,9}, {10,11}). At every other prime not dividing W, they define 12
distinct lines.



SECTION 8

The rank-seven family

In this section we prove Theorem 8.9, the case r = 7 of Theorem 1.1. It concerns the
twelve-form datum 7 of Section 8.1, the progression P; modulo W = 308403583488
of Section 8.3, and the cone K7 = {(M,N) € R? : N > 0, 2999N < M < 3001N}.
Theorem 8.9 states that, for every prime specialization (M,N) € P; N K; of Dy, the
curve Epn has rank exactly seven, and that these curves represent infinitely many
@-isomorphism classes. It is used, together with Theorems 6.7 and 7.8, in Section 9.

The proof follows the scheme of Part I, and this section supplies the data of the family
and checks hypotheses. In Sections 8.1 and 8.2 we define the datum and exhibit four
rational points on E and three on E’. Together with the points of order two, their classes
show that dp > 5 and dpr > 4 (Lemma 8.3). In Section 8.3 we show that the residues
of the prime values p; are constant on P; (Lemma 8.4). The local computations are
Lemma 8.6, at the fixed places 2, 3, 7, 13 and oo, and Lemma 8.7, at the moving primes.
In Section 8.6 we display the matrices Mg(0) and Mg/ (0) and prove that their ranks are
8 =13 —5and 9 = 13 — 4 (Lemma 8.8). Finally, in Section 8.7 we check the hypotheses
of Propositions 4.18 and 5.5 and prove Theorem 8.9. From Section 3 we use Lemmas 3.1,
3.2,3.7,3.10, and 3.12, and from Section 4 we use Lemmas 4.2, 4.3, 4.7 to 4.9, 4.11 to 4.13,
and 4.17 and Corollary 4.14.

The family comes from a conic base change of a 2-isogeny pair of the same split-factor
form as the rank-four pair of Zywina [55, §6.5]. Appendix B.3 explains this.

Notation. In this section, A = 91205, B = 33124 = 1822 and C = 9. For (M,N) € Z?
with FH] # 0, we write E = Ey;y and E' = Ej; . We set

«=AF, Bp=—BFH, & =—2AF, p =CFJ,

so that E = E, g and E' = Eyg. Let T = (0,0) on E and T" = (0,0) on E’, and let g,
and Jg , be the descent maps over Q,. At a prime specialization, p; = L;(M, N)/c;, and
A; is the additive Legendre symbol at p;, defined by (z/p;) = (—1)*(?). As in Section 4,
the fixed rows of Mg(77) and M/(77) are denoted fF and flf/, and their moving rows are
denoted rf (i € I[r U Ij) and rF (i € Ir U I).

98
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8.1 The datum

The coefficients of the twelve forms L; = a;M + b;N and the cofactors c; are listed in
Table 8.1. The index sets are Ir = {0,1,2,3}, Iy = {4,5,6,7} and I; = {8,9,10,11}, and
we have Lo = M and L; = N.

Table 8.1. The forms L; = a;M + b;N of D7, their groups, and the cofactors c;.

i group 4 b; ¢ i group  4; b; Ci
0 F 1 0 18 6 H 2 —5589 9
1 F 0 1 1 7 H 8 425 1
2 F 1 —182 64 8 J 13 2688 6
3 F 182 10557 9 9 J 325 49266 1728
4 H 9 34 8 10 J 14 —975 3
5 H 25 —4968 18 11 J 896 —45747 9

Expanding the products of the four forms in each group, we find

F = 182M>N — 22567 M*N? — 1921374MN?,
H = 3600M* — 10570742 M>N + 1386724327 M>N?
+ 111595323294 MN? + 401220896400N*, (8.1)
J = 52998400M* + 12595448502 M3 N — 442758190887 M>N?
— 132970149835614MN?> + 5906684876601600N*.

Comparing the five coefficients of each side, we obtain the identity
91205°F + 4 - 33124 H = 9], (8.2)

that is, A%F + 4BH = C]J. For instance, since F has no M* term, the coefficients of M?*
give 4 - 33124 - 3600 = 476985600 = 9 - 52998400. The two curves are

Evn: y* = x°+91205Fx* — 33124FHyx,

8.3
Eyn: ¥ =x>—182410Fx? + 9F]x. 6.3)

Lemma 8.1 (The datum). The forms and cofactors of Table 8.1, the constants A = 91205,
B = 33124 and C =9, and the lists Tp = T'pr = (—1,2,3,7,13) form a twelve-form datum Dy.
The set

$=12,3,57,11,13,17,19,23,29,37,41,47,59, 61,109, 241,409} (8.4)

satisfies the requirement of Definition 4.6.
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Proof. We check the conditions of Definition 4.1. We have (ag, bg) = (1,0) and b; # 0 for
i > 1. The 66 determinants A;; = a;b; — a;b; with i < j are listed, factored, in Table 8.2;
none of them vanishes. Each pair (a;,b;) is primitive. Indeed, (ag,by) = (1,0) and
(a1,b1) = (0,1); for i > 2 the coefficients a; are

1,2-7-13, 3%, 52,2, 23,13, 5%-13,2-7, 27 -7,

the coefficients b; = A; are factored in the first eleven entries of Table 8.2, and for each i
the two factorizations have no prime in common. The identity A2F +4BH = CJ is (8.2),
the cofactors are positive with ¢; = 1, and I'r and I'zr consist of —1 and distinct primes.

Table 8.2 shows that the primes dividing some b; with i > 1 or some A;; with i < j
are exactly the elements of S. The other primes that Definition 4.6 requires also lie in S:
we have 6ABC =2-3-(5-17-29-37) - (22-7%-13?) - 32, every c; is of the form 273%, and
the primes in I'r UT'ps are 2, 3, 7 and 13. O

Table 8.2. The determinants A;; = a;b; — a;b; for i < j, factored. Since (ag,bo) = (1,0), the first
eleven entries are Ag; = b;.

(i) Ay (i,j) Ay (L.j) Ay

(0,1) 1 (2,4) 23-11-19 (4,11) —17-19-37?
(0,2) —2-7-13 (2,5) —2-11-19 (5,6) —3%-11-19-23
(0,3) 33-17-23 (2,6) —5%-11-19 (5,7) 11-19-241
(0,4) 2-17 (2,7) 32-11-19 (5,8) 23-3-172-19
(0,5) —23.3%.23 (2,8) 2-7-19? (5,9) 2-3%.5%.11-23
(0,6) —3°-23 (2,9) 27.7-112 (5,10) 3-11-372

(0,7) 5%-17 (2,10) 11%2-13 (5,11) 32-19-23.292
(0,8) 27-3.7 (2,11) 5%-13-192 (6,7) 2-11-19-109
(0,9) 2-32.7-17-23  (3,4) —5%-11-17-19 (6,8) 3-19-372
(0,10) —3-5%-13 (3,5) —3°-11-19-23 (6,9) 32-11-23.29?
(0,11) —3%2.13-17-23  (3,6) —23.33.11-19-23 (6,10) 23-3.11-172
(1,2) —1 (3,7) —2-11-17-19 (6,11) 2-3%2.5*.19.23
(1,3) —2-7-13 (3,8) 3-5%-13-19? (7,8) 19292

(1,4) —-3? (3,9) 32-112-13-17-23 (7,9) 11-17-37?
(1,5) —52 (3,10) —27-3.7-112 (7,10) —2-5*.11
(1,6) —2 (3,11) —2-3%.7-17-19%2-23  (7,11) —23-17%-19
(1,7) —23 (4,5) —2-11-19-109 (8,9) —2-3-72.13-61
(1,8) —13 (4,6) —11-19-241 (8,10) —3-41-409
(1,9) —52-13 (4,7) 11-17-19 (8,11) —3-192-47-59
(1,10) —2-7 (4,8) 2-5*-19 (9,10) —3-11%2-47-59
(1,11) —27.7 (4,9) 23-11-178 (9,11) —3%-17-23-41-409
(2,3) 112-19? (4,10) —11-29? (10,11) 2-3-72-13-61

Lemma 4.2 implies that B/ = a? — 4, that the curves (8.3) are nonsingular exactly
when FHJ # 0, that E}, \ is the curve 2-isogenous to Ej;,y of Section 3, and that replacing
(M, N) by (AM,AN) with A € Q* gives Q-isomorphic curves.
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At a prime specialization, the ambient bases of Section 4 are
Br =(-1,2,3,7,13,p0,P1,---, P7), Be = (—1,2,3,7,13, po, 1, P2, P3, Ps, P9, P10, P11),
so ng = np = 13. The products of the cofactors over the three groups are

[[ci=23"=2-722, J]e=2%3"=36, J]ci=2"3"=6-216> (85
ielp icly iGI]

With these products, the constants of (4.18) are

kg = —B [ ¢j=—2"3%7%13%,  xp =C ] ¢;=2"35, (8.6)
jeGe JEG
with squareclasses [kg] = [—2] and [kp/] = [3]. The list I'r contains —1 and the primes

2,3,7,13 dividing xg, and I'ps contains —1 and the primes 2,3 dividing xf/, as Lemma 4.8
requires. The entries 7 and 13 of I'z/ are not needed there. We keep them so that both
bases have the same constant part; the conditions at 7 and 13 in Lemma 8.6 force their
exponents to vanish.

8.2 Rational points and the lower bound

We define the binary quadratic forms

Dy = M? + 10557N?, D; = 175M? + 10738 MN -+ 2470338N?,
Dy = 364M? + 36639MN — 2825550N2, D5 = 728 M? — 592647 MN + 28820610N?,

Vi = 49M? — 43862MN — 2026944N?,  V, = 2912M? + 2544237 MN — 432309150N?,
(8.7)
and we abbreviate products of the forms L; by their indices, so that Ly,67 = LoL2LeLy,
for example.

Lemma 8.2 (Rational points). Let (M, N) € Z? with FH] # 0. Then the points Py, ..., Py of
Table 8.3 lie on E, and the points Q1, Q, Qs lie on E'.

Proof. Every L;(M, N) is nonzero because FH] # 0, and each abscissa x in Table 8.3 is
nonzero. For y = xr with x # 0, the equation y? = x> 4+ ax? + Bx is equivalent to

72:x+(x+,3/x, (8.8)

and similarly on E’ with &/, f’ in place of &, B. For each of the seven points, /x (respec-
tively B’/x) is a constant times the product of the four forms of FH (respectively F]) that
do not occur in x; for P; and Q4y, it is a constant times H and ], respectively. Multiplying
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Table 8.3. Rational points on E = Ey,n and E’' = Ej; 5. The ordinate is the product of the third
and fourth columns. The last column is the factor by which (8.8) is multiplied to obtain (8.9).

curve point x

y/x

multiplier

E P —58081F 10920 Dy /241 58081/33124
E P (1225/9)Lo2ey 4D:1/15 225

E Py —2275Liss6 —6D, /5 25

E P (182/361)Ly347 Ds3/19 361

E' Qi 3481F 21840 Dy/59 3481

E Qy (49/64)Longe  65V1/56 3136

E' Qs (16/225)Lo3g10 Va/60 3600

(8.8) by the factor in the last column of Table 8.3, we find that the seven assertions are
equivalent to the identities

3600 D3 = 58081F + H (Py),
16 D = 30625Lg 067 + 20521125F — 54756L1 345  (P2),
36 D3 = —56875L1 25,6 + 2280125F + 364Lg347  (P3),

D} = 182L,367 + 32925005F — 23718422101 45 (Py), (8.9)
476985600 D3 = —622851849F 4 9] (Q1),
4225 V2 = 24011289 — 572037760F 4 36864L1 31011 (Q2),
V3 = 256L038,10 — 656676000F + 455625115911 (Q3).

For example, for P; we have x + « (91205 — 58081)F 33124F and B/x
33124H/58081. Using 10920 = 60 - 182 and 58081 = 2412, and multiplying (8.8) by
58081 /33124, we obtain the first line of (8.9). Each line of (8.9) is an equality of binary
quartic forms. It holds if and only if the coefficients of M?* M3N, M2N?, MN3, N* on the
two sides agree. We list these common coefficients in Table 8.4, and expanding both
sides of each line confirms them. The program of Appendix A checks the seven point
equations by exact coefficient arithmetic. H

Together with T and T, these points give five classes in d¢(E(Q)) and four in
0p(E'(Q)). At a prime specialization, Table 8.5 expresses them in terms of the primes
pi. Each entry follows from L; = c;p; and (8.5): the abscissa of the point (for T
and T’, the coefficient B or B') equals sh?[];c;p; with the listed s, I and h. For
example, cyc3cec; = 64-9-9-1 = 722, so that x(Py) = 182(72/19)? papspep7, and
B=—1822.21138py...p; = —2(182-2%3%)2 pg - - - py.
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Table 8.4. The coefficients of both sides of each identity in (8.9).

