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ABSTRACT

We consider the sparse Hermitian random matrix supported on the Erd6s-Rényi
graph G(n, p/n), whose nonzero entries are independent complex Gaussian vari-
ables of variance 1/p, together with its local limit, a weighted Poisson-Galton—
Watson tree. We prove that for every fixed and sufficiently large p, the limit-
ing operator on the tree conditioned on survival has exactly one positive mo-
bility edge E.(p): almost surely, its spectrum is purely absolutely continuous
on (—E.(p),0) U (0,E.(p)) and pure point outside [—E.(p), Ec(p)]. Moreover,
Ec(p)//p converges to /7r/2 as p tends to infinity. Thus the mobility edge lies
far in the tail of the spectrum, rather than near the edge 2 of the limiting semicircle
law, as had been predicted in the physics literature; the spectrum is absolutely
continuous in a region whose spectral mass tends to zero as p — oo, through a
resonance mechanism discovered by Aizenman and Warzel. The mobility edge is
the unique zero of a free energy associated with a distinguished real solution of
the cavity equation, and this free energy crosses zero transversally. We also show
that the giant component of the finite graph inherits the dichotomy, in the sense
that the local spectral masses in small energy windows are uniformly integrable
over vertices below E.(p) and concentrate on a vanishing fraction of vertices above
it. The proofs combine a transfer-operator description of the free energy, the
Simon-Wollff criterion applied to the squared moduli of the Gaussian weights, a
resonance argument, and an analysis of the cavity equation at large degree.
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SECTION 1

Introduction

1.1 Background

Disordered quantum systems often exhibit one of two contrasting behaviors. In a localized
phase, eigenfunctions are concentrated in bounded regions of space and the system is an
insulator. In a delocalized phase, eigenfunctions are spread out and transport is possible.
Anderson proposed in [26] that sufficiently strong disorder localizes all eigenfunctions
of a tight-binding Hamiltonian. At weaker disorder, localized and delocalized states
may coexist at different energies, separated by mobility edges, a notion introduced by
Mott [103]; see also [65] and the review [71]. Localization is by now well understood
mathematically in many regimes, for instance through the fractional moment method
of Aizenman and Molchanov [8, 9]. We refer to [13] for an account. Delocalization is
much harder to prove, and tree graphs are the main setting in which both phases, and
the transition between them, are accessible.

Trees. The Anderson model on the Bethe lattice was studied by Abou-Chacra, Anderson,
and Thouless in [2], who wrote self-consistent equations for the local Green function
that are exact on the tree. They predicted that the localized phase corresponds to a
real solution of these equations, and they located its stability limit by linearizing the
equations around this solution. The case of energies near the band edges was treated in
[1]. Kunz and Souillard obtained exact results on the transition between extended and
localized states on the Bethe lattice [93], and Miller and Derrida studied localization on
trees through a weak-disorder expansion [99]. This linear stability criterion has since
been reformulated in several ways: through the free energy of a directed polymer on the
tree [40, 62, 89, 102], through supersymmetric field theory [66, 100, 136], and through the
largest eigenvalue of an integral operator acting on real Green functions [43, 109, 127].
In these formulations the criterion is evaluated at the symmetric point of a symmetry of
the linearized kernel, which goes back to [2]; see [109] for a discussion. A pedagogical
account of the cavity approach, including its analysis at large connectivity, is given in
[111]. Biroli, Semerjian, and Tarzia computed the mobility edge and the density of states
of the Anderson model on Bethe lattices with the cavity method in [43]. More recently,
the delocalized phase on trees and random regular graphs has been studied in detail,
in particular the question of its ergodicity [39, 40, 44, 45, 59, 89, 130, 131]. The critical
properties of the transition and the localized phase near it were studied in [114, 128].

1



1 Introduction 1.1 Background 2

On the mathematical side, Klein proved that the Anderson model on the Bethe lattice
has absolutely continuous spectrum at weak disorder [87, 88]; other proofs and extensions
were given in [14, 63,72, 80, 84]. Aizenman and Warzel developed a resonance mechanism
for delocalization in [11, 12]. They proved that the spectrum is absolutely continuous
wherever a certain free-energy function, denoted ¢(1; E) in [12] and describing the decay
of fractional moments of the Green function along paths, exceeds the logarithm of the
inverse branching number. As a consequence, at weak disorder the absolutely continuous
spectrum extends well beyond the band of the hopping operator, into a Lifshitz-tail
regime [95] of very small density of states (see [30] for Lifshitz tails on the Bethe lattice).
For bounded potentials there is no mobility edge of the usual kind at weak disorder [10];
see also the survey [135]. Bapst analyzed this free energy at large connectivity in [29]
and confirmed the prediction of [2] for the critical disorder. Building on these works,
Aggarwal and Lopatto proved in [4] that mobility edges exist for the Anderson model on
the Bethe lattice with unbounded potential at large degree, near the locations predicted
in [2]. Liu and Lopatto transferred this result to random regular graphs in [96].

For random trees, much less is known. The spectral measure of the unweighted
adjacency operator of the Poisson—-Galton—-Watson tree, the local limit of the Erd&s—
Rényi graph, has a dense set of atoms [36, 119], and its continuous part was studied in
[53, 57, 120]. Absolutely continuous spectrum for multi-type Galton—-Watson trees close
to trees of finite cone type was established by Keller [83]. Arras and Bordenave proved in
[28] that, conditionally on survival, the adjacency operator of a Poisson-Galton-Watson
tree with large mean degree has a nontrivial absolutely continuous spectral component,
which carries most of the spectral mass.

Sparse random matrices. The spectra of sparse random matrices, with a bounded mean
number of nonzero entries per row, were first studied in physics in [115, 116]. Fyodorov
and Mirlin showed that such matrices undergo a localization transition, and derived
equations for a mobility edge and for the inverse participation ratio in [73, 74, 101];
numerical studies include [69, 70]. Biroli and Monasson proposed in [38] that localized
states in the tails of the spectra of random graphs are created by rare local defects, such
as vertices of abnormally large degree; see also [121], and [132] for the analogous picture
for non-Hermitian sparse matrices. In the limit of high connectivity, Silva and Metz
solved the resolvent equations of sparse random graphs analytically and found that all
eigenvectors are extended in this limit [122]. The cavity method was developed for sparse
matrices in [91, 117, 126], and mobility edges in the tails of the spectra of sparse matrices
were computed numerically in [91, 92, 98, 125]. Tarzia studied the tails of the spectrum
of Erd6s—Rényi graphs in the critical regime in [129]. Most relevant for us, Cugliandolo,
Schehr, Tarzia, and Venturelli studied in [58] the giant component of Erd6s—-Rényi graphs
with real Gaussian edge weights, which is the real symmetric analogue of the model
considered here. They found a delocalized but weakly multifractal phase at small p,
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separated by a mobility edge from localized states in the tails. The multifractality of
extended states in weighted random networks was also studied by Baron and Rogers in
[31].

The mathematical literature on sparse Erd6s—Rényi graphs is extensive when the
mean degree grows with the number of vertices; see for example [33, 34, 67, 76]. In
the critical regime where the mean degree is of order logn, Alt, Ducatez, and Knowles
proved in a series of works [18-22] that eigenvectors are delocalized in the middle of the
spectrum and localized near high-degree vertices at the spectral edges, with a mobility
edge between the two regimes. See also the recent work [78]. For bounded mean degree,
the global eigenvalue distribution of weighted random graphs was studied in [50, 85],
and the extreme eigenvalues and their eigenvectors in [55, 79]. For the model (1.1) itself,
Afanasiev showed in [3], using supersymmetry, that for p > 2 the second correlation
function of characteristic polynomials has a GUE-type limit inside an energy interval and
factorizes outside it.

Heavy-tailed matrices. A mobility edge was predicted by Cizeau and Bouchaud for Lévy
matrices, whose entries are in the domain of attraction of an a-stable law with « € (0,1)
[56]. Biroli, Bouchaud, and Potters showed that the largest eigenvalues of heavy-tailed
matrices are governed by their largest entries [42]. Tarquini, Biroli, and Tarzia computed
its location in [127], through the stability of the real solution of the cavity equations, and
Biroli and Tarzia used cavity equations to determine the phase diagram of a Lévy version
of the Rosenzweig—Porter ensemble [41]. The eigenvalues and eigenvectors of Lévy
matrices were studied rigorously in [5, 6, 32, 48, 49]. Aggarwal, Bordenave, and Lopatto
proved in [7] that Lévy matrices have a mobility edge, in the sense of the imaginary part
of the resolvent of their local limit and of eigenvector participation ratios, at the location
predicted in [127], and that it is unique for « close to 0 or 1.

Recent advances. Several recent preprints produced by an internal OpenAl large lan-
guage model announce results on longstanding problems in localization and spectral
universality. For the Anderson model with independent uniform site potentials, these
include purely absolutely continuous spectrum on a nonempty energy interval at suf-
ficiently weak disorder on Z? for every fixed d > 3 [104], and pure-point spectrum
throughout the spectrum at every positive disorder strength on Z? [107]. For random
regular graphs of every fixed degree d > 3, further preprints announce fixed-energy
GOE bulk universality for the adjacency matrix [106] and for the Anderson model with
sufficiently weak independent uniform diagonal disorder [105]. The fixed-energy GOE
statistics result for the adjacency matrix was obtained independently and simultaneously
in [77].

This paper. In this article we establish that the sparse Hermitian matrix with complex
Gaussian weights on G(n, p/n) has exactly one positive mobility edge in its local limit,
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for every fixed sufficiently large p, and we determine its location to leading order. Its
location, of order VP, 18 far in the tail of the spectrum, which contradicts the large-p
behavior predicted in the physics literature; we discuss this in Section 1.3. We also derive
consequences for the giant component of the finite graph.

1.2 Model and main results

The model

Fix p > 1. For each integer n > p, let G, be an Erd6s—Rényi random graph on the
vertex set {1,...,n} in which each edge is present independently with probability p/n.
Conditional on Gy, let (w;j)1<i<j<s be independent standard complex Gaussian random

variables, so that each w;; has density - le~ 2 with respect to Lebesgue measure on C.
We consider the n x n Hermitian matrix H,, defined by

YijerGa))
VP

for 1 < i < j < n. Throughout the paper, p is fixed while n tends to infinity, and
statements about large p concern the resulting limiting objects.

Since p > 1, the graph G, has with high probability a unique giant component,
which contains a positive fraction of the vertices, together with linearly many finite
components. We write gc for the vertex set of the giant component, that is, of the largest
connected component of G, (if there are several, the one containing the smallest vertex;
see Definition 3.1), N;, = |gc| for its size, and H} for the restriction of H, to gc. Since the
finite components produce a positive density of localized eigenvectors for trivial reasons,
the natural object of study is the giant component.

The local weak limit of H;, is described by a random tree. Let 7 be a Poisson—Galton—
Watson tree with mean offspring p and root o, and attach to each edge e an independent
weight h, = w,/,/p, where the w, are standard complex Gaussian variables; we set
hou = hyp. Let H be the weighted adjacency operator of T,

(Hf)(0) = ) houf (u).

u~o

Hn(irj) = Wij, Hn(jl i) = Hﬂ(i/j)/ Hn(i/ i) =0, (1.1)

Although the degrees in 7" are unbounded, H is almost surely essentially self-adjoint on
finitely supported vectors (Theorem 3.10), and we use the same notation for its closure. A
uniformly chosen vertex of G, converges locally to the root of (7, (h.)), and a uniformly
chosen vertex of the giant component converges locally to the root of the same tree
conditioned on the event S that it is infinite. We write P for the law of the weighted tree,
0p = IP(S) for its survival probability, and P* = IP(- | S) for the survival-conditioned
law.
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For an interval I, we say that H has purely absolutely continuous spectrum (respectively
pure point spectrum) in I if, for every vector f, the restriction to I of the spectral measure
of f is absolutely continuous with respect to Lebesgue measure (respectively a countable
sum of point masses). Intervals of the first kind are regions of delocalization, and intervals
of the second kind are regions of localization. An energy separating a region of one kind
from a region of the other kind is a mobility edge.

Main results

Set

iy = Elw| = \/TE, w ~ Nc(0,1). (1.2)

Theorem 1.1. There exists py < oo such that for every p > py there exists E.(p) > 0 with the
following properties. Almost surely with respect to IP*, the operator H has purely absolutely
continuous spectrum in

(—Ec(p),0) U (0, Ec(p))
and pure point spectrum in
(=00, =Ec(p)) U (Ec(p), o).

Moreover,

Finally, P®-almost surely, H has no eigenvector with finite support and nonzero eigenvalue, and
it has infinitely many linearly independent eigenvectors with finite support and eigenvalue zero.

Thus, for every fixed large p, the positive half-line contains exactly one mobility edge.
The theorem makes no statement about the spectral type at the two energies +E.(p). The
energy zero is exceptional: it is an eigenvalue of infinite multiplicity, created by pairs of
leaves attached to a common vertex (localized states of this kind in diluted models go
back to Kirkpatrick and Eggarter [86]), and Theorem 1.1 does not describe the spectral
measure at zero.

The mobility edge lies far in the tail of the spectrum. As p — oo, the limiting empirical
spectral measure of H, converges to the semicircle law on [—2,2], as a computation with
the moment method shows, while E.(p) is of order ,/p. Eigenvalues near E.(p) therefore
come from rare local configurations with unusually large edge weights. The constant p,
arises from a first-moment computation, which we explain in Section 2.5: at the energy
E = ¢,/p, a typical path of length L in the tree contributes a product of about L factors
|we|/ (Ep) to the resolvent, and there are about p’ such paths. Their total contribution
therefore grows or decays like (p. /&)L

Our second result identifies E.(p) as the unique zero of a function defined through
the cavity equation, which is a recursive distributional equation for the diagonal resolvent
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entry at the root. Let ' = (5,, (H — z)714,) for z in the upper half-plane. Its law satisfies
the cavity equation

d 1Y -1
rd_ (z +5 y er]-) , N ~Pois(p), Y~ Exp(l),
j=1

where the variables on the right are independent and the T'; are distributed as T'. For
E > 2, let ¢(E) = (E—VE2—4)/2 and 6 = ¢(E)2. For a real energy E, the variable
B = —g(E)/T formally satisfies

d 0 &Y,
B=14+60—-=-) -
P i= B

(1.4)

For every real solution of this equation we define in Section 6 a function ¢(s), s € (0,2),
as the logarithm of the Perron-Frobenius eigenvalue A(s) of a positive transfer operator
on the real projective line. We call it the free energy, as in [4, 12]. For s € (0,1), ¢(s) is the
exponential growth rate of the expected generation sums of the s-th powers of the formal
path products. Its limiting value ¢(1) = limy ¢(s) decides the spectral type.

Theorem 1.2. Fix {y € (0, pt«). There exists p1(Co) > po such that for every p > p1(&o) the
following holds.

(i) For every E > Co./p, the iterates of the map defined by the right-hand side of (1.4), started
from the point mass at one, converge weakly to a solution v, g of (1.4).

(ii) Let @(1) be the free energy of v, at s = 1. The function E — @g(1) is continuous
on [Go/P,00). It is positive on [Co\/P, Ec(p)), vanishes at E.(p), and is negative on
(Ec(p), o), where E(p) is the energy of Theorem 1.1. It is real-analytic in a neighborhood
of Ec(p), and its derivative at E.(p) is negative.

(iii) For every compact set & C [&o, 00),

Jim, i;;g\eXP ¢z p(1) : ( =0.

Theorem 1.2 is an instance of the general principle, going back to Abou-Chacra,
Anderson, and Thouless [2], that the mobility edge on a tree is located by the linear
stability of the real solutions of the cavity equation. Its content is that, at large p, the free
energy at s = 1 of the relevant solution changes sign exactly once, and transversally. The
asymptotic statement (iii) gives (1.3).
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The giant component

We now state the consequences for the finite graph. Since the spectral type of a finite
matrix is trivial, we describe localization through the distribution of spectral weight over
vertices in small energy windows. For an interval I C R and a vertex v € gc, let

1
no(I) = <5vr11(H§C)5v>/ fin(I) = FTrII(H,%C),
n
so that i, (I) is the average of y,,(I) over v € gc. When fi,(I) > 0, let Pr,(v) =
tno(I)/fin(I) be the normalized local mass, and for R > 0 define the deficit

1 .
Din(R) =1—— Z min{P;,(v),R}.
n vege
Set D;,,(R) = 1 when fi,(I) = 0. When fi,(I) > 0, the deficit is the excess normalized
mass above the truncation level R, averaged over the vertices.

Definition 1.3. Let I,(E) = (E — h, E + h]. The giant component is uniformly integrable
delocalized at E if, for every 6 > 0,

lim lim sup limsup P(Dj, () ,(R) > ) = 0.

It is spectrally condensed at E if, for every R < co and every 6 > 0,

lgigligglfP(Dlh(E)m(R) >1-0) =1
In words, the giant component is uniformly integrable delocalized at E if the normal-
ized local masses in small windows around E are uniformly integrable over the vertices,
and it is spectrally condensed at E if almost all of the normalized mass is carried by a
vanishing fraction of the vertices. In both definitions the limit n — oo is taken before the
window width & tends to zero. These notions concern averaged spectral projections, and
they do not describe individual eigenvectors.

Theorem 1.4. The following statements hold.

(i) For every p > 1 and every compact set | C R\ {0}, there exist constants 0 < c,,; < Cp; <
oo such that, for every fixed interval 1 C | of positive length,

nggon)<cp,,Nn|1| < Tr1,(HE) < cpJNn|1|) — 1.

(ii) Let p > po, where pg is as in Theorem 1.1. The giant component is uniformly integrable
delocalized at Lebesgue-almost every E with 0 < |E| < E.(p), and spectrally condensed at
Lebesgue-almost every E with |E| > E.(p).
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1.3 Discussion

Comparison with the physics literature. Theorem 1.1 shows that, for large p and apart
from the eigenvalue zero, the localized states of the limiting operator are confined to
energies |E| > E.(p) = u«/p, far beyond the semicircle bulk [-2,2]. This disagrees
with the large-p behavior described in the physics literature on this model. For the real
symmetric version of (1.1) restricted to the giant component, Cugliandolo, Schehr, Tarzia,
and Venturelli state that the mobility edge tends to the edge 2 of the semicircle law as
p — o0 [58, Section V]. This statement is an extrapolation: their numerical study covers
p € [1.6,5], and the mobility edge in their phase diagram is drawn only for p < 2.5
[58, Section V and Fig. 1]. Similarly, Baron and Rogers describe the eigenvalues of
weighted Erd6s—Rényi graphs outside the continuous part of the spectrum, which ends
at 2+ O(p~!), as produced by well-connected vertices or heavily weighted edges, with
eigenvectors exponentially localized around these defects [31, Section VIII]. This is the
picture of Biroli and Monasson [38].

Theorem 1.1 shows that this picture is not correct at large p on the limiting tree.
At energies 2 < |E| < E.(p), rare local configurations with large edge weights do
produce spectral weight, but they are not isolated from each other: their number grows
exponentially with the distance, and resonances between distant configurations produce
absolutely continuous spectrum. This is the mechanism discovered by Aizenman and
Warzel for the Anderson model on regular trees, where extended states appear through
disorder-enabled resonances well beyond the band of the hopping operator [11, 12]. Since
the spectral mass of these energies tends to zero as p — oo, this delocalization is difficult
to observe in numerical studies of moderate system size. The available numerical values
are nonetheless consistent with a mobility edge that grows with p: for real Gaussian
weights of variance 1/p on the whole graph, Kiihn found the localization threshold at
approximately 2.295 for p = 2 and 2.581 for p = 4 [91]. The first-moment heuristic
described after Theorem 1.1 also applies to real Gaussian weights, and predicts a mobility
edge near E|w|,/p = /2p/7 in that case; we do not prove this. At energies of order
/P, the relevant real solution of the cavity equation is concentrated near —1/E, which
explains why the leading-order location of the mobility edge is given by Anderson’s
upper limit approximation, as reformulated in [2]; see also the forward approximation
of [110]. This is in contrast with the critical disorder of the Anderson model on the
Bethe lattice at large connectivity, where the upper limit approximation misses the correct
constant because of correlations along paths [109].

Relation to previous rigorous results. Our proof follows the general strategy of [4, 7, 12]:
the spectral type at an energy E is decided by the sign of an exponential growth rate of
fractional moments of the Green function along paths, which is computed through the
Perron-Frobenius eigenvalue of a transfer operator. Aizenman and Warzel normalize this
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rate per vertex, so that the threshold for their free energy ¢(1; E) is minus the logarithm
of the branching number; as in [4, 7], we sum over generations, so that the threshold for
our free energy ¢(1) is zero. There are four main differences.

First, the model has no random potential. In [4, 12], the random potential at a vertex
is the rank-one parameter in the Simon-Wolff criterion [124] and in spectral averaging.
Here the randomness is entirely in the hopping amplitudes. We use instead that the
tree is bipartite, so that H? is a direct sum of two operators of the form A*A, and that
A*A is a sum of rank-one projections onto the normalized rows of A, weighted by the
squared row norms. For complex Gaussian weights these squared norms have Gamma
densities and are independent of the row directions, so they can play the role of the
random potential.

Second, our localization argument does not use a continuity argument in the energy.
In [4, 7], the transfer operator describes the fractional moments only if the boundary
values of the resolvent are already known to be real, and localization is propagated from
very large energies by a continuity argument in the energy. We show instead that any
real solution of the cavity equation with negative free energy at s = 1 produces, on an
enlarged probability space, a square-summable vector F with (% — E)F = J,. This gives
the input of the Simon-Wolff criterion directly, at every energy where the free energy at
s = 1 is negative, without identifying the actual boundary values of the resolvent.

Third, the delocalization criterion applies to arbitrary real boundary laws, not only
to the solution of the cavity equation that we construct. This allows us to treat all small
positive energies, where we do not identify the real solutions of the cavity equation, by
proving that every real solution there has positive free energy at s = 1.

Fourth, we prove that the mobility edge is unique on the whole positive half-line for
every fixed large p. In [4], the mobility edges are shown to be isolated through a strict
monotonicity estimate for the Perron—Frobenius eigenvalue near each predicted location.
In [7], uniqueness is derived from an explicit formula for the critical eigenvalue, and is
proved for a near 0 and 1. For the present model no explicit formula is available, and the
relevant cavity law has rare cancellation events whose contribution to the critical eigen-
value must be controlled together with their energy derivatives. We obtain uniqueness
from an exact positive renewal decomposition of the square of the critical operator, which
reduces the monotonicity of the Perron—Frobenius eigenvalue to that of a 2 x 2 matrix,
and from estimates on the energy derivatives of the cavity law.

Concerning finite graphs, Theorem 1.4 concerns averaged local spectral masses in
small energy windows, in the spirit of the localization and delocalization criteria for
heavy-tailed matrices in [7, 48] and their analogues for random regular graphs in [96].
Related transfers of delocalization from the absolutely continuous spectrum of a limiting
tree to finite graphs are the quantum ergodicity theorems for regular graphs [23, 24] and
for general graphs converging to trees [25], and the quantitative delocalization results of
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[46, 54]. We do not prove statements about individual eigenvectors of H,.

The complex Gaussian assumption. The assumption that the weights are complex
Gaussian is used in two ways. First, the squared moduli Y, = |w,|? of the weights are
exponential random variables, independent of the phases, and the cavity variables depend
on the weights only through these moduli. Exponential laws make many estimates
explicit, in particular negative moment bounds for affine combinations of independent
squared moduli, which we use throughout. Second, as explained above, the squared row
norms of the bipartite square have Gamma densities independent of the row directions,
which provides the rank-one randomness needed for the Simon-Wolff criterion and for
spectral averaging. For real Gaussian weights the squared row norms are still independent
of the directions, and we expect our methods to extend, with additional work and with

i« replaced by v/2/ 7, but we have not checked the details.

Open questions. We mention several questions that our results leave open. The first
concerns small p: does the limiting operator have a unique mobility edge for every p > 1,
or only for p large? For small p, the analysis of [58] suggests that the delocalized phase
has unusual properties. The second concerns the spectral type at the energies £E.(p)
and at zero. The third concerns finite graphs: it would be interesting to prove localization
and delocalization of individual eigenvectors of Hj in the two phases, and to determine
their local eigenvalue statistics, in analogy with [6, 21]. Finally, it would be natural to
study the multifractal properties of the delocalized eigenvectors predicted in [31, 58].

1.4 Notation and conventions

We write H = {z € C : Imz > 0} for the upper half-plane, and z = E + iy with E € R
and 7 > 0. For a self-adjoint operator K and a vector f, the spectral measure of f is the
measure y with (f, (K —z)71f) = [(A —z)"u(dA). The letters c and C denote positive
constants whose dependence on other parameters is indicated in each statement; within a
proof they may change from line to line. We write Pois(A) and Exp(1) for the Poisson law

with mean A and the exponential law with mean one, and < for equality in distribution.
For a tree vertex v other than the root, v~ is its parent and |v] its generation, and 7 is
the subtree of descendants of v, rooted at v. For an edge e, we call Y, = |we|*> = p|he|?
the squared modulus of the edge weight. The squared moduli have the Exp(1) law, and
are independent of the phases w,/|w,|, which are uniform on the unit circle. Notation
that is used only in one section is introduced in that section.
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1.5 Organization

Section 2 outlines the proofs of our main results. Part I develops the basic theory for a
tixed degree p: the operator on the tree (Section 3), spine decompositions and estimates
for fresh squared moduli (Section 4), real solutions of the cavity equation (Section 5), and
the transfer operator and the free energy (Section 6). Part II shows that the sign of the
free energy at s = 1 determines the spectral type at a fixed degree: Section 7 collects
the rank-one perturbation arguments, Section 8 proves that negative free energy implies
localization, and Sections 9 and 10 prove that positive free energy is incompatible with
real boundary values. Part III studies the free energy at large degree: we construct the
principal solution of the cavity equation in Section 11, prove its analyticity and derivative
bounds in Section 12, determine the leading asymptotics of the free energy at s = 1 in
Section 13, prove the uniqueness of its zero in Section 14, and treat small energies in
Section 15. Finally, Part IV contains the proofs of Theorems 1.1 and 1.2 in Section 16 and
of Theorem 1.4 in Section 17.



SECTION 2

Outline of the proof

In this section we explain the main steps of the proofs of Theorems 1.1 and 1.2, and
indicate where each step is carried out. The discussion is informal, but the objects and
identities that appear are the ones used in the proofs. We only consider positive energies,
since H is unitarily equivalent to —H (Proposition 3.21). Throughout, z = E + iy with
E>0and#y > 0.

2.1 Cavity variables and the two alternatives

Let 7 be the rooted Poisson—-Galton-Watson tree with mean degree p, with edge weights
he = w,/./p, and let H be its weighted adjacency operator. Although the degrees of T are
unbounded, H is essentially self-adjoint on finitely supported vectors (Theorem 3.10), and
its resolvent G(z) = (H — z) ! is canonically defined. For a vertex v # o, let [',(z) denote
the diagonal resolvent entry at v of the operator restricted to the subtree of descendants
of v. The Schur complement formula gives the cavity recursion

Fv(z):—<z+ y |hw\21’u(z)>_1, 2.1)

u:u—=ov

and, since the subtrees of distinct children are independent copies of T, the root variable
I', = G,, satisfies

Lo

[ e
|
/N
N
_|_
< |-
=<
|
N—

ok

N ~ Pois(p), Y; ~ Exp(1), (2.2)

with all variables on the right independent and T’; 4 I',. Off-diagonal resolvent entries
factor along paths: if 0 = vg,vy,...,vr = v is the path from the root to v, then

L
GOU(Z) - (—1)LFO(Z) Hh’()]-il'z)j].—"vj (Z). (2.3)
j=1

These facts are proved in Section 3.
At Lebesgue-almost every energy E, the boundary values I';(E +i0) exist, and a
zero-one law holds: under the survival-conditioned law P*, either ImT',(E +i0) > 0

12
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almost surely, or ImT,(E +i0) = 0 almost surely (Proposition 5.11). In the first case,
the full diagonal boundary values satisfy Im G,,(E +i0) > 0 at every vertex of the
infinite tree. If this alternative holds for Lebesgue-almost every energy in an interval I, a
spectral averaging argument shows that the spectral measures are absolutely continuous
in I (Proposition 7.11). In the second case, which we call the no-ac hypothesis following
[12], all cavity variables at E 4 i0 are finite and real, and the inverse cavity variables

D, = —1/T',(E +i0), which we call denominators, solve the real cavity equation
d 1YY
D=E—-—-) —. (2.4)
P ]; D;

A'law on R\ {0} satisfying (2.4) is called a real solution at energy E. The proof decides
between the two alternatives by attaching to every real solution a number, the value ¢(1)
at s = 1 of its free energy, and showing that its sign determines the spectral type.

2.2 The free energy

By (2.3), the size of G, is governed by products of the variables |hvj_1v].1“vj| along paths.
Under the no-ac hypothesis these products can be generated by a transfer operator. Fix
a scaling ¢ > 0 and set B = gD and B = g?Y/p, so that (2.4) becomes a recursion for B
in which a child with state x = 1/B is mapped to the parent state (B’ — Bx)~!, where B’
collects the contributions of the other children. Each step of this recursion is the projective
action of the matrix

0 1
—B B

The Mecke formula for Poisson processes turns sums over vertices of generation L into
expectations over a single path, at the cost of a factor p per generation (Proposition 4.8).
For s € (0,2) this leads to the positive transfer operator

M(B,B) = p~1/2 ( ) ,  detM(B,B) =1. (2.5)

(x1)

acting on continuous functions on the real projective line RP!, where fB,p is the projective
action of M(B, B) and B is distributed according to the real solution. We show in Section 6
that Q3 is compact and strongly positive, so that Qs has a simple dominant Perron—
Frobenius eigenvalue A(s). The free energy is ¢(s) = log A(s), and its value ¢(1) ats =1
decides the spectral type. We have

(QsF)(x) = pE[|IM(B, B)ox|| °F(fpp(x))],  vx=

_ .1 —s
@(s) = logp—i—ng{}ozloglE /]R]Pl Mg - - - Myo|~° m(dv),
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where Mj, My, ... are independent copies of M(B, ) and m is the uniform measure on
RIP!. For s < 1, the quantity ¢(s) is also the exponential growth rate of the expected
generation sums of s-th powers of the path products in (2.3).

The free energy is convex, real-analytic, and independent of the scaling. Its key
property is the symmetry

¢(s) = p(2—5s), (2.6)

which follows from the change of variables v — Mv/||Mv|| on RIP!, whose Jacobian is
| Mo|| =2, and from the fact that a 2 x 2 matrix of determinant one has the same singular
values as its inverse. Then ¢'(1) = 0, the point s = 1 is the minimum of ¢, and ¢
decreases from ¢(0+) = logp to ¢(1) on (0,1]. The value ¢(1) is the analogue, for
the present model, of the criterion of Abou-Chacra, Anderson, and Thouless [2], of the
free-energy criterion of Aizenman and Warzel [12], and of the quantity A(E,«) in the
work of Aggarwal, Bordenave, and Lopatto on Lévy matrices [7]. A symmetry of this
kind for the linearized cavity kernel goes back to [2]; see [109]. As in [4, 7], and unlike
[12], we sum over generations rather than normalizing per vertex, and the threshold is
Zero.

2.3 Negative free energy implies localization

Suppose that some real solution 7t at energy E has ¢(1) < 0. We do not need to know
that 77 is the law of the actual boundary values. By Kolmogorov’s extension theorem, we
may enlarge the probability space so that every vertex v carries a real variable D, with
law 77, the variables satisfy the recursion (2.4) pathwise on the tree, and the tree itself
keeps its law (Lemma 5.13). Set I', = —1/D, and define the formal inverse column

Flo)=T,,  F(v)= rof[(—hvjvjlrz,j).

=1

The recursion gives (H — E)F = 4, pointwise. By the many-to-one formula,
EY o= |[F(v)]° grows at the exponential rate ¢r(s), and since ¢(1) < 0 we may
choose s < 1 with ¢x(s) < 0. Then F € £ C (? almost surely. In particular, F lies
in the domain of H and J, = (H — E)F lies in the range of H — E. By the spectral
theorem, [ 1,(dA)/(A — E)? < oo, where y, is the spectral measure at the root. The
same holds at every vertex and on every component of the tree with one vertex removed
(Proposition 8.3).

These reciprocal-square integrals are the input of the Simon-Wolff criterion [124].
Since the model has no random potential, we need another source of rank-one ran-
domness. It is supplied by the complex Gaussian weights. The tree is bipartite, so
H2 = A*A® AA*, and

A*A =Y Uy lvy)(vyl,
Yy
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where y runs over the odd generations, v, is the normalized vector of edge weights
adjacent to y, and U, is its squared norm. Conditional on the tree, the squared row norm
Uy, has a Gamma density and is independent of the direction v, and of all other rows
(Proposition 3.23). Thus each Uy, is the coupling constant of a rank-one perturbation
with an absolutely continuous law, and the Simon-Wolff argument applies in the square
blocks. This yields pure point spectrum on every open set of energies at which a real
solution with negative free energy at s = 1 exists (Theorem 8.4).

2.4 Positive free energy implies delocalization

Suppose now that the no-ac hypothesis holds at a regular energy E, and let 7t be the law
of the boundary denominators. We show that ¢,(1) < 0 (Theorem 10.1). Together with
the spectral averaging argument mentioned above, this proves pure absolute continuity
on any interval where, for almost every regular energy, all possible real boundary laws
have positive free energy at s = 1 (Corollary 10.2). The argument follows the resonance
strategy of Aizenman and Warzel [12]: we look for vertices at large depth n that are
strongly coupled to the root, and show that their contributions force ImI’, to be large.
Variants of this strategy were used in [4, 7].

Suppose, for a contradiction, that 0 < ¢(1). We always have ¢(1) < log p (Proposi-
tion 6.15). By convexity and symmetry, there exists s € (1/2,1) such that

y=—¢(s) >0, F=@¢x(s)—(1—s)y>0.

Consider a path of length n from the root, and the event that the product of the trans-
fer matrices along it is of size about e¢?". After an exponential tilt of the path law,
this is a moderate deviation event for a sum of bounded increments, with probability
about e~ (108P=¢x()=s7)"_ Gince there are about p” paths, the expected number of such
paths is about e(?7(5)+7)" " Along such a path, an exact continuant identity shows that
|Gox/ Gxx| 2 €7 7", where x is the endpoint. At x we attach a pendant leaf whose squared
edge weight t has an exponential density. Since the diagonal entry Gy, is a Mobius
function of t with a real pole, the event |Gyy| > T has probability of order T-1. With
T = e(1+9)" we obtain an expected number

EN, > e(F—(S)n—o(n)

of resonant endpoints x, each satisfying |Gox| > €. A surviving child of x, whose
imaginary part is at least a fixed quantile {, of the distribution of ImTI, then gives
ImTI, > 625”’0(”)@ by the Ward identity.

The main difficulty is the second moment. For two resonant endpoints x and y
whose paths split at depth j, the two pendant tunings are nearly independent unless
the Green function between the two branches is large. This interaction is controlled
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by the off-diagonal entry of the effective 2 x 2 Feshbach matrix at x and y, which is
the bilinear form of a product of transfer matrices along the path from x to y. To
average this product we reserve, near the split and near both endpoints, three consecutive
factors whose squared moduli are not constrained by any of the events retained in
the second moment. Three fresh factors suffice to smooth an arbitrary fixed bilinear
form (Proposition 6.18). The interaction contribution is then bounded by the norm
moments of the two arms, which decay at the rate ¢,(s) — log p per step. The resulting
exponent is an affine function of j, and the choice of s makes it negative at j = 0 and
at j = n. Thus E[N,(N, —1)] < e°™(EN,)?, and the Paley-Zygmund inequality gives
P(N, > 0) > e,

To conclude, we need to raise this subexponentially small probability to a fixed level.
We use the Poisson structure of the tree: the root has many children, and each of them
independently carries a copy of the rare event. An amplification argument, which uses
only a fixed number of amplifying children per generation and a reserve of other children
that keeps the cavity variables in a fixed compact region, raises the probability to a fixed
number g, > « after o(n) generations, at the cost of a factor e=°(") in the lower bound
for ImT,. We obtain P®(ImT, > ¢2"~°(")z,) > g, > &, which contradicts the definition
of the quantile {, once n is large. All estimates are first made for the real recursive tree
process at a fixed depth and then transferred to a small positive imaginary part 77, chosen
after n.

2.5 The free energy at large degree

By the previous two steps, Theorem 1.1 reduces to determining the sign of the free energy
at s = 1 of the relevant real solutions. This is where the degree p is taken large.

The principal solution. For E > 2 it is convenient to use the scaling g(E) = (E —
V E2 — 4)/2, in which the real cavity equation becomes

N .
Bi1+e—§2—1, 6 = g(E)>.
P i= B

At energies E = ¢,/p with ¢ of order one, we have 6 < 1/p, so the sum is an average of
about p terms of size 08/p, and one expects B ~ 1. This is correct except on rare events
where some B; is close to zero. In Section 11 we construct, for every compact window of
scaled energies ¢ and all large p, a solution v, ¢ whose law is concentrated within p~ /4
of one, has density at most p“ie~ near zero, and has a tail decaying like pAe~"" /L. We
denote by & the class of laws with these three properties. The solution v, g, which we call
the principal solution, is the unique fixed point of the cavity map in &, on which the map
is contracted by a metric adapted to these three regions. The same construction covers all
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energies E > My,/p, where the cavity map is a contraction in the same class. We then
show that at large p and energies E = ¢,/p in a fixed window, every real solution of the
cavity equation is the principal solution (Proposition 11.27). The proof is a one-big-jump
bootstrap: it starts from the bound /p + 1 on the density near zero, which every real
solution satisfies, and improves it until the solution lies in the class &. In particular,
under the no-ac hypothesis the boundary law can only be the principal solution.

The location of the mobility edge. The leading behavior of the free energy at s = 1 of
the principal solution is easy to guess. Since B ~ 1, we have |T,| ~ ¢(E) ~ E~! along
a typical path. Each step of (2.3) contributes a factor |h.|/E = |w,|/(p), and there are
about p choices of the next vertex. The expected sum of the products over the pl paths
of length L is therefore about

(5 ()" wm-

This suggests exp ¢z (1) ~ p./¢, and in Section 13 we prove that this is correct uni-
formly on compact sets of ¢ (Theorem 13.1). The lower bound follows from the behavior
of the transfer operator on states near one. The upper bound is harder, because the rare
cancellations B ~ 0 produce large states, which may feed back into the core region of
states near one. We decompose the state space into six regions and show that the only
order-one transitions between the five other regions form an acyclic graph, so that every
return to the core region passes through a transition of small weight. A finite-dimensional
diagonal balancing then bounds the growth rate.

Uniqueness of the crossing. The leading asymptotics show that the free energy ats =1
changes sign near ., /p, but by themselves they do not exclude several sign changes in a
window of width o(,/p). In Section 12 we show that the principal law is a real-analytic
function of the energy, with polynomially bounded derivatives in suitable norms, and
that its first two derivatives are small when tested against smooth functions supported
near one. In Section 14 we work with the L2 version of the critical transfer operator,
on a fixed space on which the energy enters only through the law of B and through
exponential densities. We then decompose its square exactly as

AF =Gz +he @ Lo+ hi @ L,

where A¢ is the critical operator on this space, the first rank-one term is a positive
operator describing the region where B is close to 1, the second is its image under an
involution | that exchanges this region with the region where B is close to 0, and G¢ is a
positive operator with small spectral radius. The Perron-Frobenius eigenvalue of Aé is
then determined by the Perron-Frobenius eigenvalue of a 2 x 2 positive renewal matrix.
Its diagonal entries are equal, by the symmetry under |, and decrease strictly in ¢. Its
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off-diagonal entries are positive, and one of them is exponentially small. A positivity
argument, based on Glaeser’s inequality, controls the derivative of this Perron-Frobenius
eigenvalue without dividing by the possibly tiny gap between the two components. This
shows that, for scaled energies in a fixed neighborhood of y., the free energy ats =1
has exactly one zero, at which it crosses zero transversally and downward. Outside this
neighborhood, its sign is given by the leading asymptotics and, at large energies, by the
large-energy estimate. Together, these facts give exactly one zero on the half-line, and the
crossing is transverse (Theorem 14.1 and Corollary 14.2).

Small energies. For energies below a small multiple of ,/p, the real cavity equation need
not have a principal solution, and we do not try to identify the real boundary law. Instead
we show in Section 15 that every real solution at an energy 0 < E < jn/p has free energy
at s =1 at least a fixed 6 > 0 (Proposition 15.2). The proof bounds the critical eigenvalue
from below by pE|M]|~! for two scalings and shows, using only the recursion, that
one of the two lower bounds exceeds one. Since the delocalization criterion applies to
arbitrary real boundary laws, this gives absolute continuity at all small positive energies
for the same fixed p.

2.6 Assembly and the finite graph

The proof of Theorem 1.1 in Section 16 combines these results. On (0, Cm\/ﬁ], every
possible real boundary law has positive free energy at s = 1, and the delocalization
criterion shows that the spectrum is absolutely continuous. At larger energies of order
/P, a real boundary law must be the principal solution, whose free energy at s = 1 is
positive below E.(p) and negative above it. Above E.(p) the principal solution is a real
solution with negative free energy at s = 1, which gives pure point spectrum, including
at all large energies. The two absolutely continuous regions overlap, which leaves E.(p)
as the only transition.

Finally, in Section 17 we transfer the conclusions to the giant component of the fi-
nite graph. A uniformly chosen vertex of the giant component converges locally to
the survival-conditioned tree, jointly for finitely many vertices, and the local spectral
measures converge accordingly. The density of states of the limiting operator is bounded
above and below on compact sets away from zero. On the absolutely continuous side, the
normalized local spectral masses are uniformly integrable over vertices, by Lebesgue dif-
ferentiation and Scheffé’s lemma; on the pure point side, they concentrate on a vanishing
fraction of vertices. This proves Theorem 1.4.



PART I

The limiting tree and the cavity equation



SECTION 3

The weighted tree and its operator

In this section, we define the finite model and the marked Poisson—Galton—-Watson
tree, construct the self-adjoint operator of the tree and of the forests obtained from
it by finitely many deletions, and collect the algebraic identities for its resolvent that
are used throughout the paper. Section 3.1 defines the models. Section 3.2 defines
tinite removals and shows that marks which are not inspected by a selection remain
independent standard Gaussians. Section 3.3 proves essential self-adjointness of all these
operators on finitely supported vectors, identifies their domains, and proves convergence
of Dirichlet truncations. Section 3.4 proves the Schur complement formula (the cavity
recursion), the path product formula, and the Ward identity. Section 3.5 records a gauge
transformation and the parity symmetry. Section 3.6 develops the bipartite factorization
of the square of the operator and its decomposition into rank-one terms indexed by rows,
which are the basis of the rank-one arguments in Section 7. Finally, Section 3.7 shows that
on the survival event the operator has no finitely supported eigenvector with nonzero
eigenvalue, while finitely supported eigenvectors with eigenvalue zero occur infinitely
often.

Conventions. For a countable set S, we write £2(S) for the Hilbert space of square-
summable functions f: S — C, with the inner product

(f.8) = L f(s)8(s),
seS

which is antilinear in the first argument. We write Js for the coordinate vector at s € S
and ¢.(S) for the space of finitely supported functions on S. For S’ C S, we identify
¢2(S") with the subspace of ¢2(S) of functions vanishing off S/, and we write Ps for the
orthogonal projection onto it. For a self-adjoint operator T and a vector f, we write ]/t} for
the spectral measure of f, defined by (f,¢(T)f) = [ ¢ d,u} for bounded Borel functions ¢.
For a Borel set I C R, we say that T has pure point spectrum in I if Ran1;(T) is contained
in the closed span of the eigenvectors of T, and that T is purely absolutely continuous in I if
the restriction of ptjf to I is absolutely continuous with respect to Lebesgue measure for
every vector f. Since the closed span of the eigenvectors consists of the vectors whose
spectral measure is purely atomic [113, Section VIL.2], the operator T has pure point
spectrum in [ if and only if the restriction of y} to I is purely atomic for every f. Spectral
parameters are written z = E+ig with E,y € R,and H = {z € C : Imz > 0}.

20
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3.1 The finite model and the marked tree

A standard complex Gaussian variable is a random variable w with density - le~lEP
with respect to Lebesgue measure on C. Writing { = re'’, Lebesgue measure on C is
rdrdd, and in the variables t = % and ¢ € [0,27) the law of w is e~f dt ® d¢/(27). This
implies that Y = |w|? has the law Exp(1), the phase w/|w| is uniform on the unit circle,
and the two are independent. Also @w and —w are standard complex Gaussian variables.

Definition 3.1. Let p > 0 and let n > 1 be an integer with n > p. Let G, be the Erd6s—
Rényi graph on [n] = {1,...,n}, in which each pair {i,j} is an edge independently with
probability p/n. Let (w;j)1<i<j<n be independent standard complex Gaussian variables,
independent of G,. Define the Hermitian n x n matrix H;, by

LijerGa))

VP

The giant component gc C [n] is the vertex set of a connected component of G,, of maximal
size; if there are several, we take the one containing the smallest vertex label. Thus gc is
a deterministic function of G,. We set N,, = |gc| and write H = (H,(i, j))ijegc for the
restriction of H, to £%(gc).

H,(i,j) = wij, H,(j,i) = Hu(i,]), H,(i,i) =0, 1<i<j<n.

Throughout the paper, the limit n — oo is taken with p fixed. The local limit of G,
seen from a uniformly chosen vertex is the Poisson-Galton-Watson tree, and seen from a
uniformly chosen vertex of gc it is that tree conditioned on survival; this is made precise
in Proposition 17.13. We now define the tree and its marks on an explicit probability
space.

Let U = >0 IN¥ be the set of finite words over N = {1,2,... }, with the empty word
0,and let U, = U \ {o}. For u € U and j € N, we write uj for the concatenation, |u| for
the length of u, and u~ for the word obtained from u # o by deleting its last letter.

Definition 3.2. Let p > 0. Let (Q), F, IP) be a probability space carrying three independent
families: random variables (N, ),cu, independent with the law Pois(p); random variables
(wu)ueu,, independent standard complex Gaussians; and an auxiliary random element a
of a standard Borel space.

(i) The genealogy is the rooted tree 7 with root o, vertex set

V = {]1]2]k cU: k>0, ;< le...]'Fl forl1 <i< k},

and edges {u~,u} for u € V\ {o}. It is a PGW(p) tree: the children of v € V are
vl,...,vNy,. The generation of v is |v|, the vertex v~ is the parent of v # o0, and we
write u ~ v when u and v are adjacent. The degree of v is deg(v) = Ny + 1(,,). We

write N = N, for the number of children of the root.
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(ii) The edge {u~,u} is identified with the word u, and w,, is its mark; we also write w,
for the mark of an edge e. The edge weights are

hy—y = ﬁ/ Ny = hy-u, ueV \ {0}/
and hy, = 0 when u and v are not adjacent. The squared modulus of the mark of the
edge u is Y, = |wy|?> = p|h,-,|?, which has the law Exp(1) and is independent of
the phase wy, /|wy|. The pair (7T, (huv)yvev) is the marked tree.

(iii) For v € V, the forward subtree T, is the subtree of T induced on V(7;) = {vu : u €
U} NV, rooted at v. In particular 7, = 7.

(iv) The survival event is S = {|V| = oo}, and ¢, = P(S). When p > 1, we have
0p € (0,1), and g, is the unique solution in (0,1] of 1 — ¢ = e~ 2. For p > 1 we set
P* =TP(-|S) and write E® for the corresponding expectation.

We write Gy = 0 ((Ny)ucu, a) for the o-algebra generated by the genealogy variables and
the auxiliary randomness.

The marks w, with u ¢ V do not enter the marked tree; including them makes the
edge marks of 7 a subfamily of an independent family indexed by the fixed set U..
Conditionally on Gy, the marks of the edges of 7 are independent standard complex
Gaussians, and the same holds under IP®, since § € Gy. The value of ¢, is the classical
extinction computation for Galton-Watson trees [133, Chapter 3]. The auxiliary element
a is used in later sections for selections by independent ranks; in Section 4, it is realized
as a family ({y)yecu of independent auxiliary marks indexed by the words.

The families indexed by disjoint subsets of U are independent. We record the con-
sequence that is used to derive distributional identities. For j € IN, let 6; be the shift
which maps the families above to ((Nj,)ueu, (Wju)uew, ). The genealogy and marks built
from 0, by Definition 3.2 form a marked tree HjT, and if j < N,, then 9]~T is the forward
subtree 7; relabelled by ju — u. The shifted families use the variables indexed by words
beginning with j, other than w;, and we conclude that

617,6,T,... are independent copies of 7, independent of (N, (w;);>1)- (3.1)

3.2 Finite removals

Many arguments in this paper delete a vertex, an edge, or a few selected leaves from the
tree and study the resulting operator. We now define these operations and the class of
selections under which the retained marks keep their law.

Definition 3.3.
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(i) A finite removal of T is given by a pair (F, D), called its removed set, where F C V is a
finite set of vertices and D is a finite set of edges of T ; we also write (F, D) for the
finite removal. The deleted edges are the edges in D and the edges with an endpoint
in F; all other edges of T are retained. The reduced forest TF'P is the graph with vertex
set V'\ F whose edges are the retained edges. A component of (F,D) is the vertex set
of a connected component of 7P,

(i) An inspected set is a random finite set Q C U, such that {Q = q} € G/ for every
finite g C U, where G| = Go V o(w, : u € q). Its o-algebra is

Go={AeF: An{Q=q} € G{ for every finite ¢ C U, }.

(iii) A random finite removal (F, D) is selected without inspecting the retained marks if there
exists an inspected set Q such that {(F,D) = (f,d)} € G for all finite sets f,d, and
such that almost surely no edge with label in Q is retained. If this holds with Q = @,
that is, if (F, D) is a function of the genealogy and the auxiliary randomness, we say
that (F, D) is selected from the genealogy.

An inspected set is the set of labels of the marks that a selection procedure looks at;
the procedure may decide which marks to look at using what it has seen so far, and Gg
is the information available at the end. The finite removals used later are the following.

(a) Deleting a vertex y: (F,D) = ({y},©). Its components are the forward subtrees
V(Ej), 1<j<Nyand, ify # o, the set V\ V(7).

(b) Deleting an edge {v—,v}: (F,D) = (@,{v}). Its components are V(T,) and V \ V(7).
In particular, every forward subtree is a component of a finite removal.

(c) Deleting selected pendant leaves: F is a finite set of leaf children (children ¢ with N, = 0)
chosen as a function of the genealogy and of auxiliary ranks carried by a, and D = @.
This finite removal is selected from the genealogy.

(d) Dirichlet balls: deleting the finitely many edges between generations R and R + 1
leaves the ball {v € V : |v| < R} as the component of o.

Lemma 3.4. Let Q be an inspected set. For every A € Gq, every finite g C Uy, and every
bounded measurable function ¥ of the family (wy),ecy,\q we have

E [1AQ{Q:q} T((wu)ueéq)} = ]P(A N {Q = q}) E [‘F«wu)u%q)] (3.2)

The same identity holds with P, E replaced by P, E® when p > 1. If (F, D) is selected without
inspecting the retained marks, then conditionally on Gg the marks of the retained edges are
independent standard complex Gaussian variables, under P and under IP*.

Proof. Fix A and g. By the definition of G, the event AN {Q = g} belongs to G, =
o ((Nu)uecu, a, (Wu)ueq). Since the three families in Definition 3.2 are independent and
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the marks are independent of each other, gg is independent of (wu)ugq, and (3.2) follows.
Since S € Gy, the event AN S belongs to Go; applying (3.2) to it and dividing by ¢,
gives the identity under IP*, since E[¥] = E®[¥] by the independence of S € Gy and the
marks.

For the last assertion, let (w),),cy, be an independent copy of the marks, defined on
a product extension of the probability space, and set w, = w, for u ¢ Q and w, = w)
for u € Q. For fixed g, the family ((wy)ugq, (W},)ucq) has the law of (wy)y., and is
independent of G/, by the argument above and since w’ is independent of everything else.
For A € Gg and every bounded measurable function ¥ of the whole family, we then have

E[1a¥(@)] = Y E[Linomg) ¥ (@0)ugg, (@)uey) |
q

=Y P(AN{Q=q}E[¥(w)] =P(A)E[¥(w)],
q

where the sums run over the countably many finite sets q. This shows that w is inde-
pendent of G and is a family of independent standard complex Gaussians. The set of
retained edges is a function of 7 and (F, D), and in particular it is Go-measurable. Since
it is almost surely disjoint from Q, the retained marks coincide with the corresponding
entries of w. The conditional law, given G, of the entries of an independent i.i.d. family
indexed by a Go-measurable random set is the product law over that set [81, Theorem 6.4].
This proves the claim under IP, and the same argument applies under P. O

For a finite removal selected from the genealogy, conditionally on Gy all marks, deleted
or retained, are independent standard complex Gaussians. For the pendant leaves in (c),
this means that the squared moduli of the marks of the deleted leaf edges are independent
Exp(1) variables, independent of the genealogy and of all retained marks.

We next record some elementary facts about the shape of the components. For a
component C of a finite removal and adjacent vertices u,w € C, the branch C,_, is
the component containing u of the graph obtained from 71 by also deleting the edge

{u,w}.
Lemma 3.5. Let (F, D) be a finite removal of T
(i) The reduced forest TP has finitely many components. Every component C is the vertex set

of an induced subtree of T : every edge of T with both endpoints in C is retained.

(ii) Let C be a component and let u,w € C be adjacent. Then Cy_, is a component of the finite
removal (F,D U {{u,w}}), and it consists of the vertices x € C such that the path in T
from x to w contains u. The neighbors of u in C lie in distinct components of (F U {u}, D),
and the component containing a neighbor x is Cx_y.

(iii) Let C be as in (ii), let u,w € C be adjacent, and let C' be a component of a finite removal
(F/,D"Y with F C F'and D C D'. If Cy—yyy C C' and w € C', then C},_, ., = Cy—w-
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Proof. Every edge of a tree disconnects it, and every edge of a forest disconnects the
component that contains it. By induction on the number of deleted edges, deleting them
from 7 produces a forest with exactly one more component than deleted edges. The
vertices of F are isolated in this forest, and its other components are the components of
(F, D); this proves the first claim of (i). If an edge {u, v} of T with u,v € C were deleted,
then the path from u to v in the connected graph 71D restricted to C would avoid this
edge, and together with the edge it would form a cycle in 7. This proves (i).

For (ii), the first assertion holds because adding {u, w} to D changes only the compo-
nent C, which splits into two. Since C is a subtree, paths in C are paths in 7. A vertex
x € C is connected to u in C without using the edge {u, w} exactly when the path from
x to u does not contain w, and this holds exactly when the path from x to w is the path
from x to u followed by the edge {u, w}. This proves the description of C,—. If x and
x" are distinct neighbors of u in C, then they lie in distinct components after deleting
u, since the unique path between them is x,u, x’. The component of x after deleting u
consists of the vertices of C connected to x by a path avoiding u, and this is Cy_,; by the
description just proved.

For (iii), we have C' C C, because every edge retained by (F/,D’) is retained by
(F,D). Since a path in C' which avoids the edge {u, w} is such a path in C, we have
Cl_» C Cyussw. Conversely, C,_s;, induces a connected subtree of 7 by (i) and (ii), it is
contained in C’/, and C’ is an induced subtree by (i). Then every vertex of C,_ is joined
to u by a path in C’ avoiding {u, w}, which gives C,_, C Cj,_,- O

3.3 Essential self-adjointness

The weighted adjacency operator of 7 need not be bounded. In this section, we show
that it is essentially self-adjoint on finitely supported vectors, simultaneously for all
components of all finite removals. The argument follows [51, Appendix A]: by [51,
Lemma A.3], an exhaustion of a weighted tree by finite connected sets whose boundary
weights are uniformly bounded implies essential self-adjointness, and such an exhaustion
of the Poisson weighted infinite tree is constructed in [51, Proposition A.2] by a subcritical
exploration; see also [52] for the unweighted case. We include the proof for our model
for completeness.

Hermitian networks

A locally finite Hermitian network is a countable set V with weights k: V xV — C such
that kyy, = kyp and kyp = 0 for all u, v, and such that {u : k,, # 0} is finite for every v. Its
formal operator acts on all functions f: V — C by

(Tformf) (U) - Z ksz(u),

uey
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which is a finite sum. The minimal operator Ty is the restriction of Tty to c:(V), viewed
as an operator in ¢?(V), and the maximal domain is {f € (*?(V) : Teormf € ¢*(V)}. For a
finite set S C V, the boundary operator Bg is defined by

(Bsf)(v) =15(v) Y_ kouf(u feV).
ugs
Since only the finitely many u ¢ S with a neighbor in S enter this sum, Bg is a bounded
operator of finite rank.
On the marked tree, (V, (hys)uvev) is a locally finite Hermitian network. If C is a
component of a finite removal, then (C, (hyy), vcc) is a locally finite Hermitian network
as well, and by Lemma 3.5(i) its weights are those of the retained edges inside C. We

write He form and Hc o for its formal and minimal operators, and Hym and Ho when
cC=V.

Lemma 3.6. Let (V, k) be a locally finite Hermitian network. Then Ty is symmetric, and Ty is
the restriction of Tiory to the maximal domain. If Ty is essentially self-adjoint, then its closure T
satisfies

DOIII(T) = {f S EZ(V) : Trormf € EZ(V)}/ Tf = Tiormf forf € DOIII(T).

Proof. Let g € c¢.(V) and f € £2(V). Only the finitely many pairs (u,v) with u € supp g
and k,, 7# 0 contribute to the following sums. Exchanging these finite sums and using
kou = ko, we have

(Tog, f Z Z koug (u Z g(u Z kuof(0) = (g, Teormf)- (3.3)

Taking f € c.(V), we see that Tj is symmetric. If f is in the maximal domain, then (3.3)
implies that f € Dom(Tj) and T f = Ttormf- Conversely, if f € Dom(T}), then applying
(3.3) with ¢ = &,, we have (T f)(v) = (Tiormf)(v) for every v, that is, Trorm f = T f € (2.
If Ty is essentially self-adjoint, then its closure T is self-adjoint and T = T* = T, since
an operator and its closure have the same adjoint. [

Lemma 3.7. Let (V, k) be a locally finite Hermitian network. Suppose that there exist finite sets
S1C Sy C -+ with\J, S, =V and M = sup,, ||Bg, || < co. Then Ty is essentially self-adjoint
on c.(V).

Proof. By [113, Theorem VIIL.3 and its corollary], the symmetric operator Tj is essentially
self-adjoint if ker(T; —z) = {0} forz =iand z = —i. Fixz € C\ R and ¢ € ker(T; — z).
By Lemma 3.6, we have T¢,.,{p = zi pointwise. Let S C V be finite. Multiplying the
equation at v by ¥(v) and summing over v € S, we obtain

z|Psy> =Y Y p(@)koup(u) + Y Y ¢ (0)koutp(u ZS
M‘UE

vESUES VES ugS

Yeoutp(u) + (Ps, Bsyp).
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The first sum on the right is real, because the matrix (kyy ), ves is Hermitian. Taking
imaginary parts, and using that Bsy) = BsPy\ s, we find

| Tm z| || Psy[|* < |(Psy, BsPy\s) | < [|Bs]| [[Psip]l [|Pyrstp]l- (3.4)

We apply (3.4) with S = S;,. Asn — oo, we have ||Ps, || — [|¢|| and [Py, ¢ || — 0, since
Sy TV and ¢ € (2(V). The right side of (3.4) is at most M||9||[| Py s, ||, which tends to
zero. We conclude that | Imz|||¢||> = 0 and ¢ = 0. O

A bounded-boundary exhaustion of the tree

Foru € U, set

Foru € V, thisis } i<y, ]hu,uj\z, the sum of the squared weights of the edges from u to
its children. Since R, < oo almost surely and N,1 (Ro>M} < N,, which is integrable, by
dominated convergence we have E[No1(g,~m] — 0 as M — co. We fix a deterministic
M = M(p) < oo such that

mpy = E [Nol{RO>M}} <1 (3.5)

We call u € U good if R, < M and bad otherwise. For v € V, let A(v) be the number of
good vertices among the strict ancestors of v, and set

Spy={veV:A(v) <n}, n>0.

Lemma 3.8. Let p > 0. There exists an event Qs, with P(Qsa) = 1 on which the following
holds. Every S, is finite, 0 € S,, C S,11, every ancestor of a vertex of S, belongs to S, and
U, Su = V. Further, for every n, every vertex outside S, has at most one neighbor in S, and

) hou|?> < M2 forevery v € S,,. (3.6)

u¢S,, u~v
In particular, the boundary operators of the network (V, h) satisfy ||Bg, || < M.

Proof. The proof shows that the vertices reachable from a given vertex through bad
vertices form a subcritical Galton—Watson tree, and that the sets S,; are finite unions of
such trees.

StTeP 1. The bad clusters are subcritical Galton—Watson trees. For u € U, let x, = N, 1 (Ruy>M)}-
This is a function of N, and of (w,;);en- Since for distinct u the variables N, are distinct
and the families (w,;);en are indexed by disjoint subsets of U, the family (xu)ucu is
independent and identically distributed, with mean my; < 1. For x € U, define the bad
cluster

Ky = {xj1---jk: k>0, ji < xxjp.j, for 1 <i <k}



3 The weighted tree and its operator 3.3 Essential self-adjointness 28

Then Ky is a Galton-Watson tree whose offspring numbers (X )ycu are independent
with mean 1. Let Z be the number of words of length |x| 4k in K. The event {u € K, }
is determined by the variables yx at the strict ancestors of u, which are independent of x;.
Summing over the countably many words u of length |x| + k, we obtain

EZim= ). Ellpexyx] =muEZ,
|u|=|x[+k
so EZY = mk, and E|Ky| = (1 —my)~! < co. Let (s, be the event that Ky is finite
for every x € U; as a countable intersection of events of probability one, it satisfies
Since j < xy holds exactly when u is bad and j < N,,, we have, for x € V,

Ky ={y € V(Ty) : every vertex u # y on the path from x to y isbad}.  (3.7)

StEP 2. The sets S, are finite and exhaust V. For v € V and j < N,, we have A(vj) =
A(v) + 1y good}- This implies that A is nondecreasing along every path away from the
root, and S, contains every ancestor of its vertices, and o € S, since A(0) = 0. Also
A(v) < |v|, which gives UJ,, S» = V. We show by induction that S, is finite on Q. By
(3.7), we have Sy = K,. Let n > 0 and let v € V satisfy A(v) = n + 1. Let g be the strict
ancestor of v of largest generation which is good, and let t be the child of g on the path
from g to v (possibly t = v). Since the good strict ancestors of v are ¢ and the good strict
ancestors of g, we have A(g) = n. All vertices on the path from f to v, other than v, are
bad, and (3.7) implies that v € K;. We conclude that

Ng
{foeV:A(w)=n+1}c |J UK,
gesS, j=1

which is a finite union of finite sets on (), when S, is finite.

Step 3. The boundary of S,,. Letv € S, and let u ~ v with u ¢ S,,. Since the parent of v
belongs to Sy, the vertex u is a child of v, and A(u) = A(v) + 1, good) > 1 forces v to be
good. It follows that the left side of (3.6) vanishes if v is bad, and is at most R3 < M? if
v is good. If u ¢ S;, then the children of u satisfy A > A(u) > n, and the only possible
neighbor of u in S, is its parent.

The boundary operator B = Bg, has matrix entries By, = hy, forv € S, and u € Sy,
and all its other entries vanish. Since each column of B has at most one nonzero entry, the
matrix BB*, which acts on 2(S,) and has entries Y, S, houhyry, is diagonal. Its diagonal
entries are the left side of (3.6), which gives || B||*> = || BB*|| < M?. O

Dirichlet truncations

Lemma 3.9. Let T and Ty, T, . .. be self-adjoint operators on a Hilbert space . Let D be a core
for T with D C Dom(Ty,) for every n, and suppose that T, — T¢ for every ¢ € D. Then
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(Tw —2)"Yf — (T — z)"'f for every f € hand z € C\ R. Further, for all f,g € b, we have
(f,(Ty —z)71g) — (f, (T — z)~1g) uniformly for z in compact subsets of C \ R.

Proof. The first assertion is a variant of [113, Theorem VIII.25(a)], where D is assumed to
be a common core for T and all T}; the following argument does not use this assumption.
Fixz € C\R. For ¢ € D and f = (T — z)p, we have

(To—2) " f = (T=2)7'f = (T —2) (T —2)¢ — (Ty —2)¢) = (Ta —2) (T~ Tu)g,

whose norm is at most | Imz|~!||(T — T,)¢|| — 0. The set (T — z)D is dense in h: every
f € hequals (T —z)y for some ¢ € Dom(T), and if ¢x € D converge to ¢ in the graph
norm of T, then (T — z)@; — f. Since all resolvents have norm at most | Imz|~!, the
convergence extends from this dense set to all f.

For the second assertion, let K C C \ R be compact and d = dist(K,R) > 0. For every
self-adjoint S and z,z’ € K, the resolvent identity (S —z) ! — (S —2')"! = (z — 2/)(S —
z)"1(S —2")~! gives

[(f, (S —2)71g) — (f,(S—2)1g)| < ’Z_Z"d\lfH gl

Then the functions z +— (f, (T, —z)~!g) and z — (f, (T —z)~1g) are Lipschitz on K
with a common constant. Given ¢ > 0, we cover K by finitely many discs of radius
ed®/ (3||f||llg|l + 1) centered in K, and choose 1y such that the pointwise convergence
holds within /3 at the finitely many centers for n > ny. Then the difference is at most €
on K for n > ny. H

For a component C of a finite removal and a finite set A C C, the Dirichlet truncation
”Hg\ - PpAHc oPy is the bounded self-adjoint operator on ¢2(C) which acts on £2(A) by
the finite matrix (/5 ), vea and vanishes on £2(C \ A). When C = V, we write H[/].

The self-adjoint operators

For a finite removal (F, D), define the bounded self-adjoint operator of finite rank

WF,D - Z (huv|5u><5v| + hvu|5v><‘5u|)
{u,v} deleted

on ¢2(V), where the sum runs over the deleted edges of (F, D), and |f)(g| denotes the
operator ¢ — (g, @) f.

Theorem 3.10. Let p > 0, and let Q, be the event of Lemma 3.8; we have P(Qsa) = 1, and
P*(Qsa) = 1 when p > 1. On Qs,, the following statements hold simultaneously for every finite
removal (F,D) of T and every component C of (F, D).
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(i) The operator Hc  is essentially self-adjoint on c.(C). We write Hc for its closure, H = Hy
for the operator of the full tree, and H, = Hy (T, for the operator of the forward subtree at
velV.

(ii) The domain of Hc is the maximal domain:

Dom(?—[c) = {f c ZZ(C) : HC,formf S ZZ(C)}’

and Hcf = Hclformffor f S Dom(?—[c).

(iii) Let Ay C Ap C - - be finite sets with | J,, Ay, = C. Then (Hg\"] —2) = (Hc—2)7f
for every f € ¢*(C) and z € C\ R, and for all u,v € C,

(80, (MM = 2)715,) = (84, (He — 2)718,)

uniformly for z in compact subsets of C \ R. This applies to the balls Ay = {v € C :
distc (v, vg) < n} around any vy € C, and for C =V to the balls {v € V : |v| < n}.
(iv) Let Cq,...,Cy be the components of (F,D). Then

H—Wrp=Hc, @ - DHc, ®OF

with respect to 12(V) = (2(C1) @ - - - ® £?(Cyyy) ® £%(F), where O is the zero operator on
(2(F). In particular Dom(H) = Dom(Hc,) & - - - & Dom(Hc,, ) & (*(F).

We write HI'P = Hc, @ - - - @ H,, for the reduced operator on ¢2(V \ F), and HY) =
HIYL2 for the operator with the vertex i deleted.

Proof. We fix a realization in ()g,; all statements below are deterministic consequences of
the conclusions of Lemma 3.8, which do not depend on (F, D).

SteP 1. The full tree. By Lemma 3.8, the network (V,h) satisfies the hypotheses of
Lemma 3.7, which implies that Hg is essentially self-adjoint. Lemma 3.6 identifies
the domain of its closure H with the maximal domain.

StEP 2. Finite removals. Let (F, D) be a finite removal and W = W p. Since W is bounded
and self-adjoint, the Kato—Rellich theorem [112, Theorem X.12] (with relative bound zero)
shows that 1 — W is self-adjoint on Dom(#) and essentially self-adjoint on every core
of H, in particular on ¢.(V). On c.(V), the operator Hy — W is the weighted adjacency
operator of the graph on V with the retained edges. By Lemma 3.5(i), this graph has the
components Cy, ..., Cy; and the isolated vertices of F. Hence

(Ho—W)le.(vy = He 0@ - ®Hc,0©0 (3.8)

with respect to c.(V) = ¢.(C1) & - - - © cc(C) @ cc(F).
The adjoint of a finite orthogonal sum of densely defined operators is the orthogonal
sum of their adjoints. Indeed, a vector (¢;); is in the domain of the adjoint of ; T; exactly
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when (f;); — ¥;(¢;, T;f;) is bounded, and taking f supported in a single summand shows
that this holds exactly when ¢; € Dom(T}) for every j. For z = +i, it follows that the
kernel of T* — z, where T is the operator in (3.8), is the orthogonal sum of the kernels
of Héﬁo — z and of the kernel of —z on ¢%(F), which is trivial. Since T is essentially
self-adjoint, the kernel of T* — z is trivial, and so are the kernels of Ha,o — z. Then [113,
Theorem VIIL3 and its corollary] shows that every #c, is essentially self-adjoint. The
closure of a finite orthogonal sum is the orthogonal sum of the closures, since the graph
of the sum is the orthogonal sum of the graphs. Taking closures in (3.8) proves (iv), and

(i) holds for every component. Statement (ii) follows from Lemma 3.6 applied to the
network (C, h).

SteP 3. Dirichlet truncations. Let A, be as in (iii) and f € c.(C). The vector Hcf is
supported on the union of supp f and its neighbors in C, which is finite. When A,
contains this union, we have "Hg\ d f = Pa,Hcof = Hcpof- Since ¢.(C) is a core for Hc,
Lemma 3.9 implies (iii). Balls in the locally finite graph C are finite and exhaust C. [

Remark 3.11. Statement (ii) is used in the following form. Let C be as in Theorem 3.10,
let E € R, and let g € (*(C). If F € ¢%(C) satisfies (Hc jormF)(v) — EF(v) = g(v) for
every v € C, then Hc tormF = EF + g € 2(C), and (ii) implies that F € Dom(H¢) and
(Hc — E)F = g. In particular, a vector F € (?(V) satisfying (Horm — E)F = J, pointwise
lies in Dom(7#) and satisfies (H — E)F = é,; in particular, 6, € Ran(H — E).

Remark 3.12. The exhaustion of Lemma 3.8 also applies directly to a component C of a
finite removal: the sets S, N C exhaust C, each vertex of C \ S, has at most one neighbor
in S, N C, and the boundary sums in C are bounded by the left side of (3.6). Then
Lemma 3.7 yields (i) without the perturbation argument. Statement (iv), which identifies
the domains, is used repeatedly below.

The following consequence of (iv) decouples a component along finitely many further
deleted edges.

Lemma 3.13. On Q,, let C be a component of a finite removal (F, D), and let D’ be a finite
set of edges of T with both endpoints in C. Let C},...,C; be the components of (F,D U D’)
contained in C. Then

He = (Hci ® D HC:Q) + Wpr, Dom(Hc¢) = Dom(H¢;) @ - - - & Dom(Hcy),

where Wy = ¥ orep (huv|0u) (o] 4 houl80) (8u|) acts on £2(C). In particular, if y € C has the
neighbors x1,. .., x4 in C, then with respect to £>(C) = Cdy @ (*(Cy,—y) D - - - ® L*(Cxy—sy),

1

d
He=(08Hc, ,, & ®Hc,, )+ ) (hyx|dy) (0] + My |6x;) (8y1)- (3.9)
=1
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Proof. Since the edges of D’ are retained by (F, D), we have W pypr = Wr,p + Wpr. The
components of (F,D U D’) are the components of (F, D) other than C, together with
C{,...,C.. Applying Theorem 3.10(iv) to both finite removals, we find that H — W p —
Wpr equals the orthogonal sum of the operators Hc» over the components C” # C of
(F,D), of Hc — Wpr, and of Of, and that it also equals the same sum with Hc — Wpy
replaced by Hc; @ - - @ Hc;. Both decompositions are orthogonal with respect to the
same splitting of /2(V), and their parts acting in ¢?(C) agree, including their domains.
Since Wy is bounded, H¢c — Wpr has the domain Dom(H¢).

For (3.9), take D’ to be the set of edges of C at y. By Lemma 3.5(ii), the components
of (F,DUD’) inside C are {y} and the branches Cy,,, and the operator of the isolated
vertex y is zero. O

3.4 Resolvents and the cavity recursion
Definitions
We begin with the elementary properties of resolvent entries of a self-adjoint operator.

Lemma 3.14. Let T be a self-adjoint operator on a Hilbert space b, let f,g € b, and let z =
E+ig e C\R.
(i) The function z +— ,( z)~1¢) is analytic on C \ R, bounded by |/f||||g|l/ ||, and

satisfies (f, (T —z)™ >=< (T—2)71f).
(ii) The function m(z) = (f, z)~Lf) satisfies

(T -
T(da
m(z) :/]R‘uf\(_z)/

pr(dd)
R [A—z[?’

Imm(z) = ||(T - Z)_lsz

and m(z) = m(z). In particular, if f # 0 and y > 0, then Imm(z) > 0.

Proof. The resolvent is an analytic operator-valued function on C \ R with norm at most
7)1, and ((T —z)~1)* = (T — 2)~}; this gives (i). The integral formula is the spectral
theorem. By the resolvent identity, (T —z) ! — (T —2)"! = (z—2)(T-2) YT —2)7},
and we have

2ilmm(z) = m(z) —m(z) = (f,(T—2)"' = (T—2)"")f)
=2in ((T—z) "' f,(T—2)7'f),

where we used (i) in the form m(z) = m(2). Since the resolvent is injective, Imm(z) > 0
when f # 0and 7 > 0. O

Definition 3.15. On Q,, let (F, D) be a finite removal, let C be one of its components,
and letz € C\ R.
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(i) The resolvent entries are
Guo(z) = (64, (H —2)716,),  G%(2) = (0u, (Hc —2)716y),

Giy(2) = (0w, (H"P —2)714y),

for u,v € V, u,v € C, and u,v € V \ F, respectively. We write GW for G2,
Since H'P is the orthogonal sum of the operators of its components, GEP = GG, if
u,v € C,and GE{,D = 0 if u and v lie in different components.

(ii) For adjacent u, w € C, the cavity resolvent is the diagonal entry at u of the operator of
the branch C,_.:

T u(z) = G (2).

For C = V we write I';,_,y,. The forward cavity at v € V \ {o} is T, = I',_,,—; since
Voo = V(Tp), it equals (5, (Hy — z)716,). At the root we set [, = Gy, the
diagonal entry at the root of the operator of its forward subtree 7, = 7.

(iii) The spectral measure of v € V is y, = y:g:f, and Gyy(z) = [ po(dA)/ (A —2).

By Lemma 3.14, all these entries are analytic in z € C \ R and bounded by 1/|Imz|,
and the diagonal entries and cavity resolvents map H to H. They are also measurable
functions of the marked tree. Indeed, for a fixed finite removal and fixed words u, v,
Theorem 3.10(iii) with A, = {x € C: |x| < n} expresses G$,(z) as the limit of entries of
the inverses of finite matrices, which are measurable functions of (Nx)|y|<, and (Wx)|y|<y-
For a random finite removal, we decompose according to its countably many values. In
particular, let ®, be the measurable function of the families ((Ny)ucu, (Wu)uzo) defined
as the limit of (5,, (H{?I=m}] — 2)=15,) when this limit exists, and as zero otherwise. We
write ®(7) for the function z — ®,(7) on C \ R. On Qs, we have I',(z) = ®,(7), and
for j < N, the relabelling ju — u identifies the truncations of #; to balls around j with
the truncations of the operator of 6,7 to balls around 0. We conclude that

Tj(z) =®:(6,7), 1<j<N, (3.10)

The Schur complement formula
Proposition 3.16. Let p > 0. On Q,, the following statements hold for every z € C \ R;
statements (i) and (ii) hold for every finite removal (F, D) and every component C of (F, D).
(i) Forevery u € C,
-1
Cal)==(z+ ¥ IhalTL.() - (3.11)
x€C, x~u

(ii) For all adjacent u,w € C,

@ =—(zt ¥ helTS.@) 6.12)

x€C, x~u, x#w
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(ili) Let N = N,, Y; = |w;j|?, and T(z) = . (6;T ) for j > 1. Then

1Y -1
To(z) = — (z +3 y 1/jr]~(z)> , (3.13)
j=1

where N has the law Pois(p), the Y; are independent with the law Exp(1), the random

analytic functions Tj on C\ R are independent copies of I'y, and the three families N,

(Yj)j=1, (T})j>1 are independent. In particular, T,(z ) —(z+p! 2 1 YiTi(z ))_1. For

j < N, the function T'; is the forward cavity at the child j of the root, and T'y(z) is the limit of
the root entries of the resolvents of the Dirichlet truncations to the balls {v € V : |v| < n}.

In (i) and (ii), the imaginary part of the expression in parentheses has the sign of Im z and absolute
value at least |Imz|. For the full tree, these formulas read

Ny
To(z) = = (24 L hooiPTyi(2)) ,  0€v, (3.14)
j=1

N, _
va(z) == (Z + |hvv— |2rv——>v(z) + Z |hv,vj|2rvj(z)> 1: v E V\ {0}/ (3.15)
j=1

-1
FM%U(Z) == (Z + 1{u7éo} ‘huu* |2 Ly (Z) + 2 ’hu,uj|2 ruj(z)) ’ (3.16)
<Ny, uj#v

where in (3.16), u € V and v is a child of u.

The cavity I',—, in (3.16) is a rootward cavity: it is the diagonal entry at u of the
operator on V \ V(7). Formula (3.16) expresses it through the rootward cavity one
generation closer to the root and through forward cavities; along a path from the root,
the rootward cavities can be computed recursively from the root downwards. Note that
(3.14) with v = o0 is the formula for I'; = G,.

Proof. Fix C, u € C and z, and let xy, ..., x; be the neighbors of u in C. By Lemma 3.13,
with respect to £2(C) = Cé, @ ¢, where ¢ = @; ¢*(Cx,—,y), we have Dom(H¢c) = Cd, @
Dom(D) with D = @; Hc, ,,, and

He(ady +¢) = (a,8) 6y + aa+ Dg, x € C, g € Dom(D),

where a = ¥ hy 6y, € £ Here we used that (a,8) = ¥ hxug(x;) = ¥ hux,g(x;). The
operator D is self-adjoint on ¢, and since it is block diagonal,

d
<IZ, (D - Z)_1a> = Z |huxi|2<5xi/ (,HCxiﬁu - 1(5x,> = Z |huxz|2 X;i—u )
i=1
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By Lemma 3.14(ii), the imaginary part of this quantity has the sign of Im z (or vanishes),
and s = —z — (a,(D — z)a) satisfies |[Ims| > [Imz| > 0. Seta = s~ ! and ¢ =
—a(D —z)"'a € Dom(D). Then f = &, + ¢ € Dom(Hc), and

(He—z)f = ({a,g) —za)du +aa+ (D —z)g = a(—(a,(D —z) 'a) — z)6, = by

This shows that f = (Hc —z)716,, and GS,(z) = (64, f) = a = s~1, which is (3.11).
Reading off the other coordinates of f, we also obtain, for every i and every v € Cy, -y,

Cx.mu
GS,(2) = —GS,(2) hxu Gox' " (2). (3.17)

For (ii), let C" = Cy_, which is a component of the finite removal (F,D U {{u, w}})
by Lemma 3.5(ii). The neighbors of u in C’ are its neighbors in C other than w. For such
a neighbor x, every vertex of Cy_,, is joined to w by a path through x and u. This gives
Cy—u C C', and Lemma 3.5(iii) implies that C,_,, = Cy_,. Applying (3.11) to C’ at u,
and using GS =TC ., and TS, =T¢< ., we obtain (3.12).

For the full tree, the branch V,; ,, is V(7;) and Ty, = I';;, and the neighbors of
v are its children and, if v # o, its parent. With these identifications, (3.14) and (3.15)
are (3.12) with (u,w) = (v,v7) (or (3.11) at u = 0) and (3.11) at u = v. Formula (3.16) is
(3.12) with (u,w) = (u,v), since the neighbors of u other than v are its parent (if u # o)
and its other children.

For (iii), on Qga, (3.14) at v = o, the identity |h0]-|2 =Y;/p, and (3.10) give (3.13); the
functions I'; with j > N do not enter it. By (3.1), the marked trees 6;7 are independent
copies of 7, independent of N, and (w;);>1. The functions I'; = ®(0;T') are independent
copies of ®(7), which equals T, almost surely, and they are independent of N and
(Yj)j>1. The variables N, and (wj);>1 are independent by construction, and Y; = |w;|?
has the law Exp(1). The last statement is Theorem 3.10(iii). O

Remark 3.17. Let x € V and let 0 = vy, vy, ..., = x be the path from the root to x. When
T is rerooted at x, the parent of a vertex v # x is the next vertex on the path from v to
x. If v is not on the path, this is v~, since the path from v to x first climbs to the last
common ancestor of v and x. The forward cavities of the rerooted tree are I'; for v off
the path, and ij%v]. ) for 0 < j < k; the latter are rootward cavities, and (3.12) computes
them recursively from vy to vx_1 in terms of the forward cavities of the subtrees hanging
off the path. The same holds for every component of a finite removal, rerooted at any of
its vertices.

The path product formula

Proposition 3.18. On Q,, let C be a component of a finite removal, let u = vy, vy,...,0p =0
be a path in C with L > 1, and let z € C \ R. Then

L
Gio(2) = (1) Gy (2) [ T 1oy 10, TG0, (2), (3.18)
],:1 ] ]
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Ggu (Z) ﬁ hv Vi _>U] 1 (Z) (3.19)

j=1

If u and v lie in different components of a finite removal (F, D), then GEP (z) = 0. Every finite
connected set A C V is a component of the finite removal that deletes the edges between A\ and
V' \ A; in particular, these identities also hold for the Dirichlet truncation HN, for every finite
connected A.

Proof. We prove (3.19) by induction on L, simultaneously for all components of all finite
removals. For L = 1, it is (3.17) with x; = v = vy, since lez%: " =TS ., Let L >2and
let C" = Cy,—u, which is a component of a finite removal. The vertices vy, ..., v belong
to C/, because their paths to u pass through v;. By (3.17) and the induction hypothesis

applied in C’ to the path vy, ..., vr, we have

Gz(;:u = _Gb(l:u hvlu GCI

v

C L 1~C (o4
_Guuhvlu - levl Hh rv =01

We have Gglv L= I"gl - For j > 2, the path from a vertex of Cy, o, , to 1 passes through
0j,0j-1,---,01. Then Cy, o, C C’, and Lemma 3.5(iii) implies that l"v =0y = Fgﬁvjfl.
This proves (3.19).

By Lemma 3.14(i), we have G$,(z) = G§,(2). Applying (3.19) at z, and using G§; ( ) =
GS,(2), I’gj_w]. () = I’g o, _,(z) and hv]v/ , = hy, 0, we obtain (3.18). The statement for

different components holds because H'P is an orthogonal sum over components. O

The Ward identity

Lemma 3.19. On Q,, let C be a component of a finite removal and let z = E +iy € C\ R.
(i) For every u € C,

ImG¢ (2
¥ IG5, () = X 165, (2)2 = " ClZ)
veC veC ’7
In particular, if n > 0, then Im GS,(z) > 0and ImTS$_, ,(z) > O for all u and all neighbors
wof uin C.
(ii) For all adjacent u,w € C,

Imrbct—m)( ) ‘ru—ﬂu( )|2<77+ Z ’hux‘z Imrg—m(z)>'

x€C, x~u, x£w

MGG, (2) = 6L (1+ L [l ImIE,(2).

xeC,x~u
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(iii) Let u,x € C, and let y be a neighbor of x in C which does not lie on the path from u to x. If
n > 0, then
Im Gt(tju(z) = |Gz§x(z)|2 |hxy|2 Imrgﬁx( )

In particular, Im Goo(z) > |Gox(z) [*|hxy|* Im Ty (2) for every x € V and every child y of x.

Proof. For (i), we have Y, |GS,(2)|> = ||(Hc — z)~14,]|?, which equals Im GS,(z) /7 by
Lemma 3.14(ii). By Lemma 3.14(i), we have |G$,(z)| = |G§,(2)|, and the first sum equals
Im G$,(2)/(—7) = Im GS,(z) /5. The positivity statements follow from Lemma 3.14(ii),
since I'S_,,, is a diagonal entry of the operator of Cy,_,y.

For (ii), write (3.12) as ' = —1/s. Then ImI" = Ims/|s|> = |[['|?Ims, and Ims is the
expression in parentheses. The same computation applies to (3.11).

For (iii), let B = C,x. Let u = vy, ..., vy = x be the path from u to x (with k = 0 if
u = x). No vertex of this path lies in B: otherwise, by Lemma 3.5(ii), its path to x, which
is part of the path from u to x, would contain y. Let v € B and let y = vy44,...,vL = v be
the path from y to v, which lies in B. Then vy, ..., vy is the path from u to v. Applying
(3.18) in C to the paths from u to x and from u to v, and in B to the path from y to v,
and using GB = T;gx and I'3 0 = Fg - for j > k+ 2 (by Lemma 3.5(iii), as in the
proof of Proposmon 3.18), we obtain

GS,(z) = —GS,(2) Ry va(z), v € B.
Using (i) in C and in B, we find

Im Gj; ImTC (2)
MOE) > ¥ 1G5, )R = 1G5 (2) Pl X IGE () = GG (2) Py P oo,

vEB vEB n

For the last statement, a child y of x is never on the path from o to x,and 'y =T, O

3.5 Gauge and parity symmetries

The phases of the edge weights can be removed by a diagonal unitary transformation,
because a tree has no cycles. For { € C, let 0() = (/|| if { # 0 and ¢(0) = 1.

Lemma 3.20. On Qs,, let C be a component of a finite removal and fix v € C. For v € C, let
r = vp,v1,...,0 = v be the path from r to v and set ¢, = H;?:l O'(hv] 19; ), and let U be the
unitary operator (Uf)(v) = @, f(v) on £2(C). Then the weighted adjacency operator of C with
the nonnegative weights |hyy| is essentially self-adjoint on c.(C), and its closure H2S satisfies
UHcU* = HS. Further, for all u,v € C and z € C \ R, writing G for the resolvent entries
Of fHabs,

Gio(2) = Pu o Gi'(2),  Gix’(2) =G3*(2), |G (2)| = 1Ge(2):

The same identities hold for the entries of G'P, which vanish between different components.
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Proof. Let u,v € C be adjacent, and suppose that u lies on the path from r to v. Then
qo'y — qouo—(huv), and

Pu huo @0 Py = huvo'( uv) |huv| Py hou @y = U(huv)h_m) = |th)|1

where we used |¢,| = 1 and hy, = Huo. Every pair of adjacent vertices is of this form after
possibly exchanging u and v. Since U is diagonal, it maps c.(C) onto itself and UH ¢ oU*
is the weighted adjacency operator with the weights |h,,| on ¢.(C). Since conjugation by a
unitary operator commutes with taking closures and adjoints, this operator is essentially
self-adjoint with closure UHcU*. Then U(Hc —z) 1U* = (H¥®S —z)~1, and taking the
(1,v) entry gives the first identity.

For the second identity, let K be complex conjugation, (Kf)(v) = f(v). It is antiunitary,
maps ¢.(C) onto itself, and commutes with the minimal operator with real weights.
Taking closures, we have KHISK = Hs. If f = (H¥s — z)"1Kg, then Kf € Dom(Hs)
and (H¥S — 2)Kf = K(H2S — z)f = g. This proves that K(H2> —z) 71K = (H¥s —z)~L.
Using Lemma 3.14(i) and (6, Kf) = (d4, f), we have

GEr*(2) = (8u, (ME* —2)7160) = (b0, K(HE* —2) 1Kbo) = Gi*(2).

The third identity follows from the first two, since |¢,| = |¢»| = 1. The statement for
GFP follows by applying the lemma to each component. O

Recall that Vjy and V; are the sets of vertices of even and odd generation. Every edge
of T joins Vj and V;.

Proposition 3.21.

(i) On Qk,, let C be a component of a finite removal, and let | be the unitary operator (Jf)(v) =
(=)l f(v) on €2(C). Then JHc] = —He. Further, [1g(Hc)] = 1_g(Hc) for every

Borel set B C IR; the spectral measure of every 6,, v € C, is invariant under A — —A;
GS (—z) = —(=1)IMFPIGE (2), uveC,zeC\R;

and for every Borel set I C IR, the operator Hc has pure point spectrum in I if and only if it
has pure point spectrum in —I, and it is purely absolutely continuous in I if and only if it is
purely absolutely continuous in —1. In particular, this holds for H under IP and under P*.

(ii) For the finite model of Definition 3.1, the pairs (G, Hy) and (G, —Hy,) have the same law.
In particular H, 4 —H, and HS* 4 — HE",

Proof. For (i), the operator | is a self-adjoint unitary which maps ¢.(C) onto itself. For
f €c(C)and v € C, we have

(JHcolf)(v DPLY hou (1) f(u) = —(Heof ) (0),

u~v
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since adjacent vertices have generations differing by one. Taking closures, we find
JHc] = —Hc. Since the functional calculus is invariant under unitary conjugation, we
have Jp(Hc)] = ¢(—Hc) for every bounded Borel function ¢. With ¢ = 15, this gives
J1g(Hc)] = 1_5(Hc), and with ¢p(A) = (A —z) " Lit gives [(Hc —z) '] = —(Hc +2)7},
whose (u,v) entry is the displayed identity. For every f € ¢2(C) and Borel B, we find

W] (B) = (f, J1p(Hc)If) = ' (—B).

Since 6, = £y, the spectral measure of J, is reflection invariant. If H¢ has pure point
spectrum in I, then for every f the restriction of yﬁc to I is purely atomic, and by the last

display the restriction of y;flc to —I is purely atomic, and H¢ has pure point spectrum
in —I. The same argument applies to absolute continuity, since reflection preserves
Lebesgue null sets.

For (ii), since the variables —wj;; are independent standard complex Gaussians, inde-
pendent of Gy, the pairs (Gy, (w;j)) and (G, (—w;j)) have the same law. The matrix H,
is a function of (G, (w;j)), and replacing (w;;) by (—w;;) replaces H, by —H,,. The set gc
is a function of G,,. O

3.6 The bipartite factorization

Since every edge joins V) and Vj, the operator H maps functions on Vj to functions on V;
and conversely, and its square splits into two nonnegative blocks. In this section, we make
this precise for the unbounded operator, and we write each block as a sum of rank-one
terms, one for each vertex of the opposite parity, with independent Gamma-distributed
squared norms. We begin with an abstract lemma.

Lemma 3.22. Let b, b1 be Hilbert spaces and let A be a closed, densely defined operator from
Dom(A) C by to h1. Define the operator T4 on by @ by by

Dom(T4) = Dom(A) & Dom(A"), Ta(f,g) = (A"g Af).

(i) The operator T, is self-adjoint, Dom(T%) = Dom(A*A) @ Dom(AA*), and T3 =
A*A ® AA*. The operators A*A and AA* are nonnegative and self-adjoint. Further,
Dom((A*A)Y/?) = Dom(A) and ||(A*A)Y2f| = || Af|| for f € Dom(A).

(ii) Let z € C\ R. Then 2% ¢ [0, 00), and with Qp = (A*A — z?) "L and Q; = (AA* —z2)71,

(Ta—2z)7'(f,8) = (2Qof + A*Q1g, AQof +2zQg), f €bo, g €hr.

In particular, Py(T4 — z) 1Py = zQq and Py(Ta — z)~'P; = zQy, where Py, Py are the
projections onto b, by.
(iii) Let z € C\ R and g € Dom(A*). Then QyA*g = A*Q1g, and

(A*g, (A*A—22)TA*G) = |IgIIP + 2 (g, (Ta —2)'g).
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(iv) Let B be a densely defined operator from Dom(B) C by to ho. If the operator (f,g) —
(Bg, Af) with domain Dom(A) & Dom(B) is self-adjoint, then B = A*, including do-
mains.

Proof. We begin with (iv) and a computation of adjoints. Let T’ be the operator in (iv). A
pair (¢, ¥) is in Dom(T"*) exactly when the map (f,g) — ((¢, %), T'(f,8)) = (¢, Bg) +
(p, Af) is bounded on Dom(A) @& Dom(B). Taking ¢ = 0 and f = 0 separately, we see
that this holds exactly when ¥ € Dom(A*) and ¢ € Dom(B*), and then T™*(¢, ) =
(A*yp,B*¢). If T" = T’*, then comparing domains, we find Dom(B) = Dom(A*), and
comparing first components, we find By = A*¢ for p € Dom(B). This proves (iv).

For (i), the same computation with B = A* gives Dom(T?}) = Dom(A**) ® Dom(A*)
and T (¢, ) = (A*p, A¥* ). Since A is closed, we have A** = A and T} = T4. A pair
(f,g) € Dom(T4) belongs to Dom(T3) exactly when (A*g, Af) € Dom(A) & Dom(A*),
that is, when f € Dom(A*A) and ¢ € Dom(AA*), and then T5(f,g) = (A*Af, AA*g).
The operator T is self-adjoint by the functional calculus. As shown in the proof of
Theorem 3.10, the adjoint of an orthogonal sum is the orthogonal sum of the adjoints.
Hence A*A and AA* are self-adjoint; they are nonnegative because (f, A*Af) = | Af|>.
By the functional calculus, |T4| = (T3)Y2 = (A*A)Y2 @ (AA*)12, and Dom(|T4|) =
Dom(T4) with |||Ta|¢|| = ||Ta¢l|, since both sides equal ( | A? dygA)l/z. Applying this
to ¢ = (f,0) gives the last assertion of (i).

For (ii), since z2 € [0, ) only if z is real, the operators Qg and Q; are bounded. Let
febhoand ¢ = Qof € Dom(A*A). Then ¢ € Dom(A) and Ap € Dom(A*), which gives
(z¢p, Ap) € Dom(T,) and

(Ta —2)(z9, AP) = (A*Ap — 2%¢, zAp — zAP) = (£,0).

Similarly, for ¢ € h; and ¢y = Q19 € Dom(AA*), we have (A*,zyp) € Dom(T,4) and
(Ta —z)(A*p,zp) = (0,g). Adding these gives (ii).

For (iii), let y = Q19. Then A*p € Dom(A), and AA*Yp = g + z%1 belongs to
Dom(A*), because ¢ and ¢ do. We conclude that A*ip € Dom(A*A) and

(A*A — 22)A*p = A*(AA*Y) — 22A*p = A* (g + 2°p) — 22 A% = A%y,
so QpA*g = A*¢. Since A*p € Dom(A) and ¢ € Dom(A*), we obtain
(A*g,QoA"g) = (A'g, A™y) = (3, AA™Y) = |Ig]* +2%(3, Qi)
= llgl* +2(g, (Ta —2)"g),
where in the last step we used (ii). O]

We now apply this to the tree. For a component C of a finite removal, set Cyp =
CNVyand C; = CNVy, identify £2(C) = ¢?(Co) @ £*(C1), and write Py and P; for the
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corresponding projections. For y € Cy, let d, be the number of neighbors of y in C. For
y € Cy, the row vector, the squared row norm and, when u, >0, the row direction are

2 2 2 ay
xeC, x~y x€C, x~y V u]/

These depend on C; when C = V we have d, = deg(y) = N, + 1. Almost surely all
edge weights are nonzero, and then U, > 0 exactly when d, > 1. For y € Cy, let

H(Cy) = @xec,x~y He, ., be the operator on 72(C\ {y}) with the vertex y deleted; by
Lemma 3.5(ii), the branches Cy_,, are the components of C \ {y}. For C = V, this is HY).

Proposition 3.23. On Q,, let C be a component of a finite removal (F, D); for instance C = V.
Write Hc and GC for its operator and resolvent.

(i) There exists a unique closed, densely defined operator A from Dom(A) C ¢?(Cy) to £?(Cy)
such that Hc = Ta, that is,

He = (S} f(l) ) , Dom(H¢c) = Dom(A) @ Dom(A*).
Its domain is Dom(A) = {f € £?(Co) : Hcsormf € ¢*(C1)}. The space c.(Cy) is a
core for A, and c.(Cy) is a core for A*. Further, H% = A*A ® AA*, with Dom(HZ%) =
Dom(A*A) @ Dom(AA*).

(ii) For y € Cy, we have 6, € Dom(A*) and A*6, = ay. For f € Dom(A) and y € Cy, we
have (Af)(y) = (ay, f). Further,

Dom(A) = {f €(Co): Y. Uylloy, fHIF < 00},

yeCy: Uy>0

and [|Af|I> = Lyec,:u,>0 Uyl(vy, f)I? for f € Dom(A), so the closed quadratic form
f = |(A*A)Y2£||? of A* A, with form domain Dom(A), is the sum of the rank-one forms
f = Uy|(vy, f)|?. The closed linear span of {vy : y € Cy, Uy > 0} is Ran A* = (ker A)*.
(iii) Suppose that (F, D) is selected without inspecting the retained marks, with inspected set Q,
and that C is determined by Gq (for instance, the component containing a fixed word, on the
event that this word is in V' \ F). Conditionally on Gq, the pairs (Uy, vy), for y € Cy with
dy > 1, are independent; the direction v, is uniformly distributed on the unit sphere of the
dy-dimensional space span{dy : x € C, x ~ y} and is independent of Uy, and U, has the
density
pd d—1,—pu d=4d
mu e 1(0,00) (u), = ay.
The same holds under IP*. For C =V, the hypothesis holds with Q = @ and G = Gy.
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(iv) Lety € Cy with U, > 0. The operator AW) = A— |y) (ay| with domain Dom(A) is closed,
and T,y = 0@ Hg/) with respect to (>(C) = C6, @ €>(C \ {y}). The square block

K(()y) = (AWY AW = A*A — U, |v,) (vy], Dom(K(()y)) = Dom(A"A),

is nonnegative and self-adjoint, and for z € C \ R,

Po(HY —2) 'Ry =z(K{ - 22) (3.21)
and
2(0, (K —22) o) = 1 Jo,(x)PTS,,(2). (3.22)
xe€C,x~y

Under the hypotheses of (iii), let y be determined by Gq, let Ry, be the set of retained edges

which are not incident to y, and let GY be the o-algebra generated by Gq, by vy, and by

the variables welgeer,), € € Us. Then vy, the operator ’Héy ) and the operator K(()y ) are

determined by GY, and conditionally on GY the squared row norm U, has the density in (iii)
with d = dy, under P and under P*.

(v) For z € C\ R, we have Py(Hc —z) " 'Py = z2(A*A —22)"V and Py (Hc —z)"'P; =
z(AA* — z2)7Y, and for every y € Cy with Uy > 0,

Uy (vy, (A*A —2%) "o,y = 142Gy, (2). (3.23)
(vi) For every Borel set B C (0,00), with B> = {b* : b € B},
1p(He) = 3(I+sgn(Hc))1p(He),  1-p(Hc) = 5(I—sgn(Hc))1p(He),

and 1p (H2) = 1p2(A*A) © 12 (AA*). Further, Hc has pure point spectrum in BU (—B)
if and only if both A* A and AA* have pure point spectrum in B2, and the same holds with
“pure point” replaced by “purely absolutely continuous”.

(vii) All statements hold with the roles of Co and Cy exchanged and A replaced by A*; the rows
are then indexed by x € Cy, with ay = Ady.

Proof. The proof proceeds part by part.

Proof of (i). By Proposition 3.21(i), we have JHc] = —Hc. It follows that | maps Dom(#¢)
onto itself, and so do Py = (I +])/2 and P; = (I —J)/2, which gives Dom(H¢) =
Dy & Dy with D; = Dom(Hc) N ¢2(C;). For f € Dy, the vector Hcef = Hcformf iS
supported on Cj, because every edge joins the two parity classes; similarly, Hc maps
D; into 2(Cp). Define A on Dom(A) = Dy and A on D; as the restrictions of Hc.
Then Hc(f,g) = (Ag, Af) on Dom(A) @ Dom(A). Both operators are densely defined,
since they are defined on the finitely supported vectors, and A is closed: if f, — f
and Af, — g, then Hcf, — g, and since Hc is closed, f € Dom(H¢) N #?(Cy) and
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Af = g. By Lemma 3.22(iv), we have A = A* thatis, Hc = Ta. If He = Ty for
another closed operator A’, then Dom(A’) = {f : (f,0) € Dom(H¢)} = Dom(A) and

A'f = PiHc(f,0) = Af, which proves uniqueness. The description of Dom(A) follows
from Theorem 3.10(ii).

The graph norm of Hc splits as [[(f,&)[1* + [Hc(f, )1 = IfIIP + [IAf]* + [Ig]* +
|A*g|?>. Let f € Dom(A). Since c.(C) is a core for Hc, there exist ¢, € c.(C) converging
to (f,0) in the graph norm of H¢. Then Py, € ¢.(Cp) converges to f in the graph norm of
A, by the splitting. This shows that ¢.(Cp) is a core for A, and the same argument applied
to (0,g) proves that c.(Cy) is a core for A*. The statement about H2 is Lemma 3.22(i).

Proof of (ii). Since dy, € c.(C1) C Dom(A*), we have A6y = Hc form0y = Lx~y Hxydx = ay.
For f € Dom(A), by Theorem 3.10(ii),

(Af)( ) (HC formf Z hyxf Z hxyf ﬂy,f>

X~y X~y

The same computation applies to every f € £2(Cp), with Hc form in place of A. Together
with Theorem 3.10(ii), this implies that f € Dom(A) exactly when Y, [(ay, f)[> < oo,
and then ||Af|]> = Yy [{ay, f) 2. The terms with U, = 0 vanish, and the others equal
Uy|(vy, f)|%. By Lemma 3.22(i), the form domain of A*A is Dom(A) and || (A*A)Y2f|? =
| Af||?, which gives the form identity.

For the span, f | Ran A* means that (A*g, f) = 0 for all ¢ € Dom(A*), which holds
exactly when f € Dom(A**) = Dom(A) and Af = 0. We conclude that (Ran A*)* =
ker A and Ran A* = (ker A). Since c.(Cy) is a core for A*, the set A*c.(Cy) = span{ay, :
y € Cy} is dense in Ran A*. The nonzero vectors among the a, are multiples of the v,
with U, > 0.

Proof of (iii). By Lemma 3.4, conditionally on Gg, the marks of the retained edges are
independent standard complex Gaussians. Fix y € C; with dy, = d > 1. The coordinates
of \/pay are hyy,,/p for the d neighbors x of y in C; each of them is the mark of a retained
edge or its complex conjugate. Since complex conjugation preserves the standard complex
Gaussian law, the vector { = VP ay € C“ has, conditionally on G, the density eIl
on C?* = R>. In polar coordinates { = r9, with r > 0 and ¢ in the unit sphere
§24-1 TLebesgue measure is 124~ dr o( d®), where ¢ 1s the surface measure, of total mass
27t /T(d). Then (r,9) has the product density 7—“e —r*y2d-1 4y o(dd); in particular, 19
is uniform on the sphere and independent of 7, and r has the density 2T'(d) 124~ le -,
The change of variables u = r?/p shows that U, = ||a,|> = r*/p has the density in (iii),
and v, = /|| = 9. Since each edge has exactly one endpoint in V;, the vectors a, for
distinct y € C; are built from disjoint sets of retained marks, and they are independent
conditionally on Gg. The statement under IP* follows in the same way from the P*
version of Lemma 3.4.
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Proof of (iv). By (3.9), we have H¢ = (0@ HY)) + W, where

Wy = Z (hyx|5y><5x| ‘|‘hxy|5x><5y|) = |5y><ay| + |ay><‘5y|/

xeC, x~y

and the domains agree. With respect to £2(Cy) @ £>(Cy), the operator W, maps (f,g) to
(g(v)ay, (ay, f)dy). Since |,)(ay| is bounded, the operator AY) is closed with domain
Dom(A), and its adjoint is (A¥))* = A* — |a,)(8,| with domain Dom(A*); here we used
that the adjoint of the sum of a densely defined operator and a bounded everywhere
defined operator is the sum of the adjoints. We conclude that

W _ 2w 0 A" —ay) {6y _
OEBHC = Hc Wy_(A—|(5y><ay| 0 =T,

By Lemma 3.22(i), K(y ) is nonnegative and self-adjoint. A vector f € Dom(A) belongs
to Dom(K(()y )) exactly when AW f = Af — (a,, f)J, belongs to Dom(A*), and since

dy € Dom(A*), this holds exactly when Af € Dom(A*). This proves that Dom(K(()y )) =
Dom(A*A), and for such f, using (6, Af) = (ay, f),

K(()y)f = (A" — |ay)(6y|) (Af — (ay, f)by) = A*Af — (ay, fa, = A*Af — Uy vy, f)oy.

By Lemma 3.22(ii) applied to A(¥), we have Py(T,u) —z) Py = Z(K(()y) —z%)~1. Since
(Tyo —2) "L = (—2)" @ (HY — 2)"L and (2(Cy) C 2(C\ {y}), this is (3.21). For (3.22),
the neighbors of y in C lie in distinct branches C,;,, which are distinct components of
C\ {y}. We obtain

<Uy' (HC - Uy> - Z ‘Uy ’2<5x/ (ch—>y Z ’U}/ x—>y(z)

X~y x~y

For the last assertion, since the components Cxﬁy are determined by QQ and the

weights of their edges are the marks in Ry, the operator ’H(Cy) is determined by GY; so is

K(()y), which by Lemma 3.22(i) is the restriction of (0 & Héy ))2 to /?(Cp). Conditionally on
Go, the marks of the d, retained edges at y are independent of the marks in R,, and by
the proof of (iii) the squared row norm U, is independent of the direction v,, with the
stated density. Therefore, conditionally on GY, the squared row norm Uy, has the stated
density. Since the conditional statements given G hold under IP* as well, by Lemma 3.4,
the same argument applies under IP*.

Proof of (v). The first two identities are Lemma 3.22(ii). For the third, we apply
Lemma 3.22(iii) with ¢ = ¢y, using A*éy, = a, = /U,vy, [|6y]| = 1 and (5, (Hc —
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Proof of (vi). Since the square map s(A) = A? is a homeomorphism of (0, ), the set B is
Borel. For every A € R, with sgn(0) = 0, we have

15(A) =1 (A%) 1 (1 +sgnA),  1_p(A) =1p(A%) 2(1—sgnA).

Indeed, for A > 0 we have A? € B2 exactly when A € B; for A < 0 the first right side
vanishes, and A2 € B2 exactly when —A € B; and 0 ¢ B2. The functional calculus is
multiplicative and satisfies ¢(H2) = (¢ o s)(Hc), which gives the two identities. Since
HZ = A*A @ AA* is an orthogonal sum of self-adjoint operators, its functional calculus
acts blockwise.

For the spectral types, let ¢ = (fo, f1) € ¢£*(C). The same composition rule shows that
the spectral measure of ¢ for 2 is the image of jto© under s, and the block structure

* * . . 2 . .
shows that it equals y?o 44 y;‘l‘q . The restriction of y?c to B? is the image under s of

the restriction of yyc to BU (—B). The map s sends countable sets to countable sets, and
the preimage under s of a countable subset of B? is countable. Further, s and its local
inverses +4/- are locally Lipschitz on R\ {0} and (0, o), and therefore map Lebesgue
null sets to Lebesgue null sets. We conclude that the restriction of yyc to BU(—B) is

2

purely atomic (respectively absolutely continuous) if and only if the restriction of yz;C

to B? is. Taking ¢ = (fo,0) and ¢ = (0, 1), and using that a sum of two purely atomic
(absolutely continuous) measures is purely atomic (absolutely continuous), we obtain the
last assertion.

Proof of (vii). With respect to £2(Cy) @ ¢?(Cy), we have Hc (g, f) = (Af, A*Q) = Ta-(g, f),
since A*™* = A. All the arguments above apply to A* in place of A. O

3.7 Compactly supported eigenvectors

Let C be a component of a finite removal. A finitely supported vector ¢ € c.(C) lies in
the domain of H ¢ and satisfies Hc¢p = Hc form?- In particular, ¢ is an eigenvector of Hc
with eigenvalue E exactly when (H¢ form¥) (v) = E(v) for every v € C. In this section,
we show that such eigenvectors do not exist for E # 0 on infinite components. For E = 0,
they occur infinitely often on the surviving tree. For a finite set T of vertices, we write
M7 = (hy)uper for the corresponding finite Hermitian matrix.

Proposition 3.24.

(i) Let T’ be a deterministic countable, infinite, connected, locally finite tree with vertex set V'.
Let (he) be independent complex random variables indexed by the edges of T, each with a
law that is absolutely continuous with respect to Lebesgue measure on C, and set hyy, = hyy,
with an arbitrary fixed orientation of each edge (for example, independent nondegenerate
complex Gaussian variables). Then almost surely there exist no E € R \ {0} and no nonzero
finitely supported ¢: V' — C with Y, ., hpup(u) = Ep(v) for every v € V'.



3 The weighted tree and its operator 3.7 Compactly supported eigenvectors 46

(ii) Let p > 0. There exists an event Qe with P(Qem ) = 1 such that on Qsa N Qem, for every
finite removal of T and every infinite component C of it, the operator Hc has no finitely
supported eigenvector with a nonzero eigenvalue. In particular, if p > 1, then P*-almost
surely ‘H has no finitely supported eigenvector with a nonzero eigenvalue.

The restriction to infinite components cannot be removed: on the extinction event S¢,
which has probability 1 — ¢, > 0, the operator H is a finite Hermitian matrix, and it has
nonzero eigenvalues as soon as 7 has an edge. The conclusion for H holds P-almost
surely on S, but not IP-almost surely.

Proof. The proof shows that a finitely supported eigenvector produces two disjoint finite
subtrees whose matrices share a nonzero eigenvalue, and that this has probability zero
for each fixed pair.

Ster 1. Two disjoint subtrees with a common eigenvalue. We work on the event that all
weights are nonzero, which has probability one. Suppose that E # 0 and ¢ # 0 are
as in (i), and let S = supp ¢, a finite nonempty set. Since 7" is infinite and connected,
there exists an edge {a,b} witha ¢ S and b € S. The equation at a reads 0 = Ey(a) =
Yo haup(u). Since the term h,,p(b) is nonzero, there exists a second neighbor b’ # b
of a with (V") # 0. Let T; and T, be the vertex sets of the connected components of the
subgraph of 7' induced on S which contain b and ¥’, respectively. Both sets are connected
and do not contain 4, so in the graph obtained from 7’ by removing a, the set T; lies in
the component of b and T lies in the component of b’. These components are different,
because the only path from b to b’ in 7' is b,a,b’. In particular, Ty N T, = @. Forv € T;,
every neighbor u of v with (1) # 0 lies in S, and therefore in T;. It follows that

(MTill)lTi)(v) = 2 houtp(u) = Z houtp(u) = Ep(0), veTl,

ueT; u~v

and 9|7, # 0. We conclude that E is a common nonzero eigenvalue of Mr, and Mr,,
where T and T; are disjoint finite sets which induce connected subgraphs.

STEP 2. A fixed pair has no common nonzero eigenvalue. Fix disjoint finite sets Ty, To C V’
which induce connected subgraphs. We show that, almost surely, M1, and Mr, have no
common nonzero eigenvalue. (The event is Borel, because the eigenvalues of a Hermitian
matrix, listed in increasing order, depend continuously on its entries.) If T, is a single
vertex, then Mz, = 0. Otherwise, let e1,...,e,, with k > 1, be the edges with both
endpoints in Tp, and let { = (h,,..., he,) € Ck. Since Ty NT> = @, the vector { is
independent of the weights X; of the edges inside Ty, and it has a density p on CF = R%,
the product of the densities of its coordinates. We write { = r¢ with r = |{| and ¢ € %1,
Then Mr, = rM(9), where M(9) is the Hermitian matrix built in the same way from 9,
and the nonzero eigenvalues of Mr, are the numbers rA with A a nonzero eigenvalue
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of M(9). Let X(9, X;) be the finite set of quotients x/A, with x a nonzero eigenvalue of
Mr, and A a nonzero eigenvalue of M(#). A common nonzero eigenvalue exists only

if » € £(8, X1). In polar coordinates, the law of (r,®) has the density p(r¢)r?~! with
respect to dr o (dd). By Fubini’s theorem and the independence of { and X3, we have

P(rex(9,X)) = E| /S . /0 1yen(ox,) p0r8) 1 dro(ds)] =0,

where the expectation is over X;. The inner integral vanishes because X(9, X;) is a finite
set.

SteP 3. Conclusion. Since there are countably many pairs of finite subsets of V', almost
surely no pair as in Step 2 has a common nonzero eigenvalue. By Step 1, this proves (i).

For (ii), for disjoint finite sets T1, T, C U, let A(Ty, T2) be the event that T;, T, C V,
that both induce connected subgraphs of 7, and that Mr, and Mr, have a common
nonzero eigenvalue. The first two conditions are Gyp-measurable. Conditionally on Gy,
the marks are independent standard complex Gaussians. In particular, the weights of the
edges inside T7 and inside T, are independent and have densities, and Step 2 implies that
P(A(T1, T2) | Go) = 0. Let Qcm be the event that all marks are nonzero and that no event
A(Ty, Ty) occurs; then P(Qem) = 1. On Qga N Qem, let C be an infinite component of a
tinite removal, and suppose that H¢ has a finitely supported eigenvector with eigenvalue
E # 0. The network (C, &) is an infinite, connected, locally finite tree with nonzero
weights. Step 1 applies to it and produces disjoint finite sets Ty, T, C C which induce
connected subgraphs of C and whose matrices share the eigenvalue E. By Lemma 3.5(i),
C is an induced subtree of 7, and T; and T; therefore induce connected subgraphs of
T with the same matrices, and A(Ty, T») occurs. This contradiction proves (ii). The last
assertion is the case of the empty finite removal on S, where C = V is infinite. O

At energy zero, the situation is different. Call a vertex v € V a twin-leaf vertex if
Ny =2 and N, = Ny = 0, that is, if v has exactly two children and both are leaves.

Proposition 3.25.

(i) On Qga, let C be a component of a finite removal, let v € C, and let {1 # {5 be neighbors of
v in C whose only neighbor in C is v. Then

lp = hv€2 541 - hZ)£1 5@2

satisfies Hcp = 0, and p # 0 if the weights are nonzero.

(ii) Let p > 1. Then IP*°-almost surely there are infinitely many twin-leaf vertices. Consequently,
P*-almost surely, the vectors P, = hy 20,1 — hy v1602, for v a twin-leaf vertex, form an
infinite family of nonzero, pairwise orthogonal, finitely supported eigenvectors of H with
eigenvalue 0. In particular, 0 is an eigenvalue of H of infinite multiplicity.
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Proof. For (i), since the vector 1 is finitely supported, it suffices to check the pointwise
equation. At v, we have (Hc sorm¥) (V) = hye,hoe, — hop,hpe, = 0. At £ and /5, the only
neighbor is v, and ¢(v) = 0. Every other vertex u is not adjacent to /1 or ¢,, since their
only neighbor is v, and (Hc form¥) (1) = 0.

For (ii), let V, = {v € V : |v| = n}. We first recall that the generation sizes |V,| tend
to infinity almost surely on S (see [64, Section 4.3] for background on Galton-Watson
processes); for completeness, we give the argument. Let .4, = o(Ny : |u| < n). Then
|Vy| is Ap-measurable and, conditionally on .4;, the variable |V,.1| is a sum of |V,|
independent Pois(p) variables; hence P(|V,.1| = 0 | A7) = e PV, Fix K > 1, and let
T) < Tp < --- be the successive times n with 1 < |V,| < K, which are stopping times for
(«#1). On {7j < oo}, we have P(|Vr 11| =0 A7) > e PK, as one checks by decomposing
according to the value of 7. If [Vr.41| = 0, then |[V| = 0 for all n > 7 and 741 = co.
Therefore IP(7j41 < o0) < (1 —e PX)P(1; < o), and P(7j < o) — 0 as j — oo, and
almost surely 1 < |V,| < K for only finitely many n. On S, we have |V,| > 1 for all n,
and it follows that |V, | > K for all large n. Since K is arbitrary, |V,| — co almost surely
on S.

For a generation-n vertex v, the event that v is a twin-leaf vertex depends on
Ny, Ny1, Ny, which are independent of .4}, and these variables are distinct for distinct v.
Conditionally on .45, these events are independent with probability

2,—p p2€—3p

a, = P(N, = 2) P(N, = 0)> = p; e =ES— >0

each. Since § C {|V,| > 1}, we obtain
IP (S N {no twin-leaf vertex in generation n}) < [1y, >13(1 - a,)Vl].

