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author ’s note

I have been interested in the problem considered in this manuscript since the
completion of [7]. It seemed clear that the transfer operator strategy in [7] was
the right way to approach the problem, but also that there were significant model-
specific challenges in implementing it in the context of sparse random matrices.
For various reasons, my attention became focused on other things, but I always
intended to return to this question.

Shortly after the release of GPT-5.6 Sol, I became curious about whether the
model could complete the details of the argument given an appropriate high-level
sketch of the proof, and indeed it could (after exchanging many messages). I
had hoped to produce a polished, human-written version of this manuscript, but
given the current pace of mathematical progress and recent improvements in LLM
writing abilities, it does not feel appropriate to delay the dissemination of these
results for the rather long time that would take. The current document, while not
perfect, should be accessible to those with the relevant background. Further, given
the implications these results have for certain predictions in the physics literature,
as described in the introductory material below, I thought it was best to release
them now.

With the exception of this note and small tweaks to the introduction to add
some recent references, the entire document is machine-written. I have taken care
to supervise this writing to ensure that the proofs meet a minimum standard of
readability and that previous literature is appropriately cited. I welcome sugges-
tions concerning mathematical corrections, omitted citations, and attribution of
ideas.
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abstract

We consider the sparse Hermitian random matrix supported on the Erdős–Rényi
graph G(n, p/n), whose nonzero entries are independent complex Gaussian vari-
ables of variance 1/p, together with its local limit, a weighted Poisson–Galton–
Watson tree. We prove that for every fixed and sufficiently large p, the limit-
ing operator on the tree conditioned on survival has exactly one positive mo-
bility edge Ec(p): almost surely, its spectrum is purely absolutely continuous
on (−Ec(p), 0) ∪ (0, Ec(p)) and pure point outside [−Ec(p), Ec(p)]. Moreover,
Ec(p)/

√
p converges to

√
π/2 as p tends to infinity. Thus the mobility edge lies

far in the tail of the spectrum, rather than near the edge 2 of the limiting semicircle
law, as had been predicted in the physics literature; the spectrum is absolutely
continuous in a region whose spectral mass tends to zero as p → ∞, through a
resonance mechanism discovered by Aizenman and Warzel. The mobility edge is
the unique zero of a free energy associated with a distinguished real solution of
the cavity equation, and this free energy crosses zero transversally. We also show
that the giant component of the finite graph inherits the dichotomy, in the sense
that the local spectral masses in small energy windows are uniformly integrable
over vertices below Ec(p) and concentrate on a vanishing fraction of vertices above
it. The proofs combine a transfer-operator description of the free energy, the
Simon–Wolff criterion applied to the squared moduli of the Gaussian weights, a
resonance argument, and an analysis of the cavity equation at large degree.
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section 1

Introduction

1.1 Background

Disordered quantum systems often exhibit one of two contrasting behaviors. In a localized
phase, eigenfunctions are concentrated in bounded regions of space and the system is an
insulator. In a delocalized phase, eigenfunctions are spread out and transport is possible.
Anderson proposed in [26] that sufficiently strong disorder localizes all eigenfunctions
of a tight-binding Hamiltonian. At weaker disorder, localized and delocalized states
may coexist at different energies, separated by mobility edges, a notion introduced by
Mott [103]; see also [65] and the review [71]. Localization is by now well understood
mathematically in many regimes, for instance through the fractional moment method
of Aizenman and Molchanov [8, 9]. We refer to [13] for an account. Delocalization is
much harder to prove, and tree graphs are the main setting in which both phases, and
the transition between them, are accessible.

Trees. The Anderson model on the Bethe lattice was studied by Abou-Chacra, Anderson,
and Thouless in [2], who wrote self-consistent equations for the local Green function
that are exact on the tree. They predicted that the localized phase corresponds to a
real solution of these equations, and they located its stability limit by linearizing the
equations around this solution. The case of energies near the band edges was treated in
[1]. Kunz and Souillard obtained exact results on the transition between extended and
localized states on the Bethe lattice [93], and Miller and Derrida studied localization on
trees through a weak-disorder expansion [99]. This linear stability criterion has since
been reformulated in several ways: through the free energy of a directed polymer on the
tree [40, 62, 89, 102], through supersymmetric field theory [66, 100, 136], and through the
largest eigenvalue of an integral operator acting on real Green functions [43, 109, 127].
In these formulations the criterion is evaluated at the symmetric point of a symmetry of
the linearized kernel, which goes back to [2]; see [109] for a discussion. A pedagogical
account of the cavity approach, including its analysis at large connectivity, is given in
[111]. Biroli, Semerjian, and Tarzia computed the mobility edge and the density of states
of the Anderson model on Bethe lattices with the cavity method in [43]. More recently,
the delocalized phase on trees and random regular graphs has been studied in detail,
in particular the question of its ergodicity [39, 40, 44, 45, 59, 89, 130, 131]. The critical
properties of the transition and the localized phase near it were studied in [114, 128].

1



1 Introduction 1.1 Background 2

On the mathematical side, Klein proved that the Anderson model on the Bethe lattice
has absolutely continuous spectrum at weak disorder [87, 88]; other proofs and extensions
were given in [14, 63, 72, 80, 84]. Aizenman and Warzel developed a resonance mechanism
for delocalization in [11, 12]. They proved that the spectrum is absolutely continuous
wherever a certain free-energy function, denoted φ(1; E) in [12] and describing the decay
of fractional moments of the Green function along paths, exceeds the logarithm of the
inverse branching number. As a consequence, at weak disorder the absolutely continuous
spectrum extends well beyond the band of the hopping operator, into a Lifshitz-tail
regime [95] of very small density of states (see [30] for Lifshitz tails on the Bethe lattice).
For bounded potentials there is no mobility edge of the usual kind at weak disorder [10];
see also the survey [135]. Bapst analyzed this free energy at large connectivity in [29]
and confirmed the prediction of [2] for the critical disorder. Building on these works,
Aggarwal and Lopatto proved in [4] that mobility edges exist for the Anderson model on
the Bethe lattice with unbounded potential at large degree, near the locations predicted
in [2]. Liu and Lopatto transferred this result to random regular graphs in [96].

For random trees, much less is known. The spectral measure of the unweighted
adjacency operator of the Poisson–Galton–Watson tree, the local limit of the Erdős–
Rényi graph, has a dense set of atoms [36, 119], and its continuous part was studied in
[53, 57, 120]. Absolutely continuous spectrum for multi-type Galton–Watson trees close
to trees of finite cone type was established by Keller [83]. Arras and Bordenave proved in
[28] that, conditionally on survival, the adjacency operator of a Poisson–Galton–Watson
tree with large mean degree has a nontrivial absolutely continuous spectral component,
which carries most of the spectral mass.

Sparse random matrices. The spectra of sparse random matrices, with a bounded mean
number of nonzero entries per row, were first studied in physics in [115, 116]. Fyodorov
and Mirlin showed that such matrices undergo a localization transition, and derived
equations for a mobility edge and for the inverse participation ratio in [73, 74, 101];
numerical studies include [69, 70]. Biroli and Monasson proposed in [38] that localized
states in the tails of the spectra of random graphs are created by rare local defects, such
as vertices of abnormally large degree; see also [121], and [132] for the analogous picture
for non-Hermitian sparse matrices. In the limit of high connectivity, Silva and Metz
solved the resolvent equations of sparse random graphs analytically and found that all
eigenvectors are extended in this limit [122]. The cavity method was developed for sparse
matrices in [91, 117, 126], and mobility edges in the tails of the spectra of sparse matrices
were computed numerically in [91, 92, 98, 125]. Tarzia studied the tails of the spectrum
of Erdős–Rényi graphs in the critical regime in [129]. Most relevant for us, Cugliandolo,
Schehr, Tarzia, and Venturelli studied in [58] the giant component of Erdős–Rényi graphs
with real Gaussian edge weights, which is the real symmetric analogue of the model
considered here. They found a delocalized but weakly multifractal phase at small p,
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separated by a mobility edge from localized states in the tails. The multifractality of
extended states in weighted random networks was also studied by Baron and Rogers in
[31].

The mathematical literature on sparse Erdős–Rényi graphs is extensive when the
mean degree grows with the number of vertices; see for example [33, 34, 67, 76]. In
the critical regime where the mean degree is of order log n, Alt, Ducatez, and Knowles
proved in a series of works [18–22] that eigenvectors are delocalized in the middle of the
spectrum and localized near high-degree vertices at the spectral edges, with a mobility
edge between the two regimes. See also the recent work [78]. For bounded mean degree,
the global eigenvalue distribution of weighted random graphs was studied in [50, 85],
and the extreme eigenvalues and their eigenvectors in [55, 79]. For the model (1.1) itself,
Afanasiev showed in [3], using supersymmetry, that for p > 2 the second correlation
function of characteristic polynomials has a GUE-type limit inside an energy interval and
factorizes outside it.

Heavy-tailed matrices. A mobility edge was predicted by Cizeau and Bouchaud for Lévy
matrices, whose entries are in the domain of attraction of an α-stable law with α ∈ (0, 1)
[56]. Biroli, Bouchaud, and Potters showed that the largest eigenvalues of heavy-tailed
matrices are governed by their largest entries [42]. Tarquini, Biroli, and Tarzia computed
its location in [127], through the stability of the real solution of the cavity equations, and
Biroli and Tarzia used cavity equations to determine the phase diagram of a Lévy version
of the Rosenzweig–Porter ensemble [41]. The eigenvalues and eigenvectors of Lévy
matrices were studied rigorously in [5, 6, 32, 48, 49]. Aggarwal, Bordenave, and Lopatto
proved in [7] that Lévy matrices have a mobility edge, in the sense of the imaginary part
of the resolvent of their local limit and of eigenvector participation ratios, at the location
predicted in [127], and that it is unique for α close to 0 or 1.

Recent advances. Several recent preprints produced by an internal OpenAI large lan-
guage model announce results on longstanding problems in localization and spectral
universality. For the Anderson model with independent uniform site potentials, these
include purely absolutely continuous spectrum on a nonempty energy interval at suf-
ficiently weak disorder on Zd for every fixed d ≥ 3 [104], and pure-point spectrum
throughout the spectrum at every positive disorder strength on Z2 [107]. For random
regular graphs of every fixed degree d ≥ 3, further preprints announce fixed-energy
GOE bulk universality for the adjacency matrix [106] and for the Anderson model with
sufficiently weak independent uniform diagonal disorder [105]. The fixed-energy GOE
statistics result for the adjacency matrix was obtained independently and simultaneously
in [77].

This paper. In this article we establish that the sparse Hermitian matrix with complex
Gaussian weights on G(n, p/n) has exactly one positive mobility edge in its local limit,
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for every fixed sufficiently large p, and we determine its location to leading order. Its
location, of order

√
p, is far in the tail of the spectrum, which contradicts the large-p

behavior predicted in the physics literature; we discuss this in Section 1.3. We also derive
consequences for the giant component of the finite graph.

1.2 Model and main results

The model

Fix p > 1. For each integer n > p, let Gn be an Erdős–Rényi random graph on the
vertex set {1, . . . , n} in which each edge is present independently with probability p/n.
Conditional on Gn, let (wij)1≤i<j≤n be independent standard complex Gaussian random
variables, so that each wij has density π−1e−|z|

2
with respect to Lebesgue measure on C.

We consider the n× n Hermitian matrix Hn defined by

Hn(i, j) =
1{ij∈E(Gn)}√

p
wij, Hn(j, i) = Hn(i, j), Hn(i, i) = 0, (1.1)

for 1 ≤ i < j ≤ n. Throughout the paper, p is fixed while n tends to infinity, and
statements about large p concern the resulting limiting objects.

Since p > 1, the graph Gn has with high probability a unique giant component,
which contains a positive fraction of the vertices, together with linearly many finite
components. We write gc for the vertex set of the giant component, that is, of the largest
connected component of Gn (if there are several, the one containing the smallest vertex;
see Definition 3.1), Nn = |gc| for its size, and Hgc

n for the restriction of Hn to gc. Since the
finite components produce a positive density of localized eigenvectors for trivial reasons,
the natural object of study is the giant component.

The local weak limit of Hn is described by a random tree. Let T be a Poisson–Galton–
Watson tree with mean offspring p and root o, and attach to each edge e an independent
weight he = we/

√
p, where the we are standard complex Gaussian variables; we set

hvu = huv. Let H be the weighted adjacency operator of T ,

(H f )(v) = ∑
u∼v

hvu f (u).

Although the degrees in T are unbounded, H is almost surely essentially self-adjoint on
finitely supported vectors (Theorem 3.10), and we use the same notation for its closure. A
uniformly chosen vertex of Gn converges locally to the root of (T , (he)), and a uniformly
chosen vertex of the giant component converges locally to the root of the same tree
conditioned on the event S that it is infinite. We write P for the law of the weighted tree,
ϱp = P(S) for its survival probability, and P∞ = P( · | S) for the survival-conditioned
law.
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For an interval I, we say that H has purely absolutely continuous spectrum (respectively
pure point spectrum) in I if, for every vector f , the restriction to I of the spectral measure
of f is absolutely continuous with respect to Lebesgue measure (respectively a countable
sum of point masses). Intervals of the first kind are regions of delocalization, and intervals
of the second kind are regions of localization. An energy separating a region of one kind
from a region of the other kind is a mobility edge.

Main results

Set

µ∗ = E|w| =
√

π

2
, w ∼ NC(0, 1). (1.2)

Theorem 1.1. There exists p0 < ∞ such that for every p ≥ p0 there exists Ec(p) > 0 with the
following properties. Almost surely with respect to P∞, the operator H has purely absolutely
continuous spectrum in

(−Ec(p), 0) ∪ (0, Ec(p))

and pure point spectrum in
(−∞,−Ec(p)) ∪ (Ec(p), ∞).

Moreover,

lim
p→∞

Ec(p)
√

p
= µ∗ =

√
π

2
. (1.3)

Finally, P∞-almost surely, H has no eigenvector with finite support and nonzero eigenvalue, and
it has infinitely many linearly independent eigenvectors with finite support and eigenvalue zero.

Thus, for every fixed large p, the positive half-line contains exactly one mobility edge.
The theorem makes no statement about the spectral type at the two energies ±Ec(p). The
energy zero is exceptional: it is an eigenvalue of infinite multiplicity, created by pairs of
leaves attached to a common vertex (localized states of this kind in diluted models go
back to Kirkpatrick and Eggarter [86]), and Theorem 1.1 does not describe the spectral
measure at zero.

The mobility edge lies far in the tail of the spectrum. As p→ ∞, the limiting empirical
spectral measure of Hn converges to the semicircle law on [−2, 2], as a computation with
the moment method shows, while Ec(p) is of order

√
p. Eigenvalues near Ec(p) therefore

come from rare local configurations with unusually large edge weights. The constant µ∗
arises from a first-moment computation, which we explain in Section 2.5: at the energy
E = ξ

√
p, a typical path of length L in the tree contributes a product of about L factors

|we|/(ξ p) to the resolvent, and there are about pL such paths. Their total contribution
therefore grows or decays like (µ∗/ξ)L.

Our second result identifies Ec(p) as the unique zero of a function defined through
the cavity equation, which is a recursive distributional equation for the diagonal resolvent
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entry at the root. Let Γ = ⟨δo, (H− z)−1δo⟩ for z in the upper half-plane. Its law satisfies
the cavity equation

Γ d
= −

(
z +

1
p

N

∑
j=1

YjΓj

)−1
, N ∼ Pois(p), Yj ∼ Exp(1),

where the variables on the right are independent and the Γj are distributed as Γ. For
E > 2, let g(E) = (E −

√
E2 − 4)/2 and θ = g(E)2. For a real energy E, the variable

B = −g(E)/Γ formally satisfies

B d
= 1 + θ − θ

p

N

∑
j=1

Yj

Bj
. (1.4)

For every real solution of this equation we define in Section 6 a function φ(s), s ∈ (0, 2),
as the logarithm of the Perron–Frobenius eigenvalue λ(s) of a positive transfer operator
on the real projective line. We call it the free energy, as in [4, 12]. For s ∈ (0, 1), φ(s) is the
exponential growth rate of the expected generation sums of the s-th powers of the formal
path products. Its limiting value φ(1) = lims↑1 φ(s) decides the spectral type.

Theorem 1.2. Fix ξ0 ∈ (0, µ∗). There exists p1(ξ0) ≥ p0 such that for every p ≥ p1(ξ0) the
following holds.

(i) For every E ≥ ξ0
√

p, the iterates of the map defined by the right-hand side of (1.4), started
from the point mass at one, converge weakly to a solution νp,E of (1.4).

(ii) Let φE(1) be the free energy of νp,E at s = 1. The function E 7→ φE(1) is continuous
on [ξ0

√
p, ∞). It is positive on [ξ0

√
p, Ec(p)), vanishes at Ec(p), and is negative on

(Ec(p), ∞), where Ec(p) is the energy of Theorem 1.1. It is real-analytic in a neighborhood
of Ec(p), and its derivative at Ec(p) is negative.

(iii) For every compact set Ξ ⊂ [ξ0, ∞),

lim
p→∞

sup
ξ∈Ξ

∣∣∣exp φξ
√

p(1)−
µ∗
ξ

∣∣∣ = 0.

Theorem 1.2 is an instance of the general principle, going back to Abou-Chacra,
Anderson, and Thouless [2], that the mobility edge on a tree is located by the linear
stability of the real solutions of the cavity equation. Its content is that, at large p, the free
energy at s = 1 of the relevant solution changes sign exactly once, and transversally. The
asymptotic statement (iii) gives (1.3).
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The giant component

We now state the consequences for the finite graph. Since the spectral type of a finite
matrix is trivial, we describe localization through the distribution of spectral weight over
vertices in small energy windows. For an interval I ⊂ R and a vertex v ∈ gc, let

µn,v(I) = ⟨δv, 1I(Hgc
n )δv⟩, µ̄n(I) =

1
Nn

Tr 1I(Hgc
n ),

so that µ̄n(I) is the average of µn,v(I) over v ∈ gc. When µ̄n(I) > 0, let PI,n(v) =

µn,v(I)/µ̄n(I) be the normalized local mass, and for R > 0 define the deficit

DI,n(R) = 1− 1
Nn

∑
v∈gc

min{PI,n(v), R}.

Set DI,n(R) = 1 when µ̄n(I) = 0. When µ̄n(I) > 0, the deficit is the excess normalized
mass above the truncation level R, averaged over the vertices.

Definition 1.3. Let Ih(E) = (E− h, E + h]. The giant component is uniformly integrable
delocalized at E if, for every δ > 0,

lim
R→∞

lim sup
h↓0

lim sup
n→∞

P
(
DIh(E),n(R) > δ

)
= 0.

It is spectrally condensed at E if, for every R < ∞ and every δ > 0,

lim
h↓0

lim inf
n→∞

P
(
DIh(E),n(R) > 1− δ

)
= 1.

In words, the giant component is uniformly integrable delocalized at E if the normal-
ized local masses in small windows around E are uniformly integrable over the vertices,
and it is spectrally condensed at E if almost all of the normalized mass is carried by a
vanishing fraction of the vertices. In both definitions the limit n→ ∞ is taken before the
window width h tends to zero. These notions concern averaged spectral projections, and
they do not describe individual eigenvectors.

Theorem 1.4. The following statements hold.

(i) For every p > 1 and every compact set J ⊂ R \ {0}, there exist constants 0 < cp,J ≤ Cp,J <

∞ such that, for every fixed interval I ⊂ J of positive length,

lim
n→∞

P
(

cp,J Nn|I| ≤ Tr 1I(Hgc
n ) ≤ Cp,J Nn|I|

)
= 1.

(ii) Let p ≥ p0, where p0 is as in Theorem 1.1. The giant component is uniformly integrable
delocalized at Lebesgue-almost every E with 0 < |E| < Ec(p), and spectrally condensed at
Lebesgue-almost every E with |E| > Ec(p).
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1.3 Discussion

Comparison with the physics literature. Theorem 1.1 shows that, for large p and apart
from the eigenvalue zero, the localized states of the limiting operator are confined to
energies |E| > Ec(p) ≈ µ∗

√
p, far beyond the semicircle bulk [−2, 2]. This disagrees

with the large-p behavior described in the physics literature on this model. For the real
symmetric version of (1.1) restricted to the giant component, Cugliandolo, Schehr, Tarzia,
and Venturelli state that the mobility edge tends to the edge 2 of the semicircle law as
p→ ∞ [58, Section V]. This statement is an extrapolation: their numerical study covers
p ∈ [1.6, 5], and the mobility edge in their phase diagram is drawn only for p ≲ 2.5
[58, Section V and Fig. 1]. Similarly, Baron and Rogers describe the eigenvalues of
weighted Erdős–Rényi graphs outside the continuous part of the spectrum, which ends
at 2 + O(p−1), as produced by well-connected vertices or heavily weighted edges, with
eigenvectors exponentially localized around these defects [31, Section VIII]. This is the
picture of Biroli and Monasson [38].

Theorem 1.1 shows that this picture is not correct at large p on the limiting tree.
At energies 2 < |E| < Ec(p), rare local configurations with large edge weights do
produce spectral weight, but they are not isolated from each other: their number grows
exponentially with the distance, and resonances between distant configurations produce
absolutely continuous spectrum. This is the mechanism discovered by Aizenman and
Warzel for the Anderson model on regular trees, where extended states appear through
disorder-enabled resonances well beyond the band of the hopping operator [11, 12]. Since
the spectral mass of these energies tends to zero as p→ ∞, this delocalization is difficult
to observe in numerical studies of moderate system size. The available numerical values
are nonetheless consistent with a mobility edge that grows with p: for real Gaussian
weights of variance 1/p on the whole graph, Kühn found the localization threshold at
approximately 2.295 for p = 2 and 2.581 for p = 4 [91]. The first-moment heuristic
described after Theorem 1.1 also applies to real Gaussian weights, and predicts a mobility
edge near E|w|√p =

√
2p/π in that case; we do not prove this. At energies of order√

p, the relevant real solution of the cavity equation is concentrated near −1/E, which
explains why the leading-order location of the mobility edge is given by Anderson’s
upper limit approximation, as reformulated in [2]; see also the forward approximation
of [110]. This is in contrast with the critical disorder of the Anderson model on the
Bethe lattice at large connectivity, where the upper limit approximation misses the correct
constant because of correlations along paths [109].

Relation to previous rigorous results. Our proof follows the general strategy of [4, 7, 12]:
the spectral type at an energy E is decided by the sign of an exponential growth rate of
fractional moments of the Green function along paths, which is computed through the
Perron–Frobenius eigenvalue of a transfer operator. Aizenman and Warzel normalize this
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rate per vertex, so that the threshold for their free energy φ(1; E) is minus the logarithm
of the branching number; as in [4, 7], we sum over generations, so that the threshold for
our free energy φ(1) is zero. There are four main differences.

First, the model has no random potential. In [4, 12], the random potential at a vertex
is the rank-one parameter in the Simon–Wolff criterion [124] and in spectral averaging.
Here the randomness is entirely in the hopping amplitudes. We use instead that the
tree is bipartite, so that H2 is a direct sum of two operators of the form A∗A, and that
A∗A is a sum of rank-one projections onto the normalized rows of A, weighted by the
squared row norms. For complex Gaussian weights these squared norms have Gamma
densities and are independent of the row directions, so they can play the role of the
random potential.

Second, our localization argument does not use a continuity argument in the energy.
In [4, 7], the transfer operator describes the fractional moments only if the boundary
values of the resolvent are already known to be real, and localization is propagated from
very large energies by a continuity argument in the energy. We show instead that any
real solution of the cavity equation with negative free energy at s = 1 produces, on an
enlarged probability space, a square-summable vector F with (H− E)F = δo. This gives
the input of the Simon–Wolff criterion directly, at every energy where the free energy at
s = 1 is negative, without identifying the actual boundary values of the resolvent.

Third, the delocalization criterion applies to arbitrary real boundary laws, not only
to the solution of the cavity equation that we construct. This allows us to treat all small
positive energies, where we do not identify the real solutions of the cavity equation, by
proving that every real solution there has positive free energy at s = 1.

Fourth, we prove that the mobility edge is unique on the whole positive half-line for
every fixed large p. In [4], the mobility edges are shown to be isolated through a strict
monotonicity estimate for the Perron–Frobenius eigenvalue near each predicted location.
In [7], uniqueness is derived from an explicit formula for the critical eigenvalue, and is
proved for α near 0 and 1. For the present model no explicit formula is available, and the
relevant cavity law has rare cancellation events whose contribution to the critical eigen-
value must be controlled together with their energy derivatives. We obtain uniqueness
from an exact positive renewal decomposition of the square of the critical operator, which
reduces the monotonicity of the Perron–Frobenius eigenvalue to that of a 2× 2 matrix,
and from estimates on the energy derivatives of the cavity law.

Concerning finite graphs, Theorem 1.4 concerns averaged local spectral masses in
small energy windows, in the spirit of the localization and delocalization criteria for
heavy-tailed matrices in [7, 48] and their analogues for random regular graphs in [96].
Related transfers of delocalization from the absolutely continuous spectrum of a limiting
tree to finite graphs are the quantum ergodicity theorems for regular graphs [23, 24] and
for general graphs converging to trees [25], and the quantitative delocalization results of
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[46, 54]. We do not prove statements about individual eigenvectors of Hn.

The complex Gaussian assumption. The assumption that the weights are complex
Gaussian is used in two ways. First, the squared moduli Ye = |we|2 of the weights are
exponential random variables, independent of the phases, and the cavity variables depend
on the weights only through these moduli. Exponential laws make many estimates
explicit, in particular negative moment bounds for affine combinations of independent
squared moduli, which we use throughout. Second, as explained above, the squared row
norms of the bipartite square have Gamma densities independent of the row directions,
which provides the rank-one randomness needed for the Simon–Wolff criterion and for
spectral averaging. For real Gaussian weights the squared row norms are still independent
of the directions, and we expect our methods to extend, with additional work and with
µ∗ replaced by

√
2/π, but we have not checked the details.

Open questions. We mention several questions that our results leave open. The first
concerns small p: does the limiting operator have a unique mobility edge for every p > 1,
or only for p large? For small p, the analysis of [58] suggests that the delocalized phase
has unusual properties. The second concerns the spectral type at the energies ±Ec(p)
and at zero. The third concerns finite graphs: it would be interesting to prove localization
and delocalization of individual eigenvectors of Hgc

n in the two phases, and to determine
their local eigenvalue statistics, in analogy with [6, 21]. Finally, it would be natural to
study the multifractal properties of the delocalized eigenvectors predicted in [31, 58].

1.4 Notation and conventions

We write H = {z ∈ C : Im z > 0} for the upper half-plane, and z = E + iη with E ∈ R

and η > 0. For a self-adjoint operator K and a vector f , the spectral measure of f is the
measure µ with ⟨ f , (K− z)−1 f ⟩ =

∫
(λ− z)−1µ(dλ). The letters c and C denote positive

constants whose dependence on other parameters is indicated in each statement; within a
proof they may change from line to line. We write Pois(λ) and Exp(1) for the Poisson law

with mean λ and the exponential law with mean one, and d
= for equality in distribution.

For a tree vertex v other than the root, v− is its parent and |v| its generation, and Tv is
the subtree of descendants of v, rooted at v. For an edge e, we call Ye = |we|2 = p|he|2
the squared modulus of the edge weight. The squared moduli have the Exp(1) law, and
are independent of the phases we/|we|, which are uniform on the unit circle. Notation
that is used only in one section is introduced in that section.
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1.5 Organization

Section 2 outlines the proofs of our main results. Part I develops the basic theory for a
fixed degree p: the operator on the tree (Section 3), spine decompositions and estimates
for fresh squared moduli (Section 4), real solutions of the cavity equation (Section 5), and
the transfer operator and the free energy (Section 6). Part II shows that the sign of the
free energy at s = 1 determines the spectral type at a fixed degree: Section 7 collects
the rank-one perturbation arguments, Section 8 proves that negative free energy implies
localization, and Sections 9 and 10 prove that positive free energy is incompatible with
real boundary values. Part III studies the free energy at large degree: we construct the
principal solution of the cavity equation in Section 11, prove its analyticity and derivative
bounds in Section 12, determine the leading asymptotics of the free energy at s = 1 in
Section 13, prove the uniqueness of its zero in Section 14, and treat small energies in
Section 15. Finally, Part IV contains the proofs of Theorems 1.1 and 1.2 in Section 16 and
of Theorem 1.4 in Section 17.



section 2

Outline of the proof

In this section we explain the main steps of the proofs of Theorems 1.1 and 1.2, and
indicate where each step is carried out. The discussion is informal, but the objects and
identities that appear are the ones used in the proofs. We only consider positive energies,
since H is unitarily equivalent to −H (Proposition 3.21). Throughout, z = E + iη with
E > 0 and η > 0.

2.1 Cavity variables and the two alternatives

Let T be the rooted Poisson–Galton–Watson tree with mean degree p, with edge weights
he = we/

√
p, and letH be its weighted adjacency operator. Although the degrees of T are

unbounded, H is essentially self-adjoint on finitely supported vectors (Theorem 3.10), and
its resolvent G(z) = (H− z)−1 is canonically defined. For a vertex v ̸= o, let Γv(z) denote
the diagonal resolvent entry at v of the operator restricted to the subtree of descendants
of v. The Schur complement formula gives the cavity recursion

Γv(z) = −
(

z + ∑
u: u−=v

|hvu|2Γu(z)
)−1

, (2.1)

and, since the subtrees of distinct children are independent copies of T , the root variable
Γo = Goo satisfies

Γo
d
= −

(
z +

1
p

N

∑
j=1

YjΓj

)−1
, N ∼ Pois(p), Yj ∼ Exp(1), (2.2)

with all variables on the right independent and Γj
d
= Γo. Off-diagonal resolvent entries

factor along paths: if o = v0, v1, . . . , vL = v is the path from the root to v, then

Gov(z) = (−1)LΓo(z)
L

∏
j=1

hvj−1vj Γvj(z). (2.3)

These facts are proved in Section 3.
At Lebesgue-almost every energy E, the boundary values Γv(E + i0) exist, and a

zero–one law holds: under the survival-conditioned law P∞, either Im Γo(E + i0) > 0

12
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almost surely, or Im Γo(E + i0) = 0 almost surely (Proposition 5.11). In the first case,
the full diagonal boundary values satisfy Im Gvv(E + i0) > 0 at every vertex of the
infinite tree. If this alternative holds for Lebesgue-almost every energy in an interval I, a
spectral averaging argument shows that the spectral measures are absolutely continuous
in I (Proposition 7.11). In the second case, which we call the no-ac hypothesis following
[12], all cavity variables at E + i0 are finite and real, and the inverse cavity variables
Dv = −1/Γv(E + i0), which we call denominators, solve the real cavity equation

D d
= E− 1

p

N

∑
j=1

Yj

Dj
. (2.4)

A law on R \ {0} satisfying (2.4) is called a real solution at energy E. The proof decides
between the two alternatives by attaching to every real solution a number, the value φ(1)
at s = 1 of its free energy, and showing that its sign determines the spectral type.

2.2 The free energy

By (2.3), the size of Gov is governed by products of the variables |hvj−1vj Γvj | along paths.
Under the no-ac hypothesis these products can be generated by a transfer operator. Fix
a scaling g > 0 and set B = gD and β = g2Y/p, so that (2.4) becomes a recursion for B
in which a child with state x = 1/B is mapped to the parent state (B′ − βx)−1, where B′

collects the contributions of the other children. Each step of this recursion is the projective
action of the matrix

M(B, β) = β−1/2
(

0 1
−β B

)
, det M(B, β) = 1. (2.5)

The Mecke formula for Poisson processes turns sums over vertices of generation L into
expectations over a single path, at the cost of a factor p per generation (Proposition 4.8).
For s ∈ (0, 2) this leads to the positive transfer operator

(QsF)(x) = p E
[
∥M(B, β)vx∥−sF( fB,β(x))

]
, vx =

(x, 1)√
1 + x2

,

acting on continuous functions on the real projective line RP1, where fB,β is the projective
action of M(B, β) and B is distributed according to the real solution. We show in Section 6
that Q3

s is compact and strongly positive, so that Qs has a simple dominant Perron–
Frobenius eigenvalue λ(s). The free energy is φ(s) = log λ(s), and its value φ(1) at s = 1
decides the spectral type. We have

φ(s) = log p + lim
L→∞

1
L

log E

∫
RP1
∥ML · · ·M1v∥−s m(dv),
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where M1, M2, . . . are independent copies of M(B, β) and m is the uniform measure on
RP1. For s < 1, the quantity φ(s) is also the exponential growth rate of the expected
generation sums of s-th powers of the path products in (2.3).

The free energy is convex, real-analytic, and independent of the scaling. Its key
property is the symmetry

φ(s) = φ(2− s), (2.6)

which follows from the change of variables v 7→ Mv/∥Mv∥ on RP1, whose Jacobian is
∥Mv∥−2, and from the fact that a 2× 2 matrix of determinant one has the same singular
values as its inverse. Then φ′(1) = 0, the point s = 1 is the minimum of φ, and φ

decreases from φ(0+) = log p to φ(1) on (0, 1]. The value φ(1) is the analogue, for
the present model, of the criterion of Abou-Chacra, Anderson, and Thouless [2], of the
free-energy criterion of Aizenman and Warzel [12], and of the quantity λ(E, α) in the
work of Aggarwal, Bordenave, and Lopatto on Lévy matrices [7]. A symmetry of this
kind for the linearized cavity kernel goes back to [2]; see [109]. As in [4, 7], and unlike
[12], we sum over generations rather than normalizing per vertex, and the threshold is
zero.

2.3 Negative free energy implies localization

Suppose that some real solution π at energy E has φπ(1) < 0. We do not need to know
that π is the law of the actual boundary values. By Kolmogorov’s extension theorem, we
may enlarge the probability space so that every vertex v carries a real variable Dv with
law π, the variables satisfy the recursion (2.4) pathwise on the tree, and the tree itself
keeps its law (Lemma 5.13). Set Γv = −1/Dv and define the formal inverse column

F(o) = Γo, F(v) = Γo

L

∏
j=1

(
−hvjvj−1Γvj

)
.

The recursion gives (H − E)F = δo pointwise. By the many-to-one formula,
E ∑|v|=L |F(v)|s grows at the exponential rate φπ(s), and since φπ(1) < 0 we may
choose s < 1 with φπ(s) < 0. Then F ∈ ℓs ⊂ ℓ2 almost surely. In particular, F lies
in the domain of H and δo = (H − E)F lies in the range of H − E. By the spectral
theorem,

∫
µo(dλ)/(λ − E)2 < ∞, where µo is the spectral measure at the root. The

same holds at every vertex and on every component of the tree with one vertex removed
(Proposition 8.3).

These reciprocal-square integrals are the input of the Simon–Wolff criterion [124].
Since the model has no random potential, we need another source of rank-one ran-
domness. It is supplied by the complex Gaussian weights. The tree is bipartite, so
H2 = A∗A⊕ AA∗, and

A∗A = ∑
y

Uy |vy⟩⟨vy|,
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where y runs over the odd generations, vy is the normalized vector of edge weights
adjacent to y, and Uy is its squared norm. Conditional on the tree, the squared row norm
Uy has a Gamma density and is independent of the direction vy and of all other rows
(Proposition 3.23). Thus each Uy is the coupling constant of a rank-one perturbation
with an absolutely continuous law, and the Simon–Wolff argument applies in the square
blocks. This yields pure point spectrum on every open set of energies at which a real
solution with negative free energy at s = 1 exists (Theorem 8.4).

2.4 Positive free energy implies delocalization

Suppose now that the no-ac hypothesis holds at a regular energy E, and let π be the law
of the boundary denominators. We show that φπ(1) ≤ 0 (Theorem 10.1). Together with
the spectral averaging argument mentioned above, this proves pure absolute continuity
on any interval where, for almost every regular energy, all possible real boundary laws
have positive free energy at s = 1 (Corollary 10.2). The argument follows the resonance
strategy of Aizenman and Warzel [12]: we look for vertices at large depth n that are
strongly coupled to the root, and show that their contributions force Im Γo to be large.
Variants of this strategy were used in [4, 7].

Suppose, for a contradiction, that 0 < φπ(1). We always have φπ(1) < log p (Proposi-
tion 6.15). By convexity and symmetry, there exists s ∈ (1/2, 1) such that

γ = −φ′π(s) > 0, F = φπ(s)− (1− s)γ > 0.

Consider a path of length n from the root, and the event that the product of the trans-
fer matrices along it is of size about eγn. After an exponential tilt of the path law,
this is a moderate deviation event for a sum of bounded increments, with probability
about e−(log p−φπ(s)−sγ)n. Since there are about pn paths, the expected number of such
paths is about e(φπ(s)+sγ)n. Along such a path, an exact continuant identity shows that
|Gox/Gxx| ≳ e−γn, where x is the endpoint. At x we attach a pendant leaf whose squared
edge weight t has an exponential density. Since the diagonal entry Gxx is a Möbius
function of t with a real pole, the event |Gxx| ≥ T has probability of order T−1. With
T = e(γ+δ)n, we obtain an expected number

ENn ≥ e(F−δ)n−o(n)

of resonant endpoints x, each satisfying |Gox| ≥ eδn. A surviving child of x, whose
imaginary part is at least a fixed quantile ζα of the distribution of Im Γ, then gives
Im Γo ≥ e2δn−o(n)ζα by the Ward identity.

The main difficulty is the second moment. For two resonant endpoints x and y
whose paths split at depth j, the two pendant tunings are nearly independent unless
the Green function between the two branches is large. This interaction is controlled
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by the off-diagonal entry of the effective 2× 2 Feshbach matrix at x and y, which is
the bilinear form of a product of transfer matrices along the path from x to y. To
average this product we reserve, near the split and near both endpoints, three consecutive
factors whose squared moduli are not constrained by any of the events retained in
the second moment. Three fresh factors suffice to smooth an arbitrary fixed bilinear
form (Proposition 6.18). The interaction contribution is then bounded by the norm
moments of the two arms, which decay at the rate φπ(s)− log p per step. The resulting
exponent is an affine function of j, and the choice of s makes it negative at j = 0 and
at j = n. Thus E[Nn(Nn − 1)] ≤ eo(n)(ENn)2, and the Paley–Zygmund inequality gives
P(Nn > 0) ≥ e−o(n).

To conclude, we need to raise this subexponentially small probability to a fixed level.
We use the Poisson structure of the tree: the root has many children, and each of them
independently carries a copy of the rare event. An amplification argument, which uses
only a fixed number of amplifying children per generation and a reserve of other children
that keeps the cavity variables in a fixed compact region, raises the probability to a fixed
number q∗ > α after o(n) generations, at the cost of a factor e−o(n) in the lower bound
for Im Γo. We obtain P∞(Im Γo ≥ e2δn−o(n)ζα) ≥ q∗ > α, which contradicts the definition
of the quantile ζα once n is large. All estimates are first made for the real recursive tree
process at a fixed depth and then transferred to a small positive imaginary part η, chosen
after n.

2.5 The free energy at large degree

By the previous two steps, Theorem 1.1 reduces to determining the sign of the free energy
at s = 1 of the relevant real solutions. This is where the degree p is taken large.

The principal solution. For E > 2 it is convenient to use the scaling g(E) = (E −√
E2 − 4)/2, in which the real cavity equation becomes

B d
= 1 + θ − θ

p

N

∑
j=1

Yj

Bj
, θ = g(E)2.

At energies E = ξ
√

p with ξ of order one, we have θ ≍ 1/p, so the sum is an average of
about p terms of size θ/p, and one expects B ≈ 1. This is correct except on rare events
where some Bj is close to zero. In Section 11 we construct, for every compact window of
scaled energies ξ and all large p, a solution νp,E whose law is concentrated within p−1/4

of one, has density at most pAe−ap near zero, and has a tail decaying like pAe−ap/L. We
denote by S the class of laws with these three properties. The solution νp,E, which we call
the principal solution, is the unique fixed point of the cavity map in S, on which the map
is contracted by a metric adapted to these three regions. The same construction covers all
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energies E ≥ M0
√

p, where the cavity map is a contraction in the same class. We then
show that at large p and energies E = ξ

√
p in a fixed window, every real solution of the

cavity equation is the principal solution (Proposition 11.27). The proof is a one-big-jump
bootstrap: it starts from the bound

√
p + 1 on the density near zero, which every real

solution satisfies, and improves it until the solution lies in the class S. In particular,
under the no-ac hypothesis the boundary law can only be the principal solution.

The location of the mobility edge. The leading behavior of the free energy at s = 1 of
the principal solution is easy to guess. Since B ≈ 1, we have |Γv| ≈ g(E) ≈ E−1 along
a typical path. Each step of (2.3) contributes a factor |he|/E = |we|/(ξ p), and there are
about p choices of the next vertex. The expected sum of the products over the pL paths
of length L is therefore about(

p · E|w|
ξ p

)L
=
(µ∗

ξ

)L
, µ∗ = E|w| =

√
π

2
.

This suggests exp φξ
√

p(1) ≈ µ∗/ξ, and in Section 13 we prove that this is correct uni-
formly on compact sets of ξ (Theorem 13.1). The lower bound follows from the behavior
of the transfer operator on states near one. The upper bound is harder, because the rare
cancellations B ≈ 0 produce large states, which may feed back into the core region of
states near one. We decompose the state space into six regions and show that the only
order-one transitions between the five other regions form an acyclic graph, so that every
return to the core region passes through a transition of small weight. A finite-dimensional
diagonal balancing then bounds the growth rate.

Uniqueness of the crossing. The leading asymptotics show that the free energy at s = 1
changes sign near µ∗

√
p, but by themselves they do not exclude several sign changes in a

window of width o(
√

p). In Section 12 we show that the principal law is a real-analytic
function of the energy, with polynomially bounded derivatives in suitable norms, and
that its first two derivatives are small when tested against smooth functions supported
near one. In Section 14 we work with the L2 version of the critical transfer operator,
on a fixed space on which the energy enters only through the law of B and through
exponential densities. We then decompose its square exactly as

A2
ξ = Gξ + hc ⊗ ℓc + ht ⊗ ℓt,

where Aξ is the critical operator on this space, the first rank-one term is a positive
operator describing the region where B is close to 1, the second is its image under an
involution J that exchanges this region with the region where B is close to 0, and Gξ is a
positive operator with small spectral radius. The Perron–Frobenius eigenvalue of A2

ξ is
then determined by the Perron–Frobenius eigenvalue of a 2× 2 positive renewal matrix.
Its diagonal entries are equal, by the symmetry under J, and decrease strictly in ξ. Its
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off-diagonal entries are positive, and one of them is exponentially small. A positivity
argument, based on Glaeser’s inequality, controls the derivative of this Perron–Frobenius
eigenvalue without dividing by the possibly tiny gap between the two components. This
shows that, for scaled energies in a fixed neighborhood of µ∗, the free energy at s = 1
has exactly one zero, at which it crosses zero transversally and downward. Outside this
neighborhood, its sign is given by the leading asymptotics and, at large energies, by the
large-energy estimate. Together, these facts give exactly one zero on the half-line, and the
crossing is transverse (Theorem 14.1 and Corollary 14.2).

Small energies. For energies below a small multiple of
√

p, the real cavity equation need
not have a principal solution, and we do not try to identify the real boundary law. Instead
we show in Section 15 that every real solution at an energy 0 < E ≤ ξin

√
p has free energy

at s = 1 at least a fixed δ > 0 (Proposition 15.2). The proof bounds the critical eigenvalue
from below by pE∥M∥−1 for two scalings and shows, using only the recursion, that
one of the two lower bounds exceeds one. Since the delocalization criterion applies to
arbitrary real boundary laws, this gives absolute continuity at all small positive energies
for the same fixed p.

2.6 Assembly and the finite graph

The proof of Theorem 1.1 in Section 16 combines these results. On (0, ξin
√

p], every
possible real boundary law has positive free energy at s = 1, and the delocalization
criterion shows that the spectrum is absolutely continuous. At larger energies of order√

p, a real boundary law must be the principal solution, whose free energy at s = 1 is
positive below Ec(p) and negative above it. Above Ec(p) the principal solution is a real
solution with negative free energy at s = 1, which gives pure point spectrum, including
at all large energies. The two absolutely continuous regions overlap, which leaves Ec(p)
as the only transition.

Finally, in Section 17 we transfer the conclusions to the giant component of the fi-
nite graph. A uniformly chosen vertex of the giant component converges locally to
the survival-conditioned tree, jointly for finitely many vertices, and the local spectral
measures converge accordingly. The density of states of the limiting operator is bounded
above and below on compact sets away from zero. On the absolutely continuous side, the
normalized local spectral masses are uniformly integrable over vertices, by Lebesgue dif-
ferentiation and Scheffé’s lemma; on the pure point side, they concentrate on a vanishing
fraction of vertices. This proves Theorem 1.4.



part i

The limiting tree and the cavity equation



section 3

The weighted tree and its operator

In this section, we define the finite model and the marked Poisson–Galton–Watson
tree, construct the self-adjoint operator of the tree and of the forests obtained from
it by finitely many deletions, and collect the algebraic identities for its resolvent that
are used throughout the paper. Section 3.1 defines the models. Section 3.2 defines
finite removals and shows that marks which are not inspected by a selection remain
independent standard Gaussians. Section 3.3 proves essential self-adjointness of all these
operators on finitely supported vectors, identifies their domains, and proves convergence
of Dirichlet truncations. Section 3.4 proves the Schur complement formula (the cavity
recursion), the path product formula, and the Ward identity. Section 3.5 records a gauge
transformation and the parity symmetry. Section 3.6 develops the bipartite factorization
of the square of the operator and its decomposition into rank-one terms indexed by rows,
which are the basis of the rank-one arguments in Section 7. Finally, Section 3.7 shows that
on the survival event the operator has no finitely supported eigenvector with nonzero
eigenvalue, while finitely supported eigenvectors with eigenvalue zero occur infinitely
often.

Conventions. For a countable set S, we write ℓ2(S) for the Hilbert space of square-
summable functions f : S→ C, with the inner product

⟨ f , g⟩ = ∑
s∈S

f (s) g(s),

which is antilinear in the first argument. We write δs for the coordinate vector at s ∈ S
and cc(S) for the space of finitely supported functions on S. For S′ ⊂ S, we identify
ℓ2(S′) with the subspace of ℓ2(S) of functions vanishing off S′, and we write PS′ for the
orthogonal projection onto it. For a self-adjoint operator T and a vector f , we write µT

f for
the spectral measure of f , defined by ⟨ f , ϕ(T) f ⟩ =

∫
ϕ dµT

f for bounded Borel functions ϕ.
For a Borel set I ⊂ R, we say that T has pure point spectrum in I if Ran 1I(T) is contained
in the closed span of the eigenvectors of T, and that T is purely absolutely continuous in I if
the restriction of µT

f to I is absolutely continuous with respect to Lebesgue measure for
every vector f . Since the closed span of the eigenvectors consists of the vectors whose
spectral measure is purely atomic [113, Section VII.2], the operator T has pure point
spectrum in I if and only if the restriction of µT

f to I is purely atomic for every f . Spectral
parameters are written z = E + iη with E, η ∈ R, and H = {z ∈ C : Im z > 0}.

20
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3.1 The finite model and the marked tree

A standard complex Gaussian variable is a random variable w with density π−1e−|ζ|
2

with respect to Lebesgue measure on C. Writing ζ = reiϑ, Lebesgue measure on C is
r dr dϑ, and in the variables t = r2 and ϑ ∈ [0, 2π) the law of w is e−t dt⊗ dϑ/(2π). This
implies that Y = |w|2 has the law Exp(1), the phase w/|w| is uniform on the unit circle,
and the two are independent. Also w and −w are standard complex Gaussian variables.

Definition 3.1. Let p > 0 and let n ≥ 1 be an integer with n > p. Let Gn be the Erdős–
Rényi graph on [n] = {1, . . . , n}, in which each pair {i, j} is an edge independently with
probability p/n. Let (wij)1≤i<j≤n be independent standard complex Gaussian variables,
independent of Gn. Define the Hermitian n× n matrix Hn by

Hn(i, j) =
1{ij∈E(Gn)}√

p
wij, Hn(j, i) = Hn(i, j), Hn(i, i) = 0, 1 ≤ i < j ≤ n.

The giant component gc ⊂ [n] is the vertex set of a connected component of Gn of maximal
size; if there are several, we take the one containing the smallest vertex label. Thus gc is
a deterministic function of Gn. We set Nn = |gc| and write Hgc

n = (Hn(i, j))i,j∈gc for the
restriction of Hn to ℓ2(gc).

Throughout the paper, the limit n → ∞ is taken with p fixed. The local limit of Gn

seen from a uniformly chosen vertex is the Poisson–Galton–Watson tree, and seen from a
uniformly chosen vertex of gc it is that tree conditioned on survival; this is made precise
in Proposition 17.13. We now define the tree and its marks on an explicit probability
space.

Let U =
⋃

k≥0 Nk be the set of finite words over N = {1, 2, . . . }, with the empty word
o, and let U∗ = U \ {o}. For u ∈ U and j ∈N, we write uj for the concatenation, |u| for
the length of u, and u− for the word obtained from u ̸= o by deleting its last letter.

Definition 3.2. Let p > 0. Let (Ω,F , P) be a probability space carrying three independent
families: random variables (Nu)u∈U, independent with the law Pois(p); random variables
(wu)u∈U∗ , independent standard complex Gaussians; and an auxiliary random element a
of a standard Borel space.

(i) The genealogy is the rooted tree T with root o, vertex set

V =
{

j1 j2 · · · jk ∈ U : k ≥ 0, ji ≤ Nj1···ji−1 for 1 ≤ i ≤ k
}

,

and edges {u−, u} for u ∈ V \ {o}. It is a PGW(p) tree: the children of v ∈ V are
v1, . . . , vNv. The generation of v is |v|, the vertex v− is the parent of v ̸= o, and we
write u ∼ v when u and v are adjacent. The degree of v is deg(v) = Nv + 1{v ̸=o}. We
write N = No for the number of children of the root.
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(ii) The edge {u−, u} is identified with the word u, and wu is its mark; we also write we

for the mark of an edge e. The edge weights are

hu−u =
wu√

p
, huu− = hu−u, u ∈ V \ {o},

and huv = 0 when u and v are not adjacent. The squared modulus of the mark of the
edge u is Yu = |wu|2 = p|hu−u|2, which has the law Exp(1) and is independent of
the phase wu/|wu|. The pair (T , (huv)u,v∈V) is the marked tree.

(iii) For v ∈ V, the forward subtree Tv is the subtree of T induced on V(Tv) = {vu : u ∈
U} ∩V, rooted at v. In particular To = T .

(iv) The survival event is S = {|V| = ∞}, and ϱp = P(S). When p > 1, we have
ϱp ∈ (0, 1), and ϱp is the unique solution in (0, 1] of 1− ϱ = e−pϱ. For p > 1 we set
P∞ = P( · | S) and write E∞ for the corresponding expectation.

We write G0 = σ
(
(Nu)u∈U, a

)
for the σ-algebra generated by the genealogy variables and

the auxiliary randomness.

The marks wu with u /∈ V do not enter the marked tree; including them makes the
edge marks of T a subfamily of an independent family indexed by the fixed set U∗.
Conditionally on G0, the marks of the edges of T are independent standard complex
Gaussians, and the same holds under P∞, since S ∈ G0. The value of ϱp is the classical
extinction computation for Galton–Watson trees [133, Chapter 3]. The auxiliary element
a is used in later sections for selections by independent ranks; in Section 4, it is realized
as a family (ζv)v∈U of independent auxiliary marks indexed by the words.

The families indexed by disjoint subsets of U are independent. We record the con-
sequence that is used to derive distributional identities. For j ∈ N, let θj be the shift
which maps the families above to

(
(Nju)u∈U, (wju)u∈U∗

)
. The genealogy and marks built

from θj by Definition 3.2 form a marked tree θjT , and if j ≤ No, then θjT is the forward
subtree Tj relabelled by ju 7→ u. The shifted families use the variables indexed by words
beginning with j, other than wj, and we conclude that

θ1T , θ2T , . . . are independent copies of T , independent of
(

No, (wj)j≥1
)
. (3.1)

3.2 Finite removals

Many arguments in this paper delete a vertex, an edge, or a few selected leaves from the
tree and study the resulting operator. We now define these operations and the class of
selections under which the retained marks keep their law.

Definition 3.3.
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(i) A finite removal of T is given by a pair (F, D), called its removed set, where F ⊂ V is a
finite set of vertices and D is a finite set of edges of T ; we also write (F, D) for the
finite removal. The deleted edges are the edges in D and the edges with an endpoint
in F; all other edges of T are retained. The reduced forest T F,D is the graph with vertex
set V \ F whose edges are the retained edges. A component of (F, D) is the vertex set
of a connected component of T F,D.

(ii) An inspected set is a random finite set Q ⊂ U∗ such that {Q = q} ∈ Gq
0 for every

finite q ⊂ U∗, where Gq
0 = G0 ∨ σ(wu : u ∈ q). Its σ-algebra is

GQ =
{

A ∈ F : A ∩ {Q = q} ∈ Gq
0 for every finite q ⊂ U∗

}
.

(iii) A random finite removal (F, D) is selected without inspecting the retained marks if there
exists an inspected set Q such that {(F, D) = ( f , d)} ∈ GQ for all finite sets f , d, and
such that almost surely no edge with label in Q is retained. If this holds with Q = ∅,
that is, if (F, D) is a function of the genealogy and the auxiliary randomness, we say
that (F, D) is selected from the genealogy.

An inspected set is the set of labels of the marks that a selection procedure looks at;
the procedure may decide which marks to look at using what it has seen so far, and GQ
is the information available at the end. The finite removals used later are the following.

(a) Deleting a vertex y: (F, D) = ({y}, ∅). Its components are the forward subtrees
V(Tyj), 1 ≤ j ≤ Ny, and, if y ̸= o, the set V \V(Ty).

(b) Deleting an edge {v−, v}: (F, D) = (∅, {v}). Its components are V(Tv) and V \V(Tv).
In particular, every forward subtree is a component of a finite removal.

(c) Deleting selected pendant leaves: F is a finite set of leaf children (children ℓ with Nℓ = 0)
chosen as a function of the genealogy and of auxiliary ranks carried by a, and D = ∅.
This finite removal is selected from the genealogy.

(d) Dirichlet balls: deleting the finitely many edges between generations R and R + 1
leaves the ball {v ∈ V : |v| ≤ R} as the component of o.

Lemma 3.4. Let Q be an inspected set. For every A ∈ GQ, every finite q ⊂ U∗, and every
bounded measurable function Ψ of the family (wu)u∈U∗\q, we have

E
[
1A∩{Q=q} Ψ

(
(wu)u/∈q

)]
= P

(
A ∩ {Q = q}

)
E
[
Ψ
(
(wu)u/∈q

)]
. (3.2)

The same identity holds with P, E replaced by P∞, E∞ when p > 1. If (F, D) is selected without
inspecting the retained marks, then conditionally on GQ the marks of the retained edges are
independent standard complex Gaussian variables, under P and under P∞.

Proof. Fix A and q. By the definition of GQ, the event A ∩ {Q = q} belongs to Gq
0 =

σ
(
(Nu)u∈U, a, (wu)u∈q

)
. Since the three families in Definition 3.2 are independent and
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the marks are independent of each other, Gq
0 is independent of (wu)u/∈q, and (3.2) follows.

Since S ∈ G0, the event A ∩ S belongs to GQ; applying (3.2) to it and dividing by ϱp

gives the identity under P∞, since E[Ψ] = E∞[Ψ] by the independence of S ∈ G0 and the
marks.

For the last assertion, let (w′u)u∈U∗ be an independent copy of the marks, defined on
a product extension of the probability space, and set w̃u = wu for u /∈ Q and w̃u = w′u
for u ∈ Q. For fixed q, the family

(
(wu)u/∈q, (w′u)u∈q

)
has the law of (wu)u ̸=o and is

independent of Gq
0 , by the argument above and since w′ is independent of everything else.

For A ∈ GQ and every bounded measurable function Ψ of the whole family, we then have

E
[
1AΨ(w̃)

]
= ∑

q
E
[
1A∩{Q=q}Ψ

(
(wu)u/∈q, (w′u)u∈q

)]
= ∑

q
P
(

A ∩ {Q = q}
)
E
[
Ψ(w)

]
= P(A)E

[
Ψ(w)

]
,

where the sums run over the countably many finite sets q. This shows that w̃ is inde-
pendent of GQ and is a family of independent standard complex Gaussians. The set of
retained edges is a function of T and (F, D), and in particular it is GQ-measurable. Since
it is almost surely disjoint from Q, the retained marks coincide with the corresponding
entries of w̃. The conditional law, given GQ, of the entries of an independent i.i.d. family
indexed by a GQ-measurable random set is the product law over that set [81, Theorem 6.4].
This proves the claim under P, and the same argument applies under P∞.

For a finite removal selected from the genealogy, conditionally on G0 all marks, deleted
or retained, are independent standard complex Gaussians. For the pendant leaves in (c),
this means that the squared moduli of the marks of the deleted leaf edges are independent
Exp(1) variables, independent of the genealogy and of all retained marks.

We next record some elementary facts about the shape of the components. For a
component C of a finite removal and adjacent vertices u, w ∈ C, the branch Cu→w is
the component containing u of the graph obtained from T F,D by also deleting the edge
{u, w}.

Lemma 3.5. Let (F, D) be a finite removal of T .

(i) The reduced forest T F,D has finitely many components. Every component C is the vertex set
of an induced subtree of T : every edge of T with both endpoints in C is retained.

(ii) Let C be a component and let u, w ∈ C be adjacent. Then Cu→w is a component of the finite
removal (F, D ∪ {{u, w}}), and it consists of the vertices x ∈ C such that the path in T
from x to w contains u. The neighbors of u in C lie in distinct components of (F ∪ {u}, D),
and the component containing a neighbor x is Cx→u.

(iii) Let C be as in (ii), let u, w ∈ C be adjacent, and let C′ be a component of a finite removal
(F′, D′) with F ⊂ F′ and D ⊂ D′. If Cu→w ⊂ C′ and w ∈ C′, then C′u→w = Cu→w.
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Proof. Every edge of a tree disconnects it, and every edge of a forest disconnects the
component that contains it. By induction on the number of deleted edges, deleting them
from T produces a forest with exactly one more component than deleted edges. The
vertices of F are isolated in this forest, and its other components are the components of
(F, D); this proves the first claim of (i). If an edge {u, v} of T with u, v ∈ C were deleted,
then the path from u to v in the connected graph T F,D restricted to C would avoid this
edge, and together with the edge it would form a cycle in T . This proves (i).

For (ii), the first assertion holds because adding {u, w} to D changes only the compo-
nent C, which splits into two. Since C is a subtree, paths in C are paths in T . A vertex
x ∈ C is connected to u in C without using the edge {u, w} exactly when the path from
x to u does not contain w, and this holds exactly when the path from x to w is the path
from x to u followed by the edge {u, w}. This proves the description of Cu→w. If x and
x′ are distinct neighbors of u in C, then they lie in distinct components after deleting
u, since the unique path between them is x, u, x′. The component of x after deleting u
consists of the vertices of C connected to x by a path avoiding u, and this is Cx→u by the
description just proved.

For (iii), we have C′ ⊂ C, because every edge retained by (F′, D′) is retained by
(F, D). Since a path in C′ which avoids the edge {u, w} is such a path in C, we have
C′u→w ⊂ Cu→w. Conversely, Cu→w induces a connected subtree of T by (i) and (ii), it is
contained in C′, and C′ is an induced subtree by (i). Then every vertex of Cu→w is joined
to u by a path in C′ avoiding {u, w}, which gives Cu→w ⊂ C′u→w.

3.3 Essential self-adjointness

The weighted adjacency operator of T need not be bounded. In this section, we show
that it is essentially self-adjoint on finitely supported vectors, simultaneously for all
components of all finite removals. The argument follows [51, Appendix A]: by [51,
Lemma A.3], an exhaustion of a weighted tree by finite connected sets whose boundary
weights are uniformly bounded implies essential self-adjointness, and such an exhaustion
of the Poisson weighted infinite tree is constructed in [51, Proposition A.2] by a subcritical
exploration; see also [52] for the unweighted case. We include the proof for our model
for completeness.

Hermitian networks

A locally finite Hermitian network is a countable set V with weights k : V × V → C such
that kvu = kuv and kvv = 0 for all u, v, and such that {u : kvu ̸= 0} is finite for every v. Its
formal operator acts on all functions f : V → C by

(Tform f )(v) = ∑
u∈V

kvu f (u),
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which is a finite sum. The minimal operator T0 is the restriction of Tform to cc(V), viewed
as an operator in ℓ2(V), and the maximal domain is { f ∈ ℓ2(V) : Tform f ∈ ℓ2(V)}. For a
finite set S ⊂ V , the boundary operator BS is defined by

(BS f )(v) = 1S(v) ∑
u/∈S

kvu f (u), f ∈ ℓ2(V).

Since only the finitely many u /∈ S with a neighbor in S enter this sum, BS is a bounded
operator of finite rank.

On the marked tree, (V, (huv)u,v∈V) is a locally finite Hermitian network. If C is a
component of a finite removal, then (C, (huv)u,v∈C) is a locally finite Hermitian network
as well, and by Lemma 3.5(i) its weights are those of the retained edges inside C. We
write HC,form and HC,0 for its formal and minimal operators, and Hform and H0 when
C = V.

Lemma 3.6. Let (V , k) be a locally finite Hermitian network. Then T0 is symmetric, and T∗0 is
the restriction of Tform to the maximal domain. If T0 is essentially self-adjoint, then its closure T
satisfies

Dom(T) = { f ∈ ℓ2(V) : Tform f ∈ ℓ2(V)}, T f = Tform f for f ∈ Dom(T).

Proof. Let g ∈ cc(V) and f ∈ ℓ2(V). Only the finitely many pairs (u, v) with u ∈ supp g
and kuv ̸= 0 contribute to the following sums. Exchanging these finite sums and using
kvu = kuv, we have

⟨T0g, f ⟩ = ∑
v

∑
u

kvug(u) f (v) = ∑
u

g(u)∑
v

kuv f (v) = ⟨g, Tform f ⟩. (3.3)

Taking f ∈ cc(V), we see that T0 is symmetric. If f is in the maximal domain, then (3.3)
implies that f ∈ Dom(T∗0 ) and T∗0 f = Tform f . Conversely, if f ∈ Dom(T∗0 ), then applying
(3.3) with g = δv, we have (T∗0 f )(v) = (Tform f )(v) for every v, that is, Tform f = T∗0 f ∈ ℓ2.
If T0 is essentially self-adjoint, then its closure T is self-adjoint and T = T∗ = T∗0 , since
an operator and its closure have the same adjoint.

Lemma 3.7. Let (V , k) be a locally finite Hermitian network. Suppose that there exist finite sets
S1 ⊂ S2 ⊂ · · · with

⋃
n Sn = V and M = supn ∥BSn∥ < ∞. Then T0 is essentially self-adjoint

on cc(V).

Proof. By [113, Theorem VIII.3 and its corollary], the symmetric operator T0 is essentially
self-adjoint if ker(T∗0 − z) = {0} for z = i and z = −i. Fix z ∈ C \R and ψ ∈ ker(T∗0 − z).
By Lemma 3.6, we have Tformψ = zψ pointwise. Let S ⊂ V be finite. Multiplying the
equation at v by ψ(v) and summing over v ∈ S, we obtain

z∥PSψ∥2 = ∑
v∈S

∑
u∈S

ψ(v)kvuψ(u) + ∑
v∈S

∑
u/∈S

ψ(v)kvuψ(u) = ∑
u,v∈S

ψ(v)kvuψ(u) + ⟨PSψ, BSψ⟩.
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The first sum on the right is real, because the matrix (kvu)u,v∈S is Hermitian. Taking
imaginary parts, and using that BSψ = BSPV\Sψ, we find

| Im z| ∥PSψ∥2 ≤
∣∣⟨PSψ, BSPV\Sψ⟩

∣∣ ≤ ∥BS∥ ∥PSψ∥ ∥PV\Sψ∥. (3.4)

We apply (3.4) with S = Sn. As n→ ∞, we have ∥PSn ψ∥ → ∥ψ∥ and ∥PV\Sn ψ∥ → 0, since
Sn ↑ V and ψ ∈ ℓ2(V). The right side of (3.4) is at most M∥ψ∥∥PV\Sn ψ∥, which tends to
zero. We conclude that | Im z|∥ψ∥2 = 0 and ψ = 0.

A bounded-boundary exhaustion of the tree

For u ∈ U, set

R2
u =

1
p

Nu

∑
j=1
|wuj|2.

For u ∈ V, this is ∑j≤Nu |hu,uj|2, the sum of the squared weights of the edges from u to
its children. Since Ro < ∞ almost surely and No1{Ro>M} ≤ No, which is integrable, by
dominated convergence we have E[No1{Ro>M}] → 0 as M → ∞. We fix a deterministic
M = M(p) < ∞ such that

mM = E
[
No1{Ro>M}

]
< 1. (3.5)

We call u ∈ U good if Ru ≤ M and bad otherwise. For v ∈ V, let λ(v) be the number of
good vertices among the strict ancestors of v, and set

Sn = {v ∈ V : λ(v) ≤ n}, n ≥ 0.

Lemma 3.8. Let p > 0. There exists an event Ωsa with P(Ωsa) = 1 on which the following
holds. Every Sn is finite, o ∈ Sn ⊂ Sn+1, every ancestor of a vertex of Sn belongs to Sn, and⋃

n Sn = V. Further, for every n, every vertex outside Sn has at most one neighbor in Sn, and

∑
u/∈Sn, u∼v

|hvu|2 ≤ M2 for every v ∈ Sn. (3.6)

In particular, the boundary operators of the network (V, h) satisfy ∥BSn∥ ≤ M.

Proof. The proof shows that the vertices reachable from a given vertex through bad
vertices form a subcritical Galton–Watson tree, and that the sets Sn are finite unions of
such trees.

Step 1. The bad clusters are subcritical Galton–Watson trees. For u ∈ U, let χu = Nu1{Ru>M}.
This is a function of Nu and of (wuj)j∈N. Since for distinct u the variables Nu are distinct
and the families (wuj)j∈N are indexed by disjoint subsets of U, the family (χu)u∈U is
independent and identically distributed, with mean mM < 1. For x ∈ U, define the bad
cluster

Kx =
{

xj1 · · · jk : k ≥ 0, ji ≤ χxj1···ji−1 for 1 ≤ i ≤ k
}

.
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Then Kx is a Galton–Watson tree whose offspring numbers (χxu)u∈U are independent
with mean mM. Let Zx

k be the number of words of length |x|+ k in Kx. The event {u ∈ Kx}
is determined by the variables χ at the strict ancestors of u, which are independent of χu.
Summing over the countably many words u of length |x|+ k, we obtain

EZx
k+1 = ∑

|u|=|x|+k
E
[
1{u∈Kx}χu

]
= mM EZx

k ,

so EZx
k = mk

M and E|Kx| = (1− mM)−1 < ∞. Let Ωsa be the event that Kx is finite
for every x ∈ U; as a countable intersection of events of probability one, it satisfies
P(Ωsa) = 1.

Since j ≤ χu holds exactly when u is bad and j ≤ Nu, we have, for x ∈ V,

Kx =
{

y ∈ V(Tx) : every vertex u ̸= y on the path from x to y is bad
}

. (3.7)

Step 2. The sets Sn are finite and exhaust V. For v ∈ V and j ≤ Nv, we have λ(vj) =

λ(v) + 1{v good}. This implies that λ is nondecreasing along every path away from the
root, and Sn contains every ancestor of its vertices, and o ∈ Sn since λ(o) = 0. Also
λ(v) ≤ |v|, which gives

⋃
n Sn = V. We show by induction that Sn is finite on Ωsa. By

(3.7), we have S0 = Ko. Let n ≥ 0 and let v ∈ V satisfy λ(v) = n + 1. Let g be the strict
ancestor of v of largest generation which is good, and let t be the child of g on the path
from g to v (possibly t = v). Since the good strict ancestors of v are g and the good strict
ancestors of g, we have λ(g) = n. All vertices on the path from t to v, other than v, are
bad, and (3.7) implies that v ∈ Kt. We conclude that

{v ∈ V : λ(v) = n + 1} ⊂
⋃

g∈Sn

Ng⋃
j=1

Kgj,

which is a finite union of finite sets on Ωsa when Sn is finite.

Step 3. The boundary of Sn. Let v ∈ Sn and let u ∼ v with u /∈ Sn. Since the parent of v
belongs to Sn, the vertex u is a child of v, and λ(u) = λ(v) + 1{v good} > n forces v to be
good. It follows that the left side of (3.6) vanishes if v is bad, and is at most R2

v ≤ M2 if
v is good. If u /∈ Sn, then the children of u satisfy λ ≥ λ(u) > n, and the only possible
neighbor of u in Sn is its parent.

The boundary operator B = BSn has matrix entries Bvu = hvu for v ∈ Sn and u /∈ Sn,
and all its other entries vanish. Since each column of B has at most one nonzero entry, the
matrix BB∗, which acts on ℓ2(Sn) and has entries ∑u/∈Sn hvuhv′u, is diagonal. Its diagonal
entries are the left side of (3.6), which gives ∥B∥2 = ∥BB∗∥ ≤ M2.

Dirichlet truncations

Lemma 3.9. Let T and T1, T2, . . . be self-adjoint operators on a Hilbert space h. Let D be a core
for T with D ⊂ Dom(Tn) for every n, and suppose that Tn φ → Tφ for every φ ∈ D. Then
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(Tn − z)−1 f → (T − z)−1 f for every f ∈ h and z ∈ C \R. Further, for all f , g ∈ h, we have
⟨ f , (Tn − z)−1g⟩ → ⟨ f , (T − z)−1g⟩ uniformly for z in compact subsets of C \R.

Proof. The first assertion is a variant of [113, Theorem VIII.25(a)], where D is assumed to
be a common core for T and all Tn; the following argument does not use this assumption.
Fix z ∈ C \R. For φ ∈ D and f = (T − z)φ, we have

(Tn − z)−1 f − (T − z)−1 f = (Tn − z)−1((T− z)φ− (Tn − z)φ
)
= (Tn − z)−1(T− Tn)φ,

whose norm is at most | Im z|−1∥(T − Tn)φ∥ → 0. The set (T − z)D is dense in h: every
f ∈ h equals (T − z)ψ for some ψ ∈ Dom(T), and if φk ∈ D converge to ψ in the graph
norm of T, then (T − z)φk → f . Since all resolvents have norm at most | Im z|−1, the
convergence extends from this dense set to all f .

For the second assertion, let K ⊂ C \R be compact and d = dist(K, R) > 0. For every
self-adjoint S and z, z′ ∈ K, the resolvent identity (S− z)−1 − (S− z′)−1 = (z− z′)(S−
z)−1(S− z′)−1 gives

∣∣⟨ f , (S− z)−1g⟩ − ⟨ f , (S− z′)−1g⟩
∣∣ ≤ |z− z′| ∥ f ∥ ∥g∥

d2 .

Then the functions z 7→ ⟨ f , (Tn − z)−1g⟩ and z 7→ ⟨ f , (T − z)−1g⟩ are Lipschitz on K
with a common constant. Given ε > 0, we cover K by finitely many discs of radius
εd2/(3∥ f ∥∥g∥+ 1) centered in K, and choose n0 such that the pointwise convergence
holds within ε/3 at the finitely many centers for n ≥ n0. Then the difference is at most ε

on K for n ≥ n0.

For a component C of a finite removal and a finite set Λ ⊂ C, the Dirichlet truncation
H[Λ]

C = PΛHC,0PΛ is the bounded self-adjoint operator on ℓ2(C) which acts on ℓ2(Λ) by
the finite matrix (huv)u,v∈Λ and vanishes on ℓ2(C \Λ). When C = V, we write H[Λ].

The self-adjoint operators

For a finite removal (F, D), define the bounded self-adjoint operator of finite rank

WF,D = ∑
{u,v} deleted

(
huv|δu⟩⟨δv|+ hvu|δv⟩⟨δu|

)
on ℓ2(V), where the sum runs over the deleted edges of (F, D), and | f ⟩⟨g| denotes the
operator φ 7→ ⟨g, φ⟩ f .

Theorem 3.10. Let p > 0, and let Ωsa be the event of Lemma 3.8; we have P(Ωsa) = 1, and
P∞(Ωsa) = 1 when p > 1. On Ωsa, the following statements hold simultaneously for every finite
removal (F, D) of T and every component C of (F, D).
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(i) The operator HC,0 is essentially self-adjoint on cc(C). We write HC for its closure, H = HV
for the operator of the full tree, and Hv = HV(Tv) for the operator of the forward subtree at
v ∈ V.

(ii) The domain of HC is the maximal domain:

Dom(HC) =
{

f ∈ ℓ2(C) : HC,form f ∈ ℓ2(C)
}

,

and HC f = HC,form f for f ∈ Dom(HC).

(iii) Let Λ1 ⊂ Λ2 ⊂ · · · be finite sets with
⋃

n Λn = C. Then (H[Λn]
C − z)−1 f → (HC − z)−1 f

for every f ∈ ℓ2(C) and z ∈ C \R, and for all u, v ∈ C,〈
δu, (H[Λn]

C − z)−1δv
〉
→
〈
δu, (HC − z)−1δv

〉
uniformly for z in compact subsets of C \R. This applies to the balls Λn = {v ∈ C :
distC(v, v0) ≤ n} around any v0 ∈ C, and for C = V to the balls {v ∈ V : |v| ≤ n}.

(iv) Let C1, . . . , Cm be the components of (F, D). Then

H−WF,D = HC1 ⊕ · · · ⊕HCm ⊕ 0F

with respect to ℓ2(V) = ℓ2(C1)⊕ · · · ⊕ ℓ2(Cm)⊕ ℓ2(F), where 0F is the zero operator on
ℓ2(F). In particular Dom(H) = Dom(HC1)⊕ · · · ⊕Dom(HCm)⊕ ℓ2(F).

We write HF,D = HC1 ⊕ · · · ⊕ HCm for the reduced operator on ℓ2(V \ F), and H(y) =

H{y},∅ for the operator with the vertex y deleted.

Proof. We fix a realization in Ωsa; all statements below are deterministic consequences of
the conclusions of Lemma 3.8, which do not depend on (F, D).

Step 1. The full tree. By Lemma 3.8, the network (V, h) satisfies the hypotheses of
Lemma 3.7, which implies that H0 is essentially self-adjoint. Lemma 3.6 identifies
the domain of its closure H with the maximal domain.

Step 2. Finite removals. Let (F, D) be a finite removal and W = WF,D. Since W is bounded
and self-adjoint, the Kato–Rellich theorem [112, Theorem X.12] (with relative bound zero)
shows that H−W is self-adjoint on Dom(H) and essentially self-adjoint on every core
of H, in particular on cc(V). On cc(V), the operator H0 −W is the weighted adjacency
operator of the graph on V with the retained edges. By Lemma 3.5(i), this graph has the
components C1, . . . , Cm and the isolated vertices of F. Hence

(H0 −W)|cc(V) = HC1,0 ⊕ · · · ⊕HCm,0 ⊕ 0 (3.8)

with respect to cc(V) = cc(C1)⊕ · · · ⊕ cc(Cm)⊕ cc(F).
The adjoint of a finite orthogonal sum of densely defined operators is the orthogonal

sum of their adjoints. Indeed, a vector (φj)j is in the domain of the adjoint of
⊕

j Tj exactly
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when ( f j)j 7→ ∑j⟨φj, Tj f j⟩ is bounded, and taking f supported in a single summand shows
that this holds exactly when φj ∈ Dom(T∗j ) for every j. For z = ±i, it follows that the
kernel of T∗ − z, where T is the operator in (3.8), is the orthogonal sum of the kernels
of H∗Cj,0

− z and of the kernel of −z on ℓ2(F), which is trivial. Since T is essentially
self-adjoint, the kernel of T∗ − z is trivial, and so are the kernels of H∗Cj,0

− z. Then [113,
Theorem VIII.3 and its corollary] shows that every HCj,0 is essentially self-adjoint. The
closure of a finite orthogonal sum is the orthogonal sum of the closures, since the graph
of the sum is the orthogonal sum of the graphs. Taking closures in (3.8) proves (iv), and
(i) holds for every component. Statement (ii) follows from Lemma 3.6 applied to the
network (C, h).

Step 3. Dirichlet truncations. Let Λn be as in (iii) and f ∈ cc(C). The vector HC,0 f is
supported on the union of supp f and its neighbors in C, which is finite. When Λn

contains this union, we have H[Λn]
C f = PΛnHC,0 f = HC,0 f . Since cc(C) is a core for HC,

Lemma 3.9 implies (iii). Balls in the locally finite graph C are finite and exhaust C.

Remark 3.11. Statement (ii) is used in the following form. Let C be as in Theorem 3.10,
let E ∈ R, and let g ∈ ℓ2(C). If F ∈ ℓ2(C) satisfies (HC,formF)(v)− EF(v) = g(v) for
every v ∈ C, then HC,formF = EF + g ∈ ℓ2(C), and (ii) implies that F ∈ Dom(HC) and
(HC − E)F = g. In particular, a vector F ∈ ℓ2(V) satisfying (Hform − E)F = δo pointwise
lies in Dom(H) and satisfies (H− E)F = δo; in particular, δo ∈ Ran(H− E).

Remark 3.12. The exhaustion of Lemma 3.8 also applies directly to a component C of a
finite removal: the sets Sn ∩ C exhaust C, each vertex of C \ Sn has at most one neighbor
in Sn ∩ C, and the boundary sums in C are bounded by the left side of (3.6). Then
Lemma 3.7 yields (i) without the perturbation argument. Statement (iv), which identifies
the domains, is used repeatedly below.

The following consequence of (iv) decouples a component along finitely many further
deleted edges.

Lemma 3.13. On Ωsa, let C be a component of a finite removal (F, D), and let D′ be a finite
set of edges of T with both endpoints in C. Let C′1, . . . , C′k be the components of (F, D ∪ D′)
contained in C. Then

HC =
(
HC′1
⊕ · · · ⊕HC′k

)
+ WD′ , Dom(HC) = Dom(HC′1

)⊕ · · · ⊕Dom(HC′k
),

where WD′ = ∑{u,v}∈D′(huv|δu⟩⟨δv|+ hvu|δv⟩⟨δu|) acts on ℓ2(C). In particular, if y ∈ C has the
neighbors x1, . . . , xd in C, then with respect to ℓ2(C) = Cδy ⊕ ℓ2(Cx1→y)⊕ · · · ⊕ ℓ2(Cxd→y),

HC =
(
0⊕HCx1→y ⊕ · · · ⊕HCxd→y

)
+

d

∑
i=1

(
hyxi |δy⟩⟨δxi |+ hxiy|δxi⟩⟨δy|

)
. (3.9)
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Proof. Since the edges of D′ are retained by (F, D), we have WF,D∪D′ = WF,D + WD′ . The
components of (F, D ∪ D′) are the components of (F, D) other than C, together with
C′1, . . . , C′k. Applying Theorem 3.10(iv) to both finite removals, we find that H−WF,D −
WD′ equals the orthogonal sum of the operators HC′′ over the components C′′ ̸= C of
(F, D), of HC −WD′ , and of 0F, and that it also equals the same sum with HC −WD′

replaced by HC′1
⊕ · · · ⊕ HC′k

. Both decompositions are orthogonal with respect to the
same splitting of ℓ2(V), and their parts acting in ℓ2(C) agree, including their domains.
Since WD′ is bounded, HC −WD′ has the domain Dom(HC).

For (3.9), take D′ to be the set of edges of C at y. By Lemma 3.5(ii), the components
of (F, D ∪ D′) inside C are {y} and the branches Cxi→y, and the operator of the isolated
vertex y is zero.

3.4 Resolvents and the cavity recursion

Definitions

We begin with the elementary properties of resolvent entries of a self-adjoint operator.

Lemma 3.14. Let T be a self-adjoint operator on a Hilbert space h, let f , g ∈ h, and let z =

E + iη ∈ C \R.

(i) The function z 7→ ⟨ f , (T − z)−1g⟩ is analytic on C \R, bounded by ∥ f ∥∥g∥/|η|, and
satisfies ⟨ f , (T− z)−1g⟩ = ⟨g, (T − z̄)−1 f ⟩.

(ii) The function m(z) = ⟨ f , (T − z)−1 f ⟩ satisfies

m(z) =
∫

R

µT
f (dλ)

λ− z
, Im m(z) = η

∥∥(T− z)−1 f
∥∥2

= η
∫

R

µT
f (dλ)

|λ− z|2 ,

and m(z̄) = m(z). In particular, if f ̸= 0 and η > 0, then Im m(z) > 0.

Proof. The resolvent is an analytic operator-valued function on C \R with norm at most
|η|−1, and ((T − z)−1)∗ = (T − z̄)−1; this gives (i). The integral formula is the spectral
theorem. By the resolvent identity, (T − z)−1 − (T − z̄)−1 = (z− z̄)(T − z̄)−1(T − z)−1,
and we have

2i Im m(z) = m(z)−m(z) =
〈

f ,
(
(T− z)−1 − (T − z̄)−1) f

〉
= 2iη

〈
(T− z)−1 f , (T − z)−1 f

〉
,

where we used (i) in the form m(z) = m(z̄). Since the resolvent is injective, Im m(z) > 0
when f ̸= 0 and η > 0.

Definition 3.15. On Ωsa, let (F, D) be a finite removal, let C be one of its components,
and let z ∈ C \R.
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(i) The resolvent entries are

Guv(z) =
〈
δu, (H− z)−1δv

〉
, GC

uv(z) =
〈
δu, (HC − z)−1δv

〉
,

GF,D
uv (z) =

〈
δu, (HF,D − z)−1δv

〉
,

for u, v ∈ V, u, v ∈ C, and u, v ∈ V \ F, respectively. We write G(y) for G{y},∅.
Since HF,D is the orthogonal sum of the operators of its components, GF,D

uv = GC
uv if

u, v ∈ C, and GF,D
uv = 0 if u and v lie in different components.

(ii) For adjacent u, w ∈ C, the cavity resolvent is the diagonal entry at u of the operator of
the branch Cu→w:

ΓC
u→w(z) = GCu→w

uu (z).

For C = V we write Γu→w. The forward cavity at v ∈ V \ {o} is Γv = Γv→v− ; since
Vv→v− = V(Tv), it equals ⟨δv, (Hv − z)−1δv⟩. At the root we set Γo = Goo, the
diagonal entry at the root of the operator of its forward subtree To = T .

(iii) The spectral measure of v ∈ V is µv = µHδv
, and Gvv(z) =

∫
µv(dλ)/(λ− z).

By Lemma 3.14, all these entries are analytic in z ∈ C \R and bounded by 1/| Im z|,
and the diagonal entries and cavity resolvents map H to H. They are also measurable
functions of the marked tree. Indeed, for a fixed finite removal and fixed words u, v,
Theorem 3.10(iii) with Λn = {x ∈ C : |x| ≤ n} expresses GC

uv(z) as the limit of entries of
the inverses of finite matrices, which are measurable functions of (Nx)|x|<n and (wx)|x|≤n.
For a random finite removal, we decompose according to its countably many values. In
particular, let Φz be the measurable function of the families

(
(Nu)u∈U, (wu)u ̸=o

)
defined

as the limit of ⟨δo, (H[{|v|≤n}] − z)−1δo⟩ when this limit exists, and as zero otherwise. We
write Φ(T ) for the function z 7→ Φz(T ) on C \R. On Ωsa we have Γo(z) = Φz(T ), and
for j ≤ No the relabelling ju 7→ u identifies the truncations of Hj to balls around j with
the truncations of the operator of θjT to balls around o. We conclude that

Γj(z) = Φz(θjT ), 1 ≤ j ≤ No. (3.10)

The Schur complement formula

Proposition 3.16. Let p > 0. On Ωsa, the following statements hold for every z ∈ C \R;
statements (i) and (ii) hold for every finite removal (F, D) and every component C of (F, D).

(i) For every u ∈ C,

GC
uu(z) = −

(
z + ∑

x∈C, x∼u
|hux|2 ΓC

x→u(z)
)−1

. (3.11)

(ii) For all adjacent u, w ∈ C,

ΓC
u→w(z) = −

(
z + ∑

x∈C, x∼u, x ̸=w
|hux|2 ΓC

x→u(z)
)−1

. (3.12)
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(iii) Let N = No, Yj = |wj|2, and Γj(z) = Φz(θjT ) for j ≥ 1. Then

Γo(z) = −
(

z +
1
p

N

∑
j=1

Yj Γj(z)
)−1

, (3.13)

where N has the law Pois(p), the Yj are independent with the law Exp(1), the random
analytic functions Γj on C \ R are independent copies of Γo, and the three families N,

(Yj)j≥1, (Γj)j≥1 are independent. In particular, Γo(z)
d
= −

(
z + p−1 ∑N

j=1 YjΓj(z)
)−1. For

j ≤ N, the function Γj is the forward cavity at the child j of the root, and Γo(z) is the limit of
the root entries of the resolvents of the Dirichlet truncations to the balls {v ∈ V : |v| ≤ n}.

In (i) and (ii), the imaginary part of the expression in parentheses has the sign of Im z and absolute
value at least | Im z|. For the full tree, these formulas read

Γv(z) = −
(

z +
Nv

∑
j=1
|hv,vj|2 Γvj(z)

)−1
, v ∈ V, (3.14)

Gvv(z) = −
(

z + |hvv− |2 Γv−→v(z) +
Nv

∑
j=1
|hv,vj|2 Γvj(z)

)−1
, v ∈ V \ {o}, (3.15)

Γu→v(z) = −
(

z + 1{u ̸=o}|huu− |2 Γu−→u(z) + ∑
j≤Nu, uj ̸=v

|hu,uj|2 Γuj(z)
)−1

, (3.16)

where in (3.16), u ∈ V and v is a child of u.

The cavity Γu→v in (3.16) is a rootward cavity: it is the diagonal entry at u of the
operator on V \ V(Tv). Formula (3.16) expresses it through the rootward cavity one
generation closer to the root and through forward cavities; along a path from the root,
the rootward cavities can be computed recursively from the root downwards. Note that
(3.14) with v = o is the formula for Γo = Goo.

Proof. Fix C, u ∈ C and z, and let x1, . . . , xd be the neighbors of u in C. By Lemma 3.13,
with respect to ℓ2(C) = Cδu ⊕ k, where k =

⊕
i ℓ

2(Cxi→u), we have Dom(HC) = Cδu ⊕
Dom(D) with D =

⊕
iHCxi→u , and

HC(αδu + g) = ⟨a, g⟩ δu + αa +Dg, α ∈ C, g ∈ Dom(D),

where a = ∑i hxiuδxi ∈ k. Here we used that ⟨a, g⟩ = ∑i hxiug(xi) = ∑i huxi g(xi). The
operator D is self-adjoint on k, and since it is block diagonal,

〈
a, (D − z)−1a

〉
=

d

∑
i=1
|huxi |

2〈δxi , (HCxi→u − z)−1δxi

〉
=

d

∑
i=1
|huxi |

2 ΓC
xi→u(z).
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By Lemma 3.14(ii), the imaginary part of this quantity has the sign of Im z (or vanishes),
and s = −z − ⟨a, (D − z)−1a⟩ satisfies | Im s| ≥ | Im z| > 0. Set α = s−1 and g =

−α(D − z)−1a ∈ Dom(D). Then f = αδu + g ∈ Dom(HC), and

(HC − z) f =
(
⟨a, g⟩ − zα

)
δu + αa + (D − z)g = α

(
−⟨a, (D − z)−1a⟩ − z

)
δu = δu.

This shows that f = (HC − z)−1δu, and GC
uu(z) = ⟨δu, f ⟩ = α = s−1, which is (3.11).

Reading off the other coordinates of f , we also obtain, for every i and every v ∈ Cxi→u,

GC
vu(z) = −GC

uu(z) hxiu G
Cxi→u
vxi (z). (3.17)

For (ii), let C′ = Cu→w, which is a component of the finite removal (F, D ∪ {{u, w}})
by Lemma 3.5(ii). The neighbors of u in C′ are its neighbors in C other than w. For such
a neighbor x, every vertex of Cx→u is joined to w by a path through x and u. This gives
Cx→u ⊂ C′, and Lemma 3.5(iii) implies that C′x→u = Cx→u. Applying (3.11) to C′ at u,
and using GC′

uu = ΓC
u→w and ΓC′

x→u = ΓC
x→u, we obtain (3.12).

For the full tree, the branch Vvj→v is V(Tvj) and Γvj→v = Γvj, and the neighbors of
v are its children and, if v ̸= o, its parent. With these identifications, (3.14) and (3.15)
are (3.12) with (u, w) = (v, v−) (or (3.11) at u = o) and (3.11) at u = v. Formula (3.16) is
(3.12) with (u, w) = (u, v), since the neighbors of u other than v are its parent (if u ̸= o)
and its other children.

For (iii), on Ωsa, (3.14) at v = o, the identity |hoj|2 = Yj/p, and (3.10) give (3.13); the
functions Γj with j > N do not enter it. By (3.1), the marked trees θjT are independent
copies of T , independent of No and (wj)j≥1. The functions Γj = Φ(θjT ) are independent
copies of Φ(T ), which equals Γo almost surely, and they are independent of N and
(Yj)j≥1. The variables No and (wj)j≥1 are independent by construction, and Yj = |wj|2
has the law Exp(1). The last statement is Theorem 3.10(iii).

Remark 3.17. Let x ∈ V and let o = v0, v1, . . . , vk = x be the path from the root to x. When
T is rerooted at x, the parent of a vertex v ̸= x is the next vertex on the path from v to
x. If v is not on the path, this is v−, since the path from v to x first climbs to the last
common ancestor of v and x. The forward cavities of the rerooted tree are Γv for v off
the path, and Γvj→vj+1 for 0 ≤ j < k; the latter are rootward cavities, and (3.12) computes
them recursively from v0 to vk−1 in terms of the forward cavities of the subtrees hanging
off the path. The same holds for every component of a finite removal, rerooted at any of
its vertices.

The path product formula

Proposition 3.18. On Ωsa, let C be a component of a finite removal, let u = v0, v1, . . . , vL = v
be a path in C with L ≥ 1, and let z ∈ C \R. Then

GC
uv(z) = (−1)L GC

uu(z)
L

∏
j=1

hvj−1vj ΓC
vj→vj−1

(z), (3.18)
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GC
vu(z) = (−1)L GC

uu(z)
L

∏
j=1

hvjvj−1 ΓC
vj→vj−1

(z). (3.19)

If u and v lie in different components of a finite removal (F, D), then GF,D
uv (z) = 0. Every finite

connected set Λ ⊂ V is a component of the finite removal that deletes the edges between Λ and
V \Λ; in particular, these identities also hold for the Dirichlet truncation H[Λ], for every finite
connected Λ.

Proof. We prove (3.19) by induction on L, simultaneously for all components of all finite

removals. For L = 1, it is (3.17) with xi = v = v1, since G
Cv1→u
v1v1 = ΓC

v1→u. Let L ≥ 2 and
let C′ = Cv1→u, which is a component of a finite removal. The vertices v1, . . . , vL belong
to C′, because their paths to u pass through v1. By (3.17) and the induction hypothesis
applied in C′ to the path v1, . . . , vL, we have

GC
vu = −GC

uu hv1u GC′
vv1

= −GC
uu hv1u (−1)L−1GC′

v1v1

L

∏
j=2

hvjvj−1 ΓC′
vj→vj−1

.

We have GC′
v1v1

= ΓC
v1→u. For j ≥ 2, the path from a vertex of Cvj→vj−1 to u passes through

vj, vj−1, . . . , v1. Then Cvj→vj−1 ⊂ C′, and Lemma 3.5(iii) implies that ΓC′
vj→vj−1

= ΓC
vj→vj−1

.
This proves (3.19).

By Lemma 3.14(i), we have GC
uv(z) = GC

vu(z̄). Applying (3.19) at z̄, and using GC
uu(z̄) =

GC
uu(z), ΓC

vj→vj−1(z̄) = ΓC
vj→vj−1

(z) and hvjvj−1 = hvj−1vj , we obtain (3.18). The statement for
different components holds because HF,D is an orthogonal sum over components.

The Ward identity

Lemma 3.19. On Ωsa, let C be a component of a finite removal and let z = E + iη ∈ C \R.

(i) For every u ∈ C,

∑
v∈C
|GC

uv(z)|2 = ∑
v∈C
|GC

vu(z)|2 =
Im GC

uu(z)
η

.

In particular, if η > 0, then Im GC
uu(z) > 0 and Im ΓC

u→w(z) > 0 for all u and all neighbors
w of u in C.

(ii) For all adjacent u, w ∈ C,

Im ΓC
u→w(z) = |ΓC

u→w(z)|2
(

η + ∑
x∈C, x∼u, x ̸=w

|hux|2 Im ΓC
x→u(z)

)
,

Im GC
uu(z) = |GC

uu(z)|2
(

η + ∑
x∈C, x∼u

|hux|2 Im ΓC
x→u(z)

)
.
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(iii) Let u, x ∈ C, and let y be a neighbor of x in C which does not lie on the path from u to x. If
η > 0, then

Im GC
uu(z) ≥ |GC

ux(z)|2 |hxy|2 Im ΓC
y→x(z).

In particular, Im Goo(z) ≥ |Gox(z)|2|hxy|2 Im Γy(z) for every x ∈ V and every child y of x.

Proof. For (i), we have ∑v |GC
vu(z)|2 = ∥(HC − z)−1δu∥2, which equals Im GC

uu(z)/η by
Lemma 3.14(ii). By Lemma 3.14(i), we have |GC

uv(z)| = |GC
vu(z̄)|, and the first sum equals

Im GC
uu(z̄)/(−η) = Im GC

uu(z)/η. The positivity statements follow from Lemma 3.14(ii),
since ΓC

u→w is a diagonal entry of the operator of Cu→w.
For (ii), write (3.12) as Γ = −1/s. Then Im Γ = Im s/|s|2 = |Γ|2 Im s, and Im s is the

expression in parentheses. The same computation applies to (3.11).
For (iii), let B = Cy→x. Let u = v0, . . . , vk = x be the path from u to x (with k = 0 if

u = x). No vertex of this path lies in B: otherwise, by Lemma 3.5(ii), its path to x, which
is part of the path from u to x, would contain y. Let v ∈ B and let y = vk+1, . . . , vL = v be
the path from y to v, which lies in B. Then v0, . . . , vL is the path from u to v. Applying
(3.18) in C to the paths from u to x and from u to v, and in B to the path from y to v,
and using GB

yy = ΓC
y→x and ΓB

vj→vj−1
= ΓC

vj→vj−1
for j ≥ k + 2 (by Lemma 3.5(iii), as in the

proof of Proposition 3.18), we obtain

GC
uv(z) = −GC

ux(z) hxy GB
yv(z), v ∈ B.

Using (i) in C and in B, we find

Im GC
uu(z)
η

≥ ∑
v∈B
|GC

uv(z)|2 = |GC
ux(z)|2|hxy|2 ∑

v∈B
|GB

yv(z)|2 = |GC
ux(z)|2|hxy|2

Im ΓC
y→x(z)
η

.

For the last statement, a child y of x is never on the path from o to x, and Γy→x = Γy.

3.5 Gauge and parity symmetries

The phases of the edge weights can be removed by a diagonal unitary transformation,
because a tree has no cycles. For ζ ∈ C, let σ(ζ) = ζ/|ζ| if ζ ̸= 0 and σ(0) = 1.

Lemma 3.20. On Ωsa, let C be a component of a finite removal and fix r ∈ C. For v ∈ C, let
r = v0, v1, . . . , vk = v be the path from r to v and set φv = ∏k

j=1 σ(hvj−1vj), and let U be the
unitary operator (U f )(v) = φv f (v) on ℓ2(C). Then the weighted adjacency operator of C with
the nonnegative weights |huv| is essentially self-adjoint on cc(C), and its closure Habs

C satisfies
UHCU∗ = Habs

C . Further, for all u, v ∈ C and z ∈ C \R, writing Gabs for the resolvent entries
of Habs

C ,

GC
uv(z) = φu φv Gabs

uv (z), Gabs
uv (z) = Gabs

vu (z), |GC
uv(z)| = |GC

vu(z)|.

The same identities hold for the entries of GF,D, which vanish between different components.
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Proof. Let u, v ∈ C be adjacent, and suppose that u lies on the path from r to v. Then
φv = φuσ(huv), and

φu huv φv = huvσ(huv) = |huv|, φv hvu φu = σ(huv)huv = |huv|,

where we used |φu| = 1 and hvu = huv. Every pair of adjacent vertices is of this form after
possibly exchanging u and v. Since U is diagonal, it maps cc(C) onto itself and UHC,0U∗

is the weighted adjacency operator with the weights |huv| on cc(C). Since conjugation by a
unitary operator commutes with taking closures and adjoints, this operator is essentially
self-adjoint with closure UHCU∗. Then U(HC − z)−1U∗ = (Habs

C − z)−1, and taking the
(u, v) entry gives the first identity.

For the second identity, let K be complex conjugation, (K f )(v) = f (v). It is antiunitary,
maps cc(C) onto itself, and commutes with the minimal operator with real weights.
Taking closures, we have KHabs

C K = Habs
C . If f = (Habs

C − z)−1Kg, then K f ∈ Dom(Habs
C )

and (Habs
C − z̄)K f = K(Habs

C − z) f = g. This proves that K(Habs
C − z)−1K = (Habs

C − z̄)−1.
Using Lemma 3.14(i) and ⟨δu, K f ⟩ = ⟨δu, f ⟩, we have

Gabs
vu (z) =

〈
δu, (Habs

C − z̄)−1δv
〉
=
〈
δu, K(Habs

C − z)−1Kδv
〉
= Gabs

uv (z).

The third identity follows from the first two, since |φu| = |φv| = 1. The statement for
GF,D follows by applying the lemma to each component.

Recall that V0 and V1 are the sets of vertices of even and odd generation. Every edge
of T joins V0 and V1.

Proposition 3.21.

(i) On Ωsa, let C be a component of a finite removal, and let J be the unitary operator (J f )(v) =
(−1)|v| f (v) on ℓ2(C). Then JHC J = −HC. Further, J1B(HC)J = 1−B(HC) for every
Borel set B ⊂ R; the spectral measure of every δv, v ∈ C, is invariant under λ 7→ −λ;

GC
uv(−z) = −(−1)|u|+|v| GC

uv(z), u, v ∈ C, z ∈ C \R;

and for every Borel set I ⊂ R, the operator HC has pure point spectrum in I if and only if it
has pure point spectrum in −I, and it is purely absolutely continuous in I if and only if it is
purely absolutely continuous in −I. In particular, this holds for H under P and under P∞.

(ii) For the finite model of Definition 3.1, the pairs (Gn, Hn) and (Gn,−Hn) have the same law.

In particular Hn
d
= −Hn and Hgc

n
d
= −Hgc

n .

Proof. For (i), the operator J is a self-adjoint unitary which maps cc(C) onto itself. For
f ∈ cc(C) and v ∈ C, we have

(JHC,0 J f )(v) = (−1)|v| ∑
u∼v

hvu(−1)|u| f (u) = −(HC,0 f )(v),
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since adjacent vertices have generations differing by one. Taking closures, we find
JHC J = −HC. Since the functional calculus is invariant under unitary conjugation, we
have Jϕ(HC)J = ϕ(−HC) for every bounded Borel function ϕ. With ϕ = 1B, this gives
J1B(HC)J = 1−B(HC), and with ϕ(λ) = (λ− z)−1 it gives J(HC − z)−1 J = −(HC + z)−1,
whose (u, v) entry is the displayed identity. For every f ∈ ℓ2(C) and Borel B, we find

µ
HC
J f (B) = ⟨ f , J1B(HC)J f ⟩ = µ

HC
f (−B).

Since Jδv = ±δv, the spectral measure of δv is reflection invariant. If HC has pure point
spectrum in I, then for every f the restriction of µ

HC
J f to I is purely atomic, and by the last

display the restriction of µ
HC
f to −I is purely atomic, and HC has pure point spectrum

in −I. The same argument applies to absolute continuity, since reflection preserves
Lebesgue null sets.

For (ii), since the variables −wij are independent standard complex Gaussians, inde-
pendent of Gn, the pairs (Gn, (wij)) and (Gn, (−wij)) have the same law. The matrix Hn

is a function of (Gn, (wij)), and replacing (wij) by (−wij) replaces Hn by −Hn. The set gc
is a function of Gn.

3.6 The bipartite factorization

Since every edge joins V0 and V1, the operator H maps functions on V0 to functions on V1

and conversely, and its square splits into two nonnegative blocks. In this section, we make
this precise for the unbounded operator, and we write each block as a sum of rank-one
terms, one for each vertex of the opposite parity, with independent Gamma-distributed
squared norms. We begin with an abstract lemma.

Lemma 3.22. Let h0, h1 be Hilbert spaces and let A be a closed, densely defined operator from
Dom(A) ⊂ h0 to h1. Define the operator TA on h0 ⊕ h1 by

Dom(TA) = Dom(A)⊕Dom(A∗), TA( f , g) = (A∗g, A f ).

(i) The operator TA is self-adjoint, Dom(T2
A) = Dom(A∗A) ⊕ Dom(AA∗), and T2

A =

A∗A ⊕ AA∗. The operators A∗A and AA∗ are nonnegative and self-adjoint. Further,
Dom((A∗A)1/2) = Dom(A) and ∥(A∗A)1/2 f ∥ = ∥A f ∥ for f ∈ Dom(A).

(ii) Let z ∈ C \R. Then z2 /∈ [0, ∞), and with Q0 = (A∗A− z2)−1 and Q1 = (AA∗ − z2)−1,

(TA − z)−1( f , g) =
(
zQ0 f + A∗Q1g, AQ0 f + zQ1g

)
, f ∈ h0, g ∈ h1.

In particular, P0(TA − z)−1P0 = zQ0 and P1(TA − z)−1P1 = zQ1, where P0, P1 are the
projections onto h0, h1.

(iii) Let z ∈ C \R and g ∈ Dom(A∗). Then Q0A∗g = A∗Q1g, and〈
A∗g, (A∗A− z2)−1A∗g

〉
= ∥g∥2 + z

〈
g, (TA − z)−1g

〉
.
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(iv) Let B be a densely defined operator from Dom(B) ⊂ h1 to h0. If the operator ( f , g) 7→
(Bg, A f ) with domain Dom(A) ⊕ Dom(B) is self-adjoint, then B = A∗, including do-
mains.

Proof. We begin with (iv) and a computation of adjoints. Let T′ be the operator in (iv). A
pair (φ, ψ) is in Dom(T′∗) exactly when the map ( f , g) 7→ ⟨(φ, ψ), T′( f , g)⟩ = ⟨φ, Bg⟩+
⟨ψ, A f ⟩ is bounded on Dom(A)⊕Dom(B). Taking g = 0 and f = 0 separately, we see
that this holds exactly when ψ ∈ Dom(A∗) and φ ∈ Dom(B∗), and then T′∗(φ, ψ) =

(A∗ψ, B∗φ). If T′ = T′∗, then comparing domains, we find Dom(B) = Dom(A∗), and
comparing first components, we find Bψ = A∗ψ for ψ ∈ Dom(B). This proves (iv).

For (i), the same computation with B = A∗ gives Dom(T∗A) = Dom(A∗∗)⊕Dom(A∗)
and T∗A(φ, ψ) = (A∗ψ, A∗∗φ). Since A is closed, we have A∗∗ = A and T∗A = TA. A pair
( f , g) ∈ Dom(TA) belongs to Dom(T2

A) exactly when (A∗g, A f ) ∈ Dom(A)⊕Dom(A∗),
that is, when f ∈ Dom(A∗A) and g ∈ Dom(AA∗), and then T2

A( f , g) = (A∗A f , AA∗g).
The operator T2

A is self-adjoint by the functional calculus. As shown in the proof of
Theorem 3.10, the adjoint of an orthogonal sum is the orthogonal sum of the adjoints.
Hence A∗A and AA∗ are self-adjoint; they are nonnegative because ⟨ f , A∗A f ⟩ = ∥A f ∥2.
By the functional calculus, |TA| = (T2

A)
1/2 = (A∗A)1/2 ⊕ (AA∗)1/2, and Dom(|TA|) =

Dom(TA) with ∥|TA|φ∥ = ∥TA φ∥, since both sides equal
(∫

λ2 dµTA
φ

)1/2. Applying this
to φ = ( f , 0) gives the last assertion of (i).

For (ii), since z2 ∈ [0, ∞) only if z is real, the operators Q0 and Q1 are bounded. Let
f ∈ h0 and ϕ = Q0 f ∈ Dom(A∗A). Then ϕ ∈ Dom(A) and Aϕ ∈ Dom(A∗), which gives
(zϕ, Aϕ) ∈ Dom(TA) and

(TA − z)(zϕ, Aϕ) =
(

A∗Aϕ− z2ϕ, zAϕ− zAϕ
)
= ( f , 0).

Similarly, for g ∈ h1 and ψ = Q1g ∈ Dom(AA∗), we have (A∗ψ, zψ) ∈ Dom(TA) and
(TA − z)(A∗ψ, zψ) = (0, g). Adding these gives (ii).

For (iii), let ψ = Q1g. Then A∗ψ ∈ Dom(A), and AA∗ψ = g + z2ψ belongs to
Dom(A∗), because g and ψ do. We conclude that A∗ψ ∈ Dom(A∗A) and

(A∗A− z2)A∗ψ = A∗(AA∗ψ)− z2A∗ψ = A∗(g + z2ψ)− z2A∗ψ = A∗g,

so Q0A∗g = A∗ψ. Since A∗ψ ∈ Dom(A) and g ∈ Dom(A∗), we obtain

⟨A∗g, Q0A∗g⟩ = ⟨A∗g, A∗ψ⟩ = ⟨g, AA∗ψ⟩ = ∥g∥2 + z2⟨g, Q1g⟩
= ∥g∥2 + z⟨g, (TA − z)−1g⟩,

where in the last step we used (ii).

We now apply this to the tree. For a component C of a finite removal, set C0 =

C ∩ V0 and C1 = C ∩ V1, identify ℓ2(C) = ℓ2(C0)⊕ ℓ2(C1), and write P0 and P1 for the
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corresponding projections. For y ∈ C1, let dy be the number of neighbors of y in C. For
y ∈ C1, the row vector, the squared row norm and, when Uy > 0, the row direction are

ay = ∑
x∈C, x∼y

hxy δx ∈ ℓ2(C0), Uy = ∥ay∥2 = ∑
x∈C, x∼y

|hxy|2, vy =
ay√
Uy

. (3.20)

These depend on C; when C = V we have dy = deg(y) = Ny + 1. Almost surely all
edge weights are nonzero, and then Uy > 0 exactly when dy ≥ 1. For y ∈ C1, let

H(y)
C =

⊕
x∈C, x∼yHCx→y be the operator on ℓ2(C \ {y}) with the vertex y deleted; by

Lemma 3.5(ii), the branches Cx→y are the components of C \ {y}. For C = V, this is H(y).

Proposition 3.23. On Ωsa, let C be a component of a finite removal (F, D); for instance C = V.
Write HC and GC for its operator and resolvent.

(i) There exists a unique closed, densely defined operator A from Dom(A) ⊂ ℓ2(C0) to ℓ2(C1)

such that HC = TA, that is,

HC =

(
0 A∗

A 0

)
, Dom(HC) = Dom(A)⊕Dom(A∗).

Its domain is Dom(A) = { f ∈ ℓ2(C0) : HC,form f ∈ ℓ2(C1)}. The space cc(C0) is a
core for A, and cc(C1) is a core for A∗. Further, H2

C = A∗A⊕ AA∗, with Dom(H2
C) =

Dom(A∗A)⊕Dom(AA∗).
(ii) For y ∈ C1, we have δy ∈ Dom(A∗) and A∗δy = ay. For f ∈ Dom(A) and y ∈ C1, we

have (A f )(y) = ⟨ay, f ⟩. Further,

Dom(A) =
{

f ∈ ℓ2(C0) : ∑
y∈C1: Uy>0

Uy|⟨vy, f ⟩|2 < ∞
}

,

and ∥A f ∥2 = ∑y∈C1: Uy>0 Uy|⟨vy, f ⟩|2 for f ∈ Dom(A), so the closed quadratic form
f 7→ ∥(A∗A)1/2 f ∥2 of A∗A, with form domain Dom(A), is the sum of the rank-one forms
f 7→ Uy|⟨vy, f ⟩|2. The closed linear span of {vy : y ∈ C1, Uy > 0} is Ran A∗ = (ker A)⊥.

(iii) Suppose that (F, D) is selected without inspecting the retained marks, with inspected set Q,
and that C is determined by GQ (for instance, the component containing a fixed word, on the
event that this word is in V \ F). Conditionally on GQ, the pairs (Uy, vy), for y ∈ C1 with
dy ≥ 1, are independent; the direction vy is uniformly distributed on the unit sphere of the
dy-dimensional space span{δx : x ∈ C, x ∼ y} and is independent of Uy; and Uy has the
density

pd

Γ(d)
ud−1e−pu 1(0,∞)(u), d = dy.

The same holds under P∞. For C = V, the hypothesis holds with Q = ∅ and GQ = G0.
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(iv) Let y ∈ C1 with Uy > 0. The operator A(y) = A− |δy⟩⟨ay| with domain Dom(A) is closed,

and TA(y) = 0⊕H(y)
C with respect to ℓ2(C) = Cδy ⊕ ℓ2(C \ {y}). The square block

K(y)
0 = (A(y))∗A(y) = A∗A−Uy|vy⟩⟨vy|, Dom(K(y)

0 ) = Dom(A∗A),

is nonnegative and self-adjoint, and for z ∈ C \R,

P0
(
H(y)

C − z
)−1P0 = z

(
K(y)

0 − z2)−1, (3.21)

and
z
〈
vy, (K(y)

0 − z2)−1vy
〉
= ∑

x∈C, x∼y
|vy(x)|2 ΓC

x→y(z). (3.22)

Under the hypotheses of (iii), let y be determined by GQ, let Ry be the set of retained edges
which are not incident to y, and let Gy be the σ-algebra generated by GQ, by vy, and by

the variables we1{e∈Ry}, e ∈ U∗. Then vy, the operator H(y)
C and the operator K(y)

0 are
determined by Gy, and conditionally on Gy the squared row norm Uy has the density in (iii)
with d = dy, under P and under P∞.

(v) For z ∈ C \ R, we have P0(HC − z)−1P0 = z(A∗A − z2)−1 and P1(HC − z)−1P1 =

z(AA∗ − z2)−1, and for every y ∈ C1 with Uy > 0,

Uy
〈
vy, (A∗A− z2)−1vy

〉
= 1 + z GC

yy(z). (3.23)

(vi) For every Borel set B ⊂ (0, ∞), with B2 = {b2 : b ∈ B},

1B(HC) =
1
2

(
I + sgn(HC)

)
1B2(H2

C), 1−B(HC) =
1
2

(
I − sgn(HC)

)
1B2(H2

C),

and 1B2(H2
C) = 1B2(A∗A)⊕ 1B2(AA∗). Further,HC has pure point spectrum in B∪ (−B)

if and only if both A∗A and AA∗ have pure point spectrum in B2, and the same holds with
“pure point” replaced by “purely absolutely continuous”.

(vii) All statements hold with the roles of C0 and C1 exchanged and A replaced by A∗; the rows
are then indexed by x ∈ C0, with ax = Aδx.

Proof. The proof proceeds part by part.

Proof of (i). By Proposition 3.21(i), we have JHC J = −HC. It follows that J maps Dom(HC)

onto itself, and so do P0 = (I + J)/2 and P1 = (I − J)/2, which gives Dom(HC) =

D0 ⊕ D1 with Di = Dom(HC) ∩ ℓ2(Ci). For f ∈ D0, the vector HC f = HC,form f is
supported on C1, because every edge joins the two parity classes; similarly, HC maps
D1 into ℓ2(C0). Define A on Dom(A) = D0 and Ã on D1 as the restrictions of HC.
Then HC( f , g) = (Ãg, A f ) on Dom(A)⊕Dom(Ã). Both operators are densely defined,
since they are defined on the finitely supported vectors, and A is closed: if fn → f
and A fn → g, then HC fn → g, and since HC is closed, f ∈ Dom(HC) ∩ ℓ2(C0) and
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A f = g. By Lemma 3.22(iv), we have Ã = A∗, that is, HC = TA. If HC = TA′ for
another closed operator A′, then Dom(A′) = { f : ( f , 0) ∈ Dom(HC)} = Dom(A) and
A′ f = P1HC( f , 0) = A f , which proves uniqueness. The description of Dom(A) follows
from Theorem 3.10(ii).

The graph norm of HC splits as ∥( f , g)∥2 + ∥HC( f , g)∥2 = ∥ f ∥2 + ∥A f ∥2 + ∥g∥2 +

∥A∗g∥2. Let f ∈ Dom(A). Since cc(C) is a core for HC, there exist φn ∈ cc(C) converging
to ( f , 0) in the graph norm ofHC. Then P0φn ∈ cc(C0) converges to f in the graph norm of
A, by the splitting. This shows that cc(C0) is a core for A, and the same argument applied
to (0, g) proves that cc(C1) is a core for A∗. The statement about H2

C is Lemma 3.22(i).

Proof of (ii). Since δy ∈ cc(C1) ⊂ Dom(A∗), we have A∗δy = HC,formδy = ∑x∼y hxyδx = ay.
For f ∈ Dom(A), by Theorem 3.10(ii),

(A f )(y) = (HC,form f )(y) = ∑
x∼y

hyx f (x) = ∑
x∼y

hxy f (x) = ⟨ay, f ⟩.

The same computation applies to every f ∈ ℓ2(C0), with HC,form in place of A. Together
with Theorem 3.10(ii), this implies that f ∈ Dom(A) exactly when ∑y |⟨ay, f ⟩|2 < ∞,
and then ∥A f ∥2 = ∑y |⟨ay, f ⟩|2. The terms with Uy = 0 vanish, and the others equal
Uy|⟨vy, f ⟩|2. By Lemma 3.22(i), the form domain of A∗A is Dom(A) and ∥(A∗A)1/2 f ∥2 =

∥A f ∥2, which gives the form identity.
For the span, f ⊥ Ran A∗ means that ⟨A∗g, f ⟩ = 0 for all g ∈ Dom(A∗), which holds

exactly when f ∈ Dom(A∗∗) = Dom(A) and A f = 0. We conclude that (Ran A∗)⊥ =

ker A and Ran A∗ = (ker A)⊥. Since cc(C1) is a core for A∗, the set A∗cc(C1) = span{ay :
y ∈ C1} is dense in Ran A∗. The nonzero vectors among the ay are multiples of the vy

with Uy > 0.

Proof of (iii). By Lemma 3.4, conditionally on GQ, the marks of the retained edges are
independent standard complex Gaussians. Fix y ∈ C1 with dy = d ≥ 1. The coordinates
of
√

p ay are hxy
√

p for the d neighbors x of y in C; each of them is the mark of a retained
edge or its complex conjugate. Since complex conjugation preserves the standard complex
Gaussian law, the vector ζ =

√
p ay ∈ Cd has, conditionally on GQ, the density π−de−|ζ|

2

on Cd ∼= R2d. In polar coordinates ζ = rϑ, with r > 0 and ϑ in the unit sphere
S2d−1, Lebesgue measure is r2d−1 dr σ(dϑ), where σ is the surface measure, of total mass
2πd/Γ(d). Then (r, ϑ) has the product density π−de−r2

r2d−1 dr σ(dϑ); in particular, ϑ

is uniform on the sphere and independent of r, and r has the density 2Γ(d)−1r2d−1e−r2
.

The change of variables u = r2/p shows that Uy = ∥ay∥2 = r2/p has the density in (iii),
and vy = ζ/|ζ| = ϑ. Since each edge has exactly one endpoint in V1, the vectors ay for
distinct y ∈ C1 are built from disjoint sets of retained marks, and they are independent
conditionally on GQ. The statement under P∞ follows in the same way from the P∞

version of Lemma 3.4.
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Proof of (iv). By (3.9), we have HC = (0⊕H(y)
C ) + Wy, where

Wy = ∑
x∈C, x∼y

(
hyx|δy⟩⟨δx|+ hxy|δx⟩⟨δy|

)
= |δy⟩⟨ay|+ |ay⟩⟨δy|,

and the domains agree. With respect to ℓ2(C0)⊕ ℓ2(C1), the operator Wy maps ( f , g) to
(g(y)ay, ⟨ay, f ⟩δy). Since |δy⟩⟨ay| is bounded, the operator A(y) is closed with domain
Dom(A), and its adjoint is (A(y))∗ = A∗ − |ay⟩⟨δy| with domain Dom(A∗); here we used
that the adjoint of the sum of a densely defined operator and a bounded everywhere
defined operator is the sum of the adjoints. We conclude that

0⊕H(y)
C = HC −Wy =

(
0 A∗ − |ay⟩⟨δy|

A− |δy⟩⟨ay| 0

)
= TA(y) .

By Lemma 3.22(i), K(y)
0 is nonnegative and self-adjoint. A vector f ∈ Dom(A) belongs

to Dom(K(y)
0 ) exactly when A(y) f = A f − ⟨ay, f ⟩δy belongs to Dom(A∗), and since

δy ∈ Dom(A∗), this holds exactly when A f ∈ Dom(A∗). This proves that Dom(K(y)
0 ) =

Dom(A∗A), and for such f , using ⟨δy, A f ⟩ = ⟨ay, f ⟩,

K(y)
0 f =

(
A∗ − |ay⟩⟨δy|

)(
A f − ⟨ay, f ⟩δy

)
= A∗A f − ⟨ay, f ⟩ay = A∗A f −Uy⟨vy, f ⟩vy.

By Lemma 3.22(ii) applied to A(y), we have P0(TA(y) − z)−1P0 = z(K(y)
0 − z2)−1. Since

(TA(y) − z)−1 = (−z)−1 ⊕ (H(y)
C − z)−1 and ℓ2(C0) ⊂ ℓ2(C \ {y}), this is (3.21). For (3.22),

the neighbors of y in C lie in distinct branches Cx→y, which are distinct components of
C \ {y}. We obtain〈

vy, (H(y)
C − z)−1vy

〉
= ∑

x∼y
|vy(x)|2

〈
δx, (HCx→y − z)−1δx

〉
= ∑

x∼y
|vy(x)|2 ΓC

x→y(z).

For the last assertion, since the components Cx→y are determined by GQ and the

weights of their edges are the marks in Ry, the operator H(y)
C is determined by Gy; so is

K(y)
0 , which by Lemma 3.22(i) is the restriction of (0⊕H(y)

C )2 to ℓ2(C0). Conditionally on
GQ, the marks of the dy retained edges at y are independent of the marks in Ry, and by
the proof of (iii) the squared row norm Uy is independent of the direction vy, with the
stated density. Therefore, conditionally on Gy, the squared row norm Uy has the stated
density. Since the conditional statements given GQ hold under P∞ as well, by Lemma 3.4,
the same argument applies under P∞.

Proof of (v). The first two identities are Lemma 3.22(ii). For the third, we apply
Lemma 3.22(iii) with g = δy, using A∗δy = ay =

√
Uyvy, ∥δy∥ = 1 and ⟨δy, (HC −

z)−1δy⟩ = GC
yy(z).
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Proof of (vi). Since the square map s(λ) = λ2 is a homeomorphism of (0, ∞), the set B2 is
Borel. For every λ ∈ R, with sgn(0) = 0, we have

1B(λ) = 1B2(λ2) 1
2

(
1 + sgn λ

)
, 1−B(λ) = 1B2(λ2) 1

2

(
1− sgn λ

)
.

Indeed, for λ > 0 we have λ2 ∈ B2 exactly when λ ∈ B; for λ < 0 the first right side
vanishes, and λ2 ∈ B2 exactly when −λ ∈ B; and 0 /∈ B2. The functional calculus is
multiplicative and satisfies ϕ(H2

C) = (ϕ ◦ s)(HC), which gives the two identities. Since
H2

C = A∗A⊕ AA∗ is an orthogonal sum of self-adjoint operators, its functional calculus
acts blockwise.

For the spectral types, let φ = ( f0, f1) ∈ ℓ2(C). The same composition rule shows that
the spectral measure of φ for H2

C is the image of µ
HC
φ under s, and the block structure

shows that it equals µA∗A
f0

+ µAA∗
f1

. The restriction of µ
H2

C
φ to B2 is the image under s of

the restriction of µ
HC
φ to B ∪ (−B). The map s sends countable sets to countable sets, and

the preimage under s of a countable subset of B2 is countable. Further, s and its local
inverses ±

√
· are locally Lipschitz on R \ {0} and (0, ∞), and therefore map Lebesgue

null sets to Lebesgue null sets. We conclude that the restriction of µ
HC
φ to B ∪ (−B) is

purely atomic (respectively absolutely continuous) if and only if the restriction of µ
H2

C
φ

to B2 is. Taking φ = ( f0, 0) and φ = (0, f1), and using that a sum of two purely atomic
(absolutely continuous) measures is purely atomic (absolutely continuous), we obtain the
last assertion.

Proof of (vii). With respect to ℓ2(C1)⊕ ℓ2(C0), we have HC(g, f ) = (A f , A∗g) = TA∗(g, f ),
since A∗∗ = A. All the arguments above apply to A∗ in place of A.

3.7 Compactly supported eigenvectors

Let C be a component of a finite removal. A finitely supported vector ψ ∈ cc(C) lies in
the domain of HC and satisfies HCψ = HC,formψ. In particular, ψ is an eigenvector of HC
with eigenvalue E exactly when (HC,formψ)(v) = Eψ(v) for every v ∈ C. In this section,
we show that such eigenvectors do not exist for E ̸= 0 on infinite components. For E = 0,
they occur infinitely often on the surviving tree. For a finite set T of vertices, we write
MT = (huv)u,v∈T for the corresponding finite Hermitian matrix.

Proposition 3.24.

(i) Let T ′ be a deterministic countable, infinite, connected, locally finite tree with vertex set V′.
Let (he)e be independent complex random variables indexed by the edges of T ′, each with a
law that is absolutely continuous with respect to Lebesgue measure on C, and set hvu = huv,
with an arbitrary fixed orientation of each edge (for example, independent nondegenerate
complex Gaussian variables). Then almost surely there exist no E ∈ R \ {0} and no nonzero
finitely supported ψ : V′ → C with ∑u∼v hvuψ(u) = Eψ(v) for every v ∈ V′.
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(ii) Let p > 0. There exists an event Ωcm with P(Ωcm) = 1 such that on Ωsa ∩Ωcm, for every
finite removal of T and every infinite component C of it, the operator HC has no finitely
supported eigenvector with a nonzero eigenvalue. In particular, if p > 1, then P∞-almost
surely H has no finitely supported eigenvector with a nonzero eigenvalue.

The restriction to infinite components cannot be removed: on the extinction event S c,
which has probability 1− ϱp > 0, the operator H is a finite Hermitian matrix, and it has
nonzero eigenvalues as soon as T has an edge. The conclusion for H holds P-almost
surely on S , but not P-almost surely.

Proof. The proof shows that a finitely supported eigenvector produces two disjoint finite
subtrees whose matrices share a nonzero eigenvalue, and that this has probability zero
for each fixed pair.

Step 1. Two disjoint subtrees with a common eigenvalue. We work on the event that all
weights are nonzero, which has probability one. Suppose that E ̸= 0 and ψ ̸= 0 are
as in (i), and let S = supp ψ, a finite nonempty set. Since T ′ is infinite and connected,
there exists an edge {a, b} with a /∈ S and b ∈ S. The equation at a reads 0 = Eψ(a) =
∑u∼a hauψ(u). Since the term habψ(b) is nonzero, there exists a second neighbor b′ ̸= b
of a with ψ(b′) ̸= 0. Let T1 and T2 be the vertex sets of the connected components of the
subgraph of T ′ induced on S which contain b and b′, respectively. Both sets are connected
and do not contain a, so in the graph obtained from T ′ by removing a, the set T1 lies in
the component of b and T2 lies in the component of b′. These components are different,
because the only path from b to b′ in T ′ is b, a, b′. In particular, T1 ∩ T2 = ∅. For v ∈ Ti,
every neighbor u of v with ψ(u) ̸= 0 lies in S, and therefore in Ti. It follows that(

MTi ψ|Ti

)
(v) = ∑

u∈Ti

hvuψ(u) = ∑
u∼v

hvuψ(u) = Eψ(v), v ∈ Ti,

and ψ|Ti ̸= 0. We conclude that E is a common nonzero eigenvalue of MT1 and MT2 ,
where T1 and T2 are disjoint finite sets which induce connected subgraphs.

Step 2. A fixed pair has no common nonzero eigenvalue. Fix disjoint finite sets T1, T2 ⊂ V′

which induce connected subgraphs. We show that, almost surely, MT1 and MT2 have no
common nonzero eigenvalue. (The event is Borel, because the eigenvalues of a Hermitian
matrix, listed in increasing order, depend continuously on its entries.) If T2 is a single
vertex, then MT2 = 0. Otherwise, let e1, . . . , ek, with k ≥ 1, be the edges with both
endpoints in T2, and let ζ = (he1 , . . . , hek) ∈ Ck. Since T1 ∩ T2 = ∅, the vector ζ is
independent of the weights X1 of the edges inside T1, and it has a density ρ on Ck ∼= R2k,
the product of the densities of its coordinates. We write ζ = rϑ with r = |ζ| and ϑ ∈ S2k−1.
Then MT2 = rM(ϑ), where M(ϑ) is the Hermitian matrix built in the same way from ϑ,
and the nonzero eigenvalues of MT2 are the numbers rλ with λ a nonzero eigenvalue
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of M(ϑ). Let Σ(ϑ, X1) be the finite set of quotients κ/λ, with κ a nonzero eigenvalue of
MT1 and λ a nonzero eigenvalue of M(ϑ). A common nonzero eigenvalue exists only
if r ∈ Σ(ϑ, X1). In polar coordinates, the law of (r, ϑ) has the density ρ(rϑ)r2k−1 with
respect to dr σ(dϑ). By Fubini’s theorem and the independence of ζ and X1, we have

P
(
r ∈ Σ(ϑ, X1)

)
= E

[∫
S2k−1

∫ ∞

0
1{r∈Σ(ϑ,X1)} ρ(rϑ) r2k−1 dr σ(dϑ)

]
= 0,

where the expectation is over X1. The inner integral vanishes because Σ(ϑ, X1) is a finite
set.

Step 3. Conclusion. Since there are countably many pairs of finite subsets of V′, almost
surely no pair as in Step 2 has a common nonzero eigenvalue. By Step 1, this proves (i).

For (ii), for disjoint finite sets T1, T2 ⊂ U, let A(T1, T2) be the event that T1, T2 ⊂ V,
that both induce connected subgraphs of T , and that MT1 and MT2 have a common
nonzero eigenvalue. The first two conditions are G0-measurable. Conditionally on G0,
the marks are independent standard complex Gaussians. In particular, the weights of the
edges inside T1 and inside T2 are independent and have densities, and Step 2 implies that
P(A(T1, T2) | G0) = 0. Let Ωcm be the event that all marks are nonzero and that no event
A(T1, T2) occurs; then P(Ωcm) = 1. On Ωsa ∩Ωcm, let C be an infinite component of a
finite removal, and suppose that HC has a finitely supported eigenvector with eigenvalue
E ̸= 0. The network (C, h) is an infinite, connected, locally finite tree with nonzero
weights. Step 1 applies to it and produces disjoint finite sets T1, T2 ⊂ C which induce
connected subgraphs of C and whose matrices share the eigenvalue E. By Lemma 3.5(i),
C is an induced subtree of T , and T1 and T2 therefore induce connected subgraphs of
T with the same matrices, and A(T1, T2) occurs. This contradiction proves (ii). The last
assertion is the case of the empty finite removal on S , where C = V is infinite.

At energy zero, the situation is different. Call a vertex v ∈ V a twin-leaf vertex if
Nv = 2 and Nv1 = Nv2 = 0, that is, if v has exactly two children and both are leaves.

Proposition 3.25.

(i) On Ωsa, let C be a component of a finite removal, let v ∈ C, and let ℓ1 ̸= ℓ2 be neighbors of
v in C whose only neighbor in C is v. Then

ψ = hvℓ2 δℓ1 − hvℓ1 δℓ2

satisfies HCψ = 0, and ψ ̸= 0 if the weights are nonzero.
(ii) Let p > 1. Then P∞-almost surely there are infinitely many twin-leaf vertices. Consequently,

P∞-almost surely, the vectors ψv = hv,v2δv1 − hv,v1δv2, for v a twin-leaf vertex, form an
infinite family of nonzero, pairwise orthogonal, finitely supported eigenvectors of H with
eigenvalue 0. In particular, 0 is an eigenvalue of H of infinite multiplicity.
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Proof. For (i), since the vector ψ is finitely supported, it suffices to check the pointwise
equation. At v, we have (HC,formψ)(v) = hvℓ1 hvℓ2 − hvℓ2 hvℓ1 = 0. At ℓ1 and ℓ2, the only
neighbor is v, and ψ(v) = 0. Every other vertex u is not adjacent to ℓ1 or ℓ2, since their
only neighbor is v, and (HC,formψ)(u) = 0.

For (ii), let Vn = {v ∈ V : |v| = n}. We first recall that the generation sizes |Vn| tend
to infinity almost surely on S (see [64, Section 4.3] for background on Galton–Watson
processes); for completeness, we give the argument. Let Nn = σ(Nu : |u| < n). Then
|Vn| is Nn-measurable and, conditionally on Nn, the variable |Vn+1| is a sum of |Vn|
independent Pois(p) variables; hence P(|Vn+1| = 0 | Nn) = e−p|Vn|. Fix K ≥ 1, and let
τ1 < τ2 < · · · be the successive times n with 1 ≤ |Vn| ≤ K, which are stopping times for
(Nn). On {τj < ∞}, we have P(|Vτj+1| = 0 | Nτj) ≥ e−pK, as one checks by decomposing
according to the value of τj. If |Vτj+1| = 0, then |Vn| = 0 for all n > τj and τj+1 = ∞.
Therefore P(τj+1 < ∞) ≤ (1− e−pK)P(τj < ∞), and P(τj < ∞) → 0 as j → ∞, and
almost surely 1 ≤ |Vn| ≤ K for only finitely many n. On S , we have |Vn| ≥ 1 for all n,
and it follows that |Vn| > K for all large n. Since K is arbitrary, |Vn| → ∞ almost surely
on S .

For a generation-n vertex v, the event that v is a twin-leaf vertex depends on
Nv, Nv1, Nv2, which are independent of Nn, and these variables are distinct for distinct v.
Conditionally on Nn, these events are independent with probability

ap = P(No = 2)P(No = 0)2 =
p2e−p

2
e−2p =

p2e−3p

2
> 0

each. Since S ⊂ {|Vn| ≥ 1}, we obtain

P
(
S ∩ {no twin-leaf vertex in generation n}

)
≤ E

[
1{|Vn|≥1}(1− ap)

|Vn|].
As n→ ∞, the integrand tends to zero almost surely: on S because |Vn| → ∞, and on S c

because |Vn| = 0 for all large n. It is bounded by one, so the right side tends to zero by
dominated convergence. For every m, the event that S occurs and no generation n ≥ m
contains a twin-leaf vertex is contained in each of the events on the left with n ≥ m, and
it has probability zero. Taking the union over m, we find that P-almost surely on S there
are infinitely many twin-leaf vertices.

The two children of a twin-leaf vertex are leaves of T , whose only neighbor is their
parent. Then (i) applies with C = V and shows that Hψv = 0; on the event that all
marks are nonzero, ψv ̸= 0. Since the supports {v1, v2} of the vectors ψv are pairwise
disjoint for distinct v, these vectors are pairwise orthogonal, and in particular linearly
independent.



section 4

Spine decompositions and fresh squared moduli

This section collects the probabilistic tools that we use to compute expectations of sums
over the vertices of the tree. They are of three kinds.

The first are spine decompositions. If F(v) is a nonnegative functional of the marked
tree and of a vertex v of generation L, then the expectation of ∑|v|=L F(v) equals pL times
the expectation of F evaluated at the endpoint of a spine: a path of length L from the
root whose vertices carry independent Poisson families of further children, and whose
endpoint carries an independent copy of the whole tree. This identity is the many-to-one
formula. We prove it, its analogue for ordered pairs of vertices, which is the many-to-two
formula, and their versions under the survival-conditioned law P∞. The second kind
concerns endpoints: the law of an endpoint functional under P∞, the children of an
endpoint classified by the fate of their forward subtrees, and the growth of the set of
vertices with infinite forward subtree. The third is an anti-concentration estimate for
affine combinations of independent exponential variables, together with a definition of
fresh squared moduli, which says when this estimate may be applied conditionally on a
σ-field.

In Section 4.1, we realize the marked tree on the space of finite words and record its
branching property. Section 4.2 recalls the Mecke formula and splits the children of the
root according to the survival of their forward subtrees. Section 4.3 defines the spine laws
and proves the many-to-one and many-to-two formulas. Section 4.4 compares endpoint
laws under P and P∞. Section 4.5 defines fresh squared moduli and proves the affine
negative-moment lemma. Section 4.6 treats the children of a single vertex and the growth
of the backbone.

Throughout this section, p > 0 is fixed. Whenever the survival event enters, we
assume that p > 1, so that ϱp > 0.

4.1 The Ulam–Harris construction

Let U0 = {o}, where o denotes the empty word, let Un = {1, 2, . . . }n for n ≥ 1, and
set U =

⋃
n≥0 Un and U∗ = U \ {o}. For a word u = i1 · · · in and a word v, we write

|u| = n for the length of u and uv for the concatenation of u and v. For 0 ≤ l ≤ n, we let
ul = i1 · · · il denote the prefix of u of length l, so that u0 = o and un = u, and for u ̸= o
we write u− = un−1. For u, v ∈ U, we let u ∧ v denote the longest common prefix of u

49
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and v.
Let γ denote the standard complex Gaussian law, which has density π−1e−|w|

2
with

respect to Lebesgue measure on C. If w has law γ, then |w|2 has law Exp(1), and w/|w| is
uniform on the unit circle and independent of |w|2. Let Z = [0, 1]{1,2,... } with its product
σ-field, and let κ be the product of the Lebesgue measures on the factors.

Definition 4.1. The configuration space is

Ω = {0, 1, 2, . . . }U × ZU ×CU∗ ,

with the product σ-field F . Its elements are written

ω =
(
(Nv)v∈U, (ζv)v∈U, (wv)v∈U∗

)
.

We let P be the probability measure on (Ω, F ) under which all coordinates are indepen-
dent, each Nv has law Pois(p), each ζv has law κ, and each wv has law γ. The rank of
v ∈ U is the first coordinate ζv(1) of ζv = (ζv(1), ζv(2), . . . ); the variables ζv are called
auxiliary marks.

(a) The vertex set is

V(ω) =
{

i1 · · · in ∈ U : n ≥ 0, il ≤ Ni1···il−1 for 1 ≤ l ≤ n
}

,

and T = T (ω) is the tree with vertex set V(ω), root o, and edges {v−, v} for
v ∈ V(ω) \ {o}. The children of v ∈ V(ω) are v1, . . . , vNv.

(b) For v ∈ V(ω) \ {o}, the edge {v−, v} carries the mark wv−v = wv. We set hv−v =

p−1/2wv, hvv− = hv−v, and Yv = Yv−v = |wv|2.
(c) For u ∈ U, the shift θu : Ω→ Ω is defined by

θuω =
(
(Nuv)v∈U, (ζuv)v∈U, (wuv)v∈U∗

)
.

(d) The survival event is S = {ω ∈ Ω : |V(ω)| = ∞}, and ϱp = P(S). For p > 1, we set
P∞ = P( · | S) and write E∞ for the corresponding expectation.

(e) For n ≥ 0, we set Vn = V(ω) ∩Un, V∞
n = {v ∈ Vn : θvω ∈ S}, and Zn = |V∞

n |. The
backbone is the set

⋃
n≥0 V∞

n of vertices whose forward subtree is infinite.

Under P, the offspring numbers Nv are independent with law Pois(p), and T is
a Poisson–Galton–Watson tree with mean offspring p. The marks wv, v ∈ U∗, are
independent of (Nv)v∈U. This implies that, conditionally on T , the marks of its edges are
independent with law γ; in particular, the squared moduli Yv = |wv|2 are independent
Exp(1) variables, and they are independent of the phases wv/|wv|, which are uniform
on the unit circle. We conclude that T , together with the weights he, is a realization of
the marked tree of Definition 3.2, with the auxiliary element a = (ζv)v∈U of the standard



4 Spine decompositions and fresh squared moduli § 4.1 51

Borel space ZU, which is independent of the marked tree. In particular, the σ-algebra G0

of Definition 3.2 is generated by the offspring numbers Nv and the auxiliary marks ζv,
v ∈ U. From now on we work with this realization: P and E refer to the law of ω, and
S , ϱp, P∞ are the objects of Definition 3.2. The event S is measurable, since every vertex
has finitely many children and therefore, by König’s lemma, S =

⋂
n≥0{Vn ̸= ∅}. Recall

that 0 < ϱp < 1 for p > 1.
The coordinates of ω at labels outside V(ω) do not affect the marked tree. We keep

them because they make the shifts measure preserving and the spine laws of Section 4.3
simple to write down. Note that each shift θu preserves P, since it moves the coordinates
at the labels uv to the labels v, and all coordinates of the same type have the same law.