M* M3N MZ2N? MN?3 N*
p 3600 0 76010400 0 401220896400
D, 490000 60132800 15678767104 848847662208 97641117347904
P 4769856 960234912  —25725026844 — 7453823504400 287414380890000
Dy 529984  —862894032 393193274769  —34160896109340 830627560772100
Q; 476985600 0 10071073958400 0 53160163889414400

Qo 10144225 —-18161061100 7289115897700 751254159801600  17358420861849600
Qs 8479744 14817636288 3955373422569 —2199793869737100 186891201173722500

Table 8.5. At a prime specialization, the class of each point is [s [];c; pi]; the abscissa (for T and
T’, the coefficient B or B) is sh? [Tc; pi-

curve point s I h
E T -2 {0,1,2,3,4,5,6,7} 471744
E P, -2 {0,1,2,3} 17352
E P, 2 {0,2,6,7} 840
E ps  —182 {1,2,5,6} 360
E Py 182 {2,3,6,7} 72/19
E T 3 {0,1,2,3,8,9,10,11} 93312
E Q1 2 {0,1,2,3} 4248
E Q> 1 {0,2,8,9} 3024
E Q3 1 {0,3,8,10} 72/5
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In the bases Br and B/, these classes have the coordinate vectors of Table 8.6. The
entry at ¢ € {—1,2,3,7,13} is the exponent of g in the squarefree constant s, and the
entry at p; is 1 exactly when j € I.

Table 8.6. The coordinate vectors of the classes of Table 8.5 in the bases B (top) and Bg/ (bottom).

-1 237 13 po p1 p2 P3 P+ P5 Pe P7
(5E(T) 1 100 O 1 1 1 1 1 1 1 1
sge(l) 1 1000 1 1 1 1 0 0 0 0
5E(P2) 0O 1000 1 01 0 0 0 1 1
sg(ls) 1 1011 0 1 1 00 1 1 0
(SE(P4) 0 101 1 0O 011 0 0 1 1

-1 237 13 po p1 p2 P3 P8 P9 Pio Pul
Sp(T) 0 0100 1 1 1 1 1 1 1 1
6p(Q) 0 1000 1 1 1 1 0 0 0 0
6p(Q) 0 0000 1 0 1 0 1 1 0 0
6p(Q3) 0 0000 1 0 0 1 1 0 1 0

Lemma 8.3 (Independence of the point classes). Let (M,N) be a prime specializa-
tion of ©7. Then the classes 0g(T),0g(Py),...,0p(Py) are independent, and the classes
O (T"),0p(Q1),0p(Q2), 6p/(Q3) are independent. In particular, dg > 5 and dp > 4.

Proof. By Lemma 4.8(f), the classes of the entries of B are independent, and the vectors
of Table 8.6 are the coordinate vectors of the five classes on E. We order the classes
as T,P;, Py, P, Py and take the columns py, ps, p1, po, p7- The corresponding entries of
Table 8.6 form the matrix

P+ P5 P1 Po Py
T|1 1 1 1 1
P01 1 0 0
P10 0 1 1 O
B0 0 0 1 1
PO O 0 0 1

which has ones on the diagonal and zeros below it. Lemma 3.12 implies that the five
classes are independent. In words, the valuation at p, eliminates T from a relation, and
then the valuations at ps, p1, po and py eliminate P;, P, P> and Py in turn. On E’, we
use the order T/, Q, Q3, Q1 and the columns p11, p9, p10, p1, for which the corresponding
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matrix is
P11 P9 P10 P1
T 1 1 1 1
Q|0 1 0 O
Q300 0 1 O
Qi 0 0 0 1
and Lemma 3.12 applies in the same way. O

8.3 The congruence class and the real cone

We impose the congruences of Table 8.7. The moduli are pairwise coprime, and by
the Chinese remainder theorem these congruences are equivalent to (M, N) = (M, Np)
(mod W), where

W=2.3*.7.11-13-17- 19 - 23 = 308403583488,

(8.10)
My = 79151095314, N, = 151444919819.

We write P; for the set of (M,N) € Z? with (M,N) = (M, Ny) (mod W). As in
Section 5, we parametrize P; by M = My + WX and N = Ny + WY with (X,Y) € Z2.
We also set ¢;(X,Y) = L;(Mo+ WX, No + WY) /c;.

Table 8.7. The congruences defining Py.

modulus g¢ 2° 3* 7 11 13 17 19 23

Mmodgt 18 18 4 5 5 3 15 4
Nmodgt 11 11 4 6 11 4 12 6

Lemma 8.4 (Residues on the progression). Let (M, N) € Py. For every i, the cofactor c;
divides L;(M, N), and the quotient L;(M,N)/c; is prime to W and has the residues modulo
8,3,7,11,13,17,19, 23 listed in Table 8.8. In particular, FH] # 0 and
F=23*T] Li oot I Li g 27311 L (8.11)
Ci Ci

ielp Ci iely 1 iGI] 1
where all three products are prime to 6.
Proof. Every (M,N) € P7 satisfies (M, N) = (18,11) modulo 2° and modulo 3%, that

is, modulo 273*. Table 8.9 lists the values L;(18,11) and their valuations at 2 and 3.
These valuations agree with the exponents of 2 and 3 in ¢;, so that ¢; divides L;(18,11)
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Table 8.8. The residues of p; = L;(M, N)/c; for (M,N) € Ps.

i 0 1 2 3 4 5 6 7 8 910 11
pi mod 8 1 3 1 3 3 5 5 3 7 5 5 7
pi mod 3 1 22 1 1 1 1 1 2 2 1 2
pi mod 7 1 4 4 2 4 6 5 3 4 2 2 3
pimod1l 7 6 10 5 5 4 9 5 2 1 2 9
pimod13 1 11 8 7 2 511 9 1 5 6 11
pimod17 3 4 7 4 14 8 10 7 5 16 6 4
pimod19 4 12 5 9 18 18 12 14 3 1 8 18
pimod23 13 6 6 17 7 3 6 6 21 4 16 20

and the quotient L;(18,11)/c; is prime to 6. They are at most 6 at 2 and at most 3 at 3.
Then ¢; divides 2°3%, and 2°3%/¢; is divisible by 23 - 3. By Lemma 4.7 with W = 2°3%
and (m,n) = (18,11), the cofactor ¢; divides L;(M,N), and L;(M,N)/c; = L;(18,11)/c;
modulo 2734/ ¢;, and hence modulo 8 and modulo 3. Since L;(18,11) /¢; is prime to 6, so
is L;(M, N)/c;, and the valuations v,(L;(M, N)) and v3(L;(M, N)) are those of the table.
We obtain the first two rows of Table 8.8 from the last two columns of Table 8.9.

For q € {7,11,13,17,19,23}, the class Py fixes (M, N) modulo g to the pair (g, n4) of
Table 8.7, and L;(M, N) = a;m,; + bjng (mod q). These residues are listed in Table 8.10;
none of them vanishes. Since c; is prime to g, we find that L;(M, N)/c; is prime to g
and congruent to (a;m, + binq)ci_1 modulo g. These are the remaining rows of Table 8.8.
Finally, (8.11) follows from L; = ¢; - (L;/¢;) and (8.5). O

Several values in Table 8.9 are negative, and the residues must be computed from the
signed values. For example, L»(18,11)/64 = —31 =1 (mod 8), whereas 31 =7 (mod 8).
The proof of Lemma 8.4 shows that —31 has the correct residue: for every (M, N) € Py,
including those for which Ly(M, N) > 0, we have Ly(M,N)/64 =1 (mod 8).

The real cone is

K7 = {(M,N) € R®: N >0, 2999N < M < 3001N}, (8.12)

an open convex cone. The pairs (18,11) and (M, Ny) do not lie in 7. This does not
matter, since Lemma 8.4 holds on all of P5.

Lemma 8.5 (Positivity on the cone). Every L; is positive on Ky. In particular, F, H and | are
positive on Ks.

Proof. Let (M,N) € Ky and set p = M/N > 2999. Then L;(M,N) = N(a;p + b;), and
since a; > 0 for all i, we have a;0 + b; > 2999a; + b;. The twelve values 2999a; + b; are

2999, 1, 2817, 556375, 27025, 70007, 409, 24417, 41675, 1023941, 41011, 2641357,
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Table 8.9. The values of the forms at (18,11), which fix the exact powers of 2 and 3 and the

residues modulo 8 and 3 on P5.

i L;i(18,11) v, w3 ¢; L;i(18,11)/¢; mod 8 mod 3
0 18 1 2 18 1 1 1
1 11 0 0 1 11 3 2
2 —1984 6 O 64 —31 1 2
3 119403 0 2 9 13267 3 1
4 566 3 O 8 67 3 1
5 —54198 1 2 18 —3011 5 1
6 —61443 0 2 9 —6827 5 1
7 4819 0 O 1 4819 3 1
8 29802 1 1 6 4967 7 2
9 547776 6 3 1728 317 5 2

10 —-10473 0 1 3 —3491 5 1
11 —487089 0 2 9 —54121 7 2

Table 8.10. The residues L;(m,, n;) mod q fori =0, ..., 11.
g (mgmg) 0 1 2 3 4 5 6 7 8 910 11
7 44 4 4 4 4 4 3 3 3 3 5 6 6

11 (56) 56 2 1 7 6 45 1 1 6 4

13 (511) 511 511 312 8 9 6 8 5 8

17 34 3 4 6 210 8 5 713 6 1 2

19 (15,12) 15 12 16 5 11 1 13 14 18 18 5 10

23 (4,6) 4 616 1510 8 8 6 11 12 2 19
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all positive. Then every L;(M, N) is positive, because N > 0. O

More precisely, the twelve forms are all positive exactly on the region {N > 0, M/N >
5589/2}: the largest of the roots —b;/a; with a; > 0is 5589/2, from L, and Ky lies inside
this region. Finally, since Lo = M and L1 = N, we have pg = M /18 and p; = N at every
prime specialization.

8.4 Local conditions at the fixed places

We now bound the images of the local descent maps at the places 2 and 3 for E, and 2, 7,
13 and oo for E’, and write the resulting fixed rows. We use no condition for E at 7, 13
and oo, or for E’ at 3.

Lemma 8.6 (Local images at the fixed places). Let (M, N) € P;. Then FH] # 0, and the
following hold.
(a) 0e2(E(Q2)) € {[1], [-2]}.
(b) 6p3(E(Qs)) = {[1]}-
(c) 0pro(E'(Q2)) € {[1],[2], (3], [6]}-
)
(

(d) 0 4(E'(Qq)) = {[1]} for g = 7 and q = 13.
(e) If moreover (M, N) € Ky, then ép o(E'(R)) = {[1]}.

The proof treats the places one at a time. At each place we first find the valuations and
residues of «, § and B’ that we need; by Lemma 8.4, they are the same for all (M, N) € P;.
Then we go through all points of the local curve: the point O, which has class [1]; the
point T or T’, whose class is [8] or [B']; the other points with y = 0, whose existence we
decide with Lemma 3.7; and the points with y # 0, sorted by the valuation of x. In the
last step we use Lemma 3.1 to find the valuation of the right side of the equation, and
Lemma 3.2 to decide whether it is a square. We may rescale the coordinates by squares,
because multiplying x by a nonzero square does not change its class.