As n — oo, the integrand tends to zero almost surely: on S because |V,| — oo, and on S°
because |V, | = 0 for all large n. It is bounded by one, so the right side tends to zero by
dominated convergence. For every m, the event that S occurs and no generation n > m
contains a twin-leaf vertex is contained in each of the events on the left with n > m, and
it has probability zero. Taking the union over m, we find that IP-almost surely on S there
are infinitely many twin-leaf vertices.

The two children of a twin-leaf vertex are leaves of 7, whose only neighbor is their
parent. Then (i) applies with C = V and shows that Hy, = 0; on the event that all
marks are nonzero, i, # 0. Since the supports {v1,v2} of the vectors ¢, are pairwise
disjoint for distinct v, these vectors are pairwise orthogonal, and in particular linearly
independent. O



SECTION 4

Spine decompositions and fresh squared moduli

This section collects the probabilistic tools that we use to compute expectations of sums
over the vertices of the tree. They are of three kinds.

The first are spine decompositions. If F(v) is a nonnegative functional of the marked
tree and of a vertex v of generation L, then the expectation of ), F(v) equals pl times
the expectation of F evaluated at the endpoint of a spine: a path of length L from the
root whose vertices carry independent Poisson families of further children, and whose
endpoint carries an independent copy of the whole tree. This identity is the many-to-one
formula. We prove it, its analogue for ordered pairs of vertices, which is the many-to-two
formula, and their versions under the survival-conditioned law IP*®°. The second kind
concerns endpoints: the law of an endpoint functional under P®, the children of an
endpoint classified by the fate of their forward subtrees, and the growth of the set of
vertices with infinite forward subtree. The third is an anti-concentration estimate for
affine combinations of independent exponential variables, together with a definition of
fresh squared moduli, which says when this estimate may be applied conditionally on a
o-field.

In Section 4.1, we realize the marked tree on the space of finite words and record its
branching property. Section 4.2 recalls the Mecke formula and splits the children of the
root according to the survival of their forward subtrees. Section 4.3 defines the spine laws
and proves the many-to-one and many-to-two formulas. Section 4.4 compares endpoint
laws under IP and IP*. Section 4.5 defines fresh squared moduli and proves the affine
negative-moment lemma. Section 4.6 treats the children of a single vertex and the growth
of the backbone.

Throughout this section, p > 0 is fixed. Whenever the survival event enters, we
assume that p > 1, so that ¢, > 0.

4.1 The Ulam-Harris construction

Let Uy = {0}, where o denotes the empty word, let U, = {1,2,...}" for n > 1, and
set U = U,>o Uy and Uy, = U\ {o}. For a word u = i; - --i, and a word v, we write
|u| = n for the length of u and uv for the concatenation of u and v. For 0 <1 < n, we let
u; = iy - - - i denote the prefix of u of length /, so that vy = 0 and u, = u, and for u # o
we write u~ = u,_1. For u,v € U, we let u A\ v denote the longest common prefix of u

49
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and o.

Let v denote the standard complex Gaussian law, which has density - le~ I with
respect to Lebesgue measure on C. If w has law 1, then |w|? has law Exp(1), and w/ |w] is
uniform on the unit circle and independent of |w|?. Let Z = [0,1]{}%~} with its product
o-field, and let x be the product of the Lebesgue measures on the factors.

Definition 4.1. The configuration space is
O=1{0,1,2,...}Y xZV x Y,
with the product o-field .. Its elements are written

w = ((No)oveu, (Co)veu, (Wo)vew, ) -

We let IP be the probability measure on (Q),.%#) under which all coordinates are indepen-
dent, each N, has law Pois(p), each {;, has law «, and each w, has law <. The rank of
v € U is the first coordinate (1) of v = ({v(1),00(2),...); the variables {, are called
auxiliary marks.

(a) The vertex set is

V(w)={ir---ip€eU: n>0, i <N; for1<1<mn},

1...1'171

and 7 = T (w) is the tree with vertex set V(w), root o, and edges {v~,v} for
v € V(w) \ {o}. The children of v € V(w) are v1,...,vN,.

(b) For v € V(w) \ {0}, the edge {v~,v} carries the mark w,-, = w,. We set h,-, =
p 2wy, by =hy oy, and Y, = Y, , = w2

(c) For u € U, the shift 0,,: 3 — Q) is defined by

Ouw = ((Nuv)vele (guv)velUr (wuv)velU*)-

(d) The survival eventis S = {w € O : |V (w)| = o0}, and ¢, = IP(S). For p > 1, we set
P*® =P(-|S) and write E® for the corresponding expectation.

(e) Forn >0, wesetV, =V(w)NU,, V°={v e V,:0,w € S}, and Z, = |V°|. The
backbone is the set J,,>o V; of vertices whose forward subtree is infinite.

Under P, the offspring numbers N, are independent with law Pois(p), and T is
a Poisson-Galton—-Watson tree with mean offspring p. The marks w,, v € U,, are
independent of (Ny)yecy. This implies that, conditionally on 7, the marks of its edges are
independent with law +; in particular, the squared moduli Y, = |w,|? are independent
Exp(1) variables, and they are independent of the phases w,/|w,|, which are uniform
on the unit circle. We conclude that 7, together with the weights h,, is a realization of
the marked tree of Definition 3.2, with the auxiliary element a = ({,),cy of the standard
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Borel space ZY, which is independent of the marked tree. In particular, the c-algebra G
of Definition 3.2 is generated by the offspring numbers N, and the auxiliary marks (,,
v € U. From now on we work with this realization: IP and E refer to the law of w, and
S, 0p, IP* are the objects of Definition 3.2. The event S is measurable, since every vertex
has finitely many children and therefore, by Konig’s lemma, S = (,,50{V: # @}. Recall
that 0 < ¢y <1forp > 1.

The coordinates of w at labels outside V(w) do not affect the marked tree. We keep
them because they make the shifts measure preserving and the spine laws of Section 4.3
simple to write down. Note that each shift 6, preserves IP, since it moves the coordinates
at the labels uv to the labels v, and all coordinates of the same type have the same law.

If u e V(w), then V(6,w) = {v € U : uv € V(w)}, and the map v — uv is an
isomorphism from 7 (6,w) onto the forward subtree 7,. The edge {v~,v} of T (6,w)
carries the mark w,,, which is also the mark of the corresponding edge {(uv)~,uv} of
T... We use this correspondence throughout: if a quantity f(w) is defined in terms of the
marked tree 7 (w) and its root o, then the same quantity defined in terms of the marked
forward subtree 7, and its root u equals f(6,w). For example, {7, is infinite} = {f,w €
S}, so that Z, is the number of vertices of generation n whose forward subtree is infinite.
Similarly, the forward cavity variable of Definition 3.15 satisfies I';(z) = Goo(z) 0 8, for
every u € V(w) \ {0} and z € C \ R. Here, and in the rest of this section, a function such
as Gyo(z) which is defined only P-almost surely is extended by 0 to the exceptional null
set; since every shift preserves PP, the identity I';,(z) = Goo(z) o 6, then holds for all u
simultaneously, IP-almost surely.

Lemma 4.2. Let p > 0, let M = C x Q with the product o-field, and let m = v ® IP.

(i) For every n > 0, the configurations 0,w, v € Uy, are independent, each has law P, and they
are independent of the o-field

Fn=0(Ny,CQu:uel, lu<n w,: ueU, 1< |ul <n).

The set V,, is %,,-measurable.

(ii) The random elements N,, (o, and (wy, 6kw), k = 1,2,..., are independent, and each
(wy, Oxw) has law m. The map w +— (No, Co, ((wy, Oxw) )k>1) is a bijection from () onto
{0,1,2,...} x Z x ML2} and both this map and its inverse are measurable.

(iii) The child process 11, = Z,I(\]il 0wy ) 1S @ Poisson process on M with intensity measure pm,
and it is independent of ,. For u € U, the process 11, = 11,06, = Z‘,,I{\]:”l (5(
the edge marks and the forward configurations of the children of u.

Wy Bk w) lists

Proof. The coordinates of 0,w are the coordinates Ny, (v, with u € U and w,, with
u € U,. For distinct v,v" € U,, no label of the form vu is of the form v'u’. Further,
every label vu with u € U has length at least n, and every label vu with u € U, has
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length larger than n. The configurations 6,w, v € U, and the generators of .%#, are
therefore functions of pairwise disjoint sets of coordinates. Under the product measure
IP, such functions are independent. Recall that 6, preserves IP, so that each 6,w has law
IP. Finally, whether v € U, belongs to V(w) depends only on Ny, ..., Ny, _,, which are
Fy-measurable. This proves (i).

For (ii), we note that N,, {,, and the pairs (wy, 6rw), k > 1, are again functions
of pairwise disjoint sets of coordinates. They are independent, and (wy, 6yw) has law
7 ® P by (i). Every coordinate of w appears exactly once in (N,, {o, ((w, 6xw))r>1): the
coordinates at a label ku appear in 6w at the label u, except for wy, which appears
separately. This gives the bijection; it is measurable in both directions because both
directions act coordinatewise.

By (ii), conditionally on N, = n, the points (wy,6xw), 1 < k < n, are independent
with law m, and they are independent of {,. A mixed binomial process whose number of
points has law Pois(p) is a Poisson process with intensity measure pm [94, Proposition
3.5], which proves the first claim in (iii). The second follows from the definition of 8,,. [J

Remark 4.3. The auxiliary marks do not enter the marked tree. They serve two purposes.
The rank {,(1) is used to select children by a rule which does not depend on the labels,
such as “the leaf child with the smallest rank”. The remaining coordinates of {, may
be used to attach further independent randomness to v, for instance a variable with a
prescribed law on R, obtained by applying the corresponding quantile function to the
second coordinate of ;. All statements below concern arbitrary measurable functionals
of w and apply to such constructions without change.

4.2 The Mecke formula and survival

Let (X, Z") be a measurable space. We let N(X) denote the set of finite counting measures
7T =Y, 10y, wheren > 0 and x1,...,x, € X, with the o-field generated by the maps
> 1t(B), B€ 2. For such rand k > 1, we let

k
) = . Yo Oy )
1

,...,lk)

where the sum runs over all ordered k-tuples of pairwise distinct indices in {1,...,n};
this measure on X¥ does not depend on the enumeration of the atoms of 7. Let u be
a probability measure on X. A Poisson process with intensity measure pyu is a random
element IT of N(X) such that, for all pairwise disjoint By,..., B, € 27, the variables
I1(By),...,I1(B,) are independent and I1(B;) has law Pois(pu(B;)). Its law is determined
by pu, and it coincides with the law of Zfil dx,, where N has law Pois(p) and Xi, X, ...
are independent with law u and independent of N; see [94, Chapter 3].
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Lemma 4.4. Let (X, 2") be a measurable space, let y be a probability measure on X, let p > 0,
and let I1 be a Poisson process on X with intensity measure py.

(i) For every measurable F: X x N(X) — [0, 0],
IE/F(x,H 5 TI(dx) = p/]EF(x,H) u(dx). 4.1)

(ii) For every k > 1 and every measurable F: Xk x N(X) — [0, 0],

]E/ X1, .., X, IT — Z‘sz) dx1 - dxy)
= pk/IEF(xl,...,xk,H) pOk(duy -+ dwy). (4.2)

Identity (4.1) is the Mecke equation [97]; see [94, Theorem 4.1], and (4.2) is its
multivariate form [94, Theorem 4.4]. In words, (4.1) states that the measure B +—
E [1p(x,IT—d,) II(dx) on X x N(X) equals py ® Law (IT). Summing a functional over
the points of IT amounts to drawing the selected point from p, with total weight p, while
the remaining points form a Poisson process with the original intensity measure which is
independent of the selected point (Slivnyak’s theorem). We include the short proof for
finite intensity measures.

Proof of Lemma 4.4. Since both sides of (4.2) depend only on the law of I'], we may assume
that TT = YN, dx., where N has law Pois(p) and Xj, X, ... are independent with law p
and independent of N. Then the left side of (4.2) equals

E Y F(Xl-l,...,Xik, y 5Xl.),
(il,...,ik)

i<N, i¢{i1, ..}

where the sum runs over ordered k-tuples of pairwise distinct indices in {1,...,N}.
Conditionally on N = n > k, there are n!/(n — k)! such tuples, and by exchangeability of
(X1,...,Xy), each term has the same conditional expectation as F(Xy, ..., X, /"1 0x,)-
Since P(N = n)n!/(n —k)! = p*P(N = n — k), we obtain

n k+N'

PPN =n—KEF(Xy,.., X, Y 0x) = PFEF(X1,0, X Y 0x),

n>k i=k+1 i=k+1

where N’ is a Pois(p) variable independent of (X;);>1. The process Zk h +1 dx, is a Poisson
process with intensity pu which is independent of (X3, ..., Xi). Then (4.2) follows from
Tonelli’s theorem. The case k = 1 is (4.1). O

We now split the children of the root according to the survival of their forward
subtrees. Recall the space M = C x (), the law m = oy ® P, and the child process 11, from
Lemma 4.2.
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Lemma 4.5. Let p > 1. Set M® = C x S and Mf = C x (Q\ S), let m® = 7 ® P* and
mt = y@P(- | Q\'S), and let TI® and TIt be the restrictions of T1, to M® and ML, Let
N® = T1°(M) and Nt = T1f(M) be the numbers of children of the root with infinite and with
finite forward subtree.

(i) Under P, the random elements I1%, 11f, and o are independent, I1% is a Poisson process with
intensity measure po,m*, and ITf is a Poisson process with intensity measure p(1 — Qp)mf :
In particular, N® and N are independent with laws Pois(po,) and Pois(p(1 — 0,)).
Moreover, S = {N* > 1} and g =1 — e P,

(ii) Under P*°, the random elements I1%°, 11, and (o are independent; 1t and (o have the same
laws as under P, and T1% has the law of a Poisson process with intensity measure pg,m*
conditioned to have at least one point.

(iii) For every measurable Z: Q) — [0, o0],
E¥Z = ¢,'E[Z1s] < 0, "EZ. (4.3)

(iv) For every k > 1 and every measurable F: MF x N(M) — [0, 0],

k
1E°°/F<m1,...,mk,H0 Y2 0w) () (g - )
i=1
= kaI;_l /lEF(ml,...,mk, IT,) (m®)**(dmy - - dmy). (4.4)

The left side of (4.4) is the sum, over ordered k-tuples of distinct children of the root
with infinite forward subtrees, of F evaluated at their marks and at the process of all
remaining children. On the right side, the selected marks are independent with law m®,
so that their edge marks have law <y and their forward configurations have law P>, while
the residual process is the unconditioned child process Il, under IP, independent of the
selected marks. For k = 1 the factor is p.

Proof. We begin with (i). Let u1, up: M — [0, 00) be measurable and set u = u1 Iy + tp1ys.
Using the representation of I, from Lemma 4.2, we have

o

E exp (—IT%(u1) — [T (12)) = E(/e‘” dm)N = exp(—p/(l —e ") dm)
= exp(—p Mw(l —e ") dm) exp(—p /Mf(l —e "2) dm).

The right side is the joint Laplace functional of two independent Poisson processes with
intensity measures pm(-NM*®) = po,m*™ and pm(-NMf) = p(1 — g,)m. Since the joint
Laplace functional determines the joint law of (TI*°, TT) (see [94, Chapter 2]; alternatively,
this is the restriction theorem [94, Theorem 5.2]), the first claim follows; , is independent
of I'l, by Lemma 4.2. Since |V(w)| =1+ Z,I(\]:"l |V (6w)| and N, < oo, the tree is infinite if
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and only if the forward subtree of some child of the root is infinite, thatis, S = {N® > 1}.
Then ¢y = P(N® >1) =1—e P,
For (ii), let A, B, C be measurable sets. Since S = {II* # 0}, part (i) implies that

P*(I1° € A, IT' € B, {, € C) = g, 'P(II* € A, TI” # 0) P(IT" € B)IP({, € C),

and ¢, = IP(II* # 0). This is (ii). Part (iii) is the definition of IP** together with Z1s < Z.
For (iv), we note that the integrand on the left side vanishes unless N* > k > 1, that
is, unless w € S. By (iii), the left side equals erl times the corresponding expectation

under P. The measure (IT1°)%) is the restriction of 1Y to (M®)k. Applying (4.2) to
IT, and to the function F(my,...,my, 1) Hle Ty (m;), we find that the left side of (4.4)
equals

k
Qplpk/IEF(mll' . '/mk/HO) 1—]1:1|\/|°°<m1') m®k(dm1 s d_mk)
i=

Since Ty=m = g,m®, this is the right side of (4.4). O

4.3 Spine decompositions

We now define the laws of the spine trees and prove the many-to-one and many-to-two
formulas. They are instances of the Palm (Mecke) formula for the Poisson process; see
Remark 4.9. The idea is the classical size-biasing of the offspring numbers along a path.
In a sum over the vertices v of generation L, the vertex v exists only if each of its ancestors
has enough children; weighting by this event replaces the law Pois(p) of each ancestor’s
offspring number by the law of 1+ Pois(p), at the cost of a factor p per generation, and
makes the position of the next ancestor among its siblings uniform.

Definition 4.6. Let L > 0.

(a) One-spine law. Let w' be a random configuration with law PP, let Njj,...,N]_; be
random variables with law Pois(p), and let Iy, ..., I} be random variables such
that w’,N|,...,N]_; are independent and, conditionally on them, Ij,...,I; are
independent and I} is uniformly distributed on {1,..., N/ +1}. Setv= L1, ---I; €
Uy, so thatv; = I; - - - I}, and let w be the configuration obtained from w’ by setting
N,, = Nl’ +1for 0 < < L, all other coordinates of w being equal to those of w’. The
one-spine law Q) is the law of (w,v) on Q) x Uy.

(b) Two-spine law. Let 0 < j < L. Let ' be a random configuration with law P, and let
N/ (0 <1< j)and Nl(l),Nl(2) (j <1 < L) be random variables with law Pois(p), all
of them independent. Conditionally on these, let the following random variables be
independent: for 0 < < j, a variable I; ;1 uniform on {1,..., N/ +1}; a pair (J;, J»)
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uniform on the set of ordered pairs of distinct elements of {1,..., N]{ +2}; and for

j<l<Landie {1,2}, a variable 11(21 uniform on {1,...,Nl(i) +1}. Set

_ (1) (1) _ (2) (2)
U—Il"'ljlllj+2"’ILf V—Il"'Ij]21j+2"'ILI

and let w be obtained from «w’ by setting N,, = N/ +1for 0 <[ < j, Ny, = N]( +2,

and N, = Nl(l) +1, N, = 1(2) +1forj < I < L, all other coordinates being equal
to those of w’. The two-spine law Qp,) is the law of (w,u,v) on Q x U x Uy.
(c) Backbone laws. Let p > 1. We set

QEO:QL( |0Vw€8)/ Q?]:QL,]( |9uCU€8, QVwGS)-

We write Eq for the expectation with respect to one of these laws Q, and we use (w, v),

respectively (w,u,v), for the canonical random elements; the labels I}, J;, Il(l) are the
letters of u and v.

Note that under Q. the vertex v belongs to V(w), because I; 1 < N,, for every | < L.
We call the path 0 = vg,vy,...,vp = v the spine, the edges {v;_1,v;} the spine edges, v
the endpoint, and 7 (w) under Q the spine tree of length L. For | < L, the children
of v; other than v;,; are the side children of v;; there are N; of them. Under Q Lj, both
u and v belong to V(w), and their last common ancestor u Av = vj = uj, the fork, has
generation j, because J; # J,. The fork has N]( side children besides uj;; and vj 1. The
well-definedness of the backbone laws follows from the next lemma, which shows that
the endpoint configurations have law IP, so that 6,w € S has probability ¢, > 0.

Lemma 4.7. Let L > 0, and let Mand m = vy ® IP be as in Lemma 4.2. Under Qp, for0 <1 < L,
let S be the finite sequence of the pairs (wy,k, 0,kw), where k runs in increasing order through
{1,...,Ny,} \ {L111}, and let £; € N(M) be the counting measure whose atoms are the entries
Of Sl.

(i) The random elements

le,...,wVL, CVO,...,CVL_l, SO,...,SL_]_, va

are independent. Each w,, has law vy, each {,, has law «, and 0 w has law . Each S; has
length Nj, with law Pois(p), and conditionally on its length its entries are independent with
law w. In particular, ¥, . .., 21 _1 are independent Poisson processes on M with intensity
measure p m.

(ii) Conditionally on the random elements in (i), the labels 1y, ..., I} are independent, and I; 1
is uniformon {1,...,|S;| + 1}, where |S;| is the length of S;.

(iii) Let p > 1. Under Q7°, assertions (i) and (ii) hold with the single change that 6, w has law
P,
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(iv) Let 0 < j < L. Under Qy ;, define sequences S as above at the vertices vi with | < j (omitting
the child v 1), at the fork v; (omitting the two children ujq and vj,1), and at the vertices u;
and v; with j <1 < L (omitting ujyq, respectively vjy1). Then the 2L — j spine edge marks
wy, (1 <1 < L)and wy, (j <1 < L), the auxiliary marks of the 2L — j — 1 spine vertices
other than u and v, the 2L — j — 1 sequences S, and the two endpoint configurations 6,w
and O,w are independent, with the laws described in (i). Under ij (p > 1), the same holds,
except that the two endpoint configurations have law IP*.

The marked spine tree is assembled from the random elements in (i) and the labels: the
spine edges carry the marks w,,, the side children of v; carry the entries of S; (edge mark
and forward configuration), and the endpoint carries the forward configuration 6,w. In
particular, under Qy, the squared moduli Y,,...,Y,, of the spine marks are independent
Exp(1) variables, every side child has a forward subtree which is an independent Poisson—
Galton-Watson tree with independent marks, and the endpoint has an independent
forward subtree with the law of the whole tree.

Proof. Fix n = (ng,...,n;_1) € {0,1,...}- and i = (iy,...,iy) with 1 < ij . < n; +1,
and let v = 7;---ip. On the event E,; = {N' = n, I = i}, which has probability
[L<.P(N = n;)(n; +1)~! for a Pois(p) variable N, we have v = v, and w is obtained
from ' by setting Ny, = n; + 1 for | < L. Since the pair (N’,I) is independent of &', the
configuration «’ still has law [P conditionally on E,, ;.

We note that the modified coordinates Ny, ..., Ny, , are not coordinates of 0, yw for
k # i;,1, because no vy is a descendant of v;k; they are not coordinates of 6,w either. We
conclude that, on E, ;, the random elements in (i) are equal to

w;Z (1<I1<L), g;l (0<I<L), 0,0,

and, for 0 < I < L, the sequence of pairs (w;,;, 0,xw’) with k running in increasing
order through {1,...,n;+ 1} \ {i;11}. These are functions of pairwise disjoint sets of
coordinates of w'. Indeed, the forward configurations of distinct side children and of v
use the coordinates at pairwise disjoint sets of labels, none of which is one of vy, ...,vr_1,
and they do not use the edge marks w,, and w,, which appear separately. Since the
coordinates of w’ are independent, these random elements are, conditionally on E,, ;,
independent with laws vy, x, m®", and PP, respectively. The conditional joint law depends
on (n,i) only through the lengths n;. Summing over i and then over 7, and using that
N(’), e, Ni_l are independent with law Pois(p), we find (i), except for its last sentence.
Further, the conditional probability of {I = i} given N’ = n and the random elements
in (i) equals [T;<7(n; + 1), and this is (ii), since 7; = |S;|. The process ¥, is a mixed
binomial process with a Pois(p) number of independent m-distributed points, hence a
Poisson process with intensity measure pm [94, Proposition 3.5], and the processes X;
are independent because the sequences S; are.
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For (iii), let ¢ be a nonnegative measurable function of the random elements in (i)
other than 6,w, together with the labels, and let 1: 3 — [0, o] be measurable. By (i), (ii),
and Qr (6w € S) = P(S) = ¢p, we have

Eqp [§h(6w)] = 0, Eq, [gh(.w)15(6w)] = Eq, [g] E*A,

which is (iii). The proof of (iv) is the same. The only change is at the fork: on the
corresponding event E, we have N\,j =nj+2, the two omitted children are vil1 and vil2,
and (J1, J2) takes each of the (1; +2)(n; + 1) possible values with the same conditional
probability. The backbone version follows as in (iii), since the two endpoint configurations
are independent with law IP under Qp ;. O

Proposition 4.8. Let p > 0 and L > 0. All functions below are measurable; a function on
Q) x U is measurable if it is measurable in w for each fixed word.

(i) Forevery F: QO x U — [0, 0],

E Y F(w,v) = p"Eg, F(w,v). (4.5)

veV

(i) Let 0 <j < L. Forevery F: O x U x U — [0, 0],

E Y Flwuwv)= p?L-i Eq, F(w,u,v). (4.6)
u, eV '
|uno|=j
(iii) Let p > 1. For every F as in (i),

ES T Fw0) = ¢'p Ba [Flevis(@)] < o't BoFlwn), (47

E® Y F(w,v) = p"EqeF(w,v) < ¢, p" Eq,F(w,v). (4.8)

o0
veEV]

(iv) Let p > 1and 0 < j < L. For every F as in (ii),

Y Flw,u,0) = 05 1P Egy, [F(w,u,v)15(w)]

u,veY
[unv|=j
< QflpZL*le Flw,uv), (4.9)
*® Y Flw,uv)=0q p?L= JIEQoo F(w,u,v)
u,oeVy
|unv|=j
<0, p" T Eq, F(w,u,v). (4.10)

The sum in (4.6) runs over ordered pairs of distinct vertices of generation L whose
last common ancestor has generation j; summing over 0 < j < L gives all ordered pairs
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of distinct vertices of generation L, and the diagonal pairs are covered by (4.5). Under the
survival-conditioned law, the backbone sums in (4.8) and (4.10) have exact representations
by the backbone spine laws, in which only the endpoint configurations are conditioned
on survival, while the side processes keep their unconditioned Poisson laws (Lemma 4.7).
For the full sums, (4.7) and (4.9) are exact as well, but the indicator 15(w) depends on
the side subtrees; in applications we use only the resulting upper bounds.

Proof. We prove the four parts in order.

StEP 1. One spine. Fix v = iy ---i;, € Up. Then v € V(w) if and only if Ny, > i, for
0<I<L. Forn=(ng,...,nr_1) € {0,1,...}, let w*" denote the configuration obtained
from w by setting N, = n; for 0 <[ < L. Under IP, the coordinates Ny, ..., Ny, , are
independent of each other and of the remaining coordinates, and w®" does not depend
on them. Let N denote a Pois(p) variable. By Tonelli’s theorem, we have

E[F(w,0)l{ve V(w)}] = ) I:[ = n;) EF(w™",0).

n: 7’1[2il+1 Vvl =0

Since P(N = n) = pn~'IP(N = n — 1) for n > 1, the substitution n; = nj + 1 yields

=n)) i1 <n+1 o
E[F(w,0)1{v e V(w)}] =p* Y H l n{4l-+11 l } EF(w”"*1,0),
n’'e{01,..}L 1=0 !

where ' +1 = (nj+1,...,n;_; +1). In the construction of Qy, the event {N' = ', I =
(i1,...,ir)} has probability equal to the product in the last display, and on this event
(w,v) = ((w')*"*1,v), where «' has law P and is independent of (N, I). Summing the
last display over v € Uy, that is, over (iy, ..., i1 ), we obtain

E Y F(w,o)= Y} E[F(w,v)1{ve€ V(w)}] = p"Eq,F(w,v),
veEV] vely,

which is (4.5). In the first equality we used Tonelli’s theorem to exchange the sum over
the countable set U, with the expectation.

SteP 2. Two spines. Fix u,v € U with [u Av| = j, and write a = u A v, so that uj 1 # v} 1.
Then u,v € V(w) if and only if the following constraints hold: N, is at least the (I + 1)-th
letter of a for 0 < I < j; N, is at least the last letters of both u;,, and v;,4; and for
j <l <L, Ny and Ny, are at least the last letters of 1, and v;,, respectively. These
constraints involve the offspring numbers at 2L — j — 1 distinct labels. We expand in
these offspring numbers as in Step 1. At the j +2(L — j — 1) labels other than the fork,
we use P(N =n) = pn~'IP(N = n — 1). At the fork, the two letters are distinct, which
forces N, > 2, and we use P(N = n) = p?(n(n —1))"'IP(N = n —2) for n > 2. For a
fixed value n of N, there are n(n — 1) ordered pairs of distinct letters in {1, ..., n}, which



4 Spine decompositions and fresh squared moduli 4.3 Spine decompositions 60

matches the uniform law of (Ji, J») in Definition 4.6. Summing over (u,v) as in Step 1
and collecting the powers of p, namely p/ - p? - p2(L=/=1) = p?L=J, we arrive at (4.6).

Step 3. Conditioned sums. Let p > 1. Applying (4.3) and then (4.5) to F(w,v)1s(w), we
have the identity in (4.7); the inequality follows from 15 < 1. If v € V;°, then the forward
subtree of v is infinite, and in particular w € §. By (4.3) and (4.5), we have

E® Y F(w,0)=0,'E Y F(w,0)1s(6ow) = 0, p"Eq, [F(w,v)1s(byw)].

veVy” veVL

By Lemma 4.7, we have Qr (6yw € S) = 0p. Then the right side equals pL]EQioP(w,v),
and it is at most Q;jlpLIEQLP(a), v). This proves (4.8).

Ster 4. Conditioned pairs. The identity and inequality in (4.9) follow from (4.6) exactly as
in Step 3. For (4.10), we argue as in Step 3 and obtain

E*® Y F(w,u0)= erlpZL_j Eq, [F(w,u,v)1s(8uw)ls(byw)].
u,veEV’
[unv|=j
By Lemma 4.7(iv), the two endpoint configurations are independent with law P un-
der Qr;, and the probability that both survive is Q’%. Then the right side equals
0p sz*j]EijF(w' u,v), and it is at most erlpZLf]']EQLljF(w, u,v). This completes the
proof. O

Remark 4.9. The identity nIP(N = n) = pIP(N = n — 1), used at each ancestor in Step 1,
is the Mecke formula (4.1) for the number of points of a Poisson process. If F(w,v)
depends on w and v only through the marked tree and the auxiliary marks, and is
invariant under relabelings of siblings, then (4.5) can also be obtained by applying (4.1)
to the child process at each of the L ancestors, by induction on L; the labels I; then play
no role, and only Lemma 4.7(i) is needed to evaluate the right side. We have stated the
formulas for labelled configurations so that they apply without a separate invariance
check, for example to functionals that select children by their labels.

The spine laws are absolutely continuous with respect to IP. In particular, every almost
sure property of the tree holds along spines.

Corollary 4.10. Let p > 0, L >0, and 0 < j < L. The law of w under Q. has density p~L|Vy |
with respect to P, and the law of w under Qy; has density p~ L= |{(u,0) € V2 : lu Ao| = j}|
with respect to P. If p > 1, the laws of w under Q7 and Qr; are absolutely continuous with
respect to P®°. Further, if A € .F satisfies P(A) = 1, then almost surely under each of the laws
P, P, Q, QL,]', Qp, and Q°°/]-, we have 6,w € A for all u € U simultaneously.

Proof. Applying (4.5) to F(w,v) = 1p(w), we find that Q;(w € B) = p~FE[|V;|1p] for
B € %, which is the first claim. The second follows in the same way from (4.6). For
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p > 1, (4.8) implies that Q°(w € B) = p LE®[|V{°|15], and (4.10) gives the analogous
formula for Q7. Finally, P(0,,!A) = P(A) = 1 for every u, because 6, preserves P.
The countable intersection (,,cy; 6, ' A therefore has IP-probability one, and by absolute
continuity it has probability one under the other laws. O

For instance, the conclusions of Theorem 3.10, Proposition 3.16, and Proposition 3.18
hold almost surely under all spine laws.

We next describe recursively defined variables along a spine. This is the form in which
the many-to-one formula enters the computation of path moments.

Corollary 4.11. Let p > 0and L > 1. Let (X, Z") be a measurable space, let fy,. .., fr: Q — X
be measurable, and let ¥y, ..., ¥ _1: Z x N(C x X) — X be measurable maps such that, for
P-almost every w and every 0 <1 < L,

N
filw) =Y, (gO' Z 5(wk/fl+1(9kw))>' (4.11)
k=1

Under Qy, set X; = f1(6y,w) for 0 <1 < L, and

f_
Y = Otwy i, fisn (O 0 =T <L

ke{1,.., Ny ]\ {1141}

(i) The random elements X, wy,, ..., Wy, Cuy,r---,Cv; ., and 26,. . .,Z{_l are independent.
The variable X has law P o f,~ L and Z{ is a Poisson process on C x X with intensity
measure py @ (P o fzjrll)

(ii) Almost surely, X; =¥ (CV], Z{ + 5(le+1/Xl+1)) for0 <1< L.

(iii) Let p > 1. Under Q7’, (i) and (ii) hold with the single change that X; has law IP® o f,~ L

Further, for every measurable ®: XIt1 x CE — [0, 00],

E ). <I><(fz(6z),w))zL:o' (wvl)lL:1> _ IEQLCI><(XZ)ZL:O, (wvl)f:1>, (4.12)

veVy

and the right side is the expectation of a function of the independent random elements in (i),
computed through the backward recursion in (ii). The same holds under IP*, with the sum over
Vr° and Q7 in place of Q.

Proof. The process Z{ is the image of the process X; of Lemma 4.7 under the measurable
map (w,w") — (w, fi11(w")), and Xp = fL(6,w). Then (i) follows from Lemma 4.7(i)
and the fact that the image of a Poisson process under a measurable map is a Poisson
process with the image intensity measure [94, Theorem 5.1]; for mixed binomial processes
this is immediate, because the images of independent points are independent.
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For (ii), let A be the set of w for which (4.11) holds for every /. By Corollary 4.10, almost
surely under Q;, we have 6,,w € A for every . The configuration 0,,w has root offspring
number N,,, root auxiliary mark {,,, and child points (wy,, lekw), 1 <k < N,,. The child
with k = I;,4 is vj41, and its point contributes (S(wVM,X[H) in (4.11); the other children

contribute Z{ . This proves (ii). Part (iii) follows in the same way from Lemma 4.7(iii).
Finally, (4.12) is (4.5) applied to F(w,v) = ®((fi(8y,w))1, (wy,)1), and its conditioned
version is (4.8). ]

The same argument applies to the two-spine laws. Under Qp j, the variables along
the two arms are computed from the two endpoint variables f (6,w) and f1(6yw), which
are independent with law P o f,~ ! by the recursion of Corollary 4.11(ii). At the fork, ¥
receives the side process of the fork together with the two points (wy,,,, fj+1(6u;,,w)) and
(Wy; 1/ fj+1(0y;,,w)), and along the common part the recursion is that of (ii). All spine
edge marks, auxiliary marks, and side processes are independent, by Lemma 4.7(iv).

Remark 4.12. As an example, fix z € C\ R and s > 0, let f; = G,(z) for every I, and let
¥ (g, m)=—(z+p ! [ |w]?x n(dw dx)) ~!. By Proposition 3.16 at the root, (4.11) holds
IP-almost surely, and Xy = Gyo(z) and X; =T, (z) for 1 <[ < L. By Proposition 3.18, for
v € V| we have

|Gov(2)|° = |Goo(z |SHP_S/2YSZ/2|FUI(Z)|S-

By (4.12), we have

L
E T (Gl = p07/2 g %ol TT x5/
=1

veVy

On the right, X; has the law of Gy (z), the squared moduli Y, of the spine marks are
independent Exp(1) variables, and X; = —(z+ p 'Yy, , Xj41 + ;) ! for I < L, where
Er=p [ |wx Z{ (dw dx) are independent copies of the side sum p~! Z,I(\[:l Y, I’k in the
cavity equation, independent of the squared moduli of the spine marks and of X;.

Remark 4.13. Corollary 4.11 also applies to recursions which are not driven by the tree
alone. Let E > 0 and let 77 be a real solution at energy E in the sense of Definition 5.1. Let
g be a measurable map from [0,1] to R \ {0} which pushes Lebesgue measure forward
to 77, and define f(©) (w) = 4,:(Z,(2)), where Z,(2) is the second coordinate of {,, and, for
m>1,

No Y,

k=1 f(m_l)(ekw)

(we set f (m)(w) = E if some denominator vanishes, and we use the same convention
for ¥; below). By induction on n, f(") has law 7 under P for every m > 0. Indeed,

f" @) = E—p!
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by Lemma 4.2(ii), the pairs (Y, £~ (6;w)) are independent with law Exp(1) ® 7t and
independent of N,. Then f (") has the law of E — p1 Y k<N Yx/ Dy with independent Dy ~
7t, which is 77; in particular the denominators vanish with probability zero. Fix m > L
and apply Corollary 4.11 with f; = f"=D and ¥,({, @) = E — p~! [ |w|?x~' 7/ (dw dx).
In this case, X] has law 7t and the side processes are Poisson with intensity measure
py ® m, for every m > L. The family D, = f(m_‘”D(va), |v| < m, satisfies D, =
E — p~ ' Y4 Yyr/ Dy for |v| < m, and its marks at generation m are independent with law
7 and independent of (Ny) <y and (wu )1 <|u|<pm- Every family (Do) y|<,, with these two
properties has the same joint law with (Ny) <y and (wu)1<y<m, because the marks at
generation m determine the others through the recursion. This applies in particular to a
recursive tree process as in Lemma 5.13, restricted to generations at most m, provided its
marks at generation m are independent with law 7r and independent of (Ny), <, and
(wu)lgwgm ; this is part of the definition of a recursive tree process [17]. The many-to-one
and many-to-two formulas of this section, and Corollary 4.11 in particular, therefore
apply to functionals of (Nu)yj<m, (Wu)1<|u/<m, @a0d (Do) y|<p for such a process. The
offspring numbers at generation m must not enter these functionals, since a mark D, of a
recursive tree process with |v| = m depends on N,

4.4 Conditioned endpoint laws

The following proposition compares laws of endpoint functionals under IP and IP*, and
it transfers limits from P to IP® and to the backbone spine laws. Here an endpoint
functional is any measurable function of the root configuration w, or of an endpoint
configuration 6,w under a spine law; it may involve the forest obtained from the forward
subtree by removing finitely many vertices and edges, or a finite decoration, since these
are again measurable functions of the configuration.

Proposition 4.14. Let p > 1, let (X, Z") be a measurable space, and let X : () — X be measur-
able.

(i) As measures on X, P® o X~ < ¢, 1P o X1 Equivalently, E®¢(X) < ¢, 'Eg(X) for
every measurable ¢: X — [0,00]. In particular, if C € Z and P(X ¢ C) < 6, then
P®(X € C)>1-0¢,'s.

(i) Let L > 0and 0 < j < L. Under Qf°, the endpoint variable X (0,w) has law P® o X1
and it is independent of the spine edge marks, the auxiliary marks of the spine vertices, and
the side sequences. Under QF;, the pair (X(6yw), X(6yw)) has law (P® o X~ 1)®2, and it
is independent of the remaining random elements of Lemma 4.7(iv). In particular, these laws
are bounded by ¢, P o X~ and ¢, *(IP o X~1)®2, respectively.

(iii) For 0 <n <1, let Zy and Z be real random variables on Q) such that Zy — Zo P-almost
surely as n | 0, and such that the family {Z, : 0 < n < 1} is uniformly integrable under .
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Then Zy is IP-integrable, Z,, — Zy in LY (IP®), and in particular E*Z,, — E®Zy. Further,
EqeZy(6vw) — EqeZo(0yw) for every L > 0.
(iv) For 0 <n <1, let Xy: Q) — R* be measurable with Xy — Xo P-almost surely as n | 0,

and let ¢: R — R be a bounded Borel function which is continuous at every point outside
a Borel set D with IP(Xy € D) = 0. Then E*®¢(X,) — E®¢(Xo) as 17 | 0.

Proof. For B € 27, we have by (4.3) that P*(X € B) = ¢,'P(X € B, S) < ¢,'P(X € B),
which is (i); the last assertion of (i) follows by taking B = X \ C. Part (ii) follows from
Lemma 4.7(iii) and (iv), together with (i).

For (iii), it suffices to consider an arbitrary sequence 77, . 0. Since P® < ¢, P, the
convergence Zy, — Zg holds P*-almost surely. For K > 0, we have

n n

and the right side tends to zero as K — co. This shows that the sequence is uniformly
integrable under P as well. By Fatou’s lemma, 7 is integrable under IP. Then Vitali’s
convergence theorem (see [64, Section 4.6]), applied under IP%, implies that Z,, — Z,
in L'(IP®). The last statement follows from (ii), since EqeZ(0yw) = E*Z for every
integrable Z.

For (iv), ¢(X;) — @(Xo) on the event {X;, — Xo} N{Xo ¢ D}, which has IP-
probability one and therefore IP*-probability one. The bounded convergence theorem
concludes the proof. O

Remark 4.15. The domination in Proposition 4.14(i) cannot be reversed with a constant
independent of X. For instance, P(N, = 0) = e~ 7, while P®(N, = 0) = 0, because a root
without children has a finite tree. If a functional X equals a fixed value xy on {N, = 0},
as the real boundary denominator does (it equals E there), then the part of the atom of
P o X! at xyp coming from the event {N, = 0} is absent from IP® o X~!. In particular,
conditioned endpoint laws are in general not equal to the corresponding unconditioned
laws, and only upper bounds transfer from IP to IP* through (i).

4.5 Fresh squared moduli

Many estimates in this paper bound negative moments of quantities of the form c +
); a;Yj, where the Y; are squared moduli of edge marks and c and the 4; depend on the
rest of the tree. The following definition makes precise when such an estimate may be
applied conditionally.

Definition 4.16. Let (Q), <7, P) be a probability space and let ¥ C .7 be a o-field. Let M be
a ¥-measurable random variable with values in {0,1,2,... }, and let Y7, Y5, ... be random
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variables with values in [0, c0). We say that Y, ..., Yy are fresh squared moduli given ¢, or
fresh given ¢, if for every m > 0 and every bounded Borel function ¢: [0,0)" — R,

E[p(Yi,...,Yu)1{M = m} | 4] = 1{M = m}/[ Lo et 4y (413)
0,00)™
almost surely. Random variables that are ¢-measurable are called revealed.

In words, on the event {M = m}, the variables Y,..., Y, are independent Exp(1)
variables conditionally on ¢. The number M of fresh variables is revealed, while their
values are not; the variables Y; with j > M play no role. In the applications, Q is O with
one of the laws IP, P*, Qr, Q7, QL ij, and the Y; are the squared moduli of the marks
of a random finite set of edges, listed in a revealed order. We record three elementary
consequences of the definition.

(@) If Yq,..., Yy are fresh given ¢4, and ¢’ C ¢ is a o-field with respect to which M is
measurable, then Y7, ..., Y)y are fresh given ¢’. This follows from (4.13) by the tower
property of conditional expectation.

(b) Revealing some of the fresh variables leaves the others fresh. Precisely, let M <M
be ¥-measurable, and let ¥’ be generated by ¢ and the variables le{M’ <j< M},
j > 1. Then Yj,..., Yy are fresh given ¢’, because on {M = m, M’ = m'} the
variables Yi,...,Y,, are independent of Y,/ 4, ..., Y, conditionally on ¢. In a sum
c+ st MajY, the revealed terms a;Yj, M’ < j < M, are then absorbed into the
constant, and the required lower bound must be checked for the new constant
C+ Lmr<j<m Y.

(c) Revealed variables may be treated as constants. Let Yj,..., Yy be fresh given ¢, let
k > 1, and let X be a ¥-measurable random variable with values in C¥. Then for
every m > 0 and every Borel function ®: C* x [0,00)™ — [0, 0],

E[®(X, Y1, ..., Yu)I{M = m} | @] = 1{M = m} /[O Pl gy

(4.14)
almost surely. Indeed, if ® = 1p,«p, with Borel sets D; C Ckand D, C [0, 00)™,
then 1p, (X) is ¢-measurable and may be taken out of the conditional expectation,
and (4.14) reduces to (4.13) with ¢ = 1p,. The Borel sets D C C¥ x [0, 0)" for which
(4.14) holds with ® = 1p form a Dynkin system, by linearity and the monotone
convergence theorem for conditional expectations, and this system contains the 7-
system of measurable rectangles. By the m—A theorem [81, Chapter 1], it contains all
Borel sets. Approximating ® from below by simple functions and using monotone
convergence once more, we obtain (4.14). We refer to (4.14) as the substitution
identity.

The main source of fresh variables is the following lemma: edge marks of edges that
are selected without looking at their marks are independent standard complex Gaussian
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variables given everything else. It complements Lemma 3.4: there, a selection may inspect
some marks, which are then removed, and the retained marks are fresh; here, a selection
may inspect every mark outside the selected set. For a finite set a C Uy, let

4 =0(Np,lo: veU; wy: velU,\a),

and for x = (xy)yeq € C*, let w?<* denote the configuration obtained from w by replacing
wy, by x, for every v € a.

Lemma 4.17. Let p > 0, and let A be a random finite subset of U, such that {A = a} € 9, for
every finite set a C Us,.

(i) For every measurable F: () — [0, 0],

EF(w) =E s F(w*) 4®4(dx). (4.15)

If p > 1, the same identity holds with IE* in place of IE on both sides.
() Let L>0,0<j <L, andlet A: QO x Uy — {finite subsets of U} be such that A(-,v)

satisfies the hypothesis above for every v € Uy. Then for every measurable F: () x Uy, —
[0, 00|, with A = A(w, V),

Eo,F(w,v) = Eq, [ F(w™,v) 7% (dw)

and the same identity holds under Q7’ if p > 1. The analogous identities hold under Qp ; and
pjfor A= A(w, u,v) such that A(-,u,v) satisfies the hypothesis above for all u,v € Uy.

(iii) In the setting of (i) or (ii), list the elements of A as vV, ..., oM, where M = |A|, in a
fixed total order of U. Let 7, be the o-field generated by A, by the configuration w1 in
which all selected marks are replaced by 1, by the phases w / |wy|, v € A (set to 1 if w, = 0),
and, in the setting of (ii), by the endpoint v, respectively (u,v). Then Y, u),..., Y ) are
fresh squared moduli given ).

Proof. For (i), fix a finite set a C U,. The indicator 1{ A = a} and the configuration w”< ¥,

for fixed x, are functions of the coordinates of w other than (w;),c,, and under P the
coordinates (wy)ye, are independent of the other coordinates and have law ¢®?. Since
w = W (@)eca, we have by Fubini’s theorem that

E[1{A = a}F(w)] = E [1{A =a} | Fw"™) y@m(dx)]

Summing over the countably many finite sets a gives (4.15). Under IP*, we apply (4.15)
to F1s and use that 15(w?<¥) = 15(w), since S depends only on the offspring numbers.

For (ii), we use (4.5) to write Eq, F(w,v) = p~t ¥y, E[1{v € V(w)}F(w,v)]. For
each fixed v, we apply (i) with the random set A(-,v) to the function w — 1{v €
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V(w)}F(w,v), and we use that V(w*™*) = V(w). Then we apply (4.5) backwards to
the function (w,v) + [ F(wA(@)x 1) 4@Alw2)(dx). This proves the identity under Q.
Under QF°, we argue in the same way with (4.8) and the second part of (i), using that
15(6yw) depends only on the offspring numbers. The two-spine identities follow in the
same way from (4.6) and (4.10).

For (iii), we first note that changing the selected marks does not change A: if w €
{A = a}, then w** € {A = a} for every x € C* since {A =a} € ¢,. Fixm >0, a
bounded Borel function ¢ > 0 on [0,00)™, and a bounded measurable function ¢ > 0
of the generators of JZ;. We write x, = yzl,/ 2¢i¢o. under 7Y, Y» has law Exp(1), TS
uniform on the unit circle, and the two are independent. Applying (i) to the function
F=g-1{M =m}o(Y,q),...,Y,wm ) we obtain

E[g1{M =m}p(Yy), .-, Yyom)]
= E[1{M = m} [ g(w )74 (dx)] [plye vt gy,

Here we used that g(w?*) depends on x only through the phases of the x,, while ¢

depends only on their moduli. Applying (i) once more, to the function g1{M = m},
shows that the first factor on the right equals E[¢ 1{M = m}|. This is (4.13) for ¥ = .
The same argument applies in the setting of (ii). O

For example, take A = {1,...,N,}, the set of children of the root. We have {A =
a} € 0(N,) C %, and ), contains N,, {,, all forward configurations 6w, k > 1, and the
phases of the wy. By Lemma 4.17(iii) and consequence (a) after Definition 4.16, the squared
moduli Yy, ..., Yy, of the root edge marks are fresh given the o-field generated by N,, (o,
the forward configurations of the children, and the phases. This is the situation of the
cavity equation. Similarly, under Qp, the choice A(w,v) = {vy,...,v} in Lemma 4.17(ii)
shows that the squared moduli Yy, ..., Y|, of the spine marks are fresh given the o-field
generated by the endpoint v, the phases of the spine edge marks, and all coordinates of
w other than the spine edge marks.

We now state the affine negative-moment lemma.

Lemma 4.18. Let 0 < r < land d > 0, and set C,g = (1 —7r)"1(2/d)". Let m > 0, let
Y1, ..., Yw be independent random variables with law Exp(1), let ay,...,a, € Cand c € C, and
set S = c+ YL, a;Y;.

(i) If c # O, then for every e > 0,

P(|S| < ¢) < min{l,ze— ”|’f|+1} (4.16)
(ii) If c # O, then
L1 2 mriy
E|S|" < 1_r< o ) . (4.17)
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In particular, if |c| > d, then E|S|™" < C,4(m + 1)"/2.
(iii) Suppose that c,ay,...,ay arereal. If a1 = - - - = a,, = 0, then the law of S is 6.. Otherwise,
the law of S is absolutely continuous, and it has a density p such that

p(x) < % for every x € R\ {c}. (4.18)

In either case, the absolutely continuous part of the law of S has a density which is at most
Vm +1/(2d) at every x with |x — c| > d.

(iv) Let ¢, M, and Y1,Y5,... be as in Definition 4.16, with Y1,...,Yn fresh given &. Let
c,ay,ay, ... be 9-measurable complex random variables, and set S = ¢ + Ej]\il a;Y;. Then,
for every € > 0, almost surely on the event {c # 0},

2¢ M—l—l}
] ’

2\/M7—1—1>f.

P < < ming 1
(Is| < &%) <min{1, o

_ 1
E[Is| " |#] < 7—(
If |c| > d almost surely, then E|S|™" < C, ;E(M +1)"/2 < C, 4(1 + EM)"/2. If c and all
aj are real, then for every Borel set B C R, almost surely,

P(SeB, |S—c|>d|¥9) < ——

where |B| denotes the Lebesgue measure of B.

The bounds in (i)-(iii) depend on the coefficients a; only through their number. This is
what makes the lemma applicable when the coefficients are cavity variables of subtrees,
about which nothing is known except that they are revealed.

Proof. We first prove the density bound (iii) for real coefficients using the Gamma-
Dirichlet decomposition of (Y3,...,Y,). Then we deduce the small-ball bound (i) for
complex coefficients by rotating c to the positive real axis and projecting onto the real
axis, and we integrate it to obtain (ii). Finally, we derive the conditional version (iv) by
treating the revealed variables as constants.

SteP 1. The Gamma—Dirichlet decomposition. Let m > 1, set T = Y1+ --- + Y}, and set
Uj = Yj/ T for 1 <j < m. Then T has the Gamma density

tm—le—t
fu(t) = TRk t>0,

and the vector (Uj,...,Uy) is independent of T (it is uniformly distributed on the
simplex). Indeed, the joint density of (Y, ..., Yy) is e” @1+ = ¢t and the change
of variables (y1,...,ym) + (t,u1,..., uy_1) has Jacobian #"~1; it follows that the joint
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density of (T, Uy, ..., Uy,—1) is a product of a function of ¢ and a function of (uy,...,uy_1).
We also need the bound

mme="  m"Hle ™\ /m
0 (m—1)! m! /277
The supremum is attained at t = m, since t — t"e~t is maximal there, and in the last

inequality we used Stirling’s formula in the form m! > /27m (m/e)™, valid for every
m > 1.

(4.19)

STEP 2. Real coefficients. Let c,ay,...,an be real. If all aj vanish (including the case
m = 0), then S = c¢. Otherwise m > 1, and we may assume that a; # 0. Then S =
a1Y1 + (c +Xj>2 4;Y;) is the sum of an absolutely continuous variable and an independent
variable, and its law is therefore absolutely continuous. With the notation of Step 1, set
A =YL a;Uj, so that S = c + AT, where A is independent of T. Since {A =0} C {S =
c} and IP(S = c¢) = 0, we have P(A = 0) = 0. For a Borel set B C R, Tonelli’s theorem
and the change of variables x = ¢ + At give

P(S € B) zlE[/()oolg(c+At)fm(t) d| :/Bp(x) dx,

o) = {50} ()

and where the integrand in the definition of p is set to zero on the null event { A = 0}. The
function p is Borel by Tonelli’s theorem. Let x # ¢, and suppose that t = (x —c)/A > 0.
Then |A| = |x — ¢|/t, so that

1 x—c\ _ tfu(t) Tim
me( A )_\x—c]S]x—d'

Taking expectations and using (4.19), we arrive at (4.18). The last assertion of (iii) follows
because v/m /21wt < v/m+ 1/2, and because the absolutely continuous part of & is zero.

where

Step 3. The small-ball bound. Let c # 0, let 6 be an argument of ¢, and set
. m .
Q =Re(e ) = [c[+ ) _bY;, bj = Re(e a;) € R.
j=1

Then |S| = |e1S| > |Q|, which implies that P(|S| < &) < P(|Q| < e). If & > |c|/2, then
the right side of (4.16) equals 1 and there is nothing to prove. Let 0 < e < |c|/2. If all b;
vanish, then Q = |c| > ¢, and IP(|Q| < ¢) = 0. Otherwise, by Step 2 applied to Q, whose
constant is |c|, the law of Q has a density bounded by ¢,/ |x — |c||. Every x € [—¢,¢]
satisfies |x — [c|| > [¢|/2, so

20m< 4 sm<2e m+1

el = vam el T e

P(Q| <e) < 2
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This proves (i).
StEP 4. The negative moment. By (i), P(S = 0) = 0. For t > 0, we have t 7 = [T re™""1 de,
and Tonelli’s theorem implies that

E|S|~" :/ re " 1P(|S| < €) de.
0

Set K = 2y/m+1/|c|. By (i), the right side is at most

1/K 1) K"
/ rKe™" de + re 71 de = r + K = ,
0 1/K 1—7r 1—7r

which is (4.17). If |c| > d, then K" < (2/d)"(m + 1)"/2, which gives the second assertion
of (ii).

Ster 5. The conditional version. Fix m > 0. By consequence (c) after Definition 4.16,
applied with X = (c,a1,...,a), the substitution identity (4.14) holds for every Borel
function ®: C'* x [0,00)"™ — [0, c0].

We now apply (4.14) with ®(c,a,y) = 1{[c + ¥ ;a;y;| < e}1{c # 0}. By (i), applied
for fixed values of ¢ # 0 and 4ay,...,a,, the right side of (4.14) is at most 1{M =
m}1{c # 0}min{1,2ev/m+1/|c|}. Summing over m gives the small-ball bound in
(iv). The bound on E[|S|™" | ¢] follows in the same way from (ii), with ®(c,a,y) =
lc+Xjajyj|"1{c # 0}. If [c| > d almost surely, then taking expectations, we have
E|S|™" < C,4E(M +1)"/2, and Jensen’s inequality for the concave function t + #/2
gives E(M +1)"/2 < (1+EM)"/2. Finally, if ¢ and the a; are real, we apply (4.14)
with ®(c,a,y) = l{c—l—zja]'yj € B, |E]~a]~y]~] > d}. For fixed real c,ay,...,a,, the
integral of ® vanishes if all 4; vanish, and otherwise it is at most [, (fe—c|>d} p(x) dx <
vm +1|B|/(2d) by (iii). Summing over m completes the proof. O

Remark 4.19. Freshness is a property of the variables together with the o-field, and it is
lost as soon as the o-field carries information about their values. We give an example. Let
Y7 have law Exp(1),let 0 < 6 <1/2,and let 4 = 0(A;), where As = {|Y1 —1| <} isa
truncation event for Y;. The variable Yj is not fresh given ¢: on Ay, its conditional law
is supported in [1 — 6,1 + J]. The conclusion of Lemma 4.18(iv) fails as well. Let M =1,
¢ =1, and a; = —1, which are constants and hence ¢4-measurable, so that S =1 — Y;. On
Ag, we have

f1+5 |1 _ y| re—Y dy _1_(5 . 251—r(1 o 1,)—1 6—2(55—7’

r _
[|S| }g} f1+(5e yd = 25e—1+6 1=

which tends to infinity as 6 — 0, while the bound (1 — 7)~12%/2 of Lemma 4.18(iv) does
not depend on é. The same failure occurs if ¢ contains o (Y1), that is, if Y7 is conditioned
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on its own value. In this case Yj is revealed, the term a;Y; must be absorbed into the
constant as in (b) after Definition 4.16, and the new constant 1 — Y; is not bounded away
from zero. In particular, whenever an event defined in terms of a squared modulus is

included in the conditioning c-field, that squared modulus can no longer be treated as
fresh.

As a first application, we bound fractional moments of the diagonal resolvent at the
root, uniformly in the imaginary part of the spectral parameter.

Corollary 4.20. Let p > 0,0 <r < 1,and z € C\ R. Then

1 2

E|Goo(2) " < 1 (i) (0 + 172

If p > 1, then E®|G,,(2)|" is at most le times the same bound.

Proof. By Proposition 3.16 at the root and the identity I'x(z) = Goo(z) o 6y, we have,
P-almost surely,

1 No -1
Goo(2) = = (24— Y YiGuo(2) 0k)
P =

Let ¢ be the o-field generated by N,, {,, the configurations 6w for k > 1, and the phases
wy/|wy| for k > 1. By the example following the proof of Lemma 4.17, together with
consequence (a) after Definition 4.16, the squared moduli Y3,...,Yy, are fresh given
4. The coefficients a; = pflGoo (z) o 6 are ¥-measurable, and the constant ¢ = z is
deterministic and nonzero. Then Lemma 4.18(iv) implies that E[|G,0(z)|" | ¥] < (1 —
r)~1(2y/N, + 1/]z|)". Taking expectations and using Jensen’s inequality, IE(N, + 1)/2 <
(p +1)"/2, we find the first claim. The second follows from (4.3). O

Since |z| > |Rez|, the bound is uniform over all z with real part bounded away from
zero, which is the uniformity required at energies E # 0.

4.6 Selections at a vertex and the backbone

We now classify the children of a vertex by the shape of their forward subtrees. For a
vertex x € V(w), a child xk of x is a leaf child if Ny = 0, so that its forward subtree
consists of xk alone; it is a surviving child if 0,4w € S; and it is an other child if neither
holds. We write N¢f, NSUv and N for the numbers of these children. For a vertex x
with N€af > 1, we let £(x) denote the leaf child xk of x for which the pair ({(1),k) is
lexicographically smallest; thus ¢(x) is the leaf child with the smallest rank, ties (which
have probability zero) being broken by the label. Recall M = C x () and m = ¢y ® P, and
set

mleaf:’)/®]lj(~’N0:0), m® =y P%, mOth:r),@]P(.|Q\(SU{N0:O})).
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The last conditioning event has probability 1 — 0, —e 7 > P(N, =1, Ny = 0) = pe~% >
0. Finally, let

gleaf — U(NU,CU cvelU;, wyl{N,>1}: ve€ U*)

be the o-field generated by the configuration in which the marks of all edges leading to
leaves have been erased.

Lemma 4.21. Let p > 1.

(i)

(ii)

(iii)

(iv)

Under P, the processes TT'f, TISUY, and TI°™ formed by the points (wy, Oxw) of the leaf
children, the surviving children, and the other children of the root are independent Poisson
processes with intensity measures pe~Pm!eaf, poym®, and p(1 — o, —e” 7 ymoh, and they
are independent of {,. In particular, N, NSU™ and NO™ are independent Poisson variables
with means pe™F, po,, and p(1 — op — e~ 7). Under IP®, the processes I1eaf, 110t and the
mark {, have the same laws as under IP and are independent of 115"V, which has the law of
a Poisson process with intensity measure po,m® conditioned to have at least one point. In
particular, for every measurable set B C M® = C x S,

P® (Nt > 1, I1Y(B) > 1) = g, (1—e 7 ") (1—eP™B)).  (4.20)

Let R = {Nleaf =1, N5wV = 1, NO = 0} be the event that the root has exactly one
leaf child, exactly one surviving child, and no other child, and on R let ¢,y € {1,2} be the
labels of the leaf child and of the surviving child. Then R C S, P(R) = p?ope 2, and
P*(R) = p?e~2P. Moreover, for all measurable F;, F;: M — [0,00] and F3: Z — [0, 0],

E® [1x F (wy, 0yw) B (wy, yw) F3(Zo)] = pzeZV/Fl dm°°/F2 dmleaf/Fg, dx.

4.21)
In particular, conditionally on R under IP%°, the squared moduli Y, and Y, are independent
Exp(1) variables, the forward configuration 6yw of the surviving child has law IP*°, and these
three random elements are independent of each other and of the phases wy/ |wy|, wy /|wy|.
The root has exactly one child with probability P(N, = 1) = P®(N, = 1) = pe P.
Conditionally on {N, = 1}, the point (w1, 01w) has law m under P and law m* under P*.
Along a spine, let L > 1,let ] C {0,...,L —1}, and let C; = {N,, = 1forall ] € ]} be
the event that the spine vertices vi, | € ], have no side children. Then Qp(Cj) = Q°(Cj) =
e~ P, conditionally on C J, the conclusions of Lemma 4.7 hold with S; empty for | € |; and
for every measurable F: Q) x U — [0, c0],

E Y F(w,0)[J1{Ny, = 1} = pte PV Eq, [F(w,v) | ¢)].
vEV, le]
The same identity holds with IE®, V;°, and Q7 in place of E, V1, and Q..
Let X be a random finite subset of U which is 9'**-measurable, and let A = {{(x) :
x € XNV(w), N€af > 1} be the set of selected leaf children of the vertices in X. Then



4 Spine decompositions and fresh squared moduli §4.6 73

{A = a} € ¥, for every finite a C U,, and the conclusions of Lemma 4.17 hold for A
under P and P*®. In particular, the selected squared moduli (Yy)yea are fresh given F:
conditionally on 7, they are independent Exp (1) variables. The same holds under the spine
laws if X = X(w, V), respectively X(w, u,v), is 4'**-measurable for each fixed value of the
endpoints; for example, X = {v} or X = {u,v}.

(v) Under Qy, respectively QF°, the endpoint configuration 6,w has law P, respectively IP*°, and
is independent of the spine edge marks, the auxiliary marks of the spine vertices, and the side
sequences. In particular, (i)—(iii) hold for the children of the endpoint v, with 6,w in place
of w; for example, QF (R o 0,) = p?e2F, and (4.21) holds conditionally on the spine data.
Under QL the events R o 6, and R o 6, are independent, each has probability p*e=2F, and
(4.21) holds jointly at the two endpoints, with independent factors.

Proof. For (i), the sets M = C x {N, = 0}, M® = C x S, and M°" = C x (Q\ (SU
{N, = 0})) partition M, and their m-masses are e~ 7, ¢, and 1 — ¢, — 7. For measurable
uy, up, uz: M — [0,00), the computation in the proof of Lemma 4.5(i) gives

3
lEexp(—Hleaf(ul) o HsurV(uz) o Hoth(u3)) — Hexp<_p /M (1 o e—ui) dm),
i=1 i

where (M, My, M3) = (M!€af, M Moth) " As there, this shows that the three processes are
independent Poisson processes with intensity measures pm( - N M;), which are the stated
ones; they are independent of {, by Lemma 4.2. The statement under P> follows as in
Lemma 4.5(ii), since S = {N;""V > 1}. For (4.20), we note that {IT*""V(B) > 1} C S, that
[1%V(B) = I1,(B) has law Pois(pm(B)), and that it is independent of N.¢®f, which has
law Pois(pe~"); dividing by ¢, gives (4.20).

For (ii), write My = (wy, Oxw). On R, we have N, = 2, and exactly one of My, M, lies
in M® while the other lies in M!eaf, By Lemma 4.2(ii), N,, {o, M1, My are independent,
and M;, M, have law m. Using also IP(N, = 2) = p?¢ ¥ /2, we obtain

E[1%F (M) B (M) F5(Z0)] = P(N, = 2) 'Z/Mw Fi dm /MM E dm/F3 dx
= pze_p . Qp/Fl dm® - e_p/Fz dmleaf/Fg dx,

where the factor 2 accounts for the two possible values of (y,¢). The surviving child
has an infinite forward subtree, which gives R C S. Dividing by ¢, gives (4.21), and
taking F; = F, = F3 = 1 gives the two probabilities. For the last assertion, we take
Fy(w,00") = g1(|w[)g2(0/ [w])ga (") and Fy(w, ") = ga(|w/?)gs(w/w]), and use that
under 7 the modulus squared and the phase are independent with laws Exp(1) and
uniform.

For (iii), P(N, = 1) = pe 7, and {N, =1} NS = {N, =1, 61w € S} has probability
pe 7o, by Lemma 4.2(ii); dividing by ¢, gives P*(N, = 1) = pe~?. The conditional
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laws follow in the same way. Along a spine, we have N,, = N/ + 1 and therefore
C; = {|S;| = 0for ! € J}, which has Q;-probability e~?//l by Lemma 4.7(i). Since C; is
an event in terms of the sequences S;, conditioning on it preserves the independence in
Lemma 4.7 and only changes the laws of S;, | € ], to the point mass at the empty sequence.
Under Qf° the event C; has the same probability, because it is independent of 6,w. The
displayed identity is (4.5) applied to F(w,v) [1;c; 1{ Ny, = 1}, and its conditioned version
is (4.8).

For (iv), fix a finite set 2 C U,, and let @ = w* Y be the configuration in which
the marks w,, v € a, are replaced by 0. Every element of A is a leaf, and therefore
{A=a} C {N, =0forallv € a}. On the latter event, the generators w,1{N, > 1} of
@'eaf take the same values at w and at @, and so do all offspring numbers and auxiliary
marks. Since X is ¢4'*®-measurable and the selection x — £(x) depends only on the
offspring numbers and the ranks, we have 1{A = a}(w) = 1{A = a} (@) on this event.
Off this event, both sides vanish, because w and @ have the same offspring numbers.
Since the right side does not depend on (w;)yecq, we conclude that {A = a} € 4,. The
remaining assertions are Lemma 4.17; the independence of the selected leaf marks at
distinct vertices of X is part of (4.15), which identifies their joint conditional law as 7®4.
Under the spine laws, we argue in the same way for each fixed value of the endpoints
and apply Lemma 4.17(ii).

Part (v) follows from Lemma 4.7(i), (iii), and (iv). O

We emphasize that the structural events in Lemma 4.21 are defined in terms of
offspring numbers and survival, and that the selections use only offspring numbers and
ranks; neither inspects an edge mark. This is why the selected squared moduli remain
fresh; compare Remark 4.19, where the conditioning event is defined in terms of the
squared modulus itself.

We conclude with the growth of the backbone. By Lemma 4.5(ii), the probability
under IP® that the root has exactly one surviving child is

B pgpe_pQP

= = pe P9
1 1—e Pl pe ’

where we used ¢, = 1 — e P%. With A = pg, > 0, we have g = A/(e* — 1) < 1, since
er—1> A
Lemma 4.22. Let p > 1and q = pe~P¢.
(i) On S, we have Zg = 1 and Z,,1 > Z, for every n > 0.
(ii) Foralln >0,m >1,and K > 0, P®(Z, = m, Z,,x = m) = q¢"KP*(Z, = m).
(iii) Z, — o0 as n — oo, P*-almost surely.

Proof. The proof proceeds in four steps. After the elementary monotonicity, we compute
the probability that the backbone of a surviving tree consists of a single line for K
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generations, using the Mecke formula. Then we use the branching property at generation
n to obtain (ii), from which (iii) follows.

StEP 1. Monotonicity. On S, the root has an infinite forward subtree, and Zy = 1. If
v € V7°, then the forward subtree of v is infinite and v has finitely many children, so at
least one child of v has an infinite forward subtree and belongs to 1 Since distinct
vertices have distinct children, we have Z,,1 > Z,. This proves (i). Further, for all
n, K> 0and w € ), we have

Znix(w) = ) Zx(Bow). (4.22)
veVP
Indeed, for v € V;, the vertices of V7’ y that descend from v are exactly the vertices vu
with u € Vg (0yw), and there are none unless the forward subtree of v is infinite, that is,
unless v € V,°.

SteP 2. A single line. For K > 0, let Ax = SN {Zg = 1}. We claim that P*(Ag) = gX.
For K = 0 this holds since Ay = S. Let K > 1. By Step 1, we have Z; = 1 on Ay, that is,
the root has exactly one child k with 6w € S, and (4.22) with n = 1 gives Zg_1(6yw) = 1.
Conversely, if the root has exactly one surviving child k and 6w € Ag_1, then w € Ag.
In terms of the child process, this reads

N,
Ty (w) =Y 14 ,(6w) J] 1os(bprw) = /F(m, [Ty — 6m) 1o (dm),
k=1 K <Ny, k' #k
where F((w,w"), m) = 14, ,(w")1{m(M®) = 0} and M® = C x S. In the first equality
we used Ag_1 C S. By Lemma 4.2(iii) and (4.1), we obtain

IP(AK) = p]P(AK—l) H)(HO(MOO) = 0) = pefpgp ]P(.AK_l).
Dividing by ¢,, we find IP*(Ag) = qIP*(Ak_1), and the claim follows by induction.

StEP 3. Proof of (ii). Letn > 0, m > 1, and K > 0. On {Z, = m}, each term in (4.22) is
at least 1 by Step 1, and Z,.;x = m holds if and only if 6,w € Ak for every v € V7°. We
obtain

acU, vea veEV,\a

la|=m
since only the term with a4 = V;° can be nonzero. By Lemma 4.2(i), the configurations
Oow, v € Uy, are independent with law IP and independent of .%;,, and the finite set V), is
Fy-measurable. Conditioning on .%,, we find that

P(Zy=m, Zyix=m|Fu) = ) HaCVu} P(A)"(1-gp)" 1.
acUy,
|a|=m
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The same computation with S in place of Ak gives the conditional probability of {Z, =
m}, with ¢} in place of P(Ag)™. By Step 2, we have P(Ax) = 0,q%, and the first
conditional probability is therefore 4K times the second. Taking expectations, and using
that both events are contained in S because m > 1, we deduce (ii) after division by g,.

STEP 4. Proof of (iii). By (i), the limit Zo, = lim, Z, € {1,2,...} U {oo} exists on S. For
m > 1, we have

{Zeo=m} C |J ({Zn=m, Zyix =m}.
n>0K>0

By (ii), each event in the union has IP®-probability at most infx g™K = 0, since g < 1. We
conclude that IP®(Zs < o0) = 0, which is (iii). O



SECTION 5

Real solutions of the cavity equation

At an energy E > 0 where the imaginary parts of the cavity variables vanish at the
real axis, the cavity equation of Proposition 3.16 becomes an equation for a probability
measure on the real line. This section studies that equation and its relation with the tree.

In Section 5.1, we define real solutions and the normalizations used in the rest of the
paper. In Section 5.2, we prove properties shared by all real solutions: the structure of
their atoms, a density bound near zero, fractional moments of both signs, full support,
a fractional cancellation estimate, and a bound on the probability that the denominator
is small on the scale p~'/2. These properties hold for every p > 1, every E > 0 and
every real solution. The atom structure, the moments, the full support and the fractional
cancellation estimate are the hypotheses under which the free energy is defined and
identified in Section 6.

The rest of the section connects real solutions with the tree. In Section 5.3, we define a
deterministic set £, of regular energies, of full Lebesgue measure, at which all boundary
values used in this paper exist, and we prove a zero—one law for the imaginary part of
the root cavity variable. If this imaginary part vanishes under IP®, then the denominators
at the real axis are finite, real and nonzero, and the law of the root denominator is a
real solution, which we call the real boundary law. In Section 5.4, we construct, for
an arbitrary real solution, a recursive tree process with that solution as its marginal.
Section 5.5 records fractional moment bounds at z = E + i with 7 > 0 that are uniform
in 1. Finally, Section 5.6 proves that when the boundary is real, every cavity variable in a
fixed neighborhood of the root, of a spine, or of two spines converges as the imaginary
part 7 tends to zero, and identifies the limit with the real recursive tree process.

Throughout this section, p > 1 is fixed. Dependence of constants on parameters is
indicated explicitly.

5.1 Real solutions and their normalizations

By Proposition 3.16, the root cavity variable I'y(z) satisfies the cavity equation

N _
To(z) £ +%§%<Z>) 1/
j=

77
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where N ~ Pois(p), the Y; are Exp(1) variables, the I'j(z) are copies of T',(z), and all
these variables are independent. If the variables are real at z = E, then the inverse cavity
variable D = —1/T, which we call the denominator, satisfies the equation in the following
definition.

Definition 5.1. Let E > 0. A real solution at energy E is a Borel probability measure 77 on
R\ {0} with the following property. Let N, (Yj);>1 and (D;);>1 be independent, with
N ~ Pois(p), Y; ~ Exp(1) and D; ~ 7 for every j. Then the random variable

E--Y L (5.1)
Piz D;
has law 7r. We abbreviate this property by
d 1Y
D=E-=-) -,
Piab;

where D ~ 71 and the variables on the right are as above, and we call D the denominator.

Since D; # 0 almost surely and N is finite, the sum in (5.1) is a real number almost
surely, and the definition makes sense. Since 7 is carried by R\ {0}, the definition
includes the requirement that the variable (5.1) is nonzero almost surely. We only consider
positive energies. By Proposition 3.21, spectral statements at negative energies follow
from those at positive energies, and if 77 is a real solution at energy E, then the law of
—D satisfies the same equation with E replaced by —E.

The following normalizations are used throughout the paper.

Definition 5.2. Let E > 0, let 7t be a real solution at energy E, and let D ~ . Let
Y ~ Exp(1) be independent of D.

(i) For a scaling ¢ > 0, set B = ¢D and B = g?Y/p. The transfer matrix is

mep) —p (0 ).

(i) For E > 2, set
E—VEI—4
g(E)="—"%—=  0=g(E, K=
and, with the scaling ¢ = g(E), set B = g(E)D and X = 1/B. We call this the
B-normalization.

(iii) The scaled energy is ¢ = E//p. For § > 2/,/p, set

_ 1
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(iv) The scaling ¢ = 1/E gives B = D/E, in which the atom of the law sits at 1 (see
Proposition 5.5(i)). We use the parameter T = 1/(pE?).

We record the identities behind these normalizations.

Lemma 5.3. Let E > 0, let 7t be a real solution at energy E, and let N, (Y;), (D;) be as in
Definition 5.1.

(i) For every g§ > O, the matrix M(B,B) has determinant one, and with B; = ¢D; and
Bi = gZYj/p we have

N B,
B:gE—;E.
j=171]
(ii) Let E > 2. Then EQ(E) =140, B=Y/K, X = —T/g(E) when D = —1/T, and
d 0 X Y;
BL14+6- =Y L
P];Bj

Further, E-! < ¢(E) < 2E~1; in particular g(E) < 1and E~? < § < 4E~2,
(iti) Let E = &,/p > 2. Then

2 _
SEEVETHP K= a0,

N[
IN

ap(¢) ay() < ¢.

(iv) With I§]~ = D;/E, we have

IfE>2,then B=B/(1+6)and T =6/ (p(1+6)>?).
Proof. The determinant of M(B, 8)is B~1(0- B+ ) = 1. Multiplying (5.1) by g, we obtain

N gZY]/p
gD; ’

N Y.
d g j
gD=gE-") o =8E -
piab; =1
which is (i).
For (ii), the numbers (E + +/E2 — 4) /2 are the roots of t> — Et + 1 = 0. In particular,
¢(E)?> —Eg(E) +1 =0, that is, Eg(E) = 1+ 6, and since the product of the two roots is

one, we have
1 E++VE2—4
_ BT . (5.2)

8(E) 2
Inserting ¢E = 1+ 6 and ¢2/p = 6/p into (i), we obtain the equation for B. The identities
B =g(E)?Y/p = Y/Kand X = 1/(g(E)D) = —T/g(E) follow from the definitions.




5 Real solutions of the cavity equation 5.2 A priori properties of real solutions 80

Since E < E+ VE? — 4 < 2E, (5.2) implies that E~1 < ¢(E) <2E7}, and the remaining
bounds follow because E > 2.
For (iii), using (5.2), we find

_E+VE -4 P+ VPp—4 i+ /P -4/p

27 27 2 ’

and K = p/g(E)? = p - pay(&)?. The bounds on a,(¢) follow from 0 < /g2 —4/p < ¢.
For (iv), we divide (5.1) by E and use Y;/(pED;) = TY]'/EJ'. IfE>2,thenB/(1+40) =

8(E)D/(8(E)E) = B, and 0/ (p(1+6)*) = g(E)*/ (pg(E)*E?) = 7. O

ap(g)

The following table summarizes the normalizations. The last column is the atom
produced by the event {N = 0}, on which the denominator equals the constant term of
its equation; by Proposition 5.5, this is the only atom of a real solution.

variable equation in law atom
D=—1/T DEE—plynY/D; e P o
B = gD, scaling ¢ > 0 BLoE - Yi<nBi/Bj, Bj=8Yi/p e P
B=g(E)D,X=1/B,E>2 B<1+6—(8/p) i<y Y;/B e P10
B=D/E BE1-1y,yY/B e Psy

5.2 A priori properties of real solutions

We use the density bound of Lemma 4.18(iii) for affine combinations of independent
exponential variables, which is proved there by the Gamma-Dirichlet decomposition,
and the following bound on translated Gamma integrals.

Lemma 5.4. Let g € (0,1), and let T; be a random variable with density

t9/2p—t

Then for every u € R,
_ 70 _
E|T; — ul qﬁl—_q(1+|u|) .

Proof. Let I(u) = E|T, — u| 7. Since t1/2¢71/2 < (q/e)7/2 < 1for t > 0and I'(1+4/2) >
1/2, we have
we(t) <2072 <2, t>0. (5.3)

We consider three cases.
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Let |u| < 2. Splitting the integral according to whether |t — 1| < 1 and using (5.3) on
the first part, we have

w2 le-u th+/0 @)= +1<
Since (1 + |u|)™1 > 379 > 1/3, this gives I(u) < 15(1 —g) 1 (1 + |u|) ™1

Let u < —2. Since |t —u| = t+ |u| > |u| for t > 0, we have I(u) < |u|71 <
2(1+ |u|)~7, where we used 1 + |u| < 2|ul.

Let u > 2. We split (0, 0) into (0,u/2], the set of t > u/2 with |t — u| < 1, and the set
of t > u/2 with |t — u| > 1. On the first set, we have |t — u| > u/2, and its contribution
is at most (u/2)~7 < 2u™9. On the second set, we have w,(t) < De—u/4 by (5.3), and
its contribution is at most 4¢=*/#/(1 — g). The contribution of the third set is at most
Jurp2e/2dt = 4e~/%. Since the maximum of ule™*/* over u > 0 is (49/e)7 < 4, we
have e~*/4 < 4u~4. Combining these bounds, we obtain

I(u) < (2 + % + 16) Sl 68

where in the last step we used 1 4 u < 2u. The three cases prove the lemma. O

Proposition 5.5. Let E > 0, let 7t be a real solution at energy E, and let D ~ 7.

(i) We have m = e PJg + 7ac, where 1, is absolutely continuous with respect to Lebesgue
measure. In particular, 7t has an atom of mass e~ at E and no other atom.

(ii) The density f of tac can be chosen so that

f(x) < 2€T ‘xl E forall x # E.

In particular, f(x) < \/p/E for |x| < E/2,and P(|D| <t) <2,/pt/Efor0 <t < E/2.
(iii) For every q € (0,1),

E|D|™7 < 2(1 + %)E‘”’, E|D|7 < E9+ p'~9T(1 + q) E|D| .
(iv) The support of r is RR.
(v) Let g € (0,1) and g > 0, set B = gD, and let T, be as in Lemma 5.4 and independent of D.
Then for every a > 0 and o € {—1,1},

70
B|B —oaTy| % < = B(a+ [B) ¥ < Cmin{La 7},

where C = 70(1 — q) 'max{1,¢g 7E|D| "9} depends only on p, E, g and q, and
min{1,a79} =1 fora=0.
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By (i), (iii) and (iv), for every g > 0, the law of B = ¢D has no atom at zero, has full
support, and satisfies [E|B|7 < oo for every q € (0,1). These are the hypotheses under
which the free energy is defined in Section 6.

Proof. Throughout the proof, N, (Y;j) and (Dj) are as in Definition 5.1, and D has the law
of

E-R, R==-Y _-L (5.4)
P ,; D;j

Ster 1. Atoms and density. On the event {N = 0}, which has probability e~?, the variable
(5.4) equals E. Fix n > 1 and condition on N = n and on Dy,...,D;. Then E—-R = E +
Yj<n a;Y; with real nonzero coefficients a; = —1/ (ij), and Y3,...,Y;, are independent
Exp(1) variables independent of the conditioning. By Lemma 4.18(iii), the conditional
law of E — R has a density p,(x) = pn(x; D1, ..., Dy) with

n 1
< P —
o) s\or g *Y7E (5.5)

and the formula for p, in the proof of that lemma is jointly measurable in (x, Dy, ..., D).
Using Tonelli’s theorem, we find that for every Borel set A C R,

m(A) =e P14(E)+ ) _ P(N n)]E/ on(x;D1,...,Dy)dx
n>1 A

— e P14(E) + /A F(x) dx

with

= Y P(N =n)Epu(x; D1,...,Dy).
n>1

This proves (i). For x # E, (5.5) implies that
f(x) < IE— VN < ﬂ #,
V27 |x — E| 27 [x — E|

where we used Jensen’s inequality Ev/'N < vVEN = /p. If |x| < E/2, then [x — E| > E/2
and f(x) <2y/p/(2m)/E < /p/E. Since the interval [—t,t] does not contain the atom
E for 0 S t <E/2,wehave P(|D| <t) = f_tf < 2,/pt/E. This proves (ii).

Ster 2. Moments. By (ii),

2\1 2(E/2)1-1 2
E|D|~ q<( +/E/2!x! Tf(x) dx < (E) +\f- (1/_)q §2E‘i+1—fﬁqE‘i.
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In the first inequality, we bounded |D|~9 by (E/2)~1 on the event {|D| > E/2}. For the
positive moment, we use (5.4) and the inequality |a + b|7 < |a|7 + |b|9, valid for q € (0,1],
to obtain N
— q —
D" <E7+p1 Z;Y]. |D;| 1.
j=
Taking expectations and using the independence of N, (Y;) and (D;), we find

E|D|7 < E7+ p~TENEY] E|D|™ = E7 + p'~T(1 + q) E|D| ™,

which proves (iii).

StEeP 3. Full support. It suffices to show that every open interval I has 77(I) > 0. By (i),
the event {N = 1, D; = E} has probability pe P7t({E}) = pe 2’ > 0. On this event,
the variable (5.4) equals E — Y;/(pE), which has the density pEe PE(E=%) on (—oo, E).
This density is strictly positive on (—oo, E), and we conclude that 7t(I) > 0 for every
open interval I that meets (—oo, E). Since E > 0, this applies to I = (—o0,0), and the
event {N =1, D; < 0} has probability pe ?7t((—o0,0)) > 0. On this event, the variable
(5.4) equals E + Y1/ (p|D1]), and conditionally on Dj it has the strictly positive density
p|D1|ePIP1l(x=E) on (E, ). As before, we conclude that 77(I) > 0 for every open interval
I that meets (E, o). Every open interval meets (—oco, E) or (E, o), which proves (iv).

STEP 4. Fractional cancellation. Fix b € R\ {0}. For a > 0, we have |b — caT;| = a|T,; —
ob/a| since |o| = 1, and Lemma 5.4 implies that
b|—q 7 b|\ 1 7
d 70 11+ u) __70

IE|b—cmTq|_”’=a_‘71E’Tq—— < = (a+ b))

a “1—9g 1—9q

For a = 0, the left side equals |b|™9 = (a+ |b[)~7. Since T is independent of B and
B # 0 almost surely, we may condition on B and obtain the first inequality in (v). For the
second, we have [E(a + |B|) "7 < min{a~9,E|B| 7}, and E|B| "9 = ¢ 9E|D| 1 is finite by
(iii). Finally, min{a~7, M} < max{1, M} min{1,a" 7} for M > 0, as one sees by treating
a > 1and a < 1 separately. This proves (v). O

The next lemma bounds the probability that the denominator is small on the scale

p~1/2, uniformly in the energy and in the real solution.

Lemma 5.6. Let E > 0, let 7© be a real solution at energy E, let D ~ 7, and for a > 0 set
9. = P(|D| <a/\/p). Then

Ga < e Pla 4 242,
In particular, let ¢ € (0,1), and set a(e) = /e/2 and p(e) = ¢ 'log(2/¢e). Then q, < € for
every p > max{1, p(e)}, every E > 0, every real solution at energy E, and every a € (0,a(¢)].
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Proof. Let N, (Y;) and (D;) be as in Definition 5.1, and recall that D has the law of (5.4).
We call an index j < N small if |Dj| < a/./p, and we let K be the number of small indices.
Since the D; are independent of N, the variable K has, conditionally on N, the binomial
law with parameters N and g,. Its generating function is EsX = E(1 — g, + g,5)N =
e~P1(1-5) 5 € [0,1], which is that of Pois(pq,); in particular IP(K = 0) = ¢ P4,

On the event {K > 1}, let j, be the smallest small index. Then {K > 1} and j, are
measurable with respect to (N, (D;);>1)- Let G be the c-algebra generated by N, (D;);>1
and the variables Yj1y;,: 1, j > 1. For each k > 1, the variable Yj is 1r1dependent of
N, (Dj)j>1 and (Y, >]7ék, and the event {j. = k} is determined by N and (D;). Then on
{K > 1}, conditionally on G, the variable Y;, has the Exp(1) law. Further,

Y; 1 Y;
E-R=c-—, c¢=E-- Y
pD;j, P <N Di

where ¢ is G-measurable. For a real constant ¢ and « # 0, the variable ¢ + «Y;, has a
density bounded by [x|~!. Here |x| ' = p|D;,| < a,/p, and on {K > 1} we have

P(IE—R| <a/\/p|G) < 7 a\/p =2

Since E — R has the law of D, we conclude that
da <P(K=0)+E[P(|E—R| <a/\/p|G)ligs1y] < e Pl +24%

For the second assertion, let a < a(e) and p > p(e); then 24> < e/2 and e F¢ < ¢/2. If
ga > €, then the first assertion gives g, < e "* +¢/2 < ¢, which is impossible. This proves
the second assertion. O

5.3 Regular energies and boundary values

In this section, we define the regular energies and study the boundary values of resolvent
entries at a regular energy. The main result is Proposition 5.11.

Notation

We use the realization of the marked tree on the configuration space () of Definition 4.1.
Thus w = ((Np)veu, (Co)veu, (Wo)veu, ) has law P, the children of v € V = V(w) are
vl,...,0Ny, the edge {v™, v} carries the mark w,, and Y, = |wy|? = p|h,,|>. We write
0, for the shifts, U<, = U<, Up, uU = {uv : v € U}, and V,, = VN U, for the set
of vertices of generation n. For u € U, we set S, = {0,w € S}, and for u € V we set
Gu = 1g,, so that g, = 1 if and only if the forward subtree 7, is infinite. We recall from
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Lemma 4.2(i) that for every n > 0, the configurations 6,w, u € U,, are independent with
law IP and independent of the o-field

Fn=0(Ny, Qu: ul <n; wy: 1< |ul <n),

which determines V,,. We also recall from the discussion after Definition 4.1 that, IP-almost
surely, I';(z) = Goo(z) 0 0, for every u € V\ {0} and z € C\ R.

A removed set is a pair A = (Ay, Ap) of finite sets Ay C U and A C U,, where a word
u € Ar stands for the edge {u—,u}. It determines the finite removal of Definition 3.3 in
which the vertices of Ay NV and the edges {u~,u} with u € Ap NV are removed, and
every finite removal arises in this way. Its depth d(A) is the maximal length of a word
in Ay UAE, and d(A) = 0 if A is empty. We write T2 for the reduced forest, H* for
the reduced operator, and Gﬁy(z), Ggy(z), Cyw and TS, (z) for the resolvent entries,
components, branches and cavity resolvents of Definition 3.15 and Lemma 3.5. These
objects are defined for all removed sets simultaneously on the almost sure event (), of
Theorem 3.10. If A is empty, then C = V, and we recover Gyy, 'y, the forward cavities
I'y =T, for v # 0, and I';, = G,,. Since there are countably many removed sets, a
statement that holds almost surely for each fixed removed set holds almost surely for
all removed sets simultaneously; this covers finite removals selected at random, as in
Definition 3.3.

Let K be the countable set of quadruples k = (A, x,y,k), where A is a removed set,
x,y € Uand k € {0,1,2,3}. For x € K and z € C \ R, we set ¢, = J —|—ik(5y and

Fe(2) = (e (MY —2) 1g) ifx,y € V\ Ay,

and F(z) = 0 otherwise. By the polarization identity, we have

13
Gﬁy(z) = Z 2 1 kF(A,x,y,k) (Z)/ (5.6)
k=0

so every resolvent entry of every reduced operator is a fixed linear combination of four
functions Fy. For instance, I', = GQU for the removed set with Ay = @ and Ar = {v}, and
re.., = Gf,’(, where A’ is obtained from the removed set defining C by adding the edge
{x,w}.

If x,y € V\ Ay, then Lemma 3.14(ii) gives F(z) = [ px(dA)/ (A — z), where iy is the
spectral measure of ¢, for HA, a positive measure of total mass ||¢ ||2 < 4. Thus FE is the
Borel transform of a finite measure. For such a function, the limit lim, o Fc(E + i) exists
and is finite for Lebesgue-almost every E € RR; see, for example, [123] or [13].

Regular energies

Definition 5.7. The set &, of regular energies is the set of E € R\ {0} such that, IP-almost
surely, the following two conditions hold.
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(a) For every x € K, the limit F(E +1i0) = lim, o Fc(E + i) exists in C.
(b) For every finite, nonempty, connected set A C V, the energy E is not an eigenvalue
y pty, gy 8
of the matrix Hx = ({dx, Héy) )xye-

For E € &, we write Gy, (E +1i0), r¢. ., (E+i0), Ty(E +1i0), and so on, for the correspond-
ing limits, which exist and are finite almost surely by (a) and (5.6).

By Lemma 5.8 below, £, is a Borel set whose complement is Lebesgue-null. Since
P* <o, 1P, every IP-almost sure statement is also a IP*-almost sure statement. Condition
(b) states that every finite subtree of 7, with its edge weights, has E outside its spectrum.
Every finite component of a reduced forest is such a subtree, and so is every finite forward
subtree 7T, together with all its sub-bushes. For such a finite component C and x,y € C,
the function G,(Ey(z) is a rational function of z with poles in the spectrum of Hc. AtE € &)
it is analytic near E, and its boundary value Ggy(E +1i0) = Ggy(E ) is the corresponding
entry of (Hc — E)~!. In particular, the diagonal entries G$, (E +1i0) are real.

Lemma 5.8. The set &y is a Borel set, its complement in R has Lebesgue measure zero, and

gp - _((:p.

Proof. StEP 1. Joint measurability. Fix x € K. By Theorem 3.10(iii) and the discussion
after Definition 3.15, on Q, the function F,(z) is the limit, uniformly for z in compact
subsets of C \ R, of the corresponding quantities for the restrictions of #2 to finite balls.
These are rational functions of z whose coefficients are measurable functions of w. Then
(w, E, i) — F¢(E +in) is jointly measurable on () X R x (0, o).

Since 1 — F¢(E +in) is continuous, the limit as # | 0 exists in C if and only if
for every k € IN there exists n € N such that |F(E + i) — F.(E +i’)| < 1/k for all
rational 7,7 € (0,1/n). By this criterion, the set B, of pairs (w, E) for which (a) fails is
measurable. The set B;, of pairs for which (b) fails is the union over finite sets A C U
of the sets {A C V, A connected, det(#, — E) = 0}, and it is measurable as well. Let
B=B,UB,U((Q\Qs) X R).

STEP 2. Full measure. Fix w € Qg,. For each «x, the function Fy is either zero or the Borel
transform of a finite measure; in both cases its boundary value exists in C for Lebesgue-
almost every E. Since K is countable, the section {E : (w,E) € B,} is Lebesgue-null. The
section {E : (w, E) € By} is contained in the union of the spectra of the countably many
tinite matrices H o, which is a countable set. By Tonelli’s theorem,

/]R]P({w :(w,E) € BY) dE = E|{E : (w,E) € B}| =0,

where | - | denotes Lebesgue measure. The function E — P({w : (w,E) € B}) is Borel by
Tonelli’s theorem, and £, = {E # 0: P({w : (w,E) € B}) = 0}. We conclude that &, is a
Borel set of full measure.
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StEP 3. Symmetry. Let U be the diagonal unitary Ud, = (—1)I?l8, on £2(V \ Ay). Since
the edges of 72 join consecutive generations, UH*U = —H" on finitely supported
vectors, and hence on the closure. For x = (A, x,y,k) with x,y € V \ Ay, we have
Upe = (—1)¥¢ with ¥ = (A, x,y,k'), where k' = k if |x| + |y| is even and K’ = k +2
(mod 4) otherwise. We have, for z € C\ R,

Fe(z) = (U, (UHOU — 2) 7 Ux) = — (¢, (H® +2) o).
Taking z = —E + iy and using Lemma 3.14(i), we obtain
Fe(=E+in) = —Fo(E+in).

This shows that condition (a) holds at —E if and only if it holds at E. Similarly, UH U =
—H for every finite connected A, which shows that the spectrum of H, is symmetric
and that condition (b) holds at —E if and only if it holds at E. Hence £, = —&y. O

Boundary values of the Schur recursion

We next pass the Schur formulas of Proposition 3.16 to the real axis. For a component C
of T2 and x € C, we write y ~¢ x if y is a neighbor of x in C.

Lemma 5.9. Let E € &,. Almost surely, all edge weights of T are nonzero, and the following
holds for every removed set A, every component C of T2, every x € C, and every neighbor w of x
in C. The numbers

DS=E+ ¥ |hylPTS o (E+i0), DS, =E+ Y. |hyPTS (E+i0)
y~ex y~cx yAw

are finite and nonzero, GS,(E +10) = —1/D$, and TS, ,(E +1i0) = —1/DS ... In particular,
GS.(E +i0) and TS, (E +i0) are nonzero, and

Im G (E +1i0) = |GG (E+i0)]* Y |hyy[> Im Ty, (E +10), (5.7)
Yy~cx
ImT¢ ,,(E+i0) = TS, (E+i0)[* Y |hyl* ImTy,,(E +10). (5.8)
y~ex, yFw

Proof. Each mark w, is nonzero almost surely, and since there are countably many marks,

all edge weights are nonzero almost surely. By Proposition 3.16(i), almost surely, for all
z€ C\R,
1

ng(z) = _Dg(z)/

Di(z) =z+ ) |hyl* Ty 1 (2).

Y~cx
The sum has finitely many terms, and each I’y ¢ (E+in) converges to a finite limit by
condition (a) of Definition 5.7. Then D$(E + i) — DS, which is finite. If D = 0, then
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|GSL(E +in)| = 1/|DS(E +in)| — oo, which contradicts the existence of a finite limit
of G, (E +irn). We conclude that DS # 0 and G$,(E +i0) = —1/D$, which is nonzero
because D¢ is finite. For Imz > 0, we have Im(—1/D) = Im D/|D|?, and

ImGS, (2) = [GL() (1 + L hol? ImT§(2).

Yr~cx

Letting 17 | 0 gives (5.7). The assertions about I'(_,,, follow in the same way from
Proposition 3.16(ii). Since K is countable, all these statements hold simultaneously on
one almost sure event. O

All imaginary parts in (5.7) and (5.8) are nonnegative, since they are limits of imag-
inary parts of Borel transforms of positive measures. The next lemma shows that a
positive imaginary part at the real axis can only be created by an infinite forward subtree.

Lemma 5.10. Let E € &,. Almost surely, the following holds for every removed set A, every
component C of T2, every x € C, and every neighbor w of x in C.

(i) If Im G (E +1i0) > 0 or ImTS_,,(E +10) > O, then there exists y € V with Im T, (E +
i0) > 0.

(ii) On the event that ImT'y(E +i0) > O for every y € V such that Ty is infinite, we have
Im GS,(E +1i0) > 0 if and only if C is infinite, and ImT$_, ,(E +10) > 0 if and only if
Cx—sw 1S infinite.

Proof. We work on the intersection of the almost sure events of Definition 5.7 and
Lemma 5.9, and we use two facts about paths in the tree. First, a non-backtracking
path xg,x1, X2, ..., that is, a path with x;,1 ~ x; and x; 1 # x;_1, visits distinct vertices.
If it is infinite, then there exists kg < |xo| such that x; is a child of x; for all k > k.
Indeed, a step to the parent cannot follow a step to a child without returning to the
previous vertex; the path takes at most |xg| steps toward the root, and then it moves away
from the root forever. Second, if |y| > d(A), then the forward subtree 7, contains no
vertex of Ay and no edge of Ag, since all its vertices and all lower endpoints of its edges
have length at least |y|. If moreover y € C and y~ € C, then by Lemma 3.5(ii) the branch

Cy—y- is the vertex set of Ty, and F](/: . L.

Proof of (i). Suppose that ImT$_,  (E +i0) > 0, and set xg = x and x_; = w. By (5.8),
there exists a neighbor x; # x_1 of xp in C with Im F% _xy(E+1i0) > 0. Applying (5.8)
again to the oriented edge x; — xp, and repeating, we obtain an infinite non-backtracking
path (x)0 in C withImTIS . (E+i0) > 0forallk > 0. Let k > ko satisfy |x| > d(A).
Then xi is a child of x;_1, and by the second fact, I"Ek —xq = I'x- The vertex y = x
satisfies Im I, (E 4 i0) > 0. If instead Im G&, (E +10) > 0, then (5.7) provides a neighbor
w' of x in C with ImT¢, . (E +1i0) > 0, and we apply the previous argument to the

w'—x
oriented edge w’' — x.
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Proof of (ii). If Cy—y is finite, then condition (b) of Definition 5.7 and the discussion
after it show that ¢, (E +i0) is real. Suppose that Cy_,; is infinite. It induces an
infinite, connected, locally finite subtree, and Konig’s lemma provides an infinite non-
backtracking path x = xq, x1,x2,... in Cy_y; its first step is not w, since w & Cy_y. Let
k > ko satisfy |x¢| > max{d(A),|x|,|w|}. Then xy is a child of x;_1, and by the second
fact, ng oy = e The forward subtree 7y, is infinite, since it contains xy, xx1, ..., and
by assumption ImI'y, (E +10) > 0. For 0 < i < k — 1, we keep only the term y = x;1 in
(5.8) for the oriented edge x; — x;_1, where x_; = w, and obtain

Im F%%xi,l (E + 10) Z ‘r%%x,‘,l (E + 10) ‘2 |hxixi+1 |2 Im rgprl%x,‘(E + 10)

The first two factors on the right are positive by Lemma 5.9. By induction from i = k —1
down to i = 0, we obtain ImT'$ ., (E +i0) > 0.

For the diagonal entries, if C is finite, then GS,(E + i0) is real. If C is infinite, then
one of the finitely many branches C,,x, v ~c x, is infinite, since by Lemma 3.5(ii)
these branches together with {x} make up C. For this y, the previous paragraph gives
ImTy_,(E+i0) > 0, and (5.7) gives Im G, (E +1i0) > 0. O

The zero—one law and the real boundary law

Recall from Definition 3.2 that, for p > 1, the survival probability ¢, is the unique solution
in (0,1) of 1 —g =e¢"7¢.

Proposition 5.11. Let E € &, with E > 0, and set u = P(ImI',(E +-10) > 0).
(i) We have u =1 —e P"* and u € {0, 0}, and

P®(Im T, (E +i0) = 0) =1 — Qi e {0,1}.
p
If u = op, then almost surely (under P, and hence under P®°), the following holds for
every vertex v € V, every removed set A, every component C of T* and every x € C:
ImT,(E +10) > 0 if and only if T, is infinite, and Im GS,(E +i0) > 0 if and only if C is
infinite. In particular, P*®-almost surely, Im Gy, (E +10) > 0 for every v € V.

(ii) Suppose that P®°(ImT,(E +1i0) = 0) = 1. Then u = 0, and almost surely (under P, and
hence under P*°) the following hold. For every v € V, the boundary value T, (E + i0) is
finite, real and nonzero, and the denominators D, = —1/T,(E +10) satisfy

1 Q& Yor

Dy =E -~ . 5.9
v Pk_Zlek (5.9)

For every removed set A, every component C of T2, every x € C and every neighbor w of x
in C, the boundary values GS,(E +i0) and TS_, ,(E +1i0) are real and nonzero. Finally, the
law of D, under P is a real solution at energy E.
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Proof. We work on the almost sure events of Definition 5.7 and Lemmas 5.9 and 5.10,
and on the event where I'y(z) = Gy (z) 08y for all v € V' \ {0}. Let 2 be the event
that limy_,., Goo(E +1/k) exists and has positive imaginary part. For v € V, the event
Ay = {ImT,(E +i0) > 0} then coincides with 6,12l up to a null set.

StEP 1. Finite trees. On the event S¢, the tree 7 is finite, and condition (b) of Definition 5.7
with A = V shows that I',(E +10) = G, (E) is real. In other words, A, C S up to a null
set. Since 0, preserves P, we also have 6, 20 C S, up to a null set, for every v € U.

Ster 2. The fixed point equation. By (5.8), applied with C = V and the oriented edge
v — v, and by (5.7) at the root, we have

N,
Im Ty (E +1i0) = [To(E +10)[* Y |hy ok |* Im Ty (E +i0).
k=1

Since T'y(E +1i0) # 0 and the edge weights are nonzero, we obtain A, = U<y, Avk
almost surely. At the root, Ay = Uk<n, 0; 19 up to a null set. By Lemma 4.2(ii), the
configurations 6yw, k > 1, are independent with law P and independent of N,, and the
events 0, 191 are independent of each other and of N,, with probability u each. This gives

1—u=P(AS) =E(1—u)No =¢ P4,

The function u — 1 — e~ P* — u is strictly concave on [0, 1], vanishes at 0, has derivative
p—1>0at0, and equals —e~ 7 < 0 at 1; it has exactly two zeros in [0, 1], namely 0 and
0p- By Step 1, we have P*(A,) = P(A,NS)/0p = u/0p, whichis 0 or 1.

StEP 3. Propagation when u = ¢p. Suppose u = ¢p. By Step 1, P(AAS) = P(S) —
IP(2A) = 0. Since 6, preserves PP, the event 6,12 A S, is null for every v € U. Taking the
union over the countably many v, we find that almost surely A, = S, for every v € V.
This is the first assertion about I';, and on this event Lemma 5.10(ii) gives the assertion
about G$,. Under IP%, the tree is infinite, and taking A empty and C = V, we find that
Im Gy (E +10) > 0 for all v € V. This proves (i).

StEP 4. The case P®(A,) = 0. Suppose P®(A,) = 0. Decomposing according to survival
and extinction, and using that P(A, N S¢) = 0 by Step 1, we have

1 =P(A,) = 0, P°(A,) + P(A, N S) =0.

Since 0, preserves P, we have P(6,!2) = u = 0 for every v € U, and almost surely
I',(E +10) is real for every v € V. It is finite by condition (a) and nonzero by Lemma 5.9.
By Lemma 5.10(i), the boundary values G¢,(E +i0) and TS, (E +i0) are real for every
removed set, component and vertex, and they are nonzero by Lemma 5.9. Further,
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Lemma 5.9 with C = V, applied to the oriented edge v — v~ if v # 0 and to the diagonal
entry Go, = Iy if v = 0, gives

Dp= - —E+%\h 2 Tor(E +10) = —1%1@*
v — FU(E—I—iO) - = v,vk vk — pk:1 ka;

which is (5.9).

Step 5. The law of D,. Let ®: 3 — R be the measurable map defined by ® =
—1/limy_, o Goo(E 4 1/k) if this limit exists and is real and nonzero, and ® = E oth-
erwise. By Step 4 and the identity T, = G, © 6,, almost surely D, = D (6,w) for every
v € V. By (5.9) at the root,

1 No Y
Do=E——-) ———.
’ Pk; D (6rw)

By Lemma 4.2(ii), the variables N,, (Yy)x>1 and (6xw)x>1 are independent, and the 6w
have law PP. It follows that the variables ©(6xw), k > 1, are independent with the law
of D,, and independent of N, and of the squared moduli of the root edge marks. Since
D, € R\ {0} almost surely, the law of D, is a real solution at energy E. O

The nonvanishing of the boundary denominators in Proposition 5.11(ii) is a conse-
quence of the finiteness of the boundary values, which is part of the definition of £,. We
also record the structure of the law of D, given the children. Under the no-ac hypoth-
esis, by Step 5 of the proof of Proposition 5.11, D, is either the constant E (if N, = 0)
or an affine function of Y7, ..., Yy, with the nonzero real coefficients —1/(p®D (6yw)) (if
N, > 1). These coefficients are measurable with respect to the o-field generated by N,
and (6yw)x>1, and the squared moduli Y3,...,Yy, are fresh given this o-field, by the
example after Lemma 4.17 and consequence (a) after Definition 4.16. By Lemma 4.18(iii)
and (4.14), the conditional law of D, on the event {N, > 1} has no atoms. The same
argument is used in Section 5.6 for the real recursive tree process.

Definition 5.12. Let E € &, with E > 0. Following [12], we say that the no-ac hypothesis
holds at E if P®(ImT,(E +i0) = 0) = 1. In this case, with D, = —1/T,(E +i0), the real
boundary law at E is g = Lawp(D,), and the conditioned laws are

g = Lawpe(D,), it = Lawp (D, | S°).
In the B-normalization (E > 2), the real boundary law is the law of g(E)D, under P.

By Proposition 5.11(ii), g is a real solution at energy E, and all the conclusions of
Proposition 5.5 apply to it. Further,

g =gy g +(1—0p) 7T§5, g < Q,Zlﬂg as measures,
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and 77 has no atoms. To see the last claim, note that on S the root has at least one child,
and by the previous paragraph the law of D, restricted to the event {N, > 1} has no
atoms. Then P*(D, = ¢) < Qiglll’(Do =¢, N, > 1) =0 for every ¢ € R. In Remark 5.15
below, we note that the boundary denominators form a recursive tree process with
marginal 7ty which is a function of the tree.

5.4 Recursive tree processes

For an arbitrary real solution, a family of denominators satisfying the recursion need not
be a function of the tree. The following lemma constructs such a family on an extended
probability space. It is used in Section 8, where the real solution need not be the real
boundary law.

Lemma 5.13. Let E > 0 and let 7 be a real solution at energy E. There exist a probability
space and, on it, a random configuration w with law P (Definition 4.1) and real random variables
(Dy)veu with the following properties.

(i) For every v € U, we have D, ~ 7, and almost surely D, € R\ {0} and
1N Yok

Dy, =E— — .
’ Pk_levk

(ii) For every n > 0, the variables D,, v € U, are independent with law 7, and they are
independent of the o-field %, of Section 5.3.

(iii) Let vy,...,vr € WU be distinct words none of which is a prefix of another, and let
F(v1,...,0x) be the o-field generated by the coordinates Ny, {,, with u ¢ \J; v;U and w,
with u ¢ \J; v;U,, where vU, = oU \ {v}. Then the pairs (6v,w, (Dou)ucu), 1 <i <k,
are independent of each other and of F (vy, ..., vx), and each has the law of (w, (Dy)ueu)-
In particular, for every n > 0 this holds for the pairs indexed by v € U, with .%, in place

of Z(vy,...,0k).

We call (w, (Dy)peu) a recursive tree process with marginal 7, in the sense of [17]. By
(i), the restriction of (D) to V is a family of real denominators on the tree that satisfies
the real recursion at every vertex.

Remark 5.14. We comment on the measurability structure of the process.

(i) For |v| = n, the variable D, is not independent of 6,w; for instance, D, = E on
the event {N, = 0}. Property (ii) asserts independence from .%, only, and .%,
contains the offspring numbers N,, with |u| < n, but not N, with |v| = n. By (i), the
family (Dy)ycu., is determined by (Dy),cy, and .%,. Accordingly, for a measurable
functional F > 0 of .%,, of (Dy)veu-, and of a word v € Uy with L < n, property
(ii) allows one to integrate out (D;)UEIU” as independent rr-distributed variables;
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the result is a measurable functional of w and v, to which the many-to-one and
many-to-two formulas of Proposition 4.8 apply. This is the setting of Remark 4.13.

(ii) The variables D, need not be measurable with respect to w; that is, the process need
not be endogenous in the sense of [17]. Under the no-ac hypothesis at a regular
energy, the boundary denominators of Proposition 5.11(ii) form an endogenous
recursive tree process with marginal 77 (Remark 5.15).

Proof of Lemma 5.13. For u € U, let ¢, = (Nuy, Qu, (wyx)k>1) be the innovation at u [17],
with values in the Polish space & = Ny x [0,1]N x CN, and let v be its law under P.
Every coordinate of w appears in exactly one innovation, and w and (§,),cy determine
each other, and under IP the innovations are independent with law vz. In terms of
innovations, %, = (&, : |u| < n), and 6,w corresponds to (¢uu),eu- For an innovation
¢ = (n,{, (w)k>1) and a sequence (dy)x>1 in R\ {0}, we set

Y(¢ (dx)k>1) = E— 1 i M

SteP 1. Finite-depth processes. Fix m > 0. On some probability space, let (&,),cu and
(©y)ocu,, be independent, with &, ~ vz and @, ~ 7. We define Dz(,m) = O, for [v] =m,
and for |v| < m, by backward induction on |7,

DY) =¥ (&, (D5} )es1).

We claim that for 0 < I < m, the family ((&u)}u(<i/ (Dz(,m))m:l) has independent coordi-
(m)

nates, with ¢, ~ vz and Dy’ ~ 71; in particular Dz(]m) # 0 almost surely, and the recursion
is well defined. For | = m this holds by construction. Suppose that it holds for I +1 < m.

Then the pairs (¢, (Dz(,’;?))kzl)/ [v| = 1, are independent of each other and of (u)|u|<i,
(m) 15(m)
D

vl 7~v2 77"

Since 7 is a real solution, DZ(,m) =Y (&, (DZ()?)) x) has law 7r. This proves the claim for /.

and in each pair the variables ¢, D are independent with laws vg, 7, 71, . . ..

Step 2. Consistency. For I < m, the family ((§M)|u‘<l,(D§m))|v‘g) is the image of

((Gu)juj<s (Dz(,m))|v|:l) under a map that does not depend on m, namely the recursion
from generation / to the root. By Step 1, the law of the latter family does not depend on
m > 1. Tt follows that the law p; of ((&u)u|<s, (Dz(;l))|v|gl) on O = <l RUZI<H jg
the image of y;, 1 under the coordinate projection (2,1 — ;. The spaces (); are count-
able products of Polish spaces, and the Kolmogorov extension theorem [81] provides a
probability measure y on EV x RY whose image under the projection onto every () is ;.
We let (¢,) and (D) be the coordinates under y, and w the configuration corresponding

to (Cu)
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Step 3. Properties (i) and (ii). For every I, the coordinates (y),|<; are independent with
law vz under p;, which shows that w has law IP. By Step 1 with m = [, the variables
(Do) 0|1 are independent with law 77 and independent of (CM)|u| <1, which proves (ii) and
the first part of (i); in particular D, # 0 almost surely. The event {D, = ¥ (o, (Dyk)k>1) }
depends only on coordinates in (), 1, and it has probability one under ;|1 by con-
struction. This proves (i).

STEP 4. Property (iii). In terms of innovations, 6,w corresponds to (Gy.u)ucy, and
F(v1,...,vx) is generated by the innovations ¢, with u ¢ |J; v;U; indeed, the mark
wy, of the edge into v; belongs to the innovation at the parent of v;. Let m > max; |v;].
Under iy, the family (Go,u, Do), |vin| < m (with o, only for |v;u| < m), is the image of
(Goju) jo;u|<m aNd (Do) |g,u|—m under the recursion. By Step 1, these inputs for i = 1,...,k
and the family (Cu)yg(), o,U, ju|<m are independent, since they consist of distinct coordi-
nates of a family with independent coordinates. This shows that the restrictions of the
pairs in (iii) to words of length at most m are independent of each other and of the
restriction of .%(vy,...,vx) to innovations at words of length less than m. Further, the
inputs for v;, read in the coordinates v;u — u, have the same law as the inputs of the
process of depth m — |v;| rooted at o, and the recursion is the same map. It follows that
the restriction of (§o,u, Doju)ucu to |vju| < m has the law of the restriction of (&y, Dy)ycu
to |u| < m — |v;|. Since m is arbitrary, and laws on countable products are determined by
their finite-dimensional marginals, (iii) follows. For {vy,...,vx} = U, (which is infinite,
but the argument is the same), the o-field .7 (v, ..., vy) is F. O

Remark 5.15. Let E € &, with E > 0, suppose that the no-ac hypothesis holds at E, let © be
the map of Step 5 of the proof of Proposition 5.11, and set D, = ©(6,w) for v € U, where
w has law P. Then (w, (Dy),cy) satisfies the conclusions of Lemma 5.13 with 77 = 7,
every D, is a measurable function of w, and almost surely D, = —1/T,(E +i0) for every
v € V. In the terminology of [17], this is an endogenous recursive tree process with
marginal 77g. In particular, when the real solution in Lemma 5.13 is the real boundary
law, the process may be taken to be this one.

To verify the claim, note that © takes values in R\ {0} by its definition, and that
the last assertion is Step 5 of the proof of Proposition 5.11. Let A be the event that
D(w) = E— p ! Tren, Yi/D(6rw); it has probability one by Step 5 of that proof. Since
Ok = Ok © 0y, and since the offspring number and the root edge marks of 6,w are N, and
Wy, k > 1, the recursion of Lemma 5.13(i) at the word v is the event 8, ' A. This event has
probability one because 6, preserves IP, and D, has the law of D,, which is 7tg. This proves
(i). For (ii) and (iii), we note that the pair (6w, (Dyu)ucu) is @ measurable function of
6y.w, since Dy, = D (6, (0y,w)). The configurations 6y, w, . .., 0, w and the generators of
Z (v1,...,vx) are functions of pairwise disjoint sets of the independent coordinates of w,
and each 0,,w has law IP; this is the argument of the proof of Lemma 4.2(i). This gives
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(iii), and (ii) follows in the same way from Lemma 4.2(i).

5.5 Fractional moments at positive imaginary part

The following lemma integrates one step of the cavity recursion, at a single vertex. It
extends Lemma 4.18 to products of several negative powers sharing the same fresh
variables, with additional weights given by powers of these variables. We write C, ; =
(1—7r)~1(2/d)" for the constant of Lemma 4.18.

Lemma 5.16. Let r € (0,1),d > 0, b > 0 and k € Ny, and set ¢, = max{1,(2b/e)"}. Let
n>0,letYy,..., Yy, beindependent Exp(1) variables, let c € C with |c| > dand 4, ...,vn € C,
let Jv,...,J1 C{1,...,n}, letay,...,a; > Qwithay +---+a; < r,and let K C {1,...,n}
with |K| < kand b; € [0,b] for j € K. Then

[H e+ XY, ‘ TIY] < e (14 Cra(n+1)72),
j€li jEK
The same bound holds for the conditional expectation given a o-field ¢4 if Y1,...,Y, are fresh
given ¢ (Definition 4.16), and n, c, the Yis the J;, the a;, K and the bj are ¢-measurable, with
|c| > d almost surely.

Proof. For j € K and y > 0, we have ybfe_y < cbe_y/z, since the maximum of ybfe_y/z is
(2b;/ e)% < c;. For every measurable & > 0, this gives

b; o
E[Y/®(Y))] < cb/o eV/2®(y) dy = 20, EO(2Y;).
Applying this to each j € K in turn, using the independence of the Y; and Tonelli’s
theorem, we find that the left side of the claimed bound is at most (2c;)Xl times
ETT; |Xi| =", where X; = ¢+ Yej, ’)/;Y] with ’y]f = 2, for j € K and ’y; = 7; other-
wise. Let A = ay + - - - +4a;. If A =0, there is nothing more to prove. Otherwise, Holder’s
inequality with the exponents A/a; gives
l 1
E[TIXi|™ < ]} (E|X;|~%) gmiaxE|Xiy*A.

