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Abstract. In this article we solve the problem of binary regression when the

class conditional probability is a multivariate function of bounded variation.
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Chapter 1

Introduction

Binary Regression is a statistical method that estimates a relationship between
a set of independent random variables and a dependent binary random variable.
The dependency is defined as class conditional probability function. The k-nearest
neighbour method solves the problem when the class conditional probability func-
tion belongs to the class of Lipschitz functions[2] and kernel based methods solve
the problem when the class conditional probability belongs to the kernel space[7].In
this article we give a solution when the class conditional probability belongs to a
wider class of BV functions(in the Vitali sense). In chapter 2 we define a convex
functional, in chapter 3 we define a convex random functional and in chapter 3 we
give solution for binary regression problem.





Chapter 2

Convex functional

0.1. Definitions. Let Hk(Ω) denote the Sobolev Hilbert space of the functions
defined on the set Ω, Tm denote the m - dimensional Torus. Defining a function
on a torus Tm means the function is defined over (0, 1)m and it is periodic with a
period T = (1, 1 . . . 1) ∈ {1}m. Let Zm denote the set containing all the m-tuples
of integers.

Definition 2.1. We define the k-gradient as

(2.1) ∇kf = (
∂kf

∂xk1
,
∂kf

∂xk2
, ...

∂kf

∂xkm
).

We define the functional Cλ as

(2.2) Cλ(f) =
λ2

n

n∑
i=1

(f(pi)− qi)
2 + λ∥∇kf∥2L2(Tm) + ∥f∥2L2(Tm),

where k,m ∈ N, k > m
2 , λ ∈ R+ and f ∈ TPω.

The minimization problem is minimizing the functional defined in Equation 2.2
over the space TPω .

It can be shown that the functional in Equation 2.2 is convex and has a unique
minimizer in the space C0(Tm)∩Hk(Tm), the proof of which is given in Appendix
A of [1]. The space TPω is a linear subspace of C0(Tm) ∩ Hk(Tm) and hence it
follows that the functional has a unique minimizer in the space TPω, the space of
trigonometric polynomials of degree less than or equal to ω.





Chapter 3

Convex Random functional

A random functional could be

• an ensemble of maps acting from a function space to reals.

• a map acting from a space of random processes to reals.

• an ensemble of maps acting from a space of random processes to reals.

For a convex random functional, over a given space of functions, the convexity is
defined on its expected value. The expected value of the functional should satisfy
the Jensen’s inequality. The minimizer is unique, and the minimizer minimizes the
expected value (follows from definition). Here the minimizer is a random process.

Define qi to be binary random variables such that P (qi = 1) = ηi and P (qi =
0) = 1 − ηi. Now the functional defined in Equation 2.2 is a random functional.
We now prove that it is a convex random functional.

Theorem 3.1. The random functional Cλ(f) is convex and has a unique minimizer
in the space TPω.

Proof.
(3.1)

E[Cλ(f)] = E[
λ2

n

n∑
i=1

(f(pi)− qi)
2] + λE[∥∇kf∥2L2(Tm)] + E[∥f∥2L2(Tm)]

=
λ2

n

n∑
i=1

(f(pi)− 1)2ηi +
λ2

n

n∑
i=1

f(pi)
2(1− ηi) + λ∥∇kf∥2L2(Tm) + ∥f∥2L2(Tm)

=
λ2

n

n∑
i=1

(f(pi)− ηi)
2 + ηi(1− ηi) + λ∥∇kf∥2L2(Tm) + ∥f∥2L2(Tm)

the final expression for E{Cλ(f)} in Equation 3.1 is convex and has a unique
minimizer in C0(Tm) ∩Hk(Tm) using theorem in Appendix A of [1] and also due
to ηi > 0 and 1− ηi > 0 for i = 1, 2, ...n. Hence E{Cλ(f)} has unique minimizer in
TPω as TPω is a linear subspace of C0(Tm) ∩Hk(Tm). So the random functional
Cλ(f) has a unique minimizer in the space TPω. □
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To find that we need to derive the Euler Lagrange equation. Given in section
3.1 of [1] is the derivation of E-L equation and we get the random PDE given below

(3.2)

−λ
2

n

n∑
i=1

(qi − u(pi))ϕ(pi) + λ

∫
Tm

∇kϕ(x) · ∇ku(x) dmx+

∫
Tm

ϕ(x)u(x) dmx = 0

∀ϕ ∈ TPω

The PDE is random as qi are random variables. This PDE can be solved in a
similar way as in case of deterministic case as done in Appendix B of [1] to get the
following solution.

