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Abstract. We introduce a complex Hilbert space structure on L2(Tm;C)
in which the Hilbert transform on the torus is incorporated directly into
the metric and inner product. The resulting geometry is defined via
a bounded linear embedding that couples each function to its Hilbert
transform, yielding an inner product with both symmetric and symplec-
tic components. Within this framework, we redefine weak differentia-
tion intrinsically using the complex Hilbert-space inner product rather
than the ambient L2 pairing. We show that this intrinsic weak deriva-
tive coincides with the classical weak derivative on its natural domain,
while remaining geometrically well defined on the full space. The de-
rivative operator is shown to be densely defined and skew-adjoint, with
a purely imaginary, discrete spectrum. Its eigenfunctions are given by
the Fourier modes on the torus, which induce a complete orthonormal
basis adapted to the Hilbert-transform metric. This construction yields
a spectral representation in which differentiation is diagonal and the
Hilbert transform is absorbed into the notion of differentiability itself,
providing a unified analytic and geometric framework. We formulate
wave mechanics intrinsically in this complex Hilbert space, define wave
function, scalar and vector potentials and associated energy functional,
derive space time wave equation, derive its solution, prove existence and
uniqueness and establish regularity of the solution.

Chapter 1. Intrinsic Hilbert Geometry on the Torus

1. Introduction

The Hilbert transform is a fundamental operator in harmonic analysis and
serves as a canonical example of a bounded, nonlocal Fourier multiplier. On
periodic domains it is naturally compatible with Fourier series and provides
a distinguished complex structure on real L2 spaces.

In this work we treat the Hilbert transform not as an auxiliary operator,
but as part of the underlying geometry. Concretely, we modify the metric
on L2(Tm;C) via the embedding

T (f) = f + ifh,
1

h
e
x
a
g
o
n
:
2
6
1
0
.
0
0
1
7
3
v
1

https://hexagonmath.org/abs/2610.00173v1


2 RAJESH DACHIRAJU HYDERABAD, INDIA RAJESH.DACHIRAJU@GMAIL.COM

and define the intrinsic inner product by pulling back the ambient L2 pairing
through T . This produces a complex Hilbert space whose inner product
decomposes into a symmetric (energy) component and a skew component.

A central goal is to formulate differentiation intrinsically in this geome-
try. We define weak derivatives by duality with respect to the intrinsic inner
product and show that, on the natural Sobolev domain, this notion coin-
cides with the classical weak derivative. The resulting first–order intrinsic
derivative operator is densely defined and skew–adjoint, with Fourier modes
as eigenfunctions.

We formulate wave mechanics intrinsically in this complex Hilbert space,
define wave function, scalar and vector potentials and associated energy
functional, derive space time wave equation, derive its solution, prove exis-
tence and uniqueness and establish regularity of the solution.

2. Literature Survey

The present work lies at the intersection of harmonic analysis, func-
tional analysis, geometric formulations of physical theories, and spectral
approaches to wave mechanics. In this section, we review the principal
mathematical developments that motivate the construction of the intrinsic
geometric wave framework developed in this paper.

2.1. Hilbert Transform and Harmonic Analysis. The Hilbert trans-
form occupies a central position in harmonic analysis and complex function
theory [28, 23]. Classical treatments by Riesz and Zygmund established
the Hilbert transform as a singular integral operator with deep connections
to Fourier analysis, Hardy spaces, and boundary value problems [28]. In
one dimension, the Hilbert transform provides the harmonic conjugate of a
function and yields the analytic signal representation introduced by Gabor
[15]. Extensions of the Hilbert transform to periodic domains and multidi-
mensional settings have been studied extensively in harmonic analysis and
signal processing [19, 23].

The theory of singular integral operators developed by Calderón and Zyg-
mund provided the modern functional analytic framework for the Hilbert
transform and related operators [23]. Subsequent developments demon-
strated the boundedness of the Hilbert transform on Lp spaces and its fun-
damental role in spectral decompositions, pseudo-differential operators, and
partial differential equations [16].

The present work differs from classical approaches in that the Hilbert
transform is not employed merely as an auxiliary operator acting on an
existing function space; rather, it is incorporated directly into the definition
of the metric and inner product, thereby generating an intrinsic geometric
structure on the underlying function space.
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2.2. Hilbert Spaces and Geometric Structures. The geometric inter-
pretation of Hilbert spaces has played a fundamental role throughout mod-
ern analysis and mathematical physics [11, 21]. The classical Hilbert space
framework developed by Hilbert, von Neumann, and Riesz established the
mathematical foundations of spectral theory and operator analysis [11]. In
particular, the Riesz representation theorem, orthogonal decompositions,
and the spectral theorem provide the structural basis for much of contem-
porary mathematical physics [22].

