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A COUNTEREXAMPLE TO VAUGHT’S CONJECTURE FOR L, .

NATHANAEL L. ACKERMAN, CAMERON E. FREER, AND ROBIN W. KNIGHT

ABSTRACT. We construct a sentence of L, . having exactly X; many countable models up to
isomorphism, but no perfect set of non-isomorphic models. This disproves Vaught’s conjecture for
infinitary logic. The construction follows a framework devised by Robin Knight, and the proof has
been formally verified in Lean.
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1. INTRODUCTION

The beginning of modern model theory can be traced back to a paper of Vaught titled “Denumerable
models of complete theories” [Vau61]. That paper introduced many of the fundamental concepts and
ideas used in model theory, and it ended with the following question which gave rise to the conjecture
that bears his name:

Question 1.1 ([Vau6l, p. 320]). Can it be proved, without the use of the continuum hypothesis, that
there exists a complete theory having exactly X1 non-isomorphic denumerable models?
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The statement that all countable first-order theories either have countably many or continuum
many countable models (up to isomorphism) has since been known as “Vaught’s conjecture”.

The most significant advance in the study of Vaught’s conjecture of the next several decades was
Morley’s paper “The number of countable models” [Mor70]. In this paper Morley made two important
advances. First, he showed that if Vaught’s conjecture were to fail, then any counterexample must be
a scattered theory with precisely N; many models. Second, he showed that these results were true not
just of first-order logic but also of sentences of the infinitary logic L, .-

In light of the first advance, Vaught’s conjecture is usually taken today to mean the “absolute’
version, namely the statement that every countable first-order theory with an uncountable collection
of models (up to isomorphism) has a (non-empty) perfect set of non-isomorphic models. In particular,
this formulation, unlike the original, is absolute between models of set theory and does not depend on
whether the continuum hypothesis holds.

Morley’s results for £, ., not only suggested a natural generalization of Vaught’s conjecture for
sentences of L, .,, but also opened the door for a much wider generalization. Several years earlier,
Lopez-Escobar [LE65] showed that there is a close connection between the countable model theory of
L, . and the descriptive set theory of continuous actions of S, on Polish spaces. This implies that
Vaught’s conjecture for £, ., can be seen as the S, case of what is known as the topological Vaught
conjecture.

)

Conjecture 1.2 (Topological Vaught Conjecture). If a Polish group G acts continuously on a Polish
space X, then either there are countably many orbits, or there is a (non-empty) perfect subset of X
whose distinct points lie in distinct orbits.

In this way, the topological Vaught conjecture for the Polish group S, can be seen as one of the
oldest problems in both model theory and descriptive set theory.

1.1. Previous Results and Approaches. Over the years, Vaught’s conjecture has been attacked from
many different directions, but two are especially worth mentioning. The first approach encompasses a
wide body of research showing that in many well-behaved situations Vaught’s conjecture does indeed
hold. These can, roughly, be grouped into four classes.

First, there are those specific types of structures on which Vaught’s conjecture has been shown
to hold. These include any theory of Boolean algebras [Ive91], modules over a serial ring [Pun00],
varieties [HSV94], trees [Ste78], and theories with a definable discrete linear order [Tan24].

Second, there are abstract properties of the theories which imply Vaught’s conjecture. These include
w-stable theories [SHMS84], superstable theories of finite rank [Bue08|, o-minimal theories [May88],
almost chainable theories [Kur21] and sentences of L, ., in which the equality symbol is not used
[Ack15].

Third is work showing that certain higher computability bounds on the complexity of models imply
Vaught’s conjecture. One of the most important papers in this vein is [Sac83]. There Sacks showed that
if either no model of a given theory has its maximum allowed Scott rank, or if no Scott rank has multiple
models of the theory, then Vaught’s conjecture holds of that theory. More recently, in [Mon13] it was
shown (assuming ZFC + Projective Determinacy) that a theory with uncountably many countable
models up to isomorphism is a counterexample if and only if it satisfies “hyperarithmetic-is-recursive
on a cone”.

The fourth class of examples where Vaught’s conjecture is known to hold deals with the study of
Polish groups and the topological Vaught conjecture. In [HS99] it was shown that the topological
Vaught conjecture held for all continuous actions of nilpotent Polish groups on Polish spaces. In
[Sam94] it was shown, among other things, that Vaught’s conjecture holds for all abelian Polish groups.

The second approach to attacking Vaught’s conjecture consisted in studying consequences of the
existence of a counterexample. For example, in [Becl3] it was shown that if Vaught’s conjecture fails,
then there must be a sentence of L,,, ., and a b € 2“ such that the class of all b-computable models is
hyperarithmetic in b, but exactly one isomorphism class has an index set that is not hyperarithmetic
in b.



A COUNTEREXAMPLE TO VAUGHT’S CONJECTURE FOR Ly ,w 3

In [Bec94] it was shown that if a group has an action that is a counterexample to the topological
Vaught conjecture then there must be a “minimal” such action, i.e., one where for any invariant Borel
set C, either C or its complement contains countably many orbits. The paper [Hjo07] contained the
striking result that if there is a counterexample to Vaught’s conjecture for L, ., then there must be a
counterexample for L, ,, which has no models of size Nj.

Hjorth’s tour-de-force [HjoO1] established that if G is a Polish group which does not satisfy the
topological Vaught conjecture then there must be a closed subgroup of G which has S, as a continuous
homomorphic image.

Finally, for an informative survey of various different approaches which have been tried, see
[BFKL16].

1.2. History of Our Proof. Our proof that there is a counterexample to Vaught’s conjecture for
L, . arose in a very unusual way. It began back in 2002 when Knight announced he had proved
that there is a first-order counterexample to Vaught’s conjecture [Kni02]. Given the importance of
the result, the community spent a great deal of effort trying to validate Knight’s paper, including
a conference at Notre Dame dedicated to the paper, which both Knight and Ackerman attended.
However, despite these efforts, Knight’s argument did not achieve general acceptance as a correct proof,
although no definitive flaw in the construction had been identified.

Over the next several years, Knight attempted several new formulations of his approach, with the
goal of making it more understandable by the community. During that time Ackerman read, and gave
feedback on, several of Knight’s drafts, including some which were not made public.

Then, in February 2026, Ackerman and Freer approached Knight with the idea to use AI coding
agents to help formalize his proof in Lean. Knight agreed and gave Ackerman and Freer a draft of a
new, clearer version of the infinitary argument which he had been working on but had not yet made
public. While Knight had not thoroughly vetted this proof for errors, it was, at its core, a streamlined
presentation of his earlier approach.

Over the following 8 months, Freer worked extensively with coding agents (Claude Code and Codex
with models ranging from Opus 4.5 through 5.5, Fable 5 and 5.1, and GPT 5.2 through 6) and
occasional help from GPT Pro (5.2 through 6) to formalize the infinitary argument from Knight’s
recent working draft. This involved using an agentic coding “skill” lean4-skills [Fre25] that Freer
had developed to streamline and improve the process of using Lean, as well as the Lean LSP MCP
server [Dre25]. During this time, Freer periodically consulted with Ackerman as difficulties arose.

Eventually this process led to a formally verified counterexample to Vaught’s conjecture for in-
finitary logic, with the entire argument certified in Lean. The formal proof makes use of Freer’s
infinitary-logic Lean library [Fre26] for standard results in the model theory of L, ., and descrip-
tive set theory. A version of the complete formal proof has been checked by Comparator and is
available on the Palomar Registry [AFK26a]. Another version of the formal proof, available on GitHub
[AFK26b], has a cleaner API so as to provide reusable building blocks for further refinements and
extensions. It follows the present exposition somewhat more closely than the first complete Lean proof,
although its proof organization still differs in some places, and not every line of this exposition has
been formally verified.

The process of producing the counterexample turned out to be less straightforward than typical
formalization projects. Knight’s working draft presented a very complicated combinatorial object along
with a strategy for deriving a counterexample from its various structural and extension properties.
While the properties that Knight described were essentially sufficient to yield a counterexample,
substantial revisions to the combinatorial object were required in order for it to satisfy these conditions.
Closing this gap involved a great deal of human mathematical direction and Al-assisted exploration.
Near the end, SMT and Horn clause solvers were used to investigate finite configurations and test
proposed lemmas, though the final Lean proof does not involve trusting these solvers, and subsequently
the resulting complicated objects were substantially simplified.

Once a counterexample was found, Freer helped guide the AI to further streamline the argument
while Ackerman wrote the first draft of this paper. Our goal is for the presentation in this paper to



A COUNTEREXAMPLE TO VAUGHT’S CONJECTURE FOR Ly ,w 4

describe abstractions that highlight the key ideas present in all of Knight’s papers while also outlining
the overall path to a formally verified proof. Many details are elided, especially near the end of the
argument; we plan to describe the argument more fully in a forthcoming manuscript.

1.3. Outline. After this outline and some notation, the rest of this paper has three main sections.
First, in Section 2, we introduce “Knight systems”, a framework for showing that a class of countable
structures has exactly N; many isomorphism types and no perfect set of non-isomorphic structures.
While the specific framework of Knight systems is introduced here for the first time by Ackerman, it
abstracts the central structural ideas developed throughout Knight'’s earlier work, going back to his
2002 paper [Kni02].

Second, in Section 3, we introduce a “toy example” of a Knight system built from trees. While the
class of structures will not end up being the set of models of a sentence of L, ., it is instructive to
see how one might try to build a Knight system from trees, and many of the features we see in trees
will occur in the eventual counterexample. As such, this toy example is a useful framework to keep in
mind while reading through the much more complicated section on the counterexample.

Third, in Section 4, we introduce the counterexample in three parts. First, in Section 4.1, we
introduce the basic components of the counterexample, culminating in the notion of a template system.
Second, in Section 4.2, we discuss how one would build a weak Knight system out of a template system.
Finally, in Section 4.3, we introduce the combinatorial notion of “legal templates”. This is defined
specifically so that the weak Knight system built from them would be a Knight system and hence
witness that they describe a counterexample. We then derive the main theorem, that the weak Knight
system constructed in Section 4.2 is in fact a Knight system, from three substantial propositions. These
propositions were the main aspects which required a large amount of guided Al work. They have been
formally verified in Lean, but their proofs are omitted here.