If u ∈ V(ω), then V(θuω) = {v ∈ U : uv ∈ V(ω)}, and the map v 7→ uv is an
isomorphism from T (θuω) onto the forward subtree Tu. The edge {v−, v} of T (θuω)

carries the mark wuv, which is also the mark of the corresponding edge {(uv)−, uv} of
Tu. We use this correspondence throughout: if a quantity f (ω) is defined in terms of the
marked tree T (ω) and its root o, then the same quantity defined in terms of the marked
forward subtree Tu and its root u equals f (θuω). For example, {Tu is infinite} = {θuω ∈
S}, so that Zn is the number of vertices of generation n whose forward subtree is infinite.
Similarly, the forward cavity variable of Definition 3.15 satisfies Γu(z) = Goo(z) ◦ θu for
every u ∈ V(ω) \ {o} and z ∈ C \R. Here, and in the rest of this section, a function such
as Goo(z) which is defined only P-almost surely is extended by 0 to the exceptional null
set; since every shift preserves P, the identity Γu(z) = Goo(z) ◦ θu then holds for all u
simultaneously, P-almost surely.

Lemma 4.2. Let p > 0, let M = C×Ω with the product σ-field, and let m = γ⊗P.

(i) For every n ≥ 0, the configurations θvω, v ∈ Un, are independent, each has law P, and they
are independent of the σ-field

Fn = σ
(

Nu, ζu : u ∈ U, |u| < n; wu : u ∈ U, 1 ≤ |u| ≤ n
)
.

The set Vn is Fn-measurable.
(ii) The random elements No, ζo, and (wk, θkω), k = 1, 2, . . . , are independent, and each

(wk, θkω) has law m. The map ω 7→ (No, ζo, ((wk, θkω))k≥1) is a bijection from Ω onto
{0, 1, 2, . . . } × Z×M{1,2,... }, and both this map and its inverse are measurable.

(iii) The child process Πo = ∑No
k=1 δ(wk,θkω) is a Poisson process on M with intensity measure pm,

and it is independent of ζo. For u ∈ U, the process Πu = Πo ◦ θu = ∑Nu
k=1 δ(wuk,θukω) lists

the edge marks and the forward configurations of the children of u.

Proof. The coordinates of θvω are the coordinates Nvu, ζvu with u ∈ U and wvu with
u ∈ U∗. For distinct v, v′ ∈ Un, no label of the form vu is of the form v′u′. Further,
every label vu with u ∈ U has length at least n, and every label vu with u ∈ U∗ has
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length larger than n. The configurations θvω, v ∈ Un, and the generators of Fn are
therefore functions of pairwise disjoint sets of coordinates. Under the product measure
P, such functions are independent. Recall that θv preserves P, so that each θvω has law
P. Finally, whether v ∈ Un belongs to V(ω) depends only on Nv0 , . . . , Nvn−1 , which are
Fn-measurable. This proves (i).

For (ii), we note that No, ζo, and the pairs (wk, θkω), k ≥ 1, are again functions
of pairwise disjoint sets of coordinates. They are independent, and (wk, θkω) has law
γ⊗P by (i). Every coordinate of ω appears exactly once in (No, ζo, ((wk, θkω))k≥1): the
coordinates at a label ku appear in θkω at the label u, except for wk, which appears
separately. This gives the bijection; it is measurable in both directions because both
directions act coordinatewise.

By (ii), conditionally on No = n, the points (wk, θkω), 1 ≤ k ≤ n, are independent
with law m, and they are independent of ζo. A mixed binomial process whose number of
points has law Pois(p) is a Poisson process with intensity measure pm [94, Proposition
3.5], which proves the first claim in (iii). The second follows from the definition of θu.

Remark 4.3. The auxiliary marks do not enter the marked tree. They serve two purposes.
The rank ζv(1) is used to select children by a rule which does not depend on the labels,
such as “the leaf child with the smallest rank”. The remaining coordinates of ζv may
be used to attach further independent randomness to v, for instance a variable with a
prescribed law on R, obtained by applying the corresponding quantile function to the
second coordinate of ζv. All statements below concern arbitrary measurable functionals
of ω and apply to such constructions without change.

4.2 The Mecke formula and survival

Let (X, X ) be a measurable space. We let N(X) denote the set of finite counting measures
π = ∑n

i=1 δxi , where n ≥ 0 and x1, . . . , xn ∈ X, with the σ-field generated by the maps
π 7→ π(B), B ∈ X . For such π and k ≥ 1, we let

π(k) = ∑
(i1,...,ik)

δ(xi1
,...,xik

),

where the sum runs over all ordered k-tuples of pairwise distinct indices in {1, . . . , n};
this measure on Xk does not depend on the enumeration of the atoms of π. Let µ be
a probability measure on X. A Poisson process with intensity measure pµ is a random
element Π of N(X) such that, for all pairwise disjoint B1, . . . , Br ∈ X , the variables
Π(B1), . . . , Π(Br) are independent and Π(Bi) has law Pois(pµ(Bi)). Its law is determined
by pµ, and it coincides with the law of ∑N

i=1 δXi , where N has law Pois(p) and X1, X2, . . .
are independent with law µ and independent of N; see [94, Chapter 3].
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Lemma 4.4. Let (X, X ) be a measurable space, let µ be a probability measure on X, let p > 0,
and let Π be a Poisson process on X with intensity measure pµ.

(i) For every measurable F : X×N(X)→ [0, ∞],

E

∫
F(x, Π− δx)Π(dx) = p

∫
EF(x, Π) µ(dx). (4.1)

(ii) For every k ≥ 1 and every measurable F : Xk ×N(X)→ [0, ∞],

E

∫
F
(

x1, . . . , xk, Π−
k

∑
i=1

δxi

)
Π(k)(dx1 · · · dxk)

= pk
∫

EF(x1, . . . , xk, Π) µ⊗k(dx1 · · · dxk). (4.2)

Identity (4.1) is the Mecke equation [97]; see [94, Theorem 4.1], and (4.2) is its
multivariate form [94, Theorem 4.4]. In words, (4.1) states that the measure B 7→
E
∫

1B(x, Π− δx)Π(dx) on X×N(X) equals pµ⊗ Law(Π). Summing a functional over
the points of Π amounts to drawing the selected point from µ, with total weight p, while
the remaining points form a Poisson process with the original intensity measure which is
independent of the selected point (Slivnyak’s theorem). We include the short proof for
finite intensity measures.

Proof of Lemma 4.4. Since both sides of (4.2) depend only on the law of Π, we may assume
that Π = ∑N

i=1 δXi , where N has law Pois(p) and X1, X2, . . . are independent with law µ

and independent of N. Then the left side of (4.2) equals

E ∑
(i1,...,ik)

F
(

Xi1 , . . . , Xik , ∑
i≤N, i/∈{i1,...,ik}

δXi

)
,

where the sum runs over ordered k-tuples of pairwise distinct indices in {1, . . . , N}.
Conditionally on N = n ≥ k, there are n!/(n− k)! such tuples, and by exchangeability of
(X1, . . . , Xn), each term has the same conditional expectation as F(X1, . . . , Xk, ∑n

i=k+1 δXi).
Since P(N = n) n!/(n− k)! = pkP(N = n− k), we obtain

pk ∑
n≥k

P(N = n− k)EF
(

X1, . . . , Xk,
n

∑
i=k+1

δXi

)
= pk EF

(
X1, . . . , Xk,

k+N′

∑
i=k+1

δXi

)
,

where N′ is a Pois(p) variable independent of (Xi)i≥1. The process ∑k+N′
i=k+1 δXi is a Poisson

process with intensity pµ which is independent of (X1, . . . , Xk). Then (4.2) follows from
Tonelli’s theorem. The case k = 1 is (4.1).

We now split the children of the root according to the survival of their forward
subtrees. Recall the space M = C×Ω, the law m = γ⊗P, and the child process Πo from
Lemma 4.2.
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Lemma 4.5. Let p > 1. Set M∞ = C× S and Mf = C× (Ω \ S), let m∞ = γ⊗ P∞ and
mf = γ ⊗ P( · | Ω \ S), and let Π∞ and Πf be the restrictions of Πo to M∞ and Mf. Let
N∞ = Π∞(M) and Nf = Πf(M) be the numbers of children of the root with infinite and with
finite forward subtree.

(i) Under P, the random elements Π∞, Πf, and ζo are independent, Π∞ is a Poisson process with
intensity measure pϱpm

∞, and Πf is a Poisson process with intensity measure p(1− ϱp)mf.
In particular, N∞ and Nf are independent with laws Pois(pϱp) and Pois(p(1 − ϱp)).
Moreover, S = {N∞ ≥ 1} and ϱp = 1− e−pϱp .

(ii) Under P∞, the random elements Π∞, Πf, and ζo are independent; Πf and ζo have the same
laws as under P, and Π∞ has the law of a Poisson process with intensity measure pϱpm

∞

conditioned to have at least one point.
(iii) For every measurable Z : Ω→ [0, ∞],

E∞Z = ϱ−1
p E

[
Z1S

]
≤ ϱ−1

p EZ. (4.3)

(iv) For every k ≥ 1 and every measurable F : Mk ×N(M)→ [0, ∞],

E∞
∫

F
(

m1, . . . , mk, Πo −
k

∑
i=1

δmi

)
(Π∞)(k)(dm1 · · · dmk)

= pkϱk−1
p

∫
EF(m1, . . . , mk, Πo) (m

∞)⊗k(dm1 · · · dmk). (4.4)

The left side of (4.4) is the sum, over ordered k-tuples of distinct children of the root
with infinite forward subtrees, of F evaluated at their marks and at the process of all
remaining children. On the right side, the selected marks are independent with law m∞,
so that their edge marks have law γ and their forward configurations have law P∞, while
the residual process is the unconditioned child process Πo under P, independent of the
selected marks. For k = 1 the factor is p.

Proof. We begin with (i). Let u1, u2 : M→ [0, ∞) be measurable and set u = u11M∞ + u21Mf .
Using the representation of Πo from Lemma 4.2, we have

E exp
(
−Π∞(u1)−Πf(u2)

)
= E

(∫
e−u dm

)No
= exp

(
−p

∫
(1− e−u) dm

)
= exp

(
−p

∫
M∞

(1− e−u1) dm
)

exp
(
−p

∫
Mf
(1− e−u2) dm

)
.

The right side is the joint Laplace functional of two independent Poisson processes with
intensity measures pm( · ∩M∞) = pϱpm

∞ and pm( · ∩Mf) = p(1− ϱp)mf. Since the joint
Laplace functional determines the joint law of (Π∞, Πf) (see [94, Chapter 2]; alternatively,
this is the restriction theorem [94, Theorem 5.2]), the first claim follows; ζo is independent
of Πo by Lemma 4.2. Since |V(ω)| = 1 + ∑No

k=1 |V(θkω)| and No < ∞, the tree is infinite if
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and only if the forward subtree of some child of the root is infinite, that is, S = {N∞ ≥ 1}.
Then ϱp = P(N∞ ≥ 1) = 1− e−pϱp .

For (ii), let A, B, C be measurable sets. Since S = {Π∞ ̸= 0}, part (i) implies that

P∞(Π∞ ∈ A, Πf ∈ B, ζo ∈ C) = ϱ−1
p P(Π∞ ∈ A, Π∞ ̸= 0)P(Πf ∈ B)P(ζo ∈ C),

and ϱp = P(Π∞ ̸= 0). This is (ii). Part (iii) is the definition of P∞ together with Z1S ≤ Z.
For (iv), we note that the integrand on the left side vanishes unless N∞ ≥ k ≥ 1, that

is, unless ω ∈ S . By (iii), the left side equals ϱ−1
p times the corresponding expectation

under P. The measure (Π∞)(k) is the restriction of Π(k)
o to (M∞)k. Applying (4.2) to

Πo and to the function F(m1, . . . , mk, π)∏k
i=1 1M∞(mi), we find that the left side of (4.4)

equals

ϱ−1
p pk

∫
EF(m1, . . . , mk, Πo)

k

∏
i=1

1M∞(mi)m
⊗k(dm1 · · · dmk).

Since 1M∞m = ϱpm
∞, this is the right side of (4.4).

4.3 Spine decompositions

We now define the laws of the spine trees and prove the many-to-one and many-to-two
formulas. They are instances of the Palm (Mecke) formula for the Poisson process; see
Remark 4.9. The idea is the classical size-biasing of the offspring numbers along a path.
In a sum over the vertices v of generation L, the vertex v exists only if each of its ancestors
has enough children; weighting by this event replaces the law Pois(p) of each ancestor’s
offspring number by the law of 1 + Pois(p), at the cost of a factor p per generation, and
makes the position of the next ancestor among its siblings uniform.

Definition 4.6. Let L ≥ 0.

(a) One-spine law. Let ω′ be a random configuration with law P, let N′0, . . . , N′L−1 be
random variables with law Pois(p), and let I1, . . . , IL be random variables such
that ω′, N′0, . . . , N′L−1 are independent and, conditionally on them, I1, . . . , IL are
independent and Il+1 is uniformly distributed on {1, . . . , N′l + 1}. Set v = I1 I2 · · · IL ∈
UL, so that vl = I1 · · · Il, and let ω be the configuration obtained from ω′ by setting
Nvl = N′l + 1 for 0 ≤ l < L, all other coordinates of ω being equal to those of ω′. The
one-spine law QL is the law of (ω, v) on Ω×UL.

(b) Two-spine law. Let 0 ≤ j < L. Let ω′ be a random configuration with law P, and let
N′l (0 ≤ l ≤ j) and N(1)

l , N(2)
l (j < l < L) be random variables with law Pois(p), all

of them independent. Conditionally on these, let the following random variables be
independent: for 0 ≤ l < j, a variable Il+1 uniform on {1, . . . , N′l + 1}; a pair (J1, J2)
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uniform on the set of ordered pairs of distinct elements of {1, . . . , N′j + 2}; and for

j < l < L and i ∈ {1, 2}, a variable I(i)l+1 uniform on {1, . . . , N(i)
l + 1}. Set

u = I1 · · · Ij J1 I(1)j+2 · · · I
(1)
L , v = I1 · · · Ij J2 I(2)j+2 · · · I

(2)
L ,

and let ω be obtained from ω′ by setting Nvl = N′l + 1 for 0 ≤ l < j, Nvj = N′j + 2,

and Nul = N(1)
l + 1, Nvl = N(2)

l + 1 for j < l < L, all other coordinates being equal
to those of ω′. The two-spine law QL,j is the law of (ω, u, v) on Ω×UL ×UL.

(c) Backbone laws. Let p > 1. We set

Q∞
L = QL( · | θvω ∈ S), Q∞

L,j = QL,j( · | θuω ∈ S , θvω ∈ S).

We write EQ for the expectation with respect to one of these laws Q, and we use (ω, v),
respectively (ω, u, v), for the canonical random elements; the labels Il, Ji, I(i)l are the
letters of u and v.

Note that under QL the vertex v belongs to V(ω), because Il+1 ≤ Nvl for every l < L.
We call the path o = v0, v1, . . . , vL = v the spine, the edges {vl−1, vl} the spine edges, v
the endpoint, and T (ω) under QL the spine tree of length L. For l < L, the children
of vl other than vl+1 are the side children of vl; there are N′l of them. Under QL,j, both
u and v belong to V(ω), and their last common ancestor u ∧ v = vj = uj, the fork, has
generation j, because J1 ̸= J2. The fork has N′j side children besides uj+1 and vj+1. The
well-definedness of the backbone laws follows from the next lemma, which shows that
the endpoint configurations have law P, so that θvω ∈ S has probability ϱp > 0.

Lemma 4.7. Let L ≥ 0, and let M and m = γ⊗P be as in Lemma 4.2. Under QL, for 0 ≤ l < L,
let Sl be the finite sequence of the pairs (wvlk, θvlkω), where k runs in increasing order through
{1, . . . , Nvl} \ {Il+1}, and let Σl ∈ N(M) be the counting measure whose atoms are the entries
of Sl.

(i) The random elements

wv1 , . . . , wvL , ζv0 , . . . , ζvL−1 , S0, . . . , SL−1, θvω

are independent. Each wvl has law γ, each ζvl has law κ, and θvω has law P. Each Sl has
length N′l , with law Pois(p), and conditionally on its length its entries are independent with
law m. In particular, Σ0, . . . , ΣL−1 are independent Poisson processes on M with intensity
measure pm.

(ii) Conditionally on the random elements in (i), the labels I1, . . . , IL are independent, and Il+1
is uniform on {1, . . . , |Sl|+ 1}, where |Sl| is the length of Sl.

(iii) Let p > 1. Under Q∞
L , assertions (i) and (ii) hold with the single change that θvω has law

P∞.
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(iv) Let 0 ≤ j < L. Under QL,j, define sequences S as above at the vertices vl with l < j (omitting
the child vl+1), at the fork vj (omitting the two children uj+1 and vj+1), and at the vertices ul
and vl with j < l < L (omitting ul+1, respectively vl+1). Then the 2L− j spine edge marks
wvl (1 ≤ l ≤ L) and wul (j < l ≤ L), the auxiliary marks of the 2L− j− 1 spine vertices
other than u and v, the 2L− j− 1 sequences S, and the two endpoint configurations θuω

and θvω are independent, with the laws described in (i). Under Q∞
L,j (p > 1), the same holds,

except that the two endpoint configurations have law P∞.

The marked spine tree is assembled from the random elements in (i) and the labels: the
spine edges carry the marks wvl , the side children of vl carry the entries of Sl (edge mark
and forward configuration), and the endpoint carries the forward configuration θvω. In
particular, under QL the squared moduli Yv1 , . . . , YvL of the spine marks are independent
Exp(1) variables, every side child has a forward subtree which is an independent Poisson–
Galton–Watson tree with independent marks, and the endpoint has an independent
forward subtree with the law of the whole tree.

Proof. Fix n = (n0, . . . , nL−1) ∈ {0, 1, . . . }L and i = (i1, . . . , iL) with 1 ≤ il+1 ≤ nl + 1,
and let v = i1 · · · iL. On the event En,i = {N′ = n, I = i}, which has probability
∏l<L P(N = nl)(nl + 1)−1 for a Pois(p) variable N, we have v = v, and ω is obtained
from ω′ by setting Nvl = nl + 1 for l < L. Since the pair (N′, I) is independent of ω′, the
configuration ω′ still has law P conditionally on En,i.

We note that the modified coordinates Nv0 , . . . , NvL−1 are not coordinates of θvlkω for
k ̸= il+1, because no vl′ is a descendant of vlk; they are not coordinates of θvω either. We
conclude that, on En,i, the random elements in (i) are equal to

w′vl
(1 ≤ l ≤ L), ζ ′vl

(0 ≤ l < L), θvω′,

and, for 0 ≤ l < L, the sequence of pairs (w′vlk
, θvlkω′) with k running in increasing

order through {1, . . . , nl + 1} \ {il+1}. These are functions of pairwise disjoint sets of
coordinates of ω′. Indeed, the forward configurations of distinct side children and of v
use the coordinates at pairwise disjoint sets of labels, none of which is one of v0, . . . , vL−1,
and they do not use the edge marks wvl and wvlk, which appear separately. Since the
coordinates of ω′ are independent, these random elements are, conditionally on En,i,
independent with laws γ, κ, m⊗nl , and P, respectively. The conditional joint law depends
on (n, i) only through the lengths nl. Summing over i and then over n, and using that
N′0, . . . , N′L−1 are independent with law Pois(p), we find (i), except for its last sentence.
Further, the conditional probability of {I = i} given N′ = n and the random elements
in (i) equals ∏l<L(nl + 1)−1, and this is (ii), since nl = |Sl|. The process Σl is a mixed
binomial process with a Pois(p) number of independent m-distributed points, hence a
Poisson process with intensity measure pm [94, Proposition 3.5], and the processes Σl
are independent because the sequences Sl are.
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For (iii), let g be a nonnegative measurable function of the random elements in (i)
other than θvω, together with the labels, and let h : Ω→ [0, ∞] be measurable. By (i), (ii),
and QL(θvω ∈ S) = P(S) = ϱp, we have

EQ∞
L

[
g h(θvω)

]
= ϱ−1

p EQL

[
g h(θvω)1S(θvω)

]
= EQL [g] E∞h,

which is (iii). The proof of (iv) is the same. The only change is at the fork: on the
corresponding event E, we have Nvj = nj + 2, the two omitted children are vj J1 and vj J2,
and (J1, J2) takes each of the (nj + 2)(nj + 1) possible values with the same conditional
probability. The backbone version follows as in (iii), since the two endpoint configurations
are independent with law P under QL,j.

Proposition 4.8. Let p > 0 and L ≥ 0. All functions below are measurable; a function on
Ω×U is measurable if it is measurable in ω for each fixed word.

(i) For every F : Ω×U→ [0, ∞],

E ∑
v∈VL

F(ω, v) = pL EQL F(ω, v). (4.5)

(ii) Let 0 ≤ j < L. For every F : Ω×U×U→ [0, ∞],

E ∑
u,v∈VL
|u∧v|=j

F(ω, u, v) = p2L−j EQL,j F(ω, u, v). (4.6)

(iii) Let p > 1. For every F as in (i),

E∞ ∑
v∈VL

F(ω, v) = ϱ−1
p pL EQL

[
F(ω, v)1S(ω)

]
≤ ϱ−1

p pL EQL F(ω, v), (4.7)

E∞ ∑
v∈V∞

L

F(ω, v) = pL EQ∞
L

F(ω, v) ≤ ϱ−1
p pL EQL F(ω, v). (4.8)

(iv) Let p > 1 and 0 ≤ j < L. For every F as in (ii),

E∞ ∑
u,v∈VL
|u∧v|=j

F(ω, u, v) = ϱ−1
p p2L−j EQL,j

[
F(ω, u, v)1S(ω)

]
≤ ϱ−1

p p2L−j EQL,j F(ω, u, v), (4.9)

E∞ ∑
u,v∈V∞

L
|u∧v|=j

F(ω, u, v) = ϱp p2L−j EQ∞
L,j

F(ω, u, v)

≤ ϱ−1
p p2L−j EQL,j F(ω, u, v). (4.10)

The sum in (4.6) runs over ordered pairs of distinct vertices of generation L whose
last common ancestor has generation j; summing over 0 ≤ j < L gives all ordered pairs
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of distinct vertices of generation L, and the diagonal pairs are covered by (4.5). Under the
survival-conditioned law, the backbone sums in (4.8) and (4.10) have exact representations
by the backbone spine laws, in which only the endpoint configurations are conditioned
on survival, while the side processes keep their unconditioned Poisson laws (Lemma 4.7).
For the full sums, (4.7) and (4.9) are exact as well, but the indicator 1S(ω) depends on
the side subtrees; in applications we use only the resulting upper bounds.

Proof. We prove the four parts in order.

Step 1. One spine. Fix v = i1 · · · iL ∈ UL. Then v ∈ V(ω) if and only if Nvl ≥ il+1 for
0 ≤ l < L. For n = (n0, . . . , nL−1) ∈ {0, 1, . . . }L, let ωv,n denote the configuration obtained
from ω by setting Nvl = nl for 0 ≤ l < L. Under P, the coordinates Nv0 , . . . , NvL−1 are
independent of each other and of the remaining coordinates, and ωv,n does not depend
on them. Let N denote a Pois(p) variable. By Tonelli’s theorem, we have

E
[
F(ω, v)1{v ∈ V(ω)}

]
= ∑

n: nl≥il+1 ∀l

L−1

∏
l=0

P(N = nl) EF(ωv,n, v).

Since P(N = n) = p n−1P(N = n− 1) for n ≥ 1, the substitution nl = n′l + 1 yields

E
[
F(ω, v)1{v ∈ V(ω)}

]
= pL ∑

n′∈{0,1,... }L

L−1

∏
l=0

P(N = n′l) 1{il+1 ≤ n′l + 1}
n′l + 1

EF(ωv,n′+1, v),

where n′ + 1 = (n′0 + 1, . . . , n′L−1 + 1). In the construction of QL, the event {N′ = n′, I =
(i1, . . . , iL)} has probability equal to the product in the last display, and on this event
(ω, v) = ((ω′)v,n′+1, v), where ω′ has law P and is independent of (N′, I). Summing the
last display over v ∈ UL, that is, over (i1, . . . , iL), we obtain

E ∑
v∈VL

F(ω, v) = ∑
v∈UL

E
[
F(ω, v)1{v ∈ V(ω)}

]
= pL EQL F(ω, v),

which is (4.5). In the first equality we used Tonelli’s theorem to exchange the sum over
the countable set UL with the expectation.

Step 2. Two spines. Fix u, v ∈ UL with |u∧ v| = j, and write a = u∧ v, so that uj+1 ̸= vj+1.
Then u, v ∈ V(ω) if and only if the following constraints hold: Nal is at least the (l + 1)-th
letter of a for 0 ≤ l < j; Na is at least the last letters of both uj+1 and vj+1; and for
j < l < L, Nul and Nvl are at least the last letters of ul+1 and vl+1, respectively. These
constraints involve the offspring numbers at 2L − j − 1 distinct labels. We expand in
these offspring numbers as in Step 1. At the j + 2(L− j− 1) labels other than the fork,
we use P(N = n) = p n−1P(N = n− 1). At the fork, the two letters are distinct, which
forces Na ≥ 2, and we use P(N = n) = p2(n(n− 1))−1P(N = n− 2) for n ≥ 2. For a
fixed value n of Na, there are n(n− 1) ordered pairs of distinct letters in {1, . . . , n}, which
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matches the uniform law of (J1, J2) in Definition 4.6. Summing over (u, v) as in Step 1
and collecting the powers of p, namely pj · p2 · p2(L−j−1) = p2L−j, we arrive at (4.6).

Step 3. Conditioned sums. Let p > 1. Applying (4.3) and then (4.5) to F(ω, v)1S(ω), we
have the identity in (4.7); the inequality follows from 1S ≤ 1. If v ∈ V∞

L , then the forward
subtree of v is infinite, and in particular ω ∈ S . By (4.3) and (4.5), we have

E∞ ∑
v∈V∞

L

F(ω, v) = ϱ−1
p E ∑

v∈VL

F(ω, v)1S(θvω) = ϱ−1
p pL EQL

[
F(ω, v)1S(θvω)

]
.

By Lemma 4.7, we have QL(θvω ∈ S) = ϱp. Then the right side equals pLEQ∞
L

F(ω, v),
and it is at most ϱ−1

p pLEQL F(ω, v). This proves (4.8).

Step 4. Conditioned pairs. The identity and inequality in (4.9) follow from (4.6) exactly as
in Step 3. For (4.10), we argue as in Step 3 and obtain

E∞ ∑
u,v∈V∞

L
|u∧v|=j

F(ω, u, v) = ϱ−1
p p2L−j EQL,j

[
F(ω, u, v)1S(θuω)1S(θvω)

]
.

By Lemma 4.7(iv), the two endpoint configurations are independent with law P un-
der QL,j, and the probability that both survive is ϱ2

p. Then the right side equals
ϱp p2L−jEQ∞

L,j
F(ω, u, v), and it is at most ϱ−1

p p2L−jEQL,j F(ω, u, v). This completes the
proof.

Remark 4.9. The identity n P(N = n) = p P(N = n− 1), used at each ancestor in Step 1,
is the Mecke formula (4.1) for the number of points of a Poisson process. If F(ω, v)
depends on ω and v only through the marked tree and the auxiliary marks, and is
invariant under relabelings of siblings, then (4.5) can also be obtained by applying (4.1)
to the child process at each of the L ancestors, by induction on L; the labels Il then play
no role, and only Lemma 4.7(i) is needed to evaluate the right side. We have stated the
formulas for labelled configurations so that they apply without a separate invariance
check, for example to functionals that select children by their labels.

The spine laws are absolutely continuous with respect to P. In particular, every almost
sure property of the tree holds along spines.

Corollary 4.10. Let p > 0, L ≥ 0, and 0 ≤ j < L. The law of ω under QL has density p−L|VL|
with respect to P, and the law of ω under QL,j has density p−(2L−j)

∣∣{(u, v) ∈ V2
L : |u∧ v| = j}

∣∣
with respect to P. If p > 1, the laws of ω under Q∞

L and Q∞
L,j are absolutely continuous with

respect to P∞. Further, if A ∈ F satisfies P(A) = 1, then almost surely under each of the laws
P, P∞, QL, QL,j, Q∞

L , and Q∞
L,j, we have θuω ∈ A for all u ∈ U simultaneously.

Proof. Applying (4.5) to F(ω, v) = 1B(ω), we find that QL(ω ∈ B) = p−LE[|VL|1B] for
B ∈ F , which is the first claim. The second follows in the same way from (4.6). For
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p > 1, (4.8) implies that Q∞
L (ω ∈ B) = p−LE∞[|V∞

L |1B], and (4.10) gives the analogous
formula for Q∞

L,j. Finally, P(θ−1
u A) = P(A) = 1 for every u, because θu preserves P.

The countable intersection
⋂

u∈U θ−1
u A therefore has P-probability one, and by absolute

continuity it has probability one under the other laws.

For instance, the conclusions of Theorem 3.10, Proposition 3.16, and Proposition 3.18
hold almost surely under all spine laws.

We next describe recursively defined variables along a spine. This is the form in which
the many-to-one formula enters the computation of path moments.

Corollary 4.11. Let p > 0 and L ≥ 1. Let (X, X ) be a measurable space, let f0, . . . , fL : Ω→ X
be measurable, and let Ψ0, . . . , ΨL−1 : Z×N(C× X) → X be measurable maps such that, for
P-almost every ω and every 0 ≤ l < L,

fl(ω) = Ψl

(
ζo,

No

∑
k=1

δ(wk, fl+1(θkω))

)
. (4.11)

Under QL, set Xl = fl(θvl ω) for 0 ≤ l ≤ L, and

Σ f
l = ∑

k∈{1,...,Nvl }\{Il+1}
δ(wvl k, fl+1(θvl kω)), 0 ≤ l < L.

(i) The random elements XL, wv1 , . . . , wvL , ζv0 , . . . , ζvL−1 , and Σ f
0 , . . . , Σ f

L−1 are independent.

The variable XL has law P ◦ f−1
L , and Σ f

l is a Poisson process on C× X with intensity
measure p γ⊗ (P ◦ f−1

l+1).

(ii) Almost surely, Xl = Ψl
(
ζvl , Σ f

l + δ(wvl+1 ,Xl+1)

)
for 0 ≤ l < L.

(iii) Let p > 1. Under Q∞
L , (i) and (ii) hold with the single change that XL has law P∞ ◦ f−1

L .

Further, for every measurable Φ : XL+1 ×CL → [0, ∞],

E ∑
v∈VL

Φ
((

fl(θvl ω)
)L

l=0,
(
wvl

)L
l=1

)
= pL EQL Φ

(
(Xl)

L
l=0,

(
wvl

)L
l=1

)
, (4.12)

and the right side is the expectation of a function of the independent random elements in (i),
computed through the backward recursion in (ii). The same holds under P∞, with the sum over
V∞

L and Q∞
L in place of QL.

Proof. The process Σ f
l is the image of the process Σl of Lemma 4.7 under the measurable

map (w, ω′′) 7→ (w, fl+1(ω
′′)), and XL = fL(θvω). Then (i) follows from Lemma 4.7(i)

and the fact that the image of a Poisson process under a measurable map is a Poisson
process with the image intensity measure [94, Theorem 5.1]; for mixed binomial processes
this is immediate, because the images of independent points are independent.
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For (ii), let A be the set of ω for which (4.11) holds for every l. By Corollary 4.10, almost
surely under QL, we have θvl ω ∈ A for every l. The configuration θvl ω has root offspring
number Nvl , root auxiliary mark ζvl , and child points (wvlk, θvlkω), 1 ≤ k ≤ Nvl . The child
with k = Il+1 is vl+1, and its point contributes δ(wvl+1 ,Xl+1)

in (4.11); the other children

contribute Σ f
l . This proves (ii). Part (iii) follows in the same way from Lemma 4.7(iii).

Finally, (4.12) is (4.5) applied to F(ω, v) = Φ(( fl(θvl ω))l, (wvl)l), and its conditioned
version is (4.8).

The same argument applies to the two-spine laws. Under QL,j, the variables along
the two arms are computed from the two endpoint variables fL(θuω) and fL(θvω), which
are independent with law P ◦ f−1

L , by the recursion of Corollary 4.11(ii). At the fork, Ψj
receives the side process of the fork together with the two points (wuj+1 , f j+1(θuj+1ω)) and
(wvj+1 , f j+1(θvj+1ω)), and along the common part the recursion is that of (ii). All spine
edge marks, auxiliary marks, and side processes are independent, by Lemma 4.7(iv).

Remark 4.12. As an example, fix z ∈ C \R and s > 0, let fl = Goo(z) for every l, and let
Ψl(ζ, π) = −

(
z + p−1

∫
|w|2x π(dw dx)

)−1. By Proposition 3.16 at the root, (4.11) holds
P-almost surely, and X0 = Goo(z) and Xl = Γvl(z) for 1 ≤ l ≤ L. By Proposition 3.18, for
v ∈ VL we have

|Gov(z)|s = |Goo(z)|s
L

∏
l=1

p−s/2Ys/2
vl
|Γvl(z)|

s.

By (4.12), we have

E ∑
v∈VL

|Gov(z)|s = pL(1−s/2) EQL

[
|X0|s

L

∏
l=1

Ys/2
vl
|Xl|s

]
.

On the right, XL has the law of Goo(z), the squared moduli Yvl of the spine marks are
independent Exp(1) variables, and Xl = −(z + p−1Yvl+1 Xl+1 + Ξl)

−1 for l < L, where

Ξl = p−1
∫
|w|2x Σ f

l (dw dx) are independent copies of the side sum p−1 ∑N
k=1 YkΓk in the

cavity equation, independent of the squared moduli of the spine marks and of XL.

Remark 4.13. Corollary 4.11 also applies to recursions which are not driven by the tree
alone. Let E > 0 and let π be a real solution at energy E in the sense of Definition 5.1. Let
qπ be a measurable map from [0, 1] to R \ {0} which pushes Lebesgue measure forward
to π, and define f (0)(ω) = qπ(ζo(2)), where ζo(2) is the second coordinate of ζo, and, for
m ≥ 1,

f (m)(ω) = E− p−1
No

∑
k=1

Yk

f (m−1)(θkω)

(we set f (m)(ω) = E if some denominator vanishes, and we use the same convention
for Ψl below). By induction on m, f (m) has law π under P for every m ≥ 0. Indeed,
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by Lemma 4.2(ii), the pairs (Yk, f (m−1)(θkω)) are independent with law Exp(1)⊗ π and
independent of No. Then f (m) has the law of E− p−1 ∑k≤N Yk/Dk with independent Dk ∼
π, which is π; in particular the denominators vanish with probability zero. Fix m ≥ L
and apply Corollary 4.11 with fl = f (m−l) and Ψl(ζ, π′) = E− p−1

∫
|w|2x−1 π′(dw dx).

In this case, XL has law π and the side processes are Poisson with intensity measure
p γ ⊗ π, for every m ≥ L. The family Dv = f (m−|v|)(θvω), |v| ≤ m, satisfies Dv =

E− p−1 ∑k Yvk/Dvk for |v| < m, and its marks at generation m are independent with law
π and independent of (Nu)|u|<m and (wu)1≤|u|≤m. Every family (Dv)|v|≤m with these two
properties has the same joint law with (Nu)|u|<m and (wu)1≤|u|≤m, because the marks at
generation m determine the others through the recursion. This applies in particular to a
recursive tree process as in Lemma 5.13, restricted to generations at most m, provided its
marks at generation m are independent with law π and independent of (Nu)|u|<m and
(wu)1≤|u|≤m; this is part of the definition of a recursive tree process [17]. The many-to-one
and many-to-two formulas of this section, and Corollary 4.11 in particular, therefore
apply to functionals of (Nu)|u|<m, (wu)1≤|u|≤m, and (Dv)|v|≤m for such a process. The
offspring numbers at generation m must not enter these functionals, since a mark Dv of a
recursive tree process with |v| = m depends on Nv.

4.4 Conditioned endpoint laws

The following proposition compares laws of endpoint functionals under P and P∞, and
it transfers limits from P to P∞ and to the backbone spine laws. Here an endpoint
functional is any measurable function of the root configuration ω, or of an endpoint
configuration θvω under a spine law; it may involve the forest obtained from the forward
subtree by removing finitely many vertices and edges, or a finite decoration, since these
are again measurable functions of the configuration.

Proposition 4.14. Let p > 1, let (X, X ) be a measurable space, and let X : Ω→ X be measur-
able.

(i) As measures on X, P∞ ◦ X−1 ≤ ϱ−1
p P ◦ X−1. Equivalently, E∞ φ(X) ≤ ϱ−1

p Eφ(X) for
every measurable φ : X → [0, ∞]. In particular, if C ∈ X and P(X /∈ C) ≤ δ, then
P∞(X ∈ C) ≥ 1− ϱ−1

p δ.

(ii) Let L ≥ 0 and 0 ≤ j < L. Under Q∞
L , the endpoint variable X(θvω) has law P∞ ◦ X−1,

and it is independent of the spine edge marks, the auxiliary marks of the spine vertices, and
the side sequences. Under Q∞

L,j, the pair (X(θuω), X(θvω)) has law (P∞ ◦ X−1)⊗2, and it
is independent of the remaining random elements of Lemma 4.7(iv). In particular, these laws
are bounded by ϱ−1

p P ◦ X−1 and ϱ−2
p (P ◦ X−1)⊗2, respectively.

(iii) For 0 < η ≤ 1, let Zη and Z0 be real random variables on Ω such that Zη → Z0 P-almost
surely as η ↓ 0, and such that the family {Zη : 0 < η ≤ 1} is uniformly integrable under P.



4 Spine decompositions and fresh squared moduli 4.5 Fresh squared moduli 64

Then Z0 is P-integrable, Zη → Z0 in L1(P∞), and in particular E∞Zη → E∞Z0. Further,
EQ∞

L
Zη(θvω)→ EQ∞

L
Z0(θvω) for every L ≥ 0.

(iv) For 0 ≤ η ≤ 1, let Xη : Ω → Rk be measurable with Xη → X0 P-almost surely as η ↓ 0,
and let φ : Rk → R be a bounded Borel function which is continuous at every point outside
a Borel set D with P(X0 ∈ D) = 0. Then E∞ φ(Xη)→ E∞ φ(X0) as η ↓ 0.

Proof. For B ∈ X , we have by (4.3) that P∞(X ∈ B) = ϱ−1
p P(X ∈ B, S) ≤ ϱ−1

p P(X ∈ B),
which is (i); the last assertion of (i) follows by taking B = X \ C. Part (ii) follows from
Lemma 4.7(iii) and (iv), together with (i).

For (iii), it suffices to consider an arbitrary sequence ηn ↓ 0. Since P∞ ≤ ϱ−1
p P, the

convergence Zηn → Z0 holds P∞-almost surely. For K > 0, we have

sup
n

E∞[|Zηn |1{|Zηn | > K}
]
≤ ϱ−1

p sup
n

E
[
|Zηn |1{|Zηn | > K}

]
,

and the right side tends to zero as K → ∞. This shows that the sequence is uniformly
integrable under P∞ as well. By Fatou’s lemma, Z0 is integrable under P. Then Vitali’s
convergence theorem (see [64, Section 4.6]), applied under P∞, implies that Zηn → Z0

in L1(P∞). The last statement follows from (ii), since EQ∞
L

Z(θvω) = E∞Z for every
integrable Z.

For (iv), φ(Xη) → φ(X0) on the event {Xη → X0} ∩ {X0 /∈ D}, which has P-
probability one and therefore P∞-probability one. The bounded convergence theorem
concludes the proof.

Remark 4.15. The domination in Proposition 4.14(i) cannot be reversed with a constant
independent of X. For instance, P(No = 0) = e−p, while P∞(No = 0) = 0, because a root
without children has a finite tree. If a functional X equals a fixed value x0 on {No = 0},
as the real boundary denominator does (it equals E there), then the part of the atom of
P ◦ X−1 at x0 coming from the event {No = 0} is absent from P∞ ◦ X−1. In particular,
conditioned endpoint laws are in general not equal to the corresponding unconditioned
laws, and only upper bounds transfer from P to P∞ through (i).

4.5 Fresh squared moduli

Many estimates in this paper bound negative moments of quantities of the form c +
∑j ajYj, where the Yj are squared moduli of edge marks and c and the aj depend on the
rest of the tree. The following definition makes precise when such an estimate may be
applied conditionally.

Definition 4.16. Let (Ω̂, A , P) be a probability space and let G ⊂ A be a σ-field. Let M be
a G -measurable random variable with values in {0, 1, 2, . . . }, and let Y1, Y2, . . . be random
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variables with values in [0, ∞). We say that Y1, . . . , YM are fresh squared moduli given G , or
fresh given G , if for every m ≥ 0 and every bounded Borel function φ : [0, ∞)m → R,

E
[
φ(Y1, . . . , Ym)1{M = m}

∣∣ G
]
= 1{M = m}

∫
[0,∞)m

φ(y) e−(y1+···+ym) dy (4.13)

almost surely. Random variables that are G -measurable are called revealed.

In words, on the event {M = m}, the variables Y1, . . . , Ym are independent Exp(1)
variables conditionally on G . The number M of fresh variables is revealed, while their
values are not; the variables Yj with j > M play no role. In the applications, Ω̂ is Ω with
one of the laws P, P∞, QL, Q∞

L , QL,j, Q∞
L,j, and the Yj are the squared moduli of the marks

of a random finite set of edges, listed in a revealed order. We record three elementary
consequences of the definition.

(a) If Y1, . . . , YM are fresh given G , and G ′ ⊂ G is a σ-field with respect to which M is
measurable, then Y1, . . . , YM are fresh given G ′. This follows from (4.13) by the tower
property of conditional expectation.

(b) Revealing some of the fresh variables leaves the others fresh. Precisely, let M′ ≤ M
be G -measurable, and let G ′ be generated by G and the variables Yj1{M′ < j ≤ M},
j ≥ 1. Then Y1, . . . , YM′ are fresh given G ′, because on {M = m, M′ = m′} the
variables Y1, . . . , Ym′ are independent of Ym′+1, . . . , Ym conditionally on G . In a sum
c + ∑j≤M ajYj, the revealed terms ajYj, M′ < j ≤ M, are then absorbed into the
constant, and the required lower bound must be checked for the new constant
c + ∑M′<j≤M ajYj.

(c) Revealed variables may be treated as constants. Let Y1, . . . , YM be fresh given G , let
k ≥ 1, and let X be a G -measurable random variable with values in Ck. Then for
every m ≥ 0 and every Borel function Φ : Ck × [0, ∞)m → [0, ∞],

E
[
Φ(X, Y1, . . . , Ym)1{M = m}

∣∣ G
]
= 1{M = m}

∫
[0,∞)m

Φ(X, y) e−(y1+···+ym) dy

(4.14)
almost surely. Indeed, if Φ = 1D1×D2 with Borel sets D1 ⊂ Ck and D2 ⊂ [0, ∞)m,
then 1D1(X) is G -measurable and may be taken out of the conditional expectation,
and (4.14) reduces to (4.13) with φ = 1D2 . The Borel sets D ⊂ Ck × [0, ∞)m for which
(4.14) holds with Φ = 1D form a Dynkin system, by linearity and the monotone
convergence theorem for conditional expectations, and this system contains the π-
system of measurable rectangles. By the π–λ theorem [81, Chapter 1], it contains all
Borel sets. Approximating Φ from below by simple functions and using monotone
convergence once more, we obtain (4.14). We refer to (4.14) as the substitution
identity.

The main source of fresh variables is the following lemma: edge marks of edges that
are selected without looking at their marks are independent standard complex Gaussian
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variables given everything else. It complements Lemma 3.4: there, a selection may inspect
some marks, which are then removed, and the retained marks are fresh; here, a selection
may inspect every mark outside the selected set. For a finite set a ⊂ U∗, let

Ga = σ
(

Nv, ζv : v ∈ U; wv : v ∈ U∗ \ a
)
,

and for x = (xv)v∈a ∈ Ca, let ωa←x denote the configuration obtained from ω by replacing
wv by xv for every v ∈ a.

Lemma 4.17. Let p > 0, and let A be a random finite subset of U∗ such that {A = a} ∈ Ga for
every finite set a ⊂ U∗.

(i) For every measurable F : Ω→ [0, ∞],

EF(ω) = E

∫
CA

F
(
ωA←x) γ⊗A(dx). (4.15)

If p > 1, the same identity holds with E∞ in place of E on both sides.
(ii) Let L ≥ 0, 0 ≤ j < L, and let A : Ω×UL → {finite subsets of U∗} be such that A(·, v)

satisfies the hypothesis above for every v ∈ UL. Then for every measurable F : Ω×UL →
[0, ∞], with A = A(ω, v),

EQL F(ω, v) = EQL

∫
CA

F
(
ωA←x, v

)
γ⊗A(dx),

and the same identity holds under Q∞
L if p > 1. The analogous identities hold under QL,j and

Q∞
L,j for A = A(ω, u, v) such that A(·, u, v) satisfies the hypothesis above for all u, v ∈ UL.

(iii) In the setting of (i) or (ii), list the elements of A as v(1), . . . , v(M), where M = |A|, in a
fixed total order of U. Let HA be the σ-field generated by A, by the configuration ωA←1 in
which all selected marks are replaced by 1, by the phases wv/|wv|, v ∈ A (set to 1 if wv = 0),
and, in the setting of (ii), by the endpoint v, respectively (u, v). Then Yv(1) , . . . , Yv(M) are
fresh squared moduli given HA.

Proof. For (i), fix a finite set a ⊂ U∗. The indicator 1{A = a} and the configuration ωa←x,
for fixed x, are functions of the coordinates of ω other than (wv)v∈a, and under P the
coordinates (wv)v∈a are independent of the other coordinates and have law γ⊗a. Since
ω = ωa←(wv)v∈a , we have by Fubini’s theorem that

E
[
1{A = a}F(ω)

]
= E

[
1{A = a}

∫
Ca

F
(
ωa←x) γ⊗a(dx)

]
.

Summing over the countably many finite sets a gives (4.15). Under P∞, we apply (4.15)
to F1S and use that 1S(ωA←x) = 1S(ω), since S depends only on the offspring numbers.

For (ii), we use (4.5) to write EQL F(ω, v) = p−L ∑v∈UL
E[1{v ∈ V(ω)}F(ω, v)]. For

each fixed v, we apply (i) with the random set A(·, v) to the function ω 7→ 1{v ∈
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V(ω)}F(ω, v), and we use that V(ωa←x) = V(ω). Then we apply (4.5) backwards to
the function (ω, v) 7→

∫
F(ωA(ω,v)←x, v) γ⊗A(ω,v)(dx). This proves the identity under QL.

Under Q∞
L , we argue in the same way with (4.8) and the second part of (i), using that

1S(θvω) depends only on the offspring numbers. The two-spine identities follow in the
same way from (4.6) and (4.10).

For (iii), we first note that changing the selected marks does not change A: if ω ∈
{A = a}, then ωa←x ∈ {A = a} for every x ∈ Ca, since {A = a} ∈ Ga. Fix m ≥ 0, a
bounded Borel function φ ≥ 0 on [0, ∞)m, and a bounded measurable function g ≥ 0
of the generators of HA. We write xv = y1/2

v eiϕv ; under γ, yv has law Exp(1), eiϕv is
uniform on the unit circle, and the two are independent. Applying (i) to the function
F = g · 1{M = m}φ(Yv(1) , . . . , Yv(m)), we obtain

E
[
g 1{M = m}φ(Yv(1) , . . . , Yv(m))

]
= E

[
1{M = m}

∫
g
(
ωA←x) γ⊗A(dx)

] ∫
φ(y)e−(y1+···+ym) dy.

Here we used that g(ωA←x) depends on x only through the phases of the xv, while φ

depends only on their moduli. Applying (i) once more, to the function g 1{M = m},
shows that the first factor on the right equals E[g 1{M = m}]. This is (4.13) for G = HA.
The same argument applies in the setting of (ii).

For example, take A = {1, . . . , No}, the set of children of the root. We have {A =

a} ∈ σ(No) ⊂ Ga, and HA contains No, ζo, all forward configurations θkω, k ≥ 1, and the
phases of the wk. By Lemma 4.17(iii) and consequence (a) after Definition 4.16, the squared
moduli Y1, . . . , YNo of the root edge marks are fresh given the σ-field generated by No, ζo,
the forward configurations of the children, and the phases. This is the situation of the
cavity equation. Similarly, under QL, the choice A(ω, v) = {v1, . . . , vL} in Lemma 4.17(ii)
shows that the squared moduli Yv1 , . . . , YvL of the spine marks are fresh given the σ-field
generated by the endpoint v, the phases of the spine edge marks, and all coordinates of
ω other than the spine edge marks.

We now state the affine negative-moment lemma.

Lemma 4.18. Let 0 < r < 1 and d > 0, and set Cr,d = (1− r)−1(2/d)r. Let m ≥ 0, let
Y1, . . . , Ym be independent random variables with law Exp(1), let a1, . . . , am ∈ C and c ∈ C, and
set S = c + ∑m

j=1 ajYj.

(i) If c ̸= 0, then for every ε > 0,

P(|S| ≤ ε) ≤ min
{

1,
2ε
√

m + 1
|c|

}
. (4.16)

(ii) If c ̸= 0, then

E|S|−r ≤ 1
1− r

(2
√

m + 1
|c|

)r
. (4.17)
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In particular, if |c| ≥ d, then E|S|−r ≤ Cr,d(m + 1)r/2.
(iii) Suppose that c, a1, . . . , am are real. If a1 = · · · = am = 0, then the law of S is δc. Otherwise,

the law of S is absolutely continuous, and it has a density ρ such that

ρ(x) ≤
√

m√
2π |x− c|

for every x ∈ R \ {c}. (4.18)

In either case, the absolutely continuous part of the law of S has a density which is at most√
m + 1/(2d) at every x with |x− c| ≥ d.

(iv) Let G , M, and Y1, Y2, . . . be as in Definition 4.16, with Y1, . . . , YM fresh given G . Let
c, a1, a2, . . . be G -measurable complex random variables, and set S = c + ∑M

j=1 ajYj. Then,
for every ε > 0, almost surely on the event {c ̸= 0},

P(|S| ≤ ε | G ) ≤ min
{

1,
2ε
√

M + 1
|c|

}
, E

[
|S|−r ∣∣ G

]
≤ 1

1− r

(2
√

M + 1
|c|

)r
.

If |c| ≥ d almost surely, then E|S|−r ≤ Cr,d E(M + 1)r/2 ≤ Cr,d(1 + EM)r/2. If c and all
aj are real, then for every Borel set B ⊂ R, almost surely,

P
(
S ∈ B, |S− c| ≥ d

∣∣ G
)
≤
√

M + 1
2d

|B|,

where |B| denotes the Lebesgue measure of B.

The bounds in (i)–(iii) depend on the coefficients aj only through their number. This is
what makes the lemma applicable when the coefficients are cavity variables of subtrees,
about which nothing is known except that they are revealed.

Proof. We first prove the density bound (iii) for real coefficients using the Gamma–
Dirichlet decomposition of (Y1, . . . , Ym). Then we deduce the small-ball bound (i) for
complex coefficients by rotating c to the positive real axis and projecting onto the real
axis, and we integrate it to obtain (ii). Finally, we derive the conditional version (iv) by
treating the revealed variables as constants.

Step 1. The Gamma–Dirichlet decomposition. Let m ≥ 1, set T = Y1 + · · ·+ Ym, and set
Uj = Yj/T for 1 ≤ j ≤ m. Then T has the Gamma density

fm(t) =
tm−1e−t

(m− 1)!
, t > 0,

and the vector (U1, . . . , Um) is independent of T (it is uniformly distributed on the
simplex). Indeed, the joint density of (Y1, . . . , Ym) is e−(y1+···+ym) = e−t, and the change
of variables (y1, . . . , ym) 7→ (t, u1, . . . , um−1) has Jacobian tm−1; it follows that the joint
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density of (T, U1, . . . , Um−1) is a product of a function of t and a function of (u1, . . . , um−1).
We also need the bound

σm = sup
t>0

t fm(t) =
mme−m

(m− 1)!
=

mm+1e−m

m!
≤
√

m√
2π

. (4.19)

The supremum is attained at t = m, since t 7→ tme−t is maximal there, and in the last
inequality we used Stirling’s formula in the form m! ≥

√
2πm (m/e)m, valid for every

m ≥ 1.

Step 2. Real coefficients. Let c, a1, . . . , am be real. If all aj vanish (including the case
m = 0), then S = c. Otherwise m ≥ 1, and we may assume that a1 ̸= 0. Then S =

a1Y1 + (c+∑j≥2 ajYj) is the sum of an absolutely continuous variable and an independent
variable, and its law is therefore absolutely continuous. With the notation of Step 1, set
A = ∑m

j=1 ajUj, so that S = c + AT, where A is independent of T. Since {A = 0} ⊂ {S =

c} and P(S = c) = 0, we have P(A = 0) = 0. For a Borel set B ⊂ R, Tonelli’s theorem
and the change of variables x = c + At give

P(S ∈ B) = E
[∫ ∞

0
1B(c + At) fm(t) dt

]
=
∫

B
ρ(x) dx,

where
ρ(x) = E

[
1
{x− c

A
> 0

} 1
|A| fm

(x− c
A

)]
,

and where the integrand in the definition of ρ is set to zero on the null event {A = 0}. The
function ρ is Borel by Tonelli’s theorem. Let x ̸= c, and suppose that t = (x− c)/A > 0.
Then |A| = |x− c|/t, so that

1
|A| fm

(x− c
A

)
=

t fm(t)
|x− c| ≤

σm

|x− c| .

Taking expectations and using (4.19), we arrive at (4.18). The last assertion of (iii) follows
because

√
m/
√

2π ≤
√

m + 1/2, and because the absolutely continuous part of δc is zero.

Step 3. The small-ball bound. Let c ̸= 0, let θ be an argument of c, and set

Q = Re
(
e−iθS

)
= |c|+

m

∑
j=1

bjYj, bj = Re
(
e−iθaj

)
∈ R.

Then |S| = |e−iθS| ≥ |Q|, which implies that P(|S| ≤ ε) ≤ P(|Q| ≤ ε). If ε > |c|/2, then
the right side of (4.16) equals 1 and there is nothing to prove. Let 0 < ε ≤ |c|/2. If all bj
vanish, then Q = |c| > ε, and P(|Q| ≤ ε) = 0. Otherwise, by Step 2 applied to Q, whose
constant is |c|, the law of Q has a density bounded by σm/|x − |c||. Every x ∈ [−ε, ε]

satisfies |x− |c|| ≥ |c|/2, so

P(|Q| ≤ ε) ≤ 2ε · 2σm

|c| ≤
4√
2π
· ε
√

m
|c| ≤

2ε
√

m + 1
|c| .
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This proves (i).

Step 4. The negative moment. By (i), P(S = 0) = 0. For t > 0, we have t−r =
∫ ∞

t rε−r−1 dε,
and Tonelli’s theorem implies that

E|S|−r =
∫ ∞

0
rε−r−1 P(|S| ≤ ε) dε.

Set K = 2
√

m + 1/|c|. By (i), the right side is at most∫ 1/K

0
rKε−r dε +

∫ ∞

1/K
rε−r−1 dε =

r
1− r

Kr + Kr =
Kr

1− r
,

which is (4.17). If |c| ≥ d, then Kr ≤ (2/d)r(m + 1)r/2, which gives the second assertion
of (ii).

Step 5. The conditional version. Fix m ≥ 0. By consequence (c) after Definition 4.16,
applied with X = (c, a1, . . . , am), the substitution identity (4.14) holds for every Borel
function Φ : C1+m × [0, ∞)m → [0, ∞].

We now apply (4.14) with Φ(c, a, y) = 1{|c + ∑j ajyj| ≤ ε}1{c ̸= 0}. By (i), applied
for fixed values of c ̸= 0 and a1, . . . , am, the right side of (4.14) is at most 1{M =

m}1{c ̸= 0}min{1, 2ε
√

m + 1/|c|}. Summing over m gives the small-ball bound in
(iv). The bound on E[|S|−r | G ] follows in the same way from (ii), with Φ(c, a, y) =

|c + ∑j ajyj|−r1{c ̸= 0}. If |c| ≥ d almost surely, then taking expectations, we have
E|S|−r ≤ Cr,d E(M + 1)r/2, and Jensen’s inequality for the concave function t 7→ tr/2

gives E(M + 1)r/2 ≤ (1 + EM)r/2. Finally, if c and the aj are real, we apply (4.14)
with Φ(c, a, y) = 1{c + ∑j ajyj ∈ B, |∑j ajyj| ≥ d}. For fixed real c, a1, . . . , am, the
integral of Φ vanishes if all aj vanish, and otherwise it is at most

∫
B∩{|x−c|≥d} ρ(x) dx ≤

√
m + 1 |B|/(2d) by (iii). Summing over m completes the proof.

Remark 4.19. Freshness is a property of the variables together with the σ-field, and it is
lost as soon as the σ-field carries information about their values. We give an example. Let
Y1 have law Exp(1), let 0 < δ ≤ 1/2, and let G = σ(Aδ), where Aδ = {|Y1 − 1| ≤ δ} is a
truncation event for Y1. The variable Y1 is not fresh given G : on Aδ, its conditional law
is supported in [1− δ, 1 + δ]. The conclusion of Lemma 4.18(iv) fails as well. Let M = 1,
c = 1, and a1 = −1, which are constants and hence G -measurable, so that S = 1−Y1. On
Aδ, we have

E
[
|S|−r ∣∣ G

]
=

∫ 1+δ
1−δ |1− y|−re−y dy∫ 1+δ

1−δ e−y dy
≥ e−1−δ · 2δ1−r(1− r)−1

2δe−1+δ
=

e−2δδ−r

1− r
,

which tends to infinity as δ→ 0, while the bound (1− r)−123r/2 of Lemma 4.18(iv) does
not depend on δ. The same failure occurs if G contains σ(Y1), that is, if Y1 is conditioned
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on its own value. In this case Y1 is revealed, the term a1Y1 must be absorbed into the
constant as in (b) after Definition 4.16, and the new constant 1−Y1 is not bounded away
from zero. In particular, whenever an event defined in terms of a squared modulus is
included in the conditioning σ-field, that squared modulus can no longer be treated as
fresh.

As a first application, we bound fractional moments of the diagonal resolvent at the
root, uniformly in the imaginary part of the spectral parameter.

Corollary 4.20. Let p > 0, 0 < r < 1, and z ∈ C \R. Then

E|Goo(z)|r ≤
1

1− r

( 2
|z|

)r
(p + 1)r/2.

If p > 1, then E∞|Goo(z)|r is at most ϱ−1
p times the same bound.

Proof. By Proposition 3.16 at the root and the identity Γk(z) = Goo(z) ◦ θk, we have,
P-almost surely,

Goo(z) = −
(

z +
1
p

No

∑
k=1

Yk Goo(z) ◦ θk

)−1
.

Let G be the σ-field generated by No, ζo, the configurations θkω for k ≥ 1, and the phases
wk/|wk| for k ≥ 1. By the example following the proof of Lemma 4.17, together with
consequence (a) after Definition 4.16, the squared moduli Y1, . . . , YNo are fresh given
G . The coefficients ak = p−1Goo(z) ◦ θk are G -measurable, and the constant c = z is
deterministic and nonzero. Then Lemma 4.18(iv) implies that E[|Goo(z)|r | G ] ≤ (1−
r)−1(2

√
No + 1/|z|)r. Taking expectations and using Jensen’s inequality, E(No + 1)r/2 ≤

(p + 1)r/2, we find the first claim. The second follows from (4.3).

Since |z| ≥ |Re z|, the bound is uniform over all z with real part bounded away from
zero, which is the uniformity required at energies E ̸= 0.

4.6 Selections at a vertex and the backbone

We now classify the children of a vertex by the shape of their forward subtrees. For a
vertex x ∈ V(ω), a child xk of x is a leaf child if Nxk = 0, so that its forward subtree
consists of xk alone; it is a surviving child if θxkω ∈ S ; and it is an other child if neither
holds. We write Nleaf

x , Nsurv
x , and Noth

x for the numbers of these children. For a vertex x
with Nleaf

x ≥ 1, we let ℓ(x) denote the leaf child xk of x for which the pair (ζxk(1), k) is
lexicographically smallest; thus ℓ(x) is the leaf child with the smallest rank, ties (which
have probability zero) being broken by the label. Recall M = C×Ω and m = γ⊗P, and
set

mleaf = γ⊗P( · | No = 0), m∞ = γ⊗P∞, moth = γ⊗P( · | Ω \ (S ∪ {No = 0})).
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The last conditioning event has probability 1− ϱp− e−p ≥ P(No = 1, N1 = 0) = pe−2p >

0. Finally, let
G leaf = σ

(
Nv, ζv : v ∈ U; wv1{Nv ≥ 1} : v ∈ U∗

)
be the σ-field generated by the configuration in which the marks of all edges leading to
leaves have been erased.

Lemma 4.21. Let p > 1.

(i) Under P, the processes Πleaf, Πsurv, and Πoth formed by the points (wk, θkω) of the leaf
children, the surviving children, and the other children of the root are independent Poisson
processes with intensity measures pe−pmleaf, pϱpm

∞, and p(1− ϱp − e−p)moth, and they
are independent of ζo. In particular, Nleaf

o , Nsurv
o , and Noth

o are independent Poisson variables
with means pe−p, pϱp, and p(1− ϱp − e−p). Under P∞, the processes Πleaf, Πoth, and the
mark ζo have the same laws as under P and are independent of Πsurv, which has the law of
a Poisson process with intensity measure pϱpm

∞ conditioned to have at least one point. In
particular, for every measurable set B ⊂ M∞ = C× S ,

P∞(Nleaf
o ≥ 1, Πsurv(B) ≥ 1

)
= ϱ−1

p
(
1− e−pe−p)(

1− e−pm(B)). (4.20)

(ii) Let R = {Nleaf
o = 1, Nsurv

o = 1, Noth
o = 0} be the event that the root has exactly one

leaf child, exactly one surviving child, and no other child, and on R let ℓ, y ∈ {1, 2} be the
labels of the leaf child and of the surviving child. Then R ⊂ S , P(R) = p2ϱpe−2p, and
P∞(R) = p2e−2p. Moreover, for all measurable F1, F2 : M→ [0, ∞] and F3 : Z→ [0, ∞],

E∞[1R F1(wy, θyω) F2(wℓ, θℓω) F3(ζo)
]
= p2e−2p

∫
F1 dm∞

∫
F2 dmleaf

∫
F3 dκ.

(4.21)
In particular, conditionally on R under P∞, the squared moduli Yℓ and Yy are independent
Exp(1) variables, the forward configuration θyω of the surviving child has law P∞, and these
three random elements are independent of each other and of the phases wℓ/|wℓ|, wy/|wy|.

(iii) The root has exactly one child with probability P(No = 1) = P∞(No = 1) = pe−p.
Conditionally on {No = 1}, the point (w1, θ1ω) has law m under P and law m∞ under P∞.
Along a spine, let L ≥ 1, let J ⊂ {0, . . . , L− 1}, and let CJ = {Nvl = 1 for all l ∈ J} be
the event that the spine vertices vl, l ∈ J, have no side children. Then QL(CJ) = Q∞

L (CJ) =

e−p|J|; conditionally on CJ , the conclusions of Lemma 4.7 hold with Sl empty for l ∈ J; and
for every measurable F : Ω×U→ [0, ∞],

E ∑
v∈VL

F(ω, v)∏
l∈J

1{Nvl = 1} = pLe−p|J|EQL

[
F(ω, v)

∣∣ CJ
]
.

The same identity holds with E∞, V∞
L , and Q∞

L in place of E, VL, and QL.
(iv) Let X be a random finite subset of U which is G leaf-measurable, and let A = {ℓ(x) :

x ∈ X ∩ V(ω), Nleaf
x ≥ 1} be the set of selected leaf children of the vertices in X. Then
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{A = a} ∈ Ga for every finite a ⊂ U∗, and the conclusions of Lemma 4.17 hold for A
under P and P∞. In particular, the selected squared moduli (Yv)v∈A are fresh given HA:
conditionally on HA, they are independent Exp(1) variables. The same holds under the spine
laws if X = X(ω, v), respectively X(ω, u, v), is G leaf-measurable for each fixed value of the
endpoints; for example, X = {v} or X = {u, v}.

(v) Under QL, respectively Q∞
L , the endpoint configuration θvω has law P, respectively P∞, and

is independent of the spine edge marks, the auxiliary marks of the spine vertices, and the side
sequences. In particular, (i)–(iii) hold for the children of the endpoint v, with θvω in place
of ω; for example, Q∞

L (R ◦ θv) = p2e−2p, and (4.21) holds conditionally on the spine data.
Under Q∞

L,j, the events R ◦ θu and R ◦ θv are independent, each has probability p2e−2p, and
(4.21) holds jointly at the two endpoints, with independent factors.

Proof. For (i), the sets Mleaf = C× {No = 0}, M∞ = C× S , and Moth = C× (Ω \ (S ∪
{No = 0})) partition M, and their m-masses are e−p, ϱp, and 1− ϱp− e−p. For measurable
u1, u2, u3 : M→ [0, ∞), the computation in the proof of Lemma 4.5(i) gives

E exp
(
−Πleaf(u1)−Πsurv(u2)−Πoth(u3)

)
=

3

∏
i=1

exp
(
−p

∫
Mi

(1− e−ui) dm
)

,

where (M1, M2, M3) = (Mleaf, M∞, Moth). As there, this shows that the three processes are
independent Poisson processes with intensity measures pm( · ∩Mi), which are the stated
ones; they are independent of ζo by Lemma 4.2. The statement under P∞ follows as in
Lemma 4.5(ii), since S = {Nsurv

o ≥ 1}. For (4.20), we note that {Πsurv(B) ≥ 1} ⊂ S , that
Πsurv(B) = Πo(B) has law Pois(pm(B)), and that it is independent of Nleaf

o , which has
law Pois(pe−p); dividing by ϱp gives (4.20).

For (ii), write Mk = (wk, θkω). On R, we have No = 2, and exactly one of M1, M2 lies
in M∞ while the other lies in Mleaf. By Lemma 4.2(ii), No, ζo, M1, M2 are independent,
and M1, M2 have law m. Using also P(No = 2) = p2e−p/2, we obtain

E
[
1RF1(My)F2(Mℓ)F3(ζo)

]
= P(No = 2) · 2

∫
M∞

F1 dm
∫

Mleaf
F2 dm

∫
F3 dκ

= p2e−p · ϱp

∫
F1 dm∞ · e−p

∫
F2 dmleaf

∫
F3 dκ,

where the factor 2 accounts for the two possible values of (y, ℓ). The surviving child
has an infinite forward subtree, which gives R ⊂ S . Dividing by ϱp gives (4.21), and
taking F1 = F2 = F3 = 1 gives the two probabilities. For the last assertion, we take
F1(w, ω′′) = g1(|w|2)g2(w/|w|)g3(ω

′′) and F2(w, ω′′) = g4(|w|2)g5(w/|w|), and use that
under γ the modulus squared and the phase are independent with laws Exp(1) and
uniform.

For (iii), P(No = 1) = pe−p, and {No = 1} ∩ S = {No = 1, θ1ω ∈ S} has probability
pe−pϱp by Lemma 4.2(ii); dividing by ϱp gives P∞(No = 1) = pe−p. The conditional
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laws follow in the same way. Along a spine, we have Nvl = N′l + 1 and therefore
CJ = {|Sl| = 0 for l ∈ J}, which has QL-probability e−p|J| by Lemma 4.7(i). Since CJ is
an event in terms of the sequences Sl, conditioning on it preserves the independence in
Lemma 4.7 and only changes the laws of Sl, l ∈ J, to the point mass at the empty sequence.
Under Q∞

L the event CJ has the same probability, because it is independent of θvω. The
displayed identity is (4.5) applied to F(ω, v)∏l∈J 1{Nvl = 1}, and its conditioned version
is (4.8).

For (iv), fix a finite set a ⊂ U∗, and let ω̃ = ωa←0 be the configuration in which
the marks wv, v ∈ a, are replaced by 0. Every element of A is a leaf, and therefore
{A = a} ⊂ {Nv = 0 for all v ∈ a}. On the latter event, the generators wv1{Nv ≥ 1} of
G leaf take the same values at ω and at ω̃, and so do all offspring numbers and auxiliary
marks. Since X is G leaf-measurable and the selection x 7→ ℓ(x) depends only on the
offspring numbers and the ranks, we have 1{A = a}(ω) = 1{A = a}(ω̃) on this event.
Off this event, both sides vanish, because ω and ω̃ have the same offspring numbers.
Since the right side does not depend on (wv)v∈a, we conclude that {A = a} ∈ Ga. The
remaining assertions are Lemma 4.17; the independence of the selected leaf marks at
distinct vertices of X is part of (4.15), which identifies their joint conditional law as γ⊗A.
Under the spine laws, we argue in the same way for each fixed value of the endpoints
and apply Lemma 4.17(ii).

Part (v) follows from Lemma 4.7(i), (iii), and (iv).

We emphasize that the structural events in Lemma 4.21 are defined in terms of
offspring numbers and survival, and that the selections use only offspring numbers and
ranks; neither inspects an edge mark. This is why the selected squared moduli remain
fresh; compare Remark 4.19, where the conditioning event is defined in terms of the
squared modulus itself.

We conclude with the growth of the backbone. By Lemma 4.5(ii), the probability
under P∞ that the root has exactly one surviving child is

q =
pϱpe−pϱp

1− e−pϱp
= pe−pϱp ,

where we used ϱp = 1− e−pϱp . With λ = pϱp > 0, we have q = λ/(eλ − 1) < 1, since
eλ − 1 > λ.

Lemma 4.22. Let p > 1 and q = pe−pϱp .

(i) On S , we have Z0 = 1 and Zn+1 ≥ Zn for every n ≥ 0.
(ii) For all n ≥ 0, m ≥ 1, and K ≥ 0, P∞(Zn = m, Zn+K = m) = qmK P∞(Zn = m).

(iii) Zn → ∞ as n→ ∞, P∞-almost surely.

Proof. The proof proceeds in four steps. After the elementary monotonicity, we compute
the probability that the backbone of a surviving tree consists of a single line for K
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generations, using the Mecke formula. Then we use the branching property at generation
n to obtain (ii), from which (iii) follows.

Step 1. Monotonicity. On S , the root has an infinite forward subtree, and Z0 = 1. If
v ∈ V∞

n , then the forward subtree of v is infinite and v has finitely many children, so at
least one child of v has an infinite forward subtree and belongs to V∞

n+1. Since distinct
vertices have distinct children, we have Zn+1 ≥ Zn. This proves (i). Further, for all
n, K ≥ 0 and ω ∈ Ω, we have

Zn+K(ω) = ∑
v∈V∞

n

ZK(θvω). (4.22)

Indeed, for v ∈ Vn, the vertices of V∞
n+K that descend from v are exactly the vertices vu

with u ∈ V∞
K (θvω), and there are none unless the forward subtree of v is infinite, that is,

unless v ∈ V∞
n .

Step 2. A single line. For K ≥ 0, let AK = S ∩ {ZK = 1}. We claim that P∞(AK) = qK.
For K = 0 this holds since A0 = S . Let K ≥ 1. By Step 1, we have Z1 = 1 on AK, that is,
the root has exactly one child k with θkω ∈ S , and (4.22) with n = 1 gives ZK−1(θkω) = 1.
Conversely, if the root has exactly one surviving child k and θkω ∈ AK−1, then ω ∈ AK.
In terms of the child process, this reads

1AK(ω) =
No

∑
k=1

1AK−1(θkω) ∏
k′≤No, k′ ̸=k

1Ω\S(θk′ω) =
∫

F(m, Πo − δm)Πo(dm),

where F((w, ω′′), π) = 1AK−1(ω
′′)1{π(M∞) = 0} and M∞ = C× S . In the first equality

we used AK−1 ⊂ S . By Lemma 4.2(iii) and (4.1), we obtain

P(AK) = p P(AK−1)P
(
Πo(M∞) = 0

)
= p e−pϱp P(AK−1).

Dividing by ϱp, we find P∞(AK) = q P∞(AK−1), and the claim follows by induction.

Step 3. Proof of (ii). Let n ≥ 0, m ≥ 1, and K ≥ 0. On {Zn = m}, each term in (4.22) is
at least 1 by Step 1, and Zn+K = m holds if and only if θvω ∈ AK for every v ∈ V∞

n . We
obtain

1{Zn = m, Zn+K = m} = ∑
a⊂Un
|a|=m

1{a ⊂ Vn}∏
v∈a

1AK(θvω) ∏
v∈Vn\a

1Ω\S(θvω),

since only the term with a = V∞
n can be nonzero. By Lemma 4.2(i), the configurations

θvω, v ∈ Un, are independent with law P and independent of Fn, and the finite set Vn is
Fn-measurable. Conditioning on Fn, we find that

P
(
Zn = m, Zn+K = m

∣∣ Fn
)
= ∑

a⊂Un
|a|=m

1{a ⊂ Vn}P(AK)
m(1− ϱp)

|Vn|−m.
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The same computation with S in place of AK gives the conditional probability of {Zn =

m}, with ϱm
p in place of P(AK)

m. By Step 2, we have P(AK) = ϱpqK, and the first
conditional probability is therefore qmK times the second. Taking expectations, and using
that both events are contained in S because m ≥ 1, we deduce (ii) after division by ϱp.

Step 4. Proof of (iii). By (i), the limit Z∞ = limn Zn ∈ {1, 2, . . . } ∪ {∞} exists on S . For
m ≥ 1, we have

{Z∞ = m} ⊂
⋃

n≥0

⋂
K≥0

{Zn = m, Zn+K = m}.

By (ii), each event in the union has P∞-probability at most infK qmK = 0, since q < 1. We
conclude that P∞(Z∞ < ∞) = 0, which is (iii).



section 5

Real solutions of the cavity equation

At an energy E > 0 where the imaginary parts of the cavity variables vanish at the
real axis, the cavity equation of Proposition 3.16 becomes an equation for a probability
measure on the real line. This section studies that equation and its relation with the tree.

In Section 5.1, we define real solutions and the normalizations used in the rest of the
paper. In Section 5.2, we prove properties shared by all real solutions: the structure of
their atoms, a density bound near zero, fractional moments of both signs, full support,
a fractional cancellation estimate, and a bound on the probability that the denominator
is small on the scale p−1/2. These properties hold for every p > 1, every E > 0 and
every real solution. The atom structure, the moments, the full support and the fractional
cancellation estimate are the hypotheses under which the free energy is defined and
identified in Section 6.

The rest of the section connects real solutions with the tree. In Section 5.3, we define a
deterministic set Ep of regular energies, of full Lebesgue measure, at which all boundary
values used in this paper exist, and we prove a zero–one law for the imaginary part of
the root cavity variable. If this imaginary part vanishes under P∞, then the denominators
at the real axis are finite, real and nonzero, and the law of the root denominator is a
real solution, which we call the real boundary law. In Section 5.4, we construct, for
an arbitrary real solution, a recursive tree process with that solution as its marginal.
Section 5.5 records fractional moment bounds at z = E + iη with η > 0 that are uniform
in η. Finally, Section 5.6 proves that when the boundary is real, every cavity variable in a
fixed neighborhood of the root, of a spine, or of two spines converges as the imaginary
part η tends to zero, and identifies the limit with the real recursive tree process.

Throughout this section, p > 1 is fixed. Dependence of constants on parameters is
indicated explicitly.

5.1 Real solutions and their normalizations

By Proposition 3.16, the root cavity variable Γo(z) satisfies the cavity equation

Γo(z)
d
= −

(
z +

1
p

N

∑
j=1

YjΓj(z)
)−1

,

77
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where N ∼ Pois(p), the Yj are Exp(1) variables, the Γj(z) are copies of Γo(z), and all
these variables are independent. If the variables are real at z = E, then the inverse cavity
variable D = −1/Γ, which we call the denominator, satisfies the equation in the following
definition.

Definition 5.1. Let E > 0. A real solution at energy E is a Borel probability measure π on
R \ {0} with the following property. Let N, (Yj)j≥1 and (Dj)j≥1 be independent, with
N ∼ Pois(p), Yj ∼ Exp(1) and Dj ∼ π for every j. Then the random variable

E− 1
p

N

∑
j=1

Yj

Dj
(5.1)

has law π. We abbreviate this property by

D d
= E− 1

p

N

∑
j=1

Yj

Dj
,

where D ∼ π and the variables on the right are as above, and we call D the denominator.

Since Dj ̸= 0 almost surely and N is finite, the sum in (5.1) is a real number almost
surely, and the definition makes sense. Since π is carried by R \ {0}, the definition
includes the requirement that the variable (5.1) is nonzero almost surely. We only consider
positive energies. By Proposition 3.21, spectral statements at negative energies follow
from those at positive energies, and if π is a real solution at energy E, then the law of
−D satisfies the same equation with E replaced by −E.

The following normalizations are used throughout the paper.

Definition 5.2. Let E > 0, let π be a real solution at energy E, and let D ∼ π. Let
Y ∼ Exp(1) be independent of D.

(i) For a scaling g > 0, set B = gD and β = g2Y/p. The transfer matrix is

M(B, β) = β−1/2
(

0 1
−β B

)
.

(ii) For E > 2, set

g(E) =
E−
√

E2 − 4
2

, θ = g(E)2, K =
p
θ

,

and, with the scaling g = g(E), set B = g(E)D and X = 1/B. We call this the
B-normalization.

(iii) The scaled energy is ξ = E/
√

p. For ξ > 2/
√

p, set

ap(ξ) =
1

√
p g(ξ

√
p)

.
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(iv) The scaling g = 1/E gives B̃ = D/E, in which the atom of the law sits at 1 (see
Proposition 5.5(i)). We use the parameter τ = 1/(pE2).

We record the identities behind these normalizations.

Lemma 5.3. Let E > 0, let π be a real solution at energy E, and let N, (Yj), (Dj) be as in
Definition 5.1.

(i) For every g > 0, the matrix M(B, β) has determinant one, and with Bj = gDj and
β j = g2Yj/p we have

B d
= gE−

N

∑
j=1

β j

Bj
.

(ii) Let E > 2. Then Eg(E) = 1 + θ, β = Y/K, X = −Γ/g(E) when D = −1/Γ, and

B d
= 1 + θ − θ

p

N

∑
j=1

Yj

Bj
.

Further, E−1 < g(E) ≤ 2E−1; in particular g(E) < 1 and E−2 < θ ≤ 4E−2.
(iii) Let E = ξ

√
p > 2. Then

ap(ξ) =
ξ +

√
ξ2 − 4/p
2

, K = p2ap(ξ)
2,

ξ

2
≤ ap(ξ) < ξ.

(iv) With B̃j = Dj/E, we have

B̃ d
= 1− τ

N

∑
j=1

Yj

B̃j
.

If E > 2, then B̃ = B/(1 + θ) and τ = θ/(p(1 + θ)2).

Proof. The determinant of M(B, β) is β−1(0 · B + β) = 1. Multiplying (5.1) by g, we obtain

gD d
= gE− g

p

N

∑
j=1

Yj

Dj
= gE−

N

∑
j=1

g2Yj/p
gDj

,

which is (i).
For (ii), the numbers (E±

√
E2 − 4)/2 are the roots of t2 − Et + 1 = 0. In particular,

g(E)2 − Eg(E) + 1 = 0, that is, Eg(E) = 1 + θ, and since the product of the two roots is
one, we have

1
g(E)

=
E +
√

E2 − 4
2

. (5.2)

Inserting gE = 1+ θ and g2/p = θ/p into (i), we obtain the equation for B. The identities
β = g(E)2Y/p = Y/K and X = 1/(g(E)D) = −Γ/g(E) follow from the definitions.
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Since E ≤ E +
√

E2 − 4 < 2E, (5.2) implies that E−1 < g(E) ≤ 2E−1, and the remaining
bounds follow because E > 2.

For (iii), using (5.2), we find

ap(ξ) =
E +
√

E2 − 4
2
√

p
=

ξ
√

p +
√

ξ2p− 4
2
√

p
=

ξ +
√

ξ2 − 4/p
2

,

and K = p/g(E)2 = p · pap(ξ)2. The bounds on ap(ξ) follow from 0 ≤
√

ξ2 − 4/p < ξ.
For (iv), we divide (5.1) by E and use Yj/(pEDj) = τYj/B̃j. If E > 2, then B/(1+ θ) =

g(E)D/(g(E)E) = B̃, and θ/(p(1 + θ)2) = g(E)2/(pg(E)2E2) = τ.

The following table summarizes the normalizations. The last column is the atom
produced by the event {N = 0}, on which the denominator equals the constant term of
its equation; by Proposition 5.5, this is the only atom of a real solution.

variable equation in law atom

D = −1/Γ D d
= E− p−1 ∑j≤N Yj/Dj e−pδE

B = gD, scaling g > 0 B d
= gE−∑j≤N β j/Bj, β j = g2Yj/p e−pδgE

B = g(E)D, X = 1/B, E > 2 B d
= 1 + θ − (θ/p)∑j≤N Yj/Bj e−pδ1+θ

B̃ = D/E B̃ d
= 1− τ ∑j≤N Yj/B̃j e−pδ1

5.2 A priori properties of real solutions

We use the density bound of Lemma 4.18(iii) for affine combinations of independent
exponential variables, which is proved there by the Gamma–Dirichlet decomposition,
and the following bound on translated Gamma integrals.

Lemma 5.4. Let q ∈ (0, 1), and let Tq be a random variable with density

ωq(t) =
tq/2e−t

Γ(1 + q/2)
, t > 0.

Then for every u ∈ R,

E|Tq − u|−q ≤ 70
1− q

(1 + |u|)−q.

Proof. Let I(u) = E|Tq − u|−q. Since tq/2e−t/2 ≤ (q/e)q/2 ≤ 1 for t > 0 and Γ(1 + q/2) ≥
1/2, we have

ωq(t) ≤ 2e−t/2 ≤ 2, t > 0. (5.3)

We consider three cases.
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Let |u| ≤ 2. Splitting the integral according to whether |t− u| ≤ 1 and using (5.3) on
the first part, we have

I(u) ≤ 2
∫
|t−u|≤1

|t− u|−q dt +
∫ ∞

0
ωq(t)dt =

4
1− q

+ 1 ≤ 5
1− q

.

Since (1 + |u|)−q ≥ 3−q ≥ 1/3, this gives I(u) ≤ 15(1− q)−1(1 + |u|)−q.
Let u < −2. Since |t − u| = t + |u| ≥ |u| for t > 0, we have I(u) ≤ |u|−q ≤

2(1 + |u|)−q, where we used 1 + |u| ≤ 2|u|.
Let u > 2. We split (0, ∞) into (0, u/2], the set of t > u/2 with |t− u| ≤ 1, and the set

of t > u/2 with |t− u| > 1. On the first set, we have |t− u| ≥ u/2, and its contribution
is at most (u/2)−q ≤ 2u−q. On the second set, we have ωq(t) ≤ 2e−u/4 by (5.3), and
its contribution is at most 4e−u/4/(1− q). The contribution of the third set is at most∫ ∞

u/2 2e−t/2 dt = 4e−u/4. Since the maximum of uqe−u/4 over u > 0 is (4q/e)q ≤ 4, we
have e−u/4 ≤ 4u−q. Combining these bounds, we obtain

I(u) ≤
(

2 +
16

1− q
+ 16

)
u−q ≤ 34

1− q
u−q ≤ 68

1− q
(1 + u)−q,

where in the last step we used 1 + u ≤ 2u. The three cases prove the lemma.

Proposition 5.5. Let E > 0, let π be a real solution at energy E, and let D ∼ π.

(i) We have π = e−pδE + πac, where πac is absolutely continuous with respect to Lebesgue
measure. In particular, π has an atom of mass e−p at E and no other atom.

(ii) The density f of πac can be chosen so that

f (x) ≤
√

p
2π

1
|x− E| for all x ̸= E.

In particular, f (x) ≤ √p/E for |x| ≤ E/2, and P(|D| ≤ t) ≤ 2
√

p t/E for 0 ≤ t ≤ E/2.
(iii) For every q ∈ (0, 1),

E|D|−q ≤ 2
(

1 +
√

p
1− q

)
E−q, E|D|q ≤ Eq + p1−qΓ(1 + q)E|D|−q.

(iv) The support of π is R.
(v) Let q ∈ (0, 1) and g > 0, set B = gD, and let Tq be as in Lemma 5.4 and independent of D.

Then for every a ≥ 0 and σ ∈ {−1, 1},

E|B− σaTq|−q ≤ 70
1− q

E(a + |B|)−q ≤ C min{1, a−q},

where C = 70(1 − q)−1 max{1, g−qE|D|−q} depends only on p, E, g and q, and
min{1, a−q} = 1 for a = 0.
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By (i), (iii) and (iv), for every g > 0, the law of B = gD has no atom at zero, has full
support, and satisfies E|B|q < ∞ for every q ∈ (0, 1). These are the hypotheses under
which the free energy is defined in Section 6.

Proof. Throughout the proof, N, (Yj) and (Dj) are as in Definition 5.1, and D has the law
of

E− R, R =
1
p

N

∑
j=1

Yj

Dj
. (5.4)

Step 1. Atoms and density. On the event {N = 0}, which has probability e−p, the variable
(5.4) equals E. Fix n ≥ 1 and condition on N = n and on D1, . . . , Dn. Then E− R = E +

∑j≤n ajYj with real nonzero coefficients aj = −1/(pDj), and Y1, . . . , Yn are independent
Exp(1) variables independent of the conditioning. By Lemma 4.18(iii), the conditional
law of E− R has a density ρn(x) = ρn(x; D1, . . . , Dn) with

ρn(x) ≤
√

n
2π

1
|x− E| , x ̸= E, (5.5)

and the formula for ρn in the proof of that lemma is jointly measurable in (x, D1, . . . , Dn).
Using Tonelli’s theorem, we find that for every Borel set A ⊂ R,

π(A) = e−p1A(E) + ∑
n≥1

P(N = n)E

∫
A

ρn(x; D1, . . . , Dn)dx

= e−p1A(E) +
∫

A
f (x)dx,

with
f (x) = ∑

n≥1
P(N = n)Eρn(x; D1, . . . , Dn).

This proves (i). For x ̸= E, (5.5) implies that

f (x) ≤ E
√

N√
2π |x− E|

≤
√

p
2π

1
|x− E| ,

where we used Jensen’s inequality E
√

N ≤
√

EN =
√

p. If |x| ≤ E/2, then |x− E| ≥ E/2
and f (x) ≤ 2

√
p/(2π)/E ≤ √p/E. Since the interval [−t, t] does not contain the atom

E for 0 ≤ t ≤ E/2, we have P(|D| ≤ t) =
∫ t
−t f ≤ 2

√
p t/E. This proves (ii).

Step 2. Moments. By (ii),

E|D|−q ≤
(E

2

)−q
+
∫ E/2

−E/2
|x|−q f (x)dx ≤

( 2
E

)q
+

√
p

E
· 2(E/2)1−q

1− q
≤ 2E−q +

2
√

p
1− q

E−q.



5 Real solutions of the cavity equation 5.2 A priori properties of real solutions 83

In the first inequality, we bounded |D|−q by (E/2)−q on the event {|D| > E/2}. For the
positive moment, we use (5.4) and the inequality |a + b|q ≤ |a|q + |b|q, valid for q ∈ (0, 1],
to obtain

|D|q ≤ Eq + p−q
N

∑
j=1

Yq
j |Dj|−q.

Taking expectations and using the independence of N, (Yj) and (Dj), we find

E|D|q ≤ Eq + p−q EN EYq
1 E|D|−q = Eq + p1−qΓ(1 + q)E|D|−q,

which proves (iii).

Step 3. Full support. It suffices to show that every open interval I has π(I) > 0. By (i),
the event {N = 1, D1 = E} has probability pe−pπ({E}) = pe−2p > 0. On this event,
the variable (5.4) equals E − Y1/(pE), which has the density pEe−pE(E−x) on (−∞, E).
This density is strictly positive on (−∞, E), and we conclude that π(I) > 0 for every
open interval I that meets (−∞, E). Since E > 0, this applies to I = (−∞, 0), and the
event {N = 1, D1 < 0} has probability pe−pπ((−∞, 0)) > 0. On this event, the variable
(5.4) equals E + Y1/(p|D1|), and conditionally on D1 it has the strictly positive density
p|D1|e−p|D1|(x−E) on (E, ∞). As before, we conclude that π(I) > 0 for every open interval
I that meets (E, ∞). Every open interval meets (−∞, E) or (E, ∞), which proves (iv).

Step 4. Fractional cancellation. Fix b ∈ R \ {0}. For a > 0, we have |b− σaTq| = a|Tq −
σb/a| since |σ| = 1, and Lemma 5.4 implies that

E|b− σaTq|−q = a−q E

∣∣∣Tq −
σb
a

∣∣∣−q
≤ 70

1− q
a−q
(

1 +
|b|
a

)−q
=

70
1− q

(a + |b|)−q.

For a = 0, the left side equals |b|−q = (a + |b|)−q. Since Tq is independent of B and
B ̸= 0 almost surely, we may condition on B and obtain the first inequality in (v). For the
second, we have E(a + |B|)−q ≤ min{a−q, E|B|−q}, and E|B|−q = g−qE|D|−q is finite by
(iii). Finally, min{a−q, M} ≤ max{1, M}min{1, a−q} for M ≥ 0, as one sees by treating
a ≥ 1 and a < 1 separately. This proves (v).

The next lemma bounds the probability that the denominator is small on the scale
p−1/2, uniformly in the energy and in the real solution.

Lemma 5.6. Let E > 0, let π be a real solution at energy E, let D ∼ π, and for a > 0 set
qa = P(|D| ≤ a/

√
p). Then

qa ≤ e−pqa + 2a2.

In particular, let ε ∈ (0, 1), and set a(ε) =
√

ε/2 and p(ε) = ε−1 log(2/ε). Then qa < ε for
every p > max{1, p(ε)}, every E > 0, every real solution at energy E, and every a ∈ (0, a(ε)].
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Proof. Let N, (Yj) and (Dj) be as in Definition 5.1, and recall that D has the law of (5.4).
We call an index j ≤ N small if |Dj| ≤ a/

√
p, and we let K be the number of small indices.

Since the Dj are independent of N, the variable K has, conditionally on N, the binomial
law with parameters N and qa. Its generating function is EsK = E(1− qa + qas)N =

e−pqa(1−s), s ∈ [0, 1], which is that of Pois(pqa); in particular P(K = 0) = e−pqa .
On the event {K ≥ 1}, let j∗ be the smallest small index. Then {K ≥ 1} and j∗ are

measurable with respect to σ(N, (Dj)j≥1). Let G be the σ-algebra generated by N, (Dj)j≥1
and the variables Yj1{j ̸=j∗}, j ≥ 1. For each k ≥ 1, the variable Yk is independent of
N, (Dj)j≥1 and (Yj)j ̸=k, and the event {j∗ = k} is determined by N and (Dj). Then on
{K ≥ 1}, conditionally on G, the variable Yj∗ has the Exp(1) law. Further,

E− R = c−
Yj∗

pDj∗
, c = E− 1

p ∑
j≤N, j ̸=j∗

Yj

Dj
,

where c is G-measurable. For a real constant c and κ ̸= 0, the variable c + κYj∗ has a
density bounded by |κ|−1. Here |κ|−1 = p|Dj∗ | ≤ a

√
p, and on {K ≥ 1} we have

P
(
|E− R| ≤ a/

√
p
∣∣ G) ≤ 2a

√
p
· a√p = 2a2.

Since E− R has the law of D, we conclude that

qa ≤ P(K = 0) + E
[
P(|E− R| ≤ a/

√
p | G)1{K≥1}

]
≤ e−pqa + 2a2.

For the second assertion, let a ≤ a(ε) and p > p(ε); then 2a2 ≤ ε/2 and e−pε < ε/2. If
qa ≥ ε, then the first assertion gives qa ≤ e−pε + ε/2 < ε, which is impossible. This proves
the second assertion.

5.3 Regular energies and boundary values

In this section, we define the regular energies and study the boundary values of resolvent
entries at a regular energy. The main result is Proposition 5.11.

Notation

We use the realization of the marked tree on the configuration space Ω of Definition 4.1.
Thus ω = ((Nv)v∈U, (ζv)v∈U, (wv)v∈U∗) has law P, the children of v ∈ V = V(ω) are
v1, . . . , vNv, the edge {v−, v} carries the mark wv, and Yv = |wv|2 = p|hv−v|2. We write
θu for the shifts, U≤m =

⋃
n≤m Un, uU = {uv : v ∈ U}, and Vn = V ∩Un for the set

of vertices of generation n. For u ∈ U, we set Su = {θuω ∈ S}, and for u ∈ V we set
ςu = 1Su , so that ςu = 1 if and only if the forward subtree Tu is infinite. We recall from
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Lemma 4.2(i) that for every n ≥ 0, the configurations θuω, u ∈ Un, are independent with
law P and independent of the σ-field

Fn = σ
(

Nu, ζu : |u| < n; wu : 1 ≤ |u| ≤ n
)
,

which determines Vn. We also recall from the discussion after Definition 4.1 that, P-almost
surely, Γu(z) = Goo(z) ◦ θu for every u ∈ V \ {o} and z ∈ C \R.

A removed set is a pair ∆ = (∆V , ∆E) of finite sets ∆V ⊂ U and ∆E ⊂ U∗, where a word
u ∈ ∆E stands for the edge {u−, u}. It determines the finite removal of Definition 3.3 in
which the vertices of ∆V ∩V and the edges {u−, u} with u ∈ ∆E ∩V are removed, and
every finite removal arises in this way. Its depth d(∆) is the maximal length of a word
in ∆V ∪ ∆E, and d(∆) = 0 if ∆ is empty. We write T ∆ for the reduced forest, H∆ for
the reduced operator, and G∆

xy(z), GC
xy(z), Cx→w and ΓC

x→w(z) for the resolvent entries,
components, branches and cavity resolvents of Definition 3.15 and Lemma 3.5. These
objects are defined for all removed sets simultaneously on the almost sure event Ωsa of
Theorem 3.10. If ∆ is empty, then C = V, and we recover Gxy, Γx→w, the forward cavities
Γv = Γv→v− for v ̸= o, and Γo = Goo. Since there are countably many removed sets, a
statement that holds almost surely for each fixed removed set holds almost surely for
all removed sets simultaneously; this covers finite removals selected at random, as in
Definition 3.3.

Let K be the countable set of quadruples κ = (∆, x, y, k), where ∆ is a removed set,
x, y ∈ U and k ∈ {0, 1, 2, 3}. For κ ∈ K and z ∈ C \R, we set ϕκ = δx + ikδy and

Fκ(z) = ⟨ϕκ, (H∆ − z)−1ϕκ⟩ if x, y ∈ V \ ∆V ,

and Fκ(z) = 0 otherwise. By the polarization identity, we have

G∆
xy(z) =

1
4

3

∑
k=0

i−kF(∆,x,y,k)(z), (5.6)

so every resolvent entry of every reduced operator is a fixed linear combination of four
functions Fκ. For instance, Γv = G∆

vv for the removed set with ∆V = ∅ and ∆E = {v}, and
ΓC

x→w = G∆′
xx, where ∆′ is obtained from the removed set defining C by adding the edge

{x, w}.
If x, y ∈ V \ ∆V , then Lemma 3.14(ii) gives Fκ(z) =

∫
µκ(dλ)/(λ− z), where µκ is the

spectral measure of ϕκ for H∆, a positive measure of total mass ∥ϕκ∥2 ≤ 4. Thus Fκ is the
Borel transform of a finite measure. For such a function, the limit limη↓0 Fκ(E + iη) exists
and is finite for Lebesgue-almost every E ∈ R; see, for example, [123] or [13].

Regular energies

Definition 5.7. The set Ep of regular energies is the set of E ∈ R \ {0} such that, P-almost
surely, the following two conditions hold.
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(a) For every κ ∈ K, the limit Fκ(E + i0) = limη↓0 Fκ(E + iη) exists in C.
(b) For every finite, nonempty, connected set Λ ⊂ V, the energy E is not an eigenvalue

of the matrix HΛ = (⟨δx,Hδy⟩)x,y∈Λ.

For E ∈ Ep, we write G∆
xy(E+ i0), ΓC

x→w(E+ i0), Γv(E+ i0), and so on, for the correspond-
ing limits, which exist and are finite almost surely by (a) and (5.6).

By Lemma 5.8 below, Ep is a Borel set whose complement is Lebesgue-null. Since
P∞ ≤ ϱ−1

p P, every P-almost sure statement is also a P∞-almost sure statement. Condition
(b) states that every finite subtree of T , with its edge weights, has E outside its spectrum.
Every finite component of a reduced forest is such a subtree, and so is every finite forward
subtree Tv together with all its sub-bushes. For such a finite component C and x, y ∈ C,
the function GC

xy(z) is a rational function of z with poles in the spectrum of HC. At E ∈ Ep

it is analytic near E, and its boundary value GC
xy(E + i0) = GC

xy(E) is the corresponding
entry of (HC − E)−1. In particular, the diagonal entries GC

xx(E + i0) are real.

Lemma 5.8. The set Ep is a Borel set, its complement in R has Lebesgue measure zero, and
Ep = −Ep.

Proof. Step 1. Joint measurability. Fix κ ∈ K. By Theorem 3.10(iii) and the discussion
after Definition 3.15, on Ωsa the function Fκ(z) is the limit, uniformly for z in compact
subsets of C \R, of the corresponding quantities for the restrictions of H∆ to finite balls.
These are rational functions of z whose coefficients are measurable functions of ω. Then
(ω, E, η) 7→ Fκ(E + iη) is jointly measurable on Ω×R× (0, ∞).

Since η 7→ Fκ(E + iη) is continuous, the limit as η ↓ 0 exists in C if and only if
for every k ∈ N there exists n ∈ N such that |Fκ(E + iη)− Fκ(E + iη′)| ≤ 1/k for all
rational η, η′ ∈ (0, 1/n). By this criterion, the set Ba of pairs (ω, E) for which (a) fails is
measurable. The set Bb of pairs for which (b) fails is the union over finite sets Λ ⊂ U

of the sets {Λ ⊂ V, Λ connected, det(HΛ − E) = 0}, and it is measurable as well. Let
B = Ba ∪ Bb ∪ ((Ω \Ωsa)×R).

Step 2. Full measure. Fix ω ∈ Ωsa. For each κ, the function Fκ is either zero or the Borel
transform of a finite measure; in both cases its boundary value exists in C for Lebesgue-
almost every E. Since K is countable, the section {E : (ω, E) ∈ Ba} is Lebesgue-null. The
section {E : (ω, E) ∈ Bb} is contained in the union of the spectra of the countably many
finite matrices HΛ, which is a countable set. By Tonelli’s theorem,∫

R
P
(
{ω : (ω, E) ∈ B}

)
dE = E

∣∣{E : (ω, E) ∈ B}
∣∣ = 0,

where | · | denotes Lebesgue measure. The function E 7→ P({ω : (ω, E) ∈ B}) is Borel by
Tonelli’s theorem, and Ep = {E ̸= 0 : P({ω : (ω, E) ∈ B}) = 0}. We conclude that Ep is a
Borel set of full measure.
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Step 3. Symmetry. Let U be the diagonal unitary Uδv = (−1)|v|δv on ℓ2(V \ ∆V). Since
the edges of T ∆ join consecutive generations, UH∆U = −H∆ on finitely supported
vectors, and hence on the closure. For κ = (∆, x, y, k) with x, y ∈ V \ ∆V , we have
Uϕκ = (−1)|x|ϕκ′ with κ′ = (∆, x, y, k′), where k′ = k if |x|+ |y| is even and k′ ≡ k + 2
(mod 4) otherwise. We have, for z ∈ C \R,

Fκ(z) = ⟨Uϕκ, (UH∆U − z)−1Uϕκ⟩ = −⟨ϕκ′ , (H∆ + z)−1ϕκ′⟩.

Taking z = −E + iη and using Lemma 3.14(i), we obtain

Fκ(−E + iη) = −Fκ′(E + iη).

This shows that condition (a) holds at −E if and only if it holds at E. Similarly, UHΛU =

−HΛ for every finite connected Λ, which shows that the spectrum of HΛ is symmetric
and that condition (b) holds at −E if and only if it holds at E. Hence Ep = −Ep.

Boundary values of the Schur recursion

We next pass the Schur formulas of Proposition 3.16 to the real axis. For a component C
of T ∆ and x ∈ C, we write y ∼C x if y is a neighbor of x in C.

Lemma 5.9. Let E ∈ Ep. Almost surely, all edge weights of T are nonzero, and the following
holds for every removed set ∆, every component C of T ∆, every x ∈ C, and every neighbor w of x
in C. The numbers

DC
x = E + ∑

y∼Cx
|hxy|2 ΓC

y→x(E + i0), DC
x→w = E + ∑

y∼Cx, y ̸=w
|hxy|2 ΓC

y→x(E + i0)

are finite and nonzero, GC
xx(E + i0) = −1/DC

x , and ΓC
x→w(E + i0) = −1/DC

x→w. In particular,
GC

xx(E + i0) and ΓC
x→w(E + i0) are nonzero, and

Im GC
xx(E + i0) = |GC

xx(E + i0)|2 ∑
y∼Cx
|hxy|2 Im ΓC

y→x(E + i0), (5.7)

Im ΓC
x→w(E + i0) = |ΓC

x→w(E + i0)|2 ∑
y∼Cx, y ̸=w

|hxy|2 Im ΓC
y→x(E + i0). (5.8)

Proof. Each mark wv is nonzero almost surely, and since there are countably many marks,
all edge weights are nonzero almost surely. By Proposition 3.16(i), almost surely, for all
z ∈ C \R,

GC
xx(z) = −

1
DC

x (z)
, DC

x (z) = z + ∑
y∼Cx
|hxy|2 ΓC

y→x(z).

The sum has finitely many terms, and each ΓC
y→x(E + iη) converges to a finite limit by

condition (a) of Definition 5.7. Then DC
x (E + iη) → DC

x , which is finite. If DC
x = 0, then
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|GC
xx(E + iη)| = 1/|DC

x (E + iη)| → ∞, which contradicts the existence of a finite limit
of GC

xx(E + iη). We conclude that DC
x ̸= 0 and GC

xx(E + i0) = −1/DC
x , which is nonzero

because DC
x is finite. For Im z > 0, we have Im(−1/D) = Im D/|D|2, and

Im GC
xx(z) = |GC

xx(z)|2
(

η + ∑
y∼Cx
|hxy|2 Im ΓC

y→x(z)
)

.

Letting η ↓ 0 gives (5.7). The assertions about ΓC
x→w follow in the same way from

Proposition 3.16(ii). Since K is countable, all these statements hold simultaneously on
one almost sure event.

All imaginary parts in (5.7) and (5.8) are nonnegative, since they are limits of imag-
inary parts of Borel transforms of positive measures. The next lemma shows that a
positive imaginary part at the real axis can only be created by an infinite forward subtree.

Lemma 5.10. Let E ∈ Ep. Almost surely, the following holds for every removed set ∆, every
component C of T ∆, every x ∈ C, and every neighbor w of x in C.

(i) If Im GC
xx(E + i0) > 0 or Im ΓC

x→w(E + i0) > 0, then there exists y ∈ V with Im Γy(E +

i0) > 0.
(ii) On the event that Im Γy(E + i0) > 0 for every y ∈ V such that Ty is infinite, we have

Im GC
xx(E + i0) > 0 if and only if C is infinite, and Im ΓC

x→w(E + i0) > 0 if and only if
Cx→w is infinite.

Proof. We work on the intersection of the almost sure events of Definition 5.7 and
Lemma 5.9, and we use two facts about paths in the tree. First, a non-backtracking
path x0, x1, x2, . . . , that is, a path with xk+1 ∼ xk and xk+1 ̸= xk−1, visits distinct vertices.
If it is infinite, then there exists k0 ≤ |x0| such that xk+1 is a child of xk for all k ≥ k0.
Indeed, a step to the parent cannot follow a step to a child without returning to the
previous vertex; the path takes at most |x0| steps toward the root, and then it moves away
from the root forever. Second, if |y| > d(∆), then the forward subtree Ty contains no
vertex of ∆V and no edge of ∆E, since all its vertices and all lower endpoints of its edges
have length at least |y|. If moreover y ∈ C and y− ∈ C, then by Lemma 3.5(ii) the branch
Cy→y− is the vertex set of Ty, and ΓC

y→y− = Γy.

Proof of (i). Suppose that Im ΓC
x→w(E + i0) > 0, and set x0 = x and x−1 = w. By (5.8),

there exists a neighbor x1 ̸= x−1 of x0 in C with Im ΓC
x1→x0

(E + i0) > 0. Applying (5.8)
again to the oriented edge x1 → x0, and repeating, we obtain an infinite non-backtracking
path (xk)k≥0 in C with Im ΓC

xk→xk−1
(E+ i0) > 0 for all k ≥ 0. Let k > k0 satisfy |xk| > d(∆).

Then xk is a child of xk−1, and by the second fact, ΓC
xk→xk−1

= Γxk . The vertex y = xk

satisfies Im Γy(E + i0) > 0. If instead Im GC
xx(E + i0) > 0, then (5.7) provides a neighbor

w′ of x in C with Im ΓC
w′→x(E + i0) > 0, and we apply the previous argument to the

oriented edge w′ → x.
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Proof of (ii). If Cx→w is finite, then condition (b) of Definition 5.7 and the discussion
after it show that ΓC

x→w(E + i0) is real. Suppose that Cx→w is infinite. It induces an
infinite, connected, locally finite subtree, and König’s lemma provides an infinite non-
backtracking path x = x0, x1, x2, . . . in Cx→w; its first step is not w, since w /∈ Cx→w. Let
k > k0 satisfy |xk| > max{d(∆), |x|, |w|}. Then xk is a child of xk−1, and by the second
fact, ΓC

xk→xk−1
= Γxk . The forward subtree Txk is infinite, since it contains xk, xk+1, . . . , and

by assumption Im Γxk(E + i0) > 0. For 0 ≤ i ≤ k− 1, we keep only the term y = xi+1 in
(5.8) for the oriented edge xi → xi−1, where x−1 = w, and obtain

Im ΓC
xi→xi−1

(E + i0) ≥ |ΓC
xi→xi−1

(E + i0)|2 |hxixi+1 |
2 Im ΓC

xi+1→xi
(E + i0).

The first two factors on the right are positive by Lemma 5.9. By induction from i = k− 1
down to i = 0, we obtain Im ΓC

x→w(E + i0) > 0.
For the diagonal entries, if C is finite, then GC

xx(E + i0) is real. If C is infinite, then
one of the finitely many branches Cy→x, y ∼C x, is infinite, since by Lemma 3.5(ii)
these branches together with {x} make up C. For this y, the previous paragraph gives
Im ΓC

y→x(E + i0) > 0, and (5.7) gives Im GC
xx(E + i0) > 0.

The zero–one law and the real boundary law

Recall from Definition 3.2 that, for p > 1, the survival probability ϱp is the unique solution
in (0, 1) of 1− ϱ = e−pϱ.

Proposition 5.11. Let E ∈ Ep with E > 0, and set u = P(Im Γo(E + i0) > 0).

(i) We have u = 1− e−pu and u ∈ {0, ϱp}, and

P∞(Im Γo(E + i0) = 0) = 1− u
ϱp
∈ {0, 1}.

If u = ϱp, then almost surely (under P, and hence under P∞), the following holds for
every vertex v ∈ V, every removed set ∆, every component C of T ∆ and every x ∈ C:
Im Γv(E + i0) > 0 if and only if Tv is infinite, and Im GC

xx(E + i0) > 0 if and only if C is
infinite. In particular, P∞-almost surely, Im Gvv(E + i0) > 0 for every v ∈ V.

(ii) Suppose that P∞(Im Γo(E + i0) = 0) = 1. Then u = 0, and almost surely (under P, and
hence under P∞) the following hold. For every v ∈ V, the boundary value Γv(E + i0) is
finite, real and nonzero, and the denominators Dv = −1/Γv(E + i0) satisfy

Dv = E− 1
p

Nv

∑
k=1

Yvk
Dvk

. (5.9)

For every removed set ∆, every component C of T ∆, every x ∈ C and every neighbor w of x
in C, the boundary values GC

xx(E + i0) and ΓC
x→w(E + i0) are real and nonzero. Finally, the

law of Do under P is a real solution at energy E.
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Proof. We work on the almost sure events of Definition 5.7 and Lemmas 5.9 and 5.10,
and on the event where Γv(z) = Goo(z) ◦ θv for all v ∈ V \ {o}. Let A be the event
that limk→∞ Goo(E + i/k) exists and has positive imaginary part. For v ∈ V, the event
Av = {Im Γv(E + i0) > 0} then coincides with θ−1

v A up to a null set.

Step 1. Finite trees. On the event S c, the tree T is finite, and condition (b) of Definition 5.7
with Λ = V shows that Γo(E + i0) = Goo(E) is real. In other words, Ao ⊂ S up to a null
set. Since θv preserves P, we also have θ−1

v A ⊂ Sv up to a null set, for every v ∈ U.

Step 2. The fixed point equation. By (5.8), applied with C = V and the oriented edge
v→ v−, and by (5.7) at the root, we have

Im Γv(E + i0) = |Γv(E + i0)|2
Nv

∑
k=1
|hv,vk|2 Im Γvk(E + i0).

Since Γv(E + i0) ̸= 0 and the edge weights are nonzero, we obtain Av =
⋃

k≤Nv Avk
almost surely. At the root, Ao =

⋃
k≤No θ−1

k A up to a null set. By Lemma 4.2(ii), the
configurations θkω, k ≥ 1, are independent with law P and independent of No, and the
events θ−1

k A are independent of each other and of No, with probability u each. This gives

1− u = P(Ac
o) = E(1− u)No = e−pu.

The function u 7→ 1− e−pu − u is strictly concave on [0, 1], vanishes at 0, has derivative
p− 1 > 0 at 0, and equals −e−p < 0 at 1; it has exactly two zeros in [0, 1], namely 0 and
ϱp. By Step 1, we have P∞(Ao) = P(Ao ∩ S)/ϱp = u/ϱp, which is 0 or 1.

Step 3. Propagation when u = ϱp. Suppose u = ϱp. By Step 1, P(A△S) = P(S) −
P(A) = 0. Since θv preserves P, the event θ−1

v A△Sv is null for every v ∈ U. Taking the
union over the countably many v, we find that almost surely Av = Sv for every v ∈ V.
This is the first assertion about Γv, and on this event Lemma 5.10(ii) gives the assertion
about GC

xx. Under P∞, the tree is infinite, and taking ∆ empty and C = V, we find that
Im Gvv(E + i0) > 0 for all v ∈ V. This proves (i).

Step 4. The case P∞(Ao) = 0. Suppose P∞(Ao) = 0. Decomposing according to survival
and extinction, and using that P(Ao ∩ S c) = 0 by Step 1, we have

u = P(Ao) = ϱp P∞(Ao) + P(Ao ∩ S c) = 0.

Since θv preserves P, we have P(θ−1
v A) = u = 0 for every v ∈ U, and almost surely

Γv(E + i0) is real for every v ∈ V. It is finite by condition (a) and nonzero by Lemma 5.9.
By Lemma 5.10(i), the boundary values GC

xx(E + i0) and ΓC
x→w(E + i0) are real for every

removed set, component and vertex, and they are nonzero by Lemma 5.9. Further,
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Lemma 5.9 with C = V, applied to the oriented edge v→ v− if v ̸= o and to the diagonal
entry Goo = Γo if v = o, gives

Dv = − 1
Γv(E + i0)

= E +
Nv

∑
k=1
|hv,vk|2 Γvk(E + i0) = E− 1

p

Nv

∑
k=1

Yvk
Dvk

,

which is (5.9).

Step 5. The law of Do. Let D : Ω → R be the measurable map defined by D =

−1/ limk→∞ Goo(E + i/k) if this limit exists and is real and nonzero, and D = E oth-
erwise. By Step 4 and the identity Γv = Goo ◦ θv, almost surely Dv = D(θvω) for every
v ∈ V. By (5.9) at the root,

Do = E− 1
p

No

∑
k=1

Yk
D(θkω)

.

By Lemma 4.2(ii), the variables No, (Yk)k≥1 and (θkω)k≥1 are independent, and the θkω

have law P. It follows that the variables D(θkω), k ≥ 1, are independent with the law
of Do, and independent of No and of the squared moduli of the root edge marks. Since
Do ∈ R \ {0} almost surely, the law of Do is a real solution at energy E.

The nonvanishing of the boundary denominators in Proposition 5.11(ii) is a conse-
quence of the finiteness of the boundary values, which is part of the definition of Ep. We
also record the structure of the law of Do given the children. Under the no-ac hypoth-
esis, by Step 5 of the proof of Proposition 5.11, Do is either the constant E (if No = 0)
or an affine function of Y1, . . . , YNo with the nonzero real coefficients −1/(pD(θkω)) (if
No ≥ 1). These coefficients are measurable with respect to the σ-field generated by No

and (θkω)k≥1, and the squared moduli Y1, . . . , YNo are fresh given this σ-field, by the
example after Lemma 4.17 and consequence (a) after Definition 4.16. By Lemma 4.18(iii)
and (4.14), the conditional law of Do on the event {No ≥ 1} has no atoms. The same
argument is used in Section 5.6 for the real recursive tree process.

Definition 5.12. Let E ∈ Ep with E > 0. Following [12], we say that the no-ac hypothesis
holds at E if P∞(Im Γo(E + i0) = 0) = 1. In this case, with Do = −1/Γo(E + i0), the real
boundary law at E is πE = LawP(Do), and the conditioned laws are

π∞
E = LawP∞(Do), πf

E = LawP(Do | S c).

In the B-normalization (E > 2), the real boundary law is the law of g(E)Do under P.

By Proposition 5.11(ii), πE is a real solution at energy E, and all the conclusions of
Proposition 5.5 apply to it. Further,

πE = ϱp π∞
E + (1− ϱp)πf

E, π∞
E ≤ ϱ−1

p πE as measures,
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and π∞
E has no atoms. To see the last claim, note that on S the root has at least one child,

and by the previous paragraph the law of Do restricted to the event {No ≥ 1} has no
atoms. Then P∞(Do = c) ≤ ϱ−1

p P(Do = c, No ≥ 1) = 0 for every c ∈ R. In Remark 5.15
below, we note that the boundary denominators form a recursive tree process with
marginal πE which is a function of the tree.

5.4 Recursive tree processes

For an arbitrary real solution, a family of denominators satisfying the recursion need not
be a function of the tree. The following lemma constructs such a family on an extended
probability space. It is used in Section 8, where the real solution need not be the real
boundary law.

Lemma 5.13. Let E > 0 and let π be a real solution at energy E. There exist a probability
space and, on it, a random configuration ω with law P (Definition 4.1) and real random variables
(Dv)v∈U with the following properties.

(i) For every v ∈ U, we have Dv ∼ π, and almost surely Dv ∈ R \ {0} and

Dv = E− 1
p

Nv

∑
k=1

Yvk
Dvk

.

(ii) For every n ≥ 0, the variables Dv, v ∈ Un, are independent with law π, and they are
independent of the σ-field Fn of Section 5.3.

(iii) Let v1, . . . , vk ∈ U be distinct words none of which is a prefix of another, and let
F (v1, . . . , vk) be the σ-field generated by the coordinates Nu, ζu with u /∈ ⋃i viU and wu

with u /∈ ⋃i viU∗, where vU∗ = vU \ {v}. Then the pairs
(
θvi ω, (Dviu)u∈U

)
, 1 ≤ i ≤ k,

are independent of each other and of F (v1, . . . , vk), and each has the law of
(
ω, (Du)u∈U

)
.

In particular, for every n ≥ 0 this holds for the pairs indexed by v ∈ Un, with Fn in place
of F (v1, . . . , vk).

We call (ω, (Dv)v∈U) a recursive tree process with marginal π, in the sense of [17]. By
(i), the restriction of (Dv) to V is a family of real denominators on the tree that satisfies
the real recursion at every vertex.

Remark 5.14. We comment on the measurability structure of the process.

(i) For |v| = n, the variable Dv is not independent of θvω; for instance, Dv = E on
the event {Nv = 0}. Property (ii) asserts independence from Fn only, and Fn

contains the offspring numbers Nu with |u| < n, but not Nv with |v| = n. By (i), the
family (Dv)v∈U≤n is determined by (Dv)v∈Un and Fn. Accordingly, for a measurable
functional F ≥ 0 of Fn, of (Dv)v∈U≤n and of a word v ∈ UL with L ≤ n, property
(ii) allows one to integrate out (Dv)v∈Un as independent π-distributed variables;
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the result is a measurable functional of ω and v, to which the many-to-one and
many-to-two formulas of Proposition 4.8 apply. This is the setting of Remark 4.13.

(ii) The variables Dv need not be measurable with respect to ω; that is, the process need
not be endogenous in the sense of [17]. Under the no-ac hypothesis at a regular
energy, the boundary denominators of Proposition 5.11(ii) form an endogenous
recursive tree process with marginal πE (Remark 5.15).

Proof of Lemma 5.13. For u ∈ U, let ξu = (Nu, ζu, (wuk)k≥1) be the innovation at u [17],
with values in the Polish space Ξ = N0 × [0, 1]N × CN, and let νξ be its law under P.
Every coordinate of ω appears in exactly one innovation, and ω and (ξu)u∈U determine
each other, and under P the innovations are independent with law νξ . In terms of
innovations, Fn = σ(ξu : |u| < n), and θvω corresponds to (ξvu)u∈U. For an innovation
ξ = (n, ζ, (wk)k≥1) and a sequence (dk)k≥1 in R \ {0}, we set

Ψ(ξ, (dk)k≥1) = E− 1
p

n

∑
k=1

|wk|2
dk

.

Step 1. Finite-depth processes. Fix m ≥ 0. On some probability space, let (ξu)u∈U and
(Θv)v∈Um be independent, with ξu ∼ νξ and Θv ∼ π. We define D(m)

v = Θv for |v| = m,
and for |v| < m, by backward induction on |v|,

D(m)
v = Ψ

(
ξv, (D(m)

vk )k≥1
)
.

We claim that for 0 ≤ l ≤ m, the family
(
(ξu)|u|<l, (D(m)

v )|v|=l
)

has independent coordi-

nates, with ξu ∼ νξ and D(m)
v ∼ π; in particular D(m)

v ̸= 0 almost surely, and the recursion
is well defined. For l = m this holds by construction. Suppose that it holds for l + 1 ≤ m.
Then the pairs (ξv, (D(m)

vk )k≥1), |v| = l, are independent of each other and of (ξu)|u|<l,

and in each pair the variables ξv, D(m)
v1 , D(m)

v2 , . . . are independent with laws νξ , π, π, . . . .

Since π is a real solution, D(m)
v = Ψ(ξv, (D(m)

vk )k) has law π. This proves the claim for l.

Step 2. Consistency. For l ≤ m, the family
(
(ξu)|u|<l, (D(m)

v )|v|≤l
)

is the image of(
(ξu)|u|<l, (D(m)

v )|v|=l
)

under a map that does not depend on m, namely the recursion
from generation l to the root. By Step 1, the law of the latter family does not depend on
m ≥ l. It follows that the law µl of

(
(ξu)|u|<l, (D(l)

v )|v|≤l
)

on Ωl = Ξ{|u|<l} ×R{|v|≤l} is
the image of µl+1 under the coordinate projection Ωl+1 → Ωl. The spaces Ωl are count-
able products of Polish spaces, and the Kolmogorov extension theorem [81] provides a
probability measure µ on ΞU×RU whose image under the projection onto every Ωl is µl.
We let (ξu) and (Dv) be the coordinates under µ, and ω the configuration corresponding
to (ξu).
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Step 3. Properties (i) and (ii). For every l, the coordinates (ξu)|u|<l are independent with
law νξ under µl, which shows that ω has law P. By Step 1 with m = l, the variables
(Dv)|v|=l are independent with law π and independent of (ξu)|u|<l, which proves (ii) and
the first part of (i); in particular Dv ̸= 0 almost surely. The event {Dv = Ψ(ξv, (Dvk)k≥1)}
depends only on coordinates in Ω|v|+1, and it has probability one under µ|v|+1 by con-
struction. This proves (i).

Step 4. Property (iii). In terms of innovations, θvi ω corresponds to (ξviu)u∈U, and
F (v1, . . . , vk) is generated by the innovations ξu with u /∈ ⋃

i viU; indeed, the mark
wvi of the edge into vi belongs to the innovation at the parent of vi. Let m ≥ maxi |vi|.
Under µm, the family (ξviu, Dviu), |viu| ≤ m (with ξviu only for |viu| < m), is the image of
(ξviu)|viu|<m and (Dviu)|viu|=m under the recursion. By Step 1, these inputs for i = 1, . . . , k
and the family (ξu)u/∈⋃i viU, |u|<m are independent, since they consist of distinct coordi-
nates of a family with independent coordinates. This shows that the restrictions of the
pairs in (iii) to words of length at most m are independent of each other and of the
restriction of F (v1, . . . , vk) to innovations at words of length less than m. Further, the
inputs for vi, read in the coordinates viu 7→ u, have the same law as the inputs of the
process of depth m− |vi| rooted at o, and the recursion is the same map. It follows that
the restriction of (ξviu, Dviu)u∈U to |viu| ≤ m has the law of the restriction of (ξu, Du)u∈U

to |u| ≤ m− |vi|. Since m is arbitrary, and laws on countable products are determined by
their finite-dimensional marginals, (iii) follows. For {v1, . . . , vk} = Un (which is infinite,
but the argument is the same), the σ-field F (v1, . . . , vk) is Fn.

Remark 5.15. Let E ∈ Ep with E > 0, suppose that the no-ac hypothesis holds at E, let D be
the map of Step 5 of the proof of Proposition 5.11, and set Dv = D(θvω) for v ∈ U, where
ω has law P. Then (ω, (Dv)v∈U) satisfies the conclusions of Lemma 5.13 with π = πE,
every Dv is a measurable function of ω, and almost surely Dv = −1/Γv(E + i0) for every
v ∈ V. In the terminology of [17], this is an endogenous recursive tree process with
marginal πE. In particular, when the real solution in Lemma 5.13 is the real boundary
law, the process may be taken to be this one.

To verify the claim, note that D takes values in R \ {0} by its definition, and that
the last assertion is Step 5 of the proof of Proposition 5.11. Let A be the event that
D(ω) = E− p−1 ∑k≤No Yk/D(θkω); it has probability one by Step 5 of that proof. Since
θvk = θk ◦ θv, and since the offspring number and the root edge marks of θvω are Nv and
wvk, k ≥ 1, the recursion of Lemma 5.13(i) at the word v is the event θ−1

v A. This event has
probability one because θv preserves P, and Dv has the law of Do, which is πE. This proves
(i). For (ii) and (iii), we note that the pair (θvi ω, (Dviu)u∈U) is a measurable function of
θvi ω, since Dviu = D(θu(θvi ω)). The configurations θv1ω, . . . , θvk ω and the generators of
F (v1, . . . , vk) are functions of pairwise disjoint sets of the independent coordinates of ω,
and each θvi ω has law P; this is the argument of the proof of Lemma 4.2(i). This gives
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(iii), and (ii) follows in the same way from Lemma 4.2(i).

5.5 Fractional moments at positive imaginary part

The following lemma integrates one step of the cavity recursion, at a single vertex. It
extends Lemma 4.18 to products of several negative powers sharing the same fresh
variables, with additional weights given by powers of these variables. We write Cr,d =

(1− r)−1(2/d)r for the constant of Lemma 4.18.

Lemma 5.16. Let r ∈ (0, 1), d > 0, b ≥ 0 and k ∈ N0, and set cb = max{1, (2b/e)b}. Let
n ≥ 0, let Y1, . . . , Yn be independent Exp(1) variables, let c ∈ C with |c| ≥ d and γ1, . . . , γn ∈ C,
let J1, . . . , Jl ⊂ {1, . . . , n}, let a1, . . . , al ≥ 0 with a1 + · · ·+ al ≤ r, and let K ⊂ {1, . . . , n}
with |K| ≤ k and bj ∈ [0, b] for j ∈ K. Then

E
[ l

∏
i=1

∣∣∣c + ∑
j∈Ji

γjYj

∣∣∣−ai

∏
j∈K

Y
bj
j

]
≤ (2cb)

k(1 + Cr,d(n + 1)r/2).
The same bound holds for the conditional expectation given a σ-field G if Y1, . . . , Yn are fresh
given G (Definition 4.16), and n, c, the γj, the Ji, the ai, K and the bj are G -measurable, with
|c| ≥ d almost surely.

Proof. For j ∈ K and y > 0, we have ybj e−y ≤ cbe−y/2, since the maximum of ybj e−y/2 is
(2bj/e)bj ≤ cb. For every measurable Φ ≥ 0, this gives

E
[
Y

bj
j Φ(Yj)

]
≤ cb

∫ ∞

0
e−y/2Φ(y)dy = 2cb EΦ(2Yj).

Applying this to each j ∈ K in turn, using the independence of the Yj and Tonelli’s
theorem, we find that the left side of the claimed bound is at most (2cb)

|K| times
E ∏i |Xi|−ai , where Xi = c + ∑j∈Ji

γ′jYj with γ′j = 2γj for j ∈ K and γ′j = γj other-
wise. Let A = a1 + · · ·+ al. If A = 0, there is nothing more to prove. Otherwise, Hölder’s
inequality with the exponents A/ai gives

E
l

∏
i=1
|Xi|−ai ≤

l

∏
i=1

(
E|Xi|−A)ai/A ≤ max

i
E|Xi|−A.

Since |x|−A ≤ 1 + |x|−r for 0 < A ≤ r, Lemma 4.18(ii) with m = |Ji| ≤ n gives E|Xi|−A ≤
1 + Cr,d(n + 1)r/2. For the conditional version, we use the substitution identity (4.14)
(consequence (c) after Definition 4.16), with X a finite-dimensional vector encoding the
G -measurable parameters c, γj, Ji, ai, K and bj. On each event {n = n0} these are finitely
many numbers and finite sets of indices, so such an encoding exists. The identity reduces
the claim on this event to the unconditional bound for fixed values of the revealed
variables.



5 Real solutions of the cavity equation § 5.5 96

For v ∈ V and z ∈ C \R, we write Dv(z) = −1/Γv(z) for the denominator at z. By
Proposition 3.16,

Dv(z) = z +
1
p

Nv

∑
k=1

Yvk Γvk(z). (5.10)

Lemma 5.17. Let r ∈ (0, 1) and d > 0. Then the following hold for every z ∈ C \R with
|z| ≥ d.

(i) E|Γo(z)|r ≤ Cr,d(p + 1)r/2 and E∞|Γo(z)|r ≤ ϱ−1
p Cr,d(p + 1)r/2.

(ii) Let J be a random set of children of the root that is a function of the offspring numbers and
the auxiliary marks, and let

ΓJ
o(z) = −

(
z +

1
p ∑

k∈J
Yk Γk(z)

)−1

be the diagonal entry at the root of the resolvent after the edges from the root to the children
outside J are deleted. Then E|ΓJ

o(z)|r ≤ Cr,d(p + 1)r/2. If Q is a probability measure on Ω
with Q ≤ K P for a constant K, then all bounds of (i) and (ii) hold under Q with an extra
factor K.

(iii) For q ∈ (0, 1) and g > 0,

E|Do(z)|q ≤ |z|q + p1−qΓ(1+ q)Cq,d(p+ 1)q/2, E|gDo(z)|−q ≤ g−qCq,d(p+ 1)q/2.

(iv) Let E > 2 and Xη = −Γo(E + iη)/g(E). Then supη>0 E|Xη|r ≤ Cr,1(p + 1)r/2.

In particular, for every compact interval I ⊂ (0, ∞) and r ∈ (0, 1), there exists C = C(p, I, r)
such that

sup
E∈I, 0<η≤1

(
E|Γo(E + iη)|r + E∞|Γo(E + iη)|r + E|Do(E + iη)|r + E|Do(E + iη)|−r

)
≤ C.

Proof. Part (i) is Corollary 4.20, since Γo = Goo and |z| ≥ d. For (ii), let G be the σ-field
generated by No, the auxiliary marks, the configurations θkω, k ≥ 1, and the phases
of the root edge marks. As shown after Lemma 4.17, the squared moduli Y1, . . . , YNo

are fresh given G , and the set J and the coefficients 1{k∈J}Γk(z)/p are G -measurable.

Lemma 4.18(iv), with constant z and these coefficients, gives E[|ΓJ
o(z)|r | G ] ≤ Cr,d(No +

1)r/2, and taking expectations and using Jensen’s inequality, we find the bound. For
Q ≤ KP, we have EQZ ≤ K EZ for every Z ≥ 0.

For (iii), we use (5.10) and |a + b|q ≤ |a|q + |b|q to obtain

E|Do(z)|q ≤ |z|q + p−q E
No

∑
k=1

Yq
k |Γk(z)|q = |z|q + p1−qΓ(1 + q)E|Γo(z)|q,
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where we used that No, the Yk and the Γk(z) = Goo(z) ◦ θk are independent and that the
Γk(z) have the law of Γo(z), by Lemma 4.2(ii). Combined with (i), this gives the first
bound in (iii). The second bound is (i) with r = q, since |gDo(z)|−q = g−q|Γo(z)|q.

For (iv), let z = E + iη and Xk = −Γk(z)/g(E); then Xη = 1/(g(E)Do(z)). We
multiply (5.10) at the root by g(E) and use g(E)E = 1 + θ from Lemma 5.3 and
g(E)Γk(z) = −θXk. We obtain

Xη =
(

1 + θ + ig(E)η − θ

p

No

∑
k=1

YkXk

)−1
.

The constant term has modulus at least 1 + θ ≥ 1, and the argument of (ii) with d = 1
applies.

The final assertion follows from (i) and (iii), with d = min I and |z| ≤ max I + 1.

The bounds of Lemma 5.17(ii) also apply when structural decorations are prescribed
at the root. For example, under the law conditioned on the event that the root has exactly
one child, which has P-probability pe−p, all bounds hold with the factor K = ep/p. If
a vertex is required to have no children other than a selected one, then its denominator
without the selected child is the deterministic number z.

5.6 Fixed-depth convergence

In Sections 9 and 10, the resonance argument compares, at a fixed depth, expectations of
functionals of the cavity variables at E + iη, η > 0, with the corresponding expectations
for real denominators, and then lets η tend to zero with the depth fixed. This section
provides the convergence statement for this step. The functionals are sums over one or
two vertices of a fixed generation, which the many-to-one and many-to-two formulas
of Proposition 4.8 express through the spine laws. We first record the properties of the
spine laws that we use, then define the depth-m data and the real recursive tree process,
and finally prove the convergence.

Spine laws

We use the spine laws of Definition 4.6. These are the one-spine laws QL and Q∞
L , with

canonical random elements (ω, v), and the two-spine laws QL,j and Q∞
L,j, with canonical

random elements (ω, u, v); here L ≥ 0 and 0 ≤ j < L. We call L the length of the spine
law. For L = 0, the law Q0 is the law of (ω, o) with ω ∼ P, and Q∞

0 is the law of (ω, o)
with ω ∼ P∞; in this way P and P∞ are spine laws of length zero. The spine vertices
are the prefixes vl, 0 ≤ l ≤ L, of v, together with the prefixes ul, j < l ≤ L, of u for a
two-spine law. The endpoints are v, and u for a two-spine law; the endpoint law is P for
QL and QL,j, and P∞ for Q∞

L and Q∞
L,j. For a spine vertex x which is not an endpoint, the
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spine children of x are its children that are spine vertices (two at the fork vj of a two-spine
law, one otherwise), and its other children are its side children.

Lemma 5.18. Let Q be a spine law of length L.

(i) If A ∈ F satisfies P(A) = 1, then Q-almost surely, θuω ∈ A for every u ∈ U.
(ii) Let A be a random finite subset of U∗ which is a function of the offspring numbers, the

auxiliary marks, and the distinguished vertices. Then, under Q, the squared moduli Yu =

|wu|2, u ∈ A, listed in a fixed order of U, are fresh given the σ-field generated by the
offspring numbers, the auxiliary marks, the distinguished vertices, the phases wu/|wu| of all
marks, and the marks wu with u /∈ A.

(iii) Let L ≥ 1. If Q is QL or Q∞
L , write v = I1v′. Then No − 1 has law Pois(p), and the pair

(θI1ω, v′) is independent of No and has law QL−1, respectively Q∞
L−1. If Q is QL,j or Q∞

L,j
with j ≥ 1, the same holds for the triple (θI1ω, u′, v′) with u = I1u′ and v = I1v′, whose law
is QL−1,j−1, respectively Q∞

L−1,j−1. If j = 0, write u = J1u′ and v = J2v′. Then No − 2 has
law Pois(p), and the pairs (θJ1ω, u′) and (θJ2ω, v′) are independent of each other and of No,
each with law QL−1, respectively Q∞

L−1.

Proof. Part (i) is Corollary 4.10. Part (ii) follows from Lemma 4.17(ii) and (iii) (and from
Lemma 4.17(i) and (iii) for L = 0). Indeed, for fixed values of the distinguished vertices,
the event {A = a} is determined by the offspring numbers and the auxiliary marks;
it belongs to the σ-field Ga of that lemma, and the σ-field HA of Lemma 4.17(iii) is
generated by the variables listed in (ii).

For (iii), we use the construction of QL in Definition 4.6, with ω′, N′0, . . . , N′L−1 and
I1, . . . , IL. Set ω′′ = θI1ω′. Since ω′ has law P and is independent of (N′, I), and since
every shift preserves P, the configuration ω′′ has law P conditionally on (N′, I); that is,
ω′′ has law P and is independent of (N′, I). The label vl = I1 · · · Il of ω corresponds
to the label I2 · · · Il of θI1ω, and θI1ω is obtained from ω′′ by setting NI2···Il = N′l + 1
for 1 ≤ l < L, all other coordinates being unchanged. This is the construction of QL−1

from ω′′, (N′1, . . . , N′L−1) and (I2, . . . , IL). These inputs have the joint law required in
Definition 4.6, and they are independent of N′0 = No − 1, because the N′l are independent
and Il+1 depends only on N′l and on independent randomness. This proves the claim
for QL. Under Q∞

L , we condition on {θvω ∈ S} = {θv′(θI1ω) ∈ S}, which is an event
of the pair (θI1ω, v′); since this pair is independent of No, conditioning on the event
keeps the independence and replaces QL−1 by Q∞

L−1. The two-spine laws with j ≥ 1
are treated in the same way. For j = 0, the fork is the root, and No = N′0 + 2. The
configurations θJ1ω′ and θJ2ω′ are independent with law P, and independent of (N′, J, I),
because J1 ̸= J2 and the two configurations use disjoint sets of coordinates of ω′. Each
of (θJ1ω, u′) and (θJ2ω, v′) is obtained by the construction of QL−1 from one of these

configurations and from the variables N(i)
l and I(i)l of the corresponding arm, and the
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two sets of inputs are independent of each other and of N′0. Under Q∞
L,0 we condition

on the intersection of an event of the first pair and an event of the second pair, which
preserves the independence.

Depth-m data and side denominators

For m ≥ 0, let Km be the set of κ = (∆, x, y, k) ∈ K such that x, y and the words in
∆V ∪ ∆E have length at most m, and let Z = [0, 1]N be the space of auxiliary marks.

Definition 5.19. Let m ≥ 0. The space of depth-m data is the Polish space

Xm = N
U<m
0 × ZU<m ×CU≤m\{o} × {0, 1}U≤m ×CKm ,

with the product topology, where U<m = U≤m−1. For z ∈ C \R, the variables of the first
m generations, which we call the depth-m data, form the element of Xm

Lm(z) =
(
(Nv)|v|<m, (ζv)|v|<m, (wv)1≤|v|≤m, (ςv)|v|≤m, (Fκ(z))κ∈Km

)
,

where ςv = 0 if v /∈ V. If E ∈ Ep, the depth-m data Lm(E) is defined in the same way,
with Fκ(z) replaced by Fκ(E + i0).

The first three components determine the marked ball of radius m around the root
and the auxiliary marks at the vertices of generation less than m; they generate the σ-field
Fm. By (5.6), the last component contains every resolvent entry G∆

xy(z) with x, y and ∆
inside the ball, in particular the forward cavities Γx(z) for |x| ≤ m, the cavity resolvents
ΓC

x→w(z), and the path entries G∆
ox(z). Functionals of the depth-m data therefore include

the quantities that the resonance argument uses at a fixed depth: the marks and the
genealogy near one or two spines, side denominators, selections by auxiliary ranks,
survival indicators, and resolvent entries of the forests obtained by removing finitely
many vertices and edges near the spines.

