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ABSTRACT

We study Langevin dynamics for the pure spherical p-spin glass with p > 3,
with covariance Ng” and generator Ag + BV sHy - Vs, started from a uniform
point independent of the disorder. We let the dimension tend to infinity on fixed
time horizons and study the long-time behavior of the resulting hard-spherical
Cugliandolo-Kurchan equations for the correlation C and the response R. At
every positive temperature, their solution has a unique stationary limit at bounded
time differences, which satisfies the fluctuation—dissipation theorem (FDT), and
its energy converges. For B > B4, where B4 is the dynamical transition, we
show that the plateau g of the stationary correlation is the larger solution of the
marginality relation B2p(p — 1)472(1 — q)?> = 1, and we compute the limiting
energy. Correlations with every fixed earlier state tend to zero. The limits of large
waiting time and large time difference therefore do not commute, which proves
aging of the correlation, including at the transition point.

We also prove that the response at a late time, as a function of the time
difference, converges to its stationary profile in L? and uniformly over all earlier
times; that FDT in the later time holds uniformly over all earlier times; and that
the integral of the squared violation of FDT in the earlier time tends to zero,
while for § > B4 the positive part (9;C — R) of this violation keeps a positive
integrated mass. For B > B4, the stationary correlation approaches its plateau as
a power law, with the exponent predicted by mode-coupling theory and a finite
positive amplitude. For the cubic model and B > B4, including the transition
point, we prove a lower bound on the total susceptibility and a product inequality
for correlations at three times; for B > B4, we prove, for each fixed level below the
plateau, an explicit asymptotic lower bound on the first passage time to that level
multiplied by the entropy production during the passage. The aging proofs for the
cubic and quartic models represent the correlation by vectors in a Hilbert space
indexed by trees, and general pure interactions are treated with averages over
finitely many independent futures and established algorithmic threshold bounds.
The full fluctuation—dissipation relation of the aging regime and the time scale of
aging remain open.
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SECTION 1

Introduction

1.1 Spin glass dynamics and aging

The static theory of mean-field spin glasses describes the Gibbs measure of a random
Hamiltonian in high dimension. For the spherical p-spin model studied in this paper,
the limiting free energy is given by the Crisanti-Sommers formula, a variational problem
over probability measures on [0,1] whose minimizer is the Parisi measure [46]. This
formula was proved by Talagrand for even models [120] and by Chen in general [42]. For
the pure model, the Parisi measure is a point mass at zero at high temperature, and it has
one step of replica symmetry breaking at every temperature below the static transition
[6, Section 5]; the two-point support property follows from [120, Proposition 2.2]. These
results concern the equilibrium measure. In this paper, we study the dynamics.

The natural dynamics is the Langevin diffusion on the sphere, in which the configu-
ration moves in the direction of increasing Hamiltonian, perturbed by Brownian noise;
the inverse temperature sets the strength of the drift relative to the noise. This diffusion
is reversible with respect to the Gibbs measure, and for each fixed dimension N, it con-
verges to the Gibbs measure as time tends to infinity. At sufficiently low temperature,
however, the spectral gap of its generator is exponentially small in N, with probability
tending to one over the disorder [77], so the slowest relaxation modes have relaxation
times that grow exponentially with N. On time scales that do not grow with N, the
dynamics can stay far from equilibrium. In this paper, we take the limit N — oo first,
on every fixed time interval, and only then study the long-time behavior of the limiting
dynamics. In this order of limits, the Gibbs measure and its Parisi measure need not
describe the behavior at long times. The physical theory predicts instead that the system
ages.

Aging is observed in disordered materials that do not reach equilibrium on any acces-
sible time scale. After a rapid cooling to low temperature, called a quench, the response
of such a material to a small perturbation depends on the time that has elapsed since
the quench, and it becomes slower as the sample gets older. In spin glasses, Lundgren,
Svedlindh, Nordblad, and Beckman found that magnetic relaxation in CuMn depends
on the time spent at low temperature before the measurement [109]; the experimental
picture is reviewed in [121]. In a trap model, the system jumps between traps and spends
a random time in each of them. Bouchaud introduced weak ergodicity breaking through



1 Introduction 1.2 The model and the Cugliandolo-Kurchan equations 2

a trap model whose mean trapping time diverges: the system keeps aging, although
the phase space does not split into mutually inaccessible regions [33, p. 1707]. Here the
correlation measures the overlap of the configurations at two times, and the response
measures the linear effect of a small force applied at the earlier time; we define both
precisely in Section 1.2. In the formulation used for mean-field aging, the correlation with
every fixed earlier configuration eventually vanishes, while relaxation becomes slower as
the system gets older [52, arXiv version 1, Section 3].

Mean-field spin glasses with p-spin interactions are a setting in which aging can be
derived from a microscopic dynamics. Derrida introduced the random energy model, in
which the energies of different configurations are independent, as a limit of a family of
p-spin models [62], and the Ising p-spin models themselves were studied by Gross and
Mézard [85] and by Gardner [74]. Sompolinsky and Zippelius developed the dynamical
mean-field theory of spin glass relaxation [115, 116]. This theory replaces the interaction
of one coordinate with all the others by a random force and a memory of its own past,
both determined self-consistently, and it describes the dynamics through closed equations
for the correlation and response functions. Kirkpatrick and Thirumalai connected the
dynamics of p-spin models with the glass transition of supercooled liquids, which are
liquids cooled below their freezing temperature without crystallizing [97, 98]. For p > 3,
the dynamical equations resemble those of the mode-coupling theory of supercooled
liquids, a self-consistent theory in which correlation functions satisfy nonlinear equations
with memory and, at low temperature, develop a plateau, that is, a positive limit at
large time differences (see [83] for a review). In these equations, the correlation of the
equilibrium dynamics stops decaying to zero below a dynamical transition temperature.
This temperature is higher than the static transition temperature, at which the Parisi
measure changes. Kirkpatrick, Thirumalai, and Wolynes built on this correspondence a
scaling theory of glasses in finite dimension, in which relaxation below the dynamical
transition proceeds by thermally activated rearrangements, where the noise carries the
system across barriers of the energy landscape [99]. The spherical p-spin model was
solved at equilibrium by Crisanti and Sommers [46]. Crisanti, Horner, and Sommers
studied its dynamics in [48], including the dynamical transition above the static one and
the power-law relaxation near it. Cugliandolo and Kurchan constructed an asymptotic
solution of the nonequilibrium equations at long times [51]. We describe their predictions
in Section 1.3, after we introduce the model and the equations that they analyzed.

1.2 The model and the Cugliandolo-Kurchan equations

We fix an integer p > 3 and B > 0, and write &(q) = g7. For N > 2, let Sy = {x € RV :
|x||> = N}. The Hamiltonian Hy is a centered Gaussian process on RN with covariance

EHy(x)H(y) = NE(57).



1 Introduction 1.2 The model and the Cugliandolo-Kurchan equations 3

realized as in (3.1). This is the pure spherical p-spin model in the normalization of
the rigorous static theory. Its Gibbs measure at inverse temperature p has density
proportional to ePHN with respect to the uniform probability measure on Sy. Let X; be
the Langevin dynamics on Sy with generator

As+ BVsHy - Vs,

where Ag and Vg are the Laplace-Beltrami operator and gradient on Sy; equivalently,
X; solves (3.3), whose noise has amplitude /2. The Gibbs measure is reversible for this
diffusion. The initial point Xj is uniform on Sy and independent of the disorder and
of the Brownian motion. Since the uniform measure is the Gibbs measure at f = 0,
this initial condition models a quench from infinite temperature. The drift points in
the direction of increasing Hy;, so the limiting energies and the threshold energy in this
paper are positive; physics works usually minimize the Hamiltonian, which reverses
these signs.

Since the uniform initial law is not invariant for the dynamics, its natural observables
depend on two times. The correlation

Xth

CN(t,S) = N

is the overlap of the configurations at times s and ¢t. The response describes how the
configuration at a time ¢ reacts to a small force applied at an earlier time s. Precisely, for a
deterministic locally square-integrable force h(u) projected onto the tangent space of Sy;,
the response is the zero-initial strong solution V; of the forced linearized equation along X,
with the drift and noise derivatives evaluated on X. It satisfies V; = fot Un(t, u)h(u) du
for the random response matrix Un(t, u) (Section 3.1). We write

Pn(ts) = SEily(hs),  0<s<t,

for its normalized trace, averaged over the disorder, the initial point, and the noise. Thus
7n(t,s) is the mean linear response of a coordinate at time f to a unit impulse of force on
the same coordinate at time s, that is, to a force concentrated near time s with unit time
integral. We measure the response to a force added to the drift without a factor 8. The
finite-dimensional response has diagonal value 75 (f,t) = xy = (N —1)/N, because the
force is projected onto the (N — 1)-dimensional tangent space, and its limit below has
diagonal value one (Remark 3.1).

As N — oo, these functions have deterministic limits on fixed time horizons. For every
fixed 0 < T < oo, the correlation Cy(t,s) converges in probability to a function C(t,s),
uniformly on [0, T]?, and the averaged response 7y (t,s) converges to a function R(t,s),
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uniformly on 0 < s <t < T. Together with a function A(t), which keeps C(t,t) = 1, the
limits form the unique solution of the system of integro-differential equations

0:R(t,s) = —A(t)R(t,s) + B> /t &'(C(t,u))R(t,u)R(u,s) du,
0;C(t,s) = —A(t)C(t,s) + p> /Ot &"(C(t,u))R(t,u)C(u,s) du
+,82/0 fi’(C(t,u))R(s,u) du,
Mt =148 [ [€/(Ctu)) + Clt " (C(t,u)]R(Ew) d,

fort > s > 0, with C(t,t) = R(t,t) = 1, where C is extended to s > t by symmetry. We
call these the Cugliandolo-Kurchan (CK) equations; they are stated with their conventions
in (3.9)-(3.12). Existence and uniqueness of the solution were proved by Dembo, Guionnet,
and Mazza [60, Proposition 1.1], and the solution satisfies 0 < C < 1 and R > 0 (see
Proposition 3.2). Sellke proved fixed-horizon convergence of Cy and of the Brownian
observable representing the integrated response [112, Theorem 4.3]. The force-response
identification in Lemma 3.4 equates the annealed mean of its rescaled version I'n(f,s) =
X; - Bs/(v/2 N) with fos 7n(t,u) du, where B drives the diffusion. He built on the theorem
of Ben Arous, Dembo, and Guionnet for the soft-spherical dynamics [24, Theorem 1.2], in
which the constraint || X;||*> = N is replaced by a confining potential. We state these results
in our normalization in Proposition 3.3 and Lemma 3.4, and we deduce the uniform
convergence of 7y in Remark 3.5. Throughout the paper, the CK solution is this solution
(C,R, A), which describes the Langevin dynamics started from the uniform point.

The CK equations involve only C, R, and A; the disorder no longer appears. The
function A is a Lagrange multiplier for the spherical constraint, and the integrals are
memory terms. In the physical derivation through dynamical mean-field theory, each
coordinate of X; behaves in the limit like the solution x; of the linear equation (see [49,
arXiv version 2, Section 9.5])

dx; = <—A(t)xt + B2 /Ot &"(C(t,u))R(t, u)x, du + 17t> dt + /2 dby.

Here x¢, b, and 7 are independent; xy is a standard Gaussian variable, b is a standard Brow-
nian motion, and 7 is a centered Gaussian process with covariance B, = B*&'(C(t, u)).
The interaction of one coordinate with all the others produces the memory kernel
B2E"(C(t,u))R(t,u), which weights the effect of the past values of x on its present drift,
and the noise 7, which is called colored because its values at different times are correlated.
The CK equations express the self-consistency conditions that C(t,s) = Ex;xs, that R(¢,s)
is the response of x; to a force applied at time s, and that Ex? = 1, which determines A.
We use this effective process only as a guide. Its variation-of-constants formula writes
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C(t,s) as the sum of the contributions of the initial condition, of the Brownian noise,
and of the colored noise, each propagated by the response. This is the Green covariance
identity of Proposition 4.2, which we prove directly from the CK equations.

We write

es(t) :,Bp/OtC(t,u)p_lR(t,u) du,  x(ts) :/StR(t,u) du.

The first quantity is the limit of the mean energy N"'EHy(X;), and A(t) = 1+ pPeg(t)
(Proposition 4.1). The second is the integrated response, or susceptibility. It is the
response at time ¢ to a constant unit force switched on at time s. A field & added to the
Hamiltonian adds the force ph to the drift, so the magnetization per unit field is Bx(t,s)
in our conventions. It is the analog of the magnetization measured in aging experiments
after a small field is switched on at time s, the zero-field-cooled protocol [121].

We also use the entropy production of the dynamics. Fix the disorder, and let p; be the
law of X;. Since the dynamics is reversible, the relative entropy of p; with respect to the
Gibbs measure decreases in time. Its rate of decrease is the relative Fisher information,
the integral against p; of the squared norm of the gradient of the logarithm of the density
of p; with respect to the Gibbs measure. We call this rate the entropy production at time
t. The initial relative entropy is at most 82N /2 on average over the disorder, so the total
entropy production per coordinate is at most f2/2 on average (Lemma 5.1). We write
an(t) for the entropy production at time ¢, divided by N and averaged over the disorder.
Following the usual terminology for disorder averages, we also call ay () the normalized
annealed Fisher information (Section 5).

Other works use other normalizations. Cugliandolo and Kurchan [51, Equations (1)-
(2)] minimize a Hamiltonian whose couplings are indexed by distinct unordered p-tuples
and have variance p!/(2NP~1). Their limiting covariance convention is N&(x -y/N)/2,
with an inverse temperature K in front of the drift and noise with variance rate 2. At
the level of the limiting equations, their convention agrees with ours when K = /2 8,
with no change of time. In the physical normalization of time, where the drift is the
gradient itself and the noise has variance rate 26 at temperature 6, a rescaling of time
gives K = 1/6, and hence B = 1/(1/26). The mathematical works [24, 60, 112] use
Brownian noise with variance rate one; their drift parameter is « = /2, and their time
is v = 2t. Table 3.1 in Section 3.3 collects the dictionary. All formulas in this paper are
written in our conventions, and the formulas that we quote from [47, 51, 60, 112] have
been translated.

1.3 The physical picture

We first recall what happens in equilibrium. Suppose that the diffusion is started from
the Gibbs measure instead of the uniform measure. Then the process is stationary, and
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its correlation and response depend only on the time difference T = t — s, which we also
call the lag: they have the form ¢(7) and (7). They satisfy the fluctuation—dissipation
theorem (FDT),

r(t) = —c'(7), T>0,

which expresses the response to a small force through the spontaneous fluctuations
of the system. FDT is a consequence of reversibility (Remark 3.1); see Kubo [100] for
the general linear-response theory. Agarwal [1] treats response around nonthermal
steady states under detailed balance; nonequilibrium diffusion response identities are
discussed in [8]. In our conventions it carries no factor B. When C(t,s5) = c(t —s),
it reads R(t,s) = 9;C(t,s). Reversibility also gives a spectral representation. By the
spectral theorem for the generator, the equilibrium correlation is a mixture of decaying
exponentials, ¢(7) = || 000)€ v(dx) for a probability measure v. By Bernstein’s theorem
[122], a continuous function ¢ on [0, 00) with ¢(0) = 1 has this form if and only if it is
completely monotone on (0, 00), that is, infinitely differentiable there with

(=1)"c™ (1) > 0, n>0,7>0.

In particular, a completely monotone function is nonnegative, nonincreasing, and convex.
We use the terms FDT and complete monotonicity in this sense throughout.

At high temperature, the dynamics started from the uniform point approaches this
equilibrium behavior. Dembo, Guionnet, and Mazza proved that for  small enough, the
CK solution relaxes exponentially fast and converges to a stationary solution that satisfies
FDT [60, Proposition 1.2 and Theorem 1.3].

Below the dynamical transition, the picture is different. Let s be the waiting time,
which is the age of the system when a measurement starts, and let T = t — s be the lag.
Cugliandolo and Kurchan constructed an asymptotic solution of the CK equations at
long times [51]. It has the following features; the equation numbers refer to the arXiv
version of [51].

e A stationary regime. When s — oo at fixed lag 7, we have C(s + 7,5) — ¢(7) and
R(s+ 1,5) — (1), and the limits satisfy FDT. On bounded windows of late times,
the correlation and the response behave as in equilibrium.

* A positive plateau. The stationary correlation does not decay to zero. It decreases to a
positive limit ¢ = lim_, ¢(7), called the plateau; in the physics literature, g is also
called the dynamical Edwards—Anderson parameter.

» Weak ergodicity breaking and an aging regime. Below the plateau, the correlation decays
on time scales that grow with the waiting time s, and C(t,s) — 0 as t — oo for every
fixed s. The aging regime consists of pairs of late times s < t with t —s — co at which
C(t,s) stays below the plateau.
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* Marginality. The plateau is fixed by a marginality condition [51, Equation (7)], which
says that a stability eigenvalue vanishes; we explain its meaning below. In our
conventions, it reads B2p(p — 1)gP~2(1 — q)> = 1.

» A constant fluctuation—dissipation ratio. In the aging regime, FDT fails, and response
and correlation are related instead by R(t,s) ~ x9sC(t,s), with a constant x =
(r —2)(1 —¢q)/q given in the paragraph after [51, Equation (12)]; the corresponding
response moments are [51, Equation (13)]. Equilibrium FDT corresponds to x = 1,
and below the dynamical transition x < 1. Cugliandolo, Kurchan, and Peliti later
interpreted x as the ratio of the temperature of the noise to an effective temperature
of the slow motion, which is therefore higher [55].

* The energy. The limit of the energy eg(t) as t — oo is given by [51, Equation (9)],
combined with the relation between response and correlation in the aging regime; in
our conventions, it is B[1+ (p —2)g7~1 — (p — 1)g?].

The first three features imply that the two iterated limits of the correlation differ:

lim lim C(s+1,5) =g >0, lim lim C(s +t,s) = 0.

T—005S—00 5§—00 T—00
Taking the limit of large waiting time first describes the relaxation of an arbitrarily old
system over a bounded time window. Taking the limit of large lag first asks whether the
configuration at a fixed time is eventually forgotten. In equilibrium, both limits equal
lim;_e ¢(7). In this model, their difference is a mathematical signature of aging: at large
waiting times, the correlation first approaches the plateau, as it would in equilibrium,
and it then decays further on a time scale that diverges with the waiting time. Thus
stationarity on bounded windows does not describe the relaxation over the whole history.
The noncommutation of the limits detects this slower relaxation without determining its
time scale.

The dynamical transition is the temperature at which x reaches one [51]. In our

conventions, the marginality condition and x = 1 give the transition parameters

» _ (p—1p !
T oplp -2

For the cubic model, g4 = 1/2 and By = V/4/3. For B < Bg4, the physical picture
predicts a zero plateau [48, 51]. Equivalently, B4 is the smallest B for which the equation
B*pgP~2(1 —q) = 1 has a solution g € (0,1), and this solution is g4 (Section 3.3). In the
physical picture, this is the equation for the plateau of the equilibrium dynamics in the
replica symmetric phase, so the equilibrium dynamics stops decorrelating at the inverse
temperature By [48].

The picture can be compared with the static theory. Let Bs be the static transition, so
that the Parisi measure is the point mass at zero for < s and has two atoms for g > Bs

_p-2
qd_P_l’ IB
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[6]. Then By < Bs; for p = 3, we have B4 ~ 1.155 and Bs ~ 1.207 (see [119, Theorem 1] for
the equations that determine S in our normalization). Since ¢"(g) = p(p — 1)q? 2, the
marginality condition reads B2¢”(q)(1 — q)?> = 1. Consider a trial measure with one step
of replica symmetry breaking, 85y + (1 — 0)d, with 6 € (0,1), in the Crisanti-Sommers
functional. In the replica calculation, its stability against perturbations of the overlaps
within a block is measured by the replicon eigenvalue, which is a positive multiple of
1— B%¢"(q)(1 — g). Thus the marginality condition says that the replicon eigenvalue
vanishes, so that the solution is marginally stable. If, in addition, the derivative of the
functional in g vanishes, then 6 = x. For 8 > B, the Parisi measure is obtained instead
by optimizing the functional over both 6 and g, and it is strictly stable. Barrat, Franz, and
Parisi identified the asymptotic dynamical condition with this static marginal stability
[12, Section IV, Equation (25)]; see also [49, arXiv version 2, Section 15.1].

In this sense, the plateau and the energy of the dynamics are those of marginally stable
states rather than those of the equilibrium states that the Parisi measure describes, and
the fluctuation—dissipation ratio x is the weight 6 of the corresponding marginal solution.
Cugliandolo and Kurchan noted that, in this model, the overlap distribution defined by
the dynamics differs from the static one [51, the paragraph after Equation (15)]. Franz,
Mézard, Parisi, and Peliti related the dynamical response to the static Parisi measure
under additional hypotheses, and they pointed out that the pure spherical p-spin model
does not satisfy this relation [73]. For B4 < B < Bs, the Parisi measure carries no positive
overlap, while the predicted dynamical plateau is positive.

The limiting energy also has a landscape interpretation, developed alongside the
calculation of Cugliandolo and Kurchan. The Thouless—Anderson-Palmer (TAP) free
energy is a function of the local magnetizations whose stable local minima represent
candidate metastable states. Crisanti and Sommers counted the solutions of the TAP
equations of the spherical model and computed the threshold energy at which these
solutions become marginally stable [47, Equations (8)—(9)]. At this threshold, the lower
edge of the limiting spectrum of the Hessian of the TAP free energy reaches zero [51,
arXiv version 1, p. 4]; see also [49, arXiv version 2, Section 15.4]. The energy of these
threshold states depends on the temperature, and it agrees with the limiting energy of
Cugliandolo and Kurchan [47, Equation (14)]. As B — oo, it tends to the threshold energy
Eq, = 24/(p —1)/p of the landscape, which is strictly smaller than the ground-state
energy limy_o N -1E maxg, Hy; for p = 3, we have Ey ~ 1.633, while the ground-
state energy is approximately 1.657 [43]. Kurchan and Laloux related slow dynamics to
the geometry of the landscape near the threshold [103, Section V]. Related analyses of
metastable states, barriers, and stationary points of the TAP free energy are in [38, 104].

Cugliandolo and Kurchan developed the structure of the aging regime further in
[52], where they studied the Sherrington—Kirkpatrick model. They distinguished weak
ergodicity breaking from weak long-term memory, which means that the integrated
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response to a force applied during any fixed time interval [0, S] vanishes as f — oo
[52, arXiv version 1, Section 3]. They also observed that the asymptotic equations
of the aging regime do not change when time is replaced by an increasing function
of time and the response is transformed accordingly, so that these equations do not
determine the time scale of aging [52, arXiv version 1, Section 4]. Further, they studied
the relations between correlations at three widely separated times [52, arXiv version 1,
Section 5]. Two important examples of such relations are the dynamical ultrametric
relation C(t,u) = min{C(¢t,s),C(s,u)} for u < s < t, analogous to the ultrametric
organization of equilibrium overlaps, and a product relation; for spherical p-spin models,
they discussed a product relation [52, arXiv version 1, Section 5.1, Equation (5.1.8)].
Reviews of the two regimes and their response are given in [35, 49]. The idealized
mode-coupling scenario of the glass transition was developed by Bengtzelius, Gotze,
and Sjolander and by Leutheusser [27, 107]. Mode-coupling theory also describes how a
critical or marginal stationary correlation ¢(7) approaches its plateau: c(7) — g decays like
7%, where a € (0,1/2) solves I'(1 —a)?/T(1 —2a) = Aycr, T is Euler’s gamma function,
and the constant Ayjct, called the exponent parameter, is not to be confused with the
multiplier A(t). The correspondence between disordered models and mode-coupling
theory was worked out by Bouchaud, Cugliandolo, Kurchan, and Mézard in [34]. They
gave this exponent relation at equilibrium [34, arXiv version, Equation (IV.3)] and for
the stationary profile of the aging solution [34, arXiv version, Equation (IV.6)], where
they attribute the calculation to Cugliandolo and Le Doussal [53]. For the pure spherical
model, the exponent parameter of the aging solution is x/2 = (p —2)(1 —¢q)/(2g). This
relation is written explicitly by Kim and Latz [96, the paragraph after Equation (12)]; see
also [49, arXiv version 2, Equation (12.36)].

The order of limits is essential in this picture. As explained in Section 1.1, the dynamics
converges to its Gibbs measure for each finite N. In the CK description, the dimension
tends to infinity first, on every fixed time interval, and only then do the observation and
waiting times tend to infinity. Aging in this sense is a property of a deterministic pair of
functions (C, R), and it is not a statement about time scales that grow with N. On such
time scales, the dynamics can be activated, and the relevant mechanisms are different; we
discuss the rigorous results on activated aging in Section 1.5. Neither a theorem about
tinite-dimensional mixing nor a formal solution of the asymptotic equations determines
the behavior of the CK solution in the order of limits used here.

1.4 Main results

The goal of this paper is to prove the main features of the picture of Section 1.3 for pure
p-spin models with p > 3 started from a uniform point. The physical calculation imposes
a long-time form on the solution and solves reduced asymptotic equations. We prove
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its conclusions for the CK solution itself, which is the limit of the Langevin dynamics,
without assuming that form. At every positive temperature, we prove that the CK solution
becomes stationary on bounded windows of lags and satisfies FDT there, that its energy
converges, and that its correlation and response with every fixed earlier time tend to zero.
For B > Bg, that is, at and below the dynamical transition temperature, we prove that
the plateau is marginal and that the limiting energy is the one predicted by Cugliandolo
and Kurchan. The two iterated limits of the correlation then differ, which is the sense in
which the solution ages. We also prove that the response at a late time to forces applied
at all earlier times concentrates at short lags in the mean-square sense, that the violation
of FDT vanishes in a mean-square sense, and that, for f > B4, its positive part keeps a
positive integrated mass. For B > B4, we prove that the stationary correlation approaches
its plateau as a power law with a positive and finite amplitude. For the cubic model, we
prove a lower bound on the susceptibility and an inequality between correlations at three
times for B > B4, and, for B > B4, a lower bound that relates the time needed to relax
below the plateau to the entropy production. We do not identify the time scale of aging,
and we do not prove the full fluctuation—dissipation relation of the aging regime.

Let (C, R, A) be the CK solution of Section 1.2. All long-time limits in the following
statements concern this deterministic solution. They describe the Langevin dynamics
only in the order of limits described in Section 1.3: first N — co on a fixed time horizon,
through Proposition 3.3, and then the long-time limits.

Theorem 1.1 (Stationary limit, marginal plateau, and aging). Fix p > 3 and B > 0. There
exist functions cg,rg: [0,00) — R and numbers eg(oo) and {g such that eg(T) — eg(oo) as
T — oo and

C(T+t,T+s)— cg(t—s), R(T+t,T+s) — rg(t—s), MT) — Ly, (1.1)

where the first two limits are locally uniform in t > s > 0. The function cg is completely monotone
on (0,00), 1 = —c’ﬁ, and cg(0) = rg(0) = 1. For every finite S > 0,

lim sup {C(ts)+R(ts)} =0. (1.2)

t%ooogsgs

If B > By, then the plateau qg = limr 0 cg(T) is the larger of the two solutions q € (0,1) of

Bpp—1)g"*(1—q) =1, (13)
and gg > qq. In this range,
ep(00) = B[1+ (p—2)g5 ' — (p—1)qf), (14)
1 -1
lg=——+pB*p(1—g5 "), (1.5)
p=1=g, P p(1—q5 )
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and the correlation limits do not commute:

Th_r)rolo slggo C(s+1,5) =q5 >0, 511_%10 Tlgrolo C(s+1,5)=0. (1.6)

Theorem 1.1 has two parts. The first holds at every temperature. It says that the
CK solution becomes stationary at bounded lags: near every late time T, the correlation
and the response are close to functions of the lag alone, these functions satisfy FDT, and
the correlation has the spectral representation of an equilibrium correlation. Thus, on
bounded windows of late times, the correlation and the response have the stationary
FDT structure of an equilibrium dynamics, even at low temperature, where the dynamics
keeps aging. The limits in (1.1) are taken along the whole family T — oo, so the stationary
profile does not depend on a subsequence. By (1.2), the solution also forgets every fixed
earlier time: its correlation with the configuration at a fixed time s, and its response to a
force applied at time s, tend to zero.

The second part concerns f > B4, and it identifies the plateau and the energy with
those of the asymptotic solution of Cugliandolo and Kurchan. The relation (1.3) is their
marginality condition [51, Equation (7)], and (1.4) is their energy [51, Equation (9)],
combined with the relation between response and correlation in the aging regime stated
after [51, Equation (12)]; both are written here in the conventions of Section 3.3. Since
the plateau is positive while the correlation with every fixed earlier time vanishes, the
two iterated limits in (1.6) differ. We call this noncommutation correlation aging. It does
not identify the time scale on which C(s + 7,s) decreases below gg. In physical terms,
Theorem 1.1 shows that, for B > B4, the dynamics started from a uniform point does not
reach equilibrium: its plateau is the marginal one, and its limiting energy is the energy
predicted for the threshold states. For example, if B4 < B < Bs, the Parisi measure is
the point mass at zero and the equilibrium energy per coordinate is 3, while by (1.4), we
have eg(c0) = B — Bgly ' [(p — 1)qs — (p — 2)] < B, since g5 > 4.

The theorem includes the transition point 8 = B4, where g5 = g4 and eg(c0) = Bg.
The value eg,(c0) = Bq coincides with the value eg(c0) = B obtained whenever the
plateau is zero (Remark 8.7). Letting B — oo in (1.4), we find that eg(c0) — Ey, =
24/(p —1)/p (Remark 8.6). This limit is the threshold energy of the pure p-spin landscape
[7, Equation (2.13)], and it agrees with the low-temperature results of Sellke for Langevin
dynamics on bounded time horizons [112, Theorems 1.1 and 1.7]. The limit § — oo is
taken after all other limits, and it says nothing about gradient flow at zero temperature.

We prove Theorem 1.1 at the end of Section 8.6, by combining Proposition 8.4, The-
orems 8.5 and 8.8, and Corollary 8.9 with Proposition 5.7 and Corollary 7.7. The main
difficulty is that the correlation equation involves the whole history: on late windows of
bounded length, its memory integrals involve the overlap of late states with the remote
past, which a limit on such windows does not control. The selection of the plateau and
the forgetting of earlier times rest on two facts, which we state as Proposition 8.1 in
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Section 8.1. To state them, we write C(t,s) = (vt, vs) for unit vectors v; in a deterministic
Hilbert space whose components are indexed by trees, and we project v; onto the compo-
nents whose leaves record the initial condition or noise up to an earlier time, while their
internal interaction times may be later (Section 7). The representation comes with an
energy functional, the tree energy, which reproduces eg(t) on v;. The first fact says that,
for every stationary limit with positive plateau, the tree energy of these projections, after
normalization, does not exceed the threshold energy Ey, in the limit. The second fact
says that if the whole translated family converges to one stationary profile whose plateau
is positive and marginal, then the solution forgets every fixed earlier time. We prove that
proposition for p € {3,4} in Section 9, using a deterministic inequality in this Hilbert
space, and for every p > 3 in Section 10, using the algorithmic threshold of Huang and
Sellke [92, Theorem 1 and Corollary 1.8].

To describe what happens for § < B4, we use the following elementary facts about
the marginality equation. Let

2 pr!
L

The function ¢ — p(p — 1)g?~2(1 — q)? attains its maximum B2 on [0,1] at g, so the
marginality equation B2p(p — 1)g?~?(1 — g)?> = 1 has a solution in (0,1) if and only if
B > Bm; the value B, is not a physical transition. For B > B, we write g (B) for its
solution in [gm,1). We have fm < B4, gm < G4, and g4 (Bq) = qq, and for B > B4 we
write g5 = q+(B); see Sections 8.2 and 8.4.

For B < B4, Theorem 1.1 does not determine the plateau on the whole interval. For
B < Bm, the plateau is zero. For B < B < B4, the proof shows that it is either zero or
g+(B), and it proves convergence in both cases (Proposition 8.4 and Remark 8.7). The
physical picture predicts the zero plateau there [48, 51]. We return to this question in
Section 17 4.

In the remaining statements, when p and B are fixed, we abbreviate ¢ = g, T = 1p,
g = lim;—e c/;(’r), and ¢ =/ B- All these statements use the stationary profile selected in
Theorem 1.1. The only exception in notation is Theorem 1.4, where ¢ denotes a level in
(0,9), as in Sections 14 and 15.

The stationary limit in Theorem 1.1 describes the response R(f,s) at bounded lags
t —s, and the forgetting statement describes it at bounded earlier times s. The next
theorem concerns the response at a late time t to forces applied at all earlier times
s € [0, t] simultaneously. We write it as a function of the lag v = t —s € [0, ], so that
R(t,t — v) is the response at time ¢ to an impulse at time ¢ — v. We also write

E(t,s) = 0sC(t,s) — R(t,s), t>s>0,

for the violation of FDT in the earlier time s, and z4 = max{z,0} for z € R. In
equilibrium, E = 0. For B > By, the physical picture predicts E(t,s) ~ (1 — x) 0sC(t,s) >
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0 in the aging regime, and this quantity is expected to be small there, because the
correlation changes on a diverging time scale.

Theorem 1.2 (Response at late times and the violation of FDT). Fix p > 3 and > 0. Then,

ast — oo,
1o (0)R(t, t —v) — 1(0),

1p0,(v) 95C(t, )|

where the functions on the left are set equal to zero for v > t. Moreover,

strongly in L*(0, o), (1.7)

s=t—v — 1’(0)

lim sup |R(t,s) —r(t—s)|=0,  x(t0)=o(Vt). (1.8)

t—o0 0<s<t
Let E(t,s) = 0sC(t,s) — R(t,s). There exists a nonnegative integrable function ap on [0, c0),
obtained as an L] _limit of the normalized annealed Fisher informations along one subsequence

of dimensions, such that foooap(s) ds < B?/2, |[E(t,s)|> < ap(s) for t > s > 0, and
sup,rar(s) — 0as T — co. Further,

t
lim / IE(t,5)[2 ds = 0. (1.9)
t—c0 JO
If B> By, let
Then o
.. pfy TCHu)PIR(tu) du
A = Ay —ciop - (1.10)
while, for every fixed S > 0,
t—L t
lim lim inf E(t,u)y du > me,  liminft [ E(t,u)% du > mZ. (1.11)

L—oo t—oo J§ t—co 0

The first half of Theorem 1.2 says that the response and the derivative of the corre-
lation in the earlier time concentrate at short lags. The stationary limit in Theorem 1.1
controls the response only on bounded windows of lags, while (1.7) concerns all lags
v € [0,t], an interval whose length tends to infinity. In particular, for large A, the squared
response integrated over lags larger than A is small at late times, and by (1.8), the re-
sponse converges uniformly over all earlier times. This does not imply that the response
integrated over these lags vanishes: the total susceptibility x(¢,0) grows more slowly than
V1, but we do not prove that it stays bounded. The convergence of the second function
in (1.7) is a strong form of FDT in the earlier time: the violation E(¢, ) tends to zero in
L%(0,¢).
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The bound |E|?> < ar explains why FDT holds in this sense. The function ar is a
limit, along one subsequence of dimensions, of the normalized entropy production ay
of Section 1.2, and its integral is at most f2/2. The bound |E(t,s)|> < ap(s) says that
the violation of FDT at an earlier time s is controlled by the entropy produced at time
s. Since sup .. rar(s) — 0 as T — oo, the violation is uniformly small when the earlier
time s is large_. This is the mechanism of Cugliandolo, Dean, and Kurchan [54], which we
make uniform in the dimension. We call ar the Fisher majorant. It need not be unique,
but we choose one dimension subsequence and one majorant and use them throughout,
including in Theorem 1.4.

FDT also holds in the later time, uniformly over all earlier times, for every p > 3 and
g > 0:

lim sup [0:C(t,s) +r(t—s)| = lim sup |0:C(t,s) + R(t,s)| =0

t_>°°O§s§t t—>°°O§s§t
(Theorem 11.4). On the diagonal, 0;C(t,t) = —1 denotes the derivative from the causal
side with the earlier time held fixed; ¢/(0) = —1 is a right derivative.

The second half of Theorem 1.2 shows that the violation of FDT nevertheless carries a
positive integrated mass in the aging regime. For every fixed S > 0, the integral of the
positive part of E(t,-) over [S,t — L] has lower limit at least mq when first t — oo and
then L — o0, as in (1.11), while the L? norm of E(t,-) tends to zero. These statements hold
together because the violation is integrated over the growing interval [S,t — L], whose
length is of order t; the theorem does not say how the violation is distributed over this
interval. By the second inequality in (1.11), the L? norm of E. cannot decay faster than
t~1/2. Cugliandolo, Dean, and Kurchan explained in [54] why entropy production allows
small pointwise violations of FDT to coexist with a nonzero integrated violation over an
expanding time interval. In Theorem 1.2, we prove such a coexistence for the CK solution.
The ratio in (1.10) identifies one moment of the slow response with the fluctuation—
dissipation ratio x of [51]. Indeed, if the response satisfied R(t,u) = x09,C(t, u) for
u < t— A, as the constant ratio of [51] predicts for large A, then the ratio would equal
x, since p fOt_A C(t,u)P=19,C(t,u) du = C(t,t — A)P — C(t,0)P. We prove this weighted
identity, but not the pointwise relation.

The Fisher majorant is constructed in Theorem 5.3. The convergence in (1.7) and the
bound x(t,0) = o(+/t) are proved in Theorems 11.1 and 11.5 and Corollary 11.2, the
identity (1.10) in Proposition 12.1, and the bounds (1.11) in Theorem 12.4.

The convergence over all earlier times also shows where the correlation at the plateau
comes from. The Green covariance identity of Proposition 4.2 writes C(¢,s) as the sum of
three terms: the contribution R(t,0)R(s,0) of the initial condition, a thermal term, which
is the contribution of the Brownian noise, and a memory term, which is the contribution
of the colored noise of the effective process. For t > s, the thermal term and its stationary
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counterpart are

S [ee]
B(t,s) = 2/ R(t,u)R(s,u) du, bin(T) = 2/ r(t+o)r(v) do.
0 0
For every p > 3 and > 0, we show in Corollary 11.7 that

lim sup |B(t,s) — by (t—s)| =0. (1.12)
570 >5>5
The function by, is completely monotone and tends to zero. Hence the thermal term
vanishes on every late pair of times whose lag diverges. The initial term also vanishes, by
(1.2). Thus any correlation retained on such a pair is carried by the memory term, which
comes from the interaction of each coordinate with the others.

For the cubic model, we prove two further predictions of the physical picture in
one-sided form. Cugliandolo and Kurchan described the aging regime through the
relations between correlations at three times [52, arXiv version 1, Section 5]. For spherical
models, they discussed a relation in which correlations below the plateau compose
multiplicatively: for three times that are far apart, C(t,u)/q is the product of C(t,s)/q
and C(s,u)/q [52, arXiv version 1, Section 5.1, Equation (5.1.8)].

Theorem 1.3 (Three-time inequality and susceptibility in the cubic model). Let p = 3
and B > Bq. For every sequence of triples u, < s, < t, with u, — 00, s, — 1, — 0o, and
ty — 8y — 0,

ligig}f{qC(tn, up) — C(tn, $n)C(sp, un) } > 0. (1.13)

The same holds for qC(tn,Sn) — C(tn, un)C(Sy, ttn) and for qC(sy, n) — C(tn, n)C(tn, tin).
Further, under the same hypotheses,

liminf x(t, 0) > 2(1 ). (1.14)

For the cubic model, Bq = v/4/3 and q > 1/2, with g = 1/2 at B = Bg; all three prod-
uct inequalities and the susceptibility bound include this point. The inequality (1.13) is a
one-sided version of the product relation of Cugliandolo and Kurchan for the CK solution,
with no assumption on the time scale of aging. In words, after dividing correlations by
g, the correlation across two successive long time intervals is asymptotically at least the
product of the correlations across the two intervals. For a level ¢ € (0, ), consider the
last time after s at which the correlation with the configuration at time s is at least c. The
inequality (1.13) implies that these last times compose: for fixed levels c1,c; € (0,¢) and
a fixed level below cjc2/g, and for all sufficiently large s, the last time for the lower level
is at least the last time for cy, started from the last time for ¢; (Corollary 14.4). These
statements allow the correlation to return above a level before its last crossing, and (1.13)
does not assert a product equality.
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The bound (1.14) concerns the total response to a constant force switched on at time
zero. If FDT held at all pairs of times, we would have x(f,0) = 1 —C(¢t,0) — 1. Of
this amount, the stationary regime contributes fooor(v) dv =1 —g, so (1.14) forces at
least another 1 — g of integrated response outside every fixed window of lags. In the full
physical prediction, including the absence of response mass at correlation zero, the aging
regime contributes xq instead of g, which gives x(t,0) = (1 —¢q) +xq = (p —1)(1 — q);
for p = 3, this is 2(1 — q), which is smaller than one when g > 1/2. We prove only the
lower bound. Both results come from the geometry of the tree vectors of Section 7 whose
energies approach the threshold: the product inequality from Theorem 13.5, and the
susceptibility bound from a limiting operator associated with such vectors (Theorem 13.2).
They are proved in Theorems 14.3 and 14.7.

The next result relates relaxation below the plateau to entropy production. For a level
c € (0,g) and a waiting time s, we consider the time 7.(s) that elapses after s until the
correlation with the configuration at time s first reaches the level c.

Theorem 1.4 (Entropy production and relaxation below the plateau in the cubic model).
Let p = 3 and B > B4, and let ar be the Fisher majorant of Theorem 1.2. If s, — 0o, T, — o,
and

Sn+Tn
Tn/ ap(u) du — 0,
Sn
then C(sp + T, $n) — q and x(sy + T, sn) — 1 —g. For 0 < ¢ < g, the first passage time
T(s) =inf{t >0:C(s+1,5) <}

is finite, tends to infinity as s — oo, and satisfies

S+Tc(s _ _ 2
lisrgingc(S)/ o )aF(u) du > min{l, {3’82(22_1_ ;;,(BZ C)Z] } > 0. (1.15)

The same lower bound holds after replacing the integral by fsoo ap(u) du.

The first statement concerns windows [s,, s, + T,] whose starting times and lengths
both tend to infinity. If the length of the window times the integral of ar over it tends to
zero, then at the end of the window, the correlation with its start tends to the plateau, and
the susceptibility tends to its stationary value 1 — g = [~ r(v) do, as if the solution were
stationary. Relaxation below the plateau therefore requires entropy production: to reach
a fixed level c < g, the elapsed time multiplied by the integral of ar over the elapsed time
must stay bounded below, and (1.15) gives an explicit lower bound. As in Section 15, we
call the quantity bounded in (1.15) the Fisher cost of the passage. Denoting the right side
of (1.15) by x., the bound with j;oo ar shows that

ke —o(1)

—f:o 2 () du (s — c0).

T:(s) >



1 Introduction 1.5 Relation to previous work 17

Since ar is integrable, the right side tends to infinity: the time needed to relax below
the plateau grows at least as fast as the reciprocal of the remaining integral | Soo ar of the
chosen Fisher majorant. This is a quantitative form of aging, but it does not give a growth
law for 7.(s), because we do not know how fast | SOO ar decays. The strict condition f > B4
is essential to this positive bound: its factor 29 — 1 vanishes at the transition. The proof,
in Theorem 15.1, combines the backward response equation with the product inequality
of Theorem 1.3.

Our last main result says that, for B > B4, the stationary correlation approaches its
plateau algebraically: c(t) — g is asymptotic to a positive constant times ¢~ 7, with the
exponent predicted by mode-coupling theory.

Theorem 1.5 (Power-law approach to the plateau). Fix p > 3 and B > Bq. There exists a
unique a € (0,1/2) such that

F(1-a) (p-2)(1—q)
r'(1-—2a) 2q ’ (1.16)

and there exists Ag € (0,00) such that, as t — oo,
c(t) —q~ At  (=1)"c"(t) ~ Ag(a)ut ™" (n>1). (1.17)
Here (a)y, =a(a+1)---(a+n—1),and n is fixed.

The relation (1.16) is the exponent relation of mode-coupling theory for the stationary
profile of the aging solution, with exponent parameter x/2 [34, arXiv version, Equa-
tion (IV.6)], [96]. At the transition, x = 1 and a ~ 0.395 for every p; as B — oo, the
right side of (1.16) tends to zero and a tends to 1/2. The critical power law, with an
amplitude that depends on the dynamics at finite time differences, is part of the classical
asymptotic analysis of mode-coupling theory [81, Section 4, Equation (6), pp. 880-881].
In Theorem 16.1, we prove it for the stationary profile selected by the CK solution, to-
gether with a positive finite amplitude and the asymptotics of every fixed derivative. In
particular, the response r = —¢’ decays like 2A 5t_“_1, and the approach to the plateau
has no single exponential relaxation time. These exponents describe how the stationary
profile approaches its plateau after the limit of large waiting time; they are not exponents
of the aging regime. None of the geometric or Fisher-cost arguments uses this power law.

1.5 Relation to previous work
We now compare our results and methods with previous work.

The physical predictions and their later refinements. The predictions tested by our
results come from the asymptotic solution of Cugliandolo and Kurchan [51], described
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in Section 1.3. Their derivation assumes that the stationary and aging regimes separate,
and it imposes an asymptotic form on the correlation and response in the aging regime.
The time scale of the aging regime is not determined by this calculation, because the
asymptotic equations admit reparametrizations of time [52, arXiv version 1, Section 4].
In Theorem 1.1, we prove the stationary FDT, the marginal plateau, the energy, and the
forgetting of fixed earlier times for the CK solution itself, without assuming that the
regimes separate. Theorem 1.2 identifies one weighted moment of the slow response with
the ratio x, and Theorem 1.3 gives one side of the product relation between three times.
The full slow fluctuation—dissipation relation and the time scale of aging remain open.
The effective-temperature interpretation of x was developed by Cugliandolo, Kurchan,
and Peliti [55]. Franz, Mézard, Parisi, and Peliti related the dynamical response to the
equilibrium overlap distribution under additional hypotheses [73], and they pointed out
that the unperturbed spherical p-spin model does not satistfy this relation. We do not
use equilibrium overlaps. Altieri, Biroli, and Cammarota developed a formulation of
aging within dynamical mean-field theory in [2], and Chamon, Kennett, Castillo, and
Cugliandolo developed the reparametrization invariance of the slow dynamics in [41].
Ghimenti, Berthier, Kurchan, and van Wijland related accelerated glass dynamics to time-
reparametrization softness, through numerical comparisons and an asymptotic analysis
of a nonreciprocally coupled spherical p-spin model [78, pp. 4-5 and SI Appendix,
Section 7].

The picture has also been tested numerically and refined. Kim and Latz integrated the
CK equations numerically over long times and compared the result with the predicted
fluctuation—dissipation relation and with the crossover to the aging regime [96]. An-
dreanov and Lefevre proposed a form of the time scale of aging by matching the station-
ary and aging regimes within a scaling expansion [3]. Folena, Franz, and Ricci-Tersenghi
found that in zero-temperature quenches of mixed spherical models the long-time dy-
namics can depend on the initial condition and can reach energies below the threshold
[70, Sections V-VII]. Folena and Zamponi tested weak ergodicity breaking numerically in
mean-field spin glasses over long times, mainly in mixed models [69], and Lang, Sachdev,
and Diehl developed a numerical renormalization method that reaches longer integration
times [105]. Citro and Ricci-Tersenghi obtained numerical evidence for strong ergodicity
breaking, in which the correlation with the initial configuration stays positive at long
times, in the spherical 3 4- 4 model quenched from near the dynamical transition to zero
temperature [45]. The studies of mixed models and of other initial conditions indicate
that the selection of the threshold in Theorem 1.1 depends on our hypotheses.

Rigorous limits on fixed time horizons and the CK equations. The rigorous derivation
of mean-field dynamical equations began with the large deviation methods on path space
of Ben Arous and Guionnet for Langevin dynamics of spin glasses: a large deviation
principle for asymmetric interactions [17] and a large deviation upper bound for symmet-



1 Introduction 1.5 Relation to previous work 19

ric interactions [18], in regimes of short times or high temperature. Grunwald proved an
analogous asymmetric large deviation principle and symmetric upper bound for Glauber
dynamics, the spin-flip dynamics of Ising spin glasses, without restrictions on the fixed
time horizon or temperature [86]. Guionnet obtained averaged propagation of chaos, that
is, asymptotic independence of finitely many coordinates, and a quenched single-spin
limit expressed as convergence in law over the disorder [87]. For spherical models, Ben
Arous, Dembo, and Guionnet proved in [24, Theorem 1.2] that the empirical correlation
and integrated response of the soft-spherical Langevin dynamics converge on fixed time
horizons to the solution of the CK equations. Dembo, Guionnet, and Mazza took the limit
of these deterministic equations as the soft constraint becomes hard [60, Proposition 1.1].
In the same paper, they proved exponential relaxation and convergence to a stationary
FDT solution at sufficiently high temperature [60, Proposition 1.2 and Theorem 1.3], and
they classified the solutions of the scalar memory equation by the largest admissible
plateau and a stability inequality [60, Proposition 1.4]. They also showed that the CK
solution has stationary FDT limits at every temperature, under the asymptotic conditions
(6.5) and (6.6) of their paper [60, Proposition 6.1]. Sellke proved the convergence theorem
for the hard-spherical diffusion itself [112, Theorem 4.3], by coupling it with soft-spherical
diffusions [112, Lemmas 3.1 and 3.2]. Guionnet and Mazza studied the long-time behav-
ior of nonlinear Kraichnan equations, which are integral equations for response kernels
with a prescribed covariance, in [89], using positive noncrossing expansions: series with
nonnegative terms indexed by pairings of ordered points whose arcs do not cross. Dembo
and Subag derived dynamical equations on fixed time horizons for initial conditions in
prescribed bands near critical points [58] and for Gibbs distributed initial conditions [59].
The latter result includes the initialization at inverse temperature zero, which is the uni-
form start, together with the limit of a hard spherical constraint [59, Theorem 1.8(a) and
Proposition 1.10]. They also characterize stationary FDT dynamics and relaxation within
equilibrium bands [59, Proposition 1.14 and Corollary 1.18]. The equilibrium relaxation
conclusions concern Gibbs starts at the ambient temperature, whereas our long-time
selection follows a quench from the uniform law to inverse temperature g > 0. Dembo,
Lubetzky, and Zeitouni proved universality on fixed time horizons for Langevin-like
dynamics with independent asymmetric interactions [61, Theorem 1.1]. For diffusions
with linear random matrix interactions, Dembo and Gheissari proved universality of
averaged observables for both symmetric and asymmetric couplings, using a stochastic
Taylor expansion [57, Theorem 1 and Corollary 3]. Surveys of this program are [14] and
[88, pp. 117-121].

Rigorous dynamical mean-field theory has recently been extended to first-order meth-
ods with random data [39] and to stochastic gradient descent [76], and its equations
have been derived by a dynamical cavity method [56]. Long-time results are known for
Langevin dynamics in spiked matrix models, which are random matrices with a low-rank
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signal [108]. For Langevin diffusions with adaptive drift, Fan, Ko, Loureiro, Lu, and Shen
proved convergence of the linear response on fixed horizons [65], and long-time results
under an approximate time-translation invariance hypothesis, which they verify under a
log-Sobolev inequality that is uniform in the dimension [66, Theorems 2.5 and 2.9]. For
the orthogonally invariant Sherrington—Kirkpatrick model, Fan, Misiakiewicz, Wang, and
Wen proved stationary FDT limits under rapid mixing on time scales that do not depend
on the dimension and suitable confining curvature [67, Lemma 4.1]. The models and
hypotheses of these works differ from ours.

We take the results of [24, 60, 112] as input, through Propositions 3.2 and 3.3, and prove
long-time statements for the CK solution at every temperature. The main difference from
[60, Proposition 6.1] is that our stationary limits (Proposition 5.7) require no asymptotic
hypothesis on the solution: entropy production supplies the needed control.

Aging for the two-spin model and on other time scales. Ben Arous, Dembo, and
Guionnet proved aging for the soft-spherical model with p = 2 in the order of limits used
here [21]. Their analysis uses the spectral decomposition of the interaction matrix, which
reduces the dynamics to coupled Ornstein—Uhlenbeck processes. This linear structure
is absent for p > 3, where a positive stationary plateau must satisfy the nonlinear
marginality condition (1.3).

A different rigorous theory of aging concerns time scales that grow with the dimension,
on which the dynamics is activated and is trapped in deep states for long times. Ben
Arous, Bovier, and Gayrard proved aging for the Glauber dynamics of the random
energy model below the critical temperature [22, 23]. Ben Arous and Cerny showed that
the arcsine law of a stable subordinator is a universal aging scheme for trap models:
under their hypotheses, the probability that the process occupies the same trap at two
late times converges to a function of their ratio given by the generalized arcsine law
[16]. For random-hopping-time dynamics, in which the jumps do not depend on the
energy and the holding times do, Ben Arous, Bovier, and Cerny proved that Ising p-spin
models with p > 3 age like the random energy model on intermediate exponential
time scales [25], and Ben Arous and Giin obtained extremal aging, which is governed
by the longest holding times, on subexponential time scales [19]. Bovier and Gayrard
proved convergence of clock processes in random environments, and aging for random-
hopping-time dynamics of the p-spin SK model [36]. For the Metropolis dynamics of
the random energy model, Cerny and Wassmer proved convergence of the clock process
and explained why aging of the two-time correlation does not follow directly from it
[40, Theorem 1.1 and Remark 1.2(3)], and Gayrard proved two-time aging [75]. These
results let the observation times grow with N and describe the dynamics through clock
processes, which record the total time spent in the states visited by the dynamics; this
is the trap mechanism of [33]. In the CK limit, the dimension tends to infinity first on
tixed horizons, activation is invisible, and the aging of Theorem 1.1 is a property of the
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deterministic CK solution. The differences between these orders of limits are discussed
in the surveys [14, 15] and [88, pp. 120-121].

Landscape and algorithmic thresholds, shattering, and metastability. In physics, the
threshold energy Ey, = 24/(p —1)/p is the energy of the marginal TAP states at zero
temperature [47, Equation (9)]. Auffinger, Ben Arous, and Cerny used random matrix
theory to compute the complexity of the critical points of the pure spherical p-spin
Hamiltonian, that is, the exponential growth rate of their number. Up to the sign
convention, Ey, is the energy E. of their analysis [7, Equation (2.13)]. Auffinger and
Ben Arous extended these computations to mixed models [5]. In pure models, Subag
proved by a second moment computation that, for each fixed energy strictly between
the threshold and the ground-state energy, the number of critical points with energy
above it, divided by its expectation, converges to one in L?, in our sign convention
[117, Theorem 1 and Corollary 2]. In optimization, Ey, is the algorithmic threshold of
pure models, that is, the largest energy that algorithms of a natural stable class can
reach. Subag constructed an algorithm for spherical models, based on the Hessian, that
reaches the energy fol /¢"(u) du, which equals Ey, for {(u) = u? [118]. Montanari [110]
and El Alaoui, Montanari, and Sellke [63] constructed message passing algorithms for
Ising models. These algorithms iteratively use the gradient of the Hamiltonian, and
with probability tending to one, they reach energies arbitrarily close to the ground-
state energy under a no-overlap-gap assumption on the Parisi order parameter: in [110,
Assumption 1], that the support of the Parisi measure is an interval [0,4.(B)] for all
sufficiently large B, and in [63, arXiv version 1, Assumption 2], that the zero-temperature
Parisi minimizer is strictly increasing on [0,1). Huang and Sellke proved a matching
hardness result. Consider algorithms that map the Gaussian disorder coefficients to
points of the ball of radius VN in RN, with Lipschitz constants, in the Euclidean metrics,
bounded independently of N. Then the probability that the energy per coordinate of the
output exceeds the algorithmic threshold by a fixed positive amount tends to zero as
N — co. They proved this for even models in [94], and for multi-species spherical models,
including odd pure models and external fields, in [92, Theorem 1 and Corollary 1.8].
Sellke proved that at low temperature, Langevin dynamics reaches energies close to
Ey, on bounded time horizons [112, Theorem 1.1]. He also proved that, from an initial
point independent of the disorder, it stays below Ey, on each fixed time horizon with
probability tending to one as N — oo [112, Theorem 1.7]. Our energy formula agrees
with these results when the zero-temperature limit is taken after the long-time limits
(Remark 8.6).

For every stationary limit with positive plateau, we use Ey, as an upper bound for
the limiting energy of normalized prefix centers, which are the projections of late tree
vectors described in Section 1.4 (Proposition 8.1). For p € {3,4}, we prove this bound
with a deterministic inequality for unit vectors in a Hilbert space graded by ordered trees
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(Theorem 9.2 and Lemma 9.3). The inequality has a sharp constant, and the deficit from
this constant controls the squared norm of the components of a vector at every fixed
height, where the height of a tree is the largest distance from its root to a leaf. Branching
constructions appear in the algorithms of Subag [118, Remark 6] and in the overlap
geometry of Huang and Sellke [94, Remarks 1.2 and 1.3]; here we retain quantitative
height defects inside the causal covariance realization. For general p, we use the theorem
of Huang and Sellke [92] together with the coupling of Sellke [112, Lemmas 3.1 and 3.2].

Sellke’s work on the marginal stability of approximate ground states [113] concerns a
different part of the landscape, and we do not relate the stationary response to a Hessian.
The finite-dimensional dynamics has also been studied directly. Gheissari and Jagannath
estimated the spectral gap of spherical spin glass dynamics [77], and Ben Arous, Gheissari,
and Jagannath bounded the evolution of the energy and the gradient by differential
inclusions [26]. Ben Arous and Jagannath separated shattering, a decomposition into
exponentially many well-separated and individually subdominant regions whose union
has the full limiting free energy, from metastability, which concerns long residence times
near a region before escape [20]. El Alaoui, Montanari, and Sellke proved shattering of
the Gibbs measure of pure spherical models in a range of temperatures, and showed that
Langevin dynamics started from the Gibbs measure keeps a large correlation with its
initial point on exponentially long time scales [64, Corollary 2.9]. This plateau concerns
equilibrium initial data and time scales that grow with N. The plateau in Theorem 1.1
concerns a uniform initial point and the limit in which the dimension tends to infinity
tirst.

Methods. We describe the origin of the main tools of the proofs; Section 2 explains how
they fit together.

Entropy production and FDT. Agarwal [1] treats response around nonthermal steady
states under detailed balance; nonequilibrium diffusion response identities are given
in [8]. Cugliandolo, Dean, and Kurchan bounded violations of FDT by the entropy
production in [54, arXiv version 2, Equations (12)—(14) and (18)]. We use the Bochner
formula for a Laplacian with a gradient drift [9, Proposition 3] and the calculus of
reversible diffusions [10]. In Section 5, we establish dimension-uniform bounds for the
projected hard-spherical response and pass them to a single Fisher majorant for the CK
solution, which controls the violation of FDT at all pairs of times t > s > 0 and gives
stationary FDT limits.

Effective processes and the Green identity. The covariance identity of Proposition 4.2 has
the variation-of-constants interpretation of the linear effective single-spin equation with
white and colored Gaussian noise [49, arXiv version 2, Section 9.5, Equation (9.56), p. 55].
We prove the identity directly from the CK equations in Section 4.

Expansions with nonnegative terms. Positive noncrossing expansions of the response
equation appear in the work of Guionnet and Mazza [89, Section 2.1] and of Dembo,
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Guionnet, and Mazza [60, Section 2]. In Section 7, we expand the covariance instead. We
organize the expansion by ordered trees whose leaves record either the initial condition
or a time of the thermal noise. This realizes C(t,s) as the inner product of unit vectors in
one deterministic Hilbert space, and the projection onto trees with early leaves plays the
role of conditioning on the early noise.

Independent futures. Trajectories with a common past and independent future noise
were used by Cugliandolo and Dean [50, arXiv version 1, Section II] and by Barrat,
Burioni, and Mézard, who classified aging by the overlaps of such trajectories [11, Sec-
tion 2]. The overlap of two independent continuations of lengths a and b equals the
correlation at the reflected lag a + b in equilibrium [11, Section 2, Equation (9)]. Franz
and Virasoro proposed averaging cloned futures to estimate the magnetization of the
region of configurations that the dynamics explores on intermediate time scales [72,
arXiv version 3, Section III], and noise-averaged magnetizations and their relation to
the threshold are central to the dynamical TAP approach of Biroli [31, arXiv version 2,
Section III.B]. Time-averaged magnetizations whose normalized squared norm tends to g
also appear in [52, arXiv version 1, Section 5.1, Equation (5.1.9)]. Our prefix centers are
deterministic counterparts of these averages. In Proposition 7.5, we prove the reflected
formula for the stationary limits of the CK solution: the older memory cancels exactly in
a closed integral equation for the times after the earlier time, before any limit is taken.
For general p, Section 10 uses finitely many branched future trajectories of the diffusion.

Complete monotonicity. The reflected kernel (a,b) — c(a + b) is positive semidefinite,
and together with the boundedness and continuity of ¢, this implies that c is completely
monotone, by the Bernstein-Widder theorem and its semigroup form [28, 122]. Franosch
and Voigtmann proved complete monotonicity for Brownian mode-coupling equations of
mixtures by a different route, an iteration argument [71, arXiv version 1, Section III].

Gaussian conditioning. In Section 10, we prove forgetting for general p by revealing
the disorder in stages, through the gradients of the Hamiltonian at finitely many points
chosen from the history, and by applying the external-field threshold of [92, Theorem 1
and Corollary 1.8] at each stage. An Euler approximation of an earlier state lies in the
span of the initial point, finitely many Brownian increments, and the computed gradients,
and we condition on the Gaussian coefficients needed to determine the gradients on this
span. Gaussian conditioning is classical [95]. Adaptive Gaussian conditioning is used by
Bayati and Montanari for approximate message passing [13, arXiv version 4, Section 3.8]
and by Bolthausen for the iterative construction of solutions of the TAP equations [32,
Section 3]. El Alaoui, Montanari, and Sellke conditioned the disorder tensor on adaptive
gradient observations in their analysis of message passing for spin glasses [63, arXiv
version 1, Appendix A], and Huang and Sellke extended this conditioning to multi-
species spherical models [93, Appendix A]. We adapt the method to a fixed finite history
of the Langevin dynamics.
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Mode-coupling and renewal tools. The scalar memory equation of a stationary profile
belongs to the class studied in mode-coupling theory [83, Sections 3.1-3.2] and [82, Sec-
tion 4.2.1, Equations (4.15)—(4.17), pp. 192-193]. The structural theory of these equations
is developed in [84] and [71], including the characterization of the plateau [71, arXiv
version 1, Section IV], and Sjogren interpreted them through regenerative processes,
which restart at random times [114]. Our proof of Theorem 1.5 in Section 16 combines
comparison principles, a weighted Schur inequality for the convolution in the scalar
equation, a factorization of gamma variables, which turns a quadratic balance into a
renewal equation, the key renewal theorem [68], and the monotone density theorem [30,
Section 1.7.3].

The three-time inequality. The product relation for three times is part of the physical
analysis of Cugliandolo and Kurchan [52, arXiv version 1, Section 5.1, Equation (5.1.8)].
We prove a uniform one-sided inequality for the CK solution in Theorem 14.3, from
the constrained geometry of tree vectors whose energies approach the threshold (Theo-
rem 13.5). We use it for the bound on the Fisher cost in Theorem 1.4.

Concurrent work. Several recent works study related questions with different models,
initial conditions, or hypotheses. Dembo and Subag analyzed dynamics started from
Gibbs measures, including limits on fixed time horizons and the stationary FDT dynam-
ics and equilibrium band relaxation described above [59]. Their theorem includes the
initialization at inverse temperature By = 0, hence the uniform start [59, Theorem 1.8(a)
and Proposition 1.10]; for initialization from a low-temperature Gibbs measure, [59, The-
orem 1.8(b)] assumes additional conditions on the mixture and on the equilibrium Parisi
measure (genericity and strict one-step replica symmetry breaking, in the sense of [59,
Section 1]). The works [65-67] on dynamical mean-field equations, described above, con-
cern other models; their long-time results use approximate time-translation invariance or
mixing hypotheses. Lang, Citro, Leuzzi, and Ricci-Tersenghi computed the aging phase
diagram and the asymptotic energies of mixed spherical models at zero temperature,
within a formal asymptotic analysis [106]. Cipolloni and Cugliandolo studied coupled
spherical p-spin systems, including their aging regimes and fluctuation—dissipation re-
lations [44]. Our contribution relative to these works is the set of long-time conclusions
for the uniformly initialized CK solution of pure models: the selection of the plateau and
the energy, the forgetting of fixed earlier times, and the results on the response.

1.6 Scope and open problems

Our conclusions concern the CK solution started from a uniform point, not an arbitrary
solution of a reduced asymptotic system, and they apply to Langevin dynamics only
through the limit on fixed time horizons of Proposition 3.3. For every p > 3, the
stationary limits, the convergence of the energy, the forgetting of fixed earlier times, and
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the convergence of the response over all earlier times hold at every positive temperature.
The identification of the plateau and the energy, correlation aging, and the stationary
power law hold for f > B4, and the weighted ratio and the persistent violation of FDT
hold for B > B4. For the cubic model, the three-time inequality and the susceptibility
bound hold for B > B4, while the positive Fisher cost requires g > B3.

Several parts of the physical picture remain open, and we formulate them in Section 17:

e the full slow fluctuation—dissipation relation, of which (1.10) is one weighted moment
(Section 17.1);

¢ an upper bound matching (1.14) for the susceptibility (Section 17.2);

* the time scale of aging, which the three-time inequality and the Fisher cost constrain
but do not determine (Section 17.3);

¢ the selection of the plateau for B, < B < B4 (Section 17.4);

* the behavior on time scales that grow with the dimension, and at zero temperature
(Section 17.5).

1.7 Organization of the paper

Section 2 gives an overview of the proofs. They have three main ingredients. From
entropy production, we obtain stationary FDT limits on bounded late windows. The
representation of the correlation by vectors in a Hilbert space indexed by trees separates
the contributions of the earlier and the later noise. An energy bound for the earlier
contributions selects the marginal plateau and shows that fixed earlier configurations are
forgotten. The rest of the paper has five parts.

Part I contains the foundations. Section 3 states the model, the conventions, the CK
equations, and the published inputs, including the limit theorem on fixed time horizons.
In Section 4, we prove the energy identity, the Green covariance identity, and estimates
that are uniform in time. In Section 5, we use entropy production to construct the
Fisher majorant and to show that all limits of the CK solution on late time windows are
stationary and satisfy FDT.

Part I proves Theorem 1.1. Section 6 derives the scalar equation of a stationary limit
and its constraints. Section 7 realizes C as the Gram kernel of unit vectors in a Hilbert
space graded by trees, and proves the reflection identity and complete monotonicity.
Section 8 states the two threshold inputs (Proposition 8.1) and deduces from them the
selection of the plateau, the forgetting of earlier times, and correlation aging. Section 9
proves the threshold inputs for p € {3,4} with deterministic inequalities in the tree space,
and Section 10 proves them for every p > 3.

Part III proves Theorem 1.2. In Section 11, we prove the convergence of the response
and of the derivatives of the correlation over all earlier times, and the convergence of the
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thermal term. In Section 12, we prove the weighted ratio and the persistent violation of

FDT.

Part IV concerns the cubic model and proves Theorems 1.3 and 1.4. Section 13 studies
tree vectors near the threshold, Section 14 transfers their geometry to the CK correlations
and proves the susceptibility bound, and Section 15 proves the bound on the Fisher cost.

Part V contains Section 16, which proves Theorem 1.5, and Section 17, which discusses
the open problems. Section 16 can be read once Part II is available.

Table 1.1 lists, for each main theorem, where it is proved and the main results that

the proof uses.

Result Proved in Main inputs
Theorem 1.1 Section 8; the proof is Proposition 3.3; Proposition 5.7; Proposition 6.1;
assembled at the end of Proposition 7.5 and Corollary 7.7;
Section 8.6 Proposition 8.1, proved in Section 9 for p = 3,4
and in Section 10 for all p
Theorem 1.2 Theorem 5.3; Theorem 1.1; Proposition 4.2; Proposition 7.5;
Theorems 11.1 and 11.5 Theorem 9.2 (p = 3) or Section 11.5 (all p);
and Corollary 11.2; Lemma 12.3
Proposition 12.1
and Theorem 12.4
(1.12) Corollary 11.7 Corollary 7.7; Theorem 11.1
Theorem 1.3 Theorems 14.3 and 14.7 Theorem 9.2; Proposition 9.5; Theorems 13.2
and 13.5; Theorems 11.1 and 11.4
and Corollary 11.2
Theorem 1.4 Theorem 15.1 Proposition 4.5; Theorem 5.3; Corollary 11.2
and Theorem 11.4; Theorem 14.3
Theorem 1.5 Theorem 16.1 Proposition 6.1; Corollary 7.7; Theorem 8.5

Table 1.1. The main results, the sections and results in which they are proved, and the main inputs

of their proofs.



SECTION 2

Overview of the proofs

In this section, we explain the main steps of the proofs and the ideas behind them. We
describe each step informally and point to the precise statements in later sections. In
Section 2.1, we explain what makes the long-time behavior of the CK solution hard to
analyze. Sections 2.2 to 2.6 describe the proof of Theorem 1.1, and Sections 2.7 to 2.9
describe the proofs of the other main theorems. Throughout, p > 3 and B > 0 are fixed,
m=p—1,and (C, R, ) is the CK solution of Section 1.2. We illustrate several formulas
in the cubic model, where m =2, B4 = V/4/3, and qq =1/2.

2.1 The difficulty

After the dimension limit, which we take first on every fixed time horizon (Proposi-
tion 3.3), we must study the deterministic solution (C, R, A) of the integro-differential
equations (3.9)-(3.11) as both of its times tend to infinity. The aging statement (1.6)
combines two assertions of different kinds. The first concerns bounded windows of lags
at late times, where we must show that the solution becomes stationary and that its
stationary correlation decreases to a positive plateau g5. The second concerns the whole
history: we must show that C(t,s) — 0 as t — oo for every fixed s. Note that a positive
stationary plateau implies neither the second assertion nor the noncommutation of the
two limits in (1.6). The stationary profile records C(T +t, T +s) only for bounded ¢ — s,
and it carries no information about C(¢,s) for fixed s.

Cugliandolo and Kurchan derived the plateau, the energy, and the loss of memory
from an asymptotic solution of the CK equations [51]. Their derivation separates a
stationary regime at bounded lags from an aging regime below the plateau, in which it
imposes an asymptotic relation between response and correlation; within this ansatz, the
plateau is fixed by the marginality condition. A proof cannot start from these assumptions.
We do not know in advance that the two regimes separate, on which time scale the aging
regime lives, or how response and correlation are related there, and our results determine
neither the time scale nor the full relation.

The difficulty is visible in the equations. If we translate both observation times to late
times and keep their difference bounded, the memory integral of the response equation
(3.9) involves only the times between them. The memory integrals of the correlation
equation (3.10), however, run over [0,¢] and [0,s], and on a late window they involve
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the overlap of late states with the remote past, which a limit on late windows does not
control.

We make no assumption on this older memory. There are three main ingredients. The
tirst is entropy production. We prove that the total entropy produced by the diffusion
relative to its Gibbs measure is at most 82N /2 on average over the disorder, and deduce
that every limit of the solution on late windows is stationary and satisfies FDT (Sec-
tion 2.2). The closed response equation then constrains the plateau, but it does not select
it (Section 2.3). The second ingredient is a realization of C as the Gram kernel of unit
vectors v; in a Hilbert space graded by trees, whose leaves record the times of the thermal
noise. Projecting a late state onto the trees with early leaves plays the role of conditioning
on the early noise, and the Gram kernel of these projections satisfies an equation from
which the older memory cancels exactly (Section 2.4). The third ingredient is an energy
ceiling for normalized projections of late states. Together with the scalar constraints,
it forces every positive plateau to be marginal, and when it is saturated, it forces the
projections to forget every fixed earlier state (Sections 2.5 and 2.6). For p € {3,4}, the
ceiling is a deterministic inequality in the tree space; for general p, we use the algorithmic
threshold of Huang and Sellke [92, Theorem 1 and Corollary 1.8].

2.2 From the diffusion to stationary clusters

Inputs. The bridge of Proposition 3.3 is Sellke’s convergence theorem for hard-spherical
Langevin dynamics [112, Theorem 4.3]: on every fixed time horizon, empirical correla-
tions and a Brownian observable converge, and by Lemma 3.4, this observable is the
integrated response to an additive force. In finite dimension, the normalized trace re-
sponse has diagonal xy = (N —1)/N. Its annealed mean converges to R uniformly on
tixed causal triangles, by the compact-time modulus of the tangent flow and uniqueness of
the limit identified by the primitives (Remark 3.5); this is stronger than the convergence of
primitives that the published bridge gives. Integrating by parts in the Gaussian disorder,
we find that eg(t) is the limit of the mean energy and that A = 1 + pBeg (Proposition 4.1).
Our basic structural tool is the Green covariance identity of Proposition 4.2,

C(t,s) = R(t,0)R(s,0) +2/0tAsR(t,u)R(S,u) du 2.1)

w8 [ [ ROWRG )0 do du,

whose three terms come from the initial condition, the thermal noise, and the colored
memory, each propagated by the response. It has the variation-of-constants interpretation
of the linear effective single-spin equation with white and colored Gaussian noise [49,
arXiv version 2, Section 9.5, equation (9.56), p. 55]. We prove the identity directly from
the CK equations, whose derivation and rigorous fixed-horizon limits are discussed in
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[24, 51, 58]. We also show that 1 < A < A and 0 < R < C, and that the translated
kernels Cr(a,b) = C(T+a,T+0b), Rr(a,b) =R(T+a,T+b),and Ar(a) = A(T +a) are
precompact as T — oo (Section 4).

Entropy production. Fix the disorder, let p; be the density of X; with respect to the
uniform measure wy on Sy, and recall that the diffusion is reversible with respect to
the Gibbs density ¢y o ePHN. The relative entropy of p; with respect to ¢y decreases at
the rate Iy (t), the relative Fisher information. Since the initial law is uniform, the initial
relative entropy is log Zy g — B [ Hy dwy, whose mean is at most log EZy g = B*N/2
by Jensen’s inequality. With an(t) = N~ !EIy(t), we arrive at the budget

00 ‘32
/0 an() dt < 2.2)

of Lemma 5.1. The link with FDT is the exact identity of Lemma 5.2. If cyy and ry are the
correlation and the response at fixed disorder, and m(x) is the conditional mean of X,
given X; = x, then for ¢t > s we have

1 s
ru(t,s) —oscy(t,s) = N /ps <mt_s,V5 log ;—N> dwy.

At s = 0, the derivative in the earlier time is taken from the right. The right side
vanishes in equilibrium, and by the Cauchy-Schwarz inequality its square is at most
Iy(s)/N. After averaging over the disorder, we find that |Fy(t,s) — 9s¢n(t,8)]? < an(s):
the violation of FDT at the earlier time s is controlled by the entropy production at
time s. This is the mechanism of Cugliandolo, Dean, and Kurchan [54, arXiv version 2,
equations (12)—(13), p. 3, and (18), p. 4].

A single Fisher majorant. We need this bound for the CK solution at every pair of
times. However, the budget (2.2) bounds ay only in L!, and the integrability of a limit
of ay would not make it small at every late time. To overcome this, we turn to the
Bochner formula [9, Proposition 3, equation (4b), p. 187], which shows that e K1y (t)
is nonincreasing on an event of overwhelming probability for the disorder, with K
depending only on p and B. We apply Helly’s selection theorem to the Fisher informations
restricted to this disorder event (compare the selection proof in [29, Theorem 25.9, p. 336]),
and use the landscape moments and entropy budget to show that the disorder outside
this event contributes an L' mass that vanishes as N — co. This gives one subsequence
(N;), which we keep for the rest of the paper, along which the full normalized annealed
Fisher information a N; converges in Lllo . to a function af, the Fisher majorant. We prove
in Theorem 5.3 that

00 132 ‘
ar(u) du < =—, lim supar(s) =0,
/0 Pl dus i, fm or (s) (2.3)
10sC(t,5) — R(t,5)[> < ap(s), t>s>0,
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where the decay of sup ., ar(s) follows from integrability and the monotonicity of
e Xtap(t). We choose the right-continuous representative of this limit and use the same
ar below, including for the physical relaxation cost. One function thus dominates the
backward defect E(t,s) = 0sC(t,s) — R(t,s) on the whole triangle. In the same way, using
a second current identity and the gradient bound for the semigroup, we show that a
correlation at fixed lag changes little when both times are shifted. For 0 < 7 < L and
0 < wy < wy, the difference |C(wy + T, w;) — C(wy + T, w1)| is at most By f;flz Varp(u) du,
where B; depends only on p, B, and L (Lemma 5.5); compare [54, arXiv version 2,
equation (15), p. 3].