1.4. Notation. We now give some conventions and notation which are specific to this paper. All
languages will be relational and all relation symbols have arity at least 1. For a language £, let
£ C £ be the language consisting of only those relation symbols in £ of arity n. All structures will
be countable with non-empty domains. We will use script letters for structures with the corresponding
Roman letters for their domain, e.g., M has underlying set M. Bold letters will represent tuples of
elements or tuples of variables. We will write a C M to mean that all elements of the tuple a are in
M. For n € w, let [n] ={0,1,...,n—1}.

If F is a symmetric relation on a set X we say that a subset Xqg C X is an E-antichain if
(Vl‘,y € Xo) (Z‘ #Y) = _‘E(xvy)'

If £ is a countable language let Stre(w) be the collection of £-structures with underlying set w given
the standard topology. We say that a non-empty closed subset of Stre(w) is a perfect set of models
if it has no isolated points.

2. KNIGHT SYSTEMS

In this section we introduce the key abstractions of this paper, culminating in the notion of a Knight
system. We then show that any class of structures which is the base of a Knight system must have N,
many structures up to isomorphism as well as no perfect set of non-isomorphic structures.

2.1. Geometry Languages. An important aspect of the construction is a background finitary
geometry on each structure, and we will only attempt to characterize the structure of the finite sets
which are closed in this geometry.

Definition 2.1. Suppose £, is a language where, for each n > 1, the language £ has a unique relation
symbol P,. We define the theory of £,-geometry to be the countable theory Thgeo(£4) € Liy w(La)
consisting of the following sentences.

e Forn > 1,
(me. .. ,xn,l)Pn(xo,. .. ,{En,1) — /\ (iEZ 7& l’j)

i<j€[n]
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and if o: [n] — [n] is a bijection then
(Yoo, ..., 2pn_1) Pa(Z0,. -, Tn—1) & Pu(Zo(0), -+ s To(n-1))-

e Foralln>1,

(Vzo, ..., Tn_1) /\ (x; # x;) — \/(H:Um...,xn+k,1)Pn+k(x07...,an;,l).

1<j€[n] kew

e For ng,ny1,k > 1if Py (zo,...,Tne—1) and Pp, (Yo, --.,Yn,—1) and zp, ..., 2k_1 is an enumera-
tion of {x;}icing) N {¥itien,) then Pr(zo,...,2r—1) holds.
If £, C £ and M is an £-structure which satisfies Thgeo(£4) then we say M has a £,-geometry
and we call a tuple satisfying a relation in £, closed.

An £,-structure M satisfies Thgeo(£,) if there is a locally finite closure relation clps on M such
that {a : M = P,(a)} is precisely the collection of enumerations of non-empty closed sets of size n.

For our purposes, it is not enough to simply define the closed sets. We also need to define, for each
tuple enumerating a closed set, an “invariant” of the tuple. This invariant is meant to capture all
relevant information about the tuple.

Definition 2.2. Suppose that
o £,, %, £, are languages with £.N £, =0 and £, C £., and
e for each n > 1, we have |£]'| =1 and |£}| > 0.
We define the theory of (£,, £5, £.)-structured geometry, denoted by Thggeo(La; Lp, L¢), to consist
of the following collections of sentences.
(a) Thgeo(La)-
(b) For alln > 1 and P, € £,

(V.CC(), cee 7337;—1) Pn(x07 cee axn—l) And \/ Qn(xOv cee 7xn—1)~
QneLy

(c) For all n > 1 and distinct Q,,,Q), € £7,

(V.I‘(), e ,.flin_l) Qn(zo, e ,Zlin_l) — ﬁQ%(l‘o, ey .13"_1).
(d) For any k,n > 1, any Q € £7, any R € £F U £F, and any sequence (i5)jex) € [n],

(VSEO, cee 7xn71)(vy07 e 7yn71) [Q(xoa s 7xn71) A Q(y()v ) ynfl)]
- [R(xio’ AR xikfl) A R(yioa ce- 7.%671)]-

If £,, £, L. C £ and M is an £-structure which satisfies Thggeo(La, £s, £.) then we say that M
has an (£4, £, £.)-structured geometry.

We call elements of £, invariants. If M = Thggeo (L4, £, £c) and M = Q(a) where Q € £, then
we call ) the invariant of a. We also refer to M as a lift of M [g,.

So M has an (£,, £y, £.)-structured geometry if (a) M has an £,-geometry, (b, ¢) every enumeration
of a closed set realizes a unique invariant in £, and (d) the relation symbols in £;, completely determine
the quantifier-free (£, U £.)-structure of their arguments. A useful intuition is that the relation symbols
in £, define a finitary geometry and the relation symbols in £, provide “invariants” for each finite
closed set.

Convention 2.3. For the rest of Section 2 we fix languages £4, £5, £. with £, C £., £, N L. =0 and
such that for all n > 1, we have £ = {P,} and |£}}| > 0 and |£}] < w.
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2.2. Invariant Diagrams and Invariant Systems. A key feature of structured geometries is that
an invariant determines which atomic formulas hold on its arguments. In this way an invariant of a
tuple determines the structure of a tuple. We will be interested in classes where the structure of a
specific invariant is the same across all models in the class.

Definition 2.4. An invariant diagram is a collection Z of pairs of formulas satisfying the following.

(a) If (P(xo,...,Tn-1),%(¥o,--- Yk—1)) € T then {y;}icn) € {=i}icn) and P € £y, and either
¥(Yo, - .-, Yk—1) is an atomic formula or the negation of an atomic formula.
(b) For every Q € £, R € £ UL} and (j;);e( C [n] precisely one of the following holds:
o (Q(zo,...,Tn-1), R(zjy,..., 2z, _,)) €I, or
o (Q(zo,...,Tn-1), " R(xjp,...,xj_,)) €L
(¢) For each @ € £ there is an (£ U £.)-structure M where
oM ': ThSGeo(£a7 Sb, 25)7
o M = (3x) Q(x), and
o for all Q* € £ and (j;);er C [n] with (Q*(wo, ..., %n-1), (T, Tj,_,)) € L, we
have

ME Vo, .. Tn1) Q(x0, - .o, Zn—1) = V(Tjos - Tjy_,)-

Definition 2.4 (a) and (b) tell us that an invariant completely determines the quantifier-free structure
of its arguments. Definition 2.4 (c) then tells us that each invariant is realized in a structure which is
compatible with the invariant diagram.

Definition 2.5. We say that an (£, U £.)-structure M is compatible with 7 if it satisfies the
following two conditions.

L4 M ): ThSGeo(anSvac)-
e For ) € £}, an atomic or negated atomic (£, U £.)-formula ¢ (yo, . .., yx—1), and (j:)iep) < [1]
with (Q(mo, ces 1), (T - ,xjkfl)) € 7, we have

M ): (Vl?o, e ,xn_l)Q(l’o,. . .,llfn_l) — ’ll)(l’jm. .. 7Ijk71)'

In other words, M is compatible with Z if the information contained in any closed tuple in M
agrees with the information the invariant diagram says should hold of any tuple with its invariant.

It will be important, though, that invariants carry information beyond just the quantifier-free
information. We therefore need a notion of “information up to complexity 5”.

Definition 2.6. An invariant system (on £;) is a collection of maps 7 = (73)ge., Which satisfy the
following.

(a) For all 8 € wy, we have 75: £, — £y.
(b) For all n > 1, for all 8 € wi, we have 75 [gp: £ — £7, i.e., for all invariants @, 75(Q) has the
same arity as Q).
(c) For all < 8 € wy, we have 7,073 = T3 0Ty = Ta.
(d) If for all 8 € wy we have &1, 8] ={Q € £ : 73(Q) = Q}, then
(i) for all 8 € wq, we have |L[T, 8]] < w,
(i) for all B € wy, we have £4[t, f] # £p, and
(i) L5 = Usen, Lolr, 8-
We also let £,[1,w1] = £p.

For 8 € w; we say that the elements of £;[r, 5] are S-invariants. We define the 7-rank of an invariant
@, denoted by rank,(Q), to be the least 8 such that 73(Q) = Q.

The intuition is that an invariant system gives us a way to take a S-invariant and an o < 8 and
return the projection of the S-invariant “down to complexity a”. Note that all information in £, is
preserved under projection, and hence can be thought of as having “complexity 0”. Also note that
condition (d) implies [£;] = N;.



A COUNTEREXAMPLE TO VAUGHT’S CONJECTURE FOR Ly ,w 7

Definition 2.7. Suppose M is an (£, U £.)-structure. We define the S-projection of M, denoted by
Tg(M), to be the (£, U £.)-structure satisfying the following.

o M and 73(M) have the same underlying set M.

e For all relation symbols R € £ and all tuples ao, ...,a,—1 € M,

73(M) = R(ag, . .., an—1) if and only if M = R(ag, ..., an-1).

e For all relation symbols R € £} and all tuples ag,...,an—1 € M, we have 173(M) =

R(ag,...,an—1) if and only if there is an R* € £;, with 73(R*) = R and M = R*(ag, ..., an_1).

Suppose M is an (£, £y, £.)-structured geometry. We define the 7-rank of M, denoted by
rank, (M), to be the least 3 such that 73(M) = M.

We can think of the S-projection of M as the structure which is obtained by replacing all invariants
in M with their projections down to 8 and keeping all other information the same.
It will be important to know when an invariant diagram and an invariant system are compatible.

Definition 2.8. Suppose 7 is an invariant diagram and 7 = (73)gey, is an invariant system. We say
that 7 and T are compatible if for all g € wq,

o if (P(x),Q(y)) € Z with P,Q € £, then (75(P)(x),73(Q)(y)) € Z, and
e if P £, and Q € £, then

(P(x),Q(y)) € T if and only if (75(P)(x),Q(y)) € I.

An invariant diagram and an invariant system are compatible if for all 3, taking the S-projection in
the invariant system of relations preserves the structure of the invariant diagram.
The following lemma is immediate.