For x ∈ V, a set J of children of x, and z ∈ C \R, we let

ΓJ
x(z) = −

(
z +

1
p ∑

y∈J
Yy Γy(z)

)−1
(5.11)

be the diagonal entry at x of the resolvent of the forward subtree Tx after the edges from
x to its children outside J are deleted; the identity is Proposition 3.16(ii) for this finite
removal. If |x| < m, then ΓJ

x(z) is one of the resolvent entries contained in Lm(z), selected
by a function of x, J and Nx. For a spine vertex x which is not an endpoint, the side
denominator at x is

Dside
x (z) = z +

1
p ∑

y side child of x
Yy Γy(z) = −

1

ΓJ
x(z)

, J = {side children of x},
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so that, by (5.10),

Dx(z) = Dside
x (z) +

1
p ∑

y spine child of x
Yy Γy(z). (5.12)

For a spine law of length L and m ≥ L + 1, the side denominators are functions of the
depth-m data and of the distinguished vertices.

The real recursive tree process

Definition 5.20. Let E ∈ Ep with E > 0, suppose that the no-ac hypothesis holds at E, let
L ≥ 0, and let π′ ∈ {πE, π∞

E }.
(i) The one-spine real recursive tree process of length L with endpoint law π′ consists of

independent random variables Dside
l , 0 ≤ l < L, with law πE, Yl, 1 ≤ l ≤ L, with law

Exp(1), and DL with law π′, together with the variables Dl, 0 ≤ l < L, defined by
backward induction by

Dl = Dside
l − Yl+1

pDl+1
. (5.13)

(ii) Let 0 ≤ j < L. The two-spine real recursive tree process with fork at generation j and
endpoint law π′ consists of independent random variables Dside

l (0 ≤ l ≤ j) and
Dside,a

l (j < l < L, a ∈ {1, 2}) with law πE, Yl (1 ≤ l ≤ j) and Ya
l (j < l ≤ L, a ∈ {1, 2})

with law Exp(1), and D1
L, D2

L with law π′, together with the variables defined by
backward induction by

Da
l = Dside,a

l −
Ya

l+1
pDa

l+1
(j < l < L, a ∈ {1, 2}),

Dj = Dside
j −

2

∑
a=1

Ya
j+1

pDa
j+1

, Dl = Dside
l − Yl+1

pDl+1
(l < j).

The recursions are well defined almost surely. Indeed, by induction from the end-
points, each denominator is almost surely nonzero: the endpoint laws are carried by
R \ {0}, and each other denominator is, conditionally on the side denominator and on the
denominators of the next generation, an affine function of one or two independent Exp(1)
variables with nonzero coefficients; such a variable has no atoms. In words, the one-spine
real recursive tree process is the sequence of real denominators along a path. The side
environments of the path carry independent denominators with the real boundary law,
and its endpoint carries the real boundary law or the conditioned law.

Lemma 5.21. Let E ∈ Ep with E > 0, suppose that the no-ac hypothesis holds at E, and let Q be
a spine law of length L.

(i) Q-almost surely, all conclusions of Definition 5.7, Lemma 5.9, Lemma 5.10 and Proposi-
tion 5.11(ii) hold. In particular, for every v ∈ V, we have Dv(E + iη)→ Dv = D(θvω) ∈
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R \ {0}, and for every spine vertex x which is not an endpoint, Dside
x (E+ iη)→ Dside

x (E) ∈
R \ {0}, where

Dside
x (E) = E− 1

p ∑
y side child of x

Yy

Dy
.

(ii) Under QL, respectively Q∞
L , the variables Dside

vl
(E), 0 ≤ l < L, Yvl , 1 ≤ l ≤ L, and Dv

have the joint law of the one-spine real recursive tree process of length L with endpoint law
πE, respectively π∞

E , and Dvl is the corresponding variable Dl of this process. The analogous
statement holds for the two-spine laws and the two-spine real recursive tree process.

(iii) Let m ≥ L. Under Q, conditionally on Fm, on the distinguished vertices, and on (ςv)v∈Vm ,
the variables Dv, v ∈ Vm, are independent, with law π∞

E if ςv = 1 and πf
E if ςv = 0. The

denominators Dv with |v| < m are determined by these and by Fm through (5.9).

Proof. The conclusions in (i) hold P-almost surely, by Definition 5.7, Lemmas 5.9 and 5.10,
and Proposition 5.11(ii) together with Step 5 of its proof, and by Lemma 5.18(i) they hold
Q-almost surely. For a spine vertex x which is not an endpoint, the side denominator
equals −1/ΓJ

x(z), where J is the set of side children of x, and ΓJ
x(z) is a diagonal entry

of the resolvent of a reduced operator. By Lemma 5.9, its boundary value is finite and
nonzero, and equals −1/(E + ∑y∈J |hxy|2Γy(E + i0)). Then Dside

x (E + iη) converges to the
finite nonzero number Dside

x (E). This proves (i).
For (ii), we consider QL and use the notation of Lemma 4.7. Let Ψ be the map on

finite counting measures on C×Ω defined by Ψ(∑i δ(wi,ωi)
) = E− p−1 ∑i |wi|2/D(ωi).

By (i), almost surely Dside
vl

(E) = Ψ(Σl) for 0 ≤ l < L, where Σl is the side process at vl. By
Lemma 4.7(i), the processes Σl are independent Poisson processes with intensity measure
p γ ⊗ P, and they are independent of the spine edge marks wvl and of the endpoint
configuration θvω, which has law P. On the other hand, under P, Proposition 5.11(ii)
and Step 5 of its proof give Do = Ψ(Πo) almost surely, where Πo is the child process of
the root, a Poisson process with intensity measure p γ⊗P by Lemma 4.2(iii). Hence each
Dside

vl
(E) has law πE. Further, Yvl = |wvl |2 has law Exp(1), and Dv = D(θvω) has law πE.

These variables are independent, since they are functions of the independent random
elements of Lemma 4.7(i). Finally, (5.9) at vl, split as in (5.12), gives (5.13). Under Q∞

L ,
Lemma 4.7(iii) gives the same conclusions, except that θvω has law P∞ and Dv has law
π∞

E . The two-spine laws are treated in the same way, using Lemma 4.7(iv).
For (iii), we first consider Q = QL. Let g ≥ 0 be a measurable function of the

generators of Fm and of a word in UL, and let h ≥ 0 be a measurable function of
(θuω)u∈Um . By (4.5) and Lemma 4.2(i), since VL is Fm-measurable for L ≤ m, we have

EQL

[
g(ω, v)h

]
= p−LE ∑

v∈VL

g(ω, v) h = p−LE ∑
v∈VL

g(ω, v) ·Eh = EQL

[
g(ω, v)

]
Eh.

Under QL, the configurations θuω, u ∈ Um, are therefore independent with law P, and
independent of Fm and v. Conditioning further on the survival indicators ςu = 1S(θuω),
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u ∈ Vm, we find that these configurations are conditionally independent with law P(· | S)
or P(· | S c). Since Du = D(θuω), this proves the claim under QL. Under Q∞

L , the law
is QL conditioned on {θvω ∈ S}, and this event occurs if and only if ςu = 1 for some
u ∈ Vm with prefix v; it is therefore measurable with respect to the conditioning σ-field,
and conditioning on it does not change the conditional laws. The two-spine laws are
treated in the same way, using (4.6). The last sentence of (iii) is (5.9).

The next lemma helps to verify that the boundaries of the events used in Section 10,
which are defined by finitely many inequalities on denominators and squared moduli,
are null sets for the limiting law.

Lemma 5.22. In the setting of Lemma 5.21, the following hold for every c ∈ R. For every word
v ∈ U, we have Q(v ∈ V, Nv ≥ 1, Dv = c) = 0; in particular, Q(Dx = c) = 0 for every spine
vertex x which is not an endpoint. For every such x, we have Q(Dside

x (E) = c) = 0 if c ̸= E.
For every endpoint t, we have Q(Dt = c) = 0 if c ̸= E or if the endpoint law is P∞. Finally,
Q(Yu = c) = 0 for every u ∈ U∗.

Proof. Fix v ∈ U and let A = {vk : 1 ≤ k ≤ Nv} if v ∈ V, and A = ∅ otherwise; this is a
function of the offspring numbers. By Lemma 5.18(ii), the squared moduli Yvk, k ≤ Nv,
are fresh given a σ-field with respect to which the denominators Dvk = D(θvkω) are
measurable, since these depend only on coordinates of θvkω. On {v ∈ V, Nv ≥ 1},
(5.9) expresses Dv as an affine function of these fresh variables with nonzero coefficients
−1/(pDvk). By Lemma 4.18(iii) and (4.14), its conditional law has no atoms. A spine
vertex which is not an endpoint has at least one child. The claims about Dside

x (E) and Dt

follow from Lemma 5.21(ii), Proposition 5.5(i) applied to πE, and the absence of atoms of
π∞

E . The squared moduli have continuous laws.

In particular, let Φ be a function of finitely many of the variables in Lemma 5.22,
evaluated at E + iη through the real parts of the corresponding coordinates of the depth-
m data, and suppose that Φ is continuous outside a finite union of level sets of these
variables, at levels c for which Lemma 5.22 gives probability zero. Since the denominators
are continuous functions of the nonvanishing cavity coordinates, the discontinuity set of
Φ is then Q-null for the limiting depth-m data.

Fractional products

For a word v ∈ UL, the spine vertices of v are its prefixes v0, . . . , vL, and the spine child
of vl is vl+1 for l < L. For a pair (u, v) ∈ U2

L with |u ∧ v| = j < L, the spine vertices are
the prefixes of u and of v, and the spine children of a spine vertex are those of its children
that are spine vertices. This agrees with Section 5.6 when v = v or (u, v) = (u, v).
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Definition 5.23. Let L ≥ 0, m ≥ L + 1, s ∈ (0, 1), b ≥ 0 and k, l0 ∈N, and let v denote a
word v ∈ UL or a pair (u, v) ∈ U2

L with |u ∧ v| = j for a fixed j < L. A fractional product
of depth L with cavity exponents at most s and exponents of the squared moduli at most
b is a function on Ω× {v} × (C \R) of the form

W(ω, v; z) = ∏
x

( l0

∏
i=1
|ΓJx,i

x (z)|ax,i ∏
y∈Kx

Ybx,y
y

)
,

where the first product runs over the spine vertices x of v in V (and W = 0 if some spine
vertex is not in V), and where, for each spine vertex x:

(i) the sets Jx,1, . . . , Jx,l0 and Kx of children of x, with |Kx| ≤ k, and the numbers
bx,y ∈ [0, b] are given by measurable rules depending only on the position of x
among the spine vertices, on the offspring numbers and auxiliary marks of θxω at
words of length less than m− |x|, and on the labels of the spine children of x;

(ii) ΓJ
x is defined in (5.11);

(iii) the exponents ax,i ≥ 0, which we call the cavity exponents, are deterministic, depend
only on the position of x among the spine vertices, and satisfy ∑i ax,i ≤ s.

For E ∈ Ep, we define W(ω, v; E) by the same formula with ΓJ
x(E + i0) in place of ΓJ

x(z).

For example, by Proposition 3.18, we have

|Gov(z)|s = p−sL/2|Γo(z)|s
L

∏
l=1

Ys/2
vl
|Γvl(z)|

s

for v ∈ VL, and this is p−sL/2 times a fractional product with cavity exponents s and
exponents s/2 of the squared moduli, in which Jx,1 is the set of all children of x, Kvl =

{vl+1} for 0 ≤ l < L, and KvL = ∅. A product |Gou(z)|s1 |Gov(z)|s2 along two spines is, up
to a constant, a fractional product with cavity exponent s1 + s2 on the common segment
of the two spines; the definition requires s1 + s2 < 1 there.

Lemma 5.24. Let Q be a spine law of length L, let W be a fractional product of depth L of the
corresponding type, with cavity exponents at most r ∈ (0, 1), exponents of the squared moduli at
most b, and |Kx| ≤ k, and let d > 0. Then for every z ∈ C \R with |z| ≥ d,

EQW(ω, v; z) ≤ ϱ−2
p

(
(2cb)

k(1 + Cr,d(p + 3)r/2))n
,

where v = v or (u, v), n is the number of spine vertices, and cb and Cr,d are as in Lemma 5.16.

Proof. We argue by induction on L, integrating the factor of the root first. Let Ro(z) be
the factor of W indexed by x = o, and let W ′(z) be the product of the other factors;
then W = RoW ′. Let A be the set of children of the root, and let G be the σ-field of
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Lemma 5.18(ii) for this set. Then the squared moduli Y1, . . . , YNo of the root edge marks
are fresh given G . The forward cavities Γk(z) = Goo(z) ◦ θk, the sets Jo,i and Ko, the
numbers bo,y, and the factor W ′(z) are G -measurable, since they depend only on the
offspring numbers, the auxiliary marks, the distinguished vertices, and the configurations
θkω, which do not contain the marks wk. The conditional version of Lemma 5.16, with
n = No, c = z and γk = Γk(z)/p, gives

EQ

[
Ro(z)

∣∣G ] ≤ (2cb)
k(1 + Cr,d(No + 1)r/2).

Taking expectations, we find

EQW(z) ≤ (2cb)
k EQ

[(
1 + Cr,d(No + 1)r/2)W ′(z)]. (5.14)

If L = 0, then W ′ = 1, the law of No is Pois(p) under P, and E∞Z ≤ ϱ−1
p EZ for

Z ≥ 0; Jensen’s inequality and (5.14) give the claim. Let L ≥ 1, and consider a one-
spine law. By Lemma 5.18(iii), No − 1 has law Pois(p) and is independent of the pair
(θI1ω, v′), which has law QL−1 or Q∞

L−1. The factor W ′ is a function of this pair, and in
the coordinates of θI1ω it is a fractional product of depth L− 1 with the same parameters,
by Definition 5.23(i) and (iii) and since m− 1 ≥ L. Using this independence in (5.14) and
Jensen’s inequality E(No + 1)r/2 ≤ (p + 2)r/2, we find

EQW(z) ≤ (2cb)
k(1 + Cr,d(p + 2)r/2)EQ′W ′(z),

where Q′ is the law of the pair, and the induction hypothesis applies to the last factor. For
two-spine laws with j ≥ 1, the same argument applies with the triple of Lemma 5.18(iii).
For j = 0, the factor W ′ is the product of two fractional products of depth L− 1, one for
each of the two independent pairs of Lemma 5.18(iii), and No − 2 has law Pois(p); the
expectation factorizes, and E(No + 1)r/2 ≤ (p+ 3)r/2. In each case, the factor ϱ−1

p appears
once for each endpoint with endpoint law P∞, and there are at most two endpoints.

Convergence at fixed depth

Proposition 5.25. Let E ∈ Ep with E > 0, and suppose that the no-ac hypothesis holds at E,
that is, P∞(Im Γo(E + i0) = 0) = 1. Let Q be a spine law of length L, write v = v or v = (u, v)
for its distinguished vertices, and let m ≥ L + 1.

(i) Q-almost surely, Lm(E + iη)→ Lm(E) in Xm as η ↓ 0. The side denominators and the end-
point denominators converge almost surely, and their limits, together with the squared moduli
of the spine edge marks, have the joint law of the real recursive tree process of Lemma 5.21(ii);
the denominators at the spine vertices converge to the corresponding denominators of this
process. In particular, the joint law of these variables at E + iη converges weakly to that of
the real recursive tree process.
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(ii) Let Φ be a bounded measurable function of Lm and v, and suppose that Q-almost surely
Φ(·, v) is continuous at Lm(E). Then

lim
η↓0

EQΦ(Lm(E + iη), v) = EQΦ(Lm(E), v).

(iii) Let 0 < s < r < 1, and let W be a fractional product of depth L of the type of Q with cavity
exponents at most s. Then sup0<η≤1 EQW(ω, v; E + iη)r/s < ∞. In particular, the family
{W(ω, v; E + iη)}0<η≤1 is uniformly integrable under Q, and for every Φ as in (ii),

lim
η↓0

EQ

[
W(ω, v; E + iη)Φ(Lm(E + iη), v)

]
= EQ

[
W(ω, v; E)Φ(Lm(E), v)

]
.

(iv) Let W and Φ be as in (iii) for Q = QL, and set Fη(ω, v) = W(ω, v; E + iη)Φ(Lm(E +

iη), v) for 0 ≤ η ≤ 1, with the convention that η = 0 refers to the boundary values. Then

lim
η↓0

E ∑
v∈VL

Fη(ω, v) = E ∑
v∈VL

F0(ω, v), lim
η↓0

E∞ ∑
v∈VL

Fη(ω, v) = E∞ ∑
v∈VL

F0(ω, v).

The same holds for the backbone sums E∞ ∑v∈V∞
L

Fη(ω, v) when the hypotheses of (iii) hold
for Q∞

L , and for the sums over pairs in Proposition 4.8(ii) and (iv) when they hold for
QL,j, respectively Q∞

L,j. Each limit equals the right side of the corresponding identity in
Proposition 4.8 with F = F0.

(v) Let finitely many triples (Qk, Wk, Φk), 1 ≤ k ≤ K, be given at a common depth m, where
each Wk is either the constant 1 or a fractional product with cavity exponents at most some
sk < 1, and each Φk satisfies the hypothesis of (ii) for Qk. For every ε > 0 there exists
η0 > 0 such that, for all 0 < η ≤ η0 and all k,∣∣∣EQk

[
Wk(ω, v; E + iη)Φk(Lm(E + iη), v)

]
−EQk

[
Wk(ω, v; E)Φk(Lm(E), v)

]∣∣∣ ≤ ε.

The same holds for finitely many sums as in (iv).

Proof. Step 1. Almost sure convergence. By Definition 5.7(a) and Lemma 5.18(i), Q-almost
surely Fκ(E + iη)→ Fκ(E + i0) for every κ ∈ Km. The other components of Lm(z) do not
depend on z. Since convergence in the product topology is coordinatewise convergence,
Lm(E + iη)→ Lm(E) almost surely. The convergence of the side denominators and the
law of the limit are Lemma 5.21(i) and (ii), and almost sure convergence implies weak
convergence of the joint law. This proves (i).

Step 2. Bounded functionals. By Step 1 and the continuity assumption, Φ(Lm(E +

iη), v) → Φ(Lm(E), v) almost surely. Since Φ is bounded, the dominated convergence
theorem implies (ii).

Step 3. Fractional products. Let 0 < η ≤ 1 and z = E + iη; note that |z| ≥ E. Raising W
to the power r/s multiplies the exponents ax,i and bx,y by r/s, which shows that Wr/s



5 Real solutions of the cavity equation 5.6 Fixed-depth convergence 106

is a fractional product with cavity exponents at most r and exponents of the squared
moduli at most br/s. By Lemma 5.24 with d = E, we have a bound on EQW(ω, v; z)r/s

that does not depend on η. Since r/s > 1, the family {W(ω, v; E + iη)}0<η≤1 is uniformly
integrable. Since each ΓJ

x(z) appearing in W has |x| ≤ L < m, it is one of the resolvent
entries contained in Lm(z), selected by a function of quantities which do not depend on η.
By Step 1, it converges almost surely to ΓJ

x(E + i0), which implies that W(ω, v; E + iη)→
W(ω, v; E) almost surely. The products WΦ converge almost surely by Step 2, and they
are uniformly integrable, because their absolute values are bounded by sup |Φ| times W.
By Vitali’s convergence theorem [64, Section 4.6], we conclude (iii).

Step 4. Sums over vertices. We write Φ = Φ+ − Φ− with Φ± ≥ 0, and we apply the
identities of Proposition 4.8 to WΦ+ and WΦ− separately, at E + iη and at the boundary.
By (4.5), we have E ∑v∈VL

Fη(ω, v) = pLEQL Fη(ω, v), and both sides are finite by (iii). By
(iii) applied to Φ±, the right side converges to pLEQL F0(ω, v) = E ∑v∈VL

F0(ω, v). Under
P∞, we have E∞ ∑v∈VL

Fη(ω, v) = ϱ−1
p pLEQL [Fη(ω, v)ςo] by (4.7), and Φςo satisfies the

hypothesis of (ii) because ςo is a coordinate of the depth-m data taking the values 0 and
1. The backbone sums and the sums over pairs are treated in the same way, using (4.8),
(4.6), (4.9) and (4.10). This proves (iv).

Step 5. Uniformity over finite families. For each k, (ii) or (iii) implies that the difference in
(v) tends to zero as η ↓ 0; in particular, it is at most ε for η ≤ ηk, for some ηk > 0. We take
η0 = mink ηk, and we treat finitely many sums as in (iv) in the same way.

Remark 5.26. We comment on the use of Proposition 5.25.

(i) The order of choices is: the energy E and the depth m are fixed first, then the finite
family of spine laws and functionals, then the tolerance ε, and finally the imaginary
part η0. The proposition does not interchange the limits m→ ∞ and η ↓ 0.

(ii) In the backbone version, by Lemma 5.21(ii), the side denominators of the limiting
real recursive tree process have the unconditioned real boundary law πE, and only
the endpoint denominators have the conditioned law π∞

E . Functionals that look
beyond the endpoints are described by Lemma 5.21(iii).

(iii) Conditioning on a structural event of positive probability, such as a selection of
decorations at an endpoint as in Lemma 4.21, amounts to multiplying Φ by the
indicator of an event depending only on the genealogy, the survival indicators
and the auxiliary marks in the ball, and dividing by its probability. If the event
depends on the auxiliary ranks only through their relative order, then its indicator is
continuous at every point of Xm at which the ranks in the ball are distinct, since the
genealogy and survival coordinates are discrete; this holds almost surely. Indicators
of events defined by finitely many inequalities on the real parts of side denominators,
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spine denominators and endpoint denominators, and on squared moduli, satisfy the
hypothesis of (ii) when the levels are those allowed by Lemma 5.22.



section 6

The transfer operator and the free energy

In this section, we study the positive operator that governs the growth of fractional
moments of products of transfer matrices, and we define the free energy. We work with
a general law of the rescaled denominator. Throughout this section, we fix p > 1 and
K > 0, and we let ν be a Borel probability measure on R such that

ν({0}) = 0, supp ν = R,
∫

R
|b|q ν(db) < ∞ for every q ∈ (0, 1). (6.1)

We let B be a random variable with law ν, and we let β be a random variable independent
of B with the exponential law of rate K, that is, with density Ke−Kt on (0, ∞). If π is a real
solution at energy E > 0 (Definition 5.1), D has law π, and g > 0, then the law of B = gD
satisfies (6.1) by Proposition 5.5, and β = g2Y/p with Y ∼ Exp(1) has the exponential
law of rate K = p/g2. This is the situation in which the results of this section are applied.

We now describe the contents of this section. In Section 6.1, we define the transfer
matrices, their action on the projective line, and the transfer operator Qs, and we record
some elementary facts about angular integrals of matrices. In Section 6.2, we prove
Theorem 6.11, which states that Qs has a simple dominant eigenvalue λ(s) with a strictly
positive eigenfunction, that λ(s) is real-analytic in s, and that λ(s) determines the growth
of angular moments of products of independent transfer matrices. In Section 6.3, we
define the free energy φ(s) = log λ(s) and establish its basic properties: independence
of the scaling, convexity, the symmetry φ(s) = φ(2− s), monotonicity, and the strict
inequality φ(1) < log p. In Section 6.4, we prove inverse moment bounds for products
of three independent transfer matrices, and we use them to compare the free energy
with moments of norms of products. Finally, in Section 6.5, we identify the free energy
with the exponential growth rate of the path moments ΦL(s), which are the quantities
controlled in Section 8.

6.1 Transfer matrices and projective coordinates

We identify the real projective line RP1 with R∪ {∞}, where x ∈ R corresponds to the
line through (x, 1) and ∞ corresponds to the line through (1, 0); this is a homeomorphism
when R∪ {∞} carries the topology of the one-point compactification. We write C(RP1)

for the Banach space of continuous functions F : RP1 → C with the norm ∥F∥∞ =

108
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maxx∈RP1 |F(x)|. We say that a real-valued function F is nonnegative, and write F ≥ 0, if
F(x) ≥ 0 for all x. Vectors in C2 carry the Hermitian norm ∥ · ∥, and matrices carry the
corresponding operator norm.

Definition 6.1. (i) For b ∈ R and β > 0, define

M(b, β) = β−1/2
(

0 1
−β b

)
. (6.2)

We have det M(b, β) = 1.
(ii) For x ∈ R, set vx = (x, 1)/

√
1 + x2, and set v∞ = (1, 0). For an invertible real 2× 2

matrix A and x ∈ RP1, let A · x ∈ RP1 denote the point corresponding to the line
through Avx. The number ∥Avx∥ does not depend on the choice of sign of the unit
vector representing x.

(iii) For b ∈ R and β > 0, define the projective map fb,β(x) = M(b, β) · x. In coordinates,
we have

fb,β(x) = (b− βx)−1 (x ∈ R, x ̸= b/β), fb,β(b/β) = ∞, fb,β(∞) = 0.

(iv) Let m be the Borel probability measure on RP1 given by m(dx) = π−1(1 + x2)−1 dx
on R and m({∞}) = 0, where π = 3.14 . . . (elsewhere, π denotes a real solution); it
is the image of the uniform probability measure on the unit circle under the map
sending a unit vector to the line it spans. For an invertible real 2× 2 matrix A and
s ∈ [0, 2], define

Js(A) =
∫

RP1
∥Avx∥−s m(dx).

(v) For s ∈ (0, 2), define es(x) = |x|s for x ∈ R, and define hs : RP1 → [0, 1] by

hs(x) =
|x|s

(1 + x2)s/2 (x ∈ R), hs(∞) = 1.

The function hs is continuous on RP1, vanishes only at 0, and es = hs(1 + x2)s/2 on
R.

(vi) For s ∈ (0, 2) and a Borel function F : R→ [0, ∞], define the transfer operator in the
x-coordinate

(AsF)(x) = p E
[

βs/2|x|sF
(

fB,β(x)
)]

, x ∈ R.

This is well defined, because fB,β(x) ∈ R almost surely for every x ∈ R: for x = 0
we have fB,β(0) = 1/B and P(B = 0) = 0, and for x ̸= 0 we have fB,β(x) = ∞ only if
β = B/x, an event of probability zero since β has a density and is independent of B.
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(vii) For s ∈ (0, 2), a bounded Borel function F : RP1 → C, and x ∈ RP1, define the
transfer operator

(QsF)(x) = p E
[∥∥M(B, β)vx

∥∥−sF
(

fB,β(x)
)]

.

The expectation converges absolutely by Lemma 6.5 below.

For x ∈ R, we have M(b, β)(x, 1)T = β−1/2(1, b − βx)T and M(b, β)(1, 0)T =

β−1/2(0,−β)T. Taking norms, we find

∥∥M(b, β)vx
∥∥−s

=
βs/2(1 + x2)s/2(

1 + (b− βx)2
)s/2 (x ∈ R),

∥∥M(b, β)v∞
∥∥−s

= β−s/2. (6.3)

For fixed (b, β), the functions x 7→ ∥M(b, β)vx∥−s and x 7→ fb,β(x) are continuous on
RP1.

The next lemma collects two elementary facts about the projective action. Part (i) is
the identity that makes the norm multipliers in Qs telescope along products, and part (ii)
computes the projective Jacobian.

Lemma 6.2. Let A and A′ be real 2× 2 matrices with determinant one.

(i) For every x ∈ RP1, we have (A′A) · x = A′ · (A · x) and

∥A′Avx∥ = ∥A′vA·x∥ ∥Avx∥. (6.4)

(ii) For every Borel function F : RP1 → [0, ∞], we have∫
RP1

F(A · x) ∥Avx∥−2 m(dx) =
∫

RP1
F(y)m(dy). (6.5)

Proof. For (i), since the vector Avx spans the line A · x, we have Avx = ±∥Avx∥vA·x.
Applying A′, we obtain A′Avx = ±∥Avx∥A′vA·x. This vector spans the line A′ · (A · x),
and taking norms gives (6.4).

For (ii), we parametrize RP1 by angles. For θ ∈ R, let uθ = (cos θ, sin θ). The map
θ 7→ [uθ] from [0, π) to RP1 is a bijection, and the image of π−1 dθ under it is m; indeed,
uθ spans the line of x = cot θ, and dx = −(1 + x2) dθ. The map u 7→ Au/∥Au∥ is a
homeomorphism of the unit circle, with inverse u 7→ A−1u/∥A−1u∥. Let Θ : R→ R be a
continuous lift, so that Auθ = ∥Auθ∥uΘ(θ). Writing w(θ) = Auθ, we have

Θ′(θ) =
det

(
w(θ), w′(θ)

)
∥w(θ)∥2 =

det(A)det(uθ, u′θ)
∥Auθ∥2 = ∥Auθ∥−2 > 0,

where we used that w′(θ) = Au′θ and det(uθ, u′θ) = 1. Since a homeomorphism of the
circle has degree ±1 and Θ is increasing, we have Θ(θ + 2π) = Θ(θ) + 2π. Further, since
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Auθ+π = −Auθ, the continuous function θ 7→ Θ(θ + π)−Θ(θ) takes values in π + 2πZ,
and it is therefore constant; since twice this constant equals Θ(θ + 2π)−Θ(θ) = 2π, it
equals π. We conclude that Θ is an increasing C1 bijection of R with Θ(θ +π) = Θ(θ)+π,
and it induces the projective action of A on R/πZ ≃ RP1. For G(θ) = F([uθ]), which is
π-periodic, the change of variables ϑ = Θ(θ) gives∫ π

0
G(Θ(θ)) ∥Auθ∥−2 dθ =

∫ Θ(0)+π

Θ(0)
G(ϑ) dϑ =

∫ π

0
G(ϑ) dϑ.

Dividing by π gives (6.5).

Lemma 6.3. Let A be a real 2× 2 matrix with determinant one. Then J0(A) = J2(A) = 1, and
for every s ∈ [0, 2], we have

Js(A) = J2−s(A−1) = J2−s(A). (6.6)

Further, s 7→ log Js(A) is convex on [0, 2], and Js(A) ≤ 1 for s ∈ [0, 2].

Proof. We have J0(A) = m(RP1) = 1, and J2(A) = 1 by (6.5) with F = 1. Fix s ∈ [0, 2] and
x ∈ RP1, and set y = A · x. By (6.4) applied to A−1A = I, we have 1 = ∥A−1vy∥ ∥Avx∥,
and we can write

∥Avx∥−s = ∥Avx∥−2 ∥Avx∥2−s = ∥Avx∥−2 ∥A−1vA·x∥−(2−s).

Integrating against m and using (6.5) with F(y) = ∥A−1vy∥−(2−s), we find Js(A) =

J2−s(A−1).
To prove that Jt(A−1) = Jt(A) for t ∈ [0, 2], we use the singular value decomposition.

There exist orthogonal matrices U, V and σ ≥ 1 such that A = U diag(σ, σ−1)VT; the two
singular values are σ and σ−1 because det A = 1. Then A−1 = V diag(σ−1, σ)UT. The
quantity Jt is invariant under multiplication by orthogonal matrices on either side: on the
left because ∥UAv∥ = ∥Av∥, and on the right because ∥AVvx∥ = ∥AvV·x∥ for orthogonal
V and the projective action of an orthogonal matrix preserves m (it is induced by a rotation
or a reflection of the unit circle). It follows that Jt(A) = Jt(Dσ) and Jt(A−1) = Jt(D−1

σ ),
where Dσ = diag(σ, σ−1). Let R be the rotation by π/2. Then D−1

σ = RDσR−1, and the
same invariance implies Jt(D−1

σ ) = Jt(Dσ). This proves (6.6).
For s0, s1 ∈ [0, 2] and τ ∈ (0, 1), Hölder’s inequality with exponents 1/(1− τ) and

1/τ gives

J(1−τ)s0+τs1
(A) =

∫ (
∥Avx∥−s0

)1−τ(∥Avx∥−s1
)τ m(dx) ≤ Js0(A)1−τ Js1(A)τ,

which is the convexity of log Js(A). Taking s0 = 0 and s1 = 2, we find Js(A) ≤
J0(A)1−s/2 J2(A)s/2 = 1.
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For exponents below one, the angular integral Js(A) is comparable to a power of the
norm of A.

Lemma 6.4. For every s ∈ (0, 1), there exists Cs < ∞ such that for every real 2× 2 matrix A
with determinant one, setting t = ∥A∥, we have

t−s ≤ Js(A) ≤ Cst−s.

One can take Cs = π−1
∫ π

0 | cos θ|−s dθ.

Proof. The lower bound follows from ∥Avx∥ ≤ t for every x. For the upper bound,
write A = U diag(t, t−1)VT with U, V orthogonal. As in the proof of Lemma 6.3, we
have Js(A) = Js(diag(t, t−1)). In the angular parametrization uθ = (cos θ, sin θ), we have
∥diag(t, t−1)uθ∥ ≥ t| cos θ|, and therefore

Js(A) ≤ t−s

π

∫ π

0
| cos θ|−s dθ = Cst−s.

The constant Cs is finite because s < 1.

6.2 The Perron–Frobenius eigenvalue of the transfer operator

Boundedness and holomorphy

We begin with a bound on the expected norm multiplier of one factor M(b, β), uniform
over the input direction.

Lemma 6.5. For s ∈ (0, 2) and K > 0, set

Cs,K = 2s/2K−s/2 Γ(1 + s/2) + 2sKs/2 Γ(1− s/2).

Then for every b ∈ R, we have

sup
x∈RP1

∫ ∞

0
Ke−Kt ∥∥M(b, t)vx

∥∥−s dt ≤ Cs,K
(
1 + |b|s/2). (6.7)

The constant Cs,K is continuous in (s, K) ∈ (0, 2)× (0, ∞).

Proof. Let r = s/2 ∈ (0, 1), and let I(x) denote the integral on the left side of (6.7). By
(6.3), we have I(∞) = K

∫ ∞
0 t−re−Kt dt = KrΓ(1− r). For x ∈ R with |x| ≤ 1, we discard

the denominator in (6.3) and obtain I(x) ≤ 2r ∫ ∞
0 Ktre−Kt dt = 2rK−rΓ(1 + r).

Now let |x| = a ≥ 1 and σ = sgn x. Substituting u = at in the integral defining I(x)
and using (6.3), we have

I(x) = K
(1 + a2)r

a1+r

∫ ∞

0
e−Ku/a ur(

1 + (b− σu)2
)r du. (6.8)
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Since u = |σu| ≤ |b| + |b − σu| and r < 1, we have ur ≤ |b|r + |b − σu|r. Using
|b− σu|r ≤ (1 + (b− σu)2)r/2 and (1 + (b− σu)2)−r ≤ (1 + (b− σu)2)−r/2, we have

ur(
1 + (b− σu)2

)r ≤ (1 + |b|r) H(b− σu), H(v) = (1 + v2)−r/2.

The function H is even and nonincreasing on [0, ∞). Hence
∫

J′ H ≤
∫ ℓ/2
−ℓ/2 H for every

interval J′ ⊂ R of length ℓ. (Indeed, if J denotes the centered interval of length ℓ, then
J′ \ J and J \ J′ have the same length, and H ≤ H(ℓ/2) on J′ \ J while H ≥ H(ℓ/2) on
J \ J′.) We write e−Ku/a =

∫ ∞
u (K/a)e−Kt/a dt and use Tonelli’s theorem. Since {b− σu :

0 ≤ u ≤ t} is an interval of length t, this gives∫ ∞

0
e−Ku/aH(b− σu) du =

∫ ∞

0

K
a

e−Kt/a
∫ t

0
H(b− σu) du dt

≤
∫ ∞

0

K
a

e−Kt/a 2
∫ t/2

0
H(v) dv dt

= 2
∫ ∞

0
H(v)e−2Kv/a dv

≤ 2
∫ ∞

0
v−re−2Kv/a dv = 2 Γ(1− r)

( a
2K

)1−r
.

Inserting this bound into (6.8) and using (1 + a2)r ≤ 2ra2r, we find

I(x) ≤ K 2rar−1 · 2 Γ(1− r)
( a

2K

)1−r
(1 + |b|r) = 4rKr Γ(1− r) (1 + |b|r).

Combining the three cases gives (6.7). The continuity of Cs,K is evident from its formula.

To prove analyticity in s, we extend Qs to complex exponents. Let Σ = {z ∈ C : 0 <

Re z < 2}. For z ∈ Σ, x ∈ RP1, b ∈ R, and β > 0, set

Rz(x; b, β) = exp
(
− z log ∥M(b, β)vx∥

)
,

so that |Rz| = RRe z and Rs(x; b, β) = ∥M(b, β)vx∥−s for real s. For a bounded Borel
function F : RP1 → C, define

(QzF)(x) = p E
[

Rz(x; B, β) F
(

fB,β(x)
)]

, x ∈ RP1.

For real z = s ∈ (0, 2), this is the operator Qs of Definition 6.1.

Lemma 6.6. Suppose that ν satisfies (6.1).

(i) For every z ∈ Σ, the operator Qz maps C(RP1) into C(RP1), and

∥Qz∥ ≤ p CRe z,K
(
1 + E|B|Re z/2).

The right side is bounded on every compact subset of Σ.
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(ii) For real s ∈ (0, 2), the operator Qs is positive, that is, QsF ≥ 0 for F ≥ 0, and ∥Qs∥ =
∥Qs1∥∞. Further, Qs1(x) > 0 for every x ∈ RP1.

(iii) The map z 7→ Qz from Σ to the bounded operators on C(RP1) is holomorphic in the operator
norm.

Proof. For σ ∈ (0, 2), conditioning on B and applying Lemma 6.5, we have

sup
x∈RP1

E
[
Rσ(x; B, β)

]
≤ Cσ,K

(
1 + E|B|σ/2) < ∞, (6.9)

where the finiteness follows from (6.1) because σ/2 < 1. Since E|B|σ/2 is a finite con-
tinuous function of σ ∈ (0, 2) (by dominated convergence, with dominating function
1 + |B|σ+/2 on σ ≤ σ+ < 2), the right side of (6.9) is bounded on compact subsets of (0, 2).

We now prove (i). Fix z ∈ Σ and F ∈ C(RP1), and write σ = Re z. Since |Rz| = Rσ,
(6.9) implies that |QzF(x)| ≤ p Cσ,K(1 + E|B|σ/2)∥F∥∞ for every x. It remains to show
that QzF is continuous. Let xn → x in RP1. For each fixed (b, β), the maps y 7→
Rz(y; b, β) and y 7→ fb,β(y) are continuous on RP1 by (6.3). Then the random variables
Zn = Rz(xn; B, β)F( fB,β(xn)) converge almost surely to Z = Rz(x; B, β)F( fB,β(x)). Fix
t ∈ (σ, 2). Then |Zn|t/σ ≤ ∥F∥t/σ

∞ Rt(xn; B, β), and (6.9) with σ replaced by t shows that
supn E|Zn|t/σ < ∞. Since t/σ > 1, the sequence (Zn) is uniformly integrable, and by
Vitali’s convergence theorem, we have EZn → EZ. This proves (i).

For (ii), positivity is immediate from the definition, and for real F we have |QsF| ≤
Qs|F| ≤ ∥F∥∞Qs1, which gives ∥Qs∥ = ∥Qs1∥∞; the same bound holds for complex F
since |QsF| ≤ Qs|F|. Since the integrand Rs(x; B, β) in Qs1(x) is strictly positive, we have
Qs1(x) > 0.

For (iii), fix z ∈ Σ, let σ = Re z, and choose ε > 0 with [σ− 2ε, σ + 2ε] ⊂ (0, 2). We
write ℓ = log ∥M(B, β)vx∥, and we define the operator

(DzF)(x) = −p E
[
ℓ Rz(x; B, β) F

(
fB,β(x)

)]
.

For every w ∈ C, we have |ew − 1− w| ≤ |w|2e|w|/2. Applying this with w = −hℓ for
h ∈ C with |h| ≤ ε/2, we obtain∣∣Rz+h − Rz + hℓRz

∣∣ = |Rz|
∣∣e−hℓ − 1 + hℓ

∣∣ ≤ |h|2
2

ℓ2eε|ℓ|/2Rσ

≤ 8|h|2
ε2 eε|ℓ|Rσ ≤

8|h|2
ε2

(
Rσ−ε + Rσ+ε

)
.

In the second inequality, we used ℓ2e−ε|ℓ|/2 ≤ 16ε−2e−2 ≤ 16ε−2, and in the third, we
used eε|ℓ|e−σℓ ≤ e−(σ−ε)ℓ + e−(σ+ε)ℓ. By (6.9), we conclude that∥∥Qz+h −Qz − hDz

∥∥ ≤ 8p|h|2
ε2 sup

x∈RP1
E
[
Rσ−ε(x; B, β) + Rσ+ε(x; B, β)

]
≤ C|h|2,
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with C independent of h. Since |ℓ|Rσ ≤ ε−1(Rσ−ε + Rσ+ε), the same reasoning as in (i)
shows that Dz is a bounded operator on C(RP1). We conclude that z 7→ Qz is complex
differentiable in operator norm at every point of Σ, with derivative Dz.

Kernel measures and total variation

For s ∈ (0, 2) and x ∈ RP1, we let κs(x, ·) be the finite Borel measure on RP1 defined by

κs(x, A) = p E
[∥∥M(B, β)vx

∥∥−s1A
(

fB,β(x)
)]

,

so thatQsF(x) =
∫

F(y) κs(x, dy) for bounded Borel F. We call κs(x, ·) the kernel measure
of Qs at x. By Tonelli’s theorem, x 7→ κs(x, A) is Borel for each Borel set A; that is, κs is a
finite kernel. We define its iterates by κ

(1)
s = κs and κ

(n+1)
s (x, A) =

∫
κs(x, dy) κ

(n)
s (y, A).

By induction and Tonelli’s theorem, we have Qn
s F(x) =

∫
F dκ

(n)
s (x, ·) for bounded Borel

F, the Chapman–Kolmogorov relations κ
(m+n)
s (x, ·) =

∫
κ
(m)
s (x, dy) κ

(n)
s (y, ·) hold, and

κ
(n)
s (x, RP1) = Qn

s 1(x) ≤ ∥Qs∥n. (6.10)

Directly from the definition, we also have

κ
(n+1)
s (x, ·) = p E

[∥∥M(B, β)vx
∥∥−s

κ
(n)
s
(

fB,β(x), ·
)]

. (6.11)

For a finite signed Borel measure µ on RP1, we write ∥µ∥TV = |µ|(RP1) for its total
variation norm. We say that the n-step kernel measure is continuous in total variation at
x0 ∈ RP1 if ∥κ(n)s (x, ·)− κ

(n)
s (x0, ·)∥TV → 0 as x→ x0.

The kernel measures at the two special points are explicit. Since fb,β(∞) = 0 and
fb,β(0) = 1/b, (6.3) yields

κs(∞, ·) = p E
[
β−s/2] δ0, κs(0, A) = p E

[
βs/2]E

[
(1 + B2)−s/21A(1/B)

]
. (6.12)

At a finite nonzero input, the kernel measure has a density. To describe it, let ι : R→ RP1

be the map ι(w) = 1/w, with ι(0) = ∞; it is a Borel bijection onto RP1 \ {0} with Borel
inverse. Set ϕ(t) = ts/2e−Kt1{t>0}, which is a bounded continuous function on R because
s > 0. For x ∈ R \ {0} and w ∈ R, define

kx(w) =
pK
|x| (1 + x2)s/2(1 + w2)−s/2

∫
ϕ
(b− w

x

)
ν(db). (6.13)

Lemma 6.7. Suppose that ν satisfies (6.1), and let s ∈ (0, 2).

(i) For x ∈ R \ {0}, the kernel measure κs(x, ·) is the image of the measure kx(w) dw under ι.
Further, kx(w) > 0 for every w ∈ R.
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(ii) The one-step kernel measure is continuous in total variation at every x ∈ R \ {0}.
(iii) The two-step kernel measure is continuous in total variation at every x ∈ R.
(iv) The three-step kernel measure is continuous in total variation at every x ∈ RP1.

Further, Q3
s is a compact operator on C(RP1).

Proof. We begin with (i). Fix x ∈ R \ {0} and a Borel set A ⊂ RP1. For fixed b, we
substitute w = b− βx in the integral over β, so that β = (b− w)/x, dβ = dw/|x|, and
the constraint β > 0 becomes (b−w)/x > 0. By (6.3), the integrand ∥M(b, β)vx∥−s equals
βs/2(1 + x2)s/2(1 + w2)−s/2, and fb,β(x) = ι(w). Using Tonelli’s theorem to integrate over
b last, we obtain

κs(x, A) =
∫

R
kx(w) 1A

(
ι(w)

)
dw,

which is the first claim. For the second claim, note that ϕ(t) > 0 for t > 0. If x > 0, the
integral in (6.13) is positive because ν((w, ∞)) > 0, and if x < 0, it is positive because
ν((−∞, w)) > 0; both follow from supp ν = R.

For (ii), let xn → x in R \ {0}. Since ϕ is bounded and continuous, dominated
convergence gives

∫
ϕ((b − w)/xn) ν(db) →

∫
ϕ((b − w)/x) ν(db) for every w. The

prefactors in (6.13) are continuous in x, so kxn(w)→ kx(w) for every w. Further,
∫

kxn =

Qs1(xn) → Qs1(x) =
∫

kx by Lemma 6.6(i). We now use Scheffé’s lemma: since (kx −
kxn)

+ ≤ kx and (kx− kxn)
+ → 0 pointwise, dominated convergence gives

∫
(kx− kxn)

+ →
0, and then ∫

|kx − kxn | = 2
∫
(kx − kxn)

+ −
∫
(kx − kxn)→ 0.

Since ι is a Borel bijection with Borel inverse, the total variation norm of the difference of
the image measures equals

∫
|kx − kxn |. This proves (ii).

The remaining parts rest on the following claim.
Claim. Let n ≥ 1 and x0 ∈ RP1, and suppose that for ν ⊗ Exp(K)-almost every

(b, β), the n-step kernel measure is continuous in total variation at fb,β(x0). Then the
(n + 1)-step kernel measure is continuous in total variation at x0.

To prove the claim, let xk → x0, and write R(k) = ∥M(B, β)vxk∥−s, R =

∥M(B, β)vx0∥−s, yk = fB,β(xk), and y = fB,β(x0). By (6.11) and (6.10), we have∥∥κ
(n+1)
s (xk, ·)− κ

(n+1)
s (x0, ·)

∥∥
TV

≤ p ∥Qs∥n E
∣∣R(k) − R

∣∣+ p E
[

R
∥∥κ

(n)
s (yk, ·)− κ

(n)
s (y, ·)

∥∥
TV

]
.

(The total variation distance is a Borel function of (yk, y), because it equals the supremum
of |Qn

s F(yk)−Qn
s F(y)| over a countable dense subset of the unit ball of C(RP1; R), and

each Qn
s F is continuous.) By continuity of the projective action, R(k) → R and yk → y

almost surely. The family (R(k)) is uniformly integrable by the argument in the proof of
Lemma 6.6(i), and the first term tends to zero by Vitali’s convergence theorem. In the
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second term, the integrand tends to zero almost surely by hypothesis, and it is bounded
by 2∥Qs∥nR, which is integrable. By dominated convergence, the second term tends to
zero. This proves the claim.

We now prove (iii). Let x0 ∈ R \ {0}. Almost surely, fB,β(x0) is finite (as noted
in Definition 6.1(vi)) and nonzero (since fb,β(x0) = 0 only if x0 = ∞). By (ii) and the
claim with n = 1, the two-step kernel measure is continuous at x0. For x0 = 0, we have
fB,β(0) = 1/B, which lies in R \ {0} almost surely because P(B = 0) = 0. Again (ii) and
the claim imply continuity at 0.

For (iv), let x0 ∈ R. By (iii), the two-step kernel measure is continuous at every point
of R, and fB,β(x0) ∈ R almost surely. The claim with n = 2 implies continuity of the
three-step kernel measure at x0. For x0 = ∞, we have fb,β(∞) = 0 for all (b, β), and
the two-step kernel measure is continuous at 0 by (iii). The claim with n = 2 implies
continuity at ∞.

Finally, we deduce compactness. By (iv) and the compactness of RP1, the map
x 7→ κ

(3)
s (x, ·) is uniformly continuous in total variation. For F ∈ C(RP1) with ∥F∥∞ ≤ 1

and x, x′ ∈ RP1, we have∣∣Q3
s F(x)−Q3

s F(x′)
∣∣ ≤ ∥∥κ

(3)
s (x, ·)− κ

(3)
s (x′, ·)

∥∥
TV.

The image of the unit ball under Q3
s is therefore equicontinuous, and it is bounded by

∥Qs∥3. By the Arzelà–Ascoli theorem, it is relatively compact in C(RP1).

Remark 6.8. The argument above does not apply toQs orQ2
s . By (6.12), the kernel measure

at ∞ is a multiple of the point mass δ0, while by Lemma 6.7(i) the kernel measures at
finite nonzero inputs are absolutely continuous with respect to m; since such measures
form a closed set in total variation, the one-step kernel measure is not continuous in
total variation at ∞. For the second power, (6.12) gives κ

(2)
s (∞, ·) = p E[β−s/2] κs(0, ·),

and κs(0, ·) has an atom at 1/b0 whenever ν({b0}) > 0. A real solution always has such
an atom: by Proposition 5.5, the law of D has an atom of mass e−p at E, and the law of
B = gD has an atom at gE. On the other hand, κ

(2)
s (x, ·) is absolutely continuous for

x ∈ R \ {0}, since it is a mixture of the absolutely continuous kernel measures κs(y, ·),
y ∈ R \ {0}. It follows that the two-step kernel measure is not continuous in total
variation at ∞ in this case. The third step from ∞ passes through 0 and then through
the almost surely finite nonzero point 1/B, where the kernel measures are absolutely
continuous; this is why the third power is the first one to which the argument applies.

Lemma 6.9. Suppose that ν satisfies (6.1), and let s ∈ (0, 2). For every n ≥ 2 and x ∈ RP1,
the measure κ

(n)
s (x, ·) has full support, that is, κ

(n)
s (x, O) > 0 for every nonempty open set

O ⊂ RP1. In particular, for every n ≥ 2 and every real-valued F ∈ C(RP1) with F ≥ 0 and
F ̸= 0, we have minx∈RP1 Qn

s F(x) > 0.
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Proof. Let O ⊂ RP1 be open and nonempty. We first show that κs(y, O) > 0 for every
y ∈ R. For y ∈ R \ {0}, this follows from Lemma 6.7(i), since ι−1(O \ {0}) is a nonempty
open subset of R and ky > 0 everywhere. For y = 0, the set {b ∈ R \ {0} : 1/b ∈ O}
is open and nonempty (because O \ {0, ∞} is open and nonempty), and it has positive
ν-measure since supp ν = R. By (6.12), we conclude that κs(0, O) > 0.

Next, let x ∈ RP1. If x ∈ R, then κs(x, ·) has positive total mass and gives
no mass to {∞} (by Lemma 6.7(i) for x ̸= 0, and by P(B = 0) = 0 for x = 0),
which implies that κ

(2)
s (x, O) =

∫
κs(x, dy) κs(y, O) > 0. If x = ∞, then κ

(2)
s (∞, O) =

p E[β−s/2] κs(0, O) > 0 by (6.12). This proves the claim for n = 2. For n ≥ 3, we have
κ
(n)
s (x, O) =

∫
κ
(n−2)
s (x, dy) κ

(2)
s (y, O) > 0, because κ

(n−2)
s (x, RP1) = Qn−2

s 1(x) > 0 by
Lemma 6.6(ii) and induction.

Finally, if F ≥ 0 is continuous and not identically zero, then {F > 0} is open and
nonempty, and we have Qn

s F(x) =
∫

F dκ
(n)
s (x, ·) > 0 for every x. Since Qn

s F is continu-
ous and RP1 is compact, its minimum is positive.

The Perron–Frobenius eigenvalue

We use the following form of the stability of an isolated simple eigenvalue under small
perturbations, both for analyticity in s and for continuity in the law of B. For a bounded
operator T on a complex Banach space, we write σ(T) for its spectrum.

Lemma 6.10. Let X be a complex Banach space and let T0 be a bounded operator on X. Suppose
that µ0 ∈ σ(T0) is an isolated point of σ(T0) whose Riesz projection has rank one, and that there
exists r0 < |µ0| such that |w| ≤ r0 for every w ∈ σ(T0) \ {µ0}. Fix δ ∈ (0, (|µ0| − r0)/3), let
Γ be the circle {|w− µ0| = δ}, and let ψ ∈ X and ℓ ∈ X∗ satisfy ℓ(Π0ψ) ̸= 0, where Π0 is the
Riesz projection of T0 at µ0. Then there exists ε > 0 such that every bounded operator T with
∥T − T0∥ < ε has the following properties.

(i) We have σ(T) ⊂ {|w| < r0 + δ} ∪ {|w − µ0| < δ}, and σ(T) ∩ {|w − µ0| < δ}
consists of a single point µ(T), which is an eigenvalue of T whose Riesz projection
ΠT = (2πi)−1

∮
Γ(w − T)−1 dw has rank one. In particular, µ(T) is the unique point

of σ(T) of maximal modulus.
(ii) We have ℓ(ΠTψ) ̸= 0 and µ(T) = ℓ(TΠTψ)/ℓ(ΠTψ). The maps T 7→ ΠT and T 7→ µ(T)

are continuous on {∥T− T0∥ < ε}.
(iii) If U ⊂ C is open and z 7→ T(z) is a holomorphic map from U into the bounded operators on

X (in operator norm) with ∥T(z)− T0∥ < ε for all z ∈ U, then z 7→ µ(T(z)) is holomorphic
on U.

Proof. Let Ω = {w ∈ C : |w| ≥ r0 + δ, |w− µ0| ≥ δ}. Then Ω is closed and contained in
the resolvent set of T0. Since the map w 7→ ∥(w− T0)

−1∥ is continuous on the resolvent set
and bounded by (|w| − ∥T0∥)−1 for |w| > ∥T0∥, we have M = supw∈Ω ∥(w− T0)

−1∥ < ∞.
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Suppose that ∥T − T0∥ < 1/(2M). For w ∈ Ω, we write w − T = (w − T0)
(

I − (w −
T0)
−1(T − T0)

)
; the second factor is invertible by the Neumann series, with inverse of

norm at most 2. Then Ω lies in the resolvent set of T, ∥(w − T)−1∥ ≤ 2M, and the
resolvent identity gives∥∥(w− T)−1 − (w− T0)

−1∥∥ =
∥∥(w− T)−1(T− T0)(w− T0)

−1∥∥ ≤ 2M2∥T − T0∥

for w ∈ Ω. This proves the first inclusion in (i). Since |µ0| − δ > r0 + 2δ, the circle Γ
lies in Ω, and integrating the last bound over Γ gives ∥ΠT −Π0∥ ≤ 2δM2∥T − T0∥. We
now choose ε ≤ 1/(2M) so small that 2δM2ε < 1 and |ℓ(ΠTψ)− ℓ(Π0ψ)| < |ℓ(Π0ψ)|
whenever ∥T − T0∥ < ε. Since ∥ΠT −Π0∥ < 1, the projection ΠT has rank one. Indeed,
if f lies in the range of ΠT and Π0 f = 0, then ∥ f ∥ = ∥(ΠT −Π0) f ∥ < ∥ f ∥ unless f = 0,
so Π0 is injective on the range of ΠT; in the same way, ΠT is injective on the range of
Π0, which is one-dimensional (see also [82, Section I.4.6]). By the properties of Riesz
projections [82, Section III.6.4], the range of ΠT is invariant under T, and the spectrum of
the restriction of T to it equals σ(T)∩ {|w− µ0| < δ}. Since the range is one-dimensional,
T acts on it as multiplication by a scalar µ(T), and this scalar is the only point of σ(T)
in the disc. Every other point of σ(T) has modulus less than r0 + δ < |µ0| − δ < |µ(T)|.
This proves (i).

For (ii), we have TΠT = µ(T)ΠT, since T acts on the range of ΠT as multiplication by
µ(T). Applying ℓ to TΠTψ = µ(T)ΠTψ gives the formula for µ(T), and its denominator
is nonzero by the choice of ε. For T and T1 in the ball {∥T − T0∥ < ε} and w ∈ Γ,
both resolvents are bounded by 2M, and the resolvent identity gives ∥(w− T)−1 − (w−
T1)
−1∥ ≤ 4M2∥T − T1∥. Integrating over Γ, we obtain ∥ΠT −ΠT1∥ ≤ 4δM2∥T − T1∥.

This proves continuity of ΠT, and continuity of µ(T) follows from the formula.
For (iii), fix w ∈ Γ. The map z 7→ (w − T(z))−1 is holomorphic on U, being the

composition of a holomorphic map with inversion, which is holomorphic on the invertible
operators; its derivative (w− T(z))−1T′(z)(w− T(z))−1 is jointly continuous in (w, z) ∈
Γ×U. It follows that z 7→ ΠT(z) is holomorphic in operator norm (see also [82, Section
VII.1.3]), and z 7→ µ(T(z)) = ℓ(T(z)ΠT(z)ψ)/ℓ(ΠT(z)ψ) is a quotient of holomorphic
functions with nonvanishing denominator.

We now state and prove the main result of this section.

Theorem 6.11. Suppose that ν satisfies (6.1), and let s ∈ (0, 2). Let λ(s) be the spectral radius
of Qs on C(RP1).

(i) The operator Qs is bounded and positive on C(RP1). For every n ≥ 2, the operator Qn
s is

strongly positive: minx∈RP1 Qn
s F(x) > 0 for every real-valued F ∈ C(RP1) with F ≥ 0

and F ̸= 0. Further, Q3
s is compact.
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(ii) We have λ(s) > 0, and λ(s) is an eigenvalue of Qs whose Riesz projection has rank one.
There exists a real-valued ψs ∈ C(RP1) with minx ψs(x) > 0 and Qsψs = λ(s)ψs, and
there exists r(s) < λ(s) such that |z| ≤ r(s) for every z ∈ σ(Qs) \ {λ(s)}.

(iii) There exists a finite positive Borel measure ℓs on RP1 with full support such that
∫

ψs dℓs =

1,
∫
QsF dℓs = λ(s)

∫
F dℓs for F ∈ C(RP1), and

lim
L→∞

sup
∥F∥∞≤1

∥∥∥λ(s)−LQL
s F−

( ∫
F dℓs

)
ψs

∥∥∥
∞
= 0.

(iv) The function s 7→ λ(s) is real-analytic on (0, 2).
(v) Let M1, M2, . . . be independent copies of M(B, β). For every L ≥ 1, every bounded Borel

function F, and every x ∈ RP1, we have

QL
s F(x) = pL E

[∥∥ML · · ·M1vx
∥∥−sF

(
(ML · · ·M1) · x

)]
. (6.14)

Further, there exists C ≥ 1, depending on s, p, K, and ν, such that for every L ≥ 1,

C−1λ(s)L ≤ pL EJs(ML · · ·M1) ≤ Cλ(s)L. (6.15)

In particular, the limit below exists and

log λ(s) = log p + lim
L→∞

1
L

log EJs(ML · · ·M1).

Proof. The proof proceeds as follows. Part (i) collects Lemmas 6.6, 6.7, and 6.9. We apply
the Krein–Rutman theorem to the compact strongly positive operator T = Q3

s , and we
transfer the conclusions to Qs using the Riesz projection of T, which commutes with Qs.
Analyticity then follows from Lemma 6.10 and the holomorphy of z 7→ Qz, and (6.15)
follows from two-sided bounds on ψs.

Step 1. Part (i). Boundedness and positivity are Lemma 6.6(i) and (ii), strong positivity
is Lemma 6.9, and compactness of Q3

s is Lemma 6.7.

Step 2. The Perron–Frobenius eigenvector of T = Q3
s . Let K = {F ∈ C(RP1; R) : F ≥ 0}.

This is a closed cone in the real Banach space C(RP1; R), and its interior {F : min F > 0}
is nonempty. By Step 1, the operator T is compact, and it maps K \ {0} into the interior
of K. By the Krein–Rutman theorem [90], in the form for compact strongly positive
operators [60, Theorem 19.3], the spectral radius rT of T is positive, and there exists
ψ in the interior of K with Tψ = rTψ. Since |TnF| ≤ Tn|F| for complex F, we have
∥Tn∥ = ∥Tn1∥∞ both on C(RP1; R) and on C(RP1), and by Gelfand’s formula, rT is also
the spectral radius of T on the complex space C(RP1). The cited theorem also asserts
that rT is simple and is the only eigenvalue of modulus rT. Since we work on the complex
space C(RP1) and use algebraic simplicity below, we verify these two assertions directly.
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First, let w ∈ C(RP1) be nonzero with Tw = µw and |µ| = rT. Since |Tw| ≤ T|w|
pointwise, we have rT|w| ≤ T|w|. The function ψ/|w| on {w ̸= 0} tends to infinity at the
boundary of this set, because min ψ > 0, and it attains its infimum t∗ ∈ (0, ∞) at some x0.
The function χ = ψ− t∗|w| is nonnegative and vanishes at x0, and

Tχ = rTψ− t∗T|w| ≤ rTψ− t∗rT|w| = rTχ.

If χ ̸= 0, then Tχ(x0) > 0 by strong positivity, contradicting Tχ(x0) ≤ rTχ(x0) = 0.
We conclude that |w| = ψ/t∗, and then T|w| = rT|w| = |Tw|. Fix x ∈ RP1. Writing
T|w|(x) =

∫
|w| dκ

(3)
s (x, ·) and |Tw(x)| = |

∫
w dκ

(3)
s (x, ·)|, equality in the triangle in-

equality for integrals shows that w = c|w| holds κ
(3)
s (x, ·)-almost everywhere for some

constant c with |c| = 1. Since both sides are continuous and κ
(3)
s (x, ·) has full support by

Lemma 6.9, we have w = c|w| = (c/t∗)ψ everywhere. We conclude that every eigenvector
for an eigenvalue of modulus rT is a multiple of ψ, and that rT is the only eigenvalue of
modulus rT.

Second, we show that rT is algebraically simple. Since T is compact, rT is an isolated
point of σ(T) and its Riesz projection Π has finite rank, equal to the dimension of the
generalized eigenspace

⋃
k ker(T − rT)

k [82, Theorem III.6.26]. If this dimension were
larger than one, then, since ker(T − rT) is spanned by ψ, there would exist w with
(T − rT)w = ψ, and taking real parts we could assume that w is real. By induction,
TLw = rL

Tw + LrL−1
T ψ for L ≥ 1. Let a = ∥w∥∞/ min ψ, so that |w| ≤ aψ. Positivity gives

|TLw| ≤ TL|w| ≤ aTLψ = arL
Tψ, and therefore

LrL−1
T ψ ≤ |TLw|+ rL

T|w| ≤ 2arL
Tψ.

This gives L ≤ 2arT for every L, which is impossible. This contradiction shows that Π
has rank one, and ΠF = ℓ′(F)ψ for some ℓ′ ∈ C(RP1)∗ with ℓ′(ψ) = 1.

Finally, by [82, Theorem III.6.26], the nonzero points of σ(T) are eigenvalues and can
accumulate only at 0. By the first assertion above, every point of σ(T) \ {rT} has modulus
less than rT, and only finitely many of these points have modulus at least rT/2. Then
there exists r′ < rT with |z| ≤ r′ for every z ∈ σ(T) \ {rT}.

Step 3. Transfer toQs; part (ii). SinceQs commutes with T, it commutes with the resolvent
of T and with Π. Then T(Qsψ) = QsTψ = rTQsψ, and since ker(T − rT) is spanned by
ψ, we have Qsψ = λψ for some scalar λ. Since Qsψ ≥ (min ψ)Qs1 and Qs1 > 0, we
have λ > 0, and λ3 = rT. Let X1 = ker Π. The decomposition C(RP1) = Ran Π⊕ X1

is invariant under Qs, and Qs acts on Ran Π = span{ψ} as multiplication by λ. By the
properties of Riesz projections [82, Section III.6.4], we have σ(T|X1) = σ(T) \ {rT} ⊂
{|z| ≤ r′}. By the spectral mapping theorem for polynomials, σ(T|X1) = {z3 : z ∈
σ(Qs|X1)}, and we obtain σ(Qs|X1) ⊂ {|z| ≤ (r′)1/3}. We set r(s) = (r′)1/3 < λ. Then
σ(Qs) = {λ} ∪ σ(Qs|X1), the point λ is isolated in σ(Qs), and its Riesz projection is the
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projection onto Ran Π along X1, which is Π; this has rank one. The spectral radius of Qs

is therefore λ, that is, λ = λ(s). Setting ψs = ψ proves (ii).

Step 4. Part (iii). Let N = Qs(I −Π). Then Qs = λ(s)Π + N and ΠN = NΠ = 0, which
give QL

s = λ(s)LΠ + NL for L ≥ 1. The spectral radius of N equals that of Qs|X1 , which
is at most r(s). By Gelfand’s formula, we have ∥NL∥1/L → r(N) ≤ r(s) < λ(s). This
gives ∥λ(s)−LQL

s −Π∥ = ∥(N/λ(s))L∥ → 0. In particular, Π is positive, being a norm
limit of positive operators. For real F ≥ 0, we have ℓ′(F)ψ = ΠF ≥ 0. Then ℓ′ is a positive
linear functional, and by the Riesz–Markov theorem it is given by integration against a
finite positive Borel measure ℓs. We have

∫
ψs dℓs = ℓ′(ψ) = 1, and ΠQs = λ(s)Π gives∫

QsF dℓs = λ(s)
∫

F dℓs. For full support, let F ≥ 0 be real, continuous, and nonzero.
By Step 1, there exists c > 0 with Q3

s F ≥ cψs, and positivity of Π gives

λ(s)3
( ∫

F dℓs

)
ψs = ΠQ3

s F ≥ c Πψs = c ψs.

Since ψs > 0, we have
∫

F dℓs > 0. Applying this to a nonzero continuous F ≥ 0
supported in a given nonempty open set shows that ℓs has full support.

Step 5. Part (iv). Fix s0 ∈ (0, 2). By Step 3 and Step 4, the operator T0 = Qs0 satisfies
the hypotheses of Lemma 6.10 with µ0 = λ(s0), r0 = r(s0), ψ = ψs0 , and ℓ = ℓs0 ;
here ℓ(Π0ψ) =

∫
ψs0 dℓs0 = 1, since the Riesz projection Π0 of Qs0 at λ(s0) is F 7→

(
∫

F dℓs0)ψs0 by Steps 3 and 4. Let ε > 0 be as in that lemma. By Lemma 6.6(iii), z 7→ Qz

is holomorphic, in particular continuous, and there exists an open disc U ⊂ Σ centered
at s0 with ∥Qz −Qs0∥ < ε for z ∈ U. By Lemma 6.10(iii), z 7→ µ(Qz) is holomorphic
on U. For real s ∈ U, the spectral radius λ(s) belongs to σ(Qs) by (ii) and has maximal
modulus in σ(Qs), and Lemma 6.10(i) implies that λ(s) = µ(Qs). Then λ coincides on
U ∩R with a holomorphic function, which proves that λ is real-analytic near s0.

Step 6. Part (v). We prove (6.14) by induction on L; the case L = 1 is the definition
of Qs. Suppose (6.14) holds for L, and let M1, . . . , ML+1 be independent copies of
M(B, β). Then QL+1

s F(x) = p E
[
∥M1vx∥−s(QL

s F)(M1 · x)
]
. We apply the induction

hypothesis toQL
s F with the matrices M2, . . . , ML+1, which are independent of M1, and use

Fubini’s theorem. Fubini’s theorem applies because, by Tonelli’s theorem and the same
computation with |F| in place of F, the absolute value of the integrand has expectation at
most p−L−1QL+1

s |F|(x) ≤ p−L−1∥Qs∥L+1∥F∥∞. We obtain

QL+1
s F(x) = pL+1 E

[
∥M1vx∥−s ∥∥ML+1 · · ·M2vM1·x

∥∥−sF
(
(ML+1 · · ·M2) · (M1 · x)

)]
.

By Lemma 6.2(i), we have ∥ML+1 · · ·M2vM1·x∥ ∥M1vx∥ = ∥ML+1 · · ·M1vx∥ and
(ML+1 · · ·M2) · (M1 · x) = (ML+1 · · ·M1) · x. This completes the induction.
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Taking F = 1 in (6.14), integrating against m, and using Tonelli’s theorem, we obtain∫
QL

s 1 dm = pL EJs(ML · · ·M1). Let a = min ψs > 0 and A = max ψs. Since QL
s is

positive and a ≤ ψs ≤ A, we have

a
A

λ(s)L ≤ 1
A
QL

s ψs ≤ QL
s 1 ≤ 1

a
QL

s ψs ≤
A
a

λ(s)L

pointwise on RP1. Integrating against the probability measure m gives (6.15) with C =

A/a. Taking logarithms, dividing by L, and letting L→ ∞ gives the last statement.

Continuity in the law of the denominator

We now show that the Perron–Frobenius eigenvalue depends continuously on the law
of B and on the rate of β, under weak convergence of the laws and a uniform moment
bound. Since atoms of ν produce atoms in the kernel measures of Qs (see Remark 6.8),
the operator Qs itself is not norm-continuous in this sense in general, and we work with
the third power.

Proposition 6.12. Let I ⊂ R be an interval. For each E ∈ I, let νE be a Borel probability measure
on R satisfying (6.1), and let K(E) > 0. Suppose that E 7→ K(E) is continuous, that E 7→ νE is
continuous for the topology of weak convergence, and that there exists q0 ∈ (0, 1) such that

sup
E∈I′

∫
|b|q0 νE(db) < ∞ for every compact I′ ⊂ I.

For E ∈ I and s ∈ (0, 2), let QE,s and λE(s) be the transfer operator and its Perron–Frobenius
eigenvalue from Theorem 6.11, defined with the law νE and the rate K(E). Then for every
s ∈ (0, 2q0), the map E 7→ Q3

E,s is continuous from I to the bounded operators on C(RP1) in
operator norm, and E 7→ λE(s) is continuous on I. In particular, if the moment bound holds for
some q0 > 1/2, then E 7→ λE(1) is continuous on I, and if it holds for every q0 ∈ (0, 1), then
E 7→ λE(s) is continuous on I for every s ∈ (0, 2).

Proof. The proof repeats the total variation argument of Lemma 6.7, with the law and
the input varying together, on a probability space on which the denominators converge
almost surely. Fix s ∈ (0, 2q0), E0 ∈ I, and a sequence En → E0 in I. The set I′ =
{E0} ∪ {En : n ≥ 1} is a compact subset of I. We write Kn = K(En) for n ≥ 0, and let
k− = infn Kn > 0 and k+ = supn Kn < ∞. Fix t ∈ (s, 2q0). In the following, n ranges over
{0, 1, 2, . . . }, and the index 0 refers to E0.

Step 1. Coupling and uniform bounds. By the Skorokhod representation theorem [37, Theo-
rem 6.7], there exist random variables Bn with law νEn , defined on one probability space,
such that Bn → B0 almost surely. Enlarging the space if necessary, let Y be an Exp(1)
random variable independent of (Bn)n≥0, and set βn = Y/Kn. Then (Bn, βn) has law
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νEn ⊗ Exp(Kn) for each n, and βn → β0 almost surely. For σ ∈ {s, t}, by Lemma 6.5, we
have

mσ = sup
n≥0

sup
x∈RP1

E
[
Rσ(x; Bn, βn)

]
≤ sup

n≥0
Cσ,Kn

(
2 + E|Bn|q0

)
< ∞, (6.16)

where we used |b|σ/2 ≤ 1 + |b|q0 (since σ/2 < q0), the continuity of Cσ,K in K on [k−, k+],
and the moment bound on I′. In particular, supn ∥QEn,s∥ ≤ p ms. Further, since Rt/s

s = Rt

and t/s > 1, every family of random variables of the form Rs(xn; Bn, βn) with xn ∈ RP1

is bounded in Lt/s, and in particular uniformly integrable.
Let κ

(k)
n (x, ·) denote the k-step kernel measure of QEn,s at x. By (6.10), we have

κ
(k)
n (x, RP1) ≤ (p ms)k for all n, k, x. We say that the k-step kernel measures are jointly

continuous at y ∈ RP1 if ∥κ(k)n (yn, ·) − κ
(k)
0 (y, ·)∥TV → 0 for every sequence yn → y

in RP1. The maps (b, β, x) 7→ ∥M(b, β)vx∥−s and (b, β, x) 7→ fb,β(x) are continuous
on R× (0, ∞) ×RP1, because M(b, β) depends continuously on (b, β) and x 7→ vx is
continuous up to sign.

Step 2. The one-step kernel measures are jointly continuous at every y ∈ R \ {0}. For K > 0,
let ϕK(u) = us/2e−Ku1{u>0}. The map (K, u) 7→ ϕK(u) is continuous on (0, ∞)×R, and
ϕK ≤ supu>0 us/2e−k−u < ∞ for K ≥ k−. Let yn → y ∈ R \ {0}; then yn ∈ R \ {0} for

large n. By Lemma 6.7(i), applied to νEn and Kn, the kernel measure κ
(1)
n (yn, ·) is the

image under ι of the measure with density

kn(w) =
pKn

|yn|
(1 + y2

n)
s/2(1 + w2)−s/2 E

[
ϕKn

(Bn − w
yn

)]
.

For each w, the random variables ϕKn((Bn − w)/yn) converge almost surely to ϕK0((B0 −
w)/y) and are uniformly bounded. By dominated convergence, kn(w) converges to the
density k∞(w) of κ

(1)
0 (y, ·). Further,

∫
kn = p ERs(yn; Bn, βn) → p ERs(y; B0, β0) =

∫
k∞,

by almost sure convergence and uniform integrability (Step 1). Scheffé’s lemma, in the
form proved in Lemma 6.7(ii), gives

∫
|kn − k∞| → 0, which is the claim.

Step 3. Propagation. We claim that if k ≥ 1, x ∈ RP1, and the k-step kernel measures are
jointly continuous at fB0,β0(x) almost surely, then the (k + 1)-step kernel measures are
jointly continuous at x. Let xn → x, and write R(n) = Rs(xn; Bn, βn) and yn = fBn,βn(xn)

for n ≥ 1, and R = Rs(x; B0, β0) and y = fB0,β0(x). Since (6.11) is an identity between
expectations over the law of (Bn, βn), it holds on the coupled space, and we obtain∥∥κ

(k+1)
n (xn, ·)− κ

(k+1)
0 (x, ·)

∥∥
TV

≤ p (p ms)
k E
∣∣R(n) − R

∣∣+ p E
[

R
∥∥κ

(k)
n (yn, ·)− κ

(k)
0 (y, ·)

∥∥
TV

]
.

By Step 1, R(n) → R and yn → y almost surely. The first term tends to zero by uniform
integrability. The integrand in the second term is measurable, by the countable supremum
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used in the proof of Lemma 6.7. For almost every outcome, the hypothesis applies to the
sequence yn → y, and this integrand tends to zero; it is bounded by 2(p ms)kR, which is
integrable. Dominated convergence completes the proof of the claim.

Step 4. The three-step kernel measures are jointly continuous at every x ∈ RP1. As in the
proof of Lemma 6.7, for x ∈ R the point fB0,β0(x) lies in R \ {0} almost surely. By Step
2 and Step 3 with k = 1, the two-step kernel measures are jointly continuous at every
x ∈ R. For x ∈ R, the point fB0,β0(x) lies in R almost surely, and fB0,β0(∞) = 0. Step 3
with k = 2 implies the claim.

Step 5. Norm continuity of the third power. We show that supx∈RP1 ∥κ(3)n (x, ·) −
κ
(3)
0 (x, ·)∥TV → 0. If not, then there exist η > 0, a subsequence (which we do not relabel),

and points xn with ∥κ(3)n (xn, ·)− κ
(3)
0 (xn, ·)∥TV ≥ η. By compactness of RP1, we may pass

to a further subsequence with xn → x. Steps 1–4 apply to every sequence converging
to E0, in particular to this subsequence, and they give ∥κ(3)n (xn, ·) − κ

(3)
0 (x, ·)∥TV → 0.

By Lemma 6.7(iv) for νE0 , we also have ∥κ(3)0 (xn, ·)− κ
(3)
0 (x, ·)∥TV → 0. This contradicts

the choice of xn. Since |Q3
En,sF(x) − Q3

E0,sF(x)| ≤ ∥F∥∞∥κ(3)n (x, ·) − κ
(3)
0 (x, ·)∥TV, we

conclude that ∥Q3
En,s −Q3

E0,s∥ → 0.

Step 6. Continuity of the eigenvalue. Let Tn = Q3
En,s. By Step 2 of the proof of Theorem 6.11,

applied to νE0 and K(E0), the point µ0 = λE0(s)
3 is isolated in σ(T0), its Riesz projection

Π has rank one, there exists r′ < µ0 with |z| ≤ r′ for every z ∈ σ(T0) \ {µ0}, and Πψ = ψ

for ψ = ψE0,s. Let ℓ ∈ C(RP1)∗ be the functional with ΠF = ℓ(F)ψ, so that ℓ(Πψ) = 1.
Fix δ ∈ (0, (µ0 − r′)/3) and let ε be as in Lemma 6.10. By Step 5, ∥Tn − T0∥ < ε for all
large n. For such n, Lemma 6.10(i) shows that σ(Tn) has a unique point of maximal
modulus, and that this point lies within distance δ of µ0. By Theorem 6.11(ii) for νEn and
the spectral mapping theorem, the spectral radius of Tn is λEn(s)

3 and belongs to σ(Tn);
it is therefore this point, and |λEn(s)

3 − λE0(s)
3| < δ for all large n. Since δ can be taken

arbitrarily small, λEn(s)→ λE0(s). This completes the proof.

6.3 The free energy

Independence of the scaling and the definition of the free energy

The transfer matrices of a real solution depend on the choice of scaling g > 0. The next
lemma shows that different scalings give similar transfer operators.

Lemma 6.13 (Change of scaling). Let E > 0 and let π be a real solution at energy E. For
g > 0, let νg be the law of gD, where D has law π, and let Kg = p/g2.

(i) For every g > 0, the law νg satisfies (6.1), and
∫
|b|−q νg(db) < ∞ for every q ∈ (0, 1).
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(ii) Let s ∈ (0, 2), and for g > 0 let Q(g)
s be the transfer operator defined with νg and Kg. For

g, g′ > 0, set S = diag(c−1/2, c1/2) with c = g′/g, and define (ΘF)(y) = ∥Svy∥−sF(S ·
y). Then Θ is a bounded invertible operator on C(RP1), both Θ and Θ−1 are positive, and

Q(g′)
s = Θ−1Q(g)

s Θ.

In particular, the spectral radius of Q(g)
s does not depend on g.

Proof. For (i), Proposition 5.5 states that π has full support, that its only atom is at
E ̸= 0, and that E|D|±q < ∞ for q ∈ (0, 1); these properties are preserved by the scaling
D 7→ gD.

For (ii), let Y ∼ Exp(1) be independent of D and set α = Y/p. Then (gD, g2α) has law
νg ⊗ Exp(Kg), and Q(g)

s is defined by the random matrix M = M(gD, g2α), and similarly

Q(g′)
s is defined by M̃ = M(g′D, g′2α). A direct computation from (6.2) shows that for

every d ∈ R and a, γ > 0, we have

M(γd, γ2a) = SγM(d, a)S−1
γ , Sγ = diag(γ−1/2, γ1/2). (6.17)

Indeed, the (1, 2), (2, 1), and (2, 2) entries of both sides are γ−1a−1/2, −γa1/2, and a−1/2d,
respectively, and the (1, 1) entries vanish. Since Sg′ = ScSg, (6.17) gives M̃ = SMS−1 with
S = Sc.

The map y 7→ S · y is a homeomorphism of RP1 and y 7→ ∥Svy∥−s is continuous
and positive. Then Θ is bounded and positive, with positive inverse (Θ−1G)(x) =

∥SvS−1·x∥sG(S−1 · x). Fix y ∈ RP1 and a realization of M. By Lemma 6.2(i), we have
M̃ · (S · y) = S · (M · y) and

∥M̃vS·y∥ = ∥SMvy∥ ∥S−1vS·y∥ = ∥SvM·y∥ ∥Mvy∥ ∥Svy∥−1,

where in the last step we used ∥S−1vS·y∥ ∥Svy∥ = ∥S−1Svy∥ = 1. For F ∈ C(RP1), we
obtain(
Q(g′)

s F
)
(S · y) = ∥Svy∥s p E

[
∥Mvy∥−s ∥SvM·y∥−sF

(
S · (M · y)

)]
= ∥Svy∥s (Q(g)

s ΘF
)
(y).

Multiplying by ∥Svy∥−s, we find ΘQ(g′)
s F = Q(g)

s ΘF, which is the claimed identity. Since
similar operators have the same spectrum, this implies the last statement.

Definition 6.14. Suppose that ν satisfies (6.1), and let λ(s) be the Perron–Frobenius
eigenvalue of Qs from Theorem 6.11.

(i) The free energy is φ(s) = log λ(s) for s ∈ (0, 2). The name follows [4, 12], where the
same quantity, up to normalization, is called the free energy.

(ii) Let M1, M2, . . . be independent copies of M(B, β). For s ∈ (0, 2) and L ≥ 0, we set
fL(s) = E∥ML · · ·M1∥−s, with f0(s) = 1.
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(iii) Let π be a real solution at energy E > 0. The free energy of π is φπ(s) = log λ(s),
where λ(s) is computed with the law νg and the rate Kg = p/g2 of Lemma 6.13 for
some g > 0; by Lemma 6.13(ii), it does not depend on g. When the real solution is
determined by the energy, we also write φE(s). We define fL(s) for π as in (ii), with
a fixed scaling.

Properties of the free energy

Proposition 6.15. Suppose that ν satisfies (6.1), and let φ be its free energy.

(i) The function φ is real-analytic and convex on (0, 2), and φ(s) = φ(2− s) for s ∈ (0, 2).
(ii) We have φ′(1) = 0, and φ is nonincreasing on (0, 1] and nondecreasing on [1, 2).

(iii) We have 0 ≤ E log ∥M(B, β)∥ < ∞, and for every s ∈ (0, 2),

log p− s E log ∥M(B, β)∥ ≤ φ(s) ≤ log p.

In particular, lims↓0 φ(s) = log p.
(iv) We have φ(1) < log p.
(v) We have φ′(s) < 0 for every s ∈ (0, 1). In particular, φ is strictly decreasing on (0, 1], and

φ(s) < log p for every s ∈ (0, 2).

If π is a real solution at energy E > 0, then φπ is independent of the scaling, and (i)–(v) hold for
φπ.

Proof. Throughout the proof, M1, M2, . . . are independent copies of M = M(B, β), and
we abbreviate WL = ML · · ·M1 and jL(s) = EJs(WL). By Theorem 6.11(v), we have

φ(s) = log p + lim
L→∞

1
L

log jL(s), s ∈ (0, 2). (6.18)

Proof of (i). Real-analyticity is Theorem 6.11(iv). By Lemma 6.3, we have Js(WL) =

J2−s(WL) for every realization. Then jL(s) = jL(2 − s), and (6.18) implies that
φ(s) = φ(2 − s). For convexity, fix L, s0, s1 ∈ (0, 2), and τ ∈ (0, 1). Applying
Hölder’s inequality with exponents 1/(1 − τ) and 1/τ to the integral over m ⊗ P

of ∥WLvx∥−(1−τ)s0∥WLvx∥−τs1 , we obtain jL((1− τ)s0 + τs1) ≤ jL(s0)
1−τ jL(s1)

τ. Then
s 7→ L−1 log jL(s) is convex, and so is its pointwise limit φ(s)− log p.

Proof of (ii). Differentiating φ(s) = φ(2− s) gives φ′(s) = −φ′(2− s), and taking s = 1
gives φ′(1) = 0. Since φ is convex and differentiable, φ′ is nondecreasing. Then φ′ ≤ 0
on (0, 1] and φ′ ≥ 0 on [1, 2).

Proof of (iii). Since det M = 1, the product of the two singular values of M is one; in
particular, ∥M∥ ≥ 1 and log ∥M∥ ≥ 0. Bounding the operator norm by the Hilbert–
Schmidt norm, we have ∥M(b, β)∥2 ≤ β−1(1 + β2 + b2), and therefore

log ∥M(b, β)∥ ≤ 1
2
| log β|+ 1

2
log(1 + β2) +

1
2

log(1 + b2).
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The first two terms have finite expectation since β is exponential. For the third, fix
q ∈ (0, 1); since log y ≤ (2/q)yq/2 for y ≥ 1, we have log(1 + B2) ≤ (2/q)(1 + B2)q/2 ≤
(2/q)(1 + |B|q), which is integrable by (6.1). This proves E log ∥M∥ < ∞.

By Lemma 6.3, we have Js(WL) ≤ 1. Then jL(s) ≤ 1, which implies φ(s) ≤ log p by
(6.18). For the lower bound, by Jensen’s inequality for the probability measure m, we
have

Js(A) =
∫

exp
(
− s log ∥Avx∥

)
m(dx) ≥ exp

(
− s

∫
log ∥Avx∥m(dx)

)
≥ ∥A∥−s

for every A with determinant one. Using Jensen’s inequality again, and then log ∥WL∥ ≤
∑L

j=1 log ∥Mj∥, we obtain

jL(s) ≥ E exp
(
− s log ∥WL∥

)
≥ exp

(
− s E log ∥WL∥

)
≥ exp

(
− sL E log ∥M∥

)
.

Inserting this into (6.18) gives the lower bound. Letting s ↓ 0 gives lims↓0 φ(s) = log p.

Proof of (iv). We work in the real Hilbert space L2(m) of real-valued functions, with inner
product ⟨·, ·⟩ and norm ∥ · ∥2. For a real 2× 2 matrix A with determinant one, define
(UAF)(x) = ∥Avx∥−1F(A · x). By (6.5) applied to |F|2, UA is an isometry of L2(m). By
(6.4), we have UAUA′ = UA′A; indeed,

(UAUA′F)(x) = ∥Avx∥−1 ∥A′vA·x∥−1F
(

A′ · (A · x)
)
= ∥A′Avx∥−1F

(
(A′A) · x

)
.

Taking A′ = A−1 and then A = A′−1, we have UA−1UA = UAUA−1 = UI = I, and UA is
unitary with U−1

A = UA−1 .
Let ψ = ψ1 be the eigenfunction from Theorem 6.11(ii) with s = 1; it is continu-

ous, real-valued, and bounded below by a positive constant. By definition, Q1ψ(x) =

p E[(UMψ)(x)]. By Tonelli’s theorem (all integrands are nonnegative), the Cauchy–
Schwarz inequality, and unitarity, we have

λ(1)∥ψ∥2
2 = ⟨ψ,Q1ψ⟩ = p E⟨ψ, UMψ⟩ ≤ p E

[
∥ψ∥2∥UMψ∥2

]
= p ∥ψ∥2

2.

We have shown that λ(1) ≤ p. Suppose, for the sake of contradiction, that λ(1) = p. Then
the display implies E

[
∥ψ∥2

2 − ⟨ψ, UMψ⟩
]
= 0. Since ∥UMψ∥2 = ∥ψ∥2, we have ∥ψ∥2

2 −
⟨ψ, UMψ⟩ = ∥UMψ−ψ∥2

2/2 ≥ 0, and therefore E∥UMψ−ψ∥2
2 = 0. The function (b, β) 7→

∥UM(b,β)ψ−ψ∥2
2 is continuous on R× (0, ∞), by dominated convergence: the integrand is

continuous in (b, β) for each x, and ∥M(b, β)vx∥−1 ≤ ∥M(b, β)−1∥ is bounded uniformly
in x and in (b, β) in compact sets. This function vanishes ν⊗ Exp(K)-almost everywhere,
and this measure charges every nonempty open subset of R× (0, ∞) because supp ν = R.
Since the function is continuous, it vanishes identically. In particular, UM(0,1)ψ = ψ and
UM(0,4)ψ = ψ.
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A direct computation from (6.2) gives

M(0, 4)−1M(0, 1) =
(

0 −1/2
2 0

)(
0 1
−1 0

)
=

(
1/2 0

0 2

)
= ∆.

Then U∆ = UM(0,1)UM(0,4)−1 = UM(0,1)U
−1
M(0,4), and U∆ψ = ψ in L2(m). Since both sides

are continuous and m has full support, we have ψ(x) = ∥∆vx∥−1ψ(∆ · x) for every x. Let
µ be the finite measure ψ2m. For every Borel F ≥ 0, (6.5) with A = ∆ gives∫

F(∆ · x) µ(dx) =
∫

F(∆ · x)ψ(∆ · x)2 ∥∆vx∥−2 m(dx) =
∫

F(y) µ(dy),

so µ is invariant under the map x 7→ ∆ · x, which is x 7→ x/4 in coordinates. For
k ∈ Z, let Ik = [4k, 4k+1). The preimage of Ik under x 7→ x/4 is Ik+1, and invariance
gives µ(Ik+1) = µ(Ik) for every k. The intervals Ik are disjoint with union (0, ∞), and
µ((0, ∞)) ≤ µ(RP1) < ∞, which forces µ(Ik) = 0 for every k and µ((0, ∞)) = 0. This
contradicts µ((0, ∞)) =

∫
(0,∞) ψ2 dm > 0, which holds because ψ > 0 and m((0, ∞)) > 0.

We conclude that λ(1) < p, that is, φ(1) < log p.

Proof of (v). By (ii), φ′ ≤ 0 on (0, 1). Suppose that φ′(s0) = 0 for some s0 ∈ (0, 1). Since
φ′ is nondecreasing and φ′(1) = 0, we have φ′ = 0 on [s0, 1], and φ is constant on [s0, 1].
Since φ is real-analytic on the interval (0, 2), it is constant on (0, 2). Then (iii) implies
φ(1) = lims↓0 φ(s) = log p, contradicting (iv). We conclude that φ′ < 0 on (0, 1), and φ

is strictly decreasing on (0, 1]. For s ∈ (0, 1], this implies φ(s) < φ(s/2) ≤ log p, and for
s ∈ [1, 2) we use φ(s) = φ(2− s).

Finally, if π is a real solution, then νg satisfies (6.1) for every g > 0 by Lemma 6.13(i),
and φπ does not depend on g by Lemma 6.13(ii). Applying (i)–(v) to νg, we obtain the
last statement.

The symmetry φ(s) = φ(2− s) is inherited from the identity Js(A) = J2−s(A) of
Lemma 6.3. A symmetry of this kind for the linearized cavity equation goes back to
Abou-Chacra, Anderson, and Thouless [2]; see [109] for a discussion. The proof of
Proposition 6.15(iv) uses only (6.1), and in particular it does not use atoms of ν. The next
lemma selects an exponent below one at which the free energy has a useful tangent line.

Lemma 6.16. Suppose that ν satisfies (6.1) and that φ(1) > 0. Then there exists s ∈ (1/2, 1)
such that

γ = −φ′(s) > 0, F = φ(s)− (1− s)γ > 0, φ(s) < log p.

In particular, this holds for the free energy φπ of a real solution π with 0 < φπ(1).
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Proof. By Proposition 6.15(v), we have φ′(s) < 0 and φ(s) < log p for every s ∈ (0, 1).
Since φ is continuously differentiable on (0, 2) and φ′(1) = 0, we have

lim
s↑1

(
φ(s)− (1− s)(−φ′(s))

)
= lim

s↑1

(
φ(s) + (1− s)φ′(s)

)
= φ(1) > 0.

Choosing s ∈ (1/2, 1) sufficiently close to one gives all three inequalities.

6.4 Products of three independent factors

In this section, we show that the product of three independent transfer matrices has
bounded inverse fractional moments of its bilinear forms, uniformly in the vectors. Here
and below, a factor is a random matrix M(B, β) in which β has an exponential law and is
independent of B, as in Section 6.2. The smoothing comes from the exponential variables
βi alone; the variables Bi enter only through their moments. We then use this bound to
compare the free energy with moments of norms of products.

Inverse moments of multiaffine polynomials

A multiaffine polynomial in n variables is a polynomial of the form P(t) =

∑α⊂{1,...,n} cα ∏i∈α ti with coefficients cα ∈ C, that is, a polynomial of degree at most
one in each variable. For s ∈ (0, 1) and K > 0, let ωs,K be the measure on R given by
ωs,K(dt) = Kts/2e−Kt1{t>0} dt. Its total mass is ωs,K(R) = K−s/2Γ(1 + s/2).

Lemma 6.17. Let s ∈ (0, 1), K > 0, and n ≥ 1. There exists a constant Cs,K,n < ∞ such that
for every nonzero multiaffine polynomial P in n variables with coefficients cα,∫

(0,∞)n
|P(t)|−s ωs,K(dt1) · · ·ωs,K(dtn) ≤ Cs,K,n

(
max

α
|cα|
)−s

.

One can take Cs,K,n = Cn
s,K,1, and Cs,K,1 is bounded for (s, K) in compact subsets of (0, 1)× (0, ∞).

Proof. We argue by induction on n.

Step 1. A translated singularity. Let

As,K = sup
x0∈R

∫ ∞

0
|t− x0|−s ωs,K(dt).

Let w∗ = supt>0 Kts/2e−Kt < ∞. On {|t− x0| < 1}, we bound the density of ωs,K by w∗,
and

∫
|t−x0|<1 |t− x0|−s dt = 2/(1− s). On {|t− x0| ≥ 1}, we bound |t− x0|−s by one.

This gives As,K ≤ 2w∗/(1− s) + K−s/2Γ(1 + s/2) < ∞.

Step 2. The case n = 1. Let P(t) = at + b with (a, b) ∈ C2 \ {0}. Replacing P by
P/ max(|a|, |b|) multiplies both sides of the claimed inequality by max(|a|, |b|)s, so we
may assume that max(|a|, |b|) = 1.
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Suppose first that |a| ≥ 1/2. Then |at + b| = |a| |t− z| with z = −b/a, and |t− z| ≥
|t− Re z| for real t, and integrating gives

∫
|P|−s dωs,K ≤ |a|−s As,K ≤ 2s As,K.

Suppose next that |a| < 1/2, so that |b| = 1. Let R = 1/(2|a|), with R = ∞ if
a = 0. For 0 < t ≤ R, we have |at + b| ≥ 1− |a|t ≥ 1/2, and this range contributes
at most 2sωs,K(R). If a ̸= 0, then for t > R, we write |at + b|−s = |a|−s|t − z|−s ≤
|a|−s|t− Re z|−s and e−Kt ≤ e−KR/2e−Kt/2. Since Kts/2e−Kt/2 dt = 2 ωs,K/2(dt), the range
t > R contributes at most

|a|−se−KR/2 · 2As,K/2 = 2As,K/2 |a|−se−K/(4|a|) ≤ 2As,K/2

( 4s
eK

)s
,

where we used supy>0 y−se−K/(4y) = (4s/(eK))s. We conclude that the lemma holds for
n = 1 with

Cs,K,1 = max
{

2s As,K, 2sK−s/2Γ(1 + s/2) + 2As,K/2

( 4s
eK

)s}
.

The bounds on As,K in Step 1 are bounded for (s, K) in compact subsets of (0, 1)× (0, ∞),
and hence so is Cs,K,1.

Step 3. The induction step. Let n ≥ 2 and suppose that the lemma holds for n− 1 vari-
ables with the constant Cn−1

s,K,1. We write t = (t′, tn) with t′ ∈ Rn−1. Every multiaffine
polynomial P in n variables can be written uniquely as P(t) = tnP1(t′) +P0(t′), where
P1 and P0 are multiaffine in n − 1 variables; the coefficients of P1 are the cα with
n ∈ α, and those of P0 are the cα with n /∈ α. Let Q ∈ {P1,P0} be a polynomial that
has a coefficient of maximal modulus among all coefficients of P, so that Q ̸= 0 and
maxα |cα(Q)| = maxα |cα(P)|. The zero set of the nonzero polynomial Q in Rn−1 has
Lebesgue measure zero (its real or imaginary part is a nonzero real polynomial); in
particular, it is null for ω

⊗(n−1)
s,K . For t′ with Q(t′) ̸= 0, we have (P1(t′),P0(t′)) ̸= (0, 0),

and the case n = 1 applied to tn 7→ tnP1(t′) +P0(t′) gives∫
|P(t′, tn)|−s ωs,K(dtn) ≤ Cs,K,1 max

(
|P1(t′)|, |P0(t′)|

)−s ≤ Cs,K,1|Q(t′)|−s.

Integrating over t′, and using Tonelli’s theorem and the induction hypothesis for Q, we
obtain ∫

|P|−s dω⊗n
s,K ≤ Cs,K,1

∫
|Q|−s dω

⊗(n−1)
s,K ≤ Cn

s,K,1

(
max

α
|cα(P)|

)−s
.

This completes the induction.

Three independent factors

For b ∈ C and β > 0, we define M(b, β) by the formula (6.2); it is a complex 2× 2 matrix
with determinant one. For vectors u, v ∈ C2 and a matrix G, we write uTGv = ∑i,j uiGijvj
for the bilinear (not sesquilinear) pairing.
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Proposition 6.18. Let s ∈ (0, 1), K > 0, and a+, a− ≥ 0. Let B1, B2, B3 be independent real
random variables such that

E|Bi|s ≤ a+, E|Bi|−s ≤ a−, i ∈ {1, 2, 3},

and let β1, β2, β3 be independent random variables with the exponential law of rate K, independent
of (B1, B2, B3). Set Mi = M(Bi, βi) and G = M3M2M1, and let

C∗ = 2sCs,K,3 (1 + a+)(1 + 2a−),

where Cs,K,3 is the constant of Lemma 6.17. Then the following hold.

(i) For all nonzero u, v ∈ R2, we have E|uTGv|−s ≤ C∗∥u∥−s∥v∥−s.
(ii) For all nonzero real 2× 2 matrices A and C, we have E∥CGA∥−s ≤ C∗∥C∥−s∥A∥−s.

The laws of B1, B2, B3 need not coincide, and each may be any law with the stated moment bounds,
including a law with atoms or a point mass at a nonzero constant. The same bounds hold for
complex factors, in the sense of Proposition 6.19.

Proof. Both sides of (i) are homogeneous of degree −s in u and in v, so we may assume
that ∥u∥ = ∥v∥ = 1. We write u = (u1, u2) and v = (v1, v2), and we let Ni = β1/2

i Mi =(
0 1
−βi Bi

)
. Multiplying out, we have

N2N1 =

(
−β1 B1

−B2β1 B1B2 − β2

)
,

N3N2N1 =

(
−B2β1 B1B2 − β2

β1β3 − B2B3β1 B1B2B3 − B1β3 − B3β2

)
.

We see that P = uTN3N2N1v is a multiaffine polynomial in (β1, β2, β3), with coefficients
depending on B1, B2, B3, u, v. Set

a = u1 + B3u2, b = u2.

Collecting monomials, we find that the coefficients of β1β3, β1, β2, β3, and 1 are

c13 = bv1, c1 = −B2av1, c2 = −av2, c3 = −B1bv2, c∅ = B1B2av2,

and the coefficients of β1β2, β2β3, and β1β2β3 vanish. Let d = min(1, |B1|, |B2|). The four
coefficients c13, c1, c2, c3 are the products bv1, av1, av2, bv2, multiplied by 1,−B2,−1,−B1,
respectively. Since d ≤ 1, d ≤ |B1|, and d ≤ |B2|, we find

max
α
|cα| ≥ d max

(
|bv1|, |av1|, |av2|, |bv2|

)
≥ d

2

(
|bv1|2 + |av1|2 + |av2|2 + |bv2|2

)1/2
=

d
2
(
|a|2 + |b|2

)1/2,
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where in the second inequality we bounded the maximum of four numbers below by
half of their Euclidean norm, and in the last step we used |v1|2 + |v2|2 = 1. Further,

(a, b)T = Su with S =

(
1 B3

0 1

)
, and S−1 =

(
1 −B3

0 1

)
has norm at most 1 + |B3|. Since

1 = ∥u∥ ≤ ∥S−1∥ ∥Su∥ ≤ (1 + |B3|)∥Su∥, we have (|a|2 + |b|2)1/2 ≥ (1 + |B3|)−1. We
conclude that

max
α
|cα| ≥

d
2(1 + |B3|)

. (6.19)

Since uTGv = (β1β2β3)
−1/2P, we have |uTGv|−s = (β1β2β3)

s/2|P|−s. The variables
β1, β2, β3 are independent of (B1, B2, B3) and have joint density ∏i Ke−Kβi . By Fubini’s
theorem, the conditional expectation given (B1, B2, B3) is

E
[
|uTGv|−s

∣∣∣ B1, B2, B3

]
=
∫
(0,∞)3

|P(β)|−s ωs,K(dβ1)ωs,K(dβ2)ωs,K(dβ3)

≤ 2sCs,K,3(1 + |B3|)sd−s,

where we used Lemma 6.17 and (6.19). We have (1 + |B3|)s ≤ 1 + |B3|s and d−s ≤
1 + |B1|−s + |B2|−s. Taking expectations and using the independence of B3 and (B1, B2),
we obtain

E|uTGv|−s ≤ 2sCs,K,3
(
1 + E|B3|s

)(
1 + E|B1|−s + E|B2|−s) ≤ C∗.

This proves (i).
For (ii), choose a unit vector v0 with ∥Av0∥ = ∥A∥ and a unit vector w0 with

∥CTw0∥ = ∥CT∥ = ∥C∥, and set v = Av0/∥A∥ and u = CTw0/∥C∥. These are unit
vectors depending only on A and C, and

∥CGA∥ ≥
∣∣wT

0 CGAv0
∣∣ = ∣∣(CTw0)

TG(Av0)
∣∣ = ∥C∥ ∥A∥ |uTGv|.

Raising to the power −s, taking expectations, and applying (i), we obtain (ii).

The same argument applies to complex denominators, which arise when the spectral
parameter has positive imaginary part.

Proposition 6.19. Let s ∈ (0, 1), K > 0, and a+, a− ≥ 0. Let B1, B2, B3 be independent complex
random variables with E|Bi|s ≤ a+ and E|Bi|−s ≤ a− for i ∈ {1, 2, 3}, let β1, β2, β3 be as
in Proposition 6.18, and set Mi = M(Bi, βi) and G = M3M2M1. Let C∗ be the constant of
Proposition 6.18. Then the following hold.

(i) For all nonzero u, v ∈ C2, we have E|uTGv|−s ≤ C∗∥u∥−s∥v∥−s.
(ii) For all nonzero complex 2× 2 matrices A and C, we have E∥CGA∥−s ≤ C∗∥C∥−s∥A∥−s.

In particular, the bounds hold with the same constant C∗ for every member of a family of triples
(B1, B2, B3) of independent complex random variables satisfying the moment bounds with the
same a+ and a−.
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Proof. For (i), the proof of Proposition 6.18(i) applies with the following changes. The ex-
pansion of uTN3N2N1v is a polynomial identity and is unchanged, and P is a multiaffine
polynomial in (β1, β2, β3) with the complex coefficients displayed there. The identity
|bv1|2 + |av1|2 + |av2|2 + |bv2|2 = (|a|2 + |b|2)(|v1|2 + |v2|2) holds for complex numbers,
the bound ∥S−1∥ ≤ 1 + |B3| holds for the Hermitian operator norm, and Lemma 6.17
allows complex coefficients. Then (6.19) and the rest of the argument hold verbatim.

For (ii), choose unit vectors v0, w0 ∈ C2 with ∥Av0∥ = ∥A∥ and ∥C∗w0∥ = ∥C∥, where
C∗ is the conjugate transpose. Set v = Av0/∥A∥, and let u = C∗w0/∥C∥, the entrywise
complex conjugate of C∗w0 divided by ∥C∥. Then (C∗w0)

∗ = ∥C∥uT, and

∥CGA∥ ≥
∣∣w∗0CGAv0

∣∣ = ∣∣(C∗w0)
∗G(Av0)

∣∣ = ∥C∥ ∥A∥ |uTGv|.

Part (i) completes the proof. The last statement holds because C∗ depends only on s, K,
a+, and a−.

Remark 6.20. Proposition 6.19 applies to the denominators of the tree at the spectral
parameter E + iη with η > 0. Let E > 0, g > 0, and 0 < η ≤ 1, and let Bη = gDη with
Dη = −1/Γo(E + iη). By Lemma 5.17, both sup0<η≤1 E|Bη|−s = g−s sup0<η≤1 E|Γo(E +

iη)|s and sup0<η≤1 E|Bη|s = gs sup0<η≤1 E|Dη|s are finite for s ∈ (0, 1). Then the constant
C∗ can be chosen uniformly in η ∈ (0, 1].

Corollary 6.21. Let s ∈ (0, 1), K > 0, a+, a− ≥ 0, and let C∗ be as in Proposition 6.18. Let G
and G′ be independent random matrices, each a product of three factors as in Proposition 6.19
(with possibly different laws of the Bi, all satisfying the moment bounds with a+ and a−).

(i) For all nonzero u, v ∈ C2 and every nonzero complex 2× 2 matrix A, we have

E
∣∣uTGAG′v

∣∣−s ≤ C2
∗∥u∥−s∥A∥−s∥v∥−s.

(ii) For all nonzero complex 2× 2 matrices A, C, and F, we have

E∥CGFG′A∥−s ≤ C2
∗∥C∥−s∥F∥−s∥A∥−s.

If ∥F∥ ≥ 1, which holds in particular if |det F| ≥ 1, the right side is at most
C2
∗∥C∥−s∥A∥−s.

(iii) Let G be a σ-algebra independent of (G, G′), and let u, v, A, C, F be G-measurable random
vectors and matrices that are almost surely nonzero. Then the bounds in (i) and (ii) hold
almost surely with E replaced by E[ · | G].

Proof. For a nonzero complex matrix A, choose a unit vector w0 with ∥A∗w0∥ = ∥A∥,
and let uA = A∗w0/∥A∥. As in the proof of Proposition 6.19(ii), we have

∥Ax∥ ≥ |w∗0 Ax| = ∥A∥ |uT
Ax| for every x ∈ C2. (6.20)
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For (i), we condition on G′; since G is independent of G′, Proposition 6.19(i) applied
to the vectors u and AG′v gives E[|uTGAG′v|−s |G′] ≤ C∗∥u∥−s∥AG′v∥−s (both sides
are infinite if AG′v = 0). By (6.20), we have ∥AG′v∥−s ≤ ∥A∥−s|uT

AG′v|−s, and Proposi-
tion 6.19(i) implies E|uT

AG′v|−s ≤ C∗∥v∥−s. Combining these bounds proves (i).
For (ii), we condition on G′ and apply Proposition 6.19(ii) to G with the matrices

C and FG′A, which gives E[∥CGFG′A∥−s |G′] ≤ C∗∥C∥−s∥FG′A∥−s. Applying Propo-
sition 6.19(ii) to G′ with the matrices F and A gives E∥FG′A∥−s ≤ C∗∥F∥−s∥A∥−s. If
|det F| ≥ 1, then ∥F∥2 ≥ |det F| ≥ 1, since |det F| is the product of the two singular
values of F.

For (iii), since (G, G′) is independent of G, the conditional expectation given G of a
nonnegative measurable function of (G, G′) and of G-measurable variables is obtained
by integrating over (G, G′) with the G-measurable variables held fixed [81, Chapter 6].
Applying (i) and (ii) for fixed values of u, v, A, C, F gives (iii).

Moments of norms of products

Corollary 6.22. Let s ∈ (0, 1). Suppose that ν satisfies (6.1) and
∫
|b|−s ν(db) < ∞, and let

fL(s) = E∥ML · · ·M1∥−s be as in Definition 6.14. Then the limit ϱs = limL→∞ fL(s)1/L exists,
and ϱs = λ(s)/p = eφ(s)−log p ∈ (0, 1). Further, let C∗ be the constant of Proposition 6.18 with
a+ = E|B|s and a− = E|B|−s. Then for every L ≥ 1,

C−1
∗ ϱL+3

s ≤ fL(s) ≤ ϱL
s .

Proof. We abbreviate fL = fL(s) and WL = ML · · ·M1. Since det Mj = 1, every prod-
uct has norm at least one, and 0 < fL ≤ 1. For L, N ≥ 0, we have ∥WL+N∥ ≤
∥ML+N · · ·ML+1∥ ∥WL∥, and the two factors on the right are independent, the first having
the law of WN. This implies that fL+N ≥ fN fL, that is, the sequence (log fL) is superad-
ditive. By Fekete’s lemma, we have limL→∞ L−1 log fL = supL≥1 L−1 log fL ∈ [log f1, 0].
This proves that ϱs exists, that ϱs > 0, and that fL ≤ ϱL

s .
By Lemma 6.4, we have fL ≤ EJs(WL) ≤ Cs fL, with Cs independent of L. Then

Theorem 6.11(v) implies that log ϱs = log λ(s)− log p = φ(s)− log p, and φ(s) < log p
by Proposition 6.15(v).

For the lower bound, let L, N ≥ 1, and write WL+N+3 = C′GA with A = WL,
G = ML+3ML+2ML+1, and C′ = ML+N+3 · · ·ML+4. The matrix G is a product of three
independent factors as in Proposition 6.18, with a+ = E|B|s and a− = E|B|−s, and it
is independent of (A, C′). Since G is independent of (A, C′), we may apply Proposi-
tion 6.18(ii) conditionally on (A, C′), integrating over G with A and C′ held fixed (as in
the proof of Corollary 6.21(iii)), and we obtain E[∥C′GA∥−s | A, C′] ≤ C∗∥C′∥−s∥A∥−s.
Taking expectations and using the independence of A and C′, where C′ has the law of
WN, we obtain

fL+N+3 ≤ C∗ fN fL.
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By induction on k ≥ 1, this gives fk(L+3)−3 ≤ Ck−1
∗ f k

L. Since n−1 log fn → log ϱs, taking
logarithms and dividing by k gives

k(L + 3)− 3
k

·
log fk(L+3)−3

k(L + 3)− 3
≤ k− 1

k
log C∗ + log fL.

Letting k→ ∞, we find (L + 3) log ϱs ≤ log C∗ + log fL, which is the lower bound.

6.5 Path moments

In this section, we identify the free energy with the growth rate of the path moments
ΦL(s), which are iterates of the transfer operator As in the x-coordinate. We begin by
writing the iterates of As along a chain of independent factors.

Lemma 6.23. Suppose that ν satisfies (6.1), and let s ∈ (0, 2) and L ≥ 1.

(i) Let B′0, . . . , B′L−1 have law ν and β1, . . . , βL have the exponential law of rate K, all indepen-
dent. For x ∈ R, set XL = x and Xj−1 = fB′j−1,β j

(Xj) for j = L, . . . , 1. Then almost surely
Xj ∈ R for every j, and for every Borel F : R→ [0, ∞],

(AL
s F)(x) = pL E

[ L

∏
j=1

βs/2
j |Xj|s F(X0)

]
. (6.21)

(ii) Let π be a real solution at energy E > 0, and for g > 0 let A(g)
s be the transfer operator in the

x-coordinate defined with νg and Kg = p/g2, and let πx
g be the law of 1/(gD), where D has

law π. Let DL, D′0, . . . , D′L−1 have law π and Y1, . . . , YL have law Exp(1), all independent,
and set Dj−1 = D′j−1 − Yj/(pDj) for j = L, . . . , 1. Then almost surely Dj ∈ R \ {0} for
every j, and for every g > 0,

gs
∫
A(g)L

s es dπx
g = pL E

[
|D0|−s

L

∏
j=1

(Yj

p

)s/2
|Dj|−s

]
. (6.22)

In particular, the left side does not depend on g.

Proof. For (i), we first show that Xj ∈ R almost surely. Suppose that Xj ∈ R al-
most surely. The variables (B′j−1, β j) are independent of Xj, which is a function
of B′j, . . . , B′L−1, β j+1, . . . , βL. By Definition 6.1(vi), for every fixed y ∈ R we have
fB′j−1,β j

(y) ∈ R almost surely, and Fubini’s theorem implies Xj−1 ∈ R almost surely.
Formula (6.21) for L = 1 is the definition of As. Suppose it holds for L. Then

(AL+1
s F)(x) = p E

[
βs/2

L+1|x|
s (AL

s F)
(

fB′L,βL+1
(x)
)]

.
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Inserting (6.21) for AL
s F, evaluated at the point fB′L,βL+1

(x) with the independent variables
B′0, . . . , B′L−1, β1, . . . , βL, and using Tonelli’s theorem, we obtain (6.21) for L + 1, with
XL+1 = x and XL = fB′L,βL+1

(x).
For (ii), the variables Dj are almost surely finite and nonzero by the same argument:

given Dj ∈ R \ {0}, the variable Dj−1 is finite, and it vanishes only if D′j−1 = Yj/(pDj),
which has probability zero because Yj has a density and is independent of (D′j−1, Dj). Set
B′j = gD′j, β j = g2Yj/p, and Xj = 1/(gDj). Then B′j has law νg, β j has the exponential
law of rate Kg, XL has law πx

g , all are independent, and

fB′j−1,β j
(Xj) =

(
gD′j−1 −

g2Yj

p
· 1

gDj

)−1
=

1
gDj−1

= Xj−1.

By (i) with F = es, applied conditionally on XL and integrated against πx
g using Tonelli’s

theorem, we obtain

gs
∫
A(g)L

s es dπx
g = gs pL E

[
|X0|s

L

∏
j=1

βs/2
j |Xj|s

]

= gs pL E

[
g−s|D0|−s

L

∏
j=1

gs
(Yj

p

)s/2
g−s|Dj|−s

]
,

which is (6.22).

Definition 6.24. Let π be a real solution at energy E > 0, let s ∈ (0, 1), and let L ≥ 0. The
path moment is

ΦL(s) = ΦL(s; E) = gs
∫
A(g)L

s es dπx
g ∈ [0, ∞],

where g > 0, and A(g)
s and πx

g are as in Lemma 6.23(ii); for L = 0, we set A0
s es = es. By

Lemma 6.23(ii), ΦL(s) does not depend on g and is given by the right side of (6.22).

Remark 6.25. We explain the name. Let π be a real solution at E, and let (Dv) be the
variables of the recursive tree process of Lemma 5.13, which have law π and satisfy
Dv = E − p−1 ∑u Yu/Du, the sum running over the children u of v. (When the no-ac
hypothesis of Proposition 5.11 holds and π is the real boundary law, the boundary
denominators −1/Γv(E + i0) satisfy the same recursion.) For a vertex v at generation
L with path o = v0, . . . , vL = v, the formula of Proposition 3.18 with Γvj = −1/Dvj and
|hvj−1vj |2 = Yvj /p gives the formal column entry

∣∣Γo ∏L
j=1 hvj−1vj Γvj

∣∣s = |Do|−s ∏L
j=1

(Yvj
p

)s/2
|Dvj |−s.

Summing over v and applying the many-to-one formula (Proposition 4.8), the sum
becomes pL times an expectation along a single path, on which Dvj−1 = D′j−1−Yvj /(pDvj),
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where D′j−1 is the contribution of the other children of vj−1; since these children form an
independent Poisson family, the cavity equation shows that D′j−1 has law π. Comparing
with (6.22), the expected generation-L sum is ΦL(s; E). This identity is stated and proved
in Proposition 8.3.

The operators As and Qs are related by the weight function hs of Definition 6.1(v). For
the identification, we use the following conjugacy. Here, for a Borel function G : RP1 →
[0, ∞], we define QL

s G(x) =
∫

G dκ
(L)
s (x, ·) ∈ [0, ∞]; for bounded G, this agrees with the

operator iterate.

Lemma 6.26. Suppose that ν satisfies (6.1), and let s ∈ (0, 2). For x ∈ R \ {0}, b ∈ R, and
β > 0, we have

βs/2|x|s hs
(

fb,β(x)
)
= hs(x)

∥∥M(b, β)vx
∥∥−s. (6.23)

Further, for every Borel G : RP1 → [0, ∞], every L ≥ 1, and every x ∈ R \ {0},

AL
s (hsG)(x) = hs(x)QL

s G(x). (6.24)

Proof. Let w = b− βx. If w ̸= 0, then fb,β(x) = 1/w and hs(1/w) = (1 + w2)−s/2, and
(6.3) gives

hs(x) ∥M(b, β)vx∥−s =
|x|s

(1 + x2)s/2 ·
βs/2(1 + x2)s/2

(1 + w2)s/2 = βs/2|x|s hs(1/w).

If w = 0, then fb,β(x) = ∞, hs(∞) = 1, and both sides of (6.23) equal βs/2|x|s. This proves
(6.23).

We prove (6.24) by induction on L. For x ∈ R \ {0}, the point fB,β(x) lies in R \ {0}
almost surely (it equals ∞ only on a null event, and it equals 0 only if x = ∞). For L = 1,
by (6.23), we have

As(hsG)(x) = p E
[

βs/2|x|shs
(

fB,β(x)
)
G
(

fB,β(x)
)]

= hs(x) p E
[
∥M(B, β)vx∥−sG

(
fB,β(x)

)]
= hs(x)QsG(x).

Suppose that (6.24) holds for L. Since fB,β(x) ∈ R \ {0} almost surely, we may apply the
induction hypothesis at this point, and (6.23) gives

AL+1
s (hsG)(x) = p E

[
βs/2|x|s hs

(
fB,β(x)

)
(QL

s G)
(

fB,β(x)
)]

= hs(x)QL+1
s G(x).

In the last step, we used (6.11) to write QL+1
s G(x) = p E[∥M(B, β)vx∥−s(QL

s G)( fB,β(x))].
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The identification of the free energy with the path moments requires a fractional
moment bound for the denominator perturbed by a tilted squared modulus. For q ∈ (0, 1),
let Tq be a random variable with density tq/2e−t/Γ(1 + q/2) on (0, ∞), independent of B.
We consider the bound

E|B− σaTq|−q ≤ Cq min{1, a−q} for all σ ∈ {−1, 1} and a ≥ 0. (6.25)

By Proposition 5.5, if B = gD with D distributed according to a real solution at energy
E > 0, then (6.25) holds for every q ∈ (0, 1), with a constant Cq depending on p, E, g, and
q.

Proposition 6.27. Let s ∈ (0, 1). Suppose that ν satisfies (6.1), and that there exist q ∈ (s, 1)
and Cq < ∞ such that (6.25) holds. Let νx be the law of 1/B.

(i) There exists C ≥ 1, depending on s, p, K, ν, q, and Cq, such that for every L ≥ 1,

C−1λ(s)L ≤
∫
AL

s es dνx ≤ Cλ(s)L.

In particular,
∫
AL

s es dνx is finite for every L, and limL→∞ L−1 log
∫
AL

s es dνx = φ(s).
(ii) We have E|B|−s < ∞, and the norm moments satisfy

C−1
∗ e(L+3)(φ(s)−log p) ≤ fL(s) ≤ eL(φ(s)−log p), L ≥ 1,

where C∗ is as in Corollary 6.22. In particular, limL→∞ L−1 log fL(s) = φ(s)− log p.
(iii) Let π be a real solution at energy E > 0. Then the hypotheses above hold for νg and

Kg = p/g2, for every g > 0 and every s ∈ (0, 1). In particular, there exists C ≥ 1,
depending on s, p, E, and π, such that

C−1eLφπ(s) ≤ ΦL(s; E) ≤ CeLφπ(s), L ≥ 1,

and therefore

lim
L→∞

1
L

log ΦL(s; E) = φπ(s).

Further, φπ(1) = lims↑1 limL→∞ L−1 log ΦL(s; E), and the bounds in (ii) hold for the norm
moments of π with every scaling.

Proof. Since the weight function hs vanishes at 0, the initial function es = |x|s of the path
moment corresponds under (6.24) to the function us(y) = (1 + y2)s/2 (with us(∞) = ∞),
which is unbounded on RP1. We show that one application of Qs turns us into a
bounded continuous positive function, using (6.25); the uniform integrability needed for
continuity comes from (6.25) at the larger exponent q. After this, the bounds follow from
Theorem 6.11.
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Step 1. A tilted moment bound. For r ∈ (0, 1), we have yr/2e−y dy = Γ(1+ r/2)P(Tr ∈ dy).
Writing β = Y/K with Y ∼ Exp(1) independent of B, we therefore have, for x ∈ R,

E
[
βr/2|B− βx|−r] = K−r/2 E

[
Yr/2

∣∣∣B− x
K

Y
∣∣∣−r]

= K−r/2 Γ(1 + r/2)E

∣∣∣B− σ
|x|
K

Tr

∣∣∣−r
,

(6.26)
where σ = sgn x (and σ = 1 if x = 0). Applying (6.26) with r = q and (6.25), we obtain

(1 + x2)q/2 E
[
βq/2|B− βx|−q] ≤ K−q/2 Γ(1 + q/2)Cq (1 + x2)q/2 min{1, Kq|x|−q}.

The right side is at most (1 + K2)q/2 times the prefactor, uniformly in x ∈ R: for |x| ≤ K
this is immediate, and for |x| ≥ K we have (1 + x2)q/2Kq|x|−q = Kq(1 + x−2)q/2 ≤
(K2 + 1)q/2. Then there exists C1 < ∞, depending on q, K, and Cq, with

sup
x∈R

(1 + x2)q/2 E
[
βq/2|B− βx|−q] ≤ C1. (6.27)

Step 2. The function Qsus is continuous and positive on RP1. Let x ∈ R. Almost surely
w = B− βx ̸= 0, and then fB,β(x) = 1/w and us(1/w) = (1+w−2)s/2 = (1+w2)s/2|w|−s.
By (6.3), we have

Qsus(x) = p EZx, Zx = βs/2(1 + x2)s/2|B− βx|−s.

At ∞, we have fB,β(∞) = 0 and us(0) = 1, which give Qsus(∞) = p Eβ−s/2 = pKs/2Γ(1−
s/2). Since Zq/s

x = βq/2(1 + x2)q/2|B− βx|−q and q/s > 1, (6.27) implies that the family
{Zx : x ∈ R} is bounded in Lq/s; in particular, it is uniformly integrable and bounded in
L1. In particular, supx∈RQsus(x) < ∞.

Let xn → x0 ∈ R. The event {B ̸= βx0} has probability one: for x0 = 0 because
P(B = 0) = 0, and for x0 ̸= 0 because β has a density and is independent of B. On this
event, Zxn → Zx0 , and by Vitali’s convergence theorem, we have Qsus(xn) → Qsus(x0).
Now let xn ∈ R with |xn| → ∞. Since |B − βxn|(1 + x2

n)
−1/2 → β almost surely, we

have Zxn → βs/2β−s = β−s/2 almost surely, and Vitali’s theorem gives Qsus(xn) →
p Eβ−s/2 = Qsus(∞). This proves that Qsus ∈ C(RP1). Since Zx > 0 almost surely for
every x ∈ R and Eβ−s/2 > 0, the function Qsus is strictly positive, and by compactness
c1 = minQsus > 0. Let c2 = maxQsus.

Step 3. Proof of (i). Since es = hsus on R, Lemma 6.26 with G = us implies AL
s es(x) =

hs(x)QL
s us(x) for x ∈ R \ {0}. By the Chapman–Kolmogorov relations and Tonelli’s

theorem, QL
s us = QL−1

s (Qsus), where on the right QL−1
s acts on the continuous function

Qsus. The law νx is concentrated on R \ {0}, because B is finite and P(B = 0) = 0. We
conclude that ∫

AL
s es dνx =

∫
hs(x)QL−1

s (Qsus)(x) νx(dx), L ≥ 1. (6.28)
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Let ψs be the eigenfunction of Theorem 6.11(ii), and let a = min ψs and A = max ψs. As
in Step 6 of the proof of Theorem 6.11, positivity of Qs and c1 ≤ Qsus ≤ c2 give

c1a
A

λ(s)L−1 ≤ QL−1
s (Qsus) ≤

c2A
a

λ(s)L−1

pointwise on RP1. Further, since 0 < hs ≤ 1 on R \ {0}, we have
0 <

∫
hs dνx ≤ 1. Inserting these bounds into (6.28) proves (i) with

C = max{c2A/(aλ(s)), Aλ(s)/(c1a
∫

hs dνx)}, enlarged to be at least one. The
limit statement follows by taking logarithms.

Step 4. Proof of (ii). Taking a = 0 in (6.25), we obtain E|B|−q ≤ Cq and E|B|−s ≤ 1+Cq <

∞. Then Corollary 6.22 applies, and we have the bounds with ϱs = eφ(s)−log p.

Step 5. Proof of (iii). By Lemma 6.13(i) and Proposition 5.5, the law νg satisfies (6.1) and
(6.25) for every q ∈ (0, 1), and the hypotheses hold for every s ∈ (0, 1), with any q ∈ (s, 1).
By Definition 6.24, ΦL(s; E) = gs ∫ A(g)L

s es dπx
g , and πx

g is the law of 1/B for B = gD. Part
(i) and λ(s) = eφπ(s) imply the bounds on ΦL(s; E), after multiplying C by max(gs, g−s).
Since φπ is continuous at 1 by Proposition 6.15(i), we have φπ(1) = lims↑1 φπ(s), which
implies the formula for φπ(1). The last statement is (ii) applied with each scaling.



part ii

Spectral type from the sign of the free energy



section 7

Rank-one perturbations of the squared row norms

In this section, we prove two criteria for the spectral type of H on a set of energies of the
form I ∪ (−I), where I ⊂ (0, ∞). Both criteria rest on the bipartite structure recorded
in Proposition 3.23. The square block A∗A is a sum of the rank-one terms Uy|vy⟩⟨vy|
over the rows y ∈ V1, and, conditional on all other variables, the squared row norm
Uy has a Lebesgue density. Removing the term of one row leaves an operator K(y)

0 that
does not depend on Uy, and the spectral measure of vy for A∗A is the member with

coupling u = Uy of the rank-one family K(y)
0 + u|vy⟩⟨vy|. For Lebesgue-almost every

coupling, the spectral type of such a family is determined by the boundary values of the
Borel transform of the spectral measure of vy for K(y)

0 . This is the mechanism behind the
Simon–Wolff criterion [124] and spectral averaging; see [123] and [13] for expositions.

The first criterion, Proposition 7.9, deduces pure point spectrum from the finiteness
of reciprocal-square integrals of spectral measures of the vertex-deleted operators; it is
used in Section 8. The second, Proposition 7.11, deduces purely absolutely continuous
spectrum from positivity, with positive probability, of the imaginary part of the boundary
value of the root cavity resolvent; it is used in Section 10.

Section 7.1 collects facts about Borel transforms and rank-one perturbations, the
main one being Lemma 7.3. Section 7.2 records the measurability of resolvent entries
of the tree operators. Section 7.3 relates the row-deleted square blocks to the vertex-
deleted operators. Section 7.4 and Section 7.5 prove Proposition 7.9 and Proposition 7.11,
respectively.

Throughout this section, p > 1 is fixed. For a self-adjoint operator K on a separable
Hilbert space h and a vector φ ∈ h, we write µK

φ for the spectral measure of φ, so that
µK

φ(B) = ⟨φ, 1B(K)φ⟩ for Borel sets B ⊂ R. We let hpp(K) and hac(K) denote the closed
subspaces of vectors whose spectral measures are pure point and absolutely continuous,
respectively. For a Borel set B ⊂ R, we say that K has pure point spectrum in B if
Ran 1B(K) ⊂ hpp(K), and that K is purely absolutely continuous in B if Ran 1B(K) ⊂
hac(K). Since µK

1B(K)φ
is the restriction of µK

φ to B, the first property holds if and only if

the restriction of µK
φ to B is pure point for every φ ∈ h, and similarly for the second. We

write |B| for the Lebesgue measure of B, and B2 = {t2 : t ∈ B}.

143
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7.1 Borel transforms and rank-one perturbations

For a finite positive Borel measure µ on R, its Borel transform is

Fµ(z) =
∫

R

µ(dt)
t− z

, z ∈H.

It is holomorphic on H, and for λ ∈ R and η > 0 we have

Im Fµ(λ + iη) =
∫

R

η µ(dt)
(t− λ)2 + η2 . (7.1)

If µ is not the zero measure, then Im Fµ > 0 on H. We say that the vertical boundary
value Fµ(λ + i0) exists if limη↓0 Fµ(λ + iη) exists in C; in that case Fµ(λ + i0) denotes the
limit. We also define the reciprocal-square integral

Rµ(λ) =
∫

R

µ(dt)
(t− λ)2 ∈ [0, ∞], (7.2)

with the convention that the integrand equals +∞ at t = λ, so that Rµ(λ) = ∞ whenever
µ({λ}) > 0. By (7.1), the function η 7→ η−1 Im Fµ(λ + iη) is the integral of ((t− λ)2 +

η2)−1 against µ, which increases as η ↓ 0. By the monotone convergence theorem, we
have

Rµ(λ) = lim
η↓0

Im Fµ(λ + iη)
η

= sup
n∈N

n Im Fµ(λ + i/n). (7.3)

Lemma 7.1. Let µ be a finite positive Borel measure on R, and let µ = µac + µsing be its
decomposition into parts that are absolutely continuous and singular with respect to Lebesgue
measure.

(i) For Lebesgue-almost every λ ∈ R, the vertical boundary value Fµ(λ + i0) exists.
(ii) The measure µsing is carried by the set of λ such that limη↓0 Im Fµ(λ + iη) = ∞. In

particular, µsing(R \ Nµ) = 0, where Nµ is the set of λ at which Fµ(λ + i0) does not exist.
(iii) We have µ({λ ∈ R : limη↓0 Im Fµ(λ + iη) = 0}) = 0.
(iv) If Rµ(λ) < ∞, then µ({λ}) = 0, the boundary value Fµ(λ + i0) exists, and it is real and

equal to
∫

R
(t− λ)−1µ(dt).

Proof. Part (i) is the classical theorem on the existence of finite boundary values of Borel
transforms of finite measures; see [123] and [13]. (One proof applies Fatou’s theorem
on boundary values of bounded holomorphic functions to (Fµ − i)/(Fµ + i); see [118,
Chapter 11].)

For (ii), we first note that if |t − λ| < η, then (t − λ)2 + η2 ≤ 2η2. Restricting the
integral in (7.1) to such t, we obtain the Poisson-kernel lower bound

Im Fµ(λ + iη) ≥ µ((λ− η, λ + η))

2η
. (7.4)
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By the differentiation theorem for positive measures that are singular with respect to
Lebesgue measure [118, Chapter 7], for µsing-almost every λ we have

lim
η↓0

µsing((λ− η, λ + η))

2η
= ∞.

Since µ ≥ µsing, (7.4) implies that Im Fµ(λ + iη)→ ∞ for µsing-almost every λ. At such λ

the boundary value Fµ(λ + i0) does not exist, which proves (ii).
For (iii), let A be the set in (iii); it is a Borel set, because the limit of the continuous

function η 7→ Im Fµ(λ + iη) may be taken along rational η. By (ii), we have µsing(A) = 0.
For λ ∈ A, the bound (7.4) implies that limη↓0 µ((λ − η, λ + η))/(2η) = 0. By the
differentiation theorem for measures [118, Chapter 7], at Lebesgue-almost every λ this
limit exists and equals the density f = dµac/ dλ; the singular part contributes zero
Lebesgue-almost everywhere. We conclude that f = 0 almost everywhere on A, and
µac(A) =

∫
A f (λ)dλ = 0.

For (iv), the convention in (7.2) shows that µ({λ}) = 0. For t ̸= λ and η > 0, we have
|t− λ− iη|−1 ≤ |t− λ|−1, and by the Cauchy–Schwarz inequality,∫

R

µ(dt)
|t− λ| ≤ µ(R)1/2Rµ(λ)

1/2 < ∞.

By the dominated convergence theorem, we have Fµ(λ + iη)→
∫

R
(t− λ)−1µ(dt) ∈ R as

η ↓ 0.

The next lemma compares vertical boundary values at E2 with limits along the curve
η 7→ (E + iη)2, which is the curve that appears when the resolvent of H at E + iη is
expressed through resolvents of H2.

Lemma 7.2. Let µ be a finite positive Borel measure on R and let E > 0. Then limη↓0 Fµ((E +

iη)2) exists in C if and only if Fµ(E2 + i0) exists, and in that case the two limits coincide.

Proof. For η > 0, set wη = (E + iη)2 = E2 − η2 + 2iEη and w′η = E2 + 2iEη. Both lie in
H, they have the same imaginary part 2Eη, and |wη − w′η| = η2. For w ∈ H, we have∫

R
|t− w|−2µ(dt) = Im Fµ(w)/ Im w by (7.1). Using the Cauchy–Schwarz inequality, we

find

|Fµ(wη)− Fµ(w′η)| =
∣∣∣∣∣
∫

R

(wη − w′η) µ(dt)
(t− wη)(t− w′η)

∣∣∣∣∣ ≤ η2
(∫

R

µ(dt)
|t− wη|2

)1/2
(∫

R

µ(dt)
|t− w′η|2

)1/2

=
η

2E
(
Im Fµ(wη) Im Fµ(w′η)

)1/2. (7.5)

Suppose that Fµ(E2 + i0) exists. Since w′η = E2 + i(2Eη), we have Fµ(w′η) → Fµ(E2 +

i0), and there exist M < ∞ and η0 ∈ (0, E] such that Im Fµ(w′η) ≤ M for η ≤ η0.
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For such η, write a = Im Fµ(wη). By (7.5) and the inequality
√

aM ≤ (a + M)/2, we
have a ≤ M + (a + M)/4, which implies that a ≤ 2M. Inserting this into (7.5), we
obtain |Fµ(wη) − Fµ(w′η)| ≤

√
2Mη/(2E) → 0, and therefore Fµ(wη) → Fµ(E2 + i0).

The converse implication follows by exchanging the roles of wη and w′η in the same
argument.

We now turn to rank-one perturbations. Let L be a self-adjoint operator on a separable
Hilbert space h, and let v ∈ h with ∥v∥ = 1. For u ∈ R, set

Lu = L + u|v⟩⟨v|, Dom(Lu) = Dom(L), µu = µLu
v , Fu = Fµu . (7.6)

Each Lu is self-adjoint, since it is a bounded symmetric perturbation of L, and each µu is
a probability measure. Let N ⊂ R be the set of λ at which F0(λ + i0) does not exist, and
for u ∈ R set

Zu =
{

λ ∈ R \ N : F0(λ + i0) ∈ R, 1 + uF0(λ + i0) = 0
}

. (7.7)

Note that Z0 = ∅.

Lemma 7.3. In the setting of (7.6) and (7.7), the following statements hold.

(i) For every u ∈ R and z ∈H, we have 1 + uF0(z) ̸= 0 and

Fu(z) =
F0(z)

1 + uF0(z)
. (7.8)

(ii) The set N is a Lebesgue-null Borel set, and for every u ∈ R the singular part of µu is carried
by N ∪ Zu:

(µu)sing
(
R \ (N ∪ Zu)

)
= 0.

(iii) For every Borel set B ⊂ R, the map u 7→ µu(B) is Borel and∫
R

µu(B)du = |B|. (7.9)

(iv) Let (Ω′, A ) be a measurable space, and suppose that for each ω ∈ Ω′ we are given L = L(ω)

and v = v(ω) as above, possibly on a Hilbert space depending on ω, such that ω 7→ F0(ω, z)
is A -measurable for every z ∈H. Write N(ω), Zu(ω), µu(ω) for the corresponding objects.
Then the sets

{(ω, λ) : λ ∈ N(ω)} ∈ A ⊗B(R), {(ω, u, λ) : λ ∈ Zu(ω)} ∈ A ⊗B(R)⊗B(R)

are measurable, the function (ω, λ) 7→ Rµ0(ω)(λ) is A ⊗B(R)-measurable, and for every
T ∈ A ⊗B(R) the map (ω, u) 7→ µu(ω)(Tω) is A ⊗B(R)-measurable, where Tω = {λ :
(ω, λ) ∈ T}.
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The identity (7.8) is the Aronszajn–Krein formula (see [27]), and (7.9) is spectral
averaging; see [123]. Part (iv) is what allows the null sets in (ii) and (iii) to be used inside
conditional Fubini arguments in which L and v are random.

Proof. We prove the four parts in the order (i), (iv), (ii), (iii).

Proof of (i). Fix z ∈H. Since Ran(L− z)−1 = Dom(L) = Dom(Lu), the second resolvent
identity yields

(L− z)−1 − (Lu − z)−1 = (Lu − z)−1(Lu − L)(L− z)−1 = u (Lu − z)−1|v⟩⟨v|(L− z)−1.

Applying both sides to v and taking the inner product with v, we obtain F0(z)− Fu(z) =
uFu(z)F0(z), that is, Fu(z)(1 + uF0(z)) = F0(z). If u ̸= 0 and 1 + uF0(z) = 0, then
F0(z) = −1/u would be real, which is impossible because Im F0(z) > 0. This proves (i).

Proof of (iv). We first show that (ω, z) 7→ F0(ω, z) is A ⊗B(H)-measurable. For n ∈ N,
partition H into countably many Borel sets Qn,k of diameter at most 1/n, choose zn,k ∈
Qn,k, and set F(n)(ω, z) = F0(ω, zn,k) for z ∈ Qn,k. Each F(n) is jointly measurable, and
F(n) → F0 pointwise because F0(ω, ·) is continuous. By (7.8), the function (ω, u, z) 7→
Fu(ω, z) is then jointly measurable as well.