Stationary clusters. As ar is integrable, the right sides of these bounds vanish on late
windows of bounded length. Combining this with the precompactness of the translated
kernels, we prove in Proposition 5.7 that every limit of (Cr,, R, AT,) along a sequence
T, — oo has the form c(|a — b|), r(a — b), and ¢, where ¢(0) = r(0) = 1,0 < ¢ < 1,
r = —c' > 0, and the constant /¢ equals 1 + pPes for the limit e, of the energies.
Stationarity comes from the flatness bound, and FDT from integrating the Fisher bound
over a bounded window. As the memory integral of the response equation runs only
between the two observation times, we also obtain the closed stationary response equation

(1) = —br(1) + ,sz(p -1) /OT (T —u)P2r(t —u)r(u) du, (2.4)

in which the coefficient 2p(p — 1) is 6B for p = 3. We call (c, 7, /) a stationary cluster
and g = lim;_, ¢(7) its plateau. Note that Proposition 5.7 determines neither g nor /,
that different sequences T,, may a priori lead to different clusters, and that it says nothing
about C(t,s) for fixed s.

2.3 The scalar equation and its constraints

Integrating (2.4) once, we obtain the scalar memory equation of Proposition 6.1,

) =1 [ glelt—w)r) du, gly) =L FprBpy @9

which is the equation classified by Dembo, Guionnet, and Mazza [60, arXiv version 1,
Proposition 1.4, p. 5, and Section 5, pp. 17-20]. We derive its consequences directly,
because Section 8 needs the constants and a strict inequality in exactly the following form.
As t — oo, the integral tends to ¢(g)(1 — q), and the limit of ¢’(¢) must vanish because ¢
is bounded. This gives the plateau identity

¢p(q)(1—q) =1, thatis, (=L(q)= 1qu - B2p(1— g ).
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Next, ¢ is nondecreasing and c is nonincreasing. Replacing c(t — u) by c(f) in (2.5),
we find that ¢/(t) > F(c(t)), where F(y) = ¢(y)(1 —y) — 1. The memory term of the
stationary response equation is nonnegative, so r(t) > e~ > 0. Then ¢ decreases strictly
from 1 to g, every y € (q,1) equals c(t,) for some t,, and F(y) < ¢/(t,) < 0. We have
obtained the strict sign condition

F(q)=0, F(y)<0 (g<y<1),

In particular, F'(q) < 0, which is the submarginality inequality f%p(p — 1)g* (1 —
7)? < 1. In the cubic model, these read ¢ = (1 —gq)~ ' +38%(1 —¢?), F(y) = (¢ —3p% +
38%y*)(1 —y) — 1, and 68%q(1 — q)?> < 1. Finally, Lemma 6.2 states that, for a prescribed
multiplier, the stationary system has at most one solution.

These are constraints on a possible cluster, not a selection of its plateau. If 4 = 0, then
¢ = 1+ B?p and the inequality says nothing. If g > 0, then ¢ is determined by g, and
the plateau is submarginal. To prove equality in the marginality relation, we need an
inequality in the opposite direction. It will come from an upper bound on the energy of
the part of a late state that was already determined at an earlier time.

2.4 The causal tree realization and reflection

The tree space. In the Green identity (2.1), the first two terms form the inner product of
R(t,0)ep+ \/El[olﬂR(t, -)and R(s,0)ep + \/El[O,S]R(s, -)in Rep @ L?(R ), where a unit vec-
tor ¢ represents the initial condition. If C(u,w) = (vy, vy), then C(u, w)™ = (o™, v5™),
and the third term is an inner product as well. We therefore look for unit vectors such
that

vy = R(t,0)ep + \/El[olt]R(t, )+ ﬁ\/ﬁ/ot R(t,u) Z(v5™) du, (2.6)

where 7 is an isometry from m-fold tensor powers into a space orthogonal to the first two
terms. Iterating (2.6), we expand v; into terms indexed by finite rooted trees in which
every vertex has either no children or m ordered children (Section 7.1). Each leaf carries
the initial vector or the time of a noise increment, and each internal vertex records one
use of the memory integral. For example, when p = 3, the component of v; indexed by
the tree with two leaves, evaluated at two noise times y1,y2 < t, is

t
wi(y1,y2) =2V3B [ R(b R, y1)R(u,ys) du
nvVy2
Noise received at times y; and y, is transported to a time u by the response, combined
there by the cubic interaction, and transported to time ¢; at a leaf that carries the initial
vector, a factor v/2R (u, y;) becomes R(u,0) (Example 7.2). Accordingly, # is an orthogonal
sum, over trees, of tensor powers of Rey & LZ(R+), and 7 grafts m trees onto a new root.
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We write I1; for the projection onto trees of height j, and Pr for the prefix projection,
which keeps each component only where all of its leaf times are at most T. As the leaves
of a graft are the leaves of its subtrees, Pr commutes with grafting.

The realization. In Proposition 7.1, we construct a norm-continuous curve of unit vectors
v; € H that solves (2.6) and satisfies

(v, vs) =C(t,s),  Pwr=wvy,  h(v) =eg(t), where h(v) = /p (v,Z(v"™)).

We call & the tree energy. Every component of v; is a nonnegative function of the leaf
labels. The construction is a positive Picard iteration: the Gram kernels of the truncations
at height n increase with 7, because R and C are nonnegative, and their limit solves the
Green equation, whose solution with values in [—1, 1] is unique. Positive noncrossing
expansions of the response equation appear in [89, Section 2.1] and [60, Section 2]; here
we expand the covariance.

Prefix centers. For T,a > 0, we call Mr(a) = Prur,, a prefix center. It retains the
components whose initial and thermal-noise leaf labels lie at or before T; their internal
memory integrals may still extend beyond T. For s < T, we have Prvs = v,, and therefore
(0T+4,0s) = (Mr(a),vs); that is, the correlation of a late state with any state up to time T
is carried by its prefix center. At first sight, the Gram kernel of the prefix centers is as
hard to compute as C, since the centers are built from the whole older history. However,
the older memory cancels exactly. Let Kr(t,s5) = (Prvy, Prvs). Applying Pr to (2.6), we
see that Kt satisfies a Green identity in which the noise integral stops at T. If u < T,
then Prv, = v,, and therefore Kr(u, w) = C(u, w). When we subtract the identity for Kt
from (2.1), the initial terms, the noise integrals over [0, T], and every block of the memory
integral with u < T or w < T cancel. For t,s > T, only the future rectangle remains:

C(ts) — Kp(t,s) = z/TMS R(t,u)R (s, 1) du

+B2p /Tt /T R(t, u)R(s, w){C(u, w)" — Kz(ut, )"} dw du.

In the variables a =t — T and b = s — T, this is the closed equation (7.20) for Qr(a,b) =
(Mr(a), M1(b)) on a fixed rectangle. It holds for every T, before any limit is taken, and
it uses no decay of the older memory.

Reflection. Let T), — oo be a sequence along which the translated kernels converge to
a stationary cluster (c,7,¢). The coefficients of the closed equation converge, and by
a Gronwall argument, every solution of the limiting equation with values in [0,1] is
the limit of Qr,. Comparing double Laplace transforms, and using only the stationary
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response equation, we check that c(a + b) is such a solution. This proves the reflection
identity of Proposition 7.5: for every A < oo,

lim sup |(Mr,(a), Mr,(b)) —c(a+Db)| =0. (2.7)

= 0<ab<A

In particular, | Mr,(L)||*> — di = c(2L). We compute the energy of a center by the same
kind of exact subtraction. When we subtract h(v;) = eg(t) from h(Prov;), only an integral
over the last L units of time remains (7.27). Passing to the limit, we find that

h(Mr, (L)) — hp = e + Bp /OL r(t){c(2L —1)P ' —c(7)P 1} dr. (2.8)

These limits hold for every stationary cluster, whatever its plateau.

We may think of Mr(a) as the average of the state at time T + a over independent
continuations of the thermal noise after time T. For a stationary reversible Markov
process, the conditional means of two such continuations of lengths a and b have overlap
c(a+ b) (Remark 7.6); this reflected formula appears in the work of Barrat, Burioni,
and Mézard [11, Section 2, Equation (9)]. Averages over independent futures and time-
averaged magnetizations [31, 50, 52, 72] are discussed in Section 1.5. In our proof, the
reflected overlap comes from the exact cancellation above.

Complete monotonicity. By (2.7), the Hankel kernel (a,b) — c(a + b) is a limit of Gram
kernels, and it is positive semidefinite. Using a short semigroup argument in the spirit of
the Bernstein-Widder theorem [28, 122], we deduce the representation of Corollary 7.7,

()= [, v, v =g

for a probability measure v. In particular, c and r are completely monotone. Franosch
and Voigtmann proved complete monotonicity for Brownian mode-coupling equations
of mixtures by a different route, an iteration argument [71, arXiv version 1, Section III].
Finally, after time T no new noise leaf survives the projection Pr. By Lemma 7.3, the
curve t — Pro; is then differentiable on (T, 00), and its derivative is the image under Pr
of an explicit polynomial function of v;. We use this in Section 11 to bound 0;C far from
the diagonal.

2.5 Selection of the plateau from two threshold inputs

The threshold inputs. Besides the fact that the correlation of a late state with an earlier
state is carried exactly by the center, Section 8 takes as input two facts about prefix centers,
which we state as Proposition 8.1. Recall that & is homogeneous of degree p, so that

hr/ dz/z is the limiting energy of the normalized center Mr,(L)/||Mr,(L)||. Let Eg, =
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2,/(p —1)/p be the threshold energy of the pure p-spin landscape [7, Equation (2.13)].

Informally, Proposition 8.1 states the following.

(a) For every stationary cluster with positive plateau, the limiting center energies satisfy
h; < Ey, dz/z for every L > 0.

(b) If the translated kernels converge along every sequence T — oo to one stationary
profile, and if its plateau is positive and marginal, then the solution forgets every
fixed earlier state: sup,.,. C(t,s) — 0 as t — oo, for every S < co.

We prove Theorem 1.1 from these inputs in Section 8, and we prove the inputs in Sections 9
and 10.

An algebraic identity. Since ¢ decreases to g, we have d; — 4. Using dominated
convergence in (2.8) and p fooo cP~1r =1 — gP, we find that

hy — h=eo—pB{1—q" —pg" ' (1—9q)}.

If ¢ > 0, inserting the plateau identity ¢ = L(q) and e = (¢ — 1)/ (ppB) into this formula,
we obtain the identity of Lemma 8.2,

i “1, 1 .
7~ PP (z+2) 2B z=Bp(p-D" D21 -g. (9

Equality holds if and only if z = 1, that is, if and only if B2p(p — 1)gP~2(1 —q)? = 1. For
p =23 wehave h = exc — B{1 —¢° —3¢*(1—q)}, z = B/69 (1 — q), and Ey, = 21/2/3.
Note that this identity is algebra about a stationary cluster, and that it uses no threshold
input.

Marginality. Let (c,r,{) be a stationary cluster with g > 0. Letting L — co in part (a) of
Proposition 8.1, we find that 1 < Eyg” /2 while (2.9) gives h > Eyq” /2, Equality must
hold, and the plateau is marginal. This is the inequality in the opposite direction that
the scalar constraints were missing. For B > Bn,, the marginality equation has two roots
in (0,1), and the strict sign condition excludes the smaller one. Indeed, at a marginal
plateau we have F(q) = F'(q) =0, and if ¢ < gm = (p — 2)/p, then F”’(q) > 0, so that F
would be positive just above gq. Hence g = g (B), the root in [gm, 1) (Lemma 8.3).

Convergence at every temperature. It remains to show that the cluster does not depend
on the sequence T,. By marginality and the plateau identity, the multiplier of every cluster
is either 1+ B2p, when g = 0, or L(g+(B)); it lies in a set with at most two elements. The
function A is continuous and bounded. By the intermediate value theorem, every point
between lim inf; ;o A(t) and limsup,_, ., A(t) is the limit of A(T,) along some sequence
T,, — oo, and by compactness, each such limit is the multiplier of a cluster. An interval
contained in a set with at most two elements is a single point, so A converges. Once
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the multiplier is fixed, Lemma 6.2 identifies the profile, and precompactness upgrades
subsequential convergence to convergence of the whole translated family (Proposition 8.4).
This holds for every B > 0, and the energy converges as well.

The selected plateau. For B > B4, we exclude the zero plateau with the same sign
condition. If ¢ = 0, then £ = 1+ B?p and F(y) = y{B*py?>(1 —y) — 1}, and we find that

:82
F(qq) = Cld(‘B—%l - 1> >0,

which contradicts the sign condition on (0,1). For p = 3, this reads F(1/2) = (382/4 —
1)/2. At B = B4, we have F(qq) = 0, and the contradiction comes from the strictness of
the sign condition; the endpoint needs no continuity argument in 8. We conclude that g =
qs = 9+(B) > g4, and the energy formula (1.4) follows from ¢ = L(qg) and marginality
(Theorem 8.5). For B < Bm, only the zero plateau is possible. For 8, < B < B4, we prove
convergence, but we do not decide between the two alternatives (Remark 8.7).

Forgetting and aging. If 4 > 0, the convergence of the whole translated family and
marginality are the hypotheses of part (b) of Proposition 8.1, which implies that
sup,.5C(t,s) — 0. If § = 0, we need no threshold input. For s < t — L, we have
C(t,s) = (M;_(L),vs) < |[M;_(L)]|| by the Cauchy-Schwarz inequality. The right side
tends to c(2L)'/? as t — o0, and ¢(2L) — 0 as L — 0. Using the domination R < C, we
transfer forgetting to the response (Theorem 8.8). For B > B4, the ordered limits (1.6)
follow: the first inner limit is c¢(7), which tends to g4 > 0, and the second vanishes by
forgetting (Corollary 8.9).

The order of the argument. But there is an apparent circularity here, since the threshold
inputs are proved in later sections, and part (b) assumes a marginal plateau, which is
what part (a) is used to prove. The way out is the order of deduction. Part (a) concerns an
arbitrary stationary cluster with positive plateau, and its proofs in Sections 9 and 10 use
only Sections 3 to 7. We deduce marginality from part (a) and the identity (2.9), which
uses no threshold input. Convergence at every temperature and marginality are then the
hypotheses of part (b), from which we deduce forgetting.

2.6 Why the threshold inputs hold

The cubic tree ceiling

For p = 3, grafting is binary, the tree energy is h = v/3f with f(v) = (v,Z(v ® v)), and
Eg, = V/3F, with F, = 2v/2/3. We prove in Theorem 9.2 that |f(v)| < F. for every unit
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vector v, that F, is the supremum, and that, with b; = ||[IL;0|?,

b7 < 4V2 (F. — f(v)). 2.10

Jg P <4V2(E — f(0)) (2.10)

The proof is a heightwise Cauchy-Schwarz inequality followed by a Riemann sum. Let
Bj = bg+---+bj, with B_.;1 = B_, = 0. Since a graft is one level taller than its taller
subtree, the component of Z(v ® v) at height j is built from the components of v below
height j, and its squared norm is sz_l - B] , = bj_155, where s; = (B;_1 + Bj,z)l/z

(Lemma 9.1). Using the Cauchy-Schwarz inequality at each height, and then 2, /b;b; 1 <
bj +bj_1, we find that

Z<H]v [Z(v®0v)) < Z,/bb] 15, < 5 Z (bj +bj—1)

j>1 i>1
We have s; < |/2B; 1 and sj;; < /2Bj, and the last sum is therefore at most the
trapezoid sum of the concave function /2y over the partition 0 < By < By < ... of [0,1].
This trapezoid sum is at most

/\/_d zf_*,

and keeping track of the gaps in these steps gives (2.10). The supremum is approached
by unit vectors with mass 1/(n + 1) at each of the heights 0,...,n, whose component at
each height j > 1 is a positive multiple of the graft of the lower components. For these
vectors, the first inequality above is an equality, and f(v) is the midpoint Riemann sum
of the same integral over the first n of the n + 1 intervals of the partition; the omitted
interval contributes at most v/2/ (n+1).

The defect bound says more than f(v) < F.. Together with the Cauchy-Schwarz
inequality, it implies that ||TT<go|*> < (4v2(H+1)(F. — f(v)))"/? for every H > 0, where
II<y = Ilp + - - - + Ily: a unit vector close to the ceiling has little mass at every fixed
set of heights. The proof also retains the gaps of the two inequalities above, an angular
defect and a Young defect (9.3), which we use in Section 13. For p = 4, a difference of
cubes replaces the difference of squares, and the ceiling is f(v) = (v, Z(v®3)) < v/3/2 for
unit vectors v, with 1 = 2f and Ey, = v/3 (Lemma 9.3). To prove part (a) for p € {3,4},
we apply the ceiling to the normalized centers Mr, (L)/||Mr,(L)|| and let n — oo using
Proposition 7.5. The ceilings are elementary inequalities in the tree space, and their
proofs use neither the landscape results of [7] nor the algorithmic results of [92, 94].

Height escape and forgetting

Under the hypotheses of part (b), the limits of Proposition 7.5 hold as T — co without
passing to a sequence, and the normalized centers saturate the threshold. Indeed, the
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deficit 0y = Ey, — Iy, /dg/2 is nonnegative by part (a), and hL/alf/2 tends to /1/gP/?, which
equals Ey, by the equality case of (2.9). Then é;, — 0, and by the defect bound, the mass
of the centers leaves every fixed set of heights (Proposition 9.5):

. 1/2
lim sup||TT<yPr_os]|* < dp{xp(H + 1)1} /2

t—o0

with x3 = 41/2/3 and x4 = v/3. An earlier state behaves in the opposite way. The curve
s — U5 is norm-continuous, so the set {vs : s < S} is compact, and || (Id —IT<p)vs|| — 0
as H — oo, uniformly ins < S. For s < S < t — L, we have C(t,s) = (P;_Lvt,vs), and
splitting v, at height H, we find that

C(t,5)] < T<pPrpot]| + [|(1d —TT<p) s

We first let t — co with L and H fixed, then let L — oo, and finally let H — co. This
proves part (b) for p € {3,4}.

General pure models

For general p, we have no deterministic ceiling in the tree space. In Section 10, we prove
both inputs for every p > 3 by an argument in finite dimension, which does not use the
tree ceilings.

Forks. In finite dimension, the analog of a prefix center is a mean over independent
futures. At a late time T, we continue the trajectory by K independent Brownian futures
of length L, which we call a fork. We let my 1 be the average of their endpoints, the
center of the fork. With a current identity of the kind used in Section 5, we show that
the overlap of two branches of lengths 2 and d concentrates near c(a + d) along T,,; this
is the reflection identity in finite dimension (Lemma 10.3). We compute the energy of
the center exactly by a Gaussian integration by parts, and subtracting the energy of a
single branch removes the common past in the dimension limit. Unlike the cancellation
of Section 7, this one holds only in the limit, because on a fixed time horizon the overlaps
of all branches with a state of the common past concentrate around the same value. As
N = N; = co and then T = T, — o0, we find that (Proposition 10.4)

. 1 1 ]EHN(THN,T) X
— QgL = 7 (1 — E)C(ZL)’ N hx 1,

[mn,7]?
N

where hg 1 is explicit. Using the hard—soft approximation of Sellke [112, Lemmas 3.1
and 3.2], we approximate the normalized center in mean square by Lipschitz functions
of the disorder, with constants that do not depend on N. The algorithmic threshold of
Huang and Sellke [92, Theorem 1 and Corollary 1.8] applies to these approximations, and

it implies that hg 1 < EthQI’i’/ LZ ; this follows the argument by which Sellke showed that the
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energy of the dynamics itself stays below the threshold [112, Section 3]. Letting K — oo,
we have Qg — dr and hx; — hy, which proves part (a). Every horizon, number of
branches, and approximation parameter is fixed while the dimension tends to infinity,
and the limits are taken in the order

N; — oo, n— oo, el0, K — oo, L — oo, M — oo

of (10.1), where ¢ is the accuracy of the Lipschitz approximation and M is the number of
steps of the Euler-Maruyama scheme below.

Adaptive disclosure. Part (b) needs more. Under marginality, the normalized fork
centers saturate the threshold as K — oo and then L. — co (Lemma 10.5). If a fork ends at
time t, the mean overlap of its center with the earlier state X; is the mean of X; - Xs/N,
which tends to C(t,s). We must therefore show that a Lipschitz algorithm close to the
threshold is almost orthogonal to Xs. For directions independent of the disorder, this
follows from the external-field version of the threshold [92, Corollary 1.8], which by
convex duality implies the overlap penalty of Lemma 10.2. Let {y be an auxiliary seed
independent of the disorder tensor J, let w = w({y) satisfy |w| = v/N, and let Ax(], {n)
take values in the ball of radius v/N. If, for almost every value of the seed, ] — An(J, {n)
is Lpjp-Lipschitz, with a deterministic constant Ly;, that does not depend on N, then

Hy(An)
N

+ﬁdE’M‘p} < Eg.

lim sup { E N

N—oo
However, X; depends on the disorder. To overcome this, we disclose the disorder in
stages (Lemma 10.6). At each stage, we reveal the part of the tensor that determines
the next gradient query. Conditionally on what has been revealed, the rest of the tensor
is standard Gaussian on a smaller space, and the overlap penalty applies to the new
query direction. By induction over finitely many stages, we show that an algorithm that
saturates the threshold is asymptotically orthogonal to every span obtained in this way
from a seed-measurable initial span of fixed dimension by a fixed number of gradient
queries (Proposition 10.7). In the proof of Proposition 10.8, we apply this only on the
tixed fork product law, whose seed consists of X, the full trunk Wiener path, and the
K full future Wiener paths, jointly independent of J. For its Euler-Maruyama scheme
with M steps, the initial span is generated by X and the M trunk Brownian increments,
and the scheme adds at most M gradient queries. The resulting span contains a vector
approximating this fork’s trunk state X, with dimension-limit normalized mean-square
error at most Cs/ M, where C depends only on p, B, and s. We take the limits in (10.1),
using ¢ = 1/(m+1), and let M — oo last. This proves that C(t,s) — 0 for every fixed
s (Proposition 10.8), uniformly in s < S by the modulus of continuity of C. Adaptive
Gaussian conditioning of this kind goes back to Bolthausen [32, Section 3] and to Bayati
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and Montanari [13, arXiv version 4, Section 3.8]. Conditioning of the disorder tensor on
adaptive gradient observations was developed for message passing in spin glasses in
[63, arXiv version 1, Appendix A] and extended to multi-species spherical models in [93,
Appendix A]; we combine it with the external-field threshold.

2.7 Response localization and persistent violation

The remote response. Theorem 1.1 controls the response only on bounded windows
of lags, while a row s — R(t,s) has length t. Convergence on every bounded window
does not exclude a small contribution spread over the remote part [0, t — L] of the row. In
Section 11, we first prove that the remote part carries no squared mass:

t— L
hm lim sup R(t,u) = 0. (2.11)

=0t e0

Again we use the prefix centers. The component of v, at height zero is the leaf vector
R(T+L,0)eo + 2 1jo,74+1)R(T + L, -), and Pr restricts its noise part to [0, T]. This yields

2/0TR(T+ L,u)? du < [[TIgpM7(L)||? < [|[Mr(L)||> — c(2L) (T — o0),

which proves (2.11) when g = 0. If g > 0, then ¢(2L) — ¢, and we need to show that the
normalized centers have vanishing mass at height zero. For p = 3, this follows from the
term j = 0 of (2.10), because the normalized centers saturate the threshold. For general
p, we test the center of a fork against the Gaussian vector Gy = fo u) dB,, built from
the Brownian path with a weight k proportional to R(T +L,-). A we1ghted form of
the Brownian response identity shows that the mean overlap of my r with Gy tends to

(2 fo R(T + L,u)? du)'/2. Since Gy is independent of the disorder, the overlap penalty
forces thlS overlap to be small, with no adaptive disclosure (Proposition 11.11).

Whole rows. Together with convergence on recent strips, (2.11) implies that the lag
rows v +— 1j1(v)R(t,t — v) converge to r in L?(0,00), and by the Cauchy-Schwarz
inequality, we have x(t,0) = o(v/t) (Theorem 11.1). By the backward response equation,
we have d;R < AR, so that a large remote value R(t,s) would force squared mass on
[s — 1, s]; this upgrades the convergence to the uniform norm (Corollary 11.2). For the
earlier derivative, we differentiate the Green identity in its earlier time. On a bounded
interval of earlier times, forgetting makes every term vanish as t — oo, except a colored
term fot R(t,u)C(u,s)P~! du, which we control by positivity and a modulus of continuity
uniform in t: the Green identity bounds C(t,s) from below by a weighted integral of this
term over earlier times, with positive weights; forgetting makes that integral vanish, and
the uniform modulus in (11.17) then forces the term to vanish pointwise. This shows that
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E(t,s) — 0 for every fixed s > 0. Since |E(t,s)|> < ar(s) with an integrable ar, dominated
convergence over the whole row then shows that f(; |E(t,s)|> ds — 0 (Theorem 11.5). This
is where we need one majorant for the whole triangle. For every p > 3, the projected
drift and the reflection identity also bound 0;C far from the diagonal (Theorem 11.4).
More precisely, for every L > 0,

1—
limsup sup [9:C(t,s)| < 4/c¢"(2L) < q,
t—oo  0<s<t—L eL

and, using convergence on bounded lag windows, we obtain

lim sup |9;C(t,s) 4+ r(t —s)| = lim sup [9:C(,s)+ R(¢t,s)| = 0.

t=00 g<s<t b=00 g<g<t

The diagonal derivative is taken from the causal side and equals —1, while ¢/(0) = —1isa
right derivative. These conclusions about forward FDT hold at every positive temperature.
For every p > 3, we also deduce (1.12) from complete-row convergence (Corollary 11.7).

Persistent integrated violation. These statements about squared norms are compatible
with a persistent violation of FDT. Let 8 > B4, and recall thatx = (p —2)(1—gq)/q € (0,1).
The energy identity fixes one weighted integral of the response over the whole row,

ep(t)
B

where d. = 1 —eg(0)/B = (1 — x)g” by the energy formula (1.4). A recent strip of

p/ C(t,u)P 'R(t,u) du = — 1—d,,

length A contributes p fOA cP~1r =1 —c(A)?, as it would for an equilibrium profile. The
rest of the row carries the weighted response ¢(A)” — d,, while C(¢,-)? rises across it
from C(t,0)? — 0 to C(t,t — A)P — c(A)P. It follows that the ratio in (1.10) tends to
1—d./c(A)F, and then to x as A — oo (Proposition 12.1). In the same way, we find the
exact identity

t
p/ C(t, )P 'E(t,u) du =1 — C(£,0)" — s d, > 0.
0

()
p
To remove the weight CP~!, we prove the transport inequality of Lemma 12.3: if z > 0
is absolutely continuous on [u,v], rp > 0, and | = f: zP~1y,, then f:(z’ —70)+ >
[z(v) — (z(u)P + p])/P];. Applying this on [S,t — L] with z = C(t,-) and g = R(t,"),
we find that, in the limit t — oo, the positive part of the defect has integral at least
mp = c(L) — [c(L)P — d,]V/P there. As L — oo, my increases to e = q(1 — x!/7)
(Theorem 12.4). This lower bound holds on an interval whose length is of order t, and
by the Cauchy-Schwarz inequality, we have liminf; o fot E(t,u)% du > m3,. This is
the coexistence of small pointwise violation and integrated violation over an expandmg

interval described by Cugliandolo, Dean, and Kurchan [54].
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2.8 Three-time geometry, susceptibility, and the Fisher cost

In the cubic model, we use more of the tree geometry than the energy ceiling. Throughout
this section, p = 3.

Saturated tree vectors. In Section 13, which is deterministic, we study unit vectors v € ‘H
with a small deficit 6(v) = F. — f(v). Using the retained defects, we bound weighted
sums of the variations of the height amplitudes ||IT;v| and of the angular errors between
each component IT;v and the graft IT[,Z(v ® v) of the lower components. We deduce
that the root operator Z*v, viewed as a Hilbert-Schmidt operator on H, is then close
to an operator whose coefficients in the normalized height directions depend only on
the height masses (Lemma 13.1). In the coordinate x € (0,1) given by the cumulative
mass, these operators converge to one universal operator. More precisely, if ||v,|| = 1 and
f(v,) — F, there exist isometric embeddings V;, of H into LZ(O, 1) ® K, where K is a
tixed auxiliary Hilbert space, such that V,,v, =1 and

VuZ*v,V; — T @0 in Hilbert-Schmidt norm,

where 7T is the integral operator with kernel T(x,y) = (2max(x,y))~'/? (Theorem 13.2).
The operator 7T is positive and trace class, with tr 7 = V2 and (1,71) = F.. For two
vectors with nonnegative inner products at every height, the same defects show that little
of their overlap is carried by heights at which a smoothed cosine between their prefixes
is far from one (Lemma 13.4). For three such vectors, the prefixes that carry the overlaps
of two of the pairs are nested, which leads to the product inequality of Theorem 13.5,

(v1,02) > (v1,03) (vp,03) — w(miaxé(vi)), I}igw(é) = 0.

Three times. Let § > By, including B = B4, where g = 1/2. To apply these results to the
CK solution, we use the normalized centers U; p = M; p/||M; pl| of a fixed smoothing
age D, where M; p = P;_pvs. Their components are nonnegative, and by Proposition 9.5
their deficits are small when D is large. The obstacle is to relate their overlaps to the
correlations. A center is close to the average D! fss_ p 9u du of the trajectory over the
preceding window (Lemma 14.1), and the overlap of two such averages is close to C(t,s)
when the derivatives of C are small far from the diagonal, which is what Section 11
provides. We find that (U;p,U;p) ~ C(t,s)/q for late pairs whose distance is large
compared with D (Proposition 14.2), and the product inequality becomes Theorem 14.3:
for late triples u < s < t with diverging gaps,

gC(t,u) > C(t,s)C(s,u) —o(1).

This is a one-sided version of the spherical product relation of Cugliandolo and Kurchan
[52, arXiv version 1, Section 5.1, Equation (5.1.8)], which we prove for the actual CK
solution without any assumption on the time scale of aging. It implies composition
bounds for the last times at which the correlation crosses given levels (Corollary 14.4).
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The susceptibility. For the bound on x(t,0), we use the root operator of a center. For
p = 3, the root frame (7.6) reads

t
T*Pro; = Bv/3 /0 R(t,u) |Proy) (Prog| du,

so that its trace is a weighted response mass. We take t, — oo along which x(t,,0)
tends to its lower limit, ages L, — oo, and the normalized centers U, of M, (L), where
Ty = t, — Ly; these centers approach the ceiling. We split their root operators into an
old part A,, the integral over u < T, and a recent part B,. On recent windows of fixed
length, the projected states Pr, v, are close to ,/q U, by reflection, and in the coordinates
of the universal operator, B,, converges to ,B\/§\/ﬁ (1—g)|1)(1], which equals 271/2|1)(1|
by marginality. By Theorem 13.2, the old part then converges in Hilbert-Schmidt norm
to T —271/2|1)(1], a positive operator with trace 271/2.

However, convergence in Hilbert-Schmidt norm does not give convergence of the trace.
To overcome this, we rely on the lower semicontinuity of the trace on positive operators,
after replacing each old term |v,)(v,| by |M, p)(M, p|, whose norm converges. By
causality, the errors on time strips at distance at least D from each other are orthogonal
(Lemma 14.6), and their total is controlled by the squared remote response, which
vanishes by (2.11). The trace of the smoothed old part is asymptotically /39~ 1/2¢(2D)
times the old response mass x(t,,0) — (1 — g), and comparing it with 271/2, we find that

q(1—q)
c(2D)

li§ninf)((t,0) >(1—9q)+ —2(1—9q) (D — c0),

—00

which is Theorem 14.7. This holds for every B > B4, including the endpoint, but we have
no matching upper bound.

A Fisher cost. In Section 15, we combine the same Fisher majorant ar from (2.3) with
the product inequality. Let § > Bg4, so that ¢ > 1/2, and consider windows [s, t,] with
Sy — 00, ty, — s, — o0, and C(t,,s,) — z € (0,49), such that
th
&2 = (ty —sn)/ ap(u) du — € < 1.
Sn
By the Cauchy-Schwarz inequality and |E(w,u)|*> < ap(u), the integrated backward
defect on every subinterval of the window is at most ¢,; in particular, the response mass
of the window is 1 — C(#,, s,) up to ¢,. Integrating the backward response equation (4.21)

over the window, we find that 1 — /(1 — C(t,,s)) + 3521n is at most of order ¢, in the
limit, where

I, = /S:n [1— C(u,51)*| R(tn, u) du.

In the bulk of the window, we have C(t,, u)C(u,s,) < qC(tn,sn) + 0(1) by the product
inequality. As the row u — C(t,, u) has derivative R(t,, u) + E(t,, 1), a clipped primitive



2 Overview of the proofs 2.9 The stationary power law 43

turns this into an explicit lower bound for I,;, and we compute the recent strip from
stationary convergence. With the calibration 68%g(1 —g)> = 1 and £ = (1 —q)~ ! +
3B8%(1 — g?), the two estimates are compatible only if

36%(29 —1)(q — 2)* < (£ +9p%)e + 6%

(Lemma 15.3), and the left side is positive because g > 1/2. This strict margin vanishes
at B = Bq, which is why the positive Fisher cost is restricted to f > B4, even though the
product inequality includes the endpoint. For ¢ = 0, this is impossible, which excludes
every limit z € (0,g) of C(ts,s,) along windows on which 7 [ ar tends to zero. Limits
above g are excluded by the remote envelope (14.6). We also exclude a zero limit: the first
crossing of a fixed level z’ € (0, q) occurs inside the window, at a lag that tends to infinity,
and the crossing windows have no larger Fisher cost, so that the obstruction applies to
them. Every such window therefore ends at the plateau. At the first passage below a
level c € (0, g), the inequality bounds ¢ from below, which gives (1.15) (Theorem 15.1).

2.9 The stationary power law

For every p > 3, let B > Bq4. In Section 16, we study the scalar equation (2.5) for the se-
lected profile, using only this equation with its plateau identity, marginality, and complete
monotonicity. The function u(z) = [c((1 — q)z) — g/ (1 — q) satisfies (Lemma 16.3)

u' +u+M(u)xu' =0, u(0) =1,

where * is the convolution on [0,c0) and M is a polynomial with nonnegative coefficients
such that M(y) = y + 8y*> + O(y3), with 8 = (p — 2)(1 —q)/(29). For p = 3, we have
M(y) = y + 9y>. The linear coefficient of M is exactly one, by marginality. For a pure
power w(t) = t77, the beta integral gives
/ r(l — a)z 2

(wxw) = F(1—2a)w ,
so that the exponent relation (1.16) says that the two quadratic terms of the equation
balance for w. This is the classical exponent relation of mode-coupling theory [81,
Section 4, p. 881], in its version for the aging state [34, Equation (IV.6)] and [96]. As
the balance is quadratic, it fixes the exponent but not the amplitude. The proof of an
amplitude has three further steps.

Comparison. Using a comparison principle (Lemma 16.4), we turn the sign of the
residual of an explicit profile into an inequality between that profile and u. For the shifted
power g(t) = (1+t)~7, the choice of @ makes the quadratic part of the residual positive
but smaller than g*. The sign of the residual is then decided by cubic terms. We fix it by
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correcting ¢ with a small multiple of g> (Lemmas 16.5 and 16.6). Our comparison profiles
keep u itself up to a fixed time and continue it by a rescaled corrected power, which
absorbs the memory of the initial segment. We obtain A_(1+#)* < u(t) < A (1+¢t)7*
with constants 0 < A_ < A, < oo (Proposition 16.7). These bounds determine the
exponent, but they still allow #?u(t) to oscillate between A_ and A; on a logarithmic
time scale.

A logarithmic Dirichlet form. The convolution square u * u satisfies the quadratic
balance (u % u) = du? + £, where the error £ is integrable against the weight +~(1-29)
(Lemma 16.8). We integrate the balance against this weight and compare the result with
the Schur test for a homogeneous kernel, keeping its exact remainder. We find that
the function D(x) = e™u(e*) has finite energy for an explicit Dirichlet form on the line
(Lemma 16.9), which implies that D(x +y) — D(x) — 0 as x — oo, for every fixed y. This
still allows D to vary slowly without converging.

A renewal equation. We take the Laplace transform of the balance at the point e™*.

Since the product of independent gamma and beta variables with suitable parameters
has a gamma distribution (Lemma 16.13), the transformed balance becomes a linear
renewal equation for a smoothed version of D?. Its source is integrable: the variance
part of the source is controlled by the Dirichlet form, and the rest by £. Using the key
renewal theorem [68, Chapter XI, Section 1], with a renewal density that we control near
zero and at infinity (Lemma 16.12), we show that the smoothed function converges. Its
difference from D? tends to zero by the second step, so that D converges, and the bounds
of the first step make the limit positive and finite. This proves that c(t) — g ~ Agt™".
Finally, complete monotonicity and the monotone density theorem [30, Section 1.7.3]
give the asymptotics of every fixed derivative, without differentiating an asymptotic
relation (Theorem 16.1). The tools are classical, and the structural theory of these memory
equations is developed in [71, 84, 114]; we apply them to the stationary profile selected
by the CK solution.

210 Dependencies between the sections

Table 1.1 lists, for each main theorem, the section in which it is proved and the main
results that its proof uses. We add three remarks on the order of reading. First, for
Theorem 1.1, a reader interested in p € {3,4} may read Section 9 and skip Section 10,
and a reader interested in general p may skip Section 9, since Section 10 does not use the
tree ceilings. For Theorem 1.2 with p # 3 and a positive plateau, Section 11.5 uses the
forks and the overlap penalty of Section 10. Second, Section 13 uses only the tree space
and the cubic ceiling with its retained defects. Third, Part V uses only Propositions 5.7
and 6.1, Theorem 8.5, and Corollary 7.7, and the power law is not used in the proofs of
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the other main theorems; it serves only to verify the power-law hypotheses in the last
assertions of Corollaries 11.6 and 11.7.



PART I

The Cugliandolo—Kurchan system and its
stationary limits



SECTION 3

The model and the hard-spherical
Cugliandolo-Kurchan equations

In this section, we fix the model, the dynamics, and our conventions, and state the hard-
spherical Cugliandolo-Kurchan (CK) equations together with the published results that
connect them with the Langevin dynamics. We prove three statements. Proposition 3.3
transfers Sellke’s convergence theorem for the hard-spherical diffusion on fixed time
horizons [112, arXiv version 5, Theorem 4.3, p. 23] to our normalization and to a uniform
initial point. Lemma 3.4 identifies the Brownian observable in that theorem with the
integrated response to an additive force. Lemma 3.6 collects bounds on the Hamilto-
nian and its derivatives that are uniform in the dimension. This section also uses the
variational-response estimates from Steps 1 and 2 of the proof of Proposition 4.1, which
depend only on Lemma 3.6: Remark 3.1 uses the actual L? derivative and the quenched
moment estimate (4.3), and the proof of Lemma 3.4 uses (4.4).

These results are the finite-dimensional input of the paper, and we use them through-
out Section 4. The landscape bounds enter again in the entropy estimates of Section 5
and in the branched trajectories of Section 10, and we use the bridge wherever we obtain
a statement about the CK solution as a limit of the diffusion, in Sections 5, 10, and 11.

Throughout the paper, p > 3 and > 0 are fixed, and ¢(gq) = g”.

3.1 The Langevin dynamics

For N > 2, let Sy = {x € RN : ||x||> = N}, and let wy be the uniform probability
measure on Sy. The disorder is an ordered coefficient tensor | = ( ]i1~-ip) f;] ip=1 whose
NP entries are independent standard Gaussian random variables. The Hamiltonian is

N
Hy(x)=N-"W=D/2 N i -x, xRN (3.1)

i1 eersip=1
Since the entries of | are independent and the tensor is not symmetrized, we have

N P x-
EHy(x)Hn(y) = N~""0 )7 1qxijyij = N D(x.y)P = NC(%) (3.2)
i1,esip=1j=

for all x,y € RN. No factor p! appears, because the coefficients are ordered.

47
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We write VHy and V2Hy for the Euclidean gradient and Hessian. For x € RY, let
Py =1—xxT/N. For x € Sy, the matrix Py is the orthogonal projection onto the tangent
space TSy = {v € RN :v.x = 0}. We write Vg, V%, and Ag for the gradient, the
Riemannian Hessian, and the Laplace-Beltrami operator of Sy, with the metric induced
from RN. Note that VsHy(x) = P,VHy(x). We also write
N-1

N =

We consider the diffusion
dX; = BPx,VHN(X;) dt + V2Px, dB; — xnX; dt, (3.3)

where B is a standard Brownian motion in RN. The initial point Xy has law wy;, and X,
J, and B are independent. The equation has a unique strong solution up to its explosion
time, because its coefficients are polynomials. The solution stays on Sy. By It6’s formula,
Z; = || X;||> — N satisfies a linear equation dZ; = Z; dA; for a continuous semimartingale
A, because x - Pyo = —(||x]|> = N)(x-v)/N and 2 tr(P2) — 2xy/||x||? vanishes on Sy; since
Zy =0, we have Z = 0, and there is no explosion.
For a smooth function F on RN and x € Sy, [td’s formula shows that the generator of
(3.3) is
LNF(x) = tr(PyV2F(x)) —xnx - VF(x) + B VsHy(x) - VF(x). (3.4)

The first two terms are AgF(x), by the classical formula for the Laplacian of a sphere of
radius v/N, and the last one is B VsHy - VgF. This shows that L = As + BVsHy - V.
Equivalently, Ly F = gy' divs(gnVsF) with

g = Zhet,  Zyg= [P don,

so that the Gibbs measure gn dwy is reversible. The sign convention is gradient ascent,
in the sense that the drift pushes X; toward large values of Hy, and the limiting energies
of this paper are positive. Because the noise amplitude is v/2, the diffusion part of Ly is
the Laplacian itself.

We write

for the empirical correlation.

Response. We measure the response to an additive tangent force in the drift, without a
factor B. Write

b(x) = BPyVHy(x) — knX, oj(x) = \/EPxej, ji=1,...,N.
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On each finite horizon, using a measurable representative, the response to a determin-
istich € leo C( [0, 00); RN ) is the zero-initial-state strong solution of the forced linearized

equation

N .
dV; = Db(X;)[V] dt + Px,h(t) dt + Y Doj(X;)[Vi] dB], Vo =0. (3.5)

j=1

It is constructed on each finite horizon in the space of predictable square-integrable
processes. For each fixed waiting time u > 0 and finite horizon H > u, the response
matrix Un(t,u), u <t < H, is the continuous adapted matrix whose columns solve the
homogeneous variational equation along the actual trajectory X:

d(Un(t, u)v) = Db(X;)[Un(t u)v] df + % Do;(X;)[Un/(t, u)v] dB{, 6
= :

Uy (u,u)v = Px,v,

for v € RN. The equation is constructed from the N coordinate columns; linearity and
pathwise uniqueness identify every direction with their linear combination. The choices
on different finite horizons agree on their common time interval, on one event for all
vectors. The matrix acts as zero in the normal direction X, and maps every vector into
Tx,Sn. For each fixed H > u, its terminal values are also the Fréchet derivatives into
LZ(IPB;IRN ) of the nonlinear solution restarted at X, + Px, v, evaluated at v = 0. For
this ambient restart, choose smooth compactly supported extensions agreeing with the
displayed coefficients on a neighborhood of the sphere; the variational equation along
X uses those physical coefficients. This definition needs no simultaneous samplewise
smoothness in all starting points. For classical background on smooth spatial stochastic
flows, see [101, Section 1, pp. 1022-1023] and [102, Section 4.6, Theorem 4.6.5, p. 173].

For every such deterministic /, the forced variational equation has the Bochner integral
representation in L?(IPg; RVN),

t
Vt:/o Un (¢, u)h(u) du. (3.7)

To justify the representation, first take a bounded continuous force on a fixed horizon.
Integrating the causal homogeneous response in its forcing time and applying stochastic
Fubini gives the forced variational equation; pathwise uniqueness identifies the result
with V. The fixed-horizon L? estimates make both the forced terminal solution and
the kernel integral continuous linear maps of the deterministic force in L?([0, T]; RN).
Density of bounded continuous functions extends the identity to every deterministic L2
force. The same causal-source argument applies to bounded continuous adapted random
directions, including the disorder directions used in Proposition 4.1. In words, Ux (¢, u)



3 The model and the hard-spherical Cugliandolo—Kurchan equations §3.2 50

is the homogeneous linearized response to a tangent-projected impulse at time u. We
define its annealed normalized trace by

1
n(tu) = ﬁlE tr Un(t, u), 0<u<t (3.8)
This expectation is finite by the fourth-moment bound (4.4) below. The finite-N diagonal
is 75 (t,t) = kN, because Uy(t,t) = Px, and tr Py = N — 1 on Sy; the limiting response
will have diagonal value one.

Remark 3.1 (The equilibrium fluctuation—dissipation relation in this convention). In this
convention, stationary equilibrium FDT reads r = —¢/, with no factor of j; at lag zero,
the derivative is taken from the right. To see this, fix | and let PH = ¢™“N. For the Gibbs
initial law, the correlation and response at lag T are

1 Y 1Y
CN,G(T) = ﬁ Z/x,-PfxigN daJN, VN,G(T) = ﬁ Z/stl‘ : VSPfxigN dwN.
i=1 i=1

The second formula is the trace of the mean of Uy for the Gibbs initial law. The actual
tangent-projected restart is Fréchet differentiable into L?, and the bounded linear expec-
tation operator commutes with that derivative. The Markov restart property identifies
the expected response with the expected derivative of P/, id at the waiting state. Gibbs
stationarity then gives the displayed integral, whose integrand is } ; Vsx; - VSPE 4 Xi be-
cause Vsx; = Pye;. The fixed-disorder moment estimate (4.3) ensures integrability. Since
Ly is symmetric with respect to gy dwy, we have

1 N
C?xf,c('f) = N Z/xi ﬁNPIHxi gn dwy = —7N,G(T)-
i=1

A force written as fPyh would have response Bry ¢, and the relation would read r = — B¢’
in that convention.

3.2 The hard-spherical CK system

By a solution of the hard-spherical CK system, we mean a triple (C, R, A) of continuous
functions, with C defined and symmetric on [0,00)2, R defined on the causal triangle
{(t,s) : 0 < s < t}, and A defined on [0, 0), such that, for every s > 0, the functions
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t — C(t,s) and t — R(t,s) are continuously differentiable on [s, c0) and satisfy, for t > s,

dR(t,s) = —A(t)R(t,s) + B> /té”(C(t,u))R(t,u)R(u,s) du, (3.9)
0;C(t,s) = —A(t)C(t,s) + B> /Ot &"(C(t,u))R(t,u)C(u,s) du
+8 CClhmRls ) d 3.10)
A(t) =1+ 52/0 [&/(C(t,u)) + C(t,u)g" (C(t,u))]R(t,u) du
=1+ g*p? /OtC(t,u)’”_lR(t,u) du, (3.11)

with the boundary data
C(t,t) = R(t,t) =1, t > 0. (3.12)

At t = s, the derivatives are one-sided. The second line of (3.11) holds because &'(g) +
98" (q) = pa?~t + p(p —1)gP~" = p*gP .

The correlation equation (3.10) describes C only on the causal side t > s, and the
diagonal requires a word. At s = ¢, the symmetry C(u,t) = C(t,u) and (3.11) turn (3.10)
into

oC(t,s)|._, = —A(t)+ (A(t) —1) = —1. (3.13)

s=t
The derivative in (3.13) holds the earlier argument fixed and approaches the diagonal
from the causal side. The function t — C(t, ) is constant; its derivative is zero. For the
diffusion, It6’s formula gives d(X; - X;)/N = 2X; - dX;/N + 2k dt, where the drift part
of 2X; - dX;/N is —2xy dt. Thus the inward drift and the quadratic variation balance
exactly at finite N, and their coefficients tend to —2 and +2 as N — co. The multiplier A
enforces the limiting balance and keeps C(t,t) = 1; this is the meaning of the term 1 in
(3.11).
We write

t 1 t
es(t) = Bp /O Clt, )P 'R(Eu) du,  x(ts) = / R(t,u) du. (3.14)

By (3.11), we have A(t) = 1+ peg(t), and Proposition 4.1 shows that eg(t) is the limit
of the mean energy N~ !EHy(X;). The quantity x(t,s) is the integrated response, or
susceptibility.

We use the following published facts throughout the paper.

Proposition 3.2 (Well-posedness and positivity). The hard-spherical CK system (3.9)—(3.12)
has a unique solution (C,R, ). It satisfies

0<C(ts)<1 (s, t>0), R(t,s) >0 (t>s>0), (3.15)
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and C is a positive-semidefinite kernel: for all n > 1, times tq,...,t, > 0, and a € R", we have
E?le aia]-C(tl-, t]) Z 0.

Existence and uniqueness, the bounds (3.15), and the positive semidefiniteness of C
are proved by Dembo, Guionnet, and Mazza [60, arXiv version 1, Proposition 1.1, p. 4,
and Lemma 2.1, p. 6] for the hard-spherical equations in the noise-one convention recalled
in Section 3.3. Their hypotheses are met by the polynomial ¢(g) = 4*, the initial value
C(0,0) =1, and any fixed temperature; their Proposition 1.1 has no restriction to high
temperature. Existence and uniqueness in the noise-one convention are also recorded
in [112, arXiv version 5, Proposition 4.2, p. 23]. The time change (3.19) below, which
is a bijection between solutions of the two systems, transfers all of these properties to
(3.9)—(3.12). The positive semidefiniteness of C can also be read off from Proposition 3.3.
For fixed times t; and coefficients a;, we have

2
>0

3 ainiCltit) = 3
aia]-CN ti, t]' = =
i,j=1 N

n
Y aiXy, ,
i=1
and the left side converges in probability to }; ; a;a;C(t;, ;).
We record two consequences that are used constantly. Because C and R are continuous,
each of them is bounded on every compact set of its domain. The right sides of (3.9) and

(3.10) are continuous on the causal triangle {0 < s < t}, and so are the partial derivatives
atR and atC .

3.3 Comparison of conventions

The factors of two in the CK equations depend on the noise amplitude, on the normaliza-
tion of time, temperature, and covariance, and on how an external force enters the drift.
We compare our convention with the two conventions of the works on which we rely.

The noise-one convention. The works of Ben Arous, Dembo, and Guionnet [24], of
Dembo, Guionnet, and Mazza [60], and of Sellke [112] use the noise coefficient one. On
SN, the generator is

%AS +aVgHy - Vg,

with the same covariance N¢(x - y/N). Here « > 0 is the drift coefficient, which Sellke de-
notes by B; his Gibbs measure is proportional to e>*/N [112, arXiv version 5, Equation (1.2)
and the following paragraph, p. 2]. In [60], the dynamics descends a Hamiltonian, and
reversing its sign gives the law of Hy. In [24, Equations (1.2), (1.6), and (1.7)], specialized
to v(q) = g”, the displayed Hamiltonian HBAG has the law of —2Hy, and the force in
the drift is —VHBAG /2, which has the law of VHy. If x, is the noise-one diffusion with
a = B/2, then X; = xy; is our diffusion; this is Step 1 of the proof of Proposition 3.3.
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Under this time change, the multiplier of the noise-one system is multiplied by two, its
memory coefficient a? is multiplied by four, and its noise diagonal one becomes two. This
produces exactly (3.9)-(3.11). We do not rescale the covariance N¢.

The convention of Cugliandolo and Kurchan. In [51, Equations (1)—(4)], the couplings
Jiyiys iy < --- < ip, have variance p!/(2N P=1), so that the Hamiltonian H“X has covari-
ance N(x -y/N)?/2 up to terms that do not affect the limiting equations, and the energy
is minimized. The Langevin equation is d;s = —“KVHK(s) — z(t)s + 7, with white
noise of variance 2, and the response has diagonal value one. At the level of the limiting
CK equations, the covariance of —+/2HK has the normalization of the covariance of H N/
and the identification is

Hy < —V2H, K =+2p,

with no change of time. With these substitutions, the causal forms of equations (3)—(4)
of [51], for t > s, coincide with (3.9)-(3.10),! their multiplier z(t) = 1 — pfNE(t) is A(t),
and their energy per spin is E(t) = —eg(t)/ V2. Their equation (7) for the threshold
plateau is the marginality relation g>p(p — 1)g?~2(1 — g)?> = 1.

Table 3.1 collects the dictionary.

In our convention, the predicted dynamical transition (B4,q4) is the point of the
marginality curve B2p(p — 1)gP~2(1 — q)?> = 1 at which x = (p — 2)(1 — q) /q equals one;
see the text after equation (12) and the concluding discussion in [51]. The condition x =1
gives qq = (p —2)/(p — 1). Substituting this value into the marginality relation, we obtain

a=(p—1)""1/(p(p—2)P?). Equivalently, B3 = 1/(pg(qa)) with g(q) = 4" ~*(1 —q).
Indeed, we have ¢’(7) = g?3[(p — 2) — (p — 1)q], and g is maximal on [0, 1] at g4, with
8(qa) = (p—2)P2/(p-1)P~".

3.4 The bridge on fixed time horizons

The CK equations describe the diffusion (3.3) only after we send the dimension to infinity
on a fixed time horizon. Three published results combine to give this limit. Ben Arous,
Dembo, and Guionnet proved the limit for the soft-spherical diffusion, including the
empirical correlation and the Brownian observable for the integrated response [24, arXiv
version 1, Equation (1.9), p. 4, and Theorem 1.2, p. 5]. Dembo, Guionnet, and Mazza
proved that the deterministic soft-spherical equations converge to the hard-spherical ones
[60, Proposition 1.1 and its proof]. The convergence of the deterministic equations is not
by itself a statement about the hard-spherical diffusion. Sellke proved the convergence
theorem for the hard-spherical diffusion itself [112, arXiv version 5, Theorem 4.3, p. 23],

'In arXiv:cond-mat/9303036v1, the factor CP~1(t,#') in the first memory integral of equation (3)
should read CP~1(t,t").
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this paper noise one [60, 112] CK [51]
time t v=72t t
covariance of H NgP NgP NgF/2
temperature parameter B x=p/2 BK =28
diffusion part of generator As As/2 As
multiplier A(t) w(v) =A(v/2)/2 z(t) = A(t)
constant term of multiplier 1 1/2 1
memory coefficients p’, B¢ w2g", o2 (B2 /2, (BK)2E /2
noise diagonal 2 1 2
mean energy ep(t) ep(v/2) E(t) = —eﬁ(t)/\@
equilibrium FDT r=—c r=-2c r=—c
transition, p = 3 2=4/3 a3 =1/3 (B§*)> =18/3
transition, general p Ba ag = Ba/2 B = V2 B4
plateau at transition q4 q4 q4

Table 3.1. The dictionary between the conventions. The CK column refers to the normalization of
the limiting CK equations. In each column, r and c denote the stationary response and correlation
as functions of the lag measured in that column’s time, and 85 = (p — 1)? "1/ (p(p — 2)?~2) and
ga = (p—2)/(p — 1). In the convention of [51], the transition temperature for p = 3 is (3/8)!/2.

by coupling it with soft-spherical diffusions [112, arXiv version 5, Lemma 3.1, pp. 16-18].
We use Sellke’s theorem for the correlation and for the Brownian observable. The next
proposition states it in our normalization.

Proposition 3.3 (The bridge on fixed time horizons). Let (C,R, A) be the solution of the
hard-spherical CK system of Proposition 3.2, and let
X+ Xs X; - Bs
Cn(t,s) = , = .
For every fixed 0 < T < oo, we have, uniformlyon 0 <s <t < T,

FN(t, S)

S
Cn(t,s) — C(t,s), I'n(ts) — / R(t,u) du in probability. (3.16)
0
That is, for every € > 0,

lim ]P< sup {|CN(t,s) —C(t,s)| + ’FN(t,s) - /OSR(t,u) du}} > s) =0. (317

N—eoo  Ng<g<i<T

Both convergences also hold after taking expectations, uniformly on the same triangle. The limiting
response satisfies R(t,t) = 1.
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Proof. The proof has five steps. In Step 1, we write our diffusion as a time change of
Sellke’s diffusion. In Steps 2 and 3, we check that the same time change maps Sellke’s CK
kernels to the solution of (3.9)~(3.12) and his Brownian observable to I'y; this proves (3.16)
for a deterministic initial point. In Step 4, we use a rotation to extend the convergence
to the uniform initial point. In Step 5, we prove the convergence of expectations by a
uniform integrability bound.

Step 1: the time change. Sellke’s diffusion [112, arXiv version 5, Equation (1.2), p. 2] has
noise coefficient one and drift coefficient  (which Sellke denotes by f):

dxy = &Py, VHy(x0) dv + Py, dW, — %Nxv do, (3.18)

where W is a standard Brownian motion in RN and Hy is the Hamiltonian (3.1). We take
a = /2. Given our Xy, J, and B, let

Wy =V2B,n,  Xo=Xypn  0>0.

Then W is a standard Brownian motion with respect to the filtration (F/2),>0, where
(Ft) is the filtration of Xy, ], and B. For a continuous adapted integrand G, we have
00/2 Gy dr = % [ Gyo dw and v2 00/2 Gr dB, = [, Gyp/2 dWy. Inserting these two

identities into the integral form of (3.3) at time v/2, we obtain
(% K v
0 L2 2 0

which is (3.18) with « = /2. Conversely, X; = x; and By = Wp;/ /2. The disorder and
the initial point are unchanged, and they remain independent of W.

Step 2: the CK kernels. Let CS, RS, and ys be the hard-spherical CK kernels and
multiplier of [112, arXiv version 5, Definition 4, pp. 22-23] with parameter «; by [112,
arXiv version 5, Proposition 4.2, p. 23], which rests on [24, arXiv version 1, Theorem 1.2,
p- 5] and the proof of [60, Proposition 1.1], they are the unique continuous, locally
bounded solution of the following system. In our notation for ¢, and with the later time
first as in [112], they solve, for v > w > 0,

[

0B (0, ) = —i*(0)R%(0,w) +02 [ &(CS(0,))R%(0, 1) RSy, ) d,
9,C(0,w) = —*()C (0, w) + o & (C3(o,))RS(0,)Co(w, ) dy
o [CE(C0,)R(w,y) dy,

1 v -
1) = 5 +a%p [ Coy) R (0,) dy,
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with C%(v,v) = R%(v,v) = 1. We claim that
C(t,s) = C5(2t,25), R(t,s) = R5(2t,25), A(t) =2u5(2t). (3.19)

Let C, R, and A denote the right sides of (3.19). By the uniqueness in Proposition 3.2, it
suffices to show that (C, R, 1) solves (3.9)~(3.12). The boundary data are immediate. For
the multiplier, the substitution y = 2u gives

2t t
Alt) =1 —i—thzpz/ C5(2t,y)P7IR5(2t,y) dy = 1 —i—4oc2p2/ C(t,u)P"'R(t,u) du,
0 0

which is (3.11) since 44> = . For the response, we have 9;R(t,s) = 2(d,R%)(2t,2s) by
the chain rule, and the substitution y = 2u in the memory integral yields

iR (t,s) = —2uS(2t)R(t,s) + 4a? /t &'(C(t,u))R(t,u)R(u,s) du.

This is (3.9). Each memory term acquires the coefficient 44> = B2, with one factor of two
from differentiating in the new time and the other from changing the integration variable.
The same computation, applied to the two memory integrals of the correlation equation,
yields (3.10). This proves (3.19).

Step 3: the observables and a deterministic initial point. Fix xo € Sy, and consider for
the moment the diffusion started from the deterministic point Xy = x(. Sellke’s theorem
[112, arXiv version 5, Theorem 4.3, p. 23] concerns the diffusion (3.18) started from a
deterministic point of Sy, with the Hamiltonian (3.1). Applied on the horizon [0,2T], it
states that, almost surely,

xU'Ww

. w
ke e, ey ay
0

N
uniformly on 0 < w < v < 2T, for any coupling of the diffusions in different dimensions.
In particular, these convergences hold in probability, which is all we use. The hypotheses
of the theorem are satisfied, since the Hamiltonian is the pure p-spin Hamiltonian with
ordered independent standard Gaussian coefficients, the initial point is deterministic,
and the horizon 2T and the parameter &« = /2 are fixed as N — oco. By Step 1, we have
Cn(t,s) = xpt - x5/ N and

_ X; - Bs :l'fo'WZS
V2N 2 N
By (3.19) and the substitution y = 2u, the limit of the latter is
1 r2s s s
5/0 RS(2t,y) dy :/0 R3(2t,2u) du :/0 R(t,u) du.

The triangle 0 < w < v < 2T corresponds to 0 < s < t < T. This proves (3.17) for the
diffusion started from x.

FN(t,S)
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Step 4: the uniform initial point. For x¢ € Sy, let dx5(xo, €) be the probability in (3.17)
for the diffusion started from xp. We claim that dx(xo, €) does not depend on x. Let e; be
the first coordinate vector, let b = x(/ V/N, and let O = Oy, be the Householder reflection

2(61 — b)(61 - b)T

O=1-
lex — |2

(b;éel), O=1 (b:el).

It is orthogonal, depends measurably on xy, and satisfies O(\/N e1) = xg. Let X be the
diffusion started from xg, and set Y; = O"X;, B, = OTB;, and |’ = (O7)®?], that is,

! — .
]71"'jp Z Jiy--siy Oinjy - ZP]P

zp—l

The matrix O%? is orthogonal on RN, so ]’ is again a tensor of independent standard
Gaussian entries. Also, B is a standard Brownian motion, independent of J'. Let Hf\] be
the Hamiltonian with coefficients J'; then Hy (y) = Hn(Oy). Using Po, = OP,O" and
VH},(y) = OTVHy(Oy), and applying OT to (3.3), we obtain

dY; = BPy, VHy(Y;) dt + V2P, dB] —xnY; dt, Yy = V/Ney.

We conclude that (Y, ]/, B’) has the law of the diffusion started from V/Ney, together
with its disorder and its noise. The matrix O is orthogonal, so that Y; - Y5 = X; - X5 and
Y; - B = X; - Bs; in other words, Cyy and T'y take the same values for both triples. This
implies that dx/(xg,€) = dn(v/Ney, €).

Now let X be uniform and independent of (], B). The strong solution is a measurable
function of (X, J, B). By independence and Fubini’s theorem, the probability in (3.17) is

[, ontx0,e) wnldso) = on(vVNe, o),

SN

which tends to zero by Step 3. This proves (3.17), that is, (3.16).

Step 5: expectations. Since |X; - Bs| < v/N||B;||, we have

su B
sup [Tu(t,s)] < ZPe<t Bl

0<s<t<T V2N

By Doob’s maximal inequality, IE sup,_||Bs||* < 4E| Br||> = 4NT, and therefore

E sup |Tn(ts)|* <2T

0<s<t<T

for every N. The function (t,s) — fos (t,u) du is continuous on the triangle and we let
ot be its maximum there. Then the random variables sup, ., [Tn(t,s) — [g R(t, u) du
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have second moments at most 2(2T + p%), and in particular they are uniformly integrable.
They tend to zero in probability, and uniform integrability implies that their expectations
tend to zero. The same holds for sup,_,,;-1|Cn(t,s) — C(t,s)|, which is bounded by 2.
We have shown that -

lim E sup (|CN(t,s) —C(t,s)]> + ’I’N(t,s) — /OSR(t,u) du‘) =0, (3.20)

N—=eoo  g<s<t<T

where for the square we used |Cy — C|> < 2|Cy — C|. Because |EZ| < E|Z|, this implies
the convergence of the expectations, uniformly on the triangle. Finally, R(¢,t) = 1 is part
of the boundary data (3.12). O

3.5 The response as a Brownian primitive

Proposition 3.3 concerns a Brownian observable. The next lemma identifies its mean
with the integrated response to an additive force, which is how the Brownian observable
is used as a response in [24, arXiv version 1, Equation (1.9), p. 4, and Theorem 1.2,
p.- 5] and in [112, arXiv version 5, Theorem 4.3, p. 23]. The identification is the classical
connection between linear response and Gaussian integration by parts. The original
Wiener translation formulas of Cameron and Martin [37, Theorems 1-2, pp. 386-387]
assume a shift whose derivative has bounded variation and use Wiener paths with
variance t/2; for a modern deterministic-shift formulation, see [90, Exercise 4.29, p. 27,
and Theorem 4.44, p. 31]. We use the backward It6 equation for the actual conditional
mean, which fixes the tangent projection and the normalization of the noise directly.

Lemma 3.4 (Brownian primitive of the averaged force response). Let Un(t,u) be the

pathwise response matrix (3.6), and let 7i(t,u) = N 'EtrUy(t,u) as in (3.8). Then, for

0<s<t,

E[X; - B]
V2N

The same identity holds with the disorder and the initial point fixed, and with the expectation

taken over the Brownian motion only. At equal times, Fn(t,t) = (N —1)/N.

/OS Pa(t ) du = ETy(s) = (3.21)

Proof. Fix the disorder | and the initial point xp, and write Eg for expectation over B. Put
me = Pf id, the mean of the actual solution started from a sphere point, and

Fu:mtfu(Xu), Oéust.

The mean has the spatial and time regularity needed for the backward Kolmogorov
equation. Applying Itd’s formula along the actual sphere trajectory, the drift vanishes
and

dF, = V2 Dm;_,(X,)Px, dB,,.
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The predictable integrand is square-integrable on this fixed horizon, Fy = m;(xg) is
deterministic, and F; = X;. The actual L? derivative of the projected restart, followed by
the bounded linear expectation operator, and the Markov restart identity give

lEBUN(t, u) = ]EB[Dmt—u(Xu)PXu]

at every fixed deterministic u. These are statements about the constructed solution and
its variational equation, rather than assumed response identities.

For 0 < s <'t, the Itd6 product formula, or the covariance identity for square-integrable
stochastic integrals, yields

. . S
Eg[XBi] = v2 /0 Eg Dy (X,) Py, Jii du.

The deterministic initial mean contributes zero because EzBi = 0. Equivalently, the

coordinate form is S .
Eg|Un(t,u)|; du = —IE XiBi]. 3.22
/0 B[ N( )]ll \/E B[ t S] ( )

Summing over i and dividing by N, we obtain the quenched form of (3.21):
Eg[X: - Bs]

VAN
The right side is integrable over the disorder and initial point, since its absolute value
is bounded by +/s/2. The normalized trace on the left has a fourth moment bounded
uniformly on each fixed causal window by (4.4). Fubini’s theorem therefore permits

averaging over the independent disorder and initial point, giving (3.21). Finally, 7n (¢, t) =
(N —1)/N because Un(t,t) = Px, and trPx, = N — 1. O

S
/ Ly tr Uy (b, u) du = (3.23)
o N

Combining Proposition 3.3 and Lemma 3.4, we find that, for every 0 < T < oo,

S S

lim sup ‘/ Pa(t i) du —/ R(t,u) du| =0. (3.24)
N—oogs<p<T!/0 0

In particular, the susceptibility x(t,s) of (3.14) is the limit of the integrated response

fst 7n(t,u) du = E[X; - (B — Bs)]/(v/2N), uniformly on 0 <s <t < T.

Remark 3.5. Proposition 3.3 and Lemma 3.4 give the convergence (3.24) of the primi-
tives of the annealed response. Primitive convergence alone does not imply pointwise
convergence of 7y. The published convergence theorem supplies this statement about
primitives, which suffices for the integrated uses in this paper. Where a response is
integrated against a continuous weight, as in the proof of Proposition 4.1, we may pass
to the limit through the primitives, using the bound on the total variation of 7n/(t, u) du
supplied by (4.4).
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The annealed means satisfy the stronger conclusion

sup |Pn(t,s) —R(t,s)] — 0 (N — o), 0< T < oo.
0<s<I<T

Indeed, the projected variational equation, its time-increment estimates, and the uniform
exponential moments of the landscape give a common modulus of continuity for the
annealed traces on each fixed causal time window. Together with (4.4), this gives pre-
compactness by the Arzela—Ascoli theorem. Every uniformly convergent subsequence
has the same primitives as R by (3.24); continuity and uniqueness of a function from its
primitives identify its limit with R. Precompactness then gives convergence along the
whole sequence. This conclusion concerns the deterministic annealed normalized traces;
we assert no convergence or concentration of the random response matrices Uy;.

3.6 Landscape bounds

For later estimates, we define the normalized multilinear norm of the coefficient tensor,

1 N . .
QN = ﬁ ol sup Z ]il...ipvlll s U;f ’ (3.25)
1=

—l[opll=1 |iy,... iy =1

where the supremum is over unit vectors vy,...,0, € RN, Closely related uniform tensor
estimates are in [24, arXiv version 1, Appendix B, Lemma B.1 and Equations (B.5)-(B.7),
pp- 27-29]. The next lemma shows that Qy is of order one, with uniform moments and
an exponentially small probability of being large, and that it controls the Hamiltonian
and its first two derivatives on Sy.

Lemma 3.6 (Uniform landscape moments). For every fixed 0 < k < oo, we have
supy EQX; < oo, and for every fixed b < oo, we have supy Ee’ON < oo. There exist con-
stants Ap,c, > 0, depending only on p, such that P(Qn > Ap) < e %N forall N > 2.
Moreover, on Sy,

H VH

Mlcoy Wl <pon, 192l < plr - 0,
Ay (3.26)
BN < p2Qu, Ikl < PO

Because VsHy = PyVHy and ||Py|lop < 1, the gradient bound implies ||[VsHy|| <
pQnV'N on Sy.
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Proof. The proof has three steps. We first use a net argument to reduce Qy to finitely
many Gaussian variables, then deduce a tail bound, and finally prove the derivative

bounds. We write [(vy,...,vp) = Zil,...,i,, ]il...ipvlf e ?J;f for the multilinear form of |, and

My = sup J(v1,...,vp)| = VN Qn.

[o1]|=--=llvplI=1

Step 1: a net and the telescoping bound. Let ¢ = 1/(2p), and let A/ be a maximal
¢-separated subset of the unit sphere of RN. By maximality, every unit vector is within
distance ¢ of V. The balls of radius ¢/2 around the points of N are disjoint and contained
in the ball of radius 1 + ¢/2. Comparing volumes gives

M= () = (1) =

Let M}$* be the maximum of |J(wy,...,wp)| over wy,...,w, € N. Given unit vectors
v1,...,0p, choose wy € N such that ||y — wi|| < e. By multilinearity, we have the
telescoping identity

p
J(01,...,0p) = J(wr, ..., wp) = Y J(wy,..., Wk_1, 0k — Wk, V1, - - -, Vp).
k=1
In the kth term, all arguments except vy — wy are unit vectors, and by homogene-
ity its absolute value is at most |vy — wi||[My < eMy. Summing over k, we have
J(v1,...,0p)| < Mrll]et + peMy. Taking the supremum over vy, ...,vy, and using that My
is finite, we conclude that

My < (1 — pe) MRt = 2 MRet,

Step 2: the tail bound and the moments. For fixed unit vectors wy, ..., w), the variable

J(wy,...,wp) is a centered Gaussian with variance Eil,...,i,,(wlf > -w;f)z = TTkllwe]]? = 1,
because the entries of | are independent. By the Gaussian tail bound, we have
P(|J(wy, ..., wp)| >y) < 2¢7Y/2 for y > 0. The product net AP has at most (1 + 4p)PN
elements. By Step 1 and a union bound, for x > 0,

xv N
2

> < 2exp<NKp — N_xz>’

P(Qn > x) < P(Mﬁt > .

xp = plog(1+4p).
Let Ay = 4,/%p. For x > Ap, the inequality x2/16 > Kp gives

P(Qy > x) <20 N¥/16 < 0p=¥/8 x> A, N>2 (3.27)
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At x = Ay, the first bound in (3.27) is 2 NKp < o= N with Cp = Kp — %logZ > 0, because
N > 2. For k > 0 and b > 0, we write the moments as integrals of the tail and use (3.27)
beyond Aj:

]EQ’I‘V < Ak +/ kxk—1 0p=¥*/8 dx, EePQN < obAp 4 beb* 20X*/8 dx.
P Ja, Ap
Both right sides are finite and do not depend on N. The case k = 0 is immediate, and for
b < 0, we have ¢’N < 1. This proves the assertions about the moments and the tail.

Step 3: the derivative bounds. We write a point of Sy as x = v/ Nv with ||v|| = 1. Then
Hy(x) = N~(P=D/2](x,...,x) = V/N](v,...,v) and |Hy(x)| < vVNMy = NQy. Each
derivative of Hy replaces one copy of x by a test direction. For a unit vector w, we have

\wf/,x,...,x),

p
VHy(x)-w=N"(P~1/2 Y J(x,...,x,
k=1 Y

a sum of p terms, each of absolute value at most N=(P=D/2N(F-D/20 = My. Summing
these p bounds gives |[VHy(x)|| < pMy = pv/NQy. Similarly, V2Hy(x)(w,w') is
N~(P=1)/2 times a sum of p(p — 1) terms in which two of the slots carry the unit vectors
w,w’" and the others carry x. Each term is at most N (P=2)/2 My in absolute value, and the
bound |V2Hy(x)(w,w’)| < p(p — 1)N~V2My = p(p — 1)Qy follows. This proves the
tirst three inequalities in (3.26).

For the intrinsic Hessian, let w € TSy be a unit vector, and let (r) = x cos(r/v/N) +
v Nwsin(r/+/N) be the great circle through x in the direction w. It is a unit-speed
geodesic of Sy with 4”(0) = —x/N, and we have

2
ViHN () (w,0) = S (y(r)]_ = V() (w,w) - TV INE),

The polynomial Hy is homogeneous of degree p, and Euler’s identity reads x - VHy(x) =
pHn (x). By polarization, we obtain, as quadratic forms on TySy;,

pHN(x)
N

V2HN(x) = Py V*Hy/(x)Py — P;. (3.28)
By the bounds already proved, ||V§HN||Op < p(p—1)Qn + pQn = p?Qn. Finally,
AgHy(x) is the trace of VZHy(x) on the (N — 1)-dimensional space TSy, which gives
|AsHy(x)] < (N —1)p?>Qn < Np?Qn. This proves the last two inequalities. O



SECTION 4

Structural identities and uniform estimates

In this section, we prove the structural identities of the CK solution and the estimates
on it that hold uniformly in time. Proposition 4.1 shows that the CK integral eg(t) is the
limit of the mean energy of the diffusion, and that A(t) = 1+ pPeg(t). Proposition 4.2,
the Green covariance identity, expresses the correlation as an explicit quadratic functional
of the response. We realize it by unit vectors Z; in a Hilbert space. From these, we deduce
an energy-response tradeoff and the bound 1 < A < A (Proposition 4.3), Lipschitz and
Holder bounds in time (Proposition 4.4), an equation for the response in its earlier time
(Proposition 4.5), and the domination R < C together with the compactness of the CK
solution along late time windows (Proposition 4.6). All constants are uniform over the
half-line [0, ).

We use the results of Section 3. Proposition 4.1 uses Proposition 3.3 and Lemmas 3.4
and 3.6, and Proposition 4.4 uses Propositions 3.3 and 4.1 and Lemma 3.6. All other proofs
in this section are deterministic, and they use only the CK equations (3.9)—(3.12) and the
published facts of Proposition 3.2. The results of this section are used throughout the rest
of the paper. The bounds and the compactness enter the construction of stationary limits
in Section 5. The Green covariance identity is the starting point of the tree realization
in Section 7 and of the response estimates in Section 11. The energy identity identifies
the energy of a stationary cluster in Sections 5 and 8. We use the backward response
equation in Sections 11 and 15, and the domination R < C transfers the forgetting of
correlations to the response in Section 8.