Since |x|™* < 1+ |x| ™" for 0 < A < r, Lemma 4.18(ii) with m = |J;| < n gives E|X;|~4 <
1+ C,4(n+ 1)"/2. For the conditional version, we use the substitution identity (4.14)
(consequence (c) after Definition 4.16), with X a finite-dimensional vector encoding the
¢/-measurable parameters c, Yj, Jir ai, K and b]-. On each event {n = ny} these are finitely
many numbers and finite sets of indices, so such an encoding exists. The identity reduces
the claim on this event to the unconditional bound for fixed values of the revealed
variables. H
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Forv € V and z € C\ R, we write D,(z) = —1/I',(z) for the denominator at z. By
Proposition 3.16,

1 N
Dy(z) =z + p Y Yo T (2). (5.10)
k=1

Lemma 5.17. Let v € (0,1) and d > 0. Then the following hold for every z € C \ R with
z| > d.
(i) ElTo(2)]" < Cralp+1)""2 and E®[To(2)|" < @' Cralp +1)"/2.
(ii) Let ] be a random set of children of the root that is a function of the offspring numbers and
the auxiliary marks, and let

M) = (24 L Y %r()

kej

be the diagonal entry at the root of the resolvent after the edges from the root to the children
outside | are deleted. Then E|T}(z)|" < Cra(p +1)"/2. If Q is a probability measure on ()
with Q < KPP for a constant K, then all bounds of (i) and (ii) hold under Q with an extra
factor K.

(iii) For g € (0,1) and g >0,
E[Do(2)| < [2|"+ p' T (1+4) Coa(p+1)"%, ElgDo(2)| ™ < g 1Ca(p+1)""2.

(iv) Let E > 2and Xy = —To(E +i7)/g(E). Then sup, o E[Xy|" < Cra(p +1)"/2

In particular, for every compact interval I C (0,00) and r € (0,1), there exists C = C(p, I,r)
such that

sup <1E|FO(E +1in)|" + E®|T,(E +in)|" + E|Do(E + i)|" + E|D, (E +i11)]’r> <C.
E€l,0<5<1

Proof. Part (i) is Corollary 4.20, since I'; = G, and |z| > d. For (ii), let 4 be the o-field
generated by N,, the auxiliary marks, the configurations 6yw, k > 1, and the phases
of the root edge marks. As shown after Lemma 4.17, the squared moduli Y7,..., Yy,
are fresh given ¢, and the set | and the coefficients 1,k (z)/p are &-measurable.
Lemma 4.18(iv), with constant z and these coefficients, gives E[|T}(z)|" | 4] < C, 4(N, +
1)"/2, and taking expectations and using Jensen’s inequality, we find the bound. For
Q < KIP, we have EqZ < KIEZ for every Z > 0.
For (iii), we use (5.10) and |a + b|7 < |a|7 + |b|7 to obtain

N,
E|Do(2)|7 < |27+ p™"E ) Y{[Ti(2)|7 = |27 + p' =T (1 + ) E[To(2)]",
k=1
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where we used that N,, the Yj and the I'y(z) = Gyo(z) o 6 are independent and that the
I't(z) have the law of T'y(z), by Lemma 4.2(ii). Combined with (i), this gives the first
bound in (iii). The second bound is (i) with r = g, since |gD,(z)| 7 = g 7T, (2)|.

For (iv), let z = E+in and X; = —Ty(z)/g(E); then X;, = 1/(g(E)D,(z)). We
multiply (5.10) at the root by ¢(E) and use ¢(E)E = 1+ 0 from Lemma 5.3 and
Q(E)Tk(z) = —6X). We obtain

N, -1
X’? = <1 +0 +ig(E)1’] - Q Z Yka>
Pi=

The constant term has modulus at least 1 4+ 6 > 1, and the argument of (ii) with d = 1
applies.
The final assertion follows from (i) and (iii), with d = min[ and |z| < max[+1. O

The bounds of Lemma 5.17(ii) also apply when structural decorations are prescribed
at the root. For example, under the law conditioned on the event that the root has exactly
one child, which has P-probability pe™?, all bounds hold with the factor K = e /p. If
a vertex is required to have no children other than a selected one, then its denominator
without the selected child is the deterministic number z.

5.6 Fixed-depth convergence

In Sections 9 and 10, the resonance argument compares, at a fixed depth, expectations of
tunctionals of the cavity variables at E + iz, > 0, with the corresponding expectations
for real denominators, and then lets 77 tend to zero with the depth fixed. This section
provides the convergence statement for this step. The functionals are sums over one or
two vertices of a fixed generation, which the many-to-one and many-to-two formulas
of Proposition 4.8 express through the spine laws. We first record the properties of the
spine laws that we use, then define the depth-m data and the real recursive tree process,
and finally prove the convergence.

Spine laws

We use the spine laws of Definition 4.6. These are the one-spine laws Q; and Q7’, with
canonical random elements (w, v), and the two-spine laws Q; ; and Qf]-, with canonical
random elements (w, u,v); here L > 0 and 0 < j < L. We call L the length of the spine
law. For L = 0, the law Qy is the law of (w,0) with w ~ P, and Qf is the law of (w,0)
with w ~ P*; in this way P and IP® are spine laws of length zero. The spine vertices
are the prefixes v;, 0 <1 < L, of v, together with the prefixes u;, j <1 < L, of u for a
two-spine law. The endpoints are v, and u for a two-spine law; the endpoint law is IP for
Qr and Q j, and IP* for Qf° and Q‘zo,]-. For a spine vertex x which is not an endpoint, the
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spine children of x are its children that are spine vertices (two at the fork v; of a two-spine
law, one otherwise), and its other children are its side children.

Lemma 5.18. Let Q be a spine law of length L.

(i) If A € Z satisfies P(A) = 1, then Q-almost surely, 0,w € A for every u € U.

(ii) Let A be a random finite subset of U, which is a function of the offspring numbers, the
auxiliary marks, and the distinguished vertices. Then, under Q, the squared moduli Y, =
|wy|?, u € A, listed in a fixed order of U, are fresh given the o-field generated by the
offspring numbers, the auxiliary marks, the distinguished vertices, the phases w,, / |wy| of all
marks, and the marks w,, with u ¢ A.

(iii) Let L > 1. If Q is Qr or Q°, write v = I;v'. Then N, — 1 has law Pois(p), and the pair
(0w, V') is independent of N, and has law Qy _1, respectively QP . If Q is Qpjor Qi‘jj
with j > 1, the same holds for the triple (61,w,u’,v') with u = Lu" and v = L1V, whose law
is Qp—1,j—1, respectively Q‘f’_llj_l. If j = 0, write u = Jyu’ and v = Jov'. Then N, — 2 has
law Pois(p), and the pairs (0w, u’) and (8,w, V') are independent of each other and of N,,
each with law Qp 4, respectively Q7 _;.

Proof. Part (i) is Corollary 4.10. Part (ii) follows from Lemma 4.17(ii) and (iii) (and from
Lemma 4.17(i) and (iii) for L = 0). Indeed, for fixed values of the distinguished vertices,
the event {4 = a} is determined by the offspring numbers and the auxiliary marks;
it belongs to the o-field ¢, of that lemma, and the o-field J#, of Lemma 4.17(iii) is
generated by the variables listed in (ii).

For (iii), we use the construction of Q; in Definition 4.6, with «’, Nj,...,N] _; and
L, ..., It. Set w" = 0w'. Since w’ has law PP and is independent of (N’,I), and since
every shift preserves P, the configuration w’ has law IP conditionally on (N’, I); that is,
w' has law P and is independent of (N’,I). The label v; = I - - - I; of w corresponds
to the label I - - - I; of 6w, and 6}, w is obtained from w” by setting Ny,.., = N/ +1
for 1 < < L, all other coordinates being unchanged. This is the construction of Q;_1
from w”, (N{,...,N;_) and (I,...,I1). These inputs have the joint law required in
Definition 4.6, and they are independent of Nj = N, — 1, because the N are independent
and I;;; depends only on N/ and on independent randomness. This proves the claim
for Q. Under Qf°, we condition on {f,w € S} = {0,(0,w) € S}, which is an event
of the pair (th, v/ ); since this pair is independent of N,, conditioning on the event
keeps the independence and replaces Qr_; by Q7 ;. The two-spine laws with j > 1
are treated in the same way. For j = 0, the fork is the root, and N, = Nj+ 2. The
configurations 0y, w’ and 6j,«w’ are independent with law P, and independent of (N, ], I),
because J; # J» and the two configurations use disjoint sets of coordinates of w’. Each
of (6j,w,u’) and (0j,w,V’) is obtained by the construction of Q;_; from one of these

configurations and from the variables Nl(i) and Il(i) of the corresponding arm, and the
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two sets of inputs are independent of each other and of Njj. Under Qf°, we condition
on the intersection of an event of the first pair and an event of the second pair, which
preserves the independence. O

Depth-m data and side denominators

For m > 0, let K, be the set of x = (A, x,y,k) € K such that x, y and the words in
Ay U Ag have length at most m, and let Z = [0,1]N be the space of auxiliary marks.

Definition 5.19. Let m > 0. The space of depth-m data is the Polish space
X = N'<" x ZUsm x ¢Usm\o} 5 £0,1}Vsm x €l

with the product topology, where U, = U<,,_;. For z € C \ R, the variables of the first
m generations, which we call the depth-m data, form the element of X,

Lun(z) = (Vo) glmr (Godpgfmr @0)1folzms (0) pl<ms (Fe(2)xekin )

where g, = 0if v & V. If E € £, the depth-m data L,,(E) is defined in the same way,
with F(z) replaced by Fi(E + i0).

The first three components determine the marked ball of radius m around the root
and the auxiliary marks at the vertices of generation less than m; they generate the o-field
Fm. By (5.6), the last component contains every resolvent entry ny(z) with x, y and A
inside the ball, in particular the forward cavities T'y(z) for |x| < m, the cavity resolvents
I'¢_ ., (z), and the path entries G, (z). Functionals of the depth-m data therefore include
the quantities that the resonance argument uses at a fixed depth: the marks and the
genealogy near one or two spines, side denominators, selections by auxiliary ranks,
survival indicators, and resolvent entries of the forests obtained by removing finitely
many vertices and edges near the spines.

For x € V, a set | of children of x, and z € C \ R, we let

I (20 ivy -
r(z) <Z+Py§ yry(z)> (5.11)

be the diagonal entry at x of the resolvent of the forward subtree 7, after the edges from
x to its children outside | are deleted; the identity is Proposition 3.16(ii) for this finite
removal. If |x| < m, then T’}(z) is one of the resolvent entries contained in £,,(z), selected
by a function of x, ] and Ny. For a spine vertex x which is not an endpoint, the side
denominator at x is

D;ide(z) —z4 1 Z Yy ]_"y(z) = _1" 1 ] = {side children of x},

] 7
p y side child of x x (Z )
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so that, by (5.10),

Dy(z) = D$i9¢(z) + 1 )3 Y, Ty(2). (5.12)

p y spine child of x
For a spine law of length L and m > L 4+ 1, the side denominators are functions of the
depth-m data and of the distinguished vertices.

The real recursive tree process

Definition 5.20. Let E € £, with E > 0, suppose that the no-ac hypothesis holds at E, let
L >0, and let 7’ € {rg, ¥}

(i) The one-spine real recursive tree process of length L with endpoint law 7’ consists of
independent random variables DZSide, 0<I<L,withlaw g, Y;,1 <1 < L, with law
Exp(1), and D with law 77/, together with the variables D;, 0 < I < L, defined by
backward induction by

- Y
D, = Dyide — 1L (5.13)
PDi

(ii) Let 0 < j < L. The two-spine real recursive tree process with fork at generation j and
endpoint law 77’ consists of independent random variables DlSide (0<I<j)and
D (j <1< Lyac{1,2})withlaw g, ¥; (1 < I <j)and Y (j <1 < L,a € {1,2})
with law Exp(1), and D}, D? with law 7, together with the variables defined by
backward induction by

. Y
Df =Djder - L (i<l <[, ae{1,2}),

PO
. 2 Y? . Y]
D. = DS}de . j+1 , D, = Ds1de 4 (l < ])
: ! a:Z:l pDi l PDi1

The recursions are well defined almost surely. Indeed, by induction from the end-
points, each denominator is almost surely nonzero: the endpoint laws are carried by
R\ {0}, and each other denominator is, conditionally on the side denominator and on the
denominators of the next generation, an affine function of one or two independent Exp(1)
variables with nonzero coefficients; such a variable has no atoms. In words, the one-spine
real recursive tree process is the sequence of real denominators along a path. The side
environments of the path carry independent denominators with the real boundary law,
and its endpoint carries the real boundary law or the conditioned law.

Lemma 5.21. Let E € £, with E > 0, suppose that the no-ac hypothesis holds at E, and let Q be
a spine law of length L.

(i) Q-almost surely, all conclusions of Definition 5.7, Lemma 5.9, Lemma 5.10 and Proposi-
tion 5.11(ii) hold. In particular, for every v € V, we have Dy,(E +in) — Dy = D(6yw) €
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R \ {0}, and for every spine vertex x which is not an endpoint, D39 (E +in) — D$9¢(E) ¢
R\ {0}, where
: 1 Y,
D§e(E) = E— - —
P y side child of x Dy
(ii) Under Qy, respectively Q$°, the variables D\s,}de(E), 0<I<LY,1<1<L andD,
have the joint law of the one-spine real recursive tree process of length L with endpoint law
g, respectively iy, and D, is the corresponding variable D) of this process. The analogous
statement holds for the two-spine laws and the two-spine real recursive tree process.

(iii) Let m > L. Under Q, conditionally on %, on the distinguished vertices, and on (Qv)vevm/
the variables Dy, v € Vy,, are independent, with law 7y if g, = 1 and nfs if go = 0. The
denominators Dy, with |v| < m are determined by these and by %, through (5.9).

Proof. The conclusions in (i) hold P-almost surely, by Definition 5.7, Lemmas 5.9 and 5.10,
and Proposition 5.11(ii) together with Step 5 of its proof, and by Lemma 5.18(i) they hold
Q-almost surely. For a spine vertex x which is not an endpoint, the side denominator
equals —1/T)(z), where ] is the set of side children of x, and T’} (z) is a diagonal entry
of the resolvent of a reduced operator. By Lemma 5.9, its boundary value is finite and
nonzero, and equals —1/(E + Y ¢/ |2y 2T, (E 4 i0)). Then DS9¢(E + i) converges to the
finite nonzero number D$9¢(E). This proves (i).

For (ii), we consider Qr and use the notation of Lemma 4.7. Let ¥ be the map on
finite counting measures on C x Q) defined by ¥ (¥; 6(y, ) = E—p~' L |w;|?/ D (w;).
By (i), almost surely D\S,ide(E ) =Y (%)) for 0 <[ < L, where ¥, is the side process at v;. By
Lemma 4.7(i), the processes X; are independent Poisson processes with intensity measure
py ® P, and they are independent of the spine edge marks w,, and of the endpoint
configuration 6,w, which has law P. On the other hand, under IP, Proposition 5.11(ii)
and Step 5 of its proof give D, = ¥(I1,) almost surely, where I1, is the child process of
the root, a Poisson process with intensity measure p y ® IP by Lemma 4.2(iii). Hence each
D\S,ﬁde(E) has law 7tg. Further, Yy, = |wy,|? has law Exp(1), and D, = D (6,w) has law 7.
These variables are independent, since they are functions of the independent random
elements of Lemma 4.7(i). Finally, (5.9) at v;, split as in (5.12), gives (5.13). Under Q7°,
Lemma 4.7(iii) gives the same conclusions, except that 6,w has law IP® and D, has law
ny . The two-spine laws are treated in the same way, using Lemma 4.7(iv).

For (iii), we first consider Q = Qr. Let ¢ > 0 be a measurable function of the
generators of .%,, and of a word in Uy, and let 1 > 0 be a measurable function of
(0uw)ycu,,- By (4.5) and Lemma 4.2(i), since Vy is .#,-measurable for L < m, we have

Eq, [g(w,v)h] = p~LE Z g(w,v)h=pLE Z g(w,v) - Eh = Eq, [¢(w,v)] Eh.
veVy veEVL

Under Q, the configurations 6,w, u € Uy, are therefore independent with law P, and
independent of .%,, and v. Conditioning further on the survival indicators ¢, = 1s5(6,w),
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u € Vy, we find that these configurations are conditionally independent with law P(- | S)
or P(- | §¢). Since D, = ©(0,w), this proves the claim under Q. Under Qf°, the law
is Qp conditioned on {f,w € S}, and this event occurs if and only if ¢, = 1 for some
u € Vy, with prefix v; it is therefore measurable with respect to the conditioning o-field,
and conditioning on it does not change the conditional laws. The two-spine laws are
treated in the same way, using (4.6). The last sentence of (iii) is (5.9). O]

The next lemma helps to verify that the boundaries of the events used in Section 10,
which are defined by finitely many inequalities on denominators and squared moduli,
are null sets for the limiting law.

Lemma 5.22. In the setting of Lemma 5.21, the following hold for every ¢ € R. For every word
v e U, wehave Q(v € V, N, > 1, D, = ¢) = 0; in particular, Q(Dy = ¢) = 0 for every spine
vertex x which is not an endpoint. For every such x, we have Q(D$9¢(E) = ¢) = 0ifc # E.
For every endpoint t, we have Q(D; = c¢) = 0 if ¢ # E or if the endpoint law is P®°. Finally,
Q(Y, =c¢) =0 for every u € U,.

Proof. Fixv € U and let A = {vk:1 <k < N} ifv € V, and A = @ otherwise; this is a
function of the offspring numbers. By Lemma 5.18(ii), the squared moduli Yy, k < Ny,
are fresh given a o-field with respect to which the denominators D,; = D (6,w) are
measurable, since these depend only on coordinates of 6 w. On {v € V, N, > 1},
(5.9) expresses D, as an affine function of these fresh variables with nonzero coefficients
—1/(pDyk). By Lemma 4.18(iii) and (4.14), its conditional law has no atoms. A spine
vertex which is not an endpoint has at least one child. The claims about D$9¢(E) and D;
follow from Lemma 5.21(ii), Proposition 5.5(i) applied to g, and the absence of atoms of
ntg . The squared moduli have continuous laws. O]

In particular, let ® be a function of finitely many of the variables in Lemma 5.22,
evaluated at E + iy through the real parts of the corresponding coordinates of the depth-
m data, and suppose that ® is continuous outside a finite union of level sets of these
variables, at levels ¢ for which Lemma 5.22 gives probability zero. Since the denominators
are continuous functions of the nonvanishing cavity coordinates, the discontinuity set of
® is then Q-null for the limiting depth-m data.

Fractional products

For a word v € Uy, the spine vertices of v are its prefixes vy, ..., v, and the spine child
of v; is vj 41 for I < L. For a pair (u,v) € U? with |u Av| = j < L, the spine vertices are
the prefixes of u and of v, and the spine children of a spine vertex are those of its children
that are spine vertices. This agrees with Section 5.6 when v = v or (1,v) = (u,v).
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Definition 5.23. Let L >0,m > L+1,s € (0,1),b > 0and k, [y € N, and let v denote a
word v € Uy or a pair (u,v) € U7 with |u Av| = for a fixed j < L. A fractional product
of depth L with cavity exponents at most s and exponents of the squared moduli at most
b is a function on Q) x {v} x (C \ R) of the form

lo |
W(w,v;z) = H (H ’F{cx’i(z)la"'i 1—[ Y;x'y>,
X i=1

yEeKy

where the first product runs over the spine vertices x of vin V (and W = 0 if some spine
vertex is not in V), and where, for each spine vertex x:

(i) the sets Jy1,..., ]y, and K, of children of x, with |Ky| < k, and the numbers
byy € [0,b] are given by measurable rules depending only on the position of x
among the spine vertices, on the offspring numbers and auxiliary marks of 0w at
words of length less than m — |x|, and on the labels of the spine children of x;

(ii) T is defined in (5.11);
(iii) the exponents a,; > 0, which we call the cavity exponents, are deterministic, depend
only on the position of x among the spine vertices, and satisfy ) ;a,; < s.

For E € &,, we define W(w, v; E) by the same formula with T{C(E +10) in place of I (2).

For example, by Proposition 3.18, we have

L
[Goo(2)[F = p~*H2[To(2) P [T V32T, (2)
I=1

for v € Vi, and this is p~1/2 times a fractional product with cavity exponents s and

exponents s/2 of the squared moduli, in which ], ; is the set of all children of x, K, =
{vj11} for 0 <1 < L, and Ky, = @. A product |Gy, (z)[*1|Goo(z)|? along two spines is, up
to a constant, a fractional product with cavity exponent s; 4 s on the common segment
of the two spines; the definition requires s; + sy < 1 there.

Lemma 5.24. Let Q be a spine law of length L, let W be a fractional product of depth L of the
corresponding type, with cavity exponents at most r € (0,1), exponents of the squared moduli at
most b, and |Ky| <k, and let d > 0. Then for every z € C \ R with |z| > d,

EqW(w,v;z) < 0,° ((ZCb)k(l +Cralp+ 3)”2)) ,

where v = v or (u,v), n is the number of spine vertices, and c, and C, 4 are as in Lemma 5.16.

Proof. We argue by induction on L, integrating the factor of the root first. Let R,(z) be
the factor of W indexed by x = o, and let W/(z) be the product of the other factors;
then W = R,W’'. Let A be the set of children of the root, and let ¢ be the o-field of



5 Real solutions of the cavity equation 5.6 Fixed-depth convergence 104

Lemma 5.18(ii) for this set. Then the squared moduli Y7, ..., Yy, of the root edge marks
are fresh given ¢. The forward cavities I'y(z) = Goo(z) 0 b, the sets J,; and K,, the
numbers b,,, and the factor W/(z) are ¢-measurable, since they depend only on the
offspring numbers, the auxiliary marks, the distinguished vertices, and the configurations
0rw, which do not contain the marks w;. The conditional version of Lemma 5.16, with
n=N,, c=zand v, = Ix(z)/p, gives

Eq[Ro(z) | 9] < (2c)* (14 Cpa(N, +1)"/2).
Taking expectations, we find
EqW(z) < (26,) Eq| (14 Cra(No +1)/))W'(2)] (5.14)

If L =0, then W = 1, the law of N, is Pois(p) under P, and E®Z < erllEZ for
Z > 0; Jensen’s inequality and (5.14) give the claim. Let L > 1, and consider a one-
spine law. By Lemma 5.18(iii), N, — 1 has law Pois(p) and is independent of the pair
(61,w, V"), which has law Q;_1 or Q}° ;. The factor W' is a function of this pair, and in
the coordinates of 8, w it is a fractional product of depth L — 1 with the same parameters,
by Definition 5.23(i) and (iii) and since m — 1 > L. Using this independence in (5.14) and
Jensen’s inequality E(N, + 1)"/2 < (p +2)"/2, we find

EqW(z) < (26)* (14 Cralp +2)"/2) EgW'(2),

where Q' is the law of the pair, and the induction hypothesis applies to the last factor. For
two-spine laws with j > 1, the same argument applies with the triple of Lemma 5.18(iii).
For j = 0, the factor W’ is the product of two fractional products of depth L — 1, one for
each of the two independent pairs of Lemma 5.18(iii), and N, — 2 has law Pois(p); the
expectation factorizes, and IE(N, +1)"/2 < (p +3)"/2. In each case, the factor 0, L appears
once for each endpoint with endpoint law IP*, and there are at most two endpoints. [

Convergence at fixed depth

Proposition 5.25. Let E € &, with E > 0, and suppose that the no-ac hypothesis holds at E,
that is, P®(ImT,(E 4+ i0) = 0) = 1. Let Q be a spine law of length L, write v = v or v = (u,v)
for its distinguished vertices, and let m > L 4 1.

(i) Q-almost surely, L, (E+1in) — Ly(E) in Xy as y | 0. The side denominators and the end-
point denominators converge almost surely, and their limits, together with the squared moduli
of the spine edge marks, have the joint law of the real recursive tree process of Lemma 5.21(ii);
the denominators at the spine vertices converge to the corresponding denominators of this
process. In particular, the joint law of these variables at E + iy converges weakly to that of
the real recursive tree process.
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(ii) Let ® be a bounded measurable function of L, and v, and suppose that Q-almost surely
®(-,v) is continuous at L, (E). Then

U
(iii) Let 0 < s <r <1, and let W be a fractional product of depth L of the type of Q with cavity
exponents at most s. Then SUP_y <1 EoW (w,v; E +i5)"/* < co. In particular, the family
{W(w,v; E+1n) fo<y<1 is uniformly integrable under Q, and for every ® as in (ii),

lim o [W(w, v E + 1) ®(Lau(E + i), )] = Eq[W(w,%E) (L (E),v)].

Ul

(iv) Let W and @ be as in (iii) for Q = Qp, and set Fy(w,v) = W(w,v; E +in)® (L (E +
in),v) for 0 < n < 1, with the convention that y = O refers to the boundary values. Then

IimE Y F/(w,0)=E Y} F(wov), LHmE® ) F/(w,v)=E* ) Fw,v).
740 veVr veVr 740 veVy veVr
The same holds for the backbone sums E% } ey F;(w,v) when the hypotheses of (iii) hold
for QF°, and for the sums over pairs in Proposition 4.8(ii) and (iv) when they hold for
QL,, respectively Q- Each limit equals the right side of the corresponding identity in
Proposition 4.8 with F = Fy.

(v) Let finitely many triples (Qx, Wi, ®r), 1 < k < K, be given at a common depth m, where
each Wy is either the constant 1 or a fractional product with cavity exponents at most some
sk < 1, and each ®y satisfies the hypothesis of (ii) for Qk. For every € > 0 there exists
o > 0 such that, for all 0 < n < 5o and all k,

Eo, [We(w, v; E+ i) @i L (E + i), v)] — Eo, [Wi(w, v; E)i( L (E), v)] | <.
The same holds for finitely many sums as in (iv).

Proof. SteP 1. Almost sure convergence. By Definition 5.7(a) and Lemma 5.18(i), Q-almost
surely Fc(E +iy) — F¢(E 4 i0) for every « € K,,. The other components of £,,(z) do not
depend on z. Since convergence in the product topology is coordinatewise convergence,
Lw(E +in) — Ly (E) almost surely. The convergence of the side denominators and the
law of the limit are Lemma 5.21(i) and (ii), and almost sure convergence implies weak
convergence of the joint law. This proves (i).

STEP 2. Bounded functionals. By Step 1 and the continuity assumption, ®(L,,(E +
in),v) — ®(L,(E),v) almost surely. Since ® is bounded, the dominated convergence
theorem implies (ii).

StEP 3. Fractional products. Let 0 < 7 < 1 and z = E + iz; note that |z| > E. Raising W
to the power r/s multiplies the exponents a,; and by, by r/s, which shows that W'/s
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is a fractional product with cavity exponents at most  and exponents of the squared
moduli at most br/s. By Lemma 5.24 with d = E, we have a bound on EqW(w, v;z)r/s
that does not depend on 7. Since r/s > 1, the family {W(w, v; E +i17) }0<;<1 is uniformly
integrable. Since each I'}(z) appearing in W has |x| < L < m, it is one of the resolvent
entries contained in £, (z), selected by a function of quantities which do not depend on 7.
By Step 1, it converges almost surely to TL(E +i0), which implies that W(w, v; E + i) —
W(w, v; E) almost surely. The products W® converge almost surely by Step 2, and they
are uniformly integrable, because their absolute values are bounded by sup |®| times W.
By Vitali’s convergence theorem [64, Section 4.6], we conclude (iii).

StEP 4. Sums over vertices. We write & = &+ — &~ with ®* > 0, and we apply the
identities of Proposition 4.8 to Wd™* and W® ™~ separately, at E + iy and at the boundary.
By (4.5), we have EY ¢y, F;(w,v) = p“Eq, F;(w,v), and both sides are finite by (iii). By
(iii) applied to ®*, the right side converges to p“Eq, Fo(w,v) = E ¥y, Fo(w,v). Under
P, we have E® ¥y, Fy(w,v) = 0, p"Eq, [F;(w,v)go] by (4.7), and ®g, satisfies the
hypothesis of (ii) because ¢, is a coordinate of the depth-m data taking the values 0 and
1. The backbone sums and the sums over pairs are treated in the same way, using (4.8),
(4.6), (4.9) and (4.10). This proves (iv).

Ster 5. Uniformity over finite families. For each k, (ii) or (iii) implies that the difference in
(v) tends to zero as 1 | 0; in particular, it is at most ¢ for # < 7, for some 77 > 0. We take
o = miny #7;, and we treat finitely many sums as in (iv) in the same way. O]

Remark 5.26. We comment on the use of Proposition 5.25.

(i) The order of choices is: the energy E and the depth m are fixed first, then the finite
family of spine laws and functionals, then the tolerance ¢, and finally the imaginary
part 17o. The proposition does not interchange the limits m — oo and 7 | 0.

(ii) In the backbone version, by Lemma 5.21(ii), the side denominators of the limiting
real recursive tree process have the unconditioned real boundary law 7tg, and only
the endpoint denominators have the conditioned law 777’. Functionals that look
beyond the endpoints are described by Lemma 5.21(iii).

(iii) Conditioning on a structural event of positive probability, such as a selection of
decorations at an endpoint as in Lemma 4.21, amounts to multiplying & by the
indicator of an event depending only on the genealogy, the survival indicators
and the auxiliary marks in the ball, and dividing by its probability. If the event
depends on the auxiliary ranks only through their relative order, then its indicator is
continuous at every point of X, at which the ranks in the ball are distinct, since the
genealogy and survival coordinates are discrete; this holds almost surely. Indicators
of events defined by finitely many inequalities on the real parts of side denominators,
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spine denominators and endpoint denominators, and on squared moduli, satisfy the
hypothesis of (ii) when the levels are those allowed by Lemma 5.22.



SECTION 6

The transfer operator and the free energy

In this section, we study the positive operator that governs the growth of fractional
moments of products of transfer matrices, and we define the free energy. We work with
a general law of the rescaled denominator. Throughout this section, we fix p > 1 and
K > 0, and we let v be a Borel probability measure on R such that

v({0}) =0, suppv = R, / 1b|Tv(db) < oo for every q € (0,1). (6.1)
R

We let B be a random variable with law v, and we let  be a random variable independent
of B with the exponential law of rate K, that is, with density Ke X! on (0, 0). If 7 is a real
solution at energy E > 0 (Definition 5.1), D has law 7, and g > 0, then the law of B = gD
satisfies (6.1) by Proposition 5.5, and B = ¢?Y/p with Y ~ Exp(1) has the exponential
law of rate K = p/g?. This is the situation in which the results of this section are applied.

We now describe the contents of this section. In Section 6.1, we define the transfer
matrices, their action on the projective line, and the transfer operator Q;, and we record
some elementary facts about angular integrals of matrices. In Section 6.2, we prove
Theorem 6.11, which states that Qs has a simple dominant eigenvalue A(s) with a strictly
positive eigenfunction, that A(s) is real-analytic in s, and that A(s) determines the growth
of angular moments of products of independent transfer matrices. In Section 6.3, we
define the free energy ¢(s) = log A(s) and establish its basic properties: independence
of the scaling, convexity, the symmetry ¢(s) = ¢(2 — s), monotonicity, and the strict
inequality ¢(1) < logp. In Section 6.4, we prove inverse moment bounds for products
of three independent transfer matrices, and we use them to compare the free energy
with moments of norms of products. Finally, in Section 6.5, we identify the free energy
with the exponential growth rate of the path moments @ (s), which are the quantities
controlled in Section 8.

6.1 Transfer matrices and projective coordinates

We identify the real projective line RIP* with R U {co}, where x € R corresponds to the
line through (x, 1) and oo corresponds to the line through (1,0); this is a homeomorphism
when R U {0} carries the topology of the one-point compactification. We write C(RIP!)
for the Banach space of continuous functions F: RP! — C with the norm ||F|le =

108
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max,  ppt |F(x)|. We say that a real-valued function F is nonnegative, and write F > 0, if
F(x) > 0 for all x. Vectors in C? carry the Hermitian norm || - ||, and matrices carry the
corresponding operator norm.

Definition 6.1. (i) For b € R and > 0, define

(i)

(iii)

(iv)

(V)

(vi)

M) =52 (). 62
—B b

We have det M(b, ) = 1.

For x € R, set vy = (x,1)/v1+ x2, and set v = (1,0). For an invertible real 2 x 2

matrix A and x € RP!, let A-x € RIP! denote the point corresponding to the line

through Av,. The number ||Av,|| does not depend on the choice of sign of the unit

vector representing x.

For b € R and B > 0, define the projective map fj, g(x) = M(b, ) - x. In coordinates,

we have

fop(x) = (0 —px)"" (xeR x#b/B),  fopb/B) =00,  fyp(c0) =0.

Let m be the Borel probability measure on RIP! given by m(dx) = 7~ 1(1 + x?)~1dx
on R and m({co}) = 0, where 7w = 3.14 ... (elsewhere, 7t denotes a real solution); it
is the image of the uniform probability measure on the unit circle under the map
sending a unit vector to the line it spans. For an invertible real 2 x 2 matrix A and
s € [0,2], define

() = [ Ao~ m( )

For s € (0,2), define es(x) = |x|° for x € R, and define h;: RIP! — [0,1] by
(x € R), hs(c0) = 1.

The function /s is continuous on RIP!, vanishes only at 0, and e; = hs(1 + x2)*/2 on
R.

For s € (0,2) and a Borel function F: R — [0, c0], define the transfer operator in the
x-coordinate

(AF)(x) = pE[B/2xIF (fap(x))],  xeR
This is well defined, because fp(x) € R almost surely for every x € R: for x = 0

we have fp5(0) =1/B and IP(B = 0) = 0, and for x # 0 we have fp(x) = co only if
B = B/x, an event of probability zero since  has a density and is independent of B.
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(vii) For s € (0,2), a bounded Borel function F: RP! — C, and x € RIP!, define the
transfer operator

(Q:F)(x) = pE[ || M(B, B)osl| " F(fz,5(x)) .
The expectation converges absolutely by Lemma 6.5 below.

For x € R, we have M(b,B8)(x,1)T = B~V2(1,b — Bx)T and M(b,B)(1,0)T =
B~1/2(0,—B)T. Taking norms, we find

,35/2(1 +x2)5/2
(1+ (b — x)2)*?

For fixed (b, B), the functions x — |[M(b, B)vy|~* and x — f;, g(x) are continuous on
RP'.

The next lemma collects two elementary facts about the projective action. Part (i) is
the identity that makes the norm multipliers in Q; telescope along products, and part (ii)
computes the projective Jacobian.

|M(b, B)vs|| " = (x€R),  ||M(@, Bve| " =p"%  (63)

Lemma 6.2. Let A and A’ be real 2 x 2 matrices with determinant one.
(i) For every x € RIP!, we have (A’A) -x = A" - (A - x) and

| A" Avy|| = ||A"vax|| || Avy]]. (6.4)

(ii) For every Borel function F: RIP* — [0, c0], we have

/mﬂ F(A - x) || Aog| 2 m(dx) = /W F(y) m(dy). 6.5)

Proof. For (i), since the vector Avy spans the line A - x, we have Av, = %[ Avy|va.x-
Applying A’, we obtain A’Avy = +||Avy||A’v4.,. This vector spans the line A’ - (A - x),
and taking norms gives (6.4).

For (ii), we parametrize RP! by angles. For € R, let uy = (cos8,sin). The map
0 + [ug] from [0, 7r) to RIP! is a bijection, and the image of 7171 df under it is m; indeed,
ug spans the line of x = cotf, and dx = —(1 + x?) df. The map u — Au/||Aul| is a
homeomorphism of the unit circle, with inverse u — A~ 'u/||A~'u||. Let ®: R — R be a
continuous lift, so that Aug = || Aug||ug ). Writing w(0) = Aug, we have

sy det (w(B),w'(9)) _ det(A) det(uyg, up)
OO = REE T Auwl

= || Aug|| =2 > 0,

where we used that w'(6) = Auj and det(uy, up) = 1. Since a homeomorphism of the
circle has degree +1 and © is increasing, we have ©(6 + 271) = ©(0) + 27t. Further, since
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Aug, = —Auy, the continuous function 6 — O(6 + ) — ©(0) takes values in 7 + 271Z,
and it is therefore constant; since twice this constant equals @ (6 +27r) — ®(0) = 27, it
equals 7. We conclude that © is an increasing C! bijection of R with @ (6 + 1) = ©(0) + T,
and it induces the projective action of A on R/7Z ~ RIP'. For G(#) = F([ug]), which is
nt-periodic, the change of variables ¢ = ©(6) gives

O(0)+ s

G(8) dﬁ:/o G(8) dd.

/O G(©(9)) | Aug|| 7 do = /@(0)

Dividing by 7 gives (6.5). O

Lemma 6.3. Let A be a real 2 x 2 matrix with determinant one. Then Jo(A) = J2(A) = 1, and
for every s € [0,2], we have

Js(A) = Ja—s(A™") = Ja—s(A). (6.6)
Further, s — log Js(A) is convex on [0,2], and J;(A) <1 fors € [0,2].

Proof. We have Jo(A) = m(RIP') = 1,and J,(A) = 1 by (6.5) with F = 1. Fix s € [0,2] and
x € RP!, and set y = A - x. By (6.4) applied to A™A = I, we have 1 = ||A~lo, | || Avy,
and we can write

| Avy || ™5 = || Avy|| 72 || Avy]|275 = || Avy|| 2 [|A 0 a9,

Integrating against m and using (6.5) with F(y) = [|[A™'o,| %), we find J(A) =
Ja—s (A ! ) .

To prove that J;(A~1) = J;(A) for t € [0,2], we use the singular value decomposition.
There exist orthogonal matrices U, V and ¢ > 1 such that A = U diag(c, (7’1)VT; the two
singular values are ¢ and 0! because det A = 1. Then A~! = Vdiag(c—!,0)UT. The
quantity J; is invariant under multiplication by orthogonal matrices on either side: on the
left because ||{UAv| = ||Av||, and on the right because || AVv,|| = ||Avy..|| for orthogonal
V and the projective action of an orthogonal matrix preserves m (it is induced by a rotation
or a reflection of the unit circle). It follows that J;(A) = J;(Dy) and J;(A~1) = Jy(D; 1),
where D, = diag(c, c~1). Let R be the rotation by 7t/2. Then D;! = RD,R~!, and the
same invariance implies J;(D,!) = J;(D,). This proves (6.6).

For sg,s1 € [0,2] and 7 € (0,1), Holder’s inequality with exponents 1/(1 — 7) and
1/t gives

Ta-misg s (4) = [ (A0 0) 7 ([ osll =) m( ) < oy (4) T (A)T,

which is the convexity of logJs(A). Taking sp = 0 and s; = 2, we find J;(A) <
Jo(A)175/2],(A)3/2 = 1. O
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For exponents below one, the angular integral J;(A) is comparable to a power of the
norm of A.

Lemma 6.4. For every s € (0,1), there exists Cs < oo such that for every real 2 x 2 matrix A
with determinant one, setting t = || Al|, we have

One can take Cs = =1 [" | cos 6] d.

Proof. The lower bound follows from ||Avy|| < t for every x. For the upper bound,
write A = Udiag(t,t~ ')V with U,V orthogonal. As in the proof of Lemma 6.3, we
have J5(A) = Js(diag(t,t~!)). In the angular parametrization ug = (cos 6, sin #), we have
|| diag(t, t~)ugl|| > t| cos 6], and therefore

s
Js(A) < 7/ | cos8| =5 db = Cst .
0

The constant C; is finite because s < 1. O

6.2 The Perron-Frobenius eigenvalue of the transfer operator

Boundedness and holomorphy

We begin with a bound on the expected norm multiplier of one factor M(b, ), uniform
over the input direction.

Lemma 6.5. Fors € (0,2) and K > 0, set
Cox = 2°/2K~/2T(1 +5/2) + 2°K*/2T(1 — 5/2).
Then for every b € R, we have
sup [ Ke™X [ M(b, o] dt < Cope(1+[F72). 6.7)
xeRP! 70

The constant Cg g is continuous in (s,K) € (0,2) x (0, 00).

Proof. Letr =s/2 € (0,1), and let I(x) denote the integral on the left side of (6.7). By
(6.3), we have I(c0) = K [5"t"e™Xt dt = K'T(1 —r). For x € R with |x| < 1, we discard
the denominator in (6.3) and obtain I(x) <2 [;° K¥'e X dt = 2"K~'T(1 +r).

Now let |x| =a > 1 and ¢ = sgn x. Substituting u = at in the integral defining I(x)
and using (6.3), we have

_ (1 + aZ)r Oo —Ku/a u’
) = KT [ oy (6.8)
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Since u = |ou| < |b|+ |b—ou| and r < 1, we have u" < |b|" + |b —ou|". Using
b—coul" < (1+(b—ocu)?)’?and (1+ (b—ocu)?)™" < (1+ (b—ocu)?)~"/2, we have

u?’

(1+ (b—ou)?)

<A+ p"YHOB—0u),  H(v) = (1+0) "2

The function H is even and nonincreasing on [0,00). Hence | pH = | Z?z H for every

interval ] C R of length /. (Indeed, if | denotes the centered interval of length ¢, then
J'\ J and J\ J' have the same length, and H < H(¢{/2) on |\ | while H > H({/2) on
J\J'.) We write e X4/8 = [*(K/a)e~X!/% dt and use Tonelli’s theorem. Since {b — ou :
0 < u <t} is an interval of length ¢, this gives

00 00 t
/ e—Ku/aH(b _ au) du = / geKt/“/ H(b — (Tu) du dt
0 0

0
o K t/2
g/ —e_Kt/”Z/ H(v) do dt
0o 4 0
= 2/ H(v)e 2/7 do
0
o0 1—r
<2 vre gy —or(1-r)(=) .
< /0 v e v (1—7) (2K)
Inserting this bound into (6.8) and using (1 + a?)" < 2'a?, we find

I(x) < K2'a™~1.2T(1—7) (%)H(l Fb") = 4K T(1—r) (1+ |b]").

Combining the three cases gives (6.7). The continuity of C, x is evident from its formula.
O

To prove analyticity in s, we extend Qs to complex exponents. Let L = {z € C: 0 <
Rez <2}. Forz€ X, x € RP!, b € R, and B > 0, set

R:(x;b, B) = exp (— zlog | M(b, B)vx||),

so that |R;| = Rge: and Rs(x;b, ) = ||M(b, B)vy||—® for real s. For a bounded Borel
function F: RPP! — C, define

(Q.F)(x) = p]E[RZ(x; B, B) F(fB,ﬁ(x))], x € RP.
For real z = s € (0,2), this is the operator Qs of Definition 6.1.

Lemma 6.6. Suppose that v satisfies (6.1).
(i) For every z € %, the operator Q, maps C(RIPY) into C(RIP), and

1Q:]l < p Crezk (1 +E|B[Re=/2).

The right side is bounded on every compact subset of 2.
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(ii) For real s € (0,2), the operator Qs is positive, that is, QsF > 0 for F > 0, and || Qs|| =
| Qs1|co. Further, Qs1(x) > 0 for every x € RIP™.

(iii) The map z — Q, from X to the bounded operators on C(IRIPY) is holomorphic in the operator
norm.

Proof. For o € (0,2), conditioning on B and applying Lemma 6.5, we have

sup E[Ry(%;B,B)] < Cox(1+E|B|7/?) < oo, (6.9)
x€RP!

where the finiteness follows from (6.1) because ¢/2 < 1. Since [E|B|?/? is a finite con-

tinuous function of ¢ € (0,2) (by dominated convergence, with dominating function
14 |B|7/2 on 0 < ¢y < 2), the right side of (6.9) is bounded on compact subsets of (0,2).

We now prove (i). Fix z € £ and F € C(RPP!), and write o = Rez. Since |R;| = Ry,
(6.9) implies that |Q,F(x)| < pC,x(1+E|B|?/?)|F|l« for every x. It remains to show
that Q,F is continuous. Let x, — x in RIP!. For each fixed (b,8), the maps y
R:(y;b,8) and y — f 4(y) are continuous on RIP! by (6.3). Then the random variables
Zn = Rz(xn; B, B)F(fpp(xn)) converge almost surely to Z = R(x; B, B)F(fpp(x)). Fix
t € (0,2). Then |Zn\t/‘7 < HF|]§£‘7Rt(xn; B, B), and (6.9) with ¢ replaced by t shows that
sup, [E|Z,|"/? < oo. Since t/o > 1, the sequence (Z,) is uniformly integrable, and by
Vitali’s convergence theorem, we have EZ,, — EZ. This proves (i).

For (ii), positivity is immediate from the definition, and for real F we have |QsF| <
Qs|F| < ||F|leoQs1, which gives || Qs|| = || Qs1||eo; the same bound holds for complex F
since |QsF| < Qs|F|. Since the integrand R;(x; B, B) in Q,1(x) is strictly positive, we have
Q:1(x) > 0.

For (iii), fix z € X, let ¢ = Rez, and choose ¢ > 0 with [0 — 2¢,0 + 2¢] C (0,2). We
write ¢ = log || M(B, B)vy||, and we define the operator

(D:F)(x) = ~pE|(Ro(x;B, B) F(fi () .

For every w € C, we have |e? — 1 — w| < |w|?/?l /2. Applying this with w = —h/ for

h € C with |h| < ¢/2, we obtain

Ll
2

(Rafs + RU’+€) .

|Rosp — R+ heR:| = |R| [e ™ — 1+ ht] < - 2eII/2R,

8h* 0 8|h|?
<~z @R <5
In the second inequality, we used 2e—elt/2 < 16e72¢72 < 16¢72, and in the third, we
used eflfle=0t < e~ (e=8)l o= (e+8)f By (6.9), we conclude that

8p|h|?
|Qz4n — Q2 —hD,|| < p€|2| sup E[Ry—e(x; B, B) + Rose(x; B, B)] < Clh|?,

xeRP!
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with C independent of h. Since |[/|R, < 3_1(Rg_g + Ry4¢), the same reasoning as in (i)
shows that D, is a bounded operator on C(RIP!). We conclude that z — Q, is complex
differentiable in operator norm at every point of X, with derivative D,. O

Kernel measures and total variation

For s € (0,2) and x € RIP!, we let «,(x, -) be the finite Borel measure on RIP! defined by

ks(x,A4) = pE[[M(B, B)ox]| 1 (fip(x))],

so that Q;F(x) = [ F(y) xs(x, dy) for bounded Borel F. We call «(x, -) the kernel measure
of Q; at x. By Tonelli’s theorem, x — x5(x, A) is Borel for each Borel set A; that is, «; is a

finite kernel. We define its iterates by x{Y) = x; and Kﬁ”“)(x A) = [xs(x, dy) Kgn)(y,A).

By induction and Tonelli’s theorem, we have Q”F f F dxé )( -) for bounded Borel
F, the Chapman-Kolmogorov relations K" +n f ks (x, dy) K§ )(y, -) hold, and
K (x, RPY) = QM (x) < || Qs]|". (6.10)

Directly from the definition, we also have

Ks(,”H) (x,-) =pE [HM(B,[S)UXH_S Ks(n) (fBlﬁ(x), )] ) (6.11)

For a finite signed Borel measure # on RIP!, we write ||u|[tv = |u|(IRIP!) for its total
variation norm. We say that the n-step kernel measure is continuous in total variation at
xg € RIP! if ||Ks<n)(x, ) - Ks(n)(xo, IlTv — 0 as x — xo.

The kernel measures at the two special points are explicit. Since f;g(c0) = 0 and

fo,6(0) = 1/b, (6.3) yields
Ks(00, ) = P]E[IB_S/Z] o0, ks(0,A) = P]E[,BS/Z} E [(1 + Bz)_s/zlA(l/B)] (6.12)

At a finite nonzero input, the kernel measure has a density. To describe it, let .: R — RIP?
be the map ((w) = 1/w, with 1(0) = oo; it is a Borel bijection onto RIP! \ {0} with Borel
inverse. Set ¢(t) = t5/2e~K*1 (>0}, which is a bounded continuous function on R because
s > 0. Forx € R\ {0} and w € R, define

pK
|x|

elw) = 25 (142721 4 0?) 2 [ (22 ) u( ). (613)

Lemma 6.7. Suppose that v satisfies (6.1), and let s € (0,2).

(i) For x € R\ {0}, the kernel measure xs(x, -) is the image of the measure ky(w) dw under 1.
Further, ky(w) > 0 for every w € R.
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(ii) The one-step kernel measure is continuous in total variation at every x € R\ {0}.
(iii) The two-step kernel measure is continuous in total variation at every x € R.
(iv) The three-step kernel measure is continuous in total variation at every x € RIPL,

Further, Q3 is a compact operator on C(RIP?).

Proof. We begin with (i). Fix x € R\ {0} and a Borel set A C RIP!. For fixed b, we
substitute w = b — Bx in the integral over B, so that p = (b —w)/x, df = dw/|x|, and
the constraint > 0 becomes (b —w)/x > 0. By (6.3), the integrand ||M(b, B)vx||—° equals
B/2(1+x%)*2(1 + w?)~*/2, and f; (x) = 1(w). Using Tonelli’s theorem to integrate over
b last, we obtain

Ks(x, A) = /]ka(w) 14((w)) dw,

which is the first claim. For the second claim, note that ¢(¢) > 0 for t > 0. If x > 0, the
integral in (6.13) is positive because v((w, o)) > 0, and if x < 0, it is positive because
v((—oco,w)) > 0; both follow from suppv = R.

For (ii), let x, — x in R\ {0}. Since ¢ is bounded and continuous, dominated
convergence gives [ ¢((b —w)/x,)v(db) — [¢((b—w)/x)v(db) for every w. The
prefactors in (6.13) are continuous in x, so ky, (w) — ky(w) for every w. Further, [k, =
Qs1(xn) — Qs1(x) = [ kx by Lemma 6.6(1). We now use Scheffé’s lemma: since (ky —
ky,)T < kyand (ky —ky,)* — 0 pointwise, dominated convergence gives [ (ky —ky,)" —
0, and then

[l =k, =2 [ = ki)t = [ (= ks,) = 0.
Since ¢ is a Borel bijection with Borel inverse, the total variation norm of the difference of
the image measures equals [ |ky — ky,|. This proves (ii).

The remaining parts rest on the following claim.

Claim. Let n > 1 and xy € RP!, and suppose that for v ® Exp(K)-almost every
(b, B), the n-step kernel measure is continuous in total variation at f; 5(xo). Then the
(n + 1)-step kernel measure is continuous in total variation at x.

To prove the claim, let x; — xp, and write R®) = |[M(B,B)vy |5, R =
|M(B, B)vx, || =%, vk = fBp(xx), and y = fpg(x0). By (6.11) and (6.10), we have

Xks ) - K£n+1) (xOI ) HTV

< pIQI"EIR® = Rl + pE[RI|" (4, ) — " (1) 17 ]

||Ks(n+1)(

(The total variation distance is a Borel function of (v, v), because it equals the supremum
of |Q"F(y;) — Q"F(y)| over a countable dense subset of the unit ball of C(RIP!;R), and
each Q!'F is continuous.) By continuity of the projective action, R*) — R and y; — y
almost surely. The family (RY)) is uniformly integrable by the argument in the proof of
Lemma 6.6(i), and the first term tends to zero by Vitali’s convergence theorem. In the
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second term, the integrand tends to zero almost surely by hypothesis, and it is bounded
by 2||Q;s||"R, which is integrable. By dominated convergence, the second term tends to
zero. This proves the claim.

We now prove (iii). Let xo € R\ {0}. Almost surely, fpg(xo) is finite (as noted
in Definition 6.1(vi)) and nonzero (since fb,ﬁ(xo) = 0 only if xg = c0). By (ii) and the
claim with n = 1, the two-step kernel measure is continuous at xy. For xy = 0, we have
f,8(0) = 1/B, which lies in R \ {0} almost surely because IP(B = 0) = 0. Again (ii) and
the claim imply continuity at 0.

For (iv), let xp € R. By (iii), the two-step kernel measure is continuous at every point
of R, and fpg(xo) € R almost surely. The claim with n = 2 implies continuity of the
three-step kernel measure at xp. For xg = oo, we have f; g(c0) = 0 for all (b, ), and
the two-step kernel measure is continuous at 0 by (iii). The claim with n = 2 implies
continuity at co.

Finally, we deduce compactness. By (iv) and the compactness of RIP!, the map
X > KS(3)(X, ) is uniformly continuous in total variation. For F € C(RP!) with ||F||e < 1
and x, x' € RP!, we have

Q3F(x) — QF()] < ¥ () — (&, ) |-

The image of the unit ball under Q2 is therefore equicontinuous, and it is bounded by
| Qs|°. By the Arzela—Ascoli theorem, it is relatively compact in C(IRIP1). O

Remark 6.8. The argument above does not apply to Qs or Q2. By (6.12), the kernel measure
at oo is a multiple of the point mass Jy, while by Lemma 6.7(i) the kernel measures at
tinite nonzero inputs are absolutely continuous with respect to m; since such measures
form a closed set in total variation, the one-step kernel measure is not continuous in
total variation at co. For the second power, (6.12) gives K2 (00,-) = pE[B~/?] (0, -),
and x5 (0, -) has an atom at 1/by whenever v({bp}) > 0. A real solution always has such
an atom: by Proposition 5.5, the law of D has an atom of mass e” 7 at E, and the law of
B = gD has an atom at gE. On the other hand, ng)(x, -) is absolutely continuous for
x € R\ {0}, since it is a mixture of the absolutely continuous kernel measures #;(y, -),
y € R\ {0}. It follows that the two-step kernel measure is not continuous in total
variation at co in this case. The third step from co passes through 0 and then through
the almost surely finite nonzero point 1/B, where the kernel measures are absolutely
continuous; this is why the third power is the first one to which the argument applies.

Lemma 6.9. Suppose that v satisfies (6.1), and let s € (0,2). For every n > 2 and x € RIP?,
the measure KS(”)(x, -) has full support, that is, KS(”)(x,O) > 0 for every nonempty open set
O C RPL. In particular, for every n > 2 and every real-valued F € C(RIP') with F > 0 and

F # 0, we have min,,_pp1 QY F(x) > 0.
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Proof. Let O C RIP! be open and nonempty. We first show that x;(y,0) > 0 for every
y € R. For y € R\ {0}, this follows from Lemma 6.7(i), since :~1(O \ {0}) is a nonempty
open subset of R and k, > 0 everywhere. For y = 0, the set {b € R\ {0} : 1/b € O}
is open and nonempty (because O \ {0,c0} is open and nonempty), and it has positive
v-measure since supp v = R. By (6.12), we conclude that xs(0,0) > 0.

Next, let x € RP!.. If x € R, then ks(x,-) has positive total mass and gives
no mass to {co} (by Lemma 6.7(i) for x # 0, and by P(B = 0) = 0 for x = 0),
which implies that ng)(x,O) = [xs(x, dy) xs(y,0) > 0. If x = oo, then Ks(z)(O0,0) =
pE[B~/?] x5(0,0) > 0 by (6.12). This proves the claim for n = 2. For n > 3, we have
" (x,0) = ficé”_z)(x, dy) % (y,0) > 0, because x\" "% (x, RP) = Q"21(x) > 0 by
Lemma 6.6(ii) and induction.

Finally, if F > 0 is continuous and not identically zero, then {F > 0} is open and
nonempty, and we have Q'F(x) = [ F dxén)(x, -) > 0 for every x. Since Q!F is continu-
ous and RIP! is compact, its minimum is positive. [

The Perron-Frobenius eigenvalue

We use the following form of the stability of an isolated simple eigenvalue under small
perturbations, both for analyticity in s and for continuity in the law of B. For a bounded
operator T on a complex Banach space, we write o(T) for its spectrum.

Lemma 6.10. Let X be a complex Banach space and let Ty be a bounded operator on X. Suppose
that ug € o(Tp) is an isolated point of o(Ty) whose Riesz projection has rank one, and that there
exists ro < |po| such that |w| < rg for every w € o(Ty) \ {po}. Fix & € (0, (|po| —10)/3), let
I be the circle {|w — po| = 6}, and let P € X and { € X* satisfy {(I1oy) # 0, where Iy is the
Riesz projection of Ty at po. Then there exists ¢ > 0 such that every bounded operator T with
|T — Tol|| < € has the following properties.

(i) We have o(T) C {|lw|] < ro+ 0} U{|w — po| < 6}, and o(T) N {|w — po| < 6}

consists of a single point u(T), which is an eigenvalue of T whose Riesz projection
Iy = (2mi) ! §.(w — T) "' dw has rank one. In particular, u(T) is the unique point
of o(T) of maximal modulus.

(i) We have ((I17y) # 0and u(T) = ((TTIry)/L(X1ry). The maps T +— Ilpand T — u(T)
are continuous on {||T — To|| < €}.

(iii) IfU C C is open and z — T(z) is a holomorphic map from U into the bounded operators on
X (in operator norm) with || T(z) — To|| < eforall z € U, then z — u(T(z)) is holomorphic
on U.

Proof. Let Q ={w € C: |w| > ry+ 9, |w— po| > }. Then Q) is closed and contained in
the resolvent set of Tp. Since the map w — ||(w — Ty) ~!|| is continuous on the resolvent set
and bounded by (|w| — || To||) ! for |w| > || Ty||, we have M = sup_,., |(w — Tp) || < oo.
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Suppose that [|T — Ty|| < 1/(2M). For w € Q, we write w — T = (w — Tp) (I — (w —
To) YT — Tp)); the second factor is invertible by the Neumann series, with inverse of
norm at most 2. Then Q lies in the resolvent set of T, ||(w — T)™!|| < 2M, and the
resolvent identity gives

J@-T)" ~ (@~ To) ™| = | (w~T) (T~ To)(w — To) || < 22| T~ Ty|

for w € Q. This proves the first inclusion in (i). Since |ug| —J > rp + 25, the circle T
lies in (), and integrating the last bound over T gives ||TT1 — ITp|| < 26M?||T — Tol|. We
now choose ¢ < 1/(2M) so small that 26M?e < 1 and |[((T1ry) — £(TTgp)| < [£(TTow)]
whenever ||T — Ty|| < e. Since ||IIr — ITp|| < 1, the projection I'l7 has rank one. Indeed,
if f lies in the range of Iy and Ilyf = 0, then ||f|| = ||(T1r — ILp) f|| < || f]| unless f =0,
so Iy is injective on the range of Ilr; in the same way, 117 is injective on the range of
ITp, which is one-dimensional (see also [82, Section 1.4.6]). By the properties of Riesz
projections [82, Section II1.6.4], the range of IIr is invariant under T, and the spectrum of
the restriction of T to it equals o(T) N {|w — pp| < &}. Since the range is one-dimensional,
T acts on it as multiplication by a scalar 3(T), and this scalar is the only point of o(T)
in the disc. Every other point of ¢(T) has modulus less than rg + 6 < |po| — 6 < |u(T)|.
This proves (i).

For (ii), we have TIIr = u(T)Ilr, since T acts on the range of 11 as multiplication by
u(T). Applying ¢ to TTIty = u(T)IIry gives the formula for y(T), and its denominator
is nonzero by the choice of . For T and T; in the ball {||T — Ty|| < ¢} and w € T,
both resolvents are bounded by 2M, and the resolvent identity gives || (w — T) ™! — (w —
T1) Y| < 4M?||T — Ty||. Integrating over I', we obtain |[IIr — Iy, || < 46M?||T — Ty].
This proves continuity of Ilr, and continuity of y(T) follows from the formula.

For (iii), fix w € T. The map z + (w — T(z))~! is holomorphic on U, being the
composition of a holomorphic map with inversion, which is holomorphic on the invertible
operators; its derivative (w — T(z))~'T"(z)(w — T(z)) ! is jointly continuous in (w,z) €
I' x U. It follows that z — Ilr(,) is holomorphic in operator norm (see also [82, Section
VIL1.3]), and z +— u(T(z)) = £(T(z)l1r)p)/L(I1r;)9) is a quotient of holomorphic
functions with nonvanishing denominator. O]

We now state and prove the main result of this section.

Theorem 6.11. Suppose that v satisfies (6.1), and let s € (0,2). Let A(s) be the spectral radius
of Qs on C(RPY).
(i) The operator Qs is bounded and positive on C(RIPY). For every n > 2, the operator Q" is

strongly positive: min_pp QF(x) > 0 for every real-valued F € C(RIP') with F > 0
and F # 0. Further, Q? is compact.
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(ii) We have A(s) > 0, and A(s) is an eigenvalue of Qs whose Riesz projection has rank one.
There exists a real-valued s € C(RP) with miny ¢5(x) > 0 and Qstps = A(s)s, and
there exists r(s) < A(s) such that |z| < r(s) for every z € o(Qs) \ {A(s) }.

(ili) There exists a finite positive Borel measure {5 on RIP! with full support such that [ s dls =
1, [ QsF dls = A(s) [ F ds for F € C(RIPY), and

= 0.

[e0]

lim sup HA(S)_LQSLF— (/F d€s>¢s

L= F|w<t

(iv) The function s — A(s) is real-analytic on (0, 2).
(v) Let M1, My, ... be independent copies of M(B, B). For every L > 1, every bounded Borel
function F, and every x € RIP!, we have

OLF(x) = pLIE[HML o Myog|| F((My -+ My) -x)]. (6.14)
Further, there exists C > 1, depending on s, p, K, and v, such that for every L > 1,
CT'A(s)F < p"EJs(Mp - -~ My) < CA(s)". (6.15)

In particular, the limit below exists and
log A(s) =logp+ lim lloglE]S(ML - My).
L—oo L

Proof. The proof proceeds as follows. Part (i) collects Lemmas 6.6, 6.7, and 6.9. We apply
the Krein-Rutman theorem to the compact strongly positive operator T = Q3, and we
transfer the conclusions to Qs using the Riesz projection of T, which commutes with Q;.
Analyticity then follows from Lemma 6.10 and the holomorphy of z — @, and (6.15)
follows from two-sided bounds on .

Ster 1. Part (i). Boundedness and positivity are Lemma 6.6(i) and (ii), strong positivity
is Lemma 6.9, and compactness of Q3 is Lemma 6.7.

STEP 2. The Perron-Frobenius eigenvector of T = Q3. Let K = {F € C(RP};R) : F > 0}.
This is a closed cone in the real Banach space C(RIP';R), and its interior {F : min F > 0}
is nonempty. By Step 1, the operator T is compact, and it maps K \ {0} into the interior
of K. By the Krein-Rutman theorem [90], in the form for compact strongly positive
operators [60, Theorem 19.3], the spectral radius rr of T is positive, and there exists
¢ in the interior of K with Ty = rry. Since |T"F| < T"|F| for complex F, we have
| T"|| = || T"1||e both on C(RPP}; R) and on C(IRIP!), and by Gelfand’s formula, r7 is also
the spectral radius of T on the complex space C(RIP!). The cited theorem also asserts
that 71 is simple and is the only eigenvalue of modulus r7. Since we work on the complex
space C(IRIP!) and use algebraic simplicity below, we verify these two assertions directly.
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First, let w € C(RIP!) be nonzero with Tw = yw and |u| = ry. Since |Tw| < T|w|
pointwise, we have rr|w| < T|w|. The function ¢/|w| on {w # 0} tends to infinity at the
boundary of this set, because min ¢ > 0, and it attains its infimum ¢, € (0, c0) at some xj.
The function x = ¢ — t.|w| is nonnegative and vanishes at x, and

Tx =rrp — L T|w| < rrp — turr|w| = rrx.

If x # 0, then Tx(xp) > 0 by strong positivity, contradicting Tx(xo) < rrx(xo) = 0.
We conclude that |w| = ¢/t., and then T|w| = rr|w| = |Tw|. Fix x € RIP*. Writing
Tlw|(x) = [|w| dc!¥ (x,-) and |Tw(x)| = | [w dx®)(x, )|, equality in the triangle in-
equality for integrals shows that w = c|w| holds k¥ (x, -)-almost everywhere for some
constant ¢ with |c| = 1. Since both sides are continuous and KS(3) (x, ) has full support by
Lemma 6.9, we have w = c|w| = (c/t.) everywhere. We conclude that every eigenvector
for an eigenvalue of modulus rr is a multiple of ¥, and that rr is the only eigenvalue of
modulus r7.

Second, we show that 7t is algebraically simple. Since T is compact, r7 is an isolated
point of ¢(T) and its Riesz projection IT has finite rank, equal to the dimension of the
generalized eigenspace |y ker(T — r7)* [82, Theorem II1.6.26]. If this dimension were
larger than one, then, since ker(T — rr) is spanned by ¢, there would exist w with
(T —rr)w = ¥, and taking real parts we could assume that w is real. By induction,
Tlw = rkw + Lrk 1y for L > 1. Let a = ||[w||e/ min ¢, so that |w| < ap. Positivity gives
IT'w| < THw| < aTtp = arkyp, and therefore

Lrik~ty < |Trw| + rk|w| < 2arky.

This gives L < 2arr for every L, which is impossible. This contradiction shows that I1
has rank one, and ITF = ¢/(F)y for some ¢’ € C(RPP!)* with #/(y) = 1.

Finally, by [82, Theorem II1.6.26], the nonzero points of ¢(T) are eigenvalues and can
accumulate only at 0. By the first assertion above, every point of o(T) \ {77} has modulus
less than r1, and only finitely many of these points have modulus at least r1/2. Then
there exists v’ < rr with |z| <1’ for every z € o(T) \ {rr}.

Step 3. Transfer to Qs; part (ii). Since Qs commutes with T, it commutes with the resolvent
of T and with IT. Then T(Qs¢) = QsTyp = rrQs1p, and since ker(T — rr) is spanned by
P, we have Qs = Ay for some scalar A. Since Q;¢p > (miny) Os1 and Os1 > 0, we
have A > 0, and A% = ry. Let X; = kerIl. The decomposition C(RIP!) = RanII & X;
is invariant under Q;, and Qs acts on RanII = span{y} as multiplication by A. By the
properties of Riesz projections [82, Section II1.6.4], we have ¢(T|x,) = o(T) \ {rr} C
{|z| < #'}. By the spectral mapping theorem for polynomials, o(T|x,) = {z° : z €
o(Qslx,)}, and we obtain o(Qs|x,) C {|z| < ()}/3}. We set r(s) = (+')}/3 < A. Then
0(Qs) = {A} U0r(Qs|x,), the point A is isolated in 0(Q;), and its Riesz projection is the
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projection onto RanIT along X;, which is I; this has rank one. The spectral radius of Qg
is therefore A, that is, A = A(s). Setting s = ¢ proves (ii).

SteP 4. Part (iii). Let N = Qg(I —IT). Then Qs = A(s)I[I+ N and IIN = NII = 0, which
give QL = A(s)LI1+ NI for L > 1. The spectral radius of N equals that of Q;|x,, which
is at most 7(s). By Gelfand’s formula, we have ||[NL||1/L — r(N) < r(s) < A(s). This
gives [[A(s)"FQL —TI|| = ||(N/A(s))%|| — 0. In particular, IT is positive, being a norm
limit of positive operators. For real F > 0, we have ¢'(F)y = IIF > 0. Then ¢ is a positive
linear functional, and by the Riesz—Markov theorem it is given by integration against a
finite positive Borel measure £;. We have [ ¢s dfs = /(1) = 1, and T1Q, = A(s)II gives
f QsF dls = A(s) f F d/;. For full support, let F > 0 be real, continuous, and nonzero.
By Step 1, there exists ¢ > 0 with Q3F > cys, and positivity of IT gives

A(s)3</F dt, ) g, = TIQXF > Ty, = c .

Since ¢s > 0, we have [F d/; > 0. Applying this to a nonzero continuous F > 0
supported in a given nonempty open set shows that /; has full support.

StEP 5. Part (iv). Fix sy € (0,2). By Step 3 and Step 4, the operator Ty = Qj, satisfies
the hypotheses of Lemma 6.10 with g = A(sg), 1o = 1(s0), ¥ = s, and ¢ = L;
here {(Ilpy) = [ s, dls, = 1, since the Riesz projection ITy of Qs at A(sp) is F —
([ F dls,) s, by Steps 3 and 4. Let € > 0 be as in that lemma. By Lemma 6.6(iii), z — Q
is holomorphic, in particular continuous, and there exists an open disc U C X centered
at sp with ||Q; — Q|| < € for z € U. By Lemma 6.10(iii), z — u(Q;) is holomorphic
on U. For real s € U, the spectral radius A(s) belongs to ¢(Q;) by (ii) and has maximal
modulus in 0(Qs), and Lemma 6.10(i) implies that A(s) = p(Qs). Then A coincides on
U NR with a holomorphic function, which proves that A is real-analytic near sp.

Ster 6. Part (v). We prove (6.14) by induction on L; the case L = 1 is the definition
of Q;. Suppose (6.14) holds for L, and let My,..., M1 be independent copies of
M(B,B). Then QL™F(x) = pE[||Mjvy| 5(QLF)(M; - x)]. We apply the induction
hypothesis to QSLF with the matrices My, ..., M| 1, which are independent of M;, and use
Fubini’s theorem. Fubini’s theorem applies because, by Tonelli’s theorem and the same
computation with |F| in place of F, the absolute value of the integrand has expectation at
most p~F QL F|(x) < p= L1 Qs||FH || F|co. We obtain

QY 'F(x) = p"'E [HMlva_S |Mp41- - Mooy x|| "F((Mpg1 - M) - (Mg - x))].

By Lemma 6.2(1), we have [[Mpi1--- Mavpm, x| [[Mivx]| = [[Mpy1---Mjox| and
(Mpy1---Mp) - (Mq-x) = (Mp41--- M) - x. This completes the induction.
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Taking F = 1 in (6.14), integrating against m, and using Tonelli’s theorem, we obtain
[Ol1dm = pLEJs(Mp---M;). Let a = minys > 0 and A = maxyps. Since QL is
positive and a < ¢ < A, we have

a 1 1 A
T < 2 Qs < Q71 < — Qo < A (s)”
pointwise on RIP!. Integrating against the probability measure m gives (6.15) with C =

A/a. Taking logarithms, dividing by L, and letting L — oo gives the last statement. [

Continuity in the law of the denominator

We now show that the Perron-Frobenius eigenvalue depends continuously on the law
of B and on the rate of 8, under weak convergence of the laws and a uniform moment
bound. Since atoms of v produce atoms in the kernel measures of Qs (see Remark 6.8),
the operator Q; itself is not norm-continuous in this sense in general, and we work with
the third power.

Proposition 6.12. Let I C R be an interval. For each E € I, let vg be a Borel probability measure
on R satisfying (6.1), and let K(E) > 0. Suppose that E — K(E) is continuous, that E — v is
continuous for the topology of weak convergence, and that there exists qo € (0,1) such that

sup [ |b|Tvg(db) < oo for every compact I' C I.
Eer

ForE € lands € (0,2), let Qs and Ap(s) be the transfer operator and its Perron—Frobenius
eigenvalue from Theorem 6.11, defined with the law vg and the rate K(E). Then for every
s € (0,2q0), the map E — Q%,s is continuous from I to the bounded operators on C(RIP!) in
operator norm, and E — Ag(s) is continuous on 1. In particular, if the moment bound holds for
some qo > 1/2, then E — Ag(1) is continuous on 1, and if it holds for every qo € (0,1), then
E — Ag(s) is continuous on I for every s € (0,2).

Proof. The proof repeats the total variation argument of Lemma 6.7, with the law and
the input varying together, on a probability space on which the denominators converge
almost surely. Fix s € (0,299), Eo € I, and a sequence E, — Eg in I. The set I' =
{Eo} U{E, : n > 1} is a compact subset of I. We write K, = K(E,) for n > 0, and let
k_ =inf, K, > 0 and k4 = sup, K,, < co. Fix t € (s,2qp). In the following, n ranges over
{0,1,2,...}, and the index 0 refers to Ej.

Step 1. Coupling and uniform bounds. By the Skorokhod representation theorem [37, Theo-
rem 6.7], there exist random variables B, with law vg,, defined on one probability space,
such that B, — By almost surely. Enlarging the space if necessary, let Y be an Exp(1)
random variable independent of (B;),>0, and set B, = Y/K,. Then (B, B,) has law
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vg, @ Exp(K,) for each n, and B, — Bo almost surely. For o € {s,t}, by Lemma 6.5, we
have

my = sup sup E[Ry(x; By, Bu)] < supCsi,(2+E|B,|T) < oo, (6.16)

n20 xcRIP! n=0

where we used |b|7/2 < 1+ |b|% (since 0/2 < gp), the continuity of C, x in K on [k_, k],
and the moment bound on I'. In particular, sup, || Qk, s|| < pms. Further, since RY/® = R;
and t/s > 1, every family of random variables of the form Rs(x,,; By, B,) with x,, € RIP!
is bounded in L!/%, and in particular uniformly integrable.

Let K,(qk)(x, -) denote the k-step kernel measure of Qf  at x. By (6.10), we have
x,(]‘) (x, ]R]Pl) < (p ms)k for all n,k, x. We say that the k-step kernel measures are jointly
continuous at y € RP! if HK,Sk) (Yn, ) — K(()k) (y,-)lltrv — O for every sequence y, — vy
in RIP'. The maps (b, B,x) ~— |[M(b, B)vs||~* and (b, B,x) > f;p(x) are continuous
on R x (0,00) x RIP!, because M(b, ) depends continuously on (b, 8) and x + vy is
continuous up to sign.

STEP 2. The one-step kernel measures are jointly continuous at every y € R\ {0}. For K > 0,
let ¢ (u) = us/ze_K”I{u>o}. The map (K, u) — ¢ (u) is continuous on (0,0) x R, and
¢k < sup,.ou*’%e " < oo for K > k_. Let y, — y € R\ {0}; then y, € R\ {0} for
large n. By Lemma 6.7(i), applied to vg, and Kj,, the kernel measure K,(ql)(yn, -) is the
image under : of the measure with density

ka(w) = 2 (14221 4+ 0?) 2 E [, ().
Jyul Yn
For each w, the random variables ¢k, ((B, — w)/y,) converge almost surely to ¢x,((Bo —
w)/y) and are uniformly bounded. By dominated convergence, k,(w) converges to the
density ke (w) of Kél)(y, ). Further, [k, = pERs(yn; Bu, Bn) = PERs(y; Bo, Bo) = [ keo,
by almost sure convergence and uniform integrability (Step 1). Scheffé’s lemma, in the
form proved in Lemma 6.7(ii), gives [ |k, — koo| — 0, which is the claim.

Step 3. Propagation. We claim that if k > 1, x € RIP!, and the k-step kernel measures are
jointly continuous at fp, g,(x) almost surely, then the (k + 1)-step kernel measures are
jointly continuous at x. Let x, = x, and write R = Rs(xy; By, Bn) and y, = an,ﬁn(xn)
forn > 1, and R = Rs(x; By, Bo) and y = fpp,(x). Since (6.11) is an identity between
expectations over the law of (B, B), it holds on the coupled space, and we obtain

xn,) = 55 () | gy

< p(pm) E[R™ = R|+ pE[R 6 (v, ) = 16" (v, 1y |

||K k+1)(

By Step 1, R — R and y,, — y almost surely. The first term tends to zero by uniform
integrability. The integrand in the second term is measurable, by the countable supremum
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used in the proof of Lemma 6.7. For almost every outcome, the hypothesis applies to the
sequence i, — vy, and this integrand tends to zero; it is bounded by 2(p m;)*R, which is
integrable. Dominated convergence completes the proof of the claim.

STEP 4. The three-step kernel measures are jointly continuous at every x € RPP!. As in the
proof of Lemma 6.7, for x € R the point fg g,(x) lies in R\ {0} almost surely. By Step
2 and Step 3 with k = 1, the two-step kernel measures are jointly continuous at every
x € R. For x € R, the point fp, g, (x) lies in R almost surely, and fp; g,(c0) = 0. Step 3
with k = 2 implies the claim.

Ster 5. Norm continuity of the third power. We show that sup. _pp1 ||K7(13)(x,-) -

K((]3) (x,)|ltv — 0. If not, then there exist 7 > 0, a subsequence (which we do not relabel),

and points x, with ||K,(13) (xp,-) — K(()3) (xn,-)|lTv > 1. By compactness of RIP!, we may pass
to a further subsequence with x, — x. Steps 1-4 apply to every sequence converging

to Ep, in particular to this subsequence, and they give ||K,(43)(Xn, )= K(()S)(x, Iltv — 0.

(3)

By Lemma 6.7(iv) for vg,, we also have ||K(()3) (xn,-) — x5 (x,-)|[Tv — 0. This contradicts
. . 3 3
the choice of x,. Since |QF F(x) — Q%OISF(x)| < ||FHOOHK,(1 )(x,-) — K(() )(x,-)||TV, we

conclude that || Q%n,s - Q%O,SH — 0.

StEeP 6. Continuity of the eigenvalue. Let T), = Q%ms. By Step 2 of the proof of Theorem 6.11,
applied to vg, and K(Ey), the point pg = Ag,(s)? is isolated in ¢(Tp), its Riesz projection
IT has rank one, there exists ' < pg with |z| < ¢’ for every z € 0(Tp) \ {po}, and ITp = ¢
for i = g, 5. Let £ € C(RP')* be the functional with TTF = ¢(F)y, so that /(TTy) = 1.
Fix 6 € (0, (1o —7')/3) and let € be as in Lemma 6.10. By Step 5, || T, — Ty|| < ¢ for all
large n. For such n, Lemma 6.10(i) shows that ¢(T,) has a unique point of maximal
modulus, and that this point lies within distance J of y. By Theorem 6.11(ii) for vg, and
the spectral mapping theorem, the spectral radius of T, is Ag,(s)®> and belongs to ¢(Ty);
it is therefore this point, and |Ag, (s)® — Ag,(s)?| < 6 for all large n. Since & can be taken
arbitrarily small, Ag, (s) = Ag,(s). This completes the proof. O

6.3 The free energy

Independence of the scaling and the definition of the free energy
The transfer matrices of a real solution depend on the choice of scaling ¢ > 0. The next
lemma shows that different scalings give similar transfer operators.
Lemma 6.13 (Change of scaling). Let E > 0 and let 7 be a real solution at energy E. For
g >0, let vg be the law of gD, where D has law 7, and let Kg = p/ g%

(i) For every g > 0, the law vy satisfies (6.1), and [ |b|~Tve(db) < co for every q € (0,1).
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(ii) Lets € (0,2), and for g > 0 let Qgg) be the transfer operator defined with vq and Kq. For
8,8 >0, set S = diag(c~1/2,c'/2) with c = ¢’/ g, and define (OF)(y) = ||Svy| ~°F(S -
y). Then © is a bounded invertible operator on C(RIPY), both ® and @~ are positive, and

Qgg’) — o 1gW¥We.
In particular, the spectral radius of Qgg ) does not depend on g.

Proof. For (i), Proposition 5.5 states that 7 has full support, that its only atom is at
E # 0, and that E|D|* < oo for g € (0,1); these properties are preserved by the scaling
D gD.

For (ii), let Y ~ Exp(1) be independent of D and set « = Y/p. Then (gD, ¢?a) has law
vg ® Exp(Ky), and 0¥ is defined by the random matrix M = M(gD, g?), and similarly
Qgg/) is defined by M = M(g¢'D, g"%«). A direct computation from (6.2) shows that for
every d € R and 4,y > 0, we have

M(vd, v%a) = SVM(d,a)Sgl, S, = diag(y~ 2, 71/2). (6.17)

Indeed, the (1,2), (2,1), and (2,2) entries of both sides are y~1a~1/2, —yal/2, and a=1/24,
respectively, and the (1,1) entries vanish. Since Sy = S.Sq, (6.17) gives M = SMS~! with
S =5..

The map y +— S -y is a homeomorphism of RP! and y ~— |Sv,||~* is continuous
and positive. Then @ is bounded and positive, with positive inverse (@~ !G)(x) =
1Sv5-1.,|°G(S! - x). Fix y € RP! and a realization of M. By Lemma 6.2(i), we have
M-(S-y)=S-(M-y)and

[Mos.y|| = [SMoy || |5 0s.y || = [[Soaryll | Moyl ISyl

where in the last step we used ||S~tvg.,|| [|So,|| = ||S™!Svy|| = 1. For F € C(RP'), we
obtain

(QEF)(S-y) = IIsvy |l pE [ [ Moy |~ [ Soasy | “E(S - (M-1)) | = [ISoy|I* (Q'©F) ().

Multiplying by ||Sv, || ~%, we find @Qgg/) F= Qgg JOF, which is the claimed identity. Since
similar operators have the same spectrum, this implies the last statement. O

Definition 6.14. Suppose that v satisfies (6.1), and let A(s) be the Perron-Frobenius
eigenvalue of Qs from Theorem 6.11.

(i) The free energy is ¢(s) = log A(s) for s € (0,2). The name follows [4, 12], where the
same quantity, up to normalization, is called the free energy.

(i) Let My, My, ... be independent copies of M(B, B). For s € (0,2) and L > 0, we set
fL(S) = ]EHML .- 'Ml”_s, with fo(S) =1.
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(iii) Let 7t be a real solution at energy E > 0. The free energy of 7 is ¢, (s) = logA(s),
where A(s) is computed with the law v, and the rate Ky = p/g? of Lemma 6.13 for
some ¢ > 0; by Lemma 6.13(ii), it does not depend on g. When the real solution is
determined by the energy, we also write @£ (s). We define f1(s) for 7t as in (ii), with
a fixed scaling.

Properties of the free energy

Proposition 6.15. Suppose that v satisfies (6.1), and let ¢ be its free energy.

(i) The function ¢ is real-analytic and convex on (0,2), and ¢(s) = ¢(2 —s) for s € (0,2).
(i) We have ¢'(1) = 0, and ¢ is nonincreasing on (0, 1] and nondecreasing on [1,2).
(iii)) We have 0 < Elog ||M(B, B)|| < oo, and for every s € (0,2),

log p —sElog |[M(B,B)|| < ¢(s) < logp.

In particular, limg | ¢(s) = log p.
(iv) We have ¢(1) < log p.
(v) We have ¢'(s) < 0 for every s € (0,1). In particular, ¢ is strictly decreasing on (0, 1], and
@(s) < logp for every s € (0,2).
If 7t is a real solution at energy E > 0, then @ is independent of the scaling, and (i)—(v) hold for
Pr-

Proof. Throughout the proof, Mi, M,, ... are independent copies of M = M(B, ), and
we abbreviate Wy = My --- Mj and ji (s) = EJs(WL). By Theorem 6.11(v), we have

1
¢(s) =logp + lim ~logji(s),  s€(0,2). (6.18)

Proof of (i). Real-analyticity is Theorem 6.11(iv). By Lemma 6.3, we have J;(Wy) =
Jo—s(Wp) for every realization. Then ji(s) = j.(2 —s), and (6.18) implies that
¢(s) = ¢(2—s). For convexity, fix L, so,s1 € (0,2), and T € (0,1). Applying
Holder’s inequality with exponents 1/(1 — 7) and 1/7 to the integral over m ® IP
of |[Wroy|~ (=% ||Wyo,|| =™, we obtain ji((1 — T)so + Ts1) < ji(s0)' %jL(s1)". Then
s — L~ !logjL(s) is convex, and so is its pointwise limit ¢(s) — log p.

Proof of (ii). Differentiating ¢(s) = ¢(2 —s) gives ¢'(s) = —¢'(2 —s), and taking s = 1
gives ¢'(1) = 0. Since ¢ is convex and differentiable, ¢’ is nondecreasing. Then ¢’ < 0
on (0,1] and ¢’ > 0 on [1,2).

Proof of (iii). Since det M = 1, the product of the two singular values of M is one; in
particular, ||[M|| > 1 and log ||[M|| > 0. Bounding the operator norm by the Hilbert-
Schmidt norm, we have || M(b, B)||*> < B~ (1 + B? + b?), and therefore

1 1 1
log ||M(b, B)|| < 5|log | + 5 log(1 + p?) + 5 log(1 + b%).
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The first two terms have finite expectation since p is exponential. For the third, fix
g € (0,1); since logy < (2/q)y?’/? for y > 1, we have log(1 + B?) < (2/4)(1+ B?)1/2 <
(2/9)(1+ |B|7), which is integrable by (6.1). This proves Elog ||M|| < oo.

By Lemma 6.3, we have J;(Wp) < 1. Then j.(s) < 1, which implies ¢(s) < logp by
(6.18). For the lower bound, by Jensen’s inequality for the probability measure m, we
have

Js(A) = /exp(—slogHAva) m(dx) > exp(—s/logHAvam(dx)> > ||A]|~®

for every A with determinant one. Using Jensen’s inequality again, and then log ||[W; || <
Z]-Lzl log || M|, we obtain

jr(s) > Eexp (—slog||[W.||) > exp (—sElog||W.|) > exp (—sLElog|M]).

Inserting this into (6.18) gives the lower bound. Letting s | 0 gives lim, o ¢(s) = log p.

Proof of (iv). We work in the real Hilbert space L?(m) of real-valued functions, with inner
product (-,-) and norm || - ||. For a real 2 x 2 matrix A with determinant one, define
(UAF)(x) = ||Avy||"'F(A - x). By (6.5) applied to |F|?, Uy is an isometry of L?(m). By
(6.4), we have U U 4 = Uy »4; indeed,

(UAULF)(x) = [|Avg]| 7V | ADa x| TTE (A (A x)) = | A" Aoy | TTF((A'A) - x).

Taking A’ = A7l and then A = A’~1, we have Uyg1Up=UpUy 1 =Up=1,and Uy is
unitary with Ugl =Uy-.

Let ¢ = 1; be the eigenfunction from Theorem 6.11(ii) with s = 1; it is continu-
ous, real-valued, and bounded below by a positive constant. By definition, Q1P(x) =
pE[(Umy)(x)]. By Tonelli’s theorem (all integrands are nonnegative), the Cauchy-
Schwarz inequality, and unitarity, we have

ADelz = (w, Qup) = pE(p, Unyp) < pE[[¢l2lUnpll2] = p [91I2-

We have shown that A(1) < p. Suppose, for the sake of contradiction, that A(1) = p. Then
the display implies E[||¢||3 — (y, Umy)] = 0. Since ||Uptp|l2 = |92, we have ||y[|3 —
(, Umyp) = ||Upyp — 9]|5/2 > 0, and therefore E||Upyp — ¢||5 = 0. The function (b, ) —
[ Uniw,p) ¥ — |3 is continuous on R x (0, o), by dominated convergence: the integrand is
continuous in (b, B) for each x, and ||[M(b, B)vx||~! < ||M(b, B) || is bounded uniformly
in x and in (b, B) in compact sets. This function vanishes v ® Exp(K)-almost everywhere,
and this measure charges every nonempty open subset of R x (0, c0) because suppv = R.
Since the function is continuous, it vanishes identically. In particular, Uy )% = ¢ and

Upmoa) ¥ = .
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A direct computation from (6.2) gives

M(0,4)"1M(0,1) = (g _10/2> (_01 é) = (1(/)2 g) = A.

Then Up = Upy(o,1)Up(oa)1 = UM(o,nUA}l(O ny and Upp = ¢ in L?(m). Since both sides
are continuous and m has full support, we have (x) = ||Avy|| "1 (A - x) for every x. Let

1 be the finite measure y>m. For every Borel F > 0, (6.5) with A = A gives

JF@- 0 u(dx) = [ FA-2)p(8-x)? a0 2m(dx) = [ F(y) u(dy),

so u is invariant under the map x — A -x, which is x — x/4 in coordinates. For
k € Z,let I, = [45,45*1). The preimage of I, under x + x/4 is I;,;, and invariance
gives u(Ix11) = u(Iy) for every k. The intervals I are disjoint with union (0,c0), and
1((0,00)) < u(RIP') < oo, which forces (I;) = 0 for every k and u((0,)) = 0. This
contradicts y((0,0)) = f((),oo) ¢? dm > 0, which holds because ¥ > 0 and m((0,0)) > 0.
We conclude that A(1) < p, thatis, ¢(1) < log p.

Proof of (v). By (ii), ¢’ < 0 on (0,1). Suppose that ¢’(syp) = 0 for some sy € (0,1). Since
¢’ is nondecreasing and ¢’(1) = 0, we have ¢’ = 0 on [s¢, 1], and ¢ is constant on [sg, 1].
Since ¢ is real-analytic on the interval (0,2), it is constant on (0,2). Then (iii) implies
¢(1) = limg ¢(s) = log p, contradicting (iv). We conclude that ¢’ < 0 on (0,1), and ¢
is strictly decreasing on (0, 1]. For s € (0, 1], this implies ¢(s) < ¢(s/2) < log p, and for
s €[1,2) weuse ¢(s) = ¢(2 —5).

Finally, if 7t is a real solution, then v, satisfies (6.1) for every ¢ > 0 by Lemma 6.13(i),
and ¢, does not depend on ¢ by Lemma 6.13(ii). Applying (i)-(v) to v, we obtain the
last statement. n

The symmetry ¢(s) = ¢(2 —s) is inherited from the identity Js(A) = Jo—s(A) of
Lemma 6.3. A symmetry of this kind for the linearized cavity equation goes back to
Abou-Chacra, Anderson, and Thouless [2]; see [109] for a discussion. The proof of
Proposition 6.15(iv) uses only (6.1), and in particular it does not use atoms of v. The next
lemma selects an exponent below one at which the free energy has a useful tangent line.

Lemma 6.16. Suppose that v satisfies (6.1) and that ¢(1) > 0. Then there exists s € (1/2,1)
such that

T==¢(s)>0,  F=g(s)=(1=s)y>0,  ¢(s) <logp.

In particular, this holds for the free energy ¢ of a real solution 7w with 0 < @(1).
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Proof. By Proposition 6.15(v), we have ¢'(s) < 0 and ¢(s) < logp for every s € (0,1).
Since ¢ is continuously differentiable on (0,2) and ¢’(1) = 0, we have
lim (¢(s) — (1 = 9)(=¢'(s))) = lim (¢(s) + (1= 5)g'(5)) = (1) > 0.

Choosing s € (1/2,1) sufficiently close to one gives all three inequalities. O

6.4 Products of three independent factors

In this section, we show that the product of three independent transfer matrices has
bounded inverse fractional moments of its bilinear forms, uniformly in the vectors. Here
and below, a factor is a random matrix M(B, B) in which § has an exponential law and is
independent of B, as in Section 6.2. The smoothing comes from the exponential variables
B; alone; the variables B; enter only through their moments. We then use this bound to
compare the free energy with moments of norms of products.

Inverse moments of multiaffine polynomials

A multiaffine polynomial in n variables is a polynomial of the form ‘P(t) =
Yac{1,.n} Ca I lica ti With coefficients ¢, € C, that is, a polynomial of degree at most
one in each variable. For s € (0,1) and K > 0, let w; g be the measure on R given by
ws k(dt) = Kts/2e K1,y dt. Tts total mass is ws k (R) = K~5/2T(1 +5/2).

Lemma 6.17. Let s € (0,1), K > 0, and n > 1. There exists a constant Cs g , < oo such that
for every nonzero multiaffine polynomial 3 in n variables with coefficients c,

—s
/(0 oo)” ’m(t”is (JJS,K(dtl) . e ws,K(dtn) S CS,K,n<maaX ’QX’) .

One can take Cs xn = Clly 1, and C k 1 is bounded for (s, K) in compact subsets of (0,1) x (0, ).
Proof. We argue by induction on n.

SteP 1. A translated singularity. Let
Asx = sup |t — xg|7° wle(dt).
x0€R
Let w, = sup,. o Kt*/2¢7 X < 00. On {|t — xp| < 1}, we bound the density of w; x by w,
and fltfx()\<1 |t —xo|7°dt =2/(1—5s). On {|t — xg| > 1}, we bound |t — x| ~° by one.
This gives Agx < 2w, /(1 —s) + K 5/2T(1+5/2) < co.
Step 2. The case n = 1. Let B(t) = at + b with (a,b) € C?\ {0}. Replacing ‘B by

B/ max(|a|, |b]) multiplies both sides of the claimed inequality by max(|a|, |b|)*, so we
may assume that max(|al, |b]) = 1.
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Suppose first that |[a| > 1/2. Then |at +b| = |a| |t — z| withz = —b/a, and |t —z| >
|t — Rez| for real t, and integrating gives [ |B|° dwsx < |a| A5k < 2°Ask.

Suppose next that |a| < 1/2, so that |b| = 1. Let R = 1/(2]a|), with R = oo if
a=0. For0 <t <R, we have |at +b| > 1— |a|t > 1/2, and this range contributes
at most 2°ws x(R). If a # 0, then for t > R, we write |at +b| ™5 = |a| %[t —z|° <
|a| 5|t — Rez| ™ and e Kt < ¢7KR/2e=Kt/2 Gince Kt5/2e=Kt/2 dt = 2 w, k /»( dt), the range
t > R contributes at most

s — s 4s\s
la| 2 KRI2 24, k0 = 2A k2 |a| Se K/ Bl < ZAS,K/2<§> ’
where we used sup, ., y e K/(4) = (45/(eK))*. We conclude that the lemma holds for
n =1 with

4s\s
Coka = max {2 A, 2K~ T(1+5/2) + 24512 ) |-

The bounds on A; k in Step 1 are bounded for (s, K) in compact subsets of (0,1) x (0, 0),
and hence so is Cs g 1.

StEP 3. The induction step. Let n > 2 and suppose that the lemma holds for n — 1 vari-
ables with the constant Cglzll We write t = (¢, t,) with ' € R""1. Every multiaffine
polynomial 93 in n variables can be written uniquely as P(t) = t,B1(t') + Bo(t'), where
PB1 and Py are multiaffine in n — 1 variables; the coefficients of 3, are the ¢, with
n € w, and those of Py are the ¢, with n ¢ a. Let Q € {1, Bo} be a polynomial that
has a coefficient of maximal modulus among all coefficients of 3, so that Q # 0 and
max, |y ()] = max, |c,(B)|. The zero set of the nonzero polynomial Q in R"~! has
Lebesgue measure zero (its real or imaginary part is a nonzero real polynomial); in
particular, it is null for wflgnfl). For ¢ with Q(t') # 0, we have (B1 ('), Bo(t')) # (0,0),
and the case n = 1 applied to t, — £, B1(t') +Po(t') gives

/|‘J3(f'/ tn)| S wsk(dtn) < Csxrmax (IB1(H)], [Bo(H)]) " < CoxalQ(H)] .

Integrating over t/, and using Tonelli’s theorem and the induction hypothesis for 9, we
obtain

— —S
J 1B dwi < Coxa [ 1917 dwl ™V < iy (maxlea(B)])

This completes the induction. O

Three independent factors

For b € C and 8 > 0, we define M(b, B) by the formula (6.2); it is a complex 2 x 2 matrix
with determinant one. For vectors u,v € C? and a matrix G, we write u' Gv = i j 4iGijv;
for the bilinear (not sesquilinear) pairing.
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Proposition 6.18. Let s € (0,1), K > 0, and a,a_ > 0. Let By, By, B3 be independent real
random variables such that

E|B| <a,, E|B|S<a., ic{1,23},

and let B1, B2, B3 be independent random variables with the exponential law of rate K, independent
of (B1, By, B3). Set M; = M(B;, B;) and G = M3M,M;, and let

Ce =2Cora(1+ay)(142a),

where C; k 3 is the constant of Lemma 6.17. Then the following hold.
(i) For all nonzero u,v € R?, we have E|u" Gov|= < Cy||ul|~5||o|| .
(ii) For all nonzero real 2 x 2 matrices A and C, we have E||CGA|~° < C,||C||7%||A]|~*.

The laws of By, By, B3 need not coincide, and each may be any law with the stated moment bounds,
including a law with atoms or a point mass at a nonzero constant. The same bounds hold for
complex factors, in the sense of Proposition 6.19.

Proof. Both sides of (i) are homogeneous of degree —s in u and in v, so we may assume
that ||u|| = ||v|| = 1. We write u = (11, up) and v = (v1,v;), and we let N; = ,B}/ZMZ' =

< 01 ) . Multiplying out, we have

—Bi B
—B1 By )
NN — 7
2 (—Bzﬁl B1B; — B2

—Bofy B1By — B2 )
N3N>oN; = )
s (,31[33 — ByB3B1 B1ByB3 — B13 — Bsf32

We see that P = uT N3N, N;v is a multiaffine polynomial in (B1, B2, B3), with coefficients
depending on By, By, B3, u, v. Set

a = uq + Bsuy, b= us.
Collecting monomials, we find that the coefficients of 183, B1, B2, B3, and 1 are
i3 =bvy, g =—Bavy, = —avy,  c3=—Bibvy,  cp = B1Bavy,

and the coefficients of B1B2, B2B3, and B1B2B3 vanish. Let d = min(1, |By|, |Bz|). The four
coefficients cy3, c1, c2, c3 are the products bvy, avy, avy, bvy, multiplied by 1, —B,, —1, — By,
respectively. Since d < 1,d < |By|, and d < |B;|, we find

max |ca| > dmax (|bv|, |avq], |ava], |boa))
d

d 1/2 1/2
> 2 (Jbor[2 + [avr 2 + [ava ? + [bol?) " = S (lal? +[b2) "%,
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where in the second inequality we bounded the maximum of four numbers below by
half of their Euclidean norm, and in the last step we used |v1]> + |vp|*> = 1. Further,

(a,b)T = Su with S = ((1) Ei3>, and S~ = <é _1Bg> has norm at most 1 + |B3|. Since

1= |lull < [IS7Y|[|Sull < (14 |Bs|)||Sull, we have (|a*> + |b[*)'/2 > (1+ [Bs])~". We
conclude that

d
max |cy| > (6.19)
« 2

(1+4[Bs])’
Since u"Gv = (B1B283)"/*B, we have |[uTGv|™® = (B1B283)°/%|B|~°. The variables
B1, B2, B3 are independent of (By, By, B3) and have joint density []; Ke=Xfi. By Fubini’s
theorem, the conditional expectation given (By, By, B3) is

BuBa,B| = [ IB(B)| s dpy) sk () wsi( ds)
< 2°Coxa(1+ [Bs])’d ™,

IE[|uTGv|_S

where we used Lemma 6.17 and (6.19). We have (1+ |B3|)* < 14 |B3|® and d—° <
14 |B1|~® + |B2| ~°. Taking expectations and using the independence of B3 and (By, By),
we obtain

E[uTGo| ™ < 2°Cyxa(1+ E[Bs[*) (1+ E|Bi|~* + E[By| %) < C..

This proves (i).

For (ii), choose a unit vector vy with [|Avy|| = ||A]| and a unit vector wy with
ICTwg|| = ||ICT|| = ||C||, and set v = Avy/||A| and u = CTwy/||C||. These are unit
vectors depending only on A and C, and

|CGA| > [w CGAvo| = |(CTwo)G(Avp)| = [|C]| | A 4™ Gal.
Raising to the power —s, taking expectations, and applying (i), we obtain (ii). O

The same argument applies to complex denominators, which arise when the spectral
parameter has positive imaginary part.

Proposition 6.19. Let s € (0,1), K > 0, and ay,a_ > 0. Let By, By, B3 be independent complex
random variables with E|B;|° < a4 and E|B;|~° < a_ for i € {1,2,3}, let B1, B2, B3 be as
in Proposition 6.18, and set M; = M(B;, B;) and G = M3MpM;. Let Cy be the constant of
Proposition 6.18. Then the following hold.

(i) For all nonzero u,v € C?, we have E|u' Go|~* < Cy|lu||=%|v|~5.
(ii) For all nonzero complex 2 x 2 matrices A and C, we have E||CGA| 5 < C«||C||*||A||~*.

In particular, the bounds hold with the same constant C, for every member of a family of triples
(B1, By, B3) of independent complex random variables satisfying the moment bounds with the
same ay and a_.
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Proof. For (i), the proof of Proposition 6.18(i) applies with the following changes. The ex-
pansion of uT N3N, Njv is a polynomial identity and is unchanged, and *§ is a multiaffine
polynomial in (B1, B2, B3) with the complex coefficients displayed there. The identity
|bv1|? + |avy > + |ava|? + [boa|* = (|a]? + |b]?) (|v1]? + |v2]?) holds for complex numbers,
the bound ||S~!|| < 1+ |Bs| holds for the Hermitian operator norm, and Lemma 6.17
allows complex coefficients. Then (6.19) and the rest of the argument hold verbatim.

For (ii), choose unit vectors vy, wy € C? with || Avg|| = ||Al] and ||C*wy|| = ||C||, where
C* is the conjugate transpose. Set v = Avy/||A||, and let u = C*wy/||C||, the entrywise
complex conjugate of C*wq divided by ||C||. Then (C*wg)* = ||C||uT, and

ICGA| > [w§CGAvy| = |(C*wo)*G(Avo)| = [|C|[|A]| [T Gol.

Part (i) completes the proof. The last statement holds because C, depends only on s, K,
ay,and a_. O

Remark 6.20. Proposition 6.19 applies to the denominators of the tree at the spectral
parameter E + iy with 7 > 0. Let E > 0, ¢ > 0,and 0 < 7 < 1, and let B, = ¢D; with
Dy = —1/T,(E +in). By Lemma 5.17, both sup,_, 4 E[B,|™* = ¢"*sup_, <1 E|[To(E +
in)|* and supy_, -1 E[By,|* = §*sup_, -1 [E|D;|* are finite for s € (0,1). Then the constant
C. can be chosen uniformly in 7 € (0,1].

Corollary 6.21. Let s € (0,1), K > 0, ay,a_ > 0, and let C, be as in Proposition 6.18. Let G
and G' be independent random matrices, each a product of three factors as in Proposition 6.19
(with possibly different laws of the B;, all satisfying the moment bounds with ay and a_).

(i) For all nonzero u,v € C? and every nonzero complex 2 x 2 matrix A, we have
E|uTGAG"v| " < C2|lu| || Al ™[0l .

(ii) For all nonzero complex 2 x 2 matrices A, C, and F, we have
E[CGFG'A|™® < CHlIC|*IFII [l Al

If ||[F|| > 1, which holds in particular if |detF| > 1, the right side is at most
CZlICl == llA[l~.

(iii) Let G be a o-algebra independent of (G, G'), and let u,v, A, C, F be G-measurable random
vectors and matrices that are almost surely nonzero. Then the bounds in (i) and (ii) hold
almost surely with E replaced by E|[ - | G].

Proof. For a nonzero complex matrix A, choose a unit vector wy with |[A*wg|| = ||A]],
and let uy = A*wpy/||Al|. As in the proof of Proposition 6.19(ii), we have

| Ax|| > |wiAx| = || Al |u}x| for every x € C2. (6.20)
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For (i), we condition on G’; since G is independent of G/, Proposition 6.19(i) applied
to the vectors u and AG'v gives E[|uTGAG'v|~*|G'] < C.|ju|~%||AG'v|~* (both sides
are infinite if AG'v = 0). By (6.20), we have ||AG'v| ™ < ||A||~*|u},G'v|~*, and Proposi-
tion 6.19(i) implies E|u},G'v|~* < C,||v||~*. Combining these bounds proves (i).

For (ii), we condition on G’ and apply Proposition 6.19(ii) to G with the matrices
C and FG'A, which gives E[||[CGFG'A|| | G'] < C«||C||~*||[FG'A||~°. Applying Propo-
sition 6.19(ii) to G’ with the matrices F and A gives E|FG'A| =% < C.||F||~5||A||~®. If
|detF| > 1, then ||F||> > |detF| > 1, since |detF| is the product of the two singular
values of F.

For (iii), since (G, G’) is independent of G, the conditional expectation given G of a
nonnegative measurable function of (G, G’) and of G-measurable variables is obtained
by integrating over (G,G’) with the G-measurable variables held fixed [81, Chapter 6].
Applying (i) and (ii) for fixed values of u,v, A, C, F gives (iii). O

Moments of norms of products

Corollary 6.22. Let s € (0,1). Suppose that v satisfies (6.1) and [ |b|~*v(db) < oo, and let
fr(s) = E||Mg - - - My|| =5 be as in Definition 6.14. Then the limit 05 = limy o f1(s)/L exists,
and g5 = A(s)/p = e?8)7198P < (0,1). Further, let C. be the constant of Proposition 6.18 with
ay = E|B|° and a_ = E|B|~®. Then for every L > 1,

C,lolt? < fi(s) < ok

Proof. We abbreviate f; = fi(s) and Wy, = M_--- M;. Since det M; = 1, every prod-
uct has norm at least one, and 0 < f; < 1. For L,N > 0, we have |[Wy,n| <
IMp4N - - Mpy1]l ||WL||, and the two factors on the right are independent, the first having
the law of Wy. This implies that f; .y > fnfL, that is, the sequence (log f1) is superad-
ditive. By Fekete’s lemma, we have lim; ., L"'log f; = sup;-, L !log f. € [log f1,0].
This proves that g exists, that s > 0, and that f; < QSL. -

By Lemma 6.4, we have fi < EJ;(Wy) < Csfr, with Cs independent of L. Then
Theorem 6.11(v) implies that log os = log A(s) —logp = ¢(s) —logp, and ¢(s) < logp
by Proposition 6.15(v).

For the lower bound, let L, N > 1, and write W;,n.3 = C'GA with A = Wi,
G = Mp+3Mp oM 41, and C' = My N3+ - Mp 4. The matrix G is a product of three
independent factors as in Proposition 6.18, with a, = E|B|° and a_ = E|B| %, and it
is independent of (A,C’). Since G is independent of (A, C’), we may apply Proposi-
tion 6.18(ii) conditionally on (A, C’), integrating over G with A and C’ held fixed (as in
the proof of Corollary 6.21(iii)), and we obtain E[||C'GA| 5| A, C'] < C||C"||%||A| .
Taking expectations and using the independence of A and C’, where C’ has the law of
Wy, we obtain

fr+n+3 < CufnfL-
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By induction on k > 1, this gives fk(L+3)—3 < Cﬁ_lf]L‘. Since n~! log f, — log 05, taking
logarithms and dividing by k gives

k(L+3)—-3 log fi(r+3)-3 < k—1
k KL+3)-3— &

log C, + log fr.

Letting k — oo, we find (L + 3) log 05 < log C + log f1, which is the lower bound. [

6.5 Path moments

In this section, we identify the free energy with the growth rate of the path moments
®; (s), which are iterates of the transfer operator 4; in the x-coordinate. We begin by
writing the iterates of 4 along a chain of independent factors.

Lemma 6.23. Suppose that v satisfies (6.1), and let s € (0,2) and L > 1.
(i) Let B),...,B}_ have law v and B4, ..., Br. have the exponential law of rate K, all indepen-
dent. For x € R, set X = xand X; 1 = fB;_llﬁj(X]-)forj =1L,...,1. Then almost surely
X;j € R for every j, and for every Borel F: R — [0, 0],

L
(ASE)(x) = p"E | TTB;2IX)1° F(Xo) |- (6:21)
j=1

(ii) Let 7t be a real solution at energy E > 0, and for g > 0 let Aég) be the transfer operator in the

x-coordinate defined with vy and K = p/ g%, and let 73 be the law of 1/(gD), where D has
law . Let Dy, D), ...,D} 4 have law 7t and Y, ..., Yy have law Exp(1), all independent,
and set D;_; = D]’-_1 —Y;/(pD;) for j = L,..., 1. Then almost surely D; € R\ {0} for
every j, and for every g > 0,

L Y:\s

()L L - N2 -
gS/AS e drti = p JE[\DO| 5]11(?) Dj| } (6.22)

In particular, the left side does not depend on g.
Proof. For (i), we first show that X; € R almost surely. Suppose that X; € R al-
most surely. The variables (B]’;l,ﬁj) are independent of X;, which is a function
of B},...,B’L_l,ﬁjﬂ,...,ﬁb By Definition 6.1(vi), for every fixed y € R we have
fB1_p; (y) € R almost surely, and Fubini’s theorem implies X; ; € R almost surely.
[y
Formula (6.21) for L = 1 is the definition of A;. Suppose it holds for L. Then

(AFTF)(x) = p B | BY/2 |xI° (ALF) (fap ., () |
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Inserting (6.21) for ALF, evaluated at the point fB/L,,B _., (x) with the independent variables
Bj,...,B; _1,B1,...,BL, and using Tonelli’s theorem, we obtain (6.21) for L + 1, with
XL—H = x and XL = fBir/—%L+1 (x)

For (ii), the variables D; are almost surely finite and nonzero by the same argument:
given D; € R\ {0}, the variable D;_ is finite, and it vanishes only if D]’-_1 =Y;/(pD;),
which has probability zero because Y; has a density and is independent of (D]{_l, Dj). Set
Bi = gD}, Bj = §?Y;/p, and X; = 1/(gD;). Then B/ has law vg, B; has the exponential
law of rate K, X1 has law ng, all are independent, and

=X 4.

&Y 1>1: 1
ng—l /

p 8D
By (i) with F = e, applied conditionally on X} and integrated against 7ty using Tonelli’s
theorem, we obtain

fo_ 8, (X)) = <8D]/>1

L
¢ [ A e dmg = B |10 TT87 )
j=1
L Y:\s/2
=gspL]E{g‘leol‘sl—[gs(;]) g‘SIDjI‘S}
j=1

which is (6.22). [

Definition 6.24. Let 7 be a real solution at energy E > 0, lets € (0,1), and let L > 0. The
path moment is

Dy (s) = Dy (s E) = &° / A e dr e [0,00],
where ¢ > 0, and Agg) and 7T§ are as in Lemma 6.23(ii); for L = 0, we set Ages = es. By
Lemma 6.23(ii), ®1(s) does not depend on g and is given by the right side of (6.22).

Remark 6.25. We explain the name. Let 77 be a real solution at E, and let (D,) be the
variables of the recursive tree process of Lemma 5.13, which have law 7t and satisfy
D, = E— p_l Y. Yu/D,, the sum running over the children u of v. (When the no-ac
hypothesis of Proposition 5.11 holds and 7 is the real boundary law, the boundary
denominators —1/T',(E + i0) satisfy the same recursion.) For a vertex v at generation
L with path 0 = vy, ...,v; = v, the formula of Proposition 3.18 with l"vj =-1/ DU]. and
|ho, 1o, ? = Yy, /p gives the formal column entry

v; 5

L § —s17L Y] /2 —s
ITo T oy 1oy Ty | = Dol =TTy () 1Dl

Summing over v and applying the many-to-one formula (Proposition 4.8), the sum
becomes p’ times an expectation along a single path, on which Dy, |, = D]’._1 — Yo,/ (pDU].),
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where D]’._1 is the contribution of the other children of Vi1 since these children form an
independent Poisson family, the cavity equation shows that D;_l has law 7. Comparing
with (6.22), the expected generation-L sum is @ (s; E). This identity is stated and proved
in Proposition 8.3.

The operators A; and Qs are related by the weight function ks of Definition 6.1(v). For
the identification, we use the following conjugacy. Here, for a Borel function G: RP! —

[0, 0], we define QLG(x) = [ G drl )( x,-) € [0,00]; for bounded G, this agrees with the
operator iterate.

Lemma 6.26. Suppose that v satisfies (6.1), and let s € (0,2). For x € R\ {0}, b € R, and
B > 0, we have

B2 (x| hs (fo p(x)) = hs(x) || M(b, B)ox|| . (6.23)
Further, for every Borel G: RP! — [0, c0], every L > 1, and every x € R\ {0},
AL (hsG) (x) = hs(x) QLG (x). (6.24)

Proof. Let w = b — Bx. If w # 0, then f; 4(x) = 1/w and hs(1/w) = (1+w?)~*/?, and
(6.3) gives

|x|s [55/2(1 —|—x2)5/2

hs(x) [[M(b, B)ox|| > = (1 + x2)s/2 (14 w?)s/2 - ﬁs/2|x|sh5(1/w)-

If w = 0, then f g(x) = oo, hs(c0) = 1, and both sides of (6.23) equal B°/2|x|°. This proves
(6.23).

We prove (6.24) by induction on L. For x € R\ {0}, the point fpg(x) lies in R \ {0}
almost surely (it equals oo only on a null event, and it equals 0 only if x = c0). For L =1,
by (6.23), we have

As(1sG) (x) = pB[B/2 xR (s () G (fip(x)) |
= ho(x) pE| | M(B, B)ox ]| G (f p(x)) ] = ho(x) QG(x).

Suppose that (6.24) holds for L. Since fp g(x) € R\ {0} almost surely, we may apply the
induction hypothesis at this point, and (6.23) gives

AF (G (x) = pE| B2 s (f,5(x)) (QEG) (f,5(x)) | = h(x) Q4G (),

In the last step, we used (6.11) to write Q51 G(x) = pE[||M(B, B)vx|| *(QLG)(f5,5(x))]-
[
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The identification of the free energy with the path moments requires a fractional
moment bound for the denominator perturbed by a tilted squared modulus. For g € (0,1),
let T, be a random variable with density t1/2¢~!/T(1 + q/2) on (0, %), independent of B.
We consider the bound

E|B —caT,;| ™1 < Cymin{1,a" 7} forallo € {—1,1} and a > 0. (6.25)

By Proposition 5.5, if B = ¢D with D distributed according to a real solution at energy
E > 0, then (6.25) holds for every g € (0,1), with a constant C,; depending on p, E, g, and

q.
Proposition 6.27. Let s € (0,1). Suppose that v satisfies (6.1), and that there exist q € (s, 1)
and Cy < oo such that (6.25) holds. Let v* be the law of 1/B.

(i) There exists C > 1, depending on s, p, K, v, q, and Cg, such that for every L > 1,
CA(s)E < / Ale; dv* < CA(s)L.

In particular, [ ALes dv* is finite for every L, and lim .o L™ log [ ALes dv™ = ¢(s).
(il) We have E|B|~% < oo, and the norm moments satisfy

C; lelE3)(e(s)~logp) < £, (5) < ell9(s)~logp), L>1,

where C, is as in Corollary 6.22. In particular, lim; o, L~ ' log f1.(s) = ¢(s) — log p.

(iii) Let 7t be a real solution at energy E > 0. Then the hypotheses above hold for vy and
Ky, = p/g?, for every ¢ > 0 and every s € (0,1). In particular, there exists C > 1,
depending on s, p, E, and 7t, such that

Clelos) < @) (5;E) < Celon), L >1,

and therefore

1
nglc}oflogch(S;E) = @r(s).

Further, 9(1) = limgq lim; o L™ 1og @ (s; E), and the bounds in (ii) hold for the norm
moments of 7t with every scaling.

Proof. Since the weight function s vanishes at 0, the initial function e; = |x|° of the path
moment corresponds under (6.24) to the function us(y) = (1 4 y?)5/? (with u(c0) = c0),
which is unbounded on RIP!. We show that one application of Qs turns us into a
bounded continuous positive function, using (6.25); the uniform integrability needed for
continuity comes from (6.25) at the larger exponent q. After this, the bounds follow from
Theorem 6.11.
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Step 1. A tilted moment bound. Forr € (0,1), we have y"/2e™Y dy = T(1+r/2)P(T, € dy).
Writing B = Y/K with Y ~ Exp(1) independent of B, we therefore have, for x € R,

E[p/2[B— px| 7] = K7PE[Y"2[B—2v| | = K/2T(1+1/2)E[B - a|;| Tl
(6.26)
where ¢ = sgnx (and ¢ = 1 if x = 0). Applying (6.26) with r = g and (6.25), we obtain

(1+x?)12E[B2|B — Bx| ™7 < K~72T(1+4q/2)Cy (1 + x*)7?min{1,K7|x|7}.

The right side is at most (1 + K?)9/2 times the prefactor, uniformly in x € R: for |x| < K
this is immediate, and for |x| > K we have (1 + x2)7/2K7|x|™1 = K9(1 + x~2)1/2 <
(K2 + 1)‘7/ 2. Then there exists C; < oo, depending on ¢, K, and C;, with

sup(1+ x?)72E[B7%B — x| 1] < Ci. (6.27)
xeR

StEP 2. The function Qgus is continuous and positive on RIP1. Let x € R. Almost surely
w = B— Bx # 0,and then fg g(x) = 1/wand us(1/w) = (1+w2)*/? = (1+w?)*/?|w| >
By (6.3), we have

qus(x) = P]EZx/ Ly = ,35/2(1 + x2)5/2|B - ﬁx|_s'

At oo, we have fB,ﬁ,(oo) = 0 and u5(0) = 1, which give Qu;(c0) = p]E/B_S/Z = pKS/ZF(l -
s/2). Since zl5 = B1/2(1 4 x2)1/2|B — Bx|~7 and q/s > 1, (6.27) implies that the family
{Zy : x € R} is bounded in L1 /s:in particular, it is uniformly integrable and bounded in
L!. In particular, sup, g Qstis(x) < 0.

Let x, — xo € R. The event {B # Bxo} has probability one: for xyp = 0 because
P(B =0) =0, and for xy # 0 because p has a density and is independent of B. On this
event, Zy, — Z,, and by Vitali’s convergence theorem, we have Qsus(x,) — Qsts(xp).
Now let x, € R with |x,| — co. Since |B — Bx,|(1+ x2)"1/2 — B almost surely, we
have Z,, — B*/?B~° = B/ almost surely, and Vitali’s theorem gives Qsus(x,) —
p]E,B_S/Z = Q;us(00). This proves that Qsu, € C(lR]Pl). Since Z, > 0 almost surely for
every x € R and EB~*/2 > 0, the function Q;u is strictly positive, and by compactness
c¢1 = min Qgugs > 0. Let c; = max Qgus.