Proof. By Lemma 8.4, FH] # 0. We first collect the coefficient data. Using (8.11) and
Table 8.8, we find

F/27=3*.1.3.1-3=1, H/2*=3*.3.5.5.3=1,
J/27=37.7.5.5-7=3 (mod 8),

and F/3*=27-1-2-2-1=2and H/3* =2* =1 (mod 3). Modulo 7 and 13, the forms
are units, and by Table 88 we have F =4, H=3,] =1 (mod 7) and F =9, H = 5,
J] =9 (mod 13). Recall that 91205 = 5-17-29 - 37 and 33124 = 22.72.132. Inserting
these residues into « = 91205F, B = —33124FH and p’ = 9F], we obtain Table 8.11. For
example, at 2 we have v(B) = 2+7 +4 = 13 and B/21 = —912(F/27)(H/2*%) = —
(mod 8), since 91> =1 (mod 8).
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Table 8.11. Valuations and residues of the coefficients at the fixed primes, for (M, N) € P;. Here
u denotes a unit at the place.

place it B B
2 2u,u=5 (mod8) 2Bu,u=7 (mod8) 2"u,u=3 (mod 8)
3 3*w,u=1(mod3) 3Bu,u=1 (mod3) v3(B') =13
7 x=1 (mod 7) 7?u,u =1 (mod 7) B =1 (mod 7)
13 a =12 (mod 13) 132u u=7 (mod13) B’ =1 (mod 13)

The prime 2, curve E. Since f/2!3 =7 and p//2!* =3 (mod 8), Lemma 3.2 implies that
(8] = [-2] and [g] = [3] in Q; /Q;%. We change coordinates by x = 2°% and y = 2°F.
The equation of E becomes

72 = 22 + 0¥ 4 o, a =a/2% B, =p/2,

and [x] = [%]. In Table 8.11, we see that ay and B, have valuation 1, with a,/2 = 5 and
B2/2 =7 (mod 8). Then ay =2 and By = 6 (mod 8), and [B2] = [—2].
The point T has class [8] = [~2]. Since a®> — 48 = B’ is not a square in Q,, Lemma 3.7

shows that E(Q;) has no other point with y = 0. Let (&, 7) be a point with § # 0, and
write ¥ = 2"u with u € ZJ. The right side of the equation is the nonzero square 72, and
its three terms %3, ap%2 and B2X% have valuations 37, 2r +1 and r + 1.

e Ifr < —1, then & is the dominant term, and Lemma 3.1 implies that the right side has
valuation 3r. This valuation is even, and we have r < —2. The other two terms then
have valuations at least 37 + 3, and by Lemma 3.1(b) the right side equals %3(1 + 8t)
with t € Z,. By Lemma 3.2(c), 1 + 8t is a square. It follows that #° is a square, and so
is ¥ = %2/ %2,

e If r = 0, the right side is a unit, congruent to u(u? +2u + 6) modulo 8. For u = 1,3,5,7
(mod 8), this residue is 1,7,5,3, respectively. A square unit is 1 modulo 8. We
conclude that # =1 (mod 8) and [%] = [1].

o If r = 1, the valuations are 3, 3 and 2, and the right side has valuation 2. Dividing it by
4 and using #> = 1 (mod 8), we obtain the unit 2u® + ayu? + (B2/2)u = 2u+2+7u =
u+2 (mod 8). Foru =1,3,5,7 (mod 8), this is 3,5,7,1. Only u =7 (mod 8) gives
a square, and then [¥] = [2-7] = [-2].

o Ifr > 2, then B, is the dominant term, with valuation r + 1, and r is odd; in particular,
r > 3. The other two terms have valuations 2r + 1 and 3r, which are at least (r + 1) + 3.
As in the first case, we find that B, is a square, and [%] = [B2] = [-2].

Together with O and T, these cases prove (a).
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The prime 3, curve E. We change coordinates by x = 3*% and y = 3%J. The equation
becomes
P =+ + sk, az=a/3', P3=p/3,

where a3 and B3 are units congruent to 1 modulo 3, by Table 8.11. By Lemma 3.2, a unit
at 3 is a square exactly when it is 1 modulo 3. The point T has class [B] = [B3] = [1]. The
element a?> — 48 = B’ has odd valuation v3(8’) = 13 and is not a square in Q3. Lemma 3.7
then shows that there is no other point with y = 0. Let (&, 7) be a point with § # 0, and
write ¥ = 3"u with u € ZJ'.
e If r < 0, then #° is the dominant term, and the other two terms have valuations at
least 3r + 1. By Lemma 3.1, the right side equals 3(1 + 3t) with t € Z3. Its valuation

3r is even, and 1 + 3t is a square, so &> and # are squares.

e If r > 0, then 3% is the dominant term, and the other two terms have valuations at
least r 4- 1. As before, B3% is a square, and since B3 is a square, so is *.

e Finally, let r = 0. If u = 1 (mod 3), then ¥ is a square. If u = 2 (mod 3), the right
side is a unit congruent to 2(4+2+ 1) =2 (mod 3), which is not a square. This case
does not occur.

These cases and the point O prove (b).

The prime 2, curve E'. We use the following fact: if s,t € Q, are not both zero, then
s2 + 2t # 0 and
[s* +2%] € {[1], [2], [3], [6]}- (8.13)

Indeed, s> + 2t* # 0 because —2 is not a square in Q,. After multiplying s and t by a
power of 2, which changes s? + 2t? by a square, we may assume that s,t € Z, and that
one of them is odd. If s is odd, then s> = 1 and 2t> = 0 or 2 (mod 8), and s> + 2t? is a
unit congruent to 1 or 3 modulo 8; by Lemma 3.2, its class is [1] or [3]. If s is even and t is
odd, then s? + 2t> = 2(#? +2(s/2)?), and the same argument shows that its class is [2] or
[6]. In other words, the nonzero values of s? + 22, which are the norms from Q(1/—2),
have classes in {[1],[2], [3], [6]}

Since [B] = [—2], there exists wy € Q; such that § = —2w}. Using &/ = —2« and
B’ = a® — 4B, we write the equation of E’ as
y? = x((x —a)? —4B) = x((x — a)? + 2(2wp)?). (8.14)

The point T’ has class [8'] = [a? + 2(2wp)?], which lies in the set (8.13); indeed, [8] = [3].
The class of a’?> — 4B’ = 168 is [—2] # [1], and Lemma 3.7 shows that there is no other
point with y = 0. If (x,y) is a point with x # 0 and y # 0, we have

[x] = [y*/x] = [(x — a)? + 2(2w0)?],

which lies in the set (8.13) with s = x — a and t = 2wy # 0. Together with O, this proves
(©).
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The primes 7 and 13, curve E’. Let g € {7,13}. By Table 8.11, « and B’ are units at g,
B = q*b, with b, a unit, and ' =1 (mod g). By Lemma 3.2, a unit at 4 is a square exactly
when its residue modulo g is a nonzero square. In particular, p’ is a square. Further, «
is congruent to a nonzero square modulo g: we have « = 1 (mod 7) and a = 12 = 5°
(mod 13).

The point T’ has class [B'] = [1]. The other points with y = 0 have abscissas xy with
x5 —2axg + B/ = 0, that is, (xg — «)? = 4B = 44%b,, and by Lemma 3.7 they exist exactly
when b; is a square. For g = 13, we have b; = 7 (mod 13), which is not a square, and
there are no such points. For ¢ = 7, we have b; = 1 (mod 7), the two points exist, and
Xo=wa+2-7/by=a =1 (mod 7); their class is [1]. Let (x, y) be a point with y # 0, and
write x = q'u with u € Z;. The terms x3, a/x* and B'x of the right side have valuations
3r, 2r and r.

e If r < 0, then x3 is the dominant term, and, as at the prime 3, the right side equals
x3(1+ gt) with t € Z,. Its valuation 3r is even, 1 + gt is a square, and x is a square.

e If r > 0, then p'x is the dominant term. As before, f'x is a square, and since f’ is a
square, so is x.

e If r = 0, the right side is x((x — «)> — 4B), and 48 = 0 (mod ¢). If x # & (mod q),
then (x — a)? — 4 is a unit congruent to the nonzero square (x — a)?> modulo g. It is
a square, and therefore x is a square. If x = « (mod ¢), then x is a square because «
is congruent to a nonzero square modulo 4.

Together with O, these cases prove (d).
The real place, curve E'. Let (M,N) € Ky. The forms F, H and ] are positive by

Lemma 8.5,and « > 0, 8 < 0 and B’ > 0. If x < 0, the three terms x3, —2ax? and B'x of
the right side are negative, and there is no real point with this abscissa. The point T’ has

class ['] = [1] in R* /IR*2. The discriminant a’> — 48’ = 16 is negative, and Lemma 3.7
shows that there is no other point with y = 0. Every other point has x > 0. Together with
O, this proves (e). O

The fixed rows. We write the fixed rows in the coordinates of Section 3.1. At 2, the class
of z € Q5 is [(—1)712%5¢], with coordinates e;(z),e2(z),e3(z). At an odd prime g, we
write z = ¥z with zy € Z, and the coordinates are v4(z) = k mod 2 and x,(z) = x4(z0),
as in (3.3). At oo, the sign coordinate sgn(z) is 0 or 1 according as z > 0 or z < 0. These
coordinates are linear maps on the groups of squareclasses. The subgroups of Lemma 8.6
are annihilated by the following linear maps:

® ¢1 +ep and e3 (on E at 2), since [—2] has coordinates (eq,ep,e3) = (1,1,0);

* x3 and v3 (on E at 3);

e ¢; +e3 (on E’ at 2), since [2], [3] and [6] have coordinates (0,1,0), (1,0,1) and (1,1,1);
* x4 and v, for g = 7,13, and sgn (on E').
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For each map f in this list, we obtain a row as in Definition 3.9, whose entry at a basis
element ¢ is f(locy([g])), which we denote simply by f(g). These are the fixed rows.
In the order of this list, we denote them by fE,..., fE (for the maps e; + €2, €3, X3, V3)
and fEI, s, ff’ (for the maps ey + €3, X7, V7, X13, V13, sgn). They are the first four rows
of Mg (7) and the first six rows of Mp/(7) in Tables 8.17 and 8.18. Their entries at the
constant columns are given by Table 8.12. At a column p;, we note that p; is a positive
unit at 2,3,7,13. This gives ex(p;) = va(p;) = v7(pi) = vi3(p;) = sgn(p;) = 0. Further,
(e1,e3)(pi) = (0,0),(1,1),(0,1),(1,0) for p; = 1,3,5,7 (mod 8) by (3.2), and x,(p;) =0
exactly when p; is a square modulo 4. By Lemma 8.4, the entries at the finite fixed places
are the same for all (M, N) € P;. The entries of the real row at the columns p; are zero
at every prime specialization, since the p; are positive.

Table 8.12. Local coordinates of the constant basis elements. At2 we used 3 = —5,7 = —1 and
13 =5 (mod 8).

g -1 2 3 7 13

(e1,e2,e3)(g) (1,0,0) (0,1,0) (1,0,1) (1,0,0) (0,0,1)

(x3,v3)(8) (Lo)y (o) (01 (0,00 (0,0)

(x7,v7)(8) (Lo) (000 (1,0) (01) (L0

(x13,v13)(g) (0,00 (1,00 (0,00 (1,0) (0,1)

sgn(g) 1 0 0 0 0

8.5 Characters at the moving primes

Let (M,N) be a prime specialization in P;. By Lemma 4.11 and Corollary 4.14, the
moving rows of Mg(7) and Mg/(7) are determined by the bits (4.34): the characters
Ai(g) for g € {—1,2,3,7,13}, the characters A;(xg) and A;(xg/), and the bits y;; of (4.27),
which satisfy A;(p;) = 7ij + 1. Recall that e = (N/pg) = (—1)"; since N = p1, we have
e = (p1/po)-

Lemma 8.7 (Characters at the moving primes). Let (M, N) be a prime specialization of ©7
with (M, N) € Py. Then the following hold.

(a) For g € {-1,2,3,7,11,13,17,19,23} and 0 < i < 11, the number A;(g) is given by
Table 8.13. In particular, Aj(kg) = Ai(—1) + A;(2) and A;j(xg) = Ai(3).

(b) For distinct i,j such that {i,]} is contained neither in Iy nor in Iy, the bit 7y;; of (4.27) is
given by Table 8.14, and A;(p;) = vij + 1.
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Table 8.13. The characters A;(g), defined by (g/pi)

constant columns of the moving rows; the last four enter the constants of Table 8.15.
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(—1)%(®). The first five rows give the

i 012345678910 11
A(-=1) 01011001100 1
M2 01011111011 0
A3 00111001010 0
A7) 01011110100 0
AM(13) 0111111001 1 1
A(11) 1011100100 1 1
AM(17) 10101011101 0
A(19) 0001011000 1 0
A(23) 01000001000 0

Table 8.14. The numbers 7;;, with A;(p;) = v;; + 11: row p;, column p;. A dot marks a pair inside

Iy or inside I}, which does not occur in any row.