The Green covariance identity is the variation-of-constants formula for the linear
effective process of dynamical mean-field theory, in which a single coordinate is driven by
its own response kernel, by white noise, and by a Gaussian noise with covariance g2¢’(C).
The single-coordinate retarded equation and its colored Gaussian noise are described in
[49, arXiv version 2, Section 9.5, Equation (9.56), p. 55; see also Equations (9.13)—(9.14),
p. 45]. The dynamical equations behind this picture are those of Cugliandolo and Kurchan
[51, arXiv version 1, Equations (2)—(4), pp. 2-3], established for the soft-spherical model
in [24, arXiv version 1, Theorem 1.2, p. 5]; for a conditional Gaussian-field description
in a related setting, see [58, arXiv version 2, Remark 1.4, Equations (1.23)-(1.24), p. 5].
These works provide the background. We prove the identity in the exact form (4.10)
directly from the CK equations, so that the later uses of the complete memory are
transparent. The other estimates of this section are elementary, and we include their
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proofs for completeness.
Throughout this section, (C, R, A) is the solution of the hard-spherical CK system
given by Proposition 3.2, and eg is defined by (3.14).

4.1 The energy identity

Proposition 4.1 (Energy identity on fixed horizons). For every T < oo, the annealed normal-
ized energy converges uniformly on [0, T, and its limit is

eg(t) = lim %]EHN(Xt) = Bp /OtC(t,u)PlR(t,u) du, A(t) =14 pPeg(t). (4.1)

N—o0

In the physics literature, the energy is expressed in the same way through the
correlation-response integral of [51, Equation (5)]. The sentence after that equation
prints the energy with the sign opposite to their equation (9); the dictionary of Section 3.3,
with E(t) = —eg(t)/ V2, agrees with the sign in equation (9). The proof below justifies
the hard-sphere form through the primitives of the response and a rank-one correction in
finite dimension. It is a Gaussian integration by parts in the disorder. Differentiating the
trajectory with respect to one Gaussian coefficient produces the pathwise response matrix
Un(t,u) of (3.6), and differentiating the covariance (3.2) splits the result into a trace term
and a rank-one correction. The trace term carries the correlation weight Cy(t,u)P~!
against the response; in the limit, it becomes the CK integral. Two estimates make this
rigorous. The first is a fourth-moment bound for the response columns and normalized
trace that is uniform in the dimension and in the waiting time u, and the second is the
convergence (3.24) of the primitives of the annealed response. The rank-one correction is
controlled by the operator norm, whose second moment is at most a constant times N.

Proof. The proof has four steps. In Step 1, we bound the drift derivative and the noise
derivative trace along the sphere. In Step 2, a stopped fourth-moment estimate gives
uniform bounds on the response columns and normalized trace. In Step 3, we integrate
by parts in the disorder and obtain the exact identity (4.6). In Step 4, we pass to the limit
N — co.

Recall the variational definition (3.6) and the normalized trace (3.8). The physical
coefficients are

b(x) = BPxVHn(x) — knX, j(x) = \/EPxej, j=1,...,N.
Step 1: bounds for the variational coefficients. The landscape derivative bounds give
|Db(x)[v]|| < An||v|| on Sy, with Ay = 1+ Bp(p + 1)Qn. For the noise, Do;(x)[v] =
—v2N " (vx; + xvj). Since ||x||* = N, the inequality ||a + b||* < 2||a||* + 2||b|* implies
8

N
)_IDa(x)[o]|* < Bnllol®, By = (4.2)
j=1
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These estimates apply to all ambient vectors, so no samplewise diffeomorphism or
invertibility assertion is needed.

Step 2: column, trace and operator moments. Fix u > 0 and a deterministic v € RY,
The true variational solution starts from Px, v, which is F;-measurable and has norm
at most ||v|. Apply It6’s formula to the fourth power of its norm, stopped at the first
exit from a ball. The bounds in Step 1, Gronwall’s inequality, and Fatou’s lemma when
removing the stopping give, conditionally on the disorder,

Eg||Un(t u)o|* < |[ol|*exp{ (4AN +2+6BN)(t—u)}, 0<u<t  (43)

For a F,,-measurable initial direction of norm at most a deterministic a, the same estimate
holds with a* in place of ||v||*. For N > 1, the rate in (4.3) is at most 54 + 48p(p +1)Qn.
Consequently, for T < oo, the constant

Kt = T sup Ee*Pr(ptDTON < oo, Or =1+ Kr,
N

is independent of the dimension and waiting time. Its finiteness follows from Lemma 3.6.
Put T5(t,u) = N~ tr Un(t,u). Jensen’s inequality for the average of the diagonal entries,
le; - Une;| < ||Une;||, and the elementary bound HUNH%p < YN ||[Uye;||? show that

sup  sup sup E|Un(t u)e;||* < Kr,
N u>0,0<t—u<T1<i<N

sup  sup  Ely(tu)l <Ky, (4.4)

N u>0,0<t—u<T
E[[Un(tu)l5p < NOF, 0<t—u<T.

In particular, E|ty(t,u)|? < @3, E|ty(t,u)| < O, and E||Un(t,u)|op < VNOr. The
bounds depend only on the lag window T, even though the waiting state depends on
the disorder and the past. Jointly measurable response representatives and their product-
time integrability follow from the actual projected-restart derivative and these column
moments.

Step 3: Gaussian integration by parts. For a multi-index v = (iy,...,ip) € {1,...,N}?,
let f,(x) = N=(P=1)/2y; . --x;,, 50 that Hy = Y, Jufy. On Sy, we have |x;| < VN, so
|fv] < VN and |Vf,|| < p. Changing the coefficient J, by e adds efPyV f,(x) to the drift
of (3.3), which is a tangent force e¢fPx,V f,(X,) at time u. As in (3.7), the variation-of-
constants formula yields

9 X = /s/ot Un(t, 1)V f,(Xy) du, (4.5)
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where the derivative is taken in L? for the actual terminal solution. The first-order
expansion of f, on the compact sphere gives

91, Ex,,8fv(Xi) = Ex, [V (Xi) - 91, Xi],
t
191, Ex,,8fu(X1)| < ;3,92/0 Ex, 5| Un(t 1)]lop dut.

Step 2 makes the right side integrable under the disorder law at every fixed N. As Xj
and B are independent of ], we apply Gaussian integration by parts to | — Ex, g f,(Xt),
conditionally on the other disorder coefficients. Summing over the N” multi-indices and
using Fubini’s theorem, we obtain

EHy(X:) = Y E[J,f,(X:)] = ,B/OtlEtr[UN(t,u) ZVfV(Xu)VfV(Xt)T] du.

To compute the sum over v, we differentiate the identity ¥, £, (x)f,(y) = NP~V (x - y)?,
the middle expression in (3.2), once in x; and once in y;. With ¢ = x - y/N, this gives

_ -1
Zaifv(y) ijy(x) = pcP 151‘]‘ + %CV zxiyj.
v
Taking x = X; and y = X, so that ¢ = Cn(t,u), we have
Y VA (Xu) Vo (X)T = pCu(t,u)P 1 + wCN(t,u)sztXI.

Inserting this into the previous display, using tr(UyX; X)) ) = X} Un X}, and dividing by
N, we obtain

1 t Un(t,
NEHN(X) = ﬁp/o ]E[CN(t,u)P*1 W} du
PBEP D e XUt a9

The second line is a rank-one correction. Using |Cyn| < 1, |XJUn(tu)X:| <

N||Un (t, u)op, and Step 2, its absolute value is at most Bp(p —1)TOr/+/N for 0 < t < T.
This tends to zero uniformly in t < T.

Step 4: the limit N — co. Fix T < co. In this step, only the dimension tends to infinity,
with the horizon T fixed. We first replace the random weight Cy(t,u)P~! in the first line
of (4.6) by C(t,u)P~!. Using that x — xP~!is (p — 1)-Lipschitz on [—1,1], the bound
E|ty(t, u)|> < ®2, and the Cauchy-Schwarz inequality, we find that the error is at most

Bp(p—1) [ BlIcn(tn) — Clt)] (1, 00]] du

1/2
gﬁp(p—l)TG)T(]E sup |CN(t,u)—C(t,u)\2> ,

0<u<t<T
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which tends to zero uniformly in t < T by (3 20). After this replacement, and by Fubini’s
theorem, the first line of (4.6) becomes Sp fo w(t,u)fn(t, u) du, where

w(t,u) = C(t,u)pfl, 0<u<t<T.
It remains to show that

lim sup ‘/ (t,u) (PN (t, u) — R(t,u)) du‘ =0. (4.7)
N%"O0<t<T

The convergence of primitives (3.24) does not imply this by itself, because 7x/(t, -) may
change sign; we also need a bound on the total variation of the signed measure 7 (, ) du.
Because |7y (t,u)| < E|ty(f,u)| < O, we have

t
/ Pn(tu)| du <TOr, 0<t<T,
0
for every N. Let rr be the maximum of the continuous function R on the triangle. Let

= sup ‘/ PN (t,u) — R(t,u)) dul,

0<s<t<T

which tends to zero by (3.24). Fix § > 0 and a partition0 =10 <71 < --- < T = T of
mesh at most 6. Let ws(t,u) = w(t, c_1) for u € [t _1, ), and let wr(J) be the modulus
of continuity of w on the compact triangle {0 < u <t < T}, so that sup |w — w;| < wr(9)
and wr(d) — 0 as &6 — 0. For fixed t < T, the integral fot ws(t,u)(Fy — R)(t,u) du is a
sum of at most m terms w(f, Tx_1) f;"_/;t/\t(fN — R)(t,u) du. Each integral, including the
one over a possibly truncated last interval, is a difference of two primitives evaluated at
points of [0,t], and |w| < 1. This gives

sup ‘/t w(t,u)(Fn — R) (¢, u) du‘ < wr(8) T (Or +r7) +2myy,
0<t<T
where the first term bounds the integral of (w — ws) (75 — R) by the total variation bounds
above. We first let N — oo with the partition fixed, which removes the term 2m1y, and
then let  — 0. This proves (4.7).

Combining Step 3, the replacement of the weight, and (4.7), we conclude that

t
lim sup Z1]1EH1\](Xt) —ﬁp/o C(t,u)P7IR(t,u) du| =0,

N—eogci<r

which is the first assertion of (4.1). The identity A(t) = 1+ pPBes(t) follows from (3.11). [
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4.2 The Green covariance identity

We now regard the CK solution as fixed and use its coefficients to define a linear problem.
Let
%(t,u) = Bp(p —1)C(t,u)P?R(t,u),  0<u<t, (4.8)

which is continuous and, by (3.15), nonnegative. Let D be the linear Volterra operator

t

DF() = £(6) + MO — [ Z(tw)f(u) du

0

Note that 82¢”(C)R = X and B%&'(C) = p?pCP~1. The CK equations take the following
form. We extend R(-,s) by zero on [0,s). Then, for fixed s, (3.9) says that DR(-,s)(t) =0
for t > s, with R(s,s) = 1. That is, the response is the causal Green kernel of D, with
unit diagonal. Also, (3.10) says that

DC(-,s)(t) = Bp /OSC(t,u)”lR(s,u) du, t>s 49)

Although the coefficients A and % come from the nonlinear CK system, they are fixed
continuous functions in what follows.

Proposition 4.2 (Green covariance identity). For every t,s > 0,
tAs
C(t,s) = R(t,0)R(s,0) +z/ R(t,u)R(s, u) du
0

” t s p—1
+B p/o /0 R(t,u)R(s,v)C(u,v)’~" do du. (4.10)

In particular,

C(t,0) = R(t,0), Z/OtR(t,u)2 du < 1. 4.11)

The three terms of (4.10) are the contributions of the initial condition, of the white
noise, whose covariance is 2 in our convention, and of the colored noise with covariance
B*pCP~1 = B2¢'(C), each propagated by the response.

Proof. Let Q(t, s) be the right side of (4.10). It is continuous and symmetric. The proof has
four steps. We verify that Q satisfies the same linear equation as C off the diagonal, and
the same equation as C along the diagonal; a Gronwall argument then shows that Q = C.
Finally, we deduce (4.11). Throughout, all integrands are continuous and bounded on
bounded sets, and whenever we exchange the order of integration below, we apply
Fubini’s theorem on a bounded region.
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Step 1: the off-diagonal equation. We write Q = Q1 + Q2 + Qs for the three terms:

Q1(t,s) = R(t,0)R(s,0), Qa(t,s) = Z/Ot/\s R(t,u)R(s,u) du,

Qs(t,s) = Bp /Ot /OSR(t,u)R(s,v)K(u,v) dv du, K(u,v) = C(u,v)P~L,

Fix s and let t > s. By (3.9), we have d;R(t,0) = —A(#)R(t,0) + fOtZ(t,z)R(z,O) dz, and
hence

3:01(,s) = —A(H)Q1(t,s) + /OtZ(t,z)Ql(z,s) dz.

For t > s, we have Q»(t,s) = 2 fOS R(t,u)R(s,u) du. Differentiating under the integral
and using (3.9) gives

t

3:0a(t,5) = —A(H)Qa(t, 5) —I—Z/OSR(s,u)/u (£ 2)R(z 1) dz du.

The region {0 < u <s, u <z<t}is {0 <z <t 0<u<zAs}, and exchanging the
integrals yields

ath(t,S) = _A(t)QZ(t/S) +/Otz‘(trZ)Q2(Z/S) dz.

Note that the inner integral produces Q(z, s) with its upper limit z A s, which accounts
correctly for the memory times z < s. For the colored term, differentiating in the upper
limit # produces a boundary term with R(t,¢) = 1, and differentiating R(¢, 1) inside the
integral produces the memory term after the same exchange of integrals. We obtain

%Qs(t,s) = ~A(Qs(t,5) + | (1,2)Qs(z,5) dz + fp | Kto)RGs o) do.

Adding the three equations, we conclude that, for t > s,

0:Q(t,s) = —A(1)Q(t,s) + /OtZ(t,z)Q(z,s) dz + B*p /OSC(t,U)le(S,U) dv. (4.12)

By (4.9), the correlation C satisfies the same equation. Note that the white-noise integral
has no boundary term when ¢t > s, because its upper limit t A s = s does not move.

Step 2: the diagonal equation. Along the diagonal, the upper limit of the white-
noise integral moves. We differentiate Q(t,t) = Q1 (¢, t) + Qa(t, t) + Qs(t, t), using (3.9),
R(t,t) =1, and the symmetry of K. Both arguments now move, and the computations of
Step 1 give

d

—Qi(t,t) = =2A(1)Q;(t, t) +2/t2(t,u)Qi(u,t) du + b;(t), i=1,2,3,
dt 0
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where by (t) = 0, by(t) = 2, and bs(t) = 28%p fo R(t,u) du. Adding these identities,
we obtain

d

QLD = —22()Q(L 1) +2/0t2(t,u)Q(u,t) du + 28%p /OtC(t,u)le(t,u) du +2.

(4.13)
The last term 2 is the boundary term 2R(t, t)? from the moving upper limit of the white-
noise integral. The constant function C(¢,t) = 1 satisfies the same equation. Indeed, if
we substitute Q = C and C(t,t) = 1, the right side of (4.13) becomes

t t
M) + 2/ S (t,u)C(t, ) du + Zﬁzp/ C(t,u)P~1R(t u) du+2,
0 0
and since X(t,u)C(t,u) = B*p(p — 1)C(t,u)P~'R(t,u), this vanishes by the multiplier
equation (3.11). Both Q and C equal one at (0,0).

Step 3: uniqueness. Let D = Q — C. It is continuous and symmetric, D(0,0) = 0, and
by Steps 1 and 2 it satisfies the homogeneous equations

9:D(t,s) = —A(1)D(t,s) —i—/OtZ(t,z)D(z,s) dz, t>s,

d
dt
Fix T < o0, and let A7 = Supjg 7] (Al 1 = supg, i1 |X(t, u)], and

D(Lt) = —2A(1)D(t, 1) +2/0t2(t,z)D(z, f) dz.

d(t) = sup |D(u,v)|, 0<t<T,

0<u,v<t

which is nondecreasing and bounded. Integrating the diagonal equation from 0 to s and
bounding |D(z,v)| < d(v) for z < v, we find

S
ID(s,s)| < (2)1T+22TT)/ d(v) do.
0
For t > s, we integrate the off-diagonal equation from s to ¢t and find
) ) t
ID(t,s) < |D(s,s)| + ()LT+ZTT)/ d(v) do,
S

where we used that for v € [s,t] and z < v, both arguments of D(v,s) and D(z,s)
lie in [0, v] These two bounds and the symmetry of D imply that |D(t’ N < (2Ar+
2%.7T) fo ) dv whenever t/,s" < t. Taking the supremum over ' and s’, we have

t
d(t) < (2xT+22TT)/ d(v)do, 0<t<T.
0

By Gronwall’s inequality, d = 0 on [0, T]. Since the horizon T was arbitrary, we conclude
that Q = C, which is (4.10).
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Step 4: consequences. At s = 0, the white-noise and colored terms of (4.10) vanish and
R(0,0) =1, so that C(t,0) = R(t,0). At s = t, the left side of (4.10) is one, and the three
terms on the right are nonnegative, because R > 0 and C > 0 by (3.15). In particular,
2 [ R(t,u)? du < 1. N

Feature vectors. We now realize (4.10) as a Gram identity. By Proposition 3.2, C is a
positive-semidefinite kernel, and the Schur product theorem [111, Section 4, Satz VII,
p. 14] implies that its entrywise power K = CP~! is positive semidefinite as well. Let K
be the Hilbert space generated by vectors V,,, u > 0, with

(Viu, Vo) = C(u, v)’”_l.

Explicitly, we take finite formal linear combinations of the symbols V;,, define the inner
product by bilinearity, take the quotient by the vectors of norm zero, and complete. This
is the classical positive-kernel Hilbert-space construction [4, Part I, Section 2(4), p. 344].
We call K the colored feature space. The vectors V,, have norm one, and

IV = Vo[> = 2{1 = C(u,0)P '}, (4.14)

so u — V, is norm-continuous, because C is continuous. We may therefore define the
Bochner integral

t
At:/ R(t,u)V, du € K
0

of a continuous function on a compact interval. Since bounded linear functionals com-
mute with the integral, we have

t

(Ay, As) = /Ot /OsR(t,u)R(s,v)C(u,v)p1 dv du, (Vi, Ap) = /0 C(t,u)P"'R(t,u) du.

In the direct sum R @ L?(R ) @ K, we define
Zi = R(t,0) @ V2R(t," )1 @ By/PAr (4.15)

Adding the inner products of the three orthogonal components, we see that (4.10) says
exactly
(Zi,Z5) = Clt,s), |z = 1.

The initial, white-noise, and colored contributions to the correlation are orthogonal
components of Z;, and the colored component retains the complete history. Section 7
refines the colored component into a causal realization graded by trees.
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4.3 The energy-response tradeoff and the multiplier bound

Proposition 4.3 (Energy-response tradeoff and uniform multiplier bound). For every

£>0, i
t t
eﬁ;) +C(1,0)2 +2/ R(t,u)? du <1, (4.16)
0
and -
L<A() <A, A= TVITAFP (4.17)

2

Both estimates are deterministic consequences of the CK equations and of Proposi-
tion 3.2. Proposition 4.1 is needed only to interpret eg(t) as an energy.

Proof. The proof has three steps. We first prove the tradeoff, then deduce a first bound
on the multiplier, and finally improve it to (4.17) using a lower bound on the response.

Step 1: the tradeoff. Let M; = fo (t,u)P~1R(t,u) du. With the notation of the feature
vectors above, we have M; = (V;, A;), and since ||V;|| = 1, the Cauchy—Schwarz inequality
yields M? < ||A¢||>. On the diagonal, (4.10) reads 1 = R(t,0)? —|—2f0 (t,u)? du +
B%p||A¢||>. Combining these two facts, we find

t
B2pM? + R(t,0)2 +2/ R(t,u)? du < 1.
0

Since eg(t) = PpM; and A(t) — 1 = B2p>M;, we have eg(t)*/p = BpM; = (A(t) —
1)2/(B?p?). Using C(t,0) = R(t,0) from (4.11), we obtain (4.16), and equivalently

(A(t) —1)
pr?
Step 2: a first bound. Note that M; > 0and A(t) > 1, because C > 0 and R > 0. By (4.18),
we also have A(t) < 1+ Bp3/2. In particular, Ag = sup;~o A(t) satisties 1 < Ag < 0.

t
+R@m2+g/R@ﬂYdugL (4.18)
0

Step 3: the improvement. Since ¥ > 0 and R > 0, (3.9) implies that d;R(t, u) >
—A(£)R(t,u) for t > u. Then t — R(t, u)exp f; A(v) dv is nondecreasing, and since
R(u,u) =1, we have

t

R(t,u) > exp(—/

u

A(v) dv) > e folt—u),
Squaring this bound and integrating gives
1— ele\ot

t 1
Rt,02—|—2/Rt,uzdu>e_2A°t+—>—,
(4,07 +2 [ R(t,u)? du > T h
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where in the last inequality we used that the middle expression is a convex combination
of 1 and 1/Ao, and that Ay > 1. Inserting this into (4.18), we find (A(t) —1)? <
B?p3(1 — Ay for every t. Taking times t with A(t) — A (the supremum need not be
attained), we obtain

_ Ao —1
(R0 =12 < B (1 - A") = B2 = —.

If Ag > 1, we divide by Ag — 1 and find A% — Ao — B?p® < 0, which implies that Ay is at
most the positive root A of x2 — x — B2p3. If Ag = 1, then Ay < A because A > 1. This
proves (4.17). O]

4.4 Regularity in time

Proposition 4.4 (Uniform regularity in time). There exist finite constants D, g and L, g,
depending only on p and B, such that eg and A are Ly, g-Lipschitz on [0, ), and, for all u,v > 0
and h > 0,

[C(u+h,0) — C(u,0)| < Dpgh+v2h,  |C(u,0+h)—C(u,0)| < D,gh+2h. (4.19)
Moreover, with A as in (4.17), forall t > s > 0,
0<1-C(ts) < A(t—s). (4.20)

We obtain the estimates (4.19) from the diffusion in finite dimension and pass them to
the limit with u, v, and h fixed; their constants do not depend on the times involved. The
bound (4.20) is stronger near the diagonal. It implies that any unit vectors v; in a Hilbert
space with (vt, vs) = C(t,s), such as Z; in (4.15), satisfy

|los — vs|> = 2{1 — C(t,5)} <2A|t —s|,

so that t — v; is 1/2-Holder. The modulus (4.19) alone would only yield the exponent
1/4.

Proof. Let yv; = supy lEQé\, for j = 1,2, which are finite by Lemma 3.6 and depend only
on p.

Step 1: the energy and the multiplier. Let ex(t) = N"'EHy(X;). By Itd’s formula on
Sy and (3.4),

Hn(Xt) — Hn(Xs) = /St[AsHN(Xr) + Bl VsHn (X,) ] dr + \/E/St VsHn(Xr) - dB.

For fixed ], the integrand of the stochastic integral is bounded, and the stochastic integral
has mean zero; by (3.26), the integrands are integrable over the disorder as well. By (3.26),
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we have |AsHy|/N < p?Qn and ||[VsHy|?/N < |[VHy|?/N < p?Q%; on Sy. Taking
expectations gives

len(t) —en(s)] < p*(71+ Pr2)lt —sl,
with a constant independent of N, s, and t. By Proposition 4.1, we have ex(t) — eg(t) for
every t, and the Lipschitz bound passes to the limit, showing that eg is Lipschitz with
constant L, = p?(71 + B72)- By (4.1), A = 1+ pPeg is Lipschitz with constant pL.. We
take L, g = max{1, pB}Le.

Step 2: the correlation modulus. We decompose the increment of the path into its drift
and martingale parts:

u-+h

u-t+h
Xy — X = / [BPx, VHN (X)) — xnX,] dr + V2 / Py, dB,.
u

u

By (3.26), the drift has norm at most (1 + BpQnx)v/N. By the It6 isometry and tr(P2) =
tr Py = N — 1, the martingale part has mean square norm 2(N — 1)k < 2Nh. Using the
Cauchy-Schwarz inequality for the martingale part, we find

qu—&-h - :(uH
E—— " < (1 h+v2h.
~ < (1+Bp71)

By the Cauchy-Schwarz inequality and || X, || = v/N, we also have, pathwise,
[(Xugn = Xu) - Xo| _ [ Xiugn — Xu

N - VN ’

and no relation between the times 1 and v is needed. Taking expectations, we deduce that
IECN(u +h,v) —ECn(u,v)| < Dpgh + V2l with D,p =1+ Bpy1- We now let N — oo
with u, v, and h fixed. By Proposition 3.3, applied on the horizon max{u + h,v} and
using the symmetry of Cy and C, we have ECy — C at both points, which proves the
tirst bound in (4.19). The second bound follows from the first and the symmetry of C.

ICn(u+h,v) —Cn(u,v)| =

Step 3: the diagonal increment. Let t > s. All terms on the right side of (3.10) other
than the first are nonnegative, by (3.15). Since 0 < C <1 and A < A by Proposition 4.3,
we find

9:C(t,s) > —A(t)C(t,s) > —A.
Integrating from s to ¢ and using C(s,s) = 1, we obtain C(t,s) > 1 — A(t —s), which is
the upper bound in (4.20). The lower bound is C < 1. O

4.5 The backward response equation

The response equation (3.9) is an equation in the later time . The next proposition gives
the corresponding equation in the earlier time s.
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Proposition 4.5 (Backward response equation). Fort > s > 0, the response satisfies
t
3R(t,5) = A(s)R(t,s) — / R(t, 1) (u,s) du. 4.21)
S

Both partial derivatives d;R and dsR extend continuously from {0 < s < t} to each compact
causal triangle {0 < s <t < T}. Ats = 0 < t, dsR is the right derivative; on the positive
diagonal, 0¢R is the right derivative and dsR the left derivative along their causal rows. At (0,0)
these symbols denote the continuous extensions of the interior slopes.

Proof. The idea is to write the response as a series of Volterra compositions, to reverse
the order of the factors, and to differentiate the resulting formula in its lower endpoint;
this needs only the continuity of ¥, not its derivative. Guionnet and Mazza give a related
positive noncrossing expansion for the normalized response in a nonlinear Kraichnan
equation [89, arXiv version 1, Section 2.1 and Lemma 2.1, pp. 7-8]. Here we keep X. fixed
and use the Neumann series of the resulting linear Volterra equation. For continuous
kernels k; and k; on the causal triangle, we define the Volterra composition

t
(k1 x ko) (t,s) = / ki(t, u)ko(u,s) du, 0<s<t,
S

which is associative by Fubini’s theorem on bounded regions. Let

t
G(t,s) = exp(—/ Av) dv), 0<s<t
S
Note that 0 < G <1, because A > 1 by Proposition 4.3.

Step 1: the Neumann series. By (3.9), 0;[R(t,5)/G(t,s)] = (E*R)(t,5)/G(t,s) for t > s.
Integrating from s to f and using R(s,s) = 1 gives the variation-of-constants formula
R=G+G+X«R Fix T, and let X1 = supy., ;-7 2(t, ). The kernel (G «X)" % G is an
integral over 21 ordered intermediate times in [s, t] of a product of # factors X and 1 + 1
factors G. As 0 < G < 1, it is at most &Y times the volume of the simplex of ordered
times: )
[(G+X)"«G|(t,s) < 2’%M
S (2n)! 7
The Neumann series }_,~(G * X)" x G therefore converges uniformly on the triangle,
and its sum R satisfies R = G + G * Z x R. The difference R — R satisfies the ho-
mogeneous equation f = G x X x f, and iterating this equation n times shows that
|f| < EAT? sup |f]/(2n)! for every n, which forces f = 0. We have shown that

0<s<t<T.

R=) (G*x)"*G.

n>0
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Step 2: reversing the composition. By associativity, (G*X)"* G = G * (£ * G)", and
both are the composition of the word GXG - - - £G. Separating the last two factors X x G
of each term with n > 1, we obtain

R=G+ ) (GxX)"+G*L+G=G+RxXL*G.

n>0

Explicitly, for 0 <s <,
t

R(t,s) = G(t,s) +/ R(t,u) (Z+G)(u,s) du,  (Z%G)( / (1,0)G(v,s) do.
S

Step 3: differentiation in the earlier time. We have 9;G(v,s) = A(s)G(v,s) and G(s,s) =
1. Differentiating the inner integral in its lower endpoint yields

(X xG)(u,s) = —2(u,s) + A(s)(Z*xG)(u,s),

which is continuous in (1, s). The outer integral has lower endpoint s, and its boundary
term vanishes because (X * G)(s,s) = 0. By the Leibniz rule, we have

OsR(t,s) = A(s)G(t,s) + /t R(t,u)[-Z(u,8) + A(s)(E+ G)(u,s)] du
= A(s)[G+RxZxG|(t,s) — (RxX)(t,5).

Since G+ R * X * G = R, this is (4.21). We differentiated only continuous integrands
through their moving endpoints.

The right side of (4.21) is continuous on the closed triangle {0 < s < t < T}, with
value A(t) at s = t. The forward derivative given by (3.9) is also continuous there, with
value —A(s) at t = s. This proves the assertions about continuity. O

4.6 Response domination and compactness

For T > 0, we consider the translated kernels

Cr(a,b) =C(T+a,T+b), Rp(a,b)=R(T+a,T+b) (a>b), Ar(a)=AMT+a),
(4.22)
defined for offsets a,b > —T. On every compact set of offsets, they are defined once T
is large enough. We consider correlations on squares of offsets, and responses only on
closed causal triangles {a > b}, where their diagonal value is one.

Proposition 4.6 (Response domination and bounded-lag compactness). Let a,5 =
B2p(p —1). Forevery t > s >0,

0<R(ts) <C(ts) <1,  [0R(t,s)| + |0sR(t,s)| <2{A+a,g(t—s)},  (423)
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with the boundary interpretations of Proposition 4.5. The translated triples (Ct, R, Ar) are
precompact for locally uniform convergence as T — oo, in the sense that every sequence T,, — oo
has a subsequence along which Cr,, Rt,, and At, converge uniformly on every compact subset of
R?, of {(a,b) € R?: a > b}, and of R, respectively.

Proof. The proof has three steps. We first prove the domination R < C, then the derivative
bounds, and finally the compactness.

Step 1: the domination. Fix s > 0, and let D,(t) = C(t,s) — R(t,s) for t > s. We split the
tirst memory integral of (3.10) at s. With the notation (4.8), the correlation satisfies

9:C(t,s) = —A(£)C(t,5) + /tZ(t,u)C(u,s) dut+E(t), t>s

where

Ey(t) = /OSZ(t,u)C(u,s) du + Bp /OSC(t,u)p_lR(s,u) du > 0.

In words, for fixed s, the correlation solves the same linear Volterra equation as the
response, with the same initial value one at t = s and the additional nonnegative forcing
F;, which collects the memory from times before s. Subtracting (3.9), we find

DI(t) = +/ (t,u)Ds(u) du+ (),  Ds(s) = 0.

Let Ds(t f R(t,v)Fs(v) do. Differentiating, using R(¢,f) = 1 and (3.9), and exchang-
ing the order of integration over {s < v < u < t}, we find that D; satisfies the same equa-
tion with Ds(s) = 0. The difference f = Ds — Dj satisfies f' = —Af + fstZ(t,u)f(u) du
and f(s) = 0. On [s, T], with f(t) = supy,  |f|, we obtain f(t) < (Ar +ZrT) [ f(v) do
with At and X1 as in the proof of Proposition 4.2, and Gronwall’s inequality shows that
f = 0. We have shown that

C(t,s)—R(t,s):/stR(t 0)Es(v) do > 0.

Together with (3.15), this implies that 0 < R < C < 1.

Step 2: the derivative bounds. By Step 1 and (3.15), we have 0 < X(t,u) < a, 4. In the
forward equation (3.9), the memory term is therefore at most a, g(t — s) in absolute value,
and the multiplier term is at most A by (4.17). This gives [0;R(t,s)| < A +ayp, 4(t —s). The
same argument applied to the backward equation (4.21) gives [dsR(t,s)| < A+apg(t —s).
This proves (4.23); at t = s, we use the continuous extensions of Proposition 4.5.
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Step 3: compactness. For m € N, let Wy, = [—m, m]?> and WSS = {(a,b) € Wy, : a > b}.
For T > m, the translated kernels are defined on these sets. On them, we have the
following bounds, uniformly in T > m:

e |Cr| <1, and Cr has the modulus of continuity (4.19) in each coordinate, by Proposi-
tion 4.4;

e 0 < Rr <1, and Rr is Lipschitz on the convex set W;?"® with constant 2{ A + 2a,, gm},
by (4.23), since the lag is at most 2m there;

* 1 <Ar <A, and Ay is L, g-Lipschitz, by Propositions 4.3 and 4.4.

Let T, — oo. By the Arzela—Ascoli theorem, there exists a subsequence along which the
three components converge uniformly on Wi, Wi, and [—1,1]. From it, we extract
a further subsequence that converges uniformly on W, W52, and [—2,2], and so on.
The diagonal subsequence converges uniformly on W,,, W52, and [—m, m] for every m.
Every compact set of offsets in the respective domains lies in one of these sets for m large,
and this proves the precompactness. Offsets may be negative; each compact set lies in
the domain once T;, exceeds its distance from the origin. We use the response only inside
the causal triangles, and we need no continuity across the diagonal. O



SECTION 5

Entropy production and stationary limits

In this section, we prove that the CK solution becomes stationary on late time windows
and satisfies the fluctuation—dissipation theorem (FDT) there. Our tool is the relative
entropy of the diffusion with respect to its Gibbs measure. It decreases at a rate equal
to the relative Fisher information. Since the initial law is uniform, the entropy produced
over all times is at most 32N /2 on average over the disorder (Lemma 5.1). We then show
in Lemma 5.2 that the Fisher information at an earlier time s controls the backward FDT
defect d;C — R at that time. In Theorem 5.3, we pass these estimates to the limit along
one subsequence of dimensions. We obtain an integrable function ar, the Fisher majorant,
whose square root dominates the defect for all t > s > 0. In Lemma 5.5, we establish that
the Fisher information also controls the change of a correlation at fixed lag when both
observation times are shifted. Combining these estimates with compactness, we prove
Proposition 5.7. It states that every limit point of the translated kernels is a stationary
FDT profile with a constant multiplier, and that its response satisfies a closed equation.

We use the following results of Sections 3 and 4: the fixed-horizon bridge (Propo-
sition 3.3), the Brownian primitive of the response (Lemma 3.4), the landscape bounds
(Lemma 3.6), the energy identity (Proposition 4.1), the Green covariance identity (Propo-
sition 4.2), and the uniform estimates of Propositions 4.3 to 4.6. The stationary clusters
of Proposition 5.7 are the starting point of Sections 6 to 8. We use the Fisher majorant
again in Sections 10, 11, 14, and 15, and Section 10 reuses the subsequence of dimensions
chosen in Theorem 5.3.

The entropy dissipation identity, the Bochner formula, and the gradient bound for
the semigroup are standard calculus for reversible diffusions. The Bochner formula
for a Laplacian with a gradient drift is recorded in [9, Proposition 3, equation (4b),
p- 187], and the diffusion and entropy calculus is presented in [10, Chapter 3 and Propo-
sition 5.2.2, p. 245]. We derive the spherical response identity of Lemma 5.2 directly;
for related response identities around nonthermal steady states under detailed balance,
see [1, Sections 2-3, pp. 27-30]; nonequilibrium diffusion response identities are given
in [8, equations (6) and (11), pp. 010602-2-010602-3]. Cugliandolo, Dean, and Kurchan
described the physical mechanism that links entropy production to violations of FDT, and
they derived bounds on these violations from the entropy production [54, arXiv version 2,
equations (12)—(13), p. 3, and (18), p. 4]; their integrated bounds are discussed in the
unnumbered passage “Integrated bounds for purely relaxational systems” on p. 3 of that

79
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arXiv version. For the projected hard-spherical response, we establish dimension-uniform
bounds and pass them to a single Fisher majorant for the CK solution. We give the
calculations in full because the sign, the spherical projection, and the normalization of
the response all matter later.

Standing notation. Throughout this section, p > 3 and > 0 are fixed. For a fixed
realization of the disorder |, the Hamiltonian Hy is fixed. Recall from (3.4) that the
generator of (3.3) is

Ly = Ag +,B<VSHN,VS >

We write P, = PH = ¢T4N for its semigroup. All differential operators act on functions
on Sy and are spherical: Vg, divg, Ag, and V% are the gradient, divergence, Laplacian,
and Hessian of Sy, as in Section 3.1, and Ric is its Ricci tensor. We write I'(f,g) =
(Vsf,Vsg) and I'(f) = I'(f, f). The subscript H marks quantities computed for the
fixed Hamiltonian Hy. The expectation [E; averages over the Gaussian tensor, while [E
also averages over the initial point and the Brownian motion. Let p; be the density of
the law of X; given | with respect to wy. The actual diffusion realizes a strictly positive
density on Sy, with pg = 1 because the initial point is uniform and independent of J.
We use its C2 spatial regularity and the joint continuity, up to time zero, of pt, Vsp, its
forward-equation slope, and the spatial gradient of that slope. The forward equation
holds on Sy at positive times and gives its right derivative at zero. All density, score,
and current quantities used below are jointly measurable in the disorder and their time
parameters; we establish their integrability over the disorder in the estimates below. We
require no positivity or forward equation for an extension off Sy. Finally, Qy is the
tensor norm (3.25). Derivatives at time zero are always right derivatives; derivatives at
positive times are ordinary derivatives.

5.1 Relative entropy and an exact fluctuation—dissipation identity

Recall from Section 3.1 that the Gibbs density gy = ng}ﬁeﬁHN ,with Zy g = [ ePHN dwy;,
is reversible for Ly. We write

cur

vi" = Vslog(pt/gn)

for the relative score of p;; the superscript distinguishes it from the tree vectors v; of
Section 7. The probability current of the diffusion is j: = Bo:VsHn — Vspr = —pi0f,
which satisfies 0;p; + divg j; = 0; we write all formulas below in terms of vf"". We define
the relative entropy, the relative Fisher information, and its normalized annealed average

by

1
Dy(t) = /Pt log(pt/gn) dwn,  In(t) = /vaur\lzpt dwy,  an(t) = NIE]IH('*)
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Lemma 5.1 (Finite normalized entropy budget). For every realization of the disorder and
every t > 0,

Opr = divs(pief),  Dilt) = ~lu(), [ Ia(t)dt<Du(0). (1)

The first identity is an equation on Sy, and both derivatives at t = 0 are taken from the right.
Moreover,

” B> Du(0)
< = < . .
| ar< S 22 <2p0y (5.2)
Proof. Note that p;vf"" = Vgp; — ot VsHy. Then the forward equation d;p; = Agpr —
Bdivs(p:VsHy) of the diffusion is the first identity in (5.1). Next, we differentiate the
relative entropy. Using [ d;p; dwy = 0 and integrating by parts, we find

Dj,(t) = [ log(pi/gn) divs(prof) deon = — [ pil[of"|2 deow = —Lu(1)

At positive times, we may differentiate under the integral because the forward slope
is continuous and the density is strictly positive on the compact sphere. Since the
entropy and Fisher information are continuous up to zero, the positive-time identity
gives D7;(04+) = —Iy(0). The same argument, applied to the continuous forward slope,
gives the right derivative of the density at zero. Integrating from 0 to T, we have
fOT Ig(t) dt = Dy (0) — Dy(T) < Dy(0), where we used the fact that the relative entropy
of two probability densities is nonnegative. Letting T — oo proves the third assertion of
6.1).
We now bound the initial entropy. Since pp = 1, we have

DH(O) = log ZN,ﬁ - ,B/HN dwN.

By (3.26), we have |Hy| < NQy on Sy. As wy is a probability measure, this implies that

~BNQu < logZys < PNQy, | [ Hy dwn| < NQw.

This proves the second inequality in (5.2), and by Lemma 3.6, both logZy s and
f Hy dwy are integrable over the disorder. For each x € Sy, the variable Hy(x) is a cen-
tered Gaussian of variance N¢(1) = N. By Fubini’s theorem, we have E; [ Hy dwy = 0
and

EjZngp = /IE]eﬁHN(x) dwn(x) = ePN/2,

Using Jensen’s inequality, we obtain

BN
E;Dy(0) = Ejlog Zng < logEjZyng = 5
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Finally, by Tonelli’s theorem and the third assertion of (5.1),

o 1 o0 1 ‘32
/0 IZN(t) dt = EIE]/O IH(t) dt < N]E]DH(O) < 7,

which is the first inequality in (5.2). O

We next express correlations and responses through the semigroup. Let m; = P id be
the vector of functions (Prx1, ..., Prxy). By the Markov property, m.(x) is the conditional
mean of Xs ¢ given Xs = x and J. Jensen’s inequality and || Xs|| = v/N imply that
|m:(x)|| < V/N. For t > s, we define the quenched correlation and the normalized
impulse response by

cnlt,s) = % / 05(x) (x, ms_(x)) deon (), (5.3)
ru(t s):l/p %F(x Piox;) dw (5.4)
H\L, N Si:1 ir 't—sAj N- .

By the Markov property again, cy(t,s) = N 'E[X;- X, | J], and Ejcy(t,s) = ECn(t,s).
The function rp is the response to an additive tangent force. Recall that a deterministic
force h(s) € RN enters the linearized equation (3.5) as Px,h(s), without a factor of .
Because Vgx; = Pye;, the actual mean response is expressed through the derivatives of
the transition mean. For bounded continuous #, (3.7) and the expected projected-restart
derivative identify the ith coordinate of the mean linearized response with

t N
/0 /ps Y hi(s) T(xj, P—sx;) dwy ds.
=1

In other words, Nry(t,s) is the trace of the impulse response matrix of the quenched
mean. As in Remark 3.1, the actual tangent-projected restart is Fréchet differentiable
into L?, and the bounded linear expectation operator commutes with that derivative. It
follows that the expected trace of Uy (¢,s) is the mean of }; I'(x;, Pr—sx;)(Xs). The actual
waiting-state law is p; dwy, so this is exactly the integral in (5.4). Integrability follows
from the fixed-disorder fourth-moment estimate (4.3). We set

CN = IE]CH, N = IE]TH.

By the discussion above, 7y is the annealed normalized response (3.8), and rg(s,s) =
N1 [ pstr Py dwy = xy, where ky = (N —1)/N as in Section 3.1.

Lemma 5.2 (Exact nonequilibrium fluctuation—dissipation identity). For 0 <s < t,

1

ri(t,s) —oscy(t,s) = N /ps (mi_s, o) dwy, (5.5)
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where the derivative is taken with the terminal time t fixed, from the right when s = 0. In
particular,

7n(t,s) — 9sen(t,s) > < an(s), (5.6)
and, for 0 <s <,

‘1—C‘N(t,s)—/t1’N(t,u) du‘z < (t—s)/taN(u) du. (5.7)

Proof. We begin with an integration by parts formula for the law at time s. For smooth
functions f, g on Sy, we have

/ psfLng dwn = — / psI'(f, &) dwn — / psf (v, Vsg) dwn. (5.8)

Indeed, integrating Agg by parts against p,f gives — [ psI'(f,g) — [ f (Vsps, Vsg), and
the remaining term combines with the drift term of Ly because Vgps — BpsVsHy =
050 cur.

Next, we differentiate (5.3) in s, using the forward equation d;ps = L3;0s, where L, is
the adjoint with respect to wy, and the backward equation 9;P;_sx; = —LnP;—sx;. This
gives

dscr(t,s) /ps LN(xlpt sxi) — 5, LNPr—sx;] dwn.

Using the product rule Lx(fg) = f EN g+ gLNf +2I(f,g), we can write the bracket as
(Pr—sxi) Lnxi + 2T (x;, Pr—sx;). Applying (5.8) with f = P;_sx; and ¢ = x; to the first of
these two terms, we obtain

dscpr(t, s) /ps T (xj, Pr—sxi) — (Pi—sx;) (0§, Vgx;)] dwn:.

The first term is rg(t,s). In the second, we have Y ;(Pi—sx;) (vs, Pre;) = (my_s, vs),
because v$™ is tangent and Vsx; = Pye;. This proves (5.5), with its sign and coefficient.
As a check of the normalization, consider B = 0. Then the uniform law is invariant,
ps = 1, and v$"* = 0. The coordinates satisfy Agx; = —knx;, so that cy(t,s) = e N (=)
and ry(t,s) = ke *NIS) = 9y (t,s).

By the Cauchy-Schwarz inequality and ||m;_s|| < v/N, the square of the right side of
(5.5) is at most Iz (s)/N. To average over the disorder, we need a bound on 9dscy that is
integrable over J. In the formula for dscy before the integration by parts, the first term is
N~ [ ps (mi—s, Lnid) dwy. Using Lyid = BVsHy — xyid and the bound || VsHy|| <
pQnV'N from (3.26), we see that its absolute value is at most xy + SpQy. The second
term is 2N 1 [ ps tr(Dgm;—sPy) dwy, and its absolute value is at most 2|[Dsm;—slop <
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2eBP*Qn(t=5) by the gradient bound (5.17) below, whose proof uses only the Bochner
formula. We conclude that

9sch(t,5)] < 1+ BpQy + 2ePP (=), 1 (t,s)| < ePPON(I=S),

These bounds are integrable over the disorder by Lemma 3.6, uniformly for t — s in
compact sets, and dominated convergence justifies dscy = [Ejdscy for 0 < s < t. The
quenched and annealed correlations, responses, and currents are continuous on each
closed causal row, so the identities for the earlier-time derivatives of the correlations at
positive times extend to the right derivative at s = 0. By Jensen’s inequality, we have

1

Fn(t,s) — 9sen(t,8) > < Ejlry(t,s) — dscu(t,s)|> < —EjIg(s) = an(s),

which is (5.6).

For (5.7), note that ¢y (t,t) = 1 because || X;||> = N. The function u — ¢y (t,u) is
continuous on [s, t], with a bounded derivative on [s, t); in particular, it is Lipschitz and
is the integral of its derivative. Integrating (5.6) over u € [s, t], we obtain

‘1—c‘N(t,s) —/th(t,u) du‘ < /St\/aN(u) du,

S

and one more application of the Cauchy-Schwarz inequality completes the proof. O

5.2 An integrable Fisher majorant

Recall that the landscape cutoff A, of Lemma 3.6 satisfies P(Qn > A,) < e N, We
write Gy = {Qn < Ap} for the corresponding event on the disorder and set

K = 2Bp*A,.

The constant K depends only on p and B. We extract the subsequence in the following
theorem once, before any later waiting-time sequence, stationary cluster, or finite-fork
profile is chosen, and we keep the same strictly increasing dimension subsequence (N;)
for the rest of the paper. We take all limits in N at fixed times; the long-time statements
concern only the limiting function ar and the deterministic CK solution.

Theorem 5.3 (Fisher control of the backward FDT defect). There exist a dimension subse-
quence (N;) and a nonnegative, locally bounded, right-continuous function ap on [0, ) such
that

- * B
an, — ag in Lioc(0,00)), /0 ap(u) du < ER (5.9)
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The function e~Xtar(t) is nonincreasing. In particular, for s > ¢ > 0,

arp(s) < 1_Le—1<s/:_£ ap(u) du, supap(s) — 0 (T — o). (5.10)
s>T
For every t > s > 0, the earlier-time derivative 0,C(t,s) = 90sC(t,s) exists, is continuous, and
satisfies
10,C(t,5) — R(t,s)|* < ar(s). (5.11)

Every row C(t,-) is absolutely continuous on [0,t], and for t > v > u >0,

C(t,0) — C(tu) - /UR(t,s) ds| < / Jag(s) ds. (5.12)

u
Finally, eg is locally absolutely continuous, and
\e'ﬁ(s)lz < pzA%ap(s) for almost every s > 0. (5.13)

We write

u(ds) =ap(s)ds,  p([0,00)) < p*/2. (5.14)

Proof. The proof has six steps. The first three construct ar. In Step 1, we use the
Bochner formula to show that, on the event Gy, the Fisher information grows at most
like eX!. Then the average of the Fisher information over Gy, multiplied by e~ X, is a
bounded nonincreasing function of ¢, and we use Helly’s selection theorem to extract a
subsequence along which these functions converge (Step 2). In Step 3, we show that the
Fisher information on the complement of Gy has total mass tending to zero, which leads
to (5.9) and (5.10). In the last three steps, we transfer the finite-dimensional estimates
to the CK solution. In Step 4, we pass the integrated form of Lemma 5.2 to the limit,
which gives (5.12), together with (5.11) for almost every s. In Step 5, we deduce from the
Green covariance identity that d,C is continuous, which upgrades the bound to every s.
In Step 6, we treat the energy in the same way.

Step 1: the Bochner identity and growth of the Fisher information. Fix the disorder. Let
fi = pt/gn and ¢ = log f;, and let v (dx) = gn(x) wn(dx) be the Gibbs measure. Then
vs" = Vi and Iy (t) = [ fiT () dvn. Recall that the generator Ly is symmetric with
respect to vy, with [ fLng dvy = — [ T(f, g) dvn. In terms of f;, the forward equation
reads d;ft = Lnf. As Ly(e?) = e?(Lyy +T(¢)), we also have o;pr = Ly + T(¢r).
Differentiating If, we find

I(t) = /(Eth)F(lPt) dvn +2/ftr(¢t/£NlPt) dVN+2/ftT(1PtrF(lPt)) dvn.

By symmetry, the first integral equals [ fiLNI(¢;) dvy. It also equals

— [T(fe,T(yr)) dvn = — [ fil (¥, T(¢1)) dvn, because Vsf; = fiVgsyp. The third
integral is therefore —2 [ fiLNT'(¢¢) dvy, and we obtain

() = = [ SENT(9r) dvn +2 [ (g1, L) duy = =2 [ fTa() duw,
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where To(p) = JLNT(9) — T(¢, Lyy). For Ly = As+ B(VsHy, Vs-), the Bochner
formula reads I () = || V3 ||%g + (Ric —BVEHN) (Vsy, Vsy). Using f; dvy = pr dwy,
we conclude that

() = =2 [ p{ V3l + (Ric —pVEHN) (Vs Vsy) | dao. (5.15)

This identity is asserted for t > 0. Its differentiations and integrations by parts use the
spatial C® density, positivity on the compact sphere, and joint continuity of the forward
slope and its spatial gradient. In particular, we compute the time derivative of the relative
score by differentiating the intrinsic forward equation along the sphere. Continuity of Iy
at zero will suffice to include the initial time in the resulting comparison.

For N > 2, the sphere Sy of radius V/N has Ric = % times its metric, which is
nonnegative, and ||V%HN||op < p?Qn by (3.26). Then (5.15) implies that I}; < 28p*QnIy
at positive times. On the event Gy, we have I}; < Klp, so e"X'I(t) is nonincreasing for
t > 0. Its continuity at zero extends this monotonicity to [0, o). We define

bn(t) = l1}5] e Iu(t)],  ba(t) = e Mbn(b).

N
As an average of nonincreasing functions, by is nonincreasing; no differentiation under ;
is needed. At time zero, Vsyg = —BVsHy. Differentiating the covariance N(x - y/N)?
in both variables and setting y = x € Sy, we see that E;[VHy(x)VHy(x)"] = pl +
%xxr The projection P, removes the second term, because Pyx = 0. We obtain
E;||VsHyn(x)||? = ptr Py = p(N — 1), and by Tonelli’s theorem,
an(0) = 55 [ EjlIVsHN[ dwon = Bp ——

We have shown that by is nonincreasing and 0 < by/(t) < by (0) < an(0) < B?p for all
t > 0. We also note that the bound I}; < 28p*Qy I holds for every disorder. It implies
Ig(t) < IH(O)EZ/SPZQW < ,BszNQZZVeZﬁPZQNt, and by Lemma 3.6, ay is finite and bounded
on compact intervals, uniformly in N.

Step 2: Helly selection. We use the Helly diagonal-selection argument; compare the
proof of [29, Theorem 25.9, p. 336]. The sequences (by(6))n are bounded, and a diag-
onal extraction over the positive rationals gives a subsequence (N;) along which EN].(G)
converges for every rational § > 0. The limits form a nonincreasing function on the
positive rationals with values in [0, 82p]. Let b(t) be the right-continuous function on
[0,00) defined by the limit of these values as 0 | t through the rationals. Let t > 0 be
a continuity point of b. For rationals § < t < ', we have EN].(Q’) < ENj(t) < ENj(Q) by
monotonicity. Letting j — co and then 6 1 ¢, 6’ | t, we find that BN].(t) — b(t). Since a
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monotone function has at most countably many discontinuities, we conclude that ENj — b
almost everywhere. We define

ap(t) = eXb(t).
Then ar is nonnegative and right-continuous, ar(t) < BZpeX!, and e Ktap(t) = b(t) is
nonincreasing. For every M < oo, we have 0 < by, (t) < B*pef™ for t € [0, M], and by
dominated convergence, by, — ar in L([0, M]). The value of ar at zero is the right limit;
no convergence of by (0) to ap(0) is used. We have shown that

ij — ar in Llloc([O/oo))'

Step 3: the Fisher mass on the bad event. The difference ay — by = N™'E ][IG%]I H]
is nonnegative. By the quenched budget in (5.1) and the bound Dy (0) < 2BNQy of
Lemma 5.1, we have

/0 " (an — by () dt = %1}3] 16 /0 "It ]

< 2BE; [Qulcy ] < 28(E1Q%) " *P(GR)2.

The right side tends to zero by Lemma 3.6. Together with Step 2, this implies that an;, — ar
in L! ([0,00)). For every M, we have fOM ap = lim; fOM ay; < B%/2 by Lemma 5.1, and

loc
monotone convergence in M proves (5.9).
The monotonicity of e~ Xtar(t) means that ap(u) > e~ X6~%ag(s) for u < s. Integrating

this inequality over u € [s — ¢, s], we have

S € 1— e—Ks
/ ap(u) du > ap(s)/ e K dw = ap(s) ———,
s—e 0 K

which is the first part of (5.10); here K > 0 because § > 0 and A, > 0. Taking ¢ = 1, we
have sup,.rap(s) < K(1 —eX)"1u([T —1,00)) for T > 1, and the right side tends to
zero because i is a finite measure. This proves (5.10). We note that integrability of ar
alone would not give this uniform decay; it comes from the monotonicity of e Xfar(t).

Step 4: passage of the row inequality to the limit. Fix t > v > u > 0. Recall from the
proof of Lemma 5.2 that ¢y(t, - ) is the integral of its derivative on [u, t]. Integrating (5.6)

over [u,v], we have
1% v
Pn(ts) d </ Jan(s) ds.
n(t,s) s’_ ; an(s) ds

We let N = N; — oo in each term. By Proposition 3.3, ¢y (t,v) = ECn(t,v) — C(t,v), and
similarly at (t,1). The response integral equals E[X; - (B, — B,)]/(v/2N) by Lemma 3.4;
it is a difference of the Brownian observables of Proposition 3.3, whose expectations

EN(t, Z)) — EN(t,u) — /

u
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converge to [ ; R(t,s) ds. For the right side, we use the elementary inequality |/x —
VYI? < |x —y| for x,y > 0. On every compact interval I, it yields

/I{\/ﬂNj—\/ﬂ_Flz S /I"aN]_aF‘ —>O/

and by the Cauchy-Schwarz inequality, , /an; — \/aF in LY(I). This proves (5.12) for
every t > v > u > (0. We fixed the subsequence in Step 2, before choosing the endpoints,
and the correlations and the primitives of the response converge along the full sequence
of dimensions. No further extraction is involved.

Next, fix t and let Fi(s) = C(t,s) — fOS R(t,w) dw for 0 < s < t. By (5.12), we have, for
every finite family of disjoint intervals (u;,v;) C [0, 1],

Z|Ft(vi) — Fi(u;)| < /U-(u',v-) \/ap(s) ds.

The right side is small when the total length of the intervals is small, because \/E is
locally bounded. Hence F; is absolutely continuous. As s — fos R(t,w) dw is continuously
differentiable, the row C(t, - ) is absolutely continuous on [0, t]. At every point s € (0, t)
where F; is differentiable and which is a Lebesgue point of |/ar, dividing (5.12) by v — u
and letting the interval shrink to s, we have |F/(s)| < y/ar(s). We have shown that

0,C(t,s) — R(t,s zgaps for almost every s € (0, t).
y

The exceptional set may depend on ¢; this causes no difficulty, since we carry out Step 5
on each fixed row with the fixed function ar.

Step 5: the continuous representative of the earlier derivative. Let R(s,u) = 91R(s, u).
Recall from (3.9) and Proposition 4.5 that R is continuous on every compact causal
triangle, with one-sided values on the diagonal. For t > s, the Green identity (4.10) reads

C(t,s) = R(t,0)R(s,0) —|—2/OSR(t,u)R(s,u) du
+B7p /OtR(t,u) /OsR(S,ZJ)C(L!,U)’”1 do du.

The variable s enters only through R(s,0), R(s,u), R(s,v), and the upper limits of the
integrals over u and v. Differentiating in s and using R(s,s) = 1, we obtain, for t > s > 0,

39,C(t,s) = R(t,0)R(s,0) + 2R (£, 5) +2 /O R(t )R (s, 1) du

+ B*p /OtR(t,u){C(u,s)p1 - /OS R(s,v)C(u,v)P! dv} du. (5.16)

All integrands are continuous on the fixed compact sets of integration, which justifies
differentiation under the integral sign. No derivative of C(u,v)?~! is needed, because
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u and v are integration variables that do not depend on s. The right side of (5.16) is
jointly continuous on the open triangle t > s > 0. Hence, for each fixed ¢, the row
C(t,-) is continuously differentiable on (0, f), and its classical derivative agrees with the
almost-everywhere derivative of Step 4.

Fix t > s > 0, and choose points s, | s with s, < t at which the bound of Step 4
holds. Then [9,C(t,s,) — R(t,sn)|> < ap(sy). As n — oo, the left side converges to
|02C(t,s) — R(t,s)|? by the continuity of (5.16) and of R, and ar(s,) — ar(s) because ar
is right-continuous. This proves (5.11).

Step 6: the energy. Let ey(s) = N1 [psHy dwy, so that ex(s) = Ejey(s) =
N~YEHN(X;). By the first identity in (5.1) and an integration by parts, we have

1
en(s) = —% / 0s (vS%, VsHy) dwy.

Using ||VsHy|| < pQnVN and the Cauchy-Schwarz inequality, we find that |e,(s)| <
pQON+/ IH(s)/N. We split the average over the disorder according to Gy. On Gy, we have
On < A,, and Jensen’s inequality yields Ej[1c,pQn+/Iu(s)/N] < pAp\/bn(s). On
the complement, by the Cauchy-Schwarz inequality, Ej[1c, pQn+/In(s)/N] < /7N (s),

where 9
nN(s) = %]E][Q%\IIH(S)IG‘;\J-

By (5.1) and Dy (0) < 2BNQy, the total mass of 7 satisfies

" /2 e
/0 nn(s) ds < 2Bp°E; [Q e | < 2Bp*(EjQ¥) " P(GR)'? — 0.

For fixed u < v, Tonelli’s theorem and the two bounds above give

(@) ~en(u)l < [ Blely(6)] ds < pay [*\on(s) ds+ (o) [Tnis) as)

We let N = N; — oo. By Proposition 4.1, ex(v) — eg(v) and en(u) — eg(u); by Step 2
and the argument of Step 4, [ ; \/ON; — | ; Var; and the last term tends to zero. We

conclude that

leg(v) —ep(u)| < pA, /uv \/ag(s) ds, 0<u<nv.

As in Step 4, we see that ez is locally absolutely continuous and that \e;;(s)| < pApr/ar(s)
at almost every s, which is (5.13). Here we use only the convergence of energies at fixed
times, not the convergence of their derivatives. O

We note two features of Theorem 5.3. First, the majorant ar is produced by one
subsequence of dimensions and need not be unique; the inequalities it satisfies concern
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the unique deterministic CK solution; the bounds on the defect hold at every pair of
times, and the bound on the derivative of the energy holds for almost every time. Second,
(5.11) and (5.10) imply that the defect 9,C(t,s) — R(t,s) tends to zero uniformly in f as
s — oo. This does not identify the slow fluctuation—dissipation ratio: both R and 9,C may
tend to zero while R/0d,C has a nontrivial limit, and the defect may accumulate over a
diverging interval of earlier times. For B > B4, Section 12 shows that a positive amount
of defect does accumulate in this way.

The bound (5.11) also holds at the two ends of each row, with one-sided derivatives.
We record this for later use.

Remark 5.4 (The ends of a row). Let t > 0. The one-sided derivatives 0,C(t,0+) and
0,C(t, t—) of s — C(t,s) exist, and

10,C(t,0+) — R(t,0)|* < ap(0),  9.C(t,t—) = R(t,t) =1.

In other words, (5.11) holds for 0 < s < t, with derivatives at s = 0 and s = t taken from
the interior of the row. Indeed, let A(¢,s) denote the right side of (5.16). It is continuous
for 0 < s < 't, and by the mean value theorem, the one-sided derivatives at the ends of
the row exist and equal A(t,0) and A(¢, t). The first bound follows by choosing s, | 0 in
(56.11) and using the right continuity of ar at zero. For the second, we differentiate the
diagonal Green identity

1=C(t,t) = R(t,0)2 +2/0t1<(t,u)2 du + p /Ot /OtR(t,u)R(t,v)C(u,v)pl do du

in t. Using R(t,t) = 1 and the symmetry of C, we find that the initial, white-noise,
and colored-noise terms have derivatives 2R(t,0)R(t,0), 2 + 4 fot R(t,u)R(t,u) du, and
twice the colored-noise term of A(t,t), respectively. Comparing with (5.16), we see that
the derivative of the right side equals 2A(t,t) — 2; the white-noise boundary term is
counted once on the diagonal, while 2A(#,t) counts it twice. Since the left side is constant,
At t) =1.

5.3 Flatness in the waiting time

The bound (5.11) controls the earlier observation time with the terminal time fixed. To
compare two correlations with the same lag at different waiting times, we also need to
control the effect of the probability current on a conditional-mean observable. A bound
of this kind for one-time observables appears in [54, arXiv version 2, equation (15), p. 3].

Lemma 5.5 (Semigroup gradient bound and the waiting-time derivative). For every T > 0
and x € Sy,
2
[Dsmie(x)lop < ePPNT, (5.17)



5 Entropy production and stationary limits 5.3 Flatness in the waiting time 91

Let ¥+ (x) = N~ (x,m.(x)). Then
IVs¥e(x)]| < N7V2(1 4 PP QnT), (5.18)
d
Socu(w+T,w) = — [ py (07, Vs¥o) don. (5.19)

The waiting-time identity holds for all w > 0, with a right derivative at w = 0. For 0 < 7 < L
and 0 < wy < woy,

|C(wp + T,wp) — C(wy + T,w1)| < B, /W2 ar(u) du, By =1+ PP AL, (5.20)
w1
Proof. We begin with the gradient bound. Let Ky = Bp?Qn. Recall from Step 1 of
the proof of Theorem 5.3 that Ric > 0 and ||[ViHy|op < p?Qn. By the Bochner
formula, we have the curvature bound T';(f) > —KyT(f) for smooth f. Fix 7, x,
and a smooth function f, and let ®(u) = P,I'(Pr—,f)(x) for 0 < u < 7. Using
0yl (Pr—uf) = =20 (Pr—uf, LNPr—uf), we find

@' (1) = Py [CNT(Pr_uf) — 20 (P f, LNPr—uf)] (x) = 2PuTa(Pr_yf)(x) > —2KND(u),

where we used that P, preserves order. By Gronwall’s inequality, ®(t) > e~2KXN7®(0),
that is,
IVsPef||? < e NTPe || Vs 2.

This is the classical gradient bound under a lower bound on the curvature; see [10,
Theorem 3.2.3, p. 144]. We apply it to f.(x) = (z,x) for a unit vector z € RN. Then
IVsfzll = ||Pez|| < 1and VgPif, = Vg (z,mr) = (Dgmy)*z. By the gradient bound, we
now have || (Dsm.(x))*z|| < eKNT. Taking the supremum over unit vectors z proves (5.17).
This bound has no factor depending on the dimension; applying the scalar estimate only
to the N coordinate functions and summing would lose such a factor.

Next, we have Vs¥: = N~ [Pym; + (Dsm:)*x]. As |x|| = /N and ||m.|| < VN,
(5.17) implies (5.18). At fixed lag 7, we have cy(w + T,w) = [ pu¥r dwy by (5.3).
Differentiating at w > 0 and using the first identity in (5.1) and an integration by parts,
we obtain (5.19). The current is continuous up to zero, and the exact current integral
over a waiting-time interval therefore gives the same identity with the right derivative at
w = 0.

It remains to prove (5.20). Let 0 < 7 < L. On the event Gy, we have Qn < A, and
by (5.18), (5.19), and the Cauchy-Schwarz inequality,

d
%CH(ZU—FT,ZU)’ < Bpy/Ig(w)/N.

Averaging over Gy and using Jensen’s inequality, we obtain E;[1g,/In(w)/N] <
bn(w), with by as in Step 1 of the proof of Theorem 5.3. On the complement of
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G, we use only |cy| < 1 at the two endpoints; no control of the gradient is needed there.
Combining these bounds, we find

|en(wo + T, wp) — N (w1 + T, w1 \<BL/ \/bn(w) dw + 2P(GY)).

We now let N = N; — oo. The correlations converge by Proposition 3.3, f;Ulz \/ N, =
fzzz V/ar by Steps 2 and 4 of the proof of Theorem 5.3, and IP(G;) < e~*N — 0. This
proves (5.20). O

We now collect the uniform late estimates that follow from Theorem 5.3
and Lemma 5.5. Since y is a finite measure, they show that, on late windows of
bounded length, the integrated FDT relation holds, and the correlation at fixed lag and
the energy do not depend on the waiting time, up to errors that vanish as the window
moves to infinity.

Corollary 5.6 (Uniform late estimates). Fix L,® > 0. For every T > 0,

sup [1-C(s+1,s)— /S+TR(5~|—T,u) du’ < \/Lu([T, o)), (5.21)

s>T,0<t<L

and for every T > O,

sup IC(s+60+T1,5s+60)—C(s+T1,5)| gBL\/(@y([T—@,oo)), (5.22)
s>T,|0|<O,0<t<L

sup [eg(s+68) —ep(s)| < pAp\/®y T—-0,0)). (523)
s>T,|0|1<©

The three right sides tend to zero as T — co with L and © fixed.

Proof. For (5.21), we use (5.12) on the row t = s + T between u = s and v = t, together
with C(t,t) = 1. Its right side is at most \/tu([s,s + 7]) < +/Lu([T, o)) by the Cauchy-
Schwarz inequality. For (5.22), we apply (5.20) with w; and w, the smaller and the larger
of s and s + 0. The interval [wy, w;] has length || < ©® and lies in [T — ©, ), and the
Cauchy-Schwarz inequality gives the bound as before. The proof of (5.23) is the same,
using the increment bound |eg(v) — eg(u)| < pA, [, \/ar from Step 6 of the proof of
Theorem 5.3. The last assertion holds because u([T, o)) — 0as T — oo. O

5.4 Stationary translated clusters

Recall the translated kernels Cr, Ry, and At of (4.22), with correlations considered on
squares of offsets and responses only on closed causal triangles {a > b}. We say that
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a triple (Ceo, Reo, Awo) is a translated cluster if there exists a sequence T, — oo such that
Cr, = Coo, R, & Reo, and A1, — A uniformly on compact sets of offsets in their
respective domains.

Proposition 5.7 (Stationary FDT translated clusters). The translated family (Ct, R, AT) is
precompact for locally uniform convergence on compact offset sets. Every translated cluster has
the form

Coo(a,b) =c(|la—b]), Re(a,b) =r(a—b) (a>0b), Aoo(a) = ¢,
where ¢ is a constant and
c(0) =1, r(0) =1, = —r, 0<c<1, r>0. (5.24)

In particular, ¢ is nonincreasing, its limit q = lim_.eo ¢(T) belongs to [0,1), and [;° r(u) du =
1 — q. Along the same sequence Ty, the energy translates eg(T, + a) converge locally uniformly
to a constant e, and £ = 1+ pBec. Moreover, r is continuously differentiable on [0, co0) and
satisfies the closed stationary response equation

(1) = —r(t) + B*p(p — 1) /OTC(T — )P 2r(t — u)r(u) du. (5.25)

We call the triple (c,7,¢) of Proposition 5.7 a stationary cluster, and g its plateau.
Different sequences T, may a priori lead to different stationary clusters.

Proof. The proof has four steps. We first recall compactness. We then show that the
correlation of every translated cluster is stationary, and that its response is stationary and
satisfies FDT. Finally, we identify the multiplier and pass to the limit in the response equa-
tion. The order of limits is the same throughout: we have already taken the dimension
limit in Theorem 5.3, the window of offsets is fixed, and only T;, — oo varies.

Step 1: compactness. The precompactness of the translated family is proved in Propo-
sition 4.6. The bounds 0 < Cr < 1 and Rt > 0, the symmetry of Cr, and the diagonal
values Cr(a,a) = Rr(a,a) = 1 pass to every translated cluster.

Step 2: stationarity of the correlation. Fix a sequence T), — oo along which the translated
family converges to a translated cluster (Co, Roo, Aoo). Let a > b and 6 be fixed offsets.
We have

Cr,(a+6,b+0)—Cr,(a,b) =C(sn+0+7,5.+0) —C(sn+7T,51),

where s, = T, +band T = a —b. Once s, > |0|, we may apply (5.22) with L = T,
© = |0], and T = s,, and its right side tends to zero because s, — . We conclude that
Co(a+0,b+6) = Cxo(a,b). Let ¢(T) = Ceo(7,0) for T > 0. Taking 6 = —b, we have
Ceo(a,b) = c(a—b) for a > b, and by symmetry Coo(a,b) = c(|a — b|). The function c is
continuous, 0 < ¢ <1, and ¢(0) = 1.
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Step 3: the response and FDT. Let a > b. By (5.21) withs = T, +b, T = a — b, and
L = a— b, we have

‘1—CTn(a,b) —/bﬂRTn(a,u) du‘ < \/(a—b)y([Tn—l—b,oo)) — 0.

Since the response converges uniformly on the causal triangle containing the segment
{(a,u) : b <u < a}, we may pass to the limit inside the integral. This gives

/ba Reo(a,u) du =1—c(a—b).

For a = 0 and b = —7, this reads 1 —¢(1) = f_OT Reo(0,u) du. As Rs(0,-) is
continuous on (—oo,0], the function ¢ is continuously differentiable on [0,0), with
¢’(tT) = —Rw(0,—7) and a one-sided derivative at T = 0. Differentiating the general

identity in b with a fixed, we have R (a,b) = —c’(a — b) for a > b. We set r = —c’. Then
r is continuous and nonnegative, 7(0) = R« (0,0) = 1, and Re(a,b) = r(a —b). This
proves that the response is stationary and satisfies FDT; neither property was assumed.

As r > 0 and ¢ > 0, the function c is nonincreasing and bounded below, and the
limit g exists. As r is continuous with r(0) = 1, there exists § > 0 such that » > 1/2
on [0,6]. Then g < ¢(6) < 1—46/2 < 1. Integrating ¢ = —r gives [, r(u) du =
lim;00(1—c¢(7)) =1—9.

Step 4: the multiplier and the response equation. By (4.1), we have eg(t) = (A(t) —
1)/(pB) at every time t. Then eg(T,, +a) — (Aw(a) —1)/(pB) locally uniformly in a. For
fixed offsets a and @/, (5.23) withs = T, + 4, 0 = a—a’, and ® = |a — a’| implies that
eg(Ty +a) —eg(Ty +a’) — 0. The limit of the energy translates is therefore a constant e,
and A« is the constant £ = 1 4 pBec.

Finally, we pass to the limit in the response equation. Fix 7 > 0 and let s = T,.
Integrating (3.9) in its first variable from s to s + 7, using R(s,s) = 1, and substituting
u = s+ u' in the memory integral, we obtain

R(s-i—r,s)—l:/

0

[

T
[—A(S—I—U)R(s-l—v,s)-|—/32p(p—1)/ C(s+v,s+u )2
0
X R(s+v,s+u)R(s+u',s) du’] do.

Here we used ¢’(x) = p(p — 1)xP=2. All arguments of C, R, and A are translated
times with offsets in [0, 7], in a fixed causal triangle. The memory integral of (3.9) runs
only over times between the two observation times, and no other part of the history
enters. By the locally uniform convergence along T, together with Co(a,b) = c(|a — b)),
Reo(a,b) =r(a—10), and Ae = ¢, we find

r(t) =1+ /OT [—Er(v) + Bp(p—1) /Ov c(v—u)P2r(v —u)r(u) du} do.
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The integrand is continuous in v, which implies that r is continuously differentiable on
[0, 00) and satisfies (5.25), with 7(0) = —¢. This completes the proof. O

Proposition 5.7 describes every translated cluster, but it does not determine the plateau
g or the multiplier /, it does not show that the whole translated family converges, and it
says nothing about the correlation with a fixed early state. We answer these questions in
Section 8, using the scalar equation of Section 6 and the causal covariance representation
of Section 7.



PART II

Plateau selection, forgetting, and correlation

aging



SECTION 6

The scalar equation of a stationary cluster

The CK response equation (3.9) is causal, in the sense that its memory integral runs
only over times between the earlier and the later observation time. When both times
are translated to late times and their lag stays bounded, the equation involves only the
translated kernels on a bounded window, and it passes to every translated cluster. This is
how we obtained the closed equation (5.25) in Proposition 5.7. The correlation equation
(3.10) is different. Its memory integrals run over the whole past, and the stationary limit
does not control their older part. In this section, we extract from the closed response
equation the information that it carries about a stationary cluster (c, 7, ¢).

The main result, Proposition 6.1, is a scalar memory equation for c. It determines the
multiplier ¢ in terms of the plateau g, and it gives a strict sign condition on the interval
(g,1), which implies the inequality %p(p — 1)g?~2(1 — q)?> < 1. We also show that the
response equation with a prescribed multiplier has at most one solution (Lemma 6.2). We
use only Proposition 5.7. In Section 8, the multiplier formula and the sign condition enter
the proofs of marginality (Lemma 8.3) and of the selection of the plateau (Theorem 8.5),
and the uniqueness lemma identifies the stationary profile in Proposition 8.4. The scalar
equation (6.1) is also the starting point of Section 16.

The scalar memory equation (6.1) is the equation classified by Dembo, Guionnet,
and Mazza [60, arXiv version 1, Proposition 1.4, p. 5, and Section 5, pp. 17-20]. For
b > 0 and a nondecreasing function ¢: [0,1] — R with Lipschitz continuous derivative
and supgc, < $(y)(1 —y) > b, they characterized the plateau of its solution through
the largest admissible root and proved the corresponding stability inequality. The sign
condition (6.3) and the inequality (6.4) already follow from their scalar classification; here
we obtain them by a direct comparison of the memory term. These hypotheses hold
for the polynomial ¢ of (6.1), with b = 1 by (6.2), but we do not use their result. We
derive the equation and its consequences directly from Proposition 5.7, for two reasons.
Our response is normalized differently, and Section 8 needs the constants and the strict
inequality in the form given here. We also note that their reduction of the CK solution to
the scalar equation at all temperatures [60, arXiv version 1, Proposition 6.1, pp. 21-22]
assumes the asymptotic conditions (6.5) and (6.6) of that paper. Here, Proposition 5.7
applies to every stationary cluster without such assumptions.