Let C be the set of (ω, λ) satisfying the rational Cauchy criterion

∀k ∈N ∃m ∈N ∀η, η′ ∈ Q∩ (0, 1/m) : |F0(ω, λ + iη)− F0(ω, λ + iη′)| < 1/k. (7.10)

It is obtained from jointly measurable sets by countable unions and intersections, so
C ∈ A ⊗ B(R). If F0(ω, λ + i0) exists, then (7.10) holds. Conversely, if (7.10) holds,
then by continuity of η 7→ F0(ω, λ + iη) the same inequality, with ≤ in place of <,
holds for all real η, η′ ∈ (0, 1/m), and completeness of C shows that the limit exists.
It follows that {(ω, λ) : λ ∈ N(ω)} is the complement of C. On C we set F∗0 (ω, λ) =

limn→∞ F0(ω, λ + i/n), and we set F∗0 = 0 off C; this function is jointly measurable, as a
pointwise limit of measurable functions multiplied by 1C . Then

{(ω, u, λ) : λ ∈ Zu(ω)} =
{
(ω, u, λ) : (ω, λ) ∈ C, Im F∗0 (ω, λ) = 0, 1 + uF∗0 (ω, λ) = 0

}
is measurable. The measurability of Rµ0(ω)(λ) follows from (7.3).

For the last assertion, let Pη(x) = π−1η/(x2 + η2), so that π−1 Im Fu(λ + iη) =∫
Pη(λ − t)µu(dt) by (7.1). For a continuous function f with compact support, we

have by Tonelli’s theorem

1
π

∫
R

f (λ) Im Fu(λ + iη)dλ =
∫

R
(Pη ∗ f )(t) µu(dt).

Since Pη ∗ f → f uniformly as η ↓ 0 and µu is a probability measure, the right side
converges to

∫
f dµu. The left side, with η = 1/n, is a measurable function of (ω, u) by
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Fubini’s theorem, because its integrand is jointly measurable and bounded by n| f (λ)|.
This shows that (ω, u) 7→

∫
f dµu(ω) is measurable. Approximating the indicator of

an open interval from below by such f and applying the π–λ theorem, we find that
(ω, u) 7→ µu(ω)(B) is measurable for every Borel set B. Finally, the class of T ∈ A ⊗B(R)

for which (ω, u) 7→ µu(ω)(Tω) is measurable contains the rectangles A0 × B, for which
the map is 1A0(ω)µu(ω)(B), and it is closed under complements and increasing unions
because each µu(ω) is a probability measure. By the π–λ theorem it is all of A ⊗B(R);
see also [81, Chapter 1].

Proof of (ii). By (iv), applied with a one-point space Ω′, the set N is Borel, and it is
Lebesgue-null by Lemma 7.1(i). We now fix u ∈ R and λ /∈ N ∪ Zu, and write a =

F0(λ+ i0). If 1+ua ̸= 0, then (7.8) implies that Fu(λ+ iη)→ a/(1+ua) ∈ C; in particular,
Im Fu(λ + iη) stays bounded as η ↓ 0. If 1 + ua = 0, then u ̸= 0 and a = −1/u is real,
and λ ∈ Zu, which was excluded. Hence R \ (N ∪ Zu) does not meet the set on which
Im Fu(λ + iη)→ ∞, and Lemma 7.1(ii), applied to µu, gives (µu)sing(R \ (N ∪ Zu)) = 0.

Proof of (iii). The measurability of u 7→ µu(B) is the case of (iv) with a one-point space Ω′.
Fix z ∈H and write F0(z) = a + ib with b > 0. By (7.8),

Im Fu(z) =
Im
(

F0(z) (1 + uF0(z))
)

|1 + uF0(z)|2
=

b
(1 + ua)2 + u2b2 .

With c = a2 + b2, we have (1 + ua)2 + u2b2 = c(u + a/c)2 + b2/c, and therefore∫
R

Im Fu(z)du = b
∫

R

du
c(u + a/c)2 + b2/c

= b · π

b
= π. (7.11)

Define the measure ν(B) =
∫

R
µu(B)du on Borel sets B ⊂ R. For z = x + iy ∈ H,

Tonelli’s theorem and (7.11) give∫
R

y ν(dt)
(t− x)2 + y2 =

∫
R

Im Fu(x + iy)du = π =
∫

R

y dt
(t− x)2 + y2 . (7.12)

The measure ν is locally finite: for t ∈ [x− y, x + y] we have y/((t− x)2 + y2) ≥ 1/(2y),
and (7.12) implies that ν([x − y, x + y]) ≤ 2πy. Taking z = i in (7.12), we also obtain∫

R
(1 + t2)−1ν(dt) = π.
It remains to show that a locally finite measure ν with

∫
R
(1 + t2)−1ν(dt) < ∞ is

determined by its Poisson transform (Py ∗ ν)(x) = π−1
∫

y((t− x)2 + y2)−1ν(dt). Let f
be continuous with support in [−r, r]. For 0 < y ≤ 1 and |t| ≥ 2r, we have |(Py ∗ f )(t)| ≤
∥ f ∥∞ · 2r · π−1y(t/2)−2, and |(Py ∗ f )(t)| ≤ ∥ f ∥∞ for all t; hence |(Py ∗ f )(t)| ≤ C f (1 +

t2)−1 for some C f < ∞. By Fubini’s theorem,∫
R

f (x)(Py ∗ ν)(x)dx =
∫

R
(Py ∗ f )(t) ν(dt).
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As y ↓ 0, we have Py ∗ f → f pointwise, and the dominated convergence theorem (with
the dominating function C f (1 + t2)−1) shows that the right side tends to

∫
f dν. The

same holds with ν replaced by Lebesgue measure. Since the two Poisson transforms
agree by (7.12), we conclude that

∫
f dν =

∫
f (t)dt for every continuous f with compact

support. By the uniqueness part of the Riesz representation theorem, ν is Lebesgue
measure, which is (7.9).

The following lemma gives the two spectral criteria in the form needed below. Part
(i) is the criterion of Simon and Wolff [124], and part (ii) is its absolutely continuous
counterpart [123]. We state both for an individual coupling u, under a condition that
holds for Lebesgue-almost every u by spectral averaging; this is the form that combines
with conditional Fubini arguments.

Lemma 7.4. In the setting of (7.6) and (7.7), let S ⊂ R be a Borel set.

(i) Let T = {λ ∈ S : Rµ0(λ) = ∞}. For every u ∈ R, the restriction of µu to S \ T is carried
by the set of eigenvalues of Lu, which is countable. In particular, the restriction of µu to S
is pure point for every u with µu(T) = 0. If |T| = 0, this holds for Lebesgue-almost every
u ∈ R.

(ii) Let T′ be the set of λ ∈ S such that F0(λ+ i0) does not exist or Im F0(λ+ i0) = 0. For every
u ∈ R, we have (µu)sing(S \ T′) = 0. In particular, the restriction of µu to S is absolutely
continuous for every u with µu(T′) = 0. If |T′| = 0, this holds for Lebesgue-almost every
u ∈ R.

Proof. We begin with (i). Fix u ∈ R and λ ∈ S \ T. By Lemma 7.1(iv), F0(λ + i0) = a exists
and is real. Suppose first that 1 + ua ̸= 0. Then (7.8) implies that Fu(λ + iη) → a/(1 +

ua) ∈ R. Then Im Fu(λ + iη) → 0, and λ belongs to the set Au = {λ : limη↓0 Im Fu(λ +

iη) = 0}. Suppose next that 1 + ua = 0. We claim that λ is an eigenvalue of Lu. To that
end, set ψη = (L− λ− iη)−1v for η > 0. By the spectral theorem,

∥ψη − ψη′∥2 =
∫

R

∣∣∣∣ 1
t− λ− iη

− 1
t− λ− iη′

∣∣∣∣2 µ0(dt).

The integrand is bounded by 4(t− λ)−2, which is µ0-integrable because Rµ0(λ) < ∞, and
it tends to zero for t ̸= λ as η, η′ ↓ 0; since µ0({λ}) = 0, the dominated convergence
theorem shows that (ψη) is Cauchy as η ↓ 0, with a limit ψ. We have (L − λ)ψη =

v + iηψη → v. Since L is closed, we obtain ψ ∈ Dom(L) and (L− λ)ψ = v. In particular
ψ ̸= 0. Moreover, ⟨v, ψ⟩ = limη↓0 F0(λ + iη) = a. Then

(Lu − λ)ψ = v + u⟨v, ψ⟩v = (1 + ua)v = 0,

which proves the claim. We conclude that S \ T ⊂ Au ∪ σp(Lu), where σp(Lu) is the set
of eigenvalues of Lu. By Lemma 7.1(iii), µu(Au) = 0. This implies that the restriction of



7 Rank-one perturbations of the squared row norms § 7.2 150

µu to S \ T is carried by σp(Lu). This set is countable, because eigenvectors of distinct
eigenvalues are orthogonal and h is separable. If moreover µu(T) = 0, the restriction of
µu to S is carried by a countable set, that is, it is pure point. Finally, if |T| = 0, then (7.9)
gives

∫
R

µu(T)du = |T| = 0, and µu(T) = 0 for Lebesgue-almost every u.
For (ii), let λ ∈ S \ T′. Then λ /∈ N and Im F0(λ + i0) > 0, and λ /∈ Zu for every u. By

Lemma 7.3(ii), we have (µu)sing(S \ T′) = 0. If µu(T′) = 0, then (µu)sing(S) ≤ µu(T′) = 0.
The last assertion follows from (7.9) as in (i).

7.2 Measurability of resolvent entries

We use the realization of the marked tree in Definition 3.2: vertices are words in the
Ulam–Harris set U, so that every vertex is a deterministic word, and the marked tree
is built from the independent families (Nu)u∈U and (wu)u∈U∗ . A quantity indexed by
words that are not vertices of the relevant graph is set equal to zero; with this convention,
events such as {x ∈ V} and {x ∼ y} are measurable. For a vertex y, we write H(y) for the
operator with the vertex y deleted and µ

(y)
x for the spectral measure of δx for H(y), as in

Theorem 3.10 and Definition 3.15. By Lemma 3.5(ii), for a neighbor x of y, the component
of x in V \ {y} is the branch Vx→y, so that

G(y)
xx (z) = Γx→y(z), z ∈ C \R, x ∼ y. (7.13)

Lemma 7.5. Let (F, D) be a finite removal given by a fixed finite set F of words and a fixed finite
set D of edges, identified with words as in Definition 3.2 (on the event that these are vertices and
edges of T ), and let u, x be words. Then the map (ω, z) 7→ GF,D

ux (z) is measurable on Ω×H. In
particular, for all words u, w, the map (ω, z) 7→ Γu→w(z) is measurable.

Proof. For fixed z, the map ω 7→ GF,D
ux (z) is measurable, as explained after Definition 3.15:

by Theorem 3.10(iii), it is the limit of entries of inverses of finite matrices whose entries
are measurable functions of finitely many of the variables Nv and wv. It is also continuous
in z ∈ H. For n ∈ N, partition H into countably many Borel sets Qn,k of diameter at
most 1/n, choose zn,k ∈ Qn,k, and set G(n)(ω, z) = GF,D

ux (zn,k) for z ∈ Qn,k. Each G(n) is
jointly measurable, and G(n) → GF,D

ux pointwise by continuity. The last assertion holds
because Γu→w = G∅,{e}

uu , where e is the edge between u and w.

7.3 Row deletion and the square blocks

We now recall the row structure of Proposition 3.23, for C = V, in a form that treats both
parities at once. Let y be a vertex with deg(y) ≥ 1, and let ϵ ∈ {0, 1} be the parity of
its neighbors, so that y ∈ V1−ϵ. Let Pϵ be the orthogonal projection onto ℓ2(Vϵ), and let
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Sϵ denote the square block of H2 on ℓ2(Vϵ), that is, S0 = A∗A and S1 = AA∗. The row
vector, squared row norm and row direction of y are

ay = ∑
x∼y

hxyδx ∈ ℓ2(Vϵ), Uy = ∥ay∥2 = ∑
x∼y
|hxy|2, vy = U−1/2

y ay. (7.14)

Almost surely every edge weight is nonzero, and then Uy > 0. Set

K(y) = Sϵ −Uy|vy⟩⟨vy|. (7.15)

By Proposition 3.23(iv) and (vii), K(y) is a nonnegative self-adjoint operator with
Dom(K(y)) = Dom(Sϵ); for y ∈ V1 it is the operator K(y)

0 of Proposition 3.23. Further, for
z ∈ C \R,

Pϵ(H(y) − z)−1Pϵ = z (K(y) − z2)−1, (7.16)

where both sides are regarded as operators on ℓ2(Vϵ); this is meaningful because y /∈ Vϵ.
We set

νy = µK(y)

vy , my(w) = Fνy(w) = ⟨vy, (K(y) − w)−1vy⟩, w ∈H. (7.17)

Lemma 7.6. Almost surely, the following holds for every vertex y with deg(y) ≥ 1.

(i) For every z ∈ C with Re z > 0 and Im z > 0,

my(z2) =
1

zUy
∑
x∼y
|hxy|2 Γx→y(z). (7.18)

(ii) For every neighbor x of y, the measure µ
(y)
x is invariant under λ 7→ −λ. Moreover, νy is the

image of the measure U−1
y ∑x∼y |hxy|2µ

(y)
x under the map λ 7→ λ2.

(iii) For every E > 0,

Rνy(E2) ≤ 2
E2Uy

∑
x∼y
|hxy|2R

µ
(y)
x
(E). (7.19)

Proof. We work on the probability-one event on which the conclusions of Theorem 3.10
and Proposition 3.23 hold and all edge weights are nonzero. Part (i) is the identity (3.22)
(for y ∈ V1; for y ∈ V0 we use Proposition 3.23(vii)), divided by z, since |vy(x)|2 =

|hxy|2/Uy.

For (ii), write µ
(y)
vy for the spectral measure of vy for H(y). By Lemma 3.5(ii), the

neighbors of y lie in distinct components of the graph V \ {y}, and H(y) is the or-
thogonal sum of the operators of these components (Theorem 3.10(iv)). It follows that
⟨δx, f (H(y))δx′⟩ = 0 for distinct neighbors x, x′ of y and every bounded Borel function f ,
and by (7.14),

µ
(y)
vy =

1
Uy

∑
x∼y
|hxy|2µ

(y)
x . (7.20)
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By Proposition 3.21(i), applied to the components of V \ {y}, each µ
(y)
x is invariant under

λ 7→ −λ, and by (7.20) so is µ
(y)
vy . Let ν′ be the image of µ

(y)
vy under λ 7→ λ2. For z

with Re z > 0 and Im z > 0, the symmetry and the identity (λ− z)−1 + (−λ− z)−1 =

2z(λ2 − z2)−1 give

∫
R

µ
(y)
vy (dλ)

λ− z
=
∫

R

z µ
(y)
vy (dλ)

λ2 − z2 = z
∫

R

ν′(dt)
t− z2 .

By (7.16), the left side equals z my(z2) = z
∫
(t − z2)−1νy(dt). Since z 7→ z2 maps the

open first quadrant onto H, the Borel transforms of ν′ and νy agree on H. By the Stieltjes
inversion formula (or by the uniqueness argument in the proof of Lemma 7.3(iii)), ν′ = νy.
This proves (ii).

For (iii), we use (ii) and the factorization λ2 − E2 = (λ− E)(λ + E):

Rνy(E2) =
∫

R

µ
(y)
vy (dλ)

(λ− E)2(λ + E)2 ≤ 2
∫
[0,∞)

µ
(y)
vy (dλ)

(λ− E)2(λ + E)2 ≤
2

E2 R
µ
(y)
vy
(E).

In the first inequality, we used that the integrand is even in λ and that µ
(y)
vy is symmetric;

in the second, we used that (λ+ E)2 ≥ E2 for λ ≥ 0. Inserting (7.20), we obtain (7.19).

The next lemma passes from the spectral measures of the row directions to a square
block. Together with Proposition 3.23(vi), which passes from the two square blocks to H,
it reduces the spectral type of H in I ∪ (−I) to that of the row measures in I2.

Lemma 7.7. Let K be a self-adjoint operator on a separable Hilbert space h, let B ⊂ R be a Borel
set with 0 /∈ B, and let (φj)j∈N be vectors whose closed linear span contains (ker K)⊥. If the
restriction of µK

φj
to B is pure point (respectively absolutely continuous) for every j, then K has

pure point spectrum (respectively is purely absolutely continuous) in B.

Proof. We treat the pure point case; the other is identical. Since 0 /∈ B, we have 1B(K)ψ =

1B(0)ψ = 0 for ψ ∈ ker K. For each j, the spectral measure of 1B(K)φj is the restriction of
µK

φj
to B, so 1B(K)φj ∈ hpp(K). Since 1B(K) is bounded and hpp(K) is closed, 1B(K) maps

the closed span of the φj, and hence (ker K)⊥, into hpp(K). Together with 1B(K) ker K =

{0}, this gives Ran 1B(K) ⊂ hpp(K).

Finally, we record the conditional structure of a single row. For a word y, let Gy be
the σ-algebra of Proposition 3.23(iv) (with C = V, and with the parities exchanged as
in Proposition 3.23(vii) if |y| is even). It is generated by the genealogy and auxiliary
variables G0, by the row direction vy, and by the marks of all edges not incident to y.
We write Ωy = {y ∈ V, deg(y) ≥ 1}, which belongs to G0. A probability kernel from
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(Ω,Gy) to R is a map ω 7→ κ(ω) into the Borel probability measures on R such that
ω 7→ κ(ω)(B) is Gy-measurable for every Borel set B ⊂ R. For d ≥ 1, let

gd(u) =
pd

Γ(d)
ud−1e−pu1(0,∞)(u). (7.21)

Lemma 7.8. Let Q ∈ {P, P∞} and let y be a word.

(i) There exists a probability kernel ν′y from (Ω,Gy) to R such that, Q-almost surely on Ωy, we
have ν′y = νy.

(ii) For every Gy ⊗B(R)-measurable function Φ : Ω×R→ [0, ∞],

EQ
[
Φ(·, Uy)1Ωy

]
= EQ

[
1Ωy

∫ ∞

0
Φ(·, u) gdeg(y)(u)du

]
. (7.22)

Proof. We begin with (i). The operator H(y) depends only on the genealogy and on the
marks of edges not incident to y. For a neighbor x of y, let Ĝx(z) be the limit of the
diagonal entries at x of the resolvents at z of the Dirichlet truncations of H(y) to the balls
of radius n around x in the component of x, when this limit exists, and zero otherwise.
The argument of Lemma 7.5 shows that Ĝx is Gy ⊗B(H)-measurable, and Ĝx = G(y)

xx on
Ωsa by Theorem 3.10(iii). For w ∈H, let

√
w be the square root in the open first quadrant,

and set
My(w) =

1√
w ∑

x∼y
|vy(x)|2 Ĝx(

√
w)

on Ωy, and My(w) = −1/w off Ωy. This function is Gy⊗B(H)-measurable, and by (7.18)
and (7.13), almost surely on Ωy we have My = my on H.

We recover νy from My by the Stieltjes inversion formula: for a finite measure ν and
a < b, the limit as η ↓ 0 of π−1

∫ b
a Im Fν(t + iη)dt is (ν((a, b)) + ν([a, b]))/2 [123]. Taking

a = −m and b = q + 1/m and letting m→ ∞, we obtain ν((−∞, q]). For rational q, set

fq = lim sup
m→∞

lim sup
n→∞

1
π

∫ q+1/m

−m
Im My(t + i/n)dt.

By Fubini’s theorem, fq is Gy-measurable (the integrand is jointly measurable and
bounded on [−m, q + 1/m], since |Ĝx(z)| ≤ 1/ Im z), and almost surely on Ωy we
have fq = νy((−∞, q]) for every rational q. Let A be the set of ω ∈ Ωy such that
q 7→ fq(ω) is nondecreasing on Q, with limits 0 at −∞ and 1 at +∞. Then A ∈ Gy,
and Q(Ωy \ A) = 0. For ω ∈ A, let ν′y(ω) be the probability measure with distribu-
tion function λ 7→ inf{ fq(ω) : q ∈ Q, q > λ}, and for ω /∈ A let ν′y(ω) = δ0. Then
ω 7→ ν′y(ω)((−∞, λ]) is Gy-measurable for every λ, and since the Borel sets B for which
ω 7→ ν′y(ω)(B) is measurable form a Dynkin system, ν′y is a probability kernel. Almost
surely on Ωy, the distribution functions of ν′y and νy agree at every λ, by right continuity,
and so ν′y = νy.
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For (ii), Proposition 3.23(iv) (and (vii)) states that, under P and under P∞, condi-
tionally on Gy, the squared row norm Uy has the density gdeg(y) on Ωy; recall that the
number of neighbors of y in V is deg(y), which is Gy-measurable. The identity (7.22) is
the disintegration formula for this conditional law [81, Theorem 6.4], applied with the
Gy-measurable random element ω 7→ ω of (Ω,Gy).

We now attach a rank-one family to the kernel ν′y. For ω ∈ Ω, let Ly(ω) be the
operator of multiplication by the variable on L2(ν′y(ω)), and let 1 be the constant function,
whose spectral measure for Ly is ν′y. Let (µy

u)u∈R be the family (7.6) with L = Ly and
v = 1, so that µ

y
0 = ν′y. The Borel transform of ν′y is Gy-measurable, so Lemma 7.3(iv)

applies with (Ω′, A ) = (Ω,Gy). By (7.8), the Borel transform of µ
y
u is determined by u

and the Borel transform of µ
y
0, and the same holds for the spectral measures of vy for

the operators K(y) + u|vy⟩⟨vy|, whose member with u = 0 is νy. Since a finite measure
is determined by its Borel transform, we conclude from Lemma 7.8(i) and (7.15) that,
Q-almost surely on Ωy,

µ
y
u = µ

K(y)+u|vy⟩⟨vy|
vy for every u ∈ R, in particular µ

y
Uy

= µSϵ
vy , (7.23)

where ϵ is the parity of the neighbors of y.

7.4 The pure point criterion

Proposition 7.9. Let Q ∈ {P, P∞} and let I ⊂ (0, ∞) be a Borel set (for example, a compact
interval). Suppose that Q-almost surely, for Lebesgue-almost every E ∈ I, for every vertex y and
every neighbor x of y, ∫

R

µ
(y)
x (dλ)

(λ− E)2 < ∞. (7.24)

Then Q-almost surely, H has pure point spectrum in I ∪ (−I). If the hypothesis holds P-almost
surely, then it holds P∞-almost surely.

The order of quantifiers in the hypothesis is the following: there exists an event of
Q-probability one on which, outside a Lebesgue-null set of energies E ∈ I that may
depend on the realization, (7.24) holds simultaneously for all pairs of adjacent vertices.
The integral in (7.24) is R

µ
(y)
x
(E) in the notation of (7.2); in particular, it is infinite if E is

an eigenvalue of the component of x in V \ {y} with µ
(y)
x ({E}) > 0.

Proof. The last assertion holds because P∞ = P( · | S) is absolutely continuous with
respect to P. We now fix Q and assume the hypothesis under Q.

The proof isolates one row y at a time. Conditional on all variables except the squared
row norm Uy, the spectral measure of vy for the square block is the member at coupling
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Uy of a rank-one family, and Lemma 7.6 converts the hypothesis into the finiteness of the
reciprocal-square integral of the unperturbed member at almost every point of I2. The
Simon–Wolff criterion and spectral averaging then show that the perturbed measure is
pure point on I2 for almost every coupling, and the density of Uy transfers this to the
realized coupling. The row directions span the orthogonal complement of the kernel of
each square block, which gives the conclusion for the square blocks and then for H.

Step 1. Reduction to a single row. We claim that it suffices to prove the following statement
for every word y: Q-almost surely on {y ∈ V, deg(y) ≥ 1}, the restriction of µSϵ

vy to
I2 is pure point, where ϵ is the parity of the neighbors of y. Indeed, the set of words
is countable, and this then holds Q-almost surely for all such y simultaneously. Fix
ϵ ∈ {0, 1}. The vertices whose neighbors lie in Vϵ are those in V1−ϵ, and A∗δy = ay for
y ∈ V1, while Aδx = ax for x ∈ V0. By Proposition 3.23(ii) and (vii), the row directions
vy, y ∈ V1−ϵ with deg(y) ≥ 1, span (ker A)⊥ if ϵ = 0 and (ker A∗)⊥ if ϵ = 1. Since
ker A∗A = ker A and ker AA∗ = ker A∗, they span (ker Sϵ)⊥. Since 0 /∈ I2, Lemma 7.7
shows that Sϵ has pure point spectrum in I2. By Proposition 3.23(vi), H has pure point
spectrum in I ∪ (−I).

Step 2. The exceptional set of the unperturbed row measure. Fix a word y, let ν′y be the kernel
of Lemma 7.8(i), and set

Ty = {λ ∈ I2 : Rν′y(λ) = ∞}.

We claim that {(ω, λ) : λ ∈ Ty} is Gy ⊗ B(R)-measurable and that |Ty| = 0, Q-almost
surely on Ωy. The measurability follows from Lemma 7.3(iv), applied with (Ω′, A ) =

(Ω,Gy), L = Ly and v = 1. For the second assertion, consider a realization in Ωy and in
the probability-one event of the hypothesis, of Lemma 7.6 and of Lemma 7.8(i), so that
ν′y = νy. Let E ∈ I be an energy at which (7.24) holds for all x ∼ y. Then (7.19) implies
that Rνy(E2) < ∞. We conclude that Ty ⊂ q(N ), where q(E) = E2 and N ⊂ I is the
Lebesgue-null set of energies at which the hypothesis fails. Since q is locally Lipschitz,
|Ty| = 0.

Step 3. Spectral averaging in the squared row norm. Let (µy
u)u∈R be the rank-one family of

(7.23), so that µ
y
0 = ν′y and, almost surely on Ωy, µ

y
Uy

= µSϵ
vy . By Lemma 7.4(i) with L = Ly

and S = I2, the restriction of µ
y
u to I2 is pure point whenever µ

y
u(Ty) = 0. Set

Φ(ω, u) = 1{µy
u(Ty) > 0}.

By Lemma 7.3(iv), with T = {(ω, λ) : λ ∈ Ty}, the function Φ is Gy ⊗B(R)-measurable.
For every ω with |Ty| = 0, spectral averaging (7.9) gives

∫
R

µ
y
u(Ty)du = |Ty| = 0, and
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Φ(ω, u) = 0 for Lebesgue-almost every u. Using (7.22) and Step 2, we obtain

Q
(
{µy

Uy
(Ty) > 0} ∩Ωy

)
≤ Q

(
{|Ty| > 0} ∩Ωy

)
+ EQ

[
1Ωy1{|Ty| = 0}

∫ ∞

0
Φ(·, u) gdeg(y)(u)du

]
= 0.

Then, Q-almost surely on Ωy, the restriction of µSϵ
vy = µ

y
Uy

to I2 is pure point. By Step 1,
this completes the proof.

Remark 7.10. The hypothesis of Proposition 7.9 concerns spectral measures of the vertex-
deleted operators at the real axis. In Section 8, it is verified by constructing, for almost
every energy E, a solution f ∈ ℓ2 of the equation (H(y) − E) f = δx (see Lemma 8.10).

7.5 The absolutely continuous criterion

Proposition 7.11. Let I ⊂ (0, ∞) be a Borel set (for example, an interval). Suppose that for
Lebesgue-almost every E ∈ I,

P
(
Im Γo(E + i0) > 0

)
> 0, (7.25)

where the event is that the vertical boundary value Γo(E + i0) exists and has positive imaginary
part. Then P∞-almost surely, H is purely absolutely continuous in I ∪ (−I).

By Proposition 5.11(i), at every E ∈ Ep with E > 0 the probability in (7.25) is either 0 or
ϱp. Before the proof, we record two deterministic lemmas. The first propagates positivity
of imaginary parts along paths, and the second describes the infinite components left
after deleting a vertex. They are the pathwise form, at all energies outside a null set, of
statements proved at a fixed regular energy in Section 5.

Lemma 7.12. Fix a realization in Ωsa with all edge weights nonzero, and fix E ∈ R such
that Γu→w(E + i0) exists for every oriented edge (u, w). If (u, w) is an oriented edge and
Im Γx→u(E + i0) > 0 for some neighbor x ̸= w of u, then Im Γu→w(E + i0) > 0.

Proof. By (3.12) with C = V, we have Γu→w(z) = −∆(z)−1 with

∆(z) = z + ∑
x′∼u, x′ ̸=w

|hux′ |2Γx′→u(z).

Since the sum is finite, the boundary value ∆(E + i0) exists. Every Γx′→u maps H to
H, and we have Im Γx′→u(E + i0) ≥ 0 and Im ∆(E + i0) ≥ |hux|2 Im Γx→u(E + i0) > 0.
In particular ∆(E + i0) ̸= 0, so Γu→w(E + i0) = −∆(E + i0)−1, and Im Γu→w(E + i0) =
Im ∆(E + i0)/|∆(E + i0)|2 > 0.
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Lemma 7.13. Fix a realization as in Lemma 7.12, and fix E ∈ R such that Γu→w(E + i0) exists
for every oriented edge (u, w) and Im Γv(E + i0) > 0 for every vertex v whose forward subtree
Tv is infinite. Let y be a vertex and x a neighbor of y whose component in V \ {y} is infinite.
Then Im Γx→y(E + i0) > 0.

Proof. If x is a child of y, then the component of x is V(Tx) and Γx→y = Γx; the claim is
then part of the hypothesis. Otherwise y ̸= o and x = y−. Let o = a0, a1, . . . , ak = y−

be the path from the root to y−, and set ak+1 = y. The component of y− is V \ V(Ty),
and it is the union of the path {a0, . . . , ak} and the sets V(Tw), where w ranges over the
children of the aj (0 ≤ j ≤ k) with w ̸= aj+1. There are finitely many such w, since the
path is finite and degrees are finite. As the component is infinite, one of these forward
subtrees, say Tw with w a child of aj and w ̸= aj+1, is infinite, and Im Γw(E + i0) > 0 by
hypothesis.

We show by induction on i = j, . . . , k that Im Γai→ai+1(E + i0) > 0. For i = j, the
vertex w is a neighbor of aj different from aj+1, and Γw→aj = Γw, so Lemma 7.12 applies.
For j ≤ i < k, the vertex ai is a neighbor of ai+1 different from ai+2, and Lemma 7.12
together with the induction hypothesis gives the claim for i + 1. The case i = k is
Im Γy−→y(E + i0) > 0.

Proof of Proposition 7.11. The proof establishes, at almost every energy of I, that the row
measures νy have Borel transforms with positive imaginary boundary values, and then
applies the absolutely continuous criterion of Lemma 7.4(ii) with spectral averaging in
Uy. Positivity on every infinite forward subtree comes from (7.25) and the zero–one
law of Proposition 5.11; Lemma 7.13 transfers it to the attachment points of the infinite
components of the vertex-deleted tree; and Lemma 7.6(i) together with Lemma 7.2
transfers it to the Borel transform of νy at the point E2.

Step 1. Positivity on infinite forward subtrees. Let B1 be the set of (ω, E) ∈ Ω × I such
that, for every vertex v with Tv infinite, the boundary value Γv(E + i0) exists and has
positive imaginary part. By Lemma 7.5 and the rational Cauchy criterion (7.10), the set of
(ω, E) at which Γv(E + i0) exists is measurable and the boundary value is a measurable
function on it. Since the event that Tv is infinite is measurable and there are countably
many words v, the set B1 is jointly measurable. Let E ∈ I ∩ Ep be an energy at which
(7.25) holds; this is the case for Lebesgue-almost every E ∈ I, since the complement of Ep

is Lebesgue-null (Definition 5.7). By Proposition 5.11(i), the probability in (7.25) equals
ϱp, and P∞((ω, E) ∈ B1) = 1. By Tonelli’s theorem,

E∞∣∣{E ∈ I : (ω, E) /∈ B1}
∣∣ = ∫

I
P∞((ω, E) /∈ B1

)
dE = 0.

Further, each Γu→w is the Borel transform of a spectral measure. By Lemma 7.1(i), for
every realization and every oriented edge, Γu→w(E + i0) exists for Lebesgue-almost every
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E; there are countably many oriented edges. We conclude that there exists an event Ω1

with P∞(Ω1) = 1, contained in Ωsa, in the event of Lemma 7.6, and in the event that
all edge weights are nonzero and T is infinite, with the following property. For every
ω ∈ Ω1 there exists a Lebesgue-null set N (ω) ⊂ I such that for every E ∈ I \ N (ω), all
boundary values Γu→w(E + i0) exist, and Im Γv(E + i0) > 0 for every v with Tv infinite.

Step 2. Positivity for the row measures. Fix a word y, and let ν′y be the kernel of
Lemma 7.8(i). Let T′y be the set of λ ∈ I2 such that the boundary value Fν′y(λ + i0) does
not exist or has imaginary part zero. By Lemma 7.3(iv), applied with (Ω′, A ) = (Ω,Gy),
L = Ly and v = 1, the set {(ω, λ) : λ ∈ T′y} is Gy ⊗ B(R)-measurable. We claim that
|T′y| = 0, P∞-almost surely on Ωy.

To that end, fix ω ∈ Ω1 ∩Ωy such that ν′y = νy, so that Fν′y = my, and fix E ∈ I \N (ω).
The set V \ {y} is the union of the components of the deg(y) < ∞ neighbors of y, and
V is infinite; hence some neighbor x0 of y has an infinite component. By Lemma 7.13,
Im Γx0→y(E + i0) > 0. By (7.18) with z = E + iη, the limit

ℓ = lim
η↓0

my
(
(E + iη)2) = 1

EUy
∑
x∼y
|hxy|2 Γx→y(E + i0)

exists, and Im ℓ ≥ (EUy)−1|hx0y|2 Im Γx0→y(E + i0) > 0, because all terms have non-
negative imaginary part and hx0y ̸= 0. By Lemma 7.2, applied to νy, the boundary
value my(E2 + i0) exists and equals ℓ, and E2 /∈ T′y. In particular, T′y is contained in
{E2 : E ∈ N (ω)}, which is Lebesgue-null. Since P∞(Ω1) = 1 and ν′y = νy almost surely
on Ωy, this proves the claim.

Step 3. Spectral averaging. Fix a word y, let ϵ be the parity of its neighbors, and let (µy
u)

be the rank-one family of (7.23), so that µ
y
0 = ν′y and, almost surely on Ωy, µSϵ

vy = µ
y
Uy

.

By Lemma 7.4(ii) with L = Ly and S = I2, the restriction of µ
y
u to I2 is absolutely

continuous whenever µ
y
u(T′y) = 0. As in Step 3 of the proof of Proposition 7.9, the function

Φ(ω, u) = 1{µy
u(T′y) > 0} is Gy ⊗ B(R)-measurable, it vanishes for Lebesgue-almost

every u when |T′y| = 0, and (7.22) with Q = P∞ gives P∞({µy
Uy
(T′y) > 0} ∩Ωy) = 0. It

follows that, P∞-almost surely, the restriction of µSϵ
vy to I2 is absolutely continuous for

every vertex y with deg(y) ≥ 1.

Step 4. Conclusion. As in Step 1 of the proof of Proposition 7.9, the row directions of
the vertices in V1−ϵ span (ker Sϵ)⊥, and 0 /∈ I2. By Lemma 7.7, each square block Sϵ is
purely absolutely continuous in I2, and by Proposition 3.23(vi), H is purely absolutely
continuous in I ∪ (−I), P∞-almost surely.

Remark 7.14. The hypothesis of Proposition 7.11 is a statement about the unconditioned
law at almost every energy of I, and the conclusion is a statement about the survival-
conditioned operator. On the extinction event the tree is finite and the spectrum is pure
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point, and the conclusion does not hold under P. The energy 0 is excluded: H has finitely
supported eigenvectors with eigenvalue zero (Proposition 3.25).



section 8

Negative free energy implies localization

In this section, we prove that a real solution of the cavity equation with negative free
energy at s = 1 forces pure point spectrum. The precise statement is Theorem 8.4: if
for almost every energy E in a set U ⊂ (0, ∞) there exists a real solution π at E with
φπ(1) < 0, then H has pure point spectrum in U ∪ (−U), almost surely under P and
under P∞. The real solution is not assumed to be related to the boundary values of the
resolvent of H, and the conclusion concerns only the operator.

We now describe the argument. Fix E > 0 and a real solution π at E. By Lemma 5.13,
there exists a family of real denominators (Dv) on the tree, with marginal law π, satisfying
the cavity recursion Dv = E − p−1 ∑i Yv,vi/Dvi at every vertex. It is defined on an
extension of the probability space of the marked tree. Setting γv = −1/Dv, the products

F(v) = γo

L

∏
j=1

(
−hvjvj−1γvj

)
, o = v0, v1, . . . , vL = v,

define a function F on the vertices that solves (H− E)F = δo pointwise. We call it the
formal inverse column. By the many-to-one formula, the expected generation-L sum
of |F(v)|s is the path moment ΦL(s; E) of Definition 6.24, whose exponential growth
rate is the free energy φπ(s) by Proposition 6.27. If φπ(1) < 0, we may choose s < 1
with φπ(s) < 0, and then F ∈ ℓs ⊂ ℓ2 almost surely. Using the maximal domain
characterization of Theorem 3.10, we then obtain δo = (H− E)F, and this implies that∫

µo(dλ)/(λ− E)2 < ∞. The Simon–Wolff criterion of Proposition 7.9 requires the same
statement for every neighbor of every removed vertex. We obtain it by rerooting: on a
component of the forest obtained by removing a vertex or an edge, rerooted at any of its
vertices, the inverse column is computed from finitely many real cavity marks along an
ancestral path together with finitely many forward columns hanging off that path.

In Section 8.1, we define the formal inverse columns and state the main results,
Proposition 8.3 and Theorem 8.4. Section 8.2 proves the many-to-one identity. Section 8.3
proves summability of the forward columns, and Section 8.4 constructs the rerooted
columns. Section 8.5 completes the proofs.

Throughout this section, p > 1 is fixed.

160
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8.1 The formal inverse column

We begin with a deterministic lemma, which is the real-energy analogue of the Schur
complement formula of Proposition 3.16 read as an equation for a column of the resolvent.

Lemma 8.1. Let C be a countable, connected, locally finite tree with edge weights hxy = hyx, let
r ∈ C, and let E ∈ R. For x ∈ C \ {r}, let b(x) be the neighbor of x on the path from x to r, and
let ch(x) be the set of neighbors x′ of x with x′ ̸= b(x); let ch(r) be the set of all neighbors of r.
Suppose that real numbers (γx)x∈C satisfy, for every x ∈ C,

∆x = E + ∑
x′∈ch(x)

|hxx′ |2γx′ ̸= 0, γx = − 1
∆x

. (8.1)

Define f (r) = γr, and f (x) = −γx hx b(x) f (b(x)) for x ̸= r, recursively along the path from r
to x. Then for every x ∈ C,

∑
x′∼x

hxx′ f (x′)− E f (x) = δr(x). (8.2)

Proof. Fix x ∈ C. For x′ ∈ ch(x) we have b(x′) = x, hence f (x′) = −γx′hx′x f (x) and
hxx′ f (x′) = −|hxx′ |2γx′ f (x). The set ch(x) is finite, and by (8.1),

∑
x′∈ch(x)

hxx′ f (x′)− E f (x) = −∆x f (x) =
f (x)
γx

.

If x = r, then ch(r) contains all neighbors of r, and the right side equals γr/γr = 1. If
x ̸= r, the only neighbor of x outside ch(x) is b(x), and f (x)/γx = −hx b(x) f (b(x)); the
left side of (8.2) then equals −hx b(x) f (b(x)) + hx b(x) f (b(x)) = 0.

We now fix E > 0 and a real solution π at energy E (Definition 5.1), and we let
(ω, (Dv)v∈U) be a recursive tree process with marginal π, as in Lemma 5.13. We use
the realization of the marked tree of Definition 4.1 and Section 5.3: the edge joining
v and vi carries the mark wv,vi = wvi, the weight hv,vi = wv,vi/

√
p and the squared

modulus Yv,vi = |wv,vi|2. As in the proof of Lemma 5.13, the innovation at a word v is
ξv = (Nv, ζv, (wv,vi)i≥1), and for every word w the marked tree Tw rooted at w is built
from the innovations at the words in wU = {wu : u ∈ U}. For w ∈ V, it is the forward
subtree of w. By Lemma 5.13, the configuration ω has the law P, so the marked tree T
has the law of Definition 3.2. We keep writing P and E for the probability measure and
the expectation on the space of Lemma 5.13. We may do so because events concerning
only the marked tree have the same probability there as under P. For a word w, we write

Θw =
(
θwω, (Dwu)u∈U

)
for the process seen from w, where θw is the shift of Definition 4.1; it is in measurable
bijection with (ξwu, Dwu)u∈U, and Θo = (ω, (Du)u∈U) is the process itself. We use the
following three properties of the process, which are the conclusions of Lemma 5.13.
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(R1) Almost surely, every Dv is a nonzero real number, and the recursion Dv = E −
p−1 ∑i≤Nv Yv,vi/Dvi holds at every word v.

(R2) For every n ≥ 0, the variables Dv, |v| = n, are independent with law π, and they are
independent of Fn = σ(ξu : |u| < n).

(R3) If v1, . . . , vk are words none of which is a prefix of another, then Θv1 , . . . , Θvk are
independent of each other and of the coordinates Nu, ζu with u /∈ ⋃i viU and wu

with u /∈ ⋃i viU∗, where vU∗ = vU \ {v}, and each Θvi has the law of Θo.

We set
γv = − 1

Dv
, v ∈ U. (8.3)

Definition 8.2. For a word w, the forward formal column Fw is the function on V(Tw)

defined by Fw(w) = γw and

Fw(vi) = −γvi hvi,v Fw(v), vi ∈ V(Tw), v ∈ V(Tw),

and extended by zero to the other words. Equivalently, if w = u0, u1, . . . , um = u is the
path from w to u ∈ V(Tw), then

Fw(u) = γw

m

∏
j=1

(
−hujuj−1γuj

)
. (8.4)

The formal inverse column is F = Fo.

The function Fw is obtained from Θw by the same rule by which F is obtained from
Θo. By the recursion (R1), for every x ∈ V(Tw) we have

E +
Nx

∑
i=1
|hx,xi|2γxi = E− 1

p

Nx

∑
i=1

Yx,xi

Dxi
= Dx = − 1

γx
.

This means that the numbers γx, x ∈ V(Tw), satisfy (8.1) on the tree Tw with root r = w,
for which b(x) = x− and ch(x) is the set of children of x. By Lemma 8.1, almost surely,
for every word w,

(Hw,formFw)(x)− EFw(x) = δw(x), x ∈ V(Tw), (8.5)

where Hw,form is the formal weighted adjacency operator of Tw. In general Fw need not
belong to ℓ2. The point of the next proposition is that it does when φπ(1) < 0, that is,
when the free energy of π at s = 1 is negative.

Recall the path moments of Definition 6.24: for s ∈ (0, 1), L ≥ 0 and a scaling g > 0,

ΦL(s; E) = gs
∫

R
(AL

s es)(x)πx(dx), (8.6)
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where es(x) = |x|s, πx is the law of X = 1/(gD) with D ∼ π, and As = A(g)
s is

the operator of Definition 6.1 for the law of B = gD and the rate K = p/g2, so that
β = g2Y/p with Y ∼ Exp(1). By Lemma 6.23(ii), ΦL(s; E) does not depend on g. For a
self-adjoint operator T and a vector ψ, we use the reciprocal-square integral RµT

ψ
(E) =∫

µT
ψ(dλ)/(λ− E)2 of (7.2), which is infinite if µT

ψ({E}) > 0. For a component C of a
forest obtained by a finite removal and r ∈ C, we write µC

r for the spectral measure of δr

for HC (Theorem 3.10).

Proposition 8.3. Let E > 0, let π be a real solution at energy E, let (ξv, Dv)v∈U be a re-
cursive tree process with marginal π (Lemma 5.13), and let F be the formal inverse column of
Definition 8.2.

(i) For every s ∈ (0, 1) and L ≥ 0,

E ∑
v∈V: |v|=L

|F(v)|s = ΦL(s; E). (8.7)

Suppose in addition that φπ(1) < 0. Then the following hold.

(ii) There exists s0 ∈ (0, 1) such that φπ(s) < 0 for s ∈ [s0, 1). For every such s, almost surely
F ∈ ℓs(V); moreover F ∈ Dom(H) and (H− E)F = δo.

(iii) Almost surely under P and under P∞, the following holds. For every vertex v, we have
δv ∈ Ran(H− E) and

∫
µv(dλ)/(λ− E)2 < ∞. For every vertex y and every edge e of

T , every component C of the reduced forest obtained by removing y (or e), and every r ∈ C,
we have δr ∈ Ran(HC − E) and

∫
µC

r (dλ)/(λ− E)2 < ∞. In particular, for every vertex
y and every neighbor x of y, ∫

R

µ
(y)
x (dλ)

(λ− E)2 < ∞. (8.8)

We note that the assertions in (iii) concern only the marked tree and do not refer to
π. Only their proof uses the recursive tree process. Combining Proposition 8.3 with the
Simon–Wolff criterion of Proposition 7.9, we obtain the main result of this section.

Theorem 8.4. Let U ⊂ (0, ∞) be a Borel set (for example, an open set). Suppose that for
Lebesgue-almost every E ∈ U there exists a real solution πE at energy E with φπE(1) < 0. Then,
almost surely under P and under P∞, the operator H has pure point spectrum in U ∪ (−U).

8.2 The many-to-one identity

We prove Proposition 8.3(i). For a vertex v with |v| = L and path o = v0, . . . , vL = v, and
for s ∈ (0, 1), set

WL(v) =
L

∏
j=1

(Yvj−1,vj

p

)s/2
|Dvj |

−s, W0(o) = 1. (8.9)
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Since |hvjvj−1 |s = (Yvj−1,vj /p)s/2 and |γv| = |Dv|−1, (8.4) gives

|F(v)|s = |Do|−s WL(v). (8.10)

Lemma 8.5. Let s ∈ (0, 1) and g > 0, and set Xo = 1/(gDo). For every L ≥ 0 and every Borel
function k : R→ [0, ∞],

E ∑
v∈V: |v|=L

k(Xo)WL(v) =
∫

R
(AL

s k)(x)πx(dx). (8.11)

The identity (8.11) is the many-to-one formula of Proposition 4.8 for the recursive tree
process; compare Corollary 4.11 and Remark 4.13. We give a direct proof by induction
on L, using the Mecke formula at the root, which works with the consistent process of
Lemma 5.13 on the whole tree and so requires no truncation. (Alternatively, the left
side of (8.11) is a function of (ξu)|u|<L and (Du)|u|=L only, by the recursion (R1). By (R2),
the variables (Du)|u|=L are independent with law π and independent of (ξu)|u|<L, and
after integrating them out, Proposition 4.8 applies to the resulting function of the first L
generations. The offspring numbers Nu with |u| = L do not enter.)

Proof. We prove (8.11) by induction on L, simultaneously for all k. For L = 0, the left side
is Ek(Xo) =

∫
k dπx, since Do ∼ π.

Let L ≥ 1 and assume the claim for L− 1. For a process Θ = (ω′, (D′u)u∈U) with the
law of Θo, let d(Θ) = D′o be its root mark and

SL−1(Θ) = ∑
u∈V(Θ): |u|=L−1

WL−1(u)(Θ),

where V(Θ) and WL−1(u)(Θ) are the vertex set and the weight (8.9) computed from Θ.
The vertices of generation L are the words iu with 1 ≤ i ≤ No and u ∈ V(Θi), |u| = L− 1,
and WL(iu) = (Yo,i/p)s/2|Di|−s WL−1(u)(Θi). We obtain

∑
v∈V: |v|=L

k(Xo)WL(v) =
No

∑
i=1

k(Xo)
(Yo,i

p

)s/2
|Di|−sSL−1(Θi), (8.12)

where Di = d(Θi) and, by (R1),

Xo =
1

gDo
, Do = E− 1

p

No

∑
j=1

Yo,j

d(Θj)
.

By (R3), applied to the words 1, . . . , n for every n, and since the coordinates of ω are
independent under P, the variables No, (wo,i)i≥1 and (Θi)i≥1 are independent, the wo,i
are standard complex Gaussians, and each Θi has the law of Θo. The pairs mi = (wo,i, Θi)

are independent with law µ = Law(wo,1) ⊗ Law(Θo), and they are independent of
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No ∼ Pois(p). Then Π = ∑No
i=1 δmi is a Poisson process with intensity measure pµ

[94, Proposition 3.5]. The right side of (8.12) equals
∫

Ψ(m, Π− δm)Π(dm), where for
m = (w, Θ) and a finite counting measure ϱ,

Ψ(m, ϱ) = k
((

gE− g|w|2
p d(Θ)

− g
p

∫ |w′|2
d(Θ′)

ϱ(dw′ dΘ′)
)−1

)( |w|2
p

)s/2
|d(Θ)|−sSL−1(Θ),

with Ψ = 0 if a denominator vanishes, which happens with probability zero. By the
Mecke formula (4.1) (Lemma 4.4), we have

E ∑
v∈V: |v|=L

k(Xo)WL(v) = p
∫

E Ψ(m, Π) µ(dm). (8.13)

We now evaluate the right side. Fix m = (w, Θ) with d = d(Θ) ̸= 0. The points of Π
carry independent pairs (|w′|2, d(Θ′)) with law Exp(1)⊗ π, and their number is Pois(p),
so by Definition 5.1 the variable D′ = E− p−1

∫
|w′|2d(Θ′)−1Π(dw′ dΘ′) has law π. Set

x = 1/(gd) and β = g2|w|2/p. Then g|w|2/(pd) = βx and (|w|2/p)s/2|d|−s = βs/2|x|s,
and therefore

E Ψ(m, Π) = βs/2|x|s E
[
k
(
(gD′ − βx)−1)] SL−1(Θ).

Under µ, the variable |w|2 has law Exp(1) and is independent of Θ, and β has the expo-
nential law of rate p/g2 and is independent of gD′, whose law is that of gD. Integrating
over w and recalling the definition of As and of fB,β(x) = (B− βx)−1, we obtain

p
∫

E Ψ(m, Π) µ(dm) = E
[
(Ask)

(
1/(g d(Θo))

)
SL−1(Θo)

]
= E ∑

u∈V: |u|=L−1
(Ask)(Xo)WL−1(u).

By the induction hypothesis applied to the Borel function Ask : R→ [0, ∞], the right side
equals

∫
(AL−1

s Ask)dπx. Together with (8.13), this proves (8.11) for L.

Proof of Proposition 8.3(i). By (8.10), we have |F(v)|s = |Do|−sWL(v) = gs|Xo|sWL(v). Ap-
plying Lemma 8.5 with k = gses, we obtain E ∑|v|=L |F(v)|s = gs ∫ AL

s es dπx = ΦL(s; E),
by (8.6). (The right side is also the spine expectation (6.22) of Lemma 6.23, which is the
form in which the many-to-one formula would produce it.)

8.3 Summability of the forward columns

Lemma 8.6. Let E > 0 and let π be a real solution at energy E with φπ(1) < 0. There exists
s0 ∈ (0, 1) such that φπ(s) < 0 for every s ∈ [s0, 1). For every such s, almost surely, for every
word w,

∑
u∈V(Tw)

|Fw(u)|s < ∞.
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Proof. By Proposition 6.15(i), the free energy φπ is real-analytic, and in particular con-
tinuous, on (0, 2). Since φπ(1) < 0, there exists s0 ∈ (0, 1) with φπ < 0 on [s0, 1).
(By Proposition 6.15(v), φπ is strictly decreasing on (0, 1], so the set of s ∈ (0, 1) with
φπ(s) < 0 is an interval with right endpoint 1.)

Fix s ∈ [s0, 1). By Proposition 6.27(iii), there exists C < ∞ such that ΦL(s; E) ≤ CeLφπ(s)

for every L ≥ 1, and Φ0(s; E) = E|D|−s < ∞ by Proposition 5.5. By Proposition 8.3(i)
and Tonelli’s theorem,

E ∑
v∈V
|F(v)|s = ∑

L≥0
ΦL(s; E) ≤ E|D|−s + C ∑

L≥1
eLφπ(s) < ∞,

since φπ(s) < 0. We conclude that ∑v |F(v)|s < ∞ almost surely. For a word w, the
column Fw is the same function of Θw as F is of Θo, and Θw has the law of Θo by (R3).
Then ∑u |Fw(u)|s < ∞ almost surely, and a countable intersection over words w completes
the proof.

8.4 Rerooted columns

We now construct inverse columns at arbitrary vertices of the full tree and of the compo-
nents left after removing one vertex or one edge. A removed set is one of the following:
the empty set; a word y, standing for the vertex y; or a word y ̸= o, standing for the edge
{y−, y}. Fix a removed set and a word r. On the event that r ∈ V, that y ∈ V (if the
removed set is not empty), and that r ̸= y (for a removed vertex), let C be the component
containing r of the reduced forest obtained from T by the removal (with C = V for the
empty removed set). For a word x, let anc(x) be the set of its prefixes, including o and x.
We define

S = anc(r) ∪ anc(y)

(with S = anc(r) for the empty removed set), SC = S ∩ C, and

WC = {w ∈ C \ S : w− ∈ S}.

The set S is a finite set of words which contains o and all prefixes of its elements, and it
is determined by the removed set and r. For x ∈ C \ {r}, let b(x) be the neighbor of x on
the path in C from x to r, and let chC(x) be the set of neighbors x′ ̸= b(x) of x in C; let
chC(r) be the set of all neighbors of r in C.

Lemma 8.7. On the event above, the following hold.

(i) The set SC contains r and induces a finite connected subtree of C.
(ii) The set WC is finite. For every w ∈WC, the set V(Tw) is contained in C \ S, and C \ SC is

the disjoint union of the sets V(Tw), w ∈WC.
(iii) Let w ∈WC and x ∈ V(Tw). Then b(x) = x−, and chC(x) is the set of children of x in T .



8 Negative free energy implies localization 8.4 Rerooted columns 167

(iv) If x ∈ SC and x′ ∈ chC(x) \ SC, then x′ is a child of x and x′ ∈WC.

Proof. For (i), we have r ∈ S ∩ C. The set S is a union of ancestral paths starting at o,
and it induces a subtree of T . If x, x′ ∈ SC, then the path in T between them lies in S,
and it lies in C because C induces a subtree of T (Lemma 3.5(i)). This shows that SC is
connected. It is finite because S is.

We next prove (ii). Let w ∈ WC. If some u ∈ V(Tw) belonged to S, then its prefix
w would belong to S, which is false. We find that V(Tw) ∩ S = ∅. In particular, V(Tw)

contains neither the removed vertex y nor an endpoint of the removed edge, since both
y and y− lie in S. Every edge of Tw is therefore retained, and V(Tw) is connected in
the reduced forest. Since it contains w ∈ C, we obtain V(Tw) ⊂ C \ S. Conversely, let
u ∈ C \ SC, so that u /∈ S. Since o ∈ S, there exists a shortest prefix w of u with w /∈ S.
Then w ̸= o, w− ∈ S, and u ∈ V(Tw). By the previous argument, V(Tw) lies in one
component, which is C because it contains u. In particular w ∈ C. It remains to check
that w− ∈ C, that is, that the edge {w−, w} is retained and w− ̸= y. If the edge {w−, w}
were the removed edge, then w = y ∈ S. If w− = y were the removed vertex, then the
component of w would be V(Tw), which contains r; then w would be a prefix of r and
would lie in S. Both are impossible, and we conclude that w− ∈ SC and w ∈ WC. If
w, w′ ∈WC are distinct and w is a prefix of w′, then w′− ∈ V(Tw)∩ S, which is impossible.
We conclude that the sets V(Tw), w ∈ WC, are disjoint. Finally, WC is finite, since its
elements are children of the finitely many vertices in S.

For (iii), we have r ∈ S and r /∈ V(Tw). The path from x to r therefore leaves V(Tw),
and since V(Tw) is joined to the rest of T only by the edge {w−, w}, the path first moves
from x to x−. All children of x belong to V(Tw) ⊂ C, and the edges to them are retained.
The neighbors of x in C other than x− are its children.

For (iv), the parent of x belongs to S (if x ̸= o), since S is closed under prefixes. It
follows that x′ is a child of x, and x′ ∈ C \ S with x′− = x ∈ S, that is, x′ ∈WC.

We now define real cavity marks on C, adapted to the root r. For x ∈ C \ SC, we set
γC

x = γx. For x ∈ SC, we define, recursively from the leaves of the finite tree SC rooted at
r toward r,

∆C
x = E + ∑

x′∈chC(x)
|hxx′ |2γC

x′ , γC
x = − 1

∆C
x

. (8.14)

This is well defined as long as the denominators ∆C
x do not vanish: the elements of chC(x)

are either in SC, where they are closer to the leaves, or in WC by Lemma 8.7(iv). For the
empty removed set and r = o, we have SC = {o}, WC is the set of children of o, and
γC

o = γo. In general, the numbers γC
x with x ∈ SC are real counterparts of the cavity

resolvents ΓC
x→b(x) of the rerooted component (compare Remark 3.17).

Lemma 8.8. Fix a removed set and a word r. Almost surely, on the event above, every denominator
∆C

x , x ∈ SC, is finite and nonzero; hence every γC
x , x ∈ C, is finite and nonzero.
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Proof. The proof uses that the squared modulus of the mark of each edge of the skeleton
SC is a fresh exponential variable for the denominator at its endpoint farther from the
leaves. Let W(S) = {si : s ∈ S, i ∈N} \ S. Its elements are not prefixes of each other: if
w ∈W(S) were a proper prefix of w′ = si ∈W(S), then w would be a prefix of s ∈ S and
would belong to S. By (R3), applied to finite subsets of W(S), and since the coordinates of
ω are independent under P, we see that the following random elements are independent:
the variables Ns and ws,si for s ∈ S and i ∈N, and the processes Θw for w ∈W(S). The
event in question, the sets SC and WC ⊂W(S), and the maps b and chC are functions of
(Ns)s∈S. The weights of the edges with an endpoint in SC are functions of the variables
ws,si, and γw is a function of Θw.

For x ∈ SC and x′ ∈ chC(x), let Cx′→x be the branch of C at x′ away from x. By
induction from the leaves, γC

x′ is a function of (Ns)s∈S, of the marks of the edges with
both endpoints in Cx′→x, and of the processes Θw with w ∈WC ∩ Cx′→x.

We now prove by induction from the leaves of SC toward r that, almost surely, ∆C
x

is finite and nonzero for every x ∈ SC. Fix x ∈ SC and suppose the claim holds for the
elements of chC(x)∩ SC. Then γC

x′ is finite and nonzero for every x′ ∈ chC(x): for x′ ∈ SC
by the induction hypothesis, and for x′ ∈WC because γC

x′ = −1/Dx′ with Dx′ ∈ R \ {0}.
In particular ∆C

x is finite. If chC(x) is empty, then ∆C
x = E ̸= 0. Otherwise, let x∗ be the

element of chC(x) that comes first in a fixed enumeration of U, which is a function of
(Ns)s∈S. Since there are countably many words, it suffices to show that ∆C

x ̸= 0 almost
surely on the event {x∗ = x′}, for a fixed word x′. On this event, the edge e = {x, x′}
joins two vertices of S ∪W(S), one of which is the parent of the other and lies in S. Its
mark is therefore one of the variables ws,si, with s and i determined by x and x′; we
denote it by ωe. We write

∆C
x = A +

|ωe|2
p

γC
x′ , A = E + ∑

x′′∈chC(x)\{x′}
|hxx′′ |2γC

x′′ .

Let Re be the σ-algebra generated by all the random elements listed in the first paragraph
except ωe. Since the edge e has an endpoint at x, it is not an edge of any branch Cx′′→x.
By the previous paragraph, the event {x∗ = x′} and the variables A and γC

x′ are Re-
measurable. The variable ωe is independent of Re, and |ωe|2 has, conditionally on Re,
the Exp(1) law, which has no atoms. Since γC

x′ ̸= 0 almost surely on {x∗ = x′}, we have

P
(
{∆C

x = 0} ∩ {x∗ = x′} | Re
)
= 1{x∗=x′}P

(
|ωe|2 = −pA/γC

x′ | Re
)
= 0

almost surely. This completes the induction, and the last assertion follows from (8.14)
and γC

x = γx for x /∈ SC.

Lemma 8.9. Let s ∈ (0, 1) be such that the conclusion of Lemma 8.6 holds. Fix a removed set and
a word r, and work on the intersection of the almost sure events of Lemma 8.6, Lemma 8.8 and (R1)



8 Negative free energy implies localization 8.5 Proofs of the main results 169

with the event above. Define FC,r on C by FC,r(r) = γC
r and FC,r(x) = −γC

x hx b(x) FC,r(b(x))
for x ̸= r. Then

(HC,formFC,r)(x)− EFC,r(x) = δr(x), x ∈ C, (8.15)

and ∑x∈C |FC,r(x)|s < ∞.

Proof. We verify the hypotheses of Lemma 8.1 on the tree C with root r and the numbers
γC

x . The neighbors of x in C are b(x) (if x ̸= r) and the elements of chC(x). For x ∈ SC,
(8.1) is the definition (8.14), with nonzero denominators by Lemma 8.8. For x ∈ V(Tw)

with w ∈ WC, Lemma 8.7(iii) shows that chC(x) is the set of children of x, all of which
lie in V(Tw), so that γC

x′ = γx′ for x′ ∈ chC(x). The relation (8.1) then holds by the
computation after Definition 8.2. By Lemma 8.7(ii), these two cases cover C. Then
Lemma 8.1 implies (8.15).

For summability, let w ∈WC. For x ∈ V(Tw) we have b(x) = x− and γC
x = γx, so FC,r

and Fw satisfy the same recursion f (x) = −γxhxx− f (x−) on V(Tw) \ {w}. Comparing
their values at w, we find

FC,r(x) =
FC,r(w)

γw
Fw(x), x ∈ V(Tw).

By Lemma 8.7(ii),

∑
x∈C
|FC,r(x)|s = ∑

x∈SC

|FC,r(x)|s + ∑
w∈WC

∣∣∣FC,r(w)

γw

∣∣∣s ∑
x∈V(Tw)

|Fw(x)|s.

The sets SC and WC are finite, all values of FC,r are finite, γw ̸= 0, and each inner sum is
finite by Lemma 8.6. This proves that the left side is finite.

8.5 Proofs of the main results

We use the following characterization of the range of T − E for a self-adjoint operator T.

Lemma 8.10. Let T be a self-adjoint operator on a Hilbert space, let ψ be a vector, and let E ∈ R.
If f ∈ Dom(T) and (T − E) f = ψ, then µT

ψ({E}) = 0 and RµT
ψ
(E) ≤ ∥ f ∥2. Conversely, if

RµT
ψ
(E) < ∞, then ψ ∈ Ran(T − E).

Proof. Suppose (T− E) f = ψ. By the spectral theorem, for every bounded Borel function
k,

⟨ψ, k(T)ψ⟩ =
∫

R
k(λ)(λ− E)2 µT

f (dλ),

that is, µT
ψ(dλ) = (λ− E)2µT

f (dλ). In particular, µT
ψ({E}) = 0 and RµT

ψ
(E) = µT

f (R \
{E}) ≤ ∥ f ∥2. Conversely, suppose RµT

ψ
(E) < ∞. Then µT

ψ({E}) = 0. Let k(λ) =
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(λ− E)−1 for λ ̸= E and k(E) = 0. Then
∫
|k|2 dµT

ψ = RµT
ψ
(E) < ∞, and since |λk(λ)| ≤

1 + |E||k(λ)|, also
∫
|λk(λ)|2 dµT

ψ < ∞. By the functional calculus, f = k(T)ψ belongs to
Dom(T), and (T − E) f = 1R\{E}(T)ψ = ψ, since ∥1{E}(T)ψ∥2 = µT

ψ({E}) = 0.

Proof of Proposition 8.3(ii) and (iii). Part (i) was proved in Section 8.2. We assume that
φπ(1) < 0, let s0 be as in Lemma 8.6, and fix s ∈ [s0, 1).

Step 1. The root column. For the empty removed set and r = o, we have SC = {o},
γC

o = γo and γC
x = γx for x ̸= o, and FV,o = F. By Lemma 8.9, almost surely F ∈ ℓs(V),

and F ∈ ℓ2(V) because ∥ f ∥2 ≤ ∥ f ∥s for s ≤ 2. By (8.15), HformF = EF + δo ∈ ℓ2(V).
By the maximal domain characterization Theorem 3.10(ii), in the form of Remark 3.11,
F ∈ Dom(H) and (H− E)F = δo. This proves (ii).

Step 2. All columns. Fix a removed set and a word r. On the intersection of the almost
sure events of Lemma 8.9 and Theorem 3.10 with the event on which C is defined (see
Section 8.4), Lemma 8.9 yields FC,r ∈ ℓs(C) ⊂ ℓ2(C) and HC,formFC,r = EFC,r + δr ∈ ℓ2(C).
By Remark 3.11, FC,r ∈ Dom(HC) and (HC− E)FC,r = δr. In particular δr ∈ Ran(HC− E),
and Lemma 8.10 gives RµC

r
(E) ≤ ∥FC,r∥2 < ∞. There are countably many removed sets

and words r, so these conclusions hold almost surely for all of them simultaneously. For
the empty removed set, C = V and µC

r = µr. For the removal of a vertex y, the operator
H(y) is the orthogonal sum of the operators of the components (Theorem 3.10(iv)), and
µ
(y)
x = µC

x for x ∈ C; this gives (8.8).

Step 3. Transfer to P and P∞. Let AE be the event that RµC
r
(E) < ∞ for every removed

set, every word r and the corresponding component C (whenever these are defined). By
(7.3), RµC

r
(E) = supn n Im GC

rr(E + i/n), and by Lemma 7.5 this is a measurable function
of the marked tree. It follows that AE is an event of the marked tree. By Step 2, it has
probability one on the space of Lemma 5.13, where the marked tree has the law P, and
we have P(AE) = 1. Since P∞ ≤ ϱ−1

p P, also P∞(AE) = 1. By Lemma 8.10, on AE every
δr belongs to Ran(HC − E). This proves (iii).

Proof of Theorem 8.4. Let N0 ⊂ U be a Lebesgue-null set such that a real solution π with
φπ(1) < 0 exists at every E ∈ U \ N0. Let B be the set of pairs (ω, E) ∈ Ω×U such that,
for every vertex y and every neighbor x of y, R

µ
(y)
x
(E) < ∞, where Ω is the probability

space of the marked tree. For fixed words y, x, we have R
µ
(y)
x
(E) = supn n Im G(y)

xx (E+ i/n)

by (7.3), which is jointly measurable in (ω, E) by Lemma 7.5. Since there are countably
many pairs of words, B is jointly measurable.

For E ∈ U \N0, Proposition 8.3(iii), applied with a real solution π at E with φπ(1) < 0,
gives P((ω, E) ∈ B) = 1. The event B does not involve the real solution, and no
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measurable dependence of the solution on E is needed. By Tonelli’s theorem,

E
∣∣{E ∈ U : (ω, E) /∈ B}

∣∣ = ∫
U

P
(
(ω, E) /∈ B

)
dE = 0,

since the integrand vanishes outside the null set N0. This implies that, P-almost surely,
for Lebesgue-almost every E ∈ U, we have R

µ
(y)
x
(E) < ∞ for every vertex y and every

neighbor x of y. This is the hypothesis of Proposition 7.9 with I = U and Q = P, and it
also holds P∞-almost surely. By Proposition 7.9, H has pure point spectrum in U ∪ (−U),
almost surely under P and under P∞.

Remark 8.11. The energy 0 is excluded in Theorem 8.4, and indeed H has finitely sup-
ported eigenvectors with eigenvalue zero (Proposition 3.25). In Proposition 8.3, the real
solution π is arbitrary, and the recursive tree process need not be endogenous, that is,
the denominators Dv need not be functions of the marked tree. This causes no difficulty,
because the assertions of Proposition 8.3(iii) are events of the marked tree; see Step 3 of
the proof. If E ∈ Ep, the no-ac hypothesis holds at E, and π is the real boundary law,
then the boundary denominators of Proposition 5.11(ii) form an endogenous recursive
tree process with marginal π (Remark 5.15). For this process, (3.19) shows that F(v) is
the limit of Gvo(E + iη) as η ↓ 0.



section 9

Resonances along paths

This section and the next prove that the boundary values of the cavity variables cannot
all be real at an energy where the real boundary law has positive free energy at s = 1.
The argument follows the resonance strategy of Aizenman and Warzel [12]; variants of it
appear in [4, 7]. We look for vertices x at a large depth whose Green function entry Gox

is exponentially large, and we use the Ward identity to convert such a vertex into a large
imaginary part at the root. In this section, we collect the deterministic identities and the
estimates along one or two paths that this argument uses. The counting argument itself
is given in Section 10.

In Section 9.1, we express the Green function between the endpoints of a path through
a product of transfer matrices, and we record the Schur complement formula for two
vertices. In Section 9.2, we study the end of a path: we show that two vertices with a single
child each bring the rootward cavity variable into a fixed disc, uniformly in its incoming
value, and we estimate the probability that a pendant leaf creates a large diagonal entry
of the Green function, at one vertex and at two vertices simultaneously. Section 9.3 selects
blocks of transfer matrices whose truncated free energy approximates the free energy and
estimates the probability of a regular growth event, on which the growth of the transfer
products along a path stays close to its typical value. Section 9.4 averages bilinear forms
of products of transfer matrices over four groups of three independent factors. Finally,
Section 9.5 records a semicontinuity property of probabilities used to pass from the real
axis to a small positive imaginary part.

The results of Sections 9.1 and 9.2 are deterministic, or concern one or two squared
moduli with an explicit density, and they hold under the hypotheses on p and z stated
in each lemma; in particular, they do not use a real solution. From Section 9.3 on, we
fix p > 1, an energy E > 0, and a real solution π at energy E; in Section 10, π is the
real boundary law. Whenever an energy E is fixed, we write z = E + iη with η ≥ 0.
Statements about the tree hold on the almost sure event Ωsa of Theorem 3.10, intersected
with the almost sure event on which all edge weights are nonzero.

9.1 Transfer matrices along a path

In this section, we prove two deterministic identities for the resolvent of a component of
a forest obtained by a finite removal. The first, Lemma 9.3, expresses the Green function
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between the endpoints of a path, and its ratio to the diagonal entry at the far endpoint,
through the product of the transfer matrices along the path. In Section 10, it is applied
in Lemma 10.8 to the path from the root to a resonant vertex, where the ratio converts
a large diagonal entry into a large entry Gox, and in Lemma 10.11 to the path between
the parents of two resonant vertices, where the Green function measures the interaction
between them. The second, Lemma 9.4, is the Schur complement formula for the 2× 2
block of the resolvent at two vertices; it is used in Lemma 10.12 to write the two diagonal
entries at a pair of resonant vertices as functions of the weights of their pendant leaves.

We use the transfer matrices of Definition 6.1 with the scaling g = 1, in which the
denominator is B = D and β = Y/p is the squared weight, and we allow complex
denominators, as in Proposition 6.19.

Definition 9.1. (i) For d ∈ C and t > 0, the factor with denominator d and squared
weight t is the matrix

M(d, t) = t−1/2
(

0 1
−t d

)
.

For real d, this is the matrix M(b, β) of Definition 6.1 with b = d and β = t. We write
e2 = (0, 1)T.

(ii) Let C be a component of a forest obtained by a finite removal, let w0, w1, . . . , wr be a
path in C with r ≥ 0, and let z ∈ C \R. For 0 ≤ k ≤ r, the side denominator at wk is

dk = z + ∑
a
|hwka|2 ΓC

a→wk
(z),

where the sum runs over the neighbors a of wk in C other than wk−1 and wk+1
(only those of them that exist). For 1 ≤ k ≤ r, we set tk = |hwk−1wk |2. The rootward
denominators are defined by R0 = d0 and Rk = dk − tk/Rk−1 for 1 ≤ k ≤ r, and the
transfer product of the path is

A = M(d0, t1)M(d1, t2) · · ·M(dr−1, tr),

with A = I if r = 0.

In words, the k-th factor of a path pairs the side denominator at wk with the squared
weight of the edge leaving wk towards wk+1. Every factor has determinant one, since
det M(d, t) = t−1(0 · d + t) = 1, and so does every product of factors. Let A be a
complex 2× 2 matrix with det A = 1, and let σ1 ≥ σ2 ≥ 0 be its singular values. Then
σ1σ2 = |det A| = 1, so that σ2 > 0, σ1 = σ−1

2 , and σ1 ≥ 1. Since ∥A∥ = σ1 and
∥A−1∥ = σ−1

2 , we have
∥A−1∥ = ∥A∥ ≥ 1. (9.1)

Bounding the operator norm by the Hilbert–Schmidt norm, we have

∥M(d, t)∥ ≤ t−1/2(1 + t2 + |d|2
)1/2. (9.2)
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The following algebraic identity relates products of factors to continuants.

Lemma 9.2. Let r ≥ 1, let d0, . . . , dr ∈ C, and let t1, . . . , tr > 0. Define K−2 = 0, K−1 = 1,
K0 = d0, and Kk = dkKk−1 − tkKk−2 for 1 ≤ k ≤ r. Let A = M(d0, t1) · · ·M(dr−1, tr) and
τ = (t1 · · · tr)1/2. Then

τ eT
2 A =

(
− trKr−2, Kr−1

)
.

In particular, τ eT
2 Ae2 = Kr−1 and τ eT

2 A(1, dr)T = Kr. If the numbers R0 = d0 and Rk =

dk − tk/Rk−1, 1 ≤ k ≤ r, are well defined and nonzero, then Kk = R0R1 · · · Rk for 0 ≤ k ≤ r.

Proof. Let Nk = t1/2
k+1M(dk, tk+1), which has the rows (0, 1) and (−tk+1, dk). We show

by induction on l ∈ {1, . . . , r} that eT
2 N0 · · ·Nl−1 = (−tlKl−2, Kl−1). For l = 1, we have

eT
2 N0 = (−t1, d0) = (−t1K−1, K0). If the claim holds for l < r, then

eT
2 N0 · · ·Nl = (−tlKl−2, Kl−1)

(
0 1
−tl+1 dl

)
=
(
− tl+1Kl−1, dlKl−1 − tlKl−2

)
,

which is (−tl+1Kl−1, Kl). Since N0 · · ·Nr−1 = τA, the case l = r is the first claim.
Multiplying it by e2 and by (1, dr)T gives Kr−1 and −trKr−2 + drKr−1 = Kr. For the last
claim, we have K0 = R0, and if Kk−1 = R0 · · · Rk−1 and Kk−2 = R0 · · · Rk−2 (with the
empty product equal to 1), then Kk = R0 · · · Rk−1(dk − tk/Rk−1) = R0 · · · Rk.

We now identify the rootward denominators with cavity variables and obtain the path
formulas.

Lemma 9.3. In the setting of Definition 9.1(ii), suppose that r ≥ 1. Then the rootward denomi-
nators are well defined and nonzero, and

Rk = −
1

ΓC
wk→wk+1(z)

(0 ≤ k < r), Rr = −
1

GC
wrwr(z)

. (9.3)

Further, ∣∣GC
w0wr(z)

∣∣ = ∣∣eT
2 A (1, dr)

T∣∣−1, (9.4)∣∣∣∣GC
w0wr(z)

GC
wrwr(z)

∣∣∣∣ = ∣∣eT
2 Ae2

∣∣−1 ≥ ∥A∥−1. (9.5)

Proof. We prove (9.3) by induction on k. By (3.12) for the oriented edge from w0 to
w1, the number −1/ΓC

w0→w1
(z) equals z + ∑a |hw0a|2ΓC

a→w0
(z), where a runs over the

neighbors of w0 in C other than w1; this is d0 = R0. Let 1 ≤ k < r, and suppose that
Rk−1 = −1/ΓC

wk−1→wk
(z). The neighbors of wk in C other than wk+1 are wk−1 and the

neighbors entering the definition of dk. Then (3.12) implies that

− 1
ΓC

wk→wk+1(z)
= dk + |hwkwk−1 |

2 ΓC
wk−1→wk

(z) = dk −
tk

Rk−1
= Rk.
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The same computation with (3.11) at wr, whose neighbors are wr−1 and the neighbors en-
tering dr, gives the second identity in (9.3). All these numbers are finite and nonzero, since
by Proposition 3.16 the expressions in parentheses in (3.11) and (3.12) have imaginary
parts of absolute value at least | Im z| > 0.

By (3.19), applied to the path from u = wr to v = w0, that is, to the vertices vl = wr−l,
we have

GC
w0wr(z) = (−1)rGC

wrwr(z)
r−1

∏
k=0

hwkwk+1 ΓC
wk→wk+1

(z).

Taking absolute values and using (9.3), we find

∣∣GC
w0wr(z)

∣∣ = (t1 · · · tr)1/2

|R0R1 · · · Rr|
,

∣∣∣∣GC
w0wr(z)

GC
wrwr(z)

∣∣∣∣ = (t1 · · · tr)1/2

|R0 · · · Rr−1|
.

By Lemma 9.2, R0 · · · Rr = Kr = τeT
2 A(1, dr)T and R0 · · · Rr−1 = Kr−1 = τeT

2 Ae2, where
τ = (t1 · · · tr)1/2; here the weights tk are positive, since the edge weights are nonzero.
This proves (9.4) and the identity in (9.5); in particular, eT

2 Ae2 = τ−1R0 · · · Rr−1 ̸= 0. The
inequality in (9.5) follows from the Cauchy–Schwarz inequality |eT

2 Ae2| = |⟨e2, Ae2⟩| ≤
∥Ae2∥ ≤ ∥A∥, which holds for every complex 2× 2 matrix (the condition det A = 1 is
not needed here).

In (9.5), the side denominator dr at the endpoint does not enter; the ratio depends
only on the side denominators d0, . . . , dr−1 and on the weights of the path. In Section 10,
we apply (9.5) to a path from the root to a vertex x of the full tree, and (9.4) to the path
between the parents of two vertices x and y, in the tree from which x and y have been
deleted.

The next lemma is the Schur complement formula for the 2× 2 block of the resolvent
at two vertices. For a component C of the forest obtained by a finite removal (F, D) and
x, y ∈ C, we write GC\{x,y}

ab (z) for the entries of the resolvent of the reduced operator of
the finite removal (F ∪ {x, y}, D) at vertices a, b ∈ C \ {x, y}. These vanish if a and b lie
in different components of the corresponding reduced forest.

Lemma 9.4. Let C be a component of a forest obtained by a finite removal, let x, y ∈ C be distinct
and not adjacent, and let z ∈ C \R. For u, v ∈ {x, y}, set

Suv(z) = −z1{u=v} − ∑
a∼Cu

∑
b∼Cv

hua GC\{x,y}
ab (z) hbv,

where a ∼C u means that a is a neighbor of u in C. Then the matrix S(z) = (Suv(z))u,v∈{x,y} is
invertible, and (

GC
xx(z) GC

xy(z)
GC

yx(z) GC
yy(z)

)
= S(z)−1. (9.6)
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Let x′ and y′ be the neighbors of x and y on the path from x to y in C. Then

Sxy(z) = −hxx′ G
C\{x,y}
x′y′ (z) hy′y, |Sxy(z)Syx(z)| = |hxx′ |2 |hyy′ |2

∣∣GC\{x,y}
x′y′ (z)

∣∣2, (9.7)

and Sxx(z) = −z−∑a∼Cx |hxa|2 GC\{x,y}
aa (z); the analogous formula holds for Syy(z). Finally,

if Im z > 0, then the Hermitian matrix Im S(z) = (S(z) − S(z)∗)/(2i) satisfies Im S(z) ≤
−(Im z)I.

Proof. Let D′ be the set of edges of C with an endpoint in {x, y}. By Lemma 3.13, the
components contained in C of the reduced forest obtained by adding D′ to the removed
edges are {x}, {y}, and the components of C \ {x, y}. With respect to ℓ2(C) = C{x,y} ⊕ h,
where h = ℓ2(C \ {x, y}), the same lemma gives HC = (0⊕ K) + WD′ and Dom(HC) =

C{x,y} ⊕ Dom(K), where K is the direct sum of the operators of the components of
C \ {x, y}. These components are also the components contained in C of the reduced
forest of the finite removal (F ∪ {x, y}, D), and in both reduced forests the operator of
such a component is the closure of the weighted adjacency operator of the same induced
subtree (Lemma 3.5(i)). Then ⟨δa, (K− z)−1δb⟩ = GC\{x,y}

ab (z) for a, b ∈ C \ {x, y}. Define
the linear map J : C{x,y} → h by Jδu = ∑a∼Cu hauδa; it is bounded, since x and y have
finitely many neighbors. Since x and y are not adjacent, we have, for f ∈ C{x,y} and
g ∈ Dom(K),

HC( f ⊕ g) = J∗g⊕ (J f + Kg).

Indeed, the coordinate of WD′g at u ∈ {x, y} is ∑a∼Cu huag(a) = ⟨Jδu, g⟩, because hua =

hau.
Fix f ∈ C{x,y} and set g = −(K− z)−1 J f ∈ Dom(K). Then f ⊕ g ∈ Dom(HC) and

(HC − z)( f ⊕ g) =
(
− z f − J∗(K− z)−1 J f

)
⊕ 0 = (S(z) f )⊕ 0,

where we used that the matrix of J∗(K − z)−1 J has the entries ⟨Jδu, (K − z)−1 Jδv⟩ =
∑a,b huaGC\{x,y}

ab (z)hbv. Since HC is self-adjoint, HC − z is a bijection from Dom(HC) onto
ℓ2(C) with inverse (HC − z)−1. Then (HC − z)−1((S(z) f )⊕ 0

)
= f ⊕ g. Projecting onto

C{x,y}, we find Π(HC − z)−1Π S(z) f = f , where Π is the orthogonal projection onto
C{x,y}. In particular, S(z) is injective, hence invertible, and its inverse is the matrix on the
left side of (9.6).

For (9.7), let a ∼C x and b ∼C y lie in the same component of C \ {x, y}. A path from
a to b in this component, preceded by x and followed by y, is a path from x to y in the
tree C. Since paths in a tree are unique, we have a = x′ and b = y′. All other terms
in the sum defining Sxy(z) vanish, which gives the first identity. The same argument

shows that Syx(z) = −hyy′G
C\{x,y}
y′x′ (z)hx′x, and Lemma 3.20, applied to the component of

C \ {x, y} containing x′ and y′, gives |GC\{x,y}
y′x′ (z)| = |GC\{x,y}

x′y′ (z)|. This proves the second
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identity. Finally, two distinct neighbors of x lie in different components of (F ∪ {x}, D),
by Lemma 3.5(ii), and a fortiori in different components of C \ {x, y}, since deleting y as
well only splits components further; the cross terms in the sum defining Sxx(z) vanish,
and we obtain the formula for Sxx(z).

For the last claim, let Im z > 0 and f ∈ C{x,y}, and set g = J f . Since K is self-
adjoint, we have Im⟨g, (K− z)−1g⟩ = Im z ∥(K − z)−1g∥2 ≥ 0. We have ⟨ f , Im S(z) f ⟩ =
Im⟨ f , S(z) f ⟩ = − Im z ∥ f ∥2 − Im⟨g, (K− z)−1g⟩ ≤ − Im z ∥ f ∥2.

9.2 Endpoint estimates

In this section, we study the last few vertices of a path. The path to a resonant vertex of
Section 10 ends with a single-child segment, that is, a sequence of vertices with exactly one
child each, and its endpoint has a pendant leaf and a surviving child. Lemmas 9.5 and 9.6
show that, with a probability bounded below uniformly in the rest of the tree, the single-
child segment places the denominator with the leaf removed at the endpoint in a fixed
region; they are used in Lemmas 10.8 and 10.9. Lemma 9.7 bounds the probability that
the weight of the pendant leaf makes the diagonal resolvent entry at the endpoint large,
from above and from below; the lower bound is used in the first moment (Lemma 10.9).
Lemma 9.8 bounds the probability that this happens at two vertices simultaneously; it is
used in the second moment (Lemma 10.12). Finally, Lemma 9.9 records the properties of
the quantile ζα(η) of Im Γo on which the contradiction argument of Section 10.6 is based.

We fix E > 0 and write z = E + iη. We first show that two consecutive vertices
without side children bring the rootward cavity variable into a fixed disc, uniformly in its
incoming value. Consider a vertex w with a single neighbor w′ other than the next vertex
of a path, and let X = −Γw′→w(z) be the incoming rootward variable. If the squared
weight of the edge ww′ is t, then by (3.12) the outgoing variable is (z− tX)−1. We set

ρ1 = e−1 − e−2, εE =
ρ1E
16

, b2 =
εEE

8
, b3 =

3E2

32
, (9.8)

and we let DE = {X ∈ C : |X− E−1| ≤ (3E)−1}. Every X ∈ DE satisfies |X| ≤ 4/(3E).

Lemma 9.5. Let E > 0 and 0 ≤ η ≤ E/8.

(i) Let X ∈ C, and let t be a random variable with density pe−pt on (0, ∞). Then

P
( 1

p
< t <

2
p

, |z− tX| > εE

)
≥ ρ1

2
.

(ii) If |X| < ε−1
E and 0 < t < b2, then z− tX ̸= 0 and (z− tX)−1 ∈ DE.

(iii) If X ∈ DE and 0 < t ≤ b3, then z− tX ̸= 0 and (z− tX)−1 ∈ DE.
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Proof. We first note that if w ∈ C satisfies |w− E| ≤ E/4, then |w| ≥ 3E/4, and∣∣∣ 1
w
− 1

E

∣∣∣ = |E− w|
|w|E ≤ E/4

3E2/4
=

1
3E

, (9.9)

so that w−1 ∈ DE. For (ii), we have |z− tX − E| ≤ η + t|X| < E/8 + b2/εE = E/4, and
(9.9) applies. For (iii), we have t|X| ≤ b3 · 4/(3E) = E/8, so that |z− tX− E| ≤ E/4, and
(9.9) applies again.

For (i), we have P(1/p < t < 2/p) = e−1 − e−2 = ρ1, and it suffices to show that
the event {1/p < t < 2/p, |z− tX| ≤ εE} has probability at most ρ1/2. If |X| ≤ pE/4,
then for t < 2/p we have |z − tX| ≥ Re z − t|X| > E − E/2 = E/2 > εE, and the
event is empty. If |X| > pE/4, then |z− tX| = |X| |t− z/X|, and the set of real t with
|z− tX| ≤ εE is contained in an interval of length 2εE/|X| < 8εE/(pE). Since the density
of t is at most p, the event has probability at most 8εE/E = ρ1/2.

In applications, X is random and t = Y/p, where Y is the squared modulus of an
edge mark. Part (i) then holds conditionally, in the following sense. Let G be a σ-field,
let X be a G -measurable complex random variable, and suppose that Y is fresh given G

in the sense of Definition 4.16, with M = 1; that is, Y has the law Exp(1) conditionally
on G . We apply the substitution identity (4.14) with m = 1, c = X, a1 = 0, and

Φ(c, a1, y) = 1
{

1 < y < 2,
∣∣∣z− y

p
c
∣∣∣ > εE

}
.

For each fixed value of X, the integral of Φ(X, 0, ·) against Exp(1) is the probability in (i)
with t = Y/p, which has density pe−pt. We conclude that

P
( 1

p
< t <

2
p

, |z− tX| > εE

∣∣∣ G
)
≥ ρ1

2
almost surely.

In the same way, Lemmas 9.7 and 9.8 below hold conditionally on a σ-field G given
which the squared moduli of the marks of the leaf edges are fresh and the parameters are
revealed: the parameter p in Lemma 9.7, and in Lemma 9.8 the three numbers Bxx, Byy,
and BxyByx, through which alone the event and the bound depend. In each case, (4.14) is
applied with c and a1, . . . , am equal to these revealed numbers.

The next lemma describes the end of a path. In Section 10, the endpoint x of a path
has three neighbors: its parent, whose rootward variable X has been brought into DE by
the single-child segment, as in Lemma 9.5; a child y with a bounded cavity variable; and
a pendant leaf. The denominator with the leaf removed at x is the quantity ∆ below.

Lemma 9.6. Let E > 0, 0 ≤ η ≤ E/8, and R′ > 0. Let X ∈ DE, 0 < t ≤ b3, X′ ∈ C with
|X′| ≤ R′, and 0 < t′ ≤ E/(8R′), and set ∆ = z− tX− t′X′. Then |∆− E| ≤ 3E/8 and

E2

2
≤ Re(z∆) ≤ 3E2

2
.
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Proof. We have |∆− E| ≤ η + t|X|+ t′|X′| ≤ E/8 + E/8 + E/8 = 3E/8, where we used
t|X| ≤ b3 · 4/(3E) = E/8. In particular, 5E/8 ≤ Re ∆ ≤ 11E/8 and | Im ∆| ≤ 3E/8. Since
Re(z∆) = E Re ∆− η Im ∆ and η ≤ E/8, we have

Re(z∆) ≥ 5E2

8
− 3E2

64
≥ E2

2
, Re(z∆) ≤ 11E2

8
+

3E2

64
≤ 3E2

2
.

We next estimate the probability that a pendant leaf creates a large diagonal entry. If x
has a leaf child ℓ with squared weight t = |hxℓ|2, then Γℓ→x(z) = −1/z, and (3.11) gives

Gxx(z) = −
(

∆− t
z

)−1
=

z
t− z∆

, (9.10)

where ∆ = −1/G{ℓ}xx (z) is the denominator with the leaf removed, computed in the tree
from which ℓ is deleted. In particular, Gxx(z) is a Möbius function of t, with a pole at the
pole parameter p = z∆. If η > 0, then Im ∆ ≥ η > 0 and Im p = E Im ∆ + η Re ∆.

Lemma 9.7. Let p > 0, E > 0, 0 < η ≤ 1, and T ≥ 4(E + 1)/E2, and let t be a random
variable with density pe−pt on (0, ∞). Let p ∈ C \R.

(i) We have P(|z| ≥ T|t− p|) ≤ 2p|z|/T.
(ii) If E2/2 ≤ Re p ≤ 3E2/2 and | Im p| ≤ |z|/(2T), then

P
(
|z| ≥ T|t− p|

)
≥ ctune

T
, ctune = pEe−2pE2

.

Proof. The set of real t with |t− p| ≤ |z|/T is empty if | Im p| > |z|/T, and otherwise it
is the interval of center Re p and half-length ϱ = ((|z|/T)2 − (Im p)2)1/2 ≤ |z|/T. Since
the density of t is at most p, this proves (i). Under the assumptions of (ii), we have
ϱ ≥ (

√
3/2)|z|/T ≥ (

√
3/2)E/T. Further, ϱ ≤ |z|/T ≤ (E + 1)/T ≤ E2/4, so that the

interval is contained in [E2/4, 7E2/4], where the density of t is at least pe−7pE2/4. The
probability in (ii) is therefore at least 2ϱ pe−7pE2/4 ≥

√
3 pEe−7pE2/4/T ≥ ctune/T.

By (9.10), the event in Lemma 9.7 with p = z∆ is the event |Gxx(z)| ≥ T.
For two vertices x and y with pendant leaves, Lemma 9.4 expresses the 2× 2 block

of the resolvent at {x, y} as a function of the squared weights of the two leaf edges. The
following lemma bounds the probability that both diagonal entries are large.

Lemma 9.8. Let p ≥ 1, z ∈ C \R, and T > 0, and let B = (Buv)u,v∈{x,y} be a complex 2× 2
matrix such that diag(tx, ty)− B is invertible for all tx, ty > 0. Set

R(tx, ty) = z
(

diag(tx, ty)− B
)−1,

and let tx, ty be independent random variables with density pe−pt on (0, ∞). Then

P
(
|Rxx| ≥ T, |Ryy| ≥ T

)
≤ 8p2|z|2

T2 +
8p2|z|

T
min

{
1, |BxyByx|1/2}.
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Proof. Set θ = |z|/T, X = tx − Bxx, Y = ty − Byy, and c = BxyByx. The determinant
XY− c is nonzero, and

Rxx =
zY

XY− c
, Ryy =

zX
XY− c

.

Let E be the event in the statement. We first bound the probability of {|Rxx| ≥ T}, which
contains E . Fix ty. If Y = 0, then Rxx = 0. If Y ̸= 0, then Rxx = z/(X − c/Y), and
|Rxx| ≥ T holds if and only if |tx − Bxx − c/Y| ≤ θ, which confines tx to an interval of
length at most 2θ. By Tonelli’s theorem and the bound p on the density of tx, we obtain
P(E) ≤ 2pθ.

Next, |Rxx| ≥ T and |Ryy| ≥ T mean that |XY − c| ≤ θ|Y| and |XY − c| ≤ θ|X|, so
on E we have |XY − c| ≤ θ min{|X|, |Y|}. Consider the part of E on which |X| ≤ |Y|.
There X ̸= 0: otherwise the last inequality would give |XY − c| ≤ 0, contradicting
XY − c ̸= 0. Dividing by |X|, we find |Y − c/X| ≤ θ. Then |X| ≤ |Y| ≤ |c|/|X| + θ,
that is, |X|2 − θ|X| ≤ |c|, which implies |X| ≤ θ + |c|1/2; indeed, if |X| > θ + |c|1/2,
then |X|(|X| − θ) > (θ + |c|1/2)|c|1/2 ≥ |c|. Thus tx lies in an interval of length at most
2(θ + |c|1/2), and for each such tx, the condition |ty − Byy − c/X| ≤ θ confines ty to an
interval of length at most 2θ. The part of E on which |X| ≤ |Y| is therefore contained in a
set of area at most 4θ(θ + |c|1/2), and by symmetry the same holds for the part on which
|Y| ≤ |X|. Since the joint density of (tx, ty) is at most p2, we find P(E) ≤ 8p2θ(θ + |c|1/2).

Combining the two bounds, and using 2pθ ≤ 8p2θ for p ≥ 1 when |c| ≥ 1, we find

P(E) ≤ min
{

2pθ, 8p2θ2 + 8p2θ|c|1/2} ≤ 8p2θ2 + 8p2θ min{1, |c|1/2},

which is the claim.

Finally, we record the properties of the quantiles of the imaginary part of the root
cavity variable that we use. For p > 1, E > 0, η > 0, and α ∈ (0, 1), we define

ζα(η) = sup
{

t ≥ 0 : P∞( Im Γo(E + iη) ≥ t
)
≥ α

}
. (9.11)

Lemma 9.9. Let p > 1, E > 0, and α ∈ (0, 1).

(i) For every η > 0, we have 0 < ζα(η) < ∞, P∞(Im Γo(E + iη) ≥ ζα(η)) ≥ α, and
P∞(Im Γo(E + iη) ≥ t) < α for every t > ζα(η).

(ii) Let r ∈ (0, 1) and Cr = sup0<η≤1 E∞|Γo(E + iη)|r, which is finite by Lemma 5.17. Set
Raux = (4Cr/α)1/r. Then for every η ∈ (0, 1],

P∞(|Γo(E + iη)| < Raux, Im Γo(E + iη) ≥ ζα(η)/2
)
≥ 3α

4
.

Proof. Fix η > 0, write I = Im Γo(E + iη), and let ψ(t) = P∞(I ≥ t). By Lemma 3.19(i),
I > 0 almost surely, so ψ(t) → 1 > α as t ↓ 0, and the set in (9.11) contains some t > 0.
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Since ψ(t) ≤ P∞(|Γo(E + iη)| ≥ t) → 0 as t → ∞, the set is bounded. We conclude
that 0 < ζα(η) < ∞. The function ψ is nonincreasing, and it is left-continuous because
{I ≥ t} = ⋂

t′<t{I ≥ t′}. Then the set in (9.11) is the interval [0, ζα(η)]. This proves (i).
For (ii), Markov’s inequality implies that P∞(|Γo(E + iη)| ≥ Raux) ≤ CrR−r

aux = α/4, and
by (i), ψ(ζα(η)/2) ≥ ψ(ζα(η)) ≥ α. The claim follows.

9.3 Blocks and regular growth

The path from the root to a resonant vertex is required to have a transfer product whose
norm grows at a prescribed exponential rate γ̂, with fluctuations of order bn = n3/4. In
this section, we estimate the probability of this requirement for independent factors. To
control the norm of a product by the norms of its parts, and to have increments that
are bounded, we group the factors into blocks of a fixed length m and keep only blocks
whose denominators and weights lie in a fixed compact set. Lemma 9.11 chooses m and
the compact set so that the free energy of the truncated blocks is close to the free energy
φ, together with its derivative at the exponent s of Lemma 6.16. Lemma 9.12 then shows,
by an exponential change of measure, that the regular growth event, on which the i-th
partial sum of the block growths stays within distance b of imγ̂ for every i, has probability
e−ιmk±sb. The lower bound enters the first moment (Lemma 10.9), and the upper bound
enters the second moment (Lemma 10.11).

We fix p > 1, E > 0, and a real solution π at energy E, and we write φ = φπ for
its free energy. The factor law νfac is the law of (d, t), where d has law π, t = Y/p
with Y ∼ Exp(1), and d and Y are independent. Factors M(di, ti) with independent
(di, ti) ∼ νfac are independent copies of the matrix M(B, β) of Section 6 with the scaling
g = 1, in which B = D has law π and β has the exponential law of rate K = p. For
u ∈ (0, 1) and r ≥ 0, we let

fr(u) = E
∥∥M(d1, t1) · · ·M(dr, tr)

∥∥−u

be the norm moments of Definition 6.14, computed with independent factors of law νfac;
the order of the factors does not affect the law of the product. By Proposition 5.5(iii),
E|d|−u < ∞, and Corollary 6.22 gives

fr(u) ≤ er(φ(u)−log p), r ≥ 0, u ∈ (0, 1). (9.12)

Definition 9.10. Let m ≥ 1 and R > 1.

(i) A block of length m is a family (di, ti)
m
i=1 with di ∈ C and ti > 0. Its growth is

Z = log
∥∥M(d1, t1)M(d2, t2) · · ·M(dm, tm)

∥∥ ≥ 0.

The block is retained if R−1 ≤ |di| ≤ R and R−1 ≤ ti ≤ R for 1 ≤ i ≤ m, and strictly
retained if these inequalities are strict. We write HR and H◦R for the corresponding
events.
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(ii) For independent factors (di, ti) ∼ νfac, the block free energy is

φm,R(u) = log p +
1
m

log E
[
1HR e−uZ], u ∈ R.

The growth is nonnegative by (9.1). By (9.2), a factor with R−1 ≤ |d| ≤ R and
R−1 ≤ t ≤ R has norm at most CR = R1/2(1 + 2R2)1/2, and a retained block satisfies

0 ≤ Z ≤ m log CR. (9.13)

The probability P(HR) is positive. Indeed, since π has full support (Proposition 5.5(iv)),
the set {R−1 ≤ |d| ≤ R}, which contains the open interval (R−1, R), has positive π-
probability; the event {R−1 ≤ t ≤ R} has positive probability since R > 1; and HR is
an intersection of 2m independent such events. Let Λm,R(u) = log E[1HR e−uZ], so that
φm,R(u) = log p + m−1Λm,R(u). Since 0 ≤ Z ≤ m log CR on HR and P(HR) > 0, the
function u 7→ E[1HR e−uZ] is finite and positive, and it is smooth on R, with derivatives
E[1HR(−Z)ke−uZ] obtained by differentiating under the expectation (the integrands are
bounded uniformly for u in compact sets). Then φm,R is finite and smooth on R. It is
convex by Hölder’s inequality: for u0, u1 ∈ R and τ ∈ (0, 1), applying Hölder’s inequality
with the exponents 1/(1− τ) and 1/τ to 1HR e−(1−τ)u0Z · 1HR e−τu1Z, we find

Λm,R
(
(1− τ)u0 + τu1

)
≤ (1− τ)Λm,R(u0) + τΛm,R(u1).

The next lemma replaces the free energy by a block free energy, with a small loss in
the quantities of Lemma 6.16.

Lemma 9.11. Suppose that φ(1) > 0, and let s ∈ (1/2, 1), γ = −φ′(s) > 0, and F =

φ(s)− (1− s)γ > 0 be as in Lemma 6.16. There exist m ≥ 1 and R > max{E, E−1} with the
following properties. Write φ̂ = φm,R, and set

γ̂ = −φ̂′(s), F̂ = φ̂(s)− (1− s)γ̂, ι = log p− φ̂(s)− sγ̂.

(i) φ̂(s) ≤ φ(s).
(ii) γ̂ ≥ γ/2, F̂ ≥ F/2, and (2s− 1)γ̂− 2(φ(s)− φ̂(s)) ≥ (2s− 1)γ/2.

(iii) ι ≥ 0 and log p− ι = φ̂(s) + sγ̂ > 0.
(iv) P(HR \ H◦R) = 0.

Proof. The proof has three steps. We first let m→ ∞ without truncation, then let R→ ∞
at fixed m, and finally verify the inequalities.

Step 1. Long blocks. Let Z be the growth of a block of m independent factors, and
set φ(m)(u) = log p + m−1 log Ee−uZ = log p + m−1 log fm(u) for u ∈ (0, 1). By Corol-
lary 6.22, m−1 log fm(u) → φ(u) − log p as m → ∞, that is, φ(m)(u) → φ(u) for ev-
ery u ∈ (0, 1); by (9.12), φ(m)(u) ≤ φ(u). By Hölder’s inequality, as in the discus-
sion after (9.13), φ(m) is convex on (0, 1). It is differentiable, and the derivative of
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u 7→ Ee−uZ is −E[Ze−uZ]. Indeed, for u, u + h ∈ (0, 1), the mean value theorem gives
|e−(u+h)Z − e−uZ| ≤ |h|Z, since Z ≥ 0, and we may differentiate under the expectation
by dominated convergence with the dominating function Z. This function is integrable,
since Z ≤ ∑m

i=1 log ∥M(di, ti)∥ by submultiplicativity, and E log ∥M(d1, t1)∥ < ∞ by
Proposition 6.15(iii). For 0 < h < min{s, 1− s}, convexity gives

φ(m)(s)− φ(m)(s− h)
h

≤
(

φ(m)
)′
(s) ≤ φ(m)(s + h)− φ(m)(s)

h
.

Letting m → ∞, we find that lim infm(φ(m))′(s) and lim supm(φ(m))′(s) lie between
(φ(s) − φ(s − h))/h and (φ(s + h) − φ(s))/h. Letting h ↓ 0, and using that φ is dif-
ferentiable at s (Proposition 6.15(i)), we conclude that (φ(m))′(s)→ φ′(s).

Step 2. Truncation. Fix m. Since di ̸= 0 and ti ∈ (0, ∞) almost surely, we have
1HR ↑ 1 almost surely as R → ∞. By monotone convergence, E[1HR e−sZ] ↑ Ee−sZ

and E[1HR Ze−sZ] ↑ E[Ze−sZ], and both limits are finite and the first is positive.
Since φ′m,R(s) = −m−1E[1HR Ze−sZ]/E[1HR e−sZ], we obtain φm,R(s) → φ(m)(s) and
φ′m,R(s)→ (φ(m))′(s) as R→ ∞. Further, φm,R(s) ≤ φ(m)(s) ≤ φ(s), because 1HR ≤ 1.

Step 3. Choice of m and R. Let ε = min{γ/2, F/4, (2s− 1)γ/8}. By Steps 1 and 2, we may
choose m and then R > max{E, E−1} such that |φ̂(s)− φ(s)| ≤ ε and |φ̂′(s)− φ′(s)| ≤ ε.
Then (i) holds by Step 2, and

γ̂ ≥ γ− ε ≥ γ

2
, F̂ ≥ φ(s)− ε− (1− s)(γ + ε) ≥ F− 2ε ≥ F

2
,

(2s− 1)γ̂− 2
(

φ(s)− φ̂(s)
)
≥ (2s− 1)(γ− ε)− 2ε ≥ (2s− 1)γ− 3ε ≥ (2s− 1)γ

2
,

where we used (2s − 1)ε ≤ ε. This proves (ii). For (iii), let Λ = Λm,R for the chosen
m and R, so that Λ(u) = m(φ̂(u)− log p). It is convex and differentiable on R, with
Λ′(s) = −mγ̂, and

mι = m log p−mφ̂(s)− smγ̂ = −Λ(s) + sΛ′(s).

A convex differentiable function lies above its tangent lines; at the point 0, the tangent
line at s gives Λ(0) ≥ Λ(s) + Λ′(s)(0 − s). Then mι ≥ −Λ(0) = − log P(HR) ≥ 0.
(Equivalently, mι is the relative entropy of the tilted block law µ̂ of the proof of Lemma 9.12
with respect to the law of a block, and − log P(HR) is a lower bound for it.) Further,
log p− ι = φ̂(s) + sγ̂ = F̂ + γ̂ > 0. For (iv), the only atom of π is at E (Proposition 5.5(i)),
and R, R−1 ̸= E; thus P(|di| ∈ {R, R−1}) = 0, and P(ti ∈ {R, R−1}) = 0 since ti has a
density.

From now on in this section, m, R, φ̂, γ̂, F̂, and ι are as in Lemma 9.11. The number
ι is the exponential cost per factor of the regular growth events of the next lemma, on
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which the partial sums of the block growths stay close to mγ̂ per block, their typical value
under the exponentially tilted block law.

Lemma 9.12. Let (di, ti)i≥1 be independent factors with law νfac, and for l ≥ 1 let Zl, Hl, and H◦l
be the growth and the retention events of the block (di, ti)(l−1)m<i≤lm. Let Sk = Z1 + · · ·+ Zk,
let k ≥ 1, and let b > 0.

(i) We have
P
(

H1 ∩ · · · ∩ Hk ∩ {Sk ≤ kmγ̂ + b}
)
≤ e−ιmk+sb.

(ii) We have

P
(

H◦1 ∩ · · · ∩ H◦k ∩ {|Si − imγ̂| < b for 1 ≤ i ≤ k}
)
≥ e−ιmk−sb

(
1− k(m log CR)

2

b2

)
.

Proof. Let µ be the law of a block, that is, the law of (di, ti)
m
i=1 on (C × (0, ∞))m, let

Λ = Λm,R be as in the proof of Lemma 9.11, and let µ̂ be the tilted law µ̂(db) =

e−Λ(s)1HR(b)e
−sZ(b)µ(db), where Z(b) is the growth of the block b. It is a probability

measure by the definition of Λ(s). Let P̂ be a probability measure under which the
blocks b1, b2, . . . are independent with law µ̂, and write Ê for its expectation. For every
measurable Φ ≥ 0 of the first k blocks, we have

E
[
Φ

k

∏
l=1

1Hl

]
= ekΛ(s) Ê

[
Φ esSk

]
. (9.14)

Indeed, since the blocks are independent with law µ under P, the right side equals

ekΛ(s)
∫

Φ(b1, . . . , bk) es ∑l Z(bl)
k

∏
l=1

e−Λ(s)1HR(bl)e−sZ(bl) µ(dbl)

=
∫

Φ(b1, . . . , bk)
k

∏
l=1

1HR(bl) µ(dbl),

which is the left side. Note that kΛ(s)+ skmγ̂ = km(φ̂(s)− log p+ sγ̂) = −ιmk. Applying
(9.14) with Φ = 1{Sk ≤ kmγ̂ + b} and bounding esSk ≤ es(kmγ̂+b) on this event, we
conclude (i).

For (ii), let A be the event in (ii). Since µ̂≪ µ and µ(HR \ H◦R) = 0 by Lemma 9.11(iv),
under Ê every block lies in H◦R almost surely. Applying (9.14) with Φ = 1A, and using
esSk ≥ es(kmγ̂−b) on A, we find

P(A) ≥ e−ιmk−sb P̂
(
|Si − imγ̂| < b for 1 ≤ i ≤ k

)
.

Under P̂, the variables Zl are independent and identically distributed, and they take
values in [0, m log CR] by (9.13). Their mean is

ÊZ1 = e−Λ(s)E
[
1HR Ze−sZ] = −Λ′(s) = mγ̂,



9 Resonances along paths 9.4 Averaging over fresh factors 185

where we used the formula for the derivative of Λ from the discussion after (9.13). In
particular, their variance satisfies V̂ar(Z1) ≤ ÊZ2

1 ≤ (m log CR)
2. It remains to show that

P̂
(

max
1≤i≤k

|S′i| ≥ b
)
≤ k V̂ar(Z1)

b2 , S′i = Si − imγ̂, (9.15)

which is Kolmogorov’s maximal inequality (see [64, Section 2.5]); since the right side
is at most k(m log CR)

2/b2, this proves (ii). For completeness, we include the proof.
Let σ be the smallest i ∈ {1, . . . , k} with |S′i| ≥ b, and σ = ∞ if there is none. For
1 ≤ i ≤ k, the event {σ = i} and the variable S′i are functions of the first i blocks, while
S′k − S′i = ∑k

l=i+1(Zl −mγ̂) is a function of the blocks i + 1, . . . , k, which are independent
of the first i blocks; further, Ê[S′k − S′i] = 0. All these variables are bounded. Expanding
the square, we find

Ê
[
(S′k)

21{σ = i}
]
= Ê

[
(S′i)

21{σ = i}
]
+ 2 Ê

[
S′i1{σ = i}

]
Ê
[
S′k − S′i

]
+ Ê

[
(S′k − S′i)

21{σ = i}
]
≥ b2 P̂(σ = i),

where we used the independence in the middle term, which therefore vanishes, that the
third term is nonnegative, and that |S′i| ≥ b on {σ = i} in the first term. Summing over
1 ≤ i ≤ k, and using that the events {σ = i} are disjoint with union {maxi≤k |S′i| ≥ b},
we obtain

b2 P̂
(

max
1≤i≤k

|S′i| ≥ b
)
≤ Ê

[
(S′k)

2] = k

∑
l=1

V̂ar(Zl) = k V̂ar(Z1),

where in the first equality we used that the centered variables Zl −mγ̂ are independent.
This proves (9.15).

The upper bound in (i) requires only an upper bound on the final partial sum. In
Section 10, it is applied to the blocks of the common part of two paths and to the blocks
of each of their two arms separately.

9.4 Averaging over fresh factors

In the second moment, the interaction between two resonant vertices is measured by the
Green function between their parents, in the tree from which both vertices are deleted.
By (9.4), its inverse is a bilinear form of the transfer product along the path between the
parents. This path runs from the first parent up to the last common ancestor, which we
call the fork, and down to the second parent. Its transfer product consists of the factors
of the two arms and the factor at the fork. In this section, we bound negative moments of
such bilinear forms by the norms of the products along the two arms. The factor at the
fork depends on the environment of the common part of the two paths. This environment
is constrained by the regular growth condition, so we cannot average over it, and we
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treat the factor at the fork as an arbitrary matrix of determinant one. To separate the two
arms across this factor, and to remove the two endpoint vectors, we average over four
groups of three independent factors, which we call averaging triples. Two of them are
next to the endpoints of the path, and two are next to the fork. The remaining factors are
arbitrary, provided they are independent of the averaging triples. Lemmas 9.13 and 9.14
are applied in the proof of Lemma 10.11. Recall the constant C∗ of Proposition 6.18.

Lemma 9.13. Let s ∈ (0, 1), K > 0, and a+, a− ≥ 0, and let C∗ be the constant of
Proposition 6.18. Let G be a σ-algebra, and let G1, G2, G3, G4 be random matrices such that
G, G1, G2, G3, G4 are independent, and each Gi is a product of three factors as in Proposition 6.19,
with denominators satisfying the moment bounds with a+ and a−, and with parameters β of the
exponential law of rate K. Let A1, A2, A3 be G-measurable random complex 2× 2 matrices with
determinant one, and let w be a G-measurable random vector in C2 \ {0}. Then, almost surely,

E
[∣∣eT

2 G1A1G2A2G3A3G4w
∣∣−s
∣∣∣ G] ≤ C4

∗ ∥A1∥−s∥A3∥−s∥w∥−s.

Proof. The proof averages first over the averaging triples G1 and G4 next to the endpoints,
with everything else fixed, and then over the averaging triples G2 and G3 next to the fork.

Let G ′ be the σ-algebra generated by G, G2, and G3. Since G, G1, . . . , G4 are inde-
pendent, the σ-algebra G ′ and the matrices G1 and G4 are independent (by grouping
independent families); in particular, G ′ is independent of (G1, G4), and G1 and G4 are
independent. The matrix A = A1G2A2G3A3 is G ′-measurable and has determinant one,
so it is nonzero, and the vector w is G ′-measurable and nonzero. By Corollary 6.21(i) and
(iii), applied with the σ-algebra G ′, with u = e2, v = w, and with the averaging triples
G = G1 and G′ = G4, we have

E
[∣∣eT

2 G1AG4w
∣∣−s
∣∣∣ G ′] ≤ C2

∗∥A∥−s∥w∥−s.

Here we used ∥e2∥ = 1. Next, G is independent of (G2, G3), and G2 and G3 are indepen-
dent. By Corollary 6.21(ii) and (iii), applied with the σ-algebra G, with C = A1, G = G2,
F = A2, G′ = G3, and A = A3, and since ∥A2∥ ≥ 1 by (9.1), we have

E
[
∥A1G2A2G3A3∥−s ∣∣ G] ≤ C2

∗∥A1∥−s∥A3∥−s.

Since G ⊂ G ′, the tower property gives

E
[∣∣eT

2 G1AG4w
∣∣−s
∣∣∣ G] = E

[
E
[∣∣eT

2 G1AG4w
∣∣−s
∣∣∣ G ′] ∣∣∣ G] ≤ C2

∗∥w∥−s E
[
∥A∥−s ∣∣ G],

where we used that w is G-measurable. Inserting the second bound, we obtain the
claim.

The factors A1 and A3 will be products of factors along the two arms of a pair of paths.
Some of these factors have a deterministic denominator, and the next lemma removes
them at a fixed cost.
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Lemma 9.14. Let u ∈ (0, 1), r, k ≥ 0, and let c1, . . . , ck ∈ C with 0 < |ci| ≤ E + 1. Let
V be a product of r independent factors of law νfac (with V = I if r = 0), and let H =

M(c1, t′1) · · ·M(ck, t′k), where t′1, . . . , t′k are independent with density pe−pt and independent of
V. Set Carm = E

[
(t′1)

−u/2(1 + (t′1)
2 + (E + 1)2)u/2], which is finite and at least one. Then

E∥HV∥−u ≤ Ck
arm er(φ(u)−log p), E∥VH∥−u ≤ Ck

arm er(φ(u)−log p).

Proof. By (9.1), ∥V∥ = ∥H−1HV∥ ≤ ∥H∥ ∥HV∥, which implies that ∥HV∥−u ≤
∥H∥u∥V∥−u. By submultiplicativity and (9.2), ∥H∥u ≤ ∏k

i=1(t
′
i)
−u/2(1 + (t′i)

2 + (E +

1)2)u/2. Taking expectations, and using that t′1, . . . , t′k and V are independent to-
gether with (9.12), we obtain the first bound. The constant Carm is finite, since
(1 + (t′1)

2 + (E + 1)2)u/2 ≤ 1 + (t′1)
u + (E + 1)u for u/2 ≤ 1 and since E(t′1)

−u/2 and
E(t′1)

u/2 are finite; it is at least one, since (t′1)
−1(1 + (t′1)

2) ≥ 2. The second bound
follows in the same way from ∥V∥ ≤ ∥VH∥ ∥H−1∥.

9.5 Passage to the real axis

In Section 10, the events whose probabilities we bound are defined at E + iη with a small
η > 0, while the probabilities are computed for the real recursive tree process at η = 0.
The passage between the two uses only almost sure convergence, through the following
form of the portmanteau theorem. Part (i) gives lower bounds for events defined by strict
inequalities, and it is used in Lemmas 10.4 and 10.5 and in the proof of Lemma 10.9.
Part (ii) gives upper bounds for events defined by non-strict inequalities, weighted by a
bounded factor, and it is used in Lemma 10.4 and in the proof of Lemma 10.12. Neither
part requires the limiting law to give zero mass to the boundary of the event, and neither
requires uniform integrability.

Lemma 9.15. Let (Ω′, A , Q) be a probability space, let k ≥ 1, and for 0 ≤ η ≤ 1 let Vη be
random vectors in Ck such that Vη → V0 almost surely as η ↓ 0.

(i) For every open set O ⊂ Ck, we have lim infη↓0 Q(Vη ∈ O) ≥ Q(V0 ∈ O).
(ii) Let F ⊂ Ck be closed, and let hη, 0 ≤ η ≤ 1, be random variables with 0 ≤ hη ≤ C for a

constant C and hη → h0 almost surely. Then

lim sup
η↓0

EQ

[
1F(Vη)hη

]
≤ EQ

[
1F(V0)h0

]
.

Proof. It suffices to consider a sequence ηj ↓ 0. For (i), if V0 ∈ O and Vηj → V0, then
Vηj ∈ O for all large j, since O is open. This implies that lim infj 1O(Vηj) ≥ 1O(V0) almost
surely, and (i) follows from Fatou’s lemma. For (ii), if V0 /∈ F, then Vηj /∈ F for all large j,
since the complement of F is open. Hence lim supj 1F(Vηj)hηj ≤ 1F(V0)h0 almost surely,
and Fatou’s lemma applied to C− 1F(Vηj)hηj ≥ 0 gives (ii).
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We apply Lemma 9.15 under the spine laws of Definition 4.6, with Vη a finite collec-
tion of coordinates of the depth-m data Lm(E + iη) of Definition 5.19, or of continuous
functions of them. Under the no-ac hypothesis, Proposition 5.25(i) provides the required
almost sure convergence. Events defined by strict inequalities between continuous func-
tions of the coordinates are of the form {Vη ∈ O} with O open, and events defined
by non-strict inequalities are of the form {Vη ∈ F} with F closed. The growth of a
block is a continuous function of the factors only where the weights ti are positive. In
Section 10, it appears only together with the retention conditions of Definition 9.10: a
strict inequality for partial sums of growths together with strict retention defines an open
set, since the set of strictly retained blocks is open and the growths are continuous on
it; and a non-strict inequality together with retention defines a closed set, since the set
of retained blocks is closed and contained in the open set {ti > 0 for all i}, on which
the growths are continuous. Further, if Aη, 0 ≤ η ≤ 1, are events with 1Aη

→ 1A0

almost surely as η ↓ 0 (for instance, events that do not depend on η), we may add 1Aη

as a coordinate of Vη. Since 1Aη
∈ {0, 1}, the event Aη ∩ {Vη ∈ O} is then of the form

{(Vη, 1Aη
) ∈ O× {w ∈ C : Re w > 1/2}}, with an open set, and Aη ∩ {Vη ∈ F} is of the

form {(Vη, 1Aη
) ∈ F× {w ∈ C : Re w ≥ 1/2}}, with a closed set. In Section 10, lower

bounds are proved for strict inequalities and upper bounds for non-strict ones, and no
condition on the boundaries of the events is needed.



section 10

Positive free energy implies delocalization

In this section, we prove that the boundary values of the cavity variables cannot all
be real at a regular energy where the real boundary law has positive free energy at
s = 1. Together with the spectral averaging criterion of Proposition 7.11, this gives purely
absolutely continuous spectrum on intervals where, for almost every regular energy, all
possible real boundary laws have positive free energy at s = 1. Recall from Definition 5.12
that, for E ∈ Ep with E > 0, the no-ac hypothesis holds at E if P∞(Im Γo(E + i0) = 0) = 1;
in this case, the law πE of Do = −1/Γo(E + i0) under P is a real solution at energy E, by
Proposition 5.11(ii), and we call it the real boundary law.

Theorem 10.1. There exists a numerical constant p∗ > 1 such that the following holds for every
p ≥ p∗. Let E ∈ Ep with E > 0, and suppose that P∞(Im Γo(E + i0) = 0) = 1. Then the real
boundary law πE satisfies φπE(1) ≤ 0.

Corollary 10.2. Let p ≥ p∗, where p∗ is as in Theorem 10.1, and let I ⊂ (0, ∞) be an interval.
Suppose that for Lebesgue-almost every E ∈ I ∩ Ep, either P∞(Im Γo(E + i0) = 0) < 1, or
P∞(Im Γo(E + i0) = 0) = 1 and the real boundary law πE satisfies φπE(1) > 0. Then
P∞-almost surely, H is purely absolutely continuous in I ∪ (−I).

In particular, if P∞(Im Γo(E + i0) = 0) < 1 for every E ∈ I ∩ Ep, then the conclusion
of Corollary 10.2 holds.

Proof of Corollary 10.2, assuming Theorem 10.1. By Lemma 5.8, the set Ep has full Lebesgue
measure. Let E ∈ I ∩ Ep be an energy at which the hypothesis holds; this is the case
for almost every E ∈ I. If P∞(Im Γo(E + i0) = 0) = 1, then Theorem 10.1 implies
that φπE(1) ≤ 0, contradicting the hypothesis. Thus P∞(Im Γo(E + i0) = 0) < 1. By
Proposition 5.11(i), this probability equals 1− u/ϱp ∈ {0, 1}, where u = P(Im Γo(E +

i0) > 0) ∈ {0, ϱp}. Hence it equals zero, and P(Im Γo(E + i0) > 0) = u = ϱp > 0. This
verifies the hypothesis of Proposition 7.11 at almost every E ∈ I, and Proposition 7.11
gives the conclusion.

10.1 Outline of the proof

The proof of Theorem 10.1 follows the resonance strategy of Aizenman and Warzel, who
used it in [12] to prove absolutely continuous spectrum for the Anderson model on

189
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regular trees beyond the band of the hopping operator. Versions of this strategy for tree
operators were developed by Aggarwal, Bordenave, and Lopatto for the local limits of
Lévy matrices [7], and by Aggarwal and Lopatto for the Anderson model on the Bethe
lattice [4]. We adapt it to the Poisson tree with complex Gaussian weights. The argument
uses only the properties of real solutions established in Sections 5 and 6, so it applies to
an arbitrary real boundary law. We now describe its steps.

The quantile. Fix p ≥ p∗ and E ∈ Ep with E > 0, suppose that the no-ac hypothesis
holds at E, and suppose, for a contradiction, that φ(1) > 0, where φ = φπE . Let α = q∗/2
be the numerical level fixed in (10.5) below. For η > 0, let ζα(η) be the quantile of
Im Γo(E + iη) under P∞ defined in (9.11). By Lemma 9.9(i), we have 0 < ζα(η) < ∞,
and P∞(Im Γo(E + iη) ≥ t) < α for every t > ζα(η). Under the no-ac hypothesis,
Im Γo(E + iη)→ 0 almost surely, so that ζα(η)→ 0 as η ↓ 0, at an unknown rate. For this
reason, we always compare Im Γo(E + iη) with the quantile at the same imaginary part η.
We show that there exist δ > 0 and C < ∞ such that, for every large n, there exists ηn > 0
with

P∞( Im Γo(E + iηn) ≥ e2δn−Cn3/4
ζα(ηn)

)
≥ q∗ > α. (10.1)

For large n, the threshold in (10.1) is larger than ζα(ηn), which contradicts Lemma 9.9(i).

Exponents. By Lemma 6.16, there exists s ∈ (1/2, 1) such that γ = −φ′(s) > 0 and
F = φ(s)− (1− s)γ > 0. The number F is the value at u = 1 of the tangent line to φ at s.
Since φ′(1) = 0, it tends to φ(1) > 0 as s ↑ 1, and this is how s is chosen. In Section 9.3,
the free energy is replaced by the free energy φ̂ of blocks of m factors with entries in
a compact set, with the corresponding numbers γ̂ ≈ γ and F̂ ≈ F (Lemma 9.11). We
fix δ > 0 small in terms of F and (2s − 1)γ, and we set N = n + 10, bn = n3/4, and
Tn = e(γ̂+δ)n.

The gain from a resonance. Let x be a vertex of generation N, and let A be the product
of the transfer matrices (factors, in the sense of Definition 9.1) along the path from o to
x, evaluated at z = E + iη. By Lemma 9.3, we have |Gox(z)| ≥ |Gxx(z)|/∥A∥. If y is a
child of x, the Ward identity of Lemma 3.19(iii) gives Im Γo(z) ≥ |Gox(z)|2|hxy|2 Im Γy(z).
Suppose that ∥A∥ ≤ eγ̂n+O(bn), that |Gxx(z)| ≥ Tn, that |hxy|2 is bounded below, and that
Im Γy(z) ≥ ζα(η)/2. Then Im Γo(z) ≥ e2δn−O(bn)ζα(η). We call the factor e2δn−O(bn) by
which Im Γo(z) exceeds the quantile the gain; the precise statement is Lemma 10.8.

Resonant vertices. We count the vertices x of generation N for which the conditions of
the previous paragraph hold; they are called resonant (Definition 10.7). The conditions
are the following. The factors of the first n generations satisfy a regular growth condition:
the logarithms of the norms of the products of consecutive blocks of m factors have
partial sums within bn of their typical values (R3). The last ten vertices of the path have
no side children (R1), and the squared weights of their edges lie in fixed intervals (R4).
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By Lemma 9.5, this forces the rootward cavity variable at the parent of x into a fixed
disc, whatever its value at generation n. The vertex x has exactly one leaf child and one
surviving child y (R2), and the cavity variable of y is bounded and has imaginary part at
least ζα(η)/2 (R5); we call y the seed, since its imaginary part is the one that the resonance
amplifies. By (9.10), the diagonal entry Gxx(z) is then a Möbius function of the squared
weight t of the leaf edge, with a pole whose real part lies in [E2/2, 3E2/2] (Lemma 9.6)
and whose imaginary part, which we call the pole width, is small (R6). Since t has the
density pe−pt, the event |Gxx(z)| ≥ Tn (R7) has probability of order T−1

n (Lemma 9.7).

The first moment. By the many-to-one formula for the backbone, the expected number
of resonant vertices is pN times the probability that the endpoint of a spine of length N is
resonant. The structural conditions (R1), (R2) and the conditions (R4), (R5) cost a factor
independent of n, the tuning (R7) costs a factor of order T−1

n , and the regular growth
condition (R3) costs a factor e−ιn+O(bn), where ι = log p− φ̂(s)− sγ̂ (Lemma 9.12, which
computes this probability after an exponential tilt of the law of a block at the exponent s).
Since log p− ι− γ̂− δ = F̂− δ, we obtain in Lemma 10.9 that

E∞Nn(η) ≥ e(F̂−δ)n−O(bn).

The probability of the regular growth event is computed for the one-spine real recursive
tree process, at η = 0, where the factors along a spine are independent with the law νfac
determined by πE (Lemma 5.21). The growth of their products is then governed by φ.
The bound is transferred to a small imaginary part η > 0, with n fixed, by Lemma 9.15:
lower bounds are proved for events defined by strict inequalities, which are open, and
upper bounds for events defined by non-strict inequalities, which are closed.

The second moment. By the many-to-two formula, the expected number of ordered
pairs (u, v) of resonant vertices whose paths split at generation j is ϱp p2N−j times a
probability under a two-spine law. The two leaf weights are fresh, and by Lemma 9.4 the
2× 2 block of the resolvent at {u, v} is a function of them. By Lemma 9.8, the probability
that both diagonal entries exceed Tn is at most of order T−2

n + T−1
n min{1,D}, where

D measures the interaction of u and v through the path that joins their parents. The
first term is the one for independent vertices. With the upper bound of Lemma 9.12(i)
for regular growth events on the common part and on the two arms of the paths, it
contributes eO(bn)(E∞Nn)2 after summation over j. For the second term, we bound EDs

by averaging over four groups of three fresh factors, placed next to the two ends and next
to the fork of the joining path (Lemma 9.13). What remains are the negative moments
of the norms of the products along the two arms, which decay like e(n−j)(φ(s)−log p),
where φ(s) < log p. The resulting exponent is affine in j, and its values at j = 0 and
j = n are negative by the choice of δ. We obtain E∞[Nn(Nn − 1)] ≤ eO(bn)(E∞Nn)2
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(Lemma 10.12), and the Paley–Zygmund inequality gives P∞(Nn ≥ 1) ≥ e−O(bn). On this
event, Im Γo(E + iη) ≥ e2δn−O(bn)ζα(η).

Amplification. It remains to raise the probability e−O(bn) to the fixed level q∗ > α. In
Section 10.2, we show that if Im Γo ≥ y with probability at least e−a, then Im Γo ≥
c3e−C3(1+a)y with probability at least q∗ (Corollary 10.6). The main step uses the Poisson
structure of the children of the root. A random set of children, whose number has a
Poisson law with mean about 64, carries independent copies of an event of probability q,
while the other children keep |Do| in a fixed annulus. If one of the copies occurs, then
so does the event at the root, with a fixed loss in the imaginary part, and this happens
with probability at least 4q. After O(1 + a) iterations, the probability reaches q∗. This
is the only step that requires p ≥ p∗, and p∗ does not depend on E, since it uses only
Lemma 5.6, which holds uniformly over all real solutions. With a = O(bn), we obtain
(10.1).

Order of choices. The constants are fixed in the order (a)–(f) listed in Section 10.3. The
numerical constants come first; then the constants that depend on p and E; then the
depth n; and finally the imaginary part ηn, which depends on n. Each estimate at positive
η is obtained from an estimate at η = 0 with n fixed, and the two limits n → ∞ and
η ↓ 0 are never taken in the same estimate. The quantile ζα(η) enters only through the
seed condition (R5), whose probability is bounded at each fixed η by Lemma 9.9(ii), and
through the gain.

Organization. Section 10.2 contains the amplification. Section 10.3 fixes the constants,
defines the resonant vertices, and proves the gain. Sections 10.4 and 10.5 contain the first
and second moments, and Section 10.6 completes the proof.

10.2 Amplification at the root

In this section, we show that an event of small probability on which Im Γo is large can
be converted into an event of a fixed probability, at the cost of a moderate factor in the
imaginary part. We begin with the numerical constants. Let

a0 =
1

32
√

2
, (10.2)

so that 4a0 = a(1/32) in the notation of Lemma 5.6. Let N0 ∈N be such that a Pois(128)
variable exceeds N0− 1 with probability at most 1/32. Let λ ∈ [32, 128] and N ∼ Pois(λ).
Since a Pois(128) variable is the sum of N and an independent Pois(128− λ) variable,
we have P(N ≥ N0) ≤ 1/32, and the identity E[N1{N > N0}] = λP(N ≥ N0) gives

P(N > N0) ≤
1

32
, E

[
N1{N ≤ N0}

]
≥ λ

2
≥ 16. (10.3)
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Set y+ = a2
0/(4N0), y− = y+/2, J = [y−, y+], and ρJ = P(Y ∈ J) for Y ∼ Exp(1). We let

p∗ ≥ 32 log 64 + 1 be the smallest number such that

7
16

p∗ρJ ≥ 64, e−p∗/2+128 ≤ 1
16

, (10.4)

and we set
q0 =

1
2N0

, q∗ =
1

4N0
, α =

q∗
2

. (10.5)

All these constants are numerical. Let p ≥ p∗. Since 1− e−p/2 > 1/2, the concave function
ϱ 7→ 1− e−pϱ − ϱ is positive at ϱ = 1/2, and therefore ϱp > 1/2. By Lemma 5.6 with
ε = 1/32, every real solution at every energy E > 0 satisfies P(|D| ≤ 4a0/

√
p) < 1/32.

By (10.4), we have p(ϱp − 1/16)ρJ ≥ 64, e−(pϱp−128) ≤ 1/16, and e−(p−1)ϱp ≤ 1/16.

Standing assumptions. From now on until the end of this section, we fix p ≥ p∗ and
E ∈ Ep with E > 0, and we assume that the no-ac hypothesis holds at E. We write π = πE
for the real boundary law, Do(z) = −1/Γo(z) for z ∈ C \R, and Do(E) = −1/Γo(E + i0).
By Proposition 5.11(ii), P-almost surely Γv(E + iη) → Γv(E + i0) ∈ R \ {0} as η ↓ 0 for
every vertex v. The law of Do(E) is π under P and π∞

E under P∞, and π∞
E has no atoms

(see the discussion after Definition 5.12). We set

d− =
a0√

p
, h0 =

d2
−
4

, (10.6)

we let d+ ≥ 16d− be such that P(|Do(E)| > d+/2) ≤ 1/32, and we set c0 =

min{1, y−/(pd2
+)}. Then P(|Do(E)| ≤ 4d−) < 1/32 by the choice of a0, and

N0y+/(pd−) = d−/4.

Definition 10.3. For η ∈ (0, 1] and y > 0, let Ay(η) be the event that

d− ≤ |Do(E + iη)| ≤ d+ and y ≤ Im Γo(E + iη) ≤ 1.

Recall from Lemma 4.2 that the children of the root form the Poisson process Πo =

∑k δ(wk,θkω) on M = C×Ω with intensity measure pm, where m = γ⊗P. The auxiliary
mark ζk of the child k is the root coordinate of θkω; its coordinates other than the rank
ζk(1) are independent uniform variables, independent of the marked tree (Remark 4.3).
We use them to color children.

Lemma 10.4. There exists ηch ∈ (0, 1], depending on p and E, such that the following holds for
every η ∈ (0, ηch], every y > 0, and every q ∈ (0, q0]. If P∞(Ay(η)) ≥ q, then P∞(Ac0y(η)) ≥
4q.

Proof. We write z = E + iη. The proof splits the children of the root into a bounded
number of amplifying children, which carry copies of the event Ay(η), and the remaining
reserve children, which keep |Do| in the interval [d−, d+] of Definition 10.3.
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Step 1. Amplifying children. Let

τ =
64

pρJ P
(
S ∩ {d− ≤ |Do(E)| ≤ d+}

) .

Since P(|Do(E)| /∈ [d−, d+]) ≤ P(|Do(E)| ≤ 4d−) + P(|Do(E)| > d+/2) ≤ 1/16, the
probability in the denominator is at least ϱp − 1/16, and τ ≤ 1 by the choice of p∗. For
0 ≤ η ≤ 1, let Cη be the set of (w, ω′) ∈ M such that ω′ ∈ S , |w|2 ∈ J, ζo(ω′)(2) ≤ τ, and

d− ≤ |Do(E + iη)(ω′)| ≤ d+, Im Γo(E + iη)(ω′) ≤ 1,

where for η = 0 the second condition is void. A child k is an amplifying child at imaginary
part η if (wk, θkω) ∈ Cη, and a reserve child otherwise. As in the proof of Lemma 4.5(i),
the restrictions Πch

η and Πres
η of Πo to Cη and to its complement are independent Poisson

processes under P, with intensity measures pm(· ∩ Cη) and pm(· \ Cη) [94, Theorem 5.2].
Since |w|2, the color ζo(ω′)(2), and the remaining coordinates of ω′ are independent
under m, the number Nch

η of amplifying children has the law Pois(λ(η)), where

λ(η) = pτρJ P
(
S ∩ {d− ≤ |Do(E + iη)| ≤ d+, Im Γo(E + iη) ≤ 1}

)
,

and λ(0) = 64 by the choice of τ. Under P∞, we have Do(E + iη) → Do(E) and
Im Γo(E + iη) → 0 almost surely. We apply Lemma 9.15 under P∞ to the vectors Vη =

(Do(E + iη), Im Γo(E + iη)) and V0 = (Do(E), 0), with the closed set {(x, y) : d− ≤ |x| ≤
d+, Re y ≤ 1} in part (ii) (with hη = 1) and the open set {(x, y) : d− < |x| < d+, Re y < 1}
in part (i). Since λ(η) = pτρJϱpP∞(d− ≤ |Do(E + iη)| ≤ d+, Im Γo(E + iη) ≤ 1), we find

P∞(d− < |Do(E)| < d+
)
≤ lim inf

η↓0

λ(η)

pτρJϱp

≤ lim sup
η↓0

λ(η)

pτρJϱp
≤ P∞(d− ≤ |Do(E)| ≤ d+

)
.

The two outer probabilities coincide, since π∞
E has no atoms, and they equal

λ(0)/(pτρJϱp). Thus λ(η)→ 64 as η ↓ 0.

Step 2. The reserve. Set

Dres
η = z +

1
p ∑

k reserve
YkΓk(z), hres

η = η +
1
p ∑

k reserve
Yk Im Γk(z),

where the reserve is taken at imaginary part η, and let Rη be the event that 2d− <

|Dres
η | < 3d+/4, that hres

η < h0, and that some reserve child at imaginary part η is
surviving. This event is measurable with respect to Πres

η , and it is contained in S . We
claim that lim infη↓0 P(Rη) ≥ 13/16.
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By Proposition 5.11(ii), almost surely, for every child k, we have Dk(E + iη)→ Dk(E)
and Im Γk(E + iη) → 0, where Dk(z) = Do(z) ◦ θk. Further, almost surely no surviving
child k satisfies |Dk(E)| ∈ {d−, d+}. Indeed, by the Mecke formula (4.1) applied to the
child process Πo, the expected number of such children is

p P
(
S ∩ {|Do(E)| ∈ {d−, d+}}

)
= pϱp P∞(|Do(E)| ∈ {d−, d+}

)
= 0,

since π∞
E has no atoms. Consider a child k with |wk|2 ∈ J and ζk(2) ≤ τ. If it is

surviving, then |Dk(E + iη)| converges to a limit which is different from d− and d+, and
Im Γk(E + iη) → 0 < 1. Hence the indicator that k is an amplifying child at imaginary
part η is constant for all small η, and equal to the indicator at η = 0. If it is not surviving,
then it is not an amplifying child for any η. Since the root has finitely many children, it
follows that almost surely the set of amplifying children at imaginary part η is the set of
amplifying children at η = 0 for all small η. Then, almost surely, hres

η → 0, and Dres
η →

Dres
0 = E− p−1 ∑k Yk/Dk(E), where the sum runs over the reserve children at η = 0; here

we used that Γk(E + i0) = −1/Dk(E) is real for every child. Further, the indicator ςres
η of

the event that some reserve child at imaginary part η is surviving is equal to ςres
0 for all

small η. We apply Lemma 9.15(i) to the random vector Vη = (Dres
η , hres

η , ςres
η ) and to the

open set {(x, h, ς) : 2d− < |x| < 3d+/4, Re h < h0, Re ς > 1/2}, with V0 = (Dres
0 , 0, ςres

0 ),
so that Vη → V0 almost surely. Since 0 < h0, we find that lim infη↓0 P(Rη) is at least the
probability that 2d− < |Dres

0 | < 3d+/4 and that some reserve child at η = 0 is surviving.
LetW be the event that 4d− ≤ |Do(E)| ≤ d+/2 and Nch

0 ≤ N0. Since Nch
0 ∼ Pois(64),

we have P(W c) ≤ 3/32 by (10.3). By (5.9), Do(E)−Dres
0 = −p−1 ∑k Yk/Dk(E), where the

sum runs over the amplifying children at η = 0. OnW , each term satisfies Yk ≤ y+ and
|Dk(E)| ≥ d−, so that |Do(E)− Dres

0 | ≤ N0y+/(pd−) = d−/4, and therefore

2d− <
15d−

4
≤ |Dres

0 | ≤
d+
2

+
d−
4

<
3d+

4
.