Lemma 2.9. Suppose T is an invariant diagram and T = (Tg)gew, S an invariant system compatible
with Z. Then for every (£y U £.)-structure M which is compatible with T and every 8 € w1, we have
that 75(M) is compatible with T.

2.3. Density. When studying structures which are compatible with an invariant diagram Z, a natural
first place to look would be those structures where, if an invariant extension is realized somewhere in
the model it must be realized everywhere in the model — specifically on those structures which satisfy
the following axioms for all (Q(zy), R(x)) € Z:

(Fz"y") Q(z"y") — [(Vz) R(z) — (Fy) Q(zy)]-
However, this extension property is too strong and would, by a standard back and forth argument,
force every model to be ultrahomogeneous with respect to partial isomorphisms between closed sets.

Instead we will want a weakened extension property that uses the fact that invariants have projections
that lose information.

Definition 2.10. Suppose Z is an invariant diagram and T = (73) ge.,, is an invariant system compatible
with Z. For a < 8 < wy we define the (¢, 8)-density theory of Z and 7, denoted by Thpe,(a: 8,Z,7),
to consist of the following sentences.

(a‘) ThSGCO(Eaa 2{;,20).
(b) Whenever (Q(zo,...,zn-1),%(zjy,...,2j_,)) € L, we have

(Vzo, .oy Tn1) Q0 - - s Tm1) = V(@ - Tjy ).
(c) For all Q, R € &[r, ] with (Q(xy), R(x)) € Z, we have

Vz)R(z) = Fy) \/ Q'(zy).

QeLy[r,B]
Ta(Q")=Ta (Q)

We say that an (£, U £.)-structure is («, 5)-dense (with respect to Z and 7) if it satisfies the theory
Thpen(a: 8,Z,7).

When g = w; we will omit mention of it.
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Intuitively an (£, U £.)-structure M satisfies («, 8)-density with respect to Z and 7 if whenever we
have a tuple a € M with invariant R that has rank at most 3, and there is an invariant @ of rank
at most o which not only is an extension of 7,(R), but also is the projection of some extension of R
of rank at most 3, then we can find an extension of a to a closed tuple ab whose invariant has an
a-projection equal to Q.

Note that this is weaker than just saying that whenever (Q(zy), R(x)) € Z with both @ and R
having rank at most «, then 7,(M) satisfies the extension property with respect to (Q(x,y), R(x)).

Remark 2.11. Note that the conjunction of Thpen(a, Z,T) is a sentence in Ly, ., (£s U £), not in
Lo, w(LpU L), because Definition 2.10 (c) has an uncountable disjunction. This will not be a problem,
however, as our counterexample will not contain the full density axioms themselves but rather will be
a “shadow” of a class that satisfies them.

The following lemmas are immediate.

Lemma 2.12. Suppose rank;(M) < 3. Then M = Thpen(a : 8,Z,7) if and only if M E
Thpen (o, Z,7T).

Lemma 2.13. Suppose o < 3 and M |= Thpen(8,Z,7). Then M |= Thpen(o, Z,T).

Lemma 2.14. Suppose a < 3, M is compatible with T and 73(M) |= Thpen (o, Z,7). Then M |=
Thpen(a, Z, 7).

2.4. Back and Forth Systems. We now introduce one of the fundamental tools for studying
structured geometries in a theory.

Definition 2.15. Suppose M and N are £.-structures which have an £,-geometry. For a € ORD, a
back and forth system (of length «) between M and N is a sequence (I;);<, which satisfies the
following.
(a) Fori < j <« we have I; C I; and I, # 0.
(b) For each i < «, the set I; consists of pairs of closed finite tuples (a,b) of the same length,
where a C M and b C V.
(c) If ¢ < o and ({@;)iepn]s (bi)ien)) € Ie, then for all relation symbols R € £F and all sequences
(Ji)ieik) € [n], we have

M = R(aj,, ..., aj, ) if and only if N = R(bj,,...,bj, ,).
(d) For each i < j < a and each pair (a,b) € I,
(i) if a* € M and aa* is closed then there is a b* C N such that (aa*,bb*) € I;, and
(ii) if b* C N and bb* is closed then there is a a* C M such that (aa*, bb*) € I;.
We say that M and N are a-equivalent, denoted by M =, N, if there is a back and forth system
of length «a, each component of which is non-empty.

If (I;)i<p is a back and forth system between M and N and (a,b) € I, (for o < j3) then we can
think of a and b as being “indistinguishable up to complexity . Note, though, that the relation
of =g need not be an equivalence relation (although it is symmetric). One way to fix this would be
to require that ((), ()) € I; for each ¢ < 3, and indeed this is what is done in classic back and forth
arguments. But as in our context the empty tuple is not closed, this would remove the condition that
all tuples in our back and forth systems are closed.

The following is a generalization of a standard result.

Proposition 2.16. Suppose ® is a class of geometric L -structures closed under isomorphism such
that for all B € w1, all =g-antichains in ® are countable. Then there does not exist a perfect set of
non-isomorphic models in ®.

Proof. Suppose to get a contradiction that there is a perfect set P of non-isomorphic models in ®.
Let BO be the collection of codes for countable linear orders (L, <) such that there are distinct
M, N € P and a sequence (I;);c; which satisfy the conditions of Definition 2.15, each element of
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which is non-empty. If L is ill-founded then by a standard back and forth argument we must have
M = N. Therefore, because no two elements of P are isomorphic, any linear order in BO must be
well-founded.

But BO is a Yi-class as the conditions in Definition 2.15 are Borel in an appropriate space. So
by Yi-bounding [Jec03, Corollary 25.14] there must be a v < w; such that all orders in BO have
order type at most 7. Therefore if M, N € P and M =,41 N we must have M = N. Hence P is an
antichain in =,4,. But |P| = 2¥, getting us our contradiction. O

2.5. Weak Knight Systems. We now introduce one of the basic structures in this section. The
intuition is that a weak Knight system consists, for each 3, of a collection of models of rank at most g
which satisfy density below 5 and where being in the weak Knight system is preserved by projections
in the invariant system.

Definition 2.17. Suppose Z is an invariant diagram and 7 is an invariant system compatible with
Z. A weak Knight system (for Z and 7) is a sequence (Kg)gey, satisfying the following for each
B € wq.
e Each Kz is an isomorphism closed collection of countable (£, U £.)-structures compatible with
Z and with rank at most (.
e For all @ < f and all M € Kg, M |= Thpen(w,Z,7), i.e. M satisfies a-density.
e For all @ < f and all M € Kg, 7,(M) € K,.

We will let K = {Jge,,, Kp. We call K_oo = {M]g, : M € K} the base of K.

Note that for a weak Knight system we do not assume for each 5 that Kg contains at most countably
many non-isomorphic structures.

One of the main advantages of weak Knight systems is that they give a way to produce back and
forth systems between their models.

Proposition 2.18. Suppose that

(a) (K3)gew, is a weak Knight system (for T and T),

(b) M,N € Kg, and

(c) there is an invariant Q € £, such that M = (3z) Q(x) and N = (Fz) Q(x).
Then M rSCEg N [,gc.

Proof. For i < f3 let I; be the collection of pairs (a,b) such that

e aC M and b C N are closed and of the same length, and
e there is a @ € £, such that 7;(M) = Q(a) and 7;(N) E Q(b).

It suffices to show that (I;);<s is a back and forth system. The fact that when i < j < 8 we have
I; C I; follows from the compatibility of 7 and Z and the fact that 7, = 7; o 7;. Further, because
M, N € Kz we have max{rank, (M), rank, (N)} < f and so 75(M) = M and 73(N) = N. So if
M E Q(a) and NV = Q(b) we have (a,b) € Ig. Hence Definition 2.15 (a) holds.

Definition 2.15 (b) is immediate and Definition 2.15 (c) follows from the fact that invariants
determine the quantifier-free £.-structure on their arguments.

We now show Definition 2.15 (d.i); the proof of Definition 2.15 (d.ii) is identical. Suppose i < j < f3,
(a,b) € I; and aa* is closed in M. Let P, Py, Qaa+ € £ be such that 7;(M) | Pa(a), 7;(M) E
Qaa-(aa*) and 7;(N) = Py(b). We then have (Qaa, Pa) € Z and P, = Py,

Because 7;(N) € K; we have that 7,;(N) satisfies i-density. Therefore there must be some b* C N
and Qpb+ € £y such that 7;(N) = Qb+ (bb*) and 7;(Qbb+) = 7i(Qaa+). But then (aa*,bb*) € I;. As
(a,b) was arbitrary this implies Definition 2.15 (d.i) and so (I;);<s is a back and forth system. O

In most situations we will have that “most” structures in the base of a weak Knight system will
have lifts of high rank. In this situation the existence of a weak Knight system ensures that the base
does not contain a perfect set of non-isomorphic models.

Theorem 2.19. Suppose that
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(a) K = (Kg)gew, is a weak Knight system, and
(b) for all B € w1,
{MeK_o : (YN e Kg)N|g # M}

has countably many isomorphism classes.

Then K_., does not contain a perfect set of non-isomorphic models.

Proof. Fix B € wy. Let
Ag={Me K_ : (VN € Kg)N [g.# M}.
By (b) Ag has only countably many isomorphism classes.

For M,N € Kpg define M ~ N if there is some @ € £, such that M = (3z) Q(z) and N
(3x) Q(z). Note that every relation symbol in £, which is realized in a structure in Kz must have
rank at most 5 and hence be in £,[r, 5]. But £;[r, ] is countable and so any ~-antichain must be
countable.

By the definition of Ag, any model M € K_ ., \ Az must have a lift M* € K. By Proposition 2.18
if B is a =g-antichain among elements of K_., \ Az then there must be an ~-antichain B such that
B = {Mg¢.: M € Bt}. Therefore every =g-antichain in K_, \ As must be countable. Hence,
because Ag is countable up to isomorphism, any =g-antichain in K_., must be countable as well. But
then by Proposition 2.16, K_,, does not contain a perfect set of non-isomorphic models. O

2.6. Knight Systems and Knight Classes. We now introduce the central object in this section,
the Knight system. This is a weak Knight system with extra properties which ensure that its base
satisfies the conditions of being a counterexample to Vaught’s conjecture (provided the base is the
class of countable models of a sentence of L, ). First, though, we need a few related definitions.