Several authors have investigated modifications and extensions of Hilbert
space geometry, including reproducing kernel Hilbert spaces, Krein spaces,
Pontryagin spaces, and complex geometric formulations of functional spaces
[3]. These developments demonstrate that altering the inner product struc-
ture can lead to fundamentally new geometric and spectral phenomena.

The intrinsic geometry developed in the present work belongs to this
general tradition, but differs substantially from existing constructions by
introducing a Hilbert-transform-induced complex geometry whose metric,
topology, differentiation, and spectral structure arise simultaneously from a
single geometric embedding.

2.3. Weak Derivatives and Sobolev-Type Structures. The theory of
weak derivatives and Sobolev spaces, initiated by Sobolev and further de-
veloped by Schwartz, Gelfand, and Lions, provides the standard framework
for generalized differentiation [2, 14]. Weak derivatives allow differential op-
erators to be extended beyond classical smooth functions and constitute the
mathematical foundation of modern partial differential equations [14].

Classical Sobolev theory defines weak derivatives through duality with
compactly supported test functions under the standard L2 inner product
[2]. Numerous extensions have been proposed, including weighted Sobolev
spaces, fractional Sobolev spaces, and distributional derivative theories [6].

The derivative introduced in this work differs from these constructions
by defining differentiation intrinsically through the geometry induced by
the complex Hilbert inner product. Consequently, differentiation, metric
structure, and spectral representation become mutually dependent geomet-
ric objects rather than independent constructions.

2.4. Spectral Theory and Fourier Analysis. The spectral theory of lin-
ear operators forms one of the principal mathematical foundations of modern
analysis [21, 13]. The classical spectral theorem of Hilbert, von Neumann,
and Stone established the characterization of self-adjoint and normal oper-
ators through orthogonal spectral decompositions [11].

Fourier analysis provides perhaps the most important realization of spec-
tral theory [18]. Fourier expansions on periodic domains furnish orthonormal
bases for function spaces and provide diagonalizations of differential oper-
ators [24]. Extensions to generalized Fourier transforms, harmonic analy-
sis on groups, and spectral decompositions on manifolds have significantly
broadened the applicability of spectral methods [16].
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In the present formulation, the Fourier basis remains central; however,
its interpretation changes fundamentally because the underlying geometry
itself is modified by the Hilbert-transform embedding. Consequently, the
resulting spectral decomposition acquires an intrinsic geometric character.

2.5. Geometric Approaches to Wave Mechanics. Geometric formu-
lations of wave phenomena have a long history, ranging from Hamiltonian
mechanics and symplectic geometry to geometric analysis of partial differen-
tial equations [4, 1]. Various approaches have attempted to derive physical
laws from geometric principles by identifying physical observables with geo-
metric invariants.

Traditional wave mechanics generally assumes a pre-existing geometric
background and subsequently formulates wave equations on that background.
In contrast, the present approach reverses this paradigm: the geometry it-
self is generated by the wave structure through the intrinsic Hilbert metric.
As a result, space, time, differentiation, and spectral decomposition emerge
within a unified geometric framework.

2.6. Relationship to the Present Work. The existing literature estab-
lishes four major mathematical pillars: harmonic analysis through the Hilbert
transform, geometric functional analysis through Hilbert spaces, generalized
differentiation through weak derivative theory, and spectral decomposition
through Fourier analysis. The principal contribution of the present work is
to unify these four structures into a single intrinsic geometric framework.

“‘latex id=”k4n8wp”

2.7. Existing Geometric Formulations of Wave and Physical The-
ories. The idea that physical laws may arise from geometric structures has
a long history in mathematics and theoretical physics. Classical mechanics
admits a geometric formulation through symplectic manifolds and Hamil-
tonian flows, where the dynamics are generated by geometric structures on
phase space [4, 1]. Similarly, differential geometric approaches have played
a central role in field theory and continuum mechanics.

The Hilbert space formulation of wave mechanics established by Hilbert,
von Neumann, Dirac, and others introduced the notion that physical states
may be represented by vectors in complex Hilbert spaces and observables by
linear operators acting on these spaces [26, 12]. Subsequent developments led
to geometric formulations of quantum theory, where the projective Hilbert
space possesses a natural differential geometric structure [5, 7].