The surviving reserve children at η = 0 form a Poisson process with total mass pϱp − 64,
so none exists with probability e−(pϱp−64) ≤ 1/16. We conclude that the probability above
is at least 1− 3/32− 1/16 ≥ 13/16, which proves the claim.

By Steps 1 and 2, there exists ηch ∈ (0, 1] such that λ(η) ∈ [32, 128] and P(Rη) ≥ 1/2
for every η ∈ (0, ηch]. We fix such an η for the rest of the proof.

Step 3. The parent. Let Bη be the event that Rη holds, that Nch
η ≤ N0, and that some

amplifying child k satisfies Im Γk(z) ≥ y. We claim that Bη ⊂ Ac0y(η). By (5.10), we have
Do(z) = Dres

η + p−1 ∑k YkΓk(z), where the sum runs over the amplifying children. Each
amplifying child satisfies Yk ≤ y+ and |Γk(z)| = |Dk(z)|−1 ≤ d−1

− , so on Bη the sum is at
most N0y+/(pd−) = d−/4 in absolute value. Then

d− ≤
7d−

4
≤ |Do(z)| ≤

3d+
4

+
d−
4
≤ d+.
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Since Im Γo = Im Do/|Do|2 and Im Do(z) = hres
η + p−1 ∑k Yk Im Γk(z), we have on Bη

Im Γo(z) ≤ d−2
−

(
h0 +

N0y+
p

)
=

1
4
+

N0y+
a2

0
=

1
2

,

where we used Im Γk(z) ≤ 1 for amplifying children. Keeping only the amplifying child
with Im Γk(z) ≥ y, we also have Im Γo(z) ≥ d−2

+ p−1y−y ≥ c0y. This proves the claim.

Step 4. Probability. By the Poisson property, conditionally on Nch
η = l, the amplifying

children are independent with law m(· | Cη) [94, Chapter 3]. Each of them satisfies
Im Γk(z) ≥ y with probability

q′ =
m
(
Cη ∩ {Im Γo(z) ≥ y}

)
m(Cη)

=
P∞(Ay(η))

P∞
(
d− ≤ |Do(z)| ≤ d+, Im Γo(z) ≤ 1

) ≥ q.

Here we used that under m the squared modulus |w|2 and the color are independent of
the remaining coordinates of the configuration, so that the factors ρJ , τ, and ϱp cancel,
and that the denominator in the last expression is at most one. For l ≤ N0, we have
lq ≤ 1/2 since q ≤ q0, and therefore 1− (1− q′)l ≥ 1− e−lq ≥ lq/2. Since Πch

η and Πres
η

are independent, (10.3) implies that

P(Bη) ≥ P(Rη)E
[Nch

η q
2

1{Nch
η ≤ N0}

]
≥ 1

2
· q

2
· 16 = 4q.

Since Bη ⊂ Rη ⊂ S , we have P∞(Bη) = ϱ−1
p P(Bη) ≥ 4q, and Step 3 completes the

proof.

The input of Lemma 10.4 is an event of the form Ay(η), which constrains |Do| to the
interval [d−, d+] and bounds Im Γo from above. The next lemma produces such an event
from an arbitrary lower bound on Im Γo, using one more generation.

Lemma 10.5. There exist ηreg ∈ (0, ηch] and c1, c2 ∈ (0, 1], depending on p and E, such that the
following holds for every η ∈ (0, ηreg], every y > 0, and every a ≥ 0. If P∞(Im Γo(E + iη) ≥
y) ≥ e−a, then P∞(Ac2e−2ay(η)) ≥ c1e−3a.

Proof. We write z = E + iη. Let C♮ = sup0<η′≤1 E∞|Γo(E + iη′)|1/2, which is finite by
Lemma 5.17, and set

λr =
1

100
, κ = min

{
1,

pd−
8

,
pd2
−

8

}
, Ra = max{1, 4C2

♮ e2a}.

By Markov’s inequality, P∞(|Γo(z)| > Ra) ≤ C♮R
−1/2
a ≤ e−a/2.

Step 1. Candidate and reserve. A child k of the root is a candidate if ζk(3) ≤ λr/p, and a
reserve child otherwise. As in the proof of Lemma 10.4, the candidates and the reserve
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children form independent Poisson processes Πc and Π′ with intensity measures λrm

and (p− λr)m. This coloring does not depend on η. Let D′η = z + p−1 ∑k YkΓk(z) and
h′η = η + p−1 ∑k Yk Im Γk(z), where the sums run over the reserve children, and let R′η
be the event that 2d− < |D′η| < 3d+/4, that h′η < h0, and that some reserve child is
surviving. By Proposition 5.11(ii), almost surely D′η → D′0 = E− p−1 ∑k Yk/Dk(E) and
h′η → 0, where the sum runs over the reserve children. The event that some reserve child
is surviving does not depend on η. We apply Lemma 9.15(i) to the vector (D′η, h′η), with
the indicator of this event added as a coordinate, as in the discussion after Lemma 9.15,
and we obtain

lim inf
η↓0

P(R′η) ≥ P
(
2d− < |D′0| < 3d+/4, some reserve child is surviving

)
.

Let O = {x ∈ R : 2d− < |x| < 3d+/4}. Since Π′ and Πc are independent and D′0 = Do(E)
on the event {Πc = 0}, which has probability e−λr , we have

P(D′0 /∈ O) =
P(D′0 /∈ O, Πc = 0)

e−λr
≤ eλr P(Do(E) /∈ O) ≤ eλr

( 1
32

+
1

32

)
≤ 1

8
.

The surviving reserve children form a Poisson process of total mass (p − λr)ϱp, and
none exists with probability at most e−(p−1)ϱp ≤ 1/16. Thus the lower bound for
lim infη↓0 P(R′η) obtained above is at least 1− 1/8− 1/16 = 13/16. We let ηreg ∈ (0, ηch]

be such that P(R′η) ≥ 1/2 for every η ∈ (0, ηreg], and we fix such an η.

Step 2. The candidate. Let Ia = [κ/(1 + Ra), 2κ/(1 + Ra)], and let K be the event that
there is exactly one candidate k, that it is surviving, that |wk|2 ∈ Ia, and that Im Γk(z) ≥ y
and |Γk(z)| ≤ Ra. Since Πc is a Poisson process with intensity measure λrm, and since
|w|2 is independent of the forward configuration under m,

P(K) = λre−λr P(Y ∈ Ia) ϱp P∞( Im Γo(z) ≥ y, |Γo(z)| ≤ Ra
)
≥ λre−λr

κe−2

1 + Ra
·

ϱpe−a

2
,

where Y ∼ Exp(1), and we used P(Y ∈ Ia) ≥ |Ia|e−2κ and κ ≤ 1.

Step 3. The parent. On R′η ∩ K, we have Do(z) = D′η + p−1YkΓk(z) for the candidate k,
and |p−1YkΓk(z)| ≤ p−1 · 2κRa/(1 + Ra) ≤ 2κ/p ≤ d−/4. As in Step 3 of the proof of
Lemma 10.4, this gives d− ≤ |Do(z)| ≤ d+. Further, Im Γk(z) ≤ |Γk(z)| ≤ Ra and

Im Γo(z) = |Γo(z)|2
(

h′η +
Yk
p

Im Γk(z)
)
≤ d−2

−

(
h0 +

2κ

p

)
≤ 1

4
+

1
4

,

where we used κ ≤ pd2
−/8. Keeping only the candidate, we also have Im Γo(z) ≥

d−2
+ p−1κy/(1 + Ra). Since 1 + Ra ≤ 2Ra ≤ C′e2a with C′ = 2 max{1, 4C2

♮}, we conclude
that R′η ∩K ⊂ Ac2e−2ay(η), where c2 = min{1, κ/(pd2

+C′)}.
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Step 4. Conclusion. The events R′η and K are independent, since they depend on Π′ and
Πc, respectively, and R′η ⊂ S . By Steps 1 and 2,

P∞(Ac2e−2ay(η)
)
≥ ϱ−1

p P(R′η)P(K) ≥ λre−λrκ

4e2C′
e−3a,

which is the claim with c1 = min{1, λre−λrκ/(4e2C′)}.

Corollary 10.6. There exist c3 ∈ (0, 1] and C3 ≥ 1, depending on p and E, such that the
following holds for every η ∈ (0, ηreg], every y > 0, and every a ≥ 0. If P∞(Im Γo(E + iη) ≥
y) ≥ e−a, then

P∞( Im Γo(E + iη) ≥ c3e−C3(1+a)y
)
≥ q∗.

Proof. By Lemma 10.5, the event Ay1(η) with y1 = c2e−2ay has P∞-probability at least
q1 = c1e−3a. We claim that P∞(Aci

0y1
(η)) ≥ min{4iq1, q∗} for every i ≥ 0. For i = 0 this

holds. If it holds for i, we apply Lemma 10.4 with q = min{4iq1, q∗}, which is at most
q0, and obtain P∞(Aci+1

0 y1
(η)) ≥ 4 min{4iq1, q∗} ≥ min{4i+1q1, q∗}. Let k be the smallest

integer i ≥ 0 with 4iq1 ≥ q∗. Since q∗ ≤ 1, we have k ≤ 1 + max{0, log4(q∗/q1)} ≤
1 + (3a + log(1/c1))/ log 4, and since c0 ≤ 1 and Ack

0y1
(η) ⊂ {Im Γo(E + iη) ≥ ck

0y1}, we

obtain the claim with c3 = c2c1+log(1/c1)/ log 4
0 and C3 = 2 + 3 log(1/c0)/ log 4.

10.3 Resonant vertices

We keep the standing assumptions of Section 10.2, and we assume in addition that
φ(1) > 0, where φ = φπ is the free energy of the real boundary law. We use the notation
of Section 9.3 for this real solution: the factor law νfac and the norm moments fr(u). We
fix the remaining constants in the following order.

(a) The numerical constants a0, N0, J, p∗, q0, q∗, and α = q∗/2 of Section 10.2, and the
constants d±, h0, c0, ηch, ηreg, c1, c2, c3, and C3 of Lemmas 10.4 and 10.5 and Corol-
lary 10.6, which depend on p and E.

(b) The cutoff Raux of Lemma 9.9(ii) for the level α and r = 1/2, and baux = E/(8Raux).
(c) The exponent s ∈ (1/2, 1) and the numbers γ = −φ′(s) > 0 and F = φ(s)− (1−

s)γ > 0 of Lemma 6.16; then m, R, φ̂, γ̂, F̂, and ι of Lemma 9.11; and

δ = min
{F

4
,
(2s− 1)γ

4

}
. (10.7)

(d) The length c = 10 of the single-child segment and the constants ρ1, εE, b2, and b3 of
(9.8).

(e) A depth n ∈ mN, large depending on all previous constants, together with

N = n + c, L =
n
m

, bn = n3/4, Tn = e(γ̂+δ)n. (10.8)
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(f) An imaginary part ηn > 0, small depending on n and all previous constants.

The constants in (a)–(d) depend only on p and E, through the real boundary law π;
they do not depend on n or on η, and those listed as numerical in (a) do not depend
on E either. The quantile ζα(η) is a function of η and is not one of the constants. By
Lemma 9.11(ii) and (10.7), the numbers

κ0 = (2s− 1)γ̂− 2
(

φ(s)− φ̂(s)
)
− δ, F̂− δ (10.9)

satisfy κ0 ≥ (2s− 1)γ/4 > 0 and F̂− δ ≥ F/4 > 0.
We now define the vertices that we count. For a vertex x of generation N, we write

o = x0, x1, . . . , xN = x for its ancestors, and for z = E + iη with η > 0, we set

tk =
Yxk

p
, dk−1(z) = z +

1
p ∑

u
YuΓu(z), Xk−1(z) = −Γxk−1→xk(z), 1 ≤ k ≤ N,

(10.10)
where the sum runs over the children u of xk−1 other than xk. Thus tk is the squared
weight of the edge from xk−1 to xk, dk(z) is the side denominator at xk in the sense of
Definition 9.1(ii) for the path from o to x in the whole tree, and Xk(z) is the rootward
variable at xk. The factors of x are (dk(z), tk+1), 0 ≤ k < N, and for 1 ≤ l ≤ L, the l-th
block of x consists of the factors with (l − 1)m ≤ k < lm. We write Zl(z) for its growth
(Definition 9.10).

Recall from Section 4.6 that a child of a vertex is a leaf child if it has no children, and
a surviving child if its forward subtree is infinite. We call the vertices xn, . . . , xN−1 the
single-child segment of x.

Definition 10.7. Let n ∈ mN, let η ∈ (0, min{1, E/8}], and set z = E + iη. A vertex
x ∈ VN is resonant at E + iη if the following conditions hold.

(R1) Single-child segment. Nxk = 1 for n ≤ k ≤ N− 1; that is, each vertex of the single-child
segment of x has exactly one child.

(R2) Decoration. x has exactly one leaf child ℓx, exactly one surviving child yx, and no
other child.

(R3) Regular growth. The blocks 1, . . . , L of x are strictly retained, and |Z1(z) + · · · +
Zi(z)− imγ̂| < bn for 1 ≤ i ≤ L.

(R4) Segment weights. 1/p < tn+1 < 2/p and |z− tn+1Xn(z)| > εE; b2/2 < tn+2 < b2; and
b3/2 < tk < b3 for n + 3 ≤ k ≤ N.

(R5) Seed. baux/2 < |hxyx |2 < baux, |Γyx(z)| < Raux, and Im Γyx(z) ≥ ζα(η)/2.

(R6) Pole width. | Im(z∆x(z))| ≤ |z|/(2Tn), where ∆x(z) = −1/G{ℓx}
xx (z) is the denomina-

tor with the leaf removed at x, computed in the tree from which ℓx is deleted.
(R7) Resonance. |Gxx(z)| ≥ Tn.

We write Nn(η) for the number of vertices x ∈ VN that are resonant at E + iη.



10 Positive free energy implies delocalization 10.3 Resonant vertices 200

Condition (R1) is the event CJ , J = {n, . . . , N − 1}, of Lemma 4.21(iii), and (R2) is the
event R ◦ θx of Lemma 4.21(ii). A resonant vertex has a surviving child, so it belongs
to V∞

N . On (R1), the side denominators at the vertices of the single-child segment are
dk(z) = z for n ≤ k < N, and by (3.16),

Xk(z) =
(
z− tkXk−1(z)

)−1, n ≤ k ≤ N − 1. (10.11)

On (R2), by (3.11) for the tree from which ℓx is deleted, in which x has the two neighbors
xN−1 and yx,

∆x(z) = z− tNXN−1(z)− |hxyx |2X′x(z), X′x(z) = −Γyx(z); (10.12)

here the cavity variables at xN−1 and yx in the tree from which ℓx is deleted are ΓxN−1→x(z)
and Γyx(z), by Lemma 3.5(iii), since the corresponding branches do not contain ℓx.

We record which variables each condition depends on, since this determines which
squared moduli may be used as fresh variables in Sections 10.4 and 10.5. Conditions (R1)
and (R2) are structural: they depend only on the offspring numbers of xn, . . . , xN and of
the children of x, and on the survival of these children. Condition (R3) depends only on
the factors of x with index k < n, that is, on the squared moduli Yx1 , . . . , Yxn and on the
side children of x0, . . . , xn−1 with their edge marks and forward subtrees. Condition (R4)
depends on the squared moduli Yxn+1 , . . . , YxN and on the rootward variable Xn(z). The
latter is computed in the component of xn after the edge from xn to xn+1 is deleted, and
it does not depend on these squared moduli. Condition (R5) depends only on the mark
of the edge from x to yx and on the forward subtree of yx. Conditions (R1)–(R6) do not
depend on the mark of the edge from x to ℓx, and only (R7) does. In the first moment,
we use as fresh variables, in this order, the squared modulus of the mark of the leaf edge
and the squared moduli Yxn+1 , . . . , YxN ; the squared moduli inspected by (R3) and (R5)
are revealed and are never used as fresh variables.

Lemma 10.8. There exists cgain > 0, depending on p and E, such that the following holds for
every n ∈ mN and η ∈ (0, min{1, E/8}]. If x ∈ VN is resonant at E + iη, then

Im Γo(E + iη) ≥ cgaine2δn−2bn ζα(η). (10.13)

Further, on the event that (R1)–(R5) hold, the pole parameter z∆x(z) of (9.10) satisfies E2/2 ≤
Re(z∆x(z)) ≤ 3E2/2.

Proof. Let z = E + iη. By (9.5) for the path o = x0, . . . , xN = x in the whole tree, whose
side denominators are the numbers dk(z) of (10.10), we have∣∣∣∣Gox(z)

Gxx(z)

∣∣∣∣ ≥ ∥A∥−1, A =
N−1

∏
k=0

M(dk(z), tk+1).
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By (R1), the last c factors are M(z, tk+1), n ≤ k < N, and by (R4) and (9.2), each of them
has norm at most

Cconn =
(

min
{ 1

p
,

b2

2
,

b3

2

})−1/2(
1 + max

{ 2
p

, b2, b3

}2
+ (E + 1)2

)1/2
.

The product of the first n factors is the product of the L blocks of x, and its norm is
at most eZ1(z)+···+ZL(z) < enγ̂+bn , by (R3). Thus ∥A∥ ≤ Cc

connenγ̂+bn . By (R7), we obtain
|Gox(z)| ≥ C−c

conne−nγ̂−bn Tn = C−c
conneδn−bn . The child yx of x does not lie on the path from

o to x, and Lemma 3.19(iii) and (R5) give

Im Γo(z) = Im Goo(z) ≥ |Gox(z)|2|hxyx |2 Im Γyx(z) ≥ C−2c
conne2δn−2bn · baux

2
· ζα(η)

2
.

This proves (10.13) with cgain = bauxC−2c
conn/4.

For the last assertion, we have Xn+1(z) = (z− tn+1Xn(z))−1 by (10.11), and (R4) gives
|z − tn+1Xn(z)| > εE, so that |Xn+1(z)| < ε−1

E . Since tn+2 < b2, Lemma 9.5(ii) gives
Xn+2(z) ∈ DE. Since tk < b3 for n + 3 ≤ k ≤ N, Lemma 9.5(iii) and induction on k give
Xk(z) ∈ DE for n + 2 ≤ k ≤ N − 1; note that N − 1 = n + 9 ≥ n + 2. By (R4) and (R5),
we have tN < b3, |X′x(z)| < Raux, and |hxyx |2 < E/(8Raux). Lemma 9.6, applied to (10.12),
gives the claim.

10.4 The first moment

Under the backbone one-spine law Q∞
N of Definition 4.6, we write v0, . . . , vN = v for the

spine, and we apply the notation (10.10) and Definition 10.7 to x = v. We let T be the
event that conditions (R1) and (R2) hold for v, and we set

Q∗ = e−pc p2e−2p. (10.14)

Lemma 10.9. There exist c4 > 0 and n1 ∈ N, depending on p, E, and the constants (a)–(d),
such that for every n ∈ mN with n ≥ n1 there exists η1(n) ∈ (0, min{1, E/8}] with

E∞Nn(η) ≥ c4 e(F̂−δ)n−sbn for every η ∈ (0, η1(n)].

Proof. Let n1 be such that Tn ≥ 4(E + 1)/E2 and L(m log CR)
2/b2

n = m(log CR)
2n−1/2 ≤

1/2 for n ≥ n1, where CR is the constant of (9.13). Fix n ∈ mN with n ≥ n1, let
η ∈ (0, min{1, E/8}], and write z = E + iη and Q = Q∞

N . The proof first integrates the
leaf weight, then the squared moduli Yvn+1 , . . . , YvN , and finally passes to the real axis in
the regular growth condition.

Step 1. Many-to-one formula and structure. Every resonant vertex belongs to V∞
N . By (4.8),

we have
E∞Nn(η) = pN Q(v is resonant at E + iη).
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By Lemma 4.21(iii) and (v), we have Q(T ) = Q∗. Here S0, . . . , SN−1 denote the side
sequences of Lemma 4.7; the sequences Sn, . . . , SN−1 are empty on T .

Step 2. The leaf weight. Let A = {ℓ(v)} if the endpoint v has a leaf child, and A = ∅
otherwise, where ℓ(v) is the selected leaf child of Section 4.6; on T , we have A = {ℓv}.
By Lemma 4.21(iv) with X = {v}, applied under Q, the squared modulus Yℓ(v) is fresh
given the σ-field HA of Lemma 4.17(iii), which is generated by A, the endpoint v, the
configuration ωA←1, and the phase of wℓ(v).

We claim that the indicator F of the event that (R1)–(R6) hold for v is HA-measurable,
and that so is ∆v(z) on this event. Indeed, by the discussion after Definition 10.7, F is a
function of the configuration which does not change when the mark of the edge from v
to ℓv is replaced by another value. The same holds for ∆v(z), since it is computed in the
tree from which ℓv is deleted. Hence F(ω) = F(ωA←1), and similarly for ∆v(z), which
proves the claim.

Let t = Yℓ(v)/p and p = z∆v(z). On T , (9.10) gives Gvv(z) = z/(t− p), so that (R7)
is the event |z| ≥ Tn|t− p|. On the event that (R1)–(R6) hold, we have E2/2 ≤ Re p ≤
3E2/2 by Lemma 10.8, and | Im p| ≤ |z|/(2Tn) by (R6). Further, p is not real. Indeed,
Im ∆v(z) > 0, since ∆v(z) = −1/G{ℓv}

vv (z) and Im G{ℓv}
vv (z) > 0, and Re ∆v(z) ≥ 5E/8 by

Lemma 9.6; thus Im p = E Im ∆v(z) + η Re ∆v(z) > 0. Let K be the set of p ∈ C \R with
E2/2 ≤ Re p ≤ 3E2/2 and | Im p| ≤ |z|/(2Tn). We apply the substitution identity (4.14)
(consequence (c) after Definition 4.16) with m = 1, the revealed variable X = p, and
Φ(p, y) = 1K(p)1{|z| ≥ Tn|y/p− p|}. Since y/p has the density pe−pt when y has law
Exp(1), Lemma 9.7(ii) gives, almost surely on the event that (R1)–(R6) hold,

Q
(
(R7)

∣∣ HA
)
≥
∫

Φ(p, y) e−y dy ≥ ctune

Tn
;

here we used Tn ≥ 4(E + 1)/E2, which holds since n ≥ n1. Multiplying by F and taking
expectations, we conclude that

Q(v is resonant) ≥ ctune

Tn
Q
(
(R1)–(R6)

)
≥ ctune

Tn

(
Q
(
(R1)–(R5)

)
−Q

(
T \ (R6)

))
. (10.15)

Step 3. The single-child segment and the seed. We first integrate over the squared moduli
Yvn+1 , . . . , YvN , so that tn+i = Yvn+i /p for 1 ≤ i ≤ c. Let G4 be the σ-field of Lemma 5.18(ii)
for the set {vn+1, . . . , vN}, which is a function of the endpoint. It is generated by the
offspring numbers, the auxiliary marks, the endpoint v, the phases of all marks, and the
marks wu with u /∈ {vn+1, . . . , vN}, and the c squared moduli Yvn+1 , . . . , YvN are fresh given
G4. By the discussion after Definition 10.7, the event T ∩ (R3) ∩ (R5) and the variable
Xn(z) do not depend on these squared moduli, and they are therefore G4-measurable.
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Condition (R4) is the event Φ(Xn(z), Yvn+1 , . . . , YvN) = 1, where

Φ(X, y1, . . . , yc) = 1
{ 1

p
<

y1

p
<

2
p

,
∣∣∣z− y1

p
X
∣∣∣ > εE

}
× 1
{b2

2
<

y2

p
< b2

} c

∏
i=3

1
{b3

2
<

yi

p
< b3

}
.

By the substitution identity (4.14), applied with the revealed variable X = Xn(z) and
m = c, Q((R4) | G4) is the integral of Φ(Xn(z), ·) against Exp(1)⊗c. This integral factorizes,
and Lemma 9.5(i), which applies since η ≤ E/8, gives

Q
(
(R4)

∣∣ G4
)
≥ ρ1

2
ρ2 ρc−2

3 = cseg,

where ρ2 = P(pb2/2 < Y < pb2) and ρ3 = P(pb3/2 < Y < pb3) for Y ∼ Exp(1).
Multiplying by the indicator of T ∩ (R3) ∩ (R5) and taking expectations, we obtain
Q((R1)–(R5)) ≥ csegQ(T ∩ (R3)∩ (R5)).

It remains to bound the probability of T ∩ (R3) ∩ (R5). By Lemma 4.7(iii), under Q

the side sequences S0, . . . , SN−1, the spine edge marks, and the endpoint configuration
θvω are independent, and θvω has law P∞. Condition (R3) is a function of S0, . . . , Sn−1

and wv1 , . . . , wvn ; condition (R1) is the event that Sn, . . . , SN−1 are empty, which has
probability e−pc; and the event that (R2) and (R5) hold is a function of θvω. On (R2),
we have |hvyv |2 = |wyv |2/p and Γyv(z) = Γo(z) ◦ θyv . Applying (4.21) to the endpoint
configuration with F2 = F3 = 1 and

F1(w, ω′′) = 1
{baux

2
<
|w|2

p
< baux

}
1
{
|Γo(z)(ω′′)| < Raux, Im Γo(z)(ω′′) ≥

ζα(η)

2

}
,

and using Lemma 9.9(ii), we find that the probability of (R2) and (R5) equals

p2e−2p
∫

F1 dm∞ = p2e−2pρaux P∞
(
|Γo(z)| < Raux, Im Γo(z) ≥

ζα(η)

2

)
≥ p2e−2pρaux

3α

4
,

where ρaux = P(pbaux/2 < Y < pbaux) for Y ∼ Exp(1). By the independence of the three
groups of random elements, and since Q∗ = e−pc p2e−2p, we conclude that

Q
(
(R1)–(R5)

)
≥ cseg Q

(
T ∩ (R3)∩ (R5)

)
≥ cseg Q∗

3αρaux

4
Q
(
(R3)

)
. (10.16)

Step 4. Regular growth at the real axis. For k < n, the number dk(z) is the side denominator
Dside

vk
(z) of Section 5.6. By Proposition 5.25(i) and Lemma 5.21(i), Q-almost surely dk(E +

iη′) → dk(E) = Dside
vk

(E) as η′ ↓ 0, and by Lemma 5.21(ii), the factors (dk(E), tk+1),
0 ≤ k < n, are independent with law νfac. Let Vη′ = (dk(E + iη′), tk+1)0≤k<n ∈ C2n for
0 < η′ ≤ 1, and let V0 be the vector of the factors at E. Let O be the set of vectors
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(dk, tk+1)0≤k<n ∈ C2n such that R−1 < |dk| < R and R−1 < Re tk+1 < R for every k, and
such that the growths Zl of the blocks of the factors M(dk, Re tk+1) satisfy |Z1 + · · ·+ Zi−
imγ̂| < bn for 1 ≤ i ≤ L. The entries of M(d, t) are continuous on C× (0, ∞), and the
norm of a product of factors is at least one, so each Zl is a continuous function on the set
where all Re tk+1 are positive. Hence O is open. Since the squared weights tk+1 are real,
(R3) at E + iη′ is the event {Vη′ ∈ O}, and {V0 ∈ O} is the event of Lemma 9.12(ii) with
k = L and b = bn for the independent factors at E. By Lemma 9.15(i), Lemma 9.12(ii),
and the choice of n1,

lim inf
η′↓0

Q
(
(R3) at E + iη′

)
≥ e−ιn−sbn

(
1− L(m log CR)

2

b2
n

)
≥ 1

2
e−ιn−sbn .

Step 5. The pole width. On T , the number G{ℓv}
vv (E + iη′) is a coordinate of the depth-

(N + 1) data, selected by a function of the genealogy and the ranks. By Proposition 5.25(i),
Lemma 5.21(i), and Proposition 5.11(ii), it converges almost surely as η′ ↓ 0 to a real
nonzero number. Then Im(z′∆v(z′))→ 0 almost surely on T , where z′ = E + iη′, while
|z′|/(2Tn) ≥ E/(2Tn) > 0. By dominated convergence, Q(T \ (R6) at E + iη′) → 0 as
η′ ↓ 0.

Step 6. Conclusion. By Steps 4 and 5, there exists η1(n) ∈ (0, min{1, E/8}] such
that for every η ∈ (0, η1(n)], we have Q((R3)) ≥ e−ιn−sbn /4 and Q(T \ (R6)) ≤
csegQ∗αρauxe−ιn−sbn /16. Inserting these bounds into (10.16) and (10.15), we obtain

E∞Nn(η) ≥ pN ctune

Tn
·

csegQ∗αρaux

8
e−ιn−sbn .

Since log p− ι− γ̂− δ = φ̂(s) + sγ̂− γ̂− δ = F̂− δ, we have pNT−1
n e−ιn = pce(F̂−δ)n, and

the claim follows with c4 = pcctunecsegQ∗αρaux/8.

10.5 The second moment

For pairs of resonant vertices, we use the backbone two-spine laws Q∞
N,j of Definition 4.6,

with endpoints u and v and fork vj = uj at generation j. We apply the notation (10.10)
to x = u and to x = v, and we indicate the endpoint by a superscript: tu

k , du
k(z), Zu

l (z),
and so on. For k < j, the vertex uk = vk has the spine child uk+1 = vk+1, so the factors
of u and v with index k < j coincide; we call them the common factors. The factor with
index j differs for u and v: the side denominator du

j (z) contains the forward cavity of
vj+1, which depends on the whole subtree of vj+1, including the pendant leaf of v. We
therefore discard the block that contains the factor with index j. Let λj = ⌊j/m⌋. The
blocks 1, . . . , λj consist of common factors, the block λj + 1 contains the factor with index
j, and the blocks λj + 2, . . . , L of u consist of factors with index k > j, which we call the
factors of the arm of u; similarly for v.
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Definition 10.10. Let n ∈ mN and 0 ≤ j ≤ n− 1. For η ∈ (0, 1], set z = E + iη; for η = 0,
all quantities below are evaluated at the boundary values E + i0. The enlarged pair event
Ej(η) is the event that the following conditions hold under Q∞

N,j.

(E1) Conditions (R1) and (R2) hold for u and for v.
(E2) If λj ≥ 1, then the common blocks 1, . . . , λj are retained, and Z1(z) + · · ·+ Zλj(z) ≤

λjmγ̂ + bn.
(E3) For w ∈ {u, v}, if λj + 2 ≤ L, then the blocks λj + 2, . . . , L of w are retained, and

∑L
l=λj+2 Zw

l (z) ≤ (L− λj − 1)mγ̂ + 2bn.

The interaction event E ′j (η) is the event that (E1) and (E2) hold. Further, we set

Dη = |z|
(
tu

Ntv
N
)1/2 ∣∣GV\{u,v}

uN−1vN−1(z)
∣∣, (10.17)

where GV\{u,v} denotes the resolvent of the tree from which u and v are deleted.

We first estimate the enlarged pair event and the interaction event at the real axis.

Lemma 10.11. There exists C5 < ∞, depending on p, E, and the constants (a)–(d), such that for
every n ∈ mN and every 0 ≤ j ≤ n− 1, with Q = Q∞

N,j,

Q
(
Ej(0)

)
≤ Q2

∗ e−ι(2n−j)+2mι+5sbn , (10.18)

EQ

[
1E ′j (0) min{1,D0}

]
≤ C5 Q2

∗ e−ι(j−m)+sbn+2(n−j)(φ(s)−log p). (10.19)

Proof. Step 1. Independence. By Lemma 4.7(iv), under Q the side sequences at the spine
vertices other than the endpoints, the spine edge marks, and the two endpoint configu-
rations are independent. The side sequences and edge marks have their unconditioned
laws, and the endpoint configurations have law P∞. Since j < n, the vertices uk and vk,
n ≤ k ≤ N − 1, of the two single-child segments are 2c distinct vertices, each with an
empty side sequence with probability e−p. Together with Lemma 4.21(ii) and (v), this
gives Q((E1)) = Q2

∗. Condition (E1) depends only on the side sequences of the vertices
of the single-child segments and on the endpoint configurations. Condition (E2) depends
only on the common factors with index k < mλj ≤ j, that is, on the side sequences at
v0, . . . , vj−1 and on the marks wv1 , . . . , wvj . Condition (E3) for w depends only on the
factors of the arm of w with index k ≥ m(λj + 1) > j and k < n. These four groups of
random elements are independent. By Lemma 5.21(ii), at η = 0 the common factors are
independent with law νfac, and so are the factors of each arm with index j < k < n.

Step 2. Proof of (10.18). By Step 1 and Lemma 9.12(i), applied to the λj common blocks
with width bn and to the L− λj − 1 blocks of each arm with width 2bn (the probabilities
are at most 1 if there are no such blocks), we obtain

Q
(
Ej(0)

)
≤ Q2

∗ e−ιmλj+sbn
(
e−ιm(L−λj−1)+2sbn

)2
= Q2

∗ e−ι(2n−mλj−2m)+5sbn .
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Since mλj ≤ j and ι ≥ 0 (Lemma 9.11(iii)), this implies (10.18).

Step 3. The path between the parents of the endpoints. On (E1), let C be the component of
the tree with u and v deleted that contains uN−1 and vN−1. The path from uN−1 to vN−1

in C is
uN−1, uN−2, . . . , uj+1, vj, vj+1, . . . , vN−1,

of length r = 2(N − 1− j). For η > 0, we compute its side denominators and weights
in the sense of Definition 9.1(ii). By Lemma 3.5(iii), the cavity variables of the branches
hanging off the path are the same in C as in the whole tree, since these branches contain
neither u nor v. The side denominator at uN−1 is z, because its only child u is deleted,
and similarly at vN−1. At uk and vk with j < k < N − 1, the side denominators are du

k(z)
and dv

k(z), which equal z for k ≥ n. At the fork, the side denominator is

df(z) = z +
1
p ∑

u
YuΓu(z) + 1{j≥1}tj Γvj−1→vj(z),

where the sum runs over the children of vj other than uj+1 and vj+1. The edge from uk
to uk−1 has squared weight tu

k , and the edge from vk to vk+1 has squared weight tv
k+1. By

(9.4), we have ∣∣GV\{u,v}
uN−1vN−1(z)

∣∣ = ∣∣eT
2 G1A1G2MfG3A2G4(1, z)T∣∣−1, (10.20)

where Mf = M(df(z), tv
j+1) is the fork factor, and, writing du

k = du
k(z) and dv

k = dv
k(z),

G1 = M(z, tu
N−1)M(z, tu

N−2)M(z, tu
N−3),

A1 = M(du
N−4, tu

N−4) · · ·M(du
j+4, tu

j+4),

G2 = M(du
j+3, tu

j+3)M(du
j+2, tu

j+2)M(du
j+1, tu

j+1),

G3 = M(dv
j+1, tv

j+2)M(dv
j+2, tv

j+3)M(dv
j+3, tv

j+4),

A2 = M(dv
j+4, tv

j+5) · · ·M(dv
N−5, tv

N−4),

G4 = M(z, tv
N−3)M(z, tv

N−2)M(z, tv
N−1).

Here we used N − 4 ≥ n, which holds since c = 10, so that the side denominators in G1

and G4 equal z. Since N − 1− j ≥ c = 10, the products A1 and A2 have N − j− 7 ≥ 3
and N− j− 8 ≥ 2 factors. Each squared weight tu

k , j < k < N, and tv
k, j < k < N, appears

in exactly one factor; in particular, the edge from the fork to uj+1 enters G2, and the edge
from the fork to vj+1 enters the fork factor. The four products G1, . . . , G4 of three factors
are the averaging triples.

As η ↓ 0, each side denominator in (10.20) converges Q-almost surely to its boundary
value, which is real. Indeed, the numbers du

k(z) and dv
k(z) are side denominators of

spine vertices which are not endpoints, and they converge by Lemma 5.21(i). The fork
denominator df(z) is the sum of z and of finitely many products of squared moduli
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with cavity variables, which are coordinates of the depth-(N + 1) data by (5.6). These
converge by Proposition 5.25(i), and their limits are real by Proposition 5.11(ii). The left
side of (10.20) converges to |GV\{u,v}

uN−1vN−1(E + i0)|, which is finite by Definition 5.7. The
bilinear form on the right side is a polynomial in z and in the side denominators, with
coefficients depending on the squared moduli, and it converges to its value at η = 0.
Since its modulus is the reciprocal of the left side, its limit is nonzero. It follows that,
almost surely, (10.20) holds at η = 0, with z replaced by E and the side denominators
replaced by their boundary values.

Step 4. Averaging over G1, . . . , G4. We work at η = 0 and condition on (E1). Let G

be the σ-field generated by the event (E1), the side sequences at v0, . . . , vj, the marks
wv1 , . . . , wvj+1 , the side sequences and marks entering the factors of A1 and A2, the marks
wu and wv, and the two endpoint configurations. Then (E2), A1, Mf, A2, tu

N, and tv
N are

G -measurable. The twelve factors of the averaging triples involve the marks wuk with
k ∈ {j + 1, j + 2, j + 3, N− 3, N− 2, N− 1}, the marks wvk with k ∈ {j + 2, j + 3, j + 4, N−
3, N − 2, N − 1}, and the side sequences at uk and vk, k ∈ {j + 1, j + 2, j + 3}. None of
these is a generator of G . By Lemma 4.7(iv), the side sequences at the spine vertices
other than the endpoints, the spine edge marks, and the two endpoint configurations
are independent under Q. The event (E1) is the intersection of events each of which
depends on a single side sequence at a vertex of a single-child segment or on a single
endpoint configuration. Conditioning on (E1) therefore preserves this independence,
and it changes only the laws of the side sequences at the vertices of the single-child
segments, which become empty, and of the endpoint configurations. Since the averaging
triples and the generators of G other than (E1) are functions of disjoint groups of these
random elements, the averaging triples G1, . . . , G4 and G are independent conditionally
on (E1). Each averaging triple is a product of three independent factors M(b, β), where
β = Y/p has the exponential law of rate p, and b is either the constant E (at a vertex of a
single-child segment) or a side denominator, which has law π by Lemma 5.21(ii). These
factors satisfy the hypotheses of Proposition 6.18 with K = p, a+ = max{Es, E|D|s}, and
a− = max{E−s, E|D|−s}, where D ∼ π. These moments are finite by Proposition 5.5(iii).
By Lemma 9.13, applied conditionally on (E1) with w = (1, E)T, which satisfies ∥w∥ ≥ 1,
we obtain, almost surely on (E1),

EQ

[∣∣GV\{u,v}
uN−1vN−1(E + i0)

∣∣s ∣∣∣G ] ≤ C4
∗ ∥A1∥−s∥A2∥−s.

Step 5. Proof of (10.19). Since min{1,D0} ≤ Ds
0, Step 4 gives

EQ

[
1E ′j (0) min{1,D0}

]
≤ EsC4

∗EQ

[
1E ′j (0)

(
tu

Ntv
N
)s/2∥A1∥−s∥A2∥−s

]
.

By Step 1 and the discussion in Step 4, conditionally on (E1), the event (E2), the variables
tu

N and tv
N, and the matrices A1 and A2 are independent: they are functions of the
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common factors with index k < mλj, of the marks wu and wv, and of the factors of A1

and of A2, respectively. Since E ′j (0) = (E1)∩ (E2), the expectation on the right side equals

Q
(
E ′j (0)

)
E
[
(tu

N)
s/2]E

[
(tv

N)
s/2]EQ

[
∥A1∥−s ∣∣ (E1)

]
EQ

[
∥A2∥−s ∣∣ (E1)

]
.

We have E(Y/p)s/2 = p−s/2Γ(1 + s/2) ≤ 1 for Y ∼ Exp(1), since p > 1 and Γ ≤ 1 on
[1, 2]. Further, A1 = HV, where H is the product of the factors of A1 at the vertices
uk of the single-child segment, max{n, j + 4} ≤ k ≤ N − 4, whose denominators equal
E, and V is the product of the (n− j− 4)+ factors at uk, j + 4 ≤ k ≤ n− 1, which are
independent with law νfac. By Lemma 9.14 with u = s, with at most c constant factors,
and with Carm ≥ 1, and since φ(s) < log p by Proposition 6.15(v),

EQ

[
∥A1∥−s ∣∣ (E1)

]
≤ Cc

arme(n−j−4)+(φ(s)−log p) ≤ Cc
arme−4(φ(s)−log p)e(n−j)(φ(s)−log p),

and the same bound holds for A2 = V′H′, where V′ is the product of the factors at
vk, j + 4 ≤ k ≤ n − 1, and H′ is the product of the factors at the vertices vk of the
single-child segment, max{n, j + 4} ≤ k ≤ N − 5. Finally, Q(E ′j (0)) ≤ Q2

∗e
−ιmλj+sbn

by Steps 1 and 2, and mλj ≥ j− m. Combining these bounds, we obtain (10.19) with
C5 = max{1, E}C4

∗C2c
arme−8(φ(s)−log p).

We now bound the second factorial moment of the number of resonant vertices.

Lemma 10.12. There exist C6 < ∞ and n2 ≥ n1, depending on p, E, and the constants (a)–(d),
such that for every n ∈ mN with n ≥ n2 there exists η2(n) ∈ (0, min{1, E/8}] with

E∞[Nn(η)(Nn(η)− 1)
]
≤ C6 e2(F̂−δ)n+5sbn for every η ∈ (0, η2(n)].

Proof. Let n2 = n1, fix n ∈ mN with n ≥ n2, let η ∈ (0, min{1, E/8}], and write z = E+ iη
and Qj = Q∞

N,j.

Step 1. Many-to-two formula. Resonant vertices belong to V∞
N . By (4.10), we have

E∞[Nn(η)(Nn(η)− 1)
]
=

N−1

∑
j=0

ϱp p2N−j Qj
(
u and v are resonant at E + iη

)
.

If j ≥ n, then the fork vj is a vertex of the single-child segment of v with the two children
uj+1 ̸= vj+1, so (R1) fails for v, and the corresponding term vanishes. Let 0 ≤ j ≤ n− 1.

Step 2. Inclusion in the enlarged pair event. Suppose that u and v are resonant at E + iη.
Then (E1) holds. The common blocks 1, . . . , λj are blocks of u, so (R3) for u with i = λj
implies (E2). For w ∈ {u, v}, (R3) for w with i = L and i = λj + 1 gives

L

∑
l=λj+2

Zw
l (z) <

(
Lmγ̂ + bn

)
−
(
(λj + 1)mγ̂− bn

)
,
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and strictly retained blocks are retained; this is (E3). We conclude that the event in Step 1
is contained in Ej(η) ∩ {|Guu(z)| ≥ Tn, |Gvv(z)| ≥ Tn}.

Step 3. The two leaf weights. LetA be the set of selected leaf children ℓ(w) of the endpoints
w ∈ {u, v} which have a leaf child; on (E1), we have A = {ℓu, ℓv}. By Lemma 4.21(iv) with
X = {u, v}, applied under Qj, the squared moduli of the marks of the edges from u to ℓ(u)
and from v to ℓ(v) are fresh given the σ-field HA of Lemma 4.17(iii). We write tu = |huℓu |2
and tv = |hvℓv |2 for the corresponding squared weights. The event Ej(η) and the number
Dη do not depend on the marks of these two edges: the factors in the retained common
and arm blocks, which exclude the block containing the branching point, involve only
the side subtrees of uk and vk and the spine edges, and Dη is computed in the tree from
which u and v are deleted. As in Step 2 of the proof of Lemma 10.9, they are therefore
HA-measurable.

On (E1), the vertices u and v have the same generation and are therefore not adjacent,
and we apply Lemma 9.4 to the whole tree with x = u and y = v. The neighbors of u are
uN−1, ℓu, and yu. In the tree with u and v deleted, the leaf ℓu is an isolated vertex, with
diagonal resolvent entry −1/z, the child yu is the root of the component V(Tyu), with
diagonal resolvent entry Γyu(z), and uN−1 lies in the component that contains the root.
We obtain

Suu(z) = −z +
tu
z
− σu(z), σu(z) = tu

N GV\{u,v}
uN−1uN−1(z) + |huyu |2 Γyu(z),

and similarly for v. Let B be the matrix with the diagonal entries z2 + zσu(z) and
z2 + zσv(z) and the off-diagonal entries Buv = −zSuv(z) and Bvu = −zSvu(z). Then
zS(z) = diag(tu, tv)− B, and (9.6) shows that the 2× 2 block of the resolvent at {u, v}
equals R(tu, tv) = z(diag(tu, tv) − B)−1. The matrix B does not depend on the marks
of the leaf edges, and it is HA-measurable. Further, diag(t1, t2)− B is invertible for all
t1, t2 > 0. Indeed, let S′(z) be the matrix of Lemma 9.4 for the tree from which the
two leaves are deleted. Its entries are those of S(z) without the terms tu/z and tv/z,
so that diag(t1, t2)− B = z

(
S′(z) + diag(t1, t2)/z

)
. By Lemma 9.4, Im S′(z) ≤ −η I, and

Im(diag(t1, t2)/z) = −η|z|−2 diag(t1, t2) ≤ 0. Thus Im⟨ f , (S′(z) + diag(t1, t2)/z) f ⟩ ≤
−η∥ f ∥2 < 0 for f ̸= 0, and the matrix is invertible. By (9.7), applied with x′ = uN−1 and
y′ = vN−1, we have |BuvBvu|1/2 = |z| |Suv(z)Svu(z)|1/2 = Dη.

We now apply Lemma 9.8 conditionally on HA, using the substitution identity (4.14)
(consequence (c) after Definition 4.16) with the revealed variable X = B ∈ C4 and the
squared moduli of the two leaf marks as fresh variables. With |z| ≤ E + 1, we find that,
almost surely on (E1),

Qj
(
|Guu(z)| ≥ Tn, |Gvv(z)| ≥ Tn

∣∣ HA
)
≤ Ctt

T2
n
+

Ctt

Tn
min{1,Dη}, Ctt = 8p2(E + 1)2.
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Combining this with Step 2, and using Ej(η) ⊂ E ′j (η), we obtain

Qj
(
u and v are resonant

)
≤ Ctt

T2
n

Qj
(
Ej(η)

)
+

Ctt

Tn
EQj

[
1E ′j (η) min{1,Dη}

]
. (10.21)

Step 4. Passage to the real axis. By Proposition 5.25(i), Qj-almost surely, the factors of
u and v at E + iη′ converge to their values at η′ = 0 as η′ ↓ 0, and Dη′ → D0, since

GV\{u,v}
uN−1vN−1(E + iη′) is a coordinate of the depth-(N + 1) data. Let Vη′ be the vector of the

factors of u and v with index k < n at E + iη′. Conditions (E2) and (E3) are non-strict
inequalities for partial sums of growths of retained blocks, so that Ej(η

′) = (E1)∩ {Vη′ ∈
F} and E ′j (η′) = (E1) ∩ {Vη′ ∈ F′} for closed sets F and F′, by the discussion after
Lemma 9.15. The event (E1) does not depend on η′. By Lemma 9.15(ii), applied with
hη′ = 1(E1) and with hη′ = 1(E1) min{1,Dη′}, which are bounded and converge almost
surely, the lim sup as η′ ↓ 0 of the right side of (10.21) at E + iη′ is at most its value at
η′ = 0. By Lemma 10.11, this value is at most

Bj =
Ctt

T2
n

Q2
∗e
−ι(2n−j)+2mι+5sbn +

CttC5

Tn
Q2
∗e
−ι(j−m)+sbn+2(n−j)(φ(s)−log p) > 0.

Since there are finitely many j, there exists η2(n) ∈ (0, min{1, E/8}] such that the left
side of (10.21) is at most 2Bj for every η ∈ (0, η2(n)] and every 0 ≤ j ≤ n− 1.

Step 5. Summation. Let η ∈ (0, η2(n)], and set Mn = pNT−1
n Q∗e−ιn = pcQ∗e(F̂−δ)n, as in

the proof of Lemma 10.9. Then M2
n = p2NT−2

n Q2
∗e−2ιn, and for 0 ≤ j ≤ n− 1 we have

p2N−j Q2
∗

T2
n

e−ι(2n−j)+2mι+5sbn = M2
n e2mι+5sbn e−(log p−ι)j,

p2N−j Q2
∗

Tn
e−ι(j−m)+sbn+2(n−j)(φ(s)−log p) = M2

n emι+sbn eΨn(j),

where
Ψn(j) = −j log p + (γ̂ + δ)n + ι(2n− j) + 2(n− j)

(
φ(s)− log p

)
.

Indeed, the first identity follows from p2N−jeιj = p2Ne−(log p−ι)j, and the second from
p2N−j = p2Ne−j log p, T−1

n = T−2
n e(γ̂+δ)n, and e−ι(j−m) = e−2ιneι(2n−j)emι. By Steps 1 and 4,

we obtain

E∞[Nn(η)(Nn(η)− 1)
]
≤

n−1

∑
j=0

2ϱp p2N−jBj

= 2ϱpCtt M2
n

n−1

∑
j=0

(
e2mι+5sbn e−(log p−ι)j + C5emι+sbn eΨn(j)

)
.
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Using ι = log p− φ̂(s)− sγ̂, we find that Ψn is affine in j,

Ψn(j) =
(
γ̂ + δ + 2 log p− 2φ̂(s)− 2sγ̂ + 2φ(s)− 2 log p

)
n

+
(
− log p− ι− 2φ(s) + 2 log p

)
j

= −κ0n +
(

φ̂(s) + sγ̂− 2φ(s)
)

j,

with κ0 as in (10.9). Its values at the endpoints are Ψn(0) = −κ0n and Ψn(n) = ((1− s)γ̂−
φ̂(s) + δ)n = −(F̂− δ)n. Since an affine function attains its maximum over an interval
at an endpoint, we have Ψn(j) ≤ −κ1n for 0 ≤ j ≤ n, where κ1 = min{κ0, F̂ − δ} > 0.
Further, log p− ι > 0 by Lemma 9.11(iii). Thus

n−1

∑
j=0

e−(log p−ι)j ≤ 1
1− e−(log p−ι)

,
n−1

∑
j=0

eΨn(j) ≤ ne−κ1n ≤ 1
eκ1

.

Inserting these bounds, and using M2
n = p2cQ2

∗e2(F̂−δ)n, we obtain the claim.

10.6 Proof of the delocalization criterion

Let p ≥ p∗, let E ∈ Ep with E > 0, and suppose that P∞(Im Γo(E + i0) = 0) = 1. Suppose,
for a contradiction, that φπE(1) > 0. We fix the constants (a)–(d) of Section 10.3, and the
numbers c4, n1, C6, and n2 of Lemmas 10.9 and 10.12. For n ∈ mN with n ≥ n2, we set

ηn = min{ηreg, η1(n), η2(n)}.

Then ηn ∈ (0, min{1, E/8}], and Lemmas 10.9 and 10.12 apply at η = ηn. The proof
has three steps: we bound the probability that a resonant vertex exists from below, we
amplify this probability, and we compare the result with the definition of the quantile.

Step 1. A resonant vertex exists with subexponential probability. Write Nn = Nn(ηn), µn =

c4e(F̂−δ)n−sbn , and χn = C6e2(F̂−δ)n+5sbn . Since Nn ≤ |VN| and E∞|VN| ≤ ϱ−1
p pN by (4.3),

the expectation E∞Nn is finite. By the Cauchy–Schwarz inequality, we have

(E∞Nn)
2 =

(
E∞[Nn1{Nn ≥ 1}]

)2 ≤ E∞[N2
n]P∞(Nn ≥ 1);

this is the Paley–Zygmund inequality [108]. Since E∞[N2
n] = E∞Nn + E∞[Nn(Nn −

1)] ≤ E∞Nn + χn by Lemma 10.12, and since t 7→ t2/(t + χn) is increasing on (0, ∞),
Lemma 10.9 gives

P∞(Nn ≥ 1) ≥ (E∞Nn)2

E∞Nn + χn
≥ µ2

n
µn + χn

.

Since F̂− δ > 0 and bn = o(n), we have µn ≥ 1 for all large n. Then µn + χn ≤ µ2
n + χn ≤

2 max{µ2
n, χn}, and

µ2
n

µn + χn
≥ min

{1
2

,
µ2

n
2χn

}
= min

{1
2

,
c2

4
2C6

e−7sbn
}
≥ c7e−7sbn , c7 = min

{1
2

,
c2

4
2C6

}
.
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Step 2. Amplification. On the event {Nn ≥ 1}, there exists a vertex which is resonant at
E + iηn, and Lemma 10.8 gives Im Γo(E + iηn) ≥ yn, where yn = cgaine2δn−2bn ζα(ηn). By
Step 1, for all large n,

P∞( Im Γo(E + iηn) ≥ yn
)
≥ e−an , an = 7sbn + log(1/c7) ≥ 0.

Since ηn ≤ ηreg, Corollary 10.6 implies that

P∞( Im Γo(E + iηn) ≥ c3e−C3(1+an)yn
)
≥ q∗ > α.

Step 3. The quantile. By Lemma 9.9(i), we have P∞(Im Γo(E + iηn) ≥ t) < α for every
t > ζα(ηn). By Step 2, this implies that c3e−C3(1+an)yn ≤ ζα(ηn). Since 0 < ζα(ηn) < ∞,
dividing by ζα(ηn), we obtain

c3cgain exp
(

2δn− 2bn − C3
(
1 + 7sbn + log(1/c7)

))
≤ 1

for every large n ∈ mN. The constants c3, C3, cgain, c7, s, and δ > 0 do not depend on n,
and bn = n3/4. Therefore the left side tends to infinity as n→ ∞, which is a contradiction.
We conclude that φπE(1) ≤ 0. The threshold p∗ was fixed in (10.4) and does not depend
on E. This completes the proof of Theorem 10.1.



part iii

The free energy at large degree



section 11

The principal solution

In this section, we construct the principal solution νp,E of the cavity equation at large
degree and establish the properties of it that are used in the rest of the paper. We work in
the normalization of Definition 5.2. For E > 2 we write θ = θ(E) = g(E)2, and we recall

that g(E)E = 1 + θ. If D satisfies the real cavity equation D d
= E− p−1 ∑j≤N Yj/Dj, then

multiplying by g(E) shows that B = g(E)D satisfies

B d
= 1 + θ − θ

p

N

∑
j=1

Yj

Bj
, (11.1)

where N ∼ Pois(p), Yj ∼ Exp(1), and Bj are copies of B, all independent. Conversely,
every law of B on R \ {0} satisfying (11.1) with θ = θ(E) is the law of g(E)D for a real
solution D at E in the sense of Definition 5.1. Since g(E) = 2/(E +

√
E2 − 4), we have

E−2 ≤ θ ≤ 4E−2 for E ≥ 2; for a scaled energy E = ξ
√

p with ξ in a compact subset of
(0, ∞), the parameter θ is of order p−1.

The main results of this section are Theorem 11.21, which constructs νp,E on com-
pact scaled windows as the unique fixed point of (11.1) in an explicit class of laws;
Proposition 11.22 and Corollary 11.23, which treat large energies and the whole half-line
E ≥ ξ0

√
p; and Proposition 11.27, which shows that on compact scaled windows every

real solution, and in particular the real boundary law of Proposition 5.11, coincides with
νp,E once p is large.

We now describe the mechanism. When p is large and θ ≤ C0/p, the sum in (11.1) has
about p terms, and a term with |Bj| of order one has size of order p−2. Three effects then
control the law of B. First, the children with |Bj| bounded below contribute a sum that
concentrates around θ on a scale much smaller than rp = p−1/4, so B is close to 1 with
overwhelming probability. Second, for these children to bring B close to zero, their sum
must be of order one. Since the squared moduli Yj are exponential, an exponential tilt
shows that this costs a factor e−cp2

, at the level of densities. Third, a child with Bj close to
zero produces a jump θYj/(pBj) that may be of order one. The jumps produced in this
way have an intensity bounded by θH/y2, where H bounds the density of Bj near zero,
and a one-large-jump argument shows that their contribution to the density of B near zero
is of order θH. Since θ ≤ C0/p, the density near zero contracts. These three effects define
a class of laws that is invariant under the map defined by (11.1) (Section 11.3). To prove
uniqueness, we construct a metric for which this map is a contraction. Differences of laws

214
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are measured in a Kantorovich norm near 1, in the supremum norm of densities near 0,
and in a bounded–Lipschitz norm elsewhere, with exponentially large weights on the last
two components (Sections 11.4 and 11.5). The contraction is proved in Section 11.6, the
small-parameter regime, which contains the large-energy regime, is treated in Section 11.7,
and real solutions are identified in Section 11.8.

Throughout this section, Y, Yj, and T denote standard exponential random variables,
N ∼ Pois(p), and these variables are independent of each other and of all other variables,
unless stated otherwise. For a finite signed measure α on R and a bounded Borel function
ψ, we write ⟨α, ψ⟩ =

∫
ψ dα, ∥α∥TV = |α|(R), and α∨ for the image of α under y 7→ −y.

A constant is called numerical if it is absolute.

11.1 The law map

Definition 11.1. Let p > 1 and θ > 0. For a probability measure ν on R with ν({0}) = 0,
let Rp,θ(ν) be the law of

1 + θ − θ

p

N

∑
j=1

Yj

Bj
,

where N ∼ Pois(p), Yj ∼ Exp(1), and Bj ∼ ν, all independent. We call Rp,θ the law map.
A fixed point of Rp,θ is a probability measure ν on R with ν({0}) = 0 and Rp,θ(ν) = ν.

By the discussion at the beginning of this section, for E > 2 a probability measure π

on R \ {0} is a real solution at E if and only if the law of g(E)D, D ∼ π, is a fixed point
of Rp,θ(E).

For b ̸= 0 and θ > 0, the variable θY/(pb) is exponential with rate p|b|/θ and has the
sign of b. Its density is

jθ(b; y) =
p|b|

θ
e−p|b||y|/θ 1{by>0}, y ∈ R. (11.2)

For a finite signed measure σ on R with |σ|({0}) = 0, define the finite signed measure

Kθσ(dy) =
( ∫

jθ(b; y) σ(db)
)

dy.

Since
∫

jθ(b; y)dy = 1, we have ∥Kθσ∥TV ≤ ∥σ∥TV and Kθσ(R) = σ(R). For a finite
signed measure α, set

Pp(α) = e−p
∞

∑
k=0

pk

k!
α∗k, α∗0 = δ0.

The series converges in total variation, since ∥α∗k∥TV ≤ ∥α∥k
TV. Finally, let sθ(y) =

1 + θ − y, and write (sθ)♯α for the image of α under sθ. Since sθ(y1 + y2) = sθ(y1)− y2,
we have

(sθ)♯(α ∗ β) =
(
(sθ)♯α

)
∗ β∨. (11.3)
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Lemma 11.2. Let p > 1, θ > 0, and let ν be a probability measure on R with ν({0}) = 0.

(i) We have Rp,θ(ν) = (sθ)♯ Pp(Kθν).
(ii) Let A1, . . . , Ak be disjoint Borel sets with union R \ {0}, let B′ = 1 + θ −

(θ/p)∑j≤N Yj/Bj be as in Definition 11.1, and set

SAi =
θ

p ∑
j≤N: Bj∈Ai

Yj

Bj
.

Then B′ = 1 + θ −∑i SAi , and the variables SA1 , . . . , SAk are independent. For each i, the
points θYj/(pBj) with Bj ∈ Ai form a Poisson process on R \ {0} with intensity measure
ℓAi(y)dy, where

ℓA(y) = p
∫

A
jθ(b; y) ν(db),

∫
ℓA(y)dy = p ν(A). (11.4)

In particular, the law of SA is e−pν(A) ∑m≥0 ℓ
∗m
A /m!, where ℓ∗0A = δ0.

(iii) The measure Rp,θ(ν) is the sum of e−pδ1+θ and an absolutely continuous measure.

Proof. The pairs (Bj, Yj), j ≤ N, form a mixed binomial process with Poisson mixing
distribution, which is a Poisson process on (R \ {0})× (0, ∞) with intensity measure
p ν ⊗ Exp(1). The restrictions of a Poisson process to disjoint sets are independent
Poisson processes, and the image of a Poisson process under the map (b, y) 7→ θy/(pb)
is a Poisson process whose intensity is the image of the original intensity [94, Chapters 3
and 5]. The image of p ν|A ⊗ Exp(1) under this map is ℓA(y)dy by (11.2). This proves
(ii); the formula for the law of SA follows by conditioning on the number of points.

For (i), conditionally on N = n, the jumps θYj/(pBj), j ≤ n, are independent with
law Kθν, and the law of their sum is (Kθν)∗n. Averaging over N shows that the sum
∑j≤N θYj/(pBj) has law Pp(Kθν), and applying sθ gives (i). For (iii), the event N = 0
contributes e−pδ1+θ. Conditionally on N = n ≥ 1 and on (Bj)j≤n, the sum is absolutely
continuous because the summand θY1/(pB1) has a density, and the convolution of an
absolutely continuous law with any law is absolutely continuous.

Lemma 11.3. Let p > 1 and θ > 0. For a probability measure λ on R with λ({0}) = 0 and a
finite signed measure σ with |σ|({0}) = 0, define

Lp,θ;λσ = pRp,θ(λ) ∗ (Kθσ)∨. (11.5)

Let Dλ ∼ Rp,θ(λ) and T ∼ Exp(1) be independent, and for b ̸= 0 set Zb = Dλ − θT/(pb).

(i) For every bounded Borel function ψ,

⟨Lp,θ;λσ, ψ⟩ = p
∫

E
[
ψ(Zb)

]
σ(db). (11.6)
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(ii) For b ̸= 0, the law of Zb has the density kλ
b given, with µλ = Rp,θ(λ), by

kλ
b (x) =


pb
θ

∫
(x,∞)

e−pb(d−x)/θ µλ(dd), b > 0,

p|b|
θ

∫
(−∞,x)

e−p|b|(x−d)/θ µλ(dd), b < 0.
(11.7)

The measure Lp,θ;λσ is absolutely continuous with density x 7→ p
∫

kλ
b (x) σ(db). Moreover,

∥Lp,θ;λσ∥TV ≤ p∥σ∥TV and Lp,θ;λσ(R) = p σ(R).
(iii) Let ν, µ be probability measures on R without atom at 0, set σ = ν− µ and λt = (1− t)µ +

tν for t ∈ [0, 1]. Then, for every bounded Borel function ψ,

⟨Rp,θ(ν)−Rp,θ(µ), ψ⟩ =
∫ 1

0
⟨Lp,θ;λt σ, ψ⟩dt, (11.8)

and ∥∥Rp,θ(ν)−Rp,θ(µ)−Lp,θ;µσ
∥∥

TV ≤
p2

2
∥σ∥2

TV. (11.9)

The operator Lp,θ;λ is the linearization of the law map at λ; by (11.6), it inserts one
additional child with denominator distributed according to σ into an independent output
of the law map applied to λ.

Proof. By (11.5) and Fubini’s theorem, we have

⟨Lp,θ;λσ, ψ⟩ = p
∫ ∫

ψ(d− y) µλ(dd)Kθσ(dy) = p
∫

σ(db)
∫

jθ(b; y)E
[
ψ(Dλ − y)

]
dy,

which is (11.6), since jθ(b; ·) is the density of θT/(pb). For (ii), let b > 0. Then θT/(pb)
has density jθ(b; ·) on (0, ∞), and for a Borel set A,

P(Zb ∈ A) =
∫

µλ(dd)
∫
(0,∞)

1A(d− y) jθ(b; y)dy =
∫

A

( ∫
(x,∞)

jθ(b; d− x) µλ(dd)
)

dx,

which is the first line of (11.7). The case b < 0 is the same, with d− x < 0. Applying
(11.6) with ψ = 1A and using Fubini’s theorem (which applies since

∫
kλ

b = 1 and |σ| is
finite), we find that Lp,θ;λσ(A) =

∫
A p
∫

kλ
b (x) σ(db)dx. The total variation bound and

the mass identity follow from (11.6) with |ψ| ≤ 1 and ψ = 1.
For (iii), set αt = Kθλt = Kθµ + t Kθσ. Each αt is a probability measure. Since

convolution is bilinear and commutative, t 7→ α∗kt is a polynomial with values in the
Banach space of finite signed measures with the total variation norm, with derivative
k α
∗(k−1)
t ∗Kθσ. The differentiated series ∑k≥1 e−p pkk α

∗(k−1)
t ∗Kθσ/k! converges uniformly

in t ∈ [0, 1], because its terms have norm at most e−p pk∥σ∥TV/(k− 1)!. This implies that
t 7→ Pp(αt) is continuously differentiable with

d
dt

Pp(αt) = p Pp(αt) ∗ Kθσ,
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and the fundamental theorem of calculus in this Banach space gives Pp(α1)− Pp(α0) =∫ 1
0 p Pp(αt) ∗ Kθσ dt. Applying (sθ)♯, which is a linear isometry, and using (i) of

Lemma 11.2 and (11.3), we obtain Rp,θ(ν) − Rp,θ(µ) =
∫ 1

0 Lp,θ;λt σ dt. Pairing with
ψ, which is a bounded linear functional, gives (11.8). Further, since each Pp(αu) is a
probability measure, the same computation shows that ∥Pp(αt)− Pp(α0)∥TV ≤ tp∥σ∥TV,
and therefore

∥Lp,θ;λt σ−Lp,θ;µσ∥TV = p
∥∥(Pp(αt)− Pp(α0)) ∗ Kθσ

∥∥
TV ≤ tp2∥σ∥2

TV.

Integrating over t ∈ [0, 1] proves (11.9).

11.2 Estimates for compound Poisson sums

In this subsection, we fix p > 1 and θ > 0, and we consider a finite measure Λ on R \ {0}
with Λ(R) ≤ p, a Poisson process {(bj, Yj)} on (R \ {0})× (0, ∞) with intensity measure
Λ⊗ Exp(1), and the sum

S = ∑
j

θYj

pbj
. (11.10)

By Lemma 11.2, each sum SA in that lemma is of this form, with Λ = p ν|A. The first
estimate is a Chernoff bound for the children whose denominators are bounded away
from zero.

Lemma 11.4. Let δ ∈ (0, 1] and suppose that Λ is carried by {b : |b| ≥ δ}. Then ES =

(θ/p)
∫

b−1 Λ(db), and for every x > 0,

P
(
|S−ES| > x

)
≤ 2 exp

(
−min

{ pδ2x2

8θ2 ,
pδx
4θ

})
, (11.11)

P
(

∑
j

θYj

p|bj|
> x

)
≤ exp

(
p− pδx

2θ

)
. (11.12)

Proof. Conditioning on the number of points, which is Poisson with mean Λ(R), we have
EetS = exp

( ∫
(EetθY/(pb) − 1)Λ(db)

)
whenever the integral converges. For u < 1, we

have EeuY = (1− u)−1. Let |t| ≤ pδ/(2θ) and ub = tθ/(pb), so that |ub| ≤ 1/2 on the
support of Λ. Differentiating at t = 0 gives the formula for ES, and we obtain

log Eet(S−ES) =
∫ ( 1

1− ub
− 1− ub

)
Λ(db) =

∫ u2
b

1− ub
Λ(db) ≤ 2Λ(R)

t2θ2

p2δ2 ≤
2t2θ2

pδ2 .

By Markov’s inequality, P(S−ES > x) ≤ exp(−tx + 2t2θ2/(pδ2)). If 2θ ≤ δx, we choose
t = pδ/(2θ); then 2t2θ2/(pδ2) = tθ/δ ≤ tx/2, and the exponent is at most −pδx/(4θ). If
2θ > δx, we choose t = pδ2x/(4θ2) < pδ/(2θ), and the exponent equals −pδ2x2/(8θ2).
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The same argument applies to −(S − ES), which proves (11.11). For (11.12), let t∗ =

pδ/(2θ). Since (1− u)−1 − 1 ≤ 1 for 0 ≤ u ≤ 1/2, we have E exp(t∗ ∑j θYj/(p|bj|)) ≤
exp(Λ(R)) ≤ ep, and Markov’s inequality gives (11.12).

The second estimate expresses that a large sum of independent variables has a large
summand.

Lemma 11.5. Let m ≥ 1, let V1, . . . , Vm be independent real random variables, and let v > 0.

(i) We have P(|V1 + · · ·+ Vm| ≥ v) ≤ ∑m
i=1 P(|Vi| ≥ v/m).

(ii) Suppose that, for each i, the restriction of the law of Vi to {y : |y| ≥ v/m} is absolutely
continuous with density at most κi. Then the restriction of the law of V1 + · · ·+ Vm to
{u : |u| ≥ v} is absolutely continuous with density at most κ1 + · · ·+κm.

(iii) If V1, . . . , Vm are exponential with arbitrary rates q1, . . . , qm > 0, then V1 + · · ·+ Vm has
a density f with f (u) ≤ m2/(eu) for almost every u > 0. The same holds if the rates are
random and independent of the standard exponential variables qiVi.

Proof. Let Σ = V1 + · · · + Vm and Σ(i) = Σ − Vi. On every outcome, some i satisfies
|Vi| ≥ |Σ|/m. Part (i) follows. For (ii), let A ⊂ {u : |u| ≥ v} be a Borel set. Then

P(Σ ∈ A) ≤
m

∑
i=1

P
(
Σ ∈ A, |Vi| ≥ v/m

)
=

m

∑
i=1

E
[
P
(
Vi ∈ A− Σ(i), |Vi| ≥ v/m

∣∣Σ(i))] ≤ m

∑
i=1

κi|A|,

where we used that Vi is independent of Σ(i). For (iii), since supq>0 qe−qy = 1/(ey) for
y > 0, the density of Vi on [v/m, ∞) is at most m/(ev). By (ii), the density of Σ on [v, ∞)

is at most m2/(ev). Applying this for all rational v smaller than u gives f (u) ≤ m2/(eu)
for almost every u > 0. For random rates, apply this conditionally on the rates and
average.

The third estimate is the fresh cancellation bound. It says that the children with
denominators bounded away from zero can move the output by a distance of order one
only with probability e−cp/θ, and that the same holds for densities.

Lemma 11.6. Let δ ∈ (0, 1], suppose that Λ is carried by {b : |b| ≥ δ}, and let c ∈ R. Then the
restriction of the law of c− S to (−∞, c− 1/2] is absolutely continuous with density at most

Fp,θ(δ) = 6p2 exp
(

p− δp
4θ

)
. (11.13)

Proof. We write S = S+ − S−, where S+ is the sum over the points with bj > 0 and
S− ≥ 0 is minus the sum over the points with bj < 0. By the restriction property of
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Poisson processes, S+ and S− are independent. If c − S = x with x ≤ c − 1/2, then
S+ = c− x + S− ≥ 1/2. Conditioning on S−, we see that it suffices to show that the
restriction of the law of S+ to [1/2, ∞) has density at most Fp,θ(δ).

Let Λ+ = Λ([δ, ∞)) ≤ p; if Λ+ = 0 then S+ = 0 and there is nothing to prove. The
variable S+ is a sum of N+ ∼ Pois(Λ+) independent jumps with common law πJ(dy) =
Λ−1

+

∫
[δ,∞) jθ(b; y)Λ(db)dy. Let fn denote the density of the sum of n independent jumps

with law πJ . We use an exponential tilt (see [61, Section 2.2]). Let α = δ/2 and t = αp/θ.
For b ≥ δ, we have

ety jθ(b; y) =
b

b− α
· p(b− α)

θ
e−p(b−α)y/θ, y > 0,

and 1 ≤ b/(b − α) ≤ 2. Set M =
∫

etyπJ(dy) ∈ [1, 2] and π̃J(dy) = M−1etyπJ(dy).
Then π̃J is a mixture of exponential laws with positive rates p(b− α)/θ, and etu fn(u) =
Mn f̃n(u), where f̃n is the density of the sum of n independent jumps with law π̃J . By
part (iii) of Lemma 11.5, f̃n(u) ≤ n2/(eu). We obtain, for almost every u ≥ 1/2,

∑
n≥1

e−Λ+
Λn

+

n!
fn(u) = e−tueΛ+(M−1) ∑

n≥1
e−Λ+M (Λ+M)n

n!
f̃n(u) ≤ e−tuep 2

e
E
[
Ñ2],

where Ñ ∼ Pois(Λ+M). In the inequality, we used Λ+(M− 1) ≤ p and 1/(eu) ≤ 2/e.
Since Λ+M ≤ 2p, we have EÑ2 ≤ 2p + 4p2 ≤ 6p2, and e−tu ≤ e−δp/(4θ) for u ≥ 1/2. The
left side is the density of the absolutely continuous part of the law of S+, and the only
atom of this law is at 0. This proves the lemma.

The last lemma concerns children whose denominators are close to zero.

Lemma 11.7. (i) Let ρ′ > 0, H ≥ 0, and let ν be a finite measure on R whose re-
striction to (−ρ′, ρ′) is absolutely continuous with density at most H. Then ℓ(y) =

p
∫
(−ρ′,ρ′) jθ(b; y) ν(db) satisfies

ℓ(y) ≤ min
{θH

y2 ,
p2ρ′2H

2θ

}
,

∫
ℓ(y)dy = p ν

(
(−ρ′, ρ′)

)
≤ 2ρ′pH. (11.14)

(ii) Let ℓ ≥ 0 be integrable with λ =
∫
ℓ ≤ 1 and ℓ(y) ≤ κ/y2 for y ̸= 0, and let S have law

e−λ ∑m≥0 ℓ
∗m/m!. Then the law of S is e−λδ0 + dS(u)du with dS(u) ≤ 5κ/u2 for almost

every u, and P(|S| ≥ u) ≤ 4κ/u for every u > 0.

Proof. For (i), we have ℓ(y) ≤ (p2H/θ)
∫ ρ′

0 be−pb|y|/θ db. Bounding the integral by∫ ∞
0 be−pb|y|/θ db = θ2/(p2y2), and alternatively by ρ′2/2, gives the two bounds. The

identity for
∫
ℓ follows from

∫
jθ(b; y)dy = 1.

For (ii), we may assume λ > 0. Let m ≥ 1. Then ℓ∗m = λm Law(V1 + · · ·+Vm), where
Vi are independent with density ℓ/λ. On {|y| ≥ v/m} this density is at most κm2/(λv2).
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By part (ii) of Lemma 11.5, ℓ∗m has density at most κm3λm−1/v2 on {|u| ≥ v}. This
implies that ℓ∗m(u) ≤ κm3λm−1/u2 for almost every u. Summing, we obtain

dS(u) ≤
κ
u2 e−λ ∑

m≥1

m3λm−1

m!
=

κ
u2 e−λ ∑

k≥0

(k + 1)2λk

k!
=

κ
u2 (1 + 3λ + λ2) ≤ 5κ

u2 .

Similarly, by part (i) of Lemma 11.5, P(|V1 + · · · + Vm| ≥ u) ≤ m P(|V1| ≥ u/m) ≤
2κm2/(λu), and therefore

P(|S| ≥ u) ≤ 2κ
u

e−λ ∑
m≥1

m2λm−1

m!
=

2κ
u
(1 + λ) ≤ 4κ

u
.

11.3 The class Sp,θ and its invariance

Definition 11.8. A tuple q = (a, A, K′, ρ) is admissible if a > 0, A ≥ 0, K′ > 0, and
0 < ρ ≤ 1/16. For p > 1, set

rp = p−1/4, Cp = [1− rp, 1 + rp], hp = pAe−ap.

The ambient class Ap(q) is the set of probability measures ν on R such that

(C) ν(R \ Cp) ≤ e−a
√

p;
(B) the restriction of ν to (−ρ, ρ) is absolutely continuous with density at most hp almost

everywhere;
(T) ν({b : |b| > L}) ≤ K′hp/L + e−apL for every L ≥ 3.

For θ > 0, the class Sp,θ(q) is the set of ν ∈ Ap(q) of the form ν = e−pδ1+θ + f (b)db with
f ∈ L1(R). We call (C), (B), and (T) the core, boundary, and tail bounds. The canonical
tuple is qcan = (1, 0, 1, 1/16), and we write Ap = Ap(qcan) and Sp,θ = Sp,θ(qcan).

The ambient class is convex, it contains δ1, and it does not depend on θ. Its members
have no atom in (−ρ, ρ), and in particular the law map is defined on Ap(q). The members
of Sp,θ(q) have a single atom, of mass e−p at 1 + θ, which is the atom forced by the event
N = 0 in Lemma 11.2. The ambient class is introduced because Sp,θ(q) is not complete
for the metric used below; see Remark 11.14.

Constants and the threshold. We now fix the constants used in Sections 11.3–11.6, and
we make the order of choices explicit. First, an admissible tuple q = (a, A, K′, ρ) is fixed,
and with it

ρ0 = ρ/4, ρ1 = ρ/2.
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Second, a number C0 > 0 is fixed; the parameter θ will always satisfy 0 < θ ≤ C0/p.
Third, with

c1 =
ρ2

128(1 + C0)2 , ωp = 2e−c1 p7/4
+ 2ρphp, δp = pA+3e−ap,

tp =
ρ0p7/4

2C0
, xp =

ρρ0p2

C0
,

we consider the following conditions on p.

(S1) p ≥ 256, p ≥ (2/ρ)4, and p ≥ 12C0; in particular rp ≤ min{1/4, ρ/2} and θ ≤ 1/12.
(S2) (ρ−1 + 2)e−a

√
p ≤ rp.

(S3) 2e−c1 p7/4
+ (tp + 2)e−tp ≤ ρphp and 4ρphp ≤ e−a

√
p/2; in particular (tp + 2)e−tp ≤

ωp ≤ 3ρphp ≤ e−a
√

p/2.
(S4) 2ρphp ≤ 1 and 20C0 ≤ ρ2p.
(S5) 48p2 exp(p− ρp2/(4C0)) ≤ hp.
(S6) 16C0 ≤ K′p and ρp2/(18C0) ≥ (a + 1)p + 1.
(S7) xp ≥ 2 and 2(ρρ0)

−1x2
pe−xp ≤ hp/2.

(S8) p3/4 ≥ 3100(1 + C0)ρ
−2 and 160C0 ≤ ρ2p2.

(S9) 20C0/p + 7pe−a
√

p/2 ≤ 1/2 and 2pA+3e−ap/2 ≤ pe−a
√

p/2.

Each condition holds for all sufficiently large p, because in each of them a quantity
decaying like e−cp or faster is compared with a quantity decaying at most like p−1e−ap

or e−a
√

p, or a polynomial is compared with a larger power of p. We let p∗(q, C0) be the
least integer such that (S1)–(S9) hold for every p ≥ p∗(q, C0). It depends only on q and
C0. The exponents a and A and the constant K′ of the class are never changed in the
arguments below: the lemma that follows shows that the law map sends the ambient
class into the class Sp,θ(q) with the same tuple q, and with the right sides of the three
bounds halved.

Lemma 11.9. Let q be admissible, C0 > 0, p ≥ p∗(q, C0), and 0 < θ ≤ C0/p. For every
ν ∈ Ap(q), the law µ = Rp,θ(ν) satisfies the following.

(i) µ = e−pδ1+θ + h(b)db, where h ≤ hp/2 almost everywhere on [−2ρ, 2ρ].
(ii) µ({b : |b− 1| > rp/2}) ≤ ωp ≤ e−a

√
p/2.

(iii) µ({b : |b| > L}) ≤ K′hp/(2L) + e−apL/2 for every L ≥ 3.

In particular, Rp,θ maps Ap(q) into Sp,θ(q).
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Proof. We split the children according to whether |Bj| ≥ ρ. By Lemma 11.2, a variable B′

with law µ can be written as

B′ = D− Sbd, D = 1 + θ − Snb, Snb =
θ

p ∑
j≤N: |Bj|≥ρ

Yj

Bj
, Sbd =

θ

p ∑
j≤N: |Bj|<ρ

Yj

Bj
,

(11.15)
with Snb and Sbd independent. The sum Snb is of the form (11.10) with Λ = p ν|{|b|≥ρ},
and Sbd is of this form with Λ = p ν|(−ρ,ρ).

Step 1. Core concentration. We have ESnb = θ
∫
{|b|≥ρ} b−1ν(db) by Lemma 11.4. Since∫

(b−1 − 1)1{|b|≥ρ} dν− ν((−ρ, ρ)) =
∫
{|b|≥ρ} b−1 dν− 1, and |b−1 − 1| ≤ rp/(1− rp) ≤

2rp on Cp, we have∣∣∣ ∫
{|b|≥ρ}

ν(db)
b
− 1
∣∣∣ ≤ 2rp + (ρ−1 + 1)ν(R \ Cp) + ν((−ρ, ρ))

≤ 2rp + (ρ−1 + 2)e−a
√

p ≤ 3rp.

In the second inequality, we used (C) and (−ρ, ρ) ⊂ R \ Cp, and in the last one (S2). Since
θ ≤ 1/12 by (S1), we obtain |ESnb − θ| ≤ 3θrp ≤ rp/4. Next, (11.11) with δ = ρ and
x = rp/4, together with θ ≤ C0/p and rp = p−1/4, gives

P
(
|Snb −ESnb| > rp/4

)
≤ 2 exp

(
−min

{ρ2p5/2

128C2
0

,
ρp7/4

16C0

})
≤ 2e−c1 p7/4

.

Finally, P(Sbd ̸= 0) = 1 − e−pν((−ρ,ρ)) ≤ 2ρphp by (B). Since |B′ − 1| ≤ |ESnb − θ| +
|Snb−ESnb| on the event Sbd = 0, we conclude that P(|B′− 1| > rp/2) ≤ ωp. The bound
ωp ≤ e−a

√
p/2 is (S3). This proves (ii).

Step 2. Fresh cancellation. By Lemma 11.6 with δ = ρ and c = 1 + θ, the restriction of the
law of D to (−∞, 1/2] is absolutely continuous with density at most F = Fp,θ(ρ). Since
θ ≤ C0/p, we have F ≤ 6p2 exp(p− ρp2/(4C0)) ≤ hp/8 by (S5).

Step 3. Boundary renewal. By part (i) of Lemma 11.7 with ρ′ = ρ and H = hp, the intensity
ℓbd of the jumps of Sbd satisfies ℓbd(y) ≤ θhp/y2 and

∫
ℓbd ≤ 2ρphp ≤ 1, by (S4). By

part (ii) of the same lemma, the law of Sbd is e−λδ0 + dbd(u)du with λ =
∫
ℓbd and

dbd(u) ≤ 5θhp/u2. Let A ⊂ [−2ρ, 2ρ] be a Borel set. Since D and Sbd are independent,

P(B′ ∈ A) = e−λP(D ∈ A) +
∫ ( ∫

1A(d− u) dbd(u)du
)

P(D ∈ dd).

The first term is at most F|A|, because A ⊂ (−∞, 1/2]. We split the integral in the second
term according to whether |d| ≤ 3ρ. Since 3ρ ≤ 1/2, the part with |d| ≤ 3ρ equals∫

dbd(u)P(D ∈ (A + u) ∩ [−3ρ, 3ρ])du ≤ F|A|. If |d| > 3ρ and d− u ∈ A, then |u| ≥ ρ
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and dbd(u) ≤ 5θhp/ρ2, so the part with |d| > 3ρ is at most 5θhpρ−2|A|. We conclude that
the restriction of µ to [−2ρ, 2ρ] has density at most

2F +
5θ

ρ2 hp ≤
hp

4
+

5C0

ρ2p
hp ≤

hp

2
, (11.16)

where we used Step 2 and (S4). Together with part (iii) of Lemma 11.2, this proves (i).

Step 4. Far tail. Let L ≥ 3. If |D| > L/2, then ∑|Bj|≥ρ θYj/(p|Bj|) ≥ |Snb| > L/2− 1− θ ≥
L/9, where we used θ ≤ 1/12 and L ≥ 3. By (11.12) with δ = ρ and (S6),

P(|D| > L/2) ≤ exp
(

p− ρp2L
18C0

)
≤ exp

(
p− ((a + 1)p + 1)L

)
≤ 1

2
e−apL.

Further, part (ii) of Lemma 11.7 gives P(|Sbd| ≥ L/2) ≤ 8θhp/L ≤ 8C0hp/(pL) ≤
K′hp/(2L), where we used (S6) in the last step. Since |B′| > L implies |D| > L/2 or
|Sbd| ≥ L/2, this proves (iii).

Finally, (i)–(iii) show that µ satisfies (C), (B), and (T), since {b : |b− 1| > rp} ⊂ {b :
|b− 1| > rp/2} and (−ρ, ρ) ⊂ [−2ρ, 2ρ]. We conclude that µ ∈ Sp,θ(q).

Remark 11.10. The proof gives more than the bounds (C), (B), and (T). The output of
the law map has density at most 2Fp,θ(ρ) + 5θρ−2h on [−2ρ, 2ρ] whenever the input has
density at most h on (−ρ, ρ) and 2ρph ≤ 1; the first term is of order e−cp2

. In particular,
the boundary bound is not saturated at a fixed point, and any admissible choice of a and
A can be used. This is why the tuple q in Definition 11.8 can be fixed once and for all,
independently of the energy window; see also part (iii) of Theorem 11.19.

11.4 The mixed metric

We fix once and for all a C∞ function χ : R→ [0, 1] which is even, equal to 1 on [−1, 1],
equal to 0 outside (−2, 2), and satisfies |χ′| ≤ 2. Its higher derivatives are then bounded
by numerical constants.

Definition 11.11. Let q = (a, A, K′, ρ) be admissible, let p ≥ max{256, (2/ρ)4}, and recall
ρ0 = ρ/4 and ρ1 = ρ/2.

(i) The cutoffs are χc(b) = χ((b− 1)/rp), χb(b) = χ(4b/ρ), and χi = 1− χc − χb.
(ii) The core region is [1− 2rp, 1 + 2rp], the boundary region is [−ρ1, ρ1], and the inter-

mediate region is

Ip = (−∞,−ρ0] ∪ [ρ0, 1− rp] ∪ {1} ∪ [1 + rp, ∞).

(iii) For a finite signed measure σ on R with σ(R) = 0 and α ∈ {c, b, i}, the compensated
projections are

Πασ = χασ−mα(σ) δ1, mα(σ) =
∫

χα dσ.
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(iv) For a finite signed measure τ with τ(R) = 0, the component norms, with values in
[0, ∞], are

∥τ∥c = sup
{∣∣∣ ∫ φ dτ

∣∣∣ : φ(1) = 0, Lip(φ) ≤ 1
}

,

∥τ∥i = sup
{∣∣∣ ∫ φ dτ

∣∣∣ : ∥φ∥∞ ≤ 1, Lip(φ) ≤ 1
}

,

and ∥τ∥b = ∥g∥L∞ if τ = g(b)db − (
∫

g)δ1 for some g ∈ L∞ vanishing outside
[−ρ1, ρ1], and ∥τ∥b = ∞ otherwise. We write nα(σ) = ∥Πασ∥α for σ(R) = 0.

(v) The weights are Wc = 1, Wb = eap/2, and Wi = ea
√

p/2. The mixed norm of σ with
σ(R) = 0 is

Np(σ) = nc(σ) + Wb nb(σ) + Wi ni(σ) ∈ [0, ∞],

and the mixed metric on probability measures is dp(ν, µ) = Np(ν− µ).

The regions, the cutoffs, and the mixed metric depend on p and on q through ρ and a,
but not on θ. The norm ∥ · ∥c is the Kantorovich–Rubinstein norm and ∥ · ∥i is the dual
bounded–Lipschitz norm. In the boundary norm, the decomposition τ = g db− (

∫
g)δ1

is unique when it exists, since the absolutely continuous part and the atom at 1 of a
measure are uniquely determined.

Lemma 11.12. Let q be admissible, p ≥ max{256, (2/ρ)4}, and let σ be a finite signed measure
with σ(R) = 0.

(i) The supports of χc and χb are contained in the core and boundary regions, which are disjoint;
0 ≤ χi ≤ 1; and χi vanishes on Cp ∪ [−ρ0, ρ0], so that {χi ̸= 0} ⊂ Ip \ {1}. We have
σ = Πcσ + Πbσ + Πiσ, each Πασ has total mass zero, Πcσ is carried by the core region,
and Πiσ is carried by Ip.

(ii) For every Lipschitz function φ with φ(1) = 0, we have ⟨Πcσ, φ⟩ = ⟨σ, χcφ⟩. For every
bounded Lipschitz φ, we have ⟨Πiσ, φ⟩ = ⟨σ, χi(φ− φ(1))⟩.

(iii) If φ(1) = 0 and Lip(φ) ≤ 1, then ψc = χcφ satisfies ∥ψc∥∞ ≤ 2rp and Lip(ψc) ≤ 5. If
∥φ∥∞ ≤ 1 and Lip(φ) ≤ 1, then ψi = χi(φ− φ(1)) satisfies ∥ψi∥∞ ≤ 2 and Lip(ψi) ≤
21/ρ, and ψi vanishes on Cp ∪ [−ρ0, ρ0].

(iv) In the suprema defining ∥ · ∥c and ∥ · ∥i, applied to a measure carried by a compact set in the
first case, one may restrict to C∞ functions φ.

(v) Let τ be a finite signed measure with τ(R) = 0. If τ is carried by an interval I ∋ 1 and
G : I → R is Lipschitz, then |

∫
G dτ| ≤ LipI(G)∥τ∥c. If τ is carried by a closed set I and

G : I → R is bounded and Lipschitz, then |
∫

G dτ| ≤ (supI |G|+ LipI(G))∥τ∥i. If G is
continuously differentiable on each of the four pieces of Ip, with |G′| ≤ M there and |G| ≤ S
on Ip, then LipIp

(G) ≤ M + 2S/rp.

(vi) Np is a norm on the space of finite signed measures σ with σ(R) = 0 and Np(σ) < ∞. For
every ν, µ ∈ Ap(q), dp(ν, µ) < ∞, and dp is a metric on Ap(q).
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Proof. For (i), the support of χc is in [1− 2rp, 1 + 2rp] ⊂ [1/2, 3/2] and that of χb is in
[−ρ/2, ρ/2], and these are disjoint. Since at each point at most one of χc, χb is nonzero,
and both take values in [0, 1], we have 0 ≤ χi ≤ 1. Since χc = 1 on Cp and χb = 1 on
[−ρ0, ρ0], the function χi vanishes there. The identity ∑α Πασ = σ follows from ∑α χα = 1
and ∑α mα(σ) = σ(R) = 0, and each Πασ has mass mα(σ)−mα(σ) = 0. Part (ii) follows
from the definition of Πα, since ⟨χiσ−mi(σ)δ1, φ⟩ = ⟨σ, χiφ⟩ − φ(1)⟨σ, χi⟩.

For (iii), on the support of χc we have |b− 1| ≤ 2rp and |φ(b)| ≤ 2rp. Since |χ′c| ≤ 2/rp,
we obtain |(χcφ)′| ≤ (2/rp)(2rp) + 1 = 5 almost everywhere. For ψi, we have χ′i =

−χ′c− χ′b. On the support of χ′c, |χ′c(φ− φ(1))| ≤ (2/rp)(2rp) = 4; and |χ′b(φ− φ(1))| ≤
(8/ρ) · 2. Adding χi|φ′| ≤ 1, we find Lip(ψi) ≤ 5 + 16/ρ ≤ 21/ρ. The vanishing of ψi

follows from (i).
For (iv), let φ be Lipschitz and let φε be its convolution with a smooth probability

density supported in [−ε, ε]. Then φε is smooth, Lip(φε) ≤ Lip(φ), ∥φε∥∞ ≤ ∥φ∥∞,
and |φε − φ| ≤ ε Lip(φ). In the first case, φε − φε(1) vanishes at 1. Since τ is finite,∫

φε dτ →
∫

φ dτ, and (iv) follows.
For (v), if I is an interval, extend G− G(1) to R by constants outside I. The extension

φ satisfies φ(1) = 0 and Lip(φ) = LipI(G), and
∫

G dτ =
∫

φ dτ since τ has zero
mass. If I is closed, let Λ = LipI(G) and S′ = supI |G|. The McShane extension
G̃(x) = infy∈I(G(y) + Λ|x− y|) agrees with G on I and has Lipschitz constant Λ, and
truncating it at levels ±S′ preserves both properties. The truncated extension divided
by max{S′, Λ} is one of the test functions in the definition of ∥τ∥i. For the last claim,
note that p ≥ (2/ρ)4 gives rp ≤ ρ/2 = 2ρ0, so distinct pieces of Ip are at distance at
least rp. For b, b′ in the same piece we have |G(b)− G(b′)| ≤ M|b− b′|, and otherwise
|G(b)− G(b′)| ≤ 2S ≤ (2S/rp)|b− b′|.

For (vi), suppose Np(σ) = 0. Then ∥Πcσ∥c = 0, and we have
∫

φ dΠcσ = 0 for every
Lipschitz φ (subtract φ(1) and use that Πcσ has zero mass). Since bounded Lipschitz
functions determine finite measures, Πcσ = 0. Similarly Πbσ = 0 and Πiσ = 0, and
(i) gives σ = 0. Homogeneity and the triangle inequality are clear. If ν, µ ∈ Ap(q)
and σ = ν − µ, then ∥Πcσ∥c ≤ 2rp∥Πcσ∥TV ≤ 8rp, because Πcσ is carried by the
core region, where the test functions in the definition of ∥ · ∥c are bounded by 2rp;
Πbσ = χb( fν − fµ)db−mb(σ)δ1, where fν, fµ are the densities on (−ρ, ρ) given by (B),
and nb(σ) ≤ 2hp; and ni(σ) ≤ ∥Πiσ∥TV ≤ 4. In particular, dp(ν, µ) < ∞.

Lemma 11.13. Let q be admissible and p ≥ max{256, (2/ρ)4}.
(i) The class Ap(q) is tight and closed under weak convergence of probability measures.

(ii) If νn, ν ∈ Ap(q) and νn ⇒ ν, then dp(µ, ν) ≤ lim infn dp(µ, νn) for every µ ∈ Ap(q).
(iii) The metric space (Ap(q), dp) is complete, and convergence in dp implies weak convergence.
(iv) Let θn → θ > 0, and let νn, ν be probability measures on R without atom at 0 with νn ⇒ ν.

Then Rp,θn(νn)⇒ Rp,θ(ν).



11 The principal solution 11.4 The mixed metric 227

Proof. For (i), tightness follows from the uniform tail bound (T). Let νn ∈ Ap(q) converge
weakly to ν. Since the sets R \ Cp and {|b| > L} are open, the portmanteau theorem
[37, Theorem 2.1] shows that ν satisfies (C) and (T). For an open interval J ⊂ (−ρ, ρ),
we have ν(J) ≤ lim infn νn(J) ≤ hp|J| by the same theorem. Since every open subset of
(−ρ, ρ) is a countable disjoint union of open intervals, we obtain ν(U) ≤ hp|U| for open
U ⊂ (−ρ, ρ), and by outer regularity of Lebesgue measure, ν(A) ≤ hp|A| for every Borel
set A ⊂ (−ρ, ρ). By the Radon–Nikodym theorem, ν satisfies (B).

For (ii), let µ ∈ Ap(q) and write σn = µ − νn and σ = µ − ν. For each smooth φ

with φ(1) = 0, the function χcφ is bounded and continuous, and we have ⟨Πcσn, φ⟩ =
⟨σn, χcφ⟩ → ⟨σ, χcφ⟩ = ⟨Πcσ, φ⟩. By part (iv) of Lemma 11.12, nc(σ) is a supremum of
such limits, which implies that nc(σ) ≤ lim infn nc(σn). The same argument applies to ni,
using the bounded continuous functions χi(φ− φ(1)). For nb, let fn, f be the densities
of νn, ν on (−ρ, ρ) and fµ that of µ. Since L∞ is the dual of L1 and continuous functions
with compact support are dense in L1, we have

nb(σ) = ∥χb( fµ − f )∥L∞ = sup
{∣∣∣ ∫ χb( fµ − f ) u

∣∣∣ : u ∈ Cc((−ρ, ρ)), ∥u∥L1 ≤ 1
}

.

For each such u, the function χbu is bounded and continuous, and
∫

χb fnu = ⟨νn, χbu⟩ →
⟨ν, χbu⟩ =

∫
χb f u. We conclude that nb(σ) ≤ lim infn nb(σn). Combining the three

components proves (ii).
For (iii), let (νn) be a Cauchy sequence for dp in Ap(q). By (i) and Prohorov’s theorem

[37, Theorem 5.1], a subsequence (νnk) converges weakly to some ν ∈ Ap(q). By (ii), for
each n,

dp(νn, ν) ≤ lim inf
k→∞

dp(νn, νnk) ≤ sup
m≥n

dp(νn, νm),

which tends to zero as n → ∞. Hence νn → ν in dp. Now suppose dp(νn, ν) → 0 with
νn, ν ∈ Ap(q). By (i), every subsequence has a further subsequence converging weakly to
some ν′ ∈ Ap(q), and by (ii), dp(ν′, ν) ≤ lim inf dp(νnk , ν) = 0. Then ν′ = ν, and νn ⇒ ν.

For (iv), let Gn and G be the quantile functions of νn and ν, and let U1, U2, . . . be
independent uniform variables on (0, 1), independent of N and (Yj). Then Bn,j = Gn(Uj)

has law νn, Bj = G(Uj) has law ν, and Bn,j → Bj almost surely for each j, because
Gn → G at every continuity point of G and G has countably many discontinuities (this is
the quantile form of Skorokhod’s representation theorem; see [37, Theorem 6.7]). Since
Bj ̸= 0 almost surely,

1 + θn −
θn

p ∑
j≤N

Yj

Bn,j
−→ 1 + θ − θ

p ∑
j≤N

Yj

Bj

almost surely, and almost sure convergence implies convergence in distribution.
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Remark 11.14. The class Sp,θ(q) is not complete for dp. For example, let νn = e−pδ1+θ +

(1− e−p)un, where un is the uniform law on [1− 1/n, 1 + 1/n]. If θ ≤ rp and n ≥ 1/rp,
then νn ∈ Sp,θ(q), and dp(νn, νm) = nc(νn − νm) ≤ 1/n + 1/m, because νn − νm is carried
by Cp, where χc = 1. The dp-limit e−pδ1+θ + (1− e−p)δ1 has a second atom and is not in
Sp,θ(q). The core and intermediate norms metrize weak convergence on their regions,
and weak limits of absolutely continuous laws may have atoms. The boundary norm
is a supremum norm of densities, and its limits keep a density; this is why atoms are
allowed in the ambient class exactly outside the open interval (−ρ, ρ), which contains the
boundary region. The law map sends Ap(q) back into Sp,θ(q) by Lemma 11.9, and in
particular fixed points in the ambient class belong to Sp,θ(q).

11.5 Column estimates for the linearized map

Throughout this subsection, q = (a, A, K′, ρ) is admissible, C0 > 0, p ≥ p∗(q, C0),
0 < θ ≤ C0/p, and λ ∈ Ap(q) is arbitrary. We use the notation of Lemma 11.3: µλ =

Rp,θ(λ), Dλ ∼ µλ, T ∼ Exp(1) independent of Dλ, Zb = Dλ − θT/(pb), and kλ
b is the

density of Zb. By Lemma 11.9, µλ has a density hλ ≤ hp/2 on [−2ρ, 2ρ] and satisfies
µλ({d : |d− 1| > rp/2}) ≤ ωp. In applications, λ is a point of a segment joining two
members of Ap(q), or a fixed point of the law map; all estimates below are uniform in
λ ∈ Ap(q).

Lemma 11.15. Under the assumptions above, the following hold.

(i) For every b with |b| ≥ ρ0, we have P(|Zb − 1| ≥ rp) + E
[
T1{|Zb−1|≥rp}

]
≤ 3ωp.

(ii) For every x ∈ [−ρ1, ρ1], the function b 7→ kλ
b (x) is continuously differentiable on

(−∞,−ρ0] and on [ρ0, ∞), and there

0 ≤ kλ
b (x) ≤ hp,

∣∣∂bkλ
b (x)

∣∣ ≤ hp/ρ0.

(iii) For every x ∈ [−ρ1, ρ1] and every g ∈ L∞ vanishing outside [−ρ1, ρ1],∣∣∣p ∫ kλ
b (x) g(b)db

∣∣∣ ≤ (2θ + ρphp +
2θωp

ρ2

)
∥g∥L∞ .

Proof. For (i), let |b| ≥ ρ0. On the event |Dλ − 1| ≤ rp/2, the inequality |Zb − 1| ≥ rp

forces θT/(p|b|) ≥ rp/2, that is, T ≥ p|b|rp/(2θ) ≥ tp, where we used |b| ≥ ρ0 and
θ ≤ C0/p. Since T is independent of Dλ, we obtain

P(|Zb − 1| ≥ rp) + E
[
T1{|Zb−1|≥rp}

]
≤ ωp + e−tp + E[T]ωp + E

[
T1{T≥tp}

]
= 2ωp + (tp + 2)e−tp ,

which is at most 3ωp by (S3).
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For (ii), let es(u) = se−su for s > 0 and u ≥ 0. Let b ≥ ρ0; the case b ≤ −ρ0 is identical
after the reflection d− x 7→ x− d in (11.7). By (11.7), kλ

b (x) =
∫
(x,∞) epb/θ(d− x) µλ(dd),

and
∂b epb/θ(u) =

p
θ

(
1− pbu

θ

)
e−pbu/θ.

This derivative is bounded by p/θ and continuous in b. By dominated convergence,
b 7→ kλ

b (x) is continuously differentiable with derivative
∫
(x,∞) ∂bepb/θ(d− x) µλ(dd). We

split the integrals into d ∈ (x, 2ρ] and d > 2ρ. On (x, 2ρ] ⊂ [−2ρ, 2ρ], the measure µλ has
density at most hp/2, and this part of kλ

b (x) is at most (hp/2)
∫ ∞

0 epb/θ = hp/2, and this
part of the derivative is at most

hp

2

∫ ∞

0

p
θ

∣∣∣1− pbu
θ

∣∣∣e−pbu/θ du =
hp

2b

∫ ∞

0
|1− v|e−v dv =

hp

eb
≤

hp

2ρ0
.

If d > 2ρ, then u = d− x ≥ 2ρ− ρ1 ≥ ρ. Let S = p/θ, w = Sbu, and x0 = ρρ0S. Since
S ≥ p2/C0, we have x0 ≥ xp ≥ 2 by (S7), and since b ≥ ρ0 and u ≥ ρ, we have w ≥ x0.
The functions we−w and (1 + w)e−w are decreasing on [1, ∞), and x2e−x is decreasing on
[2, ∞). Hence

epb/θ(u) =
w
u

e−w ≤ x0e−x0

ρ
≤

2x2
pe−xp

ρρ0
,

∣∣∂bepb/θ(u)
∣∣ ≤ S(1 + w)e−w ≤ x0(1 + x0)e−x0

ρρ0
≤

2x2
pe−xp

ρρ0
,

and the right sides are at most hp/2 by (S7). Since µλ is a probability measure, the parts
of kλ

b (x) and of its derivative coming from d > 2ρ are at most hp/2. Adding the two parts
proves (ii).

For (iii), consider first the contribution of b ∈ (0, ρ1]. We split (x, ∞) into P1 = (x, 2ρ],
P2 = (2ρ, ∞) ∩ {|d− 1| > rp/2}, and P3 = [1− rp/2, 1 + rp/2]; these sets cover (x, ∞)

because 1− rp/2 > 2ρ. As in the proof of (ii), the part of p kλ
b (x) coming from P1 is

at most php/2, so the contribution of P1 is at most pρ1hp∥g∥L∞ /2. For P2 ∪ P3, we use
Tonelli’s theorem and ∫ ∞

0
p epb/θ(u)db =

∫ ∞

0

p2b
θ

e−pbu/θ db =
θ

u2 ,

so that the contribution of P2 ∪ P3 is at most ∥g∥L∞
∫

P2∪P3
θ(d− x)−2µλ(dd). On P2 we

have d− x ≥ ρ and µλ(P2) ≤ ωp, and on P3 we have d− x ≥ 1− rp/2− ρ1 ≥ 27/32,
where we used rp ≤ 1/4 and ρ ≤ 1/16. Since (32/27)2 ≤ 2, this contribution is at most
(θωp/ρ2 + 2θ)∥g∥L∞ . For b ∈ [−ρ1, 0), the kernel integrates over d < x, and we split into
[−2ρ, x) and (−∞,−2ρ) ⊂ {|d− 1| > rp/2}. By the same arguments, the contribution of
b ∈ [−ρ1, 0) is at most (pρ1hp/2 + θωp/ρ2)∥g∥L∞ . Adding the contributions and using
ρ1 = ρ/2 proves (iii).
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For α, β ∈ {c, b, i}, the quantity nα(LΠβσ) below measures the α component of the
output produced by the β component of the input. Recall from Definition 11.11 that
nβ(σ) = ∥Πβσ∥β is the norm of the measure Πβσ itself; the compensated projections are
not idempotent, and we never project an input twice.

Lemma 11.16. Let q be admissible, C0 > 0, p ≥ p∗(q, C0), 0 < θ ≤ C0/p, λ ∈ Ap(q), and
L = Lp,θ;λ. Let Dp be the real vector space of finite signed measures σ on R with σ(R) = 0
whose restriction to (−ρ1, ρ1) is absolutely continuous with bounded density. Then Πασ ∈ Dp

and Lσ ∈ Dp for σ ∈ Dp, and with δp = pA+3e−ap and

Mp,θ =

Mcc Mcb Mci

Mbc Mbb Mbi
Mic Mib Mii

 =

20θ p 6p
δp 2θ + δp δp

δp p δp

 , (11.17)

we have, for every σ ∈ Dp and all α, β ∈ {c, b, i},

nα(LΠβσ) ≤ Mαβ nβ(σ), and hence nα(Lσ) ≤∑
β

Mαβ nβ(σ). (11.18)

Proof. The proof is a direct computation with the dual formula (11.6) for the core and
intermediate outputs and the density formula of Lemma 11.3 for the boundary output,
combined with Lemma 11.15. We first record these formulas.

Step 1. The three outputs. Let τ ∈ Dp. Then |τ|({0}) = 0, and by Lemma 11.3, Lτ has
total mass zero and density Gτ(x) = p

∫
kλ

b (x) τ(db). Then ΠbLτ = χbGτ dx−mb(Lτ)δ1

and
nb(Lτ) ≤ sup

|x|≤ρ1

|Gτ(x)|. (11.19)

For a C∞ function ψ with bounded derivative, set Fψ(b) = p Eψ(Zb) for b ̸= 0. Since
∂bZb = θT/(pb2), dominated convergence shows that Fψ is continuously differentiable
on (−∞, 0) and on (0, ∞), with

F′ψ(b) =
θ

b2 E
[
T ψ′(Zb)

]
. (11.20)

By parts (ii) and (iv) of Lemma 11.12 and (11.6), we have

nc(Lτ) = sup
φ

∣∣∣ ∫ Fχc φ dτ
∣∣∣, ni(Lτ) = sup

φ′

∣∣∣ ∫ Fχi(φ′−φ′(1)) dτ
∣∣∣, (11.21)

where φ ranges over C∞ functions with φ(1) = 0 and Lip(φ) ≤ 1, and φ′ over C∞

functions with ∥φ′∥∞ ≤ 1 and Lip(φ′) ≤ 1. We write ψc = χcφ and ψi = χi(φ′ − φ′(1)),
and we recall the bounds of part (iii) of Lemma 11.12. Since ψi is smooth and vanishes
on Cp, its derivative vanishes on Cp, so that

|ψi(z)| ≤ 2 · 1{|z−1|≥rp}, |ψ′i(z)| ≤
21
ρ

1{|z−1|≥rp}. (11.22)
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Step 2. Core inputs. Let τ = Πcσ, which is carried by [1 − 2rp, 1 + 2rp] ⊂ [1/2, 3/2]
and satisfies ∥τ∥c = nc(σ). By (11.20) and Lip(ψc) ≤ 5, we have |F′ψc

(b)| ≤ 20θ for
b ∈ [1/2, 3/2]. Part (v) of Lemma 11.12 and (11.21) give nc(Lτ) ≤ 20θ nc(σ). For |x| ≤ ρ1,
part (ii) of Lemma 11.15 shows that b 7→ p kλ

b (x) is php/ρ0-Lipschitz on [1/2, 3/2]. By
part (v) of Lemma 11.12, we have |Gτ(x)| ≤ (php/ρ0)nc(σ), and (11.19) gives nb(Lτ) ≤
(php/ρ0)nc(σ). Finally, (11.20), (11.22), and part (i) of Lemma 11.15 give |F′ψi

(b)| ≤
4θ(21/ρ) · 3ωp for b ∈ [1/2, 3/2], which implies that ni(Lτ) ≤ (252θωp/ρ) nc(σ).

Step 3. Boundary inputs. Let τ = Πbσ = g db− (
∫

g)δ1, where g = χb fσ vanishes outside
[−ρ1, ρ1] and ∥g∥L∞ = nb(σ). Then ∥τ∥TV ≤ 2∥g∥L1 ≤ 2ρ nb(σ). Since |Fψc | ≤ 2prp and
|Fψi | ≤ 2p, (11.21) gives nc(Lτ) ≤ 4ρprp nb(σ) ≤ p nb(σ) and ni(Lτ) ≤ 4ρp nb(σ) ≤
p nb(σ). For the boundary output, we have

Gτ(x) = p
∫

kλ
b (x)g(b)db−

( ∫
g
)

p kλ
1 (x).

By part (iii) of Lemma 11.15, the first term is at most (2θ + ρphp + 2θωp/ρ2)∥g∥L∞ in
absolute value for |x| ≤ ρ1. By part (ii) of the same lemma with b = 1, and |

∫
g| ≤

2ρ1∥g∥L∞ = ρ∥g∥L∞ , the second term is at most ρphp∥g∥L∞ . Combining these bounds
with (11.19), we obtain

nb(Lτ) ≤
(

2θ + 2ρphp +
2θωp

ρ2

)
nb(σ).

Step 4. Intermediate inputs. Let τ = Πiσ, which is carried by the closed set Ip and
satisfies ∥τ∥i = ni(σ). Every b ∈ Ip satisfies |b| ≥ ρ0. On Ip, we have |Fψc | ≤ 2prp, and
|F′ψc
| ≤ 5θ/ρ2

0 on each piece of Ip. By part (v) of Lemma 11.12, LipIp
(Fψc) ≤ 5θ/ρ2

0 + 4p,
and therefore

nc(Lτ) ≤
(
2prp + 5θρ−2

0 + 4p
)
ni(σ) ≤ 6p ni(σ),

where we used rp ≤ 1/4 and 5θρ−2
0 ≤ 80C0/(ρ2p) ≤ p/2, which follows from (S8). For

|x| ≤ ρ1, part (ii) of Lemma 11.15 and part (v) of Lemma 11.12 show that the bounded–
Lipschitz norm of b 7→ p kλ

b (x) on Ip is at most php(1 + ρ−1
0 + 2r−1

p ). Together with
(11.19), this implies that nb(Lτ) ≤ php(1 + ρ−1

0 + 2r−1
p ) ni(σ). Finally, (11.22) and part (i)

of Lemma 11.15 give |Fψi | ≤ 6pωp on Ip and |F′ψi
| ≤ 63θωp/(ρρ2

0) on each piece, so that

ni(Lτ) ≤
(

6pωp(1 + 2r−1
p ) +

63θωp

ρρ2
0

)
ni(σ).

Step 5. The small entries. By (S3), ωp ≤ 3ρphp, and θ ≤ C0/p. Using these bounds, ρ ≤ 1,
ρ0 = ρ/4, and r−1

p = p1/4, each of the five coefficients

php

ρ0
,

252θωp

ρ
, 2ρphp +

2θωp

ρ2 , php

(
1 +

1
ρ0

+
2
rp

)
, 6pωp

(
1 +

2
rp

)
+

63θωp

ρρ2
0
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obtained in Steps 2–4 is at most 3100(1 + C0)ρ
−2p9/4hp. For instance, the last one is at

most 54ρp9/4hp + 3024C0ρ−2hp. By (S8), each of them is at most p3hp = δp. This proves
the first inequality in (11.18).

Step 6. Conclusion. Let σ ∈ Dp. The projections Πασ have zero mass, and their restrictions
to (−ρ1, ρ1) are 0, χb fσ db, and χi fσ db, so they belong to Dp. The measure Lσ has zero
mass and is absolutely continuous, and the bounds on sup|x|≤ρ1

|GΠβσ(x)| obtained in
Steps 2–4 show that its density is bounded on (−ρ1, ρ1), since nβ(σ) < ∞ for σ ∈ Dp

(see the proof of part (vi) of Lemma 11.12). It follows that Lσ ∈ Dp. Since σ = ∑β Πβσ

and ΠαL is linear, we have nα(Lσ) ≤ ∑β nα(LΠβσ), and the second inequality in (11.18)
follows from the first.

Remark 11.17. The estimates of Lemma 11.16 are linear and apply to arbitrary inputs in
Dp, not only to differences of probability measures; the side law λ enters only through
µλ = Rp,θ(λ). At a fixed point ν = Rp,θ(ν) in Ap(q), we have Lp,θ;νσ = p ν ∗ (Kθσ)∨. By
part (vi) of Lemma 11.12, Np is a norm on Dp. Let Yp be the completion of (Dp, Np). Since
nα ≤W−1

α Np, each component seminorm nα extends uniquely to a continuous seminorm
on Yp, and Lemma 11.18 below shows that L is bounded on (Dp, Np). Then L extends
uniquely to a bounded operator on Yp. By density and continuity, the inequalities (11.18),
in their second form, and the bound Np(Lσ) ≤ κp,θ Np(σ) of Lemma 11.18, continue to
hold on Yp.

11.6 The principal fixed point

Lemma 11.18. Let q be admissible, C0 > 0, p ≥ p∗(q, C0), and 0 < θ ≤ C0/p. Set

κp,θ = 20θ + 7pe−a
√

p/2.

Then κp,θ ≤ 20C0/p + 7pe−a
√

p/2 ≤ 1/2, and the following hold.

(i) For every λ ∈ Ap(q) and σ ∈ Dp, we have Np(Lp,θ;λσ) ≤ κp,θ Np(σ).
(ii) For all ν, µ ∈ Ap(q), we have dp(Rp,θ(ν),Rp,θ(µ)) ≤ κp,θ dp(ν, µ).

Proof. The bound on κp,θ is (S9). For (i), by Lemma 11.16, we have

Np(Lσ) = ∑
α

Wαnα(Lσ) ≤∑
α

Wα ∑
β

Mαβnβ(σ) = ∑
β

cβ Wβnβ(σ), cβ = ∑
α

WαMαβ

Wβ
.

It suffices to show that cβ ≤ κp,θ for each β. By (S9), 2pA+3e−ap/2 ≤ pe−a
√

p/2; since δp ≤
pA+3e−ap/2 and δpWb = pA+3e−ap/2, each of δp, δpWb, and δpWi is at most pe−a

√
p/2/2.
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Using (11.17), we find

cc = 20θ + (Wb + Wi)δp ≤ 20θ + pe−a
√

p/2,

cb = pe−ap/2 + 2θ + δp + pe−a(p−√p)/2 ≤ 2θ + 3pe−a
√

p/2,

ci = 6pe−a
√

p/2 + (Wb + Wi)W−1
i δp ≤ 7pe−a

√
p/2,

where in the second line we used p−√p ≥ √p. This proves (i).
For (ii), let σ = ν− µ and λt = (1− t)µ + tν. Then σ ∈ Dp by (B), and λt ∈ Ap(q)

by convexity. We write Lt = Lp,θ;λt and ζ = Rp,θ(ν)−Rp,θ(µ). For a smooth φ with
φ(1) = 0 and Lip(φ) ≤ 1, (11.8) and part (ii) of Lemma 11.12 give

⟨Πcζ, φ⟩ = ⟨ζ, χcφ⟩ =
∫ 1

0
⟨Ltσ, χcφ⟩dt =

∫ 1

0
⟨ΠcLtσ, φ⟩dt,

so that nc(ζ) ≤ supt nc(Ltσ). The same argument gives ni(ζ) ≤ supt ni(Ltσ). By
Lemma 11.9, ζ has a density on (−ρ, ρ), and if Gt denotes the density of Ltσ, then
(11.8) with ψ = χbu, for bounded Borel u supported in (−ρ1, ρ1), gives |⟨ζ, χbu⟩| ≤
supt ∥χbGt∥L∞∥u∥L1 . This implies that nb(ζ) ≤ supt nb(Ltσ). Since the bounds of
Lemma 11.16 are uniform in t, the computation in (i) gives Np(ζ) ≤ κp,θ Np(σ).

Theorem 11.19. Let q = (a, A, K′, ρ) be admissible, C0 > 0, and p ≥ p∗(q, C0). For every
θ ∈ (0, C0/p], the following hold.

(i) The law map Rp,θ has exactly one fixed point in Ap(q). This fixed point, denoted νθ
p, belongs

to Sp,θ(q); in particular, it is the unique fixed point in Sp,θ(q). It has the properties (i)–(iii)
of Lemma 11.9.

(ii) For every µ ∈ Ap(q), in particular for µ = δ1, we have dp(Rn
p,θ(µ), νθ

p) ≤ κn
p,θ dp(µ, νθ

p)

for n ≥ 0, and Rn
p,θ(µ)⇒ νθ

p.

(iii) Let q′ = (a′, A′, K′′, ρ′) be another admissible tuple, and let

q∨ q′ =
(

max{a, a′}, min{A, A′}, min{K′, K′′}, max{ρ, ρ′}
)
.

If p ≥ max{p∗(q, C0), p∗(q′, C0), p∗(q∨ q′, C0)}, then the fixed points given by (i) for q
and for q′ coincide.

(iv) The map θ 7→ νθ
p is weakly continuous on (0, C0/p].

(v) For every s ∈ (0, 1), we have∫
|b|−s νθ

p(db) ≤ ρ−s +
2hpρ1−s

1− s
,

∫
|b|s νθ

p(db) ≤ 4 +
K′hp

1− s
,

and ∫
|b− 1|s νθ

p(db) ≤ θs
(

1 + p1−s
∫
|b|−s νθ

p(db)
)

.

In particular, for fixed p, νθ
p ⇒ δ1 as θ ↓ 0.
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Proof. By Lemma 11.13, (Ap(q), dp) is a complete metric space. By Lemmas 11.9 and 11.18,
Rp,θ maps it into Sp,θ(q) ⊂ Ap(q) and is a contraction with factor κp,θ ≤ 1/2. The Banach
fixed-point theorem gives a unique fixed point νθ

p in Ap(q), and νθ
p = Rp,θ(ν

θ
p) belongs

to Sp,θ(q) and has the properties of Lemma 11.9. A fixed point in Sp,θ(q) lies in Ap(q)
and therefore equals νθ

p. For (ii), we have dp(Rn
p,θ(µ), νθ

p) = dp(Rn
p,θ(µ),Rn

p,θ(ν
θ
p)) ≤

κn
p,θdp(µ, νθ

p), which is finite by part (vi) of Lemma 11.12, and weak convergence follows
from part (iii) of Lemma 11.13. Since δ1 ∈ Ap(q), this applies to µ = δ1.

For (iii), let q′′ = q∨ q′. Comparing the bounds in Definition 11.8 term by term, we
see that Sp,θ(q′′) ⊂ Sp,θ(q) ∩Sp,θ(q′): a larger a and smaller A and K′ make the right
sides of (C), (B), and (T) smaller, and a larger ρ enlarges the interval in (B). Then the fixed
point given by (i) for q′′ is a fixed point in Sp,θ(q) and in Sp,θ(q′), and by uniqueness it
equals both of the other fixed points.

For (iv), let θn → θ in (0, C0/p] and νn = νθn
p . By part (i) of Lemma 11.13, every

subsequence of (νn) has a further subsequence converging weakly to some ν′ ∈ Ap(q).
Along it, part (iv) of Lemma 11.13 gives νn = Rp,θn(νn)⇒ Rp,θ(ν

′), so ν′ = Rp,θ(ν
′). By

(i), ν′ = νθ
p. Since every subsequence has a further subsequence converging to νθ

p, we have
νn ⇒ νθ

p.
For (v), the first bound follows by splitting at |b| = ρ and using (B). For the second,

we have
∫
|b|s dν =

∫ ∞
0 sts−1ν(|b| > t)dt ≤ 3s +

∫ ∞
3 sts−1(K′hp/t + e−apt)dt ≤ 4 +

K′hp/(1− s) by (T), where we used that ap ≥ 1, which follows from (S2). For the third,
let B satisfy (11.1) with Bj ∼ νθ

p. Since x 7→ xs is subadditive on [0, ∞), we have

E|B− 1|s ≤ θs +
( θ

p

)s
E ∑

j≤N
Ys

j |Bj|−s = θs +
( θ

p

)s
p Γ(1 + s)

∫
|b|−s dνθ

p,

and Γ(1 + s) ≤ 1. The first bound in (v) does not depend on θ, so E|B− 1|s → 0 as θ ↓ 0,
which gives the last claim.

The principal law is thus a fixed point which does not depend on the choice of the
admissible tuple, and which is obtained by iterating the law map from δ1. We now show
that functionals of finite-depth recursions built from it depend continuously on θ. Let
L ≥ 0. Let T be the marked PGW(p) tree of Definition 3.2, let T≤L be its restriction to the
generations 0, . . . , L, with vertex set V≤L, squared moduli Ye on its edges, and numbers of
children Nv. Given θ, let (Bv)|v|=L be, conditionally on T≤L and its marks, independent
with law νθ

p, and define recursively, for |v| < L,

Bv = 1 + θ − θ

p ∑
u child of v

Yvu

Bu
. (11.23)

The recursion is well defined almost surely: by induction from generation L, each Bv is
almost surely nonzero, since conditionally on the children values the law of Bv is δ1+θ if



11 The principal solution 11.6 The principal fixed point 235

Nv = 0 and absolutely continuous otherwise. We call (T≤L, (Ye), (Bv)v∈V≤L) the depth-L
principal recursion at θ, and we write Pθ and Eθ for its law and expectation. Since νθ

p is a
fixed point, every Bv has law νθ

p.

Lemma 11.20. Let q be admissible, C0 > 0, p ≥ p∗(q, C0), J ⊂ (0, C0/p] an interval, L ≥ 0,
s0 ∈ [0, 1), k ≥ 0, and CΨ ≥ 1. For each θ ∈ J, let Ψθ be a real Borel function of the depth-L
data ω = (t, y, b), where t is a rooted tree of depth at most L, y = (ye) are positive edge marks,
and b = (bv) ∈ (R \ {0})V(t). Assume:

(a) for every θ ∈ J and Pθ-almost every ω = (t, y, b), we have Ψθ′(t, y, b′) → Ψθ(t, y, b) as
(θ′, b′)→ (θ, b) with θ′ ∈ J;

(b) for all θ ∈ J and ω,

|Ψθ(ω)| ≤ C|V(t)|
Ψ ∏

e
(1 + ye)

k ∏
v∈V(t)

(1 + |bv|−1)s0 ∏
|v|=L

(1 + |bv|)s0 .

Then the law of the depth-L principal recursion is weakly continuous in θ ∈ (0, C0/p], we have
supθ∈J Eθ|Ψθ|r < ∞ with r = s−1/2

0 (and r = 2 if s0 = 0), and θ 7→ EθΨθ is finite and
continuous on J.

Condition (b) allows, at every vertex, a total inverse power of Bv at most s0 < 1;
positive powers are allowed only at generation L. Positive powers of Bv at internal
vertices can be reduced to this form using (11.23), at the cost of increasing the inverse
powers of the children. Indicator functions of events whose boundaries are Pθ-null sets
satisfy (a).

Proof. Step 1. Coupling. Let θn → θ in J. We realize the depth-L data at all parameters
on one probability space. Let T and its marks be given, and let (Uv) be independent
uniform variables on (0, 1), indexed by the Ulam–Harris labels and independent of T and
its marks. With Gϑ the quantile function of νϑ

p , set B(n)
v = Gθn(Uv) and Bv = Gθ(Uv) for

|v| = L, and define the internal values by (11.23) with θn and θ, respectively. By part (iv)
of Theorem 11.19, Gθn → Gθ at the continuity points of Gθ, which are all but countably
many points, so B(n)

v → Bv almost surely for |v| = L. Since the limiting values are almost
surely nonzero, induction over the generations shows that B(n)

v → Bv almost surely for
every v ∈ V≤L. This proves the weak continuity of the law, and by (a), Ψθn(ω

(n))→ Ψθ(ω)

almost surely.

Step 2. A uniform moment bound. First suppose that s0 = 0, so r = 2. Let Mk = E(1 +

Y)2k < ∞ for Y ∼ Exp(1). By condition (b) and independence of the edge marks, for
every ϑ ∈ J,

Eϑ

[
|Ψϑ|2 | shape

]
≤ C2|V≤L|

Ψ M|V≤L|−1
k ≤ (C2

ΨMk)
|V≤L|.
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The fixed-depth exponential moment calculation below therefore gives the required
uniform L2 bound. Now suppose that 0 < s0 < 1, set s1 = rs0 = s1/2

0 ∈ (0, 1), and let

ϑ ∈ J. Since (1 + x)s1 ≤ 1 + xs1 for x ≥ 0, condition (b) gives |Ψϑ|r ≤ Cr|V≤L|
Ψ Q0, where,

for 0 ≤ n ≤ L,

Qn = ∏
|v|≥n

(
1 + |Bv|−s1

)
∏

e: |e−|≥n
(1 + Ye)

kr ∏
|v|=L

(
1 + |Bv|s1

)
,

and e− denotes the endpoint of e closer to the root. Let Gn be the σ-field generated by the
shape of T≤L, the marks of the edges e with |e−| ≥ n, and the leaf values (Bv)|v|=L. Then
Qn and all Bv with |v| ≥ n are Gn-measurable, and conditionally on Gn+1, the marks of
the edges e with |e−| = n are independent standard exponential variables, because the
marks are independent of each other, of the shape, and of the leaf values. For |v| = n < L,
conditionally on Gn+1, the variable Bv is of the form c+∑u auYvu with c = 1+ ϑ and Gn+1-
measurable real coefficients au = −ϑ/(pBu). Let ck,r = supy≥0(1 + y)kre−y/2 ≥ 1. Since
(1 + y)kre−y ≤ ck,re−y/2, we have, for m = Nv and independent standard exponential
variables Y′1, . . . , Y′m,

E
[(

1 + |Bv|−s1
)
∏

u
(1 + Yvu)

kr
∣∣∣ Gn+1

]
≤ (2ck,r)

m
(

1 + E

∣∣∣c + ∑
j≤m

2ajY′j
∣∣∣−s1

)
≤ (2ck,r)

m(1 + Cs1,1(m + 1)s1/2),
where we used the conditional version of Lemma 4.18 with d = 1. The right side is at
most cNv+1

2 with c2 = 4ck,r(1 + Cs1,1). The factors for distinct vertices of generation n
involve disjoint sets of marks. We obtain E[Qn | Gn+1] ≤ ∏|v|=n cNv+1

2 Qn+1. Iterating
from n = 0 to n = L− 1 and then integrating the leaf values, which are independent
with law νϑ

p , we find

Eϑ

[
Q0
∣∣ shape

]
≤ ∏
|v|<L

cNv+1
2 ·MZL , M = sup

ϑ∈(0,C0/p]

∫ (
1 + |b|−s1

)(
1 + |b|s1

)
νϑ

p(db),

where ZL is the number of vertices of generation L. By part (v) of Theorem 11.19,
M < ∞. Since ∑|v|<L(Nv + 1) ≤ 2|V≤L|, we conclude that Eϑ|Ψϑ|r ≤ E[x|V≤L|] with
x = Cr

Ψc2
2 max{M, 1}. Finally, E[x|V≤L|] < ∞: if Zn denotes the size of generation n,

then E[xZ0+···+Zn+1 ] = E[xZ0+···+Zn epZn(x−1)] ≤ E[(xep(x−1))Z0+···+Zn ], and induction on
n shows that these expectations are finite for every x ≥ 1.

Step 3. Conclusion. By Steps 1 and 2, Ψθn(ω
(n))→ Ψθ(ω) almost surely and the family

is bounded in Lr with r > 1, which implies that it is uniformly integrable. By Vitali’s
convergence theorem, Eθn Ψθn → EθΨθ.

We now state the result on compact scaled windows. Recall that θ(E) = g(E)2 and
that E−1 ≤ g(E) ≤ 2E−1 for E ≥ 2, since g(E) = 2/(E +

√
E2 − 4).
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Theorem 11.21. Let Ξ ⊂ (0, ∞) be compact and ξ− = min Ξ. Let CΞ = 4/ξ2
− and pst(Ξ) =

max{p∗(qcan, CΞ), ⌈5/ξ2
−⌉}. For every p ≥ pst(Ξ), ξ ∈ Ξ, and E = ξ

√
p, with θ = θ(E), the

following hold.

(i) We have E > 2 and θ ≤ CΞ/p. The law map Rp,θ has exactly one fixed point in the class

Sp,θ, which is also its unique fixed point in Ap. We denote it by νp,E = ν
θ(E)
p , and we write

νx
p,E for the law of 1/B, B ∼ νp,E.

(ii) For every µ ∈ Ap, in particular for µ = δ1, the iterates Rn
p,θ(µ) converge to νp,E in dp and

weakly, with dp(Rn
p,θ(µ), νp,E) ≤ κndp(µ, νp,E) and

κ = κp,θ ≤
80

ξ2
− p

+ 7pe−
√

p/2.

(iii) The law νp,E satisfies, uniformly in ξ ∈ Ξ: νp,E = e−pδ1+θ + f (b)db with f ≤ e−p/2
almost everywhere on [−1/8, 1/8]; νp,E({|b− 1| > rp/2}) ≤ ωp ≤ e−

√
p/2; νp,E({|b| >

L}) ≤ e−p/(2L) + e−pL/2 for L ≥ 3; and, for s ∈ (0, 1),
∫
|b|−s dνp,E ≤ 16 + (1− s)−1

and
∫
|b|s dνp,E ≤ 4 + (1− s)−1. In particular, if B ∼ νp,E, then supξ∈Ξ P(|B− 1| >

rp)→ 0 as p→ ∞.
(iv) The map E 7→ νp,E is weakly continuous on {ξ√p : ξ ∈ Ξ}. For every family (Ψθ) as in

Lemma 11.20, with q = qcan and J ⊂ (0, CΞ/p] an interval containing {θ(ξ√p) : ξ ∈ Ξ},
the map E 7→ Eθ(E)Ψθ(E) is continuous on {ξ√p : ξ ∈ Ξ}.

(v) If B ∼ νp,E, then the law of D = B/g(E) is a real solution at E.

Proof. Since p ≥ 5/ξ2
−, we have E ≥ ξ−

√
p > 2, and θ = g(E)2 ≤ 4/E2 ≤ CΞ/p. Parts

(i)–(iii) follow from Theorem 11.19 with q = qcan and C0 = CΞ, from Lemma 11.9, and
from κp,θ ≤ 20CΞ/p + 7pe−

√
p/2; for the moment bounds we used ρ = 1/16, K′ = 1, and

hp = e−p ≤ 1 in part (v) of Theorem 11.19. For (iv), the function E 7→ θ(E) is continuous
on (2, ∞), so (iv) follows from part (iv) of Theorem 11.19 and Lemma 11.20. Part (v)
follows from the discussion at the beginning of this section, since νp,E({0}) = 0.

The canonical tuple plays no special role. If q is any admissible tuple and p ≥
max{pst(Ξ), p∗(q, CΞ), p∗(q∨ qcan, CΞ)}, then part (iii) of Theorem 11.19 shows that νp,E
is also the unique fixed point of Rp,θ(E) in Sp,θ(E)(q), and Lemma 11.9 gives the bounds
of (iii) with e−p, e−

√
p, and 1/16 replaced by pAe−ap, e−a

√
p, and ρ. The same applies to

the mixed metric of Definition 11.11 built with q.

11.7 Small parameter and the half-line

The fixed point νθ
p of Theorem 11.19 is characterized as the unique fixed point of Rp,θ

in Ap(q), a class which does not involve C0; the number C0 only enters the threshold
p∗(q, C0). In particular, the construction covers all small values of θ, which correspond to
large energies, with a single class.
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Proposition 11.22. Let cent = 1, let Sent
p,θ = Sp,θ be the class of Definition 11.8 for the canonical

tuple qcan = (1, 0, 1, 1/16), which we call the small-parameter class, and let pent = p∗(qcan, cent).
For every p ≥ pent and 0 < θ ≤ cent/p, the following hold.

(i) The law map Rp,θ has exactly one fixed point in Sent
p,θ , namely νθ

p; it is also the unique fixed
point in Ap. The iterates Rn

p,θ(δ1) converge to νθ
p in dp and weakly, with contraction factor

at most 20/p + 7pe−
√

p/2.
(ii) For every s0 ∈ [0, 1), sup0<θ≤cent/p

∫
|b|−s0 νθ

p(db) ≤ 16 + (1− s0)
−1.

(iii) The map θ 7→ νθ
p is weakly continuous on (0, cent/p], and for every family (Ψθ) as in

Lemma 11.20 with J ⊂ (0, cent/p], the map θ 7→ EθΨθ is continuous on J.
(iv) As θ ↓ 0, νθ

p ⇒ δ1, and the law of 1/B, B ∼ νθ
p, converges weakly to δ1.

(v) Let Ξ ⊂ (0, ∞) be compact, p ≥ max{pent, pst(Ξ)}, ξ ∈ Ξ, and E = ξ
√

p. If θ(E) ≤
cent/p, then ν

θ(E)
p = νp,E, the law of Theorem 11.21.

The same statements hold with cent replaced by any c > 0 and pent by p∗(qcan, c).

Proof. Parts (i), (iii), and (iv) follow from Theorem 11.19 and Lemma 11.20 with q = qcan

and C0 = cent; for the reciprocal law in (iv), note that B → 1 in probability implies
1/B→ 1 in probability. For (ii), part (v) of Theorem 11.19 with ρ = 1/16 and hp = e−p ≤ 1

gives the bound 16s0 + 2e−p16s0−1/(1− s0) ≤ 16 + (1− s0)
−1. For (v), both ν

θ(E)
p and νp,E

are fixed points of Rp,θ(E) in Sp,θ(E)(qcan), which has at most one fixed point by part (i)
of Theorem 11.19. The last sentence follows by the same arguments with C0 = c.

Corollary 11.23. Let M0 = 3. Then g(E)2 ≤ cent/p for every p > 1 and E ≥ M0
√

p. Fix
ξ0 > 0, and let

p0(ξ0) = max
{

p∗
(
qcan, max{4ξ−2

0 , 1}
)
, ⌈5ξ−2

0 ⌉, pent
}

.

For every p ≥ p0(ξ0) and E ≥ ξ0
√

p, the following hold.

(i) We have E > 2, and the iterates Rn
p,θ(E)(δ1) converge weakly, and in dp, to the unique

fixed point νp,E = ν
θ(E)
p of Rp,θ(E) in Sp,θ(E). The law νp,E has the properties (i)–(iii) of

Lemma 11.9 with q = qcan and C0 = max{4ξ−2
0 , 1}. In particular, νp,E({b : |b| > L}) ≤

e−p/(2L) + e−pL/2 for L ≥ 3, and
∫
|b|−s dνp,E ≤ 16 + (1− s)−1 and

∫
|b|s dνp,E ≤

4 + (1− s)−1 for s ∈ (0, 1).
(ii) Let Ξ ⊂ [ξ0, ∞) be compact with E/

√
p ∈ Ξ. Then p ≥ pst(Ξ), and νp,E is the law given

by Theorem 11.21 for the window Ξ; for example, this applies with Ξ = [ξ0, M0 + 1] if
E ≤ (M0 + 1)

√
p. If E ≥ M0

√
p, then νp,E is the law given by Proposition 11.22 with

θ = θ(E).
(iii) The map E 7→ νp,E is weakly continuous on [ξ0

√
p, ∞).