Definition 2.20. Suppose K = (K3)ge, is a weak Knight system (for (Z,7)) and 8 € wi. We say
that M € Kz is maximal at level 3 (for K) if whenever 5* > 8 and M* € Kg- and 75(M*) = M,
then M = M*. We say that M is maximal if it is maximal at some level.

We say K has few maximal models if for all § € wy, up to isomorphism, there are countably
many models which are maximal at 3.

Definition 2.21. Suppose that K = (K3)ge., is a weak Knight system (for (Z,7)), that M is an
Lc-structure, and that a C M is closed. We say that a is eventually determined in M with
respect to K if there are o, € wy and Q) € £ satisfying the following conditions.

e There is some lift M* of M with M* € K, and M* = Q(a).
e Whenever a* > a, and M* is a lift of M with M* € K« then M* = Q(a).

When the structure and weak Knight system are understood, we simply say that a tuple is “eventually
determined”.

We say that M is eventually determined with respect to K if every closed tuple in M is
eventually determined.

In other words, a tuple is eventually determined if all lifts past a certain level have to agree on
the invariant of the tuple, and a structure is eventually determined if all closed tuples are eventually
determined. Note that a structure being eventually determined does not necessarily imply that there
is a maximal lift. This is because the levels at which the tuples stabilize could have a supremum which
is a limit ordinal, and there might be no lift of the structure at that limit level.

Lemma 2.22. If M is eventually determined then there is an aprg < wi such that whenever M* € K
is a lift of M we have rank; (M*) < ap.

Proof. Let (a;);c. be an enumeration of all closed tuples of M. For i € w let aa, € w1 be minimal such
that it satisfies the conditions in Definition 2.21. Note that as Kz is closed under isomorphism for each
B, the value a, depends only on the isomorphism type of (M, a;). Let ay = sup{aa, +1 : i € w}.

Suppose to get a contradiction there is a M* € K which is a lift of M with rank,(M*) > au.
Then for each i € w and each @ € £;, since a; is eventually determined, we have that M* = Q(a;)
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if and only if 7,,,(M*) = Q(a;). Therefore M* = 7,,,(M*) and so rank, (M*) < anq, yielding a
contradiction. 0

Definition 2.23. Suppose K = (Kg)gew, is a weak Knight system (for Z and 7). We say K is a
Knight system if

(a) K_oo ={Mg.: M€ K and M is maximal with respect to K},

(b) K has few maximal models,

(c) if M € K_ then M is eventually determined with respect to K, and
(d) for every invariant @ € £, there is some M € K where M = (3x) Q(x).

Definition 2.24. We say a collection ® of £ -structures is a Knight class if there is an invariant
diagram Z, a compatible invariant system 7 = (73)gecw,, and a Knight system K = (Kpg)gcw, (for
(Z,7)) such that ® = K_,,. We say that K witnesses that ® is a Knight class.

We then have the following theorem, which is the culmination of all the results in this section.

Theorem 2.25. Suppose ® is a Knight class.

(a) ® has precisely Ry many countable models up to isomorphism.
(b) There does not exist a perfect set of non-isomorphic models in ®.

Proof. As K has few maximal models, there are at most 8; many maximal models for K up to
isomorphism. But by Definition 2.23 (a) every element of ® is the reduct of (at least) one maximal
model for K. Therefore ® has at most X; many models up to isomorphism.

For all M € ®, let apq be as in Lemma 2.22. If Q € £, and rank,(Q) > a, then @Q is not realized
in any lift of M. Therefore, as there are ) with arbitrarily large ranks, {apq : M € ®} must be cofinal
in w; and hence have size 8;. Therefore ® must have at least ; many models up to isomorphism and
so (a) holds.

Fix B € wy. Let

Ag ={M € ® : no lift of M is maximal at any 6 > 3}.
Because K has few maximal models, Ag has only countably many isomorphism classes. But then

{Med : (VN € Kg) N |¢g,# M} also has countably many models up to isomorphism. Therefore, by
Theorem 2.19, ® does not have a perfect set of non-isomorphic models and (b) holds. O

Definition 2.26. We say that a sentence o € L, .,(£.) is a Knight sentence if the collection of
countable models of o forms a Knight class.

The following is immediate from Theorem 2.25.

Theorem 2.27. Ifo € L, (L) is a Knight sentence then o has Xy many countable models up to
1somorphism and does not have a perfect set of non-isomorphic models. Hence o is a counterexample
to Vaught’s conjecture for L., ..

3. Toy EXAMPLE

We will now introduce a toy example. This example will produce a Knight class, even though it will
not produce a Knight sentence. Walking through how we create the Knight system, and seeing what
fails, will hopefully help provide insight into how the eventual counterexample behaves.

3.1. Labeled Geometric Trees. We now introduce the structures of our example. They will be
trees with labels that are meant to capture information about the rank of elements.

Definition 3.1. Let £, = {P, },,>1 where, for each n > 1, the relation symbol P, is of arity n. Let
L. = £, U{<} where < is a binary relation symbol.
We say an £.-structure M is a geometric tree if it satisfies the following.

e < is a partial order with a greatest element called the root.
e For all a € M, the set {a’ € M : o’ > a} is finite and linearly ordered.
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e For n > 1, we have

(Vzo,y .. Xne1) Po(zo, ...y Tp_1) ¢ [( /\ T; # :cj) A (Yy) [( \/ y > xz) — ( \/ y = xz)”
i<j€[n] i€[n] i€[n]
If M is a geometric tree and a,b € M, we willsay MEa < bif MEa<band M | (Ve)a <
c<b—(c=aVc=0D), ie, ais an immediate predecessor of b.

In other words, a geometric tree is a tree where the closed sets are finite upwards closed sets. Note
that in a geometric tree, the tree ordering is infinitarily definable from the geometry.
The following is immediate, and says that geometric trees have an £,-geometry.

Lemma 3.2. If M is a geometric tree then M = Thgeo(La)-
The following is an important function on geometric trees.

Definition 3.3. Suppose M is a countable geometric tree. The M-rank is a map ranky: M —
w1 U {oo} where ranka(a) is defined as follows.
o If M = (Vb)b £1 a then rank(a) = 0.
o If there is a sequence {(a;);c. such that for all 4 € w we have M |= a;41 <1 a; and ag = a, then
rankq(a) = co.
o Otherwise, rankq(a) = sup{rankp(b) +1 : b <y a}.

Definition 3.4. By a labeled tree we mean a pair ((T, <), u) where
e (T,<) is a rooted tree,
o 1T — wy U{oco},
e for all a < b e T, we have u(a) < u(b), where co < co.
We call T the underlying set of the labeled tree and we call u the labeling. We say that a labeled
tree is finite when its underlying set is.
If To C T is an upwards closed set and pg = p [1,, then we say that (T, <), u) extends

<(TO7 < TTO XTo)a ,UO>-

It is useful to think of a labeled tree as assigning a value a € wy; when we know the rank of the
node is «, but assigning the value oo if either the node is ill-founded or we don’t yet know what the
actual rank is. Our invariants will be built out of these finite labeled trees.

Definition 3.5. For n > 1 let £ = {Q, : ( is a finite labeled tree with underlying set [n]}.

We will be interested in an invariant diagram which will allow all “local labelings” to be combined
into a “global labeling”.

Definition 3.6. Let Z;, be the invariant diagram such that whenever ¢ = (([n], <), u) is a finite
labeled tree and P € £, U £, then (Q¢(zo,...,Tn-1), P(@i,..., 2, _,)) € Lt precisely when one of
the following holds.

(] Pisgandiogil,

e Pis Py, io,...,i,—1 are distinct elements and {i;},c[x) is an upwards closed set in ([n], <),

e Pis Q¢- where (* = (([k], <¢+),v), the map i, — £ is an isomorphism between ([n], <¢) I{i;}, 1

and ([k], <¢-), the sequence {i;};e[x) is upwards closed, and v(j) = u(i;) for all j € [k].

We call a structure compatible with Z;, a labeled geometric tree.

Definition 3.7. Suppose M is an (£, U £.)-structure. Let glab ,, be the collection of pairs (a, ) €
M x (w1 U{oo}) such that there is a ¢ = (([n], <), u) and a sequence ag,...,a,—1 € M such that
o M ): QC(a07 ceey an*1)7
e a = qay, for some k € [n], and
o u(k) =
Because Zi, forces relations Q¢ and Q¢+ to “assign” the same label to any common argument, we
have the following immediate lemma.
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Lemma 3.8. Suppose M is compatible with Zi,. Then M [g_ is a geometric tree, glab,, is the graph
of a function labpg such that (M, <),labaq) is a labeled tree, and labag(a) > rankaq(a) for all a € M.

3.2. Knight System: Attempt 1. We now attempt to build a Knight system over a class of trees.
As we will see, the obvious thing to try will fail. However, seeing how it fails will be helpful for
understanding the eventual counterexample. In particular, as the next example shows, if we intend for
invariants to capture the relevant information about their arguments, we will have to restrict attention
to some special collection of trees.

Example 3.9. Let A C w. Let M4 be the structured tree satisfying the following.
o Ma={{(r)}U{{ri) :iewtU{{ri,j) i€ Aand je€[i+2]}U{(ri0) : i& A}.
e ¢ < b if b is an initial segment of a.
o labyg, =rankay,.

All elements of the form (r,4) have rank 1 and so all tuples of the form ((r), (r,)) satisfy the same
invariant. However, we can only extend a map from {(r), (r,i)} to {{r), (r,j)} to an automorphism of
the structure if either i = j or {i,57} N A = (). Further, if A, B C w are distinct, then M4 %* Mp. As
such, these trees contain a great deal more information than is captured by their labels.

Definition 3.10. Suppose 8 € w;. We say a countable geometric tree M is S-full if for all v < 5,
(Va € M) rankpq(a) > v — (3°b) b <3 a and rankp(b) = 7.