StEP 3. Proof of (i). Since es = hsus; on R, Lemma 6.26 with G = u, implies Ales(x) =
hs(x) QLus(x) for x € R\ {0}. By the Chapman-Kolmogorov relations and Tonelli’s
theorem, QLus = QL ~1(Qsus), where on the right QL acts on the continuous function
Qsus. The law v* is concentrated on R \ {0}, because B is finite and P(B = 0) = 0. We
conclude that

/ALeS dv* _/h ) QL1 (Quue)(x) v¥(dy),  L>1. 6.28)
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Let 95 be the eigenfunction of Theorem 6.11(ii), and let 2 = min s and A = max ;. As
in Step 6 of the proof of Theorem 6.11, positivity of Qs and ¢; < Qsus < ) give

c1a A
AT < N (Qans) < ZEA(s)H

pointwise on RP!.  Further, since 0 < hs < 1 on R\ {0}, we have
0 < [hdv® < 1 Inserting these bounds into (6.28) proves (i) with
C = max{cxA/(aA(s)), AA(s)/(c1a [hs dv*)}, enlarged to be at least one. The
limit statement follows by taking logarithms.

StEP 4. Proof of (ii). Taking a = 0 in (6.25), we obtain E|B|™7 < C;and E|B|™* <1+ C; <
0. Then Corollary 6.22 applies, and we have the bounds with g5 = e?() 187,

SteP 5. Proof of (iii). By Lemma 6.13(i) and Proposition 5.5, the law v, satisfies (6.1) and
(6.25) for every g € (0,1), and the hypotheses hold for every s € (0,1), with any g € (s,1).
By Definition 6.24, &1 (s;E) = ¢° [ AL, drtg, and 717 is the law of 1/B for B = gD. Part
(i) and A(s) = e?7(*) imply the bounds on @ (s; E), after multiplying C by max(g°, ¢~*).
Since ¢ is continuous at 1 by Proposition 6.15(i), we have ¢, (1) = limg} ¢ (s), which
implies the formula for ¢(1). The last statement is (ii) applied with each scaling. O



PART II

Spectral type from the sign of the free energy



SECTION 7

Rank-one perturbations of the squared row norms

In this section, we prove two criteria for the spectral type of H on a set of energies of the
form I U (—I), where I C (0,00). Both criteria rest on the bipartite structure recorded
in Proposition 3.23. The square block A*A is a sum of the rank-one terms Uy|vy)(vy|
over the rows y € Vj, and, conditional on all other variables, the squared row norm

Uy has a Lebesgue density. Removing the term of one row leaves an operator K(()y ) that
does not depend on U, and the spectral measure of v, for A*A is the member with

coupling u = Uy of the rank-one family K(()y) + ulvy)(vy|. For Lebesgue-almost every

coupling, the spectral type of such a family is determined by the boundary values of the

Borel transform of the spectral measure of v, for K(()y ). This is the mechanism behind the
Simon-Wolff criterion [124] and spectral averaging; see [123] and [13] for expositions.

The first criterion, Proposition 7.9, deduces pure point spectrum from the finiteness
of reciprocal-square integrals of spectral measures of the vertex-deleted operators; it is
used in Section 8. The second, Proposition 7.11, deduces purely absolutely continuous
spectrum from positivity, with positive probability, of the imaginary part of the boundary
value of the root cavity resolvent; it is used in Section 10.

Section 7.1 collects facts about Borel transforms and rank-one perturbations, the
main one being Lemma 7.3. Section 7.2 records the measurability of resolvent entries
of the tree operators. Section 7.3 relates the row-deleted square blocks to the vertex-
deleted operators. Section 7.4 and Section 7.5 prove Proposition 7.9 and Proposition 7.11,
respectively.

Throughout this section, p > 1 is fixed. For a self-adjoint operator K on a separable
Hilbert space h and a vector ¢ € b, we write quf for the spectral measure of ¢, so that
quf(B) = (¢, 1p(K) @) for Borel sets B C R. We let hpp(K) and h,(K) denote the closed
subspaces of vectors whose spectral measures are pure point and absolutely continuous,
respectively. For a Borel set B C R, we say that K has pure point spectrum in B if
Ran1g(K) C hpp(K), and that K is purely absolutely continuous in B if Ran1(K) C
Hac(K). Since ptfg( K)p 15 the restriction of ]/thf to B, the first property holds if and only if

the restriction of quf to B is pure point for every ¢ € b, and similarly for the second. We
write | B| for the Lebesgue measure of B, and B> = {t* : t € B}.

143
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7.1 Borel transforms and rank-one perturbations

For a finite positive Borel measure y on R, its Borel transform is
_ [ md)
Fu(z) = M z € H.
It is holomorphic on H, and for A € R and # > 0 we have
) — 7 p(d)
m B, (A + i) = [ eyt 7.1)

If p is not the zero measure, then ImF, > 0 on H. We say that the vertical boundary
value F, (A +i0) exists if lim, o F, (A + i) exists in C; in that case F, (A +1i0) denotes the
limit. We also define the reciprocal-square integral

p(dt)
R,(A) = 7.2
W0 = e € 0ol 72)
with the convention that the integrand equals +co at t = A, so that R, (A) = co whenever
u({A}) > 0. By (7.1), the function y — 1~ 'ImF,(A +iz) is the integral of ((t — A)? +
%) ~1 against u, which increases as 77 | 0. By the monotone convergence theorem, we
have T (4t

Ry (A) = lim " E AT im Fu(A+i/n). (7.3)

740 n neN

Lemma 7.1. Let p be a finite positive Borel measure on R, and let y = pac + Hsing be its
decomposition into parts that are absolutely continuous and singular with respect to Lebesgue
measure.

(i) For Lebesgue-almost every A € R, the vertical boundary value F, (A +1i0) exists.
(ii) The measure psing is carried by the set of A such that lim, oIm F,(A +i) = co. In
particular, psing (R \ Ny) = 0, where Ny, is the set of A at which F, (A +i0) does not exist.
(iii) We have u({A € R : lim, ;o Im F, (A + i) = 0}) = 0.
(iv) If Ry(A) < oo, then u({A}) = 0, the boundary value F, (A + i0) exists, and it is real and
equal to [ (t — A)~Tu(dt).

Proof. Part (i) is the classical theorem on the existence of finite boundary values of Borel
transforms of finite measures; see [123] and [13]. (One proof applies Fatou’s theorem
on boundary values of bounded holomorphic functions to (F, —1i)/(F, +1); see [118,
Chapter 11].)

For (ii), we first note that if [t — A| < 7, then (t — A)? 4+ %> < 252, Restricting the
integral in (7.1) to such ¢, we obtain the Poisson-kernel lower bound

> p(A =, A+1y) 7.4)

Im F, (A + i) o
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By the differentiation theorem for positive measures that are singular with respect to
Lebesgue measure [118, Chapter 7], for pising-almost every A we have

li P‘sing((/\_ﬂl/\—i_n)) _
1m —
740 21

Since p > psing, (7.4) implies that Im F, (A +in) — oo for psing-almost every A. At such A
the boundary value Fy, (A +i0) does not exist, which proves (ii).

For (iii), let A be the set in (iii); it is a Borel set, because the limit of the continuous
function 7 +— Im F,, (A + in7) may be taken along rational 7. By (ii), we have ping(A) = 0.
For A € A, the bound (7.4) implies that lim, o u((A —n,A +17))/(27) = 0. By the
differentiation theorem for measures [118, Chapter 7], at Lebesgue-almost every A this
limit exists and equals the density f = dpuac/ dA; the singular part contributes zero
Lebesgue-almost everywhere. We conclude that f = 0 almost everywhere on .4, and
Hac(A) = fAf()‘) dA = 0.

For (iv), the convention in (7.2) shows that #({A}) = 0. For t # A and # > 0, we have
|t — A —in|~! < |t — A7}, and by the Cauchy-Schwarz inequality,

p(dt) < 1/2 1/2
S <R PR, ()2 < e

By the dominated convergence theorem, we have F,(A +i) — [ (t —A)"1u(dt) € Ras
n 0. O

The next lemma compares vertical boundary values at E? with limits along the curve
7 — (E +in)?, which is the curve that appears when the resolvent of H at E + i5 is
expressed through resolvents of 2.

Lemma 7.2. Let y be a finite positive Borel measure on R and let E > 0. Then lim, o F, ((E +
in)?) exists in C if and only if F,(E* + i0) exists, and in that case the two limits coincide.

Proof. For i > 0, set w, = (E +in)? = E* — #*> + 2iEy and w;, = E* + 2iEy. Both lie in
H, they have the same imaginary part 2Ey, and [wy, — wj| = n*. For w € H, we have
Jg |t = w|7?u(dt) = Im F,(w)/ Imw by (7.1). Using the Cauchy-Schwarz inequality, we

find
, (wy —wp) p(d V2 uan \
|Fy(wy) — Fu(wy)| = R(tjwﬂ)’ét </ |t_w|2> (/]Rm
= L (Im Fy (wy) ImFH( ,7))”2. (7.5)

Suppose that F,(E* +i0) exists. Since w;, = E? +i(2Ey), we have F,(w;) — F,(E* +

i0), and there exist M < co and 179 € (0, E] such that ImF(wy) < M for 1 < .
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For such 7, write a = Im F,(wy). By (7.5) and the inequality vaM < (a+ M)/2, we
have a < M+ (a + M) /4, which implies that 2 < 2M. Inserting this into (7.5), we
obtain [Fy,(wy) — Fu(wy)| < V2Mn/(2E) — 0, and therefore Fu(wy) — Fu(E? +i0).
The converse implication follows by exchanging the roles of w, and w{Y in the same
argument. [

We now turn to rank-one perturbations. Let L be a self-adjoint operator on a separable
Hilbert space h, and let v € b with ||v|| = 1. For u € R, set

L, =L+ufv)(v|, Dom(L,) =Dom(L), pu,=publ, F,=F, (7.6)

u*

Each L, is self-adjoint, since it is a bounded symmetric perturbation of L, and each y,, is
a probability measure. Let N C R be the set of A at which Fy(A +i0) does not exist, and
for u € R set

Z,={AeR\N: F(A+i0) € R, 1+ uFy(A +i0) =0}. (7.7)
Note that Zy = @.

Lemma 7.3. In the setting of (7.6) and (7.7), the following statements hold.
(i) For every u € R and z € H, we have 1 + uFy(z) # 0 and

Fu(z) = o)

=TT ub@) 7.8)

(if) The set N is a Lebesque-null Borel set, and for every u € R the singular part of u, is carried
by NU Zy:
(Mu)sing(R\ (NU Z,)) = 0.

(iii) For every Borel set B C R, the map u +— p,(B) is Borel and

/Ryu(B)du — |B|. (7.9)

(iv) Let (Y, o) be a measurable space, and suppose that for each w € ) we are given L = L(w)
and v = v(w) as above, possibly on a Hilbert space depending on w, such that w — Fy(w, z)
is o7 -measurable for every z € H. Write N(w), Zy(w), pu(w) for the corresponding objects.
Then the sets

{(WA):AeNw) e @BR), {(wuA):Ae Zuw)} € o2 BR)SB(R)

are measurable, the function (w, ) — Ry, (,)(A) is & ® B(R)-measurable, and for every
T € o @ B(R) the map (w,u) — py(w)(Tw) is o @ B(R)-measurable, where T,, = {A :
(w,A) €T}
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The identity (7.8) is the Aronszajn—-Krein formula (see [27]), and (7.9) is spectral
averaging; see [123]. Part (iv) is what allows the null sets in (ii) and (iii) to be used inside
conditional Fubini arguments in which L and v are random.

Proof. We prove the four parts in the order (i), (iv), (ii), (iii).

Proof of (i). Fix z € H. Since Ran(L — z) ! = Dom(L) = Dom(L,), the second resolvent
identity yields

(L-2)"' = (Lu—2)"" = (Lu—2) (Lu = L)(L—2)" = u(Ly —2)"'o) (0| (L —2)".

Applying both sides to v and taking the inner product with v, we obtain Fy(z) — F,(z) =
uF,(z)Fy(z), that is, F,(z)(1 + uFy(z)) = Fy(z). If u # 0 and 1+ uFy(z) = 0, then
Fo(z) = —1/u would be real, which is impossible because Im Fy(z) > 0. This proves (i).

Proof of (iv). We first show that (w, z) — Fy(w,z) is &/ ® B(H)-measurable. For n € N,
partition H into countably many Borel sets Q,, ; of diameter at most 1/, choose z, €
Quk and set F M(w,z) = Fy(w, znx) for z € Q, k. Each F is jointly measurable, and
F(") — F, pointwise because Fy(w, -) is continuous. By (7.8), the function (w, u,z)
F,(w,z) is then jointly measurable as well.

Let C be the set of (w, A) satisfying the rational Cauchy criterion

Vke NIm e NV, 7' €Qn(0,1/m): |Fy(w,A+in) — Fy(w, A +in')| < 1/k. (7.10)

It is obtained from jointly measurable sets by countable unions and intersections, so
C € & ®B(R). If Fy(w,A +10) exists, then (7.10) holds. Conversely, if (7.10) holds,
then by continuity of 7 — Fy(w, A + i) the same inequality, with < in place of <,
holds for all real 77,%' € (0,1/m), and completeness of C shows that the limit exists.
It follows that {(w,A) : A € N(w)} is the complement of C. On C we set Fj(w,A) =
limy, ;00 Fo(w, A +1/n), and we set Fj = 0 off C; this function is jointly measurable, as a
pointwise limit of measurable functions multiplied by 1¢. Then

{(w,u,A): A € Zy(w)} = {(w,u,A) : (w,A) € C, ImF§(w,A) =0, 1+ uFj(w,A) =0}

is measurable. The measurability of R, (.,)(A) follows from (7.3).

For the last assertion, let Py(x) = n'n/(x* +5?), so that 7 ' ImF,(A + i) =
[ Py(A — t)pu(dt) by (7.1). For a continuous function f with compact support, we
have by Tonelli’s theorem

%/]Rf()\)ImFu(A+ii7)d/\=/]R(Pn*f)(t)ﬂu(dt)-

Since P; x f — f uniformly as # | 0 and p, is a probability measure, the right side
converges to [ f du,. The left side, with # = 1/n, is a measurable function of (w, u) by
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Fubini’s theorem, because its integrand is jointly measurable and bounded by n|f(A)]|.
This shows that (w,u) — [ fdpu,(w) is measurable. Approximating the indicator of
an open interval from below by such f and applying the m—A theorem, we find that
(w,u) — py(w)(B) is measurable for every Borel set B. Finally, the class of T € &/ ® B(RR)
for which (w, u) — p,(w)(T,) is measurable contains the rectangles Ay x B, for which
the map is 14,(w)puu(w)(B), and it is closed under complements and increasing unions
because each y, (w) is a probability measure. By the 7—A theorem it is all of &/ ® B(R);
see also [81, Chapter 1].

Proof of (ii). By (iv), applied with a one-point space (), the set N is Borel, and it is
Lebesgue-null by Lemma 7.1(i). We now fix u € R and A ¢ NUZ,, and write a =
Fo(A+1i0). If 1+ ua # 0, then (7.8) implies that F, (A +1iy) — a/(1+ua) € C; in particular,
Im F, (A +iy) stays bounded as 7 [ 0. If 1 + ua = 0, then u # 0 and a = —1/u is real,
and A € Z,, which was excluded. Hence R \ (N U Z,) does not meet the set on which
Im F, (A +1in) — oo, and Lemma 7.1(ii), applied to y,, gives (yu)sing(IR\ (NUZ,)) =0.

Proof of (iii). The measurability of u — 1, (B) is the case of (iv) with a one-point space ().
Fix z € H and write Fy(z) = a 4+ ib with b > 0. By (7.8),

Im(Fo(z) (1+uFy(z))) b

ImF,(z) = — ,
m Fu(2) 11+ uky(z)2 (1 + ua)? + u2b?

With ¢ = a? + b%, we have (1 + ua)? + u?b?> = c(u +a/c)? + b*/c, and therefore

du s

ImF, = =b-— =71 7.11

/]R m Fu(z) du = Rc(u+a/c)2+b%/c b b " @.11)

Define the measure v(B) = [ ptu(B)du on Borel sets B C R. For z = x +iy € H,
Tonelli’s theorem and (7 11) give

yv(dt) / / ydt
Im F, ( =7 = 712
/(t—x mF,(x+iy)du =t = [~ )2 (7.12)

The measure v is locally finite: for t € [x — y, x + y] we have y/ ((t — x)2 +y?) > 1/(2y),
and (7.12) implies that v([x —y,x +y]|) < 2ny. Taking z = i in (7.12), we also obtain
JgA+ ) v(dt) =n

It remains to show that a locally finite measure v with [ (1 + ) ly(dt) < oo is
determined by its Poisson transform (P, *v)(x) = 7t [y((t — x)? + y*)"lv(dt). Let f
be continuous with support in [—7,7]. For 0 <y < 1 and |t| > 2r, we have |(P, * f)(t)| <
Iflloo-2r - 702y (£/2) 2, and [(Py = £)(8)] < |[fllo for all £; hence | (B, « f)(£)] < C4(1+
t2)~! for some Cy < co. By Fubini’s theorem,

/]Rf(x)(Py*v)(x)dx:/]R(Py*f)(t)v(dt).
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Asy | 0, we have P, x f — f pointwise, and the dominated convergence theorem (with
the dominating function Cs(1+ *)') shows that the right side tends to [ f dv. The
same holds with v replaced by Lebesgue measure. Since the two Poisson transforms
agree by (7.12), we conclude that [ fdv = [ f(t)dt for every continuous f with compact
support. By the uniqueness part of the Riesz representation theorem, v is Lebesgue
measure, which is (7.9). O

The following lemma gives the two spectral criteria in the form needed below. Part
(i) is the criterion of Simon and Wolff [124], and part (ii) is its absolutely continuous
counterpart [123]. We state both for an individual coupling u, under a condition that
holds for Lebesgue-almost every u by spectral averaging; this is the form that combines
with conditional Fubini arguments.

Lemma 7.4. In the setting of (7.6) and (7.7), let S C R be a Borel set.

(i) Let T = {A € S: Ryy(A) = oo}. For every u € R, the restriction of u, to S\ T is carried
by the set of eigenvalues of L,, which is countable. In particular, the restriction of py to S
is pure point for every u with p,(T) = 0. If |T| = 0, this holds for Lebesgue-almost every
ueclk.

(ii) Let T' be the set of A € S such that Fy(A +10) does not exist or Im Fy(A +1i0) = 0. For every
u € R, we have (py)sing(S \ T') = 0. In particular, the restriction of y, to S is absolutely
continuous for every u with w,(T') = 0. If |T'| = 0, this holds for Lebesque-almost every
ueclk

Proof. We begin with (i). Fix u € Rand A € S\ T. By Lemma 7.1(iv), Fo(A +1i0) = a exists
and is real. Suppose first that 1 + ua # 0. Then (7.8) implies that F,(A +in) — a/(1 +
ua) € R. Then Im F, (A +i7) — 0, and A belongs to the set A, = {A : lim, o Im F, (A +
i) = 0}. Suppose next that 1 4+ ua = 0. We claim that A is an eigenvalue of L. To that
end, set i, = (L — A — i) "' for 7 > 0. By the spectral theorem,

11 P
t—A—in t—A—in

yo(dt).

Iy = 2= [,

The integrand is bounded by 4(t — A) 2, which is jg-integrable because Ry, (1) < oo, and
it tends to zero for t # A as 1,1' | 0; since pp({A}) = 0, the dominated convergence
theorem shows that (¢,) is Cauchy as | 0, with a limit ¢. We have (L —A)y, =
v + iy, — v. Since L is closed, we obtain ¢ € Dom(L) and (L — A)¢ = v. In particular
¥ # 0. Moreover, (v, ) = lim; o Fo(A + i) = a. Then

(Ly — ANy =v+u(v,p)v = (1+ua)v =0,

which proves the claim. We conclude that S\ T C A, Uop(L,), where 0, (L) is the set
of eigenvalues of L,. By Lemma 7.1(iii), #4(.Ay,) = 0. This implies that the restriction of
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iy to S\ T is carried by o, (L,). This set is countable, because eigenvectors of distinct
eigenvalues are orthogonal and b is separable. If moreover u,(T) = 0, the restriction of
iy to S is carried by a countable set, that is, it is pure point. Finally, if |T| = 0, then (7.9)
gives [i tty(T)du = |T| =0, and y,(T) = 0 for Lebesgue-almost every u.

For (ii), let A € S\ T'. Then A ¢ N and Im Fy(A +1i0) > 0, and A ¢ Z, for every u. By
Lemma 7.3(ii), we have (py)sing(S \ T') = 0. If p1,,(T') = 0, then (py)sing(S) < pu(T') = 0.
The last assertion follows from (7.9) as in (i). O

7.2 Measurability of resolvent entries

We use the realization of the marked tree in Definition 3.2: vertices are words in the
Ulam-Harris set U, so that every vertex is a deterministic word, and the marked tree
is built from the independent families (Ny),cu and (wy),cu,. A quantity indexed by
words that are not vertices of the relevant graph is set equal to zero; with this convention,
events such as {x € V} and {x ~ y} are measurable. For a vertex y, we write H¥) for the

(v)

operator with the vertex y deleted and y,”’ for the spectral measure of d, for H¥), as in
Theorem 3.10 and Definition 3.15. By Lemma 3.5(ii), for a neighbor x of y, the component
of x in V'\ {y} is the branch V_,, so that

G¥(2) =Txy(z), z€C\R, x~y. (7.13)

Lemma 7.5. Let (F, D) be a finite removal given by a fixed finite set F of words and a fixed finite
set D of edges, identified with words as in Definition 3.2 (on the event that these are vertices and
edges of T), and let u, x be words. Then the map (w, z) — GLiP (2) is measurable on Q) x H. In
particular, for all words u,w, the map (w,z) — Ty (2) is measurable.

Proof. For fixed z, the map w — GE:P(2) is measurable, as explained after Definition 3.15:
by Theorem 3.10(iii), it is the limit of entries of inverses of finite matrices whose entries
are measurable functions of finitely many of the variables N, and w,. It is also continuous
in z € H. For n € N, partition H into countably many Borel sets Q, ; of diameter at
most 1/n, choose z,x € Q,k, and set G(w,z) = GEP (znk) for z € Q, k. Each G is
jointly measurable, and G(") — GEP pointwise by continuity. The last assertion holds

@ {e}

because I', . = Gy;;' ’, where e is the edge between u and w. O

7.3 Row deletion and the square blocks

We now recall the row structure of Proposition 3.23, for C = V, in a form that treats both
parities at once. Let y be a vertex with deg(y) > 1, and let € € {0,1} be the parity of
its neighbors, so that y € V;_,. Let P be the orthogonal projection onto ¢?(V;), and let
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Se denote the square block of H? on (%2(V,), that is, Sy = A*A and S; = AA*. The row
vector, squared row norm and row direction of y are

ay =Y hybr € P(Ve), Uy=a>=Y |hyl®, v, =U,"?a,. (7.14)

x~y x~y

Almost surely every edge weight is nonzero, and then U, > 0. Set
KW =S¢ — Uy lv,) (vy). (7.15)

By Proposition 3.23(iv) and (vii), KW is a nonnegative self-adjoint operator with
Dom(K®¥)) = Dom(S,); for y € Vj it is the operator K(()y ) of Proposition 3.23. Further, for
z€ C\R,
Po(HY) —2)7 1P = 2 (KW — 2271, (7.16)
where both sides are regarded as operators on ¢?(V,); this is meaningful because y ¢ V.
We set
vy = yﬁfy(”), my(w) = F, (w) = (oy, (KW —w)~lo,), weH. (7.17)

Lemma 7.6. Almost surely, the following holds for every vertex y with deg(y) > 1.
(i) For every z € C with Rez > 0 and Imz > 0,

my(z2) = —— Y |hay|* Ty (2). (7.18)

(v)

(ii) For every neighbor x of y, the measure " is invariant under A — —A. Moreover, vy is the
image of the measure Uy ' Y., |hxy|2,u§cy ) under the map A — A2.
(iii) For every E > 0,

Ry, (E?) < Y |th|2 (7.19)

x~y

EZUy

Proof. We work on the probability-one event on which the conclusions of Theorem 3.10
and Proposition 3.23 hold and all edge weights are nonzero. Part (i) is the identity (3.22)
(for y € V; for y € Vy we use Proposition 3.23(vii)), divided by z, since |v,(x)> =
By |/ Uy
For (ii), write yg, y) for the spectral measure of v, for HW). By Lemma 3.5(ii), the
neighbors of y lie in distinct components of the graph V \ {y}, and H¥) is the or-
thogonal sum of the operators of these components (Theorem 3.10(iv)). It follows that
(65, fF(HW)6,) = 0 for distinct neighbors x, x’ of y and every bounded Borel function f,
and by (7.14),
8 = L gl 2

Y x~y
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By Proposition 3.21(i), applied to the components of V' \ {y}, each ,uj(cy) is invariant under
A — —A, and by (7.20) so is ptz(;‘; ). Let v/ be the image of ptz(,]; ) under A + A2. For z
with Rez > 0 and Imz > 0, the symmetry and the identity (A —z)~1 + (—A —z)~! =
2z(A? — z2)~ 1 give

/ u) (dA) _ z ) (dA) :Z/]Rv’(dt)

R A2 —22 t—z2°

By (7.16), the left side equals zmy(z°) = z J(t— z2 y(dt). Since z z2 maps the
open first quadrant onto IH, the Borel transforms of v/ and vy agree on IH. By the Stieltjes
inversion formula (or by the uniqueness argument in the proof of Lemma 7.3(iii)), v’ = vy,
This proves (ii).

For (iii), we use (ii) and the factorization A> — E2 = (A — E)(A + E):

(v)

(v)
) () Wy o
R = | B ER 52 Jom G ERGTER S 2Ry )

(v)

In the first inequality, we used that the integrand is even in A and that s, is symmetric;
in the second, we used that (A 4+ E)? > E? for A > 0. Inserting (7.20), we obtain (7.19). O

The next lemma passes from the spectral measures of the row directions to a square
block. Together with Proposition 3.23(vi), which passes from the two square blocks to H,
it reduces the spectral type of H in I U (—I) to that of the row measures in I2.

Lemma 7.7. Let K be a self-adjoint operator on a separable Hilbert space b, let B C R be a Borel
set with 0 ¢ B, and let (¢;)jen be vectors whose closed linear span contains (ker K)*. If the
restriction of qufj to B is pure point (respectively absolutely continuous) for every j, then K has
pure point spectrum (respectively is purely absolutely continuous) in B.

Proof. We treat the pure point case; the other is identical. Since 0 ¢ B, we have 15(K)y =
15(0)y = 0 for ¢ € ker K. For each j, the spectral measure of 13(K)¢j; is the restriction of
qufj to B, so 15(K)@; € hpp(K). Since 1p(K) is bounded and hpp (K) is closed, 13(K) maps
the closed span of the ¢;, and hence (ker K)*, into hpp (K). Together with 15(K) ker K =
{0}, this gives Ran15(K) C bpp(K). O

Finally, we record the conditional structure of a single row. For a word y, let GY be
the c-algebra of Proposition 3.23(iv) (with C = V, and with the parities exchanged as
in Proposition 3.23(vii) if |y| is even). It is generated by the genealogy and auxiliary
variables Gy, by the row direction v,, and by the marks of all edges not incident to y.
We write Oy = {y € V, deg(y) > 1}, which belongs to Gy. A probability kernel from
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(Q),GY) to R is a map w — x(w) into the Borel probability measures on R such that
w — k(w)(B) is GY-measurable for every Borel set B C R. Ford > 1, let

d

gi(u) = %ud_le_f’”l(oloo)(u). (7.21)

Lemma 7.8. Let Q € {IP,IP*} and let y be a word.

(i) There exists a probability kernel 1/]’/ from (Q), GY) to R such that, Q-almost surely on O}y, we
have vy, = vy.
(ii) For every GY ® B(IR)-measurable function ®: O x R — [0, 0],

[e0]

Eq [@(, Uy)lﬂy} = Eq {lﬂy /0 D(-,u) gdeg(y)(u) du|. (7.22)

Proof. We begin with (i). The operator H¥) depends only on the genealogy and on the
marks of edges not incident to y. For a neighbor x of y, let Gx(z) be the limit of the
diagonal entries at x of the resolvents at z of the Dirichlet truncations of ) to the balls
of radius n around x in the component of x, when this limit exists, and zero otherwise.
The argument of Lemma 7.5 shows that Gyis GV ® B(H)-measurable, and Gy = G,(g() on
sa by Theorem 3.10(iii). For w € H, let \/w be the square root in the open first quadrant,
and set .
My(w) = —= Y |oy(x)* Gx(v/0)
w £y

on O, and My (w) = —1/w off ). This function is GY ® B(IH)-measurable, and by (7.18)
and (7.13), almost surely on (), we have M, = m, on H.

We recover v, from M, by the Stieltjes inversion formula: for a finite measure v and

a < b, the limitas 17 | 0 of 7= ["Tm F, (¢ + i) dt is (v((a, b)) + v([a,b]))/2 [123]. Taking

a=—mand b =g+ 1/m and letting m — oo, we obtain v((—oo,q|). For rational g, set
1 r9+1/m
fq = limsup limsup — Im M, (t +i/n) dt.
m—oo n—oo 7T J—m

By Fubini’s theorem, f, is gy-meas/l\lrable (the integrand is jointly measurable and
bounded on [-m,q 4+ 1/m], since |Gx(z)| < 1/Imz), and almost surely on (), we
have f, = v,((—o0,q]) for every rational q. Let A be the set of w € ), such that
q — fy(w) is nondecreasing on Q, with limits 0 at —oo and 1 at +oco. Then A € G,
and Q(Qy \ A) = 0. For w € A, let vj(w) be the probability measure with distribu-
tion function A — inf{fy(w) : g € Q, g > A}, and for w ¢ A let vj(w) = d. Then
w — v, (w)((—o0, A]) is G¥-measurable for every A, and since the Borel sets B for which

y

w — vy (w)(B) is measurable form a Dynkin system, vy is a probability kernel. Almost

surely on Qy, the distribution functions of 1/; and vy agree at every A, by right continuity,

!/
and so vy = Vy.
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For (ii), Proposition 3.23(iv) (and (vii)) states that, under IP and under IP®, condi-
tionally on GY, the squared row norm uy has the density Sdeg(y) ON Qy; recall that the
number of neighbors of y in V is deg(y), which is GY-measurable. The identity (7.22) is
the disintegration formula for this conditional law [81, Theorem 6.4], applied with the
GY-measurable random element w +— w of (Q, GY). N

We now attach a rank-one family to the kernel 1/;. For w € Q, let LY(w) be the
operator of multiplication by the variable on Lz(vé(w)), and let 1 be the constant function,
whose spectral measure for LY is 1/;. Let (#Z)uell{ be the family (7.6) with L = LY and
v = 1, so that yg = 1/;. The Borel transform of 1/; is GY-measurable, so Lemma 7.3(iv)
applies with (0, &) = (Q,GY). By (7.8), the Borel transform of yj, is determined by u
and the Borel transform of ,ug, and the same holds for the spectral measures of Oy for
the operators K) + u|v,) (v,|, whose member with u = 0 is vy. Since a finite measure
is determined by its Borel transform, we conclude from Lemma 7.8(i) and (7.15) that,
Q-almost surely on Qy,

()
W = Pllzfyy uloy) oyl ¢ every u € R, in particular y{[y = MZS,;, (7.23)

where € is the parity of the neighbors of y.

7.4 The pure point criterion

Proposition 7.9. Let Q € {IP,P®} and let I C (0,0) be a Borel set (for example, a compact
interval). Suppose that Q-almost surely, for Lebesgue-almost every E € 1, for every vertex y and
every neighbor x of y,

(y) d
A % < co. (7.24)

Then Q-almost surely, H has pure point spectrum in I U (—1I). If the hypothesis holds P-almost
surely, then it holds IP*-almost surely.

The order of quantifiers in the hypothesis is the following: there exists an event of
Q-probability one on which, outside a Lebesgue-null set of energies E € I that may
depend on the realization, (7.24) holds simultaneously for all pairs of adjacent vertices.
The integral in (7.24) is R%(Cy) (E) in the notation of (7.2); in particular, it is infinite if E is

an eigenvalue of the component of x in V' \ {y} with y,ﬁy ) ({E}) > 0.

Proof. The last assertion holds because P* = P(- | S) is absolutely continuous with
respect to IP. We now fix Q and assume the hypothesis under Q.

The proof isolates one row y at a time. Conditional on all variables except the squared
row norm Uy, the spectral measure of v, for the square block is the member at coupling
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Uy, of a rank-one family, and Lemma 7.6 converts the hypothesis into the finiteness of the
reciprocal-square integral of the unperturbed member at almost every point of I2. The
Simon-Wollff criterion and spectral averaging then show that the perturbed measure is
pure point on I? for almost every coupling, and the density of U, transfers this to the
realized coupling. The row directions span the orthogonal complement of the kernel of
each square block, which gives the conclusion for the square blocks and then for H.

Ster 1. Reduction to a single row. We claim that it suffices to prove the following statement
for every word y: Q-almost surely on {y € V, deg(y) > 1}, the restriction of ptzs,; to
I? is pure point, where € is the parity of the neighbors of y. Indeed, the set of words
is countable, and this then holds Q-almost surely for all such y simultaneously. Fix
€ € {0,1}. The vertices whose neighbors lie in V. are those in V;_, and A*d, = a, for
y € Vi, while Ady = ay for x € V. By Proposition 3.23(ii) and (vii), the row directions
vy, ¥ € Vi_e with deg(y) > 1, span (ker A)* if ¢ = 0 and (ker A*)* if e = 1. Since
ker A*A = ker A and ker AA* = ker A*, they span (ker S¢)*. Since 0 ¢ I, Lemma 7.7
shows that S, has pure point spectrum in I2. By Proposition 3.23(vi), H has pure point
spectrum in [ U (—1I).

StEP 2. The exceptional set of the unperturbed row measure. Fix a word y, let v, be the kernel

of Lemma 7.8(i), and set
T,={re*: Ry (A) = oo},

We claim that {(w,A) : A € T, } is GY ® B(IR)-measurable and that |T;| = 0, Q-almost
surely on (). The measurability follows from Lemma 7.3(iv), applied with (()/, &) =
(Q,GY), L = LY and v = 1. For the second assertion, consider a realization in ), and in
the probability-one event of the hypothesis, of Lemma 7.6 and of Lemma 7.8(i), so that
1/; = vy. Let E € I be an energy at which (7.24) holds for all x ~ y. Then (7.19) implies
that Ry, (E*) < co. We conclude that T, C q(N\), where q(E) = E*> and V' C [ is the
Lebesgue-null set of energies at which the hypothesis fails. Since g is locally Lipschitz,

STEP 3. Spectral averaging in the squared row norm. Let (u3,),cr be the rank-one family of
(7.23), so that yy = 1/; and, almost surely on (), y{ly = yzSJ; By Lemma 7.4(i) with L = LY

and S = I?, the restriction of uj, to I? is pure point whenever yZ(Ty) = 0. Set
O (w,u) = 1{uy(T,) > 0}.

By Lemma 7.3(iv), with T = {(w, A) : A € T, }, the function ® is G¥ ® B(R)-measurable.
For every w with |T,| = 0, spectral averaging (7.9) gives [ u#(Ty) du = |T;| = 0, and
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®(w, u) = 0 for Lebesgue-almost every u. Using (7.22) and Step 2, we obtain
Q{pf;, (Ty) >0y NQy) < Q({|Ty| > 0} Ny

+Eq 1Qy1{yTy|:()}/O D (-, 1) Zaeg(y) () dut | = 0.

Then, Q-almost surely on (), the restriction of pts; = y{[y to I? is pure point. By Step 1,

this completes the proof. O

Remark 7.10. The hypothesis of Proposition 7.9 concerns spectral measures of the vertex-
deleted operators at the real axis. In Section 8, it is verified by constructing, for almost
every energy E, a solution f € £2 of the equation (H¥) — E)f = 4, (see Lemma 8.10).

7.5 The absolutely continuous criterion

Proposition 7.11. Let I C (0,00) be a Borel set (for example, an interval). Suppose that for
Lebesgue-almost every E € 1,

IP(Im T, (E 4 i0) > 0) >0, (7.25)

where the event is that the vertical boundary value T',(E + i0) exists and has positive imaginary
part. Then P®-almost surely, H is purely absolutely continuous in I U (—1I).

By Proposition 5.11(i), at every E € £, with E > 0 the probability in (7.25) is either 0 or
0p. Before the proof, we record two deterministic lemmas. The first propagates positivity
of imaginary parts along paths, and the second describes the infinite components left
after deleting a vertex. They are the pathwise form, at all energies outside a null set, of
statements proved at a fixed regular energy in Section 5.

Lemma 7.12. Fix a realization in Qg with all edge weights nonzero, and fix E € R such
that Ty (E + 10) exists for every oriented edge (u,w). If (u,w) is an oriented edge and
ImTy, (E +1i0) > 0 for some neighbor x # w of u, then ImT',_,,(E +10) > 0.

Proof. By (3.12) with C = V, we have I';_,,(z) = —A(z) ! with

A(z) =z+ Z |hux’|2rx’—>u(z)'

X ~u, X FEw

Since the sum is finite, the boundary value A(E + i0) exists. Every I'y,_,, maps H to
H, and we have ImT',/_,,,(E +1i0) > 0 and Im A(E +1i0) > |h,x|>Im Ty, (E +i0) > 0.
In particular A(E +i0) # 0, so I'y—u(E +i0) = —A(E +1i0)~1, and Im T, (E +i0) =
Im A(E +10)/|A(E +i0)|> > 0. O
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Lemma 7.13. Fix a realization as in Lemma 7.12, and fix E € R such that Ty, (E 4 10) exists
for every oriented edge (u, w) and ImT',(E +1i0) > 0 for every vertex v whose forward subtree
Ty is infinite. Let y be a vertex and x a neighbor of y whose component in 'V \ {y} is infinite.
Then ImT_,,(E +i0) > 0.

Proof. If x is a child of y, then the component of x is V(7;) and ['y—y = I'y; the claim is
then part of the hypothesis. Otherwise y # o and x = y~. Leto = ag,ay,..., 0 =y~
be the path from the root to y~, and set a5; = y. The component of y~ is V '\ V(7y),
and it is the union of the path {ay, ..., a;} and the sets V(7,), where w ranges over the
children of the aj (0<j < k) with w # aj;1. There are finitely many such w, since the
path is finite and degrees are finite. As the component is infinite, one of these forward
subtrees, say T, with w a child of a; and w # a; 4, is infinite, and Im I';,(E +i0) > 0 by
hypothesis.

We show by induction on i = j,...,k that Im rai—>ai+1(E +i0) > 0. For i = j, the
vertex w is a neighbor of aj different from a;,1, and I’wﬁaj = I'y, so Lemma 7.12 applies.
For j < i < k, the vertex g; is a neighbor of a;, different from a;,,, and Lemma 7.12
together with the induction hypothesis gives the claim for i 1. The case i = k is

ImT,_,,(E+i0) > 0. O

Proof of Proposition 7.11. The proof establishes, at almost every energy of I, that the row
measures v, have Borel transforms with positive imaginary boundary values, and then
applies the absolutely continuous criterion of Lemma 7.4(ii) with spectral averaging in
Uy. Positivity on every infinite forward subtree comes from (7.25) and the zero—one
law of Proposition 5.11; Lemma 7.13 transfers it to the attachment points of the infinite
components of the vertex-deleted tree; and Lemma 7.6(i) together with Lemma 7.2
transfers it to the Borel transform of vy at the point E2.

StEP 1. Positivity on infinite forward subtrees. Let B; be the set of (w,E) € Q x I such
that, for every vertex v with 7, infinite, the boundary value I',(E +i0) exists and has
positive imaginary part. By Lemma 7.5 and the rational Cauchy criterion (7.10), the set of
(w, E) at which I';,(E +i0) exists is measurable and the boundary value is a measurable
function on it. Since the event that 7, is infinite is measurable and there are countably
many words v, the set B; is jointly measurable. Let E € I N &, be an energy at which
(7.25) holds; this is the case for Lebesgue-almost every E € I, since the complement of £,
is Lebesgue-null (Definition 5.7). By Proposition 5.11(i), the probability in (7.25) equals
0p, and P*((w, E) € By) = 1. By Tonelli’s theorem,

E®{E el:(w,E) ¢ B} :/I]P‘”((w,E) ¢ By)dE = 0.

Further, each I';,_, is the Borel transform of a spectral measure. By Lemma 7.1(i), for
every realization and every oriented edge, ', (E +10) exists for Lebesgue-almost every
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E; there are countably many oriented edges. We conclude that there exists an event ();
with P®(();) = 1, contained in (g, in the event of Lemma 7.6, and in the event that
all edge weights are nonzero and 7 is infinite, with the following property. For every
w € ) there exists a Lebesgue-null set N'(w) C I such that for every E € I \ N (w), all
boundary values I';,_(E +1i0) exist, and ImI',(E 4 i0) > 0 for every v with 7, infinite.

StEP 2. Positivity for the row measures. Fix a word y, and let vy be the kernel of
Lemma 7.8(i). Let T]; be the set of A € I? such that the boundary value Fv@ (A +10) does
not exist or has imaginary part zero. By Lemma 7.3(iv), applied with (0, &) = (Q, GY),
L =LY and v =1, the set {(w,A) : A € Ty} is GY ® B(R)-measurable. We claim that
| Ty| = 0, P*-almost surely on ().

To that end, fix w € Q1 N Q) such that 1/; = 1y, so that Fu; =my, and fix E € [ \ N (w).
The set V '\ {y} is the union of the components of the deg(y) < oo neighbors of y, and
V is infinite; hence some neighbor xy of ¥ has an infinite component. By Lemma 7.13,
ImTy, -, (E+i0) > 0. By (7.18) with z = E + i17, the limit

Y |hxy|* Ty (E +10)

X~y

E—hinmy((EJruy) ) = EUy
exists, and Im ¢ > (EUy) *|hyy|*ImTx,—y(E 4+i0) > 0, because all terms have non-
negative imaginary part and hy, # 0. By Lemma 7.2, applied to vy, the boundary
value m,(E* +i0) exists and equals ¢, and E? ¢ Ty. In particular, Tj is contained in
{E?: E € N(w)}, which is Lebesgue-null. Since P®(Q);) = 1 and vy = vy almost surely
on Qy, this proves the claim.

STEP 3. Spectral averaging. Fix a word y, let € be the parity of its neighbors, and let ( yu)

be the rank-one family of (7.23), so that y 1/ and, almost surely on )y, ‘ugj = Vuj

By Lemma 7.4(ii) with L = LY and S = 12, the restriction of ptu to I? is absolutely
continuous whenever 3, (Ty) = 0. As in Step 3 of the proof of Proposition 7.9, the function
d(w,u) = l{yZ(T];) > 0} is GY ® B(IR)-measurable, it vanishes for Lebesgue-almost
every u when |T;| = 0, and (7.22) with Q = IP® gives H’“({y{[y(Té) >0tNQy) =0 It
follows that, IP*-almost surely, the restriction of yg; to I? is absolutely continuous for
every vertex y with deg(y) > 1.

StEP 4. Conclusion. As in Step 1 of the proof of Proposition 7.9, the row directions of
the vertices in Vj_. span (ker Se)L, and 0 ¢ I2. By Lemma 7.7, each square block S is
purely absolutely continuous in I?, and by Proposition 3.23(vi), H is purely absolutely
continuous in I U (—I), P®-almost surely. O

Remark 7.14. The hypothesis of Proposition 7.11 is a statement about the unconditioned
law at almost every energy of I, and the conclusion is a statement about the survival-
conditioned operator. On the extinction event the tree is finite and the spectrum is pure



7 Rank-one perturbations of the squared row norms §7.5 159

point, and the conclusion does not hold under IP. The energy 0 is excluded: H has finitely
supported eigenvectors with eigenvalue zero (Proposition 3.25).



SECTION 8

Negative free energy implies localization

In this section, we prove that a real solution of the cavity equation with negative free
energy at s = 1 forces pure point spectrum. The precise statement is Theorem 8.4: if
for almost every energy E in a set U C (0,0) there exists a real solution 7t at E with
¢n(1) < 0, then H has pure point spectrum in U U (—U), almost surely under P and
under P®. The real solution is not assumed to be related to the boundary values of the
resolvent of H, and the conclusion concerns only the operator.

We now describe the argument. Fix E > 0 and a real solution 7t at E. By Lemma 5.13,
there exists a family of real denominators (Dy) on the tree, with marginal law 7, satisfying
the cavity recursion D, = E — p‘l Y.i Yu0i/ Dy at every vertex. It is defined on an
extension of the probability space of the marked tree. Setting v, = —1/D,, the products

L
F(’()) = Yo H(_hvjvj,l')’vj)/ 0="179,01,...,0 =7,

j=1
define a function F on the vertices that solves (H — E)F = §, pointwise. We call it the
formal inverse column. By the many-to-one formula, the expected generation-L sum
of |F(v)|® is the path moment ®;(s; E) of Definition 6.24, whose exponential growth
rate is the free energy ¢,(s) by Proposition 6.27. If ¢,(1) < 0, we may choose s < 1
with @(s) < 0, and then F € ¢* C ¢? almost surely. Using the maximal domain
characterization of Theorem 3.10, we then obtain J, = (H — E)F, and this implies that
[ #o(dA)/ (A — E)? < co. The Simon-Wolff criterion of Proposition 7.9 requires the same
statement for every neighbor of every removed vertex. We obtain it by rerooting: on a
component of the forest obtained by removing a vertex or an edge, rerooted at any of its
vertices, the inverse column is computed from finitely many real cavity marks along an
ancestral path together with finitely many forward columns hanging off that path.

In Section 8.1, we define the formal inverse columns and state the main results,
Proposition 8.3 and Theorem 8.4. Section 8.2 proves the many-to-one identity. Section 8.3
proves summability of the forward columns, and Section 8.4 constructs the rerooted
columns. Section 8.5 completes the proofs.

Throughout this section, p > 1 is fixed.

160
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8.1 The formal inverse column

We begin with a deterministic lemma, which is the real-energy analogue of the Schur
complement formula of Proposition 3.16 read as an equation for a column of the resolvent.

Lemma 8.1. Let C be a countable, connected, locally finite tree with edge weights hyy = hy, let
r € C,and let E € R. For x € C\ {r}, let b(x) be the neighbor of x on the path from x to r, and
let ch(x) be the set of neighbors x' of x with x' # b(x); let ch(r) be the set of all neighbors of r.

Suppose that real numbers (yx)xec satisfy, for every x € C,

1

e (8.1)

Ay =E+ Z |hxx’|2’)’x’ # 0, Tx =
x'€ch(x)
Define f(r) = vy, and f(x) = —yx hyp(x) f(b(x)) for x # 1, recursively along the path from r
to x. Then for every x € C,
Z hyw f(x) = Ef (x) = 6, (). (8.2)
x'~x
Proof. Fix x € C. For x' € ch(x) we have b(x') = x, hence f(x') = —y¢hy,f(x) and
New f(X') = — |y |27 f(x). The set ch(x) is finite, and by (8.1),

X
Y () — Ef(x) = —Auf(x) = L.
x'€ch(x) Tx
If x = r, then ch(r) contains all neighbors of 7, and the right side equals 7./, = 1. If
x # r, the only neighbor of x outside ch(x) is b(x), and f(x)/vyx = —h, b(x)f(b(x)); the
left side of (8.2) then equals —/1, ) f(b(x)) + hyp(x) f(b(x)) = 0. ]

We now fix E > 0 and a real solution 7 at energy E (Definition 5.1), and we let
(w, (Dy)yeu) be a recursive tree process with marginal 71, as in Lemma 5.13. We use
the realization of the marked tree of Definition 4.1 and Section 5.3: the edge joining
v and vi carries the mark w,,; = wy;, the weight h,,; = w,,;/,/p and the squared
modulus Y, ,; = |wv,m'|2. As in the proof of Lemma 5.13, the innovation at a word v is
¢o = (Nu, Co, (Wypi)i>1), and for every word w the marked tree 7 rooted at w is built
from the innovations at the words in wU = {wu : u € U}. For w € V, it is the forward
subtree of w. By Lemma 5.13, the configuration w has the law [P, so the marked tree 7
has the law of Definition 3.2. We keep writing IP and [E for the probability measure and
the expectation on the space of Lemma 5.13. We may do so because events concerning
only the marked tree have the same probability there as under IP. For a word w, we write

Oy = (wa/ (Dwu)ueU)

for the process seen from w, where 0y, is the shift of Definition 4.1; it is in measurable
bijection with (&wu, Dwu)ucu, and ®, = (w, (Dy)ycu) is the process itself. We use the
following three properties of the process, which are the conclusions of Lemma 5.13.
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(R1) Almost surely, every D, is a nonzero real number, and the recursion D, = E —
P~ Y icn, Yo0i/ Dyi holds at every word v.

(R2) For every n > 0, the variables D, |v| = n, are independent with law 77, and they are
independent of .%,, = o (&, : |u| < n).

(R3) If vy,...,v, are words none of which is a prefix of another, then ®,,,...,0,, are
independent of each other and of the coordinates N, {;, with u & |J;v;U and w,
with u ¢ |J; viUs, where vU, = vU \ {v}, and each ©,, has the law of ®,.

We set

Yo = —— vel. (8.3)

Definition 8.2. For a word w, the forward formal column F, is the function on V(Ty)
defined by F,,(w) = ¥, and

F’(,U(UZ) = _,Y’(Ji hvi,v FUJ(U)I Ui € V(ﬁl))/ [4BS V(%))/

and extended by zero to the other words. Equivalently, if w = ug, uy,...,u,, = u is the
path from w to u € V(Ty), then

')’wH u]u] 1')’u] (8.4)

The formal inverse column is F = F,.

The function F, is obtained from @y, by the same rule by which F is obtained from
©,. By the recursion (R1), for every x € V(7,) we have

N, ) 1
E+Z|hx,xi| ’Yxi— -
i=1 P

Ny
1
xxz _ -
Lo

xi Yx

This means that the numbers vy, x € V(Ty), satisfy (8.1) on the tree T, with root r = w
for which b(x) = x~ and ch(x) is the set of children of x. By Lemma 8.1, almost surely,
for every word w,

(Mo formFu) (x) = EFu(x) = du(x),  x € V(Ta), (8.5)

where H, form is the formal weighted adjacency operator of 7. In general F,, need not
belong to £2. The point of the next proposition is that it does when ¢,(1) < 0, that is,
when the free energy of 7t at s = 1 is negative.

Recall the path moments of Definition 6.24: for s € (0,1), L > 0 and a scaling g > 0,

& (s;E) = ¢° /]R (Ale)(x) 77 (dx), (8.6)
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where e;(x) = |x|°, 7 is the law of X = 1/(¢D) with D ~ 7, and As; = Aﬁg) is
the operator of Definition 6.1 for the law of B = ¢D and the rate K = p/g?, so that
B = ¢*Y/p with Y ~ Exp(1). By Lemma 6.23(ii), @ (s; E) does not depend on g. For a
self-adjoint operator T and a vector i, we use the reciprocal-square integral Ry;{)(E ) =

1l ,ug( dA)/(A — E)? of (7.2), which is infinite if yi({E}) > 0. For a component C of a

forest obtained by a finite removal and r € C, we write u¢ for the spectral measure of J,
for H¢ (Theorem 3.10).

Proposition 8.3. Let E > 0, let 7t be a real solution at enerqy E, let (y, Dy)yeu be a re-
cursive tree process with marginal 7t (Lemma 5.13), and let F be the formal inverse column of
Definition 8.2.

(i) Foreverys € (0,1) and L > 0,

E ), [F)] =®LsE). (8.7)
veV: |v|=L

Suppose in addition that ¢ (1) < 0. Then the following hold.

(ii) There exists sy € (0,1) such that ¢ (s) < 0 for s € [sg,1). For every such s, almost surely
F € 05(V); moreover F € Dom(H) and (H — E)F = é,.
(iii) Almost surely under P and under IP*, the following holds. For every vertex v, we have
6y € Ran(H — E) and [ py(dA)/ (A — E)? < oo. For every vertex y and every edge e of
T, every component C of the reduced forest obtained by removing y (or e), and every r € C,
we have 5, € Ran(Hc — E) and [ uS(dA)/ (A — E)? < oo. In particular, for every vertex
y and every neighbor x of y,
e (dr) _
R (A —E)?
We note that the assertions in (iii) concern only the marked tree and do not refer to

7t. Only their proof uses the recursive tree process. Combining Proposition 8.3 with the
Simon-Wolff criterion of Proposition 7.9, we obtain the main result of this section.

(8.8)

Theorem 8.4. Let U C (0,00) be a Borel set (for example, an open set). Suppose that for
Lebesgue-almost every E € U there exists a real solution rtg at energy E with ¢, (1) < 0. Then,
almost surely under IP and under P, the operator H has pure point spectrum in U U (—U).

8.2 The many-to-one identity

We prove Proposition 8.3(i). For a vertex v with |v| = L and path o = vy,...,v; = v, and
fors € (0,1), set

L
Yo, 10
=1

s/2
wL<v):H(T) Dy, Wolo) = 1. (8.9)
]
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Since |hypo, 4 |° = (Yo /p)s/2 and |y,| = |Do| 71, (8.4) gives

[F(0)]° = [Do|* Wi(0). (8.10)

Lemma 8.5. Lets € (0,1) and g > 0, and set X, = 1/(gD,). For every L > 0 and every Borel
function k: R — [0, o0],

E ¥ kX)Wio) = [ (ALK)(x) 7(dx). (8.11)

veV: |v|=L

The identity (8.11) is the many-to-one formula of Proposition 4.8 for the recursive tree
process; compare Corollary 4.11 and Remark 4.13. We give a direct proof by induction
on L, using the Mecke formula at the root, which works with the consistent process of
Lemma 5.13 on the whole tree and so requires no truncation. (Alternatively, the left
side of (8.11) is a function of (u)|,|<r and (Du),—r only, by the recursion (R1). By (R2),
the variables (D,)|,—; are independent with law 7t and independent of (y) <1, and
after integrating them out, Proposition 4.8 applies to the resulting function of the first L
generations. The offspring numbers N,, with |u| = L do not enter.)

Proof. We prove (8.11) by induction on L, simultaneously for all k. For L = 0, the left side
is Ek(X,) = [ kdn*, since D, ~ 7.

Let L 2 1 and assume the claim for L — 1. For a process ® = («/’, (D},),cu) with the
law of ©,, let d(®) = D], be its root mark and

SL_1(®) = Z WL—l(u)(G))'
ueV(®): lu|=L-1

where V(©) and Wy _1(u)(©®) are the vertex set and the weight (8.9) computed from ©.
The vertices of generation L are the words iu with1 <i < N,and u € V(©;), |u| =L -1,
and WL(iu) = (Yoli/p)s/2|Di|7s WL,l(u)((*Di). We obtain

s/2
k(X)W (v Zk X0 ( “) ID;|*S11(0y), (8.12)
veV:|v|=L P
where D; = d(©;) and, by (R1),

1 1No

XO: gDO/ Zd

By (R3), applied to the words 1, ..., n for every n, and since the coordinates of w are
independent under P, the variables N,, (w,;);>1 and (©;);>1 are independent, the w, ;
are standard complex Gaussians, and each ©; has the law of ®,. The pairs m; = (w, ;, ©;)
are independent with law y = Law(w,;) ® Law(®,), and they are independent of
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N, ~ Pois(p). Then IT = Zf\iol dm; is a Poisson process with intensity measure pu
[94, Proposition 3.5]. The right side of (8.12) equals [ ¥ (m,IT — 6,,) II( dm), where for
m = (w,®) and a finite counting measure o,

¥(m,0) = k(<gE quJ!Z d o( dw’ d@’)>_1) (@)”ﬂd(@)ﬁssu(@),

with ¥ = 0 if a denominator vanishes, which happens with probability zero. By the
Mecke formula (4.1) (Lemma 4.4), we have

E Y kX)W.(0) = p/IE‘I’(m,H) u(dm). (8.13)
veV: |v|=L

We now evaluate the right side. Fix m = (w, ©) with d = d(®) # 0. The points of I1
carry independent pairs (|w'|2,d(®’)) with law Exp(1) ® 7, and their number is Pois(p),
so by Definition 5.1 the variable D' = E — p~! [ |&/|?d(®') "I1( dw’ d@’) has law 7. Set
x =1/(gd) and B = g*|w[*/p. Then glw|?/(pd) = px and (|w|?/p)*/?|d|~> = p*/?|x|*,

and therefore

E¥ (m, 1) = /2" E k(D' — px) ™) | 8.1(0).

Under y, the variable |w|? has law Exp(1) and is independent of ®, and B has the expo-
nential law of rate p/g? and is independent of gD’, whose law is that of gD. Integrating
over w and recalling the definition of A and of fpg(x) = (B — px) ™!, we obtain

p [ E¥(m,T0) p( dm) = B[ (A) (1/ (2(©)) 511(O0)]
=FE Z (.Ask)(Xo) WL_l(u).

ueV:|u|=L-1
By the induction hypothesis applied to the Borel function Ask: R — [0, 00|, the right side
equals [ (AL~ Ask) drr*. Together with (8.13), this proves (8.11) for L. O

Proof of Proposition 8.3(i). By (8.10), we have |F(v)|* = |D,| WL (v) = ¢°|X,|*WL(v). Ap-
plying Lemma 8.5 with k = g°¢;, we obtain E Y, _; |[F(v)|* = ¢° [ Alesdm® = ®;(s; E),
by (8.6). (The right side is also the spine expectation (6.22) of Lemma 6.23, which is the
form in which the many-to-one formula would produce it.) O

8.3 Summability of the forward columns

Lemma 8.6. Let E > 0 and let 7t be a real solution at energy E with ¢(1) < 0. There exists
so € (0,1) such that ¢p(s) < 0 for every s € [so,1). For every such s, almost surely, for every
word w,

Y |Fo(u)]® < oo.

ueV(Ty)
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Proof. By Proposition 6.15(i), the free energy ¢ is real-analytic, and in particular con-
tinuous, on (0,2). Since ¢(1) < 0, there exists sp € (0,1) with ¢, < 0 on [sp,1).
(By Proposition 6.15(v), ¢ is strictly decreasing on (0, 1], so the set of s € (0,1) with
¢r(s) < 01is an interval with right endpoint 1.)

Fix s € [sg, 1). By Proposition 6.27(iii), there exists C < oo such that ®; (s; E) < Cel¢x(s)
for every L > 1, and ®y(s; E) = E|D|* < oo by Proposition 5.5. By Proposition 8.3(i)
and Tonelli’s theorem,

E Y [F@) = Y ®L(s;E) <E[D|°+C Y ") < oo,
veV L>0 L>1

since ¢(s) < 0. We conclude that Y, |F(v)|° < oo almost surely. For a word w, the
column F, is the same function of @, as F is of ®,, and @ has the law of ®, by (R3).
Then Y, |Fy(u)|® < oo almost surely, and a countable intersection over words w completes
the proof. O

8.4 Rerooted columns

We now construct inverse columns at arbitrary vertices of the full tree and of the compo-
nents left after removing one vertex or one edge. A removed set is one of the following;:
the empty set; a word y, standing for the vertex y; or a word y # o, standing for the edge
{y~,y}. Fix a removed set and a word r. On the event that r € V, that y € V (if the
removed set is not empty), and that » # y (for a removed vertex), let C be the component
containing r of the reduced forest obtained from 7 by the removal (with C = V for the
empty removed set). For a word x, let anc(x) be the set of its prefixes, including o and x.
We define
S = anc(r) Uanc(y)

(with S = anc(r) for the empty removed set), Sc = SN C, and
We={weC\S: w €5}

The set S is a finite set of words which contains 0 and all prefixes of its elements, and it
is determined by the removed set and r. For x € C\ {r}, let b(x) be the neighbor of x on
the path in C from x to r, and let chc(x) be the set of neighbors x’ # b(x) of x in C; let
chc(7) be the set of all neighbors of 7 in C.

Lemma 8.7. On the event above, the following hold.

(i) The set Sc contains r and induces a finite connected subtree of C.
(ii) The set Wc is finite. For every w € Wc, the set V(Ty,) is contained in C \ S, and C \ Sc is
the disjoint union of the sets V(Ty), w € We.
(iii) Let w € W and x € V(Ty). Then b(x) = x~, and che(x) is the set of children of x in T.



8 Negative free energy implies localization 8.4 Rerooted columns 167

(iv) If x € Sc and x' € che(x) \ Sc, then x" is a child of x and x' € W¢.

Proof. For (i), we have r € SN C. The set S is a union of ancestral paths starting at o,
and it induces a subtree of 7. If x,x" € S, then the path in 7 between them lies in S,
and it lies in C because C induces a subtree of 7 (Lemma 3.5(i)). This shows that S¢ is
connected. It is finite because S is.

We next prove (ii). Let w € We. If some u € V(7T,) belonged to S, then its prefix
w would belong to S, which is false. We find that V(7,) NS = @. In particular, V(7y)
contains neither the removed vertex y nor an endpoint of the removed edge, since both
y and y~ lie in S. Every edge of Ty, is therefore retained, and V(7) is connected in
the reduced forest. Since it contains w € C, we obtain V(7,) C C\ S. Conversely, let
u € C\ Sc,sothat u ¢ S. Since 0 € S, there exists a shortest prefix w of u with w ¢ S.
Then w # o, w~ € S, and u € V(Ty). By the previous argument, V(7y) lies in one
component, which is C because it contains u. In particular w € C. It remains to check
that w™ € C, that is, that the edge {w ™, w} is retained and w~ # y. If the edge {w™, w}
were the removed edge, then w = y € S. If w~ = y were the removed vertex, then the
component of w would be V(T ), which contains r; then w would be a prefix of  and
would lie in S. Both are impossible, and we conclude that w™ € Sc and w € W¢. If
w,w’ € Wc are distinct and w is a prefix of w’, then w'~ € V(T,) NS, which is impossible.
We conclude that the sets V(7Ty), w € W, are disjoint. Finally, W¢ is finite, since its
elements are children of the finitely many vertices in S.

For (iii), we have r € S and r ¢ V(7). The path from x to r therefore leaves V(T),
and since V(7y) is joined to the rest of 7 only by the edge {w™,w}, the path first moves
from x to x~. All children of x belong to V(7,) C C, and the edges to them are retained.
The neighbors of x in C other than x~ are its children.

For (iv), the parent of x belongs to S (if x # 0), since S is closed under prefixes. It
follows that x’ is a child of x, and x’ € C\ S with x'~ = x € S, that is, ' € W. O

We now define real cavity marks on C, adapted to the root r. For x € C\ S¢, we set
’yg = vy. For x € Sc, we define, recursively from the leaves of the finite tree Sc rooted at

r toward 7,
1
X

x'eche(x)

(8.14)

This is well defined as long as the denominators AS do not vanish: the elements of chc(x)
are either in Sc, where they are closer to the leaves, or in W by Lemma 8.7(iv). For the
empty removed set and r = o, we have S¢ = {0}, W¢ is the set of children of o, and
'yoc = %,. In general, the numbers 7,? with x € Sc are real counterparts of the cavity
resolvents Fg b(x) of the rerooted component (compare Remark 3.17).

Lemma 8.8. Fix a removed set and a word r. Almost surely, on the event above, every denominator
AS, x € Sc, is finite and nonzero; hence every v<, x € C, is finite and nonzero.
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Proof. The proof uses that the squared modulus of the mark of each edge of the skeleton
Sc is a fresh exponential variable for the denominator at its endpoint farther from the
leaves. Let W(S) = {si: s €S, i € N} \ S. Its elements are not prefixes of each other: if
w € W(S) were a proper prefix of w' = si € W(S), then w would be a prefix of s € S and
would belong to S. By (R3), applied to finite subsets of W(S), and since the coordinates of
w are independent under IP, we see that the following random elements are independent:
the variables N; and wg5; for s € S and i € IN, and the processes @y, for w € W(S). The
event in question, the sets Sc and We C W(S), and the maps b and ch¢ are functions of
(Ns)ses- The weights of the edges with an endpoint in S¢ are functions of the variables
Wy s, and 7y is a function of Oy.

For x € Sc and x’ € che(x), let Cyv_y, be the branch of C at x' away from x. By
induction from the leaves, 'yf/ is a function of (N;)scs, of the marks of the edges with
both endpoints in C,/_,,, and of the processes @, with w € W N Cy_,.

We now prove by induction from the leaves of Sc toward r that, almost surely, A$
is finite and nonzero for every x € Sc. Fix x € S¢ and suppose the claim holds for the
elements of ch¢(x) N Sc. Then 7§ is finite and nonzero for every x’ € che(x): for x’ € Sc
by the induction hypothesis, and for x’ € W because 7$ = —1/D,s with D,» € R\ {0}.
In particular A is finite. If chc(x) is empty, then AS = E # 0. Otherwise, let x, be the
element of chc(x) that comes first in a fixed enumeration of U, which is a function of
(Ns)ses- Since there are countably many words, it suffices to show that A$ # 0 almost
surely on the event {x. = x'}, for a fixed word x’. On this event, the edge ¢ = {x, x"}
joins two vertices of S UW(S), one of which is the parent of the other and lies in S. Its
mark is therefore one of the variables wy;, with s and i determined by x and x’; we
denote it by w,. We write

2
|w8| ’)’g// A=E+ Z |hxx”’2')’;cc:"-

x"eche(x)\{x'}

AS = A+

Let R, be the c-algebra generated by all the random elements listed in the first paragraph
except w,. Since the edge ¢ has an endpoint at x, it is not an edge of any branch C,»_.,.
By the previous paragraph, the event {x, = x’} and the variables A and 7S are R.-
measurable. The variable w, is independent of R,, and |we|2 has, conditionally on R,,
the Exp(1) law, which has no atoms. Since 7§ # 0 almost surely on {x, = x'}, we have

P({AS =0} N {xs =x'} | Re) = 1{x*:x/}ll’(\we\2 = —pA/7S | Re) =0

almost surely. This completes the induction, and the last assertion follows from (8.14)
and vy = 7y for x ¢ Sc. N

Lemma 8.9. Let s € (0,1) be such that the conclusion of Lemma 8.6 holds. Fix a removed set and
a word r, and work on the intersection of the almost sure events of Lemma 8.6, Lemma 8.8 and (R1)
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with the event above. Define F<" on C by F<'(r) = ¢ and F<(x) = =95 hyp() F<"(b(x))
for x # r. Then
(HC,formFC'r)(x) - EFC'r(x) = 5r(x), xeC, (8.15)

and Tec [FS (x)]f < co.

Proof. We verify the hypotheses of Lemma 8.1 on the tree C with root r and the numbers
7€, The neighbors of x in C are b(x) (if x # r) and the elements of ch¢(x). For x € S¢,
(8.1) is the definition (8.14), with nonzero denominators by Lemma 8.8. For x € V(7y)
with w € W¢, Lemma 8.7(iii) shows that ch¢(x) is the set of children of x, all of which
lie in V(Ty), so that 7S = 7, for X’ € che(x). The relation (8.1) then holds by the
computation after Definition 8.2. By Lemma 8.7(ii), these two cases cover C. Then
Lemma 8.1 implies (8.15).

For summability, let w € Wc. For x € V(T) we have b(x) = x~ and 7$ = vy, so F¢"
and F,, satisfy the same recursion f(x) = —7yyh,,-f(x7) on V(Ty) \ {w}. Comparing
their values at w, we find

_ PC'r(w)

Yw

FO(x) Fu(x), x € V(Ty).

By Lemma 8.7(ii),

Cr G Cr s FC’r(w) s S
CIF0F = ¥ @+ L2 ¥ R

xeC XESc weWe Tw x€V(Tw)

The sets Sc and W are finite, all values of F¢" are finite, 7, # 0, and each inner sum is
finite by Lemma 8.6. This proves that the left side is finite. O

8.5 Proofs of the main results
We use the following characterization of the range of T — E for a self-adjoint operator T.
Lemma 8.10. Let T be a self-adjoint operator on a Hilbert space, let 1 be a vector, and let E € R.

If f € Dom(T) and (T —E)f = ¢, then yg({E}) = 0 and Ryg(E) < |If|I>. Conversely, if

Ryi(E) < oo, then 1 € Ran(T — E).

Proof. Suppose (T — E)f = . By the spectral theorem, for every bounded Borel function
k,

k(D)) = [ KA =B pf(dn),
that is, yi(d)x) = (A — E)%t}(d)\). In particular, yg({E}) = 0 and Ryi(E) = y}f(]R\
{E}) < |Ifl>. Conversely, suppose R”sTv(E) < oo0. Then yi({E}) = 0. Let k(A) =
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(A—E)~!for A # E and k(E) = 0. Then [ |k|2d,u£ = R%/T;(E) < 00, and since [Ak(A)] <
1+ |E||k(A)], also [ |Ak(A)]? dyg < 0. By the functional calculus, f = k(T) belongs to
Dom(T), and (T — E)f = 1g\ (g) (T)¢ = 4, since |[11gy (T)[|> = p,({E}) = 0. O

Proof of Proposition 8.3(ii) and (iii). Part (i) was proved in Section 8.2. We assume that
¢r(1) <0, let sp be as in Lemma 8.6, and fix s € [sp,1).

SteP 1. The root column. For the empty removed set and r = o, we have Sc = {o},
1§ = v, and 7$ = 7y for x # 0, and FV° = F. By Lemma 8.9, almost surely F € ¢5(V),
and F € (*(V) because ||f|2 < ||f]|s for s < 2. By (8.15), HiormF = EF + 6, € £2(V).
By the maximal domain characterization Theorem 3.10(ii), in the form of Remark 3.11,
F € Dom(#) and (H — E)F = §,. This proves (ii).

StEP 2. All columns. Fix a removed set and a word r. On the intersection of the almost
sure events of Lemma 8.9 and Theorem 3.10 with the event on which C is defined (see
Section 8.4), Lemma 8.9 yields F&" € ¢5(C) C ¢?(C) and Hc form FS" = EFC" + 6, € (2(C).
By Remark 3.11, F&" € Dom(Hc) and (Hc — E)F¢" = §,. In particular 6, € Ran(H¢c — E),
and Lemma 8.10 gives Ry,C(E ) < ||FS"||? < 0. There are countably many removed sets
and words 7, so these conclusions hold almost surely for all of them simultaneously. For
the empty removed set, C = V and u¢ = .. For the removal of a vertex y, the operator
HWY) is the orthogonal sum of the operators of the components (Theorem 3.10(iv)), and

y}(cy) = yff for x € C; this gives (8.8).

StEP 3. Transfer to IP and P*. Let Afr be the event that Ryg(E ) < oo for every removed
set, every word r and the corresponding component C (whenever these are defined). By
(7.3), Ryg(E) = sup, nIm G5 (E +i/n), and by Lemma 7.5 this is a measurable function
of the marked tree. It follows that Af is an event of the marked tree. By Step 2, it has
probability one on the space of Lemma 5.13, where the marked tree has the law IP, and
we have IP(Ag) = 1. Since IP® < ¢,,'IP, also P®(Ag) = 1. By Lemma 8.10, on A every
Jr belongs to Ran(#¢ — E). This proves (iii). O

Proof of Theorem 8.4. Let Ny C U be a Lebesgue-null set such that a real solution 7 with
¢r(1) < 0 exists at every E € U \ Ny. Let B be the set of pairs (w,E) € Q x U such that,
for every vertex y and every neighbor x of y, Ry(w (E) < oo, where () is the probability

X

space of the marked tree. For fixed words y, x, we have Ry(y) (E) =sup, nIm Gg{) (E+i/n)

by (7.3), which is jointly measurable in (w, E) by Lemma 7.5. Since there are countably
many pairs of words, B is jointly measurable.

For E € U\ Ny, Proposition 8.3(iii), applied with a real solution 7t at E with ¢(1) <0,
gives P((w,E) € B) = 1. The event B does not involve the real solution, and no
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measurable dependence of the solution on E is needed. By Tonelli’s theorem,
E|{E€U: (w,E) ¢ B} = / P((w,E) ¢ B) dE =0,
u

since the integrand vanishes outside the null set . This implies that, IP-almost surely,
for Lebesgue-almost every E € U, we have Ry@) (E) < oo for every vertex y and every

neighbor x of y. This is the hypothesis of Propésition 79with I = U and Q = P, and it
also holds P®-almost surely. By Proposition 7.9, H has pure point spectrum in U U (—U),
almost surely under IP and under IP*. O

Remark 8.11. The energy 0 is excluded in Theorem 8.4, and indeed H has finitely sup-
ported eigenvectors with eigenvalue zero (Proposition 3.25). In Proposition 8.3, the real
solution 7t is arbitrary, and the recursive tree process need not be endogenous, that is,
the denominators D, need not be functions of the marked tree. This causes no difficulty,
because the assertions of Proposition 8.3(iii) are events of the marked tree; see Step 3 of
the proof. If E € &y, the no-ac hypothesis holds at E, and 7 is the real boundary law,
then the boundary denominators of Proposition 5.11(ii) form an endogenous recursive
tree process with marginal 7t (Remark 5.15). For this process, (3.19) shows that F(v) is
the limit of G, (E +in) as 7 | 0.



SECTION 9

Resonances along paths

This section and the next prove that the boundary values of the cavity variables cannot
all be real at an energy where the real boundary law has positive free energy at s = 1.
The argument follows the resonance strategy of Aizenman and Warzel [12]; variants of it
appear in [4, 7]. We look for vertices x at a large depth whose Green function entry Gy
is exponentially large, and we use the Ward identity to convert such a vertex into a large
imaginary part at the root. In this section, we collect the deterministic identities and the
estimates along one or two paths that this argument uses. The counting argument itself
is given in Section 10.

In Section 9.1, we express the Green function between the endpoints of a path through
a product of transfer matrices, and we record the Schur complement formula for two
vertices. In Section 9.2, we study the end of a path: we show that two vertices with a single
child each bring the rootward cavity variable into a fixed disc, uniformly in its incoming
value, and we estimate the probability that a pendant leaf creates a large diagonal entry
of the Green function, at one vertex and at two vertices simultaneously. Section 9.3 selects
blocks of transfer matrices whose truncated free energy approximates the free energy and
estimates the probability of a regular growth event, on which the growth of the transfer
products along a path stays close to its typical value. Section 9.4 averages bilinear forms
of products of transfer matrices over four groups of three independent factors. Finally,
Section 9.5 records a semicontinuity property of probabilities used to pass from the real
axis to a small positive imaginary part.

The results of Sections 9.1 and 9.2 are deterministic, or concern one or two squared
moduli with an explicit density, and they hold under the hypotheses on p and z stated
in each lemma; in particular, they do not use a real solution. From Section 9.3 on, we
fix p > 1, an energy E > 0, and a real solution 7t at energy E; in Section 10, 7t is the
real boundary law. Whenever an energy E is fixed, we write z = E +in with n > 0.
Statements about the tree hold on the almost sure event ()¢, of Theorem 3.10, intersected
with the almost sure event on which all edge weights are nonzero.

9.1 Transfer matrices along a path

In this section, we prove two deterministic identities for the resolvent of a component of
a forest obtained by a finite removal. The first, Lemma 9.3, expresses the Green function
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between the endpoints of a path, and its ratio to the diagonal entry at the far endpoint,
through the product of the transfer matrices along the path. In Section 10, it is applied
in Lemma 10.8 to the path from the root to a resonant vertex, where the ratio converts
a large diagonal entry into a large entry Gy, and in Lemma 10.11 to the path between
the parents of two resonant vertices, where the Green function measures the interaction
between them. The second, Lemma 9.4, is the Schur complement formula for the 2 x 2
block of the resolvent at two vertices; it is used in Lemma 10.12 to write the two diagonal
entries at a pair of resonant vertices as functions of the weights of their pendant leaves.

We use the transfer matrices of Definition 6.1 with the scaling ¢ = 1, in which the
denominator is B = D and B = Y/p is the squared weight, and we allow complex
denominators, as in Proposition 6.19.

Definition 9.1. (i) For d € C and t > 0, the factor with denominator d and squared
weight t is the matrix

0 1
_4+—1/2
M= (8, 1)

For real d, this is the matrix M(b, B) of Definition 6.1 with b = d and B = t. We write
€y = (0, 1)T.

(ii) Let C be a component of a forest obtained by a finite removal, let wy, wy, ..., w, be a
path in C with r > 0, and let z € C \ R. For 0 < k < r, the side denominator at wy is

di =2+ ) [hwal* T, (2),
a

where the sum runs over the neighbors a of wy in C other than wy_; and w4
(only those of them that exist). For 1 < k < r, we set t;, = \hwk,lwk\z- The rootward
denominators are defined by Ry = dyp and Ry = dy — tx/Ry_1 for 1 <k <r, and the
transfer product of the path is

A= M(dOI tl)M(dll tZ) T M(drfl/ tr)/
with A=1ifr =0.

In words, the k-th factor of a path pairs the side denominator at w; with the squared
weight of the edge leaving wy towards wy, 1. Every factor has determinant one, since
det M(d,t) = t71(0-d+t) = 1, and so does every product of factors. Let A be a
complex 2 x 2 matrix with det A = 1, and let o7 > 0, > 0 be its singular values. Then
010y = |detA| = 1, so that ;o > 0, 0y = 0, !, and 07 > 1. Since ||A| = 07 and
|AY| = o, !, we have

AT = Al > 1. ©.1)

Bounding the operator norm by the Hilbert-Schmidt norm, we have

1/2

IM(d, £)]] < V2 (1+ 2+ [d]?) 9.2)
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The following algebraic identity relates products of factors to continuants.

Lemma 9.2. Let r > 1, let dy,...,d, € C,and let t1,...,t, > 0. Define K_, =0, K_1 =1,
Ky = do, and Ky = dpKy_1 — Ky for 1 < k < r. Let A = M(dy,t1)--- M(d,_1,t,) and
= (ty---t,)V/2. Then
Téy A ( — trKr—Zr Krfl).

In particular, Te) Aey = K,_1 and te] A(1,d,)T = K,. If the numbers Ry = dg and Ry =
dy — tx/Rx_1, 1 < k < r, are well defined and nonzero, then Ky = RoRy -+ - Ry for 0 <k <r.

Proof. Let Ny = tiHM(dk, tr+1), which has the rows (0,1) and (—f; 1, dx). We show
by induction on I € {1,...,r} thatej No---N;_; = (—tK;_»,K;_1). For I = 1, we have

eJNo = (—t1,dg) = (—t1K_1, Kp). If the claim holds for | < r, then

0 1

es No- - Ny = (—t1K;_5, K1) (—fl d,
Jr

) = (=t K1, iK1 — 1K),

which is (—#;1K;_1,K;). Since Ny---N,_1 = TA, the case | = r is the first claim.
Multiplying it by e, and by (1,d,)" gives K, 1 and —t,K,_» + d,K,_1 = K,. For the last
claim, we have Ky = Ry, and if Ky_; = Rp---Ri_1 and Kyx_» = Rg- - Rx_, (with the
empty product equal to 1), then Ky = Ro - - - Rx_1(dx — tx/Ri_1) = Ro - - - Ry. N

We now identify the rootward denominators with cavity variables and obtain the path
formulas.
Lemma 9.3. In the setting of Definition 9.1(ii), suppose that r > 1. Then the rootward denomi-

nators are well defined and nonzero, and

1 1

Rp=————— (0<k<r), R=—-——+—"0. (9.3)
cmvk—ﬂuk-kl (2) ' G%rwr (z)
Further,
-1

GG, (2)| = |3 A (L,d)T| ", (9.4)
GE (z _
‘?}L() = |eJ Aes| 7! = [|A| 7 (9.5)
Gwrwr(z)

Proof. We prove (9.3) by induction on k. By (3.12) for the oriented edge from w to
wy, the number —1/1ﬂw0_>w1 (z) equals z + Y, |huwal? Fa—)wo( z), where a runs over the
neighbors of wy in C other than wj; this is dg = Rp. Let 1 < k < r, and suppose that

Re—1 = —1/T§,_ 4, (2). The neighbors of wy in C other than wy 1 are wy_; and the
neighbors entering the definition of di. Then (3.12) implies that
1 by
— e = de + [, T, i (2) = dk— 5—— = Ry

1—'wkﬁwkﬂ (Z)
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The same computation with (3.11) at w,, whose neighbors are w,_; and the neighbors en-
tering d,, gives the second identity in (9.3). All these numbers are finite and nonzero, since
by Proposition 3.16 the expressions in parentheses in (3.11) and (3.12) have imaginary
parts of absolute value at least | Imz| > 0.

By (3.19), applied to the path from u = w, to v = wy, that is, to the vertices v; = w,_j,
we have

Gzcuowr( ) = ( w,w, thkwk+1 Wk — Wt 1 (Z)

Taking absolute values and using (9.3), we find

65 (0] = (it (G _ ()
wowy ’RORI"'Rr|’ Gg,wr(z) ’RO"'Rr—1|.

By Lemma 9.2, Ry -+ R, = K, = te; A(1,d,)T and Ry - - - R,_1 = K,_1 = Tej Aep, where

= (t; - t,)1/%; here the weights t; are positive, since the edge weights are nonzero.
This proves (9.4) and the identity in (9.5); in particular, eTAez =17 IRy---R,_1 #0. The
inequality in (9.5) follows from the Cauchy-Schwarz inequality |e] Aes| = |{e3, Aes)| <
||Aez|| < ||All, which holds for every complex 2 x 2 matrix (the condition detA = 1 is
not needed here). O

In (9.5), the side denominator d, at the endpoint does not enter; the ratio depends
only on the side denominators dj, . ..,d,_; and on the weights of the path. In Section 10,
we apply (9.5) to a path from the root to a vertex x of the full tree, and (9.4) to the path
between the parents of two vertices x and y, in the tree from which x and y have been
deleted.

The next lemma is the Schur complement formula for the 2 x 2 block of the resolvent
at two vertices. For a component C of the forest obtained by a finite removal (F, D) and
x,y € C, we write G{Sb\{x,y J (z) for the entries of the resolvent of the reduced operator of
the finite removal (F U {x,y}, D) at vertices a,b € C\ {x,y}. These vanish if 2 and b lie
in different components of the corresponding reduced forest.

Lemma 9.4. Let C be a component of a forest obtained by a finite removal, let x,y € C be distinct
and not adjacent, and let z € C \ R. For u,v € {x,y}, set

Su(z) =~y — Y Y 1 GV (2) 1y

a~cu chl)
where a ~c u means that a is a neighbor of u in C. Then the matrix S(z) = (Suo(2))ypefxy) i

invertible, and
(ng(z) GJ(C:]/(Z)) — S(Z)_l. (96)

Gy(z) Gyy(2)
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Let x' and y' be the neighbors of x and y on the path from x to y in C. Then

2

o , (9.7)

C\{x, C\{x,
Sxy(2) = —haw G ™ (2) 82y (2)Sye(2)] = [z P Iy [2 | G (2)
and Sxx(z) = =2 — Y g cx |Hya|? G,gl\{x’y}(z); the analogous formula holds for S, (z). Finally,
if Imz > 0, then the Hermitian matrix ImS(z) = (S(z) — S(z)*)/(2i) satisfies Im S(z) <

—(Imz)I.

Proof. Let D' be the set of edges of C with an endpoint in {x,y}. By Lemma 3.13, the
components contained in C of the reduced forest obtained by adding D’ to the removed
edges are {x}, {y}, and the components of C \ {x,y}. With respect to /2(C) = C*¥} @,
where h = ¢2(C\ {x,y}), the same lemma gives H¢c = (0 ® K) + Wp, and Dom(Hc) =
C*¥} @ Dom(K), where K is the direct sum of the operators of the components of
C\ {x,y}. These components are also the components contained in C of the reduced
forest of the finite removal (F U {x,y}, D), and in both reduced forests the operator of
such a component is the closure of the weighted adjacency operator of the same induced
subtree (Lemma 3.5(i)). Then (3,, (K —z)~16,) = Gacb\{x’y}(z) fora,b € C\ {x,y}. Define
the linear map J: clwy - hby Jou =Y .u cu hauéy; it is bounded, since x and y have
finitely many neighbors. Since x and y are not adjacent, we have, for f € C*¥} and
g € Dom(K),
He(fog) =Tga (Jf +Kg).
Indeed, the coordinate of Wy, g at u € {x,y} is Yamcu hyag(a) = (Jdu, g), because h,; =
hay.
Fix f € C*¥} and set g = —(K — z) '] f € Dom(K). Then f @ ¢ € Dom(Hc) and

(He—2)(fog) = (—zf = J*(K=2)"'f) ®0 = (S(2)f) ®0,

where we used that the matrix of [*(K — z)~!] has the entries (J6,, (K —z)71]J6,) =
Yab hWGaCb\{x’y ) (z)hyy. Since Hc is self-adjoint, H¢ — z is a bijection from Dom(H¢) onto
(?(C) with inverse (Hc —z) . Then (Hc —z) " 1((S(z)f) ®0) = f & g. Projecting onto
Cclx¥}, we find TI(Hc — z)"'1S(z)f = f, where II is the orthogonal projection onto
Cl} In particular, S(z) is injective, hence invertible, and its inverse is the matrix on the
left side of (9.6).

For (9.7), let a ~¢c x and b ~¢ y lie in the same component of C \ {x,y}. A path from
a to b in this component, preceded by x and followed by v, is a path from x to y in the
tree C. Since paths in a tree are unique, we have a = x’ and b = y/. All other terms
in the sum defining S,,(z) vanish, which gives the first identity. The same argument

shows that Syx(z) = —hy,, Gyc,l}{x’y ) (z)hyry, and Lemma 3.20, applied to the component of

C\ {x,y} containing x" and v/, gives |G;>,{x’y Nz)| = |GS,>,{x’y }(2)|. This proves the second
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identity. Finally, two distinct neighbors of x lie in different components of (F U {x}, D),
by Lemma 3.5(ii), and a fortiori in different components of C \ {x,y}, since deleting v as
well only splits components further; the cross terms in the sum defining Sy, (z) vanish,
and we obtain the formula for Sy,(z).

For the last claim, let Imz > 0 and f € C*¥}, and set ¢ = Jf. Since K is self-
adjoint, we have Im(g, (K — z) "!¢) = Imz ||(K —z) " 1g||> > 0. We have (f,ImS(z)f) =
Im(f,5(z)f) = —Imz | f]|* - Im(g, (K- 2)7'g) < —Imz | f]|*. =

9.2 Endpoint estimates

In this section, we study the last few vertices of a path. The path to a resonant vertex of
Section 10 ends with a single-child segment, that is, a sequence of vertices with exactly one
child each, and its endpoint has a pendant leaf and a surviving child. Lemmas 9.5 and 9.6
show that, with a probability bounded below uniformly in the rest of the tree, the single-
child segment places the denominator with the leaf removed at the endpoint in a fixed
region; they are used in Lemmas 10.8 and 10.9. Lemma 9.7 bounds the probability that
the weight of the pendant leaf makes the diagonal resolvent entry at the endpoint large,
from above and from below; the lower bound is used in the first moment (Lemma 10.9).
Lemma 9.8 bounds the probability that this happens at two vertices simultaneously; it is
used in the second moment (Lemma 10.12). Finally, Lemma 9.9 records the properties of
the quantile ,(7) of ImTI', on which the contradiction argument of Section 10.6 is based.
We fix E > 0 and write z = E +iy. We first show that two consecutive vertices
without side children bring the rootward cavity variable into a fixed disc, uniformly in its
incoming value. Consider a vertex w with a single neighbor w’ other than the next vertex
of a path, and let X = —T',_,;,(z) be the incoming rootward variable. If the squared
weight of the edge ww' is t, then by (3.12) the outgoing variable is (z — tX) 1. We set

2
1_ -2 _ piE p, _ €EE b — 3E

p1=¢€ —e 7, €E = 16/ 2 8/ 3:3_2/ (98)

and we let D = {X € C: |[X — E~!| < (3E)~!}. Every X € ®f satisfies | X| < 4/(3E).

Lemma 9.5. Let E > 0and 0 <1y < E/8.

(i) Let X € C, and let t be a random variable with density pe=P* on (0, 00). Then
1 2 F1
— — — > =,
]P(p<t<p,\z tX!>€E>_2

(i) If |X| <epland 0 < t < by, thenz — tX # O and (z — tX)~! € Dp.
(iii) f X € Dpand 0 < t < b3, then z —tX # 0and (z —tX)~! € Df.
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Proof. We first note that if w € C satisfies |w — E| < E/4, then |w| > 3E/4, and

1_1‘_\E—w|< E/4 1
~ |w|E ~ 3E2/4 3E’

— - = (9.9)
so that w~! € ®g. For (ii), we have |z — tX — E| <+ t|X| < E/8 + by /eg = E/4, and
(9.9) applies. For (iii), we have t|X| < b3 -4/(3E) = E/8, so that |z —tX — E| < E/4, and
(9.9) applies again.

For (i), we have P(1/p < t < 2/p) = e ! —e 2 = py, and it suffices to show that
the event {1/p <t < 2/p, |z—tX| < e} has probability at most p; /2. If | X| < pE/4,
then for t < 2/p we have |z —tX| > Rez —t|X| > E—E/2 = E/2 > ¢, and the
event is empty. If |X| > pE/4, then |z — tX| = | X| |t — z/X], and the set of real t with
|z — tX| < eg is contained in an interval of length 2er/|X| < 8er/(pE). Since the density
of t is at most p, the event has probability at most 8¢g/E = p1/2. O

In applications, X is random and t = Y /p, where Y is the squared modulus of an
edge mark. Part (i) then holds conditionally, in the following sense. Let ¢ be a o-field,
let X be a ¢-measurable complex random variable, and suppose that Y is fresh given ¢
in the sense of Definition 4.16, with M = 1; that is, Y has the law Exp(1) conditionally
on ¢. We apply the substitution identity (4.14) withm =1, ¢ = X, a; = 0, and

D(c,a1,y) = 1{1 <y <2,

z—%c‘ >£E}.

For each fixed value of X, the integral of ®(X, 0, -) against Exp(1) is the probability in (i)
with t = Y/p, which has density pe~?!. We conclude that

]P(1 <t< z, |z —tX]| > eg ’ %) > 01 almost surely.

p P 2

In the same way, Lemmas 9.7 and 9.8 below hold conditionally on a c-field ¥ given
which the squared moduli of the marks of the leaf edges are fresh and the parameters are
revealed: the parameter p in Lemma 9.7, and in Lemma 9.8 the three numbers By, B,
and By, By, through which alone the event and the bound depend. In each case, (4.14) is
applied with c and a4, ..., a4, equal to these revealed numbers.

The next lemma describes the end of a path. In Section 10, the endpoint x of a path
has three neighbors: its parent, whose rootward variable X has been brought into ©¢ by
the single-child segment, as in Lemma 9.5; a child y with a bounded cavity variable; and
a pendant leaf. The denominator with the leaf removed at x is the quantity A below.

Lemma 9.6. Let E > 0,0 <7 < E/8 and R > 0. Let X € D¢, 0 < t < b3, X' € C with
| X'| <R',and 0 <t <E/(8R"),and set A =z —tX —t'X'. Then |A — E| <3E/8 and

2 2

E o
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Proof. We have |A — E| <y +t|X|+¢|X'| <E/8+ E/8+ E/8 = 3E/8, where we used
t|X| < bsz-4/(3E) = E/8. In particular, 5E/8 < Re A < 11E/8 and |Im A| < 3E/8. Since
Re(zA) = EReA —yImA and 5 < E/8, we have
2 2 2 2 2 2
Re(zA) > % - % > % Re(zA) < 118E + 36E4 < 35 . O
We next estimate the probability that a pendant leaf creates a large diagonal entry. If x
has a leaf child ¢ with squared weight t = |h,/|?, then T;_,,(z) = —1/z, and (3.11) gives

t\ 1 z
Gxx(z) = — <A - g) Y (9.10)
where A = -1/ Giﬁ} (z) is the denominator with the leaf removed, computed in the tree

from which / is deleted. In particular, G,x(z) is a Mdbius function of ¢, with a pole at the
pole parameter p = zA. If 1 > 0, then ImA > 1 > 0 and Imp = EIm A + y ReA.

Lemma 9.7. Let p > 0,E > 0,0 < < 1,and T > 4(E +1)/E?, and let t be a random
variable with density pe P! on (0,00). Let p € C \ R.

(i) We have P(|z| > T|t —p|) < 2p|z|/T.

(ii) If E2/2 < Rep < 3E%2/2and |Imp| < |z|/(2T), then

P(z] > Tlt=pl) = 525 cune = pEe 5

Proof. The set of real t with |t — p| < |z|/T is empty if | Imp| > |z|/T, and otherwise it
is the interval of center Rep and half-length 0 = ((|z|/T)* — (Imp)?)!/2 < |z|/T. Since
the density of t is at most p, this proves (i). Under the assumptions of (ii), we have
0> (v3/2)|z|/T > (V/3/2)E/T. Further, 0 < |z|/T < (E+1)/T < E?2/4, so that the
interval is contained in [E?/4,7E?/4], where the density of ¢ is at least pe‘7F’E2/ 4. The
probability in (ii) is therefore at least 2¢ pe_7PE2/ 4 >3 pEe_7”E2/ 4/T > ctune/T. O

By (9.10), the event in Lemma 9.7 with p = zA is the event |Gy (z)| > T.

For two vertices x and y with pendant leaves, Lemma 9.4 expresses the 2 x 2 block
of the resolvent at {x,y} as a function of the squared weights of the two leaf edges. The
following lemma bounds the probability that both diagonal entries are large.

Lemma 98. Let p > 1,z€ C\R,and T > 0, and let B = (Buv)u,ve{x,y} be a complex 2 x 2
matrix such that diag(ty, t,) — B is invertible for all ty,t, > 0. Set

R(tx, ty) = z(diag(tx, t,) —B) ",

and let ty, t, be independent random variables with density pe=P" on (0, c0). Then

822 82
PIZIJr p-lz|

P(Rul 2 T, Ryl 2 T) < 5 .

min {1, |ByByx|'/?}.
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Proof. Set 0 = |z|/T, X = ty — By, Y = t, — By, and ¢ = By;Byx. The determinant
XY — ¢ is nonzero, and

zY zX

R = R = .
XY — ¢ W Xy —c¢

Let &£ be the event in the statement. We first bound the probability of {|Ryx| > T}, which
contains £. Fix t,. If Y = 0, then Ryy = 0. If Y # 0, then Ry = z/(X —¢/Y), and
|Rxx| > T holds if and only if |ty — Bxx —c/Y| < 6, which confines t, to an interval of
length at most 26. By Tonelli’s theorem and the bound p on the density of t,, we obtain
P(E) < 2pb.

Next, [Ryx| > T and |R,y| > T mean that [XY —c| < 6]Y] and | XY —¢| < 6]X], so
on £ we have | XY —¢| < 6min{|X|, |Y|}. Consider the part of £ on which |X| < |Y].
There X # 0: otherwise the last inequality would give | XY —¢| < 0, contradicting
XY — ¢ # 0. Dividing by |X|, we find |Y —¢/X]| < 6. Then |X| < |Y| < [c|/|X] + 9,
that is, | X|2 — 0|X| < |c|, which implies |X| < 6 + |c|!/?; indeed, if |X| > 6 + |c|/?,
then |X|(|X| —8) > (8 + |c|'/?)|c|'/? > |c|. Thus t, lies in an interval of length at most
2(0 + |c|}/2), and for each such ty, the condition |t, — By, — c/X| < 8 confines t, to an
interval of length at most 26. The part of £ on which | X| < |Y| is therefore contained in a
set of area at most 46(0 + |c|!/?), and by symmetry the same holds for the part on which
Y| < |X]. Since the joint density of (tx, t) is at most p?, we find P(€) < 8p%0(6 + |c|'/2).

Combining the two bounds, and using 2p < 8p?0 for p > 1 when |c| > 1, we find

P(E) < min {2p6, 8p*6* + 8p°0|c|'/?} < 8p?0* + 8p*d min{1, [c|!/?},
which is the claim. O

Finally, we record the properties of the quantiles of the imaginary part of the root
cavity variable that we use. For p > 1, E > 0,7 > 0,and a € (0,1), we define

Ca(n7) =sup {t > 0: P*(ImT,(E+in) >t) > a}. (9.11)

Lemma 9.9. Let p > 1, E > 0,and o € (0,1).
(i) For every n > 0, we have 0 < (4(n) < oo, P®(ImT,(E +in) > lu(y)) > a, and

P*(ImT,(E +in) > t) < a for every t > (a(77).

(i) Let r € (0,1) and Cr = supy_, o4 E®|To(E +in)|", which is finite by Lemma 5.17. Set
Raux = (4C,/a)Y/". Then for every n € (0,1],

3a

1

Proof. Fix n > 0, write I = ImT,(E + i), and let ¢(t) = P®°(I > t). By Lemma 3.19(i),

I > 0 almost surely, so ¥(t) — 1 > a as t | 0, and the set in (9.11) contains some ¢ > 0.

P (|To(E +i7)| < Raux, ImTo(E +in) > Ca(17)/2) >
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Since Y(t) < P*(|T,(E+1in)| > t) — 0 as t — oo, the set is bounded. We conclude
that 0 < {x(77) < oo. The function ¥ is nonincreasing, and it is left-continuous because
{I >t} =Np{I > t'}. Then the set in (9.11) is the interval [0, {,(7)]. This proves (i).
For (ii), Markov’s inequality implies that P®(|T,(E +i7)| > Raux) < CRyJ = a/4, and

by (i), ¥(Ca(17)/2) > P(Ca(n)) > a. The claim follows. O

9.3 Blocks and regular growth

The path from the root to a resonant vertex is required to have a transfer product whose
norm grows at a prescribed exponential rate ¥, with fluctuations of order b, = n%/%. In
this section, we estimate the probability of this requirement for independent factors. To
control the norm of a product by the norms of its parts, and to have increments that
are bounded, we group the factors into blocks of a fixed length m and keep only blocks
whose denominators and weights lie in a fixed compact set. Lemma 9.11 chooses m and
the compact set so that the free energy of the truncated blocks is close to the free energy
¢, together with its derivative at the exponent s of Lemma 6.16. Lemma 9.12 then shows,
by an exponential change of measure, that the reqular growth event, on which the i-th
partial sum of the block growths stays within distance b of im?% for every i, has probability
e~ MkEsh  The Jower bound enters the first moment (Lemma 10.9), and the upper bound
enters the second moment (Lemma 10.11).

We fix p > 1, E > 0, and a real solution 7t at energy E, and we write ¢ = ¢, for
its free energy. The factor law vy, is the law of (d,t), where d has law 7, t = Y/p
with Y ~ Exp(1), and d and Y are independent. Factors M(d;, t;) with independent
(dj, t;) ~ Vg are independent copies of the matrix M(B, B) of Section 6 with the scaling
g = 1, in which B = D has law 7 and B has the exponential law of rate K = p. For
u € (0,1) and r > 0, we let

fr(u) =E||M(dy, t1) - - - M(dy, t)]| "

be the norm moments of Definition 6.14, computed with independent factors of law vg,,;
the order of the factors does not affect the law of the product. By Proposition 5.5(iii),
E|d|™ < oo, and Corollary 6.22 gives

fr(u) < ele=logr) >0, ue(0,1). (9.12)
Definition 9.10. Let m > 1 and R > 1.
(i) A block of length m is a family (d;, t;)"".; with d; € C and t; > 0. Its growth is
Z =log ||[M(dy, t1)M(da, t2) - - - M(dp, tm)|| > 0.

The block is retained if R™! < |d;] < Rand R~ <t; < R for 1 <i < m, and strictly
retained if these inequalities are strict. We write Hr and Hy for the corresponding
events.
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(ii) For independent factors (d;, t;) ~ v,c, the block free energy is
Pmr(u) =logp + %loglE [1.e 4], ueR.

The growth is nonnegative by (9.1). By (9.2), a factor with R~! < |d| < R and
R~! <t < R has norm at most Cg = R1/2(1 4 2R?)1/2, and a retained block satisfies

0 <Z <mlogCg. (9.13)

The probability IP(Hg) is positive. Indeed, since 7t has full support (Proposition 5.5(iv)),
the set {R~! < |d| < R}, which contains the open interval (R"1,R), has positive -
probability; the event {R™! < t < R} has positive probability since R > 1; and Hy is
an intersection of 2m independent such events. Let A, g (1) = logE[1g,e 4], so that
emr(u) = logp +m 1A, g(u). Since 0 < Z < mlogCg on Hg and P(Hg) > 0, the
function u +— E[1y,e~"#] is finite and positive, and it is smooth on R, with derivatives
E[1p, (—Z)ke %] obtained by differentiating under the expectation (the integrands are
bounded uniformly for u in compact sets). Then ¢, r is finite and smooth on R. It is
convex by Holder’s inequality: for up, 1 € R and T € (0,1), applying Holder’s inequality
with the exponents 1/(1 — 1) and 1/7 to lHRe’(l’T)”OZ -1pe” 7%, we find

Amr((1=T)ug +7u1) < (1= 1) Apr(10) + TAmR(141)-

The next lemma replaces the free energy by a block free energy, with a small loss in
the quantities of Lemma 6.16.

Lemma 9.11. Suppose that ¢(1) > 0, and let s € (1/2,1), v = —¢'(s) > 0, and F =
@(s) — (1 —s)y > 0 be as in Lemma 6.16. There exist m > 1 and R > max{E, E~'} with the
following properties. Write ¢ = ¢, g, and set

¥==9'(s), F=@(s)—(1—5)7,  t=logp—d(s)—s7.
0 ¢(s) < ¢(s).
(i) 7 > /2, F>F/2,and (25 —1)7 —2(¢(s) — §(s)) > (25 — 1)y /2.
(iii) > 0andlogp — 1 = §(s) +s7 > 0.
(iv) P(Hg \ HR) = 0.

Proof. The proof has three steps. We first let m — co without truncation, then let R — oo
at fixed m, and finally verify the inequalities.

StEpr 1. Long blocks. Let Z be the growth of a block of m independent factors, and
set (" (u) = logp +m logEe *4 = logp + m 'log fu(u) for u € (0,1). By Corol-
lary 6.22, m~'log fiu (1) — @(u) —logp as m — oo, that is, ("™ (u) — ¢(u) for ev-
ery u € (0,1); by (9.12), 9™ (u) < ¢(u). By Holder’s inequality, as in the discus-
sion after (9.13), (™) is convex on (0,1). It is differentiable, and the derivative of
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u + Be "% is —E[Ze "#]. Indeed, for u,u +h € (0,1), the mean value theorem gives
e~ (M2 _e=uZ| < |1|Z, since Z > 0, and we may differentiate under the expectation
by dominated convergence with the dominating function Z. This function is integrable,
since Z < Y."log||M(d; t;)|| by submultiplicativity, and Elog|M(dy, t1)|| < oo by
Proposition 6.15(iii). For 0 < h < min{s, 1 — s}, convexity gives

(m)s_ (m)s_h " (m)s_|-h_ (m)s
¢\ (s) Z’ ( )S(Q())/(S)Sqo ( P)z P ()'
Letting m — oo, we find that liminf,(¢(™)'(s) and limsup, (¢(")'(s) lie between
(¢(s) — @(s —h))/h and (¢(s+ h) — ¢(s))/h. Letting h | 0, and using that ¢ is dif-
ferentiable at s (Proposition 6.15(i)), we conclude that (¢(™)/(s) — ¢'(s).

Step 2. Truncation. Fix m. Since d; # 0 and f; € (0,00) almost surely, we have
1p, T 1 almost surely as R — co. By monotone convergence, E[1pe 4] 1 Ee 5%
and E[1y,Ze %] 1 E[Ze%4], and both limits are finite and the first is positive.
Since @), p(s) = —m E[1g,Ze 5Z]/E[1lp.e %], we obtain @ur(s) — ¢™(s) and
Prr(8) = (™) (s) as R — oo. Further, ¢,, r(s) < @™ (s) < ¢(s), because 1y, < 1.

Ster 3. Choice of m and R. Let e = min{y/2,F/4,(2s —1)v/8}. By Steps 1 and 2, we may
choose m and then R > max{E, E~'} such that |p(s) — ¢(s)| < eand |§'(s) — ¢'(s)| < e.
Then (i) holds by Step 2, and

F

v

Try-e>2,  Fxq()-e—(1-s)(y+e) > F-2

(25~ 1)7 - 2(p(s) ~ §()) = @5~ D)y —e) ~ 2> (25— 1)y 3 > 21T
where we used (2s — 1)e < e. This proves (ii). For (iii), let A = A, r for the chosen
m and R, so that A(u) = m(p(u) —logp). It is convex and differentiable on R, with
N (s) = —m?%, and

AV

mi = mlogp —m@(s) —smy = —A(s) +sN\(s).

A convex differentiable function lies above its tangent lines; at the point 0, the tangent
line at s gives A(0) > A(s) + A'(s)(0 —s). Then m: > —A(0) = —loglP(Hg) > 0.
(Equivalently, mu is the relative entropy of the tilted block law i of the proof of Lemma 9.12
with respect to the law of a block, and —logIP(Hg) is a lower bound for it.) Further,
logp—1=¢(s) +sy = F+74 > 0. For (iv), the only atom of 7 is at E (Proposition 5.5(i)),
and R,R™! # E; thus P(|d;| € {R,R™1}) = 0, and P(t; € {R,R™'}) = 0 since t; has a
density. O

From now on in this section, m, R, ¢, ¥, f, and ¢ are as in Lemma 9.11. The number
1 is the exponential cost per factor of the regular growth events of the next lemma, on
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which the partial sums of the block growths stay close to m?% per block, their typical value
under the exponentially tilted block law.

Lemma 9.12. Let (d;, t;);>1 be independent factors with law vg,., and for | > 1let Z;, H;, and Hy
be the growth and the retention events of the block (dj, t;)1_1)m<i<im- Let Sy = Z1 + -+ + Zg,
let k >1,and let b > 0.

(i) We have
]P(Hl N---N Hk N {Sk < kmr/),\_{_ b}) < e—lmk—l—sb.

(i) We have

k(mlog Cg)?
)
Proof. Let u be the law of a block, that is, the law of (d;, t;)!; on (C x (0,00))", let
A = Ay be as in the proof of Lemma 9.11, and let ji be the tilted law ji(db) =
e 21y, (b)e™5%(®)y(db), where Z(b) is the growth of the block b. It is a probability
measure by the definition of A(s). Let IP be a probability measure under which the
blocks by, by, ... are independent with law ji, and write E for its expectation. For every
measurable ® > 0 of the first k blocks, we have

P(HN---NHN{|S; —imy| <bfor1<i<k})> eflmkfsb<1 B

[cp]’[lH,} — O B[P ™). 9.14)

Indeed, since the blocks are independent with law u under IP, the right side equals

k
9 [ @(b,... b B AE) [Te A1y, (by)e 230 u( dby)
I=1

_ /qJ(bl,...,bk)HlHR(bz)V(dbl),
1=1

which is the left side. Note that kA(s) +skm?y = km(¢p(s) —log p +sy) = —umk. Applying
(9.14) with ® = 1{S; < km¥ + b} and bounding 5% < e5*"™7+0) on this event, we
conclude (i).

For (ii), let A be the event in (ii). Since ji < p and y(Hg \ Hy) = 0 by Lemma 9.11(iv),
under E every block lies in Hpy almost surely. Applying (9.14) with ® = 14, and using
5%k > ¢Skmy=b) on A, we find

P(A) > e "™ P P(|S; — imF| < bfor 1 <i<k).

Under ]f’, the variables Z; are independent and identically distributed, and they take
values in [0, mlog Cr] by (9.13). Their mean is

EZ; = e AOE[1g,Ze 2] = —A/(s) = m7,
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where we used the formula for the derivative of A from the discussion after (9.13). In
particular, their variance satisfies Var(Z;) < EZ? < (mlog Cg)?. It remains to show that

_ k Var(Z;) o
I>b) < ——2 =5 — :
H)<1n§1?gxk |Si| > b) < R S; =S, —im7, (9.15)

which is Kolmogorov’s maximal inequality (see [64, Section 2.5]); since the right side
is at most k(mlogCg)?/b?, this proves (ii). For completeness, we include the proof.
Let o be the smallest i € {1,...,k} with [S/| > b, and 0 = oo if there is none. For
1 <i <k, the event {o = i} and the variable S/ are functions of the first i blocks, while
S, —Si= Zé‘:i 11(Z) —m7) isA a function of the blocks i + 1, ..., k, which are independent
of the first i blocks; further, E[S; — S;] = 0. All these variables are bounded. Expanding
the square, we find

E[(Sp*1{c = i}] = E[(S)*1{c = i}] +2E[S/1{c = i}] E[S} — S]]
+E[(S; - S)*1{c =i}] > P P(c =),

where we used the independence in the middle term, which therefore vanishes, that the
third term is nonnegative, and that |S!| > b on {¢ = i} in the first term. Summing over
1 <i <k, and using that the events {¢ = i} are disjoint with union {max;<x|S}| > b},
we obtain .
2P N> ) <E[($)?] = Y Var(Z) = k Var
b ]I’(lrg?§>§(|51| >b) <E[(S)°] L Var(Z;) = k Var(Z,),

where in the first equality we used that the centered variables Z; — m?% are independent.
This proves (9.15). O

The upper bound in (i) requires only an upper bound on the final partial sum. In
Section 10, it is applied to the blocks of the common part of two paths and to the blocks
of each of their two arms separately.

9.4 Averaging over fresh factors

In the second moment, the interaction between two resonant vertices is measured by the
Green function between their parents, in the tree from which both vertices are deleted.
By (9.4), its inverse is a bilinear form of the transfer product along the path between the
parents. This path runs from the first parent up to the last common ancestor, which we
call the fork, and down to the second parent. Its transfer product consists of the factors
of the two arms and the factor at the fork. In this section, we bound negative moments of
such bilinear forms by the norms of the products along the two arms. The factor at the
fork depends on the environment of the common part of the two paths. This environment
is constrained by the regular growth condition, so we cannot average over it, and we
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treat the factor at the fork as an arbitrary matrix of determinant one. To separate the two
arms across this factor, and to remove the two endpoint vectors, we average over four
groups of three independent factors, which we call averaging triples. Two of them are
next to the endpoints of the path, and two are next to the fork. The remaining factors are
arbitrary, provided they are independent of the averaging triples. Lemmas 9.13 and 9.14
are applied in the proof of Lemma 10.11. Recall the constant C, of Proposition 6.18.

Lemma 9.13. Let s € (0,1), K > 0, and ay,a_ > 0, and let C. be the constant of
Proposition 6.18. Let G be a c-algebra, and let Gy, Gy, G3, G4 be random matrices such that
G, G1, Gy, G3, Gy are independent, and each G; is a product of three factors as in Proposition 6.19,
with denominators satisfying the moment bounds with a4 and a_, and with parameters B of the
exponential law of rate K. Let A1, Ay, A3 be G-measurable random complex 2 x 2 matrices with
determinant one, and let w be a G-measurable random vector in C? \ {0}. Then, almost surely,

E [‘e;GlAl G2A2G3A3G4ZU ‘ i

Q} < Ce A=Al el .

Proof. The proof averages first over the averaging triples G; and G4 next to the endpoints,
with everything else fixed, and then over the averaging triples G, and G3 next to the fork.

Let G’ be the o-algebra generated by G, Gy, and Gs. Since G, G;,..., Gy are inde-
pendent, the o-algebra G’ and the matrices G; and G, are independent (by grouping
independent families); in particular, G’ is independent of (G, G4), and Gy and G, are
independent. The matrix A = A1G,A2G3A3 is G'-measurable and has determinant one,
so it is nonzero, and the vector w is G’-measurable and nonzero. By Corollary 6.21(i) and
(iii), applied with the c-algebra G', with u = ey, v = w, and with the averaging triples
G = G; and G’ = G4, we have

E||e GiAGyw]|

g'| < c2a] =]l

Here we used ||e;|| = 1. Next, G is independent of (G, G3), and G, and Gs are indepen-
dent. By Corollary 6.21(ii) and (iii), applied with the c-algebra G, with C = A;, G = G,
F = A,, G’ = G3,and A = A3, and since ||A;|| > 1 by (9.1), we have

E[[|A1G2A2G3 457 | G] < CEII A1 [ 7] A5~
Since G C G/, the tower property gives
G| = E|E||e]G1AGsw| " |¢]

where we used that w is G-measurable. Inserting the second bound, we obtain the

E||e] GiAGyw| G| < Cllwl~E[|AlI*|g],

claim. =

The factors A1 and Az will be products of factors along the two arms of a pair of paths.
Some of these factors have a deterministic denominator, and the next lemma removes
them at a fixed cost.
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Lemma 9.14. Let u € (0,1), r,k > 0, and let ¢1,...,c; € Cwith 0 < |¢;| < E+1. Let
V be a product of r independent factors of law vg,e (with V. = 1 if r = 0), and let H =
M(cq, 1)) - - M(ck, t,), where t, ..., t, are independent with density pe™P' and independent of
V. Set Carm = E[(#]) 7*/2(1 4 (t])* + (E 4+ 1)%)"/2], which is finite and at least one. Then
E||HV| " < ck_, e(e()-logp)

arm /

E||VH| ™" < ¢k ele)-logp),

arm

Proof. By (9.1), |V|| = ||[H'HV| < ||H|||[HV], which implies that |[HV| ™" <
|H|[*|V||~*. By submultiplicativity and (9.2), |H|[* < TT_;(t)~/2(1 + (#})> + (E +
1)2)”/ 2, Taking expectations, and using that #,.. .,t,’( and V are independent to-
gether with (9.12), we obtain the first bound. The constant Cam is finite, since
(1+ ()2 + (E+1)2)%2 < 1+ (#)* + (E+1)" for u/2 < 1 and since E(t})"*/2 and
E(#,)%/2 are finite; it is at least one, since (t})~!(1+ (#)?) > 2. The second bound
follows in the same way from ||[V|| < ||[VH|| ||[H!]|. O

9.5 Passage to the real axis

In Section 10, the events whose probabilities we bound are defined at E + iy with a small
n > 0, while the probabilities are computed for the real recursive tree process at 7 = 0.
The passage between the two uses only almost sure convergence, through the following
form of the portmanteau theorem. Part (i) gives lower bounds for events defined by strict
inequalities, and it is used in Lemmas 10.4 and 10.5 and in the proof of Lemma 10.9.
Part (ii) gives upper bounds for events defined by non-strict inequalities, weighted by a
bounded factor, and it is used in Lemma 10.4 and in the proof of Lemma 10.12. Neither
part requires the limiting law to give zero mass to the boundary of the event, and neither
requires uniform integrability.

Lemma 9.15. Let (Y, <7, Q) be a probability space, let k > 1, and for 0 < n < 1 let V;, be
random vectors in CX such that Vy, — Vo almost surely as i | 0.

(i) For every open set O C CK, we have lim inf, 10 Q(V,; € O) > Q(V € O).

(ii) Let F C Ck be closed, and let hy, 0 < n < 1, be random variables with 0 < h,; < C for a
constant C and hy — ho almost surely. Then

lim sup ]EQ [1|:(V;7)h;7} < IEQ |:1F(V0)h0} .
740

Proof. 1t suffices to consider a sequence #; | 0. For (i), if Vo € O and V;; — V), then
Vy; € O for all large j, since O is open. This implies that liminf; 1o(V;;) > 10(Vp) almost
surely, and (i) follows from Fatou’s lemma. For (ii), if Vj € F, then Vi, ¢ F for all large j,
since the complement of F is open. Hence limsup; 1¢(Vy; )1y, < 1¢(Vo)ho almost surely,
and Fatou’s lemma applied to C — 1¢(Vy,)hy, > 0 gives (ii). O
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We apply Lemma 9.15 under the spine laws of Definition 4.6, with V;, a finite collec-
tion of coordinates of the depth-m data L,,(E + i) of Definition 5.19, or of continuous
functions of them. Under the no-ac hypothesis, Proposition 5.25(i) provides the required
almost sure convergence. Events defined by strict inequalities between continuous func-
tions of the coordinates are of the form {V,, € O} with O open, and events defined
by non-strict inequalities are of the form {V,, € F} with F closed. The growth of a
block is a continuous function of the factors only where the weights t; are positive. In
Section 10, it appears only together with the retention conditions of Definition 9.10: a
strict inequality for partial sums of growths together with strict retention defines an open
set, since the set of strictly retained blocks is open and the growths are continuous on
it; and a non-strict inequality together with retention defines a closed set, since the set
of retained blocks is closed and contained in the open set {t; > 0 for all i}, on which
the growths are continuous. Further, if A;, 0 < 7 < 1, are events with 1 A, — 1a,
almost surely as 7 | 0 (for instance, events that do not depend on 77), we may add 14,
as a coordinate of V;. Since 14, € {0,1}, the event A, N {V; € O} is then of the form
{(Vy,14,) € O x {w € C:Rew > 1/2}}, with an open set, and A, N {V;, € F} is of the
form {(Vy,14,) € Fx {w € C: Rew > 1/2}}, with a closed set. In Section 10, lower
bounds are proved for strict inequalities and upper bounds for non-strict ones, and no
condition on the boundaries of the events is needed.



SECTION 10

Positive free energy implies delocalization

In this section, we prove that the boundary values of the cavity variables cannot all
be real at a regular energy where the real boundary law has positive free energy at
s = 1. Together with the spectral averaging criterion of Proposition 7.11, this gives purely
absolutely continuous spectrum on intervals where, for almost every regular energy, all
possible real boundary laws have positive free energy at s = 1. Recall from Definition 5.12
that, for E € £, with E > 0, the no-ac hypothesis holds at E if P (Im T, (E +i0) = 0) = 1;
in this case, the law 7tg of D, = —1/T,(E +i0) under [P is a real solution at energy E, by
Proposition 5.11(ii), and we call it the real boundary law.