Throughout this section, p > 3 and > 0 are fixed. Derivatives of stationary profiles
at t = 0 are right derivatives on [0, o).
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Proposition 6.1 (Scalar constraints). Let (c,r,{) be a stationary cluster with plateau g, as in
Proposition 5.7, and let B = B?p and v = { — B. Then r = —c’ is strictly positive on [0, o), and

= -1 +/ c(t—u))r(u) du, ¢(y) = v+ By L. (6.1)

The plateau q = lim;_,« c(t) belongs to [0, 1) and satisfies

@-0) =1, =L, whrel() = +Fp0-g. 62
Moreover, if F(y) = ¢p(y)(1 —y) — 1, then
F(q) =0, F(y)<0 (g<y<1). (6.3)

In particular,
Bp(p—1)gP (1 —q)* < 1. (6.4)

Proof. We first show that r is positive and integrate the response equation once, which
gives (6.1). We then let t — oo in (6.1) to identify the multiplier. Finally, we compare the
memory integral in (6.1) with its value at the current correlation, which yields the sign
condition.

Step 1: positivity and the scalar equation. With g2p(p — 1) = B(p — 1), the stationary
response equation (5.25) reads

r'(t) = —lr(t) + B(p — 1) /Ot c(t —u)P2r(t —u)r(u) du.

By variation of constants and r(0) = 1, we have
0

r(t)=e "+ B(p—1) /Ot e t(t0) /0 c(v —u)P2r(v —u)r(u) du do.

Every factor in the double integral is nonnegative, because ¢ > 0 and r > 0. This implies
that 7(t) > e~ > 0. Then c is strictly decreasing, and c(t) > g for every t > 0.

Next, we integrate the response equation from 0 to ¢. Using r(0) = 1 and fot r(u) du
1 —c(t), we have

r(t) —1=—¢(1—c(t)) +B(p—1) /Ot /Ovc(v —u)P72r(v — u)r(u) du do.

The double integral is over the bounded triangle {0 < u < v < t}, where the integrand is
continuous; Fubini’s theorem applies there without any assumption on the behavior of ¢
and r at infinity. Exchanging the order of integration and substituting w = v — u, we find

p—1) // (v —u)P~2r(v — u)r(u) du do

—/ /0 c(w)P~2r(w) dw] du.
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As ¢’ = —r and ¢(0) = 1, the derivative of c(w)P~! is —(p — 1)c(w)?~?r(w), and the
bracket equals 1 — c(t — u)P~!. Inserting this into the previous identity, we obtain

r(t) =1— (€~ B)(1—c(t) B/ (F— u)P~1r(u) du.

Finally, we substitute r(t) = —c’(¢) on the left and 1 — ¢( fo ) du on the right.
Recalling that y = ¢ — B, we arrive at

d(t)= -1+ /Ot('y + Be(t — u)P 1) r(u) du,
which is (6.1).

Step 2: the multiplier. By Proposition 5.7, the limit g exists, g < 1, and fo ) du =
1 —g. We claim that the integral in (6.1) converges to ¢(q)(1 —g) as ¢ —> co. Let
My = supyy ||, and fix U > 0. For t > U, we split the integral at U and find

[ (et ) >du—<p<q><1—q>\

< sup |¢p(c(t—u)) |/ du+2M¢/ du.

o<u<u

Here we used 0 < ¢ < 1 and fooor =1—g. For0 <u < U,wehaveg < c(t —u) <
c(t —U). Then ¢(t — u) — g uniformly in u € [0, U] as t — oo, and the first term tends to
zero because ¢ is continuous. Letting t — oo and then U — oo, we obtain the claim, since
r is integrable. By (6.1), we have ¢’(t) — ¢(g)(1 — q) — 1. If this limit were nonzero, the
bounded function ¢ would grow or decrease linearly at infinity, which is impossible. We
conclude that ¢(g)(1 — q) = 1. Since ¢(q) = £ — B + BgP~!, this identity is equivalent to
¢ = L(gq), which proves (6.2).

Step 3: the sign condition. The function ¢ is nondecreasing on [0, 1], because B > 0. As
¢ is nonincreasing, we have c(t — u) > ¢(t) for 0 < u < t. Using this and r > 0 in (6.1),
we find

(t) > =1+ ¢(c(t)) /tr(u) du = —1+¢(c(t))(1—c(t)) = F(c(t)).

0

By Step 1, ¢ decreases continuously and strictly from ¢(0) = 1 to its limit 4. Every
y € (q,1) is then equal to c(t,) for some t, € (0,00), and

F(y) <d'(ty) = —r(ty) <O.

Together with F(q) = ¢(gq)(1 —g) — 1 = 0, which is (6.2), this proves (6.3).
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Since the polynomial F vanishes at g and is negative on (g,1), we have F'(g) < 0.
Using ¢(q) = 1/(1 —q), we compute

2 _ —2(1 _ 4\2 _
Fla) = By~ 17 21— ) - plg) = PP U=

As1—gq >0, the inequality F'(g) < 0is (6.4). O

Proposition 6.1 gives constraints that every stationary cluster satisfies; it does not
determine the plateau. If g = 0, then (6.2) gives ¢ = L(0) = 1 + 8?p, and (6.4) carries no
information. If 4 > 0, the multiplier is determined by g, and (6.4) is a one-sided version of
the marginality relation 2p(p — 1)g?~2(1 — q)? = 1 of Theorem 1.1. To select g, Section 8
combines these constraints with the upper bound on the energy of prefix centers from
Proposition 8.1.

We now turn to uniqueness. We write f x ¢ for the convolution on [0, ), given
by (f xg)(t) = [y f(t —u)g(u) du. A solution of the system in the next lemma is
understood in integrated form: a pair (c, ) of locally bounded Borel measurable functions
on [0, c0) such that, for every t > 0,

c(t) =1- /Otr(u) du, r(t)=1+ /Ot [—Er(v) +B%p(p — 1) ((cP2r) r)(v)} do.

The integrated equations are pointwise identities, not merely identities almost everywhere.
As the integrands on their right sides are locally integrable, both functions are continuous.
Every pair of continuously differentiable functions satisfying the system, with right
derivatives at zero, is a solution in this sense; by Proposition 5.7, this applies to every
stationary cluster with multiplier /.

Lemma 6.2 (Uniqueness with prescribed multiplier). For a fixed finite ¢, the system
= —r, ¥ = —lr+ B*p(p — 1) (P~ %r) *r, c(0) =r(0) =1,
has at most one solution in this locally bounded integrated sense on [0, c0).

Proof. Let (c1,r1) and (cp, 12) be two solutions, and fix T > 0. Let M > 1 be a bound for
lc1], |e2|, |r1], and |r2| on [0, T], and define, for 0 <t < T,

D(t) = Oiugt(lcl(v) —c2(0)| + (o) = r2(0)]).

We first bound the difference of the memory integrands. Let 0 < u < v < T, and write
a =v —u and b = u. Telescoping the three factors, we have

|c1(a)P~2r1(a)ry(b) — ca(a)P~?ra(a)ra(b)|
< Jer(a)P =2 = ca(a)P 2| [r1(a)ry (D) | + |ea(a)|P~2[r1(a) — ra(a)| |r1 (D))
+ |ca(a)P?ra(a)] [r1(b) — ra(b)|
< pMP~Y{D(a) + D(b)}.
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In the last line, we used |xP~2 — yP=2| < (p —2)MP3|x —y| for |x|,|y] < M, and
|c1 — c2|, [r1 — 2| < D. Since D > 0, we have [ {D(v—u)+ D(u)} du =2 [; D(u) du <
2 fot D(u) du for v < t. Subtracting the integrated equations of the two solutions, we
obtain, for 0 <t < T,

()~ )] < [ DG et
() = r2(0)] < (161 +262(p ~ )MP'T) [ D(w) .
The right sides are nondecreasing in . Taking the supremum over [0, ¢], we find
D(t) < Kr /Ot D(u) du,  Kr=1+ (| +2p%p*(p —1)MP7IT,
where Kt depends on ¢, p, B, T, and the bound M. The function D is bounded and

nondecreasing on [0, T|, and Gronwall’s inequality implies that D = 0 on [0,T]. As T
was arbitrary, the two solutions coincide. O



SECTION 7

The causal tree realization and reflection

In this section, we realize the CK correlation as the Gram kernel of a curve v; of unit
vectors in a deterministic Hilbert space. We use this realization to study the part of a late
state that was already determined at an earlier time. The main results are the exact causal
realization, Proposition 7.1; the evolution of a projected state, Lemma 7.3; the reflection
identity for stationary clusters, Proposition 7.5; and the spectral representation of every
stationary correlation profile, Corollary 7.7.

We use the CK equations of Section 3, the physical bounds (3.15), the Green covariance
identity of Proposition 4.2, the energy identity (4.1), the uniform multiplier bound (4.17),
the diagonal increment bound (4.20), the regularity of the response from Propositions 4.5
and 4.6, and the stationary clusters of Proposition 5.7. The results of this section are used
in most of the later sections. The limits d; and hy of Proposition 7.5 are the objects of
Proposition 8.1, and they enter the proofs of marginality and forgetting in Section 8. The
ceilings of Section 9 and the geometry of Sections 13 and 14 rest on the tree space and
its height grading. In Section 11, we use the leaf component of a projected state and
Lemma 7.3. The complete monotonicity asserted in Theorem 1.1 is part of Corollary 7.7,
which is also used in Sections 11, 14, and 16.

We start from the Green identity (4.10), which we derived in Proposition 4.2 by
variation of constants from the CK equations of [24, 60]. Positive noncrossing expansions
of the associated response equation occur in the work of Guionnet and Mazza [89,
Section 2.1 and Lemma 2.1] and of Dembo, Guionnet, and Mazza [60, Section 2]. Guionnet
and Mazza also describe their full Fock-space interpretation. We build on these positive
expansions. The tree realization below is a positive expansion of the covariance, graded
by ordered trees so that every term records its height and the times of the thermal noise
that it uses; we do not identify this grading with a Wiener chaos decomposition. All
constructions take place in one deterministic Hilbert space. The prefix projection Pr
defined below plays the role of conditioning on the noise up to time T, but we never
condition on the finite-dimensional probability space.

Standing assumptions and notation. Throughout this section, p > 3 and § > 0 are fixed,
m = p—1,and (C, R, A) is the uniformly initialized hard CK solution of Section 3. All
Hilbert spaces and tensor products are real. We write

Y(t,u) = Bp(p — 1)C(t,u)’ 2R(t,u), 0<uc<t,
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for the kernel (4.8), so that the response equation (3.9) reads
t
R (t,s) = —A(DR(t,s) + / S(t,u)R(u,s) du,  t>s. 7.1)
S

By (3.15) and Proposition 4.6, we have 0 < R(t,s) < C(t,s) < 1for t > s, and in particular
2 >0.

7.1 The tree Hilbert space

We first explain the purpose of the construction. Recall from Proposition 4.2 that the
correlation is the sum of three terms,

C(t5) = R(£,0)R(s,0) —i—Z/OMSR(t,u)R(s,u) du

+B*p /Ot /OS R(t,u)R(s,w)C(u,w)" dw du.

The first term comes from the initial condition, the second from the thermal noise,
and the third from the colored memory. The first two terms are the inner product
of the vectors R(t,0)ey + \/El[olﬂR(t, -) and R(s,0)eg + \/El[OIS]R(s, -) in Reg @ L*(IR4).
The second component of such a vector records the noise received at each time u < ¢,
transported to time t by the response. If C(u,w) = (v,,vy) for some vectors v,, then
C(u, w)™ = (v5™,0v5™), and the third term is also an inner product. This suggests looking
for vectors v; with

v = R(t,0)ep + \/El[olt]R(t, )+ 5\/5/(; R(t,u)Z(vy™) du,

where 7 is an isometry from the m-fold tensor power into a space orthogonal to the first
two terms. Iterating this equation, we expand v; as a sum of terms indexed by trees. Each
leaf of a tree carries either the initial vector ey or the time of a noise increment, and each
internal vertex records one use of the memory integral. The point of this bookkeeping is
that every term of v; comes with the times of the noise it uses. The terms whose noise
times are at most T form the part of the state at time ¢ built from the initial vector and
noise received by time T; their memory integrals may still extend beyond T. We now
make this precise.

Trees and grafting. Let £ = Reyp @ L?(IR..), where ey is a unit vector. By a tree we mean
a finite rooted tree in which every vertex has either no children or exactly m children,
and the children of each vertex are ordered. We call vertices without children leaves. We
write | T| for the number of leaves of a tree T, whose leaves we list from left to right, and
o for the tree with one vertex. For trees 7, . .., Tjy, we write [Ty, . .., T for the tree whose
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root has the subtrees 1y, ..., Ty, in this order. We call this operation grafting. Every tree
other than e is the graft of a unique ordered m-tuple of trees.
We define # as the orthogonal direct sum, over all trees T, of one copy of £2/7:

H =Pl
T

The summand indexed by e is £. We call it the one-leaf summand. The space H is
separable, because there are countably many trees and each summand is separable. Since
tensor products distribute over orthogonal direct sums, we have

EM @ g®(‘T1|+"'+‘Tm|)_

(T1,eeTm)

We define the grafting map Z: H®" — H by sending the summand indexed by
(T4, ..., Tm) identically onto the summand indexed by [1y, ..., Ti; the leaves of 73 come
tirst, then those of T, and so on. Since every tree other than e is the graft of a unique
m-tuple, 7 is an isometry, and its range is the orthogonal complement of the one-leaf
summand. Its adjoint satisfies Z*7 = Id, and Z* vanishes on the one-leaf summand. We
use ordered trees because they make grafting an isometry, with no symmetry factors.
When p = 3, we identify a tensor x ® y € H ® H with the Hilbert-Schmidt operator
z — (y,z) x on H; this is how we use Z* in Sections 13 and 14.

Leaf labels and positivity. We now realize £ as an L? space. Let IL = {x} LI [0,00) carry
the measure J, + du. Then & = L%(IL), with ey = 1.y, and E%k = L2(IL¥). An element
of the summand indexed by T is then a function of the leaf labels of . The label *
marks the initial vector, and a label # > 0 marks a noise time. We say that a vector of H
is nonnegative if each of its components is a nonnegative function almost everywhere.
Tensor products and grafts of nonnegative vectors are nonnegative.

Heights. We define the height of e to be zero, and the height of [1y, ..., Tis] to be one
plus the largest height of 7y, ..., ;. We write I1; for the orthogonal projection of H onto
the sum of the summands indexed by trees of height j, and we set I[I<y = ZjH:o I1;. Note
that } ;> Il; = Id in the strong sense, because every tree has a finite height.

Prefix projections. For T > 0, let &7 = Reg @ L?([0, T]), and let @t be the orthogonal
projection of £ onto &7, that is, @r(aey +g) = aeo + 1) 1r)g. We define the prefix projection

KT
PT:@COT| ,
T

and we write Hr for its range, the closed subspace generated by trees whose leaf factors
lie in £7. In terms of leaf labels, Pr multiplies the component indexed by T by the
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indicator function that all leaf labels lie in {x} U [0, T]. Since Pr, I1;, and Z act summand
by summand, and the leaves of a graft are the leaves of its root subtrees, we have

PrPs = Prps, Prll; = I1;Pr, PrI = IP3™. (7.2)

In words, Pr is a causal projection. A vector built from leaves with noise times at most
T belongs to Hr, and Pr commutes with grafting. The projections Pr, Id —Pr, and I1;
preserve nonnegativity, since each of them multiplies every component by an indicator
function.

7.2 The exact causal realization

Proposition 7.1 (Exact causal realization). There exists a norm-continuous curve t — vy € H,
t > 0, with vy € H; for every t, such that

t
or = R(t,0)e0+ V214 R(t, ) + ﬁ\/ﬁ/o R(t, u)Z(05™) du, (7.3)
(v4,05) = C(t,5), los]] =1, (7.4)

where the integral is a Bochner integral in H. For every tree T, the component of vy indexed by
T is a nonnegative function of the leaf labels; in particular, <H]~vt, vas> > 0 forall j > 0 and
t,s > 0. Let h be the tree energy, defined by

h(v) = /p (v,Z(v®")), vEeEH. (7.5)
Then h(v;) = eg(t) and A(t) = 1+ ppBh(vy) for every t > 0. Moreover, for all T > 0 and t > 0,

t
T*Pro; = [3@/0 R(t,u)(PTvu)®m du. (7.6)
Before the proof, we write out the first terms of the expansion in the cubic case.

Example 7.2 (The first two heights for p = 3). Let p = 3, so that grafting is binary. We
write #7; for the component of v; at height zero, which is the leaf vector

e = R(t,0)eq + V21 4R(t, -).
The only tree of height one is [e, o], with two leaves. Iterating (7.3) once, we see that the

component of v; at height one is

w = ﬁ\/§/0tR(t,u)I(17u ® 1y) du.

As a function of two noise times y1,y, € [0, ], it is

t

wi(y1,y2) = 23 B /y 4, ROORG )R (1) i
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Noise received at the times y; and y, is transported to a time u by the response, combined
there by the cubic interaction, and transported to time ¢. At labels involving *, a factor
V2R (u,y;) is replaced by R(u,0). The trees of height two are [[e,e], o], [e,[e,@]], and
[[e, @], e, @]], and the corresponding components of v; are

ﬁ\/@/otR(t,u)I(wu ® 1) du, ﬁ\/g/()tR(t,u)I(iyu ® wy) du,
ﬁ\/g/otR(t,u)I(wu ® wy,) du.

The prefix projection acts only on the labels. For instance, we see that Prw; keeps the
values of w; at noise times y1,y2 < T, while the time integral defining it still runs up to t.
Finally, the Gram kernel of 7; + w; is

Ap(t,s) —|—3[32 /Ot /OS R(t,u)R(S,w)Ao(u,w)2 dw du, Ao(t,s) = (1, 1s),

which is the first step of the Picard iteration of the Green identity (4.10). In the proof
below, we show that these iterations increase to C.

Proof of Proposition 7.1. The proof has five steps. We first construct the component of v;
indexed by each tree through a finite recursion. We then show that the Gram kernels
of the truncations at bounded height increase to C, using a uniqueness property of the
Green equation. This allows us to sum the components. Finally, we compute the projected
root frame and the energy.

Step 1: the tree components. Let 17; = R(t,0)eq + \/El[olt]R(t, ) € &€, and set we(t) = 1;.
If T =[1,...,Tm), we define, in the summand indexed by 7,

we(t) = 5\/5/;1{@,@ W, (1) @ - D 1wy, (1) du. (7.7)

This is a recursion on the number of vertices. The curve t — #; is norm-continuous,
because R is uniformly continuous on compact causal triangles and bounded by one.
By induction on the number of vertices, each w: is a norm-continuous curve, and the
integral in (7.7) is a Bochner integral of a continuous integrand. Also by induction, w- ()
is nonnegative, because R > 0 and tensor products and integrals of nonnegative vectors

are nonnegative, and w+(t) lies in 5®|T|, because w+. (1) € SL(?'Til - 8®|T1| foru < t.
g t i t

Step 2: the truncated Gram kernels. For n > 0, let vgn) be the sum of w+(t) over the

finitely many trees 7 of height at most #, and let K, (t,s) = <vt(n), vgn)>. A tree of height

at most n > 1 is either e or the graft of m trees of height at most n — 1. Summing (7.7)
over these trees, we have

vﬁ”) =1+ [Sﬁ/()tR(t,u)I((vgnl))‘@m) du.
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Recall that 7; is orthogonal to the range of 7 and that 7 is an isometry. Using also
(x®@m y®my = (x,y)", we find that Ky = A and

Ky (t,s) = Ag(t,s) + B?p /Ot /OS R(t,u)R(s,w)K;,,_1(u,w)™ dw du, n>1, (7.8)

where s
Ao(t,s) = (7, 7s) = R(t,0)R(s,0) +2/ R(t,u)R(s, u) du.
0

The squared coefficients are (v/2)2 = 2 and (B,/7)? = B*p, which are the coefficients of
the Green identity (4.10). Note that K, > 0, because the components are nonnegative. We
claim that

0<K, 1<K, <, n>1. (7.9)

Indeed, the Green identity reads C = Ap + p%p [[ RRC™, and its double integral is
nonnegative by (3.15). This implies that Ko = Ag < C. If 0 < K,,_1 < C, then (7.8)
and R > 0 imply that K, < C. In the same way, K; > Ky, and if K,,_1 > K,,_» > 0,
then K, > K,,_j. This proves (7.9). Then K, increases pointwise to a limit K with
0 < K < C <1, and by monotone convergence in (7.8), K solves the Green equation

K(t,s) = Ag(t,s) + B*p /Ot /OS R(t,u)R(s,w)K(u, w)™ dw du. (7.10)

Step 3: uniqueness for the Green equation. We prove that, for every A < oo, (7.10) has
at most one solution on [0, A]?> with values in [—1,1]. The kernel C is such a solution by
Proposition 4.2, so uniqueness implies that K = C, that is, K,, increases to C. Let K and K’
be two such solutions and let A = K — K'. Using |[x" — y"| < m|x — y| for x,y € [-1,1]
and 0 < R <1, we have, for t,s < A,

|A(t,s)] < B*pm /Ot /OS |A(u, w)| dw du.

Let p(a) = sup, ., |A(t,s)|, a bounded nondecreasing function. We bound |A(u, w)| by
p(max{u, w}) and divide the square [0, ] according to which coordinate is larger. For
a < A, this yields

o(a) < B2pm /Oa /Oap(max{u,w}) dw du = 2p%*pm /Oa zp(z) dz < 28°pmA /Oap(z) dz.

By Gronwall’s inequality, we have p = 0 on [0, A]. As A is arbitrary, we conclude that
K=_C.
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Step 4: the curve v;. Using Step 3, we find that ¥ ||w.(t)||? = lim, K, (¢, t) = C(t,t) = 1.
The components lie in orthogonal summands, and the series v; = )}, w.(t) therefore
converges in ‘H, with vgn) — v¢. Then (v;,v5) = lim, K, (t,s) = C(t,s), which is (7.4).
By the identity ||v; — vs]|> = 2{1 — C(t,s)} and the continuity of C, the curve t > v; is
norm-continuous. Each component of v; is nonnegative and lies in 5t® ‘T|, which shows
that v; € H;. The inner product <H]-vt, H]-vs> is a sum of inner products of nonnegative
functions, and it is nonnegative.

It remains to prove (7.3). The integrand u — R(t, u)Z(v;™) is continuous on [0, t], and
the integral is a Bochner integral. The orthogonal projection onto the summand indexed
by T = [14,...,Tm] is bounded and commutes with the integral, and it maps Z(v;;™) to
Wr, (1) @ - - - @ Wy, (). Comparing with (7.7), we see that the component of the right side
of (7.3) indexed by T is w.(t). Its one-leaf component is 77; = w4 (t). Both sides of (7.3)
therefore have the same components.

Step 5: the root frame and the energy. We apply Pr to (7.3). The projection Pr is
bounded and commutes with grafting by (7.2), which gives

PT’Ut = PTUt —+ IB\/?/Ot R(t,u) I((PTUM)@)W) du.

The vector Prn; lies in the one-leaf summand, which Z* annihilates, and Z*7 = Id.
Applying 7% to the last display yields (7.6). We now let T = t. For u < t, we have
vy € Hu C Hy, so Proy, = vy,. Taking the inner product of (7.6) with v;@m, we obtain

Hw0) = VP (T0u07™) = pp [ R(tu) (0,0)" du
— B /0 "C )P R (1 u) du = e(t),

where the last equality is (4.1). By the same identity, we also have A(t) =1+ pBeg(t) =
1+ pBh(v:). This completes the proof. O

7.3 The evolution of a projected state

After time T, no new noise leaf survives the projection Pr, and the projected curve Pro;
becomes differentiable. The next lemma computes its derivative. In Section 11, we use it
to turn reflection identities into bounds on derivatives at remote times (Theorem 11.4).
The polynomial h of (7.5) is Fréchet differentiable on #, and we write Vh(v) for its
gradient.

Lemma 7.3 (Local polynomial drift after a causal projection). Define B: H — H by

B(v) = —v+ BVh(v) — pBh(v)v.
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For every fixed T > 0, the curve t — Pruvy is continuously differentiable on (T, c0), and
d
aPTvt = PTB(Ut), t>T. (711)

The map B is Lipschitz on the closed unit ball of H. If there exists K < oo such that 1 — C(t,s) <
K|t —s| forall t,s > 0, then there exists K' < oo, depending only on p, B, and K, such that

H%PTZM—EPTUS < K'|t—s['/2 forall T 20andt,s > T.

ds

Proof. We differentiate the projected realization, identify the result with the gradient of
along the curve, and prove the Lipschitz bounds. Throughout, we write

O(u) = ByFT(P™),  E(t) :/OtR(t,u)CD(u) du,

so that v; = 1; + ¥ (¢) by (7.3), with #; the leaf vector of the proof of Proposition 7.1. The
curve ® is continuous, with |[®(u)|| < B,/p.

Step 1: differentiation. By Proposition 4.5, the partial derivative d;R extends continu-
ously to every compact causal triangle. For t > T, we have

PTijt = R(t, 0)6() + \/El[O,T}R(t/ ')1

and the cutoff of the noise component no longer moves with f. On every compact
interval of (T, c0), the difference quotients of R(-,u) converge to d;R(+, #) uniformly in
u € [0, T]. It follows that Pry; is continuously differentiable on (T, o0), with derivative
0iR(t,0)eq + /2 1j,7)9:R(¢, -). Inserting the response equation (7.1), and noting that the
noise component of Pr; is v2R(z,y) for y < z A T and zero for other y, we have

d t
SPr = —A(H)Prg + /O S(t,2)Pr. dz,  t>T. (7.12)

Next, using that R and 9;R are continuous on compact causal triangles and that R(t,t) = 1,
we see that the curve ¥ is continuously differentiable on (0, o), with

¥ (1) = D) + /Ot :R(t, u)® (1) du.

We insert (7.1) and exchange the order of integration on the triangle {0 < u < z < t},
which is allowed because the integrand is continuous and bounded in norm. We obtain

W(£) = D(f) — A(E)¥(F) + /O 'S (t2)¥(2) dz. (7.13)

Adding (7.12) and the image of (7.13) under Pr, we have, for t > T,

%Pﬂ)t = Pr [—/\(t)vt +O(t) + /OtZ(t‘,z)vZ dz]. (7.14)
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Step 2: the gradient along the curve. For v,w € H, the derivative of h is
Dh(v)[w] = \/p {w,Z( ®m>—|—\/_2< D @wev® (m*i)>.

Recall from (7.6) with T = t that I*vt B\P fo (t,u)o%™ du. Each of the m terms of
the sum then equals B,/p fo u)C(t,u)™ 1 (v,,w) du, and we find that

BVh(v) = @(t) + B*p(p — 1) /t C(t,u)P~2R(t, u)v, du = ®(t) + /tZ(t,u)vu du.
’ ’ (7.15)
Although ordered grafting is not symmetric, the m contractions agree here because the
root tensor of v; is an integral of symmetric tensor powers; this produces the factor p —1
in . We also have A(t) = 1+ pBh(v:) by Proposition 7.1. Inserting this and (7.15) into
(7.14), we arrive at (7.11). Its right side is continuous in ¢, because t — ©v; and B are
continuous, and this shows that Prv; is continuously differentiable on (T, o).

Step 3: the Lipschitz bounds. The multilinear form (yo,...,Ym) >
(Y0, Z(y1 ® - -- ®Ym)) has norm at most one, and we obtain & and Dh by insert-
ing v or w into its p = m + 1 slots. Changing one slot at a time, we find, for v, v’ in the
closed unit ball,

(@) <P, () =h(@)] < pypllo—7'|,
IVh(v) = VR(D)| < p(p—1) /P llv—2'|.
Writing h(v)v — h(v')v" = h(v)(v — 0') 4+ {h(v) — h(v") }v', we have
1B(v) = B@)|l < {14 Bp(p—1)v/P+pB(/P+pVP) o —7|
= (1+28p*/p) o =o'l

Now suppose that 1 — C(t,s) < K|t —s| for all t,s. Then ||v; — vs]|? = 2{1 — C(t,s)} <
2K|t — s|. Since Pr is a contraction, (7.11) implies that, for ¢t,s > T,

d
H S Proe— Pros|| < (1+28p2/p) V2K |t — 5[/
This is the last assertion, with K’ = (14 2p?,/p)v2K. O

Remark 7.4 (The diagonal increment bound). The hypothesis of the last assertion of
Lemma 7.3 holds with K = A, the constant of (4.17). Indeed, by (4.20) in Proposition 4.4
and the symmetry of C, we have 1 — C(t,s) < A|t —s| for all t,s > 0. The derivatives
of Pru; are then 1/2-Hélder on (T, c0) with the constant (1 +28p2,/p)v2A, which does
not depend on T.
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7.4 Reflection and complete monotonicity

We now study the part of a late state that was already determined at an earlier time. By
Proposition 5.7, entropy production identifies every bounded-lag cluster of the translated
kernels as a stationary profile that satisfies the FDT relation. It neither selects the plateau
of this profile nor controls the older part of the correlation memory. To study the plateau,
we project late states onto the information carried by earlier noise leaves. For T > 0 and
a > 0, we define the prefix center

Mr(a) = Prorq.

It is the part of the state at time T + a built from the initial vector and noise received by
time T, including memory interactions after T. The main observation of this section is
that the Gram kernel of the prefix centers satisfies a closed equation on a fixed future
rectangle. Every memory term that involves a time before T cancels exactly, before any
limit is taken. The stationary FDT relation then identifies the limit of this kernel. This
is the reflection identity, which says that the overlap of the centers at offsets a and b
converges to ¢(a +b).

Recall that a stationary cluster (c,r,¢) is a locally uniform limit of the translated
kernels (Cr,, Rt,, A1,) along a sequence T,, — o, as in Proposition 5.7, and that its energy

iseco = (L —1)/(pB)-

Proposition 7.5 (Reflection of a stationary cluster). Fix p > 3 and § > 0. Let T, — oo
be a sequence along which the translated kernels converge to a stationary cluster (c,r, (), as in
Proposition 5.7, and let e« = (£ — 1)/ (ppB) be its energy. Then, for every finite A > 0,

lim sup [(Mr,(a), Mr,(b)) —c(a+b)| =0. (7.16)

= 0<ab<A

Moreover, for every fixed L > 0,
lim [|M7, (L)|* =d,  dp = c(2L), (7.17)

L
%ﬁoh(MTn(L)) =h, hp=ex+ ,Bp/o r(t){cL—1)P" ' —c(r)P'} dr. (7.18)

The plateau g of the cluster may be zero; the proposition covers every p > 3, every
B > 0, and every stationary cluster.

Remark 7.6 (Independent futures). The reflected lag a + b has a simple heuristic ex-
planation. Let (x;) be a stationary reversible Markov process in RN with correlation
c(t) = E[xp - x{]/N. Two continuations from a common state x7, with independent noise
after time T, have the conditional means E[xr., | x7] and [E[x7, | x7| at times T +a
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and T + b. The Markov semigroup of the process is self-adjoint in the stationary law, so
stationarity and the semigroup property give

SE[E[xrq | xr] Elxr s | 11]] = N[0 Xpp2] = cla+ D).
Trajectories with a common past and independent future noise were studied by Barrat,
Burioni, and Mézard, and the formula c(a + b) for the overlap of two such continuations
appears in [11, equation (9) and Section 4.1]. Franz and Virasoro proposed weighted
averages over cloned futures to improve estimates of quasi-state magnetizations [72,
arXiv version 3, Section III]; see also Biroli [31, arXiv version 2, Section IIL.B]. The prefix
center plays the role of the conditional mean in the tree space. The CK dynamics is not
stationary, and Proposition 7.5 justifies the reflected overlap for the stationary clusters of
the CK solution, by an exact cancellation in the CK equations.

Proof of Proposition 7.5. The proof has four steps. First, for every fixed T, we derive a
closed equation for the projected Gram kernel on the future rectangle. Second, we pass
to the limit in its coefficients and show that the limiting equation is stable, in the sense
that any solution with values in [0, 1] is the limit of the projected kernels. Third, we verify
with Laplace transforms that ¢(a + b) is such a solution, which proves (7.16) and (7.17).
Fourth, we compute the energy of a prefix center by an exact subtraction. Throughout,
we write B = B?p.

Step 1: the closed equation on the future rectangle. Fix T > 0, and let Ky(t,s) =
(Proy, Pros) for t,s > 0. We apply Pr to (7.3). The one-leaf component Pry; is orthogonal
to the grafted part, Pr commutes with grafting by (7.2), and Z is an isometry. As in Step
2 of the proof of Proposition 7.1, we obtain, for t,s > T,

Kr(t,s) = R(t,0)R(s,0) +2/TR(t,u)R(s,u) du
o 0 (7.19)
+B/O /0 R(t,u)R(s,w)Kr(u,w)" dw du.

Here the noise integral stops at T, since the noise components of Pr#; and Pr#s vanish
beyond T. The projection has no effect as soon as one argument lies in the past. Indeed,
if u <T, then v, € Hr, which implies that Prv, = v, and

Kr(u,w) = (vy, Proy) = (Proy, vy) = (vy, vw) = C(u, w).

The same holds if w < T. We subtract (7.19) from the Green identity (4.10). The initial
terms cancel, the noise integrals over [0, T| cancel, and in the memory integrals every
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block with # < T or w < T cancels. Only the integrals over (T,t] x (T, s] remain, and we
have

Clts) — Kp(ts) = z/TMS R(t,u)R (s, 1) du
+ B/Tt /TS R(t,u)R(s,w){C(u,w)"™ — Kr(u,w)"} dw du.

Fora,b > 0, let Qr(a,b) = K¢(T +a,T+b) = (Mr(a), M7(b)). Shifting all times by T,
we arrive at

anb
Qr(a,b) :C(T+a,T+b)—2/ R(T+a,T+u)R(T+b,T+u) du
0

a b
—B/O /O R(T+a,T+u)R(T+b, T+ w)
AC(T+u,T+w)" — Qr(u,w)"} dw du. (7.20)

This equation holds for every T; no limit has been taken, and no decay of the older
memory has been used. We also note that

0<Qr(a,b) <C(T+a,T+0b)<1.

Indeed, the components of Prv; and (Id —Pr)v; are nonnegative, which implies C(t,s) =
KT(i’,S) + <(Id —PT)Ut, (Id —pT)Z)5> > KT(i’,S) > 0.

Step 2: the limiting equation, uniqueness, and stability. We fix 0 < A < oo and
write Q, = Qr,, Cu(a,b) = C(T, +4a,T, +b), and R,(a,u) = R(T,, +a, T, + u). We also
abbreviate ©,, (1, w) = R, (a,u)R,(b,w) and 6(u,w) = r(a — u)r(b — w), for fixed a and
b. By Proposition 5.7, we have C,(a,b) — c(|a — b|) uniformly for a,b € [0, 4], and
Ry(a,u) — r(a — u) uniformly for 0 < u < a < A. The limiting form of (7.20) is the
equation

anb
Q(a,b) = c(|a — b)) —2/ r(a—uw)r(b — u) du
0
a b
— B/ / r(a—u)r(b—w){c(lu —w|)" — Q(u,w)™} dw du (7.21)
0 Jo
for a function Q on [0, A]?>. We first show that it has at most one bounded solution. Let
Q and Q' be two solutions with |Q],|Q'| <T,andletA=Q —Q". Using 0 <r <1 and
|x™ —y"| < mI™~1|x —y| for |x|,|y| < T, we have

a b
A(a,b)| < erm—l/ / A, )| dw du,
0 JoO

and the Gronwall argument of Step 3 in the proof of Proposition 7.1 shows that A = 0.
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Next, we prove stability. Let Q be a solution of (7.21) with values in [0, 1]. Subtracting
(7.21) from (7.20) at T = T,,, we find

Qn(a,b) — Q(a,b) = {Cyn(a,b) —c(Ja—1b])} —Z/OMb{@n(u,u) —0(u,u)} du
— B/a /b{®n(u,w)Cn(u,w)m — 0w, w)c(ju —w|)"} dw du
Ou Ob
—I—B/O /0 {©n (1, w) — 0(u, w) } Q(u, w)" dw du
a rb
+B/O /0 O (1, w){Qu(u,w)" — Q(u,w)"} dw du.

Let ¢, be the supremum over a4,b € [0, A] of the sum of the absolute values of the first
four terms on the right. All kernels take values in [0, 1] and converge uniformly, and the
intervals and rectangles of integration have measure bounded in terms of A only. Then
e, — 0. In the last term, we use 0 < ®, < 1 and |x™ — y™| < m|x — y| for x,y € [0,1],
which applies by Step 1. This gives

a rb
|Qn(a,b)—Q(a,b)|§£n+Bm/O/0|Qn(u,w)—Q(u,w)|dwdu, a,b € [0, Al

Let p(z) = sup, ., |Qu(a,b) — Q(a,b)|. As in Step 3 of the proof of Proposition 7.1, we
have p,(z) < &, +2BmA fOZ pn(y) dy for z < A, and Gronwall’s inequality implies that
sup |Qn(a,b) — Q(a,b)| < e,e?P"4" — 0. (7.22)
0<ab<A

It remains to find a solution of (7.21) with values in [0, 1].

Step 3: identification of the solution through Laplace transforms. We check that
Q(a,b) = c(a+ b) solves (7.21). Note that 0 < ¢ < 1. Step 2 then proves (7.16), and the
case a = b = L proves (7.17).

For a bounded function f on [0, ), let D¢(a,b) = f(|a —b|) — f(a +b). Note that
c(lu —w|)™ —c(u+w)™ = Den(u, w). Then the function c(a + b) solves (7.21) if and only
if, for alla,b > 0,

a rb
(a,b) —2/ r(a—u)r(b—u) du+B/ / r(a—u)r(b — w)Den(u,w) dw du.
0 Jo
(7.23)
We prove (7.23) by comparing double Laplace transforms. For a bounded measurable f
on [0,00) and z > 0, we write f fo e # f(t) dt, and for a bounded measurable F on

[0,00)% and z1,25 > 0, we write F(z1,25) = [3° [y~ e 7192 F(a,b) db da.
We begin with the transform of Dy. Splitting [0, c0)? into the regions a > band a < b,
and substituting a = b + x in the first and b = a + x in the second, we find

Y —z14—2p q— a_f(zl)+f(22)
/O/Oe bf(la—b|) db da = LFU TS Z2)

z1+ 22
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Substituting y = a + b and integrating over a € [0, y|, we have, for z; # zp,
gy g g y
22y _ p—21Y f(20) — Fi
/ / —z1a— Zzbf(ﬂ+b db da—/ f - Z dy:f(zi) £(Zl).
1— 22 1— 22

Subtracting the two identities and putting them over the common denominator z3 — z3,

we find that
2{z1f(21) — 22f (22)}

Df(le ZZ) 2 2 ’ Za 7& 22. (724)

217 2%
Next, we compute the transforms of the stationary profiles. Let o(u) =
Bmc(u)™ 1r(u) = —B(c™)'(u). The stationary response equation (5.25) reads
r" = —lr + 0 xr, where * denotes convolution on [0,00). The functions r and ¢ are

nonnegative and integrable, with fooor =1-gqand fooo(f = B(1 —g™). Then ' is
integrable, and an integration by parts gives z7(z) — 1 = —{7(z) + 0(z)7(z). Recall that r
is continuous and nonnegative with 7(0) = 1, so that 7(z) > 0. This yields

7(z) 7 =z + 0 —F(2). (7.25)
In the same way, ¢/ = —r and (¢")’ = —0/B, together with ¢(0) = 1, give
z0(z) =1—-7(z), zc"(z) =1 —0(z)/B. (7.26)

We now compute the transform of the right side of (7.23). Integrating first over
a,b > u, we find that the transform of the noise term is

= 27(z1)7(22)
2 Zl—|—22 u d — 2\ A\RA)
| e wa)f(z) = =
The memory term is a two-dimensional convolution of 7(a)r(b) with the bounded function
Den, and its transform is BF(z;)7(z2) Don (21, 22). All these integrals converge absolutely,
because r is integrable and D.» is bounded, which justifies the use of Fubini’s theorem.
Using (7.24) with f = ¢ and (7.26), we can write
= 2{0(z2) —0(z1)}

BDn(zq1,z
C’"( 1, 2) Z%—Z%

Adding the transforms of the two terms, we have, for z; # z»,

27(z1)7(22) + B?(Z1)7’\(22)5;(21122) — M{z —2p+0(z2) — 3(21)}
Z1+ 22 7} — 75

- ZrSQ 222)‘ {7F(z1) ' = 7(z0) 1}
174

2{7(zr) —7(z —
2 (5;_25( D Bz
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In the second line, we used (7.25) at z; and at z;. In the last equality, we used (7.24) with
f = c and the first identity in (7.26).

Both sides of (7.23) are bounded continuous functions on [0,0)%. Indeed, the left
side is bounded by one, the noise term by 2 fooo r = 2(1—g), and the memory term
by B(1 — q)?>. We have shown that their double Laplace transforms agree for z; # z,
and by continuity of the transforms in (zj,2;) they agree everywhere on (0,00)%. Let
F denote either side. For fixed z, > 0, the function a — [~ e7?2'F(a,b) db is bounded
and continuous, by dominated convergence, and its Laplace transform is F(-,z;). By
the uniqueness theorem for Laplace transforms of continuous functions, the two such
functions coincide for every a > 0. For fixed 4, the functions b — F(a,b) are bounded
and continuous and, by what we just proved, have the same Laplace transform. They
therefore coincide. This proves (7.23), and hence (7.16) and (7.17).

Step 4: the energy subtraction. By (7.6), we have

h(Prot) = \/p (Z*Proi, (Prog)*™) = Bp /OtR(tz“)KT(tr“)m du.

For u < T, we have Kr(t,u) = C(t,u) by Step 1. We subtract the identity h(v;) = eg(t)

Bp fo C(t,u)™ du of Proposition 7.1 from the last display. The integrals over [0, T
cancel. At t =T+ L, using Kr(T+L,u) = Qr(L,u—T) = Qr(u—T,L), we obtain

T+L
h(Proryr) = eg(T+L) + 5P/T + R(T+L,u){Qr(u—T,L)" —C(T+L,u)"} du.
(7.27)
Only an integral over a future interval of fixed length L remains. Now let T = T),. By
Proposition 5.7, we have eg(T, + L) — e«. With the change of variables T = T, + L —u €
[0, L], we have

R(Tn+L,Tn—|—L—T)—>r() C(Tw+L T,+L—-1)—c(T),
Qu(L—1,L) = c(2L - 1),
uniformly in T € [0, L], by Proposition 5.7 and (7.16). All these functions take values in

[0,1], and the integral in (7.27) converges to the integral in (7.18). This completes the
proof. O

By the reflection identity, the Hankel kernel (4,b) — c(a + b) is a limit of Gram
kernels. This leads to the following representation of every stationary profile.

Corollary 7.7 (Spectral representation of every stationary cluster). Let (c,r,{) be a station-
ary cluster, as in Proposition 5.7, with plateau q. Then there exists a probability measure v on
0, c0) such that

o(t) = /[ . eMu(dx) (t>0),  v({0}) =q. (7.28)
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In particular, ¢ and r = —c’ are completely monotone on (0, c0).

Proof. The representation of a bounded continuous function with positive semidefinite
Hankel matrices as a Laplace transform is classical; see Widder [122, Chapter IV, Sec-
tion 12, Theorems 12a-12b, pp. 160-161] for Bernstein’s theorem on completely monotone
functions, and Berg, Christensen, and Ressel [28, Chapter 4, Corollary 4.5, p. 114] for
positive definite functions on semigroups. Complete monotonicity for Brownian mode-
coupling equations is also classical; Franosch and Voigtmann proved it for their mixture
model by an iteration argument [71, arXiv version 1, Section III]. Here it follows from
the reflection identity, and we include the short semigroup argument to keep the proof
self-contained. The argument has three steps. We show that the Hankel kernel is positive
semidefinite, construct a semigroup of shifts, and apply the spectral theorem.

Step 1: positivity. Let T, — co be a sequence along which the translated kernels converge
to (¢,r,¢). Foray,...,ar > 0and ay,...,a; € R, we have

k k 2
) wn (M, (@), Mr, (a)) = || 12 e, ()| > 0.
ij=1 i=1
Letting n — oo and using (7.16), we obtain
k
Y aje(aj +a;) > 0. (7.29)

ij=1
Step 2: the shift semigroup. Let V be the real vector space of finite formal linear
combinations of symbols ¢, a > 0, with the bilinear form determined by (¢,, ¢;) =
c(a+b). By (7.29), this form is positive semidefinite. Let G be the Hilbert space obtained

by taking the quotient of V by its null vectors and completing. For w = ) ; a;¢,, € V and
c>0,letws =),a;¢, s and

Yo (0) = (W, we) =Y ajajc(a; + a; +20).
]
Since |c| < 1, we see that ¢,(0) < (¥ |a;|)>. For n > 0, we have ¢, ((n +1)0) =
<wm, Wy +2)a>, and the Cauchy-Schwarz inequality gives

w((n+1)0)? < o (n0) Yoo ((n + 2)0). (7.30)

We claim that 4, (0) < 94(0). If ¢,(0) = 0, then (7.30) with n = 0 implies that ¢, (c) = 0.
Suppose that §,,(0) > 0 and 9, (0) > P (0), and let x = P, (0) /P (0) > 1. Using (7.30)
and induction on n, we find that ¥,,((n + 1)) > k¢, (no) > 0 for every n > 0. Then
P (no) > x"py,y(0) — oo, which contradicts the bound 1, < (¥, |a;])?. This proves the
claim.
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The claim says that w — w, does not increase the norm. In particular, it maps null
vectors to null vectors, and it defines a contraction S, of G with S,¢, = @,+,. Each
So is self-adjoint, because (Sy@q, ¢p) = c(a+ b+ 0) = (@, So@p). Further, Sy = Id and
S¢S¢t =S¢y, 80 that So = S; , 5,7 is a positive operator.

Step 3: the spectral representation. For an integer j > 1, the operator Sy/; is positive

and (S; /].)j = S1. By uniqueness of positive j-th roots, we have Sy ,; = Si/ /, and therefore
So = S{ for every rational ¢ > 0. Let i be the spectral measure of the positive contraction
S1 at the vector . It is a measure on [0, 1] with total mass ||¢o|> = ¢(0) = 1, and for
rational ¢ > 0 we have

o(0) = {go Sogu) = [ ¥ k(dy).

Both sides are continuous in ¢ > 0, the right side by dominated convergence, and the
identity extends to every o > 0. Letting ¢ | 0, we see that 3((0,1]) = ¢(0) = 1, that is,
#({0}) = 0. Let v be the image of y under the map y — —logy from (0, 1] to [0, o). Then
v is a probability measure, and the identity above becomes the first relation in (7.28), also
at t = 0. By dominated convergence, c(t) — v({0}) as t — oo, which gives v({0}) = 4.
Finally, for n > 0 and t > 0, the function x — x"e~*" is bounded on [0, o), uniformly for
t in compact subsets of (0, o). Differentiating under the integral, we find

(—1)"et () = /[000) Yo y(dx) >0, (=1 () = /[000) ¥+ le y(dx) > 0,

and ¢ and r are completely monotone on (0, o). O



SECTION 8

Selection of the plateau and correlation aging

In this section, we prove the parts of Theorem 1.1 that concern the plateau, the energy, and
the loss of memory. We begin with Lemma 8.3, which states that every positive plateau of
a stationary cluster is marginal. In Proposition 8.4, we prove that the translated kernels,
the multiplier, and the energy converge at every temperature. Theorem 8.5 identifies the
plateau and the energy for p > B4, and Theorem 8.8 shows that the solution forgets every
fixed earlier state. Corollary 8.9 states the two ordered limits of the correlation. At the
end of Section 8.6, we combine these results into a proof of Theorem 1.1.

We take as input two facts about prefix centers, which we state as Proposition 8.1 in
Section 8.1 and prove in Sections 9 and 10. Besides these two facts, we use the stationary
clusters of Proposition 5.7, the scalar constraints of Proposition 6.1, the uniqueness
result Lemma 6.2, the causal tree realization of Proposition 7.1, the reflection identity
of Proposition 7.5, and the uniform bounds of Section 4. The convergence proved in
Proposition 8.4 and the marginality proved in Lemma 8.3 are exactly the hypotheses of
part (b) of Proposition 8.1. We use the selected profile, the marginality relation, and the
forgetting theorem throughout Parts III to V.

Standing assumptions and notation. Throughout this section, we fix p > 3 and > 0,
and (C, R, A) denotes the uniformly initialized hard CK solution of Section 3. All long-
time limits below concern this deterministic solution, for which the dimension limit has
already been taken on each fixed time horizon. Recall from (4.1) that the energy eg(t)
satisfies A(t) = 1+ pBeg(t). For T > 0, the translated kernels are Cr(a,b) = C(T +a, T +
b) fora,b > —T, Rp(a,b) = R(T+a,T+Db) for =T < b < a, and Ar(a) = A(T +a) for
a>-—T.

We fix the Fisher majorant ar and the dimension subsequence (N;) of Theorem 5.3
once, before choosing any waiting-time sequence or stationary cluster. All comparisons
with finite-dimensional forks use this same dimension subsequence. We may pass
to subsequences of waiting times to obtain stationary clusters, without changing the
dimension extraction. The majorant is an auxiliary choice; the CK solution and the
stationary profile identified below are unique.

As in Proposition 5.7, a stationary cluster is a triple (c,r,¢) obtained as the locally
uniform limit of (Cr,, Rt,, A1,) along some sequence T, — oco. Proposition 5.7 implies
that c(0) = 7(0) =1, = —r, 0 < ¢ <1, and r > 0, that the plateau ¢ = lim_,« ¢(7)

119
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lies in [0,1), and that fooor(u) du = 1—¢q. By (4.23), we have 0 < R < C, and passing
to the limit gives r < c¢. As in Propositions 5.7 and 7.5, we write ecoc = (¢ —1)/(pB)
for the energy of the cluster. With B = f?p and v = ¢ — B, we use the functions of
Proposition 6.1,

py) =7+By’",  Fy)=9¢@(1-y) -1
Recall from that proposition that F(g) = 0, that F(y) < 0 for g <y < 1, and that

1
(= —+B*p(1—g ).
T, TPr-a)
We also use the tree realization of Section 7. The unit vectors v; satisfy (vt, vs) = C(t,s),
and v; lies in the closed subspace H; generated by trees whose noise leaves carry times
at most t. We write Pr for the orthogonal projection onto Hr. The tree energy is

h(v) = \/p (v, Z(v®™)) withm = p —1, and h(v;) = eg(t).

8.1 Prefix centers and the threshold inputs

For T > 0 and a > 0, we define the prefix center
MT(lZ) = PTUT+a-

Let T;, — oo be a sequence along which the translated kernels converge to a stationary
cluster (c,r,£) with energy e. Recall from Proposition 7.5 that, for every fixed L > 0,

IMz, (L)|]? — di = c(2L),

h(Mr, (L)) — h, = e + Bp /OLI’(T){C(ZL — )Pt —¢(r)P 1} dr.

Note that & is homogeneous of degree p. If d;, > 0, the energy of the normalized center
Mr, (L)/ || M, (L)|| converges to hy /d}’?.

We now explain why the prefix centers are the right objects for selecting the plateau.
The state v is built from the initial vector and from the noise leaves at times up to
T + L. The projection Pr keeps the part built from the initial vector and noise received by
time T, including memory interactions after T. In physical terms, we may think of Mr(L)
as the average of the state at time T + L over independent continuations of the thermal
noise after time T. This interpretation goes back to the trajectories with a common
past and independent futures studied by Cugliandolo and Dean [50, arXiv version 1,
Section II] and by Barrat, Burioni, and Mézard [11, Section 4], and to the averages
over cloned futures proposed by Franz and Virasoro [72, arXiv version 3, Section III]. In
agreement with this interpretation, the limiting squared norm d; = c(2L) is the stationary
correlation at the reflected lag 2L, which is the overlap of two continuations of length
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L from a common past; this reflected formula appears in [11, Section 2, Equation (9)].
Time-averaged magnetizations of a similar kind appear in the analysis of Cugliandolo
and Kurchan [52, arXiv version 1, Section 5.1], and noise-averaged magnetizations and
their relation to the threshold appear in the dynamical TAP approach of Biroli [31, arXiv
version 2, Section III.B]. We use three properties of the centers.

e Every earlier state v; with s < T lies in Hr7, so that (vr,,vs) = (Mr(L),vs). The
correlation of a late state with a fixed earlier state is carried entirely by the center.

* For a stationary cluster with g > 0, the normalized limiting energies of the centers
satisfy hL/er’/2 < Ey, for every L > 0. Here Ey, = 2+/(p —1)/p is the threshold
energy of the pure p-spin landscape [7, Equation (2.13)].

* Suppose that the whole translated family converges to one stationary profile whose
plateau is positive and marginal. Then the normalized energies of the centers approach
Ey as L — oo, and this forces the solution to forget every fixed earlier state.

The first property is exact. The ceiling in the second and the forgetting in the third are the
content of the following proposition, which is the only input that we take from Sections 9
and 10.

Proposition 8.1 (Threshold inputs). Fix p > 3 and > 0.

(a) Let T,, — oo be a sequence along which the translated kernels converge to a stationary cluster
(c,r,£) with plateau q > 0, as in Proposition 5.7, and let d;, and hy, be the limits in (7.17)
and (7.18). Then, for every L > 0,

2
hy < Egd!’>. (8.1)

(b) Suppose that the translated kernels converge along every sequence T — oo to one stationary
profile (c,r), and that its plateau q is positive and satisfies B>p(p — 1)gP~2(1 — )% = 1.
Then, for every 0 < S < oo,

lim sup |C(t,s)| =0. (8.2)

t_moOSSSS

For p € {3,4}, both parts are proved in Section 9. For every p > 3, they are proved in Section 10.

For p € {3,4}, we prove both parts in Section 9 using a deterministic inequality on
the tree Hilbert space (Theorem 9.2 and Lemma 9.3). It states that a unit tree vector has
energy strictly below Ey,, and that near equality forces its mass to leave every fixed set of
tree heights. Applying this inequality to the normalized centers, we obtain part (a). For
part (b), we show that the mass of the centers escapes from every fixed height as they
approach the threshold, while an earlier state v; with s < S is approximated uniformly by
finitely many heights. From the same argument, we also obtain the quantitative estimate
Proposition 9.5, which we use again in Sections 11, 13, and 14.
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For every p > 3, we prove both parts in Section 10. There we replace the projection by
the mean of finitely many independent futures of the finite-dimensional dynamics from
a common past. Using the fixed-horizon approximation of Sellke [112, Lemmas 3.1-3.2],
we approximate the normalized mean by globally Lipschitz functions of the disorder
coefficients. The algorithmic threshold of Huang and Sellke [92, Theorem 1 and Corol-
lary 1.8] bounds the energy of these approximations by Ey, in the dimension limit, and
we transfer this bound to the mean by sending the approximation error to zero. Part (a)
follows from Proposition 10.4 by letting the number of futures tend to infinity at fixed
L. Part (b) follows from Proposition 10.8 and the finite-net argument in Section 10.5. Its
proof combines the external-field form of the same threshold with adaptive Gaussian
conditioning and an Euler approximation of the earlier state.

The references to later sections do not create a circular argument. The proofs of part (a)
in Sections 9 and 10 apply to an arbitrary stationary cluster with positive plateau, and
they use only results of Sections 3 to 7. Part (b) contains in its hypotheses the two facts
that we deduce from part (a) in this section: convergence of the whole translated family,
and marginality of the plateau. Besides these hypotheses, its proofs use the algebraic
identity (8.5), which we prove in Lemma 8.2 without using Proposition 8.1. In this section,
the order of deduction is as follows:

* part (a) and Lemma 8.2 imply marginality, Lemma 8.3;

* marginality implies convergence at every temperature, Proposition 8.4, and the selec-
tion of the plateau, Theorem 8.5;

¢ these results verify the hypotheses of part (b), which then gives forgetting, Theo-
rem 8.8, and correlation aging, Corollary 8.9.

8.2 Marginality of positive plateaus

p—2 > pr! p—1
L=Pm2 g . Ep—2,/P=1 8.3
1 p P = 4 —1)(p 22 t p 6.3)

To explain the role of gm and B, let G(gq) = p(p — 1)g7~2(1 — q)? for q € [0,1], so that
the marginality relation B2p(p — 1)g?~2(1 — q)?> = 1 reads >G(q) = 1. We have

G'(q) =pp—1g" > —q){(p—2) — pq}.

The function G vanishes at 0 and 1, increases strictly on [0, gm], and decreases strictly on
[gm, 1]. Its maximum is

We set

4(p—1)(p—2)P2

2
Ppil = Pm -

G(qm) =
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In other words, B, is the inverse temperature at which B%G first reaches one on [0, 1]. For
B > Bm, we denote by g, () the unique root of B2G(q) = 11in [gm,1); at B = Bm, it is the
double root gm. For B > B, the equation has a second root, which lies in (0, gm ), and
for B < Bm it has no root in [0, 1].

The next lemma computes the limit of the center energies of Proposition 7.5 as L tends
to infinity, and compares it with Ey,. It is a computation with the scalar constraints of
Proposition 6.1 and uses no threshold input. We use it again in Sections 9 and 10.

Lemma 8.2 (Limiting energy of prefix centers). Let (c,r,¢) be a stationary cluster with
plateau g, as in Proposition 5.7, let e.o = (£ — 1)/ (pP), and let di and hy be defined by (7.17)
and (7.18). Then dy — g and hy — h as L — oo, where

h=eo—p{1—q" —pg" ' (1—-q)}. (8.4)
If g > 0, define z = B/p(p — 1) gP=2/2(1 — q) > 0. Then
h p—1 1
qu = T (Z + E) > E, (8.5)

and equality holds in (8.5) if and only if B?p(p — 1)gP~2(1 —q)? = 1.

Proof. As c is nonincreasing with limit g, we have d; = ¢(2L) — g. For hy, we extend the
integrand in (7.18) by zero outside [0, L] and write the integral as an integral over [0, o)
of

) {c2L—1)P L —c(T)P71}, 0<T<L,

su(v) = {0, T> L.

For fixed T, we have 2L — T — o0 as L — o0, and g1 (T) converges to r(7){gP~! — c(7)P~1}.
Since 0 < ¢ < 1, we have |¢;(7)| < (1), and r is integrable with [;"r = 1—4. By
dominated convergence, we obtain

Jim hy = e+ Bpg (1 - q) ﬁp/ )P dr.

Using r = —¢/, ¢(0) =1, and ¢(1) — g, we find

/Ooor(r)c(T)”_1 dr = —%/Ooo(cp)/(r) dr =

Inserting this into the previous display, we obtain (8.4).
Now suppose that 4 > 0. Using the formula for ¢ in (6.2), we write the energy of the
cluster as 01
— q -1
Coo = = +B(1—4g"7").
wp ~ppa—q PUTT)
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We insert this into (8.4) and note that (1 — gP~1) — (1 —g”) = —gP~1(1 — q). This gives

9 ~1
h=—"r—+ —1)gP (1 —9q).
B0 — 1) Blp—1)g" " (1—q)
By the definition of z, we have
p—1__ (1=2)/2 p—11 g (r-2)/2
z= —1)g'P 1—9q), - = ,
; Blp—1)q (1-9) sz B =)

and the sum of the two right sides is &/g"/2. This proves the identity in (8.5). For z > 0,
we have z 4z~ ! > 2, with equality if and only if z = 1. Recalling that 2,/(p — 1)/p = Ey,,
we deduce the inequality in (8.5), and equality holds if and only if z = 1, that is, if and
only if z2 = B2p(p — 1)gP72(1 — q)?> = 1. O

Lemma 8.3 (Marginality of every positive cluster plateau). Let (c,r, ) be a stationary cluster,
as in Proposition 5.7, with plateau q > 0. Then

Bpip—1)g#2(1—9)*=1, 42 gm. (8.6)

Proof. First, part (a) of Proposition 8.1 gives an upper bound on the limiting center energy
that matches the lower bound in (8.5), and this forces marginality. Second, the strict sign
condition of Proposition 6.1 excludes the smaller root.

Step 1: marginality. Let T, — oo be a sequence along which the translated kernels
converge to (c,r,¢). Since g > 0, part (a) of Proposition 8.1 applies along this sequence,
and (8.1) states that h; < Ethdz/ ? for every L > 0. Letting L — oo and using d; — g and
h; — h from Lemma 8.2, we obtain

h < Egy, qp/z-
Together with the lower bound in (8.5), this forces h/ qp/ 2 = Eg. The equality case of
Lemma 8.2 then implies the first relation in (8.6).

Step 2: the larger root. We use the functions ¢ and F from the beginning of this section;
recall that F(gq) = 0 and F(y) < 0 for ¢ < y < 1. Differentiating, we have

F(y)=B(p—-1y"*(1-y)—¢y),  F'(y)=Blp—-1y">{(p—-2)—py}.
Since ¢(q) =1/(1 —gq) by (6.2), we find

_Brlp—1)g?(1—g2 -1 _
1—9¢q ’

F'(q)

where we used Step 1 in the last equality. Suppose that 0 < g < gm. Then F’(g) > 0.
Since F is a polynomial with F(q) = F'(g) = 0, Taylor’s theorem implies that

F(g+e) =1F'(9)e+0() >0
for all sufficiently small ¢ > 0. This contradicts F(q+¢) < 0. We conclude that g > gm,. O
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The first relation in (8.6) is the marginality condition of the asymptotic solution of
Cugliandolo and Kurchan [51, Equation (7)], written in the conventions of Section 3. In
view of the discussion after (8.3), the relations (8.6) say that f > B, and g = g+ (B). A
stationary cluster with positive plateau can occur only for B > B, and its plateau is then
determined by B.

8.3 Convergence at every fixed temperature

Proposition 8.4 (Convergence at every fixed temperature). For every p > 3 and g > 0,
the multiplier A(t) and the energy eg(t) have limits £g and eg(oo) as t — oo. All bounded-lag
translates of C and R converge locally uniformly to a unique stationary FDT profile (c,r), that is,
for every 0 < A < oo,

sup {|C(T+¢t,T+s)—c(t—s)|+|R(T+tT+s)—r(t—s)|} —0 (T — o).

0<s<t<A

(8.7)
Its plateau q belongs to the following set:
O ’ O < ms
,c {{ } <B<p 58)
10,9+(B)}, B = Pm.

The positive branch is used only on its domain f > Bm. The limiting multiplier is

1

E - _ - 2 1 _ p—l
p=1g TP,

as in (6.2), and eg(c0) = (Lg —1)/(pB).
Proof. First, the multiplier of every stationary cluster lies in a set with at most two
elements. Second, the late limit points of A form an interval, each point of which is the
multiplier of a stationary cluster; combined with the first step, this forces A to converge.

Third, we identify all stationary clusters using Lemma 6.2 and upgrade subsequential
convergence to convergence of the whole translated family by precompactness.

Step 1: possible multipliers. Let (c,7,¢) be a stationary cluster with plateau q. If 4 = 0,
then (6.2) gives £ = 1+ B?p. If g > 0, then Lemma 8.3 and the discussion after it imply

that B > B and g = 4. (B), and by (6.2) we have ¢ = (1—q+ (8)) '+ B2p(1 — g, (B) ).
In both cases, ¢ belongs to the set

Ly {1+ B}, B < Bm,
{1+8p, A=q:(B) "+ Bp(1—q+(B) )} B=Pm

which has at most two elements.
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Step 2: convergence of the multiplier. Recall from Propositions 4.3 and 4.4 that A is
continuous on [0, c0) and satisfies 1 < A < A. Let
a = liminfA(t), b = limsup A(t),
t—reo t—ro00

which are finite. We say that y is a late limit point of A if there exists a sequence T;, — oo
such that A(T,) — y. We claim that every y € [a,]] is a late limit point. For y € {a,b},
this holds by the definition of the lower and upper limits. If 2 < y < b, then for every
n there exist times t1,t, > n such that A(f;) < y < A(tp). By the intermediate value
theorem, there exists T, between t; and f; such that A(T,) = y, and T,, > n. This proves
the claim.

Now let y € [a,b], and let T, — oo be such that A(T,) — y. By Proposition 5.7,
a subsequence of the translated family (Cr,, Rt,, A1,) converges locally uniformly to a
stationary cluster (c,7,¢), and along it At, converges to the constant ¢. Evaluating at
offset zero, we find £ = y, and Step 1 gives y € Lg. We have shown that

[11, b] - ‘Cﬁ

An interval contained in a finite set is a single point. Hence a = b, and A(t) converges to
a limit £5 € Lg. By (4.1), we have eg(t) = (A(f) —1)/(pB), and the energy converges to

eg(0) = (L —1)/(pB).

Step 3: identification of the profile. Let (c,r,¢) be any stationary cluster, obtained along
a sequence T, — co. Since A(T, +a) — (g for every offset a, we have ¢ = (4. By (5.24)
and (5.25), the pair (c, r) solves

= —r, = —lgr+ B*p(p — 1)(cp_2r) X7, c(0) =r(0) =1,

and it is bounded, since 0 < r < ¢ < 1. Lemma 6.2 states that this system has at most
one locally bounded solution. All stationary clusters therefore coincide; we denote their
common profile by (c,r). The argument uses only the value /g of the multiplier. In
particular, it applies when the two elements of Lz coincide, which happens at g = Bg4.
Every stationary cluster also has the same energy e« = ({5 —1)/(pB) = eg(o0).

Suppose that (8.7) fails for some 0 < A < co. Then there exist ¢ > 0 and a sequence
T, — oo such that, for every n, the supremum in (8.7) at T = T, is at least . Using
the precompactness in Proposition 5.7, we extract a subsequence of the translates that
converges locally uniformly to a stationary cluster, which is (c,r,/g) by the preceding
paragraph. Along this subsequence, the supremum over the compactset {0 <s <t < A}
tends to zero, which is a contradiction. This proves (8.7).

Finally, if the plateau q of c is positive, then Lemma 8.3 implies that > B, and
q = g+(B). This proves (8.8), and it shows that the second alternative is absent for f < Bm.
The formula for £ is (6.2) for the cluster (c, 7, £g). O
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8.4 The dynamical transition and the selected energy

Recall the dynamical transition parameters

_p-2 _

qd - p o 1’ IB

We compare them with the constants in (8.3). First, g4 —gm = (p —2)/(p(p — 1)) > 0.
Second, a direct computation shows that G(gq) = p(p —2)P"2/(p —1)P~ 1 = ,532. As G

decreases strictly on [qgm, 1], we find that B;* < G(qm) = B2, thatis, B4 > Pm, and that

9+ (Bq) = qq- For B > B4, we have G(q+(B)) = B2 < G(q4), and then g (B) > qq. For
B > Bgq, we write

qs = q+(B),
so that g5 > g4, with equality exactly at = Bg.

Theorem 8.5 (The selected stationary sector). For every p > 3 and B > Bg, the unique
stationary plateau is qg. In particular, the limit £g of A(t) and the limiting energy satisfy

_ 1 2 p—1
Eﬁ—m—{-ﬁ P(l_qﬁ ), (8.9)

ep(00) = B{1+ (p—2)q5 ' — (p— 1)} (8.10)
For every 0 < A < o0,

sup {|C(T+t,T+s)—c(t—s)|+|R(T+t,T+s)—r(t—s)|} —0 (T — o),
0<s<t<A
(8.11)

where r = —c’ and c(T) — qg. At the endpoint, eg (00) = Bg and lg, = 1+ pB3.
qp P Ba Ba PPq

Proof. In view of Proposition 8.4, it suffices to exclude the alternative g = 0. Suppose that
q = 0. Then (6.2) gives {g =1+ B%p, which means that v = lg — B*p =1 and

Fly)= (1+Bpy" ) (1 —y) -1 =y{Bpy’ *(1-y) —1}.

Since qé’_z(l —q4) = (p—2)P72/(p —1)P~1, we have g?p qé’_z(l —qq4) = p*/p3 and

F(q4) = qa (% — 1) :

For B > B4, this is nonnegative. On the other hand, g4 lies in (0,1) = (g,1), so F(qq) <0
by (6.3). This contradiction shows that g > 0.

At B = B4, we have F(gq4) = 0, and the contradiction comes from the strict inequality
in (6.3). In Proposition 6.1, that strict inequality follows from the bound ¢’(t) > F(c(t))
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and from ¢’ = —r < 0 at every finite time. In this way, the endpoint p = B4 is included
without any continuity argument in g.

We have shown that ¢ > 0, and Proposition 8.4 then implies that g = q(B) = qp.
The formula (8.9) is the formula for £g in Proposition 8.4, (8.11) is (8.7), and the relation
r = —c’ is part of (5.24). For the energy, we use the marginality relation /SZG(q[;) =1
Multiplying it by g5/ (pB(1 — gg)), we obtain

R YO A
Using eg(c0) = (£g —1)/(pB) and (8.9), we find
ep(c0) = ﬁﬁ_%) +B(1—qh ) =Blp—1)ah (1—qp) +B(1—qh "),

and expanding the right side yields (8.10). At B = B4, we have g5 = g4 and (p — 1)q4 =
p — 2, so that

(p=2af" = (p-Daf =af {(p—2)— (p~Daa} =0.
This shows that eg, (00) = Bg, and (4.1) gives £g, = 1+ pBqep, () =1+ pﬁﬁ O

The plateau and the energy in Theorem 8.5 are those predicted by Cugliandolo and
Kurchan. In the normalization of [51], the inverse temperature is v/2 8 and the energy is
—e/+/2; with this translation, (8.10) is their Equation (9), evaluated with the fluctuation-
dissipation ratio x = (p — 2)(1 — q) /g given after their Equation (12).

Remark 8.6 (The subsequent low-temperature limit). As f — oo, we have g5 — 1, B(1 —
9p) = [p(p —1)]7"/2 and

. p—1
ﬁh_r&eﬁ(oo) =2 T = Eth-
This agrees with the threshold energy of the pure p-spin landscape, computed by Crisanti
and Sommers [47, Equation (9)] in the normalization of [51] and by Auffinger, Ben Arous,
and Cerny [7, Equation (2.13)] in the present one. It also agrees with the results of Sellke
[112, Theorems 1.1 and 1.7], which show that, at low temperature, the energy of Langevin
dynamics on a bounded time horizon comes close to Ey,. Here p — oo is taken after the
dimension limit and after both long-time limits, and the calculation says nothing about
the gradient flow at zero temperature.
To verify these limits, recall that g5 > g4 > 0. The marginality relation gives

1 1
(1 - q,B)Z = p—2

S — 7 O,
Bp(p—1)gh * ~ Bp(p—1)q) "
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so qg — 1. Taking square roots in the same relation, we find

—(p—2)/2

1
p(p—1) Vr(p—1)

Let g(y) = 1+ (p—2)y"~ ! — (p — 1)y*, so that eg(c0) = Bg(qp) by (8.10). We have

S =@E-y"{(p-2)—py}, §1)=-2(p-1).

Let e = 1 — gg. By Taylor’s theorem, there exists 17 € (qg, 1) such that

g(qp) = 8(1) — g’ (Ve + 38" (1) = 2(p — Ve + 38" ()€™,

On [0,1], we have |¢"| < K, with K, = (p —1){(p —2)*> + p(p — 1)}, and therefore

lep(c0) — 2(p — 1)B(1 - gp)| < 3K, (1 — q5)*.

As B — oo, the right side equals 3K, - B(1 — gqp) - (1 — g5) and tends to zero, while
2(p—=1)B(1 —gp) = 2(p = 1)//p(p = 1) = Ein.

Remark 8.7 (The unselected intermediate interval). For 0 < 8 < Bm, Proposition 8.4 gives
q=0; then {g =1+ B%p and eg(00) = B. For B < B < By, it proves convergence but
allows either the zero branch or the positive branch g4 (8). In the latter case, writing
q+ = q+(p), we have

g+{(p—2) —(p—1)q+}
pB(p—1)(1—q+)?

Indeed, the marginality relation can be written as [Szqul =g+/((p—1)(1 —q4)?).
Combining it with the formula for ¢ B in Proposition 8.4, we have

:fﬁ—l—ﬁzp:i{ 9r q+ }
B pBl1—q+ (p—1)(1—9q4)2)"

and bringing the bracket to a common denominator gives the stated formula. For the
sign, note that B < B4 implies G(g+) = B2 > G(gq). As G decreases strictly on [gm, 1],
we obtain gm < g4+ < gq. In particular, (p —2) — (p — 1)g+ > 0, and the correction is
positive. We do not decide which alternative occurs in this interval, and the transition is
not classified from below there; see Section 17.

eg(00) = B+ > B.

eg(0) — B
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8.5 Forgetting of fixed waiting times

Theorem 8.8 (Forgetting of fixed waiting times). Let p > 3 and p > 0, and let (c,r) be the
stationary profile of Proposition 8.4. Then

lim sup {C(t,s)+R(t,s)} =0 (0<S < o). (8.12)

t—><>00§s§s

If the stationary plateau is zero, the stronger whole-row conclusion holds:

sup {|C(t,s) —c(t—s)| + |R(t,s) —r(t—s)|} — 0  (t = o0). (8.13)
0<s<t
Proof. The proof has four steps. We first reduce (8.12) to a statement about C. When the
plateau g is positive, we verify the hypotheses of part (b) of Proposition 8.1. When g = 0,
we argue directly: the norm of the prefix center tends to zero when first t — oo and then
L — oo. Finally, we prove (8.13) by splitting each row into a recent strip and a remote
part.

Step 1: reduction to the correlation. Recall from (4.23) that 0 < R(t,s) < C(t,s) for
t>s>0. Fort > S, we have

sup {C(t,5) +R(t,5)} <2 sup C(t,s),
0<s<S 0<s<S

and it suffices to show that supy. .5 C(t,s) — 0 as t — co.

Step 2: positive plateau. Suppose that g > 0. Then the translated kernels converge along
every sequence T — oo to the single profile (c,r) by Proposition 8.4, and the plateau
satisfies B2p(p — 1)g7~2(1 — q)?> = 1 by Lemma 8.3. These are the hypotheses of part (b)
of Proposition 8.1. Then (8.2) implies that sup,,¢ |C(t,s)| — 0.

Step 3: zero plateau. Suppose that g =0. Fix L > 0andlett > L. For 0 <s <t — L, the
vector v; lies in Hs € H;_1 by Proposition 7.1, so P;_;vs = vs. As P;_r is an orthogonal
projection, we have

C(t,s) = (vt, Pi—1vs) = (Pr—pvt,vs) = (M—r(L), vs) .
By the Cauchy-Schwarz inequality and ||vs|| = 1, we obtain

sup C(t,5)2 < | Mi_(L)[%

0<s<t—L

We now let t — co with L fixed. By Proposition 8.4, the translated kernels converge to the
stationary cluster (c,7,{g) along every sequence T, — co. Then Proposition 7.5 applies
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along every such sequence, and (7.17) gives ||Mr, (L)||> — c(2L). As the sequence is
arbitrary, we have ||[Mr(L)||> — c(2L) as T — co. Setting T = t — L, we obtain

limsup sup C(t,s)> < c(2L). (8.14)

t—oo  0<s<t—L

This bound holds for every plateau, but it is useful only when g = 0. Fix 0 < S < cc. For
t > S+ L, we have [0,5] C [0,t — L], and (8.14) implies limsup,_, , sup,,5 C(t,5)* <
c(2L) for every L > 0. Letting L — oo and using c¢(2L) — g = 0, we find that
supg,<5 C(t,5) — 0. Together with Steps 1 and 2, this proves (8.12).

Step 4: the whole row when g = 0. Fix L > 0, and let t > L. We split [0,t] into the
recent strip [t — L, t] and the remote part [0, — L]|. On the recent strip, we use (8.7) with
T=t—Land A = L. Writings = T+ u withu € [0, L], we have C(t,s) = C(T+ L, T+ u)
and c(t —s) = ¢(L — u), and similarly for R and r. We obtain

tstlip<t{’C(t,S) —c(t—s)|+|R(t,s) —r(t—s)|} — 0 (t — o0).

On the remote part, we have t —s > L. Recall that 0 < R < C, that 0 <r <, and thatc
is nonincreasing. For 0 < s <t — L, we find

|C(t,s) —c(t—s)|+|R(t,s) —r(t—s)| < C(t,s)+c(t—s)+ R(t,s) +r(t—s)
< 2C(t,s) + 2¢c(L).