Geometric analysis has also provided numerous frameworks for studying
wave equations and spectral phenomena. Spectral geometry investigates the
relationship between geometric structures and spectra of differential opera-
tors [20, 8], while geometric partial differential equations study the interac-
tion between curvature, topology, and wave propagation [25].

Several approaches have attempted to derive physical dynamics from spec-
tral structures themselves. Notably, noncommutative geometry and spectral
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action principles propose that geometric information may be encoded en-
tirely in spectral data [9, 10]. Likewise, harmonic analysis on manifolds and
representation theory have demonstrated that many geometric properties
can be reconstructed from spectral decompositions [17].

The present work differs fundamentally from these approaches. Rather
than assuming an underlying geometric manifold and subsequently con-
structing spectral operators, we begin with a Hilbert-transform-induced geo-
metric embedding and derive metric, differential, and spectral structures
simultaneously. In this formulation:

(1) the metric arises from the Hilbert transform embedding;
(2) the inner product is induced by the intrinsic complex geometry;
(3) differentiation is defined geometrically through the intrinsic metric

structure;
(4) spectral decomposition emerges from the intrinsic geometry itself;
(5) wave dynamics are formulated directly within the resulting geometric

framework.

Consequently, the present theory reverses the conventional order of con-
struction employed in classical wave theories, spectral theories, and geomet-
ric physical theories. Instead of geometry determining wave dynamics, the
intrinsic wave geometry determines the geometric structure itself.

This viewpoint places the present framework within the broader program
of geometric foundations of physical theories while providing a novel synthe-
sis of harmonic analysis, functional analysis, spectral theory, and intrinsic
geometry. “‘

3. Preliminaries

Let (0, 1)m be identified with the m-dimensional torus Tm equipped with
the Lebesgue measure. Let

L2(Tm;C)
denote the space of square-integrable complex-valued functions.

For a real-valued function u ∈ L2(Tm;R), denote by uh its Hilbert trans-
form on the torus, defined via Fourier multipliers. The Hilbert transform is
a bounded linear operator on L2(Tm) and satisfies

⟨uh, v⟩L2 = −⟨u, vh⟩L2 for all u, v ∈ L2(Tm;R).

The transform is extended complex-linearly to complex-valued functions.

4. Definition of the Metric Space

Let

f = u+ iv, g = p+ iq,

with u, v, p, q ∈ L2(Tm;R). Define

fh := uh + ivh.
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We introduce the linear operator

T : L2(Tm;C) → L2(Tm;C), T (f) := f + ifh.

Definition 4.1. The metric d on L2(Tm;C) is defined by

d(f, g) := ∥T (f)− T (g)∥L2(Tm).

Since T is linear and bounded, d is induced by a norm and therefore arises
from an inner product.

5. Derivation of the Inner Product

Definition 5.1. The inner product associated with the metric d is defined
by

⟨f, g⟩H(T m) := ⟨T (f), T (g)⟩L2 =

∫
Tm

(f + ifh) (g + igh) dx.

Expanding the integrand yields

(f + ifh)(g + igh) = fḡ + fhgh + i
(
f gh − fhḡ

)
.

Hence,

(1) ⟨f, g⟩H(T m) =

∫
Tm

(
fḡ + fhgh

)
dx+ i

∫
Tm

(
f gh − fhḡ

)
dx.

6. Real–Imaginary Decomposition

Substituting f = u+ iv and g = p+ iq, we obtain

Re⟨f, g⟩H(T m) =

∫
Tm

(
up+ vq + uhph + vhqh

)
dx,

Im⟨f, g⟩H(T m) =

∫
Tm

(
uph − uhp+ vqh − vhq

)
dx.

The real part defines a positive-definite quadratic form, while the imagi-
nary part defines a skew-symmetric bilinear form.

7. Hilbert Space Structure

Theorem 7.1. The pair
(
L2(Tm;C), ⟨·, ·⟩

)
equipped with the inner product

(1) is a complex Hilbert space.

Proof. Sesquilinearity follows from the linearity of T and of the L2 inner
product. Positivity is immediate:

⟨f, f⟩H(T m) = ∥f + ifh∥2L2 ≥ 0,

with equality if and only if f = 0 almost everywhere. Completeness follows
from the completeness of L2(Tm) and boundedness of the Hilbert transform.