(iv) If B ∼ νp,E, then the law of D = B/g(E) is a real solution at E.
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Proof. For E ≥ 3
√

p we have E > 2 and g(E)2 ≤ 4/E2 ≤ 4/(9p) ≤ cent/p. Let C0 =

max{4ξ−2
0 , 1}. For p ≥ p0(ξ0) and E ≥ ξ0

√
p, we have E ≥

√
5 > 2 and θ(E) ≤

4/E2 ≤ C0/p. Part (i) then follows from parts (i), (ii), and (v) of Theorem 11.19 with
q = qcan, as in the proof of Theorem 11.21. For (ii), let ξ− = min Ξ ≥ ξ0. Then pst(Ξ) =
max{p∗(qcan, 4ξ−2

− ), ⌈5ξ−2
− ⌉} ≤ p0(ξ0), because 4ξ−2

− ≤ max{4ξ−2
0 , 1} and p∗(q, C0) is

nondecreasing in C0 (the conditions (S1)–(S9) become stronger as C0 grows). The laws
in Theorem 11.21 and Proposition 11.22 are fixed points of Rp,θ(E) in Sp,θ(E), so they
coincide with νp,E by uniqueness. Part (iii) follows from part (iv) of Theorem 11.19 and
the continuity of E 7→ θ(E), and part (iv) from the discussion at the beginning of this
section.

Remark 11.24. If a later argument requires a smaller value of cent or a larger value of M0,
nothing changes: for M ≥ 3, the energies in the large-energy regime E ≥ M

√
p satisfy

θ(E) ≤ 4/(M2p), and Proposition 11.22 holds with cent replaced by 4/M2 and pent by
p∗(qcan, 4/M2) ≤ pent. The principal law νp,E itself does not depend on these choices.

11.8 Real solutions and the real boundary law

In this subsection, we show that on compact scaled windows and for large p, every real
solution of the cavity equation is the principal solution. We begin with an a priori bound
for the physical cavity variables and with the observation that real limit points of their
laws are real solutions.

Lemma 11.25. Let p > 1, E > 2, θ = θ(E), and for η > 0 set Xη = −Γo(E + iη)/g(E).

(i) For every r ∈ (0, 1) and η > 0, we have E|Xη|r ≤ Cr,1(p + 1)r/2 ≤ 2Cr,1 pr/2 and
E∞|Xη|r ≤ 2ϱ−1

p Cr,1 pr/2, where Cr,1 is the constant of Lemma 4.18 with d = 1.
(ii) Let ηk ↓ 0, and suppose that the laws of Xηk under P converge weakly to a probability

measure carried by R. Let X have this law. Then P(X = 0) = 0, and the law of B = 1/X
is a fixed point of Rp,θ; equivalently, the law of B/g(E) is a real solution at E.

Proof. By Proposition 3.16, Γo
d
= −(z + p−1 ∑j≤N YjΓj)

−1 with z = E + iη, where N ∼
Pois(p), Yj ∼ Exp(1), and the Γj are copies of Γo(z), all independent. Dividing by −g(E)
and using g(E)E = 1 + θ, we obtain

Xη
d
=
(

1 + θ + ig(E)η − θ

p ∑
j≤N

YjXη,j

)−1
, Xη,j = −Γj/g(E). (11.24)

Conditionally on N = m and on (Xη,j)j≤m, the denominator is c + ∑j≤m ajYj with c =

1+ θ + ig(E)η, |c| ≥ 1, and complex coefficients aj = −(θ/p)Xη,j that are measurable with
respect to the conditioning, while Y1, . . . , Ym are standard exponential variables which are
independent of each other and of the conditioning. The conditional version of Lemma 4.18
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gives E[|Xη|r | N, (Xη,j)] ≤ Cr,1(N + 1)r/2. Averaging and using Jensen’s inequality, we
find E|Xη|r ≤ Cr,1(p+ 1)r/2. The bound under P∞ follows from E∞Z ≤ ϱ−1

p EZ for Z ≥ 0
(Lemma 4.5).

For (ii), write Xk = Xηk , let (Xj)j≥1 be independent copies of X, independent of N
and (Yj), and let Xk,j be independent copies of Xk, independent of N and (Yj). Set

Dk = 1 + θ + ig(E)ηk −
θ

p ∑
j≤N

YjXk,j, D = 1 + θ − θ

p ∑
j≤N

YjXj.

Fix m ≥ 0. Since the components are independent and converge weakly, the vector
(Y1, . . . , Ym, Xk,1, . . . , Xk,m) converges weakly to (Y1, . . . , Ym, X1, . . . , Xm) [37, Theorem 2.8].
Since ηk → 0, the continuous mapping theorem [37, Theorem 2.7] shows that the condi-
tional law of Dk given N = m converges weakly to that of D given N = m. Averaging
over m with dominated convergence, we obtain Dk ⇒ D. By (11.24), 1/Dk has the law
of Xk. The laws of Xk converge, and in particular they are tight. For every R > 0, the
portmanteau theorem applied to the open set {|w| < R−1} gives

P(|D| < R−1) ≤ lim inf
k

P(|Dk| < R−1) = lim inf
k

P(|Xk| > R) ≤ sup
k

P(|Xk| > R),

which tends to zero as R → ∞. Hence P(D = 0) = 0, and the continuous mapping

theorem gives 1/Dk ⇒ 1/D. We obtain X d
= 1/D. Since D is real and finite, X is real

and almost surely nonzero, and 1/X d
= D. By the definition of D, this says that the

law of 1/X is a fixed point of Rp,θ. The equivalence with real solutions was noted after
Definition 11.1.

The next lemma is the main step. It shows that every real fixed point on a scaled
window satisfies the bounds defining the class Sp,θ. The only input is the fixed-point
equation: we start from the bound

√
p on the density near zero given by Lemma 4.18,

and we improve it by a one-big-jump argument.

Lemma 11.26. Let 0 < c0 ≤ C0. There exists pboot(c0, C0) ≥ p∗(qcan, C0) such that, for every
p ≥ pboot(c0, C0) and c0/p ≤ θ ≤ C0/p, every fixed point of Rp,θ belongs to Sp,θ and therefore
equals νθ

p. Moreover, its density on [−2ρ, 2ρ] is at most e−2p, where ρ = 1/16.

Proof. We work with the canonical tuple: ρ = 1/16, a = 1, A = 0, K′ = 1, and hp = e−p.
Set

h0 = 2
√

p, c(0) =
C0h0

p
, Fp = 6p2 exp

(
p− ρp2

2C0

)
,

Mp =
2ρ2p3h0

c0
, h1 = 4Fp + 4e2Mpe−ρp1/12

.

We choose pboot(c0, C0) ≥ max{p∗(qcan, C0), 16} so large that, for p ≥ pboot:
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(B1) c(0) ≤ p−1/3 ≤ 1/4, (c(0))3/4(7 log p + 2) ≤ 1, and
√

2ρp2 ≤ c0p3;
(B2) 4C0 ≤ ρ2p and h0 ≤ 8−4(p/C0)

5;
(B3) C0h1 ≤ ρ4p−7 and 4Fp + 4e2Mpe−p2 ≤ e−2p;

(B4) 36C0 ≤ p3/4, 2e−c1 p7/4
+ 4ρpe−2p ≤ e−

√
p/2, ρp2/(9C0) ≥ 2p + 1, and 8C0 ≤ pep.

Each condition holds for large p. Let νB be a fixed point of Rp,θ with c0/p ≤ θ ≤ C0/p,
and realize B ∼ νB as B = 1 + θ − (θ/p)∑j≤N Yj/Bj with Bj ∼ νB, as in Definition 11.1.

Step 1. An initial density bound. Conditionally on N = m ≥ 1 and on (Bj)j≤m, the variable
B equals c + ∑j≤m ajYj with c = 1 + θ and aj = −θ/(pBj), which are fixed by the
conditioning, and Y1, . . . , Ym are standard exponential variables which are independent
of each other and of the conditioning. Since aj ̸= 0, its conditional law is absolutely
continuous. Since |x− c| ≥ 1− 2ρ ≥ 1/2 for x ∈ [−2ρ, 2ρ], part (iii) of Lemma 4.18 with
d = 1/2 bounds its density on [−2ρ, 2ρ] by

√
m + 1. On {N = 0}, B = 1 + θ /∈ [−2ρ, 2ρ].

Averaging, we find that the restriction of νB to [−2ρ, 2ρ] is absolutely continuous with
density at most E

√
N + 1 ≤

√
p + 1 ≤ h0. Let H be the essential supremum of this

density, so that H ≤ h0. If H = 0, the density bound of the lemma holds, and we go
directly to Step 6. In Steps 2–5, we assume that H > 0.

Step 2. Decomposition. We split the children according to whether |Bj| ≥ 2ρ, and write
B = D − S with D = 1 + θ − (θ/p)∑|Bj|≥2ρ Yj/Bj and S = (θ/p)∑|Bj|<2ρ Yj/Bj, which
are independent by Lemma 11.2. By Lemma 11.6 with δ = 2ρ and c = 1 + θ, the law of D
restricted to (−∞, 1/2] has density at most Fp,θ(2ρ) ≤ Fp. By part (i) of Lemma 11.7 with
ρ′ = 2ρ, the jumps of S form a Poisson process with intensity ℓ(y)dy, where

ℓ(y) ≤ min
{ c∗

y2 , M
}

, c∗ = θH ≤ c(0), M =
2p2ρ2H

θ
≤ Mp. (11.25)

Let a∗ = c1/4
∗ ≤ 1, and write S = S< + S>, where S< and S> are the sums of the jumps

with |y| ≤ a∗ and |y| > a∗. These are independent compound Poisson variables with
intensities ℓ< = ℓ1{|y|≤a∗} and ℓ> = ℓ1{|y|>a∗}. By (11.25),

λ> =
∫

ℓ> ≤ 2
∫ ∞

a∗

c∗
y2 dy = 2c3/4

∗ ≤ 1, ∥ℓ>∥∞ ≤
c∗
a2
∗
= c1/2
∗ . (11.26)

Step 3. The small jumps. We claim that the law of S< restricted to {|s| ≥ ρ} has density
at most e2Me−ρ/a∗ . Let m< =

∫
y ℓ<(y)dy, v< =

∫
y2ℓ<(y)dy, and y0 = (c∗/M)1/2 =

θ/(
√

2pρ). By (11.25), if y0 < a∗, then

|m<| ≤ 2
∫ y0

0
My dy + 2

∫ a∗

y0

c∗
y

dy = c∗ + 2c∗ log
a∗
y0

,
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and if y0 ≥ a∗, then |m<| ≤ Ma2
∗ ≤ c∗. Since a∗/y0 ≤

√
2ρp/θ ≤

√
2ρp2/c0 ≤ p3 by

(B1), we have |m<| ≤ 7c∗ log p. Further, v< ≤ 2
∫ a∗

0 c∗ dy = 2c∗a∗. Let t = ±1/a∗. Since
|ty| ≤ 1 on the support of ℓ< and eu − 1− u ≤ u2 for |u| ≤ 1, we obtain∫

(ety − 1) ℓ<(y)dy ≤ |m<|
a∗

+
v<
a2
∗
≤ c3/4
∗ (7 log p + 2) ≤ 1,

where we used (B1) and c∗ ≤ c(0). Let ℓ̃(y) = etyℓ<(y), so that ∥ℓ̃∥∞ ≤ eM and ∥ℓ̃∥L1 −∫
ℓ< ≤ 1. Since et(y1+···+ym) = ∏i etyi , we have ℓ∗m< (s) = e−tsℓ̃∗m(s), and since ∥q∗m∥∞ ≤
∥q∥∞∥q∥m−1

L1 , the density d< of the law of S< away from 0 satisfies

d<(s) = e−tse−
∫
ℓ< ∑

m≥1

ℓ̃∗m(s)
m!

≤ e−ts∥ℓ̃∥∞ exp
(
∥ℓ̃∥L1 −

∫
ℓ<
)
≤ e2Me−ts.

Choosing the sign of t equal to that of s proves the claim.
Let W = D− S<. We claim that the law of W restricted to [−3ρ, 3ρ] has density at most

G = Fp + e2Me−ρ/a∗ . Indeed, for a Borel set A ⊂ [−3ρ, 3ρ], the event {W ∈ A, |S<| < ρ}
requires D ∈ (A + S<) ∩ [−4ρ, 4ρ], and 4ρ ≤ 1/2, so conditioning on S< bounds its
probability by Fp|A|; and conditioning on D, the probability of {W ∈ A, |S<| ≥ ρ} is at
most e2Me−ρ/a∗ |A| by the previous claim.

Step 4. The large jumps. We have B = W − S>, and the law of S> is e−λ> ∑m≥0 ℓ
∗m
> /m!.

Let A ⊂ [−2ρ, 2ρ] be a Borel set. The term m = 0 contributes at most G|A| to P(B ∈ A).
The term m = 1 contributes at most∫

A

( ∫
ℓ>(w− x)P(W ∈ dw)

)
dx ≤

(
Gλ> +

c∗
ρ2

)
|A|,

where we split the inner integral according to whether |w − x| < ρ, in which case
w ∈ [−3ρ, 3ρ] and the density of W is at most G, or |w− x| ≥ ρ, in which case ℓ>(w−
x) ≤ c∗/ρ2 by (11.25). The terms m ≥ 2 contribute at most ∑m≥2 ∥ℓ∗m> ∥∞|A|/m! ≤
∥ℓ>∥∞λ>|A| ≤ 2c5/4

∗ |A|, by (11.26). Since λ> ≤ 1, we conclude that

H ≤ 2G +
θH
ρ2 + 2(θH)5/4. (11.27)

Step 5. The bootstrap. By (B2), θ/ρ2 ≤ C0/(pρ2) ≤ 1/4. Further, 2(θH)5/4 ≤ H/4 is
equivalent to H ≤ 8−4θ−5, which holds since H ≤ h0 ≤ 8−4(p/C0)

5 by (B2). Inserting
these bounds into (11.27), we obtain H ≤ 4G. Since M ≤ Mp and a∗ = (θH)1/4, this
reads H ≤ ϕ(H), where

ϕ(h) = 4Fp + 4e2Mp exp
(
− ρ(θh)−1/4), h > 0,

is nondecreasing. We now iterate this inequality. Since H ≤ h0 and θh0 ≤ c(0) ≤ p−1/3

by (B1), we have H ≤ ϕ(h0) ≤ h1. Next, θh1 ≤ C0h1/p ≤ ρ4p−8 by (B3), so that
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ρ(θh1)
−1/4 ≥ p2 and H ≤ ϕ(h1) ≤ 4Fp + 4e2Mpe−p2 ≤ e−2p, again by (B3). This proves

the density bound in the lemma, and in particular νB satisfies the boundary bound (B)
with hp = e−p.

Step 6. Core and tail bounds. By Lemma 11.4 with δ = 2ρ, E(1 + θ − D) =

θ
∫
|b|≥2ρ b−1νB(db), which has absolute value at most θ/(2ρ) = 8θ. This gives

|ED − 1| ≤ 9θ ≤ 9C0/p ≤ rp/4, by (B4). Applying (11.11) with δ = 2ρ and x = rp/4
as in Step 1 of the proof of Lemma 11.9, we obtain P(|D − ED| > rp/4) ≤ 2e−c1 p7/4

.
Further, P(S ̸= 0) ≤ p νB((−2ρ, 2ρ)) ≤ 4ρpH ≤ 4ρpe−2p. By (B4), we obtain

P(|B− 1| > rp) ≤ P(|B− 1| > rp/2) ≤ 2e−c1 p7/4
+ 4ρpe−2p ≤ 1

2
e−
√

p,

which is the core bound (C). For L ≥ 3, as in Step 4 of the proof of Lemma 11.9, (11.12)
with δ = 2ρ gives P(|D| > L/2) ≤ exp(p − ρp2L/(9C0)) ≤ e−pL by (B4). By part
(ii) of Lemma 11.7, which applies since

∫
ℓ ≤ 4ρpH ≤ 1 and ℓ(y) ≤ θH/y2, we have

P(|S| ≥ L/2) ≤ 8θH/L ≤ 8C0e−2p/(pL) ≤ e−p/L, by (B4). We obtain νB({|b| > L}) ≤
e−p/L+ e−pL, which is the tail bound (T) for the canonical tuple. Finally, νB = Rp,θ(νB) is
of the form e−pδ1+θ + f db by part (iii) of Lemma 11.2. Therefore νB ∈ Sp,θ, and νB = νθ

p
by part (i) of Theorem 11.19.

Proposition 11.27. Let Ξ ⊂ (0, ∞) be compact, ξ− = min Ξ, ξ+ = max Ξ, and

pphys(Ξ) = max
{

pboot(ξ
−2
+ , 4ξ−2

− ), pst(Ξ)
}

.

For every p ≥ pphys(Ξ), ξ ∈ Ξ, and E = ξ
√

p, the following hold.

(i) For every r ∈ (0, 1), we have supη>0 E|Γo(E + iη)/g(E)|r ≤ Cr pr/2 and
supη>0 E∞|Γo(E + iη)/g(E)|r ≤ ϱ−1

p Cr pr/2, where Cr depends only on r.
(ii) For every real solution π at E, the law of g(E)D, D ∼ π, is νp,E.

(iii) If ηk ↓ 0 and the laws under P of −Γo(E + iηk)/g(E) converge weakly to a probability
measure carried by R, then this limit is the law of 1/B with B ∼ νp,E. In particular, if
Im Γo(E + iη)→ 0 in P-probability as η ↓ 0, then the law of −Γo(E + iη)/g(E) under P

converges weakly to the law of 1/B.
(iv) Suppose that E ∈ Ep and P∞(Im Γo(E + i0) = 0) = 1. Then the real boundary law at

E of Proposition 5.11, in the B normalization, equals νp,E. Moreover, −Γo(E + iη)/g(E)
converges P-almost surely as η ↓ 0 to a random variable with the law of 1/B, B ∼ νp,E.

Proof. Part (i) is part (i) of Lemma 11.25 with Cr = 2Cr,1. For (ii), since p ≥ pst(Ξ) we
have E > 2, and E−1 ≤ g(E) ≤ 2E−1 gives ξ−2

+ /p ≤ θ(E) ≤ 4ξ−2
− /p. By the discussion

after Definition 11.1, the law of g(E)D is a fixed point of Rp,θ(E), and Lemma 11.26 with

c0 = ξ−2
+ and C0 = 4ξ−2

− shows that it equals ν
θ(E)
p = νp,E. The first claim in (iii) follows
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from part (ii) of Lemma 11.25 and (ii). For the second claim, let Xη = −Γo(E + iη)/g(E)
and let ηk ↓ 0. By (i) and Markov’s inequality, the laws of Xηk are tight, so every
subsequence has a further subsequence along which Xηk converges in law to some X.
Since Im Xηk → 0 in probability and Im is continuous, Im X = 0 almost surely, and
the first claim identifies the law of X. This shows that the laws of Xη converge to
the law of 1/B along every sequence ηk ↓ 0. For (iv), since E ∈ Ep, the boundary
value Γo(E + i0) = limη↓0 Γo(E + iη) exists almost surely (Definition 5.7). By part (ii) of
Proposition 5.11, Γo(E + i0) is P-almost surely finite, real, and nonzero, and the law of
D = −1/Γo(E + i0) under P is a real solution at E. By (ii), the law of B = g(E)D is νp,E,
and −Γo(E + iη)/g(E)→ −Γo(E + i0)/g(E) = 1/B almost surely. In other words, under
the no-ac hypothesis the laws of −Γo(E + iη)/g(E) have a unique limit point as η ↓ 0,
this limit point is carried by R, and (iii) identifies it with νx

p,E.

Remark 11.28. Part (ii) of Proposition 11.27 does not use the a priori bound (i): the one-
big-jump argument of Lemma 11.26 starts from the density bound

√
p + 1 near zero,

which holds for every real fixed point by Lemma 4.18. The bound (i) is used only for
tightness, in the second claim of (iii). Under survival conditioning, the corresponding
boundary law is not νp,E, since a surviving vertex has at least one child; it is dominated
by ϱ−1

p times the unconditioned law, as in Proposition 4.14, and therefore inherits the
upper bounds of Theorem 11.21 with an additional factor ϱ−1

p .



section 12

Analyticity of the principal solution and
bounds on its derivatives

In this section, we study how the principal solution νp,E of Theorem 11.21 depends on
the scaled energy ξ = E/

√
p. We prove three results. The first, Theorem 12.19, states

that for each fixed large p, the law of the principal denominator, written in the scaling
g = 1/E, is a real-analytic function of the energy with values in a Banach space Xq

of signed measures. The second, Proposition 12.21, deduces from this that the critical
growth rate λp(ξ) is real-analytic in ξ. The third, Proposition 12.24 and its consequence
Corollary 12.25, bounds the first four ξ-derivatives of the law with constants that are
explicit in p: polynomial for the weighted total variation, exponentially small for the
parts of the derivatives near zero and away from one, and of order p−1 for the parts near
one that are seen by smooth test functions. These bounds are used in Section 14.

The analyticity statements in Sections 12.4 and 12.5 are qualitative: they hold at every
fixed p above a threshold, and the constants in their proofs depend on p. The quantitative
bounds in Section 12.6 are proved separately. There we differentiate the fixed point
equation and estimate the derivatives with the component norms of Definition 11.11;
analyticity is used only to know that the derivatives exist and satisfy the differentiated
equations.

Section 12.1 introduces the scaling g = 1/E and collects the properties of the principal
law that we use. Section 12.2 defines the space Xq and proves that the law map is
holomorphic on it. Section 12.3 shows that the linearization of the law map at the
principal law is a contraction for the mixed norm of Section 11 and deduces that I minus
the linearization is invertible on Xq. Section 12.4 proves Theorem 12.19, and Section 12.5
proves Proposition 12.21. Section 12.6 proves Proposition 12.24 and Corollary 12.25.

12.1 The scaling g = 1/E

Conventions

Throughout this section, Ξ = [ξ−, ξ+] ⊂ (0, ∞) is a compact interval. Every compact set
Ξ ⊂ (0, ∞) is contained in its convex hull, which is a compact interval in (0, ∞), and the

245
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results below for intervals imply those for compact sets. We set

Ξ′ = [ξ−/2, 2ξ+], (12.1)

so that Ξ is contained in the interior of Ξ′, and we apply the results of Section 11 on
the window Ξ′. Let pst(Ξ′) be the threshold of Theorem 11.21 for this window. By
Theorem 11.21, for p ≥ pst(Ξ′) and E = ξ

√
p with ξ ∈ Ξ′, the law νp,E is the weak limit

of the iteration of the cavity map in the B-normalization started from δ1. In particular,
νp,E does not depend on the window used to construct it.

For ξ ∈ Ξ′ and p ≥ pst(Ξ′), we write E = ξ
√

p, g = g(E), θ = θ(ξ) = g(E)2, and

τ = τ(ξ) =
1

pE2 =
1

p2ξ2 . (12.2)

Recall that Eg(E) = 1 + θ, so that θ/(1 + θ)2 = g2/(Eg)2 = E−2 and

τ =
θ

p(1 + θ)2 . (12.3)

Constants c, C > 0 in this section may depend on Ξ, on the exponent q ∈ (0, 1) when one
is fixed, and on the constants of Section 11 for the window Ξ′ (which depend only on
Ξ); they never depend on p or ξ unless this is indicated, and they may change from line
to line. We write Y, T, Y1, Y2, . . . for independent Exp(1) variables and N ∼ Pois(p), all
independent of each other and of the other variables in the same formula.

We first record the size of the parameters and of their derivatives.

Lemma 12.1. There exist p0(Ξ) ≥ pst(Ξ′) and C > 0 such that for every p ≥ p0(Ξ), the
functions ξ 7→ θ(ξ) and ξ 7→ τ(ξ) are real-analytic on a neighborhood of Ξ′, and for all ξ ∈ Ξ′

and k ∈ {0, 1, . . . , 4},
1

Cp
≤ θ(ξ) ≤ C

p
,

∣∣∂k
ξθ(ξ)

∣∣ ≤ C
p

,
∣∣∂k

ξτ(ξ)
∣∣ ≤ C

p2 . (12.4)

In particular, θ(ξ) ≤ 1/24 and 1 ≤ 1 + θ(ξ) ≤ 9/8 for ξ ∈ Ξ′.

Proof. The bounds for τ follow from (12.2), since ∂k
ξξ−2 is bounded on Ξ′. For θ, recall

from Definition 5.2 that
√

p g(ξ
√

p) = ap(ξ)−1, where ap(ξ) = (ξ +
√

ξ2 − 4/p)/2. Then

θ(ξ) =
1

p ap(ξ)2 .

Let p ≥ 128/ξ2
−. For ξ ≥ ξ−/4 we have 8/p ≤ ξ2

−/16 ≤ ξ2, that is, ξ2 − 4/p ≥ ξ2/2.
On the half-line (ξ−/4, ∞), which contains a neighborhood of Ξ′, the function ap is real-
analytic and satisfies ξ/2 ≤ ap(ξ) ≤ ξ, and on Ξ′ its derivatives of order at most four are
bounded by a constant depending only on ξ− and ξ+, uniformly in p ≥ 128/ξ2

−. This
gives the bounds for θ. The last assertion holds once C/p ≤ 1/24.
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The principal law in the scaling g = 1/E

Let p ≥ p0(Ξ), ξ ∈ Ξ′, and let B ∼ νp,E. Recall from Theorem 11.21 that νp,E solves

B d
= 1 + θ − θ

p

N

∑
j=1

Yj

Bj
, (12.5)

where B1, B2, . . . are independent with law νp,E. Set B̃ = B/(1 + θ) = D/E, where
D = B/g is the corresponding real solution (Corollary 11.23). Dividing (12.5) by 1 + θ

and using (12.3), we obtain

B̃ d
= 1− τ

N

∑
j=1

Yj

B̃j
, (12.6)

where B̃1, B̃2, . . . are independent copies of B̃. The event N = 0 gives B̃ an atom of mass
at least e−p at 1, whose location does not depend on ξ.

Definition 12.2. For p ≥ p0(Ξ) and E = ξ
√

p with ξ ∈ Ξ′, the principal law in the scaling
g = 1/E is the law ν̃p,E of B̃ = B/(1 + θ), where B ∼ νp,E. When p is fixed, we abbreviate
ν̃ξ = ν̃p,ξ

√
p.

The reason for this scaling is the following. The law νp,E of B has the atom e−pδ1+θ(ξ),
and ξ 7→ θ(ξ) is strictly monotone. For ξ ̸= ξ ′, the measure νp,ξ

√
p − νp,ξ ′

√
p gives mass

e−p to the point 1 + θ(ξ), since the second law has no atom there. Its total variation is
at least e−p, and ξ 7→ νp,ξ

√
p is not continuous in total variation, let alone differentiable.

After the dilation by (1 + θ)−1, the compulsory atom sits at 1 for every ξ, and we show
that ξ 7→ ν̃ξ is real-analytic in a norm that dominates the weighted total variation. Smooth
test functions of B are recovered from ν̃ξ by the chain rule (see Corollary 12.25).

Inputs from the construction of the principal law

We use the following facts from Section 11, applied on the window Ξ′. We state them
in the B-coordinate b, as in Section 11, and write rp = p−1/4 and Cp = [1− rp, 1 + rp].
Let CΞ′ = 16/ξ2

−, which is the constant CΞ of Theorem 11.21 for the window Ξ′, so that
θ ≤ CΞ′/p for ξ ∈ Ξ′ and p ≥ pst(Ξ′).

(S1) (Definition 11.8 and Theorem 11.21.) There exist constants ast, Kst > 0, Ast ≥ 0, and
ρ ∈ (0, 1/16] such that for all p ≥ pst(Ξ′) and ξ ∈ Ξ′, we have νp,E = e−pδ1+θ +

f (b)db with
νp,E(Cc

p) ≤ e−ast
√

p, sup
|b|<ρ

f (b) ≤ pAste−ast p,

νp,E(|b| > L) ≤ KstpAste−ast p

L
+ e−ast pL

(12.7)
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for L ≥ 3. Indeed, νp,E belongs to the class Sp,θ of Definition 11.8 with the canonical
tuple, and we may take (ast, Ast, Kst, ρ) = (1, 0, 1, 1/16); we keep general constants
to indicate how they enter. Further, ξ 7→ νp,ξ

√
p is weakly continuous on Ξ′, and νp,E

is a fixed point of the law map Rp,θ of Definition 11.1, that is, it satisfies (12.5).
(S2) (Definition 11.11 and Lemma 11.12.) The cutoffs χc, χb, χi : R → [0, 1] satisfy χc +

χb + χi = 1, χc = 1 on Cp, supp χc ⊂ {|b − 1| ≤ 2rp}, |χ′c| ≤ 2r−1
p , χb = 1 on

[−ρ/4, ρ/4], and supp χb ⊂ [−ρ/2, ρ/2]. For a finite real measure σ on R with
σ(R) = 0, we have mα(σ) =

∫
χα dσ and Πασ = χασ−mα(σ)δ1 for α ∈ {c, b, i}, and

the component norms are

∥Πcσ∥c = sup
{∣∣∣∫ φ dΠcσ

∣∣∣ : φ(1) = 0, Lip(φ) ≤ 1
}

,

∥Πbσ∥b = ∥h∥L∞([−ρ/2,ρ/2]) when χbσ = h(b)db,

∥Πiσ∥i = sup
{∣∣∣∫ φ dΠiσ

∣∣∣ : ∥φ∥∞ ≤ 1, Lip(φ) ≤ 1
}

.

The second norm is finite when χbσ is absolutely continuous with bounded density.
In the notation of Definition 11.11, ∥Πασ∥α = nα(σ).

(S3) (Lemma 11.3.) The linearization of the law map at a law λ is the operator Lp,θ;λ,
given on finite real measures σ with |σ|({0}) = 0 by∫

φ d(Lp,θ;λσ) = p
∫

E
[

φ
(

Dλ −
θT
pb

)]
σ(db) (12.8)

for bounded Borel φ, where Dλ ∼ Rp,θ(λ) and T ∼ Exp(1) are independent. We use
only the case λ = νp,E, for which Dλ ∼ νp,E.

(S4) (Lemma 11.16.) Let L = Lp,θ;νp,E , and let σ be a finite real measure with σ(R) = 0
whose restriction to (−ρ/2, ρ/2) is absolutely continuous with bounded density.
Then the vectors v(σ) = (∥Πcσ∥c, ∥Πbσ∥b, ∥Πiσ∥i) satisfy v(Lσ) ≤ Mp,θv(σ) entry-
wise, with the matrix Mp,θ of (11.17); this applies since νp,E belongs to the ambient
class of Definition 11.8. We use this inequality only through a cruder form. Let

Pp = pAcol , δb,p = pAcole−cb p, δi,p = pAcole−ci
√

p, εp =
Ccol

p
+ δi,p, (12.9)

with Acol = Ast + 3, cb = ci = ast, and Ccol = 20CΞ′ . Since θ ≤ CΞ′/p and e−ast p ≤
e−ast

√
p, every entry of Mp,θ is at most the corresponding entry of

Mp =

 εp Pp Pp

δb,p εp δb,p
δi,p Pp δi,p + δb,p

 (12.10)

once p ≥ 6, and therefore v(Lσ) ≤ Mpv(σ). The proofs below use only this form,
with the structure of polynomial and exponentially small entries; any constants
Acol, Ccol, cb, ci > 0 depending only on Ξ would do.
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We write Dtµ for the pushforward of a measure µ on R under x 7→ tx (t > 0), and Rµ

for its pushforward under x 7→ −x (denoted µ∨ in Section 11). In the scaling g = 1/E, we
denote the variable by x, so that b = (1 + θ)x. The following sets are used throughout:

Z = (−ρ/5, ρ/5), J0 = [1/4, 7/4],

Sξ =
{

x :
∣∣(1 + θ)x− 1

∣∣ ≤ rp

4

}
, Oξ =

{
x :
∣∣(1 + θ)x− 1

∣∣ > rp

2

}
.

(12.11)

The set Sξ is a strict core, the set Oξ is the complement of a core of half radius, and
Z is an interval around zero on which the boundary cutoff equals one. We also set
xξ = (1 + θ)−1, the point corresponding to the anchor b = 1.

Lemma 12.3. There exists p1(Ξ) ≥ p0(Ξ) such that the following holds for all p ≥ p1(Ξ) and
ξ ∈ Ξ′. Set Hp = 2pAste−ast p.

(i) The law ν̃ξ satisfies (12.6) and has the form ν̃ξ = e−pδ1 + f̃ξ(x)dx with f̃ξ ≤ Hp on
(−3ρ/4, 3ρ/4).

(ii) For every q′ ∈ (0, 1), there exists Cq′ depending only on q′ and Ξ such that
∫
(1 +

|x|q′) ν̃ξ(dx) ≤ Cq′ .

(iii) We have ν̃ξ(S c
ξ) ≤ e−ast

√
p/2.

(iv) The map ξ 7→ ν̃ξ is weakly continuous on Ξ′.

Proof. We derived (12.6) above. The law ν̃ξ = D1/(1+θ)νp,E has the atom e−pδ1 and the
density f̃ξ(x) = (1+ θ) f ((1+ θ)x). For |x| < 3ρ/4, we have |(1+ θ)x| < (9/8)(3ρ/4) < ρ

by Lemma 12.1, and (12.7) implies that f̃ξ(x) ≤ (9/8)pAste−ast p ≤ Hp. This proves (i).
For (ii), we have ν̃ξ(|x| > L) ≤ νp,E(|b| > L) ≤ C/L for L ≥ 3 by (12.7), since 1+ θ ≥ 1.

Then ∫
|x|q′ ν̃ξ(dx) ≤ 3q′ +

∫ ∞

3
q′Lq′−1 ν̃ξ(|x| > L)dL ≤ 3q′ + Cq′

∫ ∞

3
Lq′−2 dL,

which is finite and depends only on q′ and Ξ.
For (iii), we work in the B-coordinate, where S c

ξ corresponds to {|b− 1| > rp/4}. Let
B′ denote the right side of (12.5), with Bj ∼ νp,E, so that B′ ∼ νp,E. We split the children
j ≤ N according to whether Bj ∈ Cp. By the thinning property of Poisson processes [94,
Chapter 5], the number N2 of children with Bj /∈ Cp is Pois(p νp,E(Cc

p)), so (12.7) gives

P(N2 ≥ 1) ≤ p νp,E(Cc
p) ≤ pe−ast

√
p.

The sum S = (θ/p)∑j≤N: Bj∈Cp Yj/Bj is compound Poisson with intensity p1 =

p νp,E(Cp) ≤ p and jumps distributed as Z = θY/(pB̂), where B̂ has law νp,E(· | Cp)

and is independent of Y. On the event {N2 = 0} we have B′ = 1 + θ − S. Since rp ≤ 1/2,
we have 1/B̂ ∈ [1− 2rp, 1 + 2rp], so

|ES− θ| =
∣∣θ νp,E(Cp)E[B̂−1]− θ

∣∣ ≤ θ
(
νp,E(Cc

p) + 2rp
)
≤ 3θrp
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once e−ast
√

p ≤ rp. Let λ ∈ R with |λ| ≤ p/(4θ). Then |λZ| ≤ Y/2, and the inequality
ew − 1− w ≤ w2e|w| gives

log Eeλ(S−ES) = p1E
[
eλZ − 1− λZ

]
≤ pλ2

(2θ

p

)2
E
[
Y2eY/2] = 64λ2θ2

p
.

In the last equality we used that E[Y2eY/2] = 16. Taking λ = ±p/(4θ) in the exponential
Chebyshev inequality, we obtain

P
(
|S−ES| ≥ rp/8

)
≤ 2 exp

(
−

prp

32θ
+ 4p

)
≤ 2 exp

(
−c p7/4 + 4p

)
,

where we used θ ≤ C/p. On the event {N2 = 0} ∩ {|S − ES| < rp/8}, we have
|B′ − 1| ≤ 3θrp + rp/8 ≤ rp/4, because θ ≤ 1/24. We conclude that

νp,E
(
|b− 1| > rp/4

)
≤ pe−ast

√
p + 2e−cp7/4+4p ≤ e−ast

√
p/2

for p large, which proves (iii).
For (iv), let ξn → ξ in Ξ′. By (S1), Bn ∼ νp,ξn

√
p converges in law to B ∼ νp,ξ

√
p,

and 1 + θ(ξn) → 1 + θ(ξ). By Slutsky’s lemma, Bn/(1 + θ(ξn)) converges in law to
B/(1 + θ(ξ)).

Component norms in the scaling g = 1/E

We transport the component norms of (S2) to the scaling g = 1/E by the dilation
b = (1 + θ)x.

Definition 12.4. Let p ≥ p1(Ξ) and ξ ∈ Ξ′. Let σ be a finite real measure on R with
σ(R) = 0 whose restriction to [−ρ/2, ρ/2] is absolutely continuous with bounded density.
Set σB = D1+θσ, and for α ∈ {c, b, i} set Πξ

ασ = D1/(1+θ)ΠασB and

∥σ∥c,ξ = ∥ΠcσB∥c, ∥σ∥b,ξ = ∥ΠbσB∥b, ∥σ∥i,ξ = ∥Πiσ
B∥i.

For γ > 0 we define the mixed seminorm

Nξ,γ(σ) = ∥σ∥c,ξ + eγp∥σ∥b,ξ + eγ
√

p∥σ∥i,ξ .

For a complex measure σ whose real and imaginary parts satisfy these assumptions, each
of the four quantities is defined as its value at Re σ plus its value at Im σ.

The measure σB is absolutely continuous on [−ρ/2, ρ/2], because σ is absolutely
continuous on [−ρ/(2(1 + θ)), ρ/(2(1 + θ))]. In particular, all four quantities are finite.
We record the properties of these norms that we use.

Lemma 12.5. Let p ≥ p1(Ξ), ξ ∈ Ξ′, and let σ be as in Definition 12.4. Set Sc = {x :
|(1 + θ)x− 1| ≤ 2rp} and Si = {x : |(1 + θ)x| ≥ ρ/4, |(1 + θ)x− 1| ≥ rp} ∪ {xξ}.
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(i) We have σ = Πξ
c σ + Πξ

bσ + Πξ
i σ, and each summand has total mass zero. The measure

Πξ
c σ is carried by Sc ⊂ J0, the measure Πξ

i σ is carried by Si ⊂ {|x| ≥ 2ρ/9}, and
Πξ

bσ = g(x)dx− (
∫

g)δxξ
with g supported in [−ρ/2, ρ/2] and |g| ≤ 2∥σ∥b,ξ .

(ii) The restriction of σ to Z is absolutely continuous with density bounded by 2∥σ∥b,ξ .
(iii) We have

∥σ∥c,ξ ≤ 2rp∥σ∥TV, ∥σ∥b,ξ ≤ sup
|x|≤ρ/2

∣∣∣ dσ

dx
(x)
∣∣∣, ∥σ∥i,ξ ≤ 2|σ|(Oξ).

(iv) Let V be a real Banach space. If f : Sc → V is Lipschitz, then∥∥∥∫ f dΠξ
c σ
∥∥∥

V
≤ LipSc

( f ) ∥σ∥c,ξ .

If f : Si → V is bounded and Lipschitz, then∥∥∥∫ f dΠξ
i σ
∥∥∥

V
≤
(

sup
Si

∥ f ∥V + LipSi
( f )
)
∥σ∥i,ξ .

Proof. Part (i) follows from (S2) after the change of variables b = (1 + θ)x: the measure
ΠcσB is carried by supp χc ∪ {1} ⊂ {|b− 1| ≤ 2rp}, and the measure Πiσ

B is carried
by supp χi ∪ {1}, where supp χi ⊂ {|b| ≥ ρ/4, |b − 1| ≥ rp} because χi vanishes on
Cp ∪ [−ρ/4, ρ/4]. If ΠbσB = h(b)db− (

∫
h)δ1, then g(x) = (1 + θ)h((1 + θ)x), which

gives |g| ≤ (9/8)∥σ∥b,ξ by Lemma 12.1. The inclusions Sc ⊂ J0 and Si ⊂ {|x| ≥ 2ρ/9}
follow from rp ≤ 1/4 and 1 ≤ 1 + θ ≤ 9/8.

For (ii), if x ∈ Z then |(1 + θ)x| < ρ/4, so χb((1 + θ)x) = 1 and χc((1 + θ)x) =

χi((1 + θ)x) = 0; further, xξ /∈ Z . The restriction of σ to Z is therefore the restriction of
g(x)dx, and (i) gives the bound.

For (iii), let φ be one of the test functions in the definition of ∥ · ∥c. Since φ(1) = 0 and
Lip(φ) ≤ 1, we have |χcφ| ≤ 2rp, and

∫
φ dΠcσB =

∫
χcφ dσB is bounded by 2rp∥σ∥TV.

The second bound holds because the density of σB at b is (1 + θ)−1(dσ/ dx)(b/(1 + θ))

and χb ≤ 1. For the third, if ∥φ∥∞ ≤ 1, then∣∣∣∫ φ dΠiσ
B
∣∣∣ ≤ ∫ χi d|σB|+ |mi(σ

B)| ≤ 2
∫

χi d|σB| ≤ 2|σB|(Cc
p),

and |σB|(Cc
p) = |σ|({|(1 + θ)x− 1| > rp}) ≤ |σ|(Oξ).

For (iv), let λ ∈ V∗ with ∥λ∥ ≤ 1, and set F = λ ◦ f and FB(b) = F(b/(1 + θ)) on
(1 + θ)Sc. Then Lip(FB) ≤ LipSc

( f ). Let F̃ be the McShane extension of FB to R, which
has the same Lipschitz constant, and set φ = F̃− F̃(1). Since ΠcσB has mass zero and is
carried by (1 + θ)Sc, we obtain

λ
(∫

f dΠξ
c σ
)
=
∫

FB dΠcσB =
∫

φ dΠcσB,
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and the right side is bounded by LipSc
( f )∥σ∥c,ξ . The first identity holds because Bochner

integrals commute with bounded functionals; the integral exists because f is continuous
and bounded on the compact set Sc. Taking the supremum over λ and using the Hahn–
Banach theorem, we obtain the first inequality. For the second, we argue in the same way,
with F̃ replaced by the McShane extension truncated at ±s, where s = supSi

|F|. Since the
truncation does not increase the Lipschitz constant, F̃/ max{s, Lip(F̃)} is one of the test
functions in the definition of ∥ · ∥i, and the bound follows since max{s, Lip} ≤ s+Lip.

12.2 An analytic Banach space for the law map

The spaces

Fix q ∈ (0, 1), and set

R0 =
5ρ

8
. (12.12)

Then ρ/2 < R0 < 3ρ/4 and R0 < 1/2. We use the convention that a map between open
subsets of complex Banach spaces is holomorphic if it is complex Fréchet differentiable at
every point. Compositions of holomorphic maps are holomorphic by the chain rule. A
holomorphic map f of one complex variable with values in a complex Banach space V is
given near each point by a norm-convergent power series; in particular, its restriction to
a real interval is real-analytic. Indeed, if the closed disc of radius r around z0 lies in the
domain of f , then the Cauchy formula f (z) = (2πi)−1

∮
|w−z0|=r f (w)(w− z)−1 dw holds

for |z− z0| < r, since both sides are continuous in z and agree after applying any λ ∈ V∗

(Hahn–Banach), and expanding (w− z)−1 in powers of (z− z0)/(w− z0) gives a power
series that converges in norm for |z− z0| < r (see also [82, Chapter III]).

Definition 12.6. LetMq be the space of complex Borel measures µ on R with

∥µ∥q,TV =
∫
(1 + |x|q) |µ|(dx) < ∞.

Let Xq be the space of σ ∈ Mq whose restriction to [−R0, R0] is absolutely continuous
with a bounded density hσ, with the norm

∥σ∥Xq = ∥σ∥q,TV + ∥hσ∥L∞([−R0,R0]).

Let X0
q = {σ ∈ Xq : σ(R) = 0} and Aq = {σ ∈ Xq : σ(R) = 1}. Let Wq be the space of

µ ∈ Mq whose restriction to [1− R0, 1 + R0] is absolutely continuous with a bounded
density, normed in the same way with [1− R0, 1 + R0] in place of [−R0, R0]. Finally, let
Zq be the space of complex measures α = ℓ(y)dy with

∥α∥Zq =
∫
(1 + |y|q)|ℓ(y)|dy + ess sup

y∈R

|y| |ℓ(y)| < ∞.
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The density of an element of Xq is defined up to a null set. No element of Xq charges
zero, and atoms outside [−R0, R0] are allowed.

Lemma 12.7. The spacesMq, Xq, Wq, and Zq are complex Banach spaces, and X0
q is a closed

subspace of Xq. With convolution as product, Mq is a commutative Banach algebra with unit
δ0, that is, ∥µ ∗ µ′∥q,TV ≤ ∥µ∥q,TV∥µ′∥q,TV. Further, ∥Rµ∥q,TV = ∥µ∥q,TV and ∥δ1 ∗ µ∥q,TV ≤
2∥µ∥q,TV. Finally, for σ ∈ Xq,

∫
(1 + |x|−q) |σ|(dx) ≤ Cq,ρ∥σ∥Xq , Cq,ρ = 1 + R−q

0 +
2R1−q

0
1− q

. (12.13)

Proof. The map µ 7→ (1 + |x|q)µ is an isometry fromMq onto the space of finite complex
measures with the total variation norm, which is complete. Let (σn) be a Cauchy sequence
in Xq. Then σn → σ in Mq for some σ, and hσn → h in L∞([−R0, R0]) for some h. The
restrictions of σn to [−R0, R0] converge in total variation both to the restriction of σ and to
h(x)dx, since ∥hσn − h∥L1([−R0,R0])

≤ 2R0∥hσn − h∥L∞ . We conclude that σ|[−R0,R0] = h dx
and σn → σ in Xq. The same argument applies to Wq. The space Zq is the intersection
of two weighted L1 and L∞ spaces with the sum norm; a Cauchy sequence converges in
both, and the two limits agree almost everywhere along a subsequence. This proves that
Zq is complete. The functional σ 7→ σ(R) is bounded by ∥σ∥q,TV, so X0

q is closed.
Since q ≤ 1, we have |x + y|q ≤ |x|q + |y|q, so 1 + |x + y|q ≤ (1 + |x|q)(1 + |y|q);

integrating this against |µ| ⊗ |µ′|, we obtain the algebra property. The reflection bound is
immediate, and the translation bound follows from 1 + |x + 1|q ≤ 2(1 + |x|q). For (12.13),
we split the integral at |x| = R0:∫

|x|−q |σ|(dx) ≤ ∥hσ∥L∞([−R0,R0])

∫ R0

−R0

|x|−q dx + R−q
0 ∥σ∥TV,

and
∫ R0
−R0
|x|−q dx = 2R1−q

0 /(1− q).

The jump kernel

Let Ω = {τ ∈ C : Re τ > 0}. For τ ∈ Ω, x ∈ R \ {0}, and y ∈ R, define

kτ(x; y) =
|x|
τ

exp
(
−|x||y|

τ

)
1{xy>0}, (12.14)

and for µ ∈ Xq let Kτµ be the measure with density y 7→
∫

kτ(x; y) µ(dx). This is the
analogue in the scaling g = 1/E of the kernel jθ and the operator Kθ of Section 11.1. For
real τ > 0, kτ(x; ·) is the density of τY/x. If µ is a probability measure with µ({0}) = 0,
then Kτµ is the law of the jump τY/X, where X ∼ µ and Y ∼ Exp(1) are independent.
The parameter τ changes the density of the jump but not its support.
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Lemma 12.8. (i) For all τ ∈ Ω and x ̸= 0, we have
∫

kτ(x; y)dy = 1. In particular
(Kτµ)(R) = µ(R) for µ ∈ Xq.

(ii) The map τ 7→ Kτ is holomorphic from Ω to the space of bounded operators from Xq to Zq,
with the operator norm. For j ≥ 1, its j-th derivative is the integral operator with kernel
∂

j
τkτ(x; y). For every compact Ω′ ⊂ Ω and j ≥ 0, supτ∈Ω′ ∥∂

j
τKτ∥Xq→Zq is bounded by a

constant depending only on Ω′, j, q, and ρ.

Proof. We write κ = 1/τ, which maps Ω biholomorphically onto itself, so that kτ(x; y) =
|x|κe−κs1{xy>0} with s = |x||y|. Part (i) follows from

∫ ∞
0 |x|κe−κ|x|y dy = 1 for Re κ > 0.

For (ii), fix κ0 ∈ Ω and let D be the closed disc of radius α = Re κ0/2 around κ0, so
that Re κ ≥ α and |κ| ≤ 2|κ0| for κ ∈ D. By the Leibniz rule,

∂
j
κ

(
|x|κe−κs) = |x|((−s)jκ + j(−s)j−1)e−κs,

so for κ ∈ D, with the substitution u = |x||y|,∫
(1 + |y|q)

∣∣∂j
κk
∣∣dy ≤

∫ ∞

0

(
2|κ0|uj + juj−1)e−αu

(
1 +

uq

|x|q
)

du ≤ Cj
(
1 + |x|−q),

|y|
∣∣∂j

κk
∣∣ ≤ u

(
2|κ0|uj + juj−1)e−αu ≤ Cj,

where Cj depends only on κ0, j, and q. Integrating against |µ| and using (12.13), we find

that the integral operator with kernel ∂
j
κk is bounded from Xq to Zq, with norm at most

2CjCq,ρ, uniformly for κ ∈ D. For κ, κ + h ∈ D we have pointwise

kκ+h − kκ − h ∂κkκ = h2
∫ 1

0
(1− t) ∂2

κkκ+th dt,

and the previous bound with j = 2 gives that the corresponding operator has norm at
most 2C2Cq,ρ|h|2. Then κ 7→ K is complex differentiable in operator norm, with derivative
the integral operator with kernel ∂κk. Applying the same argument to ∂

j
κk in place of k

and inducting on j, we obtain the statement about higher derivatives. Composing with
τ 7→ 1/τ and covering a compact Ω′ by finitely many discs proves (ii).

Convolution powers

The local density of the law map is controlled by the following estimate: if a sum of k
jumps lands at distance |z| from zero, then one of the jumps has modulus at least |z|/k.

Lemma 12.9. Let k ≥ 1 and let ℓ1, . . . , ℓk ∈ L1(R) be complex functions with |ℓi(y)| ≤ Mi/|y|
for almost every y. Then for almost every z ̸= 0,

(
|ℓ1| ∗ · · · ∗ |ℓk|

)
(z) ≤ k

|z|
k

∑
i=1

Mi ∏
j ̸=i
∥ℓj∥L1 . (12.15)

In particular, |(ℓ1 ∗ · · · ∗ ℓk)(z)| ≤ k2|z|−1 ∏k
i=1 max{Mi, ∥ℓi∥L1} for almost every z ̸= 0.
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Proof. For k = 1, the conclusion is the assumed almost-everywhere bound. Suppose
k ≥ 2, and let Hz = {(y1, . . . , yk) ∈ Rk : y1 + · · ·+ yk = z}. The left side of (12.15) is the
integral of ∏j |ℓj(yj)| over Hz with respect to the Lebesgue measure in any k− 1 of the
coordinates; all these parametrizations give the same measure on Hz, since the changes
of variables between them have Jacobian ±1. On Hz we have maxi |yi| ≥ |z|/k. Then
Hz is covered by the sets Ai = Hz ∩ {|yi| ≥ |z|/k}. On Ai we bound |ℓi(yi)| ≤ kMi/|z|;
this holds outside a set of yi of measure zero, whose preimage in Hz is null in the
parametrization by (yj)j ̸=i. Integrating the other k − 1 factors over (yj)j ̸=i ∈ Rk−1, we
obtain ∫

Ai

k

∏
j=1
|ℓj(yj)| ≤

kMi

|z| ∏
j ̸=i
∥ℓj∥L1 .

Summing over i proves (12.15), and the second bound follows.

For α ∈ Zq, define the compound Poisson measure (as in Section 11.1)

Pp(α) = e−p
∞

∑
k=0

pk

k!
α∗k, α∗0 = δ0. (12.16)

For a probability density α, this is the law of a sum of N ∼ Pois(p) independent variables
with law α.

Lemma 12.10. For k ≥ 1 and α1, . . . , αk ∈ Zq, the measure α1 ∗ · · · ∗ αk is absolutely continuous
and

∥α1 ∗ · · · ∗ αk∥Wq ≤ 3k2
k

∏
i=1
∥αi∥Zq . (12.17)

The series (12.16) converges in Wq, and Pp : Zq →Wq is holomorphic. Its mass is Pp(α)(R) =

exp(p(α(R)− 1)), and for m ≥ 1 and β1, . . . , βm ∈ Zq,

DmPp(α)[β1, . . . , βm] = pm Pp(α) ∗ β1 ∗ · · · ∗ βm, (12.18)

where the right side is the series e−p ∑k≥0 pk+m(k!)−1α∗k ∗ β1 ∗ · · · ∗ βm, which converges in
Wq.

Proof. Let αi = ℓi(y)dy. The weighted total variation of α1 ∗ · · · ∗ αk is at most ∏i ∥αi∥q,TV

by Lemma 12.7. The convolution is absolutely continuous with density ℓ1 ∗ · · · ∗ ℓk. For
z ∈ [1− R0, 1 + R0] we have |z| ≥ 1− R0 ≥ 1/2, and Lemma 12.9 with Mi = ∥αi∥Zq ≥
∥ℓi∥L1 implies that |(ℓ1 ∗ · · · ∗ ℓk)(z)| ≤ 2k2 ∏i ∥αi∥Zq for almost every such z. This proves
(12.17). The term k = 0 is δ0, which does not charge [1− R0, 1 + R0] and has norm one in
Wq. Since ∑k pk3k2rk/k! < ∞ for every r > 0, the series (12.16) and the series in (12.18)
converge in Wq, uniformly for α and βi in bounded sets.
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Let Ak(α1, . . . , αk) = α1 ∗ · · · ∗ αk, a bounded symmetric k-linear map by (12.17) and
commutativity. For α, β ∈ Zq and k ≥ 2, we have

α∗k+ − α∗k − k Ak(α, . . . , α, β) =
k

∑
j=2

(
k
j

)
Ak(α, . . . , α︸ ︷︷ ︸

k−j

, β, . . . , β︸ ︷︷ ︸
j

), α+ = α + β.

Since (k
j) ≤ k2(k−2

j−2) for j ≥ 2, the norm of the right side is at most 3k4∥β∥2
Zq
(∥α∥Zq +

∥β∥Zq)
k−2. Multiplying by e−p pk/k! and summing over k, we find that Pp is complex

differentiable at α with derivative β 7→ e−p ∑k≥1 pkk(k!)−1α∗(k−1) ∗ β = p Pp(α) ∗ β. The
m-th derivative is computed in the same way, by induction on m: at each stage the
derivative is a series of the same form in α, multilinear in β1, . . . , βm, and it converges in
Wq uniformly on bounded sets by (12.17). This gives (12.18). The mass formula holds
because the mass of a convolution is the product of the masses.

The law map

For τ ∈ Ω and ν ∈ Xq, define

Φ̃τ(ν) = δ1 ∗ R Pp(Kτν). (12.19)

For real τ > 0 and a probability measure ν ∈ Xq, the measure Kτν is the law of τY/X
with X ∼ ν, and Φ̃τ(ν) is the law of 1− τ ∑j≤N Yj/Xj with Xj independent with law ν.
This is the law map of the rescaled equation (12.6).

Lemma 12.11. (i) The map (τ, ν) 7→ Φ̃τ(ν) is holomorphic from Ω× Xq to Xq.
(ii) For τ ∈ Ω and ν ∈ Aq, we have Φ̃τ(ν) ∈ Aq, and Φ̃τ(ν)− e−pδ1 is absolutely continuous.

(iii) For τ ∈ Ω, ν ∈ Xq, m ≥ 1, and σ1, . . . , σm ∈ Xq,

Dm
ν Φ̃τ(ν)[σ1, . . . , σm] = pm Φ̃τ(ν) ∗ RKτσ1 ∗ · · · ∗ RKτσm. (12.20)

(iv) Let p ≥ p1(Ξ) and ξ ∈ Ξ′. Then ν̃ξ ∈ Aq and Φ̃τ(ξ)(ν̃ξ) = ν̃ξ .

Proof. The map µ 7→ δ1 ∗Rµ is a bounded linear map from Wq to Xq: it is the pushforward
under z 7→ 1− z, which maps [1− R0, 1 + R0] onto [−R0, R0] and preserves the size of
densities, and it at most doubles the weighted total variation by Lemma 12.7. The map
(τ, ν) 7→ Kτν is holomorphic from Ω× Xq to Zq: by Lemma 12.8, for h ∈ C and µ ∈ Xq,∥∥Kτ+h(ν + µ)−Kτν− h(∂τKτ)ν−Kτµ

∥∥
Zq

≤ ∥Kτ+h −Kτ − h∂τKτ∥ ∥ν∥Xq + ∥Kτ+h −Kτ∥ ∥µ∥Xq ,

which is o(|h|+ ∥µ∥Xq). Composing with the holomorphic map Pp of Lemma 12.10 and
with δ1 ∗ R proves (i).
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For (ii), we have (Kτν)(R) = 1 by Lemma 12.8(i), and Lemma 12.10 implies that
Pp(Kτν) has mass one. The term k = 0 of (12.16) gives the atom e−pδ1 of Φ̃τ(ν), and the
terms k ≥ 1 are absolutely continuous.

Part (iii) follows from (12.18), the linearity of ν 7→ Kτν, and the identity δ1 ∗R(µ ∗ β) =

(δ1 ∗ Rµ) ∗ Rβ.
For (iv), Lemma 12.3(i) shows that ν̃ξ is a probability measure with a density bounded

by Hp on [−R0, R0] ⊂ (−3ρ/4, 3ρ/4), and Lemma 12.3(ii) shows that its weighted total
variation is finite. Then ν̃ξ ∈ Aq. The fixed point identity is (12.6), by the description of
Φ̃τ for real τ given before the lemma.

12.3 Invertibility of the linearization

Score polynomials

For real parameters, derivatives of the jump kernel in the input x and in the energy ξ are
polynomials in the normalized jump u = |x||y|/τ times the kernel itself. We use this in
the rest of the section.

Lemma 12.12. For all integers m, r ≥ 0 there exists a polynomial Pm,r of degree at most m + r
with integer coefficients such that the following holds. Let p > 1, ξ > 0, τ = τ(ξ) = (pξ)−2,
and let x, y ∈ R with xy > 0. Then, with u = |x||y|/τ,

∂m
x ∂r

ξ kτ(ξ)(x; y) = x−mξ−rPm,r(u) kτ(ξ)(x; y). (12.21)

Proof. For fixed y ̸= 0 and x of the sign of y, we have kτ(ξ)(x; y) = G(u)/|y| with G(u) =
ue−u and u = |x||y|p2ξ2. Then ∂ξu = 2u/ξ, ∂xu = u/x, and G′(u) = (1− u)G(u)/u.
Suppose that ∂m

x ∂r
ξk = x−mξ−rP(u)G(u)/|y| for a polynomial P. Then

∂ξ

(
x−mξ−rP(u)G(u)

)
= x−mξ−r−1G(u)

(
−rP(u) + 2uP′(u) + 2(1− u)P(u)

)
,

∂x
(
x−mξ−rP(u)G(u)

)
= x−m−1ξ−rG(u)

(
−mP(u) + uP′(u) + (1− u)P(u)

)
.

Both brackets are polynomials with integer coefficients whose degree exceeds that of P
by at most one. Starting from P0,0 = 1 and using that ∂x and ∂ξ commute, we obtain
(12.21) by induction on m + r.

Lemma 12.13. Let q ∈ (0, 1) and let m, r ≥ 0 be integers with m + r ≤ 5. There exists C > 0,
depending only on m, r, q, and Ξ, such that for all p > 1, ξ ∈ Ξ′, τ = τ(ξ), and x ̸= 0:

(a)
∫
(1 + |y|q) |∂m

x ∂r
ξkτ(x; y)|dy ≤ C|x|−m(1 + (τ/|x|)q);

(b) for t > 0,
∫
|y|≥t(1 + |y|

q) |∂m
x ∂r

ξkτ(x; y)|dy ≤ C|x|−m(1 + (τ/|x|)q)e−|x|t/(2τ);

(c) for y ̸= 0, |∂m
x ∂r

ξkτ(x; y)| ≤ C|x|−m|y|−1e−|x||y|/(2τ);

(d) if m = 0, then
∫

R
|∂r

ξkτ(x; y)|dx ≤ Cτy−2 for y ̸= 0.
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Proof. On the half-line {xy > 0} we substitute u = |x||y|/τ, so that kτ(x; y)dy = e−u du,
|y|q = (τu/|x|)q, and |y| kτ(x; y) = ue−u. By Lemma 12.12 and ξ−r ≤ (2/ξ−)r, parts (a)
and (b) follow from∫ ∞

u0

|Pm,r(u)|
(

1 +
(τu
|x|

)q)
e−u du ≤

(
1 +

( τ

|x|

)q)
e−u0/2

∫ ∞

0
|Pm,r(u)|(1 + uq)e−u/2 du,

with u0 = 0 and u0 = |x|t/τ, respectively. Part (c) follows from |Pm,r(u)|kτ(x; y) =

|y|−1|Pm,r(u)|ue−u ≤ C|y|−1e−u/2. For (d), we substitute x = τu/y for x of the sign of y
and obtain

∫
|P0,r(u)|kτ(x; y)dx = τy−2

∫ ∞
0 |P0,r(u)|ue−u du.

The linearization at the principal law

For p ≥ p1(Ξ) and ξ ∈ Ξ′, let

L̃ξ = DνΦ̃τ(ξ)(ν̃ξ), so that L̃ξσ = p ν̃ξ ∗ RKτ(ξ)σ (12.22)

by Lemma 12.11(iii),(iv). By Lemma 12.8(i), L̃ξ maps X0
q into itself. Let D̃ ∼ ν̃ξ and

T ∼ Exp(1) be independent. For σ ∈ Xq and bounded Borel φ, by Fubini’s theorem we
have ∫

φ dL̃ξσ = p
∫

E
[

φ
(

D̃− τT
x

)]
σ(dx). (12.23)

Further, L̃ξσ is absolutely continuous, with density

dL̃ξσ

dz
(z) = p

∫
k̄ξ,x(z) σ(dx), k̄ξ,x(z) =

∫
kτ(ξ)(x; d− z) ν̃ξ(dd). (12.24)

Here k̄ξ,x is the density of D̃− τT/x.

Lemma 12.14. Let p ≥ p1(Ξ) and ξ ∈ Ξ′, and let L = Lp,θ;νp,E . For every real σ ∈ X0
q , we

have D1+θL̃ξσ = LD1+θσ. Consequently, for every σ ∈ X0
q , real or complex, the vector vξ(σ) =

(∥σ∥c,ξ , ∥σ∥b,ξ , ∥σ∥i,ξ) satisfies vξ(L̃ξσ) ≤ Mpvξ(σ) entrywise, with Mp as in (12.10).

Proof. Let φ be bounded and Borel, and set σB = D1+θσ. Let D = (1 + θ)D̃, which has
law νp,E. Using (12.23) with the test x 7→ φ((1 + θ)x) and substituting b = (1 + θ)x, we
find∫

φ dD1+θL̃ξσ = p
∫

E
[

φ
(

D− (1 + θ)2τT
b

)]
σB(db) = p

∫
E
[

φ
(

D− θT
pb

)]
σB(db),

where we used (12.3) in the second equality. By (12.8) the right side is
∫

φ dLσB; the
measure σB is real, has mass zero, does not charge zero, and χbσB has a bounded density,
as noted after Definition 12.4. This proves the identity. Since the components of L̃ξσ

in the sense of Definition 12.4 are those of LσB, the matrix inequality for real σ follows
from (12.10). Since L̃ξ maps real measures to real measures, the complex case follows by
applying the real case to Re σ and Im σ and adding.
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In the next lemma and below we write L1
q(G), for a Borel set G ⊂ R, for the space of

real functions on G with norm
∫

G(1 + |z|
q)|F(z)|dz. We also set

q′ =
1 + q

2
, a1 =

(1− q) ast

2(1 + q)
. (12.25)

By Hölder’s inequality with exponents q′/q and q′/(q′ − q), Lemma 12.3(ii),(iii), and
(1 + |d|q)q′/q ≤ 2q′/q(1 + |d|q′), we have∫

S c
ξ

(1 + |d|q) ν̃ξ(dd) ≤ C ν̃ξ(S c
ξ)

1−q/q′ ≤ Ce−a1
√

p, (12.26)

since 1− q/q′ = (1− q)/(1 + q).

Lemma 12.15. There exists C > 0, depending only on q and Ξ, such that for all p ≥ p1(Ξ),
ξ ∈ Ξ′, and σ ∈ X0

q , writing ∥σ∥cbi = ∥σ∥c,ξ + ∥σ∥b,ξ + ∥σ∥i,ξ :

(i) ∥L̃ξσ∥q,TV ≤ Cp ∥σ∥cbi;

(ii) the density of L̃ξσ is bounded by Cp ∥σ∥cbi on [−R0, R0];
(iii)

∫
Oξ
(1 + |z|q) |L̃ξσ|(dz) ≤ Cpe−a1

√
p(∥σ∥c,ξ + ∥σ∥i,ξ

)
+ Cp∥σ∥b,ξ ;

(iv) for every γ > 0, Nξ,γ(L̃ξσ) ≤ Cpeγp∥σ∥Xq .

Proof. It suffices to consider real σ. We decompose σ = Πξ
c σ + Πξ

bσ + Πξ
i σ as in

Lemma 12.5, write Πξ
bσ = g dx − (

∫
g)δxξ

, and treat the three components separately.
Throughout, τ = τ(ξ) ≤ 4/(pξ−)2. We use the following consequence of Lemma 12.13(a)
for x ̸= 0 and s ∈ R:∫

(1 + |y|q)
∣∣kτ(x; y)− kτ(s; y)

∣∣dy ≤ |x− s| sup
w∈[x,s]

∫
(1 + |y|q)|∂xkτ(w; y)|dy, (12.27)

valid when the segment [x, s] does not contain zero, which follows from the fundamental
theorem of calculus in x and Tonelli’s theorem. The same inequality holds with the
weight and the domain of integration restricted to any Borel set of y, and after integrating
in d against ν̃ξ with the shift y = d− z.

Step 1. Weighted total variation. Let f (x) = kτ(x; ·) ∈ L1
q(R). By Lemma 12.13(a),

∥ f (x)∥ ≤ C and ∥∂x f (x)∥ ≤ C for |x| ≥ 2ρ/9. By (12.27), f is Lipschitz with con-
stant at most C on Sc ⊂ J0 and on each of Si ∩ (0, ∞) and Si ∩ (−∞, 0). If x, s ∈ Si have
opposite signs, then |x− s| ≥ 4ρ/9, and therefore ∥ f (x)− f (s)∥ ≤ 2C ≤ (9C/(2ρ))|x− s|.
We conclude that LipSi

( f ) ≤ C. The density of KτΠξ
ασ is the Bochner integral

∫
f dΠξ

ασ,

and Lemma 12.5(iv) implies that ∥KτΠξ
c σ∥q,TV ≤ C∥σ∥c,ξ and ∥KτΠξ

i σ∥q,TV ≤ C∥σ∥i,ξ .
For the boundary component, Lemma 12.13(a) gives

∥KτΠξ
bσ∥q,TV ≤

∫ ρ/2

−ρ/2
|g(x)|C

(
1 + |x|−q)dx + C

∣∣∣∫ g
∣∣∣ ≤ C∥σ∥b,ξ ,



12 Analyticity of the principal solution and bounds on its derivatives § 12.3 260

since q < 1 and |g| ≤ 2∥σ∥b,ξ . By Lemma 12.7 and Lemma 12.3(ii), ∥L̃ξσ∥q,TV ≤
p ∥ν̃ξ∥q,TV∥Kτσ∥q,TV, which proves (i).

Step 2. Local density. Fix |z| ≤ R0 and split the integral defining k̄ξ,x(z) into d ∈
(−3ρ/4, 3ρ/4), where ν̃ξ has density at most Hp, and the complement, where |d− z| ≥
3ρ/4− R0 = ρ/8. For |x| ≥ 2ρ/9, Lemma 12.8(i) and Lemma 12.13(a),(c) give

|k̄ξ,x(z)|+ |∂x k̄ξ,x(z)| ≤ Hp

∫ (
kτ(x; y) + |∂xkτ(x; y)|

)
dy + sup

|y|≥ρ/8

(
kτ(x; y) + |∂xkτ(x; y)|

)
≤ C

(
Hp + e−cp2)

.

As in Step 1, the scalar function x 7→ k̄ξ,x(z) is then Lipschitz on Sc and bounded and
Lipschitz on Si, with constants at most C. By (12.24) and Lemma 12.5(iv), the core and
intermediate components contribute at most Cp(∥σ∥c,ξ + ∥σ∥i,ξ) to the density at z. For
the boundary component, the same splitting and Lemma 12.13(d) give∫ ρ/2

−ρ/2
|g(x)| k̄ξ,x(z)dx ≤ ∥g∥∞

(
ρHp + sup

|y|≥ρ/8

∫
R

kτ(x; y)dx
)
≤ ∥g∥∞

(
ρHp +

64τ

ρ2

)
,

and the compensating atom contributes |
∫

g| k̄ξ,xξ
(z) ≤ C∥σ∥b,ξ . This proves (ii).

Step 3. Variation away from the core. Let f (x) = k̄ξ,x1Oξ
∈ L1

q(Oξ). For |x| ≥ 2ρ/9, we
have

∥ f (x)∥+ ∥∂x f (x)∥ ≤
∫

ν̃ξ(dd)
∫ (

kτ(x; y) + |∂xkτ(x; y)|
)
1{d−y∈Oξ}

(
1 + |d− y|q

)
dy.

If d ∈ Sξ and d− y ∈ Oξ , then (1 + θ)|y| ≥ rp/2− rp/4, which gives |y| ≥ rp/5; further,
|d| ≤ 2 implies that 1 + |d− y|q ≤ 3(1 + |y|q). By Lemma 12.13(b), the part of the integral
with d ∈ Sξ is at most Ce−(2ρ/9)rp/(10τ) ≤ Ce−cp7/4

. For the part with d /∈ Sξ , we bound
1 + |d − y|q ≤ (1 + |d|q)(1 + |y|q) and use Lemma 12.13(a) and (12.26), which give at
most Ce−a1

√
p. Arguing as in Step 1, f is Lipschitz on Sc and bounded and Lipschitz on

Si with constants at most Ce−a1
√

p. By Lemma 12.5(iv) with V = L1
q(Oξ), the core and

intermediate components contribute at most Cpe−a1
√

p(∥σ∥c,ξ + ∥σ∥i,ξ) to the left side of
(iii). The boundary component contributes at most ∥L̃ξΠξ

bσ∥q,TV ≤ Cp∥σ∥b,ξ by Step 1.
This proves (iii).

Step 4. Comparison with the norm of Xq. For real τ we have ∥Kτσ∥TV ≤ ∥σ∥TV, and
therefore ∥L̃ξσ∥TV ≤ p∥σ∥TV. Since supx kτ(x; y) = (e|y|)−1, we have |k̄ξ,x(z)| ≤ Hp +

8/(eρ) for all x ̸= 0 and |z| ≤ R0. Then the density of L̃ξσ on [−R0, R0] is at most
Cp∥σ∥TV. Part (iv) now follows from Lemma 12.5(iii).
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Lemma 12.16. Let γ = min{cb, ci}/4. There exists p2(Ξ) ≥ p1(Ξ) such that for all p ≥ p2(Ξ),
ξ ∈ Ξ′, and σ ∈ X0

q ,
Nξ,γ(L̃ξσ) ≤ 1

2 Nξ,γ(σ). (12.28)

Consequently, there exists Cp < ∞ such that ∥L̃n
ξ∥X0

q→X0
q
≤ Cp2−n for all n ≥ 0, and I − L̃ξ

has a bounded inverse on X0
q , given by the norm-convergent series ∑n≥0 L̃n

ξ .

Proof. We set vξ(σ) = (c, b, i) and vξ(L̃ξσ) = (c′, b′, i′). By Lemma 12.14,

Nξ,γ(L̃ξσ) = c′ + eγpb′ + eγ
√

pi′

≤ (εpc + Ppb + Ppi) + eγp(δb,pc + εpb + δb,pi)

+ eγ
√

p(δi,pc + Ppb + (δi,p + δb,p)i
)

= kc c + kb eγpb + ki eγ
√

pi,

where

kc = εp + eγpδb,p + eγ
√

pδi,p, kb = Ppe−γp + εp + Ppe−γ(p−√p),

ki = Ppe−γ
√

p + δb,peγ(p−√p) + δi,p + δb,p.

Since γ ≤ cb/4 and γ ≤ ci/4, every term is at most C/p or pAcole−γ
√

p, and
max{kc, kb, ki} ≤ 1/2 for p larger than a threshold depending only on Ξ. This proves
(12.28).

By Lemma 12.15(i),(ii) and Nξ,γ ≥ ∥ · ∥cbi, we have ∥L̃ξµ∥Xq ≤ CpNξ,γ(µ) for µ ∈ X0
q .

For n ≥ 2, this, (12.28), and Lemma 12.15(iv) give

∥L̃n
ξ σ∥Xq ≤ CpNξ,γ(L̃n−1

ξ σ) ≤ Cp 2−(n−2)Nξ,γ(L̃ξσ) ≤ C2p2eγp2−(n−2)∥σ∥Xq .

The cases n = 0, 1 follow from the boundedness of L̃ξ on Xq, which holds by
Lemma 12.11(i). The Neumann series therefore converges in operator norm on the
Banach space X0

q , and its sum inverts I − L̃ξ .

Remark 12.17. The mixed seminorm Nξ,γ is weaker than ∥ · ∥Xq : it measures the core and
intermediate parts of a measure only through Lipschitz test functions. The operator L̃ξ is
a contraction for the weak seminorm and maps it back into the strong norm, because its
kernel is smooth in the input variable away from zero. The proof above uses only these
two properties.

12.4 Analyticity of the principal law

We first show that the principal law depends continuously on ξ in the norm of Xq. This
is used to identify the analytic branch produced by the implicit function theorem with
the principal law.
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Lemma 12.18. Let p ≥ p1(Ξ). Then ξ 7→ ν̃ξ is continuous from Ξ′ to Xq.

Proof. Let ξn → ξ in Ξ′, and write νn = ν̃ξn , ν = ν̃ξ , τn = τ(ξn), and τ0 = τ(ξ). By
Lemma 12.11(iv), νn = δ1 ∗ R Pp(Kτn νn) and ν = δ1 ∗ R Pp(Kτ0ν). Since Pp : Zq → Wq

is continuous and µ 7→ δ1 ∗ Rµ is bounded from Wq to Xq, it suffices to show that
Kτn νn → Kτ0ν in Zq. We write

Kτn νn −Kτ0ν = (Kτn −Kτ0)νn +Kτ0(νn − ν).

By Lemma 12.3(i),(ii), supn ∥νn∥Xq < ∞, and the first term tends to zero by the continuity
of τ 7→ Kτ in operator norm (Lemma 12.8(ii)).

For the second term, we note that Lemma 12.13(a),(c) with m ∈ {0, 1} and r = 0 give

∥kτ(x; ·)∥Zq ≤ C(1 + |x|−q),

∥kτ(x; ·)− kτ(s; ·)∥Zq ≤ C
|x− s|

min{|x|, |s|}

(
1 +

1
min{|x|, |s|}q

) (12.29)

for x, s of the same sign, where τ = τ0 and we identify kτ(x; ·) with the measure it is the
density of. The second bound follows from the bounds for ∂xkτ and the fundamental
theorem of calculus in x. Let ε > 0. Let 0 < δ < R0 and M ≥ 3, and let ψ : R→ [0, 1] be
continuous with ψ = 1 on {δ ≤ |x| ≤ M} and ψ = 0 on {|x| ≤ δ/2} ∪ {|x| ≥ 2M}. For
µ ∈ {ν, ν1, ν2, . . . }, the first bound in (12.29), the density bound of Lemma 12.3(i), and
the tail bound (12.7) give∥∥Kτ0

(
(1− ψ)µ

)∥∥
Zq
≤ C

∫
|x|<δ

(1 + |x|−q)Hp dx + 2Cµ(|x| > M) ≤ CHpδ1−q +
C
M

.

We fix δ and M so that the right side is at most ε. The Zq-valued function F(x) =

ψ(x)kτ0(x; ·) vanishes for |x| ≤ δ/2 and |x| ≥ 2M and is uniformly continuous by (12.29).
Let r > 0 be such that ∥F(x)− F(s)∥Zq ≤ ε for |x − s| < r, and let (ϕi)i≤m be a finite
family of continuous functions R → [0, 1], each supported in an interval of length less
than r containing a point xi, with ∑i ϕi = 1 on the support of F and ∑i ϕi ≤ 1 everywhere.
Then ∥F(x)−∑i ϕi(x)F(xi)∥Zq ≤ ε for every x, and therefore

∥∥∥Kτ0

(
ψ(νn − ν)

)∥∥∥
Zq

=
∥∥∥∫ F d(νn − ν)

∥∥∥
Zq
≤ 2ε +

m

∑
i=1
∥F(xi)∥Zq

∣∣∣∫ ϕi d(νn − ν)
∣∣∣.

The last sum tends to zero by the weak convergence νn → ν (Lemma 12.3(iv)). We
conclude that lim supn ∥Kτ0(νn − ν)∥Zq ≤ 4ε, and ε was arbitrary.

Theorem 12.19. Let Ξ ⊂ (0, ∞) be a compact interval. There exists pan(Ξ) such that for every
q ∈ (0, 1) and p ≥ pan(Ξ) the following holds, with R0 = R0(Ξ) ∈ (0, 1/2) and Xq as in
Definition 12.6.
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(i) For every ξ ∈ Ξ′, the principal law ν̃p,ξ
√

p in the scaling g = 1/E belongs to Xq.
(ii) There exists an open interval I ⊃ Ξ such that ξ 7→ ν̃p,ξ

√
p is real-analytic from I to Xq.

Equivalently, E 7→ ν̃p,E is real-analytic on
√

p I, and τ 7→ ν̃p,(pτ)−1/2 is real-analytic on
τ(I).

(iii) For every ξ0 ∈ Ξ, there exist an open disc U ⊂ Ω centered at τ0 = τ(ξ0) and a holomorphic
map ν(·) : U → Aq such that Φ̃τ(ν(τ)) = ν(τ) for τ ∈ U, and ν(τ(ξ)) = ν̃p,ξ

√
p

whenever ξ > 0 and τ(ξ) ∈ U.

Proof. Let pan(Ξ) = p2(Ξ), which does not depend on q. Part (i) is Lemma 12.11(iv). Fix
ξ0 ∈ Ξ, set τ0 = τ(ξ0) and ν0 = ν̃ξ0 , and define

F : Ω× X0
q → X0

q , F(τ, σ) = σ− Φ̃τ(ν0 + σ) + ν0.

Since Φ̃τ(ν0 + σ) has mass one by Lemma 12.11(ii), F takes values in X0
q . By

Lemma 12.11(i), F is holomorphic. Its partial derivatives are

DσF(τ, σ) = I − DνΦ̃τ(ν0 + σ), DτF(τ, σ)h = −h p Φ̃τ(ν0 + σ) ∗ R(∂τKτ)(ν0 + σ),

where the second formula follows from (12.18) with m = 1 and the chain rule. These are
continuous functions of (τ, σ) in operator norm: by Lemma 12.10, the map α 7→ DPp(α)

has a derivative that is bounded on bounded sets, which implies that it is locally Lipschitz
in operator norm, and τ 7→ Kτ and τ 7→ ∂τKτ are continuous in operator norm by
Lemma 12.8(ii). We conclude that F is continuously Fréchet differentiable when Ω ⊂ C

is regarded as an open subset of R2. Further, F(τ0, 0) = 0 by Lemma 12.11(iv), and
DσF(τ0, 0) = I − L̃ξ0 is invertible on X0

q by Lemma 12.16.
By the implicit function theorem in Banach spaces [60, Section 15], there exist an open

disc U ⊂ Ω centered at τ0, an open neighborhood V of 0 in X0
q , and a continuously

differentiable map σ : U → V such that, for (τ, σ′) ∈ U × V, we have F(τ, σ′) = 0 if
and only if σ′ = σ(τ). The uniqueness in this pointwise form is part of the standard
proof, and it can be checked directly. Let A = DσF(τ0, 0). By the continuity of DσF,
after replacing V by a small ball around 0 and then shrinking U so that σ(U) ⊂ V,
we have ∥I − A−1DσF(τ, σ′)∥ ≤ 1/2 on U × V. By the mean value inequality, σ′ 7→
σ′ − A−1F(τ, σ′) then has Lipschitz constant at most 1/2 on V for each τ ∈ U, so it has
at most one fixed point in V, and the zeros of F(τ, ·) in V are exactly its fixed points.
Shrinking U, we may assume that DσF(τ, σ(τ)) is invertible for τ ∈ U, since the invertible
operators form an open set. Differentiating the identity F(τ, σ(τ)) = 0, we obtain

Dσ(τ)h = −
(

DσF(τ, σ(τ))
)−1DτF(τ, σ(τ))h, h ∈ C.

The right side is complex-linear in h, so σ is complex differentiable on U, that is, holo-
morphic. We set ν(τ) = ν0 + σ(τ), which lies in Aq and satisfies Φ̃τ(ν(τ)) = ν(τ).
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Since Ξ ⊂ int Ξ′, Lemma 12.18 and the continuity of ξ 7→ τ(ξ) give η > 0 such that,
for all real ξ with |ξ − ξ0| < η, we have ξ ∈ Ξ′, ν̃ξ − ν0 ∈ V, and τ(ξ) ∈ U. For such
ξ, we have F(τ(ξ), ν̃ξ − ν0) = 0 by Lemma 12.11(iv), and the uniqueness in the implicit
function theorem gives ν̃ξ = ν(τ(ξ)). This proves (iii), after shrinking U so that its real
points are of the form τ(ξ) with |ξ − ξ0| < η.

By the power series expansion recalled at the beginning of Section 12.2, τ 7→ ν(τ) is
real-analytic on U ∩R. Since ξ 7→ τ(ξ) = (pξ)−2 extends holomorphically to a complex
neighborhood of (0, ∞), the map ξ 7→ ν(τ(ξ)) = ν̃ξ extends holomorphically to a complex
neighborhood of (ξ0− η, ξ0 + η), and it is real-analytic there. The union of these intervals
over ξ0 ∈ Ξ is an open set containing the compact interval Ξ, and it contains an open
interval I ⊃ Ξ. This proves (ii); the reformulations in E = ξ

√
p and in τ hold because

ξ 7→ ξ
√

p and ξ 7→ τ(ξ) are real-analytic with real-analytic inverses on (0, ∞).

Remark 12.20. The constants in the proof of Theorem 12.19 depend on p, for instance
through the factor eγp in Lemma 12.16, and the theorem gives no bound on the derivatives
that is uniform in p. Such bounds are proved in Section 12.6. By Theorem 12.19(ii), the
derivatives ∂

j
ξ ν̃p,ξ

√
p exist in Xq for all j ≥ 1; they are real measures of total mass zero,

since ν̃p,ξ
√

p is a probability measure for every real ξ, and they have no atoms, since the
atom e−pδ1 does not depend on ξ.

12.5 Analyticity of the free energy at s = 1

The transfer operator in the scaling g = 1/E

We use the transfer matrices M(b, β), the vectors vx, the projective maps fb,β, and the
transfer operators Qs on C(RP1) of Definition 6.1. Let p ≥ p1(Ξ), ξ ∈ Ξ′, and E = ξ

√
p.

By Corollary 11.23, the law π of D = B/g(E), where B ∼ νp,E, is a real solution at E.
With the scaling g = g(E), the law of gD = B is νp,E and the rate is Kg = p/θ; this is the
B-normalization, and we write QE,1 for the corresponding critical transfer operator. With
the scaling g′ = 1/E, the law of g′D = B̃ is ν̃ξ and the rate is Kg′ = pE2 = 1/τ(ξ). We
denote the corresponding critical transfer operator by Q̃ξ :

(Q̃ξ F)(x) = p
∫

ν̃ξ(dd)
∫ ∞

0

1
τ

e−β/τ ∥M(d, β)vx∥−1F( fd,β(x))dβ, τ = τ(ξ). (12.30)

All dependence on ξ is in the law ν̃ξ and in the exponential density; the function F is
evaluated at real projective points. Since g′/g = (Eg)−1 = (1 + θ)−1, we obtain from
Lemma 6.13(ii) that

Q̃ξ = Θ−1
ξ QE,1Θξ , (Θξ F)(y) = ∥Sξvy∥−1F(Sξ · y),

Sξ = diag
(
(1 + θ)1/2, (1 + θ)−1/2), (12.31)
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where Θξ is a positive bounded operator on C(RP1) with positive bounded in-
verse. At the level of matrices, this is the constant diagonal conjugacy M(B, θY/p) =

S−1
ξ M(B̃, τY)Sξ , which follows from (6.17) with γ = 1 + θ and (12.3). In particular, the

two operators have the same spectrum and the same Perron–Frobenius eigenvalue, and
by Definition 6.14 this eigenvalue is the exponential of the free energy at E = ξ

√
p and

s = 1, which we denote by λp(ξ).
The two scalings differ in one respect that matters here. In the B-normalization the

law νp,E has its atom at 1 + θ(ξ), which moves with ξ, and this atom produces an atom
in the row of QE,1 at x = 0: since ∥M(b, β)v0∥−1 = β1/2(1 + b2)−1/2 and fb,β(0) = 1/b,
the measure F 7→ (QE,1F)(0) has an atom at 1/(1 + θ(ξ)) of mass pe−pE[β1/2](1 + (1 +

θ)2)−1/2, and it has no atom at 1/(1 + θ(ξ ′)) for ξ ′ ̸= ξ. Since ξ 7→ θ(ξ) is strictly
monotone, ∥Qξ

√
p,1 −Qξ ′

√
p,1∥ is bounded below by the mass of this atom, and ξ 7→

Qξ
√

p,1 is not norm-continuous; by Proposition 6.12, its third power is norm-continuous
(see also Remark 6.8). In the scaling g = 1/E, the atom of ν̃ξ is at 1 for every ξ, and we
show that ξ 7→ Q̃ξ itself is real-analytic in operator norm.

Analyticity of the critical growth rate

Proposition 12.21. Let Ξ ⊂ (0, ∞) be compact, and let Ξ̂ denote its convex hull. There exists
pcr(Ξ) such that for every p ≥ pcr(Ξ) the following holds.

(i) For every ξ ∈ Ξ̂, λp(ξ) is the Perron–Frobenius eigenvalue of the critical transfer operator Q̃ξ

in the scaling g = 1/E, and of the critical transfer operator Qξ
√

p,1 in the B-normalization.

(ii) The maps ξ 7→ Q̃ξ and ξ 7→ Q3
ξ
√

p,1 are continuous on Ξ̂ in the operator norm of C(RP1).

Moreover, there exists an open interval I ⊃ Ξ̂ such that ξ 7→ Q̃ξ is real-analytic from I to
the bounded operators on C(RP1) with the operator norm.

(iii) The function ξ 7→ λp(ξ) is real-analytic on I. In particular, it is continuous on Ξ and
real-analytic on the interior of Ξ.

Proof. We may assume that Ξ is an interval, and we set pcr(Ξ) = pan(Ξ). We fix q = 3/4
and apply Theorem 12.19 with this q. Let p ≥ pcr(Ξ).

Step 1. Identification of λp and continuity. Part (i) for ξ ∈ Ξ′ is the discussion after (12.30);
the hypotheses (6.1) hold for νp,E and ν̃ξ by Lemma 6.13(i), since both are rescalings of
the real solution π. Next we apply Proposition 6.12 on the interval of energies

√
p Ξ′,

with νE = νp,E and K(E) = p/θ. The map E 7→ K(E) is continuous by Lemma 12.1,
E 7→ νp,E is weakly continuous by (S1), and by the tail bound in (12.7), we have
supξ∈Ξ′

∫
|b|3/4νp,ξ

√
p(db) < ∞, as in the proof of Lemma 12.3(ii). Since q0 = 3/4 > 1/2,

Proposition 6.12 shows that ξ 7→ Q3
ξ
√

p,1 is norm-continuous and ξ 7→ λp(ξ) is continuous
on Ξ′.
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Step 2. Complex extension of the operator. Fix ξ0 ∈ Ξ, let τ0 = τ(ξ0), and let U and τ 7→ ν(τ)

be as in Theorem 12.19(iii). Shrinking U, we may assume that its radius is at most τ0/2.
Then for τ ∈ U, the number a(τ) = Re(1/τ) = Re τ/|τ|2 lies in [2/(9τ0), 2/τ0], and
|τ−1e−β/τ| = (|τ|a(τ))−1a(τ)e−a(τ)β. For a complex measure µ ∈ Mq, τ ∈ U, and a
bounded Borel function F on RP1, define

(Q(µ, τ)F)(x) = p
∫

µ(dd)
∫ ∞

0

1
τ

e−β/τ∥M(d, β)vx∥−1F( fd,β(x))dβ.

By Lemma 6.5 with s = 1 and K = a(τ), whose constant C1,K is bounded for K in a
compact subset of (0, ∞), and by |d|1/2 ≤ 1 + |d|q, this is a bounded operator on the
space B(RP1) of bounded Borel functions with the supremum norm, and ∥Q(µ, τ)∥ ≤
C∥µ∥q,TV for τ ∈ U, where C depends on p and τ0.

We claim that τ 7→ Q(µ, τ) is holomorphic on U in the operator norm of B(RP1),
with derivative given by the same formula with ∂τ(τ−1e−β/τ) in place of τ−1e−β/τ,
and that the first-order Taylor remainder at τ in the direction h has norm at most
C|h|2∥µ∥q,TV. To see this, write κ = 1/τ and eκ(β) = κe−κβ = τ−1e−β/τ. The image of
U under τ 7→ 1/τ is a disc, on which Re κ ≥ 2/(9τ0) and |κ| ≤ 2/τ0. Then |∂2

κeκ(β)| =
|(−2β + κβ2)e−κβ| ≤ C a∗e−a∗β with a∗ = 1/(9τ0). Applying Lemma 6.5 with K = a∗
to the remainder eκ+h − eκ − h∂κeκ = h2

∫ 1
0 (1− t) ∂2

κeκ+th dt proves the claim, as in the
proof of Lemma 12.8. Since Q(µ, τ) is linear in µ with ∥Q(µ, τ)∥ ≤ C∥µ∥q,TV, the
map (µ, τ) 7→ Q(µ, τ) is holomorphic on Mq ×U: the first-order remainder at (µ, τ)

in the direction (µ′, h) is Q(µ′, τ + h) − Q(µ′, τ) plus the Taylor remainder in τ at µ,
whose norms are O(|h| ∥µ′∥q,TV) and O(|h|2). By Theorem 12.19(iii) and the inequality
∥ · ∥q,TV ≤ ∥ · ∥Xq , the map τ 7→ Q(τ) = Q(ν(τ), τ) is holomorphic on U.

Next, Q(τ) maps C(RP1) into itself. Let F ∈ C(RP1) and xn → x in RP1. Consider
the finite positive measure mτ(dd, dβ) = |ν(τ)|(dd) |τ−1e−β/τ|dβ and the functions
gn(d, β) = ∥M(d, β)vxn∥−1F( fd,β(xn)). For fixed (d, β) with β > 0, these converge to the
same expression g(d, β) at x, by the continuity noted after (6.3). By Lemma 6.5 with
s = 5/4, we have

∫
|gn|5/4 dmτ ≤ C∥F∥5/4

∞
∫
(1 + |d|5/8) |ν(τ)|(dd), which is finite and

independent of n because 5/8 < q. Then (gn) is uniformly integrable with respect to mτ.
By Vitali’s convergence theorem,

∫
|gn − g|dmτ → 0, which implies that (Q(τ)F)(xn)→

(Q(τ)F)(x). Since C(RP1) is a closed subspace of B(RP1) and the difference quotients of
τ 7→ Q(τ) map C(RP1) into itself, the restrictions to C(RP1) form a holomorphic family
of bounded operators on C(RP1). For real τ = τ(ξ) ∈ U, the identity ν(τ) = ν̃ξ gives
Q(τ(ξ)) = Q̃ξ . As in the proof of Theorem 12.19, ξ 7→ Q̃ξ is real-analytic in operator
norm near ξ0, and taking the union over ξ0 ∈ Ξ proves (ii).

Step 3. Perturbation of the Perron–Frobenius eigenvalue. Let T0 = Q(τ0) = Q̃ξ0 and λ0 =

λp(ξ0). By Theorem 6.11(ii), applied to ν̃ξ0 and the rate 1/τ0, the point λ0 > 0 is an
eigenvalue of T0 whose Riesz projection Π0 has rank one, it has an eigenfunction ψ1 with
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min ψ1 > 0, and there exists r0 < λ0 with |z| ≤ r0 for every z ∈ σ(T0) \ {λ0}. Since ψ1

is an eigenfunction, Π0ψ1 = ψ1. Let ℓ be the functional F 7→
∫

F dℓ1, where ℓ1 is the
measure of Theorem 6.11(iii), so that ℓ(Π0ψ1) = 1. Fix δ ∈ (0, (λ0 − r0)/3), and let ε > 0
be given by Lemma 6.10 for T0, µ0 = λ0, r0, δ, ψ = ψ1, and ℓ. By Step 2, there exists an
open disc U1 ⊂ U centered at τ0 with ∥Q(τ)− T0∥ < ε for τ ∈ U1. By Lemma 6.10(iii),
the function τ 7→ µ(Q(τ)) is holomorphic on U1.

Let ξ > 0 with τ(ξ) ∈ U1. By Step 1 and Theorem 6.11(ii), λp(ξ) is the spectral
radius of Q(τ(ξ)) = Q̃ξ and belongs to its spectrum. By Lemma 6.10(i), µ(Q(τ(ξ))) is
the unique point of maximal modulus in this spectrum, and we conclude that λp(ξ) =

µ(Q(τ(ξ))). Then λp coincides near ξ0 with the composition of the holomorphic function
τ 7→ µ(Q(τ)) and the real-analytic function ξ 7→ τ(ξ), and it is real-analytic near ξ0. The
union over ξ0 ∈ Ξ of these neighborhoods is an open set containing the compact interval
Ξ, and it contains an open interval I′ ⊃ Ξ. Replacing I by I ∩ I′, which does not affect
(ii), we obtain (iii); continuity on Ξ also follows from Step 1.

Remark 12.22. By Proposition 12.21(iii), if λp− 1 does not vanish identically on the interval
I, then the equation λp(ξ) = 1 has only finitely many solutions in Ξ. Section 14 proves
the stronger statement that it has exactly one solution in a suitable window when p is
large.

12.6 Quantitative derivative bounds

Statements

In this section, we bound the derivatives σj = ∂
j
ξ ν̃ξ for 1 ≤ j ≤ 4, which exist in Xq by

Theorem 12.19. The constants in these bounds are explicit in p. We proceed by induction
on j, as follows. Differentiating the fixed point equation ν̃ξ = Φ̃τ(ξ)(ν̃ξ) j times, we
obtain (I − L̃ξ)σj = Rj (Lemma 12.26). The source Rj is a sum of convolutions of the
principal law with at most j jump measures. Each jump measure is a derivative of the
jump kernel, integrated against the principal law or against a lower-order derivative. The
derivatives fall only on the exponential jump kernels, never on the principal law, and they
produce the polynomial factors of Lemma 12.12. We bound Rj in three strong norms: the
weighted total variation, the density near zero, and the weighted variation away from
the core (Lemma 12.27). The last two bounds are exponentially small. Indeed, near zero
the principal law has an exponentially small density, and an output that leaves the core
from the strict core requires a large jump. Inverting the component matrix of (S4), we
obtain bounds on the components of σj (Lemma 12.28), and the identity σj = Rj + L̃ξσj
and Lemma 12.15 then give the strong norms of σj. Finally, we show that the core parts
of σ1 and σ2 are of order p−1 when tested against Lipschitz and C2 functions, respectively.
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The reason is that each derivative of the kernel in ξ or in the input variable costs a factor
|∂ξτ| ≤ Cp−2 or τ ≤ Cp−2, while the prefactor is p.

We fix a function η ∈ C2(R) with 0 ≤ η ≤ 1, η = 1 on [−1/2, 1/2], and supp η ⊂
[−1, 1], and set

χ̂ξ(x) = η
( (1 + θ)x− 1

rp

)
. (12.32)

Then χ̂ξ = 1 on R \ Oξ , the support of χ̂ξ is contained in {|(1 + θ)x− 1| ≤ rp}, which

lies in the interior of J0, and |χ̂(k)
ξ | ≤ Cr−k

p for k = 1, 2.

Definition 12.23. For a finite real measure σ on R, the smooth core norm is

nξ(σ) = sup
{∣∣∣∫ χ̂ξ φ dσ

∣∣∣ : φ ∈ C2(J0), φ(xξ) = 0, ∥φ′∥L∞(J0) + ∥φ′′∥L∞(J0) ≤ 1
}

,

where χ̂ξ φ is extended by zero outside J0.

Proposition 12.24. Let Ξ ⊂ (0, ∞) be a compact interval and q ∈ (0, 1). There exist constants
A, a, C > 0 and pder(Ξ, q) ≥ pan(Ξ), depending only on Ξ and q, such that for all p ≥ pder(Ξ, q)
and ξ ∈ Ξ the following holds. For j ∈ {1, 2, 3, 4}, the derivative σj = ∂

j
ξ ν̃p,ξ

√
p ∈ X0

q satisfies:

(i) ∥σj∥q,TV ≤ pA;
(ii) ∥σj∥b,ξ ≤ pAe−ap, and the density of σj on Z is bounded by pAe−ap;

(iii) ∥σj∥i,ξ ≤ pAe−a
√

p;
(iv)

∫
Oξ
(1 + |x|q) |σj|(dx) ≤ pAe−a

√
p.

Further,

(v) ∥σ1∥c,ξ ≤ C/p;
(vi) nξ(σ2) ≤ C/p;

(vii)
∫
Oξ
(1 + |x|q) ν̃ξ(dx) ≤ Ce−a

√
p.

We choose the constants in the following order. We first fix Ξ and q. The constants
of (S1)–(S4) for the window Ξ′ are then given, and they depend only on Ξ. Next, we set
a = min{a1, cb, ci}, with a1 from (12.25), and A = A4, where

A0 = 0, Aj = 4Aj−1 + Ast + 3Acol + 13 (1 ≤ j ≤ 4); (12.33)

Finally, we choose pder large depending on all of the above. In particular, A depends only
on Ast and Acol, and a depends only on q, ast, cb, and ci.

Corollary 12.25. Let Ξ ⊂ (0, ∞) be a compact interval and let J ⊂ R be compact. There exist
A, a, C > 0 and ptest(Ξ, J) such that for all p ≥ ptest(Ξ, J), ξ ∈ Ξ, j ∈ {1, 2}, and φ ∈ C2(R)

supported in J,∣∣∂j
ξEφ(B)

∣∣ ≤ (C
p
+ pAe−a

√
p
)
∥φ∥C2 , ∥φ∥C2 = ∥φ∥∞ + ∥φ′∥∞ + ∥φ′′∥∞, (12.34)
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where B ∼ νp,ξ
√

p, so that B = (1 + θ)B̃ with B̃ ∼ ν̃p,ξ
√

p. More generally, let I0 ⊃ Ξ be an open
interval and let φ : I0 ×R → R be such that ξ 7→ φ(ξ, ·) is twice continuously differentiable
from I0 to the space of C2 functions supported in J with the norm ∥ · ∥C2 . Then, for j ∈ {1, 2},

∣∣∣∂j
ξEφ(ξ, B)−E

[
(∂

j
ξ φ)(ξ, B)

]∣∣∣ ≤ (C
p
+ pAe−a

√
p
) j−1

∑
i=0

(
j
i

)∥∥∂i
ξ φ(ξ, ·)

∥∥
C2 . (12.35)

We note that the support of the test function in Corollary 12.25 may be much larger
than the core region {|b − 1| ≤ 2rp}. For instance, it may be a neighborhood of 1 of
radius 1/ log p, or any fixed compact set. We control the part of the test function outside
the core with the weighted variation bound in Proposition 12.24(iv).

The differentiated fixed point equation

For r ≥ 0 we write K(r)
ξ for the r-th derivative of ξ 7→ Kτ(ξ) as a map into the bounded

operators from Xq to Zq; by Lemma 12.8(ii) and the chain rule, it is the integral operator

with kernel ∂r
ξkτ(ξ)(x; y), and K(0)

ξ = Kτ(ξ).

Lemma 12.26. Let p ≥ pan(Ξ), q ∈ (0, 1), and ξ ∈ Ξ, and write ν = ν̃ξ and σj = ∂
j
ξ ν̃ξ . For

every j ≥ 1,
(I − L̃ξ)σj = Rj, (12.36)

where Rj is a finite sum, over an index set depending only on j, of terms of the form

c pn ν ∗ RK(r1)
ξ µ1 ∗ · · · ∗ RK(rn)

ξ µn, (12.37)

in which c is a positive integer depending only on j and on the term, 1 ≤ n ≤ j, r1 + · · ·+ rn ≤ j,
and each µi belongs to {ν, σ1, . . . , σj−1}. In particular,

R1 = p ν ∗ RK(1)
ξ ν,

R2 = p ν ∗ RK(2)
ξ ν + p2 ν ∗ RK(1)

ξ ν ∗ RK(1)
ξ ν + 2p ν ∗ RK(1)

ξ σ1

+ 2p2 ν ∗ RK(1)
ξ ν ∗ RK(0)

ξ σ1 + p2 ν ∗ RK(0)
ξ σ1 ∗ RK(0)

ξ σ1.

Proof. Let I be the interval of Theorem 12.19(ii) and set F (ξ, µ) = Φ̃τ(ξ)(µ) for ξ ∈ I
and µ ∈ Xq. The map F is infinitely differentiable, as the composition of the infinitely
differentiable maps ξ 7→ Kτ(ξ) (Lemma 12.8(ii)), (K, µ) 7→ Kµ (bounded and bilinear),
Pp (Lemma 12.10), and the bounded linear map µ 7→ δ1 ∗ Rµ. The map ν(ξ) = ν̃ξ is
infinitely differentiable from I to Xq by Theorem 12.19(ii), and ν(ξ) = F (ξ, ν(ξ)) by
Lemma 12.11(iv). We claim that for j ≥ 1,

∂
j
ξ

[
F (ξ, ν(ξ))

]
= ∑ cr,m,j1,...,jm ∂r

ξ Dm
µ F (ξ, ν(ξ))

[
ν(j1), . . . , ν(jm)

]
, (12.38)
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where the sum is over r, m ≥ 0 and j1, . . . , jm ≥ 1 with r + j1 + · · ·+ jm = j, the coefficients
are nonnegative integers, and the only term containing ν(j) is the term (r, m, j1) = (0, 1, j),
with coefficient one. For j = 1, this is the chain rule. If it holds for j, we differentiate each
term once more. By the chain rule, the derivative of the term indexed by (r, m, j1, . . . , jm)
is the sum of the terms indexed by (r + 1, m, j1, . . . , jm), by (r, m + 1, j1, . . . , jm, 1), and
by (r, m, j1, . . . , jℓ + 1, . . . , jm) for ℓ ≤ m. All of them satisfy r + ∑ jℓ = j + 1. A term
containing ν(j+1) arises only from a term containing ν(j) by raising that index, which
proves the claim. Since ∂

j
ξ [F (ξ, ν(ξ))] = σj and DµF (ξ, ν) = L̃ξ , (12.38) implies (12.36)

with Rj equal to the sum of all other terms.
It remains to compute ∂r

ξ Dm
µ F (ξ, µ)[µ1, . . . , µm] for fixed µ, µ1, . . . , µm. By (12.20),

Dm
µ F (ξ, µ)[µ1, . . . , µm] = pm F (ξ, µ) ∗ RK(0)

ξ µ1 ∗ · · · ∗ RK(0)
ξ µm.

By (12.18) with m = 1 and the chain rule, ∂ξF (ξ, µ) = pF (ξ, µ) ∗ RK(1)
ξ µ, and ∂ξK

(r)
ξ =

K(r+1)
ξ . Since convolution is a bounded multilinear operation on Mq, the Leibniz rule

applies, and by induction on r we find that ∂r
ξ Dm

µ F (ξ, µ)[µ1, . . . , µm] is a sum, with
positive integer coefficients depending only on r and m, of the terms

pm+n′ F (ξ, µ) ∗ RK(r1)
ξ µ1 ∗ · · · ∗ RK(rm)

ξ µm ∗ RK(s1)
ξ µ ∗ · · · ∗ RK(sn′ )

ξ µ,

with n′ ≥ 0, s1, . . . , sn′ ≥ 1, and r1 + · · · + rm + s1 + · · · + sn′ = r. At µ = ν we have
F (ξ, ν) = ν. In each term of Rj, the number of jump factors is n = m + n′ ≤ m + r ≤ j,
and n ≥ 1 because r + ∑ jℓ = j ≥ 1 forces m ≥ 1 or r ≥ 1. The inputs are ν or ν(jℓ) = σjℓ
with jℓ ≤ j− 1, since the only term with jℓ = j has been removed. The formulas for R1

and R2 follow from the same computation.

Estimates for selected jumps

For a finite real measure µ on R whose restriction to Z is absolutely continuous with a
bounded density, we set

h(µ) = ess sup
x∈Z

∣∣∣ dµ

dx
(x)
∣∣∣, ∥µ∥q,♮ = ∥µ∥q,TV + h(µ).

By Lemma 12.3(i),(ii), we have h(ν̃ξ) ≤ Hp and ∥ν̃ξ∥q,♮ ≤ C.

In this subsection, the notation K(r)
ξ also denotes its integral-kernel extension to finite

real measures µ with ∥µ∥q,♮ < ∞.

Lemma 12.27. There exists C > 0, depending only on q and Ξ, such that the following holds
for p ≥ p1(Ξ) and ξ ∈ Ξ′. Let 1 ≤ n ≤ 4, let r1, . . . , rn ≥ 0 with r1 + · · ·+ rn ≤ 4, and let
µ1, . . . , µn be finite real measures with ∥µi∥q,♮ < ∞. Let

T = ν̃ξ ∗ RK(r1)
ξ µ1 ∗ · · · ∗ RK(rn)

ξ µn, Π =
n

∏
i=1
∥µi∥q,♮, Σh =

n

∑
i=1

h(µi)∏
k ̸=i
∥µk∥q,♮.
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Then T is absolutely continuous, and

∥T∥q,TV ≤ C Π, (12.39)

ess sup
|z|≤R0

∣∣∣ dT
dz

(z)
∣∣∣ ≤ C

(
Hp + e−p2/C)Π + C Σh, (12.40)∫

Oξ

(1 + |z|q) |T|(dz) ≤ C
(
e−a1

√
p + e−p7/4/C)Π + C Σh. (12.41)

Proof. We abbreviate ν = ν̃ξ and τ = τ(ξ) ≤ 4(pξ−)−2, and we let ℓi(y) =∫
∂

ri
ξ kτ(x; y) µi(dx) be the density of K(ri)

ξ µi. We first record three bounds on ℓi, which
follow from Lemma 12.13 with m = 0 after splitting the integral over x into x ∈ Z , where
µi has density at most h(µi), and |x| ≥ ρ/5:∫

(1 + |y|q)|ℓi(y)|dy ≤ C
∫ (

1 + (τ/|x|)q)|µi|(dx) ≤ C∥µi∥q,♮, (12.42)

ess sup
|y|≥ρ/32

|ℓi(y)| ≤ Ce−p2/C∥µi∥TV + Ch(µi), (12.43)∫
|y|≥rp/20

(1 + |y|q)|ℓi(y)|dy ≤ Ce−p7/4/C∥µi∥TV + Ch(µi). (12.44)

For (12.42) we used Lemma 12.13(a) and
∫
Z |x|

−q dx < ∞. For (12.43), the part with |x| ≥
ρ/5 is bounded by Lemma 12.13(c), which gives C(32/ρ)e−(ρ/5)(ρ/32)/(2τ), and the part
with x ∈ Z by Lemma 12.13(d), which gives Ch(µi)τ(32/ρ)2. For (12.44), the part with
|x| ≥ ρ/5 is bounded by Lemma 12.13(b), with exponent (ρ/5)(rp/20)/(2τ) ≥ p7/4/C,
and the part with x ∈ Z by Lemma 12.13(a).

The measure T is absolutely continuous since n ≥ 1, with density z 7→
∫

ν(dd) G(d−
z), where G = ℓ1 ∗ · · · ∗ ℓn. The bound (12.39) follows from Lemma 12.7 and (12.42), since
∥ν∥q,TV ≤ C.

For (12.40), consider |z| ≤ R0. The part of the integral with d ∈ (−3ρ/4, 3ρ/4) is at
most Hp∥G∥L1 ≤ Hp ∏i ∥ℓi∥L1 ≤ CHpΠ. For the remaining d, we have |d− z| ≥ ρ/8. The
argument in the proof of Lemma 12.9 shows that for almost every w with |w| ≥ ρ/8,

|G(w)| ≤
n

∑
i=1

ess sup
|y|≥|w|/n

|ℓi(y)|∏
k ̸=i
∥ℓk∥L1 ,

and |w|/n ≥ ρ/32. By Fubini’s theorem, this bound holds at w = d− z for ν-almost every
d and Lebesgue-almost every z. By (12.42) and (12.43), the remaining part is therefore at
most Ce−p2/CΠ + CΣh for almost every z.
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For (12.41), we have∫
Oξ

(1 + |z|q) |T|(dz)

≤
∫

ν(dd)
∫ n

∏
i=1
|ℓi(yi)| 1

{
d−∑

i
yi ∈ Oξ

}(
1 +

∣∣∣d−∑
i

yi

∣∣∣q)dy1 · · · dyn.

We use 1 + |d − ∑i yi|q ≤ (1 + |d|q)∏i(1 + |yi|q). The part with d /∈ Sξ is at most
C
∫
S c

ξ
(1 + |d|q) ν(dd)Π ≤ Ce−a1

√
pΠ by (12.42) and (12.26). If d ∈ Sξ and d−∑i yi ∈ Oξ ,

then (1 + θ)|∑i yi| > rp/4, which gives |∑i yi| ≥ rp/5, and some |yi| ≥ rp/(5n) ≥ rp/20;
further, |d| ≤ 2. The part with d ∈ Sξ is therefore at most

3
n

∑
i=1

∫
|y|≥rp/20

(1 + |y|q)|ℓi(y)|dy ∏
k ̸=i

∫
(1 + |y|q)|ℓk(y)|dy,

which is at most Ce−p7/4/CΠ + CΣh by (12.42) and (12.44).

Inversion of the component matrix

Lemma 12.28. Let P ≥ 1, ε ∈ [0, 1/4], and δb, δi ≥ 0 with P3(δb + δi) ≤ 1/16. Let
v = (vc, vb, vi) and s = (sc, sb, si) belong to [0, ∞)3 and satisfy, entrywise,

v ≤ Mv + s, M =

 ε P P
δb ε δb
δi P δi + δb

 .

Then

vc ≤ 3sc + 11P2(sb + si),

vb ≤ 6δbsc + 4sb + 25P2δbsi,

vi ≤ 6(δi + Pδb)sc + 4Psb + 4si.

Proof. The hypotheses give δb, δi, Pδb, Pδi, P2δb ≤ 1/16. Since ε ≤ 1/4, the second inequal-
ity gives

vb ≤ 4
3

(
δbvc + δbvi + sb

)
. (12.45)

Inserting this into the third inequality, we find that the coefficient of vi on the right side
is 4Pδb/3 + δi + δb ≤ 1/4, and therefore

vi ≤ 4
3

((
δi +

4
3 Pδb

)
vc +

4
3 Psb + si

)
≤ 2(δi + Pδb)vc + 2Psb + 2si. (12.46)

Inserting (12.46) into (12.45) and using 2δi + 2Pδb ≤ 1/4, we obtain

vb ≤ 2δbvc + 2sb + 3δbsi. (12.47)
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Inserting (12.46) and (12.47) into the first inequality, the coefficient of vc on the right side
is ε + 2Pδb + 2Pδi + 2P2δb ≤ 5/8, and we find

3
8 vc ≤ sc + (2P + 2P2)sb + (3Pδb + 2P)si ≤ sc + 4P2sb + 3Psi,

which gives the bound for vc. Inserting it into (12.47) and (12.46), and using 22P2δb ≤ 2
and 22P2(δi + Pδb) ≤ 22P3(δi + δb) ≤ 2, we obtain the bounds for vb and vi.

Proof of the quantitative bounds

We use the following representation of the pairing of a test function with a selected
tensor. Let ψ be bounded and Borel, let T be as in Lemma 12.27, and let D̃ ∼ ν̃ξ and
T1, . . . , Tn ∼ Exp(1) be independent. By Fubini’s theorem,∫

ψ dT =
∫
· · ·
∫

Gψ(x1, . . . , xn) µ1(dx1) · · · µn(dxn),

Gψ(x1, . . . , xn) = ∂r1
η1 · · · ∂

rn
ηn E ψ

(
D̃−

n

∑
i=1

τ(ηi)Ti

xi

)∣∣∣
η1=···=ηn=ξ

,
(12.48)

where the law of D̃ is held fixed when differentiating in ηi. To justify (12.48), write
the expectation as

∫
ν̃ξ(dd)

∫
ψ(d−∑i yi)∏i kτ(ηi)

(xi; yi)dy and differentiate under the
integral sign; this is allowed because, by Lemma 12.12, for ηi in a compact neigh-
borhood of ξ in (0, ∞) the functions |∂r

ηi
kτ(ηi)

(xi; ·)| are dominated by a fixed in-
tegrable function of yi. In particular, |Gψ| ≤ ∥ψ∥∞ ∏i

∫
|∂ri

ξ kτ(xi; y)|dy ≤ C∥ψ∥∞

for all x1, . . . , xn ̸= 0, since the substitution u = |x||y|/τ and Lemma 12.12 give∫
|∂r

ξkτ(x; y)|dy = ξ−r ∫ ∞
0 |P0,r(u)|e−u du, which does not depend on x. If ψ ∈ C2 with

bounded derivatives, we may also differentiate under the expectation in (12.48) when the
total differentiation order is at most two.

Proof of Proposition 12.24. Fix Ξ and q, and let a and A0, . . . , A4 be as in (12.33). Through-
out the proof, p ≥ pder, where pder ≥ pan(Ξ) is large enough for the finitely many
conditions stated below, each of which depends only on Ξ, q, and the constants of (S1)–
(S4). Fix ξ ∈ Ξ and write ν = ν̃ξ , τ = τ(ξ), O = Oξ , and ∥ · ∥c, ∥ · ∥b, ∥ · ∥i for the norms
of Definition 12.4. Recall that |∂k

ξτ| ≤ Cp−2 for k ≤ 4 by Lemma 12.1.

Step 1. Small quantities. Since a ≤ a1 < ast, a ≤ cb, and a ≤ ci, we have

Hp ≤ pAst+1e−ap, δb,p ≤ pAcole−ap, δi,p ≤ pAcole−a
√

p, e−a1
√

p ≤ e−a
√

p,

and for p large, e−p2/C + e−p7/4/C ≤ e−ap, εp ≤ 1/4, and P3
p(δb,p + δi,p) ≤ 1/16, so that

Lemma 12.28 applies to Mp. Part (vii) follows from (12.26), since O ⊂ S c
ξ .
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Step 2. Induction hypothesis. For k ∈ {0, . . . , 4}, let H(k) denote the statement that (i)–(iv)
hold for 1 ≤ j ≤ k with A replaced by Aj. The statement H(0) is empty. Let j ∈ {1, . . . , 4}
and assume H(j− 1). We claim that every µ ∈ {ν, σ1, . . . , σj−1} satisfies

∥µ∥q,♮ ≤ pAj−1+1, h(µ) ≤ pAj−1+Ast+1e−ap. (12.49)

For µ = ν, this follows from ∥ν∥q,♮ ≤ C ≤ p and h(ν) ≤ Hp. For µ = σk with k < j,
Lemma 12.5(ii) and H(j− 1) give h(σk) ≤ 2∥σk∥b ≤ 2pAk e−ap and ∥σk∥q,♮ ≤ 3pAk , and
Ak ≤ Aj−1.

Step 3. Bounds on the source. By Lemma 12.26, Rj is a sum of a number of terms depending
only on j, each of the form c pnT with c depending only on j, n ≤ 4, and T as in
Lemma 12.27 with inputs among ν, σ1, . . . , σj−1. By (12.49), the quantities of Lemma 12.27
satisfy Π ≤ p4Aj−1+4 and Σh ≤ 4p4Aj−1+Ast+4e−ap. Using Lemma 12.27, Step 1, and pn ≤
p4, and absorbing the constants into one power of p, we find, with Bj = 4Aj−1 + Ast + 10,

∥Rj∥q,TV ≤ pBj , ess sup
|z|≤R0

∣∣∣ dRj

dz
(z)
∣∣∣ ≤ pBj e−ap,

∫
O
(1 + |z|q) |Rj|(dz) ≤ pBj e−a

√
p.

(12.50)
The measure Rj = (I − L̃ξ)σj belongs to X0

q and is real, so Lemma 12.5(iii) applies and
gives

∥Rj∥c ≤ pBj , ∥Rj∥b ≤ pBj e−ap, ∥Rj∥i ≤ 2pBj e−a
√

p. (12.51)

Step 4. Components of σj. By (12.36), σj = L̃ξσj + Rj. The triangle inequality for each
component norm and Lemma 12.14 show that the finite vector v = (∥σj∥c, ∥σj∥b, ∥σj∥i)

satisfies v ≤ Mpv + s, with s the vector of components of Rj. By Lemma 12.28, (12.51),
and Step 1, we obtain for p large

∥σj∥c ≤ pBj+1, ∥σj∥b ≤ pBj+3Acol+1e−ap, ∥σj∥i ≤ pBj+2Acol+1e−a
√

p. (12.52)

For instance, the second bound follows from 6δb,p pBj + 4pBj e−ap + 50P2
pδb,p pBj e−a

√
p ≤

pBj+3Acol+1e−ap.

Step 5. Strong norms of σj. By σj = L̃ξσj + Rj, Lemma 12.15(i), (12.50), and (12.52),

∥σj∥q,TV ≤ pBj + Cp
(
∥σj∥c + ∥σj∥b + ∥σj∥i

)
≤ pBj+3Acol+3 = pAj .

By Lemma 12.15(iii), we have similarly∫
O
(1 + |z|q) |σj|(dz) ≤ pBj e−a

√
p + Cpe−a1

√
p(∥σj∥c + ∥σj∥i

)
+ Cp∥σj∥b ≤ pAj e−a

√
p.

By (12.52) and Bj + 3Acol + 1 = Aj − 2, we have ∥σj∥b ≤ pAj e−ap and ∥σj∥i ≤ pAj e−a
√

p,
and by Lemma 12.5(ii) the density of σj on Z is at most 2∥σj∥b ≤ pAj e−ap. This proves
H(j). By induction, H(4) holds, and (i)–(iv) follow with A = A4, since Aj ≤ A4.
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Step 6. The core norm of the first derivative. Let φ be a test function in the definition of ∥ · ∥c

in (S2), that is, φ(1) = 0 and Lip(φ) ≤ 1, and set ψ(x) = χc((1 + θ)x)φ((1 + θ)x). Then∫
φ dΠcRB

1 =
∫

ψ dR1. Since |φ| ≤ 2rp on supp χc and |χ′c| ≤ Cr−1
p , we have ∥ψ∥∞ ≤ 2rp

and Lip(ψ) ≤ C. By Lemma 12.26 and (12.48),∫
ψ dR1 = p

∫
G(x) ν(dx), G(x) = ∂η E ψ

(
D̃− τ(η)T

x

)∣∣∣
η=ξ

.

The function η 7→ Eψ(D̃ − τ(η)T/x) is Lipschitz with constant at most
Lip(ψ) sup |τ′|E[T]/|x| ≤ C/(p2|x|), and its derivative satisfies |G(x)| ≤ C/(p2|x|). For
x ∈ Z we use instead |G(x)| ≤ C∥ψ∥∞ ≤ Crp. Hence∣∣∣∫ ψ dR1

∣∣∣ ≤ p
( 5C

ρp2 + Crp ν(Z)
)
≤ C

p
+ CprpHp,

and taking the supremum over φ gives ∥R1∥c ≤ C/p for p large. By Lemma 12.28,
(12.51), and Step 1, we conclude that ∥σ1∥c ≤ 3∥R1∥c + 11P2

p(∥R1∥b + ∥R1∥i) ≤ C/p,
which proves (v).

Step 7. Smooth contraction. Let φ be a test function in Definition 12.23 and let ψ = χ̂ξ φ.
On the support of χ̂ξ we have |x− xξ | ≤ rp, and since φ(xξ) = 0 and |φ′| ≤ 1, this implies

that |φ| ≤ rp there. Together with |χ̂(k)
ξ | ≤ Cr−k

p , this gives

∥ψ∥∞ ≤ rp, ∥ψ′∥∞ ≤ C, ∥ψ′′∥∞ ≤ Cr−1
p . (12.53)

Let σ ∈ X0
q be real. By (12.23),

∫
ψ dL̃ξσ = p

∫
G dσ, where G(x) = Eψ(D̃ − τT/x).

Since σ(R) = 0, we have∫
ψ dL̃ξσ = p

∫
χ̂ξ

(
G− G(xξ)

)
dσ + p

∫
(1− χ̂ξ)

(
G− G(xξ)

)
dσ.

The function 1− χ̂ξ vanishes outside O and |G| ≤ rp. Then the second term is at most
2prp|σ|(O). On J0, where x ≥ 1/4, we may differentiate under the expectation, and

G′(x) = E
[
ψ′
(

D̃− τT
x

)τT
x2

]
, G′′(x) = E

[
ψ′′
(

D̃− τT
x

)τ2T2

x4 − 2ψ′
(

D̃− τT
x

)τT
x3

]
.

By (12.53) and τ ≤ Cp−2 ≤ rp, we have ∥G′∥L∞(J0) + ∥G
′′∥L∞(J0) ≤ Cτ ≤ Cp−2. Since the

function G−G(xξ) vanishes at xξ , it is Cp−2 times a test function in Definition 12.23, and
the first term is at most Cp−1nξ(σ). Taking the supremum over φ, we obtain

nξ(L̃ξσ) ≤ C
p

nξ(σ) + 2prp|σ|(O). (12.54)

Step 8. The smooth core norm of the second source. Let ψ be as in Step 7. We bound the
pairing of ψ with each of the five terms of R2 in Lemma 12.26, using (12.48) and (12.53).
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We split ν = ν|Z + ν|Z c where needed; the part ν|Z has mass at most ρHp, and since
|Gψ| ≤ Crp in all cases, every term in which some input equal to ν is replaced by ν|Z
contributes at most Cp2rpHp (1 + ∥σ1∥TV)

2, which is at most Cp−1. For the derivative
σ1, we use the decomposition σ1 = Πξ

c σ1 + ϑ, where ϑ = (1− χc((1 + θ)·))σ1 + mcδxξ

and mc =
∫

χc((1 + θ)x) σ1(dx) = −
∫
(1− χc((1 + θ)x)) σ1(dx). Since 1− χc((1 + θ)·)

vanishes outside O, by (iv) we have ∥ϑ∥TV ≤ 2|σ1|(O) ≤ 2pAe−a
√

p. By Step 6 and
Lemma 12.5(iv), integration against Πξ

c σ1 is bounded by C/p times the Lipschitz constant
of the test function on Sc; this measure is carried by Sc ⊂ J0.

The term p ν ∗ RK(2)
ξ ν. For |x| ≥ ρ/5, we have

Gψ(x) = E
[
ψ′′(·)

(τ′T
x

)2
− ψ′(·)τ′′T

x

]
, |Gψ(x)| ≤ C

(τ′2

rp
+ |τ′′|

)
≤ C

p2 ,

where the argument of ψ′ and ψ′′ is D̃− τT/x. The pairing is therefore at most Cp−1.
The term p2 ν ∗ RK(1)

ξ ν ∗ RK(1)
ξ ν. For |x1|, |x2| ≥ ρ/5, we have Gψ(x1, x2) =

τ′2 E[ψ′′(·)T1T2/(x1x2)], which gives |Gψ| ≤ Cτ′2r−1
p ≤ Cp−15/4. The pairing is at most

Cp−7/4.
The term 2p ν ∗ RK(1)

ξ σ1. Here Gψ(x) = −τ′E[ψ′(D̃− τT/x)T/x], and for x ∈ J0,

|G′ψ(x)| =
∣∣∣τ′E[ψ′′(·)τT2

x3 − ψ′(·) T
x2

]∣∣∣ ≤ C|τ′|
( τ

rp
+ 1
)
≤ C

p2 .

By Lemma 12.5(iv), |
∫

Gψ dΠξ
c σ1| ≤ Cp−2∥σ1∥c ≤ Cp−3, and |

∫
Gψ dϑ| ≤ Crp∥ϑ∥TV. The

pairing is at most Cp−2 + Cprp pAe−a
√

p.

The term 2p2 ν ∗ RK(1)
ξ ν ∗ RK(0)

ξ σ1. After removing ν|Z , the pairing is

2p2
∫

G̃(x2) σ1(dx2), where

G̃(x2) = −τ′
∫
|x1|≥ρ/5

E
[
ψ′
(

D̃− τT1

x1
− τT2

x2

)T1

x1

]
ν(dx1).

For x2 ∈ J0, we have |G̃′(x2)| ≤ C|τ′|τr−1
p ≤ Cp−15/4, and |G̃| ≤ Crp everywhere. As

in the previous term, the pairing is at most 2p2(Cp−15/4∥σ1∥c + Crp∥ϑ∥TV) ≤ Cp−11/4 +

Cp2+Arpe−a
√

p.

The term p2 ν ∗ RK(0)
ξ σ1 ∗ RK(0)

ξ σ1. Here Gψ(x1, x2) = Eψ(D̃− τT1/x1 − τT2/x2), and
for x1, x2 ∈ J0,

|∂x1∂x2 Gψ(x1, x2)| =
∣∣∣E[ψ′′(·)τT1

x2
1

τT2

x2
2

]∣∣∣ ≤ Cτ2r−1
p ≤ Cp−15/4.

We expand σ1 ⊗ σ1 using σ1 = Πξ
c σ1 + ϑ. For the term Πξ

c σ1 ⊗ Πξ
c σ1, let F(x2) =∫

Gψ(x1, x2)Πξ
c σ1(dx1) for x2 ∈ Sc. Applying Lemma 12.5(iv) to x1 7→ Gψ(x1, x2) −
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Gψ(x1, x′2), whose Lipschitz constant on the interval Sc is at most Cp−15/4|x2 − x′2|, we
find LipSc

(F) ≤ Cp−15/4∥σ1∥c. Applying Lemma 12.5(iv) again, the double integral is at
most Cp−15/4∥σ1∥2

c ≤ Cp−23/4. The remaining three terms each contain a factor ϑ, and
since |Gψ| ≤ rp and ∥Πξ

c σ1∥TV ≤ 2∥σ1∥TV ≤ 2pA, they are at most Crp pA∥ϑ∥TV. The
pairing is at most Cp−15/4 + Cp2+2Arpe−a

√
p.

Adding the five bounds and taking the supremum over φ, we obtain nξ(R2) ≤ C/p
for p large.

Step 9. Conclusion. The quantity nξ(σ2) is finite, since |χ̂ξ φ| ≤ rp. By (12.36), Step 8,
(12.54), and (iv),

nξ(σ2) ≤ nξ(R2) + nξ(L̃ξσ2) ≤
C
p
+

C
p

nξ(σ2) + 2prp pAe−a
√

p.

For p large we have C/p ≤ 1/2, and (vi) follows. This completes the proof.

Proof of Corollary 12.25. We apply Proposition 12.24 with q = 1/2, and we let A, a, C be
its constants and p ≥ pder(Ξ, 1/2). Let MJ = maxb∈J |b|. We first record two bounds for
a finite real measure σ ∈ X0

q and ξ ∈ Ξ. If f is bounded and Lipschitz, then∣∣∣∫ f dσ
∣∣∣ ≤ Lip( f ) ∥σ∥c,ξ + 2∥ f ∥∞|σ|(Oξ), (12.55)

and if f ∈ C2 is bounded, then∣∣∣∫ f dσ
∣∣∣ ≤ (∥ f ′∥L∞(J0) + ∥ f ′′∥L∞(J0)

)
nξ(σ) + 2∥ f ∥∞|σ|(Oξ). (12.56)

For (12.55), we write
∫

f dσ =
∫
( f − f (xξ))dσ, which holds because σ(R) = 0, and split

it with the cutoff χc((1+ θ)·). The first part equals
∫
( f − f (xξ))dΠξ

c σ, because f − f (xξ)

vanishes at xξ , and it is bounded by Lemma 12.5(iv). The second part is supported in Oξ .
The proof of (12.56) is the same, with χ̂ξ in place of χc((1 + θ)·) and Definition 12.23 in
place of Lemma 12.5(iv).

Let φ ∈ C2(R) be supported in J. By Definition 12.2, Eφ(B) =
∫

φ((1 +

θ(ξ))x) ν̃ξ(dx). The map ζ 7→ ν̃ζ is infinitely differentiable into Xq by Theorem 12.19, and
hence in total variation. The map η 7→ φ((1 + θ(η))·) is twice continuously differentiable
into the bounded functions with the supremum norm, with derivatives θ′(η)xφ′((1+ θ)x)
and θ′′(η)xφ′((1 + θ)x) + θ′(η)2x2φ′′((1 + θ)x); this uses that φ′ and φ′′ are uniformly
continuous and that |x| ≤ MJ on the support of these functions. By the product rule for
the bounded bilinear pairing between bounded functions and finite measures, we obtain

∂ξEφ(B) =
∫

φθ dσ1 + θ′
∫

xφ′((1 + θ)x) ν̃ξ(dx),

∂2
ξEφ(B) =

∫
φθ dσ2 + 2θ′

∫
xφ′((1 + θ)x) σ1(dx)

+
∫ (

θ′′xφ′((1 + θ)x) + θ′2x2φ′′((1 + θ)x)
)
ν̃ξ(dx),
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where φθ(x) = φ((1 + θ)x). We have ∥φ
(k)
θ ∥∞ ≤ (9/8)k∥φ(k)∥∞ for k ≤ 2, and the

function x 7→ xφ′((1 + θ)x) is bounded by MJ∥φ′∥∞ and Lipschitz with constant at
most ∥φ′∥∞ + 2MJ∥φ′′∥∞. By (12.55) and Proposition 12.24(iv),(v), we have |

∫
φθ dσ1| ≤

(C/p + 2pAe−a
√

p)∥φ∥C2 ; by (12.56) and Proposition 12.24(iv),(vi), the same bound holds
for |

∫
φθ dσ2|; by (12.55), |

∫
xφ′((1 + θ)x) σ1(dx)| ≤ CJ∥φ∥C2 . The remaining terms are

bounded by CJ(|θ′|+ |θ′′|+ θ′2)∥φ∥C2 ≤ CJ p−1∥φ∥C2 by Lemma 12.1. This proves (12.34).
For (12.35), let Ψ(η, ζ) =

∫
φ(η, (1 + θ(ζ))x) ν̃ζ(dx). By the assumption on φ and the

argument above, Ψ is twice continuously differentiable near (ξ, ξ), and

∂
j
ξEφ(ξ, B) =

j

∑
i=0

(
j
i

)
∂i

η∂
j−i
ζ Ψ(ξ, ξ).

The term i = j is E[(∂
j
ξ φ)(ξ, B)]. For i < j, the term ∂

j−i
ζ Ψ(ξ, ζ) at ζ = ξ is the (j− i)-th

derivative of Eg(B) for the fixed test g = ∂i
ξ φ(ξ, ·), which is supported in J, and (12.34)

bounds it by (C/p + pAe−a
√

p)∥g∥C2 . This proves (12.35).



section 13

Asymptotics of the free energy

Let νp,E be the principal solution constructed in Section 11, and recall that for ξ > 0 we
write λp(ξ) = exp φξ

√
p(1), where φE is the free energy of νp,E (Definition 6.14). The

goal of this section is to prove the following two results. The first identifies the leading
behavior of λp on compact scaled windows. The second shows that the free energy at
s = 1 is negative at all sufficiently large energies.

Theorem 13.1. Fix a compact set Ξ ⊂ (0, ∞). Then

lim
p→∞

sup
ξ∈Ξ

∣∣∣λp(ξ)−
µ∗
ξ

∣∣∣ = 0.

Here λp(ξ) is defined for p ≥ p0(min Ξ), the threshold of Corollary 11.23 (on the
window, νp,ξ

√
p is the law of Theorem 11.21), and µ∗ =

√
π/2.

Proposition 13.2. Let M0 be the numerical constant of Corollary 11.23. There exist a numerical
constant Mext ≥ M0 and a numerical threshold pext > 1 such that, for every p ≥ pext and every
E ≥ Mext

√
p, the principal solution νp,E satisfies

φE(1) ≤ φE
(
1− 1/ log p

)
≤ − log 2. (13.1)

Theorem 13.1 is used in Section 14 to locate the critical energy, and Proposition 13.2 is
used in Sections 14 and 16 to show that the free energy at s = 1 has no zero at energies
above the scaled windows.

We now explain how the proofs go. Both rest on one expansion of the free energy.
For s < 1, Proposition 6.27 expresses φE(s) as the exponential growth rate of the path
moments ΦL(s). In Section 13.1 we write ΦL(s) through the iterates of a normalized
operator T∗p,s,ξ , which differs from the operator As of Definition 6.1 by an explicit scalar
αp,s(ξ). We find that φE(s) = log αp,s(ξ) + log rp,s(ξ), where rp,s(ξ) is the exponential
growth rate of the normalized iterates. As s ↑ 1, the scalar αp,s(ξ) converges to µ∗/ap(ξ),
and ap(ξ)→ ξ as p→ ∞. It therefore suffices to show that rp,s(ξ) = 1 + o(1) for s close
to one, uniformly in ξ ∈ Ξ.

The lower bound rp,s(ξ) ≥ 1− o(1) is elementary. Since the principal law concentrates
near one, a test function supported near one is a subsolution for T∗p,s,ξ (Section 13.4).
The upper bound is the main work. There are two parts of the state space on which
the normalized operator has growth close to one. The first is the core, near x = 1. The

279



13 Asymptotics of the free energy 13.1 The normalized transfer operator 280

second is the tail, where x is of order K = p2ap(ξ)2. There a state x produces a state of
the same order when the side variable B nearly cancels the term Tsx/K, and at s = 1
the expected weight of such near-cancellations is also close to one. We cover the real
line by six regions (Definition 13.14), estimate the norm of every block of the operator
between two regions (Proposition 13.17), and show that every closed chain of blocks other
than the two diagonal blocks of the core and the tail has a small product. A diagonal
balancing of the resulting six-by-six matrix (Lemma 13.23) then produces a supersolution
with eigenvalue 1 + o(1).

The same construction applies, with uniform constants, at energies E ≥ M
√

p for
large M, if the exponent is sp = 1− 1/ log p. This choice keeps p1−sp = e bounded, and
it replaces the losses of order log K in the capped integrals by losses of order log p; this
matters because K is unbounded at such energies. Since the scalar αp,sp is small there, the
free energy at sp is negative, and Proposition 13.2 follows from the monotonicity of the
free energy on (0, 1].

13.1 The normalized transfer operator

Throughout this section, p > 1 and E > 2. We use the normalizations of Definition 5.2:

g(E) =
E−
√

E2 − 4
2

, θ = g(E)2, K =
p
θ

. (13.2)

When E = ξ
√

p, we also write

ap(ξ) =
1

√
p g(ξ

√
p)

=
ξ +

√
ξ2 − 4/p
2

, so that K = p2ap(ξ)
2. (13.3)

Let π be a real solution at energy E (Definition 5.1), let D have law π, and let ν be the
law of B = g(E)D. Since g(E)E = 1 + θ and g(E)2 = θ, the law ν solves

B d
= 1 + θ − θ

p

N

∑
j=1

Yj

Bj
, N ∼ Pois(p), Yj ∼ Exp(1), (13.4)

with all variables on the right side independent. Conversely, if a probability measure ν

on R \ {0} solves (13.4), then the law of B/g(E) is a real solution at E. We denote by νx

the law of X = B−1. In the notation of Lemma 6.13 and Lemma 6.23(ii), ν is the law νg

with g = g(E), the rate Kg = p/g2 equals K, and νx is the law πx
g ; the variable β = g2Y/p

with Y ∼ Exp(1) equals Y/K. By Lemma 6.13(i), ν satisfies (6.1).

Definition 13.3. For s ∈ (0, 2), set µs = Γ(1 + s/2) and let Ts be a random variable with
density

ωs(t) =
ts/2e−t

µs
1{t>0}. (13.5)
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Let B ∼ ν and Ts be independent. For x ∈ R, set

Dx = B− Tsx
K

, Yx = D−1
x . (13.6)

For a measurable function F : R→ [0, ∞], define

(T∗F)(x) = |x|s E
[
F(Yx)

]
, x ∈ R, (13.7)

and, for E = ξ
√

p, set
αp,s(ξ) = p1−sµs ap(ξ)

−s. (13.8)

When ν = νp,E is the principal solution, we write T∗p,s,ξ for T∗.