By (8.14), the upper limit as t — oo of the supremum of the right side over 0 <s <t —L
is at most 2¢(2L)!/2 4 2¢(L). Combining the two parts, we have

limsup sup {|C(t,s) —c(t —s)| + [R(t,s) — r(t —s)|} < 2c(2L)Y% +2¢(L),

t—oo  0<s<t

where t — co is taken with L fixed. Since g = 0, the right side tends to zero as L — co.
This proves (8.13). [

8.6 Correlation aging
Corollary 8.9 (Correlation aging in the ordered limits). For every p > 3 and B > Bgq,

lim lim C(s+7,s) = qp >0, lim lim C(s +t,s) = 0. (8.15)

T—00 S—00 §—00 T—00

Proof. Fix T > 0. Applying (8.11) with A = 7 and T = s to the pair of offsets (7,0), we
find that lims o C(s + 7,5) = (7). As T — oo, we have ¢(7) — gg by Theorem 8.5, and
9 > qq > 0. This gives the first limit. Next, fix s > 0. Applying (8.12) with S = s and
t = s+ 7, we find that C(s 4+ 7,5) — 0 as T — oo. The inner limit is zero for every s, and
so is the outer limit. O
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The first inner limit in (8.15) is the stationary correlation ¢(7), and the second inner
limit vanishes at every fixed waiting time. Corollary 8.9 concerns only these two ordered
limits. It does not identify the time scale on which C(s + 7,s) decreases below g4, and
it does not give a fluctuation—dissipation relation in the slow regime. We discuss these
questions in Section 17.

Proof of Theorem 1.1. We collect the results of this section, which rely on Proposition 8.1,
proved in Sections 9 and 10. Fix p > 3 and g > 0. By Proposition 8.4, the multiplier
and the energy converge to {g and eg(c0), and the translated kernels converge locally
uniformly to the stationary profile (cg,75) = (c,7). This is (1.1). In Step 3 of the
proof of Proposition 8.4, we showed that every stationary cluster equals (c,1, Eﬁ), SO
the profile is unique. By Proposition 5.7, we have ¢(0) = 7(0) = 1 and r = —¢/, and ¢
is completely monotone by Corollary 7.7. The forgetting statement (1.2) is (8.12). For
B = B4, Theorem 8.5 shows that the plateau is g5 > g4, which is the larger solution
of (1.3), and it gives (1.4) and (1.5). Finally, (1.6) is (8.15). This completes the proof of
Theorem 1.1.



SECTION 9

Tree ceilings and the threshold inputs for
cubic and quartic models

In this section, we prove Proposition 8.1 for p € {3,4}. That proposition is stated in
Section 8.1, and Section 8 deduces from it the selection of the plateau, forgetting, and
correlation aging. We prove the proposition for every p > 3 in Section 10.

Both parts rest on a deterministic inequality in the tree space of Section 7.1. For
p = 3, the cubic tree ceiling, Theorem 9.2, states that every unit tree vector has energy
strictly below Ey,, and that a unit vector with energy close to Ey, has little mass at
every fixed finite set of heights. Lemma 9.3 is the analogous statement for p = 4, and
Corollary 9.4 restates both in terms of the tree energy. In Section 9.3, we prove part (a) of
Proposition 8.1 by applying a ceiling to normalized prefix centers and passing to the limit
with Proposition 7.5. Under the hypotheses of part (b), the normalized centers approach
the threshold; this is Proposition 9.5. Their mass then leaves every fixed set of heights,
while an earlier state is approximated by finitely many heights, uniformly on a bounded
time interval. Combining these two facts, we prove part (b) in Section 9.5.

Besides the tree space and the realization of Proposition 7.1, we use the reflection
identity of Proposition 7.5, the precompactness in Proposition 5.7, the plateau identity
(6.2), and the limiting center energy of Lemma 8.2. The last lemma is an algebraic state-
ment about a stationary cluster and does not use Proposition 8.1. Hence the arguments
of this section and of Section 8 are not circular. The ceilings are used again later: the
participation bound enters the proof of Theorem 11.1, and the retained angular and
Young defects (9.3) are used in Section 13. Proposition 9.5 is used in Sections 11 and 14.

The value Ey, = 24/(p —1)/p is the threshold energy of the pure p-spin model. It
appears in the complexity of critical points computed by Auffinger, Ben Arous, and Cerny
[7, equation (2.13)], where the Hamiltonian is minimized and the threshold is —Ey,. It is
the threshold for Lipschitz algorithms identified by Huang and Sellke, for even models
in [94] and including odd pure models in [92, Theorem 1 and Corollary 1.8], and Sellke
proved that low-temperature Langevin dynamics approaches it when the temperature
is also sent to zero [112, Theorems 1.1 and 1.7]. The ceilings below are elementary
inequalities in the tree space, and we do not use the cited results in the proofs of this
section. They also differ from the branching constructions of the algorithmic literature,
such as those of Subag [118, Remark 6] and of Huang and Sellke [94, Remarks 1.2-1.3

133
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and Sections 3 and 7], which concern configurations in finite dimension. Here we retain
quantitative height defects inside the causal covariance realization and use their saturation
to prove escape from every fixed set of heights.

Standing notation. Throughout this section, p € {3,4} and m = p—1, and H, Z, 11,
and Pr are the tree space, the grafting isometry, and the height and prefix projections of
Section 7.1 for this arity. For v € ‘H and j > 0, we write

b=Iel?,  a= /o, B=YLb

i<j

with b; = B; = 0 for j < 0. Recall that };TI; = Id, so that the masses b; sum to o]
and B; increases to ||v||>. The tree energy is h(v) = /P (v,Z(v®™)), as in (7.5). Itis a
homogeneous polynomial of degree p, that is, h(av) = a’h(v) for « > 0.

9.1 The cubic tree ceiling

We begin with a computation that holds for both arities. It expresses the height profile of
a graft through the cumulative masses B;.

Lemma 9.1 (Heights of a graft). Let v € H. Then I1yZ(v®™) = 0, and for every j > 1,
ILZ(0™") = IT((Tlj10)®™),  ILZ(v®")||* = Bf'y — BJ,. ©.1)

Proof. The ranges of the projections I1;, i > 0, are mutually orthogonal and span H.
It follows that H®™ is the orthogonal sum of the subspaces IT; H ® --- @ I1;, H over
(i1,...,1im). Because a graft has height one plus the largest height of its root subtrees, the
map 7 sends the subspace indexed by (i1, ..., in) into the range of IT; with j = 1+ max; i.
In particular, [10Z = 0, and for j > 1,

ILZ(0®™") = Y I(Ijv®- - @I,0).
maxy ip=j—1
Only the components I1;o with i < j — 1 appear, which gives the first identity in (9.1). The
terms of the sum are orthogonal, since 7 is an isometry and the subspaces are orthogonal,
and the term indexed by (iy,...,i,) has squared norm b; ---b; . Summing over the
m-tuples with largest entry j — 1, we obtain

Iz E = (¥ 6) (X b)" =B - Bl

i<j—1 i<j—2

as desired. ]
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We now treat the cubic case. The next estimate is the reason that a normalized
prefix center selects marginality. It is an inequality in the tree space, and it involves no
tinite-dimensional critical points.

Theorem 9.2 (The cubic tree ceiling and its retained defects). Let p = 3, so that grafting is
binary, and let F, = 2+/2/3. For a unit vector v € H, define

fo)=(v,I(v®o)), d=F—f(v)

and let bj = ||I1v|]?, a; = \/b7] and Bj = Y<;b; for j > 0, with B_y = B_5 = 0. Then
|f(v)| < Fy, and

Y. 0P <4v25,  |Tcpo|? < \/4ﬁ(H+ 1)6 (H>0). 92)
j=0
The supremum of f over unit vectors equals Fs, and it is not attained. Further, let s; =
\/Bj—1+ Bj_2, and for j > 1 let 6; € [0, 7t] be the angle between T1;v and I;Z(v ® v), with
0 = 0 when one of these two vectors is zero. Then

Zajaj_lsj(l — cos Oj) </, - Z s] —aj_ 1) 2 <8, 9.3)
j>1 ]>1
Proof. The proof has three steps. First, we write f(v) as a sum over heights and bound it
by two sums S and Y, keeping track of the gaps. Second, we compare Y with the integral
fol /2y dy = F, again keeping the gap. Third, we construct unit vectors whose values
of f approach F..

Step 1: heightwise Cauchy-Schwarz and Young inequalities. By Lemma 9.1 with m = 2,
we have, for j > 1,
[T (o @0)]2 = B2, — B2 5 = by 1(Bj 1 + By 2) = 22,3,
Using that the height projections are orthogonal and that I1pZ = 0, we find that
f) =Y Iy, ILZ(v®v)) =) ajaj_1sjcosb;. (9.4)
jz1 jz1
When one of the two vectors in the j-th inner product is zero, the coefficient aja;_1Sj,
which is the product of their norms, vanishes. The convention on 6; therefore does not

matter. We define .

S = 2 aja;_18j, Y = E Z(b] + bjfl)S]'
jz1 jz1
All these series converge absolutely, because s; < V2 and Y.;bj = 1. Using (9.4) and the
inequality aja;_1 < 5(bj + bj_1), we see that |f(v)| < S <Y, with the exact gaps

v) = ) ajaj_1sj(1 —cosb;), Y-S= Zs] —aj_1)". (9.5)
j>1 ]>1
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Step 2: comparison with an integral. Let ¢(y) = /2y, a concave function on [0, 1] with
fol ¢(y) dy = F,. Reindexing the second half of Y and using s; = /by, we have

Liap 1
Yzib() —|—§ij(5]‘+5]'+1).

jz1
Since B; increases to one, we may split fol g at the points By < B; < .... Using fOBO g =
F*bg/ 2 we find that
F—Y=(F- 1)’?3/2 + Z[/Bj g(y) dy — (s, +5j41)] (9.6)
2/79 j>1-7Bjm1 27

We bound each bracket from below. Because g is concave, the trapezoid rule underesti-
mates its integral, that is,

[ st ay= 2{sB0) + 58}

We have s; < g(Bj,l), because B;_, < Bj_1. If bj > 0, then

b; b;
B) —si,1=4/2Bj—/B;+Bj_| = J > L,
g< ]) 5+ J jt b w/2B]'—|— B]'—i-B]',l 22

because the denominator is at most 2+/2. Inserting these bounds, we see that the bracket

with index j is at least % . zf_]ﬁ = bjz/ (4\/5), and this also holds when b; = 0. For the first

term, we use bg/ 2> b% and

1 1 13v2 —12

F.—=— 0.
2 42 24
Combining these bounds with (9.6), we obtain
1
Fo—-Y>—2Y 1 9.7)
44/2 ]; J

We now collect the gaps. We have the exact decomposition
§=F—f0)=(F=Y)+(Y=5)+(5—-f(v),

in which all three terms are nonnegative. By (9.7), the first term is at least (41/2) ! )W, bJZ,
which yields the first inequality in (9.2). The second and third terms are the two sums in
(9.3) by (9.5), which proves (9.3). Using the Cauchy-Schwarz inequality, we also have

|TT<yol|? = ibj < <(H+1) Zb})m < \/4\/§(H+1)5,
j=0

j>0

which is the second inequality in (9.2). Finally, some b; is positive, because }; b; = 1, and
we have [f(v)| <Y < F. — (4v/2)7! ) bJZ < F,. In particular, no unit vector attains the
value F,.
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Step 3: sharpness. We construct unit vectors v(") with f(0(") — F,. We give the
construction for a general arity m € {2,3}, since the proof of Lemma 9.3 uses it with
m = 3. Fix an integer n > 1 and let p = (n+1)"!. Let wg = ,/pey, a vector in the
one-leaf summand. For j = 1,...,n, we define inductively

7j = I (w)™), ”fn@ﬁﬁ Wj = Wj—1 + Uj.

We check by induction that this is well defined, and that w; | has mass p at each height
0,...,7 —1 and no mass at larger heights. This holds for wy. If it holds for wi-1, then
Lemma 9.1 applied to w;_1 gives

vill> = (o)™ — (i —1)p)" >0,

and u; is well defined. The vector u; lies in the range of II; and has squared norm p,
and therefore w; has mass p at each height 0, ...,j and no mass at larger heights. Let
0(") = w,. It is a unit vector, with bi=pfor0<j<mnandb;=0forj>n.

We now show that all the angles vanish. Let 1 < j < n. Since ng_lv(”) = wj_1,
Lemma 9.1 implies that HjI((v(”))®m) = 7j. The component va(") = u; is a positive
multiple of y;, which means that 6; = 0. For j > n, the component H]-v(”) vanishes. Only
the heights 1, ..., n contribute to f, and we find that

fo™) = Z (u5,77) = men = Zf{ "= ((Gi-1p)"}% @8

For m = 2, each summand equals p\/(2j — 1)p = pg((j — 3)p). In other words, f(v("™)
is the midpoint Riemann sum for [ g over the first n of the n + 1 intervals [(j — 1)p, jo]

that partition [0, 1]. Since g is continuous on [0, 1] and bounded by /2, the omitted last
interval contributes at most \/Ep, and we obtain

lim f(v /’¢_dy F..

n—oo

Together with Step 2, this shows that the supremum of f equals F, and is not attained. [

9.2 The quartic tree ceiling

For p = 4, grafting is ternary. The proof follows the cubic one, with a difference of cubes
of the cumulative masses in place of a difference of squares. The comparison function
becomes linear, and the ceiling calculation telescopes.
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Lemma 9.3 (The quartic tree ceiling). Let p = 4, so that grafting has arity three. For a unit
vector v € H, define f(v) = (v, Z(v*3)). Then

Fol<Y2 Lol <2v3(%2 - ). 99

j=0

The supremum of f over unit vectors equals \/3/2, and it is not attained. In particular, let
h(v) = 2f(v) be the tree energy and Ey, = /3. If (v,) are unit vectors with h(v,) — Eg,, then
ITI<gon|| — O for every H > 0.

Proof. The proof has three steps, parallel to those of Theorem 9.2: a heightwise bound, a
comparison that keeps the gap, and the sharpness construction.

Step 1: heightwise bound. In this proof, we let

§j = \/B]Z_1 + Bj—lBj—Z + B]2—2’ ] > 1.
By Lemma 9.1 with m = 3, we have

||H]-I(v®3)|]2 = B]3_1 — B]-3_2 = bj_ls]2 = a]zflsjz-.

As in Step 1 of the proof of Theorem 9.2, using the Cauchy-Schwarz inequality at each
height and the inequality a;a; 1 < (b +bj_1), we have

1
|f(’0)’ < S <Y, S = Za]-a]-_lsj, Y = E Z(b] + bj—l)sj-
=1 =1

Reindexing the second half of Y and using s; = By = by, we have

Y——bo-i— Zb (s; +5j41)-
]>1

Step 2: the comparison. Note that b;j(B; + Bj_1) = BJZ - B]2_1. As B; increases to one, the
sum ) ;>0 bj(B;j + Bj_1) telescopes to one, and we can write

g—ib(ﬂr Y b;(vV/3B;_1 + V3B)),
]>1
and subtracting the expression for Y, we arrive at

Z b; [ \/5ij1 — S]) + (\/gB] — Sj+1)] . (9.10)

]>1
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We have s; < \/§Bj_1, because Bi » < Bj 1. To bound the second difference, let X >
X" > 0. Then

(2X + X')?
3

This implies that /X2 + XX’ + X2 < (2X 4 X’)/+/3, and therefore

(X-X)(X+2X) _

— (X2 + XX +X"?) = 3 >

2X+X  X-X

V3 V3
Taking X = B; and X' = Bj_1, we find that \/§Bj —Sjt1 > bj/\/§, and the summand with
index j > 1in (9.10) is at least bjz/ (24/3). The first term is also at least b3/ (21/3), because

V3-1 1 2— f
2 2f 23

V3
2

— VX2 + XX+ X2 > +/3X —

We conclude that

Z by

]>0

Since f(v) < Y, this yields the second inequality in (9.9). Further, |f(v)] < Y and
) bjz > 0 for a unit vector, which gives |f(v)| < v/3/2. This also shows that the value

v/3/2 is not attained.
Step 3: sharpness and finite heights. Let v(") be the unit vectors constructed in Step 3

of the proof of Theorem 9.2, now with m = 3, and let p = (n + 1)~!. Inserting m = 3 into
(9.8), we obtain

H [\1:
‘\x
|
‘\\
|
—_
N—
(€8]
SN—
—
—_

~

N
I
B
N

1=
W
~
N
|
W
~
_|_
—_

For j > 1, we have 3(j — 1)? < 3j2 — 3j + 1 < 3j2, so that

V3 n(n—1) " V3 n
7 e SO S T

Both bounds tend to v/3/2, which proves that the supremum of f equals v/3/2.
Finally, since h = 2f, the second inequality in (9.9) reads }; bjz < v/3{Eg — h(v)}. For
H > 0, the Cauchy-Schwarz inequality gives

Mol = by < () T 02) " < (VB (H 1) (Ea - b))
j=0

j=0

and the right side tends to zero along any sequence of unit vectors with h(v,) — Ey,. O
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For later use, we restate the two ceilings in terms of the tree energy h and the threshold
Eth'

Corollary 9.4 (The ceilings in terms of the tree energy). Let p € {3,4}, and let k3 = 4/2/3
and x4 = /3. Every unit vector v € H satisfies |h(v)| < Eg, and

Yol < xp (B = (o), [TLerrol* < {op (H+ 1) (B - h(v))}/?
j=

(H > 0).

(9.11)
The supremum of h over unit vectors equals Ey,.

Proof. For p = 3, we have h = v/3f and Egy, = 2v/2/3 = V/3F,, so that F, — f(v) = {Eg —
h(v)}/+/3. Then Theorem 9.2 implies that |1(v)| < Eg, and that ) bjz < (4v2/V3){Em —
h(v)} = k3{Eg — h(v)}. For p = 4, we have h = 2f and Ey, = /3, so that v/3/2 — f(v) =
{Et — h(v)}/2. Then Lemma 9.3 implies that |h(v)| < Ey, and that }; b]z < V3{Egp —
h(v)} = x4{Ew — h(v)}. In both cases, the second inequality in (9.11) follows from the
tirst by the Cauchy-Schwarz inequality, as in the two proofs above, and the supremum
statement follows from those of Theorem 9.2 and Lemma 9.3. O

9.3 The energy ceiling for prefix centers

We now prove the first threshold input. Recall the prefix centers Mr(a) = Pror, of
Section 7.4.

Proof of part (a) of Proposition 8.1 for p € {3,4}. Let T, — oo be a sequence along which
the translated kernels converge to a stationary cluster (c,r,¢) with plateau g > 0, and
fix L > 0. We abbreviate M, = Mr, (L). By (7.17), we have |M,||*> — d; = c¢(2L), and
d;p > q > 0 because c is nonincreasing with limit g. Then M,, # 0 for all large n, and
U, = M,/||My|| is a unit vector. Corollary 9.4 implies that h(U,) < Eg,. Since h is
homogeneous of degree p, we have

h(My) = || Mul[P h(Uy) < Ew||My]|P.

Letting n — oo and using (7.18) on the left side and (7.17) on the right side, we obtain
hp < Egd?’?, which is (8.1). 0

The proof uses only the limits of Proposition 7.5 along the given sequence. In partic-
ular, it uses neither marginality nor convergence of the whole translated family, which
Section 8 deduces from part (a).
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9.4 Threshold-saturating prefix centers

Under the hypotheses of part (b) of Proposition 8.1, the upper bound of part (a) becomes
an equality in the limit of large offsets. The next proposition states this and converts it
into a bound on the mass of the centers at low heights. It is the input to the proof of
part (b) below, and we use it again in Sections 11 and 14.

Suppose that the translated kernels converge along every sequence T — oo to one
stationary profile (¢, r) with plateau 4. Every stationary cluster is then of the form (c,r, {),
and (6.2) determines its multiplier as £ = (1 —g)~! + p?p(1 — g’~!). The quantities
dr and hy in (7.17) and (7.18) then do not depend on the sequence, and the energy
eco = (£ —1)/(pp) in (7.18) is the limit of the energy eg(t); see Step 1 of the proof below.

Proposition 9.5 (Threshold-saturating prefix centers). Let p € {3,4} and g > 0. Suppose
that the translated kernels converge along every sequence T — oo to one stationary profile (c,r),
and that its plateau q is positive and satisfies B2p(p — 1)g?~2(1 — q)> = 1. Let dr and hy be
defined by (7.17) and (7.18) for this profile. Then

hr :
§L = Eth - W >0 (L > O), I}glgo 5L = 0. (912)

Moreover, for every L > 0 and every integer H > 0,
lim sup||TT< 4Py oy |2 < dp {xc, (H +1)8, 12, (9.13)

t—o0

where k3 = 4+/2/3 and x4 = /3 are the constants of Corollary 9.4,

The normalized prefix center approaches the threshold; the proposition makes no
threshold assertion about the state v; itself.

Proof. The proof has three steps. We first show that the limits of Proposition 7.5 hold as
T — oo without passing to a sequence. Then we prove (9.12) from part (a) of Proposi-
tion 8.1 and the identity (8.5). Finally, we apply Corollary 9.4 to normalized centers.

Step 1: reflection along every sequence. Let T;, — oo be arbitrary. Using the precompact-
ness in Proposition 5.7, we see that every subsequence of (T;) has a further subsequence
along which (Cr,, Rt,, A1,) converges to a stationary cluster. By hypothesis, this cluster
is (c,r,¢), with the multiplier ¢ given above. Along the further subsequence, Proposi-
tion 7.5 gives the limits (7.17) and (7.18), with values d; and hj that do not depend on
the subsequence, and A(T,) — ¢. Since every subsequence has a further subsequence
with the same limits, the whole sequence has them. As (T,) was arbitrary, we conclude
that, for every L > 0,

lim | Mr(L)||* = dp, lim h(Mr(L)) = hy, (9.14)
T—c0 T—c0

and that A(T) — £, so that eg(T) — e« by (4.1).
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Step 2: the deficits. Recall that c is nonincreasing with limit 4 > 0. Then d;, > g > 0,
and ¢, is well defined. By part (a) of Proposition 8.1, proved in Section 9.3, we have
hp < Ethdﬁ/z, that is, 61, > 0. To prove that 6;, — 0O, recall from Lemma 8.2 that d; — ¢
and h; — h as L — oo, where h is given by (8.4), and that

h -1 1 B
= PT(H;)/ z=PBy/p(p—1)q¥"22(1 ),

by (8.5). The hypothesis B2p(p — 1)g7~2(1 — q)® = 1 says that z2 = 1. Since z > 0, we
obtain z = 1 and h/g?/? = 2,/(p — 1)/p = Eg,. We conclude that

o h
lim —L — ' _f
o P72 p/2 thrs
L— dL q

which proves (9.12).

Step 3: the mass at low heights. Fix L > 0 and H > 0. By (9.14), we have || M7 (L)|]> —
dr > 0, and in particular Mt(L) # 0 for all large T. We let Ur = My(L)/||Mr(L)|-
Using the homogeneity of i and (9.14), we find that

h(Mr(L)) hi

D T g T e (T2

By Corollary 9.4, we have ||I1<yUr||? < {x,(H +1)(Eg — h(Ur))}'/?, and therefore

lim sup||TI<gUr|* < {xp(H + 1)5L}1/2'

T—o0
Since ||H§HMT(L)||2 = ||MT(L)||2||H§HUT||2 and ||MT(L)||2 — dj, we see that

lim sup||TI< ypMr(L)|* < dr{x,(H+ 1)5L}1/2-

T—o0
Setting T = t — L, we have M;_1 (L) = P;_1v;, and t — o0 if and only if T — oco. This
proves (9.13). O

9.5 Forgetting at marginal saturation

We now prove the second threshold input. When s <t — L, a fixed earlier state v; lies in
the range of P;_r, and its overlap with the late state v; equals its overlap with the prefix
center P;_;v;. Proposition 9.5 shows that the center has almost no mass at low heights
once L is large, while the earlier states vs, s < S, have almost all their mass at bounded
heights. The overlap is therefore small.
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Proof of part (b) of Proposition 8.1 for p € {3,4}. Suppose that the hypotheses of part (b)
hold, and fix 0 < S < co. The proof uses three parameters: the offset L > 0, the height
cutoff H > 0, and the time t. We first let t — oo with L and H fixed, then let L — oo, and
tinally let H — co.

LetL,H>0,lett >S+L,andlet0 <s < S. Thens <t—L,and vs € Hs C H;_ by
Proposition 7.1, that is, P;_1vs = vs. As P;_ is an orthogonal projection, we have

C(t,s) = (vt,vs) = (vt, Pr_Lvs) = (Pr_0t,Vs) .

We split v = I1<gvs + (Id —I1<p)vs and move the first projection to the other side of the
inner product. Using ||vs|| = 1 and ||P—rv¢]| < 1, we find

C(t9)] < ITLenProgou] + 1| (Id ~TTepr)os]l 9.15)
We first show that the second term is small uniformly in s < S. Let

e = sup ||(Id—ITey)o|

0<s<S

The map s +— vs is norm-continuous by Proposition 7.1, and the set {v5: 0 <s < S} is
compact. Recall that }7; II; = Id strongly, which means that (Id —IT<y)x — 0 as H — o0
for every x € H. Let ¢ > 0. There exist s1,...,5; € [0,S] such that every v; with s < S
lies within & of some vs;, and there exists Hy such that ||(Id —IT<p)vs,|| < € for all i and
H > Hy. Since Id —I1<p is a contraction, this implies ||(Id —IT<y)vs|| < 2e forall s < S
and H > Hy. As ¢ is arbitrary, we have shown that ey — 0 as H — co.

We now take the limits in the stated order. Taking the supremum over s < S in (9.15)
and letting t — oo, we obtain from (9.13) that

limsup sup |C(t,s)] < di/z{Kp(H-l-l)éL}lM—l—sH,

t—oo (0<s<S§

The left side depends on neither L nor H. We let L — oo with H fixed. Since d; <1
and ; — 0 by (9.12), the first term on the right tends to zero. Then we let H — oo, and
ey — 0. We conclude that lim;—,c supy g |C(t,5)| = 0, which is (8.2). O

This completes the proof of Proposition 8.1 for p € {3,4}.



SECTION 10

The threshold inputs for general pure models

In this section, we prove Proposition 8.1 for every p > 3. For p € {3,4}, Section 9 proves
both parts of that proposition by a deterministic inequality for tree vectors. The argument
given here does not use the tree ceilings and works for every pure model. Part (a) of
Proposition 8.1 is the input to the proof of marginality in Lemma 8.3, and part (b) is
the input to the proof of forgetting in Theorem 8.8. The finite forks of Section 10.2, the
overlap penalty of Lemma 10.2, and the saturation identity (10.28) are used again in
Section 11.5, where we extend the localization of the response to every p > 3.

We use the landscape bounds of Lemma 3.6, the fixed-horizon bridge of Proposi-
tion 3.3, and the Brownian form of the averaged response in Lemma 3.4. From Section 4,
we use the energy identity of Proposition 4.1 and the bound (4.4) on the moments of the
response, proved there. From Section 5, we use the entropy budget of Lemma 5.1, the
integration by parts formula (5.8), the Fisher majorant of Theorem 5.3, and the stationary
clusters of Proposition 5.7. We also use the formulas (7.17) and (7.18) for dr and hy.
The proof of part (b) uses, in addition, the identities (8.4) and (8.5) and the correlation
modulus (4.19).

Ideas of the proof. We obtain the energy ceiling in part (a) from the algorithmic threshold
of Huang and Sellke. At a late time T, we continue the trajectory by K independent
Brownian futures of length L, which we call a fork, and average their endpoints. The
current identity of Section 5 shows that two branches of the fork have overlap close to
c(a+d), where a and d are their lengths. We compute the energy of the average exactly
by Gaussian integration by parts. Subtracting the energy of a single branch removes the
common past in the dimension limit. Using the hard—soft approximation of Sellke, we
approximate the average by a function of the disorder that is Lipschitz with a constant
independent of the dimension. The algorithmic threshold then bounds its energy. Letting
K — oo, we obtain part (a).

For part (b), we add a deterministic field to the threshold. By convex duality, the field
version of the threshold penalizes the overlap of a near-threshold algorithm with any
direction that is independent of the disorder. However, at positive times, an earlier state
Xs depends on the disorder. We therefore disclose the disorder in stages, along a finite
sequence of gradient queries, and apply the penalty to one new direction at each stage.
An Euler-Maruyama approximation places Xs close to the span of finitely many such

144
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queries. Under marginality, the normalized average of a fork saturates the threshold,
and the penalty forces its overlap with X to vanish. Up to normalization, this overlap is
C(t,s).

Attribution. The algorithmic threshold is [92, Theorem 1 and Corollary 1.8]; for even
p it was proved earlier in [94]. In [112, Section 3], Sellke combined it with a Lipschitz
approximation of Langevin dynamics on a fixed time interval to show that the energy
of the dynamics stays below the threshold. We follow that argument in Section 10.2.
Trajectories with a common past and independent future noise are a standard construction
in the physics of aging. Cugliandolo and Dean considered replicas that share their noise
up to a waiting time and receive independent noise afterward in [50, arXiv version 1,
Section II]. Barrat, Burioni, and Mézard classified aging through the overlaps of such
copies in [11, Sections 2 and 4]. Franz and Virasoro proposed averaging cloned futures
to estimate a quasi-state magnetization in [72, arXiv version 3, Section III], and noise-
averaged magnetizations are central to Biroli’s dynamical TAP approach in [31, arXiv
version 2, Section III.B]. Here we prove the overlap and energy identities of the forks from
the current identity of Section 5 and from Gaussian integration by parts. The disclosure
argument of Section 10.3 is a Gaussian conditioning argument; we credit its antecedents
there.

Order of limits. Every horizon, number of branches, field strength, approximation
accuracy, and Lipschitz constant below is fixed while the dimension tends to infinity, and
we take the long-time and outer limits only afterward. We take dimension limits along
the subsequence (N;) of Theorem 5.3, and we often write N — oo for N = Nj, j — oo.
The parameters and their order are as follows:

N; — oo, n— oo, el0, K — oo, L — oo, M — oo. (10.1)

Here n indexes a sequence of late times (T}, in Section 10.2 and ¢, in Section 10.4), ¢ is the
accuracy of the Lipschitz approximation in Proposition 10.4, K is the number of branches
of a fork, L is their length, and M is the number of steps of the Euler-Maruyama scheme
of the proof of Proposition 10.8. Each parameter is fixed while the limits to its left are
taken. Part (a) uses only the first four limits, at a fixed L; part (b) uses all six. For the
forgetting proof, it suffices to take the approximation accuracies e =1/(m+1), m € N,
so ¢ | 0 there means m — co. We remove the tolerance and the field strengths of the
threshold theorem inside the proof of Lemma 10.2, after the dimension limit at fixed
values of all other parameters. Constants of the Lipschitz maps may depend on every
fixed parameter, and they are used only before the limits in which that parameter varies.
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10.1 The algorithmic threshold and its overlap penalty

Throughout this section, ||-|| is the Euclidean norm,
By = {x e RN : ||x|| < VN},

and ITp,, is the metric projection onto By, which is 1-Lipschitz. The coefficient tensor |
of (3.1) lies in the NP-dimensional space (RY)®?, with its Euclidean norm, and has the
standard Gaussian law there. More explicitly, we keep the ordered coefficients and use
the Hilbert norm N
||]”goef = Z ]zzllp
i1,0sip=1

This norm is not rescaled with the dimension. When the dependence on | matters,
we write Hy j for Hy. An algorithm is a measurable map Ay = Ayn(J,{) with values
in By, where the seed { is a random variable independent of | (possibly absent). For
0 < Lyjp < o0, we say that Ay is Lyip-Lipschitz if, for almost every value of {,

AN, ) — AN(]//C)H < LLipH] - ]/Hcoef forall J,J' € (RN)®p'

The constant Ly, is deterministic and does not depend on N or on the seed.
Recall the tensor norm Qp of (3.25) and the constants A,,c, > 0 of Lemma 3.6, for
which P(Qy > Ap) < e~ %N. We write

Q. = sup(EQ%)"?,
N

which is finite by Lemma 3.6. By the definition of Qp;, a contraction of | against vectors
ui,...,up is at most v/'N Q|uz] - - - ||up|| in absolute value. A derivative of order k < 2
of Hy at x, applied to k vectors, is N~ (P~1)/2 times a sum of p(p —1) - - - (p — k + 1) such
contractions in which p — k slots equal x. For R > 1 and ||x|| < Rv/N, this implies that

|Hn (x)] .
< RP < pRP 2V,
IV?Hy (%)]lop < p(p — 1)RP2Qn.
For R = 1, the first two bounds read
Hy(x
sup # < QOn, sup || VHN(x)]| < pQnVN. (10.3)
X€BN XEBN

In particular, the normalized energy of any algorithm is bounded by Qy, whose moments
are bounded uniformly in N. Now let x and y be random vectors of norm at most Rv/N.
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The segment between them lies in the same ball. Using the mean value theorem, (10.2),
and the Cauchy-Schwarz inequality, we find

]E\HN(x)N— Hn(y)| < pRp—lQ* (EM)UZ. (10.4)

N
For x > 0, let g1(x) = (x2/(p(p —2)))V/(P=1, and define

_2
Fun PT Vel =D q(x)P?, x> < p(p—2),
Vp+ K2, K2 > p(p—2).

In terms of «, the first line equals Ey + 7px?/ P~V with v, = ((p —

2)/p)y/p(p —1) [p(p —2)] 77/ 2r=D),

Theorem 10.1 (External-field Lipschitz threshold of Huang and Sellke). Fix an integer
p=>3,0<Lyjp <o,k >0, and 11 > 0. There exist c > 0 and Ny, depending only on p, Lyip,
x, and 7, such that the following holds for every N > Ny. Let w € RN be deterministic with
|w|| = V'N, and let Ay : (RN)®P — By be Ly;p-Lipschitz. Then

P <HN(AN(])) —;]K (w, An(]))

Theorem 10.1 is the case of one species and ¢(q) = g7 of [92, Theorem 1 and Corol-
lary 1.8]. We now check that our setting satisfies the hypotheses there. In [92], the
Hamiltonian is (h,c) plus a Gaussian part on the ball of radius v/N, the field is / times
the all-ones vector 1 with i > 0, and an algorithm is a function of the disorder coeffi-
cients, concatenated into one vector with the Euclidean distance. Theorem 1 there states
that, for fixed 7,7 > 0 and N large, every t-Lipschitz algorithm reaches energy at least
ALG +7 with probability at most e~°N, with ¢ and the threshold for N depending on T,
1, the covariance, and the field only. For one species with ¢(g) = g*, the Gaussian part
is exactly Hy of (3.1), whose ordered coefficients are independent standard Gaussians;
we take h = k. Our algorithms are functions of | alone, the field being deterministic.
Corollary 1.8 of [92], which covers odd and even p, states that ALG = (& (1) + x2)!/2 if
&(1) +x% > ¢"(1), and otherwise

ALG, (k) =

> ALG,(x) + 17) <e N, (10.6)

1
ALG = q1 & (1) + i & (9)'/? dg,
1

where g1 € [0,1) solves &(q1) + k2 = g1&"(q1). For &(q) = g7, the first condition reads
k% > p(p — 2), the equation for q; reads x> = p(p —2)q} ', and

1! 1 1! 2
né (q1)1/2+/qlé‘ ()2 dg=/p(p—1) (qﬁ’/z+;(1—q§”2))

-2
= Eqm + PT p(p—1) ‘ﬁ/zf
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where we used 2./p(p —1)/p = Eg. This is (10.5). At x> = p(p —2), we have q; = 1
and both lines of (10.5) equal /p(p — 1).

It remains to replace 1 by an arbitrary direction w. Let O be an orthogonal matrix
such that O1 = w. The map | — O%P] is a linear isometry of (RN)®? that preserves
the standard Gaussian law, and Hy oep;(Ox) = Hy,j(x) for all x. Given Ay, the map
A\ (J) = OTAN(O®P]) is Lyjp-Lipschitz with values in By, and, with ]’ = O%7],

Hy,j(AN())) + % (1, AN())) = Hup (An(T) 4+ (w, An(T')) -

The tensor |’ has the law of ], and [92, Theorem 1] applied to A}, gives (10.6), with
constants that do not depend on w or on Ay. For x = 0, we have ALG,(0) = Ey,, and
Theorem 10.1 is the pure-model threshold, recorded in this form in [112, Proposition 1.9].

In this argument, we may always use the larger positive bound Ly, + 1. This includes
Lijp = 0 and gives the same uniform choice of ¢ and Ny for every algorithm with
the prescribed original bound. We need no separate measurability assumption on a
deterministic algorithm, since Lipschitz maps are continuous.

Constructive finite-tree qualifications. The branching proof of the threshold uses finite
trees whose depth and branching degrees are fixed before the dimension tends to infinity.
Two auxiliary statements in [92, Appendix A] require qualifications in a constructive
version. In Lemma A.8, if the absolute values of the leaf energies are bounded by C > 0
and the depth is D > 1, the retained branching degree |Ke/(3CD)] is obtained in the
range 0 < ¢ < CD, and K is then taken large enough to make this degree positive. This is
the range used when ¢ | 0; an unrestricted error can make the displayed degree exceed
K.

For the base-preserving fork correction of Lemma A.9, we impose k < N when k
orthogonal increments are retained. After dividing the vertices by v/N, suppose that the
base x has squared norm q > go > 0, the target increment has squared norm g’ > 0, and
the approximate increments y, ..., yj satisfy, for ¢ > 0,

IP=q1<e  [xy)l<e vyl <e (i#j)).

Under the sufficient small-error conditions /e < gg and 4(k + 1)/ < 1, the base can be
kept exactly and the increments corrected to mutually orthogonal vectors z; L x with
Izi[> = q" and ||z; — yil| < ex(e), where

[y

ep(e) = (AVEFT+1)ve+2y/ Ve

This bound permits 4" = 0 and tends to zero for fixed k as ¢ | 0. It supplies a vanishing
modulus, independent of the dimension, in place of the piecewise numerical modulus
printed in that lemma.
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We handle a schedule with zero initial overlap before this correction. For fixed
0 € (0,1), we scale the normalized vertices, which have norm at most one, by /1 — § and
add a common orthogonal vector of norm /6. The new schedule of target overlaps is
ql-(é) = (1 —6)g; + 4, so its root is at least §; the terminal vectors change by at most 2+/4.
We choose the dimension larger than the number of vertices of the retained finite tree,
as well as its branching degree, so that the common orthogonal direction and all fork
corrections exist. For fixed depth and retained branching, the accumulated correction
tends to zero, and J can be removed afterward. Repeated overlap levels are allowed: their
target increments have norm zero.

In the algorithmic application, we can retain a fixed deterministic set of children,
because the success event imposes the desired energy bound at every original terminal
leaf. Internal vertices are first obtained from averages of the original terminal outputs.
Restricting the independent Gaussian increments of the tree to this fixed set preserves
their joint law. We therefore need no distributional assertion about an adaptively selected
subtree. The depths, branching degrees, error tolerances, and dimension cutoffs are
chosen before the algorithm and the deterministic field direction. The calibrated overlap
schedule may depend on the algorithm, since the finite-tree ceiling is uniform over all
admissible schedules. This is the uniformity asserted in Theorem 10.1.

The field version of the threshold penalizes the overlap of an algorithm with a direction
independent of J. To state the penalty, recall g4 = (p—2)/(p—1) and B3 = (p —
1)P=1/(p(p —2)P~2). The constant B4 is the dynamical transition point, and it enters here
only as the coefficient of the penalty. The inverse temperature  of the dynamics plays
no role in Theorem 10.1 and Lemma 10.2.

Lemma 10.2 (Absolute-overlap energy cost). Fix an integer p > 3 and 0 < Ly, < co. There
exist finite real numbers ¢ = ¢n(p, Lrip) > 0, for every N > 1, with ¢y — 0as N — oo such
that the following holds. Let { be a random variable independent of |, let w = w(Z) € RN satisfy
|w| = VN, let Ay be an Lyip-Lipschitz algorithm with seed T, and set ay = (w, An) /N.
Then, almost surely,

Hn(A
E {% + Balan|” @} < Eqn+n- (10.7)
In particular,
lim sup {EM + B4 IE\aNP”} < Eg,. (10.8)
N—oo N

The lemma makes no assumption on the concentration of ay, and the seed may be
absent, in which case w is deterministic.

Proof. The proof has three steps. We first compute the best ceiling that the field thresholds
give for a given overlap, then we use finitely many fields at once, and finally we refine
the set of fields after the dimension limit.
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Step 1: the conjugate ceiling. For 0 < a <1, we define
Ep(a) = ;Izlg{ALGp(K) —Ka}.

We claim that

Eg, — Baa?, 0<a< . /4q,
Ey(a) = and Eaq. — &E.(a) > al 0<a<1).
/@ {\/m, Jia<a<i, i — Ep(a) > Baa? (0<a<1)
(10.9)

The function ALG,, is convex on [0, ), since xP/(P=1) and \/p + «2 are convex. It is
also continuously differentiable. Indeed, let k. = \/p(p —2). On [0, k., its derivative is
p(p — 1)1,k P=1), which increases from 0 to

p 1/(p-1) _p—2 [p(p—1)
K* f— g .
p—17" p—1\ p(p—-2) Vi

On [k, 00), its derivative is k/+/p + k2, which increases from V44 to 1. By convexity, for
0 < a < 1 the infimum defining &,(a) is attained where ALG'P(K) = a.

If a < ,/qq, this point is x = ((p — 1)a/(p7yp))P~ L. At this point, we have y,x!/(P~1) =
(p —1)a/p, and therefore

_ Ka 1 —1\*!
Ep(a) = Eg + & (7! P~V —a) = Ey, — o Fn = P (pP’Yp ) "

Inserting the value of Yp, We have

<mp y—2) (Plp=1) (r(p—2)
= p2(p—1)P~1/2(p —2)~(p=2)/2)

and dividing by p, we find that the coefficient of a” is ((p — 1)P~1/ (p(p — 2)?~2))V/2 = B4.
If \/gq4 < a <1, the pointis x = \/pa/Vv1—a? and

22
&) =\ T2 — s = V-
Ata =1, we have £,(1) = 0, because the function /p + k? — k decreases to 0 as x — co.
The two formulas agree at a = /g4, where both equal \/p/(p — 1). This proves the first
part of (10.9), and shows that &, is continuous on [0, 1].

Let Dy(a) = Eg, — Ep(a). For a < /44, we have Dy(a) = BgaP. For \/qq < a <1, we
have D},(a) = \/pa/v/1 —a2. The function a?~2v/1 — a2 on [0, 1] is maximal at 4> = qq,
where it equals

e O T
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Since Dj,(a)/(pBaa?~") = (/P Baa’ *V1 —a2)"!, we conclude that Dj,(a) > pBqar!

on (,/q4,1). Integrating this inequality from /g4, where D, (,/q4) = IquZ/ ? and using
the continuity of D;, at 2 = 1, we find that D,(a) > B4a” on [,/qq4,1]. This proves (10.9).

Step 2: finitely many fields. Fix a finite set G C [0,c0) with 0 € G, and 57 > 0. We define

Vg(a) = mig{ALGp(K) —Kxa}, 0<a<l.
Ke

Note that |Vg| < Mg, where Mg = Ey, + max g, because 0 € G and ALG, > 0. We
condition on . Then w is fixed, | is standard Gaussian, and | + An(],{) is Lip-
Lipschitz. For each x € G, we use Theorem 10.1 with the field strength x and the
directions w and —w. Let ¢(G,7) > 0 and Ny(G, ) be the smallest constant and the
largest threshold for N among these |G| applications. For N > Ny(G, ), the event

B = Ug {%AN) + klan| > ALG, () +;7}
KE

has conditional probability at most 2|G|e=<(9)N uniformly in . Off B, we have
Hy(AN)/N < Vg(lan|) + 7; note that |ay| < 1, since ||w|| = /N and Ay € By.
On B, we use |Hy(An)|/N < Qy from (10.3). Recall that | is independent of , which
gives E[Q} | ¢] = EQ} < Q7. Let

rn(G,7) = (Qu + Mg) (2]GleGN) /2.

Using the Cauchy-Schwarz inequality, we obtain

Hy(An)

E
N

~Vollanl) |¢] <+ r(G,m) (10.10)
for N > No(G, 7). For 1 < N < Ny(G, 1), we set rny(G, 1) = Q. + Mg. Then (10.10) still
holds, directly from |Hy(An)|/N < Qn and |Vg| < Mg. The finite quantity rn(G, )
depends only on p, Ly, G, and 7, and tends to zero as N — co.

Step 3: refining the fields. Let G, = {i2_k 0<i< 4k}. These sets increase with k, and
their union is dense in [0, c0). The functions Vg, are continuous on [0, 1] and decrease in
k. For each a € [0, 1], the map x — ALG(x) — xa is continuous, and its infimum over the
dense set . Gx equals £,(a). The limit £, is continuous on [0, 1]. By Dini’s theorem, the
quantity sy = supy.,«11 Vg, (a) — Ep(a)} tends to zero. By (10.9) and (10.10) with G = Gy
and n = 1/k, we have

Hy(An)
N

Hy(AN)

E @] <En+E {T—gp(!ﬂm)'?}

+ Balan|?

1
< Ey, + sk + p +rn(Gk, 1/k)
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for every k > 1. We define ¢ = infy>1{sx + 1/k + rn(Gx, 1/k)}, which depends only
on p and Lyjp. This infimum is nonnegative and finite for every N > 1, since already
the term with k = 1 is finite. Then (10.7) holds. Moreover, limsup,, ¢n < sx + 1/k for
every k, and in particular ¢y — 0. Taking expectations in (10.7) and letting N — oo gives
(10.8). O

10.2 Finite forks and the exact energy subtraction

In this section, we fix f > 0 and a stationary cluster (c,, ¢) of the translated CK kernels,
as in Proposition 5.7, realized along a sequence T,, — co. Its plateau is q and its energy
is o = (£ —1)/(pB). Recall from (5.24) that 0 < ¢ < 1, that r = —¢’ > 0, so that c is
nonincreasing, and that fooo r(t) dt =1 — g. Recall also that eg(T, +a) — ec for every
a > 0, by (4.1) and the convergence of the translated multipliers.

Entropy notation. We use the notation of Section 5. For fixed disorder, p; is the density
of X; with respect to wy and gy is the Gibbs density. We write

1

vi" = Vslog(pt/gn),  Iu(t) = /”UfurHZPt dwy,  an(t) = N]EIH(t)

for the relative score, the Fisher information, and its normalized mean. This is the
notation of Section 5; the superscript distinguishes the score from the tree vectors v;. Let
un(dt) = an(t) dt. Lemma 5.1 implies that un/([0,00)) < p%/2. By (5.9), pun;(I) = (1)
for every bounded interval I, where p(dt) = ap(t) dt is the finite measure of (5.14). We
write P/? for the diffusion semigroup at fixed disorder and Ly for its generator.

Forks. For each fixed integer K > 1, we use the product probability space carrying |,
the uniform initial point Xy, a full Brownian path (By),>0, and K full Brownian paths
B, ..., BX) on [0, 00). These coordinate blocks are mutually independent. We call

in = (Xo, (BY))1<p<k, B)

the fork seed, with its uniform-initial and Wiener product law; the disorder has its
independent standard Gaussian law. The seed space and law depend on K, which we
suppress in the notation. Fix T > 0 and L > 0. The trajectory X solves (3.3) driven by
B. For b < K, let Z; be the solution of (3.3) on [0, T + L] with Z;(0) = X, driven by the
Brownian motion that equals B, for u < T and Br + Bb(lb_)T for u > T. Then Z,(u) = Xy,
for u < T, and after time T the paths Z;,...,Zg are continuations of X from Xt by
independent noises. We write

1 K
Yb:Zb(T+L), MNT = —ZYb,
szl
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and call my r the center of the fork. When needed, we indicate the dependence on K and
L in the notation. The Brownian motion that drives Z, is a standard Brownian motion
independent of (J, Xo). Hence each pair (], Z;) has the same law as (J, (Xy)u<7r+1)- The
branches share their past before T and are not independent. Note that ||my 7| < VN,
because ||Y;|| = V/N.

Response moments. Let U,(t,u) be the variational response matrix of the path Z,,
defined as in (3.6). Each driving process is Brownian for its own full filtration and is
independent of (], Xp), even though the branches share a common past. Therefore the
proof of (4.4) applies to every branch. With the constants K5 and ®g defined there, its
coordinate columns and normalized trace have fourth moment at most Kg whenever
0<t—u<S. In particular,

2

<@%  E|Uy(tu)|?, < NO:.

tr Uy (t, u)
El—<— lop

N

We use these estimates on the whole interval [0, T + L], with S = T + L, and on the final
interval [T, T + L], with S = L. The latter bounds are uniform in T.

Lemma 10.3 (Entropy comparison for two branches). Let T,a,d > 0, and let Y and Z be the
endpoints of two branches at time T of lengths a and d, that is, of two continuations of X from Xr
driven by independent Brownian motions. Set Qn r(a,d) = (Y,Z) /N. Then, for k € {1,2},

EQy 1(a,d)* — ECN(T +2a +d, T + a)k‘ < 2k oPP*Aplatd) \/a un([T, T +a]) + 2=V,
(10.11)
Moreover, if T, — oo is a sequence along which the translated kernels converge to a stationary
cluster with correlation profile c, then, for every L < oo,
2
lim limsup sup E ‘QNJ-,Tn (a,d) —c(a+ d))

O i e 0<ad<L

= 0. (10.12)

Proof. For k € {1,2}, let ®;(x) = (x/+v/N)%k, with values in (RN)®* and its Euclidean
norm, so that (®x(x), @(y)) = ((x,y) /N)*. On Sy, we have ||®| = 1 and ||Ds®Py||op <
k/+/N. Fix the disorder. For 0 < z < a, we define

fZ = P;{ZCD]{, 8z = Ptﬁ_zcbk/ F](Z) = /S PT+z <fz;gz> dwy,
N

where the semigroup acts on each coordinate of ®y.

We first identify the endpoint values. By the Markov property and the con-
ditional independence of the two branches given the past up to time T, we have
EF;(0) = EQn1(a,d)k. By the semigroup property, F(a) is the conditional expecta-
tion of (Px(X144), Pr(Xr42014)) given ], so that EFj(a) = ECN(T +2a +d, T + a)k.
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Next we compute F}. We have 0. f, = —LNfz, 0:8: = LNz, and 0:074, = L{0T+2-
By the product rule for the generator, applied to each pair of coordinates, Ly (f,g) =
(LNS, Q)+ (f, Lng) +2Y; (Dsflei], Dsglei]), where (e;) is an orthonormal frame of the
tangent space. Using these identities, we find

F]/(Z) - /pTJrZ {EN <fZ'gZ> - <£NfZ/gz> + <fz/ ENgz>}dwN
_ 2/PT+Z {<fz/ LNgz) + Z (Ds f2[ei], Dsgz[ei]>} dwy.

When we apply (5.8) to each coordinate of f, and g, the gradient terms cancel, and we
obtain the exact current identity

Fi(z) = =2 [ prez (P .k, Dy (PJL.) [052.] ) deo. (10.13)

Note that this identity does not use stationarity of pr..: the score v$Y records how far
0T+ is from the Gibbs density.

We now bound the right side of (10.13) on the event Gy = {Qx < A, }. By Jensen’s
inequality, |P/’®;|| < 1. In the proof of Lemma 5.5, the Bochner formula, the nonneg-
ative Ricci curvature of Sy, and the Hessian bound of (3.26) give the gradient bound
|VsPHg|? < 2P’ QN tPH||Vs¢l|? for smooth scalar ¢; this is the classical gradient bound
under a lower bound on the curvature. Applied to ¢ = (w, &) for a unit vector w in
(RN)®k, and followed by the supremum over w, it gives

k 2
|DsPH @y op < ﬁeﬁp Apt on Gy,

with no factor depending on the dimension of (RN)®*. Using the Cauchy-Schwarz
inequality, we find that, on Gy and for z < g,

2% g0 > In(T +2)\ /2
() < e Arl0t) [ o oRt | dany < 2k et (HECEE)

Taking expectations and using Jensen’s inequality, then integrating in z and using the
Cauchy-Schwarz inequality, we obtain

/0 E[1¢,|Fj(z)]] dz < ZkeﬁpzAP(“d)/O \an(T +z) dz

< 2k PV Ap(atd) \/a un([T, T + a)).

On G, we have |F;(0)|,|F;(a)] < 1, and P(GS,) < e~N. Writing E[F;(0) — Fj(a)] =
~E[1g, [y Fj(z) dz] + E[1¢ (Ff(0) — F(a))] and combining the last two bounds with the
identification of the endpoint values, we obtain (10.11).
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For (10.12), fix L and let a,d < L. In (10.11), we may replace a un([T, T + a]) by
L un([T, T + L]) and the exponential factor by e2#7"4rL_ Then (5.9) implies that u N ([T, T+
L]) — u([T, T + L]) for each fixed T. By Proposition 3.3 on the horizon T + 3L and |Cy| <
1, the moments ECn(T + 2a +d, T + a)* converge to C(T + 2a + d, T + a)* uniformly in
a,d < L. Combining these facts with (10.11), we find

limsup sup ‘IEQNjIT(a,d)k —C(T+2a+d, T+ a)k‘ < 462/3’”2A7’L\/L u([T, T+ L)).
j—oo  0<a,d<L
Along T = T, the right side tends to zero because y is a finite measure, and C(T;, + 2a +
d, Ty +a) — c(a+d) uniformly in a,d < L, by the locally uniform convergence of the
translated correlations on [0,3L]%. Finally, writing Q = Qn r(a,d) and ¢ = c(a +d) €
[0,1], we have

E|Q — col* = (EQ? — ) — 2c0(EQ — o),

and the convergence of the first two moments, uniformly in a,d < L, proves (10.12). [

We now state the main result of this section. For K > 1 and L > 0, we define

QkL = % - (1 — %) c(2L), (10.14)

k(1) = SO+ K _Kl)C(ZL —Y o<r<l, (10.15)
L

hxr = eco — ,8]9/0 r(7) {c(r)”_1 - kK,L(T)P_l} dr. (10.16)

Note that Qg | is a convex combination of 1 and ¢(2L), so that g < ¢(2L) < Qg1 <1,
and that 0 < kg < 1.

Proposition 10.4 (Finite forks and their center). Fix p > 0 and let (c,r,{) be a stationary
cluster with plateau q > 0 and energy e, realized along T, — oo. Fix K > 1 and L > 0, and let
my T be the center of the fork at time T with K branches of length L.

(a) The squared norm and the energy of the center satisfy

2
i 1 E g, 7, 12 0 1017
lim lim sup T—QK,L =0, (10.17)
]—o0 ]
IEHN MN. T,
lim lim sup # —hgr| =0. (10.18)

(b) The limiting energy is below the threshold:

2
hio < En QY- (10.19)
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(c) Forevery T > 0and e > 0, there exist algorithms AY 1 = A}, (], {n) with values in By
and seed {, which are Lyp-Lipschitz for a constant Ly, depending only on p, B, T, K, L,
and ¢, such that

i 1
lim sup || AN, 7 — gy, (mn,r/v/ Q) [* < € (10.20)
)

]

Moreover, along T = T, the vector I1p, (mn 1/+/Qxk 1) may be replaced by my /+/Qxk, L,
or by N = VN my 1/ ||my 1| ith iyt = 0 if my 1 = 0): the scaled mean-square
distance between Ilp, (myn1/+/Qk,1) and either vector tends to zero as j — oo and then
n — oo.

By (10.3), the normalized energies of the algorithms in part (c) are bounded by Qx.
Part (c) also transfers overlaps. If Vy is a random vector on the same probability space
with ||V < VN (for example Vy = X, with s < T), then, by the Cauchy-Schwarz
inequality, we have

<A§\I,T’ VN> _E <mN,T, VN

N N/Qxk.r

Proof. The proof has five steps. In the first two, we compute the energy of the center
exactly by Gaussian integration by parts and subtract the energy of a single branch. In
the third, we show that the common past before T contributes nothing in the dimension
limit, and in the fourth we evaluate the contribution of the last L units of time; this proves
part (a). In the fifth step, we construct the Lipschitz algorithms of part (c) and deduce
part (b) from the threshold. We write t = T + L.

E

1 1/2
< (IS —mvr/VQa?) . oz

Step 1: Gaussian integration by parts. For an ordered index I = (iy,...,ip), let
G[(x) = 1\1_(;9_1)/2%'1 "+ Xj,, SO that Hy = Y J;1Gj. Since } ; G[(X)G](Z) = N(<X,Z> /N)P’
differentiating first in x; and then in z; gives

Y 9;G1(x) 9,Gi(z) = p (M) a di1 + p(p —1) ((x,z) ) " ZiX]. (10.22)
I

N N N

Differentiating the actual terminal solution into L? with respect to the disorder, as in the
proof of Proposition 4.1, we have

K t
ath,T = gbzl/o Ub(t,u)VGI(Zb(u)) du.

The seed is independent of |, and the response has the column and operator moments
above. As in the proof of Proposition 4.1, apply Gaussian integration by parts to the ex-
pected coordinate observable in each disorder coefficient, using its genuine L? derivative:

E|J;Gi(mn,r)| = E[(VGi(mn,T),05,mN,T) |,
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and EHy(my 1) is the sum of these terms over I. For u < t, we write

_ (Y, Zp(u)) o mnn Zy(w) 1 & (Y, Ze(w)
wlu) = SR, gy = SNTREOL - g y:
Contracting (10.22) with U, (t, u) gives the exact identity
]EHN(THN/T) B Br K ot tr Ub(t,u) _ p—1
N K b:Zl/O E N Vo (u) du +Rn,1, (10.23)

Rayg = B2 1) bfl [ B[y 22 mir g,

|, 11Zy(u)|] < /N and |7| < 1, we find that |Ry 1| < Bp(p — 1)t ©;/V/N.

Using ||mn 1

Step 2: the exact subtraction. The same computation with my r replaced by Y} gives
EHN(Yy)/N = Bp fot E[N~tr Uy (t, u)y,(u)P~1] du + O(t®;/+/N). The pair (],Y;) has
the law of (], X;), and therefore EHN(Y,)/N = en(t), where en(t) = EHn(X;)/N.
Averaging over b and subtracting (10.23), before taking any limit, we obtain

K
en(t) — % _ ﬁ_lf bz /otlE [tr U?\(It,u) VR P
=1

(10.24)
+O(te:N"12),

where the implicit constant depends only on p and . Note that this identity retains the
whole history of the trajectory.

Step 3: the common past. Let u < T. Then Z,(u) = X, for every b, and the pair (Y, X,,)
has the law of (X;, X,,). By Proposition 3.3 and |Cy| < 1, we have E|v,(u) — C(t,u)|?> — 0
as N — oo, uniformly in u < T. The same holds for %, (1), which is the average of ;s (u)
over b'. The function x +— xP~1 is (p — 1)-Lipschitz on [—1,1], and the normalized trace
has second moment at most @?. Using the Cauchy-Schwarz inequality, we find that the
part of the integral in (10.24) over u < T is at most

— 1/2
Br(p—1)TO sup (E|vy(u) — (u)[)
b<K,u<T
in absolute value. This tends to zero as N — co with T fixed. We use no estimate on the
decay of the memory here. The contribution of the past is small because, at a fixed time
horizon, both overlaps concentrate around the same deterministic value C(t, u).

Step 4: the last L units of time. Letu = T+ v with0 < v < L, and write T = L — v. The
pair (Yy, Zy(T 4 v)) has the law of (X, X14,). By Proposition 3.3, the overlap 7,(T + v)
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converges in [2to C(T+L,T+v)as N — oo, uniformly in v. Along T = T, this
tends to ¢(L — v) = ¢(7), uniformly in v < L. For b’ # b, the vectors Yy and Z,(T + v)
are the endpoints of two branches at T of lengths L and v. By (10.12), the overlap
(Yy, Zy(T +)) /N converges in L? to ¢(L +v) = ¢(2L — 1), in the double limit j — oo
and then n — oo, uniformly in v < L. Averaging over b’, we find

lim limsup sup <IE]’yb(Tn +9) — (L —0)|* + E|74(Tp +v) — kg (L — v)]2> = 0.

n=e0 e 0<v<L

On this interval, we have t —u < L, and the normalized response trace has second
moment at most @2, uniformly in T. As in Step 3, using the Cauchy-Schwarz inequality,
we may replace 'yg - '75 Lin (10.24) by the deterministic weight

w(t) = c(T)P = ki (T)P 7Y, T=+t—u,

with an error whose lim sup; tends to zero as 1 — co.

It remains to pass to the limit in Bp thT’N(t,u)w(t — u) du, where 7y(t,u) =
EtrUy(t,u)/N is the averaged response of Lemma 3.4, which does not depend on
b. Lemma 3.4 and Proposition 3.3 imply that fsslz Fn(t,u) du — fsslz R(t,u) du for all
T <s1 <sp < t. The signed measure 7y(t,u) du on [T, t] has total variation

t t
/ |?N(t,u)|du§/ E | Us(t u)
T T N

As R > 0, the integral of R(t,-) over [T,t] is the limit of the masses of these signed
measures and obeys the same bound. The weight w is continuous on [0, L] and is the
uniform limit of step functions. For a step function, the integral converges as N — oo,
and the total variation bound controls the error of the approximation, uniformly in N.
We conclude that, for fixed T,

du < L@L.

t t

lim [ 7y(tu)w(t—u) du = / R(t,u) w(t —u) du.

N—oo JT T
Along T = T,, we have R(T, + L, T, +v) — r(L —v) uniformly in v < L, by the
translated convergence on the closed causal triangle. Moreover, ey(t) — eg(T + L) by
Proposition 4.1, and eg(T;; + L) — ec. Inserting these limits into (10.24), we obtain

EHy, (mn;,t,

L
lim limsup N, ) — e + ,Bp/o r(t)w(t) dt| =0,
]

[0,] .
n— j—oo

which is (10.18) by the definition (10.16).
For the norm, we have

lmyol* 11 y (Y3, Yy)
N TkK'rkL N
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Each overlap (Y}, Yy) /N with b # b’ has the law of Qn (L, L), which tends to ¢(2L) in
L? in the double limit, by (10.12). There are K(K — 1) such terms, and K(K — 1) /K? =
1 —1/K. This proves (10.17) and completes the proof of part (a).

Step 5: Lipschitz algorithms and the threshold. Fix T and & > 0. We may assume that
e<1. Leteg =¢/ (2\/E) We use the hard—soft approximation of [112, Lemmas 3.1-3.2].
We first check its hypotheses. In [112], the Hamiltonian is our Hy, with an ordered
tensor of independent standard Gaussian coefficients and the Euclidean distance between
coefficient tensors, and the dynamics is dx, = (BsVspHn(x0) — (N — 1)(2N) lx,) do +
P, dW,, with noise coefficient one. With Bs = /2, X, = xp,, and B, = Wy, / V/2, this is
(3.3), as in the proof of Proposition 3.3, and our horizon t becomes 2t. Lemma 3.1 there
states that, for a fixed initial point on Sy and a Hamiltonian satisfying their derivative
bounds (which hold for Hy with probability at least 1 — e~ N by [112, Proposition 1.11]),
the hard dynamics stays within e11/N of a soft spherical dynamics driven by the same
Brownian motion, on the whole horizon, with probability at least 1 — e “1N. Here the
confinement parameter of the soft dynamics is chosen large, depending on p, B, t, and
€1, and ¢; > 0 and the threshold for N depend on the same parameters. Lemma 3.2
there states that, for a fixed initial point and almost every Brownian path, there exists
a map ¢ from coefficient tensors to By, Lipschitz with a constant depending only on
p, B, t, and €1, such that (1 + ¢&1)¢(]) equals the soft endpoint with probability at least
1 — e N, where the probability is over both the disorder and the Brownian motion.
The coefficient-Lipschitz extension uses Kirszbraun’s theorem in the proof of Lemma 3.2
of [112]; footnote 2 there gives a constructive choice that depends measurably on the
Brownian path.

The construction of [112] is for a fixed initial point. To include the uniform initial point,
we choose measurably an orthogonal matrix Oy, such that Oy,(v/Ne;) = xp. Rotating
the tensor by (OIO)®?’ and the Brownian path by OIO, solving from v/Nej, and rotating
the output back by Oy, gives the solution from x(, because Hy and (3.3) are equivariant
under rotations. Conditionally on Xy = x, the rotated tensor and Brownian path have
the same joint law as the original ones, and the tensor rotation is an isometry of (RN)®?,
which does not change Lipschitz constants.

We apply this to each concatenated path Z;, whose driving Brownian motion is a
function of the seed {n. We obtain maps ¢,(J) = ¢,(J,{n) € Bn, b < K, which are
Lipschitz in | with a constant Lpjp 1 depending only on p, B, t, and ¢;. Let Gy be the event
on which Hy satisfies the derivative bounds of [112] and, for every b < K, the conclusions
of both lemmas hold for the branch b. On Gy, we have ||(1 4+ &1)4,(]) — ;|| < e1v/'N for
every b < K, and a union bound gives P(GS;) < 3Ke “N. The union bound does not
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require the branches to be independent. We define

VvV Qk L

Since I1p,, is 1-Lipschitz and Qg > 1/K, this is an Ly;,-Lipschitz algorithm with seed
¢n and Lyjp = 2Lip VK. On Gy, the distance between A?\I,T and ITp, (mnT/+/Qk L) is
at most £1v/N/+/Qx 1 < e1vV/KN = ev/N/2; on G, it is at most 2v/N. Using P(G§,) <

3Ke N we find

K
nr(J) =15, ( tacy &(D) . (10.25)
b=1

1 &2 _
EIAN T = by (mn,r/ v/ Q) I? < 7 +12Ke Y,

which proves (10.20).
Next we compare the three normalizations. Let vy = ||my r||?/N. For x > 0, we have

/ 4l ¥ — Qx.1| ¥ — Qx.1| 10.2
' */QK 1‘ \/QK,L(ﬁ‘*’\/QK,L)S Qkr (1026)

The scaled distance between my v/ +/Qk 1. and its projection onto By is (\/vn/Qk,r — 1)+
If my # 0, the scaled distance between the projection and #iy 1 is (1 — \/vn/QkL)+,
and both vectors vanish if mx r = 0. By (10.26) and Qg 1 > ¢, both distances are at most
lvn — Qk .| /g Then (10.17) implies that their mean squares tend to zero as j — oo and
then n — co. This completes the proof of part (c).

Finally, we prove part (b). Since A} 1 is an Lpjp-Lipschitz algorithm with seed (n,
Lemma 10.2, applied with any {y-measurable direction and with the nonnegative overlap
term dropped, gives

EHN (AY 1)
N

This is the pure-model threshold, the case ¥ = 0 of Theorem 10.1, averaged over the seed.

Next we compare energies. Note that my 1/+/Qxk, has norm at most /N /g. Using

(10.4) with R = g~'/? and the homogeneity Hy(my1/1/QkL) = sz/zHN(mN,T), we
find

lim sup
N—ro00

< Ew.

—p2EHN(mn,T) < EHN(AY 1)
QK,L N — N

+pg PV2Q An,
where
1 , 1/2
B = (EIARr = mur/ QL)
By (10.20) and the comparison of normalizations, we have

limsup limsup Ay, 1, < &.



10 The threshold inputs for general pure models §10.2 161

We take ] — oo with T = T, fixed, then n — oo, and finally ¢ | 0, in the order (10.1).

By (10.18), we obtain lefz/ 1 kL < Eg, which is (10.19). The constants of the algorithms
depend on T, but we use them only at a fixed T, before the limit n — co. O

We next record the limits of the fork parameters as K — oo and then L — co. Recall
that dp = ¢(2L) and hy are given by (7.17) and (7.18), with the cluster energy e, and that
h is the quantity in (8.4).

Lemma 10.5 (The fork parameters as K — oo and L — o0). Let (c,r,{) be a stationary
cluster with plateau g > 0 and energy eco.

(i) Forevery L > 0and K > 1,

0< Qi —dp < % s — Iy < w (1027)

(i) As L — oo, we have d; — gand hy — h = e — {1 —q* — pgP~1(1 —q)}.
(iii) Ifq > 0 and B*p(p — 1)gP~2(1 — q)> = 1, then

lim lim —% i, = Ew- (10.28)

Proof. For part (i), we have Qg —dp = (1 — c(2L))/K € [0,1/K]. By (7.18) and (10.16),

hKL_hL—,BP/ kKL( )p_l—C(zL—T)p_l}dT.

The integrand is dominated by 7(7) times a quantity that tends to zero uniformly. Indeed,
kx(t) —c(2L — 1) = (¢(t) — (2L — 7)) /K, and both kg 1 (T) and ¢(2L — 7) lie in [0, 1].
By the mean value theorem,

k(0P —caL - < PT_l

Together with fOL r <1, this proves (10.27).

Part (ii) is part of Lemma 8.2. For completeness, we recall the computation. Using
r = —c’, we find that fOL r(t)e(t)P~tdt = (1 —c(L)P)/p. As c is nonincreasing, we
have ¢(2L — 1) € [g,¢(L)] for 0 < 7 < L, and fOLr = 1—c¢(L). Thus the integral of
r(t)c(2L — 7)P~! over [0,L] lies between g7~ (1 — ¢(L)) and ¢(L)?~!(1 — ¢(L)). Both
bounds tend to g”~!(1 — g). Inserting these two integrals into (7.18), we find that i tends
to e+ Bpg’ 1 (1—q) — p(1—¢") = h

For part (iii), part (i) and d;, > q > 0 imply that hI<IL/QIp<//L2 — ht /d;Z/2 as K — oo, and
part (ii) gives hy/d} ey qP’? as L — oo. By the equality case of (8.5) in Lemma 8.2,
the marginality hypothe51s implies that /gP/? = Eg,. O
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Part (iii) uses marginality, which is proved in Lemma 8.3 from part (a) of Proposi-
tion 8.1. The proof of that part in Section 10.5 uses only Proposition 10.4 and part (i), and
there is no circularity.

10.3 Adaptive disclosure and orthogonality to early queries

The overlap penalty of Lemma 10.2 applies to directions independent of |. At positive
times, however, an earlier state X; depends on J. The goal of this section is to prove that
an algorithm that saturates the threshold is almost orthogonal to every subspace explored
by a fixed finite number of gradient queries. We condition | on the information revealed
by the queries. This is adaptive Gaussian conditioning, in the line of Bolthausen’s iterative
construction of solutions of the TAP equations [32, Section 3]. Bayati and Montanari
used the same method in their analysis of approximate message passing [13, arXiv
version 4, Section 3.8, Lemma 11], and they credit it to Bolthausen. The underlying facts
on Gaussian vectors and their orthogonal decompositions are classical; see [95, Chapter 9,
Theorem 9.1, pp. 127-128, and Theorems 9.8-9.9, pp. 131-132]. We use projection onto the
span of the deterministic observations, which also permits linearly dependent observation
families. El Alaoui, Montanari, and Sellke conditioned the disorder tensor on adaptive
gradient observations in their analysis of message passing for spin glasses [63, arXiv
version 1, Appendix A, Lemma A.2, and Theorem 7(a)], and Huang and Sellke extended
this conditioning to multi-species spherical models [93, arXiv version 1, Appendix A,
Lemma A.2, and Theorem 3(a)]. The displayed inverse-Gram formulas in these AMP
analyses use rank and conditioning hypotheses. Our projection-based disclosure below
also covers dependent queries. Here we disclose all tensor blocks needed to determine
gradients throughout the explored span. We combine this disclosure with the external-
tield threshold to prove forgetting of a fixed finite history.

Outer parameters. Let 6 be a finite list of outer parameters with a prescribed order of
limits; in Section 104, 6 = (n,¢,K, L), in the order (10.1). For nonnegative quantities Fy g,
we write limg lim sup,; Fy g = 0 if the upper limit in N, followed by the upper limits in
the outer parameters in their prescribed order, vanishes. We do not assume that any
intermediate limit exists.

Standing hypotheses. For each N and 6, let { be a random variable independent
of J, which contains all auxiliary randomness used both by the algorithms and by the
disclosure procedure below. Its measurable space and law may depend on 6; below
we write { with 6 suppressed. For each N and 0, let Ang = Ane(J,{n) be an Ly 6-
Lipschitz algorithm with seed {n. The constant Ly, ¢ is deterministic and independent
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of N, but it may be unbounded in the outer limits. We define the energy deficit

H
5o = max {0, Eg, — lim inf]EM} . (10.29)
N—oo N

Lemma 10.2 implies that limsup EHN(An)/N < Eg,. The hypothesis limy dg = 0 says
exactly that the algorithms saturate the threshold in mean.
For a subspace W C RN, we write

T(W) = (W)  (RN)*7,

and Py for the orthogonal projection onto a subspace V of RN or of (RN)®F. If W C W/,
then 7(W’) C T(W), and we write 7 (W) & T (W’) for the orthogonal complement of
T (W) in T (W). We choose orthonormal bases of measurable subspaces measurably, by
Gram-Schmidt in a fixed order with deterministic fallbacks.

Lemma 10.6 (Adaptive tensor disclosure). Let Wy C RN be a {n-measurable subspace, and
let Fo be the o-algebra generated by {n and Pr . ]. For j > 0, given W and Fj, let u; be an

.7-" -measurable vector that is either zero or a unit vector in W]L and set

W]_|_1 — W] —I—span(u]')/ ‘Fj]-’rl = 0.<‘FI’ P ( )67-( ]+1)]>

Then, for every j:

(i) PT )L J is Fj-measurable, and conditionally on Fj, the tensor Prw ] is standard Gaussian
on T( i);

(ii) if x; € Wj is Fj-measurable, then VHy(x;) is F;-measurable. In particular, u; may be
chosen as the normalized projection of VH(x;j) onto Wji, and as zero if that projection
vanishes.

Proof. The conditional Gaussian assertions are understood almost surely with respect to
the disclosed history. A zero query discloses the zero tensor block and leaves the residual
law unchanged. We prove part (i) by induction on j. For j = 0, conditionally on {y,
the tensor | is standard Gaussian, because it is independent of {y, and the subspaces
T (Wp) and T (Wp)* are fixed. The projections of a standard Gaussian vector onto two
complementary orthogonal subspaces are independent standard Gaussian vectors on
them. Revealing Pr ). ] leaves Pr(y,)] standard Gaussian on 7 (Wo).

Suppose that part (1) holds for j. Cond1t10nally on f;j, the vector u; and the subspaces
in the orthogonal decomposition

TWj) =T Wit1) @ (T(Wj) T (Wjz1))

are fixed, and Pr(,] is standard Gaussian on T (W;). Its projections onto the two
summands are 1ndependent standard Gaussian vectors. Revealing the second leaves the
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first, which is Pry, )/, standard Gaussian on 7 (W 1). Since T (W)t =T (W)t &
(T(W;) © T (Wjy1)), the projection Prw,,,)+] is Fji1-measurable. This completes the
induction. At each step, we choose the new direction before we reveal the corresponding
part of J; this is what makes the induction work, and we never condition on a subspace
that depends on undisclosed randomness.

For part (i), let x € W; and y € RY. We have

(VHN(x),y) = Nf(pfl)/2<], ix®(i1) QY x®(P*i)>.
i—1

1
Since p > 2, each tensor in the sum has at least one factor x € W;. Itis orthogonal to
every product tensor with all factors in W]-L, and these product tensors span 7 (W;). The
right side is equal to N~ (P~1)/2 times the inner product of PT(W]-) 1 J with that tensor. By
part (i), it is F;-measurable when x = x; is. [

Proposition 10.7 (Orthogonality to every fixed finite query span). Assume the standing

hypotheses and limg 69 = 0. Fix integers ko > 0 and M > 0. For each N and 6, let Wy C W; C

-+ C W be subspaces constructed as in Lemma 10.6 from the seed (n, with dim Wy < ko.

Then )
lim lim sup g P Anol” PWMI“?N ol _

N—co
In particular, if Yy € Wiy N By is a random vector, then limg limsupy, E| (An g, YN) /N|? =
0.

0. (10.30)

Proof. For 0 < j < M, we define
1P, An 0|
N .