□
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8. Intrinsic Derivative Defined via the Complex Hilbert Inner
Product

Let H denote the complex Hilbert space

H := L2(Tm;C), ⟨f, g⟩H := ⟨T (f), T (g)⟩L2 , T (f) = f + ifh.

Definition 8.1 (Intrinsic derivative in H). Let f ∈ H. A function g ∈ H is
called the Intrinsic derivative of f in the j-th coordinate direction, denoted
∂Hj f , if

(2) ⟨g, φ⟩H = −⟨f, ∂jφ⟩H for all φ ∈ C∞(Tm).

This definition replaces the classical L2 pairing by the intrinsic geometry
of H.

—

8.1. Identification of the Intrinsic Derivative. We recall that the in-
trinsic inner product on L2(Tm;C) is defined by

⟨u, v⟩H := ⟨Tu, Tv⟩L2 , T (f) = f + ifh,

where fh denotes the Hilbert transform on Tm.

Lemma 8.2 (Intrinsic derivative agrees with the classical weak derivative).
Let f, g ∈ L2(Tm;C). Suppose that

⟨g, φ⟩H = −⟨f, ∂jφ⟩H for all φ ∈ C∞(Tm).

Then f possesses a classical weak derivative ∂jf ∈ L2(Tm) and

g = ∂jf in the distributional sense.

Proof. By definition of the intrinsic inner product,

⟨Tg, Tφ⟩L2 = −⟨Tf, T (∂jφ)⟩L2 .

Since the Hilbert transform is a Fourier multiplier, it commutes with differ-
entiation on smooth functions. Hence,

T (∂jφ) = ∂j(φ+ iφh) = ∂j(Tφ).

Therefore,

⟨Tg, Tφ⟩L2 = −⟨Tf, ∂j(Tφ)⟩L2 ∀φ ∈ C∞(Tm).

As T is bounded and invertible on L2(Tm), the set {Tφ : φ ∈ C∞(Tm)} is
dense in C∞(Tm). Thus the above identity is precisely the classical weak
formulation of

∂j(Tf) = Tg.

Applying T−1 and using the commutation of T with ∂j yields

g = ∂jf

in the distributional sense. □

—
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9. The Hilbert-Space Derivative Operator

Definition 9.1. Define the operator

DH
j : D(DH

j ) ⊂ H → H, DH
j f := ∂Hj f,

with domain

D(DH
j ) := {f ∈ H : ∂Hj f ∈ H}.

Proposition 9.2. DH
j is densely defined and skew-adjoint on H.

Proof. Density follows from C∞(Tm) ⊂ D(DH
j ). For f, g ∈ D(DH

j ),

⟨DH
j f, g⟩H = −⟨f,DH

j g⟩H,

by direct application of Definition (2). □

—

Theorem 9.3 (Eigenfunctions of the intrinsic derivative). Let f ∈ L2(Tm;C)
and λ ∈ C satisfy

⟨λf, φ⟩H = −⟨f, ∂jφ⟩H for all φ ∈ C∞(Tm).

Then there exists k ∈ Zm such that

λ = 2πikj , f(x) = e2πik·x (up to scalar multiples).

Proof. By Lemma 8.2, the intrinsic eigenvalue identity implies

∂jf = λf in the classical weak sense.

Fixing all variables except xj , this equation reduces to the ordinary differ-
ential equation

∂

∂xj
f = λf,

whose general solution is

f(x) = A(x1, . . . , x̂j , . . . , xm) eλxj ,

with A independent of xj . Since f is defined on the torus Tm, periodicity
in the xj variable implies

eλ = 1,

hence λ = 2πikj for some kj ∈ Z. Choosing A to be a periodic eigenfunction
in the remaining variables yields

f(x) = e2πik·x, k ∈ Zm.

□

Corollary 9.4 (Skew-adjointness of the intrinsic derivative). The intrin-
sic derivative operator ∂Hj is skew-adjoint on L2(Tm;C) equipped with the

intrinsic inner product ⟨·, ·⟩H. That is,

(∂Hj )∗ = − ∂Hj .
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Proof. By definition of ∂Hj , for all f ∈ Dom(∂Hj ) and φ ∈ C∞(Tm),

⟨∂Hj f, φ⟩H = −⟨f, ∂jφ⟩H.