Theorem 10.1. There exists a numerical constant p, > 1 such that the following holds for every
p > ps Let E € £, with E > 0, and suppose that P®(ImT,(E +i0) = 0) = 1. Then the real
boundary law mtg satisfies @, (1) <O0.

Corollary 10.2. Let p > p.., where p, is as in Theorem 10.1, and let I C (0, 00) be an interval.
Suppose that for Lebesgue-almost every E € 1N &y, either P®(ImTI,(E 4-i0) = 0) < 1, or
P®(ImT,(E +i0) = 0) = 1 and the real boundary law mg satisfies @7.(1) > 0. Then
P*-almost surely, H is purely absolutely continuous in I U (—1I).

In particular, if P*(ImT,(E +i0) = 0) < 1 for every E € I N &y, then the conclusion
of Corollary 10.2 holds.

Proof of Corollary 10.2, assuming Theorem 10.1. By Lemma 5.8, the set £, has full Lebesgue
measure. Let E € 1N &, be an energy at which the hypothesis holds; this is the case
for almost every E € I. If P®(ImT,(E +i0) = 0) = 1, then Theorem 10.1 implies
that ¢, (1) < 0, contradicting the hypothesis. Thus P*(ImT,(E +i0) = 0) < 1. By
Proposition 5.11(i), this probability equals 1 —u/g, € {0,1}, where u = P(ImT,(E +
i0) > 0) € {0,0,}. Hence it equals zero, and P(ImT,(E 4-i0) > 0) = u = ¢, > 0. This
verifies the hypothesis of Proposition 7.11 at almost every E € I, and Proposition 7.11
gives the conclusion. O

10.1 Outline of the proof

The proof of Theorem 10.1 follows the resonance strategy of Aizenman and Warzel, who
used it in [12] to prove absolutely continuous spectrum for the Anderson model on

189
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regular trees beyond the band of the hopping operator. Versions of this strategy for tree
operators were developed by Aggarwal, Bordenave, and Lopatto for the local limits of
Lévy matrices [7], and by Aggarwal and Lopatto for the Anderson model on the Bethe
lattice [4]. We adapt it to the Poisson tree with complex Gaussian weights. The argument
uses only the properties of real solutions established in Sections 5 and 6, so it applies to
an arbitrary real boundary law. We now describe its steps.

The quantile. Fix p > p. and E € &, with E > 0, suppose that the no-ac hypothesis
holds at E, and suppose, for a contradiction, that ¢(1) > 0, where ¢ = @,. Let « = q,/2
be the numerical level fixed in (10.5) below. For y > 0, let {.(#) be the quantile of
ImT,(E + in) under P® defined in (9.11). By Lemma 9.9(i), we have 0 < (1) < oo,
and P*(ImT,(E +in) > t) < wa for every t > (,(1#). Under the no-ac hypothesis,
ImT,(E +1ir) — 0 almost surely, so that {,(7) — 0 as # | 0, at an unknown rate. For this
reason, we always compare ImI',(E + i) with the quantile at the same imaginary part 7.
We show that there exist § > 0 and C < oo such that, for every large n, there exists 7, > 0
with

P® (ImT,(E + i) > " "' z0 (1)) > g. > a. (10.1)

For large n, the threshold in (10.1) is larger than {,(#,), which contradicts Lemma 9.9(i).

Exponents. By Lemma 6.16, there exists s € (1/2,1) such that y = —¢'(s) > 0 and
F = ¢(s) — (1 —s)y > 0. The number F is the value at u = 1 of the tangent line to ¢ at s.
Since ¢'(1) = 0, it tends to ¢(1) > 0 as s 1 1, and this is how s is chosen. In Section 9.3,
the free energy is replaced by the free energy ¢ of blocks of m factors with entries in
a compact set, with the corresponding numbers 5 ~ ¢ and F ~ F (Lemma 9.11). We

fix 6 > 0 small in terms of F and (2s — 1)y, and we set N = n+ 10, b, = n3/4 and
T, = e(:y\+‘s)”.

The gain from a resonance. Let x be a vertex of generation N, and let A be the product
of the transfer matrices (factors, in the sense of Definition 9.1) along the path from o to
x, evaluated at z = E + in. By Lemma 9.3, we have |Gox(z)| > |Gxx(2)|/]|A|. If y is a
child of x, the Ward identity of Lemma 3.19(iii) gives ImT'o(z) > |Gox(z) [*|hxy|* Im Ty (z).
Suppose that ||A| < 70U, that |Gyy(z)| > T, that |hyy|? is bounded below, and that
ImT,(z) > Cu(17)/2. Then ImT,(z) > eX¥"=Olnz, (). We call the factor e2"~On) by
which ImT,(z) exceeds the quantile the gain; the precise statement is Lemma 10.8.

Resonant vertices. We count the vertices x of generation N for which the conditions of
the previous paragraph hold; they are called resonant (Definition 10.7). The conditions
are the following. The factors of the first n generations satisfy a regular growth condition:
the logarithms of the norms of the products of consecutive blocks of m factors have
partial sums within b, of their typical values (R3). The last ten vertices of the path have
no side children (R1), and the squared weights of their edges lie in fixed intervals (R4).
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By Lemma 9.5, this forces the rootward cavity variable at the parent of x into a fixed
disc, whatever its value at generation n. The vertex x has exactly one leaf child and one
surviving child y (R2), and the cavity variable of vy is bounded and has imaginary part at
least {4 (17) /2 (R5); we call y the seed, since its imaginary part is the one that the resonance
amplifies. By (9.10), the diagonal entry Gy, (z) is then a Mobius function of the squared
weight t of the leaf edge, with a pole whose real part lies in [E?/2,3E?/2] (Lemma 9.6)
and whose imaginary part, which we call the pole width, is small (R6). Since t has the
density pe P!, the event |Gyx(z)| > T, (R7) has probability of order T, ! (Lemma 9.7).

The first moment. By the many-to-one formula for the backbone, the expected number
of resonant vertices is p¥ times the probability that the endpoint of a spine of length N is
resonant. The structural conditions (R1), (R2) and the conditions (R4), (R5) cost a factor
independent of 7, the tuning (R7) costs a factor of order T, !, and the regular growth
condition (R3) costs a factor e~ +0(n) where | = logp — ¢(s) — sy (Lemma 9.12, which
computes this probability after an exponential tilt of the law of a block at the exponent s).
Sincelogp —1—4 — 6 = F — §, we obtain in Lemma 10.9 that

E®N,, (17) > e(ffJ)nfO(bn) )

The probability of the regular growth event is computed for the one-spine real recursive
tree process, at 7 = 0, where the factors along a spine are independent with the law vg,.
determined by 7t (Lemma 5.21). The growth of their products is then governed by ¢.
The bound is transferred to a small imaginary part # > 0, with n fixed, by Lemma 9.15:
lower bounds are proved for events defined by strict inequalities, which are open, and
upper bounds for events defined by non-strict inequalities, which are closed.

The second moment. By the many-to-two formula, the expected number of ordered
pairs (u,v) of resonant vertices whose paths split at generation j is QpPZN ~J times a
probability under a two-spine law. The two leaf weights are fresh, and by Lemma 9.4 the
2 x 2 block of the resolvent at {u,v} is a function of them. By Lemma 9.8, the probability
that both diagonal entries exceed T, is at most of order T, 2 + T, ! min{1,®}, where
© measures the interaction of u and v through the path that joins their parents. The
first term is the one for independent vertices. With the upper bound of Lemma 9.12(i)
for regular growth events on the common part and on the two arms of the paths, it
contributes Ot (E®N,,)? after summation over j. For the second term, we bound E®?
by averaging over four groups of three fresh factors, placed next to the two ends and next
to the fork of the joining path (Lemma 9.13). What remains are the negative moments
of the norms of the products along the two arms, which decay like e("~/)(?(s)-logp),
where ¢(s) < logp. The resulting exponent is affine in j, and its values at j = 0 and
j = n are negative by the choice of §. We obtain E®[N, (N, — 1)] < 9= (E®N,)?
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(Lemma 10.12), and the Paley-Zygmund inequality gives P®(N, > 1) > e~ 9(). On this
event, Im T, (E +in) > e2m=0WUn)z, (7).

Amplification. It remains to raise the probability e=O(®") to the fixed level g, > a. In
Section 10.2, we show that if ImI', > y with probability at least ¢7“, then ImI', >
cze~3(142)y with probability at least g, (Corollary 10.6). The main step uses the Poisson
structure of the children of the root. A random set of children, whose number has a
Poisson law with mean about 64, carries independent copies of an event of probability g,
while the other children keep |D,| in a fixed annulus. If one of the copies occurs, then
so does the event at the root, with a fixed loss in the imaginary part, and this happens
with probability at least 49. After O(1 + a) iterations, the probability reaches g.. This
is the only step that requires p > p., and p. does not depend on E, since it uses only
Lemma 5.6, which holds uniformly over all real solutions. With a = O(b,), we obtain
(10.1).

Order of choices. The constants are fixed in the order (a)—(f) listed in Section 10.3. The
numerical constants come first; then the constants that depend on p and E; then the
depth n; and finally the imaginary part 77,, which depends on n. Each estimate at positive
1 is obtained from an estimate at 7 = 0 with n fixed, and the two limits n — co and
1 | 0 are never taken in the same estimate. The quantile {,(#) enters only through the
seed condition (R5), whose probability is bounded at each fixed 77 by Lemma 9.9(ii), and
through the gain.

Organization. Section 10.2 contains the amplification. Section 10.3 fixes the constants,
defines the resonant vertices, and proves the gain. Sections 10.4 and 10.5 contain the first
and second moments, and Section 10.6 completes the proof.

10.2 Amplification at the root

In this section, we show that an event of small probability on which ImT), is large can
be converted into an event of a fixed probability, at the cost of a moderate factor in the
imaginary part. We begin with the numerical constants. Let

1
322
so that 4a9 = a(1/32) in the notation of Lemma 5.6. Let Ny € IN be such that a Pois(128)
variable exceeds Ny — 1 with probability at most 1/32. Let A € [32,128] and N ~ Pois(A).

Since a Pois(128) variable is the sum of N and an independent Pois(128 — A) variable,
we have P(N > Nj) < 1/32, and the identity E[N1{N > Ny}| = AIP(N > Np) gives

a = (10.2)

1
P(N > Np) < 3 E[N1{N < Nyo}| >

N >

> 16. (10.3)
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Sety, =a3/(4No), y— =y+/2, ] =y—,y+],and p; = P(Y € ]) for Y ~ Exp(1). We let
ps > 32log 64 + 1 be the smallest number such that

% Do > 64, gPe/2H128 %, (10.4)
and we set

1 1 g+«

flozz—Nof ‘1*:4—1\]0/ ‘X:j-

All these constants are numerical. Let p > p.. Since 1 —e~P/? > 1/2, the concave function

0 — 1 —e P — g is positive at ¢ = 1/2, and therefore ¢, > 1/2. By Lemma 5.6 with

e = 1/32, every real solution at every energy E > 0 satisfies IP(|D| < 4ao/,/p) < 1/32.

By (10.4), we have p(0p —1/16)p; > 64, e~ (Pey=128) < 1/16, and e~ P~V < 1/16.

(10.5)

Standing assumptions. From now on until the end of this section, we fix p > p, and
E € £, with E > 0, and we assume that the no-ac hypothesis holds at E. We write 7t = 7tg
for the real boundary law, Dy(z) = —1/T,(z) for z € C\ R, and D,(E) = —1/T,(E +i0).
By Proposition 5.11(ii), IP-almost surely I',(E +in) — I';v(E+10) € R\ {0} as | 0 for
every vertex v. The law of D,(E) is 7t under IP and 7% under IP*, and 7 has no atoms
(see the discussion after Definition 5.12). We set

ap dz_

d_ = ﬁ, ho = T (10.6)
we let dy > 16d_ be such that P(|D,(E)| > di+/2) < 1/32, and we set ¢ =
min{1,y_/(pd%3)}. Then P(|D,(E)] < 4d_) < 1/32 by the choice of ay, and
Noy+/(pd_) = d_ /4.

Definition 10.3. For # € (0,1] and y > 0, let A, (17) be the event that
d_ <|D,(E+in)| <d4 and y<ImT,(E+iy) <1

Recall from Lemma 4.2 that the children of the root form the Poisson process I1, =
2k O(wy b0) O M = € x Q) with intensity measure pm, where m = 7 ® IP. The auxiliary
mark ;. of the child k is the root coordinate of 6;w; its coordinates other than the rank
Cx(1) are independent uniform variables, independent of the marked tree (Remark 4.3).
We use them to color children.

Lemma 10.4. There exists 1o, € (0,1], depending on p and E, such that the following holds for
every 11 € (0, 1cn), every y > 0, and every q € (0,qo]. If P (Ay(17)) > g, then P (Acy(17)) >
4q.

Proof. We write z = E +in. The proof splits the children of the root into a bounded
number of amplifying children, which carry copies of the event A, (7), and the remaining
reserve children, which keep |D,| in the interval [d_,d ]| of Definition 10.3.
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Step 1. Amplifying children. Let

S 64
poyP(SN{d_ < [Do(E)| <d})’

Since P(|Do(E)| & [d—,d+]) < P(|Do(E)| < 4d—) + P(|Do(E)| > d+/2) < 1/16, the
probability in the denominator is at least ¢, —1/16, and T < 1 by the choice of p.. For
0 <5 <1, let C; be the set of (w,w’) € M such that ' € S, lw|? € ], {o(w')(2) < T, and

d_ < |Do(E+in) ()| <dy,  ImTo(E+in)(w') <1,

where for 77 = 0 the second condition is void. A child k is an amplifying child at imaginary
part 1 if (wy, Gw) € Cy, and a reserve child otherwise. As in the proof of Lemma 4.5(i),
the restrictions th and IT;* of I, to Cy and to its complement are independent Poisson
processes under IP, with intensity measures pm(- N C,) and pm(-\ C;) [94, Theorem 5.2].
Since |w|?, the color {,(w’)(2), and the remaining coordinates of w’ are independent
under m, the number N,;h of amplifying children has the law Pois(A(7)), where

M) = proyP(SN{d- < |Do(E+in)| < dy, ImTo(E +iy) < 1}),

and A(0) = 64 by the choice of . Under P®, we have D,(E + i) — D,(E) and
ImI,(E +1in) — 0 almost surely. We apply Lemma 9.15 under IP® to the vectors V,, =
(Do(E+1in),ImT,(E +in)) and Vy = (D,(E),0), with the closed set {(x,y) : d— < |x| <
dy, Rey < 1}in part (ii) (with i, = 1) and the openset {(x,y) : d— < [x| < dy, Rey <1}
in part (i). Since A(17) = p1pj0,P*(d— < |Do(E +in)| < dy, ImI,(E +in) < 1), we find

P=(d- < [Do(E)| < dy) < liminfm
70 pPTE[Op

< limsupM <P®(d- < |Do(E)| < dy).
nlo  PTP]Qp

The two outer probabilities coincide, since 77 has no atoms, and they equal
A(0)/(ptpjop). Thus A(n7) — 64asy | 0.

StTEP 2. The reserve. Set

D=zl Y W), K =p+L Y YImTi),

k reserve k reserve

where the reserve is taken at imaginary part 7, and let R, be the event that 2d_ <
|Dy*| < 3d4/4, that > < ho, and that some reserve child at imaginary part 7 is
surviving. This event is measurable with respect to IT;**, and it is contained in S. We
claim that liminf, | P(R,) > 13/16.
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By Proposition 5.11(ii), almost surely, for every child k, we have Dy (E +1ir) — Dy (E)
and ImT(E +1iy) — 0, where Dy(z) = D,(z) o 6. Further, almost surely no surviving
child k satisfies |Dy(E)| € {d—,d+}. Indeed, by the Mecke formula (4.1) applied to the
child process I1,, the expected number of such children is

pP(S N {|Do(E)| € {d_,d.}}) = po, P™(Do(E)| € {d_,d.}) =0,

since 7% has no atoms. Consider a child k with |w|? € ] and {x(2) < 7. If it is
surviving, then |Dy(E + in)| converges to a limit which is different from d_ and d., and
ImTy(E +in) — 0 < 1. Hence the indicator that k is an amplifying child at imaginary
part 1 is constant for all small 77, and equal to the indicator at 7 = 0. If it is not surviving,
then it is not an amplifying child for any 7. Since the root has finitely many children, it
follows that almost surely the set of amplifying children at imaginary part 7 is the set of
amplifying children at 7 = O for all small 7. Then, almost surely, #;** — 0, and D} —
D = E — p~ 1Y, Y/ Di(E), where the sum runs over the reserve children at 77 = 0; here
we used that I'y(E +1i0) = —1/Di(E) is real for every child. Further, the indicator ¢;** of
the event that some reserve child at imaginary part 7 is surviving is equal to ¢ for all
small 7. We apply Lemma 9.15(i) to the random vector V;, = (D,rfs, hffs, gffs) and to the
open set {(x,h,¢) :2d_ < |x| <3d, /4, Reh < hy, Reg > 1/2}, with Vj = (D{*,0,¢5®),
so that Vj, — Vp almost surely. Since 0 < hg, we find that liminf, o IP(R,) is at least the
probability that 2d_ < |Dj**| < 3d, /4 and that some reserve child at #7 = 0 is surviving.

Let WV be the event that 4d_ < |Dy(E)| < d /2 and N§! < Nj. Since N§I ~ Pois(64),
we have P(W°) < 3/32 by (10.3). By (5.9), Do(E) — D = —p~1 ¥ Y/ Di(E), where the
sum runs over the amplifying children at # = 0. On W, each term satisfies Y; < y; and
|Di(E)| > d_, so that |Do(E) — D§**| < Noy/(pd—) = d_/4, and therefore

15d _ dy d_ 3dy

< LD < S T« 2
2d_ < 1 _]DO\_2+4<4

The surviving reserve children at 77 = 0 form a Poisson process with total mass po, — 64,
s0 none exists with probability e~ (P2»=%%) < 1/16. We conclude that the probability above
is at least 1 —3/32 —1/16 > 13/16, which proves the claim.

By Steps 1 and 2, there exists 774, € (0,1] such that A(y) € [32,128] and P(R;) > 1/2
for every 1 € (0, 77en]. We fix such an 7 for the rest of the proof.

SteP 3. The parent. Let B, be the event that R, holds, that Ngh < Ny, and that some
amplifying child k satisfies ImTx(z) > y. We claim that B, C A, (7). By (5.10), we have
Do(z) = Dy* + p~ 1Y) YiTk(z), where the sum runs over the amplifying children. Each
amplifying child satisfies Y <y and |Ti(z)| = |Di(z)| "' < d-?, so on B, the sum is at
most Noy/(pd—) = d_/4 in absolute value. Then
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Since ImT, = Im D, /|D,|? and Im D, (z) = hy® + p~ 1 ¥ Y ImTy(z), we have on By,

N 1 N 1
) <2 ) = <
0

where we used ImTI'y(z) < 1 for amplifying children. Keeping only the amplifying child
with Im Ty (z) > y, we also have Im T, (z) > d%p~'y_y > coy. This proves the claim.

StEP 4. Probability. By the Poisson property, conditionally on N,;h = [, the amplifying
children are independent with law m(- | C;) [94, Chapter 3]. Each of them satisfies
ImTy(z) > y with probability

, m(CN{ImTy(z) >y}) P>(A, (1))

m(Cy) P (d_ < |Dy(z)| <dy, ImT,(z) <1) =

Here we used that under m the squared modulus |w|?> and the color are independent of
the remaining coordinates of the configuration, so that the factors p;, 7, and 0p cancel,
and that the denominator in the last expression is at most one. For I < Ny, we have
lg <1/2 since q < go, and therefore 1 — (1 — q')l >1—e¢l1> lg/2. Since H%h and Hffs
are independent, (10.3) implies that

Ni"q h
P(By) = P(Ry) E|——1{N;" < No}| =

N <

1
Since B, C Ry C S, we have P®(B,) = ¢,'IP(B,) > 44, and Step 3 completes the
proof. O

The input of Lemma 10.4 is an event of the form A, (1), which constrains |D,| to the
interval [d_,d] and bounds ImT, from above. The next lemma produces such an event
from an arbitrary lower bound on ImT,, using one more generation.

Lemma 10.5. There exist tjreg € (0,7cn] and c1,c2 € (0,1], depending on p and E, such that the
following holds for every 1 € (0, fjreg], every y > 0, and every a > 0. If P®(ImT,(E +in) >
y) > e, then P (A -2, (7)) > cre7%

Proof. We write z = E + i Let C; = supy_, - E*[I(E + in’)|1/2, which is finite by
Lemma 5.17, and set

_ pd?
A= —, K = min {1, %, PT_}’ R, = max{1,4Ch2e2”}.

By Markov’s inequality, P®(|T,(z)| > R,) < CuR;l/z <e /2.

Step 1. Candidate and reserve. A child k of the root is a candidate if {;(3) < A;/p, and a
reserve child otherwise. As in the proof of Lemma 10.4, the candidates and the reserve
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children form independent Poisson processes I1¢ and IT" with intensity measures A,m
and (p — Ar)m. This coloring does not depend on 7. Let D) =z + p~ 1Y Yilk(z) and
h% =7+ p 1 ¥4 Yo Im Tt (z), where the sums run over the reserve children, and let R%
be the event that 2d_ < |Dy| < 3d. /4, that hj < hg, and that some reserve child is
surviving. By Proposition 5.11(ii), almost surely D; — Dy = E — p~ 1Y Y/ Dy(E) and
h% — 0, where the sum runs over the reserve children. The event that some reserve child
is surviving does not depend on 7. We apply Lemma 9.15(i) to the vector (D,’7, h%), with
the indicator of this event added as a coordinate, as in the discussion after Lemma 9.15,
and we obtain

lirri %nf]I’(R%) >P(2d_ < |Dj| < 3d4 /4, some reserve child is surviving).
U

LetO = {x € R:2d_ < |x| < 3d/4}. Since IT" and TI¢ are independent and D, = D, (E)
on the event {I1° = 0}, which has probability e~*r, we have

P(D} ¢ O, TI¢ = 0)
e~

P(D) ¢ O) = < M P(Dy(E) £ 0) < (55 +55) < &

32 32

The surviving reserve children form a Poisson process of total mass (p — Ar)op, and
none exists with probability at most e~(P"1)¢ < 1/16. Thus the lower bound for
liminf, o P(R;) obtained above is at least 1 —1/8 —1/16 = 13/16. We let #reg € (0, /et
be such that P(R}) > 1/2 for every 17 € (0, fjreg], and we fix such an 7.

StEP 2. The candidate. Let I, = [x/(1+ R;),2x/(1+ R,)], and let K be the event that
there is exactly one candidate k, that it is surviving, that |wk|2 € I, and that ImT'x(z) >y
and |T'x(z)| < R,. Since I1€ is a Poisson process with intensity measure A,m, and since
|w|? is independent of the forward configuration under m,

- 00 B K€_2 e
P(K) = Are )\r]P(Y €l,) op P (Imro(z) >y, [To(z)] < Ra) > Ace Ar1+Ra ) sz ,

where Y ~ Exp(1), and we used P(Y € I;) > |IJe % and x < 1.

Step 3. The parent. On R N K, we have Do(z) = Dj + p~1Y T« (z) for the candidate k,
and [p~ YTk (2)] < p~'-2xkR,/(1+ R;) < 2x/p < d_/4. As in Step 3 of the proof of
Lemma 10.4, this gives d_ < |D,y(z)| < d4. Further, ImT(z) < |Tx(z)| < R, and

2K> 1 1

Y,
— 2(p 4 2k < 2 = Sz
ImTy(z) = [[o(2)] (h,7+ ; Imfk(z)> <d- (h0+ ) Sity

where we used x < pd? /8. Keeping only the candidate, we also have ImT,(z) >
djrzp_lxy/(l +R,). Since 1+ R, < 2R, < C'e* with C' = 2max{1,4Ch2}, we conclude
that R; N K C A2, (17), where ¢, = min{1,«/(pd%.C')}.
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Step 4. Conclusion. The events R} and K are independent, since they depend on I’ and
IT¢, respectively, and R} C S. By Steps 1 and 2,

00 -1 ! Arei/\rK —3a
P (Acze*Z”y(n)) > Qp ]P(RW)IP(IC) > We ’

which is the claim with ¢; = min{1, A,e ="/ (4e*C’)}. O

Corollary 10.6. There exist c3 € (0,1] and C3 > 1, depending on p and E, such that the
following holds for every 1 € (0, fjreg], every y > 0, and every a > 0. If P®(Im T, (E +in) >
y) > e %, then

P (ImTo(E +i57) > cse-G1H)y) > g,

Proof. By Lemma 10.5, the event Ay, (17) with y; = coe >y has P®-probability at least
g1 = c1e3*. We claim that IP°°(.ACéy1(17)) > min{4'qy,q.} for every i > 0. For i = 0 this
holds. If it holds for i, we apply Lemma 10.4 with g = min{4'gy, .}, which is at most
g0, and obtain ]P°°(A66+1y1(17)) > 4min{4ig;,q,} > min{4+1g,,q,}. Let k be the smallest
integer i > 0 with 4'q; > g,. Since g. < 1, we have k < 1+ max{0,log,(q./q1)} <
14 (3a+1og(1/c1))/ log4, and since ¢y < 1 and Ac’gyl (7) € {ImT,(E +1in) > cky1}, we

obtain the claim with ¢3 = czcé+log(1/cl)/log4 and C3 = 2+ 3log(1/co)/ log4. O

10.3 Resonant vertices

We keep the standing assumptions of Section 10.2, and we assume in addition that
¢(1) > 0, where ¢ = ¢ is the free energy of the real boundary law. We use the notation
of Section 9.3 for this real solution: the factor law vg,. and the norm moments f,(u). We
tix the remaining constants in the following order.

(a) The numerical constants ag, Ny, J, p«, 90, 9+, and & = g+ /2 of Section 10.2, and the
constants d+., ho, co, Ych, Nregs C1, C2, €3, and Csz of Lemmas 10.4 and 10.5 and Corol-
lary 10.6, which depend on p and E.

(b) The cutoff Raux of Lemma 9.9(ii) for the level « and » = 1/2, and baux = E/ (8Raux)-

(c) The exponent s € (1/2,1) and the numbers y = —¢'(s) >0and F = ¢(s) — (1 —
s)y > 0 of Lemma 6.16; then m, R, ¢, 4, F, and ¢ of Lemma 9.11; and

§ = min {g W} (10.7)

(d) The length c = 10 of the single-child segment and the constants p1, €g, by, and b3 of
(9.8).

(e) A depth n € mIN, large depending on all previous constants, together with

N=n+c L= % by = 3%, T, = (7O, (10.8)
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(f) An imaginary part 7, > 0, small depending on n and all previous constants.

The constants in (a)—(d) depend only on p and E, through the real boundary law 7;
they do not depend on n or on 7, and those listed as numerical in (a) do not depend
on E either. The quantile {,(7) is a function of # and is not one of the constants. By
Lemma 9.11(ii) and (10.7), the numbers

ko= (25— 1)7 —2(p(s) — §(s)) =0, F—0o (10.9)

satisfy kg > (25 —1)7/4 > 0and F — 6 > F/4 > 0.
We now define the vertices that we count. For a vertex x of generation N, we write
0 = X0, X1,...,XN = x for its ancestors, and for z = E + i with 7 > 0, we set

Yo

b=
T

1
s dk—l(z) =z+ E ZYMFM(Z)/ Xk—l(z) = _wak_lﬂxk(z)/ 1 S k S N/
u

(10.10)
where the sum runs over the children u of x;_1 other than x;. Thus t; is the squared
weight of the edge from x;_; to xy, di(z) is the side denominator at x; in the sense of
Definition 9.1(ii) for the path from o to x in the whole tree, and Xj(z) is the rootward
variable at x;. The factors of x are (di(z),tx11), 0 <k < N, and for 1 <[ < L, the I-th
block of x consists of the factors with (I — 1)m < k < Im. We write Z;(z) for its growth
(Definition 9.10).

Recall from Section 4.6 that a child of a vertex is a leaf child if it has no children, and
a surviving child if its forward subtree is infinite. We call the vertices x;, ..., xy_1 the
single-child segment of x.

Definition 10.7. Let n € mIN, let y € (0,min{1,E/8}], and set z = E +iy. A vertex

x € Vy is resonant at E + i if the following conditions hold.

(R1) Single-child segment. Ny, = 1tfor n < k < N —1; that is, each vertex of the single-child
segment of x has exactly one child.

(R2) Decoration. x has exactly one leaf child ¢, exactly one surviving child y,, and no
other child.

(R3) Regqular growth. The blocks 1,...,L of x are strictly retained, and |Z;(z) + --- +
Zi(z) —im¥y| < by for1 <i < L.

(R4) Segment weights. 1/p < t,41 < 2/p and |z — t,11Xn(2)| > €g; b2/2 < ty42 < by; and
b3/2 <t <bsforn+3<k<N.

(R5) Seed. baux/2 < |hxy,[* < baux, [Ty, (2)] < Raux, and Im Ty, (z) > Zu(17)/2.

(R6) Pole width. | Im(zAx(z))| < |z|/(2T,), where Ay(z) = —1/GL% (2) is the denomina-
tor with the leaf removed at x, computed in the tree from which ¢, is deleted.

(R7) Resonance. |Gxx(z)| > Th.

We write Ny, (#7) for the number of vertices x € Vy that are resonant at E + i7.
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Condition (R1) is the event Cj, | = {n,..., N — 1}, of Lemma 4.21(iii), and (R2) is the
event R o 6, of Lemma 4.21(ii). A resonant vertex has a surviving child, so it belongs
to VY. On (R1), the side denominators at the vertices of the single-child segment are
di(z) =z for n < k < N, and by (3.16),

Xp(z) = (z— i Xea(z)) ", n<k<N-1. (10.11)

On (R2), by (3.11) for the tree from which ¢, is deleted, in which x has the two neighbors
xN—1 and yy,

Ax(z) = z — tnXN-1(2) — |y, [P XL (2), X (z) = =Ty, (2); (10.12)

here the cavity variables at xx_1 and y, in the tree from which /, is deleted are I'y,, ,.x(2)
and I'y (z), by Lemma 3.5(iii), since the corresponding branches do not contain /.

We record which variables each condition depends on, since this determines which
squared moduli may be used as fresh variables in Sections 10.4 and 10.5. Conditions (R1)
and (R2) are structural: they depend only on the offspring numbers of x, ..., xy and of
the children of x, and on the survival of these children. Condition (R3) depends only on
the factors of x with index k < n, that is, on the squared moduli Yy,, ..., Yy, and on the
side children of xy, ..., x,—1 with their edge marks and forward subtrees. Condition (R4)
depends on the squared moduli Yy, ,, ..., Yy, and on the rootward variable X, (z). The
latter is computed in the component of x,, after the edge from x;, to x,,;1 is deleted, and
it does not depend on these squared moduli. Condition (R5) depends only on the mark
of the edge from x to y, and on the forward subtree of y,. Conditions (R1)—-(R6) do not
depend on the mark of the edge from x to /,, and only (R7) does. In the first moment,
we use as fresh variables, in this order, the squared modulus of the mark of the leaf edge
and the squared moduli Yy, ,,..., Yxy; the squared moduli inspected by (R3) and (R5)
are revealed and are never used as fresh variables.

Lemma 10.8. There exists Cgain > 0, depending on p and E, such that the following holds for
every n € mIN and n € (0,min{1, E/8}]. If x € Vy is resonant at E + i1, then

ImT,(E+iy) > cgainez‘S”*Zb”@a(iy). (10.13)

Further, on the event that (R1)~(R5) hold, the pole parameter zAy(z) of (9.10) satisfies E?/2 <
Re(zA,(z)) < 3E%/2.

Proof. Let z = E +iy. By (9.5) for the path 0 = xo,...,xy = x in the whole tree, whose
side denominators are the numbers di(z) of (10.10), we have

Gox(z> 1 B N-1
’Gxx(z) = Al A= ]g) M(di(2), trs1)-
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By (R1), the last ¢ factors are M(z, tx.1), n < k < N, and by (R4) and (9.2), each of them
has norm at most

_ . (1 by b3y \1/2 2 2 2\ 1/2
Ceonn = (mm{;,f,?}) (1+max{;,b2,b3} +(E+1) > .
The product of the first n factors is the product of the L blocks of x, and its norm is
at most eZ1(2)++2L(2) < 7t by (R3). Thus ||A| < Cmme™ . By (R7), we obtain

1Gox(2)] > Colne™ "7 0T, = Co&,e®" . The child v, of x does not lie on the path from
o to x, and Lemma 3.19(iii) and (R5) give

_ _ baux
ImT,(z) =Im Gyo(z) > ’GOX(Z)|2|hxyx\ZImTyx(Z) > CCO%cnez(sn 2by % ) @mé’?)‘

conn
For the last assertion, we have X,,1(z) = (z — t,41Xu(z)) ! by (10.11), and (R4) gives
|z =ty 1Xu(z)| > eg, so that |X,;1(z)| < eg'. Since t,12 < by, Lemma 9.5(ii) gives
Xy42(z) € DE. Since ty < bz for n +3 < k < N, Lemma 9.5(iii) and induction on k give
Xi(z) e Opforn+2 <k < N—1,notethat N—1=n+9 > n+2. By (R4) and (R5),
we have ty < b3, | X} (2z)| < Raux, and |hyy, |> < E/(8Raux). Lemma 9.6, applied to (10.12),

gives the claim. O

This proves (10.13) with cgain = bauxC2€. /4.

10.4 The first moment

Under the backbone one-spine law Q% of Definition 4.6, we write vy, ..., vy = v for the
spine, and we apply the notation (10.10) and Definition 10.7 to x = v. We let T be the
event that conditions (R1) and (R2) hold for v, and we set

Q. = e FepPe 2P, (10.14)

Lemma 10.9. There exist c4 > 0 and ny € IN, depending on p, E, and the constants (a)—(d),
such that for every n € mIN with n > nq there exists n1(n) € (0, min{1, E/8}] with

E®Ny, (1) > ¢4 p(F=8)n—sby for every n € (0,171(n)].

Proof. Let nq be such that T, > 4(E 4 1)/E? and L(mlogCg)?/b2 = m(log Cg)*n~1/2 <
1/2 for n > ny, where Cg is the constant of (9.13). Fix n € mIN with n > nq, let
7 € (0,min{1, E/8}], and write z = E + iy and Q = QY. The proof first integrates the
leaf weight, then the squared moduli Y, ., Yy, and finally passes to the real axis in
the regular growth condition.

1”7t

Ster 1. Many-to-one formula and structure. Every resonant vertex belongs to Vy;. By (4.8),
we have
E®N, (1) = p Q(v is resonant at E + ir).
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By Lemma 4.21(iii) and (v), we have Q(7) = Q.. Here Sy,...,Sy_1 denote the side
sequences of Lemma 4.7; the sequences Sy, ...,Sy—_1 are empty on 7.

STEP 2. The leaf weight. Let A = {{(v)} if the endpoint v has a leaf child, and A = @
otherwise, where /(v) is the selected leaf child of Section 4.6; on 7, we have A = {/,}.
By Lemma 4.21(iv) with X = {v}, applied under Q, the squared modulus Y, is fresh
given the o-field ./ of Lemma 4.17(iii), which is generated by A, the endpoint v, the
configuration w**1, and the phase of Wo(y)-

We claim that the indicator F of the event that (R1)-(R6) hold for v is .7Z4-measurable,
and that so is A, (z) on this event. Indeed, by the discussion after Definition 10.7, F is a
function of the configuration which does not change when the mark of the edge from v
to /, is replaced by another value. The same holds for A,(z), since it is computed in the
tree from which ¢, is deleted. Hence F(w) = F(w**1), and similarly for A,(z), which
proves the claim.

Let t = Yy(,)/p and p = zA,(z). On T, (9.10) gives Gy (z) = z/(t —p), so that (R7)
is the event |z| > T,|t — p|. On the event that (R1)-(R6) hold, we have E?/2 < Rep <
3E2/2 by Lemma 10.8, and |Imp| < |z|/(2T,) by (R6). Further, p is not real. Indeed,
ImA,(z) > 0, since A,(z) = —1/G{,{5V}(z) and Im G{,{fV}(z) > 0, and Re A, (z) > 5E/8 by
Lemma 9.6; thus Imp = EIm A, (z) + 7Re A,(z) > 0. Let K be the set of p € C\ R with
E?/2 < Rep < 3E%/2 and |Imp| < |z|/(2T,). We apply the substitution identity (4.14)
(consequence (c) after Definition 4.16) with m = 1, the revealed variable X = p, and
®(p,y) = Ix(p)1{|z| > Tuly/p — p|}. Since y/p has the density pe P! when y has law
Exp(1), Lemma 9.7(ii) gives, almost surely on the event that (R1)-(R6) hold,

QR | #2) = [ @(p,y)e dy >

n

here we used T, > 4(E + 1)/E?, which holds since n > ny. Multiplying by F and taking
expectations, we conclude that

Q(v is resonant) > Ct;“e Q((R1)-(R6)) > Ct;“e (QURD-(R5)) - Q(T\ (R6)) ). (10.15)
n n
StEP 3. The single-child segment and the seed. We first integrate over the squared moduli
Yu, 17+ Yuy, SO that t,,; = Y\,Hi/p for 1 <1i < c. Let ¢ be the o-field of Lemma 5.18(ii)
for the set {v,41,...,vN}, which is a function of the endpoint. It is generated by the
offspring numbers, the auxiliary marks, the endpoint v, the phases of all marks, and the
marks wy with u & {v,11,...,vn}, and the c squared moduli Y, ,,, ..., Yy, are fresh given
%,. By the discussion after Definition 10.7, the event 7 N (R3) N (R5) and the variable

X, (z) do not depend on these squared moduli, and they are therefore ¢;-measurable.
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Condition (R4) is the event (X, (z), Yy, ,.--, Yuy) = 1, where
O(X,y1,.-,Yc) = 1{1 < U g, z— ﬂX’ > eE}
p pP P p
by Sfbs v

By the substitution identity (4.14), applied with the revealed variable X = X,(z) and
m = ¢, Q((R4) | ¢,) is the integral of ®(X,(z), -) against Exp(1)®*. This integral factorizes,
and Lemma 9.5(i), which applies since 7 < E/8, gives

Q(RY) | %) = 5 p2p57? = cueg,
where pp = P(pby/2 < Y < pby) and p3 = P(pb3/2 < Y < pbz) for Y ~ Exp(1).
Multiplying by the indicator of 7 N (R3) N (R5) and taking expectations, we obtain
Q((R1)(R5)) > cseQ(T N (R3) N (R5)).

It remains to bound the probability of 7 N (R3) N (R5). By Lemma 4.7(iii), under Q
the side sequences S, ..., Sy_1, the spine edge marks, and the endpoint configuration
6w are independent, and 6,w has law IP*. Condition (R3) is a function of Sy, ...,S,_1
and w,,,...,wy,; condition (R1) is the event that S,,...,Sy_1 are empty, which has
probability e~ 7¢; and the event that (R2) and (R5) hold is a function of 6,w. On (R2),
we have |hyy, |> = |wy,|?/p and Ty, (z) = T,(z) 0 6,,. Applying (4.21) to the endpoint
configuration with F, = F3 = 1 and

~—

baux |w|2 " " ga(”
<< baux}1{|1“o(z)(w )| < Raux, ImTo(2) (") > T}

Fi(w, ") = 1{

and using Lemma 9.9(ii), we find that the probability of (R2) and (R5) equals

- - B - _ 3
pze 2p/Fl dm™ = pze 2ppauxIP <|Fo(z)| < Raux, ImTy(z) > @) > P2€ ZPPaUXI'

where paux = P(pbaux/2 <Y < pbaux) for Y ~ Exp(1). By the independence of the three
groups of random elements, and since Q. = e P°p?e~2, we conclude that

30‘Paux
4

Q ((Rl)_(RS)) > Cseg Q (T N(R3)N (RS)) > Cseg Qs Q((R3)) . (10.16)

StEP 4. Regqular growth at the real axis. For k < n, the number di(z) is the side denominator
D\S,ide(z) of Section 5.6. By Proposition 5.25(i) and Lemma 5.21(i), Q-almost surely d;(E +
in') — di(E) = D§i%(E) as ' | 0, and by Lemma 5.21(ii), the factors (di(E), tci1),
0 < k < n, are independent with law vg,.. Let Viy = (dx(E +i1'), tiy1)o<k<n € C?" for
0 < ' <1, and let Vj be the vector of the factors at E. Let O be the set of vectors
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(di, tri1)o<k<n € C*" such that R™! < |dy| < R and R™! < Rety1 < R for every k, and
such that the growths Z; of the blocks of the factors M(dy, Re t, 1) satisfy |Z; + - - -+ Z; —
imy| < b, for 1 < i < L. The entries of M(d,t) are continuous on C X (0,0), and the
norm of a product of factors is at least one, so each Z; is a continuous function on the set
where all Re t;,; are positive. Hence O is open. Since the squared weights ¢, are real,
(R3) at E +i7’ is the event {V,, € O}, and {Vp € O} is the event of Lemma 9.12(ii) with
k =L and b = b, for the independent factors at E. By Lemma 9.15(i), Lemma 9.12(ii),
and the choice of 1,

_Wlo_gCRV> p—

> e
b2 2

lim inf Q((R3) at E +iry') > ™"~ (1
17'10

StEP 5. The pole width. On T, the number G\%V}(E +17’) is a coordinate of the depth-
(N + 1) data, selected by a function of the genealogy and the ranks. By Proposition 5.25(i),
Lemma 5.21(i), and Proposition 5.11(ii), it converges almost surely as #’ | 0 to a real
nonzero number. Then Im(z'A,(z")) — 0 almost surely on 7, where z' = E + iy, while
2’|/ (2T,) > E/(2T,) > 0. By dominated convergence, Q(7 \ (R6) at E +iy') — 0 as
n' 1 o0.
SteP 6. Conclusion. By Steps 4 and 5, there exists #1(n) € (0,min{1,E/8}] such
that for every 1 € (0,11(n)], we have Q((R3)) > e "*n/4 and Q(T \ (R6)) <
csegQ*ocpauxe_‘”_Sb” /16. Inserting these bounds into (10.16) and (10.15), we obtain

N Ctune Cseg Qx&0aux o~ n=sby

Sincelogp —t—7 — 6 = §(s) +s7 — 7 — 6 = F — §, we have pNT, le~" = pce(ﬁ—é)n, and
the claim follows with ¢4 = pCtuneCseg Qx¥Paux /8. O

10.5 The second moment

For pairs of resonant vertices, we use the backbone two-spine laws Q( ; of Definition 4.6,
with endpoints u and v and fork v; = u; at generation j. We apply the notation (10.10)
to x = u and to x = v, and we indicate the endpoint by a superscript: t}, d}(z), Z}'(z),
and so on. For k < j, the vertex uy = v has the spine child ug;; = vi1, so the factors
of u and v with index k < j coincide; we call them the common factors. The factor with
index j differs for u and v: the side denominator d;‘(z) contains the forward cavity of
vj+1, which depends on the whole subtree of v; 1, including the pendant leaf of v. We
therefore discard the block that contains the factor with index j. Let A; = [j/m]. The
blocks 1, ..., Aj consist of common factors, the block /\j + 1 contains the factor with index
j, and the blocks Ai+2,...,L of u consist of factors with index k > j, which we call the
factors of the arm of u; similarly for v.
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Definition 10.10. Letn € mN and 0 < j <n—1. Forn € (0,1], set z = E+1iy; for n =0,
all quantities below are evaluated at the boundary values E + i0. The enlarged pair event
€j(17) is the event that the following conditions hold under Qf ..
(E1) Conditions (R1) and (R2) hold for u and for v.
(E2) If A; > 1, then the common blocks 1, ..., A; are retained, and Z; (z)+---+ Z)\]. (z) <
A]m’? +b,,.
(E3) For w € {u,v}, if Aj+2 < L, then the blocks Aj +2,...,L of w are retained, and
z,L:A],H Z¥(z) < (L= Aj = 1)m7 + 2by.
The interaction event 5]( (17) is the event that (E1) and (E2) hold. Further, we set
D, = la| (it}) " |Gyl ()

UN-1VN-1

, (10.17)
where GV \{V} denotes the resolvent of the tree from which u and v are deleted.
We first estimate the enlarged pair event and the interaction event at the real axis.

Lemma 10.11. There exists C5 < oo, depending on p, E, and the constants (a)—(d), such that for
everyn € mIN and every 0 < j <n—1, with Q = Q"I\‘;/]-,

Q(£(0)) < Q2 i@ 2t (10.18)
Eq[1e() min{1,Do}] < C5 Q2 e~ U rshut2(n=j)lg(s)~logp), (10.19)
]

Proof. StEP 1. Independence. By Lemma 4.7(iv), under Q the side sequences at the spine
vertices other than the endpoints, the spine edge marks, and the two endpoint configu-
rations are independent. The side sequences and edge marks have their unconditioned
laws, and the endpoint configurations have law IP®. Since j < n, the vertices u; and vy,
n < k < N —1, of the two single-child segments are 2c¢ distinct vertices, each with an
empty side sequence with probability e” 7. Together with Lemma 4.21(ii) and (v), this
gives Q((E1)) = Q2. Condition (E1) depends only on the side sequences of the vertices
of the single-child segments and on the endpoint configurations. Condition (E2) depends
only on the common factors with index k < ﬂ’Z)L]' < j, that is, on the side sequences at
Vo, ---,Vvj—1 and on the marks w,,, ... , Wy Condition (E3) for w depends only on the
factors of the arm of w with index k > m(A; +1) > j and k < n. These four groups of
random elements are independent. By Lemma 5.21(ii), at 7 = 0 the common factors are
independent with law v, and so are the factors of each arm with index j < k < n.

Step 2. Proof of (10.18). By Step 1 and Lemma 9.12(i), applied to the A; common blocks
with width b, and to the L — A; — 1 blocks of each arm with width 2b, (the probabilities
are at most 1 if there are no such blocks), we obtain

Q(8](0)> S Qi e—lm)\]‘-i-Sbn (e—zm(L—A]-—l)—i—zsbn)Z _ Qi e—[(Zn—mAj—zm)+55bn.
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Since mA; < jand ¢ > 0 (Lemma 9.11(iii)), this implies (10.18).

StEP 3. The path between the parents of the endpoints. On (E1), let C be the component of
the tree with u and v deleted that contains uy_; and vy_1. The path from uy_; to vy_1
in Cis
UN_-1,UN—-2,..., u]-+1,v]', Vj+1/ «..,VN-1,

of length r = 2(N — 1 —j). For 7 > 0, we compute its side denominators and weights
in the sense of Definition 9.1(ii). By Lemma 3.5(iii), the cavity variables of the branches
hanging off the path are the same in C as in the whole tree, since these branches contain
neither u nor v. The side denominator at uy_; is z, because its only child u is deleted,
and similarly at vy_1. At ux and v; with j < k < N —1, the side denominators are d}(z)
and d}(z), which equal z for k > n. At the fork, the side denominator is

df( ) =Z+ — b ZYuru —|—1{]>1}t Iy 1ﬁV](Z)

where the sum runs over the children of v; other than uj;; and vj,1. The edge from uj
to ug_1 has squared weight £}/, and the edge from vy to v, 1 has squared weight | ;. By

(9.4), we have

u,v 1
G (2)| = |6 G1AL1GaM(G3 AxGy(1,2)T| Y, (10.20)

where My = M(d¢(z), ti.1) is the fork factor, and, writing dj; = dj (z) and d} = d}(z),

2, 1) M2, 1 2) M(z, 1y 3),

22

(z,t
(dN win—a) M(d gt a),

(diys ty ) M(d] o, £ ) M(df g, ),
(A7 1, 1) M(df o, 7 5) M(d] 5, 1 14),
(
(

222

dj 4 tiys) - M5 ti_4),

= M(z, tn_3)M(z, ty_2) M(2, ty_1)-

Here we used N — 4 > n, which holds since ¢ = 10, so that the side denominators in Gy
and G4 equal z. Since N —1 —j > ¢ = 10, the products A; and Ap have N—j—-7 >3
and N — j — 8 > 2 factors. Each squared weight t}!, j < k < N, and t}, j < k < N, appears
in exactly one factor; in particular, the edge from the fork to u j+1 enters Gy, and the edge
from the fork to v;,; enters the fork factor. The four products Gy, ..., G4 of three factors
are the averaging triples.

As 7 | 0, each side denominator in (10.20) converges Q-almost surely to its boundary
value, which is real. Indeed, the numbers d}/(z) and d}(z) are side denominators of
spine vertices which are not endpoints, and they converge by Lemma 5.21(i). The fork
denominator d¢(z) is the sum of z and of finitely many products of squared moduli
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with cavity variables, which are coordinates of the depth-(N + 1) data by (5.6). These
converge by Proposition 5.25(i), and their limits are real by Proposition 5.11(ii). The left

side of (10.20) converges to |GL‘,/I\>;{1”\’,‘;,}_1(E +i0)|, which is finite by Definition 5.7. The
bilinear form on the right side is a polynomial in z and in the side denominators, with
coefficients depending on the squared moduli, and it converges to its value at 7 = 0.
Since its modulus is the reciprocal of the left side, its limit is nonzero. It follows that,
almost surely, (10.20) holds at 7 = 0, with z replaced by E and the side denominators

replaced by their boundary values.

StEP 4. Averaging over Gy,...,G4. We work at 7 = 0 and condition on (E1). Let ¢
be the o-field generated by the event (E1), the side sequences at vy, ..., vj, the marks
Wy Wy, the side sequences and marks entering the factors of A; and A, the marks
w, and w,, and the two endpoint configurations. Then (E2), Aj, M;, Ay, ty;, and t}; are
¢-measurable. The twelve factors of the averaging triples involve the marks w,, with
ke{j+1,j+2,j+3 N—3N—2,N—1}, the marks w, withk € {j+2,j+3,j+4 N —
3,N —2,N — 1}, and the side sequences at u; and v, k € {j +1,j+2,j+ 3}. None of
these is a generator of 4. By Lemma 4.7(iv), the side sequences at the spine vertices
other than the endpoints, the spine edge marks, and the two endpoint configurations
are independent under Q. The event (E1) is the intersection of events each of which
depends on a single side sequence at a vertex of a single-child segment or on a single
endpoint configuration. Conditioning on (E1) therefore preserves this independence,
and it changes only the laws of the side sequences at the vertices of the single-child
segments, which become empty, and of the endpoint configurations. Since the averaging
triples and the generators of ¢ other than (E1) are functions of disjoint groups of these
random elements, the averaging triples Gy, ..., G4 and ¢ are independent conditionally
on (E1). Each averaging triple is a product of three independent factors M(b, §), where
B = Y/p has the exponential law of rate p, and b is either the constant E (at a vertex of a
single-child segment) or a side denominator, which has law 7= by Lemma 5.21(ii). These
factors satisfy the hypotheses of Proposition 6.18 with K = p, a1 = max{E®, E|D|*}, and
a_ = max{E %, E|D| %}, where D ~ 7. These moments are finite by Proposition 5.5(iii).
By Lemma 9.13, applied conditionally on (E1) with w = (1, E)T, which satisfies |w|| > 1,
we obtain, almost surely on (E1),

Eo |Gyl L (E+i0)[

UN-1VN-1

9| < ctan =) 4]
STEP 5. Proof of (10.19). Since min{1,Do} < Dj, Step 4 gives
: u v \S/2 _ _
Eq [Le/(o) min{1,Do}] < E°CiEq [15;<o)(thN)S [ A1]|75[| Azl S]-

By Step 1 and the discussion in Step 4, conditionally on (E1), the event (E2), the variables
ty, and t};, and the matrices A; and A, are independent: they are functions of the
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common factors with index k < mAj, of the marks w, and w,, and of the factors of A,
and of Aj, respectively. Since 5; (0) = (E1) N (E2), the expectation on the right side equals

Q(E/(0)) E[(1%)°*] B[(#)**] Eq [l Al | (BD)] Eq || A2l * | ED)].

We have E(Y/p)¥/? = p=5/?T(1 +5/2) < 1for Y ~ Exp(1), since p > 1and I < 1 on
[1,2]. Further, Ay = HV, where H is the product of the factors of A; at the vertices
ug of the single-child segment, max{n,j+ 4} < k < N — 4, whose denominators equal
E, and V is the product of the (n —j —4), factors at uy, j +4 < k < n —1, which are
independent with law vg,.. By Lemma 9.14 with u = s, with at most ¢ constant factors,
and with Carm > 1, and since ¢(s) < log p by Proposition 6.15(v),

Eq[[l A1)~ | (BD)] < CE, eI (e(s)—logp) < e o=4(@(s)—logp),(n—j)(gls)-logp)

and the same bound holds for A, = V'H’, where V' is the product of the factors at
Vi, J+4 < k < n-—1, and H' is the product of the factors at the vertices vj of the
single-child segment, max{n,j+4} < k < N —5. Finally, Q(é’]((O)) < Qie“m)‘f“b”
by Steps 1 and 2, and mA; > j —m. Combining these bounds, we obtain (10.19) with
Cs = max{1, E}C*CZ_¢—8(¢(s)-logp), O

We now bound the second factorial moment of the number of resonant vertices.

Lemma 10.12. There exist C4 < o0 and ny > ny, depending on p, E, and the constants (a)—(d),
such that for every n € mIN with n > ny there exists 15(n) € (0, min{1, E/8}] with

E* [N (1) (Nu(17) = 1)] < Coe2F-0m50 - for every y € (0, 72(n)].
Proof. Let ny = ny, fixn € mIN with n > ny, letyy € (0, min{1, E/8}], and write z = E + iy

_ (o]

Ster 1. Many-to-two formula. Resonant vertices belong to VY. By (4.10), we have

N—1 ‘

E% [Ny (7)(Nu(y7) = 1)] = Z 0p p?N-i Q;j(u and v are resonant at E + ir).
j=0

If j > n, then the fork vj is a vertex of the single-child segment of v with the two children

Ujt1 # Vj+1, 80 (R1) fails for v, and the corresponding term vanishes. Let 0 < j <n — 1.

StEP 2. Inclusion in the enlarged pair event. Suppose that u and v are resonant at E + iy.
Then (E1) holds. The common blocks 1, ..., Aj are blocks of u, so (R3) for u with i = Aj
implies (E2). For w € {u,v}, (R3) for w withi = L and i = A; + 1 gives

L
Y. ZP(z) < (Lmy +by) — ((Aj+1)m7 — by),

l:)\j+2
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and strictly retained blocks are retained; this is (E3). We conclude that the event in Step 1
is contained in &;(17) N {|Guu(2)| > Ty, |Gw(z)| > Ty}

SteP 3. The two leaf weights. Let A be the set of selected leaf children /(w) of the endpoints
w € {u,v} which have a leaf child; on (E1), we have A = {/,, ¢, }. By Lemma 4.21(iv) with
X = {u,v}, applied under Qj, the squared moduli of the marks of the edges from u to £(u)
and from v to £(v) are fresh given the o-field % of Lemma 4.17(iii). We write t, = |h, |?
and t, = |hyy,|? for the corresponding squared weights. The event £;(17) and the number
9Dy do not depend on the marks of these two edges: the factors in the retained common
and arm blocks, which exclude the block containing the branching point, involve only
the side subtrees of u; and v, and the spine edges, and ©, is computed in the tree from
which u and v are deleted. As in Step 2 of the proof of Lemma 10.9, they are therefore
JC-measurable.

On (E1), the vertices u and v have the same generation and are therefore not adjacent,
and we apply Lemma 9.4 to the whole tree with x = u and y = v. The neighbors of u are
un—1, Yu, and y,. In the tree with u and v deleted, the leaf ¢, is an isolated vertex, with
diagonal resolvent entry —1/z, the child y, is the root of the component V(7,,), with
diagonal resolvent entry I'y, (z), and uy_; lies in the component that contains the root.
We obtain

ty u V\{uv
Sw(@ = —z+ 2 —0u(z),  aulz) = 8 Gyl (2) 4 huy, P Ty (2),

and similarly for v. Let B be the matrix with the diagonal entries z> + zo,(z) and
z> + z0y(z) and the off-diagonal entries B,, = —zS,,(z) and By, = —zSu(z). Then
zS(z) = diag(ty, tv) — B, and (9.6) shows that the 2 x 2 block of the resolvent at {u,v}
equals R(t,,t,) = z(diag(t,, t,) — B)~!. The matrix B does not depend on the marks
of the leaf edges, and it is #4-measurable. Further, diag(t1,t,) — B is invertible for all
t1,to > 0. Indeed, let S'(z) be the matrix of Lemma 9.4 for the tree from which the
two leaves are deleted. Its entries are those of S(z) without the terms t,/z and t,/z,
so that diag(ty, t,) — B = z(S/(z) + diag(t1, t2)/z). By Lemma 9.4, Im §'(z) < —5I, and
Im(diag(ty,t2)/z) = —nlz|~2diag(ty, t2) < 0. Thus Im(f, (S'(z) + diag(ty, t2)/z)f) <
—17|| flI? < 0 for f # 0, and the matrix is invertible. By (9.7), applied with x’ = uy_1 and
¥ = vn_1, we have |BuByu|'/? = |z] [Suv(2) Swu(2) |2 = D,

We now apply Lemma 9.8 conditionally on J#4, using the substitution identity (4.14)
(consequence (c) after Definition 4.16) with the revealed variable X = B € C* and the
squared moduli of the two leaf marks as fresh variables. With |z| < E + 1, we find that,
almost surely on (E1),

Ci , Cut

Qi (IGuu(2)| = T, 1Gw(2)| = Ty | Hy) < 2T, min{1,Dy},  Cu=8p*(E+1)%
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Combining this with Step 2, and using &;(17) C 8]{ (17), we obtain

C C :
Qj(u and v are resonant) < T_,t%t Q;(&i(n)) + T_: Eq, [15;(,7) min{1,D,}]. (10.21)

StEP 4. Passage to the real axis. By Proposition 5.25(i), Q;-almost surely, the factors of
uand v at E + iy’ converge to their values at 4" = 0 as ' | 0, and ©,, — D, since

Gmf{f\’,\;\,}fl (E +in’) is a coordinate of the depth-(N + 1) data. Let V,/ be the vector of the
factors of u and v with index k < n at E +i5’. Conditions (E2) and (E3) are non-strict
inequalities for partial sums of growths of retained blocks, so that &;(y') = (E1) N {V,, €
F} and 8].’ (7") = (EB1)N{V,y € F'} for closed sets F and F/, by the discussion after
Lemma 9.15. The event (E1) does not depend on 7’. By Lemma 9.15(ii), applied with
hy = 11y and with h, = 1(gy min{l,@U/}, which are bounded and converge almost
surely, the limsup as ' | 0 of the right side of (10.21) at E + i’ is at most its value at
7" = 0. By Lemma 10.11, this value is at most

QRe—i(n—j)+2mi5sby o CuCS 02 —i(jmm)-+sbu+2(n—))(g(s) ~log p)

Ty

Cit
Since there are finitely many j, there exists #,(n) € (0,min{1, E/8}] such that the left
side of (10.21) is at most 2B; for every 1 € (0,72(n)] and every 0 <j <n —1.

Step 5. Summation. Let € (0,72(n)], and set M,, = pNT, 1Q.e " = pCQ*e(?_‘s)”, as in
the proof of Lemma 10.9. Then M2 = p?NT,2Q%¢~2", and for 0 < j < n — 1 we have

2
pZN—j Q_; e—t(2n—j)+2mt+55bn _ M% p2mi+5sby e—(logp—t)jl
n
. Q2 , , .
p?N—i = e~ i=m)+sbut2(n=j)(¢(s)~logp) — M2 gmitsbu o¥n (i),

n

where

¥u(j) = —jlogp+ (¥ +8)n+1(2n —j) +2(n - j) (¢(s) —logp).
Indeed, the first identity follows from p?N~=Je! = p?Ne=(08P=j and the second from
pzN_j = pZNe_ﬂng, T, ! = Tn_zeﬁ”)”, and e t0—m) = g=2mpi(2n—j)gmt, By Steps 1 and 4,
we obtain

n—1 '
E* [Nﬂ(ﬂ)(Nn(W) - 1)] < Z ZQPPZN*]B].
j=0
n—1 . ‘
= 2Qpctt M% Z (eZmz—l—SSbne—(log p—1)j + CSemz—&-sbne‘Pn(])) .
j=0
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Using ¢ = log p — ¢(s) — s7, we find that ¥, is affine in j,
Ya(j) = (7 + 6+ 2logp —2¢(s) — 257 + 2¢(s) — 2log p)n
+ (—logp —1—2¢9(s) +2logp);
= —Kkon + (gﬁ(s) + sy — 2(p(s))j,
with « as in (10.9). Its values at the endpoints are Y,(00) = —xonand ¥, (n) = ((1—5)y —
@(s) +0)n = —(F — 6)n. Since an affine function attains its maximum over an interval

at an endpoint, we have ¥, (j) < —xyn for 0 < j < n, where x; = min{Ko,Z?— s} > 0.
Further, log p — ¢ > 0 by Lemma 9.11(iii). Thus

n—1 ) 1 n—1 ) 1
Y e~ (logp—1)j < —, Y e¥n(l) < pe—ran < =
= 1 — e~ (logp—) = exq

2cQzez(ﬁ—5)n
*

Inserting these bounds, and using M2 = p , we obtain the claim. [

10.6 Proof of the delocalization criterion

Let p > p., let E € £, with E > 0, and suppose that P*(ImT,(E +-i0) = 0) = 1. Suppose,
for a contradiction, that ¢, (1) > 0. We fix the constants (a)—(d) of Section 10.3, and the
numbers ¢4, 11, Cg, and 1, of Lemmas 10.9 and 10.12. For n € mIN with n > n,, we set

Mn = min{7reg, 71(1),72(n) }.

Then 1, € (0,min{1,E/8}|, and Lemmas 10.9 and 10.12 apply at 7 = #,. The proof
has three steps: we bound the probability that a resonant vertex exists from below, we
amplify this probability, and we compare the result with the definition of the quantile.

STEP 1. A resonant vertex exists with subexponential probability. Write Ny, = Ny (1), pn =
c4eF=0m=sbn and x, = Coe?F =051 Since N, < |[Vy| and E®[Vy| < 0, 'pN by (4.3),
the expectation IE*Nj, is finite. By the Cauchy-Schwarz inequality, we have

(E*Ny)? = (EX[Ny1{Ny > 1}])* < E¥[NZ]| P®(N, > 1);

this is the Paley-Zygmund inequality [108]. Since E®[N?] = E®N, + E®[N,(N, —
1)] < E®Ny, + x» by Lemma 10.12, and since t — t2/(t + x,) is increasing on (0, ),
Lemma 10.9 gives

> (]EooNn)z > 7/‘% '

E*Ny + xn Un + Xn
Since F— 8 > 0 and b,, = o(n), we have y, > 1 for all large n. Then p, + xu < p2 + xn <
2max{u2, xn}, and

2 2 2 2

1 1 ¢ 1 ¢
P> min {—, il } = min {—, —46_7Sb”} > e, ¢; = min {—, —4}.
MUn + Xn 2" 2xn 2" 2C,

P¥(N, > 1)
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StEP 2. Amplification. On the event {N,, > 1}, there exists a vertex which is resonant at
E +in,, and Lemma 10.8 gives Im [, (E + ifjy) > yn, where yn = cgaine®" 2214 (17,). By
Step 1, for all large n,

P (ImTo(E +inn) > yn) > e, ay, = 7sb, +log(1/c7) > 0.
Since 77;; < 7jreg, Corollary 10.6 implies that
P (Im Ty (E + i) > cze”SIHmy,) > g, > a.

StEP 3. The quantile. By Lemma 9.9(i), we have P®(ImT,(E +iy,) > t) < a for every
t > Ca(nn). By Step 2, this implies that C3e_C3(1+”ﬂ)yn < Ca(nn). Since 0 < Ca(fn) < oo,
dividing by (. (#,), we obtain

C3Cgain €XP (25n —2by, — C3(1 4 7sby + log(1/07))> <1

for every large n € mIN. The constants c3, C3, Cgains €7, S, and 6 > 0 do not depend on 7,
and b, = n3/4. Therefore the left side tends to infinity as #n — co, which is a contradiction.
We conclude that ¢, (1) < 0. The threshold p. was fixed in (10.4) and does not depend
on E. This completes the proof of Theorem 10.1.



PART III

The free energy at large degree



SECTION 11

The principal solution

In this section, we construct the principal solution v, e of the cavity equation at large
degree and establish the properties of it that are used in the rest of the paper. We work in
the normalization of Definition 5.2. For E > 2 we write § = 6(E) = ¢(E)?, and we recall

that g(E)E = 1+ 6. If D satisfies the real cavity equation D SE- p ' Lj<nY;/Dj, then
multiplying by g(E) shows that B = ¢(E)D satisfies
N y.
Bil+9—92—] (11.1)

Pi=iBj

where N ~ Pois(p), Y; ~ Exp(1), and B; are copies of B, all independent. Conversely,
every law of B on R \ {0} satisfying (11.1) with 6 = 6(E) is the law of g(E)D for a real
solution D at E in the sense of Definition 5.1. Since g(E) = 2/(E + v E2 — 4), we have
E~2 <6 <4E~2for E > 2; for a scaled energy E = ¢,/p with ¢ in a compact subset of
(0,00), the parameter 6 is of order p_l.

The main results of this section are Theorem 11.21, which constructs v, g on com-
pact scaled windows as the unique fixed point of (11.1) in an explicit class of laws;
Proposition 11.22 and Corollary 11.23, which treat large energies and the whole half-line
E > ¢ VP and Proposition 11.27, which shows that on compact scaled windows every
real solution, and in particular the real boundary law of Proposition 5.11, coincides with
vy, Oonce p is large.

We now describe the mechanism. When p is large and 6 < Cy/p, the sum in (11.1) has
about p terms, and a term with |B;| of order one has size of order p~2. Three effects then
control the law of B. First, the children with |B;| bounded below contribute a sum that
concentrates around 6 on a scale much smaller than r, = p~1/4, so B is close to 1 with
overwhelming probability. Second, for these children to bring B close to zero, their sum
must be of order one. Since the squared moduli Y; are exponential, an exponential tilt

shows that this costs a factor e_CPz, at the level of densities. Third, a child with B]' close to
zero produces a jump 60Y;/(pB;) that may be of order one. The jumps produced in this
way have an intensity bounded by 6H /y?, where H bounds the density of B; near zero,
and a one-large-jump argument shows that their contribution to the density of B near zero
is of order 0H. Since 8 < Cy/p, the density near zero contracts. These three effects define
a class of laws that is invariant under the map defined by (11.1) (Section 11.3). To prove
uniqueness, we construct a metric for which this map is a contraction. Differences of laws

214
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are measured in a Kantorovich norm near 1, in the supremum norm of densities near 0,
and in a bounded-Lipschitz norm elsewhere, with exponentially large weights on the last
two components (Sections 11.4 and 11.5). The contraction is proved in Section 11.6, the
small-parameter regime, which contains the large-energy regime, is treated in Section 11.7,
and real solutions are identified in Section 11.8.

Throughout this section, Y, Y, and T denote standard exponential random variables,
N ~ Pois(p), and these variables are independent of each other and of all other variables,
unless stated otherwise. For a finite signed measure & on R and a bounded Borel function
P, we write (v, ) = [da, ||afv = |«|(R), and a" for the image of « under y — —y.
A constant is called numerical if it is absolute.

11.1 The law map

Definition 11.1. Let p > 1 and 6 > 0. For a probability measure v on R with v({0}) =0,
let R,,0(v) be the law of
0 N Y.
1+0-=Y -,
=B
where N ~ Pois(p), ¥; ~ Exp(1), and B; ~ v, all independent. We call R4 the law map.
A fixed point of R, ¢ is a probability measure v on R with v({0}) = 0and R, 4(v) = v.

By the discussion at the beginning of this section, for E > 2 a probability measure 7
on R\ {0} is a real solution at E if and only if the law of ¢(E)D, D ~ 7, is a fixed point
of RP,G( E)-

For b # 0 and 6 > 0, the variable 6Y /(pb) is exponential with rate p|b|/6 and has the
sign of b. Its density is

. b _
jo(biy) = %e PO 1y o, yER (11.2)

For a finite signed measure ¢ on R with |o|({0}) = 0, define the finite signed measure

Koo (dy) = ( [ jolbiy) o(db)) dy.

Since [ ja(b;y)dy = 1, we have ||Koo|ltv < |o|ltv and Kgo(R) = o(R). For a finite
signed measure «, set

The series converges in total variation, since [|a**||ty < [a|%,. Finally, let so(y) =
1+ 60—y, and write (sg);a for the image of a under sy. Since sg(y1 +y2) = se(y1) — V2,
we have

(so)s(ax B) = ((sp)zex) x B (11.3)
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Lemma 11.2. Let p > 1,60 > 0, and let v be a probability measure on R with v({0}) = 0.
(i) We have R, 6(v) = (se) Pp(Kov).
(ii) Let Ajy,...,Ax be disjoint Borel sets with union R\ {0}, let B = 146 —
(0/p) Lj<n Yj/Bj be as in Definition 11.1, and set

Sa=2 %

0
7 -
P j<N:Biea; Bi

Y

Then B =146 —Y Sa,, and the variables Sa,,...,Sa, are independent. For each i, the
points 0Y;/ (pB;) with B; € A; form a Poisson process on R \ {0} with intensity measure
U 4,(y) dy, where

() =p [ jovi@), [ taw)dy=pu(a). (114)

In particular, the law of S 4 is e~ pv(4) Ym0 4" /m!, where Kj‘o = dy.
(iii) The measure Rplg(l/) is the sum of e~ P61, ¢ and an absolutely continuous measure.

Proof. The pairs (B]-, Y]), j < N, form a mixed binomial process with Poisson mixing
distribution, which is a Poisson process on (R \ {0}) x (0,00) with intensity measure
pv ® Exp(1). The restrictions of a Poisson process to disjoint sets are independent
Poisson processes, and the image of a Poisson process under the map (b,y) — 0y/(pb)
is a Poisson process whose intensity is the image of the original intensity [94, Chapters 3
and 5]. The image of pv|4 ® Exp(1) under this map is £4(y) dy by (11.2). This proves
(ii); the formula for the law of S4 follows by conditioning on the number of points.

For (i), conditionally on N = #, the jumps 6Y;/(pB;), j < n, are independent with
law Kgv, and the law of their sum is (Kgv)*". Averaging over N shows that the sum
Y.j<n 0Y;/(pB)) has law P,(Kgv), and applying sy gives (i). For (iii), the event N = 0
contributes e~Fd1, 9. Conditionally on N = n > 1 and on (B;);<;, the sum is absolutely
continuous because the summand 0Y7/(pB;) has a density, and the convolution of an
absolutely continuous law with any law is absolutely continuous. O

Lemma 11.3. Let p > 1 and 0 > 0. For a probability measure A on R with A({0}) = 0and a
finite signed measure o with |o|({0}) = 0, define

[,p’g;,\O' = pRp,G(/\) * (KgO')v. (11.5)

Let Dy ~ Rp(A) and T ~ Exp(1) be independent, and for b # 0 set Z,, = D) — 6T /(pb).
(i) For every bounded Borel function 1,

(Loona, ) = p | E[p(Z)] o(db). (11.6)
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(ii) For b # 0, the law of Z,, has the density k;} given, with py = R, 9(A), by

%b/ e PA=X)/00 (),  b>0,
(x,0)

Ky (x) =
@ /(oox) ePlEIG=d)/0 4, (dd), b < 0.

(11.7)

The measure L, .70 is absolutely continuous with density x — p [ kj(x) o(db). Moreover,
I£poacllty < plloliry and £,520(R) = po(R).

(iii) Let v, u be probability measures on R without atom at 0, set 0 = v — pand Ay = (1 — t)p +
tv for t € [0,1]. Then, for every bounded Borel function ¢,

1
(Rpo(v) = Rpa(), ) = [ (Lpano,9) (1L8)

and
| Rpo(v) = Rpo(pt) = Lppip0 ||y < v ||ff||Tv- (11.9)

The operator L, 4., is the linearization of the law map at A; by (11.6), it inserts one
additional child with denominator distributed according to ¢ into an independent output
of the law map applied to A.

Proof. By (11.5) and Fubini’s theorem, we have

(Loana ) = p [ [ 6(d—y) ma(dd) Koo(dy) = p [ o(db) [ jo(biy) E[p(D2 —v)] d,

which is (11.6), since jy(b; -) is the density of 6T/ (pb). For (ii), let b > 0. Then 0T/ (pb)
has density jy(b; -) on (0,00), and for a Borel set A,

P(zy e ) = [ (@) [ Aa@=y)jor)dy = [ ([ joltrd =) pn(aa) a,

which is the first line of (11.7). The case b < 0 is the same, with d — x < 0. Applying
(11.6) with ¢y =14 and using Fubini s theorem (which applies since [k} =1 and |o] is
finite), we find that £,9,0(A) = [, p [ k}(x) o(db) dx. The total variation bound and
the mass identity follow from (11 6) with ]z/J| § 1 and ¢ = 1.

For (iii), set oy = KyA; = Ko + tKgo. Each a; is a probability measure. Since
convolution is bilinear and commutative, t — a;* is a polynomial with values in the
Banach space of finite sighed measures with the total variation norm, with derivative
k oc:‘(k_l) x Kgo. The differentiated series Yy~ e PpFk af(k_l) * Kgo/ k! converges uniformly
in t € [0,1], because its terms have norm at most e ?p*||c||ry/ (k — 1)!. This implies that
t — Py (ay) is continuously differentiable with

d
dt p(ﬂét) =p Pp(lxt) * KQ(T
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and the fundamental theorem of calculus in this Banach space gives P,(a1) — Pp(ap) =
fol pPp(ar) x Keodt. Applying (sg);, which is a linear isometry, and using (i) of
Lemma 11.2 and (11.3), we obtain Rpg(v) — Rpe(p) = fol Lyp,0dt. Pairing with
Y, which is a bounded linear functional, gives (11.8). Further, since each Pp(zxu) is a
probability measure, the same computation shows that ||P,(a;) — Pp(ao)||1v < tpllo|Tv,
and therefore

1£p,0:0,0 = Lypguolltv = p||(Pp(ar) — Pp(ag)) % Koo || 1y < tp2]I0]|Fy-

Integrating over ¢ € [0, 1] proves (11.9). O

11.2 Estimates for compound Poisson sums

In this subsection, we fix p > 1 and 6 > 0, and we consider a finite measure A on R\ {0}
with A(R) < p, a Poisson process {(bj,Y;)} on (R \ {0}) x (0, c0) with intensity measure
A ® Exp(1), and the sum

sy Y (11.10)

oy b .

By Lemma 11.2, each sum S, in that lemma is of this form, with A = pv|4. The first
estimate is a Chernoff bound for the children whose denominators are bounded away
from zero.

Lemma 11.4. Let § € (0,1] and suppose that A is carried by {b : |b| > 6}. Then ES =
(0/p) [ b~ A(db), and for every x > 0,

P(|S —ES| > x) §2exp<—min{pg2§2,%}>, (11.11)
]P(Z;|—Z|>x> §exp< —%). (11.12)
j

Proof. Conditioning on the number of points, which is Poisson with mean A(R), we have
Ee'S = exp ([ (Ee!™/(P?) — 1) A(db)) whenever the integral converges. For u < 1, we
have Ee*Y = (1 —u)~L. Let |t| < pd/(20) and u;, = t0/(pb), so that |u,| < 1/2 on the
support of A. Differentiating at ¢t = 0 gives the formula for ES, and we obtain

u 126 _ 21262

log Eet(S7ES) — _1 —1—up)A(db) = [ —E— A(db) <2A(R) 5 < =
1 Uy 1 Uy p ) p5

By Markov’s inequality, P(S — ES > x) < exp(—tx + 2t26?/(ps?)). 1f 20 < éx, we choose
t = pé/(26); then 2t262 / (pd?) = t0/5 < tx/2, and the exponent is at most —pdx/ (40). If
20 > dx, we choose t = pé%x/(46%) < pé/(26), and the exponent equals —ps2x?/(862).
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The same argument applies to —(S — [ES), which proves (11.11). For (11.12), let ¢,
ps/(26). Since (1 —u)"! -1 <1 for 0 < u < 1/2, we have Eexp(t. Y. 0Y;/(plbjl))
exp(A(R)) < e?, and Markov’s inequality gives (11.12).

O IA I

The second estimate expresses that a large sum of independent variables has a large
summand.

Lemma 11.5. Let m > 1, let V1,...,Vy, be independent real random variables, and let v > 0.
(i) We have P(|V1 + -+ V| > 0v) < Y, P(|Vi]| > v/m).

(i) Suppose that, for each i, the restriction of the law of Vi to {y : |y| > v/m} is absolutely
continuous with density at most »;. Then the restriction of the law of Vi + --- + Vy, to
{u : |u| > v} is absolutely continuous with density at most 3¢ + - - - + >p.

(iii) If V1,..., Vi are exponential with arbitrary rates q1,...,qm > 0, then V4 + - - - + V,,, has
a density f with f(u) < m?/(eu) for almost every u > 0. The same holds if the rates are
random and independent of the standard exponential variables q;V;.

Proof. Let L = Vi +---+V,;, and i) =% — Vi. On every outcome, some i satisfies
\Vi| > |Z|/m. Part (i) follows. For (ii), let A C {u : |u| > v} be a Borel set. Then

s

N
Il
—

P(XecA)<) P(ZeA |[V|]>0v/m)

I

~
I
[y

m
E[P(Vie A—x0, |Vi| > o/m|20)] <3 s4],
i=1

where we used that V; is independent of X(). For (iii), since sup,.oqe” ¥ =1/ (ey) for
y > 0, the density of V; on [v/m, o) is at most m/(ev). By (ii), the density of £ on [v, c0)
is at most m?/ (ev). Applying this for all rational v smaller than u gives f(u) < m?/(eu)
for almost every u > 0. For random rates, apply this conditionally on the rates and
average. [

The third estimate is the fresh cancellation bound. It says that the children with
denominators bounded away from zero can move the output by a distance of order one
only with probability e~°P/%, and that the same holds for densities.

Lemma 11.6. Let 6 € (0,1], suppose that A is carried by {b : |b| > 6}, and let ¢ € R. Then the
restriction of the law of ¢ — S to (—oo,c — 1/2] is absolutely continuous with density at most

5
Fpo(6) = 6p*exp (p - ﬁ). (11.13)

Proof. We write S = S — S_, where S is the sum over the points with b; > 0 and
S— > 0 is minus the sum over the points with b; < 0. By the restriction property of
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Poisson processes, S and S_ are independent. If c — S = x with x < ¢ —1/2, then
Sy =c—x+S_ > 1/2. Conditioning on S_, we see that it suffices to show that the
restriction of the law of S, to [1/2,0) has density at most F, ().

Let Ay = A([6,00)) < p; if AL = 0 then S; = 0 and there is nothing to prove. The
variable S is a sum of N; ~ Pois(A ) independent jumps with common law 7;(dy) =
Ajrl | 15,00) jo(b;y)A(db) dy. Let f, denote the density of the sum of n independent jumps
with law 77;. We use an exponential tilt (see [61, Section 2.2]). Leta = 6/2 and t = ap/0.
For b > 4, we have

: b plb—a) -

ty M = . P(b "‘)y/e

eVjo(b;y) — g ¢ , Y>>0,
and 1 < b/(b—a) < 2. Set M = [er;(dy) € [1,2] and 7;(dy) = M e (dy).
Then 77} is a mixture of exponential laws with positive rates p(b — «) /6, and e/ f,, (u) =
M"f,(u), where f, is the density of the sum of n independent jumps with law 7. By
part (iii) of Lemma 11.5, fn(u) < n?/(eu). We obtain, for almost every u > 1/2,

An n .

Z e—A+n_"*‘ n(u) — e—tueA+(M—1) Z e—A+M (A+M) fn(u) < o P 2

|
n>1 : n>1 n.

“E[N?],

2 E[N?]
where N ~ Pois(AM). In the inequality, we used Ay (M —1) < p and 1/ (eu) < 2/e.
Since A+ M < 2p, we have EN2 < 2p + 4;92 < 6p2, and e~ f* < e—9P/(48) for u >1/2. The
left side is the density of the absolutely continuous part of the law of S, and the only
atom of this law is at 0. This proves the lemma. O

The last lemma concerns children whose denominators are close to zero.

Lemma 11.7. (i) Let p’ > 0, H > 0, and let v be a finite measure on IR whose re-
striction to (—p’,p’) is absolutely continuous with density at most H. Then {(y) =

p f(_p/,p/) jo(b;y) v(db) satisfies

) O0H 2 /ZH

Uy) < mm{y—Z, P ’2)9 } /f(y) dy = pv((—¢’p")) <20'pH.  (11.14)

(ii) Let £ > 0 be integrable with A = [ ¢ < 1and ((y) < 3/y? for y # 0, and let S have law
e Ym0 0™ /m!. Then the law of S is e 6o + dg(u) du with ds(u) < 5s¢/u? for almost
every u, and P(|S| > u) < 43¢/ u for every u > 0.

Proof. For (i), we have £(y) < (p?H/9) fop/ be~PPW/? db. Bounding the integral by
[5 be PPW/6 dp = 62/(p?y?), and alternatively by p?/2, gives the two bounds. The
identity for [ ¢ follows from [ jp(b;y)dy = 1.

For (ii), we may assume A > 0. Let m > 1. Then ¢*" = A" Law(Vj + - - - + V;,), where
V; are independent with density £/A. On {|y| > v/m} this density is at most »m?/ (Av?).
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By part (ii) of Lemma 11.5, £*™ has density at most »>m’A™~1/v? on {|u| > v}. This
implies that £*™(u) < sm3A™~1/u? for almost every u. Summing, we obtain
(k —|— 1 ZAR e
2

ds (u 7AZ _u2 /\Z ~u

m>1 ! k>0

3Am 1 53¢

2
(1+314A7) < PR
Similarly, by part (i) of Lemma 11.5, P(|V3 + -+ + Vi| > u) < mP(|Vy| > u/m) <
2s¢em?/(Au), and therefore
m2Am—1 _ 2x 4

r . —(1+2) < - O

2%_/\
P > < =
(1812 w) < e ¥

m>1

11.3 The class &,4 and its invariance

Definition 11.8. A tuple q = (4, A, K/, p) is admissible if 2 > 0, A > 0, K’ > 0, and
0 <p<1/16. For p > 1, set

rp=p""% Cp=[—rp1+47p, by = pe .

The ambient class <7,(q) is the set of probability measures v on R such that

© V(R\Cp) < e™VF;

(B) the restriction of v to (—p, p) is absolutely continuous with density at most b, almost
everywhere;

(T) v({b:|b| > L}) <K'h,/L+ e "L for every L > 3.

For 6 > 0, the class &, 4(q) is the set of v € 7,(q) of the form v = e7 7614 + f(b) db with

f € LY(R). We call (C), (B), and (T) the core, boundary, and tail bounds. The canonical
tuple is qcan = (1,0,1,1/16), and we write &%) = @(qcan) and &, 9 = & 9(qcan)-

The ambient class is convex, it contains J1, and it does not depend on 6. Its members
have no atom in (—p, p), and in particular the law map is defined on <7,(q). The members
of &,,4(q) have a single atom, of mass ™7 at 1 + 6, which is the atom forced by the event
N = 0in Lemma 11.2. The ambient class is introduced because &,4(q) is not complete
for the metric used below; see Remark 11.14.

Constants and the threshold. We now fix the constants used in Sections 11.3-11.6, and
we make the order of choices explicit. First, an admissible tuple q = (a, A, K’, p) is fixed,
and with it
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Second, a number Cy > 0 is fixed; the parameter 0 will always satisfy 0 < 8 < Cy/p.
Third, with

2

_ P _ o~ —cip’’ _ L A+3,—a
= — > = Qe C1P 2 = p
TTeAT G T LA
L et ppop?
F 2Cy ' F Co ’

we consider the following conditions on p.

(S1) p > 256, p > (2/p)* and p > 12C; in particular r, < min{1/4,p/2} and 6 < 1/12.

(S2) (o7t +2)e VP <rp.

(S3) 2e~ar’" 4 (tp +2)e~'r < pphy, and 4pph, < eV /2; in particular (t, +2)e~r <
wp < 3pphy, < e WF/2.

(S4) 2pphp < 1and 20Cy < p?p.

(55) 48p” exp(p — pp*/ (4C0)) < by.

(S6) 16Cy < K'p and pp?/(18Cy) > (a+1)p + 1.

(57) xp, > 2 and 2(ppo)_1x%e_xr’ <bp/2.

(S8) p*/* > 3100(1 + Co)p~2 and 160Cy < p?p>.

(S9) 20Cy/p + 7pe~VP/2 < 1/2 and 2pAT3e=%/2 < pe=VP/2,

Each condition holds for all sufficiently large p, because in each of them a quantity

decaying like e~? or faster is compared with a quantity decaying at most like p~le="

or e"™VP, or a polynomial is compared with a larger power of p. We let p.(q, Co) be the

least integer such that (51)—(S9) hold for every p > p.(q, Cp). It depends only on q and

Co. The exponents a and A and the constant K’ of the class are never changed in the

arguments below: the lemma that follows shows that the law map sends the ambient

class into the class &, 4(q) with the same tuple q, and with the right sides of the three
bounds halved.

Lemma 11.9. Let q be admissible, Cy > 0, p > p«(q,Cp), and 0 < 6 < Co/p. For every
v € @y(q), the law p = R, ¢(v) satisfies the following.
(i) pu = e P14+ h(b)db, where h < b,/2 almost everywhere on [—2p,2p].
() u({b:|b—1] >rp/2}) <w, <e WVP/2.
(iii) p({b: |b| > L}) < K'b,/(2L) + e PL/2 for every L > 3.
In particular, R, g maps <7,(q) into &, 4(q).
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Proof. We split the children according to whether |B;| > p. By Lemma 11.2, a variable B’
with law p can be written as

0 Y, 6 Y,
B'=D—-Sw, D=1+0—Sw Sw=- L sa=s T
P j<N:TB;|=p ©i P j<N:TBj|<p i

(11.15)
with S, and Spq independent. The sum S, is of the form (11.10) with A = pv| (|b]=p}
and Spq is of this form with A = pv|_, ;.

Step 1. Core concentration. We have ES,, = 0 f{|b|2p} b~'v(db) by Lemma 11.4. Since

SO = D)1y dv —v((—p,p)) = f{\b\zp} bldv—1,and bt -1 <r,/(1—1p) <
2ry on Cp, we have

v(db) 1
—— _1|<2 y(R\C 0,
’/{b>p} b ‘— rp+ (07 FDV(RACp) +v((—p,0))
<21+ (p7 ' +2)e” VP < 31y

In the second inequality, we used (C) and (—p,p) C R\ C}, and in the last one (S2). Since
6 < 1/12 by (S1), we obtain [BSyp, — 6] < 30rp < rp/4. Next, (11.11) with § = p and
x = rp/4, together with § < Co/p and r, = p~1/4, gives

2.,.5/2

7/4
IP(|Snp — ESpp| > 1,/4) < 2exp<—min{ngczlqzco }) < 2e-a’’*,
0

Finally, P(Spq # 0) = 1 — e ?/((=p#) < 20ph, by (B). Since |B’ — 1| < [ES,, — 8] +
|Snb — ESpp | on the event Spq = 0, we conclude that P(|B’ — 1| > r,,/2) < w,. The bound
wp < e~ ™P /2 is (S3). This proves (ii).

StEP 2. Fresh cancellation. By Lemma 11.6 with § = p and ¢ = 1 4 0, the restriction of the
law of D to (—o0,1/2] is absolutely continuous with density at most F = F, 4(p). Since
0 < Co/p, we have F < 6p*exp(p — pp*/(4Co)) < h,/8 by (S5).

Step 3. Boundary renewal. By part (i) of Lemma 11.7 with o’ = p and H = by, the intensity
lpq of the jumps of Spq satisfies lpq(y) < 0h,/y* and [ g < 2pph, < 1, by (S4). By
part (ii) of the same lemma, the law of Spq is e 8y + dpg(u) du with A = [ lpq and
dpa (1) < 560h,/u?. Let A C [—2p,2p] be a Borel set. Since D and Sp,4 are independent,

P(B € A) = ¢ 'P(D € A) +/ </1A(d ~ 1) dua () du ) P(D € dd).
The first term is at most F|A|, because A C (—o0,1/2]. We split the integral in the second

term according to whether |d| < 3p. Since 3p < 1/2, the part with |d| < 3p equals
[ dpq(u)P(D € (A+u)N[—=3p,3p])du < F|A|. If |[d| >3pand d —u € A, then |u| > p
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and dy,q(u) < 50b,,/0?, so the part with |d| > 3p is at most 50h,0~%| A|. We conclude that
the restriction of y to [—2p,2p] has density at most

by  5Co bp

56
2F+ —<bh, < -+ —=h, < =+, (11.16)

where we used Step 2 and (54). Together with part (iii) of Lemma 11.2, this proves (i).

Ster 4. Fartail. Let L > 3. If |D| > L/2, then Y81 0Y;/(p|Bj|) > [Spp| > L/2-1—6 >
L/9, where we used 6 < 1/12 and L > 3. By (11.12) with § = p and (56),

2L 1,
P(|D| > L/2) < exp <p - ‘[1)ch> <exp(p—((a+1)p+1)L) < ¢ PL,

Further, part (ii) of Lemma 11.7 gives P(|Sp,q| > L/2) < 86h,/L < 8Cobh,/(pL) <
K'h,/(2L), where we used (S6) in the last step. Since |B| > L implies |D| > L/2 or
|Spa| > L/2, this proves (iii).

Finally, (i)—(iii) show that u satisfies (C), (B), and (T), since {b : [b —1| > rp} C {b:
|b—1] >r,/2} and (—p,p) C [~2p,2p]. We conclude that u € &,(q). O

Remark 11.10. The proof gives more than the bounds (C), (B), and (T). The output of
the law map has density at most 2F, 4(p) 4+ 56p~2h on [—2p, 2p] whenever the input has

density at most h on (—p, p) and 2pph < 1; the first term is of order e~’. In particular,
the boundary bound is not saturated at a fixed point, and any admissible choice of 4 and
A can be used. This is why the tuple q in Definition 11.8 can be fixed once and for all,
independently of the energy window; see also part (iii) of Theorem 11.19.

11.4 The mixed metric

We fix once and for all a C* function x : R — [0, 1] which is even, equal to 1 on [—1,1],
equal to 0 outside (—2,2), and satisfies |x’| < 2. Its higher derivatives are then bounded
by numerical constants.

Definition 11.11. Let q = (4, A, K, p) be admissible, let p > max{256, (2/p)*}, and recall
po = p/4and p; = p/2.
(i) The cutoffs are x.(b) = x((b —1)/7p), xp(b) = x(4b/p), and x; =1 — Xc — Xpb-

(ii) The core region is [1 — 2rp, 1 4 2r,], the boundary region is [—p1, 1], and the inter-
mediate region is

Ip = (—OO, —po] U [p(),l — Vp] U {1} U [1 + Yp,00>.

(iii) For a finite signed measure ¢ on R with ¢(R) = 0 and « € {c,b,i}, the compensated
projections are

HDCU — XD(U - m,X(O') 51, m“(o—) — /X“ dU.
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(iv) For a finite signed measure T with 7(R) = 0, the component norms, with values in
[0, 0], are

Itlle =sup {| [ pdr|: o(1) =0, Lip(p) <1,

7l =sup {| [ @dr|: liglle <1, Lip(g) <1},

and [|7]|p = ||gll~ if T = g(b)db — ([ g)é1 for some ¢ € L® vanishing outside
[—p1,01), and || T||p = oo otherwise. We write 1, (0) = ||I140||s for ¢(R) = 0.
(v) The weights are W, =1, Wy, = /2 and W; = ¢*VP/2. The mixed norm of ¢ with
c(R) =0is
Ny(0) = ne(o) + Wy np(0) + Wini(o) € [0, 00],

and the mixed metric on probability measures is d,(v, ) = Ny (v — p).

The regions, the cutoffs, and the mixed metric depend on p and on q through p and 4,
but not on 0. The norm || - || is the Kantorovich—-Rubinstein norm and || - ||; is the dual
bounded-Lipschitz norm. In the boundary norm, the decomposition T = gdb — ([ )é
is unique when it exists, since the absolutely continuous part and the atom at 1 of a
measure are uniquely determined.

Lemma 11.12. Let q be admissible, p > max{256, (2/p)*}, and let o be a finite signed measure

with c(R) = 0.

(i) The supports of x. and )y are contained in the core and boundary regions, which are disjoint;
0 < xi < 1; and x; vanishes on C, U [—po, po|, so that {)x; # 0} C I, \ {1}. We have
o = 1l.o + I1yo + 1o, each 11,0 has total mass zero, 1.0 is carried by the core region,
and 1o is carried by I,.

(ii) For every Lipschitz function ¢ with ¢(1) = 0, we have (Il.o, ¢) = (0, xc¢). For every
bounded Lipschitz ¢, we have (ITio, ¢) = (0, xi(¢ — ¢(1))).

(iii) If (1) = 0 and Lip(¢@) < 1, then e = xc@ satisfies ||ipc|lo < 2rp and Lip(¢pe) < 5. If
Il < 1 and Lip(p) < 1, then g5 = x(p — p(1) satisfies 4]l < 2 and Lip(ys) <
21/p, and ; vanishes on Cp U [—po, po].

(iv) In the suprema defining || - ||c and || - ||;, applied to a measure carried by a compact set in the
first case, one may restrict to C* functions ¢.

(v) Let T be a finite signed measure with T(R) = 0. If T is carried by an interval I > 1 and
G : I = R is Lipschitz, then | [ Gdt| < Lip;(G)||t||c. If T is carried by a closed set I and
G : I — R is bounded and Lipschitz, then | [ Gdt| < (sup; |G| + Lip,(G))||tli. If G is
continuously differentiable on each of the four pieces of I,, with |G'| < M there and |G| < S
on I, then Liplp(G) < M+2S/rp.

(vi) Np is a norm on the space of finite signed measures o with c(R) = 0 and N,(0) < co. For
every v, i € ,(q), dp(v, 1) < oo, and d is a metric on <7,(q).
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Proof. For (i), the support of x. is in [1 —2r,,1 +2r,] C [1/2,3/2] and that of xy, is in
[—p/2,p/2], and these are disjoint. Since at each point at most one of )., xp is nonzero,
and both take values in [0, 1], we have 0 < x; < 1. Since xc = 1 on C, and x, = 1 on
[—po, po], the function y; vanishes there. The identity Y, IT,0 = ¢ follows from }_, xx =1
and Y, m,(0) = ¢(R) = 0, and each I 0 has mass m,(0) — my(c) = 0. Part (ii) follows
from the definition of I1,, since (xijo — m;(0)d1, ¢) = (7, xip) — ¢(1){(0, xi)-

For (iii), on the support of x. we have |b — 1| < 2r, and |@(b)| < 2r,. Since |x;| < 2/1p,
we obtain |(xc¢)'| < (2/rp)(2rp) +1 = 5 almost everywhere. For ¢;, we have x| =
—Xc — Xp- On the support of x¢, [xc(¢ — ¢(1))| < (2/7,)(2rp) = 4; and [x;, (¢ — @(1))] <
(8/p) - 2. Adding xi|¢'| < 1, we find Lip(¢i) < 5+16/p < 21/p. The vanishing of
follows from (i).

For (iv), let ¢ be Lipschitz and let ¢, be its convolution with a smooth probability
density supported in [—¢,¢]. Then ¢, is smooth, Lip(¢:) < Lip(¢), |[@ello < [|@]loos
and |¢p. — ¢| < eLip(¢). In the first case, ¢, — (1) vanishes at 1. Since 7 is finite,
[ ¢:dt — [ ¢dt, and (iv) follows.

For (v), if I is an interval, extend G — G(1) to R by constants outside I. The extension
¢ satisfies ¢(1) = 0 and Lip(¢) = Lip;(G), and [ Gdt = [ ¢drt since T has zero
mass. If I is closed, let A = Lip,(G) and S’ = sup;|G|. The McShane extension
G(x) = infyer(G(y) + Alx — y|) agrees with G on I and has Lipschitz constant A, and
truncating it at levels £S5’ preserves both properties. The truncated extension divided
by max{S’, A} is one of the test functions in the definition of ||t||;. For the last claim,
note that p > (2/p)* gives r, < p/2 = 2py, so distinct pieces of I, are at distance at
least r,. For b, b’ in the same piece we have |G(b) — G(b')| < M|b — 1’|, and otherwise
|G(b) —G(V')] <25 < (25/rp)|b - V).

For (vi), suppose N, (o) = 0. Then ||II.c|. = 0, and we have | ¢ dIl.c = 0 for every
Lipschitz ¢ (subtract ¢(1) and use that IT.c has zero mass). Since bounded Lipschitz
functions determine finite measures, II.c = 0. Similarly II,c = 0 and ITjc = 0, and
(i) gives ¢ = 0. Homogeneity and the triangle inequality are clear. If v,y € <7,(q)
and 0 = v —y, then |I[I.o|lc < 2rp||Ileo|tv < 8rp, because Il.o is carried by the
core region, where the test functions in the definition of | - || are bounded by 2r,;
IMyo = xu(fv — fu) db — my(0)é1, where f,, f, are the densities on (—p, p) given by (B),
and ny,(0) < 2by; and ni(0) < [[ILio||ty < 4. In particular, d, (v, u) < co. O

Lemma 11.13. Let q be admissible and p > max{256, (2/p)*}.

(i) The class <7, (q) is tight and closed under weak convergence of probability measures.
(i) If vu,v € @ (q) and vy, = v, then dy(p,v) < liminf, d,(p, v,) for every p € a,(q).
(iii) The metric space (7y(q),dp) is complete, and convergence in d, implies weak convergence.

(iv) Let 6, — 6 > 0, and let vy, v be probability measures on R without atom at 0 with v, = v.
Then Ry, (Vn) = Rpp(v).
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Proof. For (i), tightness follows from the uniform tail bound (T). Let v,, € .%7,(q) converge
weakly to v. Since the sets R\ C, and {|b| > L} are open, the portmanteau theorem
[37, Theorem 2.1] shows that v satisfies (C) and (T). For an open interval | C (—p,p),
we have v(]) < liminf, v,(]) < bp|J| by the same theorem. Since every open subset of
(—p,p) is a countable disjoint union of open intervals, we obtain v(U) < b,|U| for open
U C (—p,p), and by outer regularity of Lebesgue measure, v(A) < h,|A| for every Borel
set A C (—p,p). By the Radon-Nikodym theorem, v satisfies (B).

For (ii), let u € /,(q) and write 0, = 4 — v, and ¢ = p — v. For each smooth ¢
with ¢(1) = 0, the function x.¢ is bounded and continuous, and we have (Il.0y, ¢) =
(0w, xc®) = (0, xc) = (Ilco, ¢). By part (iv) of Lemma 11.12, n.(c) is a supremum of
such limits, which implies that n.(c) < liminf, n.(0,). The same argument applies to n;,
using the bounded continuous functions yxi(¢ — ¢(1)). For ny, let f,, f be the densities
of vy, v on (—p, p) and f, that of y. Since L™ is the dual of L! and continuous functions
with compact support are dense in L!, we have

mo(@) = e (fu = Dl = sup {| [0 = Fu] s we (=00, Jull <1

For each such u, the function x},u is bounded and continuous, and [ xp futt = (Vy, Xxpit) —
(v, xpit) = [ xpfu. We conclude that n,(0) < liminf, n,(cy). Combining the three
components proves (ii).

For (iii), let (v, ) be a Cauchy sequence for d, in %7,(q). By (i) and Prohorov’s theorem
[37, Theorem 5.1], a subsequence (vy,, ) converges weakly to some v € .27,(q). By (ii), for
each n,

dy(vy,v) < lilgninfdp(vn,vnk) < sup dp(Vy, Vi),
00 m>n
which tends to zero as n — co. Hence v, — v in dp. Now suppose dp (v, v) — 0 with
U,V € @y(q). By (i), every subsequence has a further subsequence converging weakly to
some v’ € 47,(q), and by (ii), dp(v/,v) < liminfd,(vy,,v) = 0. Then v’ = v, and v, = v.

For (iv), let G, and G be the quantile functions of v, and v, and let U, Uy,... be
independent uniform variables on (0, 1), independent of N and (Y;). Then B, ; = G,(Uj;)
has law vy, Bj = G(Uj) has law v, and Bn,]- — Bj almost surely for each j, because
G, — G at every continuity point of G and G has countably many discontinuities (this is
the quantile form of Skorokhod’s representation theorem; see [37, Theorem 6.7]). Since
B;j # 0 almost surely,

14, -y g Oyl
14 j<N Bn,j p j<N Bj

almost surely, and almost sure convergence implies convergence in distribution. O
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Remark 11.14. The class &, 4(q) is not complete for d,. For example, let v, = e Py +
(1 — e~ ?)uy, where uy, is the uniform law on [1 —1/n,14+1/n]. If 6 <r,and n > 1/r,
then v, € &,(q), and dp (v, Vi) = nc(vy — vm) < 1/n+1/m, because v, — vy, is carried
by Cp, where x. = 1. The dp-limit e775;, ¢ + (1 — e~ 7)d; has a second atom and is not in
S,,6(q). The core and intermediate norms metrize weak convergence on their regions,
and weak limits of absolutely continuous laws may have atoms. The boundary norm
is a supremum norm of densities, and its limits keep a density; this is why atoms are
allowed in the ambient class exactly outside the open interval (—p, p), which contains the
boundary region. The law map sends </,(q) back into &,4(q) by Lemma 11.9, and in
particular fixed points in the ambient class belong to &, 4(q).

11.5 Column estimates for the linearized map

Throughout this subsection, q = (4, A,K’,p) is admissible, Cy > 0, p > p«(q,Co),
0 <6< Co/p,and A € 47,(q) is arbitrary. We use the notation of Lemma 11.3: y) =
Ryo(A), Dy ~ pp, T ~ Exp(1) independent of D), Z, = Dy — 6T/(pb), and k} is the
density of Z;. By Lemma 11.9, u) has a density k), < h,/2 on [—2p,2p] and satisfies
pr({d : |[d = 1| > rp/2}) < wp. In applications, A is a point of a segment joining two
members of .#7,(q), or a fixed point of the law map; all estimates below are uniform in
)€ d(q).

Lemma 11.15. Under the assumptions above, the following hold.
(i) For every bwith [b] > po, we have P(|Zy — 1| > 1p) + E[T1 |z, _1)>r,3] < 3wp.
(ii) For every x € [—p1,p1), the function b — k}(x) is continuously differentiable on
(—o0, —po] and on [pg, c0), and there
0<ky(x) <by,  |pky(x)] < bp/po.
(iii) For every x € [—p1,p1] and every g € L™ vanishing outside [—p1, p1],

p [ K0 5(e ab] < (20 +ppn,+ 22 gl

Proof. For (i), let |b| > pg. On the event |D) — 1| < r,/2, the inequality |Z, — 1| > 1,
forces 6T /(p|b|) > r,/2, thatis, T > p|b|r,/(20) > t,, where we used |b| > pg and
8 < Cp/p. Since T is independent of D,, we obtain

P(|Zy — 1] > 1p) + E[Tlyjz, 1)5r,3] < wp+e™ " +E[T]wp + E[Tlirsy,)]
= 2wy + (ty +2)e" ',

which is at most 3wy, by (S3).
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For (ii), let es(u) = se™** for s > 0 and u > 0. Let b > py; the case b < —py is identical
after the reflection d — x — x — d in (11.7). By (11.7), kﬁ(x) = f(x,oo) epp/o(d — x) pa(dd),

d
" P pbu —pbu /6
8bepb/9(u):5<1—7>e .

This derivative is bounded by p/6 and continuous in b. By dominated convergence,
b — k}}(x) is continuously differentiable with derivative [ (x,00) ObEpb s9(d —x) up(dd). We
split the integrals into d € (x,2p] and d > 2p. On (x,2p] C [—2p,2p], the measure yu, has
density at most h,/2, and this part of k}(x) is at most (h,/2) fooo epp/9 = hp/2, and this
part of the derivative is at most

bP p‘l pbu —pbu/@du_ hP |1—v\e*”dv hP < hP
2b e 00
Ifd>2p,thenu=d—x>20—p; >p. Let S =p/0, w = Sbu, and xy = pppS. Since
S > pZ/CO, we have xy > xp > 2 by (57), and since b > pg and u > p, we have w > xy.
The functions we™* and (1 + w)e ™ are decreasing on [1,00), and x?¢~* is decreasing on
[2,00). Hence

— 2 ,—x
xoe X0 2xp€ P

w —w
e u)=—e ° < < ,
pb/@( ) y =0~ ppo
—x ZxZe—xp
|9pepp0(u)| < S(1+w)e™™ < Xo(1 + xo)e™™ <t
PPo PPo

and the right sides are at most b, /2 by (57). Since y, is a probability measure, the parts
of k}(x) and of its derivative coming from d > 2p are at most h,/2. Adding the two parts
proves (ii).

For (iii), consider first the contribution of b € (0, p1]. We split (x,00) into P; = (x,2p],
P, = (20,00) N {|d —1| > rp/2}, and P3 = [1 —r,/2,1+1,/2]; these sets cover (x, o)
because 1 —r,/2 > 2p. As in the proof of (ii), the part of pk}(x) coming from P, is
at most ph,/2, so the contribution of P; is at most pp1h,||g|/r=/2. For P, U P3, we use
Tonelli’s theorem and

[ pemtwan = [" gy - ©
0

u2’

so that the contribution of P, U P; is at most ||g||r~ fP2UP3 0(d — x)"2u,(dd). On P, we
have d —x > p and p)(P2) < wp, and on P; we haved —x > 1 —r,/2 —p; > 27/32,
where we used r, < 1/4 and p < 1/16. Since (32/ 27)2 < 2, this contribution is at most
(6wp/p* +26)||g]| . For b € [—p1,0), the kernel integrates over d < x, and we split into
[—2p,x) and (—co, —2p) C {|d — 1| > r,/2}. By the same arguments, the contribution of
b € [—p1,0) is at most (pp1bp/2 + 0w,/ p?)||g]/1>. Adding the contributions and using

= p/2 proves (iii). O]
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For a, B € {c,b,i}, the quantity na(ﬁl—[ﬁa) below measures the « component of the
output produced by the B component of the input. Recall from Definition 11.11 that
ng(c) = [[T1gc||s is the norm of the measure Ilgc itself; the compensated projections are
not idempotent, and we never project an input twice.

Lemma 11.16. Let q be admissible, Co > 0, p > p«(q,Cp), 0 < 8 < Co/p, A € (q), and
L = Ly Let Dy be the real vector space of finite signed measures o on R with c(R) = 0
whose restriction to (—p1,01) is absolutely continuous with bounded density. Then 11,0 € 2,
and Lo € Dy for o € Dy, and with 6, = p+3e~% and

Mec Mcb Mci 200 p 6]9
Mppg= | Mpe Mpp, My | = | 6p 2046, 6y |, (11.17)
Mic My My Op p Op
we have, for every o € Dy and all o, p € {c,b,i},
ny(LTgo) < Mygng(o), and hence  n,(Lo) <Y Mygng(0). (11.18)
p

Proof. The proof is a direct computation with the dual formula (11.6) for the core and
intermediate outputs and the density formula of Lemma 11.3 for the boundary output,
combined with Lemma 11.15. We first record these formulas.

StEP 1. The three outputs. Let T € Z,. Then |7|({0}) = 0, and by Lemma 11.3, £7 has
total mass zero and density G¢(x) = p [ k}(x) T(db). Then IT, LT = x1,Gr dx — my(L£7)5;
and

n,(L7) < sup |Ge(x)]. (11.19)

[x[<p1

For a C*® function i with bounded derivative, set Fy(b) = pEy(Z,) for b # 0. Since
dyZy = 0T/ (pb?), dominated convergence shows that Fy is continuously differentiable
on (—o0,0) and on (0, c0), with

Fl(b) = %IE[T ¥ (Zy)]. (11.20)

By parts (ii) and (iv) of Lemma 11.12 and (11.6), we have
ne(£7) = sup| [ Frpdr [ Pt ] (1121)
¢

where ¢ ranges over C® functions with ¢(1) = 0 and Lip(¢) < 1, and ¢’ over C®
functions with ||¢’||c < 1 and Lip(¢’) < 1. We write ¢ = xc¢ and ¥; = xi(¢’' — ¢'(1)),
and we recall the bounds of part (iii) of Lemma 11.12. Since #; is smooth and vanishes
on Cp, its derivative vanishes on Cp, so that

, ni(Lt) = sup
(Pl

21
P <2 Lpapory [$i(2)] < ?1{|z—1|2rp}- (11.22)
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Step 2. Core inputs. Let T = Il.o, which is carried by [1 —2r,, 1+ 2r,] C [1/2,3/2]
and satisfies |||l = nc(c). By (11.20) and Lip(yc) < 5, we have |Fy (b)| < 200 for
b € [1/2,3/2]. Part (v) of Lemma 11.12 and (11.21) give n.(L1) < 200 n.(c). For |x| < py,
part (ii) of Lemma 11.15 shows that b — pkj}(x) is ph,/po-Lipschitz on [1/2,3/2]. By
part (v) of Lemma 11.12, we have |G (x)| < (phy/po)nc(c), and (11.19) gives ny,(L1) <
(pbp/po)nc(o). Finally, (11.20), (11.22), and part (i) of Lemma 11.15 give |F&,i(b)| <
46(21/p) - 3w, for b € [1/2,3/2], which implies that n;(L1) < (2520w;/p) ne(o).

SteP 3. Boundary inputs. Let T = IT,0 = gdb — (| §)é1, where ¢ = x}, f, vanishes outside
(~p1,p1] and g1 = m(c). Then [[tllry < 2llgll;: < 2p1p(@). Since [Fy,| < 2pry and
|Fy,| < 2p, (11.21) gives nc(Lt1) < 4pprpnp(o) < pny(o) and ni(L1) < 4ppnp(o) <
p np(0). For the boundary output, we have

Ge(x) = P/kﬁ(X)g(b) db — (/g)Pk?(X)-

By part (iii) of Lemma 11.15, the first term is at most (26 + pph, + 20w, /p?)||g]/1~ in
absolute value for |x| < p;. By part (ii) of the same lemma with b = 1, and | [ g| <
201[/gllz= = pl|gl/z=, the second term is at most pph,||g||r~. Combining these bounds
with (11.19), we obtain

20w
Ylb(LT) S (29 + ZPP[]p + #)nb(v).

Ster 4. Intermediate inputs. Let T = Iljo, which is carried by the closed set I, and
satisfies ||T||; = ni(c). Every b € I, satisfies |b| > pg. On I, we have |Fy | < 2prp, and
|Fy | < 560/ p3 on each piece of I,. By part (v) of Lemma 11.12, Liplp(Flpc) < 50/p3+4p,
and therefore
no(Lt) < (2pry +50py 2 + 4p)ni(0) < 6pni(0),

where we used r, < 1/4 and 50p,% < 80Cy/ (0*p) < p/2, which follows from (S8). For
|x| < p1, part (ii) of Lemma 11.15 and part (v) of Lemma 11.12 show that the bounded-
Lipschitz norm of b — pk}(x) on I, is at most ph,(1+ py* + 27;1). Together with
(11.19), this implies that n,(L£T) < php(1+py " + 21’;1) ni(o). Finally, (11.22) and part (i)
of Lemma 11.15 give |Fy,| < 6pwy, on I, and |Fj | < 630w,/ (pp3) on each piece, so that

6360
mi(£7) < (6pwp(1+2,1) + pp‘;’f’)ni(a).
0

StEP 5. The small entries. By (S3), w, < 3pphy, and 0 < Cy/p. Using these bounds, p <1,

po=p/4 and r, 1 = pl/4, each of the five coefficients
/ . 20php+ ——, php(l+—+—), 6pw,(l+—)+
po P T F p< Po rp) ’ p< rp) P05
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obtained in Steps 2—4 is at most 3100(1 + Cy)p~2p®/ 4. For instance, the last one is at
most 54pp°/ 4pr + 3024C0p_2f)p. By (S8), each of them is at most p? by = . This proves
the first inequality in (11.18).

SteP 6. Conclusion. Let o € 9. The projections 1,0 have zero mass, and their restrictions
to (—p1,01) are 0, xpfo db, and xifs db, so they belong to 9p. The measure Lo has zero
mass and is absolutely continuous, and the bounds on sup, -, |Grige(x)| obtained in
Steps 2—4 show that its density is bounded on (—p1, 1), since ng(c) < oo for o € 2,
(see the proof of part (vi) of Lemma 11.12). It follows that Lo € 2. Since 0 = Ypllpo
and I1, L is linear, we have n,(Lc) < ) na(ﬁﬂﬁa), and the second inequality in (11.18)
follows from the first. N

Remark 11.17. The estimates of Lemma 11.16 are linear and apply to arbitrary inputs in
9y, not only to differences of probability measures; the side law A enters only through
Hr = Rpe(A). Ata fixed point v =R, 4(v) in 7,(q), we have L, 4,0 = pv * (Kgo)". By
part (vi) of Lemma 11.12, N, is a norm on Z,. Let %), be the completion of (Z,, N;). Since
ny < W, 1Np, each component seminorm 1, extends uniquely to a continuous seminorm
on %, and Lemma 11.18 below shows that £ is bounded on (Z,, N,). Then L extends
uniquely to a bounded operator on %,,. By density and continuity, the inequalities (11.18),
in their second form, and the bound N,(Lc) < «,¢Ny(c) of Lemma 11.18, continue to
hold on %,

11.6 The principal fixed point
Lemma 11.18. Let q be admissible, Cy > 0, p > p«(q, Cp), and 0 < 6 < Co/p. Set

Kpp = 200 + 7pe VP2,

Then x,9 < 20Co/p + 7pe~ VP2 < 1/2, and the following hold.

(i) For every A € 7,(q) and o € D, we have Np(L,p.00) < 1k, 0Np(0).
(ii) Forallv,p € </y(q), we have dp(Rpe(v), Rpe(1)) < xp0dp(v, 1)
Proof. The bound on 4 is (S9). For (i), by Lemma 11.16, we have

WyM,
Np(Lo) =Y Wane(Lo) <Y W) Mygng(o) =Y cgWgng(o), cp=2 Wg £
« o B B

14

It suffices to show that cg < x, ¢ for each B. By (S9), 2pAt3e=apr/2 < pe=®P/2; since op <
pAt3e¢=/2 and 6,W, = pA+3e=%/2, each of &, 6,W,, and 6,W; is at most pe VP/2/2.
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Using (11.17), we find

cc = 200 + (Wp, + W;)d, < 200 + pe"VP/2,
cp = pe P2 420+ 5, + pe "P~VP)/2 < 20 4 3pe~VF/2,
c; = 6pe” VP2 4 (W, + W;)W; 16, < 7pe VF/2,

where in the second line we used p — ,/p > /p. This proves (i).

For (ii), let c = v —pand At = (1 —t)u +tv. Then 0 € 2, by (B), and A; € @7,(q)
by convexity. We write £; = L, 4,3, and { = R,(v) — Rpe(¢). For a smooth ¢ with
¢(1) = 0 and Lip(¢) <1, (11.8) and part (ii) of Lemma 11.12 give

1 1
(I, @) = (T, xcp) = /0 (Lo, xc@) dt = /0 (Il Lyo, @) dt,

so that n.({) < sup,nc.(Ls0). The same argument gives ni({) < sup,ni(Li0). By
Lemma 11.9, { has a density on (—p,p), and if G; denotes the density of Lo, then
(11.8) with ¢ = xpu, for bounded Borel u supported in (—p1,p1), gives |(J, xpu)| <
sup; || xpGt|[r=||ul|l;1. This implies that n,({) < sup,n,(L0). Since the bounds of
Lemma 11.16 are uniform in ¢, the computation in (i) gives N,({) < x, Ny (7). O

Theorem 11.19. Let q = (a, A, K, p) be admissible, Cy > 0, and p > p.(q, Cy). For every
6 € (0,Co/p), the following hold.
(i) The law map R, ¢ has exactly one fixed point in 7, (q). This fixed point, denoted vg, belongs

to &,,0(q); in particular, it is the unique fixed point in &, 9(q). It has the properties (i)—(iii)
of Lemma 11.9.

(ii) For every u € 7,(q), in particular for y = 61, we have dp(R’;,Q(y),vg) < Kpg dy(u, vg)
forn >0, and RZ,Q(‘u) = vg.

(iii) Let @' = (a’, A", K", 0") be another admissible tuple, and let

qV q = (max{a,a'}, min{A, A'}, min{K', K"}, max{p, p'}).

If p > max{p«(q,Co), p+(q’,Co), p=(q VvV q',Co) }, then the fixed points given by (i) for q
and for q' coincide.

0
p

(v) For every s € (0,1), we have

(iv) The map 0 — v}, is weakly continuous on (0, Co/ p].

2 1-s Kl
/|b|—svg(db) gp—5+—2”fs , /|b|sug(db) <4+: by

V4
—s
and

/|b—1\5vg(db) < 65(1+pls/\b\svg(db)>.