We bound ¢4 directly and then show by induction that ¢; 1 ¢ is controlled by ;9 and
d9. We use the constants of the threshold only at fixed 6, before any outer limit, and the
argument does not require L;p ¢ to stay bounded.

Pjp = limsup E

N—oo

Step 1: the initial span. Let ¢y,...,¢;, be a {y-measurable orthonormal basis of W,
completed by zero vectors if dim Wy < kg. We obtain such a frame by Gram-Schmidt
on the projected coordinate vectors, keeping nonzero columns in a fixed order and then
padding by zero columns. For N > 1, fix a deterministic unit vector e,y € RN, and
for every i set w; = v/Ne; on {¢; # 0} and w; = v/Neys on {¢; = 0}. This gives a
{n-measurable direction of norm /N on every seed event. We apply Lemma 10.2 with
Lrip = Lyip,s and direction w;, and we drop its nonnegative overlap penalty on {e; = 0}.
Since the pairing with e; vanishes there, this yields

(Ang, ei)

VN

: Hn(Any)
< Ey, — liminf E———=
= bt TS N

Bglimsup E < Jp.

N—oo
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For each i, by Jensen’s inequality and p > 2, we have E|(Ang,e)[?/N <
(E| (AN, ;) /v/N|P)?/P. Summing over i, we obtain

2/
Yoo < ko (%) g (1031)

Step 2: the energy of the residual. Fix j < M, write W = W;, and let AL =Py Ang.
Both Ay and A* lie in By. Using (10.3) and the mean value theorem, we have

|Hn (Ane) — Hn(AD)] [Pw ANl
SPON—TF==—
N VN
By the Cauchy-Schwarz inequality, the expectation of the right side has upper limit at
most pQ./9jp. Combining this with the definition (10.29) of g, we find

.. . Hy(A*
lim mf]E% > Egy — 0p — pQey/Yjs- (10.32)

N—oo

Step 3: the residual model. Since ky and M are fixed before the dimension limit, we may
restrict to N > ko + M. Every residual dimension below is then positive. We now show
that A* is the output of a Lipschitz algorithm for a pure p-spin model in dimension
N’ = N — dim W, and that its energy has the same normalization up to a factor tending
to one. We condition on F;. Then W and u; are fixed, and we choose an Fj-measurable
orthonormal basis fi,..., fay of Wt. Let ' € (IRN )®F be the coordinates of ProwyJ in
the basis (f; ® -+ ® fi,). By Lemma 10.6(i), J' is a standard Gaussian vector in the

N'P-dimensional space (RN')®?, conditionally on F;. Lety’ € RN’ be the coordinates of
At in the basis (f;), and set x = /N’/Ny'. Then ||x|| < v/N/, thatis, x € Bys. Since
(AL)®P € T (W), only Pr(w)J contributes to Hy(A%), and a change of normalization

yields
1
HN;]A ) _ - (pi1)/2 o = / , (10.33)

where Hj,(x) = N/~0P=D/2(]/ x%P) is the pure p-spin Hamiltonian in dimen-
sion N’ with coefficient tensor J'. Indeed, (J',y'*?) = (N/N')P/2(J',x®P), and
N-(P+HD/2(N/NP/2N'(P=1)/2 = (N'/N)2N'-1. Moreover, | is an affine isometric
function of J' given Fi, and AL — x is a contraction. Therefore, conditionally on Fi the

map J' — x is Lyipe-Lipschitz with values in Byy. Let u' € RN be the coordinates of U
when u; # 0, and the first coordinate vector otherwise. The direction w’ = +/N'u’ has
norm v N/, and when U # 0,

(w,x) _(y)  (ujAng)

N’ VN VN

where we used u; € W+ in the last equality.
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Step 4: the penalty in the residual model. Let a; = <uj, Ang) / VN, which is zero if
u; = 0. The conditional law of |’ given F; is standard Gaussian, and on each event
N’ = n'} the tensor |’ is independent of F;. We may therefore apply (10.7) in dimension
P j y PPy
N’, with F; in the role of the seed, to the algorithm |' +— x and the direction w'. If
u;j # 0, its overlap term is B4la;|”; if u; = 0, we drop its nonnegative overlap term. Since
N’ > N — ko — j and ¢ > 0, we obtain

g [Hi

U2+ Balwl?

]—“]1 <Em+ sup  dnr(p, Liips)-
N">N—ko—j

We use (10.33) to write

1 N / 7
HN;\V;l ) —|—,Bd|0C]'|p — \/% (H]\Z]\/]Ex) —|—‘Bd|“]|p) + (1 _ \/%> ,BdllX]‘|p.

Here vVN'/N <1,0<1—+/N'/N < (ko +j)/N, and |0(]'| < 1. Taking expectations and
letting N — oo, we find

. Hy(A*+

lim sup {]E% + B4 ]E|1x]~]p} < Eg.

N—o0

Combining this with (10.32), we obtain Bq limsupy; E|«;|P < 5 + pQu/1je. By Jensen’s
inequality as in Step 1, and since || Py, , AN 1? = | Pw; An |2+ N|aj|?, we conclude that

59+PQ*\/¢]}9)2/p 1034
Bd ' .

Step 5: the outer limits. The right sides of (10.31) and (10.34) are continuous nonde-
creasing functions of (dg, ;) that vanish at (0,0). Upper limits pass through such
functions. Taking the outer limits in their prescribed order and inducting on j < M, we
find limy Pip=0 for every j < M. This is (10.30). Finally, if Yy € Wy N By, then

PYiv1,0 < Pjp+ <

2
(Ano, YN) > | (PwyAne, i) _ I1Pwy Anell?
N N - N ’
which proves the last assertion. O

10.4 Transfer to a fixed waiting-time state

We now combine the forks with finite-query orthogonality on their fixed product prob-
ability spaces. The hypotheses of the next proposition are those of Proposition 8.1(b).
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Under them, the translated family (Cr, R, A1) converges along every sequence T,, — o0
to one stationary cluster (c,7,¢). Indeed, by the precompactness in Proposition 5.7, every
subsequence of (T,) has a further subsequence along which the family converges, and
the limit is a stationary cluster whose kernels are (¢, r). Its multiplier is determined by r:
setting T = 0 in (5.25) and using r(0) = 1, we find ¢ = —7'(0). All subsequential limits
are therefore equal. In particular, Proposition 10.4 applies along every sequence T,, — co.

Proposition 10.8 (Fixed-waiting-time decorrelation). Fix p > 3 and B > 0. Suppose that the
translated kernels converge along every sequence T — oo to one stationary profile (c,r), and that
its plateau q is positive and satisfies B>p(p — 1)qgP~2(1 — q)? = 1. Then

tlim C(t,s) =0  for every fixed s > 0.
—00

Proof. The proof is by contradiction. Recall from (3.15) that C > 0. Suppose that, for
some s > 0, there exist v > 0 and ¢, — oo such that C(t,,s) > v for all n. The proof has
three steps. We first express C(t,,s) through the center of a fork that ends at t,. Then
we show that the Lipschitz algorithms approximating the normalized center saturate the
threshold in the order (10.1). Finally, on the fixed fork product law, we approximate X;
by a finite-query Euler vector and use Proposition 10.7 to force their overlap with X, to
vanish, which contradicts the first step.

Step 1: the overlap of the center. Fix K > 1and L > 0, and set T, = max{s+1,t, — L}
for every n. Then T, — oo, T, > s, and for all sufficiently large n we have T, + L = t,.
Let my , be the center of the fork at time T,, with K branches of length L. For these
sufficiently large 7, the branches end at time ¢,,. The time s lies in the common past, and
each pair (Y}, X;) has the law of (X;,, X;). This implies that

(mnu, Xs)
E N
and by Proposition 3.3, the right side tends to C(t,,s) as N — co. In the limit in 7, the
endpoint of the fork is the time ¢, itself, so we do not need any regularity of C(-,s) in its
first variable.

= ECn(tn,5), (10.35)

Step 2: saturation of the threshold. Let 0 = (n,¢,K,L), where ¢ = 1/(m + 1) and
K =k +1 for m, k € IN, with the order of (10.1), and let Ay = Aﬁ\,/Tn be the algorithms
of Proposition 10.4(c) for this fork. They satisfy the standing hypotheses of Section 10.3
on the fixed fork product law of Section 10.2, with seed {y consisting of X, the K full
future Wiener paths, and the full trunk Wiener path B, jointly independent of ], and with
a constant L, 9 depending only on p, B, the fixed waiting time s, the horizon T, + L, K,
and e. We write Q = Qg 1, and recall that ¢ < Q < 1. Let

1 1/2
AN = (N]EH-AN,G - mN,n/\/éH2> -



10 The threshold inputs for general pure models §10.4 168

By (10.20) and the comparison of normalizations in Proposition 10.4(c), we have

lim sup lim sup A N < E (10.36)

n—oo j—o0

The vector my ,/+/Q has norm at most /N/gq. Using (10.4) with R = g~/? and the
homogeneity of Hy, we find

Hn(Anp) Hy(mnn)
N N

The constant C,; does not depend on 7, ¢, K, or L; this is where we use g > 0. Then (10.18)
implies that lim, lim inf; Q’p/ZIEHN].(mNj,n)/Nj = Q P/?hy 1. Together with (10.36), this
gives

h
limsup dp < max ¢ 0, Ey, — L/LZ + Che o .
n—c0 I’i !

We let € | 0, then K — oo, then L — oo. By (10.28), which applies because g is marginal,

we conclude that limgy dg = 0 in the order (10.1).

Step 3: orthogonality on the fork product law and the contradiction. We use the
algorithms of Step 2 on precisely the fork seed and disorder product space just described,
and take the limits in precisely the order (10.1), with ¢ = 1/(m + 1). All disclosure
histories below include the full fork seed. If s = 0, then X lies in the seed-measurable
subspace Wy = span(Xy), and Proposition 10.7 with kg = 1 and no disclosure steps gives
zero limiting squared overlap. For s > 0, fix M > 1 before any limit. We construct the
Euler-Maruyama approximation [91, Sections 4-5] of this fork’s trunk state X and prove
the required normalized error directly.

The coefficients. Let ¥y = I3, be the metric projection onto the ball of radius v/N.
We use P, = I —yy" /N for every y € RV, as in Section 3. For x € RN, we define

by (x) = PPy vy VH (¥x(x)) — T

n(x),  on(x) = V2 Py,
Since ¥ (x) = x on Sy, these are the coefficients of (3.3) on Sy, and
t t
X; = Xo + /0 b (X,) dr + /0 on(X,) dB,.

Let Gy = {Qn < A,}, and let y = ¥y(x) and z = ¥n(x'), so that ||y||, ||z]| < V/N and
|y —z|| < |lx —x'||. The matrix P, has eigenvalues 1 and 1 — ||y||*/N € [0,1], which
gives ||Py|lop < 1 and [|P,||}g < N. Moreover,

T _ T B .
IP, — P.|lus = lyy" —zz"||gs < (vl +1lzID |y — =] - 2||x — x H
N N VN
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On Gy, (10.2) with R = 2 gives ||VHN(y)|| < p2P"1A,v/N and ||VHn(y) — VHy(z)|| <
p(p —1)2P 24, |ly — 2||. Writing P,VHy(y) — P.VHy(z) = Py(VHx(y) — VHx(2)) +
(Py — P.)VHn(z), we obtain, on Gy and for all x,x’ € RY,
2v/2
Ibn () = by ()| < Kpllx =2, flon(x) — on () [lus < = lx — ¥,

VN (10.37)

lon ()] < KN, Jlow(x) [[fis < 2N,

with K, = 14 BpA,2P~2(3p+5) and K], = (3Bp2P 1A, +2)%. The Hilbert-Schmidt
bound on oy (x) — on(x') is the reason that the error below does not grow with N: a
bound of order one for each matrix entry would lose a factor of N.

The Euler-Maruyama scheme. Lett; = is/M for 0 < i < M. We define Zy = Xp
and s
Zis1 =2+ M bN(Zi) + O'N(Zi) (BtH—l — Bti)/ 0<i< M.

Forr € [ti, tiv1),letr— =t,andlet Z, = Z; + (1’ — ti)bN(Zi) + UN(Zi)(Br — Bti)' so that

t t
Zt:X0+/0 b (2, ) dr+/0 on(Z, ) dB,

and Zs = ZM We set YN,M = HBN(ZM)

The error on Gy. Fix | € Gy and X, and let Ep denote expectation over the
Brownian motion. Let u(t) = Ep||X; — Z||>/N and v(r) = Eg||Z, — Z,_||?/N. Since Z,_
is independent of B, — B, , the It0 isometry and (10.37) give

S \2 s 2N S
< / — < e = ! .
v(r)_2<M) Kb+2M N _ClM, C1 = 2sK;, +4
Subtracting the integral equations for X; and Z;, and using the Cauchy-Schwarz inequal-

ity for the drift and the It6 isometry for the noise, we find, for t <,

te 1% =2, | 16t X —2Z |
< 2sK? e =t — = =0 gr.
u(t) _ZSKb/O Ep N dr + N /0 Ep N dr
Inserting the bound Eg || X, — Z,_||*/N < 2u(r) +2v(r), we obtain u(t) < C, fot u(r) dr+
CyC15%2/ M with Cy = 4SK§ + 32. By Gronwall’s inequality,

s
< C1Cos“25 .
u(s) < CiCpse i

The projection Ig,, is 1-Lipschitz and fixes Xs € Sy, which gives Eg || Xs — Yy m|*/N <
u(s) on Gy. On G$;, we have | Xs — Yy m||*/N < 4, and P(GS;) < e~*N. Thus, with
C= C1C25€C25,
_ 2
X~ Yiwl? _ s
- M

limsup E

N—oo

(10.38)
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The expectation here is on the fixed fork product law. Its projection onto (], X, B) has
exactly the original disorder, uniform initial and Wiener product law, so the error bound
is independent of n, ¢, K, and L.

The query span. Let Wy be the span of X and the increments B, — B, 0 <i < M.
It is measurable with respect to the full fork seed { and has dimension at most M + 1.
Suppose that Z; € W; and that Z; is F;-measurable, where F; is the disclosure history
generated using this full fork seed, which holds for i = 0. The point ¥ (Z;) is a multiple
of Z; and lies in W;. By Lemma 10.6(ii), the gradient ¢; = VHN(¥n(Z;)) is Fj-measurable.
We choose u; as the normalized projection of g; onto Wi (zero if it vanishes), so that
8i € Wiq1. Since Pyw = w —y (y, w) /N, the step from Z; to Z; is a linear combination
of Z;, ¥n(Z;i), gi, and By, .1 — Bt;, with coefficients that are J;-measurable. This shows
that Z;11 € Wi, and that Z;,; is Fj;j-measurable. After M steps, Zy1 € Wy, and
Yn M, @ multiple of Zy,, lies in Wjy,. Each step adds at most one dimension, which gives
dim Wy <2M + 1.

Passing from the Euler vector to the waiting state. By Step 2, Proposition 10.7
applies to these particular full-fork disclosure histories, with kg = M + 1 and M queries.
Hence the squared overlap of Ay y with Yy » vanishes after the dimension limit and
then the limits in n, ¢ = 1/(m + 1), K, and L. Since || Ay || < v'N, we have

(An g, Xs)

2 1 Xs — Yn,ml|?
= .

2E
+ N

2
Y
E ’ ’ (Ang, YNM)

<2E
N

By (10.38), the nested upper limit of the left side is at most 2Cs/M. It does not depend
on M. Sending M — oo last (and using the s = 0 argument above when needed), we

obtain )
(Ang, Xs)
N

On the other hand, by (10.21) with Vy = X, and by (10.35), we have
ECn(tn,s) _ (]E ’ (An g, Xs)

o\ 1/2
\/@ =~ N > + AN,Q.

As N = Nj — o, the left side tends to C(t,,s)/+/Q, which is at least  because Q < 1.
We conclude that, for every fixed ¢, K, and L and all sufficiently large ,

li(gn limsup E ’ =0. (10.39)

N—oo

o 1/2
An. o, X
v <limsup | E u

]—

+ lim sup A N;6-
]—0
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We take the upper limit as n — oo, then let € | 0, K — 0o, and L — oo, in the order (10.1).
By (10.39), the first term tends to zero, and by (10.36), the second is at most ¢ after the
limit in n. Hence 7y < 0, which contradicts v > 0. This completes the proof. O

10.5 Proof of Proposition 8.1

We now prove both parts of Proposition 8.1 for every p > 3.

Proof of Proposition 8.1(a). Let T,, — oo be a sequence along which the translated kernels
converge to a stationary cluster (c,r,¢) with plateau g > 0, and fix L > 0. For every
K > 1, Proposition 10.4 applies along T}, and (10.19) gives

/2
hx1 < E Q?L-

By Lemma 10.5(i), we have |Qg ;. —dr| < 1/Kand |hg —hr| < Bp(p —1)/K. The second
bound is the dominated convergence argument made explicit: the difference hx 1 — hy is
Bp times the integral of r(7) times ky 1 (T)P~! — ¢(2L — 7)P~!, which is at most (p — 1)/K
in absolute value, and fOL r < 1. Letting K — oo and using the continuity of x + xP/2, we
obtain

hp < Ew di/zz

which is (8.1). [
Letting L — oo in (8.1) and using Lemma 10.5(ii), we obtain
h < Enq?’?, (10.40)

where £ is given by (8.4). This is the form in which part (a) enters the proof of Lemma 8.3.
It holds for every stationary cluster with positive plateau, and its proof does not use
marginality.

Proof of Proposition 8.1(b). The hypotheses of part (b) are those of Proposition 10.8, which
gives C(t,s) — 0 as t — oo for each fixed s. It remains to make the convergence uniform
ins € [0,5]. Let k > 1 be an integer and let s; = i/k for 0 < i < [kS]. Every s € [0, S] is
within 1/k of some s;, and by the correlation modulus (4.19) in the second variable,
Dpp 2

_|_ —

Cts) = Cltsi)| = == +1/¢

for all t. Since C > 0, we obtain

D
sup |C(t,s)| < maxC(ts;)+ Pk \/Z
0<s<S ! k k

The maximum is over finitely many points, and it tends to zero as t — co by Proposi-
tion 10.8. Letting t — oo and then k — co proves (8.2). O



PART III

Response and the fluctuation—dissipation
relation



SECTION 11

Localization of the response and of
correlation derivatives

In this section, we study complete rows of the response and of both partial derivatives
of the correlation and show that they converge to their stationary limits. Our main
result, Theorem 11.1, states that for every p > 3 and B > 0, the lag row v — R(t,t —v),
extended by zero, converges to r in L2(0,0). From it we deduce uniform convergence
of response rows (Corollary 11.2). We also show that the earlier derivative d;C(t,s)
converges in the same L? sense, so that the squared backward FDT defect vanishes on
whole rows (Theorem 11.5). Further, we bound the later derivative 0;C(t,s) far from
the diagonal for every p > 3 (Theorem 11.4), prove a smoothing estimate in the earlier
time (Corollary 11.6), and prove that the thermal part of the Green covariance identity
converges uniformly on late triangles (Corollary 11.7).

We use structural identities from Section 4 (Propositions 4.2, 4.3, 4.5, and 4.6), the
Fisher bound of Theorem 5.3, convergence and forgetting from Section 8 (Proposition 8.4
and Theorem 8.8), and the causal tree realization (Propositions 7.1 and 7.5, Lemma 7.3,
and Corollary 7.7). When the plateau is positive, the proof of Theorem 11.1 also uses the
cubic tree ceiling of Section 9 if p = 3, and the finite forks of Section 10 for general p. We
give the second argument at the end of this section, in Section 11.5. The results of this
section are used in Section 12, which relies on Theorem 11.5, and in Sections 14 and 15,
which use Theorems 11.1 and 11.4 and Corollary 11.2, together with the Fisher bound
(11.14). Combined with Theorem 5.3, they prove (1.7), (1.8), and (1.9) in Theorem 1.2.

All convergence statements in this section are in the L? norm or in the uniform norm
on a row. They do not control the integral of a row over its remote part. In Section 12,
we prove that the backward FDT defect, although small in L?, keeps a positive integrated
mass there.

Standing assumptions and notation. Throughout this section, an integer p > 3 and
B > 0 are fixed, except where a statement restricts p. Let (c, ) be the stationary profile of
Proposition 8.4, and let ¢ = lim,_,« ¢(v) € [0,1) be its plateau. Recall from Proposition 5.7
and Corollary 7.7 that

c(0)=r(0)=1, r=-(, /Ooor(v) do=1-g,

173



11 Localization of the response and of correlation derivatives 174

and that c and r are completely monotone on (0, o). In particular, r is nonnegative and
nonincreasing, and r(v) — 0 as v — oo because r is integrable.

By Proposition 8.4, the translated kernels converge along every sequence of times
tending to infinity. Taking the translation time equal to t — A, we find that, for every
fixed 0 < A < oo,

lim sup {|C(t,t—v)—c(v)|+|R(t,t—v)—r(v)|} =0. (11.1)

t—>ooO<v<A

We call {(t,s) : t — A < s < t} the recent strip of length A. Recall also the forgetting
statement (8.12): for every fixed S > 0, we have sup,.,.s{C(t,s) + R(t,s)} — 0 as t — oo.

We use the bounds 0 < R(t,5) < C(t,s) <1 for t > s from Proposition 4.6, and
1 < A < A from (4.17). Since the memory integral in the response equation (3.9) is
nonnegative, we have d;R(t,s) > —A(t)R(t,s) for t > s. Integrating this inequality from
the diagonal, where R(s,s) = 1, we find

t
R(t,s) > exp(—/ Au) du) > o Alt=s) t>s>0. (11.2)
S
For t > 0, we extend the lag row of the response by zero:

ft(v) =14 (v)R(t, t —0), v > 0. (11.3)

We write ||| for the norm of L2(0,0). By (4.11), we have || f;|3 = fo (t,u)? du < 1/2.
Fort > L > 0, we write

Sy(t, L) = /Ot_LR(t,u)z du — /wat(v)z

for the squared response in the remote part of the row. Here and below, an integral with
upper endpoint t — L is considered only for t > L.

Let v; be the tree vectors of Proposition 7.1, so that (vs,v5) = C(t,s) and ||v¢|| = 1.
Let Pr be the prefix projections, let I1; be the projections onto trees of height j, and let

h(v) = \/p <v,Z (v®(P_1))> be the tree energy. Recall that vs belongs to the range of Pr

when s < T. For T,a > 0, we set Mr(a) = Prurs,. As the whole translated family
converges, Proposition 7.5 applies along every sequence T — co. For every fixed L > 0, it
implies that

IMr(L)||> — dp =c(2L),  h(Mr(L)) — hy (T — ), (11.4)
where /1 is given by (7.18) with e = eg(c0). If g > 0, then d; > q > 0, and we define

ht

51 = En— 5.
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By Proposition 8.1(a), we have ;, > 0 for every L. Recall also that the plateau is then
marginal, by Lemma 8.3. We prove in (11.26) below that ; — 0 as L — oo for every
p > 3. For p € {3,4}, both properties are part of Proposition 9.5, whose hypotheses hold
by Proposition 8.4 and Lemma 8.3. In words, the tree energy of the normalized prefix
centers M1 (L)/||[Mt(L)|| approaches the threshold energy Ey, when T — oo first and
then L — oo.

11.1 The full response row

Theorem 11.1 (Strong localization of the response). Fix p > 3 and 8 > 0. Then

tli)n;)”ft — ”HLZ(O,oo) =0. (115)
Further, for each fixed L > 0,
t—L )
lim R(t,u)? du = / r(v)? do, lim x(£,0) =0. (11.6)
t—o0 J0 L oo £/t

The main step is to show that the response keeps no squared mass in the remote part
of the row:
lim limsup Sy(t,L) = 0. (11.7)

L—oo t—o00

Once (11.7) is known, the theorem follows from stationary convergence on the recent
strip. We prove (11.7) in three cases, which use different inputs.

e g = 0and every p > 3. The white-leaf component of the prefix center Mr(L) carries
the squared response 25,(T + L, L), and its norm is at most ||Mr(L)||. Here we use
only the tree realization (Proposition 7.1) and reflection (Proposition 7.5).

® g > 0and p = 3. We normalize the prefix center and control its white-leaf component
by the height inequality of the cubic tree ceiling (Theorem 9.2). Besides the inputs of
the first case, we need that 6;, — 0, which is part of Proposition 9.5 in Section 9.

* g > 0and every p > 3. We test the mean of finitely many independent continuations
against a Gaussian direction built from the Brownian path, and use the overlap penalty
of Lemma 10.2 for an independent direction. This case relies on the finite forks of
Section 10 and is carried out in Section 11.5 (Proposition 11.11).

The third case contains the second. We include the second because it is short and uses
only the deterministic tree geometry.

Proof of Theorem 11.1. We prove (11.7) in Steps 1-3 and deduce the theorem from it in
Step 4.
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Step 1: the white-leaf bound. Fix T,L > 0. By (7.3), the component of v, in the one-
leaf summand Rep & L?(R+) is R(T + L,0)ep + \/51[0,T+L]R(T + L,-). The remaining
term of (7.3) lies in the range of the grafting map, which is orthogonal to that summand.
Recall that Py commutes with I1j, and that on the one-leaf summand it restricts the
noise-time function to [0, T]. We conclude that

T
ITloMy(L)|2 = R(T + L, 0)% + 2/ R(T + L, u)? du. (11.8)
0
As T1j is an orthogonal projection, (11.8) implies that 25,(T + L, L) < [[TTopMr(L)||> <
|Mr(L)||?>. Letting T — oo and using (11.4), we find that, with t = T + L,

limsup S(t, L) < L = S2L). (11.9)
t—o0 2 2

This bound holds for every p > 3 and every plateau. If ¢ = 0, then ¢(2L) — 0 as L — oo,
and (11.9) proves (11.7).

Step 2: a positive plateau in the cubic model. Suppose that g > 0 and p = 3, and
fix L > 0. For all large T, we have ||Mr(L)||*> > q/2 by (11.4); for such T, let zr =
Mz (L)/||Mr(L)|. For p = 3, the tree energy is h = v/3f, where f(v) = (v,Z(v®v)) is
the functional of Theorem 9.2, and Ey, = 21/2/3 = V/3E, with F, = 2v/2/3. Keeping only
the term j = 0 in the first inequality of (9.2), we have

ITTozr||* < 4V2 [F. — f(z1)] = 4V2/3 [Em — h(z7)].

On the other hand, (11.8) implies that ||TTpzr||?> > 2S,(T + L, L)/||Mr(L)||>. Combining
the two bounds, we find

Sy(T+L,L) < w (4\/2_/3 [Een — h(zT)Dl/z.

The tree energy is homogeneous of degree three, which gives h(zy) =
h(Mr(L))/||Mz(L)|°, and (11.4) implies that h(zy) — hp/dy/* = Eg —6p. Let-
ting T — oo with L fixed, we obtain

dr |
li So(t,L) < —=1/4v2/36;. 11.10
Htrfol:p 2(t, L) < > V4V /36 ( )

Proposition 9.5 states that 6;, — 0 as L — co. As d; < 1, the right side of (11.10) tends to
zero, and (11.7) follows.
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Step 3: a positive plateau for general p. Suppose that g > 0 and p > 3. Proposition 11.11
states that, for every L > 0,

limsup Sy (¢, L) < —[3 el 52/;7

t—o0

and the right side tends to zero as L — oo by (11.26). The proof of Proposition 11.11, in
Section 11.5, is independent of Theorem 11.1 and its consequences. This completes the
proof of (11.7) in all cases.

Step 4: from the remote bound to strong convergence. We first check that r € L?(0, o).
For fixed V, we have f; — r uniformly on [0, V] by (11.1), so fOV r? = limy fOV f2<1/2.
Letting V — oo, we find ||r||3 < 1/2.

Next, fix L > 0 and t > L. Splitting || f; — r||3 at L, and using (x —y)? < 2x2 +2y? on
[L, o) together with [~ f? = S,(t,L), we have

Ifi =713 <L sup |R(t,t —v)—r(v)|*+2S2(t, L) ~|—2/ r(v)? do.
0<v<L L

The first term tends to zero by (11.1), and taking the upper limit in ¢, we find

limsup||f; — r||3 < 2limsup S (¢, L) +2/

t—o00 t—o00

Letting L — oo, and using (11.7) and r € L?, we obtain (11.5).
For the first limit in (11.6), fix L > 0. Using the triangle inequality, and the fact that
restriction to [L, c0) is a contraction of L%(0, ), we have

520602 = ([ r(0)? o) | < It = 1) < fi =1l

which tends to zero by (11.5). Finally, note that x(t,0) fo (t,u) du = fo fi(v
Using the Cauchy—Schwarz inequality on [0, t], we obtam

0= x(60) < [ r(0) do+ [ 1fi(o) = r(o)| do < 1 g+ VEIfi =1l

After division by V/t, the second limit in (11.6) follows from (11.5). O

We next upgrade Theorem 11.1 to uniform convergence. The backward response
equation prevents s — R(t,s) from increasing quickly. A large remote value R(t,s)
would then force squared mass on the interval [s — 1,s], which (11.6) excludes.

Corollary 11.2 (Uniform absolute localization). Fix p > 3 and p > 0. Then
lim sup |R(t,s) —r(t—s)| =0. (11.11)

t—>ooo<s<t

In particular, if s, — oo and t, — s, — oo, then R(t,,s,) — 0.
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Proof. Recall that the kernel X in (4.8) is nonnegative. Since R > 0, the backward
response equation (4.21) implies that dsR(t,s) < A(s)R(t,s) < AR(t,s) for t > s. Then
w +— e~ AR (t, w) is nonincreasing on [0, t], that is, R(t,u) > e~ A~ "R(t,s) foru <s < t.
Squaring this inequality and integrating it over u € [s — 1, 5], we have, for 1 <s <,

21—6_2A 5 R 2 4
A _/S_l (t,u)” du

If moreover s < t — L, the integral on the right is at most S, (¢, L). Using (11.6), we find
that, for every fixed L > 0,

R(t,s)

2A 0 1/2
limsup sup R(ts) < —/ r(v)? do )
Hooplgsglt)—L ( <1_€_2A L ®) >
Recall from (8.12) that SUPp<s<1 R(t,s) — 0. On the recent strip t — L < s < ¢, the
difference |R(t,s) — r(t —s)| tends to zero uniformly by (11.1). On the remaining part
0 <s < t—1L, we have |R(t,s) —r(t —s)| < R(t,s) +r(L), since r is nonincreasing.

Combining these three estimates, we have

- 2A % 5 1/2
limsup sup |R(t,s) —r(t—s)| < (m/L r(v) dv) +r(L).
t—oo  0<s<t

The right side tends to zero as L — oo, which proves (11.11). For the last assertion, note

that R(t,,s,) < |R(ty,8n) — r(tn — Sn)| + r(tn — sn), and both terms tend to zero. O

11.2 The later correlation derivative

We now bound 9;C(t,s) when t — s is large. By Lemma 7.3, the projected curve a — Mr(a)
is continuously differentiable for a > 0, with

%MT(a) = PrB(orya),  B(v) = —0+ V(o) — pph(v)o,

and B is Lipschitz on the closed unit ball of . Reflection identifies limits of inner
products of prefix centers, not of their derivatives. For this reason, we pass through
difference quotients. This requires a modulus of continuity for the projected derivative
that is uniform in T, which we now record.

Lemma 11.3 (Holder continuity of the projected drift). Fix p > 3 and B > 0. Let Lg be
a Lipschitz constant of B on the closed unit ball of ‘H, and set kg = LgV2A. Then, for all
t>s>0,

0<1-C(ts) <A(t—s), o — vs|| < A/2A(t —5),
and, forall t,t' > 0and T > 0,

1B(vr) = B(og) || < xglt —#1'2, ||PrB(vr) — PrB(oy)|| < x|t —t'['/2.
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Proof. The first bound is (4.20) in Proposition 4.4. The second bound follows from the
identity ||v; — vs]|? = 2 — 2C(t,s). The vectors v; lie in the unit ball, and the third bound
follows from the second and the Lipschitz property of B. The last bound holds because
Pr is a contraction. ]

Theorem 11.4 (Remote derivative bound and forward FDT). Fix an integer p > 3 and
B > 0. For every fixed L > 0,

1—
limsup sup [0:C(t,s)| <4/c”(2L) < i 1. (11.12)

t—oo  0<s<t—L

Further,

lim sup [0:C(t,s) —c'(t—s)| =0, lim sup |9:C(t,s) +R(t,s)]=0.  (11.13)
Here 0:C(t, t) is the right derivative of u — C(u,t) at u = t; it equals —1 for every t > 0. The
value ¢'(0) = —1 is also the right derivative.

Proof. All inputs to this proof hold for every integer p > 3: the projected drift of
Lemma 7.3, its uniform modulus in Lemma 11.3, prefix reflection in Proposition 7.5,
complete monotonicity in Corollary 7.7, and uniform response localization in Corol-
lary 11.2.

The proof has three steps. First, we bound the norm of the projected derivative M7.(L)
through difference quotients and reflection. Since 0;C(T + L,s) = (M/.(L), vs) for every
s < T, we deduce (11.12) from this bound. Second, we show that 9;C(t,t — v) — ¢/(v)
uniformly on each recent strip, by differentiating stationary convergence through forward
difference quotients. Third, we combine the two estimates with Corollary 11.2.

Step 1: the remote bound. Fix L > 0 and # € (0,1]. For every T > 0, we have
Mr(L+1n) — Mr(L) = [ M}(L + w) dw. Lemma 11.3 then implies that

Mr(L+75)—M
U

| ML) - B < [ IM L+ ) = M ()] do < S

Applying (7.16) to the three inner products in the expansion of the squared norm, we
have

lim HMT(L +17) — Mrg(L) Hz _ c(2L +2y) —2¢(2L +17) +c(2L)
T—c0 i 12

Combining the last two displays, we find

c(2L+2y) —2c(2L+7) + c(2L)>1/2
2 .

. 2
limsup|| M7 (L)|| < Sxay/7 + ( )

T—o0
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The left side does not depend on 7. The function c is smooth on (0, 0), and the second
difference quotient tends to ¢”’(2L) as 57 | 0. Taking T — oo first and then 7 | 0, we have

limsup||M7(L)|| < 4/c"(2L).
T—c0

If s < T, then v; lies in the range of Pr, so C(T +4,s) = (Mr(a),vs) for all a > 0, and
0:C(T+L,s) = (M}(L),vs). As ||vs|| = 1, we have [0;C(T + L,s)| < [|[M7(L)|| for every
s < T. Setting T =t — L proves the first inequality in (11.12).

For the second inequality, we write the representation (7.28) as c¢(v) = g+
| 00 € " v(dx), where v((0,00)) = 1 — g. Differentiating under the integral for v > 0,
we have

"(2L) = /( )xze_Zva(dx) < 1—4q
0,00
where we used that sup, ., x?¢™2t¥ = (eL) 72, attained at x = 1/L.

Step 2: the recent strip. For t > s, we apply the projected drift with T = s to C(¢,s) =
(Psvy, vs). This gives
9:C(t,s) = (PsB(vt),vs) = (B(vy), vs) .

The right side is continuous in t > s. Att = s it equals —1, because (Vh(v),v) = ph(v)
by homogeneity and ||vs|| = 1; this is the derivative from the causal side at the diagonal.
Lemma 11.3 also implies that [9;C(t,s) — 9;C(t',s)| < x|t —|'/? for all t, ¢’ > s.

Fix L > 0and 5 € (0,1]. For 0 < v < L and t > L, we hold the earlier time t — v fixed
in a forward difference quotient. The Holder bound just stated gives

t+n,t—v}3—C(t,t—v)‘ < %/HKB\/adwngB\/ﬁ.
0

By (11.1) with A = L + 5, the difference quotient converges to [c(v + 1) — c(v)]/n
uniformly in v € [0, L]. We obtain

2C(tt—v) — &L

2 —
limsup sup |0;C(t,t—v) —c'(v)] < Zxkg\/5 + sup )C(U+ ) =clo) c’(v)‘.
t—oo  0<v<L 3 0<v<L Ul
The function ¢’ = —r is uniformly continuous on [0, L + 1], including the right deriva-
tive ¢’(0) = —1, and the last supremum tends to zero as # | 0. We conclude that

sup; ;< 0tC(t,s) —c'(t —s)| — 0 for every fixed L.

Step 3: the whole row. On the remote part 0 <s <t — L, we have |9;C(t,s) —c'(t —s)| <
|0:C(t,s)| +r(L). Using Step 2 and (11.12), we find

limsup sup |9;C(t,s) —c'(t —s)| < 4/c”(2L) +r(L).
t—oo  0<s<t

Letting L — oo proves the first limit in (11.13). As ¢/ = —r, the second limit follows from
the first and Corollary 11.2. ]
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11.3 The earlier derivative and the squared FDT defect

Fort > s >0, let E(t,s) = 0sC(t,s) — R(t,s) be the backward FDT defect. By Theorem 5.3,
the derivative d;C is continuous on the open causal triangle, and there exists a nonnegative
integrable function ar, obtained on one dimension subsequence, such that

|E(t,s)|* < ap(s) (t>s>0), /Oo ap(s) ds < oo, lim supap(s) =0. (11.14)
0

S—o0 SZS

We do not need ar to be unique. The bound (11.14) is the spherical form used here of
the entropy-production bounds on FDT violation of Cugliandolo, Dean, and Kurchan
[54, arXiv version 2, equations (12)—(13), p. 3, and (18), p. 4]. The common majorant in
(11.14) is proved in Theorem 5.3, and the whole-row conclusions below are proved here.
It shows that the defect is uniformly small when the earlier time is late. The row [0, ¢]
grows with t, however, and this alone does not control the defect on the whole row. The
next theorem shows that the integral of the squared defect over the row nevertheless
tends to zero.

Theorem 11.5 (Strong backward FDT). Fix p > 3 and > 0. Then

t
lim sup [9sC(t,s)| =0 foreach fixed 0 < S < oo, lim/ |E(t,s)|*> ds = 0. (11.15)
0

t—ro0 0<s<S t—ro0
Further, if g1(v) = 1)g 4 (v)9sC(t, t — v), then
lim [lgr =7l 12(0,00) = O- (11.16)

For t > 0, the earlier derivative at s = 0 is the right derivative. At s =t > 0, it is the left
derivative of u — C(t,u) and equals 1; we set E(t,t) = 0.

Proof. We proceed in three steps. First, we represent the colored memory term of the
Green identity through feature vectors. A positivity argument, together with forgetting,
shows that this term is negligible on every bounded interval of earlier times. Second, we
differentiate the Green identity in its earlier time. This expresses d;C(t,s) through C, R,
and the colored term, and it proves the first claim in (11.15). Third, the Fisher majorant
allows dominated convergence over the whole row, and Theorem 11.1 implies (11.16).

Step 1: the colored term forgets bounded earlier intervals. For s > 0, let ¢s = v;@(p D ¢
HP(P=1). These are unit vectors with (¢,,¢s) = C(u,s)P~' and ||, — ¢s]|?> = 2[1 —

C(u,s)P~ 1. In particular, s — ¢ is norm continuous. We define

t t
th/o R(t,u)gu du,  K(t,5) = (F, ) :/O R(t,u)C(u,s)"~" du,
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where the first integral is a Bochner integral of a continuous function on [0, ¢]. Note that
K(t,s) > 0. When s = t, the colored memory term in the Green identity (4.10) equals
B%p||F:||?. Since all three terms of (4.10) are nonnegative, we obtain B2p||F||> < C(t,t) = 1.
By the Cauchy-Schwarz inequality, we have, for all ¢,s,v > 0,

K(t5) — K(t,0)] < (B2p)"/2\/2[1 — C(s,0)P-1]. (11.17)

This modulus does not depend on t. For s < t, Fubini’s theorem expresses the colored
memory term in (4.10) as 2p [, R(s,0)K(t,v) dv. The other two terms are nonnegative,
and therefore

C(t,s) > B*p /OSR(S,U)IC(t,v) do. (11.18)

We claim that K(t,s) — 0 as t — oo, for every fixed s > 0. Suppose instead that
K(ty,s) > ¢ along a sequence t, — oo, for some ¢ > 0. Since C is continuous and
C(s,s) = 1, there exists h € (0, s]| such that the right side of (11.17) is at most /2 for
v € [s—h,s]|. Then K(t,,v) > e/2 on [s — h, s|. Inserting this and the lower bound (11.2)
into (11.18), we obtain

2 s 2
C(ty,s) > % /S_h e M) gy = 5259\8 (1- e_Ah) >0,
which contradicts C(t,,s) — 0 from (8.12). For s = 0 and any s’ > 0, (11.17) implies that
K(t,0) < K(t,s") + (B2p)V2\/2[1 — C(s',0)P~1]. Letting t — oo and then s’ | 0, we find
K(t,0) — 0.

Finally, fix S and ¢ > 0. The correlation is uniformly continuous on [0, S]? with
C(s,s) = 1. Hence there exists a finite set {s1,...,s¢} C [0,S] such that every
s € [0,5] has some s; with (B2p)~1/21/2[1 — C(s,s;)? 1] < e. Then (11.17) implies that
SUPy<s<s K(f,5) < max; IC(t,s;) + €. Letting t — co and then ¢ | 0, we conclude that

lim sup K(t,s) =0. (11.19)

t—>ooO§S§S

Step 2: the backward correlation equation. Fix t > 0. By the Green identity (4.10) and
Fubini’s theorem, we have, for 0 < s < t,

C(t,s) = R(t,0)R(s,0) -|—2/OSR(t,u)R(s,u) du—l—ﬁzp/OSR(s,v)lC(t,v) do.

By Proposition 4.5, the derivative 91 R is continuous on each compact causal triangle, and
K(t,-) is continuous. We may therefore differentiate in s € (0, t) under the integral signs.
Using R(s,s) = 1, we obtain

9sC(t,s) = 2R(t,s) + B*p K(t,s) + R(t,0) 91 R(s,0)
+ 2/0S R(t,u)01R(s,u) du + B*p /OS d1R(s,v)K(t,v) do.
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The first two terms are the boundary terms of the thermal and colored integrals.
We now insert the response equation (3.9), which reads 01R(s,v) = —A(s)R(s,v) +
[2%(s,w)R(w,v) dw with (s, w) = B*p(p — 1)C(s,w)? >R (s, w). The terms with —A(s)
reproduce —A(s) times the Green representation of C(t,s). In the memory terms, we
exchange the order of integration on the triangle {0 < u < w < s}, and they become

/OSZ( )[R(t 0)R(w,0) +2/ (t,u)R(w,u) du+ B p/ w,v)K(t,v) dv} dw.

By the Green identity at (¢, w), the bracket equals C(f,w). We have shown that, for
0<s <t

9sC(t,s) = — A(s)C(t,s) +2R(t,s) + B2p(p — 1) /OS C(s,u)P"2R(s,u)C(t,u) du
+BpK(t,s). (11.20)

All integrations and differentiations here take place on finite rectangles, where the inte-
grands are continuous and bounded. The right side of (11.20) is continuous on [0, ¢], so it
also gives the right derivative at s = 0 and the left derivative at s = t.

As a check, we let s 1 t. Using the definition of K and (3.11), we find

t t
B2p KC(t, 1) + BPp(p — 1)/ C(t,u)PIR(t,u) du = ,32;92/0 C(t,u)P~1R(t,u) du
0
—A(f) - 1.
Inserting this into (11.20), we obtain 0sC(t,t—) = —A(t) +2+ A(t) =1 = 1, and

E(t,t—) = 0, as the unit diagonal response requires.

Now fix S and let t > S. Bounding C(s, u)?~2 < 1 and R(s,u) < 1in (11.20), we have,
for0<s<S§,

10sC(t,s)] < (A+ B*p(p—1)S) sup C(t,u)+2 sup R(t,u)+p%p sup K(tu).

0<u<s 0<u<s 0<u<s

Each supremum tends to zero, by (8.12) and (11.19). This proves the first claim in (11.15).

Step 3: the whole row. Let E;(s) = 10,4 (8)E(t,s) for s > 0. For fixed s > 0, the first
claim in (11.15) and (8.12) imply that E;(s) — 0 as t — oo. Further, |E;(s)|> < ap(s) for
all t by (11.14), and ar is integrable on (0, c0). By the dominated convergence theorem,
we conclude that

t 0o
lim/ IE(t,5)[2 ds = lim/ |Ei(s)]? ds = 0.
t—o0 JO

t—o0 JO

This is the second claim in (11.15). After the change of variables s = t — v, we have
gt — fell3 = fot |E(t,s)|> ds. Then Theorem 11.1 implies that ||g; — 7|2 < [|gr — fill2 +
Il f; — r|l2 — 0, which is (11.16). 0
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The proof does not require a unique limit of the Fisher information, nor a majorant
chosen anew for each terminal time: one function ar dominates every row. The positivity
of C and R enters through (11.18).

The next corollary states that remote values of the response and of the earlier derivative
are small, uniformly on the late triangle, and that remote correlations change little across
a window of fixed length in the earlier time. It is used in Section 14.

Corollary 11.6 (Uniform remote decay and earlier smoothing). Fix p > 3 and p > 0. Then

lim limsup sup (R(ts) +|0sC(ts)]) = 0. (11.21)
D=0 5 10" s>S, t>s+D

More precisely, for each fixed D > 0,

s o0 1/2
lim su su 0,C(t,u)| du < vD r(v)? do . (11.22)
p p b

S—o0 s>S+D, t>s+D VS D
Ifr(v) = O(v™17%) as v — oo for some a > 0, the right side of (11.22) is O(D~™%) as D — co.
g

When B > Bq, Theorem 16.1 gives r(v) ~ aAgo~'~%, with the exponent a € (0,1/2)
defined there, and the last hypothesis holds.

Proof. Let

e(U) = sup|| ft — 7ll2, €x(U) = sup sup |R(t,s) —r(t—s)|.

t>u t>U 0<s<t

Both tend to zero as U — oo, by Theorem 11.1 and Corollary 11.2. For t > s > 0, we have

10sC(t,s)| < R(t,s) + +/ar(s) by (11.14).
For the pointwise statement, let s > S and t > s+ D. As r is nonincreasing, R(t,s) <
r(D) + €« (S + D), which implies

R(t,s) +|09sC(t,s)| <2r(D) +2€x(S + D) + sup \/ar(u).
u>S

We take S — oo, using (11.14), and then D — co. This proves (11.21).

For the integrated statement, fix D > 0, and lets > S+ D and t > s+ D. Then
[s—D,s] C [S,t—D]and t > S+ 2D. Recall that j([S,0)) = [ ap(u) du, where y is
the measure of (5.14). By the Cauchy-Schwarz inequality,

/:_D 19C(t, u)| du < \/B(/:_DR(t,u)z du>1/2 + /D u((s,))
< VD Sy(t,D)"? + /D u([S, 0)).
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As in Step 4 of the proof of Theorem 11.1, we have S;(t, D)V/2 < ([ )2 + || fy — r/|2.
The supremum in (11.22) is therefore at most

\/5[(/; (0)2 dv)l 2 e(S+2D)}+,/Dy([5,oo)).

Since ar is integrable, u([S,o0)) — 0, and letting S — oo proves (11.22). Finally, if
r(v) < Agv~ 7% for v > vy, then for D > vy we have

o 1/2 AZD 1-2a 1/2 Ao
VD 2 <D D,
(/D r(v) dv) ( 1+2a ) T Vit

This completes the proof. O

11.4 The direct thermal covariance

The Green identity (4.10) splits C(t,s) into an initial term, a thermal term, which comes
directly from the white noise, and a colored memory term. We define the thermal term
and its stationary counterpart by

B(t,s) :2/0MSR(t,u)R(s,u) du,  by(7) :2/0001’(77—1—0)1’(0) do

We say that a sequence of pairs (t,,s,) with t, > s, is a late pair with diverging lag if
Sn —)OOal’ldtn—Sn —>oo.

Corollary 11.7 (Thermal covariance on the full late triangle). Fix p > 3 and B > 0. Then

lim sup |B(t,s) —by(t—s)| =0. (11.23)

5—00455>5

The function by, is completely monotone on (0,00) and tends to zero at infinity. In particular
B(tn,sn) — 0 along every late pair with diverging lag, and B(t,t) — 2f0 2do. If
C(tn, Sn) — co along a late pair with diverging lag, then

lim 2p / / (tn, )R (5, 0)C (1, 0)P~ ' do dut = o, (11.24)

n—00
Ifr(t) ~aAt =% as T — oo for some constants a, A > 0, then
bin(T) ~2(1 —q) r(7) ~2(1 — q)aAT 7% (11.25)

By Theorem 16.1, the hypothesis of the last assertion holds when B > B4, with A = Ag.
The identity (11.24) says that any correlation retained along a late pair with diverging lag
comes from the colored memory term, with its whole integration rectangle.
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Proof. Let T =t —s > 0. After the substitution u = s — v, the zero extension (11.3) gives

B(t,S) = 2/()Ooft(T+U)fs(U) dU,

because fs;(v) = 0 for v > s. Let (7:¢)(v) = g(T + v); this translation is a contraction of
[%(0,00). Then B(t,s) = 2 (T¢fi, fs) and by (t) = 2 (T7r,7). Using || fsll2, [I7]l2 < 1/V/2,

we have

B(t,s) — bn(T)| < 2[(Te(fr — 1), fo)| + 2[{Ter, fs = )| < V2 ([l fe = rlla + I fs = 7]l2),

uniformly in 7 > 0. With €(S) = sup,.¢| fi — r[|2, the left side of (11.23) is at most
21/2¢€(S), which tends to zero by Theorem 11.1.

Next, we write c(v) = 7+ [(g ) ¢ *"v(dx) as in (7.28). Let o(dx) = xv(dx) on (0, o).
Then r(v) = f(0,00) e *o(dx) for v > 0, and ¢ ((0,00)) = lim,|o7(v) = 1 by monotone
convergence. By Tonelli’s theorem,

—XT

e —XT
bn(v) =2 [ eldnedy) = [ e pn(d),

where pg,(dx) = 20(dx) |, (OIW)(x +y)lo(dy). The measure py, is positive with total

mass by, (0) = 2||7[|5 < 1. Hence by, is the Laplace transform of a finite positive measure
on (0,00), and it is completely monotone on (0,0). Also by, (T) < 2|7||2 [[1jr,c0)|l2 — 0.
Along a late pair with diverging lag, we have |B(t,,sn)| < |B(tn,sn) — by (tn —sn)| +
bin(tn —sp) — 0. Taking T = 0 in (11.23), we find B(t,t) — by, (0) = 2||r||5. The
initial term of the Green identity satisfies 0 < R(t,,0)R(s,,0) < R(t,,0) — 0, by (8.12).
Subtracting the initial and thermal terms from (4.10) at (¢,,s,) proves (11.24).
For (11.25), note that r > 0 by Proposition 6.1, and that

bol®) _, [*rE ) g,
r(7) o (1)

As r is nonincreasing, the ratio r(7 + v) /r(7) lies in [0,1]. It tends to one for each fixed v,
by the assumed asymptotics. The measure r(v) dv has finite mass 1 — 4. Using dominated
convergence, we find by, (7)/7(t) — 2(1 —q). O

Remark 11.8 (Square integrable versus integrated response). The convergence statements
of this section concern L? norms and uniform norms of rows. A slowly varying contribu-
tion spread over a growing part of the row can have vanishing squared norm and a posi-
tive integral. This happens for the response in the cubic model. For p = 3 and B > \/4/3,
Theorem 14.7 gives liminf; x(t,0) > 2(1 — gq), while fOL fi(v) dv — fOL r(v)dv <1-—g
for each fixed L. We conclude that, for every fixed L,

t—L
lim inf R(t,u)du>1—g>0,

t—oco JO
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although fOt_L R(t,u)? du — fLoo r2, which tends to zero as L — co. In Section 12, we
prove a statement of this kind for the backward FDT defect.

11.5 The remote response for general pure models

In this section, we prove Proposition 11.11. It is the case 4 > 0 of the remote estimate
(11.7) for general p > 3, which we used in Step 3 of the proof of Theorem 11.1. For p = 3,
we controlled the white-leaf component of a normalized prefix center directly, by the
height inequality of the cubic tree ceiling. For general p, we have no such inequality.
Instead, we test the mean of finitely many independent continuations of the dynamics
against one Gaussian direction built from the Brownian path. The overlap penalty for
a direction independent of the disorder (Lemma 10.2) then plays the role of the height
inequality. That lemma rests on the external-field algorithmic threshold of Huang and
Sellke [92, arXiv version 2, Theorem 1, p. 4, and Corollary 1.8, p. 8]; see Theorem 10.1. As
the test direction is independent of the disorder, we do not need the adaptive disclosure
argument that Section 10 uses for forgetting.

Setting. We work in the setting of Section 10. We take dimension limits along the
subsequence (N;) of Theorem 5.3 and write N — oo for N = N; — co. We keep every
time horizon, branch number, and approximation parameter fixed while N — oo, and
take long-time limits afterward.

Fix an integer K > 1 and times T > 0 and L > 0. We run the diffusion (3.3) up
to time T, driven by the Brownian motion (By),<7, which we call the trunk. From
X7, we run K continuations of duration L, driven by Brownian motions independent
of each other and of (], Xo, (By)y<T). Let Yi,..., Yk be their endpoints at time T + L,
and let my 1 = K1 2{5:1 Y}, be their mean, which also depends on K and L. For each b,
the Brownian path driving the b-th continuation, extended by the trunk on [0, T}, is a
standard Brownian motion on [0, T + L] independent of (], Xp). Since (3.3) has a unique
strong solution, the vector (], Xo, (By)u<t, Yp) has the same law as (], Xo, (By)u<T, XT+1L)-

Let Qk,r and g 1 be given by (10.14) and (10.16), with e = eg(c0). When g > 0, every
sequence T — oo realizes the stationary profile (c,r) by Proposition 8.4, and we may
apply Proposition 10.4 along every such sequence. By Lemma 10.5(i), we have, for every
fixed L > 0,

lim QK,L = C(ZL) = dL/ lim hK,L = hL-
K—o0 K—oo

We now show that the quantity J; defined at the start of Section 11 satisfies
ht :
>0, lim ¢; = 0. (11.26)

p/2 L—

Op = Em —
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The inequality is (8.1); it also follows by letting K — oo in (10.19). The plateau is marginal
by Lemma 8.3, so (10.28) applies, and it gives the limit, because hg 1/ QIp(,/ 5 — hy/ df/ 2 as
K — oo. For p € {3,4}, the quantity J; is the same as in (9.12).

Two lemmas. The first lemma converts the absolute-overlap cost of Lemma 10.2 into
a bound on the overlap with a Gaussian vector from an independent seed. We write
By = {x € RN : ||x|| < v/N}. Recall that B4 = B4(p) is a constant of the model, defined
in Section 1.3; it does not depend on the inverse temperature S.

Lemma 11.9 (Gaussian seed overlap has a threshold cost). Fix p > 3 and 0 < Ly < oco. For
each N, let {y be a random element independent of the coefficient tensor |, let Gy be a standard
Gaussian vector in RN that is a measurable function of {n, and let Ay = AnN(J,{N) € Bn
be measurable. Suppose that, for almost every value of {n, the map | — AN(J,{n) is globally
Lo-Lipschitz, for the Euclidean distances on the ordered coefficient tensors and on RN, Let 6 > 0,
and suppose that

__.__EHy(An)
liminf — NVAN) S g5,
Mo N — ot
Then Ao G
limsuplE’<N'—N>‘ < g l/P e, (11.27)
N—oo N

The constant ,Bgl/ P depends neither on Ly nor on the law of {n. The same holds when N runs
through a subsequence.

The algorithm Ay may depend on Gy; only | must be independent of the seed. If Ay
also depends on parameters held fixed while N — oo, the lemma applies at each of their
values, and its conclusion passes to limits in these parameters taken afterward.

Proof. Let wy = VN GN/||Gn|| if Gy # 0, and wy = v/ Ne; otherwise. Then wy is a
measurable function of {n with ||wy/| = v/N. Since ||Ax|| £ VN, we have

| (AN, Gn) = (An,on) | _ (1O —wnl| _ ‘HGNH B
N - VN VN
For x > 0, we have |x — 1| < |x? — 1]. The variable ||Gy/|?/ N has mean one and variance
2/N, and the expectation of the right side is at most E|||Gy||*?/N — 1| < v/2/N, which
tends to zero.

We use Lemma 10.2 conditionally on {, with direction wy, which is {y-measurable,
and Lipschitz constant L. Writing ay = (An, wn) /N, we have

EHN(AN)
N

1‘.

lim sup {

N—oo

+,3d]E|lZN|p} < Ew-
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Since limsupy (xy +yn) > liminfy xy + limsupy yn, the hypothesis on the energy
implies that Bqlimsupy Elay|P < 6. Holder’s inequality gives Elay| < (Elan|F)!/?,
and hence lim supy, E|ay| < (6/B4)'/P. Combining this with the first paragraph proves
(11.27). The constants in Lemma 10.2 depend neither on the seed nor on the direction. [J

The second lemma identifies the overlap of the mean my r with a Gaussian vector built
from the trunk. It is a weighted form of the Brownian response identity of Lemma 3.4
and Proposition 3.3.

Lemma 11.10 (A weighted Brownian response identity). Fix K > 1, T > 0,and L > 0,

and let k : [0 T] — R be a continuous deterministic function with fo u)>du = 1. Let
Gy = fo u) dBy, where B is the trunk Brownian motion. Then Gy is a standard Gaussian
vector in lRN zndependent of the disorder, and
lim [<mN T GN —\2 / R(T + L, u) du. (11.28)
—00

Proof. The coordinates of Gy are Wiener integrals of the independent coordinates of B.
They are independent centered Gaussian variables with variance fOT k? =1, and they are
independent of (], Xo) because B is.

Let t = T + L. Since Gy is a function of the trunk, the equality of laws noted above
gives E (Y}, Gn) = E (X;, Gy) for each b. Averaging over b, we have E (my 1, Gy) =
E (X, Gn). Suppose first that k = }3' 1 ki1(,, |, is a step function, with 0 = up < --- <
uy, = T. Then

X,G " (X, By, — B, n
E (X Gy) =) ki t LZIV i) = V2 Y ki[ETn(t u;) — ETn(t uim1)],
i=1

i=1

with Ty as in Proposition 3.3. That proposition states that ET(t,u) — [, R(t,w) dw,
and the right side converges to /2 fOT k(u)R(t,u) du.
For a general continuous k and ¢ > 0, we choose a step function k. with supy, 1, |k —

ke| < e. We have || X;||> = N and, by the It6 1s0me’cry,]E||f0 (k—k:) dB|]> = Nfo (k — ke )?.
Using the Cauchy-Schwarz inequality, we find

%)IE<X,5,/OT(k—kS) dB>‘ < (/OT(k—ks)z)l/2 <VTe,

uniformly in N. Also |\/§fOT(k— ke)R(t,-)| < V2Te, since 0 < R < 1. Using the
step-function case for k¢, we obtain

11msup’ (Xe, Gn) \/—/ R(t,u) du‘ < (VT+V2T)e.

N—ro00 N
Letting ¢ | 0 proves (11.28). O
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The Brownian observable goes back to Ben Arous, Dembo, and Guionnet [24, arXiv
version 1, equation (1.9), p. 4, and Theorem 1.2, p. 5], and its hard-sphere limit is
[112, arXiv version 5, Definition 3, p. 22, and Theorem 4.3, p. 23], which underlies
Proposition 3.3. By Lemma 3.4, the left side of (11.28) at finite N equals v/2 fOT k(u)7n(T +
L,u) du when k is a step function; this is the Cameron—Martin identity for a deterministic
force with profile k. We need only its limit, which Proposition 3.3 provides without a
pointwise limit of the finite-dimensional response.

The remote response. We now prove the remaining case of (11.7).

Proposition 11.11 (Remote squared response for general pure models). Fix p > 3 and
B > 0, and suppose that the plateau q is positive. Then, for every L > 0,

t—L
lim sup ; R(t,u)? du < d?L ﬁ;Z/p 5%/;9. (11.29)
t—o0

In particular, (11.7) holds.

The idea is as follows. We choose the weight k in Lemma 11.10 proportional to the
remote response row u — R(T + L,u) on [0, T|. Then the overlap of my 1 with Gy is

/252(T + L, L) in the limit. After normalization by /Qk 1, the mean my 1 has energy
close to Ey,, and Lemma 11.9 forces this overlap to be small. The coefficient-Lipschitz

approximations of Proposition 10.4 make Lemma 11.9 applicable.

Proof. Fix L > 0 and K > 1, and abbreviate Q = Qg and dx | = Ey, — hK,L/QP/Z. Recall
from (10.19) that dx 1 > 0, and note that Q > ¢(2L) > g > 0. The proof has four steps.
We take the limits in the following order:

(i) N = N; — oo, with T, K, L, and the approximation parameter ¢ fixed;

(ii) T — oo, along an arbitrary sequence;
(ili) € 0;
(iv) K — oo.
Step 1: the test direction. For T > 0, the response is positive by (11.2), and Sp(T+ L, L) =
JER(T 4 L,u)? du > 0. We define

_ R(T+L,u)
- S(T+L,L)V?
The weight kr 1 is continuous and deterministic: it depends on the CK solution and on

the fixed times T and L, not on the disorder or the dimension. It satisfies fOT kZT,L =1.
Lemma 11.10 implies that

T 2
lim E[M} = \/Efo RITHLu du \/282(T+L,L). (11.30)

N—oo N Sz(T—l—L,L)l/Z

kT,L(l/l)

T
0<u< T, GN = / kT,L(u) dBu.
0
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Step 2: the normalized mean and its Lipschitz approximation. Let I, be the metric
projection onto By, and let iiy,7 = I, (mn,r/+/Q). For e > 0, let A}, 1 be the maps of
Proposition 10.4, so that

lim sup %IEH.A%,T —mn 1| < €,
N—ro00

as in (10.20). These maps take values in By. Conditionally on the initial point and on all

Brownian paths, they are globally Lipschitz in ], with a constant that depends neither on

N nor on the seed. The vector Gy is a function of the trunk Brownian path. It is therefore

measurable with respect to this seed, which is independent of |.

We next compare energies. The vectors my 1/+/Q, N1, and AY r have norm at
most 1/N/g. By homogeneity and (10.3), we have ||VHy (x)| < pQng~?~1/2y/N when
l|x]| < /N/gq, where Qy is the tensor norm (3.25). Integrating along segments and
applying the Cauchy-Schwarz inequality, we find that, for random vectors x, y of norm
at most /N /g,

‘IEHN(X) —EHn(y) ) < Dq<1E||x —y||2>1/2,

D — —(p—l)/zsu (]EQZ )1/2’
N N q P4 Np N

and D, < co by Lemma 3.6. We set

T ‘]EHN(WZN,T)
Y1 = limsup — N

N—oo

Ell7 — 2,1/2
, KT:thUlp< T mNj/@”) .

—hk 1
N—oo N

Note that Hy(myx1/v/Q) = Q P/2Hy(my 1) by homogeneity. Comparing energies
through the intermediate vector 171y 7, we obtain

IEHp (A8
M > Q_p/z(hK,L B 'YT) N Dq(5+KT)

= Ep — 0kt — Q P/2yr — Dy(e + k7).

Step 3: the seed cost. By Step 2, the maps Aj 1 satisfy the hypotheses of Lemma 11.9.
The seed is formed by the initial point and all Brownian paths, the Gaussian vector is
the vector Gy of Step 1, and 6 = 6x 1 + Q P/?yr + Dy(e + x7) by (11.31). Lemma 11.9
implies that

lim inf
N—oo

(11.31)

<A§\I,T/ GN >

1/p
N .

limsup E ‘

N—oc0

-1 N
‘ < By /p(5K,L+Q p/2')’T+Dq(5+KT))

To return to my 1, we use E||Gy||?> = N and the Cauchy-Schwarz inequality; the fact that
Gy and the approximation share the trunk seed plays no role here. We have

‘]E<mN'T/\/@Z\; Ai"T’GN>‘ < (IEH’??AI,T/\/Z?—ﬁ’lN,T||2)1/2+ <]E||mN,TI; Ai],THZ)l/Z‘
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Combining the last two displays with (11.30), we find that, for every T > 0,

Q

Step 4: the long-time limits. Let T, — oo be an arbitrary sequence. Using (10.18), we
have yr, — 0. For x7, note that ||TTp, (x) — x|| = (||x|| — v/N)4, and that |/y/Q — 1| <
ly—Q|/Q for y > 0. With y = ||myr|?/N, we find x3 < limsupy E|||mnr||*/N —
Q|?/Q?, and (10.17) implies that x7, — 0. The left side of (11.32) does not depend on «.
Taking T = T;;, — oo in (11.32) and then ¢ | 0, we obtain

limsup So(Ty + L, L) < Q

n—00 — 2

25, (T+ L, L _ _
\/ (LD < By P (dkL+ QP 2yr + Dyle +x1)) P + e + k. (11.32)

—2/p 2/p
Pa™ " OkL-

Since the sequence T,, was arbitrary, the same bound holds for limsup,_,, S»(t,L). This
upper limit does not depend on K. As K — oo, we have Qg1 — d; and éx; — Jr, by
Lemma 10.5(i). This proves (11.29). As d; < 1 and é; — 0 by (11.26), the right side of
(11.29) tends to zero as L. — oo, which is (11.7). O]

Together with Steps 1, 2, and 4 of the proof of Theorem 11.1, Proposition 11.11 proves
strong L? convergence of the response rows, the exact limits of the squared tails, and
x(t,0) = o(+/t) for every pure model with p > 3.



SECTION 12

Persistent integrated violation of the
fluctuation—dissipation relation

By Theorem 11.5, the backward FDT defect E(t,s) = 9;C(t,s) — R(t,s) tends to zero
in Lz(O,t) as t — oo. In this section, we prove that, above the dynamical transition,
the defect nevertheless does not disappear. Its positive part keeps an integrated mass
bounded below by a positive constant on the part of the row away from any fixed initial
interval [0, S] and any fixed recent strip [t — L, t]. This is what we mean by a persistent
integrated violation: the defect is small in L?, but it has positive integrated mass, spread
over a history whose length grows with t. The two statements are compatible. By the
Cauchy-Schwarz inequality, a mass m spread over an interval of length ¢ forces a squared
norm of at least m?/¢, and here ¢ grows like t.

The main result is Theorem 12.4, and its proof has two ingredients. The first is Propo-
sition 12.1. The energy identity determines the response integrated against the weight
pC(t,u)P~1 over the whole row, and stationary convergence determines the contribution
of a recent strip. The remainder identifies one weighted ratio of the slow response with
the number x = (p —2)(1 — gq)/q. The second ingredient is Lemma 12.3, an elemen-
tary inequality for one absolutely continuous function, which converts a deficit in this
weighted response budget into a lower bound on the unweighted positive defect. This
inequality is sharp (Remark 12.5).

The proofs use the energy identity (4.1), the selected plateau and energy of The-
orem 8.5 together with stationary convergence (8.11), forgetting (8.12), the absolute
continuity of correlation rows from Theorem 5.3, and Theorem 11.5. The results of this
section prove (1.10) and (1.11) in Theorem 1.2. We return to them in Section 17.

The physical mechanism is the one described by Cugliandolo, Dean, and Kurchan
in [54, arXiv version 2, equations (12)—(14), p. 3, equation (18), p. 4, and the integrated-
bounds discussion on p. 3]. Entropy production bounds the violation of the fluctuation-
dissipation relation, and the violation is therefore small at late times; its integral over a
time interval that grows with the age of the system may nevertheless remain of order one.
In our setting, the smallness at late times is Theorem 11.5, which rests on the entropy
bound of Theorem 5.3. The lower bound on the integrated violation for the CK solution
is proved here, from the energy identity.

193
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Standing assumptions and notation. Throughout this section, we fix an integer p > 3
and B > Bq. By Theorem 8.5, the plateau g = g5 is the larger root of

Bp(p—1)g" 2(1—q)* =1, (12.1)
and the limiting energy is
eoo = ep(00) = tlLToeﬁ(t) = [3[1 +(p— 2)177’_1 —(p— 1)q7’]. (12.2)

Since B > B4, we have g > g4 = (p —2)/(p — 1), as noted before Theorem 8.5. Indeed,
the function g(y) = y?~2(1 — y)? is decreasing on [gm, 1], where g = (p —2)/p < 44,
and B*p(p —1)g(qq) = B*/B% > 1. The larger root of (12.1) therefore lies in (g4,1). We
set

(p=2)0-q) , _5_ C= (12.3)

X = ’

q p

The inequality g > g4 is equivalent to (p —2)(1 — gq) < g, which means that x € (0,1).
Using (12.2), we find

4= (=10 = (p=2g =g [(p-1) - L] = (-0 >0

where we used (p—1) — (p—2)/9g=1—(p—2)(1 —¢q)/q. Equivalently,

%" —(1-¢") =q° —d, = xq. (12.4)

We write E(t,s) = 0sC(t,s) — R(t,s) for t > s > 0, as in Section 11.3, and E; =
max{E,0}. For t > 0, we use the right earlier derivative at s = 0 and set E(t,t) = 0,
consistently with the left earlier derivative at the diagonal. Recall from Theorem 5.3 that,
for each t, the row u — C(t, u) is absolutely continuous on [0, ¢], and that its derivative on
(0,t) is the continuous function 9,,C(t, u). In particular, E(t,-) is integrable on (0, t). Let
(¢, r) be the stationary profile, with r = —¢’, ¢(0) = 1, and ¢ decreasing to g. Stationary
convergence (8.11) implies that, for every fixed A > 0,

lim sup {|C(tt—v)—c(v)|+ |R(t,t—v)—r(v)|} =0. (12.5)

t—>°°0§v§A

12.1 A weighted slow ratio

Proposition 12.1 (An exact weighted slow ratio). For each fixed A > 0, the denominator
below is positive for all large t, the ratio has a limit as t — oo, and the subsequent limit as A — oo
is

—A _
C(t,u)P~IR(t,u) d
Ilim lim Pfo (t ) (1) du

Aot C(HE— AP —C(H0)P * (12.6)
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Further, the weighted signed defect has the full-row limit

t
- -1
tlggop/o C(t,u)P7 E(t,u) du = d,. (12.7)

The idea is as follows. By the energy identity, the total weighted response p fot CP-IR
tends to e« /B. A recent strip of length A contributes 1 — ¢(A)?, as for an equilibrium
profile, and its contribution tends to 1 — g¥ as A — co. By (12.4), the older part of the row
carries the remaining weighted response xg?, while the correlation raised to the power p
falls from about g to zero across it.

Proof. By the energy identity (4.1), we have pfo (t,u)P~IR(t,u) du = eg(t)/p, which
tends to eo/B = 1 — d.. Fix A > 0. Using the change of variables u = t — v and (12.5),
we find

p/ C(t,u)P"IR(t, u) du—p/ (t,t —0)P7IR(t,t —v) do
—>p/ v) do=1—c(A),

where we used r = —¢’ and ¢(0) = 1 in the last step. Subtracting, we see that the
numerator in (12.6) converges to ¢(A)? — d.. We have C(t,0) — 0 by (8.12) and C(t,t —
A) — c(A) by (12.5). The denominator therefore converges to c(A)? > g7 > 0; in
particular, it is positive for all large t. The ratio converges to

c(A)y T (AP

As A — oo, we have c(A) — ¢, and this tends to 1 — d../qP = x. The two limits are taken
in this order, and no interchange of limits occurs.

For (12.7), fix t > 0. The row u +— C(t,u) is absolutely continuous on [0,t] with
values in [0,1]. It follows that u +— C(t,u)P is absolutely continuous, with derivative
pC(t,u)P~19,C(t,u) almost everywhere. Integrating over [0, ¢] and using C(t,t) = 1, we
have ,

p/o C(t, u)P~19,C(k u) du = 1 — C(t,0)P.

Subtracting the energy identity, we arrive at the exact identity

p/OtC(t,u)”_lE(t,u) du=1-C(t0)? — %

whose right side tends to 1 — (1 — d,) = d.. This argument does not require the row to
be monotone. O
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Remark 12.2 (Interpretation of x). In the asymptotic solution of Cugliandolo and Kurchan,
the number x = (p —2)(1 — q)/q is the value of the fluctuation—dissipation ratio in the
aging regime; see the paragraph after [51, arXiv version 1, Equation (12), p. 6]. There,
for late pairs of times with correlation below the plateau, the response is predicted to
be x times the earlier derivative of the correlation, in the normalization of this paper.
Proposition 12.1 identifies x with one ratio of weighted integrals over the older part of
the row. It does not show that the ratio R(t,s)/9;C(t,s) converges to x along late pairs;
we discuss that statement, and its integrated form, in Section 17.

12.2 Transport of the response budget

We now remove the weight CP~1. On the interval [S,t — L], the correlation u — C(t,u)
rises from about zero to about ¢(L). The weighted response budget p |, St ~L'CP-1R on this
interval tends to ¢(L)? — d., which is smaller than ¢(L)". If the defect were nonpositive
on the interval, the correlation could not rise faster than the response allows, and this
budget would control the increase of C(t, -)?. The following lemma quantifies the failure
of this control in terms of the positive part of the defect. No monotonicity is required.
To see the idea, let z > 0 be absolutely continuous and ro > 0. If z/ < rg almost every-
where, then (zP) = pzP~'z' < pzP~1ry, which implies that z(0)? < z(u)? + p [ zP~1r.
The lemma bounds the positive part of z’ — 7y from below when this inequality fails.

Lemma 12.3 (Response-budget transport). Let u < v, let z : [u,v] — [0,00) be absolutely
continuous, and let rg > 0 be integrable on [u, v]. Set

J= /MUZ(S)Plro(S) ds, e=2z'-r, D= [Z(U) — (z()F + p])l/pL

Then 0 ”
/ (eg)+ ds > D, (v — u)/ (e0)% ds > D2 (12.8)
u u

Here ] is finite because z is bounded on [, v], and ¢ is integrable because z’ and rg
are. If (ep)4+ is not square integrable, the left side of the second inequality is infinite.

Proof. Let z = (z(u)? + pJ)/P. If 2 > z(v), then D = 0, and both claims hold because
(eg)+ > 0. Suppose that z < z(v), so that D = z(v) —z > 0.

We first treat the case Z > 0. For a > 0, we define the clipped power weight and its
primitive by
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The function V; is continuously differentiable on [0, ), and its derivative V, = w, takes
values in [0,1]. Then V, oz is absolutely continuous, with derivative w,(z)z’ almost
everywhere. We use two pointwise bounds. As 0 < w, < 1, we have (eg)+ > w,(z)eg. As
ro > 0 and w,(y) < (y/a)P~!, we have w,(z)rg < zP~lrg/aP~!. Integrating, we obtain

/U(eo)+ ds > /U wa(2)z' ds — /U wy(z)rg ds > Vy(z(v)) — Va(z(u)) — ML_T
We now take a = Z and compute the right side. From z(u)? < z?, we have z(u) < zZ and
Vz(z(u)) = z(u)P/(pzP~'). From z(v) > z, we have Vz(z(v)) = z(v) — (p — 1)2/p. Using

z(u)P + pJ = zF, we find

Va(2(0)) — Va(z()) — - = 2(0) — P= 15 _ 2"+ p]

This is the first inequality in (12.8). The primitive V; is evaluated only at the endpoints,
and excursions and returns of z inside [1, v| do not affect the bound.

If z=0, then z(u) = 0and | = 0. For 0 < ¢ < z(v), the computation above with a = ¢
gives

/Mv(eo)+ ds > Vi(2(0)) — V(0) — 0 = 2(0) — P— L.

p
Letting ¢ | 0, we find || uv(e + > z(v) = D. Finally, the Cauchy-Schwarz inequality gives
D? < (f;(eo)+)2 < (v—u) 5( )i which is the second inequality. O

12.3 The persistent defect

Theorem 12.4 (A positive slow defect and a physical rate constraint). Set
myp = c(L) — [e(L)P — d*}l/p, Meo = q(1—x7) > 0.