Lemma 8.2 shows that ∂Hj coincides with the classical weak derivative under

the intrinsic duality. Since C∞(Tm) is dense in L2(Tm) and the above
identity extends by continuity to the full domain of ∂Hj , we obtain

⟨∂Hj f, g⟩H = −⟨f, ∂Hj g⟩H ∀f, g ∈ Dom(∂Hj ).

Thus ∂Hj is skew-symmetric.

Moreover, by Theorem 9.3, the operator ∂Hj admits a complete orthonor-

mal basis of eigenfunctions {e2πik·x}k∈Zm with purely imaginary eigenvalues.
Hence ∂Hj is maximally skew-symmetric, and therefore skew-adjoint. □

9.1. Intrinsic Spectral Theorem. We now formulate the spectral the-
orem for the intrinsic derivative operator purely in terms of the intrinsic
Hilbert geometry.

Theorem 9.5 (Intrinsic spectral theorem for ∂Hj ). Let ∂Hj denote the intrin-

sic derivative on H = L2(Tm;C) equipped with the intrinsic inner product
⟨·, ·⟩H. Then:

(1) ∂Hj is skew-adjoint.

(2) Its spectrum is purely imaginary and discrete:

σ(∂Hj ) = {2πikj : k ∈ Zm}.
(3) There exists a complete orthonormal basis {φk}k∈Zm of H such that

∂Hj φk = 2πikjφk.

(4) For every f ∈ H,

f =
∑
k∈Zm

⟨f, φk⟩H φk,

with convergence in the H-norm.

Proof. Skew-adjointness was established in Corollary 9.4. By Theorem 9.3,
the eigenfunctions φk(x) = e2πik·x form a complete orthonormal system in
H with eigenvalues 2πikj . Since ∂Hj is skew-adjoint and admits a complete
orthonormal set of eigenfunctions, the operator is unitarily diagonalizable.
The expansion formula follows from completeness. □

10. Summary

We have constructed a complex Hilbert space in which the Hilbert trans-
form is intrinsically encoded into the metric and inner product. The re-
sulting geometry naturally decomposes into an energy component and a
symplectic component. This framework allows the Hilbert transform to act
not as an auxiliary operator, but as a defining geometric feature of the space
itself. Defining differentiation via the intrinsic Hilbert-space inner product
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ensures that spectral differentiation, orthogonality, and completeness are
all governed by the same geometry. The Hilbert transform is part of the
definition of differentiability itself, yielding a derivative operator that is si-
multaneously weak, spectral, and geometric.

Chapter 2. Intrinsic Geometric Wave Mechanics

11. Introduction

11.1. Space Time.

Definition 11.1. Spacetime Space time is defined as Ω = (0, 1)3 × (0, 1)

11.2. Wavefunction.

Definition 11.2. wavefunctionIn the presence of scalar and vector poten-
tials V and A, associated with every γ ∈ R, γ > 0 called a wave number,
there exists a wavefunction ψ ∈ H(Ω) such that

∥ψ∥H(Ω) = 1

12. The Space Time Wave Equation

We consider the case of scalar and vector potentials varying both in space
and time.

Assumption 12.1. The wave function in space time evolves such that the
variation of its total energy is equal to i times the variation of square of the
norm of the intrinsic time decay of the wave function

∥∂Hψ
∂t

∥H(Ω)

under the constraint of unit norm of the wave function.
Total energy is given as

(3) E(ψ) = α∥∇st
Hψ∥2H(Ω) + ∥

√
V̄ ψ∥2H(Ω) + ∥

√
A⃗ · ∇s

Hψ∥2H(Ω)

where

(4) V̄ = V + ∂Ht ∇s
H · A⃗h

α = 1
2γ , A⃗h is Hilbert transform of vector potential in radial direction. ∇st

H is

gradient is space time coordinates and ∇s
H is gradient in spatial coordinates

only.∇s· is divergence in spatial coordinates. Deriving the Euler Lagrange
equation for the constrained minimization problem in H(Ω) we get the space
time wave equations given below

(5)

1

2γ
⟨∆Hψ, ϕ⟩H(Ω) + ⟨V̄ ψ, ϕ⟩H(Ω) +

3∑
i=1

⟨Ai∂iHψ, ϕ⟩H(Ω) + λ⟨ψ, ϕ⟩H(Ω) = 0 ∀ϕ ∈ C∞∩H(Ω)

(6) ∥ψ∥H(Ω) = 1
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12.1. Solution to space time wave equations.