(3.3) fλ(x) =

n∑
i=1

ci
n
wλ(x− pi),

where

(3.4) wλ(x) = Pωgλ(x)

(3.5) gλ(x) =
∑
l∈Zm

1

1 + λ∥l∥2k2k
cos (2πl · x).

ccc = [c1, c2, ...cn]
T is given as

(3.6) ccc = (
1

n
Wλ +

1

λ2
I)−1L,

where the matrix Wλ is given as

(3.7) Wλ = [γij(λ)]n×n, γij(λ) = wλ(pi − pj)

and
L = [q1, q2, . . . qn]

T

.

The minimizer fλ is a random process as L is a binary random vector.



Chapter 4

Binary Regression

Let X be a random variable uniformly distributed over (0, 1)m. Let Y be a binary
random variable such that P (Y = 1/X = x) = η(x) and P (Y = 0/X = x) =
1− η(x). Let n samples of X are drawn which are denoted as p1,p2, ...pn.Let the
random variable yi such that the probability P (yi = 1) = η(pi) and P (yi = 0) =
1 − η(pi). η : (0, 1)m → R, η(x) > 0∀x ∈ (0, 1)m is called the class conditional
probability. In this article we consider η to be the class of BV functions in the
Vitali sense.

1. The problem of binary regression

Given n randomly drawn samples pi Estimate η̂n such that

lim
n→∞

∫
Tm

E{(η̂n(x)− η(x))2} dmx = 0

By this estimation, as given in [2] we get closer to the Baye’s classifier and hence
achieve Baye’s error as data grows.

Definition 4.1. Lets define the functional

(4.1) Dn
λ(u) =

λ2

n

n∑
i=1

(u(pi)− yi)
2 + λ∥∇ku∥2L2(Tm) + ∥u∥2L2(Tm),

where k,m ∈ N, k > m
2 , λ ∈ R+ and u ∈ TPω.

As we vary the number of data points n and also ω in our analysis in this section,
we therefore, the functional Dn

λ(u) is denoted as Dn
λ,ω(u) and the minimizer uλ is

denoted as unλ,ω. Note that the suffix n is not a power, but only a notation that the
parameter is associated with the functional defined over the set of n data points.

Define denote discrepancy measure ζn of the point set En = {p1,p2...pn} in
the domain (0, 1)m as

(4.2) ζn = D∗
n({p1,p2...pn})
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The definition of star discrepancy D∗
n is assumed to be as defined in the book [6].

As points grow dense as n→ ∞, from [6], we have the asymptotic

ζn = O(
(lnn)m

n
)

Theorem 4.2. Considering the definitions in 4.1, If we vary the parameter λ with
the number of data points n as λ = ζ−β

n , where β > 0 and vary ω = (ω1, ω2 . . . ωm)
as ωi = κiζ

−α
n , i = 1, 2 . . .m, where κi are a positive constants, and additionally if

the following conditions are assumed

(4.3)

k >
m

2
α > 0

β > 0

0 < α <
2

2k − 1

2 < β <
4k

2k − 1
α

β
<

1

2k − 1

then

(4.4) lim
n→∞

E[∥unλ,ω − η∥L2(Tm)] = lim
n→∞

O(ζr0n ) = 0

Proof. As unλ,ω is the minimizer of the functional Dn
λ,ω(f) in TPω, we have

(4.5) E[Dn
λ,ω(u

n
λ,ω)] ≤ E[Dn

λ,ω(Pωη)]

Then using the expression for the functional as in Equation 4.1, we have

(4.6)

λ2

n
E[

n∑
i=1

(unλ,ω(pi)− yi)
2] + λE[∥∇kunλ,ω∥2L2(Tm)] +E[∥unλ,ω∥2L2(Tm)] ≤

E[
λ2

n

n∑
i=1

(Pωη(pi)− yi)
2] + λ∥∇kPωη∥2L2(Tm) + ∥Pωη∥2L2(Tm)