Po P1 P2 P3 P4 P5 Pe P7 P8 P9 Pio P11
po * 0 0 1 1 0 O 1 0 1 O 1
pp 0 1 0 0 O O O 1 0 1 1
p 0 1 « 1 0 0 0 0 0 0 1 0
p3 1 1 1 « 0 1 1 0 0 0 1 1
psa 1 1 0 1 =« 0 1 O 1
ps 0 0 0 1 * 1 1 0 1
pe 0 0 0 1 * 1 1 0 1
p 1 1 0 1 - - x 0 1 0 1
pse 0 0 O 1 1 1 1 1 =«
pp 1 0 0 O0 1 1 1 1 *
po 0 1 1 1 0 0 0 O *
pn 1 0 0 0 O 1 1 O *
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Table 8.15. The squarefree parts s; of bjc; and s;; of cocjbiAj;, for 1 < i < j with {i,j} not inside Iy
or I].

i 1 2 3 4 5 6 78 9 10 11
i 1 —182 1173 17 —69 —69 17 7 16422 —13 —5083
Ado(s) 00 1 1 0 0 10 1 0 1
sj j=2 3 4 5 6 7 8 9 10 11
i=1 2 91 1 1 1 1 39 78 21 7
2 91 19019 —19019 —19019 19019 39 78 21 7
3 14421 3553 3553 14421 —15249 —26 8211 21

Si]‘ j28 9 10 11

i=4 —969 —66 561 19
5 1311 22 759 57
6 1311 22 759 57
7 =969 —66 561 19

Proof. For (a), recall that every p; is an odd prime outside S; in particular, p; is distinct
from 3,7,11,13,17,19, 23. By (4.22) and Lemma 4.13, we have, modulo 2,

- 2_1
M =P8 @ =P ) = ) H A D<) (819)

for every odd prime q # p;. Here x,(p;) is 0 or 1 according as p; is or is not a square
modulo g, and among the primes g € {3,7,11,13,17,19,23} used here, x,(—1) = 1 exactly
forg € {3,7,11,19,23}. The right sides depend only on the residues of p; modulo 8 and
modulo g, which are given in Table 8.8. The nonzero squares modulo 3,7,11,13,17,19,23
are

{1}, {1,2,4}, {1,3,4,59}, {1,3,4,9,10,12}, {1,2,4,8,9,13,15,16},
{1,4,5,6,7,9,11,16,17}, {1,2,3,4,6,8,9,12,13,16,18}.

For example, we have p3 = 3 (mod 8) and p3 = 7 (mod 13), which is not a square
modulo 13, and (8.15) gives A3(—1) = A3(2) = 1 and A3(13) = 1. Inserting the residues
of Table 8.8 into (8.15), we obtain Table 8.13. The assertions on xr and xg/ follow from
[ke] = [—2] and [kg/] = [3], since p; { kpKp:.

For (b), we evaluate (4.26) and (4.27). Recall from Table 8.8 that pg =1 (mod 8). Then
Ao(—1) =0, and 0; = Ag(bic;) = Ao(s;), where s; denotes the squarefree part of bjc;. We
obtain

Yo =vjo =Ao(s;)  (1<j<11).
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For distinct 7,7 > 1, we have
Yij = Ai(si) + Ao(si),

where s;; is the squarefree part of coc;b;Aj;. Removing square factors does not change the
characters, since every prime factor of b;c; and of coc;b;Aj; lies in S, and po, p; € S. The
constants s;, and s;; for i < j, are listed in Table 8.15. Their prime factors are

182 =2.7-13, 1173 =3-17-23, 69 =3-23, 16422=2-3-7-17-23,
5083 =13-17-23, 91=7-13, 39=3-13, 78=2-3-13, 21=3.7,
19019 =7-11-13-19, 14421 =3-11-19-23, 3553 =11-17-19,
15249 =3-13-17-23, 26=2-13, 8211=3-7-17-23, 969 =3-17-19,
66=2-3-11, 561 =3-11-17, 1311 =3-19-23,
22=2-11, 759=3-11-23, 57=3-19,

so Ai(s;;) and Aq(s;) are sums of entries of Table 8.13. For i > j > 1, we use the relation
Yij +vji = Ai(=1)Aj(=1),

which follows from (4.22), since A;(p;) = 7;j +n and Aj(p;) = ;i + 11 by Corollary 4.14.
For example, s3190 =3-7-17-23 and s3 = 3-17 - 23 give

Y300 = A3(3) + A3(7) + A3(17) + A3(23) + Ao(3) + Ao(17) + Ao(23)
=1414+04+404+0+14+0=1,

and then 193 = 7310 + AMo(—1)A3(—1) = 1. In this way, we obtain Table 8.14. One
finds the same values by computing 7;; for i > j directly from (4.27). The relation
Ai(pj) = 7vij +n is Corollary 4.14. O

The proof shows that the bits (4.34) are the same at every prime specialization in Py,
as Remark 4.15 requires. In more detail, the pairs {7,j} that occur in the rows are the
66 — 6 — 6 = 54 pairs not contained in Iy or in I;. Eleven of them contain 0 and enter
through b; = Ap; and Lemma 4.12(a); the other 43 enter through A;; and Lemma 4.12(c).
In Table 8.2, the primes 5,29, 37 occur in the determinants of these pairs and in the b; only
to even powers, and the primes 41,47,59, 61,109, 241,409 occur only in determinants of
pairs inside Iy or I;. It follows that all the constants have squarefree parts supported on

So=12,3,7,11,13,17,19, 23},

and every prime of Sy divides W. The primes in S \ Sy are needed in S only for Defini-
tion 4.6.
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8.6 The matrices and the upper bound

We now assemble the matrices Mg (7) and Mg/(7) of (4.35). The rows of Mg(y) are

the four fixed rows flE, e, ff of Section 8.4, followed by the moving rows rg, rf, rg, r3E

and rg,rg,rfo,rfl; the rows of Mp/(7) are the six fixed rows flE/,..., f’, followed by

rg/, .. .,r3E and rf/,. .. ,rg/. The matrix Mg(77) has 4 + 4 4+ 4 = 12 rows, and Mg/(%7) has
6 + 4 + 4 = 14 rows; the two counts differ because E’ has conditions at 7, 13 and co. By
Corollary 4.14, the entries of the moving rows of M, (0) are as follows.

 In a constant column g, the row at p; has the entry A;(g) of Table 8.13.

* In the row at p; and the moving column j # i, the entry is ;;, from Table 8.14.

e For i € IF, the entry in the moving column i is the bit 7 = A;(k) + Ljec,\ (i} 7ij of

(4.28); Table 8.16 lists these bits.

The matrices Mg(0) and Mg/ (0) are displayed in Tables 8.17 and 8.18. The integer row
codes under which the program of Appendix A stores them are listed in Table A 4.

Table 8.16. The diagonal bits 7% and ¢ for i € Ir. The sums are over j € G, \ {i}, modulo 2, and
Ai(ke) = Ai(=2), Ai(kpr) = Ai(3).

E, kg, Ge = I U Iy E, Kgr, GE/ZIFUI]
i Ai(—=2) Y7 diagonal A;(3) Y7 diagonal
0 0 1 1 0 1 1
1 0 1 1 0 0 0
2 0 0 0 1 1 0
3 0 1 1 1 1 0

Dependence on 7. By (4.35), every moving row of M, (1) is the corresponding row of
M, (0) plus u,, where ur and up are the indicator vectors of the eight moving columns:

up = up = (0,0,0,0,0,1,1,1,1,1,1,1,1).

In words, M, (1) is obtained from M, (0) by replacing every entry of the lower right block
of Table 8.17 or Table 8.18 (moving rows, moving columns) by its complement. The fixed
rows and the constant columns do not depend on 7. As explained in Corollary 4.14, this
reflects the fact that every cross symbol A;(p;) equals 7;; + 7, and that an odd number
(seven) of cross symbols enter each diagonal entry.

The repeated row. The rows 1/‘59/ (0) and rg/(O) of Mg/(0) are equal. This is not an error:
the two rows are the conditions at the two different primes ps and pg, and they happen to
coincide. Indeed, p5 and pg have the same residues modulo 8 and 3, the residues 6 and 5
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Table 8.17. The matrix Mg(0) in the basis Bg: the four fixed rows fk , with the place and the linear
map that define them, and the moving rows r£(0) at the primes p; with i € Ir and with i € I;.

-1 23713 po p1 P2 P3 P4+ P5 Pe P7

E 2e+e) 11110 01 0 1 1 0 0 1
£ (2,e) 0 0101 010 1 1 1 11
£ (3,xs) 11000 01 1 0 0 0 00
£ (3vs) 00100 O0O0OO0OO0OO0OO0 0 O
r5(0) po 00000 1 001 1 0 0 1
r(0) p 11011 01 100000
r5(0) pa 00101 01 0 1 00 0 0
£(0) ps 11111 1 1 1 10 1 10
r§(0) ps 10010 0O0O0 1 1 1 1 1
r§(0) po 01101 1 00 0 1 1 1 1
r5(0) pio 01001 0 1 1 1 0 0 0 0
r1(0) pu 10001 1 0 0 0 0 1 1 0

Table 8.18. The matrix Mg/ (0) in the basis Bg:: the six fixed rows fF', with the place and the linear
map that define them, and the moving rows 1’1’5, (0) at the primes p; with i € Ir and with i € Iy.

-1 237 13 po p1 p2 p3 P8 P9 Po Pu

fF (2e+es) 1. 0011 0 0 0 0 1 1 1 1
F7,x7) 1 0101 0 0000 0 0 1
F(7,w) 00010 0 00 O0O0O0 0 0
F (13, x13) 01010 0111 0 1 1 1
E (13, v33) 00001 0 0 O0O0O0 O0 0 O

fE (co,sgn) 1 0000 0O 0O OO OO 0 O
r5'(0) po 0 000O0 1T 001 0 1 0 1
rF(0) p 11011 0 01 0 1 0 1 1
1’5(0) P2 00101 01 01 00 1 0
rE'0) p3 11111 1 11000 1 1
¥ (0) p4 1 1111 1 1 01 01 0 1
rf:(O) ps 01011 0001 1 1 0 1
rE'(0) pe 01011 0001 1 1 0 1
5 (0) pr 1 1100 1 1 0 1 0 1 0 1
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modulo 7 are both nonsquares, and the residues 5 and 11 modulo 13 are both nonsquares;
so the constant entries agree. The cross entries agree because s5 = sg, Sj5 = Sj6 for
j=1,2,3,and s5; = s¢; for j = 8,...,11 (Table 8.15), and because A5(q) = Ag(q) for the
primes g € {2,3,11,19,23} that divide the last four constants (Table 8.13). Since both
rows change by up when 5 changes, they also coincide at # = 1. This explains the two
equal consecutive codes in each of the two lists for E’ in Table A.4. The repeated row
adds nothing to the rank, and the certificate below does not use rgl (0).

Lemma 8.8 (Rank certificates). For every prime specialization in Py N K7, we have
rank Mg(0) = 8 = ng — 5, rankMg/(0) =9 = np — 4.
Moreover,

ug = fi +r§(0) +rp(0), up = f£ + fF +1E(0) +rE (0), (8.16)

where the rows are those of Mg (0) and Mg:/(0). Each of these sums contains exactly two moving
rows.

Proof. By Lemmas 8.6 and 8.7, the matrices Mg(0) and Mg/(0) are those of Tables 8.17
and 8.18 for every prime specialization in P; N Ky.

We begin with the lower bound on the rank of Mg(0). We take the rows ff, r£(0),
r£(0), f£,vE (0), 75 (0), £,(0), rE(0) and the columns 3, py, p1, ps, —1, 2, p2, 7 of Table 8.17,
in this order. The corresponding submatrix is

3 pop1ps =12 pp 7
f£ /10 0 0 0 0O0O
r5(0){0 1 0 0 0 0 0 O
r£0)J1 0 1 0 0 0 0 O
EF110 1 1 0 00O
r£@f(0 1 0 1 1 00 0
r50){1 1. 0 1 0 1 0 0
B0 0 1 0 0 1 10
r£(0)j0 0 0 1 1 0 0 1

This submatrix has ones on the diagonal and zeros above it. Its determinant is therefore
1, and rank Mg (0) > 8. For Mp/(0), we take the rows fF, fF, fF', fF', vE'(0), fF, 7§ (0),
rE'(0), fF' and the columns —1, 7, 13, ps, 2, 3, p1, po, p2 of Table 8.18, in this order. The
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corresponding submatrix is

-1 7 13 Ps 23 P1 Po P2
11 00 0000 0 0
P10 10 0000 0 0
P10 01 0000 0 0
Fl1 11 1000 0 0

00 11 1100 0 0
F1l1 01 0010 0 0
F0)0 01 0011 0 0
£ 0 00 0000 1 0
Flo 10 0101 0 1

which again has ones on the diagonal and zeros above it. This gives rank Mg/(0) > 9.