Theorem 12.2 (Existence and uniqueness of solutions to space time wave
equations). The solution to the space time wave equation exists and is unique.

Proof. Now taking the intrinsic Fourier series, choosing ϕ = ei2πk·x, k ∈ Z
for different k and writing the matrix equation for using Parseval relation
for dot product in equation 5 we get
(7)

(α(DH2
t +DH2

x +DH2
y +DH2

z )+VE+(BAxD
H
x +BAyD

H
y +BAzD

H
z )−λI)X = 0

DH2
t is a multiplier for intrinsic Fourier series for intrinsic double derivative

in time direction operator and similarly others. VE is the Toeplitz matrix
whose intrinsic complex Hilbert geometric generating symbol is V̄ . Let

M = α(DH2
t +DH2

x +DH2
y +DH2

z ) + VE + (BAxD
H
x +BAyD

H
y +BAzD

H
z )

and
(8)

G = (α(DH2
t +DH2

x +DH2
y +DH2

z )+VE+(BAxD
H
x +BAyD

H
y +BAzD

H
z )−λI)

In a 4-dimensional space time, the intrinsic Fourier series coefficients matrix
X is 4 dimensional and the matrices M and G are 24 dimensional. One
can see that the matrix M is a full rank matrix. Choose λ to be the lowest
eigenvalue(in magnitude) of the matrix M . So the matrix G has null space
of dimension 1. Now the solution X is eigenvector with zero eigenvalue of
the matrix G. The eigenvector is chosen to have unit norm. Hence the
solution exists and is unique. □

Taking the inverse intrinsic Fourier series of X gives the solution wave
function ψ.

12.2. Regularity of the solution to the space time wave equations.

Theorem 12.3 (Regularity of solution to space-time wave equations). Let
ψ ∈ H(Ω) be a normalized solution of the intrinsic space–time wave equa-

tions 5, 6. Let ψ̂(k, ℓ) denote the intrinsic Fourier coefficients of ψ with
respect to spatial frequencies k ∈ Z3 and temporal frequency ℓ ∈ Z.

Assume that the spatial potential V has zero mean and satisfies

|V̂ (k)| = Θ(1).

Assume that the vector potential A = (A1, A2, A3) satisfies

|Âj(k, ℓ)| = O(1/∥k∥2), j = 1, 2, 3,

and has zero mean. Also assume both A⃗ and V are non-analytic in any
sub-interval of Ω.

Then the following joint space–time regularity holds:
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(1) If α is large, then

ψ̂(k, ℓ) = Θ

(
1√

∥k∥22 + ∥ℓ∥22

)
.

(2) If α is small, then

ψ̂(k, ℓ) = Θ

(
1

(∥k∥22 + ∥ℓ∥22)1/4

)
.

In particular, for large α the solution ψ belongs to the intrinsic Sobolev space

ψ ∈ H1
loc(Ω),

while for small α it belongs to

ψ ∈ H
1/2
loc (Ω),

with regularity measured intrinsically in both space and time.

Proof. Case 1: α is large
The solution is also the eigenvector corresponding to the zero eigenvalue

of the matrix G. Let the eigenvector be e = [e1, e2, ...en].
From equations 7 and 8

(9) Ge = 0

Let rows of G be denoted as G1, G2, ...Gn

(10)
n∑

i=1

Gie = 0

Taking the nth row,

(11)

n∑
i=1

Gn,iei = 0

which implies

(12) Gn,nen = −
n−1∑
i=1

Gn,iei

(13) en = −

n−1∑
i=1

Gn,iei

Gn,n

As the generating symbol of matrix Ḡn,n is V whose Fourier coefficients
decay as Θ(1), the non principal diagonal entries of Ḡn,n are |Theta(1).
Since Gn,n is obtained from Ḡn,n by modifying only the leading diagonal,
same can be said about Gn,n as well. Hence

(14) Gn,i = Θ(1), i = 1, 2, ...n− 1.
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As eigenvector is normalized,

(15) ei = O(1), i = 1, 2, ...n.

.
Applying Cauchy Schwartz inequality in equation 13

(16) en ≤ −K

√
n−1∑
i=1

G2
n,i

√
n−1∑
i=1

e2i

Gn,n

(17) en ≥ −K

√
n−1∑
i=1

Gn,i

√
n−1∑
i=1

ei

Gn,n

where K > 0 is independent of n.
From equation 14 and also as eigenvectors being normalized that ei =

O(1), i = 1, 2...n we have

(18) en == K

√
Θ(n)Θ(n)

Gn,n

(19) Gn,n = α(n− 1)2 + λ

As the matrix Gn×n is Hermitian Hankel matrix with coefficients in non
leading diagonal going as Θ(1), its lowest eigenvalue can safely be assumed
to grow as O(1) as n → ∞. Hence λ = O(1).