(4.7)

E[

n∑
i=1

(unλ,ω(pi)− yi)
2] =

n∑
i=1

E[(unλ,ω(pi)− 1)2]η(pi) +

n∑
i=1

E[unλ,ω(pi)
2](1− η(pi))

=

n∑
i=1

E[(unλ,ω(pi)− η(pi))
2] + η(pi)(1− η(pi))
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(4.8)

E[

n∑
i=1

(Pωη(pi)− yi)
2]

=

n∑
i=1

(Pωη(pi)− 1)2η(pi) +

n∑
i=1

Pωη(pi)
2(1− η(pi))

=

n∑
i=1

Pωη(pi)
2 + η(pi)(1− 2Pωη(pi))

As all terms in the LHS of the inequality 4.6 are positive we have

(4.9)

(4.10)

λE[∥∇kunλ,ω∥2L2(Tm)] ≤ E[
λ2

n

n∑
i=1

(Pωη(pi)− yi)
2] + λ∥∇kPωη∥2L2(Tm) + ∥Pωη∥2L2(Tm)

(4.11)

E[∥∇kunλ,ω∥2L2(Tm)] ≤
λ

n

n∑
i=1

Pωη(pi)
2 + η(pi)(1− 2Pωη(pi)) + ∥∇kPωη∥2L2(Tm) +

1

λ
∥Pωη∥2L2Tm

Using the Koksma-Hlawka inequality [6] for the convergence of the Riemann inte-
gral, as n grows, we have the asymptotic

(4.12)

| 1
n

n∑
i=1

Pωη(pi)
2 + η(pi)(1− 2Pωη(pi))−

∫
Tm

Pωη(x)
2 + η(x)(1− 2Pωη(x))d

mx|

≤ ζnVTm(Pωη
2 + η(1− 2Pωη))

Which implies the following equations

(4.13)

n∑
i=1

Pωη(pi)
2 + η(pi)(1− 2Pωη(pi))

≤
∫
Tm

Pωη(x)
2 + η(x)(1− 2Pωη(x))dx+ ζnVTm(Pωη

2 + η(1− 2Pωη))and

(4.14)

n∑
i=1

Pωη(pi)
2 + η(pi)(1− 2Pωη(pi))

≥
∫
Tm

Pωη(x)
2 + η(x)(1− 2Pωη(x))dx− ζnVTm(Pωη

2 + η(1− 2Pωη)
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Again as all the terms in the Equation 4.6 are positive, we have

(4.15)

E[
1

n

n∑
i=1

(unλ,ω(pi)− yi)
2] ≤

E[
1

n

n∑
i=1

(Pωη(pi)− yi)
2] +

1

λ
∥∇kPωη∥2L2(Tm) +

1

λ2
∥Pωη∥2L2(Tm)

Again using the Koksma-Hlawka inequality [6] for the convergence of the Rie-
mann integral, as n grows, we have
(4.16)

|
n∑

i=1

E[(unλ,ω(pi)− η(pi))
2] + η(pi)(1− η(pi))−

∫
Tm

(E[(unλ,ω(x)− η(x))2] + η(x)(1− η(x)))dmx|

≤ ζnVTm(E[(unλ,ω − η)2] + η(1− η))

which implies the following equations
(4.17)
n∑

i=1

E[(unλ,ω(pi)− η(pi))
2] + η(pi)(1− η(pi)) ≤

∫
Tm

(E[(unλ,ω(x)− η(x))2] + η(x))(1− η(x)))dmx

+ζnVTm(E[(unλ,ω − η)2] + η(1− η)

and
(4.18)
n∑

i=1

E[(unλ,ω(pi)− η(pi))
2] + η(pi)(1− η(pi)) ≥

∫
Tm

(E[(unλ,ω(x)− η(x))2] + η(x))(1− η(x)))dmx

−ζnVTm(E[(unλ,ω − η)2] + η(1− η)

(4.19)