We say M is full if it is O pq-full where O = inf{5 : range(rankr() C S U {o0}}, and every node
of rank oo has infinitely many immediate predecessors of rank oo. Let ® be the collection of full
geometric trees.

The following is then straightforward.

Lemma 3.11. Suppose that

M, N are full trees,

labyg = rankys and laby = rankyy,

range(rank y() C range(ranky),

A C M is a finite closed set, and

i: A — N is an embedding of labeled geometric trees.

Then i extends to an embedding of labeled geometric trees from M to N.

Lemma 3.11 tells us that among full trees the invariant of the tuple completely determines the
structure of a tuple. For this reason we will want to focus our attention on full trees.

The fact that trees compatible with Z;, always have a global labeling function suggests a natural
collection of projection functions, i.e. functions 75 which replace all rank values of 5 and above with
oo and keep the rest the same.

Definition 3.12. We define the S-truncation function, denoted by trg, to be the function
trg: wy U{oo} — wy U {oo} where
if o < 3,
trp(a) = {a ifa<p

oo  otherwise.

We then define the following invariant system.

Definition 3.13. For 8 € wy let 75 : £, — £, be the map given by 75 (Q¢) = Qe» for ¢ = (T, <), ),
where ¢* = (T, <), trg op).

The following lemma then holds, because whenever o < /3, we have tr, otrg = trg otr, = trg.

Lemma 3.14. 77 = (75 )gew, s an invariant system compatible with Ty,
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We would now like to define a Knight system with respect to Z;, and 7. Unfortunately, as we will
see, no such Knight system can exist, and we will eventually need to modify the definition of 77. But
it will be instructive to see why such a Knight system can’t exist, before we show how to create one
for a closely related invariant system.

First notice that if K~ = <K,(;>ﬁ€w1 is a weak Knight system for 7~ then for any M € K we must

have (a) 75 (M) = M and (b) for all @ < 3, the structure M is a-dense (with respect to Z, and 77).
Definition 3.15. Suppose 8 € w;. We say that a labeled geometric tree M has labels cut off at j if
(Va € M) labpq(a) > 8 — lab(a) = co.

The following is immediate.

Lemma 3.16. Suppose M is a labeled geometric tree. Then the following are equivalent.

o M has labels cut off at 3.
o 75 (M) =M.

Therefore any M € K5 must have labels cut off at j.

Definition 3.17. Suppose 8 < w;. A labeled geometric tree M has -true labels if, for all a € M,
we have

rankag(a) < 8 — rankpq(a) = labag(a).
We say that M has true labels if it has w;-true labels.

We then have the following characterization of when a labeled geometric tree is S-dense (with
respect to Z, and 7).

Proposition 3.18. Suppose M is a countable labeled geometric tree compatible with Ty,. Then the
following are equivalent.

(a) M is B-dense (with respect to Ly, and 7~ ),

(b) Mg, is B-full, M has B-true labels and for alln € w and a € M,

(¢£) B+n <labap(a) = {be M : b <y a and labp(b) > 8+ n}| = w.

Proof. Assume (a). Note if 5 (Q¢) = Q¢+ then the labeling of ¢* must have range in U {oco}. That
M has p-true labels then follows from an easy induction. The fact that M is g-full follows from
the fact that the collection of invariants with a labeling whose range is contained in S U {oco} has
amalgamation, in the obvious sense. By density we may add arbitrarily many immediate predecessors
labeled v < B whenever « is less than the label of a node. Further these labels are preserved by
projection.

Now suppose a € M, n € w and 3 +n < laba(a). Let (a;);cx) be such that a = ax—1 <1 ar—2 <1
-+ <31 agp where ag is the root. Let ¢ be such that M = Q¢ (ao, ..., ax—1). Let (~ = (([n+k+1], <), u7)
where p=(k+i) =+ n—i)for0<i<nandk+n<y k+n-1<7 --- <7 k <y k-1
Because TE(Qc—)($07...,$k+n) implies the label of each of zy,...,zr1y, is 0o, if * is such that
TB_(QC_) =715 (Q¢+) we have Q¢+ (2o, ..., Trtn) implies the label of zj is at least 8+ n. Let ¢**
be the disjoint amalgamation (in the obvious sense) of £ copies of (= over ¢. Then if Q. is such
that TB_(QW) = T/;(QCH) and M |= Qc¢ie(ao, ..., ak—1,b0,. -, bp.(ns1)—1) then there must be £ many
elements among by, . . ., by.(n41)—1 Which have label at least 3 +n and which are immediate predecessors
to ai—1. Therefore, as ¢ was arbitrary, by S-density (b) holds.

Now suppose (b) holds. Suppose v < 8 and v < laba(a). Then if v > ranka (a) we would
have rankpaq(a) < v < B and so ranka(a) = laby(a) > v getting a contradiction. So we must
have 7 < rankq(a). But then S-fullness and S-true labels imply that there must be infinitely many
immediate predecessors of a with label and rank ~.

Now suppose M = Q¢(ag, . ..,an—1) and ¢~ = (([n+k]|,<7),u™) is an extension of (. By reordering
if necessary we can assume all parents precede their children in [n + k]. We then choose ay, ..., anik—1
by induction where, if we have ag,...,an+;—1 We choose a new a,; satisfying the following.
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Anti & {aj}je[nJri]-

If n 414 <7 £ then anti <1 ae.

If u=(n+1i) < B then rankaq(an4i) = p~ (n +1).

If u=(n+14) > B then let (bg,...,b.—1) be the longest chain among elements <~ n + i where
p=(b;) > B for all j € [z]. Choose an4; to be any new element with lab(an4i) > 6+ (2 — 1).
Note that we can always find one by ().

It is then immediate that there is some invariant Q.+ where M = Q¢+ (ao,. .., an4x—1) and
5 (Qc-) = 5 (Qc+). Therefore, as ¢ and ¢~ were arbitrary, M satisfies 5-density and (a) holds. [

Putting together Lemma 3.16 and Proposition 3.18, we obtain the following.

Proposition 3.19. Suppose M is a countable labeled geometric tree. Then the following are equivalent.
(a) M is a-dense for all « < 8 and 75 (M) = M.
(b) Either
o B =0 and all nodes are labeled with o,
o B=w-4 is a limit ordinal and M is S-full, has B-true labels and has labels cut off at 5,
or
o f=a+1 is a successor ordinal, M has true labels, range(rank ) C SU {00}, it is a-full
and every element of rank oo has infinitely many immediate predecessors of rank co.

Proof. The equivalence of (a) and (b) for S =0 or a limit follows immediately from Lemma 3.16 and
Proposition 3.18.

Now suppose 8 = « + 1. Assume (a). We then have that M satisfies a-density and hence also a-
fullness. We also have range(labg) C fU{co}. Iflabp(a) < a then by a-density, labag(a) = ranka(a).
But then also by a-density, if labg(a) = « it has infinitely many immediate predecessors of all ranks
< a, and so rankaq(a) = a. Further, if labp(a) = oo then Proposition 3.18 ensures that there
are infinitely many immediate predecessors b with laby(b) > « + 1. But as labels are cut off at
a + 1, these predecessors are labeled co. Repeating this produces an infinite descending chain and so
rank q(a) = oco.

Assume (b) holds. The fact that M has true labels and range(rank) C S U {oo} implies that
T5 (M) = M. To show that M satisfies a-density we use Proposition 3.18. If for any a € M we have
a+n < laba(a), then we must have rank ,((a) = co and its infinitely many immediate predecessors
with rank g equal co satisfy the condition in Proposition 3.18 (b). Therefore M satisfies a-density
and (a) holds. O

Now suppose K~ = (K/;)Bewl is a weak Knight system. If M € K and B > 1 then M is either the
one-element tree or the infinitely branching ill-founded tree in which every infinite node has infinitely
many leaf children. Therefore we must have range(labps) C {0, 00} as well. Any other structure in
K~ must be in either K; or K| and hence also must have labels contained in {0, c0}. In particular
K~ can contain no structure with ordinal labels other than 0 and so K~ can’t be a Knight system.

3.3. Knight System: Attempt 2. The key obstruction to 7~ occurred because of the interplay
between [-density and being a fixed point of 74 ,. This suggests that a possible solution is to limit
ourselves to limit 5.

Definition 3.20. For 8 € w; let 75 = 7 5 and let 7 = (73) gew, -
The following is then immediate.

Lemma 3.21. 7 = (78)gew, @S an invariant system compatible with Z,.
Proposition 3.18 suggests the following potential Knight system.

Definition 3.22. For 8 € w;, let Kg be the collection of labeled geometric trees M satisfying the
following.

e M is full.
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e M has w - S-true labels.
e M has labels cut off at w - 3.
e For all a < 8, 7,(M) # M.

Now we turn our attention to maximal and eventually determined models.

Proposition 3.23. A labeled geometric tree is maximal for K if and only if it is full and has true
labels.

Proof. If M is maximal, then M € Kz for some 3, so M is full by definition.

From the definition of K3 we have whenever M € Kpg that labyg = tr,.g oranky. Let k(M) =
min{d : range(ranky() C w -6 U {oo}}.

First assume that M € Kj is full but does not have true labels. Then 8 < k(M). Let N € K, ()
be the truly labeled expansion of M [¢,. We then have N' € K,y and 173(N) = 73(M) = M.
Therefore M is not maximal. Hence we have the implication from left to right.

Conversely, assume that M is full and has true labels. By the definition of x(M), we have
M € K, pm). Suppose that v > x(M) = B, that N € K, and that 73(M) = 73(N). Since
projection preserves the underlying tree, N and M must have the same rank function. Let a € M.
If rankys(a) € wy then we have rankp(a) < w - 3, and so laby(a) = rankps(a) = labyg(a). But if
rankys(a) = oo then we must have labyr(a) = oo since ranky < labys. Therefore M = N and M is
maximal. ]

Proposition 3.24. Every full geometric tree is eventually determined with respect to K.