So

(20) Gn,n = αΘ(n2) +O(1)

using equations 18 and 20 we have

(21) en =
Θ(n)

αΘ(n2) +O(1)

n = [k, ℓ] is the multi-index of space-time frequency, where k = (kx, ky, kz)
are spatial frequency indices and ℓ is temporal frequency index. which im-
plies

(22) ψ̂(k, ℓ) =
Θ(
√
∥k∥22 + ∥ℓ∥22)

αΘ(
√
∥k∥22 + ∥ℓ∥22

2
) +O(1)

hence when α is large we have

ψ̂(k, ℓ) = Θ(
1√

∥k∥22 + ∥ℓ∥22
)

Case 2 : α is small.
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Noting the regularity of the vector potential A⃗ given in 12.3 the matrix
(BAxD

H
x +BAyD

H
y +BAzD

H
z ) can be asymptotically ignored from the follow-

ing analysis as it can be taken care of due to Kato’s perturbation theory[27].
Let the matrix P = DH2

t +DH2
x +DH2

y +DH2
z and L = VE

(23) G(α) = L+ αP − (λ(α))In×n

where L = G(0) + λ(0)I, minimum eigenvalue of L is 0. P is a diagonal
matrix. Sample the V̄ to discrete uniformly spaced samples. We get all
matrices in discrete domain. We get two Hermetian Toeplitz matrices A
and B, where A is discrete version of L in frequency domain, and B is
discrete version in space domain. A contains eigenvalues of B and B contains
eigenvalues of A. Both A and B become infinite matrices as samples go to
infinity. Let Z denote the DFT matrix, which is also the eigenvector matrix
of A and ZT the eigenvector matrix of B. Now consider κ0 as the zero
eigenvector of A and β0 as the zero eigenvector of B and form Toeplitz
matrices Ā and B̄ from κ0 and β0 respectively to get the matrices Ā and B̄.

We now have

(24) ĀZT = BB̄TZ = A

we also have

(25) BZ = AZA = BZAZ−1 = A

Simplification from equations 24 and 25

ĀZTZ = A

we know
ZTZ = I

So
Ā = A

As mean value of potential is assumed to be zero, we know that the
minimum in A is achieved within matrix boundary and hence the same case

in Ā. So κ
(0)
0n < c where c > 0 is independent of n.

Now consider λ(α) which is the lowest (in magnitude) eigenalue of the
matrix L + αP . From Kato’s [27] perturbation theory, for small α, λ(α) is
small. Consider the matrix G as the perturbation of L with αP +λ(α)I, for
small α, that is for α < α0 where α0 is some critical value, the perturbation
in the eigenvectors matrix and eigenvalues is small. Hence the perturbation
in all the corresponding matrices is small which implies the minimum in the
perturbed Ā matrix is achieved within matrix boundary, there by κ(α)0n <
c/2 where c is independent of n. Hence

(26) κ
(α)
0n = Θ(1)

as they are bounded above as well as it is an eigenvector. Now κ
(α)
0 are the

intrinsic Fourier series coefficients of the solution to equation 5 and we need
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to make it unit norm in order to make it a solution to equation 6 as well,

that is to the space time wave equations. Assuming Ψ̂ as discrete version of

ψ̂, Normalizing κ
(α)
0n we get,

(27) Ψ̂ =
κ
(α)
0√

(
n∑

i=1
(κ

(α)
0i )2)

Using equations 26 and 27 we get the asymptotic

(28) ψ̂n = Θ(
1√
n
) =⇒ ψ̂(k, ℓ) = Θ(

1

(∥k∥22 + ∥ℓ∥22)1/4
)

hence when α is small we have the intrinsic Fourier coefficients ψ̂ of the
solution to the space time wave equation decay as Θ( 1

(∥k∥22+∥ℓ∥22)1/4
.

ψ̂(k, ℓ) = Θ(
1

(∥k∥22 + ∥ℓ∥22)1/4
)

when α is small. □

Note. that this result on the case of small α holds for scalar and vector
potentials that are O(1) and O(1/∥k∥2) respectively as well.
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