Using Equations 4.14, 4.18 and 4.15,
(4.20)∫
Tm

(E[(unλ,ω(x)− η(x))2] + η(x)(1− η(x)))dmx−
∫
Tm

(Pωη(x)
2 + η(x)(1− 2Pωη(x)))dx

≤ ζnVTm(Pωη
2 + η(1− 2Pωη) + ζnVTm(E[(unλ,ω − η)2] + η(1− η))

+
1

λ
∥∇kPωη∥2L2(Tm) +

1

λ2
∥Pωη∥2L2(Tm)

Simplifying LHS we get
(4.21)∫

Tm

(E[(unλ,ω(x)− η(x))2])dmx+

∫
Tm

(2η(x)Pωη(x)− Pωη(x)
2 − η(x)2)dmx

Now consider VTm(E[(unλ,ω − η)2] + η(1 − η)) and writing the expression for the
total variation as an intergral of the absolute of the distributional derivative, we
have
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(4.22)

VTm(E[(unλ,ω − η)2] + η(1− η)) =

∫
Tm

∥D{E[(unλ,ω(x)− η(x))2] + η(x)(1− η(x))}∥2dmx

≤
∫
Tm

E[|unλ,ω(x)− η(x)|∥(∇unλ,ω(x)−Dη(x)∥2]dmx

+

∫
Tm

D∥η(x)(1− η(x))∥2}dmx

≤
∫
Tm

E[|unλ,ω(x)− η(x)|]dmx

∫
Tm

E[∥(∇unλ,ω(x)−Dη(x)∥2]dmx

+

∫
Tm

D{η(x)(1− η(x))}dm(x)

≤
∫
Tm

E[|unλ,ω(x)|] + |η(x)|dmx

∫
Tm

E[∥(∇unλ,ω(x)∥] + ∥Dη(x)∥2]dmx

+

∫
Tm

D{η(x)(1− η(x))}dm(x)

= (E[∥unλ,ω∥L1(Tm)] +E[∥η∥L1(Tm)])(E[∥∇unλ,ω∥L1(Tm)] +E[∥Dη∥L1(Tm)])

(Note that,for the function ψ ∈ BV (Tm), Dψ is the distributional/weak derivative).
As unλ,ω is a minimizer in TPω, there exists a positive constant K4 independent of
unλ,ω such that

(4.23) E[∥unλ,ω∥L1(Tm)] ≤ K4E[∥unλ,ω∥L∞(Tm)]

Similarly as ∇unλ,ω is smooth, there exists a positive constant K5 independent of
unλ,ω such that

(4.24)
E[∥∇unλ,ω∥L1(Tm)]

≤ K5E[|∇unλ,ω∥L2(Tm)]

Using Morrey’s inequality [3], there exists a positive constant K6 independent of
unλ,ω such that

(4.25) E[∥unλ,ω∥L∞(Tm)] ≤ K6E[∥∇kunλ,ω∥L2(Tm)]

Using Friedrich’s inequality [8] (a generalization of Poincaré-Wirtinger inequality
[3]), there exists a positive constant K7 independent of unλ,ω such that

(4.26) E[∥∇unλ,ω∥L2(Tm)] ≤ K7E[∥∇kunλ,ω∥L2(Tm)]

Combining Equations 4.23, 4.25 we obtain

(4.27) E[∥unλ,ω∥L1(Tm)] ≤ K4K6E[∥∇kunλ,ω∥L2(Tm)]

and Combining Equations 4.24, 4.26 we obtain

(4.28) E[∥∇unλ,ω∥L1(Tm)] ≤ K5K7E[∥∇kunλ,ω∥L2(Tm)]
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Using Equations 4.22, 4.28 and 4.27 we get
(4.29)

VTm(E[(unλ,ω − η)2] + η(1− η))

≤ (K4K6E[∥∇kunλ,ω∥L2(Tm)]

+E[∥η∥L1(Tm)])(K5K7E[∥∇kunλ,ω∥L2(Tm)] +E[∥Dη∥L1(Tm)])

+

∫
Tm

D{η(x)(1− η(x))}dm(x)

≤ K8E[∥∇kunλ,ω∥2L2(Tm)] + (K9∥η∥L1(Tm) +K10∥∇η∥L1(Tm))E[∥∇kunλ,ω∥L2(Tm)]