In particular, for fixed p, vg = 01as6 0.
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Proof. By Lemma 11.13, (.<7,(q), dp) is a complete metric space. By Lemmas 11.9 and 11.18,
R0 mapsitinto &,4(q) C %(q) and is a contraction with factor x, 9 < 1/2. The Banach
fixed-point theorem gives a unique fixed point vg in @,(q), and vg =Rypp (vg) belongs
to G,,0(q) and has the properties of Lemma 11.9. A fixed point in &, 4(q) lies in <7,(q)
and therefore equals vg. For (ii), we have dP(RZ,e(P‘)ng) = dP(RZ,e(V)'RZ,G(Vg)) <
K;,de( U, vg), which is finite by part (vi) of Lemma 11.12, and weak convergence follows
from part (iii) of Lemma 11.13. Since é; € #7,(q), this applies to u = d;.

For (iii), let q” = q V q. Comparing the bounds in Definition 11.8 term by term, we
see that 6,4(q") C 6,6(q) N S,6(q'): a larger a and smaller A and K’ make the right
sides of (C), (B), and (T) smaller, and a larger p enlarges the interval in (B). Then the fixed
point given by (i) for q” is a fixed point in &, 4(q) and in &,(q’), and by uniqueness it
equals both of the other fixed points.

For (iv), let 8, — 6 in (0,Co/p] and v, = v),". By part (i) of Lemma 11.13, every
subsequence of (v,) has a further subsequence converging weakly to some v' € 7,(q).
Along it, part (iv) of Lemma 11.13 gives v, = R, (vu) = Rpp(v'), s0 v/ = R, 4(v'). By
i), v = vg. Since every subsequence has a further subsequence converging to vg, we have
Vp = vf,.

For (v), the first bound follows by splitting at |b| = p and using (B). For the second,
we have [[b]*dv = [;"st"lw([b] > t)dt < 35+ [T st H(K'by/t +e ) dt < 4+
K'h,/ (1 —s) by (T), where we used that ap > 1, which follows from (S2). For the third,
let B satisfy (11.1) with Bj ~ 1/2. Since x +— x° is subadditive on [0, o), we have

05 05
—_115 < g° v SIR.|—S — @5 v —s 1,0
E|B—1]° <6 + (p) ]Ej}SN;mB]y 0° + (p) pr(1+s)/|b| dvy,

and I'(1 +s) < 1. The first bound in (v) does not depend on 6, so E|B —1|° — 0as 6 | 0,
which gives the last claim. O

The principal law is thus a fixed point which does not depend on the choice of the
admissible tuple, and which is obtained by iterating the law map from J;. We now show
that functionals of finite-depth recursions built from it depend continuously on 6. Let
L > 0. Let T be the marked PGW(p) tree of Definition 3.2, let 7<| be its restriction to the
generations 0, . .., L, with vertex set V<, squared moduli Y, on its edges, and numbers of
children N,. Given 0, let (By) lo|=L be, conditionally on 7<; and its marks, independent

with law vg, and define recursively, for |v| < L,
Y,
Bv:1+9—€ Yy, == (11.23)
P 1 child of v By

The recursion is well defined almost surely: by induction from generation L, each B, is
almost surely nonzero, since conditionally on the children values the law of B; is d1¢ if
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Ny = 0 and absolutely continuous otherwise. We call (7<p, (Ye), (Bo)vev., ) the depth-L

principal recursion at 8, and we write IPy and Ejy for its law and expectation. Since vg is a

0

P

Lemma 11.20. Let q be admissible, Co > 0, p > p«(q,Co), ] C (0,Co/p] an interval, L > 0,

so €10,1), k >0, and Cy > 1. For each 6 € |, let Yy be a real Borel function of the depth-L

data w = (t,y,b), where t is a rooted tree of depth at most L, y = (y.) are positive edge marks,

and b = (b,) € (R\ {0})V®). Assume:

(@) for every 6 € | and Py-almost every w = (t,y,b), we have ¥y (t,y,b") — ¥o(t,y,b) as
(0',b") — (0,b) with 0' € J;

(b) forall 8 € | and w,

Fo(w)| < Y O TTA +ye)k TT (L +1bol Y% TT (1 + [bo]).
e veV(t) |v|=L

tixed point, every B, has law v

Then the law of the depth-L principal recursion is weakly continuous in 6 € (0,Co/ p], we have
supgc; Eg[Yo|" < oo with r = 561/2 (and r = 2 if s9 = 0), and 6 — Eg¥y is finite and
continuous on |J.

Condition (b) allows, at every vertex, a total inverse power of B, at most sy < 1;
positive powers are allowed only at generation L. Positive powers of B, at internal
vertices can be reduced to this form using (11.23), at the cost of increasing the inverse
powers of the children. Indicator functions of events whose boundaries are Pyp-null sets
satisfy (a).

Proof. Step 1. Coupling. Let 0,, — 6 in |. We realize the depth-L data at all parameters

on one probability space. Let 7 and its marks be given, and let (U,) be independent

uniform variables on (0, 1), indexed by the Ulam-Harris labels and independent of 7 and

its marks. With Gy the quantile function of 1/;,9, set Bz(,n) = Gy, (Uy) and B, = Gy(Uy) for

|v| = L, and define the internal values by (11.23) with 6, and 6, respectively. By part (iv)

of Theorem 11.19, Gy, — Gy at the continuity points of Gy, which are all but countably
(n)

many points, so B; ' — B, almost surely for |v| = L. Since the limiting values are almost
surely nonzero, induction over the generations shows that BZ(,n) — By, almost surely for
every v € V1. This proves the weak continuity of the law, and by (a), ¥, (w")) — ¥g(w)

almost surely.

STEP 2. A uniform moment bound. First suppose that sy = 0, so r = 2. Let My = E(1 +
Y)? < oo for Y ~ Exp(1). By condition (b) and independence of the edge marks, for
every ¢ € J,

Eo[[¥s/? | shape] < C3 <MYt ™! < (Chmy)lV=tl.
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The fixed-depth exponential moment calculation below therefore gives the required
uniform L? bound. Now suppose that 0 < sy < 1, set s; = rsg = 8(1)/2 € (0,1), and let
9 € J. Since (14 x)® <14 x° for x > 0, condition (b) gives [Fy|" < C;JVSMQO, where,
for0<n<IL,

Qu= ] @+IBo|™™) J] (a+Yo)¥ [T (@+B.|"),

|v|>n erle=|>n |v|=L

and e~ denotes the endpoint of e closer to the root. Let G, be the o-field generated by the
shape of 7<, the marks of the edges e with [e”| > n, and the leaf values (B, ),|—. Then
Q. and all B, with |v| > n are G,-measurable, and conditionally on G, 1, the marks of
the edges e with |e” | = n are independent standard exponential variables, because the
marks are independent of each other, of the shape, and of the leaf values. For |[v| =n < L,
conditionally on G, 1, the variable B, is of the form ¢+ ), 2, Yy, withc =1+ ¢ and G,,41-
measurable real coefficients a, = —8/(pBu). Let ¢, = sup, (1 +y)Fe=¥/2 > 1. Since
(1+ y)kre’y < cxeY /2 we have, for m = N, and independent standard exponential
variables Y7,..., Y,
s
B[(1+ 180 TT0 + Yo | Ga] < e (14 Bfe + T 207]] )

j<m

< (201,)™ (1 + Cs, 1 (m +1)5172),

where we used the conditional version of Lemma 4.18 with d = 1. The right side is at
most ¢, v with ¢; = 4ci (1 + Cs,1). The factors for distinct vertices of generation n
involve disjoint sets of marks. We obtain E[Qy | Gy y1] < [Tjoj=n clz\]ijl Qu1. Iterating
from n = 0 ton = L —1 and then integrating the leaf values, which are independent
with law 1/;)9 , we find

E¢[Qo|shape] < [T ""'-M*, M= sup [ (1+p|")(1+ [b]")vj(db),
lo|<L 9€(0,Co/p]
where Z; is the number of vertices of generation L. By part (v) of Theorem 11.19,
M < oo. Since Y < (No +1) < 2[V<r|, we conclude that Ey|¥s|" < E[xV=tl] with
x = Chcamax{M,1}. Finally, E[x/V<tl] < oco: if Z, denotes the size of generation 1,
then E[x%0t+Zun1] = E[x%0t+ZuepZn(x=1)] < E[(xeP(¥*~1) %0+ +Zn] and induction on

n shows that these expectations are finite for every x > 1.

Step 3. Conclusion. By Steps 1 and 2, ¥y (w™) — ¥g(w) almost surely and the family
is bounded in L" with » > 1, which implies that it is uniformly integrable. By Vitali’s
convergence theorem, [Eg ¥y — Eg'¥y. [

We now state the result on compact scaled windows. Recall that §(E) = ¢(E)? and
that E-! < ¢(E) < 2E~! for E > 2, since g(E) =2/(E +VE2 —4).



11 The principal solution 11.7  Small parameter and the half-line 237

Theorem 11.21. Let & C (0, 00) be compact and ¢ = minE. Let Cz = 4/&% and ps(E) =
max{ps(qean, Cz), [5/&%1}. For every p > pst(E), & € &, and E = /p, with § = 6(E), the
following hold.

1 enave E > 2 an < Cz/p. e law ma g has exactly one fixed point in the class
(i) We h. E>2and?8 C/pThl pRp,h ly 'dp' in the cl
(E)

S0, which is also its unique fixed point in <7,. We denote it by v, p = vg , and we write
v;"E for the law of 1/B, B ~ vy .
(ii) For every u € <y, in particular for p = 61, the iterates R’;/Q(y) converge to vy g in d, and

weakly, with dp(RY 4 (1), Vp,e) < K"dp (1, vp,e) and

K=Kpg < % + 7pe*\/?/2.

(iii) The law v, g satisfies, uniformly in { € E: vpg = e P19+ f(b)db with f < e F/2
almost everywhere on [—1/8,1/8); v, e({|b — 1| > r,/2}) < wp < e VP /2, v, g({|b] >
L}) <eP/(2L)+e PL/2 for L > 3; and, for s € (0,1), [ |b|*dv,p <16+ (1 —s)!
and [ |b]*dv, g < 44 (1 —s)" L. In particular, if B ~ v, g, then supsez P(|B — 1] >
rp) = 0as p — oo.

(iv) The map E > vy, is weakly continuous on {,/p : { € E}. For every family (¥g) as in
Lemma 11.20, with q = qcan and | C (0,Cz/p] an interval containing {0(¢./p) : ¢ € E},
the map E — Bgp)Yo(r) is continuous on {G\/p: ¢ € E}.

(v) If B ~ vy, then the law of D = B/g(E) is a real solution at E.

Proof. Since p > 5/62,, we have E > ¢_/p > 2,and 0 = g(E)2 < 4/E2 < Cz/p. Parts
(i)—(ii) follow from Theorem 11.19 with q = qcan and Cyp = Cg, from Lemma 11.9, and
from Kpo < 20Cz/p + 7pe_ﬁ/2; for the moment bounds we used p = 1/16, K’ = 1, and
by = e7? < 1in part (v) of Theorem 11.19. For (iv), the function E — 6(E) is continuous
on (2,00), so (iv) follows from part (iv) of Theorem 11.19 and Lemma 11.20. Part (v)
follows from the discussion at the beginning of this section, since v, ¢({0}) = 0. N

The canonical tuple plays no special role. If q is any admissible tuple and p >
max{pst(E), p«(q,Cz), px(q V qcan, Cz) }, then part (iii) of Theorem 11.19 shows that v, g
is also the unique fixed point of R, g(g) in &, 4(£)(q), and Lemma 11.9 gives the bounds
of (iii) with e~ 7, e VP, and 1/16 replaced by pAe_”P, e~ P, and p. The same applies to
the mixed metric of Definition 11.11 built with q.

11.7 Small parameter and the half-line

The fixed point vg of Theorem 11.19 is characterized as the unique fixed point of R4
in 27,(q), a class which does not involve Cp; the number Cy only enters the threshold
p«(q, Co). In particular, the construction covers all small values of 6, which correspond to
large energies, with a single class.
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Proposition 11.22. Let cent = 1, let 6;"‘(} = &9 e the class of Definition 11.8 for the canonical
tuple qcan = (1,0,1,1/16), which we call the small-parameter class, and let pent = P+ (qcan, Cent )-
For every p > pent and 0 < 6 < cent/ p, the following hold.

(i) The law map R, g has exactly one fixed point in 6?;“, namely 1/2; it is also the unique fixed
point in <,. The iterates R’;ﬁ(él) converge to vf, in dy, and weakly, with contraction factor
at most 20/ p + 7pe VP/2,

(ii) For every sy € [0,1), SUP)<<cene/p [ |b| %0 yz(db) <16+ (1—s) L

(iii) The map 6 — vg is weakly continuous on (0, cent/ p), and for every family (¥g) as in
Lemma 11.20 with ]| C (0, cent/ p], the map 6 — Eg¥y is continuous on J.

(iv) As0 ] 0, vz = 01, and the law of 1/B, B ~ 1/2, converges weakly to J;.

(v) Let E C (0,00) be compact, p > max{pent, pst(Z)}, & € & and E = {/p. If 0(E) <
Cent/ p, then Vf,(E) = Vp,E, the law of Theorem 11.21.

The same statements hold with cent replaced by any ¢ > 0 and pent by p+(qcan, €).

Proof. Parts (i), (iii), and (iv) follow from Theorem 11.19 and Lemma 11.20 with q = qcan
and Cy = cent; for the reciprocal law in (iv), note that B — 1 in probability implies
1/B — 1 in probability. For (ii), part (v) of Theorem 11.19 withp =1/16and h, = e 7 <1
gives the bound 16% + 2¢7716°0~1 /(1 —s9) < 16 + (1 —s9) 1. For (v), both l/z(E) and v, g
are fixed points of R, () in &, g(g)(qcan), which has at most one fixed point by part (i)
of Theorem 11.19. The last sentence follows by the same arguments with Cy = c. O

Corollary 11.23. Let My = 3. Then §(E)?* < cent/p for every p > 1 and E > My,/p. Fix
Co > 0, and let

po(&o) = max {p.(qean, max{42;2,1}), [5252], Pent}-

For every p > po(Go) and E > Co\/p, the following hold.
(i) We have E > 2, and the iterates R, g(E)(51) converge weakly, and in dp, to the unique

fixed point vy, g = vg(E) of Rye(e) in Sy 0(p). The law vy, g has the properties (i)—(iii) of
Lemma 11.9 with q = qcan and Cy = max{4§62, 1}. In particular, v, g({b : |b| > L}) <
e P/(2L)+e PE/2 for L > 3, and [ |b]Sdvyp < 16+ (1 —s) tand [ |b]*dv,p <
44 (1—s)"tforse (0,1).

(ii) Let & C [Go, o) be compact with E/\/p € E. Then p > pst(E), and v, is the law given
by Theorem 11.21 for the window E; for example, this applies with & = [§o, My + 1] if
E < (Mo+1)\/p. If E > Mo/, then v, is the law given by Proposition 11.22 with
6 =6(E).

(iii) The map E w v, g is weakly continuous on [Co./P, ).

(iv) If B ~ vy, then the law of D = B/g(E) is a real solution at E.
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Proof. For E > 3,/p we have E > 2 and g(E)? < 4/E* < 4/(9p) < cent/p. Let Cy =
max{4§52,1}. For p > po(§o) and E > &o,/p, we have E > V5 > 2 and 6(E) <
4/E* < Cy/ p. Part (i) then follows from parts (i), (ii), and (v) of Theorem 11.19 with
q = qcan, as in the proof of Theorem 11.21. For (ii), let {— = min E > &;. Then ps(E) =
max{p(qean,45-2), [5¢-*1} < po(Go), because 45~ < max{45;?, 1} and p.(q, Co) is
nondecreasing in Cy (the conditions (51)—(S9) become stronger as Cy grows). The laws
in Theorem 11.21 and Proposition 11.22 are fixed points of R, o) in &, 4(F), so they
coincide with v, g by uniqueness. Part (iii) follows from part (iv) of Theorem 11.19 and
the continuity of E — 6(E), and part (iv) from the discussion at the beginning of this
section. [

Remark 11.24. If a later argument requires a smaller value of cent oOr a larger value of My,
nothing changes: for M > 3, the energies in the large-energy regime E > M, /p satisfy
0(E) < 4/(M?p), and Proposition 11.22 holds with cent replaced by 4/M? and pent by
P+ (qean, 4/ M?) < pent. The principal law v, g itself does not depend on these choices.

11.8 Real solutions and the real boundary law

In this subsection, we show that on compact scaled windows and for large p, every real
solution of the cavity equation is the principal solution. We begin with an a priori bound
for the physical cavity variables and with the observation that real limit points of their
laws are real solutions.

Lemma 11.25. Let p > 1, E > 2,0 = 0(E), and for 1 > 0 set X;; = —T,(E +1ir)/g(E).

(i) For every r € (0,1) and 7 > 0, we have E|X,|" < C,1(p +1)"/2 < 2C,1p"/? and

E*|X,|" < 2Q;1Cr,1pr/2, where C, 1 is the constant of Lemma 4.18 with d = 1.

(ii) Let n | O, and suppose that the laws of Xy, under IP converge weakly to a probability
measure carried by R. Let X have this law. Then P(X = 0) = 0, and the law of B=1/X
is a fixed point of R, e; equivalently, the law of B/g(E) is a real solution at E.

Proof. By Proposition 3.16, I, 4 —(z+p! Yi<N Yi[;)~! with z = E +iz, where N ~

Pois(p), Y; ~ Exp(1), and the I'; are copies of I',(z), all independent. Dividing by —g(E)

and using ¢(E)E = 1+ 6, we obtain

-1

X, L (140 +ig(E)y - % Y VX)) . X=-T/gE). (1124)
J=N

Conditionally on N = m and on (X}, j)j<m, the denominator is ¢ +} ;< 4;Y; with ¢ =

1+6+ig(E)y, [c| > 1, and complex coefficients a; = —(6/p) X, ; that are measurable with

respect to the conditioning, while Y7, ..., Y}, are standard exponential variables which are

independent of each other and of the conditioning. The conditional version of Lemma 4.18
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gives E[|X,|" | N, (X;,j)] < C,1(N 4 1)"/2. Averaging and using Jensen’s inequality, we
find E|X,|" < C,1(p+1)"/2. The bound under P follows from E®Z < Q;;l]EZ forZ >0
(Lemma 4.5).

For (ii), write X; = X, let (X;);>1 be independent copies of X, independent of N
and (Y}), and let X; ; be independent copies of Xj, independent of N and (Y}). Set

Dy = 1+9+ig(E)17k—g Y YiXy;, D= 1+0-0 Y YViX;.
Pi<n P <N
Fix m > 0. Since the components are independent and converge weakly, the vector
(Yr,..., Y, Xk1,- -, Xg ) converges weakly to (Y1,..., Y, X1,..., Xim) [37, Theorem 2.8].
Since 7y — 0, the continuous mapping theorem [37, Theorem 2.7] shows that the condi-
tional law of Dy given N = m converges weakly to that of D given N = m. Averaging
over m with dominated convergence, we obtain Dy = D. By (11.24), 1/ Dy, has the law
of Xj. The laws of Xj converge, and in particular they are tight. For every R > 0, the
portmanteau theorem applied to the open set {|w| < R™!} gives

P(|D| < R71) < 1irr}<ianP(\Dk| <R hH= lirr}<inf1P(|Xk| > R) <supP(|Xi| > R),
k

which tends to zero as R — oo. Hence P(D = 0) = 0, and the continuous mapping
theorem gives 1/Dy = 1/D. We obtain X 4 1/D. Since D is real and tinite, X is real

and almost surely nonzero, and 1/X 4 D. By the definition of D, this says that the
law of 1/X is a fixed point of ,R,plg. The equivalence with real solutions was noted after
Definition 11.1. O

The next lemma is the main step. It shows that every real fixed point on a scaled
window satisfies the bounds defining the class &, . The only input is the fixed-point
equation: we start from the bound ,/p on the density near zero given by Lemma 4.18,
and we improve it by a one-big-jump argument.

Lemma 11.26. Let 0 < cg < Cy. There exists proot(€o, Co) > P« (qean, Co) such that, for every
P 2 Pooot(co, Co) and co/p < 8 < Co/ p, every fixed point of R g belongs to &, g and therefore
equals vg. Moreover, its density on [—2p,2p] is at most e~ 2F, where p = 1/16.

Proof. We work with the canonical tuple: p =1/16,a =1, A=0,K' =1, and by = e P.
Set

Coho 2
ho = 2\/p, 0 = —, F, = 6792 exp (p — g—go),
2.3
M, = ZPCﬂ, Iy = 4F, + 4> Mpe #P"'"
0

We choose ppoot(co, Co) > max{p«(qean, Co), 16} so large that, for p > ppoot:
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B1) ¢© < p=1/3 <1/4, (c0)34(7logp +2) <1, and v20p* < cop®;

(B2) 4Cy < pzp and hg < 8_4(;9/C0)5;

(B3) Cohy < p*p~7 and 4F, + 4e2M,e P" < e~ 2F;

(B4) 36Cy < p%/4, 2Pt 4 4ope2P < e VP /2, pp*/(9Cy) > 2p + 1, and 8Cy < peP.

Each condition holds for large p. Let vg be a fixed point of R, 9 with co/p <6 < Co/p,
and realize B ~ vgas B=1+0— (0/p) Lj<n Yj/B;j with B; ~ vg, as in Definition 11.1.

Step 1. An initial density bound. Conditionally on N = m > 1 and on (B;);<, the variable
B equals ¢ + Y i<, a;Y; with ¢ = 1+ 6 and a; = —0/(pB;), which are fixed by the
conditioning, and Yj, ..., Y, are standard exponential variables which are independent
of each other and of the conditioning. Since a; # 0, its conditional law is absolutely
continuous. Since |x —c¢| >1—2p > 1/2 for x € [—2p,2p], part (iii) of Lemma 4.18 with
d = 1/2 bounds its density on [—2p,2p] by v/m +1. On {N =0}, B=1+6 ¢ [—2p,2p].
Averaging, we find that the restriction of vp to [—2p, 2p] is absolutely continuous with
density at most Ev/N+1 < /p+1 < hy. Let H be the essential supremum of this
density, so that H < hy. If H = 0, the density bound of the lemma holds, and we go
directly to Step 6. In Steps 2-5, we assume that H > 0.

StEP 2. Decomposition. We split the children according to whether |B;| > 2p, and write
B=D-SwithD =1 + 0 — (9/]9) Z|Bj|22p1/j/Bj and S = (9/}7) Z\Bj|<2ij/Bjr which
are independent by Lemma 11.2. By Lemma 11.6 with 6 = 2p and ¢ = 1 + 6, the law of D
restricted to (—oo,1/2] has density at most F, (20) < F,. By part (i) of Lemma 11.7 with
p' = 2p, the jumps of S form a Poisson process with intensity ¢(y) dy, where

[ Cx B 0 _ 2p*0’H
¢(y) < min {?M} c.=0H<c,  M=FE—<m, (11.25)
Leta, = ci/4 <1, and write S = S- + S-, where S— and S are the sums of the jumps
with |y| < a. and |y| > a.. These are independent compound Poisson variables with
intensities £« = {1y},<,,) and {5 = (1g), 5,4, By (11.25),

© c,

b= [rg2 [ Say-adfc, o< =d a126)
a

e :

SteP 3. The small jumps. We claim that the law of S restricted to {|s| > p} has density
at most e2Me P/%. Let me = [yl (y)dy, v« = [y*<(y)dy, and yo = (c./M)V/2 =
0/(v/2pp). By (11.25), if yo < a., then

Yo ax ¢, Ay
|m<|§2/ Mydy+2/ —dy = cx +2c,log —,
0 v Y Yo

0
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and if yg > a., then |m.| < Ma? < c.. Since a./yo < V2op/08 < V20p*/co < p° by
(B1), we have |m.| < 7c,logp. Further, v <2 foa* c«dy = 2c.a,. Let t = +1/a,. Since
ty| < 1 on the support of /- and e* — 1 — u < u? for |u| < 1, we obtain

jm<|

U< 3/4
+ =< 71 +2) <1,
a 2 < *(7logp ) <

[l =1 ect)ay <

where we used (B1) and ¢, < c(0). Let #(y) = e®¢_(y), so that ||?|| < eM and ||?||;1 —
[ £< < 1. Since ¢!Vt +¥m) =TT, e, we have £:"(s) = e~*7*"(s), and since [|§*"||cc <
00 1, the density d. of the law of 5. away trom 0 satisties
qlleollgll7", the density d of the law of S~ away from 0 satisfi
Z*m(s)

m!

d-(s) = e 15e~ [ L= Y.

m>1

< e |7l exp (171 - /£<) < PMe ",

Choosing the sign of t equal to that of s proves the claim.

Let W = D — S.. We claim that the law of W restricted to [—3p, 3p] has density at most
G = Fp + ¢2Me /% Indeed, for a Borel set A C [—3p,3p], the event {W € A, |S<| < p}
requires D € (A + S<) N [—4p,4p], and 4p < 1/2, so conditioning on S. bounds its
probability by F,|A[; and conditioning on D, the probability of {W € A, [S<| > p} is at
most e?Me /% | A| by the previous claim.

Step 4. The large jumps. We have B = W — S, and the law of S is e™*> ¥, £ /m!.
Let A C [—2p,2p] be a Borel set. The term m = 0 contributes at most G|A| to P(B € A).
The term m = 1 contributes at most

/A </€>(w—x)lP(W C dw)> dx < (G)\>—|—;—;>\A|,

where we split the inner integral according to whether |w — x| < p, in which case
w € [—3p,3p] and the density of W is at most G, or |w — x| > p, in which case /- (w —
x) < ¢./p* by (11.25). The terms m > 2 contribute at most ¥,> |5 ||| A|/m! <
[0 [l s |A| < 2634 A, by (11.26). Since A~ < 1, we conclude that

H<2G+ i)—lf +2(0H)>/4. (11.27)

StEP 5. The bootstrap. By (B2), 0/p> < Co/(pp?) < 1/4. Further, 2(0H)%/* < H/4 is
equivalent to H < 80—, which holds since H < 1y < 874(p/Cy)° by (B2). Inserting
these bounds into (11.27), we obtain H < 4G. Since M < M, and a, = (9H)1/4, this
reads H < ¢(H), where

¢(h) = 4F, +4e*Mpexp (—p(6h) /%), h >0,

is nondecreasing. We now iterate this inequality. Since H < hy and 0hy < c(0) < p_l/ 3
by (B1), we have H < ¢(hg) < hy. Next, 0hy < Cohy/p < p*p~8 by (B3), so that
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p(6h1)~ Y% > p?and H < ¢(hy) < 4F, + ﬁlezMr,e”72 < e7?7, again by (B3). This proves
the density bound in the lemma, and in particular vy satisfies the boundary bound (B)
with h, = e F.

Step 6. Core and tail bounds. By Lemma 11.4 with § = 2p, E(14+6 — D) =
6f|b|22p b~lvg(db), which has absolute value at most 6/(20) = 80. This gives
ED — 1| <90 <9Cy/p < rp/4, by (B4). Applying (11.11) with 6 = 2p and x = r,/4

7/4

as in Step 1 of the proof of Lemma 11.9, we obtain P(|D — ED| > r,/4) < 2eF",
Further, P(S # 0) < pvg((—20,20)) < 4opH < 4ppe2P. By (B4), we obtain

1
P(IB -1 > rp) SP(B—1]>r,/2) <27 4 dppe™ < 27,

which is the core bound (C). For L > 3, as in Step 4 of the proof of Lemma 11.9, (11.12)
with 6 = 2p gives P(|D| > L/2) < exp(p — pp*L/(9Cy)) < e PL by (B4). By part
(ii) of Lemma 11.7, which applies since [¢ < 4ppH < 1 and ¢(y) < 0H/y? we have
P(|S| > L/2) < 80H/L < 8Coe 2 /(pL) < e ¥ /L, by (B4). We obtain vg({|b| > L}) <
e~P/L+ e PL, which is the tail bound (T) for the canonical tuple. Finally, vg = Rpe(vp)is
of the form e?61, ¢ + f db by part (iii) of Lemma 11.2. Therefore vg € &, 4, and vp = 1/2
by part (i) of Theorem 11.19. ]

Proposition 11.27. Let & C (0, 00) be compact, — = minE, {, = max &, and

Pphys(E) = max {Pboot(gizr 46:2)1 pSt(E’)}'

For every p > pphys(E), & € E, and E = &/p, the following hold.

(i) For every r € (0,1), we have sup, ,E[[,(E +i7)/g(E)]" < C,p'/? and
sup,,~o E*[To(E +i7)/8(E)[" < erlcrpr/z, where C, depends only on r.

(ii) For every real solution 7t at E, the law of g(E)D, D ~ 7, is vp E.

(iii) If nx 4 0 and the laws under P of —T,(E + ing)/g(E) converge weakly to a probability
measure carried by R, then this limit is the law of 1/B with B ~ vy, . In particular, if
ImT,(E +1iy) — 0 in P-probability as | 0, then the law of —To(E +1in)/g(E) under P
converges weakly to the law of 1/B.

(iv) Suppose that E € &£, and P®(ImT,(E +1i0) = 0) = 1. Then the real boundary law at
E of Proposition 5.11, in the B normalization, equals v, g. Moreover, —T,(E +in)/g(E)
converges P-almost surely as 1 | 0 to a random variable with the law of 1/B, B ~ v, E.

Proof. Part (i) is part (i) of Lemma 11.25 with C, = 2C, ;. For (ii), since p > pst(E) we
have E > 2, and E~! < ¢(E) < 2E~! gives ¢;?/p < 0(E) < 4¢_2/p. By the discussion
after Definition 11.1, the law of ¢(E)D is a fixed point of R, 6(k), and Lemma 11.26 with

(E)

co = &% and Cy = 4¢_? shows that it equals 1/2 = Vp,e. The first claim in (iii) follows
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from part (ii) of Lemma 11.25 and (ii). For the second claim, let X;, = —T,(E +in)/g(E)
and let 7 | 0. By (i) and Markov’s inequality, the laws of X, are tight, so every
subsequence has a further subsequence along which X;, converges in law to some X.
Since Im X;;, — 0 in probability and Im is continuous, Im X = 0 almost surely, and
the first claim identifies the law of X. This shows that the laws of Xj, converge to
the law of 1/B along every sequence 77 | 0. For (iv), since E € &,, the boundary
value T (E +10) = lim, o [, (E + i7) exists almost surely (Definition 5.7). By part (ii) of
Proposition 5.11, I',(E 4 i0) is IP-almost surely finite, real, and nonzero, and the law of
D = —1/T,(E +i0) under IP is a real solution at E. By (ii), the law of B = g(E)D is v, r,
and —T,(E+in)/g(E) — —To(E +i0)/g(E) = 1/B almost surely. In other words, under
the no-ac hypothesis the laws of —I',(E +i7)/g(E) have a unique limit point as 1 | 0,
this limit point is carried by R, and (iii) identifies it with vy p. O

Remark 11.28. Part (ii) of Proposition 11.27 does not use the a priori bound (i): the one-
big-jump argument of Lemma 11.26 starts from the density bound /p + 1 near zero,
which holds for every real fixed point by Lemma 4.18. The bound (i) is used only for
tightness, in the second claim of (iii). Under survival conditioning, the corresponding
boundary law is not v, g, since a surviving vertex has at least one child; it is dominated
by 0y 1 times the unconditioned law, as in Proposition 4.14, and therefore inherits the
upper bounds of Theorem 11.21 with an additional factor Q,;l.



SECTION 12

Analyticity of the principal solution and
bounds on its derivatives

In this section, we study how the principal solution v, g of Theorem 11.21 depends on
the scaled energy ¢ = E/,/p. We prove three results. The first, Theorem 12.19, states
that for each fixed large p, the law of the principal denominator, written in the scaling
¢ = 1/E, is a real-analytic function of the energy with values in a Banach space X;
of signed measures. The second, Proposition 12.21, deduces from this that the critical
growth rate A, ({) is real-analytic in §. The third, Proposition 12.24 and its consequence
Corollary 12.25, bounds the first four {-derivatives of the law with constants that are
explicit in p: polynomial for the weighted total variation, exponentially small for the
parts of the derivatives near zero and away from one, and of order p~! for the parts near
one that are seen by smooth test functions. These bounds are used in Section 14.

The analyticity statements in Sections 12.4 and 12.5 are qualitative: they hold at every
tixed p above a threshold, and the constants in their proofs depend on p. The quantitative
bounds in Section 12.6 are proved separately. There we differentiate the fixed point
equation and estimate the derivatives with the component norms of Definition 11.11;
analyticity is used only to know that the derivatives exist and satisfy the differentiated
equations.

Section 12.1 introduces the scaling ¢ = 1/E and collects the properties of the principal
law that we use. Section 12.2 defines the space X; and proves that the law map is
holomorphic on it. Section 12.3 shows that the linearization of the law map at the
principal law is a contraction for the mixed norm of Section 11 and deduces that I minus
the linearization is invertible on X, Section 12.4 proves Theorem 12.19, and Section 12.5
proves Proposition 12.21. Section 12.6 proves Proposition 12.24 and Corollary 12.25.

12.1 The scaling ¢ = 1/E

Conventions

Throughout this section, Z = [¢_, {4+ ] C (0,00) is a compact interval. Every compact set
B C (0,00) is contained in its convex hull, which is a compact interval in (0, c0), and the

245
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results below for intervals imply those for compact sets. We set
B =[¢_/2, 28], (12.1)

so that E is contained in the interior of &', and we apply the results of Section 11 on
the window E'. Let pst(Z') be the threshold of Theorem 11.21 for this window. By
Theorem 11.21, for p > pst(E') and E = & VP with & € &/, the law Vp,E is the weak limit
of the iteration of the cavity map in the B-normalization started from ¢;. In particular,
vy, does not depend on the window used to construct it.

For ¢ € &’ and p > p«(Z'), we write E = ¢,/p, § = §(E), 6 = 6(%) = g(E)?, and

1 1
Recall that Eg(E) =1+ 6, so that /(1 +0)? = ¢*/(Eg)?> = E~2? and
6

Constants ¢, C > 0 in this section may depend on E, on the exponent g € (0,1) when one
is fixed, and on the constants of Section 11 for the window E’ (which depend only on
E); they never depend on p or ¢ unless this is indicated, and they may change from line
to line. We write Y, T,Y1,Y3,... for independent Exp(1) variables and N ~ Pois(p), all
independent of each other and of the other variables in the same formula.

We first record the size of the parameters and of their derivatives.

Lemma 12.1. There exist py(E)
functions & — 0(¢) and & — T(¢)
and k € {0,1,...,4},

1 C C

—<0@) <=, |E@)| <= |k(@) <

cp () ; | z0( )| p | ¢ )|
In particular, 6(§) < 1/24and 1 <1+ 6(¢) <9/8 for ¢ € E'.

> pst(8') and C > 0 such that for every p > po(E), the
are real-analytic on a neighborhood of Z', and for all ¢ € &/

<

el (12.4)

Proof. The bounds for 7 follow from (12.2), since agg ~2 is bounded on Z’. For 6, recall

from Definition 5.2 that \/p §(&\/P) = 4,(¢) !, where a,,(¢) = (& + /Z2 —4/p) /2. Then

1
T
Let p > 128/¢%. For & > &_ /4 we have 8/p < &2 /16 < &, that is, &2 —4/p > &2/2.
On the half-line (- /4, o), which contains a neighborhood of E/, the function ap is real-
analytic and satisfies {/2 < a,(¢) < ¢, and on Z’ its derivatives of order at most four are
bounded by a constant depending only on ¢_ and &, uniformly in p > 128/¢2. This
gives the bounds for 0. The last assertion holds once C/p < 1/24. O
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The principal law in the scaling ¢ = 1/E
Let p > po(E), ¢ € &, and let B ~ v, g. Recall from Theorem 11.21 that v, ¢ solves

Y;

9N
B_1+9——2E

(12.5)

where By, By, ... are independent with law v, g. Set B = B/(1+6) = D/E, where
D = B/g is the corresponding real solution (Corollary 11.23). Dividing (12.5) by 1 + 6
and using (12.3), we obtain

_ N v,
Bl1-7y <, (12.6)

where By, By, ... are independent copies of B. The event N = 0 gives B an atom of mass
at least e 7 at 1, whose location does not depend on (.

Definition 12.2. For p > po(2) and E = {,/p with { € &, the principal law in the scaling
g = 1/Eis thelaw v, ¢ of B = B/(1+6), where B ~ v, . When p is fixed, we abbreviate
Ve = Vpg /p-

The reason for this scaling is the following. The law v}, of B has the atom e™ 79 9(¢),
and ¢ — 6(¢) is strictly monotone. For ¢ # ¢’, the measure v, ¢ JF ~ Vpp 8lves mass
e~ ? to the point 1+ 0(¢), since the second law has no atom there. Its total variation is
at least e™ 7, and ¢ — Vp,e/p is not continuous in total variation, let alone differentiable.
After the dilation by (1 + 6)~!, the compulsory atom sits at 1 for every &, and we show

that ¢ — ¢ is real-analytic in a norm that dominates the weighted total variation. Smooth
test functions of B are recovered from vz by the chain rule (see Corollary 12.25).

Inputs from the construction of the principal law

We use the following facts from Section 11, applied on the window Z'. We state them
in the B-coordinate b, as in Section 11, and write rp=1p —1/4 and Cp =[1- rp, 1+ rp].
Let Czy = 16/&%, which is the constant Cz of Theorem 11.21 for the window &/, so that
0 < Cz/pfor¢ e & and p > pst(E).

(S1) (Definition 11.8 and Theorem 11.21.) There exist constants agt, Kst > 0, Agt > 0, and
p € (0,1/16] such that for all p > ps(E') and ¢ € &, we have v,r = e Pd149 +
f(b) db with

pe(Cp) < e VP, sup f(b) < pflste P,
b|<p

12.7
KstpAste_astp ( )

—a pL
e st
L

vpe(lb] > L) <
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for L > 3. Indeed, Vp,E belongs to the class 6,,/9 of Definition 11.8 with the canonical
tuple, and we may take (ast, Ast, Kst, 0) = (1,0,1,1/16); we keep general constants
to indicate how they enter. Further, ¢ — Vpep is weakly continuous on =/ and Vp,E
is a fixed point of the law map R4 of Definition 11.1, that is, it satisfies (12.5).

(S2) (Definition 11.11 and Lemma 11.12.) The cutoffs xc, xp, Xi: R — [0, 1] satisfy x. +
Xo+Xi =1 xe = 1onCp, suppxe C {[b—1] < 2rp}, [xe| < 2”;1/ Xb = 1 on
[—p/4,0/4], and supp x, C [—p/2,0/2]. For a finite real measure ¢ on R with
0(R) = 0, we have m,(0) = [ xodo and I1,0 = xo0 — my(0)d; for o € {c,b,i}, and
the component norms are

INeclle = sup{| [ patlee] : (1) = 0, Lip(p) <1},
ITpollo = |AllL=o(—p/2,0/2)) When xpo = h(b) db,
i = sup{| [ pdTtio] : |l <1, Lip(g) < 1}.

The second norm is finite when 1,0 is absolutely continuous with bounded density.
In the notation of Definition 11.11, ||TT,o ||, = 14 (0).

(S3) (Lemma 11.3.) The linearization of the law map at a law A is the operator £, 4.5,
given on finite real measures ¢ with |¢|({0}) = 0 by

[ 0a(Cpn0) = p [E[o(D2 = 25)|o(a) 128)

for bounded Borel ¢, where Dy ~ R, 4(A) and T ~ Exp(1) are independent. We use
only the case A = v g, for which D) ~ v, g.

(54) (Lemma 11.16.) Let £ = L4, ., and let o be a finite real measure with c(R) =0
whose restriction to (—p/2,p/2) is absolutely continuous with bounded density.
Then the vectors v(c) = (||[I1co||c, [[TTyo (b, [[TTic||;) satisfy v(Lo) < M, gv(0) entry-
wise, with the matrix M, 4 of (11.17); this applies since v, ¢ belongs to the ambient
class of Definition 11.8. We use this inequality only through a cruder form. Let

C
Pp — pAcol’ §b,].’) — pAcolefcbp, 51,;7 — pACOleici\/?, Sp = ;01 + 51,;7, (129)

with A = Ast + 3, cp = ¢ = ag, and C.y) = 20Cx. Since § < Cz//p and e P <
e~ VP, every entry of M, g is at most the corresponding entry of

ep Py Py
Mp = 5b,p €p 5b,p (12.10)
5i,p Pp 5i,p + 5b,p
once p > 6, and therefore v(Lo) < Myv(c). The proofs below use only this form,

with the structure of polynomial and exponentially small entries; any constants
Acol, Ceols Cp, ¢i > 0 depending only on E would do.
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We write Dy for the pushforward of a measure y on R under x — tx (t > 0), and Ry
for its pushforward under x — —x (denoted p" in Section 11). In the scaling ¢ = 1/E, we
denote the variable by x, so that b = (1 4 6)x. The following sets are used throughout:

Z=(—p/5p/5), Jo=1[1/47/4],

12.11
Se—{r:l+ox-11< 2 o= {r:farop-1 >}y WY

The set S is a strict core, the set O¢ is the complement of a core of half radius, and
Z is an interval around zero on which the boundary cutoff equals one. We also set
xz = (1+6)~1, the point corresponding to the anchor b = 1.

Lemma 12.3. There exists p1(E) > po(E) such that the following holds for all p > p1(E) and
g €& Set Hy = 2p/iste™0stP,
(i) The law vg satisfies (12.6) and has the form vy = e Pé; + fg(x) dx with ]?g < H, on
(—30/4,3p/4).
(ii) For every q'" € (0,1), there exists Cy depending only on q' and E such that [(1+
|x|7) 7 (dx) < Cy.
(iif) We have Uz(Sf) < e~ IstV/P/2,

(iv) The map ¢ — Vg is weakly continuous on E'.

Proof. We derived (12.6) above. The law vz = Dy /(114)Vp,e has the atom e774; and the
densityfg(x) = (140)f((1+06)x). For |x| < 3p/4, wehave |(146)x| < (9/8)(3p/4) < p
by Lemma 12.1, and (12.7) implies that fér(x) < (9/8)pAstetP < H,,. This proves (i).

For (ii), we have v¢(|x| > L) < v, e(|b| > L) < C/Lfor L > 3 by (12.7), since 1 +6 > 1.
Then

x|7 7(dx) < 37 + 'L 19 (lx| > L)dL <37 +Cq’ | L7-2dL,
¢ 3 q ¢ q 3

which is finite and depends only on 4" and E.

For (iii), we work in the B-coordinate, where S¢ corresponds to {[b — 1| > r,/4}. Let
B’ denote the right side of (12.5), with B; ~ v, g, so that B’ ~ v, . We split the children
j < N according to whether B; € Cp,. By the thinning property of Poisson processes [94,
Chapter 5], the number N; of children with B; & Cp, is Pois(pv),e(Cp)), so (12.7) gives

P(N; >1) < pvp,E(Cf?) < pe’”sf\/ﬁ.

The sum S = (0/p)Lj<n: Bec, Yj/Bj is compound Poisson with intensity p; =
pvpe(Cp) < p and jumps distributed as Z = 0Y/(pB), where B has law vpe(-|Cp)
and is independent of Y. On the event {N, = 0} we have B =1+6 — S. Since r,, < 1/2,
we have 1/B € [1 —2r,,1+ 2r,], so

[ES — 6] = |0 vy,(Cp)E[B™'] — 6] < 0(vy,e(Cp) +2r,) <361,
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once e VP < r, Let A € R with |A| < p/(46). Then |AZ| < Y/2, and the inequality
e’ —1—w < wel®l gives
641262

P

In the last equality we used that IE[Y2eY/?] = 16. Taking A = +p/(46) in the exponential
Chebyshev inequality, we obtain

2
log Ee*57ES) = piE[e? —1-AZ] < pAZ(%) E[Y%'/?] =

P(|S—ES|>r,/8) < 2exp<—%—|—4p) < 2exp(—cp”/* +4p),

where we used § < C/p. On the event {N, = 0} N {|S —ES| < r,/8}, we have
|B' —1| < 30r, +1,/8 < 1p/4, because § < 1/24. We conclude that

VpE(Ib—1] > 1p/4) < pe™ VP 4 e~ P 4P < pmasy/P/2

for p large, which proves (iii).

For (iv), let &, — & in E. By (S1), B, ~ Vp,g,/p converges in law to B ~ Vp,&/pr
and 1+ 60(,) — 1+ 6(¢). By Slutsky’s lemma, B, /(1 + 6(¢,)) converges in law to
B/(1+6(¢)). O

Component norms in the scaling ¢ = 1/E

We transport the component norms of (52) to the scaling ¢ = 1/E by the dilation
b= (1+0)x.

—

Definition 12.4. Let p > p1(E) and ¢ € E'. Let ¢ be a finite real measure on R with
o(R) = 0 whose restriction to [—p/2, p/2] is absolutely continuous with bounded density.
Set 0 = Dq,40, and for « € {c,b,i} set Hga = Dl/(HQ)H,XUB and

lollee = ITee®lle,  llolloe = e[l llollie = [Tl

For v > 0 we define the mixed seminorm
Neo (o) = llollez + e llollne + VP llolliz.
For a complex measure ¢ whose real and imaginary parts satisfy these assumptions, each
of the four quantities is defined as its value at Re ¢ plus its value at Imc.
The measure ¢® is absolutely continuous on [—p/2,p/2], because ¢ is absolutely

continuous on [—p/(2(1+0)),p/(2(1+6))]. In particular, all four quantities are finite.
We record the properties of these norms that we use.

Lemma 12.5. Let p > p1(E), & € &, and let o be as in Definition 12.4. Set S. = {x :
(1+0)x —1| <2rp}and S; = {x: [(1+0)x| > p/4, |(14+6)x —1| > rp} U {x¢}.
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(i) We have o = Hg o+ Hga + H?O’, and each summand has total mass zero. The measure
0 is carried by Sc C Jo, the measure Hfa is carried by S; C {|x| > 2p/9}, and
HEU = g(x) dx — ([ 8)dx, with g supported in [—p/2,0/2] and |g| < 2||c |-

(ii) The restriction of o to Z is absolutely continuous with density bounded by 2||c ||y, &.

(iii) We have

do
lollee < 2rpllolltv,  |lollbe < sup ‘E(x) , o lelle <2[0](Og).

|x[<p/2

(iv) Let V be a real Banach space. If f: S. — V is Lipschitz, then

| [ ranio| < Lips (5 ol

If f: S; — V is bounded and Lipschitz, then

|/ rarsic], < (suplisily +Lips () el

Proof. Part (i) follows from (S2) after the change of variables b = (1 + 6)x: the measure
I1.c? is carried by supp x. U {1} C {|b—1] < 2rp}, and the measure IT;08 is carried
by supp xi U {1}, where suppx; C {|b| > p/4, |b —1| > r,} because x; vanishes on
CpU[—p/4,p/4]. If IT,o® = h(b)db — ([ h)dy, then g(x) = (14 6)h((1+ 6)x), which
gives |g| < (9/8)||o||p¢ by Lemma 12.1. The inclusions S. C Jo and S; C {|x| > 20/9}
follow from rp < 1/4and1<1+6<9/8.

For (ii), if x € Z then [(1+0)x| < p/4, so xp((1 +60)x) = 1 and x.((1+6)x) =
Xi((1+6)x) = 0; further, x ¢ Z. The restriction of ¢ to Z is therefore the restriction of
¢(x) dx, and (i) gives the bound.

For (iii), let ¢ be one of the test functions in the definition of || - ||. Since ¢(1) = 0 and
Lip(¢) < 1, we have |xc¢| < 2rp, and [ ¢ dILo®? = [ xcpdo? is bounded by 2r,||c | rv-
The second bound holds because the density of ¢ at b is (1 +6)~!(do/ dx)(b/(1+6))
and )}, < 1. For the third, if ||¢||e < 1, then

[ garte®| < [aled|+ m(e®)] <2 [ xale®| <2l"I(cp),

and [¢?|(Cj) = |o({|(1+0)x — 1| > rp}) < |o](Op).
For (iv), let A € V* with |[A|| < 1, and set F = Ao f and FB(b) = F(b/(1+0)) on
(1+6)Sc. Then Lip(FB) < Lipg_(f)- Let F be the McShane extension of F B to R, which

has the same Lipschitz constant, and set ¢ = F — F(1). Since I1.c® has mass zero and is
carried by (1 + 6)S., we obtain

A(/fdnéa) — /FB dlTeo® = /q)dHCaB,
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and the right side is bounded by Lipg_(f)||c||cz. The first identity holds because Bochner
integrals commute with bounded functionals; the integral exists because f is continuous
and bounded on the compact set S.. Taking the supremum over A and using the Hahn-
Banach theorem, we obtain the first inequality. For the second, we argue in the same way,
with F replaced by the McShane extension truncated at s, where s = sup 5. | F|- Since the
truncation does not increase the Lipschitz constant, F/ max{s, Lip(F)} is one of the test
functions in the definition of || - ||;, and the bound follows since max{s, Lip} < s+Lip. O

12.2 An analytic Banach space for the law map

The spaces
Fix g € (0,1), and set

Ro = 5§p (12.12)
Then p/2 < Rgp < 3p/4 and Rp < 1/2. We use the convention that a map between open
subsets of complex Banach spaces is holomorphic if it is complex Fréchet differentiable at
every point. Compositions of holomorphic maps are holomorphic by the chain rule. A
holomorphic map f of one complex variable with values in a complex Banach space V is
given near each point by a norm-convergent power series; in particular, its restriction to
a real interval is real-analytic. Indeed, if the closed disc of radius r around zy lies in the
domain of f, then the Cauchy formula f(z) = (27i) ! 3§|w_20|:rf(w) (w — z)~' dw holds
for |z — zg| < r, since both sides are continuous in z and agree after applying any A € V*
(Hahn-Banach), and expanding (w — z)~! in powers of (z — zp)/(w — zg) gives a power
series that converges in norm for |z — zg| < r (see also [82, Chapter III]).

Definition 12.6. Let M, be the space of complex Borel measures y on R with

gV = /(1 + [x]7) [u](dx) < co.

Let X, be the space of o € M, whose restriction to [—~Ry, Ro] is absolutely continuous
with a bounded density &, with the norm

lollx, = Nlerllgrv + el ro,Ro))-

Let X{ = {0 € X; : ¢(R) = 0} and A; = {0 € X; : ¢(R) = 1}. Let W, be the space of
u € M, whose restriction to [1 — Ro, 1+ Rg] is absolutely continuous with a bounded
density, normed in the same way with [1 — Ry, 1 + Ro] in place of [—Ry, Ro|. Finally, let
Z, be the space of complex measures & = {(y) dy with

lallz, = /(1 + Iqu)|€(y>|dy+esss]l1{1p [ €(y)] < co.
yE
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The density of an element of X, is defined up to a null set. No element of X, charges
zero, and atoms outside [—Ry, Ro] are allowed.

Lemma 12.7. The spaces /\/lq, Xq, Wy, and Zg are complex Banach spaces, and Xg is a closed
subspace of X,. With convolution as product, M, is a commutative Banach algebra with unit

do, that is, [[u* p' || ov < ||pllg vl llgvv. Further, |Rullqrv = [[1llg v and [[61 * plg1v <
2[|ullgTv. Finally, for o € Xg,

1—q

[+ lol(dn) < Cuallollx,,  Cpo=1+Ry"+ % (1213)
Proof. The map p +— (1 + |x|7)u is an isometry from M, onto the space of finite complex
measures with the total variation norm, which is complete. Let (¢,,) be a Cauchy sequence
in X;. Then ¢, — ¢ in M, for some ¢, and h,, — h in L*([—Ro, Ro]) for some h. The
restrictions of oy, to [—Rp, Ry converge in total variation both to the restriction of ¢ and to
h(x) dx, since |\hg, — h[11([-RyRy)) < 2Rol/ho, — h|1. We conclude that o[[_g g, = hdx
and 0, — ¢ in X;. The same argument applies to W,. The space Z; is the intersection
of two weighted L! and L*® spaces with the sum norm; a Cauchy sequence converges in
both, and the two limits agree almost everywhere along a subsequence. This proves that
Z, is complete. The functional ¢ + ¢(R) is bounded by /o, v, so Xg is closed.

Since q < 1, we have [x+y|1 < [x|7+ [yl%, s0 1+ v+ |7 < (1+ [x}1)(1+ [y}9);
integrating this against |u| ® |i’|, we obtain the algebra property. The reflection bound is
immediate, and the translation bound follows from 1+ |x 4+ 1|7 < 2(1 + |x|7). For (12.13),
we split the integral at |x| = Ro:

Rp _
J127101(dx) < lhellingrore [ 117 dx+ Ry,
— R0
and [*% |x|~7dx =2R;"/(1—¢). 0

The jump kernel
Let Q={t€C:Re7>0}. Fort€Q,x € R\ {0}, and y € R, define

kr(x;y) = %’exp(—@)l{ww}, (12.14)
and for y € X, let Ky be the measure with density y — [ k¢(x;y) p(dx). This is the
analogue in the scaling ¢ = 1/E of the kernel jy and the operator Ky of Section 11.1. For
real T > 0, k¢(x;-) is the density of 7Y /x. If u is a probability measure with u({0}) =0,
then ICrp is the law of the jump 7Y /X, where X ~ pand Y ~ Exp(1) are independent.
The parameter T changes the density of the jump but not its support.
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Lemma 12.8. (i) For all T € Q and x # 0, we have [k(x;y)dy = 1. In particular
(Kep)(R) = u(R) for p € Xg.

(ii) The map T +— K+ is holomorphic from () to the space of bounded operators from X, to Z,,
with the operator norm. For j > 1, its j-th derivative is the integral operator with kernel

drk=(x;y). For every compact Q' C Qand j > 0, sup.. .y ||8]TICT||Xq%Zq is bounded by a
constant depending only on (Y, j, q, and p.

Proof. We write x = 1/7, which maps () biholomorphically onto itself, so that k-(x;y) =
|x|ke "1y, ~0y with s = [x|[y|. Part (i) follows from Is |x|ke ¥ dy = 1 for Rex > 0.
For (ii), fix kg € () and let ID be the closed disc of radius &« = Rexy/2 around xg, so
that Rex > a and |x| < 2|kg| for k¥ € ID. By the Leibniz rule,
3 (|x[ke ™) = [x[((=s)/x + j(—s) V)™,

so for x € D, with the substitution u = |x||y|,
[+ ikl ay < [ @lsoful + ju e (14 55) du < 61+ [+ 7)
ly| |a{;k\ < u(2lxolw + ju e ™ < Cj,

where C; depends only on o, j, and q. Integrating against || and using (12.13), we find

that the integral operator with kernel 9,k is bounded from X, to Z,, with norm at most
2C;Cyq,p, uniformly for x € D. For ,x + h € ID we have pointwise

1
keon — ke — hdgke = B /0 (1— 1) 32k, dt,

and the previous bound with j = 2 gives that the corresponding operator has norm at
most 2C>C, 0|/1|?. Then x — K is complex differentiable in operator norm, with derivative

the integral operator with kernel d.k. Applying the same argument to 9Lk in place of k
and inducting on j, we obtain the statement about higher derivatives. Composing with
T — 1/7 and covering a compact ()’ by finitely many discs proves (ii). O

Convolution powers

The local density of the law map is controlled by the following estimate: if a sum of k
jumps lands at distance |z| from zero, then one of the jumps has modulus at least |z|/k.

Lemma 12.9. Let k > 1 and let 1, ...,¢; € L'(R) be complex functions with |¢;(y)| < M;/|y]|
for almost every y. Then for almost every z # 0,

(J6a] % -+ []) (2) <

Y M T4 (12.15)

=1 j#i
In particular, |(¢1 * - - - * £)(2)| < k?|z| 1 TTE, max{M;, ||4;|| 1} for almost every z # 0.

k k
|z|
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Proof. For k = 1, the conclusion is the assumed almost-everywhere bound. Suppose
k>2,and let H; = {(y1,...,yx) € R¥:y; + - + yx = z}. The left side of (12.15) is the
integral of [T; [¢;(y;)| over H; with respect to the Lebesgue measure in any k — 1 of the
coordinates; all these parametrizations give the same measure on H,, since the changes
of variables between them have Jacobian £1. On H, we have max; |y;| > |z|/k. Then
H; is covered by the sets A; = H, N {|y;| > |z|/k}. On A; we bound |¢;(y;)| < kM;/|z|;
this holds outside a set of y; of measure zero, whose preimage in H, is null in the
parametrization by (y;);;. Integrating the other k — 1 factors over (y;);4 € R, we
obtain .
[ T < P TT g
=1 j#i
Summing over i proves (12.15), and the second bound follows. H

For a € Z;, define the compound Poisson measure (as in Section 11.1)

oo _k

Poa) =e P Y Dok a0 =4 (12.16)

For a probability density «, this is the law of a sum of N ~ Pois(p) independent variables
with law a.

Lemma 12.10. Fork > 1and ay, ..., ax € Zg, the measure ay * - - - * &y is absolutely continuous
and )

||£K1*---*Dék||wq S?’kZHH“iHZq- (1217)
i=1

The series (12.16) converges in Wy, and P,: Z, — W is holomorphic. Its mass is P, (a)(R) =
exp(p(a(R) — 1)), and for m > 1 and By, ..., Bm € Zg,

D"Py(a)[B1,---,Bm] = p" Pp(a) * B1* - - * B, (12.18)

where the right side is the series e™P Y50 pPFH™ (kD) "1a** % By x - x By, which converges in
W.
q

Proof. Let a; = {;(y) dy. The weighted total variation of a1 * - - -  ay is at most [; ||a;|| v
by Lemma 12.7. The convolution is absolutely continuous with density ¢; * - - - * ¢;. For
z € [1 = Ro,1+ Ro] we have |z| > 1~ Ry > 1/2, and Lemma 12.9 with M; = [Ja;[|z, >
1€:]| ;1 implies that | (¢q * - - -  £;)(z)] < 2k*T; |a;]|z, for almost every such z. This proves
(12.17). The term k = 0 is dyp, which does not charge [1 — Ry, 1 + Ro] and has norm one in
Wj. Since } pkBerk /k! < oo for every r > 0, the series (12.16) and the series in (12.18)
converge in W,, uniformly for a and f; in bounded sets.
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Let Ag(aq,...,ar) = a1 * - - - * 4, a bounded symmetric k-linear map by (12.17) and
commutativity. For &, § € Z,; and k > 2, we have

k
k
xk *k
o — o™ —kAr(a, ..., 0, B) = (,)Ak &,...,0,B,...,B), Xy =+ B.
i ( ﬁ)]g](k_jﬁjé) + p

Since (']‘) < kz(]]‘:%) for j > 2, the norm of the right side is at most 3k4\|,6||zzq(||ocHZq +
Bl Zq)k_z. Multiplying by e Pp¥/k! and summing over k, we find that P, is complex
differentiable at & with derivative g+ e 7} ;> PRk 1Dy g = p Py(a) * B. The
m-th derivative is computed in the same way, by induction on m: at each stage the
derivative is a series of the same form in «, multilinear in B4, ..., B, and it converges in
W, uniformly on bounded sets by (12.17). This gives (12.18). The mass formula holds

because the mass of a convolution is the product of the masses. O

The law map
For T € (Y and v € X;, define
D (v) = 61 * RP,(Krv). (12.19)

For real T > 0 and a probability measure v € X;, the measure K.v is the law of 7Y /X
with X ~ v, and ®.(v) is the law of 1 — TYj<n Yj/ X; with X; independent with law v.
This is the law map of the rescaled equation (12.6).

Lemma 12.11. (i) The map (t,v) — ®(v) is holomorphic from Q x X, to Xy.
(ii) For T € Qand v € Ay, we have O (v) € Ay, and S (v) — e~Pdy is absolutely continuous.
(iii) Forte Q,ve Xy, m > 1,and 0q,...,04 € Xy,

DI'®.(v)[oy,...,0m] = p™ ®c(v) * RK0q % - - - % R0 (12.20)
(iv) Let p > p1(E) and § € &. Then vz € A, and &)T(g)(%) = Vg

Proof. The map y +— 61 * Ry is a bounded linear map from W, to X;: it is the pushforward
under z — 1 — z, which maps [1 — Ry, 1 + Ro] onto [—Rp, Ry] and preserves the size of
densities, and it at most doubles the weighted total variation by Lemma 12.7. The map
(t,v) = K;v is holomorphic from Q) x X, to Z,;: by Lemma 12.8, for h € C and y € X,,

| Keqn(v+p) = Kev — (97 )v — /CTP‘qu
S NKon = Ko = hoKe|| [V, + [Ken — Kol 1],

which is o(|h| + [|u[|x,). Composing with the holomorphic map P, of Lemma 12.10 and
with é; * R proves (i).
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For (ii), we have (Iv)(R) = 1 by Lemma 12.8(i), and Lemma 12.10 implies that
P,(KCrv) has mass one. The term k = 0 of (12.16) gives the atom e 741 of ®(v), and the
terms k > 1 are absolutely continuous.

Part (iii) follows from (12.18), the linearity of v — Kv, and the identity d; * R(p * ) =

(61 % Ru) * RB.

For (iv), Lemma 12.3(i) shows that v¢ is a probability measure with a density bounded
by H, on [—Rg, Ro] C (—3p/4,3p/4), and Lemma 12.3(ii) shows that its weighted total
variation is finite. Then vz € A;. The fixed point identity is (12.6), by the description of
® for real T given before the lemma. O

12.3 Invertibility of the linearization

Score polynomials

For real parameters, derivatives of the jump kernel in the input x and in the energy ¢ are
polynomials in the normalized jump u = |x||y|/T times the kernel itself. We use this in
the rest of the section.

Lemma 12.12. For all integers m,r > 0 there exists a polynomial Py, , of degree at most m + r
with integer coefficients such that the following holds. Let p > 1, & > 0, T = (&) = (p&) 2,
and let x,y € R with xy > 0. Then, with u = |x||y|/T,

0y 0z ke(zy (6 y) = x 7" P (1) k) (3 ). (12.21)

Proof. For fixed y # 0 and x of the sign of y, we have k(s (x;y) = G(u)/|y| with G(u) =
ue " and u = |x||y|p*¢?. Then dzu = 2u/g, dxu = u/x, and G'(u) = (1 —u)G(u)/u.
Suppose that 9y'0zk = x™"¢™"P(u)G(u)/|y| for a polynomial P. Then

O (x & "P(u)G(u)) = x "¢ "G (u) (—rP(u) + 2uP’(u) + 2(1 — u)P(u)),
O (x & TP(u)G(u)) = x "1 "G(u) (—mP(u) + uP'(u) + (1 — u)P(u)).
Both brackets are polynomials with integer coefficients whose degree exceeds that of P

by at most one. Starting from Pyp = 1 and using that d; and d; commute, we obtain
(12.21) by induction on m +r. O]

Lemma 12.13. Let g € (0,1) and let m,r > 0 be integers with m +r < 5. There exists C > 0,
depending only on m, r, q, and B, such that forall p > 1,¢ € &/, T = ©(&), and x # 0O:

@) [(1+[yl7) |03k (x;y)| dy < Clx| ™™ (1 + (7/]x])7);

(b) for t >0, 1o, (1+ [y|7) [03'0pkr(x;y) | dy < Clx| ™" (1 + (/|x|)7)e” /20

(€) fory # 0, 030k (x;y)| < Cla| " [y|~te~ MW/ (0,

(d) if m =0, then [ |07k (x;y)| dx < Cty =2 fory # 0.
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Proof. On the half-line {xy > 0} we substitute u = |x||y|/7, so that k-(x;y) dy = e"*du,
\y|7 = (tu/|x])9, and |y| k(x;y) = ue ™. By Lemma 12.12 and " < (2/¢_)", parts (a)
and (b) follow from
*© TuN9 —u q —ug/2 /oo qy,—u/2
/uo P () (1 (1) e du < (14 (m) )e [ 1P (1) (14 uT)e™ 2 du,

x|

with ug = 0 and ug = |x|t/7, respectively. Part (c) follows from |Py, ,(u)|k(x;y) =
ly| 7| Py, () ue™ < Cly|~le=*/2. For (d), we substitute x = Tu/y for x of the sign of y
and obtain [ |Py,(1)|k<(x;y) dx = ty=2 [ |Po (1) |ue™ du. O

The linearization at the principal law
For p > p1(E) and ¢ € &, let
£C = qu)f(g) (17(:), so that E@U’ = p17(: * RICT@)O' (1222)

by Lemma 12.11(iii),(iv). By Lemma 12.8(i), Zg maps Xg into itself. Let D ~ vz and
T ~ Exp(1) be independent. For ¢ € X, and bounded Borel ¢, by Fubini’s theorem we
have

/q)dzga - p/]E [o(D- ﬂ)} o(dx). (12.23)

X

Further, ZCO' is absolutely continuous, with density

dﬁcO’ -

—p / kex(z)o(dy),  kea(z) / ko) (x;d — 2) T dd). (12.24)
Here l_q:,x is the density of D — T/ x.

Lemma 12.14. Let p > p1(E) and ¢ € ', and let L = L4, .. For every real o € X9, we
have D1+9£§(T = L Dyg0. Consequently, for every o € XY, real or complex, the vector vz (o) =
(lollee [lollbe llollie) satisfies UC(ENCU) < Mpvg(0) entrywise, with My as in (12.10).

Proof. Let ¢ be bounded and Borel, and set ¢ = Dy 40. Let D = (1 + 6)D, which has
law v, . Using (12.23) with the test x — ¢@((1 + 0)x) and substituting b = (1 + 6)x, we
find

[ oa0r.ateo = p [E[o(p~ G e = p [ [o(0 FF)]o% a0

where we used (12.3) in the second equality. By (12.8) the right side is [ ¢ dLoB; the
measure P is real, has mass zero, does not charge zero, and x,c” has a bounded density,
as noted after Definition 12.4. This proves the identity. Since the components of Zércr
in the sense of Definition 12.4 are those of Lo?, the matrix inequality for real ¢ follows
from (12.10). Since Zg maps real measures to real measures, the complex case follows by
applying the real case to Rec and Im ¢ and adding. O
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In the next lemma and below we write L}I(G), for a Borel set G C R, for the space of
real functions on G with norm [ (1 + |z|7)|F(z)| dz. We also set

;149 _(1_@”5’:
q = — a = —2(1+q) . (12.25)

By Holder’s inequality with exponents ¢'/g and ¢’/ (¢’ — q), Lemma 12.3(ii),(iii), and
(14 |d|9)9/9 < 29/9(1 4 |d|7), we have

/SC<1 +1d|7) T (dd) < Ce(S)' 10 < Cem VP, (12.26)
4

sincel—q/q' =(1—¢q)/(1+7q).

Lemma 12.15. There exists C > 0, depending only on q and B, such that for all p > p1(E),
¢ €&, and o € Xy, writing ||o i = llollz + lollvg + lllig:

@ [1Leollgrv < Cpllolla

(ii) the density of Lo is bounded by Cp ||o||a; 0n [—Ro, Rol;

(i) fo, (1+1217) | £501(dz) < Cpe VP ([eg + 7]ig) + Cplllhg
(iv) for every v > 0, Nm(fg(f) < Cpe"?|o]|x,-
Proof. 1t suffices to consider real c. We decompose o = o + HEU' + Higa as in

Lemma 12.5, write Hga =gdx— ([ g)dx, and treat the three components separately.
Throughout, T = 7(&) < 4/(p&_)?. We use the following consequence of Lemma 12.13(a)
forx #0and s € R:

/(1 + [y ke () = ke(s;y) [ dy < |x —s] sup [ (14 |y|)[dckc(w;y)|dy,  (12.27)
we|x,s]
valid when the segment [x, s] does not contain zero, which follows from the fundamental
theorem of calculus in x and Tonelli’s theorem. The same inequality holds with the
weight and the domain of integration restricted to any Borel set of y, and after integrating
in d against vz with the shift y = d — z.

SteP 1. Weighted total variation. Let f(x) = k.(x;-) € L%(]R). By Lemma 12.13(a),
If(x)]] < Cand [[oxf(x)|| < C for |x| > 2p/9. By (12.27), f is Lipschitz with con-
stant at most C on S; C Jp and on each of S; N (0,00) and S; N (—0o0,0). If x,s € S; have
opposite signs, then |x —s| > 4p/9, and therefore ||f(x) — f(s)|| < 2C < (9C/(2p))|x —s]|.
We conclude that Lipg (f) < C. The density of K110 is the Bochner integral [ f dITio,
and Lemma 12.5(iv) implies that |[KC-I120 ;v < Cllo|loz and [|K AT o] rv < Clloliz
For the boundary component, Lemma 12.13(a) gives

p/2 B
| KTl rv < /_p/2 g(x)] C(1+[x|77) dx-l—C)/g‘ < Cllolloz
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since ¢ < 1 and [g| < 2|lo[jpz. By Lemma 12.7 and Lemma 12.3(ii), ||£~,;cr||q,TV <
p |Vellg v || Kro|l4,Tv, which proves (i).

StEP 2. Local density. Fix |z| < Rp and split the integral defining ks, (z) into d €
(—3p/4,3p/4), where V¢ has density at most H,, and the complement, where |d — z| >
3p/4 — Ry = p/8. For |x| > 2p/9, Lemma 12.8(i) and Lemma 12.13(a),(c) give

ke x(2)| + [0xkz x(2)| < Hp / (ke (x;y) + [0xke (x5 y)]) dy + | Tup (ke (x;y) + [0xke (x5 y)])
y|>p/8

< C(H, + e_sz).

As in Step 1, the scalar function x — kg ,(z) is then Lipschitz on Sc and bounded and
Lipschitz on S;, with constants at most C. By (12.24) and Lemma 12.5(iv), the core and
intermediate components contribute at most Cp(||c||.¢ + ||o[liz) to the density at z. For
the boundary component, the same splitting and Lemma 12.13(d) give

641') ’

p/2 _
[ 18 k(2 dx < gl (oHy + sup [ ke(i) dx) < glls (0Hy + 25
—p/2 lyl=p/8 e

and the compensating atom contributes | [ ¢|kz x.(z) < Cl|c||, ¢ This proves (ii).

StEP 3. Variation away from the core. Let f(x) = I_(glxloé € L}](Og). For |x| > 2p/9, we
have

N+ 10 () < [ Te(dd) [ (kelosy) + ke ()] 1 gayeoy (1-+ 14— y7) dy.

Ifd e Sgandd —y € O, then (1+0)|y| > r,/2 —r,/4, which gives |y| > r,/5; further,
|d| < 2 implies that 1+ |d — y|7 < 3(1+ |y|7). By Lemma 12.13(b), the part of the integral
with d € Sz is at most Ce—(20/9)rp/(107) < Ce="""* . For the part with d ¢ Sz, we bound
1+1]d—yl7 < (1+1d]7)(1+ |y|7) and use Lemma 12.13(a) and (12.26), which give at
most Ce”"1vVP. Arguing as in Step 1, f is Lipschitz on S, and bounded and Lipschitz on
S; with constants at most Ce”" VP, By Lemma 12.5(iv) with V = L}i((’)@r), the core and
intermediate components contribute at most Cpe VP (|| ||z + [|oliz) to the left side of
(iii). The boundary component contributes at most ||£~,§HEO’||,1,TV < Cpllo||p,¢ by Step 1.
This proves (iii).

Stepr 4. Comparison with the norm of X,. For real T we have ||[K.co|tv < ||| v, and
therefore ||Lzo|rv < pllo||Ty. Since sup, ke(x;y) = (e|y|)*~1, we have |kg,(z)| < Hp +
8/(ep) for all x # 0 and |z| < Ro. Then the density of Lo on [—Rg, Rg| is at most
Cpl|||ty. Part (iv) now follows from Lemma 12.5(iii). O
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Lemma 12.16. Let v = min{cy, ¢;} /4. There exists pr(E) > p1(E) such that forall p > pa(E),
Fe&, ando c Xg,

N, (Lz0) < 3Nz, (0). (12.28)
Consequently, there exists C, < oo such that ”ZEZHX2—>X2 < Cp27"foralln > 0,and I — Zg

has a bounded inverse on Xg, given by the norm-convergent series } > Zg
Proof. We set vg(0) = (c,b,i) and vg(zga) = (c/,V',i"). By Lemma 12.14,

N (Leo) = ¢+ eTPb + VP!
< (epc + Pyb + Ppi) + €77 (3y, e + epb + Jy, i)
+ evﬁ(éi,pc + Ppb + (8ip + 0, )i)
— ke + kp e"Pb + ki e7V7i,

where
ke =ep+ €8, + VP8, ky=Ppe ™+ g, + P 1P VD),
ki = Ppe VP 48, 8" P VP 15, 46

Since v < ¢,/4 and v < ci/4, every term is at most C/p or pAcole_’f\/ﬁ, and
max{ke, kp, ki} < 1/2 for p larger than a threshold depending only on E. This proves
(12.28).

By Lemma 12.15(i),(ii) and N, > | - ||cbi, we have || Zepe||x, < CpNg, (1) for p € X0,
For n > 2, this, (12.28), and Lemma 12.15(iv) give

I£30|x, < CpNg, (L3 o) < Cp2 "IN, (Lz0) < CPpPe P27 U2 |ox,.

The cases n = 0,1 follow from the boundedness of Zg on X, which holds by
Lemma 12.11(i). The Neumann series therefore converges in operator norm on the
Banach space X?, and its sum inverts I — L. O

Remark 12.17. The mixed seminorm N , is weaker than || - [|x,: it measures the core and
intermediate parts of a measure only through Lipschitz test functions. The operator Zg is
a contraction for the weak seminorm and maps it back into the strong norm, because its
kernel is smooth in the input variable away from zero. The proof above uses only these
two properties.

12.4 Analyticity of the principal law

We first show that the principal law depends continuously on ¢ in the norm of X,. This
is used to identify the analytic branch produced by the implicit function theorem with
the principal law.
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Lemma 12.18. Let p > p1(E). Then ¢ — Vg is continuous from E' to X,.

Proof. Let {, — ¢ in &, and write v, = Vg, v = Vg, Ty = 7(8y), and 19 = 7(¢). By
Lemma 12.11(iv), v, = 61 * RP,(Kqvy) and v = 01 * RP,(Kyv). Since Py: Z; — W,
is continuous and p +— 1 * Ry is bounded from W, to X, it suffices to show that
Kr,vn — Ky in Z;. We write

Kevn — Kqyv = (Kq, = Kop)vn + Ky (v — v).

By Lemma 12.3(i),(ii), sup,, [|va||x, < oo, and the first term tends to zero by the continuity
of T — K¢ in operator norm (Lemma 12.8(ii)).
For the second term, we note that Lemma 12.13(a),(c) with m € {0,1} and r = 0 give

ez (x5 )|z, < C(1+[x[79),

| | x| 1 (12.29)
kel ) —ke(s Mz < C e oy (U e o)

for x, s of the same sign, where T = 1y and we identify k;(x; -) with the measure it is the
density of. The second bound follows from the bounds for d,k; and the fundamental
theorem of calculus in x. Let ¢ > 0. Let 0 < § < Rpand M > 3, and let ¢: R — [0, 1] be
continuous with y =1 on {6 < |x| < M} and ¢ =0 on {|x| <é/2} U{|x| > 2M}. For
i € {v,v1,vy,...}, the first bound in (12.29), the density bound of Lemma 12.3(i), and
the tail bound (12.7) give
Ko (1= ), < C [, (141 77)Hydx +2Cu(Jx] > M) < CHye 1+ %

We fix 6 and M so that the right side is at most e. The Z;-valued function F(x) =
P(x)ky,(x; -) vanishes for [x| < ¢/2 and |x| > 2M and is uniformly continuous by (12.29).
Let 7 > 0 be such that [|F(x) — F(s)|z, < € for [x —s| <, and let (¢;)i< be a finite
family of continuous functions R — [0, 1], each supported in an interval of length less
than r containing a point x;, with } ; ¢; = 1 on the support of F and } ; ¢; < 1 everywhere.
Then |[F(x) — ¥ ¢i(x)F(x;)| z, < € for every x, and therefore

[n (=], = [ P, v, =2+ 2 IFGxi)lz, | [ ¢id(vn —v)].

The last sum tends to zero by the weak convergence v, — v (Lemma 12.3(iv)). We
conclude that limsup,, ||, (va —v)||z, < 4¢, and € was arbitrary. O

L
H

Theorem 12.19. Let E C (0, c0) be a compact interval. There exists pan(E) such that for every
q € (0,1) and p > pan(E) the following holds, with Ry = Ro(E) € (0,1/2) and X, as in
Definition 12.6.
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(i) For every & € &, the principal law v, ¢ /7 in the scaling g = 1/ E belongs to X,.
(ii) There exists an open interval I D E such that § v« Vg 5 is real-analytic from I to Xg.

Equivalently, E — v, g is real-analytic on \/pl, and T — v 12 1s real-analytic on

T(I).

(iii) For every o € E, there exist an open disc U C Q) centered at 19 = T(&o) and a holomorphic
map v(-): U — Ag such that ®(v(t)) = v(1) for T € U, and v(7(g)) = Vpz /P
whenever ¢ > 0and 7(¢) € U.

p,(pT)

Proof. Let pan(E) = p2(E), which does not depend on g. Part (i) is Lemma 12.11(iv). Fix
Go € &, set 19 = 7({o) and vy = Vg, and define

F:QxX2—>Xg, F(1,0) = 0 — O (vy + 0) + 1.

Since ®(vg + ) has mass one by Lemma 12.11(ii), F takes values in Xg. By
Lemma 12.11(i), F is holomorphic. Its partial derivatives are

D,E(t,0) = I — D,®(1p + o), D.F(1,0)h = —h p @+ (vg + ) * R(0:K¢) (vg + ),

where the second formula follows from (12.18) with m = 1 and the chain rule. These are
continuous functions of (7,¢) in operator norm: by Lemma 12.10, the map a +— DP,(«)
has a derivative that is bounded on bounded sets, which implies that it is locally Lipschitz
in operator norm, and T — K; and T — 9d:K; are continuous in operator norm by
Lemma 12.8(ii). We conclude that F is continuously Fréchet differentiable when (2 C C
is regarded as an open subset of R2. Further, F (70,0) = 0 by Lemma 12.11(iv), and
D,F(19,0) =1— Zéo is invertible on Xg by Lemma 12.16.

By the implicit function theorem in Banach spaces [60, Section 15], there exist an open
disc U C Q) centered at 19, an open neighborhood V of 0 in Xg, and a continuously
differentiable map ¢: U — V such that, for (t,0’) € U x V, we have F(t,0’) = 0 if
and only if ¢/ = ¢(7). The uniqueness in this pointwise form is part of the standard
proof, and it can be checked directly. Let A = DyF(79,0). By the continuity of D,F,
after replacing V by a small ball around 0 and then shrinking U so that o(U) C V,
we have || — A~'D,F(t,0')|| < 1/2 on U x V. By the mean value inequality, ¢/
o’ — A='F(t,0’) then has Lipschitz constant at most 1/2 on V for each T € U, so it has
at most one fixed point in V, and the zeros of F(t,-) in V are exactly its fixed points.
Shrinking U, we may assume that D,F(7,0 (7)) is invertible for T € U, since the invertible
operators form an open set. Differentiating the identity F(7,c (7)) = 0, we obtain

Do(t)h = —(D,F(t,0(1))) ' D:F(t,0(t))h, heC.

The right side is complex-linear in /, so ¢ is complex differentiable on U, that is, holo-
morphic. We set v(T) = vy + 0(T), which lies in A, and satisfies - (v(7)) = v(1).
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Since E C intZ/, Lemma 12.18 and the continuity of { — 7({) give # > 0 such that,
for all real ¢ with |¢ — o] < 77, we have { € &/, Uz — 19 € V, and 7(¢{) € U. For such
¢, we have F(7(¢),Vz — vp) = 0 by Lemma 12.11(iv), and the uniqueness in the implicit
function theorem gives vz = v(7(&)). This proves (iii), after shrinking U so that its real
points are of the form 7(¢) with |§ — &o| < 7.

By the power series expansion recalled at the beginning of Section 12.2, T +— v(7) is
real-analytic on U NTR. Since ¢ — T(¢) = (p&) 2 extends holomorphically to a complex
neighborhood of (0, ), the map ¢ — v(7(¢)) = Uz extends holomorphically to a complex
neighborhood of (o — 7, o + 77), and it is real-analytic there. The union of these intervals
over ¢y € E is an open set containing the compact interval &, and it contains an open
interval [ D E. This proves (ii); the reformulations in E = ¢,/p and in 7 hold because
& — ¢y/p and ¢ — T(¢) are real-analytic with real-analytic inverses on (0, ). O

Remark 12.20. The constants in the proof of Theorem 12.19 depend on p, for instance
through the factor €77 in Lemma 12.16, and the theorem gives no bound on the derivatives
that is uniform in p. Such bounds are proved in Section 12.6. By Theorem 12.19(ii), the
derivatives 8]617?"3 /p exist in X, for all j > 1; they are real measures of total mass zero,
since V¢ /5 i a probability measure for every real ¢, and they have no atoms, since the
atom e~ 71 does not depend on ¢.

12.5 Analyticity of the free energy at s = 1

The transfer operator in the scaling ¢ = 1/E

We use the transfer matrices M(b, B), the vectors vy, the projective maps f, g, and the
transfer operators Qs on C(IRP') of Definition 6.1. Let p > p1(E), ¢ € &, and E = &,/P.
By Corollary 11.23, the law 7t of D = B/g(E), where B ~ v, , is a real solution at E.
With the scaling ¢ = ¢(E), the law of gD = B is v, ¢ and the rate is Ky = p/0; this is the
B-normalization, and we write QF ;1 for the corresponding critical transfer operator. With
the scaling ¢’ = 1/E, the law of ¢'D = B is 7 and the rate is Ky = pE* = 1/7(Z). We
denote the corresponding critical transfer operator by @g:

(QeF)(x) = p [ T(dd) [~ —e P/7 M@, Byosl| F(fup(x)dp, T =T(2). (1230

©1
0

All dependence on ¢ is in the law vz and in the exponential density; the function F is
evaluated at real projective points. Since ¢’/¢ = (Eg)™!' = (1 +6)~!, we obtain from
Lemma 6.13(ii) that

Qr =0;,'Qr10;,  (O:F)(y) = ||Szoyll~"F(S¢ - y),

(12.31)
Se = diag((1+0)"% (1 +0)71/2),
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where ®; is a positive bounded operator on C(RP') with positive bounded in-
verse. At the level of matrices, this is the constant diagonal conjugacy M(B,0Y/p) =
Sg_lM(E, TY)Sg, which follows from (6.17) with ¢y = 1+ 6 and (12.3). In particular, the
two operators have the same spectrum and the same Perron-Frobenius eigenvalue, and
by Definition 6.14 this eigenvalue is the exponential of the free energy at E = ¢,/p and
s = 1, which we denote by A,(J).

The two scalings differ in one respect that matters here. In the B-normalization the
law v, g has its atom at 1+ 6(&), which moves with ¢, and this atom produces an atom
in the row of Qf 1 at x = 0: since ||M(b, B)vo||~ = BY/2(1+b?)~1/2 and fop(0) = 1/b,
the measure F +— (Qr1F)(0) has an atom at 1/ (1 + 6(&)) of mass pe PE[B!/2](1 + (1 +
0)2)~1/2, and it has no atom at 1/(1+ 8(&)) for & # ¢ Since & + 0(&) is strictly
monotone, ||Qz 51 — Qg /1l is bounded below by the mass of this atom, and ¢ —
Q¢ /pa is not norm-continuous; by Proposition 6.12, its third power is norm-continuous
(see also Remark 6.8). In the scaling ¢ = 1/E, the atom of V¢ is at 1 for every ¢, and we
show that ¢ — Qg itself is real-analytic in operator norm.

Analyticity of the critical growth rate

Proposition 12.21. Let & C (0,00) be compact, and let Z denote its convex hull. There exists

per(8) such that for every p > per(E) the following holds.

(i) Forevery & € E, Ap(Q) is the Perron—Frobenius eigenvalue of the critical transfer operator QC
in the scaling ¢ = 1/E, and of the critical transfer operator Qg s51 in the B-normalization.

(ii) The maps ¢ — Qg and ¢ — Qg Jp are cont/z’\nuous on E in thi operator norm of C(RIP1).
Moreover, there exists an open interval I O & such that § — Qg is real-analytic from I to
the bounded operators on C(IRIPY) with the operator norm.

(iii) The function ¢ +— A,(G) is real-analytic on 1. In particular, it is continuous on & and
real-analytic on the interior of E.

Proof. We may assume that E is an interval, and we set pe;(E) = pan(E). We fix g = 3/4
and apply Theorem 12.19 with this g. Let p > p(E).

StEP 1. Identification of A, and continuity. Part (i) for § € &' is the discussion after (12.30);
the hypotheses (6.1) hold for v, ¢ and vz by Lemma 6.13(i), since both are rescalings of
the real solution 7r. Next we apply Proposition 6.12 on the interval of energies ,/p &/,
with v = v, and K(E) = p/6. The map E — K(E) is continuous by Lemma 12.1,
E — v, is weakly continuous by (S1), and by the tail bound in (12.7), we have
SUPzez | \b|3/41/p,gﬁ( db) < oo, as in the proof of Lemma 12.3(ii). Since g0 = 3/4 > 1/2,
Proposition 6.12 shows that ¢ — Qg i is norm-continuous and ¢ ~— A,(¢) is continuous

on =’.
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SteP 2. Complex extension of the operator. Fix §o € E, let 19 = 1(&p), and let U and 7 — v(7)
be as in Theorem 12.19(iii). Shrinking U, we may assume that its radius is at most 7y/2.
Then for T € U, the number a(t) = Re(1/7) = Ret/|t|? lies in [2/(97),2/ 7], and
[T 1e=#/7| = (|t]a(t))'a(t)e~*DB. For a complex measure u € My, T € U, and a
bounded Borel function F on RPP!, define
(QUe R x) = p [ w(dd) [ Ze PR IM(@, Boal  E(fap(x) 4B,

By Lemma 6.5 with s = 1 and K = a(7), whose constant C; x is bounded for K in a
compact subset of (0,00), and by |d|'/2 < 1+ |d|4, this is a bounded operator on the
space B(RIP!) of bounded Borel functions with the supremum norm, and ||Q(u, 7)|| <
Cllullg v for T € U, where C depends on p and 1.

We claim that T +— Q(y, T) is holomorphic on U in the operator norm of B(RIP!),
with derivative given by the same formula with d-(t~'e7#/7) in place of T le F/T,
and that the first-order Taylor remainder at T in the direction & has norm at most
C|h[*||ptllq7v- To see this, write k = 1/7 and ex(B) = ke *F = 171e7P/T. The image of
U under T + 1/7 is a disc, on which Rex > 2/(971) and |x| < 2/71. Then |92¢,(B)| =
|(—2B + xp*)e ™| < Ca.e~*P with a, = 1/(97). Applying Lemma 6.5 with K = a,
to the remainder e, j, — e, — hdce, = h? fol(l — t) 9%e,,y, dt proves the claim, as in the
proof of Lemma 12.8. Since Q(y, ) is linear in u with [[Q(u, T)|| < Cllull41v, the
map (u,7) — Q(p, T) is holomorphic on M, x U: the first-order remainder at (y, T)
in the direction (y/,h) is Q(y/, T+ h) — Q(y/, T) plus the Taylor remainder in T at y,
whose norms are O(|h| ||/||57v) and O(|h|?). By Theorem 12.19(iii) and the inequality
|- llgv < II - Ix,, the map 7 +— Q(7) = Q(v(1), T) is holomorphic on U.

Next, Q(7) maps C(RP!) into itself. Let F € C(RP!) and x, — x in RIP!. Consider
the finite positive measure m(dd, d8) = |v(t)|(dd) |t "¢ #/T|dB and the functions
gn(d, B) = ||M(d, B)vx, || "' F(fa,8(xn)). For fixed (d, B) with p > 0, these converge to the
same expression g(d, B) at x, by the continuity noted after (6.3). By Lemma 6.5 with
s =5/4, we have [ |g,[%/*dm, < C||F||3/* [(1 + |d|*/®) |v(7)|(dd), which is finite and
independent of n because 5/8 < ¢q. Then (g,) is uniformly integrable with respect to ..
By Vitali’s convergence theorem, [ |g, — g| dm; — 0, which implies that (Q(7)F)(x,) —
(Q(7)F)(x). Since C(IRIP!) is a closed subspace of B(RIP!) and the difference quotients of
7+ Q(7) map C(RIP!) into itself, the restrictions to C(IRIP') form a holomorphic family
of bounded operators on C(RP'). For real T = 7(¢) € U, the identity v(t) = 7 gives
Q(7(¢)) = Q¢ As in the proof of Theorem 12.19, ¢ — QO is real-analytic in operator
norm near ¢o, and taking the union over ¢y € Z proves (ii).

StEP 3. Perturbation of the Perron—Frobenius eigenvalue. Let Ty = Q(19) = @50 and Ag =
Ap(Go). By Theorem 6.11(ii), applied to g, and the rate 1/7, the point Ay > 0 is an
eigenvalue of Ty whose Riesz projection Iy has rank one, it has an eigenfunction ¢; with
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min¢; > 0, and there exists rg < Ag with |z| < rg for every z € o(Tp) \ {Ao}. Since ¢,
is an eigenfunction, Ilyy = ;. Let ¢ be the functional F +— f F d/q, where /; is the
measure of Theorem 6.11(iii), so that ¢(IIpy1) = 1. Fix 6 € (0, (Ag —19)/3), and lete > 0
be given by Lemma 6.10 for Ty, po = Ao, 19, §, P = 1, and £. By Step 2, there exists an
open disc U; C U centered at 1y with [|Q(7) — Ty|| < € for T € U;. By Lemma 6.10(iii),
the function T — u(Q(7)) is holomorphic on Uj.

Let ¢ > 0 with 7(¢) € Uj. By Step 1 and Theorem 6.11(ii), A,(¢) is the spectral
radius of Q(7(&)) = @5 and belongs to its spectrum. By Lemma 6.10(), 1(Q(7(¢))) is
the unique point of maximal modulus in this spectrum, and we conclude that A,(g) =
1(Q(7(g))). Then A, coincides near ¢y with the composition of the holomorphic function
T — u(Q(7)) and the real-analytic function ¢ — 7(¢), and it is real-analytic near . The
union over {p € Z of these neighborhoods is an open set containing the compact interval
=, and it contains an open interval I’ D E. Replacing I by I N I’, which does not affect
(ii), we obtain (iii); continuity on & also follows from Step 1. O

Remark 12.22. By Proposition 12.21(iii), if A, — 1 does not vanish identically on the interval
I, then the equation A, (&) = 1 has only finitely many solutions in &. Section 14 proves
the stronger statement that it has exactly one solution in a suitable window when p is
large.

12.6 Quantitative derivative bounds

Statements

In this section, we bound the derivatives 0; = aéﬁg for 1 < j < 4, which exist in X, by
Theorem 12.19. The constants in these bounds are explicit in p. We proceed by induction
on j, as follows. Differentiating the fixed point equation vz = &DT@)(U@:) j times, we
obtain (I — ZC)O']' = R; (Lemma 12.26). The source R; is a sum of convolutions of the
principal law with at most j jump measures. Each jump measure is a derivative of the
jump kernel, integrated against the principal law or against a lower-order derivative. The
derivatives fall only on the exponential jump kernels, never on the principal law, and they
produce the polynomial factors of Lemma 12.12. We bound R; in three strong norms: the
weighted total variation, the density near zero, and the weighted variation away from
the core (Lemma 12.27). The last two bounds are exponentially small. Indeed, near zero
the principal law has an exponentially small density, and an output that leaves the core
from the strict core requires a large jump. Inverting the component matrix of (54), we
obtain bounds on the components of ¢; (Lemma 12.28), and the identity 0; = R; + Z,gaj
and Lemma 12.15 then give the strong norms of ¢;. Finally, we show that the core parts
of 01 and o, are of order p~! when tested against Lipschitz and C? functions, respectively.
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The reason is that each derivative of the kernel in ¢ or in the input variable costs a factor
0;7] < Cp~2 or T < Cp~2, while the prefactor is p.
We fix a function 7 € C2(R) with0 <y < 1,7 = 10on [-1/2,1/2], and suppy C
[—1,1], and set
(14+6)x — 1>
Tp
Then {z = 1 on R\ O, the support of {¢ is contained in {|(1+ 6)x — 1| < r,}, which

Re(x) = (1232)

lies in the interior of ]y, and |)€ék)| < Cr;k fork=1,2.

Definition 12.23. For a finite real measure ¢ on R, the smooth core norm is

ne(o) = sup{| [ zgde| : 9 € Co), 9(xe) =0, 16y + 19" oy < 1},
where Xz¢ is extended by zero outside Jp.

Proposition 12.24. Let E C (0, c0) be a compact interval and g € (0,1). There exist constants

A,a,C > 0and pger(E,9) > pan(E), depending only on E and q, such that for all p > pger(E, q)

and § € E the following holds. For j € {1,2,3,4}, the derivative g; = 8{;,17,[,,5 VP € Xg satisfies:
@) llojllgrv < p?;

(i) ||ojllbe < pAeP, and the density of oj on Z is bounded by pAe=P;

(iii) [|oj]lie < phe™VF;

(i) fo, (1+ [x]%) o] (cx) < pie=vP.

Further,

W) llotllee < C/p;
(vi) ng(o2) < C/p;
(vii) f(/)g(l + |x]7) Uz(dx) < Ce VP,

We choose the constants in the following order. We first fix & and q. The constants
of (51)—(S4) for the window Z’ are then given, and they depend only on E. Next, we set
a = min{ay, ¢y, ¢;}, with a1 from (12.25), and A = A4, where

Ap=0, A] = 4A]'_1 +Ast +3A0 +13 (1 <j<4); (12.33)

Finally, we choose p4er large depending on all of the above. In particular, A depends only
on Ag and A, and a depends only on g, ast, ¢p, and c;.

Corollary 12.25. Let E C (0,00) be a compact interval and let | C R be compact. There exist
A,a,C > 0 and prest(E, ]) such that for all p > piest(Z,]), € € E, j € {1,2}, and ¢ € C*(R)
supported in |,

. C B
o) < (5 +p e ) lglcs lgllc: = lglle t 19l + oo, (1234
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where B ~ vy 5, 50 that B = (1 + 0)B with B ~ Vpz /p- More generally, let I > E be an open
interval and let ¢: Iy x R — R be such that ¢ — ¢(¢,-) is twice continuously differentiable
from I to the space of C? functions supported in | with the norm || - || 2. Then, for j € {1,2},

. , i1 N
9:Ep(G, B) — E[(aé(P)(é,B)]’ < (% + pAe‘“W) Y (Z) |obp(&, )| (12.35)

i=0

We note that the support of the test function in Corollary 12.25 may be much larger
than the core region {|b — 1| < 2r,}. For instance, it may be a neighborhood of 1 of
radius 1/ log p, or any fixed compact set. We control the part of the test function outside
the core with the weighted variation bound in Proposition 12.24(iv).

The differentiated fixed point equation

For r > 0 we write IC(r) for the r-th derivative of ¢ — ICT(@ as a map into the bounded
operators from X to Z,; by Lemma 12.8(ii) and the chain rule, it is the integral operator

with kernel dzk(#) (x;y), and ICéO) = Kr(e)-

Lemma 12.26. Let p > pan(E), q € (0,1), and { € E, and write v = Vg and 0; = 8]('317(:. For
every j > 1, B
(I - L¢)o = R, (12.36)

where R; is a finite sum, over an index set depending only on j, of terms of the form

cpm v R iy - R (12.37)

in which c is a positive integer depending only on j and on the term, 1 <n <j,ri+---+r, <j,
and each p; belongs to {v,y,...,0j_1}. In particular,

R1 =pvx RICél)V,
Ry =pv=* RICé,z)v +pPv* RICél)v * R}Cél)v +2pv* RICél)al
+ 2p2 e RlCél)v * RICéO)Ul + pz Uk RKéO)Ul * R/Céo)(ﬁ.
Proof. Let I be the interval of Theorem 12.19(ii) and set F (¢, u) = &)r(g)(ﬂ) for¢ eI
and u € X;. The map F is infinitely differentiable, as the composition of the infinitely
differentiable maps ¢ — Ky (Lemma 12.8(ii)), (K, ) +— Kpu (bounded and bilinear),
P, (Lemma 12.10), and the bounded linear map y + J1 * Ru. The map v(§) = V¢ is

infinitely differentiable from I to X, by Theorem 12.19(ii), and v({) = F(¢,v($)) by
Lemma 12.11(iv). We claim that for j > 1,

L[F@Ev(@))] =Y crmjyin DR F (& v(@)) v, .., v0n)], (12.38)
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where the sumisoverr,m > 0and ji,...,jm > 1 withr+j; +-- -+ jm = j, the coefficients
are nonnegative integers, and the only term containing v'/) is the term (r,m, j;) = (0,1, ),
with coefficient one. For j = 1, this is the chain rule. If it holds for j, we differentiate each
term once more. By the chain rule, the derivative of the term indexed by (r,m, j1,. .., jm)
is the sum of the terms indexed by (r+1,m,j1,...,jm), by (r,m+1,j1,...,jm,1), and
by (r,m,j1,...,je+1,...,jm) for £ < m. All of them satisfy ¥+ Y j, = j+ 1. A term
containing vU*1) arises only from a term containing v/) by raising that index, which
proves the claim. Since 8]6[]:(5,1/(@))] = ojand D, F(¢,v) = Zg, (12.38) implies (12.36)
with R; equal to the sum of all other terms.
It remains to compute agD;T]:(C, W, - -, um) for fixed p, uy, ..., um. By (12.20),

DU F (@ mw)ps - pim] = p" F (G 1) * R}Céo)yl U R,Cémym_

: . 1
By (12.18) with m = 1 and the chain rule, 0z F (&, u) = p F (G, p) * RK! )y, and agng) =

g
/CgH). Since convolution is a bounded multilinear operation on M, the Leibniz rule

applies, and by induction on r we find that o;D}'F (¢, 1) [p1, .., pm] is a sum, with
positive integer coefficients depending only on r and m, of the terms

pm+”/ F(&, u)* RICérl)yl Ko x RIC( ’”)ym * RICé )y Koo % RICéS”')y,

withn' > 0,s1,...,5y >1,and r1 + - +ry+51+--+5y =r. At u =v we have
F(¢,v) = v. In each term of R;, the number of jump factors isn = m +n' <m+r <j,
and n > 1 because r +Y_j, = j > 1 forces m > 1 or r > 1. The inputs are v or ylie) = j,
with j, <j—1, since the only term with j, = j has been removed. The formulas for R;
and R, follow from the same computation. O

Estimates for selected jumps

For a finite real measure y on R whose restriction to Z is absolutely continuous with a
bounded density, we set

qb = ”,”Hq,TV + h(p).

d
h(p) = esssup| S (x)],  u

ez ‘ dx
By Lemma 12.3(i),(ii), we have h(vg) < Hp and ||vg|| 5 < C.
()

In this subsection, the notation K
real measures p with ||p|,; < oo.

also denotes its integral-kernel extension to finite

Lemma 12.27. There exists C > 0, depending only on q and &, such that the following holds
forp>p1(E)and € B Let 1 <n <4, letry,...,ry > 0withr +---+r, <4, and let
W1, - -, tn be finite real measures with ||p;||,y < oo. Let

T =7 e R e R i, TU=TTllge Zn = YA TT el
i=1 i=1 k#i
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Then T is absolutely continuous, and

| Tlgrv < CII, (12.39)
T
ess sup‘d—(z)‘ < C(H, + e P/C)1+Cxy, (12.40)
2|<R, | 92
/O (1+ |27)|T|(dz) < C(e~VP + /) 1+ Oy, (12.41)
¢

Proof. We abbreviate v = ¥z and 7 = 7(§) < 4(pé-)~2, and we let {i(y) =

f agkr(x;y) #i( dx) be the density of Kéri)yi. We first record three bounds on ¢;, which
follow from Lemma 12.13 with m = 0 after splitting the integral over x into x € Z, where
p; has density at most h(y;), and |x| > p/5:

[+ 116wl dy < € [+ (/1)) |l (dx) < Cllpllgz,  (1242)

esssup [(;(y)] < Ce "/ illrv + Ch(y), (12.43)
ly|>p/32
_7/
[ Iy ) dy < Ce "/ il + Chp). (12.49)
ly|=rp/20

For (12.42) we used Lemma 12.13(a) and [ |x|~7dx < co. For (12.43), the part with |x| >
/5 is bounded by Lemma 12.13(c), which gives C(32/p)e~(?/5)(¢/32)/(27) 'and the part
with x € Z by Lemma 12.13(d), which gives Ch(u;)t(32/p)?. For (12.44), the part with
x| > p/5 is bounded by Lemma 12.13(b), with exponent (p/5)(r,/20)/(27) > p”/4/C,
and the part with x € Z by Lemma 12.13(a).

The measure T is absolutely continuous since n > 1, with density z — [v(dd) G(d —
z), where G = {1 x - - - x £,,. The bound (12.39) follows from Lemma 12.7 and (12.42), since
HV”q,TV <C.

For (12.40), consider |z| < Ry. The part of the integral with d € (—3p/4,3p/4) is at
most Hy||G||;1 < Hp[T; ||4i]| ;1 < CHpIL For the remaining d, we have |d —z| > p/8. The
argument in the proof of Lemma 12.9 shows that for almost every w with |w| > p/8,

G(w)| < ) esssup [6i(y)| T [ 14l
i=1y|=|w|/n k#i

and |w|/n > p/32. By Fubini’s theorem, this bound holds at w = d — z for v-almost every
d and Lebesgue-almost every z. By (12.42) and (12.43), the remaining part is therefore at
most Ce™P"/CIT + CZ, for almost every z.
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For (12.41), we have
Jo, (#1207 1712
< [vta) [T (- Ty 0} (1+]a- Ll an - av
<

We use 1+ |d — Y, y;|7 < (1+|d|7)TL(1+ |y;|7). The part with d ¢ Sg is at most
C f35(1 + |d|7) v(dd) IT < Ce~VPI1 by (12.42) and (12.26). If d € Sz and d — ¥, y; € O,

then (1+0)| Y, yi| > rp/4, which gives |}, y;| > r,/5, and some |y;| > 1,/ (51n) > r,/20;
further, |d| < 2. The part with d € & is therefore at most

32/

which is at most Ce=?"*/CIT + CX, by (12.42) and (12.44). [

L+ [yDltiy)ld /1+ 7)6(y)| dy,
|>r,,/20 1) 14i(y)] }/;;[Z 1) [k (y) | dy

Inversion of the component matrix

Lemma 12.28. Let P > 1, ¢ € [0,1/4], and 6,,6; > 0 with P3(6, + &) < 1/16. Let
v = (ve, Vp, v;) and s = (s, sp, 5i) belong to [0,00)3 and satisfy, entrywise,

e P p
USMU—'—S/ M: éb & 5b .

6 P i+ dy
Then

Ve < 3s.+ 11P2(Sb + i),
v, < 635c + 4sp, + 25P25ys;,
v; < 6(6; + Pdy)sc + 4Psp, + 4s;.

Proof. The hypotheses give dy,, 8, Py, P, P25, < 1/16. Since e < 1/4, the second inequal-
ity gives
vp < 3(8pvc + Opvi + 5p) . (12.45)

Inserting this into the third inequality, we find that the coefficient of v; on the right side
is 4P%, /3 + 6; + &, < 1/4, and therefore

< i;(((si + 4P8y) v + 4Ps, + si) < 2(8; + P&, )ve + 2Psp, + 2s;. (12.46)
Inserting (12.46) into (12.45) and using 26; + 2Pé, < 1/4, we obtain

Vp < 20p0c + 25 + 30},5;- (12.47)
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Inserting (12.46) and (12.47) into the first inequality, the coefficient of v. on the right side
is € 4+ 2P8y, + 2P5; + 2P%6, < 5/8, and we find

30c < sc+ (2P + 2P?)sp, + (3P6, + 2P)s; < sc + 4P%sy, + 3Ps;,

which gives the bound for v.. Inserting it into (12.47) and (12.46), and using 22P2%5, < 2
and 22P%(5; + Pé&,) < 22P3(8; + &) < 2, we obtain the bounds for vy, and v;. O
Proof of the quantitative bounds

We use the following representation of the pairing of a test function with a selected
tensor. Let ¢ be bounded and Borel, let T be as in Lemma 12.27, and let D ~ 175 and
Ti,..., T, ~ Exp(1) be independent. By Fubini’s theorem,

/1pdT //G¢x1,.., yl(d) tn(dxy),
AR e )

i=1

(12.48)
Gy(x1,..., %) = 0y}

7

M=:=nn=¢

where the law of D is held fixed when differentiating in 7;. To justify (12.48), write
the expectation as [ Vz(dd) [ ¢(d — L yi) ITik-(y,) (xi;yi) dy and differentiate under the
integral sign; this is allowed because, by Lemma 12.12, for 5; in a compact neigh-
borhood of ¢ in (0,00) the functions |0} kr(,(x;;)| are dominated by a fixed in-
tegrable function of y;. In particular, |Gy| < ||1/J||00Hif|agkr(xi;y)|dy < Cll¢]leo
for all x1,...,x, # 0, since the substitution u = |x||y|/T and Lemma 12.12 give
J10pk(x;y)[dy = ¢ Jo~ |Po(u)|e™" du, which does not depend on x. If € C? with
bounded derivatives, we may also differentiate under the expectation in (12.48) when the
total differentiation order is at most two.

Proof of Proposition 12.24. Fix E and ¢, and let a2 and Ay, ..., A4 be as in (12.33). Through-
out the proof, p > pger, Where pger > pan(E) is large enough for the finitely many
conditions stated below, each of which depends only on =5, ¢, and the constants of (S1)-
(S4). Fix ¢ € E and write v = Vg, T = 7(¢), O = Og, and || - ||c, || - ||, || - [|i for the norms
of Definition 12.4. Recall that |8§T| < Cp~2 for k < 4 by Lemma 12.1.

StEP 1. Small quantities. Since a < a1 < ast, a < ¢, and a < ¢j, we have

HP < pAst+1e*ﬂP/ 5b,p S pAcole*”p, 51/’7 S pAcolefa\/?’ 67”1\/? S eia\/ﬁl

and for p large, e~P/C L o—p7t/C <e %, e, <1/4,and PS(&b,p +dip) < 1/16, so that
Lemma 12.28 applies to M. Part (vii) follows from (12.26), since O C Sg.
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StEP 2. Induction hypothesis. For k € {0,...,4}, let H(k) denote the statement that (i)—(iv)
hold for 1 < j < k with A replaced by A;. The statement H(0) is empty. Letj € {1,...,4}
and assume H(j —1). We claim that every u € {v,01,...,0;_1} satisfies

Iptllgs < ph1™h, h(u) < phistAsHemap, (12.49)

For p = v, this follows from |[|v|,, < C < p and h(v) < Hp. For u = o; with k < j,
Lemma 12.5(ii) and H(j — 1) give h(0;) < 2[jox/ls < 2p4e~ and |oy,; < 3p™, and
Ap < Aj g,

Step 3. Bounds on the source. By Lemma 12.26, R; is a sum of a number of terms depending

only on j, each of the form cp"T with ¢ depending only on j, n < 4, and T as in

Lemma 12.27 with inputs among v, oy, . . ., oj-1. By (12.49), the quantities of Lemma 12.27

satisfy I < p4Af*1+4 and ¥ < 4p4Af*1+AS*+4e_”P . Using Lemma 12.27, Step 1, and p" <

p*, and absorbing the constants into one power of p, we find, with Bi =4A; 1+ Ast + 10,

B; dR; Bj ,—a Bj ,—a
IRilgrv < p%,  esssup|L()| < plle, [ (14 (217 [Ryl(dz) < ple P,
' <Ry | 42 o

(12.50)

The measure R; = (I — L¢)oj belongs to Xg and is real, so Lemma 12.5(iii) applies and
gives

IRille <p%, IRl < pPe=,  |IRy[l; < 2p"ie VP (12.51)

Step 4. Components of 0j. By (12.36), 0; = Egaj + R;. The triangle inequality for each
component norm and Lemma 12.14 show that the finite vector v = (||oj|lc, |||, [|7jli)
satisfies v < M,v + s, with s the vector of components of R;. By Lemma 12.28, (12.51),
and Step 1, we obtain for p large

lojlle < pP, loglly < pPitidetlemar, oy < pPitPAatle VP (1252)

7

For instance, the second bound follows from 6(5b,ppr + 4pre_“P + 50P§5b,pp3fe_“ﬁ <
Bj+3AC01+1 —ap
p e P,
Step 5. Strong norms of 0. By 0j = Egaj + R;j, Lemma 12.15(i), (12.50), and (12.52),
lojllgrv < PP+ Cp(llgjllc + llojlly + llejlli) < pPit34et = p4.

By Lemma 12.15(iii), we have similarly
L+ 1219 g5l (dz) < pPie= VP + Cpe VP (il + ) + Clloy b < pie 7.

By (12.52) and Bj 4+ 3Aq + 1 = A; — 2, we have |||, < p?ie™" and ||oj||; < pie V7,
and by Lemma 12.5(ii) the density of o; on Z is at most 2||c;|, < p2ie=aP. This proves
H(j). By induction, H(4) holds, and (i)—(iv) follow with A = Ay, since A; < Ay.



12 Analyticity of the principal solution and bounds on its derivatives §12.6 275

STEP 6. The core norm of the first derivative. Let ¢ be a test function in the definition of || - ||.
in (S2), thatis, ¢(1) = 0 and Lip(¢) < 1, and set (x) = xc((1 4+ 60)x)p((1 + 6)x). Then
[ @dILRY = [ dR;. Since |@| < 2r, on supp xc and |x.| < Cr;l, we have ||¢||e < 27y
and Lip(y) < C. By Lemma 12.26 and (12.48),

X

/wde - p/G(x)v(dx), G(x) =9, Eyp(D - M) ’17:@'

The function y + E¢(D — t(y)T/x) is Lipschitz with constant at most
Lip(y) sup |T'| E[T]/|x| < C/(p?|x]), and its derivative satisfies |G(x)| < C/(p?|x|). For
x € Z we use instead |G(x)| < Cl|¢p||ec < Crp. Hence

‘/lPde‘ < P(pS—r():z+C1’pl/(Z)) < %‘i‘cpi’pHp,

and taking the supremum over ¢ gives ||Ry||c < C/p for p large. By Lemma 12.28,
(12.51), and Step 1, we conclude that [|o1/[c < 3||Rq[[c + 11P;([|R1[lp + [[R1lli) < C/p,
which proves (v).

SteP 7. Smooth contraction. Let ¢ be a test function in Definition 12.23 and let ¢ = {z¢.
On the support of £z we have |x — xg| < 1, and since ¢(xz) = 0 and |¢’'| < 1, this implies

that [¢| < r, there. Together with | Xék)| <Cr, K, this gives
9l <rp 9l <C "l < Cr (12.53)

Let ¢ € X{ be real. By (12.23), [ydLzo = p [ Gdo, where G(x) = Eg(D — tT/x).
Since 0(R) = 0, we have

/ldeC(T: P/?EC(G—G(X{:)) dU+P/(1—)E€)(G—G(x§)) do.

The function 1 — % vanishes outside O and |G| < 1. Then the second term is at most
2pry|o|(O). On Jo, where x > 1/4, we may differentiate under the expectation, and

¢ =y (0-T) %),

~ TT) T2T2
X

G"(x) =]E[¢//<D—— =

£ ~ TT) TT]'

—21[7'<D——

x / x3

By (12.53) and 7 < Cp~2 < 1, we have [|G'|| 1« (j) + [|G”[| () < CT < Cp~2. Since the
function G — G(x;) vanishes at xz, it is Cp~2 times a test function in Definition 12.23, and
the first term is at most C p‘lng(a). Taking the supremum over ¢, we obtain

TlC(ZCO') < %1’16(0') —|—2p1’p|0'|(0). (12.54)

StEP 8. The smooth core norm of the second source. Let ¢ be as in Step 7. We bound the
pairing of ¢ with each of the five terms of R, in Lemma 12.26, using (12.48) and (12.53).
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We split v = v|z + v|zc where needed; the part v|z has mass at most pH), and since
|Gy| < Crp in all cases, every term in which some input equal to v is replaced by v|z
contributes at most Cp?r,Hy (1 + ||o1||1v)?, which is at most Cp~!. For the derivative
o1, we use the decomposition o7 = I1¢0y + 8, where ¢ = (1 — xc((1+6)-))oq + MO,
and me = [ xc((1+0)x)o1(dx) = — [(1 — xc((1+0)x)) 01(dx). Since 1 — x.((1+6)-)
vanishes outside O, by (iv) we have ||®|tv < 2|o1[(O) < 2pAe "VP. By Step 6 and
Lemma 12.5(iv), integration against Hgal is bounded by C/p times the Lipschitz constant
of the test function on S.; this measure is carried by S, C Jp.

The term pv RICéz)v. For |x| > p/5, we have

X

Gy =By (S w0 e SCC—:+|T”|) <

where the argument of ¢ and ¢ is D — TT/x. The pairing is therefore at most Cp~!
The term p?>v * RICél)v * RICél)v. For |xi|,[x2] > p/5, we have Gy(xi,x2) =
T2 E[¢"(-)T1To/ (x1x2)], which gives |Gy| < CT’zrgl < Cp~15/%, The pairing is at most
Cp~7/4.
The term 2p v x R/Cél)(?'l. Here Gy(x) = —T'E[p'(D — tT/x)T/x], and for x € ],
TT?

T/]E[IIJH(-)—:S—IIJ/ ”<C|T’|< +1>

X

Gl ()| = <

By Lemma 12.5(iv), | [ Gy dI1¢o1| < Cp~2||oy]lc < Cp~3,and | [ Gy dd| < Cr,||8]|1y. The
pairing is at most Cp~2 + Cprpple *V?.

TheN term 2]921/ * RlCél)v * RICéO)(Tl. After removing v|z, the pairing is
2p? [ G(x2) 01(dxz), where

Cla) == /|x1>p/5IE [¢/ <5 - T_T2> E]V( dx).

For x, € Jo, we have |G/(x;)| < C|7'|tr,! < Cp~15/%, and |G| < Cr, everywhere. As
in the previous term, the pairing is at most 2p?(Cp~/4||o1||c + Crp||8|rv) < Cp~11/4 +
Cp*Arpe VP,

The term p? v * RICéO)Ul * RICéO)Ul. Here Gy(x1,x2) = Ep(D — tT1/x1 — TTa/x,), and
for X1,X2 € ]0/

T 1)

2

91,2, Gy (x1, %2)| = [ [9(-) 5
X1

} ‘ < Ct2r —1 < Cp_15/4

We expand o7 ® 07 using 07 = Hgal + 9. For the term Hgal ® Hgal, let F(xp) =
fG¢(x1,x2)H§al(dx1) for x, € S.. Applying Lemma 12.5(iv) to x; — Gy(x1,x2) —
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Gy (x1, %), whose Lipschitz constant on the interval S is at most Cp~15/4|x, — x5, we
find Lipg (F) <C p~15/4|l01||c. Applying Lemma 12.5(iv) again, the double integral is at
most Cp~1%/4| 01 ||2 < Cp=23/%. The remaining three terms each contain a factor ¢, and
since |Gy| < rp and ||H§<71||TV < 2|oy]jtv < 2p4, they are at most Crpp?||d||ry. The
pairing is at most Cp~15/4 4 Cp?t24r,e VP,

Adding the five bounds and taking the supremum over @, we obtain nz(Ry) < C/p
for p large.

Step 9. Conclusion. The quantity ng(0y) is finite, since |{z¢| < r,. By (12.36), Step 8,
(12.54), and (iv),
~ c C
ng(02) < ng(Ra) +ng(Leoz) < » + » ng(oa) + 2prppe VP,
For p large we have C/p < 1/2, and (vi) follows. This completes the proof. O

Proof of Corollary 12.25. We apply Proposition 12.24 with ¢ = 1/2, and we let A,a,C be
its constants and p > pger(E,1/2). Let Mj = max,¢j |b|. We first record two bounds for
a finite real measure o € Xg and ¢ € E. If f is bounded and Lipschitz, then

[ fdo| < Lip(F) Il + 21 el (Op), (12.55)
and if f € C? is bounded, then
[ o] < (1 iy + 1 s ne(@) + 20 fllelol (@), (1256)

For (12.55), we write [ fdo = [(f — f(xg)) do, which holds because o(R) = 0, and split
it with the cutoff x.((1+0)-). The first part equals [(f — f(x¢)) dITéo, because f — f (x¢)
vanishes at xz, and it is bounded by Lemma 12.5(iv). The second part is supported in O¢.
The proof of (12.56) is the same, with £ in place of x.((1+ 6)-) and Definition 12.23 in
place of Lemma 12.5(iv).