For the upper bound, recall from Lemma 3.10 and Lemma 4.11 that every row of
M. (77) annihilates every class in é,(*(Q)), where 7 is the sign of the specialization. Each
vector of Table 8.6 has an even number of entries equal to 1 in the moving columns
(four or eight), so its dot product with u, vanishes. Since a moving row of M, () differs
from the corresponding row of M, (0) by 7, every row of M, (0) also annihilates these
vectors. By Lemma 8.3, the five vectors of Table 8.6 on E are therefore independent
elements of the kernel of Mg(0), which implies that rank Mg (0) < 13 — 5 = 8. Similarly,
rank Mg/(0) < 13 —4 = 9. One can also check directly that each vector of Table 8.6 has
even dot product with each row of Table 8.17 or Table 8.18.

Finally, we verify (8.16). The rows involved, copied from Tables 8.17 and 8.18, and
their sums modulo 2 are

237 13|po p1 p2 P3 P4 P5 Pe P7
fE 0 0100[/0 00 O0O0O0O0 O
r50)J0 11011 0 0 0 1 1 1 1
rE(©0)0 10010 1 1 10 0 0 0
sum ([0 00001 1 1 1 1 1 1 1
and
—1237 13|po p1 P2 P3 P8 P9 P10 P11
F lo1o010/01 1101 1 1
F 10 0001/0 00000 0 O
£ 0 0000/1 00101 0 1
F(0)]01011/0 00 111 0 1
sum [0 000 0|1 1 1 1 1 1 1 1

The two sums are ug and up/. This completes the proof. O
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Since each sum in (8.16) contains two moving rows, Lemma 4.17 shows that M, (0)
and M, (1) have the same row space, hence the same rank and kernel. This is the equality
of the reduced row bases for ¢ = +1 that the program of Appendix A checks. Since the
kernel of Mg(0) has dimension 13 — 8 = 5 and contains the five independent vectors of
Table 8.6, it is their span; likewise, the kernel of Mg/ (0) is spanned by the four vectors of
Table 8.6 on E'.

8.7 Exact rank and infinitude

Theorem 8.9 (Exact rank seven). Let (M, N) € Py N Ky be a prime specialization of Dy with
respect to the set S of (8.4). Then dg =5, dpr = 4 and rank Ep; N (Q) = 7. Moreover, there exist
infinitely many such (M, N), and the curves E; N obtained from them represent infinitely many
Q-isomorphism classes.

Proof. We apply Proposition 4.18 to the datum ®7, the set S of (8.4), and the set P of
prime specializations in P; N K7. We check its hypotheses. By Lemma 8.1, I'r = I'py =
(—1,2,3,7,13) consists of —1 and distinct primes, and by (8.6) it contains every prime
dividing xg and xp.

(i) By Lemma 8.6, at the places 2 and 3 for E and 2, 7, 13 and oo for E’, the local images
lie in subgroups that do not depend on (M, N) € P. The fixed rows of Section 8.4
are the rows in the sense of Definition 3.9 defined by these subgroups and the linear
maps listed there. Their entries depend only on the residues of the p;, which are
constant on P; by Lemma 8.4. This proves (i).

(ii) By Lemma 8.7, the bits (4.34) are the same for all (M, N) € P, which is (ii). The
resulting matrices Mg(0) and Mg/ (0) are those of Tables 8.17 and 8.18.

(iii) The points T, Py,..., Py on E and T’,Q1,Q2, Qs on E’ are given by the formulas
of Lemma 8.2, and their classes are independent at every prime specialization by
Lemma 8.3. This proves (iii) with kg = 5 and kg = 4.

(iv) By Lemma 8.8, rank Mg (0) = 13 — 5 and rank Mg/ (0) = 13 — 4, and ur and ug: are
sums of rows of Mg (0) and Mp/(0) that contain exactly two moving rows. This is
(iv).

Proposition 4.18 now implies that dg = 5, dpy = 4 and rankEy n(Q) =5+4—-2 =7

for every (M, N) € P. It also shows that 6r(E(Q)) and ég/(E'(Q)) are spanned by the

classes of Table 8.5.

For the infinitude, we check the hypotheses of Proposition 5.5 for W, (M, Np) and

the cone /5.

(a) The primes dividing some c; are 2 and 3, and they divide W. We have v;(W) =
9 > 6 = max; vz(c;) and v3(W) = 4 > 3 = max; v3(c;), and v4(c;) = 0 for the other



8 The rank-seven family 8.7 Exact rank and infinitude 121

primes q | W. By Lemma 8.4 applied to (Mo, Ny) € Pz, every c; divides L;(Mo, Np),
and L;(Mo, Ny)/c; is prime to W.

(b) The only prime g < 11 that does not divide W is ¢ = 5. At (m, n) = (1,1), the values
Li(1,1) = a; + b; are congruent to

1,1,4,4,3,2,3,3,1,1,4,4

modulo 5, and their product is not divisible by 5.
(c) By Lemma 8.5, every L, is positive on Ky.
Proposition 5.5 now implies that there exist infinitely many prime specializations
(M,N) € K7 with (M, N) = (M, Np) (mod W), and their ratios M/N take infinitely
many values. By Lemma 4.3(c), the curves Ep; n for these pairs lie in infinitely many
isomorphism classes over Q. In the present case, the j-invariant of Lemma 4.3 is

256 (91205%F + 3 - 33124 H)3
9331242 H2]

J(EmN) =

This completes the proof. O



SECTION 9

Proof of the main theorem

In this section, we deduce Theorem 1.1 from Theorems 6.7, 7.8, and 8.9, which are proved
in Sections 6 to 8. We then list the results on which these three theorems rest, as a guide
to the paper.

Proof of Theorem 1.1. Letr € {5,6,7}, and let ©,, P, and K, be the datum, the congruence
class and the cone of Section 6, Section 7 or Section 8, respectively. Let & be the set of
curves Epr N, where (M, N) runs over the prime specializations of ©, that lie in P, N I,
with respect to the set S fixed in that section. Each curve in &, is an elliptic curve over
Q (Lemma 4.8). By Theorem 6.7 if ¥ = 5, Theorem 7.8 if r = 6, and Theorem 8.9 if
r =7, every curve in &, has rank r over Q, and the curves in &, represent infinitely many
isomorphism classes over Q. Choosing one curve of &, in each of these classes, we obtain
infinitely many elliptic curves over Q of rank r, pairwise nonisomorphic over Q. This
completes the proof. O

Remark 9.1 (The structure of the proof). In each family, the rank statement is deduced
from Proposition 4.18, and the infinitude statement from Proposition 5.5. Table 9.1 lists
the results that verify the hypotheses of these two propositions.

The proof of Proposition 4.18 combines the ambient bases of Lemma 4.8, the rows at
the moving primes of Lemma 4.11 (which rest on Lemmas 3.8 and 4.9), their dependence
on the sign ¢ (Corollary 4.14, which rests on Lemma 4.12), the upper bound of Lemma 3.10,
the comparison of the two signs in Lemma 4.17, Corollary 3.13, and the rank formula of
Lemma 3.5. The proof of Proposition 5.5 combines Theorem 5.1 with Lemmas 5.3 and 5.4,
and it uses Lemma 4.3 for the j-invariants.

Besides elementary arguments, the proof uses the following results from the literature:
the Mordell-Weil theorem [43, Theorem VIIL.6.7], in the proof of Lemma 3.5; the basic
properties of the isogenies ¢ and ¢ in Proposition 3.4(a); the formulas for ¢4 and A and
the classification of elliptic curves over Q by their j-invariant, in Lemmas 4.2 and 4.3;
quadratic reciprocity and its supplementary laws (4.22); and the theorem of Green and
Tao on linear equations in primes [18], with its inputs from [16, 17], in Theorem 5.1. The
geometric description of the surfaces in Remark 4.5, which is not used in the arithmetic
rank or infinitude proof, additionally uses Tate’s algorithm [49] and the elliptic-surface
formulas in [40].
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Table 9.1. The results that verify the hypotheses of Proposition 4.18 (items (i)—(iv)) and of
Proposition 5.5 in the three families.

Rank five Rank six Rank seven
Datum and identity Section 6.1 Section 7.1 Lemma 8.1
(iii) Points Lemmas 6.1 and 6.2 Lemmas 7.1 and 7.2 Lemmas 8.2 and 8.3
Congruence class Lemma 6.3 Lemma 7.3 Lemma 8.4
Positivity on the cone Lemma 6.4 Lemma 7.4 Lemma 8.5
Primes g < 11 divide W divide W g = 5: Theorem 8.9
(i) Fixed rows Lemma 6.5 Lemma 7.5 Lemma 8.6
(ii) Characters Section 6.5 Lemma 7.6 Lemma 8.7
(iv) Ranks Lemma 6.6 Lemma 7.7 Lemma 8.8
Exact rank and infinitude Theorem 6.7 Theorem 7.8 Theorem 8.9




APPENDIX A

Computer verification

The finite computations in Sections 6 to 8 are stated there precisely enough to be checked
by hand or with any computer algebra system. In this appendix, we describe three
programs, one for each family, that check them. The programs and their inputs are
available in the GitHub repository https://github.com/pmaronow/ec567-palomar. In
Appendix A.1, we explain how to run the programs. In Appendix A.2, we describe how
they encode squareclasses, matrix rows, and the free sign. In Appendices A.3 and A 4,
we list what the programs check and what they do not check. Finally, in Appendix A.5,
we give the integer codes under which the programs store the matrices of Sections 6 to 8,
so that a reader can match the matrices of the text with the input files.

The programs check finite arithmetic only. The arguments that hold uniformly in
the parameters are proved in the text, and the programs do not check them. These
arguments are the results of Sections 3 and 4, the fixed-place lemmas Lemmas 6.5, 7.5,
and 8.6, and the results of Section 5 on prime values. They also include the fact that the
residues used in the fixed-place lemmas are constant on the congruence class of each
family (by Lemma 4.7 and the congruences that define the class), and the computation of
the j-invariant (Lemma 4.3). In each family, we deduce the rank from Proposition 4.18. Its
proof combines three facts: the image of the descent map lies in the span of the ambient
basis, its elements satisfy the local conditions at the fixed places and at the moving primes,
and it contains the classes of the rational points. The programs check the finite inputs to
this argument, namely the identities satisfied by the points, the matrices and their ranks,
and the classes of the points.

A.1 Running the programs

The programs and their inputs are the following files, relative to the repository directory
manuscript/source/certificates:

® rank5/verify_finall55_certificate.py, with input rank5/final155_certificate
. json, for the rank-five family (Section 6);

* rank6/verify_rank6_certificate.py, with input rank6/rank6_certificate. json,
for the rank-six family (Section 7);

® rank7/verify_rank7_certificate.py, with input rank7/rank7_certificate. json,
for the rank-seven family (Section 8).
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Each program reads its input from its own directory and uses only the standard library
of Python. The programs require Python 3.10 or later, because they use the method
int.bit_count, which was introduced in that version; under Python 3.9, the first call to
this method raises an AttributeError. From the repository directory manuscript/source,
the commands are

python3 -I certificates/rank5/verify_finall55_certificate.py
python3 -I certificates/rank6/verify_rank6 certificate.py
python3 -I certificates/rank7/verify_rank7 certificate.py

where python3 denotes an interpreter of version 3.10 or later. The option -I runs the
interpreter in isolated mode: it ignores the environment variables of Python and does
not add the directory of the script or the user’s site-packages directory to the module
search path.

Each program consists of assertions. If one of them fails, the program stops with an
AssertionError and a nonzero exit status. If all of them hold, the program prints the
ranks of its four matrices and their reduced row bases, followed by a line that begins with
PASS. The rank-seven program also writes a report, rank7_certificate_output. json,
into its own directory, replacing the file of that name, so this directory must be writable.
The script manuscript/source/build.py in the repository runs the three programs in
turn, with the interpreter that runs build.py, stops at the first failure, and writes their
combined output to the file manuscript/source/verification_output.txt. It then
compiles this paper with pdflatex and bibtex.

A.2 Conventions

Row codes. The programs store a vector r = (rg,...,7,—1) € IF}, either a row of a matrix
or the vector of exponents of a squareclass in the ambient basis, as the integer Y ;.2".
Recall that the ambient basis is B, = (T's; p; (j € G+)). The programs number its elements
from 0, first the constants of I', and then the P in increasing order of j, and the columns
are numbered in the same way. For example, in the rank-five family, the columns of
MEe(7) are —1,2,3,5,po, ..., p7, and the code 267 = 20 4 2! 4 23 4 28 is the row with
entries 1 in the columns of —1, 2, 5, and p4. This is the condition at 3 on the unit part of
a class, that is, the fixed row ff of Table 6.14: the Legendre symbols modulo 3 of —1, 2,
5,and ps =2 (mod 3) equal —1, those of py, ..., p3, ps, ps, p7 =1 (mod 3) equal 1, and
3 has unit part 1. The vector u, of moving columns has code 2" — 278 that is, 4080 in
the rank-five and rank-six families and 8160 in the rank-seven family.