For every fixed S > 0 and L > 0,

t—L
lim inf Ei(t,u) du > mp, (12.9)
t—oco J§
t—L
lim inf(t — § — L)/ E.(t,u)?® du > m?. (12.10)
—00 S

Further, mp T me as L — oco. In particular,

t t
lim / Eo(t,u)? du =0, liminft/ Ec(tbu)? du>g(1—-2P)% >0 (1211)
t—o0 Jo t—o0 0
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The backward FDT defect tends to zero in L%(0, ), but not at a rate o(t~1/2): by (12.11),
we have liminf; v/t ||E(t, )| 12(0,) = Moo The constant my, is the limit of the transport
distance D of Lemma 12.3 on the interval [S, t — L]; we show in the proof that its radicand
c(L)P — d, is positive.

Proof. We first compute the limits of the endpoint values and of the weighted response
budget on [S,t — L]. We then apply Lemma 12.3 on that interval. Finally, we study m
and deduce (12.11).

Step 1: the budget on the remote part of the row. Fix S >0and L > 0,and lett > S+ L.
We set

t—L 1
]f:/s C(t,u)P"R(t, u) du.

As in the proof of Proposition 12.1, with A = L, we have p fOt_L C(t,u)P~IR(t,u) du —
c(L)? — d,. The omitted initial interval is negligible. Indeed, since 0 < C <1, we have

0<p/ (t,u)P"IR(t,u) du < pS sup R(t,u) — 0,

0<u<s

by (8.12). We conclude that pJ — c(L)? —d,. Further, C(t,S) — 0 by (8.12), and
C(t,t —L) — c(L) by (12.5).

Step 2: transport. We use Lemma 12.3 on [S,t — L] with z(u) = C(t,u) and ro(u) =
R(t,u). The function z is absolutely continuous with values in [0, 1], ry is nonnegative
and bounded, and ¢y = z’ — g = E(t, -) almost everywhere on (S,t — L). The transport
distance is

D; = [C(t,t —L)— (C(t,S)" + ph)””] .
By Step 1 and the continuity of y ~— y!/? and of y — v, we have

lim Dy = [c(L) — (c(L)P - d*)”’”} = my.

t—o0 +

The radicand is positive: ¢(L) > g and (12.4) give c¢(L)? —d, > g¥ —d, = xq” > 0. It is
also smaller than c(L)*, because d, > 0. Hence m > 0. Using Lemma 12.3, we obtain

t—L t—L
/ Ei(t,u)du>D;,  (t—L— S)/ E.(t,u)? du > D2
S S

Taking the lower limit as  — oo proves (12.9) and (12.10).



12 Persistent integrated violation of the fluctuation—dissipation relation §123 199

Step 3: the constants and the rate. Let ¢(y) =y — (y* —d.)"/? fory > d'’? . Then

_ p -1)/
) =1-y (- a) T =1 (S )(p "

7 <0,

and ¢ is strictly decreasing. We have g > d,, and c(L) decreases to g as L — oco. It
follows that m; = ¢(c(L)) increases to

1/ 1/
p(@) =q—(a" —d) " =g~ (xq")"" = q(1 - xP) = ime,
where we used (12.4). As x < 1, we have mq > 0.

We have 0 < E; < |E|, and Theorem 11.5 implies that fot E4(t,u)? du — 0. For the
lower bound in (12.11), fix L > 0 and take S = 0. For t > L, we have

t t—L
t/ Ey(t,u)? du > (t — L)/ E. (t,u)? du.
0 0

The lower limit of the right side is at least m?, by (12.10). Letting L — oo, we find
lim inf; ¢ fot E2 > m2, = q*(1 — x!/P)2. This completes the proof. O

The lower limit in (12.9) is nonincreasing in L, because the integrand is nonnegative
and the interval shrinks as L grows. It therefore has a limit in [0,00] as L — oo. Since
my, > my for L' > L, we obtain, for every fixed S > 0,

t—L
lim lim inf Ei(t,u) du > me. (12.12)

L—oo t—o0 Jg

Together with (12.11), this is (1.11).

Remark 12.5 (Sharpness of the transport inequality). The constant in Lemma 12.3 is sharp
for the problem with prescribed endpoint values, interval length, and weighted response
budget. Let nonnegative endpoint values zp,z; and a budget | > 0 be given, with
z=(zp +pJ)/P <z;,and let 0 < ¢ < v — u. On [u,u + ¢, we let z increase linearly from
zo to Z and set rg = z’. Then ¢y = 0 there, and

p

u+te u+te 7P — >
/ 2P~ 1ry ds = / 2Pl ds =" 0 — ]
u u p

On [u + ¢,v], we let z increase linearly from Z to z; and set rp = 0. Then ey = (z1 —
z)/(v — u — ¢) there, and

/uv(eo)+ ds=2z;—z2=D, (v—u) /uv(eo)z+ ds =

The first inequality in (12.8) is an equality for each ¢, and the second becomes an equality
as ¢ | 0. This optimality concerns the inequality of Lemma 12.3 for the stated class of
functions. We do not know whether the constants m and me. are optimal for the CK
solution.

v—u
— D%
v—u-—¢



PART IV

Three-time geometry in the cubic model



SECTION 13

Saturated tree vectors and the product inequality

This section and the next concern the cubic model. In this section, we study unit vectors
of the tree Hilbert space whose cubic tree energy is close to the ceiling Ey, of Theorem 9.2.
We prove two results about such vectors. The first, Theorem 13.2, states that the root
operator Z*v of a vector close to the ceiling is close, in suitable coordinates, to one
universal integral operator on L?(0,1). The second, Theorem 13.5, is a product inequality
for three such vectors whose overlaps are nonnegative at every height. Lemmas 13.1
and 13.4 are the intermediate steps.

The section is deterministic. It uses the tree Hilbert space of Section 7 and the cubic
ceiling of Theorem 9.2, with the retained defects (9.2) and (9.3) proved in Section 9.
Nothing about the CK equations is used. In Section 14, we apply both theorems to
the normalized prefix centers of the cubic CK solution: Theorem 13.5 gives the three-
time product inequality of Theorem 14.3, and Theorem 13.2 is the main input of the
susceptibility bound in Theorem 14.7.

Notation. Throughout this section, p = 3, so that the grafting map Z: H @ H — H is
binary. Recall from Section 7 that H is a real separable Hilbert space, that Z is an isometry,
and that its range is the orthogonal complement of the one-leaf summand. The one-leaf
summand is the subspace of height zero, and we have

IT* = 1d —T1,. (13.1)

We write I1; for the projection onto trees of height exactly j and 1<y = Zszo L1;; the
projections I1; are orthogonal and sum to the identity. As in Section 7, we identify a
tensor x ® y with the Hilbert-Schmidt operator |x)(y|, which maps z to (y, z) x. Then Z*v
is a Hilbert-Schmidt operator on #, and ||Z*v||gs < ||v||. We write (A, B)yg = tr(A*B),

so that
(la)(bl, [e)(d])y = {a,c) (b, d) .
For v € H, let

2

f©) = (0.I(080) = (T, 0) 0y F=

and, for a unit vector v, let 6(v) = F. — f(v) be its deficit. By Theorem 9.2, we have
5(v) > 0 for every unit vector v. The cubic tree energy of (7.5) is h(v) = v/3f(v), and

201
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Eg, = V/3F.. Hence the deficit 5(v) = (Eg, — h(v))/+/3 is the energy deficit divided by
V3.

For a unit vector v, we use the height masses of Theorem 9.2:
U] = H]'Z), b] = ||TJ]'||2, B]' = Zbi, Cl]' = b], E = sup b],
i<j j=0
with B_y = B_, = 0. Note that B; T 1 as j — 0.

The height rule. A graft has height one plus the larger of the heights of its two children.
This means that Z maps II;H ® ILtH into I, k)41, and

Z(x@y)= Y  I(xelky) (>1), ILZ=0. (13.2)
max(i,k)=j—1

Taking adjoints, we find that Z*I1y = 0 and, for j > 1,

Il = Y, IL(ZTo)I. (13.3)
max(i,k)=j—1

In words, the height-j component of v is carried by the blocks IT;(Z*v)IT; of the root
operator with max(i, k) = j — 1. We call j the root height of these blocks. Blocks with
different root heights are orthogonal in the Hilbert-Schmidt inner product, and the
restriction of Z* to I;/H is an isometry for j > 1, by (13.1).

The retained defects. Let v be a unit vector with deficit . By (13.2) and the isometry of
7 (see also Lemma 9.1), the projected graft ¢; = I;Z(v ® v) satisfies

Hg]H2 = (% ' lbibk = BJZ B2 = b] 1S S]' = 1/B]',1 + B]',2. (134:)
max(i,k)=j—

Let 6; be the angle between v; and g;, with the convention cosf; = 1 when v; = 0 or
gj = 0. We use three consequences of Theorem 9.2. The first inequality in (9.2) implies
that

b < (2 b2> < (4v26)1/2 = 25/451/2) (13.5)
and (9.3) states that
1
Zaja]-_lsj(l — cos Gj) </, - Z —a;_ 1) 2 <8, (13.6)
j>1 2=

13.1 The universal operator at a saturated root

By (13.5), a vector close to the ceiling has small mass at every height. The retained defects
(13.6) give more information: they bound weighted sums of the variations a; —a; 1 of
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the height amplitudes and of the angular errors 1 — cos 6; between v; and the projected
graft gj of the lower components. The next lemma shows that, as a consequence, the
root operator of v is close to an operator whose coefficients in the normalized height

directions v}/ /bj, for b; > 0, depend only on the height masses.

Lemma 13.1 (Coherent approximation of a root). Let v be a unit tree vector with § = 6(v) <
1. There exists a symmetric Hilbert—Schmidt operator A, with || Ay|lus = 1 and height blocks

LA, — el max(i, k), (13.7)

VBr+Bu1

where a zero denominator means a zero block, such that
IZ%0 — Ayl < Ko'/*. (13.8)
Here K is an absolute constant; one can take K = 5.

Proof. The proof has three steps. First, we define A, one root height at a time and
compute its norm. Second, we compute the error at each root height. Third, we sum the
errors: at root heights above a small cumulative mass ¢, we use the retained defects; the
remaining root heights form an initial segment of small mass.

Step 1: definition and normalization. For j > 1, let g and S be as in (13.4). We define
the component of A, at root height j by
. T*¢: .
Al) = S_g] ifs;>0, A0 =0 ifs;=0,
]

and we set A, = Li>1 A, Using (13.2) and Z*Z = Id, we have

'gi= Y, lo)(wl

max(i,k)=j—1

With h = j — 1, the denominator s; equals \/m, and the blocks of A, are those
in (13.7). The block with indices (k,i) is the adjoint of the block with indices (i, k),
and therefore A, is symmetric. By (13.4) and the isometry of Z, we have ||AU) s =
|]ng2/s]2. = bj_1 when s; > 0. When s; = 0, we have B; | = 0, and in particular b; ; = 0.
The components with different root heights are orthogonal. Summing over j, we find

[Aollfs = Y bio1 =) by =1.

j>1 h>0
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Step 2: the error at one root height. By (13.3), we have Z*v = Yi>1 T*vj, and Z*v; lies in
the same root-height component as AU). By orthogonality,

120 — Aylfis = Y_|IT%0) — AV .
=

For j > 1, the vector v; lies in the range of Z, and (13.1) gives ||Z*vj||}s = bj. If s; > 0,
then, since g; also lies in the range of Z,

_ (9, IT7g) _ (95:8j)

<I*U]" A(])>HS o S]' Sj

= El]'a]',1 CcOos 9],

where we used ||g;|| = a;_1s; from (13.4). The error at root height j is
HI*’()]' — Av(]) ”%IS = b] + b]'_l — 251]'11]'_1 CcOoSs 9] = (11] - El]'_l)z + 2(1]'11]'_1(1 — COS 9]) (13.9)
If s; = 0, then b; 1 = 0 and the error is b;, in agreement with (13.9).

Step 3: summation. If § = 1, then (13.8) holds with K = 2, because both operators have
Hilbert-Schmidt norm at most one. We assume from now on that § < 1. Fix e € (0,1).
We first consider the root heights j > 1 with B; , > ¢. For these, 5]2. = Bj 1+ Bj 2 > 2e

Multiplying each term of (13.9) by s;/ v/2e > 1 and using (13.6), we obtain

~ 46
T v; — AW s —a;,_1)*+2a:a;_1(1 —cosB;)| < —.
j:B]-Z22>s|| ] ||HS ]; ][ j— 1 7% 1( ])] = \/E

The remaining root heights form an initial segment. Let m, = min{k > 0 : By > ¢},
which is finite because By 1 1. The condition B; » < ¢ holds exactly when 1 <j <m,+1,
because B is nondecreasing. On this segment,

me+1 _ me+1 _
Y bj < By + b, + b1 < €420, Y bj_1=Bu <e+b.
j=1 j=1

Using [[x —y* < 2/|x||* + 2||y||* together with || Z*v||}g = b; and |AD||2¢ = bj_1, we
find that the errors on this segment sum to at most 4¢ + 6b.
Adding the two bounds and using (13.5), we obtain

46
V2e

We choose ¢ = 61/2. Then 6%/% < §1/2, because 6 < 1, and the right side is at most
(44 6-25/% +2/2)81/2 < 2561/2, This proves (13.8) with K = 5. O

170 — Aullfys < 4e+6-274512 +
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When the height mesh b is small, the denominator in (13.7) is close to /2By, and By,
varies almost continuously with the height. In the coordinate x = B, on (0, 1), the blocks
then become the values of one function of two variables. This is the content of the next
theorem.

Theorem 13.2 (Universal threshold root). Let K be a fixed separable infinite-dimensional
Hilbert space, and let 1 denote the constant function one in L*>(0,1). If ||v,|| = 1 and f(v,) — F.,
then there exist isometric embeddings V,: H — L*(0,1) @ K satisfying Vv, = 1, for which

1

VoL 0,V — T ®0 in Hilbert-Schmidt norm, T(x,y) = ———. (13.10)
2max(x,y)

Here T is the integral operator on L2(0,1) with kernel T. The operator T is positive and trace
class, with the positive frame

_3/2|1[0,Z]> <1[O,z]| dz. (1311)

AV
f Y
In particular, tt T = /2 and || T ||gs = 1.

Remark 13.3 (Interpretation of the universal kernel). In the coordinates of Theorem 13.2, a
point x € (0,1) stands for the height at which the cumulative squared mass of v, reaches
x. The kernel says that, at the threshold, the root of v, couples two children at cumulative
masses x and y with a weight that depends only on the larger of the two, that is, on the
taller child. In this continuum description, the weight (2max(x,y))~'/2 is, up to null
sets, the unique nonnegative function of max(x,y) that gives squared root mass dx to
each band of cumulative mass dx: the pairs (¥, ") with max(x’,y’) € [x, x + dx] have
area 2x dx, and T? - 2x dx = dx. (At a finite root height j, the coherent approximation
of Lemma 13.1 carries the squared mass b;_; of the height below.) The threshold value
itself is the quadratic form of 7 on the constant function:

2v/2
(1,71) 2/\/_ e

This is consistent with f(v,) = (Z*vy, |vs) (vn|)us — F«. The convergence (13.10) holds
in Hilbert-Schmidt norm only, and we do not claim that the traces of the operators Z*v,
converge to tr 7. For this reason, Section 14.2 uses the frame (13.11) only through the
lower semicontinuity of the trace.

Proof of Theorem 13.2. The proof has six steps. After a bound on the height mesh, we em-
bed each v, so that its heights become consecutive intervals of (0,1). In these coordinates,
the coherent approximation of Lemma 13.1 becomes an integral operator with a step
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kernel. We then replace the step kernel by a simpler one and show that it converges to T.
In the last step, we prove the properties of 7.

We write 6, = 6(vy), and bn,j, Byj, and b, for the height masses of v,. When no
confusion can arise, we drop the index n.

Step 1: the height mesh. By (13.5), we have b, <25/ 4(5%/ 2, which tends to zero because
o, — 0.

Step 2: the embedding. For each j with b; > 0, let 9; = v]-/\/b? and J; = (Bj_1,B)).

The vectors 0; are orthonormal, and so are the functions bj_l/ 21 s because the intervals
J;j are disjoint and have lengths b;. Let E;, be the closed span of the vectors 9;, and let
W, : E;, — L?(0,1) be the isometry with Wio; = bj_l/ 21 j;- The orthogonal complement
E;- is separable, because H is separable (it is a countable direct sum of tensor powers
of a separable space). It is also infinite-dimensional, because it contains every vector of
the one-leaf summand that is orthogonal to 9y (or the whole summand if by = 0), and
the one-leaf summand is infinite-dimensional by Section 7.1. We may therefore choose
a unitary map U,: E;- — K. We define V,,(x +y) = W,x ® U,y for x € E, and y € E;;.
Then V), is an isometry, and

Viow= Y \JoWatj= ¥ 1, =1,
j

jb;>0 :b;>0

since the intervals J; cover (0,1) up to a countable set. Conjugation by V; preserves
Hilbert-Schmidt norms, positivity, and traces, because V,;V}, is the identity of H. Further,
Vi) (Y| Vi = [Vax) (Vay |

Step 3: the coherent approximation as a step kernel. Let A, = Avn be the operator
of Lemma 13.1, which applies once 4, < 1. Since V,v,; = 1j, the blocks (13.7) are
transported to

. 17.)(1
V. Mv* - M h = max(i, k).

"VBit+Bi1 " /Byt By
In other words, Vngn V)i is the integral operator on LZ(O, 1), extended by zero on K, with
the step kernel
1

VBi+By1

Recall that the Hilbert-Schmidt norm of an integral operator is the L? norm of its kernel.
Then Lemma 13.1 implies that

Ta(x,y) = x € J;, y€Jy, h=max(ik).

||VnI*UnV;;< - TnHHS = ||I*Un - AnHHS S 55;11/4 — 0.

Here and below, we identify a kernel with its integral operator.
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Step 4: replacement of the denominator. Let T, be the step kernel equal to (2B;) /2
on J; X Jy, with h = max(i, k). The set of pairs (x,y) with max(i,k) = h has area
Zmax(i,k):h bibk = B% — Bﬁfl = bh(Bh + Bh—l)- USil’lg Bh + Bh—l = ZBh — bh, we find

~ | b2 , b
1T, — Tnl|?, = bp(l1—4/1- =) < minJ by, —& ¢,
" i h:§>o h< 2Bh> h:§>o { " 43%}

where we used 0 <1 —+/1 —x < x for x € [0,1]. Fix ¢ € (0,1). The heights with B;, < ¢
form an initial segment, on which ) b, < e. On the heights with B, > ¢, we use the

second term in the minimum and )}, b, = 1. We obtain
1T — Tall2, < e+ ﬁ.
- 4¢2

By Step 1, the upper limit of the right side as n — oo is ¢, and letting ¢ | 0 gives
||T1’l - Tn”LZ — 0

Step 5: convergence to the universal kernel. Let x € J; and y € Ji, with h = max(i, k).
Then max(x,y) < max(B;, By) = By, because x < B;, y < B, and B is nondecreasing. If
h =i, then x > B,_y > B; — by, and if h = k, the same holds for y. This gives

max(x,y) < By, < max(x,y) + by,.
Recalling that T, (x,y) = (2B;,) /2, we find

max(x,y)
max(x,y) + by

() )" < T(y) < Ty)

The union of the rectangles J; x J; has full measure, and b, — 0 by Step 1. Hence T, — T
almost everywhere, with 0 < T, < T. The kernel T is square integrable:

11T 2dy d 21x1dd 1
/0/0 (x,y) yx—/O/OZyX—-

By dominated convergence with the dominating function T2, we have || T, — T||;2 — 0.
Combining Steps 3-5, we obtain

|VaZ 0, Vy — T @ 0||us < || T70, — gnHH'S + HTH = Tullp2 + | Tw — T|2 — O,

which is (13.10). The computation above also shows that || 7 ||us = ||T||;2 = 1.
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Step 6: the frame. For z € (0,1], let P = |1 ,))(1)o ;|- It is positive, of rank one, and has
trace z. The map z + P, is continuous in trace norm, and

1 1
/02_3/2||PZ||1 dz:/o 2712 dz =2,

Thus the integral in (13.11) converges in trace norm, and the right side of (13.11) defines
a positive trace-class operator 7' with

1 1 1 1 1
trT’:—+—/ z73?%.zdz= =+ —==V2
V2 2v2 0 V2 V2
The kernel of P; is 1{max(x,y) < z}. For f,¢ € L?(0,1), Fubini’s theorem gives

1
(f, T'g) = /01 /0 f(x)g(y) [\% + 2\% r:ax(x/y) z73/2 dz} dx dy

= [ FTComsty) dx ay.

Fubini’s theorem applies because |f(x)g(y)| times the bracket is integrable: the bracket
equals T(x,y), since fn11 z73/2dz = 2(m~1/%> — 1), and T is square integrable. We have
shown that 7' = T, which proves (13.11), the positivity of 7, and the value of its
trace. [

13.2 Positive saturated triples

We next compare different vectors close to the ceiling. When two vectors have nonnegative
inner products at every height, the overlaps at different heights cannot cancel. The pair-
deficit lemma below shows that, for two vectors close to the ceiling, little cross mass is
carried by heights at which a smoothed cosine between their prefixes is far from one.
For three vectors, we choose for each of two pairs a prefix that carries almost all of the
overlap of the pair and on which the two vectors are nearly parallel. These two prefixes
are nested, and this gives the product inequality.
For two unit vectors v, w, we write B;’ and B]‘.“ for their cumulative height masses.

Lemma 13.4 (Prefix alignment measured by a pair deficit). Let v, w be unit tree vectors with
dj = (Iljp, IL;w) > 0 forall j > 0. Let D; = Yi<jdi, with D_y = 0, and set

D+ D; 4
Pj = v ]v ]w w A(U,W):Zd]'(l—p]'),

with pj = 0 when the denominator vanishes. Then 0 < p; < 1 for all j. If moreover 6(v) < 1 and
d(w) <1, then
0 < Av,w) < K(6(v)* + 6(w)'4), (13.12)

where K is an absolute constant.
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The quantity A(v, w) is an average of 1 — p; with respect to the cross masses d;, whose
total is (v, w). The ratio p; is a smoothed version of D;/ /B]Z.’B]Z.”, the cosine of the angle

between the prefixes I1<;v and Il<;w. When the overlap of v and w is bounded away
from zero and both deficits are small, the bound (13.12) says that most of the overlap of
v and w, measured by the cross masses dj, is collected at heights where p; is close to one.

Proof. The ratio p; is nonnegative, because all d; are nonnegative. By the Cauchy-
Schwarz inequality on prefixes, D; = (Il<jo,II<jw) < (B]Z-’B]?”)l/ 2, and the same holds

with j — 1 in place of j. The two-term Cauchy-Schwarz inequality /181 + \/a2B2 <
V(a1 + a2)(B1 + B2) then gives

Dj+Dj1 < /(BY +BY_)(BY +BY ).

This shows that p; <1, and A(v, w) > 0 follows.

Next, we compute the Hilbert-Schmidt inner product of the coherent approximations
of Lemma 13.1. Blocks with different index pairs (i, k) are orthogonal, and the block (i, k)
contributes (v;, w;) (v, wy) = d;dy divided by the two denominators in (13.7). For each A,
we have Y av (i) —n didk = D? — D? | = dy(Dy + Dy_1). Therefore

- D2 _ DZ
<Av/ Aw> = Z h hol = 2 dpon = <U, w) — A(v,w). (13.13)
HS 20\ /(By + By )(BY +BY,) 20

If a denominator vanishes, then the corresponding components of v or w vanish at all
heights up to &, and the terms on both sides are zero. The series converge absolutely, since
the sum of the absolute values of the block inner products is at most || Ay ||ps || Aw|/s = 1
by the Cauchy-Schwarz inequality. In the last equality, we used ), d), = (v, w).

On the other hand, by (13.1), we have

(T"v, T"w)yg = (v, IT"w) = (v, w) — dy.
Subtracting this from (13.13), we find
A, w) =do+ (T, T"w)yg — <AU, Aw>Hs'

Using || Z*w]||us < 1, || Ao|ls = 1, and Lemma 13.1, we bound the difference of the two
inner products by

IZ%0 — Aolls|| T w1 + | Ao s | T5w — A llns < 56(0)'/* +55(w)/*.

The leaf overlap satisfies dy < (b + bf’) /2, and (13.5) implies that bj < 25/45 (0)1/ 2 <
25/4§(v)'/4, and similarly for w. Combining these bounds, we obtain (13.12) with K =
7. O
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We now state the product inequality. Note that if (IT,v;, IT,v;) > 0 for all &, then
(vi,v;) = L (ITyv;, ITv;) lies in [0, 1].

Theorem 13.5 (Product inequality for positive threshold states). For ¢ € (0,1], let w(d) be
the supremum of

[(01,03) (02,03) — (01, 02)]

over all triples of unit tree vectors vq,vy,v3 such that <Hhvl~, Hhv]'> > 0 for all h > 0 and
i,j € {1,2,3}, and such that max; 6(v;) < 6. Then w(8) — 0as 6 | 0. In other words, every
such triple satisfies

(01,02) > (01,03) (02, 03) — w0 (max(vy) ), (13.14)
1
with an error that tends to zero uniformly over such triples as their maximal deficit tends to zero.

Proof. The proof has four steps. We fix k¥ € (0,1] and first treat triples with (v, v3) > «

and (vp,v3) > . For each i € {1,2}, we choose a height H; such that the prefix IT<;,

contains almost all of the overlap between v; and v3, and such that the prefixes of v; and

v3 up to H; are nearly parallel. The prefixes up to H; and H, are nested, which lets us

compare v and v; on the shorter one. The last step treats triples with a small overlap.
Throughout, we write

cij = (i, vj), dijn = (o, To;) Dijn = k;hdij,kr Bin = k);;l||nkviH2~

We let pj3 , be the ratio of Lemma 13.4 for the pair (v;, v3), and set

b = sup||I1,v;]%, e =b+ A(v1,03) + A(vp, v3), = e
ih

Let § = max; 6(v;) < 1. By (13.5) and Lemma 13.4, we have
g < 25/451/2 4 2851/% < Kool/* (13.15)

with the absolute constant Ky = 31. In Steps 1-3, we assume that c;3,c23 > « and that
1 < x/4; in particular, ¢ < 1, so that e <77 < el/4,

Step 1: the choice of the grades H;. Fix i € {1,2}. As h — oo, the partial sums D;3,
increase to c¢;3. Let hip be the first height with Dj3;, > c¢;3 — 1. The heights h > hq carry
the cross mass

Y dizn = ciz — Digjg—1 > 1,

h>hg
since either iy = 0 and ¢;3 > « > 71, or Dizj,—1 < ¢;3 — 177. We claim that there exists
H; > hy with
2A(vj, v3)

di3,Hi >0 and 1-— 0i3,H; < ”

<21 (13.16)
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Indeed, if 1 — p;3, > 2A(v;,v3) /1 for every h > hy with dj3), > 0, then

2A(v;, 0
A(vi,v3) > Y dign(1—piap) > 28(vi,03) n = 2A(v;,03),
h>hy n

which is impossible, since A(v;, v3) > 0. (The strict inequality holds because some d3
with h > hy is positive.) The second inequality in (13.16) follows from A(v;,v3) < € = 172.
This is the reason for the choice of H;: the pair deficit is an average of 1 — p;3; with
weights d;3 ;, the alignment can fail only at heights where the cross mass is small, and

the heights beyond h carry cross mass at least 7. Because H; > hg, we also have
Dj3,y. > ciz — 1. (13.17)
Step 2: alignment on the prefix up to H;. Let x; = 1<y v; and z; = 1<y v3, and write
I'=Djy = (xi,zi), X =By, =[x Z =By, = ||z~

By (13.17), we have I' > x —x/4 = 3x/4. Using I' < vVXZ and X,Z < 1, we find
X,Z > T? > 9x?/16. The last increments ¢ = ||I1y,0;|?, ¢ = |[I1y,03]% and v = di3 p,
satisfy ¢,{ < b < eand y > 0, and

o /2 _r g _ 1
ol X —e/2)(Z (/2 VXZ 1-¢ 9 = 18’
where we used (X —¢/2)/X >1—0,(Z—-0/2)/Z > 1—0,and ¢ < x2/16. Using

I'/vXZ <land 1/(1—0) <1420, we have pj3p, < T'/VXZ +20. Combining this
with (13.16), we obtain

16e 4
< (1_Pi3,[—_[i)+20'§217+9— < —77

1-— ;
K2~ K2

J-
N

Leta; =T /Z. Then

I =l = X - 5 = x(1-g7) <2(1- =) < ¥

zZ - XZ
and ||a;zi]| = T/v/Z < v/X < 1. We have established that
22
xi=wizite, e < T\/—€1/4, Jaizi| <1 (i=1,2). (13.18)

Step 3: comparison on the shorter prefix. By symmetry in the indices 1 and 2, we
may assume that H; < H. Applying 1<y, to (13.18) with i = 2, and using [1<p,z> =



13 Saturated tree vectors and the product inequality §13.2 212

. / : /
I<p,v3 = z1, we find Il<p,v2 = axz1 + €} with |le;|| < |lez||. Because the overlaps dj; ,
are all nonnegative, we have

c12 = ;du,h > h;{ dipp = (x1, Tl<pv2) = (@121 + €1, 0221 4 €5) .
I

We expand the last inner product. We have ||a1z1|| < 1, [|azzi|| < [|az2]] < 1, and
ller]] < [|x1|| + ||@1z1]] < 2. The three cross terms are therefore bounded in absolute value
by llesll + llex|l +2[le3 || < (8v2/x)e!/%, and

8v2 14
C12 = a&2B3 g, — — € /4,

For the main term, we use (13.17), B3y, < 1, and c¢13,c03 < 1:

D
23,H, 281/4.

a1082B3 i, = D13 H, Bsr > (c13 — 1) (€3 — 1) > 1323 — 217 > €13C23 —
7 2

Combining the last two displays, we find

2

4
1/4 whenever c13,c23 > k and ¢ < ;1C_6 (13.19)

C12 = €13€23 — 1—8
K
Step 4: uniformity. Let ¥ € (0,1], and let § < 1 be so small that Kpol/* < x2/16.
Let v1, vy, v3 be an admissible triple with max; 6(v;) < d. If c13 < x or 3 < «, then
c13C23 — €12 < c13C23 < Kk, because all overlaps lie in [0,1]. Otherwise, (13.15) and (13.19)
imply that c13cp3 — c12 < 14K_1K(1)/4(51/16. This shows that

w(8) < max{x, 14x~'K}/4s1/16},

and limsupsyw(d) < «. Since x € (0,1] is arbitrary, we conclude that w(J) — 0, as
desired. O]



SECTION 14

Three-time correlations and the susceptibility

This section applies the deterministic results of Section 13 to the cubic CK solution. In
Section 14.1, we establish that the normalized prefix centers have asymptotically the same
overlaps as the correlations divided by the plateau (Proposition 14.2). Combined with
Theorem 13.5, this gives the three-time product inequality of Theorem 14.3 and composi-
tion bounds for last-crossing times (Corollary 14.4). In Section 14.2, we prove the lower
bound liminf; e x(£,0) > 2(1 —gq) (Theorem 14.7). These results prove Theorem 1.3.
The product inequality is used again in Section 15, where it bounds the memory term of
the response equation, and the last-crossing bounds are discussed in Section 17.

Standing assumptions and notation. Throughout this section, p = 3 and B > B4 =
V/4/3, including the critical endpoint. We write g for the selected plateau and (c,r) for
the stationary profile of Theorem 8.5, with r = —¢’. Recall that 4 > 1/2, and that the
bounded-lag translates of C and R converge locally uniformly, as in (8.11). We use the
tree vectors v; and the prefix projections Pr of Proposition 7.1, and the notation f, F,, and
0(-) of Section 13.

It is convenient to index a prefix center by its terminal time and its age. Fors > D > 0,

we define
Ms,D

Mgl

the latter whenever M p # 0. In the notation of Section 7.4, M;p = M;_p(D): it is the
part of the state at time s that is determined by the noise up to time s — D. We call D the
smoothing age of the center.

Fix D > 0. Recall from Theorem 8.5 that the translated kernels converge along every
sequence of times tending to infinity. Hence Proposition 7.5 applies along every such
sequence, and its conclusions hold as T — co. In particular, (7.17) gives ||M;p|?* —
c(2D) > g as s = oo, and U p is defined for all large s. The plateau is positive and
marginal (Theorem 8.5 and Lemma 8.3), which means that Proposition 9.5 applies. Let
hp and Jp be as in (7.18) and (9.12). The cubic tree energy (7.5) is h = V3 f, the function
f is homogeneous of degree three, and Ey, = V/3F,. By (7.17) and (7.18), we have

f(ll D) _ f(Ms,D) _ h(Ms,D) N hp _ Ew — 0D _F _ 5_D
’ IMspl® V3| Msplf? V3c(2D)3/2 V3 V3

MS,D = Ps_pus, us,D

213
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as s — oo. Together with (9.12), this gives

. op .
511—>I£10 [F. — f(Usp)] = 73 l%lg;o op = 0. (14.1)
In all limits in this section, we let the waiting time tend to infinity with the smoothing
age fixed, and increase the smoothing age only afterward.

14.1 From causal centers to actual correlations

In this section, we assume that § > B4. We use the following inputs:

e from Section 11, the remote bound (11.12) on the later derivative (Theorem 11.4),
and the bound (11.22) on the variation of a correlation row across a window (Corol-
lary 11.6), which rests on the strong localization of the response (Theorem 11.1) and
on the Fisher control of the backward defect (Theorem 5.3);

* from Section 9, Proposition 9.5, through (14.1);

e from Section 13, Theorem 13.5;

* from Section 7.4, the complete monotonicity of ¢ (Corollary 7.7).

At B = Bq, we have g = 1/2 by Theorem 8.5, and 68%3(1 — q)?> = 1 by Lemma 8.3.
Then the plateau is positive and marginal, so Proposition 9.5 applies at the endpoint. The
response and Fisher inputs above hold for every p > 0. The argument below uses g > 0
and these inputs, and therefore includes B = B4 directly. It does not use a strictly positive
Fisher margin; the positive relaxation cost of Section 15 retains the strict hypothesis
B> Ba.

These inputs imply that late, remote correlations change little across a window of
length D, uniformly after the waiting-time limit. For the later coordinate, let s > S and
t>s+D. Thens <t—Dandt>S+D,so (11.12) with L = D gives

limsup sup [0:C(t,s)| < 4/c”(2D). (14.2)

S—oo  t>s+D, s>S

The earlier coordinate is controlled by (11.22). Both bounds become small after multipli-
cation by the window length:

D*"(2D) — 0, D /Dmr(u)2 du —0 (D — o). (14.3)

To prove the first limit, we use the spectral representation (7.28). Differentiating under
the integral for t > 0, we have

D2 (2D) = D272Dx dx).
(D)= [ (D v(dx)
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The integrand is bounded by sup, . y?e~% = ¢72 and tends to zero as D — o for every
x > 0, including x = 0. Since v is a probability measure, the first limit follows from
dominated convergence. For the second, recall that r is nonincreasing and fooo r=1-—q.

This implies that Dr(D) < fOD r<1-—g,and

D/ du<Dr(D)/°°r(u) dug(1—q)/:r<u) du —s 0.

D

We use only the complete monotonicity of c here, and not the power law of Section 16.

We place the causal centers and the three-time inequality below in the line of the
normalized time-averaged magnetizations and the spherical product relation discussed
by Cugliandolo and Kurchan [52, arXiv version 1, Section 5.1, Equations (5.1.8)—(5.1.9)].
In that work, the product relation is an asymptotic relation of the physical theory. Here
we prove a uniform one-sided inequality for the CK solution, without assuming a slow
clock.

The next lemma compares a center with the average of the trajectory over the window
that precedes it. For s > D > 0, we define the Bochner integral

1 /5 d
Zip = — .
s,D D /SD Oy AU

It is well defined because u — v, is continuous, and || Z; p|| < 1.

Lemma 14.1 (Causal centers are approximated by local averages). For every fixed D > 0,

. ) > D 2D
lim || M p — Zop|P = 1, 17D=c(2D)+ﬁ/ (D — 7)c( dT——/

14 4)
Moreover, np > 0 and np — 0 as D — oo.

Proof. We expand |[Msp — Zspl|?> = ||Mspl|* + || Zs,p|I*> — 2 (Ms,p, Zs p) and compute the
limit of each term. By (7.17), the first term tends to ¢(2D). Next,

1ZoplP = 5 [ [ Clww) du dw

—>ﬁ/0/0 c(|u—w])dudw:é/OD(D—T)C(T) dr,

where we used the uniform convergence (8.11) on the window [s — D, s]. For the cross
term, let T = s — D, and write Qr(a,b) = (Mr(a), M7(b)) for the Gram kernel of
the prefix centers of Section 7.4. For u = T 4 a with a € [0, D], we have (M;p,v,) =
(Proryp, Pror4,) = Qr(D,a). As noted at the start of this section, (7.16) holds as T — oo.
It implies that Qr(D, a) tends to ¢(D + a) uniformly in a € [0, D], and

2D
(Ms,p, Zsp) = D/ Qr(D,a) da — — / (D +a) D/
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This proves (14.4). The limit #p is nonnegative, as a limit of squared norms.
To show that 7p — 0, let ¢ = ¢ — g, which is nonnegative, nonincreasing, and tends
to zero. The constant g contributes g 4+ g —2q = 0 to #p, so

5 D 2D
qD:g(2D)+ﬁ/ (D—-1)g dT——/

The first term tends to zero. The second is at most 2D~} fOD g, which tends to zero
because g(7) — 0. The absolute value of the third is at most 2g(D), which also tends to
Zero. OJ

Proposition 14.2 (Uniform aging Gram of normalized centers). We have

C(t,s)

lim lim sup sup (U p, Us,p) — =0. (14.5)

D= g 100" §>54D, t>s42D

In particular, the correlation of two late times with a diverging separation does not exceed the
plateau in the limit: if s, — oo and t, — s, — oo, then

limsup C(ty, sn) < g. (14.6)

n—00

In (14.5), the supremum is over pairs for which both centers are defined. For fixed D,
this includes all pairs in the range once S is large.

Proof. The proof has four steps. We first replace each center by the local average of
Lemma 14.1. We then compare the overlap of two local averages with the correlation of
their endpoints. Combining the two steps gives the claim for the unnormalized centers,
and in the last step we divide by their norms.

Step 1: centers and local averages. Since ||M;pl| < ||vs|]| =1 and ||Z;p]|| <1, we have
|(My,p, Msp) — (Zt,p, Zsp)| < IMt,p — Zipll + IMs,p — Zsp .

The limit in (14.4) is a limit as the single variable s tends to infinity, so that

1/2
limsupg_, ., sup,-sl|Msp — Zspll = np /2.

Step 2: local averages and correlations. Lets > S+ D and t > s 4 2D. Then

(Zp,Zs,p) D2/ / ) dw du.

Foru € [t —D,t] and w € [s — D, s|, we compare C(u,w) with C(t,s) by changing the
two coordinates in succession:

t s
Clun,w) =Clts)| < [ 0sClx,w)] dx+ [ 2,Clt,y)] .
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In the first integral, x > u > t—D > s+ D > w+D and w > s—D > S, and the
integrand is bounded by the supremum in (14.2). The second integral is the quantity
bounded in (11.22), since s > S+ D and t > s 4+ D. Averaging over u and w and using
these two bounds, we find

00 1/2
lim sup sup (Zp, Zsp) — C(t,s)| < Dy/c"(2D) + (D/ r(u)? du) :

S—oo  s>S+D, t>s+2D D

Step 3: unnormalized centers. Combining Steps 1 and 2, we obtain

lim sup sup |(Mip, Msp) — C(t,s)| < &p, (14.7)
S0 §>5+D, t>5+2D
where - >
Ep = 21711)/2 + Dy/c"(2D) + (D/ r(u)? du)
D

Lemma 14.1 and (14.3) imply that £&p — 0 as D — co.

Step 4: normalization. For centers that are defined,

C(t,s) ‘ < | (Mt p, Msp) — C(t,5s)|
qg |~ | M pl|||Ms,pl|

As s — oo, the squared norm ||M; p||? tends to c(2D) > g, and this limit is again uniform
over s > Sas S — oo. Using (14.7) and C < 1, we find that the upper limit as S — o of
the supremum in (14.5) is at most

1 1’§5_D+C(ZD)—q'

&p 1
q 7>

c2D) " ‘C(ZD) p
This tends to zero as D — oo, because Ep — 0 and ¢(2D) — g. This proves (14.5).

For (14.6), let e(S, D) denote the supremum in (14.5). By the Cauchy-Schwarz in-
equality, (U;p,Usp) < 1, and we have C(t,5) < g+ ge(S,D) for all pairs in its range.
For fixed S and D, the pair (s, t,) lies in this range for all large n, and therefore
limsup, C(ty,s,) < q+qe(S,D). Letting S — oo and then D — oo proves (14.6). O

1 1 ‘

Uy, Us,p) — gl
(Usp, Us p) Mool g

—i—C(t,s)‘HMtD

We now transfer the product inequality of Theorem 13.5 to the correlations. For S > 0
and D > 0, let

Asp ={(u,s,t):u>S+D, s>u+2D, t >s+2D}.

Theorem 14.3 (Actual three-time product inequality). For the cubic CK solution at B > Bg,
including the critical endpoint,

lim limsup sup [C(t,s)C(s,u) —qC(t,u)], =0. (14.8)

+
D=veo S5—eo0 (M,S,t)e.As/D
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The same holds with the bracket replaced by [C(t,s)C(t,u) —qC(s,u)]+ or by [C(t,u)C(s, u) —
qC(t,s)]+. In particular, for every sequence of triples u, < s, < t,, with u, — 00, s, — Uy — 00,
and t,, — 8, — o,

ligg}f{qC(tn, up) — C(tn, $n)C(sn,un)} >0, (14.9)

and the same holds for the other two inequalities.

Proof. We first check that the centers satisfy the positivity hypothesis of Theorem 13.5.
Recall from Proposition 7.1 that every component of v; is a nonnegative function of the leaf
labels. The projections Pr and ITj preserve this nonnegativity, since they multiply every
component by an indicator function (Section 7.1). The inner product of two nonnegative
vectors is nonnegative, and therefore (IT,M; p, I1,M;p) > 0 for all i,s,t, and D, and the
same holds for the normalized centers.

Let w be the function of Theorem 13.5. Fix D so large that ép/ V34+1/D <1, and
write 0, = 5p/v3+1/D. Using (14.1), we choose Sp such that U, p is defined and
F. — f(Uyp) < 6p forall x > Sp. Let S > Sp and (u,s,t) € Agp. All three times are at
least S, so the triple

v1 = Uy p, vy = Uy,p, v3 = Usp

satisfies the hypotheses of Theorem 13.5 with maximal deficit at most §,. Writing
gxy = (Uy,p, Uy,p), we deduce from (13.14) that

Stu = StsSsu — w(éb)

We now replace the overlaps by correlations. Let e(S, D) be the supremum in (14.5).
The three pairs (s,t), (u,s), and (u,t) all lie in the range of that supremum, since
s>u+2D>S+D,t>s+2D,and t > u+2D. We obtain [C(x,y) — q&xy| < ge for
each pair, with e = ¢(S, D). All correlations and normalized overlaps lie in [0, 1]. Using
C(t,s) < q(gts+e), C(s,u) < q(gsu+e), and C(t,u) > q(ge — e), we find

C(t,5)C(s,u) — qC(t,u) < 4*(grsgsu — ) + 47 (3e + €*) < P°w(8p) + (3 + %),

We take the supremum over Agp and let S — oo. Proposition 14.2 implies that ép =
limsupg_, . e(S,D) tends to zero as D — oo, and w(d,) — 0 by Theorem 13.5, since
0 — 0. We conclude that

lim sup sup [C(t,s)C(s,u) — qC(t,u)], < q°w(sp) +4*(3ep +&h) — 0
S—o0  Agp
as D — oo, which is (14.8). The other two inequalities follow in the same way, by choosing
U;p or U, p as the vector v3 in Theorem 13.5.
Finally, let (uy, sy, tn) be a sequence as in the statement. For fixed S and D, the
triple (i, Sy, ty) lies in Ag p for all large n. Then the upper limit of [C(t,,5,)C(sn, ttn) —
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qC(tn, tn)]+ as n — oo is at most the supremum over Ag p, for every S and D. Letting
S — oo and then D — oo, we find that this upper limit is zero, which implies (14.9). The
other two inequalities are handled in the same way. O

The product inequality implies composition bounds for relaxation times. For a level
c € (0,q), we consider the last time at which the correlation with a given earlier time
is at least c. Here and in Section 15, the letter ¢ without an argument, possibly with an
index, denotes such a level; the stationary profile is always written with its argument, as
in c(W).

Corollary 14.4 (Composition of last-crossing relaxation times). For a level ¢ € (0,q) and
s > 0, define
Oc(s) = sup{t >s:C(t,s) > c}.

For levels c1,¢3 € (0,q) and 0 < cg < c1¢2/q, we have, for every sufficiently large s,
O (5) > O, (O, (s)). (14.10)

More generally, let c1,...,cc € (0,q) be a fixed finite list of levels, and let s) = s and s; =
@Cj(s]-,l)for 1 <j<k. Then

k
lisn_1>i£f C(sg,s) > gt F ]11 Cj.
Proof. We first show that ©.(s) is finite and that C(®.(s),s) = c¢. By Theorem 8.8,
C(t,s) — 0ast — oo, and the set {t > s: C(t,s) > c} is bounded. It contains s, because
C(s,s) = 1, and it is closed, because C is continuous. Its supremum ©,(s) therefore
belongs to it, that is, C(®c(s),s) > c. If this inequality were strict, then by continuity
some t > @O, (s) would also satisfy C(t,s) > ¢, which is impossible.

Next, we show that ©.(s) —s — o0 as s — co. Fix W > 0. By the stationary window
(8.11), we have C(s + W,s) — c¢(W), and the profile satisfies ¢(W) > g > c¢. Then
C(s+ W,s) > c for all large s, which gives O.(s) > s+ W.

Let s; = O, (s) and s, = O, (s1). As s — oo, we have s — 00, 51 —s — o0, and, since
s1 > s, also s —s1 — 00. Applying (14.9) to the triple s < s; < s, along any sequence of
values of s tending to infinity, and using C(s,s1) = ¢ and C(s1,s) = ¢1, we obtain

o cic
liminf C(sy,s) > 222 > .

S—00 q
Then C(s2,5) > ¢ for all large s, and s, belongs to the set that defines @, (s). This proves
(14.10).
For the finite list, we prove by induction on j that liminf; ;e C(sj,s) > q' 7/ [T;< j Ci-
For j = 1, we have C(sy,s) = c1. Let j > 2. The times s; are nondecreasing in j, which
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gives sj 1 —s > 81 —s —» oo, and s; —sj_1 — o0 because s;_1; — co. Applying (14.9) to
the triple s < s;_; < sj and using C(sj,s;_1) = c;, we find

glim infC(s]-,s) > ¢ liminfC(sj_l,s) > chz_jl—[ci,

S—00 S— 00 c
i<j

where the last inequality is the induction hypothesis. This completes the induction. [

Remark 14.5. The definition of ©.(s) allows returns: the correlation C(¢,s) may fall below
c and rise above it again before the last crossing. Theorem 14.3 and Corollary 14.4 are
inequalities. They do not assert a multiplicative composition law for correlations, and
they do not identify an aging clock; see Section 17.

14.2 The susceptibility lower bound

Throughout this section, B > B4; the endpoint B = B4, at which g = 1/2, is included. We
have [;"r =1— g, because r = —c’, ¢(0) = 1, and ¢(7) — g. For p = 3, the marginality
equation (8.6) reads 68%q(1 — q)? = 1, that is,

1
V3G (1—q) = —=. 14.11
PVsval—q) = 7 (14.11)
In this section, we use Theorem 13.2 from Section 13, Proposition 9.5 from Section 9
(through (14.1)), and the strong localization of the response row, Theorem 11.1, from
Section 11. We also use the root frame (7.6) and Proposition 7.5. For p = 3, the root frame
reads

t
T*Pro; = B3 / R(t, 1) |Proy) (Prog| du. (14.12)
0

The root operator of a center is a positive integral of the rank-one operators |Prv,,) (Prv,|,
weighted by the response. Theorem 13.2 determines the limit of the normalized root in
Hilbert-Schmidt norm, but this alone does not determine the limit of its trace, which is
where the total response mass appears. We obtain a lower bound on the trace by first
replacing each old rank-one term |v,)(v,| by the smoothed term |M, p) (M, p|, whose
norm converges. Because of causality, the errors made on time strips at distance at least
D from each other are orthogonal. Their total is therefore controlled by the squared
response row on the old times, which tends to zero by Theorem 11.1. We need no bound
on the integral x(t,0) of the response row; by (11.6), it is only known to be o(v/t).

Lemma 14.6 (Orthogonality of disjoint causal strips). For D > 0 and u > D, let

Fup = |0u)(0u| — |Mu,p) (Mu,p|-
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Ifu,w > D and |[u —w| > D, then (F, p, Fyp)yg = 0. For D < T < t, we have

H/D R(t,u)Fu,p d“HHS < SD/D R(t,u)? du. (14.13)

Ifty, — oo, Ly — o0, and t, — L, > D, then the Hilbert—Schmidt distance between

tn_Ln tl’l_Ll’l
/0 R(ty,u) |vy){vy| du and /D R(ty, u) M, p)(Myp| du

tends to zero.

Proof. We first note that the integrals are Bochner integrals in trace norm. For each fixed
x € ‘H, the map T — Prx is continuous: on each tree summand, Pr multiplies the leaf
kernel by indicator functions of leaf times at most T, and the continuity follows from
dominated convergence, first on each summand and then on their direct sum. Together
with the continuity of u + v,,, this shows that u — M, p is continuous on [D, o). Then
the rank-one operators above are continuous in trace norm, with trace norms at most
one.

Suppose that u > w + D; the opposite ordering follows by symmetry. Then w <
u— D, and we have vy, € Hy C Hy—p and My p € Hy—p C Hy—p. For both vectors
x € {vy, My p}, this gives (vy, x) = (P,_pvy, x) = (M, p, x). Expanding the four rank-
one pairings and using (|a)(al, |b) (b|)us = (a, b)?, we find

<Fu,D/ Fw,D>H5 = <Uu/ Uw>2 - <Uu; Mw,D>2 - <Mu,D, Uw>2 + <Mu,D/ ]\/Iw,D>2
- <Mu,D/ vw>2 - <Mu,Dz ]\/Iw,D>2 - <Mu,Dr Uw>2 + <Mu,D/ ]\/Iw,D>2 =0.

For (14.13), note that |F, pllus < |lou||*> + [|Myupl|*> < 2, and that R > 0. Let g =
1;p,nR(t, ), extended by zero to R, and k = 1|_p pj. By the orthogonality just proved,

T 2 T (T
H/ R(t,u)F, p duHHS :/ / R(t,u)R(t,w) (F.,p, Fu,p)pg du dw
D

<4 / )(kxg)(u) d
By the Cauchy-Schwarz inequality and Young s convolution inequality, the right side is
at most 4(g2/lk * gll> < 4[[kll1[lg]3 = 8D [ R(t,u)? du.

For the last assertion, let T,, = t,, — L,,, and let ft be the lag row (11.3). Substituting
T = t, — u, we have

T, tn
/ R(ty,u)? du = / fou (0% AT < 20 fiy = 1120 +2/ 2dr —0, (14.14)
0 L,

by (11.5) and r € L?(0, o). The difference of the two operators in the statement is

D Ty
/0 R(tn,u)|vu)(vu|du+/D R(ty, 1) Eyp du.



14 Three-time correlations and the susceptibility §14.2 222

The first term has Hilbert-Schmidt norm at most fOD R(ty, u) du <
VD (Jy" R(ty,u)? du)'/2, by the Cauchy-Schwarz inequality. The second term is

bounded by (14.13) with T = T),. Both bounds tend to zero by (14.14). O
Theorem 14.7 (Susceptibility lower bound). For the uniform-start cubic CK solution at
ﬁ = le/
li{ninf)((t,O) >2(1—gq). (14.15)
—00

More precisely, for every fixed D > 0,

. 9(1—9q)

> (1-— . .
h{gglf)((t,O) >(1—¢q)+ c2D) (14.16)

Proof. Let v = liminf; . x(£,0) € [0, 0]. If ¥ = oo, there is nothing to prove. Otherwise,
we choose t, — co with x(t,,0) — 7. All later bounds on the total response mass are
along this sequence. Because ¢(2D) | g as D — oo, the bound (14.16) implies (14.15). We
therefore fix D > 0 and prove (14.16).
The proof has six steps.
1. We choose ages L, — oo such that the centers U, = U;, 1, approach the ceiling and
have the limits (14.17) below.
2. By (14.12), the root operator Z*U, splits into an old part A,, which is an integral
over the times before T;, = t, — L,, and a recent part B,.
3. In the coordinates of Theorem 13.2, the recent part converges to the rank-one operator
2-1211)(1].
4. It follows that the old part converges in Hilbert-Schmidt norm to a positive operator
S with trace 271/2.
5. We smooth the old part with Lemma 14.6. The smoothed operator is positive, and
the lower semicontinuity of the trace shows that its trace is at least 271/2 in the limit.
6. The trace of the smoothed operator is explicit in the limit, and it is proportional to
the old response mass v — (1 — q). Comparing with Step 5 gives (14.16).

Step 1: the diagonal choice. Recall the notation Mr(a) = Prury, and Qr(a,b) =
(Mr(a), M1 (b)) from the proof of Lemma 14.1. Fix an integer k > 1. By (7.16), by (14.1)
with D = k and s = T + k, and by (8.11), the following three statements hold for all large
T:

(i) supg<,p<x |Qr(a,b) —c(a+b)| <1/k;

(i) Mr(k) # 0, and |f(Mr(k)/||Mr(k)||) — Ec + 6/v/3| < 1/K;
(i) | [ R(T+k T+k—1)dr— (1—c(k))| <1/k
For (iii), we used that fok R(T+kT+k—1)dt — fok r =1—c(k). Let 6 be a threshold
such that (i)—(iii) hold for all T > 6, chosen nondecreasing in k and satisfying 6, > k.
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Discarding finitely many 7, we may assume that t, > 1+ 6;. Let L, be the largest integer
k > 1 with t, > k 4 6. For each fixed K, we have t, > K + 0 for all large n, because
ty — oo; therefore L, — oo. Let T, = t, — L,. Then T;, > 0, > L, — oo, and (i)—(iii) hold
with k = L, and T = T,,. We define

MTn(Ln)

Note that x(t,, T,) = T R(ty,u) du = fo "R(ty, tn —T) d7. Since ¢(L,) — ¢q,c(2L,) — g,
and 0y, — 0, the statements (i)—(iii) give

d” = ||Mtn,Ln||2 = QTn (Ln’ L”)’ un = utann =

dn —q,  x(tw,Tp) = 1—9q,  f(Uy) — F (14.17)

We also record a consequence of (i) for the recent states. Fix W > 0, and let n be so large
that L, > W. For 0 < t < W, we have Pr,v;,—r = Mr,(L, — 7), and (i) gives

2,/GQr,(Ly — T, Ly)
Vdn

+0(1),

P10t~ — VA Un|* = Qr,(Lu — T, Ly — 7) + 4 —

2,/qc(2Ly — 1)
Vi
uniformly in T € [0,W]. The function c is nonincreasing with limit g, which gives

c(2L, —271) — g and ¢(2L, — T) — g uniformly in 7 € [0, W]. Together with d,, — g, this
shows that

=c(2L, —27) +q—

sup ||Pr,vt,—c — /q Un| — 0. (14.18)
0<t<wW
Step 2: the old and recent parts of the root. For u < T, we have v, €¢ H, C Hr, and
Pr v, = v,. Applying (14.12) with T = T,, and t = t,, and dividing by \/d,, we obtain
*U, = A, + B, where

ﬁf/ Rt 1) [00) (0] du,
_BV3

tn
/ (tn, 1) |Pr, 00 (Pr, 04| dut.

Both operators are positive and trace class, as Bochner integrals in trace norm of positive
rank-one operators with trace norms at most one.

Step 3: the recent part. By (14.17), Theorem 13.2 applies to the unit vectors U,. Let V;
be the embeddings it provides, so that V,,U, = 1 and V,,Z2*U,V,; — T & 0 in Hilbert-
Schmidt norm. We transport every operator by V;, and write X = V,,XV;’. This preserves
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Hilbert-Schmidt distances, positivity, and traces. We write |1) (1] also for the operator
1) (1] & 0. We claim that

— 1 11)(1| in Hilbert-Schmidt norm. (14.19)
V2
To prove the claim, fix W > 0 and let n be so large that L, > W. We split B, = B}, + B},
at the time t, — W, where B), is the integral over [t, — W, t,]. We write w;, r = Pr,vs,—1
and x, (W) = fow R(tn, tn — 7) d7. Using the rank-one estimate

12 ¢ = 1) W55 < (Ulxll + v ID llx =yl

with x = wy, r and y = /9 Uy, both of norm at most one, we find

/ IB\/—an( ) 25\/_
|8 = S U (Ul [ < S 20 sup s = AU — 0,

by (14.18). Note that x, (W) — fow r, by (8.11). Since V,,|U,) (U, |V;f = [1)(1| and d,, — g,
it follows that

B — ﬁ\@ﬁ(/owr(r) dr)|1><1|.

For the remaining part, since || Pr,v,|| < 1, we have

1Bns < B2 [ Retw 0 = B2 1) - (W)
BV3 W
— W[“ —q) —/0 r(t) dr},
by (14.17). Combining the last two displays, we obtain
1 /3f w
msup|[B, — =] < [6v3vg [ +Ela-g - ]

The left side does not depend on W. As W — oo, we have fOW r — 1 —g, and the right
side tends to zero by (14.11). This proves (14.19).

Step 4: the old part. By Theorem 13.2 and (14.19), A\n =V, Z*u,v; — En converges in
Hilbert-Schmidt norm to S @ 0, where

1
§=T-—5) 1|—2f/

The second expression comes from the frame (13.11). It shows that S is positive and that
trS=tr7T —271/2=271/2

22159 ,1) (1 4| dz.
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Step 5: smoothing and lower semicontinuity of the trace. Let n be so large that T, > D,
and define the smoothed old part

BV3
Ja, Jo

It is a positive trace-class operator. By the last assertion of Lemma 14.6, applied with
the sequences t, and L,, and since d, — q, we have ||A, p — Ax|lus — 0. By Step 4,
Ay p — S @0 in Hilbert-Schmidt norm. We claim that

1
liminftrA,p > trS =

n—yo0 \/E

This is the classical lower semicontinuity of the trace on positive operators, and not
continuity, since the convergence holds only in Hilbert-Schmidt norm. We include
the short proof. Let Q be an orthogonal projection of finite rank on L?(0,1) & K. For
Hilbert-Schmidt operators X and Y, we have tr(QXQ) = tr(QX) = (Q, X) g, S0

| r(QXQ) — tr(QYQ)| < ||Qllus/|X — Yllus = (rank Q)| X — Y| s

In particular, tr(QA, pQ) — tr(Q(S @ 0)Q). For a positive trace-class operator X, we
have tr(QXQ) < tr X, as one sees by computing the trace in an orthonormal basis that
contains a basis of the range of Q. Since tr A, p = tr A, p, we obtain

liminftr A, p > tr(Q(S ¢ 0)Q).

n—o0

AnD—

" R, 1) My p) (M| dit

(14.20)

Let (e;) be an orthonormal basis of L?(0,1), and let Qy be the projection onto the span of
e1,...,ex Then tr(Qr(S ® 0)Qx) = Li< (ei, Se;) increases to tr S as k — co. This proves
(14.20).

Step 6: the trace of the smoothed old part. The trace of a rank-one operator |x) (x| is

1], so
‘jf R(tw 1) z0(u) di,  zp(u) = [ My

Recall from (7.17) that zp(u) — c¢(2D) as u — oo. By (14.17), the old response mass
satisfies

tl‘AnD

Ty
| Rt ) du = x(8,0) = x(tn T) —> 7= (1= q).
Fix ugp > D. For n so large that T}, 2 up, the Cauchy-Schwarz inequality and (14.14) give

0O R(tn, 1) du < \/ug fo (ty,u)? du)'/? — 0. Splitting the integrals at 1y and using
0<zp<landc(2D) <1, we fmd

)/DT"R(tn,u)ZD(u) du—c(zD)/T" R(t, ) du

0

<2/ (tn,u) du + sup |zp(u) — c(2D) |/ (ty, u

U>ug
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We recall that v < co. The upper limit of the right side as n — co is at most
sup,,,, |zp(u) —c(2D)[ (v — (1 — q)), which tends to zero as ug — oo. Together with

dn, — g, this gives
BV3

trA,p — c(2D)(y— (1 —9q)).

Comparing with (14.20) and using (14.11), we obtain

BV3 oDy (- (1 - N N T

U7 @D = (=) > o5 = pV3VA (1~ ).
Multiplying by \/q/(Bv/3), we find ¢(2D)(y — (1 —q)) > q(1 — q), which is (14.16). This
completes the proof. O

Remark 14.8. In the asymptotic solution of Cugliandolo and Kurchan [51, arXiv version 1,
paragraph after Equation (12) and Equation (13), p. 6], the slow sector has the constant
fluctuation—dissipation ratio x = (p —2)(1 —g)/gq. Under this prediction, the total
susceptibility tends to (1 —g) +x9 = (p —1)(1 —q), which is 2(1 — g) for p = 3; formally,
this is the relation (17.1) with ¢ = 0. Theorem 14.7 proves the corresponding lower bound.
The matching upper bound (17.2) is open; see Section 17.



SECTION 15

A Fisher cost for relaxation below the plateau

In this section, we prove Theorem 15.1, which is Theorem 1.4. It concerns the relaxation
of the cubic CK solution below the plateau, measured in physical time. We show that a
growing time window [s,s + 7] on which T [ aF tends to zero ends at the plateau, and
that every first passage of the correlation below a level ¢ € (0,¢) costs a positive amount
of this quantity.

In the proof, we compare the backward response equation of Proposition 4.5, inte-
grated over the window, with a lower bound on its memory term. The Fisher control of the
backward defect (Theorem 5.3), which is the form taken here by the entropy-production
mechanism of Cugliandolo, Dean, and Kurchan [54, arXiv version 2, Equations (12)—(13),
p- 3, and Equation (18), p. 4], makes the integrated defect on the window small. The
additional input is the uniform three-time inequality of Theorem 14.3: for late times
v < u < w with large gaps, it gives C(w,u)C(u,v) < qC(w,v) 4+ 0(1), and we use it to
bound the memory term from below. Its product form has a physical predecessor in
[52, arXiv version 1, Section 5.1, Equation (5.1.8)]. After the calibration of the selected
sector, the two bounds differ by 382(29 — 1)(g — ¢)?, which is positive because g > 1/2.
We also use the remote envelope (14.6) of Proposition 14.2, the response localization of
Corollary 11.2 and Theorem 11.4, the stationary window (8.11), and the forgetting of fixed
waiting times (Theorem 8.8). These results prove Theorem 1.4, and their implications for
relaxation rates are discussed in Section 17.

Standing assumptions and notation. Throughout this section, p = 3 and > Bq =
v/4/3. By Theorem 8.5 and the discussion preceding it, the selected plateau satisfies
q > qq =1/2. We write { = {g = lim; , A(t). For p = 3, the marginality equation (8.6)
and the multiplier formula (8.9) read

68%q(1—q)* =1, (= %q +38%(1 — ¢). (15.1)

Let ar be the Fisher majorant fixed in Theorem 5.3, from the same dimension extraction
used in the physical-fork comparisons. Let E(t,s) = 9;C(t,s) — R(t,s) be the backward
FDT defect. Recall from (11.14) that |E(t,s)|* < ap(s) for t > s > 0, and that [ ar < co.
Every row C(t, -) is absolutely continuous on [0, f], with derivative R(¢,-) + E(¢, -) almost
everywhere (Theorem 5.3). We also use that 0 < R < C < 1 (Proposition 4.6), that
A > 1 by (3.11), which gives ¢ > 1, and that for p = 3 the kernel (4.8) is X(t,u) =

227
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6B8°C(t,u)R(t,u). As in Section 14.1, the letter ¢ without an argument denotes a level in
(0,9), and the stationary profile is always written with its argument, as in ¢(2D).

Theorem 15.1 (Fisher-small windows and all-level passage costs). Suppose that s, T, > 0,
Sy — 00, T, — 00, and
Sn+Tn
Tn/ ar(u) du — 0. (15.2)
S

n

Then
C(sn + Tu,Sn) — 4, X(Sn+ T, sn) > 1 —1. (15.3)

For a level ¢ € (0,q) and s > 0, define the first passage lag
T(s) =inf{t > 0:C(s+1,5) < c}.

It is positive and finite, satisfies C(s + t(s),s) = c, tends to infinity as s — oo, and satisfies

s+1(s)
lirginfrc(s)/ ap(u) du > cg(c), (15.4)
liggi?frc(s)/s ap(u) du > cg(c), (15.5)

where the explicit positive constant is

209, 212
cﬁ(c):min{l, {35 QL;;[(; J } } (15.6)

Remark 15.2 (The constant and the endpoint). By (15.1), we have 382 = (29(1 —g)?)~!
and ¢/ = (1+3q)/(29(1 —q)), so that

(p15p = 8T8 -V (29-1)@—0)
29(1—gq)? ¢+ 15p2 6 +2q — 3q>

For 1/2 < g < 1and a level ¢ € (0,9), we have 6 +27 —3g> =5+ (1 —q)(1+3g) > 5
and 0 < (29 —1)(g — ¢)?> < 1. The ratio is therefore less than 1/5, and the minimum
in (15.6) is always attained by its second term. At the endpoint B = B4, the plateau is
g = 1/2 and the formula for the constant vanishes. Although the cubic product inequality
of Theorem 14.3 includes this endpoint, the positive Fisher cost and the Fisher-small-
window conclusion above are asserted only for § > B4. The strict inequality is essential
to the argument below, in which the positive margin 38%(2g — 1)(g — ¢)? is the source of
the cost.

The theorem follows from a quantitative statement about a single sequence of win-
dows, which we prove first.
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Lemma 15.3 (A sequential physical-window obstruction). Let 0 <s, < t;, s, — co, and
ty — Sp — oo, and suppose that C(t,,s,) — z € (0,q). Suppose further that

, 1/2
€n = [(t‘?Z - sn)/ ar(u) du] —re< 1.
Sn

Then
382(29 — 1)(g — 2)% < (£ +9B%)e + 62¢>. (15.7)

Proof. The proof has six steps.
1. The Fisher control bounds the integrated defect on every subinterval of the window
by &,.
2. We integrate the backward response equation over the window. The result relates

the response mass of the window to the memory integral I, defined in (15.11) below,
with an error of order ¢,,.

3. We split I, into an early strip, a bulk, and a recent strip of length 2D, and compute
the recent strip and the values of the correlation row at the ends of the bulk.
4. In the bulk, the product inequality bounds 1 — C(u,s)? from below by a function of
the correlation row C(t,u), which we integrate exactly.
5. We take the limits n — oo and then D — oo, and obtain a lower bound for I,,.
6. The calibration (15.1) turns the two estimates into (15.7).
We temporarily suppress the index n and write s =s,,, t = t,, ¢, = C(t,5), and Y(u) =
C(t,u) for u € [s, t]. We assume throughout that 7 is large; in particular, s > 0.

Step 1: Fisher control on the window. For all s < v < w < ¢, the bound |E(w, u)| <
v ar(u), the Cauchy-Schwarz inequality, and ar > 0 give

/w |E(w,u)| du < ((w —0) /w ar(u) du)1/2 < g. (15.8)

0
The function Y is absolutely continuous with derivative R(¢,-) + E(t,-), and Y(t) = 1.

Integrating over s, t], we find 1 — ¢, = x(t,s) + fst E(t,u) du. By (15.8) with v = s and
w = t, and since ¢, > 0, we have

x(ts)—(1—cn)| <en,  x(ts) <1+e,. (15.9)

This bound on the response mass of the window comes from the Fisher control alone.
We have no bound on x(t,0), and none is needed.

Step 2: the integrated response equation. Recall from Proposition 4.5 that the derivative
dyR(t,v) is continuous on the closed triangle s < v < t, and note that R(¢,t) = 1.
Integrating (4.21) in its second variable over [s, t|, and exchanging the order of integration
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on the finite triangle {s < v < u < t}, where the integrand is continuous and bounded,
we obtain
t t u
1-R(ts) = / Au)R(t,u) du — 6,82/ R(t, u) / Clu,0)R(u,0) dv du.  (15.10)
S S S

We rewrite the inner integral with the chain rule. For s < u < t, the function v —
C(u,v)? is absolutely continuous on [s,u], with derivative 2C(u,v)(R(u,v) + E(u,v)),
and C(u,u) = 1. Hence

u —C(u.s)? u
/S C(u,v)R(u,v) dv = # — Jn(u), Jn(u) = /S C(u,v)E(u,v) do.

Using 0 < C <1 and (15.8) with v = s and w = u, we find |J,(u)| < &,. We define the
memory integral

I = /t [1— C(u,5)2]R(t, u) du. (15.11)

Inserting the expression for the inner integral into (15.10), writing A = ¢+ (A — ¢), and
rearranging, we find the exact identity

1= 0(1 = cn) + 3%, = R(t,s) + /t()\(u) _ OR(t,u) du
s (15.12)

Fets) — (1 en)] + 66 [ R(t,u)n(w) du

We bound the absolute values of the last three terms. The first is at most sup, -, [A(u) —
¢ (1 + &,), which tends to zero because A(u) — £ (Theorem 8.5) and ¢, is bounded. By
(15.9), the second is at most £e;, and the third is at most 68%¢,x(t,s) < 68%(1 + e, )e,. We
conclude that

11— €(1 —cp) 4+ 3B%Ln| < R(t,s) +o0(1) + [£+6B%(1+en)]en, (15.13)
where 0(1) tends to zero as n — oo.

Step 3: the recent strip and the ends of the bulk. Fix D > 0, and let n be so large that
t—s >4D. Lets’ =s+2D and t' = t — 2D, and split I, into the integrals over [s,s'],
[s',#'], and [V, t]. The first is nonnegative, since R > 0 and C < 1.

On the recent strip, we first show that C(u,s) is close to ¢,. For u € [t/, ],

t
C(1,5) — ¢ g/ 19:C(x,5)| dx < 2D sup [:C(x,5)].
u

x€E[H 1]

Fix L > 0. For large n, every x € [/, t] satisfies x —s >t —s—2D > L,and x > ' — oo.
Then (11.12) implies that lim sup,, sup,.. . y [0xC(x,s)[ < \/c”(2L). The right side tends
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to zero as L — oo, by the second inequality in (11.12). Together with ¢, — z, this shows
that sup, ¢y 4 [C(1,5) — z| = 0. Using (8.11), we find that the response mass of the strip

satisfies ftf R(t,u) du = 02D R(t,t —71) dt — fOZD r =1—c(2D). Therefore

/j [1— C(u,5)?|R(t,u) du — [1—c(2D)](1 — 22). (15.14)

We next consider the values of Y at the ends of the bulk. The stationary window (8.11)
also gives Y (') = C(t,t —2D) — c(2D). At the other end,

s+2D
R

Y(s') = cu| < / (t,u) du+ /:HD E(t,u)| du

S

0 1/2

<2D sup R(tu)+ (2D/ ap(u) du) "
s<u<s+2D Sn

The first term tends to zero by Corollary 11.2, because t —u >t —s — 2D — oo uniformly

for u < s+2D and r(7) — 0. The second tends to zero because ar is integrable and

sn — oo. Therefore Y(s') — z.

Step 4: the bulk. Let
myp = sup [Y(u)C(u,s) —qcn] ..
s/ <u<t!
For u € [¢/,1], the times s < u < t have gaps u —s > 2D and t —u > 2D. For fixed
S, we have s, > S + D for large n, and then the triple (s, u, t) belongs to the set Agp
of Theorem 14.3, and [Y (u)C(u,s) — gcu]+ = [C(t,u)C(u,s) — qC(t,s)]+ is the bracket in
(14.8). Letting n — oo and then S — oo, we find

lim limsup 7t, p = 0. (15.15)
D=oo y 00
To use the product bound, we introduce a clipped function and its primitive. For

Kk > 0, let
2

o) =[1-3] >0, a0=0

and
0, 0<y<x,

uly) = [ pulx) d
K = k(X)) dX =
4 0 ¢ y+x*/y—2x, y >«

The function ®, is continuously differentiable on [0, ), with ®, = ¢, € [0,1], and
(k,y) — Px(y) is continuous on (0, c0) X [0, c0).
Let k, = g, and ), = K, + m, p. For large n, we have ¢, > z/2 > 0 and x, > 0. We
claim that
1-C(u,s)* > g (Y(u), s <u<t.
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If Y(u) < «j,, the right side is zero. Otherwise, by the definition of 7, p, we have
Y(u)C(u,s) < xj,, thatis, 0 < C(u,s) < «,/Y(u), and the claim follows. Next, for
0 <k <x'and y > 0, we have

k2> 2(x' —x)

0< ox(y) —pu(y) S1- 5 < ——,

as one checks separately for y < x, k < y < «’, and y > «’. With x = x,, and «’ = «),, and
using (15.9), we obtain

t t 2(1
/ [1—C(u,s)*|R(t,u) du > [ @e,(Y(u))R(t,u) du — (q+sn)nn,p.
s/ s/ n

The function Y is absolutely continuous on [s/,#] with Y/ = R(t,-) + E(t,-) almost
everywhere, and ®,, is continuously differentiable with a bounded derivative. Hence
®,, oY is absolutely continuous, with derivative ¢y, (Y)Y’, and

t/

[ 00, (COOIR ) di = 0, (V) = @, (V) = [, () Bt ) e

S/

This identity is oriented: it does not require Y to be monotone, and it holds when Y
returns to earlier values or crosses the level k. By (15.8) and 0 < ¢y, < 1, the last integral
is at most ¢, in absolute value. We conclude that

[ IR w) du > g, (Y1) — g, (Y(E) — 1~ Ao, (516

Step 5: the limits. We first take the lower limit as n — oo with D fixed. We have gc,, — gz,
and by Step 3, Y(t') — ¢(2D) and Y(s’) — z. By the continuity of (x,y) — P« (y),

qZ 22

¢(2D)
Py, (Y(F)) = Py, (Y(s))) — @=(e(2D)) ~ Pyelz) = | i ¥

)as,

where we used that y > z > gz on [z,¢(2D)], so that no clipping occurs. Combining the
nonnegativity of the early strip, (15.14), and (15.16), we obtain

. ¢(2D) 272 2(1+e) .
lim inf I, > [1-c(2D)](1 —2?) —I—/Z ( — qy—2> dy — e — % 111;1_>sotolp Tty D-
The left side does not depend on D. We let D — oo, using ¢(2D) | g and (15.15). Since
11— ¢?2%/y*) dy = q — z — g%z + g2, this gives

liminfl, > (1—q)(1—2*) +q—z — g’z +qz* —«. (15.17)

n—o0o
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Step 6: the calibrated margin. Let ¥(z) = (1 —¢)(1 —z?) + g — z — g°z + gz* be the main
term in (15.17). Expanding, we find ¥(z) = 1 — (1+ ¢%)z + (29 — 1)z?, and hence

Y(z) — (1—¢*)(1—2z) =q* —29°z+ (29 — 1)2°.

By the second identity in (15.1), we have 1 — £(1 —z) = (z —q) /(1 —q) — 3B%*(1 — g*)(1 —
z), and by the first, 1/(1 — q) = 68%q(1 — q). Therefore

1—£(1—2) +3B°¥(z) = 367 [29(1 — 9)(z — 9) + 4> — 24°2 + (29 — 1)7"]
=3p%(29 - 1)(q — 2)*.
In the second line, we expanded both sides: each equals 382[(29 — 1)z% — 4¢%z + 29z +
2¢° - ¢°).
We now combine the estimates. Since s, — oo and t, —s,, — oo, Corollary 11.2 implies

that R(f,,s,) — 0. Taking the lower limit of the left side of (15.13) and using ¢, — z,
(15.17), and (15.18), we obtain

(15.18)

38%(29 —1)(g —z)® —3p% < liminf[1 — £(1 —c,) + 36%I,) < [£+6B*(1+¢)]e.