Let ¢ € C?*(R) be supported in J. By Definition 122, E¢(B) = [ ¢((
0(¢))x) Vz(dx). The map { — v is infinitely differentiable into X, by Theorem 12.19, and
hence in total variation. The map # — @((1+60(7))-) is twice continuously differentiable
into the bounded functions with the supremum norm, with derivatives 6’ (17)x¢’((1+ 6)x)
and 0" (n)x¢' (14 0)x) + 0'(7)2x%¢" ((1 + 0)x); this uses that ¢’ and ¢ are uniformly
continuous and that |x| < M on the support of these functions. By the product rule for
the bounded bilinear pairing between bounded functions and finite measures, we obtain

J:E¢(B /(p9d01+9 /x(p (14 6)x) v#(dx),
8% ¢(B =/(p9dc72+26 /xgo (1+6)x) oy (dx)

(0750 (14 0)x) + 622" (1 +6)2) 7 (dx),
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where @g(x) = ¢((1+6)x). We have quék)Hoo < (9/8)K1¢"W || for k < 2, and the
function x — x¢'((1+ 0)x) is bounded by Mj||¢'||c and Lipschitz with constant at
most [|¢’||ec +2Mj||¢"||co- By (12.55) and Proposition 12.24(iv),(v), we have | [ ¢gdoq| <
(C/p+2p2e™™VP)| ¢l c2; by (12.56) and Proposition 12.24(iv),(vi), the same bound holds
for | [ g dos|; by (12.55), | [ x¢'((1+4 0)x) 51 (dx)| < Cj||@|/c2- The remaining terms are
bounded by C;(|0'| + 16" 4+ 6”)||¢|lc2= < Cjp||¢||c2 by Lemma 12.1. This proves (12.34).

For (12.35), let ¥(1,0) = [ ¢(1, (1 +6({))x) Vz(dx). By the assumption on ¢ and the

argument above, ¥ is twice continuously differentiable near (¢, ¢), and

. PN
dE¢(¢, B) = ;O (ﬁ) 9,07 "Y(¢,0).
The term i = j is E[(9,¢) (8, B)]. For i < j, the term 9, "¥(Z,) at { = ¢ is the (j — i)-th
derivative of IEg(B) for the fixed test g = aé (¢, -), which is supported in ], and (12.34)
bounds it by (C/p + pe "VF)||g||c2. This proves (12.35). O



SECTION 13

Asymptotics of the free energy

Let v, g be the principal solution constructed in Section 11, and recall that for ¢ > 0 we
write Ap(§) = exp ¢¢ (1), where @ is the free energy of v, g (Definition 6.14). The
goal of this section is to prove the following two results. The first identifies the leading
behavior of A, on compact scaled windows. The second shows that the free energy at
s = 1 is negative at all sufficiently large energies.

Theorem 13.1. Fix a compact set & C (0,00). Then

Ap(E) — %

Here A,(¢) is defined for p > po(minE), the threshold of Corollary 11.23 (on the
window, Vpep is the law of Theorem 11.21), and p, = VT/2.

lim su
pee §EIE)

Proposition 13.2. Let My be the numerical constant of Corollary 11.23. There exist a numerical
constant Mext > Mo and a numerical threshold pext > 1 such that, for every p > pext and every
E > Mext\/p, the principal solution v, g satisfies

¢e(1) < @e(1—1/logp) < —log?2. (13.1)

Theorem 13.1 is used in Section 14 to locate the critical energy, and Proposition 13.2 is
used in Sections 14 and 16 to show that the free energy at s = 1 has no zero at energies
above the scaled windows.

We now explain how the proofs go. Both rest on one expansion of the free energy.
For s < 1, Proposition 6.27 expresses ¢r(s) as the exponential growth rate of the path
moments @y (s). In Section 13.1 we write @[ (s) through the iterates of a normalized
operator Ty, ., which differs from the operator A; of Definition 6.1 by an explicit scalar
aps(¢). We find that ¢p(s) = loga,s(¢) + logrys(&), where 7,5(¢) is the exponential
growth rate of the normalized iterates. As s 1 1, the scalar a,s(&) converges to p./ap(5),
and a,(¢) — & as p — oo. It therefore suffices to show that r,5(¢) = 1+ 0(1) for s close
to one, uniformly in ¢ € &.

The lower bound 7,5(¢) > 1 —0(1) is elementary. Since the principal law concentrates
near one, a test function supported near one is a subsolution for T;,s,g (Section 13.4).
The upper bound is the main work. There are two parts of the state space on which
the normalized operator has growth close to one. The first is the core, near x = 1. The
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second is the tail, where x is of order K = p?a,(¢)?. There a state x produces a state of
the same order when the side variable B nearly cancels the term Tsx/K, and at s = 1
the expected weight of such near-cancellations is also close to one. We cover the real
line by six regions (Definition 13.14), estimate the norm of every block of the operator
between two regions (Proposition 13.17), and show that every closed chain of blocks other
than the two diagonal blocks of the core and the tail has a small product. A diagonal
balancing of the resulting six-by-six matrix (Lemma 13.23) then produces a supersolution
with eigenvalue 1+ o(1).

The same construction applies, with uniform constants, at energies E > M,/p for
large M, if the exponent is s, = 1 — 1/ log p. This choice keeps p' ~*» = e bounded, and
it replaces the losses of order log K in the capped integrals by losses of order log p; this
matters because K is unbounded at such energies. Since the scalar Xp,s, is small there, the
free energy at s, is negative, and Proposition 13.2 follows from the monotonicity of the
free energy on (0, 1].

13.1 The normalized transfer operator

Throughout this section, p > 1 and E > 2. We use the normalizations of Definition 5.2:

_VE2 _
g(E) = #, 0=g(E)?>, K= g. (13.2)
When E = ¢,/p, we also write
2 _
1, (2) L _CEVETYP that K= pPap(@2 (133)

~ /P8Eyp) 2

Let 7t be a real solution at energy E (Definition 5.1), let D have law 7, and let v be the
law of B = ¢(E)D. Since ¢(E)E = 1+ 6 and g(E)? = 6, the law v solves

N v,

BL1+o- % Y gf, N ~ Pois(p), Y;~ Exp(1), (13.4)

j=1 °j
with all variables on the right side independent. Conversely, if a probability measure v
on R\ {0} solves (13.4), then the law of B/g(E) is a real solution at E. We denote by v*
the law of X = B~!. In the notation of Lemma 6.13 and Lemma 6.23(ii), v is the law Vg
with ¢ = ¢(E), the rate Kg = p/g* equals K, and v* is the law 73, the variable p = Y/p
with Y ~ Exp(1) equals Y/K. By Lemma 6.13(i), v satisfies (6.1).

Definition 13.3. For s € (0,2), set s = I'(1 +s/2) and let T; be a random variable with

density
ts/zeft
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Let B ~ v and Ts be independent. For x € RR, set

Tox
D,=B-— % Yy = DL (13.6)

For a measurable function F: R — [0, o0], define

(T*F)(x) = |x|°E[F(Yx)], x € R, (13.7)
and, for E = /P, set
aps(§) = p'psap(g) > (13.8)
When v = v, is the principal solution, we write Tp 5 for T*.

The variable Yy is defined almost surely. Indeed, for x # 0 the variable Dy has a
density because Ts has one and is independent of B, and for x = 0 we have Dy = B,
which has no atom at zero because 7t is a law on R \ {0}. We also write e;(x) = |x|°.

Lemma 13.4. Let 7t be a real solution at E = ¢ VP > 2, and let v, v* be as above. Let As be the
transfer operator in the x-coordinate of Definition 6.1(vi), defined with the law v and the rate K.
For every s € (0,2) and every Borel F: R — [0, 00|, we have

AsF = a,5(8) T°F. (13.9)

Moreover, for s € (0,1) and L > 1, the path moment of Definition 6.24 satisfies

®p(s;E) = g(E)Sa,,,s(g)L/(T*)LeS av*, (13.10)
the limit
rns = lim (/(T*)Les dvx)l/L (13.11)
L—o0
exists in (0, 00), and
(Pn(s) = log “p,s(g) +logrrs. (13.12)

Proof. Let Y ~ Exp(1). For every measurable G > 0, the definition of w; gives

E[Y*/2G(Y / v/ ) dy = pis /Oows(y)G(y) dy = s E[G(T,)].  (13.13)

By Definition 6.1(iii) and (vi) with B = Y /K, we have

(AF)(x) = pE[ () WFE((B—25) )] = oK/ i B [F(v)),

where in the second equality we conditioned on B and applied (13.13). By (13.3), we have
pK="2us = p (pap(€)) *us = aps(&), which proves (13.9). Iterating (13.9) and inserting
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it into the definition ®1(s;E) = ¢° [ .Agg)LeS dr; of Definition 6.24 with ¢ = ¢(E), for

which Agg) = As and 715 = v¥, we obtain (13.10).

Let s € (0,1). By Proposition 6.27(iii), the law v and the rate K satisfy the hypotheses
of Proposition 6.27, namely (6.1) and the fractional cancellation estimate (6.25) for some
q € (s,1). Part (i) of that proposition gives C > 1 with

C ()t < / Ale,dv* < CA(s)E,  L>1,

where A(s) is the Perron-Frobenius eigenvalue of Theorem 6.11 for v and K. By Defini-
tion 6.14(iii), A(s) = e?=(*). Dividing by a, (&)’ and using (13.9), we find

C’1< ¥ (s) )L < /(T*)Les dvt < C<ﬂ(5))>L-

“P,S(C) “p,s(g
Taking L-th roots, we conclude that the limit in (13.11) exists, equals e?7() /a,5(&) €
(0,00), and satisfies (13.12). O

When 7 is the principal solution at E = &,/p, that is, the law of B/g(E) under v, g,
we write 7ps(¢) = r7,s. Then (13.12) reads @g(s) = logap,s(8) +logrp,s($).

Remark 13.5. By Remark 6.25 and Proposition 8.3, @ (s; E) is the expected generation-
L sum of the s-th powers of the formal inverse column. In this interpretation each
generation contributes the factor p from the Mecke formula, the factor p~5/2Y*/2 from
|he|*, and the factor ¢(E)* from the normalization B = g(E)D. The tilt Y*/? turns the
exponential mark into T;, and the remaining scalar is a,s(&) = p'~*/2u,¢(E)*, which
agrees with (13.8) because g(E) = (,/pap(&)) . We do not use this interpretation below.

Lemma 13.6. Let 7t be a real solution at E = ¢,/p > 2. Then p; = I'(3/2) = ps, the limit
limgy 77,5 exists, and
. He .
1) =1 =——=1 . 13.14
exp q)ﬂ( ) ;ﬁl (Xp/S (é) rT(,S ﬂp(c:,() 5’111:{1 7’7'(,5 ( )
Proof. For a standard complex Gaussian w, the variable |w|? is exponential with mean
one. Then

pie = Blw| = /0 y'2eVdy =T(3/2) =y,

and T'(3/2) =T(1/2)/2 = \/7/2. By Theorem 6.11(ii) and (iv), s — A(s) is positive and
real-analytic on (0,2). In particular, ¢(s) = logA(s) is continuous at s = 1 (see also
Proposition 6.15(i)). Using (13.12), we have «,5(¢)rrs = exp ¢r(s) — exp ¢(1) ass 1 1.
Since T is continuous, as(¢) — u1a,(&) "' = p./ay(¢) > 0. Dividing, we conclude that
rr,s converges as s T 1 and that (13.14) holds. O
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By Lemma 13.6, the proof of Theorem 13.1 reduces to showing that limg r7s =
1+ 0(1) for the principal solution, uniformly on the window. The rest of this section is
devoted to two-sided bounds on 7.

13.2 Inputs from the principal solution

We use the following properties of the principal solution from Section 11. Let qcan =
(1,0,1,1/16) be the canonical tuple of Definition 11.8, and for 6 > 0 let Sy = Gp,g(qcan)
be the corresponding class. Every v € &, 4 has the form e™7d;¢ + f(b) db and satisfies
the core, boundary and tail bounds of Definition 11.8 with (4, A,K’,p) = (1,0,1,1/16):

v({b:|b—1] > p V4}) <e VP, (13.15)
f(b) <e P foralmostevery b € (—1/16,1/16), (13.16)

-p
v({b:|b] > L}) < eT e P, L>3. (13.17)

By Corollary 11.23, with the numerical constants My = 3 and cent = 1, we have g(E)? <
cent/p for E > My,/p, and for every ¢y > 0 there exists po(5p) such that for every
p > po(Go) and E > o, /p the following hold: the principal solution v, is the unique
fixed point of the law map in &, 4(g), where 0(E) = ¢(E)?; it is the law of Theorem 11.21
if E < (Mo +1),/p, and the fixed point of Proposition 11.22 with 6 = 6(E) if E > My,/p;
and the law of B/g(E) under v, is a real solution at E. In particular, for p > po(&o), the
bounds (13.15)—(13.17) hold for v, ¢ with numerical constants, uniformly in E > o./p-
On compact scaled windows, part (iii) of Theorem 11.21 gives the same bounds with
halved right sides, and part (v) gives the real-solution property.

We do not use the other properties of Theorem 11.21, Proposition 11.22, and Corol-
lary 11.23. To treat both regimes at once, we isolate the inequalities used below.

Definition 13.7. Let ¢ = (co, Ao, Ko, po, ¢+, C+) be constants with Ay > 0, po € (0,1/2],
and cg, Ko, cx,C« > 0,and let p > 3. For K > 1and s € (0,1), set

ks =1 +min{1og1<, - i S}. (13.18)

A triple (v,K,s), consisting of a Borel probability measure v on IR, a number K > 1 and
an exponent s, is c-admissible at p if the following hold.

(A1) v({b:|b—1| > p~1/4}) < e VP

(A2) The restriction of v to [—py, po] has a density bounded by pAoe=0P.
(A3) v({b: |b] > L}) < Kop?oe=0PL~1 4 ¢=%PL for every L > 3.

(A4) K > c,p?.

(A5) 3/4 <s < 1land lgs; < Cilogp.
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Conditions (A1)—(A3) are the core bound, the boundary density bound and the tail
bound. In the scaled windows, (A5) holds for all s because log K < 3logp. At large
energies K is unbounded, and (A5) is obtained from the term (1 —s) ' ats =1—1/logp.

Lemma 13.8. The following statements hold.

(i) Fix a compact set & C (0,00) and write _ = min E, ¢, = max E. There exist constants
¢z and a threshold pg > po(C—) such that for every p > pz, ¢ € Eand s € [3/4,1), the
triple (vyz 5, P2ap(8)?,5) is cg-admissible at p.

(i) Let M > Mg and s, = 1 —1/log p. There exist numerical constants cex; such that for every
p > max{po(M),e*} and every E > M. /P, the triple (v, £, p/8(E)? sp) is cext-admissible
at p.

Proof. For (i), we take
pz = max{3, po(¢_), 16¢=2, e}, = =(1,0,1,1/32,¢%/4,3).

Conditions (A1)~(A3) follow from (13.15)~(13.17), since ¢/p > ¢ /p and p > po(¢-);
for (A2) we used that the density bound on (—1/16,1/16) implies the same bound on
[—1/32,1/32], and that v}, ¢ has no atom there. Since p > 1652, we have &2 — 4/p >0,
and (13.3) gives ¢/2 < a,(&) < ¢. Then K = p?a,(¢)? satisfies ¢2 p?/4 < K < &3 p?,
which gives (A4) and K > 1, and

lgs <1+4+logK <1+2logp+2logl+ <3logp,

where the last inequality holds because p > e &2 . This proves (A5).

For (ii), we take cext = (1,0,1,1/32,1,2). Conditions (A1)—-(A3) hold as in (i), since
E > M,/p and p > po(M). Since M > 3, we have 6 = g(E)?> < 4/E*> < 4/(9p) < 1/p,
and K = p/6 > p*. Since p > e*, we have s, > 3/4, and lxs, < 1+ (1 —sp)7" =
1+logp <2logp. O

Conventions. In Sections 13.3-13.6 and 13.8, the constants ¢ are fixed, and (v, K, s) is
c-admissible at p. Unless stated otherwise, C and c denote positive constants depending
only on ¢, and p; denotes a threshold depending only on ¢; we increase p; finitely many
times, and each time we say which condition it must satisfy. We write ¢ = /g ;. We set
=[]

* 1100”100/
and we always take p; so large that p1_1/4 <1/100. Then {b: x(b) =0} C {b:|b—1| >
p~1/4) for p > py, and (A1) gives

v({b: x(b) =0}) < e VP (13.20)

X =1, (13.19)

For x € R we write m = |x|/K and ¢ = sgnx (with ¢ = 1 if x = 0), so that D, =
B — omTs.
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13.3 Elementary estimates
We begin with properties of the tilted variable Ts.

Lemma 13.9. Let s € [3/4,1]. Then the following statements hold.
(i) 0.88 < us <1, and for every t > 0,

ws(t) <265/2e7 <265/2,  wy(t) <2712, (13.21)

(i) For every T > 0, we have P(Ts < 1) < 2T'7/2 and P(Ty > 1) < 4e~ /2.
(i) E[T5] = T(1—s/2)/T(1+s/2) < 3.
(iv) Forb >0, u > 0and d < b, we have

s/
ws(u(b—d)) = ws(ub) (1 — é) 2e“‘i. (13.22)
b
(v) For b > 0, we have
e 1-s _ F(Z — 5/2) s—2
/() u ws(ub) du = m b , (1323)

and there exists a numerical constant Cr such that T (2 —s/2)/T(1+s/2) <1+ Cr(1—5s).

Proof. On (0,00) the function I is positive with minimum larger than 0.88, and it is
log-convex with I'(1) = I'(2) = 1; log-convexity implies that I' < 1 on [1,2]. Since
1+s/2 € [1,2], this implies 0.88 < p; < 1. The first bound in (13.21) follows from
1/us < 2. For the second, if t+ < 1 then /2=t < ¢7*/2, and if t > 1 then t*/2¢~ <
t1/2e=t/2=t/2 < ¢=1/2¢=1/2 pecause t — t'/2¢7*/? is decreasing on [1,0). In both cases
ws(t) < 2072,

For (ii), we integrate the two bounds in (13.21) and find P(T; < 7) < fOT 215/24¢ <
2t15/2and P(T; > 1) < [ 2e71/2dt = 4e~ /2.

For (iii), we have E[T,*] = p;! [7t~/2e7!dt = I'(1 —s/2)/ps. Since 1 —s/2 €
[1/2,5/8] and T is decreasing on (0,1], we have I'(1 —s/2) < I'(1/2) = /«, and
J/77/0.88 < 3.

Identity (13.22) follows from the definition (13.5), since (u(b —d))*/? = (ub)*/?(1
d/b)s/Z and e—u(b—d) — e—ubeud.

For (v), the substitution w = ub gives

0 bs 2 3 ( _5/2)
1— 1— s/2 w
/0 uws(ub) d / v dw T(1+s/2) "

The function s — I'(2 —s/2)/T(1+s/2) is smooth on [3/4,1] and equals one at s = 1.
The mean value theorem then implies the last claim, with Cr the maximum of the absolute
value of its derivative on [3/4,1]. O
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We next introduce the capped weight. For K > 1 and s € (0,1), set

Kyl S

o(y) = W

Then v(d~!) = Mg(d) for d # 0; we extend v by v(d00) = K = My(0). The weight v
agrees with |y|® up to a factor two when |y| < K, and it is capped at K® for larger |y|. The
following estimate controls the integral of My near its peak; the term min{logK, (1 —
s)71} in fg s comes from it.

Lemma 13.10. Let K > 1and s € (0,1). Then
Tmin{|y|>, K°} < v(y) < min{|y[°,K°}, Mk (d) < min{K®, |d|"°}. (13.25)
Moreover, for every interval I C R of length at most two,

/ M (d) dd < 20k . (13.26)
I

Proof. The bounds (13.25) follow from max{K®, |y|°} < K°+ |y|° < 2max{K5, |y|°} and
from 1+ K%|d|® > max{1, K®|d|*}.

Since Mk is even and nonincreasing in |d|, its integral over an interval of length at
most two is at most its integral over [—1,1]. Substituting w = K|d|, we have

1_Ks—1
1—s °

1 K
/ M (d) dd = 21<S—1/ dw
-1

K
< s—1 / -5 — s—1
s ST [ e dw) =2k 2

We have K*~1 < 1. Writing KS~! = e with y = (1 —s)logK > 0 and using 1 — e~V <
min{1,y}, we find (1 — K*~1)/(1 —s) < min{(1 —s)~!,logK}. This proves (13.26). [

The next lemma bounds the contribution of side variables outside I.. It is the only
place where the boundary density bound and the tail bound are used. Since such
contributions occur in every block below, we state it for all x € R.

Lemma 13.11. There exist Cy and py, depending only on ¢, such that for p > py and every

x €R,
X
1 ’—
(1+]%

This uses (A1), (A2) and (A3).

VE[(1 - x(B) Mx(Dy)] < Ciy te™ V. (13.27)

Proof. Recall that D, = B — omT,; with m = |x|/K. We consider the cases m < 1 and
m > 1 separately. In both cases we use (13.20).

STEP 1. The case m < 1. We claim that

E[(1— x(B))Mgk(Dy)] < 2p“oe=0P 4 8¢p e 0V?. (13.28)
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Since 1+ m® < 2, this implies (13.27) for m < 1 after enlarging p; so that pAoe_COP <
e~OVP,

We first bound the contribution of |B| < py, dropping the factor 1 — x(B). Fix t > 0.
By (A2) and (13.26) applied to the interval [—po, po] — omt of length 2p9 < 1,

/ Mg (b — omt) v(db) < pAoe=¢op /Po Mg (b — omt) db < 20pAoe=%P,

[=po.0] —po

Since T is independent of B, we may integrate this bound over the law of T; (Tonelli’s
theorem), and we find E[Mg(Dy); |B| < po] < 2¢pAoe=0P.

Next fix b with |b| > pg. We show that E[Mg (b —omTs)] < 8¢/pg. If m =0 or cb < 0,
then |b — omT;s| > |b| > po, so Mx(b —omTs) < py° < p,* by (13.25). Suppose m > 0
and ob > 0, so that [b — omT;| = ||b| — mTs|. On the event ||b] — mTs| > po/2, we have
Mg < (po/2)7° < 2p61. On its complement Ts > (|b| — po/2)/m > po/(2m). Changing
variables from f to d = |b| — mt, and using (13.21) and (13.26), we obtain

bl — mTs| < po/2] = — bl —d
Y

E[Mk (b — omTy); e /2ws( —
=00

)MK(d) dd

< 123—90/(4"1) < 1_6£

m ~ epo
In the last inequality we used that m~1e=P/(4") < 4/(epy) for all m > 0. Adding the two
parts, we have E[Mg (b — omT;)] < (2+16/e)lp, ' < 8(p, !, since £ > 1. Integrating this
bound against (1 — x(b))1{jp|>,}v(db), whose total mass is at most e~ V7 by (13.20),
and adding the contribution of |B| < py, we obtain (13.28).

StEP 2. A conditional bound for m > 1. Let m > 1, fix b € R and write T = |b|. We claim
that

(1+m*) E[Mg(b — omTs)] < 80(1+1)2 +12 4+ 12m° min{1, (t/m)'*/2}.  (13.29)

We write d = b — omTs and split according to the events {|d| < 1}, {|d| > 1, T; > 2t/m}
and {|d| > 1, Ts < 2t/m}.

On {|d| < 1}, we change variables from t to d = b — omt, which has Jacobian 1/m;
the corresponding value of t is o(b —d)/m < (T +1)/m. Using the first bound in (13.21)
and (13.26), we find

1 o(b—d
E[Mx(@yld <1 = f w(%
< E(T—l—l
—m m

On {T; > 2t/m}, we have |d| > mT; —t > mT;/2, and (13.25) implies that Mg(d) <

(mTs/2)~°. By Lemma 13.9(iii), the contribution of this event is at most 2m °E|[T, *] <

)MK(d) dd

s/2
) 20 < A0mYS2(1 4 1) V2,
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6m=°. On {|d| > 1, Ts < 2t/m}, we have Mk(d) < 1, and by Lemma 13.9(ii) the
contribution is at most min{1,2(27/m)'**/2} < min{1,6(t/m)'**/2}. Multiplying the
sum of the three contributions by 1 4+ m*® < 2m® and using m*/2=1 <1, we obtain (13.29).

SteP 3. Two tail integrals. We record two consequences of (A3). For g € (0,2] and M > 3,
we have by the layer cake formula that

M
/ b7 v(db) < 37v({|b] > 3}) +/ gL~ y({|b] > L})dL. (13.30)
(3<|b|<M} 3
We enlarge p; so that cop > 1, which implies e~ 0Pl < e=%Pel~L for [ > 1. Inserting
(A3) and this bound into (13.30), and using e~ 7 < pAoe~%P, we obtain, for g = 1/2 and
M=o, and forg=1+s/2and M =m >3,

bl 2v(db) < Cpoer, [ b[1+/2y(db) < Cpoe=0P(1 4 me/?).
J oy 1112000 < Cpoe oy [F120(0) < Cpoem P (1)

(13.31)
For the second bound we used [;" L/271dL < (2/s)m*/2.

STEP 4. The case m > 1. We integrate (13.29) against vi,,(db) = (1 — x(b))v(db). By
(13.20) and the first bound in (13.31),
/(86(1 + [B)Y2 + 12) vige (db) < (160 + 12)e VP + 16¢ o 1b[1/20( db)
b|>3
< Cé(e_coﬁ + pAOe_COP).

For the last term in (13.29), we split the range of b into {|b| < 3}, {3 < |b| < m} and
{|b| > max{3,m}}. On the first set, min{1, (|b|/m)'*5/2} < (3/m)'*5/2, and (13.20)
bounds its contribution by 12 - 33/2p5/2=1e=c0\/P < 63¢7 VP, On the second set, which is
empty unless m > 3, the second bound in (13.31) bounds the contribution by

12mSm~175/2 Cpoe=0P (1 + m®/2) < 24C pAoe=%F,
since m*~1 < 1. On the third set, (A3) bounds the contribution by

KOPAOef(:Op

12m®
" ( max{3,m}

+ e—CoPmaX{3/m}> < 12K0pAOe_C0p 1 36 30P < CpAoe—CoP.

Here we used m® < max{3,m}, and that y — ye “P¥ is decreasing on [3,c0) because
cop > 1. Adding these bounds, and enlarging p; so that pAoe=“F < ¢=%V?, we conclude
that (13.27) holds for m > 1. This completes the proof. O

We now introduce the profile that defines the similarity on the tail region. For u > 0,
set
0s(u) =E[x(B) ws(uB)],  ¢s(u) =u'"as(u). (13.32)
In the tail region, we will see that the function x — K°¢s(K/x) is an approximate
eigenfunction of T* with eigenvalue K51 fooo Ps.
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Lemma 13.12. There exists py, depending only on ¢, such that for p > p; the following hold.
(i) For every u > 0,

ITmin{1,u}*4e™3/2 < ¢s(u) < (1+u’)¢s(u) < 5. (13.33)
(i) We have
/000 s (1) du < min{ (1+Cr(1—s))(1+4p /%), 2}. (13.34)
This uses (Al).

Proof. For the lower bound in (i), we restrict the expectation defining ¢; to the event
{|B — 1] < p~*}, which is contained in {x(B) = 1} and has probability at least 1/2
by (A1), after enlarging p; so that e=%v? < 1/2. For b € [1/2,3/2] we have ws(ub) >
(ub)*/2e7"b > (u/2)%/2e734/2, because us < 1. If u < 2 then (u/2)*/? > (u/2)V?,
and if u > 2 then (u/2)*/2 > 1. This gives os(u) > 273/?2min{1,u}!/2¢73*/2, Since
u'=% > min{1,u}/* for s > 3/4, the lower bound in (13.33) follows.

For the upper bound, (13.21) and x = 1;, give os(u) < supbeI*Z(ub)s/ze’”b <
2(1.01u)*/2e=994 If u < 1, then (14 u®)u'S0s(u) < 2-2-1.01 < 5. If u > 1, then
(1+ u®)u'S0s(u) < 4.04u3/2e709% < 5, since u3/2e799%" < 1 for all u > 0.

For (ii), Tonelli’s theorem and (13.23) give

/000 ¢s(u) du = % E[x(B)B*2].

On {|B—1| < p7V*}, we have B°2 < (1 —p~/4)72 < 1+ 3p~1/4, because p~/* <
1/100. On {x(B) = 1,|B — 1| > p~1/4}, we have B*~2 < 0.9972 < 1.03, and this event
has probability at most e V7 by (A1). Then E[x(B)B*?] < 1+ 3p~1/4 4-1.03e V7 <
1+ 4p~1/4 after enlarging p;. Together with Lemma 13.9(v), this proves the first bound in
(13.34). For the second, we have I'(2 —s/2) < 1and I'(1 +s/2) > 0.88 by Lemma 13.9(i),
and E[x(B)B*2] < 0.99°"2 < 1.03 because B > 0.99 on {x(B) = 1}. Then the left side of
(13.34) is at most 1.03/0.88 < 2. ]

13.4 The lower bound

The lower bound uses only the concentration of B near one: a function supported near
one is a subsolution for T*.

Lemma 13.13. There exists p1, depending only on c, such that the following holds for p > p.
Let 7t be a real solution at E = ¢,/p > 2, let v be the law of ¢(E)D, and suppose that (v,K,s) is
c-admissible at p, where K = p/g(E)?. Then

rus >1—2p 174, (13.35)
This uses (A1) and (A4).
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Proof. Let S = [1/2,2] and f(x) = |x|*15(x). Fix x € S, and consider the event
G={|B-1<p V) n{r, <K'

On G, we have 0 < Tyx/K < 2K~/2and Dy € [1 — p~ /4 —2K~1/2,1 4 p~1/4]. By (A4),
we have 2K~1/2 < 2¢,1/2p=1 < p=V/* after enlarging p;. On G, this gives D, € [1 —
2p~ V4,1 4+ p~1/4 € [1/2,2]. In particular, Yy € Sand |Yy|* > (1 +p /%) >1 - p /4
on G. By (Al) and Lemma 13.9(ii),

P(G) < e VP +4e VK2 < p~ /4,
after enlarging p; and using (A4). We conclude that for x € S,
(T')(x) = [P E[V2f15(Yx)] = [xP(1 = p7VHP(G) = (1-2p7VH)f ().

For x ¢ S, we have f(x) = 0 < (T*f)(x). Therefore T*f > (1 —2p~'/4)f on R. Since T*
is positive and es > f, we have by induction that (T*)ke; > (T*)Lf > (1 —2p~V/4)Lf for
every L > 1. Integrating against v*, we obtain

[ esav = (1—2p V4L [ravt, [ fav = E[BI B €8] > Ju(s) =

7

M=

where we used that X = B~! € S if and only if B € S, and that v(S) > 1 — e VP >1/2
by (Al). Taking L-th roots, letting L — co and using (13.11), we conclude that (13.35)
holds. l

13.5 Six regions and the block matrix

For the upper bound, we conjugate T* by the capped weight v of (13.24). For a measurable
function F: R — [0, c0], or a bounded measurable F, define

(L)) = (1+ ‘%(S) E[Mg(Dy)F(Yy)], x€R. (13.36)
Since v(Yy) = Mg(Dy) and v(x)(1 + |x/K|*) = |x|°, we have
T*(vF) =vLF (13.37)

for every measurable F > 0; at x = 0 both sides vanish. The point of the cap is that
Mg < K®: a single step of L is finite even when Dy is close to zero. The price is the
logarithmic factor ¢ in (13.26).

We now cover the real line by six regions. For a state x > 0 we use the reciprocal
coordinate u = K/x, and for x < 0 we write x = —K/u. The two scales of the construction
are

R=logp, u.=p . (13.38)

We always take p; so large that R > 2 and R? < K for p > py; this is possible by (A4).
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Definition 13.14. Let ¥ = {c,t,0,+, +00, —}. The regions are the sets

SC = [%/2]/ SO = [_R/R] \ SC/ S_ = (—OO,—R),
S: = (RK/R), Si=[K/R K/i,],  Sie = (K/ts,00).

We call S. the core region, S; the tail region, Sy the bounded region, S, the intermediate
region, S the supertail region, and S_ the negative region. The labels c and t are
recurrent, and the other four labels are transient. The similarity functions are r; =1 on S;
for i # t, and

re(x) = (1+u®)ps(u), u=K/x, x€S&;. (13.39)

Since 2 < R and R < K/R, the regions are pairwise disjoint and their union is RR.
In the reciprocal coordinate, x € S, if and only if u € (R,K/R), x € S; if and only if
u € [uy, R}, and x € S; if and only if u € (0,u,). For x € S_ we have u € (0,K/R). By
Lemma 13.12(i), for p > py,

1p™4 <n(x) <5  xeSy (13.40)

for the lower bound we used min{1, 1}3/4¢~34/2 > 3/4¢=3R/2 — )=9/4 for y € [u,, R]. In
particular, 1/ infg, r; < 3p°/* and supg, 1; < 5 for every i € €.
The tail similarity is chosen so that, for y = K/w > 0 with w > 0,

S

- 1+ ws

o(y) (1+w’)¢s(w) (14 w”)ps(w) = K:¢s(w). (13.41)

In the tail region the weight v ry is therefore the profile x — K°¢s(K/x).

Definition 13.15. For i,j € ¢ and x € §;, set

aij(x) = ri(x)_l (L(T’jlsj)) (x), 111']' = sup aij(x) & [O, OO] (13.42)

X€ES;
We call a;; the block norm from i to j, and A = (al-]-)i,je%p the block matrix; the current
region indexes the row and the future region indexes the column. Since L is positive,
aj is the norm, on bounded Borel functions with the supremum norm, of the operator

g — ri_lL(rjlsjq)|5i. We split a;i(x) = a;:°(x) + agr(x), where the regular part a?fg(x)

if
is defined as a;;(x) with the factor x(B) inserted in the expectation in (13.36), and the
irregular part agr(x) with the factor 1 — x(B) inserted.

A vector d with positive entries and Ad < Ad entrywise gives a supersolution for T*,
and a supersolution bounds the growth rate.

Lemma 13.16. Suppose that a;; < oo for all i,j € ¢, and that there exist A > 0 and d; > 0,
i €€, with
Y aid; < Adj, i€¥E. (13.43)
je€?



13 Asymptotics of the free energy 13.6 Block estimates 292

Then the function h = v} ;e d;iri1g, satisfies T*h < Ah on R. If moreover v is the law of g(E)D
for a real solution tat E = {\/p > 2and K = p/g(E)?, then rps < A.

Proof. Let w = Y d]-rjls]., so that i = vw. For x € §;, by the definition of 4;; we have

(Lw)(x) =) d;(L(rils)) (x) < ri(x) Y ayd; < Adjri(x) = Aw(x).
j j
By (13.37), T*h = vLw < Avw = Ah.
For the second claim, we use the fractional cancellation estimate (6.25) with g = s,
which holds for the law v of g(E)D by Proposition 5.5; the variable T; in (6.25) with g = s

is our Ts. Then there exists a constant C; < co with E|B — omTs|™° < Cymin{1,m °}
forallm > 0and o € {—1,1}. With m = |x|/K and (13.25), this gives

Wmin

(Tes)(x) = |x|°E|Dy|™° < Crmin{|x|*, K’} <2Crv(x) <

h(x),

where Wmin = min; d;infs, r; > 0 by (13.40). By positivity and induction, (T*)fe; <
ZCHwI;ﬁlnAL_lh for L > 1. Further, h < Wmax? < Wmaxes With wmax = max; d; supg, i, and

[ es dv¥ = E|B|™® < oo by Lemma 6.13(i). Then

2CrWmax

/(T*)Les dv* < E|B|-SAL1,

min

and taking L-th roots in (13.11), we conclude that r; s < A. O

13.6 Block estimates

In this section we bound every block norm. We first collect the result; the proofs, one row
of the block matrix at a time, follow. Recall that ¢ = {x ; and R = log p, u. = p~ . Set

ex = 40Ke VK2 Ei =15CN Lp®/te VP, (13.44)
where Cy is the constant of Lemma 13.11.

Proposition 13.17. There exist a numerical constant C and a threshold p, depending only on ¢
such that, for p > py, the block norms satisfy a;; < a;; for all i,j € €, where the matrix A = (a;;)
is given in Table 13.1.

Before the proof, we explain the structure of Table 13.1. The quantities ex and Ej,
decay faster than every power of p by (A4) and (A5), while the factors ¢/ < Cilogp
and the large entries 3p'%! and 4p are at most polynomial. From a bounded state, the
output is in the core unless T; is larger than v/K, which explains the entries ex. From an
intermediate state, an output outside the core requires Ts of order u > R, which costs
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Current region i Future region j Bound 7;;

C C 1+4p~1/4

cor0 j#c ek + Eirr

0 or + C 4

+ j#c Cilp™ "% + Ein
+o00 C 8]9*1/2 + Eipr

400 0 14 + Eiyy

400 t, +, +oo, — 80¢p~1/2 + Eiyy

— cor( 6 + Ejr

- t, +, 400, — Eirr

t t K 1eR*/K(1 4 Cr(1—5)) (1 4+ 4p~V4) + Eirr
t c 3p1 9 + Eipy

t 0 2p2log p +4p + Eine
t +, 400, — 120 + Ejpr

Table 13.1. Bounds on the block norms a;; for c-admissible data and p > p;. The quantities ex and
Ei; are defined in (13.44). The two recurrent diagonal entries are close to one (the tail entry for s
close to one); the only transient blocks of order one are +c0 — 0 and — — 0, and both end in the
bounded region, whose exits other than to the core are bounded by ex + Ej.

e R = p~¢. From a supertail state x = K/u with u < u,, the term T;/u is typically very
large and the output is a small negative number in the bounded region; other outputs
require T; < 1 and cost a power of u,. From a negative state, the output 1/ (B + T|x|/K)
is bounded and positive. From a tail state, the output is again in the tail with weight
close to the profile mass K*~! [ ¢, and the exits from the tail can be large but are at most

polynomial in p.
Proof of Proposition 13.17. By Lemma 13.11, (13.25) and (13.40), for all i,j € ¢ and x € §;,

. Supg. 7j X
1rr ]
a;j (x) < infs, 7; (1—|— ‘—

S)]E[(l — x(B))Mk(Dx)] < 5-3p°/*- Cnle VP = Eyy,.

(13.45)
It therefore suffices to bound the regular parts, except in the entries without Ej, in
Table 13.1, which we bound directly. The bounds for the rows ¢ and 0 are Lemma 13.18,
for the row + Lemma 13.19, for the row +oco Lemma 13.20, for the row — Lemma 13.21,
and for the row t Lemma 13.22. In the row t we used R = logp and u, = p~! to
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write 3¢!01R = 3p101 and 2ReR/2 4 4u; ! = 2p'/?1log p + 4p, and in the row + we wrote
e R/5 = p=1/5, O

Lemma 13.18. For p > p; the following hold.
(i) dce <1+ 4p~ V4
(ii) agc < 4.
(iii) Fori € {c,0},j # cand x € S;, we have a?fg(x) < ek.
This uses (A1) and (A4).

Proof. Let x € ScUSy = [-R,R], so that m = |x|/K < R/K < 1land 1+m° < 2. We
have r;(x) = 1. For Yy € S., we have Mg (Dy) = v(Yx) < |Yx|® < 2 by (13.25), and since
14+m° <2,

a,-c(x) = (1 + ms) E [MK(DX)]-SC(YX)} S 4.
This proves (ii).

For (i), let x € S. and let G be the event of the proof of Lemma 13.13. On G we
showed that D, € [1 —2p~1/4,2], which implies Mg (Dy) < |Dy|™5 < (1 —2p~ /471 <
1+3p~ /4 On G we use Mg(Dy)1s.(Yy) < 2 and P(G°) < e VP + 4e=VEK/2_ Since
m<2/Kands >3/4, wehavel+m* <1+ (2/K)3/4. Then

fec(x) < (14 (2/K)P4) (1 +3p~ /4 1+ 260V 4 8o~ VR/2) < 14 4p~ 1/,

after enlarging p; and using (A4).

For (iii), suppose that x(B) =1 and T; < VK. Then |Tsx/K| < R/VK < 1/100 after
enlarging p;. It follows that D, € [98/100,102/100] and Yy € S.. We conclude that
{x(B) =1, Yx ¢ Sc} C {Ts > VK}. Using Mg < K® <K, rj <5 and Lemma 13.9(i), for
j # ¢ we obtain

a¥(x) < (1+m) 5K P(Ty > VK) <2-5K-4eVK/2 =g 0

In the remaining rows we use the following change of variables. Let u > 0, b > 0, and
let F > 0 be measurable. Substituting d = b — t/u, so that t = u(b —d) and dt = udd,
we have

IE[F(b—E)] _ /Ooows(t)F(b—f) dt — u/b ws(u(b—d))F(d)dd.  (13.46)

u u —o0

For x = K/u > 0 and B = b, the variable b — T /u is D,.

Lemma 13.19. There exist a numerical constant C and p; such that for p > p; the following
hold.

(i) A4c <4



13 Asymptotics of the free energy 13.6 Block estimates 295

(ii) Forj # cand x € S, we have af]g(x) < CyleR/5,

Proof. Let x € Sy and u = K/x € (R,K/R),sothatm = u=! <1, 1+m® <2 and
r+(x) = 1. Part (i) follows as in the proof of Lemma 13.18(ii).

For (ii), fix b € I,. Since D, = b — Ts/u < b < 101/100 < 2, the event Y, ¢ S forces
Dy < 1/2,hence Ts > u(b —1/2) > 0.49u. Using r; < 5, we have

”rf]g(x) < 10sup E[Mk(b — Ts/u); Ts > 0.49u].
bel,

On the event {|b — T, /u| < 1}, we use (13.46), the bound ws(t) < 2¢~*/2 for t > 0.49u,
and (13.26):

1
E[Mk(b— Ts/u); Ts > 0.49u, |b— Ts/u| < 1] < u-2e” 0204 / Mi/(d) dd < 40 ue 0241,
-1

On the complement, Mg < 1, and Lemma 13.9(ii) implies that this part is at most
P(T; > 0.49u) < 4e~ 0244 Adding, we find arj]fg(x) < 400(1 4 u)e 025 < C pe /5 <

Cle R/5 with C,. = 40 sup,~o(1+ u)e~0-045u, 0

Lemma 13.20. For p > pj and x € S, the following hold.
(i) a8 (x) < 8ul/?

+o00,C

(i) a5 (x) < 14.

(iii) For j € {t, +, +oco, —}, we have arffo/j(x) < 800ul’?.

Proof. Let x € Sy and u = K/x € (0,us), so that m = u~!, 1 +m* < 2u~° and
"+eo(x) = 1. Fix b € I,; we bound the conditional expectation given B = b, uniformly in
b.

For (i), Yx € Sc requires Dy > 1/2, hence Ts < u(b—1/2) < u. Since Mg (Dy) < 2
on {Yy € Sc}, Lemma 13.9(ii) gives arffolc(x) < 2u=s.2.2ults/2 = 8yl=s/2 < 81’2 since
u<land1l-—s/2>1/2.

For (ii), Yy € Sp implies |Yy| < R, thatis |[Dyx| > 1/R, equivalently |ub — T;| > u/R.
By (13.25),

(14+m*)Mg(Dy) < (A+u®)|b—Ts/u|™* = (1+u)|ub— Ts|° < 2|ub — Ts|°.

On {Ts > 2ub}, we have |ub — T;| > Ts/2, and Lemma 13.9(iii) bounds the contribution
by 2-2-3 =12. On {T; < 2ub}, we have T; < 3u and w;s(T;) < 2(3u)*/2, and the variable
z = |ub — T;| ranges over [u/R, ub], each value being attained at most twice. Then

ub
E[2|ub — Ts|™5; Ts < 2ub, |ub— Ts| > u/R] <2-2(3u)*/?-2 z°dz
u/R

< 24u'~5/210g(2R),
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where we used fu”/bR z75dz < (ub)!~*log(bR) and b < 2. Since u < u, = p~!, we have
24u'=5/21og(2R) < 24p~'/2log(2log p) < 2 after enlarging p;. This proves (ii).

For (iii), Yy € S; with j € {t, 4, 400, —} implies |Yyx| > R, that is |D| < 1/R. Using
r; < 5, (13.46), the bound w;(u(b — d)) < 2(2u)*/? for |d| < 1/R (since u(b —d) < 2u),
and (13.26), we obtain

a' (x) <2ut.5.u / 2(2u)*/2 M (d) dd
/] |d|<1/R

<2u~S-5-u-4u¥? 20 = 800u'~5/? < 80¢ul/?. O

Lemma 13.21. For p > p1and x € S_, we have a5 (x) 4+ a"%(x) < 6, and ar_ei(x) = 0 for
je{t,+, 4o, —}.

Proof. Let x = —K/u € S_, with u € (0,K/R), so that m = u~' and r_(x) = 1. If
X(B) =1, then Dy = B+ Ts/u > 0.99 and Yy € (0,1/0.99] C Sy U Sc. This proves the
second claim. For the first, (13.25) gives

(1+m*)My(Dy) < (1+u=5)(B+ Ts/u)" = (1 + u®)(uB + Ty) >

If u <1, this is at most 2T, °, whose expectation is at most 6 by Lemma 13.9(iii). If u > 1,
it is at most 2u°(0.99u)—* < 3. O

For the tail row, we write x = K/u with u € [u,,R]. Since (1 4+ u~°%)/r(x) =
(14 u=5)/((1 +u®)ul=Sos(u)) = 1/(uos(u)), the change of variables (13.46) gives, for
every measurable F > 0,

1+ m® 1 B _1
o ERBMDIFR)] = s B[x(B) [ ws(u(B— ) Mi(d) F(d ") dd].
(13.47)
By (13.22), for b € I, and d < b we have ws(u(b —d)) < ws(ub)W,(d), where
_ Je' 10y, d >0,
@)= {(1 +2[d|)s/ 24, d < 0; (1348)

here we used (1 —d/b)*/? < 1ford > 0and (1+ |d|/b)*/? < (14 2|d|)*/? for d < 0.
Since E[x(B)ws(uB)] = os(u), Tonelli’s theorem and (13.47) give

14 m®
n(x)
Lemma 13.22. For p > py and x € S, the following hold.
(i) ap8(x) < Ks—1eR*/K Jo” ¢s(w) dw.
(i) a,.5(x) < 3elOIR,

E[x(B)Mx(Dx)F(Yy)] g/]Rwu(d)MK(d)F(d—l)dd. (13.49)
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iii) @, (x) < 2ReR/2 +4u;l.

(iii) ay, .

(V) Tje(s, 4o} o (x) < 12C.
This uses (A1), through Lemma 13.12.

Proof. We apply (13.49) with F = r;1s;, and we determine the set of reciprocals d = 1/Y
for each region. Recall that u < R.

For (i), Yx € St if and only if d € [u./K, R/K]. For such d, we have W, (d) < e"R/K <
eR*/K and (13.41) with w = Kd implies that My (d)ri(d~!) = K3¢s(Kd). The substitution
w = Kd gives

ago(x) < eR*/K /R//: K¢s(Kd)dd < Ks~1eR/K /Ooo ¢s(w) dw.
s

For (ii), Yy € S if and only if d € [1/2,2]. There W,(d) < e!0# < ¢l0IR and
Mg (d) < d=° <2, and the interval has length 3/2. This gives (ii).

For (iii), Yy € Sp if and only if d € (—o0, —1/R]U[1/R,1/2) U (2,0). On (2,) we
have W, = 0. On [1/R,1/2), we have W,(d) < e/2 < eR/2 gnd Mg(d) < d% <R,
which contributes at most ReR/2/2. On (—oo, —1/R], write t = |d| and use My(d) < t~°.
For t € [1/R,1], we have W, < V3 and fll/R t—*dt < logR. For t > 1, we have
(1+2t)3/2t75 < (3t)%/2t7° < \/3t7%/2, and

/ V31 2o dr < VBT (1 —5/2) u¥/?71 < V3B max{1,u;'} < 4ul,
1

since u > u, and I'(1 —s/2) < /7. Adding, we find aigg(x) < ReR/2/2 4+ \/§logR +
4u;t < 2ReR/2 44y 1.

For (iv), Yy € 5S4 U S} US_ implies [Yy| > R, that is |[d| < 1/R, and r; = 1 for these
regions. For |d| < 1/R we have W, (d) < (1+2/R)%/?¢*/R < 2¢ < 6, since u < R and
R > 2. By (13.26), the sum in (iv) is at most 6 f|d\<1/R Mk(d)dd < 12¢. O

Combining Lemma 13.22(i) with Lemma 13.12(ii), we find
alt® < K1 /K (14 Cr(1—s)) (1+4p~ 4. (13.50)

This is the diagonal entry of the tail region in Table 13.1. The factor K*~! is at most one,
and it tends to one as s 1 1 for fixed K; the profile mass tends to a number close to one.
This is the second source of growth of T* at s = 1.

13.7 Balancing a nonnegative matrix

The following lemma bounds the growth of a nonnegative matrix whose large entries
are confined to a set of diagonal positions and whose other closed chains have small
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products. It is the standard feasibility criterion for a system of difference constraints:
such a system is solvable if and only if no cycle has negative total weight, and a solution
is given by shortest-path potentials.

Lemma 13.23. Let n > 1, let A = (ﬁij)zjzl have nonnegative entries, and let A C {1,...,n}.
Call (i,]) an allowed edge if a;; > 0 and (i,j) # (k k) for every k € A. A simple cycle of
length k > 1 is a sequence (iy, ..., i) of distinct indices such that (iy,13), ..., (ix_1,ix), (ix, i1)
are allowed edges, and its weight is the product of a over these k edges. Let q be the maximum of
(weight)'/* over all simple cycles, with q = 0 if there are none. Then for every & > q there exist
dy,...,dn € (0,1] such that a;;d; < ed; whenever (i,j) # (k,k) for all k € A. In particular,

n

2 ﬁljd] < <max Ak + 7’18> d;, i=1,...,n, (13.51)
=1 keA

where the maximum over the empty set is zero.

Proof. Since € > g > 0, the number log ¢ is finite. Give each allowed edge (i, j) the weight

= loge — log ajj. A walk of length kK > 0 is a sequence iy, iy, ..., i, such that each
(i;_1,1;) is an allowed edge, and its weight is Zé‘zl wj, ,i,; a walk of length zero has weight
zero. A walk is closed if k > 1 and i} = ij.

Stepr 1. Closed walks have positive weight. We argue by induction on the length k. If
io, . .., ix—1 are distinct, the closed walk is a simple cycle of some weight IT > 0, and its
we1ght as a walk is kloge — log IT = k(loge — log IT'/¥) > 0, since TT'/¥ < g < e. Other-
wise there exist 0 < a < b < k— 1 with i; = i. Then (i, ...,1) and (ig, ..., g, ips1, - -, ix)
are closed walks of lengths b — a and k — (b — a), both between 1 and k — 1, and their
weights add up to the weight of the original walk. The induction hypothesis completes
the proof of the claim.

StEeP 2. Potentials. For each j, let u; be the infimum of the weights of all walks ending at
j- The walk of length zero gives u; < 0. If a walk ending at j visits some index twice, it
contains a closed subwalk, and removing that subwalk produces a shorter walk ending at
j whose weight is not larger, by Step 1. Repeating this, we see that the infimum equals the
minimum over walks with distinct indices, of which there are finitely many. Therefore
uj < (—OO, 0].

Step 3. Conclusion. If (i,]) is an allowed edge, appending it to a walk ending at i of
weight u; gives u; < u; + w;;. Set d;j = e"i € (0,1]. Then dj < d;eVi = ed;/a;j, that is
a;jd; < ed;. 1f 4;; = 0, this inequality is trivial. This proves the first claim. For (13.51), if
i € A we bound the diagonal term by 4;;,d; and the other n — 1 terms by ed;; if i € A, we
bound all n terms by ed;. O

Let D = diag(dy,...,dn). The matrix D—!AD has the same spectral radius as A, and
by (13.51) its row sums are at most maxcp g + ne. Since the spectral radius is at most
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the maximal row sum, the spectral radius of A is at most maxycp ax + ne. We use (13.51)
directly, through Lemma 13.16.

13.8 The upper bound

We now apply Lemma 13.23 to the matrix A of Table 13.1, with A = {c,t}. The first step
is to show that every simple cycle other than the two recurrent loops has small weight.
Define

Eire = 15CnCy p°/ 4 (log p) e~ V7, 61 = 40c,pPe VP2 L Ey,
= C,Ci(logp) p /5 + Eire, 63 =88C.(logp) p~ /2 + Eiry, (13.52)
O = max{91,92,93},

and
Qp = max{6; p'°, 13C.(logp) ©®}. (13.53)

These quantities depend only on ¢ and p, and Q, — 0 as p — oo, since 0; decays faster
than every power of p and @ < C(log p)p~'/ for large p.

Proposition 13.24. There exists p1, depending only on ¢, such that for p > p; every simple
cycle of A with respect to A = {c, t} has weight at most Q, < 1. In particular, the number q of
Lemma 13.23 for A and A satisfies q < Q}/°.

Proof. We first compare the entries of Table 13.1 with the quantities (13.52). By (A5),
Eir < Eiyyr and 1 < £ < C,log p. The function K 40Ke~VK/2 ig decreasing on [16, ).
By (A4), we have ex < 40c>,<pze_\/a P/2 once c*p2 > 16. Then, after enlarging p; so that
©<1,0Qy<1landE; <1:

(a) every edge leaving c or 0, except the edges into c, is at most 6;;

(b) every edge leaving +, except the edge into c, is at most 6;

(c) every edge from -+oco to t, +, +oo or — is at most 63, since 80/p~1/% <

88C.(log p)p~"/%;

(d) every edge from — to t, 4+, +o0 or — is at most Ej; < 6y;

(e) every edge from t to +, +-c0 or — is at most 12/ + 1 < 13C, log p;

(f) every entry of A is at most p?, after enlarging p;.
Let 7y be a simple cycle. We distinguish four cases.

If v passes through c, then, since the loop at c is not allowed, -y contains an edge from

c to some j # c. By (a) this edge is at most 01, and by (f) each of the at most five other
edges is at most p?. The weight is at most 6; p'°.

If v passes through 0 but not through c, it contains an edge from 0 to some j # ¢
(possibly j = 0). As in the previous case, the weight is at most 6; p'°.
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If v passes through t but through neither ¢ nor 0, then its indices lie in {t, +, +00, —},
and since the loop at t is not allowed, it has length at least two. Then <y contains exactly
one edge into t, which starts at 4-, +-co or — and is at most ® by (b)—(d); exactly one edge
out of t, which is at most 13C, log p by (e); and other edges between two of the labels
+, 400, —, each at most @ < 1 by (b)—(d). The weight is at most 13C,(log p)®.

If v passes only through +, +c0 and —, each of its edges is at most © < 1 by (b)—(d),
and its weight is at most © < Q.

This proves that every simple cycle has weight at most Q. Since simple cycles have
length at most six and Q, < 1, we conclude that (weight)l/ k< Q%,/ k< Q},/ 6 O

The proof shows how the two recurrent regions are separated. Every cycle through
the core leaves it through an edge of size 61, which decays faster than every power of
p, while the return edges t — c and t — 0 are at most polynomially large. Every cycle
through the tail that avoids the core and the bounded region returns to the tail through
an edge of size ®, which is at most C(log p)p~!/5, while the exits from the tail to the
transient regions +, +co, — are at most logarithmic. The only transient blocks of order
one, +c0 — 0 and — — 0, end in the bounded region, and every exit from the bounded
region other than to the core costs 6;.

Remark 13.25. In the notation R = Lglogp and u. = p~!1, the argument works for any
fixed Ly, L1 > 0, and we have taken Ly = L; = 1. The choice of the two scales enters
only through the factors p~£0/5 and p~11/2 in 6, and 63, which must beat the logarithmic
exit bound 13C, log p from the tail, and through polynomial factors pC(Lo+t11) in Ej, and
in the large entries, which are absorbed by 6;. No order of choice between Ly and L; is
needed, because the exits from the tail into the transient regions other than the bounded
region are bounded by 12/ through the capped estimate (13.26).

Proposition 13.26. There exist py, depending only on ¢, and 5, = 6(Q}/ 6+ p=1) such that the
following holds for p > py. Let 7t be a real solution at E = ,/p > 2, let v be the law of g(E)D,
let K = p/g(E)?, and suppose that (v,K,s) is c-admissible at p. Then

Trs < max{l + 4p*1/4, stleRz/K(l +Cr(1- s)) (1 + 4p*1/4) + Eirr} +0p.  (13.54)

Proof. By Proposition 13.17, ajj < dj; < o0 for all 7,j, and the two diagonal entries .
and dy are at most the two terms in the maximum in (13.54), since Ej; < Ej,. Let
€= Qll/ 64 p~1, which is larger than g by Proposition 13.24. Lemma 13.23 with n = 6
and A = {c, t} gives d; € (0,1] with

Y aid; < ) a;d; < (max{dcc, du} +6¢)d;, i€
j j

Lemma 13.16 with A = max{dc, d} + 6¢ now implies that rrs < A, which is (13.54). O
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13.9 Proof of the leading asymptotics

Proof of Theorem 13.1. Fix a compact set & C (0,0), and let {— = min E. Let ¢z and pz be
given by Lemma 13.8(i), and let p; = p1(cz) be so large that Lemma 13.13 and Propo-
sition 13.26 hold. Let p > max{pz,p1} and ¢ € &, and set E = {,/p. Let 7 be the law
of B/g(E) under v, g; it is a real solution at E because p > po({-) (Section 13.2), and
Ap(Z) = exp ¢x(1). For every s € [3/4,1), the triple (vp g, p*a,()?,s) is cz-admissible
at p. Using K*"! < 1 and R%?/K < (logp)?/(csp?) with ¢, = &% /4, Lemma 13.13
and Proposition 13.26 give

1= 2p7 /4 < < max{1 4 4p71/4
o8P/ () (14 Cp(1 —5)) (1 +4p~ /%) + Eirr} +5,.

Letting s 1 1 and using Lemma 13.6, we obtain

Hx — U /
1,(8) (1=2p7%) <Ap(0) < (0 (1+6,), (13.55)

where
5, = max{4p—1/4, eUos P/ (cr®) (1 4 4p=1/%) — 1 4 E'irr} + 6

depends only on E and p and tends to zero as p — co.
It remains to compare a,(¢) with ¢. By (13.3),

_ — V& —4/p 2 2
0<8-a(0) 2 s+ VB drp) e

and a,,(&) > &/2. Together these give |a,(¢)"! — ¢~ < 4/(pg2) and a,(3) 1 <2/Z_.
Combining these bounds with (13.55), we find

I e ~1/4 g
sup|A, (&) — =| < ey
cee! 1= pe o 7}
which tends to zero as p — oo. [

13.10 The free energy at large energies

At energies E > M,/p with M large, the parameter § = g(E)? is at most 4/(M?p) and
K = p/6 is unbounded as E — oco. We work at the exponent

K
=1-— =1. 13.
sp=1 logp’ k=1 (13.56)
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At this exponent p! ™% = ¢, and the capped integrals of Lemma 13.10 are bounded by
20k, <2(1+ x~1log p) uniformly in K. We fix the constants

c1 = (4e) ™83, Mext = max{My, 2c; %} = 2(4e)*/3, (13.57)

where M, = 3 is the constant of Corollary 11.23. These constants satisfy ¢; < cent = 1,
e"cf/ 8 —1/4, and 4/ ngt = c¢;. By Remark 11.24, the principal law at energies E >
Mext+/p is not affected by the choice of a constant larger than Mp.

Remark 13.27. In the large-energy regime, the estimates of Sections 13.3-13.6 and 13.8
hold uniformly in E > Mext,/p, that is, in 0 € (0, ¢1/p], because they depend on K only
through the following quantities. The term ex = 40Ke~VK/2 is decreasing for K > 16,
and the terms R?/K, K~1/2 and K571 are nonincreasing in K; we bound each by its
value at K = c,p?. The capped integrals are bounded by 2/, and at s = s, we have
lks, < 1+ x1logp for every K > 1. At a fixed s < 1 the second point would also
hold, but then p!~* would be unbounded; at s = 1 the capped integrals grow like log K.
The exponent s, is chosen between these two cases. In addition, since K > pz, the tail
diagonal entry satisfies

A < Ks”_leRz/K(l +Cr(1—s,))(1+ 479_1/4) + Eyyy < o~ 2cto(1),

because K~ = exp(—«xlogK/logp) < e 2*. In this regime the tail region is strictly
subcritical, and the growth of T* comes from the core alone.

Proof of Proposition 13.2. Let cext be the constants of Lemma 13.8(ii), and let p; = p1(cext)
be so large that Proposition 13.26 holds. Let po(Mext) be the threshold of Corollary 11.23
for ¢o = Mext- Let pext > max{e4, po(Mext), p1} be so large that for p > pext,

-1/4 -2 (logp)?/p? Cr -1/4 5
max{l +4p~ /4, e72ellogp)"/p (1 + logp) (1+4p~4) + Eirr} +6, <2.  (13.58)
All these thresholds are numerical.

Let p > pext and E > Mext/p, and set § = ¢(E)?> and K = p/0. Since g(E) =
2/(E4+VE%2—4) <2/E, we have

i< 4 C1

h< = < -
E2 = M.p P

Since Mext > Mo and p > po(Mext), Corollary 11.23 shows that v, is the fixed point of
Proposition 11.22 with parameter 6, and that the law 7t of B/g(E) under v, g is a real
solution at E. By Lemma 13.8(ii) with M = Mey, the triple (VP,E, K,sp) is cext-admissible
at p, with ¢, = 1.
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Since K > p?, we have K1 < e2 and R?/K < (log p)?/p?. Then Proposition 13.26
and (13.58) imply that s, < 2. Next we bound the scalar. With { = E/,/p, we have

ap($)~" = /P&(E) = (pf)"/% Then
— pl=sp 0)r/2 < p.1.7% < 3/8<1
“P/Sp (C) p nusp(P ) ~e C1 = ecl ~ 41

where we used pl—sp = e, s, < 1 (Lemma 13.9()), pf < ¢; < 1and s, > 3/4. By
Lemma 13.4, we conclude that

1
PE(sp) = logaps,(¢) +1logrzs, < logz—L +log2 = —log?2.

Finally, since @ is nonincreasing on (0, 1] by Proposition 6.15(ii), we have ¢ (1) < ¢E(sp).
This proves (13.1). O]



SECTION 14

Uniqueness of the critical energy

In this section we prove that, for every fixed ¢y € (0, p«) and all large p, the free energy at
s = 1 of the principal solution vanishes at exactly one energy in [{y,/7, %), and that this
zero is transverse. Recall from Section 11 that for every compact window & C (0, c0) and
p > pst(E), the principal solution v, is defined at every energy E = &,/p with { € &
(Theorem 11.21), and that we write

Ap(8) = exp ¢z p(1)
for the exponential of its free energy at s = 1. By Theorem 13.1, A,,({) converges to . /¢
uniformly on compact windows. This places every solution of A,(&) = 1 near p., but it
does not exclude several crossings of the level one in a neighborhood of y, whose size
tends to zero as p — oo. The analyticity of A, (Proposition 12.21) gives no bound that is
uniform in p either. The main task of this section is to show that A, is strictly decreasing
near .

14.1 Main results and strategy

Theorem 14.1. Let Ey C (0, 00) be a compact interval with . in its interior. There exists p(Zy)
such that the following holds for every p > p(Zg). The equation Ay(G) = 1 has exactly one

solution C.(p) € Eg. For ¢ € By, we have Ap(G) > 1if ¢ < Gc(p) and Ap(¢) < 1if ¢ > Ge(p).
The function Ay is continuously differentiable in a neighborhood of Cc(p), and 9zA,(Cc(p)) < 0.
Finally, G.(p) — s« as p — .

Corollary 14.2. Fix ¢y € (0,p). There exists p(Co) such that for every p > p(Co) the
following holds, where ¢p(1) denotes the free energy at s = 1 of the principal solution v,
of Corollary 11.23. There exists a unique Ec(p) € [Go+/P, ) with ¢g () (1) = 0. Further,

¢e(1) > 0 for E € [Co\/P, Ec(p)) and g (1) < 0 for E € (Ec(p), ). The function E — ¢g(1)
is continuously differentiable in a neighborhood of E.(p), with negative derivative at E.(p).

Finally, Ec(p)/\/P — W« as p — 0.
Strategy

We work on a fixed compact window = around ., and in the scaling ¢ = 1/E, that is, with
B = D/E, in which the squared modulus Y enters through g = TY with T = 1/(pE?).
The proof has four steps.

304
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First, we construct an L? version of the critical transfer operator, on a Hilbert space
£ that does not depend on ¢. Its states are pairs (x, B), where x is the reciprocal of the
projective coordinate and S is the rescaled squared modulus that the next step will use.
The operator As sends a function F to an average of F(y — B/x, ') over the side variable
y and a fresh rescaled squared modulus f’. The maps (x, ) — y — B/x do not depend
on ¢; the parameter enters only through the law vg of B and through a density factor.
Since vz has a fixed atom, the derivative bounds of Section 12 show that ¢ — Az is four
times differentiable in operator norm, with derivatives bounded by a power of p. There
exists an involution | of .2, which does not depend on ¢, with JA:] = A;’é. We prove in
Lemma 14.11 that the spectral radius of As is A,(¢), and that it is an eigenvalue with a
positive eigenvector.

Second, we decompose the square as

A§:G§+hc®gc+ht®£t/

where all three terms are positive operators. The first rank-one term (the core component)
is supported on an ordinary set of states with x close to one and small j; there the kernel
of Aé is close to a product kernel, and we subtract a rank-one minorant of it. The second
rank-one term (the tail component) is the image of the first under J. The remainder G
has spectral radius o(1). To see this, we split the state space into four blocks and observe
that the transitions of G¢ with norm larger than a negative power of p form an acyclic
graph, apart from two diagonal blocks of norm O(p~!log” p). In particular, (A — Gz)~"
is a positive operator with norm bounded by a power of p, for A € [1/2,2].

Third, for A > r(Gg), a positive eigenvector of Aé with eigenvalue A corresponds to a
positive eigenvector of the 2 x 2 renewal matrix T(¢, A) with entries A({y, (A — Gz) " 1hy).
The square of A,({) is therefore the solution of A = #(T (g, A)), where r(T) is the Perron—
Frobenius eigenvalue. The symmetry under | makes the two diagonal entries of T equal,
so that 7(T) = Tec + (TCtTtC)l/ 2, The diagonal entry is close to (u./&)? and its derivative
is —2u2/& + o(1). The entry Te, which measures transitions from the core component
to the tail component, is exponentially small, while T is bounded by a power of p.

Fourth, we control ag(TctTtC)l/ 2 without dividing by any small quantity: neither
by T, nor by the gap between the two eigenvalues of T, nor by a spectral gap of Ag.
For a nonnegative function f, Glaeser’s inequality bounds |f’| by (2f]|f"|l«)'/? plus a
boundary term, and the second derivatives of Tc; and Ti. are controlled by interpolating
between the bounds on their values and polynomial bounds on their fourth derivatives.
Since the entries of T are nonincreasing in A, implicit differentiation of A = r(T(&, A))
has a denominator at least one. This gives dzA, < 0 near .. The abstract form of this
last step is Proposition 14.8.

The section is organized as follows. Section 14.2 collects elementary facts on positive
operators and two inequalities for real functions. Section 14.3 states and proves the
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abstract renewal criterion. Section 14.4 fixes the parameters and lists the inputs from
earlier sections. Section 14.5 constructs the L? version of the transfer operator. Section 14.6
constructs the decomposition of the square, Section 14.7 proves the bounds on the
remainder, and Section 14.8 analyzes the renewal matrix. Section 14.9 contains the proofs
of Theorem 14.1 and Corollary 14.2.

14.2 Elementary lemmas

Positive operators

Throughout this section, # denotes a real Hilbert space of the form L?(Q), m) for a o-
finite measure space (Q), m), with inner product (-, -). All operators are bounded. Spectra
and spectral radii 7(-) refer to the complexifications of the operators; by the spectral
radius formula [113, Theorem VL6], r(X) = lim,_.« || X"||'/". For f,g € 5, we write
f ® g for the rank-one operator F +— (g, F)f.

Definition 14.3. An operator X on ¢ is positive, written X = 0, if XF > 0 almost
everywhere whenever F > 0 almost everywhere. We write X < Yif Y - X >~ 0. A
function F € 7 is positive if F > 0 almost everywhere. For a measurable set )’ C (), we
let Py denote multiplication by 1¢.

The order > is not the order of quadratic forms; it is the order of positivity-preserving
operators.

Lemma 14.4. Let X, Y, X1, Xp, Y1, Y, be operators on .
1) If0 X X Y, then || X|| < [|Y]| and r(X) < r(Y).

(ii) If X = 0, then X* > 0.

(iii) If0 <= X; X Yifori=1,2,then 0 < X3 X5 X Y1Y>.

(iv) If X = 0and A > r(X), then (A — X) ™1 = ¥,5g A7""1X" = 0, where the series converges
in norm. If moreover 0 < X X Yand A > r(Y), then (A —X)"1 < (A —Y)"L

(v) Let O = O U---UQy, be a partition into measurable sets and write P; = Po.. If X = 0,
then P XP; = 0 for all i, j, and }.; s PiXP; = X for every set S of pairs of indices.

Proof. For (i), let F € . Since X(|F| £ F) > 0, we have |XF| < X|F| < Y|F| almost
everywhere, which gives || XF| < ||Y|F||| < ||[Y||||F||- By (iii) below, 0 = X" < Y, and
the first claim gives || X"| < ||Y"|| for every n; the spectral radius formula implies that
r(X) < r(Y). For (ii), if F, H > 0, then (X*F, H) = (F, XH) > 0; taking H = 1y 1y
for sets () of finite measure shows that X*F > 0. For (iii), we have Y1Y, — XX, =
(Y1 — X1)Y2 + X;(Y2 — X»), and both terms are compositions of positive operators. For
(iv), by the spectral radius formula, we have ¥, A~"~1|| X"|| < oo, which implies that the
Neumann series converges in norm to (A — X)~!; each term is positive. If 0 < X < Y,
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then X" < Y" by (iii), and summing the series gives the second claim. For (v), we have
P;XP; = 0 by (iii), since P; and P; are positive. Since }; P; is the identity, X = Y.ij PiXPj,
and X — ) ; hes PiXPj is a sum of positive operators. O

Lemma 14.5. Let J#A, 7% be Hilbert spaces and let X: 74 — % and Y: 566 — A be
bounded. Then o(XY)\ {0} = o (YX) \ {0}. If z # 0 is an isolated point of this set, then the
Riesz projections of XY and YX at z have the same rank. If YXv = zv with z # 0 and v # 0,
then Xv # 0 and XY (Xv) = zXw.

Proof. Let w # 0 with w ¢ o(YX). A direct multiplication shows that
(w—XY) =01+ X(w-YX)"Y), (14.1)

so w ¢ o(XY). By symmetry, the two sets agree away from zero. Let z # 0 be isolated,
and let -y be a small circle around z that encloses no other point of the spectrum and does
not enclose zero. Integrating (14.1) over -y, and using that 5% w~ldw = 0, we find that the
Riesz projection ITxy of XY at z equals XRY, where R = (27ri) ! f“r w(w—-YX) 1 dw.
The operator R vanishes on the kernel of the Riesz projection Ilyx of YX at z and maps
into its range [82, Section III.6.4]. In particular, the rank of Ilxy is at most the rank of
ITyx. By symmetry, the ranks agree. For the last claim, Xv = 0 would give zv = YXv = 0,
and XY (Xv) = X(YXv) = zXv. O

Two inequalities for real functions

The next lemma bounds the first two derivatives of a function with small values and
polynomially bounded fourth derivative.

Lemma 14.6. Let [s_,s. ] be a compact interval, let f € C*([s_,s]) be real valued, and set

e=sup |fl, my= sup [fW].

[5-/5+] [s—5+]
Let rg > Oand let s € [s_ + 1y, s+ — ro]. Then

4e

- (14.2)

8
6 S2vems+ =, |f(s)] < 26 4mf 4
0

Proof. 1f € = 0, the result is immediate. We henceforth assume € > 0 and interpret /i, = oo
whenever m4 = 0 in both optimizations below.
For |t| < rp, Taylor’s formula with Lagrange remainder gives

2 3 4
Fls+1) = F(8) + 1) + 2 (5 + £ f"(5) + 55/ (s1) (143)

for some s; between s and s + t.
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We begin with the second derivative. Let 0 < h < rg. Adding (14.3) at t = h and
t = —h, we obtain

f(s+h) =2f(s) + f(s —h) " h?my
2 fe)) =3
The difference quotient is at most 4e/h? in absolute value, so
17 4e m4h2
< = . .
) =7+ (14.4)

Set h, = (48€/m4)1/4 (with hy = oo if my = 0). If hy < rg, we choose h = h, in
(14.4), which gives |f"(s)| < 2(61114/3)1/2 < 2,/emy. If hy > 1y, we choose h = ry; then
myry < 48¢, so myr3 /12 < 4e/r3 and |f"(s)| < 8¢/73.

For the first derivative, let 0 < h < ry/2 and consider the difference quotient

DLf(s) = 8(f(s+h) —f(S—h))l—zh(f(erZh) ~f(s=2m)

which is exact on cubic polynomials. Subtracting (14.3) at t = —u from (14.3) at t = u,
we find that

/ >, utmy
Flsu)— fs—u) = 2uf (5) + () + Raw),  [R(w)| < 24,
for 0 < u < ry. Using this with u = h and u = 2h, the terms with f”/(s) cancel and we

obtain 8R(h) o) A y 3
y 8R(h) — R(2 8h*my + 16h*my n
| nf(s) = f (S)| 12h - 144h 6

Since |Dy,f(s)| < 18€/(12h), this gives

< — . .
Fe) =5+ (14.5)

Set h, = (3e/mg)V/%. 1f hy < r9/2, the choice h = h. in (14.5) gives |f'(s)| < 2¢/h. =
2. 3_1/463/4171}1/4. If h, > ro/2, we choose h = ry/2; then myh* < 3¢, which gives
myh3/6 < €/ (2h) and |f'(s)| < 2e/h = 4e/ry. O

The second inequality is a version of Glaeser’s inequality [75], which bounds the
derivative of a nonnegative function by the square root of its value. We include its short
proof, since we use a form with a boundary term.

Lemma 14.7. Let I1 be an interval, let f € C?(I;) be nonnegative with my = supy, |f"] < oo,
and let s € Iy be a point whose distance to the complement of I, is at least ro > 0. Then

£ < \/2rema+ 2L, (14
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Proof. We may suppose that f'(s) # 0; let 0 = —sgn f'(s). For 0 < h < rj, the segment
between s and s + oh lies in I}, and Taylor’s formula and f > 0 give

0 fls+0h) < £(s) — hlf'(s)| + 12,

Then |f'(s)| < f(s)/h+ hmy/2 for 0 < h < ry, and letting i 1 ry, we obtain

f'(s)] < % + % for all h € (0, 7o). (14.7)

If f(s) = 0, letting | 0 in (14.7) gives f'(s) = 0, a contradiction; so f(s) > 0. Set
he = (2f(s)/mp)Y? (with hy = o0 if my = 0). If k. < g, the choice h = h, gives |f/(s)| <

V2f(s)my. If hy > 19, the choice h = ry gives |f/(s)| < f(s)/ro+ roma/2 < 2f(s)/ro,
where we used that r3m, < 2f(s). O

14.3 A positive rank-two renewal criterion

In this subsection we state the abstract form of the derivative argument. The setting is a
tamily of positive operators that differ from a positive operator of small spectral radius
by two positive rank-one operators. For a 2 x 2 matrix T with nonnegative entries, we
write r(T) for its spectral radius (the Perron-Frobenius eigenvalue).

Proposition 14.8. Let s# = L*(Q), m) be a real Hilbert space, let I C Iy be open intervals such
that every point of I has distance at least ry > 0 to the complement of I, and let 0 < A_ < AL.
For ¢ € Iy, let Gg = O be an operator on 7, let hy g, hy g, b1, lr ¢ € H be nonnegative, and set

Us = Geg+hig @bz +hyg @by

Suppose that & — Gg and § — h; g, {; = are twice continuously differentiable on Iy in the operator
norm and in the norm of €, respectively, and that r(Gg) < A for every ¢ € Iy. For & € I; and
A > 1(Gg), define the renewal matrix

Tii(&A) = Allig, (A — Gg) i), i,je{1,2}. (14.8)

Assume the following.
() Forall { € I and A € [A_,AL], we have T11(¢,A) = Tn(E,A), T12(E,A) > 0 and
TZl(ér )L) > 0.
(ii) There exists x > O such that 9zT11(C,A) < —x forall § € I and A € [A_,A], and for
every A € [A_, Ay, writing b = Typ(-, A) and d = Ty (-, A) and taking suprema over I,

. (14.9)

N X

2/ 1]l ool ]| co
@bl + /[0l oo+ 2 uo [ _
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(iii) For every ¢ € I, there exist A(§) € (A—, Ay ) and a nonzero Fr € ¢ with Fz > 0 such that
UsF: = A(Q) Fe.

Then the following hold for every ¢ € I.

(@) The entries of T({,A) are nonincreasing in A € [A_,Ay], we have r(T(,A)) = Tip +
V/T12Ty there, and d,r(T(E, 1)) < 0for A € (A_, A4).

(b) The number A(E) is the unique solution A € [A_,Ay] of A = r(T(&,A)). The numbers
(€1, Fg) and (ly ¢, Fz) are positive.

(c) The function { — A(E) is continuously differentiable on I, and

2r(T(E,1)) - x
1—0,r(T(E,A)) A=A(¢) B 2(1 _a/\r(T(CIA(C))))
The hypotheses involve only the sizes of the off-diagonal entries and of their second

derivatives. No lower bound on Tj; or Tj; is required, and the proof does not divide by
the gap 2+/T12T>1 between the two eigenvalues of T, nor by a spectral gap of Uz.

A(E) = < 0. (14.10)

Proof. We abbreviate G = Gg¢, hj = hjz and /; = {;  when ¢ is fixed.

SteP 1. The renewal matrix. We first claim that, for ¢ € I and A > r(Gg),

T;(&,A) = ) A7"(0;, G"hy), (14.11)

n>0

that T is continuously differentiable in (¢, A), and that the entries of T are nonincreasing
in A. By Lemma 14.4(iv), we have A(A — G)™! = ¥,50A™"G" in norm, which gives
(14.11). Each coefficient (¢;, G”h]-> is nonnegative, since G" = 0 and £;, ¢; > 0. The series
(14.11) is a power series in A~! whose radius of convergence is at least 1/7(G). It may
therefore be differentiated termwise, and

AT (& A) ==Y nA™""1¢;, G'hyj) <

n>1

For the joint differentiability, note that (¢,A) — (A — Gz)~! is continuous in norm on
{(&,A) : A > r(Gg)}, and that its partial derivatives are (A — Gg) ~1(9:Gz) (A — Gz) ! and
—(A — Gg) 2, which are continuous as well. The set {(Z,A) : A > r(G¢)} is open, since
the spectral radius is upper semicontinuous in norm [82, Section IV.3.1]. Combined with
the differentiability of i; and ¢;, this shows that T is continuously differentiable, and
twice continuously differentiable in ¢ for fixed A.

StEP 2. The Perron—Frobenius eigenvalue. Let & € Iy and A € [A_,A1], and write a = Ty; =
T2, b = T1p and d = T,;. The eigenvalues of T are a + Vbd. Since a > 0, we have
r(T) = a+ V/bd. Since b,d > 0 on I; x [A_,A,], Step 1 shows that 7(T) is continuously
differentiable on I; x (A_,A4). By Step 1, b and d are positive and nonincreasing in A.
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The functions v/bd and a are therefore nonincreasing in A, and 9,7(T) < 0. This proves
().

StEP 3. The eigenvector relation. Let § € I, write A = A({) and F = F, and set u; =
(¢;,F) > 0. The eigenvalue equation UzF = AF reads (A — G)F = uihy + uzhy. Since
A > r(G), we obtain

F=(A—=G) Y uihy + ushy). (14.12)

If u; = up =0, then (14.12) implies that F = 0, which is excluded. Pairing (14.12) with ¢;
and multiplying by A, we find that

2

)\ui = Z Tl](g, /\)u]', i = 1,2,
j=1

that is, u = (uj,u) is a nonzero nonnegative eigenvector of T(¢, A) with eigenvalue A.
If u; = 0, the first equation reads buy = 0, and b > 0 forces u; = 0, which is impossible.
Then u; > 0, and similarly u; > 0. The two equations now read (A —a)u; = buy and
(A — a)up = duy. Multiplying them, we obtain (A — a)? = bd, and the first one shows that
A —a > 0. We conclude that A = a + v/bd = (T (&, A)).

Let ¥(,A) = A —r(T(,A)). By (a), A — r(T(E,A)) is nonincreasing on [A_,A4],
which implies that ¥(¢, -) is strictly increasing there and has at most one zero. This
proves (b).

StEP 4. The slope in ¢. We claim that dzr(T(¢,A)) < —«x/2for ¢ € Iand A € [A_,A,]. Fix
A, and let b,d be as in (ii). We have

Vd Vb
9:Vbd = Wagm magaz

Since b > 0 is twice continuously differentiable on I, we may apply Lemma 14.7, and we
obtain, at every ¢ € I,

|a¢by \/2b|!82b||oo+2b/ro i +

and similarly for d. Inserting these bounds, we obtain

f
95 Vbd| < /d][92b]|co + \/b]|03d oo + = <

|/\ N =

where in the last inequality we used (14.9). Combined with ang
claim.

—x, this proves the

Step 5. Implicit differentiation. Fix ¢; € I. The function ¥ of Step 3 is continuously
differentiable on an open neighborhood of (&1,A(g1)), it vanishes at this point, and
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9,¥Y > 1 there. By the implicit function theorem, there exist a neighborhood I’ C I of
¢1 and a continuously differentiable function A on I’ with values in (A_,A4), such that
A(E1) = A(&1) and ¥ (&, A(&)) = 0 for & € I'. By the uniqueness in (b), A = A on I’. Then
A is continuously differentiable on I, and differentiating ¥ (&, A(¢)) = 0 gives the identity
in (14.10). The numerator is at most —« /2 by Step 4, and the denominator is at least one
by (a). This proves (c). [

14.4 Parameters and inputs

Normalization

Throughout Sections 14.4-14.8, we fix a compact interval & = [{_,Z+]| C (0,00) and write
E =¢./p for ¢ € E. We always assume that p is so large that {,/p > 3. In the notation
of Definition 5.2, we set

1 1 0
g=g(E), 0=g, c=1+0=Eg TR T T x=\/pg.

= W’

(14.13)
All of these are functions of ¢ (and p). From the formula for g, we have & = 1/a,({) =
2/(E+ (&2 —4/p)'/?) and g < 2/E, and we note the identities

? = =, peyVT = a. (14.14)

Elementary calculus shows that there exists C(E) such that for0 <j<5and ¢ € E,

L o1y _c ol k)
j i 1. i(n—2)] <& 4 ¢ <
1926] + ke — 10| + ‘8g<zx g>‘ < L & (14.15)
In particular, « =&+ O(p~1) and 9z = —¢ 2+ O(p~!), uniformly on E.
We write wf(dﬁ) = 7 le7P/Tdp for the law of B = TY with Y ~ Exp(1), and
v(du) = 2ue™ du on [0, c0) for the law of v/Y. We record that

/ uy(du) = / 21l du = L5 = . (14.16)
0 0

Inputs from earlier sections

We use the following results, for { € E and p > pi(E), where pi(Z) is at least the
thresholds of the cited results for the window =; in Theorem 11.21, we use the canonical
tuple of Definition 11.8.

(I1) The principal law. By Theorem 11.21(i),(v), the principal solution v, ¢ (the law of B) is
defined, and the law of D = B/g is a real solution at E. We let vz denote the law of
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(I2)

(I3)

(14)

(15)

(I6)

B = B/c under Vp,; this is the principal law in the scaling ¢ = 1/E of Definition 12.2,
denoted v; there. By Proposition 5.5 applied to D = EB, the law vz has an atom
of mass e”” at 1, no other atom (in particular no atom at 0), full support R, and
E|B|7 < oo for g € (0,1).

Bounds defining the class &, 4. By Theorem 11.21(iii) and r, = p~1/4

, the core bound
vpe({b: b1 > p~1/4}) <e VP (14.17)

holds with a = 1, and it continues to hold if a is decreased. The tail bound of
Theorem 11.21(iii) gives vy, g({b : |b| > L}) < e7P/(2L) + e P-/2 < C,/L for all
L > 3, with C, depending only on p. (We use the tail bound only at fixed p. In
(14.17), any core radius rp with r,log p — 0 would do.)

The critical transfer operator. Let Q1 = Q1 ¢ be the transfer operator of Definition 6.1
at s = 1, defined with the law vz and an independent B ~ @g which has the
exponential law of rate 1/7 = pE2. This is the scaling ¢ = 1/E in Definition 6.14(iii):
the law of gD is vg, and p/ g2 = pEz. The Perron-Frobenius eigenvalue of Q; is
therefore exp @£ (1) = A,(§); see also Proposition 12.21(i). By Theorem 6.11(i),(ii), Q1
is bounded and positive on C(RIP!), and A,(¢) is an eigenvalue of Q; on C(RPP?)
whose Riesz projection has rank one, with an eigenfunction ¢z € C(RP?!) satisfying
minyz > 0. Further, there exists 7z < A,(&) such that |z| < 7z for every z €
7 (Q)\ {Ap(5)}-

Analyticity of the law. We fix g = 1/2. By Theorem 12.19(ii), { +— ¢ is real-analytic
on a neighborhood of & as a map into the space X, of Definition 12.6, whose norm
dominates the weighted total variation norm |[|o|[; v, which in turn dominates
the total variation norm |¢|(IR). In particular, § — vg is four times continuously
differentiable in total variation, and 8](:1/5 is a signed measure of total mass zero for
j>1

Quantitative derivative bounds. By Proposition 12.24(i), there exists A > 1, depending
only on E, such that |8]§1/§|(IR) < ||8]§1/§||q,TV <pifor1<j<4

Smooth tests. We apply Corollary 12.25 with | = [1/2,3/2], after enlarging A and
decreasing a if necessary, and we write ||(]|c2 = ||C]|eo + [|{"[|oo + || || and

€p = ¢ + pAe=P,
p
Let B~ v,z 5 and j € {1,2}. For every { € C%(R) supported in [1/2,3/2],

OLEZ(B)| < eylIZ|c2- (14.18)



14 Uniqueness of the critical energy 14.5 The L? version of the transfer operator 314

More generally, if [y D E is an open interval and ¢ — (¢ is twice continuously
differentiable from Ij into the space of C? functions supported in [1/2,3/2] with the
norm || - |2, then

. =l N ‘
|0:ECs(B)| < ep 20 (Z) 1928zl c2 + sup 32z - (14.19)

The constants 4 and A are fixed from now on; they depend only on Z. The leading
asymptotics (Theorem 13.1) and the large-energy bound (Proposition 13.2) are used only
in Section 14.9.

Order of the parameters

The construction below involves a fixed power ny, a target exponent N, and a cutoff level
M. They are chosen in the following order.

(1) The window & is fixed; then a and A are fixed by (12), (I5) and (I6).
(2) We fix ng = 12.
(3) We define the exponents

A1 =2A+2, Ay = 10no +8A1 +5,

(14.20)
A]':2A1—|-A2—|-1, Ay =2A1 +4ng+ 2.

They depend only on A, so only on E.
(4) We fix an integer N, > max{2ng + 10, Ay + A;j +2}.
(5) We fix M, = 4N, + 20.
(6) Finally, we take p > p;, where p; = p1(E, Ny, My) > p1(E) is a threshold that may
be enlarged finitely many times below.
In Sections 14.5-14.8, the letters C and D denote positive constants that may depend on
E, N and M, and may change from line to line, but not on p, ¢ or A. The point of the
order above is that every bound of the form Cp®log” p below has an exponent e that
does not depend on M,; quantities such as eM:! enter only through C. In particular,
Cp° logD p < p**1/2 for p > py, which is how such bounds are converted into the pure
powers in (14.20).

14.5 The L? version of the transfer operator

The operator

Let kg = pzéz_ /2, so that kg < 1/7 for every ¢ € E, and define

Ho(dp) = Kkpe 0P da, we(B) = (L>1/2 exp(—% (% — Ko)ﬁ), B > 0.

TKQ
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Then wgyo = g, and in particular [ wé dup =1.

Definition 14.9. Let . = L?*(R x (0,00), dx pig( dB)) (real valued), with inner product
(-,-), and let L*(R) = L*(R, dx). Define Iz: L*(R) — £ by (Igf)(x B) = a)g(ﬁ)f( X).
For a finite signed measure o on R, define C, on L?(R) by (Cof)(x) = [ f(y dy).

Define | on .Z by
0F) ) = YEr(Ep),

and the L2 version of the critical transfer operator
A = pJIzCy, I} (14.21)

Explicitly, since (I7F) = [we(B')F(x, B )po(dp’), we have

(AE)(x,B) = m(ﬁ)vf / ve(dy) [polap)we(BIF(y-Lp). sz
The operator A; is not the transfer operator A; in the x-coordinate of Definition 6.1; it
is related to the transfer operator Q; in Lemma 14.11. The state (x, ) consists of the
reciprocal x of the projective coordinate and the rescaled squared modulus B used in the
next step; the new state is (y — B/x, p’) with a side variable y ~ vz and a fresh rescaled
squared modulus . The maps (x,B,y) — vy — B/x do not depend on ¢, and ¢ enters
(14.22) only through v and we.

Lemma 14.10. Let p > p;.

(i) The operator ] is a positive unitary involution: | = Qand | = J* =] ~1. For every
measurable Q) C R x (0,00), we have [Py] = Pjcy, where JO = {(B/x,B) : (x,B) €
a'}.

(ii) The operator Iz is an isometry, and for every finite signed measure o, Cy is self-adjoint with
1Coll < |o[(R).

(iii) We have Az = 0, ||Ag| < p, and A; = JA¢].
(iv) The ma — Az is four times continuously differentiable on & in operator norm, and
P g Yy p
19%Ag]] < p™t for 0 < j < 4

Proof. For fixed B > 0, the map x + B/x is an involution of R \ {0} with Jacobian B/x>.
This substitution gives [1UJF)(x,B)>dx = f |F(x,B)|>dx for every B, and J*F = F,
since (J2F)(x,B) = (1/B/|x])(/B/|B/x|)F(x,B). A unitary involution is self-adjoint.
Positivity is ev1dent and the formula for ] PQ/ ] follows from 1y (B8/x,B) = 1jcv(x, B).
This proves (i).

For (ii), we have || I:f||> = ||| [ wg duo = ||f||>. By Minkowski’s integral inequality,
we have ||Cof|| < [|If(y—)|lle](dy) = |o|(R)||f]|, and the substitution x — y — x gives

(Cof1, f2) = (f1,Cof2)-
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For (iii), positivity is evident from (14.22), and (i), (ii) give ||Az|| < p. Since | and Cy,
are self-adjoint, we have Az = pIngglg] = ](p]ICCV;Ig)] = JA:].

For (iv), we find by direct computation that Béwg(ﬁ) = weg(B)Pje(B/T) for j <5,
where Pjz is a polynomial of degree j whose coefficients are bounded on E by
(14.15). S’ince B/t has law Exp(.l) under wéyg, we have Hafgwgan(yo) < C. Moreover,
SUPscg Béw(—;(ﬁ) >?<Cc(1+ pzﬁ)2]1<0_1ngie_(faz’ﬁ_"om, which is integrable against pg; by
dominated convergence, { — wg is five times continuously differentiable as a map into

L?(pp). Since ”8{;,1@” = ||aéw§|| 12(y,)- the map ¢ — Iz is four times continuously differen-
tiable With ||8]§I§|| < C. By (I4) and (ii), ¢+ Cy, is four times continuously differentiable
with E)]CCVé = Ca]é v’ and (I5) gives ||8]§CV€ | < p?. The Leibniz rule applied to (14.21) yields

[97Az || < CpAtt < phi, O

The spectral radius of the L? version

We now relate Az to the transfer operator Q; of (I3). We identify RIP! with R U {oo}
through the reciprocal x = 1/g of the projective coordinate g of Definition 6.1. For
x € R\ {0}, B€Randp >0, set

x' =B -

B \/E(1+x2)1/2

, w= 20+ D)2 (14.23)

R I™™

and extend these by ¥’ = co, w = p~/2at x = 0 and by x’ = B, w = B1/2(1 + B2)"1/2 at
x = oo. For fixed B and B, the maps x + x’ and x — w are continuous on RIP!. Writing
M(B, B)v, in the coordinates of Definition 6.1, we have M(B, 8)v, « (1,B — Bq). The
image of 7 = 1/x has reciprocal coordinate x', and || M(B, )v,|| ' = w. We obtain

(Qqu)(x) = pE[wu(x)], x € RP}, (14.24)

with B ~ vz and B ~ @¢ independent; at x € {0, co}, this agrees with Definition 6.1 by
(6.3). As in Definition 6.1, (14.24) applies to every bounded Borel function u on RIP!, and
we write Q1(x, -) for the finite measure u — (Qqu)(x), and similarly for powers of Q;.

Lemma 14.11. Let p > py and § € E, and write p; = Ap(G).
(i) The spectral radius of Az on £ equals pg. Further, pg is an isolated point of the spectrum of
Ag, and its Riesz projection has rank one.
(ii) There exists Fz € £ with Fz > 0 almost everywhere and AzFz = pgFz. In particular,
AGF; = pzF:.

Only part (ii) is used in the proof of Theorem 14.1; part (i) shows that the eigenvalue
in (ii) is the spectral radius.
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Proof. We fix ¢ and drop it from the notation; we write v = vz, ® = @, ¥ = ¢z and p = pg.
Let ¢(x) = (14 x2)7'/2 and f(dx) = ¢(x)?dx, a finite measure on R (equivalently, on
RIP!, with {co} anull set). Let 0 < ¢ < 1 < 1, be the bounds of the positive continuous
function ¢ on the compact space RIP!. The proof proceeds by transporting the problem
to the transfer operator Q;, where the Perron-Frobenius theory of (I3) applies, and then
to Aér.

Ster 1. The scalar operator and the weight. Define W on L?*(R) by (Wf)(x) =
[@(dB)\/Blx|"1f(B/x), and set A = pWC,.  For each B, the operator
f+— /Blx|"1f(B/x) is a unitary involution of L?(IR), as in the proof of Lemma 14.10(j).
The operator WV is an average of these involutions, and it is self-adjoint with [|[W| < 1.

We have
s B
(A°f)(x —P/ dy/wdﬁH y——)
By (14.23), w = /B|x|1g(x’) /¢(x) for x # 0, and (14.24) gives
(Q1u)(x) = g(x) "1 (AS(gu))(x)  for almost every x, (14.25)

for every bounded Borel u. The map ®f = f/¢ is unitary from L?(R) onto L?(11), and
Q = OA’O~! is a bounded operator on L?(1i) that acts on bounded functions by the
kernel of Q1. Set f = ¢y. Then f € L2(R), f > 0 everywhere, and (14.25) with Q1 = py

gives A°f = pf.
STEP 2. A left eigenvector. Set f* = C,f. Since W and C, are self-adjoint, (A®)* = pC, WV,
and
(A°)fT=pCWC f =CNf =pf"

We claim that x = f*/¢ satisfies ¢, < x < C, for constants 0 < ¢,y < Cy < 0 (which may
depend on p and ¢). Since ¢_C,¢ < f* < 1p+CVg, it suffices to compare Cyg(x) = [¢(y —

x)v(dy) with ¢(x). For the lower bound, if |y| < 1then 1+ (y —x)?> <1+ (1 + |x])? <
3(1 + x?), which gives C,¢(x) > v([~1,1])g(x)/+/3, and v([—1,1]) > 0 by the full support
in (I1). For the upper bound, if |x| < 6 then C,¢(x) <1 < v/37¢(x). If |x| > 6, we split the
integral according to whether |y| < |x|/2. On the first part, ¢(y — x) < |y — x| 7! < 2/|x|.
The second part is at most v({|y| > [x|/2}) = v, e({|b] > c|x|/2}) < 2C,/|x|, by the tail
bound in (I2). Then Cyg(x) < (24 2Cp)/|x| < (4+4Cp)g(x).

StEP 3. The Doob transform. For bounded Borel u on RIP!, set Pu = (o) 1Q;(yu).
Since Q19 = py holds at every point of RP!, P(x,-) is a probability measure for every
x € RPL. On L?(i), the operator P = p~ 'y~ 1Qy is bounded. Let 7r(dx) = Z 'y din,
with Z chosen so that 7 is a probability measure. By Step 2, the density of 7 with
respect to i lies in [Z71y_cy, Z71yp C,], and the norms of L?(7r) and L?() are therefore
equivalent. We claim that 7 is invariant: [ Pu d7t = [u d7n for u € L?(), and then for
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every measurable u > 0 by monotone convergence. Indeed, the adjoint of Q in L?() is
@(A%)*@~ L. By Step 2, we have Q*x = O(A%)* f* = px, and

Z/Pudﬂ:p_l/Q(lpu)Xdtﬁ:p_l/v,buQ*de:Z/udn.

StEP 4. The spectral radius. Since the rows of P are probability measures, we have |Pu|? <
P(|ul?) pointwise by the Cauchy-Schwarz inequality, and Step 3 gives [ |Pul>dr <
J [u*dr. Tt follows that || P"|[12(,) < 1 for all n. Since Q" = p"¢P"¢~! and the norms
are equivalent, we find that [|Q"[|2(5) < C'p" for a constant C’ independent of n. By the
spectral radius formula, we conclude that r(A%) = r(Q) < p, and Step 1 gives equality.

StEP 5. Three-step smoothing. We claim that for every bounded Borel u on RIP!, the
function P3u is continuous on RIP! and depends only on the fi-equivalence class of u.
Since P3u = p~3yp~1Q3(yu), it suffices to show that x — Q3(x, ) is continuous on RIP!
in total variation and that each Q3(x, -) is absolutely continuous with respect to Lebesgue
measure on R.
Let x € R\ {0}. Substituting z = y — B/x in (14.24), so that § = x(y — z) and
= |x| dz, we find that Q;(x, dz) = pg(x) '¢(z) (v x ky)(z) dz, where

ko(t) =171 xte*xt/Tl{xDO}, (v *ky) /k —z)v(dy).

For t # 0, kx(t) is continuous in x € R\ {0}, and ||ky||;1 = T'(3/2)1!/?|x|~! is continuous
as well. By Scheffé’s lemma [64], the map x +— ky is continuous into LY(R). Since
lvx (ky —kx)|l 11 < |lkx — k|2 and ¢ < 1, the map x — Q1(x, -) is continuous in total
variation on R \ {0}, and each Q;(x,-) with x € R\ {0} is absolutely continuous.

Next, ¥ + w is continuous on RP! for fixed (B,B), and Ew = p~(Q11)(x) is
continuous on RIP! since Q; maps C(RP!) into itself. By Scheffé’s lemma, E|w(x) —
w(xp)| — 0 as x — xp in RIP!, where we indicate the dependence of w and x’ on x.
Let K(y, -) be either Q;(y,-) or Q3(y, ), and suppose that y — K(y, ) is continuous in
total variation at almost every value of x'(x(). For a Borel function |u| < 1, we have

(Q1Ku)(x) = pEfw(x)(Ku)(x'(x))], so

|(Q1Ku) (x) — (QuKu) (x0)| < prmyc Elw(x) — w(xo)]
+ pE[w(xo) [|K(x(x), -) = K(x'(x0), ) llv],

where my = suple(y,lR]Pl) < max{||Q1||,||Q1||*} and ||Q;]| is the norm on C(RIP?!),
which bounds the total mass of every row of Q;. The first term tends to zero. In the
second term, the integrand tends to zero almost surely, since x'(x) — x'(xp), and it is
bounded by 2mw(xp), which is integrable; by dominated convergence, it tends to zero.
This shows that Q7K is continuous in total variation at x.
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We apply this twice. If xy € R\ {0}, then x/(xy) = B — B/xo has a density, and if xy =
oo, then x'(xp) = B; in both cases x'(xy) € R\ {0} almost surely, by (I1). With K = Qj,
we conclude that Q2 is continuous in total variation on RIP! \ {0}. For every xo € RP!,
we have x/(xp) # 0 almost surely (at xp = 0, x' = ). With K = Q3?, we conclude that
Qi’ is continuous in total variation on RIP!. From the same representation, we see that
Q3(x,-) = pE[w Q1(x/,-)] is absolutely continuous for x # 0, since x’ € R\ {0} almost
surely, and that Q3(x,-) = pE[w Q2(x’,-)] is absolutely continuous for every x € RIP?,
since x’ # 0 almost surely. This proves the claim. Since the rows of P are probability
measures, we also have sup [Pu| < ||ul| ().

StEP 6. Decay in C(RIPY) and in L®(7r). On C(RIP!), the operator P is similar to o~ Q;
through multiplication by . By (I3), 1 is an algebraically simple eigenvalue of P on
C(RIP!), with eigenfunction 1, and the rest of the spectrum lies in a disc of radius 6; < 1.
Let I'lc be the Riesz projection at 1. It has rank one and range spanned by 1; we write
ITcv = ¢(v)1 with a bounded linear functional ¢. Further, for 6, € (6;,1) there exists
Co with sup |P"v — ¢(v)| < CobY sup |v| for v € C(RP'). Integrating against 7t and
using the invariance of 7, we find that [v dn = [ P"v dm — ¢(v), which shows that
¢(v) = [v dr. Now let u € L*(7r) and n > 3. The function v = P3u lies in C(RP!) by
Step 5,and [ v d7r = [ u dr by invariance. Applying the bound in C(RIP!) to v, we find
that

|Pru— [ dnHLw(n) = [P0~ [oan|_ < ot ullieiry- (14.26)

SteP 7. The gap in L?(7). Let ITu = ([u dnr)1 and Py = P —IL Since P1 =1and 7
is invariant, we have ITP = PII = I1? = I1. Then I[TP; = PoIl = 0 and Py =P —1IL
On L'(7t), we have [Pu| < Plu| and [Plu| drr = [ |u| drr, which give || Pgl11 () <
2. Applying (14.26) to real and imaginary parts, ||Pg/re(r) < 2Co#3 3 on complex
functions. The Riesz-Thorin interpolation theorem [112, Section IX.4] gives ||P{ || 12(n) <
2(Co837%)1/2, and the spectral radius formula yields r(Pp) < 63/% < 1 on L?(r). For
z # 1 with |z| > 6}/2, a direct computation using TPy = PyIT = 0 shows that

(z—=P) l=(z-1)"MI+ (z—Py) (1 -1I).

Therefore, 1 is an isolated point of the spectrum of P on L?(7), with Riesz projection IT
of rank one. Since Q = pyY Py~ ! on the space L?(1) = L?(7) (with equivalent norms),
and AS = ®_1Q®, the same holds for p and A®.

Ster 8. The augmented operator. Let ' = L*(R x (0,00), dx@(dpB)) and define
V:L*(R) - £ and IT: " — L*(R) by

X

(VA)(x,B) = p%f(cm(ﬁ ) WURE) = [@(dp)F.p).



14 Uniqueness of the critical energy 14.6 A positive decomposition of the square 320

For fixed B, the substitution x — B/x shows that ||V f||?> = p?||C,f||* < p?|/f||?, and by
Jensen’s inequality, we have |[IT'|| < 1. Further, ITV = pWC, = A%. The map UF = w¢F
is unitary from ¢’ onto .Z, since w%yo = @, and comparing with (14.22) shows that
Az = UVITU!. By Lemma 14.5 with X = V and Y = IT/, the operators A; and A® have
the same nonzero spectrum, and their Riesz projections at p have the same rank. With
Steps 4 and 7, this proves (i). For (ii), set Fr = UV f. Then AzFr = UVIT'Vf = UVASf =
pFz. Since f > 0 everywhere and v is a probability measure, C,f > 0 everywhere, so
Fz(x,B) > 0forall x # 0 and g > 0. O

14.6 A positive decomposition of the square

In this subsection we construct the decomposition Az = Gg +he @ Le + ht @ £y. We assume
p > p1 and ¢ € E throughout, and use the conventions of Section 14.4.

Regions and cutoffs

Definition 14.12. Set

1
r= ,
log p

4W?
prez
The core region is Q. = {(x,B) € R x (0,00) : |x| > /B}, and the tail region is its

complement (). The ordinary set is O = [1 — 7,1+ 7] X (0, Bmax). We also set U. = Q¢ \ O
and U; = JU., with the notation JQ) of Lemma 14.10(i).

1/2
W ((M* + 1)10g P) / ’ ,Bmax =

The map (x,B) — (B/x,B) sends Q. onto {0 < |x| < \/B}. Then JQ and () differ
by a null set, and JPn_] = Pq, as operators. For p > p;, we have \/Bmax < 1 —r, which
implies that O C Q¢ and JO C O up to a null set. Up to null sets, R x (0,00) is the
disjoint union of the four sets

X;=JO0, Xp=U, Xz=U, X4=0, (14.27)

with () = X7 U X5 and Q). = X3 U X4.
We fix, once and for all, smooth functions xo,¢o: R — [0,1] with xo0 = 1 on
[—1/8,1/8], supp xo C (—1/4,1/4), Yo =1 on (—oc0,0] and ¢y = 0 on [1,00). Define

12

log p B

Then x(b) =1 for |b—1| <r/8, x(b) =0 for |[b—1| > r/4, ¢(u) = 1 for u> < M, logp,
and (1) = 0 for u > W. For I <5, we have

x®) = x0(250), ) = g

M> > 0.
,

x| <Clog'p,  |(udu)'yp(u) <C, (14.28)
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where the second bound holds because (ud,)'¢(u) is a combination of
(uz/logp)itp(()l)(uz/logp —M,), i <1, and u?*/logp < M. + 1 on the support of
- For x > 0 and > 0, define

we(xp) = (L),

and define the multipliers

Y2 (x, B) = To(x, B) Y(wz(x, B)),  ¥&'(x, B) = o(x, B) x(cx) p(we(x, B)).

The retained operator is B = ‘{’g‘“Ag‘i’in, where the multipliers act as multiplication
operators.

Lemma 14.13. (i) If x > 0, B > 0 and x(cx)p(we(x,B)) # O, then (x,B) € O and |cx —
1| < r/4.

(ii) The functions ‘I’g‘“, Yin take values in [0,1], and & — ‘I’O“t ‘I’m are four times continuously
differentiable into L*, with sup |8] ‘I’°“t| + sup |8] ‘I’m| <C log] forj < 4.

(iii) We have 0 X Bs =< PoAzPo, the map & — Bg is four times continuously differentiable in

norm, and ||8£,Bg|| < CpMloghp forj < 4.

Proof. For (i), [cx —1| < r/4and c—1 = 0 < 4/(p&?) give |x — 1| < r for p > py.
Further, (w;) # 0 implies that w; < W, and then f < texW? < 27(1 4 r)W? < Brmax,
since ¢ <2 and T < 1/(p*¢%). For (ii), we have d;wz = —wgdz(7c)/(27c). By induction,
9. [l/)( ¢)] is a combination of the functions ((19y)'y)(wg), I < j, with coefficients that are
polynomlals in a%(TC) /(tc), i < j. These coefficients are bounded by (14.15), and (14.28)
bounds the functions. Similarly, afé [x(cx)] is a combination of x/x(!)(cx) with coefficients

that are polynomials in 8éc,' since x < 2 on O, these are bounded by Clog/ p. The same

bounds hold for j = 5, and Taylor’s formula implies that the L*-valued maps are four

times continuously differentiable. For (iii), 0 < ‘I’g“t, ‘I’f:“ <1 gives

PoAzPo — Bz = (Po — ¥2")A:Po + ¥§"' Az (Po — ¥F) = 0.
The derivative bounds follow from (ii), Lemma 14.10(iv) and the Leibniz rule. O

Factorization of the retained operator

Let ¥ = L2([0,W],7), a real Hilbert space of the form considered in Section 14.2; we
write 1 for the constant function one in 7. Define

he(x,6) = 1o, B) pece (8) L s (1, ), 1429)
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and define Rz: ¥ — £ and S¢: £ — ¥ by

(Re) (x, B) = he(x, B) plawe (x, B), (14.30)
(SeF)(w) = [ve(dy) [ mo(dp)wy(B) ¥R, BOF(,B), ' =y —Tew?,
(14.31)

where in (14.30) we set ¢(w) = 0 for w > W (where hs vanishes anyway). Let Y (b, u) =
Vbe =D x(b) for b > 0 and Y(b,u) = 0 for b < 0; this is a smooth function, since x
vanishes for b < 1/2. For w, u € [0, W], define

Ye(w,u) = ]EY(B - 9% u) Y(u) = EY(B,u), (14.32)

where B ~ Vp,e/pr thatis, B = ¢B with B ~ vg.
Lemma 14.14. The operators Ry and S are positive, | Rg|| < C, ||S¢|| < Cp, and Bz = R¢Se.
The operator Ng = SgRg on V" is the integral operator

W
(Neg) (@) = a |~ () up()* Y (ao, ) p (o). (1433)
Moreover, Rz1 = hér.

Proof. Positivity is evident. To bound Rz, we substitute f = texu? for fixed x € [1 —r,1+
r]; then wg(B)*uo(dB) = @g(dB) = e~ 2cxy du and p*fx—2 = p*rcu?/x, and we have

2 )
IRegl < [ ax [ () e S0P < G 2r W gl

Here we used p?t = ¢ 2, [cx — 1] < 2rand u < W. Since rtW? = M, + 1, this gives
|Rg|| < C. To bound Sg, we use the Cauchy-Schwarz inequality in g’ with | wé duy =1,
Jensen’s inequality in y, and Y§ < 1, which give |(SzF)(w)|* < [ve(dy) [ po(dp')|F(y —
2

tcw?, B')|?. For fixed v, the substitution x’ = y — Tcw? has dx’ = 2tcw dw, which gives

o 2 1
I5:FIP < [ veldy) [ no(ap) [~ 2we Py — vew?, p)P ek < [FI* < Cp P

For the factorization, let (x, ) with ‘I’g‘”(x, B) # 0. Then (x,B) € O and x > 0, and
B/x = tcw? with w = wg(x, B) < W. By (14.22),

(B:F)(x,B) = p(w)lo(x, B) peoy ()L

< [ve(dy) [ no(dp') wp(BY¥E(y — Tew?, B)F(y — Tew?, ),
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which is hg(x, B)(S¢F)(w) = (RgS¢F)(x, B). Where ‘I’gm(x,ﬁ) = 0, both sides vanish.

For (14.33), let ¢ € ¥ and w € [0, W], and write x' = y — Tcw? and w' = wér( ,B)
for x’ > 0. By Lemma 14.13(i), ‘I’ign(x’,ﬁ’)hg(x’, B) = 1wsopx(cx)p(w' )2 pwe(B) /B /X,
and therefore

(SéRC(P)( w) = /VC(dy) 1w >0}X cx’ /C@g dﬁ 2 ]9\/—

We substitute p/ = tcx'u? in the inner integral. Then @’ = u, @z (dp’) = 2cx’ e~ dy
and p+/B'/x" = p(tc)V/?ux'71/2, so the inner integral equals

/Ooo (du) up(u)? prt/2c3/251/ 2% (Cx/_l)”zzp(u)
= /OW v(du) u lp(”)z(Cx’)l/ze*(cx’fl)qub(u),

where we used pt!/?c = & from (14.14). Since cx’ = cy — tc>w? = B — 6w?/p with
B = cy, again by (14.14), we obtain (14.33) from Fubini’s theorem. Finally, Rz1 = h¢ since
hz vanishes where wz > W. N

The rank-one minorant

Let 7, = Cy log® p/ p?, where Cy is the constant of Lemma 14.15(ii) below, and define

A~

() = YOw) o) = cuplmelu),  Kelg) = [ ket (),

and the operators Ng =1® k¢ (so that Ng(p = kz(¢)1) and Az = Ng — Ng on 7. We also
set 0z = kg(1).
Lemma 14.15. For u,w € [0, W] and j € {1,2}, the following hold.
@) |Yg(u) — 1| < Cp~Y4log p; in particular, mg(u) > 1/2.
(ii) There exist§ Cy such that |Yg(w, u) — Yg(u)| < #p, s0 that 0 < Ye(w, u) — mg(u) < 21y,
quther, 0% (Ye (w, u) — Y3(u))| < Cp~2 logP p.
(iii) [95Y2(u)| < Ceplog® p, with e, as in (14.18).

(iv) Az =0, N = 0, and for j < 2, |0}A¢|| < Cp~21ogP p, |9, N|| < C and ||9ske ]|y < C.

Proof. We first record properties of Y. It vanishes unless |b — 1| < r/4, and for such b
and u < W we have |(b — 1)u?| < rW?/4 = (M, + 1) /4. Differentiating, we find that for
1,I' <5,

sup  [0},(udu)"Y(b,u)| < Clog? p, (14.34)
beR, uc|0,W|
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since each b-derivative falls on y, costing ! = logp, or on the exponential, costing
uz < W2 < Clogp, or on Vb, while (uc’)u)e_(b_l)”2 = -2(b— 1)uze_(b_1)”2 is bounded
on the support.

For (i), let Cg = {|B—1| < p~/#}. On Cp, we have x(B) = 1 for p > p;, and
|VBe B-Dw* _ 1| < |/B—1|er /W 4 |e=(B-D* _ 1| < Cp~V4logp. Off Cp, the
integrand is bounded by C, and (14.17) bounds the probability by ¢e~?V?. Combining the
two cases, we obtain |Yg(u) —1| < Cp4logp, and mg > 1— Cp~4logp — 1y, > 1/2.

For (ii), let 07 = Ow?/p, so that 0 < 0z < 4W?/(p?E%) and |8éc5§| < CW?/p? fori <2,
by (14.15). Set {#(b) = Y(b — 6z, u) — Y (b, u). We have Y¢(w, u) — Yg(u) = E{z(B), and
(¢ is supported in (1 —r/4,14+1/445z) C [1/2,3/2]. By (14.34) and the mean value
theorem, sup |{z| < dzsup [9,Y| < Clog” p/p?, which gives the first claim with a suitable
C,- Further, ||z c2 < 0z sup;5 [8,Y| < Cp~2logP p, and 8:0z(b) = —(90)9pY (b — O, u)
and 8%@ ¢ have C2 norms bounded by Cp 2 log” p as well. Then (14.19) implies the claimed
derivative bounds.

For (iii), we apply (14.18) to the test Y(-, u), which is supported in [1/2,3/2] and has
C2 norm at most Clog* p by (14.34).

For (iv), the kernel of Az with respect to v ® 1y is autp(u)?(Ye(w, u) — mg(u)), which
is nonnegative by (ii), and Ng >~ 0 since IAC(—; > 0 by (i). By the Hilbert-Schmidt bound and

[u?y(du) =1,

lokAg| < sup ]\agwmwm —Y2(u) +1,)]| < Cp~2logP p,
u,we|0,W

by (ii) and (14.15). (The kernels are twice continuously differentiable in ¢, uniformly in
(w,u) € [0,W]?, because ¢ — v; is twice continuously differentiable in total variation;
this justifies differentiating under the Hilbert-Schmidt norm.) In the same way, |Y§\ <C

and the bounds in (ii) and (iii) give HaéNgH < Cand ||8£;1A<¢H7/ <C. O
We now define the rank-one operator of the core component and its left vector. Set
hc = hé = Rél, EC = Sgl’%é, LC == hc ®£C == Ré’NgSC,

where the last identity holds because RgN?SgF = kz(S¢F)Re1 = (L¢, F)he. We suppress

the dependence of h, /. and L. on ¢ in the notation. For t € R, let
o s tN\1/2 FN\1/2\2 £N\1/2
i) = () () ) me((z) w0439

This is a smoothly truncated density of Gamma type whose threshold ¢t = 0 does not
depend on ¢.
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Lemma 14.16. (i) For almost every (x, B),

belx,B) = ¥2(x,B) we(B) [ ve(y) ggly — ). (14.36)

In particular, he and (. are nonnegative and vanish outside O.
(ii) The maps ¢ — he, €. are four times continuously differentiable into £, and for j < 4,

Jlhdl < ¢, flaleell < CpPAt logP p < pt,  [BLLel| < ph.

(iii) There exist a nonempty open set Vy C O and co > 0, both possibly depending on p and ¢,
such that he > co and . > ¢y on V.

Proof. For (i), let F € . By the definition of /. and (14.31),

(1 By = [ve(y) [ pol @) we®) [ v(dw)ke(w) (LF)y — e, ).

For fixed y, we substitute x = y — Tcw? in the inner integral. Then w = ((y — x)/(7c))'/?
and v(dw) = (tc)~le~¥=*)/(7) dx on {x < y}, and comparing with (14.35) shows that
7( dw)fcg(w) = g¢(y — x) dx. By Fubini’s theorem, we obtain (14.36). Since /. contains
the factor 1o and ‘I’g‘ < 1o, both vanish outside O; they are nonnegative since mg > 0.
For (ii), we begin with h.. By Lemma 14.10(iv) and the proof of Lemma 14.13(ii), we

have |97 [wg (B) ¢ (we(x, B))]| < Cwg(B)(1+ B/T)/, which gives

. 1+r .
jolhel? < ¢ [T [@(ap) a0+ p/0Y < <,
—r

where we used that /7 ~ Exp(1) under @ and p?t = ¢ 2. Differentiability follows by
dominated convergence, as in the proof of Lemma 14.10(iv).