The free sign. The programs encode the sign e by a bite € {0,1} withe = (—1)%, so e is
the number # of Corollary 4.14. The matrices stored under keys ending in 0 (EO and Ep0)
are Mg (0) and Mp/(0), for ¢ = 1; those under keys ending in 1 are Mg(1) and Mg/(1),
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for ¢ = —1. The letters E and Ep refer to E and E’. The program for the rank-five family
prints epsilon=0 and epsilon=1 for these two cases.

Local coordinates. To build the rows at a fixed place v, the programs give coordinates to
each element of the ambient basis in Q. /Q.2. For an odd prime p, the class of z = p*ug
with 1 a unit has the code x(z) +2v,(z) = xp(uo) +2(k mod 2), with the coordinates v,
and X, of (3.3); these are the coordinates of Lemma 3.2, in the opposite order. For p = 2,
the class [(—1)“12%5%] has the code e; + 2e, + 4es; in particular, odd units congruent to
1, 3, 5, and 7 modulo 8 have the codes 0, 5, 4, and 1. A fixed row is the composition of
the coordinate map with a linear map that vanishes on the local subgroup given by the
fixed-place lemma of the family.

Characters at the moving primes. The programs compute the characters A;(—1), A;(2),
and A;(g) for the odd primes g dividing W from the residues of the p; on the congruence
class, using quadratic reciprocity. The primes of S that do not divide W are not controlled
by the congruence class. For these primes, the programs assign auxiliary values to the
characters A;(q), computed from a residue class chosen for this purpose. Note that these
values are not congruence conditions on (M, N), and that the programs check that no
row depends on them (Appendix A.3). The input file of the rank-five family stores these
residue classes under reference_character_states. The input file of the rank-six family
stores them under states, and the congruences that define the progression under moduli.
The program for the rank-seven family computes them itself.

A.3 What the programs check

We list the checks in Table A.1. The programs compute the local data at a representative
pair. In the rank-five family, this pair is (My, —1), which lies in the congruence class. In
the rank-six family, it is (19,11), which is congruent to (My, Nyp) modulo 64, 81, and 7;
the cofactors are also checked at (My, Np). In the rank-seven family, it is (18,11), which
is congruent to (M, Ny) modulo 512, 81, 7, and 13.

In terms of the subsections of Sections 6 to 8, the programs check the coefficients
and the identity AF + 4BH = CJ of the datum; the rational points and their classes;
the values W, My, and Ny, the cofactors, and the residues of the p; that enter the rows;
the residues used in the fixed-place lemma, at the representative pair; the characters at
the moving primes; and the matrices, their ranks, and their kernels. The arguments in
these subsections that apply to every pair of the congruence class are not checked by the
programs. We now comment on some of the entries of Table A.1.

Polynomial identities. The coordinates of each rational point are homogeneous in
(M,N), of degree 4 for x and 6 for y, and the coefficients of x? and x in the equa-
tions have degrees 4 and 8. After we clear the constant denominators, the differ-
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Check Rank five Rank six Rank seven
(a;,b;) primitive; all 66 values A;; nonzero and yes yes yes
factored over S; b; (i > 1) supported on S

The identity A%F +4BH = CJ yes yes yes
The rational points on E and E’ 5 6 7
The images under ¢ of the points of E' lieon E  yes yes yes
Class of each point equal to its stated class table table yes
The values W, My, Ny from the stated congru- yes yes yes
ences

Cofactors ¢; equal to the exact {2,3}-parts of L; yes yes yes
at the representative

q | W/c; and g 1 Li(Mo, No)/c; for the primes yes yes yes
q| W

d, at the primes of S not dividing W yes yes no
Some point of IF% avoids all zero sets, forg <11 — — yes
Positivity of the L; on the cone endpoints no at one ratio
Residues and valuations used in the fixed-place yes yes yes
lemma, at the representative

Congruence tests for the local images at the fixed at 2 at2,3,7 no
places

Rows independent of the characters of the primes yes yes yes
of S not dividing W

Reciprocity consistency for all 66 pairs yes yes yes
The four matrices, rebuilt and compared with the yes yes yes
stored codes

Ranks, reduced row bases, kernels spanned by yes yes yes

the point classes

Table A.1. The checks made by the three programs. “Table” means that the class codes are
computed from a table of supports, not from the coordinates of the points. A dash means that the
check is not needed, because every prime g < 11 divides W.
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ence y> — x> — ax? — Bx is therefore a homogeneous polynomial P(M, N) of degree
12. The polynomial P(M, 1) has degree at most 12. If it vanishes at the thirteen val-
ues M = 0,1,...,12, then all its coefficients vanish, and we have P = 0, including at
N = 0. The programs for the rank-five and rank-six families evaluate P(M, 1) at these
thirteen values in exact rational arithmetic, and the program for the rank-seven family
compares the exact rational coefficients of P(M,1). For the identity A’F +4BH = CJ,
the rank-five program compares the coefficients of the two sides at N = 1. The rank-
six program checks it at the same thirteen values; five would suffice, since its degree
is four. The rank-seven program compares the coefficients of (AF)? + 4BFH and CF]J,
which are F times the two sides. For the images under ¢, the programs compute
¢(x,y) = (v*/(4x%), y(x*> — B')/(8x?)) at the points of E’ and check that the results lie
on E. The rank-five and rank-six programs also compare them with explicit formulas,
at the values of M with x # 0. In the rank-five family, these images are the points of
Section 6 that give five independent points on E; in the other two families, the text does
not use them.

Local data. The programs check the residues and valuations used in the fixed-place
lemmas at the representative pair. That these residues and valuations are the same at
every pair of the congruence class is proved in Sections 6 to 8, and the programs do not
check it.

Congruence tests for local images. Several programs test which classes of Q' / Q;Z pass
a necessary condition modulo a power of p for containing the x-coordinate of a point.
Let y> = x>+ ax? 4+ Bx with a, B € Zp, and let d € Z, \ {0} with B/d € Z,. A point
(x,y) with x # 0 in the class of d can be written as x = d(v/s)? with v,s € Z, not both
divisible by p. Then w = ys®/(dv) satisfies

w? = do* + av?s® + (B/d)s?,

and w € Z,. Either s is a unit, and we may take s = 1, or p | s and v is a unit, and
we may take v = 1. If neither case has a solution modulo p*, then no point with x # 0
has x in the class of d. When S is a unit and 4 has odd valuation, the class is excluded
by valuations instead. A class that passes the test need not lie in the local image, so
these tests confirm the upper bounds of the fixed-place lemmas but do not prove them.
The rank-five program performs the test at p = 2 modulo 2°. It does so at each of the
sixteen pairs (54 + 64r, —1 + 64s) with 0 < r,s < 3, which represent the classes modulo
256 of the pairs congruent to (54, —1) modulo 64. The passing classes are {1,2} on E
and {1, —1,2, -2} on E’/, which are the subgroups of Lemma 6.5. The rank-six program
performs the test modulo 29,3, and 7° at the single pair (19,11), and it builds its fixed
rows from the passing classes, which are the subgroups of Lemma 7.5. The rank-seven
program does not perform this test. Instead, it checks the finite computations in the proof
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of Lemma 8.6 at 2: which odd residues modulo 8 solve the two congruences of that proof,
and which classes the integers s> + 2r? with s or r odd represent.

Characters and reciprocity. Each entry of a moving row is a sum in [F, of characters
Ai(z) of fixed integers z, of cross symbols, and of # (Lemmas 4.11 and 4.12). It is therefore
an affine function over FF, of the characters A;(q) of the primes g of S that do not divide
W. The rank-five and rank-six programs change one of these characters at a time and
check that no row changes, on both sides and for both values of #. They do so for the
6 - 12 = 72 characters with g € {13,41,131,257,409,2089} in the rank-five family, and
for the 3-12 = 36 characters with g € {13,19,41} in the rank-six family. Since each
entry is affine in these characters, we conclude that the rows do not depend on any joint
choice of them. The rank-seven program checks instead that every prime that occurs to
an odd power in some b;, in the products of cofactors, or in one of the 54 determinants
A;; that enter the rows divides W. These are the pairs {i, j} not contained in Iy or in I}.
All three programs also check the relation A;(p;) + A;(p;) = Ai(=1)A;(—1) of quadratic
reciprocity for all 66 pairs, with the cross symbols given by the formulas of Lemma 4.12
and the characters chosen above. This checks the signs in these formulas for one choice
of characters; it does not replace the proof of Lemma 4.12.

Matrices. Each program builds the rows of Mg(7) and Mg/(7) for n = 0,1 from the
tixed rows and the formulas of Lemma 4.11, and compares them with the codes stored
in its input file, which are those of Tables A.2 to A.4. It then computes, by Gaussian
elimination over IF,, the rank, the reduced row basis, and the kernel of each matrix. It
checks that the codes of the classes of the rational points lie in the kernel, are linearly
independent, and span the kernel.

A.4 What the programs do not check

We now list the statements that the programs do not check. All of them are proved in the
text.

* The results of Sections 3 and 4: the descent maps, the local images at the moving
primes, the rows at the moving primes, the reciprocity formulas, and Proposition 4.18.

* The fixed-place lemmas for all valuations of x, and the constancy of the residues they
use on the congruence class.

* The positivity of the twelve forms on the cones (the rank-five program checks it at the
endpoints of the interval of slopes, and the rank-seven program at one interior ratio).

* The results of Section 5, and hence the infinitude of the prime specializations.
* The formula for the j-invariant and the degree of the j-map (Lemma 4.3).
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* The constructions of Appendix B, except that the rank-seven program checks the
equation of the conic and the point of E that it gives.

The programs do not read the TEX source of this paper, and some fields of the input files
are descriptive and are not used. For example, the rank-six program uses its own table
of the 4; and b;, not the copy in its input file. A change in the text must therefore be
compared with the programs by hand.

A.5 The row codes

Tables A.2 to A.4 list the rows of the matrices Mg (77) and Mg/ (%) of Sections 6 to 8 as
row codes, in the column order of Appendix A.2. The rows appear in the order of the
text and carry the names used there: first the fixed rows f/, then the moving rows r¥
at po, ..., p3, then the moving rows r7 at the primes p; with i € O,. The column 7 gives
the code of the corresponding row of M, (7). The fixed rows do not depend on 7, and
every moving row at 7 = 1 is the moving row at 7 = 0 plus u,; in terms of codes, the
two moving codes differ by a bitwise exclusive or with 4080 or 8160. Table A.5 lists the
codes of the classes of the rational points, in the order of the text, and the reduced row
bases printed by the programs. The reduced row bases are the same for 7 = 0 and y = 1.
For row reduction, the programs use the highest nonzero bit of a code as its pivot and
print the basis in decreasing order of pivots; thus they eliminate columns from right to
left in the column order above. The pivots of each printed basis are distinct, which shows
that the ranks are as stated.
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E E'

Row 7 =0 7= Row =0 7=
E 1669 1669 fF 108 108
£ 3948 3948 P 3206 3206
£ 267 267 ¥ 1 1
£ 4 4 b 1424 2656
£ 3718 3718 F 898 3186

rb 1424 2656 ¥ 66 4018

rE 642 3442 ¥ 1597 2509

1k 322 3762 rE 1494 2598

rk 4029 77 rk 3887 223

rg 3888 192 rf 799 3311

rb 37 4053 rt 2442 1658

r 924 3180

rE 2572 1532

Table A.2. Row codes of Mg(7) and M (1) for the rank-five family (Section 6), with columns
-1,2,3,5,p0,...,p7 for Eand —1,2,3,5,po, ..., p3,Ps, - - ., p11 for E’; input keys EO, E1, EpO, Ep1.