The variable Yx is defined almost surely. Indeed, for x ̸= 0 the variable Dx has a
density because Ts has one and is independent of B, and for x = 0 we have D0 = B,
which has no atom at zero because π is a law on R \ {0}. We also write es(x) = |x|s.

Lemma 13.4. Let π be a real solution at E = ξ
√

p > 2, and let ν, νx be as above. Let As be the
transfer operator in the x-coordinate of Definition 6.1(vi), defined with the law ν and the rate K.
For every s ∈ (0, 2) and every Borel F : R→ [0, ∞], we have

AsF = αp,s(ξ)T∗F. (13.9)

Moreover, for s ∈ (0, 1) and L ≥ 1, the path moment of Definition 6.24 satisfies

ΦL(s; E) = g(E)s αp,s(ξ)
L
∫
(T∗)Les dνx, (13.10)

the limit
rπ,s = lim

L→∞

(∫
(T∗)Les dνx

)1/L
(13.11)

exists in (0, ∞), and
φπ(s) = log αp,s(ξ) + log rπ,s. (13.12)

Proof. Let Y ∼ Exp(1). For every measurable G ≥ 0, the definition of ωs gives

E
[
Ys/2G(Y)

]
=
∫ ∞

0
ys/2e−yG(y)dy = µs

∫ ∞

0
ωs(y)G(y)dy = µs E

[
G(Ts)

]
. (13.13)

By Definition 6.1(iii) and (vi) with β = Y/K, we have

(AsF)(x) = p E
[(Y

K

)s/2
|x|sF

((
B− Yx

K

)−1)]
= pK−s/2µs |x|s E

[
F(Yx)

]
,

where in the second equality we conditioned on B and applied (13.13). By (13.3), we have
pK−s/2µs = p (p ap(ξ))−sµs = αp,s(ξ), which proves (13.9). Iterating (13.9) and inserting
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it into the definition ΦL(s; E) = gs ∫ A(g)L
s es dπx

g of Definition 6.24 with g = g(E), for

which A(g)
s = As and πx

g = νx, we obtain (13.10).
Let s ∈ (0, 1). By Proposition 6.27(iii), the law ν and the rate K satisfy the hypotheses

of Proposition 6.27, namely (6.1) and the fractional cancellation estimate (6.25) for some
q ∈ (s, 1). Part (i) of that proposition gives C ≥ 1 with

C−1λ(s)L ≤
∫
AL

s es dνx ≤ Cλ(s)L, L ≥ 1,

where λ(s) is the Perron–Frobenius eigenvalue of Theorem 6.11 for ν and K. By Defini-
tion 6.14(iii), λ(s) = eφπ(s). Dividing by αp,s(ξ)L and using (13.9), we find

C−1
( eφπ(s)

αp,s(ξ)

)L
≤
∫
(T∗)Les dνx ≤ C

( eφπ(s)

αp,s(ξ)

)L
.

Taking L-th roots, we conclude that the limit in (13.11) exists, equals eφπ(s)/αp,s(ξ) ∈
(0, ∞), and satisfies (13.12).

When π is the principal solution at E = ξ
√

p, that is, the law of B/g(E) under νp,E,
we write rp,s(ξ) = rπ,s. Then (13.12) reads φE(s) = log αp,s(ξ) + log rp,s(ξ).

Remark 13.5. By Remark 6.25 and Proposition 8.3, ΦL(s; E) is the expected generation-
L sum of the s-th powers of the formal inverse column. In this interpretation each
generation contributes the factor p from the Mecke formula, the factor p−s/2Ys/2 from
|he|s, and the factor g(E)s from the normalization B = g(E)D. The tilt Ys/2 turns the
exponential mark into Ts, and the remaining scalar is αp,s(ξ) = p1−s/2µsg(E)s, which
agrees with (13.8) because g(E) = (

√
p ap(ξ))−1. We do not use this interpretation below.

Lemma 13.6. Let π be a real solution at E = ξ
√

p > 2. Then µ1 = Γ(3/2) = µ∗, the limit
lims↑1 rπ,s exists, and

exp φπ(1) = lim
s↑1

αp,s(ξ) rπ,s =
µ∗

ap(ξ)
lim
s↑1

rπ,s. (13.14)

Proof. For a standard complex Gaussian w, the variable |w|2 is exponential with mean
one. Then

µ∗ = E|w| =
∫ ∞

0
y1/2e−y dy = Γ(3/2) = µ1,

and Γ(3/2) = Γ(1/2)/2 =
√

π/2. By Theorem 6.11(ii) and (iv), s 7→ λ(s) is positive and
real-analytic on (0, 2). In particular, φπ(s) = log λ(s) is continuous at s = 1 (see also
Proposition 6.15(i)). Using (13.12), we have αp,s(ξ)rπ,s = exp φπ(s)→ exp φπ(1) as s ↑ 1.
Since Γ is continuous, αp,s(ξ)→ µ1ap(ξ)−1 = µ∗/ap(ξ) > 0. Dividing, we conclude that
rπ,s converges as s ↑ 1 and that (13.14) holds.



13 Asymptotics of the free energy 13.2 Inputs from the principal solution 283

By Lemma 13.6, the proof of Theorem 13.1 reduces to showing that lims↑1 rπ,s =

1 + o(1) for the principal solution, uniformly on the window. The rest of this section is
devoted to two-sided bounds on rπ,s.

13.2 Inputs from the principal solution

We use the following properties of the principal solution from Section 11. Let qcan =

(1, 0, 1, 1/16) be the canonical tuple of Definition 11.8, and for θ > 0 let Sp,θ = Sp,θ(qcan)

be the corresponding class. Every ν ∈ Sp,θ has the form e−pδ1+θ + f (b)db and satisfies
the core, boundary and tail bounds of Definition 11.8 with (a, A, K′, ρ) = (1, 0, 1, 1/16):

ν
(
{b : |b− 1| > p−1/4}

)
≤ e−

√
p, (13.15)

f (b) ≤ e−p for almost every b ∈ (−1/16, 1/16), (13.16)

ν
(
{b : |b| > L}

)
≤ e−p

L
+ e−pL, L ≥ 3. (13.17)

By Corollary 11.23, with the numerical constants M0 = 3 and cent = 1, we have g(E)2 ≤
cent/p for E ≥ M0

√
p, and for every ξ0 > 0 there exists p0(ξ0) such that for every

p ≥ p0(ξ0) and E ≥ ξ0
√

p the following hold: the principal solution νp,E is the unique
fixed point of the law map in Sp,θ(E), where θ(E) = g(E)2; it is the law of Theorem 11.21
if E ≤ (M0 + 1)

√
p, and the fixed point of Proposition 11.22 with θ = θ(E) if E ≥ M0

√
p;

and the law of B/g(E) under νp,E is a real solution at E. In particular, for p ≥ p0(ξ0), the
bounds (13.15)–(13.17) hold for νp,E with numerical constants, uniformly in E ≥ ξ0

√
p.

On compact scaled windows, part (iii) of Theorem 11.21 gives the same bounds with
halved right sides, and part (v) gives the real-solution property.

We do not use the other properties of Theorem 11.21, Proposition 11.22, and Corol-
lary 11.23. To treat both regimes at once, we isolate the inequalities used below.

Definition 13.7. Let c = (c0, A0, K0, ρ0, c∗, C∗) be constants with A0 ≥ 0, ρ0 ∈ (0, 1/2],
and c0, K0, c∗, C∗ > 0, and let p ≥ 3. For K ≥ 1 and s ∈ (0, 1), set

ℓK,s = 1 + min
{

log K,
1

1− s

}
. (13.18)

A triple (ν, K, s), consisting of a Borel probability measure ν on R, a number K ≥ 1 and
an exponent s, is c-admissible at p if the following hold.

(A1) ν({b : |b− 1| > p−1/4}) ≤ e−c0
√

p.
(A2) The restriction of ν to [−ρ0, ρ0] has a density bounded by pA0e−c0 p.
(A3) ν({b : |b| > L}) ≤ K0pA0e−c0 pL−1 + e−c0 pL for every L ≥ 3.
(A4) K ≥ c∗p2.
(A5) 3/4 ≤ s < 1 and ℓK,s ≤ C∗ log p.
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Conditions (A1)–(A3) are the core bound, the boundary density bound and the tail
bound. In the scaled windows, (A5) holds for all s because log K ≤ 3 log p. At large
energies K is unbounded, and (A5) is obtained from the term (1− s)−1 at s = 1− 1/ log p.

Lemma 13.8. The following statements hold.

(i) Fix a compact set Ξ ⊂ (0, ∞) and write ξ− = min Ξ, ξ+ = max Ξ. There exist constants
cΞ and a threshold pΞ ≥ p0(ξ−) such that for every p ≥ pΞ, ξ ∈ Ξ and s ∈ [3/4, 1), the
triple (νp,ξ

√
p, p2ap(ξ)2, s) is cΞ-admissible at p.

(ii) Let M ≥ M0 and sp = 1− 1/ log p. There exist numerical constants cext such that for every
p ≥ max{p0(M), e4} and every E ≥ M

√
p, the triple (νp,E, p/g(E)2, sp) is cext-admissible

at p.

Proof. For (i), we take

pΞ = max
{

3, p0(ξ−), 16ξ−2
− , e ξ2

+

}
, cΞ =

(
1, 0, 1, 1/32, ξ2

−/4, 3
)
.

Conditions (A1)–(A3) follow from (13.15)–(13.17), since ξ
√

p ≥ ξ−
√

p and p ≥ p0(ξ−);
for (A2) we used that the density bound on (−1/16, 1/16) implies the same bound on
[−1/32, 1/32], and that νp,E has no atom there. Since p ≥ 16ξ−2

− , we have ξ2 − 4/p ≥ 0,
and (13.3) gives ξ/2 ≤ ap(ξ) ≤ ξ. Then K = p2ap(ξ)2 satisfies ξ2

−p2/4 ≤ K ≤ ξ2
+p2,

which gives (A4) and K ≥ 1, and

ℓK,s ≤ 1 + log K ≤ 1 + 2 log p + 2 log ξ+ ≤ 3 log p,

where the last inequality holds because p ≥ e ξ2
+. This proves (A5).

For (ii), we take cext = (1, 0, 1, 1/32, 1, 2). Conditions (A1)–(A3) hold as in (i), since
E ≥ M

√
p and p ≥ p0(M). Since M ≥ 3, we have θ = g(E)2 ≤ 4/E2 ≤ 4/(9p) ≤ 1/p,

and K = p/θ ≥ p2. Since p ≥ e4, we have sp ≥ 3/4, and ℓK,sp ≤ 1 + (1− sp)−1 =

1 + log p ≤ 2 log p.

Conventions. In Sections 13.3–13.6 and 13.8, the constants c are fixed, and (ν, K, s) is
c-admissible at p. Unless stated otherwise, C and c denote positive constants depending
only on c, and p1 denotes a threshold depending only on c; we increase p1 finitely many
times, and each time we say which condition it must satisfy. We write ℓ = ℓK,s. We set

I∗ =
[ 99

100
,

101
100

]
, χ = 1I∗ , (13.19)

and we always take p1 so large that p−1/4
1 ≤ 1/100. Then {b : χ(b) = 0} ⊂ {b : |b− 1| >

p−1/4} for p ≥ p1, and (A1) gives

ν
(
{b : χ(b) = 0}

)
≤ e−c0

√
p. (13.20)

For x ∈ R we write m = |x|/K and σ = sgn x (with σ = 1 if x = 0), so that Dx =

B− σmTs.
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13.3 Elementary estimates

We begin with properties of the tilted variable Ts.

Lemma 13.9. Let s ∈ [3/4, 1]. Then the following statements hold.

(i) 0.88 ≤ µs ≤ 1, and for every t > 0,

ωs(t) ≤ 2ts/2e−t ≤ 2ts/2, ωs(t) ≤ 2e−t/2. (13.21)

(ii) For every τ > 0, we have P(Ts ≤ τ) ≤ 2τ1+s/2 and P(Ts ≥ τ) ≤ 4e−τ/2.
(iii) E[T−s

s ] = Γ(1− s/2)/Γ(1 + s/2) ≤ 3.
(iv) For b > 0, u > 0 and d < b, we have

ωs
(
u(b− d)

)
= ωs(ub)

(
1− d

b

)s/2
eud. (13.22)

(v) For b > 0, we have ∫ ∞

0
u1−sωs(ub)du =

Γ(2− s/2)
Γ(1 + s/2)

bs−2, (13.23)

and there exists a numerical constant CΓ such that Γ(2− s/2)/Γ(1+ s/2) ≤ 1+CΓ(1− s).

Proof. On (0, ∞) the function Γ is positive with minimum larger than 0.88, and it is
log-convex with Γ(1) = Γ(2) = 1; log-convexity implies that Γ ≤ 1 on [1, 2]. Since
1 + s/2 ∈ [1, 2], this implies 0.88 ≤ µs ≤ 1. The first bound in (13.21) follows from
1/µs ≤ 2. For the second, if t ≤ 1 then ts/2e−t ≤ e−t/2, and if t ≥ 1 then ts/2e−t ≤
t1/2e−t/2e−t/2 ≤ e−1/2e−t/2, because t 7→ t1/2e−t/2 is decreasing on [1, ∞). In both cases
ωs(t) ≤ 2e−t/2.

For (ii), we integrate the two bounds in (13.21) and find P(Ts ≤ τ) ≤
∫ τ

0 2ts/2 dt ≤
2τ1+s/2 and P(Ts ≥ τ) ≤

∫ ∞
τ 2e−t/2 dt = 4e−τ/2.

For (iii), we have E[T−s
s ] = µ−1

s
∫ ∞

0 t−s/2e−t dt = Γ(1 − s/2)/µs. Since 1 − s/2 ∈
[1/2, 5/8] and Γ is decreasing on (0, 1], we have Γ(1 − s/2) ≤ Γ(1/2) =

√
π, and√

π/0.88 ≤ 3.
Identity (13.22) follows from the definition (13.5), since (u(b− d))s/2 = (ub)s/2(1−

d/b)s/2 and e−u(b−d) = e−ubeud.
For (v), the substitution w = ub gives∫ ∞

0
u1−sωs(ub)du =

bs−2

µs

∫ ∞

0
w1−s/2e−w dw =

Γ(2− s/2)
Γ(1 + s/2)

bs−2.

The function s 7→ Γ(2− s/2)/Γ(1 + s/2) is smooth on [3/4, 1] and equals one at s = 1.
The mean value theorem then implies the last claim, with CΓ the maximum of the absolute
value of its derivative on [3/4, 1].
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We next introduce the capped weight. For K ≥ 1 and s ∈ (0, 1), set

v(y) =
Ks|y|s

Ks + |y|s , MK(d) =
Ks

1 + Ks|d|s , y, d ∈ R. (13.24)

Then v(d−1) = MK(d) for d ̸= 0; we extend v by v(±∞) = Ks = MK(0). The weight v
agrees with |y|s up to a factor two when |y| ≤ K, and it is capped at Ks for larger |y|. The
following estimate controls the integral of MK near its peak; the term min{log K, (1−
s)−1} in ℓK,s comes from it.

Lemma 13.10. Let K ≥ 1 and s ∈ (0, 1). Then

1
2 min{|y|s, Ks} ≤ v(y) ≤ min{|y|s, Ks}, MK(d) ≤ min{Ks, |d|−s}. (13.25)

Moreover, for every interval I ⊂ R of length at most two,∫
I

MK(d)dd ≤ 2ℓK,s. (13.26)

Proof. The bounds (13.25) follow from max{Ks, |y|s} ≤ Ks + |y|s ≤ 2 max{Ks, |y|s} and
from 1 + Ks|d|s ≥ max{1, Ks|d|s}.

Since MK is even and nonincreasing in |d|, its integral over an interval of length at
most two is at most its integral over [−1, 1]. Substituting w = K|d|, we have∫ 1

−1
MK(d)dd = 2Ks−1

∫ K

0

dw
1 + ws ≤ 2Ks−1

(
1 +

∫ K

1
w−s dw

)
= 2Ks−1 + 2

1− Ks−1

1− s
.

We have Ks−1 ≤ 1. Writing Ks−1 = e−y with y = (1− s) log K ≥ 0 and using 1− e−y ≤
min{1, y}, we find (1− Ks−1)/(1− s) ≤ min{(1− s)−1, log K}. This proves (13.26).

The next lemma bounds the contribution of side variables outside I∗. It is the only
place where the boundary density bound and the tail bound are used. Since such
contributions occur in every block below, we state it for all x ∈ R.

Lemma 13.11. There exist CN and p1, depending only on c, such that for p ≥ p1 and every
x ∈ R, (

1 +
∣∣∣ x
K

∣∣∣s)E
[
(1− χ(B)) MK(Dx)

]
≤ CN ℓ e−c0

√
p. (13.27)

This uses (A1), (A2) and (A3).

Proof. Recall that Dx = B− σmTs with m = |x|/K. We consider the cases m < 1 and
m ≥ 1 separately. In both cases we use (13.20).

Step 1. The case m < 1. We claim that

E
[
(1− χ(B))MK(Dx)

]
≤ 2ℓpA0e−c0 p + 8ℓρ−1

0 e−c0
√

p. (13.28)
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Since 1 + ms ≤ 2, this implies (13.27) for m < 1 after enlarging p1 so that pA0e−c0 p ≤
e−c0

√
p.

We first bound the contribution of |B| ≤ ρ0, dropping the factor 1− χ(B). Fix t ≥ 0.
By (A2) and (13.26) applied to the interval [−ρ0, ρ0]− σmt of length 2ρ0 ≤ 1,∫

[−ρ0,ρ0]
MK(b− σmt) ν(db) ≤ pA0e−c0 p

∫ ρ0

−ρ0

MK(b− σmt)db ≤ 2ℓpA0e−c0 p.

Since Ts is independent of B, we may integrate this bound over the law of Ts (Tonelli’s
theorem), and we find E[MK(Dx); |B| ≤ ρ0] ≤ 2ℓpA0e−c0 p.

Next fix b with |b| > ρ0. We show that E[MK(b− σmTs)] ≤ 8ℓ/ρ0. If m = 0 or σb < 0,
then |b− σmTs| ≥ |b| > ρ0, so MK(b− σmTs) ≤ ρ−s

0 ≤ ρ−1
0 by (13.25). Suppose m > 0

and σb > 0, so that |b− σmTs| =
∣∣|b| −mTs

∣∣. On the event
∣∣|b| −mTs

∣∣ > ρ0/2, we have
MK ≤ (ρ0/2)−s ≤ 2ρ−1

0 . On its complement Ts ≥ (|b| − ρ0/2)/m ≥ ρ0/(2m). Changing
variables from t to d = |b| −mt, and using (13.21) and (13.26), we obtain

E
[
MK(b− σmTs);

∣∣|b| −mTs
∣∣ ≤ ρ0/2

]
=

1
m

∫
|d|≤ρ0/2

ωs

( |b| − d
m

)
MK(d)dd

≤ 1
m

2e−ρ0/(4m) · 2ℓ ≤ 16ℓ
eρ0

.

In the last inequality we used that m−1e−ρ0/(4m) ≤ 4/(eρ0) for all m > 0. Adding the two
parts, we have E[MK(b− σmTs)] ≤ (2 + 16/e)ℓρ−1

0 ≤ 8ℓρ−1
0 , since ℓ ≥ 1. Integrating this

bound against (1− χ(b))1{|b|>ρ0}ν(db), whose total mass is at most e−c0
√

p by (13.20),
and adding the contribution of |B| ≤ ρ0, we obtain (13.28).

Step 2. A conditional bound for m ≥ 1. Let m ≥ 1, fix b ∈ R and write τ = |b|. We claim
that

(1 + ms)E
[
MK(b− σmTs)

]
≤ 8ℓ(1 + τ)1/2 + 12 + 12 ms min

{
1, (τ/m)1+s/2}. (13.29)

We write d = b− σmTs and split according to the events {|d| ≤ 1}, {|d| > 1, Ts ≥ 2τ/m}
and {|d| > 1, Ts < 2τ/m}.

On {|d| ≤ 1}, we change variables from t to d = b− σmt, which has Jacobian 1/m;
the corresponding value of t is σ(b− d)/m ≤ (τ + 1)/m. Using the first bound in (13.21)
and (13.26), we find

E
[
MK(d); |d| ≤ 1

]
=

1
m

∫
|d|≤1

ωs

(σ(b− d)
m

)
MK(d)dd

≤ 2
m

(τ + 1
m

)s/2
· 2ℓ ≤ 4ℓm−1−s/2(1 + τ)1/2.

On {Ts ≥ 2τ/m}, we have |d| ≥ mTs − τ ≥ mTs/2, and (13.25) implies that MK(d) ≤
(mTs/2)−s. By Lemma 13.9(iii), the contribution of this event is at most 2m−sE[T−s

s ] ≤
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6m−s. On {|d| > 1, Ts < 2τ/m}, we have MK(d) ≤ 1, and by Lemma 13.9(ii) the
contribution is at most min{1, 2(2τ/m)1+s/2} ≤ min{1, 6(τ/m)1+s/2}. Multiplying the
sum of the three contributions by 1 + ms ≤ 2ms and using ms/2−1 ≤ 1, we obtain (13.29).

Step 3. Two tail integrals. We record two consequences of (A3). For q ∈ (0, 2] and M ≥ 3,
we have by the layer cake formula that∫

{3<|b|≤M}
|b|q ν(db) ≤ 3qν({|b| > 3}) +

∫ M

3
qLq−1ν({|b| > L})dL. (13.30)

We enlarge p1 so that c0p ≥ 1, which implies e−c0 pL ≤ e−c0 pe1−L for L ≥ 1. Inserting
(A3) and this bound into (13.30), and using e−c0 p ≤ pA0e−c0 p, we obtain, for q = 1/2 and
M = ∞, and for q = 1 + s/2 and M = m ≥ 3,∫
{|b|>3}

|b|1/2ν(db) ≤ CpA0e−c0 p,
∫
{3<|b|≤m}

|b|1+s/2ν(db) ≤ CpA0e−c0 p(1 + ms/2).

(13.31)
For the second bound we used

∫ m
3 Ls/2−1 dL ≤ (2/s)ms/2.

Step 4. The case m ≥ 1. We integrate (13.29) against νirr(db) = (1− χ(b))ν(db). By
(13.20) and the first bound in (13.31),∫ (

8ℓ(1 + |b|)1/2 + 12
)
νirr(db) ≤ (16ℓ+ 12)e−c0

√
p + 16ℓ

∫
{|b|>3}

|b|1/2ν(db)

≤ Cℓ
(
e−c0

√
p + pA0e−c0 p).

For the last term in (13.29), we split the range of b into {|b| ≤ 3}, {3 < |b| ≤ m} and
{|b| > max{3, m}}. On the first set, min{1, (|b|/m)1+s/2} ≤ (3/m)1+s/2, and (13.20)
bounds its contribution by 12 · 33/2ms/2−1e−c0

√
p ≤ 63e−c0

√
p. On the second set, which is

empty unless m > 3, the second bound in (13.31) bounds the contribution by

12 msm−1−s/2 CpA0e−c0 p(1 + ms/2) ≤ 24C pA0e−c0 p,

since ms−1 ≤ 1. On the third set, (A3) bounds the contribution by

12 ms
(K0pA0e−c0 p

max{3, m} + e−c0 p max{3,m}
)
≤ 12K0pA0e−c0 p + 36e−3c0 p ≤ CpA0e−c0 p.

Here we used ms ≤ max{3, m}, and that y 7→ ye−c0 py is decreasing on [3, ∞) because
c0p ≥ 1. Adding these bounds, and enlarging p1 so that pA0e−c0 p ≤ e−c0

√
p, we conclude

that (13.27) holds for m ≥ 1. This completes the proof.

We now introduce the profile that defines the similarity on the tail region. For u > 0,
set

ϱs(u) = E
[
χ(B)ωs(uB)

]
, ϕs(u) = u1−sϱs(u). (13.32)

In the tail region, we will see that the function x 7→ Ksϕs(K/x) is an approximate
eigenfunction of T∗ with eigenvalue Ks−1

∫ ∞
0 ϕs.
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Lemma 13.12. There exists p1, depending only on c, such that for p ≥ p1 the following hold.

(i) For every u > 0,
1
3 min{1, u}3/4e−3u/2 ≤ ϕs(u) ≤ (1 + us)ϕs(u) ≤ 5. (13.33)

(ii) We have ∫ ∞

0
ϕs(u)du ≤ min

{(
1 + CΓ(1− s)

)(
1 + 4p−1/4), 2

}
. (13.34)

This uses (A1).

Proof. For the lower bound in (i), we restrict the expectation defining ϱs to the event
{|B− 1| ≤ p−1/4}, which is contained in {χ(B) = 1} and has probability at least 1/2
by (A1), after enlarging p1 so that e−c0

√
p ≤ 1/2. For b ∈ [1/2, 3/2] we have ωs(ub) ≥

(ub)s/2e−ub ≥ (u/2)s/2e−3u/2, because µs ≤ 1. If u ≤ 2 then (u/2)s/2 ≥ (u/2)1/2,
and if u ≥ 2 then (u/2)s/2 ≥ 1. This gives ϱs(u) ≥ 2−3/2 min{1, u}1/2e−3u/2. Since
u1−s ≥ min{1, u}1/4 for s ≥ 3/4, the lower bound in (13.33) follows.

For the upper bound, (13.21) and χ = 1I∗ give ϱs(u) ≤ supb∈I∗ 2(ub)s/2e−ub ≤
2(1.01u)s/2e−0.99u. If u ≤ 1, then (1 + us)u1−sϱs(u) ≤ 2 · 2 · 1.01 ≤ 5. If u ≥ 1, then
(1 + us)u1−sϱs(u) ≤ 4.04 u3/2e−0.99u ≤ 5, since u3/2e−0.99u ≤ 1 for all u ≥ 0.

For (ii), Tonelli’s theorem and (13.23) give∫ ∞

0
ϕs(u)du =

Γ(2− s/2)
Γ(1 + s/2)

E
[
χ(B)Bs−2].

On {|B− 1| ≤ p−1/4}, we have Bs−2 ≤ (1− p−1/4)−2 ≤ 1 + 3p−1/4, because p−1/4 ≤
1/100. On {χ(B) = 1, |B− 1| > p−1/4}, we have Bs−2 ≤ 0.99−2 ≤ 1.03, and this event
has probability at most e−c0

√
p by (A1). Then E[χ(B)Bs−2] ≤ 1 + 3p−1/4 + 1.03e−c0

√
p ≤

1+ 4p−1/4 after enlarging p1. Together with Lemma 13.9(v), this proves the first bound in
(13.34). For the second, we have Γ(2− s/2) ≤ 1 and Γ(1 + s/2) ≥ 0.88 by Lemma 13.9(i),
and E[χ(B)Bs−2] ≤ 0.99s−2 ≤ 1.03 because B ≥ 0.99 on {χ(B) = 1}. Then the left side of
(13.34) is at most 1.03/0.88 ≤ 2.

13.4 The lower bound

The lower bound uses only the concentration of B near one: a function supported near
one is a subsolution for T∗.

Lemma 13.13. There exists p1, depending only on c, such that the following holds for p ≥ p1.
Let π be a real solution at E = ξ

√
p > 2, let ν be the law of g(E)D, and suppose that (ν, K, s) is

c-admissible at p, where K = p/g(E)2. Then

rπ,s ≥ 1− 2p−1/4. (13.35)

This uses (A1) and (A4).
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Proof. Let S = [1/2, 2] and f (x) = |x|s1S(x). Fix x ∈ S, and consider the event

G =
{
|B− 1| ≤ p−1/4} ∩ {Ts ≤ K1/2}.

On G, we have 0 ≤ Tsx/K ≤ 2K−1/2 and Dx ∈ [1− p−1/4 − 2K−1/2, 1 + p−1/4]. By (A4),
we have 2K−1/2 ≤ 2c−1/2

∗ p−1 ≤ p−1/4 after enlarging p1. On G, this gives Dx ∈ [1−
2p−1/4, 1 + p−1/4] ⊂ [1/2, 2]. In particular, Yx ∈ S and |Yx|s ≥ (1 + p−1/4)−s ≥ 1− p−1/4

on G. By (A1) and Lemma 13.9(ii),

P(Gc) ≤ e−c0
√

p + 4e−
√

K/2 ≤ p−1/4,

after enlarging p1 and using (A4). We conclude that for x ∈ S,

(T∗ f )(x) = |x|s E
[
|Yx|s1S(Yx)

]
≥ |x|s(1− p−1/4)P(G) ≥ (1− 2p−1/4) f (x).

For x /∈ S, we have f (x) = 0 ≤ (T∗ f )(x). Therefore T∗ f ≥ (1− 2p−1/4) f on R. Since T∗
is positive and es ≥ f , we have by induction that (T∗)Les ≥ (T∗)L f ≥ (1− 2p−1/4)L f for
every L ≥ 1. Integrating against νx, we obtain∫

(T∗)Les dνx ≥ (1− 2p−1/4)L
∫

f dνx,
∫

f dνx = E
[
|B|−s; B ∈ S

]
≥ 1

2 ν(S) ≥ 1
4 ,

where we used that X = B−1 ∈ S if and only if B ∈ S, and that ν(S) ≥ 1− e−c0
√

p ≥ 1/2
by (A1). Taking L-th roots, letting L → ∞ and using (13.11), we conclude that (13.35)
holds.

13.5 Six regions and the block matrix

For the upper bound, we conjugate T∗ by the capped weight v of (13.24). For a measurable
function F : R→ [0, ∞], or a bounded measurable F, define

(LF)(x) =
(

1 +
∣∣∣ x
K

∣∣∣s)E
[
MK(Dx) F(Yx)

]
, x ∈ R. (13.36)

Since v(Yx) = MK(Dx) and v(x)(1 + |x/K|s) = |x|s, we have

T∗(vF) = v LF (13.37)

for every measurable F ≥ 0; at x = 0 both sides vanish. The point of the cap is that
MK ≤ Ks: a single step of L is finite even when Dx is close to zero. The price is the
logarithmic factor ℓ in (13.26).

We now cover the real line by six regions. For a state x > 0 we use the reciprocal
coordinate u = K/x, and for x < 0 we write x = −K/u. The two scales of the construction
are

R = log p, u∗ = p−1. (13.38)

We always take p1 so large that R ≥ 2 and R2 ≤ K for p ≥ p1; this is possible by (A4).
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Definition 13.14. Let C = {c, t, 0,+,+∞,−}. The regions are the sets

Sc =
[1

2 , 2
]
, S0 = [−R, R] \ Sc, S− = (−∞,−R),

S+ =
(

R, K/R
)
, St =

[
K/R, K/u∗

]
, S+∞ =

(
K/u∗, ∞

)
.

We call Sc the core region, St the tail region, S0 the bounded region, S+ the intermediate
region, S+∞ the supertail region, and S− the negative region. The labels c and t are
recurrent, and the other four labels are transient. The similarity functions are ri ≡ 1 on Si
for i ̸= t, and

rt(x) =
(
1 + us)ϕs(u), u = K/x, x ∈ St. (13.39)

Since 2 ≤ R and R < K/R, the regions are pairwise disjoint and their union is R.
In the reciprocal coordinate, x ∈ S+ if and only if u ∈ (R, K/R), x ∈ St if and only if
u ∈ [u∗, R], and x ∈ S+∞ if and only if u ∈ (0, u∗). For x ∈ S− we have u ∈ (0, K/R). By
Lemma 13.12(i), for p ≥ p1,

1
3 p−9/4 ≤ rt(x) ≤ 5, x ∈ St; (13.40)

for the lower bound we used min{1, u}3/4e−3u/2 ≥ u3/4
∗ e−3R/2 = p−9/4 for u ∈ [u∗, R]. In

particular, 1/ infSi ri ≤ 3p9/4 and supSi
ri ≤ 5 for every i ∈ C .

The tail similarity is chosen so that, for y = K/w > 0 with w > 0,

v(y) (1 + ws)ϕs(w) =
Ks

1 + ws (1 + ws)ϕs(w) = Ksϕs(w). (13.41)

In the tail region the weight v rt is therefore the profile x 7→ Ksϕs(K/x).

Definition 13.15. For i, j ∈ C and x ∈ Si, set

aij(x) = ri(x)−1(L(rj1Sj)
)
(x), aij = sup

x∈Si

aij(x) ∈ [0, ∞]. (13.42)

We call aij the block norm from i to j, and A = (aij)i,j∈C the block matrix; the current
region indexes the row and the future region indexes the column. Since L is positive,
aij is the norm, on bounded Borel functions with the supremum norm, of the operator
q 7→ r−1

i L(rj1Sj q)|Si . We split aij(x) = areg
ij (x) + airr

ij (x), where the regular part areg
ij (x)

is defined as aij(x) with the factor χ(B) inserted in the expectation in (13.36), and the
irregular part airr

ij (x) with the factor 1− χ(B) inserted.

A vector d with positive entries and Ad ≤ λd entrywise gives a supersolution for T∗,
and a supersolution bounds the growth rate.

Lemma 13.16. Suppose that aij < ∞ for all i, j ∈ C , and that there exist λ > 0 and di > 0,
i ∈ C , with

∑
j∈C

aijdj ≤ λdi, i ∈ C . (13.43)
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Then the function h = v ∑i∈C diri1Si satisfies T∗h ≤ λh on R. If moreover ν is the law of g(E)D
for a real solution π at E = ξ

√
p > 2 and K = p/g(E)2, then rπ,s ≤ λ.

Proof. Let w = ∑j djrj1Sj , so that h = vw. For x ∈ Si, by the definition of aij we have

(Lw)(x) = ∑
j

dj
(
L(rj1Sj)

)
(x) ≤ ri(x)∑

j
aijdj ≤ λdiri(x) = λw(x).

By (13.37), T∗h = v Lw ≤ λvw = λh.
For the second claim, we use the fractional cancellation estimate (6.25) with q = s,

which holds for the law ν of g(E)D by Proposition 5.5; the variable Tq in (6.25) with q = s
is our Ts. Then there exists a constant Cπ < ∞ with E|B− σmTs|−s ≤ Cπ min{1, m−s}
for all m ≥ 0 and σ ∈ {−1, 1}. With m = |x|/K and (13.25), this gives

(T∗es)(x) = |x|s E|Dx|−s ≤ Cπ min{|x|s, Ks} ≤ 2Cπv(x) ≤ 2Cπ

wmin
h(x),

where wmin = mini di infSi ri > 0 by (13.40). By positivity and induction, (T∗)Les ≤
2Cπw−1

minλL−1h for L ≥ 1. Further, h ≤ wmaxv ≤ wmaxes with wmax = maxi di supSi
ri, and∫

es dνx = E|B|−s < ∞ by Lemma 6.13(i). Then∫
(T∗)Les dνx ≤ 2Cπwmax

wmin
E|B|−s λL−1,

and taking L-th roots in (13.11), we conclude that rπ,s ≤ λ.

13.6 Block estimates

In this section we bound every block norm. We first collect the result; the proofs, one row
of the block matrix at a time, follow. Recall that ℓ = ℓK,s and R = log p, u∗ = p−1. Set

εK = 40Ke−
√

K/2, Eirr = 15 CN ℓ p9/4e−c0
√

p, (13.44)

where CN is the constant of Lemma 13.11.

Proposition 13.17. There exist a numerical constant C+ and a threshold p1 depending only on c

such that, for p ≥ p1, the block norms satisfy aij ≤ āij for all i, j ∈ C , where the matrix Ā = (āij)

is given in Table 13.1.

Before the proof, we explain the structure of Table 13.1. The quantities εK and Eirr

decay faster than every power of p by (A4) and (A5), while the factors ℓ ≤ C∗ log p
and the large entries 3p1.01 and 4p are at most polynomial. From a bounded state, the
output is in the core unless Ts is larger than

√
K, which explains the entries εK. From an

intermediate state, an output outside the core requires Ts of order u ≥ R, which costs



13 Asymptotics of the free energy 13.6 Block estimates 293

Current region i Future region j Bound āij

c c 1 + 4p−1/4

c or 0 j ̸= c εK + Eirr

0 or + c 4

+ j ̸= c C+ ℓ p−1/5 + Eirr

+∞ c 8p−1/2 + Eirr

+∞ 0 14 + Eirr

+∞ t,+,+∞,− 80 ℓ p−1/2 + Eirr

− c or 0 6 + Eirr

− t,+,+∞,− Eirr

t t Ks−1eR2/K(1 + CΓ(1− s)
)(

1 + 4p−1/4)+ Eirr

t c 3p1.01 + Eirr

t 0 2p1/2 log p + 4p + Eirr

t +,+∞,− 12 ℓ+ Eirr

Table 13.1. Bounds on the block norms aij for c-admissible data and p ≥ p1. The quantities εK and
Eirr are defined in (13.44). The two recurrent diagonal entries are close to one (the tail entry for s
close to one); the only transient blocks of order one are +∞→ 0 and − → 0, and both end in the
bounded region, whose exits other than to the core are bounded by εK + Eirr.

e−cR = p−c. From a supertail state x = K/u with u < u∗, the term Ts/u is typically very
large and the output is a small negative number in the bounded region; other outputs
require Ts ≲ u and cost a power of u∗. From a negative state, the output 1/(B + Ts|x|/K)
is bounded and positive. From a tail state, the output is again in the tail with weight
close to the profile mass Ks−1

∫
ϕs, and the exits from the tail can be large but are at most

polynomial in p.

Proof of Proposition 13.17. By Lemma 13.11, (13.25) and (13.40), for all i, j ∈ C and x ∈ Si,

airr
ij (x) ≤

supSj
rj

infSi ri

(
1 +

∣∣∣ x
K

∣∣∣s)E
[
(1− χ(B))MK(Dx)

]
≤ 5 · 3p9/4 · CNℓe−c0

√
p = Eirr.

(13.45)
It therefore suffices to bound the regular parts, except in the entries without Eirr in
Table 13.1, which we bound directly. The bounds for the rows c and 0 are Lemma 13.18,
for the row + Lemma 13.19, for the row +∞ Lemma 13.20, for the row − Lemma 13.21,
and for the row t Lemma 13.22. In the row t we used R = log p and u∗ = p−1 to
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write 3e1.01R = 3p1.01 and 2ReR/2 + 4u−1
∗ = 2p1/2 log p + 4p, and in the row + we wrote

e−R/5 = p−1/5.

Lemma 13.18. For p ≥ p1 the following hold.

(i) acc ≤ 1 + 4p−1/4.
(ii) a0c ≤ 4.

(iii) For i ∈ {c, 0}, j ̸= c and x ∈ Si, we have areg
ij (x) ≤ εK.

This uses (A1) and (A4).

Proof. Let x ∈ Sc ∪ S0 = [−R, R], so that m = |x|/K ≤ R/K ≤ 1 and 1 + ms ≤ 2. We
have ri(x) = 1. For Yx ∈ Sc, we have MK(Dx) = v(Yx) ≤ |Yx|s ≤ 2 by (13.25), and since
1 + ms ≤ 2,

aic(x) = (1 + ms)E
[
MK(Dx)1Sc(Yx)

]
≤ 4.

This proves (ii).
For (i), let x ∈ Sc and let G be the event of the proof of Lemma 13.13. On G we

showed that Dx ∈ [1− 2p−1/4, 2], which implies MK(Dx) ≤ |Dx|−s ≤ (1− 2p−1/4)−1 ≤
1 + 3p−1/4. On Gc we use MK(Dx)1Sc(Yx) ≤ 2 and P(Gc) ≤ e−c0

√
p + 4e−

√
K/2. Since

m ≤ 2/K and s ≥ 3/4, we have 1 + ms ≤ 1 + (2/K)3/4. Then

acc(x) ≤
(
1 + (2/K)3/4)(1 + 3p−1/4 + 2e−c0

√
p + 8e−

√
K/2) ≤ 1 + 4p−1/4,

after enlarging p1 and using (A4).
For (iii), suppose that χ(B) = 1 and Ts ≤

√
K. Then |Tsx/K| ≤ R/

√
K ≤ 1/100 after

enlarging p1. It follows that Dx ∈ [98/100, 102/100] and Yx ∈ Sc. We conclude that
{χ(B) = 1, Yx /∈ Sc} ⊂ {Ts >

√
K}. Using MK ≤ Ks ≤ K, rj ≤ 5 and Lemma 13.9(ii), for

j ̸= c we obtain

areg
ij (x) ≤ (1 + ms) · 5K ·P

(
Ts >

√
K
)
≤ 2 · 5K · 4e−

√
K/2 = εK.

In the remaining rows we use the following change of variables. Let u > 0, b > 0, and
let F ≥ 0 be measurable. Substituting d = b− t/u, so that t = u(b− d) and dt = u dd,
we have

E
[

F
(

b− Ts

u

)]
=
∫ ∞

0
ωs(t)F

(
b− t

u

)
dt = u

∫ b

−∞
ωs
(
u(b− d)

)
F(d)dd. (13.46)

For x = K/u > 0 and B = b, the variable b− Ts/u is Dx.

Lemma 13.19. There exist a numerical constant C+ and p1 such that for p ≥ p1 the following
hold.

(i) a+c ≤ 4.
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(ii) For j ̸= c and x ∈ S+, we have areg
+j (x) ≤ C+ℓe−R/5.

Proof. Let x ∈ S+ and u = K/x ∈ (R, K/R), so that m = u−1 ≤ 1, 1 + ms ≤ 2 and
r+(x) = 1. Part (i) follows as in the proof of Lemma 13.18(ii).

For (ii), fix b ∈ I∗. Since Dx = b− Ts/u ≤ b ≤ 101/100 < 2, the event Yx /∈ Sc forces
Dx < 1/2, hence Ts > u(b− 1/2) ≥ 0.49u. Using rj ≤ 5, we have

areg
+j (x) ≤ 10 sup

b∈I∗
E
[
MK(b− Ts/u); Ts > 0.49u

]
.

On the event {|b− Ts/u| ≤ 1}, we use (13.46), the bound ωs(t) ≤ 2e−t/2 for t > 0.49u,
and (13.26):

E
[
MK(b− Ts/u); Ts > 0.49u, |b− Ts/u| ≤ 1

]
≤ u · 2e−0.245u

∫ 1

−1
MK(d)dd ≤ 4ℓ ue−0.245u.

On the complement, MK ≤ 1, and Lemma 13.9(ii) implies that this part is at most
P(Ts > 0.49u) ≤ 4e−0.245u. Adding, we find areg

+j (x) ≤ 40ℓ(1 + u)e−0.245u ≤ C+ℓe−u/5 ≤
C+ℓe−R/5, with C+ = 40 supu≥0(1 + u)e−0.045u.

Lemma 13.20. For p ≥ p1 and x ∈ S+∞, the following hold.

(i) areg
+∞,c(x) ≤ 8u1/2

∗ .
(ii) areg

+∞,0(x) ≤ 14.

(iii) For j ∈ {t,+,+∞,−}, we have areg
+∞,j(x) ≤ 80ℓu1/2

∗ .

Proof. Let x ∈ S+∞ and u = K/x ∈ (0, u∗), so that m = u−1, 1 + ms ≤ 2u−s and
r+∞(x) = 1. Fix b ∈ I∗; we bound the conditional expectation given B = b, uniformly in
b.

For (i), Yx ∈ Sc requires Dx ≥ 1/2, hence Ts ≤ u(b− 1/2) ≤ u. Since MK(Dx) ≤ 2
on {Yx ∈ Sc}, Lemma 13.9(ii) gives areg

+∞,c(x) ≤ 2u−s · 2 · 2u1+s/2 = 8u1−s/2 ≤ 8u1/2
∗ , since

u < 1 and 1− s/2 ≥ 1/2.
For (ii), Yx ∈ S0 implies |Yx| ≤ R, that is |Dx| ≥ 1/R, equivalently |ub− Ts| ≥ u/R.

By (13.25),

(1 + ms)MK(Dx) ≤ (1 + u−s)|b− Ts/u|−s = (1 + us)|ub− Ts|−s ≤ 2|ub− Ts|−s.

On {Ts ≥ 2ub}, we have |ub− Ts| ≥ Ts/2, and Lemma 13.9(iii) bounds the contribution
by 2 · 2 · 3 = 12. On {Ts < 2ub}, we have Ts < 3u and ωs(Ts) ≤ 2(3u)s/2, and the variable
z = |ub− Ts| ranges over [u/R, ub], each value being attained at most twice. Then

E
[
2|ub− Ts|−s; Ts < 2ub, |ub− Ts| ≥ u/R

]
≤ 2 · 2(3u)s/2 · 2

∫ ub

u/R
z−s dz

≤ 24 u1−s/2 log(2R),
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where we used
∫ ub

u/R z−s dz ≤ (ub)1−s log(bR) and b ≤ 2. Since u < u∗ = p−1, we have
24u1−s/2 log(2R) ≤ 24p−1/2 log(2 log p) ≤ 2 after enlarging p1. This proves (ii).

For (iii), Yx ∈ Sj with j ∈ {t,+,+∞,−} implies |Yx| > R, that is |Dx| < 1/R. Using
rj ≤ 5, (13.46), the bound ωs(u(b− d)) ≤ 2(2u)s/2 for |d| < 1/R (since u(b− d) ≤ 2u),
and (13.26), we obtain

areg
+∞,j(x) ≤ 2u−s · 5 · u

∫
|d|<1/R

2(2u)s/2MK(d)dd

≤ 2u−s · 5 · u · 4us/2 · 2ℓ = 80ℓu1−s/2 ≤ 80ℓu1/2
∗ .

Lemma 13.21. For p ≥ p1 and x ∈ S−, we have areg
−,c(x) + areg

−,0(x) ≤ 6, and areg
−,j(x) = 0 for

j ∈ {t,+,+∞,−}.

Proof. Let x = −K/u ∈ S−, with u ∈ (0, K/R), so that m = u−1 and r−(x) = 1. If
χ(B) = 1, then Dx = B + Ts/u ≥ 0.99 and Yx ∈ (0, 1/0.99] ⊂ S0 ∪ Sc. This proves the
second claim. For the first, (13.25) gives

(1 + ms)MK(Dx) ≤ (1 + u−s)(B + Ts/u)−s = (1 + us)(uB + Ts)
−s.

If u ≤ 1, this is at most 2T−s
s , whose expectation is at most 6 by Lemma 13.9(iii). If u > 1,

it is at most 2us(0.99u)−s ≤ 3.

For the tail row, we write x = K/u with u ∈ [u∗, R]. Since (1 + u−s)/rt(x) =

(1 + u−s)/((1 + us)u1−sϱs(u)) = 1/(uϱs(u)), the change of variables (13.46) gives, for
every measurable F ≥ 0,

1 + ms

rt(x)
E
[
χ(B)MK(Dx)F(Yx)

]
=

1
ϱs(u)

E
[
χ(B)

∫ B

−∞
ωs
(
u(B− d)

)
MK(d)F(d−1)dd

]
.

(13.47)
By (13.22), for b ∈ I∗ and d < b we have ωs(u(b− d)) ≤ ωs(ub)Wu(d), where

Wu(d) =

{
eud1{d<1.01}, d ≥ 0,

(1 + 2|d|)s/2e−u|d|, d < 0;
(13.48)

here we used (1− d/b)s/2 ≤ 1 for d ≥ 0 and (1 + |d|/b)s/2 ≤ (1 + 2|d|)s/2 for d < 0.
Since E[χ(B)ωs(uB)] = ϱs(u), Tonelli’s theorem and (13.47) give

1 + ms

rt(x)
E
[
χ(B)MK(Dx)F(Yx)

]
≤
∫

R
Wu(d)MK(d)F(d−1)dd. (13.49)

Lemma 13.22. For p ≥ p1 and x ∈ St, the following hold.

(i) areg
tt (x) ≤ Ks−1eR2/K ∫ ∞

0 ϕs(w)dw.
(ii) areg

tc (x) ≤ 3e1.01R.
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(iii) areg
t0 (x) ≤ 2ReR/2 + 4u−1

∗ .
(iv) ∑j∈{+,+∞,−} areg

tj (x) ≤ 12ℓ.

This uses (A1), through Lemma 13.12.

Proof. We apply (13.49) with F = rj1Sj , and we determine the set of reciprocals d = 1/Yx

for each region. Recall that u ≤ R.
For (i), Yx ∈ St if and only if d ∈ [u∗/K, R/K]. For such d, we have Wu(d) ≤ euR/K ≤

eR2/K, and (13.41) with w = Kd implies that MK(d)rt(d−1) = Ksϕs(Kd). The substitution
w = Kd gives

areg
tt (x) ≤ eR2/K

∫ R/K

u∗/K
Ksϕs(Kd)dd ≤ Ks−1eR2/K

∫ ∞

0
ϕs(w)dw.

For (ii), Yx ∈ Sc if and only if d ∈ [1/2, 2]. There Wu(d) ≤ e1.01u ≤ e1.01R and
MK(d) ≤ d−s ≤ 2, and the interval has length 3/2. This gives (ii).

For (iii), Yx ∈ S0 if and only if d ∈ (−∞,−1/R] ∪ [1/R, 1/2) ∪ (2, ∞). On (2, ∞) we
have Wu = 0. On [1/R, 1/2), we have Wu(d) ≤ eu/2 ≤ eR/2 and MK(d) ≤ d−s ≤ R,
which contributes at most ReR/2/2. On (−∞,−1/R], write t = |d| and use MK(d) ≤ t−s.
For t ∈ [1/R, 1], we have Wu ≤

√
3 and

∫ 1
1/R t−s dt ≤ log R. For t ≥ 1, we have

(1 + 2t)s/2t−s ≤ (3t)s/2t−s ≤
√

3 t−s/2, and∫ ∞

1

√
3 t−s/2e−ut dt ≤

√
3 Γ(1− s/2) us/2−1 ≤

√
3π max{1, u−1

∗ } ≤ 4u−1
∗ ,

since u ≥ u∗ and Γ(1− s/2) ≤
√

π. Adding, we find areg
t0 (x) ≤ ReR/2/2 +

√
3 log R +

4u−1
∗ ≤ 2ReR/2 + 4u−1

∗ .
For (iv), Yx ∈ S+ ∪ S+∞ ∪ S− implies |Yx| > R, that is |d| < 1/R, and rj = 1 for these

regions. For |d| < 1/R we have Wu(d) ≤ (1 + 2/R)s/2eu/R ≤ 2e ≤ 6, since u ≤ R and
R ≥ 2. By (13.26), the sum in (iv) is at most 6

∫
|d|<1/R MK(d)dd ≤ 12ℓ.

Combining Lemma 13.22(i) with Lemma 13.12(ii), we find

areg
tt ≤ Ks−1eR2/K(1 + CΓ(1− s)

)(
1 + 4p−1/4). (13.50)

This is the diagonal entry of the tail region in Table 13.1. The factor Ks−1 is at most one,
and it tends to one as s ↑ 1 for fixed K; the profile mass tends to a number close to one.
This is the second source of growth of T∗ at s = 1.

13.7 Balancing a nonnegative matrix

The following lemma bounds the growth of a nonnegative matrix whose large entries
are confined to a set of diagonal positions and whose other closed chains have small
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products. It is the standard feasibility criterion for a system of difference constraints:
such a system is solvable if and only if no cycle has negative total weight, and a solution
is given by shortest-path potentials.

Lemma 13.23. Let n ≥ 1, let Ā = (āij)
n
i,j=1 have nonnegative entries, and let ∆ ⊂ {1, . . . , n}.

Call (i, j) an allowed edge if āij > 0 and (i, j) ̸= (k, k) for every k ∈ ∆. A simple cycle of
length k ≥ 1 is a sequence (i1, . . . , ik) of distinct indices such that (i1, i2), . . . , (ik−1, ik), (ik, i1)
are allowed edges, and its weight is the product of ā over these k edges. Let q be the maximum of
(weight)1/k over all simple cycles, with q = 0 if there are none. Then for every ε > q there exist
d1, . . . , dn ∈ (0, 1] such that āijdj ≤ εdi whenever (i, j) ̸= (k, k) for all k ∈ ∆. In particular,

n

∑
j=1

āijdj ≤
(

max
k∈∆

ākk + nε
)

di, i = 1, . . . , n, (13.51)

where the maximum over the empty set is zero.

Proof. Since ε > q ≥ 0, the number log ε is finite. Give each allowed edge (i, j) the weight
wij = log ε − log āij. A walk of length k ≥ 0 is a sequence i0, i1, . . . , ik such that each
(il−1, il) is an allowed edge, and its weight is ∑k

l=1 wil−1il ; a walk of length zero has weight
zero. A walk is closed if k ≥ 1 and ik = i0.

Step 1. Closed walks have positive weight. We argue by induction on the length k. If
i0, . . . , ik−1 are distinct, the closed walk is a simple cycle of some weight Π > 0, and its
weight as a walk is k log ε− log Π = k(log ε− log Π1/k) > 0, since Π1/k ≤ q < ε. Other-
wise there exist 0 ≤ a < b ≤ k− 1 with ia = ib. Then (ia, . . . , ib) and (i0, . . . , ia, ib+1, . . . , ik)

are closed walks of lengths b− a and k− (b− a), both between 1 and k− 1, and their
weights add up to the weight of the original walk. The induction hypothesis completes
the proof of the claim.

Step 2. Potentials. For each j, let uj be the infimum of the weights of all walks ending at
j. The walk of length zero gives uj ≤ 0. If a walk ending at j visits some index twice, it
contains a closed subwalk, and removing that subwalk produces a shorter walk ending at
j whose weight is not larger, by Step 1. Repeating this, we see that the infimum equals the
minimum over walks with distinct indices, of which there are finitely many. Therefore
uj ∈ (−∞, 0].

Step 3. Conclusion. If (i, j) is an allowed edge, appending it to a walk ending at i of
weight ui gives uj ≤ ui + wij. Set dj = euj ∈ (0, 1]. Then dj ≤ diewij = εdi/āij, that is
āijdj ≤ εdi. If āij = 0, this inequality is trivial. This proves the first claim. For (13.51), if
i ∈ ∆ we bound the diagonal term by āiidi and the other n− 1 terms by εdi; if i /∈ ∆, we
bound all n terms by εdi.

Let D = diag(d1, . . . , dn). The matrix D−1ĀD has the same spectral radius as Ā, and
by (13.51) its row sums are at most maxk∈∆ ākk + nε. Since the spectral radius is at most
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the maximal row sum, the spectral radius of Ā is at most maxk∈∆ ākk + nε. We use (13.51)
directly, through Lemma 13.16.

13.8 The upper bound

We now apply Lemma 13.23 to the matrix Ā of Table 13.1, with ∆ = {c, t}. The first step
is to show that every simple cycle other than the two recurrent loops has small weight.
Define

Ēirr = 15CNC∗ p9/4(log p) e−c0
√

p, θ1 = 40c∗p2e−
√

c∗ p/2 + Ēirr,

θ2 = C+C∗(log p) p−1/5 + Ēirr, θ3 = 88C∗(log p) p−1/2 + Ēirr,

Θ = max{θ1, θ2, θ3},
(13.52)

and
Qp = max

{
θ1 p10, 13C∗(log p)Θ

}
. (13.53)

These quantities depend only on c and p, and Qp → 0 as p → ∞, since θ1 decays faster
than every power of p and Θ ≤ C(log p)p−1/5 for large p.

Proposition 13.24. There exists p1, depending only on c, such that for p ≥ p1 every simple
cycle of Ā with respect to ∆ = {c, t} has weight at most Qp ≤ 1. In particular, the number q of
Lemma 13.23 for Ā and ∆ satisfies q ≤ Q1/6

p .

Proof. We first compare the entries of Table 13.1 with the quantities (13.52). By (A5),
Eirr ≤ Ēirr and 1 ≤ ℓ ≤ C∗ log p. The function K 7→ 40Ke−

√
K/2 is decreasing on [16, ∞).

By (A4), we have εK ≤ 40c∗p2e−
√

c∗ p/2 once c∗p2 ≥ 16. Then, after enlarging p1 so that
Θ ≤ 1, Qp ≤ 1 and Ēirr ≤ 1:

(a) every edge leaving c or 0, except the edges into c, is at most θ1;
(b) every edge leaving +, except the edge into c, is at most θ2;
(c) every edge from +∞ to t, +, +∞ or − is at most θ3, since 80ℓp−1/2 ≤

88C∗(log p)p−1/2;
(d) every edge from − to t, +, +∞ or − is at most Ēirr ≤ θ1;
(e) every edge from t to +, +∞ or − is at most 12ℓ+ 1 ≤ 13C∗ log p;
(f) every entry of Ā is at most p2, after enlarging p1.

Let γ be a simple cycle. We distinguish four cases.
If γ passes through c, then, since the loop at c is not allowed, γ contains an edge from

c to some j ̸= c. By (a) this edge is at most θ1, and by (f) each of the at most five other
edges is at most p2. The weight is at most θ1p10.

If γ passes through 0 but not through c, it contains an edge from 0 to some j ̸= c
(possibly j = 0). As in the previous case, the weight is at most θ1p10.
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If γ passes through t but through neither c nor 0, then its indices lie in {t,+,+∞,−},
and since the loop at t is not allowed, it has length at least two. Then γ contains exactly
one edge into t, which starts at +, +∞ or − and is at most Θ by (b)–(d); exactly one edge
out of t, which is at most 13C∗ log p by (e); and other edges between two of the labels
+,+∞,−, each at most Θ ≤ 1 by (b)–(d). The weight is at most 13C∗(log p)Θ.

If γ passes only through +, +∞ and −, each of its edges is at most Θ ≤ 1 by (b)–(d),
and its weight is at most Θ ≤ Qp.

This proves that every simple cycle has weight at most Qp. Since simple cycles have
length at most six and Qp ≤ 1, we conclude that (weight)1/k ≤ Q1/k

p ≤ Q1/6
p .

The proof shows how the two recurrent regions are separated. Every cycle through
the core leaves it through an edge of size θ1, which decays faster than every power of
p, while the return edges t → c and t → 0 are at most polynomially large. Every cycle
through the tail that avoids the core and the bounded region returns to the tail through
an edge of size Θ, which is at most C(log p)p−1/5, while the exits from the tail to the
transient regions +, +∞, − are at most logarithmic. The only transient blocks of order
one, +∞→ 0 and − → 0, end in the bounded region, and every exit from the bounded
region other than to the core costs θ1.

Remark 13.25. In the notation R = L0 log p and u∗ = p−L1 , the argument works for any
fixed L0, L1 > 0, and we have taken L0 = L1 = 1. The choice of the two scales enters
only through the factors p−L0/5 and p−L1/2 in θ2 and θ3, which must beat the logarithmic
exit bound 13C∗ log p from the tail, and through polynomial factors pO(L0+L1) in Ēirr and
in the large entries, which are absorbed by θ1. No order of choice between L0 and L1 is
needed, because the exits from the tail into the transient regions other than the bounded
region are bounded by 12ℓ through the capped estimate (13.26).

Proposition 13.26. There exist p1, depending only on c, and δp = 6(Q1/6
p + p−1) such that the

following holds for p ≥ p1. Let π be a real solution at E = ξ
√

p > 2, let ν be the law of g(E)D,
let K = p/g(E)2, and suppose that (ν, K, s) is c-admissible at p. Then

rπ,s ≤ max
{

1 + 4p−1/4, Ks−1eR2/K(1 + CΓ(1− s)
)(

1 + 4p−1/4)+ Ēirr

}
+ δp. (13.54)

Proof. By Proposition 13.17, aij ≤ āij < ∞ for all i, j, and the two diagonal entries ācc

and ātt are at most the two terms in the maximum in (13.54), since Eirr ≤ Ēirr. Let
ε = Q1/6

p + p−1, which is larger than q by Proposition 13.24. Lemma 13.23 with n = 6
and ∆ = {c, t} gives di ∈ (0, 1] with

∑
j

aijdj ≤∑
j

āijdj ≤
(
max{ācc, ātt}+ 6ε

)
di, i ∈ C .

Lemma 13.16 with λ = max{ācc, ātt}+ 6ε now implies that rπ,s ≤ λ, which is (13.54).
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13.9 Proof of the leading asymptotics

Proof of Theorem 13.1. Fix a compact set Ξ ⊂ (0, ∞), and let ξ− = min Ξ. Let cΞ and pΞ be
given by Lemma 13.8(i), and let p1 = p1(cΞ) be so large that Lemma 13.13 and Propo-
sition 13.26 hold. Let p ≥ max{pΞ, p1} and ξ ∈ Ξ, and set E = ξ

√
p. Let π be the law

of B/g(E) under νp,E; it is a real solution at E because p ≥ p0(ξ−) (Section 13.2), and
λp(ξ) = exp φπ(1). For every s ∈ [3/4, 1), the triple (νp,E, p2ap(ξ)2, s) is cΞ-admissible
at p. Using Ks−1 ≤ 1 and R2/K ≤ (log p)2/(c∗p2) with c∗ = ξ2

−/4, Lemma 13.13
and Proposition 13.26 give

1− 2p−1/4 ≤ rπ,s ≤ max
{

1 + 4p−1/4,

e(log p)2/(c∗p2)
(
1 + CΓ(1− s)

)(
1 + 4p−1/4)+ Ēirr

}
+ δp.

Letting s ↑ 1 and using Lemma 13.6, we obtain

µ∗
ap(ξ)

(
1− 2p−1/4) ≤ λp(ξ) ≤

µ∗
ap(ξ)

(
1 + δ′p

)
, (13.55)

where
δ′p = max

{
4p−1/4, e(log p)2/(c∗p2)

(
1 + 4p−1/4)− 1 + Ēirr

}
+ δp

depends only on Ξ and p and tends to zero as p→ ∞.
It remains to compare ap(ξ) with ξ. By (13.3),

0 ≤ ξ − ap(ξ) =
ξ −

√
ξ2 − 4/p
2

=
2

p
(
ξ +

√
ξ2 − 4/p

) ≤ 2
pξ

,

and ap(ξ) ≥ ξ/2. Together these give |ap(ξ)−1 − ξ−1| ≤ 4/(pξ3
−) and ap(ξ)−1 ≤ 2/ξ−.

Combining these bounds with (13.55), we find

sup
ξ∈Ξ

∣∣∣λp(ξ)−
µ∗
ξ

∣∣∣ ≤ 4µ∗
pξ3
−
+

2µ∗
ξ−

max
{

2p−1/4, δ′p
}

,

which tends to zero as p→ ∞.

13.10 The free energy at large energies

At energies E ≥ M
√

p with M large, the parameter θ = g(E)2 is at most 4/(M2p) and
K = p/θ is unbounded as E→ ∞. We work at the exponent

sp = 1− κ

log p
, κ = 1. (13.56)
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At this exponent p1−sp = eκ, and the capped integrals of Lemma 13.10 are bounded by
2ℓK,sp ≤ 2(1 + κ−1 log p) uniformly in K. We fix the constants

c1 = (4e)−8/3, Mext = max
{

M0, 2c−1/2
1

}
= 2(4e)4/3, (13.57)

where M0 = 3 is the constant of Corollary 11.23. These constants satisfy c1 ≤ cent = 1,
eκc3/8

1 = 1/4, and 4/M2
ext = c1. By Remark 11.24, the principal law at energies E ≥

Mext
√

p is not affected by the choice of a constant larger than M0.

Remark 13.27. In the large-energy regime, the estimates of Sections 13.3–13.6 and 13.8
hold uniformly in E ≥ Mext

√
p, that is, in θ ∈ (0, c1/p], because they depend on K only

through the following quantities. The term εK = 40Ke−
√

K/2 is decreasing for K ≥ 16,
and the terms R2/K, K−1/2 and Ks−1 are nonincreasing in K; we bound each by its
value at K = c∗p2. The capped integrals are bounded by 2ℓK,s, and at s = sp we have
ℓK,sp ≤ 1 + κ−1 log p for every K ≥ 1. At a fixed s < 1 the second point would also
hold, but then p1−s would be unbounded; at s = 1 the capped integrals grow like log K.
The exponent sp is chosen between these two cases. In addition, since K ≥ p2, the tail
diagonal entry satisfies

ātt ≤ Ksp−1eR2/K(1 + CΓ(1− sp)
)(

1 + 4p−1/4)+ Ēirr ≤ e−2κ+o(1),

because Ksp−1 = exp(−κ log K/ log p) ≤ e−2κ. In this regime the tail region is strictly
subcritical, and the growth of T∗ comes from the core alone.

Proof of Proposition 13.2. Let cext be the constants of Lemma 13.8(ii), and let p1 = p1(cext)

be so large that Proposition 13.26 holds. Let p0(Mext) be the threshold of Corollary 11.23
for ξ0 = Mext. Let pext ≥ max{e4, p0(Mext), p1} be so large that for p ≥ pext,

max
{

1 + 4p−1/4, e−2e(log p)2/p2
(

1 +
CΓ

log p

)(
1 + 4p−1/4)+ Ēirr

}
+ δp ≤ 2. (13.58)

All these thresholds are numerical.
Let p ≥ pext and E ≥ Mext

√
p, and set θ = g(E)2 and K = p/θ. Since g(E) =

2/(E +
√

E2 − 4) ≤ 2/E, we have

θ ≤ 4
E2 ≤

4
M2

ext p
=

c1

p
.

Since Mext ≥ M0 and p ≥ p0(Mext), Corollary 11.23 shows that νp,E is the fixed point of
Proposition 11.22 with parameter θ, and that the law π of B/g(E) under νp,E is a real
solution at E. By Lemma 13.8(ii) with M = Mext, the triple (νp,E, K, sp) is cext-admissible
at p, with c∗ = 1.
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Since K ≥ p2, we have Ksp−1 ≤ e−2 and R2/K ≤ (log p)2/p2. Then Proposition 13.26
and (13.58) imply that rπ,sp ≤ 2. Next we bound the scalar. With ξ = E/

√
p, we have

ap(ξ)−1 =
√

p g(E) = (pθ)1/2. Then

αp,sp(ξ) = p1−sp µsp(pθ)sp/2 ≤ e · 1 · csp/2
1 ≤ e c3/8

1 ≤ 1
4

,

where we used p1−sp = e, µsp ≤ 1 (Lemma 13.9(i)), pθ ≤ c1 ≤ 1 and sp ≥ 3/4. By
Lemma 13.4, we conclude that

φE(sp) = log αp,sp(ξ) + log rπ,sp ≤ log
1
4
+ log 2 = − log 2.

Finally, since φE is nonincreasing on (0, 1] by Proposition 6.15(ii), we have φE(1) ≤ φE(sp).
This proves (13.1).



section 14

Uniqueness of the critical energy

In this section we prove that, for every fixed ξ0 ∈ (0, µ∗) and all large p, the free energy at
s = 1 of the principal solution vanishes at exactly one energy in [ξ0

√
p, ∞), and that this

zero is transverse. Recall from Section 11 that for every compact window Ξ ⊂ (0, ∞) and
p ≥ pst(Ξ), the principal solution νp,E is defined at every energy E = ξ

√
p with ξ ∈ Ξ

(Theorem 11.21), and that we write

λp(ξ) = exp φξ
√

p(1)

for the exponential of its free energy at s = 1. By Theorem 13.1, λp(ξ) converges to µ∗/ξ

uniformly on compact windows. This places every solution of λp(ξ) = 1 near µ∗, but it
does not exclude several crossings of the level one in a neighborhood of µ∗ whose size
tends to zero as p→ ∞. The analyticity of λp (Proposition 12.21) gives no bound that is
uniform in p either. The main task of this section is to show that λp is strictly decreasing
near µ∗.

14.1 Main results and strategy

Theorem 14.1. Let Ξ0 ⊂ (0, ∞) be a compact interval with µ∗ in its interior. There exists p(Ξ0)

such that the following holds for every p ≥ p(Ξ0). The equation λp(ξ) = 1 has exactly one
solution ξc(p) ∈ Ξ0. For ξ ∈ Ξ0, we have λp(ξ) > 1 if ξ < ξc(p) and λp(ξ) < 1 if ξ > ξc(p).
The function λp is continuously differentiable in a neighborhood of ξc(p), and ∂ξλp(ξc(p)) < 0.
Finally, ξc(p)→ µ∗ as p→ ∞.

Corollary 14.2. Fix ξ0 ∈ (0, µ∗). There exists p(ξ0) such that for every p ≥ p(ξ0) the
following holds, where φE(1) denotes the free energy at s = 1 of the principal solution νp,E
of Corollary 11.23. There exists a unique Ec(p) ∈ [ξ0

√
p, ∞) with φEc(p)(1) = 0. Further,

φE(1) > 0 for E ∈ [ξ0
√

p, Ec(p)) and φE(1) < 0 for E ∈ (Ec(p), ∞). The function E 7→ φE(1)
is continuously differentiable in a neighborhood of Ec(p), with negative derivative at Ec(p).
Finally, Ec(p)/

√
p→ µ∗ as p→ ∞.

Strategy

We work on a fixed compact window Ξ around µ∗ and in the scaling g = 1/E, that is, with
B̃ = D/E, in which the squared modulus Y enters through β = τY with τ = 1/(pE2).
The proof has four steps.

304
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First, we construct an L2 version of the critical transfer operator, on a Hilbert space
L that does not depend on ξ. Its states are pairs (x, β), where x is the reciprocal of the
projective coordinate and β is the rescaled squared modulus that the next step will use.
The operator Aξ sends a function F to an average of F(y− β/x, β′) over the side variable
y and a fresh rescaled squared modulus β′. The maps (x, β) 7→ y− β/x do not depend
on ξ; the parameter enters only through the law νξ of B̃ and through a density factor.
Since νξ has a fixed atom, the derivative bounds of Section 12 show that ξ 7→ Aξ is four
times differentiable in operator norm, with derivatives bounded by a power of p. There
exists an involution J of L , which does not depend on ξ, with JAξ J = A∗ξ . We prove in
Lemma 14.11 that the spectral radius of Aξ is λp(ξ), and that it is an eigenvalue with a
positive eigenvector.

Second, we decompose the square as

A2
ξ = Gξ + hc ⊗ ℓc + ht ⊗ ℓt,

where all three terms are positive operators. The first rank-one term (the core component)
is supported on an ordinary set of states with x close to one and small β; there the kernel
of A2

ξ is close to a product kernel, and we subtract a rank-one minorant of it. The second
rank-one term (the tail component) is the image of the first under J. The remainder Gξ

has spectral radius o(1). To see this, we split the state space into four blocks and observe
that the transitions of Gξ with norm larger than a negative power of p form an acyclic
graph, apart from two diagonal blocks of norm O(p−1 logD p). In particular, (λ− Gξ)

−1

is a positive operator with norm bounded by a power of p, for λ ∈ [1/2, 2].
Third, for λ > r(Gξ), a positive eigenvector of A2

ξ with eigenvalue λ corresponds to a
positive eigenvector of the 2× 2 renewal matrix T(ξ, λ) with entries λ⟨ℓa, (λ− Gξ)

−1hb⟩.
The square of λp(ξ) is therefore the solution of λ = r(T(ξ, λ)), where r(T) is the Perron–
Frobenius eigenvalue. The symmetry under J makes the two diagonal entries of T equal,
so that r(T) = Tcc + (TctTtc)1/2. The diagonal entry is close to (µ∗/ξ)2 and its derivative
is −2µ2

∗/ξ3 + o(1). The entry Tct, which measures transitions from the core component
to the tail component, is exponentially small, while Ttc is bounded by a power of p.

Fourth, we control ∂ξ(TctTtc)1/2 without dividing by any small quantity: neither
by Tct, nor by the gap between the two eigenvalues of T, nor by a spectral gap of Aξ .
For a nonnegative function f , Glaeser’s inequality bounds | f ′| by (2 f ∥ f ′′∥∞)1/2 plus a
boundary term, and the second derivatives of Tct and Ttc are controlled by interpolating
between the bounds on their values and polynomial bounds on their fourth derivatives.
Since the entries of T are nonincreasing in λ, implicit differentiation of λ = r(T(ξ, λ))

has a denominator at least one. This gives ∂ξλp < 0 near µ∗. The abstract form of this
last step is Proposition 14.8.

The section is organized as follows. Section 14.2 collects elementary facts on positive
operators and two inequalities for real functions. Section 14.3 states and proves the
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abstract renewal criterion. Section 14.4 fixes the parameters and lists the inputs from
earlier sections. Section 14.5 constructs the L2 version of the transfer operator. Section 14.6
constructs the decomposition of the square, Section 14.7 proves the bounds on the
remainder, and Section 14.8 analyzes the renewal matrix. Section 14.9 contains the proofs
of Theorem 14.1 and Corollary 14.2.

14.2 Elementary lemmas

Positive operators

Throughout this section, H denotes a real Hilbert space of the form L2(Ω,m) for a σ-
finite measure space (Ω,m), with inner product ⟨·, ·⟩. All operators are bounded. Spectra
and spectral radii r(·) refer to the complexifications of the operators; by the spectral
radius formula [113, Theorem VI.6], r(X) = limn→∞ ∥Xn∥1/n. For f , g ∈ H , we write
f ⊗ g for the rank-one operator F 7→ ⟨g, F⟩ f .

Definition 14.3. An operator X on H is positive, written X ⪰ 0, if XF ≥ 0 almost
everywhere whenever F ≥ 0 almost everywhere. We write X ⪯ Y if Y − X ⪰ 0. A
function F ∈H is positive if F > 0 almost everywhere. For a measurable set Ω′ ⊂ Ω, we
let PΩ′ denote multiplication by 1Ω′ .

The order ⪰ is not the order of quadratic forms; it is the order of positivity-preserving
operators.

Lemma 14.4. Let X, Y, X1, X2, Y1, Y2 be operators on H .

(i) If 0 ⪯ X ⪯ Y, then ∥X∥ ≤ ∥Y∥ and r(X) ≤ r(Y).
(ii) If X ⪰ 0, then X∗ ⪰ 0.

(iii) If 0 ⪯ Xi ⪯ Yi for i = 1, 2, then 0 ⪯ X1X2 ⪯ Y1Y2.
(iv) If X ⪰ 0 and λ > r(X), then (λ−X)−1 = ∑n≥0 λ−n−1Xn ⪰ 0, where the series converges

in norm. If moreover 0 ⪯ X ⪯ Y and λ > r(Y), then (λ− X)−1 ⪯ (λ−Y)−1.
(v) Let Ω = Ω1 ∪ · · · ∪Ωm be a partition into measurable sets and write Pi = PΩi . If X ⪰ 0,

then PiXPj ⪰ 0 for all i, j, and ∑(i,j)∈S PiXPj ⪯ X for every set S of pairs of indices.

Proof. For (i), let F ∈ H . Since X(|F| ± F) ≥ 0, we have |XF| ≤ X|F| ≤ Y|F| almost
everywhere, which gives ∥XF∥ ≤ ∥Y|F|∥ ≤ ∥Y∥∥F∥. By (iii) below, 0 ⪯ Xn ⪯ Yn, and
the first claim gives ∥Xn∥ ≤ ∥Yn∥ for every n; the spectral radius formula implies that
r(X) ≤ r(Y). For (ii), if F, H ≥ 0, then ⟨X∗F, H⟩ = ⟨F, XH⟩ ≥ 0; taking H = 1{X∗F<0}1Ω′′

for sets Ω′′ of finite measure shows that X∗F ≥ 0. For (iii), we have Y1Y2 − X1X2 =

(Y1 − X1)Y2 + X1(Y2 − X2), and both terms are compositions of positive operators. For
(iv), by the spectral radius formula, we have ∑n λ−n−1∥Xn∥ < ∞, which implies that the
Neumann series converges in norm to (λ− X)−1; each term is positive. If 0 ⪯ X ⪯ Y,
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then Xn ⪯ Yn by (iii), and summing the series gives the second claim. For (v), we have
PiXPj ⪰ 0 by (iii), since Pi and Pj are positive. Since ∑i Pi is the identity, X = ∑i,j PiXPj,
and X−∑(i,j)∈S PiXPj is a sum of positive operators.

Lemma 14.5. Let H1, H2 be Hilbert spaces and let X : H1 → H2 and Y : H2 → H1 be
bounded. Then σ(XY) \ {0} = σ(YX) \ {0}. If z ̸= 0 is an isolated point of this set, then the
Riesz projections of XY and YX at z have the same rank. If YXv = zv with z ̸= 0 and v ̸= 0,
then Xv ̸= 0 and XY(Xv) = zXv.

Proof. Let w ̸= 0 with w /∈ σ(YX). A direct multiplication shows that

(w− XY)−1 = w−1(1 + X(w−YX)−1Y
)
, (14.1)

so w /∈ σ(XY). By symmetry, the two sets agree away from zero. Let z ̸= 0 be isolated,
and let γ be a small circle around z that encloses no other point of the spectrum and does
not enclose zero. Integrating (14.1) over γ, and using that

∮
γ w−1 dw = 0, we find that the

Riesz projection ΠXY of XY at z equals XRY, where R = (2πi)−1
∮

γ w−1(w−YX)−1 dw.
The operator R vanishes on the kernel of the Riesz projection ΠYX of YX at z and maps
into its range [82, Section III.6.4]. In particular, the rank of ΠXY is at most the rank of
ΠYX. By symmetry, the ranks agree. For the last claim, Xv = 0 would give zv = YXv = 0,
and XY(Xv) = X(YXv) = zXv.

Two inequalities for real functions

The next lemma bounds the first two derivatives of a function with small values and
polynomially bounded fourth derivative.

Lemma 14.6. Let [s−, s+] be a compact interval, let f ∈ C4([s−, s+]) be real valued, and set

ϵ = sup
[s−,s+]

| f |, m4 = sup
[s−,s+]

| f (4)|.

Let r0 > 0 and let s ∈ [s− + r0, s+ − r0]. Then

| f ′′(s)| ≤ 2
√

ϵm4 +
8ϵ

r2
0

, | f ′(s)| ≤ 2ϵ3/4m1/4
4 +

4ϵ

r0
. (14.2)

Proof. If ϵ = 0, the result is immediate. We henceforth assume ϵ > 0 and interpret h∗ = ∞
whenever m4 = 0 in both optimizations below.

For |t| ≤ r0, Taylor’s formula with Lagrange remainder gives

f (s + t) = f (s) + t f ′(s) +
t2

2
f ′′(s) +

t3

6
f ′′′(s) +

t4

24
f (4)(st) (14.3)

for some st between s and s + t.
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We begin with the second derivative. Let 0 < h ≤ r0. Adding (14.3) at t = h and
t = −h, we obtain ∣∣∣∣ f (s + h)− 2 f (s) + f (s− h)

h2 − f ′′(s)
∣∣∣∣ ≤ h2m4

12
.

The difference quotient is at most 4ϵ/h2 in absolute value, so

| f ′′(s)| ≤ 4ϵ

h2 +
m4h2

12
. (14.4)

Set h∗ = (48ϵ/m4)
1/4 (with h∗ = ∞ if m4 = 0). If h∗ ≤ r0, we choose h = h∗ in

(14.4), which gives | f ′′(s)| ≤ 2(ϵm4/3)1/2 ≤ 2
√

ϵm4. If h∗ > r0, we choose h = r0; then
m4r4

0 < 48ϵ, so m4r2
0/12 < 4ϵ/r2

0 and | f ′′(s)| ≤ 8ϵ/r2
0.

For the first derivative, let 0 < h ≤ r0/2 and consider the difference quotient

Dh f (s) =
8
(

f (s + h)− f (s− h)
)
−
(

f (s + 2h)− f (s− 2h)
)

12h
,

which is exact on cubic polynomials. Subtracting (14.3) at t = −u from (14.3) at t = u,
we find that

f (s + u)− f (s− u) = 2u f ′(s) +
u3

3
f ′′′(s) + R(u), |R(u)| ≤ u4m4

12
,

for 0 < u ≤ r0. Using this with u = h and u = 2h, the terms with f ′′′(s) cancel and we
obtain ∣∣Dh f (s)− f ′(s)

∣∣ = |8R(h)− R(2h)|
12h

≤ 8h4m4 + 16h4m4

144h
=

h3m4

6
.

Since |Dh f (s)| ≤ 18ϵ/(12h), this gives

| f ′(s)| ≤ 3ϵ

2h
+

m4h3

6
. (14.5)

Set h∗ = (3ϵ/m4)
1/4. If h∗ ≤ r0/2, the choice h = h∗ in (14.5) gives | f ′(s)| ≤ 2ϵ/h∗ =

2 · 3−1/4ϵ3/4m1/4
4 . If h∗ > r0/2, we choose h = r0/2; then m4h4 < 3ϵ, which gives

m4h3/6 < ϵ/(2h) and | f ′(s)| ≤ 2ϵ/h = 4ϵ/r0.

The second inequality is a version of Glaeser’s inequality [75], which bounds the
derivative of a nonnegative function by the square root of its value. We include its short
proof, since we use a form with a boundary term.

Lemma 14.7. Let I1 be an interval, let f ∈ C2(I1) be nonnegative with m2 = supI1
| f ′′| < ∞,

and let s ∈ I1 be a point whose distance to the complement of I1 is at least r0 > 0. Then

| f ′(s)| ≤
√

2 f (s)m2 +
2 f (s)

r0
. (14.6)
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Proof. We may suppose that f ′(s) ̸= 0; let σ = − sgn f ′(s). For 0 < h < r0, the segment
between s and s + σh lies in I1, and Taylor’s formula and f ≥ 0 give

0 ≤ f (s + σh) ≤ f (s)− h| f ′(s)|+ h2m2

2
.

Then | f ′(s)| ≤ f (s)/h + hm2/2 for 0 < h < r0, and letting h ↑ r0, we obtain

| f ′(s)| ≤ f (s)
h

+
hm2

2
for all h ∈ (0, r0]. (14.7)

If f (s) = 0, letting h ↓ 0 in (14.7) gives f ′(s) = 0, a contradiction; so f (s) > 0. Set
h∗ = (2 f (s)/m2)

1/2 (with h∗ = ∞ if m2 = 0). If h∗ ≤ r0, the choice h = h∗ gives | f ′(s)| ≤√
2 f (s)m2. If h∗ > r0, the choice h = r0 gives | f ′(s)| ≤ f (s)/r0 + r0m2/2 ≤ 2 f (s)/r0,

where we used that r2
0m2 < 2 f (s).

14.3 A positive rank-two renewal criterion

In this subsection we state the abstract form of the derivative argument. The setting is a
family of positive operators that differ from a positive operator of small spectral radius
by two positive rank-one operators. For a 2× 2 matrix T with nonnegative entries, we
write r(T) for its spectral radius (the Perron–Frobenius eigenvalue).

Proposition 14.8. Let H = L2(Ω,m) be a real Hilbert space, let I ⊂ I1 be open intervals such
that every point of I has distance at least r0 > 0 to the complement of I1, and let 0 < λ− < λ+.
For ξ ∈ I1, let Gξ ⪰ 0 be an operator on H , let h1,ξ , h2,ξ , ℓ1,ξ , ℓ2,ξ ∈H be nonnegative, and set

Uξ = Gξ + h1,ξ ⊗ ℓ1,ξ + h2,ξ ⊗ ℓ2,ξ .

Suppose that ξ 7→ Gξ and ξ 7→ hi,ξ , ℓi,ξ are twice continuously differentiable on I1 in the operator
norm and in the norm of H , respectively, and that r(Gξ) < λ− for every ξ ∈ I1. For ξ ∈ I1 and
λ > r(Gξ), define the renewal matrix

Tij(ξ, λ) = λ
〈
ℓi,ξ , (λ− Gξ)

−1hj,ξ
〉
, i, j ∈ {1, 2}. (14.8)

Assume the following.

(i) For all ξ ∈ I1 and λ ∈ [λ−, λ+], we have T11(ξ, λ) = T22(ξ, λ), T12(ξ, λ) > 0 and
T21(ξ, λ) > 0.

(ii) There exists κ > 0 such that ∂ξ T11(ξ, λ) ≤ −κ for all ξ ∈ I and λ ∈ [λ−, λ+], and for
every λ ∈ [λ−, λ+], writing b = T12(·, λ) and d = T21(·, λ) and taking suprema over I1,√

∥d∥∞∥∂2
ξb∥∞ +

√
∥b∥∞∥∂2

ξd∥∞ +
2
√
∥b∥∞∥d∥∞

r0
≤ κ

2
. (14.9)
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(iii) For every ξ ∈ I, there exist λ(ξ) ∈ (λ−, λ+) and a nonzero Fξ ∈H with Fξ ≥ 0 such that
Uξ Fξ = λ(ξ)Fξ .

Then the following hold for every ξ ∈ I.

(a) The entries of T(ξ, λ) are nonincreasing in λ ∈ [λ−, λ+], we have r(T(ξ, λ)) = T11 +√
T12T21 there, and ∂λr(T(ξ, λ)) ≤ 0 for λ ∈ (λ−, λ+).

(b) The number λ(ξ) is the unique solution λ ∈ [λ−, λ+] of λ = r(T(ξ, λ)). The numbers
⟨ℓ1,ξ , Fξ⟩ and ⟨ℓ2,ξ , Fξ⟩ are positive.

(c) The function ξ 7→ λ(ξ) is continuously differentiable on I, and

λ′(ξ) =
∂ξr(T(ξ, λ))

1− ∂λr(T(ξ, λ))

∣∣∣∣
λ=λ(ξ)

≤ − κ

2
(
1− ∂λr(T(ξ, λ(ξ)))

) < 0. (14.10)

The hypotheses involve only the sizes of the off-diagonal entries and of their second
derivatives. No lower bound on T12 or T21 is required, and the proof does not divide by
the gap 2

√
T12T21 between the two eigenvalues of T, nor by a spectral gap of Uξ .

Proof. We abbreviate G = Gξ , hi = hi,ξ and ℓi = ℓi,ξ when ξ is fixed.

Step 1. The renewal matrix. We first claim that, for ξ ∈ I1 and λ > r(Gξ),

Tij(ξ, λ) = ∑
n≥0

λ−n⟨ℓi, Gnhj⟩, (14.11)

that T is continuously differentiable in (ξ, λ), and that the entries of T are nonincreasing
in λ. By Lemma 14.4(iv), we have λ(λ − G)−1 = ∑n≥0 λ−nGn in norm, which gives
(14.11). Each coefficient ⟨ℓi, Gnhj⟩ is nonnegative, since Gn ⪰ 0 and hj, ℓi ≥ 0. The series
(14.11) is a power series in λ−1 whose radius of convergence is at least 1/r(G). It may
therefore be differentiated termwise, and

∂λTij(ξ, λ) = − ∑
n≥1

nλ−n−1⟨ℓi, Gnhj⟩ ≤ 0.

For the joint differentiability, note that (ξ, λ) 7→ (λ− Gξ)
−1 is continuous in norm on

{(ξ, λ) : λ > r(Gξ)}, and that its partial derivatives are (λ− Gξ)
−1(∂ξ Gξ)(λ− Gξ)

−1 and
−(λ− Gξ)

−2, which are continuous as well. The set {(ξ, λ) : λ > r(Gξ)} is open, since
the spectral radius is upper semicontinuous in norm [82, Section IV.3.1]. Combined with
the differentiability of hj and ℓi, this shows that T is continuously differentiable, and
twice continuously differentiable in ξ for fixed λ.

Step 2. The Perron–Frobenius eigenvalue. Let ξ ∈ I1 and λ ∈ [λ−, λ+], and write a = T11 =

T22, b = T12 and d = T21. The eigenvalues of T are a ±
√

bd. Since a ≥ 0, we have
r(T) = a +

√
bd. Since b, d > 0 on I1 × [λ−, λ+], Step 1 shows that r(T) is continuously

differentiable on I1 × (λ−, λ+). By Step 1, b and d are positive and nonincreasing in λ.
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The functions
√

bd and a are therefore nonincreasing in λ, and ∂λr(T) ≤ 0. This proves
(a).

Step 3. The eigenvector relation. Let ξ ∈ I, write λ = λ(ξ) and F = Fξ , and set ui =

⟨ℓi, F⟩ ≥ 0. The eigenvalue equation Uξ F = λF reads (λ− G)F = u1h1 + u2h2. Since
λ > r(G), we obtain

F = (λ− G)−1(u1h1 + u2h2). (14.12)

If u1 = u2 = 0, then (14.12) implies that F = 0, which is excluded. Pairing (14.12) with ℓi
and multiplying by λ, we find that

λui =
2

∑
j=1

Tij(ξ, λ)uj, i = 1, 2,

that is, u = (u1, u2) is a nonzero nonnegative eigenvector of T(ξ, λ) with eigenvalue λ.
If u1 = 0, the first equation reads bu2 = 0, and b > 0 forces u2 = 0, which is impossible.
Then u1 > 0, and similarly u2 > 0. The two equations now read (λ− a)u1 = bu2 and
(λ− a)u2 = du1. Multiplying them, we obtain (λ− a)2 = bd, and the first one shows that
λ− a > 0. We conclude that λ = a +

√
bd = r(T(ξ, λ)).

Let Ψ(ξ, λ) = λ − r(T(ξ, λ)). By (a), λ 7→ r(T(ξ, λ)) is nonincreasing on [λ−, λ+],
which implies that Ψ(ξ, ·) is strictly increasing there and has at most one zero. This
proves (b).

Step 4. The slope in ξ. We claim that ∂ξr(T(ξ, λ)) ≤ −κ/2 for ξ ∈ I and λ ∈ [λ−, λ+]. Fix
λ, and let b, d be as in (ii). We have

∂ξ

√
bd =

√
d

2
√

b
∂ξb +

√
b

2
√

d
∂ξd.

Since b > 0 is twice continuously differentiable on I1, we may apply Lemma 14.7, and we
obtain, at every ξ ∈ I,

|∂ξb|
2
√

b
≤

√
2b∥∂2

ξb∥∞ + 2b/r0

2
√

b
≤
√
∥∂2

ξb∥∞ +

√
b

r0
,

and similarly for d. Inserting these bounds, we obtain

|∂ξ

√
bd| ≤

√
d∥∂2

ξb∥∞ +
√

b∥∂2
ξd∥∞ +

2
√

bd
r0
≤ κ

2
,

where in the last inequality we used (14.9). Combined with ∂ξ T11 ≤ −κ, this proves the
claim.

Step 5. Implicit differentiation. Fix ξ1 ∈ I. The function Ψ of Step 3 is continuously
differentiable on an open neighborhood of (ξ1, λ(ξ1)), it vanishes at this point, and
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∂λΨ ≥ 1 there. By the implicit function theorem, there exist a neighborhood I′ ⊂ I of
ξ1 and a continuously differentiable function λ̃ on I′ with values in (λ−, λ+), such that
λ̃(ξ1) = λ(ξ1) and Ψ(ξ, λ̃(ξ)) = 0 for ξ ∈ I′. By the uniqueness in (b), λ̃ = λ on I′. Then
λ is continuously differentiable on I, and differentiating Ψ(ξ, λ(ξ)) = 0 gives the identity
in (14.10). The numerator is at most −κ/2 by Step 4, and the denominator is at least one
by (a). This proves (c).

14.4 Parameters and inputs

Normalization

Throughout Sections 14.4–14.8, we fix a compact interval Ξ = [ξ−, ξ+] ⊂ (0, ∞) and write
E = ξ

√
p for ξ ∈ Ξ. We always assume that p is so large that ξ−

√
p ≥ 3. In the notation

of Definition 5.2, we set

g = g(E), θ = g2, c = 1 + θ = Eg, τ =
1

pE2 =
1

p2ξ2 =
θ

pc2 , α =
√

p g.

(14.13)
All of these are functions of ξ (and p). From the formula for g, we have α = 1/ap(ξ) =

2/(ξ + (ξ2 − 4/p)1/2) and g ≤ 2/E, and we note the identities

τc2 =
θ

p
, pc

√
τ = α. (14.14)

Elementary calculus shows that there exists C(Ξ) such that for 0 ≤ j ≤ 5 and ξ ∈ Ξ,

|∂j
ξθ|+ |∂j

ξc− 1j=0|+
∣∣∣∂j

ξ

(
α− 1

ξ

)∣∣∣ ≤ C
p

,
|∂j

ξτ|
τ

+
|∂j

ξ(τc)|
τc

≤ C. (14.15)

In particular, α = ξ−1 + O(p−1) and ∂ξα = −ξ−2 + O(p−1), uniformly on Ξ.
We write ϖξ(dβ) = τ−1e−β/τ dβ for the law of β = τY with Y ∼ Exp(1), and

γ(du) = 2ue−u2
du on [0, ∞) for the law of

√
Y. We record that∫ ∞

0
u γ(du) =

∫ ∞

0
2u2e−u2

du =

√
π

2
= µ∗. (14.16)

Inputs from earlier sections

We use the following results, for ξ ∈ Ξ and p ≥ pI(Ξ), where pI(Ξ) is at least the
thresholds of the cited results for the window Ξ; in Theorem 11.21, we use the canonical
tuple of Definition 11.8.

(I1) The principal law. By Theorem 11.21(i),(v), the principal solution νp,E (the law of B) is
defined, and the law of D = B/g is a real solution at E. We let νξ denote the law of



14 Uniqueness of the critical energy 14.4 Parameters and inputs 313

B̃ = B/c under νp,E; this is the principal law in the scaling g = 1/E of Definition 12.2,
denoted ν̃ξ there. By Proposition 5.5 applied to D = EB̃, the law νξ has an atom
of mass e−p at 1, no other atom (in particular no atom at 0), full support R, and
E|B̃|q < ∞ for q ∈ (0, 1).

(I2) Bounds defining the class Sp,θ. By Theorem 11.21(iii) and rp = p−1/4, the core bound

νp,E
(
{b : |b− 1| > p−1/4}

)
≤ e−a

√
p (14.17)

holds with a = 1, and it continues to hold if a is decreased. The tail bound of
Theorem 11.21(iii) gives νp,E({b : |b| > L}) ≤ e−p/(2L) + e−pL/2 ≤ Cp/L for all
L ≥ 3, with Cp depending only on p. (We use the tail bound only at fixed p. In
(14.17), any core radius rp with rp log p→ 0 would do.)

(I3) The critical transfer operator. Let Q1 = Q1,ξ be the transfer operator of Definition 6.1
at s = 1, defined with the law νξ and an independent β ∼ ϖξ , which has the
exponential law of rate 1/τ = pE2. This is the scaling g = 1/E in Definition 6.14(iii):
the law of gD is νξ , and p/g2 = pE2. The Perron–Frobenius eigenvalue of Q1 is
therefore exp φE(1) = λp(ξ); see also Proposition 12.21(i). By Theorem 6.11(i),(ii), Q1

is bounded and positive on C(RP1), and λp(ξ) is an eigenvalue of Q1 on C(RP1)

whose Riesz projection has rank one, with an eigenfunction ψξ ∈ C(RP1) satisfying
min ψξ > 0. Further, there exists rξ < λp(ξ) such that |z| ≤ rξ for every z ∈
σ(Q1) \ {λp(ξ)}.

(I4) Analyticity of the law. We fix q = 1/2. By Theorem 12.19(ii), ξ 7→ νξ is real-analytic
on a neighborhood of Ξ as a map into the space Xq of Definition 12.6, whose norm
dominates the weighted total variation norm ∥σ∥q,TV, which in turn dominates
the total variation norm |σ|(R). In particular, ξ 7→ νξ is four times continuously
differentiable in total variation, and ∂

j
ξνξ is a signed measure of total mass zero for

j ≥ 1.
(I5) Quantitative derivative bounds. By Proposition 12.24(i), there exists A ≥ 1, depending

only on Ξ, such that |∂j
ξνξ |(R) ≤ ∥∂j

ξνξ∥q,TV ≤ pA for 1 ≤ j ≤ 4.
(I6) Smooth tests. We apply Corollary 12.25 with J = [1/2, 3/2], after enlarging A and

decreasing a if necessary, and we write ∥ζ∥C2 = ∥ζ∥∞ + ∥ζ ′∥∞ + ∥ζ ′′∥∞ and

ϵp =
C
p
+ pAe−a

√
p.

Let B ∼ νp,ξ
√

p and j ∈ {1, 2}. For every ζ ∈ C2(R) supported in [1/2, 3/2],∣∣∂j
ξEζ(B)

∣∣ ≤ ϵp∥ζ∥C2 . (14.18)
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More generally, if I0 ⊃ Ξ is an open interval and ξ 7→ ζξ is twice continuously
differentiable from I0 into the space of C2 functions supported in [1/2, 3/2] with the
norm ∥ · ∥C2 , then

∣∣∂j
ξEζξ(B)

∣∣ ≤ ϵp

j−1

∑
i=0

(
j
i

)
∥∂i

ξζξ∥C2 + sup |∂j
ξζξ |. (14.19)

The constants a and A are fixed from now on; they depend only on Ξ. The leading
asymptotics (Theorem 13.1) and the large-energy bound (Proposition 13.2) are used only
in Section 14.9.

Order of the parameters

The construction below involves a fixed power n0, a target exponent N∗ and a cutoff level
M∗. They are chosen in the following order.

(1) The window Ξ is fixed; then a and A are fixed by (I2), (I5) and (I6).
(2) We fix n0 = 12.
(3) We define the exponents

A1 = 2A + 2, A2 = 10n0 + 8A1 + 5,

Aj = 2A1 + A2 + 1, Av = 2A1 + 4n0 + 2.
(14.20)

They depend only on A, so only on Ξ.
(4) We fix an integer N∗ > max{2n0 + 10, Av + Aj + 2}.
(5) We fix M∗ = 4N∗ + 20.
(6) Finally, we take p ≥ p1, where p1 = p1(Ξ, N∗, M∗) ≥ pI(Ξ) is a threshold that may

be enlarged finitely many times below.

In Sections 14.5–14.8, the letters C and D denote positive constants that may depend on
Ξ, N∗ and M∗, and may change from line to line, but not on p, ξ or λ. The point of the
order above is that every bound of the form Cpe logD p below has an exponent e that
does not depend on M∗; quantities such as eM∗+1 enter only through C. In particular,
Cpe logD p ≤ pe+1/2 for p ≥ p1, which is how such bounds are converted into the pure
powers in (14.20).

14.5 The L2 version of the transfer operator

The operator

Let κ0 = p2ξ2
−/2, so that κ0 < 1/τ for every ξ ∈ Ξ, and define

µ0(dβ) = κ0e−κ0β dβ, ωξ(β) =
( 1

τκ0

)1/2
exp

(
−1

2

(1
τ
− κ0

)
β
)

, β > 0.
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Then ω2
ξ µ0 = ϖξ , and in particular

∫
ω2

ξ dµ0 = 1.

Definition 14.9. Let L = L2(R× (0, ∞), dx µ0(dβ)) (real valued), with inner product
⟨·, ·⟩, and let L2(R) = L2(R, dx). Define Iξ : L2(R) → L by (Iξ f )(x, β) = ωξ(β) f (x).
For a finite signed measure σ on R, define Cσ on L2(R) by (Cσ f )(x) =

∫
f (y− x) σ(dy).

Define J on L by

(JF)(x, β) =

√
β

|x| F
(β

x
, β
)

,

and the L2 version of the critical transfer operator

Aξ = pJIξCνξ
I∗ξ . (14.21)

Explicitly, since (I∗ξ F)(x) =
∫

ωξ(β′)F(x, β′)µ0(dβ′), we have

(Aξ F)(x, β) = p ωξ(β)

√
β

|x|

∫
νξ(dy)

∫
µ0(dβ′)ωξ(β′)F

(
y− β

x
, β′
)

. (14.22)

The operator Aξ is not the transfer operator As in the x-coordinate of Definition 6.1; it
is related to the transfer operator Q1 in Lemma 14.11. The state (x, β) consists of the
reciprocal x of the projective coordinate and the rescaled squared modulus β used in the
next step; the new state is (y− β/x, β′) with a side variable y ∼ νξ and a fresh rescaled
squared modulus β′. The maps (x, β, y) 7→ y− β/x do not depend on ξ, and ξ enters
(14.22) only through νξ and ωξ .

Lemma 14.10. Let p ≥ p1.

(i) The operator J is a positive unitary involution: J ⪰ 0 and J = J∗ = J−1. For every
measurable Ω′ ⊂ R× (0, ∞), we have JPΩ′ J = PJΩ′ , where JΩ′ = {(β/x, β) : (x, β) ∈
Ω′}.

(ii) The operator Iξ is an isometry, and for every finite signed measure σ, Cσ is self-adjoint with
∥Cσ∥ ≤ |σ|(R).

(iii) We have Aξ ⪰ 0, ∥Aξ∥ ≤ p, and A∗ξ = JAξ J.
(iv) The map ξ 7→ Aξ is four times continuously differentiable on Ξ in operator norm, and
∥∂j

ξAξ∥ ≤ pA1 for 0 ≤ j ≤ 4.

Proof. For fixed β > 0, the map x 7→ β/x is an involution of R \ {0} with Jacobian β/x2.
This substitution gives

∫
|(JF)(x, β)|2 dx =

∫
|F(x, β)|2 dx for every β, and J2F = F,

since (J2F)(x, β) = (
√

β/|x|)(
√

β/|β/x|)F(x, β). A unitary involution is self-adjoint.
Positivity is evident, and the formula for JPΩ′ J follows from 1Ω′(β/x, β) = 1JΩ′(x, β).
This proves (i).

For (ii), we have ∥Iξ f ∥2 = ∥ f ∥2
∫

ω2
ξ dµ0 = ∥ f ∥2. By Minkowski’s integral inequality,

we have ∥Cσ f ∥ ≤
∫
∥ f (y− ·)∥ |σ|(dy) = |σ|(R)∥ f ∥, and the substitution x 7→ y− x gives

⟨Cσ f1, f2⟩ = ⟨ f1, Cσ f2⟩.
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For (iii), positivity is evident from (14.22), and (i), (ii) give ∥Aξ∥ ≤ p. Since J and Cνξ

are self-adjoint, we have A∗ξ = pIξCνξ
I∗ξ J = J(pJIξCνξ

I∗ξ )J = JAξ J.

For (iv), we find by direct computation that ∂
j
ξωξ(β) = ωξ(β)Pj,ξ(β/τ) for j ≤ 5,

where Pj,ξ is a polynomial of degree j whose coefficients are bounded on Ξ by

(14.15). Since β/τ has law Exp(1) under ω2
ξ µ0, we have ∥∂j

ξωξ∥L2(µ0)
≤ C. Moreover,

supξ∈Ξ |∂
j
ξωξ(β)|2 ≤ C(1 + p2β)2jκ−1

0 p2ξ2
+e−(p2ξ2

−−κ0)β, which is integrable against µ0; by
dominated convergence, ξ 7→ ωξ is five times continuously differentiable as a map into
L2(µ0). Since ∥∂j

ξ Iξ∥ = ∥∂
j
ξωξ∥L2(µ0)

, the map ξ 7→ Iξ is four times continuously differen-

tiable with ∥∂j
ξ Iξ∥ ≤ C. By (I4) and (ii), ξ 7→ Cνξ

is four times continuously differentiable

with ∂
j
ξCνξ

= C
∂

j
ξ νξ

, and (I5) gives ∥∂j
ξCνξ
∥ ≤ pA. The Leibniz rule applied to (14.21) yields

∥∂j
ξAξ∥ ≤ CpA+1 ≤ pA1 .

The spectral radius of the L2 version

We now relate Aξ to the transfer operator Q1 of (I3). We identify RP1 with R ∪ {∞}
through the reciprocal x = 1/q of the projective coordinate q of Definition 6.1. For
x ∈ R \ {0}, B̃ ∈ R and β > 0, set

x′ = B̃− β

x
, w =

√
β (1 + x2)1/2

|x|(1 + x′2)1/2 , (14.23)

and extend these by x′ = ∞, w = β−1/2 at x = 0 and by x′ = B̃, w = β1/2(1 + B̃2)−1/2 at
x = ∞. For fixed B̃ and β, the maps x 7→ x′ and x 7→ w are continuous on RP1. Writing
M(B̃, β)vq in the coordinates of Definition 6.1, we have M(B̃, β)vq ∝ (1, B̃ − βq). The
image of q = 1/x has reciprocal coordinate x′, and ∥M(B̃, β)vq∥−1 = w. We obtain

(Q1u)(x) = pE
[
w u(x′)

]
, x ∈ RP1, (14.24)

with B̃ ∼ νξ and β ∼ ϖξ independent; at x ∈ {0, ∞}, this agrees with Definition 6.1 by
(6.3). As in Definition 6.1, (14.24) applies to every bounded Borel function u on RP1, and
we write Q1(x, ·) for the finite measure u 7→ (Q1u)(x), and similarly for powers of Q1.

Lemma 14.11. Let p ≥ p1 and ξ ∈ Ξ, and write ρξ = λp(ξ).

(i) The spectral radius of Aξ on L equals ρξ . Further, ρξ is an isolated point of the spectrum of
Aξ , and its Riesz projection has rank one.

(ii) There exists Fξ ∈ L with Fξ > 0 almost everywhere and Aξ Fξ = ρξ Fξ . In particular,
A2

ξ Fξ = ρ2
ξ Fξ .

Only part (ii) is used in the proof of Theorem 14.1; part (i) shows that the eigenvalue
in (ii) is the spectral radius.
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Proof. We fix ξ and drop it from the notation; we write ν = νξ , ϖ = ϖξ , ψ = ψξ and ρ = ρξ .
Let ς(x) = (1 + x2)−1/2 and m̃(dx) = ς(x)2 dx, a finite measure on R (equivalently, on
RP1, with {∞} a null set). Let 0 < ψ− ≤ ψ ≤ ψ+ be the bounds of the positive continuous
function ψ on the compact space RP1. The proof proceeds by transporting the problem
to the transfer operator Q1, where the Perron–Frobenius theory of (I3) applies, and then
to Aξ .

Step 1. The scalar operator and the weight. Define W on L2(R) by (W f )(x) =∫
ϖ(dβ)

√
β|x|−1 f (β/x), and set As = pWCν. For each β, the operator

f 7→
√

β|x|−1 f (β/x) is a unitary involution of L2(R), as in the proof of Lemma 14.10(i).
The operator W is an average of these involutions, and it is self-adjoint with ∥W∥ ≤ 1.
We have

(As f )(x) = p
∫

ν(dy)
∫

ϖ(dβ)

√
β

|x| f
(

y− β

x

)
.

By (14.23), w =
√

β|x|−1ς(x′)/ς(x) for x ̸= 0, and (14.24) gives

(Q1u)(x) = ς(x)−1(As(ςu)
)
(x) for almost every x, (14.25)

for every bounded Borel u. The map Θ f = f /ς is unitary from L2(R) onto L2(m̃), and
Q̃ = ΘAsΘ−1 is a bounded operator on L2(m̃) that acts on bounded functions by the
kernel of Q1. Set f = ςψ. Then f ∈ L2(R), f > 0 everywhere, and (14.25) with Q1ψ = ρψ

gives As f = ρ f .

Step 2. A left eigenvector. Set f ∗ = Cν f . Since W and Cν are self-adjoint, (As)∗ = pCνW ,
and

(As)∗ f ∗ = p CνWCν f = CνAs f = ρ f ∗.

We claim that χ = f ∗/ς satisfies cχ ≤ χ ≤ Cχ for constants 0 < cχ ≤ Cχ < ∞ (which may
depend on p and ξ). Since ψ−Cνς ≤ f ∗ ≤ ψ+Cνς, it suffices to compare Cνς(x) =

∫
ς(y−

x)ν(dy) with ς(x). For the lower bound, if |y| ≤ 1 then 1 + (y− x)2 ≤ 1 + (1 + |x|)2 ≤
3(1+ x2), which gives Cνς(x) ≥ ν([−1, 1])ς(x)/

√
3, and ν([−1, 1]) > 0 by the full support

in (I1). For the upper bound, if |x| ≤ 6 then Cνς(x) ≤ 1 ≤
√

37 ς(x). If |x| > 6, we split the
integral according to whether |y| ≤ |x|/2. On the first part, ς(y− x) ≤ |y− x|−1 ≤ 2/|x|.
The second part is at most ν({|y| > |x|/2}) = νp,E({|b| > c|x|/2}) ≤ 2Cp/|x|, by the tail
bound in (I2). Then Cνς(x) ≤ (2 + 2Cp)/|x| ≤ (4 + 4Cp)ς(x).

Step 3. The Doob transform. For bounded Borel u on RP1, set Pu = (ρψ)−1Q1(ψu).
Since Q1ψ = ρψ holds at every point of RP1, P(x, ·) is a probability measure for every
x ∈ RP1. On L2(m̃), the operator P = ρ−1ψ−1Q̃ψ is bounded. Let π(dx) = Z−1ψχ dm̃,
with Z chosen so that π is a probability measure. By Step 2, the density of π with
respect to m̃ lies in [Z−1ψ−cχ, Z−1ψ+Cχ], and the norms of L2(π) and L2(m̃) are therefore
equivalent. We claim that π is invariant:

∫
Pu dπ =

∫
u dπ for u ∈ L2(m̃), and then for
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every measurable u ≥ 0 by monotone convergence. Indeed, the adjoint of Q̃ in L2(m̃) is
Θ(As)∗Θ−1. By Step 2, we have Q̃∗χ = Θ(As)∗ f ∗ = ρχ, and

Z
∫
Pu dπ = ρ−1

∫
Q̃(ψu) χ dm̃ = ρ−1

∫
ψu Q̃∗χ dm̃ = Z

∫
u dπ.

Step 4. The spectral radius. Since the rows of P are probability measures, we have |Pu|2 ≤
P(|u|2) pointwise by the Cauchy–Schwarz inequality, and Step 3 gives

∫
|Pu|2 dπ ≤∫

|u|2 dπ. It follows that ∥Pn∥L2(π) ≤ 1 for all n. Since Q̃n = ρnψPnψ−1 and the norms
are equivalent, we find that ∥Q̃n∥L2(m̃) ≤ C′ρn for a constant C′ independent of n. By the
spectral radius formula, we conclude that r(As) = r(Q̃) ≤ ρ, and Step 1 gives equality.

Step 5. Three-step smoothing. We claim that for every bounded Borel u on RP1, the
function P3u is continuous on RP1 and depends only on the m̃-equivalence class of u.
Since P3u = ρ−3ψ−1Q3

1(ψu), it suffices to show that x 7→ Q3
1(x, ·) is continuous on RP1

in total variation and that each Q3
1(x, ·) is absolutely continuous with respect to Lebesgue

measure on R.
Let x ∈ R \ {0}. Substituting z = y − β/x in (14.24), so that β = x(y − z) and

dβ = |x|dz, we find that Q1(x, dz) = pς(x)−1ς(z)(ν ⋆ kx)(z)dz, where

kx(t) = τ−1
√

xt e−xt/τ1{xt>0}, (ν ⋆ kx)(z) =
∫

kx(y− z) ν(dy).

For t ̸= 0, kx(t) is continuous in x ∈ R \ {0}, and ∥kx∥L1 = Γ(3/2)τ1/2|x|−1 is continuous
as well. By Scheffé’s lemma [64], the map x 7→ kx is continuous into L1(R). Since
∥ν ⋆ (kx − kx0)∥L1 ≤ ∥kx − kx0∥L1 and ς ≤ 1, the map x 7→ Q1(x, ·) is continuous in total
variation on R \ {0}, and each Q1(x, ·) with x ∈ R \ {0} is absolutely continuous.

Next, x 7→ w is continuous on RP1 for fixed (B̃, β), and Ew = p−1(Q11)(x) is
continuous on RP1 since Q1 maps C(RP1) into itself. By Scheffé’s lemma, E|w(x)−
w(x0)| → 0 as x → x0 in RP1, where we indicate the dependence of w and x′ on x.
Let K(y, ·) be either Q1(y, ·) or Q2

1(y, ·), and suppose that y 7→ K(y, ·) is continuous in
total variation at almost every value of x′(x0). For a Borel function |u| ≤ 1, we have
(Q1Ku)(x) = pE[w(x)(Ku)(x′(x))], so∣∣(Q1Ku)(x)− (Q1Ku)(x0)

∣∣ ≤ pmK E|w(x)− w(x0)|
+ pE

[
w(x0) ∥K(x′(x), ·)−K(x′(x0), ·)∥TV

]
,

where mK = supyK(y, RP1) ≤ max{∥Q1∥, ∥Q1∥2} and ∥Q1∥ is the norm on C(RP1),
which bounds the total mass of every row of Q1. The first term tends to zero. In the
second term, the integrand tends to zero almost surely, since x′(x) → x′(x0), and it is
bounded by 2mKw(x0), which is integrable; by dominated convergence, it tends to zero.
This shows that Q1K is continuous in total variation at x0.
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We apply this twice. If x0 ∈ R \ {0}, then x′(x0) = B̃− β/x0 has a density, and if x0 =

∞, then x′(x0) = B̃; in both cases x′(x0) ∈ R \ {0} almost surely, by (I1). With K = Q1,
we conclude that Q2

1 is continuous in total variation on RP1 \ {0}. For every x0 ∈ RP1,
we have x′(x0) ̸= 0 almost surely (at x0 = 0, x′ = ∞). With K = Q2

1, we conclude that
Q3

1 is continuous in total variation on RP1. From the same representation, we see that
Q2

1(x, ·) = pE[wQ1(x′, ·)] is absolutely continuous for x ̸= 0, since x′ ∈ R \ {0} almost
surely, and that Q3

1(x, ·) = pE[wQ2
1(x′, ·)] is absolutely continuous for every x ∈ RP1,

since x′ ̸= 0 almost surely. This proves the claim. Since the rows of P3 are probability
measures, we also have sup |P3u| ≤ ∥u∥L∞(π).

Step 6. Decay in C(RP1) and in L∞(π). On C(RP1), the operator P is similar to ρ−1Q1

through multiplication by ψ. By (I3), 1 is an algebraically simple eigenvalue of P on
C(RP1), with eigenfunction 1, and the rest of the spectrum lies in a disc of radius θ1 < 1.
Let ΠC be the Riesz projection at 1. It has rank one and range spanned by 1; we write
ΠCv = ϕ(v)1 with a bounded linear functional ϕ. Further, for θ2 ∈ (θ1, 1) there exists
C0 with sup |Pnv − ϕ(v)| ≤ C0θn

2 sup |v| for v ∈ C(RP1). Integrating against π and
using the invariance of π, we find that

∫
v dπ =

∫
Pnv dπ → ϕ(v), which shows that

ϕ(v) =
∫

v dπ. Now let u ∈ L∞(π) and n ≥ 3. The function v = P3u lies in C(RP1) by
Step 5, and

∫
v dπ =

∫
u dπ by invariance. Applying the bound in C(RP1) to v, we find

that ∥∥∥Pnu−
∫

u dπ
∥∥∥

L∞(π)
=
∥∥∥Pn−3v−

∫
v dπ

∥∥∥
∞
≤ C0θn−3

2 ∥u∥L∞(π). (14.26)

Step 7. The gap in L2(π). Let Πu = (
∫

u dπ)1 and P0 = P −Π. Since P1 = 1 and π

is invariant, we have ΠP = PΠ = Π2 = Π. Then ΠP0 = P0Π = 0 and Pn
0 = Pn −Π.

On L1(π), we have |Pu| ≤ P|u| and
∫
P|u| dπ =

∫
|u| dπ, which give ∥Pn

0 ∥L1(π) ≤
2. Applying (14.26) to real and imaginary parts, ∥Pn

0 ∥L∞(π) ≤ 2C0θn−3
2 on complex

functions. The Riesz–Thorin interpolation theorem [112, Section IX.4] gives ∥Pn
0 ∥L2(π) ≤

2(C0θn−3
2 )1/2, and the spectral radius formula yields r(P0) ≤ θ1/2

2 < 1 on L2(π). For
z ̸= 1 with |z| > θ1/2

2 , a direct computation using ΠP0 = P0Π = 0 shows that

(z−P)−1 = (z− 1)−1Π + (z−P0)
−1(1−Π).

Therefore, 1 is an isolated point of the spectrum of P on L2(π), with Riesz projection Π
of rank one. Since Q̃ = ρψPψ−1 on the space L2(m̃) = L2(π) (with equivalent norms),
and As = Θ−1Q̃Θ, the same holds for ρ and As.

Step 8. The augmented operator. Let L ′ = L2(R × (0, ∞), dx ϖ(dβ)) and define
V : L2(R)→ L ′ and Π′ : L ′ → L2(R) by

(V f )(x, β) = p
√

β

|x| (Cν f )
(β

x

)
, (Π′F)(x) =

∫
ϖ(dβ)F(x, β).
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For fixed β, the substitution x 7→ β/x shows that ∥V f ∥2 = p2∥Cν f ∥2 ≤ p2∥ f ∥2, and by
Jensen’s inequality, we have ∥Π′∥ ≤ 1. Further, Π′V = pWCν = As. The map UF = ωξ F
is unitary from L ′ onto L , since ω2

ξ µ0 = ϖ, and comparing with (14.22) shows that
Aξ = UVΠ′U−1. By Lemma 14.5 with X = V and Y = Π′, the operators Aξ and As have
the same nonzero spectrum, and their Riesz projections at ρ have the same rank. With
Steps 4 and 7, this proves (i). For (ii), set Fξ = UV f . Then Aξ Fξ = UVΠ′V f = UVAs f =

ρFξ . Since f > 0 everywhere and ν is a probability measure, Cν f > 0 everywhere, so
Fξ(x, β) > 0 for all x ̸= 0 and β > 0.

14.6 A positive decomposition of the square

In this subsection we construct the decomposition A2
ξ = Gξ + hc⊗ ℓc + ht⊗ ℓt. We assume

p ≥ p1 and ξ ∈ Ξ throughout, and use the conventions of Section 14.4.

Regions and cutoffs

Definition 14.12. Set

r =
1

log p
, W =

(
(M∗ + 1) log p

)1/2, βmax =
4W2

p2ξ2
−

.

The core region is Ωc = {(x, β) ∈ R × (0, ∞) : |x| >
√

β}, and the tail region is its
complement Ωt. The ordinary set is O = [1− r, 1 + r]× (0, βmax]. We also set Uc = Ωc \O
and Ut = JUc, with the notation JΩ′ of Lemma 14.10(i).

The map (x, β) 7→ (β/x, β) sends Ωc onto {0 < |x| <
√

β}. Then JΩc and Ωt differ
by a null set, and JPΩc J = PΩt as operators. For p ≥ p1, we have

√
βmax < 1− r, which

implies that O ⊂ Ωc and JO ⊂ Ωt up to a null set. Up to null sets, R× (0, ∞) is the
disjoint union of the four sets

X1 = JO, X2 = Ut, X3 = Uc, X4 = O, (14.27)

with Ωt = X1 ∪ X2 and Ωc = X3 ∪ X4.
We fix, once and for all, smooth functions χ0, ψ0 : R → [0, 1] with χ0 = 1 on

[−1/8, 1/8], supp χ0 ⊂ (−1/4, 1/4), ψ0 = 1 on (−∞, 0] and ψ0 = 0 on [1, ∞). Define

χ(b) = χ0

(b− 1
r

)
, ψ(u) = ψ0

( u2

log p
−M∗

)
, u ≥ 0.

Then χ(b) = 1 for |b− 1| ≤ r/8, χ(b) = 0 for |b− 1| ≥ r/4, ψ(u) = 1 for u2 ≤ M∗ log p,
and ψ(u) = 0 for u ≥W. For l ≤ 5, we have

|χ(l)| ≤ C logl p, |(u∂u)
lψ(u)| ≤ C, (14.28)
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where the second bound holds because (u∂u)lψ(u) is a combination of
(u2/ log p)iψ

(i)
0 (u2/ log p − M∗), i ≤ l, and u2/ log p ≤ M∗ + 1 on the support of

ψ′0. For x > 0 and β > 0, define

wξ(x, β) =
( β

τcx

)1/2
,

and define the multipliers

Ψout
ξ (x, β) = 1O(x, β)ψ(wξ(x, β)), Ψin

ξ (x, β) = 1O(x, β) χ(cx)ψ(wξ(x, β)).

The retained operator is Bξ = Ψout
ξ AξΨin

ξ , where the multipliers act as multiplication
operators.

Lemma 14.13. (i) If x > 0, β > 0 and χ(cx)ψ(wξ(x, β)) ̸= 0, then (x, β) ∈ O and |cx −
1| < r/4.

(ii) The functions Ψout
ξ , Ψin

ξ take values in [0, 1], and ξ 7→ Ψout
ξ , Ψin

ξ are four times continuously

differentiable into L∞, with sup |∂j
ξΨout

ξ |+ sup |∂j
ξΨin

ξ | ≤ C logj p for j ≤ 4.
(iii) We have 0 ⪯ Bξ ⪯ POAξ PO, the map ξ 7→ Bξ is four times continuously differentiable in

norm, and ∥∂j
ξ Bξ∥ ≤ CpA1 log8 p for j ≤ 4.

Proof. For (i), |cx − 1| < r/4 and c − 1 = θ ≤ 4/(pξ2
−) give |x − 1| ≤ r for p ≥ p1.

Further, ψ(wξ) ̸= 0 implies that wξ < W, and then β < τcxW2 ≤ 2τ(1 + r)W2 < βmax,
since c ≤ 2 and τ ≤ 1/(p2ξ2

−). For (ii), we have ∂ξwξ = −wξ∂ξ(τc)/(2τc). By induction,
∂

j
ξ [ψ(wξ)] is a combination of the functions ((u∂u)lψ)(wξ), l ≤ j, with coefficients that are

polynomials in ∂i
ξ(τc)/(τc), i ≤ j. These coefficients are bounded by (14.15), and (14.28)

bounds the functions. Similarly, ∂
j
ξ [χ(cx)] is a combination of xlχ(l)(cx) with coefficients

that are polynomials in ∂i
ξc; since x ≤ 2 on O, these are bounded by C logj p. The same

bounds hold for j = 5, and Taylor’s formula implies that the L∞-valued maps are four
times continuously differentiable. For (iii), 0 ≤ Ψout

ξ , Ψin
ξ ≤ 1O gives

POAξ PO − Bξ = (PO −Ψout
ξ )Aξ PO + Ψout

ξ Aξ(PO −Ψin
ξ ) ⪰ 0.

The derivative bounds follow from (ii), Lemma 14.10(iv) and the Leibniz rule.

Factorization of the retained operator

Let V = L2([0, W], γ), a real Hilbert space of the form considered in Section 14.2; we
write 1 for the constant function one in V . Define

hξ(x, β) = 1O(x, β) p ωξ(β)

√
β

x
ψ(wξ(x, β)), (14.29)
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and define Rξ : V → L and Sξ : L → V by

(Rξϕ)(x, β) = hξ(x, β) ϕ(wξ(x, β)), (14.30)

(Sξ F)(w) =
∫

νξ(dy)
∫

µ0(dβ′)ωξ(β′)Ψin
ξ (x′, β′)F(x′, β′), x′ = y− τcw2,

(14.31)

where in (14.30) we set ϕ(w) = 0 for w > W (where hξ vanishes anyway). Let Υ(b, u) =√
b e−(b−1)u2

χ(b) for b > 0 and Υ(b, u) = 0 for b ≤ 0; this is a smooth function, since χ

vanishes for b ≤ 1/2. For w, u ∈ [0, W], define

Υξ(w, u) = E Υ
(

B− θw2

p
, u
)

, Υ0
ξ(u) = E Υ(B, u), (14.32)

where B ∼ νp,ξ
√

p, that is, B = cB̃ with B̃ ∼ νξ .

Lemma 14.14. The operators Rξ and Sξ are positive, ∥Rξ∥ ≤ C, ∥Sξ∥ ≤ Cp, and Bξ = RξSξ .
The operator Nξ = Sξ Rξ on V is the integral operator

(Nξϕ)(w) = α
∫ W

0
γ(du) u ψ(u)2 Υξ(w, u) ϕ(u). (14.33)

Moreover, Rξ1 = hξ .

Proof. Positivity is evident. To bound Rξ , we substitute β = τcxu2 for fixed x ∈ [1− r, 1 +
r]; then ωξ(β)2µ0(dβ) = ϖξ(dβ) = e−cxu2

2cxu du and p2βx−2 = p2τcu2/x, and we have

∥Rξϕ∥2 ≤
∫ 1+r

1−r
dx
∫ W

0
γ(du) p2τc2u2e−(cx−1)u2 |ϕ(u)|2 ≤ c2

ξ2 · 2r ·W2e2rW2∥ϕ∥2.

Here we used p2τ = ξ−2, |cx − 1| ≤ 2r and u ≤ W. Since rW2 = M∗ + 1, this gives
∥Rξ∥ ≤ C. To bound Sξ , we use the Cauchy–Schwarz inequality in β′ with

∫
ω2

ξ dµ0 = 1,
Jensen’s inequality in y, and Ψin

ξ ≤ 1, which give |(Sξ F)(w)|2 ≤
∫

νξ(dy)
∫

µ0(dβ′)|F(y−
τcw2, β′)|2. For fixed y, the substitution x′ = y− τcw2 has dx′ = 2τcw dw, which gives

∥Sξ F∥2 ≤
∫

νξ(dy)
∫

µ0(dβ′)
∫ ∞

0
2we−w2 |F(y− τcw2, β′)|2 dw ≤ 1

τc
∥F∥2 ≤ Cp2∥F∥2.

For the factorization, let (x, β) with Ψout
ξ (x, β) ̸= 0. Then (x, β) ∈ O and x > 0, and

β/x = τcw2 with w = wξ(x, β) < W. By (14.22),

(Bξ F)(x, β) = ψ(w)1O(x, β) p ωξ(β)

√
β

x

×
∫

νξ(dy)
∫

µ0(dβ′)ωξ(β′)Ψin
ξ (y− τcw2, β′)F(y− τcw2, β′),
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which is hξ(x, β)(Sξ F)(w) = (RξSξ F)(x, β). Where Ψout
ξ (x, β) = 0, both sides vanish.

For (14.33), let ϕ ∈ V and w ∈ [0, W], and write x′ = y− τcw2 and w′ = wξ(x′, β′)
for x′ > 0. By Lemma 14.13(i), Ψin

ξ (x′, β′)hξ(x′, β′) = 1{x′>0}χ(cx′)ψ(w′)2p ωξ(β′)
√

β′/x′,
and therefore

(Sξ Rξϕ)(w) =
∫

νξ(dy) 1{x′>0}χ(cx′)
∫

ϖξ(dβ′)ψ(w′)2 p
√

β′

x′
ϕ(w′).

We substitute β′ = τcx′u2 in the inner integral. Then w′ = u, ϖξ(dβ′) = 2cx′ue−cx′u2
du

and p
√

β′/x′ = p(τc)1/2u x′−1/2, so the inner integral equals∫ ∞

0
γ(du) u ψ(u)2 pτ1/2c3/2x′1/2e−(cx′−1)u2

ϕ(u)

= α
∫ W

0
γ(du) u ψ(u)2(cx′)1/2e−(cx′−1)u2

ϕ(u),

where we used pτ1/2c = α from (14.14). Since cx′ = cy − τc2w2 = B − θw2/p with
B = cy, again by (14.14), we obtain (14.33) from Fubini’s theorem. Finally, Rξ1 = hξ since
hξ vanishes where wξ > W.

The rank-one minorant

Let ηp = Cη log3 p/p2, where Cη is the constant of Lemma 14.15(ii) below, and define

mξ(u) = Υ0
ξ(u)− ηp, k̂ξ(u) = α u ψ(u)2mξ(u), kξ(ϕ) =

∫ W

0
k̂ξ(u)ϕ(u) γ(du),

and the operators N0
ξ = 1⊗ k̂ξ (so that N0

ξ ϕ = kξ(ϕ)1) and ∆ξ = Nξ − N0
ξ on V . We also

set σξ = kξ(1).

Lemma 14.15. For u, w ∈ [0, W] and j ∈ {1, 2}, the following hold.

(i) |Υ0
ξ(u)− 1| ≤ Cp−1/4 log p; in particular, mξ(u) ≥ 1/2.

(ii) There exists Cη such that |Υξ(w, u)− Υ0
ξ(u)| ≤ ηp, so that 0 ≤ Υξ(w, u)−mξ(u) ≤ 2ηp.

Further, |∂j
ξ(Υξ(w, u)− Υ0

ξ(u))| ≤ Cp−2 logD p.

(iii) |∂j
ξΥ0

ξ(u)| ≤ Cϵp log4 p, with ϵp as in (14.18).

(iv) ∆ξ ⪰ 0, N0
ξ ⪰ 0, and for j ≤ 2, ∥∂j

ξ∆ξ∥ ≤ Cp−2 logD p, ∥∂j
ξ Nξ∥ ≤ C and ∥∂j

ξ k̂ξ∥V ≤ C.

Proof. We first record properties of Υ. It vanishes unless |b− 1| < r/4, and for such b
and u ≤W we have |(b− 1)u2| ≤ rW2/4 = (M∗ + 1)/4. Differentiating, we find that for
l, l′ ≤ 5,

sup
b∈R, u∈[0,W]

∣∣∂l
b(u∂u)

l′Υ(b, u)
∣∣ ≤ C log2l p, (14.34)
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since each b-derivative falls on χ, costing r−1 = log p, or on the exponential, costing
u2 ≤ W2 ≤ C log p, or on

√
b, while (u∂u)e−(b−1)u2

= −2(b− 1)u2e−(b−1)u2
is bounded

on the support.
For (i), let CB = {|B − 1| ≤ p−1/4}. On CB, we have χ(B) = 1 for p ≥ p1, and

|
√

B e−(B−1)u2 − 1| ≤ |
√

B − 1|ep−1/4W2
+ |e−(B−1)u2 − 1| ≤ Cp−1/4 log p. Off CB, the

integrand is bounded by C, and (14.17) bounds the probability by e−a
√

p. Combining the
two cases, we obtain |Υ0

ξ(u)− 1| ≤ Cp−1/4 log p, and mξ ≥ 1− Cp−1/4 log p− ηp ≥ 1/2.
For (ii), let δξ = θw2/p, so that 0 ≤ δξ ≤ 4W2/(p2ξ2

−) and |∂i
ξδξ | ≤ CW2/p2 for i ≤ 2,

by (14.15). Set ζξ(b) = Υ(b− δξ , u)− Υ(b, u). We have Υξ(w, u)− Υ0
ξ(u) = Eζξ(B), and

ζξ is supported in (1− r/4, 1 + r/4 + δξ) ⊂ [1/2, 3/2]. By (14.34) and the mean value
theorem, sup |ζξ | ≤ δξ sup |∂bΥ| ≤ C log3 p/p2, which gives the first claim with a suitable
Cη. Further, ∥ζξ∥C2 ≤ δξ supl≤3 |∂l

bΥ| ≤ Cp−2 logD p, and ∂ξζξ(b) = −(∂ξδξ)∂bΥ(b− δξ , u)
and ∂2

ξζξ have C2 norms bounded by Cp−2 logD p as well. Then (14.19) implies the claimed
derivative bounds.

For (iii), we apply (14.18) to the test Υ(·, u), which is supported in [1/2, 3/2] and has
C2 norm at most C log4 p by (14.34).

For (iv), the kernel of ∆ξ with respect to γ⊗ γ is αuψ(u)2(Υξ(w, u)−mξ(u)), which
is nonnegative by (ii), and N0

ξ ⪰ 0 since k̂ξ ≥ 0 by (i). By the Hilbert–Schmidt bound and∫
u2γ(du) = 1,

∥∂j
ξ∆ξ∥ ≤ sup

u,w∈[0,W]

∣∣∂j
ξ

[
α
(
Υξ(w, u)− Υ0

ξ(u) + ηp
)]∣∣ ≤ Cp−2 logD p,

by (ii) and (14.15). (The kernels are twice continuously differentiable in ξ, uniformly in
(w, u) ∈ [0, W]2, because ξ 7→ νξ is twice continuously differentiable in total variation;
this justifies differentiating under the Hilbert–Schmidt norm.) In the same way, |Υξ | ≤ C
and the bounds in (ii) and (iii) give ∥∂j

ξ Nξ∥ ≤ C and ∥∂j
ξ k̂ξ∥V ≤ C.

We now define the rank-one operator of the core component and its left vector. Set

hc = hξ = Rξ1, ℓc = S∗ξ k̂ξ , Lc = hc ⊗ ℓc = Rξ N0
ξ Sξ ,

where the last identity holds because Rξ N0
ξ Sξ F = kξ(Sξ F)Rξ1 = ⟨ℓc, F⟩hc. We suppress

the dependence of hc, ℓc and Lc on ξ in the notation. For t ∈ R, let

qξ(t) =
α

τc

( t
τc

)1/2
e−t/(τc) ψ

(( t
τc

)1/2)2
mξ

(( t
τc

)1/2)
1{t>0}. (14.35)

This is a smoothly truncated density of Gamma type whose threshold t = 0 does not
depend on ξ.
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Lemma 14.16. (i) For almost every (x, β),

ℓc(x, β) = Ψin
ξ (x, β)ωξ(β)

∫
νξ(dy) qξ(y− x). (14.36)

In particular, hc and ℓc are nonnegative and vanish outside O.
(ii) The maps ξ 7→ hc, ℓc are four times continuously differentiable into L , and for j ≤ 4,

∥∂j
ξhc∥ ≤ C, ∥∂j

ξℓc∥ ≤ Cp2A+1 logD p ≤ pA1 , ∥∂j
ξ Lc∥ ≤ pA1+1.

(iii) There exist a nonempty open set V0 ⊂ O and c0 > 0, both possibly depending on p and ξ,
such that hc ≥ c0 and ℓc ≥ c0 on V0.

Proof. For (i), let F ∈ L . By the definition of ℓc and (14.31),

⟨ℓc, F⟩ =
∫

νξ(dy)
∫

µ0(dβ′)ωξ(β′)
∫ W

0
γ(dw) k̂ξ(w) (Ψin

ξ F)(y− τcw2, β′).

For fixed y, we substitute x = y− τcw2 in the inner integral. Then w = ((y− x)/(τc))1/2

and γ(dw) = (τc)−1e−(y−x)/(τc) dx on {x < y}, and comparing with (14.35) shows that
γ(dw)k̂ξ(w) = qξ(y− x)dx. By Fubini’s theorem, we obtain (14.36). Since hc contains
the factor 1O and Ψin

ξ ≤ 1O, both vanish outside O; they are nonnegative since mξ ≥ 0.
For (ii), we begin with hc. By Lemma 14.10(iv) and the proof of Lemma 14.13(ii), we

have |∂j
ξ [ωξ(β)ψ(wξ(x, β))]| ≤ Cωξ(β)(1 + β/τ)j, which gives

∥∂j
ξhc∥2 ≤ C

∫ 1+r

1−r

dx
x2

∫
ϖξ(dβ) p2β(1 + β/τ)2j ≤ Cp2τ r ≤ C,

where we used that β/τ ∼ Exp(1) under ϖξ and p2τ = ξ−2. Differentiability follows by
dominated convergence, as in the proof of Lemma 14.10(iv).

We now turn to ℓc. We write sξ = τc and Qξ(s) = s1/2e−sψ(s1/2)2mξ(s1/2) for s > 0,
so that qξ(t) = αs−1

ξ Qξ(t/sξ)1{t>0}. We claim that for i ≤ 4, l ≤ 4 and u ∈ [0, W],∣∣(u∂u)
l∂i

ξmξ(u)
∣∣ ≤ CpA logD p. (14.37)

For i = l = 0 this follows from (i) of Lemma 14.15. Otherwise, the constant ηp does
not contribute, and (u∂u)l∂i

ξmξ(u) = ∂i
ξ

∫
f (c(ξ)y) νξ(dy) with f = (u∂u)lΥ(·, u). By

the Leibniz rule, this is a sum of terms
∫

∂i2
ξ [ f (c(ξ)y)] (∂i1

ξ νξ)(dy) with i1 + i2 = i. The
function f (c(ξ)y) vanishes unless |y| ≤ 2, and on this set its ξ-derivatives of order i2
are bounded by C logD p, by (14.34) and (14.15). Using |∂i1

ξ νξ |(R) ≤ pA from (I5) (and
νξ(R) = 1 for i1 = 0), we find (14.37).

By induction on i, ∂i
ξqξ(t) is αs−1

ξ times a combination of the functions

((s∂s)l∂i′
ξ Qξ)(t/sξ) with l + i′ ≤ i, with coefficients that are polynomials in ∂i′′

ξ α/α and
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∂i′′
ξ sξ/sξ , which are bounded by (14.15). Since (s∂s) acts on s1/2e−s by multiplication

with 1/2− s, and on a function of s1/2 as (u∂u)/2 with u = s1/2, the bounds (14.28) and
(14.37) give

|∂i
ξqξ(t)| ≤ CpA logD p

α

sξ

( t
sξ

)1/2
e−t/sξ

(
1 +

t
sξ

)4
1{t>0}, i ≤ 4.

Integrating the square, we obtain ∥∂i
ξqξ∥2

L2(R)
≤ Cp2A log2D p α2s−1

ξ ≤ Cp2A+2 log2D p,

since s−1
ξ ≤ p2ξ2

+. The supremum over ξ ∈ Ξ of the right-hand side is square integrable,
and dominated convergence shows that ξ 7→ qξ is four times continuously differentiable
into L2(R).

Now let q̄ξ = νξ ⋆ qξ , that is, q̄ξ(x) =
∫

νξ(dy)qξ(y − x). As in Lemma 14.10(ii),
∥σ ⋆ f ∥L2 ≤ |σ|(R)∥ f ∥L2 for a finite signed measure σ. By (I4) and the Leibniz rule,
ξ 7→ q̄ξ is four times continuously differentiable into L2(R), and by (I5),

∥∂i
ξ q̄ξ∥L2 ≤ ∑

i1+i2=i

(
i
i1

)
|∂i1

ξ νξ |(R) ∥∂i2
ξ qξ∥L2 ≤ Cp2A+1 logD p, i ≤ 4.

