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SUPEREXPONENTIALLY DECAYING SEQUENCES IN THE ERDOS

SIMILARITY PROBLEM

GENERATED BY VJEKOSLAV KOVAC USING CHATGPT-6 ASTRA

ABSTRACT. We prove a non-universality criterion for the Erdds similarity conjecture that
applies beyond exponential (i.e., geometric) decay. In particular, it covers decreasing positive
null sequences satisfying log(1/a.) = o(nloglogn) and log(an/an+1) = €~
some 0 < o < 1.

nt eventually for

1. THE RESULT

An infinite set A C R is measure universal if every Lebesgue-measurable set of positive
measure contains x + sA for some x € R and s # 0. The Erdds similarity conjecture [5] asserts
that no infinite set is measure universal. We write m(E) for Lebesgue measure and use natural

logarithms.
Our main result concerns a countable union of finite configurations.

Theorem 1. Let
A= U{cj,cj -+ bj,l, N +bj7mj}

j>1
be bounded, where mj € N, ¢; € R, and bj1 > -+ > bj;m; > 0. Suppose that numbers ; €
satisfy
b. .
log b']"l >eg; (1<i<my).
Jyi+1
Put b
e m; i1
l; =log —, B; =1, L; =log —X—.
J €5 J fj J bj,mj

Assume, as j — oo, that

Bj — 00, L]’ = o(mj loglog BJ)

(0,1]

(1.1)

Then, for every n € (0,1), there is a compact E C [0,1] with m(E) > 1 —n containing no

r+sA, zeR, s#0.

The logarithmic conditions are invariant under translation and positive rescaling of each
configuration. The first limit is equivalent to ¢; = o(m;). Reflection gives the analogous

statement for configurations on the other side of their anchors.
The first consequence gives an explicit condition allowing superexponential decay.

Corollary 2. Let a; > ag > --- > 0 tend to zero and suppose

1
log — = o(nloglogn).
a

n

If, for some 8 € (0,1), eventually
Qnp

d, = log > exp (—n exp(—(log n)ﬁ)) ,

an+1

then {ay, : n = 1} has the conclusion of Theorem . In particular, it suffices that d,, >

eventually for some o € (0,1). No monotonicity of the d,, is required.
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The next consequence collects two conditions involving consecutive ratios; the first is the
result of Jiang and Xi [12].

Corollary 3. Let ay, > 0. Then {a, : n > 1} has the conclusion of Theorem under either
of the following assumptions:

(i) an — 0 and liminf,, o ant1/an > 0;

a
(i) limsup "t <1 and log
n—oo  Qp an+1

an

= o(loglogn).

For example, Corollary [3](ii) covers
an = exp(—n(loglog n)g), 0<0<1,
a, = exp(—nlogloglogn),

nloglogn
anp=exp| —————
" P logloglogn /’

(1.2)

where the formulas are used for sufficiently large n. All three examples decay superexponen-
tially and have consecutive ratios tending to zero.

Both corollaries are deduced in Section [7l

For background, see the surveys of Svetic [20] and Jung, Lai, and Mooroogen [13]. Falconer
[6] and Eigen [4] treated sequences with a,+1/a, — 1. Humke and Laczkovich [9] gave a finite
combinatorial characterization. The probabilistic criteria of Kolountzakis [14] and Chlebik [3,
Theorem 15] use finite subsets whose logarithmic normalized minimum-gap cost is sublinear
in their cardinality.

The classical relative-gap criterion does not cover even a tail with ratios bounded above by
a fixed ¢ < 1: the normalized minimum gap of any m selected points is at most ¢™2/(1 — q).
The geometric-sequence draft [I8] and Jiang and Xi’s extension [I2] to null sequences with
liminf,, ay+1/a, > 0 also exclude . To our knowledge, positive-measure affine avoidance
for the examples in has not previously been established.

Bourgain [2] treated sums of three infinite sets; Mora Cuellar, Iosevich, Kulkarni, Rojas
Aravena, and Yavicoli [17] treated two-fold sums and differences with a geometric summand
or a decreasing positive null summand whose adjacent ratios are bounded away from zero.
Such sumset results do not imply nonuniversality of the summands.