Proof. Suppose M is a full geometric tree and v = min{/ : range(ranky() C w- B U {o0}}. Let
M* € K, be the labeled geometric tree whose labelings are true and where M* is a lift of M.
Now suppose, towards a contradiction, that ¢ > ~, that MT € K¢, and that Mt is a lift of M.
Then MT must have w - (-true labels and so M = M*. But K, N K; = (), yielding the contradiction.
Now let a € M be any closed tuple and let Q)4 be its invariant in M™*, which captures the ranks of
its elements. Then M* = Qa(a) and the second condition in Definition 2.21 holds vacuously. Therefore
a is eventually determined. O

Putting this all together, we have the following theorem.

Theorem 3.25. K is a Knight system that witnesses that ®, the collection of full geometric trees,
is a Knight class. Hence ® has precisely 1 many models up to isomorphism and no perfect set of
non-isomorphic models.

Proof. The fact that K is a weak Knight system for ® is immediate. It is also immediate that if
¢ =((T,<),p) then Q. is realized in any truly labeled full tree M with range(p) C range(rankq) and
where the label of the root of M agrees with that of the root of (. Hence all invariants are realized
in some model in K. The fact that K has only countably many maximal models of any given rank
follows from Proposition 3.23 and the fact that all ranks of maximal models in K are contained in
w - B U{oo}. The fact that all models in ® have maximal lifts also follows from Proposition 3.23.
Finally the fact that all models in ® are eventually determined follows from Proposition 3.24. ]

Hence if there were a sentence of L, .,(£.) whose countable models were precisely the full geometric
trees, then that sentence would be a Knight sentence and hence a counterexample to Vaught’s conjecture.
However, by [Ste21], no theory of trees can be a counterexample to Vaught’s conjecture. Therefore
there can be no sentence of Ly, ,(£.) which pins down the countable full geometric trees.

4. THE COUNTEREXAMPLE

We now turn our attention to the counterexample. We will present it in three subsections. First, in
Section 4.1, we will introduce the basic types of objects the counterexample is built from. This will
culminate in the notion of a template system. Then, in Section 4.2, we will show how we can build a
weak Knight system, along with a corresponding sentence of L,,, ., from a template system. Finally, in
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Section 4.3, we will introduce the legal template system whose corresponding weak Knight system is
an actual Knight system. This will then give us a counterexample to Vaught’s conjecture.

4.1. Plans and Templates. We begin by introducing the background geometry we will want our
structures to have.

Definition 4.1. A plan on a non-empty set A is a finitary convex geometry P C £, (A) in which
every closed set of size at least 2 has precisely two extreme points. In other words: () € P, we have
UP = A, the geometry P is closed under intersections, every finite set is contained in some closed set,
and its closure operator clp satisfies
e (Convexity) (VB € P)(Vo,y € A\ B) (z #y) A (z € clp(BU{y})) — (y € clp(BU {z})), and
e (Extreme Points) (VB € P,|B| > 2)|{be B : B\ {b} € P}| =2.

Definition 4.2. Suppose P is a plan on A. A graded face for P is a pair (B, j) such that B € P
and 1 < j < |B|. We let &F(P) be the collection of graded faces for P.

If (B,j) is a graded face, we call B the scope and j the grade. We let sp: F(P) — P be the
map which takes a graded face and returns its scope and we let gp: BF(P) — w be the map which
takes a graded face and returns its grade. If (B, jo), (B1,j1) € &F(P) then we say (B, jo) < (B1,7j1)
if By € By and jo < j1.

We now introduce the combinatorial objects associated to a plan that will be used as components
of invariants.

Definition 4.3. A frame on a plan P is a map ¢: D — &F(P). We call the elements of D the cells
of the frame and define the scope of a cell d to be sp(c(d)) and the grade of a cell d to be gp(c(d)).
We will abuse notation and write sp(d) for sp(c(d)) and gp(d) for gp(c(d)).

fUe®F(P)welet D U={deD : (s(d),g(d) <U}. Forde D welet D] d= D | c(d).

Note that the cells of a frame have no structure other than that which is given via the map into the
graded faces.

Definition 4.4. Suppose c is a frame with cells D. A label of ¢ is a map £: D — {—oo} Uw; U {o0}.
A local label at d € D is amap {4: D | d = {—oc0} Uw; U {o0}.

A row system for ¢ is a collection ¥ = (¢4)qep such that for all d € D, the label ¢, is a local label
at d with range(£4) C {—oo} Uw?.

We are finally ready to define the type of objects which will make up our invariants.

Definition 4.5. A template for P is a triple t = (¢, 3, p) where c is a frame for P, where ¥ = (£4)4ep
is a row system for ¢, and where p is a label for c.

We define the range of the template ¢ to be range(t) = range(p). For o € wy we say that t is an
a-template if range(t) C {—oo} U a U {oco}.

There are two types of equivalence of templates which will be important: isomorphism and renaming.

Definition 4.6. Suppose ¢: Dy — D1 is a bijection.
e Suppose ¢: D1 — &F(P) is a frame. We say that c o is the renaming of ¢ by ..
e Suppose £ : D; — {—oc0} Uw; U {oc} is a label. We say that £ o is a renaming of ¢ by .
e Suppose ¥ = (£4)4ep, is a row system. We define (£,(q) o ¢ [ pyya)acp, to be a renaming of ¥
by .
e Suppose t = (¢, X, p) is a template and ¢/, ¥ are the renamings by ¢ of ¢ and X respectively.
We call (¢/, %, pot) the renaming of ¢ by «.

For templates tg,t1, we write ty = ¢t; when t; is a renaming of ¢y by some map.

As the cells are intended to have no internal structure, the specific sets representing cells are not
relevant for the notion of a template, and we think of renamings of templates as being “the same”.

Definition 4.7. Suppose i: A — A* is a bijection and P* = {i[B] : B € P}.
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e We say that ¢ is an isomorphism from (A,P) to (4%, P*).

e Suppose ¢: D — BF(P) and ¢*: D — BF(P*) are frames. We say that ¢ is an isomorphism
from c to ¢* if ¢* =70 ¢ where i: F(P) — &F(P*) is the map that takes (B, j) to (i[B], 7).

e Suppose t = (¢, 2,p) and t* = (¢*, X, p) are templates. We say that i is an isomorphism
from ¢ to t* if it is an isomorphism from c to c*.

Note that isomorphisms only deal with reindexing of the underlying set of the plan, not with
renaming the cells.
We now define two different ways we can restrict a template.

Definition 4.8. Suppose P is a plan on A with () # Ag C A and suppose Ay is closed, i.e., Ag € P.

e We define P4, ={X € P : X C Ap}. We call P[4, the restriction of P to Ay.

e Suppose ¢: D — &F(P) is a frame. We define Dy = D [4,= {d € D : sp(d) C Ay} and
cla,: Do — BF(Pla,) to be the map where ¢|a,= ¢|[p,-

e Suppose £: D — {—oco} Uw; U {oo} is a label. We let £[4,= ¢ [p,. For d € Dy, if {4 is a local
label we let fd er: Ed rDoid‘

e Suppose ¥ = ({4)gep is a row system. We define X [4,= ({4 [A4,)deD,-

e Suppose t = (¢, X, p) is a template. We define ¢t [4,= (¢a0, 2 [40,P [4,)-

e Suppose t is a template on A;. We say that a template u extends ¢ if A; is closed in the
underlying plan of v and w[4,=t.

Note that the ordering between graded faces does not change when the plan is restricted. Specifically,
if Ay C A is closed and (By, jo), (B1,j1) € &F(P) N &F(P [ 4,), then whether or not (B, jo) is less
than (B, j1) does not depend on whether they are considered as elements of F(P) or BF(P [ 4,)-

We now turn to the notion of a S-truncation.

Definition 4.9. We extend the S-truncation function trg from Definition 3.12 so that trg(—oo0) = —oc.

Definition 4.10. Suppose 8 € w;. We define the S-truncation of a template t = (¢, X, p) to be
(¢, Z,trgop). We denote it by tra(t).

Just as in the case of full trees, the S-truncation of a template takes all values of the label which
are > [ and replaces them with co.

Definition 4.11. Suppose T is a collection of templates which satisfy the following whenever t =
(¢, X, p) € T with underlying finite set A.

(a) Both the underlying set of ¢ and the cells of ¢ are finite subsets of w.

) If i: A — B is a bijection with B C w then (ioc,X,p) € T.

(c) If @ # Ay C A is closed then t[4,€ T
(d) For all S € w1, we have tryy,.5(t) € T.

) For all 5 € wq, there is a tg € T such that tr,1..5(tg) # ts.

) For all n € w, there is a t,, € T whose underlying set has size at least n.

) For every 8 € ws, letting A = w4+ w - B, every § < A, and all templates ¢t,u € T, if there
is a template u’ with u’ = u such that «’ extends try(t), then there are a template v € T
on the same underlying set as v and a template v’ with v' = v such that v’ extends ¢ and
trs(v) = trs(u).

We say that T* is a template system if the following hold.

T CT.

If t € T* then the underlying set of ¢ and the cells of ¢ are initial segments of w.

If t € T has underlying set [n] then there is some t* € T* which is a renaming of ¢.
Ift,t' €e T* and t =t then t = t'.

In Definition 4.11, condition (a) tells us that the underlying set as well as the cells of anything in T
are finite subsets of w. In this way, we are able to bound the size of the collection T. Condition (b)
tells us that T is closed under isomorphisms of templates and conditions (c¢) and (d) tell us that T is
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closed under the restriction to smaller sets as well as appropriate truncation. Conditions (e) and (f)
tell us that there are enmough templates in T in the sense that there are arbitrarily compler templates
and templates whose underlying set is arbitrarily large. Condition (g) tells us that there are enough
templates to allow the density axioms to function the way we would like.

There is one challenge with regarding classes that satisfy conditions (a) — (g) as the invariants, and
that is the fact that information can be encoded in both the structure of the specific underlying sets
and cells chosen. To get around this, we only consider templates whose underlying set and cells are
each initial segments of w, and we also only allow one template per =-class.