The memory bound (15.17) loses 38%¢, and the response equation (15.13) loses (¢ + 65%¢ +
6B%¢%. Adding these losses, we arrive at

36%(29 — 1)(q — 2)* < (L +9%)e + 6p°¢,
which is (15.7). [

Proof of Theorem 15.1. We first prove (15.3). Let t, = s, + T,. Then ¢, = (T, fst: ap)/2 =0
by (15.2), and (14.6) implies that limsup, C(t,,s,) < q. Since C takes values in [0, 1], it
suffices to show that every subsequential limit z of C(¢,,s,) equals g; we already know
that z < g. Passing to a subsequence, we may assume that C(t,,s,) — z.

If z € (0,4), then Lemma 15.3 with ¢ = 0 implies that 38%2(2g — 1)(q — z)?> < 0. This is
impossible, because 4 > 1/2 and z < g.

If z =0, we fix 2’ € (0,9). For large n, we have C(t,,s,) < z’, while C(sp,s4) =1 > 2.
The correlation is continuous, and the first crossing lag 0, = inf{c > 0: C(s, +0,s,) <
z'} satisfies 0, < T, and C(s,, + 0y, 84) = z’. The lags 0, tend to infinity. Indeed, for fixed
W > 0, (8.11) shows that C(s, + 0,s,) — ¢(0) > g > z’ uniformly in ¢ € [0, W], and this
forces 0, > W for large n. Since ar > 0 and 0, < T3,

Sn+0n Su+Tn
an/ ap(u) du < Tn/ ap(u) du — 0.
Sn Sn

Lemma 15.3, applied to the windows [sy, s, + 05| with Zz' in place of z and with e = 0,
again gives a contradiction. We conclude that z = g, and that C(t,,s,) — g. Finally, by
(15.9), we have |x(tn,sn) — (1 — C(tu,sn))| < €4 — 0, and therefore x(t,,s,) — 1 —g.
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We now turn to the passage lag. Fix a level ¢ € (0,4) and s > 0. By Theorem 8.8,
C(s+1,5) - 0as 7 — oo, and the set {t > 0: C(s+1,5) < c} is nonempty. It is closed,
because C is continuous. Then 7.(s) is finite and C(s + 7:(s),s) < c. We have C(s,s) =1
and C(s+1,8) > ¢ for 0 < T < 7.(s), and by continuity, C(s + 1.(s),s) = c¢. As in the case
z = 0 above, (8.11) and the bound ¢(t) > g > ¢ on the profile show that, for each fixed
W, we have C(s + 7,s) > c for all T € [0, W] once s is large. We conclude that 7.(s) — oo.

Let A = liminfs_,o 7(5) fSS+TC(S) ap(u) du € [0,00]. If A > 1, then (15.4) holds, since
cg(c) < 1. Suppose that A < 1, and choose s, — co along which the quantity in the
definition of A converges to A. Let t, = s, + T.(sy). Then t, — s, — o0, C(ty,sy) = €
(0,9), and ¢, — VA < 1. By Lemma 15.3 with z = cand ¢ = VA, and since A < VA,
we have

3%(29 —1)(q— ) < (L+ 9P )WVA+6B2A < (L +9*)VA+6BVA = ({ +15p7)VA.

Squaring, we find A > [36%(29 —1)(q — ¢)?/ (£ +15p)]* > ¢g(c). This proves (15.4).
Because ar > 0, enlarging the domain of integration from [s,s + 7(s)] to [s, o) can only
increase the left side, and (15.5) follows. O

Theorem 15.1 bounds the physical time needed to relax below the plateau in terms of
the Fisher majorant. It does not determine the growth of 7.(s), and it does not identify
an aging clock; see Section 17.



PART V

The stationary approach to the plateau



SECTION 16

Algebraic relaxation in the stationary sector

In this section, we prove Theorem 16.1. Together with the discussion of the exponent in
Section 16.1, it proves Theorem 1.5. For > B4, it describes how the selected stationary
profile c approaches its plateau g. The difference c(f) — g decays like Agt™", where the
amplitude Ay is finite and positive, and the exponent a € (0,1/2) is determined by g
through the relation (16.2). Every fixed derivative of ¢ has the corresponding power
asymptotic.

The argument is an analysis of one scalar equation. It uses four results proved earlier:
the regularity of a stationary cluster (Proposition 5.7), the scalar memory equation and the
plateau identity (Proposition 6.1), the selection of the plateau together with marginality
(Theorem 8.5), and the complete monotonicity of the profile (Corollary 7.7). The precise
properties that we use are listed at the start of Section 16.1. The results of this section
prove Theorem 1.5 and verify the power-law hypotheses in Corollaries 11.6 and 11.7. The
section can be read once Part II is available.

The relation (16.2) between the exponent and the plateau is the classical exponent
relation of mode-coupling theory. Gotze analyzed the leading critical and beta-scaling
asymptotics of schematic and full mode-coupling equations in [79, p. 144, Equation (11)]
and [80, p. 195, Equation (1b), and Sections 3 and 5], the latter under a generic instability
with an isolated critical stability eigenvalue. The cited critical power-law expansions
concern an exponent parameter strictly between zero and one. An explicit statement of
the relation is given in [81, Section 4, p. 881, paragraph following Equation (6)]. The
liquid-theory review gives the exponent relation for Aycr € [1/2,1) [83, Section 3.3,
Equation (3.19), p. 306]. The general polynomial discussion in [82, Section 6.1.2, Equa-
tions (6.11d) and (6.17b), pp. 444-447] includes 0 < Ayjcr < 1, but assumes that the
constructed low-frequency solution determines the asymptote of the actual critical corre-
lator; it explicitly states on p. 447 that a proof of this matching assumption is unavailable.
An aging analogue, relating the approach and departure exponents to the fluctuation—
dissipation ratio, was analyzed in [53, arXiv version 1, Sections III and VI.D-E] and
[34, Section IV, Equation (IV.6)]; see also [49, arXiv version 2, Section 12.3.8, Equa-
tion (12.36)]. For the pure spherical model, its parameter is ¢ = (p —2)(1 —q)/(2g), with
0 < ¢ < 1/2 for the selected aging profile, and it is half of the fluctuation—dissipation ra-
tio (p —2)(1 — q)/q of the aging regime predicted in [51, arXiv version 1, paragraph after
Equation (12), p. 6], and the relation is written in this form in [96, arXiv version 1, p. 4,

236
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paragraph following Equation (12)]. The structural theory of scalar mode-coupling equa-
tions in [84, Section 2, Theorem 1 and Corollaries 1.1-1.2, pp. 232-233], its extension to
Brownian mixtures with completely monotone solutions [71, arXiv version 1, Section III],
and the regenerative-process viewpoint of [114, Sections 1 and 5.2 and Appendix C]
are mathematical predecessors of the argument below. The critical power law, with an
amplitude that depends on the transient dynamics, is a classical asymptotic result of
mode-coupling theory [81, Section 4, Equation (6), pp. 880-881]. We give a self-contained
proof for the stationary profile selected by the CK solution, including a finite positive
amplitude and the asymptotics of all fixed derivatives. The proof does not assume a
power expansion of the profile and does not differentiate an asymptotic equivalence. The
tools are classical: comparison principles, beta integrals, the Schur test with its exact
remainder, a factorization of gamma variables, the key renewal theorem [68], and the
monotone density theorem [30].

16.1 Inputs and statement of the result

Throughout this section, we fix p > 3 and B > Bq4. Let (¢, ) be the stationary profile and
¢ = (g the limiting multiplier given by Theorem 8.5, and let ¢ = g4 be the plateau of
c. We use the following properties of (c, 7,4, ), and no other information about the CK
solution.

(S1) (Proposition 5.7.) The function r is continuously differentiable on [0, ), and ¢/ = —r
and ¢(0) =r(0) = 1.
(S2) (Proposition 6.1.) The function r is strictly positive on [0, o). With

o) =7+ppy, v =L-Fp,
we have the scalar memory equation (6.1),
t
() = —1+ / pc(t—s))r(s)ds, >0,
0

and the plateau identity ¢(q)(1 —g) = 1 from (6.2).
(S3) (Theorem 8.5.) The plateau satisfies g4 < g < 1 and the marginality condition

Bp(p—1)gf*(1—g)* =1. (16.1)

Moreover, g = g4 if and only if g = B4.
(S4) (Corollary 7.7.) There exists a probability measure v on [0, o) such that

c(t):/[om)extv(dx), £>0,  v({0})=q.
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The last sentence of (S3) follows from Theorem 8.5, which identifies q as the larger root
of (16.1), and this root lies in [(p —2)/p,1). The function y — y~2(1 — y)? is strictly
decreasing on this interval, which implies that the larger root is strictly increasing in f.
The point g4 lies in the same interval, and a direct substitution shows that it is a root
when 8 = Bg.

The exponent. We define

(p-2(1—q)  T(1—a)? 1
9= 2q , m:ﬁ, O<a< E, (162)
where I' is Euler’s gamma function. We now check that the second relation determines a
uniquely. Recall thatg > g4 = (p —2)/(p —1). Then (1 —gq)/q < 1/(p — 2), which gives
0<9<1/2. Lety = I’ /T be the digamma function. For 0 < a« < 1/2, we have

_ )2
(;i log% 2[p(1—2a) —p(1—a)] <O,

since ¢ is strictly increasing on (0, c0). The quotient equals 1 at « = 0 and tends to 0 as
a 1 1/2, because I'(1 —2a) — co. We conclude that it is a strictly decreasing bijection
from [0,1/2) onto (0,1]. In particular, there exists exactly one a € (0,1/2) satisfying
(16.2).

At B = Bq, we have g = g4, and then ¢ = 1/2 for all p. Solving I'(1 —a)?/T (1 — 2a) =
1/2 numerically, by bisection in double-precision arithmetic with the logarithm of the
gamma function, yields a = 0.3952630630... at § = B4. For B > B4, we have g > g4 by
(S3). Then ¢ < 1/2, and a lies strictly between this value and 1/2. In the cubic model,
® = (1—4q)/(2q9). These numerical values are not used in the proofs

The relation (16.2) has a simple meaning. We write (f * g)( fo f(t—s)g(s) ds for
the convolution of two functions on [0, c0); we use this notatlon throughout the sect1on.
For the pure power w(t) = +%, the beta integral gives (w* w)(t) =B(1 —a,1—a)t}72,
where B is Euler’s beta function. Using I'(2 — 24) = (1 — 2a)I'(1 — 2a), we find
I'(1—a)?
I'(1—2a)
In other words, (16.2) says that (w * w)’ = dw?. This is the balance of the two quadratic

terms in the normalized equation (16.6) below; see (16.26). Because both sides of this
balance are quadratic, it fixes the exponent but not the amplitude.

(wxw)' (t) = (1—2a)B(1—a,1—a)t 2 = w(t)? (16.3)

The result.

Theorem 16.1 (Stationary critical relaxation). Fix p > 3 and B > Bg4. Let c be the stationary
profile of Theorem 8.5, let q be its plateau, and let a € (0,1/2) be defined by (16.2). Then there
exists Ag € (0,00) such that, as t — oo,

c(t) —q~ Agt™", (=1)"c™M (¢) ~ Ag(a)ut™ """ for every fixed integer n > 1, (16.4)
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where (a), = a(a+1)---(a+n—1). In particular, r(t) ~ aAgt=177,

Remark 16.2. The exponent a depends only on 9, that is, on p and g. The proof determines
the amplitude as a limit, Ag = (1—q)t+2Ag with Ag given in (16.41), and gives no closed
formula for it. In line with the remark after (16.3), marginality determines the exponent,
while the amplitude is determined by the whole profile c.

Outline of the proof. The proof occupies the rest of this section. We first rescale time
and the profile so that marginality says that the coefficient of the linear memory term
equals one (Lemma 16.3). The normalized profile u then solves u’ + u + M(u) xu’ =0,
where M is a polynomial with M(y) = y + dy> + O(y>). The proof then has three steps.

1. Comparison profiles (Sections 16.2 and 16.3). A comparison principle (Lemma 16.4)
turns the sign of the residual of an explicit profile into an inequality between that
profile and u. For the shifted power ¢(t) = (1 + )%, the choice of a makes the
quadratic part of the residual positive but of smaller order than g?, and the sign
of the residual is decided by cubic terms. We fix this sign by correcting g with
a small multiple of ¢> (Lemmas 16.5 and 16.6). The comparison profiles keep u
itself up to a fixed time and continue it by a rescaled corrected power. This yields
A_(1+t)7" <u(t) < Ax(1+4t)"* (Proposition 16.7). These bounds identify the
exponent, but they still allow *u(t) to oscillate between A_ and A, on a logarithmic
time scale.

2. The logarithmic Dirichlet form (Section 16.4). The function Q = u * u satisfies Q' =
du? 4 £, where the error £ is integrable against t~(1=2%) (Lemma 16.8). Integrating
this balance against the same weight and comparing the result with the Schur test for
a homogeneous kernel, we deduce that D(x) = e™u(e*) has a finite Dirichlet energy
for an explicit kernel on the line (Lemma 16.9). This implies that D(x +h) — D(x) —
0 as x — oo for every fixed h. This still allows D to vary slowly without converging.

3. The renewal equation (Section 16.5). We take the Laplace transform of the balance
at the point e™*. A factorization of gamma random variables turns the result into
a linear renewal equation f — Bf = gp for a smoothed version f of D?, with an
integrable source gg. We control the variance part of gg by the Dirichlet energy of the
second step, and the rest by the error £. Using the key renewal theorem, we show
that f converges. By the second step, f — D? — 0, and by the first step the limit of
D lies in (0, 00). Finally, complete monotonicity and the monotone density theorem
give the asymptotics of every derivative.

16.2 Normalization and comparison

We first rescale the profile so that marginality becomes a statement about a single coeffi-
cient. Recall the function ¢ and the plateau identity ¢(g)(1 — g) = 1 from (S2). We define
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the polynomial

My)=1-q[¢pla+A—q)y)—¢(@)], yeR (16.5)

Lemma 16.3 (The normalized equation). Define u: [0,00) — R by

u(z) _ C((l Iz);) — q
Then u is continuously differentiable, and
p—1

' +u+ M(u)xu' =0, u(0) =1, My)=y+ Y Ay, A=9, (16.6)
j=2

where

1 (p—1\/1—g\i1 .
_ -7 > <7< p-1. .
A p_1< ; )( ; ) >0, 2<j<p-1 (16.7)

Further, there exists a probability measure y on (0, c0) such that
u(z) = /( )efﬁzlu(diy), z > 0. (16.8)
0,00

In particular, u is strictly positive and completely monotone on (0,00), and u(z) — 0as z — oo.
The function v = —u’ is continuous, strictly positive, and nonincreasing on [0, c0), with v(0) = 1
and [y v(z) dz =1.

Proof. Recall from (S1) that c is continuously differentiable with ¢’ = —r. By the chain
rule, u'(z) = /(1 —9)z) = —r((1 — q)z); the factor 1 — g produced by the chain rule
cancels the normalization. In particular, u is continuously differentiable, #(0) = 1, and
v(z) = r((1 —q)z); by (S2), v is strictly positive, and v(0) = r(0) = 1.

Fix z > 0. We use (6.1) at the time (1 — g)z and substitute s = (1 — g)w in its integral.
Using 7((1 — q)w) = v(w) and ¢((1 —q)(z —w)) =g+ (1 — q)u(z — w), we find

W) = ~1+ 1=g) [ plg+ (1 - u(z - w) v(w) dw.
By (16.5), we have (1 —¢)¢(q+ (1 — q)y) = (1 —q)¢(q) + M(y) = 1+ M(y), where we

used the plateau identity. Inserting this and [; v(w) dw = 1 — u(z) into the previous
display, we conclude that

u'(z) = -1+ (1—u(z)) + /OZ M(u(z —w)) v(w) dw = —u(z) — (M(u) xu’)(z),

which is the first relation in (16.6).
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Next, we compute M. By the binomial theorem,

p—1 _ , ‘
M(y) = (1—q)Bp[(g+ (1 —q)y)P "+ —g"7] = B?p 21 (p ; 1)qp‘1"(1 —q) 1yl
=

The coefficient of y is B2p(p — 1)g?~2(1 — q)?, which equals 1 by the marginality condition
(16.1). Dividing the coefficient of i/ by this quantity, we find that it equals Ajin (16.7). For
j =2, this gives Ay = (p —2)(1 —q)/(29) = 9. All coefficients are nonnegative because
0 < g < 1. For p = 3, we have simply M(y) = y + ¢y>.

Finally, by (S4), we have ¢(t) —gq = f( )e_Xtv(dx) and v((0,00)) = 1—¢g > 0.
Let u be the image of the probability measure (1 —g) !v(- N (0,00)) under the map
x — (1 —g)x. Then (16.8) holds. By the representation, we have u > 0, since y is a
nonzero measure on (0, c0). By dominated convergence, u(z) — 0 as z — oo. For n > 1
and zp > 0, the function 1’]”6_'72/ is bounded uniformly in # > 0 and z’ > zg. By induction
on n, this justifies differentiating n times under the integral sign on (zp, o), and we have

0,00

(—1)"uM(z) = /( )n”e_ﬂzy(dn) >0, z>0,n>1
0,00

For n = 2, this shows that v is nonincreasing on (0, o), and by continuity also on [0, o).
Lastly, [;° v = u(0) — limz—e0 u(z) = 1. O

From now on, we write t for the normalized time variable. The physical lag reappears
only at the end of the proof of Theorem 16.1. We record two properties of M. Its
coefficients are nonnegative, and in particular M is increasing and convex on [0, o), with
M(0) = 0. The number Ly = M’(1) is a Lipschitz constant for M on [0, 1].

For a locally absolutely continuous, nonincreasing function P: [0,00) — [0,1] with
P(0) = 1, we define its residual

Rp=P + P+ M(P)xP'.

It is defined almost everywhere, and R, = 0 by (16.6). By the following lemma, a
nonnegative residual gives an upper bound for u, and a nonpositive residual gives a
lower bound.

Lemma 16.4 (Comparison). Let P: [0,00) — [0, 1] be locally absolutely continuous and non-
increasing, with P(0) = 1. If Rp > 0 almost everywhere, then u < P. If Rp < 0 almost
everywhere, then P < u.

Proof. We begin with the first assertion. Set w = P — u, and recall that v = —u’ > 0. We
have
M(P) x P' — M(u) xu' = M(P) *w' — [M(P) — M(u)] * v.
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Subtracting (16.6) from the definition of Rp and using this identity, we find
w +w+ M(P)xw' =Rp+ [M(P) — M(u)] xv. (16.9)

The functions M o P and w are locally absolutely continuous, and w(0) = 0 and P(0) = 1.
Integrating by parts in the convolution, we have, for all t > 0,

(M(P) *w')(t) = /OtM(P(t —s))w'(s) ds = M(1) w(t) — (kp + w)(t),

where kp = —(M o P)’. We have kp > 0 almost everywhere and fot kp = M(1) —
M(P(t)) < M(1), because M is increasing on [0, 1] and P is nonincreasing with values in
0,1]. Inserting this into (16.9), we obtain, with by = 1+ M(1),

w' + bow = Rp + [M(P) — M(u)] v+ kp xw almost everywhere. (16.10)

We now estimate the negative part w_ = max{—w,0}. Recall that M is increasing
on [0, 1], with Lipschitz constant Ly, there. Since u and P take values in [0, 1], we have
M(P) — M(u) > —Lpw—. We also have w > —w_, and v and kp are nonnegative. Using
also Rp > 0, we deduce from (16.10) that

(ePotw(t)) > —ebo! [Lpg(w- 0) (£) + (kp % w_)(¢)] almost everywhere.

The function e®*w(t) is locally absolutely continuous and vanishes at t = 0. Integrating,
and using e~%0(t=%) < 1, we find

w(t) > —/Ot [Lag(w— %0)(s) + (kp * w_)(s)] ds.

Since the integral on the right is nonnegative, w_(t) is bounded by the same integral. For
a nonnegative locally integrable function k, we have, by Tonelli’s theorem,

/Ot(w_ xk)(s) ds = /Otk(a) /Ot_gw_(sf) ds" do < [[k[| 110, /Ot w_(s) ds.

We have [[v||119, =1 —u(t) < 1and [|kp|[11(9; < M(1). Combining these bounds, we
find t
w_(t) < (Lm +M(1))/o w_(s) ds, t>0.

The function w_ is continuous and nonnegative, and Gronwall’s inequality implies that
w_ =0, thatis, u < P.

For the second assertion, we set w = u — P and vp = —P’ > 0. Repeating the
computation above, with the roles of u and P exchanged and with u(0) = 1 in the
integration by parts, we have

w' +byw=—Rp+ [M(u) — M(P)] xvp+kyxw, ky=—(Mou) >0,

almost everywhere. Now —Rp > 0, [|op|[11s) =1 — P(t) <1, and |kl 110, < M(D).
Arguing as in the previous paragraph, we conclude that w_ = 0, thatis, P < u. O
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16.3 Comparison profiles at the critical exponent

To apply Lemma 16.4, we need explicit profiles whose residuals have a definite sign. The
natural candidates are multiples of the shifted power

gty =(1+1t)""
We define

Dg=(g%8) —988",  H=(gxg") —dg>  Dy=(g"+g") — 0",
and, for |e| < 1/4,
fo=(1+e)g—eg”.

The next lemma explains why an uncorrected power does not suffice. By the choice
of a, the quadratic part D, of the residual of g is positive but of smaller order than g°,
and the sign of the residual is decided by cubic terms. The cross term H that appears
when ¢ is corrected by a multiple of g2 is of order ¢ and has a definite sign. Unless
stated otherwise, constants denoted by K, possibly with indices, depend only on p and
g, through a, ¢, and the coefficients Aj, and on the indicated indices; their values may
change from line to line. Constants that also depend on the profile u are indicated as
such.

Lemma 16.5 (Shifted-power estimates). For every t > 0, we have D¢(t) > 0. Moreover, as
t — oo,

De(t) =O((1+1)"" 1) =o0(g(t)%), O (1—3a)B(1—a,1—2a)— 0 <0.
$ (16.11)
When 3a # 1, the limit equals T(1 —a)T'(1 — 2a)/T(1 — 3a) — 0. There exists K such that
|Dy| < Kg®on [0,00). For every e with |e| < 1/4, the profile f. is positive and strictly decreasing,
fe(0) =1, fe < Kg, and |f{(t)| < K(14t)~*"L. Finally, for every integer j > 2 there exists K;
such that, for all |e| <1/4and t > 0,

(L * £) ()] < Kig(1)°. (16.12)

Proof. The proof has four steps. We first express the derivative of a convolution of two
shifted powers through a truncated beta integral. We then use this formula to prove
that D¢ > 0, and next to prove (16.11). Finally, we bound derivatives of convolutions by
splitting them at the midpoint, without differentiating an asymptotic formula.

Step 1: a beta formula. Letw,{ € (0,1) and g,(t) = (1+¢)"* Fort > 0,setT =t+2
and x =1/T € (0,1/2]. Substituting y = (1 +5s)/T in the convolution integral, we find

Gerg)(O)= [[(4t-9 1) Tas=T 8 [y ay,
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where we used the symmetry y — 1 — y of the interval [x,1 — x]. We differentiate in
t, using dT/dt = 1 and dx/dt = —x2. The two endpoints of the integral contribute
boundary terms, multiplied by x2T1~*~¢ = xT~%~¢, and we arrive at

1—x

(8axgy) () =T %% [(1 —a— 6)/x y“(1-y)~¢ dy
+ a1 —x) (1 —x) . (16.13)

Both boundary terms are positive.

Step 2: positivity of D,. We take & = { = a in (16.13). With w(x) = [x(1 —x)]™*, the
bracket in (16.13) is

) =(-20) [ wly) dy+ 2xe0(x).

Since g(t)? = (T —1)72" = T2*(1 — x) 2%, we have

(8+8)'(t) _ a
O (1—x)*](x). (16.14)
Using w(1 — x) = w(x) and w'(x) = —a(1 — 2x) w(x)/[x(1 — x)], a direct computation

shows that J'(x) = 2aw(x)/(1 — x), and then

L (1= @) = 2000 - 07 10,

where

We have L(1/2) =0, and

L'(x):—;(;‘]—f‘i)<0, 0<x<%,
where we used (1 —2x)? 4 4x(1 — x) = 1. It follows that L > 0 on (0,1/2), and that
(1 — x)®](x) is strictly increasing on (0,1/2]. As x | 0, we have 2xw(x) — 0 and
J(x) = (1—=2a)B(1 —a,1—a). Asin (16.3), this limit equals I'(1 — a)?/T(1 — 2a) = 9.
Every t > 0 corresponds to some x € (0,1/2], and (16.14) implies that (g x ) (t) > 9g(t)?,
that is, Dg(t) > 0, for all t > 0, including t = 0.
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Step 3: the limits. By (16.14), we have Dg(t) = T~%[J(x) — 8(1 — x)~2%]. Using ¢ =

(1—2a) f01 w, we can write
](x) . 19(1 . x)72a — —2(1 — 20[) /Ox(u(y) dy+ 2XL(J(JC) — 19[(1 — x)*zﬂ o 1}

For 0 < y < x <1/2, we have w(y) < 2?y~“. Then the first two terms are bounded by
Kx!'74 and the last term is bounded by Kx < Kxl=%, Withx =1/Tand 1+t < T <
2(1+t), this gives

IDg(t)] < KT 2% = KT 17 <K(1+¢)17%

This is the first estimate in (16.11). We also have D, = 0(g>), because (1 +t)~17% =
g(t)?(1+)~(-2) and 1 —2a > 0.

For the second limit, we take (&,{) = (4,2a) in (16.13), which is allowed since 2a < 1.
Using ¢(t)3 = T73%(1 — x) 3%, we find

% 02)/ —x
G800~ a—x[a-a0) [Ty e

i xlfa(l . x)fZa 4 x172a(1 o x)fa )

As t — oo, we have x — 0, the boundary terms tend to zero, and the integral tends to
B(1 —a,1 —2a). This proves the convergence in (16.11). When 3a # 1, the identity I'(2 —
3a) = (1 —3a)T(1 —3a) yields (1 —3a)B(1 —a,1—2a) =T(1 —a)T'(1 —2a)/T(1— 3a).
It remains to show that the limit is negative. If 3¢ > 1, then (1 —34)B(1 — 4,1 —2a) <
0 < 9. If 3a < 1, consider
T(1-a)T(1-0)
rl—a—-o) ’
Its logarithmic derivative is (1 —a — o) — (1 — 0) < 0, and hence Y is strictly decreasing.
We have Y(a) = ¢ by (16.2), and 2a < 1 — a. We conclude that (1 —3a)B(1 —a,1 —2a) =
Y(2a) < Y(a) =0.

Y(o) = 0<o<1l-—a.

Step 4: derivative bounds. Let F and G be continuously differentiable on [0, 00). Splitting
the convolution at /2 and substituting s — t — s on [t/2, t], we have

(F+G)(H) = |

0
Differentiating both integrals, we find the exact identity

t/2 t/2
F(s)G(t — s) ds+/0 G(s)F(t —s) ds.

t/2
(F*G)'(¢) :P(t/Z)G(t/2)+/0 F(s)G'(t —s) ds

t/2
+/ G(s)F'(t —s) ds, (16.15)
0
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in which each of the two boundary terms contributed F(t/2)G(t/2)/2.
We next consider f.. We can write

fe=gl+e(l—-g)], fi=g[1+e(1-29)],

and both brackets lie in [3/4,5/4] when |e| < 1/4, because 0 < g < 1. Recalling that
¢'(t) = —a(1+1t)%"1 < 0, we deduce that f; is positive and strictly decreasing, and that

19<fe<ig a0+t <A < a1+ (16.16)

Also fe(0) = (1+¢) —e=1.

Fix j > 2, and apply (16.15) with F = fgj and G = f,. Using (16.16), we have
[F(t)] < KA+, [F()] = jf A < K1+ [G(H)] < K1 +#)77 and
IG'(t)| < K(1+t)"* L For0<s<t/2,wehavel+t—s > (1+t)/2. Inserting these
bounds into the three terms of (16.15), we obtain

t/2

(L £ (D] < K [ (11700 4 (14 t)”l/o (1+5) 7" ds

. /
+ (1 4¢) ! /

; 2(1 +5)7" ds].

The last term is at most K;(1 + t)~0+1)e, since fg/z(l +5)"*ds < (1+t)17%/(1 —a). The
integral in the middle term is at most (1 + #)7/%/(1 — ja) if ja < 1, at most log(2 + ¢)
if ja = 1, and at most 1/(ja — 1) if ja > 1. Accordingly, the middle term is at most
K;(1+ H)~U+be K(1 4 t)=*1log(2 + t), or K;(1+ t)=%~1. Each of these bounds is at
most K;(1+ £)73" = K;g(t)3: the first because j > 2, and the other two because a +1 > 3a
and (1+4t)~ (1720 Jog(2 + t) is bounded. This proves (16.12).

Finally, we take («,{) = (2a,2a) in (16.13), which is allowed since 2a < 1. The integral
in the bracket is at most B(1 — 24,1 — 2a), and the boundary terms are bounded on
(0,1/2]. Then |(g? x ¢%)'(t)| < KT=% < K(1 + t)~3. Together with ¢* < ¢>, this shows
that |D,| < Kg°. O

We now correct ¢ by a multiple of g2. The following quantity plays the role of the
residual of a profile hif (- /T) attached at a time where u has fallen to the value ; its precise
relation to the residual Rp appears in (16.24) below. For a continuously differentiable
function f on [0,00) and & € (0, 1], we write jf = —f" and define the ideal residual

I(f) = hf = (L= h)M(hf) — h[M(hf) * j]. (16.17)
Lemma 16.6 (Corrected critical profiles). There exist constants x,1,hg > 0, depending only
on p and g, with hg < 1 and xhg < 1/4, such that the following holds for every h € (0, hg|. The

profiles
fr=Q+xh)g—xhg?,  fo=(1-rh)g+xhg*
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are positive and strictly decreasing, with f+(0) = 1. Further, I,(f1) > nh3¢> on [0, 0), and
there exists Xj, < oo such that I,(f-) < —yh3¢® on [Xj, o).

Proof. The profiles are f+ = fi,,. Once xhy < 1/4, the first assertion follows from
Lemma 16.5. We begin by expandmg Iy ( f) for a continuously differentiable f with
£(0) = 1. Differentiating (f/ x f)(t fo s) f(t —s) ds and using f(0) = 1, we have

wawzﬂ—ﬂwﬁ jz1

Inserting M(y) = 2]’.:11 Ajy/, with Ay = 1, into (16.17) and using this identity, we obtain

I,(f) = hf — ZAh7f7+ZAhJ+1 (f1 % f).

The term hf cancels against the term j = 1 of the first sum. Separating the terms with
j = 1land j = 2 from the rest, we have

W) = ()~ 074 N,
1

Ni(f) = (2 )+ X AW () 1618)
=3

We now bound Nj(fe) for |¢] < 1/4and 0 < h < 1. By (16.12), we have hj+1|(fg *
fe)'| < Kjh*g® for j > 2. Using (16.16), we have Wl < (5/4)h3g> for j > 3, where we
used 1 <1 and g < 1. Then there exists Ky such that

INL(fe)| < Koh®g®,  e] <1/4, 0<h<1. (16.19)
Next, expanding f. * f. and f? by bilinearity, we find the exact quadratic expansion
(fe* fe) — 0f2 = (1+¢)*Dg — 2¢(1 + €)H + €2 Ds. (16.20)
We now fix the constants. Let
A=09—-(1-3a)B(1—a,1—2a),

which is positive by Lemma 16.5. By (16.11), there exists t, < oo such that H(t) <
—(A/2)g(t)? for t > t,. There also exist Kp and Ky such that |D,| < Kpg® and |H| <
Kpg® on [0,00), by Lemma 16.5; for H we used that H/g> is continuous and has a finite
limit. Let p, = minjg; Dg/ ¢, which is positive by Lemma 16.5. We set

4K,

=1+
K —|—A
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so that Ky < xA/4. Let hy € (0,1] be so small that

1 2 KA 5 2 Hx
< - < = <
kho <7, Kpho < 7, (ZKKH—I-K KD+K0)h0_ =

and we set 7 = min{xA/8, u./2}. Fix h € (0, h).

For the upper profile, we take ¢ = xh € (0,1/4] in (16.20). On [t., o), we have
(1+€)?Dg >0, —2¢(1+¢)H > eAg®, and 2D, > —«*h*Kpg°. Together with (16.18) and
(16.19), these bounds imply that

Ii(f1) > 13 [kA —®hKp — Ko|g®> > %ha’ga’ > ph’g>  on [t 00),

where we used ¥*hKp < xkA/4 and Ky < xA/4. On [0,t,], we divide (16.18) by h2g3 and
use (1+¢)2 > 1 and |2¢(1 +¢)| < 5xh/2. This yields

In(f+) 5 2 P
g = e = (3K + Ko + Ko ) = I,
that is, I,(f1) > (u«/2)h*g> > nh3¢® on [0,t.], since h < 1.

For the lower profile, we take ¢ = —«h. Then 1 — xh > 3/4, and on [t,, o) the cross
term satisfies 2xh(1 — xh)H < —(3/4)xhAg®. Using also (1 — xh)?Dy < Dy, €?D; <
k?h?Kpg>, and (16.19), we find

%h3g3 on [t 00).

Ii(f-) < WDy + 1’ [—Zm + x*hKp + KO] g <hDg—
The ratio D/ ¢° tends to zero by (16.11). Then there exists Xj, > t. such that D, <
(kA/8)hg® on [Xj, 00), and there I,(f-) < —(xA/8)h3¢> < —yh3g>. This completes the
proof. O

The cutoff X;, depends on h; since Dg/g> < K(1+ t)~(1727) it can be taken of order
h=1/(1-20) In the next proof, & is fixed before X, is used.

Proposition 16.7 (Critical endpoint bounds). There exist constants 0 < A_ < Ay < oo such
that
A1+ <u(t) <AL(1+1t)7°, t>0. (16.21)

For every integer n > 1, there exist constants 0 < K, < K, < oo and t,, < oo such that
K,(14+8)™" < (=1)"u"(t) <K,(14+6)7"",  t>t,.

Proof. The proof has three steps. First, we construct a profile P, with nonnegative
residual. It equals u up to a time Tj, is constant up to T; = 2T, and then follows a copy
of f4 on a long time scale T; we choose the time scale large enough to absorb the error
caused by the memory of the initial segment of u. Second, we construct a profile P_
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with nonpositive residual by attaching a copy of f_ directly at Ty, on a short time scale.
In both cases, we then obtain a bound for u from Lemma 16.4. Third, we deduce the
derivative bounds from complete monotonicity.

We will use the following consequence of Lemma 16.5. Let f = fi be one of the
profiles of Lemma 16.6. For 0 < § < 1 and x > 0, every y > (x — J) satisfies 1 +y >
(1+ x)/2. By the mean value theorem and the bound on |f!| in Lemma 16.5, we have

0<f((x—0)4) — f(x) <Ks(1+x)™!, 0<d5<1 x>0 (16.22)

We also use the convolution bound

* —a—1 oo
/ (1 —I—z)*ﬂfl(l +x — Z)*flfl dz < 2(1 + g) / (1 _i_z)fa—l dz < K(1+ x)fafl,
0 0
(16.23)
which follows from the symmetry z — x — z and splitting the integral at x/2.

Step 1: the upper bound. Let «, 7, hy be as in Lemma 16.6. Since u decreases to zero,
there exists Tp > 1 with h = u(Ty) < hy. We fix such a Ty; note that 1 > 0. Let T; = 2Ty,
and let T > Ty be a parameter, to be fixed below. We write f = f, and j = —f/, and
define
u(t), 0<t<T,
P+(t) = h, TO S t S Tl/
hf((t — Tl)/T), t > Tl-

This function is continuous, since u(Ty) = h = hf(0). It is locally absolutely continuous,
nonincreasing, takes values in [0, 1], and satisfies P, (0) = 1. We check that Rp, > 0 on
each of the three intervals.

On (0,Tp), we have Rp, = R, = 0, since the residual at time t involves only the
values of Py on [0, ¢].

On (Ty, Ty), we have P! (t) = 0 and P4 (t) = h, and —P/_ vanishes on (Tp,t). For
0 <s < Ty, we have t —s > Ty — s, which implies P, (t —s) < P (Tp —s) = u(Tp — s).
Since M is increasing on [0, 1], we have

Rp, (t) =h— /OTO M(Py(t—5s))v(s)ds > h— (M(u) xv)(Ty) = v(Tp) > 0.

In the equality on the right, we used (16.6) at time Ty, in the form (M(u) xv)(Ty) =
M(T()) + u/(To) =h-— U(To).

On (T;, ), we write x = (t — Ty) /7. Then P, (t) = hf(x) and P\ (t) = (h/7)f (x).
The measure —P’ (s) ds equals v(s) ds on [0, Tp|, vanishes on (Ty, T;), and equals
(h/T)j((s — Ty)/7) ds on (Ty,00). For 0 < s < Ty, we have t —s > Ty — Ty = Tp and
Pi(t—s) =hf((x—s/7)+): this is the definition of Py if t —s > Ty, and if Tp < t —s < Ty
both sides equal /. In the integral over (Ty,t), we substitute s = T; + T(x — z), for which
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t —s = 7z. Recalling that fOTO v =1—u(Ty) = 1—h and comparing with (16.17), we
obtain the exact decomposition

Rp, (1) = L () + () (x) ~ Ea(x) — Ex() (16.24)

where

To
Eq(x) —/ [ (hf((x —s/7)4)) —M(hf(x))}v(s) ds,
—h/‘ (Py(12)) — M(hf(2))]j(x — ) dz.

The terms E; and E; measure the difference between the actual memory of P, which
contains the initial segment of u, and the ideal memory in I;(f). Both are nonnegative.
For Ej, this holds because f is decreasing and M is increasing. For E;, we have P (71z) >
hf(z) for all z > 0: if Tz < Ty, then Py(1z) > h > hf(z), and if 7z > Tj, then
Pi(tz) =hf(z—Ty/7) > hf(z).

We now bound E; and E; from above, keeping the whole initial segment of u. For
s < Tp, we have s/t < Tp/7 < 1. By (16.22) with § = s/, the Lipschitz bound for M on
[0,1], and fOTO v < 1, we have

T,
0< E(x) < LMKh?O (1+x)""L.

For E;, we split the integral at z = Typ/7. On 0 < z < min{x, Tp/ 7}, the difference in
brackets is at most M(1), and j(x —z) < K(1+x —z) %! <K(1+x)"*!, since z < 1.
This part of E is at most KhM(1)(To/7)(1+x)"*"1. On Ty/7 < z < x, we have 1z > Ty
and Py (7z) = hf((z — T1/7)+). By (16.22) with § = Ty /7 < 1, the difference in brackets
is at most Ly Kh(Ty/7)(1+ z)~%1. Using also j(x —z) < K(1+x —z)~* ! and (16.23),
we find that this part of E, is at most Kh?(T;/7)(1 + x)~*~. Finally, (h/7)f'(x) >
—K(h/T)(1+x)7% L,

We insert these bounds and I;,(f1) > nh3¢® into (16.24). Using also (1+ x) %! <
¢(x)3, which holds because a + 1 > 3a, we conclude that

Kih
Rp,(t) = [ﬂh3 - %}g(x):‘, t> Ty,

where K; depends on p, g, and T;, but not on T > T;. We now fix
2K
T= max{Tl, 17—}1;}
Then Rp, > 0 on (Tj,00). We have shown that Rp, > 0 almost everywhere, and
Lemma 16.4 implies that u < P,. Fort > T;, we have T+t —T; >t > (1 +t)/2, since
T > Ty and t > 1. Using (16.16), we find

u(t) < hf+< Tl) < Zh(#)ﬂ < Zh(Zr)“(l—H)_”, t> Ty
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For t < Tj, we have u(t) <1 < (14 Ty)"(1+t)~* This proves the upper bound in
(16.21).

Step 2: the lower bound. We now write f = f_ and j = —f". We fix Tp with h = u(Tp) <
ho and the cutoff X, of Lemma 16.6. For a parameter T > 0, to be fixed below, we define
t), 0<t<T,,
p(n=1"" -

]’lf((t—To)/T), t > Tp.

This function is continuous, locally absolutely continuous, nonincreasing, takes values in
[0,1], and satisfies P_(0) = 1. As before, Rp. = 0 on (0, Tp).

For t > Ty, let x = (t — Tp)/ 7. Splitting the memory integral of Rp (t) at Tp and
substituting s = Typ + T(x — z) in the second part, we have

Rp (1) = gf’(x)Jrhf(x) —/OTOM(P(t—s))v(s) ds—h/OxM(P(Tz))j(x—z) dz.

The actual values of P_ in the memory integrals are at least their ideal replacements. For
0 <s < Ty wehave P_(t —s) > P_(t) = hf(x), since P_ is nonincreasing. For z > 0,
we have P_(tz) > hf(z): if Tz < Tp, then P_(tz) = u(tz) > u(Tp) = h > hf(z), and if
1tz > Tp, then P_(1z) = hf(z — To/T) > hf(z). The function M is increasing, and the
memory terms enter with a negative sign. Recalling also that fOTO v =1—h, we conclude
that

Rp (1) < 2f(0) + h(HG), > T

In contrast with the upper bound, this inequality has no error term.

It remains to fix T so that the right side is nonpositive for all x > 0. For x > Xj, both
terms are nonpositive by Lemma 16.6. On [0, X}, the function I;(f) is continuous, and
Ly, = maxx,] In(f)+ is finite. By (16.16), we have —f(x) > &, = (3/4)a(1 + X)) >

0 there. Let
héy,

T = L1
Then (h/7)f'(x) < —(Lp+1) < —L,(f)(x) for 0 < x < X;. We have shown that
Rp_ < 0 almost everywhere; the single jump of P’ at Ty does not affect the argument. By
Lemma 16.4, we have P_ < u. For t > Ty, using (16.16) and 1+ (t — Tp) /T < 1+t/7 <
max{1,1/7}(1+t), we find

t— 1Ty 3 t—To\ 2 3 . a 4
u(t) > hf- ( E )21h(1+ E ) > Jhmin{1, T} (146"

For t < Ty, we have u(t) > u(Tp) = h > h(1+t)~? This proves the lower bound in
(16.21).
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Step 3: the derivatives. For n > 0and t > 0, let F,(t) = (—1)"u(")(t). By Lemma 16.3,
each F, is positive. Since F/ = —F,11 <0, each F, is nonincreasing. Using (16.21), we
have kot~ < Fy(t) < kot =" for t > 1, withky, =27"A_and kg = A..

Suppose that, for some n > 0 and t], > 1,

kt “<E,(t) <kst™®, t>t, a=a+n.
Using that F,, ;1 is nonincreasing, we have, for t > 21},

t t _
~Eu(t) < /t/z Fyin(s) ds = Fu(£/2) — Fa(t) < Fu(t/2) < 2%t

thatis, F,1(t) < 21+, t=%~1 For the lower bound, let A > 1 be such that k,A™* < k, /2.
For t > t/,, we have

At
%”t”‘ < F(t) = E(A) = [ Fra(s) ds < (A1) tErpa(h),

that is, F,41(t) > k,t =% 1/(2(A —1)). The same two-sided bound therefore holds for

Fu11, with « replaced by a + 1 and ¢, ; = 2t;. By induction, it holds for all n > 0. This

proves the derivative bounds, because (1+1¢)/2 <t <1+t fort > 1. O

The function v is nonincreasing with v(0) = 1. Together with the case n = 1 of
Proposition 16.7, this implies that, for a constant K depending on u,

0<o(t)<K(1+t)""1, t>o0. (16.25)

16.4 The quadratic balance and its logarithmic Dirichlet form

The bounds (16.21) identify the exponent, but they do not show that t*u(t) has a limit. The
goal of this section is to prove that t*u(t) varies more and more slowly on a logarithmic
time scale. We first isolate the quadratic balance behind (16.3).

Lemma 16.8 (Integrable critical balance error). Let Q = u* u and p = 1 — 2a. Then the
function & = Q' — Yu? satisfies

Q =02+ |EW)| <K+, / E(1)]£° dt < oo, (16.26)
0
where K depends on u.

Proof. Recall that v = —u’. Differentiating Q = u * u and using u(0) = 1, we have
Q =u—uxv. By (16.6), wehave u = v+ M(u) *xv =0v+u*v+ Z]p:_; )\juf * 0. Inserting
this into the expression for Q’, we find

p—1

Q=0+ ) Aju 0.
=2
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In the same way, we have (1 * 1)’ = w/ — u/  v. Inserting this identity and separating the
term Ay,u? = du?, we obtain Q = du? + £ with the exact error

p—1 p—1

E=ov+ Y A/ — Y A «u)'. (16.27)
j=3 j=2

For p = 3, the first sum is empty.

We bound each term. Using (16.21) and (16.25), we have u(t) < K(1+ )™ and
o(t) < K(1+1t)7""1. The term v is at most K(1 +#)73, since a+1 > 3a, and so
is for j > 3. For j > 2, we apply (16.15) with F = w and G = u, which are
continuously differentiable. We have |F| < K(1+t)7/, |F'| = ju/~lo < Kj(14t)7/71,
|G| < K(1+1#)7% and |G'| = v < K(1 +¢t)~%"L. These are the bounds used in Step 4 of
the proof of Lemma 16.5, and the computation there yields |(1/ * u)'(t)| < K;(1+1)7%,
including the case ja = 1. This proves the pointwise bound in (16.26).

The error is bounded near zero and p < 1, which implies that fol |E(t)[tF dt < oo.
On [1,00), weuse 3a +p =1+aand find [~ [E(H)|t P dt <K [{ 7177 dt < 0. O

We now pass to logarithmic time. In the following lemma, we convert the balance
(16.26) into a finite Dirichlet energy for the function e™u(e*), which equals t*u(t) at
t =e*.

Lemma 16.9 (Logarithmic Dirichlet bound). The function D(x) = e™u(e*), x € R, is
bounded and Lipschitz on R, it is bounded below by a positive constant on [0, o), and

[D(x) = D(y)]?
/IR/]R [2cosh((x —y)/2)]2~2 dx dy < co. (16.28)

In particular, for every fixed h € R,
D(x+h)—D(x) — 0 (x — 00), (16.29)
and the convergence is uniform when h ranges over a compact interval.

Proof. The proof has four steps. We first record the elementary properties of D. We then
integrate the balance (16.26) against ¢t * up to a finite time T and obtain a quantity Jr
that is bounded above uniformly in T. Next, we use the identity behind the Schur test to
bound a truncated version of the energy in (16.28) by Jr. Finally, we deduce (16.29). We
keep the cutoff T finite until the last moment, because the separate integrals that appear
in the second and third steps diverge as T — oc.

Step 1: properties of D. By (16.21), we have

X ex

(i) o a () xem
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In particular, 0 < D < Ay, D(x) > 27"A_ for x > 0, and D(x) — 0 as x — —oo. The
derivative of D is
D' (x) = aeu(e*) — el*tD¥p(e").

For x > 0, the bounds (16.21) and (16.25) show that both terms are bounded. For x < 0,
both terms are bounded by 1, since u < 1 and v < 1. We conclude that D is Lipschitz on
R. Let Lp denote a Lipschitz constant.

Step 2: the balance in integrated form. Let

o1+ 1T+py\ B B
cp_B(T,T>_B(1 a,1—a),

so that & = pC, by (16.3). For T > 0, we define

T T
It = / QnttFdt, Jr= Cp/ u(t)?t=P dt — Ir.
0 0

Note that 0 < Q(f) < ¢t, because 0 < u < 1. Then both integrals are finite, and
Q(t)t P — 0as t — 0. The function Q is continuously differentiable. Integrating by parts,
we find

/OT Q'(t)t P dt =Q(T)T* + plr.

We insert (16.26) on the left side, use ¢ = pC,, and divide by p. We arrive at the exact
identity
Jr = % _ % / E(H)FP dt. (16.30)
0

Using (16.21), we have
2 T —a —a 2 T —a.,—a 2
Q(T) §A+/0 (14T —s)""(1+s)" ds §A+/0 (T —5)~9s~ ds = A2 C,T°.
Together with Lemma 16.8, this shows that

A2C
sup Jr < ——F
T>0 Q

+1/ 1E()|tFP dt < .
pJo

Step 3: the weighted Schur identity. We define the symmetric kernel

(st) “

m, S,t>0.

E(s, t) =

Substituting t = s¢ and using the beta integral [~ ¢ *(1+¢)* 2 dg =B(1—a,1—a),
we find, for s > 0,

/0 TE(s ) dt = L. (16.31)
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Let ur = uly 1) and ®r(s) = s"ur(s). Using (16.31),2a —1 = —p,and 2 —2a = 1 +p, we
have

/OOO/OOOE(S, H®r(s)? ds dt = C, /OTH(S)ZSP ds, B (s, ) (s)Dr(t) = ur(s)ur(t)

(s+t)t+e "

The first quantity is finite, since u < 1 and p < 1. By the Cauchy-Schwarz inequality
with respect to the measure E(s, t) ds dt, the function E(s, t)|®7(s)Dr ()| is integrable
as well. Expanding the square and using the symmetry of &, we obtain

1 [ 2
— E ,t CIJ — O (t ds dt
2/0/0 (s (s) r(t)]” ds

— —-P
cp/u 2670 ds — // S+t1+pd s dt < Jr. (16.32)

For the inequality, we used the representation of It obtained by writing out Q and
applying Tonelli’s theorem,

u(s)u(t)
It = ———— ds dt,
T //{s,t>0, stt<T} (s + 1)1+ ®

together with the facts that the triangle {s +t < T} is contained in the square [0, T]?
and that the integrand is nonnegative. The identity in (16.32) is the sum-of-squares
identity behind the Schur test [111, Section 7, Equation (1), pp. 23-24] for the kernel
(st)P/2(s +t)~1=F on L?(0,0) with the test function s~!/2, written in the variables ®r.

As T — oo, the integrand on the left of (16.32) converges pointwise to E(s, t)[su(s) —
t*u(t)]?; indeed, it equals this limit as soon as T > max{s, t}. Fatou’s lemma and Step 2
then imply that

/ / ——5—- [s"u(s) — t'u(t)]? ds dt < 2sup Jr < co.
s+t ? T>0

We now substitute s = e and t = ¢¥. Using e* 4 ¥ = e(**¥)/22 cosh((x — y)/2), we have
E(e", ) Y — p—a(xty) pla—1)(x+y) 2 cosh((x — y)/z)]Za—Z <ty
— [cosh((x — y)/2)] "),
and s"u(s) = D(x). This proves (16.28).

Step 4: vanishing increments. Suppose that (16.29) fails for some i € R. Then there
exist € > 0 and a sequence x; — oo with |D(xx +h) — D(x;)| > €. Let 6 = €/(6Lp), and
consider the regions

Sk={(x,y): |x—x¢ <6, |y —x—h| <6}.
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For (x,y) € Sk, we have |x — x| < and |y — (x¢ + h)| < 26. Using the Lipschitz bound,
we find
ID(y) = D(x)| = [D(xx +h) = D(xi)| = 3Lpé > €/2.

Further, since |x —y| < |h| 4+ J on S, the kernel in (16.28) is at least [2cosh((|h| +
6)/2)]~ (720 > 0 there. Passing to a subsequence, we may assume that the intervals
[xx — 6, x + 6] are disjoint; then the regions Sj are disjoint. Each of them has area 442
and contributes at least a fixed positive amount to the integral in (16.28). This contradicts
the finiteness of the integral, and proves (16.29).

For the uniformity, let I be a compact interval and € > 0. There exist finitely many
points hy, ..., hy € I such that every h € I satisfies |h — h;| < e/(2Lp) for some i. Then
|ID(x+h) —D(x)| < |D(x+h;) — D(x)| + €/2, and the claim follows from (16.29) for the
tinitely many #;. [

16.5 An integrable-source renewal equation

The vanishing of the increments in (16.29) does not by itself imply that D converges. In
this section, we show that a smoothed version of D? satisfies a renewal equation with an
integrable source and use the renewal theorem to prove that it converges.

The renewal theorem. We use the renewal theorem in the following form. A proba-
bility measure F on (0, c0) is called arithmetic if it is concentrated on a set of the form
{h,2h,3h,...} for some h > 0. A function z: [0,c0) — [0, 00) is called directly Riemann
integrable if, for every h > 0, the upper and lower sums

o(hy=h), sup z  oh)=h) inf z
n>1[(n—1)h,nh] n>1 [(n=1)hnh]

are finite, and they tend to the same limit as # — 0. This limit is then fooo Z.

Theorem 16.10 (Key renewal theorem; [68, Chapter XI, Section 1, pp. 362-363]). Let F be a
probability measure on (0, 00) which is not arithmetic and has finite mean mg, and let F*" denote
its n-fold convolution, with F* = &). Let z: [0,00) — [0,00) be Borel measurable and directly
Riemann integrable, and define

Z(x) = ;)/[O,x] z(x —y) F"(dy),  x>0.

Then Z(x) — mz" [5° z(y) dy as x — oo.

We extend the test z by zero to negative arguments. Borel measurability on [0, c0) is
equivalent to Borel measurability of this extension and makes the integrals well-defined
even for singular increment laws. The Darboux-sum condition alone does not imply
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measurability for such laws. The application below uses a continuous nonnegative
source.

In [68, Chapter XI, Section 1, pp. 362-363], the function Z is the solution of the renewal
equation Z(x) = z(x) + f[o,x} Z(x —y) F(dy), written as Z = Uz with U = Y, F*",
and the theorem is stated there as the alternative form of the renewal theorem. We check
direct Riemann integrability through the following elementary criterion, which we prove
for completeness.

Lemma 16.11 (A criterion for direct Riemann integrability). Let z: [0,00) — [0,00) be
continuous, and suppose that } ~o s, < 0o, where s = supy ., 1) 2. Then z is directly Riemann
integrable.

Proof. Let S =Yy sx. For 0 < h < 1and n > 1, the interval [(n — 1)k, nh] lies in [k, k + 2]
with k = [(n — 1)k, and its supremum is at most s; + sx1. At most 2/h indices n share
the same value of k, which gives o(h) < 4S. For h > 1, each interval [(n — 1)k, nh] is
covered by the intervals [k, k + 1] that meet it, and each [k, k + 1] meets at most two of
them. Then o(h) < 2hS. This shows that all upper and lower sums are finite. Now let
X > 2 be an integer. The function z is continuous on [0, X], and the parts of o(h) and
o(h) coming from intervals contained in [0, X| tend to fOXz as h — 0. For h < 1, the
remaining parts of both sums are at most 4} - x_» si, by the argument above. This tail
and [y z tend to zero as X — oo, and we conclude that both sums converge to fooo z. O

A renewal density. The renewal equation that we derive is driven by a logarithmic
beta variable, whose density is unbounded near zero. The following lemma records the
behavior of its renewal density.

Lemma 16.12 (Renewal density for a logarithmic beta variable). Let 0 < a < 1and p > 0,
and let Y = —log B, where B has the beta distribution with parameters (p, a). The density of Y is

e PY(1—e¥)r1
k(y) = ,
(y) B(p/ a)
and its mean is m = (o +a) — (o) > 0. The renewal density U(y) = ¥_,>1 k" (v) is locally
integrable on [0, 00), bounded on [1,00), and satisfies

Uly) — % (y — o). (16.33)

y >0,

Here we set k = 0 on (—00,0], k*! = k, and k*("*1) = k*" x k. Each convolution power
is a nonnegative Borel probability density supported in (0, c0). The parameter 4 in this
lemma is arbitrary in (0, 1); we apply it with the exponent a of (16.2) and p = 1 — 2a.

Proof. The density of Bis b*~1(1—b)*~1/B(p,a) on (0,1). The change of variables b = ¢~¥
gives the formula for k. Differentiating log B(p,a) = log fol b*~1(1—b)*~1 dbin p, we find
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Elog B = 1(p) — ¥(p + a); the differentiation under the integral sign is justified because
|log b| b*'~1(1 — b)*! is integrable on (0,1), uniformly for p’ near p. We conclude that
m =EY = ¢(p+a) — p(p), which is positive since ¢ is strictly increasing.

We first bound the convolution powers. The function (1 — e ¥)/y decreases from 1
to1—e"! on (0,1], and y'~*e~¥/2 is bounded on [1,0). It follows that there exists K,
depending only on a and p, such that k(y) < Ky*~'e=¥/2 for all y > 0. The beta integral

Y - . L(na)T(a)  (ni1)a-
/Os My =)' ds =m0

and e r5/2e=P(Y=5)/2 = ¢=r¥/2 imply, by induction on 7, that

n n
kK (y) < KF{T(Z:;y””_le—PWZ, y>0,n>1 (16.34)
The series ), (KI'(a))"Y[*/I'(na) converges for all Y, > 0, because I'(na) grows faster
than any exponential in n. For 0 < y < 1, we have y"~! < 4"~ so U(y) < K'y*~ L. In
particular, U is finite on (0, c0) and locally integrable on [0, o).
We next show that each k*" is continuous on (0,00). Substituting s; = yo; in the
(n — 1)-fold integral that defines k*"*(y), we have

n

K (y) = y”‘l/Z k(yoi) do1---dou—1, on=1-)_0;
1

n—1j= i<n

where 2,1 = {0; >0, Y;., 0; < 1}. For y in a compact subset of (0, %), the integrand is
continuous in y and dominated by a constant times []; Qf_l, which is integrable on X,,_1.
The continuity follows by dominated convergence.

Now fix an integer j with ja > 1, and let k; = k*/. By (16.34), we have kj(y) — 0 as
y | 0, and k; extends to a continuous function on [0, co) with k;(0) = 0. Its zero extension
is therefore Borel measurable. The same bound shows that } ;- SUP(; 141] kj < co. Then
Lemma 16.11 implies that k; is directly Riemann integrable. It is the density of the sum
of j independent copies of Y. The corresponding probability measure is supported in
(0, 00), it is not arithmetic because it has a density, and its finite positive mean is jm. Thus
this law and the nonnegative test z = k; satisfy every hypothesis of Theorem 16.10. In
this case, Z = kj + 3 ,>1 k;f” *ki =Y ,>1 k;‘", where the interchange of sum and integral
is justified by Tonelli’s theorem. The theorem gives

. 1
Ui(y) = Y K"(y) — —  (y—= ).
n>1 J
Note that k;‘” = k*/". Using (16.34) with jna — 1 > 0, we see that the series defining U;
converges uniformly on every interval [0, Yp]. Each term of this series is continuous on
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[0,00), and so is Uj. Since Uj is continuous and converges at infinity, it is bounded on
[0, 00).

Finally, we decompose the indices n > 1 according to their residues modulo j, writing
n=i+jlwith1l <i<jand! > 0. Using Tonelli’s theorem, we obtain

/N
u= Zk*l + Zk*l * LI]
i=1 i=1

By (16.34), each k*' is bounded on [1,00) and tends to zero at infinity. For each i, we have
(K« Uj)(y) = [y k¥ (s)U;(y — $)1{s<yy ds. The integrand is bounded by [Uj[|eok™ (s),
which is integrable, and it converges to k*'(s)/(jm) for every s. Then (k*' x U;)(y) —
1/(jm) by dominated convergence, and also (k*' x U;) < ||U;|e. Summing over i, we find
that U is bounded on [1,00) and that U(y) — j/(jm) = 1/m. This proves (16.33). O

The gamma-beta factorization. The second ingredient is a classical identity between
gamma and beta variables. For a shape parameter « > 0, we say that a random variable
has the gamma distribution with shape « if its density is y*~'e™¥/T'(a) on (0, ).

Lemma 16.13 (Gamma-beta factorization). Let p,a > 0 and b = p +a. Let G, and B be
independent random variables, where Gy, has the gamma distribution with shape b and B has the
beta distribution with parameters (p, a). Then BGy, has the gamma distribution with shape p.

Proof. Let X and W be independent, with gamma distributions of shapes p and a. The
map (x,w) — (g,y) = (x +w,x/(x +w)) is a bijection from (0, )? onto (0,0) x (0,1),
with inverse (g,y) — (gy,g(1 —y)) and Jacobian g. The joint density of (X + W, X/ (X +
W)) is therefore

() e —y) T8 _ g les yrl(1—y)!
[(p)I'(a) T(b) B(o,a)
where we used I'(p)I'(a) = I'(b)B(p,a). This shows that X + W and X/ (X + W) are

independent, with the laws of G, and B. Then BG, has the law of X = [X/(X + W)] -
(X + W), which is the gamma distribution with shape p. O

The proof of the theorem. We now combine the three steps.

Proof of Theorem 16.1. We keep the normalized time variable until the last step. Recall
that D(x) = e"*u(e*) and p =1 —2a, and set b =1 —a = p + a. Let G, have the gamma
distribution with shape b, and let B be an independent random variable with the beta
distribution with parameters (p,a). For bounded measurable functions { on R, we define
the averaging operators

(KQ)(x) = Ef(x+10gGy),  (BO)(x) = E(x+logB) = [ ky)Z(x—y) dy,



16 Algebraic relaxation in the stationary sector §16.5 260

where k is the density of —log B from Lemma 16.12. By the independence of B and G,
and Fubini’s theorem, BK{(x) = E {(x + log(BGp)). Recall from Lemma 16.13 that BG,
has the gamma distribution with shape p.

The proof has five steps. We first transform the balance (16.26) into an exact equation
in the logarithmic variable. We then show that it is a renewal equation with an integrable
source, solve this equation by iteration, and use Lemma 16.12 to find the limit of its
solution. Next, we deduce that D converges. Finally, we treat the derivatives and return
to the physical lag.

Step 1: the balance in logarithmic time. For z > 0, we write {(z) = fooo e #Z(t) dt for
the Laplace transform of a bounded function ¢ on [0, 00). By Lemma 16.8, the functions
u, u?, and £ are bounded. The function Q is continuously differentiable with Q(0) = 0
and 0 < Q(t) < t. An integration by parts gives Q'(z) = zQ(z), and Q = 2 by Fubini’s
theorem. Taking the Laplace transform of (16.26), we obtain

zii(z)2 = 012(z) + E(z), z>0. (16.35)

We evaluate the transforms at z = e™*, x € R. We have u(t) = t~?D(logt), and the
substitution t = e*w gives

(e ™) = /Ooo e~V (e*w) "D(x + logw) e* dw = e"*T'(b) (KD)(x),

where we used that w”~1e=® /T (b) is the density of G;. In the same way, since BG,, has
the gamma distribution with shape p =1 — 24,

I//l\z(e_x) = /Ooo e (ew) "D (x +logw)? e* dw = eP*T(p) BK(D?)(x).

Further, e *#i(e™*)2 = e'~ VT (b)2(KD)(x)? = ef*T'(b)*>(KD)(x)?. Inserting these three
identities into (16.35) at z = e~ * and dividing by e’*I'(b)?, we obtain the exact equation

KD(x)]2 = BE(DY)(x) +0(x),  o(x) = %

(16.36)
where we used the exponent relation in the form 9T (p) = I'(b)?, which is (16.2).

The source ¢ is integrable on R. Indeed, for t > 0, the substitution w = te™* yields
Jre et dx =t~ PT(p). By Tonelli’s theorem and Lemma 16.8, we have

/IR o (x)| dx < 1? ((zf))z /0 TIEM|EP dt < oo (16.37)
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Step 2: the linear renewal equation. We set
f=K(D?, V=K(D?-[KD>

For each x, V(x) is the variance of D(x + log Gy); in particular, V > 0. We have BK(D?) =
Bf and [KD)? = f — V, and (16.36) becomes the linear renewal equation

f—Bf = go, go=V+o. (16.38)

We now verify that V is integrable. Let G() and G? be independent copies of Gy.
Then

V(x) = %]E [D(x 4+10og GY) — D(x + log G(Z))}z.

Integrating out G(1), we find that the ratio G® /G has the density ¢"~'(1 +
¢)~%/B(b,b) on (0, 0). Taking logarithms, we see that the difference log G(?) — log G(!)
has the density

ebh [2cosh(h/2)]72

- . heR
B(b, b)(1 1 )2 B(b, b) <

By Tonelli’s theorem and the translation x — x — log G(l), and since 2b = 2 — 2a, we

obtain
_ 1 [D(x) — D(y)]?
/R V(x) d¥ = 5505 /IR /IR Beosh((x—y)/2)F 2 X W <

where the finiteness is (16.28). Together with (16.37), this shows that go € L!(R).

We next record the regularity of the terms in (16.38). Averages of translates preserve
bounds and Lipschitz constants. By Lemma 16.9, D is bounded and Lipschitz. The
functions D?, KD, f, [KD]?, V, and Bf inherit these properties. By (16.36) and (16.38),
the same holds for ¢ and gp. A uniformly continuous integrable function on IR tends to
zero at co: otherwise there would be infinitely many disjoint intervals of a fixed length
on which its absolute value is bounded below by a fixed positive number. In particular,
go(x) — 0 as x — *oo. Further, f(x) — 0 as x — —oo, by dominated convergence, since
D is bounded and D(y) — 0 as y — —oo.

Step 3: the renewal representation and the limit of f. The source gy is bounded,
continuous, and integrable, but it may be signed. We use the local integrability and
bounded tail of the renewal density from Lemma 16.12 to handle this source. Let
Y1,Ys,... be independent copies of Y = —log B, and let S, = Y1 + - - - + Y}, with 59 = 0.
Then B"{(x) = E{(x — Sy), and for n > 1 the variable S, has the density k*". Applying
(16.38) repeatedly, we have, for all n > 1,

n—1
f(x) =) Ego(x—S)+Ef(x—S,).

1=0
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By the strong law of large numbers, S;,/n — m > 0 almost surely, and in particular
Sy — oo almost surely. Then Ef(x —S,) — 0 by bounded convergence, because f is
bounded and f(—oco) = 0. For every fixed x, we have

Y Elgo(x— )l = [ Unlolx — )l dy
I>1

1
< Hgo\loo/o U(y) dy+sg1i> U(y) lI8oll1r) < oo
y=

by Lemma 16.12 and Tonelli’s theorem. This justifies summing the series term by term,
and we obtain

f(x) = go(x) + /0 N Uy)go(x—y)dy, x€R, (16.39)

We now let x — oo in (16.39). The term go(x) tends to zero. The part of the integral
with 0 <y < 1is at most supy, 4 |90 f01 U, which tends to zero. In the remaining part,
we substitute s = x — y:

/100 U(y)go(x —y) dy = /IR U(x —s)go(s) Liser 1 ds.

The integrand is dominated by sup,~, U(y) [§0(s)|, which is integrable, and by (16.33) it
converges to go(s)/m for every s. We conclude by dominated convergence that

Flx) —> foo = % [so(s)ds (x> o0) (16.40)
Step 4: the limit of D. For every fixed 1 € R, we have
D(x +h)> — D(x)* = [D(x + h) = D(x)] [D(x +h) + D(x)] — 0

as x — oo, by (16.29) and the boundedness of D. These differences are bounded by
2||D||%. By dominated convergence with respect to the law of log G;, we find

f(x) = D(x)* = E[D(x +10g Gy)* — D(x)?] — 0.

Combined with (16.40), this shows that D(x)? — fw. Recall from Lemma 16.9 that D
is bounded, and bounded below by a positive constant on [0,00). This implies that
feo € (0,00). Since D > 0, we conclude that

D(x) — Ag = \/foo € (0,00),  thatis, u(t)~Apt™® (t— o).  (1641)

We did not need to know the sign of [ go in advance: its positivity follows from the lower
bound in (16.21).
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Step 5: the derivatives and the physical lag. As in the proof of Proposition 16.7, let
F, = (=1)"u™ on (0,0) for n > 0. Recall from Lemma 16.3 that each F,,; = —F/ is
positive and nonincreasing. We show by induction that

Fu(f) ~ Ag(a)at™™"  (t—=c0), n>0, (16.42)

where (a)g = 1. For n = 0, this is (16.41). Suppose that (16.42) holds for some n > 0, and
write « = a+n and A, = Ap(a),. For A > 1, since F, 1 is nonincreasing, we have

Eu(t) — Fa(Af) Fu(t/A) — Eq(f)
(A=1)f = () = (1—1/A)t

Multiplying by t**! and letting t — oo, we obtain

1-A" A*Y—1
Ay < liminf t*71F, 1 (t) < limsup t*"1F, 1 (t) < Ay,

A—1 t—00 tyo0 1-1/A

Both bounds tend to aA, as A | 1, and we conclude that F, 1(t) ~
(a+n)Ag(a)t=" "1 = Ag(a),s1t~* "1, which is (16.42) for n + 1. This argu-
ment is the monotone density theorem; see [30, Section 1.7.3, Theorem 1.7.2 and its
following tail-integral variant, p. 39].

Finally, we return to the physical lag, which we again denote by t. By the definition
of u, we have c(t) = g+ (1 — q)u(t/(1 —q)) and ¢ (t) = (1 —g)"uW(t/(1 - q)) for
n > 1. Using (16.42), we obtain

() —q~ (1= )ao(g) = A1 -,

and, for all n > 1,

(1)) ~ (=) o (1) = Ao =) @)

This is (16.4) with Ag = Ag(1 —g)'** € (0,c0). The case n = 1 gives r(t) ~ aAgt 177,
because r = —c’. This completes the proof. O



SECTION 17

Further questions

We have proved correlation aging for the uniformly initialized CK solution and identified
its stationary endpoint. For every p > 3 and B > B, the solution satisfies the stationary
fluctuation—dissipation theorem at fixed lag, selects a positive marginal plateau and
an explicit limiting energy, and forgets every fixed earlier state (Theorem 1.1). For
B > B4, we have also proved an integrated violation of the fluctuation—dissipation
theorem (Theorem 1.2). In the cubic model, we obtained quantitative restrictions on
correlations at three late times for B > B4 and on relaxation below the plateau for > B4
(Theorems 1.3 and 1.4). Several central parts of the physical picture of Cugliandolo and
Kurchan [51] remain to be proved. We now formulate them in terms of observables of
the CK solution itself, without an asymptotic ansatz.

17.1 The complete slow fluctuation—dissipation relation

Fix B > B4, write g = gg, and let x = (p —2)(1 —¢q)/q. For alevel ¢ € (0,4), the predicted
integrated relation in the aging regime is

X(tn,sn) — 1—qg+x(qg—c) ifsy, — 0o, ty —s, — 00, C(ty,sn) — C. (17.1)

This is the slow fluctuation—dissipation relation of Cugliandolo and Kurchan, with the
ratio x given after [51, Equation (12)]. We write it in the conventions of Section 3, in which
the fluctuation—dissipation theorem in the stationary regime reads R(t,s) = 9;C(t,s). We
refer to [35, Sections 3.3-3.4] for a review of the two time sectors and their response,
and to [96] for a numerical test of the relation on the CK equations. The weighted
ratio in (1.10) identifies one moment of the slow response. Proving (17.1) requires more
information than this moment.

A natural intermediate target is the weak convergence, as finite measures on 0,1], of
the response-weighted correlation measures

t
7 :/0 R(t,u) dc(ty) du

to the predicted measure
1,5 (y) dy + 1,1y (y) dy.

264
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This target includes the statement that no mass accumulates near correlation zero,

lim lim sup 14([0,¢]) = 0,

el0 tse0
and, since v4([0,1]) = x(¢,0), it also includes the convergence of x(t,0) to the total mass
1 — g + xq of the predicted measure. Such a statement concerns the amount of response
at each correlation level. To deduce (17.1) from it, we must also link the correlation levels
to chronological order. Specifically, we would need the response masses

Sn tn
/0 R(tn, 1) L4c(t, u)y>Cty,sn)y A4 and /S R(tn, 1) L4ty u)<Ct,sn)} AU

to vanish, together with control at the boundary level C(#,,s,). These masses measure
returns of the row u +— C(t,,u) across the level C(t,,s,). The product inequality (1.13)
constrains the correlations at three times, but it does not exclude such returns. Note also
that the vanishing of the squared defect in (1.9) does not control the integrated negative
part of the defect over a growing interval.

17.2 The sharp susceptibility upper bound

In the cubic model with B > B4, we proved in (1.14) that liminf;_,« x(,0) > 2(1 — g).
The expected matching estimate is

limsup x(£,0) < 2(1—gq). (17.2)

t—o0
For p = 3, we have xq = 1 — ¢, so 2(1 — g) is the total mass 1 — g + xg of the predicted
measure in Section 17.1. Together with the lower bound (1.14), the estimate (17.2) would

determine the limit of the total response mass. This is much more precise than the bound
x(t,0) = o(y/t) in (1.8). A related scalar target is

/t C(t, )R (t, u) du — L= D1F20)
A 2

which is the first moment of the predicted measure when p = 3. The energy identity fixes
the moment with C? in place of C, since eg(t) =3P fo (t,u)?R(t,u) du converges to the
value eg(c0) given by (1.4). It does not determme the first moment, nor the unweighted
mass near correlation zero. In the proof of Theorem 14.7, we obtained the lower bound
by positivity, through a trace argument. An upper bound requires a separate estimate
on the response-weighted frame used in that proof. Even equality in (17.2) would leave
open the question of chronological returns raised in Section 17.1.
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17.3 A nondegenerate clock and physical relaxation rates

The noncommutation of limits in (1.6) does not specify the time scale on which cor-
relations move below 4. A stronger description would exhibit an increasing function
h:[0,00) — (0,00) and a nonconstant profile C: (0,1) — [0,¢| such that, for every
ae(0,1),

b(sn)
b(tn)

and such that sequences with these properties exist for every a € (0,1). The last require-
ment excludes clocks for which the statement is vacuous, such as h(t) = ef, for which
h(sn)/b(ty) — 0 whenever t, — s, — oo. Our results fix neither the shape of C nor the
growth of h. In the physical theory, the asymptotic equations for the aging regime admit
reparametrizations of time, as observed by Cugliandolo and Kurchan [52], so they do not
select h either. The clock has been studied by numerical integration of the CK equations
[96], and by a matching calculation [3] that proposes a clock within a scaling expansion
whose remaining exponent is estimated numerically. For p = 3 and B > B4, the composi-
tion inequalities for last-crossing times in Corollary 14.4 give one-sided restrictions on
passage times. A composition law in the limit that is compatible with these inequalities,
such as the triangle relations of [52], would give much more information on the time
scale.

For p =3, B > B4, and a level ¢ € (0,q), the local Fisher cost (1.15) is a constraint in

C(tn,sn) — C(a) whenever s, — oo, t, — s, — o0 and —a,

physical time: relaxation to the level ¢ costs a positive amount of 7.(s) fSS+TC(S) ap(u) du.
It does not determine the growth of 7.(s). We expect that quantitative estimates on the
energy current or on the tail of the Fisher density, together with matching dynamical
bounds on passage times, would help to determine this growth. The majorant ar need
not be unique, and we do not claim that it defines a physical aging clock. By contrast, the
exponent a in (1.16) describes stationary relaxation in the lag variable after the waiting-
time limit. It is not an exponent of the aging dynamics.

17.4 Selection below the dynamical transition

In the interval B < B < B4, we proved convergence in Proposition 8.4, but we did not
decide between the zero plateau and the upper marginal root g4 (). The physical picture
of the dynamical transition [48, 51] predicts the zero plateau throughout the interval,
and proving this requires excluding the positive alternative. One sufficient estimate
would be eg(c0) < B throughout the interval, since by Remark 8.7 the positive branch has
eg(c0) > B. Such an estimate would complete the classification of the stationary plateau
from below.
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17.5 Other orders of limits

All of these questions concern a fixed positive temperature and the order of limits in
which the dimension tends to infinity before the times do. The bridge of Proposition 3.3
transfers the conclusions about correlations and about primitives of the response to the
Langevin dynamics in this order, and Proposition 4.1 gives the limit of the annealed
energy. The annealed response means also converge uniformly on fixed causal time
windows. The concentration statement in the bridge concerns the Brownian observables
representing their primitives; see Remark 3.5. These fixed-window results give no
information on observation times that grow with the dimension, and the low-temperature
limit in Remark 8.6 is taken after all other limits. We regard a description of the dynamics
on time scales that grow with the dimension, and a theorem at zero temperature, as
separate problems.
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