Recent progress for uncountable sets includes results for thin Cantor sets [15], [I1], sets of
positive logarithmic dimension above suitable thresholds [19], and sets supporting Rajchman
measures [I0]. These do not imply the corresponding assertion for a contained countable
sequence.

Related variants concern bi-Lipschitz embeddings [7], unbounded sequences and sets of
large measure in every unit interval [16, [§], and dilations bounded away from zero [1]. Their
conclusions differ from positive-measure avoidance of every nontrivial affine copy.

Our proof modifies the finite-tree construction of [I§]. Either a short block admits the
classical random-grid construction, or every such block decreases enough to stabilize the tree.
We then average over shifted index windows and a random stopping vertex and add the missed
anchors to the hitting set.

2. FINITE CONFIGURATIONS AND PERIODIC HITTING SETS

An affine change of A does not change the family of its nontrivial affine copies. We may
therefore assume throughout the proof that diam A < 1/8. All positive offsets of configurations
in A are then at most 1/8.

For every p € (0,1), we will find a measurable 1-periodic H with m(H N[0,1)) < 2p that
meets every x+tA, x € R, t € [1,2]. We call copies with ¢t € [1, 2] normalized copies. It suffices
to hit every normalized copy of one finite configuration in A. Translating that configuration
to its anchor does not affect this assertion, since the translation parameter x is arbitrary.



SUPEREXPONENTIALLY DECAYING SEQUENCES IN THE ERDOS SIMILARITY PROBLEM 3

The following elementary construction will handle short blocks.

Lemma 4. Let Y; C A be finite sets with rj + 1 points, diameter R;, and minimum distance
sj between distinct points. If rj — oo and

log(R;/s;) = o(rj),
then for every p € (0,1) there is a measurable 1-periodic H with m(H N[0,1)) < 2p meeting
every x +tA, x € R, t € [1,2].
Proof. Fix p and one configuration, omitting its subscript. Subtract its minimum to obtain
O0=wuy <u < - <ur =R. Set g = 2/l82(4/9)1 g0 4/s < q < 8/s. Independently color the
q cells of the grid ¢~'Z in [0, 1) with probability p, extend the coloring 1-periodically, and let
B be the union of the colored half-open cells. Then Em(BN[0,1)) = p.

For fixed x and t € [1, 2], the r positive test points x+tu; occupy distinct cells: their mutual
distances are at least s, and they lie in an interval of length at most 2R < 1/4. Their failure
probability is (1 —p)" < e™P". As t varies, the whole vector of cell addresses changes only
when one test crosses a grid boundary. Including the endpoints, at most

T
2+r+q2ui < 12rR/s
i=1
representatives suffice. The cells include their left endpoints, so the cell-address vectors are
right-continuous in .
Define the open periodic set

Z={z:3te1,2], v +tu; ¢ Bforall 1 <i<r}.

Taking the closure of B adds only finitely many endpoints per period. A union bound and
integration give

Em(Zn|0,1)) < 12r(R/s)e " — 0.
Some realization therefore has m(B N [0,1)) +m(Z N [0,1)) < 2p. The set H = B U Z hits

every = + t{0,uy,...,u,}: if the positive tests all miss B, their anchor = belongs to Z. It
consequently hits every normalized copy of A. O

3. THE SHORT-BLOCK DICHOTOMY

We now prove Theorem [} Fix p € (0,1) and let the family index tend to infinity. Suppress
the family index and write

by > -+ > by >0, ¢=log(e/e), K =m/l, L =1log(bi/bm).
Choose the integers
M = {%J, D=4M =MD, = g= B{;J N = gq.
We use only sufficiently large configurations, so M, g > 2. Since K — oo,
M =<loglog K, logq= O(\/lmﬁlogloglogK) =o(logK), N ~m/2.
In particular,

L
¢+ logm = o(g), UN — 0. (3.1)

Indeed, ¢ = K°) and m = (K give {/g ~ 2q/K — 0 and g = m'~°(). The last limit follows

from ((1.1)).