4.2. Knight Systems. We now show how templates can be used as invariants and how to use a
template system to build a weak Knight system.

Definition 4.12. Suppose £, = {P,}»>1 where each P, has arity n. We say that an £,-structure M
is a plan if M = Thgeo(£Ls) and {@} U Un21{{ai}z‘e[n] : M = Py(ag,...,an—1)} is a plan.

We now define the theory describing those geometries which are plans.

Definition 4.13. Let Thy C L, o (£a) consist of the following sentences.
[ ] ThGeo('Sa)-
e (Singletons) (Vz) Py (z).
o (Convexity)

(VI’Q, .. 'a‘rn—l)(VyVZ) |:Pn(x()7 s 7=Tn—1) A (y 7& Z) A /\ [(xl 7£ y) A (2131 7& Z)]:|

1€[n]
- [y € cl({wi}iem U {z}) — 2 & cl({zi}igm) U {y})L
where a € cl({b; };ie[n)) is the infinitary formula which says that there is a finite set {e;};c[m)
such that {b;};cin) U {a} C {€i}icim), that Pp(eo,...,em—1) holds, and that for any {i;} ;e
if Pr(eig,---,¢€i,_,) and b, is among {e;; } jex) for each r € [n] then a is among {e;; }jeu-
e (Extreme Points) For all n > 3, the following two sentences hold:

(V.T(),...,Ccn_l)Pn(IQ,...7QSn_1)

— \/ [Pn—1($07~-~7$i—1,33i+1,---73371—1)/\Pn—1(360,~--,xj—1,90j+1,-~-,33n—1)];
i<j€[n]

(Vl‘o,...,{Enfl)Pn(xo,...,ajnfl)
—)ﬁ[Pnfl(QTl,...,.In,]_)APn,1($07$2,...,$n,1)APn,1($0,$1,$3,...,ajn,l)}.

In Definition 4.13, the (Singletons) sentence ensures that all singletons are closed, the (Convexity)
sentences ensure that the geometry is convex and the (Extreme Points) sentences ensure that every
closed set of size at least 2 has precisely 2 extreme points.

The following is then immediate.

Lemma 4.14. An £,-structure M is a plan if and only if M |= Thy,.
We now introduce the languages £, and the corresponding invariant diagram and invariant system.

Definition 4.15. Suppose T is a template system. We define £,[T] = {Q;}:er where Q; has arity n
when the underlying set of ¢ is [n].

We now can introduce the invariant system. Note that we are choosing to have the projections 73
project down to templates with labels in {—oco} Uw + w - U {oc}. See the discussion at the end of
Section 3.2 for motivation for why this is necessary.

Definition 4.16. Suppose 5 € w;. For each ¢t € T, we let 753(Q;) = @+, where t* is the unique
element of T satisfying t* = tr,,1,.3(t). We let 7 = (75) gew, -



A COUNTEREXAMPLE TO VAUGHT’S CONJECTURE FOR Ly ,w 20

Note that as treyqu-q 0 trwtw -8 = trwtw 8 0 trutw.a = trytw.o Whenever a < 3, we have that 7 is an
invariant system.

We now introduce our (countable) language £.[T]. For technical reasons having to do with the
abstract machinery of Knight systems we want £,[T] and £.[T] to be disjoint. However, the intuition
is that the base language should be those invariants which have rank 0.

Definition 4.17. We let £.[T] = £, U{R; : t € T and 79(Q:) = Q:}, where each R; is a new relation
symbol of the same arity as Q.

We are now ready to define our invariant diagram.

Definition 4.18. Let Ziemp[T] be the invariant diagram such that whenever ¢t = (¢, X, p) is a template
with underlying set [n] then (Q¢(xo, ..., 2Tn—1), R(Xig,-- -, Ti,_,)) € Ltemp|T] precisely when one of the
following holds.

e Ris Py, ig,...,i,—1 are distinct elements and {i; }je[k] is closed in the geometry of ¢.
e Ris Qu where the underlying set of ¢* is [k] and the map i; — j is an isomorphism between
tt and t* where tf =t [{ij}je[k].
e Ris R;— where (Q(zo,. - Tn-1), Qe+ (Tigs -+ Tip_1)) € Liemp|T] and ¢t~ = tr,(¢tT).
We call a structure compatible with Zyemp[T] @ T-structure.

The following is immediate.
Lemma 4.19. Ziemp[T] and T are compatible.

Before we introduce our weak Knight system, we will need a more fine-grained notion of density
than what will be guaranteed by the invariant system. This is analogous to how, in the case of trees,
we wanted trees in Kz to have density at all levels below w - 3, not just the limit levels that would be
forced by the conditions on being in a weak Knight system.

Definition 4.20. We let D[] be the collection of axioms

(va) (@(w) @y @(wy))
seT
trg(s)=trs(u)

for each (Qu(zy), Qi(x)) € Tiemp[T] with u,t € T
We now define the weak Knight system associated to T

Definition 4.21. For § € wy, let K3[T] be the collection of (£,[T] U £.[T])-structures M such that

o M is compatible with Ziemp [T,
o 73(M) =M, and
e MED[a]forall o <w+w- .
We let K[T] = (K3[T])gew, let K[T] = Uze,, Kp[T] and let K_[T] = {M ¢ 7 M € K[T]}.

We now give the countable theory of £, ,(£.) which captures the base of K[T].

Definition 4.22. Let o[T] € L,,, »(£.) be the (countable) conjunction of the following sentences
where R[T] = £.[T]\ £a.

(a) AThy.
(b) For alln >1,
o for all P, € £7,

(VZL'O,...,"Enfl)Pn(mo,...,.’Enfl) d \/ Rn(xo,...,xn,l);
R,eR[T]™
o for all distinct Ry, R), € R[T|",

(VZo, ..y Tpn-1) Rn(Tos .oy Tp—1) = =R (Toy -+, Tp—1);
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o for any k > 1, any R € R[T]", any S € £.[T]*, and any sequence (i) jem € [n],

(va, cee @nﬂ)(WJOa cee 7yn71) [R(il’(), cee 7xn71) A R(y07 cee 7yn71)]
- [S(xim s 7$ik—1) A S(yioa cee 7yik_1)]'

(c) If (Qi(x),¥(y)) € Liemp[T], where R, € R[T] and ¥(y) is an atomic or negated atomic
L[T]-formula,

(V) [Re(x) = (y)]-

(d) Foralln € w, forall t,t* € T, if R, € £;[T] and Ry- € R[T| with (Q+(xy), Q¢ (2)) € Lremp[T],
then

(V&) |Re-(z) = (3y)  \/  Ri(zy)|.
seT
Rs€£.[T)
try, (s)=try, (t)

The intuition is that the relation symbols in £.[T]\ £, are meant to capture the relation symbols
in £4[T] of rank 0. As such, Definition 4.22 (a) describes the geometry, Definition 4.22 (b) and (c)
provide the remaining conditions for structured geometry and enforce compatibility with Ziemp[T], and
Definition 4.22 (d) is equivalent to density.

We then have the following.

Theorem 4.23. K|[T] is a weak Knight system whose class of £.-reducts is the collection of models of
o[T].

Proof. All the conditions of K[T] being a weak Knight system are immediately satisfied, except for
the following claim.

Claim 4.24. For any a < 8 and M € Kg, 7,(M) € K,.

Proof. Write A\, = w +w - a. Let N' = 7,(M). Idempotence of 7, gives 7,(N) = M. Further, as M is
compatible with Ziemp|T] and compatibility with Zyemp[T] is preserved by projection, we have that A/
is compatible with Ziemp[T]-

It remains to show N = D[] for all § < A,. Fix such a § and suppose N' = Qq(a) and u is
a template extending s. We must find an extension of a in A/ whose template agrees with u after
truncating to 4.

Let t be the template such that M |= Q:(a). We then have s = try_(¢). By Definition 4.11 (g),
there is a template v on the same underlying set as u whose restriction to the underlying set of ¢ is a
renaming of ¢ and such that trs(v) = trs(u).

Since § < Ay < w4 w - B, we have M = D[d]. Applying this to the extension v of ¢t we get a tuple
b C M and template w such that M = Qy(ab) and trs(w) = trs(v). But in N, the tuple ab realizes
the invariant associated to try_(w). So trs(tra, (w)) = trs(w) = trs(u). This is the required witness to
D[5]. As § was arbitrary less than w + w - , this implies that 7,(M) € K. O

Therefore K is a weak Knight system and it suffices to show that its base is the collection of models
of o[T], i.e., {M : M |z o[T]} = { Mg r: M € Ko}. But this follows from the fact that for every
invariant Q; fixed by 7y there is an equivalent relation symbol R; € £.[T] and up to that equivalence
the models of o[T] are precisely the structures in K. O

Putting this all together we have the following.

Theorem 4.25. If K[T] is a Knight system then o[T] is a Knight sentence and hence a counterezample
to Vaught’s conjecture for L., ..

Proof. This is immediate from Theorems 2.27 and 4.23. |
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4.3. Legal Templates. We have now reduced the problem of finding a counterexample to Vaught’s
conjecture for £, ., to the problem of finding a template system such that K[T] is a Knight system.
Finding such a template system required a great deal of work using coding agents to interact with
LLMs, Lean, and SMT and Horn clause solvers. The first example we found was substantially more
complicated; here we present a considerably simplified such example.

We will need several definitions, the first of which are the “visibility maps” from {—oo} Uw; U {cc}
to {—oo} Uwy U {oo}.

Definition 4.26. Let i,k € w. We let visy,;: {—00} Uw; U{oo} = {—o0} Uw; U {0} be the map
where

o visy,;(—00) = —oo and visg,;(c0) = oo, and

e for a € wy and n € w,
w-a+i ifn<k,

visgi(w-a+n) = {

w-a+n otherwise.
We say that z € {—oo} Uw; U {0} is self-visible at k if visy.,(z) = .