E E'

Row 7 = n=1 Row n=0 =1
E 2 2 1981 1981
£ 3875 3875 P 2 2
¥ 4 4 F 3613 3613
£ 1557 1557 fF 1 1

rb 839 3255 r¥ 3927 167

rE 2139 1963 rF 1147 2955

rk 1586 2498 ¥ 2610 1474

rk 2879 1231 ¥ 2239 1871

rk 1961 2137 rF 1430 2662

rb 1765 2325 rt 3036 1068

rh 1409 2673 rE 241 3841

rH 734 3374 % 164 3924

Table A.3. Row codes of Mg(77) and Mg /() for the rank-six family (Section 7), with columns
-1,2,3,7,po,...,p7 for Eand —1,2,3,7,po,...,P3,Ps,--., P11 for E’; input keys EO, E1, EpO, Ep1.
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E E'

Row =0 7n=1 Row =0 =1
E 4943 4943 fE 7705 7705
£ 8020 8020 F a7 417
£ 195 195 fF 8 8
£ 4 4 fF 7626 7626

rb 4896 3264 F 16 16

rE 219 7995 J7a 1 1

rk 340 7860 b 5408 2752

rk 3583 4639 ¥ 6811 1403

rE 7945 233 r¥ 2388 5812

rg 7734 470 r¥ 6399 1823

rE, 466 7730 rF 5503 2719

rE 3121 5073 rt 5914 2298

rE 5914 2298
% 5479 2695

Table A.4. Row codes of Mg(#) and Mg () for the rank-seven family (Section 8), with columns
-1,2,3,7,13,po, ..., p7 for Eand —1,2,3,7,13,po, ..., P3, Ps, - - -, p11 for E’; input keys EO, E1, EpO,
Epl.

Family Classes of the rational points Reduced row basis Rank
Rank five, E 4081, 243, 3274 2051, 1027, 523, 267, 137,73,33,17,4 9
Rank five, E' 4082, 3840, 824, 1378 2322, 1288, 794, 152, 66, 42, 4, 1 8
Rank six, E 4081, 3848, 865, 1449 2137, 1048, 521, 328, 209, 33, 4, 2 8
Rank six, E’ 4080, 248, 3220, 2384 2072, 1068, 552, 284, 164, 84, 2, 1 8
Rank seven, E 8163, 483, 6306, 3291, 6554 4611, 3075, 265, 130, 65, 42, 24, 4 8
Rank seven, E’ 8164, 482, 1696, 2848 4100, 2212, 1154, 546, 422,70, 16, 8, 1 9

Table A.5. Codes of the classes of the rational points, including the class of T first, and the reduced
row bases of the matrices, for # = 0 and 17 = 1. The number of classes plus the rank equals the
number of columns.



APPENDIX B

Origin of the three families

This appendix explains how the three families were found; nothing in it is used in the
proofs of Theorems 6.7, 7.8, and 8.9. In each case, we start from a pair of 2-isogenous
curves over Q(t) whose coefficients are, up to constants, products of the linear factors
t — tp, where t(p runs over the six rational parameters of the bad fibers, and we pull the
pair back along a rational parametrization of a conic that has rational points above each
of these six parameters. The six linear factors then pull back to quadratic forms that split
into the twelve linear forms L;, and points that are defined only over the function field of
the conic become rational points of the new curves. Appendices B.1 and B.2 start from
the rank-four pair of Zywina [55, §6.5], and Appendix B.3 starts from another pair of the
same form.

B.1 The rank-five family

The datum D5 of Section 6 arises from a pair of curves of Zywina by a base change along
a conic. Every identity below is an identity between polynomials or rational functions,
which can be checked by expansion; we keep the notation of Section 6.

Zywina’s pair. In [55, §6.5], Zywina considers the curves

Ez: y* = x> —70(t* —25%) x> +- 24 . 72(* — 11%) (£* — 25%) x, (B1)
E,: y? = 2%+ 140(# — 25%) x® + 2232 . 72(+* — 25%) (1* — 39%) x '

over Q(t), where we write ¢ for his parameter T, and he uses them to obtain infinitely
many elliptic curves of rank four over every number field. The coefficients of E/, are —2«
and a? — 4B for the coefficients «, B of Ez, since 70?(t* — 625)? — 4 - 784 (> — 121)(t* —
625) = 1764 (> — 625)(t> — 1521). The discriminants of both models vanish exactly at the
six parameters t = £11, 25, +39. Zywina lists the points
PE = (14(#* — 11%), 1176(1* — 11%)),
P§ = (2(t — 11)(t — 25), (36t + 780)(t — 11)(t — 25))
of Ez, and the points
Q% = (2(t —25)(t —39), (64t +1760)(t —25)(t —39)),
Q% = ( —14(t* — 25%), 4704(t* — 25%))

133
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of E/,.

A quadratic condition. For k € Q*, we consider the abscissa x = k(t —25)(t —39) on E',;
for k = 2, it is the abscissa of Q%. Since (#*> — 252)(#> — 39?) is divisible by (t —25)(t — 39),
the right side of the equation of E/, at this abscissa equals x?q(t), where

ai(t) = k(1 —25)(t —39) + 140( — 625) + T2 (1 +25) (¢ +39)
(B.2)
1764 1764 1764
<k+ 140 + T) +64(T —k>t+975<k+ T) — 87500.

The point (x, x1/qx(t)) is then defined over the extension Q(t)(\/qx(t)), which is Q(t)
itself when g (t) is a square in Q(t) (as for k = 2, where g5(t) = 256(2t + 55)?). For the
value of k chosen below, g; is not a square, and this extension is the function field of the
conic z? = gi(t). Above a parameter f, this conic has two rational points if and only
if gx(to) is a nonzero square. For k = 25> with s € Q*, the values of g; at the six bad
parameters are given in Table B.1.

Table B.1. The values g,.2(ty) at the bad parameters t.

to  fa2(to) to  fa2(to) to  fa02(to)
—25 (80s)? —11  (12(552 —49)/s)°> =39 162(39s2 + 490)
25  (1680/s)? 11 (28(s? —45)/s)2 39 (112/s)?(10s% +351)

Four of these values are nonzero squares for every s € Q*, since 49/5 and 45 are
not squares in Q. The other two are squares if and only if 10s?> 4+ 351 and 39s* + 490 are
squares. For s = 41, we have

10 - 41% + 351 = 17161 = 1317, 39 - 412 + 490 = 66049 = 2573,

and all six values are nonzero. With k = 2 - 412 = 3362, comparing coefficients in (B.2),
we find

1
a3362(t) = ( ﬁ) C(t),  C(t) = 22999t> — 1412660t + 20953150.

The conic. The conic z2 = C(t) has the rational point (¢,z) = (25,105). Since C(25+ h) =
105% — 262710k + 2299942, the line z = 105 + m(t — 25) meets the conic again at

~ 25m? —210m — 837685 _105(m* 4 2502m + 22999)

~ 22999 o mZ — 22999

We use the coordinate m = 113 — 62N /M on the line of slopes. Substituting it and
multiplying the numerators and denominators by M?, we obtain

t‘—D1 z—Z
= =5

Z = —105(5137M? — 2728 MN + 62N?), (B.3)
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where D and D; are the quadratic forms (6.9); indeed, the numerator and denominator
of t become 62D7 and 62D. The form D has no rational zero other than (0,0), because its
discriminant 4 - 22999 = 4 - 109 - 211 is not a square. The six parameters £11, 25, £39
pull back to products of the linear forms of Table 6.1:

Dy —25D = —210LgL1, Dy + 25D = —10L,L3,
D1 —39D = 141L4Ls, D1+ 39D = —2L¢L, (B.4)
Dy — 11D = —14Lglo, Dy+11D = —6L1oL1;.

Each line of (B.4) is an identity between binary quadratic forms. Multiplying the two
identities in each line, we obtain

2100F 5 oo 5 ..o 84]
D2 7 t—39:—ﬁ, t—l]. :ﬁ

The identity (6.1) is the pullback of the linear relation 25(t* — 25%) — 9(t? — 39?) =
16(t> — 112): inserting (B.5) and dividing by 84, we find 625F + 3H = 16].

12 — 252 = (B.5)

The scaling. We substitute t+ = D;/D in (B.1). For E/, the change of coordinates
x = (14/D)?x1, y = (14/ D)3y, gives

5 140-2100F , 1764 -2100F - (—28H)
+ X+

yi =] e vE x1 = x7 + 1500F x; — 2700FH x1,

which is the curve E of (6.3). For Ez, the same change of coordinates gives y3 =
x3 — 750F x3 4 3600F] x1, which is not the curve E’ but is isomorphic to it by (x1,1) —
(4x1,8y1). Equivalently, the change of coordinates x = (7/D)?x;, y = (7/D)3y; takes E
to

70-2100F 784 - 2100F - 84
¥ = — 07—200 x4 o1 S = x5 — 3000F x7 + 57600F] x1,
which is E’. In other words, the scale 14/D takes E/, to E, and it takes the curve
y? = x5 —280(#* — 25%)x% 4 12544(t> — 25%) (+* — 112)x, which is 2-isogenous to E} in the
normalization of Section 3 and isomorphic to Ez by (x,y) — (x/4,y/8), to E’. Zywina’'s
model Ey itself requires the scale 7/D.

The points. Under these changes of coordinates, three of the five points of Table 6.3
are images of Zywina’s points. The point Q% of E}, goes to P;; the points PZ and P¥ of
Ez (with the scale 7/D) go to Q; and Q. The point P, is the image of (2(t + 25)(t +
39), (64t —1760)(t 4 25)(t + 39)), which is the point of E}, obtained from Q7 by replacing
t with —t and changing the sign of the ordinate; it lies on E/, because the coefficients of
E’, are even in t. Finally, the point of E/, over the conic with abscissa 3362(t — 25)(t — 39)
becomes the point of E with

y
- — < — 7.
X 50430 LOL1L4L5, ~
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At a prime specialization, its class is [—10 pop1paps] = v1 + v3 in the notation of (6.11),
and it does not increase the lower bound of Lemma 6.2.

The point Q3. Let C be the point of E over the conic that we have just described. The
point Q3 of Table 6.3 comes from C through the dual isogeny. We set

E = —627M? + 719MN +20N?, R = (2400 L1LyLoL1, 288002 LiLyLoLyy).

Then R lies on E’, and the group laws of E and E’ and the formula (3.8) for ¢ give the
identities

$(R)=C—-P,—T, R=Q1+Q;s (B.6)
which hold at every (M, N) with FH] # 0, with the ordinates of Table 6.3. For the first
identity, one computes that

C—P,—T = (3652 36Z (100L;LyLoL1; — LoL3LgL1p)),

whose abscissa is a square, as it must be, since 0g(C) = 0g(P2)0p(T) and kerdr =
#(E'(Q)). In words, Q3 = R — Qy, where R is a preimage of C — P, — T under ¢.
Equivalently, C = T + P, + ¢$(Q1 + Q3).

B.2 The rank-six family

The datum D¢ of Section 7 arises from a rank-four surface of Zywina [55, §6.5]. We use
the quadratic forms Dy, D; of Sections 7.1 and 7.2.

Zywina’s pair. Let U = t? — 252, V = > — 11?2 and W; = +* — 392. In [55, §6.5], Zywina
considers the elliptic curve

Ez:y*=x>—70Ux>+ 272UV x (B.7)

over Q(t), and the 2-isogenous curve E5: y? = x% + 140U x? + 223272 UW; x. In the
notation of Section 3, these are E,, 5, and E“/zrﬁ/z with oy = —70U and Bz = 784UV
indeed a2 — 4B = 196U(25U — 16V) = 1764UW;, since 25U — 16V = 9W;. Zywina
shows that the images of the descent maps of Ez and E/, over Q(t) have dimension at
least three, using the points (0,0),

(14(# —11%), 1176(#* — 112)),  (2(t — 11)(t — 25), (36t +780)(t — 11)(t — 25))
on Ez, and the points (0,0),
(2(t —25)(t — 39), (64t +1760)(t — 25)(t — 39)), (—14(#* — 25%), 4704(* — 25%))

on E’,, and he deduces from his Theorem 4.1 that, over every number field, there are
infinitely many elliptic curves of rank four. The discriminants of Ez and E’, vanish at the
six parameters t = +11, 25, +39.
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A conic over which both curves gain a point. Let s,u € Q with s2+u? =5,s # 0
and s # u. Substituting x = 14s?U into the equation of Ez and dividing by x?, we find
y?/x% = q(t), where

784UV 56

_ 2
= (145" ~70) U + 5 V.

q(t) = x —70U +

On E/,, the substitution x = —14(s — u)?U gives y*/x? = (2s/(s — u))?q(t); this is where
the condition s? + u? = 5 is used, since the difference of the two sides is a rational
function whose numerator is divisible by s? + u? — 5. For (s, u) = (22/13,19/13), we find

84 \2 2 2s 44
= (—= (47311 — = .
1) = (535) o1 =30, =0 =3
Then both curves acquire a point over the function field of the conic
C: z2 = 47311 — 30¢°. (B.8)

The conic has the rational point (t,z) = (25,169), since 47311 — 30 - 25> = 169%. We
also have 47311 — 30 - 11 = 209% and 47311 — 30 - 39> = 412. In other words, each
of the six bad parameters +11, 425,439 lifts to two rational points of C. The line
z =169 + m(t — 25) meets C where h = t — 25 satisfies h((m? + 30)h + 338m + 1500) = 0.
Its second intersection with C is, for m = M/N,
D1 Z

= By’
and Z% +30D? = 47311D3. Since Dy = M? +30N? > 0 for (M,N) # (0,0), this
parametrization has no poles at rational parameters.