+∥η∥L1(Tm)∥Dη∥L1(Tm)

+

∫
Tm

D{η(x)(1− η(x))}dm(x)

where K8 = K4K5K6K7, K9 = K5K7 and K10 = K4K5. Substituting λ = ζ−β
n in

Equation 4.20 we get

(4.30)

∫
Tm

(E[(unλ,ω(x)− η(x))2])dmx−∫
Tm

(2η(x)Pωη(x)− Pωη(x)
2 − η(x)2)dmx

≤ ζnVTm(Pωη
2 + η(1− 2Pωη) + ζnVTm(E[(unλ,ω − η)2] + η(1− η))

+ζβn∥∇kPωη∥2L2(Tm) + ζ2βn ∥Pωη∥2L2(Tm)

As ω grows, and η is a function of bounded variation, we have the asymptotic

(4.31)

∫
Tm

(2η(x)Pωη(x)− Pωη(x)
2 − η(x)2)dmx = O(1/∥ω∥2)

Substituting ∥ω∥2 = ζ−α
n we get

(4.32)

∫
Tm

(2η(x)Pωη(x)− Pωη(x)
2 − η(x)2)dmx = O(ζαn )

From the definition of total variation, and Fourier analysis we have the asymptotic

(4.33) VTm(Pωη
2 + η(1− 2Pωη)) = Θ(1)

Using derivative as a Fourier multiplier operator and using Plancheral theorem ,
we have the asymptotic

(4.34)
∥∇kPωη∥2L2(Tm) = O(∥ω∥2k−1

2 )

= O(ζ−α(2k−1)
n )( after substituting ∥ω∥2 = ζ−α

n )

As η is a BV function, we have the asymptotic

(4.35) ∥Pωη∥2L2(Tm) = O(1)
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Using Equations 4.10,4.11 and later using Equations 4.31, 4.33, 4.34 and 4.35,
(4.36)

E[∥∇kunλ,ω∥2L2(Tm)] ≤ λ

∫
Tm

Pωη(x)
2 + η(x)(1− 2Pωη(x))d

mx+ λζnVTm(Pωη
2 + η(1− 2Pωη))

+∥∇kPωψ∥2L2(Tm) +
1

λ
∥Pωψ∥2L2(Tm)

= λO(ζαn ) + λζn +O(ζ−α(2k−1)
n ) +

1

λ
O(1)

= O(ζα−β
n ) +O(ζ1−β

n ) +O(ζ−α(2k−1)
n ) +O(ζβn ) after substituting λ = ζ−β

n

= O(ζγn) where γ = min(α− β, 1− β,−α(2k − 1), β)

Using Equations 4.29 and 4.36,

(4.37)
ζnVTm(E[(unλ,ω − η)2] + η(1− η)) = ζnO(E[∥∇kunλ,ω∥2L2(Tm)]) + ζnO(1)

= O(ζγ1
n )

where

(4.38) γ1 = γ + 1 = min(1 + α− β, 2− β, 1− α(2k − 1), 1 + β, 1)

Equation 4.34 implies the asymptotic

(4.39)
ζβn∥∇kPωψ∥2L2(Tm) = ζβnO(ζ−α(2k−1)

n )

= O(ζβ−α(2k−1)
n )

Equation 4.35 implies the asymptotic

(4.40) ζ2βn ∥Pωψ∥2L2(Tm) = O(ζ2βn )

Using Equations 4.30, 4.37, 4.33, 4.39 and 4.40 we get

(4.41)

∫
Tm

(E[(unλ,ω(x)− η(x))2])dmx−∫
Tm

(2η(x)Pωη(x)− Pωη(x)
2 − η(x)2)dmx

= O(ζn) +O(ζγ1+1
n ) +O(ζβ−α(2k−1)

n ) +O(ζ2βn )

=⇒
∫
Tm

(E[(unλ,ω(x)− η(x))2])dmx = O(ζrn) +O(ζαn )

= O(ζr0n )

=⇒ E[

∫
Tm

((unλ,ω(x)− η(x))2)dmx] = O(ζr0n )

where

r0 = min(1, γ1 + 1, β − α(2k − 1), 2β, α)