Put
T = 4(0 + logq) = o(g). (3.2)
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Suppose first that, for infinitely many configurations, some block by, ..., b,14 has logarithmic
span at most T'. Its diameter is at most b,, and its minimum ordinary gap is at least (1 —
€ %)by+g = (¢/2)bytg. The logarithm of its diameter divided by its minimum gap is at most

by
(5 / 2)bv+g
These are finite subsets of the original configurations in A, after putting back their anchors.

Lemma [4 gives the required periodic hitting sets.
We may henceforth pass to a subfamily for which no such block exists. Thus

log <T+{+1log2=o(g).

b
log —— >T (I<v<m-—yg). (3.3)
Doty

This block decrease will stabilize the tree.

4. WINDOWS, AVERAGING, AND GRIDS

Take the complete ordered M-ary tree of depth D, with leaves of height 0, and set ¢} =
g(4M)" for 0 < h < D. Assign its root the integer interval [1, N], where N = £p. A height-h
vertex has an interval of length ¢,. Divide this into M consecutive blocks of length 4w, where
w = £p_1. In each block, use the first 2w indices as the window of the edge to that child, leave
the next w unused, and assign the final w indices to the child:

qw = 2w + w + w
~—~ —~— —~—
edge window gap child interval
Leaf intervals are unused. Every vertex interval ends with g unused indices. Consequently
consecutive windows have at least g unused indices between them. Their order is preorder:
an edge precedes its child’s whole subtree, which precedes the next sibling edge.
Write We = [ue, ve] NN, T = |J, We, and r, = |[W,|. If v} is the largest endpoint among the
window and its descendant windows, the construction gives
Te = 20p_1, v —ue + 1< 2r

for an edge from a height-h vertex.
Choose J uniformly from {0,..., N — 1} and shift all indices by J. Since 2N < m, every
selected index belongs to the finite configuration. Set

b
Ac(J) = log Jue
bJ+v:§
In the average over J, each consecutive logarithmic gap appears at most 2r, times. Their

total sum is L, so

2r. L
E;A.(J) < )
JA(J) N

Call an edge good if A.(J) < pMr./8, and an internal vertex good if at least M/2 of its
outgoing edges are good. At a fixed vertex, its outgoing windows have a common length r. If
it is bad, the sum of its outgoing A.(.J) exceeds pM?r/16. Markov’s inequality therefore gives
32L
pMN "

P;(U is bad) < (4.1)

Set

Ce = —, log c. < ¢+ log8.

8
€
Conditional on J = j, abbreviate a,, = b1, and use the grids

Iy = n,;lZ, ny = 2Mo8a2(c</ar)], cear < ng < 2c:/a.

Cells include their left endpoints and exclude their right endpoints. The grids are nested
because the nj are nondecreasing powers of two.
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Call z stable for j if, for every window except the first, with v’ the endpoint of its predecessor,
(x,z 4+ 2ay, ]NTy = @.
For a fixed window, the bad centers in [0, 1) have measure at most

Ay, _
2Ny, < dee—= < 4dcce T

(023%

The last inequality follows from ([3.3)), since u, — v’ > g+ 1. There are at most 2M” windows.
The stable set S; thus satisfies, uniformly in j,

m((R\ 5;)N[0,1)) < 8ccMPe™ — 0.

Indeed, Dlog M < logq and give log(8c.MPe™T) < O(1) — 3¢ — 3logq — —oo0. At a
stable center, translation by ta,, n € W, t € [1,2], preserves the cell of every grid attached
to an edge preceding e. It preserves the cell of I', because ta, < 2a,, , and hence all earlier
cells by nesting.

At every center, the points x and x + ta,, n € W, occupy distinct cells of I';, and all
finer grids. Their mutual distances are at least (1 — e~ ¢)a,,, whereas the cell width is at most
ay, /ce. They lie in an interval of length at most 2a; < 1/4, so their circular distances equal
their ordinary distances.

5. A RANDOM STOPPING TREE

All cell values below are chosen on [0, 1) and extended 1-periodically. After choosing J = j,
give each edge e an independent random 1-periodic selector Se, constant on the cells of ',
with independent fair cell values. Give each nonroot vertex V an independent color function
Ty on its incoming grid, with independent Bernoulli-p cell values. At the root use a single
Bernoulli-p constant. Conditional on J, all cell values chosen within one period and the root
color are mutually independent; the joint probability space is finite.