7 = —169M? — 1500MN -+ 5070N?,

The pullbacks. The six linear factors of U, V, W; pull back to products of two of the
forms L; of Table 7.1:
Dy —25Dg = —2L41L;, D1+ 25Dy = 2LyL3,
Dy —11Dg = 2L4Ls5, D7+ 11Dy = 2L¢L7, (B.9)
D1 —39Dg = —2Lglg, D1+ 39D¢ = 2L19L11-
Multiplying these identities in pairs, we obtain, at t = D1/ Dy,
4F 4H 4
u:__zl :_21 Wt:__IZI
Dj Dy Dj
and the identity 25U — 16V = 9W; becomes (7.3). The change of variables xz = (2/Dy)?x,
yz = (2/Dy)%y transforms Ez and E}, at t = D;/Dy into the curves E and E’ of (7.5).
For example, the coefficients of Ez become —70U(Dg/2)? = 70F and 784UV (Dy/2)* =
—784FH. We conclude that Eyn is the pullback of Ez along the parametrization of
C, written in the parameter m = M/N, and EE\/I,N is the pullback of E/,; no quadratic
twist occurs. The cofactors ¢; and the congruence class of Section 7.3 are not part of this
construction.
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The points. Under this change of variables, three of the four points of Zywina displayed
above, and the image of the fourth under t — —t, become, up to sign, points of Table 7.2.
The two points of Ez become P; and P,. The point (—14(t? — 252),4704(t? — 25?)) of E,
becomes Q1, and the point (2(t + 25) (¢ + 39), (1760 — 64t)(t + 25) (¢ + 39)), which is the
image of (2(t — 25)(t — 39), (64t + 1760) (t — 25)(+ — 39)) under ¢ — —t, becomes —Q>.
The conic supplies the further points

6776 25872 126 . 7056
C= <_ F, C'= < F,

169 ' 2197 169" 2197
which come from the substitutions x = 14s?U and x = —14(s — u)?U; note that
6776/169 = 14(22/13)? and 126/169 = 14(3/13)2. Their classes [—14F] = 8g(T)ég(Py)
and [14F] = 6g/(Qq) lie in the span of the classes of the pulled-back points, and C and
C’ do not enlarge the images of the descent maps directly. The remaining points P; and
Q3 are related to them through the isogenies ¢ and ¢ of (3.8). Using the group law, one
checks that

FZ) € E(Q(m)), FZ) € E'(Q(m)),

p(P3)=C"-Q1,  ¢(Q1+Q3)=C+P +T. (B.10)
These identities are consistent with Proposition 3.4: since dp/(C') = 6p(Q1) and
0g(C) = 0g(T)de(Py), the points C' — Qp and C + P; + T lie in the kernels ¢(E(Q(m)))
and ¢(E'(Q(m))) of the descent maps. The classes of the preimages P; and Q; + Qs are
not in the span of the classes of the pulled-back points. They account for the increase of
the rank from four to six: by Lemma 7.2, the classes of T, P;, P>, P; and of T, Q1, Q2, Q3
are independent at every prime specialization of Dg.

B.3 The rank-seven family

We explain how the datum ©; of Section 8 arises from a 2-isogeny pair over Q(t) by
a base change along a conic, and how the conic is related to the point P; of Table 8.3.
Every identity below is an identity between polynomials or rational functions, which
can be checked by expansion; we keep the notation of Section 8. A base change along a
conic, over which a multisection of degree two becomes a section, is a classical device
for producing new sections [30, §2.2], [13, Lecture III, p. 2003]; see also the general
multisection argument in [36, Corollary 4.3] and its conic-bundle application in [27, §1.2
and Theorem 2.4]. An explicit construction of the same kind is given in [11, §4].

The starting pair. For p,v,w € Q with p # 0, £1 and
(1-p*)w? = (1+p%)* — 4007, (B.11)
we consider the curves

E: P =x>— 1+ -1) 224+ 02 - 1) (2 —0?)x,
2

£ = 24 A E D) (- PRE ey
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over Q(t). Writing a; and B for the coefficients of £, we have

af —4pr = (£ = 1)((1 - )’ — (1+p°)* +40%0%) = (1 - p*)*(# — 1) (£ —w?),
where we used (B.11) in the last step. In other words, £’ is the curve 2-isogenous to £ in
the sense of Section 3. Both curves have a split form: their coefficients are products of
the factors t +1, t F v and t F w, and their finite bad fibers lie over the set {+1, +v, +w}.
For the parameters used below, these are six distinct points.

The rank-four pair of Zywina [55, §6.5] has this form. Indeed, if we substitute 25¢ for
his parameter and write his coordinates as (625x,15625y), his two curves become

y? = x% + 1day x* + 14°B; x

and its companion, where a;, B; are the coefficients of £ for (p,v, w) = (2,11/25,39/25);
that is, they are the quadratic twists by 14 of the curves (B.12) with these parameters. The
rank-seven family starts instead from
gl 0 1676
2417 2417 8319
The starting pair is therefore not Zywina’s pair of [55, §6.5]; it is a 2-isogeny pair of
the same split-factor form. For the values (B.13), we have p?> = 33124/58081, v* =
43681/58081, 1 + p? = 91205/241% and 1 — p? = 24957/241% = 3 - 8319/241?, and (B.11)
reduces to the integer identity

912052 — 4 - 33124 - 43681 = 2530794249 = 9 - 167692
242,

(B.13)

The conic. We look for points of £ with abscissa x = p At this abscissa, we have

2 —1)(2—0?) 0?4 (p* =)
x—i‘ﬁét—f‘&:P2t2—(1+,02)(t2—1)+( )(2 ): (pz ) )
b t t
For the parameters (B.13), this equals (43681 — 10557t%)/(241%t?). By (8.8), a point
(0*t?, p*t?r) lies on & exactly when r? = (43681 — 10557t%) / (241t)?. The curve & therefore

acquires the point

(pth, ‘;—tf) (B.14)

over the function field of the conic
72 = 43681 — 105574+. (B.15)

The conic has the rational point (t,z) = (1,182), since 43681 — 10557 = 33124 = 1822. For
m = M/N, the line z = 182 + m(t — 1) meets the conic in the points with (t — 1) ((m* +
10557)t — m* + 364m + 10557) = 0. The second intersection is (t,z) = (@/Dy, Z/Dy),
where Dy = M? 4 10557N? is the form of (8.7) and

© = M? —364MN — 10557N?,  Z = —182M? —21114MN + 1921374N?.  (B.16)

These forms satisfy Z2 + 1055702 = 43681D3. Since Dy > 0 for (M, N) # (0,0), every
nonzero pair (M, N) gives a rational point (®/Dy, Z/Dy) of the conic.
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Splitting of the bad fibers. Above each of the six bad parameters tg € {+1, £v, +w},
the conic (B.15) has rational points, because 43681 — 10557t(2) is a nonzero square: it
equals 1822, (45562/241)% and (77714/2773)? for ty = +1, +v and +w, respectively.
Correspondingly, each quadratic form © — 3Dy, scaled to have integer coefficients, factors
over Q into two of the linear forms L; of Table 8.1:

® — Dy = —2L1L3, ® + Dy = 2LyL,,
2410 — 209Dy = 2L¢L7, 2410 + 209Dy = 2L4Ls, (B.17)
83190 — 16769Dy = —2LgLg, 83190@ + 16769Dy = 2L1yL11.

Multiplying the identities in each row gives, at t = ©/ D,

4F 5 o 4H o .4

t2—1=——, — = — >, = —_-—
D2 ¢ T 12D 83192D3

(B.18)

This is where the parameters (B.13) matter: each of the six bad parameters pulls back to
a product of two linear forms, so that the base change keeps twelve linear factors.

The curves of the family. Inserting (B.18) into (B.12), we find that at t = ©®/Dy the
coefficients of x? and x are

4-91205F 4 - 16 - 33124 FH ~ 8-91205F 144 FJ

an for &, an for £'.
2412Dj 2414D¢ 2412D} 2414Dg

With u = 2/(241Dy), we write the coordinates of £ and £’ as (u?x, u3y). This divides the
coefficients of x2 and x by % and u*. It transforms € into y?> = x3 + 91205Fx? — 33124FHx
and &£’ into yz = x3 — 182410Fx? + 9F]x, which are the curves (8.3). No quadratic twist
occurs in this step.

The conic point. Under these substitutions, the point (B.14) becomes the point

C= (8281 @2, % Dy @Z) € Eqn(Q),

where 8281 = 912. Its class in 6¢(E(Q)) is trivial. Indeed, if @ # 0, the abscissa (910)?
is a nonzero square. Since ® = (M — 391N)(M + 27N), the case ® = 0 occurs for
M/N =391 and M/N = —27. Then C = (0,0) = T, whose class is [8], and t = 0, so that
the coefficient p?(t> — 1)(t> — v?) = (pv)? of £ is a square; after the change of coordinates,
this gives B = (19019 D3/2)?, and the class is trivial in this case as well. On the cone K7,
both factors of ® are positive, and only the first case occurs. In either case, C supplies
no nontrivial class in é¢(E(Q)). This does not mean that C is a torsion point, and the
conic base change may well raise the Mordell-Weil rank through C; but the class used in
Section 8 is that of Py, through the relation proved below.
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The point P;. At every prime specialization of ®7, the class of P4 in Table 8.5 is not
trivial, by Lemma 8.3, and Py is related to C as follows. The identities

LoLsLgLig = & + 16562@% —91DgZ,  9LiLyLoLy; = a + 1656202 +91DyZ, (B.19)

with & = 91205F and 16562 = 2 - 912, can be checked by expansion. Their product is
(a + 1656202)% — 8281D3 7% = 9F] = a? — 4B. We set

R = (LoLsLgLy, —182@ LoL3LgLy).

Writing xg = LoLsLgL1g, the equation of E’ at R reads (xg — a)? — 48 = 1822@%xp,
after division by xg. By (B.19), we have xg — a = 16562@% — 91DyZ. Inserting this and
—4p = 216562 2@ + 1656220@* — 8281D3Z2, which is the product identity above, we
find that the left side equals 2 - 1656220* — 33124 -91 ©?DyZ + 33124 a®? = 33124 ©%xg =
1822@%xg. Hence R € Ej,; \(Q). We use the isogenies ¢: E — E" and ¢: E' — E of (3.8),
writing (x/,y’) for the coordinates on E':

o) = <x2+ax+ﬁl y(xz—ﬁ)>, b y) = (y’z y’(x’z—ﬁ’))

X x2 4x'2’ 8x/?

At R, we have y2/ (4x"?) = 1822@?%/4 = 82810? and

Y (x"2 - B) 910 p’ 910 8281
=T - = —— ) = ———(LoL3LgL1g —9L1LyL9L1;) = —— Dy©OZ,

Sx/2 4<XR XR> 4(03810 12911) 2 0
where we used B’ = 9F] = LoLsLgL1g - 9L1LyLoL11 and (B.19). We conclude that ¢(R) =
C.

The point Q3 of Table 8.3 has abscissa (16/225)LyL3LgL1o, which differs from x since
LoL3LgL1g # 0. The chord through R and —Qj3 therefore defines R — Qs3, and expanding
the chord formulas, one finds

(R—Q5) = 52 =x(p(P),  y(R—Qs) = —y(p(P)),

2
3
6
where x(¢(P)) = (y/x)?> = (D3/19)? by Table 8.3. This shows that R — Q3 = —¢(Py).
Applying ¢ and using ¢ o ¢ = [2] (Proposition 3.4(a)), we obtain

C = $(Q3) — [2]Ps.

In words, Py is a half of $(Q3) — C. The class of C is trivial, as shown above, and so is
the class of ¢(Q3), by Proposition 3.4(b); at every prime specialization, the class of Py is
not. This is how the conic produces the new class of P,. Its independence from the other
classes is proved directly in Lemma 8.3.
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