We now turn to £.. We write sz = tc and Qg(s) = s/2e 5y (s1/2)2mg(s1/2) for s > 0,
so that g#(t) = asngg(t/s§)1{t>O}. We claim that fori <4,/ <4and u € [0, W],

|(u8u)laémg(u)‘ < Cp?logP p. (14.37)

For i = [ = 0 this follows from (i) of Lemma 14.15. Otherwise, the constant 77, does
not contribute, and (uau)laémg(u) = aéff(c(é)y) v§(dy) with f = (4d,)'Y(-,u). By
the Leibniz rule, this is a sum of terms [ 02[f(c(¢)y)] (97 vg)(dy) with iy +ip = i. The
function f(c(&)y) vanishes unless |y| < 2, and on this set its {-derivatives of order i,
are bounded by ClogP p, by (14.34) and (14.15). Using |82V¢|(]R) < p? from (I5) (and
vg(R) = 1 for iy = 0), we find (14.37).

By induction on i, aéqg(t) is ocsgl times a combination of the functions

((sas)lag Qg)(t/s¢) with I 4" < i, with coefficients that are polynomials in ag’a /o and
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agls(g/ sz, which are bounded by (14.15). Since (sds) acts on s'/2¢~% by multiplication
with 1/2 — s, and on a function of s/2 as (udy)/2 with u = s1/2 the bounds (14.28) and
(14.37) give

. t\1/2 N4 )
|9zq¢ ()] < Cp”log” P, ( §> e /st <1 + %> 1ii>0y, i<4
Integrating the square, we obtain ||8f§q§||%2 < Cp*Alog®P poczs_1 < Cp*A*210g®P p,
since sz 1 < p?¢%. The supremum over & € & of the right-hand side is square integrable,
and dominated convergence shows that ¢ — g is four times continuously differentiable
into L?(R).

Now let §z = vg % g, that is, Jz(x) = [vg(dy)ge(y — x). As in Lemma 14.10(ii),
llo* flli2 < |o](R)||f|l;2 for a finite s1gned measure ¢. By (I4) and the Leibniz rule,
& — g is four times continuously differentiable into L?(R), and by (I5),

T B [ P S
11+1p=1

By (14.36), (.(x,B) = ‘I’é“(x,ﬁ)wg(ﬁ)qg(x). By Lemma 14.13(ii) and the proof of
Lemma 14.10(iv), |8%[‘P}§“(x,,5)wg(ﬁ)]] < Clog* pwe(B)(1+ B/7) for i < 4. It follows
that, for every f € L?(R), the function aé[‘{’g‘wg] f has norm at most Clog* p ||f]|;2
in .Z. The Leibniz rule now gives the differentiability of & — /. and the bound
|8Lc]| < Cp**110gP p < p™1. Finally, 9, Le = ¥; ()khe © 0} 'le and || f @ gl = |IfIll1g]l
give ||8]§LCH < 16Cp™ < pMrtl,

For (iii), let x; = 1 —37¢/2, and let Vj = (x1 — tc/4,x1 + tc/4) X (B1/2, B1) with
B1 = 1. For (x,B) € Vp and p > p1, we have |ex — 1| < 6 +27¢*> < r/8 and wg(x, B)* <
2 < Milogp. Then ¥¥'(x,f) = 1 and ¢(wg(x,B)) = 1; also (x,B) € O. On V, the
function he = pws(B)+/B/x is bounded below by a positive constant. Further, the atom of
vg at 1 gives gz(x) > e7Pqz(1 — x), and for (x, B) € Vp we have (1 —x)/(7c) € [5/4,7/4],
where gz(1 — x) > a(tc)"'e”?/2 by Lemma 14.15(i). We conclude that /. is bounded
below by a positive constant on Vj as well. O

Lemma 14.17. Define Ggrd = Bé — L, the operator Ly = JLY], the vectors hy = J{. and
by = Jhe, and

Ge = Az — L — L. (14.38)
(i) We have 0 < L. < Bg (PoAzPp)?* = PoAg,Po.
(ii) We have GOrCl ReAsSz = 0, Ggrd PoGgrdPo, and HGgrdH < Cp~tlogP p. The map

¢ Ggrd is four times continuously differentiable, with ||8éGgrd|| < p?hitl forj < 4.
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(iii) We have Ly = hy ® 4y, the vectors hy, {y are nonnegative and vanish outside JO, and 0 <
Li < p]oAgp,o.

(iv) We have Gg = 0, Gz = JG¢] and || G¢|| < p?. The map ¢ — Gg is four times continuously
differentiable, with ||8](.7(G5|| < p*M* for j < 4. Finally,

AF = Gz +he @ e+ he ® L. (14.39)

Proof. For (i) and (ii), by Lemma 14.14, we have B% = RgNgSe and L. = RgNgSér. Then

Ggrd = RgAgSg. Since Rg, Sg, Ag, Ng are positive (Lemmas 14.14 and 14.15), we have

Lc = 0 and Ggrd = 0. By Lemma 14.13(iii)) and Lemma 14.4(iii), Bg = (PoA:Po)?,
and (PoAérPo)2 = PoAgPoAzPo = PoAéPo since Po < 1. The range of Rg consists of
functions vanishing outside O, and 5¢F depends only on Flg since ¥7' < 1o; this gives

Ggrd = PoGgrdPo. The norm bound follows from Lemma 14.14 and Lemma 14.15(iv):

|RzAzSz|| < C-Cp~2logP p - Cp. For the derivatives, we do not differentiate R; and
Sg separately; instead, Ggrd = Bé — L., and Lemma 14.13(iii) and Lemma 14.16(ii) give
0L Ggr|| < Cp*rlog® p + pitt < pPAitl,

For (iii), we have L} = ¢. ® he and LiF = (he, JF)Jl. = (Jhe, F)J{., which gives
L = hy ® 4;. The support claim follows from Lemma 14.16(i) and JPg] = Pjo. Since | = 0,
conjugation by | and taking adjoints preserve the order < (Lemma 14.4(ii),(iii)). Applying
them to (i) and using JPo] = Pjo and | (A*) ] = (JA: ]) A2 (Lemma 14.10(iii)), we find
that Ly < ]Po(Ag)zpo ] = PIOAgp,O

For (iv), (14.39) is the definition (14.38). Since the sets O and JO are disjoint up to a null
set, Lemma 14.4(v), applied to the partition (14.27), implies that POA(%PO + P]oA%P]o = A%.
With (i) and (iii), we find that

Ge = (PoA?Po — Lc) + (PjoAZPjo — Lt) + (A2 — PoAZPo — PjoAZPjo) = 0.

Since ]A] = (Ag)z, JLJ = Lf and JLJ = LI we have JG;J = G;. Since

0 < G; < A% Lemma 144(i) gives [|Ge|| < [[A¢l]* < p? The derivative bound
follows from Lemma 14.10(iv), Lemma 14.16(ii) and ||8]§Lt|| = ||8]§Lc||: we have
||8{:G§|| < 16]92A1 +2pA1+1 < p2A1+l. n

14.7 Cutoff bounds and a polynomial inverse

We continue to assume p > p; and ¢ € E. The next lemma shows that, apart from
transitions of size p~ N+ or e~*VP/2, the core region Q). feeds only into the ordinary set O,
and the retained operator captures PoAzPo. In the notation PxAzPy, the set X constrains
the output state (x, f) and Y constrains the input state (y — /x, f’) in (14.22).
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Lemma 14.18. For p > pyand ¢ € &,

IPaAzPy || < p~™ 72, (14.40)
[P APoy || < e~VP/2, (14.41)
C C t
IPoAzPo — Bl < p™N73,  [[(PoAsPo)* — B[ < p N2 (14.42)

Proof. We begin with a general bound. Let C = {y : |cy — 1| < p~1/4}; by (14.17), we
have vz(R\ C) < e “VP. For thresholds by, by > 0, let P(g-4), denote multiplication by
1p-py, and let AZC = pJI:Co Iz with o the restriction of vz to R \ C. Since ] commutes

with Pygpy and [Py Ig* =[5 wF dpo = e"/7, we have

1Py Acll < pe /20, || AsPpopy || < pe /T, A < pem™VP. (14.43)

Let X,Y be measurable sets, and suppose that (y — B/x, ') ¢ Y whenever (x, ) € X,
B <by,yeCandp <by Then

1x(x, B)1y(y — B/ %, B') < Lypspyy + Lipsnyy + Liyecy

and (14.22) gives PxAzPy < Pigp}Az + AePigsp,) + AEXC. By Lemma 14.4(i) and (14.43),
IPxA:Py | < ple 8/ 0 4 eb2/(20) 4 o=avP), (14.44)

For (14.40), take X = Q, Y = U, by = r?/16 and by = Bumax. If (x,B) € Qc and B < by,
then |B/x| < \/B<r/4.IfyeC, then|y—1] <p/*+0<r/4 Then |y —B/x—1| <
r/2, and if B’ < Bmax, the point (y — B/x, p’) lies in O, which is disjoint from U.. Since
1/7 = p?¢2, we have by /(27) > p2&2 /(321og? p) and by / (27) > 2W? = 2(M, + 1) log p.
Inserting these bounds into (14.44), we obtain ||Pn AzPy, || < 2p~2M—1 < p=N+2 for
p=p

For (14.41), take X = Q., Y = Qrand by = by = 1/64. If (x,B) € Qc and B < 1/64,
then |B/x| < 1/8;ify € C, theny >3/4;soy — B/x > 5/8 > /B for B/ < 1/64, and
(y — B/x,B") € Q. Since 1/(1287) = p?>&?/128, the bound (14.41) follows from (14.44)
for p > ps.

For (14.42), write D1 = PoAzPo — Bz = (Po — ‘Fgut)Agpo + ‘PgutAg(Po — ‘I’ig“), a sum
of positive operators. Since x > 1/2 and ¢ > 1 on O, we have 1 — ¢(weg(x,B)) <

1(g>tM, logp/2)- Hence (Po — ‘Pgm)AgPo = P{g>1M, log p/2)Az, which has norm at most
pl~M:/4 by (14.43). For the second term, 1o (1 — x(cx')p(w')) < 1o(1 — x(cx')) + (1 —
#(w'))1o at the input state (x', f’), and the second summand is at most 1{g~ . 1og p/2}-
If the output state (x,B) lies in O and y € C, then ¢B/x < 4Bmax and [cx’ — 1| <
lcy — 1| +cB/x < p*1/4 + 4Bmax < r/8, and therefore x(cx’) = 1. This shows that

‘PgutAg(Po - ‘Ygl) = AePigstM. 10gp/2y +AFC. Combining these bounds with (14.43) and

Lemma 14.4(i), we obtain ||Dy|| < 2p'~M+/4 4 pe=0VFP = 2p~Ne=4 4 pe=0V/P < p=N-=3/2
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for p > py, since M,/4 = N, + 5. Finally, (PoAzPo)* — Bg = D1PoAzPo + B:D;, and

|Be|| < [|Azll < p, so its norm is at most 2p|| Dy || < p~ N2, O

We now bound the blocks of Gz with respect to the partition (14.27). We write
Gij = PXl.GérPX]. fori,j € {1,2,3,4}, and set

Eo =Gu—G2Y,  dy=|Gul.

Lemma 14.19. For p > py and ¢ € E, the following hold.
() 1Gjll < p?* for all i, j.
(if) 1Gas]l + [[Gall + |Gzl + [|Gan || < 8p~N-~1.
(iii) ||Gij|| < 2pe VP/2 fori € {3,4} and j € {1,2}.
(iv) Eo = 0, ||Eol| < 3p~N-=1,d, < Cp~'log® p, and Gy1 = JG},J, so that |Gy || = d).

Proof. Part (i) follows from ||Gg|| < p®. The rank-one operators L. and L¢ have nonzero

blocks only at (4,4) and (1, 1), respectively. Then G;; = PXI.A%PX]. for (i,7) ¢ {(1,1),(4,4)}.

For any sets X, Y, we have PxA%PY = PxA,;IPQCA(:Py + PXA@'PQ:[A@'PY
For (ii), let X C Q. By (14.40) and (14.41), we have ||PXA%PUC | < [[A¢ll [|Pa.AsPu. || +
| Pa.AsPo, || |Az|l < 2p~N+~1. This bounds Gy and Gss. For the other two blocks, we use

the symmetry G; = JG¢]J: for any sets X, Y,
PixGgPry = JPx]Gg]Py] = JPxGzPy] = J(PyGgPx)"]. (14.45)

Since Xz = ]X3 and X1 = ]X4, this giVQS ”Gzz” = ||G33|| and HG21|| = HG43H

For (iii), let X C ()¢ and Y C . In the decomposition of PXA%PY above, the first
term contains P AzPy and the second contains PxAzPq,. With (14.41) and ||A¢|| < p, we
obtain HPXAéPyH < 2peVP/2,

For (iv), we have

G = PoAZPo — Le = (PoAzPo)? + PoAzPy AsPo + PoA:Po,AzPo — Le,

so Eg = [(PoAérPo)2 — Bé] + PoAzPy AgPo + PoAzPaA:Po. Each term is positive (the

first by Lemma 14.17(i)), and Lemma 14.18 bounds the norms by p~ N2, p . p=N:=2
and pe "VP/2, respectively. With Lemma 14.17(ii), this gives d, < HGgrdH + ||Eol| <
Cp*1 logD p. The identity G11 = ]G}, ] is (14.45) with X =Y = O. ]

Lemma 14.20. For p > py and { € E, we have ||Gg°” < 272, in particular, r(Gz) < 1/4.
For A € [1/2,2], the operator (A — Gg)~ is positive,

IA=G)TM I <p™,  of(A—-G) Y <p (<), (14.46)

and ||[(A — G')~Y| < p?™ for every operator G' with 0 < G’ < Gg.
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Proof. Order the blocks as Xj, X», X3, X4 (that is, JO, Ui, Uc, O), and decompose Gz =
G + G98 + Gs™M where

G — Z Gi]', Gd8 — G171 + Gy, G™ = Z Gi]' + Gy + Gs3.
i<j i>j
The blocks with i > j are (2,1), (4,3) and the four blocks of Lemma 14.19(iii). By
Lemma 14.19, we have

IG™[ <ep®, 1G] <dp, (|G| <8p~NT 48pem VP2 < pm e,

We expand Ggo as a sum of 3" products of ng factors, each factor being G, G98 or
GS™. A product that contains at least one factor GS™ has norm at most (7p?)"0~1p=N+,
Consider a product of factors G and G98 only, and expand each factor into its blocks. A
product of blocks G;,j, Gj,j, « - - Gino g vanishes unless j, = iy for each k. For the blocks
of G and G98, we have i < ji, with strict inequality for the blocks of GfV. Then the
indices i1 < j; = i < ... are nondecreasing in {1,2,3,4} and increase strictly at each
factor from Gf¥. A nonvanishing product therefore contains at most three such factors.
In other words, a product of factors G and G98 with at least four factors G vanishes,
and every other such product has norm at most (6p2)3d’;o_3, using d, < 1. Summing
over the 3"0 products, we obtain
|G Il < 3" (216p°dy ™ + (7p?)"0 1) < C(p* Tlog™ p+ pPo M) <272,

for p > p1, where we used ny = 12, Lemma 14.19(iv) and N, > 2ng + 10. By the spectral
radius formula, we have r(G¢) < [|G;° |10 < 1/4.

Let A € [1/2,2]. By Lemma 14.4(iv), we have (A — Gz)~! = 0. Since HGgOH < AM/2,
the operator A" — Ggo is invertible with ||(A™ — Ggo)_lﬂ < 247" < 2m0F1l and the
identity

()\ _ Gér)_l — (A”o—l + AnO—ZGé 4 Ggo—l) (Ano _ GgO)—l
and [|Gg|| < p? give ||(A — Gg) 71| < o220t p2n0=2 < p2h_ The map ¢ + (A — Gz) ™!
is four times continuously differentiable, since { — G¢ is (Lemma 14.17(iv)). Its jth
derivative is a sum of at most C products of at most j + 1 factors (A — G¢) ! and at most j
factors 9 G; with total order j; for instance, 9¢ (A — Gz) ' = (A —Gg) " H0:Gg) (A — Gg) L.
With Lemma 14.17(iv), we find that [[0x(A — Gg) '] < Cp2(+1)+/2A1+1) < pA2 for
j < 4. Finally, if 0 < G’ < Gg, then 7(G') < r(Gg) and 0 X (A = G')™!' = (A = G#) ! by
Lemma 14.4(i),(iv), which implies that ||(A — G')~!|| < p™. O

14.8 The renewal matrix

For ¢ € E and A € [1/2,2], we define the renewal matrix

Tap(EA) = AMla, (A= Gg) 'hy),  a,b € {ct}, (14.47)
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with k¢, /¢ from Lemma 14.16 and hy, ¢/ from Lemma 14.17. This is the matrix (14.8) for
the decomposition (14.39), with the index 1 for the core component c and 2 for the tail
component t.

Lemma 14.21. Let p > p1, ¢ € Eand A € [1/2,2].

(i) Tee(6,A) = Tue(G, M)
(i) Tet(¢,A) > 0and T (E,A) > 0.
(iii) The entries of T are four times continuously differentiable in ¢, and |8]§Tab| < pliforj<4
and all a, b.
(iv) Tet(G,A) < e VP4,

Proof. For (i), we use Jlc = hy, Jhe = byand J(A — Gg) 1] = (A = JGg]) 1 = (A — Gg)_l,
which give

T = AJhe, (A = Gg) 7' Jle) = Alhe, (A — GF) ) = A{(A = Gg)Mhe, Le) = Tee.

For (ii), we first claim that if V' C (R \ {0}) x (0, o0) is a nonempty bounded open set,
then A1y has a representative that is lower semicontinuous and positive at every point
(x, B) with x # 0; in particular, As1y > c11ys for some nonempty bounded open set V'
and some c; > 0. Indeed, by (14.22),

_ ﬁ ! ! o é /

(A1) (e 8) = peor(B) VT [ ve(dy) [ poldp) we(B)av (v = L 8).
For fixed (x,B), the set of (y,B’) with (y — B/x,p’) € V is open and nonempty. It
has positive vz ® pp measure, since vz has full support by (I1) and o has a positive
density. For fixed (y, ), the function (x, ) — 1y (y — B/x, B’) is lower semicontinuous
on {x # 0}, and Fatou’s lemma implies that the integral is lower semicontinuous, and
the prefactor is continuous and positive. A positive lower semicontinuous function is
bounded below by a positive constant on a neighborhood of each point, which proves
the claim.

Now let Vj and ¢ be as in Lemma 14.16(iii). Since (x, 8) — (B/x, B) is a homeomor-
phism of (R \ {0}) x (0, ), the set [V} is open, and J¢c > cJ1y, > c21y, for a nonempty
open set V1 C JVy and some ¢, > 0. By the claim applied to Vj, there exist a nonempty
open set V/ and ¢ > 0 with As1y, > c11ys. Then Aé](c > c2¢1Ag1yr, and Aglyr > 0 almost
everywhere by the claim applied to V’. Since ¢. > co1y, and V; has positive measure, we

obtain (/, Aé]ﬁc) > (. Since /. vanishes outside O and ]/, vanishes outside JO, we have
(le,Jlc) =0, and so

<£c/ Lc]£c> - <€c/ ]£c><£c/ hc> - Or <£c/ Lt]£c> - <£c/ht> <]hCI]£C> - <£c/ ]£c><hc/ €c> =0.
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Then (£c, Gehy) = (£, A2 ] {c) > 0. By (14.11), every term of the series for T is nonnegative,
and its term with n = 1 is A1/, Gghy) > 0. The argument for Ty is the same, with
(ly, Gehe) = (]hC,A2h ) and the lower bound h. > coly,.

For (iii), the entrles are compositions of the four times continuously differentiable
maps ¢ > Lq, hp, (A — Gg)~1. By the Leibniz rule, Lemma 14.16(ii), ||8] he|| = Ha]ﬁ 1P
[8L4]| = [[9%he]| and (14.46), we have [9,T,5| < Cp?41+42 < ph

For (iv), since /. vanishes outside (). and h; vanishes outside ();, we have Ty =
Ale, Po (A — Gg) " 1Po,hy). Let G' = Gz — Po,GgPo,. By Lemma 14.4(v), 0 < G’ = Gg.
Further, P G'Pq, = 0, which gives P G’ = Pq_ G'Pq_; by induction, Po_(G')"Pq, = 0 for
all n > 0; the Neumann series gives Pn_(A — G')"!Pq, = 0. By the resolvent identity, we
then have

Po. (A — Gg) 'Po, = Po (A — G') 1 (P, GePo, ) (A — Gz) ™' Pa,.

By Lemma 14.19(iii), || P, GzPo, || < 8pe~*V?/2, and Lemma 14.20 bounds both resolvents
by p¥. With ||fc| = ||| < p™, we obtain Ty < 16p>A1+4n0tle=avpP/2 < o=avVP/4 for
p = pi1 O

The slope of the diagonal

Let &1 C E be a compact interval whose distance to R\ Z is at least §p > 0. In the
following two lemmas, the threshold p; may also depend on Jy.

Lemma 14.22. We have
2

53

= 0.

lim sup ’8 Tee(E,A) +
P70 ecry, Ae[1/2,2] el

Proof. We compare T.. with the entry obtained by keeping only the ordinary part Ggrd of
the remainder,
aord((:,/w _ /\<£C’ ()\ . Gord 1h >

which is well defined since || Ggrd | < 1/4 for p > p;. The slope of a°™ is computed from

the factorization of Lemma 14.14, and the difference T.. — a®™d

first derivative.

is small together with its

StEP 1. A series for a®<. We claim that

a® (& A) = Y A "kz (Nz(BeNg)™1). (14.48)

n>0
Indeed, A(A — Ggrd)_1 = Y50 A" (ReAgSg)" in norm, and since ({c, F) = kg(S¢F) and
he = Rg1, we have

(e, (RgAgSz)"he) = kg (SzRz(AzSzRz)") = kg (Nz(AzNg)"1).
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The series (14.48) converges together with its first ¢-derivative, since |AsNg|| <
Cp~?2 logD p by Lemma 14.15(iv). This representation involves only the operators Ng,
Az and the functional kg on ¥/, whose first two derivatives are controlled by Lemma 14.15;
it does not require differentiating Rz or Sg.

SteP 2. The slope of a°4. We claim that 9za°™4(g, 1) = —2p2¢ =3 + 0(1) uniformly in ¢ € &
and A € [1/2,2]. Since Ng = Ng + Ag and Ngl = 0¢1, the term with n = 0 in (14.48)
is kz(Ng1) = Ué + kz(Ag1). Every other term, and kz(As1), contains at least one factor
Ag. Differentiating such a product of 2n + 2 factors by the Leibniz rule, and using

Lemma 14.15(iv) and A~" < 2", we find that

|0 (a4 — 07)| < Y (2n+2)2"C** 2 (Cp 2 log” p)max{"’l} < Cp~2log® p.
n>0
It remains to differentiate Ug. By definition, 0z = a [ y(du)up(u)*mg(u). By (14.16),
Lemma 14.15(i), and 1 — ¢ < 14,22 1. 1og p}

_ _ ~1/4
07 — apii| < oc(pl* sup |mg(u) — 1] + /uz>M*logPu'y(du)> < Cp “logp.

u<Ww

Similarly, 9z0x = (9z) [ y( du)u?mg +a [ y(du)up?0:Y?, and Lemma 14.15(iii) implies

that |9z07 — u.dza| < C(p~/*logp + €ylog* p). By (14.15), « = &1 +O(p~') and
dzx = —¢ 24+ O(p~1). Then

2p3

-5

85((75) = 2070z07 = 250 O + 0(1) = +0(1),

since €y, log* p — 0. This proves the claim.

Step 3. The size of Tec — a®™. We claim that |Toc — a®™| < pAv~N« on E x [1/2,2]. Since £,
and h. vanish outside O, we have Toc = A({., Po(A — Gg)_lpohc>. Let G; = Gz — PoG¢Po,
where O is the complement of O. As in the proof of Lemma 14.21(iv), 0 <X G =< Ge
and PoG; = GyPo. By the Neumann series, Po(A — G;) " 'Po = (A — Gy4) ' Po, where
(A — Gaa) ! exists since ||Gul| = dp < 1/4. By the resolvent identity, we have

Po[(A=Gz) ™' = (A= G1) " Po = Po(A — G1) 1 (PoGgPoc) (A — Gg) ™ Po.
By Lemma 14.19(ii),(iii), [|[PoGePocll < [Gasll + |Gzl + |Gl < 9p™™1, and

Lemma 14.20 bounds the two resolvents by p?". Further, since Gy = Ggrd + Eo, the
difference

(A= Gu) ' = (A =G = (A~ Gua) 'Eo(A — GZ) ™!

has norm at most 16||Eg|| < 48p~N+~1, by Lemma 14.19(iv) and since both resolvents
have norm at most 4. Combining these bounds with ||£.|| ||| < Cp*1, we conclude that
|TCC o aord| S CpAl (9P4nO_N*_1 +48p_N*_1) S PAV_N*-
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Step 4. Interpolation. Fix A and let f(&) = Tec(¢,A) — a®4(&, A). By Step 3, supz |f| <
pAv~Ne. By Lemma 14.21(iii), la‘éTCC\ < p. The same bound holds for a°': by
Lemma 14.17(ii), the derivatives of (A — Ggrd) ~1 of order j < 4 are bounded by Cp*241+1),
and with Lemma 14.16(ii), we have \a‘éaord] < Cpl04itt < pAi. Applying Lemma 14.6
with rg = §p, € = pAV_N* and my = 2pA1', we find that for ¢ € Zq,
4pAv—N.

()] < 4p (3Av+Aj=3N.) /4 P 5 0,
since N, > Ay + Aj. Combined with Step 2, this proves the lemma. O
Lemma 14.23. For p > pyand A € [1/2,2], write b = Tt(-,A) and d = T (-, A), and take
suprema over 2. Then

Illeo < e™™VP/%,[03b]l < e VP10, ld oo + |03d o0 < 2p%

In particular,

161l oo[]] oo

su dmazbw bmaZdw -0 as p — oo.
Sup (y/1llsl10Zbl]c0 + /1El]ec 124 ) p

Proof. The bounds on b, d and aéd follow from Lemma 14.21(iii),(iv). For E)éb, we
apply Lemma 14.6 on Z with ry = dy, € = e ™VP/* and my = p?, which gives
036 < 2p™/2eVP/B 4 85, %e VPt < ¢7®VP/16 on Ey for p > py. The last claim
follows by inserting these bounds. O

The bound on aéb is an absolute bound; it is not a bound relative to the value of b,

which may be much smaller than e~ *V?.

14.9 Proofs of the main results

Proof of Theorem 14.1. Let &y be given, and fix 9 € (0, u./8] such that [, — 400, p« +
4(5()] C Hp. Set

E = [p« — 30, s + 300], 1 = [« — 200, px + 200), o = [px — o, s + o).

We apply the constructions of Sections 14.4-14.8 on the window E, with the parameters
chosen in the order of Section 14.4, and we take p > p;, with p; also depending on Jy
and enlarged finitely many times below. We also take p; at least the threshold po(min E)
of Corollary 11.23, so that A, is defined on E; by the uniqueness in Theorem 11.21(i), it
agrees on = with the function used in the constructions.

Ster 1. Monotonicity on Zp. We apply Proposition 14.8 with 7 = £, [ = int&p, I} =
int&y, ro = ép, A~ = 1/2, Ay = 2, the operators G¢ of (14.38), and hy gz = he, hy e = hy,

l1; = le, laz = L. By (14.39), Uz = AZ. We verify the hypotheses.
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* The maps ¢ — Gg, h, £ are four times continuously differentiable by Lemmas 14.16
and 14.17, and so are hy = Jl. and ¢; = Jh. since | does not depend on ¢. By
Lemma 14.20, 7(Gg) < 1/4 < A_.

* Hypothesis (i) holds by Lemma 14.21(i),(ii).

o Letx = pi%(ps +269) °. By Lemma 14.22, 9;Tec < —2u2¢ 3 +x < —xon &y x [1/2,2]
for p > p1, and by Lemma 14.23, (14.9) holds for p > p;. So hypothesis (ii) holds.

* By Theorem 13.1, for p > p; we have supg [A,(8) — ps/G| < 8o/ (4px). For ¢ € Ep, we
have 11, /¢ € [8/9,8/7] since &y < /8, and so A,(&)? € (1/2,2). By Lemma 14.11(ii),

F; > 0 satisfies AZF; = Ay()Fz. So hypothesis (iii) holds with A(Z) = A, (&)

Proposition 14.8(c) shows that )\% is continuously differentiable on int &, with negative
derivative. Since A, > 0, the same holds for A,, with 9z, = 85()\%) /(2Ap) < 0.

StEP 2. Signs on Ey. For ¢ < p. —d9/2, we have ./ > 1+ 69/ (2u«), and for & >
ts +60/2, we have . /¢ < 1— 080/ (2ps + 60) < 1— 200/ (3ux), since &y < p,. With the
bound from Theorem 13.1 in Step 1, we obtain A, > 1 on EgN (—00, s — /2] and A, < 1
on Eg N [p+ + d9/2,00). Since Ay, is strictly decreasing on intZ; O [y« — 0/2, px + 60/2]
by Step 1, and Ap(ps —00/2) > 1 > Ap(ps + 80/2), it takes the value one at exactly one
point &c(p) € (4« —00/2, pix +60/2), and A, — 1 is positive to its left and negative to its
right within int Z,. Combined with the signs outside [y, — do/2, pi« + d0/2], this shows
that .(p) is the only solution of A,(5) = 1in Eg, with A, > 1 to its left and A, < 1 to its
right in &g. By Step 1, A, is continuously differentiable near ¢.(p) and dzA,(Gc(p)) < 0.

Step 3. Convergence. Let 6 € (0,59/2]. By Theorem 13.1, there exists p(J) such that
supg, [Ap(8) — ps/ G| < 6/ (4ps) for p > p(5); then Ap > 1 on Eg N (—oo, px — J] and
Ap < 1on EgN [ps +6,00), by the argument of Step 2 with dy/2 replaced by 5. Then
1Ec(p) — us| < 6 for p > max{py, p(6)}, which proves ¢.(p) — pi«. O

Proof of Corollary 14.2. Let Mext > 3 and pext be as in Proposition 13.2, and let &y =
(€0, Mext + 1]; since px < 1 < Mext, the point u, lies in the interior of &y. Let p >
max{p(Zo), Pext, Po(C0) }, where p(Zy) is the threshold of Theorem 14.1 and py(¢o) that
of Corollary 11.23. By Corollary 11.23(i), for every E > {o./p the principal solution v, g is
the unique fixed point of the law map in the class &, g(g). For E € [Go/P, (Mext +1)/7,
it therefore coincides with the fixed point of Theorem 11.21 for the window &E,, and
¢e(1) =logA,(E//p). By Theorem 14.1, the function E +— ¢g(1) has exactly one zero
Ec(p) = Cc(p)/P in [Co\/P, (Mext +1),/p); it is positive on [Co./p, Ec(p)) and negative
on (Ec(p), (Mext +1),/p]. By Proposition 13.2, we have ¢p(1) < —log2 < 0 for every
E > Mext\/p- Hence E.(p) is the only zero in [(_fo\/ﬁ, c0), with the stated signs. Near
Ec(p), we have dpp(1) = p~1/20:A,(8)/Ap(€) at & = E/./p, which is continuous and
negative at Ec(p) by Theorem 14.1. Finally, Ec(p)/\/p = Gc(p) — ph O



SECTION 15

The free energy at small energies

In this section, we show that at large p, the free energy ¢, (1) of every real solution 7 is
bounded below by a positive numerical constant at all energies 0 < E < éin\/_ , where
Cin > 0 is numerical. The bound holds for all real solutions, not only for the principal
solution of Section 11. In Section 16, it is combined with Theorem 10.1 to show that the
boundary values at these energies are not real.

The proof uses the elementary lower bound A(1) > pE||Mg|| ™! on the critical eigen-
value, valid for every scaling ¢, and two choices of scaling. With the scaling ¢ = 1, the
mean p E||M;||~! is large if F = E(1 + |D|)~! is at least a large multiple of p~1/2. With
the scaling ¢ = ,/p, the mean pIE||M\/p||_1 is large if g = P(|D| < p~1/2) is at least a
large multiple of p~1. If both tests fail, then with probability bounded below no child
denominator is small, and the cavity equation shows that |D| is at most E plus a bounded
quantity; this gives a lower bound on F of order (1 + E)~!, which contradicts the failure
of the first test when E < (i, /p and iy is small.

15.1 The critical transfer operator with two scalings

Throughout this section, 7 is a real solution at energy E > 0 (Definition 5.1), D ~ 7, and
Y ~ Exp(1) is independent of D. For a scaling g > 0, we set

2 2y 1/
Me = M<gD’g7Y> - (%> - (—gon/p ng)’

as in Definition 5.2 and (6.2). The variable B = ¢?Y/p has the exponential law of rate
K, = p/g% and by Proposition 5.5 the law v, of gD satisfies the hypotheses (6.1) of

Section 6. We write Qgg) for the transfer operator of Definition 6.1 at s = 1, defined with
Vg and Kq:

(7)) = PE[IMgoa]| "x(Mg - x)],  x € C(RP!), x € R,

By Theorem 6.11(i), this operator is bounded and positive on C(RIP!), and we write
A8)(1) for its spectral radius. By Definition 6.14(iii), the free energy of 7t at s = 1 is
r(1) = log A8)(1).

We use the two scalings ¢ = 1 and ¢ = ,/p, and we recall why they give the same
critical eigenvalue. Let S = diag(p~1/4, p'/#). Conjugation by S multiplies the (1,2)
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entry of a matrix by p~1/2 and the (2,1) entry by p'/2, and leaves the diagonal entries

unchanged. Since M; = (Y/p)~ /2 (—S/p [1)), we have

Y\—1/2 /0 -1/ 0 1
-1_ (L P _y-1/2 _
sMis = () (—Y/ﬁ b )= ﬁD) Mup

which is (6.17) with v = ,/p. This identity between the random matrices of the two
VP)

scalings, which holds for every realization of (D,Y), induces the similarity Qg =

e! QP@ of Lemma 6.13(ii), where (®x)(x) = ||Svx||~1x(S - x) is a bounded operator
on C(RP!) with bounded inverse. Similar operators have the same spectrum, which
gives

AD(1) = AWP) (1) = e, (15.1)

Lemma 15.1. For every g > 0, we have A8)(1) > pE|| M| .

Proof. Set m = pE|Mg|~! and let 1 be the constant function one on RP'. For every
x € RIP!, the vector v, is a unit vector. Then | Mgoy|l < ||Mg||, and

(Q\¥1)(x) = pE||Mgoy | ' > m.

The operator Qgg) is positive: if x > 1 pointwise, then Qgg) X > Qgg)lp pointwise. By

induction on n, we have (Qgg ))”1 > m"1 for every n > 1; indeed, if this holds for n — 1,
then
(Qgg))nl — Qgg) ((Qgg))nfll) > m”leF)l > m"1.

Since ||1/| = 1, the operator norm on C(RIP!) satisfies ||(Q§g))”|| > H(Qgg))”lﬂoo > m".
By Gelfand’s formula for the spectral radius [113, Theorem VI.6], this implies that
A8) (1) = limy— e ||(Q§g))n||1/n > m. -

Since M, has determinant one, we have || M| > 1, and the bound of Lemma 15.1 is
at most p. This is consistent with the bound ¢(1) < log p of Proposition 6.15.

15.2 Proof of the lower bound

Letrg =P(1 <Y <2)=¢1—e2forY ~ Exp(l). We choose the constants in the
following order:

6 4 e H 1+ 4A\2
Pin = < ) , 6 =log2. (15.2)

A=— H = 7 Cin C
m

o 0 T 8A7
These are numerical constants. Numerically, rg ~ 0.2325, A ~ 25.8, H ~ 17.2 and
&in ~ 1.6 - 1071%; we make no attempt to optimize them.
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Proposition 15.2. Let §in, pin and 6 be the numerical constants in (15.2). For every p > Pin,
every E € (0, Cin\/p], and every real solution 7t at energy E, we have ¢ (1) > 6.

Proof. Fix p > pin, E € (0,Cin\/p] and a real solution 7 at energy E. Let D ~ 7t and
Y ~ Exp(1) be independent, and set

1

=E—— =P(|D| < p1/?).

Note that p > pin > 1. We show that F > A/,/p or pg > H, and that each of these
alternatives gives A(1) > 2, where A(1) = e?*() equals A(V)(1) and A(VP)(1) by (15.1).

Step 1. The scaling ¢ = 1. We claim that if F > A/,/p, then A(1) > 2. On the event
{1 <Y < 2}, we bound the operator norm of M; = (Y/p)~1/? (—1(/)/;9 11)) by its

Frobenius norm and obtain
p\1/2 Y2 2\ 1/2 Y
< (= — < — < .
IMi]l < (§) (147 +D%) " < vp(1++ID]) <3/ 1+ D)

In the second inequality, we used Y > 1 and (a2 + 0%+ cz)l/2 <a+b+cforab,c>0,
and in the third, Y/p < 2. Since Y is independent of D, we find

_ 1 fo\/_
>

If F> A/,/p, the right side is at least 79A/3 = 2, and Lemma 15.1 gives A(1) > 2.

Step 2. The scaling ¢ = /p. We claim that if pg > H, then A(1) > 2. For ¢ = ,/p, we
have gD = ,/pD and g*Y/p =Y. Then

0 1 1 D?
v—1/2 222 P

On the event {1 <Y <2} N{|D| < p~/?}, the right side is at most 1 +2 + 1 = 4, and
|M /5|l < 2. Since Y is independent of D, we find
o

_ _ 1
PE[M 5|7t > pP(1<Y <2, D[ <p7V2) -0 =T pg

If pg > H, the right side is at least r¢H/2 = 2, and Lemma 15.1 gives A(1) > 2.

SteP 3. Both tests cannot fail. Suppose, for contradiction, that F < A/,/p and pq < H. Let

N, (Y;)j>1 and (D;);>1 be as in Definition 5.1; then D has the law of E — p~ Z]<N Y;/Dj.
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Call an index j < N small if |D]-| < p_l/ 2 and large otherwise, let Z be the number of
small indices, and set
w1 Y. i.
P j<N: |D]-|>p*1/2 |D]|

The point process } i<y (5(1/],, D;) is a Poisson process on (0, 00) x R with intensity measure p
times the law of (Y1, D7), since N ~ Pois(p) is independent of the independent and identi-
cally distributed pairs (Y}, D;). Its restrictions to the disjoint sets (0, 00) x [—p~1/2,p~1/2]
and (0,0) x (R \ [-p~1/2, p~1/2]) are therefore independent Poisson processes [94, Chap-
ter 5]. The variable Z is the total mass of the first restriction, which has law Pois(pgq), and
2 is a function of the second. In particular, Z and X are independent, and

P(Z=0)=e P >¢H,

We next bound the mean of £. On the event {|D| > p~1/2}, we have 1 + |[D| < (1 +
VP)|D|, that is, [D|~! < (14 ,/p)(1+|D]|)~’. Using the independence of N, (Yj) and
(D;), we find

) 1+ Jp)A
Ex = JENEYE[|D| "1 p» 1] < (1+ VP)F < UEVPIA o4,

VP
where in the last inequality we used p > 1. By Markov’s inequality, P(X > 4A) < 1/2.
On the event {Z = 0} N {Z < 4A}, all indices are large, and |E — p~! Yi<nYj/Dj| <E+
T < E +4A. By independence, this event has probability P(Z = 0) P(Z < 4A4) > ¢ H/2,
and we conclude that
e H 1

F > . .
— 2 1+E+4A
Since p > pin, we have 1 +4A < in,/p, and since E < §in/p, we have 1+ E +4A <
28in+/P- By the choice of g, in (15.2), we have

e H 2A
F> = ,
4Cin\/P P

which contradicts F < A/,/p.

Step 4. Conclusion. By Step 3, we have F > A/, /p or pq > H. By Steps 1 and 2, in either
case A(&)(1) > 2 for g = 1 or ¢ = ,/p, and by (15.1) both spectral radii equal exp ¢-(1).
We conclude that ¢(1) > log2 = . O



PART IV

Proofs of the main results



SECTION 16

Proofs of the main theorems

In this section we prove Theorems 1.1 and 1.2. All ingredients have been established in
the previous sections, and we only combine them. Throughout, for p > 1 and E > Co\/?
in the range of Corollary 11.23, we write ¢£ (1) for the free energy at s = 1 of the principal
solution: by Corollary 11.23, if B has law v, g, then the law of B/g(E) is a real solution
at energy E, and ¢g(1) is the value at s = 1 of its free energy (Definition 6.14). This
is the quantity ¢£(1) of Theorem 1.2, and in the notation of Sections 12-14, we have

Ap(8) = exp gz /p(1).

16.1 Choice of constants

Let in > 0, 6 > 0, and pi, be the numerical constants of Proposition 15.2. Since the
conclusion of Proposition 15.2 is preserved if ¢, is decreased, we may and do assume
that Gin < p+/2. Set
Gin

Co= "5
Let p. be the numerical constant of Theorem 10.1, and let Mext and pext be the numerical
constants of the large-energy estimate in Proposition 13.2. Let & = [§y, Mext + 1], and let
Pphys (&) be the threshold of Proposition 11.27 for this window. By Corollary 14.2, there
exists p(Go) such that for every p > p(Co) there is a unique Ec(p) > Go./p with

¢e(1) >0 for ¢o\/p < E < Ec(p), ¢e(1) <0 for E > E.(p), (16.1)

and such that E.(p)/\/p — p« as p — oo. Since {in < p4+/2, there exists p’ such that
Ec(p) > Giny/p for every p > p’. We define pg to be the maximum of p., pin, Pext,
Pphys (&), the threshold po(Zo) of Corollary 11.23, p(Go), and p'. This is the maximum of
finitely many finite numbers.

Fix p > po for the remainder of this section. We record three consequences of the
choice of pg. First, Gin\/p < Ec.(p). Second, E.(p) < Mext\/P, since the large-energy
estimate of Proposition 13.2 gives ¢r(1) < 0 for every E > Mext,/p, while @g(1) > 0 for
E < Ec(p). Third, the principal solution v,  is defined for every E > /.
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16.2 Proof of Theorem 1.1

By Proposition 3.21, the operator H has pure point spectrum (respectively purely abso-
lutely continuous spectrum) in a Borel set I if and only if it has the same property in —1.
It therefore suffices to prove the statements about positive energies. Let £, be the set of
regular energies of Definition 5.7. By Lemma 5.8, its complement has Lebesgue measure
Zero.

StEP 1. Absolute continuity at small energies. Let E € £, N (0, in\/p], and suppose that
P*(ImT,(E +1i0) = 0) = 1. By part (ii) of Proposition 5.11, the law 7 of the boundary
denominator —1/T,(E +i0) under P is a real solution at energy E. By Proposition 15.2,
its free energy satisfies ¢(1) > 6 > 0. Since p > p,, this contradicts Theorem 10.1.
Therefore P (ImTI,(E +i0) = 0) < 1 for every E € &, N (0,iny/p]. Since &, has
full measure, Corollary 10.2 implies that IP*-almost surely, H{ has purely absolutely
continuous spectrum in (0, §in+/7)-

STEP 2. Absolute continuity at energies of order /p below Ec(p). Let E € £, N (Co\/P, Ec(p)),
and suppose that P*(ImT,(E +i0) = 0) = 1. Since E;(p) < Mext/p, We have E//p € E.
By part (iv) of Proposition 11.27, the law 7t of the boundary denominator —1/T,(E + i0)
under PP is a real solution at energy E, and the law of ¢(E)D, D ~ 7, is v), g. Since the
free energy does not depend on the scaling (Definition 6.14), the free energy of r ats =1
is @£ (1), which is positive by (16.1). This again contradicts Theorem 10.1. As in the first
step, Corollary 10.2 shows that IP®-almost surely, H has purely absolutely continuous
spectrum in (Co\/p, Ec(p)).

Since §o./7 < Cin\/P < Ec(p), the open intervals in the first two steps cover (0, Ec(p)).
If the restrictions of a finite measure to two open sets are absolutely continuous, then
so is its restriction to their union. Hence IP*-almost surely, H has purely absolutely
continuous spectrum in (0, E.(p)).

STEP 3. Pure point spectrum above E.(p). Let U = (E(p), ). For every E € U, the law of
B/g(E), B ~ vy, is a real solution at energy E by part (iv) of Corollary 11.23, and its
free energy at s = 1is ¢g(1), which is negative by (16.1). By Theorem 8.4, P*-almost
surely, H has pure point spectrum in U.

StEp 4. Finitely supported eigenvectors. By part (ii) of Proposition 3.24, IP®-almost surely
H has no finitely supported eigenvector with a nonzero eigenvalue. By part (ii) of
Proposition 3.25, P*-almost surely H has infinitely many pairwise orthogonal, finitely
supported eigenvectors with eigenvalue zero.

Finally, Ec(p)//p — p« by Corollary 14.2. This completes the proof of Theorem 1.1.

Remark 16.1. The proof of pure point spectrum in the third step uses the principal solution
only through the square-summable inverse column of Proposition 8.3, and it gives no
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quantitative information about the Green function at spectral parameters with positive
imaginary part.

16.3 Proof of Theorem 1.2

Fix &) € (0, 1), and let p1(¢})) be the maximum of py and of the thresholds of Corollar-
ies 14.2 and 11.23 for the value ¢j,. Fix p > p1(&;).

Part (i) is part (i) of Corollary 11.23, applied with ¢, in place of &o.

For part (ii), we first prove that E — ¢g(1) is continuous on [§,/p, o). We apply
Proposition 6.12 with the scaling ¢(E), that is, to the laws vg = v, g with the rates
K(E) = p/6(E), where 6(E) = g(E)?. The map E — K(E) is continuous, and E > v, g
is weakly continuous by part (iii) of Corollary 11.23. Each v,  satisfies (6.1), since it is
the law of g(E)D for a real solution D (part (iv) of Corollary 11.23 and Proposition 5.5).
By part (i) of Corollary 11.23, we have [ |b|7v, g(db) <4+ (1 —¢) ! for every g € (0,1)
and every E > ¢;,/p. Thus the hypotheses of Proposition 6.12 hold with every g9 € (0,1),
and E — Ap(1) = exp @g(1) is continuous on [( /P, ).

By Corollary 14.2, applied with ¢, there is a unique zero E/(p) of E — ¢g(1) on
[8o\/P,0), with ¢p(1) > 0 to its left and ¢(1) < O to its right. This zero coincides
with the energy E.(p) of Section 16.1. Indeed, the half-lines [Zy,/p, c0) and [;/p, ) are
nested, and E — ¢g(1) has exactly one zero on each of them. The zero on the smaller
half-line is also a zero on the larger one, so the two zeros coincide. Finally, let Z. C (0, c0)
be a compact interval whose interior contains E.(p)//p for all p > p1(&;); for instance
Ee = [p+/2,2p,], after increasing p;(¢). Increasing p1 (&) further, we may assume that
P > pe(Ec), the threshold of Proposition 12.21. By that proposition, ¢ +— A,({) is real-
analytic on an open interval containing &, so E + ¢@g(1) = logA,(E//p) is real-analytic
in a neighborhood of E.(p), and its derivative at E.(p) is negative by Corollary 14.2. This
proves part (ii).

Part (iii) is Theorem 13.1, applied to a compact set Z C [, o).



SECTION 17

The giant component

In this section, we transfer the spectral dichotomy of Theorem 1.1 to the giant component
of the finite graph and prove Theorem 1.4. The section has three parts.

The first part, Sections 17.2 and 17.3, proves Proposition 17.13: the giant component,
seen from finitely many uniformly chosen vertices, converges locally to independent
copies of the marked PGW(p) tree conditioned on survival, and this convergence holds
in probability for averages over the giant component. Membership in the giant component
is not determined by a bounded neighborhood of a vertex. We therefore first prove the
statement with the giant component replaced by the set of vertices whose component has
at least K vertices, which is a local condition, and then let K — oco. Since the tree operator
is unbounded, local convergence alone does not give convergence of resolvents; this step
uses the essential self-adjointness of the tree operator from Theorem 3.10, as in [50].

The second part, Section 17.4, proves Proposition 17.14: on every compact interval
separated from zero, the averaged root spectral measure of the survival-conditioned tree
has a density bounded above and below. The upper bound comes from a Wegner-type
estimate for an auxiliary bipartite random graph, whose squared operator is a sum of
rank-one projections with independent Gamma-distributed weights. The lower bound
comes from a configuration at the root (one surviving child and one leaf child) in which
the weight of the leaf edge enters the root resolvent through a Poisson kernel.

The third part, Section 17.5, combines the first two to prove Propositions 17.20
and 17.22, and then Theorem 1.4.

17.1 Setting and notation

Throughout this section, p > 1 is fixed, and constants may depend on p without further
mention. We use the finite model of Definition 3.1. The graph G, is an Erd6s—Rényi graph
G(n,p/n) on [n] = {1,...,n}. Conditionally on G, the variables wij, 1 <i<j<mn,
are independent standard complex Gaussians. For an edge ij of G, with i < j we set
hij = wij//p and hjj = hy, and Hy(i,j) = 1iijer(c,) hij- We write gc for the giant
component of G, namely its largest connected component (if there are several, we take
the one containing the smallest vertex), N, = |gc|, and HE® for the restriction of H, to
2%(gce).

Since gc is a connected component of G;, the matrix H, is the direct sum of HE and
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its restriction to £%([n] \ gc). In particular, for all u,v € gc, every z € C \ R, and every
bounded Borel function f, we have

(Ou, (Hy — Z)_l‘sv> = (Ju, (H;gzc - Z)_1(50>, (00, f(Hn)op) = <5v/f(H§C)5v>‘ (17.1)

For v € gc, we let u;, denote the spectral measure of &, for HE, so that Pno(I) =
(60,11(HE)8,) as in Definition 1.3. By (17.1), it is also the spectral measure of &, for H,,.
The empirical spectral measure of Hj' is

vE = Ni Y Mno  sothat 1§ (I) = NiTr 1;(HS) = 7, (I). (17.2)
n vege n
On the tree side, we use the marked PGW(p) tree T of Definition 3.2, with root o,
edge marks h, = w,/,/p, survival event S, survival probability ¢, = P(S) € (0,1), and
conditioned law P® = P(- | §). We write |T| € N U {oo} for the number of vertices of
T, so that S = {|7| = oo}. As in Definition 3.15, y, is the spectral measure of J, for H.
We define the averaged root spectral measures

vy = Ep,, vy = E%uo, (17.3)

that is, v,(B) = E[uo(B)] and v;’(B) = E%[ue(B)] for Borel sets B C R. Both are
probability measures. Their Stieltjes transforms are [EG,,(z) and E®G,,(z), by Fubini’s
theorem.

We use the following classical fact about the giant component [68], [133, Theorem 4.8]:

as n — oo,
Ny

— T in probability. (17.4)
In these references, the limit is described as the unique positive solution ¢ of 1 — ¢ = e~ 7¢;
this is the survival probability of a PGW(p) tree, since the extinction probability is the
smallest fixed point in [0,1] of the generating function s — e?(~1) of Pois(p).

Several random quantities below, such as averages over k-tuples of distinct vertices of
gc, are only defined on the event {N,, > k}. We set them equal to zero on the complement.
Since P(N,, > k) — 1 by (17.4), this convention does not affect any limit in probability.

We say that random probability measures m;, on R converge weakly in probability
to a deterministic probability measure m if [ fdm, — [ fdm in probability for every

bounded continuous f: R — R.

17.2 Rooted marked graphs and resolvents

The local topology

Definition 17.1. Fix k > 1. A k-rooted marked graph is a triple x = (G, h,0) with the
following properties. The graph G = (V, E) is simple and locally finite, with countable
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vertex set. The marks / assign to each ordered pair (1, v) with uv € E a number h,, € C,
with hy, = hyp. The roots 0 = (oy,...,0;) € V are such that every vertex of G is
connected to at least one root. Two k-rooted marked graphs are isomorphic if there exists
a graph isomorphism between them that maps the a-th root to the a-th root for every a
and preserves the marks. We write %, for the set of isomorphism classes, and we do not
distinguish in notation between a k-rooted marked graph and its class. We call x finite if
V is finite.

For x € ¢, and R € N U {0}, let Bg(x) denote the k-rooted marked graph induced
by x on the set of vertices at graph distance at most R from {o1,...,0x}. Let R.(x,x’) be
the supremum of the real numbers r > 0 for which there exists an isomorphism ¢ from
B|,|(x) to B|,|(x") as k-rooted graphs (ignoring marks) such that ]h’q)(u)q)(v) — hyp| <771
for every edge uv of B|,|(x), with R, = 0 if there is no such r. We set

1
dloc(x/ xl) = m

Local weak convergence was introduced by Benjamini and Schramm [35] and by
Aldous and Steele [16]. The distance dj,. is the metric of [15, Section 2]; see also [134,
Chapter 2 and Appendix A]. By these references, (%, djoc) is a complete separable metric
space. (These references treat k = 1 and marks in a general complete separable metric
space; the case of k roots is identical.) A sequence x, converges to x if and only if, for
every R > 1, there exists ng such that for all n > np there exists an isomorphism of Bg(x)
onto Bg(xy) as k-rooted graphs with all mark differences at most R~!. Since a locally
finite graph has finite balls, every Bgr(x) is finite, and djo.(x, Br(x)) < (1+R)"1. A
function on % that depends only on Bg(x) as a k-rooted graph (ignoring marks) is locally
constant, hence continuous. Examples are x — 1{deg(01) < L}, x — 1{dist(0,,0,) < R}
for R > 0, and

Xk.a(x) = 1{the component of o, has at least K vertices}, K>1. (17.5)

For xx 4, this holds with R = K — 1, since a component with at least K vertices contains
a connected set of K vertices containing o0,, and such a set lies within distance K — 1
of 0,. The set of finite elements of ¥, is Borel, since it is the union over R of the sets
{|Br(x)| = |Br+1(x)|}, which are open and closed.

For 1 < k' < k and an injective map o: [k'] — [k|, the restriction ry: 9. — % keeps
the roots 0,(1), - -, 0,1y and the union of their components. It satisfies djo.(70x, rex') <
dioc(x, "), because an isomorphism of Bg(x) onto Br(x’) restricts to an isomorphism of
Br(rsx) onto Br(rsx"). Here we used that rooted isomorphisms of R-balls preserve the
distance to the roots, since for a vertex of Br(x) this distance is attained by a path inside
B R(x )

We use two kinds of elements of ¥. For distinct vertices vq,...,v, of G,, we
write |Gy, v] for the k-rooted marked graph formed by the union of the components
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of v1,...,v; in G, with the marks hl-]- and roots v = (vq,...,v;). For k rooted marked
trees (Ty,01),...,(Tk, 0r), we consider their disjoint union, rooted at (o4, ...,0x), as an
element of ¥%.. We write § for the disjoint union of k independent marked PGW(p) trees
with law P, and §;° for the disjoint union of k independent trees with law IP®. We write
E*®K for the expectation with respect to the law of Sp -

Local convergence of the uniformly rooted graph

We need the local limit for two graph models. The second one is used only in Section 17.4.

(a) The model of Section 17.1: G, = G(n, p/n) with vertex set V, = [n] and marks h;;.

(b) The bipartite model: V, = [n] x {0,1}, and each pair {(i,0),(j,1)} is an edge
independently with probability p/#n; there are no other edges. Conditionally on the
graph, the edges carry independent standard complex Gaussians w, and the edge
{(i,0), (j, 1)} has marks h; 1 (o) = w/ /P and h;) (j1) = @//pP- In this model, we
also write G, for the marked graph.

In both models, the marks are independent of the graph. In the marked tree, the mark
hyy on the edge from a parent u to its child v is wy,//p. Since the standard complex
Gaussian law is invariant under complex conjugation, the choice of orientation used to
attach the Gaussian variable to an edge does not affect the law of a marked graph: in
both models, conditionally on the graph, the marks h,,, for any choice of one orientation
(u,v) per edge, are independent with the law of w//p.

Lemma 17.2. Consider either model (a) or model (b). Fix k > 1, and let V. = (V4,...,V}) be
uniformly distributed among the k-tuples of distinct elements of V,,, independent of the marked
graph. Then for every R > 1, the law of Br([Gy, V]) converges in total variation to the law of
Br(Fx) as n — oo. In particular, [G,, V] — &y in distribution in 4. Further, in model (a),
E[deg(V1)?] < p + p? for all n.

This is the standard exploration argument (see [134, Chapter 2] for local convergence
of G(n, p/n)); we include the proof because we need k roots and marks.

Proof. We treat model (a) and indicate the changes for model (b) at the end. Fix R > 1
and & > 0. Since the balls of radius R in PGW(p) trees are almost surely finite, there
exists M > k such that IP(Z’;:I |Br(T,)| > M) < ¢, where Ty, ..., Ty are independent
PGW(p) trees.

We explore the balls of radius R around Vi, ..., Vi in G, one root at a time. Each
vertex is first discovered and later possibly processed. When the exploration of the root
V, starts, V; is discovered (if it was discovered earlier, we say that a collision occurs).
Then, as long as there is an unprocessed vertex discovered during the exploration of
V, at exploration depth at most R — 1, we process the earliest discovered such vertex x.
Processing x reveals, for every vertex y not yet processed, whether xy is an edge. Every
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such y that was not yet discovered becomes discovered, as a child of x, at depth one more
than x. When all roots have been explored, we reveal all pairs of discovered vertices that
have not been revealed. Each pair of vertices is revealed at most once. Since the roots are
independent of the graph, conditionally on everything revealed before a pair is revealed,
its indicator is a Bernoulli variable with parameter p/n.

Let C be the event that no collision occurs and that every revealed pair {x,y} of
vertices that were both discovered before it was revealed is not an edge. On C, the induced
subgraph on the discovered vertices is the union of k disjoint trees, the exploration trees of
V1, ..., Vk. Further, the vertices of the a-th tree are exactly the vertices at distance at most
R from V,. Then, on C, the k-rooted graph Br([Gy, V]) (ignoring marks) is the disjoint
union of the exploration trees. Its isomorphism class is determined by the sequence of
numbers of children of the processed vertices, in the order of processing.

We stop the exploration as soon as more than M vertices are discovered. Before
stopping, there are at most M processing steps and at most (M + 1)? revealed pairs
of the type excluded in C, each of which is an edge with conditional probability p/n.
Further, conditionally on the exploration of Vi, ..., V,_1, the root V; is uniform on [n] \
{V1,...,V,_1}, and the probability of a collision at V, is at most (M +1)/(n — k). When
a vertex x is processed and m < M vertices are discovered, the number of its children
is, conditionally on the past, binomial with parameters n — m and p/n. By Le Cam’s
inequality and the bound dyy (Pois(A), Pois(A’)) < |A — A'|, we have

2

2
dry (Bin(n — m, p/n),Pois(p)) < (n — m)% + M P +Mp

n n
Explore T1, ..., Ty up to depth R in the same breadth-first order. Using at each processing
step a maximal coupling of the two conditional offspring laws, we obtain a coupling
under which, except on an event of probability at most

k(M +1)

2
M
e MM g2l BT
n n n—k

the event C holds and all offspring numbers agree. On this event, Br(|G, V]) and
Br(Ty) U - - - LI BR(Ty) are isomorphic as k-rooted graphs through the exploration. We
transport the marks of G, on the edges of the ball to the corresponding tree edges, and
give the remaining tree edges independent marks. The marks are independent of the
graph and of V, and the exploration only reveals the graph. Hence, by the conjugation
invariance noted above, the transported marks are independent with the law of w/,/p,
and independent of the trees. This produces marked trees with the law of §, and the
marked balls agree on the event above. Since ¢ > 0 was arbitrary, the total variation
distance tends to zero.
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For the convergence in distribution, let F: ¢ — R be bounded and uniformly contin-
uous, with modulus of continuity wr. Since djoc(x, Br(x)) < (1 + R) ™1, we have

|EF([Gn, V]) — EF(Sk)| < 2wr((1+R)™1) + 2[|F||co dv (Law Bg([Gy, V]), Law Br(35)).

Letting n — oo and then R — oo, we find EF([G,, V]) — EF(F)). By the portmanteau
theorem [37, Theorem 2.1], this proves the convergence in distribution. Finally, since the
degree of V is binomial with parameters n — 1 and p/n, we have E[deg(V)?] < p + p?.

In model (b), the vertex x processed in the class V, N ([n] x {c}) only has potential
neighbors in the other class, and the number of its children is binomial with parameters
n—m' and p/n, where m’ < M is the number of discovered vertices in the other class.
The rest of the argument is unchanged. O

Stieltjes transforms

For a finite Borel measure m on R, we write s,,(z) = [ m(dA)/(A —z), z € H, for its
Stieltjes transform.

Lemma 17.3. Let D C H be a set with an accumulation point in H.

(i) Let m, and m be probability measures on R such that sy, (z) — su(z) for every z € D.
Then my,, — m weakly.

(ii) Suppose that D is countable. Let m, be random probability measures on R and m a
deterministic probability measure such that sy, (z) — sm(2z) in probability for every z € D.
Then m,, — m weakly in probability.

Proof. For (i), it suffices to show that every subsequence of (m,) has a further subsequence
converging weakly to m. By Helly’s selection theorem, every subsequence has a further
subsequence that converges vaguely to a measure m’ with m’(R) < 1. Since, for z € H,
the function A — (A —z)~! is continuous and vanishes at infinity, we have s, (z) —
sy (z) along this subsequence. Then s, = s, on D. Both functions are analytic on H,
and the identity theorem implies that they agree on IH. By the Stieltjes inversion formula,
7! Ims,, (E + i) dE converges vaguely to m’ as ¢ | 0; the same holds for m, and we
conclude that m’ = m. Since m(IR) = 1, the vague convergence to m is weak convergence
[64, Section 3.2].

For (ii), fix a bounded continuous f. It suffices to show that every subsequence has a
further subsequence along which [ fdm, — | f dm almost surely. Since D is countable,
by a diagonal argument there exists a further subsequence along which, almost surely,
Sm,(z) = sm(z) for all z € D simultaneously. Along it, part (i) applies pathwise. O

Resolvents on rooted marked graphs

For x € % with vertex set V, let H, o be the weighted adjacency operator on finitely
supported functions f: V — C, given by (Hyof)(u) = Yoy huof(v). It is a symmetric
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operator on EZ(V). For R > 0, let HJ(CR) be the Hermitian matrix of the finite marked
graph Br(x), acting on functions on the vertex set of Br(x). Forz € C\ R and a,b € [k],
set

G (x,2) = (8, (H®) —2)715,,),
(R)

and let uy; be the spectral measure of J,, for H,(Cm.

Definition 17.4. For x € %, z € C\R and 4,b € [k], let Gy(x,z) = limg_0 Glgf)(x,z)
if this limit exists, and G,;(x,z) = 0 otherwise. Let p,, be the weak limit of }43(51) as

R — oo if it exists, and py, = dp otherwise. Let 47 be the set of x € ¥ such that H, is
essentially self-adjoint; for such x, let H, denote the closure of Hy .

If x is finite, then Br(x) = x for large R; in this case, G,;(x, z) and iy, are the resolvent
entries and the root spectral measures of the matrix Hy . In particular, if vy, ..., vy are
distinct vertices of gc, then (17.1) implies that G,;([Gy, 0], 2) = (6, (Hi® —z)15,,) and

H(G, 0 = Hno,-

Lemma 17.5. For every z € C \ R and a,b € [k], the maps x — Ggp(x,2) and x > iy, are
Borel, and |Gup(x,z)| < |Imz| ™1 The set 9 is a Borel subset of %.

Proof. For fixed R, the quantities G”SI;) (x,z) and y,(fj) depend only on the marked graph
Br(x) and are invariant under its rooted isomorphisms. If djo(x,x’) < (1+ R’)~! with

R’ > R, then there exists an isomorphism of Bg/(x) onto Bg/(x") with mark differences
at most 1/R’, which restricts to Bg(x); after relabeling, H ff) is a Hermitian matrix with

the same pattern as H,(CR) and entries within 1/R’. The resolvent at a fixed nonreal z and
the spectral measure of a fixed basis vector (in the weak topology) depend continuously

on the entries of a Hermitian matrix. Then x — Gc(lf) (x,z) and x — yg{a) are continuous,
the latter as a map into the space P(IR) of probability measures with the weak topology.
Since P(R) with the Lévy—Prokhorov metric is a complete separable metric space [37,
Theorem 6.8], the set where a sequence of continuous maps into C or into P(IR) is Cauchy
is Borel, and the limit is a Borel map on it. This proves the first claim. The bound on G,

holds for each G(ES), hence for the limit.

For the second claim, recall that a symmetric operator A is essentially self-adjoint
if and only if Ran(A + i) and Ran(A — i) are dense [113, Section VIIL.2]. For R’ > R
and a vertex v of Br(x), let dp,(x,v) be the distance from J, to the subspace of vectors
(Hyo £1)f with f supported in the vertex set of Br/(x). These subspaces increase with
R’, and their union is Ran(H, o £ i). Since the vectors J, span a dense subspace, we have
x € 4 if and only if, for every R, we have max,cp,(x) dﬁ,(x,v) — 0 as R’ — oo for both
signs. For fixed R < R/, the function x > max,cp,(x) dljg,(x,v) depends only on Br/1(x),

since (Hy o +1)f is supported in Bg/,1(x) when f is supported in Bg/(x). Let M, denote
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the matrix of f — (Hyo £1i)f from functions on Bg/(x) to functions on Bg/,1(x). Since
H,p is symmetric, we have ||Myf||*> = |Hyxof||*> + [|fI|*> > || f||*>. Then MiM, > 1, and
the orthogonal projection M,(M:M,)~'M} onto Ran M, depends continuously on the
entries of My. As in the first part, it follows that x — maxyep,(x) d% (x,v) is continuous.

Then
92=NNMNU { X max dR,(x,v) <]'_1}

+ R>1j>1R'>R  U€BR
is Borel. O]

The following lemma is the deterministic continuity statement behind resolvent con-
vergence for locally convergent graphs; compare [50] and [47].

Lemma 17.6. Let x € 9452
(i) Let x, € % be finite with x, — x. Then for all a,b € [k] and z € C\ R,

Gab(x;zl, Z) H <50u, (Hx - Z)7150b>.

(ii) Forall a,b € [k] and z € C \ R, we have Gup(x,z) = (8o,, (Hx — 2) 18y, ), and pix,q is the
spectral measure of o, for Hy.
(iii) In the setting of (i), px,.a — Hx,a weakly for every a € [k].

Proof. We begin with (i). Let V be the vertex set of x and V,, that of x,. Since x, — x,
there exist integers R,, — co and numbers ¢, — 0 such that, for all sufficiently large n,
there exists an isomorphism ¢, of Bg, (x) onto Bg, (x,) as k-rooted graphs with mark
differences at most ¢,; we only consider such . Let J, be the partial isometry from ¢2(V)
to /2(V,,) with ],,6, = = 0y, (v) for v € Bg, (x) and J,6, = 0 otherwise.

Fix b € [k] and z € C \ R, and set u, = (Hy, o0 — z)_léog € (?(Vy), where 0" denotes
the roots of x,. Then ||uy,|| < |Imz|~!, and J}u, is the pullback of u, to By, (x), extended
by zero. The set V is countable and every vertex of V lies in Bg, (x) for large n. By a
diagonal argument, every subsequence has a further subsequence along which (J;;u,)(v)
converges for every v € V; let u(v) denote the limit. By Fatou’s lemma, ||u| < [Imz|~1.

Let f be finitely supported, with support in B,(x). The function (Hyg —Z)f is sup-
ported in B,;(x). For n with R, > r+ 1, the vertices of x, adjacent to ¢,(supp f) lie
in B,11(xz) = @n(B,+1(x)), and the adjacency relations between them correspond under
¢n. Then Hy oJnf — JuHxpof is supported in ¢, (B,11(x)), its entries are bounded by
€nY o |f(v)], and we obtain

| H, 0Jnf — InHxof | < €n|Brsa (x)|V2Y_ | f(0)] — .
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Since (Hy — 2)f is finitely supported and J;u, — u pointwise along the subsequence,
we obtain

<(Hx,0 — Z)f,u> = li£n<]n(Hx,0 — Z)f, un> = 11111’1’1<(me0 — Z)]nf, un>
= 1i11711<]nf, (Hx,,,O - Z)un> = 1i£n<]nfr 5og> = <f/ 5ob>'

In the second equality, we used the previous display and ||u,| < |Imz|~!; in the third,
that H,, o is a Hermitian matrix; in the last, that ¢,(0;) = 0p. Since this holds for all
finitely supported f, the vector u lies in the domain of H;‘,O, and H;‘/Ou = 0y, + zu. Since
H, o is essentially self-adjoint, H;,o = H,, and we conclude that u = (Hy — z)_léob. Then
Gap(xn,2) = un(0?) = (Jiun)(0s) — u(o,) along the subsequence. The limit does not
depend on the subsequence, which proves (i).

For (ii), we apply (i) to the finite graphs xg = Bgr(x), which converge to x as R — oo.
Since Bg/(xg) = Bgr(x) for R” > R, we have G, (xg,z) = Gsf)(x,z). By (i), Géf)(x,z)
converges to (,,, (Hy — z)’150b>, which is therefore equal to G,;(x, z). In particular, the

Stieltjes transforms of yy;) converge on HH to that of the spectral measure of é,, for Hy,

(R)

and Lemma 17.3(i) shows that y,, converges weakly to this measure. This proves (ii).
Part (iii) follows from (i), (ii) and Lemma 17.3(i), since s, ,(z) = Gaa(xu,2). O

By Theorem 3.10, the operator of each tree of §j is almost surely essentially self-
adjoint, and a direct sum of finitely many essentially self-adjoint operators is essentially
self-adjoint. We conclude that IP(J; € ¥5%%) = 1; this is an event by Lemma 17.5. On
this event, Lemma 17.6(ii) shows that G,;(Jx, z) is the resolvent entry of the closed tree
operator, which vanishes for a # b, and that pg, , is the root spectral measure of the a-th
tree. In particular, jg, 1 has the law of j, under IP, and iz 1 has the law of p, under IP.

Admissible functions

Definition 17.7. A bounded Borel function F: ¢ — C is admissible if there exists a Borel
set o C % with P(§, € o) = 1 such that F(x,) — F(x) for every x € < and every
sequence of finite x, € ¥, with x, — x.

Lemma 17.8. The following functions on % are admissible.

(i) Every bounded continuous function.
(ii) For z1,...,zm € C\ R and a bounded continuous ¢-: Clxkxm _y C the function x —
(P((Gab(x/ Zl))a,bgk,lgm)-
(iii) For intervals I,...,I, C R whose endpoints c satisfy vy({c}) = 0, and a bounded
continuous ¢: [0,1]™ — C, the function x — ¢ ((px.a(1)))a<k, 1<m)-
(iv) Linear combinations, products and complex conjugates of admissible functions; and F o r,
for every admissible F on % and every injective o: [k'] — [k].
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Proof. For (i), take o/r = %. For (ii), the function is Borel by Lemma 17.5, and we take
A = 4, the convergence follows from Lemma 17.6(i),(ii). For (iii), the function is Borel
since x + iy, is Borel and p — p(I) is Borel on P(IR). Let o7 be the set of x € %% with
txa({c}) = 0 for all 4 and all endpoints ¢ of the intervals I;; it is Borel since y — u({c})
is upper semicontinuous. By the discussion after Lemma 17.6, u3, , has the law of i,
under [P for each a, and Ey,({c}) = vp({c}) = 0; hence P(3; € o) = 1. For x € o
and finite x, — x, Lemma 17.6(iii) and the portmanteau theorem give px, 4(I;) — px,a(L)),
since the boundary of I; is py ,-null.

For (iv), the claim about linear combinations, products and conjugates follows by in-
tersecting the sets .@/r. For F or,, take &/ = r, 1 («7r), which is Borel since 7, is continuous.
Since the image 7, (5 ) is the disjoint union of the trees with indices o(1),...,0(k’), it has
the law of §y, and P(Fx € &) = P(§p € o) = 1. If x € & and x,, — x are finite, then
the finite graphs r,x, converge to ryx € <, and F(ryx,) — F(rsx). O

Lemma 17.9. Consider either model (a) or (b), and let 'V be as in Lemma 17.2. For every
admissible F: 4. — C, we have EF([Gy, V]) — EF(F%)-

Proof. By Lemma 17.2, [G,, V] — § in distribution in the complete separable metric
space %. By Skorokhod’s representation theorem [37, Theorem 6.7], there exist random
elements X, and X of ¢4, on a common probability space such that X, has the law of
|Gy, V], X has the law of §, and X,, — X almost surely. Since the set of finite elements and
/¢ are Borel, almost surely every X, is finite and X € . Then F(X,) — F(X) almost
surely, and we conclude by the bounded convergence theorem that EF(X,) — EF(X). O

17.3 Local convergence on the giant component

For the rest of this section, except in Section 17.4, G, is the graph of model (a). For a
bounded function F on %, define the averages over ordered k-tuples of distinct vertices

Su(F) Y F([Gwv]),  SE(F) Y. F([Guv)]), (17.6)
( )k ven)k ( ) vegck
distinct distinct

where (m); = m(m —1)---(m —k+1). Thus S,(F) and S§ (F) are the conditional
expectations of F([G,, V]) given the marked graph, when V is a uniform k-tuple of
distinct vertices of [n] or of gc, respectively.

Lemma 17.10. For every admissible F: 4, — C, we have S, (F) — EF () in L.

Proof. By Lemma 17.9, we have ES,(F) = EF([G,, V]) — EF(F). It remains to show
that E|S, (F)|*> — ]]EF(sk)|2 We have

E|S,(F)|* = 2Z]E[ Gn/v F([Gnrvl])]/

kvv’
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where the sum is over pairs of k-tuples of distinct vertices. The number of pairs (v, ") such
that some entry of v equals some entry of v’ is at most k?(n);n*~!, and their contribution
is at most k2||F||2,n*~1/(n)r = O(n~1). The remaining (1), pairs correspond to 2k-tuples
(v,v') of distinct vertices. Let F®: % — C be given by F®(y) = F(r1y)F(ray), where |
and r; are the restrictions to the first k and the last k roots. Then F([G,,v])F([G,,v']) =
F®([Gp, (v,7")]), and F? is admissible by Lemma 17.8(iv). Applying Lemma 17.9 with 2k

roots, we obtain

IHSAFnzz<f§fEF®QGWVﬂ>+CXn*>——»Eﬁ%s%)=|EF«ﬁﬂ%
)k

where V' is a uniform 2k-tuple of distinct vertices. In the last equality, we used that
152k and 728, are independent copies of §x. Expanding the square, we conclude that
E|S,(F) — EF(3)|*> — 0. O

Next, we compare membership in gc with the local event that the component of a
vertex has at least K vertices. For K > 1, set

ax = P(T| > K),
Znx =#{v € [n]\ gc: the component of v has at least K vertices}.

Since {|7| > K} decreases to {|7T| = oo} = S as K — oo, we have ag | 0,.
Lemma 17.11. For every K > 1, we have Z,, x /n — ax — Qp in probability.

Proof. Let xx = xxk1 be the function from (17.5) with k = 1. It is continuous, and
Exx(§1) = ak. By Lemma 17.10 with k =1,

1
E#{U € [n] : the component of v has at least K vertices} = S, (xx) — ax

in probability. On the event {N,, > K}, every vertex of gc belongs to a component
with at least K vertices, which gives Z, x = nS,(xx) — Nyn. Since P(N,, > K) — 1 and
Ny /n — gp by (17.4), the claim follows. O

Lemma 17.12. For every admissible F: % — C, we have S§ (F) — E*®KF(F%°) in probability.

Proof. We first replace membership in gc by the local event {xx, = 1} for each root, then
compute the limit of the resulting average for fixed K, and finally let K — oo.

SteP 1. The average with the local event. Fix K > 1 and set @ (x) = F(x) [T*_; xx.(x). By
Lemma 17.8(i),(iv), Pk is admissible. Since, in §}, the component of the a-th root is the
a-th tree T, and the trees are independent, Lemma 17.10 implies that

k
S (D) — E[P(sk) [T > K}} = a’IzlE[P(gk) ’ IT,| > K for all a (17.7)
a=1
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in L. The factor a¥ is the probability that each of the k roots lies in a component with at
least K vertices.

Step 2. Comparison with the giant component. On the event {N, > max(k,K)}, every k-
tuple of distinct vertices of gc satisfies [T, Xk ([Gn, v]) = 1. A k-tuple of distinct vertices
with T, Xk ([Gn,v]) = 1 that is not contained in gc has an entry outside gc whose
component has at least K vertices. There are at most kZ,, xn*~! such k-tuples, and on this
event we have

(N2 SE(F) = (n)ie S(@)| < K| FllooZo "

Dividing by (N )k, we find

Zn/K le

gc . (n)k .
SE(F) = (S (@i0)| < KIFllw =25 - 0

StEp 3. The limit n — oo for fixed K. By (17.4), we have (N,)x/n* — Q];) and (N )¢/ (n)x —
Q]; in probability. Combining this with (17.7), (17.8) and Lemma 17.11, we find that for
every 1 > 0,

(17.8)

lim P(|S§(F) ~ Ly| > ex+77) =0, (17.9)

n—o00

where L
L= " E[FE) [TUIT = K}, ex = klIFllgy (ax — 0p)-
a=1

In other words, after normalization by the size of the giant component, the average over
gc is close to (ax/op) E[F(Fk) | |T2| > K Va.

StEP 4. The limit K — oco. As K — oo, the indicator [, 1{|T,| > K} decreases to [], 1s,,
where S, is the survival event of T,. Since F is bounded, by dominated convergence we
have

k
Lk — 0,“E [F @Il 1Sa] = B F (7).
a=1

In the last equality, we used that the trees are independent, so that P(, S,;) = Q’; and,
conditionally on N, &, the trees are independent with law P®. Further, ex — 0 since
ax — 0p. Given 17 > 0, we choose K such that [Lx — E®®*F(§F®)| + ex < . Then (17.9)
implies that P(|S5(F) — E®®KF(3%)| > 257) — 0. Since S§°(F) does not depend on K,
this completes the proof. O

We now state the main result of this part. For an oriented edge (u,w) of G, let
(G, u — w] € % denote the component of u, rooted at (1, w). Let € denote the following
random element of %: take two independent marked PGW(p) trees T~ and T" with
roots 0~ and 0™, join 0~ and 0" by an edge with mark h,-,+ = w/,/p, where w is an
independent standard complex Gaussian, and root the resulting tree at (0~,0"). Let
E(gc) be the set of oriented edges of gc.
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Proposition 17.13. Fix p > 1and k > 1. On the event {N,, > k}, conditionally on the marked
graph, let V.= (V4,...,V}) be a uniformly chosen k-tuple of distinct vertices of gc.

(i) (Local convergence.) For every admissible F: % — C, in particular for every bounded
continuous F,

E[F([Gw, V) | Gy, (wij)] = S5 (F) — E~“FF(37°)

in probability. In particular, [G,, V| — §7° in distribution in %, and dist(V,, V},) — oo in
probability for a # b. The same holds if V4, ..., Vi are independent and uniform on gc.
(ii) (Oriented edges.) We have
|E(go)|

S p(1- (1)) = pop(2 - @)

in probability. Further, for every bounded continuous ¥ : % — C,

\E(;c)| Y. ¥([Gnu—w]) — E[Y(€) | T or T is infinite]
(u,w)eﬁ(gc)

in probability. In particular, a uniformly chosen oriented edge of gc converges in distribution
to € conditioned on the event that at least one of T~ and T™ is infinite.

(iii) (Resolvents.) Forall z1, ...,z € C\R, the array ((Sv,, (Hi —21)76v,)) . y<t 1<m
M ¢ rese

verges in distribution to (5ub GSZ) (Zl))a <k [<m’ where G/, . . ., Géﬁ) are the root resolvents
of k independent trees with law P*. In particular, the entries with a # b converge to zero in
probability. Further, for every bounded continuous ¢: C™ — C,

con-

o L (060, (HE — 2 6uizu) — B9 ((Gaol20)) 1)
n vege
in probability.

(iv) (Empirical spectral measure.) The empirical spectral measure v§° converges weakly in
probability to v.

(v) (Local spectral masses.) Let Iy, ..., I, be intervals whose endpoints c satisfy v,({c}) =0
(by Proposition 17.14, this holds for every ¢ # 0). Then the array (yn,v,())a<k 1<m
converges in distribution to (4% (I)))a<k 1<m, where M), ..., u®) are the root spectral
measures of k independent trees with law IP*. Further, for every bounded continuous
$:[0,1]" = C,

Y (s in) — E=9((al1) 1<)
n vege

in probability, and the analogous statement holds for averages over ordered pairs of distinct
vertices of gc, with limit E*%2,
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Proof of Proposition 17.13. Proof of (i). The identity E[F([Gn, V]) | Gy, (w;j)] = S5 (F) holds
by the definition of V, and the convergence is Lemma 17.12. For bounded continuous F,
taking expectations and using the bounded convergence theorem gives EF(|G,, V]) —
E*@KF(F%), which is the convergence in distribution. For a # b and R > 0, the function
x — 1{dist(04,05) < R} is continuous and vanishes at S% » whose roots lie in distinct
components; hence P(dist(V,, V) < R) — 0. If V3, ..., V} are independent and uniform
on gc, then conditionally on the marked graph they are distinct with probability at least
1 — k?/Ny, and conditionally on being distinct they form a uniform k-tuple of distinct
vertices of gc. Then their conditional expectation of F([G,, V]) differs from S&°(F) by at
most 2k?||F||e / Nyr, which tends to zero in probability.

Proof of (ii). For x € ¢ with root 0 and a neighbor w of o, let x°~% € %, denote x rooted
at (0, w). Fix a bounded continuous ¥: 4 — C, and define

Fx) =) ¥(x°7%), Fr(x) = 1{deg(o) < L}F(x), L>1.

w~o0

Since every neighbor of a vertex of gc lies in gc, we have

Y. Y([Guu—w]) =) F([Gn ul). (17.10)

(u,w)€E(gc) uege

We first show that Fy is continuous. Let x;,;, — x in ¢, and let R > 1. For m large,
there exists an isomorphism ¢, of Br1(x) onto Br41(xy,) with mark differences at most
(R+ 1)_1. In particular, the roots of x and x,, have the same degree, and ¢,, maps the
neighbors of o bijectively onto those of the root 0,, of x;;,. For a neighbor w of o, the
vertices within distance R of {0, w} lie within distance R + 1 of 0. Then ¢,, restricts to an

isomorphism of Bg(x°~%) onto By xommﬁgom(w) with mark differences at most R~1. This
p

gives dloc(x%’”%q)’”(w), x°7%) < (1+R)!and

Fulon) —Fu() < 1 sup{[¥(y) = ¥(7)] = duocly x7) < (14 R) 7'}
w~o0
for m large. Since ¥ is continuous at the finitely many points x°~%, the right side tends
to zero as R — co. We conclude that F; is continuous; it is bounded by L||'¥||co-
By part (i) with k = 1 and (17.4), we have

=Y Fu(Guu) = o

= " SE(FL) — g EFL(T) = E[FL(T)1s]
uegce

in probability, where we regard the rooted tree 7 as an element of ¢4;. Since |F — Fp|(x) <
¥l deg(0)1{deg(0) > L} < ||¥||« deg(0)?/L, by Lemma 17.2 we have
1 Tl
E[X Y IF—Ful(1Gy )] < o ppaeg(vz < ¢

u€n|

p+ )]0
L V4
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where V; is uniform on [n]. In the same way, since the number N of children of o satisfies
EN? = p + p?, we have E|F — F|(T) < (p+ p?)||¥]|w/L. Letting L — oo and using
Markov’s inequality for the first error term, we conclude from (17.10) that

LY (G w]) — E[F(T)1s] 4711
(u,w)€E(ge)

in probability.

We now compute the right side of (17.11) using the Mecke formula. The children j
of o, together with the marks hoj and the marked forward subtrees 7}, form a Poisson
process IT = Z]- ) M/ M; = (hoj, 7;), whose intensity is p times the product of the law of
w/ /P and the law of the marked PGW(p) tree. For each j, the rooted tree 7°7/ and
the indicator 15 are measurable functions of (M;,IT— ¢ M].): the tree 7°7/ is obtained by
joining the root of the tree with root 0 and child process IT — éyy; to the root of 7; by an
edge with mark h,;, and 7 is infinite if and only if one of these two trees is infinite. By
the Mecke formula of Lemma 4.4, applied to the positive and negative parts of the real
and imaginary parts of ¥ (each side is finite, since |F(7)| < ||¥|«N and EN = p), we
have

E[F(T)1s] = EY_¥(7° )15 = pIE [‘P(ez)l{T— or T+ is inﬁnite}]
J

Indeed, on the right side of the Mecke formula the residual process is an indepen-
dent copy of II, which means that the tree with root 0o~ built from it is a marked
PGW(p) tree T~, and the added point (h,T") is independent of it with the law
of (w/,/p,marked PGW(p) tree). Taking ¥ = 1 in (17.11), we obtain |E(gc)|/n —
pP(T~ or T™ is infinite) = p(1 — (1 — 0p)?), which is positive. Dividing (17.11) by this
limit proves the second claim of (ii). The last claim follows by taking expectations, since
the left side of the second display in (ii) is the conditional expectation of ¥ at a uniformly
chosen oriented edge of gc, given the marked graph.

Proof of (iii). By Lemma 17.8(ii), the function x — ¢((Gzp(x,21))sp,;) is admissible for
every bounded continuous ¢. By the paragraph after Definition 17.4, its value at [G;, V]
is ¢ applied to the array in (iii). Since P*®* is absolutely continuous with respect to the
law of k independent unconditioned trees, §;° € 4 almost surely, and Lemma 17.6(ii)
identifies G5 (T3, z1) with §angz) (z;). The convergence in distribution then follows from
part (i) and the bounded convergence theorem, and the convergence of the average over
gc follows from part (i) with k = 1.

Proof of (iv). Fix z € H. By (17.2), the Stieltjes transform of v;; is N, ! Yoege (0o, (HE —
z)~16,). We apply part (iii) with m = 1 and ¢({) = {min{1, (|Imz||{])~'}, which
is bounded, continuous, and equal to { for || < |Imz|~!. Since all resolvent entries
involved are bounded by | Im z|~!, we find that the Stieltjes transform of v~ at z converges
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in probability to E*Goo(z), the Stieltjes transform of v;°. Applying Lemma 17.3(ii) with
D ={ze H:Rez Imz € Q} completes the proof.

Proof of (v). By Lemma 17.8(iii), the function x — ¢((px,a(I}))s;) is admissible for every
bounded continuous ¢, and by the paragraph after Definition 17.4 its value at [G,, V]
is ¢((pn,v,(I1))as). As in the proof of (iii), Lemma 17.6(ii) identifies Mz, with the root
spectral measure of the a-th tree of §}°, almost surely. The claims follow from part (i)
with k, 1 and 2 roots. O

17.4 The density of states

In this section, we prove the following two-sided bound for the averaged root spectral
measure V)’ of (17.3).

Proposition 17.14. Fix p > 1 and a compact set ] C R\ {0}. There exist constants 0 < c,j <
Cp,j < oo, depending only on p and ], such that

cp | < v (1) < Cp |l and  vy(I) < Cp |l (17.12)

for every interval I C . The restriction of v}’ to | is absolutely continuous, with a density pyy’
satisfying cp,; < p} < Cp,j Lebesgue-almost everywhere on |. Further, for every E € R\ {0},
we have vy({E}) = v’ ({E}) = 0; in particular, yo({E}) = 0 almost surely under both P and
P*.

We write p3’ for a density of v;” on R\ {0}; by Proposition 17.14, it is unique up to
null sets and bounded above and below by positive constants on every compact subset of

R\ {0}.

The upper bound

The upper bound uses an auxiliary bipartite random graph, model (b) of Section 17.2.
Its local limit is again the marked PGW(p) tree, and its squared operator is a sum of
rank-one projections with independent Gamma-distributed weights. We begin with a

spectral averaging estimate for rank-one perturbations of matrices; compare [123] and
[13].

Lemma 17.15. Let L be a Hermitian m X m matrix and v € C™ a unit vector. For u € R,
let w, be the spectral measure of v for L + u|v)(v|. Then for every bounded Borel function
¢: R — [0,00) and every interval B C R,

/. 800 pu(B) du < gl |B.
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Proof. For € H, let F(7) = (v, (L —¢)" o) and F,(¢) = (v, (L + u|v)(v| — {)~'v). Then
ImF({) =ImZ|(L—¢) '0||> > 0, and the resolvent identity gives the Aronszajn-Krein
formula F, = F/(1+ uF) [123]. Writing F = a +if with § > 0, we have ImF, =
B/|1+ uF|*> and

_ pdu B 27p B
/]RImFu(C) du = /]R (062+/32)u2—|—20cu+1 - \/4(“2+[32) — 442 =T

Let B be an open interval and let f be continuous with compact support in B and 0 <
f < 1. Since 7' Im F,(E + ie) is the convolution of u, with the Poisson kernel P;(x) =
e/(m(x*+€%)), and P, = f — f uniformly, we have [ fdu, = lim| [ f(E)n~'ImF,(E +
ie) dE for every u. By Fatou’s lemma and Tonelli’s theorem,

/g(u)/fdyu du < 1i%nf/f(15)%/g(u) Im F, (E +ie) du dE
< llgle [ F(E)E < lgllwlBI.

Letting f increase to 1p and using monotone convergence proves the claim for open
intervals. A general interval B is contained in open intervals of length |B| + # for every
n>0. ]

Let Hy® be the 2 x 21 matrix of model (b), with the vertices [n] x {0} listed first.

Then
bip 0 AZ

where Ay is the n X n matrix with A,(j, i) = h(;1 a0 if {(i,0),(j,1)} is an edge and

Ay (j, i) = 0 otherwise. For y € [n], let a, = A5, € C" be the conjugate of the y-th row of
Ay, let dy be the degree of (y,1), and let U, = ||a, . If d, > 1, set v, = a,//U,,. Then

Kp=AAn= ) Uyloy) (vl (17.13)
yeln]:dy>1

Lemma 17.16. Let 0 < a_ < ay. For every integer n > p and every interval I C [x_, a],

ETr1,(H0P) < 2YP% i,
V27 a?
Proof. We first record the conditional law of the rows. Conditionally on the graph, the
rows of A, are independent, since they involve disjoint sets of marks. If d, = d > 1, the
nonzero entries of 4, are d independent copies of w/,/p (up to conjugation, which does
not change their law). The law of this vector in C% has density (p/m)%e?l¢ I, which
is invariant under unitary maps. Then its direction vy is uniform on the unit sphere
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of the coordinate subspace, independent of Uy, and U, = p~! Z;i:l lw;j|? is a sum of d
independent exponential variables with rate p, with density
A
— —1,—pu
fd,p(”) - F(d)u e’ 1{u>0}'

We conclude that, conditionally on the graph and on all directions (vy),.4,>1, the squared
row norms (Uy) y:d,>1 are independent, and U, has density fdy,p' This is the finite-volume
analogue of Proposition 3.23.

Next, we reduce to the square block. Let E > 0. If H,k;lp((p, X) = E(¢,x), then Axx =
E¢ and A, = Ex, which gives K,,¢ = E?¢; further, ¢ # 0 unless x = 0. Conversely, if
Ky = E%¢, then (¢, E"1A,¢) is an eigenvector of H,Elp with eigenvalue E. This shows

that (¢, x) — ¢ is a linear bijection from ker(HEip — E) onto ker(K, — E?). Summing
over eigenvalues, we obtain Tr1 I(Hslp) = Tr1p(K,) for every interval I C (0, c0), where
P={\:AcI}.

Set B =12 C [a%,a%]. Since K, 15(K;) > a?15(K,), using (17.13) we obtain

y: y21

Fix y with dy = d > 1, and let L, = K;, — Uy|vy)(vy|. Let F;, be the o-algebra generated
by the graph, all directions, and (Uy/),,. Conditionally on F,, the matrix L, and the

vector vy are fixed, and U, has density f;,. By Lemma 17.15 with g(u) = ufy ,(u), we
have

E[Uy (v, 15 (Ka)oy) | ] = /O fy (1) (0, 15(Ly + u[o,) (0, |)0,) du < c4|B|,

where

Ci=Ssupu U) = — <{/—, d>1.

=R =Ty =V an
The supremum is attained at u = d/p, and the inequality follows from Stirling’s lower
bound T'(d +1) > /27d (d/e)?. We set ¢y = 0; with this convention, the rows with
dy = 0, which have U, = 0 and do not appear in (17.13), contribute ¢y, = 0. Taking
expectations and using that d,, is binomial with parameters n and p/n, we obtain

- |

~ B V7 |B|
ETr1z(K,) < a_%|B Ec; < E,/d, < n,

where in the last inequality we used Jensen’s inequality and [Ed, = p. Finally, if I has
endpoints &« < B, then |B| = (B+«a)(f —a) < 2a4]|I|. O

Lemma 17.17. Let | = [E_,E;] C (0,00) with E_ > 0, and set C; = 4(2m)~Y/2, /p (E4 +
1)E=2. For every interval I C ], we have v,(I) < C;|I| and vy (I) < Q;1C]|I|.
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Proof. Let V be uniform on the 2n vertices of model (b), independent of the marked
graph, and let m, = E[(2n)"' ¥, ygfg} , where ;42{5 is the spectral measure of J, for HEIP.
Then m,, is a deterministic probability measure with m, (I) = (2n) 'ETr1 I(HEIP), and
its Stieltjes transform at z € H is EG11([Gy, V], z), in the notation of Definition 17.4. By
Lemma 17.8(ii) (applied with a bounded continuous ¢ that equals the identity on the
disc of radius (Imz)~!) and Lemma 17.9 for model (b), this converges to EGy1(F1,z) =
EGyo(z), which is the Stieltjes transform of vp. By Lemma 17.3(i), m,, — vp weakly.

Let J' = [E_/2,E4 + 1]. For an open interval O C J’, Lemma 17.16 witha_ = E_/2
and & = E; + 1 implies that m,,(O) < C;|O|, and by the portmanteau theorem, v,(O) <
liminf, m,(O) < C;|O|. If I C ] has endpoints « < fand 0 < 7 < min{1, E_/2}, then
IC(a—n,B+n)CJ and vy(I) < Cj(|I| 4 27). Letting 17 | 0 proves the first bound. By
Lemma 4.5, E*Z = erl]E[Zlg] < erllEZ for every nonnegative random variable Z; with
Z = y,(I), this gives the second bound. O

The lower bound

For the lower bound, we work directly on the tree. We use the following consequence of
the parity symmetry. By Proposition 3.21(i), almost surely, the spectral measure y, of é,
for H is symmetric under A — —A. The same holds for the spectral measure of J, for the
forward subtree operator H,, for every vertex v, since V(7;) is a component of the finite
removal that deletes the edge {v~,v}. Let «, be the image of y, under A — A2, and let
F, = sy, be its Stieltjes transform. Then for every interval I C (0, 0), since I U (—1I) is the
preimage of I> = {A?: A € I} under A — A2,

po(1) = 3 (Ho(I) + po(—1)) = F &0 (I?). (17.14)

Let Q = {z € C: Rez > 0, Imz > 0} be the open first quadrant, so that z2 € H for
z € Q. For z € Q, we have

Goo(2) = / @ té) _?‘;g‘“) —z ﬁ‘;(_d;) — 2F,(2%), (17.15)

where the term [ A pi,(dA)/(A? — z%) vanishes by symmetry (the integrand is bounded,
since [A? —z2| > Imz? > 0 and |A|/|A? — 22| — 0 as |A| — o). By Proposition 3.23(v), %,
is the spectral measure of §, for A*A, and the formula (17.16) below describes the effect
of a pendant leaf as a rank-one perturbation of A*A. We do not need this interpretation:
the proof below only uses the Schur formula of Proposition 3.16 and (17.15).

Lemma 17.18. Let | = [E_,E;] C (0,00) with E_ > 0. There exists c; > 0, depending only
on p and |, such that vi®(I) > c;|I| for every interval I C .

Proof. We find a configuration at the root, of positive probability, on which F,(A + ie) is
an explicit function of the weight ¢ of a leaf edge. Averaging over t produces a Poisson
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kernel, which gives a lower bound on E® Im F,(A + ie) uniformly in A € [E%,E2] and
small ¢ > 0. We then let € | 0 and use (17.14).

Step 1. The configuration. Let £ be the event that the root o has exactly two children, one
of which has no children while the forward tree of the other is infinite. On &, we call
these children ¢ and y, respectively, and set t = |h,¢|*> and ty = |h,y|*. Conditionally on
{N = 2}, the pairs (hoj, 7;), j = 1,2, consisting of the edge mark and the marked forward
tree of the j-th child, are independent, with hoj distributed as w/ VP and 7; a marked
PGW(p) tree. The event £ N {N = 2} = £ is the disjoint union of {|71| =1, | 72| = oo}
and {|Tz| =1, |T1| = o0}, so

P(€) =P(N =2)-2¢7Pgp = pPe g,

Further, conditionally on &, the variables t, ty and the marked forward tree 7, are
independent; t and to have density pe™ "1, since |w|? is exponential with mean one;
and 7y has law P®. Since £ C S, by Lemma 4.5 we have E*[Z1¢] = Q;llE[Zlg] for
nonnegative Z.

StEP 2. The Schur formula on €. On £, the forward tree of / is a single vertex, whose

operator is zero, and we have I'y(z) = —1/z. By Proposition 3.16, for z € Q,
t -1 Z 2
Goo(z) = — (z + tol'y(z) — 2) =) q(z) = z° + ztol'y(2).
Combining this with (17.15), we obtain
1
Fy(z%) = f . 17.1
0(27) e on &, forz e Q (17.16)

We claim that Img(z) > Imz? > 0 for z € Q. Let m, be the spectral measure of &, for ,,
which is symmetric. As in (17.15), we have

z%my(dA) A% my,(dA)
2ly(z) = 22 = L A2 _ 2
and Im[A?/(A? — z%)] = A2Imz%/|A? — Z2|> > 0. This implies that Im(zt,I'y(z)) > 0,
which proves the claim. Note that q(z) is a function of ty and of the marked tree 7, only.
Step 3. A Poisson kernel bound. Let A = [E%,E%] and § = E% /4. For g € H, let P;(s) =

7 'Img/((s —Req)? + (Img)?) be the Poisson kernel. We claim that if dist(Req, A) < §
and 0 < Img <4, then

/0 pe P°Py(s)ds > ¢y, = ge*p(EiH‘s). (17.17)
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Indeed, the interval [Re g — Im g, Re g + Im gq] is contained in [E2 — 26, E3 +25] C (0, E2 +

25], where pe~Ps > pe=P(EL+20) and féequglnqq P,(s)ds = r!(arctan1 — arctan(—1)) =
1/2.

Ster 4. Choice of parameters. We choose, in this order, ¢y, M and 7. For A € A and € > 0,
let z(A, €) € Q be the square root of A + ie in the first quadrant. Then

s

= < ,
2Rez — 2E_

E <VA<Rez<|el= (4@ < VATe< Vit b,  Im:

where the first inequality for Rez uses Rez = ((|]A +ie| + A)/2)1/2. Set gy =
min{1,2E_,6/2} and J; = [E_,E4 +1]. Then for all A € A and 0 < ¢ < ¢, the
point z = z(A, €) satisfies

Rez€J,, 0<Imz<1, |z/<E4+1 (17.18)

By Lemma 5.17 with » = 1/2 and the compact interval ], there exists C; = C(p, J+,1/2)
with E®|T,(z)|'/? < C; for all z with Rez € J; and 0 < Imz < 1. (This bound follows
from the cavity equation of Proposition 3.16 and Lemma 4.18, since the constant term z
has modulus at least E_.) Set M = 16C7. By Markov’s inequality, P®(|To(z)| > M) <
CyM~1/2 = 1/4 for all such z. Finally, set T = 6/ (2(E; +1)M).

StEP 5. Lower bound for the averaged transform. Let A € A, 0 < & < gy, { = A +ie and
z =1z(A,¢e), so that z2 = {. On the event £ N {ty < 7} N {|T},(z)| < M}, (17.18) gives
)
9(z) = A] < |22 = A+ |z] to [Ty (z)| < e+ (E4 + 1)TM < st5= J,
so that dist(Reg(z), A) < J and, by Step 2, 0 < Img(z) < 4. By (17.16), on £ we have
7 ' ImF,(0) = 'Imgqg/|t —g|*> = Py(;)(t). Since Im F, > 0 everywhere, Step 1 gives

CESInR(Q) > 0, E[161{ty < D11{|Ty(2)] < M}By( (1)

Conditionally on &, the variable t is independent of (¢, 7,) and has density pe~?*, while
q(z) is a function of (tp, 7). Integrating first over ¢ and using (17.17), then using the
independence of ty and 7 given £, we obtain

l1E°°ImFO()\+is) >0, e P(E)P(tg < T | £) PP (|T,(2)| < M)
T 3 (17.19)
> 16 p?e (1 —e P7) =cy.

In the second inequality, we used that I';(z) is the root resolvent of 7, which has law P
given &, and Step 4. The constant ¢; > 0 depends only on p and |, and (17.19) holds for
allA € Aand 0 < ¢ < g.
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STEP 6. From the transform to the measure. Let & = E®x,, and let f > 0 be continuous
with compact support in (E2,E2). For every sample, [ f(A)nr 1ImF,(A +ie)dA =
[ (Pie * f) dx,, which converges to | f dxk, as € | 0 and is bounded by || f||«. By dominated
convergence, Tonelli’s theorem and (17.19), we have

[ £ :liig/f()t) %E“ImFO(AJris) drzer [ F(A)dn,
€

Approximating the indicator of an open interval O C (E2,E%) from below by such

functions, we obtain #(O) > ¢1|0|.

Ster 7. Conclusion. Let I C | be an interval with endpoints « < B. Then I? D (a2, 82),
and (17.14) and Step 6 give

V() = JESRo(2) 2 1R((2 62) = $(B+a) (B —a) > eiE_|1].
This proves the lemma with c; = ¢ E_; the case of a degenerate interval is trivial. O

Proof of Proposition 17.14. Since | is compact and does not contain 0, there exist 0 < E_ <
E; such that ] C [-E4, —E_|U[E_,E4], and every interval I C ] lies in one of these two
intervals. For I C [E_, E], the bounds (17.12) follow from Lemmas 17.17 and 17.18, with
Cpy = Q;lC[E,,Eq and ¢, = min{cg_g,},Cp}. Since p, is almost surely symmetric (see
the beginning of this subsection), vy and 1/;" are symmetric, which gives the same bounds
for I C [-E4,—E_].

The upper bound implies that v;°(B) < Cp|B| for every Borel set B C [E_, E4]: for
n > 0, the set B is covered by countably many intervals of total length at most |B| + 7,
and their intersections with [E_, E| are intervals. It follows that the restriction of v}’ to
[E—, E] is absolutely continuous with a density at most C;, ; almost everywhere. By the
Lebesgue differentiation theorem, for almost every E € (E_, E ) the density at E is the
limit of v;’((E — h,E+h))/(2h) as h | 0, which is at least ¢, ; by the lower bound. The
same holds on [—E, —E_].

Finally, let E # 0, and apply (17.12) to a compact interval around E not containing 0
and to I = {E}. This gives v,({E}) = v’ ({E}) = 0, that is, Euo({E}) = E¥u,({E}) =
0. O

17.5 Eigenvalue counts and the transfer of phases

Eigenvalue counts

Lemma 17.19. Let m, be random probability measures on R that converge weakly in probability
to a deterministic probability measure m.

(i) For every interval I whose endpoints are not atoms of m, we have m,(I) — m(I) in
probability.
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(ii) If m has no atoms in a compact interval [a, b, then sup; |m,(I) — m(I)| — 0 in probability,
where the supremum is over all intervals I C [a, b].

Proof. For (i), first suppose that I is bounded, with endpoints « < §, and let r > 0. Let f
be continuous with 1, 5) < f < 1(,_, g4, and let f_ be continuous with 1(,,, 5 ,] <
fo < 1p (with fo = 0if B—a < 2r). Then f- < 1; < fi, and J(f+ = f=)dm <
m((«—r,a+7r))+m((B—r,B+r)), which tends to m({a}) + m({B}) = 0asr | 0. Given
n > 0, we choose r such that [(fy — f_)dm < 5. Since [ f—dm, < m,(I) < [ fidm,
and [ f_dm < m(I) < [ fy dm, we obtain

P (| (1) — m(I)| > 2) ggl’()/fidmn—/fidm) > ) —0.

For a half-line, choose continuous upper and lower cutoffs only at its finite endpoint;
their difference is supported in its r-neighborhood, so the same argument applies. The
cases | = R and | = @ are immediate.

For (ii), if a = b, every nonempty interval I C [a,b] is {a}, and part (i) gives m,({a}) —
m({a}) = 0 in probability. Hence assume a < b, and fix # > 0. Since m has no atoms
in [a,b] and has countably many atoms, there exist points xp < a2 < x1 < --- < xp = b
that are not atoms of m such that m((x;j_1,x;]) < # for all j. By part (i), with probability
tending to one we have [m,((xo, xj]) — m((xo,xj])| < # for all j < L. On this event, let
I C [a,b] be an interval, and let I~ and I be the unions of the intervals (x;_, x;j] that
are contained in I and that meet I, respectively. Both are of the form (x;, x;] (or empty),
which gives |m,(IT) — m(I*)| < 21, and m(I* \ I7) < 27 since It \ I~ consists of at
most two of the intervals (x;j_1,xj]. Using I~ C I C I, we obtain

m(l) —4y <m(I7) =25y < my(I7) < my(I) <my(IT) <m(I7) + 2y < m(I) + 47.
This proves (ii). O]
Proposition 17.20. Fix p > 1 and a compact set | C R\ {0}, and let c;, ;, Cp, ; and p};’ be as in

Proposition 17.14.

(i) For every interval I C ], we have N;; ' Tr1;(Hy ) — vy’ (1) in probability. If ] is an interval,

the convergence is uniform over intervals I C |, in probability.
(i) Let E # 0 be a Lebesgue point of pyy’. Then for every & > 0,

. . 1 gc (o) .
lﬁglunn_)sotolpIP(’%Nn Tr 1y, ) (Hi ) — pyp (E)‘ > 5) = 0.

(iii) For every nondegenerate interval I C ],

IP(%CPJNn]I] < Tr1;(HE) < 2CPJNH\1\> — 1.
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Proof. By (17.2), N, ' Tr1;(H;") = v§i (I). By Proposition 17.13(iv), v§* — vjy weakly in
probability, and by Proposition 17.14, v;® has no atoms in R \ {0}. Part (i) now follows
from Lemma 17.19. For (ii), let iy > 0 be such that [E — ho, E + hy] C R\ {0}, and let
0 < h < hy. By (i), (2h) " W§ (I,(E)) — (2h)_1v;°(lh(E)) in probability as n — oco. Since
E is a Lebesgue point of p}°, we have (Zh)_lv;o(lh(E)) — 05 (E) as h | 0. For h small
enough that |(2h)_1v;°(1h(E)) —p} (E)| < /2, we conclude that the probability in (ii)
tends to zero as n — oo. For (iii), Proposition 17.14 gives ¢, j|I| < v;’(I) < Cpj|I| with
1| > 0, and (i) implies that v§ (I) lies in [vy?(1)/2,2v;°(1)] with probability tending to
one. [

Deficits

Recall the normalized local masses P ,(v) and the deficit D; ,(R) of Definition 1.3, and
that I,(E) = (E — h, E + h]. We define their limiting counterparts as follows.

Definition 17.21. For an interval I with v;°(I) > 0 and R € [0, %), the tree deficit is

00 - TG . VO(I )
DP(R)=1-E mln{V?(I),R}.
By Proposition 17.14, v;°(I) > 0 for every nondegenerate interval I whose closure
does not contain 0.

Proposition 17.22. Fix p > 1.

(i) For every nondegenerate interval I whose closure is contained in R \ {0} and every R €
[0, 00), we have Dy ,(R) — DY (R) in probability.

(i) Let U C R\ {0} be open, and suppose that, P®-almost surely, the restriction of u, to
U is absolutely continuous. Then for Lebesque-almost every E € U, the limit dg(R) =
limy, | D?:(E)(R) exists for every R, imgr_,odg(R) = 0, and the giant component is
uniformly integrable delocalized at E.

(iii) Let U C R\ {0} be open, and suppose that, P®-almost surely, the restriction of p, to U
is singular with respect to Lebesgue measure (for instance, pure point). Then for Lebesgue-
almost every E € U and every R € [0,00), we have limy, D}’Z(E)(R) = 1, and the giant
component is spectrally condensed at E.

Proof. Proof of (i). Setm = v;°(I), which is positive by Proposition 17.14. For v € gc, write

Xno = pnon(I) € [0,1], and let X, = N, 1 Yovege Xno = fin(I). Since the endpoints of I are

nonzero, Proposition 17.14 implies that they are not atoms of v,, and Proposition 17.13(v)

applies to I: for every bounded continuous ¢: [0,1] — R,

Ni Y p(Xno) — E¥P(po(1)) (17.20)

n vege
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in probability. With ¢(x) = x, we find X, — i in probability. On the event {|X, —
m| < 1m/2}, whose probability tends to one, we have X, > 0 and D;,(R) = 1 —
N, Epege min{ X0/ Xy, R}, and for x € [0,1],

(X (X 1 1 2| X, — |
JR— —_ —_ < _ — — < —_—.
‘mm{xn’R} mm{m’RH = x’xn m’ =
Averaging over v € gc, we find that |D; ,(R) — 1+ N, Yvege Min{ Xy, /1, R}| < 2[X —
1| /m? on this event. Applying (17.20) with ¢(x) = min{x/m, R}, we conclude that
Din(R) = 1 —E®min{y,(I)/m,R} = DP(R) in probability.

mZ

Differentiation of the root measure. For the remaining parts, we use the Lebesgue differ-
entiation theorem in the following form [118, Chapter 7]: if m is a locally finite Borel
measure on an open set U C R, with Lebesgue decomposition m = fdA + ms, then
m((E—h,E+h))/(2h) — f(E) as h | O for Lebesgue-almost every E € U. The same
holds with Ij,(E) in place of (E —h,E+h), since (E—h,E+h) C I,(E) C (E—H,E+ 1)
for h' > h; taking i/ = (1+ 0)h and then 6 | 0 gives the claim.

For E€ Rand h > 0, set

vy (In(E))
2h '

For fixed h, the map (w, E) — Aj(E) is jointly measurable, since ¢ — ,((—00,c]) is
right-continuous and measurable in w for each c. Since h +— p,(I,(E)) is nondecreasing
for fixed E, we have (h1/h)Ap, (E) < Ay(E) < (ha/h)Ay,(E) for hy < h < hy. Then the
upper and lower limits of Aj,(E) as I | 0 coincide with those along positive rationals, and
they are jointly measurable functions of (w, E); we denote them by A™(E) and A~ (E).

By Proposition 17.14, v;;” is absolutely continuous on U with density p}’, and p}’ is
bounded below by a positive constant on every compact subset of U. Then there exists a
Lebesgue-null set Ny C U such that for E € U \ N,

Ay(E) = LUy )~ pa, () =

by(E) — p¥(E) € (0,00) (k] 0). (17.21)

Proof of (ii). Since, for IP*-almost every sample, y, restricted to U is absolutely continuous,
the differentiation theorem implies that A~ (E) = A" (E) < oo for Lebesgue-almost every
E € U. Then p, = AT1{AT < oo}, which is jointly measurable, is a density of y, on U.
The set of (w,E) with E € U and A~ (E) # A" (E) or AT (E) = o is jointly measurable,
and its sections at fixed w are Lebesgue-null for P*-almost every w. By Tonelli’s theorem,
its sections at fixed E are P®-null for E outside a Lebesgue-null set N;. Further, by
Tonelli’s theorem we have v;’f’(B) =E® f 500 = f 5 E*p, for Borel B C U, and we obtain
E®p,(E) = p};(E) for E outside a Lebesgue-null set N>.

Fix E € U\ (MpUN1UN,) and a sequence h; | 0. Then Ay, (E) > 0, Ay, (E) = po(E)
P*-almost surely, and E¥ Ay, (E) = by (E) — p}’(E) = E¥po(E) < oo. By Scheffé’s
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lemma, Ay, (E) — po(E) in L' (IP*®). Indeed, E*|Ay, (E) — po(E)| = E[Ay,(E) — po(E)] +
2E* (0o (E) — Ap, (E))™; the first term tends to zero, and so does the second, by dominated
convergence with the integrable dominating function p,(E). Since the sequence was
arbitrary, this holds as /i | 0. Set

v (I(E))  bu(E)’ P (E)
Then
o E*|Ap(E) —po(E)| | oo 1 1
BV = 2l < = G BB g g | O

by (17.21). Since x — min{x, R} is 1-Lipschitz, we obtain

Since E*Zr = 1, monotone convergence gives E* min{Zr, R} 1 1, that is, dg(R) | 0 as
R — oo.

It remains to deduce uniformly integrable delocalization at E. Fix 6 > 0, and choose
Ry with dp(Rg) < 6. Let R > Ry, so that dg(R) < 4. For all sufficiently small
h > 0, we have D‘I’:(E)(R) < ¢ and the closure of I;(E) is contained in R\ {0}. For
such h, part (i) implies that P(Dy, () ,(R) > 6) — 0 as n — oo. We conclude that
limsup,, , limsup, ., P(Dy,(g)(R) > &) = 0 for every R > Ry, and in particular the
limit as R — oo is zero. This is uniformly integrable delocalization at E in the sense of
Definition 1.3.

Proof of (iii). Since, for P®-almost every sample, y, restricted to U is singular, the differ-
entiation theorem implies that A*(E) = 0 for Lebesgue-almost every E € U. As in the
proof of (ii), Tonelli’s theorem gives a Lebesgue-null set ] such that for E € U \ N, we
have Ay (E) — 0 as h | 0, P®-almost surely. Fix E € U\ (MyUN]) and R € [0,0). By
(17.21), Z, = A,(E) /by (E) — 0 almost surely, and 0 < min{Z;, R} < R. By dominated
convergence, E* min{Z;, R} — 0, that is, D;’;’(E)(R) — 1.

Now fix § > 0. For all sufficiently small # > 0, we have D?:(E)(R) > 1—9 and
the closure of I;(E) is contained in R\ {0}, and part (i) implies that P(D;, (g, (R) >
1—4) — 1asn — co. This shows that limy o liminf, e P(Dy, (p) 4 (R) > 1-6) = 1.
Since R and § were arbitrary, the giant component is spectrally condensed at E. O

In both (ii) and (iii), the limit # — oo is taken first, at fixed & and R, then & | 0, and in
(ii) finally R — oo; this is the order in Definition 1.3.
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Proof of Theorem 1.4

Proof of Theorem 1.4. For part (i), let p > 1 and let ] C R\ {0} be compact. By Propo-
sition 17.20(iii), the conclusion holds with the constants ¢, /2 and 2C,, ; from Proposi-
tion 17.14.

For part (ii), let p > po, and set U, = (—Ec(p),0) U (0,Ec(p)) and Upp =
(—oo, —Ec(p)) U (Ec(p), ), which are open subsets of R\ {0}. By Theorem 1.1, P*-
almost surely, H is purely absolutely continuous on U,.. This means that the spectral
measure of every vector, restricted to Uy, is absolutely continuous; in particular, so is
the restriction of p,. By Proposition 17.22(ii), the giant component is uniformly inte-
grable delocalized at Lebesgue-almost every E € U,.. Again by Theorem 1.1, P*-almost
surely, H has pure point spectrum on Upp. In particular, the restriction of i, to Upp is a
countable sum of point masses, which is singular with respect to Lebesgue measure. By
Proposition 17.22(iii), the giant component is spectrally condensed at Lebesgue-almost
every E € Upp. [

Remark 17.23. The restriction to the giant component in Theorem 1.4 cannot be removed.
For every p > 1, the graph G, has linearly many finite components, and these support
localized eigenvectors in every interval of nonzero energies. For instance, fix a compact
interval I C (0, c0) with nonempty interior, and let X, (I) be the number of components
of G, that consist of a single edge e with |h.| € I. The function on ¥ equal to 1 if the
component of the root is a single edge e with |k,| € I, and 0 otherwise, is continuous at
every point except those whose root component is a single edge e with |h,| an endpoint
of I. Since the latter have probability zero under the law of §1, this function is admissible,
and Lemma 17.10 implies that

2X,(1)

T IP(T is a single edge e with || € I) = pe ? P (jw| € \/pI) >0

in probability. Each such component carries an eigenvector of H, with eigenvalue
|he| € I, supported on the two vertices of ¢, and these eigenvectors are orthogonal.
Since Tr1;(H,) < n, a fraction at least X, (I)/n of the eigenvalues of H, in I belongs to
eigenvectors supported on two vertices, and this fraction is bounded below in probability
by a positive constant. This holds for every p > 1, independently of the transition at
E.(p); by (17.1), these eigenvectors do not affect Hj .
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