Starting at the root, route a point z to the first child whose incoming selector equals 1 at
z. Stop if all M selectors vanish or if a leaf is reached. If V(2) is the stopping vertex, define

B ={z:Ty(z) =1}
Every realization is a finite union of half-open cells per period. Conditioning on J and all
selectors fixes the color address read at z; the color value at that address still has conditional
mean p. Hence
Em(BNJ[0,1)) =p. (5.1)

For each fixed z, j, the center values S¢(x) are independent fair bits. Thus the law of V(x)
is independent of both x and j. The probability of reaching a leaf without an internal stop is
(1— 2—M)D < 2V
Write wy for the stopping probability at an internal vertex U. Since ), wy < 1 and the

weights do not depend on J, (4.1]) gives

P(V(x) is internal and bad for J) = Z wyPy(U is bad) < ——.
U

This averaging is performed before imposing stability.

Fix J = j and = € S;, and reveal Sc(z) for every edge. Condition on an assignment £
for which the stopping vertex U is internal and good. Its outgoing window length r and the
set G C {1,..., M} of indices of its good outgoing edges are now fixed, with |G| > M/2.
Write e; = (U, i) for the edge to child U;. All outgoing selectors vanish at the center. Other
selector entries retain their independent laws because their addresses were fixed before this
conditioning.
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Let Vi(z) be the stopping vertex reached by starting at child U;, and set
Qi(2) = Se;(2)Tv, (2 (2)

for i € G. For n € W,,, stability preserves the center’s decisions at ancestors of U and its zero
selectors at children 1,...,7 — 1. All those edges precede e;, whether or not they are good.
Thus
Qi(x+tay,) =1 = x+ta, € B. (5.2)
For fixed t, the |G|r test selectors are independent fair bits under this conditioning. Within
each table they occupy distinct cells and avoid its exposed center cell; different edges have
independent tables. Now condition on all selectors. The tests read colors at distinct vertex—
cell pairs. Different child subtrees are disjoint; within one subtree, tests stopping at the same
vertex remain separated because its grid refines the incoming grid of that subtree. The colors
read are independent Bernoulli-p variables. If k selectors succeed, the failure probability is
(1 — p)*. Averaging over the selectors gives

P(Qi(z +ta,) =0foralli € G, ne W, | J =j,&) = (1 — p/2)ICIm  emPMT/4, (5.3)

Each @Q; is constant on the cells of I'ys , since it uses only its edge and child subtree.
Goodness bounds the number of crossings of that grid by a single test path by

L+ apny: <1+ 2c.edeil) < 1 4 2¢c.ePM7T/8,

Collect the crossing times and the endpoints 1,2. At most C.MrePM"/3 representatives are

needed, where C. = 4(1+c¢.). They depend only on the geometry and the exposed assignment,
not on the unexposed random entries. Right-continuity of the cell-address vectors ensures that
these representatives cover every scale. Equations ([5.2)—(5.3) and a union bound give

P(3te[1,2)Vne T x+ta, ¢ B|J =j,&) < CeMre PM/8 <20, Mge PM9/t —; 0.

Here r > 2g, and r — re PM7/8 i decreasing on this range for large configurations. Moreover
log(C:Mg) = O(¢ + logm + log M) = o(g) by (3.1). The estimate is uniform over the good
stopping vertices.

6. REPAIR AND ALL DILATIONS

For each joint outcome, let
Z={x:Fe,2]Vn €L, v+tby, ¢ B}.

The set Z is open and periodic: it is a union, over ¢, of finite intersections of open translates
of R\ B. Taking the closure of B adds finitely many endpoints per period, so m(BNJ[0,1)) =
m(BN[0,1)).