Making r0 > 0 and also noting the previous assumptions, α > 0, β > 0 and k > m
2 ,

and after simplification we get the final conditions on α, β, k that are required for
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convergence as below

(4.42)

k >
m

2
α > 0

β > 0

0 < α <
2

2k − 1

2 < β <
4k

2k − 1
α

β
<

1

2k − 1

Under these conditions,

(4.43) lim
n→∞

E[

∫
Tm

((unλ,ω(x)− η(x))2)dmx] = lim
n→∞

O(ζr0n ) = 0

□

1.1. Deterministic convergence. Let the probability density function of the
scattered data be µ : Tm → R. Assume µ to be BV. We now prove deterministic
convergence, meaning L2-norm converges to zero instead of its expectation.

Consider a ball of radius r around every data point and let the ith ball be
denoted by Si.

We now prove that the difference between L2-norm and expected value of the
L2-norm goes to zero as the number of data points go to zero. Let this difference

be denoted by Dn. we can show that Dn =
n∑

i=1

{(
∫
Si
(uni − η(x))(uni − η∗(x))dµ −∫

Tm(un − η)2dµ. Simplifying this yields lim
n→∞

Dn =
∫
u2(x) −

n∑
i=1

u2i . Using the

Koksma–Hlawka inequality this goes to zero as the probability density function of
the data points is BV and as it can be considered as the point density measure [4]
of the data points. Hence we have

lim
n→∞

∥un − η∥L2 = 0

Remark 4.3. Although the analysis has been presented on the torus Tm, the
results extend immediately to any bounded Lipschitz domain Ω ⊂ Rm.

Indeed, after an affine scaling, Ω may be regarded as a Lipschitz subdomain of
the unit cube (0, 1)m, which is identified with the torus Tm. The functions and the
point density measure are then extended by zero to the complement Tm \Ω. Since
the extension preserves the required regularity on Ω, all estimates established on Tm

apply to the zero-extended functions. Restricting the resulting estimates back to
Ω yields the same approximation, stability, and convergence results. Consequently,
every theorem in this paper remains valid for arbitrary bounded Lipschitz domains
after this scaling and zero-extension procedure.
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2. Computational Fill Distance

Let X be a random variable with values in a closed compact Ω ⊂ (0, 1)m. Assume
Ω has a Lipschitz boundary. Let p(x) be the probability density function of X and
assume p(x) > 0 ∀x ∈ Ω. Now we draw two independent sets of n iid copies of X.
We denote them An = {p1, p2 . . . pn} and Bn = {q1, q2 . . . qn}.
Definition 4.4. Define ξn as the computational fill distance of the data (An, Bn),
which is given as

ξn = max
x∈Bn

(d(x,An)) = max
x∈Bn

min
y∈An

∥x− y∥2

The rate of convergence of the computational fill distance as the data become dense
in a domain is derived here [5] and is given as

(4.44) ξn = OP (n
−1/m ln1/m n)

In Theorem 4.2 inequalities 4.13 and 4.16 are valid if we replace star discrepancy
ζ with computational fill distance ξ, as the rate of convergence of computational
fill distance is slower than that of star discrepancy. Hence Theorem 4.2 holds if we
replace star discrepancy with computational fill distance.

3. Conclusion

In this paper, we studied the binary regression problem and established convergence
results for the proposed estimator under suitable assumptions on the sampling
points and the regression function. Error estimates and convergence results were
obtained, providing a theoretical justification for the method and clarifying the role
of the sampling density in the approximation process.

We further showed that when the feature vectors possess a probability density
function of bounded variation, the convergence theory can be strengthened from an
expectation-based formulation to deterministic convergence. Although the analysis
was presented on the torus Tm, the results extend to arbitrary bounded Lipschitz
domains after an affine scaling, embedding into Tm, and zero extension. Thus, the
theory is applicable to a broad class of practical data domains.

The results presented here provide a rigorous mathematical foundation for bi-
nary regression based on geometric sampling principles. Future work includes ex-
tending the analysis to multi-class classification, adaptive sampling strategies, and
more general nonparametric learning problems.
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