By (14.36), ℓc(x, β) = Ψin
ξ (x, β)ωξ(β)q̄ξ(x). By Lemma 14.13(ii) and the proof of

Lemma 14.10(iv), |∂i
ξ [Ψ

in
ξ (x, β)ωξ(β)]| ≤ C log4 p ωξ(β)(1 + β/τ)i for i ≤ 4. It follows

that, for every f ∈ L2(R), the function ∂i
ξ [Ψ

in
ξ ωξ ] f has norm at most C log4 p ∥ f ∥L2

in L . The Leibniz rule now gives the differentiability of ξ 7→ ℓc and the bound
∥∂j

ξℓc∥ ≤ Cp2A+1 logD p ≤ pA1 . Finally, ∂
j
ξ Lc = ∑i (

j
i)∂

i
ξhc ⊗ ∂

j−i
ξ ℓc and ∥ f ⊗ g∥ = ∥ f ∥∥g∥

give ∥∂j
ξ Lc∥ ≤ 16CpA1 ≤ pA1+1.

For (iii), let x1 = 1− 3τc/2, and let V0 = (x1 − τc/4, x1 + τc/4)× (β1/2, β1) with
β1 = τ. For (x, β) ∈ V0 and p ≥ p1, we have |cx− 1| ≤ θ + 2τc2 ≤ r/8 and wξ(x, β)2 ≤
2 ≤ M∗ log p. Then Ψin

ξ (x, β) = 1 and ψ(wξ(x, β)) = 1; also (x, β) ∈ O. On V0, the
function hc = pωξ(β)

√
β/x is bounded below by a positive constant. Further, the atom of

νξ at 1 gives q̄ξ(x) ≥ e−pqξ(1− x), and for (x, β) ∈ V0 we have (1− x)/(τc) ∈ [5/4, 7/4],
where qξ(1− x) ≥ α(τc)−1e−2/2 by Lemma 14.15(i). We conclude that ℓc is bounded
below by a positive constant on V0 as well.

Lemma 14.17. Define Gord
ξ = B2

ξ − Lc, the operator Lt = JL∗c J, the vectors ht = Jℓc and
ℓt = Jhc, and

Gξ = A2
ξ − Lc − Lt. (14.38)

(i) We have 0 ⪯ Lc ⪯ B2
ξ ⪯ (POAξ PO)

2 ⪯ POA2
ξ PO.

(ii) We have Gord
ξ = Rξ∆ξSξ ⪰ 0, Gord

ξ = POGord
ξ PO, and ∥Gord

ξ ∥ ≤ Cp−1 logD p. The map

ξ 7→ Gord
ξ is four times continuously differentiable, with ∥∂j

ξ Gord
ξ ∥ ≤ p2A1+1 for j ≤ 4.
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(iii) We have Lt = ht ⊗ ℓt, the vectors ht, ℓt are nonnegative and vanish outside JO, and 0 ⪯
Lt ⪯ PJOA2

ξ PJO.

(iv) We have Gξ ⪰ 0, G∗ξ = JGξ J and ∥Gξ∥ ≤ p2. The map ξ 7→ Gξ is four times continuously

differentiable, with ∥∂j
ξ Gξ∥ ≤ p2A1+1 for j ≤ 4. Finally,

A2
ξ = Gξ + hc ⊗ ℓc + ht ⊗ ℓt. (14.39)

Proof. For (i) and (ii), by Lemma 14.14, we have B2
ξ = Rξ NξSξ and Lc = Rξ N0

ξ Sξ . Then
Gord

ξ = Rξ∆ξSξ . Since Rξ , Sξ , ∆ξ , N0
ξ are positive (Lemmas 14.14 and 14.15), we have

Lc ⪰ 0 and Gord
ξ ⪰ 0. By Lemma 14.13(iii) and Lemma 14.4(iii), B2

ξ ⪯ (POAξ PO)
2,

and (POAξ PO)
2 = POAξ POAξ PO ⪯ POA2

ξ PO since PO ⪯ 1. The range of Rξ consists of
functions vanishing outside O, and Sξ F depends only on F1O since Ψin

ξ ≤ 1O; this gives
Gord

ξ = POGord
ξ PO. The norm bound follows from Lemma 14.14 and Lemma 14.15(iv):

∥Rξ∆ξSξ∥ ≤ C · Cp−2 logD p · Cp. For the derivatives, we do not differentiate Rξ and
Sξ separately; instead, Gord

ξ = B2
ξ − Lc, and Lemma 14.13(iii) and Lemma 14.16(ii) give

∥∂j
ξ Gord

ξ ∥ ≤ Cp2A1 log16 p + pA1+1 ≤ p2A1+1.
For (iii), we have L∗c = ℓc ⊗ hc and LtF = ⟨hc, JF⟩Jℓc = ⟨Jhc, F⟩Jℓc, which gives

Lt = ht⊗ ℓt. The support claim follows from Lemma 14.16(i) and JPO J = PJO. Since J ⪰ 0,
conjugation by J and taking adjoints preserve the order ⪯ (Lemma 14.4(ii),(iii)). Applying
them to (i) and using JPO J = PJO and J(A∗ξ)2 J = (JA∗ξ J)2 = A2

ξ (Lemma 14.10(iii)), we find
that Lt ⪯ JPO(A∗ξ)2PO J = PJOA2

ξ PJO.
For (iv), (14.39) is the definition (14.38). Since the sets O and JO are disjoint up to a null

set, Lemma 14.4(v), applied to the partition (14.27), implies that POA2
ξ PO + PJOA2

ξ PJO ⪯ A2
ξ .

With (i) and (iii), we find that

Gξ =
(

POA2
ξ PO − Lc

)
+
(

PJOA2
ξ PJO − Lt

)
+
(
A2

ξ − POA2
ξ PO − PJOA2

ξ PJO
)
⪰ 0.

Since JA2
ξ J = (A∗ξ)2, JLc J = L∗t and JLt J = L∗c , we have JGξ J = G∗ξ . Since

0 ⪯ Gξ ⪯ A2
ξ , Lemma 14.4(i) gives ∥Gξ∥ ≤ ∥Aξ∥2 ≤ p2. The derivative bound

follows from Lemma 14.10(iv), Lemma 14.16(ii) and ∥∂j
ξ Lt∥ = ∥∂j

ξ Lc∥: we have

∥∂j
ξ Gξ∥ ≤ 16p2A1 + 2pA1+1 ≤ p2A1+1.

14.7 Cutoff bounds and a polynomial inverse

We continue to assume p ≥ p1 and ξ ∈ Ξ. The next lemma shows that, apart from
transitions of size p−N∗ or e−a

√
p/2, the core region Ωc feeds only into the ordinary set O,

and the retained operator captures POAξ PO. In the notation PXAξ PY, the set X constrains
the output state (x, β) and Y constrains the input state (y− β/x, β′) in (14.22).
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Lemma 14.18. For p ≥ p1 and ξ ∈ Ξ,

∥PΩcAξ PUc∥ ≤ p−N∗−2, (14.40)

∥PΩcAξ PΩt∥ ≤ e−a
√

p/2, (14.41)

∥POAξ PO − Bξ∥ ≤ p−N∗−3, ∥(POAξ PO)
2 − B2

ξ∥ ≤ p−N∗−2. (14.42)

Proof. We begin with a general bound. Let C = {y : |cy− 1| ≤ p−1/4}; by (14.17), we
have νξ(R \ C) ≤ e−a

√
p. For thresholds b1, b2 > 0, let P{β>b} denote multiplication by

1{β>b}, and let Aexc
ξ = pJIξCσ I∗ξ with σ the restriction of νξ to R \ C. Since J commutes

with P{β>b} and ∥P{β>b} Iξ∥2 =
∫
{β>b} ω2

ξ dµ0 = e−b/τ, we have

∥P{β>b1}Aξ∥ ≤ pe−b1/(2τ), ∥Aξ P{β>b2}∥ ≤ pe−b2/(2τ), ∥Aexc
ξ ∥ ≤ pe−a

√
p. (14.43)

Let X, Y be measurable sets, and suppose that (y− β/x, β′) /∈ Y whenever (x, β) ∈ X,
β ≤ b1, y ∈ C and β′ ≤ b2. Then

1X(x, β)1Y(y− β/x, β′) ≤ 1{β>b1} + 1{β′>b2} + 1{y/∈C},

and (14.22) gives PXAξ PY ⪯ P{β>b1}Aξ + Aξ P{β>b2} + Aexc
ξ . By Lemma 14.4(i) and (14.43),

∥PXAξ PY∥ ≤ p
(
e−b1/(2τ) + e−b2/(2τ) + e−a

√
p). (14.44)

For (14.40), take X = Ωc, Y = Uc, b1 = r2/16 and b2 = βmax. If (x, β) ∈ Ωc and β ≤ b1,
then |β/x| <

√
β ≤ r/4. If y ∈ C, then |y− 1| ≤ p−1/4 + θ ≤ r/4. Then |y− β/x− 1| ≤

r/2, and if β′ ≤ βmax, the point (y− β/x, β′) lies in O, which is disjoint from Uc. Since
1/τ = p2ξ2, we have b1/(2τ) ≥ p2ξ2

−/(32 log2 p) and b2/(2τ) ≥ 2W2 = 2(M∗ + 1) log p.
Inserting these bounds into (14.44), we obtain ∥PΩcAξ PUc∥ ≤ 2p−2M∗−1 ≤ p−N∗−2, for
p ≥ p1.

For (14.41), take X = Ωc, Y = Ωt and b1 = b2 = 1/64. If (x, β) ∈ Ωc and β ≤ 1/64,
then |β/x| < 1/8; if y ∈ C, then y ≥ 3/4; so y− β/x ≥ 5/8 >

√
β′ for β′ ≤ 1/64, and

(y− β/x, β′) ∈ Ωc. Since 1/(128τ) = p2ξ2/128, the bound (14.41) follows from (14.44)
for p ≥ p1.

For (14.42), write D1 = POAξ PO − Bξ = (PO − Ψout
ξ )Aξ PO + Ψout

ξ Aξ(PO − Ψin
ξ ), a sum

of positive operators. Since x ≥ 1/2 and c ≥ 1 on O, we have 1 − ψ(wξ(x, β)) ≤
1{β>τM∗ log p/2}. Hence (PO − Ψout

ξ )Aξ PO ⪯ P{β>τM∗ log p/2}Aξ , which has norm at most
p1−M∗/4 by (14.43). For the second term, 1O(1− χ(cx′)ψ(w′)) ≤ 1O(1− χ(cx′)) + (1−
ψ(w′))1O at the input state (x′, β′), and the second summand is at most 1{β′>τM∗ log p/2}.
If the output state (x, β) lies in O and y ∈ C, then cβ/x ≤ 4βmax and |cx′ − 1| ≤
|cy − 1| + cβ/x ≤ p−1/4 + 4βmax ≤ r/8, and therefore χ(cx′) = 1. This shows that
Ψout

ξ Aξ(PO −Ψin
ξ ) ⪯ Aξ P{β>τM∗ log p/2} + Aexc

ξ . Combining these bounds with (14.43) and
Lemma 14.4(i), we obtain ∥D1∥ ≤ 2p1−M∗/4 + pe−a

√
p = 2p−N∗−4 + pe−a

√
p ≤ p−N∗−3/2
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for p ≥ p1, since M∗/4 = N∗ + 5. Finally, (POAξ PO)
2 − B2

ξ = D1POAξ PO + Bξ D1, and
∥Bξ∥ ≤ ∥Aξ∥ ≤ p, so its norm is at most 2p∥D1∥ ≤ p−N∗−2.

We now bound the blocks of Gξ with respect to the partition (14.27). We write
Gij = PXi Gξ PXj for i, j ∈ {1, 2, 3, 4}, and set

EO = G44 − Gord
ξ , dp = ∥G44∥.

Lemma 14.19. For p ≥ p1 and ξ ∈ Ξ, the following hold.

(i) ∥Gij∥ ≤ p2 for all i, j.
(ii) ∥G43∥+ ∥G33∥+ ∥G22∥+ ∥G21∥ ≤ 8p−N∗−1.

(iii) ∥Gij∥ ≤ 2pe−a
√

p/2 for i ∈ {3, 4} and j ∈ {1, 2}.
(iv) EO ⪰ 0, ∥EO∥ ≤ 3p−N∗−1, dp ≤ Cp−1 logD p, and G11 = JG∗44 J, so that ∥G11∥ = dp.

Proof. Part (i) follows from ∥Gξ∥ ≤ p2. The rank-one operators Lc and Lt have nonzero
blocks only at (4, 4) and (1, 1), respectively. Then Gij = PXiA

2
ξ PXj for (i, j) /∈ {(1, 1), (4, 4)}.

For any sets X, Y, we have PXA2
ξ PY = PXAξ PΩcAξ PY + PXAξ PΩtAξ PY.

For (ii), let X ⊂ Ωc. By (14.40) and (14.41), we have ∥PXA2
ξ PUc∥ ≤ ∥Aξ∥ ∥PΩcAξ PUc∥+

∥PΩcAξ PΩt∥ ∥Aξ∥ ≤ 2p−N∗−1. This bounds G43 and G33. For the other two blocks, we use
the symmetry G∗ξ = JGξ J: for any sets X, Y,

PJXGξ PJY = JPX JGξ JPY J = JPXG∗ξ PY J = J(PYGξ PX)
∗ J. (14.45)

Since X2 = JX3 and X1 = JX4, this gives ∥G22∥ = ∥G33∥ and ∥G21∥ = ∥G43∥.
For (iii), let X ⊂ Ωc and Y ⊂ Ωt. In the decomposition of PXA2

ξ PY above, the first
term contains PΩcAξ PY and the second contains PXAξ PΩt . With (14.41) and ∥Aξ∥ ≤ p, we
obtain ∥PXA2

ξ PY∥ ≤ 2pe−a
√

p/2.
For (iv), we have

G44 = POA2
ξ PO − Lc = (POAξ PO)

2 + POAξ PUcAξ PO + POAξ PΩtAξ PO − Lc,

so EO = [(POAξ PO)
2 − B2

ξ ] + POAξ PUcAξ PO + POAξ PΩtAξ PO. Each term is positive (the
first by Lemma 14.17(i)), and Lemma 14.18 bounds the norms by p−N∗−2, p · p−N∗−2

and pe−a
√

p/2, respectively. With Lemma 14.17(ii), this gives dp ≤ ∥Gord
ξ ∥ + ∥EO∥ ≤

Cp−1 logD p. The identity G11 = JG∗44 J is (14.45) with X = Y = O.

Lemma 14.20. For p ≥ p1 and ξ ∈ Ξ, we have ∥Gn0
ξ ∥ ≤ 2−2n0 ; in particular, r(Gξ) ≤ 1/4.

For λ ∈ [1/2, 2], the operator (λ− Gξ)
−1 is positive,

∥(λ− Gξ)
−1∥ ≤ p2n0 , ∥∂j

ξ(λ− Gξ)
−1∥ ≤ pA2 (j ≤ 4), (14.46)

and ∥(λ− G′)−1∥ ≤ p2n0 for every operator G′ with 0 ⪯ G′ ⪯ Gξ .
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Proof. Order the blocks as X1, X2, X3, X4 (that is, JO, Ut, Uc, O), and decompose Gξ =

Gfw + Gdg + Gsm, where

Gfw = ∑
i<j

Gij, Gdg = G11 + G44, Gsm = ∑
i>j

Gij + G22 + G33.

The blocks with i > j are (2, 1), (4, 3) and the four blocks of Lemma 14.19(iii). By
Lemma 14.19, we have

∥Gfw∥ ≤ 6p2, ∥Gdg∥ ≤ dp, ∥Gsm∥ ≤ 8p−N∗−1 + 8pe−a
√

p/2 ≤ p−N∗ .

We expand Gn0
ξ as a sum of 3n0 products of n0 factors, each factor being Gfw, Gdg or

Gsm. A product that contains at least one factor Gsm has norm at most (7p2)n0−1p−N∗ .
Consider a product of factors Gfw and Gdg only, and expand each factor into its blocks. A
product of blocks Gi1 j1 Gi2 j2 · · ·Gin0 jn0

vanishes unless jk = ik+1 for each k. For the blocks
of Gfw and Gdg, we have ik ≤ jk, with strict inequality for the blocks of Gfw. Then the
indices i1 ≤ j1 = i2 ≤ . . . are nondecreasing in {1, 2, 3, 4} and increase strictly at each
factor from Gfw. A nonvanishing product therefore contains at most three such factors.
In other words, a product of factors Gfw and Gdg with at least four factors Gfw vanishes,
and every other such product has norm at most (6p2)3dn0−3

p , using dp ≤ 1. Summing
over the 3n0 products, we obtain

∥Gn0
ξ ∥ ≤ 3n0

(
216p6dn0−3

p + (7p2)n0−1p−N∗
)
≤ C

(
p6−9 log9D p + p2n0−N∗

)
≤ 2−2n0 ,

for p ≥ p1, where we used n0 = 12, Lemma 14.19(iv) and N∗ > 2n0 + 10. By the spectral
radius formula, we have r(Gξ) ≤ ∥Gn0

ξ ∥
1/n0 ≤ 1/4.

Let λ ∈ [1/2, 2]. By Lemma 14.4(iv), we have (λ− Gξ)
−1 ⪰ 0. Since ∥Gn0

ξ ∥ ≤ λn0/2,
the operator λn0 − Gn0

ξ is invertible with ∥(λn0 − Gn0
ξ )−1∥ ≤ 2λ−n0 ≤ 2n0+1, and the

identity
(λ− Gξ)

−1 =
(
λn0−1 + λn0−2Gξ + · · ·+ Gn0−1

ξ

)
(λn0 − Gn0

ξ )−1

and ∥Gξ∥ ≤ p2 give ∥(λ− Gξ)
−1∥ ≤ n022n0+1p2n0−2 ≤ p2n0 . The map ξ 7→ (λ− Gξ)

−1

is four times continuously differentiable, since ξ 7→ Gξ is (Lemma 14.17(iv)). Its jth
derivative is a sum of at most C products of at most j + 1 factors (λ−Gξ)

−1 and at most j
factors ∂i

ξ Gξ with total order j; for instance, ∂ξ(λ−Gξ)
−1 = (λ−Gξ)

−1(∂ξ Gξ)(λ−Gξ)
−1.

With Lemma 14.17(iv), we find that ∥∂j
ξ(λ − Gξ)

−1∥ ≤ Cp2n0(j+1)+j(2A1+1) ≤ pA2 for
j ≤ 4. Finally, if 0 ⪯ G′ ⪯ Gξ , then r(G′) ≤ r(Gξ) and 0 ⪯ (λ− G′)−1 ⪯ (λ− Gξ)

−1 by
Lemma 14.4(i),(iv), which implies that ∥(λ− G′)−1∥ ≤ p2n0 .

14.8 The renewal matrix

For ξ ∈ Ξ and λ ∈ [1/2, 2], we define the renewal matrix

Tab(ξ, λ) = λ
〈
ℓa, (λ− Gξ)

−1hb
〉
, a, b ∈ {c, t}, (14.47)
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with hc, ℓc from Lemma 14.16 and ht, ℓt from Lemma 14.17. This is the matrix (14.8) for
the decomposition (14.39), with the index 1 for the core component c and 2 for the tail
component t.

Lemma 14.21. Let p ≥ p1, ξ ∈ Ξ and λ ∈ [1/2, 2].

(i) Tcc(ξ, λ) = Ttt(ξ, λ).
(ii) Tct(ξ, λ) > 0 and Ttc(ξ, λ) > 0.

(iii) The entries of T are four times continuously differentiable in ξ, and |∂j
ξ Tab| ≤ pAj for j ≤ 4

and all a, b.
(iv) Tct(ξ, λ) ≤ e−a

√
p/4.

Proof. For (i), we use Jℓc = ht, Jhc = ℓt and J(λ− Gξ)
−1 J = (λ− JGξ J)−1 = (λ− G∗ξ )

−1,
which give

Ttt = λ⟨Jhc, (λ− Gξ)
−1 Jℓc⟩ = λ⟨hc, (λ− G∗ξ )

−1ℓc⟩ = λ⟨(λ− Gξ)
−1hc, ℓc⟩ = Tcc.

For (ii), we first claim that if V ⊂ (R \ {0})× (0, ∞) is a nonempty bounded open set,
then Aξ1V has a representative that is lower semicontinuous and positive at every point
(x, β) with x ̸= 0; in particular, Aξ1V ≥ c11V′ for some nonempty bounded open set V′

and some c1 > 0. Indeed, by (14.22),

(Aξ1V)(x, β) = p ωξ(β)

√
β

|x|

∫
νξ(dy)

∫
µ0(dβ′)ωξ(β′)1V

(
y− β

x
, β′
)

.

For fixed (x, β), the set of (y, β′) with (y − β/x, β′) ∈ V is open and nonempty. It
has positive νξ ⊗ µ0 measure, since νξ has full support by (I1) and µ0 has a positive
density. For fixed (y, β′), the function (x, β) 7→ 1V(y− β/x, β′) is lower semicontinuous
on {x ̸= 0}, and Fatou’s lemma implies that the integral is lower semicontinuous, and
the prefactor is continuous and positive. A positive lower semicontinuous function is
bounded below by a positive constant on a neighborhood of each point, which proves
the claim.

Now let V0 and c0 be as in Lemma 14.16(iii). Since (x, β) 7→ (β/x, β) is a homeomor-
phism of (R \ {0})× (0, ∞), the set JV0 is open, and Jℓc ≥ c0 J1V0 ≥ c21V1 for a nonempty
open set V1 ⊂ JV0 and some c2 > 0. By the claim applied to V1, there exist a nonempty
open set V′ and c1 > 0 with Aξ1V1 ≥ c11V′ . Then A2

ξ Jℓc ≥ c2c1Aξ1V′ , and Aξ1V′ > 0 almost
everywhere by the claim applied to V′. Since ℓc ≥ c01V0 and V0 has positive measure, we
obtain ⟨ℓc, A2

ξ Jℓc⟩ > 0. Since ℓc vanishes outside O and Jℓc vanishes outside JO, we have
⟨ℓc, Jℓc⟩ = 0, and so

⟨ℓc, Lc Jℓc⟩ = ⟨ℓc, Jℓc⟩⟨ℓc, hc⟩ = 0, ⟨ℓc, Lt Jℓc⟩ = ⟨ℓc, ht⟩⟨Jhc, Jℓc⟩ = ⟨ℓc, Jℓc⟩⟨hc, ℓc⟩ = 0.
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Then ⟨ℓc, Gξht⟩ = ⟨ℓc, A2
ξ Jℓc⟩ > 0. By (14.11), every term of the series for Tct is nonnegative,

and its term with n = 1 is λ−1⟨ℓc, Gξht⟩ > 0. The argument for Ttc is the same, with
⟨ℓt, Gξhc⟩ = ⟨Jhc, A2

ξhc⟩ and the lower bound hc ≥ c01V0 .
For (iii), the entries are compositions of the four times continuously differentiable

maps ξ 7→ ℓa, hb, (λ − Gξ)
−1. By the Leibniz rule, Lemma 14.16(ii), ∥∂j

ξht∥ = ∥∂j
ξℓc∥,

∥∂j
ξℓt∥ = ∥∂j

ξhc∥ and (14.46), we have |∂j
ξ Tab| ≤ Cp2A1+A2 ≤ pAj .

For (iv), since ℓc vanishes outside Ωc and ht vanishes outside Ωt, we have Tct =

λ⟨ℓc, PΩc(λ− Gξ)
−1PΩt ht⟩. Let G′ = Gξ − PΩc Gξ PΩt . By Lemma 14.4(v), 0 ⪯ G′ ⪯ Gξ .

Further, PΩc G′PΩt = 0, which gives PΩc G′ = PΩc G′PΩc ; by induction, PΩc(G
′)nPΩt = 0 for

all n ≥ 0; the Neumann series gives PΩc(λ− G′)−1PΩt = 0. By the resolvent identity, we
then have

PΩc(λ− Gξ)
−1PΩt = PΩc(λ− G′)−1(PΩc Gξ PΩt

)
(λ− Gξ)

−1PΩt .

By Lemma 14.19(iii), ∥PΩc Gξ PΩt∥ ≤ 8pe−a
√

p/2, and Lemma 14.20 bounds both resolvents
by p2n0 . With ∥ℓc∥ = ∥ht∥ ≤ pA1 , we obtain Tct ≤ 16p2A1+4n0+1e−a

√
p/2 ≤ e−a

√
p/4 for

p ≥ p1.

The slope of the diagonal

Let Ξ1 ⊂ Ξ be a compact interval whose distance to R \ Ξ is at least δ0 > 0. In the
following two lemmas, the threshold p1 may also depend on δ0.

Lemma 14.22. We have

lim
p→∞

sup
ξ∈Ξ1, λ∈[1/2,2]

∣∣∣∂ξ Tcc(ξ, λ) +
2µ2
∗

ξ3

∣∣∣ = 0.

Proof. We compare Tcc with the entry obtained by keeping only the ordinary part Gord
ξ of

the remainder,
aord(ξ, λ) = λ

〈
ℓc, (λ− Gord

ξ )−1hc
〉
,

which is well defined since ∥Gord
ξ ∥ ≤ 1/4 for p ≥ p1. The slope of aord is computed from

the factorization of Lemma 14.14, and the difference Tcc − aord is small together with its
first derivative.

Step 1. A series for aord. We claim that

aord(ξ, λ) = ∑
n≥0

λ−nkξ

(
Nξ(∆ξ Nξ)

n1
)
. (14.48)

Indeed, λ(λ− Gord
ξ )−1 = ∑n≥0 λ−n(Rξ∆ξSξ)

n in norm, and since ⟨ℓc, F⟩ = kξ(Sξ F) and
hc = Rξ1, we have〈

ℓc, (Rξ∆ξSξ)
nhc
〉
= kξ

(
Sξ Rξ(∆ξSξ Rξ)

n1
)
= kξ

(
Nξ(∆ξ Nξ)

n1
)
.
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The series (14.48) converges together with its first ξ-derivative, since ∥∆ξ Nξ∥ ≤
Cp−2 logD p by Lemma 14.15(iv). This representation involves only the operators Nξ ,
∆ξ and the functional kξ on V , whose first two derivatives are controlled by Lemma 14.15;
it does not require differentiating Rξ or Sξ .

Step 2. The slope of aord. We claim that ∂ξ aord(ξ, λ) = −2µ2
∗ξ
−3 + o(1) uniformly in ξ ∈ Ξ

and λ ∈ [1/2, 2]. Since Nξ = N0
ξ + ∆ξ and N0

ξ 1 = σξ1, the term with n = 0 in (14.48)
is kξ(Nξ1) = σ2

ξ + kξ(∆ξ1). Every other term, and kξ(∆ξ1), contains at least one factor
∆ξ . Differentiating such a product of 2n + 2 factors by the Leibniz rule, and using
Lemma 14.15(iv) and λ−n ≤ 2n, we find that∣∣∂ξ

(
aord − σ2

ξ

)∣∣ ≤ ∑
n≥0

(2n + 2)2nC2n+2(Cp−2 logD p
)max{n,1} ≤ Cp−2 logD p.

It remains to differentiate σ2
ξ . By definition, σξ = α

∫
γ(du) u ψ(u)2mξ(u). By (14.16),

Lemma 14.15(i), and 1− ψ2 ≤ 1{u2>M∗ log p},

|σξ − αµ∗| ≤ α
(

µ∗ sup
u≤W
|mξ(u)− 1|+

∫
u2>M∗ log p

u γ(du)
)
≤ Cp−1/4 log p.

Similarly, ∂ξσξ = (∂ξα)
∫

γ(du)uψ2mξ + α
∫

γ(du)uψ2∂ξΥ0
ξ , and Lemma 14.15(iii) implies

that |∂ξσξ − µ∗∂ξα| ≤ C(p−1/4 log p + ϵp log4 p). By (14.15), α = ξ−1 + O(p−1) and
∂ξα = −ξ−2 + O(p−1). Then

∂ξ(σ
2
ξ ) = 2σξ∂ξσξ = 2µ2

∗α ∂ξα + o(1) = −2µ2
∗

ξ3 + o(1),

since ϵp log4 p→ 0. This proves the claim.

Step 3. The size of Tcc− aord. We claim that |Tcc− aord| ≤ pAv−N∗ on Ξ× [1/2, 2]. Since ℓc

and hc vanish outside O, we have Tcc = λ⟨ℓc, PO(λ−Gξ)
−1POhc⟩. Let G1 = Gξ − POGξ POc ,

where Oc is the complement of O. As in the proof of Lemma 14.21(iv), 0 ⪯ G1 ⪯ Gξ

and POG1 = G44PO. By the Neumann series, PO(λ− G1)
−1PO = (λ− G44)

−1PO, where
(λ− G44)

−1 exists since ∥G44∥ = dp ≤ 1/4. By the resolvent identity, we have

PO
[
(λ− Gξ)

−1 − (λ− G1)
−1]PO = PO(λ− G1)

−1(POGξ POc
)
(λ− Gξ)

−1PO.

By Lemma 14.19(ii),(iii), ∥POGξ POc∥ ≤ ∥G43∥ + ∥G42∥ + ∥G41∥ ≤ 9p−N∗−1, and
Lemma 14.20 bounds the two resolvents by p2n0 . Further, since G44 = Gord

ξ + EO, the
difference

(λ− G44)
−1 − (λ− Gord

ξ )−1 = (λ− G44)
−1EO(λ− Gord

ξ )−1

has norm at most 16∥EO∥ ≤ 48p−N∗−1, by Lemma 14.19(iv) and since both resolvents
have norm at most 4. Combining these bounds with ∥ℓc∥ ∥hc∥ ≤ CpA1 , we conclude that
|Tcc − aord| ≤ CpA1(9p4n0−N∗−1 + 48p−N∗−1) ≤ pAv−N∗ .
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Step 4. Interpolation. Fix λ and let f (ξ) = Tcc(ξ, λ)− aord(ξ, λ). By Step 3, supΞ | f | ≤
pAv−N∗ . By Lemma 14.21(iii), |∂4

ξ Tcc| ≤ pAj . The same bound holds for aord: by

Lemma 14.17(ii), the derivatives of (λ−Gord
ξ )−1 of order j ≤ 4 are bounded by Cp4(2A1+1),

and with Lemma 14.16(ii), we have |∂4
ξ aord| ≤ Cp10A1+4 ≤ pAj . Applying Lemma 14.6

with r0 = δ0, ϵ = pAv−N∗ and m4 = 2pAj , we find that for ξ ∈ Ξ1,

| f ′(ξ)| ≤ 4p(3Av+Aj−3N∗)/4 +
4pAv−N∗

δ0
→ 0,

since N∗ > Av + Aj. Combined with Step 2, this proves the lemma.

Lemma 14.23. For p ≥ p1 and λ ∈ [1/2, 2], write b = Tct(·, λ) and d = Ttc(·, λ), and take
suprema over Ξ1. Then

∥b∥∞ ≤ e−a
√

p/4, ∥∂2
ξb∥∞ ≤ e−a

√
p/16, ∥d∥∞ + ∥∂2

ξd∥∞ ≤ 2pAj .

In particular,

sup
λ∈[1/2,2]

(√
∥d∥∞∥∂2

ξb∥∞ +
√
∥b∥∞∥∂2

ξd∥∞ +
2
√
∥b∥∞∥d∥∞

δ0

)
→ 0 as p→ ∞.

Proof. The bounds on b, d and ∂2
ξd follow from Lemma 14.21(iii),(iv). For ∂2

ξb, we
apply Lemma 14.6 on Ξ with r0 = δ0, ϵ = e−a

√
p/4 and m4 = pAj , which gives

|∂2
ξb| ≤ 2pAj/2e−a

√
p/8 + 8δ−2

0 e−a
√

p/4 ≤ e−a
√

p/16 on Ξ1 for p ≥ p1. The last claim
follows by inserting these bounds.

The bound on ∂2
ξb is an absolute bound; it is not a bound relative to the value of b,

which may be much smaller than e−a
√

p.

14.9 Proofs of the main results

Proof of Theorem 14.1. Let Ξ0 be given, and fix δ0 ∈ (0, µ∗/8] such that [µ∗ − 4δ0, µ∗ +
4δ0] ⊂ Ξ0. Set

Ξ = [µ∗ − 3δ0, µ∗ + 3δ0], Ξ1 = [µ∗ − 2δ0, µ∗ + 2δ0], Ξ2 = [µ∗ − δ0, µ∗ + δ0].

We apply the constructions of Sections 14.4–14.8 on the window Ξ, with the parameters
chosen in the order of Section 14.4, and we take p ≥ p1, with p1 also depending on δ0

and enlarged finitely many times below. We also take p1 at least the threshold p0(min Ξ0)

of Corollary 11.23, so that λp is defined on Ξ0; by the uniqueness in Theorem 11.21(i), it
agrees on Ξ with the function used in the constructions.

Step 1. Monotonicity on Ξ2. We apply Proposition 14.8 with H = L , I = int Ξ2, I1 =

int Ξ1, r0 = δ0, λ− = 1/2, λ+ = 2, the operators Gξ of (14.38), and h1,ξ = hc, h2,ξ = ht,
ℓ1,ξ = ℓc, ℓ2,ξ = ℓt. By (14.39), Uξ = A2

ξ . We verify the hypotheses.
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• The maps ξ 7→ Gξ , hc, ℓc are four times continuously differentiable by Lemmas 14.16
and 14.17, and so are ht = Jℓc and ℓt = Jhc since J does not depend on ξ. By
Lemma 14.20, r(Gξ) ≤ 1/4 < λ−.

• Hypothesis (i) holds by Lemma 14.21(i),(ii).
• Let κ = µ2

∗(µ∗ + 2δ0)
−3. By Lemma 14.22, ∂ξ Tcc ≤ −2µ2

∗ξ
−3 + κ ≤ −κ on Ξ1× [1/2, 2]

for p ≥ p1, and by Lemma 14.23, (14.9) holds for p ≥ p1. So hypothesis (ii) holds.
• By Theorem 13.1, for p ≥ p1 we have supΞ0

|λp(ξ)− µ∗/ξ| ≤ δ0/(4µ∗). For ξ ∈ Ξ2, we
have µ∗/ξ ∈ [8/9, 8/7] since δ0 ≤ µ∗/8, and so λp(ξ)2 ∈ (1/2, 2). By Lemma 14.11(ii),
Fξ > 0 satisfies A2

ξ Fξ = λp(ξ)2Fξ . So hypothesis (iii) holds with λ(ξ) = λp(ξ)2.

Proposition 14.8(c) shows that λ2
p is continuously differentiable on int Ξ2 with negative

derivative. Since λp > 0, the same holds for λp, with ∂ξλp = ∂ξ(λ
2
p)/(2λp) < 0.

Step 2. Signs on Ξ0. For ξ ≤ µ∗ − δ0/2, we have µ∗/ξ ≥ 1 + δ0/(2µ∗), and for ξ ≥
µ∗ + δ0/2, we have µ∗/ξ ≤ 1− δ0/(2µ∗ + δ0) ≤ 1− δ0/(3µ∗), since δ0 ≤ µ∗. With the
bound from Theorem 13.1 in Step 1, we obtain λp > 1 on Ξ0 ∩ (−∞, µ∗− δ0/2] and λp < 1
on Ξ0 ∩ [µ∗ + δ0/2, ∞). Since λp is strictly decreasing on int Ξ2 ⊃ [µ∗ − δ0/2, µ∗ + δ0/2]
by Step 1, and λp(µ∗ − δ0/2) > 1 > λp(µ∗ + δ0/2), it takes the value one at exactly one
point ξc(p) ∈ (µ∗ − δ0/2, µ∗ + δ0/2), and λp − 1 is positive to its left and negative to its
right within int Ξ2. Combined with the signs outside [µ∗ − δ0/2, µ∗ + δ0/2], this shows
that ξc(p) is the only solution of λp(ξ) = 1 in Ξ0, with λp > 1 to its left and λp < 1 to its
right in Ξ0. By Step 1, λp is continuously differentiable near ξc(p) and ∂ξλp(ξc(p)) < 0.

Step 3. Convergence. Let δ ∈ (0, δ0/2]. By Theorem 13.1, there exists p(δ) such that
supΞ0

|λp(ξ) − µ∗/ξ| ≤ δ/(4µ∗) for p ≥ p(δ); then λp > 1 on Ξ0 ∩ (−∞, µ∗ − δ] and
λp < 1 on Ξ0 ∩ [µ∗ + δ, ∞), by the argument of Step 2 with δ0/2 replaced by δ. Then
|ξc(p)− µ∗| < δ for p ≥ max{p1, p(δ)}, which proves ξc(p)→ µ∗.

Proof of Corollary 14.2. Let Mext ≥ 3 and pext be as in Proposition 13.2, and let Ξ0 =

[ξ0, Mext + 1]; since µ∗ < 1 < Mext, the point µ∗ lies in the interior of Ξ0. Let p ≥
max{p(Ξ0), pext, p0(ξ0)}, where p(Ξ0) is the threshold of Theorem 14.1 and p0(ξ0) that
of Corollary 11.23. By Corollary 11.23(i), for every E ≥ ξ0

√
p the principal solution νp,E is

the unique fixed point of the law map in the class Sp,θ(E). For E ∈ [ξ0
√

p, (Mext + 1)
√

p],
it therefore coincides with the fixed point of Theorem 11.21 for the window Ξ0, and
φE(1) = log λp(E/

√
p). By Theorem 14.1, the function E 7→ φE(1) has exactly one zero

Ec(p) = ξc(p)
√

p in [ξ0
√

p, (Mext + 1)
√

p]; it is positive on [ξ0
√

p, Ec(p)) and negative
on (Ec(p), (Mext + 1)

√
p]. By Proposition 13.2, we have φE(1) ≤ − log 2 < 0 for every

E ≥ Mext
√

p. Hence Ec(p) is the only zero in [ξ0
√

p, ∞), with the stated signs. Near
Ec(p), we have ∂E φE(1) = p−1/2∂ξλp(ξ)/λp(ξ) at ξ = E/

√
p, which is continuous and

negative at Ec(p) by Theorem 14.1. Finally, Ec(p)/
√

p = ξc(p)→ µ∗.



section 15

The free energy at small energies

In this section, we show that at large p, the free energy φπ(1) of every real solution π is
bounded below by a positive numerical constant at all energies 0 < E ≤ ξin

√
p, where

ξin > 0 is numerical. The bound holds for all real solutions, not only for the principal
solution of Section 11. In Section 16, it is combined with Theorem 10.1 to show that the
boundary values at these energies are not real.

The proof uses the elementary lower bound λ(1) ≥ p E∥Mg∥−1 on the critical eigen-
value, valid for every scaling g, and two choices of scaling. With the scaling g = 1, the
mean p E∥M1∥−1 is large if F = E(1 + |D|)−1 is at least a large multiple of p−1/2. With
the scaling g =

√
p, the mean p E∥M√p∥−1 is large if q = P(|D| ≤ p−1/2) is at least a

large multiple of p−1. If both tests fail, then with probability bounded below no child
denominator is small, and the cavity equation shows that |D| is at most E plus a bounded
quantity; this gives a lower bound on F of order (1 + E)−1, which contradicts the failure
of the first test when E ≤ ξin

√
p and ξin is small.

15.1 The critical transfer operator with two scalings

Throughout this section, π is a real solution at energy E > 0 (Definition 5.1), D ∼ π, and
Y ∼ Exp(1) is independent of D. For a scaling g > 0, we set

Mg = M
(

gD,
g2Y

p

)
=
(g2Y

p

)−1/2
(

0 1
−g2Y/p gD

)
,

as in Definition 5.2 and (6.2). The variable β = g2Y/p has the exponential law of rate
Kg = p/g2, and by Proposition 5.5 the law νg of gD satisfies the hypotheses (6.1) of

Section 6. We write Q(g)
1 for the transfer operator of Definition 6.1 at s = 1, defined with

νg and Kg:

(Q(g)
1 χ)(x) = p E

[
∥Mgvx∥−1χ(Mg · x)

]
, χ ∈ C(RP1), x ∈ RP1.

By Theorem 6.11(i), this operator is bounded and positive on C(RP1), and we write
λ(g)(1) for its spectral radius. By Definition 6.14(iii), the free energy of π at s = 1 is
φπ(1) = log λ(g)(1).

We use the two scalings g = 1 and g =
√

p, and we recall why they give the same
critical eigenvalue. Let S = diag(p−1/4, p1/4). Conjugation by S multiplies the (1, 2)

336
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entry of a matrix by p−1/2 and the (2, 1) entry by p1/2, and leaves the diagonal entries

unchanged. Since M1 = (Y/p)−1/2
(

0 1
−Y/p D

)
, we have

SM1S−1 =
(Y

p

)−1/2
(

0 p−1/2

−Y/
√

p D

)
= Y−1/2

(
0 1
−Y

√
pD

)
= M√p,

which is (6.17) with γ =
√

p. This identity between the random matrices of the two

scalings, which holds for every realization of (D, Y), induces the similarity Q(
√

p)
1 =

Θ−1Q(1)
1 Θ of Lemma 6.13(ii), where (Θχ)(x) = ∥Svx∥−1χ(S · x) is a bounded operator

on C(RP1) with bounded inverse. Similar operators have the same spectrum, which
gives

λ(1)(1) = λ(
√

p)(1) = eφπ(1). (15.1)

Lemma 15.1. For every g > 0, we have λ(g)(1) ≥ p E∥Mg∥−1.

Proof. Set m = p E∥Mg∥−1 and let 1 be the constant function one on RP1. For every
x ∈ RP1, the vector vx is a unit vector. Then ∥Mgvx∥ ≤ ∥Mg∥, and

(Q(g)
1 1)(x) = p E∥Mgvx∥−1 ≥ m.

The operator Q(g)
1 is positive: if χ ≥ ψ pointwise, then Q(g)

1 χ ≥ Q(g)
1 ψ pointwise. By

induction on n, we have (Q(g)
1 )n1 ≥ mn1 for every n ≥ 1; indeed, if this holds for n− 1,

then
(Q(g)

1 )n1 = Q(g)
1

(
(Q(g)

1 )n−11
)
≥ mn−1Q(g)

1 1 ≥ mn1.

Since ∥1∥∞ = 1, the operator norm on C(RP1) satisfies ∥(Q(g)
1 )n∥ ≥ ∥(Q(g)

1 )n1∥∞ ≥ mn.
By Gelfand’s formula for the spectral radius [113, Theorem VI.6], this implies that
λ(g)(1) = limn→∞ ∥(Q(g)

1 )n∥1/n ≥ m.

Since Mg has determinant one, we have ∥Mg∥ ≥ 1, and the bound of Lemma 15.1 is
at most p. This is consistent with the bound φπ(1) < log p of Proposition 6.15.

15.2 Proof of the lower bound

Let r0 = P(1 ≤ Y ≤ 2) = e−1 − e−2 for Y ∼ Exp(1). We choose the constants in the
following order:

A =
6
r0

, H =
4
r0

, ξin =
e−H

8A
, pin =

(1 + 4A
ξin

)2
, δ = log 2. (15.2)

These are numerical constants. Numerically, r0 ≈ 0.2325, A ≈ 25.8, H ≈ 17.2 and
ξin ≈ 1.6 · 10−10; we make no attempt to optimize them.
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Proposition 15.2. Let ξin, pin and δ be the numerical constants in (15.2). For every p ≥ pin,
every E ∈ (0, ξin

√
p], and every real solution π at energy E, we have φπ(1) ≥ δ.

Proof. Fix p ≥ pin, E ∈ (0, ξin
√

p] and a real solution π at energy E. Let D ∼ π and
Y ∼ Exp(1) be independent, and set

F = E
1

1 + |D| , q = P
(
|D| ≤ p−1/2).

Note that p ≥ pin > 1. We show that F ≥ A/
√

p or pq ≥ H, and that each of these
alternatives gives λ(1) ≥ 2, where λ(1) = eφπ(1) equals λ(1)(1) and λ(

√
p)(1) by (15.1).

Step 1. The scaling g = 1. We claim that if F ≥ A/
√

p, then λ(1) ≥ 2. On the event

{1 ≤ Y ≤ 2}, we bound the operator norm of M1 = (Y/p)−1/2
(

0 1
−Y/p D

)
by its

Frobenius norm and obtain

∥M1∥ ≤
( p

Y

)1/2(
1 +

Y2

p2 + D2
)1/2

≤ √p
(

1 +
Y
p
+ |D|

)
≤ 3
√

p (1 + |D|).

In the second inequality, we used Y ≥ 1 and (a2 + b2 + c2)1/2 ≤ a + b + c for a, b, c ≥ 0,
and in the third, Y/p ≤ 2. Since Y is independent of D, we find

p E∥M1∥−1 ≥ p E
[
1{1≤Y≤2}

1
3
√

p (1 + |D|)

]
=

r0
√

p
3

F.

If F ≥ A/
√

p, the right side is at least r0A/3 = 2, and Lemma 15.1 gives λ(1) ≥ 2.

Step 2. The scaling g =
√

p. We claim that if pq ≥ H, then λ(1) ≥ 2. For g =
√

p, we
have gD =

√
pD and g2Y/p = Y. Then

M√p = Y−1/2
(

0 1
−Y

√
pD

)
, ∥M√p∥2 ≤ 1

Y
+ Y +

pD2

Y
.

On the event {1 ≤ Y ≤ 2} ∩ {|D| ≤ p−1/2}, the right side is at most 1 + 2 + 1 = 4, and
∥M√p∥ ≤ 2. Since Y is independent of D, we find

p E∥M√p∥−1 ≥ p P
(
1 ≤ Y ≤ 2, |D| ≤ p−1/2) · 1

2
=

r0

2
pq.

If pq ≥ H, the right side is at least r0H/2 = 2, and Lemma 15.1 gives λ(1) ≥ 2.

Step 3. Both tests cannot fail. Suppose, for contradiction, that F < A/
√

p and pq < H. Let
N, (Yj)j≥1 and (Dj)j≥1 be as in Definition 5.1; then D has the law of E− p−1 ∑j≤N Yj/Dj.
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Call an index j ≤ N small if |Dj| ≤ p−1/2 and large otherwise, let Z be the number of
small indices, and set

Σ =
1
p ∑

j≤N: |Dj|>p−1/2

Yj

|Dj|
.

The point process ∑j≤N δ(Yj,Dj)
is a Poisson process on (0, ∞)×R with intensity measure p

times the law of (Y1, D1), since N ∼ Pois(p) is independent of the independent and identi-
cally distributed pairs (Yj, Dj). Its restrictions to the disjoint sets (0, ∞)× [−p−1/2, p−1/2]

and (0, ∞)× (R \ [−p−1/2, p−1/2]) are therefore independent Poisson processes [94, Chap-
ter 5]. The variable Z is the total mass of the first restriction, which has law Pois(pq), and
Σ is a function of the second. In particular, Z and Σ are independent, and

P(Z = 0) = e−pq > e−H.

We next bound the mean of Σ. On the event {|D| > p−1/2}, we have 1 + |D| ≤ (1 +√
p)|D|, that is, |D|−1 ≤ (1 +

√
p)(1 + |D|)−1. Using the independence of N, (Yj) and

(Dj), we find

EΣ =
1
p

EN EY1 E
[
|D|−11{|D|>p−1/2}

]
≤ (1 +

√
p)F <

(1 +
√

p)A
√

p
≤ 2A,

where in the last inequality we used p ≥ 1. By Markov’s inequality, P(Σ ≥ 4A) < 1/2.
On the event {Z = 0} ∩ {Σ < 4A}, all indices are large, and |E− p−1 ∑j≤N Yj/Dj| ≤ E +

Σ < E + 4A. By independence, this event has probability P(Z = 0)P(Σ < 4A) > e−H/2,
and we conclude that

F ≥ e−H

2
· 1

1 + E + 4A
.

Since p ≥ pin, we have 1 + 4A ≤ ξin
√

p, and since E ≤ ξin
√

p, we have 1 + E + 4A ≤
2ξin
√

p. By the choice of ξin in (15.2), we have

F ≥ e−H

4ξin
√

p
=

2A
√

p
,

which contradicts F < A/
√

p.

Step 4. Conclusion. By Step 3, we have F ≥ A/
√

p or pq ≥ H. By Steps 1 and 2, in either
case λ(g)(1) ≥ 2 for g = 1 or g =

√
p, and by (15.1) both spectral radii equal exp φπ(1).

We conclude that φπ(1) ≥ log 2 = δ.



part iv

Proofs of the main results



section 16

Proofs of the main theorems

In this section we prove Theorems 1.1 and 1.2. All ingredients have been established in
the previous sections, and we only combine them. Throughout, for p > 1 and E ≥ ξ0

√
p

in the range of Corollary 11.23, we write φE(1) for the free energy at s = 1 of the principal
solution: by Corollary 11.23, if B has law νp,E, then the law of B/g(E) is a real solution
at energy E, and φE(1) is the value at s = 1 of its free energy (Definition 6.14). This
is the quantity φE(1) of Theorem 1.2, and in the notation of Sections 12–14, we have
λp(ξ) = exp φξ

√
p(1).

16.1 Choice of constants

Let ξin > 0, δ > 0, and pin be the numerical constants of Proposition 15.2. Since the
conclusion of Proposition 15.2 is preserved if ξin is decreased, we may and do assume
that ξin < µ∗/2. Set

ξ0 =
ξin

2
.

Let p∗ be the numerical constant of Theorem 10.1, and let Mext and pext be the numerical
constants of the large-energy estimate in Proposition 13.2. Let Ξ = [ξ0, Mext + 1], and let
pphys(Ξ) be the threshold of Proposition 11.27 for this window. By Corollary 14.2, there
exists p(ξ0) such that for every p ≥ p(ξ0) there is a unique Ec(p) ≥ ξ0

√
p with

φE(1) > 0 for ξ0
√

p ≤ E < Ec(p), φE(1) < 0 for E > Ec(p), (16.1)

and such that Ec(p)/
√

p → µ∗ as p → ∞. Since ξin < µ∗/2, there exists p′ such that
Ec(p) > ξin

√
p for every p ≥ p′. We define p0 to be the maximum of p∗, pin, pext,

pphys(Ξ), the threshold p0(ξ0) of Corollary 11.23, p(ξ0), and p′. This is the maximum of
finitely many finite numbers.

Fix p ≥ p0 for the remainder of this section. We record three consequences of the
choice of p0. First, ξin

√
p < Ec(p). Second, Ec(p) < Mext

√
p, since the large-energy

estimate of Proposition 13.2 gives φE(1) < 0 for every E ≥ Mext
√

p, while φE(1) > 0 for
E < Ec(p). Third, the principal solution νp,E is defined for every E ≥ ξ0

√
p.

341
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16.2 Proof of Theorem 1.1

By Proposition 3.21, the operator H has pure point spectrum (respectively purely abso-
lutely continuous spectrum) in a Borel set I if and only if it has the same property in −I.
It therefore suffices to prove the statements about positive energies. Let Ep be the set of
regular energies of Definition 5.7. By Lemma 5.8, its complement has Lebesgue measure
zero.

Step 1. Absolute continuity at small energies. Let E ∈ Ep ∩ (0, ξin
√

p], and suppose that
P∞(Im Γo(E + i0) = 0) = 1. By part (ii) of Proposition 5.11, the law π of the boundary
denominator −1/Γo(E + i0) under P is a real solution at energy E. By Proposition 15.2,
its free energy satisfies φπ(1) ≥ δ > 0. Since p ≥ p∗, this contradicts Theorem 10.1.
Therefore P∞(Im Γo(E + i0) = 0) < 1 for every E ∈ Ep ∩ (0, ξin

√
p]. Since Ep has

full measure, Corollary 10.2 implies that P∞-almost surely, H has purely absolutely
continuous spectrum in (0, ξin

√
p).

Step 2. Absolute continuity at energies of order
√

p below Ec(p). Let E ∈ Ep ∩ (ξ0
√

p, Ec(p)),
and suppose that P∞(Im Γo(E+ i0) = 0) = 1. Since Ec(p) < Mext

√
p, we have E/

√
p ∈ Ξ.

By part (iv) of Proposition 11.27, the law π of the boundary denominator −1/Γo(E + i0)
under P is a real solution at energy E, and the law of g(E)D, D ∼ π, is νp,E. Since the
free energy does not depend on the scaling (Definition 6.14), the free energy of π at s = 1
is φE(1), which is positive by (16.1). This again contradicts Theorem 10.1. As in the first
step, Corollary 10.2 shows that P∞-almost surely, H has purely absolutely continuous
spectrum in (ξ0

√
p, Ec(p)).

Since ξ0
√

p < ξin
√

p < Ec(p), the open intervals in the first two steps cover (0, Ec(p)).
If the restrictions of a finite measure to two open sets are absolutely continuous, then
so is its restriction to their union. Hence P∞-almost surely, H has purely absolutely
continuous spectrum in (0, Ec(p)).

Step 3. Pure point spectrum above Ec(p). Let U = (Ec(p), ∞). For every E ∈ U, the law of
B/g(E), B ∼ νp,E, is a real solution at energy E by part (iv) of Corollary 11.23, and its
free energy at s = 1 is φE(1), which is negative by (16.1). By Theorem 8.4, P∞-almost
surely, H has pure point spectrum in U.

Step 4. Finitely supported eigenvectors. By part (ii) of Proposition 3.24, P∞-almost surely
H has no finitely supported eigenvector with a nonzero eigenvalue. By part (ii) of
Proposition 3.25, P∞-almost surely H has infinitely many pairwise orthogonal, finitely
supported eigenvectors with eigenvalue zero.

Finally, Ec(p)/
√

p→ µ∗ by Corollary 14.2. This completes the proof of Theorem 1.1.

Remark 16.1. The proof of pure point spectrum in the third step uses the principal solution
only through the square-summable inverse column of Proposition 8.3, and it gives no
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quantitative information about the Green function at spectral parameters with positive
imaginary part.

16.3 Proof of Theorem 1.2

Fix ξ ′0 ∈ (0, µ∗), and let p1(ξ
′
0) be the maximum of p0 and of the thresholds of Corollar-

ies 14.2 and 11.23 for the value ξ ′0. Fix p ≥ p1(ξ
′
0).

Part (i) is part (i) of Corollary 11.23, applied with ξ ′0 in place of ξ0.
For part (ii), we first prove that E 7→ φE(1) is continuous on [ξ ′0

√
p, ∞). We apply

Proposition 6.12 with the scaling g(E), that is, to the laws νE = νp,E with the rates
K(E) = p/θ(E), where θ(E) = g(E)2. The map E 7→ K(E) is continuous, and E 7→ νp,E
is weakly continuous by part (iii) of Corollary 11.23. Each νp,E satisfies (6.1), since it is
the law of g(E)D for a real solution D (part (iv) of Corollary 11.23 and Proposition 5.5).
By part (i) of Corollary 11.23, we have

∫
|b|q νp,E(db) ≤ 4 + (1− q)−1 for every q ∈ (0, 1)

and every E ≥ ξ ′0
√

p. Thus the hypotheses of Proposition 6.12 hold with every q0 ∈ (0, 1),
and E 7→ λE(1) = exp φE(1) is continuous on [ξ ′0

√
p, ∞).

By Corollary 14.2, applied with ξ ′0, there is a unique zero E′c(p) of E 7→ φE(1) on
[ξ ′0
√

p, ∞), with φE(1) > 0 to its left and φE(1) < 0 to its right. This zero coincides
with the energy Ec(p) of Section 16.1. Indeed, the half-lines [ξ0

√
p, ∞) and [ξ ′0

√
p, ∞) are

nested, and E 7→ φE(1) has exactly one zero on each of them. The zero on the smaller
half-line is also a zero on the larger one, so the two zeros coincide. Finally, let Ξc ⊂ (0, ∞)

be a compact interval whose interior contains Ec(p)/
√

p for all p ≥ p1(ξ
′
0); for instance

Ξc = [µ∗/2, 2µ∗], after increasing p1(ξ
′
0). Increasing p1(ξ

′
0) further, we may assume that

p ≥ pcr(Ξc), the threshold of Proposition 12.21. By that proposition, ξ 7→ λp(ξ) is real-
analytic on an open interval containing Ξc, so E 7→ φE(1) = log λp(E/

√
p) is real-analytic

in a neighborhood of Ec(p), and its derivative at Ec(p) is negative by Corollary 14.2. This
proves part (ii).

Part (iii) is Theorem 13.1, applied to a compact set Ξ ⊂ [ξ ′0, ∞).



section 17

The giant component

In this section, we transfer the spectral dichotomy of Theorem 1.1 to the giant component
of the finite graph and prove Theorem 1.4. The section has three parts.

The first part, Sections 17.2 and 17.3, proves Proposition 17.13: the giant component,
seen from finitely many uniformly chosen vertices, converges locally to independent
copies of the marked PGW(p) tree conditioned on survival, and this convergence holds
in probability for averages over the giant component. Membership in the giant component
is not determined by a bounded neighborhood of a vertex. We therefore first prove the
statement with the giant component replaced by the set of vertices whose component has
at least K vertices, which is a local condition, and then let K → ∞. Since the tree operator
is unbounded, local convergence alone does not give convergence of resolvents; this step
uses the essential self-adjointness of the tree operator from Theorem 3.10, as in [50].

The second part, Section 17.4, proves Proposition 17.14: on every compact interval
separated from zero, the averaged root spectral measure of the survival-conditioned tree
has a density bounded above and below. The upper bound comes from a Wegner-type
estimate for an auxiliary bipartite random graph, whose squared operator is a sum of
rank-one projections with independent Gamma-distributed weights. The lower bound
comes from a configuration at the root (one surviving child and one leaf child) in which
the weight of the leaf edge enters the root resolvent through a Poisson kernel.

The third part, Section 17.5, combines the first two to prove Propositions 17.20
and 17.22, and then Theorem 1.4.

17.1 Setting and notation

Throughout this section, p > 1 is fixed, and constants may depend on p without further
mention. We use the finite model of Definition 3.1. The graph Gn is an Erdős–Rényi graph
G(n, p/n) on [n] = {1, . . . , n}. Conditionally on Gn, the variables wij, 1 ≤ i < j ≤ n,
are independent standard complex Gaussians. For an edge ij of Gn with i < j we set
hij = wij/

√
p and hji = hij, and Hn(i, j) = 1{ij∈E(Gn)}hij. We write gc for the giant

component of Gn, namely its largest connected component (if there are several, we take
the one containing the smallest vertex), Nn = |gc|, and Hgc

n for the restriction of Hn to
ℓ2(gc).

Since gc is a connected component of Gn, the matrix Hn is the direct sum of Hgc
n and
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its restriction to ℓ2([n] \ gc). In particular, for all u, v ∈ gc, every z ∈ C \R, and every
bounded Borel function f , we have

⟨δu, (Hn − z)−1δv⟩ = ⟨δu, (Hgc
n − z)−1δv⟩, ⟨δv, f (Hn)δv⟩ = ⟨δv, f (Hgc

n )δv⟩. (17.1)

For v ∈ gc, we let µn,v denote the spectral measure of δv for Hgc
n , so that µn,v(I) =

⟨δv, 1I(Hgc
n )δv⟩ as in Definition 1.3. By (17.1), it is also the spectral measure of δv for Hn.

The empirical spectral measure of Hgc
n is

ν
gc
n =

1
Nn

∑
v∈gc

µn,v, so that ν
gc
n (I) =

1
Nn

Tr 1I(Hgc
n ) = µ̄n(I). (17.2)

On the tree side, we use the marked PGW(p) tree T of Definition 3.2, with root o,
edge marks he = we/

√
p, survival event S , survival probability ϱp = P(S) ∈ (0, 1), and

conditioned law P∞ = P( · | S). We write |T | ∈ N∪ {∞} for the number of vertices of
T , so that S = {|T | = ∞}. As in Definition 3.15, µo is the spectral measure of δo for H.
We define the averaged root spectral measures

νp = Eµo, ν∞
p = E∞µo, (17.3)

that is, νp(B) = E[µo(B)] and ν∞
p (B) = E∞[µo(B)] for Borel sets B ⊂ R. Both are

probability measures. Their Stieltjes transforms are EGoo(z) and E∞Goo(z), by Fubini’s
theorem.

We use the following classical fact about the giant component [68], [133, Theorem 4.8]:
as n→ ∞,

Nn

n
−→ ϱp in probability. (17.4)

In these references, the limit is described as the unique positive solution ϱ of 1− ϱ = e−pϱ;
this is the survival probability of a PGW(p) tree, since the extinction probability is the
smallest fixed point in [0, 1] of the generating function s 7→ ep(s−1) of Pois(p).

Several random quantities below, such as averages over k-tuples of distinct vertices of
gc, are only defined on the event {Nn ≥ k}. We set them equal to zero on the complement.
Since P(Nn ≥ k)→ 1 by (17.4), this convention does not affect any limit in probability.

We say that random probability measures mn on R converge weakly in probability
to a deterministic probability measure m if

∫
f dmn →

∫
f dm in probability for every

bounded continuous f : R→ R.

17.2 Rooted marked graphs and resolvents

The local topology

Definition 17.1. Fix k ≥ 1. A k-rooted marked graph is a triple x = (G, h, o) with the
following properties. The graph G = (V, E) is simple and locally finite, with countable
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vertex set. The marks h assign to each ordered pair (u, v) with uv ∈ E a number huv ∈ C,
with hvu = huv. The roots o = (o1, . . . , ok) ∈ Vk are such that every vertex of G is
connected to at least one root. Two k-rooted marked graphs are isomorphic if there exists
a graph isomorphism between them that maps the a-th root to the a-th root for every a
and preserves the marks. We write Gk for the set of isomorphism classes, and we do not
distinguish in notation between a k-rooted marked graph and its class. We call x finite if
V is finite.

For x ∈ Gk and R ∈ N ∪ {0}, let BR(x) denote the k-rooted marked graph induced
by x on the set of vertices at graph distance at most R from {o1, . . . , ok}. Let R∗(x, x′) be
the supremum of the real numbers r > 0 for which there exists an isomorphism φ from
B⌊r⌋(x) to B⌊r⌋(x′) as k-rooted graphs (ignoring marks) such that |h′

φ(u)φ(v) − huv| ≤ r−1

for every edge uv of B⌊r⌋(x), with R∗ = 0 if there is no such r. We set

dloc(x, x′) =
1

1 + R∗(x, x′)
.

Local weak convergence was introduced by Benjamini and Schramm [35] and by
Aldous and Steele [16]. The distance dloc is the metric of [15, Section 2]; see also [134,
Chapter 2 and Appendix A]. By these references, (Gk, dloc) is a complete separable metric
space. (These references treat k = 1 and marks in a general complete separable metric
space; the case of k roots is identical.) A sequence xn converges to x if and only if, for
every R ≥ 1, there exists nR such that for all n ≥ nR there exists an isomorphism of BR(x)
onto BR(xn) as k-rooted graphs with all mark differences at most R−1. Since a locally
finite graph has finite balls, every BR(x) is finite, and dloc(x, BR(x)) ≤ (1 + R)−1. A
function on Gk that depends only on BR(x) as a k-rooted graph (ignoring marks) is locally
constant, hence continuous. Examples are x 7→ 1{deg(o1) ≤ L}, x 7→ 1{dist(oa, ob) ≤ R}
for R ≥ 0, and

χK,a(x) = 1{the component of oa has at least K vertices}, K ≥ 1. (17.5)

For χK,a, this holds with R = K− 1, since a component with at least K vertices contains
a connected set of K vertices containing oa, and such a set lies within distance K − 1
of oa. The set of finite elements of Gk is Borel, since it is the union over R of the sets
{|BR(x)| = |BR+1(x)|}, which are open and closed.

For 1 ≤ k′ ≤ k and an injective map σ : [k′] → [k], the restriction rσ : Gk → Gk′ keeps
the roots oσ(1), . . . , oσ(k′) and the union of their components. It satisfies dloc(rσx, rσx′) ≤
dloc(x, x′), because an isomorphism of BR(x) onto BR(x′) restricts to an isomorphism of
BR(rσx) onto BR(rσx′). Here we used that rooted isomorphisms of R-balls preserve the
distance to the roots, since for a vertex of BR(x) this distance is attained by a path inside
BR(x).

We use two kinds of elements of Gk. For distinct vertices v1, . . . , vk of Gn, we
write [Gn, v] for the k-rooted marked graph formed by the union of the components
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of v1, . . . , vk in Gn, with the marks hij and roots v = (v1, . . . , vk). For k rooted marked
trees (T1, o1), . . . , (Tk, ok), we consider their disjoint union, rooted at (o1, . . . , ok), as an
element of Gk. We write Fk for the disjoint union of k independent marked PGW(p) trees
with law P, and F∞

k for the disjoint union of k independent trees with law P∞. We write
E∞,⊗k for the expectation with respect to the law of F∞

k .

Local convergence of the uniformly rooted graph

We need the local limit for two graph models. The second one is used only in Section 17.4.

(a) The model of Section 17.1: Gn = G(n, p/n) with vertex set Vn = [n] and marks hij.
(b) The bipartite model: Vn = [n] × {0, 1}, and each pair {(i, 0), (j, 1)} is an edge

independently with probability p/n; there are no other edges. Conditionally on the
graph, the edges carry independent standard complex Gaussians w, and the edge
{(i, 0), (j, 1)} has marks h(j,1),(i,0) = w/

√
p and h(i,0),(j,1) = w/

√
p. In this model, we

also write Gn for the marked graph.

In both models, the marks are independent of the graph. In the marked tree, the mark
huv on the edge from a parent u to its child v is wuv/

√
p. Since the standard complex

Gaussian law is invariant under complex conjugation, the choice of orientation used to
attach the Gaussian variable to an edge does not affect the law of a marked graph: in
both models, conditionally on the graph, the marks huv, for any choice of one orientation
(u, v) per edge, are independent with the law of w/

√
p.

Lemma 17.2. Consider either model (a) or model (b). Fix k ≥ 1, and let V = (V1, . . . , Vk) be
uniformly distributed among the k-tuples of distinct elements of Vn, independent of the marked
graph. Then for every R ≥ 1, the law of BR([Gn, V]) converges in total variation to the law of
BR(Fk) as n → ∞. In particular, [Gn, V] → Fk in distribution in Gk. Further, in model (a),
E[deg(V1)

2] ≤ p + p2 for all n.

This is the standard exploration argument (see [134, Chapter 2] for local convergence
of G(n, p/n)); we include the proof because we need k roots and marks.

Proof. We treat model (a) and indicate the changes for model (b) at the end. Fix R ≥ 1
and ε > 0. Since the balls of radius R in PGW(p) trees are almost surely finite, there
exists M ≥ k such that P(∑k

a=1 |BR(Ta)| > M) ≤ ε, where T1, . . . , Tk are independent
PGW(p) trees.

We explore the balls of radius R around V1, . . . , Vk in Gn, one root at a time. Each
vertex is first discovered and later possibly processed. When the exploration of the root
Va starts, Va is discovered (if it was discovered earlier, we say that a collision occurs).
Then, as long as there is an unprocessed vertex discovered during the exploration of
Va at exploration depth at most R− 1, we process the earliest discovered such vertex x.
Processing x reveals, for every vertex y not yet processed, whether xy is an edge. Every
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such y that was not yet discovered becomes discovered, as a child of x, at depth one more
than x. When all roots have been explored, we reveal all pairs of discovered vertices that
have not been revealed. Each pair of vertices is revealed at most once. Since the roots are
independent of the graph, conditionally on everything revealed before a pair is revealed,
its indicator is a Bernoulli variable with parameter p/n.

Let C be the event that no collision occurs and that every revealed pair {x, y} of
vertices that were both discovered before it was revealed is not an edge. On C, the induced
subgraph on the discovered vertices is the union of k disjoint trees, the exploration trees of
V1, . . . , Vk. Further, the vertices of the a-th tree are exactly the vertices at distance at most
R from Va. Then, on C, the k-rooted graph BR([Gn, V]) (ignoring marks) is the disjoint
union of the exploration trees. Its isomorphism class is determined by the sequence of
numbers of children of the processed vertices, in the order of processing.

We stop the exploration as soon as more than M vertices are discovered. Before
stopping, there are at most M processing steps and at most (M + 1)2 revealed pairs
of the type excluded in C, each of which is an edge with conditional probability p/n.
Further, conditionally on the exploration of V1, . . . , Va−1, the root Va is uniform on [n] \
{V1, . . . , Va−1}, and the probability of a collision at Va is at most (M + 1)/(n− k). When
a vertex x is processed and m ≤ M vertices are discovered, the number of its children
is, conditionally on the past, binomial with parameters n− m and p/n. By Le Cam’s
inequality and the bound dTV(Pois(λ), Pois(λ′)) ≤ |λ− λ′|, we have

dTV
(
Bin(n−m, p/n), Pois(p)

)
≤ (n−m)

p2

n2 +
mp
n
≤ p2 + Mp

n
.

Explore T1, . . . , Tk up to depth R in the same breadth-first order. Using at each processing
step a maximal coupling of the two conditional offspring laws, we obtain a coupling
under which, except on an event of probability at most

ε + M
p2 + Mp

n
+ (M + 1)2 p

n
+

k(M + 1)
n− k

,

the event C holds and all offspring numbers agree. On this event, BR([Gn, V]) and
BR(T1) ⊔ · · · ⊔ BR(Tk) are isomorphic as k-rooted graphs through the exploration. We
transport the marks of Gn on the edges of the ball to the corresponding tree edges, and
give the remaining tree edges independent marks. The marks are independent of the
graph and of V, and the exploration only reveals the graph. Hence, by the conjugation
invariance noted above, the transported marks are independent with the law of w/

√
p,

and independent of the trees. This produces marked trees with the law of Fk, and the
marked balls agree on the event above. Since ε > 0 was arbitrary, the total variation
distance tends to zero.
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For the convergence in distribution, let F : Gk → R be bounded and uniformly contin-
uous, with modulus of continuity ωF. Since dloc(x, BR(x)) ≤ (1 + R)−1, we have∣∣EF([Gn, V])−EF(Fk)

∣∣ ≤ 2ωF
(
(1 + R)−1)+ 2∥F∥∞ dTV

(
Law BR([Gn, V]), Law BR(Fk)

)
.

Letting n → ∞ and then R → ∞, we find EF([Gn, V]) → EF(Fk). By the portmanteau
theorem [37, Theorem 2.1], this proves the convergence in distribution. Finally, since the
degree of V1 is binomial with parameters n− 1 and p/n, we have E[deg(V1)

2] ≤ p + p2.
In model (b), the vertex x processed in the class Vn ∩ ([n]× {c}) only has potential

neighbors in the other class, and the number of its children is binomial with parameters
n−m′ and p/n, where m′ ≤ M is the number of discovered vertices in the other class.
The rest of the argument is unchanged.

Stieltjes transforms

For a finite Borel measure m on R, we write sm(z) =
∫

m(dλ)/(λ− z), z ∈ H, for its
Stieltjes transform.

Lemma 17.3. Let D ⊂H be a set with an accumulation point in H.

(i) Let mn and m be probability measures on R such that smn(z) → sm(z) for every z ∈ D.
Then mn → m weakly.

(ii) Suppose that D is countable. Let mn be random probability measures on R and m a
deterministic probability measure such that smn(z)→ sm(z) in probability for every z ∈ D.
Then mn → m weakly in probability.

Proof. For (i), it suffices to show that every subsequence of (mn) has a further subsequence
converging weakly to m. By Helly’s selection theorem, every subsequence has a further
subsequence that converges vaguely to a measure m′ with m′(R) ≤ 1. Since, for z ∈ H,
the function λ 7→ (λ− z)−1 is continuous and vanishes at infinity, we have smn(z) →
sm′(z) along this subsequence. Then sm′ = sm on D. Both functions are analytic on H,
and the identity theorem implies that they agree on H. By the Stieltjes inversion formula,
π−1 Im sm′(E + iε)dE converges vaguely to m′ as ε ↓ 0; the same holds for m, and we
conclude that m′ = m. Since m(R) = 1, the vague convergence to m is weak convergence
[64, Section 3.2].

For (ii), fix a bounded continuous f . It suffices to show that every subsequence has a
further subsequence along which

∫
f dmn →

∫
f dm almost surely. Since D is countable,

by a diagonal argument there exists a further subsequence along which, almost surely,
smn(z)→ sm(z) for all z ∈ D simultaneously. Along it, part (i) applies pathwise.

Resolvents on rooted marked graphs

For x ∈ Gk with vertex set V, let Hx,0 be the weighted adjacency operator on finitely
supported functions f : V → C, given by (Hx,0 f )(u) = ∑v∼u huv f (v). It is a symmetric
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operator on ℓ2(V). For R ≥ 0, let H(R)
x be the Hermitian matrix of the finite marked

graph BR(x), acting on functions on the vertex set of BR(x). For z ∈ C \R and a, b ∈ [k],
set

G(R)
ab (x, z) =

〈
δoa , (H(R)

x − z)−1δob

〉
,

and let µ
(R)
x,a be the spectral measure of δoa for H(R)

x .

Definition 17.4. For x ∈ Gk, z ∈ C \R and a, b ∈ [k], let Gab(x, z) = limR→∞ G(R)
ab (x, z)

if this limit exists, and Gab(x, z) = 0 otherwise. Let µx,a be the weak limit of µ
(R)
x,a as

R→ ∞ if it exists, and µx,a = δ0 otherwise. Let G esa
k be the set of x ∈ Gk such that Hx,0 is

essentially self-adjoint; for such x, let Hx denote the closure of Hx,0.

If x is finite, then BR(x) = x for large R; in this case, Gab(x, z) and µx,a are the resolvent
entries and the root spectral measures of the matrix Hx,0. In particular, if v1, . . . , vk are
distinct vertices of gc, then (17.1) implies that Gab([Gn, v], z) = ⟨δva , (Hgc

n − z)−1δvb⟩ and
µ[Gn,v],a = µn,va .

Lemma 17.5. For every z ∈ C \R and a, b ∈ [k], the maps x 7→ Gab(x, z) and x 7→ µx,a are
Borel, and |Gab(x, z)| ≤ | Im z|−1. The set G esa

k is a Borel subset of Gk.

Proof. For fixed R, the quantities G(R)
ab (x, z) and µ

(R)
x,a depend only on the marked graph

BR(x) and are invariant under its rooted isomorphisms. If dloc(x, x′) < (1 + R′)−1 with
R′ ≥ R, then there exists an isomorphism of BR′(x) onto BR′(x′) with mark differences
at most 1/R′, which restricts to BR(x); after relabeling, H(R)

x′ is a Hermitian matrix with

the same pattern as H(R)
x and entries within 1/R′. The resolvent at a fixed nonreal z and

the spectral measure of a fixed basis vector (in the weak topology) depend continuously
on the entries of a Hermitian matrix. Then x 7→ G(R)

ab (x, z) and x 7→ µ
(R)
x,a are continuous,

the latter as a map into the space P(R) of probability measures with the weak topology.
Since P(R) with the Lévy–Prokhorov metric is a complete separable metric space [37,
Theorem 6.8], the set where a sequence of continuous maps into C or into P(R) is Cauchy
is Borel, and the limit is a Borel map on it. This proves the first claim. The bound on Gab

holds for each G(R)
ab , hence for the limit.

For the second claim, recall that a symmetric operator A is essentially self-adjoint
if and only if Ran(A + i) and Ran(A − i) are dense [113, Section VIII.2]. For R′ ≥ R
and a vertex v of BR(x), let d±R′(x, v) be the distance from δv to the subspace of vectors
(Hx,0 ± i) f with f supported in the vertex set of BR′(x). These subspaces increase with
R′, and their union is Ran(Hx,0 ± i). Since the vectors δv span a dense subspace, we have
x ∈ G esa

k if and only if, for every R, we have maxv∈BR(x) d±R′(x, v)→ 0 as R′ → ∞ for both
signs. For fixed R ≤ R′, the function x 7→ maxv∈BR(x) d±R′(x, v) depends only on BR′+1(x),
since (Hx,0 ± i) f is supported in BR′+1(x) when f is supported in BR′(x). Let Mx denote
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the matrix of f 7→ (Hx,0 ± i) f from functions on BR′(x) to functions on BR′+1(x). Since
Hx,0 is symmetric, we have ∥Mx f ∥2 = ∥Hx,0 f ∥2 + ∥ f ∥2 ≥ ∥ f ∥2. Then M∗x Mx ≥ 1, and
the orthogonal projection Mx(M∗x Mx)−1M∗x onto Ran Mx depends continuously on the
entries of Mx. As in the first part, it follows that x 7→ maxv∈BR(x) d±R′(x, v) is continuous.
Then

G esa
k =

⋂
±

⋂
R≥1

⋂
j≥1

⋃
R′≥R

{
x : max

v∈BR(x)
d±R′(x, v) < j−1

}
is Borel.

The following lemma is the deterministic continuity statement behind resolvent con-
vergence for locally convergent graphs; compare [50] and [47].

Lemma 17.6. Let x ∈ G esa
k .

(i) Let xn ∈ Gk be finite with xn → x. Then for all a, b ∈ [k] and z ∈ C \R,

Gab(xn, z) −→
〈
δoa , (Hx − z)−1δob

〉
.

(ii) For all a, b ∈ [k] and z ∈ C \R, we have Gab(x, z) = ⟨δoa , (Hx − z)−1δob⟩, and µx,a is the
spectral measure of δoa for Hx.

(iii) In the setting of (i), µxn,a → µx,a weakly for every a ∈ [k].

Proof. We begin with (i). Let V be the vertex set of x and Vn that of xn. Since xn → x,
there exist integers Rn → ∞ and numbers εn → 0 such that, for all sufficiently large n,
there exists an isomorphism φn of BRn(x) onto BRn(xn) as k-rooted graphs with mark
differences at most εn; we only consider such n. Let Jn be the partial isometry from ℓ2(V)

to ℓ2(Vn) with Jnδv = δφn(v) for v ∈ BRn(x) and Jnδv = 0 otherwise.
Fix b ∈ [k] and z ∈ C \R, and set un = (Hxn,0 − z)−1δon

b
∈ ℓ2(Vn), where on denotes

the roots of xn. Then ∥un∥ ≤ | Im z|−1, and J∗nun is the pullback of un to BRn(x), extended
by zero. The set V is countable and every vertex of V lies in BRn(x) for large n. By a
diagonal argument, every subsequence has a further subsequence along which (J∗nun)(v)
converges for every v ∈ V; let u(v) denote the limit. By Fatou’s lemma, ∥u∥ ≤ | Im z|−1.

Let f be finitely supported, with support in Br(x). The function (Hx,0 − z) f is sup-
ported in Br+1(x). For n with Rn > r + 1, the vertices of xn adjacent to φn(supp f ) lie
in Br+1(xn) = φn(Br+1(x)), and the adjacency relations between them correspond under
φn. Then Hxn,0 Jn f − JnHx,0 f is supported in φn(Br+1(x)), its entries are bounded by
εn ∑v | f (v)|, and we obtain

∥Hxn,0 Jn f − JnHx,0 f ∥ ≤ εn |Br+1(x)|1/2 ∑
v
| f (v)| −→ 0.
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Since (Hx,0 − z) f is finitely supported and J∗nun → u pointwise along the subsequence,
we obtain 〈

(Hx,0 − z) f , u
〉
= lim

n

〈
Jn(Hx,0 − z) f , un

〉
= lim

n

〈
(Hxn,0 − z)Jn f , un

〉
= lim

n

〈
Jn f , (Hxn,0 − z)un

〉
= lim

n

〈
Jn f , δon

b

〉
= ⟨ f , δob⟩.

In the second equality, we used the previous display and ∥un∥ ≤ | Im z|−1; in the third,
that Hxn,0 is a Hermitian matrix; in the last, that φn(ob) = on

b . Since this holds for all
finitely supported f , the vector u lies in the domain of H∗x,0, and H∗x,0u = δob + zu. Since
Hx,0 is essentially self-adjoint, H∗x,0 = Hx, and we conclude that u = (Hx − z)−1δob . Then
Gab(xn, z) = un(on

a ) = (J∗nun)(oa) → u(oa) along the subsequence. The limit does not
depend on the subsequence, which proves (i).

For (ii), we apply (i) to the finite graphs xR = BR(x), which converge to x as R→ ∞.
Since BR′(xR) = BR(x) for R′ ≥ R, we have Gab(xR, z) = G(R)

ab (x, z). By (i), G(R)
ab (x, z)

converges to ⟨δoa , (Hx − z)−1δob⟩, which is therefore equal to Gab(x, z). In particular, the
Stieltjes transforms of µ

(R)
x,a converge on H to that of the spectral measure of δoa for Hx,

and Lemma 17.3(i) shows that µ
(R)
x,a converges weakly to this measure. This proves (ii).

Part (iii) follows from (i), (ii) and Lemma 17.3(i), since sµxn ,a(z) = Gaa(xn, z).

By Theorem 3.10, the operator of each tree of Fk is almost surely essentially self-
adjoint, and a direct sum of finitely many essentially self-adjoint operators is essentially
self-adjoint. We conclude that P(Fk ∈ G esa

k ) = 1; this is an event by Lemma 17.5. On
this event, Lemma 17.6(ii) shows that Gab(Fk, z) is the resolvent entry of the closed tree
operator, which vanishes for a ̸= b, and that µFk,a is the root spectral measure of the a-th
tree. In particular, µF1,1 has the law of µo under P, and µF∞

1 ,1 has the law of µo under P∞.

Admissible functions

Definition 17.7. A bounded Borel function F : Gk → C is admissible if there exists a Borel
set AF ⊂ Gk with P(Fk ∈ AF) = 1 such that F(xn) → F(x) for every x ∈ AF and every
sequence of finite xn ∈ Gk with xn → x.

Lemma 17.8. The following functions on Gk are admissible.

(i) Every bounded continuous function.
(ii) For z1, . . . , zm ∈ C \R and a bounded continuous ϕ : Ck×k×m → C, the function x 7→

ϕ
(
(Gab(x, zl))a,b≤k, l≤m

)
.

(iii) For intervals I1, . . . , Im ⊂ R whose endpoints c satisfy νp({c}) = 0, and a bounded
continuous ϕ : [0, 1]k×m → C, the function x 7→ ϕ

(
(µx,a(Il))a≤k, l≤m

)
.

(iv) Linear combinations, products and complex conjugates of admissible functions; and F ◦ rσ

for every admissible F on Gk′ and every injective σ : [k′]→ [k].



17 The giant component 17.3 Local convergence on the giant component 353

Proof. For (i), take AF = Gk. For (ii), the function is Borel by Lemma 17.5, and we take
AF = G esa

k ; the convergence follows from Lemma 17.6(i),(ii). For (iii), the function is Borel
since x 7→ µx,a is Borel and µ 7→ µ(I) is Borel on P(R). Let AF be the set of x ∈ G esa

k with
µx,a({c}) = 0 for all a and all endpoints c of the intervals Il; it is Borel since µ 7→ µ({c})
is upper semicontinuous. By the discussion after Lemma 17.6, µFk,a has the law of µo

under P for each a, and Eµo({c}) = νp({c}) = 0; hence P(Fk ∈ AF) = 1. For x ∈ AF
and finite xn → x, Lemma 17.6(iii) and the portmanteau theorem give µxn,a(Il)→ µx,a(Il),
since the boundary of Il is µx,a-null.

For (iv), the claim about linear combinations, products and conjugates follows by in-
tersecting the sets AF. For F ◦ rσ, take A = r−1

σ (AF), which is Borel since rσ is continuous.
Since the image rσ(Fk) is the disjoint union of the trees with indices σ(1), . . . , σ(k′), it has
the law of Fk′ , and P(Fk ∈ A ) = P(Fk′ ∈ AF) = 1. If x ∈ A and xn → x are finite, then
the finite graphs rσxn converge to rσx ∈ AF, and F(rσxn)→ F(rσx).

Lemma 17.9. Consider either model (a) or (b), and let V be as in Lemma 17.2. For every
admissible F : Gk → C, we have EF([Gn, V])→ EF(Fk).

Proof. By Lemma 17.2, [Gn, V] → Fk in distribution in the complete separable metric
space Gk. By Skorokhod’s representation theorem [37, Theorem 6.7], there exist random
elements Xn and X of Gk on a common probability space such that Xn has the law of
[Gn, V], X has the law of Fk, and Xn → X almost surely. Since the set of finite elements and
AF are Borel, almost surely every Xn is finite and X ∈ AF. Then F(Xn) → F(X) almost
surely, and we conclude by the bounded convergence theorem that EF(Xn)→ EF(X).

17.3 Local convergence on the giant component

For the rest of this section, except in Section 17.4, Gn is the graph of model (a). For a
bounded function F on Gk, define the averages over ordered k-tuples of distinct vertices

Sn(F) =
1

(n)k
∑

v∈[n]k
distinct

F([Gn, v]), Sgc
n (F) =

1
(Nn)k

∑
v∈gck

distinct

F([Gn, v]), (17.6)

where (m)k = m(m − 1) · · · (m − k + 1). Thus Sn(F) and Sgc
n (F) are the conditional

expectations of F([Gn, V]) given the marked graph, when V is a uniform k-tuple of
distinct vertices of [n] or of gc, respectively.

Lemma 17.10. For every admissible F : Gk → C, we have Sn(F)→ EF(Fk) in L2.

Proof. By Lemma 17.9, we have ESn(F) = EF([Gn, V]) → EF(Fk). It remains to show
that E|Sn(F)|2 → |EF(Fk)|2. We have

E|Sn(F)|2 =
1

(n)2
k

∑
v,v′

E
[

F([Gn, v])F([Gn, v′])
]
,
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where the sum is over pairs of k-tuples of distinct vertices. The number of pairs (v, v′) such
that some entry of v equals some entry of v′ is at most k2(n)knk−1, and their contribution
is at most k2∥F∥2

∞nk−1/(n)k = O(n−1). The remaining (n)2k pairs correspond to 2k-tuples
(v, v′) of distinct vertices. Let F⊗ : G2k → C be given by F⊗(y) = F(r1y)F(r2y), where r1

and r2 are the restrictions to the first k and the last k roots. Then F([Gn, v])F([Gn, v′]) =
F⊗([Gn, (v, v′)]), and F⊗ is admissible by Lemma 17.8(iv). Applying Lemma 17.9 with 2k
roots, we obtain

E|Sn(F)|2 =
(n)2k

(n)2
k

EF⊗([Gn, V′]) + O(n−1) −→ EF⊗(F2k) = |EF(Fk)|2,

where V′ is a uniform 2k-tuple of distinct vertices. In the last equality, we used that
r1F2k and r2F2k are independent copies of Fk. Expanding the square, we conclude that
E|Sn(F)−EF(Fk)|2 → 0.

Next, we compare membership in gc with the local event that the component of a
vertex has at least K vertices. For K ≥ 1, set

aK = P(|T | ≥ K),

Zn,K = #
{

v ∈ [n] \ gc : the component of v has at least K vertices
}

.

Since {|T | ≥ K} decreases to {|T | = ∞} = S as K → ∞, we have aK ↓ ϱp.

Lemma 17.11. For every K ≥ 1, we have Zn,K/n→ aK − ϱp in probability.

Proof. Let χK = χK,1 be the function from (17.5) with k = 1. It is continuous, and
EχK(F1) = aK. By Lemma 17.10 with k = 1,

1
n

#{v ∈ [n] : the component of v has at least K vertices} = Sn(χK) −→ aK

in probability. On the event {Nn ≥ K}, every vertex of gc belongs to a component
with at least K vertices, which gives Zn,K = nSn(χK)− Nn. Since P(Nn ≥ K) → 1 and
Nn/n→ ϱp by (17.4), the claim follows.

Lemma 17.12. For every admissible F : Gk → C, we have Sgc
n (F)→ E∞,⊗kF(F∞

k ) in probability.

Proof. We first replace membership in gc by the local event {χK,a = 1} for each root, then
compute the limit of the resulting average for fixed K, and finally let K → ∞.

Step 1. The average with the local event. Fix K ≥ 1 and set ΦK(x) = F(x)∏k
a=1 χK,a(x). By

Lemma 17.8(i),(iv), ΦK is admissible. Since, in Fk, the component of the a-th root is the
a-th tree Ta and the trees are independent, Lemma 17.10 implies that

Sn(ΦK) −→ E
[

F(Fk)
k

∏
a=1

1{|Ta| ≥ K}
]
= ak

K E
[

F(Fk)
∣∣∣ |Ta| ≥ K for all a

]
(17.7)



17 The giant component 17.3 Local convergence on the giant component 355

in L2. The factor ak
K is the probability that each of the k roots lies in a component with at

least K vertices.

Step 2. Comparison with the giant component. On the event {Nn ≥ max(k, K)}, every k-
tuple of distinct vertices of gc satisfies ∏a χK,a([Gn, v]) = 1. A k-tuple of distinct vertices
with ∏a χK,a([Gn, v]) = 1 that is not contained in gc has an entry outside gc whose
component has at least K vertices. There are at most kZn,Knk−1 such k-tuples, and on this
event we have ∣∣∣(Nn)k Sgc

n (F)− (n)k Sn(ΦK)
∣∣∣ ≤ k∥F∥∞Zn,Knk−1.

Dividing by (Nn)k, we find∣∣∣Sgc
n (F)− (n)k

(Nn)k
Sn(ΦK)

∣∣∣ ≤ k∥F∥∞
Zn,K

n
· nk

(Nn)k
. (17.8)

Step 3. The limit n→ ∞ for fixed K. By (17.4), we have (Nn)k/nk → ϱk
p and (Nn)k/(n)k →

ϱk
p in probability. Combining this with (17.7), (17.8) and Lemma 17.11, we find that for

every η > 0,

lim
n→∞

P
(∣∣Sgc

n (F)− LK
∣∣ > εK + η

)
= 0, (17.9)

where

LK = ϱ−k
p E

[
F(Fk)

k

∏
a=1

1{|Ta| ≥ K}
]
, εK = k∥F∥∞ϱ−k

p (aK − ϱp).

In other words, after normalization by the size of the giant component, the average over
gc is close to (aK/ϱp)kE[F(Fk) | |Ta| ≥ K ∀a].

Step 4. The limit K → ∞. As K → ∞, the indicator ∏a 1{|Ta| ≥ K} decreases to ∏a 1Sa ,
where Sa is the survival event of Ta. Since F is bounded, by dominated convergence we
have

LK −→ ϱ−k
p E

[
F(Fk)

k

∏
a=1

1Sa

]
= E∞,⊗kF(F∞

k ).

In the last equality, we used that the trees are independent, so that P(
⋂

a Sa) = ϱk
p and,

conditionally on
⋂

a Sa, the trees are independent with law P∞. Further, εK → 0 since
aK → ϱp. Given η > 0, we choose K such that |LK −E∞,⊗kF(F∞

k )|+ εK < η. Then (17.9)
implies that P(|Sgc

n (F)−E∞,⊗kF(F∞
k )| > 2η) → 0. Since Sgc

n (F) does not depend on K,
this completes the proof.

We now state the main result of this part. For an oriented edge (u, w) of Gn, let
[Gn, u→ w] ∈ G2 denote the component of u, rooted at (u, w). Let E denote the following
random element of G2: take two independent marked PGW(p) trees T− and T+ with
roots o− and o+, join o− and o+ by an edge with mark ho−o+ = w/

√
p, where w is an

independent standard complex Gaussian, and root the resulting tree at (o−, o+). Let
E⃗(gc) be the set of oriented edges of gc.
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Proposition 17.13. Fix p > 1 and k ≥ 1. On the event {Nn ≥ k}, conditionally on the marked
graph, let V = (V1, . . . , Vk) be a uniformly chosen k-tuple of distinct vertices of gc.

(i) (Local convergence.) For every admissible F : Gk → C, in particular for every bounded
continuous F,

E
[
F([Gn, V])

∣∣ Gn, (wij)
]
= Sgc

n (F) −→ E∞,⊗kF(F∞
k )

in probability. In particular, [Gn, V]→ F∞
k in distribution in Gk, and dist(Va, Vb)→ ∞ in

probability for a ̸= b. The same holds if V1, . . . , Vk are independent and uniform on gc.
(ii) (Oriented edges.) We have

|E⃗(gc)|
n

−→ p
(
1− (1− ϱp)

2) = pϱp(2− ϱp)

in probability. Further, for every bounded continuous Ψ : G2 → C,

1
|E⃗(gc)| ∑

(u,w)∈E⃗(gc)

Ψ([Gn, u→ w]) −→ E
[
Ψ(E)

∣∣ T− or T+ is infinite
]

in probability. In particular, a uniformly chosen oriented edge of gc converges in distribution
to E conditioned on the event that at least one of T− and T+ is infinite.

(iii) (Resolvents.) For all z1, . . . , zm ∈ C \R, the array
(
⟨δVa , (Hgc

n − zl)
−1δVb⟩

)
a,b≤k, l≤m con-

verges in distribution to
(
δab G(a)

oo (zl)
)

a,b≤k, l≤m, where G(1)
oo , . . . , G(k)

oo are the root resolvents
of k independent trees with law P∞. In particular, the entries with a ̸= b converge to zero in
probability. Further, for every bounded continuous ϕ : Cm → C,

1
Nn

∑
v∈gc

ϕ
(
⟨δv, (Hgc

n − zl)
−1δv⟩l≤m

)
−→ E∞ϕ

(
(Goo(zl))l≤m

)
in probability.

(iv) (Empirical spectral measure.) The empirical spectral measure ν
gc
n converges weakly in

probability to ν∞
p .

(v) (Local spectral masses.) Let I1, . . . , Im be intervals whose endpoints c satisfy νp({c}) = 0
(by Proposition 17.14, this holds for every c ̸= 0). Then the array (µn,Va(Il))a≤k, l≤m
converges in distribution to (µ(a)(Il))a≤k, l≤m, where µ(1), . . . , µ(k) are the root spectral
measures of k independent trees with law P∞. Further, for every bounded continuous
ϕ : [0, 1]m → C,

1
Nn

∑
v∈gc

ϕ
(
(µn,v(Il))l≤m

)
−→ E∞ϕ

(
(µo(Il))l≤m

)
in probability, and the analogous statement holds for averages over ordered pairs of distinct
vertices of gc, with limit E∞,⊗2.
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Proof of Proposition 17.13. Proof of (i). The identity E[F([Gn, V]) | Gn, (wij)] = Sgc
n (F) holds

by the definition of V, and the convergence is Lemma 17.12. For bounded continuous F,
taking expectations and using the bounded convergence theorem gives EF([Gn, V]) →
E∞,⊗kF(F∞

k ), which is the convergence in distribution. For a ̸= b and R ≥ 0, the function
x 7→ 1{dist(oa, ob) ≤ R} is continuous and vanishes at F∞

k , whose roots lie in distinct
components; hence P(dist(Va, Vb) ≤ R)→ 0. If V1, . . . , Vk are independent and uniform
on gc, then conditionally on the marked graph they are distinct with probability at least
1− k2/Nn, and conditionally on being distinct they form a uniform k-tuple of distinct
vertices of gc. Then their conditional expectation of F([Gn, V]) differs from Sgc

n (F) by at
most 2k2∥F∥∞/Nn, which tends to zero in probability.

Proof of (ii). For x ∈ G1 with root o and a neighbor w of o, let xo→w ∈ G2 denote x rooted
at (o, w). Fix a bounded continuous Ψ : G2 → C, and define

F(x) = ∑
w∼o

Ψ(xo→w), FL(x) = 1{deg(o) ≤ L} F(x), L ≥ 1.

Since every neighbor of a vertex of gc lies in gc, we have

∑
(u,w)∈E⃗(gc)

Ψ([Gn, u→ w]) = ∑
u∈gc

F([Gn, u]). (17.10)

We first show that FL is continuous. Let xm → x in G1, and let R ≥ 1. For m large,
there exists an isomorphism φm of BR+1(x) onto BR+1(xm) with mark differences at most
(R + 1)−1. In particular, the roots of x and xm have the same degree, and φm maps the
neighbors of o bijectively onto those of the root om of xm. For a neighbor w of o, the
vertices within distance R of {o, w} lie within distance R + 1 of o. Then φm restricts to an
isomorphism of BR(xo→w) onto BR(xom→φm(w)

m ) with mark differences at most R−1. This
gives dloc(xom→φm(w)

m , xo→w) ≤ (1 + R)−1 and

|FL(xm)− FL(x)| ≤ ∑
w∼o

sup
{
|Ψ(y)−Ψ(xo→w)| : dloc(y, xo→w) ≤ (1 + R)−1

}
for m large. Since Ψ is continuous at the finitely many points xo→w, the right side tends
to zero as R→ ∞. We conclude that FL is continuous; it is bounded by L∥Ψ∥∞.

By part (i) with k = 1 and (17.4), we have

1
n ∑

u∈gc
FL([Gn, u]) =

Nn

n
Sgc

n (FL) −→ ϱp E∞FL(T ) = E
[
FL(T )1S

]
in probability, where we regard the rooted tree T as an element of G1. Since |F− FL|(x) ≤
∥Ψ∥∞ deg(o)1{deg(o) > L} ≤ ∥Ψ∥∞ deg(o)2/L, by Lemma 17.2 we have

E
[ 1

n ∑
u∈[n]

∣∣F− FL
∣∣([Gn, u])

]
≤ ∥Ψ∥∞

L
E[deg(V1)

2] ≤ (p + p2)∥Ψ∥∞

L
,
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where V1 is uniform on [n]. In the same way, since the number N of children of o satisfies
EN2 = p + p2, we have E|F− FL|(T ) ≤ (p + p2)∥Ψ∥∞/L. Letting L → ∞ and using
Markov’s inequality for the first error term, we conclude from (17.10) that

1
n ∑

(u,w)∈E⃗(gc)

Ψ([Gn, u→ w]) −→ E
[
F(T )1S

]
(17.11)

in probability.
We now compute the right side of (17.11) using the Mecke formula. The children j

of o, together with the marks hoj and the marked forward subtrees Tj, form a Poisson
process Π = ∑j δMj , Mj = (hoj, Tj), whose intensity is p times the product of the law of
w/
√

p and the law of the marked PGW(p) tree. For each j, the rooted tree T o→j and
the indicator 1S are measurable functions of (Mj, Π− δMj): the tree T o→j is obtained by
joining the root of the tree with root o and child process Π− δMj to the root of Tj by an
edge with mark hoj, and T is infinite if and only if one of these two trees is infinite. By
the Mecke formula of Lemma 4.4, applied to the positive and negative parts of the real
and imaginary parts of Ψ (each side is finite, since |F(T )| ≤ ∥Ψ∥∞N and EN = p), we
have

E
[
F(T )1S

]
= E ∑

j
Ψ(T o→j)1S = p E

[
Ψ(E)1{T− or T+ is infinite}

]
.

Indeed, on the right side of the Mecke formula the residual process is an indepen-
dent copy of Π, which means that the tree with root o− built from it is a marked
PGW(p) tree T−, and the added point (h, T+) is independent of it with the law
of (w/

√
p, marked PGW(p) tree). Taking Ψ ≡ 1 in (17.11), we obtain |E⃗(gc)|/n →

p P(T− or T+ is infinite) = p(1− (1− ϱp)2), which is positive. Dividing (17.11) by this
limit proves the second claim of (ii). The last claim follows by taking expectations, since
the left side of the second display in (ii) is the conditional expectation of Ψ at a uniformly
chosen oriented edge of gc, given the marked graph.

Proof of (iii). By Lemma 17.8(ii), the function x 7→ ϕ((Gab(x, zl))a,b,l) is admissible for
every bounded continuous ϕ. By the paragraph after Definition 17.4, its value at [Gn, V]

is ϕ applied to the array in (iii). Since P∞,⊗k is absolutely continuous with respect to the
law of k independent unconditioned trees, F∞

k ∈ G esa
k almost surely, and Lemma 17.6(ii)

identifies Gab(F
∞
k , zl) with δabG(a)

oo (zl). The convergence in distribution then follows from
part (i) and the bounded convergence theorem, and the convergence of the average over
gc follows from part (i) with k = 1.

Proof of (iv). Fix z ∈ H. By (17.2), the Stieltjes transform of ν
gc
n is N−1

n ∑v∈gc⟨δv, (Hgc
n −

z)−1δv⟩. We apply part (iii) with m = 1 and ϕ(ζ) = ζ min{1, (| Im z| |ζ|)−1}, which
is bounded, continuous, and equal to ζ for |ζ| ≤ | Im z|−1. Since all resolvent entries
involved are bounded by | Im z|−1, we find that the Stieltjes transform of ν

gc
n at z converges
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in probability to E∞Goo(z), the Stieltjes transform of ν∞
p . Applying Lemma 17.3(ii) with

D = {z ∈H : Re z, Im z ∈ Q} completes the proof.

Proof of (v). By Lemma 17.8(iii), the function x 7→ ϕ((µx,a(Il))a,l) is admissible for every
bounded continuous ϕ, and by the paragraph after Definition 17.4 its value at [Gn, V]

is ϕ((µn,Va(Il))a,l). As in the proof of (iii), Lemma 17.6(ii) identifies µF∞
k ,a with the root

spectral measure of the a-th tree of F∞
k , almost surely. The claims follow from part (i)

with k, 1 and 2 roots.

17.4 The density of states

In this section, we prove the following two-sided bound for the averaged root spectral
measure ν∞

p of (17.3).

Proposition 17.14. Fix p > 1 and a compact set J ⊂ R \ {0}. There exist constants 0 < cp,J ≤
Cp,J < ∞, depending only on p and J, such that

cp,J |I| ≤ ν∞
p (I) ≤ Cp,J |I| and νp(I) ≤ Cp,J |I| (17.12)

for every interval I ⊂ J. The restriction of ν∞
p to J is absolutely continuous, with a density ρ∞

p
satisfying cp,J ≤ ρ∞

p ≤ Cp,J Lebesgue-almost everywhere on J. Further, for every E ∈ R \ {0},
we have νp({E}) = ν∞

p ({E}) = 0; in particular, µo({E}) = 0 almost surely under both P and
P∞.

We write ρ∞
p for a density of ν∞

p on R \ {0}; by Proposition 17.14, it is unique up to
null sets and bounded above and below by positive constants on every compact subset of
R \ {0}.

The upper bound

The upper bound uses an auxiliary bipartite random graph, model (b) of Section 17.2.
Its local limit is again the marked PGW(p) tree, and its squared operator is a sum of
rank-one projections with independent Gamma-distributed weights. We begin with a
spectral averaging estimate for rank-one perturbations of matrices; compare [123] and
[13].

Lemma 17.15. Let L be a Hermitian m × m matrix and v ∈ Cm a unit vector. For u ∈ R,
let µu be the spectral measure of v for L + u|v⟩⟨v|. Then for every bounded Borel function
g : R→ [0, ∞) and every interval B ⊂ R,∫

R
g(u) µu(B)du ≤ ∥g∥∞|B|.



17 The giant component 17.4 The density of states 360

Proof. For ζ ∈H, let F(ζ) = ⟨v, (L− ζ)−1v⟩ and Fu(ζ) = ⟨v, (L + u|v⟩⟨v| − ζ)−1v⟩. Then
Im F(ζ) = Im ζ ∥(L− ζ)−1v∥2 > 0, and the resolvent identity gives the Aronszajn–Krein
formula Fu = F/(1 + uF) [123]. Writing F = α + iβ with β > 0, we have Im Fu =

β/|1 + uF|2 and∫
R

Im Fu(ζ)du =
∫

R

β du
(α2 + β2)u2 + 2αu + 1

=
2πβ√

4(α2 + β2)− 4α2
= π.

Let B be an open interval and let f be continuous with compact support in B and 0 ≤
f ≤ 1. Since π−1 Im Fu(E + iε) is the convolution of µu with the Poisson kernel Pε(x) =
ε/(π(x2 + ε2)), and Pε ∗ f → f uniformly, we have

∫
f dµu = limε↓0

∫
f (E)π−1 Im Fu(E +

iε)dE for every u. By Fatou’s lemma and Tonelli’s theorem,∫
g(u)

∫
f dµu du ≤ lim inf

ε↓0

∫
f (E)

1
π

∫
g(u) Im Fu(E + iε)du dE

≤ ∥g∥∞

∫
f (E)dE ≤ ∥g∥∞|B|.

Letting f increase to 1B and using monotone convergence proves the claim for open
intervals. A general interval B is contained in open intervals of length |B|+ η for every
η > 0.

Let Hbip
n be the 2n× 2n matrix of model (b), with the vertices [n]× {0} listed first.

Then

Hbip
n =

(
0 A∗n

An 0

)
,

where An is the n × n matrix with An(j, i) = h(j,1),(i,0) if {(i, 0), (j, 1)} is an edge and
An(j, i) = 0 otherwise. For y ∈ [n], let ay = A∗nδy ∈ Cn be the conjugate of the y-th row of
An, let dy be the degree of (y, 1), and let Uy = ∥ay∥2. If dy ≥ 1, set vy = ay/

√
Uy. Then

Kn = A∗n An = ∑
y∈[n]: dy≥1

Uy|vy⟩⟨vy|. (17.13)

Lemma 17.16. Let 0 < α− < α+. For every integer n > p and every interval I ⊂ [α−, α+],

E Tr 1I(Hbip
n ) ≤

2
√

p α+√
2π α2

−
n|I|.

Proof. We first record the conditional law of the rows. Conditionally on the graph, the
rows of An are independent, since they involve disjoint sets of marks. If dy = d ≥ 1, the
nonzero entries of ay are d independent copies of w/

√
p (up to conjugation, which does

not change their law). The law of this vector in Cd has density (p/π)de−p∥ζ∥2
, which

is invariant under unitary maps. Then its direction vy is uniform on the unit sphere
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of the coordinate subspace, independent of Uy, and Uy = p−1 ∑d
j=1 |wj|2 is a sum of d

independent exponential variables with rate p, with density

fd,p(u) =
pd

Γ(d)
ud−1e−pu1{u>0}.

We conclude that, conditionally on the graph and on all directions (vy)y:dy≥1, the squared
row norms (Uy)y:dy≥1 are independent, and Uy has density fdy,p. This is the finite-volume
analogue of Proposition 3.23.

Next, we reduce to the square block. Let E > 0. If Hbip
n (φ, χ) = E(φ, χ), then A∗nχ =

Eφ and An φ = Eχ, which gives Kn φ = E2φ; further, φ ̸= 0 unless χ = 0. Conversely, if
Kn φ = E2φ, then (φ, E−1An φ) is an eigenvector of Hbip

n with eigenvalue E. This shows
that (φ, χ) 7→ φ is a linear bijection from ker(Hbip

n − E) onto ker(Kn − E2). Summing
over eigenvalues, we obtain Tr 1I(Hbip

n ) = Tr 1I2(Kn) for every interval I ⊂ (0, ∞), where
I2 = {λ2 : λ ∈ I}.

Set B = I2 ⊂ [α2
−, α2

+]. Since Kn1B(Kn) ≥ α2
−1B(Kn), using (17.13) we obtain

Tr 1B(Kn) ≤ α−2
− Tr

(
Kn1B(Kn)

)
= α−2

− ∑
y: dy≥1

Uy⟨vy, 1B(Kn)vy⟩.

Fix y with dy = d ≥ 1, and let Ly = Kn −Uy|vy⟩⟨vy|. Let Fy be the σ-algebra generated
by the graph, all directions, and (Uy′)y′ ̸=y. Conditionally on Fy, the matrix Ly and the
vector vy are fixed, and Uy has density fd,p. By Lemma 17.15 with g(u) = u fd,p(u), we
have

E
[
Uy⟨vy, 1B(Kn)vy⟩

∣∣ Fy
]
=
∫ ∞

0
u fd,p(u) ⟨vy, 1B(Ly + u|vy⟩⟨vy|)vy⟩du ≤ cd|B|,

where

cd = sup
u>0

u fd,p(u) =
dde−d

Γ(d)
≤
√

d
2π

, d ≥ 1.

The supremum is attained at u = d/p, and the inequality follows from Stirling’s lower
bound Γ(d + 1) ≥

√
2πd (d/e)d. We set c0 = 0; with this convention, the rows with

dy = 0, which have Uy = 0 and do not appear in (17.13), contribute cdy = 0. Taking
expectations and using that dy is binomial with parameters n and p/n, we obtain

E Tr 1B(Kn) ≤ α−2
− |B|

n

∑
y=1

Ecdy ≤
|B|√
2π α2

−

n

∑
y=1

E

√
dy ≤

√
p |B|

√
2π α2

−
n,

where in the last inequality we used Jensen’s inequality and Edy = p. Finally, if I has
endpoints α ≤ β, then |B| = (β + α)(β− α) ≤ 2α+|I|.

Lemma 17.17. Let J = [E−, E+] ⊂ (0, ∞) with E− > 0, and set CJ = 4(2π)−1/2√p (E+ +

1)E−2
− . For every interval I ⊂ J, we have νp(I) ≤ CJ |I| and ν∞

p (I) ≤ ϱ−1
p CJ |I|.
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Proof. Let V be uniform on the 2n vertices of model (b), independent of the marked
graph, and let mn = E

[
(2n)−1 ∑v µ

bip
n,v
]
, where µ

bip
n,v is the spectral measure of δv for Hbip

n .

Then mn is a deterministic probability measure with mn(I) = (2n)−1E Tr 1I(Hbip
n ), and

its Stieltjes transform at z ∈ H is EG11([Gn, V], z), in the notation of Definition 17.4. By
Lemma 17.8(ii) (applied with a bounded continuous ϕ that equals the identity on the
disc of radius (Im z)−1) and Lemma 17.9 for model (b), this converges to EG11(F1, z) =
EGoo(z), which is the Stieltjes transform of νp. By Lemma 17.3(i), mn → νp weakly.

Let J′ = [E−/2, E+ + 1]. For an open interval O ⊂ J′, Lemma 17.16 with α− = E−/2
and α+ = E+ + 1 implies that mn(O) ≤ CJ |O|, and by the portmanteau theorem, νp(O) ≤
lim infn mn(O) ≤ CJ |O|. If I ⊂ J has endpoints α ≤ β and 0 < η ≤ min{1, E−/2}, then
I ⊂ (α− η, β + η) ⊂ J′ and νp(I) ≤ CJ(|I|+ 2η). Letting η ↓ 0 proves the first bound. By
Lemma 4.5, E∞Z = ϱ−1

p E[Z1S ] ≤ ϱ−1
p EZ for every nonnegative random variable Z; with

Z = µo(I), this gives the second bound.

The lower bound

For the lower bound, we work directly on the tree. We use the following consequence of
the parity symmetry. By Proposition 3.21(i), almost surely, the spectral measure µo of δo

for H is symmetric under λ 7→ −λ. The same holds for the spectral measure of δv for the
forward subtree operator Hv, for every vertex v, since V(Tv) is a component of the finite
removal that deletes the edge {v−, v}. Let κo be the image of µo under λ 7→ λ2, and let
Fo = sκo be its Stieltjes transform. Then for every interval I ⊂ (0, ∞), since I ∪ (−I) is the
preimage of I2 = {λ2 : λ ∈ I} under λ 7→ λ2,

µo(I) = 1
2

(
µo(I) + µo(−I)

)
= 1

2 κo(I2). (17.14)

Let Q = {z ∈ C : Re z > 0, Im z > 0} be the open first quadrant, so that z2 ∈ H for
z ∈ Q. For z ∈ Q, we have

Goo(z) =
∫

(λ + z) µo(dλ)

λ2 − z2 = z
∫

µo(dλ)

λ2 − z2 = zFo(z2), (17.15)

where the term
∫

λ µo(dλ)/(λ2 − z2) vanishes by symmetry (the integrand is bounded,
since |λ2 − z2| ≥ Im z2 > 0 and |λ|/|λ2 − z2| → 0 as |λ| → ∞). By Proposition 3.23(v), κo

is the spectral measure of δo for A∗A, and the formula (17.16) below describes the effect
of a pendant leaf as a rank-one perturbation of A∗A. We do not need this interpretation:
the proof below only uses the Schur formula of Proposition 3.16 and (17.15).

Lemma 17.18. Let J = [E−, E+] ⊂ (0, ∞) with E− > 0. There exists cJ > 0, depending only
on p and J, such that ν∞

p (I) ≥ cJ |I| for every interval I ⊂ J.

Proof. We find a configuration at the root, of positive probability, on which Fo(λ + iε) is
an explicit function of the weight t of a leaf edge. Averaging over t produces a Poisson
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kernel, which gives a lower bound on E∞ Im Fo(λ + iε) uniformly in λ ∈ [E2
−, E2

+] and
small ε > 0. We then let ε ↓ 0 and use (17.14).

Step 1. The configuration. Let E be the event that the root o has exactly two children, one
of which has no children while the forward tree of the other is infinite. On E , we call
these children ℓ and y, respectively, and set t = |hoℓ|2 and t0 = |hoy|2. Conditionally on
{N = 2}, the pairs (hoj, Tj), j = 1, 2, consisting of the edge mark and the marked forward
tree of the j-th child, are independent, with hoj distributed as w/

√
p and Tj a marked

PGW(p) tree. The event E ∩ {N = 2} = E is the disjoint union of {|T1| = 1, |T2| = ∞}
and {|T2| = 1, |T1| = ∞}, so

P(E) = P(N = 2) · 2e−pϱp = p2e−2pϱp.

Further, conditionally on E , the variables t, t0 and the marked forward tree Ty are
independent; t and t0 have density pe−ps1{s>0}, since |w|2 is exponential with mean one;
and Ty has law P∞. Since E ⊂ S , by Lemma 4.5 we have E∞[Z1E ] = ϱ−1

p E[Z1E ] for
nonnegative Z.

Step 2. The Schur formula on E . On E , the forward tree of ℓ is a single vertex, whose
operator is zero, and we have Γℓ(z) = −1/z. By Proposition 3.16, for z ∈ Q,

Goo(z) = −
(

z + t0Γy(z)−
t
z

)−1
=

z
t− q(z)

, q(z) = z2 + zt0Γy(z).

Combining this with (17.15), we obtain

Fo(z2) =
1

t− q(z)
on E , for z ∈ Q. (17.16)

We claim that Im q(z) ≥ Im z2 > 0 for z ∈ Q. Let my be the spectral measure of δy for Hy,
which is symmetric. As in (17.15), we have

zΓy(z) =
∫ z2 my(dλ)

λ2 − z2 = −1 +
∫ λ2 my(dλ)

λ2 − z2 ,

and Im[λ2/(λ2 − z2)] = λ2 Im z2/|λ2 − z2|2 ≥ 0. This implies that Im(zt0Γy(z)) ≥ 0,
which proves the claim. Note that q(z) is a function of t0 and of the marked tree Ty only.

Step 3. A Poisson kernel bound. Let Λ = [E2
−, E2

+] and δ = E2
−/4. For q ∈ H, let Pq(s) =

π−1 Im q/((s−Re q)2 + (Im q)2) be the Poisson kernel. We claim that if dist(Re q, Λ) ≤ δ

and 0 < Im q ≤ δ, then∫ ∞

0
pe−psPq(s)ds ≥ c∗, c∗ =

p
2

e−p(E2
++2δ). (17.17)
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Indeed, the interval [Re q− Im q, Re q+ Im q] is contained in [E2
−− 2δ, E2

+ + 2δ] ⊂ (0, E2
+ +

2δ], where pe−ps ≥ pe−p(E2
++2δ), and

∫ Re q+Im q
Re q−Im q Pq(s)ds = π−1(arctan 1− arctan(−1)) =

1/2.

Step 4. Choice of parameters. We choose, in this order, ε0, M and τ. For λ ∈ Λ and ε > 0,
let z(λ, ε) ∈ Q be the square root of λ + iε in the first quadrant. Then

E− ≤
√

λ ≤ Re z ≤ |z| = (λ2 + ε2)1/4 ≤
√

λ + ε ≤
√

λ +
ε

2E−
, Im z =

ε

2 Re z
≤ ε

2E−
,

where the first inequality for Re z uses Re z = ((|λ + iε| + λ)/2)1/2. Set ε0 =

min{1, 2E−, δ/2} and J+ = [E−, E+ + 1]. Then for all λ ∈ Λ and 0 < ε ≤ ε0, the
point z = z(λ, ε) satisfies

Re z ∈ J+, 0 < Im z ≤ 1, |z| ≤ E+ + 1. (17.18)

By Lemma 5.17 with r = 1/2 and the compact interval J+, there exists C1 = C(p, J+, 1/2)
with E∞|Γo(z)|1/2 ≤ C1 for all z with Re z ∈ J+ and 0 < Im z ≤ 1. (This bound follows
from the cavity equation of Proposition 3.16 and Lemma 4.18, since the constant term z
has modulus at least E−.) Set M = 16C2

1 . By Markov’s inequality, P∞(|Γo(z)| > M) ≤
C1M−1/2 = 1/4 for all such z. Finally, set τ = δ/(2(E+ + 1)M).

Step 5. Lower bound for the averaged transform. Let λ ∈ Λ, 0 < ε ≤ ε0, ζ = λ + iε and
z = z(λ, ε), so that z2 = ζ. On the event E ∩ {t0 ≤ τ} ∩ {|Γy(z)| ≤ M}, (17.18) gives

|q(z)− λ| ≤ |z2 − λ|+ |z| t0 |Γy(z)| ≤ ε + (E+ + 1)τM ≤ δ

2
+

δ

2
= δ,

so that dist(Re q(z), Λ) ≤ δ and, by Step 2, 0 < Im q(z) ≤ δ. By (17.16), on E we have
π−1 Im Fo(ζ) = π−1 Im q/|t− q|2 = Pq(z)(t). Since Im Fo ≥ 0 everywhere, Step 1 gives

1
π

E∞ Im Fo(ζ) ≥ ϱ−1
p E

[
1E1{t0 ≤ τ}1{|Γy(z)| ≤ M}Pq(z)(t)

]
.

Conditionally on E , the variable t is independent of (t0, Ty) and has density pe−ps, while
q(z) is a function of (t0, Ty). Integrating first over t and using (17.17), then using the
independence of t0 and Ty given E , we obtain

1
π

E∞ Im Fo(λ + iε) ≥ ϱ−1
p c∗P(E)P(t0 ≤ τ | E)P∞(|Γo(z)| ≤ M

)
≥ 3

4
c∗ p2e−2p(1− e−pτ) = c1.

(17.19)

In the second inequality, we used that Γy(z) is the root resolvent of Ty, which has law P∞

given E , and Step 4. The constant c1 > 0 depends only on p and J, and (17.19) holds for
all λ ∈ Λ and 0 < ε ≤ ε0.
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Step 6. From the transform to the measure. Let κ̄ = E∞κo, and let f ≥ 0 be continuous
with compact support in (E2

−, E2
+). For every sample,

∫
f (λ)π−1 Im Fo(λ + iε)dλ =∫

(Piε ∗ f )dκo, which converges to
∫

f dκo as ε ↓ 0 and is bounded by ∥ f ∥∞. By dominated
convergence, Tonelli’s theorem and (17.19), we have∫

f dκ̄ = lim
ε↓0

∫
f (λ)

1
π

E∞ Im Fo(λ + iε)dλ ≥ c1

∫
f (λ)dλ.

Approximating the indicator of an open interval O ⊂ (E2
−, E2

+) from below by such
functions, we obtain κ̄(O) ≥ c1|O|.

Step 7. Conclusion. Let I ⊂ J be an interval with endpoints α < β. Then I2 ⊃ (α2, β2),
and (17.14) and Step 6 give

ν∞
p (I) = 1

2 E∞κo(I2) ≥ 1
2 κ̄
(
(α2, β2)

)
≥ c1

2 (β + α)(β− α) ≥ c1E−|I|.

This proves the lemma with cJ = c1E−; the case of a degenerate interval is trivial.

Proof of Proposition 17.14. Since J is compact and does not contain 0, there exist 0 < E− ≤
E+ such that J ⊂ [−E+,−E−] ∪ [E−, E+], and every interval I ⊂ J lies in one of these two
intervals. For I ⊂ [E−, E+], the bounds (17.12) follow from Lemmas 17.17 and 17.18, with
Cp,J = ϱ−1

p C[E−,E+] and cp,J = min{c[E−,E+], Cp,J}. Since µo is almost surely symmetric (see
the beginning of this subsection), νp and ν∞

p are symmetric, which gives the same bounds
for I ⊂ [−E+,−E−].

The upper bound implies that ν∞
p (B) ≤ Cp,J |B| for every Borel set B ⊂ [E−, E+]: for

η > 0, the set B is covered by countably many intervals of total length at most |B|+ η,
and their intersections with [E−, E+] are intervals. It follows that the restriction of ν∞

p to
[E−, E+] is absolutely continuous with a density at most Cp,J almost everywhere. By the
Lebesgue differentiation theorem, for almost every E ∈ (E−, E+) the density at E is the
limit of ν∞

p ((E− h, E + h))/(2h) as h ↓ 0, which is at least cp,J by the lower bound. The
same holds on [−E+,−E−].

Finally, let E ̸= 0, and apply (17.12) to a compact interval around E not containing 0
and to I = {E}. This gives νp({E}) = ν∞

p ({E}) = 0, that is, Eµo({E}) = E∞µo({E}) =
0.

17.5 Eigenvalue counts and the transfer of phases

Eigenvalue counts

Lemma 17.19. Let mn be random probability measures on R that converge weakly in probability
to a deterministic probability measure m.

(i) For every interval I whose endpoints are not atoms of m, we have mn(I) → m(I) in
probability.
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(ii) If m has no atoms in a compact interval [a, b], then supI |mn(I)−m(I)| → 0 in probability,
where the supremum is over all intervals I ⊂ [a, b].

Proof. For (i), first suppose that I is bounded, with endpoints α ≤ β, and let r > 0. Let f+
be continuous with 1[α,β] ≤ f+ ≤ 1(α−r,β+r), and let f− be continuous with 1[α+r,β−r] ≤
f− ≤ 1(α,β) (with f− = 0 if β − α ≤ 2r). Then f− ≤ 1I ≤ f+, and

∫
( f+ − f−)dm ≤

m((α− r, α+ r)) +m((β− r, β+ r)), which tends to m({α}) +m({β}) = 0 as r ↓ 0. Given
η > 0, we choose r such that

∫
( f+ − f−)dm ≤ η. Since

∫
f− dmn ≤ mn(I) ≤

∫
f+ dmn

and
∫

f− dm ≤ m(I) ≤
∫

f+ dm, we obtain

P
(
|mn(I)−m(I)| > 2η

)
≤∑
±

P
(∣∣∣∫ f± dmn −

∫
f± dm

∣∣∣ > η
)
−→ 0.

For a half-line, choose continuous upper and lower cutoffs only at its finite endpoint;
their difference is supported in its r-neighborhood, so the same argument applies. The
cases I = R and I = ∅ are immediate.

For (ii), if a = b, every nonempty interval I ⊂ [a, b] is {a}, and part (i) gives mn({a})→
m({a}) = 0 in probability. Hence assume a < b, and fix η > 0. Since m has no atoms
in [a, b] and has countably many atoms, there exist points x0 < a < x1 < · · · < xL = b
that are not atoms of m such that m((xj−1, xj]) ≤ η for all j. By part (i), with probability
tending to one we have |mn((x0, xj])−m((x0, xj])| ≤ η for all j ≤ L. On this event, let
I ⊂ [a, b] be an interval, and let I− and I+ be the unions of the intervals (xj−1, xj] that
are contained in I and that meet I, respectively. Both are of the form (xi, xj] (or empty),
which gives |mn(I±)− m(I±)| ≤ 2η, and m(I+ \ I−) ≤ 2η since I+ \ I− consists of at
most two of the intervals (xj−1, xj]. Using I− ⊂ I ⊂ I+, we obtain

m(I)− 4η ≤ m(I−)− 2η ≤ mn(I−) ≤ mn(I) ≤ mn(I+) ≤ m(I+) + 2η ≤ m(I) + 4η.

This proves (ii).

Proposition 17.20. Fix p > 1 and a compact set J ⊂ R \ {0}, and let cp,J , Cp,J and ρ∞
p be as in

Proposition 17.14.

(i) For every interval I ⊂ J, we have N−1
n Tr 1I(Hgc

n )→ ν∞
p (I) in probability. If J is an interval,

the convergence is uniform over intervals I ⊂ J, in probability.
(ii) Let E ̸= 0 be a Lebesgue point of ρ∞

p . Then for every δ > 0,

lim
h↓0

lim sup
n→∞

P
(∣∣∣ 1

2hNn
Tr 1Ih(E)(Hgc

n )− ρ∞
p (E)

∣∣∣ > δ
)
= 0.

(iii) For every nondegenerate interval I ⊂ J,

P
(

1
2 cp,J Nn|I| ≤ Tr 1I(Hgc

n ) ≤ 2Cp,J Nn|I|
)
−→ 1.



17 The giant component 17.5 Eigenvalue counts and the transfer of phases 367

Proof. By (17.2), N−1
n Tr 1I(Hgc

n ) = ν
gc
n (I). By Proposition 17.13(iv), ν

gc
n → ν∞

p weakly in
probability, and by Proposition 17.14, ν∞

p has no atoms in R \ {0}. Part (i) now follows
from Lemma 17.19. For (ii), let h0 > 0 be such that [E− h0, E + h0] ⊂ R \ {0}, and let
0 < h ≤ h0. By (i), (2h)−1ν

gc
n (Ih(E)) → (2h)−1ν∞

p (Ih(E)) in probability as n → ∞. Since
E is a Lebesgue point of ρ∞

p , we have (2h)−1ν∞
p (Ih(E)) → ρ∞

p (E) as h ↓ 0. For h small
enough that |(2h)−1ν∞

p (Ih(E))− ρ∞
p (E)| < δ/2, we conclude that the probability in (ii)

tends to zero as n → ∞. For (iii), Proposition 17.14 gives cp,J |I| ≤ ν∞
p (I) ≤ Cp,J |I| with

|I| > 0, and (i) implies that ν
gc
n (I) lies in [ν∞

p (I)/2, 2ν∞
p (I)] with probability tending to

one.

Deficits

Recall the normalized local masses PI,n(v) and the deficit DI,n(R) of Definition 1.3, and
that Ih(E) = (E− h, E + h]. We define their limiting counterparts as follows.

Definition 17.21. For an interval I with ν∞
p (I) > 0 and R ∈ [0, ∞), the tree deficit is

D∞
I (R) = 1−E∞ min

{ µo(I)
ν∞

p (I)
, R
}

.

By Proposition 17.14, ν∞
p (I) > 0 for every nondegenerate interval I whose closure

does not contain 0.

Proposition 17.22. Fix p > 1.

(i) For every nondegenerate interval I whose closure is contained in R \ {0} and every R ∈
[0, ∞), we have DI,n(R)→ D∞

I (R) in probability.
(ii) Let U ⊂ R \ {0} be open, and suppose that, P∞-almost surely, the restriction of µo to

U is absolutely continuous. Then for Lebesgue-almost every E ∈ U, the limit dE(R) =

limh↓0D∞
Ih(E)(R) exists for every R, limR→∞ dE(R) = 0, and the giant component is

uniformly integrable delocalized at E.
(iii) Let U ⊂ R \ {0} be open, and suppose that, P∞-almost surely, the restriction of µo to U

is singular with respect to Lebesgue measure (for instance, pure point). Then for Lebesgue-
almost every E ∈ U and every R ∈ [0, ∞), we have limh↓0D∞

Ih(E)(R) = 1, and the giant
component is spectrally condensed at E.

Proof. Proof of (i). Set m̄ = ν∞
p (I), which is positive by Proposition 17.14. For v ∈ gc, write

Xn,v = µn,v(I) ∈ [0, 1], and let X̄n = N−1
n ∑v∈gc Xn,v = µ̄n(I). Since the endpoints of I are

nonzero, Proposition 17.14 implies that they are not atoms of νp, and Proposition 17.13(v)
applies to I: for every bounded continuous ψ : [0, 1]→ R,

1
Nn

∑
v∈gc

ψ(Xn,v) −→ E∞ψ
(
µo(I)

)
(17.20)
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in probability. With ψ(x) = x, we find X̄n → m̄ in probability. On the event {|X̄n −
m̄| ≤ m̄/2}, whose probability tends to one, we have X̄n > 0 and DI,n(R) = 1 −
N−1

n ∑v∈gc min{Xn,v/X̄n, R}, and for x ∈ [0, 1],∣∣∣min
{ x

X̄n
, R
}
−min

{ x
m̄

, R
}∣∣∣ ≤ x

∣∣∣ 1
X̄n
− 1

m̄

∣∣∣ ≤ 2|X̄n − m̄|
m̄2 .

Averaging over v ∈ gc, we find that |DI,n(R)− 1 + N−1
n ∑v∈gc min{Xn,v/m̄, R}| ≤ 2|X̄n −

m̄|/m̄2 on this event. Applying (17.20) with ψ(x) = min{x/m̄, R}, we conclude that
DI,n(R)→ 1−E∞ min{µo(I)/m̄, R} = D∞

I (R) in probability.

Differentiation of the root measure. For the remaining parts, we use the Lebesgue differ-
entiation theorem in the following form [118, Chapter 7]: if m is a locally finite Borel
measure on an open set U ⊂ R, with Lebesgue decomposition m = f dλ + ms, then
m((E− h, E + h))/(2h) → f (E) as h ↓ 0 for Lebesgue-almost every E ∈ U. The same
holds with Ih(E) in place of (E− h, E + h), since (E− h, E + h) ⊂ Ih(E) ⊂ (E− h′, E + h′)
for h′ > h; taking h′ = (1 + θ)h and then θ ↓ 0 gives the claim.

For E ∈ R and h > 0, set

Ah(E) =
µo(Ih(E))

2h
, bh(E) = E∞ Ah(E) =

ν∞
p (Ih(E))

2h
.

For fixed h, the map (ω, E) 7→ Ah(E) is jointly measurable, since c 7→ µo((−∞, c]) is
right-continuous and measurable in ω for each c. Since h 7→ µo(Ih(E)) is nondecreasing
for fixed E, we have (h1/h)Ah1(E) ≤ Ah(E) ≤ (h2/h)Ah2(E) for h1 < h < h2. Then the
upper and lower limits of Ah(E) as h ↓ 0 coincide with those along positive rationals, and
they are jointly measurable functions of (ω, E); we denote them by A+(E) and A−(E).

By Proposition 17.14, ν∞
p is absolutely continuous on U with density ρ∞

p , and ρ∞
p is

bounded below by a positive constant on every compact subset of U. Then there exists a
Lebesgue-null set N0 ⊂ U such that for E ∈ U \ N0,

bh(E) −→ ρ∞
p (E) ∈ (0, ∞) (h ↓ 0). (17.21)

Proof of (ii). Since, for P∞-almost every sample, µo restricted to U is absolutely continuous,
the differentiation theorem implies that A−(E) = A+(E) < ∞ for Lebesgue-almost every
E ∈ U. Then ρo = A+1{A+ < ∞}, which is jointly measurable, is a density of µo on U.
The set of (ω, E) with E ∈ U and A−(E) ̸= A+(E) or A+(E) = ∞ is jointly measurable,
and its sections at fixed ω are Lebesgue-null for P∞-almost every ω. By Tonelli’s theorem,
its sections at fixed E are P∞-null for E outside a Lebesgue-null set N1. Further, by
Tonelli’s theorem we have ν∞

p (B) = E∞
∫

B ρo =
∫

B E∞ρo for Borel B ⊂ U, and we obtain
E∞ρo(E) = ρ∞

p (E) for E outside a Lebesgue-null set N2.
Fix E ∈ U \ (N0 ∪N1 ∪N2) and a sequence hj ↓ 0. Then Ahj(E) ≥ 0, Ahj(E)→ ρo(E)

P∞-almost surely, and E∞ Ahj(E) = bhj(E) → ρ∞
p (E) = E∞ρo(E) < ∞. By Scheffé’s
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lemma, Ahj(E)→ ρo(E) in L1(P∞). Indeed, E∞|Ahj(E)− ρo(E)| = E∞[Ahj(E)− ρo(E)] +
2E∞(ρo(E)− Ahj(E))+; the first term tends to zero, and so does the second, by dominated
convergence with the integrable dominating function ρo(E). Since the sequence was
arbitrary, this holds as h ↓ 0. Set

Zh =
µo(Ih(E))
ν∞

p (Ih(E))
=

Ah(E)
bh(E)

, ZE =
ρo(E)
ρ∞

p (E)
.

Then

E∞|Zh − ZE| ≤
E∞|Ah(E)− ρo(E)|

bh(E)
+ E∞ρo(E)

∣∣∣ 1
bh(E)

− 1
ρ∞

p (E)

∣∣∣ −→ 0,

by (17.21). Since x 7→ min{x, R} is 1-Lipschitz, we obtain

D∞
Ih(E)(R) = 1−E∞ min{Zh, R} −→ 1−E∞ min{ZE, R} = dE(R) (h ↓ 0).

Since E∞ZE = 1, monotone convergence gives E∞ min{ZE, R} ↑ 1, that is, dE(R) ↓ 0 as
R→ ∞.

It remains to deduce uniformly integrable delocalization at E. Fix δ > 0, and choose
R0 with dE(R0) < δ. Let R ≥ R0, so that dE(R) < δ. For all sufficiently small
h > 0, we have D∞

Ih(E)(R) < δ and the closure of Ih(E) is contained in R \ {0}. For
such h, part (i) implies that P(DIh(E),n(R) > δ) → 0 as n → ∞. We conclude that
lim suph↓0 lim supn→∞ P(DIh(E),n(R) > δ) = 0 for every R ≥ R0, and in particular the
limit as R → ∞ is zero. This is uniformly integrable delocalization at E in the sense of
Definition 1.3.

Proof of (iii). Since, for P∞-almost every sample, µo restricted to U is singular, the differ-
entiation theorem implies that A+(E) = 0 for Lebesgue-almost every E ∈ U. As in the
proof of (ii), Tonelli’s theorem gives a Lebesgue-null set N ′1 such that for E ∈ U \ N ′1, we
have Ah(E) → 0 as h ↓ 0, P∞-almost surely. Fix E ∈ U \ (N0 ∪N ′1) and R ∈ [0, ∞). By
(17.21), Zh = Ah(E)/bh(E) → 0 almost surely, and 0 ≤ min{Zh, R} ≤ R. By dominated
convergence, E∞ min{Zh, R} → 0, that is, D∞

Ih(E)(R)→ 1.
Now fix δ > 0. For all sufficiently small h > 0, we have D∞

Ih(E)(R) > 1 − δ and
the closure of Ih(E) is contained in R \ {0}, and part (i) implies that P(DIh(E),n(R) >

1− δ) → 1 as n → ∞. This shows that limh↓0 lim infn→∞ P(DIh(E),n(R) > 1− δ) = 1.
Since R and δ were arbitrary, the giant component is spectrally condensed at E.

In both (ii) and (iii), the limit n→ ∞ is taken first, at fixed h and R, then h ↓ 0, and in
(ii) finally R→ ∞; this is the order in Definition 1.3.
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Proof of Theorem 1.4

Proof of Theorem 1.4. For part (i), let p > 1 and let J ⊂ R \ {0} be compact. By Propo-
sition 17.20(iii), the conclusion holds with the constants cp,J/2 and 2Cp,J from Proposi-
tion 17.14.

For part (ii), let p ≥ p0, and set Uac = (−Ec(p), 0) ∪ (0, Ec(p)) and Upp =

(−∞,−Ec(p)) ∪ (Ec(p), ∞), which are open subsets of R \ {0}. By Theorem 1.1, P∞-
almost surely, H is purely absolutely continuous on Uac. This means that the spectral
measure of every vector, restricted to Uac, is absolutely continuous; in particular, so is
the restriction of µo. By Proposition 17.22(ii), the giant component is uniformly inte-
grable delocalized at Lebesgue-almost every E ∈ Uac. Again by Theorem 1.1, P∞-almost
surely, H has pure point spectrum on Upp. In particular, the restriction of µo to Upp is a
countable sum of point masses, which is singular with respect to Lebesgue measure. By
Proposition 17.22(iii), the giant component is spectrally condensed at Lebesgue-almost
every E ∈ Upp.

Remark 17.23. The restriction to the giant component in Theorem 1.4 cannot be removed.
For every p > 1, the graph Gn has linearly many finite components, and these support
localized eigenvectors in every interval of nonzero energies. For instance, fix a compact
interval I ⊂ (0, ∞) with nonempty interior, and let Xn(I) be the number of components
of Gn that consist of a single edge e with |he| ∈ I. The function on G1 equal to 1 if the
component of the root is a single edge e with |he| ∈ I, and 0 otherwise, is continuous at
every point except those whose root component is a single edge e with |he| an endpoint
of I. Since the latter have probability zero under the law of F1, this function is admissible,
and Lemma 17.10 implies that

2Xn(I)
n

−→ P
(
T is a single edge e with |he| ∈ I

)
= p e−2p P

(
|w| ∈ √p I

)
> 0

in probability. Each such component carries an eigenvector of Hn with eigenvalue
|he| ∈ I, supported on the two vertices of e, and these eigenvectors are orthogonal.
Since Tr 1I(Hn) ≤ n, a fraction at least Xn(I)/n of the eigenvalues of Hn in I belongs to
eigenvectors supported on two vertices, and this fraction is bounded below in probability
by a positive constant. This holds for every p > 1, independently of the transition at
Ec(p); by (17.1), these eigenvectors do not affect Hgc

n .
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