A missed center is unstable, reaches a leaf without stopping, stops at a bad vertex, or fails
all its good-vertex tests at some scale. Integrating the preceding bounds yields

32L
-2 + m + QCEMgeing/zl — 0.
p

Stability is integrated separately, so no independence of J and z € S; is assumed. Together
with (5.1)), this gives a realization with m(BN[0,1)) + m(ZN[0,1)) < 2p. Set H =BU Z. If
a normalized copy of {0,b1,...,b,,} misses the closed colored part at every selected positive
offset, its anchor lies in Z. Thus H hits every such copy. Restoring the anchor ¢ shows that
it hits every normalized copy of A.

The dense-block case in Section [3] gives the same conclusion by Lemma [4 Thus, for every
p € (0,1), a periodic hitting set H with m(H N[0,1)) < 2p has been constructed.

Choose py, > 0, k € Z, with 4, pr max(1, 2'“) < n and obtain corresponding sets Hy. Put

keZ

Em(ZN[0,1)) < 8c.MPe T +e
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Periodicity gives

m(C N1[0,1]) < 4Zpk max(1,2%) < 7.
k
For positive s, write s = 2¥¢ with ¢ € [1,2) and apply the normalized hitting property at 27 kg,
Negative dilations are handled by reflection. Hence C' meets every nontrivial affine copy of A.
By inner regularity choose a compact E C [0,1] \ C with m(E) > 1 —n. This set contains no
nontrivial affine copy of A, proving Theorem

7. DEDUCTIONS FROM THE MAIN THEOREM

We use the elementary observation that a compact set avoiding every nontrivial affine copy
of Y C X also avoids every nontrivial affine copy of X: closedness would otherwise force it to
contain the corresponding copy of X and hence of Y.

Proof of Corollary[3 The function nexp(—(logn)?) is eventually increasing. For all large n,
the first n points have every logarithmic gap at least

€p = exXp (—n exp(—(log n)ﬁ)) :
the finitely many initial positive gaps also exceed this quantity eventually. Thus

ln =1+ nexp(—(log n)ﬁ), KE ~ e(log")ﬁ, loglog(n/t,) ~ Bloglogn.

Their logarithmic span is log(a;/a,) = o(nloglogn). Apply Theorem (1], using all sufficiently
large j, with ¢; = 0, m; = j, and bj; = a; for 1 < i < j. The resulting countable set is
{0}U{ay, : n > 1}, so the observation above gives the conclusion for {a,, : n > 1}. The special
case follows because, for any fixed o, 8 € (0,1), n® < nexp(—(logn)?) eventually. O

Proof of Corollary[3. In case (i), choose ¢ € (0,1) with a,41 > ca, eventually. Starting
sufficiently far out, select the first subsequent term at most e~! times the preceding selected
term. If the selected terms are b;, first passage gives

Ceilbj < bj-‘rl < eilbj.

Their logarithmic gaps lie between 1 and 1 + log(1/c). The first m selected points therefore
have e = 1, £ = 1, and L = O(m). Apply Theorem [I| to {0} U {b; : j > 1} and use the
observation above.

In case (ii), the sequence is eventually strictly decreasing to zero, and d,, = log(ay/an+1) is
eventually bounded below by a positive constant. Telescoping gives

n—1

1
log - = log o + ; dr, = o(nloglogn).

Apply Corollary [2] to a tail. Avoiding that tail also avoids the whole sequence. O

For the examples in (.2)), write a,, = e~/ In each case, f(n) — oo, f(n) = o(loglogn),
and zf'(z) = o(f(z)). The mean value theorem gives log(a,/ant+1) ~ f(n), verifying Corol-
lary [3(ii).

The finite-pattern formulation also includes the classical translation-invariant criterion of
[3]. Let X be bounded, and let Y; C X have m; + 1 points, diameter R;, and minimum
distance s; between distinct points. Suppose that m; — oo and H; = log(R;/s;) = o(m;).
Anchor each Y; at its minimum. The positive offsets have logarithmic span at most H; and
consecutive logarithmic gaps at least s;/R;: indeed, log(u/v) > (u —v)/u for u > v > 0.
Taking €; = s;/R; gives {; = 1+ H; = o(m;) and verifies (1.1)). Apply Theorem [1] to U; Y;
and use the same observation to obtain the conclusion for X.
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