Definition 4.27. Suppose r is a frame with cells D and u,v are labelings of . We write u = v if
there are functions f: w — {—oo} Uw; U{oo} and h: {—o0} Uw; U {0} = {—00} Uw; U {oo} which
satisfy the following.
e f is antitone, i.e., for all a < b € w, f(a) > f(b).
For all k € w, the value f(k) is self-visible at k.
h is non-decreasing.
h(—00) = —o0.
For all i < k € w and « with h(z) < f(k), we have

h(visg.i(x)) = visg.i(h(z)).

For all d € D, we have
v(d) = min{h(u(d)), f(9(d))},
where g(d) is the grade of d.

We now give the defining property of our template system.

Definition 4.28. Suppose t = (¢, X, p) is a template with ¥ = (£4)4ep and g, s are the grade and
scope functions. For U a graded face a local labeling r: D | U — {—oco} Uw; U {oo} is lawful with
respect to X if it satisfies the following.
e (Orderliness) For all d € D | U, the value r(d) is self-visible at g(d).
o (Locality) For all d € D | U, we have £q = 74, where r4: D | d — {—o00} Uw; U {00} is defined
by r4(e) = min{r(e),r(d)}.
e (Availability) For all d,e € D | U, if s(d) C s(e) and g(d) = g(e) then there is an ¢’ € D with
c(e) = c(e’) and r(d) < r(e).
We define a lawful labeling with respect to ¥ in the obvious analogous way. We say a (local)
labeling is lawful with respect to ¢ when it is lawful with respect to X.
For v € {—o0o} Uwy U {oo} and ¢ a lawful local labeling (with respect to t) let

B,(q) = {r : r is lawful and min{r,~v} = min{q,~v}}.
We say the rows of 3 are bountiful if for every graded face U, lawful local map ¢ with dom(q) =
DU, ~e{—00} Uw;s U{oo} which is self-visible at g(U) and graded face V< U we have
{ripw: r€By(q)} = By(qIpyv).
Definition 4.29. Suppose t = (¢, X, p) is a template over the plan (A, P) with ¥ = (¢4)4ep. We say t
is legal if it satisfies the following.
e range(c) = BF(P), i.e., every graded face has a cell.
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p is lawful with respect to X.

For each d € D, ¢, is lawful.

The rows of (£4)4ep are bountiful.

For each d, range({q) C {—oco}U{w -n+i: necw,i<g(d) +1}.

We then have the following proposition.

Proposition 4.30. There is a template system L such that

e all templates in L are finite legal templates, and
e all finite legal templates are isomorphic to renamings of templates in L.

Proof. Let T be the collection of legal templates whose underlying sets and cells are finite subsets of w.
It suffices to verify Definition 4.11 (a) — (g) as then we can let L choose one representative of each
cell-renaming class on each underlying set [n] with cell set an initial segment of w.

First, Definition 4.11 (a) — (c), (e), (f) are straightforward. To see (d) suppose t = (¢, 2, p) is legal
and let A\ = w + w - 8. We must show (¢, X, try op) is legal. Note try is non-decreasing, preserves
minima and commutes with visibility, i.e. try o visg.; = visg.; otry.

Now suppose u = v and f,h witness this fact. Let f’' = tryof and A’ = tryoh. It is then
straightforward to check that f’, h’ witness that u = try ov.

Finally we need to verify that try op is lawful. But each of orderliness, locality, and availability
follows straightforwardly from the above. Therefore try(¢) is legal, proving Definition 4.11 (d).

To see Definition 4.11 (g) suppose ¢, u are legal templates and some renaming of u extends try(¢)
where A = w + w - 5. Since legality is preserved by cell renaming, we may assume without loss of
generality that w literally extends try(t). Write A; C A, for their underlying sets and let p;, p, be
the corresponding labelings. We also identify the cells of ¢ with the corresponding cells of u. Let
Vi = (At |Ad]), Vi = (Au, [Aul).

Choose § < A. If A, = A; take v = t. Otherwise 4; C A,. Choose v where § < vy < A and 7 is
self-visible at |A,|. Such a 7 exists as A is a limit ordinal. Since u extends try(t), we have

min{pt7 ’7} = mln{pu FDul,Vt 9 ’7}7

where D,, is the set of cells of u.

Both labelings are lawful with respect to rows restricted to D, | V;. Thus p; € By(py [D,1v;)- So,
by bountifulness, there is an r € B, (p,) such that r[p, v,= ps.

Let v = (cy, Xu, ) (where u = (¢y, Xy, py)). Since r is lawful and the frame and rows are those of
u, v is legal. It extends ¢ and has the same underlying set as .

Finally, because r € B, (p,) we have min{r,v} = min{p,,v}. So, because § <, trsor = trs op,,.
Therefore trs(v) = trs(u) as required. So Definition 4.11 (g) holds. O

Note the collection of legal templates does not itself form a template system, as template systems
by design have only a single element out of each cell-renaming class. Between Theorem 4.23 and
Proposition 4.30, the class of models of o[L] is the base of a weak Knight system K[L].

All that is left to show o[L] is a counterexample to Vaught’s conjecture is to show that K[L] is in
fact a Knight system. This proof, which is substantial, has been formalized. We will now give a rough
outline of the approach. Specifically we will mention three propositions without proof and show how
to prove from them that K[L] is a Knight system.

Definition 4.31. Suppose t € L has underlying set [n]. We define a chart on ¢ to be a finite
structure M of size n such that for some enumeration {a;};c[, of M we have the following for all
R € &[L)" U £.[L]* and all (i;);ep C [n):

M E R(aiy, ..., a;,_,) if and only if (Qt(xo, cey Tne1)y R(Zigy - - ,xikfl)) € Tiemp|L]-

For 5 € w1, let Cg[L] be the category of charts on ¢ such that tryq..5(t) = ¢, with morphisms the
embeddings between them.

A chart is then a finite structure determined by the invariant of an enumeration of its whole domain.
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Proposition 4.32. For all 8 € w; the category Cg[L] satisfies the following.

e (Hereditary Property) If M € Cg[L] and 0 # My C M with My closed then M [y, € Cg[L].

e (Joint Embedding Property) If M,N € Cg[L] then there is a R € Cg[L] with embeddings
i M—=Rand j: N = R.

o (Amalgamation Property) If M,N, R € Cg[L] with M C N and M C R then there is a
Q € C[L] and embeddings i: N — Q and j: R — Q such that j [p=i[pm.

Lemma 4.33. For each 3 € wy there is then a structure Fg € Kg satisfying the following.

o Every chart in Cg[L] embeds into Fg.
o Whenever
© stQt € Sb[LHT,ﬁ];
o (Qi(zy), Qs()) € Leemp[L],
o Fi b Qu(a),
there is a b C Fg such that Fz = Qi(ab).

We call Fs the p-Fraissé limit of K.

Proof. Since C[L] has only countably many isomorphism types the existence of Fj follows immediately
from Proposition 4.32 and the standard Fraissé construction. The fact that 75 € K follows from the
fact that the extension property of Fjz implies Fp satisfies D[d] for all § < w +w - 5. O

We now describe three key properties of the lifts of a specific £.[L]-structure.

Proposition 4.34. For every 8 € wy and every M = o[L] the following hold.

e (Boundedness) The set {rank;(N) : N € K and N [¢ )= M} is countable.

e (Reconstruction) If N,R € Kg and N ¢ 1= R e, 1= M then N = R.

o (Limits) If B is a limit ordinal and for all a < 3 there is a Ny € Ko with Ny [¢,11j= M then
there is a N € Kg such that Ng|g¢ )= M.

Boundedness tells us that no structure in the base has lifts of arbitrarily large ranks. Reconstruction
tells us that lifts of a structure at a given level must be unique. Limits tell us that if § is a limit
and a structure has lifts of all levels a < § then it must have a lift of level 5. It is worth observing
that by Proposition 3.23 all three of these conditions also hold of the collection of full trees and their
corresponding Knight system.

Proposition 4.35. For each [ there are only countably many (Lp[L] U L.[L])-structures up to
isomorphism that are mazimal at [3.

We can now put together these results to get the following.

Theorem 4.36 (Counterexample to Vaught’s Conjecture). The sentence o[L] has X1y many countable
models up to isomorphism and has no perfect set of non-isomorphic countable models. In particular,
o[L] is a counterezample to Vaught’s conjecture for L, ..

Proof. We already have shown in Theorem 4.23 that K[L] is a weak Knight system, so by Theorem 2.25
it suffices to show Definition 2.23 (a) — (d). First note that Definition 2.23 (b) is exactly Proposition 4.35.
Definition 2.23 (d) follows immediately from Lemma 4.33.

Claim 4.37. For every B € wy and M € Kg there is a unique N' € K such that 73(N) = M and N
is mazimal.

Proof. For each M € K_, and 8 € w; define Mg by induction as follows.
o Let Mg € Kq be such that Mg [¢ ;)= M. Note that such a My exists by the definition of a
weak Knight system and is unique by Proposition 4.34 (Reconstruction).
e If 3 is a non-zero limit ordinal and M has been defined for each ¢ < 3, then by Proposition 4.34
(Limits) there must be a Mg € Kpg such that Mg [¢ ;)= M. But by Proposition 4.34
(Reconstruction) such an Mg must be unique.
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o If B = a+ 1 then let Mg be any element of Kz such that 7,(Mpg) = M,, if one exists. If
one exists, by Proposition 4.34 (Reconstruction) it must be unique. If none exist stop the
induction.

If this process stops, it must stop at some successor stage o + 1. In this case, M, is the unique
maximal lift of M and every lift of M is of the form 7.(M,) for some ¢ < c.

Suppose this process does not stop. By Proposition 4.34 (Boundedness), there is a v € w; such
that for all ( > v, we have rank, (M) < v, and so 7,(M¢) = M. But then by Proposition 4.34
(Reconstruction), we must have M, = 7,(M¢) = M. Therefore M, is the unique maximal lift of M
and every lift of M is of the form 7.(M.) for some ¢ <. The claim follows. O

Note that Definition 2.23 (a) is immediate from Claim 4.37. We also have from Proposition 4.34
(Reconstruction) and Claim 4.37 that for each M € K_, there is a unique maximal lift and all other
lifts are projections of it. Therefore M is eventually determined and Definition 2.23 (c) holds. O
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